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GENERAL PREFACE

During the active life of the Guggenheim Fund for the Promotion
of Aeronautics, provision was made for the preparation of a series of
monographs on the general subject of Aerodynamic Theory. It was
recognized that in its highly specialized form, as developed during the
past twenty-five years, there was nowhere to be found a fairly comprehen-
sive exposition of this theory, both general and in its more important
applications to the problems of aeronautic design. The preparation and
publication of a series of monographs on the various phases of this
subject seemed, therefore, a timely undertaking, representing, as it is
intended to do, a general review of progress during the past quarter
century, and thus covering substantially the period since flight in heavier
than air machines became an assured fact.

Such a present taking of stock should also be of value and of interest
as furnishing a point of departure from which progress during coming
decades may be measured.

But the chief purpose held in view in this project has been to provide
for the student and for the aeronautic designer a reasonably adequate
presentation of background theory. No attempt has been made to cover
the domains of design itself or of construction. Important as these
are, they lie quite aside from the purpose of the present work.

In order the better to suit the work to this main purpose, the first
volume is largely taken up with material dealing with special mathe-
matical topics and with fluid mechanics. The purpose of this material
is to furnish, close at hand, brief treatments of special mathematical
topics which, as a rule, are not usually included in the curricula of
engineering and technical courses and thus to furnish to the reader,
at least some elementary notions of various mathematical methods and
resources, of which much use is made in the development of aerodynamic
theory. The same material should also be acceptable to many who from
long disuse may have lost facility in such methods and who may thus,
close at hand, find the means of refreshing the memory regarding these
various matters.

The treatment of the subject of Fluid Mechanics has been deve-
loped in relatively extended form since the texts usually available to
the technical student are lacking in the developments more especially
of interest to the student of aerodynamic theory. The more elementary
treatment by the General Editor is intended to be read easily by the
average technical graduate with some help from the topics comprised
in Division A. The more advanced treatment by Dr. Munk will call
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for some familiarity with space vector analysis and with more advanced
mathematical methods, but will commend itself to more advanced
students by the elegance of such methods and by the generality and
importance of the results reached through this generalized three-dimen-
sional treatment.

In order to place in its proper setting this entire development during
the past quarter century, a historical sketch has been prepared by Pro-
fessor Giacomelli whose careful and extended researches have resulted in
a historical document which will especially interest and commend itself
to the study of all those who are interested in the story of the gradual
evolution of the ideas which have finally culminated in the developments
which furnish the main material for the present work.

The remaining volumes of the work are intended to include the
general subjects of: The aerodynamics of perfect fluids; The modi-
fications due to viscosity and compressibility ; Experiment and research,
equipment and methods; Applied airfoil theory with analysis and dis-
cussion of the most important experimental results; The non-lifting
system of the airplane; The air propeller; Influence of the propeller
on the remainder of the structure; The dynamics of the airplane; Per-
formance, prediction and analysis; General view of airplane as com-
prising four interacting and related systems; Airships, aerodynamics
and performance; Hydrodynamics of boats and floats; and the Aero-
dynamics of cooling.

Individual reference will be made to these various divisions of the
work, each in its place, and they need not, therefore, be referred to in
detail at this point.

Certain general features of the work editorially may be noted as
follows:

1. Symbols. No attempt has been made to maintain, in the treatment
of the various Divisions and topics, an absolutely uniform system of
notation. This was found to be quite impracticable.

Notation, to a large extent, is peculiar to the special subject under
treatment and must be adjusted thereto. Furthermore, beyond a few
symbols, there is no generally accepted system of notation even in any
one country. For the few important items covered by the recommen-
dations of the National Advisory Committee for Aeronautics, symbols
have been employed accordingly. Otherwise, each author has developed
his system of symbols in accordance with his peculiar needs.

At the head of each Division, however, will be found a table giving
the most frequently employed symbols with their meaning. Symbols
in general are explained or defined when first introduced.

2. General Plan of Construction. The work as a whole is made up
of Diwvisions, each one dealing with a special topic or phase of the general
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subject. These are designated by letters of the alphabet in accordance
with the table on a following page.

The Divisions are then divided into chapters and the chapters into
sections and occasionally subsections. The Chapters are designated by
Roman numerals and the Sections by numbers in bold face.

The Chapter is made the unit for the numbering of sections and the
section for the numbering of equations. The latter are given a double
number in parenthesis, thus (13.6) of which the number at the left of
the point designates the section and that on the right the serial number
of the equation in that section.

Each page carries at the top, the chapter and section numbers.

W. F. Durand

Stanford University, California
January, 1934.
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de%)a:y %)ublication, the General Editor has undertaken to prepare a brief treatment of the
subject.
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NOTATION

The following table comprises a list of the principal notations employed in
the present Volume. Notations not listed are either so well understood as to
render mention unnecessary, or are only rarely employed and are explained as
introduced. Where occasionally a symbol is employed with more than one meaning,
the local context will make the significance clear.

DIVISION J

X, Y Axes, usually longitudinal and transverse
Coordinates along axes of X and Y
Half span of airfoil or wing

Chord of airfoil

Height of camber, II 2

Length

Surface or area in general

Angle of incidence

Special angle in connection with Joukowski sections, II 4
Inclination of oblique motion, Ivi1
Angle of decalage, IIT 10

Angle of a circular are, II 2
Angle of dihedral

Velocity in general

Axial velocity, v 2

Lateral velocity, Iv 2

Induced or downwash velocity
Angular velocity of roll

Angular velocity of yaw

Circulation

Drag

Induced drag

Residual drag

Lift

Moment

Rolling moment

Lateral force, v 3

Force

Pressure

Dynamic pressure = (1/2) o V2

w Weight

Density

Kinematic viscosity

Drag coefficient

Cy Coefficient of friction

Cr, Lift coefficient

Cro Lift coefficient for o« = 0

Cp, Coefficient of residual drag
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XIV NOTATION

Cu Moment coefficient

Cuo Moment coefficient referred to focus of lift parabola, II §
Cuq Coefficient of rolling moment

Csx Coefficient of lateral force, IV 3

& Lift-drag ratio, II1 4

*x Special coefficient, II 3, II1 2, V 10

& Used for 2 /e, IT 1 also y/b II1 &

DIVISION K

-
N

Axes of reference

Distance along axis of Y, in general along span of wing
Span of wing

Length in general

Radius

Maximum cross section or area in general
Angle of incidence

Special angle

Velocity in general

Induced velocity

Circulation, vorticity
Potential

Drag

Lift

Dynamic pressure = (1/2) ¢ V2
Drag coefficient

Lift coefficient

Coefficient of friction

M Moment coefficient

Kr,Kp, Ky Special coefficients

n Normal to a surface or line
Kinematic viscosity

Density

l\')t&bq
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DIVISION L

Radial coordinate = r/R

Used for ratio 2r/V

Area of wind tunnel section

Chord

Diameter of propeller

Pitch of propeller

Radial distance

Gap between vortex sheets, VII 4

Disc area of propeller

Sectional area of wake

Angle of incidence

tan™* (Cp/CL)

Angle of inclination of W to plane of rotation
Blade angle, usually reckoned from plane of rotation
Axial velocity through propeller disc

Axial velocity in ultimate wake

Velocity outside of wake
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NOTATION

Radial component of velocity
Tangential velocity, VI3

Total induced velocity

Velocity of blade element relative to fluid
Forward speed of aircraft

VinD

Angular velocity of propeller
Induced angular velocity
Circulation about blade

Pressure

Pressure added at airscrew

Total pressure head of original stream
Kinematic energy

Thrust

Torque (moment)

Power

Lift

Drag

Aspect ratio

Drag coefficient

Thrust coefficient

Torque coefficient

Power coefficient

Special thrust coefficient

Special torque coefficient

Special thrust coefficient, IX
Special drag coefficient, XII 3
Normal force coefficient

Mean value of Cp/2

Efficiency

Axial interference factor
Rotational interference factor
Axial slipstream factor

“Solidity” of airscrew = S/m R?, also Bc/2nr
Number of blades

Special ratio, VII 1

“Speed ratio” V -+ QR

Number of revolutions per second
Special parameter, X

Special parameters, IX

Special parameter, IIT 2
Special factors, VIII (3.6)
Special factors, VIII (5.7), (5.8)
Special factors, XII 4

Special factors, VIII (5.6)
Special factor, IX (2.9)

Special factor, VI (4.3)
Corrective factor for transforming Cp to infinite aspect ratio
Used for »/2 R

Special factor, IX (2.9)
Corrective factor for transforming o to infinite aspect ratio,
Special factor, VI (6.15)
Kinematic coefficient of viscosity
Density

XV



XVI NOTATION

DIVISION M
A As prefix implies change due to influence of propeller
0 As subscript usually implies absence of influence of propeller
%, Y, 2 Rectangular coordinates for axes X, Y, Z
z, r, 0 Cylindrical coordinates
0, P Special radial coordinates, 15
[ Special rectangular coordinates II 5
¢ Used for a complex number or coordinate
t Special complex coordinate I 5
b Half span of wing
¢ Chord of wing
D Diameter, also drag
n Distance along a normal
R Radius of propeller
R, Radius of slipstream boundary
N Surface or area in general, also velocity factor
o Geometrical angle of attack
e Effective angle of attack
o Induced angle of attack, 113
y Special variable angle, Ir1
V Velocity of undisturbed flow
Vi Local velocity, I12
Vs Vyy Vg Components of disturbance velocities due to propeller
U, U, W Components of disturbance velocities due to causes other than the
propeller
Vg, by Vp Components of disturbance velocities in cylindrical coordinates
Q Angular velocity
I Circulation
D, Potential
L Lift
D Drag, also diameter
Dy Induced drag
M Pitching moment
T, Q Thrust and torque of propeller
P Pressure
q Dynamic head = (1/2) o V2
X Force per unit volume along axis of X
a Axial inflow velocity factor
a’ Angular inflow velocity factor
tys bp» 0, Coefficients in Fourier series

a, b, ¢, d, e, f Factors, I 21, 22, also parts of the flow I, 14
C,, Cy Factors in the expression for lift coefficient, I12
Cr, Cp, Cpr Coefficients of lift, drag and pitching moment

Cop, kg Thrust coefficients

Cg, ko Torque coefficients

s, 8 Velocity factors, I(2.1)

2 Special coefticient, II (5.8)
n Revolutions per second

0 Density, also radial coordinate



DIVISION J
APPLIED AIRFOIL THEORY

By

A. Betz,
Gottingen

EDITOR’S PREFACE

Basic aerodynamic theory, as developed in Volume II, Division E
of this series, furnishes the broad foundation for further advance in
aeronautics, and in its applications to the practical problems of safe
and economic air-transport. However, between the development of a
broad and general body of theory and its application to the needs of
aeronautic industry, there lies a very considerable domain which may
properly be called “Applied Aerodynamics” and which must be con-
cerned largely with experimental tests, full scale and model, guided on
the one hand by basic theory and on the other by the continuing accumul-
ation of the results of such experimental work.

The present Division is concerned with this middle ground between
theory and practice. In Chapter I general properties of the wing are
considered with special reference to the characteristics of lift, drag and
moment, maximum lift and methods of increasing the same, distribution
of pressure over the profile, and control of such distribution through
suitable choice of profile forms.

In Chapter II the properties of profiles of various forms are discussed
in detail with the results of numerous experimental observations on
representative profile forms.

In Chapter III, Part A, the single wing or monoplane is considered
with reference to the several variables which may affect its performance,
and including the effects of slots, gaps, and other secondary features.

In Part B combinations of wings or of wings and control surfaces
(fins, stabilizers, rudders, elevators) are considered with reference to their
mutual reaction, stability of combination and other features of signi-
ficance in their practical use. Consideration of the biplane, as a particular
form of such combinations, naturally finds its place under this heading.

In Chapter IV consideration is given to various phenomena in con-
nection with actual flight, divided under the two major types of unsym-
metrical motion, side-slip and rotation. These phenomena, and including

Aerodynamic Theory IV 1
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pitching, rolling, yawing, spins and autorotation, are discussed with
reference to the basic characteristics due to which they may arise,
together with their mutual interactions, one upon another, all as related
to stability and safety in flight.

Included with the considerable amount of experimental data pre-
sented in the text will be found references to several extended series of
experimental observations on wing profiles and on other aspects of the
problems here considered. These references, together with the results
here presented, will furnish to the interested reader a broad domain of
experimental data as a source of information regarding practical problems
with which he may be concerned.

The work of translating this Division from the German has been
carried out chiefly by Dr. Louis Rosenhead, Professor of Applied
Mathematics at the University of Liverpool and Fellow of St. John’s
College, Cambridge, to whom special acknowledgments are here made
for this valuable assistance.

W. F. Durand.

INTRODUCTION

" In application to practice, airfoil theory must be able to solve for
the designer, the problem of how airfoils must be shaped and placed in
order to obtain certain desired properties of the airplane. Pure airfoil
theory, as set forth in Division E, cannot completely answer this question,
since certain of the phenomena on which these aeronautical properties
depend cannot be given complete theoretical expression. For example,
in pure airfoil theory, the resistance due to the form of the airfoil (profile-
resistance) is neglected in comparison with the lift, yet this resistance
is a very important quantity when the motive power is considered.
Again, pure airfoil theory is able to say nothing as to the value of the
maximum attainable lift on which depend the velocities of take off
and landing. '

Therefore, in order to realize the practical value of pure theory it
is necessary to supplement it by experiment and by qualitative consider-
ations of a theoretical nature. It is then necessary to deduce from the
theory those consequences which are of practical importance. In addition
it is often valuable to consider purely theoretical arguments from
a somewhat different standpoint, where, with reference to practical
applications, intuitive deductions may be set before strict proofs. In
short it is an “applied airfoil theory”, an airfoil theory adapted to
practical needs, which is to be developed in the following chapters.

In continuation of Division E II, we shall first consider various airfoil
cross-sections, that is, cases in which plane flow occurs, and we shall
leave three-dimensional flow for discussion at a later stage.
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CHAPTER 1
GENERAL PROPERTIES OF THE WING

1. Lift and Moment. The connection between the shape of the cross-
section of airfoils and the lift can be treated in considerable detail by
theory; for simplicity the effect of the angle of incidence is included
in the effect ascribed to ‘‘shape’. In airplanes the lift is generally by
far the predominating force; all the moments which occur depend essenti-
ally upon the lift and can therefore be calculated in great detail. The
results of these theoretical considerations are discussed in Division E.
In this place it is only necessary to consider the practical bearing of
the results there obtained and to discuss the deviations from the pre-
dictions of pure theory.

Two methods of attack are important in the theoretical treatment:
1) the method of conformal transformation, and 2) the method of vortex
fields (Division E). The first method gives exact results concerning the
distribution of pressure and velocity on the surface and in the neigh-
borhood of wings of some definite cross-section. Although this procedure
could in principle be applied to a wing of any type its application is
only convenient for the so-called Joukowski-profiles. The second proce-
dure gives approximate results only; in addition to estimating velo-
cities in the neighborhood of the airfoil it is particularly suitable for
the recognition of general relations between the shape of the wing and
force effects (due for example, to curvature and S-shapes, cross-sections
with fixed centers of pressure, etec.).

The theoretical discussion of the cross-section of airfoils is based upon
the assumption that the flows along the upper and lower sides of an
airfoil meet again exactly at the trailing edge. This hypothesis is
reasonably accurate for airfoils with good lift-drag ratio, but is never-
theless, not exact and deviations from the predictions of theory are for
the most part due to this circumstance. These deviations will be
considered in detail.

2. Resistance (Drag) of the Airfeil. Airfoil theory has but little
to say concerning the resistance of the airfoil (profile-drag) and re-
garding the maximum attainable lift. Here it is necessary to rely
chiefly on the results of experiment. Nevertheless, provided the cross-
section is not too thick, statements can be made regarding the drag,
which, in this case, is produced chiefly by surface friction. The laws
of surface friction are better known than the considerably more com-
plicated laws of the remaining resistances of bodies (see Division G);
so that much has been attained if the drag can be reduced largely to
surface friction. This fact is particularly important when determining
the effects of the Reynolds number (see Division G) on the drag of the
airfoil. It must not be forgotten, however, that our experimental

1*
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knowledge concerning the drag of airfoils is derived for the most part
from experiments with models (Division I) and it is well known that
the drags of actual airfoils of sufficiently smooth surface are nearly
always considerable lower than those obtained by transforming the
results obtained from models in accordance with the law of kinematic
similitude.

With thin plates, well sharpened towards the front, and lying exactly
along the direction of flow, drag coefficients! are obtained whose
dependence on the Reynolds number is shown in Figs.1 and 2 (see
also Division G). These diagrams show likewise the drag coefficients
for two airfoils at several angles of incidence2. It can be seen that for
airfoils whose position and shape differ only slightly from those of thin
plates lying in the direction of flow, the drag coefficients obtained are
not very different from those for thin plates. However, drag coefficients
which deviate considerably from those for thin plates when the Reynolds
number is small, approximate more closely to the case of simple surface
resistance as the Reynolds number increases. This circumstance is very
fortunate since it inspires a hope that the relations obtained at high
Reynolds numbers, which are very important in practice but difficult
to obtain experimentally, may in time receive theoretical treatment.

The chief method adopted for the experimental determination of the
drag (profile) of large airfoils consists of measurements of the loss of
momentum behind the airfoil (Division G 28, 29). Unfortunately there
is very scanty experimental material on this point and the available
material is rather inexact. It would be extremely valuable if research
in this domain could be carried on more actively. Another possible
method for obtaining experimental results at high Reynolds numbers
consists in the employment of high-pressure wind-tunnels (Division I).
It should be noticed that the drag of thin airfoils like surface friction,
exhibits minimum values for Reynolds numbers V¢jv a5 X 10%. This
Reynolds number occurs precisely in the region where many experiments
with models are carried out (at Gottingen for example the standard
experiments on airfoil cross-sections are carried on at Vefy = 4 x 108).
We must however take into account the fact that if measurements on
models give extremely small values of drag deviating only slightly from
the values of surface friction, then these drags will first increase with
increasing Reynolds number, and then decreasing will only reach the

1 The drag coefficient Cp=D/o S V2/2 and the coefficient of surface friction
C¢= D/g ¢ V?/2 must be carefully distinguished. The first refers to a single surface
of the corresponding plate (for example, for a rectangular plate, S = length times
breadth) while the second refers to the entire surface of the plate, so that each
side must be included separately. For a thin plate moving in its own plane, the
two values of D are the same and ¢ = 2 8, whence Cp = 2 Cy.

2 Frgebnisse der Aerodynamischen Versuchsanstalt zu Gottingen, ITI. Lief.,
p. 87 (Oldenbourg, Munich, 1927).
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values obtained from experiments on the model when the Reynolds
number has been increased to ten or perhaps one hundred times its
first value.

In general, the drag of an airfoil is greater than the surface friction.
The extra resistances superimposed on the simple surface friction, are
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Figs. 1 and 2. Drag coefficient as a function of Reynolds number ¥ ¢/v, for two wing forms

at certain angles ‘of incidence. For comparison also, the drag coefficient due to friction

for a thin plate. Curve 1 for turbulent boundary layer, curve 2 for laminar boundary

layer, and curve 3 for turbulent boundary layer over the rear part and laminar boundary
layer over the front of the profile.

chiefly due to the roughness of the surface (rivet heads, fittings, uneven-
ness, etc.) and by unfavorable flow patterns (too large a curvature of
the upper side of the wing, too large angles of incidence, etc.), which
thicken the boundary layer or produce separation in front of the usual
position and thereby produce added drag.
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Sometimes a single irregularity, insignificant in itself, such as a
fitting or strut, can produce an inordinately large drag? (see also
Division K). This is the case when the airfoil has a shape such that
when no disturbance occurs the boundary layer separation is very
small or negligible but the small disturbance is just sufficient to produce
separation. We therefore see that the connections of the airfoil to the
body of the plane deserve particular attention (Division K). The extra
drag produced by the ends of the airfoil (induced drag) does not
depend on the form of the airfoil and will therefore be considered
separately in a later section.

3. Maximum Lift. Even less is known regarding maximum lift than
regarding drag. In general maximum lift increases with the Reynolds
number so that results obtained by measuring models should be on the
right side. Unfortunately there are also cases in which the maximum
lift noticeably decreases as the Reynolds number increases. So far this
abnormal behavior of the maximum lift has not been completely ex-
plained; presumably the shape of the leading edge of the airfoil may
have some effect?.

The following general remarks can be made regarding the causes
which limit the maximum lift. The typical pressure distribution on the
upper side of the airfoil is approximately represented in Fig. 3. A marked
decrease of the pressure and a corresponding increase of velocity, in
accordance with Bernoulli’s equation (Division B) near the leading edge
of the airfoil, is followed by a gradual increase of the pressure and
a corresponding decrease of velocity towards the trailing edge, until
values are reached which do not differ greatly from the pressures and
velocities of undisturbed flows. The layers of air in the immediate
neighborhood of the upper surface of the airfoil are retarded by friction
so that their kinetic energy is no longer sufficient to carry them forward
against the increase in pressure. In normal circumstances, however, they
are towed forward by the outer and faster layers through viscosity or
exchanges of momentum (Division G). The towing effect produced by
neighboring layers is, however, only effective if the retarded layer
(boundary layer) is sufficiently thin and the increase of pressure not
too great. '

1 The converse case where under certain conditions an irregularity of the
surface may lower the drag, as may occur in the case of spheres, scarcely comes
into the question for wing sections.

2 Ergebnisse der Aerodynamischen Versuchsanstalt zu Gottingen, I. Lief.,
p. 54ff. (Oldenbourg, Munich, 1921). Some work of E. Gruschwitz (Die turbulente
Reibungsschicht in ebener Strémung bei Druckabfall und Druckanstieg. Ingenieur-
Archiv, Vol. IL, p. 321, 1931) has brought the whole question of calculating the
separation effect considerably nearer to a solution. It is now possible to obtain
a picture, at least qualitatively correct, of the causes of the varying effects of
Reynolds numbers.
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Whenever an increase of the angle of incidence on an airfoil produces
an increase of lift this is chiefly due to the fact that the sub-pressure
on the upper side is made still lower. This, however, always increases the
rise in pressure from the point of minimum pressure to the trailing edge,
and a limiting case is reached when the entraining effect of the outer
flow is eventually no longer sufficient to carry the boundary layer along
against the steepened pressure gradient. If this is the case, the direction
of boundary flow on the upper side of the airfoil is reversed, while the
outer stream breaks off or ‘“‘separates’, thus altering the entire disposition
of the flow (Fig. 4). This type of flow is characterized by a considerably
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Fig. 3. Typical pressure distribution over Fig. 4. Flow about a wing without and
a wing profile. with separation.

extended region of “turbulent wake” and considerably increased drag in
consequence. Moreover, the separation is usually accompanied by a
decrease in the lift. There are also cases where the “‘separation” does
not occur so suddenly, but permits a more or less continuous transition
from normal flow to flow with separation (see Fig.22). In such cases
the lift may increase continuously; a fact which is important for the spin
characteristics of airfoils. In most cases, however, the separation occurs
rather suddenly, and if the angle of incidence is decreased, the normal
conditions appear again only for angles of incidence smaller than those
for which separation began. For if separation is once effected, it is
much more difficult to dispose of the considerable quantity of turbulent
air produced than it was to maintain the flow without mixed turbulence
such as existed before the disturbance occurred. In most cases there is
therefore a definite range of the angle of incidence where for each angle
it is possible to have two states of flow with different values for the
lift and drag. Of these, one state, that with the large lift and the smaller
drag, is observed if the angle of incidence is varied by continuously
increasing it from small values to larger ones; the other, when starting
with the condition of separation, the angle of incidence is continuously
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decreased. Very often another phenomenon can be observed in the
period of transition between normal and disturbed flow, the two states
of affairs continually interchanging, presenting rapidly alternating forces
(jolting) whose mean value will lie neaver to the one or the other of
the two boundary values of the force, according to the frequency of
either the first or the second state of affairs.

If the theoretical distributions of pressure around a wing-section are
calculated by the usual methods (conformal transformation for example),
it is found, particularly in the case of cross-sections which are not too

thick, that large angles of inci-
e g g

/% dence produce extreme but sharply
I localized minima of pressure near
the nose of the section (see the
sharp point on the dotted curve
'% in Fig. 5). The powerful increase
Super pressare of pressure which results usually
forces the flow to separate locally,
with displacement of the local
pressure condition (see the con-
tinuous line of the same figure).
f Fig. 5. Local separation at Beyond this local disturbance
I’ the leading edge. which lies adjacent to the more
| sharply curved part of the profile,
|
y

Sub pressure

the flow usually remains in con-
tact with the surface. The local
disturbance does not in general
involve the complete break-away of the flow provided the increase of
pressure in the remaining portions of the upper side of the wing is
within moderate bounds. Nevertheless, the maximum lift is decreased
(see IT 1, thin plates).

It has been seen that the separation is chiefly due to a too rapid
increase of pressure on the upper side of the airfoil, which in turn depends
upon the maximum sub-pressure in the neighborhood of the leading edge.
There are however, limits to the order of magnitude of this maximum
sub-pressure and experience shows that pressure on an ordinary airfoil
does not sink much below something like — 3 p V2/2, so that the velocity
does not increase very much above twice the value of the velocity of
general stream flow.

The sub-pressure and hence the increase of pressure are both propor-
tional to V% (V = general stream velocity). But the entraining effect
of the flow on the boundary layer also increases approximately as V?,
so that the limits of the separation are not materially influenced by
changes of velocity. However, this proportionality is not exact, so that
the Reynolds number does in general have some effect on the separation.




SECTION 4 9

If the velocity is kept constant and the airfoil is uniformly increased in
size, the pressure gradient per unit length decreases in inverse propor-
tion to the chord of the wing. At the same time however, in consequence
of the longer distance over which friction acts, the boundary layer
becomes thicker (when compared at corresponding points of the two
cross-sections), and the entraining effect is reduced approximately in
the same measure as the pressure gradient. However, this adjustment
is not complete so that the Reynolds number still has an effect.
Since these deviations from the proportionality between the entraining
effect on the one hand and V2 or 1/, on the other hand, can be represented
as a function of the Reynolds number and therefore as a function of Ve
it follows that the laws of deviation produced by respective alterations
of velocity and size are connected. The effect of a change in V is similar
to the effect of a change in ¢. However, the deviations depend further
on “roughness” which does not obey the laws of similitude.

All these considerations relate to steady motion. If the motion is
not steady (as in the case of rapid increase of the angle of attack) lift-
coefficients considerably higher than those previously mentioned can be
produced!. For a discussion of abnormally high lift-coefficients for
approximately rectangular airfoils (see III 7).

4. Artificial Methods for Increasing the Maximum Lift. The remarks
made in the preceding sections concerning the limits of the lift apply
only to ordinary wings. The maximum lift can be considerably increased
above the usual values by using special measures. For several reasons
there is much need for such means of lift increase; for one thing an
increase of lift produces a decrease in the velocity of take-off and landing.
The required effects however, are only attained if the increase of maximum
lift does not at the same time produce a corresponding increase of the
minimum lift best adapted to the available motor output, for otherwise
the same effect could be attained quite simply by increasing the wing-
chord. Wings with short chord and powerful lift have two advantages
over wings of larger chord; the shorter the chord of the wing the smaller
is the range over which the center of pressure moves, and on account
of the larger angle of incidence, the shorter the chord the smaller is the
change of lift produced by a change in the angle of incidence, and hence
the less the sensitiveness to gusts. This last circumstance may, it is
true, be unwelcome when large variations of angles of incidence are
employed in order to produce needed changes in lift. A further advantage
is found in the fact that, through increase in the maximum lift, separation
of the airflow may be avoided and therewith many connected phenomena,
falling into a spin for example.

! KrAMER, M., Die Zunahme des Maximalauftriebes von Tragfliigeln bei plotz-

licher Anstellwinkelvergréferung (Boeneffekt). Zeitschr. f. Flugtechnik u. Motorl.
23, p. 185, 1932.
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Three methods are known at the present time for increasing the
maximum lift:

1. The slotted wing.

2. Suction of the boundary layer.

3. Movement of the surface of the wing (rotating cylinder).

5. The Slotted Wing. Of the three methods mentioned above only
the slotted wing has at the present time been utilized to any great
extent in practical appli-
cations.

In the year 1920
Handley Page demon-
strated a new type of
wing provided with slots,
and showing & maximum
lift considerably greater
than with those of con-
ventional form?.

Fig. 6, Change of pressure distribution resulting In 1918 G. Lachmann
i) Cdmbarion: thin fall Tmé.  b) Changea  in Germany had applied
Drokon. 1imé. oy Distaibution with imoreaseq ~iOT & patent on a type of

angle of incidence: heavy full line. At the ¢onstruction the same in
rear wing, curves a) and c) become the same. .. A .
principle, but in view of

unfavorable conditions,
% the matter was not

followed up immediately.

This type of airfoil has

therefore been called both

the Lachmann wing and
the Handley-Page wing. The phenomenon attracted much attention at the
time of its discovery. The following? may serve as an explanation of
the effects produced by slotting a wing.

The arrangement to be first considered consists of two approximately
equal wings as in Fig. 6. The forward one itself would have had a pressure
distribution represented by the continuous line @ on the left of the
diagram. When the other wing, which by itself would have had approxim-
ately the same pressure distribution, is brought near to the first one,
the trailing edge of the forward wing is in a region of greater velocity
and correspondingly smaller pressure, produced by the other wing. The
head of the forward wing however, on account of its greater distance
from the second wing, is in a region where the air is considerably less

~
~
| Super Pressure= Super Pressure

L Pace, HanprEY, The Handley Page Aeroplane Wing. Engineering 111,
p. 274, 1921.

2 Berz, A., Die Wirkungsweise von unterteilten Fliigelprofilen. Berichte u.
Abh. der wissensch. Ges. f. Luftfahrt, Heft 6, 1922.
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disturbed and the pressure is approximately normal. Hence, the presence
of the after wing produces no important difference at the leading edge,
but lowers the pressure at the trailing edge of the forward wing. The
distribution of lift over the forward wing thus obtained is roughly
represented by the broken line b in the diagram.

In consequence of this alteration of the pressure curve the increase
of pressure on the upper side is much more gradual than before. However,
it is known that the limiting values of the lift are determined by the
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Fig. 7. Results of measurement on a wing with slot, auxiliary wing in different locations.
Curve 3d gives results for same location as for 3¢ but with slot filled up.

steepness of the pressure curves; hence the angle of incidence can be
increased again until the gradient of the pressure curve reaches its
limiting value (see the continuous line ¢ of the diagram). Since the
velocity has increased at all points, the pressure curves can rise even
more steeply than before. It is at once obvious that the lift which is
represented by the area enclosed by this curve has been considerably
increased.

Exactly corresponding phenomena occur at the after wing. The front
wing produces a diminution of velocity and hence a reduction of the
sub-pressure at the nose of the rear wing, while the trailing edge remains
almost unaffected. This produces an increased pressure, chiefly on the
upper side and in the neighborhood of the leading edge of the wing.
The strong sub-pressure is reduced so that here too a more gradual
increase of pressure occurs (dotted line b). Increasing the angle of
incidence will again produce the former curve ¢. On the whole, this
leaves the lift of the back wing sensibly unaltered, and altogether the
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two wings, connected in this way, produce a greater maximum lift than
if they were separated. If has been seen that this increase is to be
found almost entirely at the front wing.

In order that these things should develop in the manner described,
it is also necessary that the boundary layer on the upper side of the
rear wing should not be disturbed by the boundary layer material
leaving the after edge of the front wing. We know that whether the

20 . stream of air on the upper side
22 Ay, | Zaul ! separates or remains attached to
20 % P71 | 4% the wing, depends on whether
% P74 the turbulent air as formed is
16 d ng/a /L( entrained away in sufficient
” e LW quantities. Considering the work

. DAV AREY necessary to produce this effect

f 0 ViREE7 for the rear section of the divided
2 / wing it is at once obvious that
a5 28 14 the work involved, which may
24 ' be viewed either as pumping or
42 y suction work, must be supplied
M/V-f!;a,;e SRRETERERLE] Ll by the thin layer of air which

—az | | =gy, | has passed through the slot. This

PPN ag[m a'#fé, uACACAL l work is derived from the kinetic

energy of this band of air, and

/’\ if the slot is made too small the

band finally becomes so narrow

Fig. 8. Three part slotted wing. that its kinetic energy is not
sufficient to produce its effect

over the entire surface of the rear section. The air itself, issuing from the
slot becomes entangled with the layers of mixed turbulence above and
below, and passes into this condition itself. If the phenomena just described
are considered from this standpoint they appear in quite a different
light. The cross-section can now be considered as a single unit obtained
from an ordinary cross-section by making connecting slots between the
upper and lower sides; and this is, of course, the usual way of looking
at the matter. The effect of the slots is that new energy is supplied
to the boundary layer of the upper side which has been retarded by
friction, thus increasing its velocity and preventing the formation of
mixed turbulence. The stream of air coming from the slots has the
same effect as a jet pump and thus aids the stream of air sliding along
the upper side of the wing to sweep away the dead air (mixed turbulence).
Since the production of lift is bound up with the output of this pumping
work, and the maximum lift depends upon the restricted possibility of
eliminating dead air, it is obvious that an increase of the pumping
output will raise the lift-maximum. The last consideration gives a general
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indication as to the width of slot necessary, while from the previous
statement the increase in lift can be deduced?!.

The slotted-wing is usually used in the following way: the front
wing, usually called the auxiliary wing, is movable, and the slot is
opened at landing and starting but closed during swift flight. The
auxiliary wing is moved either by hand, or, as in the latest applications,
automatically. If the angle of incidence is increased the result is to
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Fig. 9. Pressure distribution for a slotted wing.

produce a stronger and stronger negative pressure at the nose of the
wing. This change of pressure can then be used to move the auxiliary
wing hinged suitably on the principal wing in such manner as to open
the slot automatically at some specific angle of incidence.

The values of the lift and resistance for a divided wing with one and
with several slots are reproduced? in Figs. 7 and 8. Fig. 9 shows the
distribution of pressure on the principal and auxiliary parts of a divided
wing3.

A method developed by A. Baumann is really connected with the
phenomena associated with the slotted wing. The method employed is
to blow out a stream of air at suitable points on the upper side of the

1 An attempt to give a theoretical discussion can be found in the article by
G. LAcEMANN, Die Strémungsvorginge an einem Profil mit vorgelagertem Hilfs-
fliigel. Zeitschr. f. Flugtechnik u. Motorl. 14, p. 71, 1923.

2 Ergebnisse der Aerodynamischen Versuchsanstalt zu Gottingen, II. Lief.,
p- 58 and 64 (Oldenbourg, Munich, 1923).

3 Pige, HanDLEY, The Handley Page Aeroplane Wing. Engineering 111, p. 276,
1921.
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wing in order to accelerate the boundary layer. In theory the effect
of this stream of air is the same as that of the stream which passes in
the divided wing from the positive pressure side (lower) to the negative
pressure side (upper). There is the difference however, that in Baumann’s
procedure the velocity of the stream of air can be chosen at will whereas
in the slotted wing it depends upon the velocity which arises from the
difference of pressure between the two sides of the wing. On the other

5 hand Baumann’s method involves the com-
2 | -1 | plications arising from the special fittings
- | required for producing the air blast.

“ // 4o 6. Suction of the Boundary Layer. The
wl-—+-LF . second method for increasing the lift beyond
P ,/ its normal value consists in sucking the boun-

s 14 T ° dary layer into the inside of the airfoil at
S I S those points on the upper side where it be-
T d 2 d comes sufficiently thick to induce separation.
20— ] The new boundary layer produced at these
15 : Places is at first thin enough to be drawn along

p D

by the outer part of the flow. If the pressure
increases rapidly, suction must be repeated at
several points of the upper side in order to
0 25— 75— DPreserve a sufficiently thin boundary layer.

S £
S S
E e |

—_— This method has the same disadvantage as
{(/ 2, that of Baumann, previously described, in
NS that it requires a special fan with pipes and
. 250 ) other auxiliary fittings. Compared with that

Fig. 10. Lift and efficiency Procedure it appears to be more effective
SO et o % ing Fith and to require a smaller power output; but
suction. too few experimental results are known for

a fair judgment to be possible.

The two procedures could, of course, be combined by arranging that
‘the air which has been sucked away and which must after all be disposed
of, should emerge in such a way as to accelerate the boundary layer.
The utilization of such a procedure with airplane wings should be
thoroughly practicable, but thus far it does not seem to have been
applied for such purposes.

Fig. 10 sets forth the results of experiments on a wing employing
suction in the manner just described!. Owing to the abnormal circum-
stances the usual method of representing experimental results is no longer
useful and must be modified accordingly.

The first point to be noticed is that in considering the output required
during flight, the pumping output W,, for the suction of the boundary

! ScHRENK, 0., Versuche mit einem Absaugefliigel. Zeitschr. f. Flugtechnik
u. Motorl. 22, p. 259, 1931. .
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layer, is needed in addition to the propeller output W,. The propeller
output is used up in overcoming the drag and can be calculated from
the drag coefficient Cp according to the formula

Wp_ODQVS

Cp can therefore be regarded as an output index which determines
the propeller output. In order to allow for the pumping output for
wings with suction, €', may be replaced by an output index C, which
has the same relation to the total output (W, 4 W,) that the drag
coefficient Cp, has to the propeller output. Hence

38
Wp+Ws=069V

The induced drag (due to finite span of the wing and to the finite
diameter of the wind-stream) is extremely large because the lift coefficient
is large. It is therefore useful at the present stage, to consider only
the profile-drag, the value of which can be directly determined by the
momentum method (see Division G 28, 29). The coefficient C,,, thus
obtained is shown in Fig. 10.

On account of the deviation of the air flow at the wing, the lift is
appreciably inclined to the direction of undisturbed flow (the cause of
induced resistance). The component acting at right angles to the general
direction of flow, and which thus appears as lift, is therefore diminished
in the ratio of the cosine of this angle of inclination. In ordinary wings,
owing to the smallness of the angle of inclination, this has no appreciable
effect. Nevertheless, in order to obtain the correct relations for infinite
span and infinitely extended streams of air, a corresponding correction
for the lift must be introduced. The lift coefficient Cr, ., eorrespondmg to
the corrected lift is represented in Fig. 10.

The experiments are performed in the following manner: While the
number of revolutions per minute of the suction apparatus, built into
the wing, is kept constant, the angle of incidence is increased by intervals
of 6° until separation occurs. Since the pumping output is thus kept
more or less constant and is usually large in comparison with the profile
drag output, the points corresponding to any one fixed number of re-
volutions per minute are approximately in a vertical line where C,,, is
constant. Since the measurements take place only at intervals of 6°,
there is a possibility of an error of 6° in the determinations of the angle
and the lift for which separation occurs. On the average, separation
will take place at 3° beyond the last angle to be measured before the
separation occurs. The limiting values of the attainable lift, estimated
in this way, with a possible error of 4+ 39, are connected by the broken
line in Fig. 10. This curve plays the same part in estimating the effect
of the wing with suction as does the polar curve of an ordinary wing
corrected for infinite span.




16 J I. GENERAL PROPERTIES OF THE WING

7. Rotating Cylinder. The third procedure to prevent the separation
of the boundary layer thereby producing larger lift-coefficients, consists
of setting the surface of the wing into motion with approximately the
same velocity as that of the general air stream. This eliminates the
friction between the air and the surface of the wing, and hence the
formation of the boundary layer and its separation. This procedure can
hardly be realized in practice unless the wing is made in the form of
a cylinder (circular cross-section) and is rotated about its axis (Magnus
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Fig. 11. Cylinder with end shields. /
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Fig. 12. Lift coefficients for a rotating cylinder as Fig. 13. Lift and drag coefficients
a function of the ratio between the surface velocity for a rotating cylinder.
of the cylinder u and the wind velocity ».

effect). This procedure is in itself by far the most effective since lift-
coefficients of over 10 are obtained as compared with 1.5 for normal
and something like 2 to 4 for slotted and suction wings respectively.
Nevertheless, such procedure can scarcely be carried out in practice since
in order to obtain such lift-coefficients the surface velocity of the cylinders
must be of the order of three times the velocity of the airplane. This
involves such high velocities of rotation in airplanes moving with the
high speeds now usual, that the technical difficulties make the solution
of the problem very difficult if not impossible.

The strong sub-pressure heads on the upper side of the rotated
cylinder produce a strong tendency for air to be sucked in sideways
at the ends of the cylinders. In order to prevent this effect the cylinder
ends must be provided with end shields whose diameter is greater than
that of the cylinder (Fig. 11). Without these precautions the air sucked
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in would dislodge the main flow from the surface of the cylinder, and
would hinder the production of the extremely high lift values. Figs. 12
and 13 show the results of experiments with the cylinder! represented
in Fig. 11; Fig. 12 shows the relation between the lift-coefficient and
the ratio u/V of surface velocity of cylinder (u) to wing velocity (V);
Fig. 13 shows the lift and drag coefficients.

8. Effect of the Drag on Deviations From the Theoretical Lift. A po-
tential flow produces no resistance, and the actual drag is due to the
deviations of the actual flow from the
potential flow. On the other hand, the
theoretical discussion of lift assumes a
potential flow, and the effect of the
deviations of the actual flow from that
theoretically postulated is to give, in
practice, a somewhat smaller lift than
as suggested by theory. The deviations
from the potential flow involve only a
minor correction of the theoretical value
of the lift, whereas the drag depends —  —————
entirely on the existence of these devia- Fig. 1 4 Change in the flow about
tions. Since both phenomena, drag and & wing due to “dead-water” on one
deviation of the actual from the theo- ° é‘c?vgvg’itgoys?:;?il-vsﬁvgrz"Pelow’
retical lift, can be reduced to the same
cause, viz. deviations from the potential flow, it is to be assumed
that a numerical relation connects the two.

It is possible to obtain a qualitative idea of the nature of this
connecting relation from the following theoretical considerations. The
deviations from the pure potential flow which produce both the drag
and the diminution of the lift are due chiefly to the fact that the layers
of air streaming past the wing lose a part of their energy through
retardation by surface friction. These portions of the fluid produce
a domain of diminished velocity behind the wing, the so-called turbulent
wake. There is a comparatively simple relation between the drag on
the one hand, and the extension of this wake and the diminution of
velocity on the other?. In consequence of the higher velocities on the
upper side of an airfoil experiencing lift, the loss of energy on that side
is considerably greater than on the other side; hence the turbulent
wake, for the most part, starts from the after part of the upper side
(Fig. 14). Since the velocity is diminished in this region, less air passes

1 BUSEMANN, A., Messungen an rotierenden Zylindern. Ergebnisse der Aero-
dynamischen Versuchsanstalt zu Gottingen, IV. Lief., p. 101 (Oldenbourg, Munich,
1932).

2 For the calculation of the drag from the turbulent wake in accordance with
Betz’ procedure, see Division G 28, 29.

Aerodynamic Theory IV 2
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than in the potential flow; the consequence is that neighboring stream-
lines are rather more separated than in pure potential flow. In conse-
quence of the unsymmetrical arrangement of the turbulence at the wing,
the separation between the stream-lines is greater on the upper than
on the lower side. The stream-lines behind the wing are therefore on
the average shifted upward. The lift has approximately the same value
as if the stream-lines of the pure potential flow met again, but at a point
on the suction side instead of at the back edge of the wing (Fig. 14,
broken stream-lines). Such a flow has, however, less circulation and

T ]
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lheorefical  ———=

Lxperimental

/ lheorefical ————

Fig. 15. Comparison between a measured I}
pressure distribution (full line curve) and ]
the theoretical distribution (dotted line) )

giving the same lift. The after stagnation o) :
point of the theoretical flow lies on the rlg'dlig{,ri%%&%fEig‘i&no%tﬂflfg;eggﬂlg I%fehsesure

following edge.

Experimental

suction side with a flow about the sharp
following edge where the pressure
(theoretical) would be — .
therefore also less lift than that predicted in accordance with the
theoretical distribution in which the stream-lines join together exactly
at the after edge.

The fact that the effect of the turbulent region can be fairly well
reproduced by shifting the stagnation point to the upper side of the
wing can also be obtained by comparing the theoretical and observed
distributions of pressure for the same lift and the same angle of incidence.
Fig. 15 shows the theoretical and the experimental distributions. The
rear stagnation point is so arranged in the theoretical calculation that
the same lift is obtained as in the observations!. It is then necessary
to allow a flow around the back edge which lowers the pressure in the
theoretical calculations to — co. The divergences between theory and
actual measurement are now concentrated in the neighborhood of the
back edge where the extreme theoretical values for the pressure must
be neglected. For the rest of the wing the two curves agree very well.
For purposes of comparison the same observed pressure curve is
reproduced in Fig. 16 together with the theoretical curve uncorrected
by a displacement of the stagnation point.

1 Berz, A., Untersuchungen einer Schukowskyschen Tragfliche. Zeitschr. f.
Flugtechnik u. Motorl. VI, p. 173, 1915.
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The quantitative connection between the loss of lift and the drag
has not as yet been obtained. A rule which has been often used, in

accordance with which (= —Z~ Cy, theor. (8.1)

(see Division E I 8) should still be useful for those orders of magnitude
which occur for the most part in practical applications.

C. Wieselsberger has investigated this matter in greater detail and
obtained a very simple resultl. He used an airfoil with four degrees
of roughness on the upper side.

The roughness simultaneously in- i 2( N

creases the drag and lowers the 12

lift. The results of the measure- \[ Tw—
ments are reproduced in Fig. 17, 10 /X/

where the four polars have been \ \
recalculated for an infinite aspect a8 —
ratio (see Division E IV). The § Q*(v
values found for equal angles of T” Gt
incidence (the points shown) lie, § % %’

with good approximation, in par- % f No°

allel lines. Wieselsberger was also 22 f\(

able to show that extrapolation to N (7

zero drag supplied almost exactly a0

the lift required by the theory of k\
frictionless flows. This indicates  -g2z

27 —(7) a2

the following relation between Cp, 7
the drag coefficient, and A Oy, the ‘

decrease in the lift coefficient

Fig. 17. Lift and drag coefficient for & wing
AC L= 75C D (8.2) with varying degrees of roughness on the

suction side. The points which belong to the

This result of Wieselsberger’s in- same angle of incidence lie nearly on straight

vestigation refers only to one specific tines.

airfoil the drag of which was altered in a certain definite manner, the
angles of incidence used all lying in a comparatively small region. It is
easy to see that this simple result cannot hold for all cases. Considerations
of symmetry show that for a symmetrical airfoil for example, A C7 must
change its sign with the angle of incidence (or the lift) yet this is not
permitted by (8.2) in which Cj is always positive. A more recent
investigation? of this point for which Joukowski airfoils were employed
and the measured values of the lift were compared with the theoretical

1 WieSELSBERGER, C., Die wichtigsten Ergebnisse der Tragfliigeltheorie und
ihre Priifung. Vortrige aus dem Gebiete der Hydro-Aerodynamik (Innsbruck
1922). Published by Th. von Karmén and T. Levi-Civita. Berlin: Julius Springer
1924.

2 Brrz, A., and Loz, I., Verminderung des Auftriebes von Tragfliigel durch
den Widerstand. Zeitschr. f. Flugtechnik u. Motorl., 1932.

%
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values, revealed a relation between A O and Cp as shown in Fig. 18
for two airfoils of equal mean curvature. On the whole the curves lie
symmetrically about a curved mean line whose shape depends upon the
airfoil curvature; this mean line for symmetrical cross-sections is straight
and coincides with the Cp axis.

If the formation of a turbulent wake diminishes the lift, the question
arises, does this alteration shift also the lift center of pressure, and if
so, to what extent? On comparing
— g5 the measured moment with the theo-
T r=an 7 retical value for the same Lift coeffi-
- 4 cient the actual measurements of the

yd force always produce smaller moments
~ Wes. than as required by theory. On the
Zi oo line other hand, Schrenk?! found, for Jou-

kowski wings at least, in a domain
where separation has not occurred,
that for the same angle of incidence,
- 20 \ lift and moment are reduced in ap-
\ proximately the same proportion when
\ compared with the theoretical values.
\ This means that for the same angle
N of incidence the center of pressure is
7 NN not essentially altered. It is also per-

7 —ﬁldb %2 missible to deduce that in consequence
Fig. 18. Decrease of the lift coetficient O the formation of a turbulent wake,
as a function of the drag coefficient  the pressure distribution curve is on

for two Joukowski profiles with the

same mean camber (flc = 0.1) but i i
e ditforent thsekrins D oot the whole reduced approximately in

and 0.15), where d is approximately terms of a constant ratio (see Fig. 16).
the thickness of the profile at the
T B o e T ot o 9. Distribution of Pressure. The
distribution of pressure over the sur-
face of a wing is of the utmost importance for the drag, and above
all for the maximum lift. As already emphasized in the discussion on
maximum lift (see 3), as the pressure increases, the retarded boundary
layer must be carried along by the outer flow against the increase of
pressure. If, however, the pressure increases too quickly, the entraining
effect is not sufficient, the boundary layer gathers together into mass
turbulence, producing vortices with increased resistance and eventually
leads to the separation of the stream.
In general, large lift-drag ratios and high maximum lifts are desirable
for airplane wings. In order to obtain a large lift-drag ratio, the surface
friction for a given lift must be kept as small as possible. This in general

2
al

1 SCcHRENEK, O., Systematische Untersuchungen an Joukowski-Profilen. Zeitschr.
{. Flugtechnik u. Motorl. 18, p. 225, 1927.
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also makes the drag component of the normal pressure smalll. At any
point on the upper side the lift contribution is the same as the sub-
pressure at that point. On the pressure side the positive pressure is
a measure of the lifting force. Since the sub-pressure is connected with
increased velocity and the positive pressure with diminished velocity
in accordance with Bernoulli’s equation (Division B), and since for equal
thicknesses of the boundary layer and similar distributions of velocity
the surface friction is approximately proportional to the square of the
velocity, it follows that a favorable effect on the lift-drag index is
obtained if the lift is effected as much as possible by pressure on the
pressure side rather than by suction on the upper side. In practice,
however, the greater part of the lift must be obtained by suction on the

T
77 /. ~ <o

Fig. 19. Distribution of velocity in Fig. 20. Profile with sharp down turn at
the boundary layer with pressure trailing edge.
rise, just before separation.

upper side. For the maximum over pressure, g V2/2, occurs only at
the stagnation point while a lower pressure occurs at all other points.
Hence the lift which can be produced by the pressure on the pressure
side is very limited. On the suction side however, the maximum negative
pressure can be increased by a multiple of p V2/2. Hence for fairly
large lifts the larger part must be supplied from the suction or upper side.

However, to obtain large maximum lift some attempt can be made
to employ the pressure side as much as possible; but as already men-
tioned, this can be carried out to only a limited extent, and the maximum
exploitation of the suction side is on the whole more important. If the
pressure at the trailing edge is regarded as given, the largest area for
suction is obtained if the pressure gradient toward the after edge is
chosen to be everywhere as great as possible; that is, if at every point
separation is almost taking place. Unfortunately we lack information
regarding this favorable distribution of pressure for at the present time
we have no theoretical discussion of this state. For the present we
are forced to depend on practical experience which shows that certain
specific distributions of pressure are favorable. The behavior of such
a distribution of pressure can be obtained from Fig. 21 (a0 = 11.69).
The theoretical discussion so far described does however reveal the fact

! For an approximate separation of the resistance into friction and pressure
components see the article by A.Brrz, Untersuchungen einer Joukowski’schen
Tragfliche. Zeitschr. f. Flugtechnik u. Motorl. VI, p. 173, 1915.
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that at any rate a continuous pressure distribution is to be desired on
the upper side, since every irregularity (buckling of the curve) implies
an earlier separation at such a point.

The pressure gradient can be increased, without separation of the
boundary layer, until a limiting value is reached for which the velocity-
gradient at the surface becomeszero. 14
A further increase of the pressure
gradient would produce a reverse
current and separation. The general
70

=—60°

20 Cam—-1

~7.

Fig. 21. Pressure distribution for profile 389 (Fig. 23) with varying angles of incidence.

distribution of air velocities in the boundary layer will then be as shown
in Fig. 19. It is perhaps significant that in this limiting case the surface
friction is also zero, because it is proportional to the velocity gradient.
This indicates that the distribution of pressure which produces the most
favorable maximum lift will also produce a favorable effect on the
friction. It must however be borne in mind that a strong pressure
gradient produces a comparatively large region of mixed turbulence
which will increase the drag due to pressure distribution, thus more
or less balancing the gain with respect to surface resistance.
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In certain special cases where increase of drag and an awkward
position of the center of pressure are not objectionable, the maximum
lift can also be increased by lowering the pressure at the trailing edge.
The effect of this is that for equal increase of pressure per unit length,
the values of the sub-pressure on the upper side of the wing are corre-

0 spondingly lowered (see Fig.6). One
method of producing this result is
to give a sharp aileron tilt (Fig. 20),
thus producing a drag with dead
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Fig. 22. Pressure distribution for profile 382 (Fig. 24) with varying angles of incidence.

b

air turbulence and reduced pressure. This device also produces an
increase of pressure on the pressure side, thus giving a further increase
of total Liftl.

! During the preparation of the manuscript for printing, there have appeared
reports on several extended researches bearing on these matters:

OrUscEWITZ, E., and ScERENK, O., Uber eine einfache Moéglichkeit zur Auf-
triebserhohung von Tragfliigeln. Zeitschr. f. Flugtechnik u. Motorl. 28, p. 597, 1932.

Wazick, F. E., and Hagrris, Ta. A., The Aerodynamic Characteristics of a Model
Wing Having a Split Flap Deflected Downward and Moved to the Rear. U.S.
N.A.C.A. Technical Note No. 422, 1932.
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Figs. 21 and 22 show the distributions of pressure for two profiles
with various angles of incidence®.

Figs. 23 and 24 show the two profiles with the points at which pressures
were measured, and the polar curves thus obtained. -The aspect ratio
for these airfoils was 5. The values of the angle of incidence and resistance
have not been recalculated for an infinite aspect ratio. The distribution
of pressure for airfoil 389 (x = 11.6%) represents approximately for
a good profile the limiting case just before separation, and should
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Figs. 23 and 24. Profiles 389 and 382 with poix}ts for pressure measure and the corresponding
polars.

approximately correspond to the favorable distribution of pressure
aimed at in the discussion just above. When the angle is increased
to 14.6°, the flow has already separated over the larger part of the
suction side; the suction has collapsed and the measurements of force
(Fig. 23) reveal a strong increase of the profile drag. For smaller angles
of incidence the drag is less than at 11.6°. This results from diminished
sub-pressure and air velocity on the suction side, but at the same time
the lift is considerably diminished. For o« = — 6.0° the lift is approxim-
ately zero. The distribution of pressure results in a negative lift at the
front part and a positive lift at the back part of the airfoil (the stagnation
point is here situated on the suction side). The airfoil is therefore subject

1 Ergebnisse der Aerodynamischen Versuchsanstalt zu Gottingen, II. Lief., p. 43
(Oldenbourg, Munich, 1923).
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to an appreciable turning moment, a phenomenon which can also be
observed on the thicker airfoil (382) in Fig. 22 when « = — 6.19. But
the last mentioned wing does not exhibit the characteristic favorable
distribution of pressure since the flow commences to separate at the
after part of the airfoil before powerful suction has been obtained over
the forward part (« = 8.6°). If the angle of incidence is still further
increased, the position where separation occurs is shifted still further
forward (x = 11.5° and 14.5%. Measurements of the forces for these
angles show a gradual increase of the drag in agreement with this
statement.

10. Control of the Pressure Distribution by Suitable Choice of the
Profile Shape of an Airfoil. The problem of simultaneously obtaining
high lift and low drag is determined by the broad features of the

—

Fig. 25. Flow along a wavy surface.

distribution of pressure, a fact which however does not prevent the
possibility of comparatively extensive variations depending on the shape
of the airfoil (see Figs. 21 and 22). It is important in practice to know
how specific alterations of the pressure distribution can be produced
by suitable choices of airfoil profiles.

The simplest rule in this connection is obtained by regarding the
pressure and suction (sub-pressure) respectively at the surface of the
airfoil as produced by the centrifugal forces of the air currents streaming
by in curved paths. For if the matter be regarded in this light it follows
that to increase a convex curvature at any point of the airfoil will
decrease the local pressure and to reduce such a curvature (or by
application of a concave curvature) will increase the local pressure.
This simple and easily comprehended rule unfortunately does not suffice
for an exact calculation of the necessary alteration in shape. In order
to obtain an approximate notion of the effect of alterations of shape
it is useful to bear in mind the pressure distribution for the case of flow
past a gently corrugated wall (Fig. 25). Let the shape of the wall be

2mx

given by the equation Y = Yo SN 7 (10.1)

If the air flows past with mean velocity V, its velocity is least in the
valleys, greatest on the ridges and is given by the equation

2mx
)

Vave(l+ yo 2 sin (10.2)
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The maximum differences between the velocities in the valleys or ridges
and the mean velocities are given by

V—Vom £ Vo2a 20 (10.3)

The positive and negative pressures have therefore the limiting values
2o Vide (10.4)
The alteration in pressure produced by a ridge therefore depends, in
addition to the stagnation pressure, on the ratio of the elevation of
the ridge (y,) to its length (I/2).

More exact information on the effect of alteration of shape can be
obtained by a conformal transformation of the airfoil cross-section to
a circle. Reproduction of the alteration in the original cross-section,
suitably modified by the conformal transformation, produces the so-called
“almost circular” figure! which lends itself to further treatment with
comparative ease (see Division E II 21).

A more difficult problem is that of finding what form of profile is
required to produce a given distribution of pressures. This problem has
been solved? by the use of hodographs but the procedure involved is
very laborious. It may be assumed, however, that other methods will
become practically feasible3. .

4my
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CHAPTER II
PROPERTIES OF TYPICAL PROFILES

1. Thin Flat Plates. Thin flat plates are scarcely used for lifting
purposes in practical applications since not only have they comparatively
unfavorable aerodynamic properties but their low rigidity introduces
technical difficulties in construction. The knowledge of their aerodynamic
properties is nevertheless of great importance. It is important in the
first place because a whole series of cross-sections, symmetrical cross-
sections in particular, behave in many respects like flat plates, but
above all it is important on account of the fact that many characteristics
which are also present in less simple forms can be more easily understood
in the case of thin flat plates. Such plates can in many respects be
regarded as typical representatives of airfoils and it is often convenient
to discuss features of importance using flat plates and then pass to
other forms by providing a rule of transformation between such forms

! See also recent paper by TH. THEODORSEN, Theory of Wing Sections of
Arbitrary Shape. U.S. N.A.C.A. Report No. 411, 1931.

? WeNig, F., Widerstands- und Tragfligelprofile mit vorgeschriebener Ge-
schwindigkeitsverteilung an der Oberfliche. Z. f. angew. Math. u. Mech. 9, p. 507,
1929.

8 Berz, A., Anderung der Profilform zur Erzielung einer vorgegebenen Ande-
rung der Druckverteilung. Luftfahrtforschung 11, p. 158, 1934.
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and the equivalent flat plate. A discussion in some detail, of the case
of thin flat plates is therefore necessary.

The flat plate can be easily treated by either of two theoretical
methods: conformal transformation (Division A IIT 13) and the Method
of Vortex Fields (Division E IT 7). The relation obtained between
the lift coefficient ¢y and the angle of inci-
dence « is

Cr=2msima~2ma (1.1)
(For the derivation of this formula and of the
two which follow see Division E II.)

If ¢ is the breadth of the plate, y the dis-
tance of a point from the middle of the plate, - >-L——
and & = 2 yle, the distribution of lift over the e Gt 5=
breadth of the airfoil can be approximately ex-

. Fig. 26. Lift distribution
pressed by the equation and resulting lift for a
plate placed oblique to the
dCr. _ 2Cg 1—¢ (1.2) flow.
. dy  cm 14& ’

(see Fig. 26). The resultant of this distribution is at a distance of ¢/4
from the front edge of the airfoil; and consequently the coefficient of
moment calculated for the front edge! is
Oy =3 0p="sina

The theoretical discussion neglects the surface
friction so that the forces deduced originate from
pressure on the surface of the body. In the
case of the flat plate the entire surface lies in
one plane so that since the pressures are normal
to the surface it must follow that the force
produced by a frictionless flow over a flat plate wig 7. Litt as resultine
acts perpendicularly to the surface (P in Dia- [Iom nommal pressure 72
gram 27). This force for a finite angle of inci- ©f S}ifﬁigﬁséeﬁ;“&iagf an
dence o would have a drag component

D= Psina (1.4)

in the direction of flow. This result however, contradicts the fact that
in a potential flow, there can be no loss of energy and consequently
no resistance to motion. In fact the force deduced by theoretical
considerations should act perpendicularly to the direction of motion.

1 If the point at a distance ¢/4 from the leading edge is chosen as center of
moment, then €37 =0. On account of the resulting simplicity, the ‘‘moment point”
is often taken, particularly in American writings, not at the leading edge of the
profile, but at a distance ¢/4 from it (see II 6).
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This apparent contradiction may be explained in the following manner?.
The theoretical discussion commences by assuming that the air flows
smoothly off the trailing edge. If, however, as in the case of thin plates,
there is a forward edge, it is no longer possible to control the manner
in which air streams toward this edge and in general a flow around
it must be allowed. (It is indeed the back edge which practically
determines the amount of circulation, the flow at the front edge being
only of minor importance in this connection.)

High velocities and correspondingly low pressures occur at the
curved part of a rounded edge (Fig. 28). The sub-pressures produce a

corresponding force S at the curved region.

The smaller the radius of curvature, the higher

the velocities and in consequence the lower the

pressures become. The sub-pressures vary in-

versely as the radius of the curvature so that

Fig. 28. Explanation the force of suction, which consists in the

of suction at leading edge. majin of the product of sub-pressure and radius,

remains constant as the radius is decreased,

and has a finite value even for an infinitely small radius of cur-
vature (sharp edge).

In accordance with these considerations therefore, the flow, as
theoretically calculated, will have a force of suction Pg at the leading
edge of the plate (Fig. 27), which compounds with the force P acting
normally to the surface of the plate to produce the lift L acting

in a direction perpendicular to the

—Fmn—————— direction of flow. In the actual state

of affairs no infinitely large sub-

] pressures can appear, and instead, the

Fig. %38;££§t§§g€°’£§‘§§§%§§§e’?ha’m flow separates at the sharp front edge.

In that domain a small vortex region

appears, restricted to the neighborhood of the front edge (Fig. 29)

and therefore without any considerable effect on the remaining flow.

This eliminates the suction force § in the calculated flow so that if the

surface friction is neglected, the resulting force is perpendicular to the

surface of the plate. At the same time the vortices formed at the front

edge with the correlated phenomena of intermixing involve a loss of

energy which is to be connected with the output of work required to
overcome the drag.

P e g

From Fig. 27 the magnitude of the suction force is
Pg=Lsina (1.5)
1 Kurra, Uber eine mit den Grundlagen des Flugproblems in Beziehung stehende

zweidimensionale Stromung. Sitzungsbericht d. Kgl. bayer. Akad. d. Wissen-
schaften, Math.-phys. Kl., 2. Abh., pp. 25 and 42, 1910.
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The drag produced by the sharp front edge is
D = Pgcos o = L sin o cos o~ L sin o (1.6)
CprCpsina = 2msin’a (1.7)

In addition allowance must be made for the effect of surface friction.
This discussion has shown that the front edge of a flat plate introduces
an additional drag, which is comparatively small only for small angles
of incidence and correspondingly small coefficients of lift. It will therefore
be desirable, when using airfoils whose
shapes approximate to those of flat
plates, i.e. thin surfaces with somewhat
sharp front edges, to use only small
angles of incidence if small drag is
desirable (e.g. as in the case of tail
planes). The additional drag calculated
in (1.6) only reaches the value there
given in the case of infinitely thin plates
with sharp front edges. The finite thick-
ness, which plates must always have in Fig. 30. Thin arched plate.
practical applications, introduces only

a minor improvement if the front edge is sharpened off, whereas
rounding off the front edge considerably reduces the drag (see the
results of experiments, 6).

The formation of vortices at the front edge not only eliminates the
force of suction Pg but also produces a diminution of lift, since it
prevents the formation of the strong suction which occurs close to the
front edge in the potential flow.

2. Thin Plates in the Form of Circular Ares. This type of airfoil
can also be treated quite easily by the methods of conformal trans-
formation and vortex fields. The theoretical discussion (Division E
IT 10a) provides the following equation between the lift coefficient Cj,
and o the angle of incidence
sin (« + 6/4)

cos (0/4)

2f

Cp=2n f~v2nsin(a+6/4)m27z<sinoc+—~) 2.1)

[

In this formula 0 is the angle at the center, f the height of camber,
and ¢ the chord of the circular arc (Fig. 30)

f
=8l 2.2)

The lift vanishes for an angle of incidence

__ 0 _ 2
N= T T T,

(2.3)
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The direction of this ‘“null axis” of the profile is obtained by joining
the middle of the profile to the back edge (Fig. 31). For the angle of
incidence a = 0, the lift coefficient is given by

0 7m0
Cro=2mntan TRy (2.4)

The lift is, in that case, symmetrically distributed over the chord of

the airfoil in accordance with the approximate equation
dCro CLo 4

= ]/ 1— (2.5)

The resultant lift therefore passes

through the middle of the cross-section.

: [ For an angle of incidence o there is

N A an additional lift approximately equal

Fig.31. Angle of incidenceforanarched o the lift of a thin flat plate of the

same chord and angle of incidence :

Cry=2nsinar2ma (2.6)

and also having approximately the same distribution of lift as in the

case of the flat plate [see (1.2)] and thus acting at a distance of ¢/4

from the front edge (Fig. 32). The force resulting from these two com-

ponents is given by Cr=Cro+ CLy 2.7)

Its point of application is at ¢/2 when o = 0; it approaches ¢/4 as «

increases and for negative values of « shifts to the right toward oo,

i l

which it reaches for « = — 0/4 with C;, = 0. The moment about the
front edge is accordingly .
Cwm——sm oc+ e)w—g(sina—}—%ﬁ) (2.8)

For curved plates, the same as in the

case of flat ones, a loss occurs at the

'Zﬁ,“’ front edge when the angle of incidence
is not zero; and the magnitude of this
0% loss agrees approximately with the value
for the flat plate with the same angle of
incidence. There is this difference however,
that curved plates already have a lift
when the angle of incidence is 0 deg.;
the position of least profile drag therefore
moves toward larger values of C; as the
curvature increases. However, on account
Fig. 32. Separation of the lift dis- Of the existence of lift and the dead air
D ot ihe ggﬂ%ﬁé}ft) region at the rear end of the wing which
and to angle of incidence (Cr,). produces the drag, there is an unsym-
metrical disposition of the stream-lines,

and therefore a diminution of the theoretical lift (see I 8), and
therefore the smooth flow at the leading edge does not occur exactly

c-
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at « = 0 but at a somewhat higher value. Therefore in estimating
the position of least profile drag, it is useful to start from the lift rather
than from the angle of incidence and to employ the approximate rule
for airfoils in the shape of circular arcs, that the least profile resistance
occurs approximately for Cp o= 2 sin 0/4 = 47 flc. This rule is suf-
ficiently exact for most practical purposes although in strongly curved
airfoils the least drag has a rather lower position on account of the
other drag component.

The preceding statements regarding thin plates apply also with good
approximation to moderately thick cross-sections of equal mean curvature.
Here again the amount of loss at the front edge depends very much
on the extent to which it is rounded off.

3. Thin Plates with Arbitrary Curvature. The application of the
method. of conformal transformation to the case of cross-sections other

than plane or circular form involves many m
difficulties. These however, are due to the

additional complexity of the application of W
the method ‘and not to any difficulties of ——:-4:“
principle in the theoretical discussion. =

The other method, employing vortex fields, g, 33, Lift distribution for
permits of a simpler extension to this general @ rrofile with S-form with
case. In addition to the previous form-com-
ponents, an S-shaped form must now be included. In the simplest case
this is given by the equation

3
y=%x<ﬁ3~—§> (3.1)
which corresponds to a distribution of lift over the airfoil chord in
. ac —
accordance with T.EL— =—2x¢ 1/1 — & (3.2)

(see Fig. 33). The lift resulting from this component is zero and it only
provides a pure moment, the coefficient of which is

O =—"5% (3.3)

This moment, when in conjunction with a circular curvature, produces
a shift of the lift due to the circular curvature (Cpo = 27 - 2 flc) away
from the middle of the span. This shift has the value
%

As=c¢ =7 (3.4)
If the lift be shifted in this manner to a point ¢/4 from the front edge
it coincides in position with the component provided by an increasing
angle of incidence, so that in this case alteration of the angle of incidence
produces no displacement of the point of application. The cross-section
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thus obtained is a so-called “fixed center of pressure’ profile, the

condition required being As = % (3.5)
Tt follows that xo=0="21 (3.6)
and Yo= o 0 (533— — %) (3.7)

It should be observed that the S-shaped profile of (3.1) which
has no resultant lift, but a pure moment, has however, an angle of
incidence (see Fig. 33), of amount

x

s =4 (3.8)

The more general cross-sections obtained by superimposing this cross-
section on to a circular arc profile of angle of incidence zero will also
have an angle of incidence ag. In order to have the ordinates still
measured from the chord, it is therefore necessary to subtract the
ordinates z = — (1/2) c ag & of a flat plate with angle of incidence ag.
Similarly in obtaining the values of the forces and moments for an
arbitrary angle of incidence o« (superposition of a flat plate) it is necessary
to observe that only the difference o — oty = o0 — %/6 is effective as an
additional angle of incidence. For a cross-section whose shape is composed
of a circular arc of curvature f/c = 0/8 and an S-section of constant s,
the preceding discussion supplies the equation:

=g [a—enen(E 5 )= |

o (3.9)
[ x®

—s|ra—o+FeE—9) |

and the following coefficients of lift and moment for an angle of
incidence «: Cr.=2nm (sin o+ —g—-%) (3.10)

X x

, 6
(sma—{— —2-——1—-—?)

(sinoc—{——g-——%>

Cy =
(3.11)

ICTE R ST

where 6 = 8 flc.

The superposition of the S-shape on the circular arc displaces the
position of greatest camber height and in the shapes used in practical
applications, where it is desirable to make the movement of the center
of pressure as small as possible, this displacement always takes place
forward. The camber height at the middle of the cross-section is not
affected by the symmetrical S-shape and is simply a measure of the amount
of the circular curvature, so that the camber height to be taken in the
above formulae is not the maximum value, but the value at the middle
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of the cross-section. The curvature of the cross-section decreases
continually from the front to the back, and eventually may even become
negative (S-shape). The difference between the angles ¢ and ¢ (see
Fig. 34) at the forward and after edges of the profile may be taken as
a measure of the S component of the profile, while the sum vy 4 ¢ is
a measure of the circular curvature. The following equations here apply

w—tp=x+2as::—43—% (3.12)
8
p+o=0=-1 (3.13)
The condition that a cross-section should have fixed center of pressure
is % =0, giving 3ly—p) =4+
or py=—"T¢ (3.14)
L -l ) SN < /\
.

Fig. 34. End tangents for profile form. Fig. 35. Profile with fixed center of pressure.

A cross-section of this type and having fixed center of pressure is
represented in Fig. 35. It has a point of inflection at x = ¢/8. The
greatest camber height occurs at

c (1 19 c
. (z_]/@> ~ = 2(0.38)

The introduction of the angles ¢ and w, which are made by the
tangents at the ends of the cross-section with the line joining these
ends, has the disadvantage that even if their values are fixed we are
still left with a range of possible shapes which the cross-section may
have, and this range is too wide to allow the properties of the cross-
section to be specified with any reasonable accuracy. Given the tangents
at the ends, it is possible to draw different cross-sections having very
different properties. The question therefore arises whether it is possible
to find magnitudes characteristic of the cross-section which have a
more closely determining effect on its shape. This can be effected
by choosing the directions of the tangents at the points &, = —(1/2) ]/E,
£,=0,&=(1/2) ]/ '3 as characteristics of the shape and position of the
cross-section. If a contour of the fourth degree be superimposed upon
the given contour of the third degree and if it be so chosen that it
gives neither a lift nor a moment, it can be shown that such a super-
position leaves the tangents at the three points mentioned unaltered.
If 9 be the angle made by tangent and chord at the point & = 0, and
Ty, T those made by the tangents at the points & = + (1/2) ]/ 3 respectively

Aerodynamic Theory IV 3
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with the tangent at £ = 0 (see Fig. 36), the following relations hold and
can be easily obtained by differentiating (3.7)

0 3
Hh=oy3—2, (3.17)

These angles determine the shape of the cross-section but the ends of
the profile, and hence the chord, are not quite fixed. Hence the most
important quantity for the values of the force is not the usual angle
of incidence o between the wind direction and the chord, but rather

B c the position of the tangent

1% A~ T ~=sgc————____ _ at the point £=0. The

szlmj | g : \\UE chord would be decisive if
béﬂ{(ﬂ?&‘*ﬂ/,{ﬁ?caﬁ

the shape of the cross-section
were represented by (3.9), in
which case y = x%/3; but if the shape of the cross-section deviates
somewhat from that indicated by (3.9) the position of the chord is
different. It is however possible to imagine an auxiliary chord drawn
to correspond to the form of (3.9) by subtracting an angle y' = /3
from the tangent at the point & = 0. For a cross-section having an
angle of incidence «, the tangent forms the angle (« + y) and the
auxiliary chord lies at the angle,

Fig. 36. Characteristic tangents for a profile.

o =a+y—g (3.18)
with the direction of the wind. Here y is the true angle between the
tangent and chord, but on account of the uncertainty of the position
of the chord it does not belong to the magnitudes which characterize
the cross-section. It must therefore not be used for calculating the
magnitude » which does characterize the airfoil, but only for readjusting
the angle of incidence. The quantities » and 0 are to be calculated from
the characteristic angles 7; and '52 and have the values

0= 1/? (t1 + 79) (3.19)

= —3“ (‘[1 - '52) (3.20)
Hence we have the following formulae for lift and moment
CLva2n<sinoc’+ P———~”—>m2n<u + y——% + %_—%> =

1 (3.21)
_2n[oc—l—y+ 273 rl—}—rz)—?(rl——rz)]
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OM—m[oc-!—y +g 5%]= l

12
P+y+

(3.22)
(t1 +79) — % (t1— 72)] ]

E)
Cross-sections with fixed centers of pressure satisfy the condition
=0 or T — T = 3 (ty + 7o)
whence = —(2—13)n=—02717 (3.23)

If the shape of the cross-section is expressed in this way by means of
the angles 7, and 7,, and the angle of incidence o is corrected by the
angle y, the properties of the cross-section are already largely determined,
even if the cross-section has not quite the shape expressed by (3.9).

As in the case of flat plates an additional drag occurs at the front
edge of these cross-sections if the entering flow is not smooth (without
shock). Smooth entering flow is to be expected for an angle of incidence

1
m =g =g 0—0 (3.24)
and the lift coefficient
Co=ng=dnl (3.25)

There is no difficulty in calculating the properties of any arbitrarily
given cross-section by the method of vortex fields. In particular there
are the general expressions furnished by Munk’s integrals (Division E IT 9).

is
Cp =2 S L S .
=20t 2 /G TE (3.26)
+1
—_— 2
Ou="g 42 [L 1208 g (3.27)

Joa—y1=g

Munk’s integral especially adapts itself to the case of a given cross-
section whose shape deviates considerably from the normal and whose
properties are to be estimated. If however the problem to be solved
consists of finding a cross-section, or altering the shape of a given cross-
section in order to obtain certain desired properties, the previously
described procedure of superposition of typical forms is more suitable.
For by employing that method the shape and properties of the cross-
section can be defined for many requirements by the use of a small
number of parameters (e.g., 7, and 7, as in the example above).

In using this method however, it must be remembered that the
actual value of the lift is always somewhat less than the calculated
value, on account of the formation of a wake of mixed turbulence (for
the connection to the drag see I 8); moreover this method can only
be applied to shapes which have small drag.

3*
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4. Profiles of Finite Thickness. If a cross-section of finite thickness
is treated by the method of vortex fields, the same approximations
being made as in the case of thin plates, the results obtained are the
same as those for a thin plate whose shape coincides with the middle
line of the cross-section. Thus in order to estimate approximately the
properties of a cross-section of finite thickness it may be replaced by
a thin plate lying along its middle line.

It will however, be desirable to discuss in broad outline the respects
in which the properties of thick cross-sections differ from those of thin
cross-sections. If a circle be conformally transformed (without altering
the conditions at infinity) into a straight line or a circular arc, it is
found that the length of the line is exactly, and that of the circular
arc is nearly, twice that of the diameter of the circle. By transforming
the same circle into a cross-section of finite thickness it is possible to
produce all the transitions between a circular section and a thin plate.
The thicker the cross-sections the more nearly they approach the circle;
the thinner they are, the more they approximate to thin plates. It
follows directly from this that the eross-sections derived from the same
circle, and therefore having the same lift, become shorter as they grow
thicker. This means that a thick cross-section must be somewhat
magnified before it is replaced by its middle line, or in other words,
that the lift of a thick cross-section is rather more than that of its middle
line. This effect is, however, compensated to some extent, since the
drag of the cross-section increases with its thickness thereby lowering
the actual lift as compared with the calculated value.

The effect of thickness in shifting the position of the center of pressure
is more important. The lift of a thin plate curved into the form of
a circular arc passes through the middle for angle of incidence zero and
moves toward the point ¢/4 as the angle of incidence increases. For
a circle, the center of the lift always passes through the center. For
thick cross-sections between these two extreme cases, the shift of the
center of pressure is greater than for the circle, but less than for the
thin plate. In order to obtain a thick cross-section with a fixed center
of pressure, a smaller § component is required for the middle line than
in the case of a thin cross-section.

A point which deserves special notice in the case of thick cross-
sections is the definition of the angle of incidence, which is usually
referred to the chord of the section. Although the simplest relations
of the properties of thin cross-sections are based on the use of angles
of incidence referred to the chord of the section, thickening of the
section, especially when achieved by rounding off the front edge, shifts
the chord considerably. In order to apply the simple laws for thin
profiles to give approximate values for sections of finite thickness, the
difference in the angle so produced must be taken into account.
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The relations which obtain can be best realized by considering
a Joukowski cross-section. If a circle @ is transformed into a circular
arc o’ (Fig. 37) the somewhat larger circle b transforms into the Joukowski
cross-section &', a contour surrounding @’. In this case the arc a’, the
so-called skeleton of the Joukowski section, is obviously the aerodynamic
mean line with reference to the angle of incidence. It has already been
mentioned that a thin cross-section equivalent to a Joukowski cross-
section must be rather larger. Especially important with reference to
the angle of incidence, is the position of the foremost point relative
to the after edge. The head of the Joukowski section surrounds the
front end of its skeleton approximately in the shape of a parabola whose

D
-~ ‘/gax B

Fig. 37. Joukowski’s transformation. Fig. 38. Skeleton of the head of a profile.

focus is at the front edge of the skeleton (Fig.38). If r is the radius
of curvature of the leading edge of the section, the skeleton begins at
a distance of 7/2 behind the leading edge. If the deepest point of the
parabola measured from the chord of the skeleton is denoted by A &,
then in accordance with known properties of the parabola (see Fig. 38)
r

Ah= 2 sin (4.1)
where §§ denotes the angle at which the front edge of the skeleton cuts
the X axis (the chord of the skeleton). For skeletons in the shape of
a circular arc (e.g. Joukowski profiles) f = /2, where 0 denotes, as
before, the angle subtended by the circular arc at the center. But for

more general cross-sections having S components, this simple relation
does not hold.

The difference, A « between the theoretical angle of incidence referred
to the chord of the skeleton (X axis) and the usual angle of incidence
referred to the chord of the cross-section, is obtained from the difference
of height A h: Aan Bl o (4.2)

c 2¢sinf

This approximate formula holds reasonably well if f/¢ > t/c, where f means
the camber of the skeleton and ¢ the thickness of the profile. More exact
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values for the difference can be obtained by drawing the corresponding
cross-sections from case to casel.

5. The Charaeterization of Profiles of General Form. It was found
in previous paragraphs, when discussing thin cross-sections by the
method of vortex fields, that the lift can be divided into two components,
of which one represents the effect of curvature and the S-shape of the
section and is independent of the angle of incidence, while the other
is proportional to the angle of incidence and is applied at a point ¢/4
from the front edge. The moment about this point is constant for all
angles of incidence, since the component which depends on the angle
of incidence always passes through it and contributes nothing to the
total moment. Investigations due to von Mises? (see Division E IT 20)
have shown that this peculiarity
is only a special case of a far
more general law of airfoil pro-
perties. This generalized law
-— holds not only for thin cross-
sections but for boundaries of any
shape, and provided a potential
flow is postulated, its statement
Fig. 39. Characteristic parabola for a profile. is exact and not merely aPPI'OXi-

mate. FHEvery cross-section has o
point about which the moment of the lift forces is constant, i.e., inde-
pendent of the angle of incidence. The lines of action of the lift forces
form the envelop of a parabola whose focus is the point about which the
moment is constant® (Fig. 39, focus F). Since the lift acts perpen-
dicularly to the direction of flow and since each direction gives only
one tangent to the parabola, it follows that if the parabola is known,
the direction and line of application (but not the magnitude) of the
lift force in every direction of flow, i.e. for every angle of incidence,
is known. The parabola itself is fixed if the position of the focus in
the cross-section, the direction of its axis, and its focal length, are
known. For a direction of flow perpendicular to the axis of the para-
bola, the lift is parallel to the axis and therefore moves off to in-
finity and becomes zero (direction of zero lift, first axis of the cross-
section). If the focal length of the parabola becomes infinitesimally
small, all the forces of lift pass through the focus and the cross-section
then has a fixed center of pressure.

1 Q. SCcHRENK has calculated these differences of angle for a series of Joukowski
cross-sections. Ergebnisse der Aerodynamischen Versuchsanstalt zu Gottingen,
IIL. Lief., p. 15 (Oldenbourg, Munich, 1927).

2 Mises, R. von, Zur Theorie des Tragflichenauftriebes. Zeitschr. f. Flug-
technik u. Motorl. 8, pp. 11 and 157, 1917; 11, pp. 68 and 87, 1920.

3 See Division E 15.
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A quantity characterizing the size of the cross-section is necessary
in order to determine the magnitude of the forces of lift. In theoretical
work the quantity frequently used for this purpose is the radius of
the circle into which the cross-section can be conformally transformed
with unaltered conditions at infinity, or some other quantity connected
with this transformation. For practical applications however, it is
convenient to use some more obvious quantity, as for example the
chord ¢’ of an equivalent flat plate (see 1).

The lift coefficient is then

Cr = 27'5%,875% (¢ + o) (5.1)

where ¢ is the actual chord of the cross-section and e, the angle between
the direction of zero lift (perpendicular to the axis of the parabola)
and the chord of the cross-section, so that (« 4+ «,) is the angle between
the direction of flow and the direction for zero lift. The constant
coefficient of moment referred to the focus F is

ca

where a denotes the focal length of the lift parabola.

The practical applications of these important relations are chiefly
connected with the solution of two problems. First, the investigation
of the properties of a given cross-section, 1. e. it is required to find the
characteristic lift parabola and the equivalent chord of a given cross-
section. Second, the construction of a cross-section with given properties
i.e. it is required to find the cross-section corresponding to a given
parabola and equivalent chord. The latter problem has no unique
solution since any number of cross-sections can be constructed with
the given properties. From these a selection must then be made in
accordance with considerations regarding which theory has nothing to
say. Theory assumes a potential flow in which no losses occur and
has for example nothing to say regarding drag and maximum lift. Of
the cross-sections which theoretically have the same properties, those
will be selected which in practice have small drag and high maximum
lift. The distribution of pressure obtained in accordance with theoretical
considerations (see I 9) is, however, useful for obtaining approximate
values of the properties.

The methods employed in solving the above mentioned problems
are described in Division E II 20, 21 so that no further discussion is
required herel.

1 See also the following articles connected with the investigations of v. MisEs:
W. MtLLER, Ebene Profilstromung mit Zirkulation. Zeitschr. f. angew. Math. u.
Mech. Vol. 3, p. 117, 1923. — Zur Konstruktion von Tragflichenprofilen. loc. cit.
Vol. 4, p. 213, 1924. — Uber die Form und Auftriebsinvarianten fiir eine besondere
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In order to obtain at least some idea of the connection between these
characteristic profile magnitudes and the shape of the profile, their
values will now be given for the case of a thin section with an § com-
ponent, as already treated. Such an example is characterized by the
angle 6 = 8 f/¢ for the circular arc component and the magnitude » of
the S component. For thin cross-sections ¢’ ~~¢. The focus, ¢.e. the
point through which the part of the lift which is dependent on « acts,
lies at a distance ¢/4 from the front edge. The lift is

g
L:EV%%4a+Z—@) (5.3)
and the direction of zero lift is accordingly
0 %
The axis of the parabola is inclined to the chord at an angle
0
F—%=g+te—7 (5.5)
The moment about the focus is
M=% (5.6)

Hence the focal length is

c
o= (0 — 2) (6.7)
Conversely, the constants of the thin section can be expressed in terms
of the constants of the parabola

x=120,— 48~ (5.8)
0=12a,—322 (5.9)

6. Results of Experimental Observations on Airfoils. Many types of
airfoil profiles have been investigated in aerodynamic laboratories?.
Unfortunately these experiments are often concerned with shapes which

Klasse von Fliigelprofilen. loc. cit. Vol. 4, p. 389, 1924. — Die Ermittlung von
Auftriebsinvarianten vorgegebener Profile. loc. cit. Vol. 5, p. 397, 1924.

F. HOoBENDORF, Verfahren zur Berechnung des Auftriebes gegebener Tragflachen-
profile. loc. cit. Vol. 6, p. 265, 1926.

TeEEODORSEN, TH., Theory of Wing Sections of Arbitrary Shape. U.S. N.A.C.A.
Report No. 411, 1931.

1 See for Example U.S. N.A.C.A. Reports Nos. 93, 124, 182, 244, 286, 315,
Aerodynamic Characteristics of Airfoils (General Survey). Report 352, Large
Scale Aerodynamic Characteristics of Airfoils as Tested in the Variable Density
Wind Tunnel (General Survey).

PranprL, L., and Brtz, A., Ergebnisse der Aerodynamischen Versuchsanstalt
zu Gottingen, Lief. I—IV (Oldenbourg, Munich 1921, 1923, 1927, 1932). In the
following briefly noted as ‘‘Ergebnisse”.

Jurierr, B. N., and LessNigowa, N. P., Aerodynamical Investigations, Trans-
action of the Central Aero-Hydrodynamical Institute No. 33, Moscow, 1928 (Russian).

Crocco, G. A., Elementi die Aviazione, Vol. 1 (General Survey).
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have accidently arisen for specific purposes and are not sufficiently
distinct from one another to permit of inferences regarding the effect
of individual alterations of form. In the paragraphs which follow, a select-
ion from the great mass of experimental results will be indicated from
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among those observations where the influence of systematic changes of
form can be detected. Where results obtained with the variable density
wind tunnel of the U.S. N.A.C.A. are available, they have been preferred
for inclusion, on account of the large Reynolds numbers Ve¢/y involved.
These measurements have occasionally been undertaken with various
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Reynolds numbers so that the effect of the Reynolds number can be
detected. Where measurements with the variable density wind tunnel
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Fig. 42. Maximum lift and minimum drag for the
symmetrical profile as a function of thickness ratio.
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of the thickness ratio.

are not available, results obtained at the Géttingen Aerodynamic Labora-
tories have been included. For the former, the profiles are denoted by
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Figs. 44 and 45. Profiles with the same mean camber but different thickness: ¥V ¢/» = 420,000,

the symbols used in the N.A.C.A. reports, and for the latter, by the
numbers used in the Gottingen publication, preceded by a G. The
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measurements taken are naturally with finite aspect ratio (Gottingen
5:1, N.AC.A. 6:1). Instead of recalculating the results to apply to
a ratio co:1 (two-dimensional flow) the parabola of the induced drag
of IV (2.10) of Division E has been introduced. The profile drag is
therefore the difference between the given measurements and the parabola.
The correction necessary on account of the finite diameter of the air jet
has been allowed for in all cases, the adjustment being made directly

14,

164

1 7550 ¥ g
/2 //‘ ﬁf..f 7 /! » , / /Oﬂ /4
// é " // 4 }!r
10 / / 12 / /

/ 7 ’J
a8 42 A
UL .

a5 . y a8 2
T 24 / (‘ZZZ . ,o!d T / -2z /‘(

a4

.
AN
N
oY
D
g
:*\o:\
)
N
\>“

I
Y

] / 7 4 b
il 7 6146 / LT | 6me

a2 45— ¥ 27

;{d/ [ e

y PN AN _g72

20— N1 22 v

—az ar_| 22 a7 I a2

0 o1 ez o3 o4 a5 0 a7 @z 43 _4f a5 af
—y —_—C

A p

Figs. 46 and 47. Profile with the same thickness but with different mean camber:
Velv = 420,000.

on the measurements provided by the Gottingen results and by altering
the parabola of the American results which therefore correspond to an
aspect ratio of 6.86:1 instead of 6: 1.

The position of the “moment point” (i.e. the point about which
the moment of the lift is taken) is defined as follows in the two sets
of results: Géttingen: the point of the chord which lies under the nose
of the cross-section (see Division E I 4); N.A.C.A.: a point of the chord
¢/4 behind the forward edge. A moment tending to increase the angle of
incidence is called positive in the Gottingen results and negative in the
N.A.C.A. results. There is therefore the following connection between
the values of the moment in the two cases (Cj;q, Gottingen; Cyyy,
American results) Cyra = — Cara + %
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where C, ~ C is the dimensionless coefficient of the normal force
perpendicular to the chord.
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Fig. 48. Maximum lift and minimum drag for profiles of the same thickness ratio, as a
function of mean camber.

Figs. 40 and 41 show two symmetrical profiles with different thickness.
A further profile of this series is the American M 2 (N.A.C.A. Report
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Fig. 49. Maximum lift and minimum drag for Joukowski profiles of the same thickness
ratio, as a function of the mean camber.

No. 221). A similar series of symmetrical Joukowski profiles is furnished
by the Gottingen G. 429, 537, 538, 539, 540, 639, 640 (Ergebnisse,
Vols. III and IV). These latter are distinguished from the former series
especially by the thin extended trailing edge.
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The line chosen as axis of reference for the angle of incidence is
in these cases the axis of symmetry. These figures assist in establishing
the fundamental law that the maximum lift increases as the thickness
increases but only up to a certain limiting value. In the case of thin
cross-sections the maximum lift appears to be restricted by the state
of affairs at the front edge (see I 3). The profile drag is least at o = 0°
and increases only moderately up to the neighborhood of the maximum
lift. The smallest profile drags increase with the thickness. Figs. 42
and 43 show the nature of the dependence of maximum lift and least
profile drag on the thickness!. (For the drag of thin cross-sections see 1, 2.)
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Fig. 50. Maximum lift and minimum drag for a profile with plane face, as a function of
the mean camber,

Next follows a series of profiles having the same mean curvature
but various thicknesses. Of these, two examples are given in Figs. 44
and 45. To the same series belongs also the intermediate . profile form
G. 450. Corresponding Joukowski forms are found in the Gottingen
“Ergebnisse”, Vols. III and IV. Essentially the same effect of thickness
is shown here as in symmetrical cross-sections, but the position of least
profile resistance lies not at Cj = 0, but at a point with finite lift (see
the case of the plate in the form of a circular arc, II 2). As the thickness
increases, the minimum drag increases somewhat, but so does the region
in which the drag is small. 7

Figs. 46 and 47 show two profiles of equal thickness but of different
curvatures. Between these two is also found the Gottingen profile
G. 447, with a corresponding series of Joukowski profiles shown in the
Gottingen “Ergebnisse’””, Vols. ITT and IV. As the curvature increases,

1 A similar recent investigation of symmetrical cross-sections in the variable
density wind tunnel can be found in Technical Note of the U.S. N.A.C.A. No. 386.
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the position of minimum drag shifts toward positions with higher Cg,
while at the same time the minimum drag and the maximum lift both
increase. Figs. 48 and 49 show the relation between the two quantities
last mentioned and the mean curvature. An intermediate position
between the last two series is shown by the group of American profiles?
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Figs. 51 and 52. Profiles of fixed center of pressure with different camber and thickness:
Velr = 3,860,000 and 3,370,000,

U.S. N.P.8S.,, Nos. 1—6. These are profiles having a plane for the
pressure side but with the ordinates of the other side changed in constant
ratio, so that the thickness and mean curvature are altered simultaneously
and in the same ratio (thickness = 2 times mean height of camber).
The polars accordingly show the simultaneous effects of the alterations
in thickness and curvature. Fig. 50 shows the maximum lift and minimum
drag of these cross-sections as a function of their mean camber.

Of especial importance is the series N.A.C.A.—M., which gives
results for profiles with constant center of pressure (Report No. 221).
The symmetrical profiles M, to M, of this series have already been
noted (see Figs. 40 and 41). The remaining members of this series are

1 U.S. N.A.C.A. Report No. 259, 1927.
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divided among groups with the same mean camber line but with three
different thicknesses. If certain profiles are to be distinguished among
others for small change of the center of pressure, the following groups
with increasing mean camber may be noted—M,; to M, (symmetrical);
My, to My, Mg to Myg; My, to My, In Figs. 51 and 52, two examples
with average thickness are shown.

CHAPTER 111
AIRFOILS OR WINGS OF FINITE SPAN

A. Single Wing Monoplane

1. General Phenomena. The two-dimensional flow around a wing
of finite span is disturbed at the ends of the wing. This is due to the
fact that the difference of pressure between the upper and lower sides
disappears at the wing boundaries and must therefore diminish to zero
toward the tips. The consequent fall of pressure accelerates portions
of the flow across the main direction of flow; particles above and below
the wing move inward and outward respectively and form the so-called
“marginal vortices”.

These phenomena have the following important practical con-
sequences:

1) There is a diminution in the difference of pressure between the
two sides of the wing toward the ends, and hence diminished lift and
circulation at and near these points.

2) Additional disturbing air movements are generated about and
near the wing.

3) There is a loss of energy, which shows itself as an increased drag.
The latter can be deduced either from the energy of the disturbing
velocities or, alternatively, as a direct effect of the disturbing velocities
on the airfoil itself, since it follows from the Kutta-Joukowski theorem
that the combination of the vertical components of the disturbing
velocities and the circulation about the airfoil produces a force in the
direction opposite to that of the flow, ¢.e. a drag. This additional
resistance is called the induced drag.

The theory of the phenomena described above is discussed in detail
in Division E IV, and it will be sufficient to summarize here the
most important results of that discussion. If I'= I'(y) is the cir-
culation along the span of the airfoil, the component vertically down-
ward of the disturbing velocity at the point y, of the airfoil is given

+ b
_ or dy
by the formula w = Zﬁm (11)
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At a distance behind the airfoil these disturbing velocities increase to
twice the value given by the above formula. If L is the lift on the airfoil,
+b
L=oV[Tdy 1.2)
-

the induced drag D; is
+b

+
Di=@fw(u1)1"(y1>dy1=fy;/
g -

oI' dydy,
oY) Y1—Y

b
I'yyp (1.3)

b+
‘ , b

The distribution of the circulation I" is deduced from the shape of
the airfoil and the value of the disturbing velocity w. These factors
are connected by the formula '

I'=gavd <oc——oc0~——$—> (1.4)

in which ¢’ is the equivalent profile chord length ¢’ = (¢/27) & C /0 «
[see II (1.1)], « the angle of incidence of the profile at the point y, and o,
the corresponding angle of incidence for zero lift. When the shape of
the airfoil is known, the two unknowns I" and w can be calculated
from (1.1) and (1.4). This involves the solution of an integral equation.
It is much simpler to deduce the shape of airfoil corresponding to any
given distribution of circulation. For, having solved for w by a simple
integration of the right-hand side of (1.1), the equivalent chord length ¢’
can be calculated from (1.4) by choosing arbitrary values for « and «,.
Conversely, of course, ¢’ may be determined arbitrarily and the corre-
sponding values of « calculated. In neither case is the solution unique
for there is an infinite number of possible airfoil forms which can produce
a given distribution of lift.

These forms must however satisfy some additional conditions which
restrict the multiplicity of possible solutions. Even in the absence of
all other restrictions « would be chosen inside a range for which the
lift drag ratio of the wing is fairly good. Sometimes, the selected values
of o will be as large as possible in order to minimize variations of force
due to changes in the angle of incidence, while in other cases, the angle
of incidence will be taken small in order to obtain large changes of force
for small changes of angle or, again, in order to be sufficiently far from
the maximum lift. Such varying standpoints furnish, however, only
general qualitative criteria; they leave open a large field of possible
values of o and are the deciding factors in selecting the average angle
of incidence rather than the distribution of the angle of incidence across
the span. There are, however, other considerations which provide more
definite restrictions on the distribution of the angle of incidence (wing
warping) over the span.

One is the behavior of the wing with respect to alterations in the
total angle of incidence. If, for example, the effective angle of incidence
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(¢ — ag) together with the chord length of the wing are so arranged
that the former is constant across the span while the latter has a value
satisfying (1.4), the change in circulation for a change in the angle of
incidence of the entire wing is proportional to the circulation itself.
The curves of distribution of circulation for various angles of incidence
can be transformed into one another simply by multiplying the ordinates
by some constant. This is easily seen if it is realized that, according
to (1.1), if the ordinates of the distribution of circulation are increased
in a constant ratio, I = % I', while the velocity V is unchanged, the
ordinates of the w distribution are increased in the same ratio, z.e.
wy; = »x w. If this new value be substituted for w in (1.4) the requisite
circulation distribution (I3 = % I') can be obtained only by changing
(o0 — o) into 2 (¢ — a,). Since rotation of the wing as a whole can
only alter the effective angle of incidence (& — &) by the same amount
at all points of the profile, a constant proportional increase of (¢ — «,)
is only possible if (¢ — oty) is constant at all points. If this is not the
case, an alteration in the angle of incidence alters the character of the
circulation distribution curve. If, for example, the effective angle of
incidence (¢ —«a,) decreases toward the ends of the wing, the curve
of circulation distribution with increase in the angle of incidence will
become more full toward the ends, and with decrease in the angle,
more lean.

2. Minimum Values (see Division E T 11). If the lift L, span 2,
velocity of flight V7, and air density ¢ are given, the condition that
the induced drag should be a minimum is that the lift (and hence
the circulation) should have an elliptic distribution over the span, »iz.

_Pzrgi:(%? 2.1)

The lift is then such that

L=oVIyby (2.2)
and the induced drag D;= ZELgF (2.3)
where ¢ = (1/2) ¢ V2. The corresponding coefficients of lift and drag
satisfy the equations Cr= F;}gb (2.4)
and Cp;= %5)2 (2.5)

respectively. Here S denotes the surface area and (2 b)2/S is the aspect
ratio!; if the mean chord length is ¢,, then ¢, =38/2b so that
(20)Y8S = 2 bjc,,.

1 The reciprocal of this quantity, . e. S/(2b)? is also sometimes referred to as
the aspect ratio.

Aerodynamic Theory IV 4
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With these values the downwash velocity w over the airfoil is constant:
cr. 8 L (2.6)

W=V =V mq@oe

Since the induced drag of (2.3) and (2.5) is a minimum, its amount
is not greatly altered by small divergences of the lift from the most
favorable distribution represented by (2.1). Moreover, variations of the
airfoil from the most favorable shape are followed only partially by
the lift distribution. In general, therefore, airfoils which diverge con-
siderably from the most favorable shape (e.g. a rectangular wing of
constant angle of incidence as compared with a wing of elliptic contour
and constant angle of incidence) may be accompanied by lift distributions
not much different from the elliptic distribution, and hence by an induced
drag differing only slightly from the minimum values as given by (2.3)
and (2.5). (For the magnitude of the divergence see 5.) The simple
form of the minimum drag given above can therefore be used as a good
approximation for almost all types of wings which occur in practice.
Cases where the divergence is considerable are discussed below in b.
We shall first consider some deductions from the formulas giving the
minimum values.

3. Calculations of the Change in Drag Produced by Change of Aspect
Ratio (see Division E T 12). The formulas for the minimum induced
drag are chiefly used for calculating the change in drag produced by
alteration of the aspect-ratio. In doing so it is assumed that the coefficient
of drag of the profile depends only on the coefficient of lift, Cr, so
that if Cf, is kept constant, any alteration in the total coefficient of drag
is due to the induced drag alone. If Cp, is the coefficient of drag of
a wing of aspect ratio (2 b,)%/S;, the coefficient of drag for a wing having
the same profile, and the same coefficient of lift, C;, but aspect ratio
(2 by)?/S, is given by the formula

Cpas=0Cp; +i(~—-“sz S ) (3.1)
B 4 (26,)? (267 )
[Division E I (12.7)]. It should be borne in mind that alteration of
the downwash velocities also changes the effective angle of incidence,
so that the value of the latter must be adjusted in order to produce
the same lift. If the angle of incidence of the initial wing is «; the
corresponding angle for the wing of altered span must be such that
=0+ (o —ary) 32
[Division E I (12.6)], the angles being measured in radians. If however,
the angles are expressed in degrees the correction must be multiplied
by 57.30.

The following relation connects C;, and « for a two-dimensional flow

around an equivalent flat plate [see IT (1.1)]:

Cr=2mua
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For finite width of span on account of change of direction of relative

, \ L 8
air flow, CL:.‘Zn(oc———%) :2“(“”";;&@'3)?) (3.3)
The value of the coefficient of lift for a given angle of incidence o is
therefore, Cr = *—z—n—%—-\— (3.4)
1422
(142

The only modification that this equation needs in order to apply to an
airfoil of arbitrary profile is the multiplication of the right hand side
by the ratio of ¢’, the equivalent chord length (see II 1), to the actual
chord length ¢, so that the equation becomes

Cr, = i% (3.5)

" (12 )

Hence the lift of a wing of finite span is reduced in the ratio
1:(1+ 28/20)2).

Fig. 53 represents the polar curves! measured for seven wings of the
same profile (G. 389) all of rectangular contour but of various aspect
ratios. The same experimental results are reproduced in Fig. 54 after
transformation to an aspect ratio 5 in accordance with (3.1) above.
It is seen that the measured points now lie quite satisfactorily on a single
curve. Systematic divergences are shown only by the values derived
from airfoils of aspect ratio 1 and 2 respectively, the divergences in the
latter case being somewhat smaller. Since the formulas were obtained
by replacing a wing by a line bearing the whole lift, the observed
divergences of forms having approximately square contours are not
surprising; on the contrary, it is astonishing that the transformation
formulas apply so well for such small aspect ratios. Airfoils of very
large chord length are further discussed in 7.

Also the transformation of the angle of incidence in accordance
with (3.2) is found to give good agreement with the results of experiment.
In the same reference (see below) are given the results of plotting the
lift coefficient C;, on the angle of incidence o.. After transformation
of the angle to correspond to a uniform value of the aspect ratio of 5,
the points fall very well on the same curve, with the exception of those
for ratios 1, and 2, for which the departures are somewhat greater.

In accordance with the postulates which underlie the theories under
discussion, the effect of the ends of the wing is to alter the direction
of approach of the flow. The effective angle of incidence remains the
same for equal lifts and hence the point of application of the resultant
force due to the air and the magnitude of its moment about the leading

1 Figs. 53 and 54 together with others giving further confirmation of the
transformation formula are from ‘‘Ergebnisse der Aerodynamischen Versuchsanstalt
zu Gottingen”, I. Lief., pp. 50 to 52 (Oldenbourg, Munich, 1921).

4%
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edge must remain the same!. It is therefore to be expected that the
curves connecting the coefficient of moment with the coefficient of lift
are identical for all aspect ratios, while the curves connecting the
coefficient of moment with the angle of incidence vary with the aspect
ratio. (The curves in the latter case would also coincide if the angle
of incidence were transformed to apply to a single aspect ratio.) The
4

4,
.4

72, : = —RC 72 .
%‘jg - SRERE

/
70 P / 14 y

N
\Nk\l
N
N
1y

28 _lela
7 A a8 $
/ / o
7L [ ——— ]
a4 /// 04l Py —_—— 2
) 7 G % of —_— 3 ]
N /9rd 2 D
a4 a4 _—0 5 I
rd ? ——— s
f \ —_— 7
221 ae—é
é
B
“ a7 02 a4 a7 T a
—-—>Cb ‘Wea ___‘>gﬂ
~0z N -2z .
L1
4 -a4

Fig. 53. Polars for aijrfoils of various aspect TFig.54. The experimental results of
ratios. The numbers on the different curves Fig. 53 recalculated for an aspect ratio 5.
: refer to the aspect ratio 2b/c.

correctness of this conclusion is also shown on the basis of research
measurements in the reference referred to in the footnote of p.51.

4. Influence of the Aspect Ratio on Wing Performance. The most
important result of the considerations regarding minimum values is the
fact that the drag on the wing depends to a great extent on the aspect
ratio (2 b)?/S, and can be reduced by increasing the aspect ratio (increase
of span in comparison with chord).

1 This simple argument however, must be corrected on account of the fact
that the downwash velocities increase from the leading edge of the wing to the
trailing edge. The wing is therefore in a curved flow whose effect is approximately
equivalent to a decrease in the curvature of the wing. This effect is more noticeable
with smaller aspect ratios. '
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Difficulties of construction, and in particular, consideration of the
strength and rigidity of the wing, set limits to the possible increase in
this direction. In order to estimate a suitable value for the aspect ratio
it must be noted that only a part of the drag, ¢.e. the induced drag,
depends on the aspect ratio, and is supplemented by the profile drag
and, in a complete airplane, by the resistance of the remaining parts.
In order to investigate the relations involved we separate the coefficient
of drag, Cp of the entire airplane into the coefficients of induced drag,
Cp; and residual drag Cp, so

75 [} T T T T T T T
that = v fe / %
Cp=0Cp;i+ Cpr (1) - =
The relation between Cp; and , B i 7
Cy, can be shown graphically for u V A
various aspect ratios in accor- 0

dance with (2.5); the curves

\
\ -
| / ]

obtained are parabolas (Fig. 55). 4 |

If the value of Cp, is plotted T N
from the zero point in the same 7]
diagram but in the direction 5

Cp,-+Cp; can be read off im-
mediately as a distance. Since
changes in the value of the angle 1
of incidence produce only slight 47 l<—Cpp 0
alterations in Cp, . the latter may ™= ‘0
be taken as constant for any Fig. 55. Combinatior&rggqinduced and residual
given airplane and the diagram o
can be used to indicate the effects of various aspect ratios. Thus by
drawing a tangent to the parabola corresponding to the given aspect
ratio it is possible to determine the maximum lift-drag ratio and the
value of the lift coefficient for which the latter is reached. An example
is shown in Fig. 55: the value of Cp, is given as 0.08, and (2 b)?/S = 6.
The maximum value of the lift-drag ratio is then found for € = 1.23
and Cp=0.16 or (C1/Cp)pmez="T7.7. From a well known property of
the parabola, this condition is always found for Cp; = Cp,.

The weight W of a given airplane is essentially constant and there-
fore in level flight (cruising) it must have the same value as the lift.

Hence for this condition "L=W (4.2)

[ I N |

07 —=0y 02

l
l
’1
opposite to that of Cp ;, the sum | 7
|
|
|
[
x

When flight occurs in the neighborhood of the maximum lift-drag ratio,
then this ratio, which may be designated by &, is approximately constant,
t. e., independent of the angle of incidence. Hence the drag under these
conditions, D= L ‘ (4.3)

&



54 J III. ATRFOILS OR WINGS OF FINITE SPAN

is also approximately constant and the required propeller output,
Pp=pyv="7
is directly proportional to the speed.
It should be observed that, for larger deviations from the maximum
lift-drag ratio, the law connecting the induced drag D; with the velocity ¥,

or the dynamic pressure ¢ = (1/2) o V3, is quite different in form from
the corresponding law for the residual resistance D,. In fact,

(4.4)

12
T (+5)
while D,=0Cp,.q8 (4.6)1
20 T T T T

aq 7 2
Fig. 56. Relation between induced, residual and Fig. 57. General (non-dimensional) dia-
total drags, and stagnation pressure. gram of the dependence of drag and

output on stagnation pressure.

If it is assumed, as previously, that (', is approximately constant, it
is seen that the residual drag is directly proportional while the induced
resistance is inversely proportional to the dynamic pressure. Hence the
product of the two resistances is independent of this pressure, and hence
also of the velocity, and is a magnitude characterizing the airplane
under censideration. Thus,

L2 8
D/,:DT: WODTSZLz ODT mf (4:7)
The total resistance is
. L2
D:Di+Dr=W+ODrQS (4.8)
and will be a minimum (with maximum lift drag ratio) for the particular-
L? -1
value, . q = V——“ @O Tpr8 (4.9)
which gives,
. 2
Dy = Dp1 =Cpr1 8= ]/Wb)g CprS8=7VYD;D,

1 The magnitude Cpp S, characteristic of the particular airplane considered,
is also termed the surface of equivalent drag, S,.
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Hence the minimum drag satisfies the equations
e C s
Dmm=21/D¢D,=2LV%W (4.10)

The above relationships are represented graphically in Fig. 56.
A diagram applicable to all airplanes is obtained on making the drags
and dynamic pressures non-dimensional. This is done by dividing these
quantities by D,,;, and ¢, respectively [(4.9) and (4.10)]. In accordance
with this representation, reproduced in Fig. 57,

D 1gq 1 g

In order to apply these results to any specific case it is only necessary
to obtain from (4.9) and (4.10) the magnitudes ¢, and D,,;, characterizing
the airplane in question. ’

The value of the cruising output (propeller output needed for level
flight) satisfies the equations

L? Vs
P =V (D; + Dy) :WW§7+ODT So—45 (4.12)
and is a minimum for the particular value,
/L2 1
92 = Vn(2b)2 301)8' =0 1/ (4.13)
or when D;=3D, (4.14)

The minimum output is such that

mm_l/—Vm]/g% V3n0DS l

(4.15)
Ve 5 |
372 b)2 @2 V3@

The output for the best possible lift drag ratio is given by the formula

C.Dr
P=2L V R V @by (4.16)

If the propeller output and the dynamic pressure are reduced to
non-dimensional quantities by division by P, [(4.15)], and ¢, [(4.9)] re-
spectively the form of the relation between them is independent of the
type of airplane used!. The resulting curve is reproduced in Fig. 57.

P 1 (ql >1/2 1 ( q >3I2
- = 4.17
Py g T 2 \q ( )

1 For examples of further applications of the above and of similar lines of
development see M. ScHRENK, ‘“‘Zur Berechnung der Flugleistung ohne Zubhilfe-
nahme der Polare”. Zeitschr. f. Flugtechnik u. Motorl. 18, p. 158, 1927; and ‘‘Einige
weitere flugmechanische Beziehungen ohne Zuhilfenahme der Polare”. loc. cit. 18,
p- 399, 1927. Helmbold has shown that the limitation, that Cp, should be inde-
pendent of the angle of incidence, is unnecessary provided the symbols used are
interpreted somewhat differently. (H. B. HELMBoLD, ‘“‘Die generalisierten Koordi-

naten der Flugmechanik’. Zeitschr. f. Flugtechnik u. Motorl. 18, p. 516, 1927.)
The diagram of Fig. 57 remains valid for all aircraft provided the following changes
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5. Influence of the Contour. From considerations of firmness and
rigidity, a form of airfoil is preferred in which the chord decreases
toward the wing tips (trapezoidal wing). One advantage of this is that
with a given lift and given span the bending moment at the wing root
is made smaller by the fact that the lift is concentrated toward the
middle and the arm of the bending moment is thus made smaller. On
the other hand the larger profile allows of a greater resisting moment
due to the spars at the middle of the wing, at exactly the place where
the bending moment is greatest. Naturally with such a contour we
depart from the elliptic distribution with its minimum induced resistance,
and we must discuss in somewhat closer detail the aerodynamic con-
sequences of such deviations.

For any given airfoil the procedure developed by I. Lotz (Division E
IV 12) provides a moderately easy method for calculating the distribution
of lift and hence the remaining quantities characterizing its aerodynamic
behavior!. For present purposes, however, it is simpler to choose
a suitable distribution of lift as a starting point and from it to determine
the associated types of airfoil. We consider the case of a distribution
of circulation characterized by the equation

r=1’]/1— (%)2[1 + a<—g~>2] (5.1)
containing an undetermined parameter a, different values of which can
be used in investigating various types of airfoil.

are made; ¢, denotes as before the dynamic pressure at which the induced drag
is equal to the residual drag (but is now no longer the dynamic pressure for which
the total drag is a minimum); Cpy, the coefficient of residual drag, now varies
with the dynamic pressure; Cp1 is the value of Cp, when the dynamic pressure
is ¢, and D, is the total drag for the same pressure;

q g 7/Cpr
~- must be replaced by =
9 P Y 91 Cp1
D b i)_ Cp1
Dmin y Dy Cpr
P P 3 /Opr
el b il
P, y Py Cpi
_ L
whers, q1= 9 bV—nS Cp1
_ L2 . Cpi1 S
D=2 @ -‘“V % @bF

. "L 1/Cp1 8
P=2L ) g Vn(zw

1 Koving, C., and BorrLEN, A., Aerodynamische FEigenschaften der Quasi-
Trapezfligel mit verschiedener Breite des prismatischen Teiles. Zeitschr. f. Flug-
technik u. Motorl. 24, p. 43, 1933.

HUEBER, J., Die aerodynamischen Eigenschaften von doppeltrapezférmigen
Tragfliigeln. Zeitschr. f. Flugtechnik u. Motorl. 24, pp. 249, 269.
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The formula for the lift due to the above distribution is found on
calculation to be

+b
JT a
L:giI’dy:gVFOb—z—(l—}-—{) (5.2)
)

so that if L is to be constant the circulation at the center of the wing
must satisfy the equation
o 2L

07 moVb(l+a/d)
In order to have a constant basis of comparison, the airfoil considered
will always be compared with an airfoil of equal span and lift, but of
elliptic distribution. Symbols referring to the latter case will be
distinguished by the suffix “‘ell”’. Reference to (5.1) above shows that
a = 0 for an elliptic distribution, so that at the middle of the wing

2L
o Vh
If, as a standard of comparison for the circulation, we take I'y(ep) ¢. €.
the circulation at the middle of an elliptic airfoil of equal width of span
and lift, (5.3) and (5.1) can be written

(5.3)

in the elliptic case Iy ey = (5.4)

_ Tocew
Io= 14 a/d (5:5)
—— b 2
I = Ty Y1 — (joy* (15240 (5.6)

This type of distribution of circulation is illustrated in the upper part
of Diagram 60 for parameter values ¢ =1, 1/2, 0, — 1/2, —1. The
downwash velocity on the airfoil at the point y, is now determined
by the equations

+b
. ol dy .
v ) = | Gy tmip—y)
b
+b
= P“/ y/L [2a-1—3a/(1>2]dy
47b \ (h—9) V11— (y/b)? b
_Tv[y_ e 9:\2] _ Totemy [1—a/2+ 3a(y,/b?]
“413[1 2+3“<b1>]“ b T (5.7)

and the induced drag by

= afferar=oy [Yi~(ET [ o(f o3 (o

- EQL _ melZem l4a2+ a4
N <1 tet ) o 8 1+ aj4)? (5.8)
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For elliptic distributions of lift the induced drag satisfies the formula
L 7o I'f (e

Ditmin) = 5 pamir =8 (5.9)
and hence for given lift L and given span 25
Di _ 1+a2+a%4

Ditminy (1 + a/4)? (5.10)

This equation is shown graphically in Fig. 58.
The equation of the airfoil contour which corresponds to a distribution
of lift satisfying (5.1) is calculated as follows: For simplicity we introduce

as before &= % (5.11)
N and also replace the actual angle of
- { incidence and chord length by the
\ 1] corresponding values for the equi-
i —~ 1 | —1 valent flat plate (I 1). The new
- T 4 quantities are connected with those
i S 7| they replace by the equations
i iq: i o = o — &g (512)
= E ,__ ¢ 6Cf
L, .t .y, 1,,,,1 Two expressions can be obtained
= -a5 7 a5 7 for the circulation, for, by (1.4), its
e lue in terms of the effective angle
Fig. 58. Relation between induced drag va ]?e m © ectiv g
and lift distribution. of incidence, (o' — w/V) and the
chord length, ¢', is such that
’ ’ w . ’ ’ L 1— a/2 -+ 3a 52
F:Vcn(oc——f,—)—-Vcna[1-2evznb2u, T (5.14)
and, again, from (5.1) and (5.3)
2L S
= vabarog V1 =80 +ad (5.15)
Then from the two equations just obtained,
o 2L 1 Y1 —E& (1 +a &) (5.16)

The corresponding equation for the chord at the middle of the wing
(&£ = 0), for an elliptic distribution of lift (@ = 0) on an airfoil of equal
span and equal angle of incidence is
Cogel) 2L 1 1
b T oVrmbia @ 1—Li29V2abto

(5.17)

The mean or average chord of such an elliptic wing is

' N T,
Cm (ell) = 57 = 7 % (ell) (5.18)
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On comparing the chord length, ¢’ of (5.16) with the mean chord length
of the elliptic wing, it is seen that

¢ 4 1— L2 Viab?o
ey VI—8Q1+ a8 1T —ap  3ampe venmw 019
From (5.17) and (5.18), we have
L Crm (ell)

2o Viabtw b td b) e al®) (5.20)7
¢ WmyI—8(lta
and hence e cel) Lo _?’_aﬁ(_e_lp_(l__4§2) (5.21)
4 2 2b

The parameter 2 b/c}, ) occurring in the last expression is the aspect
ratio of the elliptic wing of equal lift, span and angle of incidence.

In Figs. 59 to 61 three values of the aspect ratio, viz., 2 bjcy, ony = 4,
8, 12, have been selected and the values of ¢[c;, ) pertaining to the
corresponding airfoil contours for & = —1, —1/2, 0, + 1/2, + 1, plotted
in each case. The lift distributions I"/I') ) Which are the same for the
different aspect ratios, are shown in the upper part of Fig. 60. It is seen
that the deviations of the lift distribution from the elliptic form (@ = 0)
are always considerably less than the deviations of the corresponding
contour from the elliptic form. Moreover, it can be seen that this
difference between lift distribution and contour increases in magnitude
as the aspect ratio 2 b/c;, eyy decreases.

In Fig. 62 the distribution of the downwash velocity w and the
induced drag o w I' corresponding to the five parameters ¢ are plotted
against the span. The quantities w and ¢ w I" have been reduced to
zero dimensions by division by I'yen) /4 b and ¢ I') oy /4 b respectively.
The curves vary with the parameter ¢ but are independent of the aspect
ratio 2 bfcy,en). A notable feature of these diagrams is the powerful
concentration of the induced drag toward the ends or toward the middle
of the airfoil respectively, according as the airfoil is more or less full
than the elliptic pattern.

The simple rectangular airfoil of constant angle of incidence also
exhibits a distribution of lift deviating from that for the elliptic (see
Division E IV 5). The theoretical distribution of lift and induced drag
is reproduced in Figs. 63 and 64'. Fig. 65 shows the deviations of the
induced drag from the minimum value!. It has not as yet been possible
to verify by trustworthy experiments the value of this deviation, for
its amount is too small to be measured unless the aspect ratio is very
large, and it is very difficult to construct wings of large aspect ratio
sufficiently rigid against torsion to permit of reliable measurement of
the small quantities involved.

1 From A. Brrz, Tragfliigeltheorie. Berichte und Abhandlungen der wissen-
schaftlichen Gesellschaft fiir Luftfahrt I, Part 2, 1920.
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Figs. 59, 60 and 61. Various lift distributions (upper part of diagram No. 60) and the
corresponding airfoil profiles.
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Further data regarding the
influence of the form of wing
contour, including a series of
wings of varying contours, have
been developed at Gottingen
and to the report of which
reference may be made®. There
is no noticeable difference in the
behavior of the polars of the
rectangular and elliptic wings
respectively apart from the
differences in induced drag and
angle of incidence due to the
different aspect ratios. Nor do
the airfoils with rounded ends or
of trapezoidal form produce any
marked increase in drag. The
only striking feature is the in-
crease of the maximum lift in
the airfoils with rounded ends.
This phenomenon is probably

1 Ergebnisse der Aerodynamischen
Versuchsanstalt zu Gottingen, I. Lief.,
p. 63, Figs. 47—53 (Oldenbourg,
Munich, 1921).

a=10
._7\
O

—14]

25
| 05—
=74

a
wy 7) AN

a=—10

'\ |

95 |
/A
oy

g azs a50 a78 790
——>%
Fig. 62. Distribution of induced velocities (upper
part of diagrams) and of induced drag (below)
over the span, for the lift distribution shown
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Fig. 63. Lift distribution 1‘/;’., across the span z/b for rectangular airfoils of constant
profile and angle of incidence, for various aspect ratios. 1 = (2/zn) (2b/c¢’).



62 J III. AIRFOILS OR WINGS OF FINITE SPAN

15

14

13

12

1 N\

oo |
T

X7 — Q

Ns 5 — ;// \\

I ; \

06 5/;/

P e ”\\

\

43 \

” \l

a1

[ a1 62 43 a4 05 46 47 48 09

__;..z‘/é

Fig. 64. Distribution of the induced drag ¢ w I’
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175

due to the small value of
the Reynolds numbers at
the ends of the elliptic wing,
and would probably dis-
appear if larger airfoils were
used. An airfoil with point-
ed ends produces far less
favorable results than those
already mentioned. The dis-
tribution of lift for such
formsisapproximately para-
bolic. The higher induced
drag in this type of air-
foil is, however, insufficient
to account entirely for the
increase in drag, the cause
of which must be looked
for in the large decrease
in Reynolds number toward
the ends of the airfoil, while
the lower maximum lift is
explained by the increased
angles of incidence at the
ends of the airfoil and the
consequent premature se-
paration of the flow at
these ends.

L1

7
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-

N

7

7 8 K i)

Fig. 65. Relation between the induced drag and aspect ratio of a rectangular airfoil with
fixed profile and angle of incidence.

6. Wings with Gaps, Longitudinal Slots or other Disturbing Faectors.
Interference with the lift distribution in the middle of the wing involves
more danger of increasing the drag than does interference at the ends
of the wing. Such interference with the distribution of lift is, for example,
often produced by cutting out portions of the wing in order to provide
accommodation for the pilot or to improve his vision. It may also
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occur on the upper side of the wing, e.g. by engine nacelles in multi-
engined aircraft. The case of the complete separation of the wing
into several adjacent portions by slots in the direction of the flight
(longitudinal slots) though scarcely occurring at the present time, will
also be discussed in the following paragraphs since the phenomena
involved are simpler than for the more usual construction, and for
the understanding of which they provide a useful foundation.

It might be thought possible to proceed by analogy with the previous
section, 1. e. to consider simple distributions of lift containing a depression
at the central portion and then to calculate the corresponding shapes
of airfoil. It appears however that

in the present instance the value
of the induced drag is modified so

considerably by slight deviations
from the basic distribution assumed,
that this method gives for any

254
z0

a

fe—— 8 e——]

Tw Y

Fig. 66. Above: airfoil with longitudinal Fig. 67. Above: steady two-dimensional
slot; below: the sheets, of vorticity at the flow across a slotted plate; below: a con-
rear of the wings. formal transformation of the same in which
.~ the two airfoil surfaces become two parallel

surfaces along the direction of flow.

specified wing form, no useful results concerning the induced drag.
Results of more practical value are obtained by commencing with certain
boundary conditions determined by the shape of the airfoil, and then
seek to determine the minimum induced drag under these conditions.
The case which best lends itself to theoretical discussion by this method
is that of a wing with longitudinal slot.

If, for example, the wing has a longitudinal slot at the center
(Fig. 66a) two layers of vortices are formed behind the wing; and when
the lift distribution is such that the induced drag is a minimum, the
two vortex layers descend like rigid bodies with constant velocity w
(Fig. 66b). This motion can be treated as steady by regarding the
surfaces of discontinuity as being at rest in a flow approaching with
velocity w (Fig. 67a). A method? exists for the solution of the latter
case by transforming conformally the two surfaces at right angles to
the flow into surfaces along the line of flow (Fig. 67b). The separation

1 GRAMMEL, R., Die hydrodynamischen Grundlagen des Fluges, p. 84{f. (Bruns-
wick, F. Vieweg, 1917).
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of a wing of span 24 by a longitudinal slot into two halves which are
kept at a distance s (Fig. 66) increases the induced drag by a factor zx.
The calculations indicated provide the following pairs of simultaneous
values?! for s/(2b + s) and x:

s/(2b -+ s) 0 0.001 0.01 0.1 1
% 1.00 1.312 1.480 1.763 2

These results show that extraordinary increase in drag is produced even
by very narrow slots. It should however be observed that the finite
thickness of the wing with other influences, in practice somewhat reduce
the increase of drag estimated by the simple theory here suggested2.
The fact remains, however, that such discontinuities in the wing greatly
increase the drag. Some physical insight into this important effect is
obtained by remembering that the effect of the difference of pressure
between the two sides of the wing is to cause air to flow with great
velocity through any such opening in the wing and that the kinetic
energy thereby lost appears as drag.

In the same manner as for longitudinal slots, any disturbance of
the smooth distribution of lift produces a very great increase of drag.
Such disturbance may be produced by the presence of gaps or openings
in the wing form (Fig.70). As long, however, as the flow does not
separate from the connecting form across the gap, the harmful effect
of the latter is small. In fact, if the distribution of lift shows only
a slight local reduction the disturbing velocities produced at such a point
are directed upward. Thus, the connecting bridge has larger effective
angles of incidence than the rest of the profile and its lift is therefore
comparatively large in spite of the diminished chord length; hence only
slight deviation from the elliptic distribution results. The increased
angles of incidence at the bridge, however, produce in general, premature
separation of the flow, and once this condition has developed, the
induced velocities upward can no longer balance the effect of reduced
chord, since increase in the angle of incidence in the region of separation
results in no marked increase of lift. Under such conditions there results,
through the marked decrease in lift, a very considerable increase in
induced drag; furthermore, separation is found to increase the profile
drag of the bridge.

1 PranpTL, L., BETZ, A., Vier Abhandlungen zur Hydrodynamik und Aero-
dynamik, p. 52, Géottingen, 1927.

2 Mux~kK, M., and Cario, G., Fligel mit Spalt in Fahrtrichtung. Techn. Berichte
der Flugzeugmeisterei, Vol. I, p. 219.

Berz, A., Uber die Vorginge an den Schaufelenden von Kaplanturbinen.
Hydraulische Probleme. Berlin. V-D-I-Verlag, p. 161, 1926.

FracesBarT, O., Spaltverluste an Tragfliigeln. Zeitschr. f. angew. Math. u.
Mech. 11, p. 411, 1931.



SECTION 6 65

The magnitudes involved in these phenomena can be discussed
mathematically as follows!. The lift in the separated portion of the
flow at the bridge is approximately constant, ¢.e. independent of the
angle of incidence and therefore of the induced velocities also. Over
the remaining portions of the wing, the effect of the induced velocities
is to build up a certain distribution of lift, for which the induced drag
does not greatly exceed the minimum value for the most favorable
distribution of lift over these two portions of the wing. The lift at the
connecting bridge must therefore be considered apart from that over
the remaining part of the wing since the two magnitudes are subject
to different laws, the first being

constant while the second can be
evaluated by the usual methods of

airfoil theory. The decomposition

AT [ —

Fig. 68. Decomposition of the lift of a wing Fig. 69. An airfoil notched contour replac-
with a notch in the contour into an elliptic = ed by an elliptic airfoil lying in front of an
part and two residues. airfoil with slot.

will be made by imagining the wing divided into two parts lying one
behind the other? and such that the foremost has an elliptic distribution
of lift whose maximum, at the middle of the wing, coincides with the
value of the lift at the connecting bridge (hatched portions of Fig. 68).
Let L, be the total amount of lift from this elliptic distribution. The
residual lift (total amount L,, say) has a gap at the location of the
bridge and can be produced by introducing an auxiliary wing with
a longitudinal slot (Fig. 69). The latter is in the downwash of the wing
with elliptic flow in front of it. But the downwash is constant over the
entire span so that the resulting distribution of lift on the auxiliary
slotted wing is that produced by a uniform flow of somewhat different
angle of incidence. Hence the known values for the induced drag on

1 Loz, 1., Theorie von Fligeln mit Ausschnitten. Zeitschr. f. Flugtechnik
u. Motorl. 23, p. 410, 1932.

2 In accordance with Munk’s theorem any part of the lift may be arbitrarily
displaced in the direction of motion without producing any alteration in induced
drag, provided the magnitude of the lift and its distribution across the span is
thereby unaltered. For both the lift and drag (or loss of energy) can be calculated
from the field of induced velocities far behind the wing [the lift is calculated from
the momentum, the loss of energy from the kinetic energy—Division E I (11.1)
and (11.3)]. But the disturbing velocities are independent of their distance from
the wing so that the end result of the calculations is unaffected by shifting in the
direction of flow those portions of the wing which produce vortices. M. MUNEK,
Isoperimetrische Aufgaben aus der Theorie des Fluges. Dissertation, Gottingen,
1919.

Aerodynamic Theory IV 5
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a longitudinally slotted wing can be directly applied. This drag must
be supplemented by a component produced by the mutual effect of
the two wings, on account of the fact that the one to the rear is subject
to a downwash of magnitude

(6.1)

12diam

—>,o,el

7diam;

|
1000 =

Fig. 70. Various airfoils either with gaps in contours or with longitudinal slot along the
middle. The dimensions of the airfoils are 100 x 20 cm. The edges of the gaps are rounded
off in all the airfoils except that labelled Vb.

The total induced drag is therefore made up of three components

L
-0 ©2)
L2
2L, L
"= g @y ©4)

Apart from gaps in the wing, alterations in the normal distribution
of lift are most often produced by disturbing bodies on the upper side
of the airfoil, e. g. by motor supports, gondolas, etc. Such disturbances



SECTION 6 67

are often deliberately introduced to lower the lift drag ratio in order
to allow steeper landing?.

In Figs.70 to 72 measurements are shown which were made by
J. Ackeret? on wings containing gaps or openings either at the leading
or the trailing edge as well as on a wing with longitudinal slot. Openings
at the leading edge produced a considerable increase in drag as soon
as the flow had separated at the connecting bridge (Fig.71). When,
however, a wing with longitudinal slot was used, the increase of drag

became manifest and conti- 16

nued to grow from the posi- /]

tion of smallest lift. The , y4uns

fact that for larger lifts the /| 7

curves for wings with gaps 12 VA AR -
or openings approach or even /é/ 9’9‘;/ \
intersect the curves for the 17 /; f

wings with the longitudinal J éf/

slot, can be accounted for ¢4 7 ¥

by the considerable profile % jV/ //’

drag produced by the bridge 1 o6 f"

in the latter case, which must 2 ;%

be added to the induced . / ——— W/ﬂy without GAP

drag. At the trailing edge, , / —— Wing with GAP T

the principal effect of such g —_‘:%Zg ‘:Z;Z Z’i’; /'fs/o/

cut out forms is to increase “”W”“ ]

the profile drag (Fig. 72) with N YL H |

no separation at the bridge. -4z
This is due to the fact that

the bluntness of the trailing -2#
edge increases the drag and B L ot o h e te 0% notehed on loading
hence, as already seen in I 9, edge as shown in Fig. 70.

increases the maximum lift

(see remarks in connection with Fig. 72). The consequence is that
the maximum lift at the bridge in spite of the shortening of the
chord, falls only slightly?3.

If the bridge is extended in such a way that, in spite of its smaller
chord, its lift is equal to that of the adjacent portion of the wing, it
is possible to a great extent to avoid even the harmful effects of gaps
at the leading edge. To this end it is necessary first to give to the bridge

1 HiBNER, W., and Premwes, W., Das DVL-Gleitwinkelsteuer (Bauart
W. Hiibner). Zeitschr. f. Flugtechnik u. Motorl. 23, p. 455, 1932.

2 Ergebnisse der Aerodynamischen Versuchsanstalt zu Gottingen, III. Lief.,
p. 92 (Oldenbourg, Munich, 1927).

3 Messungen an Profilen mit abgeschnittener Hinterkante. Ergebnisse der
Aerodynamischen Versuchsanstalt zu Gottingen, ITI. Lief., p. 82.

5*
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a larger angle of incidence to compensate for its smaller chord, and next,
to take precautions that its maximum lift in relation to its chord is
correspondingly higher. If the remainder of the wing has a comparatively
thin and slightly curved profile of low C7y, 4, the last condition can be
satisfied simply by choosing for the bridge form a thicker and more
strongly curved profile. If on the other hand the profile of the main
wing is already thick and of high maximum lift, the artificial means
noted in I 4 can be applied successfully in order to raise the maximum lift.

1 The accuracy of this re-
[ 4 T ' asoning has been proven

16,

14 // through experimental research
/ s L by H. Muttray !. These in-

2 7 / KR vestigations showed further
/ 4 N that another consideration

w0 / 71 N needs attention in the attempt
2 / // \ to produce an undisturbed
P / w—crm= Wing without GAP transition of the lift distri-
26— o Wing with GAP T butiox.lz the bridge must not
T / —— Wing with GAP IV be shifted too far in the di-
o —— Wing with GAP Va rection of flight relatively to
/ —o— Wing with GAP V& the remainder of the wing;

a2 the vortex lines which re-
present the distribution of

a0 27 77 25| lift over the wing must be
33'1\ —C) able, in a measure, to pursue

0z their - course smoothly. The
M\ need for this condition can

best be understood by con-
Fig. 72. Results of measurements on wings notched . .
on trailing edge as shown in Fig. 70. sidering an extreme case. If

the bridge is imagined shifted
so far back that it no longer has any connection with the two
remaining portions of the wing, three detached wings are obtained
(Fig. 73a). At the boundary of each wing the lift falls to zero and
the lift distribution is, approximately, of the form shown in the
lower part of Fig. 73b. If the bridge is not totally disconnected from
the remainder of the wing but is shifted comparatively far in the
direction of flight, the lift does not fall absolutely to zero at the
transition points, but suffers a considerable decrease with consequent
additional induced drag. The effect of shifting the middle of the wing
in this manner, without alteration of chord has also been investigated

1 MurTrRAY, H., Neuere Messungen an Fligeln mit Ausschnitten. Zeitschr. f.
Flugtechnik u. Motorl. 20, p. 161, 1929; and Ergebnisse der Aerodynamischen
Versuchsanstalt zu Gottingen, IV. Lief., p. 85, 1932.
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by Muttray 1. It is however, impossible to state with certainty whether
the harmful effect observed can be traced back to unfavorable angles
of incidence on the portions displaced.

The disturbing effects of adventitious structures on the wing are
illustrated by several researches carried out in the Gottingen Laboratories
and to the reports of which reference may be made?. It will be recognized
that disturbances on the upper side have a particularly unfavorable
effect since they tend to produce separation and diminution of lift.

7. Wings of Large Chord. An initial assumption in the usual theory
of induced drag is that the span of the wing is large compared with
the chord. It is worthy of note, however, that the theoretical conclusions
are also true with reasonable accuracy for wings with span approximately
equal to the chord (square contour).
' | L | 2 This can be verified by reference

]

V/

b AT v
Fig. 73. Lift distribution on an airfoil the Fig. 74. Normal component of the velocity
middle portion of which has been displaced of approach of a plate of large chord

toward the rear. dimension.

to Figs. 53 and 54. If the chord is large compared with the span, the
effect of the flow in planes parallel to the plane of symmetry is of lesser
importance than the effects of the flow at the side boundaries. In the
extreme case, if the chord length is very large in comparison with the
span, the flow in the longitudinal direction need be taken into account
only in the neighborhood of the leading and trailing edges and even
this can be neglected in comparison with the other effects on the
remainder of the wing. If however, the leading and trailing edges are
at a sufficient distance for their effects to be negligible, a two-dimensional
transverse flow is obtained which can easily be treated by mathematical
methods as follows. Let us assume that we are dealing with a flat wing:

If o is the angle of incidence on the wing and V the velocity of
approach, the air has a normal velocity (see Fig. 74)

V' ="7Vsina (7.1)
toward the wing, and exerts a force upon it of amount,
P=%QSV’20D=—;'QV280D8MZM (7.2)

1 MurtrAY, H., Messungen an einem Fliigel mit versetztem Mittelteil. Ergeb-
nisse der Aerodynamischen Versuchsanstalt zu Gottingen, IV. Lief., p. 88, 1932.

2 Beeinflussung von Tragflichen durch Motorgondeln. Ergebnisse der Aero-
dynamischen Versuchsanstalt zu Gottingen, ITI. Lief., p. 115 (Oldenbourg, Munich,
1927).
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This force is normal to the plane of the wing and can be decomposed
into a lift component L= Pcosar P (7.3)
and a drag component

D = Psina = oV?8Cpsinda (7.4)
In the above equations Cp is the coefficient of drag of a long flat plate

so that Cp is approximately equal to 2. In addition, we must consider
the effect of surface friction. The additional resistance is Dy where

Dp=907V28C;cos®a (7.5)
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Fig. 75. Force and moment coefficients of a flat rectangular plate of aspect ratio (2b)*/S = 5.

where C; is the coefficient of surface friction!: cos?« is generally
replaced by 1.

If the effect of surface friction is neglected the drag lift ratio has the value
D
T = (7.6)
On calculating the most favorable drag lift ratio by applying airfoil theory to (2.3),
(7.2) and (7.3) the value obtained is

D S
= in?
(L> m__CDsm o @b (7.7)

Since S/(2b)2 may be large, the theoretical minimum thus obtained is considerably
higher than the minimum obtained in actual practice. This apparent contradiction
is due to the fact that airfoil theory postulates a “‘line” airfoil. In the case under
discussion, however, the projection of the wing in the direction of motion has

1 C} is a function of the Reynolds number. The chord length is not, however,
the predominating factor in determining the value of the latter for, on account
of the transverse flow, the direction of flow is not along the wing but aslant from
the middle of the wing toward the edges. In this case therefore the Reynolds
number of predominating effect is a function of the span and of the angle of
incidence.
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a considerable vertical extension since the trailing edge is considerably lower than
the leading edge. In airfoil theory a wing of this kind corresponds rather to
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Fig.77. Force and moment coefficients of a flat rectangular plate of aspect ratio (25)%/S = 1/5.

a ‘‘multi-plane” as discussed in Division E IV 14. The height of the multi-plane
is h=csmoa. If h>>0b the induced drag lift ratio becomes

D . L 1 o
(T),m-n_ 20V?h-2b6 4 P*

(7.8)
and this result is consistent with (7.6) above.
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Figs. 75 to 77 show the polars for flat plates! of aspect ratios 1:5,
1:1 and 5:1. It is noteworthy that the maximum lifts for wings of
approximately square contours are extraordinarily high. Exactly similar
results are obtained with circular discs. There is as yet no satisfactory
theoretical explanation of this abnormal phenomenon. The -effect
described should, however, be useful in the construction of tail-planes
where premature separation must be avoided if at all possible (see 11).

B. Combination of Wings

8. Preliminary Remarks. The combination of several wings in a single
system results in peculiar properties for the system which, by proper
use, may be made of great value in the problems of aircraft construction.

7 I
1 1

Fig. 78. The vortex system of an airfoil of Fig. 79. Formation of the vortex system of
finite span formed from the corresponding an airfoil of finite span out of the bound
system of infinite span (I) by the addition vortex I’ and the system of free

of the vortex systems I7 and I1I. The arrow vortices I1.

in this diagram and also in Figs. 79 and 81

indicates the sense of the vortex rotations.

The members of the system are usually arranged so closely that mutual
interactions occur, the flow around each wing being disturbed by the
presence of its neighbors by an amount which, as a rule, is too large
to be negligible. Various contributory factors in this effect must be
considered separately: in the first place, a wing of infinite span gives
rise to a field of disturbance which influences the working of neighboring
wings. Moreover, the fact that span is actually finite introduces a second
disturbing field due partly to the vortices generated at the ends of the
wing and partly to the termination of the wing at these ends (see Fig. 78
where these three factors are indicated by three systems of vortices,
I, IT and III, which characterize their principal respective effects).
Instead of separating the three factors wiz. infinite wing, generation
of vortices, absence of the prolongations of the wing, in this fashion,
it is possible to combine the first and last and to calculate the effect
of a finite portion of wing (see Fig.79 where I' = I + III). Such
a procedure must dispense with the results of the comparatively extensive
researches which have been concerned with two-dimensional flows around
combinations of wings (Division E IT). Whether or not it is advisable

1 FraceSBART, O., Messungen an ebenen und gewélbten Platten. Ergebnisse
der Aerodynamischen Versuchsanstalt zu Gottingen, IV. Lief., p. 96 (Oldenbourg,
Munich, 1932).
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to take account of the results of these researches depends upon the
extent of their influence on the total phenomena. In general, the relative
importance of the two-dimensional flow increases as the distance between
mutually interacting wings decreases in comparison with their span.
When the latter ratio increases, the finite length of span becomes the
more influential factor and the results obtained for two-dimensional
flow find diminishing application.

The field of disturbance for a given body can be constructed by
a known procedure out of sources, sinks and vortices. The effects of
singularities which occur in pairs with opposite signs (a sink plus a source,
a pair of vortices with opposite sense of rotation) diminish with distance
very rapidly as compared with the effect of a single source or a single
vortex. (In a two-dimensional flow, for example, the field velocity of
a source or vortex varies as 1/r, while that of a sink-source arrangement,
or a vortex doublet, as 1/r2 for large values of r 1.) In the case of flow
around an airplane wing, single vortices occur in connection with the
circulation around the wing. Hence at large distances the disturbing
field of an airfoil is identical with that due to a vortex having circulation
equal to that around the wing. At smaller distances the effects of
singularities occurring in pairs and determined by the exact shape of
the wing must also be taken into account, but in the more usual cases,
e. g. biplanes, the latter effects remain small in comparison with those
produced by the circulation, and are usually neglected. If, however,
it is desired to consider the special effects of the shape of the wing
section, it is permissible to dispense with sources, sinks and vortices,
for the shape is important only at small distances from the wing,
and as the flow at some distance is sufficiently like a two-dimensional
flow to be treated as such, the usual methods of two-dimensional fluid
mechanics, e. g. conformal transformation may be employed.

Groups of wings in combination can be divided into two classes,
according as the wings are arranged in fore and aft order or above and
below. The first includes the so-called tandem wings (two approximately
equal wings arranged in fore and aft order) which are practically obsolete
at the present time but are interesting in view of their bearing on the
mutual interaction of wing and tail-plane. If the distance between two
such wings is made very small, arrangements are obtained which are
equivalent to the combination of wing and aileron, or of fin and rudder.
Although the examples given can also be treated as single wings of broken
profile and might therefore have been included in the discussion of
airfoil profiles in Chapter I, it has seemed more profitable, in view of
their intimate connection with the combination of wing and tail-plane,
to discuss them together in the present context. Slotted wings can
also be regarded as combinations of wings but have already been discussed

1 Division B IT 7 and IV 10.
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in I 5. The most important member of the second class is the biplane.
This case is closely connected with that of flight close to the ground,
a state of affairs which is made amenable to calculation by the method
of images (Division E IV Part C).

9. Stability of Wings Arranged in Tandem. If two wings are arranged
fore and aft, the resultant force is the vector sum of the forces acting
separately on the wings (Fig. 80). Let the two wings be assumed rigidly
connected; rotation of the entire system then alters the angles of
incidence on each wing always by the same amount. If the effect of
this is to alter the forces on the two wings in the same ratio, the point
of application of the resultant shifts only to the extent determined by
the shifts of the two component forces (shift of the center of pressure

on each wing). If however, increasing the

angle of incidence increases the force on the

rear wing by a factor greater than on the

other, there will be a shift of the resultant to

the rear in addition to that produced by the

— change in position of the centers of pressure

) _ . on the wings. Conversely, if the force on the

Jig. 80. Torcesontwoaltfolls ¢ ward wing increases in relatively greater

proportion than that on the rear wing, then

the additional shift of the resultant will be forward. Since the forces

on each wing are practically proportional to their effective angles of

incidence (x — o) [II (5.1)], it follows that neglecting the mutual

interaction of the wings and any subsidiary phenomena, the wing for

which the effective angle of incidence is smaller will show the greater

proportional change in force. Hence the arrangement of two wings

with appropriate decalage, that is with different angles of incidence for

the two wings, will provide a very effective means of control for the

shift of the center of pressure of the system. The shift of the center

of pressure is a decisive factor in determining the stability of an aero-
plane (Division N).

If subsidiary effects such as propeller thrust, drag, height of the
center of gravity above the wings are neglected, a necessary condition
for equilibrium is that the line of action of the lift shall pass through
the center of gravity, i.e. the center of gravity must lie on the line of
the resultant of pressure. For if this is not the case, gravity and lift
together exert a couple on the airplane. If an alteration of the angle
of incidence shifts the center of pressure, equilibrium is disturbed and
can be restored only by manipulating the elevator until the center of
pressure and the center of gravity come again to the same vertical line.
If the elevator is not used, and an increase of the angle of incidence
shifts the center of pressure toward the trailing edge, the resulting couple
tends to decrease the angle of incidence and equilibrium is automatically
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restored. If, however, an increase of the angle of incidence carries the
center of pressure forward, or a decrease carries it in the opposite
direction, the resulting couple increases the initial change in the angle
of incidence, and an airplane in this condition would not regain equilibrium
without the use of the horizontal tail surfaces. The state of equilibrium
is therefore stable or unstable according as an increase of the angle of
incidence from the position of equilibrium shifts the center of pressure
backward or forward. The greater the shift of the center of pressure
for a given change of angle the greater the stability or instability as the
case may be. If for a change in the angle of incidence the center of
pressure and the center of gravity remain on the same vertical, the
system is in a state of neutral equilibrium. In general it is desired
to obtain a state of stable equilibrium. In general, wings by themselves
are unstable, especially when lift-drag ratios are high, 4. e. with increase
of the angle of incidence the center of pressure moves forward. A condition
of stable equilibrium can however, be obtained by setting the two
component wings at an angle (decalage). To this end the rear wing
must have a smaller effective angle of incidence than the forward wing.
The magnitude of the compensating effect so produced increases with
the distance between the wings and with the angle between them.

The above description of the effect of setting the two wings at an
angle is, however, not quite accurate quantitively, since the mutual
interaction of the wings has been neglected. The circulation around
a wing produces an induced field in the neighborhood such that for
positive lift induced velocities are produced the direction of which is
upward in front of the wing and downward behind. As a result of the
absence of indefinite lateral extension, wings of finite span give rise to
induced velocities which are smaller than those produced by wings of
infinite span. Vortices originating at the ends of the wing are responsible
for an additional downward velocity inside a rectangular region whose
width coincides with the span. In front of the wing this velocity is
smaller than that on the wing itself; behind the wing it is larger.
Moreover for a given angle of incidence, the finite span reduces the
lift of the disturbing wing (3.4) and hence reduces the magnitude of
the interference effect.

10. Measures for Obtaining Stability. In order to obtain certain
general ideas on the question of stability, we shall commence with some
relatively simple examples. For simplicity the actual wings will be
replaced by equivalent plane wings (II 1) which will be assumed to
have fixed centers of pressure, so that any shift of the resultant center
of pressure must be ascribed to the arrangement of the component
members of the system. We first choose two wings with span large
compared with their mutual distance I, so that the effect of finite span
may be neglected, and we have simply to consider the problem of
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keeping the center of pressure at a fixed point between the wings. If
the mutual interactions are neglected it follows that the wings must
have the same angle of incidence, ¢. e. a decalage of 09, and the surface
areas of the two wings must be in a fixed ratio. Let the surface area
of the front wing be 7, of the rear wing S;, and let the chord lengths,
61, 5 respectively, be constant for each wing so that 8} = 2, ¢; and
85 = 2 b5 ¢;. 'We must next investigate as to how the angles of incidence
and the chords must be changed in order to obtain the same effect if
the mutual interaction is taken into account. If the angle of incidence x
is 0° the lift of each wing is zero; hence there is no interaction, no
correction is required on that account and the decalage remains zero.
Moreover, no restriction can be set on the chords at this angle since
the lift remains zero for every possible value. If the angle of incidence
is now increased to a finite value o each wing has lift and, aside from
the effect of induced velocities, the coefficient of lift for each wing
[IT (1.1)] would be CrL=2na

and the circulations [';= % CrVei=maVc
. (10.1)
for the front wingand I, = %0}; Vegy=maVec,

for the rear wing. The induced velocities associated with these cir-
culations produce changes in the effective angles of incidence of amounts

W Fz__ o ch
A =5 =377 = 9]
w r ' (10.2)
and Noty == 2 — "1 %60
2 |4 27 V1 21

respectively, so that the lift on the front wing increases while that on
the rear wing decreases. In order to obtain the basic values of the
circulation and the corresponding lifts for each wing, the chord of the
forward wing must be decreased to ¢, and that of the rear wing increased
to ¢,. The values of these quantities can be obtained from the equations

IN=a@+Ao) Vey=ma V]
Iy=m(x+ Aay) Vey=ma Ve,
On substituting the values for Aoy and Ao, from (10.2) the following

(10.3)

equations are obtained:  « (1 + %) 6= ¢} (10.4)
so that ¢; = G
1+ a2t
o ; (10.5)
and smlllarly Cy = _1'——6'/27
1

The spans 26, and 2 b, respectively remain unchanged so that the

necessary surface areas S; = 2¢, b, and §, = 2 ¢, b, are changed in the
same ratio as the chords.
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The ratio of the corrected to the original chords is independent of
the angle of incidence «. Allowance for the mutual interaction of the
two wings can therefore be made for all angles of incidence by replacing
the chord lengths ¢, and ¢, by ¢i and ¢; respectively” and assuming
that the corrected wings have no interaction.

So far it has been required to hold the center of pressure at a definite
point; in the case now to be considered, it is required to arrange the
combination of wings so as to produce a specified shift of the center
of pressure. Let ¢’ be the decalage (angle between the wings) necessary
when mutual interaction is neglected; then with the previous notation,

o = oy + & (10.6)
Let the surface areas obtained when mutual interaction is neglected
be, as above S} = 2 ¢ b, and §; = 2 ¢; b, for the front and back wings
respectively. Since the angles of incidence of the wings now differ there
will be no position where both wings have zero lift and hence no position

without interference. When «, = 0, «; becomes & and the coefficient
of lift and circulation of the front wing have the values

Cri1=2m¢ (10.7)

Ii=mnée Ve (10.8)

This wing suffers no interference since its partner has zero angle of

incidence and therefore zero lift. The flow around the rear wing is,

however, diverted downward by an angle

I, e

Az_ZnZV_ 21 (10.9)

The back wing must therefore be adjusted to have an angle of incidence

Ny =¢"¢y/21 in order to have zero lift. Similarly for zero angle of
incidence at the front wing, the back wing will have an angle of incidence

oy = — & and negative lift, inducing a downward flow at the front

wing. Hence the angle of incidence on the front wing must be increased to
£, Cy

Dy = ”12—l (10.10)

Since the angles of incidence have been increased by A, and A, respec-
tively the alteration in decalage is Ae, where

De=Dy—0y =G0 (10.11)
The required decalage is therefore
e:e’+Ae=e'(1+“‘2;l°3) (10.12)

The mutual interaction of the wings due to decalage therefore has no
effect if ¢; = ¢, 1. e. if the original chord lengths uncorrected for inter-
action are equal. If this is not the case the decalage must be decreased
or increased according as the chord of the front wing is greater or less



78 J III. AIRFOILS OR WINGS OF FINITE SPAN

than the chord of the rear wing. The two possibilities are exemplified
by the usual wing and tail plane type and by the “‘canard” type (see 13)
respectively.

The requisite chord values, ¢; and ¢,, can be obtained by using the
condition that for all angles of incidence the calculated values of the
circulations must agree with those obtained by neglecting interaction.
The equations thus obtained are:

N=ay+2,+A0w) Ve,=mo, Vey

10.13
P2=n(a2+A2+Aa2)V62=7Z0(2V612 ( )
where Aoy = 271:21” = O(;;'?
r e (10.14)
and Doy =—5_ 57 =""97

If the latter value for A oy, and the value of A, from (10.10) are inserted
in (10.13), it follows that

<oc1 NN ;—l> 0y = ¢, (10.15)
Hence, since o, + & = oy (1 + %) ¢, =y (10.16)
6=
b a2 (10.17)
. 6 ’
a;nd Slmllarly Cy = m
1

as in the arrangement without decalage.

In the theory of the preceding paragraphs the effect of finite span
and varying chord length were eliminated by postulating constant chord
lengths and spans so large that the end effects were negligible. Allowance
may now be made for these neglected factors by multiplying the
magnitudes hitherto used by suitable coefficients. Whereas the lift of
a wing of surface area §’, large span, at angle of incidence «’ was
expressed by the formula

L=(1)2)p V28 2nd (10.18)
the corresponding formula for a wing of finite span becomes
L=12)oV*u 82mxa (10.19)

where y' expresses the reduction of lift produced by loss at the ends
of the wing. For elliptic distributions, in accordance with (3.4) above
1

= 10.20
# (1 + 282 b)2) ( )

where 2 b denotes the span as hitherto.
The previous formula for the induced velocity w at a distance
before or behind the wing of great span and constant chord length was

L (10.21)

r
W=TF 347 = T Tngvbl
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If a downward induced velocity is regarded as positive, the negative
sign must be chosen for the value in front of the wing and the positive
for that in the rear.

Furthermore, this velocity along the span of the disturbed wing
was constant; for finite span, however, this is no longer the case. It is
necessary in fact to replace the induced velocity w of (10.21) by a mean
value w so chosen that the change of lift produced by postulating
a constant velocity w, equals the actual change as obtained by more
detailed calculation based on actual values [see (11.3)].

The required mean value can be related to formula (10.21) by
multiplying the w of that formula by a correcting factor x, thus,

— » L
W=T faevol (10.22)

The values of » are discussed in detail in the following section but
attention may be drawn at this point to two qualitative results con-
cerning these values. In front of the wing the induced velocity is
decreased by the end effect, the reverse in general being true behind
the wing. It should also be observed that outside a strip of width equal
to that of the span, the induced velocity due to the trailing vortices
is opposite in direction to that within the same region. If, therefore,
the span of one wing is considerably less than that of the other, the
mean velocity w induced by it upon its neighbor is very small. Thus,
for example, the interference effect of the tail-plane upon the main
wing can generally be neglected.

If allowance is made for the effect of the ends of the wing, the same
method which led to (10.12) and (10.17) will now give

e=¢ [1 + 717 <x2yg§%—z— %y ‘ulé%‘;)] (10.23)
m 8 .
%y 3 Sy
1+ —45,1 >
©s Sy
pafa = (12550
46,1
-Changing the surfaces S}, S, into S, S, respectively also changes the
aspect ratios so that the coefficient x4 needs modification, as can be
seen from (10.20) for elliptic distribution. The factor u, therefore differs
from u; and p, from pj but the amount of the difference in general
is so small that in practice it scarcely needs consideration.
11. The Induced Field in Front of and Behind a Wing: Theory.
If I'(y) is the distribution of circulation across the span, a vortex of
strength (0170 y) dy must originate between y and y + dy. If such
trailing vortices are combined with those represented by the circulation
around the wing, it is possible to regard the entire vortex system as

P18y = <

(10.24)
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constructed of line vortices of which a representative is of strength
(0 I'Jo y) dy, bent at right angles at the points 4 y (see Fig. 81). The
field of such a vortex, bent at right angles at the points - 7;, induces,
according to the Biot-Savart law (Division B IIT 2) at a point P behind
the wing (Fig. 82) a downward velocity of amount dw,. If the coordinates
of P are (y,, 1) then dw, is given by the formula

oI 1

1 1 .
dw, = 2L L [ﬁ 1 1t
W Oy, 4n|1 (cos ¢ + cosy) + (y1 + y2) (1 + sing) (11.1)
1 . ’
— (1 + stn } d
+ (2/1 _ y2) ( + Q)U) yl
where singp = ! siny = S
Y11+ Y Yi— Y
Ccos _— 0S Y = ———— "
LTSN Vs — v + B
—%—
P
Fig. 81. Resolution of the complete vortex
system of an airfoil into partial vortices at
right angles. Fig. 82.

If the point P is situated in front of the wing ! must be written with
a negative sign. The interference effect w, at P, of the entire wing,
is found by integrating with respect to w; over the half span &,.
If P is a point on the profile of the other wing of equivalent chord
length ¢ (¢ = the chord length of the corresponding flat plate) a portion
of that wing of width dy, suffers a diminution of lift of magnitude
AAL=w,2m¢(1/2) o Vdy, The whole of wing 2 lying at distance !
behind wing 1 experiences a (negative) increase of lift of magnitude

+ ba
AL=—2n(1j2) eV [wycydy, (11.2)
—b,
The value then obtained for the mean induced velocity of the previous
+be
section is Ty = 5 / P (11.3)
i
+ b:
where 8, = / ¢, dy, and denotes the surface area of the rear wing.
_b2

The mean velocity w; of the front wing under the influence of its partner
can be found in similar fashion. In most cases which occur in practice
the span of one of the two wings (horizontal tail surfaces) is small in
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comparison with the other, and (11.1) may then be materially simplified
by replacing the interference velocity w, (or w, as the case may be)
by its value in the plane of symmetry. If this is done it follows that

sin@ = siny = JE i = Cos @ = cosS Y = 1/l2y—|l——y
1

and hence

or 1 1 A l 1
wz——wz aylzﬂl:]/Z2+y< l+71>+_3/T]dy1 (114:)

This integral has been evaluated by H.B. Helmbold?! for elliptic
lift distribution. He found that the velocity (reckoned positive downward)
could be expressed as

2L

in the region behind the wing. The correspondmg formula in front of
. . 2L
the wing is wy = wa V@bE [1—eq (/b)] (11.6)

I always being reckoned positive. The factor 2 Ljm ¢ V (2 b)? (which
corresponds to [ = 0) represents the downward velocity at the wing
itself [see (2.6)]. Let w, now denote the velocity for an infinitely long
wing, as obtained in (10.21). Then

I L

Wo=F gaTiT = T Zag vh1] (11.7)
A comparison of this formula with (11.5) and (11.6) shows that
I
= =21l g ) +
" Vl| ‘ (11.8)
2= = 27 Lo ((/0)—1]

The values of the function ¢ (I/b) can be obtained from the Table of
Division E VI 6 where (1 + ¢) is denoted by ¢ p/p. The curve marked I
in Fig. 83 represents » as a function of I/b, the values being derived
from those of ¢ in the table mentioned. The portions of the curve to
the right and left of the origin represent respectively x, (interference
on the rear tail-plane by the wing in front of it) and x, (interference
on the forward tail-plane by the wing behind it).

In calculating the interference field it has been assumed that the
vortices trailing from the wing move, as shown in Fig. 81, in straight
lines in the direction opposite to the direction of flight. This hypothesis
is justified when the interference velocities produced by the wing are
very small in comparison with the velocities of flight. This assumption
is usually made in applications of airfoil theory and is sufficiently near

! Heumsorp, H. B., Uber die Berechnung des Abwindes hinter einem recht-
eckigen Fligel. Zeitschr. f. Flugtechnik u. Motorl. 16, p. 291, 1925. See report
on this paper in Division E VI 6.

Aerodynamic Theory IV 6
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to the facts for nearly all problems which arise; it is not, however,
sufficiently accurate for the case at present under consideration, . e. the
problem of the mutual interaction of two airfoils. The chief reason for
this exception is the fact that the band of vortices proceeding from
the wing rolls up into two single vortices whose interference field differs
from that of the band which existed before rolling up occurred (Divi-
sion E VI 6). This effect will be understood more clearly by considering
the simple case of an airfoil with elliptic lift distribution. We shall
consider the effect at a point in the plane of symmetry lying

a0 so far behind the airfoil that
the induction due to vortices
<7 &0 %/ ) attached to the wing itself can
TZ / / be neglected and that the
I %% T 4o /| length of the trail of free
- e /// vortices extending in front of
Igé e T 20 4 the point may be taken as
IS ¢/ || intinite in the calculations. If
T 20 / e L is the lift of the wing, the
u Q% ' / - band of vortices before rolling
e up produces an induced velo-

. city of amount [see (2.6)]
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Fig. 83. fRa.tio of ftl%e itnducedtv%lt(l)city at t{:\e After rOlling up there are two
middle of a wing of finite span to the same velo- : : . :
citylon %hwi?g of in}in%te s%@ntl.)ullzlgitg} %qjll]alt;ift single vortices with opposite
per length of span, I, for elliptic lift distribution 3 : L
without rolling up of the vortex surfaces; II, for sense of rotation and with cir
elliptic lift distribution with immediate rolling up  culation (2. 2)
of the vortex surfaces; III, for rectangular lift

distribution. T

0

T oV(2b)n/4
At any instant these vortices lie at the “‘centers of gravity” of the two
halves of the unrolled vortex band which produce them, ¢. e. at a distance

from the middle, V=70 (11.9)

[Division E VI (5.5)]. A vortex pair of this kind produces an induced
velocity in the plane of symmetry of amount
r, _ 2L 8

20w mq2b2 @ A
so that the rolling up process has reduced the induced velocity by
about 20 per cent. This result is, however, only true in the plane of
symmetry and the value increases toward the sides, a fact which must
be considered when tail-planes of comparatively large span are used.
Fig. 84 shows the velocity distribution before and after the appearance
of single vortices, the first being shown by a dotted and the second
by a continuous line.

w =2 (11.10)
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If the individual vortices developed very quickly the calculations
could be performed simply by replacing the actual wing and its actual
lift distribution by a wing with rectangular lift distribution and corre-
spondingly concentrated trailing vortices. Unfortunately, in most cases
oceurring in practice the transition into individual vortices occurs precisely
in the region occupied by the horizontal tail surfaces [see Kaden’s
investigations, Division E VI (5.9)]. Hence the values of the downwash on
the horizontal tail surfaces always lie between those for the unrolled vortex
band and those for the developed vortex pair. In Fig. 83 the curves mark-
ed I and II represent the function »x, constructed by analogy with (11.8),
for the two extreme cases of vortex bands which, from their very com-
mencement, are respectively unrolled and rolled up into a vortex pair.

Since the lift distribution of a wing
is generally somewhat fuller than the

\ /
ellipse, the trailing vortices before rol-
ling up are usually concentrated more
ZTIN
g N4

strongly at the boundary than in the
example considered; this reduces the
difference in the downwash before and i 84. Distribution of the downwash
after rolling up without, however, ren-

dering it small enough to be negligible. The reader may be referred
for a more exact account of the phenomena occurring with rectangular
airfoils to the paper by H. B. Helmbold already mentioned (see foot-
note p. 8l and report in Division E VI 6). The limiting case for
which the lift distribution is constant over the entire span is shown
by curve III in Fig.83. Since rolling up occurs only behind the wing
the change in the induced field thereby produced is only of considerable
effect in that region itself. In the space occupied by the wing and even
more so in the space in front of the wing the effect of the rolling up
is generally so small that it may be neglected.

12. Experimental Values Characterizing the Downwash Behind Wings.
In consequence of the uncertainty attaching to the initial suppositions
of the theory sketched in the preceding sections due, in particular, to
the rolling up of the vortex layer behind the wing, the theoretical values
of the induced velocities are not yet sufficiently reliable. Unfortunately,
moreover, the experimental determination of the so-called downwash
is rather difficult owing to the small values which have to be measured,
and but few results have been obtained. One method is to measure
the downwash at various points behind (or in front of) the wing by
using some means for indicating the direction of flowl. Another is to

1 The simplest, though not very accurate, procedure is to insert light threads
into the flow which arrange themselves in the direction of flow and are then
photographed. An exploration of the field behind a wing, conducted in this fashion,
is published in the Technische Berichte der Flugzeugmeisterei, Vol. III, p. 10

6*
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introduce small test surfaces, and to deduce the downwash from the
forces exerted upon them. The first method has the disadvantage that
all accidental local interferences are included in the indications and
measurements must be taken at a great many points in order to eliminate
this source of error. The second method on the other hand has the
disadvantage that the measurements obtained are mean values of the
pressures over the testing surfaces so that alterations of the downwash
in small regions, e. g. behind the ends of the wing, cannot be followed.
If the size of the test surface is reduced, the diminished exactitude of
the angular settings and the decrease in the magnitude of the forces
considerably increase the difficulty and reduce the accuracy of the
measurements. Also the direction sensitivity of such test surfaces is,
in general, less than that of other means for direction indication.

A comprehensive survey of downwash by means of a testing surface
has been made in England using a model wing of 18 inches span and
3 inches chord, and with a test plane 2-1/2 inches by 1/2 inch 1.

13. Wing and Tail-Plane. In the construction of airplanes it is
usual, for reasons dictated both by considerations of strength and
facility in steering, to concentrate the greater part of the lift on one wing
(or otherwise, as in a multiplane, on several wings arranged in a vertical
series) and to make the second wing considerably smaller in order to
serve chiefly as an auxiliary stabilizing element. In general the stabilizing
wing is put at the rear of the main wing but may also, as in the “‘canard”
type, be located in front of the main wing. The “elevator’” wing is
usually connected to the ‘‘stabilizer” wing, the whole arrangement
forming the horizontal tail structure, of which the fixed portion is the
stabilizer or tail plane. If the elevator is fixed, stabilizer and elevator,
.. the entire system of horizontal tail surfaces, work together as
a stabilizing wing. It is often of interest to know the behavior of
the airplane when the elevator is free to move; for details of the
calculations of the forces on the tail-plane in the latter case, reference
may be made to the following sections.

It has already been seen that the tail surface, if located behind the
main wing must have a smaller effective angle of incidence than the
latter. The greater this difference of angle (decalage) between the two
wings the more effective is the stabilization and the smaller need be the
area of the stabilizing wing or its distance from the main wing (advantages
in construction). In the extreme case the stabilizing wing can be so

(M. Mu~g, and G.Carro, Luftstromneigung hinter Fliigeln). A more accurate
procedure involves the measurement of pressure differences by using, e.g. the
“double tube” and the “triple tube”. c.f. R. KRONER, Dissertation, Berlin (Tech-
nische Hochschule), 1915 (printed 1919).

* Preroy, N. A. V., On the Flow in the Rear of an Aerofoil at Small Angles
of Incidence, Br. A.R.C. R. and M. 578, 1918, 1919.
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arranged as to give a negative lift (i.e. a downward force) during normal
flight; the center of gravity of the airplane must then be situated in
front of the center of pressure of the main wing. With such an arrange-
ment, however, part of the lift is lost through the negative lift on
the tail surfaces and there is also increased drag due to the induced
drag of a wing with negative lift; hence the lift-drag ratio is diminished.
It is more usual therefore to arrange the tail surfaces for a nearly zero
lift in normal flight; small deviations from zero are comparatively
unimportant and may be permitted in order to secure other favorable
structural features (e.g. the position of the center of gravity relative
to the main wing). Since the lift on the tail surfaces is in most cases in
the neighborhood of zero, thin symmetrical or nearly symmetrical
profiles are used in its construction.

One very important factor to be taken into account in determining
the shape of the tail surfaces at the rear is the fact that the critical angle
of incidence for which the lift is a maximum must first be reached at the
main wing. Otherwise the separation of the flow at the tail surfaces
would destroy its stabilizing effect and the airplane would become
unstable for all larger angles of incidence. The thin, approximately
symmetrical, tail surface profiles in general use are favorable in this
respect since they have no marked critical angle of incidence. With
this fact in mind the contour is frequently chosen to have an aspect
ratio differing but little from one, since the lift then continues to increase
for angles of incidence considerable larger than with more usual airfoil
aspect ratios (Fig.76, square plate). The large induced drag usually
associated with small aspect ratios is not of importance here since the
lift on the wing in its normal state is approximately zero. Often the
critical angle is raised still further by the use of slots. Since the tail
surfaces must work well for both positive and negative changes of angle,
the normal arrangement of a slotted wing (Fig. 61) cannot be applied
and instead, the space already present between stabilizer and elevator
is generally used as the slot.

The working of the elevator at the rear of the main wing can be
adversely affected not only by the downwash due to the circulation
around the main wing, but also in serious degree by the dead air wake
(mixed turbulence). In normal flight however, this wake is not of great
extent and in general it is not difficult to arrange that the tail plane shall
lie always outside this region. Nevertheless attention must be paid to
this point since otherwise the tail surfaces may refuse to act over a given
range of values of the angle of incidence. In stalled flight, however, it
is much more difficult to secure for the tail surfaces a location outside
the wake. In this type of flight, the flow separates from the main wing
and the wake is of comparatively wide extent. It is, however, of great
importance to meet this condition. At large angles of incidence the
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tail-plane gives usually a positive lift. If then, as a result of separation
of the flow at the main wing the tail surfaces enter suddenly into this
“dead air”’ wake, the lift on these surfaces is decreased and an additional
couple is produced tending to increase the angle of incidence. Hence
in general it will not be possible to decrease the angle of incidence by
manipulation of the elevator, and hence impossible, in this way, to
emerge from the stalled condition. Correct choice of the position of the
tail is made even more difficult
by the condition that in a rapid
spin about the vertical axis (flat

1|I 017 7
spin), the vertical tail surfaces | %

<

should not be shielded by the hori-
zontal tail surfaces. The wake
may also give rise to a condition
of tail flutter with possible con-
sequent structural damage and ,
casualty?. P

Figs. 85 and 86 show the po- |
sitions of the wake? at various &°
angles of incidence of a model | #A\ > 20,
wing. The former diagram shows
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Fig. 85. Distribution of the stagnation pressure in the plane of symmetry behind a
rectangular wing of aspect ratio 8.

the distribution of dynamic pressure as a function of height. Values
are given for various angles of incidence at two distances in the plane
of symmetry (2.32 ¢ and 3.26 ¢ where ¢ = chord length). The airfoil
had a rectangular contour of dimensions 736 X 92 mm.3 (29 X 3.6 in.)
and profile G. 387. The distribution curves are plotted relative to the
airfoil (not relative to the wind direction) Fig. 86 indicates between

1 Duwecawn, W. J., Eruis, D. L., Sceuron, C., FrAazER, R. A., FALKNER, V. M.,
Two Reports on Tail Buffeting, by the aerodynamics staff of the National Physical
Laboratory. Br. A.R.C. R. and M. 1497, 1932.

BiecuTELER, C., Versuche zur Beseitigung von Leitwerkschiitteln. Zeitschr.
f. Flugtechnik u. Motorl. 24, p. 15, 1933.

2 According to E.PETERSOHN, Abwindmessungen hinter Tragfliigeln mit
abgerissener Strémung. Zeitschr. f. Flugtechnik u. Motorl. 22, p. 289, 1931.

3 The original paper includes results for a rectangular airfoil 1:4 and a
trapezoidal airfoil.
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lines of the same character, the boundaries of the wind shadow (wake)
in the plane of symmetry, ¢.e. the region which is to be avoided for
the location of the tail surfaces.

The stabilizer and elevator surfaces can also be arranged in front of
the main wing (‘“canard” type)! and must then have a greater angle
of incidence than the main wing, ¢.e. comparatively high lift in the normal
state. Well curved proflles may therefore be used to advantage in such
case, in place of those
of nearly symmetrical
form. It is then easy to ’
ensure that the flow /
shall separate earlier
and more completely at
the control surfaces than
at the main wing, and
it is, therefore, almost
impossible to stall such
an airplane.. This po-
sition has also the ad-
vantage that it can
never be deprived of
its stabilizing effect by
entrance into the wake.
In landing also, the
ground can beapproach-
ed at much greater ang-
les of incidence and
overturning is almost
out of the question. The chief disadvantages lie in certain structural
inconveniences (decreased visibility, installation of motor and propeller).

- /
=60° /

Fig. 86. Boundaries of wind shadows.

A report of research work in England? gives the results of extended
tests on a model biplane carried out on the plane as a whole, on the plane
without control surfaces and on the control surfaces alone. Reference
to this report will show that the pitching moment for the entire model
is not obtained by simple addition of the moments of the model minus
tail surfaces and of the tail surfaces alone. The effect of the tail surfaces
is less when in combination with wing than when alone, since the
downwash behind the wing diminishes the lift of these surfaces (see 11).

1 Kigr, H. G., Statische Léangsstabilitdt der Entenbauart. Zeitschr. f. Flug-
technik u. Motorl. 21, p. 601, 1930.

2 BramweLL, F.H., Experiments to determine the lift, drift and pitching
moment on a model biplane and their variations with wind speed. R. and M.
No. 111 (Technical Reports of the British 1913—1914), London, 1915.
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14. Wing and Flap, Fixed and Control Surface. If a wing and tail-
plane, as considered in the last section, are brought so close together
that they are in contact, a combination is obtained which is essentially
that of a wing with flap attached or a fin with rudder attached. The
conclusions previously reached can therefore be partially extended to
these parts of an airplane. There is however an essential difference due
to the fact that the reduced distance between the two elements greatly
increases their mutual interaction. A combination of this kind can
therefore be regarded as a single airfoil of somewhat unusual profile as
e.g. in the theoretical discussion of Division E IT 11, where the combination
is idealized into a bent flat plate.

For experimental results of tests on this combination, reference may
be made to a comprehensive report! on the working of a flap on the
profile N.A.C.A. M6, carried out in the variable density tunnel at Langley
Field and under a Reynolds number of about 4,000,000. The flap ran
along the entire span and its chord was 20 per cent of the combined
chord (see IV 17 for corresponding experiments with ailerons on the
outer part of the wing). Similar experiments on stabilizer and elevator
¢combinations have also been carried out in the Gottingen research
laboratory, and to the reports on which, reference may be made?. These
experiments were carried out on three combinations with varying
proportions of elevator to total area, but all have the same overall form
(contour and profile) for zero deflection of the elevator. The results are
also compared with the theoretical values calculated with the help of
Munk’s integral (see IT 3 and Division E IT 9). This comparison is made
for the angle of incidence (o) at which the lift vanishes, and the agreement
is good for small deflections of the elevator but for large values additional
deflection produces far less effect than theory predicts, a fact which
must be ascribed to separation of the flow at the rear of the wing. Similar
results are found for the theoretical and measured values of the moment;
the agreement is good only for small angles of incidence and small
deflections of the flap.

In addition to the usual quantities, Cy, Cp, Cp; for the tail-plane
structure as a whole, the moment about the axis of the elevator as well
as the moment coefficient
O Mo

B Spou(o2) V2
are also given. Here My is the moment about the axis of the elevator,
85 and ¢y, the surface area and chord of the elevator calculated from the

(14.1)

1 Hiceins, G. J., and Jacoss, EasTMaN N., The Effect of Flap and Ailerons
on the N.A.C.A. M6 Airfoil Section. Rep.260 (Techn. Rep. of the National
Advisory Committee for Aeronautics, Washington, 1927, 1928).

2 Ergebnisse der Aerodynamischen Versuchsanstalt zu Gottingen, III. Lief.,
p. 102 (R. Oldenbourg, Munich, 1927).
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