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P R E F A C E . 

THIS book describes what has for many years been the 

most important part of the regular course in the Calculus 

for Mechanical and Electrical Engineering students at the 

Finsbury Technical College. I t was supplemented by easy 

work involving Fourier, Spherical Harmonic, and Bessel 

Functions which I have been afraid to describe here because 

the book is already much larger than I thought it would 

become. 

The students in October knew only the most elementary 

mathematics, many of them did not know the Binomial 

Theorem, or the definition of the sine of an angle. In J u l y 

they had not only done the work of this book, b u t their 

knowledge was of a practical kind, ready for use in any 

such engineering problems as I g ive here. 

One such student, Mr Norman Endacott, has corrected 

the manuscript and proofs. H e has worked out many of 

the exercises in the third chapter twice over. I thank him 

here for the care he has taken, and I take leave also to 

say that a system which has, year by year, produced many 

men with his kind of knowledge of mathematics has a 

good deal to recommend it. I say this through no vanity 

but because I wish to encourage the earnest student. Besides 

I cannot claim more than a portion of the credit, for I 

do not think that there ever before was such a complete 



vi PREFACE. 

harmony in the working of all the departments of an 

educational institution in lectures and in tutorial, labora­

tory, drawing office and other practical work as exists in 

the F i n s b m y Technical College, all tending to the same 

end; to g ive an engineer such a perfect acquaintance with 

his mental tools that he actually uses these tools in his 

business. 

Professor Wil l is has been kind enough to read through 

the proofs and I therefore feel doubly sure that no important 

mistake has been made anywhere. 

A n experienced friend thinks that I might with advantage 

have given many more illustrations of the use of squared 

paper just at the beginning. This is quite possible, but if 

a student follows my instructions he will furnish all this sort 

of illustration very much better for himself. A g a i n I might 

have inserted many easy illustrations of integration by 

numerical work such as the exercises on the Bul l Engine 

and on Beams and Arches which are to be found in m y book 

on Appl ied Mechanics. I can only say that I encourage 

students to find illustrations of this kind for themselves; 

and surely there must be some limit to spoon feeding. 

J O H N P E R R Y . 

EOYAL COLLEOF, OF SCIENCE, 

LONDON, 

16th March, 18117. 
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CALCULUS FOR ENGINEERS. 

I N T R O D U C T O R Y . 

1 . T H E E N G I N E E R HAS USUALLY NO T I M E FOR A GENERAL M A T H E ­

MATICAL T R A I N I N G — M O R E S THE P I T Y — A N D THOSE Y O U N G E N G I N E E R S 

WHO H A V E HAD S U C H A TRAINING DO NOT ALWAYS FIND THEIR M A T H E ­

M A T I C S HELPFUL I N THEIR PROFESSION. S U C H M E N WILL, I H O P E , 

FIND THIS BOOK USEFUL, I F T H E Y CAN ONLY GET OVER THE NOTION 

THAT B E C A U S E IT I S E L E M E N T A R Y , T H E Y K N O W ALREADY ALL THAT IT 

CAN TEACH. 

B U T I WRITE M O R E PARTICULARLY FOR READERS W H O H A V E HAD 

VERY LITTLE M A T H E M A T I C A L TRAINING AND W H O ARE WILLING TO WORK 

VERY HARD TO FIND OUT HOW THE CALCULUS I S A P P L I E D I N E N G I N E E R ­

I N G P R O B L E M S . I A S S U M E THAT A GOOD E N G I N E E R N E E D S TO K N O W 

ONLY FUNDAMENTAL P R I N C I P L E S , B U T THAT H E N E E D S TO K N O W T H E S E 

VERY WELL I N D E E D . 

2 . M Y READER I S S U P P O S E D TO H A V E AN E L E M E N T A R Y K N O W ­

LEDGE OF M E C H A N I C S , AND I F H E M E A N S TO TAKE U P THE ELECTRICAL 

P R O B L E M S H E IS S U P P O S E D TO H A V E AN E L E M E N T A R Y KNOWLEDGE OF 

ELECTRICAL MATTERS. A C O M M O N - S E N S E KNOWDEDGE OF THE F E W 

FUNDAMENTAL FACTS I S WHAT I S R E Q U I R E D ; THIS KNOWLEDGE I S 

SELDOM ACQUIRED B Y M E R E READING OR LISTENING TO L E C T U R E S ; 

ONE N E E D S TO M A K E S I M P L E E X P E R I M E N T S AND TO WORK E A S Y 

NUMERICAL E X E R C I S E S . 

I N M E C H A N I C S , I SHOULD LIKE TO THINK THAT THE MECHANICAL 

ENGINEERS W H O READ THIS B O O K K N O W WHAT I S G I V E N I N T H E 

ELEMENTARY PARTS OF M Y BOOKS ON A P P L I E D M E C H A N I C S AND THE 

S T E A M AND G A S E N G I N E . T H A T IS , I A S S U M E THAT T H E Y K N O W 

P 1 
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THE E L E M E N T A R Y FACTS ABOUT B E N D I N G M O M E N T I N B E A M S , W O R K 

D O N E B Y FORCES AND T H E E F F I C I E N C Y OF HEAT E N G I N E S . P O S S I B L Y 

THE B O O K M A Y CAUSE T H E M TO S E E K FOR SUCH KNOWLEDGE. I TAKE 

ALMOST ALL M Y E X A M P L E S FROM E N G I N E E R I N G , AND A M A N W H O 

WORKS T H E S E E A S Y E X A M P L E S WILL FIND THAT H E K N O W S M O S T O F 

WHAT I S CALLED THE THEORY OF ENGINEERING. 

3 . I K N O W M E N WHO H A V E P A S S E D ADVANCED E X A M I N A T I O N S 

I N M A T H E M A T I C S WHO ARE VERY S H Y , I N PRACTICAL WORK, OF THE 

C O M M O N FORMULAE U S E D I N E N G I N E E R S ' P O C K E T - B O O K S . H O W ­

E V E R GOOD A M A T H E M A T I C I A N A STUDENT T H I N K S H I M S E L F TO B E , 

H E OUGHT TO PRACTISE WORKING OUT N U M E R I C A L VALUES, TO FIND 

FOR E X A M P L E THE VALUE OF ab B Y M E A N S OF A TABLE OF LOGARITHMS, 

W H E N a AND b ARE A N Y N U M B E R S WHATSOEVER. T H U S TO FIND 

^ ' 0 1 4 , TO FIND 2 , 3 G " ) ~ ° - 1 ! , & C , TO TAKE A N Y FORMULA FROM A 

P O C K E T - B O O K AND U S E IT. H E M U S T NOT ONLY THINK H E K N O W S ; 

H E must REALLY DO THE NUMERICAL WORK. H E M U S T K N O W THAT 

I F A DISTANCE 2 ' 4 5 4 HAS B E E N M E A S U R E D AND I F ONE I S NOT SURE 

ABOUT THE LAST FIGURE, IT I S RATHER S T U P I D I N M U L T I P L Y I N G OR 

D I V I D I N G B Y THIS N U M B E R TO GET OUT AN ANSWER W I T H M A N Y 

SIGNIFICANT FIGURES, OR TO S A Y THAT T H E INDICATED P O W E R OF AN 

E N G I N E I S 3 2 4 ' 6 5 H O R S E P O W E R , W H E N THE INDICATOR M A Y B E I N 

ERROR 5 P E R CENT, OR M O R E . H E M U S T KNOW THE Q U I C K W A Y O F 

FINDING 3 2 1 G X 4 5 7 1 TO FOUR SIGNIFICANT FIGURES WITHOUT U S I N G 

LOGARITHMS. H E OUGHT TO TEST THE A P P R O X I M A T E RULE 

( 1 +a)'l= 1 +n<x, 
OR ( 1 + « ) " ( 1 + fi)m = 1 + ?IA + m/3, 

I F a AND / 3 ARE SMALL, AND S E E FOR H I M S E L F W H E N A = - 0 1 OR 

- - 0 1 , OR / 9 = + - 0 2 5 AND n = 2 OR | OR - 1 ^ , AND M = 4 OR 2 

OR — 2 OR I OR A N Y OTHER N U M B E R S , WHAT ERRORS ARE INVOLVED I N 

THE A S S U M P T I O N . 

F A S TO T R I G O N O M E T R Y , THE DEFINITIONS M U S T B E K N O W N . F O R 

E X A M P L E , D R A W BAG AN ANGLE OF, SAY, 3 5 ° . T A K E A N Y P O I N T B 

AND DROP THE PERPENDICULAR. M E A S U R E AB AND B(J AND AO 

AS ACCURATELY AS POSSIBLE. I S AC + BC- = AB2 ? W O R K 
BC i C 

THIS OUT NUMERICALLY. N O W — F = SIN 3 5 ° , ~ • = COS 3 5 ° , 

— , = T A N 3 5 ° . T R Y I F THE ANSWERS ARE THOSE G I V E N I N THE AO 
TABLES. L E A R N HOW W E CALCULATE THE OTHER S I D E S OF THE 
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TRIANGLE ABG WHEN WE KNOW ONE SIDE AND ONE OF THE ACUTE 

ANGLES. LEARN ALSO THAT THE SINE OF 1 3 0 ° IS POSITIVE, AND THE 

COSINE OF 1 3 0 ° IS NEGATIVE. ALSO TRY WITH THE BOOK OF TABLES IF 

SIN (A + B) = SIN A . COS B + COS A . SIN B, 

WHERE A AND B ARE ANY TWO ANGLES YOU CHOOSE TO TAKE. 

THERE ARE THREE OTHER RULES LIKE THIS. IN LIKE MANNER THE 

FOUR WHICH WE OBTAIN BY ADDING THESE FORMULAE AND SUBTRACT­

ING THEM, OF WHICH THIS IS ONE, 

2 SIN A . COS j3 = SIN (A + /3) + SIN (A — /3); 

ALSO COS 2 A = 1 — 2 SIN2 A = 2 cos- A — I . 

BEFORE READERS HAVE GONE FAR IN THIS BOOK I HOPE THEY WILL 

BE INDUCED TO TAKE UP THE USEFUL (THAT IS, THE ELEMENTARY 

AND INTERESTING) PART OF TRIGONOMETRY, AND PROVE ALL RULES FOR 

THEMSELVES, IF THEY HAVEN'T DONE SO ALREADY. 

CALCULATE AN ANGLE OF L'G DEGREES IN RADIANS ( 1 RADIAN IS 

EQUAL TO 5 7 - 2 9 6 DEGREES) ; SEE HOW MUCH THE SINE AND TANGENT 

OF THIS ANGLE DIFFER FROM THE ANGLE ITSELF. REMEMBER THAT 

WHEN IN MATHEMATICS WE SAY SIN x, x IS SUPPOSED TO BE IN 

RADIANS. 

I DO NOT EXPECT A MAN TO KNOW MUCH ABOUT ADVANCED 

ALGEBRA, BUT HE IS SUPPOSED TO BE ABLE TO GIVE THE FACTORS OF 

a? + 7 # + 1 2 OR OF <C2 — a? FOR EXAMPLE; TO BE ABLE TO SIMJJLIFY 

EXPRESSIONS. IT IS NOT A KNOWLEDGE OF PERMUTATIONS OR COM­

BINATIONS OR OF THE THEORY OF EQUATIONS, OF GEOMETRICAL CONIES 

OR TANGENT PLANES TO QUADRICS, THAT THE ENGINEER WANTS. 

HAPPY IS THE ENGINEER WHO IS ALSO A MATHEMATICIAN, BUT 

IT IS GIVEN TO ONLY A FEW MEN TO HAVE THE TWO SO VERY DIFFERENT 

POWERS. 

A PROLONGED EXPERIENCE OF WORKSHOPS, ENGINEERS AND 

STUDENTS HAS CONVINCED ME THAT ALTHOUGH A CIVIL ENGINEER 

FOR THE PURPOSES OF SURVEYING MAY NEED TO UNDERSTAND THE 

SOLUTION OF TRIANGLES, THIS AND MANY OTHER PARTS OF THE 

ENGINEER'S USUAL MATHEMATICAL TRAINING ARE REALLY USELESS TO 

THE MECHANICAL OR ELECTRICAL ENGINEER. THIS SOUNDS UN­

ORTHODOX, BUT I VENTURE TO EMPHASISE IT. THE YOUNG ENGI­

NEER CANNOT BE DRILLED TOO MUCH IN THE MERE SIMPLIFICATION 

OF ALGEBRAIC AND TRIGONOMETRICAL EXPRESSIONS, INCLUDING EX­

PRESSIONS INVOLVING J — 1, AND THE BEST SERVICE DONE BY 

1 — 2 
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E L E M E N T A R Y CALCULUS WORK IS I N I N D U C I N G STUDENTS TO AGAIN 

UNDERGO THIS DRILLING. 

B U T THE E N G I N E E R N E E D S NO ARTIFICIAL MENTAL G Y M N A S T I C S 

SUCH AS I S FURNISHED B Y G E O M E T R I C A L C O N I E S , OR THE USUAL 

E X A M I N A T I O N - P A P E R P U Z Z L E S , OR B Y EVASIONS OF THE CALCULUS 

THROUGH INFINITE WORRY W I T H E L E M E N T A R Y M A T H E M A T I C S . T H E 

RESULT OF A FALSE S Y S T E M OF TRAINING IS S E E N I N THIS, THAT NOT 

ONE GOOD E N G I N E E R I N A HUNDRED B E L I E V E S IN WHAT I S USUALLY 

CALLED THEORY. 

4 . I A S S U M E THAT E V E R Y ONE OF M Y READERS I S THOROUGHLY 

WELL ACQUAINTED ALREADY W I T H THE FUNDAMENTAL NOTION OF T H E 

CALCULUS, ONLY H E DOESN'T KNOW IT I N THE ALGEBRAIC FORM. H E 

HAS A PEI'FECT KNOWLEDGE OF a rate, B U T H E HAS N E V E R B E E N 

ACCUSTOMED TO WRITE ~ ; H E HAS A PERFECT K N O W L E D G E OF AN 

AREA, B U T H E HAS NOT Y E T LEARNT THE S Y M B O L U S E D B Y U S , 

jf (a").da\ H E HAS THE IDEA, B U T H E DOES NOT E X P R E S S HIS 

I D E A I N THIS FORM. 

1 A S S U M E THAT S O M E OF M Y READERS HAVE P A S S E D DIFFICULT 

E X A M I N A T I O N S IN THE CALCULUS, THAT T H E Y CAN DIFFERENTIATE A N Y 

FUNCTION OF x AND INTEGRATE M A N Y ; THAT T H E Y KNOW HOW TO 

WORK ALL SORTS OF DIFFICULT E X E R C I S E S ABOUT P E D A L C U R V E S AND 

R O U L E T T E S AND E L L I P T I C INTEGRALS, AND TO T H E M ALSO I H O P E TO 

B E OF U S E . T H E I R DIFFICULTY I S THIS, THEIR M A T H E M A T I C A L K N O W ­

LEDGE S E E M S TO B E OF NO U S E TO T H E M IN PRACTICAL E N G I N E E R I N G 

P R O B L E M S . G I V E TO THEIR a'a AND Y ' S A PHYSICAL M E A N I N G , 

OR U S E P ' S AND v's INSTEAD, AND WHAT WAS THE EASIEST B O O K 

E X E R C I S E B E C O M E S A DIFFICULT P R O B L E M . I KNOW SUCH M E N 

W H O HURRIEDLY S K I P I N READING A BOOK W H E N T H E Y S E E A 

OR A S I G N OF INTEGRATION. 

5 . W H E N I STARTED TO WRITE THIS BOOK I THOUGHT TO P U T 

T H E S U B J E C T BEFORE M Y READERS AS I H A V E B E E N ABLE, I T H I N K — . 

I H A V E B E E N T O L D — V E R Y SUCCESSFULLY, TO B R I N G IT BEFORE S O M E 

CLASSES OF E V E N I N G ' S T U D E N T S ; B U T M U C H M A Y B E DONE I N 

LECTURES W H I C H ONE IS U N A B L E TO DO I N A COLD-BLOODED FASHION 

SITTING AT A TABLE. O N E M I S S E S THE INTELLIGENT E Y E S OF AN 

A U D I E N C E , WARNING ONE THAT A LITTLE M O R E EXPLANATION I S N E E D E D 
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OR THAT AN IMPORTANT IDEA HAS ALREADY B E E N G R A S P E D . A N 

IDEA COULD B E G I V E N I N THE M E R E DRAWING OF A C U R V E A N D 

ILLUSTRATIONS CHOSEN FROM OBJECTS AROUND THE LECTURE-ROOM. 

L E T THE READER S K I P J U D I C I O U S L Y ; LET H I M WORK U P NO 

P R O B L E M HERE I N W H I C H H E HAS NO PROFESSIONAL INTEREST. T H E 

P R O B L E M S ARE M A N Y , AND THE BEST TRAINING C O M E S FROM T H E 

CAREFUL S T U D Y OF ONLY A FEW OF T H E M . 

T H E READER I S E X P E C T E D TO TURN B A C K OFTEN TO READ AGAIN 

THE EARLY PARTS. 

T H E BOOK WOULD B E U N W I E L D Y I F I INCLUDED A N Y B U T THE 

M O R E INTERESTING AND ILLUSTRATIVE OF E N G I N E E R I N G P R O B L E M S . I 

P U T OFF FOR A FUTURE OCCASION WHAT WOULD P E R H A P S TO M A N Y 

STUDENTS B E A M O R E INTERESTING PART OF M Y S U B J E C T , N A M E L Y , 

ILLUSTRATIONS FROM E N G I N E E R I N G ( S O M E T I M E S CALLED A P P L I E D 

P H Y S I C S ) OF THE SOLUTION OF PARTIAL DIFFERENTIAL E Q U A T I O N S . 

M A N Y P E O P L E T H I N K THE S U B J E C T ONE W H I C H CANNOT B E TAUGHT 

I N AN E L E M E N T A R Y FASHION, B U T L O R D K E L V I N S H O W E D M E LONG-

AGO THAT THERE I S NO USEFUL MATHEMATICAL W E A P O N W H I C H AN 

ENGINEER M A Y NOT LEARN TO U S E . A M A N LEARNS TO U S E THE 

CALCULUS AS H E LEARNS TO U S E THE CHISEL OR THE FILE ON ACTUAL 

CONCRETE B I T S OF WORK, AND IT IS ON THIS IDEA THAT I ACT I N 

TEACHING THE U S E OF THE CALCULUS TO E N G I N E E R S . 

T H I S BOOK I S NOT M E A N T TO S U P E R S E D E THE M O R E ORTHODOX 

TREATISES, IT I S RATHER AN INTRODUCTION TO T H E M . I N THE 

FIRST CHAPTER OF 1 G 0 P A G E S , I DO NOT A T T E M P T TO DIFFERENTIATE 

OR INTEGRATE A N Y FUNCTION OF :t% E X C E P T X " . I U T H E SECOND 

CHAPTER I DEAL W I T H e"x, AND SIN (u.v + c). T H E THIRD CHAPTER 

IS M O R E DIFFICULT. 

F O R THE S A K E OF THE TRAINING I N E L E M E N T A R Y A L G E B R A I C 

WORK, AS M U C H AS FOR U S E I N E N G I N E E R I N G P R O B L E M S , I H A V E 

INCLUDED A SET OF E X E R C I S E S ON GENERAL DIFFERENTIATION AND 

INTEGRATION. 

PARTS I N SMALLER T Y P E , AND THE NOTES, M A Y B E FOUND TOO 

DIFFICULT B Y S O M E STUDENTS I N A FIRST READING OF THE B O O K . A N 

OCCASIONAL E X E R C I S E M A Y N E E D A LITTLE M O R E K N O W L E D G E THAN 

THE STUDENT ALREADY POSSESSES. H I S R E M E D Y I S TO S K I P . 
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x n . 

6. EVERYBODY has already the notions of Co-ordinate 
Geometry and uses squared paper. Squared paper may 
be bought at sevenpencc a quire: people who arc ignorant 
of this fact and who pay sevenpence or fourteen pence a 
sheet for it must have too great an idea of its value to use 
it properly. 

When a merchant has in his office a sheet of squared 
paper with points lying in a curve which he adds to day by 
day, each point showing the price of iron, or copper, or cotton 
yarn or silk, at any date, he is using Co-ordinate Geometry. 
Now to what uses does he put such a curve ? 1. At any 
date he sees what the price was. 2. He sees by the slope of 
his curve the rate of increase or fall of the price. 3. If he 
plots other things on the same sheet of paper at the same 
dates he will note what effect their rise and fall have upon 
the price of his material, and this may enable him to pro­
phesy and so make money. 4. Examination of his curve for 
the past will enable him to prophesy with more certainty 
than a man can do who has no records. 

Observe that any point represents two things ; its 
horizontal distance from some standard line or axis is called 
one co-ordinate, we generally call it the .r co-ordinate and it 
is measured horizontally to the right of the axis of y ; some 
people call it the abscissa; this represents time in his case. 
The other co-ordinate (we usually call it the y co-ordinate or 
the ordinate, simply), the vertical distance of the point above 
some standard line or axis; this represents his price. In the 
newspaper you will find curves showing how the thermometer 
and barometer are rising and falling. I once read a clever 
article upon the way in which the English population and 
wealth and taxes were increasing; the reasoning was very 
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difficult to follow. On taking the author's figures however 
and plotting them on squared paper, every result which he 
had laboured so much to bring out was plain upon the 
curves, so that a boy could understand them. Possibly this 
is the reason why some writers do not publish curves: if they 
did, there would be little need for writing. 

7. A man making experiments is usually finding out 
how one thing which I shall call y depends upon some other 
thing which I shall call x. Thus the pressure p of saturated 
steam (water and steam present in a vessel but no air or 
other fluid) is always the same for the same temperature. 
A curve drawn on squared paper enables us for any given 
temperature to find the pressure or vice versa, but it shows 
the rate at which one increases relatively to the increase of 
the other and much else. I do not say that the curve is always 
better than the table of values for giving information ; some 
information is better given by the curve, some by the table. 
Observe that when we represent any quantity by the length 
of a line wo represent it to some scale or other : 1 inch 
represents 10 lbs. per square inch or 20 degrees centigrade 
or something- else; it is always to scale and according to a 
convention of some kind, for of course a distance 1 inch is a 
very different thing from 20 degrees centigrade. 

When one has two columns of observed numbers to plot 
on squared paper one docs it, 1. To see if the points lie in 
any regular curve. If so, the simpler the curve the simpler 
is the law that we are likely to find. 2. To correct errors of 
observation. For if the points lie nearly in a simple regular 
curve, if we draw the curve that lies most evenly among the 
points, using thin battens of wood, say, then it may be taken 
as probable that if there were no errors of observation the 
points would lie exactly in such a curve. Note that when 
a point is — 5 feet to the right of a line, we mean that it is 
5 feet to the left of the line. I have learnt by long ex­
perience that it is worth while to spend a good deal of time 
subtracting from and multiplying one's quantities to fit the 
numbers of squares (so that the whole of a sheet of paper is 
needed for the points) before beginning to plot. 

Now let the reader buy some squared paper and without 
asking help from anyone let him plot the results of some 
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observations. Let him take for example a Whitaker's 
Almanack and plot from it some sets of numbers ; the average 
temperature of every month last year; the National Debt 
since 1688; the present value of a lease at 4 per cent, for 
any number of years; the capital invested in Railways since 
1849 ; anything will do, but he had better take things in 
which he is interested. If he has made laboratory observa­
tions he will have an absorbing interest in seeing what sort 
of law the squared paper gives him. 

8. As the observations may be on pressure p and tem­
perature t, or p a n d volume v, or v and t, or Indicated Horse 
Power and Useful Horse Power of a steam or gas engine, or 
amperes and volts in clectricitj-, and we want to talk generally 
of any such pair of quantities, I shall use .-<• and y instead 
of the p's and v's and t's and all sorts of letters. The short 
way of saying that there is some law connecting two variable 
quantities x and y is F (x, y) = 0 . . . ( 1 ) , or in words "there 
is some equation connecting x and y." Any expression 
which contains x and y (it may contain many other letters 
and numbers also) is said to be a function of x and y and we 
use such symbols as F(x, y),f(x, y), Q(x, y) etc. to represent 
functions in general when we don't know what the expres­
sions really are, and often when we do know, but want to 
write things shortly. Again we use F(x) or / (* ' ) or any 
other convenient symbol to mean " any mathematical ex­
pression containing x," and we say " let f(x) be any function 
of .r." Thus y = /'(*•)... (2) stands for any equation which 
would enable us when given x to calculate y. 

x" ii~ 
The law — + ™ = 1 comes under the form (1) given 

above, whereas if we calculate y in terms of x and get 
y= ± -f V25 - x- we have the form (2). But in either case 
we have the same law connecting y and x. In pure mathe­
matics x and y are actual distances; in applied mathematics 
x and y stand for the quantities which we are comparing and 
which are represented to scale. 

9. ' Graph ' Exercises . 
I. Draw the curve y = 2 + T J V * 2 , 

Take x = 0 and we find y = 2; take x = l, then y = 2 0 3 3 3 ; 
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take x — 2, then y = 2 + 1 3 3 3 = 2 1 3 3 ; and so on. N o w plot 
these values of x and y on your sheet of squared paper. T h e 
curve is a parabola. 

I I . Draw the curve y = 2 — Ix + J-^x" which is also a 
parabola, in the same way, on the same sheet of paper. 

I I I . Draw the curve a-tj = 120. N o w if x = 1, y = 1 2 0 ; 
if x = 2, y = 60 ; if x = 3, y = 40 ; if x = 4, y = 30 and so o n : 
this curve is a rectangular hyperbola. 

IV. Draw yx1-414 = 100 or y = 100A-- 1- 4 1 4. I f the student 
cannot calculate y for any value of x, lie does not know how 
to use logarithms and the sooner he does know how to use 
logarithms the better. 

V. Draw y = ax'1 where a is an}" convenient number. I 
advise the student to spend a lot of t ime in drawing members 
of this great family of useful curves. L e t him try « = — 1 
(he drew this in I I I . above), n= — 2, •»= — 1A-, •«=—•|, « = — 0 1 , 
n— 0, n = \, n — f, n = 1, n = \\, u='2 (this is No. I. above), 
n = 3, n = 4 &c. 

V I . Draw y = a s i n ( b x + c) taking any convenient 
numbers for a, b and c. 

Advice. A s bx + c is in radians (one radian is 57-2958 
degrees) and the books of tables usually give angles in 
degrees, choose numbers for 6 and c which will make the 
arithmetical work easy. Thus take b = 1 -~ 114-6, take c the 
number of radians which correspond to say 30 

^this is ~ or -.5236j . 

Let a = 5 say. Now let x = 0 ,10 , 20, & c , and calculate y. 
/ 6 \ 

Thus when # = 6 , y = 5 sin L ^^.q + '5236 ) ; but if the 

angle is converted into degrees we have 

y = 5 sin (£6 + 30 degrees) = 5 sin 33° = 2-723. 

Having drawn the above curve, notice what change would 

occur if c were changed to 0 or ^ or ^ or ~ . Again , if a 

were changed. More than a week may be spent on this curve, 
very profitably. 
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VII. Draw y = a e b x . Try b = l and a = 1 ; try other 
values of a and b; take at least two cases of negative values 
for b. 

In the above work, get as little help from teachers as 
possible, but help from fellow students will be very useful 
especially if it leads to wrangling about the subject. 

The reason why I have dwelt upon the above seven cases 
is this:—Students learn usually to differentiate and integrate 
the most complicated expressions: but when the very simplest 
of these expressions comes before them in a real engineering 
problem they fight shy of it. Now it is very seldom that an 
engineer ever has to face a problem, even in the most intri­
cate part of his theoretical work, which involves a knowledge 
of more functions than these three 

y = axn, y = a sin (bx + c), y = ae''*, 

but these three must be thoroughly well understood and the 
engineering student must look upon the study of them as his 
most important theoretical work. 

Attending to the above three kinds of expression is a 
student's real business. I see no reason, however, for his not 
having a little amusement also, so he may draw the curves 

+ if = 2.5 (Circle), |^ + £ = 1 (Ellipse), 

^5 ~ 16 = 1 ( H j ' P e r b o l a ) ' 

and some others mentioned in Chapter III., but from the 
engineer's point of view these curves are comparatively un­
interesting. 

10. Having studied y = e"nx and y = b sin (cx + g) a 
student will find that he can now easily understand one of 
the most important curves in engineering, viz: 

y = b e - a s E sin (cx + g). 

He ought first to take such a curve as has already been 
studied by him, y — b sin (cx + g) ; plot on the same sheet of 
paper y = e"ax ; and multiply together the ordinates of the 
two curves at many values of x to find the ordinate of the 
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new curve. The curve is evidently wavy, y reaching maximum 
and minimum values; y represents the displacement of 
a pendulum bob or pointer of some measuring instrument 
whose motion is damped by fluid or other such friction, so being 
the time, and a student will understand the curve much better 
if he makes observations of such a motion, for example with 
a disc of lead immersed in oil vibrating so slowly under 
the action of torsional forces in a wire that many ob­
servations of its angular position (using pointer and scale 
of degrees) which is called y, x being the time, may be 
made in one swing. The distance or angle from an extreme 
position on one side of the zero to the next extreme position 
on the other side is called the length of one swing. The 
Napierian logarithm of the ratio of the length of one swing to 
the next or one tenth of the logarithm of the ratio of the 
first swing to the eleventh is evidently a multiplied by half 
the periodic time, or it is a multiplied by the time occupied 
in one siviny. This logarithmic decrement as it is called, 
is rather important in some kinds of measurement. 

11. When by moans of a drawing or a model wo are able to find the 
path Of any point and where it is in its path when we know the 
position of some other point, wo arc always able to get the same 
information algebraically. 

Example (1). A point F and a straight line 7)1) being given ; what 
is the patli of a point P when it moves no that its distance from the 
point F is always in the same ratio to its distance from the straight line ? 

Thus in the figure let 1'F^e x I'D... (1) , where e is a constant. 
Draw EFX at right angles to DO. 
If the distance I'D is called x and 
the perpendicular VG is y; our 
problem is this ; —What is the equa­
tion connecting x and y ? Xow all 
we have to do is to express ( 1 ) in 
terms of x and //. Let EF be called a. 

Thus 
pf= \)p&1+F<r-=vp+T^ W 

so that, squaring (1 i we have 
« 2 + ('•-";'= "-.»-•••. (2). 

This is the answer. If e is 1 the 
curve is called a parabola. If e is 
greater than 1, the curve is called an 
hyperbola. If e is less than 1, the curve is called an ellipse. 
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Example (2). THE CIRCLE APQ ROLLS ON THE STRAIGHT LINE O X 
WHAT IS THE PATH OF ANY POINT P ON THE CIRCUMFERENCE ? TF WHEN P 

TOUCHED THE LINE IT WAS AT 0, LET OA' AMI OY BE THE AXES, AND LET SP 
BE x AND PT HE y. LOT THE RADIUS OF THE CIRCLE BE a. LET THE ANGLE 
PC'Q BE CALLED <j>. ' DRAW CB, PERPENDICULAR TO PT. OBSERVE THAT 

Pit=a . SIN PCB = a SIN ((/; - <)0) = — a COS <p, 
Jif'=a COS /'('/; = « SIN <J>. 

NOW THE ARC QP~a . (j) = 0Q. HENCE AS .R= OQ — JJC, AND 

WE HAVE x = atj> - a SIN cj>) 
y = FT — a COS F/>J (3). 

IF FROM (3) WE ELIMINATE tf> WE GET ONE EQUATION CONNECTING x AND y. 
BUT IT IS BETTER TO RETAIN <j) AND TO HAVE TWO EQUATIONS BECAUSE OF THE 
GREATER SIMPLICITY OF CALCULATION. IN FACT THE TWO EQUATIONS (3) MAY 
BE CALLED THE EQUATION TO THE CURVE. THE CURVE IS CALLED THE CYCLOID, 
AS ALL MY READERS KNOW ALREADY. 

Example (3). A crank AND_ connecting rod WORK A SLIDER 
IN A STRAIGHT PATH. WHERE IS THE SLIDER FOR ANY POSITION OF THE CRANK ? 

LET THE PATH BE IN THE DIRECTION OF THE CENTRE OF THE CRANK SHAFT. 

FIG. 3. 

IF A IS THE END OF THE PATH, EVIDENTLY AO IS EQUAL TO l+r, r BEING 
LENGTH OF CRANK. ° 
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IT IS WELL TO REMEMBER IN ALL SUCH PROBLEMS THAT IF WE PROJECT ALL 
THE AIDES OF A CLOSED FIGURE UPON ANY TWO STRAIGHT LINES, WE GET TWO IN­
DEPENDENT EQUATIONS. PROJECTING ON THE HORIZONTAL WE SEE THAT 

s + lcox<p + rcos,8=--l + r} . 
PROJECTING ON THE VERTICAL £SIN <£ = RSIN# J ^ 

IF WE ELIMINATE D> FROM THESE EQUATIONS WE CAN CALCULATE. .? FOR ANY 
VALUE OF 8. THE STUDENT OUGHT TO DO THIS FOR HIMSELF, BUT I AM WEAK 
ENOUGH TO DO IT HERE. WE SEE THAT FROM THE SECOND EQUATION OF (1) 

SO THAT THE FIRST BECOMES 

s=l J L - Y / L - ^ SIN^J + RFL .-COSFL)...* (2). 

STUDENTS OUGHT TO WORK A FEW EXERCISES, SUCH AS;—1. THE ENDS 
A AND B OF A ROD ARE GUIDED BY TWO STRAIGHT SLOTS OA AND OB WHICH 
ARE AT RIGHT ANGLES TO ONE ANOTHER; FIND THE EQUATION TO THE PATH OF 
ANY POINT P IN THE ROD. 2. IN W a t t ' s parallel motion THERE IS 
A POINT WHICH MOVES NEARLY IN A STRAIGHT PATH. FIND THE EQUATION TO 
ITS COMPLETE PATH. 

IN FIG. 4 THE MEAN POSITION IS SHOWN AS OABC. THE BEST PLACE 
FOR P IS SUCH THAT BP;PA = OA/CB. DRAW THE LINKS IU ANY OTHER 

FIG. 4. 

* NOTE THAT IF AA IS USUAL, j2 IS A SMALL FRACTION, THEN SINES fjl - a— 1 -

•WHEN a IS SMALL, WE CAN GET AN APPROXIMATION TO THE VALUE OF s, WHICH CAN 
BE EXPRESSED IN TERMS OF d AND 28. THIS IS OF FAR MORE IMPORTANCE THAN IT 
HERE SEEMS TO BE. WHEN THE STRAIGHT PATH OF Q MAKES AN ANGLE a WITH THE 
LINE JOINING ITS MIDDLE POINT AND 0, IF a IS NOT LARGE, IT IS EVIDENT THAT S IS 
MUOH THE SAME AS BEFORE, ONLY DIVIDED BY COS a. WHEN a is LARGE, THE 
ALGEBRAIC EXPRESSION FOR S IS RATHER COMPLICATED, BUT GOOD APPROXIMATIONS 
MAY ALWAYS BE FOUND WHICH WILL SAVE TROUBLE IN CALCULATION. 
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position. The complete path of 1" would be a figure of 8. 3. 1'ind 
the equation to the path of a point in the middle of an ordinary con­
necting rod. 4. A, the end of a link, moves in a straight path COC, 
0 being the middle of the path, with a simple harmonic motion 
OA=anmpt, where t is time; the other end B moves in a straight 
path OBD which is in a direction at right angles to COC; what is B's 
motion 1 Show that it is approximately a simple harmonic motion of 
twice the frequency of A. 5. In any slide valve gear, in which there 
are several links, &c. driven from a uniformly rotating crank ; note 
this fact, that the motion of any point of any link in any particular 
direction consists of a fundamental simple harmonic motion of the 
same frequency as the crank, together with an octave. The proper 
study of Link Motions and Radial valve gears from this 
point of view is worth months of one's life, for this contains the secret 
of why one valve motion gives a better diagram than another. 
Consider for example the Hackworth gear with a curved and with a 
straight slot. What is the difference ? Sec Art. 122. 

12. Plotted points lying in a straight line. Proofs 
will come later; at first the student ought to get well ac­
quainted with the thing to be proved. I have known boys 
able to prove mathematical propositions who did not really 
know what they had proved till years afterwards. 

Take any expression like y = a + bx, where a and b are 
numbers. Thus let y = 2 + l^x. Now take x = 0, x = l, 
x = 2, x = 3, &c. and in each case calculate the corresponding 
value of y. Plot the corresponding values of x and y as the 
co-ordinates of points on squared paper. You will find that 
they lie exactly in a straight line. Now take say y = 2 + 3x 
or 2 + h,x or 2 — ^x or 2 — 'ix and you will find in every case 
a straight line. Men who think they know a little about 
this subject already will not care to take the trouble and if 
you do not find yourselves interested, I advise you not to 
take the trouble either; yet I know that it is worth your 
while to take the trouble. J ust notice that in every case I 
have given you the same value of a and consequently all 
your lines have some one thing in common. What is it? 
Take this hint, a is the value of y when x = 0. 

Again, try y = 2 + l £ y = 1 + 1 \x, y = 0 + H x , 

y = - l + l%x, y = - 2 + li.r, 

and so see what it means when b is the same in every case. 
You will find that all the lines with the same b have the 
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same slope and indeed I am in the habit of calling b the 
slope of the line. 

If y = a + bx, when x = x-i, find y and call it yu 

when x = ,i\ + 1, find y and call it y„. 
I t is easy to show that y.2 — yl = 6. So that what I mean by 
the slope of a straight line is its rise for a horizontal distance 
1. (Note that when we say that a road rises ^ or 1 in 20, 
we mean 1 foot rise for 20 feet along the sloping road. Thus 
•fo is the sine of the angle of inclination of the road to the 
horizontal; whereas our slope is measured in a different way). 
Our slope is evidently the tangent of the inclination of the 
line to the horizontal. Looking upon y as a quantity whose 
value depends upon that of x, observe that the rate of in­
crease of y relatively to the increase of x is constant, being 
indeed b, the slope of the line. The symbol used for this 

rate is — . Observe that it is one symbol; it does not mean ax 

-- X ^ . Try to recollect the statement that if ?/= a+ b.c, d x x J J > 

= b, and that if = b, then it follows that y = A + bx, ax ax J 

where A is some constant or other. 
Any equation of the first degree connecting x and y 

svich as Ax + By=G where A, B and G are constants, can 
G A 

be put into the shape y = •= — - x, so that it is the equation 
A 

to a straight line whose slope is — and which passes 
G 

through the point whose x = 0, whose y = T , called point 

(0, -gj • Thus <ix + 2y=5 passes through the point x = 0, 

y = 2̂ - and its slope is —2. That is, y diminishes as x in­
creases. You are expected to draw this line y = 2̂ - — 2x and 
distinguish the difference between it and the line y = 2^ + 2a.'. 
Note what is meant by positive a 2 i d what by negative slope. 
Draw a few curves and judge approximately by eye of the 
slope at a number of places. 

13. Problems on the straight line. 
1. Given the slope of a straight line; if you are also 
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X 

Fig. 5. 

b — tan BOX. I f BE is any line at right angles to the first, 

its slope is tan BEX or — tan BEG or — cot BCE or — ~. 

So that y = A — ^ x is typical of all lines at right angles 

to y = a + bx; A being any constant. 
3. Where do the two straight lines Ax + Bi/ + O—0 

and Mac + Ny + S = 0 meet? Answer, In the point whose m 
and y satisfy both the equations. We have therefore to do 
what is done in Elementary Algebra, solve simultaneous 
equations. 

4. When tan o and tan/3 are known, it is easy to find 
tan ( a — and hence when the straight lines y=a + bx 
and y = m + n.v are given, it is easy to find the angle between 
them. 

5. The line y = a + bx passes through the points x~\, 
y = 2, and x = 3, y=\, find a and b. 

told that it passes through the point whose x = 3, and whose 
y = 2, what is the equation to the line ? Let the slope be 
0-35. 

The equation is y = a. + 0'35.'i'. where a is not known. 
But (3, 2) is a point on the line, so that 2 = a + 0'3o x 3, 

or a = 0"95 and hence the line is y = 0'95 + 0 35a\ 

2. What is the slope of any line at right angles to 
yz=a + bw? Let AB be the given line, cutting OX in C. Then 



E M P I R I C A L F O R M U L A E . 17 

6. A line y = a + bx is at right angles to y = 2 + &e and 
passes through the point *• = 1, y = 1. Find a and 6. 

14. Obtaining Empirical Formulae. 
When in the laboratory we have made measurements of two 

quantities which depend upon one another, we have a table showing 
corresponding values of the two, and we wish to see if there is a simple 
relation between them, we plot the values to convenient scales as the 
co-ordinates of points on squared paper. If some regular curve (a 
curve without singular points as I shall afterwards call it) seems as if 
it might pass through all the points, save for possible errors of 
measurement, we try to obtain a formula y = f(x), which we may call 
the law or rule connecting the quantities called y and x. 

If the points appear as if they might lie on a straight line, a 
stretched thread may be used to help in finding its most probable 
position. There is a tedious algebraic method of finding the straight 
line which represents the positions of the points with least error, but 
for most engineering purposes the stretched string method is suffi­
ciently accurate. 

If the curve seems to follow such a law as y = a + bx2, plot y and 
the square of the observed measurement, which we call x, as the co-or­
dinates of points, and see if they lie on a straight line. If the curve 
seems to follow such a law as y = f^TfJ^ (1)' which is the same as 

y. + by = a, divide each of the quantities which you call y by the corre­
sponding quantity x ; call the ratio A*. Now plot the values of A' and 
of y on squared paper; if a straight line passes throxigh the plotted 
points, then we have such a law as X=A + By, or - = A+By, or 

V = T — K ~ > so that (1) is true. 
3 l-Bx' w 

Usually we can apply the stretched thread method to find the 
probability of truth of any law containing only two constants. 

Thus, suppose measurements to be taken from the expansion part 
of a gas engine indicator diagram. It is important for many purposes 
to obtain an empirical formula connecting p and v, the pressure and 
volume. I always find that the following rule holds with a fair amount 
of accuracy pv s = C where s and C are two constants. We do not 
much care to know C, but if there is such a rule, the value of s is very 
important*. To test if this rule holds, plot log^ and log v as the co-

* There is no known physical reason for expecting such a rule to hold. 
At first I thought that perhaps most curves drawn at random approximately 
like hyperbolas would approximately submit to such a law as yxn=C, but I 
found that this was by no means the case. The following fact is worth 
mentioning. When my students find, in carrying out the above rule that 
logp and log i' do not lie in a straight line, I find that they have 

1'. 9 
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ordinates of points on squared paper (common logarithms will do). 
If they lie approximately in a straight line, we see that 

log p+s log v^-c 
a constant, and therefore the rule holds. 

When we wish to test with a formula containing three independent 
constants we can often reduce it to such a shape as 

Av+Bic+Cz=\ (2), 
i • i nM , , , -v a + bx where -c, v\ g contain *• and y m some shape. 1 hus to test rr y«=- , 

we have y + cxy = a + bx, ov — + -.n/— x—\. Here y itself is the old v. 
J a it a • 

xi/ is the old M I , and x itself is the old z. 
If (2) holds, and if <e, to and z were plotted as the three co-ordinates 

of a point in space, all the points ought to lie in a plane. By means 
of three sides of a wooden box and a number of beads on the ends of 
pointed wires this may be tried directly; immersion in a tank of water 
to try whether one can get the beads to lie in the plane of the surface 
of the water, being used to find the plane. I have also used a descrip­
tive geometry method to find the plane, but there is no method yet 
used by me which compares for simplicity with the stretched thread 
method in the other case. 

But no hard and fast rules can be given for trying all sorts of em­
pirical formula; upon one's observed numbers. The student is warned 
that his fornmta is an empirical one, and that he must not deal with it 
as if he had discovered a natural law of infinite exactness. 

When other formulae fail, we try 
y = a + bx+ex" + cx:l + Sen., 

because wo know that with sufficient terms this will satisfy any curve. 
When there are more than two constants, we often find them by a 
patient application of what is called the method of least squares. To 
test if the pressure and temperature of saturated steam follow the 
rule p = a(S + ft)n... (3), where 6 is temperature, Centigrade, say, three 
constants hare to be found. The only successful plan tried by me is 
one in which I guess at /3. I know that ft is nearly 40. I ask one 
ytudent to try 0 = 40, another to try (3 = 41, another (3 = 39 and so on; 
made a mistake in the amount of clearance. Too much clearance and too 
little clearance give results which depart in opposite ways from the straight 
line. It is convenient in many calculations, if there is such an empirical 
formula, to use it. If not, one Iras to work with rules which instruct us to 
draw tangents to the curve. Now it is an excellent exercise to let a number 
of students trace tiie same curve with two points marked upon it and to let 
them all independently draw tangents at those points to their curve, and 
measure the angle between them. It is extraordinary what very different 
lines they will draw and what different angles they may obtain. Let them 
all measure by trial the radius of curvature of the curve at a point; in this 
the discrepancies are greater than before, 
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they are asked to find the rule (3) which most accurately represents 

p&nd 8 between, say p = 7lb. per sq. inch, and p = 150. He who gets 

a straight line lying most evenly (judging by the eye) among the points, 

when \ogp and log(#+/3) are used as co-ordinates, has used the best 

value of 0. The method may he refined upon by ingenious students. 

(See end of Chap. I.) 

15. We have now to remember that if y — a+bx, then 

- ^ = 6, and if ~ - = 5, then u = A+bx, where A is some ax ax 
constant. 

Let us prove this algebraically. 

I f y = a + bx. Take a particular value of x and calculate 

y. Now take a new value of x, call it x + Sx, and calculate 

the new y, call it y + By, 

y + By = a + b (x -f Sx). 

Subtract y = a+ bx and we get 

8y = bSx, or ~- = b, 

and, however small Sx or Sy may become their ratio is b, we 

Fig. G. 

16. In the curve of fig. 6 there is positive slope 
(jf increases as x increases) in the parts AB, DF and HI and 

2 — 2 
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negative slope (y diminishes as x increases) in the parts 
BD and FH. The,slope is 0 at B and F which are called 
points of maximum or points where y is a maximum; and it 
is also 0 at D and H which are points of minimum. The 
point E is one in which the slope ceases to increase and 
begins to diminish : it is a point of inflexion. 

Notice that if we want to know the slope at the point P 
we first choose a point F which 
is near to F. (Imagine that 
in fig. 6 the little portion of 
the curve at P is magnified a 
thousand times.) Call P8~x, 
PQ=y;NF=z+Bx,FL=y+By, 
so that PM = Bx, FM= By. Now 
FMjPM ov Sy/Sx is the average 
slope between P and F. It is 
tan FPM. Imagine the same 
sort of figure drawn but for a 
point F' nearer to P. Again, 
another, still nearer P. Ob­
serve that the straight line FP or F'P or F"P gets gradually 
more and more nearly what we mean by the tangent to the 
curve at P. In every case By/Bx is the tangent of the angle 
which the line FP or F'P or F'P makes with the horizontal, 
and so we see that in the limit the slope of the line or dyjdx 
at P is the tangent of the angle which the tangent at P 
makes with the axis of X. If then, instead of judging 
roughly by the eye as we did just now in discussing fig. 6, we 
wish to measure very accurately the slope at the point P ; — 
Note that the slope is independent of where the axis of X is, 
so long as it is a horizontal line, and I take care in using my 
rule here given, to draw OX below the part of the curve 
where I am studying the slope. Draw a tangent PR to 
the curve, cutting OX in R. Then the slope is tan PRX. 
If drawn anil lettered according to my instructions, observe 
that PRX is always an acute angle when the slope is 
positive and is always an obtuse augle when the slope is 
negative. 

Do not forget that the slope of the curve at any point 
means the rate of increase of y there with regard to x, and 
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THAT WE MAY CALL IT THE slope OF THE CURVE OR TAN PRQ OR BY 

d v 
THE SYMBOL ^j- OR " THE DIFFERENTIAL COEFFICIENT OF Y WITH 

REGARD TO X , " AND ALL THESE MEAN THE SAME THING. 

EVERY ONE KNOWS WHAT IS MEANT WHEN ON GOING UP A 

HILL ONE SAYS THAT THE SLOPE IS CHANGING, THE SLOPE IS DIMINISH­

ING, THE SLOPE IS INCREASING ; AND IN THIS KNOWLEDGE HE ALREADY 

POSSESSES THE FUNDAMENTAL IDEA OF THE CALCULUS. 

1 7 . W E ALL KNOW WHAT IS MEANT WHEN IN A RAILWAY TRAIN WE 
SAY " W E ARE GOING AT 3 0 MILES PER HOUR." D O WE MEAN 
THAT WE HAVE GONE 3 0 MILES IN THE LAST HOUR OR THAT WE ARE 
REALLY GOING 3 0 MILES IN THE NEXT HOUR ? CERTAINLY NOT. W E 
MAY HAVE ONLY LEFT THE TERMINUS 1 0 MINUTES AGO ; THERE MAY BE 
AN ACCIDENT IN THE NEXT SECOND. W NAT WE MEAN IS MERELY THIS, 
THAT THE LAST DISTANCE OF 3 MILES WAS TRAVERSED IN THE TENTH 
OF AN HOUR, OR RATHER, THE LAST DISTANCE OF 0 O 0 0 3 MILES WAS 
TRAVERSED IN O'OOOOL HOUR. THIS IS NOT EXACTLY RIGHT; IT IS 
NOT TILL WE TAKE STILL SHORTER AND SHORTER DISTANCES AND DIVIDE 
BY THE TIMES OCCUPIED THAT WE APPROACH THE TRUE VALUE OF 
THE SPEED. THUS IT IS KNOWN THAT A BODY FALLS FREELY 
VERTICALLY THROUGH THE FOLLOWING DISTANCES IN THE FOLLOWING 
INTERVALS OF TIME AFTER TWO SECONDS FROM REST, AT LONDON. 
THAT IS BETWEEN 2 SECONDS FROM REST AND 2 1 OR 2 '01 OR 2 '001 , 
THE DISTANCES FALLEN THROUGH ARE GIVEN. EACH OF THESE 
DIVIDED BY THE INTERVAL OF TIME GIVES THE AVERAGE VELOCITY 
DURING THE INTERVAL. 

INTERVALS OF TIME IN SECONDS -1 

DISTANCES IN FEET FALLEN THROUGH 6 ' 6 0 1 
•01 -001 

•6456 J - 0 6 4 4 1 6 
AVERAGE VELOCITIES 1 6 6 0 1 ' 6 4 ' 5 6 : 6 4 ' 4 1 6 

W E SEE THAT AS THE INTERVAL OF TIME AFTER 2 SECONDS IS 

TAKEN LESS AND LESS, THE AVERAGE VELOCITY DURING THE INTERVAL 

APPROACHES MORE AND MORE THE TRUE VALUE OF THE VELOCITY AT 

2 SECONDS FROM REST WHICH IS EXACTLY 6 4 ' 4 FEET PER SECOND. 

W E MAY FIND THE TRUE VELOCITY AT ANY TIME WHEN WE KNOW 
THE LAW CONNECTING s AND t AS FOLLOWS. 

LET 8 = 1 6 " I T 2 , THE WELL KNOWN LAW FOR BODIES FALLING 

FREELY AT LONDON. IF t IS GIVEN OF ANY VALUE WE CAN CALCULATE 
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s. If t has a slightly greater value called t + St (here St 
is a symbol for a small jxxrtion of time, it is not S x t, but a 
very different thing), and if we call the calculated space 
s+Ss, then s + Ss = 161 (t + Sty or 161 [t1 + 2t. St + (Sty}. 
Hence, subtracting, Ss = 161 [2t. ct + (St)-}, and this formula 
will enable us to calculate accurately the space Ss passed 
through between the time t and the time t + St. The average 
velocity during this interval of time is Ss -=- St or 

^ = 32"2«+l(JlSf. ot 

Please notice that this is absolutely correct; there is no 
vagueness about it. 

Now I come to the important idea; as St gets smaller 
Ss 

and smaller, ^- approaches more and more nearly 32-2£, the ot 
other term JQ-lSt becoming smaller and smaller, and hence 
we say that in the limit, SsiSt is truly 32-2L The limiting 

Ss ' " ds 1 

value of ^ as St gets smaller and smaller is called , or the St at 
rate of change of s as t increases, or the differential coefficient 
of s with regard to t, or it is called the velocity at the time f. 

Now surely there is no such great difficulty in catching 
the idea of a limiting value. Some people have the notion 
that wo are stating something that is only approximately 
true; it is often because their teacher will say such things as 
" reject 161 St because it is small," or "let dt be an infinitely 
small amount of time" and they proceed to divide something 
by it, showing that although they may reach the age of 
Methuselah they will never have the common sense of an 
engineer. 

Another trouble is introduced by people saying " let 
S * ds 

St — 0 and ^- or — is so and so." The true statement is, " as St at g 
St gets smaller and smaller without limit, -̂ approaches more 

and more nearly the finite value 32 2'," and as I have already 
said, everybody uses the important idea of a limit every day 
of his life, 
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From the law connecting s and t, if we find ^ or the 

velocity, we are said to differentiate s with regard to the 
time t. When we are given dsjdt and we reverse the above 
process we are said to integrate. 

I f I were lecturing I might dwell longer upon the correct­
ness of the notion of a rate that one already has, and by 
making many sketches illustrate my meaning. But one may 
listen intently to a lecture which seems dull enough in a 
book. I will, therefore, make a virtue of necessity and say 
that my readers can illustrate my meaning perfectly well to 
themselves if they do a little thinking about it. After all 
my great aim is to make them less afraid than they used to be 
of such symbols as dyjdx and fy . dx. 

18. Given and t in any kind of motion, as a set of num­
bers. How do we study the motion ? For example, imagine 
a Bradshaw's Railway Guide which not merely gave a few 
stations, but some hundred places between Euston and Rugby. 
The entries might be like this : *• would be in miles, t in 
hours and minutes. .? = 0 would mean Euston. 

t 

0 10 o'clock 
3 10.. 10 
5 10. . 15 
7 10. .20 
7 10. .23 
9 10.. 28 

12 TO..33 
&c. 

One method is this : plot t (take times after 10 o'clock) 
horizontally and s vertically on a sheet of squared paper and 
draw a curve through the points. 

The slope of this curve at any place represents the velocity 
of the train to some scale which depends upon the scales for 
s and t. 
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OBSERVE PLACES WHERE THE VELOCITY IS GREAT OR SMALL. 

BETWEEN t = 1 0 . 2 0 AND £ = 1 0 . 2 3 OBSERVE THAT THE VELOCITY 

IS 0. INDEED THE TRAIN HAS PROBABLY STOPPED ALTOGETHER. 

T O BE ABSOLUTELY CERTAIN, IT WOULD BE NECESSARY TO GIVE S 

FOR EVERY VALUE OF t, AND NOT MERELY FOR A FEW VALUES. A 

CURVE ALONE CAN SHOW EVERY VALUE. I DO NOT SAY THAT THE 

TABLE MAY NOT BE MORE VALUABLE THAN THE CURVE FOR A GREAT 

MANY PURPOSES. 

IF THE TRAIN STOPPED AT ANY PLACE AND TRAVELLED TOWARDS 
EUSTON AGAIN, WE SHOULD HAVE NEGATIVE SLOPE TO OUR CURVE 
AND NEGATIVE VELOCITY. 

NOTE THAT acceleration BEING RATE OF CHANGE OF VELOCITY 

WITH TIME, IS INDICATED BY THE RATE OF CHANGE OF THE SLOPE OF 

THE CURVE. W H Y NOT ON THE SAME SHEET OF PAPER DRAW A CURVE 

WHICH SHOWS AT EVERY INSTANT THE velocity OF THE TRAIN ? 

THE SLOPE OF THIS NEW CURVE WOULD EVIDENTLY BE THE ACCELERA­

TION. I AM GLAD TO THINK THAT NOBODY HAS YET GIVEN A NAME 

TO THE RATE OF CHANGE OF THE ACCELERATION. 

THE SYMBOLS IN USE ARE 

s AND t FOR SPACE AND TIME ; 

VELOCITY v OR ~ , OR NEWTON'S SYMBOL * ; 
civ 

dv d'^s 
ACCELERATION -y OR — , OR NEWTON'S I. 

dt dt-

RATE OF CHANGE OF ACCELERATION WOULD BE . 

d-s 

NOTE THAT IS ONE SYMBOL, IT HAS NOTHING WHATEVER TO DO 

WITH SUCH AN ALGEBRAIC EXPRESSION AS ~ . THE SYMBOL IS 

cl X t" 

SUPPOSED MERELY TO INDICATE THAT WE HAVE DIFFERENTIATED S 
TWICE WITH REGARD TO THE TIME. 

I HAVE STATED THAT THE SLOPE OF A CURVE MAY BE FOUND BY 
DRAWING A TANGENT TO THE CURVE, AND HENCE IT IS EASY TO FIND 
THE ACCELERATION FROM THE VELOCITY CURVE. 
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19. Another way, better than by drawing tangents, is 

illustrated in this Table : 

V 
feet per 

second 

or ds/St 

acceleration 

t 
seconds 

s 

feet 

V 
feet per 

second 

or ds/St 

in feet per 

second per 

second or 

do/St 

•06 •0880 

14-74 

•07 •2354 

13-49 

- 125 

•08 •3703 

12-22 

- 127 

•09 •4925 

1 0 9 5 

- 127 

•10 •6020 

9-66 

- 129 

11 •6986 

8-35 

- 131 

1 2 •7821 

7-04 

- 131 

•13 •8525 

In a new mechanism it was necessary for a certain 

purpose to know in every position of a point A what its 

acceleration was, and to do this I usually find its velocity 

first. A skeleton drawing was made and the positions of 

A marked at the intervals of time t from a time taken 

as 0. In the table I give at each instant the distance 

of A from a fixed point of measurement, and I call it s. 

If I gave the table for all the positions of A till it gets 

back again to its first position, it would be more instructive, 

but any student can make out such a table for himself 

for some particular mechanism. Thus for example, let s 

be the distance of a piston from the end of its stroke. 

Of course the all-accomplished mathematical engineer will 

scorn to take the trouble. H e knows a graphical rule 

for doing this in the case of the piston of a steam 

engine. Yes , but does he know such a rule for every 
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possible mechanism ? Would it be worth while to seek 
for such a graphical rule for every possible mechanism ? 
Here is the straightforward Engineers' common-sense way 
of finding the acceleration at any point of any mechanism, 
and although it has not yet been tried except by myself 
and my pupils, I venture to think that it will commend 
itself to practical men. For beginners it is invaluable. 

Now the mass of the body whose centre moves like the 
point A, being m (the weight of the body in pounds at 
London, divided by 3 2 - 2 ) * , multiply the acceleration in 
feet per second per second which you find, by m, and you 
have the force which is acting on the body increasing the 
velocity. The force will be in pounds. 

* I have given elsewhere my reasons for using in books intended for 
engineers, the units of force employed by all practical engineers. I have 
used this system (which is, after all, a so-called absolute system, just as 
much as the c. o. s. system or the P o u n d a l system of many text books) for 
twenty years, with students, and this is why their knowledge of mechanics 
is not a mere book knowledge, something apart from their practical work, 
but fitting their practical work as a hand does a glove. One might as well 
talk Choctaw in the shops as speak about what some people call the 
English system, as if a system can be English which speaks of so many 
poundals of force and so many foot-poundals of work. And yet these same 
philosophers are astonished that practical engineers should have a contempt 
for book theory. I venture to say that there is not one practical engines 
in this country, who thinks in Poundals, although all the books have used 
these units for 30 years. 

In Practical Dynamics one second is the unit of time, one foot is the 
unit of space, one pound (what is called the weight of 1 lb. in London) is the 
unit of force. To satisfy the College men who teach Engineers, I would say 
that "The unit of Mass is that mass on which tbe force of 1 lb. produce* 
an acceleration of 1 ft. per sec. per sec." 

We have no name for unit of mass, the Engineer never has to speak 
of the inertia of a body by itself. His instructions are " In all Dynamical 
calculations, divide the weight of a body in lbs. by 32-2 and you have its 
mass in Engineer's units—in those units which will give all your answers in 
the units in which an Engineer talks." If you do not use this system every 
answer you get out will need to be divided or multiplied by something before 
it is the language of the practical man. 

Force in pounds is the space-ride at which work in foot-pounds is done, 
it is also the time-rate at which momentum is produced or destroyed. 

Example 1. A H a m m e r h e a d of 2 J lbs. moving with a velocity of 40 ft. 
per sec. is stopped in -001 sec. What is the average force of the blow? 
Here the mass being 2^^-32-2, or -0776, the momentum (momentum is 
mass x velocity) destroyed is 3-104. Now force is momentum per sec. and 
hence the average force is 3-104-f--001 or 3104 lbs. 

Example 2. Water in a jet flows with the linear velocity of 20 ft. per sec, 
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20. We considered the case of falling bodies in which 
space and time are connected by the law s = \gt1, where g 
the acceleration due to gravity is 3 2 2 feet per second per 
second at London. But many other pairs of things are con­
nected by similar laws and I will indicate them generally by 

y = ax 2 . 
Let a particular value of a be taken, say a = J ^ . Now take 
x = Q, x=l, x = 2, x = '3, &c. and in every case calculate y. 

Plot the corresponding points on squared paper. They 
lie on a parabolic curve. At any point on the curve, say 

where x = 3, find the slope of the curve ^1 call it , do 

the same at = 4, x = 2, &c. Draw a new curve, now, with the 

same values of x but with ^ as the ordinate. This curve 
ax 

shows at a glance (by the height of its ordinate) what is 
the slope of the first curve. I f you ink these curves, let 
the y curve be black and the ~- curve be red. Notice that 

the slope or at any point, is 2a multiplied by the of the ax 
point. 

We can investigate this algebraically. As before, for 
any value of x calculate y. Now take a greater value of x 
which I shall call x + Bx and calculate the new y, calling it 
y + Sy. We have then 

y+Sy = a (x + Sx)-
= a {x- + 2x. Sx + (Sx)2}. 

Subtracting; By = a [2x. 8x + (Bu)-}. 

Divide by Bx, ^| = 2ax + a . Bx. 

(relatively to the vessel from which it flows), the jet being 0-1 s<j. ft. in cross 
section; what force acts upon the vessel ? 

Here we have 20 x -1 cu. ft. or 20 x -1 x 62-3 lbs. of water per sec. or 
a mass per second in Engineers' units of 20 x -1 x 62'3~ 32'2. This mass is 
3-87, its momentum is 77-4, and as this momentum is lost by the vessel 
every second, it is the force acting on the vessel. 

A student who thinks for himself will see that this force is the same 
whether a vessel is or is not in motion itself. 
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Imagine 8* to get smaller and smaller without limit and 

use the symbol for the limiting value of |^, and we have 
dy 
~ = 2ax, a fact which is known to us already from our 
squared paper*. 

21. Note that when we repeat the process of differentiation 
3? xi 

we state the result as - ~ a u ( I the answer is 2a, You must dx-
become familiar with these symbols. If y is a function of 

x, ^ is the rate of change of y with regard to x; ( ~ is the 

rate of change of ~ with regard to x. 
CLOU 

Or, shortly; is the differential coefficient of -~ 

with regard to x\ is the differential coefficient of y with 

regard to x. 
d? ii dy 

Or, again; integrate and our answer is ; inte­
NT/ . 

grate and our answer is y. 

You will, I hope, get quite familiar with these symbols 
and ideas. I am only afraid that when we use other letters 
than x's and ys you may lose your familiarity. 

* Symbolically. LETy=f (x)...(l), WHERE/(AS) STANDS FOR ANY EXPRESSION 
CONTAINING x. TAKE ANY VAIUE OF x AND CALCULATE y. NOW TAKE A SLIGHTLY 
GREATER VALUE OF x SAY x + dx AND CALCULATE THE NEW y • CALL IT y + dy 
THEN y + Sy=f{x + Sx) (2). 

SUBTRACT (1) FROM (2) AND DIVIDE BY dx. 
dy _f(x + dx)-f(x) 
dx dx 

WHAT WE MEAN BY ~ IS TNE LIMITING VALUE OF /J^_+Afi)—/W. a s S x JS 

dx ° dx 
MADE SMALLER AND SMALLER WITHOUT LIMIT. THIS IS THE EXACT DEFINITION OF — . 

dx 
IT IS QUITE EASY TO REMEMBER AND TO WRITE, AND THE MOST IGNORANT PERSON MAY 
GET FULL MARKS FOR AN ANSWER AT AN EXAMINATION. IT IS EASY TO SEE THAT THE 
DIFFERENTIAL COEFFICIENT OF af (.R) IS a TIMES THE DIFFERENTIAL COEFFICIENT OF / (x) 
AND ALSO THAT THE DIFFERENTIAL COEFFICIENT OF / (x) + F (x) IS THE SUM OF THE TWO 
DIFFERENTIAL COEFFICIENTS, 
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The differential coefficient of 
y = a + bx + cxs, 

where a, b and c are constants, is 

^ = 0 + 6 + 2cr. ax 
The integral of 0 + b + kx with regard to x is A + bx + -̂ fcf2, 
where A is any constant whatsoever. 

Similarly, the integral of b + kz with regard to z is 
A + bz + \kz". 

The integral of b + kv with regard to v, is A + bv + ^kv". 
IT IS QUITE EASY TO WORK OUT AS AN eseria.SE THAT IF y = ax3, THEN 

<~=3ax2, AND AGAIN THAT IF »/=<•«,•*, THEN C~- = lax\ ALL THESE ARE dx - dx 
EXAMPLES OF THE FACT THAT IF y = ax", THEN - I . 

I N WORKING OUT ANY OF THESE EXAMPLES WE TAKE IT THAT BECOMES Y ( 
0 Wit/ 

OR THAT 8?/ = 8 J . ' X ^ ' MORE AND MORE NEARLY AS 8.t' GETS SMALLER AND 

SMALLER WITHOUT LIMIT. 

THIS IS SOMETIMES WRITTEN y + iy-y + hx • fr, OR 

f(x + 8 . ^ = / ( . * ) + 8.C ( 1 ) . 

22. Uniformly accelerated motion. 
d-s 

If acceleration, dt?~ a 

Integrate and we have — = b + at — velocity v. Observe 

that we have added a constant b, because if we differentiate 
a constant the answer is 0. There must be some information 
given us which will enable us to find what the value of the 
constant b is. Let the information be v = v0, when t = 0. 
Then b is evidently !»0. 

So that velocity v = ^| = v0 + at (2). 

http://eseria.se
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Again integrate and s = c + v0t + ^at'\ Again you will notice 

that we add an unknown constant, when we integrate. Some 

information must be given us to find the value of the constant 

c. Thus if s = s„ when t — 0, this s0 is the value of c, and so 

we have the most complete statement of the motion 

s = 5 0 + v0t + i|-ffi3 (8) . 

I f ( 3 ) is differentiated, we obtain ( 2 ) and if (2) is differen­

tiated we obtain (1) . 

23. We see here, then, that as soon as the student is 
able to differentiate and integrate he can work the fol­

lowing kinds of problem. 

I. I f s is given as any function of the time, differentiate 

and the velocity at any instant is found; differentiate again 

and the acceleration is found. 

II . I f the acceleration is given as some function of the 

time, integrate and we find the velocity; integrate again 

and we find the space passed through. 

Observe that s instead of being mere distance may be 

the angle described, the motion being angular or rotational. 

Bet ter then call it 6. Then 6 or - , - is the angular velocity 

and 6 or is the angular acceleration. 

24. Exercises on Motion with constant Accele­
ration. 

1. The acceleration due to gravity is downwards and is 

usually called g, g being 32 '2 feet per second per second at 

London. If a body at time 0 is thrown vertically upwards 

with a velocity of V0 feet per second; where is it at the end 

of t seconds ? I f s is measured up-wards, the acceleration is 

— g and .5= V„t — hgt~. ( W e assume that there is no resist­

ance of the atmosphere and that the true acceleration is g 

downwards and constant.) 

Observe that v = V0 - gt and that v = 0 when V„~gt = 0 

or t = — - . When this is the case find s. This gives the 

highest point and the time taken to reach it. 

When is s = 0 again ? W h a t is the velocity then ? 
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2. T h e body of Exercise 1 has been given, in addition 

to its vertical velocity, a horizontal velocity v0 which keeps 

constant. I f x is the horizontal distance of it away from 

d?cc d$j 
the origin at the time t, -3-- —0 and -j- = ;<<,, x = u„t. I f we 

Clt" (it 
call s by the new name y, we have at any time t, 

y=Vjt- \yt\ 
x = u„t, 

and if we eliminate t, we find y = — A q which is a 

Parabola. 

3. I f the body had been given a velocity V in the 

direction a. above the horizontal, we may use V sin a for V0 

and F c o s a for w0 in the above expressions, and from them 

we can make all sorts of useful calculations concerning pro­

jectiles. 

Plot the curve when T = 1 0 0 0 feet per second and a = 45°. 

Again plot with same V when a = 60°, and again when 

A = 3 0 ° . 

25. Kinetic Energy. A small body of mass m is at 

8 = 0 when t = 0 and its velocity is v0, and a force F acts 

upon it causing an acceleration Fjm. As in the last ease 

at any future time 

F F 
v=v0 + ~ t . . . ( 1 ) , and 5 = 0 + t\t + h - t' ( 2 ) , 

111 " in 

(2) m a y b e written s = \t{2v<> + '- t) and it is easy to see 

from (1) that this is s = \t ( r 0 -f v), and that the average 

velocity in any interval is half the sum of the velocities at 

the beginning and end of the interval. Now the work done, 

by the force F in the distance s is Fs. Calculating F from 

(1), F=(v — v„)— and multiplying upon a we find that the 

0 
work is \-m (V — v„2) which expresses the work stored up in a 

moving body in terms of its velocity. In fact the work 

done causes ^mv^ to increase to \mv- and this is the reason 

why \mvi is called the kinetic energy of a body. 
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Bv But our equations are only entirely true when 

Bs, Bt, &c., are made smaller and smaller without limit : 

Hence a s < ^ = my, or in words, "the differential coefficient of dv 
E with regard to v is mv," if we integrate with regard to v, 
E = \mv'--\-c where c is some constant. Let E — 0 when 
» = 0 s o that c = 0 and we have E = Amu2. 

Practise differentiation and integration using other lettert s 
than x and y. In this case stands for our old I f we 

J dv dx 

had had — = mx it might have been seen more easily that 

y= hiu:2 + c, but you must escape from the swaddling bands 
of x and y. 

26. Exercise. If x is the elongation of a spring 
F 

when a force F is applied and if a; — - , a representing the 
stiffness of the spring; F. Bx is the work done in elongating 
the spring through the small distance Bx. I f i^is gradually 
increased from 0 to F and the elongation from 0 to x, what 
strain energy is stored in the spring ? 

The gain of energy from x to x + Bx is BE = F. Bx, or 

rather - 7— = F= ax, hence E — lax- + c. Now if E = 0 when ax z 

x — 0, we see that c = 0, so that the energy E stored is 

I t is worth noting that when a mass M is vibrating at the 
end of a spiral spring; when it is at the distance x from its 

Otherwise. Let a small body of mass m and velocity v 
pass through the very small space Bs in the time Bt gaining 
velocity Bv and let a force F be acting upon it. Now 

&v 
F= m x acceleration or F = m and Bs = v . Bt so that 

ot 
F. Bs = mvBt ^ = m . vBv = BE, 

ot 
if BFJ stands for the increase in the kinetic energy of the body 
BE 
-r- = m . v. 
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position of equilibrium, the potential energy is \aa? and the 
kinetic energy is \Mir or the total energy is \M€- + \ax>.... 

Note that when a force F is required to produce an 
elongation or compression x in a rod, or a deflexion x in a beam, 
and if F •=• ax where a is some constant, the energy stored up 
as strain energy or potential energy is \ax- or ^Fx. 

Also if a Torque T is required to produce a turning 
through the angle 6 in a shaft or spring or other structure, 
and if T = ad, the energy stored up as strain energy or 
potential energy is had2 or }/T6. If T is in pound-feet and 6 
is in radians, the answer is in foot-pounds. 

Work done = F o r c e x distance, or Torque x angle. 

27. If the student knows anything about electricity let 
him translate into ordinary language the improved Ohm's law 

V = R C + L . dC/dt (1). 

Observe that if R (Ohms) and L (Henries) remain con­

stant, if C and are known to us, we know V, and if the 

law of V, a changing voltage, is known you may see that there 
must surely be some means of finding C the changing current. 
Think of L as the back electromotive force in volts when the 
current increases at the rate of 1 ampere per second. 

If the current in the primary of a transformer, and there­
fore the induction in the iron, did not alter, there would be 
no electromotive force in the secondary. In fact the E.M.F. 
in the secondary is, at any instant, the number of turns of 
the secondary multiplied by the rate at which the induction 
changes per second. Rate of increase of / per second is what 
we now call the differential coefficient of / with regard to 
time. Although L is constant only when there is no iron or 
else because the induction is small, the correct formula being 

dT 
V=liC+ iV --- (2), it is found that, practically, (I) with 
L constant is of nearly universal application. See Art. 183. 

28. If y = ax" and you wish to find ~- , I am afraid that 
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I must assume that you know the Binomial Theorem 
which i s : — 

6 

It is easy to show by multiplication that the Binomial 
Theorem is true when n = 2 or 3 or 4 or 5, but when n = h or 
£ or any other fraction, and again, when n is negative, you 
had better perhaps have faith in my assertion that the 
Binomial Theorem can be proved. 

It is however well that you should see what it means by 
working out a few examples. Illustrate it with n = 2, then 
ii = 3, n = 4, & c , and verify by multiplication. A g a i n try 
n = — 1, and if you want to see whether your series is correct, 

jus t recollect that (x + is - — ^ and divide 1 by x + b in 

the regular way by long division. 

Let us do with our new function of .r as we did with ax-. 
Here y = ax", y + By = a (x + Bx)'1 — a [x" + n . Bx . xn~x 

?z (n — 1) 
+ — ^— - (Bx)- xn~~- + terms involving higher powers of Bx). 

Now subtract and divide b y Bx and you will find 

| = a | n . A - » - + ^ ( ~ - , ) - ( & / ) ^ 4 - & c . J 

W e see now that as Bx is made smaller and smaller, in 
the l imit we have only the first term left, all the others 
having in them Bx or (Bx)- or higher powers of Bx, and they 
must all disappear in the limit, and hence, 

— = nax n ~ 1 (See Notes p. 150.") dx 
T h u s the differential coefficient of x6 is Gx", of x-i i t is 

2Jkr1?, and of x~%- i t is - gart. 

When we find the value of the differential coefficient of 
any given function we are said to differentiate it. When 

given ^ to find y we are said to integrate. The origin of 
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the words differential and integral need not be considered. 

They are now technical terms. 

Differentiate ax11 and we find naxn~\ 
Integrate naxn~^ and we find axn + c. W e always add a 

constant when we integrate. 

Sometimes we write these, (ax11) = m%"'~1 and 

naxn~l . dx = ax". 

Observe that we write J before and dx after a function 

when we wish to say that it is to be integrated with regard 

to x. Both the symbols are needed. A t present you ought 

not to trouble your head as to why these particular sorts of 

symbol are used*. 

You will find presently that it is not difficult to learn 

how to differentiate any known mathematical function. Y o u 

will learn the process easily ; but integration is a process of 

guessing, and however much practice we may have, ex­

perience only guides us in a process of guessing. To some 

extent one may say that differentiation is like multiplica­

tion or raising a number to the 5th power. Integration is 

like division, or extracting the 5th root. Happily for the 

engineer he only needs a very few integrals and these are 

* When a great number of things have to be added together in an 

engineer's office—as when a clerk calculates the weight of each little bit of a 

casting and adds them all up, if the letter w indicates generally any of the 

little weights, we often use the symbol Tw to mean the sum of them all. 

When we indicate the sum of an infinite number of little quantities we 

replace the Greek letter s or 2 by the long English s or J. It will be seen 

presently that Integration may be regarded as finding a' sum of this kind. 

Thus if y is the ordinate of a curve ; a strip of area is y . S.c and jy . dx 

means the sum of all such strips, or the whole area. Again, if dm stands for 

a small portion of the mass of a body and r is its distance from an axis, then 

r 2 . 8m is called the moment of inertia of dm about the axis, and 2 r 2 . 5m or 

jr*. dm indicates the moment of inertia of the whole body about the axis. 

Or if SV is a small element of the volume of a body and m is its mass per 

unit volume, then jr-m . dV is the body's moment of inertia. 
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well known. As for the rest, he can keep a good long list of 
them ready to refer to, hut he had better practise working 
them out for himself. 

Now one is not often asked to integrate nax" ~l. I t is too 
nicely arranged for one beforehand. One is usually asked to 

bxm+1 

integrate focm...(l). I know that the answer is -'- _. . . (2) . 
How do I prove this ? By differentiating (2) I obtain (1), there­
fore I know that (2) is the integral of (1). Only I ought to 
add a constant in (2), any constant whatever, an arbitrary 
constant as it is called, because the differential coefficient of 
a constant is 0. Students ought to work out several 
examples, integrating, say, a~, bit?, b.i:-, cur 5 , cx-, aak When 
one has a list of differential coefficients it is not wise to use 
them in the reversed way as if it were a list of integrals, for 
things are seldom given so nicely arranged. 

For instance jia3 . d.v — x*. But one seldom is asked to 
integrate 4a;s, more likely it will be 3xs or o,c\ that is given. 

We now have a number of interesting results, but this 
last one includes the others. Thus if 

y = x" or y = x'i or y = x1 or y = x"*, 

we only have examples of y = and it is good for the 
student to work them out as examples. Thus 

dy 
dx 

I f ii = 1 this becomes lx" or 1. I f n = 0 it becomes Oar1 

or 0. But we hardly need a new way of seeing that if y is a 
constant, its differential coefficient is 0. We know that if 

y = a + bx 4- c./° 4- ex3 + &c. + gx'\ 

Then ^ = 0 + 6 + 2c>; + Sex- + &c. 4- wixn-\ dx J 

with this knowledge we have the means of working quite 
* I suppose a student to know that anything to the power 0 is unity. I t 

is instructive to actually calculate V>y logarithms a high root of any number 
to see how close to 1 the answer comes. A high root means a small power, 
the higher the root the more nearly does the power approach 0. 
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half the problems supposed to be difficult, that come before 
the engineer. 

The two important things to remember now, are: If 

y = ax11, then = naxn-'; and i f = then 
dx 

y = ^ x^ + c, 

where c is some constant, or 
f 1) bx"'dx = - —-•;/:'"+> + c. 

J III + 1 
I must ask students to try to discover for themselves 

(/ u 
illustrations of the fact that if y = x'1, then /-- = nx'1"1. I do 

dx 
not give here such illustrations as happened to suit myself; 
they suited me because they were my own discovery. I 
would suggest this, however : 

Take y = x7'. Let x —1-02, calculate y by logarithms. 
Now let x = 1'03 and calculate y. Now divide the increment 
of y by "01, which is the increment of x. 

Let the second x be 1'021, and repeat the process. 
Let the second x be 1 0201, and repeat the process. 

It will be found that -g'~ is approaching the true value of 

^ which is o (102) ' . dx 
Do this again when •>/ = x"'7 for example. A student need 

not think that he is likely to waste time if he works for 
weeks in manufacturing numerical and graphical illustrations 
for himself. Get really familiar with the simple idea that 

dy 
dx if y = xn then = nx 

that I ax*. dx = —— x*+1 + constant; 
J s + 1 

that \av*. dv = —^— tf+' + constant. 
J -s + l 

Practise this with ,s= '7 or \S or 1/1 or — 5 or —-8, and use 
Other letters than x or v. 
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v s . dv. The answer is 

i — s 

j\/v-. dv or Jv%. dv. Answer, f tA 

t ~ * . dt. Answer, 2tK 

— dx or /x~ l . dx. Here the rule fails to help us for 

x J 
we get ~ which is cc , and as we can always subtract an in­

finite constant our answer is really indeterminate. In our 

work for some time to come we need this integral in only 

one case. Later , we shall prove that 

— dx = log x , and I • • 1 dx = log (x + a) , 
X J X "4" 3* 

and if y = log x, = - and I— dv = loir v. 

J ° dx x J r b 

I f p = air, then ^fi = 3a?:2. 
M dv 

l{v = mrh, then ^ " _ 

dt 

30. If pv = Rt , where R is a constant. Work the 

following exercises. Find , if v is constant. Answer, ^ . 

Find ^ , if p is constant. Answer, — . 
at p 

The student knows already that the three variables p , V 

and t are the pressure volume and absolute temperature of a 

" dp 
gas. I t is too lonw to write ~ when v is constant." W e 

29. Exercises . Find the following Integrals. The 

constants are not added. 

er, lx'\ | V S . dv. Answer, ^v3. 

1 . . 
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shall use for this the symbol the brackets indicating that 

the variable not there mentioned, is constant. 

Find Answer, A s p = lit. v~l we have = - Mv~\ 

Find the continued product of the second, fifth, and third of 
the above answers and meditate upon the fact that 

Generally we may say that if u is a function of two 

then we shall use the symbol (-7- ) to mean the differential co­

efficient of u with regard to x when y is considered to 
be constant. 

These are said to be partial differential coefficients. 

31. Here is an excellent exercise for students : — 

Write out any function of x and y; call it 11. 

Find . Now differentiate this with regard to y, 

assuming that x is constant. T h e symbol for the result is 

dhi 
dy. dx' 

It will always be found that one gets the same answer if 
one differentiates in the other order, that is 

'dt\ _ v_ 
.dp) ~ R 

variables x and y, or as wo say 

u = / 0 , y); 
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= ^ + 0 + 2axy + hf, 

( ] ^ r 0 + 0 + 2ax + 2by. 

Again, (̂ 1 = 0 + 3//-- + oa? + 2 bxy, 

and j~~7 = 0 + 0 + 2ax + 2by, ax. a y 
which is the same as before. 

A student ought not to get tired of doing this. Use other 
letters than x and y, and work many examples. The fact 
stated in (3) is of enormous importance in Thermodynamics 
and other applications of Mathematics to engineering. A 
proof of it will be given later. The student ought here to 
get familiar with the importance of what will then be 
proved. 

32. One other thing may be mentioned. Suppose we 
have given us that u is a function of x and y, and that 

fdu , . 
[dx ~ + - r + C1?'J + 

Then the integral of this is 
u = lax4 + by3x + \ox'y + \gx-y- +/( y), 

where f(y) is some arbitrary function of y. This is added 
because we always add a constant in integration, and as y is 

regarded as a constant in finding (^yj ; v e a dd f(y), which 

may contain the constant y in all sorts of forms multiplied 
by constants. 

33. To illustrate the fact, still improved, that if y = log x, 

then ~ ~ = ^ . A student ought to take such values of x as 3, 

3'001,3'002, 8'003 &c, find y in every case, divide increments 
OI\?/ by the corresponding increments of x, and see if our rule 
holds good. 

Thus try u = a* + f + (,x-y + bxy-, 
fdu\ 

file:///gx-y-
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Note that when a mathematician writes log x he always 
means the Napierian logarithm of x. 

C dt 

34. Example of / y = log < 4-constant. 
It is proved in Thermodynamics that if in a heat engine the work­ing stuff receives heat 11 at temperature t, and if t0 is the temperature of the refrigerator, then the work done by a perfect heat engine would 

be tf.'-l-W^-* 
If one pound of water at t0 is heated to tlt and wo assume that the heat received per degree is constant, being 1400 foot-lbs. ; what is the work which a perfect heat engine would give out in equivalence for the total heat? Heat energy is to be expressed in foot-pounds. 
To raise the temperature from t to t + bt the heat is 14006Y in foot-lb. This stands for 11 in the above expression. Hence, for this heat we 

have the equivalent work S ir= 14O0S? f/l - , or, rather, 
d ] ] = 1400-1400^. dt t 

Hence 11'= 140CM - 1400f0 log t + constant. 
Now Hr=0 when 

0 = 140f«0 - 1400C0 log ?0 +constant, 
therefore the constant is known. Using this value we find equivalent 
work for the heat given from ta to ^=1400 (<\- t(t) - 1400CC log -1. If now the pound of water at receives the heat Lx foot-lb. (usually called Latent Heat) and is all converted into steam at the constant temperature tl, the work which is thermodynamically equivalent to this 
is 1̂ - . We see then that the work which a perfect Steam 
engine would give out as equivalent to the heat received, in raising the pound of water from t0 to tt and then evaporating it, is 

1400 (h - t0) - U00t0 log, £ + Z, ( l - '£). 
Exercise . What work would a perfect steam engine perform per pound of steam at ^ = 439 (or 102 lb. per sq. inch), or 165° C, if ?0=:374 or 100° C. Here Lx = 681,456 foot-pounds. 
The work is found to be 107,990 ft.-lb. per lb. of steam. Engineers usually wish to know how many pounds of steam are used per hour 

per Indicated Horse Power, w lb. per hour, means w ft.-lb. per 
minute. Putting this equal to 33000 we find w to be 18'35 lb. of steam per hour per Indicated Horse Power, as the requirement of a perfect steam engine working between the temperatures of 165° O and 100° C. 
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35. Exercises . It is proved in Thermodynamics when 
ice and water or water and steam are together at the same 
temperature, if ^ is the volume of unit mass of stuff in the 
higher state and s0 is the volume of unit mass of stuff in the 
lower state. Then 

L = t (*, - *0) 
,dp 

dt 
where t is the absolute temperature, being 274 -f 6° C, L 
being the latent heat in unit mass in foot-pounds. If we 
take L as the latent heat of 1 lb. of stuff, and sx and ,s-„ are 
the volumes in cubic feet of 1 lb. of stuff, the formula is 
still correct, p being in lb. per sip foot. 

I. In Ice-water, .s„ = -01747, s, = -01602 at £==274 (cor­
responding to 0° C) , p being 2116 lb. per sq. foot, and 

Z = 79 x 1400. Hence $ = - 2 7 8 1 0 0 . dt 
And hence the temperature of melting ice is less as the 

pressure increases; or pressure lowers the melting point of 
ice ; that is, induces towards melting the ice. Observe the 

dp _ 
^ , the melting point lowers at the quantitative meaning of 

rate of '001 of a degree for an increased pressure of 278 lb. 
per sq. foot or nearly 2 lb. per sq. inch. 

II. Water Steam. It seems almost impossible to 
measure accurately by experiment, .s-j the volume in cubic 
feet of one pound of steam at any temperature. s„ for water 
is known. Calculate — s0 from the above formula, at a few 
temperatures having from Regnault's experiments the follow­
ing table. 1 think that the figures explain themselves. 

t 
absolute 

pressure in 
lb. per sq. 

inch 
V 

lb. per 
sq. foot 

Sp 
St 

assumed 
dp 
dt 

L 
in foot­
pounds 

100 .174 14-70 2116-4 
81-5 

105 379 17-53 2524 87-8 740,710 22-26 
94 

740,710 

110 384 20-80 2994 
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I t is here assumed that the value of dp/dt for 105" C. is 
half the sum of 81'5 and 94. T h e more correct way of 
proceeding would be to plot a great number of values of 
Sp/ht on squared paper and g e t dp/dt for 105° C. more 
accurately by means of a curve, f 

Sj - s 0 for 105 c C. = 740710 -r (379 x 87'8) = 22'26. N o w 
$0 — '016 for cold water and it is not worth while m a k i n g any 
correction for its warmth. Hence we may take st = 22'28 
which is sufficiently nearly the correct answer for the present 
purpose. 

Example. F ind Si for 275° V. from the following, L be ing 

t"F. 248° 257° 266° 275° 284° 293° 302° j 

P 4152 4854 5652 ; 6551 7563 8698 9966 

Example. If the formula for steam pressure, p — a8h where a and b 
are known numbers, and 6 is the temperature measured from a certain 
zero which is known, is found to be a useful but incorrect formula 
for representing Regnault's experimental results ; deduce a formula for 
the volume sl of ono pound of steam. We. ha.ve. also the well known 
formula for latent heat L = c-et, where t is the absolute temperature 

and c and e are known numbers. Hence, as which is the same as 
a£ is bad'' ', ,h - = Ir - el) -r tb«ff-K 

After subjecting an empirical formula to mathematical operations 
it is wise to test the accuracy of the result on actual experimental 
numbers, as the formula represents facts only approximately, and the 
small and apparently insignificant terms in which it differs from fact, 
may become greatly magnified in the mathematical operations. 

36. Study of Curves. W h e n the equation to a new 
curve is given, the practical man ought to rely first upon his 
power of plott ing it upon squared paper. 

d.y 
Very often, if we find or the slope, everywhere, it 

J dx 1 J 

gives us a good deal of information. 

I f we are told that xL, yx is a point on a curve, and we are 
asked to find the equation to the tangent there, we have 
simply to find the straight line which has the same slope 
as the curve there and which passes through xlt yx. T h e 
normal is the straight line which passes through x\, yl and 
whose slope is minus the reciprocal of the slope of the curve 
there. See A r t . 13. 
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P (fig. 8) is a point in a curve APB at which the 
tangent PS and the normal PQ are drawn. OX and OY are 

the axes. OR = x, UP = y, tan P&K = -~ ; the distance SB 
ctx j 

is called the subtangent ; prove that it is equal to y -f- -^ . 

The distance HQ is called the subnormal; it is evidently 

equal to y y . The length of the tangent PS will be found 
to be y 

y 

dy) 
the length of the normal PQ is 

dy 
1 + (die I ' T h e I r l t e r c e P t 0 5 is * - y ; 

Example 1. Find the length of the subtangent and sub­
normal of the Parabola y = 

^1 = 2 m, 

Hence Subtangent = mx- -r- 2mx or \x. 

Subnormal — yx 2mx or Im-or. 

Example 2. Find the length of the subtangent of y = mx11, 

v- = mnxn~i. ax 
Subtangent = mxn -r- WT»W,T_1 —xjn. 
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Example 3. F ind of what curve the subnormal is constant 
in length, 

dy dx 1 
y -j - = a or ~r- — - y. 
J dx dy a J 

T h e integral of i y with regard to y is x = -J- y 2 + a con­

stant &, and this is the equation to the curve, where b may 

have any value. I t is evidently one of a family of parabolas. 

(See Art . 9 where «'s and y's are merely interchanged.) 

Example 4. T h e point a; = 4, y = S is a point in the para­
bola y = %xk F ind the equation to the tangent there. The 

slope is ^ = J, x | . f~ i or, as * = 4 there, the slope is J x £ or §. 

The tangent is then, y = m + To find m we have y = 3 
when x = 4 as this point is in the tangent, or 3 = m -f-1 x 4, 
so that wi is and the tangent is y = 1^ + {;./•. 

Example 5. T h e point = 32, y = 3 is evidently a point in 

the curve y = 2+ Find the equation to the normal there. 

T h e slope of the curve there is "̂ r = 7V1' ^ = to o n l K ^ ^ n e 

slope of the normal is minus the reciprocal of this or — 160. 
Hence the normal is y — m — 160-r. B u t it passes through 
the point x = 32, y = 3 and hence 3 — m— 100 x 32. • 

Hence m = 5 1 2 3 and the normal is y — 5 1 2 3 — 160.U 

Example 6. A t what point in the curve y = ax~n is there 
the slope 6? d,, 

-.- = — ?ia*'~"_1. 

T h e point is such that its x satisfies — naar""1 — b or, 
l 

>4-l # = ^— - y j . Knowing its x we know its y from the 

equation to the curve. I t is easv to see and well to remem­
ber that if xlt yl is a point in a straight line, and if the slope 
of the line is b, then the equation to the line most quickly 
written is 
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Hence the equation to the tangent to a curve at the 
point xly y1 on the curve is 

V ~ y = the ^ at the point. 

And the equation to the normal is 

y~ -9- = — the — at the point. x —xx ay 
Exercise ^. Find the tangent to the curve x"Hj'1 = a, at 

the point x\, yl on the curve. Answer, —a? + - y= m + n. 
yi 

Exercise 2. Find the normal to the same curve. 

Answer, - (x - x\) - - (y - y,) = 0. 
yi * i 

Exercise 3. Find the tangent and normal to the parabola 
y" = 4<ax at the point where x = a. 

Answer, y = x + a, y = Ha — x. 
Exercise 4. Find the tangent to the curve 

y = a + bx + ex" + ex'-' 
at a point on the curve x\, y{. 

Answer, ^ — = b+ 2c.r1 + 3e,r/-. 

37. When y increases to a certain value and then 
diminishes, this is said to be a maximum value of y; 
when y diminishes to a certain value and then increases, 
this is said to be a minimum value of y. I t is evident 

that for either case C-f- = 0. 
dx 

See Art. 16 and fi«'. G. 

Example 1. Divide 12 into two parts such that the 
product is a maximum. The practical man tries and easily 
finds the answer. He tries in this sort of wav. Let x be one 
part and 12 — x the other. He tries x = 0, x — 1, x = 2, &c, 
in every case finding the product. Thus 

0 

Product i 0 

1 

11 20 

3 

27 32 I 35 

6 

36 35 32 

9 

27 
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It seems as if x — 6, giving the product 36, were the correct 
answer. But if we want to be more exact, it is good to get 
a sheet of squared paper; call the product y and plot the 
corresponding values of x and y. The student ought to do 
this himself. 

Now it is readily seen that where y has a maximum or a 
minimum value, in all cases the slope of a curve is 0. Find 
then the point or points where dyjdx is 0. 

Thus if a number a is divided into two parts, one of them 
x and the other a — x, the product is y = x (a — x) or ax — x1, 

and = a — 2.c. Find where this is 0. Evidently where 
dx J x 

2x = a or x = |a. 
The practical man has no great difficulty in any of his 

problems in finding whether it is a maximum or a minimum 
which he has found. In this case, let a = 12. Then x = 6 
gives a product 36. Now if x = 5'999, the other part is 6'001 
and the product is 35999999, so that x = 6 gives a greater 
product than x = 5'999 or x= 6"001, and hence it is a maxi­
mum and not a minimum value which we have found. This 
is the only method that the student will be given of dis­
tinguishing a maximum from a minimum at so early a period 
of his work. 

Example 2. Divide a number a into two parts such 
that the sum of their squares is a minimum. If x is one 
part, a — x is the other. The question is then, if 

y = x- + (a — xf, when is y a minimum ? 
y = 2x- + a- — 2ax, 

d/u 
~-= 4x — 2a, and this is 0 when x = ia. 
ax 

Example 3. When is the sum of a number and its 

reciprocal a minimum ? Let x be the number and y =x + 

When is y a minimum ? 

The differential coefficient of - or x"1 being — x~", we have 

= 1 — , and this is 0 when x = 1. 
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X 100 10 4 2 1 1 
2 

i 
a 

y 100-01 IO-I 4-25 2-5 2 2-5 
3 * 

Now let him plot x and y and he will see that y is a 

minimum when &• = 1. 

Example 4. T h e strength of a rectangular beam of 
given length, loaded and supported in any particular way, is 

proportional to the breadth of the section multiplied by the 

square of the depth. If the diameter a is given of a cylindric 

tree, what is the strongest beam which may be cut from it'? 

Let x be its breadth. Then if you draw the rectangle inside 

the circle, you will see that the depth is J a- — x-. Hence 

the strength is a maximum when y is a maximum if 

y = x {a2 - a;2), 

or y = a-x — a?, 

= a- — '3x2, and this is 0 when x = . ax \/3 

In the same way find the stiffest beam which may be cut 

from the tree by making the breadth x the cube of the depth 

a maximum. 

This, however, may wait till the student has read 

Chap. I I I . 

Example 5. Experiments on the explosion of mixtures 
(at atmospheric pressure) lead to a roughly correct rule 

p = 8 3 - 3-2a;, t 

where p is the highest pressure produced in the explosion, 

and x is the volume of air together with products of previous 

combustions, added to one cubic foot of coal gas before ex­

plosion. Taking px as roughly proportional to the work done 

in a gas engine during explosion and expansion ; what value 

of a; will make this a maximum ? 

The student ought to take numbers and a sheet of squared 

paper and try. Trying x = 100 , 10, 4 &c. we have 
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That is, when is 83-c — 3'2.c 2 a maximum ? Answer, When 

83 — 6 '4« = 0, or x, is about 13 cubic feet. 

I am afraid to make Mr Grover responsible for the above 

result which I have drawn from his experiments. His most 

interesting result was, that of the above 13 cubic feet it is 

very much better that only 9 or 10 should be air than that 

it should all be air. 

Example b\ Prove that ax — x? is a maximum when 

x = 1 a. 
Example 7. Prove that x — a? is a maximum when 

x = iV3 . 
Example <S. The volume of a circular cylindric cistern 

being given (no cover) when is its surface a minimum ? 

Let x be the radius and y the length: the volume is 

irx-y = a, say (!_). 
The surface is ttx* 4- 'lirxy (2) . 

When is this a minimum '. 

From (1) , y is ; using this in ( 2 ) we see that we 

must make 

-la . . 
ttx1 H a minimum, x 

zirx ----- = U or US" — — , 
X- 7T 

irx'ii 
X- = — or x — >/. 

The radius of the base is equal to the height of the cistern. 

Example 9. Let the cistern of Ex . S be closed top aud 

bottom, find it of minimum surface and given volume. 

The surface is 27r* 2 4- Irrxy, and proceeding as before we 

find that the diameter of the cistern is equal to its height. 

Example 10. If v is the velocity of water in a river and 

x is the velocity against stream of a steamer relatively to the 
water, and if the fuel burnt per hour is a + bxs; find the 

P . 4 
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* ASSUMING THAT YOU KNOW THE RULE FOR THE DIFFERENTIATION OF A QUOTIENT 
—USUALLY LEARNT AT THE VERY BEGINNING OF ONE'S WORK IN THE CALCULUS, AND 
WITHOUT ASSUMING a TO HE 0 AS ABOVE, WE HAVE 

(.r -v) 'ihx- — a + bx3. 
2bx"' — 3bvx-=a (1). 

velocity x so as to make the consumption of fuel a minimum 
for a given distance vi. The velocity of the ship relatively 
to the bank of the river is x - v, the time of the passage is 

- ' ~ t > a l J ^ therefore the fuel burnt during the passage is 
in (a + bx'") 

x — v 
Observe 1 hat a + bx* with proper values given to a and b 

may represent the total cost per hour of the steamer, in-
eluding interest and depreciation on the cost of the vessel, 
besides wages and provisions. 

You cannot yet differentiate a quotient, so I will assume 
x" 

a — 0, and the question reduces to this: when is — — a 
x, —v 

minimum ? Now this is the same question as:—when is 
't1 . 

a maximum ? or when is a r s — vx~3 a maximum ? The 
x3 

differential coefficient is — 2,r~a-f 3iu—'. Putting this equal 
to 0 we find x = §v, or that the speed of the ship relatively to 
the water is half as great again as that of the current. 

Notice here as in all other cases of maximum and mini­
mum that the engineer ought not to be satisfied merely with 
such an answer. ,r=|« is undoubtedly the best velocity, it 
makes x::i(x — v) a minimum. But suppose one runs at less 
or more speed than this, docs it make much difference ? Let 
v •-= b', the best x is 9, 

=24M if x = \). 
x — (i 

= 250 if .r = 10. 
= 250 if x=H\ 

and these figures tell us the nature of the extra expense' in 
case the theoretically correct velocity is not adhered to*. 
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Example 11. The sum of the squares uf two factors of a 

is a minimum, find them. I f x is one of them, - is the 

x 
Other, and y = x2 + % is to he a minimum, ^ - = 2x — —.j-, and 

ax Xs 

this is 0 when <r» = «- w j ; = v'ti. 

Example 12. To arrange w voltaic cells so as to obtain 

the maximum current through a resistance R. Let the E . M . F . 

of each cell be e and its internal resistance r. I f the cells 

are arranged as x in series, nix in parallel, the E . M . F . of the 

battery is xe, and its internal resistance is . Hence the 

current C = xe ( — • + i?^ 

As the student cannot yet differentiate a quotient, we 

shall say that 0 is a maximum when its reciprocal is a 

minimum, so we ask when is (~- + R] -r xe or — + — a 

\ 11 J 11 x 
Given the values of «, b and v the proper value of x can be found by trial. 

Thus let the cost per day in pounds be 3 0 + s o that a = 30, 1 = - ^ aud 

let v — G. Find x from (1) which becomes 

a- 3-9.r 2-300 = 0 (2). 

£ find that .r —11-3 is about the best answer. 

This is a cubic equation and so has three roots. But the engineer needs 

only one root, he knows about how much it ought to be aud he only wants 

it approximately. He solves any equation whatsoever in the following 

sort of way. 
Let x3 — 9.r'2-300 be called f (.r). • The question is, what value of x 

makes this 0? Try x = 10, J(x) turns out to be - 200, 

/ (•» 

10 8 I 12 

-200 j -360 +176 

11 

-57 

11-3 

whereas we want it to be 0. Now I try x=8, this gives -300 which is 

further wrong. Now I try 12 and X get 176 so that x evidently lies between 

10 and 12. Now I try 11 and find -57. It is now worth while to use 

squared paper and plot the curve y=f(x) between .r = 10 and x =12 One 
î jumsu fajra aim piui uie curve y—j (x) Between .t=io and &'=12. One 

can find the true answer to any number of places of decimals by repeating 

this process. In the present case no great accuracy is wanted and I take 

# = 1T3 as the best answer. Note that the old answer obtained by assumin" 

«=0 is only 9. A practical man will find much food for thought in thinking 

of these two answers. Note that the captain of a river steamer must always 

be making this sort of calculation although ho may not put it down on 
paper. 
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v R 
minununi ''. Its differential coefficient is and this is 0 an 
when R = —~, which is the internal resistance of the battery. 

Henc e we have the ride: Arrange the battery so that its 
internal resistance shall be as nearly as possible equal to the 
external resistance. 

Example ],'•>. Voltaic cell of e . m . f . = e and internal re-
e sistanee /". external resistance 11. The current is C — V i . r + R 

The power given out is P = RC'K What value of R will make 

P a maximum ? P = 11 -, „ - . 
(r + Rj-

To make this suit such work as we have already done we may 
say, what value of R will make a minimum, or 
r+2Rr + R> . i) • • , ^ - -• or r-it 1 + 2,r - f i t a minimum ? 

Putting its differential coefficient with regard to R equal 
to 0 we have — r-R~- + 1 = 0 so that R = r, or the external 
resistance ought to be equal to the internal resistance. 

Example 14. What is the volume of the greatest box 
which may be sent by Parcels post ? Let x be the length, 
y and z the breadth and thickness. The P. O. regulation is 
that the length plus girth must not be greater than G feet. 
That is, we want v = xyz to be a maximum, subject to the 
condition that x + 2 (y + z) — 6. It is evident that y and z 
enter into our expressions in the same way, and hence y ~ z. 
So that x + 4y = 6 and v = xy- is to be a maximum. Here as 
x = 6 — 4y we have v = (6 — 4y) y" or 6y- — 4y3 to be a maxi-

dv 
mum. Putting ^ = 0 we have I2y — 12y- = 0. Rejecting 
y = 0 for an obvious reason, y — 1, and hence our box is 2 feet 
long, 1 foot broad, 1 foot thick, containing 2 cubic feet. 

Find the. volume of the greatest cylindric parcel which may 
be sent by Post. Length being I and diameter d, I + ird = 6' 

7T 4 and -r Id- is to be a maximum. Answer, I = 2 feet, d = - feet, 
4 7T 

volume = 8-r TT or 2'55 cubic feet. 
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Example 15. Ayrton-Perry Spring. Prof. Ayrton and 
the present writer noticed that in a spiral spring fastened at 
one end, subjected to axial force F, the free end tended to 
rotate. N o w it was easy to get the general formula for the 
elongation and rotation of a spring of given dimensions, and 
by nothing more than the above principle we found what these 
dimensions ought to be for the rotation to be great . 

Thus for example, the angle of the spiral being a the 
rotation was proportional to sin a cos a. It at once followed 
that a ought to be 45°. 

Again, the wire being of elliptic section, x and y being 
the principal radii of the ellipse, wo found that the rotation 
was proportional to 

x" + y- 8 

tfip hoc if-' 

To make this a maximum, the sectiou (which is propor­
tional to xy) being given. L e t xy = s, a constant, then the 
above expression becomes 

t/ 3 1 . . . . . 
' - - — v , , and tins is to be a maximum. *•< .-) sy-

Here we see that there is no true maximum. T h e larger 
we make y or the smaller we make y (for small values of y 
the rotation is negative but we did not care about the direc­
tion of our rotation, that is, whether it was with or against 
the usual direction of winding up of the coils) the greater is 
the rotation. This is how wo were led to make springs of 
thin strips of metal wound in spirals of 45°. The amount 
of rotation obtained for quite small forces and small axial 
elongations is quite extraordinary. The discovery of these very 
useful springs was complete as soon as we observed that any 
spring rotated when an axial force was applied. Students 
who are interested in the practical application of mathematics 
ought to refer to the complete calculations in our paper-
published in the Proceedings of tlie Royal Society of 1884. 

Example 16. From a Hypothetical Indicator Diagram 
the indicated work done per cubic foot of steam is 

vi = 1 4 4 ^ (1 + log r) — I 4 4 ; y 5 - x, 
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where pL and p3 are the initial and hack pressures of the 

steam; r is the ratio of cut off (that is, cut off is at - th of 
r 

the stroke) and x is a loss due to condensation in the 
cylinder, x depends upon r. 

1st. I f x were 0, what value of r would give most 
indicated work per cubic foot of steam ? 

We must make -• = 0, and we find — 144w, = 0 
V . . D R . . R 

or r=—. I f it is brake energy which is to be a maximum 
per cubic foot of steam, we must add to p>,\ a term represent­
ing engine friction. 

2nd. ]\Ir Willans found by experiment in non-condensing 
r> 

enemies that r = • , •_ gave maximum indicated w. Now 
j ) 3 + 10 ° 

if we put in the above —7- = 0 we have - - — 1 4 4 » , — , = 0. 
1 dr r 1 dr 

So that ^ = (i>3 + 10) - 144/).. or ^ - = 1 4 4 0 . So 
dr pi 1 1 dr 

that x = 1440r + constant. Hence Mr Willans' practical rule 
leads us to the notion that the work lacking per cubic foot of 
steam is a linear function of r. 

This is given here merely as a pretty exercise in maxima 
and minima. As to the practical engineering value of the 
result, m'uch might be said for and against. It really is as if 
there was an extra back pressure of 10 lb. per sq. inch which 
represented the effect of condensation. 

Mr Willans found experimentally in a non-condensing 
engine that the missing water per Indicated Horse Power 
hour is a linear function of r using the same steam in the 
boiler, but this is not the same as our .•/•. We sometimes 
assume the ratio of condensed steam to indicated steam to 
be proportional to log r, but a linear function of r will agree 
just as well with such experimental results as exist. 

Example 17. The weight of gas which will flow 
per second through an orifice from a vessel where it is at 
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pressure p0 into another vessel where it is at the pressure p 
i / T£i 

is proportional to ay V 1 — a y > where a is pjp0 and 7 is a 
known constant, when is this a maximum ? That is, when is 

1 + 1 
ay — « y a maximum ? See Art. 74, where this example 
is repeated. 

Differentiating with regard to a and equating to 0 we 
find y 

In the case of air y = 141 and we find jo = '527yj0, that is, 
there is a maximum quantity leaving a vessel per second 
when the outside pressure is a little greater than half the 
inside pressure. 

Example 18. Taking the waste going on in an electric 
conductor as consisting of (1) the ohmic loss; the value of 
CV watts, where r is the resistance in ohms of a mile of going 
and coming conductor and C is the current in amperes; 
(2) the loss due to interest and depreciation on the cost of 
the conductor. I have taken the price lists of manufacturers 
of cables, and contractors' prices for laying cables, and I find 
that in every case of similar cables, similarly laid, or suspended 
if overhead, the cost of a mile of conductor is practically 
proportional to the weight of copper in it, that is, inversely 
proportional to the resistance, plus a constant. The cost of 
it per year will depend upon the cost of copper per ton, 
multiplied by the number taken as representing rate per 
ceut. per annum of interest and depreciation. We can state 
this loss per year or per second, in money per year or per 
second and the ohmic loss is in watts. We cannot add them 
together until we know the money value per year or per 
second of 1 watt. There are three things then that decide 
the value of the quantity which we call t-. I prefer to 
express the total waste going on in watts rather than in 

pounds sterling per annum and I find it to be y = C-r + - + l>, 

where b is some constant. The. value of t may be taken as 
anything from 17 to 40 for the working of exercises, but 
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students had better take figures of their own for the cost of 
power, copper and interest*. 

For a given current C, when is the y, the total waste, a 
minimum ? that is, what is the most economical conductor for 

a given current ? ^ = O — - - and this is 0 when r — %. 
dr r- ' 

40 
Thus if <=40 , r = j t . 
Now if a is the cross section of the conductor in square 

•04 
inches, r = — nearly, so that 0 = 1000a, or it is most econom-

a 
ical to provide one square inch of copper for every 1000 
amperes of current. 

When ii is a function of more than one independent 

* The weight of a mile of copper, a square inches in cross section, is to 
be figured out. Call it ma tons. If p is the price in pounds sterling of a 
ton of copper, the price of the cable may be taken as, nearly, pma + some 
constant. If R is the rate per cent, per annum of interest and depreciation, 
then the loss per annum due to cost of cable may be expressed in pounds as 
-•ĵ jimrt + some constant. If £1 per annum is the value of w watts, (ob­
serve that this figure w must be evaluated with care. If the cable is to 
have a constant current for 24 hours a day, every day, w is easily evaluated), 

then the cost of the cable leads to a perpetual loss of j-jjj «7>»'<i + some 

constant. i<ow taking a = , we see that our r- is — . 
r 2o00 

Men take the answer to this problem as if it gave them the most econom­
ical current for any conductor under all circumstances. But although the 
above items of cost are most important, perhaps, in long cables, there are 
other items of cost which are not here included. The cost of nerves and 
eyesight and comfort if a light blinks; the cost in the armature of a dynamo 
of the valuable space in which the current has to be carried. 

If a man will only write down as a mathematical expression the total 
cost of any engineering contrivance as a function of the size of one or more 
variable parts, it is quite easy to find the best size or sizes; but it is not 
always easy to write down such a function. And yet this is the sort of 
problem that every clever engineer is always working in his head; increasing 
something has bad and good effects; what one ought to do is a question in 
maxima and minima. 

Notice also this. Suppose we find a value of x which makes y a maxi­
mum; it maybe, that quite different values of x from this, give values of 
y which are not very different from the maximum value. The good practical 
engineer will attend to matters of this kind and in such cases lie will not 
insist too strongly upon the use of a particular value of ,r. 
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variable, say x and y. Then {^^j = 0. # being considered 

constant during the differentiation, and (jjr^J =0, x being 

considered constant during the differentiation, give two equa­
tions which enable the values of x and y to be found which 
will make it a maximum or a minimum. Here, however, 
there is more to be .said about whether it is a minimum or 
a maximum, or a maximum as to x and a minimum as to y, 
which one has found, and we cannot here enter into it. 

Sometimes in the above case although u is a function of 
x and y, there may be a law connecting x and y, and a little 
exercise of common sense will enable an engineer to deal 
with the case. All through our work, that is what is wanted, 
no mere following of custom; a man's own thought about his 
own problems will enable him to solve very difficult ones 
with very little mathematics. 

Thus for example, if we do not want to find the best conductor 
for a given current of E l e c t r i c i t y ; if it is the Power to be 
delivered at the distant place that is fixed. If the distance is n miles, 
and the conductors have a resistance of r ohms per mile (go and return), 
if Pj is the potential, given, at the Generating end, and G is the 
current. Then the potential at the receiving end being V; Y1— V—Crtr. 
CV=J' is fixed, and the cost per mile is >/ — < '-/•+ - . . .H) , where /- is 

known. When is y a minimum ? 
Here both C and r may vary, but not independently. V= V1— Cnr 

and P=CV, — Chir ... li). One simple plan is to state y in terms of r 
(<]' - p 

alone or of (' alone. Thus r from C2) is r= —,]., (?>'). 
( -a 

Substituting for this in (1), we get 
Hero everything is constant except G, so we can find the value of 0 

to make y a minimum, and when we know G we also know r from ( 3 ) . 
At present the student is supposed to be able to differentiate only 

.cn, so he need not proceed with the problem until he has worked a few 
exercises in Chap. TIT.* 

* To differentiate (4) is a very easy exercise in Chap. III. and leads to 

( j p = — + - (Cf—Pf ~" ' A ° " P l l t t m S this equal to Owe obtain 
the required value of U. It would not be of much use to proceed further 
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In my Cantor lectures on Hydraulic Machinery, [ wrote out an 
expression for tUc total loss in pounds per annum in Hydraulic 
transmission of power by a pipe. I gave it in terms of the 
maximum pressure, the power sent in, and the diameter d of the pipe. 
It was easy to choose d to make the total cost a minimum. If how­
ever I had chosen £>, the pressure at the receiving end as fixed, and the 
power delivered as fixed, and therefore Q the cubic feet of water per 
second, and if I had added the cost of laying as proportional to the 
square of the diameter, I should have had an expression for the total 
cost like IQ3 VQi 

when the values of a, b and r, depend upon the cost of power, the 
interest on the cost of iron, &c. This is a minimum when its differen­
tial coefficient with regard to d is zero or '•2dd = oalQ'W~s+ 3bPQid"*, 
and d can be obtained by trial. The letters b and c also involved the 
strength of the material, so that it was possible to say whether wrought 
iron or cast iron was on the whole the cheaper. But even here a term 
is neglected, the cost of the Engine and Pumps. 

The following example comes in conveniently here, although it is 
not an example of Maximum or Minimum. 

An Elec t r i c Conductor gives out continuously a amperes 
of current in every mile of its length. Let x be the distance of any 
point in miles from the end of the line remote from the generator, let 
C be the current there and V the voltage. Let r ohms per mile be the 
resistance of the conductor (that is, of one mile of going and one mile 
of coming conductor). The current given out in a distance &i- is 80, 
or rather &:c ^ , and the power is &.v . V.~, so that if P is the a.r ax 
power per mile ("observe the meaning of per), 

/•. v ' r n , 
a.v 

Also if V is voltage at x and F + 8 1 ' a t x + Sx ;--
As the resistance is r . the current is BV-i-r . &>•, or rather, since 

these expressions are not correct until fix is supposed smaller and 
smaller without limit, 

C=- -.- (2 / . 
r ax 

uuless we had numerical values given us. Thus take r , — 8 0 0 volts, 
?i = 10 miles, P = 20000 watts, «- = l(i00, find C and then r. 

Consult a Paper in the Journal of the Institution of the Society of Tele­
graph Kiifliiieers, p. 120, Vol. xv. 1880, if there is any further difficulty. 

It has not yet been sufficiently noted that if V1 and P and r are given, 
there is a limiting length of line 

n= l\2/irP, 

and when this is the case P is exactly ecmal to the ohinic loss in the con­
ductor, 
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X V i P 

0 200 5000 
1 212-5 1 1 5312 
2 250 6250 
3 312-5 7812 
4 \ 400 i 10,000 

If Fx is the voltage at the Dynamo and the line is 11 miles long 
F 1 = V0+^arn~ from (4). 

The power per mile at the extremity being i ' 0 = «T*0, if we are given 
]\ and 1\ to find V0, we shall find that n cannot bo greater than 

' 'i : N 

and this gives the limiting length of the line. 
If we wish, as in E lec t r ic t ract ion to get a nearer approach 

to uniform 1\ let us try 
C=ax.-hx* (5), 

where a, b, c arc constants, 
1 dV 
7. .7 . =«•'•" 
r ax 

r = i ; + i « ' ! - ( ^ H («). 
dC 

As P = F ^ - , or V (a — cbx*-1), wo can easily determine the throe 
constants a, b, c, so that P shall be the same at any three points of 
the line. Thus let r=l ohm, 1',, = 100 volts, and let /'= 10000 watts, 
where .r = 0, x = l mile, x=li miles. 

We find by trial that 
(7=100.1- Wifw*1 1*, 

and from this it is easy to calculate C at any point of the line. 

dO As - 7 - = « , C'—ax if V is 0 when .i.- = 0. 
dx 

Hence if r is constant (2) becomes 

rax — (^ so that T'= I'0 + i- w.i.'J 63), 

FJ, being the voltage at the extremity of the lino. 
(1) becomes ?=al ' ( l H- 1 raV (4). 
Taking l r

0 = 200 volts, « = 25 amperes per mile, r=l ohm per mile, 
it is easy to see by a numerical example, how the power dispensed per 
mile, and the voltage, diminish as we go away from the generator. 
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Example 19. A machine costs u.r 4- by, its value to me is 

proportional to xy, find the best values of x and y if the cost 
is fixed. Here xy is to be a maximum. Let c = ax + by, so 

that y=~x~~\x> and a'y is ^x — ^x2. This is a maximum 

Hence ax = by = c/2 makes 

'6 6' 
, c « c when T = 2 T or a* = - . b b 2 

maximum. 
Example 20. The electric time constant of a cylindric 

coil of wire is approximately 
a = mtcyz J (aw + by + cz), 

where x is the mean radius, y is the difference between the 
internal and external radii, z is the axial length and in, a, b, c 
are known constants. 

The volume of the coil is lirxyz. 
Find the values of x, y, z to make u a maximum if the 

volume of the coil is fixed. Let then lir . xyz = g ; when is 

* +—- + -— a minimum ? That is, substituting for z, when 

7 (ic . . . , is ax 4- 6i/+ -- - - = v, sav, a minimum < As x and ?/ arc ner-
d lirxy - 1 

fectly independent we put F̂  j = ^ a n ( ^ j = ^' 

X 

i__ 

a + 0 - gc 
2iryx} = 0, 

and 0 + b- W
J-—, = 0, 
2,TTXy 

a2oT' 
Fie. 9. 

so that x'-y 
gc 
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38. T h e chain of a suspension bridge supports a load 
by means of detached rods; the loads are about equal and 
equally spaced. Suppose a chain to be really continuously 
loaded, the load being v< per unit length horizontally. Any 
very Hat uniform chain or telegraph wire is nearly in this 
condition. "What is its shape ] Let 0 be the lowest point. 
OX is tangential to the chain 
and horizontal at 0. 0Y is 
vertical. Let P be any point 
in the chain, its co-ordinates 
being X and TJ. Consider the 
equilibrium o f the portion 
OP. OP is in equilibrium, 
under the action of 1\ the 
horizontal tensile force at 0, 
Tthe inclined tangential force 
at P and tux the resultant 
load upon OP acting ver­
tically. We employ the laws 
of forces acting upon rigid bodies. A rigid body is a body 
which is acted on by forces and is no longer altering its 
shape. 

I f we draw a triangle whose sides are parallel to these 
forces they are prorjortional to the forces, 
and if 0 is the inclination o f T to the ^ 2u_ 

T, 
I 

Y 

X 

//x 

X, A y 

X 

Kg. 10. 

horizontal = C O S I 

and VU: 
— = tan o. 

•(2), 

n , , -i • du ,, , dy w but tan 0 i s , s o that ~j- = y^x. ..(-i); (XX (LOG X Q 
Fig. 11. 

hence, integrating, l w , 
- fp- x- + constant. 

Now we see that y is 0 when x is 0, so that the constant 
is 0. Hence the equation to the curve is 

1 w 
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and it is a parabola. Now tan 6 is ^ so that sec2 6 is 
* 0 

1 + ~ a?. And as T = 1\ sec 0, T = 2'0 ^ / 1 + ^ a? . . .(5). 

From this, all sorts of calculations may be made. Thus 
if / is the span and D the dip of a telegraph wire, if the whole 
curve be drawn it will be seen that we have only to put in 
(4) the information that when x = hi, y = D, 

.. 1 w 1 .., ,„ wl-

and the greater tension elsewhere is easy to find. 

In the problem of the shape of any uniform chain, loaded 
only with its own weight, the integration is not so easy. I 
give it in a note*. When it is so flat that we may take the 

* The integration in this note requires a knowledge of Chapter III. 
If the weight of the portion of chain OP, instead of being wx is ws, 

where s is the length of the curve from 0 to P, the curve y is called t h e 
C a t e n a r y . Equation (3) above becomes 

rf" = "'s „ , v - lJj!-_ 
tlx 

If 5s is the length of an elementary bit of chain, we see that in the limit 

= , or Jetting T„ = wc, ~ = " (1) 

so that 

dy _ 
and hence ^ = -y^__.. This being integrated gives y + c = \/c

3 + s 2...(2), 

the constant added in integration being such that s = 0 when y = 0. From (2) 
we find s*=y'2 + 2yc...(3), and using this in (1), we have 

the integral of which is 

dx c 

<'.'/ Jif + 2yc' 

as when y = 0, x = 0, if t) is the origin, no constant is to be added. Putting 
this in the exponential form ° 

c(xl° = y + c + v';/2 + 2yc, 

transposing and squaring we find 
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ioad on any piece of it as proportional to the horizontal pro­
jection of it, we have the parabolic shape. -j. 

39. Efficiency of Heating: Surface of Boiler. 
I f 1 lb. of gases in a boiler flue would give out the heat 
0 in cooling to the temperature of the water (6 may be taken 
as proportional to the difference of temperature between 
gases and water, but this is not quite correct), we find from 
Peclet's experiments that the beat per hour that flows through 
a square foot of flue surface is, roughly, mQK Let 0 = 81 at 
the furnace end of a flue and # = (92 at the chimney end. 
Let us study what occurs at a place in the flue. 

The gases having passed the area S in coming from the 
furnace to a certain place where the temperature is 6, pro-

Or changing the origin to a point at the distance c below 0, as at 0 in fig. 12 
where SI' is y' and 111' is .r, we have 

This is sometimes called 
Using (1) we find 
sometimes ealleil 

>j'=ceo*Uxfe, 

s = <j s i t i h . c / c . 

.(4). 

F 

A 

O i 

Fig. 12. 

Note that tables of the values of sinh u and cosh u have been published. 
Returning to the original figure, the tension at P being T, 

Bo that 

T AB as 
/ . v ' :l,r a n d f r o m ( » ) . " • • ^ • = y-r<--. 

2' y + c 
:ws ~ • H l j a c e 3 ' = ( ' J + <•) or T= inf. 
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ceed further <>n to a place where 8 has become 8 + 88 :n><i 0 
has become ^ + (really 80 is negative as will be seen). 
A stead}' state is maintained and during one hour the gases 
lose the heat m6-. BS through the area &S. I f during the 
hour IRIB. of gases lost at "the place the amount of heat 
-W.80, then 

dS 11' 1 , N 

or rather -- = . {!•). 
da nt, 0-

That is, integrating with regard to 0, 

«-Z\ + e C*A 
in 0 

where c is some constant. 
Putting in 0—6^ the temperature at the furnace end 

when 8=0, we have 
„ W1 W 1 
0 = — - - + c or o = -s , 

so that (2) becomes 

* - £ ( * - » • ) - • ; w 

This shows how 0 diminishes as 8 increases irom the 
furnace end, and it is worth a student's while to plot the 
curve connecting 8 and 0. I f now 8 is the whole area of 
heating surface and 0 = 0., at the smoke-box end, 

The heat which one pound of gases has at the furnace 
end is 8lt it gives up to the water the amount 8l — 8i. 
Therefore the efficiency of the heating surface; may be 
taken as 

0: ' 
and it follows irom (4) that 

E = . 
1 W 

01iu8 
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Now if IV is the weight of coals burnt per hour; 
T P = 1 3 J V if air is admitted just sufficient for complete 
combustion; W = about 20TV in the case of ordinary 
forced draught; 11' = about 26TV in the case of chimney 
draught. In these cases 01 does not seem to alter inversely 
as W, as might at first sight appear: but wc do not know 
exactly how 01 depends upon the amount of excess of air ad­
mitted. We can only say that if W'-t-S is the weight of coal per 
hour per square foot of heating surface and we call it w, there 

seems to be some such law as E = - — - — , where a depends 
1 + aw 

upon the amount of air admitted. In practice it is found 
that a = 0'5 for chimney draught and 0'3 for forced draught, 
give fairly correct results. Also the numerator maybe taken 
as greater than 1 when there are special means of heating 
the feed water. 

Instead of the law given above (the loss of heat by 
gases in a flue <x 6-), if we take what is probably more likely, 
that the loss is proportional to 6, 

Then (1) above becomes 

do m e ( 1 

I V 
or S= - log 0 + constant (2). 

Let 0= #i at furnace end or when 8=0 so that our con-
W 

stant is — log and (2) becomes m 

m °{0 l o j r l - , ' ) (3). 

I f S is the area of the whole flue and 6,, is the temperature 
at the smoke-box end, then 

„ I F , 0, 8=~ log J (4), m 0„ v ' 
Sm n 
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The efficiency E =±J± (5) 

a 
becomes E=\-£=\-e w (6). 

Or if w is the weight of fuel per square foot of heating 
surface as above (6) becomes 

E=l-e'aw (7). 

40. Work done by Expanding Fluid*. If p is the pressure and v the volume at any instant, of a fluid which has already done work 11' in expanding, one good definition of 
dW 

pressure is P—~^ ••• (XX or in words, pressure is the rate at which 
work is done per unit change of volume. Another way of putting this is: if the fluid expands through the volume fir there is an increment 

fi ir 
fill" of work done so that p . fi# = 6,ir, or P—~j^> but this is only 
strictly true when 6V is made smaller and smaller without limit, and so (1) is absolutely true. Now if the fluid expands according to the law 
pes=c, a constant... (2); p = ce~", and this is the differential coefficient 

d W 

of W with regard to v or, as we had better write it down, —=— — cr~'. 
dv 

We therefore integrate it according to our rule and we have 
w = z ^ v " * l + c 

where C is some constant. To find C, let us say that we shall only begin to count W fromv = v1. That is, TF=0 when v*=v-y. Then 0= r-^-- r.i-'+C, so that C= - r,H. 1 —s 1 I —s 1 

Insert this value of C in (3) and we have 
c F--—0-i-»-Y") (4), 

which is the work done in expanding from t\ to v. 
Now if we want to know W when v = v2, we have 

>n2=~W-8-V-8) (5). 
* Observe that if for p and v we write y and x this work becomes very easy. 
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This answer may be put in other shapes. Thus from (2) we know that 
c=plvl' or p.2v2', 

so that 

"i2 = 
l-s 

_pJv1 

• ( 6 ) , 

a formula much used in gas engine and steam engine calculations. 
There is one case in which this answer turns out to be useless; try it when 4 = 1. That is, find what work is done from vx to v2 by a fluid expanding according to the law (it would be the isothermal law if the fluid were a gas) 

pv — c. 
If you have noticed how it fails, go back to the statement 

dW .(7). 
Yon will find that when you integrate xm with regard to m, the general answer has no meaning, cannot he evaluated, if m= - 1. But I have already said, and I mean to prove presently that the integral of arl is log*. So the integral of (7) is 

W=c\ogv+C. 
Proceeding as before we find that, in this particular case, 

Wlt = ; l o g - . . ( 8 ) . 

41. Hypothetical Steam Engine Diagram. 
Let steam be admitted to a cylinder at the constant pressure p l t the volume increasing from 0 to «j in the cylinder. The work doi ie is vlpl. Let the steam expand to the volume v.2 according to the law pv* = c. The work done is given by ( 6 ) or ( 8 ) . Let the back pressure bê 3, then the work done in driving out the steam in the back stroke is p^i.r We neglect cushioning in this hypothetical diagram. Let v.i~-vi bo called r the ratio of cut-off. Then the 

nett work done altogether is Pig. 13. 
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If pe is the effective pressure so that pec2 is equal to the above liett work (pe is measured from actual indicator diagrams, as the average pz-essure); putting it equal and dividing by c2 we have on simplifying 
1 

T S 

Pi 
S-L 

1 r 
(1-

" f t -

In the f special case of s—l we find pe=pl 
1+log - p3 in the same 

way. 

42. Definite Integral. Definition, The symbolj f(x). dx 
tells us :—"Find the general integral o f / ( » ; insert in it the 
value a for x, insert in it the value 6 for x ; subtract the 
latter from the former value*." This is said to bo the 

* The symbol 

Fig. If. 

(I), tells us to integrate w (which is a function of x and y), with regard to y, as if x were constant; then insert Fix) for y and also /(.r) for ;/ and subtract. This result is to be integrated with regard to x, and in the answer a and b are in­serted for x and the results sub­tracted. 
I. If « = 1, dx . dy evidently means an element of area, a little rectangle. The result of the first process leaves 

{F(x)-f(x)\dx (2) 
still to be done. Evidently wo have found the area included between the curves y=zF{x) and y—.f{x) and two ordinates at x=a and x = b. Beginners had better always use form (2) in finding areas, see fig. 14. 

II. If u is, say, the weight of gold per unit area upon the above men­tioned area, then u . dx . dy is the weight upon the little elementary area dx . dy, and our integral means the weight of all the gold upon the area I have mentioned. When writers of boohs wish to indicate generally that they desire to integrate some property u (which at any place is a function of x, y, z), throughout some volume, they will write it with a triple integral, 
j j ju . dx . dy . dz, 

and summation over a surface bŷ  jv . dx . dy. 
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integral of f(x) between the limits a and b. Observe now 
that any constant which may be found in the general 
integral simply disappears in the subtraction. 

In integrating between limits wo shall find it convenient 
to work in the following fashion. 

Example, to find 

and we write 

x'1. d. x. 
b 

dx = 

The general integral is lx3 

Symbolically. I f F(x) is the general integral of /(«) 

then | f(x).dx = F(x) F(a)-F(b). 

Note as evidently true from our definition, that 

(af(x).dx = - ff(x).dx, 
J b J a 

and also that 

/°/v» • d x = /V <•'•') • + /'/O) • dx. 
43. A r e a of a curve . Lot y of the curve be known as 

some function of x and 
let PS be the curve. I t 
is required to find the 
area MPQT. 

Nowifthearoail/PQZ7 

be called A and OT=x, 
QT = y, OW = x + hx, 
WR=y+&y, and the area 
MPBW be A + BA then 
&4 = arca TQRW. 

Indeed some 
v over an area, and 

writers use j j v . dS to mean generally tlie summation of 
jw . dt to mean the summation of w along a liue or 

what is often called'the line integral of «\ The line integral of the pull exerted on a tram car means the work done. The surface integral of the normal velocity of a fluid over an area is the total volume flowing per second. Engineers are continually finding liue, surface and volume integrals in their practical work and there is nothing in these symbols which is not already perfectly well known to them. 
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I f the short distance QR were straight, 
BA = ±8x (TQ + RW)~ Bx (y + ^By). 

Therefore g— = y 4- 2 

dA and in the limit 
dx --y 

-By, as Sx gets smaller and smaller 

(1). 

Hence A is such a function of x that y is its differential 
coefficient, or A is the integral of y. 

In fig. 16 CQD is the curve 3/ = u. + kt;2 and FMGF is the 
curve showing 

A = C+ax + lbx\ 
so that J4 is the integral of 
y. In what sense does A 
represent the area of the 
curve CD ? The ordinate 
of the A curve, GT, repre­
sents to some scale or other, 
the area of the y curve 
MPQT from some standard 

Fig. 16. ordinate MP. 
T h e ordinate T Q represents to scale, the slope of 

E F a t G-. Observe, however, that if we diminish or increase 
all the ordinates of the A curve by the same amount, we do not 
change its slope anywhere, and y, which is given us, only tolls 
us the slope of A. Given the y curve we can therefore find 
any number of A curves; we settle the one wanted when we 
state that we shall reckon area from a particular ordinate 
such as MP. Thus, in fig. 16 if the general integral of y is 
F(.r) + c. I f we use the value x= OM we have, area up to 
MP from some unknown standard ordinate = F (0M) + c. 

Taking x = ON, wo have area up to NR from some 
unknown standard ordinate ~F(0X) + c. And the area 
between MP and NR is simply the difference of these 
F(0N)-~ F(0M), the constant disappearing. 

rON 
Now the symbol I y. dx tells us to follow these instruc-

• <>}I 

tions:—integrate y; insert ON for x in the integral; insert 
OM for x in i t ; then subtract the latter. We see therefore 
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that the result of such an operation is the area of the curve 
between the ordinate at OM and the ordinate at ON. 

I f y and x represent any quantities whatsoever, and a 
curve be drawn with y as ordinate and x as abscissa, then the 

integral j y . dx is represented by the area of the curve, and 
we now know how to proceed when we desire to find the sum 
of all such terms as y. Sx between the limits x = b and x = a 
when S:e is supposed to get smaller and smaller without 
limit. 

Example. Find the area enclosed between the parabolic 
curve OA, the ordinate AB 
and the axis OB. Let the 
equation to the curve be 

y — ax$ (I), 
where PQ = y and OQ = x. 
Let QR = Bx. 

The area of the strip PQRS 
is more and more nearly 

ax*. Sx, 
as Sx is made smaller and 
smaller; or rather the whole 

rOB area is I axi. dx, which is 
-'o 

OB 
= la.OB'i (2). 

L" _1 

Now what is a in terms of AB and OBI When y — AB, 
x=OB. Hence by (1) 

AB 

AB = a. OB*, so that a = >,-,., . 

9 AB 

Therefore the area = " OB* = IAB. OB; 
3 OB"- 6 

that is, |rds of the area of the rectangle OMAB. 
Observe that the area of a very flat segment of a circle is like that of a parabola when OB is very small compared with BA. 
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Exercise 1. Find the a r e a between the curve y = mx" 
and the two ordinates at x — a and x — b. 

The answer is 

f'J 

I mx n . dx = 
TO 

1 — n 
-(b1-n-al~n). 

Observe (as in Art. 40) that this fails when n = 1 ; that 
is, in the rectangular hyperbola. 

In this case the answer is 

ml - . dx = m 
J a % 

The equation to any curve being 

= in log -

y = a + bx + cx- + ex'6 + fx*, 
the area is A = ax +• \bx> + ^cx3 + \ex^ + \fx'\ 

Here the area up to an ordinate at x is really measured from 
the ordinate where x = 0, because .A = 0 when x = 0. We 
can at once find the area between any two given ordinates. 

Exercise 2. Find the area of the curve y = a llx between 
the ordinates at x — a and x = B. 

F 1 7 
a xA ,ax = a 

J a Exercise 3. Find the area of the curve yx- = a between 
the ordinates at x = a and x = B. 

Answer: x -. dx = a — x~ = a (a - 1 - B'1). 

44. Work done by Expanding Fluid. When we use definite integrals the work is somewhat shorter than it was in Art. 40. For ilp = ct>->, the work done from volume %\ to volume v2 is 

ci) 8 . di) or c v, i 
1-, -V"a) 

The method fails when s=l and then the intcral is 
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Fig. 18. 

It 

45. Centre of Gravity. Only a few bodies have 
centres of gravity. We visually 
mean the centre of mass of a 
body or the centre of an area. 

If each little portion of a 
mass be multiplied by its dis­
tance from any plane, and the 
results added together, they are 
equal to the whole mass multi­
plied by the distance of its centre, 
x, from the same plane. Expressed algebraically this is 

Xmx = .)~Sw.. 
If each little portion of a plane area, as in fig. 18, be 

multiplied by its distance from any line in its plane and the 
results added together, they are equal to the whole area 
multiplied by the distance of its centre x from the same line. 
Expressed algebraically this is Xax = xX,a. 

Example. Find the centre of mass of a right cone, 
is evidently in the axis OB of the 
cone. Let the line OA rotate 
about OX, it wall generate a 
cone. Consider the circular slice 
PQR of thickness Bx. Let 
OQ = w, then PQ or 

AB 
y=oBal 

The mass of PR multiplied 
by the distance from 0 to its 
centre is equal to the sum of the 
masses of all its parts each mul­
tiplied by its distance from the 
plane Y0\\. The volume of the slice PR being its area 7n/5 

multiplied by its thickness Bx; multiply this by m the mass 
per unit volume and we have its mass mirif.Bx. As the 
slice gets thinner and thinner, the distance of its centre from 
0 gets more and more nearly x. Hence we have to find the 
sum of all such terms as mirxy-. Bx, and put it equal to the 
whole mass (^vm . AB-. OB) multiplied by x, the distance of 

p 
B 

A 

X 

R C 

Fig. 19. 
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its centre of gravity from 0. Putting in the value of y'1 in 
terms of x we have 

mrr (jjjj) ' r' ! • dx equated to ^irinAB1. OB. 

Nov VS. DX 

•OB ~] 

and hence mir 
\0B) 4 

0B* = 

= \0B\ 

,AB\OB. x. 

Hence x = %0B. That is, the centre of mass is £ of the 
way along the axis from the vertex towards the base. 

46. I t was assumed that students knew how to find the 
volume of a cone. We shall now prove the rule. 

The volume of the slice PR is IT . y-.. Bx and the whole 
volume is 
ROB - o i l 

JO 7 7 / A T /" 1 ^Knn) (m^.dx=J^X 
\0B 

\0BJ J-. OiP = . AB*. OB, 

or ^ of the volume of a cylinder on the same base AG and of 
the same height OB. I f we had taken y = ax all the work 
would have looked simpler. 

Example. Find the volume and centre of mass of 
uniform material (of mass m per 
unit volume) bounded by a para­
boloid of revolution. 

Let PQ = y,OQ = x, QS = Bx. 
Let the equation to the curve 

OP A hey=aa$ (1). 
The volume of the slice PSR 

is ivy1 .Bx; so that the whole 
[OB 

volume is / IT . a"x . dx or 
J O 

l-ira.KOB1 (2). Fig. 20. 
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Now what is a 1 When 
y = AB, x = OB, 

AB 
so that from (1). AB = a.OBi and a is ^ r f v , . Hence the 

OB' 
volume is }>ir OB- or 

1 OB 
\tt.AB2.0B (3). 

That is, half the area of the circle AC multiplied by the 
height OB. Hence the volume of the paraboloid is half the 
volume of a cylinder on the same base and of the same height. 
(The volumes of Cylinder, Paraboloid of revolution, and Cone 
of same bases and heights are as 1 : \ : A.) 

Now as to the centre of mass of the Paraboloid. I t is 
ron 

evidently on the axis. We must find I mtr . y"-x. dx, or 
J i) 

jmTrx.a'2x , dx, or •nirra"jx2. dx, 

or mira2. 
OB 

.0 

and this is ^inna2. OB3. Inserting as before 

AB2 

the value of a 2 or -^g- we have the integral equal to 
^inir.OB-.AB'2. This is equal to the whole mass multiplied 
by the x of the centre of mass,.f, or m^vr. AB-. OB. x, so that 
x = \OB. The centre of mass of a paraboloid of revolution 
is -grds of the way along the axis towards the base from the 
vertex. 

Example. The curve y = a x n revolves about the axis 
of x, find the volume enclosed by the surface of revolution 
between x = 0 and x = b. 

The volume of any surface of revolution is obtained by 
integrating it if • dx. Hence our answer is 

7T a-x-H.dx= - x-'l+i 

J o 2n + 1 = b2n+I 

2n + 1 ' 
Find its centre of mass if m is its mass per unit volume. 
For any solid of revolution we integrate m. x-rnf. dx and 
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divide by the whole mass which is the integral of mtvy'dx. 
I f m is constant we have 

mir { xaVn. dx = imra2 j xin+ldx 

.'o mira? 
'2n~+2 

and the whole mass is I-^v b™+1, so that x — ^——^ b. 

2K +1 2ft 4 2 
Suppose m is not constant but follows the law 

m = nio + cot?. 
To find the mass and centre of mass of the above solid. Our 
first integral is 

tr j(mvX 4- cx*+1) « V . dx, or u V j(m«x?n+l + ca?"+s+1) cfce, 

(1)-or in. 
2 „£n+t o 2n 4- 2 2ra 4- s 4- 2 

•a The mass is a V F (ma 4- c^) « M . dx 
Jo 

2ft 4-1 2n + s 4-1 .(2). 
Substituting b for in both of these and dividing (1) by (2), 
we find x. 

An ingenious student can manufacture for himself many 
exercises of this kind which only involve the integration 
of x'K 

An arc of the ellipse '— 4-, „ = 1 revolves about the axis of 
1 a2 b-

x, find the volume of the portion of the ellipsoid of revolu­
tion between the two planes where x = 0 and where x = c. 

Here y2 = (a? — x"). The integral of try" is 
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4sTT 

The volume of the whole ellipsoid is -y h-a and of a sphere 

it is -g- a3. 

47. Lengths of Curves. In fig. 21 the co-ordinates of 
P are x and y and of Q they 
are x + Sa; and y + Sy. I f we 
call the length of the curve 
from some fixed place to P by 
the name s and the length PQ, B[ 
Bs, then (8s)2=(S.r)-+(S?/)2 more 
and more nearly as Sx gets 
smaller, so that 

or rather, in the limit 

ds 
dx da 

Fig. 21. 
C D 

To find s then, we have only to infcegrato,y/1 + -

I t is unfortunate that we are only supposed to know as 

yet j x n . dx, because this does not lend itself much to exer­

cises on the lengths of curves. 

Example. Find the length of the curve y = a + bx (a 
straight line) between the limits «; = (.) and x = o. 
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Exercise. There is a curve whose slope is *fa'2xn — l, 
2a 

find an expression for its length. Answer: s= ——x{n+2)/'2. 

Other exercises on lengths of curves will be given later. 48. Areas of Surfaces 

F i g . 22. 

fOD ds 
2iry. - j - . dx, and as the law of the curve is known, y 

J 00 

or 

' dx' 

y\/1 + 

of Revolution. When 
the curve APB revolving 
about the axis OA' de­
scribes a surface of revo­
lution, we have seen that 
the volume between the 
ends AC A' and BDB' is 
the integral of Try'2 with 
regard to x between the 
limits DC and OB. 

Again the elementary 
area of the surface is what 
is traced out by the ele­
mentary length PQ or os 
and is in the limit 2try. ds. 
Hence we have to integrate 

ds 
dx 

can be expressed in terms of x. 

Example. The line y = a + bx revolves about the axis of 
x; find the surface of the cone between the limits x=0 and 
x= a 

^- = b, so that the area is 2i dx I-* r 
J 0 

1 + dx dx 

= 2 t t V1 + b- (a + bx) dx = 2 t t V l + b- ax + Ibx? 

= 2Tr\/l + b-(ac+ Ibc-). 

The problem of finding the area of a spherical surface is 
here given in small printing because the beginner is supposed 
to know only how to differentiate xn and this problem 
requires him to know that the differential coefficient of y"2 
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with regard to x is the differential coefficient with regard to 
dy „ dy 

y multiplied by ^ , or 2y . ̂  . As a matter of fact this is 

not a real difficulty to a thinking student. The student can 
however find the area in the following way. Let V be the 

volume of the sphere of radius r, V= r1, Art. 46. Let 

V+SVhe the volume of a sphere of radius r+Sr, then 

SV=Sr.d^--dr Sr (4nrr-), 

which is only true when Sr is supposed to be smaller and 
smaller without limit. Now if S is the surface of the 
spherical shell of thickness Sr, its volume is Sr. S. Hence 
Sr ,S = Sr. 4wr2 and hence the area of a sphere is 47rr2. 

Example. Find the area of the surface of n sphere. That 
is, imagine the quadrant of a circle AB of radius a, fig. 23, to 

A 

Eig. 23. 
revolve about OX and take double the area generated. We 

have as the area, 4nr j y 1 1 + ( I Y ^ 
In the circle ,r2+y2 = a2, or y = >Jcfi-

d.v 
2 ^ . | = 0, or £ ~ 
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Hen 

Guldinus's Theorems. I. 

= 4tt«2. 

49. I f each elementary portion Bs of the length of a 
curve be multiplied by x its distance from a plane (if the 
curve is all in one plane, x may be the distance to a line in 
the plane) and the sum be divided by the whole length of 
the curve, we get the x of the centre of the curve, or as it is 
sometimes called, the centre of gravity of the curve. Observe 
that the centre of gravity of an area is not necessarily the 
same as the centre of gravity of the curved boundary. 

Volume of a Ring. 
BC, fig. 24, is any plane 
area; if it revolves about 
an axis 00 lying in its 
own plane it will generate 
a ring. The volume of 
this ring is equal to the 
area of BC multiplied by 
the circumference of the 
circle passed through by 
the centre of area of BC. 

Imagine an exceed­
ingly small portion of the 

area a at a place P at the distance r from the axis, the 
volume of the elementary ring generated by this is a. 2irr 
and the volume of the whole ring is the sum of all such 
terms or 7 = 2vXar. But lar = rA, if A is the whole area 
of BC. The student must put this in words for himself; r 
means the r of the centre of the area. Hence V= 2-rrr x A 
and this proves the proposition. 

II. Area of a Ring. The area of the ring surface is 
the length of the Perimeter or boundary of BC multiplied 
by the circumference of the circle passed through by the 
centre of gravity of the boundary. 

Imagine a very short length of the boundary, say Bs, at 

Fig. 24. 



M O M E N T O F I N E R T I A . 81 

the distance r from the axis ; this generates a strip of area 
of the amount Ss x 2irr. Hence the whole area is 2-jr'ESs . r. 
But 2 8 s . r = f x s if f is the distance of the centre of gravity 
of the boundary from the axis and s is the whole length 
of the boundary. Hence the whole area of the ring is 
2-nr X s. 

Example. Find the area of an anchor ling whose sec­
tion is a circle of radius a, the centre of this circle being 
at the distance R from the axis. Answer:—the perimeter 
of the section is 2ira and the circumference of the circle 
described, by its centre is 2trR, hence the area is 4-rraR. 

Exercise. Find the volume and area of the rim of a fly­
wheel, its mean radius being 10 feet, its section being a 
square whose side is l - 3 feet. Answer: 

Volume = (1'3) 2 x 2TT x 1 0 ; Area = 4 x 1 - 3 x. 2TT X 10. 

50. I f every little portion of a mass be multiplied by the 
square of its distance from an axis, the sum is called the 
moment of inertia of the whole mass about the axis 

It is easy to prove that the moment of inertia about airy 
axis is equal to the moment of inertia about a parallel axis 
through the centre of gravity together with the whole mass 
multiplied by the square of the distance between the two 
axes. Thus, let the plane of the paper be at right angles 
to the axes. Let there be a little mass 
m at P in the plane of the paper. 
Let 0 be the axis through the centre of 
gravity and 0' be the other axis. We want 
the sum of all such terms as m . (0'P)'\ 

Now (OT)- = (O'Of + OP'1 + 2.00'. OQ, 
where Q is the foot of a perpendicular from 
P upon 00', the plane containing the two 
axes. Then calling 2;n.. (OP)2 by the name 
I, calling %m. OP- by the name 7 0, the 
moment of inertia about the axis 0 through Fig, 25. 
the centre of gravity of the whole mass, 
then, I = (0'0y?,m + I0 + 2.00'.ZM.OQ. But %m. OQ 
means that each portion of mass m is multiplied by its 
distance from a plane at right angles to the paper through 
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the centre of gravity, and this must he 0 by Art. 45. So 
that the proposition is proved. Or letting ~m be called M 
the whole mass 

I = I 0 + M . (O'O)2. 
Find the moment of inertia of a c ircular cylinder of 

length I about its axis. 
Let fig. 26 be a section, 
the axis being 00. Con-

-o sider an elementary ring 
shown in section at TQPR 
of inside radius r, its out­
side radius being r + Sr. 
Its sectional area is I. Sr r i g . 20. 

so that the volume of the ring is 2irr. 1. Sr and its mass is 
m2irrl. Sr. Its moment of inertia about 00 is lirml. r3. dr 
and this must be integrated between the limits r = ll 
the outside radius and r = 0 to give the moment of inertia 
of the whole cylinder. The answer is /„ = hirmlR*. The 

whole mass M=mlirR?. « . r MB? feo that /„ = •—-
Z 

I f we define the 

radius of gyration as k, which is such that Mk!! = IQ, we 

have here 1? = ^R" or h = R. 
2 \/2 

The moment of inertia about 
the axis NB is 

I=I0 + M.R2 = ?1MRi, 

so that the radius of gyration about 
NS is R Vf. 

Moment of inertia of a circle 
about its centre . Fig. 27. Con­
sider the ring of area between the 
circles of radii r and r + Sr, its area 
is 27TT . Sr, more and more nearly 

as Sr is smaller and smaller. Its moment of inertia is 2-n-r3. dr 
and the integral of this between 0 and R is ^ttR* where R 
is the radius of the circle. The square of the radius of 

R? 

gyration is 7̂r.KJ-j- the area =-^-
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At any point 0 in an area, fig. '28, draw two lines OX 
and OY at right angles to one 
another. Let an elementary area 
a be at a distance * from one of 
the lines and at a distance y from 
the other and at a distance r from 
0. Observe that ax- + ay- = ar2, 
so that if the moments of inertia 
of the whole area about the two 
lines be added together the sum 
is the moment of inertia about the 
point 0. Hence the moment of 
inertia of a circle about a diameter is half the above, or 
\nrRi. The square of its radius of gyration is \R-. 

The moment of inertia of an ellipse about a principal 
diameter AO A . Let OA = a, OB = b. 

B 

( ( \ \ 
o ) )A 

B 

Pig. 29. 
The moment of inertia of each strip of length ST is ^ 

times the moment of inertia of each strip PQ of the circle, 

because it is at the same distance from A OA and = ~ . 
MQ b 

This is a property of ellipse and circle well known to all 
engineers. But the moment of inertia of the circle of radius 
b about .ACM is -]-7r(V, SO that the moment of inertia of the 
ellipse about AO A is Similarly its moment of inertia 
about BOB is \IRA?b. 

The above is a mathematical device requiring thought, 
not practical enough perhaps for the engineer's every-day 
work; it is given because we have not yet reached the inte-

6—2 
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, . x- v , , a r . being —„ + = 1, so that x — T V b2 — >/"• 
° or b- b 

Then 2 (\f. 2x. dy or 4 f f'y2 \'¥^y2. dy = /. 

The student ought to return to this as an example in 
Chap. I I I . 

51. Moment of Inert ia of R i m of Ply-wheel. I f 
the rim of a fly-wheel is like a hollow cylinder of breadth 
I, the inside and outside radii being Rx and R.,, the moment 

of inertia is 2mul \ rs. dr or 2irml - p 

The mass is ir(R.?-R1
i)lm=M say, so that I=\(R.?+R*)M. 

The radius of gyration is V̂  (Rf + R,2). I t is usual to 
calculate the moment of inertia of the rim of a fly-wheel as 
if all its mass resided at the mean radius of the rim or 
R, + R 
- —g— 1 . The moment of inertia calculated in this way is 

(R + R)2 

to the true moment of iuertia as ^ *- . Thus if 2{R.? + R;2) 
R2 = R + a, Rx = R — a, the pretended / divided by the true 

--!ITrml(R.f-Rl*). 

I is 1 -i- (̂ 1 4- and if a is small, this is 1 — ~ nearly. I f 

the whole mass of a fly-wheel, including arms and central 
boss, be IT, there is usually no very great error in assuming 
that its moment of inertia is I = R2M. 

52. A rod so thin that its thickness may be neglected 
is of length I, its mass being m per unit length, what is 
its moment of inertia about an axis at right angles to it, 
through one end 0 ? Let x be the distance of a point 
from one end. An elementary portion of length Sx of mass 
m . Sx has a moment of inertia x'2. m . dx and the integral of 
this from x = 0 to x = I is UnP, which is the answer. As ml 

+ _x Ĵ ŝ Q is the whole mass, the 
°!«. !,i - >.'R square of the radius of 

Fig. 30. gyration is \l\ I0 the 

gral which is needed in the straightforward working. The 
integral is evidently this. The area of the strip of length 
ST and breadth Sy is 2a?. Sy, the equation to the ellipse 
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moment of inertia about a parallel axis through the middle 
of the rod, at right angles to its length, is 

%NILS — VTL.(^\ or NILS(X~L) or -FARRD*. 

So that the square of THIS radius of gyration is -^P. 

We shall now see what error is involved in neglecting the 
thickness of a cylindric rod. 

If 00 is an axis in the plane of the paper at right angles to the axis of a circular cylinder, through one end, anil OP is 0 x and R is the radius of the cylinder, its length being I; if P is the mass of the cylin­der per unit volume; the moment of inertia about 00 of the disc of radius R and thickness bx is nl&pSx . xl + Fig. 3 1 . 

the moment of inertia of the disc about its own diameter. Now we saw that the radius of gyration of a circle about its diameter was 
—, and the radius of gyration of the disc is evidently the same. Hence 
M its moment of inertia about its diameter is \ R2IRR2. dx. p, or j vpR*. DX. Hence the moment of inertia of the disc about 0 is 

v/PpixKte + lIP.dx). 

If OA, the length of the rod, is I, wc must integrate between 0 and I, and so we find 
IV' I-

The mass m per unit length is TTT?2;), so that 
, 3 /?-" 

4 ¥ 
12 

This is the moment of inertia about an axis through the centre of gravity parallel to 00. 
53. EXAMPLE. Where is the Centre of A r e a of the 

parabolic segment shown in tig. 20 ? The whole area is 
§.40 x OB. 

The centre of area is evidently in the axis. 
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The area of a strip PSB, is 2y. Bx and we must 
integrate 2xy. Bx. Now y = ax* where a = AB -f- 0BK 

f0B AB Hence 2 ; o *' 03^" ^X = %AC.OB. x. The integral is 

AB 
AX)Bl 
or x = #0/i. 

4 ^ 
r i OB«, so that . OB2 = f d i ? . O B .x 

Find the centre of area of the segment of the sym­
metrical area bounded by + y = axn between x = b and x = c. 

We must divide the integral 2 j x. axn . dx by the area 

2 / axn . dx. 
J b 

Or ~n + 2 

•bn+2 n + 1 

— x. 

Many interesting cases may be taken. Observe that i f 
the dimensions of the figure be given, as in fig. 2 0 : thus if 
AB and PQ and BQ arc given, wo may find the position of the 
centre of the area in terms of these magnitudes. 

Fig. 32. 
54. Moment of Inertia of a Rectangle . 
The moment of inertia of a rectangle about the line 00 



ATTRACTION. 

through its centre, parallel to one side. 
BC = d: 

Consider the strip of area between 
OP = y and OQ = y + By. Its area is b. By 
and its moment of inertia about 00 is 
6 . y1. By, so that the moment of inertia of 
the whole rectangle is 

id rid' 
y-. dy o r b ^ys 

-id ' L - R 
or 

bd? 
1 2 

This is the moment of inertia which is 
so important in calculations on beams. 

55. F o r c e of Gravity. 
Tig. 33. 

A uniform spherical shell of 
attracting matter exercises no force upon a body inside it. 
On unit mass outside, it acts as if all its mass were gathered 
at its centre. 

The earth then exercises a force upon unit mass at any 
point P outside it which is inversely proportional to the 
square of r the distance of P from the centre. But if P is 
inside the earth, the attraction there upon unit mass is the 
mass of the sphere innide P divided by the square of v. 

1. I f the earth were homogeneous. I f m is the mass per 
unit volume and R is the radius of the earth, the attraction 

on any outside point i s ^ -: •iR? 

The attraction on any inside point is ~ /nrs r- or 

mr. The attraction then at the surface being called 1 , at 
4 T T 

3 

any outside point it is i?2-=-r2 and at any inside point it is 
r -I- R. Students ought to illustrate this by a diagram. 

2 . I f m is greater towards the centre, say m = a — br, 
then as the area of a shell of radius r is 4 7 r r a , its mass is 
4 7 r r 2 . m. Br, so that the whole mass of a sphere of radius r 

is 4 7 r r 2 (a — br) dv, or — ar3 — irb?A. Hence on any 
Jo " 

47T 

inside point the attraction is -— ar — -rrbr- and on any 

outside point it is aRs — 7rbR*j I f\ 
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Dividing the whole mass of the earth by its volume R3, 

we find its mean density to be a — %bR, and the ratio of its 
mean density to the density at the surface is 

(4a - 3bR)/(4a - 4bE). 

56. Strength of thick Cylinders. 
The first part of the following is one way of putting the 

well known theory of what goes on in a thin cylindric shell 
of a boiler. I t prevents trouble with + and — signs after­
wards, to imagine the fluid pressure to be greater outside 
than inside and the material to be in compression. 

Consider the elementary thin cylinder of radius r and of 
thickness Sr. Let the pressure 
inside be p and outside p + Sp 
and let the crushing stress at 
right angles to the radii in the 
material be q. Consider the 
portion of a ling PQSR which 
is of unit length at right angles 
to the pajaer. 

Radially we have p -f Sp 
from outside acting on the area 
RS or (/• + Sr) S8 if QOP = S8, 
because the arc RS is equal to 
radius multiplied by angle; and 
p . r. SB from inside or 

(p + Sp)(r+8r) S8-pr.Se 
radial force from the outside more 
8 is smaller and smaller. This is 

Fig. 34. 
is on the 
and more 
balanced by two 

whole 
nearly 

the 
as i 

for< each . inclined at the angle S8, 
and just as in page 1(35 if we 
draw a triangle, each of whose 
sides OA and AB is parallel 
to q. Sr, the angle BAG being 
S8, and BG representing the 

force, we see that this radial force is q. Sr. 88, and 
is more and more nearly true as 88 

radia 
this expression 
smaller and smaller. Hence 

(p + Sp)(r + Sr) 88-
is 

-pi .Sr.88, 
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or p . oV + r. hp + Sp.Er = q. Sr, 

or rather p + r~= q (1), 

since the term Bp is 0 in the limit. 
When material is subjected to crushing stresses p and q 

in two directions at right angles to one another in the plane 
of the paper, the dimensions at right angles to the paper 
elongate by an amount which is proportional to p + q. 

We must imagine the elongation to be independent of r 
if a plane cross section is to remain a plane cross section, and 
this reasonable assumption we make. Hence (1) has to be 
combined with p + q=2A (2) 
where 2A is a constant. 

Substituting the value of q from (2) in (1) we have 

dp 2A 2p 
or ' = - ' . 

dr r r 
Now it will be found on trial that this is satisfied by 

P=A+-. (3), 

and hence from (2), q —A —~ (4). 

To find these constants A and B. In the case of a gun 
or hydraulic press, subjected to pressure j)0 inside where 
r — r0 and pressure 0 outside where r = i\. Inserting these 
values of p in (3) we have 

A B 

0=^1 + -
r 

so that B = i 
1\- — r 0-
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and — Q = -~, , 1 + —-

The compressive stress — ^ may be called a tensile stress f. 

F = PO— o • — — - (5), 

_/* is greatest at r = r0 and is then 

/o=i ;»-r— 2 W-
' 1 ' 0 

This is the law of strength for a cylinder which is initially 
unstrained. Note that p0 can never be equal to the tensile 
strength of the material. We see from (5) that as r increases, 
f diminishes in proportion to the inverse square of the 
radius, so that it is easy to show its value in a curve. Thus 
a student ought to take 1\ = 1'2, r 0 = 0\S, p„ = 1500 lb. per sq. 
inch, and graph f from inside to outside, f will be in the same 
units as p. (5) may be taken as giving the tensile stress 
in a thick cylinder to resist bursting pressure if it is initially 
unstrained. I f when p0 = 0 there are already strains in the 
material, the strains produced by (5) are algebraically added 
to those already existing at any place. Hence in casting 
a hydraulic press we chill it internally, and in making a gun, 
we build it of tubes, each of which squeezes those inside it, 
and we try to produce such initial compressive strain at 
r = r 0 and such initial tensile strain at r=i\, that when the 
tensile strains due to j)0 come on the material and the cylinder 
is about to burst there shall be much the same strain in the 
material from r„ to ?v* 

* In the case of a cylindric body rotating with angular velocity a, if P is tire mass j>er unit volume ; taking into account the centrifugal force on the element whose equilibrium is considered, above the equation (1) becomes 
p + r'p - R-PA-—Q and the solution of this is found to beP = A + BR~2 + IPARR'1 

and by inserting the values of P for two values of r we find the constants A and LI ; Q is therefore known. If wc take P = V when R=R0 and also when 
Q = IPA? [ - r2 + { r 0 - V - r f V + (R* - r0

2) }J(R{^ - r0-*)]. 

This is greatest when r = r0. 
If the cylinder extends to its centre we must write out the condition that the displacement is 0 where r = 0, and it is necessary to write out the values 
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Thin cylinder. Take r 0 = R and rt = R +1. where t is very 
small compared with R, 

2R* + 2Rt + t3 pjl / t /=• \//, t\ 
J»-P« ' 21U-IP ~ t V + R + 21! ' I1 + 2RJ-

f-
PR 

t 
VR 

t 
V 

•in 

•(8). 

Fig. 86. 
Now ~ and and become all smaller and smaller 

as t is thought to be smaller 
and smaller. We may take 
(7) as a formula to be used 
when the shell is exceedingly 
thin and (8) as a closer ap- .t — ', + 
proximation, which is the 
same as if we used the average radius in (7). In actual 
boiler and pipe work, there is so much uncertainty as to the 
proper value of / for ultimate strength, that we may neglect 
the correction of the usual formula (7). 

57. G-as Engine Indicator Diagram. I t can be 
proved that when a perfect gas (whose law is pv= Rt for a 
pound of gas, R being a constant and equal to K—k the 
difference of the important specific heats; y is used to 
denote Kjk) changes in its volume and pressure in any 

of the strains. Badial strain=pa - if a is the reciprocal of Young's Modulus and /3/a is Poisson's ratio, generally of the value 0-25. 
In this way we find the strains and stresses in a rotating solid cylinder, but on applying our results to the case of a thin disc we see that equation (2) above is not correct. That is, the solution is less and less correct as the disc ifl thinner. Dr Chree's more correct solution is not difficult. 
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way, the rate of reception of heat by it per unit change 

of volume, which we call h (in work units) or , is 
dv 

--7l,v'l^'! <2>-
Students oufjht to note that this — is a very different 

7d \ 
thing from ( j ) , because we may give to it any value we 

please. 
We always assume Heat to be expressed in work units so as 

to avoid the unnecessary introduction of J for Joule's equiva­
lent. 

Exercise 1. When gas expands according to the law 
pv" = c...(3) a constant, find h. 

Answer: h = ——\ p (4). 
7 - 1 

Evidently when s — y, h = 0, and hence we have pvy = con­
stant as the adiabatic law of expansion of a perfect gas. 
7 is 141 for air and 137 for the stuff inside a gas or oil 
engine cylinder. When s—1, so that the law of expansion is 
pv constant, we have the isothermal expansion of a gas, and 
we notice that here h=p, or the rate of reception of heat 
energy is equal to the rate of the doing of mechanical energy. 
Notice that in any case where the law of change is given by 
(3), h is exactly proportional to p. I f s is greater than 7 the 
stuff is having heat withdrawn from it. 

I f the equation (1) be integrated with regard to v we 

have Hm =—- • (p,Vi — p„v„) + W01...(o). Here HM is the heat 

given to a pound of perfect gas between the states pu, i\, t„ 
and jh, vi> tly and Wm is the work done by it in expanding 
from the first to the second state. 

This expression may be put in other forms because wo 
have the connection pu = Kt.. .(6). It is very useful in cal­
culations upon gas engines. Thus, if the volume keeps 
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constant TF01 is 0 and the change of pressure due to ignition 
and the gift of a known amount of heat may be found. I f 
the pressure keeps constant, W01 is p (VX — VQ) and the change 
of volume due to the reception of heat is easily found. 

Another useful expression is C-f? = /<;̂  •+-»...(7) where k 1 fly do 1 

is a constant, being the specific heat at constant volume. 
Integrating this with regard to v we find 

Hm = k{t,-l0)+Wm (8). 

This gives us exactly the same answer as the last method, 
and may at once be derived from (o) by (0). In this form 
one sees that if no work is done, the heat given is k(ti —10) 
and also that if there is no change of temperature the heat 
given is equal to the work done. 

58. Elast ic i ty is defined as increase of stress 4- increase 
of strain. Thus, Young's modulus of elasticity is tensile or 
compressive stress (or load per unit of cross section of a tie 
bar or strut) divided by the strain or fractional change of 
length. Modulus of rigidity or shearing elasticity is shear 
stress divided by shear strain. Volumetric elasticity e is 
fluid stress or increase of pressure divided by the fractional 
diminution of volume ju'oduoed. Thus if fluid at p and v, 
changes to p A-hp, v + Bv : then the volumetric stress is 
Sp and the volumetric compressive strain is — Bv/v, so 

that by definition e = — Bp 4- — , or e = — v-J^ . The 

definition really assumes that the stress and strait) are 

smaller and smaller without limit and hence e = — v . .(1). 
dv 

Now observe that this may have any value whatsoever. 
Thus the elasticity at constant pressure is 0. The elasticity 
at constant volume is — oc. To find the elasticity at con­
stant temperature, wo must find (j^J '• see Art. 30. As 
pv = Rt, p = Rtv~1. Here Rt is to be constant, so that 

(if?j = -Rtv-a and e=Rtv~l=p. 
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I t is convenient to write this et and we see that Kt, the 
elasticity at constant temperature, is p. This was the value 
of the elasticity taken by Newton ; by using it in his calcu­
lation of the velocity of sound he obtained an answer which 
was very different from the experimentally determined velo­
city of sound, because the temperature does not remain 
constant during quick changes of pressure. 

Exercise. Find the elasticity of a perfect gas when the 
gas follows the law pvf = c, some constant. This is the 
adiabatic law which we found Art. 57, the law connecting and 
v when there is no time for the stuff to lose or gain heat by 

conduction, p = cv~v, so that ~ = — jcv~y1, and 

e = + vycv^y1 or ycv~y, or yp. 
I t is convenient to write this eH, and we see that in a 

perfect gas eH=yet. When this value of the elasticity of 
air is taken in Newton's calculation, the answer agrees with 
the experimentally found velocity of sound. 

59. Friction at a Flat Pivot. I f we have a pivot of 
radius R carrying a load W and the load is uniformly 
distributed over the surface, the load per unit area is 
w= W+TTR2. Let the angular velocity be a radians per 
second. On a ring of area between the radii r and r+Sr 
the load is w2irr. Sr, and the friction is pvfl-nr. Sr, where 
p, is the coefficient of friction. The velocity is v = ar, so that 
the work wasted per second in overcoming friction at this 
elementary area is p2irwar'i. Sr, so that the total energy 
wasted per second is 

[R 

2irvmp I T A . dr = ^TrivapR3 = § u. I WR. 
J o 

On a collar of internal radius Rx and external R., we have 

2irwat(i I r"-. dr = !jirwap (R? — R/), W = nriu (Rr — Rf) and 

hence, the energy wasted per second is fa/aTY j ~ . 
LIT XIX 

60. Exercises in the Bending of Beams. When 
the Bending moment M at a section of a beam is known, 
we can calculate the curvature there, if the beam was 
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straight when unloaded, or the change of curvature if the 
unloaded beam was originally curved. This is usually written 

1 1 1 M 
- or = — , 
R R R0 LI 

where I is the moment of inertia of the cross section 
about a line through its centre of gravity, perpendicular 
to the plane of bending, and E is Young's modulus for the 
material. Thus, if the beam has a rectangular section of 
breadth B and depth D, then I = ^BD3 (see Art. 54); if the 
beam is circular in section, 1 = ^11*, if i i is the radius of 

4 
the section (wee Art. 50). I f the beam is elliptic in section, 7T / = 7 A3B, if A and B are the radii of the section in aud at 4 
right angles to the piano of bending (see. Art. 50). t 

Curvature. The curvature of a circle is the reciprocal 
of its radius, and of any curve it is the curvature of the circle 
which best agrees with the curve. The curvature of a curve 
is also " the angular change (in radians) of the direction of 
the curve per unit length." Now draw a very flat curve, with 

du 

•very little slope. Observe that the change in ~P in going 

from a point P to a point Q is almost exactly a change of 

angle 
an angle, but when an angle is very small, the angle, its sine 

DTI 
and its tangent are all equal . Hence, the increase in — 
from P to Q divided by the length of the. curve PQ is the 
average curvature from P to Q, and as PQ is less and less 
we get more and more nearly the curvature at P. But the 
curve being very flat, the length of the arc PQ is really BX, 
and the change in -F divided by BX, as BX gets less and less, 

DV 
is the rate of change of ~- with regard to x, and the symbol 
for this is ~ . Hence we may take as the curvature of 

dx" J dx-

a curve at any place, when its slope is everywhere small. 

change in ^ is really a change in the tangent of 
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deflection from straightness at any point, then J | was i ts original 

instead of - ' ^ everywhere. 

cLtr 
curvature. We may generalize the following work by using v., {y - / ) 

I t is easy to show, that a beam of uniform strength, that is a beam 
in which the maximum stress f (if compressive ; positive, i f tensile, 
negative), in every section is the same, has the same curvature every­
where if its depth is constant. 

I f d is the depth, the condition for constant strength is that 

- j • I d = + f a constant. But y = E x curvature, hence curvature 

-E. d' 

Exercise. In ,1 beam of constant strength if d * 
a + bx' 

Then v ' { = '"-.((a + &.(.'). Integrating we find 

W"dx = C + C,J; + * lu'2' 2/" 11 = + CX + 2 m " + J • fel':1> 
where <? and c must be determined by some given condition. Thus 

if the beam is fiied at the end, where i ' = 0 , and ^—=0 there, and 
ax 

also y = 0 there, then c = 0 and e = 0. 

In a beam originally straight we know now that, if 
x is distance measured from any place along the beam to 
a section, and if y is the deflection of the beam at the 
section, and / is the moment of inertia of the section, then 

d 2 y = ^ (1) 

where M is the bending moment at the section, and E is 
Young's modulus for the material. 

We give to ^ J ! the sign which will make it positive if 

M is positive. I f M would make a beam convex upwards 
and y is measured downwards then (1) is correct. Again, 
(1) would be right if M would make a beam concave up­
wards and y is measured upwards. 

I f the beam was not straight originally and if / was its small 
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Example I. Uniform beam of length 1 fixed at one 
end, loaded with weight W at the other. Let x he the 
distance of a section from the fixed end of the beam. Then 
M- W(l-x), so that (1) bee omes 

EI dry 
W dx2 

= I — X .(2). 

w 

Fig. 3 7 . 

Integrating, we have, as E and / are constants, 
EI dy_, x „ 
W dx~ *X~ + C-

From this we can calculate the slope everywhere. 
To find c, we must know the slope at some one place. 

Now we know that there is no slope at the fixed end, and 
dii 

hence ^ . — ^ where x = 0, hence c = 0. Integrating again, 

To find C, we know that ?/ = 0 when x — 0, and hence 
0 = 0 , so that we have for the shape of the beam, that is, the 
equation giving us y for any point of the beam, 

2,= J ^ - K ) (3). 
We usually want to know y when x = l, and this value of y 
is called D, the deflection of the beam, so that 

WL3 

»=Si 
Example II. A beam of length I loaded with W a t 

the middle and supported at the ends. Observe that if 
half of this beam in its loaded condition has a casting of 

p. 7 
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cement made round it so that it is rigidly held; the other 
half is simply a beam of length fixed at one end and 

w 

Fig. 3 8 . 

loaded at the other with and, according to the last 
example, its deflection is 

D - & m or 
Wl3 

SET 4 8 . EI 
.(5). 

The student ought to make a sketch to illustrate this method 
of solving the problem. 

Example III. Beam fixed at one end with load w per 
unit length spread over it uniformly. 

The load on the part PQ is w x PQ or w (I — x). 

— x >, l_x y 

Fig. 3 9 . 

The resultant of the load acts at midway between P and Q, 
so, multiplying by 1(1 — x), we find M at P, or 

M=^w(l-xf 
Using this in (1), we have 

2EI <Py 7 a , 
- -A = l2 - 2lx + x\ w ax? 

•(6). 

Integrating, we have 
2EI 

w 
This gives us the slope everywhere. 

df = l2x~lx2 + lxr + c. w dx 
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-j-- — 0 where x — 0, because the beam is fixed ax 
there. Hence c = 0. 

Again integrating, 

2EI 
y = l-JV _ \lx* + j^X* + C, 

and as y = 0 where x = 0, C = 0, and hence the shape of the 
beam is 

<7]1 

y = 2 O T ( 6 f e 2 - 4 k 3 + a ' 4 ) ( 7 ) > 

y is greatest at the end where x = I, so that the deflection is 

n w Q74 n 1 ^ /«\ 
y / 24/-/' 5 / ( , r " \s / • ; / < s > > 

if W=wl, the whole load on the beam. 

Example IV. Beam of length I loaded uniformly with 
w per unit length, supported at the ends. 

Each of the supporting forces is half the total load. The 
moment about P of \wl, p Q 

I at the distance PQ, is 
against the hands of a 
watch, and I call this 4 w l | 
direction positive; the 
moment of the load F l g ' 4 0 ' 
w(^l — x) at the average distance £PQ is therefore negative, 
and hence the bending moment at P is 

\wl (U - x) -±w(\l- x)\ or I'lt'l* - Iwx" ...(9), 

so that, from (I) , EI , ; = ^tvl" — \wx", 

y being the vertical height of the point P above the middle 
of the beam, see Art. 60. Integrating we have 

EI = i'UiPx — Iwx* + c, 
dx 8 0 

a formula which enables us to find the slope everywhere. 
7 - 2 
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c is determined by our knowledge that = 0 where x = 0, 
J ° dx 

and hence c = 0. Integrating again, 
Ely — -Jjrwl-ur — -n^wx* + G, 

and O = 0 , because y = 0, where x — 0. Hence the shape of 
IV 

the beam is y = ^fij(%l~x" ~ 2A" 1 ) . . .(10), y is greatest where 
x = and is what is usually called the deflection D of the 

5 1K73 

beam, or D = -.--, „ . if W= liu the total load. 
384EI 

61. Beams Fixed at the Ends. Torques applied 
at the ends of a beam to fix them (that is, to keep the end 
sections in vertical planes) are equal and opposite if the 
loading is symmetrical on the two sides of the centre of the 
beam. The torques being equal, the supporting forces are 
the same as before. Now if m is the bending moment 
(positive if the beam tends to get concave upwards) which 
the loads ami supporting forces would produce if the ends 
were not fixed, the bending moment is now m — c because 
the end torques c are equal and opposite, and the supporting 
forces are unaltered by fixing. 

Thus ax 

dx2 EI w 

I f the beam is uniform and we integrate, we find 
EI. (-$ = jm. dx — cx + const (2). 

Take x as measured from one end. We have the two 

conditions : = 0 where x = 0, and ^y- = 0 where x — I, if I dx dx 
is the length of the beam. Hence if we subtract the value 
of (2) when x = 0 from what it is when x = I, we have 

0 = 1 m .dx — cl, or c = j j in . dx, 
Jo 'Jo 

that is, c is the average value of m all over the beam. 
The rule is then (for symmetric loads):—Draw the diagram 
of bending moment m sis if the beam were merely supported 
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at the ends. Find the average height of the diagram and 
lower the curved outline of the diagram by that amount. 
The resulting diagram, which will bo negative at the ends, is 
the true diagram of bending moment. The beam is concave 
upwards where the bending moment is positive, and it is 
convex upwards where the bending moment is negative, and 
there aVe points of inflexion, or places of no curvature, where 
there is no bending moment. 

Example. Thus it is well known that if a beam of length 
I is supported a t the ends and loaded in the middle 
with a load W, the bending moment is \ Wl at the middle 
and is 0 at the ends, the diagram being formed of two 
straight lines. The student is supposed to draw this diagram 
(see also Example II). The average height of it is half the 
middle height or %Wl, and this is c the torque which must 
be applied at each end to fix it if the ends are fixed. 
The whole diagram being lowered by this amount it is 
evident that the true bending; moment of such a beam if its 
ends are fixed, is iWl at the middle, 0 half-way to each end 
from the middle so that there are points of inflexion there, 
and —{gWl at each end. A rectangular beam or a beam of 
rolled girder section, or any other section symmetrical above 
and below the neutral line, is equally read}- to break at the 
ends or at the middle. 

Example. A uniform beam loaded uniformly with 
load w per unit length, supported at the ends ; the diagram 
for m is a parabola (see Example IV., where M= fyuP — hwx-); 
the greatest value of in is at the middle and it is \ wl*-; in is 0 
at the ends. Now the average value of m is § of its middle 
value (see Art. 43, area of a parabola). Hence c - -}^wP. 
This average value of m is to be subtracted from every value 
and we have the value of the real bending moment every­
where for a beam fixed at the ends. 

Hence in such a beam fixed at the ends the bending 
moment in the middle is ^wl-, at the ends — j-^wl'2, and the 
diagram is parabolic, being in fact the diagram for a beam 
supported at the ends, lowered by the amount yV/w/2 every­
where. The points of inflexion are nearer the ends than in 
the last case. The beam is most likely to break at the ends. 

Students ought to make diagrams for various examples of 
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symmetrical loading. Find m by the ordinary graphical 
method and lower the diagram by its average height. 

When the beam symmetrically loaded and fixed 
a t the ends is not uniform in section, the integral 
of (1) is 

w-
and as before this is 0 between the limits 0 and I, and hence 
to find c it is necessary to draw a diagram showing the value 

771 • . . . 
of J everywhere and to find its area. Divide this by the 
area of a diagram which shows the value of -J everywhere, 

or the average height of the Mjl diagram is to be 
divided by the average height of the 1/1 diagram and 
we have c. Subtract this value of c from every value of 
m, and we have the true diagram of bending moment of the 
beam. Graphical exercises are much more varied and interest­
ing than algebraic ones, as it is so easy, graphically, to draw 
diagrams of in when the loading is known. 

The solution just given is applicable to a beam of which 
the I of every cross section is settled beforehand in any 
arbitrary manner, so long as I and the loading are symmetrical 
on the two sides of the middle. Let us give to I such a 
value that the beam shall be of uniform strength every­
where ; that is, that -jz=fc ovft...(4), where zis the greatest 

distance of any point in the section from the neutral line on 
the compression or tension side and/,, and ft are the constant 
maximum stresses in compression or tension to which the 
material is subjected in every section. Taking fa as 
numerically equal to ft and z = \d, where d is the depth 

M 
of the beam, (4) becomes j^cZ= + If... (5), the + sign being 

taken over parts of the beam where M is positive, the — sign 

where M is negative. As I -=- dx = 0, or, using (5), 
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the negative sign being taken from the ends of the beam to 
the points of inflexion, and the positive sign being taken 
between the two points of inflexion. We see then that to 
satisfy (6) we have only to solve the following problem. 
In the figure, EATUCGE is a diagram whose ordinates 

represent the values of ^ or the reciprocal of the depth of 

the beam which may be arbitrarily fixed, care being taken, 
however, that d is the same at points which are at the same 
distance from the centre. EFGE is a diagram of the values 
of m easily drawn when the loading is known. We are re­
quired to find a point P, such that the area of EPTA = area 

F 
R 

P 
—i 

o | 

T U 
Fig. 41. 

of POO'T, where 0 is in the middle of the beam. When 
found, this point P is a point of inflexion and PR is 
what we have called c. That is, m — PR is the real 
bending moment M at every place, or the diagram EFG 
must be lowered vertically till R is at P to obtain the 
diagram of M. Knowing M and d it is easy to find I 
through (5). 

I t is evident that if such a beam of uniform strength 
is also of uniform depth, the points of inflexion are half­
way between the middle and the fixed ends. Beams of 
uniform strength and depth are of the same curvature 
everywhere except that it suddenly changes sign at the 
points of inflexion. 

61. In the most general way of loading, the bending 
moments required at the ends to fix them are different 
from One another, and if mt is the torque against the hands of a watch applied at the end A, and m., is the torque with the hands of a 
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watch at the end B, and if the bending moment in case the beam were merely supported is m:— 
Consider a weightless unloaded beam of the same length with the torques TO, and m2 applied to its ends; to keep it in equilibrium it is necessary to introduce equal and opposite supporting forces P at the 

C m2 

1 A + -X >• B ' 
P Fig. 42. 

i P 

ends as shown in the figure. Then PZ + m2 = m,, the forces &c. being 
as drawn m fig. 42, so that P=~L~^—-. 

If then these torques m2 and ml are exerted they must be balanced by the forces P shown ; that is, at B a downward force must be exerted; this means that the beam at B tends to rise, and hence the ordinary supporting force at B must be diminished by amount P. At any place C the bending moment will be m (what it would be if the beam were merely supported at the ends)— TO,—P. BC.(1). If one does not care to think much, it is sufficient to say:—The beam was in equilibrium being loaded and merely supported at the ends ; the bending moment at any place was m ; we have introduced now a new set of forces which balance, the bending moment at C duo to these new forces is 
- ( M I 2 + P. BC). 

So that the true bending moment at C is m — m.i - P. BC-
Suppose m2 = 0, then P = '-'-, and the bending moment at C is 

M-^.BC or m-P. BC. 

62. Beam fixed at the end A, merely supported at B which is exactly on the same level as A. As m.2 = 0 and letting 
BC'=x, we have the very case just mentioned, and 

Eld/{ = m-Px (2). 
dx* We will first consider a uniform beam uniformly loaded as in Example IV., Art. GO. It will bo found that when x is measured from the end of the beam, the bending moment m = £ wlx - -| v\vL, if the beam is merely supported at its ends and v; is the load per unit length. Hence (2; is 
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We have also the condition that ^ = ° where .r=/...(5), for it is to be 
observed that wo measure x from the unfixed end. 

Again integrating, 
Ely = -^lobfi - Jxwxi - \ Px3 + cx ( 6 ) . 

We need not add a constant because y is 0 when x is 0 . 
We also have y = 0 when x = l. Using this condition and also (5) we find 

Ozx&ioP-hPP + e ( 7 ) , 

0=5L,#_ipp+rf (8), 
and these enable us to determine P and c. 

Divide ( 8 ) by I and subtract from ( 7 ) and we have 
O^^wP-l.PP or P=\icl, 

hence from ( 7 ) , 0 •= -fe wl3 - fa id3+c, c = - wP. 
We have the true bending moment, 

i wlx - -J irx- — J vlx, 
and ( 6 ) gives us the shape of the beam. 

63. I f the loading is of any kind whatsoever and if the section varies in any Way a graphic method of inte­gration must be used in working the above example. Now if the value of an ordinate z which is a function of x be shown on a curve, wo have no instrument which can be relied upon for showing in a new curve 
Jz. dx, that is, the ordinate of the new curve representing the area of 
the z curve up to that value of x from any fixed ordinate. I have sometimes used squared paper and counted the number of the squares. I have sometimes used a planimeter to find the areas up to certain values of x, raised ordinates at those places representing the areas to scale, and drawn a curve by hand through the ten or twelve or more points so found. There arc integrators to be bought; I have not cared to use any of them, and perhaps it is hardly fair to say that 1 do not believe in the accuracy of such of them as I Irave seen. 

A cheap and accurate form of integrator would not only be very useful in the solution of graphical problems ; it would, if it were used, give great aid in enabling men to understand the calculus. 
Let us suppose that the student has some method of showing the 

value of / z. dx in a new curve ; the loading being of any kind what-
soever and / varying, since 

Jf = m-Px=EIdX, dx' 
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wo have on integrating, 
DX J j d - v - P / —j o (i1). 

We see that it is necessary to make a diagram whoso ordinate cvory-where is -J and we must integrate it. Let I -= DX be called A ; when 
1 J o J-

X = L, FJ. becomes the whole area of the diagram and we will call 
this PY. 

It is also necessary to make a diagram whose ordinate everywhere 
is ~ and integrate it. Let j ^ DX be called X. Wlien X = L, X becomes 
the whole area of the j diagram and we will call this XV 

Then as in (9), ^'K = 0 ' W U C U X = \ 

0 = I H - P . X l + c (10). 

Integrating (',)) again, we have 
A > = jp.DX-pjx.D* + CX+C. 

In this if wo use y = 0 when X = 0, wo shall find 6'=0, and again if y = 0 when .(' — ?, and if wo use and as the total areas of the P and X curves we have 
ft=Mi-P.Xi + cP- (U), 

from (10) and ill) /'and c may be found, and of course /' enables us to state the bonding moment everywhere. — c is the slope when x is 0. 
64. EXAMPLE. B e a m of any changing section fixed 

* Without using the letters P., X, ^, A\ &A. the above investigation is:— 
E J [ I - » I > - ' J ; ' " "»•• 

Integrating again between the limits 0 and I and recollecting that Y is the same at both limits 
[ W = f F r j " j -' (n). 
X~O J O J V 1 J o J O 1 

The integrations in (10) and (11) being performed, the unknowns P and C can be calculated; the true bending moment everywhere is what we started with, 
M - PX. 
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y=\fi..dx-ni., Y. dx — P X . dx + const. 

Calling the integrals from 0 to I of the /A, Y and X curves 
M 1 ; Y j , and X 1 ; we have 

0 = M 1 - m , Y 1 - 2 J X 1 * (5), 
and as m2 and P are easily found from (4) and (5), (1) is 
known. 

* We have used the symbols FT, X, Y, NV A',, YV M, Y, Mi> Xi, Yi fearing that students are still a little unfamiliar witii the symbols of the calculus; perhaps it would have been better to put the investigation in its proper form and to ask the student to make himself familiar with the usual symbol instead of dragging in eleven fresh symbols. 
After (3) above, write as follows;— 

[^7:J=u=j0T'' c-H1 / ' j . , 
Again integrating between limits 

iVi n . r />• f y (5 ). 
X^O J o J o i- J o . ' " 1 J 0 J o 1 

The integrations indicated in (4) and (5) being performed, the unknowns m2 and P can he calculated and used in (1). The student must settle for himself which is the better course to take; to use the formidable looking but really easily understood symbols of this note or to introduce the eleven letters whose meaning one is always forgetting. See also the previous note. 

at the ends, any kind of loading. Measuring x from one end where there is the fixing couple mt, 
J / = - » l - H i 2 - P x . . . ( 1 ) , 

K < F Y M _ Y _ P * 

ax1 1 J J 

-,J'i fm , f dx „ f x. dx , „ h -^_ = I -j . dx-m2 I j - P I ĉonstant ( 3 ) , 

Let /t = j —^fi a n rf ^ the whole area of (he curve; 

f d I' \ 
Let y = I j - and Yx the whole area of the y curve; Let 

X~J--yd- and X1 the whole area of the j curve; then 

0 = ^ - n^Y, - FX, (4). 
Again integrating 
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65. In Graphical work. Let ACB (fig. 43) represent m, 
the bending moment, if the beam were merely supported at 
the ends; let AD represent mx and let BE represent m2. 
Join BE. Then the difference between the ordinates of 

Kg. 43. 

ACB and of ABEB represents the actual bending moment; 
that is the vertical ordinates of the space between the straight 
line BE and the curve AFCGB. I t is negative from A to 
H jmd from I to B, and positive from H to /. F and G are 
points of inflexion. 

66. Useful Analogies 

01.dx 

p. 

s+2s 

Fig 4 4 . 

in Beam Problems. I f w 
is the load per unit length 
on a beam and M is the bend­
ing moment at a section 
(positive when it tends to 
make the beam Convex up­
wards*), oo being horizontal 
distance, to prove that 

= w . . ( I ) . 

I f at the section at P 
fig. 44, whose distance to the 
right of some origin is x there 
is a bending moment M in­
dicated by the two equal and 
opposite arrow heads and a 
shearing force 8 as shown, 

being positive if the material to the right of the section is 
* This convention is necessary only in the following generalization. 
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acted on by downward force, and if PQ is Bx so that the load 
on this piece of beam between the sections at P and Q is 
w.Bx; if the bending moment on the Q section is M + BM 
and the shearing force S + BS, then the forces acting on this 
piece of beam are shown in tlie figure and from their equili­
brium we know that 

BS ~w . Bx or ^ = w (2), 
dx v " 

and taking moments about Q, 
M+S.Bx + \w (BxJ = M + BM, 

BM 
Bx 

and in the limit as Bx is made smaller and smaller 

and hence (1) is true. 

Now it is well known that in beams if y is the deflection 

d 2y M 

or - j - = S + T T W . Bx, 

dx 2 S I .(4). 

I f we have a diagram which shows at every place the 
value of w, called usually a diagram of loading, it is an 
exercise known to all students that we can draw at once by 
graphical statics a diagram showing the value of M at every 
place to scale; that is we can solve (1) very easily graphi­
cally*. We can see from (4) that if we get a diagram 

M 
showing at every place, we can use exactly the same 
method (and we have exactly the same rule as to scale) to 
find the value of y; that is, to draw the shape of the 
beam. Many of these exercises ought to be worked by all 
engineers. 

* W e find M u s u a l l y for a b e a m m e r e l y s u p p o r t e d a t t h e e n d s . L e t it be ACB, fig. 4 3 . I f i n s t e a d , t h e r e are b e n d i n g m o m e n t s a t the ends w e 

let AD a n d BK represent t h e s e a n d j o i n DE. T h e n t h e a l g e b r a i c s u m of 

the o r d i n a t e s of tlie t w o d i a g r a m s is t h e real d i a g r a m o f b e n d i n g m o m e n t . 
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Example. In any beam whether supported at the* ends 
or not: if iv is constant, integrating (1) we find 

dM 
-:— — b + inx and M = a + bx + A?./,'.?/2 (5). 
dx 

In any problem we have data to determine a and b. 
Take the case of a uniform beam uniformly loaded and 

merely supported at the ends. 
Measure y upwards from the middle and x from the 

middle. Then Jl/= 0 where x = \l and - \l, 
0 = a + \bl + \wl-, 

and 0 = a — %bl + \ivl'\ 

I lence b = 0, a• = — Iwl2 and (o) becomes 
M — — ^wl- + \wxa (6), 

which is exactly what we used in Example IV. (Art. CO) 
where we afterwards divided M by EI and integrated twice 
to find y. 

Let i be (--,— or the slope of the beam. dx 
dy . di M dM ,. dS 

& 1 I 1 C e rfr ' dx^EI' d x = S ' dr = a'' ux ax XUJ. UJX LIX 

we have a succession of curves which may be obtained 
from knowing the shape of the beam y by differentiation, or 
which may be obtained from knowing w, the loading of the 
beam, by integration. Knowing w there is an easy graphical 
rule for finding M/EI, knowing MjEI we have the same 
graphical rule for finding y. Some rules that are obviously 
true in the w to M/EI construction and need no mathematical 
proof, may at once be used without mathematical proof in 
applying the analogous rule from M/EI to y. Thus the area 
of the M/EI curve between the ordinates xx and x2 is the 
increase of i from xx to x2, and tangents to the curve showing 
the shape of the beam at xt and x2 meet at a point which 
is vertically in a line with the centre of gravity of the 
portion of area of the M/EI curve in question. Thus the 
whole area of the M/EI curve in a span HJ is equal to the 

increase in ^ from one end of the span to the other, and 
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the tangents to the beam at its ends H, J meet in a point 
P which is in the same vertical as the centre of gravity of 
the whole MjEI curve. These two rules may be taken as 
the starting point for a complete treatment of the subject 
of beams by graphical methods. 

I f the vertical from this centre of gravity is at the 
horizontal distance HG from H and GJ from J, then P is 
higher than H by the amount HG x i„, the symbol iH being 
used to mean the slope at H; / is higher than P by the 
amount GJ x % at Hence J is higher than H by the 
amount 

HG.iH+GJ.ij, 
a relation which may be useful when conditions as to the 
relative heights of the supports are given, as in continuous 
beam problems. 

67. Theorem of Three Moments. For some time, 
Railway Engineers, instead of using separate girders for 
the spans of a bridge, fastened together contiguous ends 
to prevent their tilting up and so made use of what 
are called continuous girders. It is easy to show that 
if we can be absolutely certain of the positions of the 
points of support, continuous girders are much cheaper than 
separate girders. Unfortunately a comparatively small 
settlement of one of the supports alters completely the 
condition of things. In many other parts of Applied 
Mechanics wo have the same difficulty in deciding between 
cheapness with some uncertainty and a greater expense with 
certainty. Thus there is much greater uncertainty as to the 
nature of the forces acting at riveted joints than at hinged 
joints and therefore a structure with hinged joints is pre­
ferred to the other, although, if we could be absolutely 
certain of our conditions an equally strong riveted structure 
might be made which would be much cheaper. 

Students interested in the theory of continuous girders 
will do well to read a paper published in the Proceedings of 
the Royal Society, 199, 1879, where they will find a graphical 
method of solving the most general problems.t I will take 
here as a good example of the use of the calculus, a uniform 
girder resting on supports at the same level, with a uniform 
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Fig. 45. 
is l2 and there are any kinds of loading in the two spans. 
Let A, B and G be the bending moments at A, B and G 
respectively, counted positive if the beam is concave upwards. 

At the section at P at the distance x from A let m be 
what the bending moment would have been if the girder 
on each span were quite separate from the rest. We have 
already seen that by introducing couples nu, and mt at A and 
B (tending to make the beam convex upwards at A and B) 
we made the bending moment at P really become what 
is given in Art. 61. Our m2 = — A, m, = — B, and hence the 
bending moment at P is 

n + A+aB^A^zjfj ( 1 ) 

dx2 

where m would be the bending moment if the beam were 
merely supported at the ends, and the supporting force at A 
is lessened by the amount 

v « • 
Assume EI constant and integrate with regard to x and 

we have 

(m.dx + Ax + \x2 *LzA + c1 = EI.df (3). 
J h dx ' 

Using the sign jjrn.dx. dx to mean the integration of 

the curve representing JOT. tea; we have 

jjm.dx . dx + \Ax- + +c 2a; + e = EI. y...(4<). 

load distribution on each span. Let ABC be the centre line 
of two spans, the girder originally straight, supported at 
A, B and C. The distance from A to B is h and from B to 0 
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As y~ is 0 when x=0 and it is evident that JJ m.dx. dx — 0 

when x = 0, e is 0. Again y = 0 when «=Z, . Using the 

symbol to indicate the sum jjm.dx.dx over the whole 

span, 

/i, + \Al{- + f(V ( 5 - ^1) + cA = 0 (5). 

From (3) let us calculate the value of EI^ at the point 

B, and let us use the letter a, to mean the area of the m 

curve over the span, or f in. dx, so that EI ^1-- at B is 
J o cte 

+ ( 5 - ^ ) + C l (0). 
But at any peint Q of the second span, if we had let BQ = x 
we should have had the same equations as (1), (3) and (4) 
using the letters B for A and G for B and the constant c„. 

Hence making this change in (3) and finding EI ~ at the 
point B where x = 0, we have (6) equal to c2 or *' 

c, - c, = ch + Ak+ ^h(B - A) (7), 
and instead of (o) we have 

th + W + iU (0 -B) + c,k = 0 (8). 
Subtracting (3) from (8) after dividing by lx and L we 
have 

c 3 - <h = £ - r + i ^ ' ~ ^ + H (5 - 4) - (C - 5 ) . . .(9). 

The equality of (7) and (9) is 

Ak + 2B (I, + ?,) + GL = G - a, - ^ . ..(10), 

an equation connecting A, B and 0, the bending moments 
at three consecutive supports. I f we have any number of 
supports and at the end ones we have the bending moments 
0 because the girder is merely supported there, or if we have 
two conditions given which will enable us to find them in 
case the girder is fixed or partly fixed, note that by writing 

P. 8 
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m = \ivlx — hex-, J-m. dx= -\wlx- — \wx3, 

Hence at = ~ l{, and jjm. dx . dx = -fjuih* — -fomx*. 

Hence ^ — ¥ ' j W ^ i 4 , p2 = -j^w-A*. 

Hence + a2 — ~ becomes j^w.A? + '~l1
3 — wj,3, 

or J r (w.l? + wJS), 
and hence the theorem becomes in this case 

Ah + 273 (I, + L) + CL + J- (w.A2
3 + wj/) = 0 (10). 

I f the spans are similar and similarly loaded then 
A + 4B+C+±wl* = 0 (11). 

Case 1. A uniform and uniformly loaded beam rests on 
three equidistant supports. Here A = C'= 0 and 73 = — wl\ 
i)n = lw (Ix— x2), and hence the bending moment at a point 
P distant x from A is 

OS 
hu (lx — a?) + 0 - j tyuP. 

The supporting force at A is lessened from what it would be 
if the part of the beam AB were distinct by the amount 

shewn in (2), . - or ±wl. It would have been \u<l, so now 
' i 

it is really %wl at each of the end supports, and as the total 
load is 2wl, there remains ig-ivl for the middle support. 

Case 2. A uniform and uniformly loaded beam rests on 
four equidistant supports, and the bending moments at 
these supports are A, B, G, D. Now A = B=0 and from 
symmetry B = C. Thus (11) gives us 

0 + 573 + i wla = 0 or 73 = G = - ^wl\ 

down (10) for every three consecutive supports we have a 
sufficient number of equations to determine all the bending 
moments at the supports. 

Example. Let the loads be wL and w, per uuit length 
over two consecutive spans of lengths ly and l2. Then 

file:///ivlx
file://-/wlx-
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I f the span AB had been distinct, the first support would 
have had the load it now has — ^vjl or -^wl. The 
supporting force at D is also j~tvl. The other two supports 
divide between them the remainder of the total load which 
is altogether Swl and so each receives ^ivl. The supporting 
forces are then -f^wl, -}^wl, -}-^wl and -frwl. 

68. Shear Stress in Beams. Let the distance 
measured from any section of a beam, say at 0, fig. 46, 
to the section at A be x, aud let OB = x + Sx. Let the 
bending moment at C AG be M and at B'BD be M + SM, 

c D c c p 

Fi0>. 16. Fig. 47. Fig. 48. 
OAB (fig. 46) and A A (fig. 47) represent the neutral 
surface. We want to know the tangential or shear s tress/ 
at E on the plane C'AC. Now it is known that this is 
the same as the tangential stress in the direction EF on 
the plane EF which is at right angles to the paper and 
parallel to the neutral surface at AB. Consider the equi­
librium of the piece of beam ECJDF, shown in fig. 47 as EVE, 
and shown magnified in fig. 48. We have indicated only 
the forces which are parallel to the neutral surface or at 
right angles to the sections. The total pushing forces on DF 
are greater than the total pushing forces on CE, the tangential 
forces on EF making up for the difference. We have only to 
state this mathematically and we have solved our problem. 

At a place like i f in the plane GAG" at a distance y from 
the neutral surface the compressive stress is known to be 

M 
"P = -jy, and if b is the breadth ot the section there, shown 
as HH (fig. 47), the total pushing force on the area EGE is 

Jf M fJr 

P= byy.dyw P = y by.dy (1). 
J AE 1 J- J AH 

S—-2, 
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„ 12M ['•* , 12M 
' : /-/• : d~ 

GM 
l J = ~({d*-AE% 

AE 

1 1 , 1 6 , , ,, . ,,,, dM 
and hence / = ^ ^ (\d- - AE') ^ ( 3 ) ; 

so that / i s known as soon as M is known. 
As to M, let us choose a case, say the case of a beam 

supported at the ends and loaded uniformly with w lb. 
per unit length of the beam. We saw that in this case, x 
being distance from the middle 

M =: ^wl2 ~ bvx2. 

Hence = — wx, so that (3) is 

f=~^a^-AE2)Wx (4). 
I f we like we may now use the letter y for the distance AE, 

and we see that at any point of this beam, a; inches measured 
horizontally from the middle, and y inches above the neutral 
line the shear stress is 

f=-tzM*-f)« (5). 
The — sign means that the material below EF acts on 

the material above EF in the opposite sense to that of the 
arrow heads shown at EF, fig. 48. 

Observe that if 6 varies, we must know it as a function of 
y before we can integrate in (1). Suppose wo call this total 
pushing force on EG by the name P, then the total push-

dP 
ing force on DF will be P + Bx . - 7 - . The tangential force on 

0 dx 
EF is / x area of EF or / . Bx . EE, and hence 

dP 1 dP 
f.Sx.EE = Bx.u,~ o r / = •„„ . - . - (2). 
J dx J EE dx • 

Example. Beam of uniform rectangular section, of 
constant breadth b and constant depth d. Then 
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Observe that where y = 0 the shear stress is greater 
than at any other point of the section, that is, at points 
in the neutral line. The shear stress is 0 at G. Again, the 
end sections of the beam have greatest shear. A student 
has much food for thought in this result (5). I t is interest­
ing to find the directions and amounts of the principal 
stresses at every point of the beam, that is, the interfaces at 
right angles to one another at any point, across which there 
is only compression or only tension without tangential stress. 

We have been considering a rectangular section. The 
student ought to work exercises on other sections as soon as 
he is able to integrate by with regard to y in (1) where b is 

[AC 
any function of y. He will notice that by.dy is equal to 

J AE 
the area of EHGHE, fig. 47, multiplied by the distance of its 
centre of gravity from AA. 

Taking a flanged section the student will find that f is 
small in the flanges and gets greater in the web. Even in a 
rectangular section /' became rapidly smaller further out 
from the neutral line, but now to obtain it we must divide by 
the breadth of the section and this breadth is comparatively 
so great in the flanges that there is practically no shearing 
there, the shear being confined to the web; whereas in the 
web itself f does not vary very much. The student already 
knows that it is our usual custom to calculate the areas of 
the flanges or top and bottom booms of a girder as if they 
merely resisted compressive and tensile forces, and the web 
or the diagonal bracing as if it merely resisted shearing. 
He will note that the shear in a section is great only where 

or rather ~ (*-r\ is great. But inasmuch as in Art. G6 dec dx V1 J 
d ]f 

we saw that = 8, the total shearing force at the section, 
there is nothing very extraordinary in finding that the actual 

dJ\l 
shear stress anywhere in the section depends upon . In 

dM 
a uniformly loaded beam is greatest at the ends and gets 
less and less towards the middle and then changes sign, 
hence the bracing of a girder loaded mainly witli its own 
weight is much slighter in the middle than at the ends. 
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, dx= W*P/6EI (8). 

THE ABOVE EXPRESSION (5) GIVES FOR THE SHEARING STRESS 

f=l W (»)• 
THE SHEAR STRAIN-ENERGY IN THE ELEMENTARY VOLUME b . Sx. dy IS 

b . Hx . &y. f2/2Ar. INTEGRATING THIS WITH REGARD TO y FROM — hd TO -F };d 
WE FIND THE ENERGY IN THE SLICE BETWEEN TWO SECTIONS TO BE 

31VH. Sx/5Xbd, 
SO THAT THE SHEAR STRAIN-ENERGY IN THE BEAM IS 3 IRL7/5Z\7IW...(10). 

IF NOW THE LOAD IF PRODUCES THE DEFLECTION z AT THE END OF THE BEAM 
THE WORK DONE IS \ II~z... (11). 

EQUATING (11) TO THE SUM OF (8) AND (10) WE FIND 

TI7' „ 117 

2= 3Ei+*-m <12>-
NOTE THAT THE FIRST PART OF THIS DUE TO BENDING IS THE DEFLECTION AS 

CALCULATED IN ART. 60, EXAMPLE I. WE BELIEVE THAT THE OTHER PART DUE 
TO SHEARING HAS NEVER BEFORE BEEN CALCULATED. 

IF THE DEFLECTION DUE TO BENDING IS zl AND TO SHEARING IS R3, 

zJri = \02Wl-ZEd'i. 
TAKING JV= J # A S BEING FAIRLY CORRECT, THEN zJzo — iPjZd2. IF A BEAM 

IS 10 INCHES DEEP, WHEN ITS LENGTH IS 8"6 INCHES THE DEFLECTIONS DUE TO 
BENDING AND SHEAR ARE EQUAL ; WHEN ITS LENGTH IS 86 INCHES, THE DEFLECTION 
DUE TO BENDING IS 100 TIMES THAT DUE TO SHEAR ; WHEN ITS LENGTH IS 0'79 
INCH, THE DEFLECTION DUE TO BENDING IS ONLY L/100TH OF THAT DUE TO 
SHEAR. PROBABLY HOWEVER OUR ASSUMED LAWS OF BENDING DO NOT APPLY 
TO SO SHORT A BEAM. 

Deflection of Beams. IF A LENDING MOMENT M ACTS AT A 
)I2 O" <' 

SECTION OF A BEAM, THE PART OF LENGTH 8.v GETS THE STRAIN-ENERGY-1- — ^ j I 
BECAUSE M. bxjEI IS THE ANGULAR CHANGE (SEE ART. 26), AND THEREFORE 
THE WHOLE, STRAIN-ENERGY IN A BEAM DUE, TO BENDING MOMENT IS 

. / . . • / T - " ' <-(II 

IF / IS A SHEAR STRESS, THE SHEAR STRAIN-ENERGY PER UNIT VOLUME IS 
/ ' - / 2 J . V . . . ( 7 ) , AND BY ADDING WE CAN THEREFORE FIND ITS TOTAL AMOUNT FOR 
THE WHOLE BEAM. 

BY EQUATING THE STRAIN-ENERGY TO THE LOADS MULTIPLIED BY HALF THE 
DISPLACEMENTS PRODUCED BY THEM WE OBTAIN INTERESTING RELATIONS. THUS 
IN THE CASE OF A BEAM OF LENGTH I, OF RECTANGULAR SECTION, FIXED AT ONE 
END AND LOADED AT THE OTHER WITH A LOAD IF; AT THE DISTANCE x FROM THE 
END, M = Wx AND THE ENERGY DUE TO BENDING IS 
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69. 'Springs which Bend. 
line of a spring ji.ced at A, 
loaded at B with a small 
load W in the direction 
shown. To hud the 
amount of yielding at B. 
The load and the deflec­
tion are supposed to be 
very small. Consider 
the piece of spring 
bounded by cross sec­
tions at P and Q. Let 

Let fig. 49 show tlie centre 

49. 

between B and P being called 
PQ = Bs, the length of the sprinj 

The bending moment at I' is W.PR or l i r . x if x is the 
length of the perpendicular from P upon the direction of W. 
Let BR be called y. Consider first that part of the motion 
of B which is due to the change of shape of QP alone; that 
is, imagine AQ to bo perfectly rigid and PB a rigid pointer. 
The section at Q being fixed, the section at P gets an angular 

M 
change equal to Bs x the change of curvature there, or Bs 

Bs. Wx 
EI 

or EI 
. .(1), where E is Young's modulus and I is th 

moment of inertia of the cross section. The motion of B due 
to this is just the same as if PB were a straight pointer; 
in fact the pointer PB gets this angular motion and the 
motion of B is this angle, multiplied by the straight 
distance PB or 

Bs. Wx 
EI • PB .(2). 

Now how much of B's motion is in the direction of W ? 

It is its whole motion x or x and hence B's 

motion in the direction of W is 
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70. Exercises . The curvature of a curve is 

When the equation to a curve is given it is easy to find 

Similarly B's motion at right angles to the direction of 

yy 1 S — E l ^ ' 

In the most general cases, it is easy to work out the 
integrals of (3) and (4) graphically. 

We usually divide the whole length of the spring from B 
to A into a large number of equal parts so as to have all the 
values of Bs the same, and then we may say (.5 being the 

whole length of the spring) that we have to multiply --'• — 
.2 E 

upon the average values of ~ a n d ^ for each part. In a well 
made spring if b is the breadth of a strip at right angles to 
the paper and t its thickness so that 7 = T

1
5 6 i 3 we usually 

have the spring equally ready to break everywhere or 
G I F * 
-j^.: ~ =f, a constant. When this is the case (3) and (4) 
become 

E t E t 

And if the strip is constant in thickness, varying in 
breadth in proportion to x, then 

2/.&J . / 0 , , 2f.Bs . ,A. 

I f x and y are the x, and y of the centre of gravity of 
the curve (see Art. 48) 

is the total yielding parallel to IF, 

2fs y 
is the total yielding at right angles to W. 
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~ and ° ~ and calculate - where r is the radius of curvature. dx ax- v 
This is mere exercise work and it is not necessary to prove 
beforehand that the formula for the curvature is correct. 

1. Find the curvature of the parabola y = ax" at the 
point x = 0, y = 0. 

2. The equation to the shape of a beam, loaded uni-

formly and supported at the ends is y= - ^ j - (Sl'-x2 — 2./J), 

see Art. 60, where the origin is at the middle of the beam ; 
I is the whole length of the beam, w is the load per unit 
length, E is Young's modulus for the material and / is the 
moment of inertia of the cross section. Take I = 200, w = .5, 
E = 29 x 10", I = 80, find the curvature where x = 0. Show 

that in this case may be neglected, in comparison with \dxj _ rf2 

1, and that really the curvature is represented by j .. 

Show that the bending moment of the above beam is 
^ = 8EI ^ ~ ^X"^' ^ o w * s g r c a t e s t a t the middle 
of the beam. 

3. Find the curvature of the curve y=a\ogx+bx+c 
at the point where x = xx. 

71. F o r c e due to Pressure of Fluids. Exercise 1. 
Prove that if p, the pressure of a fluid, is constant, the 
resultant of all the pressure forces on the plane area A is Ap 
and acts through the ^ H E 
centre of the area. -"̂ j 1 

2. The pressure in \ ) 
a liquid at the depth h \ j 
being wh, where w is the *\ h j 
weight of unit volume, *\ ; 
what is the total force due 
to pressure on any im- p. 
mersed plane area ? Let oS 
DE be the surface from 
which the depth h is 
measured and where the F l g - 5 0 -
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pressure is 0. Let BC be an edge view of the area; imagine 
its plane produced to cut the level surface of the liquid BE 
in D. Let the angle EDO be called a. Let the distance 
DP be called x and let DQ be called x + Sx, and let the 
breadth of the area at right angles to the paper at P be 
called z. On the strip of area z. Bx there is the pressure 
wh if h is PH the depth of P, and h = x sin a, so that the 
pressure force on the strip is 

tux . sin a . z . Bx, 
roc 

and the whole force is F = w sin a \ x . z . dx (1). 
J no 

Also if this resultant acts at a point in the area at a distance 
X from D, taking moments about D, 

rI)C 
FX = w sin a \ x". z . dx (2). 

J SB 
rSC 

Observe in (1) that I x . z . dx = Ax, 
J SB 

if A is the whole area and x is the distance of its centre of 
gravity from D. Hence, the average pressure over the 
a r e a is the pressure a t the centre of gravity of the 
a r e a . 

rSC 
Observe in (2) that x-z . dx = I the moment of inertia 

J TIB 
of the area about D. Letting 7 = I?A, where k is called the 
radius of gyration of the area about D, we see that 

F = w sin a. Ax, FX — w sin a . Al<?. 

Hence X=~...(o), the distance from D at which the 

resultant force acts . 

Example. I f DB = 0 and the area is rectangular, of 
constant breadth b ; then 

roc j, 
I=b\ x=.dx = ~DCP, 

Jo o 
and A = b . DC so that fc = ±DC". Also x = \DC. Hence 
X = |DC, that is, the resultant force acts at | of the way 
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down the rectangle from 1) to 0 and the average pressure is 
the pressure at a point half way down. 

It is an easily remembered relation that we find in (3). 
For if we have a compound pendulum, whose radius of 
gyration is k and if x is the distance from the point of 
support to its centre of gravity and if X is the distance to 
its point of percussion, we have the very same equation (3). 
Again, if X is the length of the simple pendulum which 
oscillates in exactly the same time as the compound one, 
we have again this same relation (3). These are merely 
mathematical helps to the memory, for the three physical 
phenomena have no other relation to one another than a 
mathematical one. 

Ob 

Whirling Fluid. 

72. Suppose a mass of fluid to rotate like a rigid body about 
an axis with the angular velo­
city of a radians per second. 
Let 0 0 be the axis. Let P 
be a particle weighing w lbs. 
Let 0P = x. 

The centrifugal force in 
pounds of any mass is the 
mass multiplied by the square 
of its angular velocity, multi­
plied by x. Here the mass 

w 
is - and the centrifugal force 9 
IS — a?x. 9 

Make PR represent this to scale and let PS represent w 
the weight, to the same scale, then the resultant force, repre­
sented by PT, is easily found and the angle RPT which PT 

makes with the horizontal Thus tan RPT =w ~ - tx"x or 

9 
g -F- a?x, being independent of w; we can therefore apply our 
results to heterogeneous fluid. Now if y is the distance of 
the point P above some datum level, and we imagine a curve 
drawn through P to which PT is (at P ) tangential, and if at 

FIG. 51. 
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every point of the curve its direction (or the direction of its 
tangent) represents the direction of the resultant force; if 

such a curve were drawn its slope ^ is evidently —%- and 
1 dx a~x 

its equation is y = — ^ log a; + constant (1). 
The constant depends upon the datum level from which y is 
measured. This curve is called a line of force. Its direction 
at any place shows the direction of the total force there. We 
see that it is a logarithmic curve. 

Level Surfaces. I f there is a curve to which PT is a 

Fig. 52. 
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normal at the point B, it is evident that its slope is positive 
AND in fact 

dy A2 

dx g 
A2 

SO that the curve is y= — x* + constant (2), 

the constant depending upon the datum level from which y 
IS measured. This is a parabola, and IF it revolves about the 
AXIS WE have a paraboloid of revolution. Any surface which 
IS everywhere at right angles to the force at every point is 
CALLED a level surface and we see that the level surfaces in 
this case arc paraboloids of revolution. These level surfaces 
ARE sometimes called equi-potential surfaces. I t is easy to 
PROVE that the pressure is constant everywhere in such a 
surface and that IT is a surface of equal density, so that if 
mercury, oil, water and air are in a whirling vessel, their 
surfaces of separation arc paraboloids of revolution. 

The student ought to draw one of the lines of force and 
CUT OUT a template of it in thin zinc, 00 being another edge. 
By sliding along 00 he can draw many lines of Force. Now 
CUT out a template for one of the parabolas and with it draw 
many level surfaces. The two sets of curves cut each other 
everywhere orthogonally. Fig. 52 shows the sort of result 
obtainable where an, bb, cc are the logarithmic lines of force 
AND AA, BB, CC are the level paraboloidal surfaces. 

73. Motion of Fluid. I f AB is a stream tube, in the 

R 

FIG. 5 3 . 
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vertical plane of the paper, consider the mass of fluid between 
sections at P and Q of length Ss feet along the stream, and 
cross-section a square feet, where a and Ss are in the limit 
supposed to be infinitely small. Let the pressure at P be 
p lbs. per square foot, the velocity v feet per second, and let 
P be at the vertical height h feet above some datum level. 

At Q let these quantities be p + Sp, v + Sv and h + Sh. 
Let the fluid weigh w lbs. per cubic foot. 

Find the forces urging PQ along the stream, that is, 
forces parallel to the stream direction at PQ. 

pa acts on one end P in the direction of motion, and 
(p + Sp) a acts at Q retarding the motion. The weight of 
the portion between P and Q is a. Ss. w and, as if on an 
inclined plane, its retarding component is 

• I J. height of plane ~ Sh 
weight x = — — J R ^ V - - or a . Ss . w . length ot plane bs 

Hence we have altogether, accelerating the motion from P 
towards Q, 

pa — (p + Sp)a — a . SS.IV . . 

os 
xj , , , . a. Ss .w . dv . ., , ,. , .out tne mass is , and -J- is its acceleration, and we 
I I . . T- 1 I . a• Ss. w dv ,,T , 
nave merely to put the force equal to . -r . \\ e have 

U dt 
then, dividing by a, 

^ Sh Ss . w dv - Sp — bs . w -s- = rr. bs g dt 
Now if St be the time taken by a particle in going from 

Ss 
P to Q, v = with greater and greater accuracy as Ss is 

dv 
shorter and shorter. Also, the acceleration is more and 

Sv d t 

more nearly ^ . (It is more important to think this matter 
out carefully than the student may at first suppose.) 

Hence if Ss is very small, Ss . ^| = |^. Sv = v . Sv, so that 

we have Sp + w . Sh + ^v . Sv = 0 (1), 
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or as we wish to accentuate the fact that this is more and 
more nearly true as Ss is smaller and smaller, we may 
write it as 

d p + dh + -.dv = 0 (2)* , 
w g 

or integrating, h + ^ + J — constant (2). 
dp 

We leave the sign of integration on the because w may 

vary. In a liquid where w is constant, 
h + . - + - - = constant (3). 

2g w 
7 4 In a gas, we have w x p if the temperature could be 

kept constant, or we have the rule for adiabatic flow to x pi, 
where 7 is the well-known ratio of the specific heats. In either 

of these cases it is easy to find and write out the law. This 

law is of universal use in all cases where viscosity may be 

neglected and is a great guide to the Hydraulic Engineer-

Thus in the case of adiabatic flow w = cpy, the integral of — is 

jepVy ° r c JJ 

_1 1 y 1 
p y. dp or - — ' j jjl

 y , and hence, if s stand for (y— 1 )jy 

we have h-\ 1—»* = constant (4). 

In a great many problems, changes of level are insignificant and we 

* After a little experience with quantities like Sp &e., knowing as we do 
that the equations are not true unless dp, &a. are supposed to be smaller 

and smaller without limit and then we write their ratios as &c, wo 
dh 

get into the way of writing rip, &c. instead of dp, &c. 
Again, if f(x). dx + F{y) dy + <p (2) d z = 0 (1), 

then ' ' l x + \ F ^ ' ' l l y + ^ ' d z = a c o n s t a n t (2b 
There is no harm in getting accustomed to the integration of such an 
equation as (1), all across. 
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often use t ' 3 + '^.P' = constant (4) for gases. Thus, if p0 is the 
pressure and v>0 the weight of a cubic foot of gas inside a vessel at 
places where there is no velocity and if, outside an orifice, the pressure 

2(7 

i s p ; the constant in (4) is evidently 0 + —-pu", and hence, outside the 

surface, v 2 = — (po'-p8) (6-), and as c is w0^pQy it is easy to make 
all sorts of calculations on the quantity of gas flowing per second. 

Observe that if p is very little less than^>0, if wo use the approxi­
mation (l + a)n = l + na, when a is small, we find 

v2 = ̂ (Po~p) (0), 
a simple rule which it is well to remember in fan and windmill problems. 
In a Thomson Water Turbine the velocity of the rim of the wheel is 
the velocity due to half the total available pressure; so in an air turbine 
when there is no great difference of pressure, the velocity of the rim of 
the wheel is the velocity due to half the pressure difference. 

Thus if p0 of the supply is 7000 lbs. per square foot and if p of the 
exhaust is 6800 lbs. pier square foot and if we take W0 = 0'28 lb. per 
cubic foot, the velocity of the rim Vis, since the difference of pressure 
is 200 lbs. per square foot, 

AY/figC 1 0 0) = 1 5 1 f e e t P e r second. 

Beturning to (5); neglecting friction, if there is an orifice of area 
A to which the flow is guided so that the streams of air are parallel, 
the volume flowing per seoond is Q = vA and if the pressure is p, the 
weight of stuff flowing per second is 

W=vAw, 
T L 

or since w = cp"i, and wu = cpl?, 
If the student will now substitute the value of v from (5) and put 

a for p/p0 he will obtain 

Problem. Find p the outside pressure so that for a given inside 
pressure there may be a maximum flow. 
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It is obvious that as p is diminished more and more, v the velocity 
increases more and more and so does (}. But a large Q does not 
necessarily mean a large quantity of gas. We want W to be large. 
When is IF a maximum ? That is, what value of a in ( 7 ) will make 

2 -V -1 2 L 
- y — - 1 + -

N T ( l - A y ) o r a T - ( I V 

a maximum ? Differentiating with regard to a and equating to 0 

2 A . IN 1 -AY - 1 + - A V = 0 

y \ yJ 

dividing by ay we find a 

Or 

1 V + I Y - v 

2 V - I 

In the case of air y = 1 -41 and we find p = 'o27p0. 

That is, there is a maximum quantity leaving the vessel per 
second when the outside pressure is a little greater than half the inside 
pressure. 

Problem. When p is indefinitely diminished what is v 1 

Answer: / " ^ #>. 
V y - 1 «•„ 

2 4 1 3 feet per second x . / —- , 
1 V 2 7 3 ' 

This is greater than the velocity of sound in the ratio « , 
V y — 1 

being 2-21 for air. That is, the limiting velocity in the case of air is 
where t is the absolute temperature 

inside the vessel and there is a vacuum caitside. 
Students ought to work out as an example, the velocity of flow 

into the atmosphere. 

Returning to equations ( 2 ) and ( 4 ) , we assumed h to be of little 
importance in many gaseous problems of the mechanical engineer. But 
there are many physical problems in which it is necessary to take 
account of changes in level. For example if ( 2 ) is integrated on the 
assumption of constant temperature and we assume v to keep constant, 
we find that p diminishes as A increases according to the compound 
interest law considered in Chap. n. Again under the same condition 
as to v, but with the adiabatic law for w we find that p diminishes with 
h according to a law which may be stated as "the rate of diminution 
of temperature with h, is constant." These two propositions seem to 
belong more naturally to the subject matter of Chapter I I . 

r. 9 
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75. A great number of interesting examples of the use of 
(2) might be given. I t enables us to understand the flow of 
fluid from orifices, the action of je t pumps, the attraction of 
light bodies caused by vibrating tuning-forks, why some 
valves are actually sucked up more against their seats 
instead of being forced away by the issuing stream of fluid, 
and many other phenomena which are thought to be very 
curious. 

Example 1. Particles of water in a basin, flowing very 
slowly towards a hole in the centre, move in nearly circular 
paths so that the velocity v is inversely proportional to the 

distance from the centre. Take v — - where a is some con­ic 
stant and x is the radius or distance from the axis. Then (3) 
(Art. 73) becomes 

2gx? w 
Now at the surface of the water, p is constant, being the 

pressure of the atmosphere, so that, there 

A = c - „ — : , 
Igxr 

and this gives us the shape of the curved surface. Assume 
c and a, any values, and it is easy to calculate h for any value 
of x and so plot the curve. This curve rotated about the axis 
gives the shape of the surface which is a surface of revo­
lution. 

Example 2. Water flowing spirally in a horizontal plane 

follows the law v = - if x is distance from a central point. 

Note that p = C, - 1 W - . 
F 9 & 

The ingenious student ought to study how p and v vary 
at right angles to stream lines. He has only to consider 
the equilibrium of an elementary portion of fluid PQ, fig. 53, 
subjected to pressures, centrifugal force and its own weight 
in a direction normal to the stream. 

He will find that if ^fi means the rate at which p 
dr 
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varies in a direction of the radius of curvature away from 
the centre of curvature and if a is the angle QPR, fig. 53, the 
stream being in the plane of the paper, which is vertical, 

dp w v- . . 
- f = wsm a (1). 
dr g r 

I f the stream lines are all in horizontal planes 
dp _ w v2 

dr g r 
Example 3. Stream lines all circular and in horizontal 

planes in a liquid, so that h is constant. 
I f v = where b is a constant, r 

dp _ w b" 
dr g ' r' 

p — — v — + constant (3). 

We see therefore that the fall of pressure as we go out­
ward is exactly the same as in the last example. Show that 
this law, v = b/r, must be true if there is no ' rotation' (See 
Example 5). 

Example 4. Liquid rotates about an axis as if it were a 
rigid body, so that v = br, then 

dp w ,., 
dr g 

p = „- b2r2 + c. 

This shows the law of increase of pressure in the wheel of a 
centrifugal pump when full, but when delivering no water. 

Exercise. The pressure at the inside of the wheel of 
a centrifugal pump is 2116 lbs. per sq. foot, the inside radius 
is 0'5 foot, the outside radius 1 foot. The angular velocity 
of the wheel is b = 30 radians per second; draw a curve show­
ing the law of p and r from inside to outside when very 
little water is being delivered. I f the water leaves the wheel 
by a spiral path, the velocity everywhere outside being 

9—2 
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inversely proportional to r, draw also the curve showing 
the law of p in the whirlpool chamber outside. 

Example 5. The expression 
v- 1 , ,, 

s- +- p + h=E, 2g w 
which remains constant all along a stream line, may be 
called the total store of energy of 1 lb. of water in the 
stream if the motion is steady. 

,.T dE 1 dv 1 dp dh, c ,. ... Now — = - TI -7 • H f + t~ becomes from equation (1), dr g dr w dr dr 

dE _ 2v 1 lv_ dv\ 
dr ~ g 2 \r dr) ' 

This expression i ^ + is called the " average angular 
velocity" or " the rotat ion" or the ' spin' of the liquid. 
Hence 

dE 2v -r- = — x rotation. dr g 

When liquid flows by gravity from a small orifice in a 
large vessel where, at a distance inside the orifice, the liquid 
may be supposed at rest, it is obvious the E is the same in 

dE . 
all stream lines, so that -y-- is 0, and there is no ' rotation' 
anywhere. ' 

I f when water is flowing from an orifice in a vessel we 
can say that across some section of the stream the velocity is 
everywhere normal to the section and that the pressure is 
everywhere atmospheric, we can calculate the rate of flow. 
It is as well to say at once that we know of no natural 
foundation for these assumptions. However wrong the 
assumptions may be, there is no harm in using them in mere 
exercises on Integration. There being atmospheric j>ressure 
at the still water level, if -u is the velocity at a point at the 
depth h, if a is an element of area of the section, Q = 2 a \/2gh 
the summation being effected over the whole section, Q being 
the volume flowing. Thus if the section is a vertical plane 
and if at the depth h it is of horizontal breadth z, through 
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the area z.Bh water is flowing with the velocity ^2gh, so 
that \/2gh. z . Sh is the elementary volume Mowing per second, 
and if hx and k2 are the depths of the highest and lowest 

points of the orifice, the total flow is Q = \/2g [ zh*. dh, 
J It, 

Example 6. Rectangular section, horizontal breadth b, 
">>-I ' 

hi 
_*i J 

Q = »/2gb f'\i.dh = lb^2g = U\?2g (JJ-hJ). 

Example 7. Triangular section, angle at depth //.,, base 
horizontal of length b at depth h2. Then within the limits 

of integration it will be found that z = (~lh + h). 

Hence Q = b,—f ( ( - A # + A*) dh = \ f" + $/*«) 

I f the ratio be called r, it will be found that 

F - I LO 1 ' 

When the student has practised integration in Chap. III . , ho 
may in the same way find the hypothetical flow through 
circular, elliptic and other sections. 

Returning to the rectangular section, there is no case 
practically possible in which Aj is 0, but as this is a mere 
mathematical exercise let us assume 1^ = 0, and we have 
Q=§& \j2ghj. Now farther assume that if there is a rect­
angular sharp-edged notch through which water flows, its 
edge or sill being of breadth b and at the depth h.,, the 
flow through it is in some occidt way represented by the 
above answer, multiplied by a fraction called a coefficient of 
contraction, then Q = cb \^2ghX Such is the so-called theory 
of the flow through a rectangular gauge notch. A true 
theory was based by Prof. James Thomson on his lawr of flow 
from similar orifices, one of the very few laws which the 
hydraulic engineer has to depend upon. We arc sorry to 
think that nearly all the mathematics to be found in standard 
treatises on Hydraulics is of the above character, that is, it 
has only an occult connection with natural phenomena. 

file:///j2ghj


134 CALCULUS FOR ENGINEERS. 

76. Magnetic Field about a straight round wire . 
There are two great laws in Electrical Science. They concern 
the two circuits, the magnetic circuit and the electric circuit, 
which are always linked through one another. 

I. T h e line integral (called the Gaussage whatever the 
unit may be) of Magnetic F o r c e round any closed 
curve, is equal to the current [multiplied by 47r if the 
current is in what is called absolute C.G.S. units (curious 
kind of absolute unit that needs a multiplier in the most 
important of all laws): multiplied by 47r/10 if the current 
is in commercial units called Amperes]. 

I I . T h e line integral (called the Voltage whatever 
the unit may be) of Electromotive F o r c e round any 
closed curve is equal to the magnetic current (really, 
rate of change of induction) which is enclosed. [If the in­
duction is in absolute C.G.s. units, we have absolute Voltage 
in c G. s.; if the induction is in Webers the Voltage is 
in Volts. 

We are to remember that in a non-conducting medium 
the voltage in any circuit produces electric displacement, and 
the rate of change of this is current, and we deal with this 
exactly as we deal with currents in conducting material. 
When we deal with the phenomena in very small portions 
of space we speak of electric and magnetic currents per unit 
area, in which case the line integrals are called ' curls . ' 
Leaving out the annoying 47r or 47r/10, we say, with Mr 
Heaviside, "The electric current is the curl of the magnetic 
force and the magnetic current is the negative curl of the 
electric force." When we write out these two statements in 
mathematical language, we have the two great Differential 
Equations of Electrical Analysis. 

The Electrical Engineer is continually using these two 
laws. Many examples will be given, later, of the use of the 
second law. We find it convenient to give here the following 
easy example of the first law. 

Field about a round wire. A straight round wire of 

radius a centimetres conveys current O J~or A amperes, so 

that 0 - 4 " 
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9t' 
r 

2 A or - --r 10 
Inside the wire, a circle of radius r encloses the total 

current — 0 and hence If inside the wire at a distance r a-
from the axis is 

2r0 
a-

I f BG is a cross section of the round wire of radius a, 

' 2r A' 
0 l ' K ) ^ 

0 V D Q 
and if 0D is any plane 
through the axis 0 of the 
wire, and VSV F 

0P = r,0Q = r + 8r: ° ^ 54. 
then through the strip of area PQ, which is I centimetres 
long at right angles to the paper, and 6> wide, area I. Br, 
there is the induction H per sq. cm. [We take the perme­
ability as 1. I f /x is the magnetic permeability of the me­
dium, the induction is ft = pbff per sq. cm.], or H.l.Br 
through the strip of area in question. I f there are two 
parallel wires with opposite currents, and if 01) is the plane 
through the axes of the two wires, the fields due to the two 
currents add themselves together. I f 0' is the centre of the 

other wire, the total H at P is 20 ( + , J ; J ) . 

77. Self-induction of two parallel wires. Let the 
radius of each wire ho a, and the distance between their centres 
b, the length of each being I between two planes at right angles 
to both. The wires are supposed to be parts of two infinite 
wires, to get rid of difficulties in imagining the circuit com­
pleted at the ends. 

The total induction from axis to axis is the sum of the 

two amounts, 4>l | -'• — from the outside of each wire to the 

I f H is the magnetic force at a distance r from the centre 
of the wire, the Gaussage round the circle of radius r is 
IT x 2-Trr, because H is evidently, from symmetry, the same 
all round. Hence, as Gaussage = ^TTG, 
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21G 12 l 0 g ^ -f l | , or 12 log ^ + l | in absolute units. 

Dividing by 10 8 we have it in commercial units. 
This total field when the current is 1, is the self-induction 

L of the circuit (we imagine current to be uniformly distri­
buted over the section of the wire), and 

2 log — 4- Ij- in c.G.s. units, 
I b a 
L 2 1, V . J * 
I 10 9 

= I N 9
 1 ° g : r 2 + 1 

a* in Henries per centimetre length of the two circuits. 

78. Function of T w o Independent Variables. 
Hitherto we have been studying a function of one variable, 
which we have generally called ,r. In trying to under­
stand Natural Phenomena we endeavour to make one 
thing only vary. Thus in observing the laws of gases, we 
measure the change of pressure, letting the volume only 
change, that is, keeping the temperature constant, and wre 

find p x - . Then we keep v constant and let the tempera­

ture alter, and we find p x t (where t = 6° G. + 274). After 

* NOTICE THAT ONE HENRY IS 109 ABSOLUTE UNITS OF SELF-INDUCTION ; OUR 
COMMERCIAL UNIT OF INDUCTION CALLED THE WEBER IS 108 ABSOLUTE UNITS OF. 
INDUCTION. 

THE HENRY SUITS THE LAW : VOLTS = J}A + L , 

THE WEBER SUITS VOLTS = fid + A". % , 

dt 
WHERE 22 IS IN OHMS, A AMPERES, L HENRIES, N THE NUMBER OF TURNS IN A 
CIRCUIT, I WEBER'S OF INDUCTION. 

IN ELEMENTARY WORK SUCH AS IS DEALT WITH IN THIS BOOK, I SUBMIT TO THE 
USE OF 4 T AND THE DIFFICULTIES INTRODUCED BY THE UNSCIENTIFIC SYSTEM NOW IN 
USE. IN ALL MY HIGHER WORK WITH STUDENTS, SUCH AS MAY BE DEALT WITH IN A 
SUCCEEDING VOLUME, I ALWAYS USE NOW THE RATIONAL UNITS OF HEAVISIDE AND I 
FEEL SURE THAT THEY MUST COME INTO GENERAL USE. 

axis of the other and M — dr from the axis of each wire Jo a 2 

to its own surface. This is 

<2 lop- - + 1V , or - • • \2 ley -
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much trial we find, for one pound of a particular gas, the law 
pv — Rt to be very nearly true, R being a known constant. 

Now observe that any one of the three, p, v or t, is a 
function of the other two; and in fact any values what­
soever may be given to two, and the other can then be found. 

Thus p = R- (1), 

we can say that p is a function of the two independent vari­
ables t and v. 

I f any particular values whatsoever of t aud v be taken 
in (1) we may calculate £>. Now take new values, say t+St 
and v + Sv, where St and Sv are perfectly independent of one 
another, then 

w + Sp = R and Sp = R — R --. 
v + ov v + Sv v 

We see therefore that the change can be calculated if the 
independent changes St and Sv arc known. 

When all the changes are considered to be smaller and 
smaller without limit, we have an easy way of expressing Sp 
in terms of Si and Sv. I t is 

M f W O 
This will be proved presently, but the student ought first 

to get acquainted with it. Let him put it in words and 
compare his own words with these: " The whole change in p 
is made up of two parts, 1st the change which would occur 
in p if v did not alter, and 2nd the change in p if t did not 
alter." The first of these is St x the rate of increase of p 

with t when v is constant, or as we write it (jjjj St, and the 
second of these is Sv x the rate of increase of p with v if t 
is constant. 

This idea is constantly in use by every practical 
man. I t is only the algebraic way of stating it that is 
unfamiliar, and a student who is anxious to understand the 
subject will manufacture many familiar examples of it for 
himself. 
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Thus when one pound of stuff which is defined by its p, v and t, 
changes in state, the change is completely defined by any two of the 
changes hp and ho, or FIT' and ht, or hp and fij!, because we are supposed 
to know the characteristic of the stuff, that is, the law connecting p, v 
and t. 

Now the heat 87/ given to the stuff in any small change of state 
can be calculated from any two of ho, ht and hp, and all the answers 
ought to agree. As we wish to accentuate the fact that the changes 
are supposed to be exceedingly small we say 

dH = k . dt+ I . dv\ 
= K. dt + L.dp\ ( 3 ) , 

= /• .dp+ V. do) 
where the coefficients k, I, K, L, P and V are all functions of the state 
of the stuff, that is of any two of v, t and p. Notice that k. dt is the 
heat required for a small change of state, defined by its change of 
temperature, if the volume is kept constant: hence h is called the 
specific heat at constant volume. In the same way K is called the 
specific heat at constant pressure. As for I and L perhaps they may 
be regarded as some kinds of latent heat, as the temperature is supposed 
to be constant. 

These coefficients arc not usually constant, they depend upon the 
state of the body. The mathematical proof that if 811 can be calcu­
lated from ht and So, then dH=k. dt + l. dv, where k and I are some 
numbers which depend upon the state of the stuff, is this:—If 8H can 
be calculated, then 87/= k. ht +1. hv + a (ht)2 + b (hvf + c(ht. ho) + e (ht)3 + 
terms of the third and higher degrees in ht and hv, where k, I, a, b, c, c 
&c. are coefficients depending upon the state of the body. Dividing by 
either ht or ho all across, and assuming ht and hv to diminish without 
limit, the proposition is proved. 

Illustration. Take it that for one pound of Air, (1) is 
true and li is, say, 9G, p being in lb. per sq. foot and v in 
cubic feet. 

Hence, from (2), Bp = ~ . B t . Bv (4). 

Example. Let t = 300, p = 2000, v = 14"4. 
I f t becomes 301 and v becomes 14-5 it is easy to show 

that p will become 1992-83. But we want to find the change 
in pressure, using (2) or rather (4), 

s 96 7 2000 

whereas the answer ought to be — 7'17. 
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Now try St = "1 and Sv — "01 and test the rule. Again, try 
2>t="01 and Sv = '001, or take any other very small changes. 
In this way the student will get to know for himself what 
the rule (1) really means. I t is only true when the changes 
are supposed to be smaller and smaller without limit. 

Here is an exceedingly interesting exercise:—Suppose 
we put Sp = 0 in (2). We see then a connection between St 
and Sv when these changes occur at constant pressure. Divide 

one of them by the other; we have ~ when p is constant, 
or rather b t 

(dv\ _ \dtj_ 
{dt) (dP\ w 

\dv) 
At first sight this minus sign will astonish the student 

and give him food for thought, and he will do well to manu­
facture for himself illustrations of (5). Thus to illustrate 
it with pv — Rt. Here 

/dv\ = R /dp\ = R fdp\ = _ R t _ p 
\dt) p' \dt) v' \dv) v- v' 

and (5) states the truth that 

p ~~~ v ' V v) ' 

The student cannot have better exercises than those 
which he will obtain by expressing Sv in terms of St and Sp, 
or St in terms of Sp and Sv for any substance, and illustrating 
his deductions by the stuff for which pv = Rt. t 

79. Further Illustrations. In ( 3 ) we have the same answer 
whether we calculate from dt and dv, or from dt and dp, or from dp 
and dv. Thus for example, 

for dp in ((•>") wo have 

t.dt + l. dv = K. dt + L . dp ((>). 

Wo saw that dp~ (^j^ dt + (<^\ dr, and hence substituting this 

k.dt + l. dv = K. dt + L (-j^) dt + L ̂ J do. 

file:///dtj_
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This is true for any independent changes dt and dv; let do = 0, and 
again let dt=0, and we have 

*=M8) (7)' 
'='-(£) ^ 

Again, in (6) substitute ^v = (^ffJ ̂ ^"(^) an(^ wc 'iave 

I-. dt +1 (^j dt +1 \^~\ dp = K.dt + L . dp. 

Equating coefficients of dt and of dp as before we have 

m 

<IH (10)-
Again, putting h . dt + l. do = P. d p + Y .do, and substituting 

*=@)* + (£)rf'' 
we have k . d t + l. do = P 00 *+ P (^j Jo +V. do, 

*=^@) 

Again, putting A'. dt + L • dp = P. d p + Y. do, and substituting 

»-(£)*+(s)* 
wc have ^ (dp) <^' + A"' ( ^ , ) + • dp = P . d p + Y. Jo, 

»»d A'(i)+Z==z' (13)-
* ( £ ) - ' • <»>• 

T h e relations (7), ( 8 ) , (9), (10), ( l l ) , (12), ( 1 3 ) and ( 1 4 ) which 
are not really all independent of one another (and indeed we may get 
others in the same way) are obtained merely mathematically 
and without assuming any laws of Thermodynamics. We have called 
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H, heat; t temperature &c., but we need not, unless we please, attach 
any physical meaning to the letters. 

T h e relations are true for any substance. Find what 
they become in the case of the stuff for which pv = R t (the mathe­
matical abstraction called a perfect gas). We know that 

S?) = ^ , so that (7) becomes X' = A ' + Z ^ (7)*, 

dp\ _ p s o t h a ( . , g ) b e c o m e s ; = (8)* 
dv j v v 

0̂ = J} I s o that (9) becomes l + l*~ = K (9)* 

( ^ ) = - - , so that (10) b e c o m e s - l - = L (10)* 
\dpj p' p 

dp\ It g Q t h a t b e c o m e s (11)* 
dt J v ^ ' v 

so that (12) becomes l=~p'^+ F (12)*. 
dv J v v 

It is evident that these are not all independent; thus using (10)* 
in (9)* we obtain (7)*. 

80. Another Illustration. The Elasticity of our stuff is 
defined, see Art. 58, as 

dp 
do 

Now if t is constant, we shall write this et=—v(^j°-\, or the 
\dvj 

elasticity when the temperature remains constant. 
If it is the adiabatic elasticity e„ which we require, we want to 

know the value of when the STUFF neither loses nor gains heat. In 
do 

the last expression of (3) put dH—0, and the ratio of our dp and our 

dv will then be just what is wanted or (^j^J ~ ~J" ^ being 

affixed to indicate that // is constant or that the stuff neither loses 

nor gains heat. Hence eu = v.p. 

Thus " " • r • r1' et V ' \dv/ 

Taking V from (14) Art. 79 and P from (11), 

e„_ ^ ((Iv) G/( 
er~ k(clp 

\av 
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but we have already seen as in (5) that (^~^ -5- (^j — ~ a I K l 

e K 
henoe for any substance ^ — = ( 1 5 ) . 

This ratio of the two specific Heats is usually denoted by the 
letter y. Note that neither of the two laws of Thermodynamics nor a 
Scale of temperature is referred to in this proof. 

81. General Proof. I f « is a function of x and y, we may 
write the statement in the form u=f(x, y). Take particular values 
of x and y and calculate u. Now take the values x + 8.v and y + 8y, 
where 8x and Sy are perfectly independent of one another, and calculate 
the new u, call it u + Su. Now subtract and we can only indicate our 
result by 

8u=f{x+&x, y+8y)-f{x, y). 
Adding and subtracting the same thing f(x, y + 8y) we have 

8u =/(.»••+ 8.v, y+8y)-f{x, y+8y)+f(x, y + 8y)-f(x, y). 
This is the same as 

8x " oNy '' 
Now if S.r and Sj/ be supposed to get smaller and smaller without 

limit, the coefficient of 8y 

orA*. y+%)-fteti b e o o m c s <('••> / / . 0 1 . A M 

8y dy \dyj 
the being constant. In fact this is our definition of a differential 
coefficient (see Art. 2 0 , Note). Again, the coefficient of 8x becomes 

the limiting value of / fc+fo' jtt—/(*> 30 > because 8y is evanescent. 

Writing then n instead of f (x, y) we have 

'"»• 
Thus if « = ax'1 + by2 + cxy, du = (2ax + <:y) dx + (2by + cx) dy. 
82. Notice that although we may have 

dz = M. dx + iV. dy (18), 
where M and N are functions of x and y; it does not follow that z is a 
function of x and y. For example, we had in (3) 

dH=k . dt + l. di>, 
where k and I are functions of t and v. Now H the total heat 
which has been given to a pound of stuff is not a function of v and t; 
it is not a function of the state of the stuff. Stuff u w 
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receive enormous quantities of heat energy, being brought back to its 
original state again, and yet not ci ving out the same amounts of heat as 
it received. The first law of Thermodynamics states however that if 
d E = d H — p . dv, where P. DV is the mechanical work done, we can 
give to E the name Intrinsic Energy because it is something 
which is a function of the state of the striff. It always comes back to 
the same value when the stuff returns to the same state. 

Our 2? is then some function of T and », or of / and P, or of P and /», 
but H is not! 

The second law of Thermodynamics is this:—If DID be divided by 
T where T is 6°G. +274, 8°0. being measured on the perfect gas thermo-

DLJ 

meter, aud if —• be called D<J>, then <J> is called the Entropy of the 
stuff, and <J> is a function of the state of the stuff. 

83. It is very important, if 

DZ=M.D.v+X.D>! (18), 

where M and N are functions of x and y, to know when z is a function 
of x and y. I f this is the case, then (18) is really 

that is, .1/ is ( ^ ) and N is 

..(19), 

dx) \dyj ' 

(-).(«).: 
because it is known that dh __dh * 

dy . dx dx. dy 

* Proof that D2N _ A2N 
DY. DX _ DX. DY' 

We gave some illustrations of this in Art. 31, and if the student is not yet 
familiar with what is to be proved, he had better work more examples, or 
work the old ones over again. 

Let U=/(X, Y); 

FDU\ . ,. ,. ... , , / IX + DX, Y)-FIX,«/) , 

\DX) 1 3 hmiting value of •-• j c
 a s g s m a l ' e r a n ^ 

smaller. Now this is a function of Y, SO — (C~\ or - is, by our defini-
DY\DXJ DY .DX J 

tion of a differential coefficient, the limiting value of 
1_ (/(a: + fa;, Y + DY)-F(X, Y + SY) /Q + ftr, Y)-F(.R, Y)\ 

DY ( S.R SI- "J 

as SY and S.V get smaller and smaller. 
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Here we have an exceedingly important rule:—If 
dz = lf.dx + lV.dy ( 1 8 ) , 

and if z is a function of x and ?/ (another way of saying that 2 is a 
function of x and y is to say that dz — M.dx+N.dy is a complete 
differential), then 

( i 9 ) . 
dy) \dx) 

W o r k i n g t h e reverse w a y , w e find t h a t ^ — j - is t h e l i m i t i n g v a l u e of 

_1 if{x + Sx, y + Sy)-f(x + Sx, y) _/Jx, V + Sy)-f{x,j/)\ 

dx i 'dy dy i 
a s Sy a n d 5x g e t s m a l l e r a n d s m a l l e r . N o w i t is o b v i o u s t h a t t h e s e t w o a r e 

t h e s a m e for a l l v a l u e s of ox a n d by, a n d w e a s s u m e t h a t t h e y r e m a i n t h e 

s a m e i n t h e l i m i t . 

M.dx + N.dy (1) , 

w h e r e M a n d N a r e f u n c t i o n s of x a n d y, c a n a l w a y s b e m u l t i p l i e d b y 

s o m e f u n c t i o n o f x a n a y w h i c h w i l l m a k e i t a c o m p l e t e d i f f e r e n t i a l . 

T h i s m u l t i p l i e r is u s u a l l y c a l l e d a n i n t e g r a t i n g factor. F o r , w h a t e v e r 

f u n c t i o n s of x a n d y, M a n d N m a y be, w e c a n w r i t e 

dx~ N v '' 

a n d t h i s m e a n s t h a t t h e r e is some l a w c o n n e c t i n g x a n d y. C a l l it 

= , t h e n +(g)2 = 0 (3), 

a n d a s ~ f r o m 13) is t h e s a m e a s i n (2) i t f o l l o w s t h a t (— \ -F- ('~\ = TV . 
dx ' \dx j \dy J N 

a n d h e n c e ( ™ ) = fiil, = f1^' n ' h e r e /x is a f u n c t i o n of ;r a n d y or 

else a c o n s t a n t . 

M u l t i p l y i n g (1) b y fi w e e v i d e n t l y get 

dF\ , /dF\ , 

a n d t h i s is a c o m p l e t e differential . I t is e a s y t o s h o w t h a t n o t o n l y is 

t h e r e a n i n t e g r a t i n g factor /I b u t t h a t t h e r e are a n i n f i n i t e n u m b e r of t h e m . 

A s c o n t a i n i n g o n e i l l u s t r a t i o n of t h e i m p o r t a n c e o f t h i s p r o p o s i t i o n I w i l l 

s t a t e t h e s t e p s in t h e p r o o f w h i c h w e h a v e o f t h e 2 n d l a w o f T h e r m o -

d y n a m i c s -

1. W e h a v e s h o w n t h a t for a n y s u b s t a n c e , of w h i c h t h e s t a t e is de/incd 

b y i t s * a n d v, 
dll=k .dt + l.dp (.",), 

w h e r e k a n d I are f u n c t i o n s of t a n d v. 

O b s e r v e t h a t t m a y b e m e a s u r e d o n a n y c u r i o u s l y v a r y i n g s c a l e of t e m p e r a ­

t u r e w h a t s o e v e r . W e h a v e j u s t p r o v e d t h a t t h e r e is s o m e f u n c t i o n ju of t a n d 
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84. T h e F i r s t L a w of Thermodynamics is this . 
I f d E = d H - p . dv, or dE= k.dt + (I-]•) dv, then dE 

is a complete differential that is, E returns to its old value when 

v BY WHICH IF WE MULTIPLY (5) ALL ACROSS WE OBTAIN A COMPLETE DIFFERENTIAL; 
INDEED THERE ARE AN INFINITE NUMBER OF SUCH FUNCTIONS. THEN CALLING THE 
RESULT dip, d<p = p..dH = pk . dt + pl.dv ((>). 

LET US SEE IF IT IS POSSIBLE TO FIND SUCH A VALUE OF p THAT IT IS A FUNCTION 
OF t ONLY. IF SO, AS THE DIFFERENTIAL COEFFICIENT OF p.k WITH REGARD TO o (t BEING 
SUPPOSED CONSTANT) IS EQUAL TO THE DIFFERENTIAL COEFFICIENT OF pi WITH REGARD TO 
t (v BEING SUPPOSED CONSTANT), 

• (dk\ = i (ht 

\dvjt dt 

\dvjt 

I dp 
+ • 

('!!\ 
\dt)„ 1 /i' dt 

BUT THE FIRST LAW OF THERMODYNAMICS (SEE ART. 81) GIVES US 
fdk\ 

\dv)t 

. ( 7 ) . 

AND HENCE 

fdl\ (dp\ 
\dt)„ \dt) 

1 / D P \ _ _ 1 DJI 
T V D T ) ~ jl ' DT (9). 

I NEED NOT HERE GIVE TO 

THIS THEN IS THE CONDITION THAT p. dll IS A COMPLETE DIFFERENTIAL, p BEING A 
FUNCTION OF TEMPERATURE ONLY. OBVIOUSLY FOR ANY GIVEN SUBSTANCE (9) WILL 
GIVE US A VALUE OF p. WHICH WILL ANSWER ; BUT WHAT WO REALLY WANT TO KNOW IS 
WHETHER THERE IS A VALUE OF p. WHICH WILL BE THE SAME FOR ALL SUBSTANCES. 

2. HERE IS THE PROOF THAT THERE IS SUCH A VALUE, 
STUDENTS THE USUAL AND WELL-
KNOWN PROOF THAT ALL REVER­
SIBLE HEAT ENGINES WORKING 
BETWEEN THE TEMPERATURES T 
AND t- dt HAVE THE SAME 
EFFICIENCY. NOW LET AlICI) 
BE A FIGURE SHOWING WITH IN­
FINITE MAGNIFICATION AN ELE­
MENTARY CARNOT CYCLE. STUFF 
AT A AT THE TEMPERATURE 
t-St; A I SHOWS THE VOLUME 
AND A K THE PRESSURE. LET 
A D BE THE ISOTHERMAL FOR 
t - St AND B C THE ISOTHERMAL 
FOR t, A B AND CD BEING 
ADIABATICS. 

NOTICE CAREFULLY THAT THE 
DISTANCE A G or WB {Wis IN 
D A PRODUCED TO MEET THE 
ORDINATE AT B) IS (dp/dt) dt. 

NOW THE AREA OF THE 
PARALLELOGRAM ABCD WHICH FIG. 55 
REPRESENTS THE WORK DONE, IS 
BIV X X Z (IF PARALLELOGRAMS ON THE SAME BASE AUD BETWEEN THE SAME PARALLELS 
HE DRAWN, THIS WILL BECOME CLEAR). CALL X X BY THE SYMBOL Sv (THE INCREASE 
OF VOLUME IN GOING ALONG THE ISOTHERMAL FROM B TO C), AND WE SEE THAT 

P. 10 

file:///dvjt
file:///dvjt
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the nett work done in the Camot cycle is (dpjdt)St. 6i>. Now the Heat 
T and V return to their old values, (or another way of putting it is that 
jdE for a complete cycle is 0). 

We have seen that the differential coefficient of JC with regard to V, 
T being constant, is equal to the differential coefficient of I— P with 
regard to V being constant, or (»),-©.-(f) <•» 
This statement, which is true for any kind of stuff, is itself sometimes 
called the first law of Thermodynamics. 

T h e Second L a w of Thermodynamics is this; ~ or 

taken in at the higher temperature is, from (3), Art. 78, equal to I. DV and hence ̂ -̂̂  = efficiency = i (~\ Bt... (10), and this is the same for all Heat t \AT / 
substances. As it is the same for all substances, let us try to find its value for any one substance. A famous experiment of Joule (two vessels, one with gas at high pressure, the other at low pressure with stopcock between, immersed in a bath all at same temperature; after equalization of pressure in the vessels, the temperature of the bath keeps its old value) showed that in gases, the intrinsic energy is very nearly constant at constant temperature, or what is the same thing, that ; in gases is very nearly equal tô>, and it is also well known that in gases at constant volume, p is a linear function of the temperature. Whether there really is an actual substance possible for which this is absolutely true, is a question which must now be left to the higher mathematicians, but we assume that there is such a substance and in it T \<lt J ~~ p \dt j ~ ' .(11), 9 + 274 if D is the Centigrade reading on the Air Thermometer. If then we take-T = 0 + 274 as our scale of temperature and (11) as the universal value of 
V f'-R-'V then, from (9), -= -- or-----— or IOR t+ lo"u = a constant, /. \dt j t n dt t fl o OR-

or n=-, where c is any constant. This being an integrating factor for (5), 
' 1 we usually take unity as the value of C or P.=- as Carnot's function. 

It is not probable that, even if there is one which is independent of p or 
v, there really is so simple a multiplier as ^-715^ (where 6 is the Centigrade temperature on the air thermometer) or that there is such a substance as we have postulated above. Calling our divisor t the absolute temperature, we believe that for ordinary values of 6, t is 9 + 274, and the greater 9 is, the more correctly is t represented by 6 + 274; but when 0 is very small, in all probability the absolute temperature is a much more complicated function of 6. The great discoverers of the laws of Thermodynamics never spoke of - 274° C. as the absolute zero of temperature. 



PERFECT G A S . 147 
dtp = j . dt + ^ . do ... (21), is a complete differential, and hence tlie 

differential coefficient of - with regard to c, t being considered 
' I constant, is equal to the differential coefficient of - with regard to t, 

v being constant t. 

, •,/ '(f) - I 
Hence '(f)^ML-, 

( \dvjt t2 

dk\ fdl\ I 

U), w , - , ^ 
This statement, which is true for any kind of stuff, is itself some­

times called the second law of Thermodynamics. 
Combining ( 2 0 ) and ( 2 2 ) , wc have for any stuff 

m-i 
a most important law. '* 

Applying these to the case of a perfect gas we find 
that ( 2 3 ) becomes - = — , or 1 = — , or ( 2 4 1 . 

t o e * 

Hence ( 2 0 ) is =0. It is not of much importance perhaps, 

practically, but a student ought to study this last statement as an 
exercise, k is, for any substance, a function of v and t, and here we are 
told that for a perfect gas, however k may behave as to temperature, it 
does not change with change of volume. Combining (24) with (9)* &c. 
(p. 141), already found, we have K — k = l(, and as Kegnault found that 
K is constant for air and other gases, k is also constant, so that 

l=p, L - / =— , J = ^ f p w h e r e y = - £ . 

We can now make exact calculations on the Thermodynamics of a 
perfect gas if we know li and li. 

85. The statements of ( 3 ) Art. 7 8 become for a pound of perfect 
gas 

dH = k . d t + p . d v -
= K . dt - v . dp ( 

. Y « P -I ~ , - A " ' 
7 - 1 Y - 1 

J L - d p + _ P J , D V . 

t The rule for finding the differential coefficient of a quotient is given in Art. 197. 
10—2 
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I often write this last in the .shape - — d(pe)+p • dv (2), 
y — 1 

also dE=h . dt, or +cons tant (3). 

I t is easy to obtain from this other forms of E in terms of p and v. 
To the end of this article, I consider the stuff to be a perfect gas. 

„ , , , . , dt p , p R 
Example J . d<p = k . - + - . dv, or as -- = — 

t t t v 

il(j> = k • dt'. 

Hence, integrating, 

<p=k \ogt + Ii log 0 +constant , or (p = log tlo" + constant ( 4 ) . 

Airain dtb — — .dt — % . dp, but - = — . 
t t t p 

Hence d<h = ^ dt — — dp. 
t p 

Integrating 

<f> =Klog t - li l o g p + constant, or <p = log tKp~" + constant. . .(5). 

Substituting for t its value ^ we have (5) becoming 

d> = log j f i -o*+constant (6). 

T h e adiabatic law, or (j> constant, may be written down a t 
once. Reducing from the above forms we find 

tny~1 = constant, 
j _ 

or < 1 _ T ^ = constaut, 

or jpv* = constant. 
Students nijiy manufacture other interesting exercises of this kind 

for themselves. 

Example. 2. A pound of gas in the state p„, v0, t0 receives the 
amount of heat ffol, what change of state occurs? W e get our informa­
tion from (1). 

I. L e t the volume v„ keep constant. Then dH-^k.dt 
from ( 1 ) . 

T h e integral of this between t„ and tx is Il^ — k ^ —1„), and we may 
calculate the rise of temperature to t t . 

Or again, dll= 4° dp. 
y- I 
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Hence, the integral, or dlm= ( f t ~ Po)> a n d w e may calculate 
the rise of pressure. 

I I . Let j» 0 the pressure, keep constant. 
dll= K. dt, hence ffel = K(tx —1„). 

AGA dl[= £&--dv, hence Ifm = P'% (»',-*>„! y - 1 Y - I 

I I I . At constant temperature. 

dH=p.dv or iz" 0 1= I j o . J i ' = I F , the work done by the gas in ex-
J «0 

panding. 

IV. Under any conditions of changing pressure and 
volume. 

Hm = £ - tff) + work done. 

Also from (2), = - -^- ( f t ^ — jo0i'0) + work done. 

I f H—0, the work done = k (70 - tx) 
We often write tlie last equation of (1) in the convenient shape 

If in this we have no reception of heat, 
dH A ±I dp or -JR- = 0 , then /• ~~ -

dv dv 
dp J_ dv 

p ' v 

- = 0 , then r ^ + y . « = 0 , 
i' do ' ' 

= 0 or, integrating, log/< + yt>g inconstant, 

or ^w?=eonstant. 
This is the adiabatie law again. 
Example \i. In a well known gas or oil engine cycle of 

Pi 



150 C A L C U L U S F O R E N G I N E E R S . 

O p e r a t i o n s , a pound of gas at p.i: indicated by the point A is 
compressed adiabatically to B, where we have pu vu (l. The work 
done upon the gas is evidently (from IV.) k(tl — t.i), being indeed the 
gain of intrinsic energy. 

Heat given at constant volume from B to C where we have 
p.t, vu t3 is JT=k(t3-t,). 

Work done in adiabatic expansion CJ) — t{t.J — ti). 
Nett work done = work in CD — work in AB = 

ir=k(t3 + t.,-tl-tt), 

But we saw that along an adiabatic /i'V-i js constant, and hence 

t t /v\y~x 

From this it follows that — = - = I —1 | , and each of these 
t.-t, 'i V'V 

= —, • Using tliis value in (S) we have 

e f f i c i e n c y = 1 - 1 (9), 

a formula which is useful in showing the gain of efficiency produced by 
diminishing the clearance v1. 

Students will find other good exercises in other cycles of gas engines. 

Change of State . 
86. Instead of using equations (3) Art. T8, let us get out equations 

specially suited to change of state. Let us consider one pound of 
substance, m being vapour, 1 -in being liquid (or, if the change is from 
solid to liquid, in liquid, 1 — m solid), and let 

s., = cubic feet of one pound of vapour, 
,, ,, of one pound of liquid, 

p — pressure, t temperature, p is a function of t only. 
If f is the volume of stuff in the mixed condition, 

•r = mx., + (\ -m)sI 

— {$., — ,t[) in + , or v — mu + x1 (1), 
if we write u for *,> — «!. 

When heat dH is given to the mixture, consider that t and m 
alter. In fact, take t and m as independent variables, noting that t 
and m define the state. If o-2 and <r, be specific heats of var<our and 
liquid, when in the saturated condition (for example, <r,2 is the heat given 
to one pound of vapour to raise it one degree, its pressure rising at 
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the same time according to the proper law), then the m lb. of vapour 
needs the heat mrr.,.dl, and the 1 —m of liquid needs the heat 
(1 ~m)<rl. dt and also if dm of liquid becomes vapour, the heat L . dm 
is needed, if L is latent heat. Hence 

d/[={(<T.,-<ri) m + aJdt + L . dm (2). 

If E is the Intrinsic Energy, the first law of Thermodynamics gives 
dE=dlI-p.de (3). 

Now if in and t define, the state, v must be a function of m and t, or 

MS)*"-
Using tins in (3) and (2) we find 

dE = {(„,- m + ^ - p (g)} dt + { L - p ( £ ) } dm ... (4). 

Stating that this is a complete differential, or 
d l fch\) 

' dt\ p\dm)) ' 

L -h ~,ri) m+0-1 ~p ($)}~P 

we have, noting from ( 1 ; , that (̂J~̂; 

dL dp (dv\ dp . . . 

-T7? + < R ' - ^ = 7 F T • fej'orMi(5)-
dll 

Now divide (2) by t and state that oty = -y- is a complete dif­

ferential, 
d \(o.i-^)m + <rA_d ( L \ * . . . 

" <" ' ) d t \ t ) W ' 
- r f « + < r ' - ^ = T ( , ) -

Hence, with (5) we have T = U 4? ••• (8)> 

t a t 

87. T o arrive at the fundamental Equation (8) more 
rapidly. In fig. 57 we have an elementary Oarnot cycle for one pound 

p as will be seen later on when we have the rule for 
differentiating a quotient. But indeed we may as well confess that to 
understand this article on change of state, students must be able to perform 
differentiation on a product or a quotient. 

dt\t ) 

http://-p.de
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°f ^uft. The co-ordinates of the point B are FB = s{ the volume, and 
BCr the pressure p of 1 pound of liquid. At constant temperature t, and 

Fig. 57. 

also constant pressure, the stuff expands until it is all vapour at FC= s 2 ; 
CD is adiabatic expansion to the temperature t- ht at 1). DA is iso­
thermal compression at t-ht and AB is the final adiabatic operation. 

The vertical height of the parallelogram is ht ^ , and its area, repre­

senting the nett work, is ht. -~ (s.,-.«,). The heat taken in, in the 

" dp 
operation BC is L, and the efficiency is ht ~ (* 2-«,)-=-£. lint as it is 

ht 

dt 
• Carnot cycle this is equal to — and so we obtain ( 8 ) . T 

88. The Entropy. 
we can write (£\ as 

From F(FI we find IT.,- d [L dt \ t 
— , AMI 

dll^cr.dt + t -<l ("'/') .(SI). 

Hence, the entropy dif>- dt + d 
t t mL 

</> = - , - + 
ft a-

/ dt + constant (10). 

./ to t 
In the case of water, <r2 is nearly constant, being Joule's equivalent. 

(We have already stated that all our heat is in work units), and 
, mL , / A 

<l> = -y- +tr, log ^- J + constant Hi) . 

Hence the adiabatic law FOR water-steam is 

2 ^ + <rj log ^ = constant (\-2). 
T TG 

I t is an excellent exercise for students to take a numerical example. 
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Let steam at 165°C. (or < = 439) expand adiabatically to 85°C. (or* = 359). 
Take <r, = 1400 and L in work units, or take c-, = l and take L in heat 
units. In any case, use a table of values of t and L. 

1. At the higher t3 = 439 let m.2 — ^. (This is chosen at random.) 
Calculate % at, say ̂  = 394, and also w0 at <1) = 3-r)9. 

Perhaps we had better take L in heat units as the formula 
L=,i\G - -6957 

is easily remembered. 
Then (12) becomes 

^ ( f ~ ' c y 5 ) + l o g i = ^ ( f - 6 9 5 ) + l o s v 
] o g ^ + « > , ( ^ - - e o 5 

w _ — i a . 
-•695 

I f we want »»„ we use /„ instead of 
Having done this, find the corresponding values of v. Now try if 

there is any law like 
pv' = constant, 

which may be approximately true as the adiabatic of this stuff. 
Repeat this, starting with m.2 = 'S say, instead of '7. 

T h e t, <t> diagram method is better for bringing these matters 
most clearly before students, but one or two examples like the above 
ought to be worked. 

89. When a complete differential du is zero, to solve 
the equation du = 0. We see that in the case, 

(./- — 4.Z7/ - 2//-) d.r + (if — 4/7/ - 2./-) dy = 0, 

we have a complete differential, because 

d 

(.•/" — 4.-/7/ — 2if) = — 4./' — 4_y, 

d 
t (if — 4./7/ - ?./•-) = - 4)/ — 4a; 

so that they are equal. Hence it is of the form 
fdv\ j i fda\ 

Integrating rr — 4./y/ — 2if, since it is f ^ * ) , with regard to 
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x assuming y constant, and adding, instead of a constant, an 
arbitrary function of y, we get u as 

« = l.ir - 2x-y - 2y"x + <j> (y). 

To find <fi (y), we know that = y- - ixy — 2x-. 

Hence — 2xn- — 4y.<; + # (y) —,'/" — i-ry — 2.'a. 

Hence ^(y)^f- or <f>(y) = pf. 

Hence u = ^a? — 2x?y — 2xy- + i?/3 = c. 
We have therefore solved the given differential equation when 
we put this expression e<pial to an arbitrary constant. 

Solve in the same manner, 

1 + -^j dx -2'+ dy = 0. Answer x- -y- = cx. 

S o l v o + - y ) dU = 0. Answer xr - f = cxf. 

Solve (3.r^ + % - ± ) <fa + (Sx-£ + 3 / ) ety = 0. 

Answer ary'+ « y + 4,* 2 + 2y- + 3 a s y : CA-7/-. 

90. In the general proof of (17) given in Art. 8 1 , we assumed that 
x and y were perfectly independent. We may now if we 
please make them depend either upon one another or 
any third variable z. Thus if when any independent quantity z 
becomes 2 + 8:, x becomes .K + 8./; and y becomes y + Hy, of course u 
becomes % + Su. Let (16) Art. Si be divided all across hy dz, and let 
8,: be diminished without limit, then (17) becomes 

dto /dtt,\dx /du\ dt/ 

dJ = [dxj dz + \dy) jz~ 

TLIus let u = ax'- + by2+oxy, 

and let x = ez", y=gzm. 

Then | = ^ - S f 

and consequently 

= mf/zm~1, 

^ = (2a.f + cy) ne,5" 1 + (2% + cr) m< '̂" - IF 
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In this we may, if we please, substitute for x and y in terms of z, 
and so get our answer all in terms of z. 

This sort of example is rather interesting because it can bo worked 
out in our earlier way. In the expression for u, substitute for x and y 
in terms of z, and we find u = ae2z2"-rbg2z2m + cegzn + m and 

* f = 2nae2z-'1 ~1 + 2mbg2z2m ~1 + (n + m) cegzn + "' ~ 

It will be found that this is exactly the same as what was obtained 
by the newer method. The student can easily manufacture examples 
of this kind for himself. 

For instance, let y = uv where w and v are functions of .r, then (1) 
tells us that 

g dv , du 

= u d S + v a 3 ' 

a formula which is usually worked out in a very different fashion. 
See Art. 196. 

In (1) if y is really a constant, the formula becomes 
du _ d u d x 

dz - d x ' cTz ' 

which again is a formula which is usually worked out in a very different 
fashion. See Art. 198. 

In (1) assume that z = .v and that y is a function of ,r, then 
du_ldv\ (du\dy 

dx ~ \dx) + \dy) d x { >' 

The student need not now be told that ~ is a very different thing 
dx J ° 

i T O m ( $ x ) -

Example. Let u = ax'1 + by2 -f cxy, 

and let y^gx'". 

T H E N ( £ ) = 2 A ' R + ^ > ( J ) = 2 ^ + M ' > J = W I ^ M _ I -

Hence (2) is, <-^=(2ax + cy) + (2by+cx) mg.T™-1. 

More directly, substituting for y in u, we have 

v =• ax* + bg*xim + egxM + 

^ = Sax + 2«) bg V " ~ 1 + (M + 1 ) egx™, 

and this will he found to be the same as the other answer. 
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91. Example. When a mass m is vibrating with one degree 
of freedom under the control of a spring of stiffness a, so that if x is 
the displacement of the mass from its position of equilibrium, then ax 
is the force with which the spring acts upon the mass; we know that 
the potential energy is \ ax2 (see Art. 26), and if v is the velocity of the 
mass at the same time t, the kinetic energy is \ mv-, and we neglect the 
mass of the spring, then the total store of energy is 

E=^mv2 + h ax2. 

When x is 0, v is at its greatest; when v is 0, x is at its greatest. 

1. Suppose this store E to be aonstant and differentiate with 
regard to t, then 

do dx ,,. 
0 = m v d i + ttXdi ( , ) ' 

. dx d2x „ do . or as r IS —,-, writing for we have 
dt' ° dt1 dt 

* 2 * + * x = 0 (2) 

which is (see Art. 119) the well known law of simple harmonic motion. 
2. I f the total store of energy is not constant but diminishes at 

a rate which is proportional to the square of the velocity, as in the case 
dE , 

of Fluid or Electromagnetic friction, that is, if -j£=* — F<a then (1) 
I 7I •> dv , dx , becomes - tr- — mo nx, or (2) becomes 

Compare (1) of Art. 142. 

92. Similarly in a circuit with self induction L and resistance B, 
joining the coatings of a condenser of capacity K, if the current is C, and 
if the quantity of electricity in the condenser at time { is KV so that 

dV 
G= - K -j- ,\LC2 is called the kinetic energy of the system, and \ KY2 

is the potential energy, and the loss of energy by the system per second 
is RC2. So that if E is the store of energy at any instant 

If u is a function of three independent variables it is easy to prove, 
as in Art. 81, that 
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or 10 f~- V. C+liC* = u, 

or lM-V+RC=0, 
at 

R dV 1 v _ 

DIFFERENTIATING THIS ALL ACROSS AND REPLACING K WITH C WC HAVE A 

SIMILAR EQUATION IN C. COMPARE (4) OF § 145. 

93. A MASS m MOVING WITH VELOCITY v HAS KINETIC ENERGY i mv'2. 
If THIS IS ITS TOTAL STORE E, 

E = \ mMl. 

IF E DIMINISHES AT A RATE 2'ROPORTIONAL TO THE SQUARE OF ITS VELOCITY 
AS IN FLUID FRICTION AT SLOW SPEEDS, 

dE •,, ., dv 
-= •= — xv- = mo -,-, 
dt dt ' 
do F ... 

OR -=- = r TO). 
dt IN ~ 

WE HAVE A SIMILAR EQUATION FOR THE DYING OUT OF CM-RENT IN AN 
ELECTRIC CONDUCTOR, \LC2 BEING ITS KINETIC ENERGY, AND RC2 BEING THE 
RATE OF LOSS OF ENERGY PER SECOND. 

94. IN (2) OF ART. 90, ASSUME THAT u IS A CONSTANT AND WO FIND FOR 
EXAMPLE THAT IF u =f (x, y) = a 

fd/Jx, y)\ (df{.x,_jn\ dy__ 
\ dx") + \ dy J dx~ ' 

SO THAT IF/Or, y) = t OR = 0 , we easily obtain -j^. 
1. THUS IF x2+y- = c, 2x + 2y . ^ = 0, OR ' 1 ' = . * 

dx dx y 
b2 x 

>y' 
3. AGAIN IF u = Axw-+Byn, 

2. A L S O I F ^ + ^ F ^ + ^ o , O R F = - ^ «- b- a- b2 dx ' dx a2 

du . ^ 
d i c = m A x ' ^ i + n B y n - x t 

HENCE IF u = 0, OR A CONSTANT, WE HAVE 

dy _ _raAxm~1 

dx nUy"- ~ I 
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a* b-1 

, 2x 7 2y 
or t J 

rf// . cfy xl — aii 
- , - • A i w " " - - — ^ 
era.' 

(>. If .v logy-ylog* ' = 0, 
% = y /* ' logy-y\ 
cte \y log .r — xj ' 

o. I f .i- - >+y 3-3^.t.v/ = 6, find A n s w e r : - . - -

95. Example. Find the equations to the tangent and normal 
to the ellipse ' , + = 1, at the point .t^ , ^ on the curve. 

+ TT, -, = <>. or at the point, = . 
a- b~ dx dx a- yt 

Hence tlie equation to the tangent is 

•LzJh ̂  _ r 3 5 

(i- b- a- o-

and as x\ and J / J are the co-ordinates of a point in the curve, this is 1. 

Hence the tangent is " U „ 1 + 4& = I. 
a- b-

Thc slope of the normal is ~ , and hence the equation to the 

.rnial i s ^ = f Si. 
x-.i\ b Xi 

APPENDIX TO CHAP. I. 

Page 19. In an engineering investigation if one arrives at mathe­
matical expressions which cannot really be thought about because 
they are too complicated, one can often get a simple empirical formula 
to replace them with small error within the limits between which they 
have to be used. Sometimes even such a simple expression as a + bx, 
or x" will replace a complicated portion of an expression with small 
error. Expertness in such substitution is easily attained, especially in 
calculations where some of the terms can be expressed numerically or 
when one makes numerical experiments. 
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Exercise 1. The following observed numbers are known to follow 
a law like y = a + bx, but there are errors of observation. Find by the 
use of squared paper the most probable values of a and b. 

X 2 J 3 | 4} 0 i 9 12 | 13 

y 5-G J (5-8.-) J y-27 
11-05 12-75 16-32 20-25 22-33 

Aiis. y = 2-5 + 1-5.3;. 

Exercise 2. The following numbers are thought to follow a law like 
y=n/c/(l +.s.r). Find by plotting the values of yjx and y on squared 
paper that these follow a law y[x + sy = a and so find the most probable 
values of a and s. 

X 1 2 0-3 J 1-4 
2-5 

.'/ 1 •78 •97 1-22 •55 1 1-24 | 

Ans y = 3.r/(l + 2.r). 

Exercise 3. I f p is the pressure in pounds per square inch and if r 
is the volume in cubic feet of 1 lb. of saturated steam, 

P 6-86 14-70 

53-92 26-30 

28-83 

14-00 

60-40 

6-992 

101-9 

4-28 

163-3 

2-748 

250-3 

T853 

Plotting the common logarithms of p and o on squared paper test 
the truth of pvVMK = -il<.). 

Exercise 4. The following are results of experiments each lasting for 
four hours ; I the indicated horse-power of an engine, transmitting 
B horse-power to Dynamo Machines which gave out E horse-power 
(Electrically), the weight of steam used per hour being Il'lb., the weight 
of coal used per hour being C lb. (the regulation of the engine was by 
changing the pressure of the steam). Show that, approximate!v," 
>R=800 + 217, Y>' = -95/-18, E=WB-10, C=4-27-62 . 

I B E IR a 

190 163 143 4800 
142 115 06 3770 544 
108 86 09 3080 387 

65 43 29 2155 218 
10 0 0 1220 

been suggested to me by many persons that I Page 34, It has _ L „ ^ 
ought to have given a proof without assuming the Binomial Theorem, 
and then the Binomial becomes only an example of Taylor's. In spite 
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?/; — y ay*1 — xn 

IN THE LIMIT, WHEN 8x' IS MADE SMALLER AND SMALLER, UNTIL ULTIMATELY 
cly 

x^x, THE LEFT-HAND SIDE IS ^ AND THE RIGHT-HAND SIDE IS xn~l + xn~i 

+ ... TO n TERMS : SO THAT ^ — axa~1. 
ax 

(2) SUPPOSE n A POSITIVE FRACTION, AND PUT n—~ WHERE / AND m ARC 
m 

TI — U F */"& — J,'VLH ? ' — 1 
POSITIVE INTEGERS. WE HAVE — — - ± — " S ± = J*R WHERE x"l = .t, 

.vl-.v Xt-x z x
m - z m ' 

x\ = z1'n, AND SO ON. 

I:,,,;,, of ( i i r f X f i L - i + ± : I T : 2 + + * 
<*« ( i L - * ) ^ 1

W - I + 5 : V ' - " 3 + . . . " 

= ---—• = — S'-"»= HXm =*I.F"- 1. 

(3) SUPPOSE » ANY NEGATIVE NUMBER = — m SAY, WHERE m IS POSITIVE, 

THEN NOTICING THAT x. ~'" - x ~=' 1 - , 

x,~m-x'm 1 x,m~xm 

WE HAVE — = . - 1 . 
.**,-.>• .*•,-'». J-,-.*-

NOW THE LIMIT OF ' 1 -•— — — »tjsm~l BY CASES ( 1 ) AND ( 2 ) WHETHER m 
•'H ~~X 

BE INTEGRAL OR FRACTIONAL. 

dy_ 1 
d j ; - ^ w •'»•>< 

d 

THUS WE HAVE SHOWN THAT (xn) = >U,-»-', WHERE n IS ANY CONSTANT, 

POSITIVE OR NEGATIVE, INTEGRAL OR FRACTIONAL. 

OF THE EMINENCE AND EXPERIENCE OF MY CRITICS, I BELIEVE THAT MY METHOD 
IS THE BETTER—TO TELL A STUDENT THAT ALTHOUGH I KNOW HE HAS NOT PROVED 
THE BINOMIAL, YET IT IS WELL TO ASSUME THAT HE KNOWS THE THEOREM TO BO 
CORRECT. THE FOLLOWING SEEMS TO ME THE SIMPLEST PROOF WHICH DOES NOT 
ASSUME THE BINOMIAL. 

LET y=xn, .v +8.r=.<.•,, y + by=yi. 

( 1 ) SUPPOSE n a POSITIVE INTEGER ; THEN 
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C H A P T E R I I . 

e* and sin x. 

97. T h e Compound Interest L a w . The solutions 
of an enormous number of engineering problems depend 
only upon our being able to differentiate xn. I have given 
a few examples. Surely it is better to remember that 
the differential coefficient of xn is nxn~1, than to write 
hundreds of pages evading the necessity for this little bit 
of knowledge. 

We come now to a very different kind of function, e*, 
where it is a constant quantity e (e is the base of the 
Napierian system of logarithms and is 27183) which is 
raised to a variable power. We calculate logarithms and 
exponential functions from series, and it is proved in Algebra 
that 

e* = 1 + x + ±-2 + T ? L - + j - ^ g - ^ + &c. 

The continuous product 1 . 2 . 3 . 4 or 24 is denoted by 4 
or sometimes by 4 ! 

Now if we differentiate ex term by term, we evidently 
obtain 

0 + 1 + x + ^ + + & c > 

so that the differential coefficient of ex is itself ex. Simi­
larly we can prove that the differential coefficient of eax is 
ae**. This is the only function known to us whose rate of 
increase is proportional to itself; but there are a great many 
phenomena in nature which have this property. Lord 
Kelvin's way of putting it is that "they follow the compound 
interest law." 

P. 11 
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Notice that if — = ay (1), 
dx J 7 

that is, tlie rate of increase of y is proportional to y itself, 
then 

y = b e a * (2), 

where b is any constant whatsoever; b evidently represents 
the value of y when x = 0. 

Here again, it will he well for a student to illustrate his 
proved rule by means of graphical and numerical illustrations. 
Draw the curve y = ex, and show that its slope is equal to its 
ordinate. Or take values of x, say 2, 2-001, 2002, 2'003, &c., 
and calculate the corresponding values of y using a table of 
Logarithms. (This is not a bad exercise in itself, for practical 
men are not always quick enough in their use of logarithms.) 
Now divide the increments of y by the corresponding incre­
ments of x. An ingenious student will find other and 
probably more complex ways of getting familiar with the 
idea. However complex his method may be it will bo 
valuable to luni, so long as it is his o w n discovery, but lot him 
beware of irritating other men by trying to teach them 
through his complex discoveries. 

98. I t will perhaps lighten our study if we work out a 
few examples of the Compound Interest L a w . 

Our readers are either Electrical or Mechanical En­
gineers. I f Electrical they must also bo Mechanical. The 
Mechanical Engineers who know nothing about electricity 
may skip the electrical problems, but they are advised to 
study them ; at the same time it is well to remember that 
one problem thoroughly studied is more instructive than 
thirty carelessly studied. 

Example 1. An electric condenser of constant capacity 
K, fig. 58, discharging through great resistance R. I f v is the 
potential difference (at a particular instant) between the 
condenser coatings, mark one coating as v and the other as 
0 on your sketch, hg. 58. Draw an arrow-head representing 
the current C in the conductor; then C =v-+R. 

But q the quantity of electricity in the condenser is Kv 
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and the rate of diminution of q per second or —f'^- or — K^r is 
1 1 dt dt 

the very same current. Hence K 

/ 

o?y 1 R 

0 r ~dt = ~KRv' F i s - 5 8 -
That is, the rate of diminution of v per second, is propor­

tional to v, and whether it is a diminution or an increase we 
call this the compound interest law. We guess therefore that 
we are dealing with the exponential function, and after a little 
experience we see that any such example as this is a case of 
(1), and hence by (2) 

v = be"K,i' (3). 
I t is because of this that we have the rule for finding the 

leakage resistance of a cable or condenser. 

For (log b - log v) = . 

So that if vx is the potential at time tt and if v., is the 
potential at time t.t 

KR (log b - log ?!]) = tx, 
KR(\ogb~\ogv,) = t.J. 

Subtracting, KR (log i\ — log v.,) = t2 — t1 

So that R = (t2 - UfK off —• 

It is hardly necessary to say that the Napierian logarithm 
of a number n, log n, is equal to the common logarithm 
log 1 0« multiplied by 2-3026. 

Such an example as this, studied carefully step by step by 
an engineer, is worth as much as the careless study of twenty 
such problems. 

Example 2. Newton 's law of cooling. Imagine a 
body all at the temperature v (above the temperature of sur-

1 1 - 2 
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rounding bodies) to lose heat at a rate which is proportional 
to v. 

Thus let -r = — av, 
at 

where t is time. Then by (2) 
v = be~at (4), 

or log b — log v = at. 
Thus let the temperature be v1 at the time tx and v2 at 

the time t2, then log v1 — log v.2 = a ( t — £,), so that « can be 
measured experimentally as being equal to 

log fx). 

Example 3. A rod (like a tapering winding rope or like 
a pump rod of iron, but it may be like a tie rod made of 
stone to carry the weight of a lamp in a church) tapers 
gradually because of its own weight, so that it may have 
everywhere in it exactly the same tensile stress / lbs. per 
square inch. I f y is the cross section at the distance 

from its lower end, and if y + By is its cross section 
at the distance x + Bx from its lower end, then f . By is 
evidently equal to the weight of the little portion between 
x and x + Bx. This portion is of volume Bx x y, and if w is 
the weight per unit volume 

f . By = w. y. Bx or rather ^ = y y. 

w 
Hence as before, y = bejr (5). 
I f when x = 0, y = y0, the cross section just sufficient to 

support a weight W hung on at the bottom (evidently 
fyo=W), then yQ = b because e ° = l . 

I t is however unnecessary to say more than that (5) is 
the law according to which the rod tapers. 

Example 4. Compound Interest. £100 lent at 
3 per cent, per annum becomes £103 at the end of a year. 
The interest during the second year being charged on the 
increased capital, the increase is greater the second year, and 
is greater and greater every year. Here the addition of 
interest due is made every twelve months ; it might be 
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made every six or three months, or weekly or daily or every 
second. Nature 's processes arc, however, usually more 
continuous even than this. 

L e t us imagine compound interest to be added on to the 
principal continually, and not b y j e r k s every year, at the rate 
of r per cent, per annum. L e t P be the principal at the 

end of t years. T h e n BP for the t ime St is — - - P. St or 
dP r 1 0 0 

-YR = T P, and hence by (2) we have dt 100 J 7 

where b = P0 the principal at the t ime t = 0. 

Example 5. Slipping of a Belt on a Pulley. W h e n 
students make experiments on this sl ipping phenomenon, 
t h e y ought to cause the pulley to be fixed so that they may 
see the sl ipping when it occurs. 

T h e pull on a belt at W is J 1,, and this overcomes not only 
the pull T0 but also the 
friction between the belt 
and the pulley. Consider 
the tension T in the belt 
at P, fig. 59, the angle 
QOP being 0; also the 
tension T+ST at S, the 
angle QOS be ing 0 + SO. 

Fig . 60 shows part of 
OPS greatly magnified, 
SO being very small. In 
calculating the force pres­
sing the small portion of 
belt P $ a g a i n s t the pulley 
rim, as we think of PS as a shorter and shorter length, wc see 
that the resultant pressing force is T. SO*, so that /j.. T. S6 is 

* When two equal forces T make a small angle SB with one another, 
find their equilibrant or resultant. The three forces are parallel to the sides 
of an isosceles triangle like FIG. CI, where JB=CA represents 'J', where 

Eig. 59. 

3 
Fig. 01. 
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the friction, if p is the coefficient 
of friction. I t is this that BT 
is required to overcome. When 
FJU.T,B9 is exactly equalled by 

Fig. 60. BT sliding is about to begin. 
dT 

Then /x . T . B6 = BT or ^ = p,T, the compound interest law. 
Hence T=be»e. Insert now T=T, when 0 = 0, and T = TX 

when 0=QOW or 0lt and we have T„ = b, 2\ =T0e»e<. 
In calculating the horse-power H given by a belt to a 

pulley, we must 'remember that H= (rJ\ - T„) V-F- .33000, if 
1\ and T0 are in pounds and V is the velocity of the belt in 
feet per minute. Again, whether a belt will or will not tear 
depends upon 2\; from these considerations wc have the 
well-known rule for belting. 

Example G. Atmospheric Pressure. At a place 
which is h feet above datum level, let the atmospheric 
pressure be p lbs. per sq. foot; at A + Bh let the pressure 
be p + Bp (Bp is negative, as will be seen). The pressure 
at h is really greater than the pressure at h + Bh by the 
weight of air filling the volume Bh cubic feet. I f w is the 
weight in lbs. of a cubic foot of air, — Bp = w . Bh. But w = cp, 
where c is some constant if the temperature is constant. 

Hence — Bp — c.p. Bh...(l), or, rather ^ = — cp. Hence, as 
ah 

before, we have the compound interest law; the rate of fall of 
pressure as we go up or the rate of increase of pressure as we 
come down being proportional to the pressure itself. Hence 
p — ae~eh, where a is some constant. I f p = p<,, when /< = 0, 
then a=p„, so that the law is 

p =p,e'ch (2). 

As for c we easily find it to be — , w0 being the weight 
P" 

of a cubic foot of air at the pressure p0. I f t is the constant 
(absolute) temperature, and «'„ is now the weight of a cubic 

K< 274 
foot of air at 0 ° C or 274° absolute, then c is — ---. 

P« t 
BAC^SO and TIC represents the equilibrant. Now it is evident that as 
58 is less and less, TIC—AH is more and more nearly SO, so that the 
equilibrant is more and more nearly T. 59. 
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I f w follows the adiabatic law, so that pw~v is 
constant or iu=cp^fy where 7 = 1-414 for air. Then (1) be­
comes - Sp = CM1''? Sh or — -I?- = coVt or rather — [c^y = ch or 
-—p f =ch+ G. I f JJ = p 0 where /t = 0, we can find G, and 

I - - I - 1 —1 
we have p v=p0 T — - — c / t (3), 

as the mere usually correct law for pressure diminishing 
upwards in the atmosphere. 

Observe that when we have the adiabatic law pvy = b, a 
constant, nadpu —lit; it follows that the absolute temperature 

is proportional t<> p I. 

So that (3) becomes 
1 7— 1 , 

So that the rate of diminution of temperature is 
constant per foot upwards in such a mass of gas. 
Compare Art. 74, (4), if v is 0. 

Example 7. Fly-wheel stopped by a Fluid Frictional 
Resistance. 

Let a be its velocity in radians per second, / its moment of 
inertia. Let the resistance to motion be a tonpie proportional 
to the velocity, say Fa, then 

Fa = — i" x angular acceleration (1), 

or J(l* + Fa = Q (2 ) , 

da F 
dt = -l"-

Here rate of diminution of angular velocity a, is proportional 
to a, so that we have the compound interest law or 

- F - T 

a = a,e 1 (3), 
where a0 is the angular velocity at time 0. 
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Compare this with the case of a fly-wheel stopped by 
solid friction. Let a be the constant solid-frictional torque. 

(1) becomes a = — Ida/dt, 

or dajdt + a/I = 0, 

or c: = — at/1 + a constant, 

or a = a0 — at/I (4), 

where a 0 is the angular velocity when t = 0. 

Returning to the case of fluid frictional resistance, if 
M is a varying driving torque applied to a fly-wheel, 
we have 

Notice the analogy here with the following electric circuit 
law. 

Example 8. E l e c t r i c C o n d u c t o r l e f t t o i t se l f . 

Ohm's law is for constant currents and is V= EC, where 
R is the resistance of a circuit, G is the current flowing in it ; 
V the voltage. We usually have R in ohms, C in amperes, 
V in Volts. When the current is not constant, the law 
becomes 

V = R C + L a 7 ( i ) , 

dC 
where ^~ is the rate of increase of amperes per second, and 
L is called the self-induction of the circuit in Henries. It is 
evident that L is the voltage retarding the current when the 
current increases at the rate of one ampere per second. 

1. I f F = 0 in (1) 
dC R 
Tt=~E°' 

which is the compound interest law. 
- f t 

Consequently C = C 0 e (2). 
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2. I f C = a + be-o*, 

<''-' 7 4 
dO 
dt 

so that from ( 1 ) V= Ra + (Rb - Lgb) e~»l. 

Now let R = Lg or g = ~ and we have V= Ra, so that the 

voltage may keep constant although the current alters. 
Putting in the values we have found, and using V„ for the 
constant voltage so that a = V„-i- R, wo find 

G= fi+be-£l (3). 

V 
I f we let 0— 0 when t = 0, then b= — -=°, and hence we may 

write C = 5 ( l - g - x ' ) (4). 

The curve showing how (7 increases when a constant voltage 
is applied to a circuit, ought to be plotted from t=Q for some 
particular case. Thus plot when V„ = 100, .72 = 1, £ = ' 0 1 . 

What is the current finally reached ? 

99. Easy Exercises in the Differentiation and Integration 
of e"*. 

1. Using the formula of Art. 70, find the radius of 
curvature of the curve y — ex, where x = 0. Answer: r = >J8. 

X 
2. A point a-j, yx is in the curve y = be", find the 

equation to the tangent through this point. 

Answer: ^.-l ^ = £ . 
x - Xi a 

Find the equation to the normal through this point. 
. y —«! a 

Answer: J ^ = . 
x - x, y1 

Find the length of the Subnormal. Answer : y j'-^or jf/a. 
dy 

Find the length of the Subtangent. Answer : y -F- ^ or a. 
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3. Find the radius of curvature of the c a t e n a r y 
Q 

V~2 («** + a f c any place. Answer : r = y'2/c. 

At the vertex when x = 0, r = c. 
4. I f y = Aeiax where i stands for V — 1 . Show that if 

i behaves as an algebraic quantity so that i2 = — 1, is = — i, 
d 2 y 

= 1, r' = &c. then -R—N — — a 2y-dx** 

5. Find a so that y = Aeax may be true when 

Show that there are two values of a and that 
y = Ae~ix + Be-'x. 

6. Find the subtangent and subnormal to the 
Q 

Catenary y = - (ex!c + e~x!c), or, as it is sometimes written, 
y=u cosh xfv. 

Answer: 

the subtangent is c coth - or c (ex/c + (rx/c)/(ex'v — e *>'") 
c 

c . 2x c the subnormal is 7 7 sinh — or - (eixlc — e~'ix'c). 
2 c 4 ' 

7. The distance P # , fig. 8, being called tlie length of the 
tangent, the length of the tangent of tlie above catenary is 

c -T <YJ i IX 
- cosh- - / sinh - . 
2 cj o 

The length oi' PQ may be called the length of the normal, 

and for the catenary it is c cosh- ^ or y'2/c. 

8. Find the length of an a r c of the catenary 

7/ = ! (e° + e~c). The rule is given in Art. 38 . Fig. 62 

shows the shape of the curve, 0 being the origin, the distance 
AO being c. The point P has for its co-ordinates x and y. 
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dy --
Now -j = i (e c — e e ) . Squaring this and adding to 1 

OJX x x 
and extracting the square root gives us ^ (e c + e c). The 

c ? 

integral of this is - (ec — e ' ') which is the length of the 

arc AP, as it is 0 when x = 0. We may write it, s = c sinh xjc. 

9. Find the area of the catenary between OA and 
SP, fig. 62. 

Area = 

or 
'os * 

or - (e 
OA' _qs 

e c). 

Or the area up to any ordinate at x is c- sinh .r/e. 

Tho Catenary i/ = -(<;xlc + e~xlc) revolves ahout the axis of x, find 

the area of tho hour-glass-shaped surface generated. See Art. 48. 

% = \ifK-« "") and + = | («*" + "-*")• 

c + (1-x:cyzm (ij. Area = ^ ; / (e 

between the ordinates at x = x aud j ; = 0. 
It i s curious that tho forms of some volcanoes are as if 

their own sections obeyed tin; compound interest law like an 
inverted pump rod. The radii of the top and base of such a 
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The volume is tt I b- . e2cx . dx 
J o ~ 2c [_„ 

•nb1 

= 2 c 

Now a = bech, so that our answer is ~ (a? — b-). 
2c 

100. Harmonic Functions. 
Students ought to have already plotted sine curves like 

y = a sin (bx + e).. .(1) on squared paper and to have figured out 
for themselves the signification of a, b and e. I t ought to be 
unnecessary here to speak of them. Draw the curve again. 
Why is it sometimes called a cosine curve ? [Suppose e to 

be -̂ or 90°.] Note that however great x may be, the sine of 

(bx + e) can never exceed 1 and never be less than — 1. The 

student knows of course that sin0 = 0, sin (or 45°)='70/, 

sin ~ (or 90°) = 1, sin ^ (or 135°) = '707, sin TT (or 180°) = 0, 

sin ~ (or 225°) = - -707, sin 3|" (or 270°) = - 1, sin ~ 

(or 315°) = - -707 , sin 2^ (or 360°) = 0 again and, thereafter, 
sin 6 = sin (6 — 27r). Even these numbers ought almost to 
be enough to let the wavy nature of the curve be seen. 
Now as a sine can never exceed 1, the greatest and least 
values of y are a and — a. Hence a is called the amplitude 
of the curve or of the function. 

When x=0, y=asine. This gives us the signification 
of e. Another way of putting this is to say that when bx 

c 
was = — e or x = — ^ , y was 0. When x indicates time or 
when bx is the angle passed through by a crank or an 
eccentric, e gets several names; Valve-motion engineers call 

volcano being a and b respectively and the vertical height h, 
find the volume. See Art. 46. Taking the axis of the 
volcano as the axis of x, the curve y = becx revolving round this 

axis will produce the outline of the mountain if c = ^ log ^. 
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it the advance of the valve; Electrical engineers call it the 
lead or (if it is negative) the lag. 

Observe that when bx = 2tt we have everything exactly 
the same as when x was 0, so that we are in the habit of 

2tt 
calling ~ - the periodic value of x. 

Besides the method given in Art. 9, I advise the student 
to draw the curve by the following method. A little know­
ledge of elementary trigonometry will show that it must 
give exactly the same result. I t is just what is done in 
drawing the elevation of a spiral line (as of a screw thread) 
in the drawing office. Draw a straight lino Oil. Describe 

FIG. (53. 

a circle about 0 with a as radius. Set off the angle BOO 
equal to e. Divide the circumference of the circle into any 
number of equal parts numbering the points of division 
0, 1, 2, 3, &c. We may call the points 16, 17, 18, &c, or 
32, 33, 34, &c , when we have gone once, twice or more times 
round. Set off any equal distances from B towards M on 
the straight line, and number the points 0, 1, 2, &c. Now 
project vertically and horizontally and so get points on the 
curve. The distance BM represents to some scale or other 
the periodic value of x or 27R/6. 

I f 00 is imagined to be a crank rotating uniformly 
against the hands of a watch in the vertical plane of the 
paper, y in (1) means the distance of 0 above OM, bx means 
the angle that 00 makes at any time with the position OM, 
and if x means time, then b is the angular velocity of the 
crank and 2irfb means the time of one revolution of the crank 
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or the periodic time of the motion, y is the displacement at 
any instant, from its mid position, of a slider worked vertically 
from G by an infinitely long connecting rod. 

A simple harmonic motion may be defined as one which 
is represented by s = a sin (bt + e), where s is the distance 
from a mid position, a is the amplitude, e the lead or lag or 
advance, and b is 1-rrjT or t-nf whore T is the periodic time or 
f is the frequency. Or it may be defined as the motion of a 
point rotating uniformly in a circle, projected upon a diameter 
of the circle (much as we see the orbits of Jupiter's satellites, 
edge on to us), or the motion of a slider worked from a 
uniformly rotating crank-pin by means of an infinitely long 
connecting rod. And it will be seen later, that it is the sort 
of motion which a body gets when the force acting upon it is 
proportional to the distance of the body from a position of 
equilibrium, as in the up and down motion of a mass hanging 
at the end of a spring, or the bob of a pendulum when its 
swings are small. I t is the simplest kind of vibrational 
motion of bodies. Many pairs of quantities are connected by 
such a sine lawr, as well as space and time, and we discuss 
simple harmonic motion loss, I think, for its own sake, than 
because it is analogous to so many other phenomena. Now 
let it be well remembered although not yet proved that if 

dy 
y = a sin (bx + c) then — = ab cos (bx + c) 

Jy . dx = — 2j cos (bx + c) . 

101. When c = 0 and 6 = 1 and a = 1 ; that is when 

y = *mx (1). 
let us find the differential coefficient. 

As before, l e t * be increased to x + Bx and find y+Sy, 
y 4- Sy = sin (x 4- Bx) (2). 

Subtract (1) from (2) and we find 
Sy = sin (./.' 4- Bx) — sin x, 

or 2 cos (x 4- -|&e) sin %Bx. (See Art. 3.) 

Hence ^ = cos (x 4- IBx) h~] $~ (3). 
Bx " hBx v 
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I t is easy to see by drawing a small angle a and recollect­
ing what sin a and a arc, to find the value of sin a -=- a as a 
gets smaller and smaller. Thus in the figure, let POA be 
the angle. The arc PA 
divided by OP is a, the 
angle in radians. And 
the perpendicular PB r> 
divided by OP is tho F i „ G 1 

sine of the angle. Hence 
sin a PB . , 

= ^TTA auu jt is evident that this is more ana more 
a PA 

nearly 1 as a gets smaller and smaller. In fact w e may 
take the ratios of a, sin a and tan a to one another to 
be 1 , more and more nearly, as a gets smaller and 
smaller. I f we look upon ±Sx as a in tho above expression, 
we see that in the limit, (3) becomes 

dy .,, . „ — = cos x IT y = sin x. * dx 
* THE PROOF OF THE MORE GENERAL CASE IS OF EXACTLY THE SAME KIND. 

HERE IT IS : 

y = a s i n ( b x + c ) , 

y Sy = a SIN {b (X + 5x) + c}, 

by = 2(I COS (bx + c + \b • Sx) SIN (Ib . dx). SEE ART. 3. 

5.V , „ , , . , SIN (16. Sx) 
• = ab . cos (bx + c + ib .dx) \* * 

ox - I . dx: 

NOW MAKE OX SMALLER AND SMALLER AND WE HAVE 

— = a b c o s 
d x ( b x + c ) AND HENCE ja c o s ( b x + c ) . d x = j s i n ( b x + c ) . 

AGAIN, TO TAKE ANOTHER CASE :— 

IF Y = a c o s ( b x + e ) , THIS IS THE SAME AS 

y = a SIN ^bx + c + = a SIN (bx + c), SAY. 

HENCE ^ = a b COS (bx + c) 

— ab COS ( bx + c + -

— = — a b s i n ( b x - f - e ) . 
d x 

Hence ja s i n ( b x + c) . d x = — 2 O o s ( b x + c ) . 
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Angle in 
degrees 

X 
or angle in 

radians 
y = sin x Sy 8y--Sx 

Average 
Sy_ 
dx 

40 •6981 •6427876 
•0132714 •7583 

41 •7156 •6560590 •7547 
•0130716 •7512 

42 •7330 •6691306 

I f it is remembered that By Bx in each case is really the 

average value of ^ for one degree or -01745 of a radian, it 

will be seen why it is not exactly equal to the cosine of x. 
Has the student looked for himself, to see if -7547 is really 
nearly equal to cos 41° ? 

103. I t is easy to show in exactly the same way that if 
dy , f 

y — cos x , — = - sin x and /sin x . dx = — cos x . The — 

sign is troublesome to remember. Here is an illustration: 

Angle in 
degrees 

X 
or angle in 

radians 
y ~ cos x Sy 

negative 
sy 
dx 

Average 
py 

20 •3491 •9396926 
•0061122 -•3513 

21 •3665 •9335804 - -3584 
•0063965 - 3656 

22 •3840 •9271839 

And hence Jcos m . dx = sin x. 

102. Now it is not enough to prove a thing like this, it 
must be known. Therefore the student ought to take a book of 
Mathematical Tables and illustrate it. I t is unfortunate that 
such books are arranged either for the use of very ignorant 
or else for very learned persons and so it is not quite easy to 
convert radians into degrees or vice versa. Do not forget 
that in sin x or cos x we mean to be in radians. Make out 
such a little bit of table as this, which is taken at random. 
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Notice that y diminishes as x increases, 
sin 21° or sin (-3665) = -3584. 

Notice that 

104. Here is another illustration of the fact that the 
differential coefficient of sin x is cos x. Let AOP, fig. Go, be 
6. Let AOQ be 0 4- 80. Let PQ be a short arc drawn with 
0 as centre. Let OP =0Q=1. PR is perpendicular to QB. 

Fig. 65. 

Then AP = y = sin 0, BQ = sin (9 + 80) = y + By, QB = 80 
and RQ = 8y. Now the length of the arc PQ becomes 
more and more nearly the length of a straight line between 
P and Q as 80 is made smaller and smaller. 

RQ 
QP 

dy 

m RQ 8y . 
lhus TV-̂  or ^ is more and more nearly equal to cosPQR 80 

or cos 0. 

In the limit •gQ = cos 0 if y = sin 0. 

Similarly if z = cos 6 = OT, 85 = - i U = - RP and 
dz « i J . _ 
d 0 = - QP = ~ a l n 6 -

Illustrations like these arc however of most value when a 
student invents them for himself. Any way of making the 
fundamental ideas familiar to oneself is valuable. But it is 
a great mistake for the author of a book to give too many 
illustrations. He is apt to give prominence to those illustra­
tions which he himself discovered and which were therefore 
invaluable in his own education. 

105. Observe that it y = A siu ox+1) coz «x, 
d * l , d1!/ ^ = - « > , and j g - o * 

Compare this with the fact that if y = e"x, 'l-., = u-y, ^ . = a l y . 

P. 12 

In 
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the higher applications of mathematics to engineering this resemblance 
and difference between the two functions eax and sin ax become im­
portant. note that if i stands for *J — 1 so that i 2 = - l , T 4 = l , &c. 

then if y = eiax, <r-^= - ah/, ^-—ahi just as with the sine function. 
J ' dx1 J ' dxA J 

compare art . 99. 

106. Exercise. Men who have proved Demoivrc's theorem 
in Trigonometry (the proof is easy ; the proofs of all mathe­
matical rules which arc of use to the engineer are easy; 
difficult proofs are only useful in academic exercise work) say 
that for all algebraic purposes, cos ax = \ (emx + e~iax) and 

sin ax=^-. (eiax — e"'!ax). I f this is so, prove our fundamental 

propositions. 

107. Example. A plane electric circuit of area A sq. 
cm. closed on itself, can rotate with uniform angular velocity 
about an axis which is at right angles to the field, in a uni­
form magnetic field H. II is supposed given in c . g . s . units; 
measuring the angle 6 as the angle passed through from the 
position when there is maximum induction HA through the 
circuit; in the position 6, the induction through the circuit is 
evidently A . H .cos 8. I f the angle 8 has been turned 
through in the time t with the angular velocity q radians 
per second, then 6 = qt. So that the induction Z = AH cos qt. 
The rate of increase of this per second is — AqHsin qt, and 
this is the electromotive force in each turn of wire. I f there 
are n turns, the total voltage is — nAqHsin qt in c . g . s . units; 
if we want it in commercial units the voltage is 

- nAqH 1 0 - 8 sin qt volts, 

being a simple harmonic function of the time. Note that the 
term voltage is now being employed for the line integral of 
electromotive force even wdien the volt is not the unit used. 

Example. The coil of an alternator passes through a 
field such that the induction through the coil is 

1= A„ + Ax sin (6 + + Ar sin (r6 + er), 

where 6 is the angle passed through by the coil. I f q is the 
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relative angular velocity of the coil and field, 0 = qt. If there 

are n turns of wire on the coil, then the voltage is n , or 

nq [A1 cos (qt + ex) + Arr cos (rqt + er)}. 
So we see that irregularities of r times the frequency in 
the field are relatively multiplied or magnified in the 
electromotive force. 

108. In Bifllar Suspension, if W is the weight of 
the suspended mass, a and b the distances between the 
threads below and above, h the vertical height of the threads; 
if the difference in vertical comjuonent of tension is n times 
the total weight W, and 9 is the angle turned through in 
azimuth, the momcrital resistance offered to further turning is 

i ( l -if-) W~sm8 (1). 

Note that to make the arrangement more ' sensitive' it is 
only necessary to let more of the weight be carried by one of 
the threads than the other. 

The momental resistance offered to turning by a body 
which is 9 from its position of equilibrium, is often propor­
tional to sin 9. Thus if W is the weight of a compound 
pendulum and OG is the distance from the point of support 
to its centre of gravity, W. OG. sin 9 is the moment with 
which the body tends to return to its position of equilibrium. 
I f M is the magnetic moment of a magnet displaced 6 
from equilibrium in a field of strength H, then HMsm 9 is 
the moment with which it tends to return to its position of 
equilibrium. A bod}'constrained by the torsion of a wire or 
a strip has a return moment proportional to 9. When 
angular changes are small we often treat sin 9 as if it were 
equal to 8. Sometimes a body may have various kinds of 
constraint at the same time. Thus the needle of a quadrant 
electrometer has bifllar suspension, and there is also an elec­
trical constraint introduced by bad design and construction 
which may perhaps be like a9 + bO2. I f the threads are stiff, 
their own torsional stiffness introduces a term proportional to 
6 which we did not include in (1). Sometimes the constraint 
is introduced by connecting a little magnetic needle rigidly 

1 2 — 2 
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with the electrometer needle, and this introduces a term 
proportional to sin 8. In some instruments where the 
moving body is soft iron the constraint is nearly propor­
tional to sin 28. Now if the resisting moment is M 
and a body is turned through the angle S0, the work 
done is M. 80. Hence the work done in turning a 
body from the position 9L to the position 8.,, where 0., is 

greater than 9,, is M . (19. 
• 

Example. The nionicutal resistance offered by a body 
to turning is «,siiii? where 9 is the angle turned through, 
what work is done in turning the body from 0t to 0., ? 

Answer, j a . sin 6 . dti = — a (cos 0., — r os (cos — cos 8.,). 

Example. The resistance of a bud}' to turning is partly 
a constant torque a due to friction, ]jartly a term l)0 + c0-, 
partly a term e sin 0; what is the work done in turning from 
8 = 0 to any angle ? 

M the torque = a, + b$ + c63 + e sin 0 = /($) say, 
V the work done 

~a0+ \b0r- + '3cfr + cos 6) = F{0) say. 
This is called the potential energy of the body in the 
position 9. 

The kinetic energy in a rotating body is } / 1 where 

I is the body's moment of inertia about its axis. When a 

body is at 9 its total energy E is -.J-I^J + F (0). 

If the total energy remains constant and a body in the 
position 0 is moving in the direction in which 0 increases, 
and no force acts upon it except its constraint, it will con­
tinue to move to the position 0, such that 

So that when the form of F(6) is known, 0X can be calculated, 
if we know the kinetic energy at 0. 

file:///b0r-
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Thus let JI/= esin 0, so that F(6) = e ( l - eos 0), then 

,U 4 c (1 - cos ft) = C ( I — COS ft), 

from which ft the extreme swing can be calculated. 
Exercise. Show that if the righting moment of a ship 

is proportional to sin 40 where 6 is the heeling angle, and 
if a wind whose inoinental effect would maintain a steady 
inclination of 11?. degrees suddenly sends the ship from rest 
at 6=0 and remains acting, arid if we may neglect friction, 
the ship will heel beyond 33 J- degrees and will go right over. 
Discuss the effect of friction. 

A body is in the extreme position ft, what will be 
its kinetic energy when passing through the position 
of equilibrium ? Answer, F (ft). 

Thus lot M =be + cffi + e sin 0. 
Calculate a, the angular velocity at 6 = 0, if its extreme 

swing is 45'\ Here 

ft = ~ and F(0) = J&ft + icft + e (1 - cos 6), 

from which we may calculate a. 
PROBLEM. Suppose we desire to have the potential 

energy following the law 
V=F(0) = a 6*- + b03 + cemf> + hsin 2ft 

and we wish to know the necessary law of constraint, we see 

at once that as JV = -,-=••. 
da 

M = \aQ}i + Zb6- + i>tce'"e + 211 cos 2ft 
PIIOBLEM. A body in the position ft moving with the 

angular velocity a, in the direction of increasing ft has a 
momental impulse m in the direction of increasing 0 
suddenly given to i t ; how far will it swing ? 

The moment of momentum was let, it is now lac + m and 

if a is its new angular velocity cc = a + ~'•. 



182 C A L C U L U S F O R E N G I N E E R S . 

x sin lax 
2. cos- axdx — ~ -\ 

2 4a 
3. I sin ax. cos bx ,dx = cos (a + b)x cos (a — b) x 

2(a+T) 2 7 ^ 6 ) ' 

The body is then in the position #0 with the kinetic 

energy + j^ j and the potential energy F(80), and the 

sum of these equated to F(9J) enables $ t to be calculated. 
The student will easily see that the general equation 

of angular motion of the constrained body is 
d-0 1 .,. „ 

f{8) may include a term involving friction. 

109. Every one of the following exercises must be worked 
carefully by students; the answers are of great practical use 
but more particularly to E lec t r ica l Engineers . In working 
them out it is necessary to recollect the trigonometrical 
relations 

cos 261 = 2 cos2 (9—1 = 1 — 2 sin2 8, 
2 sin 9 . cos ft = sin (8 + </>) + sin (0 -
2 cos 9 . cos <p = cos (9 + (f>) + cos (8 — cj>), 
2 sin 8 . sin d> = cos (8 — </>) — cos (8 + <fi). 

Such exercises are not merely valuable in illustrating the 
calculus; they give an acquaintance with trigonometrical 
expressions which is of great general importance to the 
engineer. 

The average value of / (x) from x = xx to x = x.t is 

evidently the area I f(x). dx divided by x.2 — x\. 

Every exercise from 6 to 20 and also 23 ought to be 
illustrated graphically by students. Good hand sketches of 
the curves whose ordinates are multiplied together and of the 
resulting curves will give sufficiently accurate illustrations. 

, f . „ , x sin 2ax 
1. |sm- axdx = . 

2 4a, 
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/". . , , sm(a—b)x sin(a + b)x 

I sin a x . sm bx .dx = -~, , •-—, J-
J 2{a-b) 2(a + b) ' cos ax. cos bn j _ sin (a + b) x sin (a - b) x 

• - • • • 2 <„.-/,) • 2 (a + 6) 
The area of a sine curve for a whole period is 0. 

sin x. dx = — 
'2ir 

cos a; 
o 

= - ( l - l ) = 0. 

7. 
that is 

Find the area of the positive part of a sine curve, 

s i n x.dx = - cos x 
o 

= - ( - l - l ) = 2. 

Since the length of base of this part of the curve is ir, 
2 

the average height of it is — . Its greatest height, or ampli­

tude, is 1. 
8. The area of y = a + b sin x from 0 to 27r is 2ira and 

the average height of the curve is a. 
9. Find tho average value of sin2 x from x = 0 to x - - 2tt. 
As cos 2x = 1 — 2 sin2 x, sin2 x = \ (1 — cos 2a;). The integral 

of this is $x — j ; sin 2x, and putting in the limits, the area is 
( i 2-rr — | sin 47r — 0 + i sin 0) = ir. The average height is 
the area -r 27r, and hence it is \. 

10. The average value of cos2 x from x = 0 to x = 27T is 

In the following exercises s and r are supposed to be 
whole numbers and unequal: 

11. The average value of a sin 2(sqt + e) from t=0 to 

* = T is ^ , s being a whole number and q = 2tt/T. T is the 

periodic time. 
12. The average value of a cos2 (sqt + e) from 4 = 0 to 

rT 

13. J cos sqt. sin sqt. dt = 0. 
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14. sin sqt. s in rqt. dt = 0. 
J o 

.T 

15. j cos sqt. cos rqt. dt = 0. 
Jo 

T 
10. I sin sqt. cos rqt. dt = 0. 

J o 
17. The average value of sin- sqt from 0 to \T is \. 

18. The average value of cos2 sqt from 0 to |T is J. 

19. I sin sgtf . sin rqt. dt = 0. 

20. 1 cos sqt. cos rqt. dt = 0. 
o 

21. Find J sin x . sin (a; + e ) . da;. 
Here, sin (x 4- e) = sin a; cos e 4- cos x . sin e. 

Hence we must integrate sin2 x . cos e 4- sin x . cos a;. sin e, 
' . „ , x sin 2a? 
sm- x . dx = ••- , 

2 4 sin x . cos ar. dx = -1 sin 2a;. dx = - \ cos 2x, 

and hence our integral is 
fx sin 2, /a; sm 2x\ 
I y -|— 1 cos e — i; cos 2a;. sm e. 

22. Prove that (sin qt. sin (qt 4- e) . (/£ 

< sin2ffl!\ 1 
2 ~iq ) C 0 S 6 ~ 4^ C ° S ^ ' S m 6 -

23. Prove that the average value of sin qt. sin (qt 4 e) or 
of sin (qt + ffl) sin (qt + a ± e) for the whole periodic time T 

( i f g = " - i s ^ cos e. 
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and find Je
M cos ad . dO. 

This becomes j ( e l h + t t t ) e + e(h~a{i9)dd 

= 1 I L (h+/,i)» 1 (b~ai)e 

*\b + aie + b-ai 6 

_ l / f 1 «*'» 1 -«» 
— 2 6 i . • e + j . e 

[o + ai b — ai and on substituting the above values it becomes 

JV" cos ad ,dd= ^ eW (b cos a0 + a sin a8) .. . ( i ) 

Similarly we have 

Jehe sin = a^~j7ehe (l> sin - a cosaO) (2) 

This becomes evident when we notice (culling qt + a — <p), 
sin <jf>. sin (<j> ± e) = sin tf> (sin <f> cos e ± cos <f>. sin e) 

= sin'2 </> . cos e + sin of>. cos d) . sin e. 

Now the average value of sin2 <f> for a whole period is ^, 
and the average value of sin <f>. cos cf> is 0. 

7T 

By making « = in the above we see that the average 
value of cos qt. cos (</£ + e) is i cos e, or the average value 
for a whole period of the product of two sine functions 
of the time, of the same period, each of amplitude 1 , is 
half the cosine of the angular lag of either behind the 
other. 

24. Keferring to Art. 10(5, take 

cos «<9 = ^ + e - ' " " ) , 

sin «0 = - l ( e ' ' a f l - e - ' ' " * ) , 
2i ' 

or take e'ae = cos a0 + % sin ad, 

o '"" = cos a0 — iurn at), 
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110. Notes on Harmonic Functions. In the fol­
lowing collection of notes the student will find a certain 
amount of repetition of statements already made. 

111. A function x = ci sin qt is analogous to the straight 
line motion of a slider driven from a c rank of length a 
(rotating with the angular velocity q radians per second) 
by an infinitely long connecting rod. x is the distance of the 
slider from the middle of its path at the time t. At the zero 
of time, x = 0 and the crank is at right angles to its position 

27T 
of dead point, q = 2 7 r f = , if T is the periodic time, or 
if f is the frequency or number of revolutions of the crank 
per second, taking 1 second as the unit of time. 

112. A function x = a sin (qt + e) is j ust the same, except 
that the crank is the angle € radians (one radian is 57'2957 
degrees) in advance of the former position; that is, at 
time 0 the slider is the distance a sin e past its mid-position*. 

* The student is here again referred to § 10, and it is assumed that he 
has drawn a curve to represent 

x = be~atsin (qt + t) (1). 
Imagine a crank to rotate uniformly with the angular velocity q, and to 
drive a slider, but imagine the crank to get shorter as time goes on, its 
length at any time being ae~bt. 

Another way of thinking of this motion i s : — 
Imagine a point P to move with constant angular velocity round O, 

Fig. 66. 

keeping in the equiangular spiral path APDGDEV; the motion in question 
is the motion of P projected upon the straight line M O N and what we have 
called the logarithmic decrement is TT cot a if a is the angle of the spiral, 
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113. A function x = a sin (qt + e) + a sin (qt + e') is the 
same as X = A sin (qt + E); that is, the sum of t w o crank 
motions can be given by a single crank of proper 
length and proper advance. Show on a drawing the 
positions of the first two when t = 0, that is, set off 

T0P = e and 0P = u, 
YOQ = e' and 0Q = a'. 

Complete the parallelogram OPRQ and draw the diagonal 
OR, then the single crank 0R = A, with angle of advance 
YOR = E, would give to a slider the sum of the motions 
which OP and 0Q would separately give. The geometric 

proof of this is very easy. 
Imagine the slider to have 
a vertical motion. Draw 
0Q, OR and OP in their 
relative positions at any 
time, then project P, R 
and Q upon OX. The 
crank OP would cause 
the slider to be OP' above 
its mid-position at this 
instant, the crank 0Q 
would cause the slider to 
be 0Q' above its mid-po­
sition, the crank OR would 

cause the slider to be OR' above its mid-position at the same 
instant; observe that OR' is always equal to the algebraic 
sum of OP' and 0Q'. 

We may put it thus:—"The S.H.M. which the crank OP 
would give, + the S.H.M. which 0Q would give, is equal to 
the S.H.M. which OR would give." Similarly " the S.H.M. 
which OR would give, - the S.H.M. which OP would give, is 
equal to the S.H.M. which 0Q would give." We sometimes 
say:—the crank OR is the sum of the two cranks OP and 0Q. 
Cranks are added therefore and subtracted just like vectors. 

that is, the constant acute angle which OP everywhere makes with the curve, 
or 7rcota = aT/2 and q = 2irjT, so that cot a = a]q. If fig. OC is to agree with 
fig. 67 in all respects N M being vertical and P is the position at time 0, then 
e=angle NOP-TJ2. 
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114. These propositions are of great importance in dealing 
with valve motions and other mechanisms. They are of so 
much importance to electrical engineers, that many practical 
men say, " let the crank OP represent the current." They 
mean, '• there is a current which alters with time according 
to the law G = a sin {qt + t•), its magnitude is analogous to 
the displacement of a slider worked vertically by the crank 
OF whose length is a and whose angular velocity is q and 
OP is its position when f = 0 . " i 

115. Inasmuch as the function ;r = a cox qt is just the 

same as « sin (qt -f- ̂  , it represents the motion due to a 
crank of length it whose angle of advance is !)0°. At any 
time t the velocity of a slider whose motion is 

x = a sin (qt + e), 
dx 

is v = aq cos (qt + e) = or x 

= "(/ s i " (<lt + <=' + >>)• 

that is, it can be represented by the actual position at any 
instant of a slider worked by a crank of length representing 
aq, this new crank being 90° in advance of the old one. 

The acceleration or or -r- <>r v is shown at any instant 
dt- dt J 

by a crank of length aq- placed 90" in advance of the v 
crank, or 180° in advance of the x crank, for 

Accel. = — aif sin (qt + e) 
= aq2 sin (qt + e + ir). 

The characteristic property of s.H. motion is that, numerically, 
the acceleration is <f or 47r' 3 /- times the displacement,/'being 
the frequency. 

I f anything follows the law a sin (qt + e), it is analogous 
to the motion of a slider, and we often say that it is repre­
sented by the crank OP; its rate of increase with time 
is analogous to the velocity of the slider, and we say that it 
is represented by a crank of length aq placed 90° in advance 
of the first. In fact, on a s .H. function, the operator d/dt 
multiplies by q and gives an advance of a right angle. 
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116. Sometimes instead of stating that a function is 
A S i n (qt + e) wo state that it is a sin qt + b cos qt. 

Evidently this is the same statement, if ir + b- = A - and if 

tan e = —. a 
I t is easy to prove this 

trigonometrically, and gra­
phically in fig. 68. Let 

08 = a, VQ = b. 
The crank OP is the sum 
of OS and OQ, and tan e or 

tun Y01> = H . 
Fig. G8. H 

117. We have already in Art. 100 indicated an easy 
graphical method of drawing the curve 

x = a sin (qt + e), 
where x and t are the ordinate and abscissa. 

Much information is to be gained by drawing the two of 
the same periodic time, 

x = a sin (qt + e) and x — a' sin (qt 4- e ), 
and adding their ordinates together. This will illustrate 113. 

118. I f the voltage in an E lec t r ic Circuit is V volts, the 
current C amperes, the resistance It ohms, the self-induction 
L Henries, then if t is time in seconds, 

V=RG + L' df . (1 ) . 

Now if G= 6',, sill qt, 
,!<• 
dt = ( „q r l >s qt, 

so that V— RC„ sin qt + lA'\q . cos qt, 

and by Art. 116 this is 

V= G„ -Jit1 + I. ./ si a (qt 4- e) . (2 ) ; 



190 C A L C U L U S F O R E N G I N E E R S . 

VIt 2 + L2q2 is called the impedance ; 

tan e = ^ = —fi^i ^ / i s frequency; 

e is lag of current behind voltage. 

Hence again if V = V 0 sin qt (3), 

then C = , V " „ I sin f qt - t a n " 1 ££\ t. (4). 
V B 2 + L z q 2 \ R / 

Notice that if V is given as in (3) the complete answer 
for C includes an evanescent term due to the starting 
conditions sec Arts. 98, 147, but (4) assumes that the simple 
harmonic V has been established for a long time. In practical 
electrical working, a small fraction of a second is long enough 
to destroy the evanescent term. 

119. We may write the characteristic property of a simple 
harmonic motion as 

a F + q 2 x = ° 

(compare Arts. 26 and 108) and if (1) is given us we know 
that it means 

x = a sin qt + b cos qt or x = A sin (qt + e) (2), 
where A and e, or a and b are any arbitrary constants. 

Example. A body whose weight is W lb. has a simple 
harmonic motion of amplitude a feet (that is, the stroke is 
2a feet) and has a frequency /per second, what forces give 
to the mass this motion ? 

I f x feet is the displacement of the body from mid-
position at any instant, we may take tho motion to be 

x = a sin qt or a sin 2irf. t, 

and the numerical value of the acceleration at any instant is 
i-jr2f2x and the force drawing the body to its mid-position is 
in pounds 47r ! / 2 * 'TF^32 , 2, as mass in engineer's units is weight 
in pounds in London 4- 32'2, and force is acceleration x mass. 
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120. I f the connecting rod of a steam or gas engine were 
long enough, and wc take W to be the weight of piston and 
rod, the above is nearly the force which must be exerted 
by the cross-head when the atmosphere is admitted to both 
sides of the piston. Observe that it is 0 when x is 0 and is 
proportional to x, being greatest at the ends of the stroke. 
Make a diagram showing how much this force is at every 
point of the stroke, and carefully note that it is always act­
ing towards the middle point. 

Now if the student has the indicator diagrams of an 
engine (both sides of piston), he can first draw a diagram show­
ing at every point of the stroke the force of the steam on 
the piston, and he can combine this with the above diagram 
to show the actual force on the cross-head. Note that steam 
pressure is so much per square inch, whereas the other is the 
total force. I f the student carries out this work by himself 
it is ten times better than having it explained. 

Since the acceleration is proportional to the square of the 
frequency, vibrations of engines are much more serious than 
they used to be, when speeds were slower. 

121. As we have been considering the motion of the piston 
of a steam engine on the assumption that the connecting rod is 
infinitely long, we shall now study the effect of shortness of 
connecting rod. 

In Art. 11, we found s the distance of the piston from the 
end of its stroke when the crank made an angle 6 with its dead 
point. Now let x be the distance of the piston to the right 
of the middle of its stroke in fig. 3, so that our x is the old s 
minus r, where r is the length of the crank. 

Let the crank go round uniformly at q radians per second. 
Again, let t be the time since the crank was at right 

angles to its dead point position, so that 6 — ^ = qt, and we 
find 

or x = r sin 1 — 1 — cos2 qt 



192 C A L C U L U S F O R E N G I N E E R S . 

Using the approximation that Vl — a = 1 - i « it' a is 
small enough we have 

x = r sm + cos- (/£. 

But we know that 2 cos'-^ — I = cos 2</f. (.See Art, 1 0 ! ) . ) 

r 2 r 2 

Hence x = r sin qt + — cos ( 2 q t ) - ^ v L). 

We see that there is a fundamental simple harmonic motion, 
and its octave of much smaller amplitude. 

Find *^ and also ~ . This latter is 
dt dii2 

acceleration = — r<f sin qt — - (j cos 2qt. 

It will be seen that the relative importance of the octave 
term is four times as great in the acceleration as it was in 
the actual motion. W c may, if we please, write 6 again for 

7T 

qt + ^ and get 

- I f = n y c o s ^ - i - j - cos 20. 

When 0 = 0, tho acceleration is rq2 + '-'j- . 

When 0 = 90°, the acceleration i s - . 

When 0= ISO0, the acceleration is - •/•</+ ' 'j , 

(q is 27r/', where f is the frequency or number of revolutions 
of the crank per second). 

I f three points be plotted showing displacement x and 
acceleration at these places, it is not difficult by drawing a 
curve through the. three points to get a sufficiently accurate 
idea of the whole diagram. Perhaps, as to a point near the 
middle, it might be better to notice that when the angle 
OPQ is 90°, a s P is moving uniformly and the rate of change 
of the angle Q is zero, there is no acceleration of Q just then. 
This position of Q is easily found by construction. 
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The most important things to recollect arc (1) that 
accelerations, and therefore the forces necessary to cause 
motion, are four times as great if the frequency is doubled, 
and nine times as great if the frequency is trebled ; (2) that 
the relative importance of an overtone in the motion is 
greatly exaggerated in the acceleration. 

122. Take any particular form of link motion or radial 
valve gear and show that the motion of the valve is always 
very nearly (t being time from beginning of piston stroke or 
qt being angle passed through by crank from a dead point), 

x = ax sin (qt + e,) -f a 2 sin (2qt + e«) (1). 

(There is a very simple method of obtaining the terms rtt 

and a2 by inspection of the gear.) When the overtone is 
neglected, is the half travel of the valve and 6! is the angle 
of advance. In a great number of radial valve gears we find 
that e2 = 90°. The best way of studying the effect produced 
by the octave or overtone is to draw the curve for each term 
of (1) on paper by tho method of Fig. 63, and then to add 
the ordinates together. I f we subtract the outside lap L 
from x it is easy to see where the point of cut-off is, and how 
much earlier and quicker the cut-off is on account of this 
octave or kick in the motion of the valve. 

In an example take «j = 1, e1~ 40°, a.2 — -2, e2 = 90°. 
The practical engineer will notice that although the 

octave is good for one end of the cylinder it is not good for the 
other, so that it is not advisable to have it too great. We 
may utilize this fact in obtaining more admission in the up 
stroke of modem vertical engines; we may cause it to correct 
the inequality due to shortness of connecting rod. 

Links and rods never give an important overtone of 
frequency 3 to 1. I t is always 2 to 1 . 

In Sir F. Bramwell's gear the motion of tho valve is, 
by the agency of spur wheels, caused to be 

x = a,, sin (qt + ex) + a., sin (3qt + e„) (2). 

Draw a curve showing this motion when 
a, = 115 inch, e, = 47°, a, = -435, e2 = 62°. 

p. 1 3 
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I f the outside lap is 1 inch and there is no inside lap, find 
the positions of the main crank when cut-off, release, cushion­
ing and admission occur. Show that this gear and any gear 
giving an overtone with an odd number of times the funda­
mental frequency, acts in the same way on both ends of the 
cylinder. 

123. I f x — cos (qj, + ej) + a2 cos (q.,t + e.,) (3), 
where q1 = 2-7rf1 and q2=2IRF2, 

there being two frequencies; this is not equivalent io one 
S. H . motion. Suppose a, to be the greater. The graphical 
method of study is best. We have two cranks of lengths al 

and a,2 rotating with different angular velocities, so that the 
effect is as if we had a crank A rotating with the average 
angular velocity of but alternating between the lengths 
oh + a.2 and ax — a2; always nearer a^s position than a.2's ; in 
fact, oscillating on the two sides of o-2's position. I f q1 is 
nearly the same as q2 we have the interesting effect like 
beats in music* . 

Thus tones of pitches 100 and 101 produce 1 beat per 
second. The analogous beats are very visible on an in­
candescent lamp when two alternating dynamo-electrical 
machines are about to be coupled up together. Again, tides 
o f the sea, except in long channels and bays, follow nearly 
the s. H . law; a, is produced by the moon and a.2 by the sun 
if « I = 2 T a . , , so that the height of a spring ticle is to the 
height of a neap tide as 3'1 to IT . The times of full are 
times of lunar full. The actual tide phase never differs more 
than 0 9 5 lunar hour from lunar tide ; 0 9 5 lunar hour = 0 -98 
solar. 

124. A Periodic Function of the time is one which 
becomes the same in every particular (its actual value, its 
rate of increase, &c.) after a time 2'. This T is called the 

* Analytically. Take cos(2jr/2S + e2) = cos{2ir/i«-2x (FI-F 2 )T + E2\, 
therefore X=R cos (VR/^ + 9), 
where r 2 = + a 2

2 + 2 (7 ,a a cos {2TT (F, -/ 3) t + e, - e2}, 

and the value of tan D is easily written out. 
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periodic time and its reciprocal is called f tho frequency. 
Algebraically the definition of a periodic function is 

/(*)=/(*+«n 
where n is any positive or negative integer. 

125. Four ier ' s T h e o r e m can be proved to be true. I t 
states that any periodic function whose complete period is T 
(and q is 27T/2' or 27r/) is really equivalent to the sum of a 
constant term and certain sine functions of the time 
/(t) = A0 + Ai s i n (qt + E1)+ A2 s in (2qt + E,) + 

A3 sin (3qt + Es)+kc (1). 
In the same way, the note of any organ pipe or fiddle 

string or other musical instrument consists of a fundamental 
tone and its overtones. (1) is really the same as 

f(t) = All+al sin qt + bx cos qt + a.2 sin 2qt + b2 cos 2qt + &c, 

if + bi =A1
3 and tan 2?, = —, &c. f 

126. A varying magnetic field in the direction .* follows 
the law X = a sin qt where t is time. Another in the 
direction y, which is at right angles to x, follows the law 

F = a cos qt. 
At any instant the resultant field is 

E = v / l 2 + Y"- = a = a constant 
making with y the angle 8, where tan 6 = YjX, or 8—qt. 

H e n c e t h e effect produced is t h a t w e h a v e a con­
s tant field R rotat ing wi th angular veloci ty q. 

When the fields are 

X = ax sin (qt + ej) and Y = a 2 sin (qt + e2), 

it is better to follow a graphical method of study. The 
resultant field is represented in amount and direction by tho 
radius vector of an ellipse, describing equal areas in equal 
times. 

Let OX and OY, fig. 69, be the two directions mentioned. 
Let 0At in the direction OX = ax. With 0AX as radius describe 

13—2 
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a circle. Let F 0 0 be tho angle ex. Divide the circle into 
many equal parts starting at 0 and naming the points of 
division 0, 1, 2, 3, &c. Draw lines from these points parallel 
to OF. Let 0A.2 in the direction O F be a.,. Describe a 
circle with 0A„ as radius. Set off the angle X'OO'as e.2 and 

Y 
Fig. 09. 

divide this circle at 0', 1, 2, 3, 4, &c., into the same number 
of parts as before. Let lines be drawn from these points 
parallel to OX, and where each meets the corresponding line 
from the other circle we have a point whose radius vector 
at any instant represents, in direction and magnitude, the 
resultant magnetic field. 

I f OX and O F are not at right angles to one another, 
the above instructions have still to be followed. 

I f we divide the circle 0^12 into only half the number of 
parts of OAi we have the combination of X = o\ sin (qt + e,) 
and Y — a.2 sin (2qt + e2). 

I f we wish to see the combination X = &ny periodic 
function and Y any other periodic function, let the curve 
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from M.2 to N2 show Y, M2N2 being the whole periodic time; and 
let the curve from MX to NX show X, the vertical distance MXNX 

Fig. 70. 
being the whole periodic time. I f Px and P2 are points on the 
two curves at identical times, let the horizontal line from P 2 

meet the vertical line from Px in P. Then at that instant 
OP represents the resultant field in direction and 
magnitude. 

Carry out this construction carefully. I t has a bearing 
on all sorts of problems besides problems on rotating mag­
netic fields. 

127. The area of a sine curve for a whole period or for 
any number of whole periods is zero. This will be evident if 
one draws the curve. By actual calculation; let s be an 

integer and q = ~, 

Jo COS Sqt sin sqt ,dt = 
277-

beeause cos s I1 or cos s2ir = 1 and cos 0 = 1 . 

1 / 2TT 

Tq^T1' cos 0 = 0 

Again, t i 
cos sqt .dt = — > sq 

T 

sin sqt 
o 

_ 1 
~" sq 

sin s-^-T— sin 0 ) = 0, 

because sin s-yp- T= sin s2ir = 0 and sin 0 = 0. 
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o 
rr 

sin s q t . cos r q t . dt = 0 (1), 

sin s q t . sin r q t . dt = 0 (2), 

I cos s q t . cos r q t . dt = 0 (3). 
.' o 

These ought to be tried carefully. 1st as Exercises in 
Integration. 2nd Graphically. The student cannot spend 
too much time on looking at these propositions from many 
points of view. He ought to sec very clearly why the 
answers are 0. The functions in (1) and (2) and (3) really 
split up into single sine functions and the integral of each 
such function is 0. Thus 

2 sin sqt. cos rqt = sin (s + r) qt + sin (,s — r) qt, 
and by Art. 127, each of these has an area 0. 

The physical importance of the proposition is enormous. 
Now if s = v the statements (2) and (3) arc untrue, but (1) 
continues true. For 

i s i n 2 s q t . d t = ( cos 2 s q t . dt = I T (4), 

whereas (1) becomes the integral of ^ sin 2sqt which is 0. (4) 
ought to be worked at graphically as well as by mere inte­
gration. Recollecting the trigonometrical fact that 

cos 29 = 2 cos2 0 - 1 or 1 - 2 sin2 0, 
and therefore that 

cos2 qt = £ cos 2qt + ^, sin2 qt = \ — \ cos 2qt, 
the integration is easy and the student ought to use this 
method as well as the graphical method. 

129. To illustrate the work graphically. Let OC, fig. 71, 
be T. Taking .s=2, the curve OPQJISC represents sin sqt. 

128. I f the ordinates of two sine curves be multiplied 
together to obtain the ordinate of a new curve: the area of 
it is 0 for any period which is a multiple of each of their 
periods. Thus if s and r are any integers 
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Its maximum and minimum heights are 1. Now note that 
sin* sqt is always 4- and it is shown in OP'QiR&C. I t 
fluctuates between 0 and 1 and its average height is ^ or 

/ P ' W 
/8\ A o c 

Fig. 71. 

the area of the whole curve from 0 to C is \T- The fact 
that the average value of sin s q t . x sin rqt is 0 , but 
that the average value of sin sqt x sin sqt is \, is one of 
the most important in pract ical engineering work. 

130. Illustration in Electr ic i ty . An electric dynamo­
meter has two coils; one fixed, through which, let us suppose, 
a current C flows ; the other moveable, with a current c. At 
any instant the resultant force or couple is proportional to 
Gc and enables us to measure Gc. But if G and c vary 
rapidly we get the average value of Gc. Prof. Ayrton and 
the author have carried out the following beautifully illus­
trative experiment. They sent a current through the fixed 
coil which was approximately, G = C0 sin 2-Trft. This was 
supplied by an alternating dynamo machine. Through the 
other coil they sent a current, c = c0 sin 2-wf't whose frequency 
could be increased or diminished. I t was very interesting to 
note (to the average practical engineer it was uncanny, 
unbelievable almost) that although great currents were 
passing through the two coils, there was no average force— 
in fact there was no reading as one calls it in the laboratory. 
Suppose / was 100 per second, /' was gradually increased 
from say 10 to 20, to 30 to 40 to 49. Possibly about 49 to 
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51 a vague and uncertain sort of action of one coil on the 
other became visible, a thing not to be measured, but as/ ' 
increased the action ceased. No action whatever as /' 
became 60, 70, 80, 90, 97, 98, 99, but as / ' approached 100 
there was no doubt whatever of the large average force; 
a reading could be taken and it represented according to the 
usual scale of the instrument |O0c0; when/' increased beyond 
100 the force suddenly ceased and remained steadily 0 until 

f became 200 when there was a small force to be measured; 
again it ceased suddenly until f became 300, and so on. We 
know that if G and c had been true sine functions there 
would have been absolutely no force except when the 
frequencies were exactly equal. In truth, however, the 
octaves and higher harmonics were present and so there were 
slight actions when f and f were as 2 to 1 or 1 : 2 or 1 : 3 , &c. 
This is an extremely important illustration for all electrical 
engineers who have to deal with alternating currents of 
electricity. 

131. Exerc ise in Integration. G and c being alternating 
currents of electricity. When C = C0 sin qt and c = c0 sin (qt ± e) 
and these two currents flow through the two coils of an 
electro-dynamometer, the instrument records \ CQc0. cos e as 
this is the average value of the product Co. 

When G and c are the same, that is, when the same 
current G = O0 sin (qt + e) passes through both coils, the 
instrument records the average value of Gs. dt, or 

1 fr 

0„2 sin2 (qt + e). dt (1), 

which we know to be ^G0-. The square root of any such 
reading is usually called the effective current , so that 

— C0 is what is known as the effective value of G0 sin qt. 

Effective current is defined as the square root of 
mean square of the current . Thus when an electrical 
engineer speaks of an alternating current of 100 amperes he 
means that the effective current is 100 amperes or that 
C= 141-4 sin (qt -j- a). Or the voltage 1000 means 

v = 1414 sin (qt + /3). 
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Exercise. What is the effective value of 
a0 + A, sin (qt + e,) + A2 sin (2qt + e2) + &c. ? 

Notice that only the squares of terms have an average 
value, the integral of any other product being 0 during a 
complete period. Answer: Vcif + (A^ + A? 4- &c). 

Observe the small importance of small overtones. 

I f v = ~° (sin qt + ^ sin 3qt + \ sin 5qt Sac). •(2), 

we shall see from Art. 135 that this is the Fourier expression 
for what is shown in the curve (fig. 72) the distance OM being 
called v0 and the distance OQ being the periodic time T, where 

27T . 
Q = j , , and v is measured upwards from the line OQ. 

M 

o Q 

Fig. 72. 

The effective v = + A + A + &^ (3). 

Again in fig. 73, where P3I = v0 and = T, 

v = (sin qt — % sin 3<^ + ^ sin 5gtf — &c.) ... (4). 

Fig. 73. 

The effective v = - ^ ^1+3^^+^. 
7T Y -j 

Again note the small importance of everything except 
the fundamental term. 
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Exercise. I f 0 = C0 + Ax sin qt + Bx cos qt 

+ A2 sin 2qt + B2 cos 2qt + &c. .. .(6), 

and if 
c = c„ + a, sin qt + 6 ( cos </< -f a2sin 2gtf + b2 cos 2^4 + &c. . . . (7) . 
Average Cc = C'0c0 + ^(-Tc^ + Bxbx + A2a% + B2b2 + &c) . . . (8) . 

I t will be seen that there are no terms like A.b2 or A.2ba. 
132. Let AB and BG be parts of an electric circuit. In 

V a c AB let the resistance be R 
•<- y'n - " ^ Vbc."'"""^" and let there be no self-in-
^vv^A^wvSAA^irrrirrirro^^ duction. In BO let the re-
A R B r l sistance be r and let there be 

F l g - u - self-induction I lfG=G0smqt 
is the current passing. Let Vae & C represent the voltage 
between the points A and B, &c. Let mean the effective 
voltage between A and 5 . 

VAJi — RGq sin gtf, 
Vac = (70 V?-2 + % 2 sin ^ 4- tan" 1 ̂  , see Art. 118, 

VAC = C0 V(i2 + r ) 2 +><f sin (qt + tan- 1 =^- -

^ - ~ ( « + r)0^1+iJ^. 
Observe that V A C is always less than V A B + V B C , or 
the effective voltage between A and C is always less 
than the sum of the effective voltages between A and 
B and between B and C. 

Thus take C„= 14.1--1, R=l, r = l , lq = l, and illustrate 
a fact that sometimes puzzles electrical engineers. 

133. Rule for developing any arbitrary function 
in a Fourier Series. 

-bThe function may be represented as in fig. 75, BE repre­
sents the value of y at the time t which is represented by 
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OE, OG represents the whole periodic time T. At G the 
curve is about to repeat itself. (Instead of using the letter 

t we may use x or any other. We have functions which are 
periodic with respect to space for example.) Assume that y 
can be developed as 
y = a0 + a, sin qt + bx cos qt + a2 sin 2qt + b.2 cos 2qt 

+ a3 sin 3qt + cos 3qt + &c. ...(!)> 

where 

It is evident from the results given in Art. 127 that a 0 

is the average height of the curve, or the average 
value of y. This can be found as one finds the average 
height of an indicator diagram. Carry a planimeter point 
from 0 to FPHGGO, and divide the whole area thus found by 
00. I f we have not drawn the curve ; if we have been given 
say 36 equidistant values of y, add up and divide b}' 36. 
The reason is this; the area of the whole curve, or the 
integral of y between the limits 0 and T, is aaT, because 
the integral of any other term such as ax sin qt or bs cos Sqt 
is 0. In fact 

rr . rr 
sm sqt .dt or cos sqt. dt is 0, 

.'o .'o 
if s is an integer. 

«! is twice the average height of the curve which results 
from multiplying the ordinates y by the corresponding 



204 C A L C U L U S F O R E N G I N E E R S . 

ordinate of sin qt; for, multiply (1) all across by sin qt, 
and integrate from 0 to T, and we have by Art. 128 

[2y . sin qt. dt = 0 4- a, Psin 2 qt. dt + 0 + 0 + &c .=4a ,T .••( ! ) ; 

dividing by T gives the average value, and twice this is 
evidently ax. Similarly 

fT 
y .cos qt.dt = ^bLT (2). 

• o 

In fact, by the principles of Art. 128, a s and b s are twice 
the average values of y sin sqt and y . cos sqt, or 

as=-rpl y. sin sqt. dt 

2 ]r I" I 3 ) -

bs =-fp j ^y. cos sqt. dt 
134. In the Electrician newspaper of Feb. 5 th, 1892, the 

author gave clear instructions for carrying out this process 
numerically when 30 numbers are given as equidistant 
values of y. 

In the same paper of June 28th, 1895, the author de­
scribed a graphical method of finding the coefficients. 
The graphical method is particularly recommended for de­
veloping any arbitrary function. 

Students who refer to the original paper will notice 
that the abscissae are very quickly obtained and the curves 
drawn. 

In this particular case we consider the original curve 
showing y and time, to be wrapped round a circular cylinder 
whose circumference is the periodic time. The curve is pro­
jected upon a diametral plane passing through t=0. Twice 
the area of the projection divided by the circumference of 
the cylinder is ax. Projected upon a plane at right angles to 
the first, we get bx in the same way. When the curve is 
wrapped round s times instead of once, and projected on 
the two diametral planes, twice the areas of each of the 
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two projections divided by s times the circumference of tho 
cylinder give as and bs* 

Prof. Henrici's Analyzers, described in the Proceedings 
OF the Physical Society, give the coefficients rapidly and 
accurately. The method of Mr Wedmore, published in the 
JOURNAL of the Institution of Electrical Engineers, March 1896, 
seems to me very rapid when a column of numbers is given as 
equidistant values of y. 

135. When a periodic function is graphically represented 
by straight lines like fig. 72 or fig. 73 we may obtain the 
development by direct integration. Thus in fig. 76, the 
Electrician's Make and Break Curve; 

W 

P Q 
Fig. 76. 

Evidently 

y = OA, or 2% say, from t = 0 to t = OP ^ \T; 

y = 0 from t = hT or OP, to t = T or OQ. 

2tt 
«!. = "(), q = T 

2 fiT 2 fiT 

«,, = -, 2r„. sin sqt. dt, bx = 2v0 cos sqt. dt, 

4i'„ 

.' o 

T 
T " 2.S7T 

r 2TT. 

cos s . -m t 
0 

T ' s T ' 2stt 
»? 2tt " 
sin S . „ T t 
o J-

* The method ia based upon this, that 
2 f'r 2 f I f 

"«= j , | o2/ -smsqt = r J'J • d (cos sqt) = _ I ,j . d (cos sqt). 

Drawing a complete curve of which y (at the time t) is the ordinate and 
cos sqt is the abscissa, we see that its area as taken by a Planiineter 
divided by sir gives a3. This graphical method of working is made use of 
in developing arbitrary functions in series of other normal forms than sines 
and cosines, such as Spherical Zonal Harmonics and Bessels. 

By the above method, b,=— (y . d(sinsqt). 
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2v„ . ,v, 2v0 f 0 i f S i s even\ 
( O O S STT — c o s 0) = „ . „ . , i I 
V SIR V— 2 i f 8 i s odd / S7T 

= if .9 is odd, 
SIR 

2v0j b,= —(sin SIR-urn 0) = 0. 

Hence the function shown in fig. 76 becomes 

y=v0+—° (sin qt + A sin Sqt + i sin 5qt + &c.) (1). 

M 

o Q 

Fig. 77. 

I f the origin is half-way between 0 and A (fig. 76), as in 
fig. 77, so that instead of what the electricians call a make 
and break we have v0 constant for half a period, then — v„ 
for the next half period, that is, reversals of y every half 
period, we merely subtract v„, then 

y = —- (sin qt + I sin Sqt + \ sin oqt + &c.) .. .(2). 

Let the origin bo half-way between 0 and P, fig. 76 ; the 
t of (1) being put equal to a new t + \T, 

sin sqt where s is odd, becomes sin sq(t + \T), 

or sin s ~ (t + {T) or sin {sqt +s ^j , 
where s=l, 5, 9, 13 &c. this becomes cos sqt, 

„ s = 3, 7, 11, 15 &c. „ „ — cos sqt, 

and consequently with the origin at a point half-way between 
0 and P, 

y = vt) + 4-"0 (cos qt-% cos Sqt + \ cos oqt - f cos tqt + &c) . 
J TT 
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cos sqx 
o 

2m 4?H. . „ . , , = (cos S7T — 1) = — it s is odd, esq STT 

= 0 if s is even. 
4m 

Hence m~= — (sin qx + J- sin %qx + ^ sin »qx + &c.)*. 
I I . Assume y = &0 + bx cos qx + b2 cos 2qx + &c. Here b0 

is evidently the mean value of y from x = 0 to x = c. In the 

* Exercise. Develope y=mx from x = 0 to ,c = c in a series of sines, 

mx = a1 sin qx + a., sin 2qx + & c , where 5 = 7, 

o. is - I mx . sm sax. ax = - . - , - , - sm soa; - sax . eos sox . 

For this integral refer to (70) page 365. 

_ Vine / .ir 1 . 2ir 1 . 3tt „ \ 
Henee mx = I sin - x• ~ - sm — .r + - sin — x- &c. \ . 

TT \ c 2 c a c J 

136. To represent a ]ieriodic function of x for all values 
of it is necessary to have series of terms e a c h o f w h i c h 

i s i t s e l f a p e r i o d i c f u n c t i o n . The Fourier series is the 
simplest of these. 

137. I f the values of y, a function of x, be given for all 
values of x between x — 0 and x = c; y can be expanded in a 
s e r i e s o f s i n e s o n l y or a ser ies o f c o s i n e s o n l y . Here 
we regard the given part as only half of a complete periodic; 
function and we are not concerned with what the series 
represents when x is less than 0 or greater than c. In 
the previous case y was completely represented for all 
values of the variable. 

I. Assume y = ax sin qx + a 2sin 2qx + &c. where q = irjc. 
Multiply by sm sqx and integrate between the limits 0 

and c. I t will be found that all the terms disappear except 

as sin2 sqx. dx which is \ase, so that as is twice the average 

value of y. sin sqx. 

Thus let y be a constant in, then 
2 [ c • 7 2m | 

(h = - I in sm sqx . ax = 
c J o esq 
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F V 

I f Lq is very large compared with R we may take 

G=li-^LSqC0S{S'lt + e s ) (3)' 
Thus, taking the make and break curve for V, fig. 76, 

V = F0 + — 0 (sin qt + > sin Sqt + &c.) (4), 
77" 

F 2 F T 
C = 7y - ° - (cos + 1 cos 2qt + cos 5<# + &c.) .. .(5), 

T 
which is shown by the curve of fig. 73, 0 being at —. 

139. When electric power is supplied to a house or 
contrivance, the power in watts is the average value of C V 
where 0 is current in amperes and V the voltage. 

* Thus let y = mx between x = 0 and x — c. Evidently ba=^mc, and we 

find y = - g- - -̂ 1 cos qx + - cos Sqx + — cos 6qx + &c. \. 

There are many other normal forms in which an arbitrary function of 
x may be developed. Again, even of sines or cosines there are other forms 
than those given above. For example, if we wish generally to develope y a 
function of x between 0 and c as ?/ = 2«O T sina„,.r by the Fourier method, the 

essential principle of which is j sin anx . sin amx . dx=0, where m and n 
J o 

are different; we must have am and a„, roots of . — =s. In the ordinary 
" sin ac 

Fourier series s is <x> . 

same way as before we can prove that ba is twice the average 
value of y cos sqx*. 

138. In Art. 118 we gave the equation for an electric 
circuit. The evanescent term comes in as before but we shall 
neglect it. Observe that if V is not a simple sine function of 
t, but a complicated periodic function, each term of it gives 
rise to a term in the current, of the same period. Thus if 

V= F0 + £ V, sin (sqt + p.)t (1), 
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Let V= F„sin qt and G = O0 sin (qt — e). 
Then P = £ C0 V„ cos ef, or half the product of the ampli­

tudes multiplied by the cosine of the lag. When the power 
is measured by passing G through one coil of a dynamometer 
and allowing V to send a current c through the other coil, if 
this coil's resistance is r and self-induction I 

c = -p==\= sin (qt - tan" 1 (6). 

What is really measured therefore is the average value 
o f G c ' o r C„V ( lq\ 

-I- —. - • cos e — t a n - 1 -- . 
" v V H- lY \ rj 

Usually in these special instruments, large non-inductive 
resistances are included in the fine wire circuit and we may 
take it that lq is so small in comparison with r that its square 
may be neglected. I f so, then 

cos (e — t a n - 1 

apparent power V vJ 
true power cos e 

lq 
Observe that tan" 1 — is a very small angle, call it a, 

apparent power cos e cos a + sin e sin a 
- 4-r = - = cos a + sm a.. tan e. true power cos e 

Now cos a is practically 1, and sin a is small, and at first 
sight it might seem that we might take the answer as 
nearly 1. 

But if e is nearly 90° its tangent may be exceedingly 
large and the apparent power may be much greater 
than the true power. 

I t is seldom however that e approaches 90° unless in coils 
of great diameter with no iron present, and precautions taken 
to avoid eddy currents. Even when giving power to a 
choking coil or unloaded transformer, the effect of hysteresis 
is to cause e not to exceed 74°. 

140. T r u e Power Meter. Let EG and GD be coils 
Wound together as the fixed part of a dynamometer, and let 

P. 14 



210 CALCULUS FOR ENGINEERS. 

DB be the moveable coil. The current G+c passes from E 
to G. Part of it c goes along the 
non-inductive resistance Cr-F which 
has a resistance B. The part G 
flows from G to D and D to B and 
through the house or contrivance. 
The instantaneous value of Rc.G 
is the instantaneous power. 

The coils EG and GD are care­
fully adjusted so that when c = 0 
and the currents are continuous 
currents, there shall bo no deflec­

tion of the moveable coil BB. Hence the combined action 
of G+ c in EG and of G in GD upon C in DB is force 
or torque proportional to cG, and hence the reading of the 
instrument is proportional to tho power. With varying 
currents also there will be no deflection if there is no metal 
near capable of forming induced currents. 

1 

141. Tho student ought to get accustomed to translating 
into ordinary language such a statement as 
(1) of Art. 119. Having done so, consider a 
mass of W lb.* hanging from a spring whose 
stiffness is such that a force of 1 lb. elongates 
it h feet. I f there is vibration; when W is at 
the level (7(7, fig. 79, # feet below (we imagine 
it moving downwards) its position of equili­
brium 00, the force urging it to the position 
of equilibrium is x -r- h pounds, and as the 

. W 
moving mass is — (neglect the mass of the 

spring itself or consider one-third of it as being added to the 
moving body), 

— X the acceleration = ~ . 
g h 

- c 
Fig. 79. 

The acceleration = xg 
~W7t 

The acceleration is then pro-

* The name TP lb. is the weight of a certain quantity of stuff ; the inertia 
of it in Engineers' units is lF-i-32-2. 
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q 

portional to x, and our stands for q- in (1) of Art. 119, and 

(2) shows the law connecting x and t. 
Notice carefully that the + sign in (1) is correct. The 

body is moving downwards and x is increasing, so that dx/dt 
d2x 

is positive. But is negative, the body getting slower in 

its motion as x increases. 
142. Imagine the body to ho retarded by a force which 

dx! 

is proportional to its velocity, or b - ,- . Observe that this acts 

as j - acts, that is upwards, towards the position of equi-

librium. 
Hence we may write 

W drx . dx x , 
+ 0 V + -,-=0 (1). g dt- dt h J 

We shall presently see what law now7 connects x and t in 
this damped vibration. 

143 . Suppose that hi the last exercise, when the body is 
displaced x feet downwards, its point of support B is also?/ feet 
below its old position. The spring is really only elongated 

by the amount x — y, and the restoring force is ' - ~ . Con­

sequently (1) ought to be 

W d?x dx x _ y 
J dtr-+b d t + l " ' h { 2 ) -

Now imagine that the motion y is given as a function of 
the time, and wc are asked to find x as a function of the time. 
y gives rise to what we call a forced vibration. I f y = Q> 
we have the natural vibrations only. 

We give this, not for the purpose of solving it just now, 
although it is not difficult, but for the purpose of familiar­
izing the student with differential equations and inducing 
him to translate them into ordinary language. 

14—2 
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144. Notice that if the angular distance of a rigid body 
from its position of equilibrium is 6, if / is its moment of 
inertia about an axis through the centre of gravity, if H6 is 
the sum of the moments of the forces of control about the 

DO 

same axis, and IF F ^ IS the moment of frictional forces 

which are proportional to velocity, 

if 6' is the forced angular displacement of the case to which 
the springs or other controlling devices are attached. 

145. The following is a specially good example. Referring 
back to Example 1 of Art. 98, we had GR, the voltage in 
the circuit, connecting the coatings of the condenser. I f we 
take into account self-induction L in this circuit, then the 
voltage v is 

RC + L~=v (4). 

We may even go further and say that if there is an 
alternator in the circuit, whose electromotive force is e at any 
instant (e, if a constant electromotive force would oppose (' 
as shown in the figure) 

rlG 
RG + L ~ = v-e (.-,). 

But we saw that the current C == — K~ (6). 
DT 

Using this value of 0 in (5) we get 

« r £ + j « * + , - . « • 

Now imagine that e is given as a function of the time and 
we are asked to find » a s a function of the time. 

e gives rise to what we call a forced vibratory current 
in the system. I f e = 0 we have the natural vibrations only 
of the system. Having v, (6) gives us G. 
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1 4 6 . I f (7) is compared with (2) or (3) we see at once 
the a n a l o g y b e t w e e n a v i b r a t i n g m e c h a n i c a l s y s t e m 

and a n e l e c t r i c a l o n e . 

They may be put 

j - +b-.-- + r = r . Mechanical (8), 
g dp dt A k ' 

T d-v ndv v e „, , . . .... L 7j,• + R + - i > = -= , Electrical (9). («- dt K K 

W 
The mass — corresponds with self-induction X. 

The friction per foot per second b, corresponds with the 
resistance R. 

The displacement x, corresponds with voltage v, or to be 
seemingly more accurate, v is Q the electric displacement 
divided by K. 

The want of stiffness of the spring h corresponds with 
capacity of condenser K. 

The forced displacement y corresponds with the forced 
E .M .F . of an alternator.! 

147. The complete solution of (8) or (9), that is, the 
expression of .* or v as a function of t, will be found to 
include:— 

(1) The solution if y or e were 0. 
This is t h e n a t u r a l v i b r a t i o n of the system, which dies 

away at a rate which depends upon the mechanical friction 
in the one case and the electrical friction or resistance in the 
other case. We shall take up, later, the study of this vibra­
tion. I t ought to be evident without explanation, that if y 
or e is 0, we have a statement of what occurs when the 
system is left to itself. 

(2) The solution which gives the f o r c e d v i b r a t i o n s 

only. 
The sum of these two is evidently the complete answer.! 

148. F o r c e d V i b r a t i o n . As the Mechanical and 
Electrical cases are analogous, let us study that one about 
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; / : = Hill «Z (12) . 

n- - « / 
This shows that there is a forced vibration of W which is 
synchronous with the motion of tho point of support; its 

amplitude being ^ „ times that of the point of support. 
1 - q ' 

n-

Now take a few numbers to illustrate this answer. Let a = 1, 

let - be great or small. Thus - = T L means that the forced 

frequency is one tenth of the natural frequency. 

which it is most easy to make a mental picture, the mechanical 
case. We shall in the first place assume no friction and neglect 
the natural vibrations, which are however only negligible 
when there is some friction. Then (8) becomes 

d2x q q / 1 A , 

Let y = a sin qt be a motion given to the point of support 
of the spiral spring which carries W; y may be any compli­
cated periodic function, we consider one term of it. 

We know that if y were 0, the natural vibration would 

be x = b sin (t t^J -^rj + n^j , where b and in might have any 
values whatsoever. I t is simpler to use w2 for gj Wh as 
we have to extract its square root, n is 27r times the 
frequency of the natural vibrations of W. We had better 
write the equation as 

^ + n-x = it-y = nsa sin qt (11). 

Now try if there is a solution, x = A sin qt + B cos qt. I f so, 

since = —Aq- sin qt — Bq2 cos qt; equating the coefficients 

of sin qt and also those of cos qt, — Aq" + n2A = n2a, so that 

A = , and — Bu" + n'-B = 0, so that B = 0 unless n = q. 
— q-
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g 
n 

Amplitude of j 

IK's motion 
<l 
n 

Amplitude of 

IF'a motion 

•1 1-01 1 JO 

1-333 1 1-01 - 50 
•8 2-778 | 1-03 - 16-4 
•9 5-263 1-1 - 4-702 
•95 10-26 1-5 - 0-8 
•97 16-92 2-0 - 0 3 3 3 
•98 25 25 5-0 - 0042 
•99 50-25 10-0 - 0 0 1 0 

Note that when the forced frequency is a small fraction 
of the natural frequency, the forced vibration of W is a 
faithful copy of the motion of the point of support B; the 
spring and W move like a rigid body. When the forced is 
increased in frequency the motion of IT is a faithful magni­
fication of B's motion. As the forced gets nearly equal to the 
natural, the motion of W is an enormous magnification 
of B's motion, There is always some friction and hence the 
amplitude of the vibration cannot become infinite. When 
the forced frequency is greater than the natural, W is always 
a half-period behind B, being at the top of its path when 
B is at the bottom. When the forced is many times the 
natural, the motion of W gets to be very small ; it is nearly 
at rest. 

Men who design Ear thquake recorders try to find a 
steady point which does not move when everything else is 
moving. For up and down motion, observe that in the last 
case just mentioned, W is like a steady point. 

When the forced and natural frequencies are nearly equal, 
we have the state of things which gives rise to resonance 
in acoustic instruments ; which causes us to fear for suspen­
sion bridges or rolling ships. We could easily give twenty 
interesting examples of important ways in which the above 
principle enters into engineering problems. The student 
may now work out the electrical analogue for himself and 
study Hertz' vibrations. 

149. Steam engine Indicator vibration. The 
motion of tho pencil is to faithfully record the force of 



216 CALCULUS FOR ENGINEERS. 

the steam on the piston at every instant; this means that 
the natural vibrations of the instrument shall be very quickly 
destroyed by friction. Any friction as of solids on solids will 
cause errors. Indeed it is easy to see that solid friction 
causes diagrams to be always larger than they ought to bo. 
Practically we find that if the natural frequency of the 
instrument is about 20 times that of the engine, the diagram 
shows few ripples due to the natural vibrations of the indi­
cator. I f the natural frequency is only 10 times that of the 
engine, the diagram is so ' upset' as to be useless. 

W 
The frequency of a mass — at the end of a spring whose 

yieldingness is h, see Art. 141, is Vgj Wh, neglecting friction. 

We shall consider friction in Art. 160. What is the frequency 
of a mechanism like what we have in an indicator, controlled 
by a spring ? Answer: I f at any point of the indicator 

mechanism there is a mass - , and if the displacement of 

this point is s, when the displacement of the end of the spring 
(really the piston, in any ordinary indicator) is 1 ; imagine 

w w 
that instead of —• we have a mass s 2 — at the end of 

S g 

the spring. Thus the frequency is ^ \J'J^~^u} • 
To illustrate this, take the case shown in fig. 80 ; OAB is 

a massless lever, hinged at 0, with 
the weight W at B. The massless 

° spring is applied at A. 
I When A is displaced downwards 
J from equilibrium through the dis-

_w \ tance x, the extra pull in the spring 
X 

is j . The angular displacement of 

Fig. 80. the lever, clockwise, is 7TV. Mb-
OA 

inent of Inertia x angular acceleration, is numerically equal 
W 

to moment of force. The Moment of Inertia is — OB'-. 
9 
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, SO The angular acceleration is -rr-r , where x stands for ~ 
° OA dt-

that — OR-. +y.OA = 0, g OA h 
.. OA2 g x + m i . w h . x = 0. 

And is what we called s, so that s-W takes the place OA r 

of our old IT when W was hung directly from the spring. 

150. Vibration Indicator . Fig. 81 shows an in­
strument which has been used for indicating quick vertical 
vibration of the ground. 

A 

Fig. 81. 

The mass OPQ is supported at P by a knife edge, or by 
friction wheels. The centre of gravity G is in a horizontal 
line with P and Q. Let PG = a, GQ = b, PQ = a+b=l. 
The vertical .spring All and thread RQ support tho body at 
Q. As a matter of fact AR is an Ayrton-Perry spring, which 
shows by the rotation of the pointer R, the relative motion of 
A and Q; let us neglect its inertia now, and consider that 
the pointer faithfully records relative motion of A and Q. 
I t would shorten the work to only consider the forces at P 
and Q in excess of what they are when in equilibrium, but for 
clearness we shall take the total forces. 

When a body gets motion in any direction parallel to 
the plane of the paper, we get one equation by stating 
that the resultant force is equal (numerically) 
to the mass multiplied by the linear acceleration 
of the centre of gravity in the direction of the 
resultant force. We get another equation by stating 
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ount 1 

moment of inertia about G 
[ 

-Qb + Pa= ••- (x-x,) (3). 
c a+b 

W 

Hence (2) and (3) give us, if M stands for — , and if 

I = ML'2 where k is the radius of gyration about G, 

x 11 „,\ lb ^ 

that the resultant moment of force about an axis 
at right angles to the paper through the centre of 
gravity is equal to the angular acceleration, multi­
plied by moment of inertia about this axis through 
the centre of gravity. I shall use x, x and x to mean 

DOC DP'Qu 
displacement, velocity and acceleration, or x, - y - and . 

Let P and A get a displacement a\ downward. Let Q 
be displaced x downward. Let the pull in the spring be 
Q — QA + c (x — X-,) where c is a known constant (o is tho 
reciprocal of the h used in Art. 141). Let W be the weight 
of the body. Then if P 0 and Q„ be the upward forces at the 
points marked P and Q when in the position of equilibrium, 

Q0 (u + b)= Wa and P„ + Qu = It7". 

„ bW n aW 
Hence P0 = ——. , Q0 = — : - (1), 

a + b a -t- b 

Q=QO + c ( x - X,). 

Now G is displaced downwards — x , H—^-y x, so that 
1 a+b a+b 

F _ P _ Q = E ^ l + H j } _ i _ s (2). 

The body has an angular displacement 0 clockwise about its 

centre of mass, of the amount . So that if I is its 
a + b 
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I f k\ is the radius of gyration about P, we find that (4) 
simplifies to 

Ic + n"x = e2u'i + n-Xt 

if w stands for ~j;i\J ~jcj~ 2 7 r x l l a tura l frequency, ande 2 stands 

for 1 — (!~ . Call x — .*i by the letter y because it is really y Ay 
that an observer will note, if the framework and room and 
observer have the motion xt. Then as y — x — a\ or x = // 4- xt 

y + Xi + n3 (y + ay) = e"xl + ?i2,rI. 

So that y + n2y = (e2 - 1) x\ (5), 

or ij + tfy+ (f-,x1 = 0 (6). 

Let X-L = A sin qt. 
We are neglecting friction for ease in understanding our 

results, and yet we are assuming that there is enough 
friction to destroy the natural vibration of the body. 

We find that if we assume y = a sin qt, then 

Ay n- - q-
That is, the apparent motion y (and this is what the 

pointer of an Ayrton-Perry spring will show; or a light 
mirror may be used to throw a spot of light upon a screen), 

is --^ -- times the actual motion of the framework and Ay w — q-
room and observer. I f q is large compared with n, for 
example if q is always more than five times n, we may take 

it that the apparent motion is y ,̂ times the real motion and 
Ay 

is independent of frequency. H e n c e any periodic motion 
Whatever (whose periodic time is less say than ^th of the 
periodic time of the apparatus) will be faithfully indi­
cated. 

Note that if al^kf so that Q is what is called the point 
of percussion, Q is a motionless or ' steady' point. But in 
practice, the instrument is very much like what is shown in 
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the figure, and Q is by no means a steady point. Apparatus of 
the same kind may be used for East and West and also for 
North and South motions. 

151. Any equation containing ^ or ^ or any other 

differential coefficients is said to be a " Differential 
E q u a t i o n . " I t will be found that differential equations 
contain laws in their most general form. 

dsx 
Thus if x is linear space and t time, the statement - = 0 

d? v 
means that ' , (the acceleration), does not alter. I t is the 

(X-v" 

most general expression of uniformly accelerated motion. 
d?x 

When we integrate and get a> w e n a v e introduced 
the more definite statement that the constant acceleration is 
known to be a. When we integrate again and get 

dx , , 
Tt=at + b, 

we are more definite still, for we say that b is the velocity 
when t = 0. 

When we integrate again and get 
x = ^af +bt + c, 

we state that x = c when t = 0. 
Later on, it will be better seen, that many of our great 

general laws are wrapped up in a simple looking expression 
in the shape of a differential equation, and it is of enormous 
importance that when the student sees such an equation he 
should translate it into ordinary language. 

152. An equation like 

dx* + 1 dx* + Q dx? + R dx + ^ - X 

if P , Q, R, 8 and X are functions of x only, or constants, is 
said to be a linear differential equation. 

Most of our work in mechanical and electrical engineering 
leads to linear equations in which P , Q, &c., are all constant 
with the exception of X. Thus note (8) and (9) of Art, 146. 
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Later, we shall see that in certain cases we can find the 
complete solution of (1) when X is 0 ; that is, that the solu­
tion found will include every possible answer. Now suppose 
this to be y =f(x). We shall see that it will include four 

arbitrary constants, because ^ A is the highest differential 

coefficient in (1), and we shall prove that if, when X is not 0, 
we can guess at one solution, and we call it y = F (x), then 

y=f(x) + F(x) 

is a solution of (1). We shall find in Chap. I I I . that this is 
the complete solution of (1). 

In the remainder of this chapter we shall only consider 
P , Q, &o, as constant; let us say 

diu .d3)/ r.d2!/ ridti ,, ,r 

where A, B, C, E arc constants and X i s a function of x. 
We often write (2) in the form 

^ A ^ B d l + C l x ^ ^ X < 8 > 

153. Taking the very simplest equation like (3). Let 

2 . - * - ° ( 4 ) -

it is obvious (see Art. 97) that 
y = Me"x (5) 

is the solution, where AI is any constant whatsoever. 

154. Now taking - r
J - a ' - y = 0 (G), 

° dx2 

we see by actual trial that 
y = Menx + Ne-"* (?) 

is the solution, where M and X are. any constants whatsoever. 

But if we take d'lJ + nhi = 0 (8), 
dx- J 
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we see that as the A of (0) is like NI in (8) if I means J — 1, 
then 

y = Menix + Ne~nix (9) 
is the solution of (8). I f we try whether this is tho case, by 
differentiation, assuming that i behaves like a real quantity 
and of course i 2 = — 1, r = — i, i* = 1, i5 = i, &c, we find that 
it is so. But what meaning are we to attach to such an 
answer as (9) ? By guessing and probably also through re­
collection of curious analogies such as we describe in Art. 106, 
and by trial, we find that this is the complete solution also, 

y = Mx sin nx + iVj cos nx (10). 
As (10) and (9) arc both complete solutions (Art. 152) be­

cause they both contain two arbitrary constants which may be 
unreal or not, we always consider an answer like (9) to be the 
same as (10), and the student will find it an excellent exercise 
to convert the form (10) into the form (9) by the exponential 
forms of sinax and cos ax, Art. 106, recollecting that the 
arbitrary constants may be real or unreal. Besides, it is im­
portant for the engineer to make a practical use of those 
quantities which the mathematicians have called unreal. 

155. Going back now to the more general form (3) when 
X = O, we try if y = Me"™* is a solution, and we see that it is 
so if 

m4 4- Am3 + Bin2 + Cm + E = 0 (1). 
This is usually called the auxiliary equation. Find the 

four roots of it, that is, the four values of m which satisfy it, 
and if these are called mlt mit m3, mit we have 

y = Mlem'x + M.Jem'x + MseM^ + i l / 4 e'" '* 

as the complete solution of (3) when X = 0 ; Mx, &c, being 
any arbitrary constants whatsoever. 

156. Thus to solve 

d>-'d^\d-r'dx-iUl-°' 
if we assume y = E M X , we find that IN must satisfy 

m* + one1 -f owt3 — am — 6 = 0. 
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By guessing we find that m = l is a root; dividing by 
m — 1 and again guessing, we find that m = — 1 is a root; 
again dividing by m + 1 we are left with a quadratic expres­
sion, and we soon see that m — — 2 and m = — 3 are the 
remaining roots. Hence 

y = Mxex + M.,e~x + M^-** + Mie-'x 

is the complete solution, Mu ilf2, &c., being any constants 
whatsoever. 

157. Now an equation like (1) may have an unreal root like 
m +• ni, where % is written for J—l, and if so, we know from 
algebra, that these unreal roots go in pairs ; when there is 
one like m + ni there is another like m — ni. The corre­
sponding answers for y are 

y _ ]\[ie(m-Hi\ X .1. gCn+lli)^ 

or e ' M {M1e-ni* + N1e+nix], 
and we see from (10) that this may be written 

y _ emx j jj/ s j ^ n n x _j_ j\f c o g na,i^ 

where M and N are any constants whatsoever. 

158. Suppose that two roots m of the auxiliary equation, 
happen to be equal, there is no use in writing 

y = Myemx + 3Le"'x, 

because this only amounts to (Mt + M.,) e"'x or Memx where. M 
is an arbitrary constant, whereas the general answer must 
have two arbitrary constants. In this case we adopt an 
artifice ; wc assume that the two roots are vi and m + h and 
we imagine h to get smaller and smaller without limit: 

y = M1emx + M.ie<m+h> x 

= e"'x (i¥, + M.,^x), 

but by Art. 97, ehx = 1 + hx + ~ + 4- &c., 

therefore y = e»'* (M, + M, 4- MJix + 3f„ 4- &c. j . 

Now let MJi be called N and imagine h to get smaller 
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and smaller, and M2 to get larger and larger, so that MJi may 
be of any required value we please, say N, and also 

as h gets smaller and smaller without limit we find 
y = e'"* (3I + ATx). 

I f this reasoning does not satisfy the reader, he is to 
remember that we can test our answer and we always find it 
to be correct. 

159. I t is in this way that we are led to the fol­
lowing general rule for the solving of a linear differential 
equation with constant coefficients. Let the equation be 

dnii , dn~l 1/ ,,DN~-Y „ „dy r r 

Form the auxiliary equation 
mn + Am"-1 + Bin,'1-" + &e. + G m + H=0. 

The complete value of y will be expressed by a scries of 
terms :—For each real distinct value of in, call it alt there will 
exist a term AI1e't'x; for each pair of imaginary values a., ± [3S, 
a term 

e-** (M2 sin /3,«/J + JVa cos frje); 
each of the coefficients Mu 31.,, N2 being an arbitrary 
constant if the corresponding root occurs only once, but a 
polynomial of the r — 1th degree with arbitrary constant 
coefficients if the root occur r times. 

D°>l -LC,DIH , , N D 3 i i ^n,.d"ii Exercise. - r 4 + 12 + 66 yl. + 206 T < dx' dx* axJ dx-

+ 345 ^ + 234y = 0. 
dx 

Forming the auxiliary equation, I find by guessing and 
trying, that tho five roots are 

- 3, - 3, - 2, - 2 4- 3*', - 2 - 3i. 
Consequently the answer is 

y = (jl/j + J V » e " 3 * + M.jT'u + e~-x (il/3 sin 3x + N, cos 3x). 
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Exercise. 1. Integrate ~~t — 4 + 3y = 0. 

Answer : y = Aesx 4-

2. Integrate g - 10 g + My = 0. 
Answer : y = e5* {A sin 3*' 4- # cos 3.«}. 

3. Integrate g + 6 d£ + 9 (/ = 0. 

Answer : y = (A + Bx) e"3X. 

4. Integrate g - 12 g + 62 g - 156 g 4 -169 , = 0. 

Here m1 — 12»t3 4- G2ms — 156m 4-169 = 0, and this will be 
found to be a perfect square. The roots of the auxiliary 
equation will be found to be 

3 4- 2i, 3 4- 2i, 3 - 2i, 3 - 2i. 
Hence the solution is 

y = e3* {(At + Btxi) sin 2x + (A., + B,x) cos 2x). 
We shall now take an example which has an important 

physical meaning. 

N a t u r a l Vibrations. Example. 

160. We had in Art. 146, a mechanical system vibrating 
with one degree of freedom, and we saw that it was analogous 
with the surging going on in an E lec t r ic system consisting of a 
condenser, and a coil with resistance and self-induction. We 
neglected the friction in the mechanical, and the resistance 
in the electric problem. We shall now study their natural 
vibrations, and we choose the mechanical problem as before. 
I f a weight of I f lb. hung at the end of a spring which 
elongates x feet for a force of x + h lb., is resisted in its 
motion by friction equal to b x velocity, then we had (8) of 
Art. 146, or W #x dx x , 

g at- dt h 
d?x bq dx, xq ^ , 
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Let ^ be called 2/ and let -~yj^ = 11-; (1) becomes 

J + 2 / . | + ^ = 0 (2). 

Forming the auxiliary equation we find the roots to be 

m = -f± ^f^n-. 
We have different kinds of answers depending upon tho 
values of / and n. We must be given sufficient information 
about the motion to be able to calculate the arbitrary con­
stants. I will assume that when t is 0 the body is at x = 0 
and is moving with the velocity v(t. 

I. Let / be greater than n, and let the roots be — a 
and — /3. 

I I . L e t / b e equal to n, the roots are —/and —f. 
I I I . Let / b e less than n, and let the roots be — a ± bi. 
IV. Let / = 0, the roots are + ni. 

Then according to our rule of Art. 159, 
In Case I, our answer is 

x = 4 6-" ' + Be-V, 

and if we are told that x = 0 when t = 0 and ^ = v0 when 
at 

t = 0, we can calculate A and B and so find x exactly in 
terms of t; 

In Case I I , our answer is 
x = (A+Bt)e-fl; 

In Case I I I , our answer is 
x = e~at [A sin bt + B cos bt\; 

In Case IV, our answer is 
*• = A sin nt + B cos nt. 

161. We had better take a numerical example and we assure 
the student that he need not grudge any time spent upon it 
and others like it. Let n = 3 and take various values of /. 
For the purpose of comparison we shall in all cases let x = 0 

dv 
when t = 0; and - ' = 20 feet per second, when t = 0. 
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Case IV. L e t / = 0, then x = A sin iit + B cos id, 
0 = i x ( ) + 5 x l , so that 7J = 0, 

dx . T1 . 
= cos — nZ( sm 

20 = 3/1, so that A « 3?-. 
Plot therefore x = 6-067 sin 34. 

This is shown in curve 4, fig. 82. It is of course the 
ordinary curve of sines: undamped S . H . motion. 

Fig. 82. 

Case I I I . L e t / = '3. The auxiliary equation gives 
m = _ -,i ± V-OlT-9 = - -3 ± 2-98")i. 

Here a = "3 and 6 = 2-985 in 
x = e~at [A sin bt + B cos 64} (1). 

You may not he able to differentiate a product yet, although 
we gave the rule in Art. 90. We give many exercises in 
Chap. I I I . and we shall here assume that 

~ = - ae~at (A sin bt + B cos bt) dt 
4- be~at (A cos bt - « sin bt) (2). 

15—2 
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Put x = 0 when t = 0 and ~ = 20 when * = 0. Then 
dt 

B = 0 from (1) and 
9 0 9 0 

20 = bA or A = ~- = = G-7, b 2'98o 
and hence x = 6'7e~'3t sin 2 -985i. 
This is shown in curve 3 of fig. 82. Notice that the period 
has altered because of friction. 

Case I I . L e t / = 3. The roots of the auxiliary equation 
are m = — 3 and — 3, equal roots. Hence 

.r = (A + Bt) e-31 (1). 
Here again we have to differentiate a product and 

^ = Be-'1 - 3 ( A + Bt) e-* (2). 

Putting in = 0 when t = 0 and ^ = 20 when t = 0, 

A=0 from (3) and B = 20 from (2). 

Hence x = 20t. e^'. 
This is shown in curve 2 of fig. 82. 

Case I. Let / = 5. The roots of the auxiliary equation 
are — 9 and — J, 

x = Ae-St + Be-', 
th­
at 

Putting1, in the initial conditions we have 
0 = A+B, 20 = - 9A - B. 

Hence A = - 2£, £ = 2 1 , 

« = 21 (e-t - e- 9 ') . 
This is shown in curve 1 of fig. 82. 

Students ought to take these initial conditions 
dx x = 10 when t = 0 and = 0 when t = 0. dt 

= - 9Ae-;" - Be-'. 
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This would represent the case of a body let go at time 0 
or, in the electrical case, a charged condenser begins to be 
discharged at time 0. 

Notice that if we differentiate (1), Art. lb'O, all across we 

have fusing v for , 

d*v b(i dv q 4- • 1- •' i) — () 
dt2 + W dt Wh • 

We have therefore exactly the same law for velocity or 
acceleration that we have for x itself. 

Again, in the electrical case as K ~ represents current, 

if we differentiate all across we find exactly the same 
law for current as for voltage. Of course differences are 
produced in the solutions of the equations by the initial 
conditions. 

162. When the right-hand side of such a linear differential 
equation as (2) Art. 152 is not zero and our solution will give the 
forced motion of a system as well as the natural vibrations, it 
is worth while to consider the problem from a point of view 
which will bo illustrated in the following simple example. 

To solve (11) Art. 148, which is 
d-x 

+ n-x = ri-a sin qt (1), 
the equation of motion of a system with one degree of 
freedom and without friction. 

Differentiate twice and we find 
d\v d'-x 

df -"\ln—"-r'^''I' 
d*x d"r Hence from (L), + (ii- + <f) ~ + ,f,i3x = 0 (2). 

To solve (2), the auxiliary equation is 
m 4 + ()i' J + q") m' J + q-n" = 0 (•'}), 

and we know that + ni are two roots and ± qi are the other 
two roots. Hence we have tho complete solution 

x = A sin vt + B cos id + C sin qt + B cos qt ( 4 ) . 
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Now it was by differentiating (1) that we introduced 
the possibility of having the two extra arbitrary constants G 
and D, and evidently by inserting (4) in the original equation, 
we shall find the proper values of G and D, as they are really 
not arbitrary. It will be noticed that by differentiating 
(1) and obtaining (2) we made the system more complex, 
gave it another degree of freedom, or rather we made it 
part of a larger system, a system whose natural vibrations 
are given in (4). When we let a mass vibrate at the end of 
a spring, it is to he remembered that the centre of gravity of 
the mass and the frame which supports it and the room, 
remain unaltered. Hence vibrations occur in the supporting 
frame, and there is friction tending to still the vibrations. 
I f there is another mass also vibrating, this effect may be 
lessened. For example in fig. 83, if M vibrates at the end of 

the strip MA, clamped in 
the vice A, any motion 
of M to the right must be 
accompanied by motion of 
A and the support, to 
the left. But if we have 
two masses Mx and M„ (as 
in a tuning fork), moving 
in opposite directions at 
each instant there need be 
no motion of the supports, 
consequently the system 
MXM.2 vibrates as if there 
were less friction, and this 
principle is utilized in 
tuning forks. Should a 
motion be started, different 
from this, it will quickly 

become like this, as any part of the motion which 
necessitates a motion of the centre of gravity of the 
supports, is very quickly damped out of existence. 
The makers of steam engines and the persons who use 
them in cities where vibration of the ground is objected to, 
find it important to take matters like this into account. 

Fig. 83. 

163. I f i) is a known function of x, we are instructed by 
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(3), Art. 152, to perform a complicated operation upon it. 
Sometimes we use such a symbol as 

(<94 + A 6s + B0- + 00 + E)y = X, 

to mean exactly the same thing ; 0y meaning that we differ­
entiate y with regard to a; 0-y meaning that we differentiate 
y twice, and so on. 

0,0", &c, are symbols of operation easy enough to under­
stand. We need hardly say that 0-y does not mean that 
there is a quantity 0 which is squared and multiplied upon 
y: it is merely a convenient way of saying that y is to be 
differentiated twice. OOy would mean the same thing. 
On this same system, what does (0 + a) y mean ? I t means 

^ | + C M / . What does (6°- + A0 + B)y mean? It means 

d?y dii 
+A— + By. (0 + a) y instructs us to differentiate y and 

add a times y, for a is a mere multiplier although 0 is not so, 
and yet, note that (0 + a) y — 0y + ay. 

In fact we find that 0 enters into these operational 
expressions as if it were an algebraic quantity, although it is 
not one. 

I f u and v are functions of we know that 

0 (u + v) = 0u + 0i\ 

This is what is called the distributive law. 

Again, if a is a constant, dan = a0u, or the operation 0a is 
equivalent to the operation ad. This is called the com­
mutative law. 

Again 0n0"< = 6M+"; this is the index law. When these 
three laws are satisfied we know that 0 will enter into 
ordinary algebraic expressions as if it were a quantity. 0 
follows all these laws when combined with constants; but note 

that if u and v are functions of .r, v0u meaning v %• , is a 
° OA-

very different thing from 0 . tic. When we are confining our 
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attention to linear operations we are not l ikely to make 
mistakes. 

T h u s operate with 0 +b upon (0 + a) y. N o w 

(0 + a ) y =0y + ay or ^ + ay. 

Operat ing with 8 + b means "differentiate (this g ives us 

-^-^ + a j and add b t imes + ay." Consequently it g ives 

cPi/ dii , du , d'-i/ , ^..dii , 
u s a4 + a d i + h dx + a h l / o r di-+ ( a + 6 ) Ix + a h j o r 

LltV I1 i-ly Llifj LliiA- \Aj\fj 

{0-2 + {a+b)0 + ab} y. 

W e see, therefore, that the double operation 

(8 + b)(8 + a) 
gives the same result as 

{8* + (a + b)0 + ab}. 
In this and other ways it is easy to show that although 0 is 
a symbol of operation and not a quantity, y e t it enters into 
combinations as if it were an algebraic quantity, so long as all 
the quantities a, b, &c. are constants. N o t e also that 

(8 + a)(8 + b) 
is the same as (8 + b)(8 + a). 
T h e student ought to practise and see that this is so and 
g e t familiar with this way of writing. H e will find that it 
saves an enormous amount of unnecessary trouble. T h u s 
compare such expressions as 

(u0 + b) (a0 + /3)y 

with + («/3 + ab) 0 + bp3] y, 

or aa ^ ''& + («/3 + ab) ^~ + bf3y. 

164. Suppose that Dy is used as a symbol for some curious 
operation to be performed upon y, and we say that By = X \ 
does this not mean that if we only knew how to reverse the 

file:///Aj/fj
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operation, and we indicate the reverse operation by 1) _ 1 or ^ , 

then y = J.)~' X or 'jj 1 We evidently mean that if we operate 

with D upon D~1X, we annul the effect of the D^ 1 operation. 

Now if d~- + ay = X, or + iij y= X, or (0 + a)y = X, let us 

indicate the reverse operation by 

y = (~- + o)j 1 X or (0 + a)-' X ( I ) , 

X X 
or or (2). a v + a 

-,- + a or 

Keeping to the last of these; at present is a mere 
symbol for an inverse operation, but ' 

submits to the usual rules of multiplication, because (3) is 
the same as (6 + a)y=X (4); 
and yet (4) is derived from (3) as if by the multiplication of 
both sides of the equation by (9 + a). 

Again, take g + (a + b) ^J1 + nby = X (5), 

or {0* + (a + b) 0 + ab\ y = A' (6), 

or (0 + a) (0 +b) y = X (7). 

Here the direct operation 0 + a performed upon (9 + b)y 
gives us X ; hence by the above definition 

and repeating, we have 

1 / A 
• a 
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But it is consistent with our way of writing inverse operations 
to write (()) as 

•'' '-0= I w •• b)0 ! ob ( i 0 ) ' 
and so we HOC that there is nothing inconsistent in our treating 
the 9 + b and 6 + a of (9) as if 9 were an algebraic quantity. 

165. We know now that tlie inverse operation 
{P+ia+FYE + ab}-1 ( I ) , 

may bo effected in two steps ; first operate with (6 + b)~1 and 
then operate with (6 + a)"1. 

Here is a most interesting question. We know that if 6 
were really an algebraic quantity, 

I _ 1 I _ I , 

0- + (a + b) 0 + ab b- a \0 + a 0 + b ' 1 >' 
And it is important to know if the operation 

1 / 1 1 \ 

is exactly the inverse of ff1 + (a + b) 6 + ab ?. . .(4). Our 
only test is this; it is so, if the direct operation (4) com­
pletely annuls (3). Apply (3) to X and now apply (4) to 

1 
the result; if we apply (4) to ^ ̂ -X, we evidently obtain 
(0 + b)X or -f--- + bX ; if we applv (4) to we evi-

{XX (/̂  Y" ^ u 4- 0 
dently obtain (0 + a) X or - j + aX, and 

1 (VLY , „ dX v 0 ,— - . +bX - . +aX ),- = A. 

Wc see therefore that (3) is the inverse of (4), and that we have 
tho right to split up an inverse, operation like the left-hand 
side of (2) into partial operations like the right-hand side of 
(2). We have already had a number of illustrations of this 
when the operand was 0. For it is obvious that if a,, a.,, &c. 
are the roots of the auxiliary equation of Art. 159, it really 
means that 

0" + A 0" 1 + B9"~- + &c. + G0 + II 
splits up into the factors (0 —ai)(0 - a.,), &c. 
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Observe, that if = A', or dy =X, or y = ^-, or y^d^X, 

the inverse operation simply means that X is to be inte­
grated. Again, 0~* means integrate twice, and so on*. 

* Suppose in our operations we ever meet with the symbols 03 or 0 ~ i 
or 0^ &c , what interpretations are we to put upon them ? It is not very 
necessary to consider them now. Whatever interpretations we may put 
upon them must be consistent with everything we have already done. For 
example 8? will be the same as 00z and B ~ i will be the same as 6^ B~l 

or We have to recollect that all this work is integration and we use 

symbols to help us to find answers; we are employing a scientific method of 
guessing, and our great test of the legitimacy of a method is to try if our 
answer is right,- this can always be done. Most of the functions on 
which we shall be operating are either of the shape Aeax or B sin bx or sums 
of such functions. Observe that 

if n is an integer either positive or negative. There is therefore a likelihood 
that it will help in the solution of problems to assume that 

$iAe"*=Aak«x, 

or that 8 ^ A € a x = A a i e a x ( 1 ) . 

Again 0 Is sin bx = fib cosh.v — llbsm (bx + ~*j , 

0-li sin bx — - lib- sin bx — Bb2 sin (bx + ir), 

and e»j) sin bx=Hb» sin (bx + n £j (2). 

Evidently this is true when n is a positive or negative integer; assume it 
true when n is a positive or negative fraction, so that 

eaB8inbx = Bb- 's in^bx + - ^ (;)). 

There are certain other useful functions as well as t a x and sin bx such 
that we are able to give a meaning to the effect of operating with t)'' upon 
them. It will, for example, be found, if we pursue our subject, that we shall 
make use of a function which is 0 for all negative values of x and which is a 
constant a for all positive values of x. It will be found that if this function 
is called/(x) then 

e 2 f ( x ) = a - i - x ^ (4), 
S/TT 

and the meaning of t)i or 0- or 8~'^ or 0~^ Ac. is easily obtained by 
differentiation or integration. Tho Mnemonic for this, we need not call it 

proof or reason, is 8"x"'— .-- x"'~". Let n — i, w = 0 and wc have 
H I -n 
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P -L . . _K_ 0 

Fig. 84. 

Circuit with resistance, self-induction and capacity,fig. 84. 
All problems are worked out as if we had a total resistance 

R + + (1). 

6^x°= ~ a . But has no meaning. Give it a meaning by assuming 

that whafis true of integers, is trno of all numbers, and use gamma function 
of \ or j ^ which is v/x instead of I" h- It is found that the solutions 
effected by means of this are correct. 

166. Electr ical Problems. Circuit with resistance 
R and self-induction L, 

lot be indicated bv 6, then 
at 

In fact in all our algebraic work we treat R + 1*0 as if it 
wore a resistance. 

Condenser of capacity K farads. Let V volts, be voltage 
between coatings. Let C be current in amperes into the 
condenser, that is, tho rate at which Q, its charge in coulombs, 

is increasing. Or C = ^ = ^ (AT") or as K is usually 

dV 
assumed to be constant, <!=K- , . 

dt 
The conductance of a condenser is K6, therefore 

c = K . e . V= V + - X . 
A " 

Hence the current jnfo a condenser is as if the condenser 

had a resistance j ^ 1 -
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167. In any network of conductors wo can say exactly 
what is the actual resistance (for steady currents) between 
any point A and another point B if we know all the resist­
ances rx, r2, &c. of all the branches. Now if each of these 
branches has self-induction llt &c. and capacity K~x, &c. 

what we have to do is to substitute r1 + l,8 + T>- / I instead of 

rx in the mathematical expressions, and we have the resistance 
right for currents that are not steady. 

How are we to understand our results ? However com­
plicated an operation we may be led to, when cleared of 
fractions, &c. it simplifies to this; that an operation like 

_ a + c6~+de*+e0i+f&'+&c 

a~+ b'0 + c'fr + dT8* + e'0r+f''6r'T&c. ' 
has to be performed upon some voltage which is a function 
of the time. On some functions of the time which we have 
studied we know the sort of answer which we shall obtain. 
Thus notice that if we perform (a + bd + &c.) upon eat we 
obtain 

(a + bu + co." + ttV + (?aJ + fa? + &c.) e"' (2). 
Consequently the complicated operation (1) comes to be a 
mere multiplication by A and division by A', where A is the 
number a + ba + cci2 + &e. and A' is the number 

a' + b'a + c'ar + &c. 
Again, if we operate upon M sin (nt + e), observe that 

82 would give — mn2shi (nt + e), 
and f?J ,, ,, -f mnl sin (nt + e), 
and so on : 

whereas 6 would give mn cos (nt + e), 
6s „ „ — mns cos (nt + e), 
8* ,, „ + mn:' cos (nt + e). 

And hence the complicated operation (1) produces the same 
effect as ——Iv!, where a + p8 

p = a — cn2 + e« J — &c , q = b — did +fn4 — &c. 
a = a' - c'rr +e'« 4 - &c, 8=1/- d'/r + / V - &c. 
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Observe Art. 118, that p + ([6 operating upon m sin (nt + e) 
multiplies the amplitude by /d~p* + q-ns and causes an advance 

of t a i r - 1 — . The student ought to try this again for himself 

although he has already done it in another way. Show that 

(p + qO) sin nt = Vp2 + q2n'2 sin (^d + t a n - 1 ^ . 

Similarly, the inverse operation l/(at + /30) divides tho 

amplitude by vV + /32n2 and produces a lag of t a n - 1 ~ , aud 

hence 

a + [36 _ j 

= m . / ^ + ^ / „ sin + e + tan" 1 ^ - ton"1 — V a
2+/32»2 \ p a 

a labour-saving rule of enormous importance. 

168. In all this we are thinking only of the forced 
vibrations of a system. We have already noticed that 
when we have an equation like (I) or (2) Art. 152, the 
solution consists of two parts, say y = f(.r) + F(x); where 

f(so) is the answer if X of (2) is 0, the natural action of 
the system left to itself, and F (•'•) is the forced action. 
I f in (2) we indicate the operation 

(i+Adt+Bdt+^:^)»"y^ 
then 1) (y) = X gives us 

y=D~' (0) + l)-\X). 
Where 2>-> (0) gives/(./•) and ])-* (X) gives /'(•')• 

Thus if J + ay = 0, or ( ~ + « ) y = 0, or (0 + a)y=O, we 

know7 Art. 97, that y = Ae~ax. 

Hence we see that 3 is not nothing, but is Ae"ax. 
du t , + a 

so that it + ay = A", the complete solution is 

y = Ae-"x+ . 
# 4-« 
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R+L0 , II' 
0 + L 

and according to the above rule (Art. 168) this gives a term 

-I,<: A (2). 
Or we may get this term as in Art. 97, 

Tit I T d C n dG R n 

] U + L d t = 0 - o r ,/, — //• 
This is the compound interest law and gives us the answer (2), 
and the sum of (2) and (1) is the complete answer. I f we 
know the value of G when t = 0, we can find the value of the 
constant Ax; (2) is obviously an evanescent term. 

Thus again, suppose V to be constant = V 0 , 

r i __ T"o 

J R + 16 • 
V 

I t is evident that G = is the forced current, for if we 

operate on C — W 1 t b R + W w e obtain Tr„, and the evanes-

We are now studying this latter part, the forced part, only. 
In most practical engineering problems the exponential terms 
rapidly disappear. 

169. Thus in an electric circuit where V=(R + LQ) (!, if 
V = V 0 sin qt, 

we have already found the forced value of G, 
y _ y 0 sin qt 

J~R+L6' 
and according to our new rule, or according to Art. 118, this 
becomes 

<••.-•• , > i n [qt-ur, <r;'l) ( 1 ) . 

But besides this term we have one 

0 0 
or 
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cent current is always the same with the same li and L 
_R. 

whatever F may be, namely AYe i* . 

The complete answer is then R , y 
0 = Aie-7/ +-£ 

Let, for example, G — 0 when t = 0, then 

0 = ^ 4 ° or A l = -%, 
and (2) becomes G = ~" (l. - 6 ~ Z 1 ) 

.(2), 

.(3). 

The student ought to take F,,= 100, 11 = 1, Z = ' l and 
show how G increases. We have had this law before. 

170. Example. A condenser of capaci ty K and a 
non-inductive resistance r in paral lel ; voltage V at 
their terminals, fig. 85. The two currents are c = V/r, 

G=K0V, and their sum is C+c=v(- + Kd] or V f l + r K ° 

so that the two in parallel act like a resistance 
\+rK9' 

o C+c . 

K 

Fig. 85. 

I f V= F 0 sin nt, 

.-. (1 +rK6)Vtlamnt , , . , 
0 + c = ---f—0 , and by Art. 107, 

G+c = —° Vl + r-K-n?. sin (nt + tan" 1 rKv), r 
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171. A circuit with resistance, self-induction and 
capacity (tig. 86) has the alternating voltage V— V0 sin nt 
established at its ends ; what is the current I 

\r 

Answer, (J = — •—, and by Art. 167 

_ KJ)Ar KO , 
1 + RK. 6 + LK. 6* ~(l~LKn-)+RK0 

r . KnV„ . I 7r RKn 
I - - , . —. sm j ut -• , — tan 

v'<1-/-AVf-.i- Hr-h'-h- V 2 1-LKii 
The earnest student will take numbers and tind out by 

much numerical trial what this means. I f he were only to 
work this one example, he would discover that he now has a 
weapon to solve a problem in a few lines which some writers 
solve in a great many pages, using the most involved mathe­
matical expressions, very troublesome, if not impossible, to 
follow in their physical meaning. Here the physical mean­
ing of every step will soon become easy to understand. 

TNumerical Exercise. Take VQ = 1414 volts, K— \ micro­
farad or 10- 6 , R = 100 ohms and n = 1000, and we find the 
following effects produced by altering L. We give the 
following table and the curves in fig. 87 : 

Fig. 86. 

ABCD shows how the current increases slowly at first from 
A where L = 0 as L is increased, and then it increases more 
rapidly, reaching a maximum when L = 1 Henry and diminish­
ing again exactly in the way in which it increased. EFG 
shows the lead which at L = 1 changes rather rapidly to a 
lag. The maximum current (when LKii1 — 1) is the same as 
if we had no condenser and no self-induction, as if we had a 
mere non-inductive resistance R. It is interesting to note 
in the electric analogue of Art. 160 that this LKn- = l is the 
relation which would hold between L, K and n (neglecting the 

i>. 16 
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small resistance term) if the condenser were sending singing 
currents through the circuit Tt, L, connecting its two coatings. 

/,, in Henries. Effective current, in amperes. 
Lead of current, in degrees. /,, in Henries. Effective ; Lead of current,in' current, in amperes, j degrees. 

0 0-995 84-28 1-05 8-944 -26-57 
0 1 1-110 83-67 |! 1-1 7-071 -45-0 
0 2 1-240 82-87 1-2 4-472 -63-43 
0 3 1-414 81-87 1-3 3-162 -71-57 
0 4 1-644 80-53 1-4 2425 -75-97 
0 5 1-961 78-67 1-5 1-961 -78-67 
0-6 2-425 75-97 1-6 1-644 - 8 0 5 3 
0-7 3-162 71-57 1-7 1-414 -81-87 
0-8 4-472 6 3 4 3 1-8 1-240 -82-87 
()•[) 7-071 45-0 1-9 1110 -83-67 
0-95 8-944 26-57 2 0 0-995 -84-28 
0-975 9-701 14-03 2-5 0-665 -86-18 
1-00 1000 0 j 3-0 

0-499 -87-13 
1025 9701 - 1 4 0 3 i 

i 

Experimenting with numbers as we have done in this example 
is much cheaper and much more conclusive in preliminary 
work on a new problem, than experimenting with alternators, 
coils and condensers. 
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172. Even if a transformer has its secondary open there 
is power being wasted in hysteresis and eddy currents, and the 
effect is not very different from what we should have if there 
was no such internal loss, but if there was a small load on. 
Assume, however, no load. F ind the effect of a con­
denser shunt in supplying the " Idle Current." 

The current to an unloaded transformer, consists of the 
fundamental term of the same Q C v 
frequency as the primary voltage, 
and other terms of three and five 
times the frequency, manufactured 
by the iron in a curious way. 
With these "other terms" the con- c 

denser has nothing-to do ; it cannot c ^ c ^ 
disguise them in iiny way ; the total n g ' 8 , s ' 
current always contains them. We shall not speak of them, 
as they may be imagined added on, and this saves trouble, 
for if the fundamental term only is considered we may 
imagine the permeability constant; that is, that the primary 
circuit of an unloaded transformer has simply a constant 
self-induction. 

In fact between the ends of a coil (tig. 88) which has 
resistance R aud self-induction L, place a eo?idenser of capacity 
K. Let the voltage between the terminals, be V = V0sinnt. 
Let C be the. instantaneous current through the coil and 
let c be the current through the condenser, then G'+c is the 
current supplied to the system. 

V, sin nt 

^ ° = R+LO' 

and c = f„ sin/it— ^ or c = KnVn cos nt, 

_ I + RK6 + LK0- , r _ I — LKn" + RKJ? v 

R + L0 R + L0 
by our rule of Art. 167. 

I t is quite easy to write out by Art. 167 the full value of 
16—2 
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0 4-c, but as we are not concerned now with the lag or lead, 
we shall only state the amplitude. I t is evidently 

and the effective value of 0 + c (what an ammeter would 
give as the measure of the current), is this divided by a/2. 

Observe that 0 + c is least when 
K = L/(Ii* + L>,II). 

(Note that if L is in Henries and u= 2TT X frequency (so 
that in practice n = about 600), K is in farads. Now even a 
condenser of £ microfarad or 4- x 10~6 farad costs a number of 
pounds sterling. We have known an unpractical man to 
suggest the practical use of a condenser that would have cost 
millions of pounds sterling.) 

When this is the case, the effective current C + c, is 
RjjR2 4- L-ri1 times the effective value of C. 

The student ought to take a numerical case. Thus in an 
actual Hedgehog Transformer we have found It = 24 ohms, 
_L = 6'23 Henries n = 509, corresponding to a frequency of 
about 81-1 per second. The effective voltage, or V„ -h v'2 
is 2400 volts. In fig. 89 we show the effective current cal­
culated for various values of K. The current curve ABCD is 
a hyperbola which is undistinguishable except just at the 

— — ,.0 

•8 

•6 

•4 3 
o 

•2 I 
0 £ 

-2? 

O 

"4 5 

-•8 

-•8 

-1-0 
0 -1 -2 -3 -4 -5 -6 -7 -8 -9 1-0 1 -I 1-21-31-41-5 

Capacity in Microfarads 

Fig. 89. 

vertex, from two straight lines. The total current is a 
minimum when K = LfiR1 4- X V ) , in this case 0'618 micro-
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1 1 1 
- + - + -r, v., v.. 

G 
c, = 1 , 1 1\ 

- 4- - • + - r, 
Vi v., i\ 

Now let there be a self-induction / and a condenser of 
capacity k in each branch, and we have exactly the same 
instantaneous formulas if, for any value of r, we insert 

The algebraic expressions are unwieldy, and hence nu­
merical examples ought to be taken up by students. 

174. T w o circuits in parallel. They have resistances 
rx and r., and self-inductions lx 

and L, how does a total current /UUlksAsjULS. 
G divide itself between them ? 

C + C 2 

I f the current were a con­
tinuous current, c, (fig. 90) in WflMMLflfli 
the branch i\ would be ^ 

farad; and the effect of the condenser has been to diminish 
the total current in the ratio of the resistance to the im­
pedance. I t is interesting on the curve to note how the 
great lag changes very suddenly into a groat lead. 

173. I f currents are steady and if points A and B are 
connected by parallel resistances i\, r,,, if V is the 
voltage between A and B, and if the three currents are 
c,, c 2 , c 3, and if the whole current is ('; then 

V V V 
Cj = —, c.,= —, c.= — , 

1\ ' r„ ' )•.. 

\>\ r., r,j 
In fact the three parallel conductors act like a conductance 

I 

Also if G is known, the 



240 C A L C U L U S F O l l E N G I N E E R S . 

Henco it is now cv = r,+ U 
' r1 + r2 + (ll+l2) 

I f 0= G„ auint, then by Art. 107 

r.r +1.? n2 

, C 

C l = r/„ 
(r1 + r„)2+~(l1+l..j2ir 

sm ?ii + t a n - 1 " - tan""1 — - ' 
To r, + r.. 

In the last case suppose that for some instrumental 
purpose we wish to use a branch part of C, but with a 

lead. We arrange that tair~] — t a n - 1 shall be 
r, ri + ra 

equal to the required lead, and we use the current in the 
branch -i\ for our purpose. 

175. Condenser annulling effects of self-induction. 
When the voltage between points A and B follows 
any l a w whatever , and we wish the current flowing i n t o 

V 
A and out at B to be exactly , whatever V may be, and 
when we have already between A aud B a coil of resistance 
R and self-induction L, show how to arrange a condenser 
shunt to effect our object. 

Connect A and B by a circuit containing a resistance r, 
self-induction / and condenser of capacity A, as in tig. 91. 

The total current is evidently 
V V r 1 k 

JL22MSl2-<=^ 

UimJlSlkJUIJLMUL) 
R L 

R + Bt 
R + W + XE 

Fig. 91. 

1 + 0(rK + RK) + 02 {IK + LK) 

or, bringing all to a common 
denominator and arranging 
terms, it is 

V. R+8 (RrK + L) + 02 (RIK + LrK) + BIK02 

Observe that as V may be any function whatsoever of the 
time we cannot simplify this operator as we did those of 
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R-K (RL 4- rL) n- + 6 {RrK + L - LIKn*} ' 
R-K (Rl + rL) n- RrK +L- LIKn1 

and it 1 _ X^p-J^y^r - K ( r + K ) " > 

then although the adjustment alters when frequency alters, 
we have for a fixed value of n the current flowing in at A and 
out at B proportional to V and without any lag. I f R = v 

V 
the current is equal to -P . 

177. To explain why the e f fec t ive v o l t a g e is s o m e ­

t i m e s less between the mains at a place D, fig. 92, t h a n 

a t a p l a c e B f u r t h e r a w a y f r o m t h e g e n e r a t o r . This 
is usually due to a distributed capacity (about J- microfarad 
per mile is usual) in the mains. We may consider a dis­
tributed capacity later; at present assume one condenser of 

Art. 167. Now we wish the effect of the operation to bo the 

same as ^ V. Equating and clearing of fractions we see that 

R + 0 (RrK + B?K) + (RIK + RLK) 
must be identical with 

R + 6 (RrK -rL) + 0* (RIK + LrK) + LlK0\ 
As V may be any function whatsoever of tho time, the 
operations are not equivalent unless LlK = 0 ; that is, 1=0; 
so there must be no self-induction in the condenser circuit, 

RrK + R-K = RrK+ L ; that is, K = ^- ; 

RIK + RLK = RIK + LrK; that is, R = r ; 
so the resistance in the condenser circuit must be equal to 
that in the other. 

I n f a c t w e m u s t s h u n t t h e c i r c u i t R +• 1*9 b y a 

c o n d e n s e r c i r c u i t R 4- w h e r e K = . 

176. I f in the last case V = V„s\nnt, the operator may 
be sirnplitied into 

l-_K(l + 1) + K(r + R)8 
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^ + []{K+^ e + lk&^ r. 
Now if f = r„ sin the r/rô > is 

The voltage at D is the drop plus v, or 

, , » , , , . • , square of effective voltage at 7) also bv Art. K>7, — ! ? - - i = - - - ; , — — - - , - 3 square (IT effective voltage at B 

= f 1 + j - Mv)' + (P/l + £ J 
and there are values of the constants for which this is less 
than 1. As a numerical example take 

r=10, R = % K=lxlO'e, M = 1000, 

and let L change from 0 to '05, -01, '02, 03 &c. 

capacity K between the mains at B. Let the non-inductive 
resistance, say of lamps, between D .Qood?n< -? t n e m a r n H a t -0 D e ''• Let the r ^SismsSU J\ resistance and self-induction of [@ Kith r the mains between D and .B be 

IJ R and i . Let v be the voltage 
A a * -S, and C the current from /) 

Fig. 92. to B. 
The current into the condenser is v -H or Kdc. 

Aff 
v 

The current through r is - , so that 

f.' = ( A 0 + * ) 7. ( I ) . 

The drop <>f voltage between 7) and 7J is 

(R + BO) C , „• (li +10) I /f 0 + - ) r, 
' \ r! 
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The student will find no difficulty in considering this 
problem when r + 18 is used instead of r in ( 1 ) ; that is, when 
not merely lamps are being fed beyond B, but also coils 
having self-induction. 

Most general case of T w o Coils. 

178. Let there be a coil, fig. 93, with electromotive force 
E, resistance R, self-induction L, 
capacity K; and another with e, r, 
I, k. Let the mutual induction 
be in. 

Using then R for R + LB + - 1 

RUC t i c 

K0' 
and r for r + 10 + Fig. <j3. 

.(1) . 

the equations are 
E = RG+m0c,\ e = iiiBC + rc ) 

Notice how important it is for a student not to trouble 
himself about the signs of 0 and c &c. until he obtains his 
answers. 

From these we find 

Re-mdE 

(' 
Rr-vi-8-' 
rE— m6e 

'' Rr~^mW 

. (2) , 

(3). 

"We can now substitute for R, r, E and e their values and 
obtain the currents. 

Observe that E may be a voltage established at the 
terminals of part of a circuit, and then R is only between 
these terminals. 

The following exercises are examples of this general case. 
There are a great, many other examples in which mutual 

induction comes in. 

179. L e t t w o c i r c u i t s (fig. 94), w i t h s e l f - i n d u c t i o n s , 
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be in parallel, with mutual induction m between 
them. 

L_ R C 

0 vC+c 

1 r o 
Fig. 94. 

(1) At their terminals let v = v„ sin?it; (2 ) of last exercise 

becomes c= If—--"-f/r, v. Or, changing R into R+L6 and r Rr — ni-v-
into r +16. 

c= ;-Ti— R + (L-m)e w i v. {Rr - (LI - m 3) «'} + ( 2 > + IR) 6 
( 2 ) How does a current A sin nt divide itself between two 

such circuits? Since ~ = — 1 1 . we can find at once — 
G r-mO G + c 

Answer : c = , ,c— — and . 
G + c 

on A sin nt. 
We think it is hardly necessary to work such examples 

out more fully for students, as, to complete the answers they 
have the rule in Art. 167. 

180. In the above example, imagine each of the 
circuits to have also a mutual induction with the com­
pound circuit . We shall use new letters as shown in fig. 95. 

—-TTOOJOOOU / * * o p o o o o o p / 7 
c 2 = C 

F i g . <lo. 

I f v is the potential difference between the ends of the. 
two circuits which are in parallel. Using r, fi and m to stand 
for v + 18, pd and ni8, 

V = VfiL + flC, + w, (c2 + c.,). 
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Hence the equations are 

V = 0'i + llh) Ci + (fi + illx) C,, 

v = (fi+ «>-_.) c, + (r._, + in.,) Cj, 
c = _ (r,+jn^~(p + mx) p _ ^ 

1 ( » i + JHi) (r, + m2) - (fi + in,) (ft + « i 2 ) ' 

with a similar expression for c.,. 
Also a total current C divides itself in the following way 

+ 2 ) 

rx + v., -2fM w 

I f we write these out in full, we have exceedingly pretty 
problems to study, and our study might perhaps be helped by 
taking numerical values for some of the quantities. I f we care 

to introduce condensers, we need only write r + 16 + ~ with 
proper affixes, instead of each r; fi becomes /x0 and m 
becomes m9. 

To what extent may we make some of the m'a negative? 
I have not considered this fully, but some student ought to 
try various values and afterwards verify his results with 
actual coils. Taking (2) without condensers _ r.,+ 0(L+nh, —ji—^nii) ., 

''• /•.•>-<'(/•• / , - 2/,. ' 

181. Rotating Field. Current passes through a coil 
wound on a non-conducting bobbin ; the same current 
passes through a coil wound on a conducting bobbin. The 
coils are at right angles and have no mutual induction; 
find the nature of the fields which are at right angles at the 
centre of the two bobbins. Let the numbers of turns be nx 

and n.,. Instead of a conducting bobbin imagine a coil closed 
on itself of resistance ?•.,, and n3 turns and current c. For 
simplicity, suppose all three mean radii the same, and the 
coils n., and n:i well intermingled. One field Fx is propor­
tional to n,C per square centimetre, call it »//. The other F? 

is proportional, or let us say equal to, n.,C + iifi per square cm. 
Take the total induction / through each of the coils as 
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i\ + bn.;-0' so that — 

and hence F.,=ii.,C — 

I f then (7= ('-'„ sin qt, 
Fl = ntC9 sin qt, 

l+6?i* Jl+b*n\ 
n V n2 

Art. 126, shows the natm-e of the rotating field. We 
can assure the student that he may obtain an excellent 
rotating field in this way. 

I t is evident that hi? really means the self-induction of the 
bn? 

third coil, and —"- means its time constant. A coil of one r-j 
turn,—that is, a conducting bobbin, will have a greater time 
constant than any coil of more than one turn wound in the 
same volume. It is evident that if the bobbin is made large 
enough in dimensions, we can for a given frequency have an 
almost uniform and uniformly rotating field by making 

, I)., -f- 0 — q= ii,. 
v., 1 

This is one of a great number of examples which we 
might give to illustrate the usefulness of our sign of opera­
tion 0. 

182. In Art. 178 let E= V the primary voltage of a trans­
former, the primary circuit having internal resistance R and 
self-induction L ; Jet the secondary have no independent 
E.M.F. in it; let its internal resistance be r, and self-induction 
I and let it have an outside non-inductive resistance p, of 
lamps. Let the voltage at the secondary terminals be v = cp. 

proportional to the intensity of field at its centre, say b times 
Then for the third coil, we have 

() = r.fi + n:;0I or = r3o + bns0 (n.,0 + ii:,a), 

bn.,n,0C 
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Then in (1), (2) and (3) Art. 178, let E=V, e = 0 ; instead of R 
use R+L0. Instead of r use r + Id which is really r\ + p + 10, 

-m0V 
C " lir + (Rl + rL) 0 + (LI -»»") & l ( }' 

0 = ">>r
 ( 2 ) 

Rr + (Rl + rL)0 + (LI - m2) 0* w 

Note that the second equation of (1) Art. 178 is 

O = iii0C + (r + l0)o 
I. From (2)* , if C = C 0 e a t , c = 

— c in a in 

C = r +la = I 

I f r is small compared with la 

— c in 
(•-''!• 

i 
Fig. 1)0. 

I I . I f C = C 0 sin qt, again using (2 )* 

effective c m 

-, — ' i, sm at + - — fair 
\'r- + ly V 2 i 

^ C U C U effective 0 I / " ri 

V 1 : ly 
Except when the load on the secondary is less than it 

ever is usually in practice, r is insignificant compared with 
lq (a practical example ought to be tried to test this) and we 
may take 

0 = C'„ sin qt, 
o= Ott-j»m(qt — -rr), 



254 CALCULUS l-'Olt ENGINEERS. 

Then - o = , (4), 

so that — c is a faithful copy of V as a function of the time. 
0 is so also. 

I f JV and a are the numbers of windings of the two coils 
on the same iron, 

•m : L : l = 2fn : N* : /r (5), 
n 
N 

so that — o = ((>); 
r + K W 

that is, the secondary current is the same as if the trans­

formed voltage ^— ~ l r j acted in the secondary circuit, but 

as if an extra resistance were introduced which I call the 

transformed primary resistance {^R ^ 

I f the volumes of the two coils were equal, and if the 

volumes of their insulations were equal, R y., would be equal 

to i\ the internal resistance of the secondary. Assume it 
so and then 

I t may become important in some application to re­
member that the ratio of the instantaneous values of — c and 
0 is that of 

r sin qt + lq cos qt to mq cos qt, 
and this sometimes is GO . t 

Returning to ( I ) . Let LI = ni' (this is tho condition 
called no magnetic leakage) and let Rr be negligible. In 
any practical case, Rr is found to be negligible even when r 
is so great as to be several times the resistance of only one 
lamp, f 

mV 
Rl + rL 
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11 L R 

also pc or v~ — (8). 

p 
As I\ is usually small compared with p, 

—W-'f)-
2 r 

and —1 is called the drop in the secondary voltage P 
due to load. 

v2 . I P 
As — = P, the power given to lamps; - = — and the 

^ 2r . . 
fractional drop is -A P and is proportional to the Power, or 
to the number of lamps which are in circuit. 

183. The above results may be obtained in another way. 
Let I be the induction, and let it bo the same in both 

coils. Here again we assume no magnetic leakage, 
Y=RG+N6I (1), 
0 = rc + n6I (2). 

Multiplying each equation by its N or n and dividing by its 
R or r and adding 

IVV . /A3 n2\ n T ... 
lT = A + { R + 7 ) e i < 3 > -

where A = NO + nc, and is called the current turns. 
Now when we know the nature of the magnetic circuit, 

that is, the nature of the iron and its section, a square centi­
metres, and the average length A centimetres of the magnetic 
circuit, we know the relationship between A and 7. I 
have gone carefully into this matter and find that whatever 
be the nature of the j>eriodic law for A, so long as the 
frequency and sizes of iron &c. are what they usually are in 
practice, the term A is utterly insignificant in (3). Reject­
ing it we find 

6^V 1 n° R\, , i r , 
1 — 7 F - X l ' - . Y ^ " ^ c r y nearly . . . (4). 

* \ L + X I \ 
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Thus, in a certain 1500-watt transformer, li = 27 ohms, 
A r = 4 6 0 turns, internal part of r = '067 ohms, n = 24 turns, 
effective V is 2000 volts or F = 2828 sin qt where q = 600 say, 
a = 300, A. = 31. When there is no load ?• = GO ; on full load 
r = nearly 7 ohms. 

We have called -R !t„ the transformed resistance of the 
/ 24 \ 2 

primary. I t is in this case 27 ( '^QQ) OV '073 ohms. 

I f the primary and secondary volumes of copperthad been 
equal, no doubt this would have been more nearly identical 
with '067, the internal resistance of the secondary. 

\ T or -— is the fractional drop in I from what it is at iVV r 
no load. When at full load r = 7 ohms the fractional drop is 
greatest, and it is only 1 per cent, in this case. Because of 
its smallness we took a fractional increase of the denominator 
as the same fractional diminution of the numerator of (4). 

Consider I at its greatest, that is, at no load; i V is the 
2 8 2 8 " 

integral of V or — c o s 600£. So that the amplitude 
8 2828 6 0 0 

6 0 0 x 4 6 0 ' 
Multiply this, the maximum value of / in Webers, by 10 3 

to obtain c. G. S. units, and divide by a = 360, and we find 
2856 C. G. S. units of induction per sq. cm. in the iron, as the 
maximum in this transformer every cycle. 

01 being ^ V + w o m i v o n ' o m (2) the same 
value of — ro that we had before in (6) of Art. 183. 

184. Returning to (7) of Art. 182. Let us suppose that 
there is magnetic leakage and that r, is really >\ + I'd. 
I f one really goes into the matter it will be seen that thin 
is what we mean by magnetic leakage. Then we must 
divide by 

p 4- 2?\ + 21'0, 
instead of p + 2>\. In fact our old answer must be divided by 

?„••». 
p + 
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or neglecting 2?'! as not very important in this connection; 
21' 

our old answer must be divided by 1 + — 6. This means 
P 

that the old amplitude oi v must be divided by ~«'y , 2r-f 
l -i ~ or 1 H • - nearly, p- p 2 

if the leakage is small,and there is a lag produced of the amount 
2l'q 

tan 1 — . We must remember that a is 2-rrf if f is the 
frequency. We saw that P, the power given to the lamps, is 
inversely proportional to p, so we see that the fractional 

2r P 
drop due to mere resistances is —-—, the fractional drop 

v- 1 

due to magnetic leakage is |a-/-P'-, and the lag due to 
magnetic leakage is an angle of afP radians where a is a 
constant which depends upon the amount of leakage, and f 
is the frequency. 

185. Only one thing need now be commented upon in 
regard to Transformers. I f Vis known, it has only to be inte­
grated and divided by N to get /. Multiply by 10 8 and divide 
by the cross-section of the iron in square centimetres, and we 
know how /3, the induction per sq. cm. in the iron, alters with 
the time. The experimentally obtained ft, H curve for the 
iron enables us to find for every value of /? the corresponding 
value of II, and II multiplied by the length of the magnetic 

circuit in the iron gives the gaussage, or - x the ampere 

turns A . Hence the law of variation of A is known, and if 
there is no secondary current, we have the law of the 
primary current in an unloaded transformer or choking 
coil. This last statement is, however, inaccurate, as one 
never has a truly unloaded transformer, even when what is 
usually called the secondary, has an infinite resistance. 

186. Sir W . Grove's Problem ; the effect of a condenser 
in the primary of an induction coil when using alternating 
currents. 

ABB, fig. 97, is the primary with electromotive force 
E=EA sin nt, resistance R and self-induction L . BA is a 

P. 17 
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condenser of capacity K, and r is a non-inductive resistance 
R L c in parallel with the condenser. G p SiQOSijiSiSU ^ the current in the primary, has an 

tJ. 11 amplitude C„, say. 
I<8> KliUfp T h e c o n ( I e n s e i . h a s t h e r e s i s t . 

1 

°" ' " I t is quite easy to write out 
the value of (\ when r and K have any finite values*. 

But for our problem we suppose r = 0 or else r=cc . When 
r = 0, the resistance is R + L9 and the current is E/(R + L8), 

E -

When r = x , the resistance is 

R + L9 + K d o v ^ . 

(l-LKn*) + RK0 , . . 
or , bv Art. 16/, 

A u 
l ri- E0

2R2n2 E0
2 . . 

Now (2) is greater than (1) if 2KLn2 is greater than 1, 
so that the primary current is increased by a condenser of 

capacity greater than 9̂  ., • Again, there is a maximum 

current if K= 3 • in this case the condenser complete!v 

destroys the self-induction of the primary. 

* When both r ami A' have finite values, the parallel resistances between 
J! and A, together form a resistance r/(l + rK0), and the whole resistance of 
the circuit for C is It + L0 + , -'- v^r so that 1 + rhe 

(l + rK6)_Eslsmnt 

c~XiT+i--LrKJi1) + (JiFK+T.je' 
r . , _ (l + r W ^ V _ 

"~\f! + r - LrKnJ)- + {RrK + L) hi2' 
and the lag of C is easily written. 
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187. Alternators in series. Let their e . m . f . be ex and 
e 2 aud let G be the current through both. The powers exerted 
are efi and e.,G. Now if 
e!=7i'sin (nt+a) and e2=Esin (nt — a),t ey +e.2=2Ecos a. ninnt. 

I f I is the self-induction of each machine, r its internal 
resistance, and if 2R is the outside resistance and if P x and 
P a are the average powers developed in the two machines, 

2Ecos a. sin nt Ecos a . / In 
-TTTTj— A-J-, = -7 -===:——•• sm «t — tan 1 _ -
2W + 2r+2R >J(R+ rV + P,f- \ R + r, 

C 

= i¥ cos a sin (nt — e) say, 
P i = ^il/i? cos a . cos (a + ?)> 
P , = \ME cos a . cos (a — e). 

Hence P2 is greater than Plt and machine 2 is retarded 
whilst machine 1 is accelerated ; hence a increases until 

7T 

ot = - , and when this is the case, cos a = 0, so that P ; = 0, 
P 3 = 0 and the machines neutralize each other, producing no 
current, in the circuit. Al ternators c a n n o t therefore be 
used in series unless their shafts are fastened together. 

188. As we very often have to deal with circuits in 
parallel we give the following general formula; if the electro­
motive forces elt e., and e3> fig. 98, are constant, 

v = e, — C{i\ = e-i — c.,r.2 = e~ — c3r3 (1), 
and c1 + c„ + c 3 = 0 (2). 

Given the values of <?,, e.., e, aud r , , r.x> r„ we easily find 
the currents, because 

feL e., e-
v= -- + ---+--

1 1 1 
- + - + -
"1 r, r. 

Fig, 98. 
17—2 
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Now if the e's are not constant, we must use rx + IJ), &c, 
instead of mere resistances. 

189. Alternators in Parallel . Let two alternators, each 
of resistance r and self-induction I, and with electromotive 
forces, = E sin (nt + a), and e.2 = E sin (nt — a), be couj>led 
up in parallel to a non-inductive circuit of resistance R. 
What average electrical power will each of them create, 
arid will they tend to synchronism ? I f ex and e2 were con­
stant or if I were 0, then v — ex — cy- = e2 — c.,r = (c2 + c.,) R. 

And hence 
R f (-. r \ 

c ^ 2 ^ T 7 3 H 1 + S " f i i r 

Now alter r to r+W, because the e's are alternating. 
The student will see that we may write 

e2 = ex (a — bd), 
eL = e.2 (a + bd), 

where a2 + b2ii2 = 1, a = cos 2a, hi = sin 2a. Then 

( ' + J H + * ( B + t ) . . . 

( * + s - * - ) + « ( 1 + J ) 

with a similar expression for a, in terms of e, except that b 
is made negative. I f we write out (1) by the rule of Art. 167, 
there is some such simplification as th is :— 

2ln(R + r) {l + bR)n 
Let tan d> = =. „ - and tan -vK = -rr B 

T 2iiV + r- — I'yf T i t + r — ait 
( J - « 2 ) H 

t a n t , = j ^ . _ w i r 

Then Cj = M sin (ni + a — <p + - ^ j , 

c.j = ili sin (nt — a — (p + ty.,), 
the angles <£, i/^, i/^ being all supposed to be between 0 
and ± 90°. 
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The average powers are 

P , = ME cos ((f)-f,), 
P , = ME cos (<j> - -f,), 

1\ COS ((f)— T ĵ) 
J 3 , ~~ COS (<£ — IfVv,) ' 

I f R — go we see that 

+ j l 4. i sin a 
tan 0 = — , tan -vi-, = ., = — tan 

T r T 1 — cos a 7 " 
Hence £ = cml^r,) IK cos (<£ + f i) 
In this case it is obvious that P x is greater than P.3. 

P 

The author lias not examined the general expression for jy 
with great care, himself, but men who have studied it say 
that it shows Px to be always greater than P.,. Students 
would do well to take values for r, I, R and a and try for 
themselves. I f 1\ is always greater, it means that the 
leading alternator has more work to do, and it will tend to go 
slower, and the lagging one tends to go more quickly, so that 
there is a tendency to synchronism and hence alternators 
will work in Parallel . 

190. Struts. Consider a strut perfectly prismatic, of 
homogeneous material, its own weight neglected, the resultant 
force F at each end passing through the centre of each end. 
Let A OB, fig. 99, show the centre line of the bent strut. Let 
PQ = y be the deflection at P where OQ = x. Let OA = OB = I. 
y is supposed everywhere small in comparison with the length 
21 of the strut. Fit 

Fy is the bending moment at P, and ^ is the curva­

ture there, if E is Young's modulus for tho material and I is 
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the least moment of inertia of the cross section everywhere, 
about a line through the centre of area of the sec-

, M tion. Then as in Art. 60 the curvature being — ~ * 

J i we have 

I 

[ Now if the student tries he will find that, as in 
-jo the many cases where we have had and again shall 
! have this equation, (see Art. 119) 

I /'¥ 
satisfies (1) whatever value a may have. When 
w = 0 we see that y = a, so that the meaning of a is 
known to us ; it is the deflection of the strut in the 
middle. The student is instructed to follow carefully 
the next step in our argument. 

When .c = I, y = 0. Hence 

a coal^JJ,J = 0 {:)). 

'' Notice that when we choose to call the curvature of a curve, if the 
rf.r-

expression to which we put it equal is essentially positive, we must give such 
a sign to as will make it also positive. Now if tho slope of the curve of 
iig. 09 be studied as we studied the curve of fig. fi, we shall find that 

is negative from .c = 0 to x — OA, and as ;/ is positive so that is positive, 
.ve must use - '{ on the right-hand side. 

It will be fonn 1 that the cnnijilcte (see Arts, lol and 10'J) solution of any 
such equation as (1) which may be written 

^ + -;/=<> 

1 3 y = A cos nx + I! sin nx 

where A and 71 are arbitrary constants. .4 and I! arc chosen to suit the 
particular problem which is being solved. In the present case it is evident 
that, as y = 0 when x = l and also when ,r = - I, 

0 = A cos nl + V, sin in!, 
0 = A cos id - ]', sin id, so that 11 is 0. 
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Hence the condition t h a t bending occurs i is 
/ \ / A , V V r F s s 41* , 4 ) 

is the load which will produce bending. This is called 
Euler's law of strength. The load given by (4) will produce 
either very little or very much bending equally well. I t 
is very easy to extend the theory to struts fixed at both ends 
or fixed at one end and hinged at the other. 

For equilibrium under exceedingly great bending, the 
d?\i 

equation (1) is not correct, as is not equal to the curva­
ture when the curvature is great, but for all engineering 
purposes it may be taken as correct. 

191. We may take it that 77 given by (4), is the load 
which will break a strut if it breaks by bending. I f f is 
the compressive stress which will produce rupture and 
A is the area of cross section, the load fA will break the 
strut by direct crushing, and wo must take the smaller 
of the two answers. In fact we see that fA is to be 
taken for short struts or for struts which are artificially"!" 
protected from bending, and (4) is to be taken for long struts. 
Now, even when great care is taken, we find that struts are 
neither quite straight nor homogeneous, nor is it easy to 
load them in the specified maimer. Consequently when 
loaded, they deflect with even small loads, and they break 
with loads less than either fA or that given by (4). 

* TUis gives tho least value of IK. The meaning of the other eases is 
that y is assumed to be 0 one or more times between ,r = 0 and x = l, so that 
the stint has points of inflexion. 

t This casual remark contains the whole theory of struts such as are used 
in the Forth Bridge. 

Now how can this be true ? Either a = 0, or the cosine 
is 0. Hence, if bending occurs, so that a has some value, 
the cosine must be 0. Now if the cosine of an angle is 0 the 

angle must be ^ or ~ or , &c. I t is easy to see why we 

confine our attention to ^ *. 
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Curiously enough, however, when struts of the same section 
but of different lengths are tested, their breaking loads 
follow, with a rough approximation to accuracy, some rule as 
to length. Let us assume that as F=fA for short struts, 
and what is given in (4) for long struts, then the formula 

' - T ^ b 0 } 

+ EIna 

may be taken to be true for struts of all lengths, because it is 
t rue both for short and for long ones. For if I is great 
we may neglect 1 in the denominator, and our (5) is really ( 4 ) ; 
again, when I is small, we may regard the denominator as 
only 1 and so Ave have W=fA. We get in this way an 
empirical formula which is found to be fairly right for all 
struts. To put it in its usual form, let I=Alc2, k being the 
least radius of gyration of the section about a line through 
its centre of gravity, then 

where a is bflEi?', or rather f and a are numbers best 
determined from actual experiments on struts. 

I f F does not act truly at the centre of each end, but at 
the distance h from it, our end condition is that y =h when 
x — l. This will be found to explain why struts not perfectly 
truly loaded, break with a load less than what is given in (4). 
Students who wish to pursue the subject are referred to 
pages 464 and 513 of the Engineer for 1886, where initial 
want of straightness of struts is also taken account of. 

192. Struts with Latera l Loads. We had better confine our 
attention to a strut with hinged ends. If the lateral loads arc such 
that by themselves and the necessary lateral supporting forces, they 
produce a bending moment which we shall call then ( 1 ) Art. 190 
becomes 

Thus let a strut be uniformly loaded laterally, as by centrifugal force 
or its own weight, and then tj> (.>;) = )>«>' (l — .v)2 if w' is the lateral load 
per unit length. 
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We find it slightly more convenient to take <f> (x) ~ £ Wl cos ^ x 
where )V is the total lateral load ; this is not a very different law. 
Hence 

dhi , F , 117 TT 

We find here that 

K 1 - - F M 

4l2 

Obscrve that when F = 0 tliis gives tlie shape of the beam. 
The deflexion in tho middle is 

(3), 

4P 

and the greatest bending niomcnt /x is 

^•-MK^-n (*)• IP I \ IP 
If W=0 and if fi has any value whatever, the denominator of (4) 

must be 0. Putting it equal to 0, we have Kuler's law for the strength 
of struts which are so long that they bend before breaking. If Kuler's 
value of F be called U, or V' — Elit*jit?, (4) becomes 

* = i M-(T^I (5)-

If zf i.s the greatest distance of a point in the section from the 
neutral line on the compressive side, or if f - r i , = ^, the least strength 
modulus of the section, and A is the area of cross section, and if / is 
the maximum compressive stress to which any part of the strut is 
subjected, /r .F_. 

Z + A ~ 

Using this expression, if fi stands for (that is Kuler's Breaking 
F 

load per square inch of section), and if V stands for -j (the true break­

ing load per inch of section), then 

( • - ? ) ( » ««> 
This formula is not difficult to re,uWA«\>cr. From it iv may be found. 

Exumpi?- Every point in au iron or steel coupling rod, of length 
26 inches, moves about a radius of inches. Its section is rectangular. 
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d inches in the plane of the motion and b at right angles to this. We 
may take JF=?Wro2-f-62940, in pounds, where TO = number of revolu­
tions per minute. Take it as a strut hinged at both ends, for both 
directions in which it may break. 

1st. For bending in the direction in which there is no centrifugal 
force where / is , 

Filler's rule gives (")• 

Now we shall take this as the endlong load which will cause the 
strut to break in the other way of bending also, so as to have it equally 
ready to break both ways. 

2nd. Bending in the direction in which bending is helped by 
centrifugal force. Our w of ((j) is the above quantity of (7) divided by 
bd, or taking 

A'=3x K F , 

w' = CT7 Xj.-, x 10''. 

Taking the proof stress /for tho steel used, as 20000 lb. per sq. inch 
(remember to keep f low, because of reversals of stress), and recollecting 
the fact that Tin this other direction is ^~ , we have (G) becoming 

S-4 x 10 s - 308 h^y{\ - *£j = n*Pr+d (8). 
Thus for example, if 6 = 1,2 = 30, r-M, the following depths </inches, 

are rig]it for tho following speeds. It is well to assume d and calculate 
n from (8). 

d [ I 1-5 j 2 ,' 2-. 

n i 0 1 205 i 277 ! 327 

3 

3(58 

4 

437 i545 
Evcraxc. A round bar of steel, 1 inch in diameter, 8 feet long, or 

/ = 48 inches. Take /'=1500 lb. Show that an endlong load only 
sufficient of itself to produce a stress of ]910 lb. per sq. in., and a 
1 ending moment which by itself would only produce a stress of 816 lb. 
per sq. inch; if both act together, produce a stress of 23190 lb. per 
sq. inch. 

For other interesting examples tho student is referred to The 
Philosophical Magazine for March, 1892. t 



CHAPTER III. 
A C A D E M I C E X E R C I S E S . 

193. I N Chapter I . we dealt only with the differentia­
tion and integration of xn and in Chapter I I . with eax and 
sin ax, and unless one is really intending to make a rather 
complete study of the Calculus, nothing further is needed. 
Our knowledge of those three functions is sufficient for 
nearly every practical engineering purpose. It will be found, 
indeed, that many of the examples given in this chapter might 
have been given in Chapters I. and I I . For the differen­
tiation and integration of functions in general, we should 
have preferred to ask students to read the regular treatises, 
skipping difficult parts in a first reading and afterwards 
returning to these parts when there is the knowledge 
which it is necessary to have before one can understand 
them. I f a student has no tutor to mark these difficult parts 
for him, he will find them out for himself by trial. 

B y means of a few rules it is easy to become able to 
differentiate any algebraic function of x, and in spite of our 
wi*h that students should read the regular treatises wo are 
weak enough to give these rules here. They are mainly used 
to enable schoolboys to prepare for examinations and attain 
facility in differentiation. These boys so seldom learn more 
of this wonderful subject, and so rapidly lose the facility in 

question, because they never have learnt really what df-

aob 
means, that we are apt with beginners to discourage much 
practice in differentiation, and so err, possibly, as much as the 
older teachers, but in another way. If, however, a man sees 
clearly the object of his work, he ought to try to gain this 
facility in differentiation' and to retain it. The knack is 
easily learnt, and in working the examples he will, at all 
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events, become more expert in manipulating algebraic and 
trigonometric expressions, and such expertness is all-important 
to the practical man. 

In Chapters I. and I I . we thought it very important 
that students should graph several illustrations of 

y = ax11, y = aehx, y = a sin (bit; + c). 
So also they ought to graph any new function which comes 
before them. But we would again warn them that it is better 
to have graphed a few very thoroughly, than to have a hazy 
belief that one has graphed a great number. 

The engineer discovers himself and his own powers in 
the first problem of any kind that he is allowed to work out 
completely by himself. The nature of the problem does not 
matter; what does matter is the thoroughness with which 
he works it out. 

Graph y = tan ax. Wo assume that the student has 
already graphed y = ae'JX sin nx. 

194. I f y = f(x), so that when a particular value of x is 
chosen, y may be calculated; let a new value of x be taken, 
x + Sx, this enables us to calculate the corresponding value 

or y+Sy =f (x+ 
Now subtract and divide by Sx, and we find 

Sx' Bx ~ 
We are here indicating, generally, what wc must do with 

any function, and what we have already done with our famous 
three, and we see that our definition of dy/dx is, the 
limiting value reached by (1) as Sx is made smaller and 
smaller without limit. 

195. I t is evident from this definition that the differential 
coefficient of a/(x), is a multiplied by the differential co­
efficient of/(,*•), and it is easy to show that the differential 
coefficient of a sum of functions is equal to the sum of the 
differential coefficients of each. In some of the examples of 
Chapter I. we have assumed this without proof. 
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We may put the proof in this form :— 
Let y = u + v + w, the sum of three given functions of x. 

Let x become x + Sx,\h.t u become u + Su, v become v + Sv, 
and w become w + Sw. I t results that if y becomes y +Sy, then 

By = Sic + Sv + Siv, . By Su Sv Sw 
a n d t = F~ + s - + s - . 

ox ox ox ox 
, • . . . du du dv dw and in the limit -/- = — -f- — -f- _ . 

dx dx dx dx 

196. Differential Coefficient of a Product of two Func­
tions. 

Let y = -uv where u and v are functions of x. When .* 
becomes x 4- Sx, let 

y + Sy = (« + 6M)(j/ + Sv) = uv + u ,8v + v . Su + Su. Sv. 
Subtracting we find 

Sy = u. Sv + v . Su + Su . Sv, 

, Si/ Sv Su Su ^ 
and ^- = u =- + v ^- + ^~ • ov. ox ox bx OX 

We now imagine Sx, aud in consequence (for this is 
' always assumed in our work) Su, Sv and Sy to get smaller 

and smaller without limit. Consequently, whatever j may 
be, . Sv must in the limit become 0, and hence dx 

dy dv du 
ax dx dx 

The student must translate this for himself into ordinary 
language. I t is in the same way easy to show, by writing 
uvio as uv x w, that if y = uvw then 

dy dw du dv ~r = uv -=— + mo -f- + wu =-. ax ax dx dx 

Illustrations. I f y = 10x7 then, directly, ^ = 70V. But 
we may write it y = 5a;3 x 2a;4. 
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dx v-

Here again the student must translate the rule into 
ordinary language, and he must get very well used indeed to 

the idea that it is v which comes first:— dx 
Denominator into differential coefficient of nume­

rator, minus numerator into differential coefficient 
of denominator, divided by denominator squared. 

A few illustrations ought to be manufactured. Thus 
2 4 a ' 7 • n o * i dy ,„ ii = —— is reallv Sdr". and = 40.r4. 

Our new rule gives 

^ = (8a?) + 2* ' (15,-c2) = 4Xk« + 30a;8 = 70**. 

The student ought to manufacture other examples for 
himself. 

197. Differential Coefficient of a Quotient. 

Let ii = - when u and v are functions of a;. 
v 

Then ?/ + hi = . 

Subtract and we find 

s it 4- S-it w _ r . S i ( — « . S w 
+ Sv v v- + a . hi 
Sit Sv 

c. V ~ XI 

by ox ox 
Sx V1 + V . Si! 

Letting Sx got smaller and smaller without limit, v. Sv 
becomes 0, and we have 

du dv 
dy dx dx 



15%" 
The student ought to work a few like y = — = Bar2 or 

Ixi .. . 
again y = — ̂  = — \& and verify for himself. 

198. I f ;// is given as a function of z, and z is given as a 
function of x, tlien it is easy to express y as a function of x. 
Thus if y = b log (az2 + g) and z = c + + sin e#, then 

y = b log [a, (c + dx + sin e*) 2 + g). 
Now under such circumstances, that is, y = /X-2) and 

z = F (x), if for x we take x + Sx, and so calculate z + Sz, and 
with this same z + Sz we calculate y + S//, then we can say 
that our Sy is in consequence of our Sx, and 

Sy Si/ Sz 
r x - S ~ X c x ' h -

This is evidently true because we have taken care that the 
two things written as Sz shall be the same thing. On this 
supposition, that the two things written as Sz remain the 
same however small they become, we see that the rule (1) is 
true even when Sx is made smaller and smaller without 
limit, and as we suppose that Sz also gets smaller and 
smaller without limit, 

dy dy dz 
dx dz " d x W ' 

This is such an enormously important proposition that 
a student ought not to rest satisfied until he sees very 
clearly that it is the case. For we must observe that the 
symbol dz cannot stand by itself; we know nothing of dz by 
itself; we only know of the complete symbols dy/dz or dzjdx. 

We are very unwilling to plague a beginner, but it would 
be fatal to his progress to pass over this matter too easily. 
Therefore he ought to illustrate the law by a few examples. 

Thus let y = az3 and z=bxl. As = oaz2, ~ = 26a.-, we have 
J dz dx 

_ QCIOZIX 0 1 . 6tt6V. But by substitution, y = ab2xs, 
dz dx 
and if we differentiate directly wo get tho same answer. A 
student ought to manufacture many examples for himself 
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An ingenious student might illustrate (2) by means of three 
curves, one connecting z and x, the other connecting z and y 
and a third produced by measurements from the other two, 
and by means of them show that for any value of x the slope 
of the y, x curve is equal to the product of the slopes of the 
other two. But in truth the method is too complex to be 
instructive. By an extension of our reasoning we see that 

dy _ dy diu du dv ,0, 
dx dw ' du ' dv ' dx 

199. It is a much easier matter to prove that 

d x * d y ( ; ' 
doc 

by drawing a curve, because it is easy to see that is the 
di y 

cotangent of the angle of which ™ is the tangent. 
Otherwise:—if by increasing x by Sx we obtain the 

increment Sy of y, and if we take this same Sy, so found, we 
ought to be able to find by calculation the very same Sx with 
which we started. Hence 

Sy Sx ... 

sx«s;r 1 ( ; , ) -
On this proviso, however small Sx may become, (5) is 

true and therefore (4) is true. 

200. To illustrate (2). I f a gas engine indicator 
diagram is taken, it is easy to find from it by applying 
Art. 57, a diagram for h, the rate at which the stuff shows 
that it is receiving heat in foot-pounds per unit change of 
volume, on the assumption that it is a perfect gas receiving 
heat from some furnace. (In truth it is its own furnace; 
the beat comes from its own chemical energy.) Just as 

dW 
pressure is , the rate at which work is done per unit 
change of volume ; so h is ~ . Observe that h is in the 

same units as p, and to draw the curve for h it is not necessary 
to pay any attention to the scales for either p or v. They 
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rj . , dy dy dv , , dij 1 dx Having seen that -f- =-yL . and that -~- = 1 ~ wo dx dv dx dx dy 
shall often treat dx or dy as if it were a real algebraic 
quantity, recollecting however that although dy or dx may 
appear by itself in an expression, it is usually only for 
facility in writing that it so appears; thus the expression 

M. dx + N.dy = 0 ( I ) , 
may appear, where M and N are functions of x and y ; but 

this really stands for M+Ncl£=0 (2). 

Again, if y = «,«•", we may write 
dy — lax. dx (3), 

P I S 

may be measured as inches on the diagram. We know of 
no better exercise to bring home to a student tho meaning 
of a differential coefficient, than to take the indicator 
diagram, enlarge it greatly, make out a table of many values 

of p and v, and find approximately ^ for each value of v. 

This is better than by drawing tangents to the curve. Using 
dH 

these values, and having found the values of h or - r - at 
° dv 

every place, suppose we want to find the rate per second at 
which the stuff is receiving heat. I f t represents time, 
dll dH dv , , . . , u- i 7 —jr = ~;f- • ~fi, aod nence it is only necessary to multiply li 
CLO CIV (tu 

. dv 
h*dt-

d,v 
As -~ is represented by the velocity of the piston, and as 

the motion of the piston is, as a first approximation, simple 
harmonic, we describe a semicircle upon the distance on the 
diagram which represents the stroke, and the ordinates of the 

dv 
semicircle represent ~y . We have therefore to multiply 
overy value of h by the corresponding ordinate of the semi­
circle, and we obtain, to a scale easily determined, the 
diagram which shows at every instant -y- . 

at 
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but this only stands for - - = lax (4). 
LI 

Our main reason for doing it is this, that if we wish to 
integrate (3) wo have only to write in the symbol /, whereas, 
if we wish to integrate (4) we must describe the process in 
words, and yet the two processes are really the same. We have 
already used dx and dy in this way in Chap. I. 

Mere mathematical illustrations of Art. 1 9 8 may be MAIM 
factured in plenty. But satisfying food for thought on the 
subject, is not so easy to find. The law is true; it is not 
difficult to prove i t ; but the student needs to make the law 
part of his mental machinery, and this needs more than 
academic 'proof 

Let us now use these principles. 

201. Let y = log x ; this statement is exactly the same as 

x = e». Hence = e" = x and ~ = - . We used tho idea 
dy dx x 

that the integral of x~l is \ogx, in Chap. I., without proof. 
I t is the exceptional case of the integration of xn. 

202. I f the differential coefficient of sin x is known to 
be cos x, find the differential coefficient of sin ax. 

y = sin a x = sin u if u = ax, 

di/ , du 
~ = cos u and -,- = a, du dx 

, , du du da 
so that i = i • 7~ = cos u x a = a cos ax. dx du dx 

Find the differential coefficient of y = cos ax, knowing 
that the differential coefficient of sin;?; is cos*, 

. / 7 r \ . , du 
y = cos ax = sin tux + ^ 1 = s l n u s ay> where ^— = a, 

dy dy du ( , tr\ 
-~ = -& • ~r- = cos 11 x a = a cos ax + --] = — a sm ax. ax du dx V 2>) 



F U N D A M E N T A L C A S E S . 275 

- u~' x~,- = - u~z x — — ax dx cos2 x 
1 1 1 

= —, —,-• . - = — . „ = — coscc-#. 
tan-* c o s - * ' s i n - a ; 

206. Lot y — sin ax-, say y = sin u, and w = ax-. 
Then -f- = lax, 

dx; 

and ~ = cos a, 
du 

i di/ ... _ so that Y - = cos « x 'la.n = zcu; cos ua;2. dx 
Let y = t

n"'"x, Hay y=en, and « = « siu^, so that 

so that , 
dy 

i =€ , , - = a COS ;/', 

(U( «.r 

18—2 

203. Lot y = log (x + a). 

Assume x + a = w, or y = log «, then ^ = 1 and = - , 

dy dy d« 1 1 
da; du ' dx a x + a ' 

sin *' 
204. y = tan x. Treat this as a quotient, y = > 

dy e o s m. c o s x — sin x (— sin .»;) 1 
d r c o s 2 a ; c o s 2 it; 

The student ought to work this example in a direct 
manner also. 

205. y = cot x. We now have choice of many methods. 

Treat this as a quotient, >/ = colJH 
1 1 s i n x 

dy sin x (— sin x) - cos x (cos ;<••) _ 1 
dx sin2 x s in 2 * 1 ' 

or we might have treated it in this way, 
y = a"1 if u = tan x, 

dy _2 ^ du _ ___„ t 1 
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2a; + 2 . / $ / = 0 or ^ = •f 2^7 = 0 or ^ = _ * (2\ 

I f we want ^ in terms of a; only we must find y from (1) 

and use it in (2). But for a great many purposes (2) is 
useful as it stands. 

In the same way, if —„ + 4^ = 1> ct o 

207. y = sec x. Wc may cither treat tliis as a quotient, 
or as follows; y = (cos a-)"1 = u~l if u = cos x. 

du . du du du . -=•- = — sm x, - f- = . - j — = — ?/-2 ( - sm x) dx dx du dx 
sin x 

= = sec a;. tan x: cos2 aj 

208. In Art. 11 the equation to the cycloid was given in 
terms of an auxiliary angle <f>; x = a<f> — a sin o5, y = a — a cos <f>. 
Find ^- and at any point. 

da; day 
Here ^ = = + — c 7* ' da; d<f> ' d<p 

ii- i s s hi (6 = a sin <p/(rt — (t cos d>)= _ 
r 1 — cos 0 

rt.t'2 c/a- V«ay a</> \dx-J dx 
(1 — cos d>) cos d> — sin 4> (sin d>) 

= * ^ 7 1 T v , -f- ( « • — a C O S d>) 
(1 — CCJS <pf v r / 

- 1 __a 
tt (1 — COS I/' 2 ' 

209. I f ^ + f=a- (1), 

file:///dx-J
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Also if xi+y* = a*, 

ix " + •• . = 0 or --.- = - A / - . 

I f y = SA; + 1 sill 2.r + sin 4t-, ^ = cos4 

I f ?/ = ^ t a n " + tan x, ~ — sec4 a 

Let i/= Vx-+ a - = if u = + « s , 2.r, so that 

da; 

da; 

dy , ~ x 
J — A-M 2 x 2.« or 

d« '2 "" V .T 2 + a 2 ' 

210. Let y = s i n - 1 x . In words, y is tho angle whose 
sine is x. Hence x = sin y, 

= cos // = V I — sin2»/ = V 1. — x-. 
dy J J 

TT d!l 1 

Hence - y - = -. •—• . 
dx VI _ (ls 

We have extracted a square root, and our answer may 

dy 
be + or —. We must give to the sign of cos y. 

211. Similarly if y = c o s - 1 x, 
dy 1 
dx v l _ 

212. Let y = t a n - 1 x, so that x = tan y, 
d x 1 i i . » 

•7- = = 1 + tan 2 « = I + a-, 
dy cos- y 
«b/ = _ J _ 
da; 1 + a ; 2 ' 

213. Similarly if -?/ = c o t _ 1 x , then = — - -1 - 7 — • 
J J dx \ + x% 
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214. I t will be seen that (2) and (4) of Arts. 198 and 
199 give us power to differentiate any ordinary expression, 
and students ought to work many examples. They ought 
to verify the list of integrals given at the end of the book. 
A student ought to keep by him a very complete list of 
integrals. He cannot hope to remember them all. Some­
times it is advisable to take logarithms of both sides before 
differentiating, as in the following case : 

y = cif. Here log y = x log x. 
1 du 1 , 
- . - / = X - + log X, y dx x ° 

ty-=a?(l+\oex)A dx y ° J 

215. In the following examples, letters like x, y, z, v, w4 

0, &c. are used for the variables; letters like a, b, c, m, n, &c. 
are supposed constant. A student gets too familiar with x 
and y. Let him occasionally change x into t or 8 or v, and 
change y also, before beginning to differentiate. He ought 
to test the answer of every integral by differentiation. 

L i s t o f F u n d a m e n t a l C a s e s . 

(/ ... , f ,. , I 

dx' ' ' J' " ' m+1 

d n , 1 f l 
l o g . r ; 

x 

c o s wx. dx = — s m nix ; 
m 

d . . [ 
- r - i s i n w . r ) = m c o s mx, ( dx J 

d i \ • [• 7 1 -j— ( c o s m x ) = — msin nix. s i n mx . dx = c o s nix 
dx J in. 
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d . 1 /' dx . x 
(sm lx) = , — = sm- 1 - ; 

i r i . .x 

ix 
d 

j - (tan" 1 a;) = , | = - tan" 1 -
dx 1 + ./ a- + x% a it 

dx (a*) = a* lag a, \a*.dx=~-~ . 
1 log a Many integrals that at first sight look different are really 

those given above. Even the use of s/ ~ or $ ~ instead of 
the numerical symbol of power or root, disguises a function 
to a beginner. Thus 

1 . 1 
—»—_- i s — * a yx a 

and its integral is 
1 

or ^- x*. 
I + U 2a 

216. In some of the following integrals certain substitu­
tions are suggested. The student must not be discouraged if 
he cannot see why these are suggested ; these suggestions are 
the outcome of, perhaps, weeks of mental effort by some 
dead and gone mathematician. Indeed, some of them are no 
better than this, that we are told the answer and are merely 
asked to test if it is n'ghfc by differentiation. 

Just here, in learning the knack of differentiation and 
integration, the student who has a tutor for a few lessons has 
a great advantage over a student who works by himself from 
a book. Nevertheless the hardworking student who has no 
tutorial help has some advantages; what he learns he learns 
well and does not forget. The man who walks through 
England has some advantages over the man who only takes 
railway journeys. In learning to bicycle, I think that on 
the whole, it is better to be held on for the first few days; 
learning the knack of differentiation and integration is not 
unlike learning to bicycle. 

Exercises and Examples. 

1. y = x log x, = 1 + log X. 
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7 V = 2 U U I - * A / 1 ~ ? ^ ' • r - 1 , 1 1 1 V i i fl' ^ / J 
1 + 6?' rf# V I - > " 

8. = log (e*+ «-'), ^ ' ^ " C 

rt.-i; 
DV 

1 0 . ii = (M,3 + + c, -/ • 2ux + b. 
u dx 

11. I» = 2f\ ~ = C i 2 . 
ai 

2. y=a^x, r^ = ^ -

3. y=log(tan.r\ J 7 = ~ - . 
°% ' dx SIN 2,x' 

1 — tan x du , . . 
4. « = - f i = — (sm x + cos .•)•). 

sec x dx 

5. y = l o g ( l o g a - ) . J = ^ V 

6. a = ert< sin ta, ̂  = V « 2 + b- . eal sin (bt + c), 

where tan c = - . 
« 

We here use the simplification of Art. 116. The student will 
note that by page 235, 9 (standing for d/dt), operating n times 
upon sin bt, multiplies its amplitude by bn and gives a lead 
of n right angles. He now sees that if 6 operates n times 
u|3ON eal sin bt, it multiplies by (a- + b-)nli and produces a 
lead nc. 

Thus = (id + V) ea> sin (bt + 2c); 

and - = (a- + // >" sin (bt + 3c). 
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-1-37 fy. 

12. j ) = c i r w , J - . - i - j f f c i f " 

13. ft-"". fto = - 6 a " . 

14. jav'^dv = — - y ?> 

15. I"(«('-' + bt + c) <7« = ^d3 + \b1? + ct + y. 

16. |"vV . rf,/: j .r' } . dx = §.%< 

17. — is /;-•<. (ft = - — - = - . i r J i i r 

18. f | is f r ^ = 
1(1 /' ' ' ' ' — ' / — ^ — i — l u i 1 X "i" 

or - _ tan 1 x A / — . 

20. + 1 > . dv. Here let (l + V = y so that do = (/*//, and 

we have J>f-' . dy = f y * = £• (r< +1>)*. 

2 L /(<+"!)'» • L o t t + a = V' (U = ^ ' 

y" 1 •' J y>" 

= j o / - * " - 3(M/~'" + 3a2//1-™ - asy-,n) dy 

,tA-m nfi—m ii"'~7n 

4 — m 3 — m 2 — wi 1 — m 
and in this it is easy to substitute t + a for y. 
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dy, 

(«+W L |(« + fe)5). 
23. I , ' . eft = - V « 3 - i 2, evidently. 

JVa2-t2 

[ dx _ 

24. j rrT". • *' — <•!> — y> dx = dy 
= log y = log (./; — a). 

25. 8n.ee 1 1 ' 1 1 

X2 — «* 2« \x - rt ,r + rt , 

f •, = } {log (.« — a) - log + rt)] = ~- log - ~ - U . J x2-a2 2a 1 & v 2rt ; \ * 4 - « 

Similarly I , ^ * = - - - - 7 1. >g -•—7 . J (a? — (i.)(,<: — b) a-b °» —o 
26. I f x2+2A-,c + B has real factors, then I - r „ 

is of the form j est given. 
But if there are no real factors, then the integral may 

r d 

be written I „•—„—~. — — ,, and if y = .r 4- A and 
J x- 4- 2^1* + A2 + B — A2 

a2 = B — A2 we have ( w h i c h is - tan" 1 - . 
.' y~ + a2 a a, 

27. Jtan x. dx= — I —rZf. This is our first example 
J J COS* 

of a great class of integrals, where the numerator of a fraction 
is seen to be the differential coefficient of the denominator. 
Let y = cos x, then dy = — sin x. dx, so that the above integral 

is — j^J , or — logy, or - log (cos.r). 

f x . dx 
22. - - -—- . Let a + bx = y so that b . dx = 

J (a + bx)* y 

http://8n.ee
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x 
+ cx'2 

2c * ' V 2c/ J a + bx + cx* 

The latter integral is given in Example 26. 

32. i : " b : d x 
J a- + x- - J 

x + b , , f 2x . dx f b. dx 

b 
a? + x2 J a2 + x2 

= £ log(a 2 + * a ) + - t a n - > - \ a a 
r sin x .dx 1 f — b sin x. dx 1 . 

28. Let f (x) stand for the differential coefficient of / (x), 

and we are asked to find J~f̂ ^~~~- -Let f(x) = V> ^en 

/ ' (,*). dx = dy, so that the integral becomes 

Hence, if the numerator of a fraction is seen to be the differ­
ential coefficient of the denominator, the answer is 

log (denominator). 

30. f = 1 f 2 " = 1 log („ + bx2l 
J a + bx2 2b J a + bx2 2b b v 

31. Reduce [ 0j±ff~ 1!^)^ t o a M j m p i e r f o r m . j f the 
J a + bx + cx2 1 

numerator were 2c.c + b, the integral would come under our 
rule in Ex. 28. Now the numerator can be put in the shape 

n nb 
Tc(2cx + h)+m--, 

so we may write the integral as 

n f 2cx + b _ (,w_'"h\ [ _ da 
H } a + bx + cx2''' + V" 2cJ j a + bx 
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41. I — " — . Try ex = y. Answer: tati^e* 

= J"n . dx + J ?>. d/i, 

34. f f'-={1+h$±z}<$*dj) 

J ,'•. Jog m J x log x . 

_ [ ( } _ + l o g *)jf^ 
} r | , , g V J 

= l o g ( r i n g , - , . . . l o g . . ' 

= log x + log (log a:) - log 
= log (log .?.•). 

When expressions involve ,r"1 and ( « + &•»)'', try substi-

tuting y = a- + bx or y=- + u. 

35. Thus f ( f* = - 1 

J (a + bx)- b(a+bx) 
[ x.dx 1 f. « 

3(i. , , , - = n log (<( + 6.r) 4- - - - - -
./ ( r t + bx)- b- { ° x 7 rt. + 0,? 

o7. — 7 7 — — , , = H — l o g . 
./ («+ bx) ax a1 x 

0 0 . • / dx _ 1 

+ 2ma J (.7+TwT 
and so we have a formula of reduction. 

When expressions involve Vrt + try y- = rt +• k". 

39. Thus f '.'••'/"' = - Vrt + 65. 
J va + bx :>'r 

40. j " - V I + log rr . dx. Try y = 1 + log a ; . 

Answer : j (1. + log a;)"". 

. ' + < . 

217. Integration by Par ts . Since, if u and v are 
functions of x, 

d , „ dy dw 
(uv) = ? ( - r + 8 7 - , d.«v f/a; dx 
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or [u . dv = uv - j v . du (1). 

We may write (1) as, j to. ~ . dx = «»— jv. ^j- . dx. 

By means of this formula, the integral j u . du may he 

made to depend upon j v . du. 

42. Thus to find l .c".logx.dx. Let tt = log.* and ~ L = x n , 
J (IX 

so that v = -'— . Formula f 1) yives us — -, log x — -- - dx, 
n + l ( ° n + 1 b J n + l ' 

«;"+> / I 
or , loif x , 

n + l \ b n + l 

43. x . e " . dx. 

T dv , 1 , . . . 
Let u = x; ^ = e'x, so that v = - eax; then formula (1) gives a 

r 1 1 f 1 1 

us I x. eax . dx = -xe"x - - j e a x . dx = - xeax -„e"x 

a a 

1 / 1 
= -•• e ( x 

a \ a 

44. | e a x . sin bx . dx. Call the answer A. 

Let u = sinbx, V = - «"*, then fornnda (1) gives us 

A = - e " * sin &.r — - f ««*. eos bx . dx = - e"*sin b x B . 
a aj a a 

But similarly j e"x. cos bx . dx, which we have called B, 
may he converted, if we take u = cos bx and « = - e"*; 

a 
jfi = - e"* cos b x + ~ i eax sin bx .dx = - e a x . cos 6a 4- - A 

a aj a a 
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Hence A = - eax sin bx — - (- eax cos foe + - A \ , so that 
a a \a a J 

. C . , , tttx (a sin bx — b cos bx) A = e"* sin bx . dx = - -v ' . J a- + b2 

eax (a cos bx + b sin bx) 
Similarly B = Ji a x cos bx . dx = 

« 2 + 62 

218. By means of Formulae of Reduction we reduce 
integrals by successive steps to forms which are known to us. 
They are always deduced by the method of integration by 
parts. Thus 

(xneax .dx=~ xne«x - - / xn~l. e"x . dx. 
J a a] 

I f then we have to integrate xie"x, we make it depend 
upon a?em; again using this formula of reduction we make 
xse"x depend upon x2eax, and so on, till we reduce to x°eax or tax, 
whose integral we know. 

f f 
a?ex . dx = xsex — 3 :isex dx 

Th 

= x*ex — 3 \x-e* — 2 lxex . dx 
i 

= a-V — ox2ix + 6 (xex — j ex . dx 
= (.r3 - 3a,'2 + 6a; - 0) ex. 

SOME GENERAL EXERCISES. 

45. y = it, sin2 bx, (\- = ab sin 26a,'. 
ax 

46. y = 6 sin <ia;", ~ = b 
ax 

nax" 1 cos a or 

47. y = (n, + bxn)"\ ^ = w &,«*-' m (« + foe»)»»-». 

48. y = ( a + 6a:) e « , ^ = e « (6 + ac + bcx). 
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— cos t dy 1 
1 + cos t' dt sin t' 

• _! v dy_ I 

_ JT+1? + V1~—"i2" dx t 
a n

 s / i i r - s ' i - f ' <" V W 

= sec t, -j- = 
dt t Jt2 - 1 ' 

•• sin (log v), ^ = ^ cos (log u). 

du ax, ~r = ax . log a. 
dx 

i dy 1. 

lo£T„ X, -,— = —i . 
h a ' dx xloga 

a — t dv a 
~ r ' J t = _ t* • 

dv i 
\(r — t-, j • = 7 = ^ - • 

cw Va a - /JJ 

da 3ti2 

( I rf« ~ ( ! _^)-0 " 
V « + tf dv _ V n ( v £ — V a ) 

V a + ' dt~ 2<di V ( c 7 + 1 ) ( V a + V ? ; ) 2 

2* dy 2 :tau 1 - — „, -y- = , -—... 1 — x- dx 1 + x-

s dii 

log ( s i n a;), ~^=cotx. 

du 
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9 
66. ii = log (cot v), ; =—.—„- . 

1 ° v 7 cfo Kill 2v 

67. * = (1 - P), j t = e ( (1 - 3t' - f')• 

v" dp nv'1"1 

68. p— — J I H (1+•!>)"' f(y ( l+ ' t f ) 

69 ' ' ' ' : 4 

* e " - l ' ( e 9 - l ) 2 ' 
-m A ,i ., , o?le cos # 71. l i x = tan v + sec V, prove that .„ 

a 7^ (1 - sin 6>)2' 
d3x 2 

72. I f = 6' log 0, prove that - . 

d J y 
73. I f y = e' : C cos x, prove that + 4y = 0. 

w. T , - * * , , , d*u 24 
74. If t/ = , iirove that -, , = v.. 

J l - x 1 dx* (1 - xy 

75. j .c'"- 1 (« + bx") i"i dx. 
(1) If pjq be a positive integer, expand, multiply, and 

integrate each term. 
(2) Assume a + bx'1 = y'i; and if this fails, 
(3) Assume ax~n + b = y'': this also may fail. 

76. j x- (a + x)i . dx. Let a + x = y2, then dx = 2y. dy, and 

x = y"-—a, so that we have 2 J(i/— 2ay'+a?)y°-,dy, or 

2 j(f — 2ayi + « 2y 2) dy, which is easy. 

64. » = sin 1 :, — , 7 = n ^ — • > • 

1 I. + j r dp 1 +p! 

l+x di/ X — 'lx — jr 
oa. y=-i - , -, = ,N„ • 
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— 2%~~3. dx = 2y . dy so that we have 

[ dx 
78. — T. . Try a 2 ar 2 + 1 = tf~ and we find 

J (a2 + x*f 1 

1 [dt 1 x of) f2 a-t ^Jd'+'x2 

79. I f x = A sin nt + B cos nt, prove that ^ + n2.* = 0. 

T ^ , i , dnu d'hi d n _ 1 y 
80. I f u = ^ , prove that ^ = a; ^ + n . 

a"2 it (i2w 
81. Illustrate the fact that , = - , - — r ( s e e Art. 83) dy. dx dx. dy 

in the following cases: 

u = t a n - 1 J- , u = sin (ax11 + by11), 

u = sin (x2y), u = x sin y + y sin a;, 

« = bx2 log ay, « = log /"tan - ' j , 

a;2y 
« - y 

82. y = £ < l a : s i n m bx, ^ = e a : i : s i n m _ 1 bx (a sin 6a; + mb cos 6a;). 

d'"a; -
83. x = e~atcosbt, = (a 2 + 6 2 ) 2 e~at cos(6i —m#) where 

tan 8 = - . a 

84. y = ^ log x, ^ = - i ~ i — 4 . 

P. 19 
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. , . N dh/ 2 cos x 
85. y = l o g ( s m . r ) , ^ = 

86. If v = A1xavyb< + A»af<*yh' + &c, where 
«j + b1 = a., + h2 = &c. = 11, 

v is called a homogeneous function of x and y of n dimensions. 

Show that x (^j + y = nv. Illustrate this when v = 

and v = «y*'2 + y2. 

87. In general if u=f(y + ax)+ F(y — ax), where f and 
are any functions whatsoever, prove that 

dhi _ d2u 
cxa;2 dy 2 ' 

the differentiation of course being partial. 

_, , , , d2u d2u d2u 
88. I f II = L i - + y" + z-)~, prove that -, „ + + - j - , , = 0. 

v 1 aV ay 2 dz2 

89. If s = «e—« sin /ft satisfies ( ~ + + H'-'S = 0, find / 

and ii? in terms of a and ft, or find a and ft in terms of f 
and n2. 

90. I f y = e a a : is a solution of 

tf.(4 aV rt.e2 ttr 
find a . As an example take 

dx* '' dj? dx2 "dx 
and find its solution. 

Answer: y = aex 4- be~x + c<?x + e, where a, b, c, e are any 
constants whatsoever. 

219. To integrate any fraction of the form 
Axmj\- Bx"1'1 + Cxm-j* + &c. 
'^al^+^^+^x^-^kcT' '' 

where m and ii are positive integers. 
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I f m is greater than or equal to n, divide, and we have a 
quotient together with a remainder. The quotient is at once 
integrable and we have left a fraction of the form (1) in which 
m is less than n. Now the factors of the denominator can 
always be found and the fraction split up into partial 
fractions. 

For every factor of the denominator of the shape x — A 

assume that we have a partial fraction - — f o r every 

factor of the shape x2 + ax + B assume that we have a partial 

of the shape „ ; if there arc n equal factors each of x- + ax + B 1 

them being x—a assume that we have the corresponding 
partial fractious 

A * a. ± 2 A.H 

— 4- •- 4- oic 
(x - a)n {x - «)"-^ • 

Thus for example, suppose we have to deal with a fraction 
f(x) 

which we shall call a l K l that F(x) splits up into factors 

x — A, x — B, a'- + ax + b, (x — y)n; we write 
f{x)_ _A B__ Cx + D K 
F(x) ' x - A + x • - f'J"'' x2 + ax + b + (x • y y 

Now multiply by F (x) all across and we can either 
follow cei'tain rules or we can exercise a certain amount of 
mother wit in finding A, B, G, D, K, F, G, &c. 

Notice that as we have an identity, that is, an equation 
which is true for any value of x, it is true if we put x= A or 
x = B or x = 7 or x2 + ax + b = 0. Do all these things and 
we find that we have obtained A, B, E, G and D. To 
find G we may have first to differentiate our identity and 
then put x = Y and so on. You will have found it more 
difficult to understand this description than to actually carry 
out the process. 

Having split our given fraction into partials the integra­
tion is easy. 

19—2 
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(i x 3 x + 3 2 x - 2 ' 
so that the integral is 

i logx + i log («; + 3) + A- log(« - 2). 

_x- _ A B Cx+D 

Hence «? = A (a? + 1) + B (x - 1) <V + 1) + (Gx + D) (x - If. 

Let x- + 1 = 0, and we have with not much difficulty 
G= - i, D = 0. Put a; = 1, and we have 4 = £ . To find B, 
make a; = 0, and we find B = |. Hence we have to inte­
grate 

1 _JL 1 1 1 x 
2 (x - ly + 2 5 ^ 7 ~ 2 T+x*' 

and the answer is 

" \ x~-\ + * l < l g ( * ' ~ 1 } ~ i l o g ( ' * ' 2 + 1 ) 1 

When there are r equal quadratic factoi's, we assume the 
partial s 

(a 3 + ax + y9)r (a;2 + ax + /3)'- 1 ' 

I t is not difficult to see how all the constants are deter­
mined. We seldom, however, have complicated cases in our 
practical work. 

T x- + x—l x3 + x — 1 
92. Integrate •-- „ or - , —- „ w • 

8 x- + x- -Qx x(x + 3)(x-2) 
assume it to be equal to 

M N B 
x x+ 3 x—2 

so that x2 + x - l = M (x + S)(x - 2) + JSTx (x-2) + Px (x + 3). 

As this is true for all values of x, put x = 0 and find M, 
put x — — 3 and find N, put x= 2 and find P. Thus we find 
that the given fraction splits up into 

1 1 1 1 1 1 
+ s + : 
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ox ^ - + 15* - 6 log (*• - 1) + 41 log (x - 2). 

9 4 l> • 7x - G 
d.< 

= ! { x * + 7 + 4 xTT - T x^2 + xhs) d x -

95. j 
JX^+X' + X+I 

= \ tan" 1 x 4- \ log (1 4- x2) - | log (1 4- x). 
9 ^ + 9 , 6 - 1 2 8 A _ B, B.2 

xs-~5x2 + Sx + 9 _ x'+ 1 + (x - 3 ) 3 + x^Z ' 
and we find A = -8, Bx = - 5, B2 = 17 ; 

so that the integral is 

- 8 log (x + 1) 4- x ^ 3 4-17 log (x - 3) . 

98. f -— d —„—, = 1 tan" 1 x - 1 tan- 1 ^ 

99. 

100. 

x 

101. I " , , — '- f f A = i log + * t-" 1" 1^-

„„ f oa? + l 7 [(. 3 5 * - 2 9 \ , 93. — , , — d x = I (ox + lo + ——-—, dx J x- — 3x + 2 J\ x2 - dx + 2) 

[ ( , ^ 6 41 \ , 
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103. f = i ~ + 3 2 1 0 8 { x + 4 ) ~ 4 l o g ( " ' + 2 > 

104. i - ^ 7 ^ 2 * 1 k > g ( X ~ 2 > + * l 0 g ^ + 1 ) -

105. j ^ ! l ^ ^ = « l 0 ^ ^ 

/• , , x + 2 
1 0 6 - U + toW^' + Y 

f (2« - 5) cfe 7 •« -|- I 
1 W ' - j ( ^ + 3 ) ( ^ ) ^ - 2 ( . + l ) + ^ 1 ^ ^ 3 -

no. i : ! 
4 ' 

H I . | _ r ^ - r - J . . = tan- 1 (a ;+2) . 

H 2 f - - - = tan" 1 (2x- 1). 
-Li- )i-2x + 2x* v 7 

220. M a x i m a and Minima. I f we draw any curve 
with maxima and minima points, and also draw the curve 

showing the value of y- in the first curve, we notice t h a t ; — 
• . , d3v . , . . 

where y is a maximum, ~ = 0 and is negative; whereas, 
i • • • dti , drii . ... T , , . where y is a minimum, y - = 0 and y - 2 is -positive. It m cia, ax~ 

any practical example we can find no easier way of discrimi­
nating, we use this way. 

Notice, however, that what is here called a maximum 
value, means that y lias gradually increased to that value 
and begins to diminish, y may have many maximum and 
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d u 
minimum values, the curve being wavy. Notice that 

d'2ii . may be 0 and -=~ = 0 so that there is neither a maximum 
(t Ob 

nor a minimum value, y ceasing to increase aud then begin­
ning to increase again. See M, fig. 6. 

1. Find the maximum and minimum values of „*'-..- . 
X' + 1 

2. Find the greatest value of .- -„--- \ n . r , \ • 
° (a2 + x) (o- + x) 

Answer : -.—-—. .„. 
(a + b)' 

3. Prove that a sec 0 + b cosec 0 is a minimum when 

4. When is -/=tĴ L a maximum 1 Answer : x = 
v 4 + 5x2 

5. When is xm (« — x)n a maximum or minimum ? 
ma Answer: *•= —- , a m a x i m u i u . m + n 

6. Given the angle G of a triangle, prove that 
sin2 A 4- sin2 B is a maximum and cos2 A +cos2B is a mini­
m u m when A — B. 

7. y = a sin x + b cos x. What are the maximum and 
minimum values of y -? 

Answer: maximum is y = "Ja? + b'2, minimum is — Va 2 4- b2. 
8. Find the least value of a U\n 0 + b cot 0. 

Answer: 2 Vab. 
9. Find the maximum aud minimum values of 

x2+J,x + U 
* 2 + 4,-t; 4- H>' 

Answer : 2 a maximum and {] a minimum. 
Students ought to plot the function as a curve on squared 

piper. 
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10. Find the maximum and minimum values of 
x- — x + 1 
x} + x — 1 ' 

Answer: maximum, —1. 

11. Find the values of x which make ?/ = - -., A 

^ « — It ) 
a maximum and a minimum. 

Answer : a; = 4 gives a maximum, a; = 16 a minimum. 

12. What value of c will make v a maximum if v = i logc? 

Answer : c = e. 

13. I f p = - — , t = \ab gives a minimum value 
t 

of p. 
14. x= , n , a = — gives a maximum value to x. 

1 — cos 0 3 0 

15. What value of c will make v a minimum if 
2 

v = „ ? Answer: c = I. 
1 + c - c2 2 

16. When is 4aj 3—15ar+12« — 1 a maximum or minimum? 
Answer: <t=J a maximum ; a; = 2 a minimum. 

17. tan"' x tan" (a — x) is a maximum when 

tan (a — 2x) = -——1 tan a. 
v n + m 

^_ 3i < = 3 a maximum, 
9 + t2' ( = - 3 a minimum. 

19. Given the vertical angle of a triangle and its area, 
find when its base is a minimum. 

20. The characteristic of a series Dynamo is 
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Rejecting —,-r—1 = 0 because it gives 6 ' = 0 , we have ^ ^ r + R to 

—T^fi — 1 = , and from this it! may be found if r and r + R (r+R)2 J 

a are given. Take « = l - 2, s = 0'03, 7 '= '05 and illustrate 
with curves. 

21. A man is at sea 4 miles distant from the nearest 
point of a straight shore, and he wishes to get to a place 10 
miles distant from this nearest point, the road lying along 
the shore. He can row and walk. Find at what point he 
ought to land, to get to this place in the minimum time, if he 
rows at 3 miles per hour and walks at 4 miles per hour. 
Assume that he can equally well leave his boat at one place 
as at another. 

where a is a number proportional to the angular velocity of 
the armature, and a and s depend upon the size of the iron, 
number of turns &c, E is the E . M . F . of the armature in volts 
and G the current in amperes. I f r is tho internal resistance 
of the machine in ohms and R is an outside resistance, 
the current 

™ 
and the power given out by the machine is 

P=G2R (3). 

What value of R will make P a maximum ? 

Here (2) and (1) give ~ ~ ? - L' / ; = G. 

Ho that 1 + xG = — „ , 0 = - (—u- - 1 
r + R s \r+R 

P = ^ ( « - lY .and if ~- = 0, 
s2 \r + R ) • dR 

we have ( -— f 7 - 1 ) 4- 2Vt | — 
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C D B 

Fig. 100. 

This is a minimum when -J*(16 + * , 3 )~ i = j , ov-tya?=>l(>+a?) 

or x = 4"535 miles. 
22. The candle power c of a certain kind of incandescent 

lamp x its probable life I in hours, was found experimentally 
to approximate on the average to 

lC - - \Qll-m—007543U 
where v is the potential difference in volts. The watts w 
expended per candle power were found to be 

w = 3-7 + I0 8 M 7--« 7 , i 6 r '\ 
The price of a lamp being 2s., the lamps being lighted 

for 560 hours per year, and one electrical horse-power (or 
746 watts) costing £2 for this year of 560 hours, find the 
most economical v for these lamps, su that the total cost in 
lamps and power may be a minimum. 

lamps are needed per year, each costing £0 ' i . Cost 
. 56 . 

per year is then -j- in pounds, and this is for c candles, so that 
56 

cost per year in pounds per candle is -.- . Now £1 per year 
746 

means -•— watts, so that the cost per year per candle is 
50 746 , L , x , watts. 
to 2 

This added to w gives total cost in watts. 

Fig. 100, AC=4>, CJ3=10. Let him land at D where 
CD = x. Then AD = VI o + x> and DB = 10 - x, 

u 4-x. ± x w - l - Vl6 + * 3 10— a; 
Hence the total time m hours = • 1 — . 

3 4 

file:///Qll-m�


INDETERMINATE FORMS. 299 

dF(x) dx 

The rule then adopted is this :—Differentiate the numerator 
only and call it a new numerator; differentiate the denomi­
nator only and call it a new denominator; now insert the 
critical value of x. and we obtain the critical value of our 
fraction. The process ma)' need repetition. 

Example 1. Find the value of (°• ' when x--=\, 
1 x — 1 

We have Ic and w as functions of v. Hence 
ifi x 74fi 

" _ 2Q-U<iS)7+0 075450 _j_ JJ.1^ _|_ OTBSTO 

2 
is to be made a minimum. 

Answer: v= 1 0 1 - 1 5 volts. 

221. Sometimes when a particular value is given to x a 
function takes an indeterminate form. Thus for example 
in Art. 43, the area of the curve y=mx~'1 between the ordinates 

at x = a aud x = b being mx~~n . dx was - — ib1"11 — a 1 - " ) -
Ja 1 - n 

Now when u = 1 the area becomes ^ (1 ~ D o r Q~> a n d 
this may obviously have any value whatsoever. 

fix) 
In any such case, say -'p-V-v , if /('*) = 0 and F (a) = 0, we 

proceed as follows. We take a value of x very near to a and 
find the limiting value of our expression as x is made nearer 
and nearer to a in value. Thus let x = a + Bx. 

Now as Bx is made smaller and smaller it is evident 

that fix + Bx) is more and more nearly fix) 4- Ba;.^^-—t I f 

in this we put x = a, f (x) or / ( « ) disappears, and conse­

quently our fraction-^——-f?r becomes more and more nearly 
d ., . 
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First try, and we see that we have 0/0. Now follow the 
1 

above rule, and we have j , and inserting in this x ~ 1 we get 

1 as our answer. 
, ax2 — 2acx + ac- , 

2. Find , - — when x = o. 
ox- — 2bcx + be 

First try x = c, and we get 0/0. 
2ciiij oetc 

Now try . a i l d a g a i u w o g e t °/°-

Now l'cpeating our process we get ~. 
x—\ 1 3. Find when x = 1. Answer: - . 
xn — 1 n 
of y*- (i 

4. Find when x = 0. Answer: log T . 
x ° b 

5. Try the example referred to above. The area of a 
curve i s - ( J > w — a 1 - " ) = A. I f in, b, a are constants, 

1 — ii x 

what is the value of A when 11 = 1? Writing it as 
m — , 

1 — ?i 
differentiate both numerator and denominator ivith regard 
to n, and we have, since 

~- (bl~n) = bl~». log 6 x ( - 1 ) , 

b1-'1 log 6 — al~'11 log a 
W G ° _ 

1 
and if we insert n-1 in this, we get 

m (log b - log o.) or m l o g - , 
it 

which is indeed the answer we should have obtained if 

instead of taking our integral jar1. dx as following the rule 

x . = + u , 
— M + 1 
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we had remembered that in this special case 

jx~'. dx = log 

222."!" Glossary and Exercises. 
Asymptote. A straight line which gets closer and closer 

to a curve as # or y gets greater and greater without limit. 

Thus y = ^ Jx- — or is a Hyperbola. Now as x gets greater 

and greater, so that - is less and less important, the equation 
x b 

approaches more and more y = — x, which is the asymptote. 

The test for an asymptote is that ^ has a limiting value 

for points further and further from the origin, and the inter-
dx 

cept of a tangent on the axis of x, x — y ~, has a limiting 
value, or the intercept on the axis of y, y — x —, has a limit­
ing value. ' * 

Point of Inflection. A point where changes sign. 

Point of Osculation. A point where there are two or 

more equal values of ~ . 

Cusp. Where two branches of a curve meet at a common 
tangent. 

Conjugate Point. An isolated jioint, the coordinates 
of which satisfy the equation to the curve. 

Point d'Arret. A point at which a single branch of a 
curve suddenly stops. Example, the origin in y = x\ogx. 

The Companion to the Cycloid. * = a ( 1 - cos <f>), 
y = «</>• 

The Epitrochoid. x = (a 4- b) cos </> — mb cos <£, 

y = ((/. 4- b) sin <f> — mb sin 4-1) </>, 



302 C A L C U L U S FOR E N G I N E E R S . 

where b is the radius of the rolling circle, a is the radius of 
the fixed circle, and nib = distance of tracing point along 
radius from centre of rolling circle. Make m = 1, and this is 
the Epicycloid. 

The Hypotrochoid. x = (a — b) c o s c o s (^ — lj <p, 

y = (« —b)sin<£ — mb sin ^ — <f>. 

Make m = \, and we have the Hypocycloid. 
Take a = 46, and obtain a Hypocycloid in the form 

x-> + y% = a 3. 
Take a — 2b, and obtain the Hypocycloid which is a 

straight line. 
In obtaining the Cycloid, Art. 11, let the tracing point be 

anywhere on a radius of the rolling circle or the radius pro­
duced and obtain *• = a (1 — m cos <£), y =a(<j> + m sin </>). 
I f ?n > 1, or < 1, we have a prolate or a curtate Cycloid. 

The Lemniscata (x2 + y 2 ) 2 = a?(x^—y2) becomes in polar 
coordinates r 2 = a2 cos 20, 
and taking successively 0 = 0, 0 = '1, &c., we calculate r and 
graph the curve easily. 

The Spiral of Archimedes. r= ad. 
The Logarithmic or Equiangular Spiral, r — aeM. 
The Logarithmic Curve, y = a log bx 4- c. 
The Conchoid x~y- = (a + xf (b2 — x2) becomes 

r = a + b sec 8. 
The Cissoid y2 = xs/(2a — .r) becomes ?•= 2« tan 0. sin 0. 
The Cardioide. ?•= <i (1 — cos 8). 
The Hyperbolic Spiral. a. 
The Lituus is r 2# = a2. 
The Trisectrix. ?• = a (2 cos 0 + 1). 

1. In the curve y=—^- „, show that there are points of 
CI" \~ 00" 

inflexion where x is 0 and a V«3; the axis of x is an asj'znptote 
on both sides ; there are points of maxima where x = a and 
— a; the curve cuts the axis of*- at 4 5 . 
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2 In a"y = Sba? — a? show that there is a point of inflexion 

where x = 0, y — -•„••• • 

3. I f y-x = 4a,2 (2tt — x), show that there are two points of 

inflexion when x = , 1/ = + ^r|-

4. I f y- (x? — a2) = *'4, show that the equations to the 
asymptotes are y = + x and y = — 

5. The curve X? — y3 = u3 cuts the axis of x at right angles 
at x = a where there is a point of inflexion. 

6. Show that y = a2xj(ab + x2) has three points of in­
flexion. 

7. Prove again the statements of Exercise 2, Art. 99, 
and work the exercises there. 

8. Find the subtangent and subnormal to the curve y — t"* 
1 

Answer : subtangent - , subnormal ae2ax. 
9. Find the subnormal and subtangent to the catenary 

Answer : subnormal = 7 <e-4 

€G 4- e 
subtangent = c 

e< — <= c 

10. Find the subtangent of the curve 
a? — Sayx + y 3 = 0, 

3zj2 - 3ay - 3a* ^ + 3y2 ̂  = 0. 
CLOD CLOG 

T T d« ay — x2 

Hence = - f . 
a * y 2 — aa; 

Subtangent at point x, y is y^r- = y-——. 
0 r J v dy J ay — a:2 
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by division. As x is greater and greater, — &c. get smalle 

and smaller and in the limit (see Art. 3) 

y=±x(l , 

y= ±(x + a). 
So we have a pair of asymptotes y = x + a, y = — x — a. 
Again, the straight line x = a, a line parallel to the axis of 

y, is also an asymptote, y becoming greater and greater as 
x gets nearer and nearer to a in value. 

12. Find the tangent to y% + x% = cp. 

y-yi- .7;'A 
dx ^ d x 

Hence at tho point xx, yx the tangent is ——^J = -

13. In the curve y— 2 = {pa — 1) V.« — 2, where is ~ = co ? 

At what angle does the curve cut the axis ? 

J = V.r̂ 2 + (x - 1) J (* - 2 ) - * = -^pL . flte ' 2vx—2 
This is infinity where * = 2 and then y=2; that is, the 

tangent at (2, 2) is at right angles to the axis of x. 

Where y = 0, it will be found that x = 3 and ~ = 2. 
J dx 

14. In the curve ys = ax- + x", find the intercept by the 

tangent on the axis of y, that is, find y — x^. 

^y2<i£=2ax + ^x2. 

11. In the curve = find the equation to the 

asymptote. Here f = x2 ^ ^ = x2 (l d ™ + ~!r + & c - ^ 
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.., ,, 2ax+'3x- 3y3 — 2a jf — 'Sx3 , 
So that we want '/ — x — ; — — or — and 

oy 3//-
a I x \3 

this will he found to he s — • 
3 \a+xj 

15. The length of the subnormal at x, ij, is 2 a V , what is 
the curve ? 

Here y~^- = 2aV. Hence ^y 8=:{((.V or y — au? is the 
CtOO ^ 

equation to the curve, a parabola. The subtangent is y-f> 
y arxA , J 

°r V • c* „-.,, or -inrr, or ^,r. 
J 2aV 2aJ*™ 

16. Show that the length of the normal to the catenary' 
. 1 , 
I S - if. 

c J 

17. Show that y4 — xi + 2bx-y — 0 has the two asymptotes 
b . b 

y = M-^ and y = - x - - . 

IS. Show that the subtangent and subnormal to the circle 

if=2ax — x-, are — - — — and a — x respectively, and to the 
CI — 00 

ellipse y'1=>A2ax — x-) they are ~ — •-— and - , ( a — x). 
L J a- " a — x a-

,..3 

19. I'ind the tangent to the cissoid y3 — 2a-x 

Answer : ,j = j^l^j K 3 t t - x ) * ' I ~ 

20. What curve has a constant subtangent'{ 
dx , di/ , , f 5 

y = a or dx = a - - , or x = a leg '/ + u or y = L-e", 
y 

the logarithmic curve. 

21. Show that a.-' — y : : + u-'/-= 0 has the asymptote 



306 C A L C U L U S F O R E N G I N E E R S . 

22. Show that a curve is convex or concave to the 

axis of a: as y and ~ z have the same or opposite signs. See 

Art. GO. 

223. The circle which passes through a point in a curve, 
which has the same slope there as the curve, and which has 
also the same rate of change of slope, is said to be the 
circle of curvature there. I f the centre of a circle has 
a and b for its co-ordinates, and if the radius is r, it is easy 
to see that its equation is 

( a — a ) 2 + (</-&)* = » J (1). 
Differentiating (1) (and dividing by 2) and again dif­

ferentiating we have 

, , - « + ( , - 4 ) g = 0 (2), 

> + w - ' ) £ + ® ' - ° ( 3 ) ' 
writing n for ~ and a for we have from (3) ° 1 dx 1 dx- x 

: < - ! • - • ' " " ' <4>; 
q 

using this in (2) we have 
x — a = — p (o). 

q 
Now JL> and q and x and y at any point of the curve being 

known, Ave know that these are the same for the circle of 
curvature there, and so a and b can be found and also r. I f 
the subject of evolutes were of any interest to engineers, this 
would be the place to speak of finding an equation connecting 
a and b, for this would be the equation of the evolute of the 
curve. The curve itself would then be called the involute to 
the evolute. Any practical man can work out this matter 
for himself. I t is of more interest to find r the radius of 
curvature. Inserting (4) and (5) in (1) we find the curvature 

1 u 
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A better way of putting the matter is this:—A curve 
turns through tire angle B0 in the length Ss, and curvature 
is defined as the limiting value of 

S0 1 d0 
Ss'^r^ds 

Now tan 0 = |jj~ = p, say, so that 0 = tan 1 p. Hence 

d6 _ 1 dp 
ds 1 + p- ' ds ' 

AT ds /.— „ ds dp ds d2u IS ow = V1 4- p 2 = T- . = - r . j ' . a*' a * ap ax-

1 d0_d2 y / f 

H u " U 0 r :
(/,=d^/l1+(dxJ J ( M 

Exercises. 1. The equation to a curve is 

a;3 - 1500a,-2 4- 30000a; - 3000000y = 0. 

Show that the denominator of j in (8) is practically 1 

from a; = 0 to a; = 100. Find the curvature where aj = 0. 
2. In the curve y = xA — 4a;3 — 18a;2 find the curvature 

at the origin. Answer: 36. 
3. Show that the radius of curvature at x = a, y = 0 of 

, ... X- if , . b'2 

the ellipse —- 4- T ; = 1, is — . 
r a2 b2 a 

4. Find the radius of curvature where a; = 0, of the 
parabola, y2 = 4aa\ Answer: r ~ 2a. 

5. Find the radius of curvature of y = be"x. 
(14- u2b2e2ax)i 

Answer : <; = a2beax, p = abeax, r = —• — — — , su that 
il+<r!;r 

where x = (), r = -, . 
a-b 

6. Find the radius of curvature of y = a sin bx. 
. (1 4- a2b2 cos2 bx)' 

Answer: r = - -:—, . Where x — v, r = cc or 
— ab- sin bx 

7T 1 
curvature is 0 ; where bx = -,/' = —,,. z — av-

20—2 
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Answer: r = - . At the vertex where x = 0, // = c, r = c. 

8. Show that the radius of curvature of 

y- (x — 4m) = mx (x — 3w.), 

at one of the points where y = 0, is ' ~ , and at the other, ~ . 

9. Find the equation of the circle of curvature of th 
curve if = 4m-x- — xi, where x=0, y = 0. 

(a* + x*f 

e 

10. The radius of curvature of 3a-y = x", is r = 
2a4x 

11. In the ellipse show that the radius of curvature is 
b2 . 

{a? — c-.i:-)- -f- <•/&, where e' J= 1 •-, e being the eccentricity. 

12. Find the radius of curvature of xy = a. 
Answer : (x° + y-f- -j- 2«. 

13. Find the radius of curvature of the hyperbola 
•'\ f | 
a'- b2 

Ansvver: (ev;- — a-)* -s- a6, where e2 = 1 + - , . 
a-

14. In the catenary the radius of curvature is equal and 
opposite to the length of the normal. 

15. Find the radius of curvature of the tractrix, the 

equation to which is y = J a2 — y2. 

224. Let f(x, y, a) = 0 (1) 
be. the equation to a family of curves, o. being a constant for 
each curve, but called a variable parameter for the family, 

7. Find tho radius of curvature of the catenary 



E N V E L O P E S . 309 

1 a- „ •)/(. or - = —, or a" = - . 
X 111 X 

Using this in(l)*wo have 

lm n 
y — \'mx — x A / - - = 0, 

or y — 2 \l'i»x = 0, or y- = 4-mx, 
a parabola. 

as it is by taking different values for a that one obtains 
different members of the family. Thus 

f(x, y, a + oa) = 0 (2) 
is the next member of the family as Ba is made smaller and 
smaller. Now (2) may be written (see (1) Art. 21) 

f(x, y, a) + Ba . Ĵ /O* y,a) = 0 (3), 

and the point of intersection of (2)^ and (1) is obtainable by 
solving them as simultaneous ecpiations in x and y; or again, 
if we eliminate a from (1) and 

I/O'', y, " ) = o (4), 
we obtain a relation which must hold for tho values of x and 
y, of the points of ultimate intersection of the curves formed 
by varying a continuously ; this is said to be the equation of 
the envelope of the family of curves (1) and it can be 
proved that it is touched by every curve of the family. 

Example . I f by taking various values of a in 
TO 

y = — h ax J a 
we have a family of straight lines, find the envelope. Here 
f (x, y, «) = 0 is represented by 

y-m-iu- = 0 (1)*, 
and differentiating with regard to rt we have 

I-'"; - .-,.» (4)*, 
a-
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Example. In Ex. 3, Art. 24, if projectiles are all sent out 
with the same velocity V, at different angular elevations a, 
their paths form the family of curves, 

f s i n a j x-y~ V cos a ' ' ' ^ ya cos2 a ' 
or y-«i+f lu , s (a i+l)=0, 
where a stands for tan a and is a variable parameter, and 

1 9 

2 V-' 
Differentiating with regard to a, 

— x + 2mx"a = 0 or a = + s— ; 

m = 

J 2m \i>m2x2 j \4wiV 
is the equation to the envelope, or 

1 

+ 1 = 0 

y = — + 
4/M ' This is the equation to a parabola whose vertex is y or 

y-i fan 
— above the point of projection. 

225.^ Polar Co-ordinates. I f instead of giving the 
position of a point P in x and y co-ordinates, we give it in 

terms of the distance OP called 
r, the radius vector, and the angle 
QOP (fig. 101) called 0, so that 
what we used to call x is r cos 0 
and what we used to call y is 
r sin 0, the equations of some 
curves, such as spirals, become 
simpler. I f the co-ordinates of 
P' are r + Sr and 0 + 10, then 

F i 8 - 1 0 1 - _ in the limit PSP' may be looked 
upon as a little right-angled triangle in which PS = r.S0, 
SP' is Sr, PP' or Ss = J'rUS0jT(Srj:! so that 

ds /T~A^V 

file:///4wiV
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Also the elementary area POP' is in the limit - ] r 2 . 80, and 

tho area enclosed between a radius vector at 01 and another 

at 6., is I r-. cl0, so that if r can be stated in terms of 0 it 

is easy to find the area of the sector. Also tho angle 
between the tangent at P and r is evidently such that 

d0 
tan <p = PS/P'S or, r = tan <f>. This method of dealing 
with curves is interesting to students who are studying 
astronomy. 

I f r = a" 9 (the equiangular spiral) 
dr . ... d0 dr , ,, . = ba"" log a, and so, r -=- , or r+ -r-, = 1/6 log a, d0 a dr d8 

so that tan $ is a constant; that is tho curve everywhere 
makes the same angle with the radius vector. 

Let x = r cos 0 so that * is always the projection of the 
radius vector on a line, x = abe cos 6. Now imagine the radius 
vector to rotate with uniform angular velocity of — q radians 
per second starting with 0 = 0 when t = 0, so that 0 — —qt, 
then x = (irhql cos qt. 

Thus we see that if simple harmonic motion is the pro­
jection of uniform angular motion in a circle; damped 
simple harmonic motion is the projection of uniform 
angular motion in an equiangular spiral. See Note, Art. 112. 

Ex. 1. Find the a rea of the curve r = a (1 + cos 0). Draw 

the curve and note that the whole area is f r 2 . d0, or %ira\ 
Ex.2 . Find the area of r=a(cos20+sin20) . Answer:™ 2 . 
Ex. 3. Find the area between tho conchoid and two radii 

vectores. Answer : 
b- (tan 0,_ - tan 6J -I- 2ab log [tan (TT/4 -%0s)-T- tan (TT/4 - i ^ ) ] . 

226. Exercises. 1. Find the area of tho surface gener­
ated by the revolution of the catenary (Art. 38) round the 
axis of y. 

2. Prove that the equation to the cycloid, the vertex 
being the origin, is 

x = a (0 + sin 0) y = a (1 — cos 0), 
if (tig. 102) PB = x, PA = y, OCQ = 6. 
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Show that when the cycloid revolves about OY it generates 

a volume TTU 1 — |j ( a n d when it revolves about OX it 

E Y F 

V f : V f : 
O A X Fig. 102. 

generates the volume ir-al I f it revolves about EF it 
generates the volume 57rV. 

3. Find the length of the curve .9«y'2 = 4,r:1. 

Answer, ,s' = 
4. Find the length of the curve y- = 2ax — x-. 

Answer : s = a vers - 1 x'a. 

5. Find the length of the cycloid. See Art. 47. 

Answer : s = 8a (1 — cos ^<i) = Ha — 4 V4a 2 — 2ay. 

6. Find the length of the parabola y = \?4ax, from the 
vertex. 

Answer : a = Vax + xa + « log v 7* 4- \''a + x 

7. Show that the whole area of the companion to the 
cycloid is twice that of the generating circle. 

8. Find the area of r= be$lc between the radii rx and r2, 

using A = . d8. 
J B, 

Answer: - (r,P - ?•/). 
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V 

9. Show that in tho logarithmic curve x=ae", 

.<? = c log .-. + Vc2 + a-''2 + 6'. 
c + Vc2

 + A'2 

10. Show that in the curve r = «(l + cos 6), using 
/dr' 

A • 6 

s = 4it sm ^ . 

11. Show that in the curve r= be61", 

s = rVl + c:+ 0. 
12. Show that in the cycloid, 

ds V 2«' 
and consequently s = 4 Vre2 — -|-tt?/ — 2w. 

13. Show that in the curve a& + y% = «», 
,? = §a*.r*. 

14. The ellipse,'̂ „ + = 1 revolves about the axis of pj. 

Prove that the area of the surface generated is 
sin-1 e) 

r + 

i 

where <?2=1 15. Show that the whole area of the curve, ~ -f ̂ ! ^ 
is fymtb. a " 6* 

16. Find the area of the loop of the curve, /" 
V a — a:" 

Answer: 2i/2 (1 — --
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Find tho whole area of y = x 4- v'a" — 

Answer: 7r«2. 
18. Find the area of a loop of the curve r" = a- cos 2(9. 

19. Find the a rea of tho ellipse ' „ 4- j - = 1 : that is, find 

four times the value of the integral 

20. Find the area of the cycloid in terms of the angle 

Answer: a" (f 0 - 2 sin 0 4- 4, sin 2 0 ) ; and if the limits are 
0 = 0 and 0 = 2-7T we have the whole area equal to 3 times 
that of the rolling circle. 

227. A body of weight W acted upon by gravity, 
moves in a medium in which the resistance = av11, where 
v is the velocity and a and 11 are constants. 

What is the velocity when acceleration ceases ? Let v± 

be this terminal velocity. ai\n= W, or our a = Wvrn. 

Answer: ^a1. 

(Art. 11). 

Then — ~= F - a « » . 

dt 1 1 

so that 

or 

Thus let n 



EXAMPLES. 315 
I f x is the depth fallen through, 

ic = — log. cosh ~- . 
g rt vL 

228. Our old Example of Art . 2 4 . 
A point moves so that it has no acceleration horizontally 

and its acceleration downward is g a constant. Let y be 
measured upwards and x horizontally, then 

d"x _ dr\) 
dt-~ ' dt2 

dx 

~ ~ '/• 

He 

dt 
dy _ dy dx _ dy 
dt dx ' dt dx' 

dt'1 ' da? ' dt da:-' 

dx'2 c'2 ' 

du — a 
dx c-

y = - l $ ' ' : ' i + a ' i ' + b (*)• 

which is a parabola. Compare Art. 24. 

I f we take y = 0 when x=0, 6=0. Also we see that a is the 
tangent of the angle which the path makes with the hori­
zontal at .* = 0 and c is the constant horizontal velocity. I f a 
projectile has the initial velocity V with the upward inclina­
tion a, then c = Vcon a, and tan a = a, so that (1) becomes 

1 ar 
2 / = - 0 7 T T — + . ' ' t a n a . 
J 2 V2 cos- a 

229. Exercises on Fourier. 
1. A periodic function of x has the value/" (V) = mx, from 

,r = 0 to x = c where r. is tlie period, suddenly becoming 0 
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and increasing to mc in the same way in the next period. 

Here, see Art. 1.33, q is — , 
1 c 

mx — <i„ + ffij sin qx + bl cos qx + &e. 
4- «, sin sqx + b„ cos sqx + &c. 

o„ is Jmc, 
2 f c . , , 2 f 

«,= c 

" c . 2 f 
*«». sin sqx . dx, bs=- I mx. cos sqx. dx. 

Jo CJn 

Answer: 
mc 

mx = \mc - —(sin qx +\sin 2<ju.- 4-| sin 3yc + ] sin 4qx + & c ) . 
2. Expand ,r in a series of sines and also in a series of 

cosines. 
Answer: a; = 2 (sin x - \ sin 2x + i sin 3x - &c.) from - TT 

to 7r; 
4 7T 

also .r = — (sin .-/• — 1 sin Sx + -JT> sin ox — &c.) from 0 to - , 

7T 4 

and = jr (cos «• + i cos 3,/; 4-vV cos .'»,/' 4- &c.). 
£ IT 

IT 

3. Prove - = sin x 4- & sin 3.*; 4- >- sin 5.r 4- &c. 
4. Show that 

ar „x ^ . . f sin x 2 sin 2* 3 sin 3a? . ) 
TT ' 1 4 « ' 2 3 4-a- 3 2 4-« ! J o. Integrate each of the above expansions. 

230. 1. The radius of gyration of a sphere about a 
diameter being k and the radius a, prove that 

k" = fa 2 . 
Here, since x2 4- y2 = a", and the moment of inertia of a 

circular slice of radius y and thickness Sx about its centre, is 
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The moment of inertia is 
ra ra 

I -rrmif. dx xi/!= irtmf. dx = m-jfeira*, 
Jo Jo 

and the mass is m^ira": 
2. In a paraboloid of height h and radius of base a, about 

the axis, k1 = %a-. 
About the diameter of the base ks = -J- (u2+ //•). 
3. In a triangle of height h, about a line through the 

vertex parallel to the base, k" = ^k\ 

About a line through centre of triangle parallel to base 

231. Taylor 's Theorem. 
I f a function of x + It, be differentiated with regard to x, 

h being supposed constant, we get the same answer as if we 
differentiate with regard to h, x being supposed constant. 

This is evident. Call the function f(u) where u = x + h. 
Then r- /(it) = 7 - f(u) x ~ = ~ f(u) as ~ is 1, and this is dx/ v ^ dir dx du dx the same as 7 7 /(«) because dhJ -

d , d , du , du . 1 

d J ^ U ) = ^ { U > X d h i m d d h m 1 ' 
Assume that f(x + h) may be expanded in a series of 

ascending powers of h. 
/(.<• + h) = A, + XJ,. + Ayr + XJi* + &c (1), 

where X0, 1 „ X., &c. do not contain h. 

V-jfc- - 0 + X 1 + 2XM + + &c (2), 

df(x+h) dX„ dX1 , dX., . „ 
—dx- -dx~+dx - h + d x - 1 l 2 + ^ < » > 

As (2) and (3) are identical 
v oA„ T r 1 dX, 1 d-A„ 



318 CALCULUS FOR ENGINEERS. 

A.ls<. ii' h = 0 in (1) wc find that A', = f(x). I f wc indicate 

j^/O') hy/"'(*)> then Taylor's Theorem is 

h 2 „ 
f (x + h ) = f (x ) + hf' (x) + -j—g i (x) 

+ i . a . 3 r " ( x ) + & c ( 4 > 

After having differentiated /(*') twice, if we substitute 0 for x, 
let us call tlie result / " (0) ; if we imagine 0 substituted for 
a; in (4) we have 

•• , : ^ r -,./ (0) + &c (5). 

Observe that we have no longer anything to do with the 
quantity which we call x. We may if we please use any 
other letter than h in ( 5 ) ; let us use the new letter x, and 
(5) becomes 

f(x)=f(0) + .,fii)) + ^2f" (0) 

+ r r f r 3 / " ' ( 0 ) + &c (G); 

which is called Maclaurin's Theorem. 

The proof here given of Taylor's theorem is incomplete, 
as we have used an infinite series without proving it con­
vergent. More exact proofs will be found in the regular 
treatises. Note that if x is time and s = f (t) means distance 
of a body from some invariable plane in space ; then if at the 
present time, which we shall call t„, we know s and the 

({''' s 
velocity and the acceleration and ^ , & c ; that is, if we know 
all the circumstances of the motion absolutely correctly at 
the present time, then we can predict where the body will be 
at any future time, and we can say where the body was at 
any past time. It is a very far-reaching theorem and gives 
food for much speculation. 
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232. Exercises on Taylor. 1. Expand (x+h)'1 in 
powers of /(•• 

Here f(x) = xn, f (x) = nxn~\ f" (x) = n (n - l)xn~\ Sec. 
and lience 

(.,,. + uy = + vhx»-i + ! i ^ L ~ x ) + & C . 

This is the Binomial Theorem, which is an example of 
Taylor. 

2. Expand log (,;; + /() in powers of h. 

Here / ( * ) = log 0 4 / (*•) = 1 , 

/ ' (•'') = /'"(•'•)= + 2. a; 

l o g ( l + A ) = 0 + A - ^ +
A i - & c . 

and hence log (x + h) = log x + h~ — ^~ ~ + — — _ fo^ 

I f we put a; = 1 we have the useful formula 
It? h?_ 

2 + 3 
3. Show that 

It? 1 3 
sin (x + h) = sin x 4- A cos # - = — sin a; - — ~ - cos * + &c. 

4. Show that 

cos (a: 4- A) = cos x - h sin x - c o s x + _}f g i n x + &c_ 
5. What do 3 and 4 become when x = 0 ? 
233. Exercises on Maclaurin. \_ Expand sin x in 

powers of x. 
/(>) = sin ,r, / ( 0 ) = 0 > 

/'(•«) = cos a;, /'(()) = l . 
/"(a-) = -s ina; , /"(()) = 0 , 
/""(«•) = - n o s /" ' (0) = - 1, 
/'%*)=.sin .r, / i v ( 0 ) = 0 , 

& c - A o ) = i . 

Hence sin a: = a,- - ~ 4- ~ - ^ + & c . 
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2. Similarly cos x = 1 — + ^ — + &c. 

Calculate from the above series the values of tho sine ami 
cosine of any angle, say 0'2 radians, and compare with what 
is given in books of mathematical tables. 

3. Expand tan"' x. Another method is adopted. 

The differential coefficient of t a n - 1 * is ~—,.,, and by actual 

I -T X' 

division this is 1 — x'2 + x* — af + a? — &c. 
Integrating this, term by term, we find 

tan- 1 x = x- ix2 + y - \j? + ft* - &e. 

We do not add a constant because when x = 0, t a u - 1 x = 0. 
4. Expand tan (1 — x) directly by Maclauriu. 
5. Show that 

ax = 1 + ./• log a + ~ (log a)2 + -jVi (log a):i + &c. 
a." 2x' 6. Show that tan x = x + — + + &c. 3 to 

234. Expand e'9, compare with the expansions of sin 0 
and cos 8, and show that 

ei0 = cos 8 + i sin 0, 
e^s = cos 9 — i sin 0, 

cos 0 = \ (<;••« + e-''"), 

Evidently (cos 8 ± i sin 8)" = cos u8 ± i sin n0, 
which is Demoivre's Theorem. 

In solving cubic equations when there are three real roots, 
we find it necessary to extract the roots of unreal quantities 
by Demoivre. To find the qt]\ root of a + bi where a and 
b are given numerically. First write 

a + bi = r (cos 8 + i sin 0). 
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Then r cos 9 = a, r sin 0 = £>, r = vV2 + b\ tan d=r. Cal­

if 
culate r and 0 therefore. 

Now the oth roots are, ?•« f cos - 0 + % sin i 

r« jcos ^ (2tt +0) + i sin ^ (2tt 4- 0) j , 
cos - (47r 4- 0) -M sin - (4tt + 0)1 &c. 

? f J 
We easily see that there are oidy q, qth roots. 
Exercise. Find the three cube roots of 8. 
Write it 8 (cos 0 4- i sin 0), 8 (cos 2tt + i sin 27r), 

8 (cos 47r 4-1 sin 47r) and proceed as directed. 
235. The expansion of eM is 

1 4- h8 + -L + ^ J__ + & e -

Now let 6 stand for the operation , and we see that 

h — 
/(.« +h) = eMf(x); or e a x f(x), symbolically represents Taylor's 
Theorem. 

236. An equation which connects x, y and the differ­
ential coefficients is called a Differential Equation. We 
have already solved some of these equations. 

The order is that of the highest differential coefficient. 
The degree is the power of the highest differential coeffi­

cient. A differential equation is said to be linear, when it 
would be of the first degree, if y (the dependent variable), and 
all the differential coefficients, were regarded as unknown 
quantities. I t will be found that if several solutions of a 
linear equation are obtained, their sum is also a solution. 

Given any equation connecting x and y, containing 
constants; by differentiating one or more times we obtain 
sufficient equations to enable us to eliminate the constants. 

p. 21 
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T h u s we produce a differential equation. Its primitive 
evidently contains n arbitrary constants if the equation is of 
the mth order. 

Exercise. Eliminate a and b from 

y = ax^+bx (1), 

dx dx& dx da? 

Hence (1) becomes 

y~2da*+ [dx da?)' 

I f we solve (2) we find y = A a3 + Bx, where A and B arc; 
any arbitrary constants. 

237. In the solution of Differential Equations we begin 
with equations of the First Order and the F irst Degree. 

These are all of the type i f + i v ^ = 0, where M and N 

are functions of x and y. We usually write this in the shape 

M . dx + N . dy = O. 

Examples. 

1. (a + x)(b+y) dx + dii=0 or (a + a-)dx + , 1 d,/= 0. 
. . j. ^ b +y 1 

Integrating we have the general solution 
ax + \ar + log (b + y) = G, 

where G is an arbitrary constant. 
I t is to be noticed here, as m any case when we can 

separate the variables, the solution is easy. 
Thus if f(x) F (y) . dx + <j> (x) . f (y) .dy = 0 we have 

/O) • dx fjiy^dy = Q 

<p(x) F{y) 
and this can be at once integrated. 
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2. (1 + x) y. dx + (l-y) x. dy = 0, 
( l + l ) < Z , + ( i - l ) a y = 0. 

Hence log x 4- x + logy — y = 0, 
or log xy = 6' 4- y — ./•. 

3. • ' U • •• o. 
VI - ,r- Vl - y-1 

Integrating, we have s in - 1 x + s in - 1 y = c. 
This may be put in other shapes. Tims taking the sines 

of the two sides of the equation we have x V l — y- + y Vl — x" = C. 
dy x 1 4- x 
dx y ' 1 4-y 

Answer: ^y- 4- \y* = 4- 4/a 4- constant. xi/il+x1) dx 
o. -̂ ~>- - --•'- = -=-. Answer : (1 4- «4) (1 4- y) = cx\ 

l+y' dy • / v 

(!. sin x . cos y . dx — cos x. sin y . dy = 0. 
Answer : cos y = c cos 

7. ( y 4- ;"y2) <£/; 4- (> 2 - y<'2) dy = 0. 

Answer: log-=c4- • 
,'/ •'// 

S. + . A + y = 0. Answer: V l ^ 2 + V l + / = (7. 
a.« V 1 4- •r2 

238. Sometimes we guess and find a substitution 
which answers our purpose. Thus to solve 

dy _ y- — x Jx ~ ~2xy ' 

we try y = V.rw, and we find — 4- dv = 0, leading to 

l o g + ',- = ''• 

Solve ( 2 /_,,)VlT72g=M(l4-r)5. 
21—2 
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Answer : y = ce 
where c is an arbitrary constant. 

Exam pie, 2. ^- = A / - + 1 • 

7 cfo V a; V ?/ 
Let y = vx and we find the answer 

• ^ y i + ^g^~yi)(x-y)i} = 0. 

Example*. '^...d^^ + f 
' dx x 

Answer : x" = 2Ay + A-. 

Remember that two answers may really be the same 
although they may seem to be altogether different. 

4. Solve (<r* 4- 3,OT/2) dx 4- (if + 3<i?y) dy = 0. 

Answer : xA 4- G,i2y2 + if = C. 

239. I f M and N are homogeneous functions of w 
and y of the same degree: assume y = vx and the equation 
reduces to the form of Art. 237. 

Example 1. ydx + (2 'd xy — x) ob/ = 0. Assume y = vx, 

dy =v .dx + x. dv, 

vx. dx + (2x Vv — x) (v. dx + x . dv) = 0, 

(2an>*) dx + (2a? V» - x°) dv = 0, 

2dx 2 Vt> - 1 , „ — H , dv = 0, x ws 

ndx (2 1\ 7 

2—4- ,}dv = 0, 

x \v V*/ 

2 log x 4- 2 log v 4- 2v~' = 0, 
log , O T 4- v~$ = C, 
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5- Solve f + (,,-y + «*) ^ = 0. 

Answer : Zxy + a? + 2f= Cx1 + xf. 

6. Solve I .-• - y cos 2) dx + x cos ^ .dy = 0. 

- sm -
Answer : ,/• = ce x . 

_ x 

7. (y~x)dy + y.dx = 0. Answer: 2y = ce «. 

8. xdy — y . dx — Va" + f • dx = 0. Answer : ,/- = c 3 + 2ey. 
+ y f ^, = 2y. Answer: (a; -y)ex-»=C. 

240. Of the form («,<; + by+c) dx + (a'x + b'y + c) dy = 0. 
Assume x = w + a , y = v + /?, and choose a and /3 so 

that the constant terms disappear. 
Thus if (Sx - 2y + 4) dx + (2x - y + J ) dy = 0 : as dx = dw 

and dy = dv, we have 

(3w 4- 32- 2t- - 2/3 4- 4)dw 4- (2w 4- 2a - v - ft + 1) dv = 0. 
Now choose a and /3 so that 

3a- 2ft + 4 = 0 and 2a-ft+ 1 = 0, 
or —a 4-2 = 0, or a = 2, ft =3. 

Therefore the substitution ought to bo x = iu + 2, y = v+ 5, 
and the equation becomes a homogeneous one. 

Exercise. (3y - 7x 4- 7) a./; +(7y - 3x + 3) dy = 0. 
Answer : (y — x + If (y + ,/• - l ) 5 = c. 

„ . di/ , 2x — y+1 Exercise. -f- + ~ J—., =0. dx ly — x — 1 
Answer : x" — xy + y- + x —y=c. 

241. E x a c t Differential Equations are those which 
have been derived by the differentiation of a function of x 
and y, not being afterwards multiplied or divided by any 
function of a- and y. Consult Art. 83. 
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Mdx + Xdy = 0 is an exact differential equation if 
,dM\ fdX\, , , df(x,y) d , 

-•- = ( -— because M = -.—- , A = - 7 - / U, y), 
\dyj \ dx j dx dyJ v J " 

the primitive being/(a 1, y)=c. I t will be found that 
(x3 - %xay) dx + (y3 - xs) dy = 0, 

is an exact differential equation. 

Then a,_ 3.^=#gX>. , 
Integrating therefore, as if y were constant, and adding Y 

an unknown function of y, instead of a constant, 
/(./•, y) = i.<*-x*y+ Y. 

Differentiating as if x were constant, and equating to X, 
we have 

. dY .. 
- a- + - - = y — a", 

dy 
dY 

= ys and hence Y=\y* + c. 
Hence {x* - a-3// + \>f + c = 0. 

where c is any arbitrary constant. 
242. Any equation M . dx + X. dy — 0 may be made 

exact by multiplying by some function of x called an Inte­
grating F a c t o r . See Art. 83. For the finding of such 
factors, students are referred to the standard works on 
differential equations. 

243. Linear equations of the first order. 
These are of the type 

dv di+Py = Q , u 

where P and Q are functions of x. 

The general solution is this. Let JP . dx be called X, 

then 

y = e
 x |Jex . Q . dx+cj (2 ; , 

where C is an arbitrary constant. 
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(2) is the same as yex = j exQdx + C (3). 

Differentiating, and recollecting that = P, (3) becomes 

^ [ e x + x P = € x q ( 4 ) 

dx ° ' ' 
or dj--rPy= Q, the original equation. 

To obtain the answer (2) from (1), multiply (1) by ex and 
we get (4) ; integrate (4) and we have (3) ; divide by ex and 
we have (2). 

We have, before, put (1) in the form 
(0 + P)y^Q or y=(0 + p r Q > 

and now we see the general meaning of the inverse operation 

(0 + P)~\ In fact it j P. dec be called X, 

(tf + P)-1
 Q means, e~x jjex

 . Q . dx+cj . . . (5) . 

Thus if Q is 0, (0 + P)~l 0 = Ce~x. Again, if P is a con­
stant a, and if Q is 0, then (0 + a ) - 1 0 = Ce'ax, where <" is an 
arbitrary constant. We had this in Art. 168. 

Again, if Q is also a constant, say u, 

(d+a)'ln = e- s^jneax .dx + C'j 

= C'e-«*4.~ (fi), a 
whore (J is an arbitrary constant. See Art. lC'9. 

Again, if Q = 

(0 + «)-• e',x = e-'x | j e«" r'" x . </.,• + C'| 
= G<rax + - 1 , t'« (7). 

a + b w 

No proof of this need he given, other than that if the 
value of y is tried, it will be found to satisfy the equation. 
Here is the t r ia l :— 
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and hence (7 = e L " Jê " V. fl^ + constant /i j- (1). 
Of this we may have many cases. 

1st. Let T a t time 0, suddenly change from having been 
a constant Vu to another constant V... Put V=V2 therefore 
in the above answer, and we have 

-R + Ae • 
To determine A we know that C = ^ when£=0; there-

y y ; V — V 
fore = -j* + A so that A = — 2 and hence 

It is easy to show that when a = — b, y = (0 + .•»•) e~"x. 
I( Q = b sin (cx + e), 

(6 + a)-1 b sin (cx + e) = e~ax |& j eax sin (cx + e) . dx + cj-
= C'e _ M + - = = = sin f e.r + e - tan" 1 (8). 

244. Example. In an electric circuit let the voltage 
at the time £ be V, and let C be the current, the resistance 
being R and the self-induction L. We have the well-known 
equation 

V=RC+L~, 
at 

dC R„ 1 
d t + L G = LV-

Now f z - ' f t = I * ' 

Ml f ? < 
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y eL ^j- sin o£ — q cos o<j | 
L R- ; + A ~ -

This becomes U = Ae 1 + -•—-—- sin iqt — e)...(o) 

\'R2 + Ly - w. 
Avhere tan e = ^ . 

The constant ^4, of the evanescent term Ae L , depends 
upon the initial conditions ; thus if 0= 0 when t==0, 

0 = 4 - - . , = L = sin e, 
v R2 + Ly 

, . o - . l - . . '''' 
vR2 + Ly ^R2+Ly 

or = V0Lqj(R2 + Ly). 
Students ought to plot curves of several examples, taking 

other initial conditions. 

Y / -PU\ 
Thus if V, was 0, C=-£[l--e L ) (3), 

showing how a current rises when a circuit is closed. 

Again if V,, is 0, ° = J [ e L W> 

showing how a current falls when an electromotive force is 
destroyed. 

Students ought to plot these values of C with time. 
Take as an example, V., = 100 volts in (3), R = 1 ohm, 

L = -01 Henry. 
Again take V1= 100 volts in (4). Compare Art. 1G9. 
2nd. Let V at time 0 suddenly become 

V0 sin qt, 

C = £" £' Je£'. sin qt. dt + A J , 
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245. Example. A body of mass M, moving with velocity 
v, in a fluid which exerts a resistance to its motion, of the 
amount fv, is acted upon by a force whose amount is F at 
the time t. The equation is 

M-dt+/v = F. 

Notice that this is exactly the electrical case, if M stands 
for L, f for R, F for Volts V, v for C; and we have exactly the 
same solutions if we take it that F is constant, or that F 
alters from one constant value F1 to another F.2, or that F 
follows a law like F0 sin qt. 

This analogy might be made much use of by lecturers on 
electricity. A mechanical model to illustrate how electric 
currents are created or destroyed could easily be made. 

The solutions of Linear Differential Equations with 
constant coefficients have such practical uses in engineering 
calculations that we took up the subject and gave many 
examples in Chap. I I . Possibly the student may do well 
now to read Art. 151 over again at this place. 

du 
246. Example, x ^ = ay + x + 1. 

dy a _ I 
da 7.̂  = 1 

—— . dx = X= — a logx. 

Observe that «r-»k*» = x~a, 

Hence y = { f./;~" (1 + - ; ) dx + G\ 

y = xa j j(x-a + x-a~l) dx + C'j , 

[I — a —a \ 

y = , + Gx'\ 
J 1 - a a 

the answer, where C is an arbitrary constant. 
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247. There being continuous lubricating liquid between the surfaces 
AB and EF as of a brass and a journal 
OC = h0 the nearest distance between them. 
At the distance x, measured along tlie arc 
OA, lot the thickness be h. Anywhere in 
the normal line there, representing the 
thickness, let there be a point in the liquid 
at the distance y from tho journal, and 
let the velocity of tlie liquid there be u. 
Then if p be the pressure it can be shown 
,, , d2u 1 dp 

that =- -Jl fi) 
ay fi ax 

if /j. is the coefficient of viscosity of the 
lubricant, and ua the linear velocity of 
the journal, and u is the velocity of the 
liquid at any place; we have no space for the reasoning from (1) 

fpp . 3 

Fig. 103. 

leading to „ dh dp ^ 6/i?!„ dh ^ 
dx'2 h ' dx dx h3 dx • (•2). 

Let 
dp 
dx 4>, 

then d(f> 3 dh Gaiu dh „ 

dx A' dx"1' ' h3 dx' 
This is of the shape (1) Art. 243, h in terms of x being given. 

3 dh 
Let 

> = /r 
A'^jl\dx 

1 I ^ o f d x + C ) 
li' dx j 

£ . ^ . ^ = 3 log A, 

dp 

= It3. Hence 

li- IV' 

The solution depends upon the law of variation of h. The real case 
is most simply approximated to by h = hu + ax'2: using- this wc find 

p = C" j + -v.----tan_ 

/' \'ahH 

- o tan - 1 . V x 
--C-C h2 

a_\ /6Mw0 36' * 

If students were to spend a few weeks on this example they might 
be induced to consult the original paper by Prof. 0. lteynolds in the 
Phil. Trans, vol. 177, in which ho first explained to engineers the theory 
of lubrication, f 

Numerical Exerche. Let 6\# = 2-59, 6U = 11 -Of) centimetres. 

/.-2d6, V>r w-o-oomn, ^-OIMXHWS, ,,„*--.»)«„. | V r s w . . i « i 



332 C A L C U L U S F O R E N G I N E E R S . 

between the limits A and Pi. The total load on the bearing is j p. dx 
between the limits, if A B covers only a small part of the journal, and 
may be calculated easily in any case. 

The bearing is supposed to be infinitely long at right angles to the 
paper in fig. 103, but forces are reckoned per cm. of length. 

248. Example. Solve 

< 3,..2, . 
dx- dx 

Writing this in the form (fi1 - 4 0 + 3) y = 2t"x, 
y = ( 0 = - 4 0 + 3)-126M. 

I _ 1 
- 3 0 - 1 

Now (0 2 - 40 + 3 ) " 1 = 

Indeed we need not have been so careful about the \ as 
it is obvious that the general solution is the sum of the 
two (0 — 3 ) _ 1 and (0 — l ) ~ l , each multiplied by an arbitrary 
constant. 

Anyhow, y - J Z l - r g ~ r 

and this by (7) Art. 243 is 

(C + x) r*-{cv + i^;, 
or y = (C\ + x) e:x + G.,ex. 

249. Equations like + Py = Qy", where P and Q, 

as before, are functions of x only. 
Divide all across by yn and substitute z=y1"n, and the 

equation becomes linear. 

Example. (1 — ,/;3) -y' — xy = axy*. 

Calculate C and G', assuming £) = 0 at B and at .1. 
Now calculate the pressure for various values of x and graph it on 

squared paper. Tlie friction per square cm. being /i j - at y = 0, the 
ay 

total friction /" will be found to be 
'dx 
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Substituting z — y l we find 

dz xz _ _ L l x 

dx 1 - x ' 2 * I 

^ = (1 _ .̂ .)* { f(1 - (_ RTI/.) D V + G \ 

Answer: 
y-i = (] _ ,,.,yl {_ a ( 1 _ .,.•) ' + 0} = _ „ + C V T ^ 2 

Exercise. x + y = w2 log-
a,/; ' 

Answer : 1 = 1 + Cx + log 
,'/ 

250. 1. Given ^ J - f t y = 0. 

This is an equation of the first order and second degree. 

Solve for ~- and we find two results, dx 

^ ~- ay = 0, so that log y — ax — yl, = 0, 

^- + ay = 0, so that log y + ax — A., = 0. 

Hence the solution is 
(logy — ax. — A,) (log ?/ + — yL) = 0. 

I t will be found that each value of y only involves one 
arbitrary constant, although two are shown in the equation. 

2. Given 1 + = x. 

This is an equation of the first order and third degree. 

Hence ^ = ( . r - 1 ) * 

and y = i (x — 1 )•' + 0. 



334 C A L C U L U S F O R E N G I N E E R S . 

3. Given f ^ Y _ 7 ^+12 = 0. 
\dxj dx 

This is an equation of the first order and second degree. 

%-*)&-*)-* 
(y - 4x + Ci) (y - 3« + ca) = 0. 

251. Clairaut's equation is of the first order and of any 
degree 

y = XP+f(p) (1), 

where p is and f(p) is any function of 

Differentiate with regard to x, and we find 

K'M£-° <2)-
So, either $=0 C3) 

•'• + ^/(p) = 0 (4, 

will satisfy the equation. 

I f f = 0,P=c. 
dx x 

Substituting this in (1) we have 
y = cx+f(c) (•',), 

which is the complete solution. 
Eliminating p now between (1) and (4) we obtain another 

solution which contains no arbitrary constant. Much may 
be said about this Singular Solution as it is called. I t is 
the result of eliminating c from the family of curves (5), and 
is, therefore, their Envelope. See Art. 224. 

Example of Clairaut's equation, 
ni 

y = op + - . p 
111 

We have the general solution (5) . . . y = cx+ — , a famil}' 
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of straight lines the members of which differ in the values of 
their c. 

d fm\ . m /m 
(4) i s , = - ^ y o r i , = + - o r J p = N / -

Hence y = 2jmx or y2 = 4>mx, a parabola which we found 
to be the envelope of the family in Art. 224. 

This curve satisfies the original equation, because in any 
dii 

infinitesimal length, the values of x, y and ^ - are the same 

for it as for a member of the family of straight lines. 

252. I f a differential equation is of the form 

it can be at once solved by successive integration. We 
have had many examples of this in our work already. 

253. Equations of the form ^ = / ( y ) ; multiply by 2 ^ 

and integrate and wo have 

*ff = 2J/(y).dy + C. 
Extracting the square root, the equation may be solved, 

as the variables are separated. 

Thus let = a"a. 
dx1 J 

Proceeding as above, 

dx-^"^+'' 

Jay- + G 
Integrating' we find 

» = - log {ay + s/a:y + G] + G (1). 
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I f this equation (1) is put in the shape 

ceax _ ay _̂ Ja--f + C, 

it becomes c V * _ 9ayce"x = C, 

y = c - e «* _ C"e-n a ;, 

or y = Aeax + Be~ax (2), 

which looks different from (1) but is really the same. (2) is 
what we obtain at once if we solve according to the rule for 
linear equations, Art. 159. 

254. Solve = a l ~ „ , an equation of the third order rtV dx1 1 

and first degree. 

Let ~„ = q, then = aq, dar dx 

a = be"x so that ^ = - eax + C, ' dx a 

y = eax + Cx + (!', 

or y = Aeax -f Cx + C, where A, C, C are arbitrary constants. 
This also might have been solved by the rule for linear 
equations, Art. 159. 

265. Solv, „ g _ i l + g ) ] ! . 

" • ''l' = dx so that - = log {p + V y + 1} + 6", 
Vl + ?r a 

X 
Squaring, we find p = 2 <'e ~ ^JJ 6 " = ^" 
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Integrating tliis we have 

y = -Cea + 2 G e a + c, 

where C and c are arbitrary constants. 

256. General Exercises on Differential Equations. 
(1) (a- + f) dx + Ja- - ,r-. dy = 0. 

, x 1 ii Answer : sm 1 - + — tan~ l ^ = c a u- a 

( 2) ( h f + 1 . 
v ' dx- 1 +u~ J 2x(l -\-x-y 

Answer: y = ^ - = { 0 - \ log - h . 

,., dii sin 2a; 

Answer : y = sin a; — I + Ce~tiux 

>*> 

Answer : (2y - x" — e) {log (x + y — 1) + .e — e) = 0. 

Answer : y = {O'e8*5 + |« (2a/ + 1 );.-•}. 

(ij) 1 = I ^) + Answer : if- = 2ca' + c-. 
\dxj y dx 

(7) x ^ + y = y- l o g A n s w e r : y = (&*• + log x 4-1)-'. 

(8) y = 2./: ^ + f . Answer: / = 2c.r + C3. 

(9) Solve [l + ^)jdx--2ydy^Vi. 

1st, after the manner of the Exercise of Art. 241. 
2nd, as a homogeneous equation. 

Answer : x- — if- — c,r. 

file://-/-x-y
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Answer : (y — a log .r — p) (y + a log a- — v) = 0. 

Answer : y = ( « 0 4 axx + a.,x- + a^f)e~x. 
_ , ua; ,.„ , 

Answer : a; = ((^ + ad) e / ( + ^ ^ ^. 

Answer : y = (*• + l ) i l (e* + c). 

(18) = sin (<£ — 6). Answer : cot j - — — ^ — j = </> + 6'. 

(19) (1 - a'2) ^ - ,/y = aay J. Answer : ^ = a J l — x- - a. 

d'u ndy 

Answer: y = G > — + e* |(r, - ~ ) cos x + (t<s + g) sin 

(21) Change the independent variable from x to t in 
... d2y dy . .„ 

(1 — a-) ^ „ — a; ̂  = 0, it x = sm t, and solve the equation. 

(10) Solve ^' + (-\ — -'r )(///= 0 after the manner of 
y , l r y'J -

Art. 241. Answer : x- — y1 = cy3. 

Answer : y = (./• + I ) 2 (a; + I ) 3 + Cj. 

(12) (a; + V)'--% = Answer: « — a t a n - 1 = c. 
v 7 v J ' dx a 

(1 3) xy(l + xy-) ^ = 1. Answer : - ] = 2 - y- + ce~^. 
ttiV iV 
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257. 1. Prov e dt-' ds- ' \ds) 
and 

d:!s __UU dst _., [d-ty\ _ /dtx.5 

ii ( '̂/ i i 
3. i rove as ~p- = / - - so we nave also 

dx at I dt 
d-if _ (dx d-y d-x dy'. i ,'dx 
dx- ~ {'dt ~dV> ~ df ' dt) ~ \dt 

and hud the equivalent expression tor y'^. 

i Tf ,, , du du dx . , du 
4 if *• = e, show that as x ~- = x - , - -r this equals -p- . 

dx dt dt dt 

Also 

and 

5. Change the independent variable from x to t i f = e', 

in « 2 + x ~^ + = 0, and solve the equation. 

258. I f we try to find by the method of Art. 47 the length of tho are 
of an ellipse, we encounter the second class Elliptic Integral which is 
called B (k, x). It may be evaluated in an infinite series. Its value 
has been calculated for values of k and x and tabulated in Mathemati­
cal tallies. 

When the angle through which a pendulum swings is not small, and 
we try to find the periodic time, we encounter the first class Elliptic 
Integral which in called F ( k , X). It can be shown that the integral of 
any algebraic expression involving the square root of a polynomial of 
the third or fourth degree may be made to depend on one or more of 
the three integrals 

_ . . . !* dx i'« <IA 

, d-i) 
'd'r -

d-u dt dy dt (d \dy \dt J dt 
All.. Id -«) Id \ dy 
dx' \dt -«) \di J dt' 

(22) Also m + *'V c^l. ~ i ' 2 , i ' c ^ . = °> if a ; t a a i , and 

solve the equation. 

d-a drt ' fdtV 
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E(k, x) = *J\~£• dx, or E(I; 6)~ sh>T. d6 ; 
, i • fx

 dx 

n(n,A;x)=l - T - -= . — , or 

J »(1 +«*•*) V(l -a'-') (1 - *V) 
7R(?(, 0) = 7 ^ r ^ = . ^ : _ . 

J o(,l+»sni'-#) vl -i-'sin2*? 
k, which is always positive and less than 1, is called tho modulus. 

n, which is any real number, is called the parameter. 
The change from the ,v form to the 6 form is effected by the substi­

tution, i- = sin 6. When the limits of F and E are 1 and 0 in the x case, 

or ^ and 0 in the 6 case, the integrals are called complete, and the letters 
X and E merely are used for them. 6 is called the amplitude and 
Vl — ft sin2 # is called by the name Ad. 

Jf u — F(!c, x) = F(l; 8), then in dealing- with functions which have 
the same k if we use the names 

8 = am v., 

x = nuti (in words, x is the sine of the amplitude of •«), 

Vi-a.'2 = cn« (or V' — x'1 is the cosine of the amplitude of w), 

Vl - k'x2 = dn u (or V1 — ftx'1 is the delta of the amplitude of w), 
it is found that 

d 
w»s» + cn s !«—I, du-u+l?. sn-« = 1, - - (am M) = dn «, &c 

Also am (— 2() = — am. u, &c. 
. , , sn it. cn ». dn v + cn w. sue . du . « Also sn (u + vj— — r—~ ,—. , 1 — K- sn- u. sn- v 

and similar relations for cn (u±v) and dn (u±v). 

Expressions for sn ( » + «•) +sn (» - f), &c. follow. Also for 

sn2«, cii2w, dii2«. 
So that there is as complete a set of formulae connecting these 

elliptic functions, as connect the Trigonometrical functions, and there are 
series by means of which tables of them may be calculated. Legendrc 
published tables of the first and second class integrals, and as they have 
known relations with those of the third class, special values of these 
and of the various elliptic functions may be worked out. I f complete 
tables of them existed, it is possible that these functions might be 
familiar to practical men. 

259. To return to our differentiation of functions 
of two or more variables. 
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= COS X, 

and hence ^ = (3// 4- z) e* + (2z + y) cos x. I f this is expressed 

all in terms of x we have the same answer that we should 
have had, if we had substituted for y and z in terms of x in 
u originally, and differentiated directly. 

2. I f n = A / - „ ., > where v and w are functions of x, 

F I N D 

ax 

3. I f sin (xii) = mx, find ^ . 

4. I f M = s in ' 1 - , where z and y are functions of ,/• find 
y 

dx' 

J). I f n = t«n~' - , show that du = — z .dy 
y y- 4 - ^ 

260. Exercise. Try if the equation 
d-r 1 dv 
dx'-^Kdt ( 1 ) 

has a solution like v = <="-'' sin (qt + yx), and if so, find A and 7 , 
and make it fit the case in which v = 0 when x = x, and 
t; = « s i n qt where x = 0 . We leave out the brackets of 

dt) 
dv 
j _ = A T " - 1 ' sin (qt 4 - 7 . ' ' ) + e"T 7 cos ( 7 / 4 - y.v), 

'(•'• = a-e"3' sin (qt 4 - 7 . / ; ) 4 - ays** cos 4 - ry,r) 

4 - A 7 B ' I R cos 4 - 7 > - ) — e a ! V sin (qt + y.r). 

Also = <je™>0.>s (c// 4 - 7 . ' ' ' ) . 

1. If u = i* + f + zy and z = sin x a m i y = ^ 
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so that to satisfy (1) for all values of t and x 
a2 — <f = 0 or a = + 7. 

and ay + ay • 

As - is not zero, a = 4- 7 only, 
K 

•la2 = 2 , a = + 
A; 2k = 7. Hence we have 

r = ^.e"* sin + cue) 4- 7;Nr "* sin {qt — ax), 
'2-n-n mi 

K 
where A and B are anv constants, and a = \ I — or V 2k 
if q = 2-nn, Now if v — Q when x= oc , obviously A = 0. I f 
v = a sin qt where x = 0, obviously B = a. 

Hence the answer is 

v = <i e sm (2wid — .(2). 

261. Let a point P be moving in a curved path 
SPQ; let AP = x,BP = y, 

^" and ^ being the velocities in tho directions OX and OY, 

d2x d?u 
-7- and - 7 f being the accelerations in the directions OX at- dt- 0 

and OF. 
Let 0 P = r , i ? 0 P = 0, x = r cos d,y = r sin 0. The acceler­

ation or velocity of P in any 
direction is to be obtained just 
as we resolve forces. Thus the 
velocity in the direction r is 

dx n dy . -rr cos 0 4" ~,T sm I 
dt dt 

and in the direction PT which 
is at right angles to r, the 
velocity is 

dx . „ dii — •,- sm 0 4- -; 7 cos 0. dt dt 

Fi" . 104. 

•(2). 
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Now differentiating x and y, as functions of the variables 

r and 9, since ^fr) = cos 0 and | = — r sin 0, 

o7* dr a . nd9 ... 
c o s t f - r s m r ^ (3), 

r/j/ dV . nd9 ... 
dt dt dt 

Solving (3) and (4) for —• and w o hod 

dr dx n dy . n ... 
7 : = cos 0 + -v, sm 0 (o), 
dt dt dt 
d0 dx . du 

»• -rr = - -7; « o 9+-?tcosQ (6). 

UJ tu ai 
dr . 

From (1) and (2) we see therefore that -j is the velocity 

d9 . in the direction OP and that r ^ is the. velocity in the 

direction PT. Some readers may think this obvious. 
Now if we resolve the x and y accelerations in the 

direction of OP and PT, as we did the velocities, and if we 
again differentiate (3) and (4) with regard to t, wo find 

Acceleration in direction OP = cos 9 + ~~ sin 9.. .(7), 
dt- dt-

Acceleration in direction P 7 ' = — sin 9 + cos #. . . (8 ) . 
dt- dt'-

And 

And hence, the acceleration in the direction r is (and 
this is not very obvious without our proof), 

d-r fd8\-
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f<r) = h 2 u 2 ( o F + u ) ( 1 4 ) -
I f /(r) = ar 11 or aun, an attraction varying inversely as 

the nth power of the distance, ^ +u = — un~- = bit"-*, say. 

Multiplying by 2 ^ and integrating, we have 

duY .. 2b 

and the acceleration in the direction PT is 

dt dt+ dt" rdt\ d t ) { '• 
dd 

r 2 -y- is usually called //. I t is evidently twice the area per 
dt j 

second swept over by the radius vector, and (12) is - . 

262. I f the force causing motion is a central F o r c e , 
an attraction in the direction PO, which is a function of 
r per unit mass of P, say f(r); or mf(r) on the mass m at 

dd ' 
P; then (12) is 0, or ?'2 -j-- = constant, or h constant. Hence 
under the influence of a central force, the radius vector 
sweeps out equal areas in equal times. 

Equating mf(r) to the mass multiplied by the accelera­
tion in the direction PO we have 

j , . . fdd\- dV 
• f ( r ^ r { d t ) ' d r - < m 

dd 
But r 2 -TT = /' a constant. As r is ;i function of 8 dt 

dr _ dr dd _ dr h 
dt~dd'di==d0?i' 

dV _ jd'V h_qh (drY\ h 

and we can use these values in (13) to eliminate t. 

I f we use y for r, (13) simplifies into 

fd 2u 
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Thus let the law be that of the inverse square, 
/(?•) = a r - 2 or ait?; (14) becomes 

au- = /i-u-1 jg,, + n j , 
d2u a , 
•d8> + U=h*=b> Sa-V' 

Let w = u — b, then 

S* + w = °-
The solution of this is, 

iv = A cos(0 + B), 
and it may be written 

,,. = l = |- { l + < ! c o s ( 0 - - a ) , (16). 

This is known as the pola,r equation to a conic section, 
the focus being the pole. The nature of the conic section 
depends upon the initial conditions. 

(15) enables us, when given the shape o f path, to 
find the law of central force which produces it. Thus if a 
particle describes an ellipse under an attraction always 
directed towards the centre, it will be found that the force of 
attraction is proportional to distance. I t is easier when given 
this law to find the path. For if the force is proportional 
to BO, the x component of it is proportional to x, and the y 
component to y. I f the accelerations in these directions are 
written down, we find that simple harmonic motions of the 
same period are executed in these two directions and the 
composition of such motions is well known to give an 
elliptic path. I f the law of attraction is the inverse cube 

e, \ •> - / , • i dhi a or /(/•) = ar " = uu-, (14) becomes -~- + it ~ it. 
J da- li-

If " l = d\ it = Ae°B + Be~'». 
Ii'1 

I f 1 - -~ = /3-, ii = Asm p0 + B cos 80, 
h-

giving curiously different answers according to the initial 
conditions of the motion. 
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/du\ 
\dr~J 

i 1 • 
1 sm 

0. 
\dd) (3), 

{du\ 
\drj 

1 -I— cos r 0. 
m •••• 

(4). - - = S1T1 0 . 
dy! 

Notice that in ^--'^ , the bracket means that y is supposed 

to be constant in the differentiation. 

In (^j^J > if i s 0 that is supposed to be constant, 

263. I f x = r cos ft y = r sin ft so that if y is a function 
of x, r must be a function of 6; if w is any function of x and y, 
it is also a function of r and ft 

Express (̂ -f) a n f l (^~) m terms of the polar co-ordinates 

r and ft 
fdu\ _ (da\ dx i /"djft cZ?/ 
VrfW ~ [dlc'd 

0 being supposed constant, and 
(du\ _ /cZvA dx ,'du\ dy . . 

j ' being supposed constant. 

Now if r is constant = — r sin ft 

~i if r is constant = r cos ft d0 

^- if # is constant = C O B ft 

, if # is constant = sin ft dr 

Treating and (^^j in (I) and (2) as unknown, and 

finding them, we have 

du\ 

. s J = C 0 8 ' 

file:///dr~J
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In (3) or (4) treat l ^ - ) or (^f) as u is treated, and find 

-j-- and -r-r. However carefully one works, mistakes are da? dy" J 

likely to occur, and this practice is excellent as one must 
think very carefully at every step. Prove that 

d 2u d2u_d2u 1 du 1 d% 
dx 2 + dy 2 ~ dr 2 + r dr + r 2 d 0 2 ( • 

264. Sometimes instead of x, y and z, we use r, 0, cj> 
co-ordinates for a point in space. Imagine that from the 
centre of the earth 0 (Fig. 105), we have OZ the axis of the 
earth, OX a line at right angles to OZ, the plane ZOX being 
through Greenwich; O F a line at right angles to the other 
two. The position of a point P is defined by *• its distance 

z 

from the plane Z0 Y, y its distance from the plane ZOX, z its 
distance from the equatorial plane YOX. Let r be OP the 
distance of the point from 0. Let c/> be the west longitude 
or the angle between the planes POZ and XOZ; or if Q be 
the foot of the perpendicular from P upon XOY, the angle 
QOX is (j>. Let 6 be the co-latitude or the angle POZ. 
Then it is easy for anyone who has done practical geometry 
to see that, drawing the lines in the figure, QRO is a 
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right angle and OR = x, QR = y, also PQO is a right angle, 
x — r sin 6 . cos (f>, y = r sin 6 . sin <f>, z = r cos I f % is a 
given function of x, y and z, it can be expressed in terms of 
r, 0 and cj>, by making substitutions. It is an excellent 
exercise to prove 

du . , du cos 8 . cos d> du sin qj> da 
— = s m t f cos (p j~+ ^—d -,-r , 
ct.» r «r r do r am 0 d<p 
du • n • , du cos 8. sin d> du, cos d> cZw, 
, = sm (' sin <b,+ - ,., + —. r

n . .. , 
dy T dr r d0 r sin 6 dcp 
du ^ Q du sin 8 du 
dz ' dr r dd' 

It will be noticed that we easily slip into the habit of 
leaving out the brackets indicating partial differentiation. 

The average student will not have the patience, possibly 
he may not be able to work sufficiently accurately, to prove 
that 
d 2u dgu d 2 u _ d 2 u 1 d^u 
dx 2 + dy 2 + dz2" ~ dr2" + r 2 d0 2 

1 d 2u 2 d u cotfldu 
r 2 s i n 2 0 " d ^ r d r + r ~ ! f i ( '• 

This relation is of very great practical importance. 

265. The foundation of much practical work consists in 
understanding the equation 

d-u d-u d-u 1 du 

dx2 dy* dz- K ~dt * *' 

where t is time. For example, we must solve (1) in Heat 

Conduction Problems if u is temperature, or in case f — = 0 
dt 

and u is electric or magnetic potential, or velocity potential, 
in Hydrodynamics. 

(1) is usually written 
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•d>R . IrdR , „ 1 dP I drP 
d Rd?+-Rci7~~cot °p~M~p W(:})-

Now the left-hand side contains only r and no 8, the 
right-hand side contains only 6 and no r. Consequently each 
of them must be a constant. Let this constant be called C 
and we have 

d\R 2dR RC „ 

We see then in (A) the form that V'-'M takes, in terms ot'r, 
9 and <b co-ordinates. 

We know that if u is symmetrical about the axis of z, 
that is, if u is independent of <f>, the above expression 
becomes 

d-u I d-u 2du cot 9 du 
or- r-d.92 rdr v dd 

266. Students are asked to work out every step of the 
following long example with great care. The more time 
taken, the better. This example contains all the essential 
part of the theory of Zonal Spherical Harmonics, so 
very useful in Practical Problems in Heat, Magnetism, 
Electricity, Hydrodynamics and Gravitation. When u is 
independent of <p we sometimes write (2) in the form 

dn k id f ,du\ 1 d I . Ad,it\) 
dt -" > [dr V dr) + >\n()dfi [*m °d9)\ U h 

it being a function of time t, r and 9. The student had 
better see if it is correct according to (3). 

I f -1^- = 0, show that the equation becomes dt 1 

, dhi „ du , n du d-u, 

Try if there is a solution of the form u — RP where R is 
a function of r only, and is a function of 6 only, and show 
that we have 
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There is no restriction as to the value of 0, and it must 
be the same in (4) and (5), and then the product of the two 
answers is a value of u which will satisfy (2). The solutions 
of many linear Partial Differential Equations are obtained 
in the form of a product in this way. There are numberless 
other solutions but we can make good practical use of these. 

We have then reduced our solution of the Partial Differ­
ential Equation (1), to the solution of a pair of ordinary 
differential equations (4) and (5). Now a solution of (4) may 
be found by trial to be rm, and when this is the case we have 
a method (see Art. 268) of proving the general solution to be 

B = Arm + B>-<'»+« (0), 

where G is vi(in+ 1 ) ; anyhow (6) will be found by trial to 
answer. Using this way of writing G in (5) and letting 
C O S 0 = /A, we find that we have an equation called Legendro's 
Equation, an ordinary linear equation of the 2nd order 

4{<1-̂ a7} + m<m + 1)P = ° 
We now find it convenient to restrict in. Let nt. be a 

positive integer, and try if there is a solution of (7) in the 
form 

P = 1 + AjfJ. + A«fi' + J . ;;/*'"• + &0. 

Galling it PIH(/x) or PM(0), the answers are found to bo 

P„ (0) = 1, if in is put 0, P1 (0) = u, if in is put 1, 

P., (0) = -1 if in is put 2, Ps (0) = - %JX, if m is put 3, 
P 4 (0) = - ajV-t- + 3, if ni is put 4. 

A student will find it a good exercise to work out these 
toP„. My pupils have worked out tables of values of P„, 1\, 
P.,, &c, to P7 for every degree from 6 = 0 to 0 = 180". See 
the Proceedings of the Physical Society, London, Nov. 14, 
1890, where clear instructions are given as to the use of 
Zonal Harmonics in solving practical problems. 

We see then that 

(Ar~+-g-v)p»<0) ( S ) 
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is a solution of (1). A jjractical problem usually consists in 
this :—Find u to satisfy (1) and also to satisfy certain limit­
ing conditions. In a great number of cases terms like (8) 
have only to be added together to give the complete solution 
wanted. 

In the present book I think that it would be unwise to do 
more in this subject than to set the above very beautiful 
exercise as an example of easy differentiation. 

(8) is usually called T h e Solid Zonal Harmonic of 
the m t h degree, P m (0) is called the Surface Z o n a l 
Harmonic of the mth degree. 

267. In many axial problems, u is a function only of 
time and of r the distance of a point from an axis, and we 
require solutions of (1) which in this case becomes 

d-u 1 du 1 du 
dr'' r dr k dt ' ^ 

Let us, as before, look for a solution in the form 
u = RT (2), 

where R is a function of r only and T is a function of t only. 
(1) becomes 

d>R\,vdR 1 d'f 
dr- r dr n dt 

Dividing by BT 
ldfR 1 ydlt_ 1 1 d'T _ 

B dr2 + r RTr~ 1c T dt ~ ~ ^' s a y ' 
where fi- is a constant. 

dT 
Then = — /c/X2dt or log T= — k/iH + c, or 

T=Ce~"»*i (3), 
where 0 is an arbitrary constant. We must now solve 

d'-R ldR ,„ n 

-r«-+ --r-+ fj?R = 0 (1). 
dr- r dr 

Let /• = - and (4) becomes 
d 2 R 1 d R _ ^ r? + - — + R = o (5). 
dx 2 x dx v ' 
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Assume now that there is a solution of (5) of tlie shape 

R = l+Ax + Bx' + Cx* + Dx* + Ex* + Ex" + Gx7 + &<:, 

we find that A=G=E=G=0 and in fact that 

x2 x4 x6 x8 

•«= 1 ~ a l + fl2^ " 2^6^ + fl»4*e«8» " & °- '"}-
This is an important series first used by Fourier, although 

it has Bessel's name. I t is called the Zeroth Bessel and 
the symbol J„(x) is used for it. Tables are published which 
enable us for any value of x to find J„ (x). Thus then 
R = J„ (fir) is a solution of (4), and hence 

u = Ge~"i"H J„ (/xr) (7) 

is a solution of (1). An)" solution of (L) needed in a practical 
problem is usually built up of the sum of terms like (7), where 
different values of y, and different values of Care selected to 
suit the given conditions. 

268. In the linear differential equation 

$? + / # + fc-o (U. 
dx- dx 

when P and Q are functions of x, if we know a particular 
solution, say y = v, we c a n find the general solution. 

Substitute y = va, and we get 

drto (dv \ da . 

Calling ~ = (2) becomes ax 

du' j dc \ , 

d t l ' + 2^+P.dx=0, 
•a v 

or log u' 4- log v'2+ j E . dx = constant. 
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Let [ P. dx = X then u or = A \ erx, 

J ax v'-

u = B + A j^e~-r.dx (3). 
Tims we find the general solution 

y = Bv + Av j"Jr e~x • dx (4), 

where A and B are arbitrary constants. Even if the 
right-hand side is not zero, the above substitution will 
enable the solution to be found, if v is a solution when the 
right-band side is 0. 

Easy Example. One solution of 

d'il , „ . -f;. + a'-x= 0 is y=cosax. ax-

Find tho general solution. 

Here P = 0 so that j P . dx = X= 0. 

Hence y = B cos ax + A cos ax I -—X-— . 

J cos- ax' 
, j ' dx 1 , and as = - tan ax, J cos" ax a 

we have as the general solution 
y = B cos ax + C sin ax. 

Exercise. We find by trial that y = x1" is a solution of 

Show that the general solution is y =Ax"1 +—. 

Exercise. We find by trial that y = eax is a solution of 
d2v 

-/=a-y, show that the general solution is y — Aeax + Be~aa. 

P. 23 
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Exercise. We saw that u = PM (M) is a solution of 
Legendre's equation Art. 260, prove that u =APm(fi)+£QmQt) 
is the general solution, where 

Qm0*) = PM(/*) j Q ^ Y F P ^ P -

Q„j (/*) or Qm (6) is called the Surface Zonal Harmonic 
of the second kind. 

Exercise. We saw that J0(x) was a solution of the 
Bessel equation (5), show that the general solution is 
AJQ (x) + BKQ (X), where 

h'-U)'--jx ,/,Ax):' 

K 0 (x) is called the Zeroth Bessel of the second kind. 

269. Conduction of H e a t . I f material supposed to 
be homogeneous has a plane face AB. 
I f at the point P which is at the dis­
tance x from AB, the temperature is v, 
and we imagine the temperature the same 
at all points in the same plane as P 
parallel to AB (that is, we are only con­
sidering flow of heat at right angles 

dv 
dx 

rise of temperature per centimetre at P, 
dv 

then — k-^- is the amount of heat flowing 
per second through a square centimetre of 
area like PQ, in the direction of increas­
ing x. This is the definition of k, the 
conductivity. We shall imagine k constant. 

k is the heat that flows per second per square centimetre, 
when the temperature gradient is 1. Let us imagine PQ 
exactly a square centimetre in area. Now what is the flow 

dv 
across TS, or what is the value of — k-r- at the new place, 

dv 

which is x + Bx from the plane AB1 Observe that —k-^ 

is a function of x; call it f{%) for a moment, then the 

to the plane AB), and if ^ is the rate of 

Fig. 100. 
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space PQTS receives heat f (x) per second, and gives out 
heat f (x + Bx) per second. 

Now / ( x + Bx) -/(x) = Bx C'J'(^]. 

These expressions are of course absolutely true only 
when Bx is supposed to be smaller and smaller without limit. 

We have then come to the conclusion that — Bx -f- f(x) 
dxJ 

is being added to the space PQTS every second: this is 
s d / dv\ , , s d-v — bx -j-l — k. -,- or + k . bx . dx \ dx/ dx-

But the volume is 1 x Bx, and if w is the weight per cubic 
centimetre, and if s is the specific heat or the heat required 
to raise unit weight one degree in temperature, then if t is 
time in seconds, 

5. dv 
iv . bx . s -r-dt 

also measures the rate per second at which the space 
receives heat. Hence 

, ^ d'v dv 
I: . bx . -j— = w . bx . s . ~r , dx2 dt 

d2v u's dv ^ 

This is the fundamental equation in conduction of heat 
problems. Weeks of study would not be thrown away upon 
it. I t is in exactly this same way that we arrive at the 
fundamental equations in Electricity and Hydrodynamics. 

I f flow were not confined to one direction we should have 

the equation (1) of Art. 205. — is often called the diffusivity 

for heat of a material, and is indicated by the Greek letter 
k ; ws is the capacity for heat of unit volume of the material. 

Let us write (1) as 
d-p 1 du ? 

dtf^Kdt ( " } ' 

23—2 
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270. I t will be found that there are innumerable solutions 
of this equation, but there is only one that suits a particular 
problem. Let us imagine the average temperature every­
where to be 0 (it is of no consequence what zero of tempera­
ture is taken, as only differences enter into our calculations), 
and that 

F = a sin lirnt, or a sin qt (3), 
is the law according to which the temperature changes at 

Q 
the skin where x is 0 ; n or 2- means the number of com-

Z7T 
plete periodic changes per second. Now we have carefully 
examined the cycle of temperature of steam in the clearance 
space of a steam-cylinder, and it follows sufficiently closely 
a simple harmonic law for us to take this as a basis of 
calculation. Take any periodic law one pleases, it consists 
of terms like this, and any complicated case is easily studied. 
Considering the great complexity of the phenomena occurring 
in a steam-cylinder, we think that this idea of simple 
harmonic variation at tho surface of the metal, is a good 
enough hypothesis for our guidance. Now we take it that 
although the range of temperature of the actual skin of the 
metal is much less than that of the steam, it is probably 
roughly proportional to it, so we take a to be proportional 
to the range of temperature of the steam. We are not 
now considering the water in the cylinder, on the skin and 
in pockets, as requiring itself to be heated and cooled; this 
heating and cooling occurs with enormous rapidity, and the 
less there is of such water the better, so it ought to be 
drained away rapidly. But besides this function of the 
water, the layer on the skin acts as creating in the actual 
metal, a range of temperature which approaches that in the 
steam itself, keeping a large. Our n means the number of 
revolutions of the engine per second. 

To suit this problem we find the value of v everywhere 
and at all times to be what is given in (2) of Art. 260, 

v = ae V K sin ( 2-TTUt — x 

This is the answer for an infinite mass of material with 
one plane face. I t is approximately true in the wall of a thick 
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cylinder, if the outside is at temperature 0. I f the outside 
is at temperature v and the thickness of the metal is b 

vf 

we have only to add a term ^ x to the expression (4). 
This shows the effect of a steam-jacket as far as mere con­
ductivity is concerned. The steam-jacket diminishes the 
value of a also. Taking (4) as it stands, the result ought 
to be very carefully studied. At any point at the depth x 
there is a simple harmonic rise and fall of temperature every 
revolution of the engine ; but the range gets less and less as 
the depth is greater and greater. Note also that the changes 
lag more as wo go deeper. This is exactly the sort of 
thing observed in the buried thermometers at Craigleith 
Quarry, Edinburgh. The changes in temperature were 1st 
of 24 hours period, 2nd of 1 year period ; we give the 
yearly periodic changes, tho average results of eighteen 
years' observations. 

Depth in feet below surface 

3 feet 
G feet 

12 feet 
24 feet 

Yearly range of temperature Fahrenheit 
10'138 
12'296 
8432 
31572 

Time of highest temperature 

August 14 
\, 2G 

Wept. 17 
Nov. 7 

Observations at 24 feet below the surface at Calton Hill, 
Edinburgh, showed highest temperature on January 6th. 

Now let us from (4) find the rate at which heat is 

flowing through a square centimetre; that is, calculate — k . 
i — ' ctx 

for any instant; calling /\J '—= o. 

dv -,— = — aae' dx sin (2irnt — ax) — aae~aX cos (2ir>d — ax), 

where x = 0, that is, at the skin, it becomes when multiplied 
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by-k; (- h -j" ) = + kaa {sin lirnt + cos 2-rrnt} 
V CUV/ x = n 

= km V~2 sin (z-irnt + ̂ ) , by Art. 116. 
This is 4- for half a revolution when heat is flowing into 

the metal, and it is — for the other half revolution when heat 
is flowing out of the metal. Let us find how m u c h flows 
in ; it will he equal to the amount flowing out. I t is really 
the same as f!'r ' T 1 kaa V2 1 sin 2irut. dt = kaa\2 . - , where r = - , 

I2kws 

= U A / • 
V HIT 

That is, it is inversely proportional to the square root of 
the speed and is proportional to tho range of temperature. 

We have here a certain simple exact mathematical result; 
students must see in what way it can be applied in an 
engineering problem when the phenomena are very compli­
cated. We may take it as furnishing us with a roughly 
correct notion of what happens. That is, we may take it 
that the latent beat lost by steam in one operation is less 
with steam jacketing, and with drying of the skin; is pro­
portional to the range of temperature of the steam, to the 
surface exposed at cut off, and inversely proportional to the 
square root of the speed. Probably what would diminish it 
more than anything else, would be the admixture with the 
steam of some air, or an injection of flaming gas, or some 
vapour less readily condensed than steam. When we use 
many terms of a Fourier development instead of mei'cly 
one, we are led to the result that the heat lost in a steam 
cylinder in one stroke is 

^-e^ib + ^AHn, 
where 6X is the initial temperature and 63 the back pressure 
temperature, r the ratio of cut off, n the number of revolu­
tions per minute, A the area of the piston 6 and c constants 
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whose values depend upon the type of engine and the 
arrangements as to drainage and jacketing. 

271. Students will find it convenient to keep by them 
a good list of integrals. It is most important that they 
collect such a list for their own use, but we have always 
found that it gets mislaid unless bound up in some book of 
reference. We therefore print such a list here. Repetition 
was unavoidable. 

Fundamental cases : 

1. [ xm . dx = ~ -., x"'+1. 
J + 1 

2. j i . dx = log x. 

3. j ex . dx = tx. 

4. (ax . dx = ~ ax. 

J log a 
5. fees mx . dx = — sin ui.v. 

J m 

6. f sin mx . dx = — — cos nix. 

I in 

7. 

8. 

j cot x. dx = log (sin x). 

j tan . dx = — log (cos.%'). 

9. j tan x . sec x . dx = sec 

10. | sec" x. dx = tan x. 

11. cosec2 

J x . dx = — cot x. 
f dx 1 , 12. = - tanr t« . 

J cos2 ax a 
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ules and 
where 

13. I -C~— = — - cot ax. J s n r a x a 
, , [ dx . x 
14. - r - ^ - ~ = sin 1 - . 

.' VV - a;2 a 
[ d a ; 1 *• 15. „ = - t a n 1 - . 

J a? + x* a a 

.' a; Va;2 - a 2 « « 

17*. j" cosh ax . dx = - sinh ax. 

* l'rom 17 to 23 we have used the symbols (called Hyperbolic (dries, 
cosines &c.) 

sinh.i: = I Ux - e~x), and cosech x = -r—,— , 

- ' sinn x 
cosh -y — i, (ix-f-«-*), secli a: = — , 

- v ' o s h « 
, sinh x €- x - 1 1 

cosh;!; e-' + l tann.'c 
Also if y = sinh x, x = sink-1!/. 
It is easy to prove that 

sinh (a f b) = sinh a . cosh b + cosh a . sinh b, 
cosh (a + b) = cosh « cosh b + sinh n. sinh b, 
sinh (a - 1 ) — sinh « cosh b - cosh a sinh b, 
cosh (</ - b) = cosh a cosh & - sinh « sinh b, 

sinh 2a = 2 sinh a . cosh «, 
cosh 2<i = eosh2(t + sinh2 a = 2 cosh2 » - 1, 

= 2sinh2<i + l . 
If we assume that s/ - 1, or i as we call it, submits to algebraic ru 

-1, ('•'= -i, i 4 = 1, i 5 = i <fcc- we can write a + bi as r (cos ff + i sin 0) 
r-=« 2-( lr, and tan 0 -~ . It is easy to extract the nth root of a + bi: being 
i' "^cos^ + i sin j^), and by adding on 2TT to 0 as many times as we please, 
we get »th roots. 

We also find that f ' a = cosa + » sina, 
e =cos a -1 sin a. 

iiz = a + bi = r (cos 6 + i sin tt)~r. e'", 

log z=log )• + i$ =}, log («» + + 1 tan - 1 ^ . 
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18. I sinh ax. dx = - cosh ax. 
J a 

f 1 
19. | soch" ax . dx = - tanh a*. 

.' a 

20. f cosech2 aa;. rfx = — - coth cw. 

a 
f OC ' 

21. - • ' --- = s inh- 1 - = log [x + Va;2 +a2\. 
•' va- + x- a 

dx 

22. - - cosh- 1 - = log [x + Vx° - a2}. 
•' v x2 — a"- a 

f dx 1 , . x 1 , « + x 
23. = - tanh - 1 - = — log . 

a'- — x- a a za a — x 

Tliis is indeterminate because tan""1 ^ may have any number of times 2tr 
in it, and indeed tho indeterminatoness might have been expected as e =1 . 

Evidently cosh x = cos ix, 
sinh ,T = - i sin ix. 

sinh is usually pronounced shin, 
tanh is usually pronounced tank. 
Prove that if « = sinh _ 1x or x = 4 (e™ ~ c ")> 0 1 1 ly positive values of u being 

taken, then e"=.r + s/l + .-c'2, and therefore <t=sinli -1.r — log (.r+ N/l + x-2). 
Similarly cosh - lx —. log (« + sjx2 - I t , 

1 + .r tanh_1.r = lot: ; , - 1 - .!• 

sech -1.r = log ( - + . / - 1 ) , 

cosech -1 £ = log Q + ,y/~^ + 1^ 

Now compare 

I - .̂'1—- = sin -'.r, / — = sinh - ' .t = log (,r+ x/l + a;2). 
./ N/1-.T2 ./ S/1+.T2 

/ --' — = cosh-'.i: = log (.V + N
/.r" !.. 

./ N/.r" - 1 
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26. 

28. 

30. 

| V(FR — a?). dx = \x si a2 — x2 + \a? S I N - 1 - . 

27. I \'x" + a-. dx = \x \lx- + a- + \as log {.*• + \l x2 + a2\. 

jVx2 — a". dx = \x Vx2 — a? — .WR log {,* + v1 x2 — a2]. 

on I dx 1 . « 1 

29. | — _ - -- = sm 1 - or = - cos 
x vx2 — a 2 a x a I dx 1 j x 

J x \Ut2 + x2 a a + Va- + a:2 

31. - v « 2 + a.'8. dx = \'a2 + x2 - a log — — . 
X ~ ° X 

32. -\/x2-a2.dx=\?a:2 

• a- — a cos 
a 

x X 

. c?/. dou 

••. dx 
•• vx2 — a". 

r x. ax 
J v7 x2 — a2 ~~ 

35. jx \>'x2 + a2. = i vV fa2)3-

36. | .r V a ^ a : 2 . dx = - i \/(a2^a;2):i. 
37. f V 2 o . 7 ^ . = X ~ " >J<2ilx~a* + ~ 

.' 2 2 a 
38. [ < U A A - ' , 

i + 1 ) ^ - 1 Vit + 1 

a . ,x — a 
S I N " 

f dx
 _ 1 1 X ~ A 

" ' J (x^a.)(x-B) ~ a~^~8 °gx^B' 
„. f dx , x f dx — « 
2o. / - —-- = vers" 1 - , I — T . = = _ _ = - sin" 1 . 

.' V 2ax - a:2 0' J x \>'2ax - a 2 «• x 



dx _ _ fx + 1 
J (a; - I ) Vx2 - 1 ~ V *• - 1 ' 

[ /l+x } . ,, 
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j sin- 1 x . dx = x s i n - 1 x + 43. 

44. j x log x. dx = — (log x — I ) . 

45. j da; = ^ e n r â; - ^ . 

40. / arV* . dx = - xneax - - / a,-"-1^* . da;. 

Observe this first example of a formula of reduction to 
reduce n by successive steps. 

47. — da- = , - 7 ( - 4- ~ - da'. 
J a;"1 m— la;'" ! m — l j a"'" 1 

1 /" e"x
 7 — dx. x 

48. f eax log a;. da; = - eax log a; — - / 
J a aj 

f dx 1 + sin .•>• f /TT aA] 
50- is£=lo^(tim0-

30. 

40. 
/ 'V 

41. / \ J X - ~ h • = J(^+~aT(x~+b) 

+ (a - b) log (N/x + a + Jx+ b). 

42. j x"'-'(a+ bx")'i.dx. 

1st. I f pjq bo a positive integer, expand, multiply and 
integrate each term. 

2nd. Assume a + bx'1 =y'1, and if this fails, 
3rd. Assume ax~a + b = yq- This also may fail to give 

an easy answer. 
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51. 

7 ,. Ja — b tan r. 
= _ _ _ — tan 5

 ; if a>b, 

J a + 6 cos a; ^ / M 2 - ^ v/a + 6 

j ,/o - «tan + N/& + «, 

V » ! - a- /, , x i, — 

Jb —a tan- - J b + u j e'"x sil e''* (c sin ax - a cos aĵ ) 
a- + c2 

r e"* (c cos ax + a sin ax) 53. I e''* cos ax . dx = * 
j a- + c 
/" . , cos (K. s i n " - 1 « ?i — 1 |' • i 

54. sin" * . dx = + - " o : •cU-

dx cos x n — 2 f dx 
sin"x ~~~ (ii — 1) sin"" 1 x n-\ J s i n " " 2 x ' 

56. / e"x sin" to. dx = „ s i n " - 1 a> (a sin x — n cos x) 

J a 2 + n-
+ l S ^ U e ^ t n u ^ x . d x . 

a 2 + n- J 
/' . • , sin (m - « ) • ' ' m\(m+u)x 

o / . Mn wij;. sm vm;. rt.t = -—- — •—r— . 
./ 2(m-n) 2(m + ft) 

f , sin (in — n)x sin (in + n) x 58. cos mx. cos nx . dx = . - - + - , 7 — —•.- •• . 
J 2(m-n) 2 (111+n) 
[ . , cos (m + n)x cos (111—n) x 

;>'.). sm mx . cos nx . dx = — - - - „ -± f - . 

.' 2 (ot + n) 2 (m — n) 
(ill. I sin- «.c. dx = -J-* — v sin 2nx. 

J 4i/. 

61. j cos 2 //,/; . dx = sin 2»K; + \x. 
In integrating any of these products 57 to IU wc must recollect the 

following formulae: 2 sin mx . sin »* = cos (m - 11) x - cos (m + 11) x. 2 cos mx cos -hi = cos (111. ~ n)x + cos (m + ») ,r. 2 sin so; cos nx = sin (i« + «) .c + sin (»» - «) x. cos 2iw = 2 cos- nx 1 = 1-2 sin- ux. 
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64. sin2 nx. dx = ' T , \ cos2 nx. dx = ^ , if »» i« an Jo 2 Jn l 
integer. 

65. I sin ma;. cos nx. dx = 0. .' o 
66. / sin mx. cos na;. dx = 0 if m — n is even. o 

r77 va 

67. sin ma;. cos nx. dx = if m — n is odd. 
J o m2 — H2 

68. sin™1 a;. cos a;. dx = 

69. cos1" a:. sin x. dx = — 

sin" i + I x 

e o s M + 1 a: 

m + 1 
Hence any odd power of cos a' or sin a; may be integrated, 

because we may write it in the form (1 — sin2 a ) " cos x or 
(1 - cos2 x)H sin x, and if we develope wc have terms of the 
above shapes. Similarly sin* x. cos' x may bo integrated 
wdien either p or q is an odd integer. 

70. j of" sin x. dx = — xm cos a; + m J a;1" - 1 cos x . dx. 

71. j xm cos x . dx = xm sin x — m j xm~1 sin x . dx. 

„„ f sin x 7 1 sin a; 1 [cos x , 

^ f c o s a ; , 1 cos* 1 fsina.' 
1S- J x^ dX~~ ni-1 aJ^ ~ m^T] ^ 

74. Jtan» x.dx = - j(tan a ')"" 2 . dx. 

In the following examples 62 to 67, m and ?*aic supposed 
to be unequal integers. 

fw or 2T 

62. / sin ma;. sin nx. dx = 0. 
j o 
fir or 2ir 63. | cos mx. cos »a;. dx = 0. 
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76. \xn tan 1 x. dx = 

n + l n-f 1 J v ' l - a ; 2 ' 

a;'"+1 t a n - 1 « 1 j V l + 1 rfa; 
"«+ 1 »4• l j 1 + x" ' 

77. ; ; = - ; — t a n " 1 -. - , it 4 a c > 0 
Ja+bx+cx- V4ac-b- V4«c - 6 2 

1 . 2c*'-(- 6 — V62 — 4ac .,, . . 
= — log = , it 4ac < u 

wb- - 4r/c 2ca; + b + v 6 2 - 4«c 
2 

= — ^ r , if 4«c = fr2. 
I f Ar = a + bx + <%e2 and q = 4«c — b*. thou 

[dx 2cx + bf 1 3c \ be- [dx 

80. x. dx bx + 2a b f d. Ix 
X 2 qX q J X ' 

0 1 [dx 1 , a;2 b [ dx 
8 L J a S = 2 « l o - Z - 2 ^ j A -

Ja-A 2 a j ° a- o.« \2« o y J A 

0 „ i dx „ . . /x — a 
83. 7 = ^ = ^ = 2 stir 

84. 

\<//- f/l(//- a) ' V 6 -

cfe 2 . , /8~(a~+~bx) 
— ——•— = — s m \ / — 
V(«. + &a-)(a-/3a,-) V a£ + oa 

n 
dx 2 

i , %n+1 sin"1 o; 1 [xn+1 dx 
75. a," s in - 1 x .dx=-



87. 
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•Wa + bx 4- cx" 

= -JL-. log ^ c.« + | + Vc (a + bx + cx2)). 

f dx 1 . , 2cx— b 
88. , : -• .-in 1 , 

J v a + 6* — a*2 v c v 4ac + 62 

89. ( / ' + ' may be altered to V a f bx + cx'2 

g (b + 2cx) ^2pc—gb 1 
2c Va 4- bx + cx'2 2c \Ui+bx+ cx2' 

and so integrated. 
or, A • + i m *• fP+Q (ax+ (>)>'/'• 
90. An v integral or the form .-.—-f-> ,{-,- dx, where 

5 J lt + S(ax + b)"''' ' 
P, Q, R and # are rational integral functions of x, can be 
rationalized by the substitution of ax + b = vr. 

91. Any integral of the form [^—^-Q-^-JL.dx, where U is 
J b JR + S*JU 

a + bx + cx2, can be rationalized, (1) when b'2 — 4«c is positive 
and c negative, by the substitution = -—--— . 

(2) When b'2 — 4<<ic is positive and c positive by 

j/7Vi7 _ 2y 
Vfc2 - 4ac i - y2' 

(3) When b2 — 4>ac is negative and a positive by 

Vc VjT̂  _ 1 4- y'2 

*j4ac-b2~ 1 -y2' 
4c I f IT = a + bx + cx2, q = 4«c — b'2, S= — , q 

92 [_dx _2(1cx+b) 

. dx 2(2cx+b)^U 2S(n-l)( dx 
dd. I 7=== "TT; =X J>„ 4" f>V77 ( 2 n - l ) ( / L r " 2 n - l JUn-WU' 

dx 
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96. 
( 2 « + 6) Un 

U>WU.dx = -^{~-rT)J--

2M+1 (U'l.dx 

97. 

2 + VF ' 
xdx JU _ b f dx 

• da; 1 , ( J i f + J a b ) ... 
98. —p.: = - -T--- log r — + — t if a > 0, 

1 . ,/ bx+2a \ ., 
V — a \a? v 62 — 4ac/ 

= -— it a — 0. 

' da' \Zlf b [ do 
99. 

a;=V(7 ax 2W a;V<7 
IX 

272. The .solutions of many Physical Problems are given 
in terms of certain well-known definite integrals some of 
which have been tabulated. The study of these is beyond 
the scope of this book. I say a few words about T h e 
Gamma Function which is defined as 

f e~x,xn-1.dx = r(n) (1). 
Jo 

By parts, j e~x . xn . dx = — e~xxn + n je~x. a ' " - 1 . da;. 

Putting these between limits it is easy to prove that 
— e~xxn vanishes when x = 0 and x= oo . 

y.00 y. CO 
And therefore / e~xxH. dx = n \ e~x. a;"-1 .dx ...(2). 

Jo Jo 

[ (2cx + b) *JW{„ , 3 \ , 3 fda; 
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Hence r (n + 1) = n F (n) (3), 
so that if n is an integer 

r (n + 1) = 1. 2 . 3 . 4, &c. n = \n (4). 
Notice that j« has a meaning only when n is an integer, 

whereas T (n) is a function of any value of n. 
Tables of the values of F (n) have been calculated, wo need 

not here describe how. The proof that 

r(A) = \/7r (5), 
as given in most books, is very pretty. The result enables 
us through (3) to write out V ( f ) or T (— f) , &c. 

A very great number of useful definite integrals can be 
evaluated in terms of the Gamma Function. 

7T 7T 

Thus 1. ii sin" 6.d6= ("cos" 6 . d6 

J 0 
^ r ( » ± i ) + r g + i 

| xm~l (1 -x)"~l dx = \ >-rj xm+l dx _ F (m) F (n) 
(1 + x) m + " ~~ F (in + n) ' 

j v ^ d x = l r ^ ) = ^ . 

4. [ x'le~«xdx = a~<H+1> F{n + 1). 

X 

J 0 
IV" 7 F(n+l) 

l,,S[z) d x = (m + l)n+l' 

6. f'e r<u 
Jo 2a Vy 2a 

7. i £ yV-> (1 - y ) ' - 1 dy = F Q F (m) 2r ^ + 
r ( ^ i ) r ( » i J 

sin*' 0 cos' 6.d6=-^ 
2r(£±-* + i 

24 
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Tin : following notes are intended to be read in connection with the 
text on the page whose number appears before the note. The exact 
position on the page is indicated by a +. 

Page 3. The ordinary propositions in Geometry ought t o be 
illustrated by actual drawing. The best sign o f the health of our race 
is shown in this, that for two generations the average Brit ish hoy has 
been taught Euclid the mind destroying, and ho has not deteriorated. 
Euclid's proofs are seemingly logical; advanced students know that 
this i s only in appearance. Even if they were logical the Euclidian 
Philosophy ought only to be taught to men who have been Senior 
Wranglers. 95 per cent, of the schoolboys, wdioso lives it makes 
miserable, are as little capable of taking a n interest in abstract reason­
i n g as the other five per cent, arc of original thought. 

Page 43. There is a much more accurate method for finding ^-j-

desci'ibed in my book o n the Steam Engine. 

Page 48. This rule is not to bo used for values of x greater 
than 10. 

Page G3. I n Art. 39 I have given the flue investigations as usually 
given, but prefer the following method, for I have for some time had 
reason to believe that in a tube of section A, perimeter P, if IT lb. of 
gases flow per second, the loss of heat per second per unit area of tube 
is proportional to 

vB/t, 

i f t is the absolute ^temperature o f the gases and v the velocity o f the 
gases. Now v ec K t + A, s o t h a t the loss o f heat per second is pro­
portional to 

W6/A. 
Proceeding as before 

- M'.d6=C\V6.ilS',A, 

or -A\o%6 + c = CS, 
whore c and V are constants. As before, this leads t o 

c = J l o g f t , S = ~ l " g J . 
A 0 

Whole ,S'=^ log 1 , so that the efficiency becomes 
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Now if it is a tube of perimeter 2> and length I, 8,'A becomes PljA 
or l,'m where m is known as the hydraulic mean depth of the flue, so 
that 

#=l-e-«<«. 
This makes tire efficiency to bo independent of tho quantity of stuff 
flowing, and within reasonable limits I believe that this is true on the 
assumption of extremely good circulation on the water side. This 
notion, and experiments illustrating it, were published in 1874 by 
Prof. Osborne Reynolds before the Manchester Philosophical Society. 

Mr Stanton has recently (Phil. Traits. 1897) published experiments 
which show that we have in this a principle which ought to lead to 
remarkable reductions in the weights of boilers and surface condensers; 
using extremely rapid circulation and tine tubes. 

Page 95. It ought not to be necessary to say here that the 
compressive stress at any point in the section of a beam such as 

M . 

At AC, fig. 47, is -j z, if ; is the distance (say JJJ) of a point on the 
ciJmpressiou side of the neutral lino AA from the neutral line. Tho 
neutral line passes through the centre of the section. If z is negative 
the stress is a tensile stress. The greatest stresses occur where g is 
greatest. Beams of uniform strength are those in which the same 
greatest stress occurs in every section. 

Page 111. Mr George "Wilson (Proc. Koi/ul ,Soc, 1897) describes a 
method of solving the most general problems in continuous beams 
which is simpler than any other. Let there be supports at A, B, C, 1), E. 
(1) Imagine no supports except A and E, and find the deflections at 
B, 0 and J). Now assume only an upward load of any amount at 11, 
and find tho upward deflections at B, C, and J). Do the same for (J 
and D. These answers enable us to calculate the required upward 
leads at li, C and D which will just Wing these points to their proper 
levels. 

Page 139. For beginners this is the end of Chap. I. 

Page 140. Iu all cases then, 

dll= k.dt + t (~ptyir (23*). 
Exercise 1. By means of (23) express K, I, L, 1' and V in terms 

of k and write out the most general form of equation (3) in terms of I: 
Show that among many other interesting statements We have what 
Maxwell calls the four Thermodynamical relations, 

\dt) \dp)t' \d'4>Jv \dp)t' \dt) \di>)t' \d<j>)v \dv)$ 

Exercise 2. Prove that in fig. 55, 
Area ABCT) = AE. AF, = AU. AJ= A0. A2I= AQ. Alt, 

and show that these are the above four relations. 

21—2 
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Exercise 3. Show by vising (23) with (7), (8), (11) and (14) that for 
any substance 

'-*-<(£)(£).'--*(£). *- '(| 
and that (20) becomes 

M\ dip 

so that k=k,,+t 

where /[•„ is a function of temperature only. 
Dividing dll=K. dt-\-L. dp by t and stating that it is a complete 

differential, show that we are led to 

where A"0 is a function of temperature only. 

I'ai/e 153. Another way is merely to recognize (8) as being the 
same as 

&If=k.8t + l.8v, 

for l — t ()~jjj > a nd when a pound of .stuff of volume sx receives hU= L 
at constant temperature (or bt = 0) in increasing to the volume 
«j (so that 8e=si — sl) we have, since dp-dt is independent of r, 

Page 188. Sine functions of the time related to one another by 
linear operators such as a + bd + c$2+etc. + e6~i+f$~'i + otc, where 

8 means - - t are represented by and dealt with as vectors in the manner 
here described. Representing an electromotive force and a current in 
this way, the scalar product means Power. Dr Sumpner has shown 
(Proc. Roy. Soc, May 1897) that in many important practical problems 
more complicated kinds of periodic functions may be dealt with by the 
Vector Method. 

Page 190. The symbol tan" 1 means " an angle whose tangent is." 

Page 19.3. To understand how we devolope a given function in a 
Fourier Series, it is necessary to notice some of the results of Art. 109, 
very important for other reasons; indeed, I may say, all-important to 
electrical engineers. 

Page 195. Article 126 should be considered as displaced so as to 
come immediately before Art. 141, p. 210. 

Page 202. The problem of Art. 125 is here continued. 
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Page 208. The beginner is informed that 2 means "tho sum of all 
such terms as may be. written out, writing 1 for s, 2 for s, 3 for s, and 
so on." 

Pago 209. See Ex. 23, p. 184. 

Page 213. The student ought to alter from v to (' or to Q in (9) 
as an exercise. 

Page 213. See Art. 152. 

Page Ml. Remember that the effective value of asinOi^ + e) is 
a ~ \/2. 

Page 254. Here again a student needs a numerical Kxample. 
Page 256. After copper read " and their insulations.'" 
Page 259. Then 

(•j + e a=.E[sin + a)+sin (nt — »)] — -I' c o s u sin tit. 
(See Art. 10!).) 

Page 266. All other statements about this subject that I have seen 
tiro of infantine simplicity, but utterly wrong. 

Page 269. Insert "and in consequence." 
Page. 278. Til the same manner show that if 

dy 
y = a', -j- = ax log a. 

Page 281. See the eighth fundamental case, Art. 215. 
Page 299. See (1) Note to Art. 21. 
Page. 301. Article 225 .should be considered as displaced so as to 

precede Art. 222. 
Page 305. See Ex. 8, Art. 99. 

Page 309. Or (:i). 

Page 310. Art. 225 should be read before Art. 222. 
Page 331. I have taken an approximate law for /; and so greatly 

shortened the work. 

Page 359. Viscosity. All the fluid in one plane layer moves with 
the velocity »; the fluid in a parallel plane layer at the distance bx 
moves with the velocity e + br in the same direction; the tangential 

force per unit area necessary to maintain the motion is a~ or a f- . 
1 _ J r bx r dx' 

where fi is the viscosity. 
Example 1. A circular tube is filled with fluid, the velocity v at 

any point whose distance from the axis is r being parallel to the axis. 
Consider the equilibrium of the stuff contained between the cylindric 
spaces of radii r and r + br of unit length parallel to the axis. The 
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dv 
tangential force on the inner surface is Swru - r and on the outer 

° dr 
surface it is what this becomes when r is changed to r+Sr or 

Ztth ~ (i'-^J the difference of pressure between the ends gives us 
a force - iirr Sr if x is measured parallel to the axis. The mass of 

dx 
the stuff is 2irr. Sr.in if Sr is very small and if m is tho mass per unit 

dr 

volume; its acceleration is if t is time; and hence, equating force to 
mass x acceleration and dividing by 27r>8r, 

d / dv\ r dp _ r. m dv 

dr \ dr) p dx p dt ' 

dr) 

Example 2. Let — be constant; say that we have a change of 
dp P 

pressure P in the length I so that J^. — J- bet a state of steady flow 

have been reached so that ^ = 0, then 
at 

d _ ( r d v \ + r P = 0 

dr\dr) pi 

If r—^ be called tt and if P/la be called 2a, then + 2ar = 0, so that 
dr ar 

du + 2ar .dr — 0, or v. + ar2 — constant c. 
dv dv c 

r-dr+a^e, or ^ . + « r = - (I), 

dv + (^ctr-^ dr=0, 

c i'Jrh(>ri + h ^ = C (2). 

Evidently as there is no tangential force where r — 0, y = 0 there, 
c must be 0. Hence 

v + \afi = C (2). 
Now v = 0 where r = r0, tho outer radius of the fluid, and heuce 

(2) becomes v = \a. (sr0
2 —r 2). 

The volume of fluid per second passing any section is 

9. 2ir / °re. dr = j ar0* = wrJ-PISlu. 
J a 4 

This enables us to calculate the viscosity of a fluid passing through a 
cylindrical tube if we know the rate of flow for a given difference of 
pressure. 
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The References are to pages. 

Academic exercises, Chap. in. Acceleration, 24, 30, 188, 220 Adiabatic law, 92, 148, 107 Advance, 186 Air in furnaces, 65 Air turbine, 128 Alternating current formulae, 183—5, 18!), 200, 239 Alternator, 178 Alternators in parallel and series, 239 Amplitude, 172 Analogies in beam problems, 108 — in mechanical and electri­cal systems, 213 Angle between two straight lines, 16 Angular displacement, 33 Angular vibrations, 212 Apparent power, 209 Approximate calculations, 1 Arc, length of, 170 Archimedes, spiral of, 302 Area, centre of, 85 — of catenary, 171 — of curves, 69 — of parabola, 71 — of ring, 80 — of sine curve, 197 •— of surfaces of revolution, 75, 78 Asymptote, 301 Atmospheric pressure, 16(1 Attraction, 87, 344 Average value of product of sine functions, 185 Ayrton, 53, 19!) 
Ballistic effects, 181 

Basin, water in, 130 Beams, 48 — fixed at the ends, 100—108 — of uniform strength, 102 — shear stress in, 115 — standard cases, 97—99 Beats iu music, 194 Belt, slipping of, 105 Bending, 94—121 — in struts, 2G2 Bessels, 205, 352, 354 Bifllar suspension, 179 Binomial Theorem, 34 Boiler, heating surface, 03 Bramwell's valve gear, 193 Bridge, suspension, 01 
Calton Hill, 357 Cardioide, 302 Capacity of condensers, 102, 230, 240 Carnot cycle, 145, 152 Carnot's function, 115 Catenary, 62, 170 Central force, 344 Centre of gravity, 73, 85 Centrifugal force, 123 Centrifugal pump, 131 Chain, hanging, 61 Change of state, 150 — of variable, 339 Characteristic of dynamo, 290 Circle, 10 — moment of inertia of, 82 Circnitalion in electricity, 131 Cissoid, 302 Cisterns, maximum volume of, 49 
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The References are to pages. 

Clairaut's equation, 334 
Clearance in gas engines, 150 

— in pumps, 131 
Commutative law, '231 
Companion to cycloid, 301 
Complete differential, 143—145, 153 
Compound interest law, 101, 1G1 
Concavity, 306 
Conchoid, 302 
Condensation in steam cylinders, 

54, 153, 358 
Condenser, electric, 162, 212, 236 

— annulling self-induction, 
247 

— with induction coil, 257 
Conductivity of heat, 341, 354 
Conductors, network of, 237 
Cone, 73, 78 
Conjugate point, 301 
Connecting rod, 191 
Constraint, 179 
Continuous beams, 111 
Convexity, 306 
Cooling, Newton's law of, 163 
Co-ordinate geometry, 6 
Co-ordinates, r, $, (p, 'Ail 

— polar, 310, 342 
Cosines, development in, 207 
COS- ' J - , 277 
Cot"1 a, 277 
Cot.r, 275 
Coupling rod, 265 
G'raigleith quarry, 357 
Crank, 173 
Crank and connecting rod, 12, 191 
Curl, 134 
Current, effective, 200—202 

— electric, 33, 168, 189, 239 
Curvature, 96, 120, 169, 300 

— of beams, 90—121 
— of struts, 262 

Curves, 43 
•— area of, 09 
— lengths of, 77, 312 

Cusp, 301 
Cycloid, 12, 276, 302, 312 

— companion to, 301 
Cylinder, beat conduction in sides of 

steam-engine, 356 
— moment of inertia of, 82, 

85 
Cylinders, strength of thick, 88 
Cylindric body rotating, 90 

Damped vibrations, 10, 211, 225— 
228 

Definite integral, 68 
Deflection of beams, 96, 118 
Demoivre, 320 
Development, Fourier, 202 

— in cosines, 207 
Differential coefficient, 21, 28, 268 

— complete, 143, 153 
— equation, 220-225 
— equations, general exer­

cises on,337 
— equations, partial, 341, 

346—351 
— partial, 139 

Differentiation of function of more 
than one varia­
ble, 340 

— of product, 269 
— of quotient, 270 

Diffusivity for beat, 355 
Discharge of condenser, 150 
Displacement, angular, 33 
Distributive law, 231 
Drop in transformers, 255, 257 
Dynamics of a particle, 344 
Dynamo, series, 2.16 

dt? 
, 24 

^ • £ = 1 , 272 
tlx dy 

'hi 
d.c~ 

'III 
dz ' dx , 155, 271 

eax, 10 
eax sin bx, 10, 285 
e"x cos bx, 280 
Earth, attraction of, 87 
Earthquake recorder, 215 
Economy in electric conductors, 55, 

57—59 
— — lamps, 294 
— hydraulic mains, 58 

Eddy currents, 209 
Effective current, 200—202 
Efficiency of gas-engine, 150 

— of heat-engine, 41 
— of beating surface, 01 

Elasticity, 93, 141 
Electric alternator, 178 

— circuit, 33, 168, 178, 189, 
208, 212, 236, 239, 247 
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The Jieferenci Electric condenser, 162,236,240—215 — — and Ruhmkorf coil, 257 — — as shunt, 243, 246 •— conductor, 168 — - economy in, 55, 57—59 — current, effective, 200—202 illustration, alternating cur­rents, 199 — - lamps, economy in, 294 — make and break curve, 201, 205 — power meter, 209 — time constant of coil, 60,100 — traction, 59 — transformer, 33, 249, 253 — vibrations, 156,212,213,225 — voltage, effective, 202, 217 — voltaic cells, 51, 52 Electricity, partial differential equa­tions in, 349 — problems in, 33, 51, 52, 55, 57—59, 60, 134 — 130, 156, 157, 162,168, 178,182—180,189,195, 202,205,208—210,212, 225, 236, 239—201 — self-induction in, 135 Electrodynamometer, 200 Electromagnetic theory, fundamental laws of, 134 Electromotive force, 134 — — in moving coil, 178 Ellipse, 8, 10, 11, 83, 158, 276 Ellipsoid of revolution, 76 Elliptic functions, 339 — integrals, 339 Empirical formulae, 17 Energy, intrinsic, 143 — kinetic, 31, 180 — of moving body, 156 — potential, 180 — stored in compressed spriiv, 33 Engineer, 1 Entropy, 143, 152 Envelopes, 309 Epicycloid, 302 Epithelioid, 301 Equality of forces, 217 

cue to puyei. Equations, differential, 220—225 — partial differential, 341, 346—351 — solving, 51 Equiangular spiral, 186 Euler's law for struts, 205 Evanescent term, 109, 190, 208, 240 Exact differential equation, 339 Exercises, 38 — general, on differential equations, 33 7 — — on integration and differen­tiation, 279 — maxima and minima, 295 — on curves, 109, 311 on integration of sin x and cos x, 182 — on Maclaurin, 319 Expansion of functions, 317—320 — of gas, 17 Experiments, 7 Explosions, 48 E xponential and trigonometrical for­mulae, 177, 185, 190, 222, 320 — theorem, 101 
e", 161 
Factor, integrating, 328 Factorial fractions, 235 Factorials and gamma function, 309 Falling body, 21, 30 Peedwater missing in steam cylinder, 358 Ferranti effect, 247 Field, magnetic, about straight wire, 134 — — rotating, 195, 251 Flow, maximum, of gas, 128 — of gas, 54 — of liquid, hypothetical, 133 Fluid friction, 107 — motion, 125 — pressure, 121 — whirling, 123 — work done by, 00 Flywheel, 84 — stopped by friction, 107 Force, central, 344 — due to jet, 27 — — pressure of fluids, 121 — lines of, 124 
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are to pages. Force of blow, 20 — of gravity, 87 — unit of, 26 Forces on moving bodies, 180 Forms, indeterminate, 291) Formulae of reduction, 284, 280 Fourier development, 208 — exercises on, 315 — proof, 183, 184, 197, 201 — rule, 202, 204 — theorem, 195 Fractions, partial, 291 Frequency, 180 Friction at pivot, 94 — fluid, 167 — solid, 108 Frustrum of cone, 78 Fuel on voyage, 49 Function, 8 — average value of sine, 185 — Bessel, 352 — elliptic, 339 — gamma, 309 — hyperbolic, 172, 360 — of more than one variable, 137, 341 Fundamental integrals, 278 — rules on electricity, 134 Furnaces, air in, 65 

0, 26 Gamma functions, 235, 369 Gas, 38 — elasticity of, 94 — engine, 91 — — diagram, heat in, 272 — — formulae, 17, 91, 147, 150, 272 — flow of, 55, 127 — perfect, 130, 150 — work done by, 06, 72 Gauge notches, 133 Gaussage, 134 Gear, valve, 193 General ease of two coils, 219 — exercises in differential equa­tions, 337 — — in differentiation and integration, 279 — rule, 271 — — for differential equa­tions, 224 

The References General rule for operators, 237 Girders, continuous, 111 — sheat* stress in, 117 Glossary, 301,302 Gordon's rule for struts, 261 Gradient, temperature, 351 Graph exercises, 8—10 Graphical Fourier development, 204 — work in beams, 108 Gravity, 87 — motion of centre of, 230 Groves' problem, 257 Guldinus' theorems, 80 Guns, 90 
Hammer, 20 Hanging chain, 01 Harmonic functions, 172, 186 Harmonics, zonal, 205, 354 — — spherical, 349 Heat conductivity, 354 - — equations, 341, 347—352 - - equations, 138 - experiments fit Edinburgh, 357 - latent, 41, 43 — lost in steam cylinders, 356 — reception in gas-engine, 27'-— specific, 93, 141 Heating surface, 63 Hedgehog transformer, 244 Henrici, Professor, 205 Henry, 130 Hertz, 215 Horse-power and steam, 41 Hydraulic jet, 26 — press, strength of, 89 — transmission of power, 58 Hydraulics, 133 Hyperbola, 10, 11 Hyperbolic functions, 360 — spiral, 302 Hypoeycloid, 277, 302 Hypotrochoid, 302 Hysteresis, 209, 255 
Idle current in transformers, 213 Imaginaries, 185 Incandescent lamp, economy in, 298 Independent variables, change of, 338 — — more than one, 50,136, 154 
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The Reference* are to paye*. Law of cooling, Newton's, 163 — compound interest, 1B1 • - - distributive, 231 — of Entropy, 148, 152 - Euler's, for struts, 265 — of expansion of steam, 17 — of falling bodies, 21 - Index, 231 - of loss of heat in steam cylin­der, 356 — of p and t, 18 — of Thermodynamics, first, 142 —• — second, 140 — of vibratory systems, 225—230 Lead in branch electric circuit, 247 Leakage of condenser, 1C2 Legendre's equation, 350 Lemniscata, 302 Length of are, 170 - of curve, 77, 312 Level surface, 124 Limit, meaning of, 22 Line integral, 69, 134 Linear equations, 220, 326, 353 Link motions, 14, 193 Liquid, flow of, 130 List of Integrals, 359—369 Lituus, 302 Loci, 11 Logarithmic curve, 10, 302 — decrement, 11 — function, 40 — spiral, 302 Logarithms, 2, 101 Log x, '214 Imbrication of journal 
Maclaurin, 319 Magnet suspended, 179 Magnetic field about straight wire, 134, 195 — — rotating, 195, 251 — force, 134 leakage, drop dnc to, 257 Make and break curve, 201, 205 Mass, 26 — energy of moving, 157 — of body, variable, 76 — vibrating at end of spring, 150 Maxima and minima, 20 — — exercises on, 46, 47, 60, 294 

Indeterminate forms, 299, 300 — multipliers, 158 Index law, 231 Indicator diagram, 53, 67 — — gas-engine, yi, 272 — vibration, 215 Induction, 13(5 coil and condenser, 257 in transformers, 250 — mutual, 249 — self-, 33, 60 — self-, and capacity, 240 Inertia, moment of, 81 — of cylinder, HI, 85 of ellipse, 83 of flywheel, 84 — — of rectangle, 80 _ _ of rod, 84 Illustrations of meaning of differen­tiation, 37, 40, 42, 102, 176, 177 Inflexion, point of, 20, 301 Instruments, measuring, 1711 Integral, definite, 68 — double, G8 — line, 69 — surface, 69 Integrals, elliptic, 339 — list of, 359—309 Integrating factor, 144, 327 Integration, 23, 35 — by parts, 285 — exercises on, lsa — of fractions, 282 Interest law, compound, 161 Intersection of two straight lines, 16 Intrinsic energy, 113 Isothermal expansion, 92 
Joule's equivalent, 43 Journal, lubrication of, 231 
Kelvin, 1G1 Kinetic energy, 31 
Labour-saving rule, 237 Lag, 209 Latent heat, 15, 42 Lateral loads, struts with, 261 Lamp, incandescent, 298 Law, adiabatic, 118 — commutative, 231 — of flow of heat, l'eclet's, 63 
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The lleferences are to pages. Maximum current from voltaic cells, 52 — flow of air, 128 — parcel by post, 53 — volume of cistern, 49 — power from dynamo, 297 Measuring instruments, 179 Merchant and squared paper, f> Meter, electric power, 209 Minimum, 20 Modulus, 310 Moment of inertia, 80 Momentum, 20 Motion, 30, 157 — angular, 33, 212 — of fluids, 125 — of translation, 344 — in resisting medium, 314 Multipliers, indeterminate, 158 Mutual induction, 250 
Natural vibrations, 225, 220 Negative and positive slope, 19 Network of conductors, 237 Newton's law of cooling, 103 Normals, 15, 43, 1G9 Notches, gauge, 133 Numerical calculations, 2 
Octave, 192 Ohm's law, 33 
— — modified, 130, 10.S, ISO, 208, 230 Operation, symbols of, 231 Orifice, flow of gas through, 54 Oscillation, 123, 150, 190, 210, 21], 225—30 Otto cycle, 149 Parabola, 8, 11, 27, 31, 01, 71 Paraboloid of revolution, 74 Parallel motion, 13 — alternators in, 201 Parameter, 340 •— variable, 308 Partial differential equations, 341, 347—352 — differentiation, 39, 137, 155, 209, 341 — fractions, 224, 234, 291, 294 Particle, dynamics of, 344 Parts, integration by, 284 Peelet's law of flow of heat, 03 

Pendulum, 179 Percussion, point of, 123 Perfect gas, 38 — — thermodynamics of, 147 — steam-engine, 41 Periodic functions, 194, 203 — motions in two directions, 196 — time, 180 Perpendicular lines, equations to, 16 Pivot, friction at, 94 Point, conjugate, 301 — d'arret, 301 — of inflection, 301 — of osculation, 301 — moving in curved path, 342 Polar expressions, 342 Pound, unit of force, 20 Poundal, 26 PM(«?),350 Positive and negative slope, 19 Potential energy, 32 Power, apparent, 209 — electric, 208 — — transmission of, 58 — meter, electric, 209 — true, 209 Press, hydraulic, 90 Pressure, 136, 273 — atmospheric, 166 fluid, 121 Primary, transformed resistance of, 254 Product, differentiation of, 155, 269 Projectile, 310, 315 Pulley, slipping of belt on, 165 Pump rod, 164 
Quotient, differentiation of, 270 Radial valve gears, 14, 19;! Radian, 9 Radius of curvature, 109, 300 — of gyration, 82 Radius vector, 342 Rate of reception of heat, 92 Ratio of specific heats, 93, 139, 141 Ratios, trigonometrical, 182 Reduction, formulae of, 284, 286 Recorder, earthquake, 215 Rectangle, moment of inertia of, 86 Resistance, electric, 33 
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Secant x, 276 
Secolmi, 136 
Self-induction, annulled by con­

denser, 247 
—• — of parallel wires, 

135 
Series, alternators in, 257 

— development in, 207 
— dynamo, 296 

Shape of beams, 109 
Shear stress in beams, 115 
Shearing force in beams, 108 
Simple harmonic motion, 173 

— — — damped, 311 
Sin x, 9, 161, 274 
Sine curve, area of, 173 

— functions, 172 Hiues, curve of, 9, 173 
— development in, 207 

Singular solution, 334 
Slipping of belt, 165 
Slope of curve, 15, 19, 70 
Solution of forced vibration equa­

tions, 214 
— of linear differential equa­

tions, 229 
Sound, 94 
Specific heat, 139 

— heats, ratio of, 93, 141 
— volume of steam, 42 

Speed, 21 

is are to pages. 

Spherical Harmonics, 205, 349, 354 
Spin, 132 
Spiral flow of water, 130 

— hyperbolic, 302 
— of Archimedes (or equi­

angular), 302 
— line, 173 
— logarithmic, 302, 311 

Spring with mass, vibrating, 150 
Springs, 21, 32, 53 

— which bend, 119 
Square root of mean square, 200, 202 
Squared paper, 6, 7 
State, change of, 150 
Steady point, 219 
Steam, 41 

— work per pound of, 53 
— -engines, 41 
— -engine indicator, vibrations 

of, 215 
— — piston, motion of, 191 

Stiffness of beams, 48 
Straight line, 14 
Strains in rotating cylinder, 90 
Stream lines, 120 
Strength of beams, 48 

— of thick cylinders, 88 
— of thin cylinders, 91 

Struts, 261 
— with lateral loads, 264 

Subnormal, 44, 169 
Substitution, 279 
Subtangent, 44, 169, 305 
Successive integration, 335 
Sum, differentiation of a, 208 
Surface heating, 63 

— integral, 69 
— of revolution, 75, 78 
— level, 124 

Suspension, 179 
— bridge, 61 

Swinging bodies, 179, 182 
Symbols of operation, 233 

— — — simplification 
of, 237 

Synchronism, 215 

Table of Fundamental Forms, 278 
Tangents, 43, 158, 169 
Tanar, 275 
Tan- 1^, 277 
Taylor's theorem, 317 
Temperature, 136 

Eesistance, leakage, 163 
— operational, 236 

Eesistances in parallel, 245 
Besisting medium, motion in, 314 
Kesouance, 215 
Besultant of any periodic functions, 

197 
Kevolution, surfaces of, 78 

— volume of solids of, 75 
Bigid body, 61 

— — motion of, 217 
Bang, volume and area of, 80 
Eod, moment of inertia of, 85 
Boots of equations, 224, 321 
Botating field, 195, 251 
Kotation in fluids, 132 
Euhmkorff coil, 257 
Eule, 4 
r and 0 co-ordinates, 342 
r, 6, <p co-ordinates, 347 
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'Hie References Temperature, absolute, 145 — gradient, 354 •— in rocks, cfec., 357 Terminal velocity, 314 Theorem, Binomial, 34 Theorem of three moments, 111 — Guldinus', 80 — Demoivre's, 320 — Maclauvin's, 318 — Taylor's, 317 Thermodynamics, 42, 138, 153 Thomson, Professor James, 133 Three moments, 111 Tides, 194 Time constant of coil, 0), 100 t, ip diagram, 153 Torque, 33 Torsion, 179 Traction, electric, 59 Transformer, 33 Transformers, 252, 257 — condenser shunt, 243 — idle current of, 243 Triangle of forces, 01 Trigonometry, 2 Trigonometrio and Exponential Functions, 177, 185, 222, 234 Trigonometric Formulae, 182 Trisectrix, 302 Tuning-forks, 230 Turbine, air, 128 Two circuits, 249 

Uniform strength in beams, 102, 103 Uniformly accelerated motion, 29 Unreal quantities, 3, 177, 185, 222, 320 

are to pages. Valve gears, 14, 193 Variables, independent, 57, 130, 341 Variable mass of body, 70 parameter, 308 Velocity, 21, 30, 188 Vibration, 156, 190, 210, 212, 210, 225, 230, 238 (electrical), 156, 212, 213 — indicator, 217, 219 — of indicator, 215 Volcanoes, 172 Voltage in moving coil, 178 Voltaic cells, 51, 52 Volume of cone, 74 — of ellipsoid of revolution, 70 — of paraboloid of revolution, 74 — of ring, 80 — of solid of revolution, 70 Voyage, fuel consumed on, 49 
Water in steam cylinder, 358 Watt's parallel motion, 13 Wedmore, 205 Weight, 26 Whirling fluid, 123 Willans, 54 Work, 31—32 — in angular displacement, 3.3 — per pound of steam, 31, 53 — done by expanding fluid, 06, 

72 — — gases, 149 
x . e"*, 285 .T" 6—160 
Zonal Harmonics, 205, 349, 354 
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P S Y C H O L O G Y F O R T E A C H E R S , A Text-book for the Use of Teachers and Students in Normal Schools, Colleges, and Universities. With a Preface by Sir JOSHUA FITCH, LL.D. Third Edition. Crown 8vo.t cloth, 3s. Gd. "A book which all teachers should read One of the most interesting, helpful, and stimulating books for teachers which we have read for many a day."—Journal of Education. " Very interesting, and contains much that should be of practical value." —Nature. 
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A R N O L D ' S S C H O O L S E R I E S . 

T H E L O N D O N S C H O O L A T L A S . 

Edited by H . O. ARNOLD-FORSTER, M.P., Author of "The Citizen 
Reader," "This World of Ours," etc. A magnificent Atlas, including 
48 pages of Coloured Maps, several of them double-page, and Pictorial 
Diagrams. With an Introduction on the Construction and Reading of 
Maps by A . J . HERBERTSON, P H . D. 

Among the notable features of this Atlas are : (1) The Specimens of 
Ordnance Surveys and Admiralty Charts ; (2) the lucid Astronomical 
Diagrams; (3) the beautifully-coloured Physical Maps; (1) the careful 
selection of names without overcrowding ; (5) the constant presentation of 
uniform scales for comparison ; (6) a Historical Series of Maps illustrating 
the Building of the British Empire ; (7) an excellent Map of Palestine. 

The size of the Atlas is about 12 by 9 inches, and it is issued in the 
following editions: 

Stout paper wrapper, with cloth Cloth cut flush, 2s. Gd. 
strip at back, Is. 6d. Limp cloth, 3s. 

Paper boards, 2s. Cloth gilt, bevelled edges, 3s. Gd. 

A N I L L U S T R A T E D S C H O O L G E O G R A P H Y . 

By ANDRBW J . HERBERTSON, M . A . , F.R.G.S., Assistant Reader in 
Geography in Oxford University, and ALEXIS E. EKYE . With 
sixteen pages of Coloured Maps, about fifty Outline and Photographic 
Relief Maps, and nearly seven hundred magnificent Illustrations. 

Large 4to. (about 12 by 10 inches), 5s. 
This is the first attempt in this country to make the illustrations to the 

book as systematic and important as the text itself. 
SCHOOL BOARD CHRONICLE.—" Nothing finer in the shape of a modern schoolbook of geography has ever been published." 

A M A N U A L O P P H Y S I O G R A P H Y . 

By ANDREW HERBERTSON, Ph.D., F.R.G.S., Assistant Reader in 
Geography at the University of Oxford. Fully Illustrated. Cloth, 
4s. 6d. 

A HISTORICAL GEOGRAPHY. By the late Dr. MORRISON. New Edition, revised and largely re­
written by W. L. CARRIE, Head-Master at George Watson's College, 
Edinburgh. Crown 8vo,, cloth, 3a. 6d, 

THE SHILLING GEOGRAPHY. By the late Dr. MORRISON. New Edition, revised by W. L. CARRIE. 
Small crown 8vo., cloth, Is. 

LONDON : EDWARD ARNOLD, 37 BEDFORD STREET, STRAND 
( I ) 



ARNOLD'S S C H O O L S E R I E S . 

ARNOLD'S SCHOOL SHAKESPEARE. 
A series containing all the plays usually adopted for use in schools, care­

fully and thoroughly edited with a view to the requirements of young 
students. The introductions are lucid and practical; the notes explain all 
obscure passages and words ; there is an adequate biography of Shakespeare 
in each volume, and a set of Examination Questions on the Play is given 
at the end. Mr. J . CHURTON COLLINS, M.A., is the General Editor of 
the Series, assisted by Special Editors for the different plays. 

Price Is. 3d. each. 
Julius Csesar. By E. M. BUTLER, 

B.A., Assistant Master at Harrow 
School. 

Midsummer Night's Dream. By 
R. BRIM LEY JOHNSON, Editor of Jane 
Austen's Novels, etc. 

Ihe Merchant of Venice. By C . H. 
GTBSON, M. A., late Assistant Master at 
Merchant Taylors' School. 

The Tempest. By W. E. TJEWICK, Lecturer on Modern Languages in 
Durham University. 

Price Is. 6d. each. 
King Lear. By the Rev. D. C. Richard III. 

Macbeth. By R. F . CHOLMELEY, 
M.A., Assistant Master at St. Paul's 
School. 

Twelfth Night. By R. F . CHOLME-

LEY, M.A. 
As You Like It. By S. E. WINEOLT, 

B.A., Assistant Master at Christ's 
Hospital. 

TOVEY, M.A., late Assistant Master at 
Eton College. 

Richard II. By 0. H . GIBSON, M.A. 
Henry V. By S. E. WINBOLT , B. A. 

By F . P. BARNARD, M.A., late Headmaster of Reading 
School. 

King John. By F . P. BARNARD, M.A. 
Coriolanus. By R. F . CHOLMELEY, 

Hamlet. By W . HALL GRIFFIN , Professor of English Literature at 
Queen's College, London. 

ARNOLDS BRITISH CLASSICS FOR SCHOOLS. 
Issued under the General Editorship of J . CHURTON COLLINS, M.A. 

This aeries has been undertaken with the same objects as the series of 
plays in ArndcVs School Shakespeare, and the Introductions and Notes 
have been regulated by the same general principles. It is designed for 
the use of those who are encouraged to Btudy the great poets liberally— 
rather, that is to say, from a literary and historical point of view, than 
from the grammatical and philological side. At the same time, it will, 
we hope, be found to contain all the information required from junior 
students in an ordinary examination in English literature. 
Paradise Lost, Books I. and II. By 

J . SAROEAUNT, M.A., Assistant Muster 
at Westminster School. Cloth, Is. 3d. 

Paradise Lost, Books I I I . and IV. 
By J. SARGEAUNT, M.A. Is. 3d. 

Marmion. By G . TOWNSEND 
WARNER, M. A., Fellow of Jesus College, 
Cambridge, and Assistant Master at 
Harrow School. Cloth, Is. (id. 

Macaulay's Lays of Ancient Home. 
Assistant Master at Winchester College, 

The Lay of the Last Minstrel. By 
G. TOWNSKNO WARNER, M.A. Is. 3d. 

The Lady of the Lake. By J . 
MARSHALL, M.A., Rector of the Koyal 
High School, Edinburgh. Cloth, Is. Od. 

Childe Harold. By the Rev. E. C. 
EVRRARD OWEN, M.A., Assistant Master 
at Harrow School. Cloth, 2s. 

By R. L. A. Du PONTET, M.A., 
Cloth, Is. od. 

LONDON ; EDWARD ARNOLD, 37 BEDFORD STREET, STRAND 
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Arnold's School Series. 
SELECTIONS FROM THE POEMS OF TENNYSON. Edited, 

with Introduction and Notes, by the Rev. E. C. EVERARD OWEN, M.A., Assistant 
Master in Harrow School. Crown 8vo., cloth, is. (id. The selection is from poems 
published between 1832 and 1S55, and includes passages from "The Princess," 
" In Memoriam," and " Maud," as well as complete shorter poems. LATTREATA. A book of Poetry for the young. Selections from the 
best poets from Shakespeare to Kipling, with biographical notes on Authors 
Edited by RICHARD WILSON, B.A. 224 pages. Crown Svo., cloth, la. 6d. 

A BOOK OF SCOTTISH POETRY. Edited by M. B. SYNOE. 
The poems arc selected very carefully for children, from the best of tho Scottish poets. Cloth, Is. 

THE FABLES OF ORBILITJS. By A. T). GoniKY, M.A., Fellow 
of Magdalen College, Oxford. With numerous Illustrations. Crown Svo cloth, pd. 

L A T I N . 
VIRGIL— iENEID. Book I. The New Oxford Text, by special per­

mission of the University. Edited, with Introduction and Notes, by M. T. 
Tvnr.iM, M.A. Grown 8vo., eloth, Is. Gd. 

The publication by the University .if Oxford of the new Text of Virgil, 
edited by Mr. F. A. HIKTZKL, has been made the occasion of this new 
School Edition of Virgil, Mr. Tatham having been kindly allowed to make 
use of it. The Introduction contains a Life of Virgil and short Essays on 
the Language, Metre, and Subject of the "iEneid." The Notes are 
simple and scholarly, and the Vocabulary has been carefully compiled. 
A FIRST LATIN COURSE. Containing a Simple Grammar, Pro­gressive Exercises, Elementary Rules for Composition, and Vocabularies. By 

G. B. GARDINER, M.A , D.Sc, and A. GARDINER, M.A. viii+227 pages. Crown Svo., cloth, 2s. 

A Key, on Teachers' direct order only, 2s. net. A SECOND LATIN READER. With Notes and Vocabulary. By 
GEOUUE B. GARDINEII, M.A., D.St:., and ANDREW GARDINER, M.A. Crown Svo. 
cloth, Is. 6d. FORUM LATINUM. A First Latin Book. By E. VBBNON AHNOID, Litt.D., Professor of Latin at the University College of North Wales, and formerly Fellow of Trinity College, Cambridge. In three parts, le. 4d. each. Complete, 3s. 6d. OffiSAR'S GALLIC WAR. Books I. and II. Edited by T. W. 
HADDON, M.A,, Second Classical Master at the City of London School, and G. C. 
HARRISON, M.A., Assistant-Master of Fettes College. With Notes, Maps, PlanB, 
Illustrations, Helps for Composition, and Vocabulary. Cloth, Is. 6d. 

Books III.-V. Edited for the use of Schools by M. T. TATHAM, M.A. Uniform with 
Books I. and II. Crown 8vo., cloth., Is. 6d. 

Books VI. and VII. By M. T. TATHAM, M.A. Uniform with Books IIL-V. Is. 6d. 

A LATIN TRANSLATION PRIMER. With Grammatical Hints, 
Exercises and Vocabulary. By GEORGK B. GARDINER, Assistant-Maeter at the 
Edinburgh Academy, and ANDREW GARDINER, M.A. Crown 8vo., cloth, Is. 

LONDON : EDWARD ARNOLD, 37 BEDFORD STREET, STRAND. 
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Arnold's School Series 
G E R M A N . 

GERMAN WITHOUT TEARS. By Mrs. HUGH BELL. A version in German of the author's very popular " French Without Tears." With tho original illustrations. Crown 8vo., cloth, 
Part I., 9d. Part II., Is. Part III., Is. 3d. Miss WALKER, Clergy Daughters' School, Bristol.—" It pleases me greatly. I fully expect to find it a great favourite with the junior forms." 

THE HEAD TEACHER,—" Children who could not learn German from thia book would never learn it." LESSONS IN GERMAN. A graduated German Course, with Exercises and Vocabulary, by L . INNKS LUMSDEN, late Warden of University Hall, St. Andrews. Orown 8vo., 3s. 
EXERCISES IN GERMAN COMPOSITION. By RICHARD KAISKR, Teacher of Modern Languages in the High School of Glasgow. Including cave-fully graded Exercises, Idiomatic Phrases, and Vocabulary. Crown 8vo., cloth, Is. Od. KLEINES HATJSTHEATER. Fifteen little Plays in German for Children. By Mrs. HUGH BELL. Crown 8vo., cloth, 2s. 
GERMAN DRAMATIC SCENES. By 0. ABEL MDSOBAVB. With 

Notes and Vocabulary. Crown 8vo., cloth, 2s. Gd. 
F R E N C H . 

M0RCEAUX CH0ISIS. French Prose Extracts. Selected and Edited by ii. L. A. Du PONTET. M.A., Assistant Master in Winchester College. The extracts are classified under the following headings : Narrations, Descriptions, 
Genre Didai'tb/ne, Style Oratoirc, Biayru-phir, Sti/le Epwtolaire, Antcdotiquc) Corned i*. Explanatory Notes and Short Accounts of the Authors cited are given. Crown Svo., cloth, la. (.id. 

POESIES CHOISIES. Selected and Edited by R. L. A. Du 

PONTET, M.A. [In the Press. 

LES FRANCAIS EN MENAGE. By JETTA S. WOLFF. With Illustrations. Crown 8vo., cloth, Is. 6d. An entirely original book, teaching the ordinary conversation of family life in France by a series of bright and entertaining scenes. 
JOURNAL DF.H DKRATS.— " Voici tin elegant volume, qui rendra de v<<ri tables services mix Anglais uppeh'-s a sojourner en France." 
ATHENAEUM.—"This lively little volume, with its clever illustrations, will form a capital reading-book, especially for girls." 

LES FRANCAIS EN VOYAGE. By JETTA S. WOLFF. A com-panion volume to the preceding, giving n. lively account of travelling on the continent. The book is cast in conversational form, and introduces all the most useful phrases and expressions in idiomatic French. Cleverly Illustrated. Crown Svo., cloth, la. Od. 
FRENCH DRAMATIC SCENES. By C. ABEL MCSORAVB. With 

Notes and Vocabulary. Crown 8vo., cloth, 2s. 
LONDON : EDWARD ARNOLD, 37 BEDFORD STREET, STRAND. 
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Arnold's School Series. 
FRENCH. 

F R E N C H W I T H O U T T E A R S . A graduated Series of French Beading Books, carefully arranged to suit the requirements of quite young chil­dren beginning French. With Humorous Illustrations, Notes, and Vocabulary. By Mrs. HUGH BELL, author of " Le Petit Theatre Fran̂ ais." Crown Svo., cloth. Book I., 9d. Book II., Is. Book III., Is. 3d. 
A F I R S T F R E N C H C O U R S E . Complete, with Grammar, Exercises and Vocabulary. By JAMES BOIELLE, B.A. (Univ. Gall), Senior French Master at Dulwich College, etc. Crown 8vo., cloth, Is. 6d. 
A F I R S T F R E N C H R E A D E R . With Exercises for Re-translation. Edited by W. J . GBEENSTREET, M. A., Head Master of the Marling School, Stroud. Crown 8vo., cloth, Is. 
F R E N C H R E V O L U T I O N R E A D I N G S . Edited, with Notes, Introduction, Helps for Composition and Exercises. By A. JAMSON SMITH, M. A., Head Master of King Edward's School, Camp Hill, Birmingham; and C. M. Dir., M.A., Assistant Master at the Oratory School, Birmingham. Crown 8vo., cloth, 2s. 
M O D E R N F R E N C H R E A D I N G S . Sustained extracts from Dumas, Victor Hugo, Gautier, Guizot, etc. With Helps for Composition. Edited by A. 

JAMSON SMITH, M.A. Second Edition. Cloth, 3s. 
S I M P L E F R E N C H S T O R I E S . An entirely new series of easy texts, with Notes, Vocabulary,'and Table of Irregular Verbs, prepared under the General Editorship of Mr. L. VON GLEHN, Assistant Master at Merchant Taylors' School. About 80 pages in̂each volume. Limp cloth, Od. Un Drame dans les Airs. By JULES 

VERNE. Edited by I. G. LLOYD-JONES, B.A., Assistant Master at Cheltenham College. 
Monsieur le Vent et Madame la Pluie. By PAUL DE MUSSET. Edited hy Miss LEAKY, Assistant Mistress at the Girls' High School, Sheffield. Pif-Paf. By EDOUAED LABOULAYE. EditodbyW. M . P O O L K . M . A . , Assistant , Poucinet, and two other tales. By Master at Merchant Taylors' School. | EDOUARD LABOULAYE. Edited by W. M. 

"aster at Mer-
[/n the Press. 

La Petite Souris Grise; and Histoire j f̂tĴ ŜSj1* Master at Mer' de Rosette. By MADAME DE SEGUR, Edited by BLANCHE DALY COCKING. TJn Anniversaire a Londres, and two other stories. By P. J. STAHL. Edited by C. E. B. HEWITT, M.A., Assistant Master at Marlborough College. 
La Fee Grignotte; and La Cuisine au Salon. From Le Theatre do Jou-nesse. Edited by L. VON GLEHN. 

[In preparation. 
The following volumes are all carefully prepared and annotated by such well-known editors as Messrs. F. TARVER, J . BO'IELLE, etc., and will be found thoroughly adapted for school use. 

J U L E S V E R N E — V O Y A G E A U C E N T R E D E L A T E R R E . 3s. 
A L E X A N D R E D U M A S - L E M A S Q U E D E F E R . 3s. 
A L E X A N D R E D U M A S — V I N G T A N S A P R E S . 3s. 
F R E N C H R E V O L U T I O N R E A D I N G S . 3s. 
M O D E R N F R E N C H R E A D I N G S . 3s. 
P. J . S T A H L — M A R O U S S I A . 2s. 
E M I L E R I C H E B O U R G - L E M I L L I O N D U P E R E R A C L O T . 2s. 
H . de B A L Z A C — U N E T E N E B R E U S E A F F A I R E . 2s. 
V I C T O R H U G O - Q U A T R E - V I N G T T R E I Z E . 3s. 
A L E X A N D R E D U M A S — M O N T E C R I S T O . 3s. 
A L E X A N D R E D U M A S — L E S T R O I S M O U S Q U E T A I R E S . 

3s. 6d. 
H E N R I G R E V I L L E — P E R D U E . 3s. 
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Arnold's School Series. MATHEMATICS. 
The Elements of Euclid, Books I.—VI. By E. LACHLAN, SO.D., formerly Fellow of Trinity College, Cambridge. With alternative Proofs, Notes, Exercises, all the Standard Theorems, and a large collection of Riders and Problems. 500 pages. Crown 8vo., cloth, 4s. 6d-THE FOLLOWING EDITIONS ARE NOW READY. Book I. 145 pages, Is. I Books I.—IV. 346 pages, Ss. Books I. and II. 180 pages, Is. fid. Books III. and IV. 104 pages, 2s. Books I.—III. 304 pages, 2s. od. I Books I.—VI. 500 pages. 4s. Bd. Books IV.—VI. 2s. Od. A First Geometry Book. A Simple Course of Exercises based on Experiment and Discovery, introductory to the study of Geometry. By J. G. HAMILTON, B.A., Lecturer on Geometry at the Froebel Educational Institute; and F. KETTLE, B. A., Head Master of Clapham High School for Boys. Crown 8vo., fully illustrated, cloth, Is. Answers (for Teachers only), 6d. Algebra. Part I., " The Elements of Algebra," including Quadratic Equations and Fractions. By B. LAOHLAN, SO.D., formerly Fellow of Trinity College, Cambridge. Crown 8vo., cloth, with or without Answers, 2s. 6d. Answers separately, Is. The Mercantile Arithmetic. A Text-Book of Principles, Practice, and Time-Saving Processes. By RIOHABD WORMELL, D.So., M.A., late Head Master of the Central Foundation Schools of London. Part I. Cloth, 2s. I Parts I. and II. together. Ss. fid. Part II. Cloth, 2s. I Complete with Answers. 4s. Answers only. Is. 
An Elementary Treatise on Practical Mathematics. By JOHN 

GRAHAM, B . A., Demonstrator of Mechanical Engineering and Applied Mathematics in the Technical College, Finsbury. Crown 8vo., cloth, Ss. 6d. 
The Calculus for Engineers. By JOHN PERRY, M.E., D.Sc, F.R.S., Professor of Mechanics and Mathematics in the Royal College of Science, Vice-President of the Physical Society, Vice-President of the Institution of Electrical Engineers, etc. Fourth Edition. Crown 8v6., cloth, 7s. 6d. An Elementary Text-Book of Mechanics. By R. WORMELL, D.So., M.A. With 90 Illustrations. Crown 8vo., cloth, 3s. 6d. Specially adapted for the London Matriculation, Science and Art Department, College of Preceptors, and other Examinations. 

*»* Solutions to Problems for Teachers and Private Students, Zs. 6d. Traverse Tables. With an Introductory Chapter on Co ordinate Sur­veying. By HENRY LOUIS, M.A., Professor of Mining and Lecturer on Surveying, Durham College of Science ; and G . W. CAUNT, M. A . , Lecturer in Mathematics at the same College. Demy Svo., limp cloth, 4s. 6d. net. LONDON : EDWARD ARNOLD, 87 BEDFORD STREET, STRAND. 
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ARNOLD'S S C H O O L S E R I E S . 

S C I E N C E . 

The Elements of Inorganic Chemistry. For use in 
Schools and Colleges. By W. A. SHKNSTONE, F.R.S., Lecturer in 
Chemistry at Clifton College. With nearly 150 Illustrations and a 
Coloured Table of Spectra, xii + 506 pages. Crown 8vo., cloth, 4s. 6d. 

Laboratory Companion for Use with Shenstone's 
Chemistry. Cloth, is. 6d. 

Magnetism and Electricity. By J . PALEY YORKE, of the 
Northern Polytechnic Institute, Holloway. Crown 8vo., cloth, 3s. 6d. 

A First Year's Course of Experimental Work in 
Chemistry. By E. H. COOK, D.SO., F.I.C., Principal of the Clifton 
Laboratory, Bristol. Crown 8vo., cloth, Is. 6d, 

Elementary Natural Philosophy. By ALFRED EARL, 

M.A., Senior Science Master at Tonbridge School. Crown 8vo., 4s.6d. 

Physical Chemistry for Beginners. By Dr. VAN 
DEVENTEB. Translated by Dr. R. A. LEHFELDT, Professor of Physics 
at the East London Technical College. 2s. 6d. 

The Standard Course of Elementary Chemistry. By 
E. J . Cox, F.C.S., Head Master of the Technical School, Birmingham. 
In Five Parts, issued separately, bound in cloth and illustrated. Parts 
I.-IV., 7d. each ; Part V., Is. The complete work in one vol., crown 
8vo., 3s. 

Lectures on Sound, Light, and Heat. By RICHARD 
WOBMELL , D.So., M.A., Head Master of the Central Foundation 
Schools of London. New Edition. Each volume, crown 8vo., Is. 

A Text-Book of Physical Chemistry. By Dr. E. A. 
LEHFELDT, Professor of Physics at the East London Technical College. 
With 40 Illustrations. Crown 8vo., cloth, 7s. 6d. 

Chemistry for Agricultural Students. ByT. S. DYMOND, 
F.I.C., Lecturer in the County Technical Laboratories, Chelmsford. 
With a Preface by Professor MELDOLA, F.R.S. Crown 8vo., cloth, 
2s. 6d. 

Steam Boilers. By GEORGE HALLIDAY, late Demonstrator 
at the Finsbury Technical College. With numerous Diagrams and 
Illustrations. 400 pages. Crown 8vo., 5s. 

Electrical Traction. By ERNEST WILSON, Wh. Sc., M . I .E .E. , 
Professor of Electrical Engineering at King's College, London. With numerous Diagrams and Illustrations. Crown 8vo., 5s. A Manual of Human Physiology. By LEONARD HILL, M.D., F.R.S., Lecturer in Physiology at the London Hospital Medical College, xii + 484 pages. With 173 Illustrations. Crown 8vo., cloth, 6s LONDON : EDWARD ARNOLD, 37 BEDFORD STREET, STRAND. 
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ARNOLD'S S C H O O L S E R I E S . 

HISTORY. 
A H i s t o r y o f E n g l a n d . By C. W. OMAN, M.A., Fellow of 

All Souls' College, Oxford. Fully furnished with Maps, Plans of the 
Principal Battlefields, andGenealogic.il Tables. 760 pages. Revised 
Edition. Crown 8 vo., cloth, 5s. 

SPECIAL EDITIONS. 
In Two Parts, 3s, each : Part I., from the Earliest Times to 1603 ; 

Part II.. from 1603 to 1885. 
In Three Divisions : Division I., to 1307, 2s. ; Division II . , 1307 

to 1688, 2s.; Division III. , 1688 to 1SS5, 2s. 6d. 
%* In ordering please state the period required, to aeoid coufusion, 

GOAHDIAN.—" This is tlie nearest approach to the ideal .School History of England 
•winch has yet been written. It is of reasonable length. A just proportion between 
the several periods is carefully observed. Every page bears the stamp of the practised 
historian and the practised teacher. Unmistakable marks of the historical insight 
and the historical judgment which appertain only to the aristocracy oi historians are 
everywhere visible ; but the special characteristic which to our mind raises Mr. Oman's 
work distinctly above previous efforts in the same direction is the gift which Matthew 
Arnold use to call 'lucidity.' Every sentence rings out clear and sound as a bell, 
without any of tliafc affectation of childishness which was once so common, without 
any of the heavy dulness usually so painfully prevalent." 
A S y n o p s i s o f E n g l i s h H i s t o r y . By C. H. EASTWOOD, 

Head Master of Redheugh Board School, Gateshead. 
This useful little book is based upon Mr. Oman's " History of 

England," but can be used with any other text-book. It is designed 
upon an original plan, and will be found a valuable help in the study 
of history. [Heady shoitly. 

E n g l a n d in t h e N i n e t e e n t h C e n t u r y . By 0. W. OMAN, 
M.A., Author of " A History of England," etc. With Maps and 
Appendices. One vol., crown Svo., 3s. 6d. 

MORNING POST.—" Oue finds clearness of statement, .simplicity of style, genera 
soundness of historical judgment, impartiality, as well as a notable spirit of patriotism, 
which loves to dwell on the greatness and glory of our Empire at home and abroad." 
E n g l i s h H i s t o r y f o r B o y s a n d Gir ls . By E . S . SYMES, 

Author of " The Story of Lancashire," " The Story of London," etc. 
With numerous Illustrations. One vol., 2s. 6d. 

L e s s o n s i n Old T e s t a m e n t H i s t o r y . By the Venerable 
A. S. AOLE>", Archdeacon of St. Andrews, formerly Assistant Master at 
Marlborough College. 450 pages, with Maps. Crown Svo., cloth, 4s. 6d. 

An entirely new Textbook of Old Testament History, so arranged 
that it may be used together with the Bible, or as a manual by itself. 
A reference at the head of each lesson directs attention to the chapters 
of the Bible which are covered by its contents, and may be most profit­
ably read in connection with it. 

The TlixHoe or WflNunEsTEK writes : " I am struck with the combination of courage, 
reverence, and ability which Archdeacon Aglen has shown in carrying out the prin­
ciples laid down in his Preface." 
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