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to their inverses and if one of the largest subgroups composed of operators
which correspond to their inverses under this automorphism is of odd index,
then G contains an abelian subgroup of index 2 which is the direct product
of an abelian group whose order is this odd index and another abelian group.
From this theorem it results that when the index of H under G is an

odd number then G admits a number of conjugate automorphisms in
which more than one-half of the operators correspond to their inverses
which is equal to this index. In each of these all the operators of the
abelian subgroup of index 2 correspond to their inverses and the number
of additional operators which correspond to their inverses is equal to the
order of the central of G. It therefore results that whenever H is of index
2k + 1, k being a positive integer, then G admits exactly 2k + 2 auto-
morphisms in which more than half of its operators correspond to their
inverses. One of these is characteristic while the rest form a single set
of conjugates under G. A necessary and sufficient condition that the
characteristic automorphism is the identical automorphism is that each
of the operators in H besides the identity is of order 2. The simplest
illustration of this general theorem is furnished by the automorphism of
the symmetric group of order 6. It is not difficult to determine the num-
ber of distinct groups of order g which belong to the given category.
This is clearly the product of the number of abelian groups of order 2k + 1
and the sum of the numbers of the sets of subgroups of index 2 contained
in the abelian groups of order g/(2k + 1) such that each set is composed
of all those subgroups which are conjugate under the groups of isomor-
phisms of the corresponding abelian groups.
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In the present note, we wish to outline certain further developments of
the theory of transformations in Hilbert space sketched in previous notes.-
The results which we shall give have a somewhat special and fragmentary
character, due to the fact that they are here isolated as the most interesting
and novel aspects of the theory in which they appear.
On the basis of the results already outlined, we can lay the foundations

*of an operational calculus: if T is an arbitrary self-adjoint transformation
and E,< is the corresponding canonical resolution of the identity, we
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define F(T) as the transformation whose field comprises those and only
r+ co

those elements f such that I F(X) 12 dQ(Ej) converges and which

takes f into the element F(T)f such that

r+c
Q(F(T)f, g) = F(X) dQ (EJ, g)]

for every g in t. In this definition, the integrals are to be treated as
Lebesgue-Stieltjes integrals, and the function F(X) is required to have
such attributes as to ensure the possibility of this interpretation; in
particular, the definition is always significant for Borel measurable func-
tions. By means of a systematic development of the requisite funda-
mental theorems, we justify the use of the symbol F(T), which reflects
the isomorphism between the algebra of the transformations and that of
the functions defining them, and obtain a full-fledged operational calculus
suitable for application to other problems. We may mention that a
particular case of great interest arises in connection with the differential

operator i d- in the Hilbert space consisting of all complex-valued Lebesgue
dx

measurable functions f(x), - co < x < + co, for which the integral
+ co

I lf(X) 12 dx exists: the differential operator defines a self-adjoint trans-

formation, and the related operational calculus is the Heaviside calculus.
In this instance, our definitions coincide with those given by Wiener.2
A first important application of the operational calculus yields a beauti-

ful discussion of the theory of the unitary equivalence of self-adjoint
transformations, a theory elaborated for bounded transformations in an
essentially identical but less perspicuous form by Hellinger3 and Hahn.4
We shall not give details here.

A second application, to a field in which few results have been pub-
lished hitherto, concerns group-theoretic questions of fundamental im-
portance in the quantum mechanics. Among these questions is the study
of the unitary representations of the group of translations of a straight
line into itself. The solution of this problem is embodied in the following
statement:
TFIORZM.- If U,,- cO < T< + X is a group of unitary transformations

in such that

UO = I, U.. = UT, ,=

then there exists a unique self-adjoint transformation T with the canonicalr+e
resolution of the identity E],, such that Q(U,f, g) = J rltdQ(Exf, g)
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while Ur UOf-> iTfwhen T * 0 andf is in the field of T; the trans-

formation iT may be called the generating infinitesimal transformation of
the group. Conversely, when T is a given self-adjoint transformation,
there exists a one-parameter group of unitary transformations of the type
described above which has iT as its generating infinitesimal transforma-
tion.5
The device upon which the demonstration of this theorem depends is

a transition from the group UT to the resolvent RI of T, by means of

Fourier analysis: we form the function 4t(r; 1) = 2 f eCs dXL
(+a

and then study the integral Q(U,f, g)/(T; I)dr, showing that it de-
wa

fines a transformation RI which is the resolvent of a self-adjoint transfor-
mation T.
A second question of group theory, to which we can apply the operational

calculus, is raised by the Heisenberg permutation relations connecting the
self-adjoint transformations Pk, Qk, k = 1, ..., n. For convenience,
we write these relations in the form

PkQI- QlPk = i8kI,PkPI -PlPk = °. QkQ - QlQk = 0, k, I = l, ..., n.

In quantum mechanics, these transformations refer essentially to the
coordinates and momenta of a dynamical system of n degrees of freedom.
The content of these permutation relations must be made precise by
expressing them in terms of the one parameter groups of unitary trans-
formations UTk) and V(* generated by iPk and iQk, respectively. We
have U,k V(k) = e"T Vf )U,k), and U?k) V,) = VI()U(k) when k and I
are different, for k, I = 1, ..., n; we have also U?^k U(') = U(') Us*) and
Vok) V'1 - v() Vo) for k, = 1, ...,n. We prove the following
theorem:
TEHoRZm. If the family of transformations U(') ... U(") V1 ... T"

is irreducible in f, then there exists a one-to-one linear isometric corre-
spondence or transformation S which takes ! into !D, the space of all
complex-valued Lebesgue-measurable functions f(x1, ..., x.), -ao <

x, < + ,...,-o < x# < + x, forwhich the integral, . f If(xl,

x.)j2dxi ... dx. exists, such that

SPkS1f(xl, ..., x") = i yx f, SQkS1lf(xl, ..., X-) = Xkf.

The proof of this theorem depends upon a consideration of the trans-
formations

174 PROC. N. A. S.



MATHEMA TICS: M. H. STONE

Tk = QkPkQk - Pk, Sk = (Qk - i)/(Qk + i)

for k = 1, ..., n, and their mutual relations. The principal difficulty
lies in showing that the transformations Tk are self-adjoint. The de-
termination of their spectra, under the hypothesis of irreducibility, can
then be effected and leads easily to the construction of the desired trans-
formation S by means of a device previously employed by J. v. Neumann
in a rather different connection.6
The significance of the last two theorems for the quantum mechanics

has been pointed out by Weyl, who made no attempt to prove them.7
We shall add one or two remarks concerning the last theorem. If t
is the representation space for the states of a dynamical system of n degrees
of freedom, the postulate of irreducibility imposed in addition to the
Heisenberg permutation relations has the following physical significance:
if the family of transformations considered were reducible, it would be
reduced by each of two mutually perpendicular or orthogonal closed linear
manifolds SJY and 92, both proper subsets of &; these manifolds would
reduce any transformation expressible as a function of the transformations
Pd, Qk, k = 1, . . ., n; hence no physically realizable perturbation could
take a state representable in IR1 into a state representable in SY2, or vice
versa; our postulate of irreducibility avoids such a degeneracy into two
physically distinct systems. We may also remark that the result of the
theorem leads to the following important fact: if we have two sets of
canonical co6rdinates Pk, Qk and Pk, Qk, satisfying the Heisenberg
relations and the postulate of irreducibility, we can obtain a unitary
transformation of into itself, which we may call U, with the property
that Pk' = UPkU-1, Qk, = UQkU-1, for k = 1, ..., n. The converse
of this assertion is trivial.

1 Proc. Nat. Acad. Sci., 15 (1929), 198-200, 423-425.
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4Hahn, Monatshefte Mathematik und Physik, 23 (1912),161-224.
5 Presented to the American Mathematical Society, December 27, 1928; see Bul.
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6 J. v. Neumann, Mathematische Annalen, 102 (1929), 49-131, particularly

Anhang 4; this is the paper of v. Neumann referred to in footnote 6 of our preceding
note.

7 Weyl, Gruppentheorie und Quantenmechanik, Leipzig, 1928, §§. 14, 15, 18, 45,
46.
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