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1. 'The large radial velocities of extragalactic nebulae measured by the
observers at Mount Wilson during the last year have enhanced the im-
portance of the problem of the determination of the distances of these
objects. Evidently both the apparent diameter and the integrated ap-
parent magnitude must be correlated with the distance. In trying to
derive a mathematical expression for this correlation it is necessary to
start with a certain number of known distances as a basis. For a few
of the largest and nearest nebulae the distances have been determined
directly by Hubble, Lundmark, Shapley and others from cepheids or novae
in them. For others the brightest stars have been used as a criterion of
the distance. This criterion, however, is less reliable -than the other two,
because, as Shapley has pointed out, we cannot be sure that what is
assumed to be a star may not in reality be a cluster of stars. Some of the
distances determined by this method have, however, been used, as the
number of distances depending on cepheids or novae alone would be too
small as a basis for the discussion. Other methods have also been em-
ployed, based on rotation, or the distance of condensations in spiral arms,
or other hypothetical considerations; the distances so determined have
not been used in my discussion.

2. 'The first step in the discussion was an investigation of the correla-
tion between the apparent diameters and integrated magnitudes. The
discussion is being published in full in B. A. N. 185, to which publication
the reader must be referred for details. If we assume: 1st, that both
the true diameters and the true total magnitudes are distributed according
to a Gaussian (or other symmetrical) frequency function round constant
average values (constant meaning independent of the distance from us),
and 2nd, that the measured (or estimated) values of the apparent diameters
and magnitudes are referred to a consistent scale throughout, then we
should have, for all objects of one class

m
logd + 5= const.,

where the constant may vary from one class to another. Hubble, in his
great paper on extragalactic nebulae,! has assumed this relation. I have
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FIGURE 1

Correlation between log d and m/5 for spiral nebulae. ‘The horizontal coordinate is
m/5, the vertical coérdinate is log d. Dots are means of from five to fifteen nebulae
taken in order of increasing m/5, circles are similar means taken in order of decreasing
log d. ‘The crosses are means of these two kinds of means, and represent the points
through which the straight line was drawn by least squares. The large circle at the
top is the Andromeda nebula N. G. C. 224.
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based my investigation on the data given in that paper which refer to
291 spirals, 85 elliptical, and 11 irregular nebulae, not counting the “‘un-
classified” or “peculiar’’ objects. To the irregular nebulae I have added
the two Magellanic Clouds and N. G. C. 6822, making the total number
of this class 14. The following formulae were derived.

Spirals: = 2.31 — (0.75 = 0.03) (log d — 0.50)

Elliptical nebulae: 2.30 — (0.87 = 0.04) (log b + 0.26) (1)

Irregular nebulae: 1.39 — (0.93 = 0.15) (log d — 1.27)

oy o[y 98
I

For the spirals small corrections have been applied to the diameters and
magnitudes to reduce them all to the class Sb. For the elliptical nebulae
the minor diameter b = d (1 — e) is used instead of the major diameter d.

Although the probable errors in the formulae (1) cannot be assumed to
be a true measure of the uncertainty, still the deviation from the theoretical
value 1 is undoubtedly real in the case of the spirals and the elliptical
nebulae. ‘The data for the spirals are represented in figure 1. It will
be seen that a line drawn at an angle of 45° would not represent the
observations satisfactorily.

The only admissible explanation of the difference of the coefficients
from unity is by systematic errors in the scale of the diameters, or the
magnitudes, the small and faint nebulae being estimated too small, or too
bright, or both. It should be noted that the effect of an absorption of
light in space would be to make the coefficient larger than unity instead
of smaller. It is, indeed, hardly to be wondered at that the existing mea-
sures, or one should rather say estimates, of the diameters and the magni-
tudes of objects of so widely different aspect as the large and the small
spirals should not conform to a consistent scale. The problem of estab-
lishing a standard scale of diameters and of magnitudes for the extra-
galactic nebulae is a very difficult one, but it is of paramount importance,
and it is to be hoped that practical astronomers will give it all the atten-
tion that it deserves.

3. As has been already stated, the determination of formulas express-
ing the correlation between distance and apparent diameter, and be-
tween distance and apparent total magnitude, was based on distances
determined by Hubble, Lundmark or Shapley from cepheids, novae, or
the brightest stars. As a convenient unit of distance I use 10** cm., or
approximately a million light years, which is denoted by 4. The numbers
of distances used were: 21 spirals (11 Sb and 10 Sc), 6 elliptical nebulae
(four of which belong to the Virgo cluster, of which the distance is about
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6A, the two others being N. G. C. 205 and 221 at distance 14, which
are, however, not typical for their class) and 6 irregular nebulae. The
distances of the spirals range from 14 to 64, those of the irregular nebulae
from 0.14 to 4.54. For' the spirals and for the irregular nebulae linear
formulas were derived from these data for the relation between log r
and log d and between log  and m/5, but the uncertainty of the coefficients
is naturally very large, owing to the small range of distances. For the
elliptical nebulae no coefficient could be determined. The two formulas
for log 7; and log r,, were so adjusted as to satisfy exactly the correla-
tions (1) found between log d and m/5. The finally adopted formulas

are:

m
Spirals: logr; = 1.28 — 0.75log d, logr, = —1.40 4 5

H

0.77 = 087logh, logr, = —130+ 5  (2)

Irregular: log r;, = 1.04 — 0.85log b, logr, = —1.30 + 0.91

Elliptical: log 7,
m
5

Thus, for the spirals and the elliptical nebulae, the systematic errors
of scale, which cause the deviation of the coefficient in (1) from unity,
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FIGURE 2

Correlation between distance and magnitude and between distance and diameter.
The vertical coérdinate is log . ‘The horizontal coordinate in the left hand half of the
figure is m/5, and in the right hand half log d. The broken lines are those derived
directly from the plotted data. The full lines are the adjusted and finally adopted
lines, corresponding to the formulae (2). The diameters of the dots are proportional
to the square roots of the weights.

have been thrown entirely on the diameter, the magnitude scale being
assumed to be correct. This, of course, is rather arbitrary, and probably
not exact, but no more definite conclusion can be derived from the material
at present available. The values of log 7; and log 7,, derived from the
formulas (2) form a consistent system, of which the scale, however, is
still very uncertain. The data for the spirals have been represented in
figure 2.

The average absolute magnitude according to the formulas (2) is —15.56
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for the spirals and —16.06 for the elliptical nebulae. The former agrees
well with Hubble’s adopted value. ‘The effect of the spreading in absolute
magnitude cannot be separated from that of the errors of observation.
The combination of the two effects corresponds, according to a rough
determination, to a probable error of =05 for the spirals and =073 for
the elliptical nebulae. .

4. Comparing the distances thus determined with the observed radia
velocities, the strong correlation is at once evident. The adopted linear
formula is:

log 7, = 0.30 = .02 + log (1000 V/c), 3)

where V is the radial velocity corrected for the rotation of the galaxy,
and c¢ the velocity of light. For the determination of the coefficient only
those nebulae were used of which the corrected radial velocity exceeds
4300 km./sec. Some nebulae, of which the distances or the radial
velocities were for some reason not reliable, were also not used. Thus
practically the straight line was drawn through the origin of codrdinates
and the center of gravity of a group of nebulae at an average distance
of about 54. The data are represented in figure 3. The three nebulae
N. G. C. 4853, 4860, 4865 have been entered at the mean distance corre-
sponding to the mean of the diameters, the magnitudes being unknown.
Hubble’s distance for the Coma cluster would bring 4853 and 4860 exactly
on the curve, while for 4865 the distance derived from the diameter agrees
with the curve. These three nebulae, of course, have not been used in
the determination of the coefficient. Also N. G. C. 7619 has not been
used.

For the small and faint nebulae there can be no doubt, as has already
been pointed out by Hubble,? that the formula (3) gives a better determina-
tion of the distance than (2). As it depends on (2), it involves the same
scale, and carries this scale on to large distances, with an error probably
not exceeding 109, apart from the errors of observation of the radial
velocity (which are, however, generally much smaller).

The meaning of the formula (3) is that the radial velocity is proportional
to the distance, according to the formula

|4 r ,
¢ 2000 37

The individual velocities are distributed round the value (3’) with a
spreading corresponding to a probable error of about =140 km./sec.

5. We call “‘statical” solutions of the field equations of the general
theory of relativity

Gpv - 1/2 gyv G + Xgml + KT”,, = 0’ . (4)
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FIGURE 3

Correlation between distance and radial velocity. The vertical coérdinate is the
distance, the horizontal codrdinate the radial velocity. Dots are spirals, circles ellipti-
cal and crosses irregular nebulae. ‘The three dots at distance 404 represent N. G. C.
4865, 4853, 4860. The two circles near the middle of the figures are N. G. C. 7619 and
6359, and the cross at distance 164 is N. G. C. 4824. None of these have been used in
determining the straight line. N. G. C. 3227, 4051 and 6359 are represented in the
figure, though they were published after the completion of the investigation.
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those solutions in which the g,, are functions of the three space codrdinates
%1, %2, x5 only, and “dynamical” solutions those in which they depend
also on the fourth coordinate x, = £. We restrict ourselves to those
solutions in which the three-dimensional space has complete spherical
symmetry, and is filled homogeneously with matter. Under this restric-
tion the three-dimensional line-element can be written

R%*de? = R?|dx? + sin? x(dy? + sin%yd?)], 5)
where '

r
xX=5% | | (5"

is the radius vector expressed in the radius of the universe as a unit, and
the material energy tensor is

Tiy=—gib Tu=gulpo+3p), T =npy (6)

where py is the material (invariant) density, which must be a constant
(i.e., independent of x1, xe, x3), and p is the pressure, which is the sum
of the radiation pressure of the radiant energy and the dynamical pres-
sure representing the random motions of the material particles. = Although
in Einstein’s theory the distinction between gravitation and inertia is
irrelevant, and purely a matter of taste, we can say that, by postulating
complete homogeneity, we neglect gravitation and consider the field
of inertia alone. The four-dimensional line-element then is

ds* = —Rdo? + fare. )

It is well known that under these restrictions there are only two possible
statical solutions of the field equations (4) (apart from the limiting case
R = = corresponding to classical Newtonian mechanics), which I have
called (A) and (B),3 viz:

1
(A) R = const = N f = const. = ¢?,
8)

3
(B) R = const = N f = c? cos?x.
In the system (A) the universe is filled with matter, the density depend-
ing on the radius by the formula

2
Ko = T2 9

where « is the constant of gravitation. The matter has no systematic
motion:4 the path of a test-body (material particle) is a straight line
(geodesic) described with constant velocity.
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In the system (B) the density p, and the pressure p are both zero:* the
universe is empty. The path of a test-body is in this case a hyperbola,
of which the asymptotes pass through the origin of codrdinates, and the
radial component of the velocity is given by

r_r- 1—'—3>(1+’§), "~ (10)

¢ R? r?

7o being the minimum distance, and v, = r,(df/cdt), the transverse
velocity at this distance.’ Since the time spent by the body in the neigh-
borhood of its minimum distance is only a short fraction of its whole
course, we can in all but exceptional cases take as a good approximation

|4
® == (10

1

We have thus two determinations of the radius of the three-dimensional
world, viz.:

2
(A) R = o’
| , (11)
(B) Rs = 7.

The system (A) is only admissible if there are no systematic motions,
and is thus excluded by the observed systematic radial velocities of the
extragalactic nebulae. These velocities conform to the law (10°) of the
system (B), it remaining unexplained, however, why all velocities are
positive and none negative. This system can, however, only be admitted
if the density of matter in the universe is so small that po = 0, or empti-
ness, can be taken to be a good approximation to the truth.

Now we know that the part of the universe that we can reach with our
telescopes is filled with spirals and other extragalactic nebulae. These
appear to be often condensed in clusters, but as an approximation we may
take a uniform density of one nebula in a cube of 14 side. Taking the
average mass of one nebula as unit of mass, the density will be po = 1.
If for this average mass we take 10! O (estimate by Dr. Oort), and for
the units of length and of time we take 14, and the corresponding time
so as to make ¢ = 1, the constant of gravitation in these units becomes

k= 37.107".

With this value of «, and the value (3’) of V/cr, we find from (11) the
following values of R4 and Rp:

R, = 2300 4, Rz = 2000 A. (12)
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The fact that these two values are practically the same, or at least of
the same order of magnitude, shows that emptiness can 7ot be taken as
a good approximation in the system (B). The world is, in fact, practically
full, according to the criterion of system (A).

We thus come to the conclusion that both the solutions (A) and (B)
must be rejected, and as these are the only statical solutions of the equa-
tions (4), the true solution represented in nature must be a dynamical
solution.

6. A dynamical solution of the equations (4), with the line-element
(5), (7) and the material energy tensor (6) is given by Dr. G. Lemaitre
in a paper® published in 1927, which had unfortunately escaped my notice
until my attention was called to it by Professor Eddington a few weeks
ago. In this solution f and R in (7) are assumed to be functions of ¢
alone. We can put \/f dt = dr, and use 7 as a new independent variable.
In other words we can take f = constant =¢c.? Evidently, if the cosrdinate
x has no systematic motion, which can easily be shown to be the case,
then the systematic motion of 7 will be, by (5), dr/dt = rdR/Rdt, or,
if by a dot we denote a differential quotient d/cdt, by (11)

V_IS_ 1
cr R RB (13)

will be a pure function of ¢, independent of xi, x3, x3, of which the value
at the present moment is, by (12), 0'5.10~3 A -1,
The field equations (7) become

2;;+R2+l N = up

R 1 1
1?2+1T2=§()\+KP),

(14)

”

where p = py + 3p is the density of ‘‘relative mass,” while p, is the
density of material, or “invariant,” mass. From these equations we
easily find

s+38G+p =0, (15)

which is the equation of the conservation of energy. If we introduce the
volume V = #x2R3 of space, this can be written

d(Vp) 4 pdV = 0, (15%)

showing the analogy of the homogeneously distributed matter with a
gas, from which follows the decrease of the pressure by a diabatic expan-
sion of the universe. We put further
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a B
kPO = T3 P = 2 (16)

« thus being proportional to the total mass in the universe (e = «M/x?).
The equation (15) then becomes

Ra + 38 = 0. (15")

This history of the universe is then described by any two of the equa-
tions (14) and (15), or (14) and (15’), or (14) and (15"), to which an as-
sumption regarding « or f must be added. It is most convenient to take
the second of (14) and (15”). .

7. Lemaltre takes @ = constant, from which by (15”) follows 8 =
constant. It is, however, certain that material mass is continuously
converted into energy by the radiation of the stars, and « must conse-
quently have a finite negative value, however small. We can measure
. the rate of conversion of matter into radiant energy against the rate of
expansion of the universe, and put

a_ _ R
a 'YR’

v being positive. As a convenient hypothesis we can take vy to be a
constant. Then
a = R,
and from (15”)
—_— —aﬂ-—— 1-7
and consequently
_ B _am 1
kP = Ra + 3(1 — v) R#*""

The first term of (17) is the kinematic pressure, corresponding to the
random velocities of the extragalactic nebulae, treated as molecules.
We have thus for the kinematic pressure

B [ Bo 1

m " R BT o B

Now in the kinetic theory of gases p/p is proportional to the square
of the random velocities. Consequently by the expansion of the universe
the random velocities decrease proportionally to 1 /Rl/z_' "2 or, since

in the actual universe v is a very small quantity, to 1/ v/R.

The second term in (17) is the radiation pressure which is proportional
to the radiant energy. The total amount of radiant energy in the universe
is thus proportional to 1/R”, and consequently decreases, i.e., the increase
of radiant energy by the radiation of the stars is more than balanced by

17
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the decrease by the adiabatic expansion of the universe. This can easily
be verified by making up the account of loss and gain of energy, gain by
the radiation of matter and loss by the degradation consequent upon the
increase of wave-length corresponding by Doppler’s principle to the velocity
of the source. Thus this theory incidentally gives a complete answer to
the old question what becomes of the energy which is continually being
poured out into space from the stars. It is more than used up in the work
done in expanding the universe. It would, however, not be correct to
say that the universe is expanded by the radiation. It would expand
just the same if there were no radiation (y = 0). The expansion is due
to the term with X\ in the .equation (4), which represents an inherent ex-
panding tendency of space, counteracting the binding force of gravitation
represented by «.

We can make an estimate of the numerical value of v. The total amount
of energy radiated in the unit of time by a single extragalactic nebula can
easily be computed from its absolute magnitude. Comparing this with
the adopted mass we find approximately

2= 100
a ’

and comparing this with the observed value (13) of R/R, using the value
(12) of Rg, we have
vy = 21077,

We can thus safely neglect the influence of v, and consequently treat
a and B as constants.

8. We are now left with the second equation (14), in which p, and
p have the values (16), « and B being constants. We put

R, being a certain initial value. The equation then becomes

. Az —224+14+a)z2+22+0) M2
z2=§ 2 T3z (1.8)
where
3
2 — —
R°)‘_3—a—b
1 —b
a _60+a ) (19)

R, 3—a—29b

B _ (Qtap
RE 3—a-—-0b"
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The relation between the radius R and the time is given by

J;,,:Y.~<z—zo>=f-zf’—‘, (20)

4 being a constant. Putting

x=z—1,
X? = x* 4 42 + B?, B2 =349,
the integral becomes
/‘ (x + 1)dx
J X. vVe2+ta

This is an elliptic integral of the third kind. In the case ¢ = 0 it can
be expressed by logarithms, thus:

(x + Ddx x+X—-B
f—xX e +24+X)+ 3 lg_+X+B

omitting an additive constant, which can be included in 4. The first
term becomes positively infinite for x = o, the second term becomes
negatively infinite for x = 0, i.e,, 2 = 1, R = R,. The radius of the
world thus increases from the value R, to infinity, both the initial and
the final state being reached asymptotically. This is the solution of
Lemaitre, who, however, only considers the case b = 0, or B = V3.

An interesting case would be the limiting case B = 2, which gives
b=1, a =0,i.e., auniverse deveid of matter but filled with radiation.
In that case we would have

f GV aaF D =g YR~ R)R + Ry

x(x + 2) ‘ R
T'his universe would still expand from R = Ryfort = — o to R =
fort = 4+,

In the actual universe, however, the value of b is very small. We have
seen that the random velocities are of the oerder of 150 km./sec., or 0.5.103,
The ratio p/p = B/aR is praportional to the square of this, from which
we find, using the actual value z = 2 which will be derived below,

a
Eﬁ = 5.10~7 R
or, by (19)
b(1 +a) =3.10%(1 +a — b),
or

b = 3.10"¢
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The condition a = 0 is the condition that the equation Z2 = 0 shall have
a double root 2, = 1, which must be taken as the lower limit of the in-
tegral. If a is different from zero, this double root separates into two,
%0 =1=+/ —a , which are real if a is negative, and complex if @ is posi-
tive. In the case that ¢ is negative, the lower limit of the integral is the
largest of these two real roots 20 = 1 + v/ —a, x = V/—a; if a is
positive, the lower limit must be taken 2, = 0, xo = —1. In both cases
the integral from the lower limit to an arbitrary value, say x = 1, is
finite. I find by numerical integration, for the case b = 0,

f oo [ EHLdx 1.82
ora = — U.UL: g = .
1 Vx2—001. X

for yoon [t lidr 3:35
ra = . M — = 9. .
1V + 001, X

By means of the value of A\, which will be derived below, the correspond-
ing values of ¢ — f, are found to be 2.3 X 10° yearsand 4.4 X 10° years,
respectively, periods which are short in comparison to the lifetime of a
star. We must thus suppose that in the actual universe the value of a
is very small. If not exactly zero, it must necessarily be negative, for it
is inconceivable that the radius of the universe should have started from
an initial value exactly zero, however long ago that may have been.

9. From (13) and (18) we have

3 Z 1
‘I g = R‘—B, : (21)
and from (9), (16) and (19)
M+a—23 1
Mre—-9_ 1 22
Dividing the square of (21) by (22) we find
R
Z2=3F(1+a-b)z, (23)
B

which is an equation of the fourth degree in z. For b = 0 it becomes of
the third degree, and if we put also @ = 0 it becomes:

2

3 _ — g4, 24
22 — 334 2 3R23 (24)

The values (12) of R, and R give
Ry

_d
RE 3™
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by which the equation (24) becomes
22 —3z2—-2=0, (24")
from which we find
z =2 (25)

The present value of R is thus twice the initial value R,.
Then from (19) and (22) we have

__ £ 1
T 14+ae—-0b R

31 +a—0) R}
g _ 21T a7 0) R4
R = 3—a—-1b "

A

23
Using the value (12) of R4, (25) of zanda = 0, b = 0, we find
AN=15.10"4"2
R, = 0.8.10% 4,
and consequently the present radius of the universe is
R = 1.6.10* A = 5.108® parsecs.

These numerical values are, of course, still very uncertain.

10. ‘The dynamical solution of the field equations thus is found to
account for the expansion of the universe, which is observed in the radial
velocities of the extragalactic nebulae. The universe is homogeneously
filled with matter and has spherical symmetry throughout its history, its
radius increasing from an initial value R, to infinity. The initial state
corresponds to Einstein’s solution (A). This solution, however, is un-
stable, and the radius must change. The change is taken to be an ex-
pansion, in accordance with the observed positive radial velocities, but
it should be pointed out that the differential equation only gives the
square of R, and leaves the sign undetermined. This is the fundamental
problem of why the time has a definite sign, which is inevitably connected
with the description of nature by differential equations of the second order.
It should be noted, however, that the dynamical solution requires all
observed radial velocities to have the same sign, while in the solution
(B) the sign was indeterminate for each individual body.

The date of this initial state may, according to the value of the inde-
terminate constant a, be either a finite or an infinite time ago. The three
constants v, a and b have in the theory as here worked out been brought
into the form of pure numbers, so that their value is independent of the
units used. It has been found that all three must be very small in the
actual universe. These constants are of a very different character from
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the constants N, «, ¢, which are much more fundamental, and can be
made equal to unity by an appropriate choice of units. The constant
N\, which is a measure of the inherent expanding force of the universe, is
still very mysterious, and it is difficult to see what its real meaning is.
It might even be thought to be one constant too many, unless we may
hope that it will ultimately be found to be in some way connected with
Planck’s constant k. Evidently the dynamical solution of Lemaitre is
not yet the last word, but it can hardly be doubted that it represents an
important step towards the true interpretation of nature.

LEIDEN, April, 1930
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THE CELLULAR DIVISION AND APPROXIMATION OF
REGULAR SPREADS

By S. S. CAIrNS
DEPARTMENT OF MATHEMATICS, YALE UNIVERSITY
Communicated June 9, 1930

The theorems and proofs outlined below are complete and will be elabo-
rated elsewhere.

The terms cell simplex and complex are used in the sense of Veblen’s.
definitions.!

Let () = (9, ... ¥») be rectangular coérdinates in Euclidean n-
space, » = 2, and let (#) = (w4, . . ., %;) be codrdinates in an auxiliary
i-space, ¢ < n. A regular i-cell in the space of the y’s will mean an z-cell
definable by a correspondence with a simplex in the space of the #'s in.
such a way that

(1) the y’s as functions of the #’s are continuous with their first partial
derivatives, and



