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lHbIe Y P a B H e H N R  N M a T e M a T H Y e C K y I o  @ H 3 H K y  - o 6 n a c ~ u  H C C J I e A O B a -  
H U ~  C ~ e ~ n o s a .  I< o c e H u  1911 r. OH n p e n c T a s u n  H a  cyn PYKOBO- 
AUTeJIR p a 6 0 ~ y  no H C C J I e A O B a H N I o  @ O ~ M  P a B H O B e C H O r O  n O J I O X e H H R  
ynpyroii HHTH, H ~ X O A R L L ~ ~ ~ ~ C R  IIOA P a B H O M e P H b I M  H O P M a J I b H b I M  A a B -  

n e H u e M  ( ~ e ~ a ,  n p e n n o x e H H a 2  B. A. C T ~ K ~ O B ~ I M ) .  B ~ e i i  OH Aaxe  
npe~soruen s a n a ~ ~ e ,  n o ~ a 3 a ~ ,  s ~ o  ~ T U  @ O P M ~ I  MOXHO O n n c a T b  
C I I O M O u b I o  3 J I J I H n T H 9 e C K H X  U H T e T P a J I O B .  (a0 3 T O r 0  U C C J I e A O B a H H R  

OHH 6b1nn n p e n C T a B J I e H b 1  sepe3 @YHKUNU Beiiepru~pacca, 
a B. A. C T ~ K J O B  npennonaran,  TO HX MOXHO O n n c a T b  @ Y H K U N R M H  
R K O ~ H . )  P a 6 o ~ a  nonysnna B ~ I C O K Y I ~  o u e a K y  B. A. C ~ e ~ n o s a ,  
Pi C R H B a p R  1912 r. B J I a ~ k l M k l p  M B ~ H O B U ~  6b1n O C T a B J I e H  n p H  Y H H -  

B e p C H T e T e  AJIR n O A r O T O B K N  K ~ T P O @ ~ C C O P C K O M Y  3 B a H H I o  (TOBOPR 
n o - C O B p e M e H H O M y  - C T a J I  ~ C ~ H ~ ~ H T O M ) .  

B n a n u ~ u p  A H A ~ ~ ~ B E I ~  C T ~ K J I O B  6b1n B e C b M a  ~ p e 6 o s a ~ e n e ~  
K CBOUM a c n u p a H T a M .  B n n a H  3 a ~ ~ ~ n i i  sxonnno u s y s e ~ u e  60nb- 
UIOrO ' IHCJIa  T P Y A H b I X  KJIaCCU'IeCKUX M e M Y a P O B ,  H a s H H a R  C T P Y A O B  

Qypbe, UTYPM~,  ~ ~ H ~ B H J I J I R ,  Q Y K C ~ ,  Q J I o K ~ ,  H e i i M a ~ a  H K O H s a R  
IIOCJIeAHNMH C O ' I H H e H H R M U  n y a ~ ~ a p e ,  ~ ~ R ~ Y H O B ~  Pi C a M O r O  
B. A. C ~ e ~ n o s a .  BCR 3 ~ a  n n T e p a T y p a  w3ysanacb N 06cyxnanacb 
H a  3 a C e A a H H R X  K p y X K a ,  H H T e H C N B H O  pa60~asruero H a  I I P O T R X e H H M  

HeCKOJIbKHX J I e T .  Ero Y s a C T H H K a M N ,  K p O M e  B n a n u ~ n p a  M B ~ H O B N ' I ~ ,  

6b1nn er0 r H M H a 3 U s e C K H e  A p y 3 b R  -A.  A. Q P U A M ~ H ,  f l .  a. T a ~ a p -  
' 



K M H ,  M. a. n e ~ e n a a ,  a T a K x e  H. M. R p b ~ n o ~  ( s n o c n e a c ~ s ~ a  a K a -  

A ~ M M K ) ,  A. a. ~ ~ B P M J I o B .  K P Y X K O B U ~ I  B H M M a T e J I b H O  CJIeANJIN ki 3a 
A P Y r M M M  C O B p e M e H H b I M N  p a 6 0 ~ a ~ k i .  T ~ K ,  H a n p M M e p ,  OHM BHMMa-  

T e J l b H O  N3yZIMJIM pa60~b1 A. 6 P i p K r o @ a  1908 r. 0 p a 3 J I O X e H N R X  

B P R A b I  IIO C O ~ C T B ~ H H ~ I M  N I IPPiCOeAPiHeHHblM @YHK&CIRM H e C a M O -  

C O n P R X e H H b I X  O ~ ~ I K H O B ~ H H ~ I X  ~ N @ @ e p e H ~ N a . l b H b l ~  O n e p a T O p O B ,  

p a 6 o ~ y  r. B e a m  1909 r. 0 C P i H r y J I R p H b I X  n M @ @ e p e H 4 M a o 7 b H b l x  O n e -  

P a T O p a X ,  y KOTOPbIX O ~ H ~ ~ ~ X H B ~ ~ T C R  H e  TOJIbKO n a B H O  I IOJIysMB- 

ILlMfi n p a B a  r p a X , Q a H C T B a  A M C K P ~ T H ~ I ~ ~  C I I e K T p ,  HO M T a K  H a 3 b I B a e -  

Mb~fi H e n p e p b ~ B H b I f i  C n e K T p ,  6onbrrroe .IMCJIO pa6o.r no P a 3 P b I B H b l M  

@ ~ H K ~ E I R M  B e u e C T B e H H O T O  I I e p e M e H H O r O .  ~ T M  MCCJIeAOBaHMR 3 a K J l a -  

a b 1 B a J I N  OCHOBbI HOBbIX I I O H R T B ~ ~  M HOBbIX p a 3 A e . J I O B  M a T e M a T N Z I e -  

c K o r o  a s anma .  B n a n b ~ e f i r u e ~  p. A. T a ~ a p ~ a ~  n0nysa.r pe3ynb- 
T a T b I ,  C y u e C T B e H H O  0 6 0 6 1 u a ~ ) u ~ e  P e 3 Y J I b T a T  A. 6 N p K r o @ a ,  pa60~b1  
r. be fin^ O K a X Y T C R  B a X H b I M  3 B e H O M  H a  nyTI.1 @ O P M M P O B ~ H H R  

c n e K T p a J I b H 0 f i  T e O p M M  ~ ~ C T P ~ K T H ~ I X  O I I e p a T O P O B ,  a p a 6 0 T b l  no 
T e O p N N  P a 3 P b l B H b l X  ( P Y H K U H ~ ~  0 6 p a 3 ~ 1 0 ~  ( P Y H A ~ M ~ H T  C O B P ~ M ~ H H O ~ ~  

T e O p M N  M H O X e C T B  Pi T e O P M M  ( P Y H K U H ~ ~  B e u e C T B e H H O T O  n e p e M e H H O r 0 .  

O T M ~ T H M ,  ZIT0 C a M  B. A. C T ~ K J I O B  B e C b M a  XOJIOAHO OTHOCNJICR 

K 3 T M M  <<MOAePHNCTCKPiM>> T e r I e H M R M ,  M ZIJIeHbI K P y X K a  M3yZIaJIM MX 

H a  C B O ~  < < C T p a X  Pi PNCK>>. 

B 1915 r. B J I a A N M N p  M B ~ H O B H Z I  O K O H s l l J I  a C n M p a H T y p y  N HaZIa,? 

n p e n O A a B a T b  B Y H P i B e p C N T e T e  B K a Z I e C T B e  a C C M C T e H T a :  I I e p B O e  B p e M R  

y I I p 0 @ .  A. B. B a c ~ l n b e s a  ( M ~ T ~ M ~ T H K ~  y X M M M I ~ O B ) ,  a 3 a T e M  

y B. A. C ~ e ~ n o s a  ( n a @ @ e p e ~ s ~ ? a n b ~ b ~ e  ~ ~ ~ B H ~ H M R ) .  C 3~01-o spe- 
M e H N  BCR er0 X M 3 H b  M A e R T e J I b H O C T b  C B R 3 a H b I  C n e T e p 6 y p r c ~ N M  

( n 0 3 a H e e  ~ ~ ~ H H H ~ ~ ~ A C K M M )  Y H M B e P C N T e T O M .   EM^ O T A a e T C R  66nb- 
W a R  ZIaCTb T B O P s e C K M X  M A Y U I e B H b I X  CMJI. ( f l M I U b  B TeZIekIkie 1918/19 
yse6aoro r o A a  Bnana~kip  M B ~ H O B M . I  - I I ~ o @ ~ c c o ~  E K ~ T ~ ~ N H O C J I ~ B -  

C K O r O  Y H P i B e p C M T e T a ,  a B 1919/20 Y ~ ~ ~ H O M  r O n y  - A O s e H T  Taspn-  
Y e c K o r o  y H m e p c M T e T a  B r. C ~ ~ @ e p o n o n e . )  n a p a n n e n b ~ o  c pa6o- 
TOG B n e T e p 6 y p r c ~ 0 ~  y H P i B e p C P i T e T e  B J I a n M ~ k i p  M B ~ H O B M . I  ZIPiTaeT 

J I e K s N R  B M H C T M T Y T ~  N H X e H e P O B  I I y T e f i  coo61ue~ki~1 (1912-1918 
Pi 1921-1932 rr .) ,  B ~ O P I I O M  MHCTNTYTe (1914-1916 rr.),  H a  B ~ I c -  
WMX X e H C K M X  ~ ~ C T ~ X ~ B C K M X  K y p C a X  ( B  1917/18 Y C I ~ ~ H O M  r 0 ~ y )  
M O A H O B p e M e I l H O  I I p e I I O A a e T  B T N M H a 3 N N  C T O ~ ~ ~ U O B ~  (1910- 
1918 rr .) .  B K o H s e  1915 r. OH o p r a ~ m y e ~  c ~ o i i  nepnb~ii  ~ a y ~ ~ ~ b ~ f i  
C e M M H a p  - no K ~ Z I ~ C T B ~ H H O ~ ~  T e O p N N  n N @ @ e p e H ~ M a J I b H b 1 ~  Y p a B H e -  

H M G ,  H a  KOTOPOM N ~ ~ Z I ~ J I M C ~  B OCHOBHOM M e M y a p b I  n y a ~ ~ a p e  N an- 
p 0 6 M p 0 B a J I N ~ b  I I y T N  NX f l a J I b H e f i I U e r 0  p a 3 B M T N R .  

I(  TOM^ n e p N o n y  OTHOCNTCR n e p s a R  133 pa6o.r B J I a A I . 1 ~ k i p a  Msa- 
H o B m a  no T e o p H N  a l H a n w r w i e c K N x  ( p y ~ ~ u ~ i i .  0n.a n o c B R I u e H a  pe- 
IIIeHMIO 0 a H 0 f i  I13 B a X H b I X  n p o 6 n e ~ ,  I I p M B J I e K a B U N X  K cede BHN- 

M a H N e  ~ p y n ~ e f i ~ k i ~  y . I e H b I X  XIX B e K a , -  3 a A a Z I e  Y H M @ O P M M ~ ~ ~ M M  

M H O T 0 3 H a Z I H b I X  aHaJIMTMZIeCKNX @ J ' H K ~ N ~ ~ .  M M ~ H H O  B p a 6 o ~ e  < < n p M -  

J I O X e H N e  I I p N H q M I I a  CXOAMMOCTN K T e O P M N  Y H I I @ o P M U ~ ~ ~ ~ ~ ! ~ > >   OH^ 
6b1na O I I ~ ~ J I N K O B ~ H ~  n o w ~ e e ,  B 1918 r., B C O O ~ I U ~ H N R X  X ~ P ~ K O B -  



C T a B J I e H U R  Z  I1 W ,  y A O B J I e T B O p R I o U U X  H e I I P I 1 B O A U M O M Y  anre6pas- 
Y e C K O M y  y p a B H e H M I o  f ( Z , w ) = O ,  B  B U n e  @ Y K C O B ~ I X  @ Y I H K U H ~ ~  
Z = ( p  ( t )  , w =$ ( t ) ,  O A H 0 3 H a Y H 1 b I X  U  M ~ P O M O P @ H H X  BlHyTPM e A M H U q -  
H O r O  K p y r a ,  U M e l O U I 1 X  O K P Y X H O C T b  3 T O r 0  K p y r a  c B 0 e f i  ~ C T ~ C T B ~ H H O ~ ~  

r p a ~ ~ i u e f i .  C y ~ e c ~ ~ o n a ~ ~ i e  T a K o r o  T E i n a  ~ H I I @ O ~ M U ~ ~ U U ~ ~  661~10 AO- 

K a 3 a H O  nOYTI1 O A H O B p e M e H H O  ( B  1907 r.) n y a ~ ~ a p e  Pi Ke6e IIj 'TeM 

C J I O x H b I X  I I o c T ~ o ~ H U ~ ~ .  BnanPi~kip M s a ~ o s I 1 Z I  A a n  B e C b M a  U 3 R U H O e  

U  TIpMHL(kiIIUaJIbH0 l H 0 B O e  P e I U e H k i e  3~0fi 3 a A a q H .  Ero M e T O n  I1CIIOJIb- 

3YeTCR B O  B C e X  I I O C J I e A y I O ~ M X  A O K a 3 a T e J I b C T B a X  T e O p e M  06 YHH@OP- 

M M 3 a U H R X .  
B c ~ e n  3a 3~0fi pa6o~ofi  B n a n k i ~ P i p  M s a ~ o s U s  s b I n o n H I 1 n  p ~ n  

I ~ c c J I ~ A o B ~ H U ~ ~  IIO ~ H ~ . J I M T M ' ~ ~ c K O ~ ~  T e O p H I 1  O ~ ~ I K H O B ~ H H ~ ~ X  ~ I 1 @ @ e -  
peHL(I1aJIbHbIX Y ~ ~ B H ~ H M G  (1918-1921 rr.) . BO B T O P O ~ ~  I IOJIOBIlHe 

XIX s e K a  6 b 1 n o  y c T a H o s n e H o ,  YTO B c e  c n e q I 1 a n b H b l e  @ Y H K ~ I I I ~ ,  143- 
B e C T H b I e  K  TOMY B p e M e H I 1 ,  M O r Y T  6 b 1 ~ b  I I O J I y Y e H b I  K a K  P e I I I e H U R  

HeKOTOPbIX y p a ~ H e H P i f i  B I 1 A a  wl'+p (2) w l + q  (2) w = O  C  aHaJI I1TUZIe-  
CKUMU K O ~ @ @ I ~ L ( I ~ ~ H T ~ M E I  I1 ZIT0 p a 3 J I U q H b I e  UX C B O ~ ~ C T B ~  R B J I R I o T C R  

C B O ~ ~ C T B ~ M M ,  I I p M C y u U M I 1  B C e M  I1JII1 o I I P ~ A ~ J I ~ H H o ~ ~  ZIaCTU p e I U e H U f i  
3TI1X Y ~ ~ B H ~ H H ~ .   TO RBUJIOCb O A H O ~ ~  I13 IIPUYI1H B C e C T O P O I I H e r O  

I 1 3 y s e H U H  J I U H e f i H b 1 x  y p a B H e H I 1 f i  B T O p O r O  I I O p R A K a ,  U M e I o u U X  a H a -  
n ~ T E i s e c K k i e  K O ~ @ @ I ~ L ( U ~ H T ~ I .  Haa6onee IIPOCTbIMI1 O C O ~ ~ I M I I  T O q K a -  

M U  AJIR HUX RBJIRlOTCR T a K  H a 3 b I B a e M b I e  P e r y J I R p H b I e  oco6b1e TOY- 

KU. E c m  Y p a B H e H U e  H M e e T  O A H y  UJII1 A B e  T a K U e  TOZIKU, T O  O H 0  

U H T e r p U p y e T C R  B  3 . T e M e H T a p H b I X  @ ~ H K L ( I I R X .  npll H a J I H Y H U  T p e X  pe- 
r Y J I R p H b I X  O C O ~ ~ I X  TOZIeK 3 T 0  yXe H e  T a K ,  I1 T a K H e  y p a B H e H I 1 R  no- 
p O X A a I o T  I I I l l p o ~ U f i  KJIaCC CIIeL(I1aJIbHbIX @yHKL(l l f i ,  0 6 ~ 1 a ~ a r n u 1 1 x  

U e J b I M  P R A O M  3 a M e q a T e J I b H b I X  C B O ~ ~ C T B .  T ~ K ,  M3 r I 1 I I e p r e O M e T p U s e -  

c K o r o  p R A a  F(a,  p, y, z ) ,  A a m u e r o  o6uee  p e m e H n e  T a K o r o  y p a B -  
HeHMR, I I p l l B e A e H H O r O  K  K a H O H H q e C K O M Y  BUAY ( O H O  H a 3 b I B a e T C R  

Y p a B H e H H e M  raycca) ,  n p I 1  T e X  UJII1 HHbIX 3 H a q e H P i R X  I I a P a M e T P O B  

a, p, Y M O r Y T  6 b 1 ~ b  IIOJIyZIeHbI p a 3 ~ 0 0 6 p a 3 H b 1 e  3 J I e M e H T a p H b I e  U  C n e -  

L(kiaJIbHb1e @ ~ H K L ( U I I .  ~ ~ ~ A c T ~ B J I R ~ T  I 1 H T e p e C  T a K X e  I 1 3 y q e H U e  @ Y H K -  

UUU Z = Z ( V ) ,  R B J I R I ~ ~ ~ ~ ~ c R  0 6 p a ~ ~ o f i  K  OTHOIUeHPiIo  q =  W l ( Z )  /w, (2) 
A B y X  J I U H ~ ~ H O  H e 3 a B M C U M b I X  p e I I I e H I 1 f i  Y P a B H e H P i R .  n p U  06xone 
oco60fi TOYKM q n p e T e p n e B a e T  A ~ O ~ H O - J I U H ~ ~ ~ H ~ I ~  ~ p a ~ c @ o p ~ a q ~ m :  
y+ari+b/cri+d, a Z ( q )  ( ~ c J I u  O H a  O A H O ~ H ~ Z I H ~ )  B 0 3 B p a U a e T C R  

K  CBOeMY MCXOAHOMY 3 H a Z I e H H I 0 ,  T a K  YTO @YHKL(UR Z  0 6 J I a A a e ~  

C B O ~ ~ C T B O M Z ( ~ ) = Z ( ~ ~ ~ + ~ / C ? + ~ ) .  T ~ K  B 0 3 H U K a e T  K J I a C C  ~ B T O M O P @ -  
HbIX @YHKUIIA, U  C  K a X A b I M  Y p a B H e H M e M  C B R 3 b I B a e T C R  I I O P O X A e H -  

H a R  UM K O H e Z I A O M e P H a R  rpj'nna C  ZIMCJIOM 0 6 p a s y m u ~ x ,  P a B H b I M  
q H C J l y  O C O ~ ~ I X  T O s e K  MHHYC e A U H N 4 a .  r. A. m ~ a p L (  n p O B e J I  BCeCTO- 
P O H H e e  U C C J I e A O B a H U e  y p a ~ ~ e ~ ~ f i  C  T P e M R  P e r Y J I R P H b I M U  O C O ~ ~ I M H  

T o w a m :  OH A O K ~ ~ ~ J I ,  YTO y p a B H e H I 1 e  o n p e A e n R e T c R  s a n a ~ ~ e ~  CBO- 
UX 0 ~ 0 6 6 1 ~  T O Y e K  I1 X a p a K T e p I 1 C T U s e C K U X  ~ 0 p ~ e f i  B  HHX,  BbIRCHMJI, 
B  K a K H X  C J I y s a R X  Z  R B J I R e T C R  O A H O ~ H ~ Z I H O ~ ~  I1JIU anre6paasec~ofi  
@ y ~ ~ s ~ e f i  c B o e r o  a p r y M e H T a  q ,  k i c c n e n o s a n  rpynny, nopoxneaaym 
Y p a B H e H U e M  T a K O r O  T U I I a .  

H ~ C ~ ~ B H ~ H H O  6onee C J I O X H b I M  O ~ % ~ K T O M  RBJIRIOTCR Y p a B H e H U F I  



C ' I e T b I P b M R  p e r y J I R p H b I M I 4  O C O ~ H M H  TO'IKaMII .  O C O ~ ~ H H O  I l H T e p e C e H  

cny'Iafi, K O r A a  P a 3 H O C T U  X a P a K T e P k i C T l l ' I e C K N X  K O P H ~ ~ ~  B o c o i 6 b l x  
T O s K a X  P a B H b I  HyJIIO. n p ~ l  3 T O M  B e C b  K n a C C  y p a ~ ~ e ~ ~ f i  (IIpPl $INK- 

C k I P O B a H H b I X  O C O ~ ~ I X  T O ' I K a X  Z k ,  k = l ,  2, 3, 4) n a p a M e T p M 3 y e T C R  

O A H H M  KOMIIJIeKCHbIM I I a p a M e T p O M  h. M M ~ H H O  3 T O T  ~ J I y ' I a f i  R B n R e T -  

CR OCHOBHbIM O ~ X ~ K T O M  p a 6 o ~  B n a ~ k i ~ k i p a  Msa~oslisa,  o1ny6nu~o-  
B a H H b I X  B 1918-1921 IT .  B H N X  O H  C s N T a n ,  ' I T 0  Z I = O ,  Z 2 = a €  (0,1), 
z3= 1, Z ~ = C O .  B 3 ~ u x  p a 6 0 ~ a x  n p o B e A e H  u c s e p n b ~ s a ~ u n f i  aaanws 
TOTO, I I p H  K a K N X  3 H a q e H N R X  h @ Y H K U N R  T l =  W l ( Z ,  h) /W? (2, h) OAHO- 

3Hal ' IHO O ~ P ~ T U M ~  ki K o l r A a  0 6 p a ~ H a R  efi @YHKUHR R B J I R e T C R  @YHK- 
suefi O y ~ c a ,  una 6onee o6mo - @ y ~ ~ s u e f i  Y n e f i ~ a .    TO no~pe6o- 
B a n 0  H a X O X A e H k i R  C I I e K T p O B  T p e X  K p a e B b I X  3aAas AJIR FiCCJIeAyeMO- 

r0 Y p a B H e H U R  I I p H  H a J I H ' I U H  ~ l i H r y J I ~ p H 0 C ~ e f i  H a  K O H U a X  UJIH B H y T P k i  

H H T e p B a J I a  I 1 3 M e H e H M R  a p r y M e H T a  H l i 3 y s e H U R  I I O B e A e H k i R  UX PeILIe-  

HUfi .  n o J I y ' I e H H b 1 e  p e 3 y J I b T a T b I  I I O 3 B O n k i n k i  A O K a s a T b ,  ' I T 0  o6pame- 
H u e  B O B M O X H O  T O J I b K O  AJIR h, 3 a I I O J I H R K ) U M X  H ~ K O T O P ~ I ~ ~  O T P e 3 O K .  

A o I ~ o J I H N T ~ J I ~ H ~ I ~  ~ p e 6 o s a ~ u ~ 1 ,  s~o6b1 r p y I I I I a  6brna @ Y K C O B O ~ ~  u H e  

H M e J I a  H e T p I l B k i a n b H b I X  C O O T H O I U ~ H H ~ ~ ,  B b I A e J I k f n U  Pi3 3 T O r O  O T p e 3 K a  

e A N H C T B e H H 0 e  3 H a s e H l l e  h, K O T O p O e  I I p U H R T O  H a 3 b I B a T b  a K Q e C C O P -  

H ~ I M  n a p a M e T p o M  y p a B H e H u R .  
n e p ~ a n  p a 6 o ~ a  3 ~ 0 r o  H a n p a ~ n e H u R  - cc3a~asa  obpameaw~ nu- 

~ e f i H 0 r 0  ~ P i @ @ e p e H ~ k i a J I b ~ ~ r ~  Y P a B H e H N R  B T O P O r O  I I O p R A K a  C 'Ie- 
T b I P b M R  O C O ~ ~ I M U  T O ' I K a M U B  - 6b1~1a 3 a u n u e H a  B J I ~ A ~ ~ M H ~ O M  Msa- 
H O B M q e M  B 1918 r. K a K  M a r H C T e p C K a R  A H C C e p T a ~ U R .  T e ~ a  AJIR H e e  

6brna s b 1 6 p a ~ a  u M  C a M O C T O R T e J I b H O  Pi H e  B C T p e T I l J I a  C O s y B C T B e H H O r O  

O T H O r U e H U R  CO C T O p O H b I  B. A. C T ~ K J I O B ~ .  O A H ~ K O  0 c a M 0 f i  p a 6 o ~ e  
C T ~ K J I O B  A a n  6 J I e c ~ R m k i f i  O T 3 b I B .  BO B p e M R  A A C I I y T a  OH OTMeTHJI ,  

 TO B p a 6 o ~ e  B n a ~ a ~ l i p a  M s a ~ o s u q a  n p o K n a A b I s a m T c R  H o m e  n y T u  

B a ~ a n s ~ u s e c ~ o f i  T e o p u u  n n @ @ e p e ~ s u a n b ~ b r x  y p a ~ ~ e ~ u f i .  
H e  6 y ~ y  O I I l l C b I B a T b  A p y r k i e  A O C T H X e H U R  B J I a ~ l l M u p a  M s a H o -  

B U q a  B 3~0fi T e O p I I k i ,  ~ 6 0  IIM I I p e A I I O J I a r a e T C R  IIOCBRTkiTb O T A e J I b -  

HYIO KHUTY. B H e e  3 a A y M a H O  BKJIIO'IIITb y K a 3 a H H y l O  A U C C e p T a U U I O ,  

B b I I I y m e H H y I O  K 3 a m k i T e  B B H A e  O T A e J I b H O r O  J I H T O ~ ~ ~ @ H ~ O B ~ H H O ~ O  

N 3 A a H U R  II C T a B I U y I O  6u6~111orpa@liqec~ofi P e A K O C T b m .  3 ~ e ~ b  Xe 
O T M e ' I y ,  9 T O  B n a ~ u M u p  M s a ~ o s n s  C O X p a H U J I  X H B O ~ ~  A H T e p e C  K a H a -  

J I ~ ~ l i s e c ~ o f i  T e O p H I l  ~ P i @ @ e p e H s k i a J I b H b ~ ~  y p a B H e H k i f i  A 0  K O H s a  CBO- 

efi X N 3 H N .  OH BCRZIeCKli C I I O C O ~ C T B O B ~ J I  ee p a 3 B H T P i l 0 ,  p a B H 0  K a K  

u P ~ B B U T U I O  ~ p y r u x  ~ a n p a s n e ~ u f i  ~ a s e c ~ s e ~ ~ o f i  T e o p u M  nrr@@epes- 
U l l a J I b H b I X  y p a B H e H u f i ,  O C O ~ ~ H H O  T e O p N U  ~ C T O ~ ~ ~ ~ ~ B O C T H .  ~ O A  ero 
PYKOBOACTBOM B 3~0fi 0 6 n a c ~ u  I I O J I y q l l J I  6 n e c ~ ~ m u e  p e 3 y J I b T a T M  

M. A. J l a n n o - A a ~ u n e a c ~ u f i  ( B T O P ~ R  n o n o B u H a  20-x ~ O A O B ) .  nocne 
I I p e X ~ e B p e M e H H 0 f i  C M e p T H  3TOTO T a J I a H T J I k i B O r O  Y s e H O r O  B n a ~ w ~ u p  
M s a ~ o s u s  BbIIIOJIHUJI O ~ P O M H ~ I ~ ~  U ~ J I ~ T o ~ o A H ~ I ~ ~  T P y A :  N3YZINJI (CO- 

B M e C T H O  C H. E. Y O ~ N H ~ I M ,  BIIOCJIeACTBNN ~ K ~ A ~ M H K O M )  er0 p y K 0 -  

III lCIl  Pi q e p H O B b I e  H ~ ~ ~ O C K H  u N 3 A a J I  MX B B H A e  A B e H a A U a T k i  p a 6 o ~ .  
OH Xe B J I O X H J I  M H O r O  C N n  Pi B p e M e H u  B I I O C M e p T I { b I e  I l 3 A a H N R  T p y -  

A O B  O A H O r O  I13 C a M b I X  B b I A a I O U k i X C R  PYCCKllX M a T e M a T N K O B ,  C B O e r O  
c T a p m e r o  K o n n e r u ,  a K a n e M u K a  A. M. J I ~ n y ~ o s a :  B cepenme 



20-x r 0 A O B  B n a n u ~ u p  M s a ~ o s n s  ( C O B M ~ C T H O  C H. E. K O ~ U H ~ I M )  
usysnn pyeonncb J ' I ~ n y ~ o s a  no ( P u r y p a ~  p a B H o s e c u R  spawamwefi- 
CR X H A K O C T H ,  I I p O B e p U J I  U s a C T U s H 0  BOCCTaHOBUJI P a C C y X A e H H R  

U BbIKJIaAKM A B A O C T Y ~ H O ~ ~  ( P O P M ~  A 3 A a J I  ee IIOA H a 3 B a H A e M  < S U ~  

les figures dr6quilibre d'une masse fluide hGt6rogGne en rotation,,; 
B K o H v e  40-x-aasane 50-x r o n o B  non ero ~ ~ K O B O A C T B O M  6 b 1 n a  

c o c T a s n e H a  0 6 r u n p ~ a ~  6n6nuorpa@n~ ~ p y n o ~  A. M. J ' I R n y s o B a ;  

B 50-x ronax B n a n u M n p  M s a ~ o s u s  nepesen n nsnan H a  PYCCKOM 
R 3 b I K e  B C e P I l U  <<I<JIacckiKki H a y K H > >  k i 3 6 p a H H b I e  p a 6 0 T b 1  Y s e H O r O  

I3 H a n I l C a J I  K HUM ~ O ~ ~ U I Y I O  O ~ ~ O P H Y I O  C T a T b I O  0 e T O  T B O P r I e C T B e ;  

B 1961 r. H a  B c e c 0 1 0 3 ~ 0 ~  C ' b e 3 A e  M a T e M a T I l K O B  B J ' I e H ~ l H r p a n e  UM 

6 b 1 n  C A e J I a H  06~1kip~b1fi A O K J I a A  n 0  H e U 3 A a H H b I M  p a 6 0 ~ a ~  A. M. J ' I R -  

I I y H O B a ,  I I O C B R w e H H b I M  TeOPIIN.  Y C T O ~ ~ ~ U B O C T H .  
HO B e p H e M C R  K H a s a n y  20-x r O A O B  - K I I e p I l O A y  B O 3 B p a w e H H R  

B n a ~ ~ l ~ k i p a  M s a ~ o s n s a  B p 0 ~ ~ 0 f i  r O p O A  U B O ~ O ~ H O B J I ~ H H I O  er0 pa- 
~ O T ~ I  B Y H A B e p C U T e T e .  I< 3 T O M Y  B p e M e H U  yXe C T a J I O  RCHbIM H a m e  

CI lJ IbHOe O T C T a B a H U e  B p a 3 J I U 9 H b I X  O ~ J I ~ C T R X  (PH~I IKN.  II H a 3 p e J I a  

H e O T J I O X H a R  I I O T ~ ~ ~ H O C T ~  B K O P ~ H H O ~ ~  I I e p e c T p ~ f i K e  I I p e I I O A a B a H I l R  

(PU~I IKN.  B BbICUIHX Y ~ € ! ~ H ~ I x  3 a B e A e H U R X ,  B TOM g I l C J I e  II B Y H A B e P -  

C H T e T a X .  3 ~ 0 ,  B CBOIO O q e p e A b ,  ~ p e 6 o ~ a n o  U C y w e C T B e H H b I X  U 3 M e -  

HeHkifi  B I I P e I I O A a B a H I l I l  M a T e M a T U K U  AJIR ( P U ~ U K O B .  3 a  P e U I e H k i e  

A a H H o r o  K o M n n e K c a  ~ a y s ~ o - n e ~ a r o r n s e c ~ n x  n p o 6 n e ~  B ~ R J I A C ~  Ass 
3 a M e s a T e J I b H b I X  Y 9 e H b I X  - A ~ n ~ p n i i  C e p r e e B ~ s  P O X < A ~ C T B ~ H C K M ~ ~  
Pi B J I ~ A H M H ~  M s a ~ o s n s  CMHPHOB. MX 3 H a H I l R  O X B a T b I B a J I I l  no C y -  

W e C T B y  B C e  p a 3 A e J I b I  C O B ~ ~ M ~ H H O ~ ~  ( P U ~ I I K U  II M a T e M a T I I K I I .  OHH 06a 
6 b 1 n n  n 6 n e c ~ ~ w n ~ n  n e A a r o r a M n ,  H e  X a n e s r u n M n  cnn n B ~ ~ M ~ H I - I  

AJIR BOCIIkiTaHIlR M O J I O A e X H .  MX C O B M ~ C T H ~ I ~ ~  T P Y A ,  I I ~ o A o J I x ~ B U I U ~ ~ -  

CR A 0  K O H v a  X H 3 H I I  A. C. P O X A ~ C T B ~ H C K O ~ O  (1940 r.), I I p k i B e J I  

K ~ a p ~ n ~ a n b ~ o f i  n e p e c ~ p o i i ~ e  B c e r o  npenonasaam M a T e M a T n K n  

l4 (PH~IIKII H a  ( P H ~ H ~ ~ C K O M  O T & e J I e H I l I l  e C T e C T B e H H O r 0  (PaK)JJIbTeTa 

J ' I e ~ n ~ r p a n c ~ o r o  y H n s e p c n T e T a .  Ha 6a3e n e ~ v n i i  B n a n n ~ 1 4 p a  Msa- 
H O B M s a  6b1nn B b I p a 6 0 ~ a H b I  I I p O r p a M M b I  no M a T e M a T I l K e  &JIR ( P H ~ I I -  
s e C K I l X  ( P a K y J I b T e T o B  Y H H B e p C k i T e T O B  B c e f i  C T P a H b I .  B J I ~ A H M M P  Msa- 
HOBIlg  C a M  M H O r O K P a T H O  r I I l T a n  B C e  0 6 ~ 3 a T e n b H b I e  M a T e M a T k i r I e C K U e  

AHCIlHnJIkiHbI Pi C n e v H a J I b H b I e  KYPCbI  AJIR C T Y & ~ H T O B - ( P H ~ I I K O B .  Ero 
JIeKvHki ,  OTJII l saBLUIleCR ~ O ~ ~ T C T B O M  C O A e P X a H I I R  II AOCTYnHOCTbIO 

N 3 J I O X e H U R ,  I I p I l B J I e K a J I I l  K ce6e H e  TOJIbKO CTYAeHTOB,  HO II ripe- 
nonasa~eneii n H a y s H b I x  C O T P ~ A H ~ K O B .  A n R  0 6 n e r s e ~ u ~  o c y w e c T B -  

J IeHI lR p e ( P 0 p M b 1  I I p e I I O n a B a H I l R  B J I ~ ~ H M H ~ O M  M B ~ H O B N ~ ~ ~ ~  ( C O B M ~ -  

CTHO C 9. A. T ~ M ~ P K I I H ~ I M )  H a n I l C a H  A B Y X T O M H ~ I ~ ~  Y ~ ~ ~ H U K  AJIR 
(PH~IIKOB.   TO 6 b 1 n  Y ~ € ! ~ H I I K  H ~ ~ ~ I B ~ J I O T O  Y H a C  T n n a ,  me M a T e p n a J r  

6 b 1 n  nono6paa no c T e n e H n  ero B a x H o c T u  n n R  (PNSHKOB n UJIJIIOCT- 

P H p O B a J I C R  ~ O J I ~ L L I H M  sI lCJIOM n p ~ J I 0 X e H ~ f i  K ( P N ~ N K ~ ,  M e X a H N K e  

N T e X H N K e .  

nepeiiny T e n e p b  K O n n c a H u m  c a M b I x  R P K N X  A O C T N ~ ~ H N ~ ~  Bna- 
n u M n p a  M B ~ H O B H ~ ~  B T e o p n n  a H a n u T n s e c K n x  @ y ~ ~ v n f i ,  o n y 6 n n ~ o -  
B a H H b I X  B 20-x N H a s a n e  30-x TOAOB. M M ~ H H O  3 T H M  p a 6 0 ~ a ~  O T n a -  

H a  IIOJIOBNHa n a H H 0 f i  KHUTII. M3 n y 6 n n ~ y e ~ o i i  B H e f i  C T a T b M  
, 
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H. I(. H U ~ o J I b c ~ o r o  N  B. n. X ~ B N H ~  B N A H O ,  K a K O e  6onb111oe 
B J I N R H N e  O K a 3 a J I N  p e 3 y J I b T a T b I  3 T N X  p a 6 o ~ ,  a T a K X e  B B e A e H H b I e  

B  HUX IIOHRTNFI N  M e T O A b I  H a  p a 3 B N T H e  H ~ ~ B ~ H H O G  T e O p H N  B  A a J l b -  

H ~ ~ ~ L L I ~ M ,  N  O C O ~ ~ H H O  B  n O C J I e A H U e  A B a  AeCRTMJIeTNR.  

B n a n N ~ u p  MB~HOBH.I  B e C b M a  HOJIHO N C C J I e A O B a J I  B O n p O C  0 TOM, 

AJIR K a K N X  C $ Y H K L ( N ~ ~ ,  a H a J I A T N 9 e C K M X  B  O ~ J I ~ C T N ,  C O X p a H R e T C R  n p U H -  

w in  M a K c m y M a .  Xoporuo U ~ B ~ C T H O ,  s ~ o  ecnn f p e r y n R p H a  B orpa- 
H N Z ~ ~ H H O ~ ~  O ~ J I ~ C T N  52 Pi H e n p e p b I B H a  B n J I O T b  A 0  K O H T Y P a ,  T O  M a K -  

CUMYM ee M O A y J I R  A O C T N r a e T C R  H a  K O H T y p e .  6 b 1 J I 0  B a X H O  BbIRC- 

H U T b ,  K a K ,  H e  T e P R R  3 T O r 0  C B O ~ ~ C T B ~ ,  M O X H O  O C J ~ ~ I I T ~  T P ~ ~ O B ~ H U ~  

H e n p e p b I B H O C T U  f B  52. 
B T e o p u H  C $ Y H K U N ~ ~  K o M n J I e K c H o r o  n e p e ~ e ~ ~ o r o  n ee npuno- 

X e H U R X  B a X H Y I O  P O J I b  N r p a e T  K J I a C C  N ( K J I ~ c c  H ~ B ~ H J I H H H ~ I ) .  OH 
COCTONT N 3  B C e B 0 3 M O X H b I X  C $ Y H K U N ~ ~ ,  a H a J I M T U g e C K U X  B  K p y r e  

K= {Z  : I Z 1 < 1) N  I I P e A C T a B N M b I X  B  B H A e  g a C T H O r O  ABYX O T P a H U r I e H -  

H b I X  C $ Y H K U U ~ ~ ,  a H a J I N T I l g e C K I l X  B  K. ~ P O C T ~ I ~  I I P N M e p b I  n O K a 3 b I B a -  

IOT, ZlTO AJIR I I P U M e H U M O C T R  I I p P i H U N n a  M a K C U M y M a  KJIaCC N CJIUIII- 

KOM LIIMPOK: OH C O A e P X N T  H e O r P a H U r I e H H b I e  (PYHKUHM, y m 0 B b I e r p a -  

HNZlHbIe  3 H a Z l e H U R  K O T O p b I X  I I O g T H  B e 3 A e  H a  O K P Y X H O C T N  S= 
={Z : (21 = 1) p a B H b I  no MOAYJIW e A N H U U e .  B n a ~ u ~ u p  M B ~ H O B H ~  
B b I A e J I H J I  A 3  N n O A K J I a C C  D, K  3 J I e M e H T a M  K O T O P O r O  I I p A M e H U M  

N  K J I ~ c c N Z ~ ~ C K U ~ ~  I l p U H U N I I  M a K C N M y M a ,  Pi H e K O T O p b I e  er0 6onee 
o6que  B a p U a H T b I .  6 0 J I e e  TOTO, B  H e K O T O P O M  C M b I C J I e  KJIaCC D 
e C T b  H ~ N ~ O J I ~ ~  I I I I l p O K O e  n O A M H O X e C T B 0  B  N ,  06na~a1oqee  3TWM 

C B O ~ C T B O M .  B J I a ~ l i ~ u p  M B ~ H O B N ~  y ~ a 3 a n  p a 3 n U ~ b r e  cnoco6b1 onn- 
C a H I l R  3 T O r 0  K J I a C C a  ( B  T e p M N H a X ,  O T H O C R q H X C R  H e n O C P e A C T B e H H O  
K  MOAYJIIO C$YHKUHII, N  B  T e p M N H a X  ee p a 3 J I O X e H U R  H a  < < K a H O H N Y e -  

CKUe>> M H O X N T ~ J I N ) .   TOT K J I a C C  HaLLIeJI BIIOCJIeACTBNN LLIUpOKOe 

I I p I l M e H e H N e  B  T e O P U A  ( P Y H K U U ~ ~  ( O C O ~ ~ H H O  B  T e O p I l N  n p ~ 6 ~ 1 ~ x e ~ ~ i i ) .  
B n a n n ~ n p  M B ~ H O B H ~  nOJIyZl I l J I  B a X H b I e  p e 3 y J I b T a T b I  no T e O p I l N  

c u H r y n R p H b r x  N H T e r p a n o B .  LLInpo~o N ~ B ~ C T H ~  ero T e o p e M a  o npn- 
H a A J I e X H O C T I I  N H T e r p a n a  T u n a  I(0LUN - C T N J I T ~ ~ C ~ ,  B 3 R T O r O  n0 e A H -  

H N ~ H O R  O K P Y X H O C T I I ,  K J I a C C a M  X ~ P A N  H p  ( n p N  P 6 (0 , l ) ) .   TO O A H a  

I13 n e p B b I X  O U e H O K  C I l H r Y J I R p H O r O  N H T e r p a J I b H O r O  O n e p a T O p a .  Bnoc- 
n e A c T s u H  o H a  H a u r n a  r r r u p o K o e  npunoxealie K 3 a ~ a ~ l a ~ ,  H a  n e p ~ b ~ i i  
B 3 T J I R A  H e  C B R 3 a H H b I M  C  N H T e r p a n O M  I<OUH. B M ~ C T ~  C  3 ~ 0 i  T e O p e -  

~ 0 f i  B. M. C M H ~ H O B ~  B  M O H O ~ ~ ~ C $ U N  no T e O p N N  T p N r O H O M e T p H s e -  

CKHX PRAOB B K n r o g a l o T  N ero T e o p e M y  o c o B n a n e H m  c o n p R x e H H o r o  

P R A a  9>ypbe C  P R A O M  Qypbe C O ~ ~ H X ~ H H O ~ ~  C $ ~ H K L ( I I N ,  e C J I I l  3 T a  

@YHKL(IIR C Y M M H p Y e M a .  K T a K O M Y  p e 3 y J I b T a T Y  B n a n N ~ N p a  M B ~ H O -  
B U q a  n p N B e j l n  ero x c c n e A o B a H m  M H T e r p a n o B  T N n a  I(OIIIN. 

O Z l e ~ b  B a X H a  I I O C T p O e H H a R  NM T e O P N R  C $ y ~ ~ L ( l l f i ,  a H a J N T U r I e -  

CKHX B  O ~ J I ~ C T R X  CO C n P R M J I R e M b I M N  r p a H N L ( a M N .  B T e O P N N  n p H -  

~ J I N X ~ H N ~ ~ ,  I I p H  P e I I I e H H N  3 K C T p e M a J I b H b I X  3 a A a Z I  T e O P N I l  C $ Y H K U N ~ ~ ,  
n p H  n c c n e n o s a H n n  r p a H m H b r x  C B O ~ C T B  a H a n E i T n r I e c K n x  C $ Y H K U M ~ ~  
n O C T O R H H O  I I p I I M e H R I O T C R  B B e A e H H b I e  N  I I3YZleHHbIe  B. M. CMNPHO- 
B b I M  K j l a C C b I  EP - C C T e C T B e H H b I e  a H a J I O T I I  KJIaCCOB X a p ~ z l  AJIR e A N -  



H a w o r o  K p y r a .  B n a ~ M M l l p  M s a a o ~ M s  nan n o n H o e  p e m e H M e  s a n a q ~  
n p e A C T a B M M O C T H  ( P ~ H K U M M  n0 ( P o P M Y J I ~  I<OLUII ( o K ~ ~ ~ , ' I o c ~ ,  q T O  

KJIaCC ( P Y H K U N ~ ~ ,  I I P e A C T a B M M b I X  n 0  3 ~ 0 f i  ( P o P M ~ J I ~ ,  C O B n a A a e T  C E l ) ,  
N 3 y s I l J  r a p M O H M ' i e C K M e  (PYHKQMM, I l P e A C T a B M M b l e  IIO ( P o p ~ y J I e  r p M -  

H a ,  M BbIRCHMJl P O J I b  K J I a C C a  E p  B 3 a A a Y a X  C ~ ~ A H ~ K B ~ A ~ ~ T M ~ ~ C K O ~ ~  

a I I n p O K C M M a Q M M  M I f O r O ~ J I e I I a M M  H a  C n P R M J R e M b I X  K P I I B b I X .  

OH O T K P h I J l  ~ a X H b 1 f i  K J I a C C  S X O P A a H O B b I X  0 6 J I a c T e f i  CO C n p R M -  

n n e ~ o f i  rpaauqeii. OH Y C T ~ H O B H J T ,   TO I I P H M ~ H M M O C T ~  npaawana 
M a K C M M y M a  K ( P Y H K Q M R M  K J I a C C a  El M I lQJIHOTa M H O r O s J I e H O B  B E2 

P a B H O C M J I b H b I  ~ p U H a & J l e X H O C T M  o 6 n a c ~ ~  K J I a C C y  S .  
B J ~ A N M M P  M B ~ H O B M ~  3 a H M M a J I C R  M TOHKMMM B O n p O C a M M  0 rpa- 

H M s H b I X  A M & ( P ~ P ~ H Q M ~ J I ~ H ~ I x  C B O ~ ~ C T B ~ X  (PyHKQMfi ,  bcyuec~s.'~'rIm- 
WMX K O H ( P O ~ M A O ~  o ~ o 6 p a x e k l k i e  K p y r a  H a  OAIIOCBR3HYIO 0 6 ~ a c ~ b  
B 3aBlICMMOCTN OT C B O ~ ~ C T B  T p a H M Q b I .  M M  I l O J I y q e H b l  B a X H b I e  O Q e H -  

KM n p 0 1 1 3 B O A H b I X  I l e p B b l X  T p e X  I I O p R n K O B  3TMX ( P Y H K W M ~ ~ .  
P ~ ~ ~ J I L , T ~ T ~ I  B n a n ~ l ~ k i p a  M s a 1 3 o ~ a q a  no T e o p H H  a H a n r m r i q e c K a x  

( P Y H K Q M ~ ~  O T p a X e H b I  B M 3 B e C T H b l X  M O H O T ~ ~ ( P H R X  ~ N T M Y H A ~ ,  E a p M ,  

Yonrua, Cere, r o n y 3 ~ ~ a ,  npasanosa ,  A b m p e ~ a .  0 BnMRHMM ~ n e f i  
M P e 3 Y J I b T a T O B  B. M.  C M M ~ H O B ~ ,  B O 3 p O X n e H N M  H H T e p e C a  I< H H M  

B 60-e TOAbI,  06 MX n P N M e H e H 1 1 R X  M p a 3 B M T H H  M O X H O  n P O Y N T a T b  

B YXe Y ~ O M R H Y T O ~ ~  C T a T b e  H. I<. H ~ ~ K o J I ~ c K o ~ o  M B. n. X ~ B M H ~ .  
B 1925 r. B J I a n H M M p  M B ~ H O B N ~  O p r a H M 3 0 B a J  B ~ ~ H N I I ~ ~ ~ A C K O M  

y H M s e p c m e T e  ~ a g e n p y  T e o p H N  ( P Y H K Q M ~  K o M n n e I i c I l o r o  n e p e M e H H o -  

ro. T p y n ~ o  n e p e s H c n M T b  B c e  c n e Q M a n b H b l e  c e M r l H a p b r ,  K o T o p b r e  

B CBR3M C 3TMhl IIPOBOAMJI B J I ~ A E I M N ~  M B ~ H O B M Y .   TO Pi C e M I l H a p  no 
~ ~ M ~ J I M X ~ H H ~ I M  M e T O A a M  KOH(POPMH~IX 0 ~ 0 6 p a > n e ~ k i f i ,  N C e M M H a p  

no p a 3 J I O X e H M R M  B P R A b I  nOJIMHOMOB,  N C O B M ~ C T H ~ I ~ ~  C Ilpo(Pecc0- 
P O M  r. M. ( D N x T ~ H ~ o J I ~ Q ~ M  C e M M H a p  no B O I I p O C a M  T e O p M M  ( P Y H K I ~ N ~ ~  
KOMIIJIeKCHOrO I l e P e M e H I - I O T O ,  C M e i U H b I M  C T e 0 p M e f i  (PyHKQMfi  B e m e C T -  

B e H H o r o  n e p e M e I l a o r o ,  M c e M m i a p  no a ~ a n ~ ~ w i e c ~ o f i  T e o p M M  AM@- 
( P e p e ~ Q k i a J ' I b H b ~ ~  y p a ~ H e H N f i ,  r P a H M q H b I M  3 a A a Z I a M  T e O P M N  (PyHIiQMfi  

K O M n J I e K C H O r O  I l e p e M e H H O r O  M M H O r M e  A P Y r M e .  Ha 3TMX C e M M H a p a X  

( P o ~ M M ~ o B ~ J I o c ~  HOBO€! I l O I i O J l e H M e  M a T e M a T M K O B :  r. M. ~ o J I ~ ~ M H ,  

C. A. ~ ~ H ~ I ~ B c K H ~ ~ ,  A. n. ~ ~ T I I H R H ,  B. A. I<ynpanse, A. I(. O ~ A A ~ -  
e B ,  M. n. H ~ T ~ H C O H ,  n. B. I<~HTOPOBNZI ,  C. M. ~ O ~ A H C K N ~ ~ ,  

B. M. K p b l n o s ,  cD. M. X a p m ~ n a n s e  M np. B TO x e  s p e m  B o K p y r  

B n a n M ~ M p a  M B ~ H O B H . I ~  H a q a n M  r p y n n l r p o B a T b c z r  ero M H o r o s H c n e H -  

H b I e  YZIeHMKM. OAHEIM N 3  n e p B b I X  N H a M 6 o n e e  R p K U X  er0 Y s e H M K O B  

6 b U I  r e H H a n 1 1 . 8  M k i x a f i n o ~ N s  ~ O J I Y ~ E I H ,  KOTOPOMY C n Y C T R  A e C R T b  J e T  

B n a n M ~ l l p  ~ ~ B ~ H O B E I . I  nepenan s a ~ e n o s a ~ u e  ~ a a e n p o f i  T e o p M u  

(PyHKQNfi  KOMnJIeKCHOTO I I e P e M e H H O T O .  

r. M. ~ O J I Y ~ N H  6b1n O P M e H T M P O B a H  B J ~ A M M M P O M  M B ~ H O B N Y ~ M  
H a  ~ s y q e ~ u e  sanas r e o ~ e ~ p u s e c ~ o f i  T e o p M M  ( P Y H K Q M W  K o M n n e K c H o -  

ro n e p e ~ e ~ ~ o x - o  N u M e n  n o c T o ' r I H H o e  06qe~kie  co C B O N M  y s M T e n e M ,  

0 6 n a n a ~ r u ~ ~  O ~ U I N P H ~ I M N .  I I 0 3 H a H M R M N  M B 3 ~ 0 a  O ~ J I ~ C T E I .  r. M. TO- 
JIY3MHbIM C 0 3 A a H a  I I O J I b 3 y W W a R C R  U l N P O K N M  R P M 3 H a H M e M  J T I ~ H N H -  

r p a n c K a R  m o n a  r e o ~ e ~ p e s e c ~ o i i  T e o p m  ( P y ~ ~ u e f i .  Ee n p e n c T a B u -  

T e J M  H. A. n e 6 e n e ~  M M. M. M N n k i ~  C b I r p a J I U  3 a M e T H y K J  P G J b  B H e -  



A a B H e M  P e I I I e H H U  U ~ B ~ C T H O ~ ~  n p 0 6 n e M b 1  Eu6ep6axa: ,Qe E ~ ~ H x ,  
peruu~urlifi 3 ~ y  n p o 6 n e ~ y ,  c y q e c T s e H H o  ncnonbso~an ux p e s y n b -  

T a T b I .  

nocne 6 e 3 B p e M e ~ ~ o f i  K O H ~ H H ~ I  r. M. ronysusa B n a n u ~ u p  Msa- 
H O B I l s  CHOBa  B3R A H a  c e 6 ~  PYKOBOACTBO p a 6 0 ~ a ~ ~  B o6nac~u  TeO-  

PUkI ( P y ~ ~ u u f i  KOMnJIeKCHOrO I l ePeMeHHOTO.  OH C O A ~ ~ ~ C T B O B ~ J  
n p I l B J I e Y e H U I 0  H. A. JIe6enesa B ~ ~ H U H ~ P ~ A C K U ~ ~  YHUBepCHTeT  

u y 6 e n 1 1 n  ero 0 6 p a ~ u ~ b c ~  K s a ~ a s a ~  T e o p u u  H a H n y l I r u u x  npa6nu- 
) K e ~ ~ f i  B K O M ~ J I ~ K C H O ~ ~  o 6 n a c ~ u .  ~ O C J I ~ A O B ~ B  C O B e T y  B n a n u ~ k l p a  

M s a ~ o ~ a s a ,  H .  A. n e 6 e n e ~  I IOJ IysUJ l  H H T e p e C H b I e  p e 3 y J I b T a T b I  

B 3~0fi 0 6 n a c ~ a .  B M ~ C T ~  C HUM B n a A u M u p  M B ~ H O B U ~  H a n u c a n  MO- 
~ o r p a ( P ~ I o  no K O H C T ~ ~ K T H B H O ~ ~  T e o p u u  (Py~~u11fi K o M n n e K c H o r o  ne- 
P e M e H H O r O  - I I e p B y I o  B O T ~ ~ ~ C T B ~ H H O ~ ~  J I U T e p a T y p e .  B H ~ G  U 3 J I O X e -  

HbI  p e 3 y J I b T a T b I  C a M O r O  B n a n a ~ u p a  M B ~ H O B H ~ I ~  no P R A a M  OpTOrO-  
H a J I b H b I X  MHOrOrIJIeHOB B O ~ J I ~ C T R X  CO c I I ~ R M J I R ~ M o ~ ~  r p a H k i q e 8  

I1 0 6 0 6 q e ~ u m  H e p a B e H C T B  A. A. M a p ~ o s a  ( c T ~ ~ I I I ~ I - 0 )  I1 C. H. ~ P H -  
I I I T ~ G H ~ .   OH^ O X B a T b I B a e T  T e O p U l o  H H T e p n O J l U p O B a H U R ,  T€?OpIlm MHO- 
r O s J I e H O B ,  O p T O r O H a J I b H b I X  H a  KOHTYPe  U n0  I I J I O q a A I 1 ,  TeOPUH) MHO- 

r 0 s J I e H O B  Oa6epa, a T a K X e  COBCeM HOBbIe  B T y  n0py T e O p e M b l  

C .  H. M e p r e n x ~ a  U A. r. BUTYIIIKHH~ 0 B03MO)KHOCTU P a B H O M e p -  
H 0 f i  a n n P O K C I I M a u I I I 1  MHOrOr I J I eHaMI l  I1 P a u U O H a J I b H b I M I l  (PYHKUURMU. 

B n a A u M u p  M B ~ H O B H ~  A 0  K O H u a  CBOUX ~ H e f i  OCTaBaJ ICR o6qe- 
I IP I13HaHHbIM a B T O P I l T e T O M  B TeOpkIM aHaJIHTUrIeCKUX ( P Y H K U U ~ ~ .  3 a  
COBeTaMM Pi O u e H K a M H  K H e M y  06paqanucb  M3 BCeX HaYYHbIX u e H T -  

POB ~ a ~ l e f i  C T P ~ H ~ I ,  H e  r o B o p R  y x e  o n e H u H r p a n u a x  B c e x  n o K o -  
neaafi. 

C J I e n y I o ~ U M  B a X H b I M  3 T a n O M  H ~ Y ~ I H O ~ ~  AeRTeJIbHOCTH 

B. M. C M H ~ H O B ~  6b1nu er0 pa60~b1, BbIIIO.JlHeHHbIe B C ~ ~ ~ C M O J I O ~ U -  

s e C K O M  UHCTUTYTe AH CCCP, OTAeJIUBLLIeMCR B 1928r. O T  OMSUKO- 
M a T e M a T H s e C K O r O  IIHCTUTYTa AH CCCP. C 1929 no 1935 r. Bna- 
A H M U p  M B ~ H O B U ~  ~ o s r n a s n ~ n  ~ e 0 p e ~ I 1 s e ~ K U f i  O T A e J  UHCTUTYTa 

I1 C y M e J I  I IOAHRTb  er0 p a 6 o ~ y  H a  H e 6 b 1 B a n y H )  BbICOTY. 3 A e ~ b  OH 

co6pan rpynny TaJ IaHTJ lUBbIX  MOJIOAMX Y s e H b I X :  E. A. H ~ P ~ I L L I K I ~ H Y ,  
C. JI. CoBone~a, M. H. B e ~ y a ,  C. I-. M u x n u ~ a ,  B. ,Q. Kynpanse 
I4 A p . ,  YClIeI I IHO n p o p a 6 0 ~ a ~ r u w x  B C ~ ~ ~ C M O J I O ~ U ~ I ~ C K O M  UHCTUTYTe 

B T e l I e H n e  P R A a  n e T .  , Q n R  c a M o r o  B J I a A k l ~ k i p a  M B ~ H O B H ~ ~  3 T 0  6b1~1 
OAHH I13 O l I e H b  IIJIOAOTBOPHbIX I IePIIOAOB H ~ Y ~ I H O ~ ~  pa60~b1.  Ero UAeU 
U UCCJIeAOBaHUR no T e O p I l H  p a C n p O C T p a H e H U R  BOJIH COCTaBUJIli  HO- 

B y I o  r J I a B y  M ~ T ~ M ~ T M ~ ~ C K O ~ ~  ( P H ~ U K U ,  C O 3 A a B  OCHOBy AJIR pa3BMTUR 

M ~ T ~ M ~ T H ~ I ~ C K O ~ ~  C ~ ~ ~ C M O J I O ~ U H .  
B A a H H O M  c 6 0 p ~ u ~ e  I I e Y a T a l o T C R  n e P e B O A b 1  A B y X  ~ O J ~ U I I I X  CTB- 

~ e f i  B n a ~ l i ~ u p a  M B ~ H O B H Y ~ ,  BbInOJIHeHHbIX COBMeCTHO C C. n. CO- 
6 0 n e ~ b r h t  I1 o ~ ~ ~ J I I ~ K o B ~ H H ~ I x  B 1932 U 1933 IT.  B HUX U 3 J I O x e H  

H O B ~ I ~ ~  M e T o A  p e u l e H u R  3 a ~ a s  p a c n p o c T p a H e H u R  B o n H  B ynpyrux 
C p e A a X ,  O C H O B ~ H H ~ I ~  H a  nOCTPOeHUl i  T a K  H a 3 b I B a e M M X  (PYHKUUO- 
H a J b H O - H H B a p U a H T H b I X  p e I I I e H U f i  y p a B H e H U f i .  OHU X a p a K T e P U 3 Y l O T -  

C R  T e M ,  YTO n p O U 3 B O J l b H a R  ( P Y H K ~ N R  OT HUX T a K X e  RBJIReTCR P e I I I e -  

H U e M  FiCCJIeAyeMOrO Y p a B H e H U R .  M n e R  B B e A e H U R  U I13ylIeHUR TaKHX 



p e U e H k i f i  RBHO H a B e R H a  ~ e 0 p M e f i  a H a J I M T M s e C K M X  @ Y H K & H ~ ~ ,  B J l M R H H e  

K O T O P O ~  I I P O C M a T P k l B a e T C R  BO B C e X  p a 6 0 ~ a x  B n a A u M n p a  M B ~ H O B H -  
s a .  Knacc @ Y H K ~ M O H ~ J I ~ H O - ~ ~ H B ~ P M ~ H T H ~ I X  p e u I e H M f i  AJIR BOJIHOBOrO 
y p a B H e H n R  s a ~ e s a ~ e n e a  T e M ,  s ~ o  BHYTPW H e r o  c o A e p x a T c R  perue- 
HUR, I I p e A C T a B J I R I o u I l e  ~060fi  BOJIHbI,  N 3 J I y Z I a e M b I e  T O s e Z I H b I M  MCTO'I- 
HMKOM, nJIOCKkie  BOJIHbI M H e K O T O p b I e  A p y r k l e  B a X H b I e  P e U J e H H R .  

O C O ~ ~ H H O  C y I U e C T B e H H O ,  s T 0  B K J I a C C e  y K a 3 a H H b I X  p e U I e ~ k i f i  O K a 3 a -  

JIOCb B O 3 M O X H b I M  I I O C T P O N T b  P e u I e H M e  3 a A a s M  06 O T P a X e H k l k l  BOJIH 
O T  nnoc~ofi A I I ~ R M o J I N H ~ ~ ~ H o ~ ~  r p a H U 4 .  M M ~ H H O  no 3 a ~ a H H o f i  na- 
A a I o u e f i  BOJIHe,  k i M e I o W e f i  T O s e s H y I o  O C O ~ ~ H H O C T ~  B I I O J I y I I p O C T p a H -  

C T B e ,  H a X O n H T C R  P e r y J I R p H O e  P e I L I e H H e ,  K O T O p O e  B C y M M e  C I I a A a I o -  
ueA B O J I H O ~ ~  Y A O B J I e T B O p R e T  r p a H M s H O M Y  YCJIOBNIo.  O K ~ ~ ~ J I O C ~ ,  '4TO 

~ H ~ J I o T ) . I ' ~ H ~ I ~ '  @ ~ K T ~ I  U M e I o T  M e C T O  M B 3 a A a s a X  TeOPklM y I I p y r O C T H .  
B I I e p ~ o f i  M3 Y n O M R H y T b I X  p a 6 o ~  A a H  ~ @ @ ~ K T u B H ~ I ~ ~  cnoc06 

' p e u e H m  3 a ~ a s  P a c n p o c T p a H e H n R  B o n H  B c n o n c ~ o - ~ e o n ~ o p o n ~ b r x  
ynpyrnx cpenax c n n o c K a M n  n a p a n n e n b H b I M n  r p a H u u a M n .  Bo BTO- 

p0fi p a 6 o ~ e  a H a J I o r ~ s H b 1 f i  M e T O A  p a 3 p a 6 o ~ a ~  AJIR I I p O C T p a H C T B e H -  
H ~ I X  3ana~1 n p n  H a n n s n n  oce~ofi C M M M e T p n n .  B A p y r n x  p a 6 o ~ a x  
30-x r O A O B  B n a ~ n ~ u p  M ~ a ~ o ~ n s  B C e C T O p O H H e  H 3 y s a e T  s a C T H b I e  

p e U e H H R  y p a ~ ~ e ~ ~ f i  T e O p k i H  y I I p y r O C T k i ,  M M e I o W U e  O C O ~ ~ H H O C T H  

B n a H 1 1 0 f i  TO' IKe,  C T P O H T  B C e  C N H r y J I R P H b L e  P e U e H k l R  B O J I H O B O r O  
y p a B H e H m .  3 a ~ e ~  OH p e r u a e T  a a ~ a s ~  06 ynpyrnx ~ o n e 6 a ~ n ~ x  ~ p y -  
ra n c@epbr (npn  H a n n s n n  0 c e B 0 f i  c n ~ ~ e ~ p n n )  M e T o A o M ,  K O T O P ~ I ~ ~  

B o u r e n  B n m e p a T y p y  K a K  M e T o A  H e n o n H o r o  p a 3 n e n e ~ n ~  n e p e M e a -  
HbIX. Y K a 3 a H H b I f i  M e T O A  R B J I R e T C R  C B O ~ O ~ P ~ ~ H ~ I M  B a p H a H T O M  T e O -  

p M n  n o T e H u M a n o B ,  K O T O P ~ H )  AO B n a ~ n ~ n p a  M s a ~ o ~ n s a  M nocne 
H e r 0  6e3ycneu~o I I b I T a J I U C b  p a 3 p a 6 0 ~ a ~ b  AJIR H a s a J I b H O - K p a e B b I X  

3 a A a s  n p H h I e H U T e J I b H 0  K BOJIHOBOMY Y p a B H e H H I o .  

Teopnn no-reaunana, K a K  xopouo M ~ B ~ C T H O ,  6b1na c c l s n a s a  BO 

B T O P O ~ ~  IIOJIOBMHe XIX B. AJIR Y P a B H e H M R  AanJIaca ( O ~ H O ~ O A H O ~ O  

ki H ~ O A H ~ ~ O A H O ~ O ) ,  a 3 a T e M  M AJIR Y p a B H e H H R  T e n J I O n p O B O n H O C T H .  
T ~ Y ~ H O C T H  I I e p e H e C e H H R  ee H a  B O J I H O B b I e  Y p a B H e H H R  0 6 y c n o ~ n e ~ b 1  

T e M ,  l I T 0  O C H O B H O e  C I I H T y J I R P H O e  P e I L I e H M e  3 T O r 0  Y P a B H e H A R  M M e e T  

p a c n p e n e n e H H b l e  O C O ~ ~ H H O C T H  n B cnysae n ~ y x  n 6onee n p o c T p a a -  

C T B e H H b I X  I I e p e M e H H b I X  R B J I R e T C R  0 6 0 6 u e ~ ~ o f i  @ y ~ K u P f e f i  (pacnpe- 
~ e n e ~ u e h ~ ) .  I ~ O ~ ~ I T K U  n o c T p o e H n R  a a a n o r o B  n o T e H u u a n o B  n p o c T o r o  

n A B O ~ H O ~ O  c n o R  M n o n c K n  B nx T e p M N H a X  pewe~nf i  nep~of i  nnn 
B T O P O ~ ~  H a 9 a 3 b H 0 - K p a e ~ 0 f i  3 a A a q U  AJIR B O J H O B O r O  Y p a B H e H M R  npki- 
BOAAJIM K B H T e r P a J I b H b l M  Y P a B H e H k l R M ,  a H a J I M 3  K O T O P b I X  CTOJIb  CJIO- 

x e H  n ~ e n p o s p a s e ~ ,  s ~ o  OT 3~01-o n y T u  B K o H u e  KOHUOB 0 ~ ~ a 3 a -  
nncb. B J I ~ A M M N ~  M B ~ H O B H ~  npennoxnn A n R  s a ~ a s ,  0 6 n a ~ a r o r ~ n x  
c @ e p M s e c K o f i  c M M M ~ T ~ M ~ ~ ~ ,  H ~ K O T O P ~ I ~ ~  c ~ e ~ a ~ ~ b l f i  B a p k i a H T  M e T O A a  

@ypbe H M e T O A a  T e O p R M  I I O T e H 4 H a n O B .  C O ~ J I ~ C H O  3 T O M y  B a p M a H T y  

p e m e H n e  p a 3 n a r a e ~ c ~  no c @ e p n s e c ~ n ~  @ ~ H K U U R M .  K o ~ @ @ ~ q n e ~ ~ b ~  
A a H H O r O  P R A a  3 a B H C R T  TQJIbKO O T  P a n H y C a  k i  B p e M e H k i .  MX ripen- 
C T a B J I R I o T  B B M A e  H e K O T O P b I X  IIOTeHIl.NaJIOB C IIJIOTHOCTRMU, 3 a B H C R -  

W M M H  O T  B P e M e H k i .  HJIR O n p e A e J I e H k i R  3 T M X  ~ J I O T H O C T ~ ~ ~  n O J I y s a l O T  

M H T e r p a n b H b I e  Y P a B H e H k l R ,  A O C T Y n H b I e  a H a n k i 3 y .   TOT M e T O A  no- 



3BOJIAJl  C A e J l a T b  P R A  B a X H b I X  K a q e C T B e H H b I X  M  KOJlMrIeCTBeHHbIX 

B ~ I B O A O B  o p e L u e H M R x  a a ~ a s  y ~ a 3 a ~ ~ o r o  m n a .  OH H a m e n  n p m e -  
H e w e  A p a s ~ u ~ a e  B p a 6 o ~ a x  A p y r A x  yseebrx, M npexAe B c e r o  

y s e H m o B  A n o c n e ~ o ~ a ~ e n e i i  B J I ~ A E I M E I ~ ~  M s a ~ o s ~ l s a  (r. M. I l e ~ p a -  
U e H R  A  er0 Y Z I ~ H E I K O B ) .  B A a H H O M  C ~ O P H H K ~  I I p e A C T a B J I e H b I  A B e  

3 a M e T K M  B ~ ~ A M M E I ~ ~  M B ~ H O B M ~ ~  M3 ((AOKJI~AOB AH C C C P > >  

(1937 r.), I l O C B R q e H H b I X  3 T O M Y  M e T O A Y .  

M c c n e ~ o ~ a ~ M R  IIO @ Y H K ~ M O H ~ J I ~ H O - M H B ~ ~ M ~ H T H ~ I M  P e m e H U R M  

I lOpOAMJIA P R A  p a 6 0 ~ ,  B  K O T O P b I X  P e L u a J I C R  BOIIPOC 0 HaJIMZIMA 
T a K M X  p e U I e H A f i  y A p y r H X  Y P ~ B H ~ H M ~ ~  B  9 a C T H b I X  n P O M 3 B O A H b I X ,  BO- 

n p O C  O  H a X O X A e H M M  B C e X  @ Y H K ~ A O H ~ J ~ ~ H O - R H B ~ ~ A ~ H T H ~ I X  p e I l I e H U f i  

B O n H O B O r O  Y P a B H e H M R  M  BOIIPOC 0 H a X O X A e H U M  B C e X  y p a B H e H U f i  

A a H H O r O  K n a c c a ,  A M e I o q A X  @ Y H K U A O H ~ J I ~ H O - M H B ~ ~ M ~ H T H ~ I ~  P e I l I e -  

HAR.  HaA 3 T A M A  I I ~ O ~ J I ~ M ~ M M  p a 6 0 ~ a n ~  C. fl. C O ~ O J I ~ B ,  H. n. Epy- 
TAH,  M. M. CMMPHOB A  AP. B  T e C H O M  K O H T a K T e  C  B J I ~ A E I M H P O ~ I  
M B ~ H O B H Y ~ M .  

H a p y m a ~  x p o H o J I o r M I 0 ,  O T M e T H M  3 A e C b  p a 6 0 ~ b 1  B n a n M ~ M p a  

M B ~ H O B M ~ ~  (1953, 1954 I T . ) ,  B e H Y a l O W A e  3 T y  T e M a T M K Y .  B HAX OH 

I I O K a 3 a J I ,  9 T O  O H a  T e C H O  C B R 3 a H a  C  ~ e 0 p M e f i  M 3 0 T P O I I H b I X  KOHF'PY3H- 

~ M f i  JIUHMfi B  T p e X M e p H O M  n p O C T p a H C T B e  M  (n-2) - M ~ ~ H ~ I X  KOH- 

r p y 3 H u M f i  B  C J I y z l a e  n - M e p H o r 0  I I p O C T p a H C T B a .  A n R  n p O C T O T b 1  B 0 3 b -  

M e M  ~ J l y q a f i  T p e X M e p H O r O  e B K J I A A O B a  n p O C T p a H C T B a .  Ase B e q e C T -  

B e H H b I e  @ Y H K U M M  U  M  V ,  O n p e A e J l e H H b I e  H a  R" H a 3 b I B a I o T C R  CO-  

n P R X e H H b I M U ,  eCAM (grad (U + iv))' O; n p A  3 T O M  K O H T P Y 3 H U M R  

( U  (x) = C O ~ S ~ ,  V  (x) = C O ~ S ~ )  H a 3 b I B a e T C R  M ~ O T P O ~ H O ~ ~ .  B J ~ A H -  
M M P  M B ~ H O B M ~  H a u l e J l  H ~ O ~ X O A U M ~ I ~  M  A O C T a T O q H b I e  YCJlOBMR AJlR 

TOTO, 9~0661 B b r p a x e H M e  u (x) + iv ( x ) ,  rAe u M v - c o n p R x e H -  

H b l e  @ Y H K U M A ,  6 6 1 ~ 0  @ Y H K U M O H ~ J ~ ~ H O - M H B ~ P M ~ H T H ~ I M  P e L I I e H A e M  

Y p a B H e H M R  J a n J l a c a .   TO y C J l O B A e  COCTOMT B  T O M ,  q T O  C O O T B e T -  
C T B y I o L U a R  M 3 0 T P O n H a R  K O H T P Y S H U M R  A O J I X H a  6 b 1 ~ b  n p R ~ 0 A M ~ e f i -  

H O ~ .  B 0 6 q e ~  C A y q a e  K P M B O J ~ M H ~ ~ ~ H O ~ ~  KOHTPYSHUMM 'W ( x )  = 
U (x) 4 i V  (x) e C T b  @ ~ ' H K ~ H O H ~ A ~ H O - M H B ~ ~ M ~ H T H O ~  P e I l I e H M e  Y p a B -  

H e H M R  A'w (x) + [N (x) + k (x) a (x)] grad .w (x) - 0,  rAe N ( x )  - 
B e K T O p  KPMBM3HbI  J ~ M H M ~ ~  K O H T P Y 3 H U M M ,  a ( x ) - ' ? A M H u ~ H ~ I ~ ~  B e K T O p  

~ a c a ~ e ~ i b ~ o f i  K  3TMM JIMHMRM, a k - n P O M 3 B O J ; b H a R  C K a J l R P H a R  

@ Y H K U M R .  B A ~ A M M M P  M B ~ H O B M ~  YCTaHOBMJl  CBZ13b M e X A y  M 3 0 T P O -  

n H b I M M  K O H T p Y 3 H U M R M M  M  @ Y H K U A O H ~ J ~ ~ H O - M H B ~ P M ~ H T H ~ I M U  P e I l I e -  
HMRMM M  B  C J l y 9 a e  ~ ~ O M ~ B O J ~ H O ~ ~  n - ~ e p ~ o f i  P M M ~ H O B O ~ ~  MeTPMKM. 

M c c n e ~ o s a ~ M e  A 3 0 T P O I I H b I X  K O H T P Y ~ H U A ~ ~  II03BO;IMJIO A a T b  B e C b -  

M a  A 3 R q H O e  p e u I e H A e  3 a A a r I A  0 H a X O X A e H M A  B C e X  Y P ~ B H ~ H M ~ ~  
3 n n M n T M r I e c K o r o  T M n a  B T o p o r o  n o p m K a ,  0 6 n a ~ a m q ~ x  (PYHKUMO- 
HaJlbHO-AHBapMaHTHbIM1. i  PeLIIeHMRMA. ~ O I I Y T H O  BJI~AEIMEIP M B ~ H O -  
B M 9  AaJI A  I I P O C T O e  A O K a 3 a T e J l b C T B O  P R A a  T e O p e M  A 3  T e O p M A  KOH- 

TPY~HUI?; ,  K O T O P b I e  P a H e e  A O K a 3 b I B a J I A C b  C  I I O M O ~ b I O  C I I e u M a J I b H O  

p a 3 p a 6 0 T a H H 0 f i  B  r e O M e T p A A  T e X H A K A .  ~ T A  P e 3 Y J I b T a T b 1 ,  O ~ ~ ~ J I M K O -  

B a H H b I e  B  T p e X  p a 6 o ~ a x  B  ( ( B ~ C T H H K ~  flrY>>, B  A ~ H H O ~ ~  K H A r e  H e  

n O M e q e H b 1 ,  C  O A H O ~ ~  C T O P O H b I ,  B B M A y  AX 60nbmefi AOCTynHOCTI*,  

a C  ~ p y r o f i  - BBAAY O r P a H M Z I e H H O C T A  06 'be~a A a H H O r O  A 3 A a H A R .  
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B 1931 r. n O  N H N ~ U a T M B e  B J I ~ A N M N ~ ~  M B ~ H O B H ~ ~  n p H  M a T e M a -  

T I I K O - M e X a H N Y e C K O M  @~KY.JI~T€!T€! f i e ~ k i ~ r p a ~ c K 0 r 0  Y H I l B e P C U T e T a  

6b1n o p r a ~ ~ a a o ~ a a  ~ a y s ~ o - a c c n e n o ~ a ~ e n b c ~ ~ f i  BHCTHTYT M a T e M a T B -  

K U  M M e x a H a K H  HMMMM, H OH 6 ~ n  H ~ ~ H ~ Z I ~ H  3 a ~ e c ~ a ~ e n e ~  AN- 
P e K T O p a  (no H a y ~ ~ E I o f i  ~ ~ C T H )  3 T O r 0  H H C T N T y T a .   TO H e C K O J I b K O  

P a C L U N p N J I O  B 0 3 M O X H O C T N  B J I a A w M w p a  M s a H o s N s a  B J I I l R T b  H a  

X N ~ H ~  I $ ~ K Y ; I ~ T ~ T ~ ,  nepexasasmero T o r n a  T R x e n y m  nopy p a 3 ~ b 1 ~  
3 K C n e P N M e H T O B .  

B 1932 r. B n a n u ~ M p  M B ~ H O B M ~  6 h 1 J  1 1 3 6 p a H  W I e H O M - K O p p e C -  

I IOHAeHTOM AH CCCP. 
B n a n u M H p  M s a r i o B a r ~  B c e r n a  E r a x o n H n c R  B K y p c e  B c e x  6 0 ~ 1 b -  

UIUX A O C T U X ~ H N ~ ~  H a Y K N .  B 20-x r O A a X  OH 6 b 1 n  O A H I l M  M3 O p r a H H -  

3 a T O P O B  H  ~ K T U B I I € ! ~ ~ I ~ I H X  Y'IaCTHMKOB ~ ~ ~ H H H ~ ~ ~ A C K O ~ O  @ N ~ U K O - M ~ -  

T e M a T N s e c K o r o  o b u e c ~ ~ a ,  a ~e3anonro  no ero p o c n y c K a  

( B  1930 r.) - ero n p e n c e A a T e n e M .  B n a ~ a M H p  M B ~ H O B ~ Y  6b1n ny- 
U I 0 f i  B~oporo  BCeCOIO3HOrO C ' b e 3 n a  M a T e M a T H K O B  (1934 r . ) ,  np0- 
BOflHBLLIerOCR B  ~ ~ H A H ~ P ~ A C .   EM^ M b l  0 6 R 3 a H b 1  A  1 1 3 f l a H N e M  T P Y ~ O B  
caesja. 

B n a n ~ ~ ~ l p  M B ~ H O B N Y  B l I A M a T e n b H O  C J I e A M n  3a O ~ I U M M E I  T e H A e H -  

4 N R M I I  P a 3 B H T H R  M a T e M a T A K H  N  I $ N ~ M K H ,  XOPOUIO ZIYBCTBOBaJl H a N -  

donee q e H H b r e  H n e p c n e e T a B I r b I e  I i a n p a s n e H u R  a uenpo nenancrr 
CBONMN 3 H a H N R M N  C  0KPYXaIOILI . I IMN.  T ~ K ,  yXe B  K O H U e  2 0 - x  - H a -  

qane 30-x r o n o B  B n a n a ~ ~ p  M s a ~ i o B a s  ysunen 6onbmoe Gynyuee 
T e O p l l N  rpynn, I l p H q e M  H e  T O J I b K O  B  c a ~ 0 f i  M a T e M a T H K e ,  HO H  B  T e O -  

~ ~ T M Y ~ C K O ~ ~  I $ M ~ A K ~ .  n0 X e J I a I I H I O  a. C. P O X A ~ C T B ~ H C K O ~ O ,  
B  1931-1932 rr .  OH n p O Y e J I  6onburoii H  0 p a r H H a J I b ~ b I f i  K y p C  J e K -  

4 ~ f i  no T e O p k I H  r p y I I I I  AJIR C O T P Y A H H K O B  ~ O C Y A ~ P C T B ~ H H O ~ O  OIITH-  

q e C K O r 0  MHCTNTYTa (rOM) , O P T a H H 3 a T O P O M  N  A H P e K T O P O M  K O T O P O -  

r0 6 b 1 n  AMNTPNC~ C e p r e e B F i ~ ~ .  B e c b M a  I I p H M e s a T e J I b H b I M  6b1n KOH- 

T N H r e H T  ero cnyma~ene i i .  Bce n e K u w i  a K K y p a T H o  noceuan N naxe  
K O H C n e K T H p O B a J I  CaM A N P e K T O P .  PRAOM CN.IAeJIA A 3 B e C T H b I e  @Pi3~-  

KII -A. M. T ~ A O P O B C K ~ ~ ~  N  T. n. K p a B e r c  ( n p H M e p H 0  H a  J e C R T b  

n e T  c T a p m e  B n a ~ a ~ k t p a  M B a ~ o s H s a ) ,  a nanec - I l e n a B a o  a a ~ ~ u c -  
J e H H b I e  B  . l a 6 0 p a H ~ b I  @ M ~ M K N  - A .  H. T e p e ~ a H ,  C. 3. @pam, 
E. @. ~ ~ O C C ,  M a T e M a T H K  A. A .  M a p ~ o n  ( C ~ I H  3 H a M e H N T O r O  

A. A. M a p ~ o s a )  -6yny~Pie  q J I e H b I  A K ~ A ~ M N H  H a y K  CCCP. Ewe 
O n N H  J I a 6 0 p a H ~  TOM- B n a n u ~ u p  A J I ~ K c ~ H ~ ~ o B M ~  @OK, 0 6 p a ~ a n -  

m ~ l f i  H a  c e 6 ~  B H N M a H H e  y q e H O r 0  h l H p a  N  B  n a J I b H e f i U I e M  C T ~ B M H ~ ~  

O n H N M  U 3  K P Y ~ H ~ ~ ~ U I H X  ( P M ~ H K O B  h l k i p a ,  6 b l J I  y i K e  X O p O U O  3 H a K O M  

C B ~ ~ A M M U ~ O M  M B ~ H O B H ~ ~ M  N  C a M O C T O R T e J b H O  a 3 y ~ a n  3 T N  ,TeK- 

UNH,  o b c y x ~ a ~  Pix 3 a T e M  C  B n a n N l \ l N p o ~  M B ~ H O B H Y ~ M .  
J e K u H k i ,  n p O Y H T a H H b I e  B J I ~ A ~ M H ~ o M  M B ~ H O B H Y ~ M  B  TOM, nernu 

3 OCHOBY n e p B 0 f i  . I a C T N  T p e T b e r O  T O M a  ccKypca B b ~ c ~ e f i  M a -  

T e M a T N K N > > ,  n e p B O e  H 3 A a H N e  K O T O p O r O  6b1no O ~ ~ ~ ~ M K O B ~ H O  B 
1933 r. 



K O H T a K T e  C K B ~ H T O B O ~ ~  M ~ X ~ H U K O ~ ~ .  OH O p r a H M 3 O B a J I  C e M U H a p ,  B KO- 

T O P O M  IIPAHRJIM n e R T e J I b H O e  Y s a C T M e  er0 KOJIJIerM - n p o @ e ~ C o p  

r. M. @ M x ~ e H r o J I b u ,  M O J I O A b I e  T a J I a H T J I M B b I e  Y q e H b I e  - kl. n. Ha- 
T a H C O H ,  A. B. R ~ H T O ~ O B M ~  ( B ~ O C J I ~ ~ C T B H M  a K a A e M M K ,  J a y p e a T  Ho- 
6 e J I e B C K o f i  n p e ~ M M ) ,  6. 3. Bynux, C. g. g H 4 e B ~ K k i f i  Ei A p .  Ero no- 
C e U a J I I l  M M a C T E i T b I e  Y q e H b I e - H .  M. ~ I ~ H T ~ P  Pi P. 0. K y 3 b ~ M 1 1 .  

C 3~01-o c e M M H a p a  H a q a n a c b  M H o r o q n c n e H H b r e  pa6o~b1 neauarpan- 
CKHX M a T e M a T N K O B  no @ Y H K ~ M O H ~ J I ~ H O M Y  a H a J I M 3 y .  B e C b ~ a  I I p M M e -  

V a T e J I b H O ,  q T O  M H O r M e  M3 3TMX N C C J I ~ A O B ~ H M ~ ~  B b I 3 B a J I  K XM3HEI  
B n a ~ u ~ n p  M B ~ H O B M ~ .  

B 1936137 Y ~ ~ ~ H O M  r 0 A y  B J I ~ A A M H ~  M B ~ H O B M ~  npoqen I i y p C  

J I e K u M f i  no T e o p u u  o n e p a T o p o B  c T y n e H T a M  u n p e n o n a s a T e n m  @ M -  

3uqec~01-o @ a ~ y n b ~ e ~ a .  f i a n b ~ e f i r u a ~  p a 6 o ~ a  y q e H o r o  B o b n a c ~ u  
@ ~ H K L I I ? O H ~ ~ ~ H O ~ O  a ~ a n u 3 a  npmena  K H a n u c a H u I o  ~ H ~ M ~ H M T O ~ O  
I I R T O r O  T O M a  <<Rypca B b I C U I e f i  M a T e M a T M K M B ,  Y B M A e B L U e r O  C B e T  

B 1947 r. Ero o n y 6 n u ~ o s a ~ u e  o ~ a s a n o  donbruoe s n r , i m M e  H a  nanb- 
Hef i I I lee  p a 3 B M T M e  @ ~ H K ~ ! ~ o H ~ J I ~ H o ~ o  a H a J I I 4 3 a ,  I? O C O ~ ~ H H O  H a  pas-  
BMTMe T e O P N M  O I I e P a T O P O B  Pi ee M H O r O q I l C J I e H H b I X  I I P E I J I o x ~ H M ~ ~  K 3a- 
A a r I a M  M ~ T ~ M ~ T M ~ ~ C K O ~ ~  @ U ~ U K M .  

B cepenme 30-x r o n o B  B n a n u ~ M p  M s a ~ o s u q  op raanso~an  T a K -  

Xe C e M I l H a p  no I I ~ U ~ J I H X ~ H H ~ I M  M e T O A a M  M a T e M a T M q e C K O r O  a H a J I M -  

3a. Ero Y q a C T H M K a M E I  6b1JIPi C. A. ~ ~ P U I ~ O P A H ,  r. M. ~ o J I Y ~ A I ~ ,  

A.  B. ~ ~ H T O P O B M ~ ,  B. M. I ( p b I J I o B ,  B. fi. Rynpanse M np. C H e r 0  

H a q a J I M C b  MCCJIeAOBaHMR J I e H M H r p a A C K M X  Y q e H b I X  M B 3~0fi  B ~ X H O ~ ~  
o 6 n a c ~ a  M a T e M a T M K M ,  O ~ Y C J I O B N B U I M ~  B A ~ J I ~ H ~ ~ ~ I L I ~ M  C 0 3 A a H M e  ue- 
J I O r O  O T A e J I a  I I ~ u ~ J I I ~ x ~ H H ~ I x  ~ b 1 q P i ~ J I e ~ E i f i  B M ~ T ~ M ~ T M ~ ~ C K O M  MH- 

CTMTYTe AM.  B. A. C T ~ K J I O B ~  AH CCCP Pi n o R B J I e H M e  U ~ B ~ C T H O ~  
M O H O T ~ ~ @ M I I  A.  B. I ( ~ H T O P O B M ~ ~  Pi B. M. I < P ~ I J I o B ~  < < ~ P M ~ J I E I X ~ H -  
H b I e  M e T O A b I  B b I C U I e r O  a H a J I M 3 a B .  

C 1937 r. B n a ~ u ~ M p  M B ~ H O B E ~ ~  CTaHOBMTCR A M p e K T O P O M  

HMMMMa. 6 J I a r o ~ a p R  ero YCMJIMRM Ei yCMJII lRM A p y r M x  Y q e H b I X  

I I O C T e n e H H O  H O p M a J I M 3 y e T C R  y q e 6 H b 1 f i  Ii ~ a y q H b 1 f i  I I p O u e C C  B yqe6- 
H b I X  3 a B e A e H I I R X .  B O C C T ~ H ~ B J I I ~ B ~ I O T C R  B e K a M U  O T ~ ~ ~ O T ~ H H ~ I ~  @0p- 
M b I  I I p e n O A a B a H M R ,  C O B e P U I e H C T B Y m T C R  P a 3 B M B a I O T C R  @ O P M ~ I  H a -  

Y ~ H O - M C C J I ~ A O B ~ T ~ J I ~ C K O ~ ~  pa60~b1,  O P r a H M 3 Y I O T C R  H O B b I e  C e M A H a p b T  

B y H M B e p C M T e T e ,  H a  K O T O P b I X  B O C n N T b I B a I O T C R  H O B b I e  IIOKOJIeHMR 

MOJIOAbIX Y q e H b I X .  

B n a ~ u ~ P i p  M s a H o s u q  6 b 1 ~ 1  3 a M e q a T e J I b H b I M  I? P e n K O  B C T p e s a I o -  

U M M C R  H a Y q H b I M  P Y K O B O A I l T e J I e M  B C e X  T e X  H a Y q H b I X  n O A p a 3 A e J I e -  

H M ~ ,  BO r n a B e  K O T O P ~ I X  OH CTORJI. OH 6b1n B K y p c e  B c e x  60nbrukix 
M M a J I b I X  A e J I  CBOMX COTPYAHMKOB. OHM IIOMHRT,  H a I I p M M e p ,  ~ a K 0 f i  

3 n M 3 0 A :  B KOHQe 30-x TOAOB, 6J'AJ'qPi H a  Aaqe, B J I ~ A M M M P  M s a H o -  

B M q  no ~ p e 6 o s a ~ u m  C p O s H O  I I p e A C T a B M T b  I I J I a H  H a y q H O - U C C J I e A O B a -  

~ e n b c ~ o f i  p a 6 0 ~ b 1  p y K o B o A M M o r o  M M  HMMMMa, H e  0 6 p a u a ~ i c b  

K A O K y M e H T a M ,  no I I a M R T M  H a n M C a J I  er0 AJIR B C e X  OTAe.'IOB MHCTEI- 

T y T a .  
B I I e p A O A  O T ~ ~ ~ C T B ~ H H O ~ ~  ~ 0 f i H b 1  (1941-1944 rr.) B J I a ~ k i ~ l l p  

M B ~ H O B M ~  3 a H R J I C R  a 3 p O -  M ~ M A ~ O M ~ X ~ H M K O ~ ~ ,  O p r a H M 3 O B a J l  a 3 p O -  



A u H a M u q e c K y m  rpynny B E n a 6 y ~ c ~ o ~  @unuane J I e ~ u ~ r p a n c ~ o r o  
Y H H B e p C U T e T a ,  K O T O p a R  IIOA er0 P y K O B O A C T B O M  U I I p U  er0 H e n O C -  

P e A C T B e H H O M  Y q a C T U U  B b I n O n H U J I a  P R A  B a X H b I X  O ~ O ~ O H H ~ I X  p a 6 0 ~  
no B H e m ~ e f i  6 a n n u c ~ u ~ e .  M X  BbICOKOe K a q e C T B O  H e O A H O K p a T H O  

O T M e r I a J I O C b  H a Y r I H b I M N  U a A M U H U C T P a T U B H b I M U  U H C T a H U U R M U .  

B 1943 r. 3a B b I A a I O W U e C R  sacnyru B H a y K e  B n a n u ~ u p  Msa- 
HOBU'I u 3 6 u p a e ~ c ~  A ~ ~ ~ C T B U T ~ J I ~ H ~ I M  r I J I e H 0 M  AH CCCP. 

n o  B O 3 B p a ~ e H N U  B 1944 r. B J I e ~ k i H r p a a  B n a ~ u ~ u p  M B ~ H O B U ~  
C  HOBO^ 3 ~ e p r U e f i  I I p U H M M a e T C R  3a B O C C T a H O B J I e H U e  H a y q H o f i  U H e -  

naroruqec~ofi pa60~b1 B Y H U B e p c U T e T e .  H ~ X O A R C ~  H a  n 0 C T y  A k i p e K -  

T o p a  HMMMMa a 3 a ~ e n y ~  ~a@eapof i  M a T e M a T u K u  @ H 3 a s e c ~ o r o  

@ a ~ y J I b ~ t ? ~ a ,  OH B 3 R J  H a  c e 6 ~  PYKOBOACTBO K a @ e ~ p a ~ P i  T e O p H U  

y n p y r o c T u  u r u ~ p o a 3 p o ~ e x a ~ u ~ u ,  O K ~ ~ ~ B ~ U M U C R  T o r n a  c c 6 e c n p a -  

3 0 P H b I M U > > ,  U B 0 3 T J I a B J I R J I  HX A 0  T e X  n O p ,  n 0 K a  H e  I IOArOTOBUJI  ce6e 
C M e H y .  

C 1947 r., K O r A a  B n a n a ~ u p y  M B ~ H O B N ~ I Y  NCnOJIHUJIOCb 60 J I e T ,  

O H  H a r I P i H a e T  B C e  6 o n b m e  B H U M a H U R  Y A e J I R T b  T e O p U H  ~ P i @ @ e p e H U P i -  

a J I b H b I X  Y ~ ~ B H ~ H U ~  C Y a C T H b I M H  n p O H 3 B O A H b I M H  U UX I I p U M e H e H U R M  

K P a 3 J I M ' I H b I M  P a 3 A e J a M  M ~ T ~ M ~ T N ~ ~ C K O ~ ~  @ N ~ E I K M .  O C ~ H ~ I O  3 T O -  

ro r o A a  FI nepeexana B J I e ~ ~ ~ r p a n  H n o c T y n H n a  B a c n a p a H T y p y  

npki MaTeMaTMKO-MeXaHHrIeCKOM @ a K y . J I b ~ e ~ e  ~ ~ H U H ~ P ~ A C K O ~ O  Y H U -  

B e p C H T e T a .  C 3TOTO B p e M e H k l  R U M e J I a  C q a C T b e  p a 6 0 ~ a ~ b  B T e C H O M  

K O H T a K T e  C B J I ~ A U M M P O M  M B ~ H O B M ~ ~ M ,  n O J I b 3 Y R C b  er0 O ~ U I U P H ~ I M U  

3 H a H U R M H  U B C ~ C T O P O H H ~ ~ ~  I I o A A ~ P X K O ~ ~ .  M H e  6b1no r p y C T H 0  H T p e -  

B O X H O  P a C C T a B a T b C F I  C MOUMU YrIMTeJIRMM H A P Y 3 b R M U ,  0 6 p e ~ e ~ -  
HbIMU B MOCKOBCKOM Y H H B e P C U T e T e  3a r O A b 1  YrIeHMR, U R CMYTHO 

I I p e A C T a B J I R J a  ce6e H a y q H b I e  T e H A e H U U M  M P a C C T a H O B K Y  H a Y q H b I X  

CUJI B HOBOM A J l R  M e H R  M e C T e .  9 0 6 p a ~ u n a c b  3a C O B e T O M  K A p y X e -  

CTBeHHOMY M H e  M a T e M a T M q e C K O M Y  C ~ M ~ ~ ~ C T B Y  J I R I I u H ~ I x ,  3 H a B U I e M y  

M e H R  B I I P e A B O e H H b I e  r O A b I  1940-1941 rr., U I I O J I y q M J l a  UX O T B e T :  

<<Hy, K O H e q H O  He, B J I ~ A U M M P  Msa~osl lq  CMUPHOB. OH B a M  n p U -  

A e T C R  no A)WIe>>. YTO U T O B O P H T b ,  CKOJIb  I I p a B H n b H b I M  O K a 3 a J I C R  

Pix C O B ~ T !  
B n a n u ~ ~ p  M s a ~ o s u s  onpeaenan M e H R  K Ceprem J I ~ B O B U ~ Y  

Co6onesy, K O T O ~ ~ I ~ ~ ,  XOTR H I I e p e e X a J l  B T O  B p e M R  H a  I IOCTORHHOe 

X U T e J I b C T B O  H p a 6 0 ~ ~  B MOCKBY, HO H a B e W a J I  J I ~ H B H ~ ~ ~ A  U H M e n  

3 A e C b  HeCKOJlbKkIX a C n H P a H T O B  U A O K T O P a H T O B .  9 X O P O U l O  IIOMHIO 

~ 0 f i  I I e p B b 1 2  I I ~ o A o ~ X U T ~ J I ~ H ~ I ~ ~  p a 3 r O B O p  C B J ~ A H M E I ~ O M  M B ~ H O -  
BUrIeM 0 C 0 3 A a H U M  C e M H H a p a ,  I I O C B R W e H H O r O  T e O p H U  ~ u @ @ e p e H 4 a -  

a J I b H b I X  Y ~ ~ B H ~ H E I ~ ~  B s a C T H b I X  n P O H 3 B O A H b I X .  9 CO C B O ~ ~ C T B ~ H H O ~ ~  
MOnOAOCTH C a M O y B e p e H H O C T b I o  <<TRHyJIa>> B T e  C T O P O H b I ,  K O T O p b I e  

M H e  ~ ~ I J I U  6onee UJIH M e H e e  U 3 B e C T H b I  U K a 3 a J I U C b  U H T e p e C H b I M M ,  

a M Y A P ~ I ~ ~  B J ~ A M M E I P  M B ~ H O B N ~  O ~ A Y M ~ I B ~ J I ,  K a K  n p u n n m c o B a T b  

MOH 3 H a H H R  H H a M e p e H A R  K T O M y  ~ O T ~ T C T B Y ,  K O T O P b I M  O H  P a C n O -  

naran. 
O C ~ H ~ I ~  1947 r. n O A  PYKOBOACTBOM B n a ~ u ~ u p a  M B ~ H O B U ~ ~  H a -  

q a J I  p a 6 0 ~ a ~ b  H O B ~ I ~ ~  C e M U H a p ,  K O T O P ~ I ~ ~  ~ ~ ' ~ ~ A U H U J  BCeX J I e B H H -  

r P a A C K M X  M a T e M a T U K O B ,  3 a H U M a B t l I H X C R  f l I i @ @ e p e H ~ ~ a n b H b I ~ H  



Y P a B H e H M R M N  MJIN NX I I P H J I O X e H H R M N  K M ~ T ~ M ~ T M ~ ~ C K O ~ ~  @113NKe. 

B H e r o  s n u n c s i  ero ~ a @ e ~ p a n b ~ b ~ f i  c e M N H a p ,  p a 6 0 ~ a s ~ 1 ~ 8  B T e s e H H e  

1946147 y q e 6 ~ o r o  r O f l a .  B C e M M H a p e  n p M H R J I M  A e R T e J I b H O e  Y s a C T M e  

npo@eccopa C. I-. M ~ x n c r ~ ,  r. M. n e ~ p a r u e ~ b  H C. B. B a n n a ~ n e p ,  
0. A. J I ~ A ~ I X ~ H C K ~ R ,  X. a. C M O J I N ~ K H ~ ~ ,  6. . PYC~HOB, 
M. M. CMNPHOB, H e C K O J I b K O  n O 3 X e - M .  m. ~ N P M ~ H ,  B. A. RKY- 
6 0 ~ ~ 9 ,  a. H. C J ~ O ~ O A ~ U K I I ~ ~ ,  3 a T e M  B. M. E i a 6 ~ s  M M H O r M e  A p y r M e .  

Ha H e M  O C B e u a J l N C b  p a 6 0 ~ b 1  no ~ k i @ @ e p e H ~ N a J I b H b I ~  Y P a B H e H M F I M  

( O ~ ~ I K H O B ~ H H ~ I M  M C ZIaCTHbIMM I ~ P O M ~ B O A H ~ I M I ? ) ,  IIO @ Y H K ~ N O H ~ J I ~ -  

HOMY N K J I a C C M q e C K O M Y  a H a J I U 3 y ,  no ~ P M ~ J I M X ~ H H ~ I M  M e T O A a M  a H a -  

. l H 3 a  ( B  NX ZIMCJIe M e T O A Y  KOHeZIHblX P ~ ~ H o c T C ~ ~ ) ,  T e O p H H  Y I I p y r O -  

C T H ,  T e O p N M  P a C n p O C T p a H e H N R  BOJIH, r M A p 0 -  M a 3 p O A N H a M H K e ,  n03- 
Xe - n O  C n e K T p a J I b H b I M  3 a A a Z I a M  K B ~ H T O B O ~ ~  M e X a H U K M  H T e O p H M  

n o m ,  r e o M e T p u M  M npyrae. B c e M H H a p e  c u c T e M a T H s e c K M  ~ s n a r a n ~  
CBON H O B b I e  p a 6 0 ~ b 1  er0 n O C T O R H H b I e  YZIaCTHHKH, BblCTYIlaJ IM K a K  

B e A y U H e  J I e H H H r p a A c K M e  y Y e H b I e  (A. ,&. A J I ~ K c ~ H ~ ~ o B ,  n. B. K ~ H -  
T O ~ O B H Z I ) ,  T a K  N H a r I H H a l O I I ~ M e  MCCJIeAOBaTeJIM,  s H T a J I M  A O K J I a A b I  

nOZITM B C e  K p y I I H b I e  M a T e M a T M K M  C T p a H b I ,  pa60~a1oulkie B O ~ J I ~ C T H  

, Q l i @ @ e p e ~ ~ N a J I b ~ b I ~  y p a B H e H M f i  C ZIaCTHbIMH n p O N 3 B O A H b I M H  H NX 

l I p N ~ e ~ e ~ P i f i  K M ~ T ~ M ~ T N Z I ~ C K O ~ ~  @N~HK€!. B 6 0 - x  r O A a X  er0 r O C T R M N  

6 b r n u  M H O r H e  3 H a M e H H T b I e  YZIeHbIe  E s p o n b r  M C U A .  Ha C e M H H a p e  

0 6 c y ~ n a n a c b  H O B b I e  B e R H H R  H A O C T H X e H H R  B Y I i a 3 a H H b I X  BbILUe 

o 6 n a c ~ ~ x .  
Bce 3 T 0  O K a 3 a J I O C b  B 0 3 M O X H b I M  6 n a r o n a p ~  3HUEIKJIOIIeAHZIeCKHM 

n O 3 H a H H R M  B , l a n N ~ N p a  M B ~ H O B H ~ ~ ,  er0 H e I I O n n e J I b H O M y  H H T e p e C y  

KO B C e M Y  HOBOMY EI B a X H O M Y ,  er0 CTHJIIO B e A e H M R  C e M H H a p a :  no6- 
p 0 X e J I a T e J b H O M y  M H e J I M U e I I p H R T H O M y ,  HO B T O  Xe B p e M H  C T p O r O -  

M y  M B ~ I C O K O I ~ B ~ J I M @ E I ~ M ~ O B ~ H I I O M ~  O ~ C ~ X A ~ H I I I O  C y u e C T B a  li3na- 
r a e ~ 0 f i  pa60~b1,  ee c B R 3 e f i  C  I I p e f l I l l e C T B y I O u N M N  p a 6 0 ~ a ~ ~  M ee 
B 0 3 M O X H O T O  y C O B e P I I I e H C T B O B a H E I R  NJIM ~ a J I b H e f i U I e r 0  p a 3 B N T M R .  

n 0 ~ 0 6 ~ b t e  0 6 c y x n e a u ~  IIpNHOCMJIM n O J I b 3 y  N B b I C T y I I a B U I H M  € AOK- 

~ a n a ~ c r ,  M NX c n y m a T e n R M .  

B 50-x rO,!laX C e M N H a p  I IOArOTOBNJI  H O B b I e  I t a A p b I  K a K  AJIR YHH- 

B e p C N T e T a ,  T a K  N AJIR M H C T H T Y T ~  M a T e M a T H I \ M  MM. B. A. C T ~ K J I O B ~  

AH CCCP.   TO MY B O  M H O r O M  C O A ~ ~ ~ C T B O B ~ J I O  n p e 6 b 1 ~ a H N e  H a  no- 
CTY P e K T O p a  Y H N B e p C M T e T a  A. ,&. A J I ~ K c ~ F I A ~ o B ~ ,  K O T O P ~ I ~ ~  a K T N B H O  

I I O A n e p X N B a J I  H a r I H H a I l N R  B n a A N ~ P i p a  M B ~ H O B H ~ ~ .  
B 1956 r. 6b1na C 0 3 A a H a  K a @ e ~ p a  M ~ T ~ M ~ T M . I ~ C K O ~ ~  @ M ~ M K H  H a  

M a T e M a T H K O - M e X a H H q e C K O M  @ a K y J I b ~ e ~ e  Y H U B e p C M T e T a ,  C y u e C T B e H -  

HO p a C U I N p I 4 J I a C b  N 0 6 ~ 0 ~ N n a ~ b  K a @ e ~ p a  M a T e M a T N K N  H a  @ H 3 H q e -  

CKOM, o 6 p e ~ ~  H 0 B b l f i  C T a T y C  K a @ e n p b 1  M ~ T ~ M ~ T H ~ ~ C K O ~ ~  @ H ~ H K I ~  

N C A e J I a B U I N C b  T e M  C a M b I M  B b ~ n y ~ K a I O u e ~ .  Ha n 0 c J I e A H e f i  B B O n R T C R  

H O B b I e  C I I e U N a J b H b I e  K Y P C b I ,  N B J I ~ A H M H P  M B ~ H O B H Z I  C a M  ZIHTaeT 

F i e K O T O p b I e  N 3  HNX.  OH^ I I O A r O T O B N J I a  HOBYIO I IJ IeFIAy MOJIOAbIX yse- 
H ~ I X :  B. C. E i y ~ ~ b ~ p e s a ,  M. A. M O J I O T K O B ~ ,  JI. ,&. a a n n e e ~ a ,  
H. H. Y p a J I b U e B y ,  B. A. C O J I O H H M K O B ~ ,  I<. K. ~ o J I o B K M H ~ ,  6. C. n a B -  

nosa, B. C. Eiycnae~a, B. M.  , & e p r y s o B a ,  B. H. ~ O M U H ~  a M H o r u x  

n p y r N X ,  C T a B l l l N X  a K T N B H b I M M  Y Z I a C T H N K a M N  C e M N H a p a .  O ~ H N  M3 HNX 



O C T a J I N C b  p a 6 0 T a ~ b  B Y H N B e p C M T e T e ,  ApyrIle C T a J M  C O T p y A H M K a M M  

JIOMM. 
Ha C e M I i H a p e  A O K J I a n b l B a J I N C b  O p M r l i H a J b H b I e  MCCJIeAOBaHMR no 

J I P i H e f i H b l ~  K p a e B b I M  3 a A a Y a M  n J I R  y p a B H e H M 8  M CMCTeM p a 3 J I M Y H b I X  

TUIIOB, IIO c n e ~ ~ p a d l b ~ o f i  T e O p I l N  ~ P i @ @ e p e ~ ~ P i a J I b ~ b 1 ~  O n e p a T O p O B ,  

M a T e M a T M q e C K N M  I I ~ O ~ J I ~ M ~ M  I < B ~ H T O B O ~ ~  M e X a I l M I i N ,  ~ e . J t M ~ e f i H b 1 M  

3 a A a Y a M  B a p M a U M O H M O r O  MCYMCJ'I~HMR, TMAPOAMHaMNKM, T e O M e T P N M ,  

n O 3 A H e e  - IIO C T p O r O M y  O ~ O C I < O B ~ H H K ,  a C M M n T O T N K  P e l I l e ~ M f i  3a- 
Ass A M @ P ~ K U I ? M  M M H o r o e  npyroe. n o n o n ~ e ~ ~ e  B c e M a a a p  c T a n o  

nPMXOAMTb M C M a T e M a T M K O - M e X a H M Y e C K O r O  @ a K y . J I b ~ e ~ a :  M. 3. CO- 
JIOMRK, B. r. M a 3 b ~  N A P .  C03~aJIacb H O B a R  C14JIbHaR I l I I iOJIa  M a T e -  

M ~ T A Y ~ C K O ~ ~  ( P E I ~ N K I I  C LUNPOKMM O X B a T O M  C O B P e M e H H b I X  H a n p a B J e -  

HAG.  n p e x ~ u e ,  Gonee T p a n M q a o f 1 H b r e  m a  n p m n a n H b I e  H a n p a s n e -  

HMR, OTnO'II<OBbIBaIOTCR M C O C p e A O T O Y N B a I O T C R  H a  C e M M H a p a X  C n e -  

U M a n b H b l x  ~ a @ e n p ,  B TOM w c n e  H a  ~ a @ e n p a x  T e o p m  y n p y r o c T M  

M ~ M A p O a 3 p O M t ? X a H M K U ,  I i O T O P b l e  B n a n P i ~ M p  M B ~ H O B H Y  I I e p e A a e T  

B  TO B p e i v R  A. A. M J I ~ I O U M N Y  M C. B. B a n n a ~ n e p y .  n o c n e n s e ~ y  
nepenan B n a n M ~ M p  M B ~ H O B N Z I  N n N p e K T O p C T B 0  HMMMMa 
(1957 r . ) .  

B 1952 r. B n a n M ~ M p y  M s a ~ o s a z ~ y  IIpMlLlJIOCb B 3 R T b  H a  ce6n 
3a60~b1 no ~ a @ e n p e  M a T e h i a T M . r e c K o r o  aaanliaa ila M a T e M a T M K o -  

~ e x a ~ l a ~ e c ~ o ~  @ a ~ y n r , ~ e ~ e .  B ee B e n e H m  6 b r n ~  ~ n a c c ~ l s e c ~ ~ i i  
M @ Y H K ~ I I O H ~ ~ ~ ~ H ~ I ~ ~  a A a J I M 3 ,  T e O P N R  @ Y H K ~ N ~ ~  B e I U e C T B e H H O r O  

M KOMIlJ IeKCAOrO n e p e M e H H O r 0 .  M 3 n e C b  B n a n N M M p  M B ~ H O B H ~  C n O -  

C O ~ C T B Y ~ T  p a c r u M p e I l r i I o  n p o 6 n e ~ a ~ a ~ ~  ~ a @ e n p b r ,  npaoneyeaum 
HOBblX CIIeUMaJINCTOB M BOCnMTaHMK) HOBbIX K a A p O B .  ~ P N  er0 a K T M B -  

HOM ~ O A ~ ~ ~ T B H B  6b1na n p M r n a r u e H b 1  H a  ~ a @ e n p y  npo@. C. M. no- 
~ N H C K N ~ ~  U np0@. H. A. A e 6 e ~ e B .  B 1957 r. B n a n m ~ p  M B ~ H O B H ~  
n e p e n a e T  s a s e n o ~ a ~ ~ e  ~a@enpofi  C. M. JIO~MHCKOMY. 

B K O H Q e  60-x rO,L(OB B C I I b I X M B a e T  H O B ~ I ~ ~  M H T e P e C  K e T O  p a 6 o ~ a ~  
20-x rOAOB,  N O H  K Y P M P Y e T  p a 6 0 ~ b 1  M a T e M a T M K O B  H O B O r O  I I O K O J l e -  

HEIR-B. n. X ~ B M H ~  M H. K HIIKOJI~CKOI-0, I I O C B R U e H H b l e  A a J r b -  

H e f i L L I e ~ y  P a 3 B M T M I O  er0 N ~ e 8 .  

M3 C K a 3 a H H O r O  BNAHO, K a K O e  O r P O M H O e  BJIMRHMe A M e A  B n a n M -  

M U P  M B ~ H O B N Z I  H a  p a 3 B N T l f e  M a T e M a T M K M  M @ o p ~ n p o ~ a ~ M e  H a y Y -  

HbIX K a A P O B  B n e ~ l l ~ r p a ~ e  Pi P R A e  A p Y r A X  r O p O n O B  C T p a M b I ,  ~ O A  

er0 PYKOBOACTBOM H a 4 a J l  CBOlO H a Y Z I H Y m  a e R T e n b H O C T b  M. H. Be- 
K y a ,  p a 6 0 ~ a ~ r u u f i  nocne , J I e ~ k i f i r p a n a  B T ~ M ~ U C M ,  M o c ~ ~ e ,  HOBO- 
C M 6 M p c ~ e  M ~ 0 3 J l a ~ L U M f i  CBOlO IUKOJIY. B n a n u ~ M p y  x e  M B ~ H O B N ~ Y  
0 6 R 3 a H b 1  CBOMM B X O X A e A M e M  B H a Y K Y  N B b 1 6 0 p 0 ~  06nac~efi M C C n e -  

A O B ~ H H ~  B. A. Kynpanse Pi A. n. L U ~ T M H R H ,  C T a B U I M e  B ~ a n b ~ e f i -  
LUeM B e n y I I l M M l l  M a T e M a T M K a M M  r p y 3 N P i  I? A P M ~ H H I I .  B n e p M 0 A  

O ~ ~ ~ ~ O B ~ H M R  C I I ~ N P C K O ~ O  O T A e J I e H M R  A K ~ A ~ M M U  H a y K  CCCP B A K ~ -  
n e M r o p o n o K  nepeexan a r < a n e M m  C. JI. C o 6 o n e ~  a M H o r r ? e  Apyrae, 
6onee M O J I O n b l e ,  BOCnMTaHHMKM ~ ~ H E I H ~ ~ ~ & C K O ~ O  Y H f l B e p C M T e T a ,  

RBJIRBLUMeCR MJIM H e n O C P e A C T B e H H O  Y Y e H M K a M M  B n a ~ ~ m i p a  M B ~ H O -  
B N q a ,  MJIH YZIeHUKaMM er0 YrIeHMKOB. B MX YMCJle 6 b 1 n M  r. M. Map- 
s y ~  (c 1987 r. n p e 3 ~ n e ~ ~  AH CCCP),  A. C. A n e ~ c e e ~ ,  E. M. me- 



MRKHH,  B. r. a y n o ~  - H b I H e  s J I e H b l  A K ~ A ~ M N N  H a y K  CCCP, CTOH- 

wue BO r n a B e  K p y n H b I x  H a y q H b I x  n o ~ p a s ~ e n e ~ ~ f i .  
2 H e  M O r Y  I I e P e ~ H C J I H T b  C H ~ O ~ X O A U M O ~ ~  ~ O J I H O T O ~ ~  H M e H a  U 3 -  

B e C T H b I X  @ N ~ N K O B  H a I U e f i  C T p a H b I ,  0 6 ~ 3 a H H b l ~  B n a ~ u ~ n p y  M B ~ H O ~  
B U g Y  CBOHM O C H O B a T e J I b H b I M  M a T e M a T H r I e C K N M  0 6 p a 3 0 B a H N e ~ .  MX 
CIIUCOK 6b1n 661 H e  M e H e e  A J I H H H b I M .  

O ~ P ~ T N M C R  T e I I e p b  K ewe O A H O ~ ~  @ 0 p M e  BJIURHNR B n a n ~ ~ u p a  
M B ~ H O B M ~ ~  H a  p a 3 B N T U e  M a T e M a T H q e C K U X  H C C J I ~ A O B ~ H U ~ ~  H IIpEI- 

B n e s e H m  K ~ a y q ~ o i i  p a 6 o ~ e  H O B ~ I X  n o ~ o n e ~ u f i .  OHO ewe ruupe 
B b I X O A U T  3a P a M K N  f i e H U H r p a ~ a  U H e n O C p e A C T B e H H O r O ,  J I U q H O r O  

O ~ ~ ~ H N R  C B J I ~ A M M N P O M  M B ~ H O B N Z I ~ M .  Pegb n 0 f i ~ e T  0 er0 YHN- 

K a J I b H O M  B C B O e M  P O A e  C O V H H e H H H  - n R T H T O M H O M  <<I<ypce B b l c I U e f i  

M a T e M a T N K N W .  ~ o H ~ z I ~ J I ~  OH 6 6 1 ~ 1  3 a A y M a H  K a K  Y ~ ~ ~ H N K - M N H M M Y M  

no B C e M y  K y p C y  M a T e M a T U K H  AJIR C T Y A e H T O B  @ N ~ N ~ ~ C K I I X  @ a K y J I b -  

T e T O B  Y H U B e P C N T e T O B  H T e X H H q e C K N X  B Y 3 0 B .  OH COCTORJI 113 A B y X  

TOMOB,  H a I I A C a H H b I X  C O B M e C T H O  C 2 .  a. T ~ M ~ P K H H ~ I M  ( n e p B b 1 f i  TOM 

sbrruen B 1924 r., BTOPOR-B 1926 r.). OHU conepxanu a s a n m u -  
s e c K y r o  r e o w e T p u r o ,  ~ n a c c ~ s e c ~ k ~ i i  a sanus  A n R  @ ~ H K U H A  O A H O ~ O  
H M H O r U X  a p r y M e H T O B ,  T e O p H K ,  p R A O B  ( B  NX YNCJIe  P R A b I  Teiinopa), 
T e O p N r o  O ~ ~ I K H O B ~ H H ~ I X  ~ N @ @ e p e H ~ l l a J I b H b l ~  y p a B H e H H f i ,  K p a T H b l e  

H K ~ N B O J I N H ~ ~ ~ H ~ I ~  U H T e r p a J I b I ,  B ~ K T O P H ~ I ~ ~  a H a A U 3 ,  T e O P H I O  nOJIFI, 

OCHOBbI  A H @ @ ~ P ~ H u N ~ J I ~ H o ~  r e O M e T p H N ,  P R A b I  Qypbe, OCHOBHbIe  

Y P a B H e H N R  M ~ T ~ M ~ T H ' ~ ~ C K O ~ ~  @ H ~ M K N .  B~opofi T O M  6 b 1 ~ 1  c ~ a 6 x e ~  
6 o n b r u u ~  s H c n o M  n p u n o x e a ~ i i  n e p e s u c n e a a b l x  p a 3 ~ e n o ~  K 3 a ~ a -  
q a M  M e X a H N K U ,  @ U ~ N K N  H T e X H N K N .  K H R ~ H  B I I o J I H o ~ ~  M e p e  YAOB- 

J I e T B O p R J I N  ~ O T P ~ ~ H O C T R M  B Y 3 0 B  T o r 0  B p e M e H H .  

B c K o ~ ~ ,  O A H a K O ,  y B n a n n ~ k i p a  M B ~ H O B N ~ ~  C O 3 p e J I O  A p y r O e  

H a M e p e H k i e  - C O 3 A a T b  KHHTN,  E13 K O T O P b l X  M O r J I U  6 b 1  q e p n a T b  3 H a -  

HUH H C B e A e H N R  K a K  C T y A e H T b I ,  T a K  H I I p e n O A a B a T e J I U  U H a y r I H b I e  
P ~ ~ O T H N K N  P a 3 H b I X  C I I ~ ~ H ~ J I ~ H O C T ~ ~ ,  n p U r I e M  H e  TOJIbKO 0 TOM, q T O  

y x e  a n p o 6 u p o ~ a ~ o  N B O U J I O  n p O q H 0  B H a y q H b I f i  O ~ N X O A ,  H O  N 0 TOM 

HOBOM, C e r O A H R I U H e M ,  s T 0  A O J I X H O  B O ~ ~ T H  B < < 3 0 J I 0 ~ 0 f i  @OHAW H a y K U .  

n ep~o f i  p e a J I E I 3 a Q U e f i  3 T O T O  H a M e p e H U R  RBNJICR ~ p e ~ N f i  TOM ((I<yp- 
C a  B b l c I U e f i  M a T e M a T U K N > >  (1933 r.), 0 KOTOPOM R yXe r O B O p N J I a  

B C B R 3 N  C J I e K Q N R M A  B J I ~ A N M N ~ ~  M s a ~ o s l r s a  B TOM no T e O p N H  

rpynn Pi T e O p H A  n p e A C T a B J I e H M R  H e n p e p b I B H b I X  r p y I I I I .  Y K a 3 a H H b l f l  

3 a M b 1 c e n  O ~ ~ C J I O B N J I  H e I I p e p b l B H y I o  p a 6 o ~ y  B n a n N ~ n p a  M B ~ H O B H -  
s a  H a n  <<I<ypco~>> B T e s e H H e  ~ c e i i  ero X N ~ H H .  

n 0 c J I e  8-1-0 H 3 A a H H R  (1937 r.) H 3  I I e p B O r O  T O M a  NM 6b1na EICK- 

J I I O g e H a  a H a J I N T A Y e C K a R  r e O M e T P U R  (1460 B 3 T 0  B P e M R  O H a  6b1na 
yXe I I P e A C T a B J I e H a  A O C T a T O q H O  IIOJIHO XOPOrUNMEI Y ~ I ~ ~ H N K ~ M I I ) ,  HO 

3 a ~ 0  H ~ J I O X ~ H H ~  OCHOB K n a c c M q e c K o r o  a ~ a ~ 1 ~ 3 a  6b1~10 n p ~ 6 n ~ x e ~ o  
K I I p O r p a Y  M e  M a T e M a T A Z I e C K H X  @ ~ K ~ J I ~ T ~ T o B  Y H M B e P C N T e T O B .  

B 6-M A 3 A a H H M  B T O P O r O  T O M a  (1937 r.) 6 n a r o ~ a p ~  C O K p a w e H A I O  

npunoxesui i  K T e x H H K e  661~10 p a c r u N p e H o  H yrny6neao n s n o x e ~ ~ e  
T e O p H N  K p a T H b I X  A K ~ E I B o J I N H ~ ~ ~ H ~ ~ x  H H T e r p a J I O B  ( H a  O C H O B e  M e p b l  

X O ~ A ~ H ~ ) ,  P R A O B  Qypbe Pi y p a B ~ e H H f i  C q a C T H b I M N  n P O A 3 B O A H b I -  

MN.  B 19-M A 3 A a H H H  B T O P O r O  T O M a  (1965 r.) A a H b I  T e O P A R  M e p b I  



T e O P N R  N H T e r p U p O B a H U R  no Je6ery B  Rn ( 3 ~ 0  II03BOJIUJIO B  ' I e T -  
B e p T O M  T O M e  N 3 J I O X N T b  p e 3 y J I b T a T b I  40-50-x r O A O B  no UCCJIeAO- 

B a H U H ,  p a 3 p e U I U M O C T B  OCHOBHbIX K p a e B b I X  3aAas A J I R  Y ~ ~ B H ~ H U %  
B  g a C T H b I X  I I P O U 3 B O A H b I X  C  n e p e M e H H b I M N  K O ~ @ @ H ~ N ~ H T ~ M N ) .  

T p e ~ U i i  TOM COCTOUT u3 ABYX sac~ei i :  nnaeiiaoii anre6pb1 u T e o -  

P U N  ( P Y H K ~ U ~ ~  K O M n J I e K C H O r O  I I e p e M e H H O r O  C  ee 6 0 r a ~ b 1 M k i  n p U J I 0 -  

X e H U R M U .  n e p ~ a ~  m C T b  conepxu-r c T p o r o e  u K p a c u B o e  usnoxe- 
H u e  T e o p u u  onpe~enu~ene f i  B c u c T e M  n u ~ e f i ~ b ~ x  y p a ~ ~ e ~ u i i ,  nuaeii- 
HbIX npeo6pa30sa~ufi U  K B a A p a T U s H b I X  @ o ~ M ,  T e O p U U  I 'pyIIII  U  HX 
n u ~ e i i ~ b ~ x  n p e ~ c ~ a ~ n e ~ u i i .  B rnase no T e o p u u  rpynn oco6oe B H U -  

M a H u e  y A e n R e T c R  rpynne ~ p a m e ~ u f i  u rpynne J Iope~qa.  
B e c b M a  6 o r a ~ a  U  B T O P a R  g a C T b  T P e T b e r O  T O M a .  r J I a ~ b 1  1-111 

c0nepxa-r K n a c c u s e c K y m  T e o p u m  a H a n u T u s e c K u x  ( P Y H K U U ~ ~  u ee 
I I p U M e H e H U R  K I I J I o c K o ~ ~  T e O P U U  n O J I R .  6 0 J I e e  T O r O ,  B  HUX B K J I I O g e H O  
M H O r O  B e C b M a  B a X H b I X  I I P u J I o X ~ H U ~ ~ ,  H e  U 3 J I a r a e M b I X  B  T P a A U U U -  

OHHbIX K Y P C a X  T e O p u u  ( P y H K 4 B f i  K O M I I J I e K C H O r O  I I e P e M e H H O T O .  K H U M  

OTHOCRTCR, H a n p u M e p ,  3 a ~ a s u  ~ u @ p a ~ u u u  ~ B ~ K O B ~ I X  a ynpyrux 
BOJIH B  IIJIOCKMX C p e A a X ,  M e T O A  H ~ H c K o ~ ~ ~ ~ L L I ~ ~ o  C I I y C K a  U  M e T O A  

C T ~ ~ H O H ~ ~ H O ~ ~  @a3b1, U 3 y q e H U e  a C U M n T 0 T U K  p a 3 J I U s H b I X  C n e U U a n b -  

HbIX ( P Y H K ~ U ~ ~  U  np. B I I O C J I e A H U e  U 3 A a H U R  B H e C e H b I  U  p e 3 y J I b T a T b I  

no UCCJIeAOBaHUIO @ 0 p M y J I b 1  KoIIIH U  U H T e r p a J I O B  KoII IH C  B C n O J I b -  
s o s a ~ u e ~  u H T e r p a n a  Je6era .  B rnase IV u 3 n a r a e ~ c ~  T e o p u R  a H a -  

J I U T U ~ e C K U X  ( P Y H K ~ u ~ ~  M H O r U X  K O M n J I e K C H b I X  I I e p e M e H H b I X  U  (PYHK- 
4 U f i  M a T P B 4  ( O I I R T ~ - T ~ K U  I I p B M e s a T e J I b H O ,  s T 0  3 T B  T e O p U U  6b1nl.i 
u 3 n o x e H h 1  B J I ~ A M M N ~ O M  M B ~ H O B H Y ~ M  yXe B  1-M U 3 A a H U U  1933 r., 
K O r A a  UX P O n b  6b1na R C H a  J l U I I I b  H e M H O r U M  C I I ~ ~ U ~ J I U C T ~ M ) .  m a -  
B b l  V U  VI I I O C B R m e H b I  n U H e f i H b 1 ~  ~ u @ @ e p e H ~ u a J I b H b ~ ~  Y p a B H e H U -  
RM B T O P O r O  I I O P R A K a  C  a H a J I U T H g e C K U M U  K O ~ @ @ U ~ U ~ H T ~ M U  U  C n e -  

4 U a J I b H h I M B  ( P Y H K ~ U R M B .  M 3 T U  r J I a B b I  I I O p a X a I O T  O ~ U I U P H O C T ~ I O  

C O f l e p H t a H U R  U  B M e C T e  C  T e M  CTPOTOCTbIO,  r a P M O H H g H O C T b I O  U  A O -  

CTYIIHOCTbK) U 3 J I O X e H U R .  

Boo6me 3 T O T  TOM ( P ~ B H O  K a K  U  I I O C n e A Y I O 4 U e  A B a   TOM^) U M e -  

e T  yXe M O H O ~ ~ ~ @ H ~ ~ C K H ~ ~  X a p a K T e p .  B H e r 0  B K J I l o s e H b I  U  C O ~ C T B ~ H -  

H b I e  p e 3 y J I b T a T b I  B n a ~ u ~ u p a  M ~ a H o B u s a  U  p e 3 y J I b T a T b I  B 3  p a 6 o ~  
A p y r U X  a B T O P O B ,  I I p H s e M  M H O r U e  A O K a 3 a T e J I b C T B a  I I p U H a A J I e X a T  

B n a ~ u ~ n p y  M s a ~ o s u s y .  
C T O J I ~  Xe O ~ I U B P H O  C O A e p X a H U e  U  s e T B e p T O r 0  T O M a .  B n R T U  

U 3 A a H U R X  OH I I e q a T a J I C R  B  B B A e  O A H O ~ ~  KHUTU, a B  I I O C J I e A H e M  (rue- 
CTOM) - B  A B Y X  O T A e J I b H b I X .  n e p ~ 0 e  U 3 A a H U e  BbIIIIJIO B  C B e T  I I e p e A  
BOBHOG. O H 0  COCTOBT U 3  s e T b I p e X  M a B ,  K a X A a R  B 3  K O T O P b I X  BKJIIO- 
s a e T  B  c e 6 ~  I I o J I H ~ I ~ ~  ~ H ~ B ~ ~ C ~ T ~ T C K H ~ ~  K y p C  no C O O T B e T C T B y I o ~ e M y  

I I p e A M e T y .  

n e p B a R  r J I a B a  I I O C B R ~ e H a  U H T e r P a J I b H b I M  Y p a B H e H B R M .  B H e f i  

u 3 J I O H t e H a  T e O p U R  Q p e ~ r o J I b ~ a  A J I R  y p a B H e H U f i  B T O p O r O  P O A a ,  Y p a B -  
~ e ~ u i i  Q p e ~ r o n b ~ a  n e p B o r o  poAa, y p a ~ ~ e ~ u f i  Bonb~eppa ,  s a x ~ e f i -  
U I U e  C U H r y J I R p H b I e  U H T e r p a J I b H b I e  Y p a B H e H U R  H a  B c e f i  OCH U  I I O J I y -  

OCU. B U e C T O M  U 3 A a H U U  1974 r. 3a OCHOBY 6 e p e T ~ R  I I p O C T p a H -  

CTBO L2. 
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B T O ~ ~ R  r J I a B a  O T A a H a  B a p N a 4 N O H H O M y  NCqNCJIeHNfO.  OH^ CO- 

A e p x M T  N 6 0 r a ~ b l f i  ~ n a c c w i e c ~ < l r f i  M a T e p H a n ,  o ~ p a x a r o u ~ f i  AOCTN- 
- 

X e H N R  IIpOLLIJIbIX B e K O B ,  N  p e 3 y J I b T a T b I  HaLLIerO B e K a  IIO n p o 6 n e ~ e  
H a X O X A e H N R  ~ ~ c o J I ~ O T H O ~ O  3 K C T p e M y M a  AJIR K B a A p a T U q H b I X  @YHK- 
U M O H a J O B  O T  @ Y H K ~ H ~ ~ ,  3 a B N C R W N X  O T  O A H O ~ ~  N  M H O r I I X  H e 3 a B U C U -  

M ~ I X  n e p e M e n a b I x .  

B ~ p e ~ b e f i  rnase ~ s n a r a e ~ c ~  o 6 q a ~  T e o p m  y p a ~ ~ e ~ u i i  c s a w  
H b I M N  I IPOM3BOAHbIMN AJIR y p a B H e H N f i  I I e p B O r O  N  6onee BbICOKOrO 

I I O p R A K a ,  a T a K X e  A J I R  CIICTeM ( J I P i ~ e f i H b 1 ~  Pi 1 I e J I N ~ e f i ~ b 1 ~ ) .  ~ ~ O B O -  

A a T c R  n o n ~ b ~ f i  a a a n ~ s  (B  TOM r I M c n e  II p e u l e H N e  a a ~ a w  KOLLIM) 
A J I R  y p a B H e H M f i  I I e p B O r O  I I O p R A K a  ( J I M H e f i H b I x  N  H ~ J I N H ~ ~ ~ H ~ I x ) ,  

A O K a 3 b I B a e T C R  T e O p e M a  C. K o B ~ J I ~ B c K o ~ ~  A J I R  C N C T e M ,  A a e T C R  N H T e -  

r p M p O B a H N e  I I O J H b I X  N  R K O ~ H ~ B ~ I X  C N C T e M ,  P13JIaraIOTCR C K O ~ K U  

~ Y ~ C C O H ~ ,  M e T O A  R K O ~ H ,  K a I l O H M r I e C K N e  CIICTeMbI .  Aanee KJIaCCN- 

@ ! - i ~ P i p y I o ~ ~ R  Y p a B H e H I l R  B T O p O r O  I I O p R A K a ,  U 3 J I a r a e T C R  T e O p N R  X a -  

P a K T e p N C T k i K ,  T e O P M R  K a q e C T B e H H b l X  C B O ~ ~ C T B  peLLIeEIkifi y p a B H e H k i f i  

p a s n a r ~ a b ~ x  T u n o B .  M ~ o r o  M e c T a  y A e n e H o  r a n e p 6 o n ~ s e c ~ ~ ~  y p a B -  

H e H A R M ,  I I p M q e M  C  I I e p e M e H H b I M M  K O ~ @ @ H ~ H ~ H T ~ M M .  AJIR HNX BbI-  

BOARTCR O C I I O B H b I e  H e p a B e H C T B a ,  T e O p e M b I  eA1IHCTBeIIHOCTN.  YXe 
C  n e p B O r 0  N 3 A a H N R  BBOARTCR C O B p e M e H H b l e  I IOHRTUR 0 6 0 6 q e ~ ~ b 1 x  
perue~ufi y p a ~ a e ~ ~ a i i .  B naparpaaax ,  n o c s R q e H H b I x  O C H O B H ~ I M  C U -  

C T e M a M  I 'MApOANHaMMKN N  T e O P I I M  Y n p y r O C T N ,  I IPOBOAHTCR a H a J I N 3  

K M H e M a T N ' l e C K M X  N  A I l H a M N r I e C K U X  Y C J I O B N ~ ~  COBMeCTHOCTN, B a X -  

~ b 1 f i  AJIR B B e A e H N R  N  N 3 Y 9 e H U R  CNJIbHO P a 3 P b l B H b I X  peLLIeHNfi.  3 ~ a  
rnasa ,  K a K  c n e A y m u a R ,  C o A e p x N T  M H O ~ O  T a K o r o  M a T e p H a n a ,  KO- 

~ 0 p b l f i  B M ~ N P ~ ~ T C R  113 O P N r U H a J I b H b l X  p a 6 o ~  HaLLIerO B p e M e H M  N  H e -  

pemo n o p a 6 a ~ b 1 s a e ~ c ~  N p a 3 s a s a e ~ c ~ .  
n o c n e n ~ ~ ~ ,  s e T s e p T a R ,  m a B a   TO no CYTN A e n a  ~ o ~ o r p a a a ~  

no T e O p N N  K p a e B b I X  3 a A a r I  ( n p e ~ e J I b H b 1 ~  3 a A a r I ,  K a K  H a 3 b I B a e T  MX 

B J I a ~ u ~ k i p  M B ~ H O B M ~ )  A J I R  J I M H ~ ~ ~ H ~ I x  A U @ @ ~ ~ ~ H ~ N ~ J I ~ H ~ I X  Y P a B -  

H e H N f i  B  r I a C T H b I X  n P O U 3 B O A H b I X  B T O P O r O  n O P R A K a  B C e X  KJIaCCNrIe-  

C K N X  TNIIOB.  O ~ ~ I K H O B ~ H H ~ I X  ~ U C $ @ e p e 1 1 4 N a J I b ~ b 1 ~  y p a B H e H N f i  

I IPOBOANTCR n 0 J I H b I f i  ~ I I e ~ ~ p a J I b H b l f i  a H a J I N 3 ,  B K J I I o q a R  aCMMIITOTNKN 

C O ~ C T B ~ H H ~ I X  3 H a r I e H M f i  Ii C O ~ C T B ~ H H ~ I X  @ Y H K ~ U ~ ~  N  N C C J I e A O B a H N e  

CXOANMOCTN M e T O A a  @ypbe. 
Bo BTOPOM naparpaae  A a e T c R  y 1 x u K a n b a o e  no n o n H o T e  uano- 

x e m e  T e o p m  n o T e H u H a n o B  A n n  y p a ~ ~ r e ~ ~ f i  n y a c c o ~ a  u T e n b ~ -  
r O J I b 4 a  Pi ee M H O r O q N C J I e H H b I X  I I p k l ~ e H e H M f i  ( B  NX YEICJIe - BbIBOA 

a C U M n T O T N K N  C O ~ C T B ~ H H ~ I X  3 H a q e H k i f i  AJIR O I I e P a T O p a  A a I I J I a c a  

B  I I P o N ~ B o J I ~ H o ~ ~  O ~ J I ~ C T N ) .  3 ~ a  T e O p N R ,  n 0 3 B O J I R I o u a R  Y C T a H O B N T b  

P a 3 p e L U M M O C T b  3 a A a r I  f l U p k i x J I e  Pi H e f i ~ a H a  B  0 6 n a c ~ ~ x  C  r J I a A K U M U  

r p a a a u a M a ,  A o n o n H R e T c R  M ~ T O A O ~ ~  U l ~ a p u a ,  ~ a ~ o u e f i  a H a n o r H s H b I e  

p e 3 y J I b T a T b l  AJIR 06nac~efi  C  K y C O q H O - M a A K N M N  r p a H N u a M N ,  

B n o c n e A a e M ,  T p e T b e M ,  naparpaae  p e r u a I o T c R  K p a e s b I e  a a ~ a s u  
AJIR Y p a B H e H M R  T e I I J I O n p O B O ~ H O C T M ,  H e K O T O P b I X  €TO 0 6 0 6 u e ~ ~ f i  
U  BOJIHOBOrO Y p a B H e H M H .  Ann I I e p B b I X  N 3 J I a r a I o T C R  M e T O A b I  @ypbe 
U  M e T O A   POT^, AJIR B O J I H O B O r O  Y p a B H e H N R  IIPOBOAMTCR a H a n M 3  CXO- 

A N M O C T N  M e T O A a  @ypbe B  0 6 n a c ~ ~ x  I I ~ o N ~ B o J I ~ H o ~ ~  ( P O P M ~ I .  



B nocnefiaefi, mec~oi i ,  penaeuwu, s e ~ ~ e p ~ b ~ f i  TOM p a 3 6 N ~  H a  

A B e  O T A e J I b H b I e  KHNTN. B T O P ~ R  I I O C B R U i e H a  T e O p M N  p a 3 p e U N M O C T N  

K p a e B b I X  3aAas AJIR B C e X  OCHOBHbIX TNIIOB Y P ~ B H ~ H M ~ ~  B T O p O r O  no- 
P R A K a  C I I e p e M e H H b I M N  K O ~ @ @ N ~ M ~ H T ~ M M  B O ~ J I ~ C T F I X  I I ~ o M ~ B o J I ~ H o ~ ~  

( P O P M ~ I ,  pa3~11~0i i  B K o H u e  40-x- H a s a n e  50-x r o n o B  H a r u e r o  

B e K a .  MX p e I L l e H N R  H a X O n R T C R  B K J I a C C a X  @ Y H K L I N ~ ~ ,  MMeIOUINX K B a A -  

p a T N 9 H O - C Y M M M P Y e M b I e  0 6 0 6 1 4 e H H b 1 e  I I P O N 3 B O A H b I e ,  B X O A R U I N e  B NC- 

CJIef lyeMOe Y p a B H e H N e .   fin^ 3 T O T O  I I p N B J I e K a I O T C R  N T e O p e M b I  <<ski- 

CTOrO>> @ ~ H K ~ N o H ~ J I ~ H o ~ o  a H a J I N 3 a ,  N C B O ~ ~ C T B ~  P R A a  (PYHKUNO- 
H a J I b H b I X  I I p O C T P a H C T B  o ~ o ~ ~ ~ H H o - ~ N @ @ ~ ~ ~ H ~ H ~ ~ ~ M ~ I x  ( P Y H K U M ~ ~ .  
B P a M K a X  3 T N X  I I P O C T p a H C T B  A a e T C R  O ~ O C H O B ~ H H ~  M e T O A a  Oypbe 
M p a 3 J I U 9 H b I X  ~ ~ H ~ J I N x ~ H H ~ I x  MeTOAOB.  M3 C K a 3 a H H O I ' O  B B A H O ,  

c K o n b  nomo  B N c T o p w i e c K k i  n o c n e A o B a T e n b H o  ~ s n o x e ~ a  T e o p N n  

J ( H @ @ ~ ~ € ? H ~ M ~ J I ~ H ~ I X  y p a ~ H e H N f i ,  H a 9 N H a R  O T  ~ o c T N x ~ H N ~ ~  I I p O m -  

JIbIX B e K O B  U K O H 9 a R  I IOCJIeAHNMN A e C R T N J I e T N R M N .  

He M e H e e  B C ~ O ~ % ~ M J I I O I U  N I I R ~ b l f i  T O M ,  O T A ~ H H ~ I ~ ~  T e O P A N  M H O -  

X e C T B ,  T e O P N N  N H T e r p N p O B a H N R  ( B K J I I O ~ ~ R  N H T e r p a J I b I  X e J I J I N H r e -  

pa) ,  T e O p N N  M e T p N s e C K N X  I? H O P M N P O B a H H b I X  I I P O C T P a H C T B  N MX 

~ a x ~ e f i m ~ x  n p e ~ c ~ a ~ a ~ e n e f i  - n p o c T p a H c T B  C (a), L p  (Q) , 
w ~ ( Q )  Pi Ap., T e O p M N  r N J I b 6 e p ~ 0 ~ b l ~  I I p O C T p a H C T B ,  T e O p N N  O r p a H N -  

s e H H b I X  M H e O T P a H N 9 e H H b I X  O n e P a T O p O B  B HAX. OH C O A e P X N T  6ora- 
~ e f i m ~ f i  M a T e p N a n  K a K  no a 6 c ~ p a ~ ~ H o f i  T e o p w i ,  T a K  I? no ee n p H -  

J I O X e H N R M  K P a 3 J I N r I H b I M  p a 3 A e J I a M  a H a J I N 3 a  Pi ~ k i @ @ e p e ~ ~ k i a J I b ~ b I ~  

Y p a B H e H N R M .  C ~ a K 0 f i  ~ A N B N T ~ J I ~ H O ~ ~  n P 0 3 0 P J I U B O C T b I O  C A e J I a H  B b I -  

60p N 3  TOTO, 9 T O  I I ~ ~ J I N K o B ~ J I o c ~  B T O  B p e M R  B M H O r O s I l C J I e H H b I X  

pa6o~ax ,  N C K a K N M  M a C T e P C T B O M  N 3 J I O X e H  B e C b  3 T O T  M ~ T ~ ~ N ~ J I !  

A o K ~ ~ ~ T ~ J I ~ c T B ~  M H O r U X  I I P ~ A J I o X ~ H M ~ ~  N B 3 T O M  T O M e  I I p N H a A J I e -  

X a T  B n a n N ~ N p y  M B ~ H O B I ? ~ ~ .  n e p ~ 0 e  ~ 3 n a ~ l i e  n R T O r 0  T O M a  B b I -  

IIIJIO B C B e T  B 1947 r., K O r A a  B H a ~ e f i  C T p a H e  H e  661~10 ewe HI1 

o ~ ~ o f i  K H N ~ N  no @ ~ H K ~ M O H ~ ~ ~ H O M ~  aaanasy, a H a  3anane  6b1nki 
O ~ ~ ~ J I N K O B ~ H ~ I  J I N r u b  A B e  ~ o ~ o r p a @ N u  (S. Banach <<Th6orie des 
op6rations lineaires,, 1932 N - M. H. Stone <<Linear transforma- 
tions in Hilbert space and their applications to analysis,, 1932), 
I I O C B R U I e H H b l e  T e O p N N  J I N H e f i ~ b 1 x  O n e p a T o p o B  Pi O T p a X a r o ~ n e  

A O C T N X e H N R  20-x TOAOB. 

B 1959 r. sbrurno 2-e ~ 3 n a ~ a e  nmoro T o M a .  B H e M  n o n H e e  

n p e A C T a B J I e H a  T e O p N R  M e T p N 9 e C K N X  I? H O P M E i P O B a H H b I X  I I P O C T P a H C T B  

M CYUIeCTBeHHO P a C U l N p e H  p a 3 A e J I  no T e O p N N  C N M M e T P N 9 e C K N X  O n e -  

P a T O p O B :  3 A e C b  N 3 J I O X e H a  T e O p N R  C N M M e T p N 9 e C K N X  H e O r p a H N 9 e H -  

HbIX O n e p a T O P O B ,  T e O P A R  MX p a c I I I N p e H N f i ,  C n e K T p a J I b H a R  T e O p N H ,  

T e O p N R  ~ 0 3 ~ y U I e ~ N f i  B  A p .  B 3 T O M  T O M e  O T p a X e H b I  p e 3 y J I b T a T b 1 ,  

n o J I y s e H H b I e  3a B p e M R  M e X A y  A B Y M R  N 3 A a H N R M B .  M B H e M  nopa- 
X a e T  TO, C K a K N M  m y 6 0 9 a f i m n ~  3 H a H N e M  I I p e A M e T a  A I I O H N M a H N -  

e M  n e p C n e K T U B  P a 3 B N T N R  T e O P N N  O I I e P a T O P O B  N ee B O 3 M O X H b I X  

n p N J I 0 ~ e H E i f i  K 3 a A a 9 a M  M ~ T ~ M ~ T N ~ ~ c K o ~ ~  @ I ? ~ N K I . I  C A e J I a H  ~ b 1 6 0 ~  

M a T e p U a J l a  N K a K  6 n e c ~ ~ U I e  I? B T O  Xe B p e M R  A O C T y n H O  N C N C T e -  

M a T U 9 H O  OH N 3 J I O X e H .  



3 a  u K y p c o ~  BbIcIIIefi MaTeMaTUKH>> BnaAnMupa M s a ~ o a u s a  3a- 
Kpennnacb xapaKTepuc-rnKa s ~ s n ~ n o n e n u s e c ~ o r o .  A e f i c ~ s u ~ e n b ~ o ,  

OH 06'6eMne~ Bce r n a ~ ~ e f i m n e  sacTn asanusa,  anre6pb1, ~n$)$)e- 
PeHUuaJIbHbIX ypaBHeHUfi ,  ~~$)$)epeH~liaJIbHofi reOMeTpPiU, $)YHK- 
UMOHaJIbHOrO aHaJII13a, M ~ T ~ M ~ T H ' ~ ~ C K O ~ ~  $ ) U ~ M K U .  n o  HeMy YsaTCR 
CTYAeHTbI, aCnUpaHTbI,  HayYHbIe P ~ ~ O T H I I K I I ,  IIpenOAaBaTeJIH. K H e -  
M Y  O ~ P ~ I ~ ~ I O T C R  CneqUaJIIICTbI-MaTeMaTllKll II BCe, KT0 X O s e T  IIOJIy- 

s n ~ b  06wee, HO connAHoe npeAcTasneHne o ~ o f i  nnu n ~ o f i  s a c w  
MaTeMaTllKIl Hnki HyXAaeTCzI B ~ 0 f i  HJIH UH0fi CnpaBKe. M3 Her0 

sepnaIOT MaTepUaJI ki M H O r U e  aBTOPb1 ~ ~ ~ ~ H W K O B ,  H H O r A a  H e  OTAa- 
B a R  ce6e O T s e T  B TOM, 9TO OH eCTb nnOA 60nbmofi HaysHofi nepe- 
pa60~KU Pi OpllrUHaJIbHOrO TBOp'ieCKOrO OCMbICJIeHUR MaTepkiaJIa 

er0 aBTOPOM, a IIOTOMY H a  Her0 CJIeAyeT CCbIJIaTbCR K a K  H a  MOHO- 
rpa4nm.  

B 1947 r. BbIIIIJIU B CBeT BCe  nRTb TOMOB ctI<ypca>. B 1948 r. 
OH 6b1n O T M e s e H  ~ O C ~ A ~ ~ C T B ~ H H O ~ ~  IIpeMkiefi. K ~ K  yX€' 6b1no C K a -  
3aH0, BnaAnMup ~ B ~ H O B M Y  o6orawan er0 HOBbIMM AOCTllXeHMRMII 
BnJIOTb A0 K O H q a  cB0efi X113HII. 

OCT~HOBHMCR ewe H a  O A H O ~ ~  CTOpOHe AeRTeJIbHOCTH B n a n u ~ u p a  
M s a ~ o e u s a ,  B K O T O P O ~ ~  OH AOJIrO ewe OCTaHeTCR ~ e n p e B 3 0 f i ~ e ~ ~ b I ~  

B ~ a m e f i  c-rpaae. Peqb no fine^ 0'6 nsysesuu u u s n a ~ n u  HacnenuR, 
OCTaBJIeHHOrO BbIAaIO~kiMHCR MaTeMaTHKaMU,  XUBIIIUMU II pa6o- 
TaBIIIUMIl B POCCUU. 3~0fi p a 6 o ~ e  BnaAuMup M B ~ H O B H ~  YnenRJI 
M H O r O  B p e M e H H  B Te9eHlle Bcefi Xf(ll3HU, II O C O ~ ~ H H O  B IIOCJIeAHHe 
AeCRTHJIeTHR. ~ ~ C T O  pabo-ra, ~ p e 6 o s a e m a ~  AJIR OCyweCTBJIeHUR 
TpyAa ~ e n O r 0  H a y s H O r O  KOnJIeKTllBa CneQUaJIHCTOB, BbInOJIHRJIaCb 

O A H ~ M  B n a ~ u ~ u p o ~  M B ~ H O B H ~ ~ M ,  npuseM npeKpacHo n B npenenb- 

HO KOPOTKMe CPOKU.  Bb~me R yXe roBopuna 06 ll3AaHHU ABeHa- 
AUaTll M e M y a p O B  H. A. ~ ~ ~ I I I I o - A ~ H H J I ~ B c K o ~ o  ki H3AaHUH TpyAOB 
A. M. f l ~ n y ~ o s a .  H a ~ o  CKa3aTb, sT0 B n a n u ~ u p  MsaHosus 6b1n 
3HaKOM C A. M. ~ R ~ Y H O B ~ I M ,  a B K O H q e  X113HU flRIIyH0Ba U Apy- 
XeH C H H M .  

non PYKOBOACTBOM B n a ~ n ~ u p a  MsaHosusa u npu ero Heno- 
CpeACTBeHHOM y9aCTHH H3AaHO IIOnHOe co6paaue C O ~ U H ~ H H ~ ~  aKaAe- 
M H K a  A. H. K P ~ I J I o B ~  ( ~ H ~ M ~ H U T O ~ O  ~ o p a 6 e n a ) ,  no~pe60sasmee 
09eHb 6onbmofi pa6o~b1 no IIpOBepKe, KOPpeKTUPOBaHHH)  U BbIRB- 

nesum apxnBHbIx MaTepuanoB. Ane~cer"i H u ~ o n a e s n s  sacTo npu- 
6eran K MaTeMaTIl9eCKIlM KOHCYJIbTaqURM BnaAuMnpa M s a ~ o s n s a ,  
O C O ~ ~ H H O  B neTHee B p e M R ,  KorAa OHH x n n u  HenoAaneKy Apyr OT 

Apyra H a  Aasax. Tpyn, B ~ I ~ o J I H ~ H H ~ I ~ ~  B n a n u ~ u p o ~  M B ~ H O B H ~ ~ M  
no pas6opy Fi H3AaHHIO H ~ O I I ~ ~ J I H K O B ~ H H ~ I X  u c c n e ~ o ~ a ~ n f i  
M. A. f l a n n o - , Q a ~ n n e ~ c ~ o r o ,  A. M. f l ~ n y ~ o s a  u A. H. Kpbrnosa, 

MOXHO CpaBHnTb c pa6o~ofi  ~ a c - r e p a - p e c ~ a s p a ~ o p a ,  ~osspawamwe- 
r0 JIIOARM IIIeAeBPbI APyrMX MaCTePOB. 

B n a ~ n M n p  M s a ~ o s u s  HsnRncR MHorue ronM npeAcenaTeneM 
cose-ra Apxusa AH CCCP. B 6 y ~ a r a x  A. Ejep~ynnu, xpaarlwuxcrl 

B A p x n ~ e  AKa~eMPiki H a y K ,  OH HaIIIen IIepBhIfi BapHaFIT ccrunpasnu- 
KA>>. A. Ejep~ynnu npocwn 3finepa cxesb  3 ~ y  pyKo'nncb nocne B ~ I -  



xona B c B e T  B Easene y n y s r u e H H o r o  B a p n a H T a .  O A H ~ K O  3finep H e  

C s e J I  H y X H b I M  B b I n O J I H H T b  npocb6y E e p H y J I J I H ,  H P Y K O I i H C b  C o x p a -  

H n n a c b  B POCCHH. B n a ~ n ~ n p  M s a ~ o s n s  cnasnn 06a s ~ s e ~ n n ~ p a  
c c r n n p a s n n ~ n > >  M n o M e c T n n  B K o H U e  B b I n o n H e H H o r o  noA ero p y ~ o -  
BOACTBOM n€!p€!BOAa 6 a 3 e J I b ~ K 0 r 0  U 3 A a H H R  ~ O J I ~ U I ~ K I  C T a T b I 0  0 H a -  

y s ~ o ~  H a c n e A n n  A. E e p ~ y n m .  
C K O H U a  50-x r O A O B  B n a n a ~ n p  M s a H o s n s  H a s a n  H 3 y s a T b  06- 

ruup~brfi  n e ~ e p 6 y p r c ~ n 8  a p x n B  Jl. 3finepa. B p e 3 y n b ~ a ~ e  ~ T H X  

k13b1cKaHki8 6b1no H 3 A a H O  H e C K O J I b K O  T O M O B  T P Y A O B  3Anepa, B T O M  

s H C J I e  ( C O B M ~ C T H O  C T. H. K n a ~ o )  er0 n e p e n H C K a  H a H H O T H p O B a H -  

H b 1 5  y K a 3 a T e J I b  p a b o ~ ,  H a ~ s k i ~ b ~ B a l o ~ k i f i  438 C T P a H H U .  

B n a n n ~ u p  M B ~ H O B H ~  u 3 ~ a n  H pa60~b1 M. B. O C T ~ O ~ ~ ~ A C K O ~ O ,  
H y X A a B m H e C R  K a K  B H C n P a B J I e H H R X ,  T a K  H B I IORCHeHHRX.  M M  6b1~1a 
o n y 6 n n ~ o ~ a ~ a  n e p e n u c K a  A. M. n ~ n y ~ o ~ a  c A. n y a ~ ~ a p e ,  x. Ana- 
M a p O M  H A p y r H M H  U H O C T P a H H b I M H  M a T e M a T H K a M H .  B C B R 3 H  C 10611- 

J I e f i H b 1 ~ H  A a T a M H  6b1nu H a n H C a H b I  B e C b M a  N H T e p e C H b I e  0630pb1 pa- 
6 0 ~  A. M. ~ R I I ~ H o B ~ ,  B. A. C T ~ K J I O B ~ ,  H. M. r I 0 H ~ e p a .  A CKOJIbKO 

my6oeux no C O A e p X a H k i l o  H 6 n e c ~ ~ u u x  no @ O P M ~  A O K J I a A O B  C A e -  

J I a J I  B n a ~ u ~ u p  M s a H o ~ u s  H a  r O A O B u H H a X  ( ~ O C M ~ ~ T H ~ I X  HJIU n p H -  

X U ~ H ~ H H ~ I X )  0 H a y Y H O M  T B O P s e C T B e  B b I A a l o q H X C R  M a T e M a T H K O B .  

~ T I I  A O K J I a A b I  O C T a B H J I H  H e H 3 r J I a ~ H ~ b l f i  C J I e A  B n a M R T H  T e X ,  K O M Y  

AOBeJIOCb HX C J I b I U I a T b .  

B n a n n ~ u p  M s a H o s l l s  R s n R n  co608 pensafirunfi n p n M e p  yseso- 
r0, C O s e T a B I U e r O  B ce6e B b I C O K y I o  T B O P r I e C K Y I O  a K T H B H O C T b  C MHO- 

r o n e ~ ~ e f i  pa6o~ofi npo@eccno~anb~oro n c T o p n K a  c~oei i  H a y K u .  

M M ~ H H O  3 T 0  H e 0 6 b 1 9 ~ 0 e  C O r I e T a H H e  Y r I e H O T O - H C C J I e A O B a T e n R  H yqe- 
H O r O - H C T O p H K a  n p H n a e T  0~06b1fi H H T e p e C  ero n y 6 n k i ~ a ~ k i R ~  no HC- 

T O P H H  M a T e M a T H K H .  

H e  3 H a l O  o @ H ~ H ~ J I ~ H o ~ o  q H C J I a  a C n H p a H T O B  H A O K T O P a H T O B  

B J I a n k i ~ N p a  M s a ~ o s u s a .  B J I ~ ~ O M  C J I y s a e  O H 0  H e H 3 M e p H M O  M e H b -  

U I e  s H C J l a  J I I O n e f i ,  AJIR KOTOPbIX O H  6b1n @ ~ K T U ~ ~ C K H M  H a Y Y H b l M  

P y K O B O A H T e J I e M  HJIH K O H C y J I b T a H T O M .  Ero C O B e T a M H ,  O ~ U ~ U P H ~ I M U  

3 H a H H R M U  H 0 U e H K a M H  B a X H O C T U  T o r 0  HJIH H H O r O  H a n p a B J I e H H R  

n O J I b 3 O B a J I N C b  M H O r H e  Y s e H b I e .  B n a n u ~ u p  M s a ~ o s k i s  C T a p a n c R  no- 
M O q b  K a X A O M y ,  K T 0  0 6 p a u a n c ~  K H e M y ,  H e 3 a B N C H M O  O T  TOTO, K T 0  
OH. CTOJI  er0 IIOCTORHHO 6b1n 3 a B a J I e H  C T a T b R M H  P a 3 H b I X  B B T O P O B ,  

K o T o p b r e  n p e n ~ a 3 ~ a s a n u c b  A n n  O ~ ~ ~ J I H K O B ~ H ~ ~ H  B < c a o ~ n a n a x  

AH CCCP, NJIN A p y r H X  M a T e M a T H r I e C K U X  X y p H a J I a x .  n p H  3 T O M  OH 

B H U M a T e J I b H O  Y H T a J I  HX H, eCJIM 6 b 1 n a  H ~ O ~ X O A N M O C T ~ ,  T O  n O M O r a j I  

YJIyYUINTb.  E b I B a J I H  H T a K H e  C J I y ' I a H ,  K O r A a  p a 6 o ~ a  n O J I H O C T b I 0  ne- 
p e A e n b I s a n a c b  c n o M o u b r o  B J I a A k i ~ k i p a  M s a ~ o s u s a .  

Bbme R H ~ S B ~ J I ~  H M e H a  ( B  OCHOBHOM T o n b K o  n e ~ u ~ r p a ~ c ~ n x )  
H3BeCTHbIX M a T e M a T H K O B  P a 3 H b l X  c ~ ~ ~ H ~ J I ~ H o c T ~ ~ ,  H a  H a y Y H y I 0  A e R -  

T e J I b H O C T b  KOTOPbIX B J I ~ A H M H ~  M ~ a ~ o s u s  O K a 3 a J I  n J I O A O T B O p H O e  

B J I H R H H e  CBOHMN J I e K q H R M H ,  H a Y s H b I M H  C e M H H a p a M H .  HO H e  T O J I b K O  

HM ~ ~ I J I H  B a X H b I  C O B e T b l  H H a y r I H b I e  O q e H K H  B J I a ~ k i ~ k i p a  M B ~ H O B H -  
qa. K er0 C O B e T a M  npu6eranu H M a C T H T b l e  Y s e H b I e -  B. A. @OK, 

A. A. M ~ ~ K o B ,  A. a. A J ~ K C ~ H A ~ O B ,  n. B. K ~ H T O ~ O B H ~ ,  m. B. ~ H H -  
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H N K ,  M H o r H e  c n e u u a n a c T b 1  no T e o p u n  y n p y r o c T N  u runpoasponn- 
H a M N K e .  OHN A e J I N J I N C b  C B J I ~ A N M M ~ O M  MB~HOBH'~€!M CBONMN no- 
C T N X e H N R M N  B O ~ J I ~ C T R X ,  K O T O P b I e  H e  BXOAUJIN B none er0 A e R -  

T e J I b H O C T N .  M 0 6 c y x n e ~ ~ e  3 T N X  p e 3 y J I b T a T O B  C B J I ~ A N M N ~ o M  Msa- 
H O B N q e M  6b1no O ~ O H ) & O H H T ~ P ~ C H ~ I M  N I I O J I e 3 H b I M .  

y x e  r o B o p N n a ,  q T O  B J I ~ A N M N ~  M B ~ H O B H ~  6b1n OAHNM N 3  

r J I a B H b I X  O p r a H F i 3 a T O p O B  @ H ~ H K O - M ~ T ~ M ~ T H ~ ~ C K O ~ O  0 6 u e c ~ s a  
B J I e ~ ~ l ~ r p a n e  B 20-x ronax. B 1957 r. no ero a H H u w a T m e  H a s a n  

p a 6 0 ~ a ~ b  06weroponc~ofi M ~ T ~ M ~ T H ' ~ ~ C K H ~  C e M N H a p ,  H a  OCHOBe 

K O T O p O r O  B 1958 r. 6b1no B 0 3 P O X A e I I O  & ~ H I I H T P ~ A C K O ~  M a T e M a T N -  

r I e C K O e  O ~ ~ ~ C T B O .  Bce B a X H b I e  N C J I O X H b I e  I I p 0 6 n e ~ b I  P a 3 B N T H R  

Pi O p ~ a H N 3 a ~ N N  H ~ Y Z I H O ~ ~  p a 6 0 ~ b 1  IIO M a T e M a T N K e  N M e X a H U K e  B a e -  
t 1 N H r p a A C K O M  Y H N B e p C N T e T e  ~ ~ I I J I A  B n o f i e  er0 3 P e H N R .  OH HaXOAM.7 

C n p a B e A J I N B b I e  N M y n p b I e  P e I I I e H N R  NX U, H e  X a J I e R  CNJI, no6u~a; l -  
CR BX p e a n ~ 3 a u ~ ~ .  

8 0 - J I ~ T N ~  B ~ ~ a n N ~ u p a  M B ~ H O B H ' ~ ~  UIkIpOKO O T M e Y a n O C b  0 6 u e c ~ -  
B e H H O C T b I O ,  N B. M. CMNPHOBY 6b1n0 I I P N C B O e H O  3 B a H N e  r e p 0 R  

Couaanac~asec~oro  Tpyna. 
B n a n a ~ w p a  M B ~ H O B E I ~ ~  B O J l H O B a J I N  c y n b 6 b 1  K a K  COCTORBUIerOCR 

y s e H o r o ,  T a K  N M o n o n o r o  s e n o s e K a ,  M e q T a m u e r o  n o c T y n a T b  B NH-  

CTWTYT. OH O K a 3 b I B a J I  A e R T e J I b H y I O  I I O A A e p X K y  H e  TOJIbKO BOCXO- 

A R w U M  Y q e H b I M ,  H O  Pi J I IOARM, I IOIIaBUII IM B 6eny. OH I I O M O r a J I  U 3  

CBOIlX C p e A C T B  J I m A R M ,  O K a 3 a B I l I N M C R  B 3 a T P Y A H I I T e J I b H O M  M a T e p N -  

a J I b H O M  I I O J I O X e H N H .  Ha T ~ J I ~ @ o H H ~ I ~  3 B O H K N  er0 P O n H b I e  H E I K O r n a  

H e  3 a n a s a n ~  B o n p o c a :  c n p a u I m a e T  Bnanu~kipa  M B ~ H O B N -  
sa?>>, N e C J I N  OH 6b1n A O M a ,  T O  H e n p e M e H H O  I IOnXOflNJl  K T ~ J I ~ @ o H ~  

N B H U K a J l  B N H T e P e C b I  rOBOPRLlJ,erO. T a ~ y m  Xe OT3bIBYNBOCTb B C T p e -  

s a J I N  U B C e  T e ,  K T 0  0 6 p a u a n c ~  K H e M y  B H e  er0 A O M a .  

P n o c T a p a n a c b  p a c c ~ a 3 a ~ b  o npo@eccno~anb~oi i  X N ~ H U  u A e R -  

T e J I b H O C T N  B J I ~ A U M N P ~  Msa~ioswsa. OHM, KOHeYHO,  A a m T  I I p e A -  

C T a B J I e H U e  Pi 0 J I N g H O C T N  Bnann~k ipa  M B ~ H O B H ~ ~ .  HO P a C K P b I T b  ee 
I I O J I H e e  ki my6xe M O r  6 6 1  T O J I b K O  ZIeJIOBeK, 06nanam~qnk T a J I a H T O M ,  

3 H a H N R M N  U A Y U I e B H b I M  ~ O T ~ T C T B O M  C a M O r O  B J I ~ A H M N P ~  M B ~ H O B H -  
qa. Benb x n 3 ~ b  B n a ~ k i ~ N p a  M B ~ H O B H Y ~  n p o T e K a n a  B n ~ y x  CTO- 
J I e T N R X :  OH 3 H a J I  M H O r U X  K P Y I I H b I X  YZIeHbIX - ~ C T ~ C T B O U C ~ ~ I T ~ T ~ ~  

13 r y M a H w T a p n e B ,  XUBIIINX B ne~ep6yp1-e B H a s a n e  H a r r r e r o  c T o n e -  

T N R  N n p o c n a B m u n x c R  ewe B XIX B. I( ux sncny npmannexanw 
er0 Y Y N T e J I R  -A.  M. ~ H I I Y H O B  Pi B. A. C T ~ K J I O B ,  H a y Y H O e  06ueaae 
c K O T O P ~ I M H  nepepocno B npyx6y .  Ewe donee T e c H b I e  ti nponon- 
X N T e J I b H b I e  A p y X e C K P i e  Y 3 b I  C B R 3 a n U  B J I a ~ k i ~ k i p a  M B ~ H O B H ' ~ ~  CO 

C T a p U I H M H  er0 K O J I J I e r a M P i ,  T O X e  B b I A a I O w P i M H C R  YZIeHbIMW - 
C. H. ~ ~ ~ H I I I T ~ ~ ~ H o M  Pi H. M. ~ ~ H T ~ P O M .  

yXe y I I 0 M N H a n a  N M e H a  ~ ~ ~ H ~ I X - ~ C T ~ C T B O H C I I ~ I T ~ T ~ J I ~ ~ ,  C KOTO- 

P ~ I M N  OH o 6 u a n c ~  H a  H a y s H o M  U n w  n e n a r o r H y e c K o M  nonpmwe. Ha 
C a M O M  A e J I e  HX 661~10 3 H a Y N T e J I b H O  ~ O J I ~ I I I ~ ,  I I p N Y e M  B C e  OHH I IMTa-  

nu K B A ~ A N M H ~ Y  M B ~ H O B H Y Y  s Y B C T B 0  my6oeoro y ~ a x e 1 1 a ~  kI I I p U -  

3 H a T e J I b H O C T N .  HO ewe 6onee U I N P O K  6b1n K p y r  nmnek, C KOTOPbI-  



MM er0 C B R 3 b l B a J I M  M H T e p e C b I  B 0 6 n a c ~ u  MY3bIKM, UCKYCCTBa,  J IMTe-  

p a T y p b 1 ,  HCTOPUU,  a p X e O J I O ~ M M  M A p y r U X  r Y M a H M T a P H b l X  H a y K .  

B n a n k i ~ ~ p  M s a 1 4 o ~ ~ s  06nanan 60nbruoi M Y ~ ~ I K ~ J I ~ H O ~ ~  na- 
MRTbIO, C B O ~ O A H O  U r p a J I  C J IMCTa,  BCFO X U 3 H b  H3YZIaJI KJIaCCUrIeCKYK) 

MY3bIKY M CJIeAUJI 3a C O B P ~ M ~ H H O ~ ~ .  OH C J l b l U l a J l  I I P a K T M s e C K U  B C e X  

3 H a M e H M T b I X  A M P U X e P O B ,  IIMaHMCTOB, C K P M I I ~ Z I ~ ~ ~  U q e p e 3  A e C R T U -  

JIeTMR MOT P a C C K a 3 b I B a T b  06 O C O ~ ~ H H O C T R X  T o r 0  UJIM MHOrO MCIIOJI- 

HeHMR.  OH Y B J I e K a J I C R  O n e p H b l M  T e a T p O M  M I I p U C y T C T B O B a J I  H a  B C e X  

n y s r u M x  n p e n c T a B n e l m R x  M a p M U ~ c ~ o r o  T e a T p a .    TO MY B ~ e ~ a ~ o i i  
C T e n e H M  C O A ~ ~ ~ C T B O B ~ J I  OAUH U 3  e T O  6 p a ~ b e B ,  6 0 p U c  M B ~ H O B M ~ ,  
~ o ~ o p b ~ f i  I I P O @ ~ C C N O H ~ J I ~ H O  3 a H U M a J I C R  T e a T p O M ,  C J I y X M J I  H e K O T O -  

p O e  B p e M R  B M ~ P M M I I C K O M  T e a T p e  M 6b1n A p y X e H  CO MHOrMMM a p T H -  

CTaMM, Bb1CTynaBLLII.lMM I r a  er0 C u e H e .  C I I Y C T R  yXe IIOJICTOJIeTMR 

B n a n M ~ M p  M B ~ I I O B M ~  B O C T O P X e H H O  p a C C K a 3 b l B a J I ,  H a I I p U M e p ,  0 CBO- 

HX B I I e Y a T J I e l l W R X  0 3 a M e ' l a T e J I b H b l X  AOPeBOJIFOUUOHHbIX I I O C T a H O B -  

K a x  onep B a r ~ ~ e p a  M P U M C K O ~ O - K o p c a ~ o ~ a ,  ~3 K O T O P ~ I X  O H  H e  npo- 
nycmn H M  O A H O ~ .  OH ~ O M H M J I  B c e  J y q r u H e  a p m  ~3  TUX onep 
11 MOT H a n e T b  MX. B J I ~ A M M M P  M B ~ H O B M Z I  ZIaCTO IIPMXOAMJI B ( P M J I a p -  

MOHMFO UJlM O I I e p y  C I I a p ~ M ~ y p O f i  11 CJIeAMJI 3a T O H ~ ~ ~ ~ L U U M I I  HFOaH-  

C a M M  NCIIOJIHeHMR. 

OH 6 b 1 ~  JlMgHO 3 H a K O M  CO M H O r U M M  M Y 3 b I K a H T a M M ,  M 06we~11e 
C HMMM AOCTaBJIRJIO e M y  6onbruym P a A O C T b .  Ha er0 A a q e  B K o ~ a -  
POBO p e r y J I H p H 0  y C T p a H B a J I U C b  M Y 3 b I K a J l b H b I e  B e s e p a .  H ~ O A H O K ~ ~ T -  
HO H a  HMX 6 b l B a J I  a. a. ~ O C T ~ K O B I I ~ ,  M OHM C B J I ~ A M M M P o M  Msa- 
H O B M q e M  M r p a J I U  B Z I e T b I P e  P Y K U .  T y ~ a  2 l i e  I I p H e 3 > K a J I H  M ~ B ~ C T H ~ I ~ ~  

O p r a H M C T  M. A. 6 p a y ~ 0 ,  A M p U X e p  M 3 H a T O K  M Y 3 b l K a J l b H O T O  H a C J I e -  

A U R  H. C. P ~ ~ U H O B M ~ ,  npo@eccop H. 0. ~ O J I ~ ~ O B C K ~ H ,  sbe U c n o n -  

H e H M e  ( P O P T ~ ~ ~ R H H ~ I X  I I ~ 0 1 1 3 B e ~ e ~ P i f i  M o u a p ~ a  B J I ~ A I I M M P  M B ~ H O -  
BMY BbICOKO UeHMJI.  

BJIaJUiMMp M B ~ H O B I I ~  nm6un M r P a T b  B Z I e T b I P e  P Y K H  

C a. K. @ ~ A A ~ ~ B ~ I M ,  I I ~ o @ ~ c c U O H ~ J I ~ H O  BJIElAeIolU.MM U H C T P Y M e H -  

TOM. C HMM OHM I I e O A H O K P a T I I O  I I p O M r p b I B a J I M  @ O ~ T ~ I I ~ H H H ~ I ~  nepe- 
J I O X e H M R  C I I M @ O H H ~ ~  Manepa ( K O ~ A ~  HX I IOqTM H e  UCIIOJIHRJIH 

B @ U J I ~ P M O H M M ) ,  K B a P T e T O B  ~ ~ T X O B ~ H ~  U M H O r U e  A p y r U e  n p O U 3 B e -  

AeHMR.  

Ha M Y 3 b I K a J I b H b l X  B e Y e p a X  6 b l s a . n ~  Pi H a U H  BeAyllI.Me M a T e M a -  

TMKM M3 M O C K B ~ I - n .  C. A ~ ~ K C ~ H A ~ O B  H A. H. K O J I M O ~ O ~ O B .  M X  
nOCeTMJlM T a K X e  P. K Y ~ ~ H T  C ~ e H 0 f i  U K.  0. @ ~ M A ~ H X C  B O  B p e M H  

ux npuesna ~3 AM~PIIKII .   TOT AOM n p u T R r m a n  u CBOUM Y ~ T O M ,  

C 0 3 A a H H b I M  Ene~of i  ~ P O K O @ ~ ~ B H O ~ ~ ,  X e ~ O f i  B A ~ A H M M ~ ~  Msa- 
H O B M 9 a .  

M H T ~ ~ ~ c ~ H  K p y r  J I U T e p a T y p H b I X  3 H a K O M b I X  B n a ~ H ~ n p a  Msa- 
H O B U s a .  M3 HHX M H e  0 ~ 0 6 0  3 a I I O M H H J l C R  E B ~ ~ H H ~  ~ ~ B O B I ~ Y  

U B a p I l -  H e  TOJIbKO T ~ J I ~ H T J I u B ~ I ~ ~  I I H C a T e J I b ,  HO U ~ J I ~ C T F I W A ~ ~  

C O ~ ~ C ~ A H M K .  Ero f l a C C K a 3 b I - 3 K C n P O M T b I  CMeIIIMJIU B C e X  A 0  C J I e 3 ,  

a C a T M p U s e C K M e  3 a p H C O B K H  B M e C T e  C y n b 1 6 ~ 0 f i  B b I 3 b I B a J I H  H r p y C T -  

H b I e  B3AOXU. < < K ~ K  ~ ~ A T O  n O r O C T U J l  y COJIHbILLlKa>>,- C K a 3 a A  M H e  

O A H a X A b l  E B ~ ~ H M ~  ~ ~ B O B M ~ ,  B 0 3 B P a W a R C b  A O M O ~ ~  O T  B J I a ~ k i ~ k i p a  
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M B ~ H O B H ~ ~ .  B ~ I c K ~ ~ ~ I B ~ H u ~ ,  n p u M e s a T e J r b H o e  B y c T a T  3 ~ 0 r o  A a n e -  
KO H e  C e H T B M e H T a n b H O r O  Y e n O B e K a .  CTOJI~  Xe ~e06b19~0f i  6 b 1 n a  
U @pa3a B Y C T a X  AHTOHAHH H H K O ~ ~ ~ B H ~ I  Mseprki~ofi ( X ~ H ~ I  
M. A. OpBenu, A U p e K T O p a  ~ P M U T ~ X ~ ) :  <MAY, K a K  C n p U 9 a C T U R > , -  
I I p O U 3 H e C e H H a R  I I O C n e  OAHOrO U 3  BUSNTOB K CMHPHOBHM. H ~ A O  
6b1no. KOHeYHO, 3 H a T b  3 T y  O C T P O Y M H ~ ~ ~ L U Y I O  X e H U U H Y  C R3bIKOM, 
OCTPbIM,  K a K  ~ P H T B ~ ,  9~06b1 n O H R T b ,  CKOJIb rny6o~oe  B O ~ A ~ ~ ~ C T B H ~  

O K a 3 b I B a n  Bnanki~up M B ~ H O B U ~  H a  O K p y X a m W U X .  A C a M  B n a ~ u -  
M A P  M B ~ H O B B ~  O 9 e H b  UeHUJI  ee n p e B 0 C X O A H b I e  3 H a H U R  XUBOnUCK,  
O C O ~ ~ H H O  @ p a ~ q y 3 c ~ o f i ,  ee y~ u a p T n c T n s e c K o e  y M e H n e  paccsa- 
3 a T b  0 TOM, 9 T O  nPOUCXOAUT B c$epe ee AeRTeJIbHOCTH   OH^ BCH) 
X U ~ H ~  npopa6o~ana  B 3 p ~ u ~ a x e  u B n o c n e A H u e  r o A b x  6b1na 3 a B e -  
nymueii ~ a p ~ a ~ ~ o f i  ranepeeti 3 p ~ s ~ a x a ) .  

Bnanw~kip M s a ~ o s u s  o6nanan @ e H o ~ e H a n b ~ o f i  n a M R T b I o .  OH 
IIOMHUJI A a X e  U M e H a  U O T 9 e C T B a  JIm~efi, C KOTOPbIMU ~ 0 r A a - J I U 6 0  
m e n  A e n o .  Fi s a c T o  06pamanacb K H e M y  c B o n p o c a M u  o TOM U ~ I U  

UHOM 9 e n o B e K e  ( a ~ ~ o p e  unu nepcoaaxe n p o u n T a H H o r o  c o s a H e -  
HUH) ,  U H e p e A K O  BMeCTO AJIUHHOrO OIIHCaHUR B J I ~ A U M U ~  M B ~ H O B H ~  
4 U T U p O B a J I  C O O T B e T C T B y I O m e e  B b I C K a 3 b I B a H U e  3TOTO q e J I O B e K a ,  A a -  

B a B I U e e  U C ~ ~ P I I ~ I B ~ I O ~ W ~ ~  O T B e T  H a  I I o c T ~ B J I ~ H H ~ I ~ ~  BOIIpOC. Boo6ue 
B n a ~ k i ~ U p  M s a ~ o s u s  U e H U n  K P a T K O C T b  N TOqHOCTb,  Pi C a M  o6na- 
A a J I  p e ~ ~ o f i  C I I O C O ~ H O C T ~ H >  U r H O P U P O B a T b  H e C y U e C T B e H H O e ,  C n y -  
qafi~oe, Y M e H H e M  B b I A e J R T b  M a B H O e ,  ~ J ' I ~ ~ U H H O ~ ,  U 3  9 e T O  C n e A y e T  

U C X O a U T b  B 0 4 e H K e  C O ~ ~ I T U ~ ~ .  B 3TOM e M y  I IOMOraJ IU  U 0 6 ~ 1 r i p ~ ~ e  
~ H ~ H U R  no @unoco@su, UCTOPUU N n a T e p a T y p e .  CTOHT c K a -  

3 a T b  AJIR n O H U M a H U R  M U P O B 0 3 3 p e H U R  B J I a ~ k i ~ k i p a  M s a ~ o s U s a ,  9 T O  
OH C T a B U n  ~ ~ O C T O ~ B C K O ~ O  BMIlIe ,  9 e M  nb~a Tonc~oro,  9 T O  T W T ~ ~ B  
6b1n eMq'  6nwxe ~ Y U I K U H ~  (XOTR, KOHeYHO, OH O T A a B a J  A O n X H O e  
n 0 3 T U 9 e C K O M Y  r e H U l O  ~ Y L L I K N H ~ ) ,  9 T O  B K J a A  I < a p a ~ 3 U H a  B P a 3 B H -  
T U e  KYJIbTYpbI  POCCUU OH C 9 U T a J I  6onee 3 H a 9 U M b I M ,  9 e M  BKJIaA  

K a ~ e ~ n ~ a  u r I a a ~ a e s a .  
n o  ayxy B n a n u ~ U p  M B ~ H O B H ~  6b1n n p o c s e ~ a ~ e n e ~ - r y ~ a ~ u -  

CTOM, HeCIl IUM JIIOARM C B e T  U TenJ IO ,  H Y X H b I e  KBXAOMY,  O C O ~ ~ H H O  
B T P Y A H b I e  MOMeHTbI  X H 3 H U .  

BO B n a n u ~ u p e  M B ~ H O B M ~ ~  yAUBUTeJ IbHbIM 0 6 p a 3 0 ~  C O q e T a -  
n U C b  6 0 n b U I a ~  9e ,?OBeqHOCTb,  MRrKOCTb  U qYTKOCTb C 3HQNKJlOne-  
A H ~ ~ C K O ~  o ~ ~ ~ ~ o B ~ H H o c T ~ I O ,  T a n a H T O M ,  n p U H ~ U n H a n b H O C T b I O ,  M y -  
X e C T B O M .  TO, K a K  OH X U n  Ei p a b o ~ a n ,  er0 H a n p a B n e H H O C T b - K a K  
M O X H O  6 0 n b ~ e  A a T b  U M e H b U I e  B ~ R T ~ - A ~ ~ ~ c T B o B ~ J I w  H a  OKPY- 
x a I o U E i x  c u n b H e e  n106b1x n p n ~ a 3 0 ~  a 6narnx ~ a c ~ a ~ n e ~ u f i .  
H a y s ~ o e  Pi H p a B C T B e H H O e  BJIURHEie B n a n l l ~ U p a  M s a ~ o s u s a  O m y -  
U a e T C R  H I IOHbIHe,  Ei JIo,Il.U, 3 H a B I U U e  er0, X P a H R T  0 H e M  CBeTJIyH) 
I I a M R T b ,  J T I I O ~ R T  er0 U IIO9HTaIOT.  



Y a c ~ b  n e p e a n  

PA60Tbl I lO  KOMnJlEKCHOMY AHAJlM3Y 

0 rPAHHIIHblX 3HAIIEHHRX QYHKUHH, 
PErYJlRPHMX BHYTPH KPYrA* 

1. ~ Y C T ~  f ( z )  - @ Y H K U U R ,  p e r y n R p H a R  B K p y r e  K (  J z J  < 1 ) .  
B C T a T b e  p2CCMaTpABaIOTCR H e K O T O p b I e  B O n p O C b I  0 C B R 3 U  

C B O ~ ~ C T B  @ Y H K U H M  f ( z )  BHYTPA K p y r a  u CBOZ~CTB ee r p a H u w i b I x  

3HaZIeHkiZi H a  O K P Y X H O C T U  C (12'1 = 1). B K a ' I e C T B e  O T I T ~ ~ B H O ~ ~  

TOZIKU MbI l l p A H M M a e M  OAAH KJIaCC @ Y H K U U ~ ,  ~ ~ C C M O T ~ ~ H H ~ I ~ ~  
a. PACCOM B ero pa6o~e  "Ueber die Randwerte analytischer 
Funktionenu (Math. Zeitschr. Bd. 18. Heft 112, 1923), u U ~ J I O X A M  
C H a s a n a  U 3 B e C T H b I e  C B O ~ ~ C T B ~  @ Y H K U U ~ ~  3 T O r 0  KJIaCCa,  H ~ o ~ x o A U -  

ubre B ~ a n b ~ e i t r u e ~ .  
6 y ~ e ~  ~ O B O P M T ~ ,  ZITO @ Y H K U M R  f ( z )  = IL (re1?) + in (rei?), pe- 

r y n g p H a R  B K p y r e  K, n p m a n n e x m  K n a c c y  Hs, 6 > 0,  ecne 
wmerpanbr 

2x 

B O 3 p a C T a I O ~ A e  B M e C T e  C r ,  OCTaIoTCR OrpaHMZIeHHbIMM I I p U  r -t 1. 
Ecnu f (2 )  n p w a n n e x u T  Ha, TO o H a  m e e T  n o w U  BCIOAY H a  C 

H e K a C a T e J I b H b I e  r p a H M Y H b I e  3 H a ' I e H M R  f (e lp) ,  U 

l im J 1 f (rei?) I s  drp = J 1 f (el?) I s  drp, 
r-+ l  M M 

( 1 )  

* Sur les valeurs lirnites des fonctions r6guliPre.s i l'intkrieur d'un cerc1e.- 
X y p ~ .  nesw~rp.  @ U ~ . - M ~ T .  o-aa, t.11, fasc 2, 1928, p. 22-37. 
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- 
I'Ae a,, - YUCJIO, K O M n J I e K C H O - C O n P R X e H H O e  C a,, K O T O P y l O  MbI 

~ Y A ~ M  Ha3bIBii .Tb # Y H K Y U ~ ~  E A R U K ~ ,  0 6 J I a ~ a e ~  C B O ~ C T B ~ M U :  

( b (2)  1 < 1 B T O q K a X  K p y r a  K U b (2 )  U M e e T  IIOqTM B e 3 A e  H a  C 
n p e A e J I b H b 1 e  3 H a q e H M R ,  P a B H b I e  no MOAyJ I lO  e A U H M U e .  MCXOAHYKI 
@ ~ H K U U K I  f ( z )  M O X H O  3 a n u c a ~ b  B B u A e  

rne g H e  0 6 p a u a e ~ c ~  B H y n b  B K u T a K x e  n p u H a A n e x u T  Hs. 
STY n p O U e A y p y ,  n p u B o n R u y t 0  K @ 0 p ~ y J I e  (4 ) ,  ~ Y A ~ M  H a 3 b I B a T b  
B b r A e n e t i u e M  @ Y H K U M U  6 J I R L U K e  @ Y H K U U U  f (2) .  Ecnu f (2)  u M e e T  

K O H e q H O e  M H O X e C T B O  H y J I e a ,  n p O U 3 B e A e H H e  (3)  T a K X e  6 y n e ~  
KOHeYHbIM.  

Ecnu (PYHKUMR f (2)  n P M H a A J I e X U T  K J I a C C y  Hi, T O  M3 (POPMY- 
JIbI (2) C J I e A y e T ,  YTO O H a  n p e A C T a B M M a  CBOMMU M H T e r p a J I O M  

Kourn 

2. MSJIOXUM T e n e p b  & B e  T e O p e M b I ,  K O T O P b I e  I IPeACTaBJIRlOTCR 

H a M  B a X H b I M U  AJIR T e O P U U  @ Y H K U M ~ ~ .  
Teope~a 1.  Ecnu f ( z )  npunadnexum nercomopoxy rcnaccy 

Hs (6 > 0)  u ecnu gtiynrcyun ( f (el?) I A ,  zde h > 6, cyxxupyexa, 
mo f ( z )  npunadnexum rcnaccy HA.  

Bb1&eJIRR @YHKUMIO ~ J I F I U I K ~ ,  3 a n u u r e ~  @OPMYJIY (4) .  @ Y H K -  
U U R  ( g (el?) IA, O Y e B U A H O ,  C y M M M p y e M a ,  U AOCTaTOYHO A O K a 3 a T b ,  

YTO g (2 )  n P W H a A n e X U T  KJIaCCY HA. T ~ K U M  o 6 p a 3 0 ~ ,  A O K a 3 b I B a R  

T e O p e M y ,  MbI M O X e M  CYUTaTb ,  YTO f (2)  H e  0 6 p a u a e ~ c R  B H y J I b  

B K p y r e  K. ~ ~ M ~ H R R  T e n e p b  f (2)  H a  [f (z)]lls,  BUAUM, YTO A o c T a -  

TOYHO P a c c M o T p e T b  c n y ~ a B  6 = 1, h > 1. Aanee, ecnu f (2)  npn- 
H a A J I e X U T  TO U M e e T  MeCTO @ 0 p ~ y J I a  (6) U r a p M O H U Y e C K U e  

@ Y H K U M A  u (reie),  v ( r e f0 )  n p e n c T a s u M b r  u H T e r p a n a M n  nyacco~a .  



~ P W M ~ H R R  K 3 T A M  H H T e r p a A a M  U3BeCTHOe  H e p a B e H C T B O  r e n b a e p a ,  

nony q a e ~  

o T K y A a  u c n e A y e T ,  YTO f ( z )  n p m a a n e x m  maccy HA. 
Teope~a 2. Ecnu f ( z )  e b ~ p a x a e m c ~  urcmezpano,+t muna 

Kotuu 

om rcetcomopoli cy~atupyeatoli #yrctcyuu 9 (el?) unu u ~ m e z p a n o ~  
muna Kotuu -Crnunmbeca 

2z 

om rcetcomopoli #yrctcyuu ozparcultercrcoli eapuayuu F, n ~ o  f (2). 

npurcadnexum tcnaccaat H6 npu ecex 6 < 1.  
O ~ ~ ~ T U M C R  K @ Y H K U M R M ,  n p e a C T a B M M b I M  @ O P M Y J ~ O ~ ~  (7). O q e -  

BMAHO, YTO AOCTaTOqHO P a C C M O T P e T b  c n y q a f i ,  K O r A a  (el?) e C T b .  

B e J U e C T B e H H a R  CYMMMPYeMaR @ Y H K U M R ,  T a K a R ,  9 T O  (J (eiv)>,m>O, 
I'Ae m - H e K O T O p O e  YMCAO. C O O T B ~ T C T B ~ I O J U ~ R  @ Y H K I ~ N R  U (rei?) 
n p e n c T a B n R e T c n  u H T e r p a A o M  ny;ccoea, w ~ O ~ T O M Y  u (rei'f)>m>O. 
O T C W A ~  C J l e A Y e T ,  YTO f (2 )  O T n M q H a  O T  H Y n R  B K P Y r e  K U 4TO. 
u H T e r p a n b I  

2% 

J' I u (rei?) l dy 
0 

(9). ' 

OCTafOTCR OI'PaHUYeHHblMM I lpM r -t 1 .  Ha CaMOM AeJle, B pat- 
CMaTpMBaeMOM C J l y q a e  3TM M H T e r p a J l b I  H e  3aBMCRT O T  f W p a B H b 1  
2'Ku (0).  O C T ~ ~ T C R  JlMUrb A O K a 3 a T b ,  YTO n p M  0 < 6 < 1 O r p a H M Y e -  

H ~ I  u H T e r p a n b 1  

2 x  

J' I v (rei?) l 6  dy. 
0 

(10)~ 

PZCCMOT~MM M O A y i l b  R (reiv) M a p r y M e H T  @ (rei?) @ ~ H K U M U  f (2) .  
MOXHO CqMTaTb ,  YTO -n/2 < @ (rei?) < 7~12. Tenepb O ~ P ~ T U M C R  
K (PYHKUMM 



~ 0 ~ s l ~ e f i  KOHCTaHTe  k Cf lP3BeAJIHBO H e P a B e H C T B O  COS 8CD > k > 0. 
M 3  H e r o  c n e A y e T ,   TO 

I v (re") I' ,< R8 ( I l k )  up (rely), 

H H H T e r p a J I b I  ( lo ) ,  O q e B H A H O ,  OCTa loTCR B C e  B P e M R  M e H b U I e ,  ZIeM 

(2zlk) up ( O ) ,  q T 0  H ~ p e 6 0 ~ a J I o c b  A O K a 3 a T b .  
B C J I y q a e  @ 0 p ~ y J I b 1  (8)  H Y X H O  OTAeJ IHTb  B e U e C T B e H H y I O  H 

MHMMYIO q a C T H  @ Y H K ~ U H  F H n p e A C T a B H T b  HX K a K  P33HOCTM B 0 3 -  

p a c T a l o q u x  @YHKUUR.  QYHKUHSI u(reiy) ~ Y A ~ T  c H o s a  nonoxttu- 
T ~ J I ~ H O B ,  H H T e r p a J I b I  (9) OCTaHYTCR O r p a H H Z I e H H b l M H  H A O K a 3 a -  

TeJ IbCTBO,  H3J IO)KeHHOe  BbIUIe ,  COXP3HHTCR.  

3. O T M ~ T H M  T e n e p b  H e K O T O p b I e  H e n O C p e A C T B e H H b I e  CJIeACTBMR 

A O K a 3 a H H b I X  T e O p e M .  
1 .  Ecnu f ( z )  npedcmaeuua utimezpano,u muna Kouu unu 

muna Kouu-Cmunmbeca u ecnu ee zpatiurtiue stiaretiu~ cyu- 
wupyeubl, mo otia npedcmaeuua ceouu utimezpanou Kouu 
(960puyna (5)). 

O ~ c l o ~ a ,  C p e A H  n p O ' i e r 0 ,  C J I e A y e T ,  q T 0  eCJIM f (2)  I I P e A C T a B H M a  

CBOHM H H T e r p a n o M  KOLIIH, TO o H a  n p m a A n e x u T  H, H n p e n c T a B H M a  
H H T e r p a J I O M  ~ Y ~ C C O H ~ * .  

2. Ecnu p ~ d ,  conp~xennuli tieKornopouy p ~ d y  @ypbe --J7e- 
6eza, tie ecmb p ~ d  @ypbe--Jebeza, mo ezo 0606qentia~ cyuhta 
~ e n ~ e m c ~  @ytitcqueli, tiecyuuupyewori 8 cuuc~te J7e6eza. MU 
H a 3 b I B a e M  PR.Qb1 @ y p b e  CYMMMPYeMbIX @ Y H K U U ~  P R A a M H  @ y p b e -  

Je6era. 
M H T ~ ~ P H P Y R  no q a C T H M  B @ o p ~ y J I e  (8)  H Y q H T b I B a R  C y U e -  

C T B O B a H H e  r p a H H ' i H b I X  3 ~ a q e ~ k i i  f (el?), H e M e A J I e H H O  n p H X 0 A M M  

K M3BeCTHOMY p e 3 y J I b ~ a ~ y * * :  pRd, n o ~ y r ~ e t i t i ~ ~  nOltAt?titi~hf d ~ # -  
g5epetiqupoeatiuew pnda @ypbe giyn~quu ~zpatiure~tioli eapua- 
quu, matc x e  tcaK u conpfzxetitib~li pnd, cyuuupyeuu uemo- 

* dou l7yaccotia. 
O T M ~ T U M  eUe OAHO O ~ C T O R T ~ J I ~ C T B O ,  C B R 3 a H H O e  C T ~ O P ~ M O ~ ~  

2. 3 ~ a  T e O p e M a  Y T B e p X A a e T ,  q T 0  H 3  @OPMYJI ( 7 )  H (8) C J I e A y e T  

I I p U H a A J I e X H O C T b  @ Y H K ~ M M  f (2)  B C e M  KJIaCCaM Ha, 8 < 1 .  0 6 p a ~ -  
H o e ,  O A H a K O ,  H e B e p H O ,  K a K  n O K a 3 b I B a e T  c J I e . Q y i O ~ H f l  I I p U M e p :  

3 ~ a  -@J'HKUUR I l P W H a A J I e X M T  BCeM KJIaCCdM Ha 8 < 1, HO O H a  H e  

I I p e A C T a B H M a  @ o ~ M ~ J I ~ M H  ( 7 )  HJIH (8 ) ,  T a K  K a K  ee K O ~ @ @ H U N ~ H T ~ I  
M a ~ J I o p e ~ a  H e  O r P a H M q e H b I .  

* 3 r o  y r e e p x 4 e ~ ~ e  nonyseHo r. C w x ~ e ~ r o n b u e ~  c I I O M O U ~ K )  reopeMM 
enHHcrBeHHocTn A ~ R  aHanuTnqecKux @ Y H K U H ~  (Fundarnenta Mathematlcae, 
t. 13, 1929). 

** A. M. l lnec~ep.  Theorie der konjugierten trigonometrischen Reihen. 
Giessen, 1923. 



4. C ~ e n a e M  HeCKOnbKO AOnOJIHMTeJIbHbIX 3 a M e s a H k i f i  0 @ Y H K -  
u u ~ x  f (z), n p e A c T a e u M H x  u H T e r p a n a M u  T u n a  Koruw (7). 3anw- 
U e M  (7) B BUAe 

2x 

r A e  @ ~ H K U M H  7Cl (y), 7C2 ((P) B e U e C T B e H H b I  H CYMMHPYeMbI.  B B ~ A ~ M  
T e n e p b  HOBOe IIOHRTUe, KOTOpOe n o T p e 6 y e T c ~  HaM BnOCJIenCTBUH. 

~ Y C T ~  ((f) - B e W e C T B e H H a R  CYMMUPYeMaFI @ Y H K ~ M R  H a  H H T e P -  
B a n e  (0,27C). Ecnu T ~ u ~ O H O M ~ T ~ U ~ ~ C K H ~ ~  P R A ,  C O ~ ~ R > K ~ H H ~ I ~ ~  C P R -  

A o M  @ y p b e  3 T O h  @ Y H K U U U ,  CHOBa RBnReTCR PRAOM @ y p b e  C y M -  

M k i p y e M o f i  @ ~ H K ~ U U ,  TO MbI O ~ O ~ H ~ ~ U M  3 T y  nOCneAHlOlO CMMBOnOM 

r(cp) H ~ Y A ~ M  rOBOpMTb,  9 T O  @ Y H K U U R  h (y) H M e e T  C O n P R X e H H Y I O  

@YHKUUIO r((P). O T M ~ T U M  A B a  OqeBHAHbIX @aKTa .  Y T O ~ ~ I  UHTeT- 
pan T u n a  Koue 

2x 

I l p e A C T a B n R n  T O X A ~ C T B ~ H H ~ I ~ ~  H y n b  B K p y r e  K, H ~ O ~ X O , ~ U M O  

H AOCTaTOqHO, q ~ 0 6 b 1  p ((f) 6 b 1 n a  @ Y H K U U ~ ~ ~ ,  C O ~ ~ R X ~ H H O ~ ~  C ((f), 
U ' I T O ~ M  PRAbI @ y p b e  3TUX @ ~ H K U U W  H e  C o A e p X a n u  C B O ~ O A H ~ I X  
W E H O B .  K p o ~ e  T O r O ,  e C n H  U M e e T  MeCTO @ 0 p M y J I a  (ll), T O  @YHK- 
UUR f (z). B TOM u T o n b K o  B TOM c n y q a e  n p e n c T a e u M a  CBOUM 
u H T e r p a n o M  Koruw ( @ o p ~ y n a  (5)), K o r n a  ((P) a x2 (cp) o6na- 
AaIOT C O n P R X e H H b I M H  @ Y H K ~ H R M H .  

O ~ ~ ~ T H M C R  CHOBa K @ Y H K ~ H R M  f (z), I lpeACTaBHMblM @OPMY- 
noR (11). Ecnu BBeCTH ~ ~ C O J I I O T H O  H e I l p e P b l B H Y I O  (PYHKUHH) 

rne o, (cp) H 02(y) C Y T ~  ~ ~ C O J I I O T H O  H e n p e p b I B H b I e  nepuonusec- 
K u e  @ Y H K U W H .  

P ~ C C M O T ~ U M  n e p ~ 0 0 6 p a 3 H y H )  (PYHKUMM f (2): 



O ~ ~ B H ~ ~ H O ,  q T O  3 T a  @ Y H K U N R  T a K X e  n P e A C T a B M M a  CBONM M H T e r -  

P a J I O M  KOLUN, T a K  K a K  ~ ~ c o J I I O T H O  H e n p e p b I B H b I e  @ Y H K U N M  m i  ((9) 
N ma (cp) O ~ J I ~ A ~ I O T  C O ~ P H X ~ H H ~ I M M * ;  O A H a K O  @YHKUWH mi ((9) f 
f i m 2  (y), ~ o o 6 w e  r O B O p R ,  O T J l H q H a  O T  r P a H M q H b I X  3 H a q e H N f i  
F(ei'+). Bce xe  B n 1 0 6 o ~  c n y q a e  M M e e T  M e C T O  @ o p ~ y n a  

T. e. cy~qecmsyem marcag s e ~ q e c m s e ~ ~ a ~  cyuuupyeuas #y~rc- 
~ U R  a (cp), 06nadaro1qa~ c o n p ~ x e ~ ~ o i i  #y~rcqueri a(?), vmo 
# Y H ~ Y U R  

a6conrom~o ~enpepb l s~a  u nepuoduwa. Jlezrco sudemb, vmo 
amo ycnosue He monbrco geo6xoduu0, 80 u docmamowo dns  
mozo, v m o 6 ~  # y ~ r c q u ~  f (z) npedcmasn~nacb ugmezpanou mu- 
na Koruu. 

~ ~ M ~ T H M ,  YTO ~ ~ C O A I O T H ~ R  H e I l p e p b I B H O C T b  CaMMX r P a H N q H b I X  
3 H a q e H N f i  e C T b  H ~ O ~ X O A M M O ~  yCJ IOBMe n p e A C T a B M M O C T N  @YHKUMW 
f ( z )  CBONM W H T e r p a n o M  KOLUM ( @ o p ~ y ~ l a  (5))**. P a c c ~ o ~ p w ~  
npmiep @ Y H K U N M  f (z), AJIR K O T O P O ~ ~  N M e e T  M e m o  n p e A c T a e n e -  
me  ( l l ) ,  a H e  (5): 

f (z) = 2 (zn/logn)***. 
n=2 

cos  ncp + isin ncp 
n l o g  (n-1) ' 

* J I e r ~ o  p . o ~ a 3 a ~ b ,   TO F ( z )  npUHap.nexUT Bceu Knaccau H a ,  6 > 0. 
** F. & M. Riesz, IV Congr. Des Math. Scandin. i Stockholm, 1916. 

*** CM. r. $ U X T ~ H ~ O ~ ~ U ,  UUT. CO'I. 



~- 
sin 21p I 
21og3 

n=3 

+ log :n+l) 11. 
5. YCT~HOBMM @ o p ~ y n y ,  KoTopaR naeT napaMeTpMrlecKoe npen- 

cTaeneHMe n p o ~ 3 ~ o n b ~ o f i  p e r y n ~ p ~ o f i  @ Y H K U M M ,  n p u ~ a n n e x a q e f i  
K ~ K O M Y - H U ~ Y A ~  Knaccy Ha, 8 > 0. C ~ a q a n a  cnenaeM OAHO npen- 
BapmenbHoe s a ~ e s a ~ u e .  I l o n b ~ y ~ c b  ~ e o p e ~ o f i  r a p ~ a ~ a  o ~ 0 3 -  
PaCTalOuUX nOCJ'IeAOBaTeJ'IbHOCTRX raPMOHM'leCKMX @yHKLI.Ufi U 

~ e o p e ~ o f i  raycca o cpenHux 3 ~ a s e ~ u ~ x  ( ~ ~ ~ M O H M ~ ~ C K U X  x e  
@YHKUUW), nerrco n o ~ a 3 a ~ b ,   TO QYHKQMR f (2) npuHannexuT 
Knaccy Ha B TOM u TonbKo B TOM cnyqae, Korna ~ a f i n e ~ c ~  rap- 
MOHMYeCKaR @ Y H K ~ M R  B KPYR K, Ma)KOPkiPYIO~aR B KaX~0f i  
TOqKe @ Y H K ~ U I O  1 f (2) 1'. O T C I O A ~  HeMeAJleHHO CJIeAyeT, q T 0  npH 
KOH@OPMHOM O T O ~ P ~ X ~ H H U  Kpyra K Ha c e 6 ~  @ Y H K Q M U  Knacca 
Ha n p e o 6 p a s y m ~ c ~  B @ Y H K ~ M U  T O ~ O  x e  Knacca. 

n e p e f i n e ~  Tenepb K Bonpocy 06 aHanuTMqecKux npenc-rasne- 
H U R X  nOJ'IOXUTeJlbHbIX @ Y H K U U ~ ~ .  MSB~CTHO, ZlTO eCAU f (2) npu- 
HannexuT Knaccy Ha, TO (PYHKUUW ( f (e l? )  l a  u log  1 f(e1?:l 1 CYM-  
MUpyeMbI*. O ~ P ~ T H O ,  eCAH p (y)  >, 0 U eCAH @ Y H K U M U  p (y)' U 

lOgp(y)  CYMMMPYeMbI, TO CYqeCTBYeT ~ ~ C K O H ~ ~ H O ~  MHOXeCTBO 
@ y ~ ~ q u f i  Knacca Ha, rlbu rpaHuqHbIe S H ~ ~ ~ H M R  no Monynm c o m a -  
AaIoT nO.ITM Be3ne C p ('f), M CpeAki H U X  CYqeCTBYeT OAHa, 6 0 ~ b -  
LUaR no MOAyJIO BCeX OCTanbHbIX BHYTPM KPYra K. ( M ~ I  CqMTaeM 
HeCyqeCTBeHHbIM YMHOXeHUe @ Y H K U M M  Ha KOHCTaHTY, PaBHyIO no 
Monynm e n u ~ u q e . )  Szegij B cTaTbe ,,Ueber die Randwerte der  
analytischen Funktionenu (Math. Ann., Bd 84, Heft3/4, 1921) 
HaLUeJI BUA 3~0fi M ~ K C M M ~ J I ~ H O ~ ~  ( P Y H K ~ M I I  C nOMOU~bI0 TeOPMM 
~ennuqesblx  @OPM. Mbi CAenaeM  TO 6e3 I.rcnonbsosaHm nocnen- 
H U X  U AaAUM 0 6 ~ ) ' ~ )  @OPMYAY AJIR BCeX YnOMRHYTbIX BbILUe 
@ y ~ ~ q u f i ,  npuHannexaqHx Knaccy Ha. 

P~CCMOTPUM CHaqaJIa r l a ~ ~ ~ b l f i  ~Jlyqafi  8 = 1 H p (cp) 1. Ecnu 
@YHKUMR f (2) npkiHaAJIeXUT Hi U e e  rpaHHrlHbIe 3HaqeHUR PaBHbI 

2 x  

* F. Riesz. Acta Hungarica Universlt. Francisco-Joseph, t. I, fasc. 11, 
1922123. 



H a  ce6a, nepeaonauee B H y n b  H a n e p e A  s a n a ~ ~ y r o  T O ~ K ~  ~ p y -  
ra, U H a n O M H U B ,  q T O  @ Y H K U U R  f (2)  n p U  T a K O M  I I p e 0 6 p a 3 0 ~ a H H U  
OCTaeTCR B K n a c c e  Hi, I I O n y q U M  If (2 )  1 ,< 1 BCKIAY B K. 6onee 
TOTO, J I e r K O  B U A e T b ,  q T O  P a B e H C T B O  3 A e C b  H e B 0 3 M O X H 0 ,  H e  CqU-  
T a a  cnyqaa, K o r A a  f (el?) n o q T u  B C I O A ~  p a m a  ~ e ~ o ~ o p o f i  noc- 
T O H H H O ~ ~ .  B n o c n e A H e M  cnyqae @YHKUUR f ( z )  n p e A c T a B u M a ,  KO- 
H e q H o ,  CBOUM u H T e r p a n o M  KOLLIU, c ~ o ~ a u u ~ c a  K TOB xe  noc- 
T O R H H O W .  

~ Y C T ~  T e n e p b  6 = 1 U p ('f) >, m  > 0. A O K ~ X ~ M ,  9 T O  UCKOMaR 
MaKCUMaJIbHaH @ Y H K ~ U R  M M e e T  B U A  

O ~ ~ B U A H O ,   TO D  ( z )  n p u H a A n e x u T  K n a c c y  Hi. 3 a ~ e s a a ,  
q T O  @YHKUHR 1/p ((P) C y M M U p y e M a ,  U UCIIOJIb3yf l  H e p a B e H C T B O  

M e ~ c e ~ a ,  n o n y q a e M ,   TO 

2x 2x 

T. e.  TO D-'(2) T a K x e  n p u H a A n e x u T  K n a c c y  HI. ~ ~ M ~ T U M ,  ~ p o -  
M e  TOTO, T TO ecnu (PYHKUUR f ( z )  u M e e T  H y n u  B K p y r e  K, TO, B ~ I -  
nenaa @ Y H K U U I O  6 n a m ~ e  b ( z )  no @ o p ~ y n e  (4), n o n y q u M  @YHK- 
UUIO g (Z), U M e I O u y I O  n O q T M  BCIOAY r P a H M q H b l e  3 H a q e H U R ,  p a B -  
H b I e  MOAYJIIO If (el?) 1, HO B K p y r e  K 66nbruy10 no M O A y n I O ,  
q e M  (f (2)  1. ~ O ~ T O M Y  n p U  OTbICKaHUU M ~ K C A M ~ ~ ~ H O ~ ~  @ Y H K U U U  
f (2 )  M O X H O  C q U T a T b ,  9 T O  O H a  H e  0 6 p a r r l a e ~ c ~  B H y J b  B K P Y r e  K. 
OYHKUUH l / f ( z )  D-I ( z )  T a K x e  n p u H a A n e x u T  HI u u M e e T  rpa- 
H U q H b I e  3 H a q e H U R ,  n O q T U  BCIOAY P a B H b I e  no M O A y n I O  e A U H U U e .  
M 3  n p e ~ b ~ ~ y u e r o  c n e A y e T ,   TO If ( z )  1 ,< ( D  ( z )  1; 6onee T o r o ,  
P a B e H C T B O  M O X e T  U M e T b  MeCTO n U U I b  B C n y q a e  f (Z)=cD(Z), 
I C ( = 1. c J I e ~ O ~ a ~ e n b H 0 ,  D  ( z )  U R B n R e T C H  ( ~ A U H C T B ~ H H O ~ ~ )  MaK- 

~ U ~ a n b H O f i  @ y H K I l U e f i .  C O X P ~ H R R  Y C n O B U e  6 =  1, P a C C M O T p u M  
T e n e p b  06uuB cny9afi ~ e 0 ~ p k i I l a ~ e n b H O f i  C Y M M U P Y ~ M O ~  @YHKUUU 
p ('f) C C Y M M U p Y e M b I M  l0gp ('f). B B ~ A ~ M  B C n O M O r a T e n b H b I e  @YHK- 

U u U  pm ('f), P a B H b I e  p ('f) n p U  U ('f)>,m M P a B H b l e  m n P U  P ( ~ ) < m .  
n o n o x u ~  

2% 



H e  n P e B O C X O A R ~ I l e  nO'lTM B C m A y  no M O A y J I m  eAMHMUb1. K ~ K  
H B cnyqae p (cq)  = 1, s a ~ n m s a e ~ ,  l r ~ o  

rne z = reie. n e p e x o n ~  K npeAeny npu rn -+ 0, n o n y s a e M  n n R  

@YHKUUII  (12) 

O C T ~ ~ T C R  P a C C M O T p e T b  AULUb B O n p O C  0 3 H a K e  P a B e H C T B a  B 3TOM 
H e p a B e H c r s e .  Ho l r a c T H o e  f (z)/D(z) o r p a H u l r e H o  u n p u H a n n e x u r  

H I ,  M, K a K  YXe 6 b 1 n 0  n O K a 3 a H 0 ,  P a B e H C T B O  M O X e T  M M e T b  MeCTO 
n u r u b  B cnyqae f(z) = cD(z), 1 c ( = 1. 

0 6 ~ u B  B u n  @ Y H K U I I W ,  N M e I O q U X  3 a ~ a H H b l f i  M O A Y n b  r p a H H s -  
HbIX 3 H a q e H k i W  p ( ~ ) ,  M O X H O  A a T b  B B U A e  I IPOI13BeAeHNR T p e X  

@YHKUUR 

I 1 -r2 
log 1 a ('1 I = J 1 - 2r cor ( x  - e) + r2 dl;, (4 

0 



ÿ TO I I 0 3 B O J I R e T  3 a K J I I O q U T b ,  9 T O  J I I O ~ ~ R  (PYHKUHR KJIaCCa 
U M e e T  BMA (13); He3aBUCUMbIMU I I a p a M e T p a M k i  ~ a K 0 f i  (PYHKUMU 
RBJIRIOTCR: 1 )  ( P Y H K ~ U R  P ( x ) ,  B X O A R q a R  B (POPMYJIY (12); 2 )  H y -  
nu a,, a,, . . . , no K O T O P ~ I M  CTPOUTCR (PYHKUWR b ( z ) ;  3 )  (PYHKUUR 
$ ( x ) ,  B X O A R I U a R  B (POPMYJIY (14).  

c ( P 0 p ~ y J I U p y e ~  ewe pa3 T P ~ ~ O B ~ H H R ,  KOTOPbIM AOJIXHbI  YAO- 

B J I e T B O P R T b  3TM I l a p a M e T p b I :  1 )  ( P Y H K ~ M R  P ( x )  H e O T P M U a T e J I L H a ,  

@ Y H K U U W  P ( x )  U l0gp ( X )  CYMMWPYeMbl ;  2)  M H O X e C T B O  ~ y J I e f i  a, 
K O H e 9 H O  UJIU ~ ~ C K O H ~ ~ H O ,  IIpMZIeM B n O C J I e A H e M  C J I y 9 a e  n p O U 3 -  

m 

B e n e H W e  ll ak CXOAMTCR; 3 )  ( P Y H K ~ M R  $ ( x )  y 6 b l ~ a e ~  u u M e e T  
k=l  

n O 9 T H  BCIOAy  n P O U 3 B O A H Y I O ,  P a B H Y K )  HYJIIO. ~ ~ P ~ M ~ T P M ~ ~ C K O ~  
n p e A c T a s n e H u e  ( P Y H K U W ~ ~  K J I a c c a  Ha T a K o e  xe;  e n m c T B e H H o e  OT- 
J I U 9 M e  B TOM,  9 T O  ~ p e 6 0 ~ a ~ M e  CYMMMPYeMOCTU ( P ~ H K ~ U M  P ( x )  
3 a M e H R e T C R  T ~ ~ ~ O B ~ H U ~ M  CYMMUPYeMOCTM [ p  (x)] '  . 

6 .  H a f i n e ~ ~ o e  n a p a M e T p w s e c K o e  n p e A c T a m e H u e  ( P Y H K U W ~ ~  K n a c -  

COB Ha T e C H O  C B R 3 a H O  C BOnPOCOM 06 a H a J I O r U 9 H O M  I I p e A C T a B J I e -  
HUM ( P Y H K ~ w ~ ~ ,  P e r Y J I R P H b I X  B K p y r e  K U TaKMX,  9 T O  M H T e r p a J I b I  

OCTaIOTCR O r p a H U 9 e H H b I M U  n p M  r + 1 ;  3 n e C b  CMMBOJI logf a 0 3 H a -  

9 a e T  log a n p U  a >, 1 U H y J l b  n p M  a < 1 .  H ~ ~ o B ~ M  M H O X e C T B O  
TaKMX ( P Y H K ~ u ~ ~  KJIaCCOM ( A ) .  M ~ B ~ C T H O ,  9 T O  eCJIU (PYHKUUR f ( z )  
KJIaCCa  ( A )  M M e e T  ~ ~ C K O H ~ ~ H O  M H O r O  ~ y J I e f i  a,, a2, . . . , T O  6ec- 

-- 
K O H e 9 H O e  I I p O U 3 B e A e H U e  n ( a n  I CXOAUTCR*, T a K  9 T O  M O X H O  B b I A e -  

n= l  
J I U T b  ( P Y H K ~ M I O  6 J I R L U K e  U H a n M C a T b  (POPMYJIY (4) .  

J e r K 0  n p O B e p M T b ,  9 T O  O r p a H M 9 e H H O C T . b  U H T e r p a J I O B  (15) 3KBW- 

B a J I e H T H a  a H a J I O r M 9 H O M y  YCJIOBUIO AJIR M H T e r p a J I O B '  

4 1 log If (re") I I dY. 
0 

O T C I O ~ ~  H e M e A J I e H H O  C J I e A y e T ,  9 T O  eCJIM f ( z )  n P U H a A J I e X M T  KJIaC- 

cy ( A ) ,  TO w (PYHKUWR g ( ~ )  n 3  ( P O P M ~ J I ~ I  ( 4 )  0 6 n a ~ a e ~  ~ T U M  
2 x  

* A. Ostrowski. Acta Hungarica Universit. Francisco-Joseph, t. I, fasc. 11, 
1922123. 



1 - ra u (rei?) = - L S 1 - 2r cor ( ip  - x )  + r l  dm (4 

r f l e  O (X) - B e w e C T B e H H a R  @YHKIJ.MR ~ r p a ~ k i ' i e ~ ~ ~ f i  BapUaUMM. 
0 6 p a ~ ~ 0 ,  ecnM g (2) s a n a ~ a  @ o p ~ y n o B  (16), TO g (2) u f (2) npM- 
H a n n e x a T  K n a c c y  (A), T a K   TO n a p a M e T p u 9 e c K o e  npenc-rasneme 
@YHKUNB K n a c c a  (A) n a e T c R  @ o p ~ y n o f i  

2x 

Torna @ o p ~ y n a  (17) n p e s p a T M T c R  B n p e n c T a B n e H M e  

rne (PYHKUMM 
2 x  

H e  IIpeBOCXOflRT IIO MOflyJIH, eAMHMUbI I.I f2(2) H e  0 6 p a I U a e ~ ~ R  
B H Y n b  B K P Y R  I(. O ~ ~ ~ T H O ,  eCnM f (2) M O X e T  6 b 1 ~ b  n P e f l C T a B -  
A e H a  KaK OTHOLUeHIle (19) @ Y H K ~ M ~  fl(2) M f2(2) C OTMeYeHHbIMM 
BbIIIIe C B O ~ ~ C T B ~ M M ,  TO H e T P Y n H O  BMAeTb,  YTO f (2) I IPMHaflJIeXMT 
KJIaCCy (A). C J I ~ ~ O B ~ T ~ J I ~ H O ,  H ~ O ~ X O ~ H M ~ I  M M AOCTaTO'iHbIM YC- 
noBMeM n p u H a n n e x H o c T M  @YHKUMI.I f (2) K n a c c y  (A) R s n R e T c R  
B03MOXHOCTb IIpeACTaBJIeHMR (19) C -YKa3aHHbIM M C B O ~ ~ C T B ~ M H  



@ Y H K U N ~ ~  fi(z) M f2(z).   TO - ~ B ~ C T H ~ R  TeopeMa f. & R. Nevan- 
linna (Acta Soc. Sc. Fennicae, t. 4, 1922, pp. 1-46)*. 

3aKa~9MBaR, OTMeTMM, 9TO @ Y H K ~ M R  0rpaHM9eHH0fi BapMauNU 
MOXeT 6 b l ~ b  npeACTaBAeHa B BMAe (18) ~ ~ C K O H ~ ~ H O  MHOrUMM 
cnoco6a~u .  Ecnn M b I  B03bMeM (PYHKUMIO w2(X), paBHylO n0~1~0f i  
sapuaunu (PYHKUNM O(X) Ha npoMexyTKe (0, x ) ,  TO @ Y H K U M R  f2(z) 
M 3  @0p~yJIb1 (1.9) ~ Y A ~ T  M ~ K C U N U A ~ H O ~ ?  no MOAyJllO BHyTPM 
Kpyra K. 

7. M C T ~ O J I ~ ~ Y R  pe3ynb~a~b1 npenbInyqero naparpa@a, nerKo 
AOKa3aTb CAeAylOqylO TeOpeMy, yKa3aHHylO ~ N ~ M ~ H A O M  B e r0  
cTaTbe .Sur les fonctions conjugu6esu (Fundamenta Mathemati- 
cae, t. XIII, 1929). 

~ Y C T ~  +(x) - nOJlOXMTeJIbHaR @ Y H K ~ M R  TaKaR, 9TO ~(x)/x+$- 
+ npH X-+ + GO. Ecnn 3Ha9eHMR f (el?) H ~ K O T O P O ~ ~  ~ o J I o M o ~ @ -  
H 0 f i  npll 1 Z 1 < 1 @YHKIJ.NM f (2) MHTerPNPYeMbI CO CTeneHblO 
6 > 0 N ecnu, KpoMe Toro, NHTerpanbr 

2% 

J q (logt If (re'?) I ) dY 
0 

TaKXe OCTalOTCR OI'PaHN9eHHbIMM. 
M 3  ycn0BNfi TeOpeMbI HeMeAJleHHO CneAyeT, 9TO f (z) nPNHaA- 

n e x m  Knaccy ( A ) .  n p e n n o n o x u ~  cHasana,  TO 3 ~ a  @ Y H K U M R  
He 0 6 p a q a e ~ c ~  B ~ y n b  - B  Kpyre I z I < 1. T o r ~ a  

1 -r2 u (re1') = log (f (2) I = - b J 1 - Z r o r  - x )  + ra do ( 4 ,  
0 

w (x) = lim S u (re") dp. 
r-+l 

0 

* Hauru ~ H ~ J N H o T ~ K H  ee paanmaram H ~ ~ B ~ I H ~ ~ I M  w 3 n a ~ w e ~  H, K coxane- 
BHH), R Hi? HMefl B03MOXHOCTH InPO'leCTb STOT MeM'YaP, TaK 'IT0 MeTOA AOXa3a- 
'RJIbcTBa, m o n b s o ~ a a n h t k  9TMMH aBTQpaMH, < H e  He H3BeCTBH. 



0603~~1INM CNMBOJIOM U + ( ~ I ? ~ Q )  @YHK~MIO, paBHYI0 U (rei?) npH 
u (re!?) >, 0 N ~ y n m  npN u (ret?) < 0; (PYHKUMR u- (ret?) onpene- 
JIReTCR aHaJIOrN1IHO. P~CCMOTPNM @YHKUUIO 

x 

w, (x) = lirn S U+ (ret?) dp. 
r+ 1 

0 

(x) = O(X) - wI  (x) = lirn J' a- (rei?) d p  
r+l 

0 

l4 BbIneJIMM ~ ~ c o J I K ~ T H o  HenpepbIBHyIo l4 CMHrYJRPHyIO COCTaBJIRm- 
uue .  Torna @ Y H K U U R  w(x) ~ ~ ~ N U I ~ T C R  KaK c y m a  Tpex @ y ~ ~ q u W .  
~ ~ M ~ H R R  w(x) B @ o p ~ y n e  (20) 3~0i3 CYMMOW, nonygaeM 

2% 

+ dx exp 
eix - z eix - z 

dwa(x), (21) 
0 0 

rne @ Y H K U U R  w3(x) He ~ o s p a c ~ a e ~  u uMeeT nowu Bcmny npoas- 
BOnHyICl, paBHyI0 HyJIIO, a @ Y H K U M R  e8q(x) CYMMMPYeMa (no YCnO- 
B M R M  ~ e o p e ~ b l ) .  M 3  @ O P M Y J I ~ I  (21) cnenyeT, ~ I T O  f (2) npuean- 
JIeXuT KJIaCCy Ha, 1ITO U ~ p e 6 0 ~ a ~ r o c b  AOKa3aTb. 

n p e n n o n o x u ~  Tenepb,  TO f (2) uMeeT HynM, u BbrneJrMM 
@ Y H K U U H ~  6JIRIlIKe b (Z), TaK qTO 

2x 2x 

lirn J log+ 1 f (rei?) I d p  = log+ 1 g (el?) I dp.  
r-tl 

0 0 
(22) 

H nanee u3 HepaeeHcTBa I 6 (z) I < 1 ( 1 z I < 1) 

2% 2% 

lirn J log+ I g (rei?) I dy >, S log+ I g (ei?) I dy. 
r-tl 

0 0 
(23) 

0603~aqNM b,(z) n p o u 3 ~ e n e ~ u e  n e p ~ b ~ x  n c o ~ ~ o x u ~ e n e f i  npo- 
a 3 ~ e n e ~ n c l  (3). npencTaBnamuero @YHKUMIO b(z) ,  u nonoxMM 

g,(z) = f (z)lb,(z). 



O ~ ~ B M A H O ,   TO I b, (2)  ( < 1 npw 1 z I < 1 I? 'ITO I b, (rely) 1 -+1 
paBHoMepHo no p, Korna r+ 1. n o c ~ o n b ~ y  wHTerpanbI 

2 x  2 x  

lim J log+ ( gn (re") ( d p  = lim log+ 1 f (ref') Idp, 
r-1 0 

r* l  S 
0 

u nanee no $ o p ~ y n e  (22) 
2 x  * 2 x  

lim J log-k(  gn (re'?) I dp  = J log+ ( g (FeL*) (dp, 
r*1 

0 0 

npu r < 1 I?, nepexonn K npeneny, 
2 x  

log+ ( g (re") ) dm J logi g (el*) 1 dp. 
0 0 

Tenepb, wcnonbsyn cHosa ~y x e  TeopeMy ne  na Banne-nycce~a,  
M b l  BI?AI?M, 9TO $ Y H K ~ A R  g ( z ) ,  PaBHO KaK PI f (2)  = b (2)  g (z) ,  
n p m a n n e x m  Knaccy Ha. 

K TEOPHH OPTOrOHAnbHblX nOnHHOMOB 
KOMflnEKCHOrO nEPEMEHHOr0 

* Sur  la thkorie des polynomes orthogonaux ti une variable comp1exe.- 
X y p ~ .  A ~ H I I H T ~ .  @IIJ.-M~T. 0-Ba, f .  11, fast. 1, 1928, p. 155 - 179. 



rAe 1 - AJUHa KOHTYPa r, da - 3JIeMeHT AJIMHbI A Y r U  H a  r HZ- 
KOMIIAeKCHOe qMCJIO, COIIpRXeHHOe C lrUCJIOM a. 

T e o p n ~  OPTOrOHaJIbHbIX IIOJUHOMOB 6b1na IIOCTpOeHa B p a 6 o ~ e  
Szego ((Ueber orthogonale Polynome die z u  eicer gegebenen 
Kurve der komplexen Ebene gehoren)) (Math. Zeitschr. Bd. 9; 
Heft 314; 1921, p. 227). B ~ a J b ~ e i i U l e ~  3Ta p a 6 0 ~ a  YIIOMMHaeTCR 
K a K  ((Szego, 1)). B ~ e f i  SZego YCTaHaBJIUBaeT OCHOBHbIe C B O ~ ~ C T B ~  

OPTOrOHaJIbHbIX IIOJIMHOMOB, TeOpeMbI 0 pa3JIOXeHURX IIO 3TkiM 

IIOJIMHOMaM M MX CBR3b C npo6ne~oi i  K O H @ O P M H ~ I X  0 ~ 0 6 p a X e ~ ~ f i .  

UeJIblO H ~ C T O R L L I . ~ ~ ~  pa60~b1 RBJIReTCR yKa3aHkie OAHOrO HOBOrO 
MeTOAa, KOTOP~IG II03BOJIReT AOBOnbHO JIerKO AOKa3bIBaTb TeOpe- 
M ~ I  o ~ ~ ~ J I O X ~ H M R X  npM 6onee o64nxs  seM B p a 6 o ~ e  Szego, 
npeAnonoxeHMRx o pa3narae~brx @ Y H K U M R X  M KoHType F. 

2. P a c c ~ o ~ p u ~  cHasana cnysafi, Korna KpusaH, onpenenfim- 
UaR OPTOrOHaAbHbIe IIO~UHOMbI, eCTb OKPYXHOCTb C eAMHM'IHOT0 

PaAMyCa C UeHTPOM B HyJe. B 3TOM CAylrae OPTOrOHaJIbHbIe 
IIOJIMHOMbI UMelOT BMA 1, Z, Z2, . . . , Zm, .. . Ecnn @YHKUIIR f(Z), 

PeryJIRpHaR BO B H Y T P e H H O C T U  OKPYXHOCTM C, MMeeT IIOgTU BClOAY 

Ha C rpaHM1IHbIe 3Ha'leHMR f (ele) U BbIpaXaeTCR lrepe3 H N X  U H -  

TerpanoM KOUM 

~ Y A ~ M  TOBOpMTb, 'IT0 @ Y H K U M R  f (2) IIpUHaAJleXUT KJIaCCy ( H ) .  
eCJrU O H a  PerynRpHa BO BHYTPeHHOCTM C, eCAU O H a  MMeeT II'OqTM 

~ c m ~ y  H a  C y rnome rpaHusHbIe 3 ~ a s e ~ ~ ~  f (ele) u BbrpaxaeTcR 

sepes H U X  MHTerpanoM KOUM M ecnu @ Y H K U U R  1 f (ele) 1 C ~ M -  
MupyeMa. J e r ~ o  ~ o ~ a 3 a ~ b  cnenyrouym TeopeMy. 



Teope~a 1.  AAR mozo ~ m o 6 u  @ ~ H K & U R  f (2)  npunadnewa- 
na Knaccy ( H ) ,  neo6xoduuo u docmamo~no, ~ m o 6 u  cxodunc~ 

m 

p ~ d  2 1 a, 1 2. Ecnu amo ycnosue sbinonneno, mo uueem jlecmo 
s=o 

ypasnenue sau~nymocmu 
2 x  m 

'S I f  (ele) lQO = P (a ,  1 2 .  
2% L 

0 s a  

3 T a  T e O p e M a  U 3 B e C T H a ,  HO MbI A a A U M  ee A O K a 3 a T e J I b C T B 0 ,  
9 ~ 0 6 b 1  H e  3 a r P O M O X A a T b  U 3 J I O X e H U e  MHOrO9UCJIeHHbIMU CCbIJlKa- 
M U .  A O K ~ X ~ M  C H a s a n a  H ~ O ~ X O A U M O C T ~  YCJIOBUR. B B ~ A R  0 6 0 3 ~ a -  
Y e H U R  f ( z )  =u(rele)  +iv(re le) ,  f (ele) =u(e le )  + i v ( e f e ) ,  pac- 
C M O T P U M  K O ~ @ @ U ~ M ~ H T ~ I  Qj'pbe @ j ' H K q ~ f i  U (ele),  V (ele): 

x X  

1 b =- 
1 

x S u (ele) sin nOdO, co = J v (e") dB; (4) 

1 
v (ele) cos nOdO; dn = v (ele) sin nOdO. 

- X  - n  

\i  TO U n p U B O A U T  H e M e A J l e H H O  K CXOAUMOCTU P R A a  y (a ,  1 2. 
s=o 

O b p a ~ ~ o ,  ecnu  TOT n o c n e ~ ~ u a  ~ R A  us K O ~ @ @ U U U ~ H T O B  @ Y H K -  
U U U  ( 1 )  CXOAUTCR,  TO U H T e r p a A b I  



O r p a H M q e H M  P a B H O M e p H O  IIO f (0 ,< f < 1). O T C I O A ~ .  K a K  X O p O u I O  

U B B ~ C T H O ,  cnenym B c e  C B O ~ C T B ~ ,  x a p a ~ ~ e p u 3 y ~ ) q ~ e  K n a c c  (H), 
p a B H 0  K a K  N @ O P M Y ~ ~  (3)*. 

3 a M e s a H N e 1. M 3  n o ~ a s a ~ ~ o R  T e o p e M b I  cnenye-r,   TO ecnu 
f (2) npwsannexm K n a c c y  (H), a x (z) o r p a H N s e H a  N p e r y n R p H a  

BO B H y T p e H H o c T H  C, TO n p o u 3 ~ e n e ~ ~ e  f (2) x (2) T o x e  npmaane- 
X N T  (H). 

3 a M e s a H u e 2. Ecnu nse @YHKLI,UN 

n p u H a n n e x a T  K n a c c y  (H), TO, p a c c M a T p u B a R  @YHKUUIO fi (2) + + Af2 (z), J e r K O  I I O n y s M M  0 6 0 6 q e ~ ~ o e  Y p a B H e H U e  3aMKHYTOCTU 

3. P~CCMOTPHM H e K O T O p b I e  C B O ~ C T B ~  @YHKLI,uN, 0 C Y U e C T B J I R K ) -  

ueR OAHOJIUCTHOe K O H @ O P M H O ~  0 ~ 0 6 p a ~ e ~ k i e  K p y r a  /( ( 1  2 ( < 1) 
H a  0 6 J I a c ~ b  B, O r p a H N s e H H y I o  IIPOCTbIM 3aMKHYTbIM N C I I P R M J I R e -  

MbIM KOHTYPOM L. ~ T U  C B O ~ C T B ~  6 y n y ~  C Y U e C T B e H H b I M U  B A a J I b -  

H e k I l I e ~ .  ~ Y C T ~  X = cP (2) - YIIOMRHYTaR @YHKLI,NR, a Z =  7 (x) - 
ee O ~ P ~ T H ~ H ;  I I y C T b  3 H a q e H U e  X = a C O O T B e T C T B y e T  T O q K e  2 = 0. 
O T M ~ T M M  H e K O T O P b I e  N 3 B e C T H b I e  C B O ~ C T B ~  @YHKLI,MM cP (z)**. 3 T a  

@YHKLI,NR H e l l p e p b I B H a  BIIJIOTb no rPaHNLI,bI C K p y r a  K, U ee 
3 H a 9 e H M R  H a  C 06pa3y1o~ a 6 ~ 0 n l o ~ H O  H e I I p e p b I B H Y K )  @YHKLI,NIO. 

@YHKLI,NR yf  (2) U M e e T  I IOgTN BCIOAY H e K a C a T e J I b H b I e  r p a H U q H b I e  

3 H a 9 e H N R  cp'(ete), K O T O p b I e  COBI IaAaIOT CO 3 H a 9 e H M R M M  I I P O N 3 B O A -  

H O ~  Y I I O M R H Y T O ~  ~ ~ C O ~ K ) T H O  ~ e I I p e p b 1 B H O a  @YHKLI ,MN,  B b I 9 U C J I e H -  

H M M U  B n o n b  O K P ~ X H O C T B .  C o x p a ~ e ~ u e  y r n o B ,  x a p a ~ ~ e p ~ 3 y m u e e  
K O H @ O P M H ~ I ~  O T O ~ P ~ X ~ H U R ,  M M e e T  MeCTO H e  TOJ IbKO BHYTPM B 
N K, HO N IIO'ITU BCK)AY H a  K O H T Y P a X  I? N C. K ~ o M ~  T O r O ,  N 3  

O A H O ~  @ 0 p ~ y J I b 1  Y I I O M R H ~ T O ~  pa60~b1 I ~ p k i B a n O ~ a  (c. 89) H e M e n -  

A e H H o  cnenye-r,  TO @YHKLI,MR zyf(z) n p e n c T a B n R e T c R  N H T e r p a n o M  

n y a c c o ~ a  OT CBONX ~ P a I l U q H b I X  3 ~ a s e ~ u B .  Aanee, e c n H  H e K o T o -  

p a R  @ Y H K U N R  w (z), p e r y n R p H a R  B K p y r e  K, 06nanae~  nowu 
BCIOAy H a  C H e K a C a T e J I b H b l M M  r P a H U s H b I M M  3 H a q e H U R M U  N B b l p a -  

X a e T c R  qepes H N X  M H T e r p a n o M  n y a c c o ~ a ,  TO o H a  B b I p a x a e T c x  

N N H T e r p a J l O M  K O I I I N ,  U ~ 1 0 6 0 ~ 0 ~ .  ~ T N  C B O ~ C T B ~  H a  C a M O M  Aerie 

* CM., nan uMep, Szego aUeber die Randwerte einer analytischen Funk- 
tion*.-Math. inn . ,  Bd. 84, Heft 314; p. 232-244, o r o 6 e ~ s o  p. 232-233. 
P ~ A U  KpaTKOCTU HanHCaHUR Aaflee Mbl CCblnaeMCIl Ha 3Ty CTaTblO KaK Ha 
.Szego. 11'. 

** I. Privalov. Sur certaines proprieths metriques des fonctions analyti- 
ques.- Journ. Ecole Polytechnique, 2-me Serie, Cahier 24, 1924, p. 77-112 
H O C O ~ ~ H H O  p. 78-87. 



MMeKIT MeCTO B TOM M T O J l b K O  B TOM C J I y Y a e ,  K O r A a  M H T e r p a J I b I  

I I p e A C T a B J I R l O U M e  A J l M H y  JIMHMM rr, K O T O p a R  RBJlReTCR ~ - 0 6 p a 3 0 ~  
O K P Y X H O C T M  I z ( = T ,  O r p a H M Y e H b I  B COBOKYIIHOCTM.  TO, B CBOKI 

O q e p e A b ,  ' ~ a e q e ~ ,  YTO ~ Y H K U M R  l / p f  (2) npmaanexn - r  K n a c c y  
(H) .  O T M ~ T M M ,  K P O M e  TOFO,  YTO M H T e r p a J I  

A a e T  AJ IMHy A y r M  K P M B O ~ ~  r, C O O T B ~ T C T B Y K I I ~ ~ ~ ~  A y F e  0, ,< 0 ,< 0 ,  
O K P Y X H O C T M  C. 

E C J I M  @ Y H K U M R  Z ( X )  P e r y J I R p H a  B 0 6 n a c ~ ~  B M M M e e T  IIOYTM 
B e 3 A e  H a  r H e K a C a T e J I b H b I e  r p a H M Y H b I e  3 H a Y e H M R  Z ( 5 ) ,  T O  ee 
I I p e A C T a B M M O C T b  M H T e r p a J I O M  Komn Y e p e 3  3TM r p a H M Y H b I e  3 H a -  
YeHMR  P a B H O C M J I b H a  ~ ~ B ~ H C T B ~ M * *  

Tenepb MbI A O K a X e M ,  YTO A n R  C y U e C T B O B a H M R  IIOYTM B e 3 A e  
H a  r YrJ IOBbIX  r P a H M 9 H b I X  3 ~ a q e ~ M f i  @ Y H K U M M  Z ( X )  M AJIR npea- 
CTaBMMOCTM ee M H T e r p a J I O M  Komn O T  BTMX r p a H M Y H b I X  3 H a Y e -  
~ M f i  H ~ O ~ X O A M M O  M AOCTITOYHO,  Y T O ~ ~ I  M H T e r p a J I b I  

(10) 
' r  

6 b 1 n ~  P a B H O M e p H O  O r P a H M Y e H b I  I IpM 0 ,< r < 1. A n R  3 T O r 0  P a C -  
CMOTPMM @YHKUMKI w (z) = z (p (z)), perynsrpsym B K p y r e  K. 
E c n ~  M H T e r p a J l b I  (10) O r p a H M Y e H b I ,  T O  TaKOBbI  Xe M MHTerpaJ Ib I  

2 x  

I w (reB) pf(reie) (dB, 
0 

* qacrb 3mr0 YTBepxAeH~nfl ~ o ~ a s a n  F. Riesz (Ueber die Randwerte ei- 
ner analytischen Funktion.-Math. Zeitschr., Bd. 18, Heft 112, 1923, p. 87-95, 



T a K  ZIT0 I I P O M 3 B e A e H M e  w (2)  Cf"(Z) U M e e T  IIOZITU B e 3 A e  r p a H U q H b l e  
3HaZIeHMR U BOCCTaHaBJ IUBaeTCR no HUM C IIOMOLIlbIO U H T e r p a J I a  
Kouru. 

  TO B n e r I e T  

A O K ~ X ~ M ,  ZITO P a B e H C T B a  

HMeKIT  MeCTO. B CaMOM Aerie, (PYHKUUR E n  = [ c p  ( Z ) l n ,  6 y ~ y q u  
~ o J I o M o ~ ( P H o ~ ~  BHYTPM K U H e n p e p b l ~ H O f i  B n J I O T b  A 0  r p a H U U b 1  C, 
p a 3 n a r a e T C H  B pan no IIOJIUHOMaM O T  2, P a B H O M e p H O  C X O ~ H ~ U ~ C H  
H a  O K P Y X H O C T U  C*. ~ O ~ T O M Y ,  I I O A C T a B n R R  3 T 0  p a 3 n O X e H U e  B pa- 
B e H c T s a  (12) u nepexona OT n e p e ~ e ~ ~ o f i  E K n e p e ~ e ~ ~ o f i  z, 
n o n y q a e M ,   TO ( 1  1 )  B n e q e T  (12). O ~ P ~ T H O ,  ecnu n p e A n o n o x u T b  
C Y q e C T B O B a H U e  I I p e A e J I b H b l X  3 H a q e H k i f i  T ( 5 )  U B b l n O J I H e H U e  y C n 0 -  
BUR (12), J I e r K O  n O n Y q U M  U YCnOBUR ( 1 1 ) .  f l e f i ~ ~ ~ k i ~ e n b H 0 ,  pas- 
naraa (PYHKUU~O zn = [r  (x ) ln  B PRA no n o n M H o M a M  n e p e ~ e ~ ~ o a  
X ,  P a B H O M e p H O  C X O ~ R ~ U ~ ~ C H  H a  r, T O q H O  T a K  Xe Y ~ ~ X A ~ ~ M C R ,  
ZITO U 3  ~ c J I o B M ~ ~  (12) C J I e n y l O T  YCJIOBUcI ( 1  1 ) .  O T M ~ T U M  eLLI.e, q T O ,  
nepexona OT n e p e ~ e ~ ~ o f i  E K n e p e ~ e ~ ~ o R  z u 0 6 p a ~ ~ 0 ,  M ~ I  M o x e M  
3 a M e H M T b  dE H a  cpl(Z)dZ n O n  3 H a K O M  U H T e r p a n a ,  T a K  K a K  rpa- 
H M q H b l e  3 H a q e H M R  (PYHKUUU ~ ' ( 2 )  C O B n a A a l O T  n O q T U  B e 3 A e  C np0- 
M ~ B O A H O ~ ~  ~ ~ c o J I K I T H o  H e n p e p b l B H ~ f i  (PYHKUUU, ~ a l O 4 e f i  0~06pa-  
x e H n e  o ~ p y x a o c ~ u  C H a  KOHTYP I'. M r a K ,  npennonaraa,  TO 
T ( X )  U M e e T  r P a H M q H b l e  3 H a q e H M R  U B b l p a X a e T C R  q e p e 3  HUX UH- 
T e r p a n o M  Kouru, M ~ I  A O K ~ ~ ~ J I U ,   TO (PYHKUMR w (2)  cpl(z) 06nanae.r 
a H a J l O r U q H b l M  CBORCTBOM, O T K Y A a  U C n e A y e T ,  q T O  U H T e r p a J I b l  

7 1 w (re's) cp' (re'e) I dB 
b 

H n U ,  q T O  OAHO U TO Xe, M H T e r p a n b l  (10) P a B H O M e p H O  O r p a H U q e H b l .  
C n e n o s a ~ e n b ~ o ,  d n ~  mozo ltrno6bl @YHICYUR T ( x )  uuena 

zpaHultme s ~ a l t e ~ u ~  noymu ee3de Ha IcoHrnype I' u eoccmaHae- 
' &uea&acb no HUM mmezpanou Kouu, ~ e o 6 x o d u ~ a  u docmamolt- 

Ha pa8HOMepHaR OZpaHUlteHHOCmb UHmeZpaAO8 (10). 
4. ~ Y C T ~  Pn C Y T b  nOJIUHOMb1, O p T O r O H a J I b H b I e  H a  K P U B O ~ ~  r, 

T. e. 

f 1 Pn ( F )  Pm ( 5 )  do = E m ,  (Em,. = 0 npu # m, Enn = 1 ) .  
r 

* B. Walsh. Ueber die Entwicklung einer analytischen Funktion nach Po- 
1ynomen.- Math. Ann., Bd. 96, Heft 314, 1926, p. 430-436, oco6enno p. 430. 
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J I e r ~ o  sunen,   TO ~ T U  (PYHKUMH n p M H a n n e x a T  K n a c c y  (H) 
u q T 0  

rne z = ele. n o n a r a ~  

I l O J I y q a e M  U 3  (14) COOTHOUleHUR OPTOrOHaJ IbHOCTI l  U H O P M a J l b -  

HOCTH AJIH T a 6 J I U U b l  K O ~ @ @ U ~ M ~ H T O B  a?): 

Q>YHKUUU (13) o 6 p a 3 y m ~  O p T O H O p M U p O B a H H y m  CMCTeMy H a  OK- 

P Y X H O C T U  C. M c I ' I o J I b 3 y e ~  n O J I 0 X e H U e  0 3aMKHYTOCTU (I 'IoJIHoT~) 

B T O ~  CUCTeMbI.  Ecnu K ~ K ~ H - H H ~ ~ J . ~  (PYHKUUH X P e r y J I R p H a  BHYTPU 
o 6 n a c ~ u  B Pi H e n p e p b l B H a  B ee 3 a M b I K a H U H ,  O H a  M O X e T  6 b l T b  CKOJIb 

y r o n H o  T O ~ H O  n p u 6 n u ~ e ~ a  B 3 ~ 0 a  0 6 n a c ~ u  ~ O ~ M H O M O M * .  O~cmna 
H e M e n n e H H o  c n e n y e T ,  Z ~ T O  T p e 6 y e ~ o e  y p a B H e H u e  ~ ~ M K H Y T O C T U  
U M e e T  M e C T O  AJIH nm60ii T ~ K O ~  (PYHKUUU T, T. e. q T O  

rne 

* J. Walsh; I .  c . ,  § 2. 
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1 $ J l  ~ ( z )  [ l d ~  = - J ~ ~ [ r p ( z ) l l ~ l r p ~ ( ~ ) ~ d ~  =LJ 2x I ~ ( ~ ) ~ v ~ ,  
lzl=1 I t l  = I  r 

T a K  ZlTO Y p a B H e H U e  (17) nPMBOAMT K @ 0 p ~ y n e  3aMKHYTOCTU 

P b I B H a  B 3aMKHYTOM W P e r y J l R p H a  B OTKPblTOM K P Y r e  K. 
~ O ~ Y C T M M  T e n e p b ,  ZlTO AJlR H ~ K O T O P ~ I X  @ Y H K ~ M ~  h, ( d o )  ( S  = 

= 0,1,2 ,  . . .) BbInOJ lHeHO Y p a B H e H M e  3aMKHYTOCTM OTHOCMTenbHO 

CUCTeMbI (13), ZlTO @ Y H K U U R  h(e ie )  U 3 M e p U M a  U C y M M M p y e M a  
C K B a A p a T O M  M ZlTO 

2x  

lim S I i ( e i 6 )  - As (e') l 2  dB = 0. 
s-+m 

0 

(18) 

0 6 0 3 ~ a Z l M ~  CMMBOJlaMU A?) M 11") K O ~ @ @ M U U ~ H T ~ I  Qypbe @YHKUUR 
h, (el" U 1 (e ie)  COOTBeTCTBeHHO. Torna, U 3  OZleBUfiHOrO H e p a B e H -  
CTBa 

I~+PI"2zl~12+1B12) 
c n e n y e T  

2% m 2x  

( I 1 (e le)  - 2 ).Sk)&(ei6) 1 5 2 1.1 & (ele) - 
0 k = l  A 
m 2x 

- 2 iP)&(eie) l a  dB f 2 [l h ( e i 6 )  - As (ele) I Z  dB. 
k-1 0 

OTCDA~, U 3  YCJIOBUR (18) M U 3  ) ' P ~ B H ~ H M ~ ~  3aMKHYTOCTM AJIR 

@ Y H K U U ~ ~  hs(ele) c n e n y e T ,  Z ~ T O   TO y p a B H e H u e  B b r n o n H e H o  M n n R  

@YHKUMU h (ele).  n p o ~ e p u ~  T e n e p b ,  Z ~ T O  (npu H e K O T O P b I X  no- 
n o m n T e n b H b i x  npennonoxe~urrx) A n d  @ Y H K U M ~  

zrn(m=O, 1 ,  2 ,  ...) (19) 



T e o p u ~  TaKux nonuHoMoB nocTpoeHa Szego (Beitrage zur Theorie 
der Toeplitzschen Formen. - Math. Zeitschr., Bd. 6, Heft 314, 
1920; p. 176 und Bd. 9; Heft 314, 1921; p. 175). HeKo~opble 
pe3yJlbTaTbI 3 ~ 0 a  P I ~ O T ~ I  6 y ~ y ~  BaXHbI B nOCJleAYH3LUeM, U M b l  
6 y n e ~  CCbIJlaTbCR Ha Hee, KaK Ha , , S Z ~ ~ O ,  111". 

n o n o x u ~  

(PYHKUNR K(z) npuHaAnexuT Knaccy (H) ,  u noToMy w (8)>0 
llO9TM BCIOAY U log w (8) CYMMUPJ'eM (Szeg0, 11, p. 223). B~IZIUC- 
JIMM K O ~ @ @ U U N ~ H T ~ I  @ypbe @ Y H K U U N  H (8) = l/K(eie) OTHOCM- 
TenbHO nOnMH0MOB pn (2): 

unu 



3 a ~ e q a ~ ,   TO @YHKUMM K ( z )  p, ( z )  n p m a A n e x a T  K n a c c y  ( H )  
U q T O ,  B ZIaCTHOCTM, OHM n p e A C T a B M M b 1  U H T e r p a A O M  Komu, I lOJ Iy -  
Y a e M  

-- 
d,  = K (0)  P, (0 ) .  (22) 

H n R  A O K ~ ~ ~ T ~ J I ~ C T B ~  3~01-o n o c a e A H e r o  B O C ~ O J I ~ ~ ~ ~ M C R  ~ e o p e ~ o ~  
XXX Szego, 111. M 3  H e e  C a e A y e T ,   TO 

rne D ( z )  e c T b  @ ~ H K U W R  K a a c c a  ( H ) ,  O n p e n e n R e M a R  p a B e ~ c T B o M  
(CM. Szego, 11, p. 241) 

@YHKUMM [ D  ( 2 )  1' U 1 K ( 2 )  1' MMeIOT H e K a C a T e A b H b I e  TPaHW' IHbIe  
3Ha'IeHWSI. C O B n a A a I O u U e  nO'ITM BCIOAY. K p o ~ e  T O r O ,  U3BeCTHO. 
' I T 0  @YHKUMR D ( 2 )  M M e e T  ~ a ~ 6 0 J I b m U n  M O n y J I b  ( B  K a ~ n 0 f i  T O q K e  
K p y r a  K )  cpem B c e x  @ Y H K U M ~  K f i a c c a  ( H ) ,  r p a H m H b I e  3 ~ a q e -  
H U R  K O T O P ~ I X  C o B n a n a w T  noqm BCIOAY c w ( 8 ) .  

M T ~ K ,  MMeeM 



n p U q e M  P a B e H C T B O  B 0 3 M O X H O  J IUUIb  B C J I y q a e ,  K O r A a  K ( Z )  U D(Z) 
C O B n a A a l o T  C TOqHOCTbIO A 0  n O C T O R H H O r 0  MHOXUTeJ IS I ,  P a B H O r O  

no M O A y n l o  e A U H U U e .  P ~ B ~ H C T B O  (23) ~ Y A ~ T  A O K a 3 a H 0 ,  e C n U  Mbl  

YCTaHOBUM,  q T O  B (25) U M e e T  MeCTO 3 H a K  P a B e H C T B a ,  T. e. q T O  

QYHKUUR log 1 K(z) l 2  n p e n c T a s m e T c R  B e u e c ~ ~ e ~ ~ o h  s a c T b l o  U H -  
T e r p a n a  

u n u  u H T e r p a n o M  l lyacco~a 

B c n o ~ u ~ a ~  o n p e n e n e H u e  @ Y H K U U U  K(z), BUAUM, YTO B c e  CBO- 
AUTCR K Y T B e P X A e H U l o  0 n P e A C T a B U M O C T U  @YHKUUU log 1 y r  (2) 1- 
r a p ~ o ~ u q e c ~ o f i  B K p y r e  K, u H - r e r p a n o M  l lyacco~a  OT c ~ o u x  rpa- 
H U 9 H b I X  3 H a 9 e H U f i :  

T a K  9 T O  Y p a B H e H U e  3aMKHYTOCTU U M e e T  B U A  

~ T U  Y p a B H e H U R  B M e C T e  C Y P a B H e H U R M U  (16) n O K a 3 b l B a l o T 1  9 T O  

T ~ ~ J I U U ~  K O ~ @ @ U ~ U ~ H T O B  aJf) RBJReTCR M ~ T P U U ~ ~ ~  H e K O T O P O r O  

n o n H o r o  o p T o r o H a n b H o r o  n p e o 6 p a 3 o ~ a ~ u ~ .  C n e n o ~ a ~ e n b ~ o ,  ycno- 
B U e ,  q T 0  C U C T e M a  (13) n O J H a  O T H O C U T e n b H O  @ Y H K U U W  Zm(m= 
= 0, 1,2,  . . . ), 3 K B U B a n e H T H O  YCJOBUIO H a  ~ a 6 n u u y  K O ~ @ @ U U U ~ H -  
TOB M a K n 0 p e H a  @ y ~ ~ q u h  R, (2) (s=0,1,2, . . . ): o H a  nonwaa 
6 b l ~ b  M ~ T P U U ~ ~ ~  n O n H O r O  O p T O T O H a n b H O r O  n p e o 6 p a 3 0 ~ a ~ u ~ .  Ecnu 
 TO n o c n e A H e e  ycnosue B b l n o n s e a o ,  TO n e r K o  sunen,   TO n n R  nlo- 



TaK KaK a(z) npuHannexuT (H), uMeeM 

u  TO MaTpuua a$k) OcyuecTBnReT nonHoe opToroHanbHoe npe-  
06pa30Ba~Ue, HeMeAJIeHHO IlOJlysaeM UCKOMOe YpaBHeHUe S B M K H Y -  
TOCTU 

0 m c., 

P a c c y x n e ~ u ~ ~ u  3~01-o n a p a r p a a a  n o ~ a 3 a ~ a  cnenyrouaR Teo- 
peMa. 

Teope~a.  2. Ecnu cnpasednusa # o p ~ y n a  (26), mo rco3##u- 
4uenmbL Marcnope~a #y~rcyuit (1 3) 06pasylom Mampuyy non- 
NOZO ~pmozo~anb~ozo  npeo6pa30sa~u~, u dnx rcaxdoii #y~rtyuu 
rcnacca (H)  uMeem Mecmo ypasHeHue sa~rc~ymocmu omHocu- 
menbHo cucmeAtu ( 1  3). 

5. n p e n n o n a r a ~  BblnonHeHHblM ycnosue  (26), AoKaxeM @op- 
Myny 3BMKHYTOCTU U TeOpeMy 0 pa3nOXeHUU B o 6 n a c ~ u  B. ~ Y C T ~  
f ( x )  - PeryJIRpHaA @YHKILMR B O ~ ~ ~ C T U  B, AJlR KOTOPO~ UHTeT- 
panbr 



O K ~ ~ X H O C T U  C (CM. n. 3), a ycnosue o r p a H u s e H H o c T M  M H T e r p a -  
JIOB (27) 3KBkiBaJleHTHO TaKOMY Xe YCJIOBMKI AJIR 

-- 
OTKYAa C n e A y e T ,  YTO @ Y H K U M R  T (2) = 2 8 , ~ s  nPMHaAJIeXMT KAaC- 

s=O 
C y  ( H ) .  P ~ C C M O T ~ H M  K O ~ @ @ M U U ~ H T ~ I  @ y p b e  

a 3TO M e C T b  Y p a B H e H k i e  3aMKHYTOCTM AJIR @ Y H K ~ M M  f (x) QTHO- 
CUTeJIbHO CkiCTeMbI IIOJIMHOMOB P,, (x). C J I ~ A O B ~ T ~ J I ~ H O ,  nOJIyrlaeM 
T e o p e M y .  

Teope~a 3. Ecnu # y ~ ~ q u c r  f (x) pezyncrpHa 8 o6nacrnu B, 
ecnu uHrnezpanbL (27) paellohteprco ozpaHu'teHbl u ecnu swno n- 
Hello (26), mo dncr # ~ H K ~ U U  f (x) uMeem htecrno ypaeHeHue 
S ~ h t K H Y n t O C t l Z U  O??lHOCUmenbHO nOAUHOMO8 Pn (X) .  

n e p e a n e ~  T e n e p b  K ~ o ~ a 3 a ~ e n b c ~ ~ y  T e o p e M u  o p a 3 n o x e ~ ~ ~  
@ Y H K U M M  f (x), YAOBJI~TBOPRDI@ YCJIOBMRM T e O p e M b I  3. P ~ c -  
CMOTPMM O T P e 3 0 K  P R A a  @ y p b e  @ Y H K U N U  T (2) no CkiCTeMe (13): 

T ( z )  - S,, (2) = - 
2 x i  

I z' I =I 



B ne~ofi  M n p a ~ o a  sacmx M B O ~ B P ~ L ~ ~ R C ~  K n e p e ~ e ~ ~ o a  x, no- 
n y l r a e M  T e o p e M y  o p a 3 n o x e ~ a ~  A n R  (PYHKUMM f (x). 

Teope~a 4 .  Ecnu 8blnonHeHo coomHolueHue (26), mo q 5 y ~ 1 ~ -  
Y U R  f (x), yd08nem80p~Ioqa~ ycnoauRu meopeubl 3, pasnaza- 
emcR 8 p ~ d  Qypbe no nonuHouau Pn(x), KomopbLti cxodumc~ 
K HeB pamouepH0 8 rcaxdod obnacmu, newaqeti 8Hympu B 
auecme co CBOUU 3 a u b l ~ a ~ u e u .  

P~CCMOTPMM T e n e p b  n p 0 ~ 3 ~ 0 ~ b ~ b l f l  P R A  

TaKOfl ,  YTO P R A  2 I dn l 2  CXOAMTCH, 0 6 p a 3 y e ~  P R A  
n=o 

yYMTblBaR C B O ~ ~ C T B ~  MaTPMUbI a:), M O X H O  Y T B e P X A a T b ,  YTO P R A  

(29) 0 n p e A e n R e - r  (PYHKUMD p(z), P e r y n R p H y m  B K p y r e  K 

M YTO 

O~cmna cnenye-r,   TO p (2) n p m a n n e x m  K n a c c y  (H). 0 6 p a ~ ~ 0 ,  
ecnM 3 a n a ~ a  (PYHKUMR p (z) K n a c c a  (H), TO 3 a n a ~ b 1  M ~ 0 3 4 4 1 ~ -  

m 

UUeHTbl 8,, M P R A  2 1 8 n ) 2  CXOAMTCR. ~ ~ M ~ ~ B H M B ~ R  IIO ( P O p ~ y J l e  
n=O 

(30) K O ~ ( P ( P M ~ M ~ H T ~ I  npM C T e n e H R X  2, n 0 A y Y a e M  ~ ~ C K O H ~ Y H ~ I ~  
CMCTeMY J IMHeaHblx  y p a B H e H M f i  d,, M 3  K O T O P O ~ ~  3TU YMCJIa 

m 

O n p e A e n R T C R  O A H 0 3 H a Y H 0 ,  a P R A  2 I dn l 2  ~ Y A ~ T  CxoAMTbcR.  E c n ~  
n=O 

p (z) n p u H a A n e x u T  K n a c c y  (H), TO (PYHKUMR 



Knacca (H). C n e n o ~ a ~ e n b ~ o ,  KaxnaR @ ~ H K U M R  f ( x ) ,  yAoBneTBo- 
pRD4aH YCnOBMRM TeOpeMbI 3, eAHHCTBeHHbIM 0 6 p a 3 0 ~  pa3Jla- 

m 

raeTCR B PRA. BHAa (28) C K O H ~ ~ H O ~ ~  C Y M M O ~ ~  2 1 d, 1'. C TOT PRA 
n=O 

eCTb B TOgHOCTW PRA Qypbe @ ~ H K U U H  f (x) .  M T ~ K ,  nOnysaeM 
cnenyroqyro TeopeMy. 

Teope~a 5. Ecnu uueem uecmo (26), mo I c a x d a ~  Q ~ H I C Y U R  
f ( x ) ,  ydosnerneop~tou4a~ ycnosuRu meopeuu 3, e d u ~ c m s e ~ ~ ~ u  
o6paao~ pa3nazaemcn 8 o6nacmu B s p ~ d  suda (28)  c KO@- 
@uyuertmauu, cyuuupyeuuuu c Icsadpamou. Odpam~o, Icaxd~ri 
malcori p ~ d  ecmb p ~ d  Oypbe ~elcornopori Q Y H I C ~ U U  f ( x ) ,  o6na- 
daioqeri y1ca3a~~b~uu  csoucmsauu. 

B 3 a ~ n r o s e ~ n e  noKaxeM O A H ~  @ o p ~ y n y  nnR cnyqaR aHanw- 
TPilreCKOrO KOHTYPa, YCTaHOBneHHYIO Szegd. P ~ C C M O T ~ H M  @YHKUMIO 

-- 
f (4 = + VT1 ( a )  VT1 (4. 

cn = +J f ( t )  P. ( t )  da = P, (a) .  
r 



ÿ TO M eCTb Ta (Pop~yJIa, KOTOPYD Mbl C O ~ H P ~ ~ M C ~  AOKa3aTb. 
 OH^ ycTaHosneHa B Tex x e  npennonoxeHuRx,   TO u npenbmyuafl 
TeopeMa, T. e. KOHTYP I' npennonaraeTcR cnpRMnReMblM u T a K u M ,  
 TO uMeeT Memo npeAcTaBneHue (26). 

6 .  B CnylIae aHanMTMqeCKOr0 KOHTYPa  I? r apMOHMlIeCKaR (PYHK- 
4 M R  10g ( ~ ' ( 2 )  1 aHaJIMTUqHa (B . B ~ ~ ~ C T B ~ H H O M ~  C M ~ I C J I ~ )  B 38- 
MblKaHMM Kpyra K, TaK qTO (Pop~yJIa (26) 6e3 COMHeHkiR Cnpa- 
sennwaa. A o ~ a x e ~  donee o6uym TeopeMy p a 3 n o x e ~ u ~ ,  seM 
PaHee, HO TOnbKO AnR aHanMTllqeCKMX KOHTYPOB I?. ~ Y C T ~  f (x)- 
perynRpHaR (PYHKUMR B 0 6 n a c ~ u  B, uMemqaR nowM ~ e 3 n e  rpa- 
HMqHble 3HalIeHUfl f ( E ) ,  UHTerpMpyeMbIe H a  r, ki npeACTaBHMaR 
MHTerpanOM K o m ~  3TMX CBOMX I'PaHMqHblX 3Haqe~Mfi: 

B B M A ~  CKa3aHHOrO B n. 3 MOXHO YTBePXflaTb, lITO MHTerpaJIbl 

unu 

M ~ B ~ C T H O  (CM. Szegb, I ) ,  lIT0 npll ( P H K C H ~ O B ~ H H O M  X U3 06nacl.w 8 
Ei npn E, M e H R m J U e M C R  H a  KOHTYpe I?, $YHKUUH K,(x, E )  P a B H O M e P H O  

1 - - 
OTHOCUTeJIbHO E CTPeMflTCR K Vr' (x) V7' ( E ) ,  rAe Z = 1 ( y )  



l im Sn ( x )  = & Sf ( i )  yl' (t) da = 
n+- r 

lim S, (x) = 
1 

m- Z 

n O C K O n b K y  @ Y H K U M R  f [(P (z)] I/(PIo n P e A C T a B U M a  CBOMM UHTe-  

r p a n o M  Komu. 
T ~ K M M  0 6 p a 3 0 ~ ,  n o n y q e H o  pasnoxeeue @YHKUUI.I f (x) B 06- 

JIaCTIl  B B P R A  @ y p b e  no O P T O r O H a J I b H b l M  n O n H H O M a M .  

M3 M C C J I ~ A O B ~ H M ~  S Z ~ ~ O  J I e r K O  BMAeTb ,  q T O  K,(x, E) C T p e -  
1 - 

MMTCR K @YHKURII  =W(q P a B H O M e P H O  H e  TOJIbKO n 0  

5 ,  HO U no X ,  e C n M  X M e H R e T C R  B H ~ K O T O P O ~  O ~ J I ~ C T M ,  n e X a ~ e 8  
BHYTPM B B M e C T e  CO CBOMM 3 a M b I K a H l l e M .  TO Xe C a M O e  M O X H O  

C K a 3 a T b  M 0 P a 3 J I O X e H M M  @ Y H K ~ U U  f (x) B P R A  @ y p b e .  M T ~ K ,  Mbl  
n o n y q a e M  T e o p e M y  B n o n H e  a H a n o r M q H y r o  T e o p e M e  o p a 3 n o x e ~ ~ ~  
B c ~ e n e ~ ~ o i i  p m .  

Teope~a 6. Ecnu giyilr~qurz f ( x )  pezynrzp~a 8 o6nacmu B, 
ecnu oila uMeem noltmu sesde Ha I' HercacamenbilbLe zpa~ul t~b~e  
3iialteilurz u eoccmailaenusaemcrz uilmezpano~ Kouu no ~muM 
z p a n u l t ~ b ~ ~  s~alteilurzw u ecnu, rcpoMe mozo, rcoilmyp I' ecmb 
ailanumultecrcarz rcpusarz, mo f (x) pasnazaemcrz s przd Oypbe no 
OpmOZOHanbHbLM nOAUHOMaM, COOm8emCm8yfOll4UM l€Oilmypy r, 
cxodrzqulicrz pa8HOMepHO silympu B. 

, L ~ . o ~ ~ c T M M  T e n e p b ,   TO @ Y H K U M R  f (x) B c e r o  n u m b  p e r y n R p H a  
B 0 6 n a c ~ ~  B. T o r ~ a  Q Y H K U U R  f [rp ( z ) ]  p a 3 n a r a e ~ c ~  B ~ R A  M ~ K -  
n o p e H a  B K p y r e  K: 

m 

f [(P (a1 = r, CsZS, 
s=o 

rne - 
1 i r n . s ~ ~ ~  Icsj 4 1. 

~ O ~ T O M Y ,  I l p U  n l o 6 0 ~  R > 1 M M e e M  

1 cs 1 < ARS 



zs= $Z'R,(Z) ( I z ( <  1), 

M c n o J I b 3 y e ~  T e n e p b  A B a  y T B e p X A e H M f l  pa60~b1 Szego I .  n y c ~ b  
X = $' (2) - @ Y H K U U R ,  0 ~ 0 6 p a X a r o q a ~  BHeI I IHOCTb  KPYI 'a  H a  
BHeIIIHOCTb K O H T Y P a  r, n P M Y e M  T a K ,  YTO ~ ~ C K O H ~ Y H O  Y A a J I e H H b l e  

TOYKM H TUX 06nac~eR nepexonm npyr  B npyra. ha nu rue^ pasno- 
x e H u e  

.=.,+f:" zS n n f l  121 > 1. (35) 

s=o 

me E = const, ( E  1 = 1, a o (1) C T p e M u T c R  K H y n r o  n p k i  n -+ m. 
 TO C T P e M J I e H M e  P a B H O M e P H O  no X, n p 0 6 e r a r o ~ u ~  nro6ym 06- 
J l aCTb ,  JIeXaLUYIO B M e C T e  CO CBOMM 3 a M b l K a H W e M  BO BHeIIIHOCTM r. 
H ~ ~ P O T M B ,  ecnu X n e x u T  BHYTpki  r ,  T O  

P n  I < Mpn, (37) 
me M M p H e  3aBMCRT OT n M O<p<l. Bce 3 T U  p e 3 y J l b T a T b I  YCTa-  
H o e n e H b r  Szego A n R  c n y s a R  a H a n u T M . r e c K o r o  K o H T y p a  I?. B  TOM 
c n y y a e  (PYHKUMM (13) ~ O ~ O M O P @ H ~ I  B K p y r e  c U ~ H T P O M  B H y n e  

M PaAMYCa,  6 0 n b ~ 1 e r o  eAMHUUb1,  T a K  YTO M M e e T  MeCTO C J I e A y I o -  

Wee I l p e A C T a B J I e H M e  AJIR K O ~ @ @ U ~ H ~ H T O B  a:') : 



P a s n e n ~ ~   TO npencTaBneHMe H a  V m ,  nonyqm p a 3 n o x e ~ ~ e  

B PRA no nOJIMHOMaM Pn (X) n p 0 ~ 3 ~ 0 n b ~ O f i  @ ~ H K ~ M M ,  ~ O ~ O M O P @ -  

HOG BO BHYTPeHHOCTU KOHTYpa I?, HO 3TOT PRA H e  ~ Y A ~ T ,  ~ o o 6 q e  
r O B O p R ,  PRAOM 4>ypbe. ~ P M X O A M M ,  T a K M M  06pa30~ ,  K CJIeAytO- 
ueti TeopeMe. 

Teope~a 7. @YHKYUR f (x), pezynRpHaR 8 o6nacmu B, ozpa- 
~ u ' t e H ~ o l i  aHanumu'tecKuM KoHmypoM, pa3nazaemc~ 8 abconrom- 
HO C X O ~ R ~ U U C R  p ~ d  no nonuHoMaM Pn (x). 

7. Te0pe~b1 n. 5 y c ~ a ~ o s n e ~ b l  B npennonoxeauu cnpaBennuBo- 
CTM npeACTaBJIeHMR (26). O ~ C Y A M M  COAepXaHMe 3TOrO npeAnOJI0- 
XeHUR. Ecnu @ ~ H K U M R  X = (P (2) OCYUeCTBJlReT K O H @ O P M H O ~  OTO- 
6 p a ~ e ~ H e  Kpyra K ( 12 1 < 1 ) H a  06nac~b  B CO CnpRMnReMblM 

KOHTypOM I?, TO COOTHOUleHMe (26) CBOAMTCR K nPeACTaBMMOCTM 
@ Y H K U M M  10g ( cp' (2) 1, rap~0~MseC~Of i  B K M M~eIoqefi nOqTU 
BCloAy H a  OKPYXHOCTU C HeKaCaTeJIbHble rpaHUsHbIe 3HaqeHMR, 

MHTerpanoM n y a c c o ~ a  OT CBOMX r p a ~ n s ~ b l x  3 ~ a q e ~ u G .  H ~ M  H e  
ynanocb n o ~ a 3 a ~ b ,   TO TaKoe npencTaBneHMe H a  caMoM nene nMe- 
e T  MeCTO B 0 6 ~ l e ~  CJIyqae C n p R M n R e M O r O  KOHTYpa  I?, M Mbl Orpa- 
HMqMMCR ~ P O B ~ P K O ~  YCJIOBUR (26) A J R  HeKOTOPblX KJIaCCOB KOH- 

Typos I?. 
Ecnn u ~ ~ e r p a n b ~  

2 x  

j llogcp'(re')\do, r < 1. (40) 

OCTatOTCR OrPaHUqeHHblMU, TO @ Y H K U M R  log cp' (Z), PeryJIRpHaR B 
Kpyre K, AonycKaeT npencTaBneHMe MHTerpanoM nyacco~ia c ~ o u x  

' 

rPaHMsHblX 3 ~ a q e ~ U f i ,  K a K  6 b 1 ~ 0  OTMeqeHO B n. 3, U TeM CaMblM 

@ 0 p ~ y J I a  (26) CnpaBeAJIMBa. B ~ n n y  OZIeBMAHOrO HepaBeHCTBa 

2rr 

S \ log I cp' (reie I I do, 
0 

(4 1) 
2 x  

.[ 1 arg cp' (reio)l do. 
0 

~ O C K O J ~ K Y  @ Y H K U M R  (2, nPkiHaAJIeXMT K n a C C y  (H),  O r p a H U -  
VeHHOCTb UHTerPanOB (41) BblTeKaeT H3 OAHOrO H e p a B e H C T B a  PUC- 
ca, ycTaHosneHHoro B ero cTaTbe ,,Sur les suites des fonctions 



analytiquesu*. T ~ K U M  o 6 p a 3 0 ~ ,  n n R  c n p a B e n n u a o c T u  @ o p ~ y n b ~  
(26) AOCTaTOqHO O r p a H U q e H H O C T U  U H T e r p a n O B  (42). Ecnu 0 6 n a c ~ b  
B B b I n y K n a  unu ssesn~a no M u ~ ~ a r - J e @ @ n e p y ,  TO U ~ B ~ C T H O ,   TO 

(PYHKUUR a r g c p ' ( r e l e )  o r p a H u q e H a  B K p y r e  I(**, u T e M  6onee 
M H T e r p a n b l  (42) O r p a H U q e H b I .  J e r K 0  B U A e T b ,  q T O  T O  Xe C a M O e  

U M e e T  MeCTO U A n H  o6nac~eft B, O r P a H U q e H H b l X  K Y C O q H O - a H a n M T U -  
4 e C K U M U  KPUBblMU 6e3 H y n e B b l X  YrJ IOB.  

~ O K ~ X ~ M  T e n e p b ,  q T O  e C n H  P a B e H C T B O  (26) H e  B e p H O ,  T O  

K O ~ @ @ H U U ~ H T ~ I  a t )  pa3noxe~u t i  M a ~ n o p e ~ a  ( P Y H K U M ~ ~  R, (z) H e  
n o p o x A a t o T  n o n ~ o r o  O p T o r o H a n b H o r o  n p e 0 6 p a 3 0 ~ a ~ u H .  Ecnu (26) 
H e  B e p H O ,  T O  B  POPM MY^^ (25) n. 4 U M e e T  M e c T O  3 H a K  << )), a 

@ o p ~ y n b l  (22), (23), (24) A a W T  Id, 1' < 1, me ds C y T b  ~030- 
s=o 

@ k i L I , M e ~ ~ b l  @ y p b e  r P a H U q H b l X  3 ~ a q e ~ U f i  (PYHKUWU l / I ( ( Z )  OTHOCM- 
T e n b H O  CMCTeMbl O P T O r O H a n b H b l X  n O n U H O M O B  P, (z), K O T O P b I e  6b1 -  
nu n o c T p o e H b 1  B n. 4. Ecnu (PYHKUMR F (z) p e r y n R p H a  B 0 6 n a c ~ u  
I z ~  < 1 ( ~ a n p u ~ e p ,    TO ~ O ~ M H O M ) ,  TO T e o p e M a  XXXV y n o M H H y -  
~ 0 f i  Bb lUIe  C T a T b U  S Z ~ ~ O ,  111 B n e s e T  H e p a B e H C T B O  

C ~ ~ A O B ~ T ~ ~ ~ H O ,  YqMTblBaR @ O P M Y ~ Y  A n R  (PYHKUMU I((z), M O X H O  
y T a e p x n a T b ,   TO A n H  n ~ 6 o r o  n o n u H o M a  F (z) c n p a B e n n u B o  H e p a -  

BeHCTBO 

* F. Riesz. - Acta Universit. Francisco-Joseph, t. I, fasc. 2, 1923, 
p. 88-98, U O C O ~ ~ H H O  p. 97. 

** Bieberbach. Aufstellung und Beweise des Drehungssatzes fiir schlichte 
conforme Abbi1dung.-Math. Zeitschr., Bd. 4, Heft 314; 1919; p. 295-305 
H O C O ~ ~ H H O  p. 302, 304.' 



M O X H O  C A e J I a T b  CKOJIb Y r O A H O  MaJIbIM I I p H  AOCTaTOqHO 6 0 J I b m 0 ~  
m. Aanee, 

k=O 

rne +,(z) - @YHKUMSI,  p e r y n s r p H a n  B K p y r e  Y A H e n p e p b t B H a R  B 
er0 3 a M b I K a H U U .  M c n o n b 3 y f 1  p e 3 y J I b T a T b I  Y o J I U l a ,  y I I O M f I H y T b I e  B 
n. 4, M O X H O  I I p e A C T a B H T b  @ Y H K L ~ I I ~ O  q, (2) B BMAe 

rAe om (z) - n o n a e o M ,  a max 1 em (z) 1 no O K P ~ X H O C T A  C n p 0 ~ 3 -  
B o n b H o  M a n .  O~clona 

I - AJIHHa  K O H T Y P a  1'. C J I ~ A O B ~ T ~ J I ~ H O ,  06a C J I a r a e M b I X  B (44) 
M O X H O  C q A T a T b  I IPOM3BOJIbHO MaJIbIMW, q T O  I IPOTHBOPeqMT H e p a -  

BeHCTBY (43).  TO 0 3 H a q a e T ,  q T O  n p e A I I 0 J I O ) K e H H e  06 y p a B H e H H M  
3aMKHYTOCTU AJIfI @ Y H K U H U ,  T O X A e C T B e H H O  P ~ B H O ~ ~  e A H H A u e ,  OT- 
HOCMTeJIbHO CMCTeMbI @ Y H K L ~ W ~  / in  (2) H e  B e p H O ,  eCJIII I IpeACTaB-  
J I e H M e  (26) H e B O 3 M O X H O .  O ~ ~ ~ T H O ,  e C n M  Y p a B H e H A e  3aMKHYTOCTA 
AJIR eAIIHIILlb1 OTHOCATeJIbHO CHCTeMbI @ y ~ K L l H f i  /?, (2) I l M e e T  M e C -  
TO, T. e. ecnu 

TO I l H T e r P a n b I  /, CTpeMRTCfI  K HyJI tO I I p U  6 e 3 r p a ~ I I q ~ 0 ~  B O 3 p a C T a -  
HHH m. C J I ~ A O B ~ T ~ ~ ~ H O ,  I IpeAbIAYLLlUe P a C C y X A e H H f I  I IOKa3bIBa loT ,  
9 T O  C Y U e C T B Y W T  IIOJIAHOMbI 0, (z), AJISI KOTOPbIX 

B 3TOM C n y q a e ,  K a K  MbI BMAeJIM B II. 4, Y p a B H e H H R  3aMKHYTOCTM 
H M e W T  MeCTO U AJIfI @ Y H K U H W  id ( j  = 0, 1,2, . . .), A ~ a 6 J l A L l a  ~030- 
@ M U H ~ H T O B  o n p e A e n n e T  n o n H o e  o p T o r o H a n b H o e  n p e o 6 p a 3 o ~ a ~ ~ e .  
M T ~ K ,  y C n 0 B k i R  (45) A (26) 3KBABaJIeHTHbI.  

8. P ~ C C M O T ~ M M  T e n e p b  K O H @ O P M H O ~  0 ~ 0 6 p a ) K e ~ k i e  o6nac~u 
121 > 1 H a  B H e m H O C T b  K O H T Y P a  r, C q H T a f I ,  9 T O  T O q K a  IIJIOCKOC- 
TA Z I I e p e X O A A T  B L lHaJ IOrMqHyW T O q K Y  IIJIOCKOCTM X .  ~ Y C T ~  



~ T U  @YHKQUH P e r y A R p H b I  npu (21 > 1 U A O i l y C K a I O T  l l p e A C T a B J I e -  

HUH B U A a  

(n) - (n)  
Bs Pn-m+s = 0 (m < n ) .  J 

s=o 
(492 

(111) 1 I E n  + alSn-I + . . . + an-I E + a,, )"a. 
r 

M ~ B ~ C T H O  ( S Z e g 0 ,  I ) ,  Y T O  I IOJIUHOM P,, ( X )  U M e e T  K O ~ @ @ U Q U ~ H T  
l l p U  X n ,  p a B ~ b 1 8  l/pn, U n O T O M y  B p a 3 J I O X e H U R X  (37) 

M 3  (48) c n e A y e T ,  Y T O  ) p 6 n ) 1 2  4 1, T .  e. Y T O  

2 2 x  T 2 n l y ~ .  p n > / ~  ( 5 0 )  

A n R  C J I y Y a R  a H a J I U T U Y e C K O r 0  K O H T Y P a  1' 3 T 0  H e p a B e H C T B O  6b1no 
A O K a 3 a ~ o  B pa6o~e  Szego, I .  K ~ K  y x e  6b1no O T M e q e H O  B n. 6, 
A n H  3 T O r 0  Xe CJIYYBH S Z e g 0  n O J I y Y U J I  a C U M i l T O T U Y e C K y I O  @ 0 p ~ y J I y  
AJIH I lOJIUHOMOB Pn ( x )  B T O Y K a X  B H e U I H O C T U  K O H T Y P a  1': 

rAe En ( x )  C T P e M U T C R  K HYJIIO n p U  n -t CQ P a B H O M e p H O  B K ~ X A O ~ ~  
o6nac~u,  J I e ~ a L U e f i  B O  B H e U I H O C T U  B M e C T e  C O  C B O U M  3 a M b I K a -  
H U e M .   TO a C M M n T O T H V e C K O e  I I p e A C T a B J I e H U e  P a B H O C U J I b H O  y C n O B U I 0  



lirn (Sn (z)/zn) = 1. 
n+- 

Bonee T O r O ,  S n ( Z ) / Z  CTPeMMTCR K e A M H I l U e  P a B H O M e p H O  B K a X -  

A 0 f i  O ~ A ~ C T U ,  J I e ~ a q e f i  B I z (  > 1 B M e C T e  CO CBOMM 3 a M b l K a H M e M .  

 TO 3KBMBaAeHTHO COOTHOUleHMIo (51). Y C A O B N ~  (52) M a C M M n T 0 -  
T u s e c K o e  n p e n c T a B n e H u e  (51), y c T a H o B n e t i H b r e  Szego AAR c n y s a R  

a H a n U T H 9 e C K O r O  K O H T Y P a  r, n e p e C T a I o T  6 b 1 ~ b  B e P H b I M A  A n R  06- 
U M X  C n p R M n R e M b I x  K P M B ~ I X .  Y c n o ~ u e  (52) H a p y u a e T c R ,  H a n p u M e p ,  
eCJIM I? e C T b  A B O ~ ~ H O ~ ~  C e r M e H T  1- 1, f l ]  ( C M .  Szeg0, I). O A H ~ K O  
H e T p y A H O  y K a 3 a T b  O U e H K y  AJJR Pn ( X ) ,  C n p a B e A A M B y I o  BO B H e U -  

HOCTM r AAR O ~ L U U X  C n p R M A R e M b I X  KOHTYPOB*. M 3  P a B e H C T B a  (48) 
M H e p a B e H C T B a  KOWM M M e e M  

* MU ece epeMs npennonaraehl emonHeHHblM ycnoene (26). 



C K O H C T ~ H T O ~ ~  Mo,  H e  3 a ~ U C R l l ( e ? I  HU O T  X ,  HU O T  n*. O T c t O n a  H e -  

MeAJIeHHO C n e A y e T ,  YTO K O ~ @ @ U ~ U ~ H T ~ ~  Oypbe Cn @ Y H K U U U  f ( x )  
UMeH3T 0 4 e H K Y  B U A a  

U YTO, B CUAY H e p a B e H C T B a  (55) ,  p R n  Oypbe @ Y H K U U U  f ( x ) ,  

CXOnUTCR B K a X ~ 0 f i  o b n a c ~ u  B1, c o f l e p X a w e 8 C R  BO B H Y T P e H H O C -  

TU A R , ,  B M e C T e  CO CBOUM 3 a M b l K a H U e M .  C Y M M ~  3 T O r 0  P R A a  P a B H a  

f ( x )  B o b n a c ~ u  B k i ,  C J I e A O B a T e J I b H O ,  BO ~ce f i  O ~ A ~ C T U  B1. Ecnu 
AR2 - K p u B a R ,  BHYTPU K O T O P O ~ ~  @ Y H K U U R  perynnpea, HO H a  KOTO- 
POfi  O H a  U M e e T  0 ~ 0 6 b l e  TOYKU, Mbl M O X e M  B K a Y e C T B e  B1 Bbl -  
6 p a ~ b  IlPOM3BOJIbHYIO o ~ J I ~ c T ~ ,  C O A e p X a w Y H 3 C R  BO BHYTPeHHOCTU 

AR2 B M e C T e  CO CBOUM 3 a M b l K a H M e M .  
B H e p a B e H C T B e  (56) YMCA0 R1 M O X H O  ~ b l 6 k i p a ~ b  CTOJfb  6 ~ ~ 3 -  

KUM K R2, K a K  Mbl 3aXOTUM.   TO A a e T  

lim sup VIcnls I/R, 
Aanee, ecnu 6 b 1  H e P a B e H C T B O  6 b 1 ~ 0  CTPOPUM: lim S U P  v F <  ~IRz* 
p R n  (57) C x o n u n c R  6b1 (BBUAY ( 5 5 ) )  P a B H O M e p H O  B H Y T P U  obnac- 
TU,  ~ 0 ~ e p X a L l p 2 f i  AR, ,  a 3 T 0  I l P O T U B O P e Y U T  A O l l Y U e H M H 3 ,  YTO f ( x )  
U M e e T  o c o b b l e  TOYKU H a  A R , .  C A ~ A O B ~ T ~ A ~ H O ,  

lim s u p  i/z = 1/R2. 
Ecnu K p U B a R  r a H a A U T U Y H a  U a - T O Y K a  BHYTPeHHOCTU r, U M e e T  

MeCTO H e p a B e H C T B O ,  O T M e Y e H H O e  B n. 6: 1 Pn ( a )  I < Mpn, IIOCTORH- 
H b l e  M U 0 < p < 1 H e  3 a B U C R T  O T  n. ~ o K ~ X ~ M  T e n e p b ,  YTO T a -  
K O e  H e p a B e H C T B O  B 0 3 M O X H O  AULLlb B C A y q a e  ~ H ~ J I U T U Y ~ C K O ~ ~  K p U -  

~ 0 f i  I?. B CaMOM A e A e ,  e C n U  T a K a R  O U e H K a  U M e e T  MeCTO,  T O  P R A  

CXOflUTCR p a B H O M e p H 0  U ~ ~ C O ~ ~ O T H O  B H ~ K O T O P O ~ ~  O ~ ~ ~ C T U ,  C O n e p -  

Xawefi K P U B Y l o  r , T a K  YTO v m  R B n R e T C R  @ Y H K U U ~ ~ ~ ,  a H a J U T U -  
Y ~ C K O ~ ~  B 3~0fi o6nac~u.  K o ~ ~ y p  1' T e M  C a M b l M  T a K X e  A O J X e H  

* J. Walsh. Ueber den Grad der Approximation einer analytischen Funk- 
tion.-Sitzungsber. Bayer. Akademie, H. 2, 1926; p. 223-229, H o c o 6 e n ~ o  
p. 223. 



6 b 1 ~ b  aHaJIMTMqeCKMM. Aanee, BBHAy (55) MMeeM (P, ( a )  1 < NRn, 
n p M q e M  qMCJI0 R ~ O J I ~ I J . I ~  eaMHMUb1, HO Pa3HOCTb R - 1 M O X e T  

6 b 1 ~ b  CAeJIaHa  CKOJIb Y l W n H O  ~ a J I 0 f i .  ~ O ~ T O M Y  I13 I IPeAbIAYUMX 

p a c c y x a e ~ ~ f i  cneaye-r, .ITO n m  H e  a H a n M T u q e c K M x  K P M B ~ I X  I' 
0 6 R 3 a T e J I b ~ 0  6 y n e T  

lim sup y m =  1 

0 COOTBETCTBHH TPAHHU nPH KOHcDOPMHOM OTOLPAXEHHH' 

B H ~ c T o H L U . € ! ~ ~  C T a T b e  R 0 6 0 6 q a ~ )  HeKOTOPble  Pe3YJIbTaTb1,  
KOTOPble  IlOJIyqMJI 3 a f i n e i l b  B p a 6 0 T e  C TeM Xe H a s B a H U e M ,  l IT0  

u 3 T a  (Math. Annalen, Bd. 104, S. 183-243, B O C O ~ ~ H H O C T M  
S. 226). C ~ a q a J I a  R I I p H B O X y  pe3YJIbTaTbl  er0 p a 6 0 T b 1 ,  KOTOpaH 
6 y n e T  3 A e C b  0 6 0 6 u e ~ a .  i 

1. ~ Y C T ~  B - OAHOCBR3HaR OAHOJIMCTHaR 0 6 n a ~ ~ b ,  O r P a H U q e H -  

HaR C I I ~ R M J I R ~ M O ~ ~  X O p f l a ~ O ~ O f i  K P M B O ~ ~  r, M IIYCTb Z =  0 ( 5 )  - 
@ Y H K U U R ,  0 ~ 0 6 p a x a m u a ~  ~ p y r  1 5  1 < 1 H a  0 6 n a c ~ b  B. M b l  npen- 
nOJIOXMM, l I T 0  r P a H M q H a R  KPMBaR WMeeT K a C a T e J l b H y m  B ~ a X a 0 f i  
T o w e ,  M O G O ~ H ~ ~ I M M  q e p e s  p ( s )  yron, ~ o ~ o p b l f i  06pa3ye~  nono- 
XMTeJIbHO H a n p a B J I e H H a R  KaCaTeJIbHaR C nOJIOXMTeJIbHb1M H a n p a B -  

n e H M e M  OCM X .  ~ P M   TOM s 0 6 0 3 ~ a q a e ~  AJIMHY a y r ~  H a  11, OT- 
CqHTblBaeMyK)  OT ~ e K 0 ~ O p O f i  @ H K C H ~ O B ~ H H O ~ ~  TO'IKU. n e p ~ b l f i  

p e 3 y J I b T a T  3 a f i a e J I R ,  KOTOPb1fi R I I p O U M T M p Y ~ ,  COAepXUTCR B TeO-  

P e M e  20 er0 p a 6 0 ~ b l .  Ero M O X H O  C @ O P M Y J I W P O B ~ T ~  TaK: 
Ecnu cp ( s )  ydoanernsopaern ycnosue J7un~uuya 

zde k - tiercomopaa nocmoantiaa, mo giytircyua w'(E) nenpepb~stia 
s 3a~rctiymo.u rcpyze 15 1 ,< 1 u a6conem~o ~enpepb~stia tia orc- 
pyxtiocmu 1 € 1  = 1, a giytircyua oN(€)  u e e m  nownu sesde yzno- 
sb~e zpatiu~tib~e stia~etiua wN(ete), npulteM 1 wN lp CyMMupyeMa 
npu nro6ow nonoxumenbNoM p. 

n p ~ ~ e a e ~  e u e  o a M H  p e 3 y n b ~ a ~  3a f iaen~  - T e o p e M y  21: Ecnu 
giytircyua cp(s) us meopeMw 20 uMeem a6conemtio ~enpepb~stiye 

d2y pl npoussodtiye a 1 1 cyMrrupyema npu tiercomopoM p, > 1. 
mo giytircyua w" ( S )  meem  noyrnu sesde yznosb~e zpatiuynwe 
stia~etiua oN (ele ) , npuYeM 1 o" (ele) I PI cyMMupyeMa. 

M c n o J I b 3 y R  p e 3 y J l b T a T b l  3 a f i a e J l R ,  MOXHO J l e r K O  n O K a 3 a T b ,  q T 0  

* Uber die Randerzuordnung bei konformer Abbi1dung.- Math. Ann., Bd. 
107, Heft 2, 1932, S. 313-323. 
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n p U  yCnOBUHX T e O p e M b I  21 @ Y H K U U R  W N ( t )  H e n p e p b I B H a  B 3 a M K -  
H Y T O ~  O ~ ~ ~ C T M  ( € 1  5 1 U YTO 

M ~ I  H e  6 ) ' ~ e ~  BXOAUTb B A e T a n U  3 T O r 0  3 J I e M e H T a p H O r O  AOIIOA- 
HeHuH K p e 3 y n b ~ a ~ a ~  3afinen~1, a n o K a x e M  H a r u e  0 6 0 6 q e ~ u e  T e o -  
p e M  3 a f i A e J I H  3aHOBO. Haru MeTOA A O K a 3 a T e n b C T B a  OTJIUYeH OT M e -  
TOAa 3 a f i ~ e J I H .  B YBCTHOCTU, MbI H e  UCnOJIb3YeM p e 3 y A b T a T O B  >KH)- 
AUa U Kapa~eonopu 0 HeKOTOPbIX r p a H U Y H b I X  C B O ~ ~ C T B ~ X  0 ~ 0 6 p a -  
X e H U H  Z = W  ( 5 ) .  

2. C H ~ Y ~ J I ~  MbI IIPMBeAeM HeKOTOPbIe  JIeMMbI, UCIIOJIb3yeMbIe  
B n a n b ~ e t i r u e ~ .  

J I ~ M M ~  1 .  Ecnu y ( s )  rtenpepbisrco 3asucum om s, mo zapuo- 
rtuyeclcax s ornlcpbmou eedurtuwiou icpyze #y r t~cqu~  

Ui ( r ,  6 )  = arg w' (E)  

U,(r, 8, 8) = arg o (€e i6 )  - o (E) 
€eia - €  ' 

p (8)  = a ,  + x;=, (an cos n8 + bn sin n6), (3) 

2,"=1 (- bn cos n8 + a n  sin n6). 
- 

Tozda @ Y H I C ~ U R  emp(8) cyuuupyeua npu nto6ow ee~ecmsert-  
HOU m. 

B C A ~ A C T B U ~  p a B ~ 0 ~ e p ~ o f i  CXOAUMOCTU p R A a  (3) A n H  KaXAOI'O 
E H ~ ~ A ~ T C R  T a K O e  U e n O e  k ,  YTO 

* Vierter Skand. Mathem.-Yongrep. Stockholm, 1916. S. 87-90. 



'8LE-ELE '6PE-8PE 'S '9061 'OE 'Pa "WeW ePQ---'nOIed 'd ** 
's8z '6 '6Z6I 'EI 'pa "q1ew 'pun6 -.punwilLz 'Q , 

*~H~EEXOII ewwav u 

1'1 (gu u!sUq + 0u so3 'v)'g-= (1 '0) 'TI 
ca 



3. Ansr COKpalqeHMH nOCneAyrolquX ~ ~ C C M O T ~ ~ H M ~  BBeAeM He- 
KOTOpbIe O ~ O ~ H ~ ~ ~ H U S I .  ~ Y A ~ M  rOBOPUTb, qTO peryARPHaR B KPYre 
1 E 1 < 1 ~ ~ H K U H R  f ( E )  npuHaAnexuT Knaccy Ha (6 > O), ecnu ~ 0 3 -  

2% 

pacTamuue BMecTe c r uHTerpanb1 1 l f ( r e i e )  la do ocTaroTcR orpa- 

HUqeHHbIMM npu r -+ 1. 0~~0~0nO"JIara lo~kie  C B O ~ ~ C T B ~  @YHKLI .N~~ 

KnaCCa Ha AaA 0. PHCC*. H ~ M  O C O ~ ~ H H O  6 y n e ~  HJ'XeH pe- 
3yAbTaT, C O C T O H U ~ ~ ~  B TOM, qTO n r o 6 a ~  @ Y H K U U R  KJIaCCa Ha HMeeT 

n o w u  ~ e 3 ~ e  yrnosbIe rpaHuqHble s ~ a q e ~ u s r  f ( e i e ) .  n p u  ~ T O M  

@YHKUUR 1 f (e l8)  l a  CyMMupyeMa, a f ( e i e )  n0qTU Be3Ae OTAUqHa 

OT H y J I H ,  u 

lim [ I f (re") l6 dB = 1 f (eiB)la do, 
r+1 M 

u ~ao6opoT, ecnu sepHa @ o p ~ y n a  Hyaccosa, TO @ Y H K U U R  f ( E )  
npuHaAnexuT Knaccy HI.  H o n o x u ~  

f ( E )  = ~ X O  (a,- ibn)En ( 1  E l  < 1). (6) 

a, + Z,"=I (a ,  cos no + 6 ,  sin no) u 

HaoGopo~, eCnu pHfib1 (7) CYTb PSIAbI @ypbe CYMMUPYeMbIX 
@YHKUUR, TO OqeBunHo,   TO K @ Y H K U U U  (6) npuMeHuMa @ o p ~ y n a  
( 5 ) ,  u noToMy s-ra @ Y H K U U R  npuHaAnexuT Knaccy H I .  

O T M ~ T W M  e u e  cnenyrouee y ~ s e p x n e ~ u e * * * .  

* F. Riesz. -Meth. Zeitchr., Bd. 18, 1923. S. 87-95. 
** Gr. Fichtenho1z.- Fund. Math., vol. 13. S. 26, 1929, p. 1-33. 

*** V. Smirnoff.- Journ. Soc. phys. Math. de Leningrad. Bd. 2, Heft 2, 
1930. S. 23-24. 
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JIew~a 3.  Ecnu # ~ H K ~ U R  f ( S )  n p u ~ a d n e x u m  rcnaccy Ha, 
a If ( e i e )  c y m t u p y e w a  npu HercomopoA > a, m o  f ( 5 )  npu- 
~ a d n e w u m  rcnaccy H p .  

4. 6 y n e ~  ~ O B O P U T ~ ,    TO perynRpHaR B Kpyre 15 ( < 1 (PYHKUMR 
f ( 5 )  npuHannexuT Knaccy A1,  ecnu f ( S )  Henpepbwa B ~ ~ M K H Y -  
TOM Kpyre 1 5  15 1 u a 6 c o n r o ~ ~ o  HenpepbIBHa Ha ero rpaHuue ~. 

" ( p l  > 1 )  CYMMHPYeMa, TO I E 1 = 1. Ecnu, KpOMe TOrO, 
~ b l  ~ Y A ~ M  ~ O B O P U T ~ ,   TO f K A ~ C C Y  Ap,. 

Ecnu F ( S )  npuHannexuT A , ,  TO 

2r 

T. e. K (PYHKUUU iSF' ( 6 )  npuMeHnMa (Pop~yna n y a c c o ~ a ,  w no- 
TOMY 3 ~ a  ~ Y H K U U R  npuHaAnexuT Knaccy H,. K p o ~ e  Toro, KaK 
M ~ B ~ C T H O " ,  rPaHUqHblf2 3HaqeHMR HHTerpaAa ~ Y ~ C C O H ~  ( 8 )  nOsTU 
Be3Ae PaBHbI d F  (eiO)/dO.  ~ O ~ T O M Y  M b I  nPUXOAUM K @0pMyne 

M 3  neMMb1 3 cnenyeT,  TO ecnu (PYHKUWR F ( € )  npuHaAnexwT 
Knaccy A,, ( p ,  > 1 ) ,  TO @ Y H K U U R  F' ( 5 )  npuHannexuT Knaccy H,,. 
Torna @ Y H K U W R  ( F ' ( e i e )  lp l  CYMMUPYeMa B CMny @OpMyJIbl ( 9 ) .  
A O ~ ~ C T H M ,  ~ a o 6 o p o ~ ,  s ~ o  F ' ( € )  npuHannexuT Knaccy H , ,  u no- 
J I O X U M  

F' ( E )  = x,"=o (a ,  - ip,) 5". 

* P. Fatou, 1. c. S. 349, 377-378. 
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- a, cos (n + 1) fl  + B, s in  (n + 1) fl  
Z n = o  n +  1 

- - P n  cos (n f 1) fl + a, sin (n f 1) fl  
Z n = o  n +  1 

F ( E )  = ZLo - iPn En+l 
n f  l 

IlOJIysalOTCR MHTerPMpOBaHMeM PRAOB @ypbe I $ ~ H K u u ~ ~  

-ul(ele)  sin 8 - v, (ele)  cos 8 M u,'(eie) cos 8 - .d,(eie) sin 8 .  

~ O ~ T O M Y  PRAbl (10) - 3T0 PRAbI @ypbe ~ ~ C O J I I O T H O  HenpepbIBHbIX 
@YHKUMW u2  (eie) M v2 (ele)*. K p o ~ e  Toro, F ( E )  npencTaBuMa 
uHTerpanoM n y a c c o ~ a  

2rr 

a nOTOMj' HenpepbIBHa B 3aMKHYTOM KPyre I E 1 1, npMseM ee 
rpaHUsHbIe 3HaseHIIR PaBHbI U 2  (e le )  t- i V 2  ( e l e ) ,  T ~ K M M  0 6 p a 3 0 ~ ,  
F ( E )  npuHannexuT Knaccy A,. Ecnu F' ( E )  npnHannexMT Knaccy 
Hp, ( p i  > I ) ,  TO I F' (e le )  lpl  CyMMMpyeMa, U U 3  @ O P M Y J I ~ I  ( 9 )  Cne- 
nyeT,  TO F ( E )  npuHannexuT Knaccy ApI. M T ~ K ,  cnpaBennuso 
cnenyroqee yTsepxneHue. 

J l e ~ ~ a  4. Ecnu @ Y H F C ~ U R  F(E) n p u ~ a d n e x u m  rcnaccy A,, 
( p ,  >, I ) ,  m o  ee n p o u 3 8 o d ~ a ~  F' ( E )  n p u ~ a d n e x u m  Fcnaccy HpI ,  
L? ~ao6oporn.  AAR ZpUHU'LHblX 3HalteHuli @yHICyuL? F' ( E )  8epHa 
@opwyna (9 ) .  

B n a n b ~ e a r u e ~  M ~ I  BocnonbsyeMcR cnenyroqefi ~ e o p e ~ o t i  
M. Pucca**. l7ycrnb f, ( 8 )  - @ y ~ r c y u ~  rcnacca Lpl ( p ,  > I ) ,  m .  e. 

* A. Lebesgue.-Ann. Ecole Norm., t. 3, N 20, 1903, S. 484. 
** M. Riesz. - Math. Zeitschr., Bd. 27, 1928. S. 224-226. 



nycmb fi ( 0 )  u s ~ e p u ~ a ,  a If, ( 0 )  ( p i  cyAtMupyeMa 8 uHmepeane 
(0,2n), u nycmb 

- ee pRd Oyp6e. Tozda U c O ? L P R ; H C ~ H H ~ L ~ ~  pRd 

- b, + Z,"=I (- b, cos n0 + a, sin n0) ( 1 2 )  
w 

ecmb p ~ d  Oypbe ~ercomopori @y~rcquu fi ( 0 )  rcnacca L p l .  

~ O C K O J I ~ K Y  PSIAbI ( 1 1 )  M (12) C y T b  PSIAbI o y p b e ,  TO @YHKUMSI 

f (€1 = Z,"=I (a,  - ib,) E n  (13) 

T O ~ H O  T a K  Xe M O X H O  n O K a 3 a T b ,  q T O  eCnM ( 1 1 )  eCTb P R A  

o y p b e  a 6 c o n t o ~ ~ o  H e n p e p b l B H o f i  @ Y H K U M M  f1 (e ) ,  nPOM3BOAHaSI 

K O T O P O ~ ~  I I P M H a A n e X M T  LP1 (p l  > I ) ,  TO PSIA (12) e C T b  T a K X e  PSIA 
o y p b e  H ~ K O T O P O ~ ~  @ Y H K U M M  C TeMM Xe C B O ~ C T B ~ M M * ,  a @ Y H K ~ ~ M S I  

f ( S )  n p M H a A n e x M T  K n a c c y  A,,. 
J I ~ M M ~  5. Ecnu p ~ d  ( 1  1 )  ecmb p ~ d  Oypbe a6conrom~o Henpe- 

p6~8~0tl @y~rcyuu, npou380d~a~ rcomopou npu~adnexum rcnaccy 
L P l  (p i  > I),  mo @ y ~ r c y u ~  (13) npu~adnex  um rcnaccy A,,. Ecnu 
p ~ d  ( 1  1 )  ecmb p ~ d  Oypbe @y~rcyuu rcnacca L p l ,  mo @ Y H I C ~ U R  
(13) npu~adnexum rcnaccy H,,. 

5. M ~ I  A O K a X e M  cue CJIeAYKlUYKl ~ ~ M M Y * * .  
& M M ~  6. Ecnu o6a CO?LpRXeHHbLX p ~ d a  

X,"=,(a, c~sne  + 6,sin no) M Xnm=l (-6,cos n0 + a, sin no) (14) 

Cymb pRd6L Oypbe @ Y H I C ~ U ~  02paH~lteHH0fi 8UpUaqUU 9 ,  ( 6 )  
u $, (O), mo 3mu @y~rcyuu 3rc8u8aneHmH6L a6conrom~o Henpe- 
~ ~ L B H ~ L M  @ Y H K ~ U R M .  

* L. Seidel, 1. c. S. 223-224. 
** F. und M. Riesz. Vierter Skand. Mathern.-Kongrep. Stockholm, 1916, 

S. 44. 



Torna 
2x 

1 d 1 - r2 x ( 5 )  = ~E+'(E) = -%J [+I ( 4  + i+? ( t ) 1 7  1 2 r r o s ( 0 - t )  + r z  dt. 
0 

T ~ K M M  06pa30~ ,  x (E) npnHanJrexuT Knaccy H I ,  oTKyna cnenyeT, 
 TO $' (E) o6nanae.r TeM x e  CBORCTBOM. 110 neMMe 4 + (E) npu- 
HaanexuT Knaccy A,. cDop~yna (15) ~ O K ~ ~ L I B ~ ~ T ,    TO (8) 
M q2(6) SKBMBaJIeHTHbI ~ ~ C O J I H ~ T H O  HenPePblBHblM @ Y H K U M R M .  

6. noc~re  ~ T M X  npnro~osne~ut ' i  M ~ I  nonxonuM K Hameti TeMe. 
~ Y C T ~ ,  KaK N B n. 1, o (5) - @ ~ H K U H H ,  KOTOPaH OCyUeCTBnHeT 

K O H @ O P M H O ~  O T O ~ P ~ X ~ H M ~  KPYra 1 E 1 < 1 Ha 06JIacTb B. nOcK0JIb- 
K Y  rpaeuqa o6nac~n  B - cnpmnHeMaH xopnaHosa KpusaH, TO 
W (E) HenpepbIBHa B 3aMKHYTOM KPYre I E (5  1, a Ha er0  rpaHMqe 
uMeeT orpaHuqeHHyIo sapnaunw. n o  n e m e  6 o (E) npnHanJrexnT 
Knaccy A,, TaK  TO ol(E) npuHaAnexnT Knaccy HI.  PZCCMOTPMM 
perynrrptiyw B Kpyre 1 E 1 < 1 @ ~ H K U M I O  

lg o' (E) = Ig 1 o' (E) ( + iarg w' (E). (16) 
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C ~ ~ H K ~ A H ~  (s) (CM. n. 1) M O X H O  CqWTaTb @yHKUHefi yrna 8. Ecnu 
3Ta @ Y H K ~ M R  (p (s) HAW (8) HenpepbIBHa, TO MHHMaR YaCTb 
@ Y H K ~ M W  (16) no JeMMe 1 HenpepbIBHa B 3aMKHYTOM KPYre 
1 E )  1,  a ee rpaHkiqHbIe 3HaYeHHR PaBHbI 

'P (8) - 8 - 4 2 .  (17) 

n o  neMMe 5 @ ~ H K U W R  (16) npwHannexwT Knaccy H, npw n r o 6 o ~  
IIOJIOXHTeJIbHOM p u, B YacTHocTw, npencTaBnMa uHTerpanoM 
nyaccoea. 

AO~YCTHM Tenepb, qTO (P (s) ~ ~ C O A I O T H O  HenpepbIBHa. K ~ K  
y x e  roBopwnocb, w ( 5 )  npuHannexwT Knaccy A,, a w' (€)-~naccy 
HI, 

(CM. n. 4). T ~ K H M  06pa30~ ,  
e 

s = 6 I W' (elt) I dt, (18) 

d v ( s )  
A O ~ Y C T U M ,  HaKOHeU, YTO (s) ~ ~ c o J I I O T H O  HenpepbIBHa, a 

npwnannexwr Knaccy L p l  (pl > 1). A o ~ a x e ~ ,  YTO dq npwHan- 
AeXHT TOMY Xe KJIaCCy. C 3~0f l  UeJIbIO MbI  BOCIlOJlb3YeMCR He- 
PaBeHCTBOM renbflepa 

B KOTOPOM w 3  CXOAWMOCTF~ wsTerpanoB B npa~ofi  qacTw cneAyeT 
c x o ~ w ~ o c ~ b  wHTerpana B n e ~ o f i .  ~ P W M ~ H W M  ero  K wmerpany 



~ o ~ o p b l i i  B cuny (18) u (20) M O X H O  3 a n u c a ~ b  TaK: 

unu 

B b l 6 e p e ~  YUCnO k > 1 TaK, YTO p 2 k  < Pi ,  U 3aMeTUM, YTO 

@YHKUMR (19) CYMMUPYeMa IlpU n m 6 o ~ .  BeUl+eCTBeHHOM m. Mbl 
dy Pa BUAUM, YTO 1 "PU Pz < PI CYMMHPYeMa n 0  8. 3 ~ 8 9 ~ ~ .  eCnN 

dv cp (s) ~ ~ C O J I O T H O  ~ e n p e p b ~ ~ ~ a  u TS- npuHannexuT Knaccy L p l ,  TO 

@YHKUUR (17) y r n a  8 ~ ~ C O ~ I O T H O  HenpepbIBHa, a e e  npOU3BOAHafI 
no 0 npuHannexuT Knaccy Hpz npu p, < p,. J l e ~ ~ a  5 n o ~ a m s a e ~ ,  
YTO (PYHKUUR (16) npuHannexuT Knaccy A,,. O ~ O ~ H ~ Y U B  e e  ~ e p e s  
0, (E), HaXOAUM 

QYHKUUR wr(5), oyeBunHo, npuHannexuT Knaccy A,, u, cnenosa-  
TenbHo, 0" (5) npuHannexuT HI. H o  TaK KaK w, (5) npuHannexuT 
Knaccy H,,, TO @YHKUUR 

npuHannexuT LPz, u n o  neMMe 3 w"(€) npuHannexuT KJaccy H,,. 
~ H ~ Y U T ,  w' (5) T o x e  npuHannexuT Knaccy A,,, u I w'(ei6) I uMeeT 
nonoxuTenbHym H U ~ H I O ~  rpaHuqy: 

I 0' (ere) I >, p > 0. (21) 

dy ~ o K ~ ~ I , I B ~ ~ T ,  YTO - npuHannexuT TOMY x e  Knaccy i p ~ ,  YTO 
d0 



" ~ O ~ T O M Y  B IIpenUIeCTByDUUX PaCCMOTpeHUHX u QYHKUUSI z. 
MOXHO IIOnOXUTb p2 =pi. T ~ K  K a K  ~ Y H K U U R  w' (E )  IIpUHaAJIeXUT 

Knaccy A,,, TO no n e m e  4 w N ( E )  npuHannexur Knaccy H,,, 
a nnsr rpaHulrHbrx 3 ~ a l r e ~ u t i  wN(ete) nosru ~ e s n e  cnpaseAnuso 
PaBeHCTBO 

M T ~ K ,  M ~ I  nonylrunu cnenyroqyro TeopeMy. 
drp (s) Teope~a 1. Ecnu cp ( s )  a6conromtio tienpepblatia, a - ds 

npunadnexum rcnaccy Lpl ( p i  > I ) ,  mo giytircqu~ w' ( E )  tienpe- 
puma a sa~rctiyrnou rcpyze I E ( < 1 u a6conromtio tienpepuatia 
tia ezo zpatiuqe ( E 1 = 1 ;  wN ( i)  nputiadnexum rcnaccy H,,, a d n ~  
ee z p a ~ u ~ ~ u x  stia~etiuu noLtmu aesde 

u I w' (eie) 1 uMeem nonoxumenbtiyro ~ u x ~ r o r o  zpatiuqy. 

7. ~ O ~ ~ C T U M  Tenepb, lrT0 ip ( s )  U ~ ~ C O ~ I O T H O  HenpepblB- 

d2rp (s) 
H ~ I  u l r ~ o  npuHannexuT Knaccy L p l  ( p ,  > 1 ) .  TaK K a K  

@ Y H K U U R  w'(eie) ~ ~ C O J I O T H O  HeIlpepbIBHa, TO U3 PaBeHCTBa (22) 
d 

cnenyer, sro 3 TaKxe a 6 c o n r o ~ ~ o  HenpepbIBHa. n o  npennono- 

XeHUK, ( $ 1 '  C y M M U p y . e M a  IlpU nlo60M IIOJIOXUTeAbHOM p, a 

noToMy no TeopeMe 1 ( w" (eie) o6nanae~  TeM x e  C B O ~ ~ C T B O M .  

~ O J I O X U M  

w' (ele) = u,  (elo) + iv, (ele). 

d2rq day 
Mbl B U A U M ,  lrTO --@ npUHaAJIeXUT TOMY Xe KnaCCy Lpl, lrT0 U -p . 

P ~ C C M O T ~ H M  Tenepb ~ Y H K U U K )  

lg w' ( E )  = lg I w' ( E )  1 + i arg w' (E), 
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npusannexaqym K n a c c y  A,. no n e M M e  1 @ Y H K U H R  

n p u H a n n e x a T  K n a c c y  H,, a r p a a w a b r e  3 ~ a q e ~ u ~  ee M H U M O R  
qaCTM PaBHbl  

m 

., ( t )  = 2 (an - i P n )  E n  ( I E I < 1 )  
n=O 

- Po + 2;=1(- Pn cos no + an sin no) 

eCTb P R A  @ y p b e  ( P Y H K U ~ ~ H  V ( e l e ) ,  TO Pi3 JleMMbI 5 C n e A y e T ,  r l T 0  
(PYHKUUR W l  ( i )  lTPkiHaAJIeXUT KJIaCCy Ap,. T O M ~  Xe K n a c C Y ,  
o . r e s u A H o ,  nputiannexu-r u (PYHKUUR 

T e n e p b  RCHO, qTO @ Y H K U U R  

W" ( E )  = ( E )  wt (€1 

I I p H H a A J I e ~ k i T  KJIaCCy 4. H0 MOXHO n O K a 3 a T b ,  q T O  nPOH3BOAHaR 

OT W " ( e i e )  I IpPiHaAJIeXUT KJIaCCy Lp,, O T K y A a  C n e A y e T ,  q T O  W" (k)  
I IpUHaAJIeXkiT KJIaCCy A,,. ~ ~ € ? # C T B H T ~ J I ~ H O ,  

do"(eie) - do,(e ie)  do' (e ie )  
do - do w t ( e i e )  +02(e ie )  T. (24 

Ho (PYHKUHR wz ( E )  n p u t i a A n e x u T  K n a c c y  A,,, H ~ O ~ T O M Y  (PYHKUUR 



11 3 T a  @YHKUUR ~ ~ C O J I ~ O T H O  H e n p e p u B H a .  M T ~ K ,  @ Y H K U U R  (24) 
n p M H a n n e m u T  K n a c c y  Lpl, a @ Y H K U A H  w N ( E )  - K n a c c y  A,,. HO 
T o r n a  113 n e M M b 1  4  c n e n y e T ,  s ~ o  ~ " ' ( 5 )  n p m a n n e x m  K n a c c y  H,,. 

T ~ K H M  o 6 p a 3 0 ~ ,  M ~ I  nonyqnnll cnenymuym T e o p e M y .  

Teope~a 2. Ecnu cp ( s )  u d p ( s )  a6con~)mrto rtenpepusnl, 

a -  npunadnexum icnaccy LP1 ( p, > I ), mo @yrticqu~ ds2 
w" ( E )  rtenpepblsrta s sa~ icr tymo~ icpyze ( 5 1 4 1 u a6conlomno 
Henpepusrta rta ezo zpartuqe I E 1 = 1; @yrticqu~ om ( E )  npurtad- 
nexum icnaccy H,,, u ee zpartultrtble sr ta l te~u~ pasm 

0 cOOPMYnAX KOUlH H rPHHA 
H 0 HEKOTOPUX CBIIBAHHbIX C HHMH flP06nEMAX' 

1. ~ Y C T ~  B - O A H O C B H 3 H a H  O A H O n U C T H a R  O ~ A ~ C T ~  H a  IIJIOCKOC- 
T U  K O M ~ J I ~ K C H O ~ ~  ~ ~ P € ! M ~ H H o ~  X ,  O r p a H M q e H H a R  c ~ ~ R M J I R ~ M o ~ ~  K P H -  
B O ~  X o p n a ~ a  F, a f ( x )  - @ Y H K U U R ,  p e r y n R p H a R  BHYTPH B. OC- 
H O B H a R  Uenb 3 ~ 0 a  pa60~b1  COCTOMT B T O M ,  9~06b1 I I O J I Y q U T b  

H e K O T O p b I e  p e 3 y J l b T a T b I  0 I l P U M e H U M o C T M  @OPMYJI KOLUU 11 r pk i~a :  

* Sur les formules de Cauchy et de Green et quelques problkmes qui 
s'y rattachent. - M ~ B .  AH CCCP, cep. am.-MBT., NP. 3, 1932, p. 338-372. 



CUCTeMaX QYHKUUW H a  I?. B IIOCJIeAYIOUeM MbI OTKaXeMCSI B H e -  
KOTOPblX CJIyYaSIX OT T ~ ~ ~ O B ~ H U H  OAHOJIMCTHOCTU o6nac~w B. 

Ecnu B - 3 T 0  K P Y r ,  TO @ O P M Y ~ ~  ~ P M H ~  e C T b  M3BeCTHaR @OP- 
M y n a  ~ Y ~ C C O H ~ ,  N B 3TOM C J I y Y a e ,  KaK NSBeCTHO, @ 0 p ~ y J l b 1  ( 1 )  
N ( 2 )  CYTb CJIeACTBUR A P Y r  P . p y r a ,  a H ~ O ~ X O ~ M M O ~  U AOCTaTOs- 
H o e  YCJ'IOBNe UX nPUMeHUMOCTM COCTONT B TOM, YTO CpeAHMe MO- 
AyJISI @ Y H K U U N  f ( x )  n0 OKPYXHOCTSIM, KOHUeHTPU9eCKNM C r, 
OCTamTCSI O ~ P a H M 9 e H H b I M M ,  T. e. MHTerpaJIbI  

BO3paCTaR BMeCTe C r ,  AOJIXHbI 6 b 1 ~ b  OrPaHll ' leHHbIMM, K O r A a  r + 1. 
M ~ I  C s u T a e M ,  YTO U ~ H T P  K p y r a  B p a c n o n o x e H  B H a s a n e  x =0, a 
ero panuyc p a s e H  enu~uue*. 

B n a J I b ~ e f i I J J e ~  MbI ~ Y A ~ M  3aHMMaTbCSI a H a J I O r N ~ H b I M M  BOnPO-  
CaMU AnSI 0 6 n a c ~ u  B,  Y A O B J I ~ T B O P R I O L ~ ~ ~ ~  YCJIOBNRM, OnUCaHHbIM 
BbIUle. 

2. ~ P U B ~ A ~ M  C H a s a J I a  HeCKOJIbKO U3BeCTHbIX Pe3YJIbTaTOB,  KO- 
T o p b r e  6 y n y ~  HaM n o n e 3 ~ b 1  B ~ a n b ~ e f i r r r e ~ .  

~ Y C T ~  K-  K P Y r  121 < 1, a C - OKPYXHOCTb ( Z I = 1. ~ Y A ~ M  
~ O B O P M T ~ ,  YTO @ Y H K U M R  o ( z ) ,  p e r y n R p H a n  BHYTPM K p y r a  K, npu- 
H a n n e x w  K n a c c y  H6, rne 6 > 0, ecnu u H T e r p a n b r  

2 x  

1 o ( r e f A )  l 6  dh, 
0 

BO3paCTaSI BMeCTe C r ,  OCTamTCSI O r P a H N s e H H b I M N  npM r -t 1. M3- 
BecTcro,  YTO ecnu @ Y H K U M R  o ( z )  n p u H a n n e x u T  Hs, TO o H a  u M e e T  

IlOrlTU B e 3 A e  r p a H U r l H b I e  3HaseHUSI  o (el ' )  BAOJIb HeKaCaTeJ lbHbIX 
ny~e t i ,  M 

Ecnu o ( 2 )  o b n a n a e ~  ~ ~ C K O H ~ ~ ~ H ~ I M  MHOXeCTBOM ~ y n e i i  ai ,  a,, . . . 
BHYTPU K, TO P H A  

XI ( 1  - l a n \ )  (3) 

* Gr. Fichtenho1z.- Fundamenta Mathematicae, t. 13, 1929. 



K O T O P Y I O  M b l  H a 3 0 B e M  , , @ Y H K u M ~ ~ ~  ~ J I R U I K ~ ~ ,  Y A O B J l e T B O P R e T  BHYT-  

PM K y C n O B M I 0  1 b (2)  1 < 1 M 06naAae~  n O q T U  B e 3 A e  r P a H M ' l H b I M M  
3 H a Z I e H H R M M ,  P a B H b l M M  no M O A y J l I O  ~ A M H M u ~ * .  

Bce (PYHKUMU K n a c c a  Hs n o n y c K a m T  n a p a M e T p M q e c K o e  npen- 
c T a B n e H M e  B M n a  

(4)  
rfie b (2)  - @ Y H K U M R  ~ J I R U I K ~ ,  P ( h )  H e O T p M U a T e J I b H a ,  n p H q e M  
l g p  ( A )  U [ p  ( A ) ] '  C Y M M M P Y e M b I ,  4 ( A )  - O r P a H M Z I e H H a R  H e B 0 3 P a C T a -  

I 0 U a R  @ Y H K U M R ,  I I P O M 3 B O A H a R  K O T O P O ~ ~  IIOZITM B e 3 A e  P a B H a  H y n I O ;  
C O O T B ~ T C T B ~ I O ~ U ~ ~  U H T e r p a i l  e C T b  M H T e r p a n  C T M J I T ~ ~ C ~ .  CUMBOJIOM 
e X p X  MbI  0 6 0 3 ~ a q a e ~  ex . E c n M  @ Y H K U M R  U ( Z )  H e  M M e e T  H Y J I ~ ~ ~ ,  

T O  B @ O P M Y J I ~  (4) H Y X H O  n O J I O X M T b  b (2)  r 1. BBRB q M C A a  an 
U @ Y H K U M M  P ( h )  M 4 ( A )  I lpM e A M H C T B e H H O M  yCJlOBMM, q T O  OHM 

0 6 n a A a I O ~  B b I U I e Y n O M R H y T b I M M  C B O ~ ~ C T B ~ M U ,  M b l  n O J I Y q M M  n 0  (POP- 
M y A e  (4 )  H e K O T O P Y I O  @ Y H K U H I O  w(Z),  n P M H a A J I e X a U Y I O  Ha. Mo- 
X H O  B b l p a 3 U T b  3 T O T  @ ~ K T ,  C K a 3 a B ,  q T O  @ O ~ M Y A ~  (4 )  A a e T  naps- 
M e T p M s e c K o e  n p e n c T a B n e s u e  K n a c c a  Hs **. 

J l e r ~ o  B u n e n ,   TO p ( c p )  (0 ,< cp ,< 27r) noqm ~ e 3 a e  C o B n a A a e T  
C M O A y J I e M  r p a H U Z I H b l X  3 ~ a q e ~ M f i  @ Y H K U M M  w ( z ) ,  T. e. p(cp) = 

= 1 w (el?) 1. n e p ~ b l f i  M T P ~ T M ~ ~  C O M H O X M T e J I M  B n p a ~ 0 f i  q a C T M  @0p- 
MYJIbI  (4) M M e I O T  I I O q T M  B e 3 A e  r p a H U q H b l e  3 H a Z I e H M R ,  no M O A y n I O  
P a B H b I e  e A M H M u e ,  a BHYTPM K MX MOAYJIM M e H b U I e  e A M H M U b l .  

C n e n o s a ~ e n b ~ o ,  Q ~ H K U M R  

1 w (e iA)  1 - r 2  
w (reip) = 2;;- 

1 - 2r cos (rp - h )  + r2 dh ( 6 )  
0 

* F. Riesz.--Math. Ztschr., Bd. 18, H. 112, 1923. 
** V. Srnirnoff. Journ. Soc. Phys.-Math. Leningr., t. 11, fasc. 2, 1928, 

p. 22-37. 



H ~ O ~ X O ~ H M O  M AOCTaT09H0,  9 ~ 0 6 b 1  @ Y H K U M R  w ( 2 )  n p M H a A n e X a n a  

K n a c c y  HI.  n o n o x ~ ~  

@ O p M y n a  (6 )  PaBHOCMnbHa TOMY @ ~ K T Y ,  YTO TPMrOHOMeTPM9eCKMe 

PRllbI 
m 

2 (a ,  cos ncp + bn sin ncp) 
n=O 

CYTb PRAbl @ y p b e - . . k 6 e r a ,  T. e. pRnb1  @ y p b e  CYMMUPYeMbIX 

@ Y H K U W W .  
@YHKUMM w ( z )  K n a c c a  H, 06nana10~ ewe o n H m  s a ~ e s a ~ e n b -  

H ~ I M  C B O ~ ~ C T B O M :  n n R  T O ~ O ,  Y T O ~ ~ I  n e p e o o 6 p a 3 ~ a ~  

6 b 1 n a  H e n p e p b I B H a  B 3aMKHYTOM K P Y W  (21 1 U ~ ~ C O ~ I O T H O  H e n -  
p e p b l B H a  Ha OKPYXHOCTU I z I = 1, H ~ O ~ X O A M M O  M AOCTaTOsHO, YTO- 

6b1 @ Y H K U M R  w ( z )  n p u H a n n e x a n a  K n a c c y  HI.  
n p e n n o n o x ~ ~ ,  YTO @ Y H K U M R  F ( z )  0 6 n a n a e ~  B b l u r e y n o M R H y -  

T ~ I M  C B O ~ C T B O M .  B  TOM cnysae p R n b r  

m 

2 (- P n  cos ncp + an sin ncp) 
n= 1 

CYTb PRAbI @ y p b e  ~ ~ C O ~ I O T H O  H e n p e p b l B H b I X  @ Y H K U M ~ ~ .  A l l @ @ e p e ~ -  
~ u p y ~  M X ,  M ~ I  n o n y s m  p R n b r  @ypbe--JleBera,  o T K y n a  c n e n y e T ,  

YTO P R A ~ I  (8) c y ~ b  P R A ~ I  @ y p b e - J l e G e r a ,  M, c n e n o s a T e n b H o ,  
MMeeT M e m o  q o p ~ y n a  ( 6 )  M @ Y H K U M R  w ( z )  n p M H a n n e m u T  K n a c c y  

HI. ~ o K ~ ~ ~ T ~ J I ~ c T B o  0 6 p a T ~ O r 0  YTBepXAeHMR MOXHO HafiTki B M e -  

M y a p e  @. P M C C ~ ,  UMTMPOBaHHOM Bbl W e .  
MOXHO T a K x e  c ~ a s a ~ b ,   TO n e p ~ o o 6 p a 3 ~ b r e  @ Y H K U M R  K n a c c a  

Hl 06pa3ym~ KJlaCC @ Y H K U M ~ ~ ,  KOTOPbIe H e n p e p b I B H b I  B 3aMKHY- 

TOM K p Y r e  12 1 < 1 M o ~ o 6 p a x a m ~  3TOT K P Y r  Ha OrPaHMseHHYIO 

YaCTb H ~ K O T O ~ O ~ ~  P M M ~ H O B O ~  IIOBePXHOCTM, MMeIOwYIO CnpRMARe-  
~ ~ f i  KOHTYP*. 

* CM., Hanpmep, F. et M. Riesz. IV Congr. des Math. Scandin. i Stock- 
holm, 1916. 

85 



T a ~ u e  O ~ ~ ~ C T U  MbI ~ Y A ~ M  H a 3 b I B a T b  O ~ ~ ~ C T R M U  T u n a  a. 
3 ~ 0  O ~ C T O R T ~ ~ ~ C T B O  CBR3aHO C T e M ,  YTO e C n U  ABa COIIpRXeH-  

HbIX TPUrOHOMeTPUgeCKUX P H A a  CYTb P R n M  @ y p b e  @ Y H K U U ~ ~  O r p a -  

H U Y ~ H H O ~ ~  BapUaUMU, TO OHM CYTb PRAM @ y p b e  a 6 ~ 0 n l o ~ ~ 0  H e I I p e -  

P ~ I B H ~ I X  @ Y H K U U ~ ~ .  3 ~ a  T e o p e M a  H e M e n n e H H o  c n e A y e T  ~3 A B ~ X  
T e O p e M ,  y K a 3 a H H b I X  B MOeM M e M y a p e ,  UUTUPOBaHHOM BblIIIe. 

M b l  OIIpeAeJIUJlM KnaCC Ha y C n 0 B U e M  OrpaHUYeHHOCTU MHTW- 

p a n o B  

MOXHO A a T b  A p y r o e  onpeaenetiue   TO TO K n a c c a ,  K o T o p o e  
HHBapUaHTHO OTHOCUTenbHO K O H @ O P M H O ~ O  O T O ~ ~ ~ X ~ H U R :  @YHKUUR 
w ( z )  nputiannexu-r K n a c c y  Hs, ecnu I w ( z )  l a  u M e e T  BHYTPU ~ p y -  
ra K r a p M O H M Y e C K y l o  M a X O p a H T y ,  T. e. e C n U  C y u e C T B y e T  TaKaR 

@ Y H K ~ U R  u ( f ,  y ) ,  r a p M O H U g e C K a H  BHYTPU K, YTO u ( f ,  y )  >/ 
>/ I W (rei?) l a .  n e r K 0  A O K a 3 a T b  PaBHOCUnbHOCTb 3TUX ABYX O n p e -  

nene~ufi c n o M o r q b l o  T e o p e M b r  r a p e a ~ a .  B T O ~ O ~  o n p e a e n e H u e  
KAaCCa Ha IIpUMeHMMO K K a X ~ 0 f i  O A H O C B R ~ H O ~ ~  O ~ ~ ~ C T U .  

3. O T M ~ T U M  erqe Ass K n a c c a  @ Y H K U U W .  OAMH u3 K O T O P ~ I X  6y- 
A e T  HaM O Y e H b  n O J I e 3 e H  B ~ a n b ~ e f i ~ e ~ .  B M ~ C T O  @ 0 p ~ y n b 1  (4) 
o n p e n e n u M  K n a c c  A c n o M o q b l o  cnenylouero n a p a M e T p u s e c K o r o  

n p e n c T a e n e t i u H :  

2ff 2ff 
1 1 

w ( z )  = b  ( z )  exp J q, ( A )  dA exp 5 
elh - Z 

J + Z  dq ( 1 ) .  (9) 
elh - Z  

0 0 

r A e  b ( 2 )  - @YHKU,UR ~ ~ F I U I K ~ ,  ( A )  - B e u e C T B e H H a R  CYMMUPYe- 
MaH @ Y H K ~ M R ,  4  ( A )  - B e u e C T B e H H a R  @YHKUUR O ~ ~ ~ H U Y ~ H H O ~ ~  Ba-  

PUaUMM, npOM3BOnHaR K 0 ~ 0 P O f i  IIOYTU B e 3 A e  P a B H a  H y n l o .   TOT 
K n a c c  A c 0 B n a n a e - r  c K n a c c o M  @ Y H K U M W ,  A ~ H  K O T O P ~ I X  MHTer- 

p a n b r  

OCTaloTCR OTpaHUYeHHbIMM. C H M B O ~  lg+ P a B e H  Iga IIpH a >, 1 ki 

H y n l o  npu 0 < a & 1 *. 
MOXHO e 4 e  C K a 3 a T b ,  YTO KAaCC A e C T b  KAaCC ( P Y H K U M ~  o (z), 

n n H  KOTOPMX lg+ 1 w ( 2 )  I MMeeT r a p M O H M Y e C K y I 0  M a X O p a H T y .   TO 
O n p e A e J l e H M e  IIpUMeHMMO K ~1060ti O A H O C B R ~ H O ~ ~  O ~ A ~ C T M .  K ~ K  
H ~ B ~ C T H O ,  K n a c c  A MOXHO ewe o n p e n e n m b ,  ~ O T P ~ ~ O B ~ B ,  ~ ~ 0 6 b l  

(PYHKUUR o ( 2 )  6 b 1 n a  gaCTHbIM ABYX OrPaHUYeHHbIX P e r y n R p H b I X  
@ Y H K U U ~ .  

* V. Smirnoff, 1. c. . % 



Onpenenu~  e u e  o n u ~  K n a c c  ( P Y H K U U W  c n o M o u b m  n a p a M e T p u -  

q e c K o r o  n p e n c T a B n e H u R  B u n a  ( 9 ) ,  rne b ( 2 )  --(PYHKUUR ~ J I R U I K ~ ,  
q, ( A )  - c y M M u p y e M a R  (PYHKUUR, a q ( A )  - ~ e ~ o s p a c ~ a l o u a ~  (PYHK- 
UUR,  l l P O U 3 B O A H a R  K O T O P O ~  I l O q T U  B e 3 A e  P a B H a  HYJIIO.  TOT KJ laCC 
D O q e B U A H O  COCTaBJIReT q a C T b  K A a C C a  A. 

,QJIR 3 T O r 0  KJIaCCa D M O n y A U  n e p B O r 0  U T p e T b e r O  C O M H O X U T e -  

J I e a  B I lpa~0a  l l aCTU @ 0 p ~ y J I b 1  ( 9 )  M e H b U e  e A U H U U b I  B H Y T P U  K p y -  
ra K. K p o ~ e  T o r o ,  B e p H a  c n e n y i o u a s l  T e o p e M a :  ~ J I R  T o r o  q ~ 0 6 b l  
(PYHKUUR o  ( 2 )  npmannexana K n a c c y  D, ~ e o 6 x o n u ~ o  n n o c T a T o s -  

HO, 9 ~ 0 6 b 1  U H T e r p a A b I  (10) OCTaBaJ lUCb  O r P a H U q e H H b l M U  U 

2 x  

lg+ ( o  (rei" )/ dA = [ ig+ 1 u (el" ) dd).. 
r+1 

( 1 1 )  
0' 

  TOT p e 3 y J I b T a T  U er0 A O K a 3 a T e J I b C T B O  I l p U H a n J I e X a T  H. KO- 
q u a o h .  C ee n106e3~oro p a 3 p e u r e ~ u ~  R u u ~ u p y m  3 n e c b   TOT pe- 
3YJIbTaT ,  q ~ 0 6 b l  B O C n O J I b 3 0 B a T b C R  UM B A ~ J I ~ H ~ ~ U ~ M .  

H Y C T ~  n --uenoe n o n o x u T e n b H o e  wcno. B ~ e n e ~  (PYHKUUIO 

3 ~ a  (PYHKURR O r p a H U q e H a ,  T a K  K a K  O ' i e B U n H O  (on(Z) l  ,< en. M 3  
(Pop~yn  (10) u (12) c n e n y e T ,   TO I wn ( 2 )  I ,< 1 o  ( 2 )  I u l irn on ( z ) =  

n+m 
= m  (2 )  P a B H O M e p H O  BHYTPU K, T.  e. P a B H O M e p H O  B K a X n 0 h  o6na- 
CTU, p a c n o n o x e ~ ~ o 8  B M e c T e  co CBOUM K O H T ~ P O M  BHYTPU K. Cne- 
AOBaTeJ IbHO,  K a X A y I O  @ Y H K ~ U ~ O  U I  ( 2 )  KJIaCCa D M O X H O  npu6nu- 
3 U T b  O ~ p a H U ' l e H H b I M U  M U H O p a H T a M U  on ( 2 )  T a K ,  q T 0  l irn on ( Z ) = o ( Z )  

n+m 
P a B H O M e p H O  BHYTPU K. H O K ~ X ~ M  T e n e p b ,  q T 0  eCJIU T a K O e  npu6- 
J I U X e H U e  B O S M O X H O ,  T O  ( P Y H K ~ U R  ( 2 )  I l P U H a A J I e X U T  KJIaCCY D. 

Y ~ C T H O ~  on ( z ) /u  (2 )  e C T b  O r p a H U q e H H a R  ( P Y H K ~ U R ,  U, C J I e A O B a -  

TeJ IbHO,  (PYHKUUR ( 2 )  e C T b  q a C T H O e  A B Y X  O r p a H U q e H H b l X  (PYHK- 
uua, a n o T o M y  n p u H a n n e x u T  K n a c c y  A. H y c ~ b  

2 x  2 x  

l i rn  %- lg+ 1 o  (relk) 1 dA = a .  'S 1 , x S l g + ) / w ( e i " ) d d i = p .  
r + l  

0 0 

Ecnu o ( z )  H e  n p u H a n n e x u T  K n a c c y  D, TO B cuny U ~ B ~ C T H O ~ ~  

T e O p e M b l  Q ~ T Y  p < a. ~ ~ ~ A ~ o J I o x U M ,  q T O  3 T 0  H e p a B e H C T B O  B e p H O ,  
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I.I ~ b 1 6 e p e ~  C T O n b  ~ O J - I ~ L L I O ~  n, YTO 

2% 

 TO B 0 3 M O X H 0 ,  T P K  K a K  W ,  (2) CTPeMMTCR K W ( Z )  P a B H O M e P H O  

H a  O K P Y X H O C T M  I z I = r .  K p o ~ e  T o r o ,  1 0, ( z )  1 ( w ( z )  ) , M ,  cne- 
A O B a T e n b H O ,  

m 
H0 H e p a B e H C T B O  p >/ a -3 I I p o T M B O p e q M T  P a B e H C T B y  a - = MI 

M ,  C n e A o B a T e n b H o ,  H a m e  A o n y u e H w e ,  YTO QYHKUMR W ( Z )  H e  npn-  
H a A n e x u T  K n a c c y  D, H e e e p H o .  

M T ~ K ,  MM A O K a 3 a A M ,  YTO K m C C  D M O X H O  O I I p e A e J l M T b  T e M  

C B O ~ C T B O M ,  YTO K a X A Y I O  QYHKUMIO W ( Z )  3~01-o K n a c c a  MOXHO 
n p u 6 n n 3 u T b  ee O r p a H H Y e H H b l M M  MMHOPaHTaMU P a B H O M e p H O  BHYTPU 

K. 3 ~ 0  O I I p e A e n e H M e  U H B a P M a H T H O  OTHOCMTeJlbHO K O H @ O P M H O ~ O  
0 ~ 0 6 p a X e ~ M R  M IIPMMeHMMO K n106oa O A H O C B R ~ H O ~  o 6 n a c ~ ~ .  

n a p a ~ e ~ p k i ~ e c ~ ~ e  I IpeACTaBJ l eHMR KJIaCCOB D M Hs A a I O T  C n e -  

A ~ I O ~ M ~  p e 3 y J l b T a T :  AJIR T O r O ,  ~ ~ 0 6 b 1  @ Y H K ~ ~ M R  W (2)  I IPMHaAJ le -  
Xana K J I a C C y  Hs B K P Y R  K, H ~ O ~ X O A M M O  M AOCTaTOYHO, ~ ~ 0 6 b 1  
o H a  npuaannexana  K n a c c y  D, a @ Y H K U M R  ( W  (elA) 6 b 1 m  CYMMM- 
P y e M a .  C J I ~ A O B ~ T ~ J I ~ H O ,  A n R  IIPMMeHMMOCTM @OPMYJ Komn M 

~ P M H ~  B C J l y Y a e  K p y r a  H ~ O ~ X O A M M O  M AOCTaTOYHO, Y ~ 0 6 b 1  @ Y H K -  
U M R  w ( z )  n p M H a A n e x a J r a  K a a c c y  Hs , a ee n p e n e n b H b I e  ~ H ~ Y ~ H M R  
W (elA) 6 b 1 n u  C y M M M P Y e M b I .  B AaJ IbHeaLLIeM MbI IIOJIyYMM a H a J I O -  

 MY Hb1a  p e 3 y J I b T a T  A n R  CJIyY a R  I I P o M ~ B o J I ~ H o ~  O A H O C B R ~ H O ~ ~  06- 
JIaCTM CO CI IPRMJIReMhIM KOHTYPOM. 

4. Y C T ~ H O B M M  T e n e p b  YCJIOBMR, H ~ O ~ X O A M M ~ I ~  M AOCTaTOYHbIe  

AJIR CIIpaBeAJIMBOCTM @ O ~ M Y A  K o m ~  M T p M H a .  
~ Y C T ~  X = q (2 )  - @ Y H K U M R ,  COBePUIaIOLl&3R K O H @ O P M H O ~  OTO- 

6 p a x e ~ n e  K p y r a  K (121 < 1)  H a  o 6 n a c T b  B. 0 6 0 3 ~ a Y M ~  ~ e p e 3  
Z = X ( X ;  x,) 0 6 p a T ~ y I O  @YHKUMIO,  r A e  Xo e C T b  o6pa3 TOYKM 

Z = 0 ,  T.  e. Xo = q (0 ) .  E c n ~  B e C T b  o 6 u a ~  0 6 J I a c T b  T M n a  a, TO 

I l P O M 3 B O A H a R  q ' ( Z )  M M e e T  IIOYTM E e 3 A e  r p a H M Y H b I e  3 H a Y e H M R  

$ ' (e lA) ,  COBIIaAaIOU.Me IIOqTM B e 3 A e  CO 3HaYeHMRMM I I P O M ~ B O A H O ~ ~  
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a 6 ~ 0 n l o ~ H 0  H e I I p e p b 1 ~ H O k  ( P Y H K ~ M M  d/ (elh); 3 T a  APOUSBOAHaR Ge- 
PeTCR B A O n b  O K P Y X H O C T U  C ( I z ( = l)". 

O o p ~ y n y  r p u ~ a  (2) MOXHO 3 a n u c a ~ b  AJIR o6nac~w B T u n a  a 
B C n e A y r O q e M  sane: 

T. e. @ o p ~ y n a  r p n ~ a  P a B H o c u n b H a  TOMY @ a ~ ~ y ,  T TO T e o p e M a  
raycca B e p H a  Ann f ( x )  nocne n p e o B p a 3 0 s a ~ u ~  06nac~u  B H a  
K p y r  K, npkl KOTOPOM T O Y K a  Z =  0 O T B e t l a e T  T O q K e  X .  Ecnu MbI 
B K O H ~ O P M H O M  O T O ~ P ~ X ~ H U U  Z = X (x; xo )  ~ ~ @ U K C H P Y ~ M  T O q K Y  

X,, T O  @ O P M Y J ~  ~ P U H ~  AJIR 0 6 n a c ~ u  B n p e B p a T U T C R  B @ 0 p M y J I y  
nyacco ~a  n n R  K p y r a  K, u, c n e n o B a T e n b H o ,  ~ e o 6 x o n u ~ o e  w no- 
c T a T o q t i o e  y c n o B u e  c n p a s e n n u B o c T w  @ o p ~ y n b ~  r p n ~ a  COCTOUT 
B TOM, q ~ o 6 b 1  (PYHKUUR f [ d /  ( z ) ]  n p m a n f i e x a n a  K n a c c y  H I ,  T. e. 
q ~ 0 6 b 1  (PYHKUNR If ( x )  I N M e J I a  B o6nac~a  B r a P M O H N q e C K y I 0  M a -  

X O P a H T Y .  B STNX P a C C Y X A e H M R X  H a M  H e  H Y X H O  n p e A I I O J I a r a T b ,  
q T O  0 6 J I a ~ ~ b  B OAHOJIUCTHa.  TO n p e A n 0 J I O X e H U e  B Y A ~ T  C y m e -  
CTBeHHO B nOCJIeAYIOWUX P a C C Y X A e H U R X ,  OTHOCRWUXCR K @OP- 
M y n e  Korrru. 

~ Y C T ~  r r  - KPMBaR BHYTPU B,  O T B e q a t O W a R  OKPYXHOCTM 
I z I = r .  Y p a ~ ~ e ~ u e  STOB K P M B O ~ ~  u M e e T  BUA 

~ O K ~ X ~ M ,  q T O  H ~ O ~ X O A M M O ~  M A O C T a T O q H O e  Y C n O B H e  C n p a B e A J U -  

BOCTU ( P O P M Y ~ ~ I  K O ~ M  COCTOHT B TOM, q T O  M H T e r p a J I b I  (f (E) Ids 
rr 

OCTaloTCR OrPaHMqeHHblMI.1:  n p U  r -t 1.  TO 3 H a q M T ,  q T O  H a  nJIOC- 
KOCTU ~ o ~ n n e ~ c ~ o f i  n e p e ~ e ~ ~ o f i  z (PYHKUMR f [+ (z ) ]  9' (z) npu-  
H a A A e X M T  K n a c c y  HI. 

~ O K ~ X ~ M  C H a q a J I a ,  q T O  y K a 3 a H H O e  YCJIOBNe n O C T a T O q H 0 .  P ~ c -  
CMOTPNM H H T e r p a n  

/- 

rne w (2'; z )  e c T b  @YHKUMR OT z', p e r y n R p H a R  BHYTPH K p y r a  K 
U H e n p e p b I B H a R  B 3aMKHYTOM K p Y r e  Id 1 ,< 1. 

* I. Priva1off.-Journ. de I'Ecole Polyt., 2-me serie, cahier 24, 1924, 
p. 77-1 12. 



I I p U H a A J I e X U T  I I 0 3 T O M Y  KJIaCCY HI. HO e C n U  $YHKUHR @ (2)  n p U -  

H a A J I e X U T  K A a C C y  HI, TO,  K a K  J I e r K O  BMAeTb ,  ( z ) ~ z =  0. 
f? - 

~ ~ ~ ~ C T B U T ~ A ~ H O ,  p a 3 A e n U B  B e W e C T B e H H y l O  U M H U M Y m  q a C T U ,  H a -  

XOAUM 

\ ( z )  dz = i [a1 (eli)  + ia, (el"] eli d l .  
1= 0 

B 3TOM A O K a 3 a T e J I b C T B e  H a M  H e  H Y X H O  6 b 1 n 0  I I p e A n O J I a r a T b ,  
q T O  C n p R ~ J I R e ~ b 1 f i  KOHTYP e C T b  KPMBaR > K o ~ A ~ H ~ .  f l o ~ a s a -  
T e A b C T B O  H ~ O ~ X O A M M O C T M  BbILUeYnOMRHYTOrO YCJIOBUR AJIR $ 0 ~ -  
M y A b I  KOUIU r O p a 3 A O  6onee C J I O X H O ,  U MbI 6 y ~ e ~  B H e M  CqU-  
T a T b ,  q T O  1' e C T b  KPMBaR ) K o ~ A ~ H ~ .  M T ~ K ,  n p e A n O J I O X U M ,  q T O  

$ 0 p ~ y n a  (15) M M e e T  MeCTO, M PaCCMOTpUM U H T e r p a J I  



rne r (E; X )  - (PYHKUMR OT E ,  perynRpHaR BHYTPU B M Henpe- 
PblBHaR B ~ ~ M K H Y T O ~ ~  o 6 n a c ~ ~  B. B CMny ( 1 5 )  

M ~ I  noKaxeM, YTO BTopoe cnaraeMoe cnpaea paBHo Hynm. 
@ Y H K U U D  7c (E; X )  MOXHO pa3JIOXMTb B pRn MHOrOYJIeHOB, CXO- 
~ R ~ M ~ ~ c J I  P a B H O M e p H O  B ~ ~ M K H Y T O ~  06nac~ki 8*. 

C J ~ ~ A O B ~ T ~ J I ~ H O ,  AOCTaTOYHO AOKa3aTb (POPMYJI~I  

M ,  YYUTblBaR ( 1 6 ) ,  MbI MOXeM 3aKJlOYUTb. YTO (PYHKUUR f [ + ( z ) ] X  
X +' ( z )  npencTasuMa no ( P o p ~ y n e  KOIIIU, T. e. npuHannexuT 
KnaCCy Hi, U UHTerpaJlbl (f (5) Ids OCTaloTCR OrpaHMYeHHblMU. 

r 
C n e n a e ~  eue  onHo s a ~ e ~ a ~ u e .  n y c ~ b  x = p ( x ' )  - (PYHKUUR, 

o ~ o 6 p a ~ a m u a ~  06nacTb B H a  Ty Xe CaMyIO 06JIacTb. ~ O J I O X U M  

fi ( x ' )  =f [P ( x ' ) ] .  

OY~BUAHO, YTO eCnU @ O P M Y J I ~  ~ P M H ~  BepHa n J l R  f ( X ) ,  TO O H a  
BepHa U AJlR fi ( x ' ) .  HnR (PopMyJIbl KoLLIM 3T0 YTBePXAeHUe Te-  
pReT CUJIy. 

5. @ Y H K U U R  +' ( z )  npuHaAnexm, K a K  yxe  roBopunocb B n. 2, 
Knaccy H,, u AonycKaeT napaMeTpuqecKoe npencTaeneHMe suna 

2 x  

+ ' ( Z ) = b ( Z )  d l  exp 4 S I * + Z d g  eiA - z ( A ) .  ( 1 8 )  
0 0 

* B. Walsh.-Math. Annalen, Bd. 96, Heft 314, 1926. 
** I. Privaloff, 1. c. 



R e'%+r - - 1 - ra 
- I - 2r cor (A - .p)+ra (' = re'')* 

me R eCTb CUMBOA B ~ ~ ~ C T B ~ H H O ~ ~  YaCTU, JlerKO 3aKJIIOYUTb, 'IT0 

Hame nOnOJIHUTenbHOe IIpeAIlOJIOXeHUe 0 $'(z) PaBHOCUJlbHO 
npennonoxeeuro, YTO rapMoHuqecKaR (PYHKUUR lg 1 9' (z) 1 npen- 
CTaBUMa UHTerpaJlOM ~ Y ~ C C O H ~ .  B ~ O C ~ ~ ~ C T B M U  Mbl IlpOaHaJlU3U- 

pyeM Harue npennonoxeeue 6onee ~ O A ~ O ~ H O ,  a censac, ucxona 
u3 3~01-o npennonoxeHuR, O ~ ~ ~ T U M C R  K (Pop~yne  KOUIU. Mrde- 
eTCR ~ ~ C K O H ~ Y H O  MHOrO ( P Y H K U M ~ ~  (z), COBePUIalOUUX KOH@OPM- 
Hoe O T O ~ ~ ~ X ~ H U ~  Kpyra K H a  06JIacTb B. A O K ~ X ~ M ,  npexne 
BCerO,  YTO e C n U  O n H a  U3 3TUX ( P Y H K U U ~ ~  9, (z) YAOBJIeTBOPReT 
yCJIOBUl0 (19), TO U n r o 6 a ~  APYraR (PYHKUUR qa(z) TaKXe eMY 
yn0BneTBOpReT. A ~ ~ ~ C T B U T ~ J I ~ H O ,  MOXHO 3anUCaTb 

rne ( P ~ H K ~ U R  Y (z) KOH@OPMHO 0~06paXaeT Kpyr K H a  TOT x e  
Kpyr. 3 T a  ( P Y H K ~ U R  aHanUTUqHa B 3aMKHYTOM Kpyre 1 z ( 1 ,  U 

tg 1 v f  (z) I n p e n c ~ a s i ~  uHTerpanoM nyaccoea. 110 ycnosuro ( P ~ H K -  

U U R  9; (z) eCTb ,,MaKCUMaJIbHaE ( P ~ H K U U R  C 3aAaHHbIM rpaHUYHblM 

~ o n y n e ~ " ,  u oqeBunso Q Y H K U U R  9; [ Y  (z)] TaKxe 06nanae~  ~ T U M  

C B O ~ ~ C T B O M ,  T. e. ( P ~ H K U U R  lg 1 9; [Y (z)] 1 npencTaBuMa no (POPMY- 
ne n y a c c o ~ a .  M ~ I  npuxonuM K B ~ I B O ~ ~ ,  YTO ( P ~ H K U U R  lgl&(z) 1 
TaKxe npencTaBuMa no (Pop~yne  n y a c c o ~ a ,  YTO u ~pe6osanocb 

AOKa3aTb. 

6 y n e ~  ~ O B O P U T ~ ,  YTO (PYHKUUR f (x), perynRpHaR BHYTPU o6na- 
CTU B, npuHannexuT B s ~ o f i  o 6 n a c ~ u  Knaccy Es, ecnu uHTerpanbr 

1 1 f ([) lads OCTaloTCR OrPaHUYeHHblMU npu r -+ 1. Ha nJlOCKOCTU 
rr 
n e p e ~ e ~ ~ o f i  z  TO 0 3 ~ a r l a e ~ ,  YTO (PYHKUUR f [+ (z)] (9' (z))'/~ npu- 
HannexuT Knaccy Hs. B ~ T O M  cnyYae (PYHKUUR f ( x )  uMeeT noY- 
TU Be3ne H a  KOHTYpe ra nPeAeJlbHbIe 3HaYeHUR f ( E )  BAOAb He- 
KaCaTenbHbIX n y ~ e f i ,  \ f ([) I s  CyMMUpyeMa, U 

1 I f  (E) 1"s = r (f (E) 1' ds. 
r-+l rr r 

J I e r ~ o  n o ~ a s a ~ b ,  YTO onpenenetiue Knacca Ea H e  ~ ~ B U C M T  OT B ~ I -  

6opa ( P ~ H K U U U  x = (z). 
~ ~ ~ A ~ o J ~ o x u M ,  YTO (PYHKUUR f (x) nPMHaAJIeXUT HeKOTOPOMY 

KnaCCy E, U YTO (PYHKUUR I f  ([)IP npU p > a CyMMMpyeMa H a  



K O H T Y P e  r. MOXHO A O K a 3 a T b ,  zlTO B 3TOM C J I y q a e  f (x) I I p M H a a -  

n e x m  K n a c c y  Eg. 3 ~ a  T e O p e M a  B c n y z l a e  K p y r a  6 b r n a  a o ~ a 3 a ~ a  
a B T O p O M  B pa6ol.e. ~ M T M ~ O B ~ H H O ~ ~  B b l l J l e .  

a e f i ~ ~ B H ~ e n b H 0 ,  

rae q ( A )  - ~ e ~ o s p a c ~ a ~ o u a ~  (PYHKUUR, ~ P O M ~ B O A H ~ R  K O T O P O ~ ~  ~ O Y -  
TU B e 3 A e  P a B H a  H y n I O .  

~ ~ ~ A c T ~ B J I ~ H M ~  T p e T b e r O  COMHOXMTei IR  C J l e A y e T  H e I I O C p e A C T -  
B e H H O  M3 @ 0 p ~ y n b 1  (19), M MbI I I O n y Y a e M  A n R  J I e B 0 f i  YaCTM T a K O e  

n p e ~ c ~ a ~ n e  ~ u e :  

rne q ( A ) - H ~ B o ~ ~ ~ c T ~ I ~ I u ~ H  ~ Y H K U H R  c ~ P O M ~ B O A H O ~ ~ ,  ~ ~ B H O R  HY- 
A I o  IIOYTU B e 3 A e .  Y C ~ O B M ~  CYMMMPYeMOCTM @ Y H K ~ U M  f ( E )  H a  r 
n O K a 3 b I B a e T .  YTO @ Y H K ~ U R  1 f [+ (el")l I e  1 $' ( e l A )  ) C y M M U p y e M a ,  T. e. 
I pi ( A )  l h y ~ ~ ~ p y e ~ a ,  (PYHKUUR f [+ (z)] (+I ( z ) J1 /B  n p m a A n e x m  
K n a c c y  H p ,  a @YHKLIMR f ( x )  B O ~ A ~ C T H  B n p u H a A n e x m  K n a c c y  

EP . 
B b r m e  MbI n O K a 3 a J I U ,  s T 0  C I I p a B e A J l U B O C T b  @ 0 p ~ y J I b 1  K 0 l J l k l  P a B -  

HOCMnbHa  I I p U H a A n e X H O C T U  KJ IaCCy  El. ~ ~ ~ A ~ O ~ O X M M ,  YTO 3 T 0  

M M e e T  MeCTO AJIH f (x) U YTO r p a H M z l H b I e  3 H a Y e H U R  f ( 5 )  H a  I? 
O r p a H M Y e H b l  nOYTU B e 3 A e :  

I f  (El I <  ( H a  r), (20) 

r A e  M - I IOCTORHHaR.  B 3TOM C n y z l a e  @YHKUMR ( f ( E )  IP CYMMMPYe-  
M a  H a  I' n p M  K a X A O M  3 H a Y e H U U  p. T e n e p b  J I e r K O  A O K a 3 a T b ,  YTO 
H e p a B e H C T B O  (20) BbInOJIHReTCR BHYTPU B. M ~ I  I I p U M e H U M  AJIR 

3 T O r 0  k l 3 R ~ H b l f i  M e T O A  , ~ H A ~ Y .  B P a C C M a T p M B a e M O M  C n y Y a e  (f (x)In 
n p u H a n n e x n T  K n a c c y  E, A n n  K a x n o r o  uenoro n o n o x u T e n b H o r o  

3Ha z l eHMR a, M MbI M M e e M  @OPMYAY Komu 



rne 1 - n n M H a  K P M B O ~ ~  1', a 8 - p a c c T o R H M e  OT TOYKM x no KOH- 
T y p a  I'. Y C T ~ ~ M J I R R  n K ~ ~ C K O H ~ Y H O C T M ,  H a X O a M M ,  YTO 

M T ~ K ,  M ~ I  n o n y w n M  cnenymuym T e o p e M y :  ecnu npuxeriuua 
#opxyna Koulu, a zpariulcrib~e srialteriu~ nolcmu aeade donycrca- 
lom oqerircy (20), mo s ~ y m p u  B sblnonrierio ~epaae~cmso (21). 

T e n e p b  n p M B e n e M  HOBYH) (POPMY H ~ O ~ X O ~ M M ~ I X  M AOCTaTOY- 
HbIX  Y C J I O B M ~ ~  nPMMeHMMOCTM   POP MY^ KOUIM M r p M H a .  ,QnR (POP- 
M y n b l  r p ~ ~ a   TO ycnome COCTOMT B n p M H a n n e x H o c T w  ( P ~ H K ~ M M  
f [ q ( z ) ]  K n a c c y  HI, T. e. n p M H a n n e x H o c T M  (PYHKUMM f [ + ( z ) ]  
K n a C C y  D M CYMMMPYeMOCTM ee r P a H M Y H b l X  3 ~ a Y e ~ M f i  H a  O K P Y X -  
HOCTM C. Ha n n o c K o c T M  x  M ~ I  n o n y z l a e M  cnenymuee ycnome: 
f ( x )  n p M H a n n e x m  K n a c c y  D, a ( P Y H K ~ M R  f ( E )  X' ( E ;  x )  CYMMM- 
p y e M a  H a  I'. A o c ~ a ~ o s ~ o  n p o s e p m b  n o c n e n H e e  ycnome a n R  H e -  

K O T O p O r O  O n p e n e J I e H H O r O  B b l 6 0 p a  TOYKM X ,  0 6 p a 3 0 ~  K O T O P O ~  C a y -  
X M T  Z = 0. 

, Q ~ H  (POPMYJI~I  KOUIM n P O M 3 B e A e H M e  f [+ ( z ) ]  q' (2) A O J I X H O  n p M -  

H a f i J I e X a T b  K J I a C C y  f-/,. Y Y M T ~ I B ~ R  I lPeACTaBMMOCTb  ( P Y H K ~ R M  qf  (2)  
B B M A e  (19),  Mbl M O X e M  Y T B e p X A a T b ,  YTO @YHKIJJ~R f [q  ( z ) ]  ripen- 
CTaBMMa B B M A e  ( 9 ) ,  me Q (A) e C T b  H e B O 3 p a C T a I o u a R  (PYHKUMR, 
I lpOM3BOAHaH K O T O P O ~ ~  IIOYTM B e 3 n e  p a B H a  H y J I I o ,  T .  e. f [ q ( Z ) ]  = 
= f ( x )  n o n x H a  n p m a n n e x a n  K n a c c y  D, a f ( S )  n o n x H a  6 b 1 ~ b  
C ~ M M M ~ Y ~ M O ~ ~  H a  1'. 

J e r K 0  B M a e T b ,  YTO 3TM YCJIOBMR B TO Xe B P e M R  M a O C T a T O Y -  
HbI B A R  ( P o P M ~ J I ~ I  KOUIM. M b l  M O X e M ,  C T a n O  6 b 1 ~ b ,  n P M A a T b  ~ e 0 6 -  
XOnMMbIM M AOCTaTOYHblM YCnOBMRM CnpaBeAJIMBOCTM (POpMyJI  KO- 
UIM M r p ~ ~ a  cnenymuym ( P o p ~ y :  f ( x )  n p m a n n e x m  K n a c c y  

D, M M H T e r p a J l ,  y Y a ~ ~ ~ y l 0 u M f i  B @ 0 p M y J I e ,  M M e e T  CMblCn.  
E c n M  I' - aHaJ IMTMYeCKaR K p M B a R ,  TO 

0  < rn < 1 xf ( E ;  x )  ) < M ( ~ a  I'), 



Toraa, K a K  MSBeCTHO, C Y W e C T B Y e T  @ Y H K U M R  F [ q  ( z ) ] ,  P e r y A H P H a R  
BHyTP M K p Y r a  K, r P a H M q H b 1 e  3 H a q e H M R  KOTOPOW n O q T M  B e 3 n e  p a B -  

H ~ I  F [ q  ( \ ) I  u K o T o p a s i  n p e n c T a B M M a  no @ o p ~ y n e  Koru~.  3 ~ a  @op- 
M y n a  B n e q e T  n p M H q u n  M o n y n s r ,  T. e. F [ q  ( z ) ]  o r p a H M q e H a  B H ~ T P U  
K. O~ctona c n e n y e T ,   TO F [ q  ( z ) ]  9' ( z )  n p M H a n n e x u T  K n a c c y  HI,  
u n o T o M y  @YHKUUSI F ( x ) ,  P e r y n R p H a u  BHYTPU 0 6 n a c ~ u  B, T a K x e  

n p e n C T a B M M a  lI0 @ 0 p ~ y n e  K0I l IM.  M 3  3~0f i  @ O P M Y ~ ~ I  B b I T e K a t o T  

~ ~ B ~ H C T B ~ *  

M H ~ O ~ O ~ O T ,  M O X H O  I I O K a 3 a T b ,  q T O  P a B e H C T B a  (22)  C n e n y t o T  M3 
P a B e H C T B  (23).  ~ ~ ~ C T B M T ~ ~ ~ H O ,  e C n M  3TM n O C J I e A H U e  M M e t o T  MeC-  

TO, TO C Y w e C T B Y e T  @YHKU.MII F ( x )  C r P a H M q H b I M M  3 H a q e H U R M M  

F ( € ) ,  n n H  KOTOPOW B e p H a  @ o p ~ y n a  K o r u ~ ,  M ,  c n e n o a a T e n b e o ,  

F [$ ( z ) ]  q' ( 2 )  n p u H a n n e x M T  K n a c c y  HI. n o  n p e n n o n o x e H M t o  9' ( z )  
B b I p a x a e T c u  @ o p ~ y n o h  (19) u F [ q  (e lA)]  - o r p a H u q e H H a R  @ Y H K U U R .  

O~ctona c n e n y e T ,   TO F I +  ( z ) ]  n p u H a n n e x u T  K n a c c y  D, a ee 
r P a H M q H b I e  3 H a q e H M R  O I I p e A e J I R t o T  C Y M M U P Y e M Y t o  @ Y H K U U ~ ~ .  T. e. 
F [ q  ( z ) ]  I I P M H a A n e X M T  K n a C C y  HI,  M B b I n O n H R t o T C R  P a B e H C T B a  (22) ,  
q T O  M T ~ ~ ~ o B ~ J I o c ~  A O K a 3 a T b .  y T 0 6 b 1  n O K a 3 a T b  PaBHOCMJIbHOCTb  

y c n o ~ ~ W  (22) u (23) ,  n o c T a T o q H o  n p e n n o n o x n T b ,   TO w m e r p a n b r ,  

Y q a C T B Y t o W M e  B 3TMX YCJIOBMRX, MMelOT CMbICJI. 
E c n ~  @ Y H K U M R  F(E) ,  3 a a a H H a R  H a  K O H T Y P e  r ,  H e n p e p b I B H a  

HAM 3 K B U B a n e H T H a  ~ e n p e p b 1 ~ ~ 0 f i  @ Y H K U U U ,  T O  YCJIOBMR (22 ) ,  K a K  

U ~ B ~ C T H O * * ,  H ~ O ~ X O A U M ~ I  M AOCTaTOqHbI  AJIA C Y U e C T B O B a H M R  @ Y H K -  
UMM F [ q  ( z ) ] ,  p e r y . J I ~ p ~ 0 f i  BHYTPU K M ~ e n P e P b 1 ~ ~ 0 f i  B 3 a M K H Y .  
TOM K p Y r e  K C  r P a H U q H b I M M  3 H a q e H M A M U  F [ q  ( e i V ) ] .  C n e n o ~ a ~ e n b -  

HO, YCnOBMR (23) MMetoT  TOT Xe CMbICJI A n R  0 6 n a c ~ u  B. 
7. OCT~HOBUMCR 6onee nonpo6~o H a  npeAI IOJ IO>KeHMU,  K O T O p O e  

B b r p a x a e T c H  (Pop~ynofi (19).  B o 6 u e ~  c n y q a e ,  ecnu o 6 n a c ~ b  B 
T M n a  a H e  M M e e T  T O q e K  p a 3 B e T B J I e H U R ,  T O  ( P Y H K ~ U R  +' ( z ) ,  n p U -  

H a n J e x a q a R  K n a c c y  H,, u M e e T  cnenytoqee n a p a M e T p u q e c K o e  

n p e n c T a s n e H u e :  

2 x  2a  
1 eiA + z  elA + z  

l g $ ' ( z ) = x  J 1 g p ( ' )  e , A - z  d A +  & J d9 ( A ) .  (24)  
0 0 

rile p  ( k )  U Igp  ( A )  - C Y M M M P Y e M b I e  @ Y H K U U U ,  a ( A )  - H e B 0 3 -  

p a C T a l o L 4 a R  (PYHKUMR, I I P O M 3 B O ~ H a A  K O T O P O ~  n O q T M  B e 3 A e  P a B H a  
~ y n m .  0 6 a  cna raemx cnpasa n p u H a n n e x a T  B c e M  K n a c c a M  Ha 
C 6 < 1 ***. ~ P ~ H H ' I H ~ I ~  3 H a q e H M R  B ~ ~ ~ C T B ~ H H O ~  q a C T U  lg 1 9' (2 )  
A a m T  C Y M M M P y e M Y D  @ Y H K ~ U ~ O  lg p  ( A ) .  Ecnu r P a H M q H b I e  3 H a q e H U R  

* I. Privaloff, 1. c. 
** B. Walsh. -Trans. of Amer. Math. Soc., vol. 30, N2, 1928, p. 472-482. 

*** V. Smirnoff, 1. c. 



M H U M O ~  qaCTM a r g $ ' ( Z )  T a K X e  A a l o T  CYMMMPYeMYK) @YHKuUIO, 
TO @YHKUUR lg$' (2) n p u H a n n e x u T  K n a c c y  HI,  n B @ o p ~ y n e  (24) 
B T O p O e  C J I a T a e M O e  n p a ~ 0 f i  YaCTU A O J I X H O  O ~ P ~ T U T ~ C R  B HyJ Ib .  

C J ~ ~ A O B ~ T ~ J ~ H O ,  CYMMMPYeMOCTb TPaHUYHbIX ~ H L I Y ~ H M ~  @YHKUUU 

a f g $ ' ( Z )  e C T b  YCJIOBUe,  A O C T a T O q H O e  A J R  TOTO, ~ ~ 0 6 b l  BbInOAHR- 

J I a C b  @ 0 p ~ y J I a  (19). OHO, OYeBUAHO,  Bb lnOJIHeHO,  e C n U  @YHKUUR 
arg $' (2) O T p a H M q e H a .    TO MY AOCTaTOqHOMY YCJIOBUD H a B e p H R K a  

y A 0 B J e T B O p R K ) T  B b l n y K J b I e  UJIU 3 ~ e 3 A 0 0 6 p a 3 ~ b l e  KOHTYPbl  XOP- 
n a H a ,  a T a K X e  KOHTYPbI ,  COCTaBJIeHHbIe  W 3  KOHeYHOTO q W C J a  AYT 

C H e n p e p b I B H O  M € ! H R K ) w ~ ~ ~ c R  ~ a C a T e J I b ~ 0 f i .  

9 H e  C M O r  A O K a 3 a T b  @ 0 p ~ y J I y  (19) B o 6 4 e ~  C J I y Y a e  OAHO- 
J I U C T H O ~  o6nac~n B CO Cnpr lMJI r l eMbIM KOHTYPOM. B ~ a J l b H e a U I e ~  

R Y K a X Y  JIUUIb H e C K O J b K O  Y C J I O B U ~ ~ ,  PaBHOCUJIbHbIX n p e n n O n 0 -  

x e H u m  (19) n n r l  3~01-o c n y s a r l .  
~ Y C T ~  t! - AJIMHa KOHTYPa  r, a Pn(X) - M H O T O q J e H b l ,  OPTOTO- 

H a n b H b I e  H a  3TOM KOHTYPe :  

P,, (x) P,,, (x) ds = s., ( I , ,=  o nnn  n i m ,  Inn= I).  
I r 

R no~a3an*,   TO @ o p ~ y n a  (19) naer ~ e o 6 x o n ~ ~ o e  n noc-ra- 
T O q H O e  YCJIOBUe AJlR TOTO, q ~ 0 6 b 1  @ 0 p ~ y J I a  3aMKHYTOCTU no 
OTHOUIeHUK) K MHOTOYAeHaM P n ( X )  WMeJIa MeCTO AAR ~110608 
@ Y H K U U U  f (x) K n a C C a  E2 B o 6 n a c ~ u  B. T ~ K H M  o6pa30~ ,  @ O ~ M Y -  
J I a  (19) 6 y n e ~  A O K a 3 a H a ,  e C n U  MbI A O K a X e M  BbIUIeYnOMRHYTYIO 
@ 0 p M y J I y  3aMKHYTOCTU. 

B B ~ A ~ M  @ Y H K U U O  X = $ (z), COBePLUaIOIUYlO K O H @ O P M H O ~  
0 ~ 0 6 p a X e ~ U e  K p Y T a  K(  12 1 < 1) H a  0 6 n a c T b  B, U n y C T b  Z = 
= X ( X ;  a) - 0 6 p a T ~ a R  @ Y H K U M R ,  rne a - o6pa3 TOqKki  Z = 0. 
9 A O K a 3 a J l  B UUTMPOBaHHOM B b I U I e  M e M y a p e ,  q T O  YnOMRHYTaR 

@ 0 p M y J I a  3aMKHYTOCTU PaBHOCUJIbHa  C n p a B e n J I U B O C T U  T ~ K O ~  @0p- 
MyJIb l  AJIR @ ~ H K U U U  F (2) = 1 ( @ O P M Y J I ~  (45) UUTMPOBaHHOTO 

~ e ~ y a p a )  no o T H o u e H u I o  K @ Y H K U U R M  

n y c ~ b  pn (a) - M U H U M Y M  u H T e r p a n o B  B u n a  

1 ' 
In = T \ ( 1 + a, ( E  - a) + a, ( E  - a)2+.  . . + a, (E - ~ ) ~ ) ~ d s  

r 

* V. Srnirnoff.-Journ. Soc. Phys. Math. Leningrad, t. 11, fasc. I, 1928, 
p. 155-179. 



p ( a )  = lim pn (a ) .  
n+m 

npu ycnoBun 

p ( a )  = lim ,u., ( a ) = 2 ~ / 1 (  X I  ( a ;  a )  1. 
f l + m ~  

(26) 

Ecnu 3aMKHYTOCTb He MMeeT MeCTa, TO BMeCTO (26) BbltIOJIHReTCR 
HepaBeHCTBO 

p ( a )  > 2~111 X I  ( a ;  a )  I. (27)  

lim L, = 2n, 
n+m 

m e  L, - nnnHa o6pasa K P M B O ~  I' npu K O H ~ O P M H O M  0 ~ 0 6 p a x e ~ n ~  
Z = X n  (x ;  a )  o6nac~u B, Ha Kpyr K. 

M ~ I  noKaxeM cetisac,  TO $ o p ~ y n a  (26) cnenyeT n3 3~01-o 
npennonoxeHnR. B B ~ A ~ M  @ Y H K U U I O  

n o  TeOpeMe P y ~ r e  M O X H O  IlOCTPOMTb T ~ K O ~  MHOrO'IneH Q,  (X ) ,  
p a ~ ~ b 1 8  enMHkiUe npH X = U ,  LIT0 B ~ ~ M K H Y T O ~  o6nac~n  B BbI- 

IIOJlHeHO HepaBeHCTBO 

rne qn - s a p a ~ e e  s a n a ~ ~ o e  nonoxnTenbHoe sncno. Bb16epe~ ~ T M  
qUCna TBK, 970 qn  -+ 0 npki n -+ KJ. M M ~ ~ M  OqeBMAHO 



M 3  OnpeneneHnH B ~ ~ M Y M H ~ I  p, (a) cnenyeT, YTO p, (a) cTpeMM- 
TCH K p (a), y6b1sa~. M, cnenoeaTenbao, 

n p ~  n, crpeMHueMcH K ~ ~ C K O H ~ ~ H O C T M ,  nMeeM qn -+ 0, Ln -+ ~ T C ,  

X: (a; a) -+ X' (a: a), rr, cnenoBaTenbao, 

P (a) < 2x11 1 X' (a; a) I. 

M M b I  IIOnYYaeM TaKMM o6pa30~ $ 0 p ~ y n y  (26).  YTO M ~ p e 6 0 ~ a -  
nocb ~ o ~ a s a ~ b .  Cnenoea~enb~o,  y ~ a 3 a ~ ~ o e  wrue reoMerpnqe- 
CKOe C B O ~ ~ C T B O  06nac~n B OKa3bIBaeTCH yCJlOBMeM, AOCTaTOYHbIM 
nnH $ o p ~ y n ~  (19). 

8. ~ ~ ~ ~ I I o ~ o X M M ,  KaK M BbIUIe, 9 T O  B - OflHOnMCTHaH 06na~Tb, 
KOHTYP ~o~opoi ' i  - cnpmnHeMaH KpnsaH X o p n a ~ a .  FI xoqy noKa- 
3 a ~ b  B  TOM naparpa$e, YTO $op~yna  (19) paBHocunbHa TOMY, 
9 T O  IIPMHQMll  MaKCMMYMa eCTb CneACTBMe $ O P M Y J ~ I  KOWM. Mbt 
y x e  no~a3ann. YTO ecnM $op~yna  (19) MMeeT MecTo, TO npmunn 
MaKCMMYMa eCTb CneACTBMe $ O P M Y ~ ~ I  KOUIM. Cefi9ac M b I  IIOKa- 
xeM,  TO ecnn $ o p ~ y n a  (19) He nMeeT MecTa, TO MomHo no- 
C T P O M T ~  $ Y H K Q M ~  f ( x ) ,  perynHpHym BHYTPM B, rpaHusHMe 



rne q  ( A )  - orpaHuqeHHaR ~ e e o s p a c ~ a r n q a ~  @YHKUMR, ~ P O M ~ B O A -  
HaR K O T O P O ~ ~  nOqTM Be3Ae PaBHa HynIO. C O B ~ ~ ~ U B  K O H @ O P M H O ~  
npeo6pa30aa~ue Ha nnocKocTb x ,  nonoxuM 

2x 

1 - r2 
f ( x 1  l e X p  - 2 r c o s ( y - i 1  + r2  dq  ( A )  ( z=refv) .  I 

- .- 

f l"i4 I 9' (2)  = exp $J k P  ( A )  
e f A  + z d A  

0 
e f A  - z 

npnHaAnexMT Knaccy H,, u, cnenoeaTenbeo, f  ( x )  BblpaxaeTcR 
no @0p~yJIe  K o m ~ .  M T ~ K ,  @J'HKLLMR f  ( x )  06naAae~ BCeMM ~B0fi- 
CTBaMM, YKa3aHHbIMM BbIUle. 

MOXHO yKa3aTb e q e  OAHO YTBepXAeHMe, PaBHOCMJIbHOe @0p- 
Myne (19).  ~ Y C T ~  Z = X ( x )  - @ Y H K ~ U R ,  06paTHaR K @ Y H K U M M  
x=qJ (2 ) .  

Ecnu napaMeTpuqecKoe npencraaneHue @ Y H K U U M  qJ'(z) He 
conepxu-r sneHa c uHrerpanoM C ~ ~ n ~ b e c a ,  TO npeAcTaaneHMe 
@ Y H K U M U  X' ( x )  = I / + '  ( 2 )  He COAePXMT UHTerpaJIa C T M J I T ~ ~ C ~  
c ~eao3pac~aloqeB @ y ~ ~ u u e t i ,  T. e. @ Y H K U M R  x f ( x )  npuHaAnexuT 
Knaccy D. O ~ ~ ~ T H O ,  ecnM @ Y H K U M R  X' ( x )  npuHaAnexuT Knaccy 
D, TO napaMeTpuqecKoe npenc-raanenue (PYHKUUM qJf(z) He conep- 
HUT MHrerpana C ~ u n ~ b e c a .  C n e n o e a ~ e n b ~ o ,  @ o p ~ y n a  (19)  pas- 
HOCUnbHa TOMY, LIT0 M O X H O  ~ P M ~ J I M ~ U T ~  X I ( % )  OrPaHMqeHHbIMU 
MMHOpaHTaMM, KOTOPbIe CXOARTCR K X' ( x )  PaBHOMepHO BHYTPU B. 

9. B n a n b ~ e R w e ~  M ~ I  npeAnonoxuM,  TO B ecTb 0 6 q a ~  
06nac1-b Tuna a. B  TOM cnyqae napaMeTpMsecKoe npencTaaneHue 
@YHKUMM +'(z)  MOXeT COAePXaTb @ J ' H K u M ~ ~  6JIRUlKe M 9JIeI-I' 
C UHTerpaJIOM CTMJITbeca. Mbl PaCCMOTPMM BJIMRHMe 3TOr0 qneHa 

99 ' 



Ha TeOpMlO @YHKUMW, OPTOrOHaJIbHblX Ha KOHTYpe r. f l n ~  3TOrO 
HaM HYHCHO ~ Y A ~ T  nOCTPOMTb HeKOTOpbIe MHOrOsJleHbl 4, (2). 

~ Y C T ~  P (A) - HeoTpUUaTeJIbHaR @ Y H K U W R  B IIpOMeXYTKe 0 < 
,< A < 22, npMseM @ Y H K U M M  PO\) M l g p  (A) CYMMMPYeMbI. M ~ I  O n -  
PeAeJMM MHOrOqJleHbI 4,(2) KaK MHOrOqJeHbl, OPTOrOHaJlbHble Ha 
OKPYHCHOCTM I z ( =  1 C BeCOM Po\), T. e. 

T e o p u ~  TaKMX MHOrOqJIeHOB W3yseHa Cere (G. S Z ~ ~ O )  B er0 
MeMyape ,,Beitrlige zur Theorie der Toeplitzschen Formenu (Math. 
Ztschr., Bd. 6; H. 314, 1920; S. 176 u Bd. 9; H. 314, 1921, S. 
175). M ~ I  XOTWM AOKa3aTb OAHY TeOpeMy 0 pa3JIOXeHWW no 
3TMM MHOrOqJIeHaM, KOTOPaR ~ Y A ~ T  HaM nOJIe3Ha B AaJIb~efi- 
meM. - - 

~ Y C T ~  D(z) - MaKCMMaJlbHaR @YHKU.MR C rPaHW9HbIM MOAYJIeM 
l/p (cp) , np!-iHanJrexauaR Knaccy Hz: 

l7pennonoxn~,   TO  TO nocnemee ycnoene ebrnonaeso. J l e r ~ o  
AOKa3aTb, 9TO: 1) @ Y H K ~ M R  

D (2) 0, (2) (36) 
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I l p U H a A J l e X U T  KnaCCJ' Hz; 2) K O ~ @ @ U U U ~ H T ~ I  Xk C Y T b  K O ~ @ @ M ~ M ~ H -  

T b I  @ y p b e  (PYHKUUM m(z) ;  3) 3 T a  @ Y H K ~ U R  Y A O B J I e T B O P R e T  Y P a B -  
H e H k i l O  3 a M K H Y T O C T M .  

OYHKURR D ( z )  no o n p e n e n e H u m  n p u H a n n e n i u T  K n a c c y  Hz,  
M, Y M H O X H B  ee H a  M H O r O Y J e H ,  M b I  I IOJIYYMM H O B Y K )  @ Y H K ~ U K )  

T a m e  npuaannexauym K n a c c y  Hz. ~ H ~ Y H T ,  

~ o s p a c ~ a e ~  c p o c r o ~  r ,  u npu K a x i n o M  r < 1 M ~ I  nonyqaeu, YTO 

2 x  
1 - I D (rei" ) 1 2  (  LO xkgk (re!" ) 'dl  < ZLo I xk 12. 
2n 0 

Ho npu @ H K C U P O B ~ H H O M  r M ~ I  M o x e M  nepeti~u K npeneny non 
3 H a K O M  U H T e r p a J I a ,  Y C T p e M U B  n K ~ ~ C K O H ~ Y H O C T U .  M M ~ ~ M  

T. e. @ Y H K K U R  (36) n p n H a n n e x u T  K n a c c y  Hz. 
P~CCMOTPMM Tenepb K O ~ @ @ U U U ~ H T ~ I  @ypbe @ Y H K U M M  0, (elA): 

1 
2 x  

y, =% J ID (eiA) I w (elA) q, (ei" d i .  
0 

M ~ I  A O J I X H b I  A O K a 3 a T b ,  Y T O  



( r e )  y 2  ( r e )  d = 2 aakr2k, 2. k=O 
0 

CXOARTCR.  B T O  Xe B p e M R  U 3 B e C T H 0 ,  q T 0  

n o n a r a ~  

'Pl(2) = D (2)  W (2) ;  ' P z  (2)  = D (2)  4, (2)s 

MbI M O X e M  B M e C T O  (38) 3 a n M C a T b  

y, = l lm - I I D (ren) 1' w (ref" q, ((ref" ddh. 
r+l 2. 

n e p ~ b r a  . r n e H  B n p a ~ o i ' i  ~ Z C T U  O s e B w n H o  p a B e H  x,, ecnw 
p >, m. K ~ a n p a ~  M o A y n R  B T O p O r O  . r n e H a  H e  n p e B O C X O l l M T  B b l p a -  
X e H M R  



n ,  cnenoea-renbeo, ~ ~ o p o t i  Y n e H  A o n x e H  C T p e M u T b c R  K H y n m  npu 
p + 03. Y ~ U T M B ~ R ,  q T O  J I e B a R  Y a C T b  @ 0 p ~ y n b 1  (39)  H e  3aBMCMT 

OT p ,  MbI M O X e M  3aKJ I IOYHTb ,  q T O  y, =X, ,  U H a W e  B T O p O e  

y T B e p x A e H u e  A o K a 3 a H o .  
~ O C K O J I ~ K Y  qUCJIa  X k  C Y T b  K O S @ @ U U W ~ H T ~ I  o y p b e  @ Y H K U U M  

@ ( e l A ) ,  T O  MbI U M e e M  H e p a B e H C T B O  6eccen~  

U, YqMTbIBaR @ 0 p ~ y n y  (37) ,  MbI I IOJIyYUM Y p a B H e H k i e  3 a M K H y -  
TOCTU AJIR ( P Y H K ~ ~ U M  (elA):  

MU c e k a c  A o K a x e M ,   TO ecnn @ Y H K U U R  F ( z ) ,  p e r y n R p H a R  

BHYTPU K p y r a  K, T a K o s a ,   TO n p o n 3 ~ e ~ e ~ n e  D ( z )  F  ( z )  n p n H a A -  

nexn-r K n a c c y  Hz, TO 3 ~ a  @ Y H K U U R  p a s n a r a e ~ c ~  B ~ R A  Q y p b e  

B U A a  (34) ,  A n R  K O T O p O r O  CXOAHTCR P R A  (35). 
0 6 p a 3 y e ~  ~ R A  Oypbe A n n  @ y ~ ~ u n n  F (2):  

K ~ K  6b1no A O K a 3 a H O  B b I W e ,  n p O k i 3 B e A e H U e  D (2 )  xg=o Xkqk ( 2 )  

n p n H a A n e x n T  K n a c c y  H,, -raK K a K  ~ R A  2;-o 1 xk l2 O q e B n A H o  CXO- 
AMTCR. B TO xe  B p e m  n p o n 3 ~ e ~ e ~ n e  D ( z )  F  ( z )  n p n H a A n e x n T  

K n a c c y  Hz no npennonoxeenm, o T K y n a  cneaye-r,  TO u npona- 
B e A e H n e  D (z)  Fl ( z )  n p n H a A n e x n T  K n a c c y  Hz. Ho no onpenene- 
HUH3 @YHKLU~U F ( z )  B C e  K O ~ @ @ U ~ U ~ H T ~ I  Qypbe 3~0fi (PYHK- 
UMH P a B H b l  H y n l O ,  T a K  K a K  K O ~ @ @ U U H ~ H T ~ I  Qypbe (PYHKUUU xF=o xkqk (2 )  P a B H b I  Xk IIO A O K a 3 a H H O M y  B b l W e .  C J I ~ A O B ~ T ~ J I ~ H O ,  
A n R  nw6oro M H o r o s n e H a  Q ( z )  B e p H a  @ o p ~ y n a :  

HO K a K  MbI A O K a 3 a J I H  B HaLUeM M e M y a p e ,  U H T H p O B a H H O M  ~ b 1 W e * ,  

A n R  K a X A O r O  U e J I O r O  9k iCJ Ia  m >,O C y U e C T B y e T  T a K a R  I IOCJIeAO- 
Ba TeJ IbHOCTb  M H O r O q J I e H O B  Q, (2 ) .  9 T O  

* V. Smirnoff.- Journ. Soc. Phys. Math. Leningrad, t. 11, fasc. I ,  1928, 
p. 155-179. 
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2x 

lim ( I (eli) - D (el*) Qn(eiA) l2 dh = 0. 
m-m 6 

(42) 

M H T ~ ~ ~ ~ J I  1, H e  3aBMCkiT O T  It, W @ O ~ M Y J ~  (42) n O K a 3 b I B a e T ,  Y T o  

217 

a yCJlOBkiR (43) n O K a 3 b l B a I O T ,  YTO @ Y H K U U R  F, (2) P a B H a  H y J I O ,  

anu  YTO F (2) = 2L0 xkqk (z), T. e. QYHKUMR F (z) p a 3 n a r a e ~ c ~  
B P R H  O y p b e .  ~ T N  P a C C M O T P e H M R  n P M B O A R T  H a C  K C J ~ A Y I O U ~ ~ ~  
. e O p e M e :  M H O X e C T B O  P R A O B  

A J R  KOTOPbIX P R A  xkm,~ ( Xk 1' CXOAMTCR, e C 7 b  M H O X e C T B O  PRAOB 
O y p b e  T a K M x  @ ~ H K U M R  F (z), YTO D (z) F (z) n p u H a A n e x n T  K n a c -  
cy Hz. u PRA CXOAMTCR K F (z) P a B H o M e p H o  npu I z I  4 r < 1. 

10. B I I p e A b I A y U e M  n y H K T e  MbI C@OPMYJIMPOB~JIN C J I e A y I O U Y I O  
T e o p e M y :  ecnu @ Y H K U M R  D (z) n p e A c T a B u M a  B B u n e  



rne p ( A )  >O,  n p M s e M  p (1) t~ I g p  ( A )  C y M M M p y e M b I ,  TO n p M  K a x -  

n 0 M  U e J I O M  3 H a Y e H M M  m >,O C y U e C T B y ? T  T a K a R  n 3 C J I 3 n O 3 a r 2 J I b  

H O C T b  M H O r O r I J I e H O B  Qn ( z ) ,  r ITO 

u n u  

1 
2x 

- r I D (eiA) l2 1 W, (elA) - Q,, (elA) l 2  d l  = 2.x 
6 

1 
2% 

=, S 1 D (eiA) \"l/D (ei" - Qn (ei"] [ l / D  (ei" - Qn (eiA)]  d l .  
0 



UJIM, Y q M T b l B a R  (47), 

P ~ B ~ H C T B O  (51,) MJIM (512) l I p e A C T a B J l R e T  co6om Y p a B H e H M e  3 a M K -  
HYTOCTM AJIR QYHKUMM o1 (z). 

q ~ 0 6 b 1  A O K a 3 a T b  P a B e H C T B O  (51,). Mbl I IpeAI IOJ IOXMM I l p e X A e  
B c e r o .   TO QYHKUMR p(h), Y q a c T B y m u a R  B Q o p ~ y n e  (45), ~ A O B -  
J I e T B O p R e T  H e p a B e H C T B y  j? (h) >, m > 0 (O,<h,<2~),  r A e  m - A a H H O e  
I IOJ IOXMTeJ IbHOe  qMCJIO. 

B  TOM c n y q a e  

T. e. QYHKUMR ol (z) o r p a H M q e H a  B K p y r e  K. Ho EAR ~ a ~ o f i  
@ Y H K ~ M M  J I e r K O  A O K a 3 a T b  Y p a B H e H M e  3aMKHYTOCTki .  ~ ~ ~ C T B M -  
T e J l b H O ,  I IYCTb Sn (2) - CYMMbI @eaepa AJIR O T P e 3 K O B  P R A a  M ~ K -  
J I O p e H a  QYHKUMM ol (2). ~ T M  CYMMbI S, (z), K a K  XOPOUlO M3Be- 
CTHO, T O X e  O r p a H M q e H b I  M C T p e M R T C R  IIOqTM B e 3 A e  H a  O K P Y X -  
HOCTM I z ( = 1 K I I p e A e J l b H b I M  3 H a q e H M R M  ol (2). ~ H Z ~ ~ M T ,  

lim J I D (ei*) l 2  I ol (ei" - S,, (ei*) 1' dh = 0. 
n+m 

0 



T. e. U1 ( 2 )  y A 0 B J I e T B O p R e T  Y p a B H e H U O  3aMKHYTOCTU. 

O~PSTUMCR T e n e p b  K o 6 m e ~ y  cnysao ,  K o r n a  p ( A )  >, 0.  J e r -  
KO BUAeTb,  YTO A J R  3 a A a H H O r O  n O J O X U T e J I b H O I ' 0  s U C A a  E @ Y H K -  
UUR lg [ p  ( A )  + E ]  C y M M U p y e M a ,  U 

2 x  2 x  

lim 1 lg [p (1) + E ]  dA = J' lgp ( A )  dh. 
E+O 0 0 

(52) 

~ ~ ~ ~ ~ c T B H T € ! J ~ H o ,  p a 3 0 6 b e M  H H T e r p a n  (0,27c) H a  T p H  YaCTH: 1) 
YaCTb F,, r A e  P  ( A )  > M ;  2 )  YaCTb F2,  me p  ( A )  < 1 /M;  3) YaCTb 

F3, rne M  >,p ( A )  >, l / M ,  ( M  - AOCTaTOYHO 6 o n b u r o e  nonoxw- 
T e n b H o e  ~ u c n o ) .  Ha q a c T u  F, u M e e M  lg [ p  ( A )  + E ]  < lg [2p ( A ) ] ,  
a H a  sacm F2 I lg [ p  ( A )  +- E ]  I < 1 lgp ( A )  1, T. e. H a   TUX ABYX 
q a c T R x  QYHKUUR Ig [ p  ( A )  + E ]  no a6conro~~ofi  B e n u q u H e  H e  npe- 
BOCXOnUT H ~ K O T O P O ~  . C Y M M U P Y ~ M O ~ ~  @ Y H K ~ M U ,  U, C J e A O B a T e J b H O ,  

MOXHO n e p e a ~ u  K npeneny noa ~ H ~ K O M  u a T e r p a n a ,  B S R T O M ~  no 
s a c T R M  F, u F2. Ha Y a c T u  F, ~ Y H K U U R  Ig [ p  ( A )  + E ]  O r p a H u q e H a .  

u n p e n e n b ~ b r h  nepexon noa ~ H ~ K O M  u H T e r p a n a  T a K x e  B O ~ M O X ~ H .  
~ H ~ Y U T ,  Mbl IIOJIYYUJIM (POPMYJIY (52). 

O ~ P ~ T U M C R  T e n e p b  K u H T e r p a n a M  

~ O B T O P R R  P a C C Y X a e H U R  U3 n. 7, MOXHO A O K a 3 a T b ,  YTO MUHUMYM 

w H T e r p a n a  In p a s e H  

p = lim pn. 
n+m 

MOXHO 3 a n u c a ~ b  @ o p ~ y n y  (512) B eune p = I D  ( 0 )  1 2 .  0 6 0 3 ~ 8 -  
Y U M  sepes D(I) ( z ) ,  p t )  u p(" T e  s ~ a ~ e ~ u ~  D ( z ) ,  p, u p, K o T o p b r e  

n o n y q a o T c s r ,  ecnu M ~ I  ~ ~ M ~ H U M  p ( A )  H a  p(A)+ E .  B  TOM c n y q a e  

M ~ I  n o ~ a 3 a n u  @ o p ~ y n y  (512),  T. e. 



1 
I D(E)(o) 1 2 =  exp xs lg [ p  ( A )  -b E] dk. 

0 

K p 0 ~ e  TOI'O, MbI U M e e M  H e p a B e H C T B a  

O T K y A a  C n e A y e T ,  YTO p < ID(€) (0)  1'. Y C T P ~ M M B  E K HYJIIO, I IOJIy-  
lIMM p < ,<I D ( 0 )  1'. B TO Xe B P e M R ,  no H e p a B e H C T B y  6 e c c e n R  

p >/ I D (0)  l a ,  U ,  C J I e A O B a T e n b H O ,  p = 1 D (0) 1 2 ,  YTO U T P ~ ~ O B ~ J I O C ~  
A O K a 3 a T b .  

B H a I H e M  M e M y a p e ,  UUTUpOBaHHOM B b I I H e ,  MbI A O K a 3 a J I H  T e O -  
p e M y ,  ~ ( P o p ~ y ~ u p o ~ a ~ ~ y m  B H a q a n e  naparpa(Pa, ~ c n o n b s y ~  H e -  

K o T o p b r e  p e 3 y n b ~ a ~ b 1  Cere. 3 n e c b  M ~ I  A a n u  n o n H o e  ~ o ~ a s a ~ e n b -  
CTBO,  U 3 T O  A O K a 3 a T e J I b C T B O  C O A e P X U T  H e K O T O P b I e  C Y U e C T B e H H b I e  

M O M e H T b I  P a C C y X ~ e ~ l l f i  Cere. 
11. B ~ ~ H ~ M C R  K P a C C M O T p e H U I O  o64eli 06nac~ki B T u n a  a, 

H O  I I P e A I I O J I O X M M ,  q T O  Y H e e  H e T  T O Y e K  p a 3 B e T B n e H U R .  ~ Y C T ~ ,  
K a K  u n p e m e ,  x = + (2)  - (PYHKUUR, KOHQOPMHO 0 ~ 0 6 p a ~ a m u a ~  
K p y r  I( H a  0 6 J I a c ~ b  B, a ~ = X ( X )  - 0 6 p a ~ ~ a f l  (PYHKLLUR. no- 
C T P O U M  M a K C U M a n b H y I O  (PYHKUUIO D (2)  I I P e A e J I b H O r O  MOAYJIR 



rne pslnbl 

xkm=o 1 xk I 2 

npMHannexMT Knaccy H2, MnM w [X (z)] npMnannexMT Knaccy E?, 
T. e. MHrerpanbl 

rne psln (54) cxonMTcsl, n a m  Knacc @ ~ H K U M ~  f ( x ) ,  npMHanne- 
XaUl.MX E2, T. e. T a K M X ,  YT0 HHTerpaJIbl 

OCTaIOTCR OTpaHMYeHHblMM.  6a3M~~ble  @YHKUMII  4, [X (z)] B 3TOM 

cnysae orpamsenbl. 
n p e n n o n o x ~ ~  Tenepb, YTO napaMeTpMsecKoe npencTaeneHMe 

@ Y H K U M M  $'(z) COAePXMT MHTerpaJl C T M J I T ~ ~ C ~ :  

D (2) = exp -&J lg 
eih + z dh. 
elh - z 

0 

(58) 



Monynb 3 ~ O a  @ Y H K U M U  Z ( X )  B H Y T P M  B 60nbue e A U H U U b 1 ,  a H a  
K o H r y p e  F ee M o n y n b  n o s T u  ~ e 3 n e  p a B e a  e n u H M u e .  P a s n o x e ~ m  
(53), rne p R n  (54) c x o n M T c R ,  n a m  T a m e  @ ~ H K L I . M M  o ( z ) ,   TO 
n p o u 3 ~ e n e ~ ~ e  

OCTaIOTCR O T p a H U q e H H b I M U .  Ecnu @YHKLI.UR f ( x )  O r p a H U q e H a ,  T O  

3 T 0  y C J l O B U e ,  K O H e q H O ,  B b I n O J I H ? H O ,  T a K  K a K  B 3 T O M  C J l y q a e  

n p o ~ 3 ~ e n e ~ ~ e  

I l p U H a n J I e X U T  K J l a C C y  Hz. M T ~ K .  M H O X e C T B O  O P T O r O H a J I b H b I X  

@ Y H K L I . M ~ ~  q, [X ( z ) ]  I I p e A C T a B J I R e T  ~06010 n O J l H Y I O  O P T O T O H a J I b H Y I O  
C U C T e M y  n J I R  K J I a C C a  @ ) ' H K L I . u ~ ~ ,  O r P a H U ' i e H H b I X  B 0 6 n a c ~ ~  B, 
U e C n M  C M C T e M a  O r P a H U ' i e H H b l X  O P T O r O H a J I b H b I X  @ Y H K U U ~ ~  r ,  ( x )  
(m =0 ,  1, . . .) B b r p a x a e T c R  sepes @ Y H K U M M  q, [ ~ ( z ) ]  n o c p e n c T -  

BOM n O J l H O r O  O p T O r O H a J I b H O r O  n p e 0 6 p a 3 0 ~ a ~ U s 1 ,  T O  B e p H b I  @0p- 
M y n a  ~ ~ M K H Y T O C T M  M T e o p e M a  p a 3 n o x e ~ ~ ~  no @ Y H K U U R M  r ,  ( x )  
A J l R  K a ~ n 0 f i  @YHKLI .MU f ( x ) ,  A J l R  K O T O P O ~ ~  M H T e r p a J I b I  (59) O C T a -  
IOTCR O r p a H U 9 e H H b I M M .  Ecnu MbI X O T U M  n O J l Y q M T b  T e O p e M y  pas- 
n o m e e u H  n n R  @ Y H K L I . M ~ ~  K n a c c a  E,, T. e. n n R  T a K M x  @ ~ H K L I . u ~ ~ ,  
9 T O  U H T e r p a J I b I  (56) OCTaIOTCR O r p a H U ' i e H H b I M U ,  T O  MbI A O J I X H b I  
n 0 6 a ~ U ~ b  K C M C T e M e  @ Y H K L I . U W  r ,  ( x )  H O B b I e  @ Y H K U U U ,  H e o r p a -  

H U 9 e H H b I e  B o 6 n a c ~ ~  B, H O  n p U H a A J I e X a U J , U e  B H e f i  K n a C C y  E2. 
MOXHO I I O J l y g U T b  a H a J I O r U 9 H b I e  p e 3 y J I b T a T b I  U B 0 6 U J , e ~  CAY- 

9ae, K O r n a  0 6 n a c ~ b  B C O n e p X M T  T O s K U  p a 3 B e T B J I e H U R .  B 3 T O M  
cnysae n a p a M e T p M s e c K o e  n p e n c T a e n e H M e  @ Y H K U M U  +' ( z )  conep- 
X M T  @YHKLI.UIO ~ J I R U I K ~  b (2) :  



me l g p  ( A )  H p ( A )  - CYMMMPYeMbIe @ Y H K U H M .  
M ~ K C H M ~ J ~ H ~ R  @ Y H K U U R  D ( z )  OnpenenReTcR no @ o p ~ y n e  

(58),  KaK u B npenMnyqeM cnysae. J , O ~ ~ C T U M  CHaqana, 'ITO 
@opMyna (60) He COAepXuT HHTerpaJa C~uJITbeca, Pi nyCTb f ( x ) -  
@ Y H K U M R  Knacca E, B o 6 n a c ~ u  B. nponsaenesue 

{ f  [+ (z)l)'+' (2 )  (61) 
IIpHHaAJIeXHT KJlaCCy H I ,  U AJlR + ' ( Z )  MbI  UMeeM 

3v 

kic~nlosus H 3  nPOU3BeA€HUR (61) @ Y H K ~ M D  b ( Z ) ,  M b l  nony- 
'IUM npou3sene~ue 1 f [+ ( z ) ] ) " D  (2))" npneannemaqee Knaccy 
Hi ,  a noToMy npou3senc~ue ?[+ ( z ) ]  D ( z )  npnHannemuT Knaccy 
H,. C n e n o s a ~ e n b ~ o ,  ecnu @ o p ~ y n a  (60) He conepmnT uHTerpana 
C ~ u n ~ b e c a ,  TO TeopeMa p a 3 n o w e ~ u ~  sepHa A ~ R  Kamnoti QYHKUHH 
f ( x )  Knacca E,. 

Ecnu @ o p ~ y n a  (60) conepxu-r uHTerpan C ~ u n ~ b e c a ,  TO HE-  
O ~ X O A U M O ~  U AOCTaTO'IHOe yCJOBkIe AJIH @0pMyJIbl 3aMKHYTOCTU 
u TeopeMbI p a 3 n o w e ~ u ~  COCTOUT B TOM, 'ITO uHTerpanb1 (59) 
OCTIIOTCR OrPaHM'IeHHbIMU. 

PE3YJlbTATbl B. H. CMHPHOBA fl0 KOMflJlEKCHOMY AHAJlHSY 
H HX flOCJlEAYIOU(EE PASBHTHE 

( H .  I(.  Huiconbcicuu', B. l7. Xasurt)  

B. M. CMUPHOB - OCHOBaTenb JleH~Hrpaft~K~fi IUKOJbI  KOMnneK- 
cHoro a~anu3a.  Ero p a 6 o ~ a  B s ~ o f i  o6nac~u Haqanacb npuMepHo 
B 1926 r., Korna OH ~ o s r n a s u n  ~ a @ e n p y  Teopuu @ y ~ ~ u u f i  KoMn- 
n e ~ c ~ o t i  n e p e ~ e ~ ~ o f i  J I e ~ n ~ r p a n c ~ o r o  y ~ u s e p c u ~ e ~ a .  Hon p y ~ o -  
BOACTBOM B. M. C M U P H O B ~  B J I e ~ u ~ r p a n e  Haqanu p a 3 s u s a ~ b c ~  
TeOpUR npu6nume~u8 B K O M I I J I ~ K C H O ~ ~  o6nac~n  U TeOpUH rpaHH'I- 
H b l X  C B O ~ ~ C T B  aHaJIUTU'IeCKUX @ Y H K ~ M ~ ~ .  ETO Y'IeHUK r. M. r0JIy- 
3 M H  BO3rJIaBUJl U3BeCTHYlo JleHUHrPaACKYlo I U K O J Y  reOMeTpU'Ie- 
C K O ~  Teopuu @ Y H K U U ~ .  Bce neHuHrpancKue cneuuanucTb1 no KoMn- 
neKcHoMy a ~ a n u 3 y  - nocnenosaTenn B. M. C M U ~ H O B ~ .  

pa60~b1 B. M. C M H ~ H O B ~  no TeOpuu @ Y H K U U W  K O M ~ J I ~ K C H O ~ ~  

nepeMeHH0fi 6b1nn BblnOnHeHbI B 3nOXY, OTMe'IeHHYK) ~ Y P H ~ I M  pas- 
BuTUeM TeOpHM @JfHKULifi B ~ ~ ~ C T B ~ H H O ~ ~  nepeMe~H08, a TO'IHee 
~ O B O P R ,  Teopwu MepbI u umerpana, B ~y nopy e q e  coBceM Mono- 
nofi. Ee ycnexu no6ymnanu K nepecMoTpy Bcex pasnenoa aHanu- 
3a, B TOM wcne u Teopun @ Y H K U M ~ ~  K O M ~ J ~ K C H O ~  n e p e ~ e ~ ~ o i i  
(TQKH). BO~MOXHO,  'IT0 Ba~HefiIUkiM C T U M Y J O M  H C C J I ~ A O B ~ H M ~ ~  

B. M. C M U ~ H O B ~  B TO BpeMR H 6b1no CTpeMJIeHHe MCnbITaTb HO- 

BYK) , , s e q e c ~ s e ~ ~ y l o "  uneonorulo B Teopuu aHanuTu'IecKux @ Y H K -  
sun. HO npu 3TOM B. M. CMUPHOB O ~ ~ ~ T U ~ C R  K Kpyry BOnpOCOB, 
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3 H a Z l e H M e  K O T O P O r O  A a J I e K O  H e  TOJIbKO B MCnbITaHMH B 0 3 M O X H O C -  

~ e f i  T o r o  MJIM U H O ~ O  a n n a p a T a .  3ana .1~  T e o p M M  $ y ~ ~ q u f i ,  KOTO- 
PbIMM 3aHMMaJICR B. M. CMHPHOB, C r O f l a M H  CTaHOBMJIMCb B C e  

6onee a K T y a J I b H b I M U ,  0 6 H a p y X k i B a R  C ~ O C O ~ H O C T ~  a K T M B H 0  B3aM- 

M O A ~ ~ ~ C T B O B ~ T ~  CO MHOrUMU P a 3 A e J I a M H  MaTeMaTMKM. B 60-70-x 
ronax TO H a n p a B J e H u e  K o M n n e K c H o r o  a ~ a n m a ,  B P ~ ~ B M T M ~  KOTO- 

p O r 0  p a 6 0 ~ b 1  h%. M. C M U ~ H O B ~  BHeCJIM C Y ~ ~ C T B ~ H H ~ I ~ ~  BKJIaA ,  F I e p e -  

XMJIO H O B ~ I ~  P a C q B e T .  B H a C T O R U e e  B p e M R  O H 0  M r p a e T  B a X H y K )  
P OJ Ib  B TeOPMM J IMHef iHbIx  O n e p a T O p O B ,  B TeOpMM ~ M $ $ e p e H q M a J I b -  

HbIX Y P ~ B H ~ H U ~ ~ ,  B TeOPMM B ~ ~ o R T H O C T ~ ~ ~ ,  H e  r O B O p R  yXe 0 c a ~ o f i  
TeOPMM $ Y H K ~ M ~ ~  M r aPMOHHZleCKOM a H a J I M 3 e .  

Harua C T a T b R  H e  I I P e T e H A Y e T  H a  C K O J I ~ K O - H M 6 y f l b  FI0JIHbIfi 06- 
30P 3 T O r 0  H a n P a B J I e H M R  B ~ ~ J I o M * .  HO A a e T  JIMUIb y K a 3 a H M R  0 
~ a J I b H e f i ~ e M  Pa3BMTMH 06JIacT€!fi, B KOTOPbIX p a 6 0 T a J I  B. M. CMMP- 
HOB, 06 MCFIOJIb30BaHMM B B e A e H H b I X  MM ~ O H R T M ~ ~  M JIMIl lb  ZlaCTMY- 

HO 06 MCCJIeAOBaHMRX, B03HHKUIMX FIOA BJIURHMeM p a 6 0 ~  B. M. 
C M M P H O B ~  MJIH FIOA er0 JIMZlHbIM BJIMRHUeM. 

1. B B O B H ~ I ~  sawesa~sa.  A H ~ J I M T M Z ~ ~ C K U ~  (PYHKUHM O n p e A e J R -  
H)TCR CBOMMM , , O C O ~ ~ H H O C T R M M ~ .  MJIM , ,cFI~KTPoM",  n p M q e M  3TMM 

CJIOBaM FIpMAaeTCR T0ZlHblf i  CMbICJI B P a M K a X  FIOAXOARUMX T e o p u f i .  

K TaKMM O C O ~ ~ H H O C T R M  6e3ycnoa~o OTHOCRTCR HyJ IU  $ Y H K U M ~ ~  - 
K a K  BHYTPM O ~ J I ~ C T M  o n p e n e n e H u R ,  T a K  u H a  ee rpasuqe, HO ~ p o -  
M e   TUX n o c n e n H M x  H Y X H O  Y Z ~ M T ~ I B ~ T ~  eue M 6onee o6uee .xa- 
P a K T e p H G e  n 0 B e ~ e ~ k i e "  ( P Y H K ~ U M  B ~ J I H ~ M  T P a H M q b I  O ~ J I ~ C T U .  Y c T ~ -  
H O B J I e H U e  c B R 3 e f i  M e X A y  TaKMMM n ~ F I e ~ ~ ~ a ~ ~ U  U ~ J I 0 6 a J I b H b l ~ k i  

C B O ~ ~ C T B ~ M U  $ Y H K ~ M ~ ~  COCTaBJ IReT  B a X H Y K )  3 a A a Z l Y  KOMFIJIeKCHOrO 

aeanuaa. K J I ~ c c H Z ~ ~ C K ~ H ,  a e f i e p r u ~ p a c c o a c K a ~  T@Kn nana M H o r o  
FIpMMepOB T a K O r O  C O p T a :  3 T O  M O n H C a H U e  MHOrOZlJIeHOB K a K  FIpOU3- 

N 

I 

CKUX $ Y H K U U ~ ~  B ~ J I u ~ M  T p a H M 4 b I  O ~ J I ~ C T M  B T e P M U H a X  , , T Y C T O T ~ I ~  
M H o x e c T a a  ~ y n e f i  ( p a s a ~ ~ a ~ ,  B OCHOBHOM, AJIR c n y q a R  ~ c e f i  
FIJIOCKOCTM C), U A p y r M e  6onee TOHKMe 3aBMCMMOCTM. n 0 3 ~ H e e ,  

BolI Ief l l I Ik i f i  B FIPaKTMKY M H T e r P a J I  JIeGera, C O A H O ~ ~  CTOPOHbI,  U 

KpMCTaJIJIM3aUUR IIOHRTMR , , F I P O C T P ~ H C T B ~ ~  - C A P Y ~ O ~ ~  IIpMBeJIU K 
F I O T P ~ ~ H O C T M  ( M  B O ~ M O X H O C T M )  MCCJIeAOBaHMR KJIaCCOB $ Y H K U U ~ ~ ,  
O n p e f l e J I R e M b I X  HeKMMM nMeTPMZleCKMMM C B O ~ ~ C T B ~ M M "  ( B  OCHOBHOM 

C B O ~ ~ C T B ~ M U  MX H H T e r p M p Y e M O C T M  H a  T P ~ H H ~ ~ ) .  B P ~ ~ O T ~ X  P. He- 
BaHnMHt ib I ,  @. P ~ c c a ,  r. Cere, r. Xapnu, M.  LUypa u npyrux 
6 b 1 ~ 0  HaZlaTO M3YZleHHe  T a K U X  KJIaCCOB ( P Y H K ~ M ~ ~  B eAMHHZlHOM 

K p y r e  D = {kc : I C ]  < I ) ,  a 3 a T e M  O H 0  p a C n p 0 C T p a H H J I O C b  U H a  

f l p y r U e  0 6 n a c ~ u  FIJIOCKOCTU C. 



no U e J l O M y  P R A Y  IlPMqMH B U e H T p e  HOBO&? M ~ T ~ M Y ~ C K O & ?  T@Kn 
OKa3aJlMCb TaK H a 3 b I B a e M b I e  KJlaCCbI H ~ B ~ H J ~ M H H ~ I  M XIPAM. O H M  M 

CBA3aHHbIe  C HMMM BOnpOCbI M RBJlRWTCR O ~ % ~ K T O M  MCCJleAOBaHMR 
B p a 6 0 ~ a x  B. M.  C M M ~ H O B ~ .  

2. @ y ~ n a ~ e ~ ~ a J I b ~ a S l  TeOpeMa 0 ( P ~ K T O P H ~ ~ U U U .  Khacc D.  
K 1929 r o n y ,  K o r n a  n o s l B M n a c b  o c H o e H a s l  T e o p e M a  B. M .  CMMP- 
H o e a  o n a p a M e T p M y e c K o M  n p e n c T a s n e H u M  K n a c c o e  Xapnu, 6 b r n o  

M3BeCTH0, YTO 3TM KJlaCCbI MHBaPMaHTHbI OTHOCMTeJlbHO AeJ leHMR H a  
( P ~ K T o ~  6J l s l I I IKe  (@. PHCC, 1923), 6 b r n ~  M3BeCTHbI KOHCTPYKuMR 

kl OCHOBHbIe C B O & ? C T B ~  BHeUIHMX ( P Y H K ~ M & ?  (Cere, 1921). K p o ~ e  
TOTO, 6 b 1 ~ 0  M3BeCTHO ( H O  H e  B J ~ ~ H M H ~ P ~ A ~  BTOPO&? IlOJlOBMHbI 
20-x r O n O B ,  KaK 3 T 0  O T M e q a e T  B. M. CMMPHOB B nOACTPOYHOM 

n p M M e q a H M u ,  CM.  C. 44 H a m .  M ~ A . ) ,  YTO 6onee UIMPOKM&? K n a c c  
H ~ B ~ H J ~ M H H ~ I  C O B n a A a e T  C MHOXeCTBOM BCeX P e r y J l R p H b I X  OTHOIIIe-  

H M ~  O r P a H M q e H H b I X  p 2 r Y J l R p H b I X  ( P Y H K ~ M B  (@. M P. H e B a H J l k i ~ H a .  

1922). Ewe P a H b I I I e  ~ ~ I J - I M  ~ a a n e H b 1  YCJlOBMR npenCTaBMMOCTM 
~ ~ P M O H M ~ ~ C K O & ?  ( P Y H K ~ M M  MHTerpaJ lOM ~ Y ~ C C O H ~  - C ~ M J l ~ b e c a  ( re-  
PrJlOTU, 1911). ~ T M  ( P ~ K T ~ I  MCnOJlb30BaJlMCb n p M  OnMCaHMM rpa- 
HMqHbIX C B O ~ ~ C T B  aHaJlMTMYeCKMX M raPMOHMYeCKMX ( P Y H K ~ u & ? ,  TIpM 
AOKa3aTeJ lbCTBe  rPaHMYHbIX T e O p e M  enUHCTBeHHOCTM, IlpM YCTIHOB-  
JleHHM HeKOTOPbIX BaPMaHTOB I l p M H u U n a  MaKCMMyMa.  140 HMKTo 

H e  OueHUJ l  MX K a K  COCTaBHbIe YaCTM 6ynywero a T I n a p a T a ,  n p U C n 0 -  

C O ~ J ~ ~ H H O ~ O  K T M ~ K O M Y  M BbIPa3MTeJlbHOMY OTIMCaHMW B ~ ) K H ~ & ? U I M X  
KJlaCCOB EtHaJlMTMqeCKMX ( P Y H K ~ H & ?  C I l O M O w b W  H ~ K O T O ~ O ~  CUCTe- 
M ~ I  H ~ ~ ~ B M C M M ~ I X  n a p a M e T p o B .  T a ~ o & ?  a n n a p a T  u 6 b r n  n p e n n o x e H  

B. M. CMMPHOB~IM.  B ~ X H O  OTMeTMTb,  YTO IIPMBOAMMaR H M X e  T e O -  

P e M a  0 ( P ~ K T O P M ~ ~ ~ M M  6 b 1 n a  OTKPbITMeM A a X e  AJlR O r p a H M Y e H H b I X  

a H a n M T M r l e c K u x  (PYHKUM&?, H e  ~ O B O P R  yxe  o K n a c c a x  Xapnu, K n a c -  
cax D M N. B. M. CMMPHOB ~ a 3 b 1 ~ a e ~  CBOH) T e o p e M y  . n a p a M e T p u -  
qeCKMM ~ ~ ~ A c T ~ B J I ~ H M ~ M "  KJlaCCOB N U  HP ( K J l a ~ ~ b 1  A M H8 B er0 
O ~ O ~ H ~ ~ ~ H M A X ) .  n 0 ~  3TMM n O A p a 3 Y M e B a e T C S I  MYJlbTMnJlMKaTMBHOe 

TIpenCTaBJIeHMe,  B KOTOPOM T ~ ~ ~ O B ~ H M R  H a  BHYTPeHHMe HYJlM M 
r p a H U Y H O e  I I O B e n e H U e  ( P Y H K ~ U M  He3aBMCMMbI M MMeWT . B e w e C T -  

B ~ H H ~ I & ? '  X a p a K T e p  ( C Y M M M P Y ~ M O C T ~  HeKOTOPbIX PRAOB M M H T e r p a -  

JOB).  C ~ M ~ I M  UIMPOKMM M 3  PaCCMaTPMBaeMbIX K.JlaCCOB ( P Y H K U U ~ ~  
RBJlReTCR KJlaCC N BCeX aHaJlMTMqeCKMX B D ( P Y H K ~ M & ?  f ,  TaKMX, 
Y TO 

sup [ log+ I f  ( r e t t )  1 dt < + m. 
O < r < l  b 

T e o p e ~ a  o n a p a ~ e ~ p ~ 3 a u ~ u  rnacw,   TO K a x n a s l  (PYHKUMR f 
K n a c c a  N o n ~ o 3 ~ a . 1 ~ 0  o n p e n e n R e T c R  s a n a ~ ~ e ~  cnenywwux ,,naps- 
MeTPOB ': 

1) IIOCJleAOBaTeJlbHOCTbH) KOMnJleKCHbIX YMCeJI [knIn>l,  HJlR KO- 

T O P O ~ ~  BbInOJlHeHO YCJlOBMe ~ J I H I I I K ~  2 (1 - ( A n  1 )  < a; 
n>l 



2) K O H e l r H o f i  B ~ U ~ C T B ~ H H O ~  ~ep0 f i  ( 3 a p R a o M )  p H a  e f l W H N 9 ~ 0 l " r  

O K P Y W H O C T N  T = {CEC : 1 C [ = 11. 
@YHKU.UR f BOCCTaHaBJlWBaeTCR no BTWM CBOUM n a p a M e T p a M  

Qop~ynof i  f = B f,, rae B e c T b  n p o m ~ e a e ~ w e  E J I R ~ I K ~  

n p H  r  -+ 1 c e ~ e f i c ~ ~ a  ~ e p  log f(re") d t ,  ~ < r <  1. 
IB(m") I 

Aanee, pa3JlO>KWB M e p y  p B CYMMY ~ ~ C O J I I O T H O  H e I l P e P b I B H O r O  

p ,  N C U H r Y J I R P H O r O  ps C J I a r a e M M X  ( O T H O C W T ~ J I ~ H O  H O P M M P O B ~ H H O ~ ~  
M e p b I  JIe6era m  H a  O K P Y X H O C T U  T) M BOCnOJIb30BaBUIMCb T e O p e -  
M 0 f i  @ ~ T Y  0 I ' P a H N g H b I X  3 H a 9 e H M R X  M H T e r p a J I O B  ~ Y ~ C C O H ~ ,  MbI 
J I e r K O  Y C M a T p W B a e M  p a 3 J l N 9 U e  p 0 J I e f i  COOTBeTCTByIOUWX COMHOXW- 

~enef i  B n p e a c T a B n e H u u  f, = f,, f,, . nep~brfi 143 H W X  n o n H o c T b r o  

O n p e f l e J I R e T C R  M O a y J I e M  I 'PaHN'rHbIX 3 ~ a 9 e ~ N f i  1 f 1 H a  O K P Y X H O C T N  

T : dp, = (f 1 dm; 3 T O T  M H O w W T e J I b  H a 3 b I B a e T C R  BHeUIHWM ( T ~ P M M H  

A. E e p n u ~ r a  [70 ] ) .  B~opofi, T. e. @ Y H K U U R  f,, , N M e e T  y rnowe 
r p a H N 9 H b I e  3 H a ' I e H N R ,  P a B H b I e  no MOflyJlIO e a W H W U e  n.  B. H a  T. 
~ I O ~ T O M Y  3 T O T  M H O X W T e J I b ,  no c a M 0 f i  er0 npWpOf l e ,  H e J l b 3 R  O U e -  

H N T b  BO B H Y T p e H H N X  T O ' I K a X  K p y r a ,  r J I R A R  TOJIbKO H a  er0 3 H a 9 e H W R  

H a  O K P Y w H O C T N .  H~TPYAHO,  O A H I K O ,  A O K a 3 a T b ,  9 T O  @ Y H K U W R  f,, 
o r p a H w s e H a  B D B TOM N T o n b K o  B TOM cnysae, K o r n a  ps<O. 
T ~ K N ~  @ Y H K U M W  f,, H a 3 b I B a I O T  CMHrYJIRPHbIMN BHYTPeHHUMU @ Y H K -  

U M R M M  ( C H O B ~  c n e a y R  A. E e p n ~ ~ r y ) .  Bceraa f,, = f +f,-, T. e. 
*s s 

B C e r a a  f,, eaMHCTBeHHb1M 0 6 p a 3 0 ~  n p e a C T a B J I R e T C R  K a K  OTHOUIe-  

H N e  a B y X  CMHrYJIRPHbIX BHYTPeHHWX @ Y H K U U W .  
O I I M C ~ B  TaKMM 0 6 p a 3 0 ~  ( C J I ~ A Y R  B. M. CMWPHOBY) n a p a M e T p W -  

s e c K o e  n p e a c T a a n e H w e  @ Y H K U U ~ ~  K n a c c a  A, M ~ I  B n n o T H y m  n o a o w n N  

( B M ~ C T ~  C B. M. CMUIWPHOB~IM - C. 87 HICT.  w ~ A . )  K Ol lpef leJIeHWIO 
N N c c n e a o B a H W m  B a x H o r o  AJIR npwnoxe~wfi K n a c c a  D. T ~ K  0603- 
H a s a e T c R  K n a c c  B c e x  @ Y H K U M ~ ~  143 N, .y K O T O P ~ I X  p,+ = 0.  

 TOT KJIaCC O K a 3 a J I C R  3 a M e ' I a T e J I b H b I M  C p a 3 y  B HeCKOJIbKUX 
OTHOUIeHURX,  O T M e ' I e H H b I X  B OCHOBHOM CaMWM B. M. CMUPHOB~IM: 
- OH y C T a H a B J I W B a e T  e C T e C T B e H H b I e  r p a H U U b 1 ,  B KOTOPbIX C l l p a -  

B e a J I U B b I  p a 3 A H 9 H O r O  PO@ , ,npWHUWnbI  M ~ K C N M Y M ~ ~ ,  n 0 ~ 0 6 ~ b I e  

N ~ B ~ C T H ~ I M  T e o p e M a M  Q p a r ~ e ~ a  - J I u ~ a e n e a a ;  



- OH C Y W . e C T B e H H 0  Y Y a C T B y e T  B  P e U l e H M M  H ~ M ~ O J I ~ ~  T O H K M X  

3 a A a Y  TeOPMM ( B ~ C O B O ~ )  ~ O ~ M H O M M ~ ~ ~ H O ~ ~  a n n p O K C M M a q M M ;  

- O H  B 0 3 H M K a e T  n p M  OnMCaHMM 3 a M K H y T b l X  M A e a n O B  MAM Z- 
U H B a P M a H T H b l X  n O A n p O C T p a H C T B ,  O C O ~ ~ H H O  B  CBR3M C  Y a C T H b I M  C A Y -  
Y a e M  3 ~ 0 a  3 a A a Y M  - C  O n M C a H M e M  T a K  H a 3 b l B a e M b l X  cna6o o 6 p a ~ ~ -  
M ~ I X  @ y ~ ~ q ~ f i .  

M e W . e  C J l e A y e T  O T M e T M T b ,  YTO M M e H H O  O T K P b l T M e  M  M C n O A b -  

~ O B ~ H M ~  K n a c c a  D (sanonro no H a n p a s n e H m ,  B O ~ H M K U I ~ ~ O  n o A  
B n M R H M e M  yXe ~ ~ O M R H Y T O ~ ~  M ~ B ~ C T H O ~ ~  p a 6 0 ~ b l  A. 6 e p n M H r a  [70]) 
0 3 H a M e H O B a n O  n O H M M a H M e  p O n M  B H Y T P e H H M X  @ Y H K ~ M ~ *  B  Pa3AMZI-  
H b l X  3 a A a Y a X  K O M n n e K C H O r O  a H a n M 3 a .  H ~ K O T O P ~ I M  I l O A T B e P X A e -  

MMeM 3 T O M Y  C J I Y X M T  M  H a C T O R U a R  C T a T b R .  
Tenepb Mbl O n M U l e M  B K p a T U e  p a 3 B M T M e  H e K O T O p b l X  M ~ e a  

B. M. C M M ~ H O B ~  K a K  B  P a M K a X  T@Kn, T a K  M  B  ee n p M n o X e -  

HMRX. r l p ~  3 T O M  P e Y b  n o f i ~ e ~  J M U b  0 p a 6 0 ~ a x  B. M. C M M P H O B ~ ,  
B O U l e A U l M X  B  3 T 0  M 3 A a H M e .  

3. Y ~ H ~ e p c a J l b ~ b l f i  I I p H H U H I l  M I K C H M Y M I .  T ~ K  Mbl ~ Y A ~ M  
H a S b l B a T b  Cn€!AylOW.€!e Y T B e p X A e H M e  - Z I a c ~ H b l a  ~ J I y Y a f i  T e O p e M b I  

B. M. C ~ u p ~ o ~ a  [ H ~ c T .  M ~ A . ,  c. 881 
Teope~a. I7ycmb f D, u nycms 1 <p< co . Ecnu f 1 T L P  (T), 

mo f G HP npumou \If \\HP = (If 1 \ \ L P .  
~ P M  P = 00 3 T 0  Y T B e p X A e H M e  M M e e T  BMA K n a C C M Y e C K O r O  n p M H -  

U u n a  M a K C k i M y M a  MOAYJIR, a n p M  p < R B J l R e T C R  er0 M H T e r p a n b -  
HblM a H a n O r O M .  (H" e C T b  M H O X e C T B O  B C e X  @ Y H K U M ~ ~ ,  a H a J M T M Y e C -  
KMX M  O r p a H M Y e H H b l X  B  D, I (  f l I H m  = S U P  1 f 1 ,  a H a J I 0 r ~ Y H b l i i  CMblCJl  

U M e e T  C H M B O J  Hm (Q)  M  A A R  ~ P O M ~ B O J I ~ H O ~ ~  O ~ A ~ C T M  9 cC).  
O T M ~ T M M ,  YTO K  @ Y H K U M R M  H e B a H A M H H O B C K O r O  K J l a C C a  N YHM- 

B e p C a J I b H b l R  ~ p M H I I , H n  M a K C M M y M a ,  ~ o o 6 u e  r O B O P R ,  H e n p M M e H M M ,  
K a K  n O K a 3 b l B a l O T  C O B C e M  n p O C T b l e  I l p M M e p b l  [26]. MOXHO C K a 3 a T b .  

YTO K J l a C C  D- 3 T 0  , , c a ~ b l f i  U ~ M P O K M ~ ~  M3 , , ~ C T ~ C T B ~ H H ~ I X '  K n a C C O B  

@ Y H K U M ~ ~ ,  a H a n M T M Y e C K M X  B  D, B  K O T O P b l X  y H M B e p C a n b H b l f i  n p M H -  

U M n  M a K C M M Y M a  e W . e  A ~ ~ C T B Y ~ T .  OH A € ! ~ ~ c T B ~ ~ T ,  B  YaCTHOCTM, B  
~ 1 0 6 0 ~  K J I a C C e  HP, T a K  K a K  HP cD. 

~ Y C T ~  - 0 6 n a ~ ~ b ,  K O H @ O P M H O  3 K B M B a J l e H T H a R  K p y r y ,  a W - 
K O H @ O P M H ~ ~ ;  ~ O M ~ O M O P @ M ~ M  9 H a  K P y r  D. 0 6 0 3 H a Y M ~  Y e p e 3  
D(Q) M H O X e C T B O  B C e X  @ Y H K U M ~ ~  B M A a  f o W, r A e  f E D. Knacc D (&) 
A 0 n ) ' C K a e T  M  B H y T p e H H e C !  O n M C a H U e  - A O C T a T O Y H O  B C n O M H U T b  A a H -  

H o e  B. M. C M M P H O B ~ I M  KOH@OPMHO H H B a p M a H T H O e  O n M C a H M e  K J l a C -  
ca D [ H a c ~ .  usn., c. 881: 

f €D(') <=> ( 3 f n  : f n € H m  ( Q ) ,  f ( i ) = l i m f n  (i), 
I f n  (i) I t If (i) I n P M  i € 9). n-+m 

Ecnu rpaHMU.a Fr & H a U I e f i  o 6 n a c ~ ~  9 A O C T a T O Y H O  n p a B M J l b H a ,  
T O  H a  K J l a C C  D(Q) J l e r K O  P a C I I p O C T p a H R e T C R  ~ H M ~ e p ~ a J I b H b l f i  n p M H -  

U k i n  M a K C M M Y M a  ( T O Y H ~ ~ ,  er0 B a p M a H T ,  0 ~ ~ e Y a l O W . M f i  p = m). 

* T .  e. $ I y ~ ~ u n i i  f Bnla f = B S ,  rne B  - n p o e s ~ e , ~ e ~ u e  6 n ~ m ~ e ,  S  - cnH- 
ryJRpsaR BHYTPeHHaR $ I Y H K U N R .  



H ~ M  ~ O H ~ A O ~ ~ ~ T C R  cue n 0 H R T M e  @YHKUMM,  B H ~ U I H ~ ~  B o6nac- 
TM 9: T a K  MbI H a 3 0 B e M  @)'HK~I.MW F B M A a  f 0 W, rAe f - B H e U l H R R  

@ Y H K U M R  B K P Y r e  D. MOXHO O n M C a T b  B H e U l H I O I O  B 9 @YHKUMIO 

F, H e  I I O K M A a R  0 6 J l a c ~ b  8: F - B H e U I H R R ,  eCJ lM F M 1/F I I P M H a A -  

J l e X a T  K J l a C C y  D (9) ( 0 )  - KOH@OPMHO~? O T O ~ P ~ X ~ H M ~  K P Y r a  H a  9).  
B n p M B e A e H H O M  . Y H M B e p C a J l b H O M  I I p M H U M I I e  M ~ K C M M Y M ~ ~  C O A e p -  

x a T c R  B c e  y T s e p x n e H m  T u n a  T e o p e M  Q p a r ~ e ~ a  - J u ~ n e ~ e @ a .  
q ~ 0 6 b 1  y 6 e ~ k i ~ b c R  B 3 T O M ,  H Y X H O  C O B C e M  H e M H O r O e  - K p O M e  yXe 
y n O M R H y T O r 0  M H B a P M a H T H O r O  O n M C a H M R  KJlaCCa D (Q)  J l M U l b  C J l e -  

A y W I 4 M e  I I p O C T O  n p 0 B e p R e M b I e  C B O ~ C T B ~  3 T O r O  K J l a C C a :  a )  MHBa-  
P M a H T H O C T b  er0 O T H O C M T e J l b H O  A e J l e H M R  H a  JIWGYIO B H e U I H I O W  

@YHKUMIO;  6) MOHOTOHHOCTb OTHOCMTeJlbHO O ~ J ~ ~ C T M :  eCJlM Q1 ) sJ2, 
f s D (Q,), TO f ( 9, s D (9,); B )  C B O ~ C T B O  M ~ X O P ~ U M M :  e c m  
f fl (Q),  a g - @ ) ' H K ~ M R ,  a H a J l M T M r l e C K a R  B 9 M I g l  ,< ,<l f 1 B 9, 
T O  gsD(9).  

O n ~ u e ~  T e n e p b  nonxon K T e o p e M a M  Q p a r ~ e ~ a  - Jn~nene@a ,  
o n M p a I O ~ M f i ~ R  H a  . y ~ M ~ e p C a J l b ~ b ~ ~  I I p M H U M n  M ~ K C M M Y M ~ ~ .  ~ Y C T ~  
B O ~ J I ~ C T M  9 (KOH@OPMHO ~ K B M B ~ J ~ ~ H T H O ~ ~  K P Y r Y  M C I I p a ~ M J l b ~ 0 h  

r p a ~ M I i e 8  Fr 9) 3 a A a H b I  H e O T p M U a T e J l b H b I e  @ Y H K U M M  hf M h. ~ Y C T ~  

W - H e O T p k i U a ~ e J l b H a R  @ Y H K U M R ,  3 a A a H H a R  H a  Fr 9. 0 6 0 3 ~ a q M ~  

r l e p e 3  CA (9) M H O X e C T B O  B C e X  @ Y H K U M ~ ,  H e n p e p b I B H b l X  B C ~ O S  9 
M a H a J l M T M 9 e C K M X  B 9. ~ T B ~ P X A ~ H M ~  T u n a  

H ~ ~ ~ I B ~ I O T  rneope~od Opaz~e~a-JTu~dene@a.  
~ P M M ~ H M B  ~ H M ~ e p ~ a J l b H b l f i  I I p M H U M n  M a K C M M Y M a  K @) 'HK~&~M 

f = g / ~ ,  rAe cp - B H e U I H R R  @ Y H K U M R ,  M O A Y J l b  K O T O P O ~  C O B n a A a e T  

C W H a  FrS2, M b l  A O K a X e M  C I I P a B e A J l M B O C T b  MMIIJlMKaUMU (1)  npki 
YCJIOBMM, 9 T O :  a) hf M a X O p M p y e T C R  M O A y J l e M  H ~ K O T O ~ O ~ ~  @YHK- 
UMM K J l a C C a  D M 6) h M a X O p M p y e T  @YHKUMIO \ c p ) .  

0 6 0 6 w e ~ ~ e :  0 6 J l a c ~ b  Q p a 3 p e 3 a e ~ c ~  H a  I I O A O ~ J ~ ~ C T M  (9 = 

= 521 u . . . u Q,) T a K ,  9 T O  C Y X E H M R  hf ( M a X O P M P Y I O T C R  MOAY- 
JIRMM @ Y H K U M ~ ~  K J l a C C a  D (Q1), a C Y X E H M R  h ( Q l  M a X O P M P Y I O T  MO- 
A Y A H  B H e U I H M X  @ ) ' H K u M ~ ~  B 9 ,  I I O P O X A e H H b l X  . A ~ H H ~ ~ M M ' ~  

W \ Fr Q,, i = 1 ,  . . . , n ( B   TOM c A y q a e  w 3 a n a ~ a  H a  06-benu- 
HeHMM K P M B b l X  FrQ,). 

Knaccusec~ue npellrepbl. 1. n y c ~ b  Q = (z : Rez > 0) ,  g - 
def 

@ ) ' H K ~ M R ,  a H a J l M T M 9 e C K a R  B Q. ECAM Ig I ,< hf B Q M I g),< 
def P s w = e l z l  H a  FrQ M ecm O < P , < a < l ,  TO I g J s J G I  B 8, 

7C me G = ebzP, b cos p -i- = 1. 



 TO Y T B e P X A e H M e  I I P O B e P R e T C R  a H a n O r U q H b 1 M  P a C C Y X A e H M e M ,  

I I p M M e H e H H b l M  K K B a A P a H T a M  ( = 1 ,  . . . 4 )  K O O P A U H ~ T H O ~ ~  
IIJIOCKOCTM. 

T o q ~ o  T a K  xe  M O X H O  n o n y q u T b  u npyrue K n a c c M q e c K u e  

, ,T€OpeMbl  @ p a r ~ e ~ a - ~ M ~ ~ e ~ e @ a " ,  Pi60 B C e  OHM O C H O B a H b l  H a  

I I p M H a n A e X H O C T u  M a X O P a H T b l  K n a C C y  D B c O O T B ~ T C T B ~ I O ~ ~ ~ ~  06- 
n a C T M .  M ~ ~ o x ~ H H ~ I ~  I I O A X O n  6b1n H a M e q e H  X ~ ~ C O H O M  [ 7 8 ] .  

f l 0 ~ 0 6 H b l M  )KO, 0 6 p a 3 0 ~  M 3  T e O p e M b l  B. M. C M M ~ H O B ~  M O X -  
HO BblBeCTM M . U H T e r p a n b H b I e  T e O p e M b l  @ p a r ~ e ~ a - ~ k i ~ n e ~ e @ a ~  
cnenymuero T u n a :  e c n M  I g/M I M M e e T  M a x o p a H T y  B E p ( Q ) ,  
~ / W C  Lq ( F r S t ) ,  T O  glh G  Eq (Q) ;  3 A e C b  M, W ,  h MMeIOT T O T  Xe 
C M b I C n ,  q T O  U B b I U l e ,  B  . P ~ B H O M ~ P H ~ I X ~  (P  = 4  = CO) T e O p e M a X  
Opar~e~a-J Ic r~nene@a.  

4. P0ab KJlaCCa D B T e O P H H  aII I IpOKCHMaqHH.  E C T ~  H e C K O J b -  
K O  aanaq T e o p u k i  n o n M H o ~ ~ a n b ~ o f i  annportcuwauuu, p e u I e H w e  
K O T O P b l X  C Y u e C T B e H H O  3 a B M C M T  O T  K J I a C C a  D. B 3 T M X  3 a A a l r a X  

B T e p M M H a x  K n a c c a  D p e a n ~ 3 y e ~ c ~  U B B ~ C T H ~ I ~ ~  n p u H r l M n  . n o n H o T a  

MJM K O M ~ ~ K T H O C T ~ " .  M M ~ H H O ,  e C n u  3 a M b I K a H M e  M H O r O q n e H O B  H e  
c 0 B n a n a e . r  co B c e M  n p o c T p a H c T B o M ,  rne n p o M c x o n M T  annportcuwa- 
UMR, T O  I I p e n R T C T B M e M  K 3 T O M Y  0 6 b l q H 0  O K a 3 b l B a e T C R  K O M I l a K T -  

H O C T b  €!nMHM'IHOrO W a p a  B H Y T P U  C O O T B ~ T C T B Y K ) ~ ~ ~ ~  O ~ ~ ~ C T M  I l n O C -  

KOCTM C, ki I l P O R B J l R e T C R  3 T a  K O M n a K T H O C T b  B X O X A e H M e M  B K n a C C  
D B c e x  Q ~ H K U M G ,  n o n y c ~ a ~ ) u u x  a n n p o K c M M a u M m .  

H a q H e M  c a a x H o r o  n o 6 a ~ n e ~ ~ ~ ,  c n e n a H H o r o  B. M.  C w u p ~ o -  
B ~ I M  (CM. T a K x e  [ 3 2 ] )  K u s s e c ~ ~ o f i  T e o p e M e  Cere. f l y c ~ b  w - 
H e o T p u u a T e n b H a R  (PYHKUUR, w  L 1 ( T ) .  flo T e o p e M e  Cere MHO- 
X e C T B O  IIOJIMHOMOB P A  H e  I I J O T H O  B n p O C T p a H C T B e  L P ( w ,  T ) ,  

r 

def T 
K ~ K  O n M C a T b  M H O X e C T B O  c ~ o s L P ( , , ~ ) P A =  H P ( w )  n p M  I l O C n e n H e M  

y c n o ~ u u ?  Ha C. 100 - 104 H a C T O R l L l e r O  M 3 A a H M f i  @ ~ K T M ~ ~ C K M  A O -  
~ a s a ~ o ,    TO HP ( w )  = D n LP (w, T ) .  

f lpu  p  = 03 I I p O C T p a H C T B O  LP (w,  T )  3 a B u C M T  H e  O T  W ,  a oT 
K A a C C a  3 K B M B a J C H T H O C T u  M e p b l  w d m ,  T a K  q T O  EtHaJIOI'OM O n M C a H -  

HOG 3 a A a q U  C J l e A y e T  3 A e C b  C q U T a T b  B O n P O C  0 * - c n a 6 o ~  3 a M b l -  

KaHMM M H O X e C T B a  W P A  B I I p O C T p a H C T B e  Lm ( T ) .  X a p a ~ ~ e p  O T B e T a  

C O X p a H R e T C R  [78,  251. T a ~ x e  B T e p M M H a X  K n a C C a  D O n H C b l B a e T C H  
U C e K B e H U M a J b H O e  3 a M b I K a H M e  M H O X e C T B a  W P A  O T H O C M T e n b H O  
0 r p a H M q e H H 0 f i  CXOAMMOCTM I I O q T U  BCK)AY H a  O K P Y X H O C T U  T  [ 2 3 ] .  

M H T ~ ~ ~ c H O ~ ~  ki ~ p y n H 0 f i  npobnewoii, rne T a K X e  0 6 a a p y ~ u -  
B a e T C R  K A a C C  D, R B n R e T C R  3aAaqa 0 ~ O ~ M H O M M ~ ~ ~ H O ~ ~  a n n p 0 K -  
cmtaqm no nnouanu o 6 n a c ~ ~  ( B  n p o c T p a H c T s a x  a H a n u T u q e c K M x  



@Y H K U M R  L$(Q, dxdy) B H e K a p a T e O A O p U e B b l X  O ~ J - I ~ C T H X  Q.    TO MY 
B o n p o c y  n o c B R w e H a  3 ~ a s u ~ e n b ~ a ~  n u T e p a T y p a  (M. B. K e n n b l u I ,  

A. A. L U ~ ~ M H R H ,  M. M. & ~ p 6 a u 1 ~ ~ ,  AX. B ~ ~ H H ~ H  M A p . ,  6a6- 
J I M o r p a $ M R  U 0 6 3 0 ~  COCTORHMR I l p e A M e T a  UMeIOTCFI B C T a T b R X  
122, 711). B padore [52] 6 b l n 0  0 6 H a p y ~ e H 0 ,  r IT0  M 3 A e C b  

B C J I y s a e  H e n O J l H O T b l  M H O r O s n e H O B  O n U C a H U e  3 a M b l K a H M R  3aBMCMT 

OT KJ l aCCa  D. M M ~ H H O .  PaCCMOT- 

PMM MOAeJ lbHYlO 0 6 J l a ~ ~ b  T M n a  

JlYHOrIKM (PMCYHOK) C AOCTaTOrIHO 
r n a n ~ o f i  r p a ~ u u e f i  FrQ. H Y C T ~  1<  
< p <  U n y C T b  0 6 n a c ~ b  T a K O B a ,  

 TO C I O S P ~ # L %  (P, dxdy) ( s b ~ n o n -  

H e H M e  3 T O r 0  YCJlOBUR 3aBUCMT OT 
c T e n e H u  K a c a H u R  K P M B ~ I X  B T o w e  

w/ / / / /7 - / / f l  p, M B YnOMRHYTblX  B b l u I e  pa6o- 
T a x  3 ~ a  C T e n e H b  T O ~ I H O  onpenene- 
Ha) .  Torna 3 a M b l K a H M e  C ~ O S  PA CO- 

CTOUT u3 B c e x  $ Y H K U M ~ ~  L%' (9, 
dxdy), I IpOAOJIXMMblX B 0 6 n a c ~ b  w A 0  $ Y H K U U U  K n a C C a  D(u) 
U C Y M M M P Y e M b l X  H a  F r w  C H e K O l O p b l M  BeCOM,  3aBUCRIJJ.UM O T  TOG 
Xe , ,CTeneHU K ~ C ~ H U R "  KPMBbIX B T O ' I K e  P; CM. ~ O A ~ O ~ H O C T U  
El C T a T b e  [52]. 

5. Kaacc D naa 06aac~efi o6qero Bena. Knacc D(Q) n n R  

~ P O U ~ B O J I ~ H O ~ ~  0 6 n a c ~ u  Q ( B  TOM s U C J I e  M A n R  ~ ~ C K O H ~ ~ H O C B R ~ -  
H O G )  6 b l n  o n p e n e n e H  u u 3 y r 1 e ~  B p a 6 0 T a x  [42, 391. BOT OAHO 
~3 ero onpenene~nfi (npu  Q = D p a B H o c M n b H o e  o n p e n e n e H u r o  

B. M. C M U ~ H O B ~ ) :  $ Y H K U M R  f, a H a J l M T M s e C K a R  B <LJ, I I P U H a A n e X U T  
K n a C C y  D ( Q ) ,  e C n M  H a U M e H b u I U e  r a p M O H M s e C K M e  M a X O p a H T b l  

U M  C ~ ~ T ~ P M O H M Z I ~ C K U X  B 9 $ Y H K U M ~ ~  log+ (f \ / M  CyIJJ.eCTByIOT 

TIPM n m 6 0 ~  n O J l O X M T e J I b H O M  M M C T p e M R T C R  K HYJIIO B Q ,  K O r A a  

M H e O r p a H M s e H H O  B O 3 p a C T a e T .  B p a 6 0 ~ a x  [39, 591 6 b l n u  IIOJI- 

H O C T ~ I O  p e w e m  sanasu o n u c a H M R  o6nac~efi 22, n n R  K O T O P ~ I X  
KJ IaCC D (Q) H e T p U B U a J I e H  (T. e. C O A e P X U T  (PYHKUUH, OTJIUlIHble  
O T  KOHCTBHT), U M H O X e C T B  YCTPaHUMblX O C O ~ ~ H H O C T ~ ~  $ Y H K ~ M ~ ~  
K n a c c a  D(9). B p a 6 0 ~ e  [68] n o n y s e H a  n o n H a R  x a p a K T e p u c r u K a  

.06nac~efi 9 C C, o6nanaroqux C J I e A y l O U U M  C B O ~ ~ C T B O M :  BCRKaR 
~(PYHKUUR f, P e r y n R p H a R  B D u T a K a R ,   TO f (D) c Q, n p u H a n n e x u T  

K n a c c y  D (D). O ~ a s a n o c b ,  ~ I T O   TO C B O ~ ~ C T B O  o6nacru Q p a B a o -  

C U J I b H O  P e r Y J l R P H O C T M  ~ ~ C K O H ~ ~ ~ H O  ~ a n e K 0 f i  T O s K M  n 0  OTHOLLleHUH3 
x Q B c M b l c n e  T e o p u u  n o T e H u u a n a .  

6. f l a p a ~ e ~ p e s e c ~ o e  n p e n c T a B n e H e e .   TO n p e n C T a B n e H M e  
~ $ Y H K U M R  K n a c c a  N, o n u c a H H o e  s b l u r e  B n. 2 u ~ a s b ~ s a e ~ o e  T a K x e  

K ~ H O H U ~ ~ C K O ~ ~  $ a K ~ O p M 3 a u M e f i ,  C T a n O  OCHOBHbIM UHCTPYMeHTOM 

, M e ~ p ~ s e c K O f i  " T@Kfl C M O M e H T a  C B O e r O  OTKPb lTU R. f l 0 3 ~ ~ e e  
( C  40-50-x ~ O A O B )  O H 0  y T B e p A U J I O C b  B TOR Xe POJIM B TeOpMU 
U A e a J l O B  ( M H B ~ P U ~ H T H ~ I X  ~ O A ~ ~ O C T ~ ~ H C T B )  B n p O C T p a H C T B a X  a H a -  

J l U T U s e C K U X  $YHKUUR,  B TeOPMM $ ~ H K U M O H ~ J I ~ H O ~ ~  MOAeJIU 



C. H a m - @ o f i a W a  M  B  c I I e ~ T p a J l b ~ 0 f i  T e O p M U  C T a U U O H a p H b I X  C A Y -  

4 a f i ~ b 1 ~  n P 0 4 e C C O B .  ~ W C J I O  P e 3 Y J l b T a T O B  B  K a X A O M  U 3  3 T U X  

H ~ ~ P ~ B J I ~ H u ~  H ~ O ~ O ~ ~ H M O ,  U  MbI  K P a T K O  O T M e T M M  J I M W b  T e  U 3  
H H X ,  H a  K O T O P b l X  H e I I O C P e A C T B e H H O  C K a 3 a n O C b  B J I U R H H e  p a 6 0 ~  
B. M. C M U ~ H O B ~  UJIU er0 J U 4 H O e  B J l U R H U e .  B O C H O B H O M  3 T 0  

p e 3 y J l b T a T b l  J l e H U H r p a A C K U X  M a T e M a T U K O B .  

MOXHO O T M e T U T b  H a n e p e A ,  4 T O  c~oeo6pasue B 3 r J l R A a  
B. M. C M M ~ H O B ~  H a  K a H O H M Y e C K Y l o  ( P ~ K T O P U ~ ~ U U ~ ~  K a K  O T b l C K a H U c  

n ~ ~ 0 6 0 ~ ~ b ~ ~  ' B e u e C T B e H H b l X  n a P a M e T P O B  ~ H ~ J I U T M Y ~ C K O ~ ~  ~ Y H K -  
UUW O n p e A e J I e H H O r O  K J I a C C a  (HYJIM,  M O A y J I b  r P a H U Y H b I X  3 ~ a r l e ~ k i f i ,  

C M H r y J I A p H a R  M e p a )  O K a 3 a J I O C b  H e O X U A a H H O  C O B p e M e H H b I M  M M e H H O  
T O r A a ,  K O r A a  Y n O M R H Y T a R  ( P ~ K T O P U ~ ~ ~ U H  H a W J l a  H O B O e  U  0 4 e H b  

6o r a~oe  none n p u n o x e ~ u f i  (cny4afi~ble n p o u e c c b l ,  C n e K T p a n b H a R  

T e o p u R  o n e p a T o p o B ,  uneanb~)  u c a M a ,  B csom oqepenb, nonyqana 
C y u e C T B e ~ ~ b I f i  M M n y J I b C  K  B H Y T P e H H e M Y  P a 3 B U T U m .  M ~ I  H a r l H e M  

U M e H H O  C  B H Y T p e H H U X  3aAa4, 3 a T e M  K O C H e M C R  I ~ O P O A U B U ~ ~ ~  WX 

T e O P U U  U A e a J l O B  U  C O B C e M  K P a T K O  O T M e T U M  C B R 3 U  C  A P Y r U M H  
n p u n o x e H u m u .  

6.1. I l apa~mp~sec~oe  npenc-rasnenue nonunaccoB Knacca N. 
3 ~ e c b  P e Y b  U A e T ,  K a K  n p a B U J I 0 ,  0 I l p O C T p a H c T B a X  ( P Y H K ~ U ~ ,  
a H a J l U T U Y e C K M X  B  K P Y R  D U  r J I a A K M X  B n J I O T b  A 0  e r O  r p a H U U b 1 .  

K n a c c u ~ e c ~ u e  n r n a a ~ o ~ ~ ~ '  n o p o x A a m T  n o n y n A p H b l e  n p o c T p a H c T B a  

L i p ~ a  = { f :  f  a H a n M T n q H a  B D, f  c Lip a B ~ ~ M K H Y T O M  K p y r e  

clos Dl, C: = { f :  f  a H a n u T u s H a  B D, f @ )  H e n p e p b l B H a  B clos D] 
U  U X  0 6 0 6 q e ~ u R  L i p ~ w ,  C>W C  n P O U 3 B O J l b H b l M  M O A Y J I e M  H e n p e -  

~ ~ I B H O C T M  o. ApyroR x a p a K T e p  u M e l o T  o r p a H u q e H w ,  H a A a r a e M b r e  

H a  M O A y J l U  K O ~ ( P ~ U ~ H ~ H T O B  Teanopa ( M ~ K J O ~ ~ H ~ .  K a K  n k i W e T  

B. M. C M U ~ H O B ) :  

3 a A a r l a  COCTOMT B  T O M ,  4 ~ 0 6 b 1 ,  P a C C M a T p M B a R  O A U H  U 3  3 T U X  
K J I ~ C C O B *  x, H ~ ~ T M  B  T e p M U H a X  I I a p a M e ~ p 0 ~ "  K ~ H O H U ~ ~ C K O &  
( P ~ K T O P U ~ ~ ~ U U  H ~ O ~ X O A U M ~ I ~  U  ( U J I U )  A O C T a T O Y H b l e  YCJIOBMA A J I R  

B K J I l o Y e H U A  f  c X. B a x ~ o f i  X a p a K T e p U C T U K 0 f i  n p U  O n M C a H U U  3 a M K -  

H Y T b I X  Z - M H B a P U a H T H b I X  I l O A n p O C T p a H C T B  n p O C T p a H C T B a  X ( U n e a -  
J O B ,  e C n M  pe4b U A e T  06 anre6pe ( P Y H K U U ~ ~ )  R B n R e T C R  T a K  H a 3 b I -  

B a e M O e  ,,CBOWCTBO A ~ J I ~ H U A ' :  e C J U  f  c X, / - B H Y T P e H H A R  ~ Y H K -  
Q U A ,  T O  U 3  B K J I l 0 4 e H M R  f / / c  D A O J I X H O  C J l e A O B a T b  f / / c  X. 

Y ~ O M R H ~ T O ~  O n U C a H U e ,  p a B H 0  K a K  U  C B O ~ ~ C T B O  A e J l e H U A ,  O Y e -  

B U A H O  A J I A  n p O C T p a H C T B  H p  (D). I I p O C T p a H C T B ,  K O T O P b I e  H e  



O I I p e A e J I f l W T C f l  YCJIOBMflMM H a  MOAYJIb  r P a H U Y H b I X  3 ~ a q e H U k ,  

H a n p O T M B ,  o6e 3 a n a q U  flBJIRWTCR, K a K  I IPaBMJIO,  B e C b M a  H e T P M -  

BMaJIbHbIMM. 

M c c n e n o ~ a ~ u e  H y J I e f i  @yHKLI.Mk, r J I a A K U X  B n n O T b  A 0  rpaHUIJ.bl 

(T .  e. M c c n e n o s a H u e  M H o x e c T B  Z ( f )  = { c  : I c 1 1, f (c) = 01, 
C O & e p X a q M X ,  B qaCTHOCTM, B H y T p e H H M e  HyJIM hk M HOCMTenb  

~ ~ H r y J I f l p ~ o f i  M e p b I ,  K O T O P b l e  Y r I a C T B Y W T  B I I a p a M e T p M r I e C K O M  

n p e n c ~ a ~ n e ~ u u ) ,  H a q a T o  no cyqecmy JI. K a p n e c o ~ o ~  [72]. 
B [72, 181 y C T a H O B A e H 0 ,  9 T O  e C n M  f c L i p ~ a ,  TO 

log dist (c, Z (1)) dm (c) > - a, 
T 

M, O ~ ~ ~ T H O ,  eCJIM 3 T 0  YCJIOBMe (u,  KOHeLIHO, YCJIOBUe 6 J I f l I I I K e  

AJIR M H O X e C T B a  Z fl D) B b I n O J I H e H O  AJIfl H e K O T O p O r O  M H O X e C T B a  Z, 
TO C ~ U ~ C T B Y ~ T *  f L i p ~ a  c Z = Z (f ) .  n o n 0 6 H a f l  T e o p e M a  cnpa- 
B e a n M B a  M n n f l  L i p ~ m  c a a ~ e ~ o i i  dist (i, Z (f ) )  H a  o(dist(s, Z(f))) ,  
q T O  6 b i n 0  YCTaHOBJIeHO H. A. ~ U P O K O B ~ I M ,  CM. ~ O A P O ~ H O C T M  
B [67]. 

B H e I I I H f l f l  r I aCTb  @ Y H K I J . M ~ ~ ,  r J I a A K M X  B n J I O T b  A 0  rpaHMIJ.bI, 

n o n q u H e H a  T e M  x e  y c n o B u f l M  r J I a n K o c T u ,   TO u c a M a  @YHKIJ.MR, 
ecnu 3 ~ a  n o c n e n H f l R  o T n e n e H a  OT H y n R  H a  O K P ~ ~ H O C T M  T. 
M M ~ H H O ,  B 3TOM C J I y q a e  CBf l3b  M e X A Y  rJIaAKOCTRMM ) f 1 M f, rpy6o 
rOBOPFI ,  T a K O B a  Xe, K a K  M e X n y  r J I a n K 0 C T f l M M  @ ~ H K I J . M M  log I f )  
M ee u H T e r p a n a  KOWM ( u n u  n p e o 6 p a 3 0 ~ a ~ u f l  r u n b 6 e p ~ a ) .  B sac?.- 
HOCTU, T ~ K M ~  f M 1 f 1 O A H O B P e M e H H O  I l P U H a A J I e X a T  MJIM H e T  KJIaCCY 

Lips, 0 < a < 1. c M ~ y a I J . M f l  C y q e C T B e H H O  MeHReTCf l ,  eCJIM pa3pe- 
IIIMTb @ ~ H K U M M  f 0 6 p a q a ~ b c f l  B HYJIb  H a  O K P Y X H O C T M  T. B p a 6 0 ~ e  
[55] 6 b 1 n o  0 6 H a p y X e ~ 0 ,  q T O  AJIfl  BHeI I IHUX @YHKIJ.UR f BKJIWr leHMe 
(f 1 Lipa, 0 < a < 1, B n e r l e T  f c L i p ~ a / 2 ,  HO, ~oo614e r o ~ o p f l ,  

H e  B n e s e T  f  lip^ (a12 + E),  E > 0. 31-0 n ~ o R H o e  n a n e H u e  rnan- 
KOCTM (OT h l o n y n f l  H e n p e p b I B H O C T M  ~ ( t )  a0 U (Vt) 6 b 1 ~ 1 0  n o n p o 6 H o  

U C C J l e a O B a H O  B 1531. A ~ a ~ r o r u  3TMX P e 3 Y J l b T a T O B  AJIfl  BbICIIIMX 

~ J I ~ A K o c T ~ ~ ~  (LlJIfl I I p O C T p a H C T B  C$O, p a B H 0  K a K  U n J I f l  MHOrUX 
n p y r U X  ECT?CTBeHHbIX I I p O C T p a H C T B  aHaJ IMTMseCKMX @ Y H K U M ~ ~ )  
6b1JIU I I O J I y q e H b I  B p a 6 0 ~ a x  H. A. ~ U ~ O K O B ~  [64-661. T ~ M ,  
B qaCTHOCTM, A a H O  A O K a 3 a T e J I b C T B O  T P Y A H O ~ ~  T e O p e M b I  0 man- 
KOCTN B H ~ U H € ! ~  @ Y H K U U N ,  0 6 0 6 q a ~ q e R  I J . U T H P O B ~ H H ~ I ~ ~  BbIUle  
p e 3 y J I b T a T  p a 6 0 ~  [53. 551 H a  r J I a n K O C T U  BbICOKUX n O p f l A K O B  (@oP- 
MYJIUPOBKa  - HO H e  A O K a 3 a T e J I b C T B O  -  TOR T e O p e M b l  6b1J I a  P a H e e  

N 3 B e C T H a  B M a T e M a T U r I e C K O M  @ o J I ~ K J I o P ~  K I K  . T e O p e M a  Kapneco- 
H a  - R~oSca" ) .  B p a 5 o ~ a x  [64 - 661 ~ a i i n e ~ o  T a K x e  n o n H o e  
( n p a ~ n a ,  n o B o n b H o  r p o ~ o 3 n ~ o e )  o n u c a H u e  @ Y H K U M ~ ~  B u n a  I f  ( T, 
rne f - B H e u H f l f l  @ Y H K U M R  K n a c c a  C Y ,  n >, O. 

.CBO~~CTBY A ~ J I ~ H M ~ ~ ~  AJIf l  p a 3 J I M q H b I X  KJIaCCOB ( P Y H K U U ~ ~  T a K X e  

n o c e f l u e s o  H e M a n o  p a 6 o ~ ;  ero H a n u w e  - B M e c T e  c n p e n b l n y q n -  

def * Ha cauou aerie CyUeCTByeT li f C; =n?lCIl Tauan*  = z(f)' 
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MM p e 3 y J I b T a T a M M  - c O 3 A a e T  AOBOJIbHO RCHYIO K a P T M H Y  B3aMMO-  

3aBMCMMOCTM C B O ~ C T B  rJIaAKOCTM M I I a p a M e T p O B  K ~ H O H M L I ~ C K O ~  

@ ~ K T O P M ~ ~ U M M ,  U 6 0  OHO, B qaCTHOCTM, C B M A e T e J I b C T B Y e T  0 TOM, 
q T O  BCR r J I a A K O C T b  C 0 3 A a e T C R  BHeIIIHMM C O M H O X M T e J I e M .  C ~ M  
,,BOnPOC 0 A ~ J I ~ H M M ~  IIPMCYTCTBYeT,  no CyUJ.eCTBy, yXe B p a 6 o ~ a x  
L e p J I k i ~ r a  [To] M P Y A M H ~  [86] 0 Z-MHBaPMaHTHbIX I I O A n p O C T p a H -  
CTBaX I IpOCTpaHCTB HP M CA = C l  COOTBeTCTBeHHO rAe, n p a B A i 3 ,  

OH p e m a e T c H  c o e c e M  n e r K o .  E C T ~  OAHO n p o c T o e  A o c T a T o q H o e  

AJIR BO3MOXHOCTM A e J I e H M R  YCJIOBMe, MCnOJIb3OBaHHOe  B [ I T ] :  
q ~ 0 6 b 1  B I I P O C T P a H C T B e  X (06nana10me~ HeKOTOPbIMM e C T e C T B e H -  
HbIMM C B O ~ C T B ~ M U )  6 b 1 n o  B O S M O X H O  A e J I e H M e  H a  B H Y T P e H H M e  

@ Y H K U M M ,  AOCTaTOqHO, q ~ 0 6 b 1  AJIR n p e A C O n p R X e H H O r 0  C HUM 

I IpOCTpaHCTBa  X* K a X A a R  @ Y H K ~ M R  M3 Hm 6 b 1 n a  MyJIbTMnJIMKa-  

TOPOM*. 3 ~ e ~ b  MMeeTCR B BMAY, q T O  A B O ~ C T B ~ H H O C T ~  M e X A Y  X 
M X* OCYUeCTBJIReTCR I I p O A O J I X e H M e M  4 0 ~ ~ 6 1  < f, g > = - 

A A A A 

= z n > ~  f (n) g (n) <f, g> = Xn,of (n) g(n)),  3 a n a ~ ~ o a  H a  
IIOJIMHOMaX, q T 0  X M X* C Y T b  I I p O C T p a H C T B a  @ Y H K ~ M ~ ,  aHaJIMTM- 

qeCKMX B K p Y r e  D, M q T O  MYJIbTMnJIMKaTOP - 3 T 0  T a K a R  @ Y H K ~ M R  
Cp, q T O  f c X*=>(P f c X*. M 3  3 T O r 0  H O C T a T O q H O r O  YCJIOBMR BbIBO- 

AMTCR C B O ~ C T B O  AeJ IeHMR AJIR IIPOCTPaHCTB Lip~Cl, LipACO, C2" (AJIR 
m M p O K O r 0  KJIaCCa ~0AyJlefi  H e n p e p b l B H O C T U  a), AJIR t!2(wn) n p U  

yCJIOBMM W n  ,< W n + l  M AJIR MHOrWX n p Y r M X  KJIaCCOB @ Y H K ~ M ~  [19. 
54, 631. B I I O C J I e n H e M  C J I y q a e ,  B I I p O q e M ,  H e T  H Y X A b I  0 6 ~ a U J . a ~ b -  
CR K C O n P R X e H H O M Y  I IPOCTpaHCTBY,  IIOCKOJIbKY 0 6 p a ~ ~ b 1 8  C A B M r  

S* f = (f- f (0))jz e c T b  c x a T u e  r ~ n b 6 e p ~ o e a  n p o c T p a H c r s a  Li(wn) 
M no M3BeCTHOMY H e p a B e H C T B y  AX. @OH H e 8 ~ a ~ a  [27] O I I e p a T O p  

A 
cp (S*)  g = f+cp*g, cp* = Xcp (n) z" H e I I p e p b I B e H  B L;(W,) AJIR JIIO- 

n z o  
608 @ Y H K ~ M M  cp c Hm. O I I Y C K ~ R  M H O r M e  I I O A P O ~ H O C T M ,  OTMeTMM 

T O J I ~ K O ,   TO c a m e  0614ue p e 3 y n b ~ a ~ b r  o . n e n e ~ ~ ~ "  npwanne-  
X a T ,  no-BUAMMOMY. H. A .  LUMPOKOBY [66]. MM,  B 9aCTHOCTM, 

A O K a 3 a H O  3 T O  C B O ~ C T B O  AJIR I IPOCTPaHCTB C:, H r .  AJIR KOTOPbIX 

o 6 c y ~ n a ~ r u e e c ~  B b I m e  n o c - i a T o q H o e  ycnoene K o p e ~ 6 n m ~ a  H e  

BbInOJIHeHO.  B T O  Xe B p e M R  B KJIaCCaX L$(w,), p # 2  (M B H e K O -  
T O P b I X  APYTWX) ,  , , ~ e J I e ~ k i e '  K a K  I IpaBMJIO,  H e B 0 3 M O X H 0 ,  CM. [65, 
111. Hwxe, B n.  7.2. MbI B e p H e M C R  K , , C B O ~ C T B ~  A ~ J I ~ H u R "  B CBR3M 

C KJIaCCOM M H T e r p a J I O B  T M n a  K o L L ~ M - C T M J I T ~ ~ C ~ .  

6.2. M H B ~ ~ H ~ H T H ~ I ~  I I O n I I p O C T p a H C T B a .   TO O A H a  M3 B a X H b I X  

T e M  a ~ a n u 3 a .  B K O T O P ~ I X  n p e U M y q e c T B a  n a p a M e T p u s e c K o r o  npen- 
CTaBJIeHMR aHaJIMTMqeCKMX ( P Y H K U M W  I I e p e A  A P Y r M M M  C I I O C O ~ ~ M M  
MX 3aIIMCM CKa3bIBa IO7CR C C O ~ ~ H H O  CMJIbHO. P e q b  MAeT 0 np0- 
CTpaHCTBaX aHaJIMTMqeCKMX @ Y H K U , M ~  X, XCN, U 06 OnMCaHMM 
MX 3aMKHYTbIX n O A I I P O C T p a H C T B  E, MHBaPMaHTHbIX OTHOCMTeJIbHO 

* f l e f i c ~ B ~ ~ e J l b l . 0 ,  eCJlU Mw, T O  "0 ~ B O ~ C T B ~ H I  OCTH p+Tg e X A m  

nm6oii ~ Y H K U U U  g e X ;  P+ (2 aktk )  = ak.Zk e C T b  f i p O e K T O p  P U C C ~ .  
k € Z  k>O 



Y M H o x e H u R  H a  H ~ ~ ~ B M C H M Y I O  n e p e M e H H y n  z (zE CE). Ecnu 
X- anre6pa @ Y H K U M R  N n o n u H o M b 1  OT z n n o T H b I  B X ,  TO c n e n y e T  

~ O B O P U T ~  06 nneanax B X.  M XOTR n p o 6 n e ~ a  o n M c a H u R  z - u ~ s a -  
P U a H T H b I X  I IOAIIPOCTPaHCTB O ~ ~ I Y H O  CBOAUTCR K MCCneAOBaHUIO 

n a p a M e T p n q e c K o r o  n p e n c T a e n e H M R  @ Y H K U M R ,  BO ~ c e f i  c~oef i  mu-  
p o T e  ( B M ~ C T ~  c n o p o x n a e M b r M  ero r i p y r o M  3anas n n p u n o x e ~ ~ f i )  
o H a  A a n e K o  B ~ I X O A U T  3a n p e n e n b t  ~ a c ~ o f i q e f i  C T a T b u .  ~ O S T O M Y ,  
o T c b l n a R  n H r e p e c y r o q e r o c R  Y u T a T e n R  K o 6 3 0 p a ~  [go, 24, 23, 911, 
MbI 0 6 c y n 1 . 1 ~  3 A e C b  n M M b  OAUH BOIIPOC, ~ ~ T P O H Y T ~ I ~ ~  B p a 6 0 ~ a x  
B. M. C M M P H O B ~  (CM. 1291 U C. 104, 105 HBCT. w ~ A . )  M C B R ~ ~ H H ~ I ~ ~  
c secosofi n o n n ~ o ~ n a n b ~ o i t  a n n p o ~ c n ~ a r l u e f i .  P e s b  no fine^ o T a K  

H a 3 b I B a e M b I X  cna6o O ~ ~ ~ T M M ~ I X  @ Y H K ~ U R X  ( T ~ P M M H  r. LUan~p0 
[87]), T. e. TaKMX 3 n e M e H T a X  f  3 a A a H H O T O  I I p O C T p a H C T B a  X ,  q T O  

3 a M K H Y T a R  n k i H e f i H a R  o 6 o n o ~ ~ a  M H O X e C T B a  @ Y H K U M R  Zn f ,  f 2  >/ 0, 
C O B I I a n a e T  C X .  C B R 3 b  C B ~ C O B O ~ ~  I ~ O ~ M H O M M ~ ~ ~ H O ~ ~  a I I I I p O K C U M a -  

Ukiefi O q e B M A H a ,  O C O ~ ~ H H O  A n R  I IpOCTpaHCTB HP, L.5 ( Q ,  d ~ d y ) .  
0 6 q n x  pe3J'nbTaTOB 0 T a K M X  cna6o O ~ ~ ~ T U M ~ I X  @ Y H K U U R X ,  OA- 
HaKO.  H ~ M H O ~ O . *  H a 3 o s e ~  H e K O T O p b l e  M3 HUX, B KOTOPbIX YCMaTPM- 

B a e T C R  H e I I O C p e A C T B e H H a R  C B R 3 b  C p a 6 0 ~ a ~ n  B. M. C M M P H O B ~ .  ~ T U  

p e 3 y n b T a T b I  YCTaHaBnMBaIQT C B O ~ ~ C T B  a cna6o O ~ ~ ~ T M M ~ I X  @ Y H K U M ~ ~  
B I IP OCTPaHCTBaX a H a n U T M q e C K M X  @ Y H K ~ M ~ ~ ,  I IOAqMHeHHblX  HeKO-  
T O P b l M  e C T e C T B e H H b I M  T ~ ~ ~ O B ~ H M R M ,  M3 KOTOPbIX r n a B H b l M  R B n R -  

e T C R  TO, q T O  B X O X A e H M e  @ Y H K U M M  B T a K O e  I IpOCTPaHCTBO O I I p e A e -  
n 

n R e T C R  I I O B e A e H M e M  M O A Y n R :  e C n U  f l ,  . . . , fn E X M If 1 4 ,< 1 f f i  I 
1=1 

B K p y r e  D, TO f  X .  Bonee nonpo6so CM. B [23, § 2.11. npn-  
M e p a M n  ' r a K n x  n p o c T p a H c T B  M o r y T  c n y x n T b  K n a c c b l  a H a n n T n q e -  

C K M X  @ Y H K U M R ,  s a ~ a e a e ~ b ~ e  H o p M a M u  

1 4 p ,< a, C HeKOTOPMMM YCZIOBHRMM H a  W M P ( H a n p k i M e p ,  
C y C n O B U e M  HX P a f l ~ a J l b H ~ f i  C M M M ~ T P U H ) .  B K B X A O M  T a K O M  np0- 
C T P a H C T B e  X: 

a) ecnu f  (c) # 0, c E D, ecnn f X c  X  n f  -' e X npn H e K o T o -  
P O M  E > 0, T O  f  - cna6o 0 6 p a ~ k i M a ~  @YHKIU~R; 

6) e C n H  f  X ,  \ g 1 ,< 1 f  1 B D ki  @ Y H K ~ M R  g cna6o 0 6 p a ~ k i ~ a ,  
T O  U f  T a K O B a  Xe; 

B) ecnn f  (c) = lim fn  (c) # 0. ( c  I < 1, fn - cna6o 0 6 p a ~ n ~ b 1 e  
n 

B X @ Y H K U M M ,  n I f  1 ,< const ( fn ( B 1) npn  B c e x  n, TO n @YHK- 
U U R  f  cna6o 0 6 p a ~ ~ M a ;  

r) ecnu f  e X ,  l/f e Dl TO f  cna6o o 6 p a ~ n ~ a  B X ;  
A) I I y C T b  f  = fl f2 E X U f l ,  f 2  E X ;  U 3  cna6ofi O ~ P ~ T M M O C T U  

f l ,  f2 C J l e A y e T  3 T 0  Xe C B O ~ C T B O  f ,  e C n U  I I P e A I I O n O X U T b ,  YTO 



o n H a  u 3  ( P ~ H K u u ~ ~  llf,, l/fi n p u H a n n e x u T  K n a c c y  D; o 6 p a ~ ~ 0 ,  
e c n M  f, D, TO ~3 cna60a O ~ P ~ T M M O C T U  f C n e n y e T  c n a 6 a ~  06- 
PaTUMOCTb f2. 

M ~ I  H e  6 y n e ~  nPMBOAMTb 3 A e C b  KOHKPeTHbIX n p U J l ~ > r t e ~ u f i  

3TUX YTB~PXA~HMS?, 0606qa10qux H e K O T O P b l e  n p e A U I e C T B O B a B U l U e  
MM p e 3 y J I b T a T b l  (B. M. C M H ~ H O B ~ - H .  A. J e b e n e ~ a ,  r. U l a n U p 0 ,  

J. Xen6epra u np.), HO c H o s a  o T o m n e M  YMTaTenR K 1231. CM. 
T a K X e  H ~ A ~ B H M ~  0 6 3 0 ~  [gl] ,  me U 3 J l O X e H  H e C K O n b K O  U H O ~ ~ ,  H O  
BO M H O ~ O M  n e p e c e ~ a ~ q ~ f i c f i  c [23] nonxon K s a n a q e  o cna6ofi 
O ~ ~ ~ T M M O C T M .  

CTOUT T a K X e  O T M e T U T b  ~ @ ( P ~ K T H o ~  n 0 H B n e H U e  KJ IaCCa  D 
B. M. C ~ u p ~ o ~ a  B nonxone Kennerepa u Teanopa [82] K onki- 
c a H m  ~ ~ M K H Y T ~ I X  M A c a n o B  B T o n o n o r M q e c K u x  anre6pax a H a n u -  
TUYeCKUX ( P Y H K U M ~  A,, = {f: f a H a n M T M q H a  B Q c c, If 1 ,< CeCP 
n p U  HeKOTOPOM C > O ) ,  H a 3 b l B a e M b l X  a n r c 6 p a ~ u  X e p M a H n e p a ;  

3 A e C b  P - C Y ~ ~ ~ P M O H U Y C C K ~ S I  (PYHKUUH B O ~ J I ~ C T U  Q, n O n Y U H e H -  
H a H  HeKOTOPbIM YCJIOBUHM P O C T a  B ~ J I U ~ M  r p a H U U b l  FrQ. 

6.3. @ Y H K U H O H ~ J ~ ~ H ~ R  MOfieJlb Ce~e@aJlb~H-HafiH-@Ofia~a- 
3 n e c b  n p U J I O X e H U H  K a H O H U q e C K O f i  ( P ~ K T O P M ~ ~ ~ M U  OCHOBaHbI H a  
UCnOJIb30BaHUU X ~ ~ ~ K T ~ ~ M C T M Y ~ C K ~ ~  o I ~ ~ ~ ~ T o ~ - ( P ~ H K ~ M M  U c -  
c n e n y e M o r o  ( s n o n ~ e  H e  y ~ u ~ a p ~ o r o )  c x a T m  T r u n b 6 e p ~ o ~ a  

n p O C T p a H C T B a  H U O n p e n e n U T e n H  det 3TOf i  (PYHKUMU. Ecnu 
3TOT O n p e A e J l U T e J I b  C y U e C T B y e T ,  TO OH O K a 3 b l B a e T C H  ( P Y H K U U ~ ~ ~  
u 3  Hm, a ero . n a p a ~ e ~ p b ~ '  B K a H o ~ u q t l c K o f i  ( P ~ K T O P M ~ ~ ~ U U  MO- 
r Y T  6 b l T b  UCTOJIKOBaHbl K a K  C n e K T p a n b H b l e  n a p a M e T p b l  O n p e n € -  
J I e H H O r O  C O n e p X a H U H  ( C O ~ C T B ~ H H ~ ~ ~  q n C J I a ,  C n e K T p a n b H b l e  n O n -  

n p o c T p a H c T s a  u T. n.). C a ~ o  n a p a M e T p u q e c K o e  n p e ~ c ~ a s n e H u e  
det or O T B e Y a e T  HeKOTOpOMY . c ~ ~ K T ~ ~ J I ~ H o M ~ '  p a 3 J I O X e H U I O  UC- 

x o n H o r o  o n e p a T o p a .  n o n p o 6 ~ o c ~ u  3 T O r 0  H a n p a e n e H u r r  MOXHO 
HafiTU B 128, 251. C n e ~ y e T  OTMeTUTb ,  YTO UMeHHO B 3 r J I R A  B. M. 
C M U ~ H O B ~  H a  KaHOHU'ieCKYlO ( P ~ K T O P M ~ ~ ~ U I O  KBK H a  B b l A e n e H U e  
w ~ e q e ~ ~ ~ e ~ ~ b l ~ U  He3aBUCUMblX napaM€!TpOB oco6eaao 6 ~ ~ 3 0 ~  
~ n e K T p a J I b H 0 f i  T O q K e  3 p e H U H  M B 0 6 q e ~  C ~ O C O ~ C T B O B ~ J ~  3 T 0 h  

u H T e p n p e T a u u u  ( P a ~ ~ o p u s a u u u  ( P ~ H K U U U  det Or. 
Knacc D H a X O n U T  T a K X e  n p U J I 0 X e H k i H  B c n e K T p a J l b H 0 f i  TeOPMM 

H a  MOAenk i  C . - H a n H - @ o f i a U l a  ki B ee 0 6 0 6 q e ~ u ~ x .  M M ~ H H O  n p M  
ki3YYeHkiki 6onee o 6 4 u x  - HeCXMMaIOlU.UX - O n e p a T O p O B  B e C b M a  
C Y w e C T B e H H b l M  O K a 3 b l B a e T C H  paCUJ,enJIeHUe U p O C T p a H C T B a  H a  C n a -  

r a e M b l e ,  B HeKOTOPOM CMblCJIe  C O O T B e T C T B y I O w M e  , , ~ X k i M a I O ~ e f i "  
a .pac~~rusaroqefi '  q a c T H M  onepa-ropa. B O ~ M O X H O C T ~  3 ~ 0 r o  pac- 
4 e n J I e H U H  U OnUCaHUH COOTBeTCTByIOQUX I I O n n p O C T p a H C T B  ( n p ~  
OAHOM U 3  ~ O ~ X O ~ O B )  OCHOBaHbI H a  U C n O J I b 3 0 B a H U U  K n a C C a  D 
(B. M. B ~ C H ) H M H ,  H. r. M ~ K ~ ~ o B ) .  

7. k i ~ ~ e r p a n b ~  Tnna KOLUH-CTHJT~~C~ n Knaccbl Xapnn. CO- 
npHlKeHHble @ Y H K ~ H H .  ~ Y C T ~  P - K O M n J I L K C H a H  CYeTHO I A A U T U B -  

H a H  (PYHKUMSI, 3 a A a H H a R  H a  6 o p e n e ~ c ~ o 8  a -anre6p?  n O n M H o -  
X e C T B  ~ A M H M Y H O ~  OKPYXHOCTU T. T a ~ y m  (PYHKUUIO Mbl 6 y ~ e ~  
H a 3 b l B a T b  3 a p H n O M .  ~ O J I O X U M  



K p ( < ) = s  * t - c  ( I < ( <  1).  
T 

@ Y H K U M R  K " a 3 b l B a e ~ ~ R  HHTerpaJ IOM T u n a  K o I I I H - C T H ~ T ~ € C ~ ,  
o m e r a m u m  s a p ~ ~ y  p (unu  n o T e H q u a n o M ,  u n u  u H T e r p a n o M  KO- 
urn). B. M. CMMPHOB n o ~ a 3 a n  [ H ~ c T .  M ~ A . ,  c. 351, r ~ o  K* c nHP. 
M H ~ I M U  C ~ O B ~ M U ,  ccnu p e (0,1), TO o<p<l  

sup f / K * ( r e l e )  \P d0 < + oz 
O < r i l  i) 

M 3  AOKa3aTeJ IbCTBa,  A a H H O r O  B. M. CMMPHOBMM, BMAHO, 9 T O  eCJIIl 
2-'p - H 2 0 T p M 4 a T e n b H b I 8  3 a p R A  ( M e p a ) ,  TO J IeBaR r a C T b  B (3) H e  

npesocxonur ( p I ( T ) ) ~  (cos $)-I. O T M ~ T H M ,  rro nroeofi a a p m  p 

npeACTaBMM B B U A e  i k Z p k l  r A e  ( Ek ( = 1 ,  a pk - MepbI .  
T e o p e ~ a  B. M. C M H ~ H O B ~  - OAHa M3 MCTOPMreCKM l lepBbIX 

OLIEHOK T a K  Ha3bIBaeMbIX ,,CHHrYJIFIPHbIX MHTet'paJIbHblX O n e p a T O -  

~ o B " .  T e o p u ~  TaKkiX O n e p a T O p O B  HbIHe  I l p e A C T a B n R e T  co608 06- 
urupeyro, saxmylo o B n a c ~ b  a ~ a n u 3 a  (cM., H a n p m e p ,  [30]). 

Ha n e p B b 1 f i  B3rJ IRA M O X e T  I IOKa3aTbCRl  ZlTO O q e H K a  (3) B e p H a  
n p O C T 0  IIOTOMJ', 9 T O  @ Y H K U U R  K p  e C T b ,  rpy6o rOBOpR,  ,,JIkiHefi- 

H a R  K O M ~ W H ; ~ U M R "  @ Y H K ~ M ~ ~  1 /(t  - 2) ( t  c T), K a X A a R  I13 KOTO- 

PbIX C Y M M U P y e M a  no OKPYXHOCTM T C n10608 CTeneHbK,  p,  
p (0, 1). Ho ecnu B O n p e A e n e H u u  K - ~ M ~ H M T ~  ( P Y H K ~ M U  l/(t- 
- z) @ Y H K U I I R M U  1 /( t - z ( ( T ~ K X ~  IlPMHaAneXalL(MMM KJIaCCy 

LP (T) npI4  n r o 6 o ~  p, p e (0, I ) ) ,  TO O q e H K a  (3) n o T e p R e T  CHJIy. 

Bce A e n O  3 A e C b  B TOHKOM I1 TPyAHOyJIOBMMOM B ~ ~ M M O A ~ ~ ~ C T B U U  
a p r y M e H T o B  . c n a r a e ~ b r x "  l / ( t  -z), B u x  , , u ~ ~ e p @ e p e ~ q u u " .  KO- 
P O T K O e  A o K a 3 a T e n b C T B O  OUeHKA (3), A a H H O e  B. M. CMMPHOB~IM,  
~ e 0 6 b l r a h H O  M3RlL(HO. B ~ O C ~ ~ A C T B U I ~  a H a n o r ~ r H b 1 f i  MeTOA 6 b 1 n  

MCnOJIb3OBaH A. K ~ ~ ~ ~ C O H O M  AJIR BbIBOAa H e p a B e H C T B a  K o n ~ o -  
ropoea: 

Cvary rnes ( 0  c [O,  2x1 : ( K* (reie) 1 > a ]  4 7 (O<r< 1 ,  (3*) 

r A e  C - ~ ~ c o J I I O T H ~ R  IIOCTORHHaR [a l l .  
7.1. K P H T ~ P H H  I I P e A C T a B H M O C T H  @ Y H K ~ ~ H H  H H T e r p a J O M  T H n a  

K o I U H - C T H J T ~ ~ C ~ .  T e o p e ~ a  B. M. C M R ~ H O B ~  AOCTaBJIReT B a X H b I e  

H ~ O ~ X O A M M ~ I ~  YCJIOBMR nPeACTaBIlMOCTM @ Y H K U I ~ I ~  f ,  ~ O ~ O M O P @ '  
HOfi B eAIlHkirHOM K P y r e  D ,  M H T e r p a J O M  T u n a  K o ~ I M - C T M J I T ~ ~ C ~ .  
~ T H  YCnOBHR H e  AOCTaTOrHbI .  BooGue, 0 6 0 3 ~ 1 1 M b I ~  AOCTaTOrHbIX 

ycnoeufi n p e A c T a e u M o c T u  M H T e r p a n o M  T u n a  K O I I I M - C ~ u n ~ b e c a  B Dl  
KOTOPble  C O B n a A a n I l  6 b 1  C H ~ O ~ X O A ~ ~ M ~ I M ~ ~ ,  HO-BMAMMOMY, H e  CY- 

U e C T B y 2 T  [31, 501. 3 a ~ a r a  0 IIpeACTaBMMOCTM M H T e r p a n o M  T u n a  
K O U M - C T M J I T ~  C a  A O n y C K a e T  y A O B n e T B O p M T e n b H O e  P e u I e H H e ,  fcnu 
p e s b  MAeT 0 @ Y H K ~ M R X ,  ~ O ~ O M O P @ H ~ I X  H a  B C ~ R  IIJIOCKOCTIl C pas- 



def  A 
0 = C \ T ( @ o p ~ y n a  (2) o n p 2 n e n R e . r  Kp K a K  @YHKUMIO,  I-OJIO- 

MOP@HYIO B 0 M M C Y e 3 a H ) U Y I O  B ~ ~ C K O H ~ Y H O C T M ) .  r. 4. T Y M ~ P -  
K M H  n o ~ a s a n  1311, YTO @ Y H K U M R  f ,  I - O J O M O P @ H ~ R  B 0, n p e n c T a -  
BMMa B BMAe f  = K p  TOI-Aa M TOJIbKO TOI-Aa,  KOI-Aa f  (03) = 0, M 

2% 
1 

sup ( f  (refo) - f  jT e l e )  I dB < + m. 
O<r<l  

0  

O A H ~ K O ,  AJIR HeKOTOPbIX n p M ~ e H e H M a  6onee ~ ~ 0 6 ~ 0 2  O K a 3 b l B a -  
eTCR MHaR @ O P M ~  3TOI -0  YCJIOBMR, H ~ ~ A ~ H H ~ R  A. 6. A J I e K c a H A p o -  

BblM [69, 1 ,  21) M OCHOBaHHaR H a  T e O p e M e  B. M. C M M P H O B ~ ,  n o  
B T O ~  T e O p e M e  BCRKaR @YHKIIJ~R f BMAa K" ( 3 a A a H H a R  B 0) 06na- 
A a ? T  CJIeAYfOUMMM C B O ~ C T B ~ M M :  

def 

if\;= O<r.:-, sup r + l  r ~ f ( r e ~ ~ ) ) ~ d ~ < + m  ( ~ ~ ( 0 . 1 ) )  (4) 

n y a c c o ~ a  cpasy cnenyer. s-ro a y ~ ~ s u n  pf : C + l im (f(rC) - 
r+l-0 

- f (f C ) ) ,  C y M M M p y e M a  H a  O K p y X H O C T M  T: 

A. 6. A J I e ~ c a H n p o ~  n O K a 3 a J I ,  YTO yCJIOBMR (4) - (6) H e  TOJ IbKO 

H ~ O ~ X O A M M ~ I ,  HO M AOCTaTOYHbl  AJIR T O r O ,  Y ~ 0 6 b l  @ Y H K ~ M R  f ,  
I - o J I o M o ~ @ H ~ R  B 0 M M C Y e 3 a l O U a R  B ~ ~ C K O H ~ Y H O C T M ,  6 b 1 ~ a  npeA- 
CTaBMMa B BMAe  f  =K" (I-Ae p - H ~ K O T O P ~ I ~  3 a P R A  H a  O K P Y X -  

HOCTM T). M H T ~ ~ ~ C H O ,  YTO AJIR @yHKII J i a  f ,  y A O B J I e T B O p R l o U M X  

YCnOBMlo (4) M (6), yCJ IOBMe (5) PaBHOCMJIbHO YCJIOBMlO 

P ~ B ~ H C T B O  l im (1 -p) 1 f 1; = 0 ( B M ~ C T ~  C YCJIOBMeM (6)) X a p a K -  
p+l-0 

T e p M 3 y e T  @ Y H K ~ M M  f BMAa K" C ~ - ~ ~ C O J I I O T H O  H e n p e p b l B H b l M  
3 a p R A O M  p, a yCJIOBMe (5) B M e C T e  C P a B e H C T B O M  P f = O  (m-n. B.)- 
@ Y H K ~ U M  f = K p  C C-CMHI-YJIRPHblMM p (m, K a K  M B b I u I e ,  0603- 
H a Y a e T  HOPMMPOBaHHYlo  M e P Y  J I e621 -a  H a  O K P Y X H O C T M  T). B AMC- 

C e p T a q M M  A. 6. A J I ~ K c ~ H A ~ o B ~  121 A a H b l  0 6 0 6 ~ e H M R  BTMX pe- 
3YJ IbTaTOB H a  @ Y H K ~ M M  HeCKOJIbKMX KOMnJIeKCHbIX n e p e M e H H b I X .  



7.2. A e n e ~ ~ e  utiTerpana Tuna Kouu-C~un~aeca  H a  B H y T p e H -  
HIOIO @ ~ H K ~ U I O .  @ Y H K U U R  K p )  D, 6 y n y q u  no T e o p e M e  B. M. CMUP- 
H o B a  s n e M e H T o M  K n a c c a  H1I2, A o n y c K a e T  n a p a M e T p u q e c K o e  npen- 
c T a e n e H u e  (CM. B b l w e  n. 2) 

rAe / - B H Y T p e H H R R ,  a Q - BHeUIHRR @ Y H K U M H .  B O ~ H I I K ~ ~ T  eCTeCT-  

~ e ~ ~ b l f i  BOnpOC:  I IpeACTaBMM JIM M H O X M T e n b  Q M H T e r p a J l O M  T u n a  
K o L U U - C T U J ~ T ~ ~ C ~  (B D)? (,Ll,n~ M H O X U T e J I R  y ~ B e ~ ~ M ~ e J l b H b l l %  

O T B e T  H a  ~ a K 0 f i  B O n p O C  O ~ ~ B U A ~ H . )  C. A. B M H o r p a n o ~  n O K a 3 a J ,  

 TO Q e c T b  u H T e r p a n  T u n a  K o m u - C ~ u n ~ b e c a  151. Eonee T o r o ,  
e C n U  B H Y T P e H H R R  @ Y H K ~ M R  J T a K O B a ,  q T O  @ Y H K U U R  / J - l  O r p a -  

H k i q e H a  B D, T O  U 1-I K p  e C T b  U H T e r p a n  T M n a  K o u I M - C T M J I T ~ ~ -  

ca. 3 ~ a  T e o p e M a  B u ~ o r p a ~ o ~ a  n e r K o  c n e n y e T  u 3  c @ o p ~ y n u p o ~ a ~ -  
HblX B b l U I e  p e 3 y J I b T a T O B  A J I ~ K c ~ H A ~ o B ~  [ I ] .  B CBR3U C 3a~aqef i  
n e n e H u R  M H T e r p a n a  T u n a  KOUIU - C ~ u n ~ b e c a  H a  B H y T p e H H m m  

@YHKUMIO CM. T a K X e  p a 6 0 ~ y  M. r. ~ o J I Y ~ M H o ~ ~  [g]. 
7.3. Teope~a  B u ~ o r p a n o ~ a  o pwax  H H T e r p a n o B  Tuna KO- 

I ~ I U - C T U ~ T ~ ~ C ~ .  H ~ I I O M H U M ,  q T O  CUMBOn CA 0 6 0 3 H a q a e ~  T a K  H a 3 b I -  

B a e M y m  .AUCK-anre6pyu, T. e. n p o c T p a H c T B o  B c e x  @ Y H K U U ~ ~ ,  H e -  
I I p e p b I B H b l X  H a  M H O X e C T B e  D U T U a H a J l U T U q e C K U X  B D, C H O P M O ~  

1 1  f \lcA = max If 1. P~CCMOTPUM T a K m e  K n a c c  C; B c e x  ( P ~ H K U U W  f ,  
T 

I l p U H a A n e X ~ U U X  CA U ~ ~ C K O H ~ ~ H O  A M @ @ ~ P ~ H U M P Y ~ M ~ I X  (no KOM- 
n J I e K c H 0 f i  I I e p e M e H H a f i )  B D U T, K O T O P ~ I ~ ~  e C T e C T B e H H b l M  0 6 p a 3 0 ~  
IlpeBpaLLl.aeTCR B C q e T H O - H O p M U p O B a H H O e  I IpOCTpaHCTBO.  

~ Y C T ~  E - H e K O T O p O e  H O P M U P O B a H H O e  I IPOCTpaHCTBO @ Y H K U U W ,  
~ O J I O M O ~ @ H M X  B D. ~ ~ ~ A I I O J I O X U M ,  q T O  C; c E, n p M Y e M  B J l O X e H U e  

C; -+ E H e I I p e p b l B H O .  C JIIO6blM 3 J l e M e H T O M  @ C O I I p R X e H H O r O  np0- 
C T p a H C T B a  E* M O X H O  C B R 3 a T b  @ Y H K ~ M I O  K ( @ ) ,  ~OJIOMOP@HYIO B D: 

def 

( @ ~ H K L ~ u o H ~ J I  . I IPUMeHReTCR no 2" I I p U  @ U K C M P O B ~ H H O M  c) .  3 ~ a  
@ Y H K U U R  H ~ ~ ~ I B ~ ~ T C R  n p e o 6 p a 3 0 s a ~ u e ~  KOUIM ( P y ~ ~ u u o ~ a n a  @. 

~ P U  U 3 Y q e H U U  K O H K P e T H b l X  I IPOCTPaHCTB E YaCTO n p e A C T a B J I R -  

e T  U H T e p e C  ~ J I e f l y I O U k i f i  B O n p O C :  C O n e p X U T C R  n U  M H O X e C T B O  K (E*) 
B K ~ K O M - H U ~ Y A ~  KJ IaCCe  X a p n U  HP? 

T e o p e ~ a  B. M. C M M P H O B ~  (CM. (3)) A a e T  O T B e T  H a  3TOT B O n -  

poc B TOM cnysae, K o r n a  E = C A .  B c a M o M  Aene. B c M n y  n p M H -  
U U n a  M a K C M M y M a  M O A Y n R  I IPOCTpaHCTBO CA M O X H O  O T O X A e C T B U T b  

C H ~ K O T O P ~ I M  3 a M K H Y T b l M  I I O A n p C C T p a H C T B O M  n p O C T p a H C T B a  C (T). 
~ O ~ T O M Y  U 3  T e O p e M b l  X a H a - E a H a x a ,  M3 T e O p e M b I  @. P H C C ~  06 06- 
u e M  eune n u ~ e f i ~ o r o  @ y ~ ~ ~ u o ~ a n a  B C(T)  u u 3  (3) c n e n y e T ,  YTO 



n p u s e n e ~  n p u M e p ,  B KOTOPOM B K n m q e H u e  K (E*)  ( HP MC- 
h 

n O J I b 3 y e T C R  AJIR M3Y4eHMR K O ~ @ @ U U M ~ H T O B  Teanopa f ( n )  @ Y H K -  
unfi f K n a c c a  E .  

YCAOBMMCR rOBOPMTb,  4 T O  I I O C n e H O B a T e n b H O C T b  (ln}nzO K O M n -  
J IeKCHbIX 4 M C W  CCTb  MYnbTMnJIMKaTOP n p O C T p a H C T B a  E ,  eCJIM 

K a K O B a  6 b 1  HM 6 b l n a  @ Y H K ~ M H  f 6 E .  MHSX~CTBO B C e X  MYJIbTM- 

n n M K a T O p O B  I I p O C T p a H C T B a  6 y n e ~  0 6 0 3 H a 4 a ~ b ~ R  CMMBOAOM M ( E ) .  
M~orna 6 b I ~ a e ~  T a K ,  4 T O  M H O X e C T B O  B C e X  I IOCJ IeHOBaTeJ IbHOC-  

A 
~ e a  B n n a  {f ( n ) ]  ,,o , rne f GE, H-  n o n n a e T c R  0 6 0 3 p n ~ o ~ y  onnca- 
HUB, T. e. n p M H a n n e x H o c T b  @ Y H K U M M  K n a c c y  E H e  n o n n a e T c R  

OT4eTnMBOMY B b I p a X e H M I o  ,,Ha R 3 b l K e  ee K O ~ @ @ M ~ M € ? H T O B  TeBno- 
pau. B TaKMX C A y 4 a R X  M M e H H 3  K n a C C  M ( E )  M O X e T  n O M 0 4 b  MC- 

c n e n o B a a u m  K O ~ @ @ M U M ~ H T O B  @ Y H K U M W  K n a c c a  E .  o n n c a H n s r  
K n a c c a  M ( E )  6 b l ~ a e ~  nonesea cnenymuua p e 3 y n b ~ a ~ .  

J ~ M M ~  [6]. f'i'ycmb 6 a ~ a x o s o  npocmpa~cm80 E cocmoum u3 
@y~rcquti, aHanumultecrcux 8 D .  f'i'pednonowu~, ltmo 

npulteM 06a 8noweHuR rcenpephmu. f'i'ycmb cy&ecmeyfom ma- 
rcue ltucna p s (0,  1 )  u c > 0,  ltmo 

K (E*) c HP, (8) 

Tozda M (E) = L2. 
C O ~ O C T ~ B J I H R  3 T Y  J I e M M y  C T ~ O ~ ~ M O #  B. M. C M M ~ H O B ~  ( B  @0p- 

M e  ( 7 ) ) ,  3 a ~ n m ~ a e ~ ,  YTO 

AMCK-anre6pa CA K a K  pa3 n e c T b  n p M M e p  K n a c c a  @ Y H K U M ~ ,  ~0341- 
@ M ~ M ~ H T ~ I  KOTOPblX B P R H  JIM H O n y C K a I O T  0 6 0 3 p M ~ 0 e  OnMCaHMe.  

O ~ H ~ K O  P a B e H C T B O  (10) I I O K a 3 b I B a e T ,  4 T O  IIOCJIeHOBaTeJIbHOCTM BMHa 
A 

If(n)]n>o, me f G C A ,  B H2KOTOPOM CMblCJIe  , , n04TM ~ ~ ~ I O J I H S I ~ O T ~  
n p O C T p a H C T B 0  1'. 

Bonee ~ p y n ~ y m  3 a n a ~ y  n p e n c T a B n s r e T  o n n c a H n e  K n a c c a  M ( U A ) ,  
me U A  0 6 0 3 ~ a 4 a e ~  M H O X e C T B O  B C e X  @ Y H K U M # ,  ~ O J I O M O P @ H ~ I X  B 
D M TaKMX,  4 T O  MX P R H  Teanopa CXOflMTCR p a B H O M e p H 3  B D. 
C .  A. Bu~orpaf los  nOKa3aJI ,  4 T O  M ( U A )  = O C H ~ B H ~ H  T p y f l -  
H O C T ~  npn  TOM C o c T o s r n a  B n p o B e p K e  C B O ~ C T B  (8) M ( 7 )  (C E=UA).  
B 3TOM C n y q a e  OHM Bb lTeKaIOT M3 ~ J I e f l ~ ~ ~ u e f i  T e O p e M b I  B u ~ o r -  
panosa, K o T o p a s r  n p e n c T a s n s r e T  ~06010 0 6 0 6 u e ~ ~ e  T e o p e M M  



\ , I -  

Teope~a C. A. Bn~orpanosa [6]. I7ycmb { p n ] n > ~  - nocnedo- 
samenbMocmb sap~doe Ha edufiurfioli. oxpyxlcllocmu T. Ecnu 
2 V a r  pn < f 00, m0 ~ ~ Y H K ~ + Y I Z  F, 3adaMHaR paeeMcmeo~.z 
n>O 

n p u ~ a d n e x u m  ~ . z ~ o x e c m e y  n Hp. Cyqecmeylom maxue a6co- 
O<p<l  

(F (s) s (1)  obos~a%aem lim F(rs); smom npeden cyyecmeyem 
r-1-0 

npu m-n. B. s s T ,  max xax Fs HP). 
~ P U M ~ H R R   TOT p e 3 y n b ~ a ~  K n o c n e a o s a T e n b H o c T M  s a p ~ n o ~  B U -  

na (p, 0, 0 , .  . .), n o n y q a e M  u 3  ( I l l )  T e o p e M y  A. H. K O ~ M O ~ O P O B ~  
(CM. (3*)), a M 3  (11,) - T e O p e M y  B. M. C M U ~ H O B ~  (CM. (3)). 

T e o p e ~ a  Bn~orpanoaa  - o q e H b  r n y 6 0 ~ ~ f i  p e 3 y n b ~ a ~ ;  ee AO- 
~ a s a ~ e n b c ~ s o  O n u p a e T c R  H a  T P Y A H Y ~  T e O p e M y  Kapneco~a  0 cxo- 
AMMOCTM n o w M  ~ e 3 ~ e  PRAOB @ypbe @YHKU,UB K n a c c a  L2(T). 
T e 0 p e M a  B u ~ o r p a a o ~ a  M M e e T  U A p y r M e  K p a C U B b I e  I I p H M e H e H M R  
K U C C n e A O B a H U I O  P a B H O M e P H O  CXOARU.MXCR P R A O B  @ypbe U TeB- 
n O p a  [15, 16, 21 My B q a C T H O C T U ,  K O J I U ' I e C T B e H H O e  Y T O q H e H M e  

T e O p e M b I  a. E. M ~ H ~ U O B ~  06 M c n p a B n e H u M  U ~ M ~ P U M O ~ ~  @YHKUUU 
A 0  (PYHKUMM C P a B H O M e P H O  C X O A R U U M C R  P R A O M  @ypbe [151. 

~ Y C T ~  o - H ~ K O T O P ~ I ~ ~  M O A Y J I b  H e n p e P b I B H O C T M .  0 6 0 3 H a q U ~  

qepes  lip^ o n p o c T p a H c T B o  B c e x  @ Y H K U M W  f K n a c c a  CA, 06naaam- 
U U X  CJIeAYIOUI,MM CBOWCTBOM: 

M 3  p e 3 y n b T a T O B  C. B. X p y ~ e ~ a  [62] M O X H O  BblBeCTM, q T O  
K ((lip w)*)  a N, K a K O B  6 b 1  H U  6b1n M O A Y J I b  H e n p e p b l B H O C T M  w. 
 TOT  KT U H T e p e C H O  C O n O C T a B U T b  C T e M ,  q T O  AJIR I I p O C T p a H C T B a  

E = UA no T e o p e M e  B M H o r p a a o ~ a  u M e e T  M e c T o  B K n m q e H u e  (8). 
7.4. C 0 I I p ~ ~ c e H H b l e  ( P Y H K ~ H W  U A - H H T ~ T P ~ J I .  P~CCMOTPMM 

T P U ~ O H O M ~ T ~ M ~ ~ C K U ~  P R A  

a,/2 -+ 2,"=1 a, cos kx + b, sin kx. 



PRn 
m 

2 - b, cos kx  $ a, sin kx  
k = l  

(13) 

Ha3bIBaeTCR COIIPRXeHHblM C PRAOM (12). E c n ~  (12) eCTb pRn 
@ypbe (T. e. eCJIM CyLU.eCTByeT @YHKILMR f, CYMMMPYeMaR Ha OT- 

L! p e s ~ e  [0,2?c] M Taxan,  TO a, = , f (x)  cos kxdx ( k ~ 0 . 1 ,  . . .), 
0 

TO PRA (13), ~ 0 0 6 u e  rOBOpR, He 06R3aH 6blrb PRAOM Qypbe, 
XOTR B 3TOM CJIy9ae OH CyMMMPYeM IIO9TM Be3Ae Ha [ 0 , 2 ~ ]  Me- - 
TOAOM A6e~R-nyacco~a K H ~ K O T O P O ~ ~  M3~epM~0fi @YHKILMM f: - m 

f (x) = lim 2 rk-1 (-bk cos k x  + a, sin kx). 
r+l-O k=1 - 

B T ~  @YHKQMIO f Ha3bIBaIOT C O I I ~ R X ~ H H O ~  C @ Y H K U M ~ ~  f ,  AnR KO- - 

ff  ff  

m e  [ noHMMaeTcR KaK lim J .  C y u e c ~ ~ o ~ a ~ ~ e  nocnenHero npene- 
b € + t o  

na npu n. B. X G  [0,2x] A O K ~ ~ ~ J I  M.  M. n p ~ s a n o e .  M 3  (3) MOX- - 
HO BbIBeCTM, 9 T O  f G n Lp ( [ 0 , 2 ~ ] ) .  

0<p<l 
B. M. C M M ~ H O B ~  (CM. c. 36 Hacr. mn.) npMHaAnexMT cne- 

AymuaR BaxHaR TeopeMa. - 
Teope~a. Ecnu f s L1 ([0,2?c]), mo  pzd (13) ecmb pzd @ypbe - 

@ Y H W ~ ~  f. - 
M H M M M  CJIOBaMM, eCJM o6e @ Y H K ~ M M  f M f CYMMMPYeMbI Ha 

[ 0 , 2 ~ ] ,  TO 



~ T M  MHTerpaJIbl no YCJIOBMlO TeOp2MbI MMelOT C M b I C J  K a K  MHTer- 
PaJIbI J I e G e r a ,  O n H a K O  BbILIMCJIMTb MX, MCXOAR M 3  (POPMYJI (14) M 
(15) nJIR C O ~ ~ R X ~ H H O ~  ( P Y H K ~ M M ,  OLIeHb HenPOCTO. B. M .  CMMPHOB 
BbIBen P a B e H C T B a  (16) N 3  C B O ~ ~  OueHKM (3) M M 3  , , Y H M B e P C a n b H O r O  
IJpMHUMna M ~ K C M M Y M ~ ~  (CM. BbILUe pa3Aen 3), TaK LIT0 er0 AOKa- 
3aTeJIbCTBO B K O H e Y H O M  CYeTe C Y q e C T B e H H 3  N C ~ O J I b 3 0 B a J I O  TeOPMlO 
( P Y H K ~ M ~  K O M I I J I ~ K C H O ~ ~  nepe~eHH38, XOTR O ~ C Y X A ~ ~ M ~ I ~ ?  pe3yJIb- 
TaT CaM no ce6e MMeeT B n O J I H e  , , B ~ ~ ~ c T B ~ H H ~ ~ # "  CMbICn.   HOBO^, 
YNCTO , , B ~ ~ ~ c T B ~ H H o ~ "  AOKa3aTeJIbCTBO TeOpeMbl B. M. C M U I M P H O B ~  
AaJl n. J. Y J I ~ R H O B  ( O H O  M 3 J I O X e H O  B [4, rn. 81).  TO nOKa3a- 
TeJ IbCTBO O C H O B a H O  H a  n O H R T M N  A-MH~erpana. 

M ~ M ~ P M M ~ R  K O M n J I e K C H a R  ( P Y H K U M R  f ,  3aAaHHaR H a  npOCTpaH-  
CTBe X C K o H ~ Y H o ~ ~  Mep08 p, Ha3bIBaeTCR A - M H ~ e ~ p k i p y e M ~ f i  (no 
Mepe p), ecnM 

l im t p { x ~ X : I f ( x ) l > t ] = O ,  
f++- 

(17) 

n cyqecrsyel npenen l i m  5 fdp.  TOT npenen H a a b l e a e r c n  
A*m I f l < A  

A - ~ ~ r e r p a n o ~  ( P Y H K U M M ~  f M 0 6 0 3 ~ a ~ a e r c ~  CMMBOJIOM (A) J fdy. 
O T M ~ T U M  ' 0 ' 1 e B M ~ ~ b l f i  ( H O  BaXHbl8) ( P ~ K T :  eCnM 1 1 f 1 d p  < f a, 
TO fdp  = (A)J  fdp. H n x e  B KaqeCTBe X ~ Y A ~ T  BbICTynaTb 
O T P ~ ~ O K  s e u e c r s e ~ ~ o i i  ocn Mnu O K P Y X H O C T ~  T; a p ~ Y A ~ T  ~ e p o a  
JIe6era. 
n. A. Y J I ~ R H O B ,  MCnOJIb3yR ,,sMCTO B ~ L ~ ~ C T B ~ H H ~ I ~ '  CpenCTBa, 

n o ~ a a a n ,  sro nnR n m 6 0 8  c y ~ ~ ~ p y e ~ o f i  ( P Y H K ~ M M  f e L 1  ([0,2x]) 
conpRxeHHaR ( P Y H K U M R  f A - ~ ~ r e r p ~ p y e ~ a  H a  [ 0 , 2 x ] ;  donee Toro, 
PRH (13) ecrb ee A - p ~ n  Oypbe: 

2x 2% 
1 - -b, = (A) yJ (x) cos kxdx, a ,  = (A) -!-ly(x)sin kxdx. (18) 

0 0 

 TOT P e 3 Y n b T a T  n o - H O B O M Y  O ~ % R C H R ~ T  TeOpeMy B. M .  C M M P H O B ~  
w 

0 C O n P R X e H H b l X  ( P Y H K U M R X :  eCJIU f € L' ( [ 0 , 2 ~ ] ) ,  TO B C e  A - M H T ~ ~ -  
p a n b r  B (18) C T a H o B R r c R  MHrerpanaMu JIe6era. 

7.5. A-HHTWP~JI H HHTerpaJlbHaH a0p~yJIa  Korue. 
0 n p e n e n e H M e. roeopnm, ltmo q5yntcqu~ f, Z O % O U O ~ @ H U R  

8 tcpyze D,  npedcmasuua s ne,K no q5opuyne Koruu, ecnu 
1) tconeltnb~ri npeden 

cyqecmeyern npu rn-n.s.s, u Q y ~ t c ~ u n  f, onpedenennan paeen- 
cmeou (19)  m - n . ~ .  na otcpyxnocmu T, m-cyuuupyeua na neb; 



2) npu nm6ou y e D 

Y C A O B U ~  I ) ,  KOHe'IHO, H ~ O ~ X O A U M O  AJlR TOFO, ' I T o ~ ~ I  @ O p M y J I y  

(20) MO>KHO 6 b 1 ~ 1 0  XOTR 6 b 1  3 a n u c a ~ b  ( M  T e M  6onee n n R  T o r o ,  
' I T o ~ ~ I  OHa 6 b 1 n a  B ~ P H ~ ) .  ~ P O C T ~ I ~  I l p M M e p b I  ( C K ~ X ~ M ,  f (s) = 

= e X p  [El) nOKa3bIBa loT ,  ' I T 0  3 T 0  eCTeCTBeHHOe Y C J O B U e  H e  

AOCTaTO'IHO AJlR CnpaBeAJMBOCTM P a B e H C T B a  (20). B. M. CMMPHOB 
(c. 88 H a m .  u3n.) nan H c s e p n b l s a l o u e e  p e u r e H u e  s a n a ' ~ ~  06 
o n u c a H u u  K n a c c a  @ Y H K U M ~ ~ ,  n p e n c - r a B u M b I x  no @ o p ~ y n e  Kouru. 
BOT OHO. 

T e o p e ~ a  1. h'ycmb f - @y~tcqun, zonouop@tian 8 D. Cnedym- 
wue ymeepxde~un paetiocunb~6~: 

a )  f npedcmaeuua 8 D no QopuyAe Kouu; 
b )  f e D, a e b ~ n o n ~ e ~ o  ycnoeue 1) onpedene~un. 
M 3  3~0fi  T e O p e M b l ,  M 3  (3) H M 3  T o r 0  q T O  H1lz CD. 

n e r K o  c n e n y e T  M eue  OAMH p e 3 y n b ~ a ~  B. M. C M U P H O B ~  (c. 36 
HaCT. M ~ A . )  

T e o p e ~ a  2. h'pednonoxuu, ltmo @y~lcqun f npedcmaeuua 
8 D IcaIc uMmezpan muna Kouu: 

zde J, - Helcomopan Q Y H K ~ U R  Icnacca L1 ( T ,  m).  Ecnu f ydos- 
nemsopnem ycnoaum 1) onpedene~uq mo f npedcmaeuua s D 
no @op~tyne Kouu. 

T e o p e ~ a  2 6 b 1 n a  no-HOBOMY A O K a 3 a H a  n. J. ~ J I ~ R H O B ~ I M  

B p a M K a x  ero T e o p u u  A - u ~ ~ e r p a n a .  A u M e H H o ,  OH n o ~ a s a n ,   TO 
nro6oii M H T e r p a n  T u n a  Kouru (21) n p e n c T a s u M  B D .CBOUM" 
A - u ~ r e r p a n o ~  Kouru, T. e. 

(f B n p a ~ o i i  q a c T u  3~01-o P a B e H c T B a  O n p e n e m e T c R  @op~ynoCt 
(19)). Ecnu 1 I f  ldm < + a, TO ~ Y K B Y  A nepen u H T e r p a n o M  (22). 

T 



[7, c. 286, 2871. 
8.. Knaccbl EP. r. 4. T Y M ~ P K M H  M C. 9. X ~ B M H C O H  0 6 0 6 ~ ~ f l ~  

CMMPHOBCKYIO TeOPMIO KJlaCCOB EP, MSJIOXeHHYtO H a  C. 92 HaCT. 

M3A., H a  MHOrOCBR3HbIe  O ~ J I ~ C T M .  H a q ~ e ~  C K p a T I c O r O  OnMCaHMR 

3 T O r 0  0 6 0 6 ~ e ~ M R  [41, 421. 
6 y f l e M  r O B o p ~ T b ,  q T O  n O C J I e A 0 B a T e J I b H O C T b  ( G j ]  j>l  0 6 ~ 1 a c T e h  

M C q e p n b I B a e T  0 6 J I a c T b  G, eCJIM G j c G  ( j  = 1, 2, . . .), M AJIR ~ 1 1 0 6 3 8  

K O M ~ ~ K T H O ~  qaCTM K O ~ J I ~ C T M  G H ~ ~ ~ A ~ T C R  T a K ~ f i  H O M e p  j ( K ) ,  
 TO K c G  npM B c e x  j > J (K). 0 6 J I a c ~ b  G, rpamua FrG KOTOPOB 
e C T b  O ~ - ~ ~ A M H ~ H M ~  n I I O n a p H O  AM3-6IOHKTHbIX KOMnaKTHbIX CBRS- 
HbIX M ~ ~ C K O H ~ ~ H ~ I X  M H O X e C T B ,  MbI ~ Y A ~ M  H a S b I B a T b  n - 0 6 J t a ~ T b I O .  

K p y r o ~ o a  0 6 J I a c T b I O  HaSbIBaeTCR n - O 6 J I a c T b ,  y K O T O P O ~ ~  B C e  KOM- 

n O H e H T b 1  r P a H M U b I  C Y T b  OKPYXHOCTM. A J I R  B C R K O ~  n - O ~ J I ~ C T M  G 
H a f i a y T c R  O r p a H M q e H H a R  K p y r O B a R  n - 0 6 J I a c T b  KG kl K O H @ O P M H ~ I ~  

~ O M ~ O M O ~ @ M S M  cpo : KG + G, T a K M e ,  q T O  G = TG(ICG). 
YCJIOBMMCR H a 3 b I B a T b  X O P A ~ H O B O W  TaKYIO t 2 - 0 6 J I a ~ T b  6 ,  ZIT0 

B C e  KOMnOHeHTbI  ee TPaHMUbI  C Y T b  3 a M K H Y T b I e  KPMBbIe  > K o p A a H a .  

Ecnn B C e  3TM KPMBbIe  C n p R M J I R e M b I ,  TO MbI ~ Y A ~ M  rOBOPMTb,  q T O  

G e C T b  0 6 J I a c T b  CO ~ I I p f l M J l ~ e M 0 f i  r p a ~ M U e 8 ,  a 1 (FrG) 6 y A e ~  060- 
3 H a q a T b  AJIMHy TPaHMUbI.  

T e o p e ~ a  [42]. n y c m b  p - n o n o x u m e n b t i o e  rucno, a f - 
@ ~ H I C ~ U R ,  Z O A O M O ~ @ H ~ R  8 n-o6nacmu G. Ecnu G tieozpawretia, 
mo M ~ L  npednonoxu~, K p o M e  mozo, rmo f zonouop@~a 8 6ec- 
I c o H e r H o c m u .  Cnedyro&ue y m s e p x d e f i u ~  p a s H o c u n b H b L :  

a )  H a t i d e m c ~  m a K a R  n o c n e d o e a r n e n b ~ o c m b  (G,] j , ~  n-o6nac- 
meti co c n p R M . l n R e M b L M u  zpam y a m ,  rrno 

sup 1 f ( z ) J p ( d z l <  +a; 
i Froj 

b) H e p a s e H c m s o  (23) septio d n ~  ~ e ~ o m o p o i i  n o c n e d o s a m e n b -  

H o c m u  n-o6nacmeti [GI] j,l, ydosnemsop~ro&eti y c n o 8 u R M  ym- 
8 e p x d e ~ ~ R  a) u m a ~ o f i ,  rrno sup  1 (FrG,) < + a; 

i 



c) iiepaseiicmso (23) 8epHo d n ~  nro6oti nocnedosamenb~ocmu 
(Gj] j,l co cnpzunzeubiuu zpafiuyauu, ucrepnbisaroweti G; 

d) cywecmsyem g3yiircyu~ U,  ZapuoiiurecrcaR 8 rcpyzosoti 
o6nacmu KG u marcag, rmo 1 (f o yo) ( P I  &- 1 4 U. 

0 II p e a e JI e H M e. @ Y H K ~ M S I  f, ~ O J I O M O P @ H ~ R  B ~ Z - O ~ J I ~ C T M  G 
(M B G:CKOH~YHOCTM, ecnM G ~ e o r p a ~ u q e ~ a )  M 06nanammasr 
C B O ~ ~ C T B O M  (a), Ha3bIBaeTCR @ Y H K U M ~ ~ ~  KJIaCCa EP (G). 

l l o a s e p ~ a e ~ ,   TO rpaauua o 6 n a c ~ ~  G saecb He npeanonara- 
eTcR c n p ~ ~ n ~ e ~ o f i .  

B cnysae 1-o6nacru co c n p ~ ~ n ~ e ~ o f i  r p a ~ ~ u e f i   TO onpeae- 
JIeHMe PaBHOCMJlbHO OnpeneJIeHMKI B. M.  C M M ~ H O B ~  (c. 92 HaCT. 
M3A.), B KOTOPOM B POJIM Gj BbICTYnaJIM O ~ A ~ C T M ,  OrpaHMYeHHbIe 
JIMHMRMM YPOBHR @ Y H K U M M  ~ P M H ~  O ~ J ~ ~ C T M  G. B 3TOM )Ke CAyqae 
PaBHOCMJlbHOCTb Y T B ~ P X A ~ H M ~ ~  (a)-(c) 6blna aOKa3aHa M. B. Ken- 
AbIuIeM M M. A .  naBpe~TbeBb1~ [14]. 

B C R K ~ R  n-06JIac~b G np2flCTaBMMa B BMAe IlepeCeqeHMR n 
I-06nac~eFi: G = G ,  nG,n  . . . nGn. E c n ~  OYHKUMR f r o n o ~ o p @ ~ a  
B G, TO 

r ae  fj- HeKoTopaR @YHKUMR, r o n o ~ o p @ ~ a ~  B GI. MOXHO nonbl- 
TaTbcR 06061u~~b  OnpeAeneHMe Knacca E P  AJIR 1-06nac~efi Ha 
n - O ~ J I ~ C T M ,  Ha3BaB @yHKIJ.Mefi KJIaCCa EP (G) B n - 0 6 n a c ~ ~  G @ Y H K -  

UMKI BMaa (*), rne f j  e Ep(Gj). ' I ' a~oe onpeneneaMe, n e f i c ~ ~ u ~ e n b ~ o ,  
PaBHOCMJIbHO OnpeAeAeHMKI, AaHHOMY BbIUle, eCnM rPaHMUa 06- 
JIaCTM G CIIpRMAReMa. M H T ~ ~ ~ C H O ,  q T O  3Ta PaBHOCMnbHOCTb Coxpa- 
HReTCR TOJIbKO AJIR 06nac~eR CO CnPRMnReMbIMM rpaHMU.aMM, KaK 
IIOKa3bIBaeT CJIenymUari TeOpeMa T ~ M ~ ~ K M H ~  M X ~ B M H C O H ~ .  

Teope~a [4 1 1. I7ycmb p - nonomumenbiioe rucno, G -mop- 
daiiosa n-odnacmb, n >, 2. Cnedylowue y m s e p x d e i i u ~  pasiio- 
CunbHbl: 

a) G - 06nacm b co c n p ~ u n ~ e u o t i  zpaiiu y eti; 
b) ecnu fjeEP(Gj) ( j = l ,  ..., n), mo ( f , l G ) +  . . .+ 

4- (fn I G) e EP (GI; 
c) scRrcaR g 3 y i i ~ y u ~  f rcnacca EP(G) npedcmasuua s sude (*), 

zde f je  EP(Gj) ( j =  1, . . ., n). 
r. u. T Y M ~ P K M H  M C. 9. X ~ B M H C O H  PeLUMJIM 3aAaYy nOCTpOe- 

HMR @ Y H K U M M  Knacca EP (G) C 3aAaHHbIM MOAyJIeM rPaHMqHbIX 
s ~ a s e ~ w f i  [48]. 3 ~ a  3anasa peruaeTcR coBceM npocTo, HanpMMep 
c noMombm K O H @ O P M H O ~ ~  nepecaaKu B Kpyr, ecncr G ecTb 1-06- 
nacTb. ,QnR n-o6nac~n npu n >, 2 saaasa C M J I ~ H O  ycnoxHReTcR. 
0 6 b I ~ ~ b 1 f i  cnoco6 nOCTpceHMR BHeLIIHefi @ Y H K ~ M M  HenpMMeHMM 
M3-3a B O ~ M O X H O ~ ~  MHOr03HaYHOCTM @J'HK~MM, raPMOHMqeCKM CO- 



I I p R X e H H 0 f i  C 3anaH~0a ~ ~ P M O H M Y ~ C K O ~ ~  @ Y H K U . M ~ ~ ~ .  TeM H e  MeHee 
BepHo c n e n y m q e e  yTBepxneHMe. 

Teope~a. I7ycrnb G - n-o6nacrnb co c n p ~ u n ~ e u o S i  zpaHuyeli. 
Ecnu HeornpuyarnenbHaz @YHKYUR p, s a d a ~ ~ a n  H a  F r G ,  cyuuu- 
pyeua no Mepe Je6eza co crnenelcbio p, a @ y ~ r c y u ~  l o g  p cyu- 
uupyeua H a  F r G  no z a p u o ~ u l t e c r c o i t  uepe ( o r n ~ o c u r n e n b r c o  06- 
nacrnu G), rno cyqecrnsyern m a r c a x  @ y ~ r c q u ~  f r c n a c c a  EP(G), 
qrno I f  ( s )  1 = p (s) n. B. H a  F r G .  

B p a 6 9 ~ e  [42] n O K a 3 a H b I  aHaJIOrM4HbIe Y T B e p X n e H M R ,  OTHO- 
cm.wiecR K KnaccaM H P ( G )  (CM. H M X ~ )  M D (G). 

6 y n e ~  rOBOPMTb,  YTO U3MepMMbIe no Je6ery @YHKU.MM a M P, 
3aAaHHble Ha F r G ,  me 6- n-06nac~b CO c I I ~ R M J ~ R ~ M o ~ ~  rpaHM- 
U.efi, OpTOrOHaJ lbHbI ,  €!CAM @ Y H K U U R  aP C Y M M M P Y e M a  Ha F r G ,  
M 1 a (2) p ( 2 )  dZ = 0. B 1461 A O K a 3 a H 0 ,  YTO n p M  p E (1, $-m) 

F r G  

K n a &  EP (6) COBIIanaeT C M H O X e C T B O M  BCeX @YHKU.MR, OPTOTO- 

HaJ IbHbIX  K J l a C C y  Eq ( G ) ,  rAe 4 = ~ / ( 1  - P) ( M b 1  M M e e M  B BMAY, 
4 T O  ~ O J I O M O P @ H Y ~ O  @ Y H K U H W  KJ laCCa  Er ( G )  M O X H O  H e  OTJlM4aTb 
OT ee r p a ~ u ~ ~ o f i  @ ~ H K U M M ,  o n p e n e n e ~ ~ o f i  n o w u  ~ e 3 n e  Ha F r G ) .  
A H ~ J I o ~ M Y H ~ I ~ ~  pe3yJIbTaT CnpaBeAJIMB npM p = 1 M p = m. 

A. 6. A ~ € ! K C ~ H A ~ O B  [69] ~ 3 y ~ a n  KnaCCbI  E P  ( 6 )  npM p E  ( 0 , l )  
( n n ~  1 - 0 6 n a c ~ u  G co c n p ~ ~ n ~ e ~ o f i  r p a ~ u u e i i ) .  OH n o ~ a s a n ,  
B YaCTHOCTM, YTO IIpM p E  ( 0 , l )  n m 6 a ~  B e I l l e C T B e H H a R  @YHKUMR 
f E L" ( F r G )  npencTaBkiMa B BMAe f = ReF, me F - HeKOTOpaR 
QYHKUMR Knacca E P  ( G ) .  

0 6 0 3 ~ a ~ M M  Yepe3 6- H e O r p a H M 4 e H H y k O  KOMIIOHeHTY M H O X e C T B a  
C \ F r G ,  rne G - no-npeXHeMy l - 0 6 n a c ~ b  CO c ~ ~ R M J I R ~ M o ~ ~  rpaHki- 
W f i .  A. 6. A n e ~ c a ~ n p o ~  n o ~ a 3 a n  [ 6 9 ] ,   TO n p u  p E . ( 0 , 1 )  

LP ( F r G )  = E P  ( G )  + E P  (G- )  ( 2 4 )  

( M  3AeCb M b I  PaCCMaTpMBaeM E P ( G )  M E P ( G - )  K a K  I I O A n p O C T p a H -  
CTBa B LP ( F r G ) ) .  rlpM p = l  PaBeHCTBO ( 2 4 )  H e  MMeeT MeCTa - 
na.xe, ecnM G ecTb Kpyr. B TO x e  B p e M R  B cnyqae p E ( 1 ,  a) 
3 T 0  P a B e H C T B O  6b1no A a B H O  A O K a 3 a H O  6. B. ~ B ~ A ~ J I M A ~ ~  A J R  JlRny- 
HOBCKMX KPMBbIX F r G .  B 1511 6b1no OTMeYeHO,  YTO ( 2 4 )  npu 
p > 1 H e  M O X e T  6 b l ~ b  BePHbIM, €!CAM F r G  - H e C M M P H O B C K a R  KPM- 
B a R  ( 0 6  3TOM IIOHRTMM CM. H M X ~ ) .  OH0 BepH0 TOrAa M TOJbKO 
TOrAa, K O r A a  M H ~ e r p a J l b ~ b l f i  O n e p a T O p  C RAPOM K o m u  A ~ R C T B Y ~ T  M 3  

Lp ( F r G )  B EP ( G ) .  K ~ ~ c c  C n p R M n R e M b l X  KPMBblX,  0 6 n a n a m u u x  
3 T U M  CBORCTBOM ( n p M  P E ( 1 ,  $-a)), 6b1n IIOJIHGCTbK, OIIkfCaH B 3a- 
~ e Y a ~ e J I b H 0 f i  P ~ ~ G T € !  1731. 

8.1. ~ ~ H J I O X ~ H H R  KnaCCOB EP. ~ ~ U J I O X ~ H U R  KJlaCCOB EP, 
yKa3aHHble C a M M M  B. M. CMMPHOBMM, OTHOCRTCR K MHTerPanbHbIM 

' 

IIpeACTaBneHMRM M TeOPMM n p k i 6 n u x e ~ k i t i .  @ ~ H A ~ M ~ H T ~ J I ~ H ~ I ~ ~  
pe3yJlbTaT B. M. C M U ~ H O B ~  0 COBnaAeHMM KJ laCCa  El ( 6 )  C KnaCCOM 
BCeX @J'HKuM~~, IIpeACTaBMMbIX B l-06nac~ki G CO c I I ~ R M J ~ R ~ M o ~ ~  

r p a ~ u u e R  n o  @ o p ~ y n e  K o r u u ,  6bln p a c n p o c T p a H e H  Ha M H O ~ O C B H ~ -  



H b I e  O ~ J I ~ C T M  B p a 6 0 ~ e  [42]. PRA M C C J I ~ ~ O B ~ H M ~ ~  6b1n n O C B R U e H  

0 6 0 6 U e ~ M I O  M Pa3BMTMIO A P Y r O T O  B a X H O I ' O  p e 3 y J I b T a T a  B. M. CMMP- 
HOBa  0 COBnaAeHMM KJIaCCa  E2 (6) B C M M P H O B C K O ~ ~  1 - 0 6 n a c ~ ~  G 
C 3 a M b I K a H M e M  B LVFrG) M H a X e C T B a  B C e X  MHOrOqJ IeHOB.  C 3~0f i  
~ e o p e ~ o f i  CBR3aHbI  p a 6 0 ~ b 1  M. B. Ken~brwa ,  M. A. J a ~ p e H ~ b e ~ a ,  

n. n. K O P O B K M H ~ ,  9. J. ~ ~ ~ O H M M Y C ~  (CM. 6 ~ 6 n ~ o r p a @ w m  B [32]). 
H a ~ 6 o n e e  3 a K O H l I e H H b I e  p e 3 y J I b T a T b I  n o n y q u n  r. 4. T Y M ~ P K M H  
1321. OHM OXBaTbIBaIOT KJIaCCbI E P ( G )  n p M  J I I O ~ ~ I X  n O J I O X M T e J I b H b I X  

p, AOCTaBJIRIOT nOJ lHyIO  X a P a K T e p M C T M K y  M H O X e C T B a  B C e X  @ Y H K -  
q ~ f i  K n a c c a  L P  (FrG), A o n y c K a r o q w x  a n n p o K c M M a u u D  M H o r o q n e -  

HaMM B M e T p M K e  LP (FrG) ( n n R  C M M P H O B C K O ~ ~  O ~ ~ ~ C T M  3 T O  MHO- 

X e c T B o  c o B n a a a e T  c E P  (G)). K p o ~ e  T o r o ,  B p a 6 o ~ e  [32] n o ~ p o 6 a o  
M c c n e A o B a H a  a n n p o K c M M a u m  M H o r o s n e H a M u  B L P  (FrG, a),  r A e  a- 
K O H e q H a R  M e p a  H a  FrG. K n a c c b ~  E P ( G )  n O R B J I R ~ T C R  e C T e C T B e H H b I M  

o 6 p a 3 0 ~  M n p M  M c c n e n o B a H M M  L P  - a n n p o ~ c ~ ~ a q M k i  paquoaanb- 
H ~ I M M  A P O ~ R M M  [33. 31. n p ~ ~ e n e ~  ewe OAMH n p M M e p  a n n p o K -  
C M M ~ U M O H H O ~ ~  3 a A a q M ,  K O T O P a R  H a  I I e p ~ b I f i  B 3 r J I R A  H e  M M e e T  

OTHOLLleHMR K KJIaCCaM EP. HO B PeLLleHMM K O T ~ P O W  OHM T e M  H e  

M e H e e  M r p a I O T  B a X H y I O  POJ Ib .  M ~ I  M M e e M  B BMAY 3 a A a q y  OIIMCaHMR 

KJIaCCa X(61, p) @ Y H K ~ M ~ ~ ,  A O I I Y C K a I O U M X  a I I I IPOKCMMaI lMl0  MHOTO- 

q J I eHaMM B J I Y H O q K e  & B M e T P M K e  LP(&,  dxdy) (CM. B b I N e  II. 4). 
O K ~ ~ ~ I B ~ ~ T C R ,  q T O  OIIMCaHMIO M H O X e C T B a  X (Q ,  P) B T e p M M H a X  

KJ IaCCa  D(w),  0 KOTOPOM YXe rOBOpMJIOCb  B II.  4, PaBHOCMJIbHO 
T a K o e  o n M c a H M e :  @ Y H K U M R  f K n a c c a  L p  (Q, dxdy) n p M H a A n e x M T  

K n a C C y  X(9, p) T O r A a  M TOJIbKO T O T A a ,  K O r H a  O H a  aHaJIMTMqeCKM 

n p o n o n x u M a  B O ~ J I ~ C T ~  o no @ Y H K ~ M M ,  I I ~ O M ~ B ~ A ~ H M ~  1to~opoi4 
H a  HeKOTOPYIO C T a H A a P T H Y D  @ Y H K ~ M I O ,  ~OJ IOMOP@HYK)  B o M 3a- 
B M C R U Y ~  n m u b  OT n a p b I  ( Q ,  o) 11 q M c n a  p, n o n a n a e T  B K n a c c  

E p ( o )  1521. . ,  . 
Eue O A H ~  B a X H a R  0 6 J l a c ~ b  I I p M J I 0 X e H M f i  KJIaCCOB EP - 3 T 0  

TeOPMR A B O ~ ~ C T B ~ H H O C T M  3 K C T p e M a J I b H b I X  3 a H a q  AJlR aHaJ lMTMqeCKMX 

@ Y H K U M ~ ~ ,  C K O T O P O ~  M O X H O  I I03HaKOMMTbCR IIO p a 6 0 ~ a ~  [44, 57, 
611. M ~ I  O r P a H M q M M C R  3 A e C b  O ~ C Y X A ~ H M ~ M  J l M N b  O A H O r O  KJIaCCM- 

l I e C K O T 0  I I p M M e p a  - T e O p e M b I  A n b o o p c a  0 KOH@OPMHOM 0 ~ 0 6 p a -  
X e H M M  I L - O ~ J ~ C T M  G H a  n - J ' l M c ~ ~ b 1 f i  K p y r .  C O ~ J I ~ C H O  3~0fi T e O p e M e ,  

T a K O e  0 ~ 0 6 p a X e H M e  O C y u e C T B J I R e T  @ Y H K ~ M R  f *, A O C T a B J I R I O U a R  
MaKCMMyM @ Y H K H J ~ o H ~ J I Y  f -+ 1 f '  (Zo)  1 H a  KJ IaCCe  B C e X  @ Y H K U M ~ ~ ,  
~ O J I O M O ~ @ H ~ I X  B G M H e  I I P e B O C X O A R u M X  IIO MOAyJlIO eAMHMUb1 (ZO- 

3 T 0  @ M K C M P O B ~ H H ~ H  T O q K a  O ~ J I B C T M  6, OIIpeAeJ IS I IOr r l aR  @ Y H K U M O -  
HaJI).  B p a 6 0 ~ e  [57] A a H O  3 J I e r a H T H O e  A O K a 3 a T e J I b C T B O  3~0fi T e O -  
P e M b I ,  B KOTOPOM MCIIOJIb3YeTCR K n a C C  El (G), XOTR OH M H e  I IpM-  
CYTCTBYeT B I IOCTaHOB Ke  3aAa ' IM.  ~ ~ O K ~ ~ ~ T ~ J I ~ C T B O  OCHOBaHO H a  

TOM, LIT0 B CMnY 06uux c o o 6 p a ~ e ~ u 8  A B O ~ C T B ~ H H O C T M  M3 TeOPM1.1 

J I M H ~ ~ H ~ I X  I I p O C T p a H C T B  3 a A a q a  0 MaKCMMYMe Y K a 3 a H H O T O  
BbILLle @ ~ H K u M o H ~ J I ~  B H e K O T O P O M  CMbICJ l e  PaBHOCMJIbHa  3 a A a q e  

H a M n y q r u e r o  I I ~ M ~ ~ M X ~ H M R  @ Y H K ~ M M  s --t I / (<  - 2,)" n p o c T p a a -  

C T B e  L1 (FrG) @ Y H K U M R M M  K n a c c a  E1 (G). C O B M ~ C T H O ~  MCCJIeAOBa-  

HMe 3TMX A B Y X  3 K C T P e M a J I b H b I X  3 a A a q  M I I 0 3 B O J I R e T  YCTaHOBMTb 



y I I O M R H y T O e  B b I U I e  I ' e O M e T p M q e C K O e  C B O ~ C T B O  @ ~ H K U M M  f *  M A O -  
K a 3 a T b  ee e A M H C T B e H H 0 C T b  (C T O q H O C T b l O  A 0  IIOCTORHHOI'O MHO- 

X M T ~ J I R ) .  B [56] M O X H O  H a f i ~ M  B b I p a X e H M e  B e J I M q M H b I  I TP(z0) ( 
qepes ~ o c n p o ~ 3 ~ o n ~ u e e  R A ~ O  Cere o 6 n a c ~ ~  G;  TO n o H R T M e  
T e C H O  C B R 3 a H O  C KJIaCCOM E2 (G). 

M ~ I  H e  O C T a H a B J I M B a e M C R  3 A e C b  H a  0 6 0 6 u e ~ ~ ~ x  KJIaCCOB EP(G) 
H a  ~ ~ C K O H ~ ~ H O C B R ~ H ~ I ~  O ~ ~ ~ C T M  6 M H a  P M M a H O B b I  I I O B e P X H O C T M  
(CM. J I M T e p a T y p y  B [76]). 

8.2. K n a c c b l  H P ( G ) .  B. M .  CMMPHOB npeAnoxun eue  OAHO 
e C T e C T B e H H O e  0 6 0 6 u e ~ ~ e  K n a C C O B  X ~ ~ A M  H P  H a  O ~ J I ~ C T H ,  O T J I U q -  

H b I e  O T  K P Y r a ,  O n p e A e J I M B ,  H a P R A Y  C K J I a C C a M M  EP (G), KJIaCCbI  

HP (6). H ~ ~ O M H H M ,  q T O  @ Y H K U M R  f, ~ O J I O M O ~ @ H ~ R  B O ~ J I ~ C T U  G, 
no onpeneneswo n p u H a n n e x M T  K n a c c y  H p ( G ) ,  ecnu \ f l P  M M e e T  
r a P M O H M q e C K Y l O  M a X O p a H T Y  B G (c. 86 H a C T .  M ~ A . ) .   TO O I I p e A e -  

J I e H M e  H e  H y X A a e T C R  HM B K a K M X  I I P e A I I O J I O X e H M R X  0 C T P Y K T Y P e  

o 6 n a c ~ ~  G MJIM ee r P a H M U b I ;  O H 0  M M e e T  CMbICJI M T O T A a ,  K O r A a  
G e C T b  P M M a H O B a  I I O B e p X H O C T b .  

~ Y C T ~  G - n - 0 6 J I a ~ ~ b  CO C I I P R M J I R ~ M O ~ ~  r p a H M U e k .  T o r ~ a  
O A H O B p e M e H H O  M M e l O T  CMbICJI 06a 0 6 0 6 W e ~ M R  KJIaCCOB XIPAM:. 
E P  (G) M H p  (G). B. M. CMMPHOB ~ ~ M ~ T M J I ,   TO E P  (G) = H P  (G), 
eCJIM G e C T b  1 - 0 6 J I a c T b ,  a n p O M 3 B O A H a R  y' K O H @ O P M H O ~ O  r O M e O -  
M O P @ M ~ M ~  (9: D + G O T A e J I e H a  O T  H y J I R  M O T  ~ ~ C K O H ~ ~ H O C T H .  
r. 4. T Y M ~ P K M H  M C. 9. X ~ B M H C O H  I I o K a 3 a J I M .  q T O  3 T 0  C B O ~ ~ C T B O  
0 6 J I a c ~ M  G M H ~ O ~ X O A M M O  A J I R  C O B I I a A e H M R  KJIaCCOB E P ( G )  

M HP(G). A H a J I 0 T k i l r H b I k  p e 3 y J I b T a T  I I O J I y q e H  MMM M A J I R  M H O r O -  

C B R B H ~ I X  06nac~efi  [43]. 
T e 0 p e ~ b 1  B. M. CMVIMPHOB~ 0 I I p e A C T a B J I e H M M  a H a J I M T M q e C K M X  

M r a P M O H M q e C K M X  @ Y H K U M R  no @ o p ~ y J I e  ~ P M H ~  (c. 89 H a C T .  u ~ A . )  
6b1JIM 0 6 0 6 u e ~ b 1  H a  M H O ~ O C B R ~ H ~ I ~  0 6 n a c ~ u  B p a 6 0 ~ a x  143, 451. 

T e o p u ~  K n a c c o B  H p ( G )  n o c B s l u e s a  O ~ U I M P H ~ R  n u T e p a T y p a  

(cM., H a n p M M e p ,  M O H O ~ P ~ @ M K )  [76]). 
9. C M U P H O B C K U ~  O ~ J I I C T U .  B. kf. CMMPHOB O T K P b I J I  ~ a X H b 1 f i  

K n a c c  06nac~ei i ,  H O C R W M ~  T e n c p b  ero M M R .  

0 n p e A e n e H M e. I7ycmb G - ozpailulteilHa8 obnacmb, zpa- 
HU y a xomopoit - npocmaR cnpRunRenraR xpuaag f lopda~a,  
a y - x o ~ # o p u ~ b ~ i t  zoueouop#usu eduilult~ozo xpyza D Ha 
obnacmb G. roaoprrm, ltmo G ecmb c.uupHo8cxaR o6nacmb 
(obnacmb rcnacca S), ecnu # y ~ x y u ~  y' - B H ~ I U H R R .  

B. M. CMMPHOB n O K a 3 a J I ,  q T O  I I p M H a A J I e X H O C T b  O ~ J I ~ C T H  K J I a C -  
C y  S M T p a 6 ~  PeLLIalOIIJ.ylO P O J I b  AJIR B O 3 M O X H O C T M  IIOJIHHOMMaJIb-  

H O ~  a n I I p O K C M M a U M M  T O J I O M O ~ @ H ~ I X  @ Y H K W M W  B C P e A H e M  M AJIR 

I IpMMeHMMOCTM p a 3 J I M q H b I X  @ O ~ M  K J I a C C M q e C K O T O  I I p M H U M n a  M a K -  

C M M Y M a  (c. 56, 65, 93, 98 HaCT.  M ~ A . ) .  T ~ K ,  eCJIM G E S ,  T O  
K J I a C C  E2 (G) C O B I I a A a e T  C 3 a M b I K a H M e M  M H O X e C T B a  B C e X  MHOTO- 
q J I e H O B  B M e T P M K ?  L2(Fr G), M B C R K a R  @ Y H K ~ M R  f K J a C C a  E1(G), 
n n R  ~ o ~ o p o f i  vrai sup (f ( ,< 1, y n o e n e T B o p R e T  M H e p a a e H c T a y  

F r O  



S U P  (f 1 < 1. ~ T M  p e 3 y J l b T a T b I  - TOZIHbIe: OHM IIPMMeHMMbl T O n b K O  
G 

K CMMPHOBCKMM O ~ A ~ C T R M .  

T ~ K M M  o 6 p a 3 0 ~ ,  1 - 0 6 n a c T b  CO c n p f l ~ n ~ e ~ o i i  r p a ~ ~ q e i i ,  H e  

npMHaAneXaLU.aR  K J I a C C y  S ( K O p O s e ,  HeCMMPHOBCKaR 0 6 n a ~ ~ b )  - 
s p e 3 ~ b l q a f i H O  n a ~ O J I 0 r M s e ~ K M f i  0 6 x e K T .  MHTYMUMR, ~ b l p a 6 0 ~ a H H a R  

H a  M a T e p M a n e  KJIaCCMseCKMX KYPCOB TeOPMM aHaJIMTMLIeCKMX 
(PyHKU.Mfi MJIM TCOPMM K n a C C O B  X ~ P A M  B K P Y r e ,  s a C T 0  O T K a 3 b l B a e T  

IlpM O ~ P ; I L U . C H M M  C @ Y H K ~ M R M M ,  ~ O J I O M O ~ @ H ~ I M M  B H C C M M ~ H O B C K O Z ~  
O ~ J ~ C T M .  

9.1. C B O ~ C T B ~  $JYHKUUB H CMHPHOBCKHe o ~ J I ~ c T H .  O C T ~ H O -  
BMMCR H a  MCCneAOBaHMRX, B KOTOPblX  M 3 y s a J l a C b  C B R 3 b  C B O ~ C T B  
~ o J I o M o ~ @ H ~ I x  ( P Y H K U M ~ ~  CO C M M P H O B C K O ~ ~  ( H A M  H ~ C M M P H O B C K O ~ ~ )  
np~ponofi 06nac~ki M X  o n p e n e n e H M R .  

r. 4. T Y M ~ P K M H  M C. 9. X ~ B M H C O H  O n p e A e J I M J I M  M M3YrIMJlM 
MHOTOCBR3HbIe o 6 n a c ~ ~  KAaCCa  S. OHM, B 9aCTHOCTM, 0 6 0 6 4 ~ -  
JIM H a  T a K M e  o 6 n a c ~ ~  , , y ~ M ~ e p ~ a J I b ~ b l f i  IIPMHUMII M ~ K C M M Y M ~ "  
B. M. C M M P H O B ~  [42]. 

M b l  YXe rOBOPMJlM B b l U I e  0 T 0 f i  POAM, K O T O P Y I o  O ~ J I ~ C T M  
K n a C C a  S M r p a I o T  B TeOPMM n p ~ 6 n ~ ~ e ~ ~ f i .  P~CCMOTPMM eLU.e O A H Y  
a n n p o K c M M a u M o H H y m  sanasy, p e w e H M e  ~ o ~ o p o i i  ~ c n o n b 3 y e ~  no- 
HRTMe C M M P H O B C K O ~ ~  06nac~u .  

P~CCMOTPMM M H O X e C T B O  V BCeX ( P Y H K U M ~ ~  f ,  I l p M H a A n e X a L U . M X  

~MCK-anre6pe CA (CM.  B b l U I e  n.  7.3) M TaKMX,  q T O  f IT e C T b  
( P Y H K ~ M R  O ~ ~ ~ H M Z I ~ H H O ~ ~  BapMaUMM H a  O K P Y X H O C T U  T. Knacc V 
e C T b  6 a H a x O B a  anre6pa ( O T H O C M T ~ J I ~ H O  IIOTOLIeZIHOrO Y M H O X e H U R  

d e f  

~ J I ~ M ~ H T  a 6 a ~ a x 0 ~ 0 f i  a n r e 6 p b 1  A H a 3 b I B a e T C R  06pa3ymueii 
3~0fi a n r e 6 p b 1 ,  e C n U  J Ik iHe f iHb le  K O M ~ H H ~ ~ M U  ~ T e n e H e l ?  1, f,  f2, . . . 
06pa3ym~ M H O X e C T B O ,  n J I O T H O e  B A. 

T e o p e ~ a  [84, c. 4761. Cnedyloque ymaepmde~ux  paaHocunbHb1: 
a) f ecmb 06pa3yloqax anze6pb~ v; b )  o m o 6 p a x e ~ u e  f : D U T +  
-+C ~ ~ ~ U U H O O ~ H O ~ H ~ ~ ~ H O ,  U f (D) ecmb CUUpHO8CItaR 06nacmb. 

Anre6pa v c o n e p x M T c R  B anre6pe B c e x  ( P y ~ ~ u u f i ,  r O n 0 -  
A 

M O P ~ H ~ I X  B D, P R A ~ I  Teiinopa K O T O P ~ I X  f = E k 2 0  f (k) zk a6co- 
def 

J l loTHO CXOARTCR B 3aMKHYTOM K p Y r e  D U T. ~ o J I o X M M  (1 f (Ilh = 
A 

= 2 k 2 0  (f (k) \ (f L i ) .  M H T ~ ~ ~ C H O ,  s T 0  B C R K a R Q Y H K ~ M R  f, 
KOH@OPMHO M B 3 a U M H O O A H 0 3 H a 4 H O  0~06paXa10LU.a~ D U T H a  1-06- 
J a C T b  CO c I I ~ R M J I R ~ M o ~  r p a ~ k i ~ e f i ,  e C T b  0 6 p a 3 y m u a ~  6 a H a x O ~ O i i  

a n r e 6 p b 1  L!LI - He3aBMCMMO OT T O r O ,  I I p U H a A J l e X M T  f (D) K n a C C y  S 
U n U  H e T  [87]. H e K O T O p b l e  I I p M J l O X e H U R  CMUPHOBCKMX o6nac~eii 
K 3 a ~ a s a ~  p a u ~ o ~ a n b ~ o f i  a n n p o K c u M a q M u  B n p o c T p a H c T B a x  E* 
A a H b I  B C T a T b e  A. 6. A J l e K c a H A p o B a  [3]. 



9.2. OGnac'ru K n a c c a  K. Y C ~ O B M M C ~  ~ O B O P M T ~ ,   TO @YHKUMR, 
s a n a ~ ~ a ~  B o 6 n a c ~ ~  G, n p e n c T a B M M a  B G N H T e r p a n o M  T M n a  Ko- 
UIM - C T H J I T ~ ~ C ~  ( K O P O ~ ~ ,  f c K (G)) eCJIM C y q e C T B y e T  K O M n J I e K C -  

H a R  6 0 p e n e ~ c ~ a ~  M e p a  p, C O C p e A O T O q e H H a R  H a  FrG M T a K a R ,  q T O  

f (,-) =J d:lo 
t - c  (C E G). 

PI O 

Cnenymuee onpeneneme n p n H a n n e x u T  T. 4. T Y M ~ P K M H Y .  
0 n p e A e n e H M e. roaop~m,  ltmo 1 -06nacmb G co c n p ~ u n i e -  

uori zpailuqeli npu~adnelllcum Knaccy K, ecnu (f o cp) cp' K(D) 
d n ~  BCRKOU @ ~ H K ~ U U  f xnacca K (G) (sdecb cp - KON@OPUH~LU 
zoueo~top@u3.rt Kpyza D Ha o6nacmb 6). 

Knacc K n p e n c T a B n R e T  M I w e p e c  n n R  T e o p M M  ~ ~ M ~ J I u X ~ H M ~ ~ ,  
a T a K X e  B C B R 3 M  C H e K O T O P b I M l l  3 a A a q a M M  T e O P M M  CMHF'YJIRPHbIX 

M H T e r p a J I O B  (CM. n p 0 6 J I e M ~ y I O  C T a T b I o  r. 4. T ~ M ~ ~ K M H ~  B K H M r e  

[77, c. 313 - 3161). r e o ~ e ~ p ~ q e c ~ ~ e  ceofic~sa o6nac~efi K n a c c a  

K '24'2 H e  B n O J I H e  B b I R C H e H b I .  M ~ B ~ C T H O ,  O A H a K O ,  q T O  K C  S ([35], 
C M .  T a K X e  [37]). Bonee T O r O ,  A. 6. A J I ~ K C ~ H A ~ O B  3 a M e T M n ,  q T O  

A J I R  nm60fi H ~ C M M P H O B C K O ~  O ~ J I ~ C T M  G M O X H O  n 0 ~ 0 6 p a ~ b  T a K Y I O  

@YHKUMIO f c L' (FrG) M T a K y I o  A M C K p e T H y l O  M e p y  p, C O C p e A O T O -  

S""' dv ( 4  
seaaym ~a FrG,  TO @ Y H K U M M  c --f FrG - 

M 2 --f JFrG G 
H e  n p M H a n n e x a T  K n a c c y  H ~ B ~ H ~ M H H ~ I  N(G), T. e. H e  n p e n c T a B M -  

M b I  B  B M A e  O T H O U l e H M R  O r p a H M q e H H b I X  @ Y H K ~ I ~ ~ ~ ,  T O J I O M O P @ H ~ I X  
B G [77, c. 680--6811. H ~ ~ O M H M M  (CM. n.  7),  TO B c M n y  T e o p e -  

M b l  B. M. C M M P H O B ~  K (D) c N(D), O T K Y A a  B C M J I y  K O H @ O ~ M H O ~ ~  
M H B a P M a H T H O C T M  K J I a C C a  N(G) M B K J I I o q e H M R  cp' E H', C J I e A y e T  

K (G) cN(Ci), e c n M  GEK. 
M T ~ K ,  M no O T H O U l e H M K )  K K J I a C C a M  K (G) H e C M M p H O B C K M e  

O ~ J I ~ C T M  ewe pa3 0 6 ~ a p y ~ ~ ~ a m ~  CBOKI n a T o n o r M q e c K y m  npapony. 
9.3. H ~ C M U ~ H O B C K H ~  o 6 n a c ~ u  U  B e U e C T B e H H O C T b  r p a H U Y H M X  

3 H a ~ e H L i f i .  E q e  O A H O  I I p M q y A J I M B O e  C B O ~ C T B O  H e C M M p H O B C K M X  
0 6 J I a c ~ e 8  y K a 3 a H O  B p a 6 0 ~ e  [83]: e C n M  G H e C M M P H O B C K a R  o ~ J I ~ c T ~ ,  

T O  K J I a C C  E' (G) C O A e P X M T  H e n O C T O R H H Y I O  @ Y H K U M W ,  r P a H U q H b I e  

3 H a q e H M R  K O T O P O ~ ~  B n O q T M  B C e X  T O q K a X  r p a H M U b 1  B e q e C T B e H H b I  

M 3 a K J I I 0 9 e H b I  B  n p O M e X Y T K e  (0,l). H ~ ~ O M H M M ,  q T 0  B C e  @ ) ' H K ~ M M  
K J I a C C a  X ~ ~ A M  H'12 (D) C H e O T p M 4 a T e J I b H b I M M  r P a H M q H b I M M  3 H a Y e -  

HMRMM M B C e  @ Y H K ~ M U  K J I a C C a  H1(D) C B e U e C T B e H H b I M M  r p a H M q -  

H b I M M  3 H a q e H M R M M  I I O C T O R H H b I .  

9.4. f l p u 6 n u x e ~ u e  P a ~ U O H a J I b H b l M U  n p o 6 a ~ u  C  y 9 e T O M  B e n u -  
9UH K O S @ @ U ~ U ~ H T O B .  E q e  O A H a  X a p a K T e p M C T M K a  C M M P H O B C K M X  

06nac~efi n p M H a A n e X M T  r. 4. T Y M ~ P K M H Y  M C. 9. X ~ B M H C O H Y  
1581. n o n o x ~ ~  

n 
1 

52, (2) = inf ?;; (2 € G), 
PrO k=l 



rne G - 1 - o 6 n a c ~ b  co c n p ~ ~ n ~ e ~ o f i  r p a ~ ~ u e 8 ,  a infimum B M Y M -  

CnReTCR no B C e B 0 3 M O X H b I M  KOHeYHbIM ~ a 6 0 p a ~  T O Y e K  Zl, Z 2 , .  . . , Zn,  

P a C n O n O X e H H b I X  B C \ (G U Fr G), M K O M n n e K C H b I X  ~ 0 3 @ @ k i ~ M e H -  

TOB hi,  . . . , A,. 
T e o p e ~ a  1581. Ecnu sup  { Q ,  (2) : z s G ]  < + m, mo G s S .  Ec- 

nu G s S ,  mo Q 2 ( z ) < 2  npu nm6ou zsG. 
9.5. ~ ~ O M ~ T ~ H W C K H ~  C B O ~ ~ C T B ~  CMHPHOBCKHX 06nac~efi .  

X O p O L U 0  M3BeCTH0,  YTO YXe n O B O J I b H 0  c n a 6 b 1 e  T p e 6 0 ~ a H k i R  npa- 
BMnbHOCTM r p a H M u b I  1 - O ~ ~ ~ C T M  0 6 e ~ n e Y M ~ a I o T  n P M H a H n e X H O C T b  

3~0fi o 6 n a c ~ ~  K n a C C Y  S (CM. C. 64, 65 HaCT. M3A. M [26, 14, 211). 
CMMPHOBCKMMM OKa3bIBaIo ' I 'CR B C e  1 - 0 6 J I a ~ T k i  C K Y C O Y H O - ~ J I ~ A K O ~  
(T. e. c K~COYHO-C1) r p a a k i u e i i ,  MnM c r p a ~ n u e 8  o r p a H M . r e H H o r o  

B p a u e H M R ,  MnM c r p a ~ ~ u e f i ,  y n o s n e T ~ o p R I o u e 8  M ~ B ~ C T H O M Y  ycno- 
BMIo w~Op~a-,Q'ra' ( H J I M H ~  ,UOCTaTOYHO MaJIOR r p a H k i Y H 0 f i  A y r M  

c p a B H M M a  c n n ~ ~ o f i  c ~ ~ r ~ s a m u e f i  ee X O P A ~ I ) .  
r. 4. T Y M ~ P K M H  BBeJ I  n O H R T M e  C M M P H O B C K O ~  A Y r M  1341. T a K  

H a 3 b I B a e T C R  n p O C T a R  M O P M e H T M P O B a H H a R  Ayra, K O T O P a R  C O A e p -  

XMTCR B O P M ~ H T M P O B ~ H H O ~ ~  r p a H M U e  H ~ K O T O P O ~ ~  C M M P H O B C K O ~ ~  06- 
A a c T M  ( n p ~ s e ~  o p M e H T a u M R  n y r ~  c o r n a c o s a H a  c o p ~ e ~ ~ a u ~ e f i  
r p a H M u b 1 ) .  B [34] H O K a 3 a H 0 ,  YTO 1 - 0 6 J I a c T b  G CO c n p R M n R e M 0 f i  

r p a s k i u e i i  n p m a n n e x m  S,  ecnu K a x n a R  Tows r p a H n u b 1 ,  3a 
MCKJlIoYeHMeM H e K O T O P O r O  C Y e T H O r O  M H O X e C T B a ,  C O A e P X M T C R  B 

H ~ K O T O P O ~ ~  O T K P ~ I T O $ ~  C M M P H O B C K O ~ ~  ~ P ~ H M S H O ~  Hyre, OPM'?HTauMR 
~ o ~ o p o f i  C o r n a c o B a H a  c o p ~ e ~ ~ a u ~ e f i  r p a H M u b I .  B p a 6 o ~ e  T. Ma- 
n M p 0  1881 6 b 1 ~ 0  n O K a 3 a H 0 ,  YTO B T e O p e M e  T Y M ~ ~ K M H ~  n O n y C T M M b 1  

M H e K O T O P b I e  H e C Y e T H b I e  M H O X e C T B a  w ~ e C ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ '  TOYeK.  

B 1361 n s y s a n a c b  Y C T O ~ Y M B O C T ~  K n a c c o B  CMMPHOBCKMX M H e -  
CMMPHOBCKMX 06nac~efi OTHOCMTenbHO , U e @ o p M a u M f i  T P a H M u b I .  OKs- 
3aJ IOCb ,  YTO K n a C C Y  S I I p M H a A n e X M T  BCRKaR 1 - 0 6 n a c ~ b  G, CO 

C ~ ~ R M J I R ~ M O ~  rpa~kiuefi, C O A e p X a U a R C R  B C M M P H O B C K O ~ ~  O ~ J I ~ C T M  

Ci M T a K a R ,  YTO Fr G, \ Fr G e c T b  cqe-raoe o 6 a e n ~ ~ e ~ ~ e  n o n a p H o  
AM3'bIoHKTHbIX CMMPHOBCKMX Ayr (C ~ C T ~ C T B ~ H H O ~ ~  O p k i e H T a u M e 8 ) .  

MOXHO c ~ a 3 a ~ b ,  YTO 0 6 n a c ~ b  Go n o n y q e H a  B p e 3 y n b ~ a ~ e  ne4op- 
MauMM HeKOTOPbIX r P a H M Y H b I X  ,UYr O ~ A ~ C T M  G B CMMPHOBCKMe AY- 
rM,  B H Y T P e H H M e  no OTHOLUeHMD K G. Knacc S, TaKMM o 6 p a 3 0 ~ ,  
~ C T O ~ Y M B  OTHOCMTeJIbHO .BHYTPeHHMX ' M w ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ U  ~ e @ O p -  

Mauk i f i  r P a H M u b I .  Bonpoc 06 Y C T O ~ ~ Y M B O C T M  KJIaCCa S OTHOCMTeJIb-  

HO w ~ ~ e L U ~ ~ ~ u  A e @ o p M a ~ M f i  ( n p M  KOTOPbIX H e K O T O P b I e  I ' PaHMYHbIe  
A Y r M  3aMeHFIIoTCFI CMMPHOBCKMMM A Y r a M M ,  P a C n O J l O X e H H b I M M  B H e  
3 a M b I K a H R R  O ~ ~ ~ C T M )  OCTaeTCR OTKPbITbIM.  

B T O  Xe BpeMFI  HeCMMPHOBCKaH 0 6 n a c T b  G CTaHOBMTCR CMMP- 

H O B C K O ~ ~ ,  e C n M  I I O n B e p r H y T b  w C ~ ~ p ~ ~ ~ ~ ~ ~ f i u  M , , B H Y T P ~ H H ~ ~ '  He- 
@ O P M ~ ~ M M  CKOJIb Y r O H H O  M a J I Y I o  (no A J I M H ~ )  O T K P b I T Y I o  Y a C T b  
ee TPaHMUbI,  C O H e P X a U Y I o  H e K O T O p Y I o  . @ M K C M P O B ~ H H Y I ~  Y a C T b  
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BCIo IIaTOJIOTMIo O ~ J I ~ C T M  G [36]. ~ T M  p e 3 y J I b T a T b I  6b1JIM A o n o J I H e -  
HbI B 1381, r A e  IIOHRTMe C M M P H O B C K O ~ ~  M H ~ C M M ~ H O B C K O ~ ~  O ~ J I B C T M  
p a c n p o c T p a H e H o  H a  H e K o T o p b r e  K n a c c b l  0 6 J I a c ~ e f i  c H e c n p R M n n e M b I -  
M M  r p a H M u a M M .  

O C T ~ ~ T C R  HepeLLIeHHOfi  CJIeAylOUl.aR M H T e p e C H a R  I I p O b J I e M a ,  no- 
CTaBJIeHHaR r. 4. T Y M ~ P K M H ~ I M  [34, 381: C y I U e C T B y e T  JIM CMMPHOB- 
CKaR A y r a ,  KOTOPYIo  I I e p e ~ e H 0 6  OPMeHTaUMM M O X H O  n p e B p i 3 T M T b  
B H ~ C M M ~ H O B C K ~ I ~ ?  

9.6. C I I 0 ~ 0 6 b l  IIOCTpOeHUH HeCMUpHOBCKUX 0 6 ~ 1 a c ~ e f i .  CBOB- 
CTBa  @ Y H K U M ~ ,  ~ O J I O M O P @ H ~ I X  B H ~ C M N P H O B C K O ~ ~  o ~ J I Z ~ C T M ,  CTOJIb 

H ~ O G ~ I ~ H ~ I ,  a r e o M e T p M s e c K M e  y c n o B w R ,  05ecnes~~a Ioqne  npM- 
H ~ A J I ~ X H O C T ~  O ~ J I ~ C T M  KJIaCCy  S, CTOJIb H ~ O ~ ~ ~ M ~ H M T ~ J I ~ H ~ I ,  ZIT0 
C a M O  CJJUl.eCTBOBaHMe HeCMHPHOBCKMX 0 6 J I a c ~ e f i  K a X e T C R  B BbIC- 
me8  C T e n e H M  I I ~ o ~ J I ~ M ~ T M Z I H ~ I M .  B. M. CMMPHOB PaCCKa3bIBaJ I ,  

ZITO, O ~ H ~ P Y X M B  POJIb  YCJIOBMR S B TeOPMM n p k i 6 J I M X e H M f i  M B T e O -  
PMM rPaHMZIHbIX T B O ~ C T B  ~ O J I O M O P @ H ~ I X  @ ~ H I < u M ~ ~ ,  OH B TeZIeHMe 
H e K O T O P O r O  B p e M e H M  H e  COMHeBaJlCR B TOM, ZIT0 BCe  ~ - O ~ A ~ C T M  
CO c I I ~ R M J I R ~ M o ~ ~  rpaHMII ,ef i  3 T O M Y  YCJIOBMIo YAOBJIeTBOPRIOT. 

B H a C T O R u e e  B p e M R  M3BeCTHbI A B a  cnoco6a IIOCTpOeHMR H e -  
C M M P H O B C K M X  06nac~e8.  n e p ~ b r f i  6 b 1 n  npennoxea M. B. Ken- 
A b l W e M  M M. A. ~ a B p e H ~ b e B b 1 ~  B 3 a M e Z I a ~ e n b H O f i  p a 6 0 ~ e  [14] 
(CM.  T a K X e  [26]), a BTOPOW - C n y C T R  T p M A U a T b  J I eT  - aMepMI<aH-  
UaMM & ~ H ) ~ ~ H o M ,  U ~ ~ M P O  M U M J I A C O M  ( [ 7 5 ] ;  CM. T a K X e  1741). 

~ O M ~ O M O ~ @ H O ~  0 ~ 0 6 p a X e H M e  cp OKPYXHOCTM T H a  X O P A a H O B Y  
K P M B y I o  = cp (T) H a 3 0 B e M  AAR KPaTKOCTM I I p e 0 6 p a 3 0 ~ a ~ M e M  
(OKPYXHOCTM T). n p e 0 6 p a 3 0 ~ a H M e  cp H ~ ~ O B ~ M  ~ s r u 6 a ~ w e ~  OK- 
P Y X H O C T M ,  e C n M  KPMBaR r C n p R M J I R e M a  M AJIMHa nm608 A y r M  1 
OKPYXHOCTM T P a B H a  AJIMHe A y r M  cp (I). 6 y ~ e M  TOBOPMTb, ZITO 
n p e o b p a 3 o ~ a ~ ~ e  cp KOH@OPMHO, ecnu cp c o B n a A a e T  H a  o ~ p y x -  
HOCTM T C H ~ K O T O P O ~ ~  @ Y H K I I , M ~ ~  g KJIaCCa V (CM.  B b l W e  n. 9.1.). 
B 3TOM CJIyZIae  g e C T b  T O M ~ O M O P @ C I ~ M  3 a M K H Y T O r O  K p y r a  D U  T 
H a  3 a M b I K a H M e  H ~ K O T O ~ O ~ ~  1 - 0 6 n a c ~ ~  CO ~ n p R M n R e M 0 h  r p a ~ M I I , e f i ,  
a g f ~ H ' ,  n p M s e M  o ~ o 4 p a ~ e ~ ~ e  g KOH@OPMHO B K p y r e  D 
( B  KJIaCCMZIeCKOM CMbICJle  3 T O r 0  c J I o B ~ )  M nOZITM B e 3 A e  H a  T 
( B  TOM C M b I c n e ,  ZITO l im gf (refe) # O  npM nowM B c e x  0 E R ) .  

r+l-0 
H a 3 0 B e M  n C e B A O O K p y X H O C T b I o  o6pa3 OKPYXHOCTM T npM KOH- 

@OPMHOM M ~ T M ~ ~ H M M .  

M. B. K e n n b ~ r u  M M. A. ~ a B p e ~ T b e B  MCXOAMJIM M 3  C J I e A y I o -  

Ul.er0 n p O C T O r 0  3aMeZIaHMR: BCRKaR HeTpMBMaJ lbHaR (T. e. OTJIMZI- 
H a R  OT T) I I C e B A O O K P Y X H O C T b  O r p a H M q M B a e T  HeKOTOPYIo  HeCMMP- 

HOBCKYIo 0 6 J I a ~ ~ b .  B CaMOM A e J I e ,  M 3  Y C J I O B M ~ ~  gf E H1, (gf(efe) 1 =; 

= 1 n p M  n o w M  B c e x  B E R M gf + const c n e A y e T ,  ZITO gf - H e -  
nOCTORHHaR BHYTPeHHRR @YHKII.MR, T a K  ZIT0 g (D U T) S. 

M. B. K e n n b r r u  M M. A. f l a ~ p e ~ ~ b e ~  AOKa3aJ IM,  ZITO C y q e C T -  

BYIoT  I ICeBAOOKPyXHOCTM,  Y M e u a I o u M e C R  B CKOJIb Y r O A H O  MaJIOM 
K p y X K e  rD.  E C ~ M  r < 1, TO T a K a R  n C e B A O O K P Y X H O C T b  HeTPM- 



B U a J b H a .  B 1141 OIIUCaHa RBHaR (XOTR M B e C b M a  C J O X H ~ R )  T e 0 -  

M e T p U q e C K a R  KOHCTPYKUUR H ~ K O T O P O ~  nOCJIeAOBaTeJIbHOCTM P a C -  

ruuparouuxca nono6nac~efi K p y r a  rD. Mx r p a H u u b l -  K Y C O ~ H O  
a H a n m u q e c K u e  K p u e b I e ,  a r p a H u u a  M X  O ~ - ~ ~ A U H ~ H U R  G-  n c e B n o -  

OKPYXHOCTb.  O C H O B H ~ R  TPYAHOCTb COCTONT B A O K a 3 a T e J l b C T B e  

PaBeHCTBa 

I gf (e io)  1 = 1 (25) 

npM IIOqTM BCeX BeWeCTBeHHblX 9, r A e  g - K O H ~ $ O ~ M H O ~  o~o6pa-  
x e H u e  K p y r a  D Ha  O ~ J I ~ C T ~  G. 

B pa60l.e [75] H - b I O p e ~ a ,  UIanupo M UIcrnnca H e T  r e o M e T p u -  
q e c ~ o f i  KOHCTPYKUMU nCeBAOOKpYXHOCTM. K O H ~ $ O P M H O ~  U ~ T M ~ ~ H U ~  
Cp OKPYXHOCTM T MUeTCR B BMAe Cp = g 1 T, r A e  g - nep~oo6pa3- 
HaR (g (0) = 0) B H Y T P ~ H H ~ ~  @ Y H K U U U  J ,  

f + c  
= exp [- \- dp ( t ) ] ,  

T 

T a K  q T O  YCJIOBMe (25) BblnOJ lHeHO aBTOMaTUqeCKU,  a OCHOBHaR 

TPYnHOCTb COCTOMT B n O U C K e  C U H ~ Y J I R P H O ~ ~  M e p b l  p, 0 6 e c n e q u -  
~ a I O U e f i  B3aMMHYIO OAH03HaYHOCTb O T O ~ ~ ~ X ~ H U H  g : D U T -t C. 

B p a 6 o ~ e  [75] n o ~ a s a ~ o ,   TO ecnu C u H r y n R p H a R  M e p a  v 
y n o B n e T B o p R e T  ycnoecrm 3 u r ~ y ~ n a ,  T. e. ecnu 

n m  ~110608 n a p b l  nyr 11, l2 O K ~ ~ X H O C T M  T .  u M e m u u x  O n i i H a K o -  
B b l e  AJIMHbl M eAMHCTBeHHYIO 0 6 ~ 1 . y ~ )  TOYKY, TO n p l c  BCeX AOCTa- 

TOYHO MaJIblX n O J I O X M T e ~ b H b l X  a M e p a  p = aV 06nanae.r HYXHblM 
CBOWCTBOM: 0 ~ 0 6 p a X e H M e  g e C T b  T O M ~ O M O P @ M ~ M  3aMKHYTOTO €!AM- 

HMYHOTO K P Y r a .  ~ ~ O K ~ ~ ~ T ~ ~ O C T B O  3 ~ 0 8  T e O p e M b l  O n M p a e T C R  H a  

K P U T ~ P U W  OnHOJIMCTHOCTM H e x a p M - A ~ b l $ ~ p c a - B e m ,  B b l p a X e H -  

~ b 1 f i  B TepMMHaX I l l B a p U U a H a  (gff/g')'- (1/2)(gff/g')" @ Y H K N M N  g. 
B KOHeqHOM C q e T e  I IOCTpOeHUe nCeBnOOKpyIKHOCTU CBOAMTCR 

B [75] K c n e n y r o u e M y  B o n p o c y  B e u e c T e e H H o r o  a ~ a n u 3 a :  MOIKHO 
JIM COBMeCTMTb CMHrYJIRPHOCTb B ~ P O R T H O C T H O ~ ~  M e P b l  V ( H a  O K P Y X -  
HOCTM T) C YCJIOBMeM rJIaAKOCTM (27)? Ha 3TOT BOnPOC A a H  

y T ~ e p ~ M ~ e J I b H b l f i  OTBeT B p a 6 o ~ a x  189, 85, 801. B pa60l.e [89] 
I I O K ~ ~ ~ H O  naxe,  TO B n p a ~ o f i  q a c T u  H e p a B e H c T s a  (27) MOXHO 

B p a 6 o ~ e  [88] y K a 3 a H  T a K X e  cnoco6 IIOCTpOeHMR HeCMMPHOB- 

CKMX o6nac~efi, r p a H l c U b I  KOTOPbIX OTJIUqHbI OT ECeBAOOKPYXHOC-  
~e f i .  T ~ M  Xe IIepeYMCJIeHbl  HeKOTOpbIe  U H T e p e C H b l e  C B O ~ ~ C T B ~  

n c e ~ n o o ~ p y x ~ o c ~ e W ,  M n n I o c T p u p y I o u u e  cnoxaym npkipony H e -  

CMMPHOBCKMX 06nac~efi. K O H C T P ~ K U M R  K e n n b ~ I l l a  - J ~ B P ~ H T ~ ~ B ~  
IIpMMeHeHa B [79] AJIR YTOqHeHMR p e 3 Y J I b T a T O B  J ~ B P ~ H T ~ ~ B ~  [21], 
0THOCRLU.UXCR K KPUBblM, IIOAqMHeHHblM YCJOBMIO , , X O ~ A ~ - A Y T ~ ~ .  
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r p a e u q a w e r o  c B a K y y M o M ,  6b1~1a n o c T a B n e H a  M. G. L a m b ' 0 ~  B ~ 3 -  

B ~ C T H O ~  pa60l.e "0 P a C n p O C T p a H e H M M  K o J I ~ ~ ~ H M ~ ~  BAOJIb nosepx- 
HOCTM ynpyroro ~ e n a " * * .  ABTOP p a c c M a T p M B a e T  p R n  s a n a q ,  

KaCaIOWMXCR K o J ~ € ! ~ ~ H M ~ ,  Bb l3BaHHblX p a 3 J I M q H O r O  P O n a  CMJIaMM. 

B o n H M x  c n y q a n x  OH p e u I a e T  a a n a q y  no K o H u a ,  o n H a K o  B npyrMx 
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* Sur une rnCthode nouvelle dans le probl6me plan des vibrations Clasti- 

ques. -Tpynbl Cefic~on.  u a - ~ a ,  vol. 20, 1932, p. 1-37. 
** Phil. Trans. Roy. Soc. of London, vol. 203, Sept., 1904, p. 1. 



@ Y H K U M ~ ~ ~  M e H b U I e r O  4 M C n a  He3aBMCMMbIX I I e p e M e H H b I X .  H a f i ~ e ~ -  
H b t e  P e U I e H H R  ~ Y A Y T  YAOBJIeTBOpRTb  H a 4 a J I b H b I M  M r p a H H 4 H b I M  

YCJIOBMRM. 
Haure o6qee P a C C M O T p e H M e  I IO3BOJIReT  M 3 Y 4 M T b  O T p a X e H M e  

(OT ~ ~ J I O C K O C T M )  H e K O T O P b I X  C t I e u M a J I b H b I X  TMIIOB y n p y r H X  BOJIH. 

 TO A a e T  H a M  B O 3 M O X H O C T b  P e U I M T b ,  H a n p M M e p ,  3 a A a q y  0 KO- 

J I ~ ~ ~ H M R X  ynpyroro cnoa. 
2. ~ O C T ~ B M M  nepsym s a n a q y  - s a n a q y  o K O A ~ ~ ~ H H S I X  nony- 

I IpOCTpaHCTBa  IIOA A ~ ~ ~ C T B M ~ M  IIpMJIOXeHHOI 'O K I I O B e p X H O C T H  

BepTMKaAbHOI 'O M M n y J I b C a .  
~ Y C T ~  n O B e P X H O C T b  P a C C M a T p M B a e M O r O  I I O J I y n p O C T p a H C T B a  

C O B I I a A a e T  C K O O P A M H ~ T H O ~ ~  nAOCKOCTbIO XZ M n y C T b  A B U X e H H e  
H e  ~ ~ B H C M T  OT Z.   TO n p e A n o n o x e H u e  CBOAMT H a u r y  s a n a q y  

K I I J I o c K o ~ ~ ,  q T O  AJIR H a C  B e C b M a  B B X H O .  

KOMIIOHeHT C M e u e H M R  U H V C n p a B e A A H B b I  COOTHOUreHMR 

d.9 a+ dy a+ u=-+- v =--- 
ax d y '  d y  ax '  

3 n e c b  q e p e 3  p MbI 0 6 0 3 ~ a q U J I M  nJIOTHOCTb C p e A b I ,  a q e p e 3  A M p- 
yIIpyI 'Me IIOCTORHHbIe J a ~ e .  

~ ~ ~ A I I o J I o X M M ,  q T O  BAOJIb OCH X A ~ ~ ~ C T B Y ~ T  B e p T M K a J I b H a R  

CMJIa ( x ,  t), H O p M a J I b H a R  K nOBePXHOCTM y =O. T o r ~ a  H a  

rpawue 

Ann M3YqeHMR C J I y q a R  MMIIyJ IbCa ,  C O C p e A O T O q e H H O r O  B T O q K e  
X=O B MOMeHT f=O, MbI A O J I X H b I  C A e J I a T b  H p e A e J I b ~ b I h  n e p e X O A .  

n y ~ ~ b  



'9 (x,  y ,  t )  = lim y, ( x ,  y ,  t ) ,  + ( x ,  S, t )  = lim 9, (XI  S* t ) .  
E+O E J O  

M 3  O n p e A e n e H u n  ( P E  , qE cnenye-r,  TO y, ( k x ,  k y ,  k t )  = (PE/~(x ,  y, t ) ;  
$E ( k ~ ,  k y ,  k t )  = 8, jk  ( x ,  Y ,  t ) .  

 TO C B O ~ C T B O  @ Y H K U M ~ ~  (P, M qE B b l T e K a e T  M 3  BMAa Y P a B H e H U R  
(2 ) ,  r P a H M ' f H b l X  ~ c J I o B M ~ ~  (4 )  M (5) M O I I p e A e J I e H M R  P,(x,  t ) .  
nepexonn B ~ T M X  p a B e H c T B a x  K npeneny npM E -+ 0, n o n y q a e M  

P ( k x ,  k y ,  k t )  = P ( x ,  y,  t ) ,  + ( k x ,  k y ,  k t )  = + ( x ,  y ,  t ) ,  T. e. 
@ ~ H K U M M  y  M + - 3 T O  @ Y H K U M M ,  O A H O P O A H b l e  CTeI leHM H y n b  M ,  

C J l e A O B a T e J l b H O ,  3aBMCHLU.Me T O J b K O  OT ABYX I l e p e M e H H b l X  

Y K ~ X ~ M  eI4e cnyqa8,  K O r A a  nOTeHUMaJIb l  Y E  M $, OKa3bIBaK)TCR 
OAHOPOAHbIMM @ Y H K U M R M M .  ~ Y C T ~  P ( x )  - H e q e T H a R ,  H e I l p e p b I B H a R  
IlpM -1 4 x 4  $ 1  @ ~ H K & M R .  n o J l 0 ~ k i M  B YpaBHeHMM (5) I? ( x ,  t)=O 

1 nnn t < o M ( x ,  t )  = ; i - ~  (f) A n n  t > ~ .  B 3 T o M  c n y q a e  

M O M ~ H T  OTHOCMTenbHO OCM X = 0  6 y ~ e ~  P a B e H  

l l p ~  E -+ O M ~ I  n o n y q a e M  c n y q a i i  c o c p e n o T o q e H H o r o  B T o w e  

X=O M O M e H T a  BeJlMqMHbI q, K O T O P ~ I W  BKJlIOYaeTCR B MOMeHT 
B p e M e H M  f  = 0.  

T ~ K M M  0 6 p a 3 0 ~ ,  Mbl BMAMM,  TO ~ J l y q a f i  0,4HOpOfiHbIX n O T e H -  

&MaJlOB M O X e T  B 0 3 H M K a T b  B Pa3JlMYHbIX MeXaHMqeCKMX 3 a A a q a X .  
B n a n b ~ e i i r u e ~  M ~ I  YBMAMM,   TO peuleme T a K c j r o  T M n a  ~ Y A ~ T  
C O A e P X a T b  H e C K O n b K O  I lPOM3BOJlbHbIX IlOCTORHHblX, K O T O P b l e  

M o r y T  6 b 1 ~ b  O n p e n e n e H b I  wcxonn ~3 y c n o ~ ~ i i  3 a n a q ~ .  C n e n y e ~  
OTMeTMTb,  ' I T 0  MbI BCTPeTMMCR cue C OnHMM O ~ C T O R T ~ ~ ~ C T B O M ,  



K o T o p o e  n p M B o n M T  K H e o n p e n e n e H H o c T M  B p e u l e H m .  3 n e c b  M ~ I  

M 3 y q a e M  Y p a B H e H M e  H a  K O H T y p e ,  O K P Y X a l O U e M  0 6 J I a ~ ~ b  C Y U e C T -  
BOBaHMR KaK0fi -J tM60 p e r y J I R p ~ 0 f i  @ Y H K U M M .   TO Y p a B H e H M e  0 3 H a -  
W e T ,  q T O  B e U e C T B e H H a R  q a C T b  H e K O T O P O r O  ~ M H ~ ~ ~ H o I ' o  O n e p a T O p a  
p a B H a  H y n D  H a  3 ~ 0 a  @ Y H K U M M .  M ~ I  ~ b 1 6 M p a e ~  ~ a ~ 6 o n e e  ~ ~ O C T O #  
c n y q a i i ,  n o n a r a R ,   TO y ~ a 3 a ~ ~ b l i i  o n e p a T o p  ~ e 3 n e  p a B e H  H y n m .  
O ~ H ~ K O  MbI M O X e M  I IOnYYMTb M MHbIe  P e u l e H M R ,  O T O X n e C T B J I R R  
3TOT O n e p a T O p  C  p e r y J ' I R p ~ 0 B  @ Y H K U M € ! ~ ~ ,  B e U e C T B e H H a R  q a C T b  
K O T O P O ~  P a B H a  H y J I D  B C D n y  H a  K O H T Y P e ,  3a MCKJIDqeHMeM eHMH-  

C T B ~ H H O ~ ~  TOYKM, r A e  O H a  M M e e T  O C O ~ ~ H H O C T ~ .  M ~ I  H e  6 y n e ~  
P a C C M a T p H B a T b  B C e  M H O X e C T B O  peule~~k? nono6aoro BMHa,  H a H e R C b  
C n e n a T b   TO B n a n b ~ e i i u l e ~  M c c n e n o s a H M M .  

n e p e x 0 H R  K M3YqeHMH) @ Y H K U M ~ ~  cP M 9, OTMeTMM eUe OHHO 
O ~ C T O R T ~ J I ~ C T B O ,  K O T O P O e  BCTPeTMTCR H a M  B A a J l b ~ e f i L L l e ~ .  

M c n o J ' I b 3 y R  TOT @ ~ K T ,  q T O  @ Y H K U U M  cP M 9 OHHOPOAHbI.  C B e A e M  
YPaBHeHMR (2) I( HBYM Y p a B H e H M R M  C ABYMR He3aBMCMMbIMM 
I IepeMeHHbIMM.  K p o ~ e  T O r O ,  ~ b 1 6 M p a R  3TM I I e p e M e H H b l e  COOTBeTCT- 
B y D U M M  o 6 p a 3 0 ~ ,  C B e H e M  3TM Y p a B H e H M R  K Y p a B H e H M D  ~ a I I J I a c a  
MJlM Y p a B H e H M D  K O J ~ ~ ~ H H R  CTPYHbI.  A ~ ~ ~ C T B H T ~ J ~ H O ,  eCAM @ Y H K -  
UMM cP M 9 3aBMCRT TOJ lbKO OT I I e p e M e H H b l X  (6), TO Y P a B H e H M R  
(2) I IPMHMMaDT BMH 

X ~ P ~ K T ~ P M C T M K M  I I e p B O r O  M 3  Y P ~ B H ~ H M ~ ~  (7) O n p e H e J I R I O T C R  

C  nOMOJ.4bD O ~ ~ I K H O B ~ H H O T O  A M @ @ ~ ~ ~ H U M ~ J ~ ~ H O ~ O  Y p a B H e H M R  
(a2E2 - 1) d'$ - 2a2€ydSd7/ $ (a27/' - 1) dS2 = 0, a XapaKTepMCTMKM 
B T O p O r O  M 3  Y ~ ~ B H ~ H M ~  (7) - M 3  a H a J I O r M Y H O r 0  YPaBHeHMR.  

n p e n b ~ n y u e e  y p a B H e H M e  M o x e T  6 b 1 ~ b  n p e n c T a B n e H o  cnenym- 
U M M  0 6 p a 3 0 ~ :  a2 (Ed7 - qdS)2 - (dS2 + d ~ ~ )  = 0. 

~ Y C T ~  d~ - 3 J I e M e H T  HJIMHbI AYrM XaPaKTePMCTMKM. Torna H a -  
W e  Y p a B H e H M e  M O X H O  3 a n M C a T b  B  BMAe 

O T K y n a  C p a 3 y  B b I T e K a e T ,  pqTO XapaKTepMCTMKM K a C a T e J l b H b I  K  OK- 
PYXHOCTM E2 $ 'I2 = l /a2. nep~0e  M 3  Y ~ ~ B H ~ H M ~  (7) 3JIJ lMnTMqHO 

n PM 



A H ~ J I o ~ M ~ H O  B C n y q a e  (82)  Y p a B H e H M e  (7) C I I O M O U b I o  B e -  
U ~ C T B ~ H H O #  3 a M e H b I  I I e p e M e H H b I X  

Bo B T O P O ~  q a c T M  ~ a w e i i  pa6o~b1 M ~ I  y K a x e M  donee o 6 u ~ B  
M ~ P O C T O ~ ~  M e T O A  CBeAeHMSI Y P ~ B H ~ H M ~  (2) K K ~ H O H M ~ ~ C K O ~ ~  
a o p ~ e  (10,) unu (lo2). 

3. Y ~ M T ~ I B ~ R ,  q T O  K MOMeHTY B p e M e H M  t = O  M C C J l e A y e M o e  
H a M U  ynpyroe n O J I y I l p O C T p a H C T B 0  HaXOAUJIOCb  B COCTORHMM n O K O R  
M LIT0 K O J I ~ ~ ~ H M H  H e  M O r Y T  P a C n p O C T p a H R T b C R  CO CKOPOCTbIO, 
n p e ~ I i I ~ a I O 4 e f i  CKOPOCTb  p a C n p O C T p a H e H M R  n p O A O J l b H b I X  BOJIH, 
MbI M O X e M  Y T B e P X A a T b ,  9 T O  UCKOMOe p e u I e H M e  A O J I X H O  o6pa- 
U a T b C R  B H Y n b  B H e  K p y r a  

T ~ K U M  o 6 p a 3 0 ~ ,  H a x o x n e H M e  n o ~ e ~ u ~ a n a  cp n p M B o n u T  K MH-  
T e r P M P O B a H M I O  Y P a B H e H M R  (lo1). 

Ann H a x o X A e H M S I  n o T e H u n a n a  $ BO B c e x  npenbmyuux sop- 
M y J I a X  H ~ O ~ X O A M M Q  3 a M e H M T b  a H a  6 .  X ~ ~ ~ K T ~ ~ U C T U K M  B T O p O r O  
Y p a B H e H M R  (7) ~ Y A Y T  K a C a T e J I b H b I  K O K P Y X H O C T U  



M Y P a B H e H M e  C B e A e T C R  K BMAy (lo2) BO BHerUHOCTM 3~0fi O I ( P Y X -  

HOCTM. Ecnw Xe T O 9 K a  ( E ,  7) ~ Y A ~ T  J l e X a T b  BO BHerUHOCTM H e  

T o n b K o  OKPYXHOCTU ( l l , ) ,  HO M OKPYXHOCTM ( l l , ) ,  TO 3 ~ a ~ e ~ ~ e  
@YHKUMM (I, B 3 ~ 0 0  T O Y K e  T a K X e  A O J I X H O  6 b 1 ~ b  P a B H O  H y n l O .  

Y Y M T ~ I B ~ R ,  S T 0  3 H a Y e H M e  (I, B K B X A O ~ ~  T O Y K e ,  J I e X a 4 e f i  B H e  
O K P Y X H O C T U  (112), P a B H O  C y M M e  A B y X  YJleHOB,  K a X ~ b 1 f i  M3 KO- 

TOPb lX  I IOCTORHeH BAOJIb  O A H O ~ ~  M? X a P a K T e P M C T M K ,  I I P M X O A R 4 M X  

B 3 T Y  TOYKY, Mbl M O X e M  Y T B e p X A a T b ,  YTO (I, M O X e T  6 b 1 ~ b  OTJIM9- 
HbIM OT HYJlR B H e  O K P Y X H O C T M  ( 1 1 2 )  TOJ IbKO H a  O T p e 3 K a X  K a C a -  

T e J l b H b l X  M e X A Y  T O Y K O ~  KaCaHMR U OCblO q = 0  U T O n b K O  T a K M X  

K a C a T e J l b H b I X ,  K O T O P b I e  I I e p e C e K a l O T C R  C OCblO 7 = 0 H a  P a C C T O R -  
HMU, M e H b U I e M  l/a OT H a Y a J l a  K O O p A U H a T .  

T ~ K U M  0 6 p a 3 0 ~ ,  B I InOCKoCTM E'q @ ~ O H T  n 0 n e p e Y ~ 0 a  BOJIHbl 
0 6 p a 3 0 ~ a ~  nyrofi AB OKPYX-  

HOCTM ( 1 1 2 )  U O T p e 3 K a M M  K a -  
7 - 

CaTeJ IbHbIX  AA1 M BB1, TBKMX, 81 D 0 C A,, 
YTO ~ , = ~ B , = l / a  ( p ~ c .  1). 

?. 

5 
B cnysae n p o ~ o n b ~ o f i  B o n -  
H ~ I ,  T. e. B cnysae n o T e H u M -  
a J I a  (g, QPOHT I I P e A C T a B J I R e T  

co6oR n p o c T o  nonyorcpyx- 
HOCTb ( 1 1 1 ) .  BUA @ ~ O H T ~  no- 
nepes~ofi  B O ~ H ~ I  (PMC. 1)  
MOXHO new0 n o n y q u ~ b ,  MC- 9 
n o n b s y ~  n p H ~ u ~ n  O e p ~ a .  Pnc. 1 .  
C J I ~ A ~ ~ T  OTMeTMTb,  9 T O  KO- 
n e 6 a ~ ~ ~ ,  p a c n p o c T p a H R m -  

4 M e C R  BAOJ lb  I IOBePXHOCTM, MMelOT CKOPOCTb  1 /a, n p M Y e M  K a X A a F l  
TOY K a  I IOBepXHOCTU n p e A C T a B J l R e T  co608 MCTOYHMK K a K  npo- 
A O n b H b I X ,  T a K  M n O n e p e Y H b l X  K O ~ ~ ~ ~ H M B ,  B TO B p e M R  K a K  B O  

BHYTpeHHOCTU O ~ J I ~ C T U  ~ O n e p e Y H b I e  K O A ~ ~ ~ H M R  p a C I l p O C T p a H R l O T C R  

co CKOP OCT~K)  lib. 
Y ~ ~ B H ~ H M ~  o T p e 3 K a  BOJlHOBOrO (PPOHTB AA1 U M e e T  BMA 



B,A, n e p e x o n M T  B nonyocw (-a, -a) M ( f a ,  +m) OCM T =  0, 
a I I O J l Y O K P Y X H O C T b  Bld l  - B O T P e 3 0 K  (-a,  f a )  3 ~ 0 f i  OCM (PNC. 2). 
B n o n y n n o c K o c T M  2 > 0 n o T e H u u a n  n p e n c T a B m e T  c06oti r a p M o -  
H M Y e C K y I o  @YHKUMIO M M O X e T  6 b 1 ~ b  I I p e n C T a B J I e H  B B M n e  B e U e C T -  
B ~ H H O ~  YaCTM ~ H ~ ~ M T M Y ~ C K O ~ ~  @ Y H K ~ M H  @ ( 0 , )  = (9 + iy*: 

Pkic. 2. 

B n O n Y K P Y r e  E 2  f  l2 < 1/b2 (l > o), MbI M O X e M  I IPeACTaBMTb 
n o T e H u M a n  di, B B u n e  ~ e m e c ~ ~ e ~ ~ o f i  s a c T n  @YHKUMM Y ( O Z )  = 

= di, f iq*, a ~ a n ~ ~ n s e c K o 9  B n o n y n n o c K o c T M  s > 0: 
+ = R [ Y  ( 8 2 1 1 .  

@ 0 p ~ y J I b 1  

~ O K ~ ~ ~ I B ~ I O T ,  YTO H a  0 ~ p e 3 ~ e  A M a M e T p a  CD (CM. PMC. 1) 0 ,  o K a -  
3 b I B a e T C R  P a B H b I M  8,.  TOT  KT O K a X e T C R  C y U e C T B e H H b I M  
B nanb~ef l rue~ .  

J ~ ~ K o  I I O K a 3 a T b ,  YTO H a  IIJIOCKOCTM e2  T O Y K a M  D M C COOT- 
B e T C T B Y W T  TOYKM + b  M -b OCM T=O, a T O Y K a M  B  H d - TOYKM 
a M -a y K a 3 a ~ ~ o f i  OCM. 

B ~ I R C H M M ,  K ~ K O ~  B M n  I IPMHMMaIoT  B HOBbIX I I e p e M e H H b I X  K p a e -  
B b I e  YCnOBMR. K ~ K O B O  6b1 HM 6 b 1 n 0  t  > 0, H a  I IOBePXHOCTM IIOJIy-  
I I p O C T p a H C T B a  H a I I p R X e H M e  OTCYTCTBYeT,  T a K  YTO AJIR (9 M q 
n O J I X H b 1  BbI I IOnHRTbCR YCAOBMR (4) M (5), B KOTOpbIX  P ( x ,  t )  =O. 
T ~ K M M  0 6 p a 3 o h 1 ,  



3 ~ e ~ b ,  K a K  M B b l U I e ,  CUMBOJl R 0 3 H a q a e T  B e u e C T B e H H Y I O  q a C T b  
KOMIIJIeKCHOrO qMCJIa .  n e p e ~ e ~ ~ b l e  8, U 8, Mbl  O ~ O ~ H ~ ~ U J I M  O A H O ~  

6 y ~ ~ 0 f i  8 6e3 y K a 3 a H M R  M H n e K C a ,  T a K  K a K  H a  OCM 7 = 0 nepe- 
M e H H b l e  8, U 8, C O B n a H a I O T .  

P ~ B ~ H C T B ~  (15) A O J l X H b I  Bb lnOJ IHRTbCR H a  ~ O f i  q a C T M  B e w e -  

C T B ~ H H O ~ ~  OCM T = 0, K O T O P a R  COOTBeTCTBYeT H M a M e T p a M  I I O J I y -  

O K P Y X H O C T ~ ~ ~ .  
B C I I O M M H ~ R  TO, q T O  ~ M J I O  C K a 3 a H O  OTHOCUTeJ lbHO COOTBeTCTBMR 

M e x n y  el, 82, 5 M 7 ,  n o n y q a e M ,   TO Y C J ~ O B U R  (15) H O J I X H ~ I  YAOB- 
J l eTBOP RTbCR H a  IIOJIYOCRX a \< - b U >/ b. ~ ~ M ~ T U M  T a K w e ,  q T O  

O T P e 3 0 K  - a \<a ,< + a I I e p e M e H H b I X  8, U 8, C O O T B e T C T B y e T  ny- 
r a M  I I o J I ~ o K ~ ~ X H O C T ~ ~  BOJIHOBbIX (PPOHTOB n P O A O J l b H b l X  M none- 
p e q H b l x  K O J I ~ ~ ~ H U ~ ~  M, c n e n o s a T e n b H o ,  (PYHKUMR 9 u $, T. e. B e -  
u e C T B e H H b 1 e  q a C T U  @ U rn' A O J I X H M  0 6 p t l L L L a ~ b c R  B H y J l b  H a  3TOM OT- 
p e 3 K e .  Y q u ~ b l B a R ,  q T O  n p U  - a,< 8 \<a B C e  K O ~ ( P ( P U U M ~ H T ~ I  B 

J l eBb lX  q a C T R X  y p a ~ H e H U f i  (15) B e U e C T B e H H b l ,  MM M O X e M  Y T B e P -  

X A a T b ,  q T O  YCJlOBMR (15) A O J l X H b l  BblI IOJlHRTbCR T a K X e  M H a  OT-  

p e s ~ e  - a ,< 8 ,<a. 
~ O K ~ X ~ M  T e n e p b ,  q T O  YCJlOBUR (15) BbInOJlHRlOTCR T a K X e  

M n p U  - b \< 8 \< - a U a \< 8 ,< b. AJIR 3 T O r 0  PaCCMOTPUM r U -  

n ep60~1~qec~oe  Y p a B H e H U e ,  KOTOPOMY Y A O B J l e T B O P R e T  (PYHKUMR '# 
B ~ p u ~ o n u ~ e f i ~ b l x  T p e y r o n b H u K a x  AAIC M BBID (CM. puc. 1). 



n O J I y s H M  AJIR rl) Y p a B H e H U e  CTPYHbI 

M c n o J I b 3 y R  TO O ~ C T O R T ~ J I ~ C T B O ,  9 T O  rl) 06paqae~ca  B H y J I b  
B H e  K p y r a  ( I l l ) ,  MbI M O X e M  Y T B e P X A a T b ,  K a K  YXe y K a 3 b I B a J I O C b  
B b I W e ,  q T O  B I I p e A b I A y U e M  B b I P a X e H M M  AJIR r/, OTJIMqeH O T  HYJIFI 
JIMLLlb OAMH s J I e H ,  K O T O P ~ I ~ ~  H e  P a B e H  HyJI lO H a  XapaKTepMCTMKaX,  
n p e A C T a B J I R I O U M X  co60fi O T p e 3 K U  KaCaTeJ IbHbIX K I IOJ IYOKPYX-  
HOCTM DC, 3aKJI lOr IeHHbIe  M e X A Y  T O g K a M N  AYrM BD M OCbIO 7 =0. 

Y ~ a 3 a H H b 1 e  O T P e 3 K U  KaCaTeJ IbHbIX M O r Y T  6 b 1 ~ b  0 6 0 3 ~ a q e H b 1  
C I I O M O q b l O  B e U e C T B e H H O I ' O  I I a p a M e T p a  8,: 

Ha o ~ p e 3 ~ e  BID ocn 7 = 0 s ~ a s e ~ n e  9, cosnanae-r c 8,. 
B 0 3 ~ p a ~ a R c b  K YCJIOBMRM (14), MbI M O X e M  B b I P a 3 H T b  n p O A 3 -  

B o n H b I e  no 5 M q sepes npou3~on~b1e  no 8, M 8,. ~ T M  n e p e M e s -  

H b I e  M O X H O  0 6 0 3 H a 4 R ~ b  O A H O ~ ~  M TOR Xe ~ Y K B O R  8, I I p M g e M  

a , < e , < b .  
Y P ~ B H ~ H M R  (14) n p k i 0 6 p e ~ a l O ~  BMA 

(a 4 9 4 b), 



O T K y A a  C J I e A y e T ,  9 T O  YCJIOBMR (15) A O J I X H b I  BbIIIOJIHRTbCR T a K X e  
M npti a ,< 8 ,< b. 

P ~ C C M ~ T ~ M B ~ R  T P e Y r O J I b H M K  AAIC, M O X H O  n O K a 3 a T b ,  MCIIOJIb- 

3 y R  a H a J I O r M q H b I e  BbIKJ IanKM,  YTO YCJIOBMR (15)  A O J I X H b I  ~ ' b 1 l l O J I -  
HRTbCR T a K X e  M B M H T e p B a J I e  - b ,< 8 ,< - a. M T ~ K ,  yCJ IOBHR (15) 
CI IpaBenJ IMBbI  H a  ~ c e a  B ~ ~ ~ C T B ~ H H O ~  OCM K O M I I J I ~ K C H O ~ ~  nepe- 
M ~ H H O ~  8.  

O T C I O A ~  B b I T e K a e T ,  q T O  a H a J I M T M q e C K a R  @YHKUMR,  C T O R u a S f  B JIe- 

B O ~  qaCTM Y P a B H e H M R  (15),  I I p e A C T a B J I R e T  co60fi MHMMYIO nOCTO-  

RHHYIO.   TOT B ~ I B O H  c n p a s e q m B ,  ecnu n p e n n o J r o x M T b ,   TO n p M  
T -+ 0 @YHKUMR, C T O R W a R  B J I ~ B o ~  YaCTM Y C J I O B M ~  (15) ,  P a B H O -  

M e p H 0  CTPeMMTCR K C B O e M Y  I I p e n e J I b H O M y  3 H a q e H M I O .  T ~ K M M  06- 
p a 3 O M ,  M M e e M  

$48Yt  ( 8 )  = ai, 

b2 - 2 8 2  - 2 - Y' ( 8 )  = pi, 
l / b 2 - 8 3  

- 29 va2 - O2 a' ( 8 )  $ (202 - 62) Y' ( 8 )  = ai8 $ Ci, 
(18) 

(b2 - 202) a' ( 8 )  - 28 I/- Y' ( 9 )  = pi8 $ C,, 

rAe Cl U C2 - KOMIIJ I eKCHbIe  I IOCTORHHHe .  P~CCMOTPUM B e W e C T -  
BeHHLde  8 ,  -a,< 8 ,<a. K ~ K  MbI YXe y K a 3 H B a J I M ,  T a K U e  8 COOT- 

BeTCTBYIOT @POHTY I I P o A o J I ~ H o ~ ~  EOJIHH M q a C T M  @ ~ O H T ~  none- 
~ ~ Y H O B  BOJIHbI, M, C J I e A O B a T e J I b H O ,  n p M  - a ,< 0 ,< a B e U e C T B e H -  
H b I e  qaCTM @ ' ( 9 )  M y'(8) A O J I X H H  0 6 p a ~ a ~ b c R  B HYJIb .  O T C I O A ~  

B b I T e K a e T ,  q T O  Cl U C2 qMCTO MHMMbIe. 

AJIR T O W  q ~ 0 6 b 1  H ~ ~ T M  B X O n R U M e  B B b I p a X e H M e  AJIR a' 
M y' I IOCTORHHbIe ,  B b I P a 3 M M  qepe3 @ M y K O M n O H e H T b I  C M ~ U ~ H M ~  
U M V, MCIIOJIb3YR @OPMYJIY ( 1 ) .  M M W M  



rAe, K a K  YXe y K a 3 b I B a J l O C b  BbI I I l e ,  K B a A p a T H b I e  KOPHM ~ b l 6 k i p a -  
IOTCR TaKMM 0 6 p a 3 0 ~ ,  Y T O ~ ~ I  npM 8, > a M 8, > b OHM 6 b 1 J I ~  
qMCTO MHMMbIMM C O T P M U ~ T ~ J I ~ H O W  M H R M O ~  YaCTbIO. n e p e ~ e ~ ~ b ~ e  

0, M 0, MMeIOT B KOOpJlMHaTaX X ,  y ,  t ~ J I e f i y I O ~ M f l  BMa: 

P~CCMOTPMM T e n e p b  3 H a Y e H H R  U M V H a  OCM X =o. B C J I y Y a e  

M M n y J I b C a ,  C O C p e f i O T O q e H H O r O  B T 0 9 K e  X = 0 M A ~ ~ ~ c T B Y I O L U ~ ~ O  
B H a n p a B n e H n M  ocn X ,  C M e w e H M e  u H a  3~0ti  OCM aonxao p a w  
HRTbCR HYJIIO. Y Y M T ~ I B ~ R ,  YTO H a   TOW OCM 81, e2, dO1/dt M de2/dt 
q M C T o  MHMMbIe H, CJIef iOBaTeJIbHO,  dei/dx BeI l l eCTBeHHO,  a dO1/dy - 
gMCTO MHMMO, MbI M O X e M  IIOJIYYMTb M 3  I I e p B O r O  YpaBHeHMR (20), 
g T O  C1 = = 0. 0 6 0 3 ~ a q a R  C p  qepe3 Ci, rfie C - BellI.eCTBeHHaR 

IIOCTORHHaR, 3 a I I M U l e M  @' M y' B BMAe 

@ O P M Y J I ~ I  (23) C O A e P X a T  A B e  B e U e C T B e H H b I e  IIOCTORHHbIe: 
a M C. P~CCMOTPNM C M e I 4 e H M R  U M V B TOr IKaX OCM Y = O ,  I I p e A -  

I I O J I a r a H ,  rITO B P e M R  t CTpeMMTCR K ~ ~ C K O H ~ ~ H O C T M .  ~ P M  3TOM ne- 



P e M e H H b I e  8, M e2, P a B H b I e  t/X, T a K K e  C T P e M R T C R  K ~ ~ C K O H ' ? ~ -  
HOCTM, M B b I p a K e H M e  

J I e r K O  I IpeACTaBMTb U M V B BMAe  P R A a  I I 0  C T e n e H R M  l / t .  Ecnu 
a # O ,  r J I a ~ ~ b 1 f i  Y n ? H  B 3TMX p a 3 J I O K e H U R X  O K a 3 b I B a e T C R  KOHCTaH-  

 TO^, T a K  YTO I I p U  t + CO MbI I I O J I y g a e M  OTJIMYHOe OT H Y n R  C M e -  

rueme. I l p u  a =  0  TOT g n e H  T a K x e  p a B e H  H y n t o .  H O ~ T O M Y  a 
T a K K e  C J I e A y e T  I IOJ IOXUTb  P a B H b I M  H y J I t o .  Torna @ 0 p ~ y J I b 1  (23) 
nPMHMMalOT B U H  

~ O T ~ H J ! , U ~ J I  6 y n e ~  O n p e A e J I R T b C R  B ~ U I , ~ C T B ~ H H O ~ ~  Y a C T b W  
a ~ a n ~ ~ u q e c ~ o f i  @ Y H K U U U  Y (8) H e  T O J I ~ K O  B n o n y K p y r e  E2 + q2 \< 
,< l/b', HO M B A B y X  T p e y r O J I b H U K a X ,  e C n M  BMeCTO e2 n O A C T a B U T b  

B B e A e H H y l O  BbI I l I e  I I e P e M e H H y l O  83,. 
4. ~ H ~ Y € ! H U ~  I I O C T O R H H O ~ ~  C B @ O P M Y ~ ~ X  (26) 3 a B U C U T  O T  3 H a -  

YeHMR Q C C C P e A O T O Y e H H O r O  M M n y J I b C a .  ~ ~ ~ A I I o J I o K M M ,  YTO 3 T a  
n o c T o R H H a R  O n p e A e n e H a  n p M  Q = 1. n p e n n o n o x ~ ~ ,  nanee, YTO 

B T o w e  x = 0 ocu y = 0 n p u n o x e H a  c M n a  Q (t), me Q (t)  - 
H e n p e p b l B H a R  @YHKJJ,UR t. ~ Y C T ~  (PO(%, y, t )  M qO(x, y, t)  - 
3 J I e M e H T a p H b I e  nOTeHU.MaJIb1 B T O Y K e  (x, y) B M O M e H T  B p e M e H M  t. 
M ~ I  M O X e M  IIOCTPOMTb 3 T U  nOTeHUMaJIb1  c y I I e p n 0 3 ~ U ~ e f i  I IOTeH-  

UMaJIOB, nOJIysa lOUl .UXCR n O n  B O ~ ~ ~ ~ ~ C T B M ~ M  3 J I e M e H T a p H b I X  MM- 
l l y J IbCOB BeJIUYUHbI Q (t -H)dH, H ~ ~ ~ C T B Y I O ~ M X  B M O M e H T  B p e -  
M e H u  t = H, me n e p e M e H H a R  H M e H R e T c R  OT H0 no ca. Yepes 
H, MbI 0 6 0 3 ~ a ~ u n u  M H T e p B a J l  B p e M e H U ,  H ~ O ~ X O H M M ~ I ~ ~  HJIR T O r O ,  

Y ~ 0 6 b 1  C U r H a J I  HOLUeJl ~ 0 -  TOYKU- (x, y). ~ J I R  ~ ~ o A O J I ~ H O ~ ~  B O n H b I  

H, p a B H 0  a1/-. n o n e p e Y ~ 0 f i  BOJIHbI B b l p a X e H U e  A J R  
Ho 3aBUCUT OT I I O J I O K e H U R  TOYKU (x, y). E c n ~  TOLIKa (x, y )  P a C -  

nonoxesa BHYTPM yrna AOB (CM. puc. I ) ,  rne @POHT nonepeq- 
HOR BOJIHbI U M e e T  BUH A Y ~ M  O K P Y K H O C T U .  Hn = b 1/X2 + y2. Ecnu 

(12) ( M ~ I  c'efi~ac n o n a r a e ~ ~ x  > 0). ~ c n o J I b 3 ~ ;  ypae- 
HeHMR ( I )  M (26), HJIR K O M n O H e H T  CMeUI , eHNR M O X H O  I I O J I y g M T b  



C H M B O ~  J 0 6 0 3 ~ a q a e ~  MHUMYIo 4aCTb CneA)'K)LUerO 3a H H M  
BblpaXeHkiR. B ~ I ~ ~ X ~ H M R  (27) 0TBeqaK)T CJly'iaIo, KOrAa T04Ka 
(x.Y) HaXOAMTCR bHYTPH yrna AOB, T. e. K O r A a  b2x2,<a2(x2+y2). 
B cnysae, Korna b2x2 >/ a2(x2 + y 2 ) ,  

Hx 
+ i  

y V H ~  - b2 (x2+y2) 
O2=- x+ +2 npu H2 >/ b2 (x2  + y 2 ) ,  

Hx y Vb2 (x+ y2) - Hz FJ --- 
a - ~2 + yz ~2 + y2 

npu H2 b2 (x2  + y2) .  



n p M Y e M  K O P e H b  IIOHMMaeTCR B ~ P M $ M ~ T M ' I ~ C K O M  CMbICJIe. 

OI IpeAeJ IeHMR nPOM3BOAHbIX 8 I I 0  X M y M O X H O  BOCIIOJ Ib30BaTbCR 
( P o ~ M Y J I ~ M M  (21). O Y ~ B M A H O ,  C J I e A y e T  I I p e A n O J I O X M T b ,  YTO POCT 
( P Y H K ~ M M  Q ( t )  IIpM t - t -  00 TaKOB,  YTO M H T e r p a J I b I  (28) CXO- 

ARTCR. 

a 0 p ~ y J I b l  (27) M (28) C O B I I a n a f O T  C ( P o ~ M ~ J I ~ M N ,  I IOJ IyYeHHbI -  
MM B p a 6 0 ~ e  C. J. C o 6 o n e ~ a  ,,O IIpMMeHeHMM M e T O A a  IIJIOCKMX 
B o n H  K n p o 6 n e ~ e  M. & 1 ~ 6 a " ,  o n H a K o  n p e n c r a ~ n e ~ ~ ~ f i  s n e c b  
MeTOA n p O U e  M n 0 3 B O J I R e T  T a K X e  PeLUMTb M H O X e C T B O  A P Y r M X  
s a n a q ,  H e  n p ~ 6 e r a ~  K M C I I O J I ~ ~ O B ~ H M I O  M H T e r p a n a  O y p b e .  M3~e-  
CTHO, YTO MCnOJIb30BaHMe M H T e r p a J I O B  O y p b e  ( I IpM PeLUeHMM 3 a ~ a Y )  

YaCTO C O I I p R X e H O  CO 3HaqMTeJIbHbIMM TPYAHOCTRMN. 
A H ~ J I M ~  ( P o ~ M ~ J I  (26) - (28) I I p o A e n a H  B y ~ a 3 a ~ ~ o f i  p a 6 0 ~ e  

C. CoGoneaa, OAHaKO MbI IIOBTOPMM 3 A e C b  H e K O T O p b I e  C Y U e C T -  
B e H H b I e  MOMeHTbI 3TOFO aHaJ IM3a .  

n p e ~ ~ e  B C e r O  OTMeTMM, q T O  B C J I y Y a e  C O C p e A O T O Y e H H O r O  MM- 
I Iy J IbCa  KOMIIOHeHTbl C M e U e H M R  U M V O ~ ~ ~ U ~ ~ D T C R  B ~ ~ C K O H ~ Y -  
H O C T ~  H a  OKPYXHOCTRX ( I l l )  M (112).  TO n p m o  cnenye-r ~3 
~ 6 1 p a X e ~ k i t i  ~ P O M ~ B O A H ~ I X  d e l d ~  u deldy. 

E A M H C T B ~ H H O ~  MCKJIIOYeHMe I I p e A C T a B J I R D T  TOYKM OCM r j  = 0, 
B KOTOPblX C M e U e H M e  O K a 3 b l B a e T C R  P a B H b l M  HyJIfO. TO Xe M M e e T  

MeCTO M H a  Y Y a C T K a x  AC M BD O K P y X H O C T M  (112), K O T O P b l e  H e  

BXOART B B O J I H O B O ~ ~  (PPOHT, M MOMeHTbI  B p e M e H N ,  COOTBeTCTByIO- 
4 n e  ~ T M M  y q a c T K a M  O K P ~ X H O C T M ,  o n p e A e n R r o T  H a q a n o  HOBOR 
(pa361 K o f l e 6 a H k i f l .  Ha I I ~ R M o J I M H ~ ~ ~ H ~ I x  Y q a C T K a X  BOJIHOBOrO ( P ~ o H -  
T a  I I o I I e p e Y ~ o t i  BOJIHbl 4 aE f 1/ b2 - a2 7 = 1 I IpOM3BOAHble  du/dt 
M d ~ / d t  0 6 p a u a r o ~ c ~  B m.  TO C J I e A y e T  M 3  B b I p a X e H M R  A n R  

y'(B), K O T O p O e  C O A e p X M T  M H O X M T e J I b  l / a2-  8" I IpMYeM H a  
I I ~ R M O ~ M H ~ ~ ~ H ~ I X  YYaCTKaX ( P ~ o H T ~  8' = a'. 

A H ~ J M T M Y ~ C K M ~  (PYHKUMM @ (8)  M !lr ( B ) ,  o n p e n e n e H H b l e  Qop- 
MyJIaMM (26), MMeIOT H a  B ~ ~ ~ C T B € ! H H O ~ ~  OCH f l e a  IIOJIIOCa 8 = f C, 
R B A R l o U N e C R  KOPHRMM Y p a B H e H M R  

n e r K 0  BMAeTb,  YTO 0 = C  I I p e A C T a B J I R e T  co608 YMCJIO, 0 6 p a ~ -  
H o e  CKOPOCTM p a C I I p 0 C T p a H e H M R  I IOBepXHOCTHbIX BOJIH, PaCCMOT- 
P e H H b l X  B I I e p B b I e  Ray le igh ' e~ .  Y Y M T ~ I B ~ R ,  YTO H a  B ~ L Q ~ C T B ~ H H O ~  
OCM 8 = t / X ,  M O X H O  Y T B e P X A a T b ,  YTO y K a 3 a H H b I e  nOJIIOCb1 O I I p e -  
nenm-r ~ ~ C K O H ~ Y H O ~  c M e u e H H e ,  p a c n p o c - r p a H m o q e e c R  B n o m  no- 
B e p x H o c T M  pasnena A B ~ X  cpen co C K O P O C T ~ H )  1Ic. 3a N c K n m q e -  

HUeM 3THX IIOJIIOCOB $YHKU.MU @ (8)  N (6)  H e  NMeIOT CUHI'Y- 
ARPHblX T 0 9 e K  B lTOAYlTJIOCKOCTM (8)  > 0. & ~ ~ c T B M T ~ J I ~ H o ,  M O X H O  
lTOKa3aTb,  YTO Y p a B H e H U e  (29) H e  M M e e T  ~ 0 p ~ e f i  B 3 ~ 0 a  n O J I y -  

IIAOCKOCTH, eCJIM n O J I O X U T b  BeTBU l /a2 - B2 M I/ ba - O a  TaKMMM, 

9 ~ 0 6 ~  n p N  8 > b OHM O K a 3 a J I U C b  YUCTO MHMMbIMM C O T P U 4 a T e J I b -  

H O ~  MHUMOR YaCTbH3. 



~ O K ~ ~ ~ T ~ ~ ~ C T B O  3TOr0 YTBePXAeHUR MOXHO H ~ G T M ,  HanpUMep, 
B cTaTbe a. Kynpanae u C. A. Co6one~a .K sanar~e pacnpocTpa- 
H e H r i R  J'npyrkiX BOnH BnOJlb rpaHHllbI pa3Aena J l B y X  CpeA C pas- 
JlHqHbIMH YnPyrHMM ~ O C T O R H H ~ I M H ~ .  T p y n b ~  MH-Ta C ~ ~ ~ C M O J I O ~ N N  
AH CCCP, JV9 10, 1930. 

5. Tenepb nerKo nonysu-rb BblpaxeHue c ~ e r n e ~ a i i  T a K x e  
N AnR CJlyqaR, KOrHa CMJla PaCnpeAeJIeHa HenpepblBHbIM o 6 p a 3 0 ~  

BAOJb OCN y 0. ~ Y C T ~  f ( ~ )  - nnOTHOCTb paCnpeAeJleHUR. B 
CnyYae M r H O B e H H O r O  HMnynbCa B MOMeHT BPeMeHM t = O  

(28? - 62) dBL 
u (x, y, t )  = CJ -f (E)di 4- S F ( 0 1 )  d x  

I ( x - E ) t  
+ i  

y  1/ ta - b2 ( X  - E), - b2ya npu b2(x - S)2 + 
( x - € ) Z  - t - ya  ( X  - + yz 

8, = 
+ b2y2 < t2, 

O T M ~ T H M ,  qTO MHMMble ZIaCTU B C e X  @ Y H K U M ~ ~ ,  BXOARWHX 
B nOAblHTeI'paJlbHble BblPaXeHMR B @ O P M Y J I ~ X  (30), 06parrlaloTcR 

B HYnb BO BHeIlIHOCTU BOnHOBblX QPOHTOB C O O T B e T C T B Y I O ~ U X  BOIIH. 

Ecnn cuna H e  TonbKo pacnpeAeneHa enonb ocn y=O,  H O  n pas- 
~ a s a ~ a  BO BpeMeHu, TO, Y M H O X U B  sneMeHTapHble noTeHuuanbr H a  
s ~ a q e ~ u e  cunbI Q(E,t - H), cnenyeT npouHTerpupoBaTa no H, 
K a K   TO 6b1~10 cnenaHo npu nonyseauu Q o p ~ y n  (27), (28), u no 
E, K a K  npu nonyqeHuu Q o p ~ y n  (30). HHXHUW npeAen npu u H T e -  

rpupoBaHMn no H B nepBoM uHTerpaJe 6 y n e ~  al/(x - E ) '  + y2, 
a BO BTOPOM bl/(x - E ) 2  f y 9 p u  b2(x - E ) 2  4 a2[(x - €)2 + y2] 
u a(x- 5) + VnY npa  b2(x  - 5)2 >/ a2[(x - 5)' + y2]. 



6. Bce n p e n b l n y q a e  p a c c y x n e H m  B n n o T b  no @ o p ~ y n  (19) 
OCTaIOTCR CIIpaBeAJlMBblMU T a K X e  M AJIR C J l y q a R  COCpeAOTOqeH- 

HOG C M J ~ I ,  ~ e f i c ~ ~ y r n u e a  B A o n b  OCM y = 0. B  TOM c n y q a e  H e -  
O ~ X O A U M O  TOJIbKO HeCKOJIbKO IIO-MHOMY OIIPeAeJlMTb IIOCTORHHbIe, 
BXOARUM2 B @ 0 p ~ y J I b l  (19). J ~ ~ K o  BMAeTb, ' I T 0  B 3TOM C J l y l r a e  

KOMnOHeHTa C M e u e H U R  V AOJIXHa 0 6 p a ~ a ~ b c R  B H y n b  BAOJlb 

OCM y=O.  f l e f i c ~ ~ M ~ e J I b ~ 0 ,  eCnM IIOMeHRTb H a I I p a B n e H M e  CMJIbl, 

n e f i c ~ ~ y I O U I . e 8  BAOJIb OCM y = 0, TO B CMJIY CMMMeTPMM KOMnO- 

HeHTa CMeqeHMR V H a  OCM X = O  H e  U3MeHMTCR, B TO BpeMR KaK 
3HaK U CMeHUTCR H a  ~ ~ o T M B o ~ o J o X H ~ ~ ~ ~ .  B TO Xe BpeMR BeKTOp 

CMeUl.eHMR M O X e T  p a 3 B e  J M W b  M3MeHUTb CBOe HanpaBJIeHMe,  OT- 

K y A a  C J e A y e T ,  qTO V r O .  P a c c y X A a R  TaK Xe, KaK U BblLLIe, 

MOXHO n0JI)"iMTb BMeCTO @OPMYJ (26) @ 0 p ~ y J l b 1  

K YPaRHeHUlO C ABYMR He3aRUCUMHMU IIepeMeHHHMU a M T TaKUM 

0 6 p a 3 0 ~ ,   TO B ~ T M X  H O B H X  n e p e M e H H H x  y p a B H e H u e  nepexonm 
B y p a t H e H u e  J a n n a c a .  B c n y q a e  c" b' M ~ I  n o n y q n n u  T a K x e  

P e W e H H e  YpaBHeHUR (2) B BMAe ~ P O M ~ B O J I ~ H O ~ ~  @YHKU,UM, 3aBM- 

c ~ q e f i  OT O A H O ~  n e p e ~ e ~ ~ o f i ,  0 6 0 3 ~ a q e ~ ~ o f i  B b m e  q e p e s  (a - s). 
B IlepBOM C J I y q a e  3aBUCUMOCTb K O M ~ J ~ K C H O ~ ~  I I ~ ~ ~ M ~ H H o ~ ?  0 = 

= a + is OT UCXOAHblX I lepeMeHHblX ( x ,  y ,  t )  M O X e T  6 H ~ b  B H p a -  

x e H a  @ o p ~ y n o 8  

Ecnu paCCMOTpeTb n p C C T p a H C T t 0  T p e X  I IepeMeHHblX ( S )  C KO- 

OPAUHaTaMM ( x ,  y ,  t ) ,  TO U3 I I P e A H A y U U X  B ~ ~ ~ M C J I ~ H U ~  C n e A y e T ,  

qTO Y p a B H e H U e  (32) UMeeT K O M ~ J I ~ K C H ~ I ~ ~  KOPeHb EHYTPM KOHyCa 

Ecnu MbI XOTUM ~ b l 6 p a ~ b  KOPeHb 6 YPaBHeHUR (32) TaKMM 
0 6 p a 3 0 ~ ,  q ~ 0 6 b 1  OH UMejl IIOJIOXUTeJlbHYIO MHMMyIO qaCTb,  TO HaM 

HaAO B KaqeCTBe BeTBU I/L' - 0' ~ b l 6 p a ~ b  TY, KOTOPaR IIpUHUMaeT 

O T p U u a T e J b H b l e  MHUMbIe 3HaqeHUR IIpU 8 > C, T. e ,  KOTOPaR nono- 
XUTeJIbHa n p U  - C < 8 < C. 



B H ~  K O H y C a  ( 3 3 ) ,  T .  e. n p M  c2 (x' + yY) -t2 > 0 ,  Y p a B H e H M 2  
(32) M M e e T  A B a  B e ~ e C T B e H H b I X  K O P H R ,  M  I l p O M 3 B O J I b H a R  @YHKU.MR 
n106oro M3 3TMX A B Y X  K O P H ~ ~  Y A O B J I e T B O p R e T  Y p a B H e H M I o  (2). 

Y ~ a n i e ~  T e n e p b  OAMH 6onee 0 6 1 4 ~ 8  K n a c c  p m e ~ ~ 8  ypame-  
HMR (2), B O ~ H M K ~ I O L L I . M ~  I l p M  C B e A e H M M  er0 K  Y p a B H e H M I o  J a n J I a c a .  

~ ~ B U C W M O C T ~   HOBO^ n e p e M e H H 0 f l  6 = 5 f i7 O T  n e p 2 M e H H b I X  
(X, y, t )  ~b16epeh .1  B  B M A e  J I M ~ e f i H o f i  @ Y H K U M M  X ,  y, t C  K 0 3 @ -  

@ M ~ ~ U ~ H T ~ M M ,  R B J I R I O U H M M C R  a H a J I M T M q e C K M M M  @ Y H K U M R M M  0 ,  n p M  
3 T O M  K O ~ @ @ M ~ M ~ H T  n p M  t  6e3 O I ' p a H M ' 4 e H M R  O ~ U H O C T M  M O X H O  

nOJIOXt<wTb P a B H b I M  1. T ~ K M M  0 6 p a 3 0 ~ ,  MbI  n O J I Y q a e M  C J I e A y t O L U e e  
ypaeaeme: 

~ ~ ~ A ~ o J I o x u M ,  q T 0  B  H ~ K O T O P D ~ ~  o 6 n a c ~ ~  I l p D C T p a H C T B a  (S) 
3 T 0  Y p a B H e H M e  M M e e T  K O M ~ J I ~ K C H ~ I ~  K O P 2 H b  = 5 + i ~ ,  RBJIRIO- 

u M ~ c R ,  0 ' 4 e B M A H 0 ,  @ y H K u k i e 8  ( X ,  y,  t ) .  P ~ C C M O T ~ M M  p 2 l l I e H M R  
Y p a B H e H M R  (2), 3aBMCRLUMe T O J l b K O  O T  5 M  7. 

MOXHO n P O B e P M T b  H e n O C P e A C T B e H H b I M U  Bbl9MCJIeHMRMM, q T O  
Y p a B H e H M e  (2) B  3 T O M  C J I y q a e  n p M H M M a e T  BMA 

 TOT @KT R B n R e T C R  C J l e A C T B N e M  T e O M e T P M M  J I M H M ~ ~  5 - const, 
7 = const, K o T o p b l e  B  TOM cnyqae n p e n c r a B n R i c T  co6oW n p R M b l e  
B MCXOAHOM n P O C T P a H C T B e  T p e X  M ~ M € ! P ~ H M ~ ~  (S). H o ,  n O C K O J I b K Y  
M b l  H e  6 y ~ e ~  k i C I I O J I b 3 O B a T b  3 T O T  @ ~ K T ,  M b l  H e  ~ Y A ~ M  Y ~ Y ~ J I R T ~ C R  

B M 3 y q e H M e  Y p a B H e H M R  (34). Y ~ M T ~ I B ~ R ,  q T O  n p M  KOH@OPMHOM 
n p e o 6 p a 3 0 ~ a ~ ~ ~  r a p M o H M ' 4 e C K a R  @ Y H K U M R  n e p e X O A M T  B  T a P M O H M -  
9 e C K Y I O .  M b l  M O X e M  B  K a q e C T B e  ~ 0 ~ 0 8  H ~ ~ ~ B M C M M O ~  I I ~ ~ ~ M ~ H H o ~  

~ b 1 6 p a ~ b  XI ( 0 ) .  T o r ~ a  B  CMJIy  y K a 3 a H H O T O  COOTHOILIeHHR 

E C ~ N  B  K ~ K O W - J I U ~ O  q a C T M  I l P O C T P a H C T B a  (S) 3 T 0  Y p a B H e H M e  

M M e e T  ~ e U l e c ~ ~ e H H b l f i  K O p e H b ,  T O  n p O M 3 B O J l b H a R  @ Y H K U M R  3 T O T O  
K O P H R  Y A O B J l e T B O P R e T  Y P a B H e H U I O  (2). 

Bce 3TM Y T B e P X A e H M R  H e T p Y A M O  I l P O B e p M T b  C  n O M O U l b D  np0- 
CTbIX ~ b l q k i ~ J I e H M 8 .  



~ P U B ~ A ~ M  C O O T B e T C T B y I O u U e  @ 0 p M y J I b 1 ,  ~ 6 0  OHM ~ O T ~ ~ ~ Y I O T C R  

H a M  B A a J I b ~ e f i U e M .  O ~ O ~ H ~ Y M M  qepe3 6 J I e B y I O  q a C T b  Y p a B H e H M R  

(35) M qepes 6' ~ ~ O M ~ B O A H ~ ~ O  da/dO. Torna 

M 3  ~ b 1 p a x e ~ M f i  (36) B b I T e K a e T ,  q T O  eCJlM B H ~ K O T O P O ~ ~  O ~ J I ~ C T U  

n p O C T p a H C T B a  (S) Y p a B H e H R e  (35) M M e e T  B ~ ~ ~ C T B ~ H H ~ I ~  K O P e H b ,  

T O  3TOT K O P e H b  A O J X e H  Y A O B J I e T B O P R T b  H e p a B e H C T B y  - C \< 8 \< C 
M (PYHKUMR ~ ( ' 3 )  A O J X H a  n p M  3TOM n P M H M M a T b  B e U e C T B e H H b l e  
3 H a q e H M R .  

n p ~ ~ e n e ~  e u e  H e K o T o p b I e  H ~ O ~ X O A M M ~ I ~  n a n b ~ e f i u e r o  
@ 0 p M y n b 1 .  ~ Y C T ~  0 - K O M ~ J I ~ K C H ~ I ~ ~  K O p e H b  Y p a B H e H M H  (35) U 

f  ( 0 )  - a H a J M T M q e C K a H  (PYHKUMSI. M C ~ O J ~ ~ Y R  @ 0 p M y n b l  (36) M (37),  
n O J I y q a e M  C J l e A y I O U M e  B b l p a X e H M R  AJIH n P O M 3 B O A H H X  f  ('3) n 0  
( x ,  Y, t ) :  

Te Xe @ o p M y J l b l  C n p a B e A J M B b I  M AJIH (PYHKUMM f  ( '3) B e U e C T -  
B e H H O r O  a p r y M e H T a  '3, fCJlM '3 n p e A C T a B J H e T  co608 B e U e C T B e H -  
~ b l f i  K O P e H b  Y p a B H e H M H  (35). 

8. n e p e f i ~ e ~  K M3YYeHUtO 3 a A a Y M  0 nJIOCKMX K O J I ~ ~ ~ H M S I X  
n O J l y n p O C T p a H C T B a ,  M H A y U M p O B a H H b l X  MCTOqHMKOM CMJbI  F, P a C -  
n O J O X e H H b l M  BHYTPM n O J l y n p O C T p a H C T B a .  ~ Y C T ~ ,  K a K  M B b I U e ,  

Y n p y r O e  n O J l y n p O C T p a H C T B 0  O n p e A e J l R e T C H  Y p a B H e H M e M  y >, 0 M 

n y c T b  M C T O ~ H M K  p a c n o n o x e H  B T o w e  x = 0 ,  y = f .  17pe~n0~10-  
X M M ,  q T O  A ~ ~ ~ C T B M ~  CMJlbI npOMCXOAMT B M O M e H T  B p e M e H M  t  = O .  

B B ~ A ~ M  A B e  (PYHKUMM X ( a ,  t )  M Y ( a ,  t ) ,  o n p e n e n e ~ ~ b l e  npu 
a, t: 0 \< a 2~ M 0 \< t  \< 1 ,  M PaCCMOTPMM K O J ~ ~ ~ H M R  nOKOH-  

q e r o c ~  npw t  = 0 n o n y n p o c T p a H c T s a ,  M H n y u M p o s a H H b l e  H a n p H -  

X e H M e M  C KOMnOHeHTaMM ( l /EZ)  X ( a ,  t , ' ~ )  M ( 1 / E 2 )  Y(a,  t/E), n p M -  

J O X e H H b l M  K E OKPeCTHOCTM TOqKM F M A ~ ~ ~ C T B Y ~ O ~ M M  B M H T e p B a -  

ne B p e M e H M  0 \< t  E .  n o n a r a ~  E + 0 ,  M ~ I  n o n y q a e M  ~ o n e 6 a ~ u s l  no- 
J l y n p O C T p a H C T B a ,  M M e I O U M e  eAMHCTBeHHYtO CMHrYJ lHPHOCTb  B T O Y K e  

F:(O,  f )  M O n p e A e n H e M b I e  n o ~ e ~ u w a n a ~ ~  'p M +, K O T O P ~ I ~  HBJIH- 



D T C R  @ Y H K U M H M M ,  OAHOPOAHbIMM no X ,  y -  f M t .  n 0 ~ 0 6 ~ b 1 f i  

TMn CMHrYJIRPHOCTM MbI ~ Y A ~ M  O n p e A e J I R T b  K a K  O A H O p O A H y D  CMH- 
r y n R p H o c T b  M n p e A n o n o x M M ,   TO H a w  MCTOYHBK nopoxnam C U H -  

r Y J I R P H O C T b  ~ O A O ~ H O ~ O  T M n a .  

B C f l e A y D ~ e 8  p a 6 o ~ e  6 y A e ~  H p O B e A e H  a H a J I M 3  B B e A e H H b I X  H a -  
M M  O A H O P O A H ~ I X  c ~ w r y n s ~ p ~ o c ~ e f i .  

B o n ~ a ,  O T p a X e H H a R  OT IIJIOCKOCTM y  = 0  I I pOCTpaHCTBa  ( S ) ,  
OTCyTCTBYeT n p M  0  ,< t  ,< a f ,  M, K a K  M B p a 3 0 6 p a ~ ~ 0 ~  BbI IUe  

C J I y q a e ,  3 J I e M e H T a p H b I e  nOTeHUMaJIb1  (p M $ 3aBMCRT J I M U b  OT OT- 
H O U ~ H M ~ ~  ~ / t  M ( y  - f ) / t ,  T. e. nOCTORHHb1 BAOJIb J I K ) ~ ~ I x  HPRMbIX 

n p O C T p a H C T B a  ( S ) ,  n p O X O A H ~ M x  q e p e 3  T O q K y  X = 0,  y  = f ,  t=O. 
B n a J I b H e f i L U e ~  3TM n p R M b I e  6 y n y ~  H a 3 b I B a T b C R  J I y q a M M  IIpOCT- 

p a H c T s a  (S). C ~ a q a n a  n p e n n o n o x M M ,  YTO M ~ I  M M e e M  A e n o  co 
c n y q a e M ,  K o r n a  U C T O ~ H M K  F R ~ n R e - r c R  BCTO'IHMKOM ~ M C T O  npo- 
n o n b ~ o i l  B O J I H ~ I ,  T. e. n p e A n o n o x u M ,   TO n o T e H w a n  $ p a B e H  

H y J I D  n p M  0  ,< t  ,< af .  ~ o T ~ H ~ M ~ J I  (p 6 y n e ~  OTJIMqeH OT HyJIR 
TOJ IbKO n p M  t 2>a2  [x2 f ( y  - f ) " ,  T.  e. BO BHYTPeHHOCTM K O H y C a  

To I I p O C T p a H C T B a  ( S ) ,  M M e D w e r O  B ~ ~ I I I M H o ~ ~  T O q K y  F. Y P ~ B H ~ H M ~  
K O H y C a  M M e e T  BMA 

M ~ I  PaCCMOTPMM TOJIbKO T Y  Y a C T b  K O H Y C a ,  K O T O P a R  J I e X M T  

BHYTPM n O J I y n p O C T p a H C T B a ,  r A e  y  > / O  M > 0. 
B ~ e n e ~  K o M n n e K c H y D  n e p e M e H H y D  O , ,  o n p e n e n e H H y m  a H a n o -  

r M q H 0  (35) 

Torna A O J I X H a  6 b l ~ b  B ~ ~ ~ C T B ~ H H O ~ ~  q a C T b D  ~ H ~ J I M T M ~ ~ c K O ~ ~  

no 6 ,  (PYHKUMM 

I I p M q e M  P a A M K a J I  ~ b 1 6 k i p a e ~ c R  CO 3 H a K O M  f ,  T a K  q T O  J I y q a M ,  

B b I X O A R w M M  M 3  TOqKM F n p M  t  = 0  M IIPOTbIKaIOIUMM IIJIOCKOCTb 

y  = 0,  coo - rBeTcTBy t0 - r  8 ,  143 ~ e p x ~ e a  n o n y n n o c K o c T u ,  T. e. c no- 
J I O X M T ~ A ~ H O ~  M H M M O B  q a C r b D .  O O P M Y J I ~  (42) YCTaHaBJ IMBaeT  

COOTBeTCTBMe M e X n y  J Iy l r aMM M 3 H a q e H M R M M  K O M I I J I ~ K C H O ~  I I e p e -  
M ~ H H O ~  6 , .  M H O X ~ C ~ B O  B C e X  n y q e f i ,  0 6 p a 3 y r o q ~ x  T y  q a C T b  



KOHyCa ,  B K O T O P O ~  t > 0, O T O ~ P ~ X ~ ~ T C R  H a  BCfO nAOCKOCTb 

K O M I I J I ~ K C H O ~ ~  I I ~ ~ ~ M ~ H H o ~  8 ,  C p a 3 p e 3 0 M  B A O n b  B ~ U ~ C T B ~ H H O ~  

OCM (-a, +a) ,  n p u l r e M  T O ~ K U  3~01-o paspesa c o o T s e T c T B y i 0 - r  

06pa3yDLLI.M~ KOHyCa .  M H T ~ P B ~ J I ~ M  B ~ U ~ C T B ~ H H O ~ ~  OCU (-a, -a) 
M ( a ,  +a) COOTBeTCTByDT J I y q U ,  J I e X a U U e  B IIJIOCKOCTU y = f, 
a T 0 9 K U  M H M M O ~  OCU - J I y q a M ,  J I e X a U M M  B IIJIOCKOCTM X - 0 ,  
I IpUzleM B e P X H R R  IIOJIYOCb (0 ,  COOTBeTCTByeT  J I y q a M ,  y KO- 

TOpbIX y < f U KOTOPbIe  I I e p e C e K a D T  IIJIOCKOCTb y = 0. M 3  IIO- 

C J I e A H e r O  3 a M e s a H M R  M M 3  Y P a B H e H U R  (40) H e n O C P e A C T B e H H O  

B b I T e K a e T ,  9 T O  B 3TOM YPaBHeHUM K O P e H b  l / a 2  - 6: I IOJ IOXMTeJ IeH 

npu  el ,  nexzmux  H a  nonyocu (0, +ia) .  3 ~ 0 ,  B CBOD osepem, 
3KBUBaJIeHTHO TOMY, ' I T 0  l / a 2  - 8: RBJIReTCR YMCTO MHUMbIM 

C o ~ p U u a ~ e J I b ~ 9 f l  M H M M O ~ ~  r l a C T b D  n p U  6 ,  > a .  
0 6 p a s y ~ m u e  K O H y C a  ( T o )  C O O T B e T C T B y D T  (PPOHT)' P a C n p G C T p a -  

HRrOLUUXCR Y n P Y r M X  BOJIH, U, CJ IeAOBaTeJ IbHO,  I IOTeHUUaJ I  ( P I  

A O J I X e H  0 6 p a ~ a ~ b c R  B H y J I b  B C O O T B e T C T B y D l 4 U X  T O s K a X ,  T. e. 
@ Y H K U M R  a, ( e , ) ,  @ u r y p ~ p y l o r u a ~  B @ o p ~ y n e  (41) ,  nonxaa n p u -  
HUMaTb  rlUCTO MHUMbIe  3Ha l I eHMR H a  pa3pe3e ( -a ,  a ) .  T O ~ K M ,  
p a C I I O J I 0 X e H H b I e  H a  OCU KOHj'Ca ( T o ) ,  CoOTBeTCTBYIoT  MCT09HMKY 

K o J I ~ ~ ~ H u B  B p a 3 J I U q H b I e  MOMeHTbI B p e M e H M  U O T O ~ ~ ~ X ~ D T C R  

IIOCpeACTBOM @ 0 p ~ y J I b 1  (42) B ~ ~ C K O H ~ ~ H O  Y A a J I e H H y D  T O q K y  

K O M I I J I ~ K C H O ~ ~  IIJIOCKOCTM 9, .  T ~ K  K a K  UCTOqHUK K o J I e 6 a ~ u f i  M 3 -  

BeCTeH,  TO O n p e A e J I e H a  M CUHrYJIRPHOCTb (PYHKUMM ( 6 , )  H a  6ec- 
KOHeqHOCTU. 

~ T U  A a H H b I e ,  B C B O D  O q e p e A b ,  O n p e n e J I R D T  (PYHKUMD ( 6 , ) .  
Eonee T U a T e J I b H O e  P a C C M O T p e H M e  pa3JIUZIHbIX MCTOqHMKOB ~ Y A ~ T  
n p o s e n e H o  H u x e .  ~ ~ M ~ T U M  T O J I ~ K O ,   TO u 3  n p e A n o n o x e H m  o TOM, 

l r ~ o  n o T e H u u a n  c p ,  c 0 x p a H s l e - r  n o c T o m H o e  s ~ a q e ~ u e  B n o n b  n106oro 
n y r l a ,  s b ~ x o ~ ~ u e r o  ~3 T O ~ K U  x = 0, y = f, t = 0, c n e A y e T ,  s ~ o  
CMHrYJIRPHOCTb I I O T e H u U a J I a  c p l  B MCTOqHUKe C O X P a H R e T C H  I I p U  

B c e x  t > 0. 
9. 3 ~ 1 e ~ e ~ ~ a p ~ b 1 f i  n c T e H u w a n  c p ,  c n p e A e n R e T  K O J I ~ ~ ~ H U H  npu 

t < a f .  ~ P U  t > a f  MbI AOJIXHbI  O X M A a T b  HaJ IUqUR yxe o6oux 
I ICTeHUFaJ IOB:  c p 2  AJIR I I p o ~ c J I b ~ o f l  BCJIHbI U d;, - AJIR nonepe.l~ofl.  
B b 1 6 e p e ~  STki nOTeHUkia f ib1  M 3  c006paxe~ut i ,  a H a J I O r H s H b I X  n p u -  
BeAeHHbIM BbILLle, a UMeHHO, I IpeAI IOJ IOXMM,  q T O  OHM C O X p a H R D T  

IIOCTORHHOe 3 H a q e H U e  BAOJIb HeKOTOPbIX JIy ' ie f l  I I p O C T p a H C T B a  (S) .  
~ T M  JI j 'qU M O X H O  H a 3 B a T b  O T P a X e H H b I M U .  H ~ ~ U H ~ R  I IOCTpOeHMe cp2, 
3 a M e T U M  I I p e X A e  B C e r O ,  s T 0  cp2 A O J I X H a  6 b 1 ~ b  B ~ U ~ C T B ~ H H O ~  
s a c T b i o  a ~ a n u ~ u s e c ~ o h  @ Y H K U U U :  

r A e  9 ,  OIIpeAeJ IReTCR U 3  Y P a B H e H U R  BMAa (35) C C=a. B b 1 6 e p e ~  

@YHKUMK) X ( 6 )  B 3TOM Y P a B H e H U M  TaKMM 0 6 p a 3 0 ~ ,  9 ~ 0 6 b 1  3 H a 9 e -  

H U H  6 ,  M e 2  c o B n a n a n u  npM y =@, T. e. n o n o x H M  ~ ( 6 )  T e M  xe ,  
q T O  U B Y P a B H e H U U  (40). 



T ~ K M M  0 6 p a 3 0 ~ ,  MbI I I O J I Y g a e M  C J I e A Y I O W e e  Y p a B H e H M e  AJIR 8,: 

C B ~ ~ I I I M H o ~ ~  B T O g K e  (0, -f, 0) .  B b 1 6 e p e ~  B YPaBHeHMM (44) 
3 H a K  P a A M K a J I a  MHbIM, H e X e J I M  B YPaBHeHMM (40), AJIR TOTO, r 1 ~ 0 6 b 1  

n y s a M ,  n e x a m M M  B ~ o f i  s a c m  n p o c T p a H c T s a ,  rne t  > 0, y > 0, 
COOTBeTCTBOBaJIM 3 H a 9 e H M R  0 2  C I I o J I o X M T ~ J I ~ H O ~ ~  M H M M O ~  qaCTbIO .  

~ P M  IIOCTpOeHMM $1 B YPaBHeHMM (35) C J I e A y e T  I IOJIOXMTb 
C = b. C B O ~ O A H ~ I ~ ~  rIJIeH X (8)  C J I e A y e T  I IOJIOXMTb T e M  Xe, s T O  
M B YpaBHeHMM (40). 3 ~ a K  P a A M K a J I a  B K O ~ @ @ M I I . M ~ H T ~  IIpM y 
C J I e A y e T  ~ b 1 6 p a ~ b  TaKMM o 6 p a 3 0 ~ ,  9 ~ 0 6 b l  J IYrIaM,  BAOJIb KOTO- 

P b I X  t  M y P a C T Y T ,  COOTBeTCTBOBaJIM 3Har I eHMR 8 C I I o J I o x M T ~ J I ~ H o ~ ~  

M H M M O ~ ~  r I aCTb l0 .  f i e r K 0  I I O K a 3 a T b ,  s T 0  AJIR 3TOTO H ~ O ~ X O A M M O  
~ b 1 6 p a ~ b  3 H a K  (-). 

M T ~ K ,  AJIR 8, MbI I I O J l y r I a e M  Y p a B H e H M e  

npexne s e M  n e p e f i ~ ~  K n o c T p o e H M m  @ Y H K U M W  Q2(O2) M Y1(03),  
BbIRCHMM C B R 3 b  M e X A Y  I I e p e M e H H b I M M  8. P~CCMOTPMM AJIR 3 T O r 0  
I I e p e C e s e H M e  @ ~ H A ~ M ~ H T ~ J I ~ H o ~ o  K O H y C a  ( T o )  C IIJIOCKOCTbl0 y=O, 
OT K O T O ~ O ~ ~  n p o M c x o A M T  O T p a x e H M e .    TO n e p e c e s e H M e  M M e e T  

B M A  r u n e p 6 o n b 1  t 2  - a2 ( x 2  + f 7 = 0. 
Kaxnofi T O s K e  ( x ,  t )  H a  IIJIOCKOCTM y = 0, ~ ~ C I I O J I O X ~ H H O ~ ~  

BHYTPM 3~0fi r ~ n e p 6 0 n b 1 ,  A n n  ~ o ~ o p o f i  t2- a2(x2+ f ,) >/ 0 M t  > 0, 
COOTBeTCTBYeT 3 H a 9 e H M e  K O M I ~ J I ~ K C H O ~ ~  I I e p e ~ e ~ H o f i  8 ,  M3 ~ e p x ~ e f i  
IlOJIyIIJIOCKOCTM MJIM C B ~ I U ~ C T B ~ H H O ~  OCM. M 3  c o o 6 p a x e ~ ~ f i ,  KO- 

TOPbIMM MbI PyKOBOACTBOBaJ IMCb  IIpM B b I B O A e  y p a ~ ~ e ~ ~ f i  (44) 
M (45),  C J I e A y e T ,  s T 0  T O s K e  ( X , t )  A O J I X H b I  COOTBeTCTBOBaTb 3 H a -  

s e H M R  8 2  M e3, P a B H b I e  3 H a s e H M l 0  8,. T ~ K M M  0 6 p a 3 0 ~ ,  T O s K e  

( X ,  t )  M3 Y K ~ ~ ~ H H O ~  0 6 J I a c ~ M  COIIOCTaBJIRlOTCR 3 H a 9 e H M R  8 ,  M e3 
M3 ~ e p x ~ e f i  n,OJIyIIJIOCKOCTM. ~ O A C T ~ B J I R R  3TM 3Har I eHMR B Y p a B -  

H e H M R  (44) M (45), Mbl I I O J I y g a e M  B I I p O C T p a H C T B e  (S)  A B a  O T p a -  
X e H H b I X  J I y s a .  B n o n b  O A H O r O  M3 HMX OCTaeTCR IIOCTORHHbIM IIO- 

T e H a f i a n  cpz, a B n o n b  npyroro - $,. B n o n b  ~ T M X  nysefi K O O ~ A M -  
H a T b I  t  M y P a C T Y T ,  O T K Y A a  C J I e A y e T ,  M e X A y  I I p O s M M ,  s T 0  AO- 

6 a ~ J I e ~ k i e  IIOTeHII.MaJIOB cp2 M cpl H e  O K a 3 b l B a e T  BJIMRHMR H a  MOMeHTbI  
B p e M e H M  t  < af M H e  M e H R e T  H a g a J I b H b l X  Y C J I O B U ~ ~ .  E C ~ M  3 a @ M ~ -  

C M P O B a T b  T O g K Y  ( x ,  y )  M MOMeHT B p e M e H M  t ,  T O  COOTBeTCTBytoIUMe 



3 H a q e H U R  oz  M e3 U 3  ~ e p x ~ e f i  IIOJIynJlOCKOCTM BbIqUCJIRlOTCR M3 

y p a ~ ~ e ~ ~ f i  (44) U ,(45), n p M q e M  O q e B U n H O  3 T 0  M O X e T  6 b 1 ~ b  

c n e n a H o  H e  nnn B c e x  s ~ a s e ~ u f i  ( x ,  y, t ) .  
 TOT  KT O I I p e n e J l R e T C R  T e M ,  q T O  O T p a X e H H b I e  J I y q M  H e  

3aIIOJIHRlOT B C e  q e T B e p T b I I p O C T p a H C T B 0  t > 0, y > 0. 
Ecnu, H a n p u M e p ,  o T p a x e H H b r e  nyqu n o - r e H u u a n a  cp2 H e  npo- 

xonm q e p e s  T O ~ K ~  ( x ,  y, t ) ,  TO n p u  n o c r p o e H u u  p e r u e H u R  B n u z l -  

HMe O T p a X e H U R  H a  I I p O ~ O ~ b H y t O  BOJIHy  B  3~0fi T O q K e  OTCYTCTBYeT.  

n e r ~ 0  IIOHRTb,  q T O  B  C U n Y  Y P a B H e H U R  (35)  K O M n J I e K C H O e  8 
s a n a e ~  npu ~ P O M ~ B O ~ ~ H O ~ ~  I $ ~ H K ~ U M  x ( 8 )  O n p e n e n e H H o e  H a n p a B -  

J I e H U e  B  I I p O C T p a H C T B e  ( S ) .  T ~ K U M  0 6 p a 3 0 ~ ,  I Ipenb IAyI l l .Ue  IIO- 

CTPOeHUR 3 a A a t O T  COOTBeTCTBUe M e X A Y  HaI IpaBJ l eHMRMM IIanatOLU.UX 

U O T p a X e H H b I X  J I y q e f i .  M ~ I  H 2  6 y n e ~  O C T a H a B n U B a T b C R  H a  3 T O M  

B O n p O C e  - H a U a  3anaqa COCTOMT B  ~ @ @ ~ K T M B H O M  IIOCTPOeHUM 

p e r u e H u R .  

K O M n O H e H T  B e K T O P a  CMeIll .eHMR I IOJ IyLIaeM I$opMyJ Ib1  

BO BHYTPeHHOCTU r u n e p 6 0 n b 1  t" aa" ( x Z  + f ') = 0 H a  n J I O C K 0 -  

CTU y = 0 A O J I X H b I  B b I n O n H R T b C R  r p a H U Z I H b I e  YCJIOBMR, 0 3 H a q a H ) -  

U U e  OTCYTCTBUe H a n p R X e H U R  H a  r p a H U 4 e .  O T M ~ T M M  T a K X e ,  q T O  

n e p e M e H H b r e  O , ,  8,, 8, n p u H u M a t 0 - r  n p u  y = O  o n u H a K o e b r e  s ~ a q e -  
HUR, q T O  I I03BOJIReT  H a M  B  3TOM C J l y ' i a e  H e  I IMCaTb U H n e K C O B  

npu 8. 
n y c ~ b  nanee 6' 6e3 u H n e K c a  0 6 0 3 ~ a s a e ~  o6qee 3 ~ a q e ~ u e  

a;, 66, 6; n p k i  y = 0. M c I I o J l b 3 y R  y p a B H e H u e  (38). 3 a n u r u e ~  rpa- 
H U q H b I e  YCJIOBUR H a  I IOBePXHOCTU y = O  B  BMAe  



~ O ~ T O M Y  B Jle~06 q a C T U  Y P ~ B H ~ H U ~ ~  (48) n O A  3HaKOM BeUl.eCTBeH- 

~ 0 f i  qaCTM CTORT B b I P a X e H U R ,  K O T O P b l e  MOrYT 6 b l T b  3 a n U C a H b I  K a K  

@ Y H K ~ U U  K O M I I J I ~ K C H O ~ ~  I I e p e ~ e ~ ~ o f i  8 U BeLU.eCTBeHHOr0 naps- 
M e T p a  t .  

P~CCMOTPMM O T P e 3 0 K  B ~ L U . ~ C T B ~ H H O ~ ~  OCU (-a, f a )  H a  nJIOC- 

KOCTU 8, K O T O P ~ I ~ ~  COOTBeTCTBYeT 0 6 p a 3 y W U H ~  K O H y C a  ( T o ) ,  T. e. 
@POHTY P a C n p O C T P a H e H U R  K o n e 6 a ~ k i f i  BAOJlb  IIJlOCKOCTU Y = 0. 
Ha  TOM @ P O H T ~  B c e  TPU n o T e H u M a n a  cp,, cp2 u n o n x a b l  o6pa- 
U a T b C R  B H y J l b ,  T. e. BeUl . eCTBeHHbIe  l IaCTU BCeX T p e X  @ Y H K U U ~  
Dl ,  m2 U Y, A O n X H b I  6 b 1 ~ b  HYJleBblMU B 3TOM U H T e p B a J I e .  Oqe- 
BUAHO, TO x e  C n p a B e A n u B o  u A n n  ~ ~ O U ~ B O A H ~ I X  a;, 0;  u Y;. 
Y ~ U T ~ I B ~ H ,  l I T 0  P a A U K a J I  l /a2-e2 B ~ L U . ~ C T B ~ H  B 3TOM MHTepBaJ Ie ,  

M O X H O  Y T B e P X A a T b ,  lITO COOTHOLLIeHUR (48) BbInOJIHRWTCR n p U  

BCeX B€!LU.eCTB€!HHbIX U IIOJlOXMTeJIbHbIX t n p U  - a  ,< 8 ,< f a .  
3 a @ u ~ c u p y e ~  T e n e p b  H e K o T o p o e  s ~ a l r e ~ u e  t u n o K a x e M ,  s ~ o  
COOTHOUIeHUR (48) BbIIIOJIHRWTCR n p U  B€!LU.eCTBeHHbIX IIOJIOXM- 

TeJ IbHbIX t U n l o 6 b 1 x  8 U 3  B ~ D X H ~ ~  nOJIynJlOCKOCTU. ~ D U  &UKCH- 

OnMCbIBaeT  H ~ K O T O P Y W  KPUBYIO ( I ) ,  Ha9MHaWLLl.YWCR B H ~ K O T O P O ~  
TOl IKe  A O T p e 3 K a  (-a,  f a )  U KOHqaloLLIJWCR B H ~ K O T O ~ O ~ ~  TO ' IKe  

B T o r 0  Xe O T p e 3 K a .  K p u ~ a ~  ( I )  0 6 p a 3 y e ~  COBMeCTH0 C O T p e 3 K O M  

B ~ L U . ~ C T B ~ H H O ~ ~  OCU AB 3 a ~ K ~ y ~ b l f i  KOHTYP,  BAOJIb KOTOPOrO YKa-  

3 a H H b I e  B b I P a X e H U R  OT 6 U t U M e W T  B CUJIY (48) n p U  @MKCMPO- 
BaHHOM t H y n e B Y W  BeIl I .eCTBeHHyI0 1IaCTb.  HO T O r A a  n p U  TaKOM t 
B e U e C T B e H H a R  q a C T b  COOTBeTCTBVWUleTO B b I D a X e H U R  n O J I X H a  06- 
p a u a T b c a  B H y n b  npu  B c e x  8 u 3  ~ e p x ~ e R  n o n y n n o c K o c T u .  non- 
CTaBJlRR t e 8~ f l / a 2  - 8' f, MbI M O X e M  C A e J I a T b  BblBOA, ' I T 0  

y c n o a u R  (48). B K O T O P ~ I X  8' O n p e A e n e H o  @ 0 p ~ y n 0 f i  (49), nonx-  
HbI BbInOJIHRTbCR AJIR J IW~OI-0  @ U K C U ~ O B ~ H H O I - O  X U ~ 1 ~ 6 0 0  8 U 3  

~ e p x ~ e f i  n o n y n n o c K o c T u .  n o ~ a x e ~ ,  IITO O T c m n a  c n e n y e T  



0; (0)  1 - x  + "2 - 0; (8)  "1 ( 6 )  
= Ci, 

[-x + oz ( e ) i 2  

rAe C - B e U e C T B e H H a s l  n O C T O s l H H a H ,  K O T O P a R  M O X e T  3 a B M C e T b  
T O J I b K O  O T  I I a p a M e T p a  X ,  M r A e  8 I I p M H M M a e T  nlo6b1e 3 H a 9 e H M R  

~3 ~ e p x ~ e t i  n o n y n n o c K o c T M .  M 3  . n o c n e n H e r o  pasewma c n e a y e T ,  
YTO B 9 M C J l M T e J I e  y ~ a 3 a ~ ~ O f i  n p 0 6 ~  K O ~ @ @ M ~ H ~ H T  I IpM X M CBO- 

6 0 ~ ~ b l f i  no X Y J I e H  A O J I X H b I  06paLLl .a~bcR B H y J I b ,  O T K y A a  a, ( 8 )  = 0, 
q T O  M A O K a 3 b I B a e T  I l e p B O e  M 3  P a B e H C T B  (50). C O B ~ ~ ~ I ~ H H O  a H a J O -  

rMYHb1M C I I O C O ~ O M  M O X H O  A O K a 3 a T b  M B T O p O e  M3 3 T M X  P a B e H C T B .  

P a 3 p e l l l a s l  Y P a B H e H M R  (50) O T H O C M T e A b H O  ( 8 )  M \v.; ( e ) ,  M b l  
n o n y . r a e M  

~ P M  -a < 8 < a A ~ O ~ M ,  B X O A R U M e  B @ O ~ M Y J ~ I  (51). B e U e -  

C T B e H H O - 3 H a 9 H b l .  B T O  Xe B p e M R  no  y C J I O B M l 0  B e U e C T B e H H b l e  Y a C -  
TM ( 8 )  0 6 p a u a l o ~ c ~  B H y J I b  H a  3 T O M  M H T e p B a J I e ,  O T K y A a  

C J I e A y e T ,  Y T O  B e U e C T B e H H b I e  9 a C T M  ( 8 )  M Y; ( 8 )  BHHYJIMPYIOTCSI 
B Y K a 3 a H H O M  M H T e p B a n e .  M H T ~ ~ P M P Y R  Y P a B H e H M R  (51), M b l  M O X e M  

n 0 ~ 0 6 p a ~ b  I I O C T O R H H b l e  U H T e r P M P O B a H M s l  T a K M M  0 6 p a 3 0 ~ ,  9 ~ 0 6 b 1  
B e U e C T B e H H b I e  9 a C T M  @ Y H K U M ~ ~  a2 ( 8 )  M ( 8 )  6 b l n ~  p a B H b l  H Y -  

JIIO IIpM -a < 8 < a. C I I O M O U b I O  @ O ~ M Y J  (51) M (47) M b l  MO- 
X e M  O I I p e A e J I M T b  K O M n O H e H T b I  B e K T O P a  C M e U e H M R .  

10. O T M ~ T M M  H e K O T O p b l e  CJIeACTBMR I I O J I y Y e H H b I X  @ 0 p ~ y J I .  P ~ c -  
CMOTPMM Y p a B H e H M e  (40),  M M e I O U e e  B O  B H Y T P e H H O C T M  K O H Y C a  (TO)  
K O M n J I e K C H b I e  KOPHM M H a  0 6 p a 3 y m u ~ x  3 T O r O  K O H Y C a  B e U e C T B e H -  
H b l e  KOPHM M 3  M H T e p B a J I a  - a  < 8 < a. ~ T M M  0 6 p a 3 y I O U M ~  B 

9 e T B e p T b n p O C T p a H C T B e  t  > 0, y > 0  I l p O C T p a H C T B a  (S )  C O O T B e T C T -  
B y e T ,  K a K  Mbl 3 H a e M ,  @POHT P a C n p O C T p a H e H M R  n p 0 ~ 0 J I b ~ 0 f i  BOJIHbI.  

~ Y C T ~  8 ,  = 8 ,  - H e K o T o p o e  s ~ a s e ~ ~ e  M 3  M H T e p B a n a  - a < 8 < a 
ki I I y C T b  - C O O T B e T C T B y l o U a R  0 6 p a 3 y m q a ~ .  Ecnn n O J I O X M T b  B 

Y P a B H e H M M  (40) 8 ,  = 80, Mbl  n O J I y 9 M M  Y p a B H e H M e  nJIOCKOCTM, 

~ a c a I O U e f i c R  K O H y C a  (To)  B A O J I b  06pasymqeti A,, T a K  YTO T O Y K a M  
( x ,  y ,  t )  BHeUIHOCTM K O H Y C a  (To)  C O O T B e T C T B y I O T  B e U e C T B e H H b I e  
3 H a 9 e H M R  e l  M 3  M H T e p B a J I a  - a  < 8 < a. M 3  3 T O r O  B b I T e K a e T ,  9 T O  



B n o n b  K a x n o t i  06pa3ymueti h, 6; = 0, T. e. n p o u 3 ~ o n ~ a ~  n e ~ o 8  
s a c T u  y p a B H e H u R  (40) o 6 p a u a e ~ c ~  B H y n b .  C n e n o ~ a ~ e n b ~ o ,  B n o n b  

3 T U X  06pa3ymuux I I P O U 3 B O A H b I e  dOl/dx u dOl/dy 0 6 p a u a l o ~ C ~  B  

~ ~ C K O H ~ ~ H O C T ~ ,  U, T a K U M  0 6 p a 3 0 ~ ,  H a  Q ~ O H T ~  p a C I I p 0 C T p a H e H U R  
I I p O n ~ n b ~ O f i  BOJIHbI CMeLU.eHUe 0 6 p a u a e ~ c R  B  ~ ~ C K O H ~ ~ H O C T ~ .  P ~ c -  
C M O T p e H U e  Y ~ Z I B H ~ H U ~ ~  (44) U (45) I I p U B O n U T  K  a H a J I O r U s H b I M  3 a K -  

J l loZIeHURM, T a K  q T O  H a  Q P O H T ~ X  O T p a X e H H b I X  B O n H  C M e u e H M e  

T a K X e  0 6 p a L 4 a e ~ C R  B ~ ~ C K O H ~ Z I H O C T ~ .  
P a 3 n a r a R  J I e B y l o  q a C T b  Y p a B H e H M R  (40) B P R A  I I 0  CTeI I eHRM 

(8, - 00), M O X H O  n O J I y s u T b ,   TO dO,/dx u dO,/dy 0 6 p a u a l o ~ c R  B 

~ ~ C K O H ~ ~ H O C T ~ ,  K a K  l/l/x - X o  U  l / l / y  - y o .  
nepetine~ K u 3 y s e ~ u l o  a c u M n T o T u K u  p e u I e H u R  npu t -+ oo. 

~ P U  3 T O M  Mbl A O J I X H b I  I I O J I Y s U T b  n O B e P X H O C T H b I e  BOJIHbl. nono- 
H U M *  

do, 
d x  

-c2E + i c  I /c"a2 (1 + f) F (8,) = F' (c) t 



A ~ a n o r n . 1 ~ 0  M O X H O  n O A y 9 M T b  A n R  83, ZITO 

-- 
- ( 2 ~ 2 - b 2 )  - 4c2 v c 2 - a 2  ~ C S - b ~  -c2 

U=R( F f  ( c )  -c2t+ic v c 2 - a s  (q+  f) @; (c) + 
+ i  

4c v c a - a z  (2122 - D) i l / c ~ - b 2  
F' ( c )  - c ~  + i v c % - - b 2  (9 +- i fc2-a2  - f @;(c)]+o(f ). 

-- (59) 
- ( 2 c ~ b 2 )  - 4 ~ 2  vc~-a2 v C 2 - b 2  i v c a - a s  

V=R( Ff ( c )  -ct +- i v c ~ a 2  ((9 + f )  @; (c) + 
+ i  - 4c vc2-a"2c2 - b") - c  

P' ( c )  - c ~ f  i vca-bz (9 + i l/c2-a2 f 

M 3  HaUlMX ~ ~ C C M O T ~ ~ H M ~  M O X H O  3aKJlIOrIUTb,  ZIT0 IIpM f + w~ 
K 0 n e 6 a H M e  nopoxnae-r B O J I H ~  c K O H ~ ~ H O ~  a ~ n n ~ ~ y ~ o t l ,  pacnpoc-r- 
P a H R I O U y I O C R  CO CKOpOCTbIO llc. n e r K 0  BMHeTb ,  ZITO 3 T a  BOJIHa 

np€!ACTaBnReT co608 e C T e C T B e H H 0 e  0 6 0 6 q e ~ n e  BOJIHbI P 3 J I e R " .  

T ~ K M M  0 6 p a 3 0 ~ ,  K a K  MbI BMAMM, B C n y Z I a e  TOZIe9HOrO MCTOZI- 

H n K a ,  H a x o A H u e r o c H  BHYTPM n o n y n p o c T p a H c T B a ,  B O ~ H M K ~ ~ T  H e n e -  

pMO&M.IeCKaR n O B e p X H O C T H a R  B O n H a .  H e o 6 x o n ~ ~ o  T a K X e  O T M e -  

TMTb, ZITO ~ K C ~ O H ~ H U M ~ J ~ H ~ I ~  ~ ~ K O H  Y ~ ~ I B ~ H M R  3 ~ 0 a  BOJIHbI C POC- 
TOM rJIy6MHb1 y T p a s M s a e T  CBOD c n p a B e n n M B o c T b  B p a c c M a T p M B a e -  

MOM CJlyZIae .  ~ O H R T M ~  A J M H b I  BOJH OZIeBMAHO H e  M M e e T  CMbIcJa .  

11. l lepefine~ T e n e p b  K cnyqam, K o r A a  McTogHMK n o p o x A a e T  

n o n e p e . r s b r e  K o n e 6 a ~ ~ f l .  K ~ K  M p a H b w e ,  M ~ I  n p e n n o n o x n M ,  ZITO 

 TOT MCTOZIHMK p e r y n R p e H ,  T. e. ZITO 3 n e ~ e ~ ~ a p ~ b r B  n o T e H u M a n  

n o n e p e q ~ b r x  B o n H  n p e a c T a s n H e T  ~ 0 6 0 8  B e q e c T s e H H y m  s a c T b  pe- 
ryJ ' IRpH0a @YHKUMM 



M J I Y q a M ,  H a X O A R U M M C R  B H y T P M  3 T O r 0  KOHYCa ,  COOTBeTCTBYeT 

K O M n J I e K C H a R  nJIOCKOCTb I I ~ ~ ~ M ~ H H o ~  8, C p a 3 p e 3 0 M  (- b, + 6 )  
BAOJIb B ~ I ~ ~ C T B ~ H H D ~ ~  OCM. ~ H ~ ~ ~ H M R M  8, H a  3TOM pa3pe3e COOT- 

BeTCTBYlOT 0 6 p a 3 y m q ~ e  K O H y C a .  ~ o T ~ H U U ~ J I  n p O n O J I b H b l X  O T p a -  

X e H H b l X  BOJIH Mbl T a K X e  6 y n e h 4  MCKaTb B B M A e  B ~ ~ ~ C T B ~ H H O ~  

s a c w  (PYHKUMM, p e r y ~ ~ ~ p ~ o t l  B ~ e p x ~ e h  n o n y n n o c K o c T u :  

rne 8, o n p e n e n R e T c R  ~3 Y P a B H e H M R  

6 , = t - 8 , x - I / a " @ ~ ' y - 1 / b ~ - 8 ;  f = ~ .  (64)  

K ~ K  u B n p e n b r n y u e i i  sanase,  TO y p a B H e H u e  ~ b 1 6 u p a e ~ c ~  T a -  
KMM 0 6 p a 3 0 ~ ,  9 ~ 0 6 b l  n p M  y = 0 O H 3  C O B n a n a J I O  C Y p a B H e H M e M  

(61). n e p e c e q e ~ ~ e  K O H y C a  (62) C nJ IOCKOCTbl0  y = 0 M M e e T  B u n  

r u n e p 6 o n b l  

KaxnoO T O q K e  P BHYTPM 3~0f i  r u n e p 6 o n b r  COOTBeTCTByeT  3 H a -  

qeme K o ~ n n e ~ c ~ o t l  n e p e ~ e ~ ~ a i i  8, u 3  ~ e p x ~ e t l  n o n y n n o c K o c T M ,  

a T O q K a M  H a  C ~ M O ~  r~nep60ne  COIIOCTaBJIRlOTCR 3Har l eHMR 8, M 3  

M H T e p B a J I a  (- b ,  + b )  B ~ ~ ~ c T B ~ H H D ~ ~  OCM. Y ~ 0 6 b l  n O J I y l r M T b  O T p a -  

x e ~ ~ t . 1 8  n y r l  ( I x p t )  n o T e H q u a n a  cp n p o n o n b ~ ~ f i  B O J I H ~ I ,  B ~ I X O H R U M W  
M3 K ~ K O ~ ~ - A M ~ O  TOqKM P nJIOCKOCTM y = 0 C KOOpAMHaTaMM ( x ,  t ) ,  
C J I e A y e T  B 3 R T b  C O O T B e T C T B Y l O u e e  3 H a q e H M e  6, M I IOnCTaBMTb er0 
BMeCTO O 2  B Y p a B H e H M e  ( 6 4 ) .   TOT f l y q  ( I x , t )  O q e B M n H O  I IpOXOnMT 
r l e p e s  T O ~ K Y  P, n p M q e M  y p a B H e H M e  ( 64 )  o n p e n e n R e T  ero H a n p a B -  

J I eHMe.  
Ho, K a K  M ~ I  y x e  ~ K ~ ~ ~ I B ~ J I M ,  H a n p a s n e H M e  n p f i M b l x ,  nonyqa- 

e M b l X  M 3  Y P a B H e H M R  ( 6 4 ) ,  nOJ IHOCTbl0  O n p e A e J I R e T C R  n e p B b l M M  

T P e M R  q J I e H a M M  J I e ~ 0 f i  qaCTM 3TOTO Y p a B H e H U R ,  M ,  CJ I eAOBaTeJ Ib -  

HO, O H 0  6 y i l e ~  TaKMM He, q T O  M B C J I y q a e  Y P a B H e H M R  (44) I IpM 
TOM >Ke 3 H a q e H M M  8. n p R ~ b l e  Y p a B H e H M R  (44) o6pa3ym~ YXe M3Y- 
q e ~ ~ b l h  HaMM KOHYC C B ~ P U M H O ~  B T O q K e  X = 0, y = - f, t  = 0, 
n p M q e M  yron npM B e p l u M H e  p a e e H  arctg ( l la ) .  3~01-o K o H y c a ,  

T a K  Xe K a K  M AJIR KOHYCa ( T o )  ~ ~ C C M ~ T P M B ~ ~ M O ~ ~  HaMM 3a&a' IM,  

3 H a q e H M R M  8 M 3  B ~ P X H ~ ~  nOnynJ lOCKOCTM COOTBeTCTBylOT JlyqM, 
B n O n b  KOTOPbIX t  M y B 0 3 P a C T a l O T .  Korna 3 H a q e H M e  8 CTPeMMTCR 

K H ~ K O T O P O ~ ~  T o w e  H a  M H T e p B a n e  ( - a ,  + a ) ,  H a n p a B n e H M e  n y q a  
CTpeMMTCR K H a n P a B J I e H M l O  C O O T B ~ ~ C T B ~ I O I U ~ ~  06pa3ymuetl KOHY- 

C a ;  K O r n a  Xe 8 CTPeMMTCR K H ~ K O T O P O ~ ~  T O q K e  B ~ ~ ~ C T B ~ H H O ~ ~  OCM, 

nexauetl B H e  M H T e p B a n a  (- a, + a ) ,  H a n p a B n e H M e  nysa C T p e M u T -  

CR K H a n p a B n e H u m ,  n e x a u e M y  B n n o c K D c T u  y = 0. B p a c c M a T p u -  



BaeMOM C n y Y a e  TOYKaM H a  runep6one (62) COOTBeTCTByIOT 3 H a q e -  
HUH 0, U 3  MHTepBaJ Ia  (- 6,  $ 6 ) .  ~ Y C T ~  A U B - TOYKU H a    TO# 
runep60ne, KOTOPbIM COOTBeTCTBYIOT 3HaYeHUH e l ,  T a K u e ,  YTO 0, = 
= + a (puc. 3). 

O ~ P ~ H U Y ~ H H O ~ ~  A y r e  A B  r u n e p 6 o n b l  COOTBeTCTByIOT 3 H a Y e H U R  

8,, y ~ O B J I e T B O p H I O U U e  H e p a B e H C T B y  - a < 8, < $- a. 
~ ~ C K O H ~ Y H ~ I M  A Y r a M  A A, U BB1 c 0 0 T B e T C T B y t o ~  ~ H ~ Y ~ H U R  8 ,  

~3 u H T e p B a n a  a ,< 8, < 6 u - 6< 
< 8, 4 - a. n p e n b r n y u u e  pac- 
CMOTPeHMR IIPUBOART K C J l e n y I O -  
U e M Y  3aKJlIOYeHMIO: eCJIU TOYKa 

P ( x ,  t )  CTPeMUTCR K TOYKe H a  
nyrax AA, u n u  BBI,  TO yron 
M e X n y  COGTBeTCTBYIOUMM JIyYOM 

( lx , t )  o ~ p a x e ~ ~ o t i  n p o n o n b ~ o a  
BOJIHbt U nJI3CKOCTbIO y =  0 C T p e -  
MUTCR K H Y ~ I O  u B npenene n n ~  I 
T O Y ~ K ,  p a c n o n o x e ~ ~ b ~ x  ~a  TUX x 
nyrax, ( lx, t)  B ~ I X O A U T  Ha nnoc- 
KOCTb y = 0. 

I 
~ o A c T ~ B J I H H  B (64) H a  MeCTO PUC. 3. 

8, K ~ K O ~ - J U ~ O  3 ~ a q e ~ u e  u 3  MH- 

T e p s a n a  ( a ,  6 )  u n u  (- 6 ,  - a ) ,  M ~ I  n o n y q a e M  y p a B H e H u e  n y q a  
( lx, t) ,  B b I X O A R U e r O  U 3  TOYKU H a  A y r e  AAl MJIU B BI U J I e X a -  
U e r O  B nJIOCKOCTU y = 0: 

J I e r ~ o  n o ~ a s a ~ b ,  YTO n o c n e n H e e  y p a B H e H u e  n p e a c T a s n R e T  co- 
608 y p a B H e H u e  ~ a c a ~ e n b ~ o f i  K runep6one (65). T ~ K U M  0 6 p a 3 0 ~ ,  
K ~ X A O ~ ~  TOYKe A y r  A A1 U B B1 COnOCTaBJlReTCR J l y Y  O T p a X e H -  
H O ~  ~ P O A O J I ~ H O ~ ~  BOJIHbI, ~ P ~ A C T ~ B J I R I O ~ M ~ ~  ~ 0 6 0 8  KaCaTeJlbHYIO K 
runep6one (65) B 3~0 t i  T o q K e .  

B a a n b ~ e t i r u e ~  6 y n e ~  n o ~ a 3 a ~ 0 ,  YTO n o T e H q u a n  o T p a x e H H b r x  
IlpOAOJIbHbIX BOnH 0 6 p a ~ a e ~ c R  B H y n b  TOJIbKO Ha U H T e p B a i l e  
( - a ,  a )  B ~ U ~ C T B ~ H H O ~  OCU, KaK 3 T 0  UMeJlO MeCTO U B C J l y Y a e  
UCTOYHMKa IlPOAOJlbHblX K O A ~ ~ ~ H U B ,  HO yXe OTJlUYeH OT H y n R  H a  

u H T e p B a n a x  (- 6,  - a )  ki ( a ,  6 ) .  OH ~ Y A ~ T  TaK>Ke OTJIUYeH O T  
H y n R  B ABYX O ~ ~ ~ C T R X  IIJIOCKOCTU, O ~ ~ ~ ~ O B ~ H H ~ I X  A Y r a M U  A A1 
u BBl  r u n e p 6 0 n b l  U KaCaTeJIbHbIMU K runep6one B T0YKa.X A k i  B. 
B 3TUX O ~ J I B C T R X ,  KOTOPbIe MbI ~ Y A ~ M  B ~ a J I b ~ e f l l U e M  0 6 0 3 ~ a Y a ~ b  
q e p e s  (1) u (11), O T c y T c T B y e T  naaarouasr n o n e p e q H a R  B o n t l a ,  T a K  

YTO, q ~ 0 6 b 1  YAOBJIeTBOPUTb K p a e B O M y  YCJIOBUIO, H ~ O ~ X O ~ U M O  O n p e -  
AeJlMTb nOTeHU.UaJI O T ~ ~ X ~ H H O ~  I I ~ l l e p e Y ~ ~ f i  BOJlHbI q2 H e  TOJlbKO 

BO BHYTPeHHOCTU r u n e p 6 0 n b 1  (62),  HO U B H e  ~ T O B  runep60nb1 B 

o 6 n a c ~ ~ x  ( I )  u ( 1 1 ) .  
B n a n b ~ e i i r u e ~  M ~ I  Y B U A U M ,  K a K   TO MOXHO C A e a a T b ,  a ceti- 

q a c  nepe8ne~ K o n p e n e n e H u m  q, BO B H y T p e H H o c T u  r u n e p 6 o n b 1 ,  



rne 8, o n p e n e n e H o  y p a B H e H u e M  

K O T O p O e ,  O q e B M A H O ,  O I I p e A e J I f I e T  K O H U ~ ~ C K M ~ ~  H Y q O K  nyqea ( T I )  
C ~ e p L U M H 0 f i  F1 : (X = 0, y = - f, t = 0) M Y r n O M  IIPM B e P L U M H e ,  
P a B H b I M  a f c f g ( l / b ) .  Hac 6 y n y ~  M H T e p e C O B a T b  T O J I b K O  T e  A y Y M  M 3  
y K a 3 a H H O r O  n y Y K a ,  H a  K O T O P b I X  y > 0 M t > 0. 

B ~ I I I M L U ~ M  K p a e B b I e  YCJIOBMH AJIH P a C C M a T P M B a e M b I X  T O q e K ,  
T. e. n n H  8,  n e x a q n x  B ~ e p x ~ e f i  nonynnocrtocru. 3 ~ a q e ~ ~ ~  el, 
8, M 8, n p ~  y = 0 cosnanam-r, M ,  0 6 0 3 ~ a q a ~  qepes 8 M X  o6uee 
s ~ a q e ~ ~ e ,  M ~ I  n o n y q a e M  

rne 6' 0 6 0 3 ~ a q a e ~  ~ P O M ~ B O A H ~ W  no  o OT ( t  - ex - l / b 2  - 0 2 f ) .  
K ~ K  M B C J I y q a e  M C r O q H M K a  I I P O A O J I b H b I X  BOJIH,  MbI I I O J I y q a e M  

OTCIOAB, q T O  

O T K y A a  M O W H O  B b I P a 3 M T b  @ Y H K U M M  a'(8) M yi (8) qepe3 Yi (8): 

N o ~ e ~ u ~ a n  $, nonepeq~o2  B O J I H ~ I ,  p a c ~ l p o c ~ p a ~ ~ t o u e a C R  OT 
MCTOYHMKB, A O J I W e H  0 6 p a u a ~ b ~ H  B H y J I b  H a  @ ~ O H T ~  BOJIHbI.   TO 
M O W H O  B b I P a 3 M T b ,  C K a 3 a B ,  q T O  B e u e C T B e H H b I e  q a C T M  @ Y H K U M #  

Yl(e) M Y;(Q) 0 6 p a ~ a I O ~ c H  B H y J I b  I I p M  - b ,< 8 ,< b. Y ~ M T ~ I B ~ R ,  
9 T O  A P O ~ U ,  B X O A H U M e  B @ 0 p M y J I b 1  (70), I I P M H M M a I O T  B e q e C T B e H H b I e  



3 H a q e H M H  IIpM -a ,< 8 ,< a ,  Mbl M O X e M  Y T B e P X A a T b ,  q T O  M B e -  

U e C T B e H H b I e  qaCTM @ Y H K ~ M ~  w ( 8 )  M Y$) B CBOIO O q e p e A b  o6pa- 
U a I O T C H  B HYJIb IIPM -a \< 8 ,< a.  TO Y T B e p X n e H M e ,  O n H a K O ,  
H e  M M e e T  M e C T a  IIpM a < 8 < b M -b < 8  <-a, I IOCKOJIbKy y K a 3 a H -  

H a R  ~ p 0 6 b  conepxw-r p a n m a n  l/a" e2. ~ O ~ T O M Y  B O ~ J I ~ C T H X  (I )  
M ( 1 1 )  IIJIOCKOCTM y=O I IOTeHUMaJI  y,  K 0 ~ 0 p b l f i  P a B e H  B e U e C T B e H -  

HOG 'IaCTM @ ( e ) ,  H e  6 y n e ~  0 6 p a U a ~ b ~ R  B H y J I b .  ~ T M  O ~ J I ~ C T M  

0 6 p a 3 0 ~ a ~ b 1  J I y q a M M  (l,, t )  MJIM (lo), KOTOPbIe  COOTBeTCTBYIOT B e -  
U e C T B e H H b l M  3 H a q e H M R M  6 M 3  MHTePBaJIOB (a ,  6)  M (-6, -a).  
Ecnu IIOl lCTaBMTb T a K O e  3 H a q e H M e  H a  MeCTO 8 ,  B Y p a B H e H M e  

(67), MbI IIOJIYqMM Y p a B H e H M e  ~ e K 0 ~ 0 P O f i  IIJIOCKOCTM B I I p O C T p a H -  
CTBe  (S) .  n e p e c e q e ~ ~ e  3 ~ 0 a  IIJIOCKOCTM C IIJIOCKOCTbIO y=O 
M A a e T  J I y q  (lo). JWKO B M n e T b ,  9 T O  3 T a  IlAOCKOCTb I I p e A C T a B J I R e T  
COGOW K a C a T e J I b H y I O  IIJIOCKOCTb K KOHYCY ( T I ) ,  O ~ P ~ ~ O B ~ H H O M Y  

J I y 9 a M M  O T ~ ~ X ~ H H O ~ ~  I I 0 I I e p e q ~ 0 f i  BOJIHb1. T ~ K M M  0 6 p a 3 0 ~ .  MbI 

I I O J I y l l a e M  C ~ M ~ ~ ~ C T B O  I I J I O C K O C T ~ ~ ~ ,  K a C a I O ~ M X C R  ( T I )  B n O A b  o6pa- 
3 y m q ~ x  K o H y c a  M ~ ~ O X O A H U M X  sepe3 T O ~ K M  P r ~ n e p 6 0 n b 1  (65), 
J I e X a u u e  H a  nyrax AA, M BB,. P~CCMOTPMM OAHY M 3  3TMX IIJIOC- 

~ c c ~ e f i ,  K o T o p a R  K a c a e T c R  K o H y c a  s n o n b  06pa3y10mefi F,P, n p M -  
9 e M  8 - BeIQeCTBeHHOe 3 H a 9 e H M e  I I a p a M e T p a  8, COOTBeTCTByIOUl.ee 

3 ~ 0 a  06pa3yto~et i .  0 6 0 3 ~ a q M ~  9epe3 (u@) T y  q a C T b  3 ~ 0 6  K a C a -  
~ e J I b ~ 0 f i  nJIOCKOCTM, K O T O P a R  J I e X M T  B I IOJ Iy I IpOCTpaHCTBe  y > 0 
M O r p a H M 9 e H a  o6pasyro~eif  FIP M J I y s O M  (lo). C O O T B ~ T C T B ~ I O ~ U . ~ ~  

s ~ a s e ~ ~ e  8 n e m m  B H H T e p B a n a x  ( a ,  6 )  (-6, -a). 
M H O X ~ C T B O  O I l P e A e J I e H H b I X  TaKMM 0 6 p a 3 0 ~  l r a c ~ e f i  K a C a T e J I b -  

HbIX IIJIocKocT~~? (u@) 3 a I l O J I H R e T  0 6 J I a c ~ b  (/7) I I p O C T p a H C T B a  (S).  
B 3 ~ 0 a  O ~ J I ~ C T U  MbI O n P e A e J I M M  q2 K a K  @ Y H K U M ~ O  B ~ U ~ C T B ~ H H O ~  

I I e p e ~ e ~ ~ o f i  8 ,  K O T O p a R  nOCTORHHa H a  K a ) f < A ~ f i  ( I /@) .  K ~ K  MbI 

yXe yKa3bIBaJ IM B II.  6, I IpOM3BOAbHaR @ Y H K ~ M R  BeUl,€CTBeHHOTO 

I I a p a M e T p a  8 ,  RBJIRIOLU.erOCR K O P H e M  YPaBHeHMR (60), YAOBJIeT-  

B O p R e T  B O ~ J I ~ C T M  (17) BOAHOBOMY YpaBHeHMIO (2) C C = =  6. 
Haw ~ b 1 6 0 p  ([lo) I I03BOJIReT  Y T B e P X A a T b ,  9 T O  H a 9 a J I b H b I e  

YCJIOBMR IlpM 3TOM H e  M3MeHMJIMCb, ~ 6 0  BCIOAY H a  ( I / @ )  ?! > a f .  
A H ~ J I o ~ M ~ H O ~  Y T B e p X n e H M e  6 y n e ~  C I I p a B e n J I M B O  M B I lOCJIeAyIO- 
U M X  PaCCMOTpeHMRX,  H a  9 e M  MbI B I I p e A b  H e  6yLle~ OCTaHaBJIM- 

BaTbcs r .  K ~ K  M M  n o K a x e M  B n a n b ~ e f i u r e ~ ,  y ~ a 3 a ~ ~ a ~  npouenypa 
o n p e n e n R e T  ~ e n p e p b ~ ~ ~ b r a  n o T e H u M a n .  n epexon~  K H e n o c p e n c T -  

BeHHOMY BbI9MCJI€HMIO 3 T O r O  I IOTeHUMaJIa ,  MbI AOJIXHbI  ~ b 1 6 p a ~ b  

MCKOMYIO (PYHKUMH) e TaKMM 0 6 p a 3 0 ~ ,  9~0661 0 I l p e ~ e J I R e ~ b I f i  

B (/7) IIOTeHUMaJI q2 y n O B J I e T B O p R J I  K p a e B b l M  YCJIOBMRM B 06~1ac- 
TRX ( I )  M ( 1 1 )  IIJIOCKOCTM y = O .  B T O ~ ~ R  M3 @OPMYJI (70) I I03BO-  

n R e T  o n p e n e n M T b  Y', ( 8 )  B M H T e p B a n a x  ( a ,  6 )  M (-6,  - a ) ,  M ,  M H -  
T e r P M P Y R  BnOJIb  B ~ ~ ~ C T B ~ H H O ~  OCM. MbI M O X e M  H ~ ~ T M  Y 2 ( e ) ,  
~ b 1 6 p a ~  IIOCTORHHYlO NHTeI-'PMPOBaHMR TaKMM 0 6 p a 3 0 ~ ,  q ~ 0 6 b 1  

Y2 (_+ a )  = 0. J e r ~ o  I I O K ~ ~ ~ T ~ ,   TO ecm @YHKUMIO qZ H a  nnoc- 
KOCTM (u@) I IOJIOXMTb p a ~ ~ o f i  B ~ L U ~ C T B ~ H H O ~ ~  9aCTM BbIUley I IOMH-  

H Y T O ~ ~  @ Y H K U M M  Y2 ( 8 ) ,  TO K p a e B b I e  YCJIOBMR 6 y n y ~  BbII lOJIHeHbI  



T a K X e  U B O ~ ~ ~ C T R X  ( I )  U ( 1 1 )  IIJIOCKOCTM Y = 0. ~ ~ ~ ~ c T B M T ~ J I ~ H o ,  
o6paqaacb K P a B e H C T B a M  (69),  M O X H O  Y T B e P X A a T b ,  YTO OHM 

BblIIOJIHRIOTCR M I I p U  a ,< 8 b M -b 8 ,< -a. H O  n p M  TaKMX 

8 BeW.eCTBeHHaR Y a C T b  vi ( 8 )  0 6 p a ~ a ? ~ c R  B H y J I b ,  M K O ~ @ @ R -  

UMeHTbI  npM 3 ~ 0 a  (PYHKUMM B Y p a B H e H M R X  (69) H e  C O A e P X a T  pa- 
AMKaJ Ia  1/- M I IOTOMy B e q e C T B e H H b l .  Y Y M T ~ I B ~ R  T a K X e  TO,  

YTO 8' T a K X e  B e U e C T B e H H O ,  Mbl M O X e M  Y T B e P X A a T b ,  9 T O  B p a C -  
C M a T p M B a e M O M  C J I y Y a e  yCJIOBMR (68) M O X H O  3 a n M C a T b  6e3 vi ( 8 ) ,  
T. e. B BMAe  

~ T M  Y p a B H e H M R  n O K a 3 b l B a t O T ,  YTO K p a e B b I e  YCJIOBMR YAOBJIeTBO- 

PRIOTCR B O ~ J I ~ C T R X  ( I )  M ( 1 1 )  IIJIOCKOCTM Y = 0. T ~ K M M  0 6 p a 3 0 ~ ,  
n p o 6 n e ~ a  peureaa. 

O T M ~ T M M  T a K X e ,  YTO 3 H a Y e H M e  qz H a  (Ue) p a B H 0  3 H a Y e H M D  

3 ~ 0 f i  @ Y H K U M M  H a  06paaymqeii F,P, Y e p e 3  K O T O p y t O  I IpOXOAMT 

(ue). 
12. Y K ~ X ~ M  T e n e p b  H e K O T O p b l e  CJIeACTBMR I IOJ IyYeHHblX  pe- 

3YJ IbTaTOB.  C I I O M O U b t O  paccyX~e~Mfi ,  aHaJ I OrMYHblX  I I p M B e A e H -  
Hb lM B R. 10, M O X H O  n O K a 3 a T b ,  YTO C M e U e H M R  O K a X Y T C R  6ec- 
KOHeYHblMM H a  O P O H T ~ X  BOJIH. M b l  H e  ~ Y A ~ M  A a J I e e  OCTaHaBJIU-  

B a T b C R  H a  3TOM M O M e H T e .  

EcJIM P a C C e Y b  n O C T p O e H H y t O  B I I P O C T P a H C T B 3  ( S )  KOHCTPYKUMtO 

nJIOCKOCTbl0  t = const, Mbl I IOJIy-  

YMM O P O H T ~ I  BOJIH B MOMeHT B p e -  
Gv MeHM t (PMC. 4). M b l  ~ b l 6 M p a e ~  t 

A O C r a T O Y H O  ~ o J I ~ U I U M ,  W 0 6 b l  n J I 0 -  
C K O C T ~  t = const n e p e c e K a n a c b  c '\ / 0 6 J I a c ~ b t O  ( R )  I I p O C T p a H C T B a  ( S ) .  

--O-- QPOHT n0nepeq~0f i  B O J I H ~ I  B  TOM 

cnysae COCTOMT ~3 T p e x  ~ a c ~ e f i .  
H n e p ~ a ~  s a c T b  -  TO ayra o ~ p y x -  

Pnc. 4. HOCTM A H B - c ~ Y ~ H M R  ~ o ~ y c a  (To)  
I I J lOCKOCTbD t = const.  TO BOJIHa, 

P a C n p O C T p a H R I O U a R C R  O T  MCTOYHMKa. B ~ o p a f l  Y a C T b  - 3 T 0  A y r a  

OKPYXHOCTM AEFB - c e q e H M e  K O H y C a  ( T , )  nJIOCK0CTbIO t=const. 
T P ~ T ~ R  Y a C T b  0 6 p a 3 0 ~ a ~ a  ABYMR O T p e 3 l < a M u  n P R M b I X  CE M DF- 
C e Y e H M e  (U+,) M (U-,) IIJIOCKOCTbtO t = C O ~ S ~ .  3 ~ 2 3  T p e T b R  Y a C T b  
I I O p o X A e H a  I IPOAOJIbHblMM BOJIHaMM, P a C n P O C T P a H R t O q M M M C R  BAOJIb 

IIJIOCKOCTM y=O CO CKOpOCTbIO l / a .  TOYKM E M F- 3 T 0  TOYKM 

I I e p e C e Y e H M R  nJIOCKOCTM t = const C O ~ P ~ ~ Y W U M M M  K O H Y C ~  ( T i ) ,  
COOTBeTCTBYIOllL.MMM 3 H a Y e H M R M  8 = &a.  QPOHTOM n P O ~ O f l b H b 1 X  



Bce 3TM @ P O H T ~ I  PaCI IPOCTPaHRIOTCR,  YAOBJIeTBOPRR n P M H U M n Y  

Q e p ~ a .  K a K  M B I I p e A b I f i y U e M  C J l y q a e ,  M O X H O  BblqMCJlMTb a C M M n -  

TOTMKY AJIR C M e U e H M R  M I IOJ lYqUTb  I IOBePXHOCTHYIO BOJIHY. Mc- 
n O J l b 3 y e M b l e  n p M  3TOM P a C C M O T p e H U R  B n O J l H e  a H a J l O r M q H b l  n p M B e -  

A e H H b l M  B b l W e .  

13. M 3 J I 0 X e ~ ~ b l f i  M e T O A  nPMMeHMM H e  TOJIbKO K 3 a A a r l e  n J lOC-  

K M X  ~ o n e 6 a ~ u f i  n o n y n p o c T p a H c T s a ,  HO o n p e A e n R e T  T a K x e  0 6 q ~ f i  
3 a K O H  O T p a X e H U R  OT nJlOCKOCTM n y q K a  J l y q e f i  C n e U U a J I b H O r O  BMAa  

n p o c T p a H c T e e  (S). ,Qnx 3 ~ 0 r o  C n e u u a n b H o r o  T u n a  n y q e f i  n o T e a -  

uuan ( n p o ~ o n b e b ~ f i  M n u  n o n e p e q a b r f i )  n p e n c T a s n R e T  co60fi B e -  
U e C T B e H H y I O  q a C T b  @ Y H K U M U  K O M I I J I ~ K C H O ~ ~  I I e p e ~ e H H o f i  g ,  per)'- 
J IRpH0f i  B B e p x H e f i  nOJ lynJ IOCKOCTU,  r A e  '3 - K O P ~ H ~  Y p a B H e H M R  

K ~ K  Mbl n O K a 3 a J l M  P a H e e ,  T ~ K O Q  BMA Y p a B H e H M R  3 K B M B a J l e H T e H  

euny (34). M ~ I  6 y ~ e ~  r o B o p M T L ,   TO B  TOM c n y q a e  ~ o n e 6 a ~ ~ ~  
M M e m  M H M M ~ I ~ ~  n o T e H u u a n .  

Y K ~ ~ ~ H H ~ R  BbI l I I e  P e r y J I R p H a R  @ Y H K U M R  A O J l X H a  T a K X e  YAOB-  

J l e T B O p R T b  HeKOTOPblM K p a e B b l M  YCJIOBMRM. AJR y A O B J I e T B O p e H M H  
3TMM YCJIOBMRM H ~ O ~ X O A M M O  P a C C M O T p e T b  @YHKUUIO n p M  B e U e C T -  

BeHHblX  3 H a q e H M R X  n a p a M e T p a  '3, KOTOPbIM COOTBeTCTBYIOT HeKOTO-  

p b I e  IIJIOCKOCTM B n p O C T p a H C T B e  (S). Ha K a X ~ o f i  M3 3 T U X  IIJIOC- 

K O C T ~ ~ ~  n O T e H U U a J I  nOCTORHeH.  M ~ I  H e  6 e p e ~  3TM nJlOCKOCTM 
UeJlMKOM, a JlMlIIb T Y  MX q a C T b ,  K O T O P a R  3 a K J l I O q e H a  M e X A Y  O T p a -  

X a I O U e f i  IIJIOCKOCTbIO M I I p e A e J l b H b I M  n O J l O X e H M e M  J l y q a ,  K O T O p O e  
n o n y q a e - r c z l ,  ecm y c T p e M M T b  3 ~ a q e ~ ~ e  '3 u 3  ~ e p x ~ e i i  nonynnoc- 
KOCTM K B e U e C T B e H H O M Y  3 H a q e H M I O ,  KOTOPOMY COOTBeTCTBYeT 

P a C C M a T p M B a e M a R  IIJlOCKOCTb. M ~ J I O X ~ H H ~ I ~ ~  B b l W e  M e T O A  I I03BOJ lR-  
e T ,  H a n p M M e p ,  P e l I I M T b  n p 0 6 n e ~ y  K o J l e 6 a H M f i  CJIOR. 

~ Y C T ~  2f - T O J I U M H a  n J l O C K O r O  CJIOR, O r p a H M q e H H O r O  IIJIOCKOC- 
TRMM Y = O  M y = 2 f ,  M n Y C T b  Mbl M M e e M  A e J I O  C MCT'O'lHMKOM 

lTpOAOJIbHbIX K o J I ~ ~ ~ H M ~ ~  B T O r I K e  X = 0, Y = f ,  t = 0, K O T O P ~ I ~ ~  
3 a A a e T  CMHryJlRpHOCT'b  y K a 3 a H H O r O  B b l I U e  BMAa M KOTOPOMY COOT- 

BeTCT'ByeT I I O T e H u U a J I  BOJlHbI 

' P = R  [ @ ( ' 3 ) 1 ,  (71) 

rne p e r y n R p H a R  @ Y H K U M R  @ (9)  O n p e A e n e H a  H a  n n o c K o c T M  K o M n -  

n e ~ c ~ o f i  n e p e ~ e ~ ~ o f i  9 c p a 3 p e 3 0 ~  e n o n b  ~ e q e c ~ ~ e ~ ~ o f i  o c ~  
(-a, + a ) ,  n p u q e M  B e q e c r e e a a a s r  q a c T b  @ ('3) 0 6 p a u a e ~ c ~  B 
H y J I b  H a  3TOM pa3pe3e. P~CCMOTPMM qaCT'b  (a )  I IPOCTpaHCT'Ba (S), 
O r p a H M q e H H y I O  IIJIOCKOCTRMM Y = 0 M y = 2f. 0 6 0 3 H a q M ~  I I e p B Y l O  

u3  BTMX nnoc~oc~ef i  q e p e s  (So), a ~ ~ o p y m  - q e p e s  (S,). Ecnu 



I IpM f < 0 c J I 0 f i  IIOKOMJICR, T O  IIpM 0 ,< t < af MbI M M e e M  n p O A 0 J I b -  
H b I e  K O J I ~ ~ ~ H M R  C IIOTeHILMaJIOM y .  J y q M ,  C O O T B e T C T B Y I O ~ M e  3~0fi 
BOJIHe,  0 6 p a 3 ~ 1 0 ~  KOHYC (To) C ~ e p L U M H 0 f i  B T O q K e  (X = 0, y = f, 
t = 0) M Y ~ J I O M  n p M  B e p r u M a e ,  p a B H b I M  arctg(1la). n p n  t = af 
IIORBJIHIOTCR I I p O A O J I b H b I e  M I T O I I e p e q H b I e  BOJIHbI, O T p a X e H H b I e  OT 

~ J I O C K O C T ~ ~ ~  (So) I4 ( S t ) .  B n o n b  J I y q e f i ,  COOTBeTCTBy I O ~ M X  BTMM 
BOJIHaM,  f P a C T e T ,  T a K  9 T O  B ~ 0 f i  qaCTM O ~ J I ~ C T M  ( Q ) ,  KOTOpaR 

O r p a H M q e H a  IIJIOCKOCTRMM f = 0 M t = af, K O J I ~ ~ ~ H M R  ~ Y A Y T  O n p e -  
A e J I R T b C R  @ ~ H A ~ M ~ H T ~ J I ~ H ~ I M  KOHYCOM J I y q e f i  (To). B YPaBHeHMU 

(71) 8 o n p e n e n e H a  c o o T H o m e H M e M  t - Ox -t V a 2 -  8" - 
-1/23Ff=0. 

~ Y C T ~  TI M - n O T e H q M a J I b 1  O T P a X e H H b I X  OT (So) I IpOAOJIb -  
H 0 f i  M I I ~ n e p e ' i H ~ f i  BOJIH M I lYCTb  'Pz M q 2 -  a H a J I O r M ' i H b I e  I IOTeH- 

UMaJIbI AJIR BOJIH, O T P a X e H H b I X  OT (S1). M M ~ ~ M  

me ( K O M I I J I ~ K C H ~ I ~ )  e l  M 0; C O  3 H a q e H M H M M  B B ~ P X H ~ ~  I IOJIynJIOC- 

KOCTM O n p e A e J I e H b I  Y p a B H e H M R M M  

-- 
( 2 0 2  - b2) + 402 Val - 192 Vb2 - 82  

0; (e )  = - 
F (0) 

@' ( 0 ) s  

I I p M q e M  B e U e C T B e H H b I e  qaCTM @; (8) M ~ ; ( e )  0 6 p a q a 1 0 ~ c ~  B H y J I b  
n p M  - a ,< 6 ,< a. C O O T B ~ T C T B ~ I O ~ M ~  O T p a X e H H b I e  JIyqM MCXOART 

M3 T O q e K  H a  IIJIOCKOCTM (So), K O T O P b I e  J I e X a T  BHYTPM r u n e p 6 o n b r  

f 2  - a2 (x2 f 2 )  = 0, M B C T p e q a I O T  IIJIOCKOCTb (S1) 3a JIMHMefi 

t = 3af. 
T e M  J I y q a M  K O H y C a  (To), K O T O P b I e  I I e p e C e K a l O T  IIJIOCKOCTb (S,), 

COOTBeTCTByIOT 3 H a r I e H M R  M3 H M X H e f i  IIOJIYIIJIOCKOCTM, T. e. 
M M e I O q U e  O T p M l l a T e J I b H y I O  MHMMYIO 9 a C T b .  ~ Y C T ~  

'Pa = R [ @ 2  (Oa ) l*  $ 2  = R [qrz ( O h 1  (75) 

- IlOTeHILMaJIbI I l p 0 ~ 0 J I b H 0 f i  M I I 0 I I e p e q H 0 f i  BOJIHbI, O T P ~ X ~ H H O ~ ~  O T  

(S,). K O M ~ J ~ ~ K C H ~ I ~  3 H a 9 e H M R  e2 M 8; M 3  H M X H e f i  IIOJIYIIJIOCKOCTU 



A O ~ X H ~ I  C O B n a A a T b  n p M  y = 2f C 8. J W K O  B M n e T b ,  l I T 0  8, M 8; 
A OJIXHbI  AJIR 3 T O r 0  Y A O B n e T B O P R T b  Y P a B H e H M R M  

F I p o u 3 ~ o n ~ b r e  @YHKUMR CD2 M Y, O n p e n e n R r o T c R  qepes CD', ( 8 )  
C I I O M O u b m  @ o ~ M ~ J I ,  K O T O P b I e  I IOJIyrIaIOTCR M3 @OPMYJI (74), eCJIM 

I IOMeHRTb  3 H a K  IIpM I/= BO B T O P O ~  M3 @OPMYJI (74). KO- 
n e 6 a ~ u ~  CJIOR B YaCTM (Q), ~ ~ p a ~ k i l r e ~ ~ ~ f i  IIJIOCKOCTRMM t = f a  
U t =  3fa, IIOJIHOCTbIO 0 I I P e A e J I R H ) T C R  I I O T e H u M a J l a M M  (9, T I ,  ( 9 2 ,  9 ,  
U $2. HJIR IIOCJIeAYIOuMX MOMeHTOB B P e M e H M  MbI A O J I X H b I  Y q e C T b  

o T p a m e H M e  n y q e 8 ,  c o o T s e T c T B y m u u x  n o T e H u M a n a M  cq,, c p , ,  $ ,  u q2.  
P~CCMOTPMM c H a l r a n a  n o T e H u u a n  c p , .  C O O T B ~ T C T B ~ ~ U N ~  e M y  n y l r M  
I I a A a l o T  H a  IIJrOCKOCTb (SI) M I I O P O X A a I O T  O T P a X e H H b I e  I I P O A O J I b -  
HYIO M I I O I I e p e ~ l H y I O  BOJIHbI. B B ~ A ~ M  COOTBeTCTBYIOLUMe OTMM KO- 
A ~ ~ ~ H M R M  I IOTeHuMaJ Ib I  

n p w s e M  K o M n n e K c H b I e  n e p e M e H H b r e  8, M 8 j  u 3  ~ e p x ~ e f i  nony- 
IIJIOCKOCTM n O J I X H b 1  C O B n a n a T b  I IpM y = 2f C e l ,  B ~ I ~ ~ M c J I ~ H H o ~ ~  
C I I O M O U b I O  n e p B O r O  U 3  Y P ~ B H ~ H M ~ ~  (73). JP~KO B M A e T b ,  l r T 0  B 0 3 -  

H M K a I O u M e  n p M  3TOM Y P a B H e H M R  HMeIOT BMA 

OYHKUMU @ j  M Y j  o n p e n e n R m - r c r r  qepes CDI no a o p ~ y n a ~ ,  KOTO- 

p b I e  n 0 J I y q a H ) T C R  M3 @OPMYJI (74), e C n M  I I O M e H R T b  3 H a K  l / a 2 - e 2  
BO B T O P O ~  U 3  OTMX  POPM MY^. 

B ~ e n e ~  T e n e p b  n o T e H u u a n b r  c p ,  M qq n n R  n y l r e f i ,  K O T O P ~ I ~  
B O ~ H M K ~ I O T  n p M  O T p a x e H M M  OT (S1) n y t I K a  nysefi n o n e p e z I H b r x  
~ o n e 6 a ~ ~ R  c n o T e H u M a n o M  q,:  



O T M ~ T M M ,  q T O  0 6 J I a ~ ~ b  M3MeHeHMR I I e p e M e H H ~ f i  @ Y H K U M M  y; ( 0 )  
COCTOMT M 3  ~ e p x ~ e f i  IIOJIyIIJIOCKOCTM M M H T e p B a J I a  B € ? I ~ I . ~ c T B ~ H H ~ ~ ~  
OCM (-a, +a) ,  n p M q e M  B e U e C T B e H H a R  q a C T b  y; ( 8 )  0 6 p a u a e - r ~ ~  
B HYJIb  H a  3TOM M H T e p B a J I e .  B n o n ~ e  a H a J I O r M q H b I e  @ 0 p ~ y J I b 1  no- 
J I y q a f O T  U I l pM PaCCMOTPeHMM OCTaJIbHbIX @ Y H K U M ~ ~ ,  B03HMKaH3LLl.MX 

I IpM M3yqeHMM O T p a X e H M R  O T  I I J I o c K o c T ~ ~ ~  (Sf,) M (S,) .  C 0 B e p l U e ~ -  
HO RCHO, K a K M e  BbIKJIaAKM H ~ O ~ X O A M M ~ I ,  q ~ 0 6 b 1  I I O J I y q H T b  MX. 

C J I y q a f i  MCTOqHMKa I I O I I e p e q H b I X  ~ 0 J I e 6 a ~ M f i  ~ p e 6 y e ~  HeCKOJIb-  
KO MHblX ~ ~ c C M O T ~ ~ H M ~ ~ .  

14. I I y c ~ b  9 = R [ Y  ( B ) ]  a a n a e ~  n o - r e H q M a n  B c n y q a e  M C T O ~ -  

HMKa n o n e p e w b t x  K O J I ~ ~ ~ H M ~ ~ ,  me n e p e M e H H a R  8 o n p e n e m e - r c f i  
83 Y p a B H e H M R  

I I p M Y e M  8 M e H R e l C R  H a  K O M I I J I ~ K C H O ~ ~  IIJIOCKOCTM C p a 3 p e 3 0 M  

(- b, +b) B n O J I b  B ~ I ~ I . ~ c T B ~ H H O ~  OCM. ~ O C T P O M M ,  K a K  0 6 b 1 4  HO, 
I IOTeHUMaJIbI  cp,  M 9, BOJIH, O T p a X e H H b I X  OT IIJIOCKOCTM (so): 

rne 

B ~ U I . ~ C T B ~ H H ~ I M  3 H a q e H M R M  8, TaKMM, ' I T 0  a < \ 8 ( < b, COOTBeTCT- 

BYDT n y q u  n p o n o n b ~ b r x  K o J I ~ ~ ~ H M ~ ~ ,  p a c n o n o x e H H b r e  B n n o c K o c -  
TM (3,) U IIJIOCKOCTM, H a  KOTOPbIX \ IT1(8)  P a B H b l  ~ O C T O R H H O ~ ~ ,  3 H a -  
q e H M e  ~ o ~ o p o f i  O n p e n e n n e l c R  143 y p a ~ ~ e ~ ~ 8  (84) .  

BeJIMYMHbI M 8 ;  Yf iOBJIeTBOpRWT Y P a B H 2 H M R M  

t - 8 1 ~ - I / a ~ - ~ ; ' ~ - 1 / b " ~ ~  f = O ,  

, 2  
(85)  

t - e ; x - J / b ~ -  8: y -  J / b 2 - 0 ,  f=O. 



P~CCMOTPUM nanee oTpaxeHue nyqeR npononb~ofi  BOnHbt OT 

nnOCKOCTU ( S 1 ) .  0603~aqkiM nOTeHlJIManb1 OTPaXeHHbIX nPOAOnb-  
H O C ~  u nonepeq~ofi B o n H  ~ e p e s  c p ,  u q2, npn   TOM 

40 l/a2 - 83 (202 - ba) 
(88)  

Y; ( 0 )  = 
F (0) 

a; ( 0 ) .  

JIyqu npoAonbHbtx ~ o n e 6 a ~ n f i ,  on penen fie M ~ I X  noTeHuuanoM 
T I ,  KOTOPbIe COOTBeTCTBYWT BeqeCTBeHHbIM 3HaqeHURM 0 U3 MH- 
TepBanoB a ,< 10 ( ,< b ,  O C T ~ ~ T C R  B nnocKocTn ( S , ) ,  u, cneAoBa- 



C n e J I a e M  H e C K O J I b K O  AOnOJIHMTeJIbHbIX 3 a M e ' - I a ~ k i f i  OTHOCMTeJIb-  
HO I I O B e A e H M R  ( P y ~ K U k i f i  I I p M  B e U e C T B e H H b I X  0 ,  yAOBJIeTBOpRWLU,MX 
H e p a B e H C T B y  U < 18 I < b.  

B ~ W ~ C T B ~ H H ~ I ~  s a C T M  ( 8 )  M w ~ ( o )  I IpM T a K M X  8 O K a 3 b I B a W T C R  
OTAMqHbIMM O T  H y J I R .  M 3  I I e P B O r O  Y p a B H e H M R  ( 90 )  C A e A y e T ,  s T 0  

J I y q M  I I p O A O J I b H b I X  ~ 0 A e 6 a ~ k i f i .  K O T O P b I e  C O O T B e T C T B Y W T  TaKMM 

3 H a q e H M R M  8 ,  P a C I I O J I O X e H b I  B IIJIOCKOCTM ( S 1 ) .  B ~ o p o e  M 3  Y p a B -  
H ~ H M G  A a e T  C ~ M ~ ~ ~ C T B O  I I J I o c K o c T ~ ~ ~ ,  H a  K a x n 0 f i  U 3  K O T O p b I X  

~ i ( 0 )  C O X p a H R e T  I IOCTORHHOe 3 H a s e H M e .  A ~ I - K o  I I p O B e p M T b  BbIIIOJI- 

H e H M e  K p a e B b I X  Y C J I O B U ~ ,  P a C C M a T p M B a R  n O T e H U M a A b 1  B T e X  q a C -  

T R X  IIJIOCKOCTM ( S 1 ) ,  K O T O P b I e  3 a H R T b I  J I y q a M M  I I p O A O J I b H b I X  K O A e -  
6 a ~ ~ f i .  P~CCMOTPMM 3TM O ~ J I ~ C T M  ~ O A P O ~ H ~ ~ .  

K a X A O r O  BeLU,eCTBP-HHOI-0 8 ,  Y A O B J I e T B O P R W U e I - 0  H e p a B e H -  
C T B Y  U < 18 1 < b,  Y p a B H e H M e  C O O T B e T C T B y W U e I - 0  J I y q a ,  P a C I I O -  

J I O X e H H O I - 0  B IIJIOCKOCTM (S1), M M e e T  BMA t - O X  - 3 v b 2  - O2f = 
= 0 ( y  = 2 f ) .  

T a ~ o e  x e  y p a B H e H M e  n o n y q a e T c s l ,  e c n M  BO BTOPOM 143 y p a B -  

H ~ H M ~  ( 90 )  3 a M e H M T b  8; H a  0  M I I O J I O X M T b  y  = 2 f .  C A ~ A O B ~ T ~ J I ~ H O ,  

p a C C M a ~ p M ~ a e M b 1 f i  J I y q  I I p O A O J I b H b I X  K O J I ~ ~ ~ H U ~ ~  C O B I I a A a e T  CO 

C J I e A O M  H a  IIJIOCKOCTM y =  2f IIJIOCKOCTM, H a  K O T O P O ~ ~  Y 3  ( 0 )  
I I O C T O R H H a .  T a ~ o e  Xe Y p a B H e H M e ,  O q e B U A H O ,  B 0 3 H M K a e T  M B CAY- 

sac, eCJIM B Y P a B H e H M M  (85) MbI I IOJIOXMM y  = 2 f .  T ~ K M M  o6pa- 
3 0 M ,  IIJIOCKOCTb, H a  K O T O P O ~ ~  v1 ( 8 )  I IOCTORHHa,  I I e p e C e K a e T  IIJIOC- 

K O C T ~  ( S 1 )  B A o n b  TOI-o x e  nyqa ( l o ) .  l lpu  o T p a x e H M u  n y q e W  
I I O T e H U M a A a  cp3 O T  IIJIOCKOCTM ( S O )  0 6 A a ~ ~ b  M 3 M e H e H M R  0  I I p e A -  

C T a B J I R e T  c0608 B e p X H W W  IIOJIyI IJ IOCKOCTb M M H T e p B a J I  (--a, + a )  
B ~ L U , ~ C T B ~ H H O G  OCM, I I p M q e M  H a  3 T O M  M H T e p B a J I e  B e q e C T B e H H a R  

Y a C T b  ~ i ( 8 )  P a B H a  H y J I W .  

MOXHO M C I I O J I b 3 0 B a T b  BIIOJIHe a H a J I O I - M q H b I e  C O O ~ P ~ X ? H M R  AJIR 

p e r u e H u R  s a n a q ~  c A p y r M M u  I - ~ ~ H M ~ H ~ I M M  YCJIOBMRMM, H a n p u M e p  

c y c J I 0 B M e M  OTCYTCTBMR C M e U e H M R  H a  I - P a H M U e .  

15. M c I I o J I b 3 y R  M e T O A ,  I I ~ M M ~ H ~ H H ~ I ~ ~  B b I u I e  AJIR M 3 Y q e H M R  

MCTOqHMKa BHYTPM C p e A b I ,  J Ie I -KO I I O A y q M T b  P e I l J e H M e  (B  B e c b M a  
~ o ~ n a ~ ~ ~ o f i  ( P o p ~ e )  nep~of i  a a ~ a q ~  - a a ~ a q n  o n n o c K u x  ~ o n e 6 a -  
HMRX I I O J I y I I p O C T p a H C T B a  I I O A  B O ~ A , ~ ~ ~ C T B M ~ M  MCTOqHMKa K O J I ~ ~ ~ H M ~ ~ ,  
C O C P e A O T O q e H H O I - 0  H a  I IOBePXHOCTM. 

~ Y C T ~ ,  K a K  O ~ ~ I ~ H O ,  MCTOqHMK ~ 0 A e 6 a ~ ~ f i  p a C I I 0 J I O X e H  B T 0 4 -  

K e  0 ( X  = 0 ,  y  = 0 ,  t = 0 )  I I p O C T p a H C T B a  ( S )  M 3 T O M Y  MCTOqHMKY 
COOTBeTCTBYIOT K O M I I J I ~ K C H ~ I ~  I IOTeHl4MaJIbI  @ ( 8 , )  M y ( 0 ; )  npo- 
A O J I b H b I X  M I I O I I e p e q H b I X  ~ 0 A e 6 a ~ ~ f i .  P~CCMOTPUM A B a  K O H y C a  
( T i )  M ( T 2 )  C B e p N M H a M M  B T O q K e  0 M yI-AaMM IIpM B e p u I M H e ,  

P a B H b I M M  C O O T B e T C T B e H H O  arctg ( 1 1 ~ )  M arctg ( l l b ) .  BbtIIkiLUeM 

y p a B H e H M e  Ha el  0 ; :  



K O M ~ J I ~ K C H ~ I M  3 H a Y e H M R M  8 ,  M 3  ~ e p x ~ e f i  n O J I y I I J I O C K O C T M  CO- 

O T B e T C T B Y I O T  J I y Y M ,  B b I X O A f l q M e  M 3  TOYKM O  M MAYLUMe B H Y T P M  

K O H y C a  (T i )  B ~ 0 f i  YaCTM 3 T O r 0  K O H y C a ,  B K O T O P O ~ ~  y > 0 M t>O. 
B ~ ~ ~ c T B ~ H H ~ ~ M  3 H a Y e H M S I M  el ,  Y A O B J I e T B O P R F O l U U M  H e P a B e H C T B Y  

( 8 , )  > a ,  C O O T B e T C T B y F O T  J I y Y U ,  p a C n O J I O X e H H b l e  B IIJIOCKOCTM y =  
= 0, M, H a K O H e U ,  B e q e C T B e H H b l M  3 H a Y e H M R M  U 3  M H T e p B a J I a  

( - a ,  f a )  C O O T B e T C T B y F O T  0 6 p a 3 y m q ~ e  K O H y C a  ( T I ) .  B n o n ~ e  a H a -  

J I O r M Y H O e  C O O T B e T C T B M e  M M e e T  M e C T O  A J I R  J I y Y e f i  B H Y T P M  K O H Y C a  

(T , )  C K O M n J I e K C H b I M M  3 H a Y e H M S I M M  8 ; .  
n y c ~ b  O A  M OA1 - 0 6 p a 3 y m q ~ e  K o H y c a  ( T I ) ,  n e x a q u e  

B n J I o c K o c T u  y = 0 M OB M OBI - T a m e  x e  o 6 p a 3 y m q ~ e  A m  
( T 2 ) .  M c n o J I b 3 y R  ( P o p ~ y J I b 1  (38 ) ,  M O X H O  B b I n M C a T b  Y C J I O B M e ,  0 3 H a -  

'Iamqee, 'ITO BO B c e x  T o w a x  n n o c K o c T u  y = 0,  n e x a q n x  BHYTPM 
yrna BOB,, H a n p s r x e H u e  pamo  H y n r o :  

O T M ~ T M M ,  YTO T O Y K a M ,  H a X O A R q M M C R  B H Y T P M  Y r J I a  BOBl,  CO- 

O T B e T C T B Y m T  B e U e C T B e H H b I e  3 H a Y e H M R  8 ,  Y A O B J I e T B O P S I I O ~ U e  H e -  

p a B e H C T B y  ) 8 1 > b. P ~ C C M O T ~ M M  T e n e p b  y r n b l  AOB M AIOB,. 
3 ~ e c b  OTJIM' IeH O T  H y J I R  I I O T e H Q M a J I  @, ( 8 )  n p O A O J I b H b I X  K o J I e 6 a -  

H U G ,  M AJIR T o r 0  q~06t.1 Y A O B J I e T B O P U T b  K P a e B b I M  Y C J I O B U R M ,  M b I  

A O J I X H b I  C J I O X M T b  C n P O A O J I b H b I M U  K O J I ~ ~ ~ H M R M M  I I O I I e p e ' I H b I e  K O -  

J I F ! ~ ~ H M R .  @ ~ K T U Y ~ C K U  3 T 0  C O O T B e T C T B Y e T  T O M Y ,  ' I T 0  M A Y q U e  

B A O J I b  I I O B e p X H O C T M  n p O A O J I b H b I e  K O J € ! ~ ~ H H R  I I O p O X A a m T  none- 
p e q ~ b l e  K O ~ ~ ~ ~ H H R ,  p a c n p o c T p a H n m q u e c R  B H ~ T P ~  nonynpoci-pas- 
cma.  H e p e ~ e ~ ~ a ~  6 (PYHKUMM 8 ,  ( 8 )  n p M H u M a e T  B  TOM cnygae 
B e q e C T B e H H b I e  3 H a Y e H M R  M3 M H T e p B a J I O B  ( a ,  b )  M.IIM ( - 6 ,  - a ) .  

T a K M X  3 ~ a Y e ~ M f i  8 Y p a B H e H U e  (93) n a e T  nJ IOCKOCTM, K a C a -  

T e J I b H b l e  K K O H Y C Y  ( T 2 ) ,  I I p M Y c M  MbI  P a C C M a T P M B a e M  Y a C T b  3 T M X  

I I J I o c K o c T ~ ~ ~ ,  3 a K J I f O Y e H H Y I O  M e X A Y  O ~ P ~ ~ Y ~ ~ U M M  K O H Y C a  ( T 2 )  
U n J I O C K O C T b H 3  y = 0. 

0 6 0 3 ~ a Y ~ ~  3 T M  YaCTM I I J I o c K o c T ~ ~ ~  'Iepe3 ( U e ) .  Ha K a X ~ 0 f i  

( U O )  n o T e H u u a n  n o n e p e s ~ b ~ x  ~ o n e 6 a ~ u f i  H o n x e H  6 b 1 ~ b  n o c T o R H -  

HbIM,  M C O O T B ~ T C T B Y I O ~ y l O  (PYHKUUIO w ( 8 )  H a A O  ~ b l 6 p a ~ b  T a K M M  

0 6 p a 3 0 ~ ,  q~06t.1 K p a e B b I e  YCJIOBMSI 6 b 1 J I u  B b I I I O J I H e H b I  B Y r J I a X  

AOB M AIOBl .  Y Y M T ~ I B ~ R ,  Y T O  B 3 T M X  O ~ ~ ~ C T S I X  1 8 1  < b, M b l  

M O X e M  3 a n M C a T b  3 T U  YCJIOBMR B B M A e  



M 3  H e I I p e p b I B H O C T M  I I O T e H U M a J I a  B b I T e K a e T ,  q T O  3 H a q e H M e  w ( 8 )  
A O J I X H O  C O B I I a A a T b  C B ~ U ~ C T B ~ H H O ~ ~  q a C T b t 0  $ ( 8 )  H a  06pa3yrouefi 
K O H Y C a  ( T z ) ,  B A O J I b  K O T O P O ~ ~  (uo) K a C a e T C R  3~01-0 K O H Y C a .  Torna 
YCJIOBMR (95) C O B I I a A a I O T  C YCJIOBMRMM (94). M ~ a q e  r O B O p R ,  COOT- 

H O U I e H M R  (94) A O J I X H b I  6 b 1 ~ b  BbIIIOJIH?HbI T a K X e  M I I p M  a,< 1 8 )  ,< 6 .  
M c I I o J I b 3 y R  T O ,  q T 0  K O J I ~ ~ ~ H M R  H e  M O r Y T  P a C I I P O C T P a H R T b C R  CO 

C K O p O C T b f O ,  ~ O J I ~ L L I ~ ~ ~ ,  q e M  l / a ,  MbI A O J I X H b I  I I O T P ~ ~ O B ~ T ~ ,  q ~ 0 6 b 1  
npu  -a ,< 0 ,< a n o T e H u u a n b 1  n p o n o n b H b r x  M n o n e p e q H b I x  K o n e -  
6 a ~ ~ t i  0 6 p a q a n ~ c b  B H y n b ,  T .  e. A J I R  T a K M X  e YCJIOBMR (94) 
T a K X e  A O J I X H b I  6 b 1 ~ b  B b I I I O J I H e H b I .  T ~ K M M  0 6 p a 3 0 ~ .  COOTHOUleHMR 
(94) A O J I X H b I  6 b 1 ~ b  BbII IOJIHeHbI  H a  ~ C e a  B ~ ~ ~ C T B ~ H H O ~  CCM. Hati- 
A R  (PYHKUMM @ ( 8 )  M !J! ( 8 )  M C O O T B e T C T B y I o U M e  MM I I O T e H U M a J I b I  

MbI M O X e M  I I P O A O J I X M T b  (1, B O  B H e U I H O C T b  K O H Y C a  (Tz) B n O J I b  

n n o c ~ o c ~ e t i  (Uo). 
T P ~ ~ o B ~ H M ~ ,  q ~ 0 6 b 1  YCJIOBMR (94) BbIIIOJIHRJIMCb I IpM B C e X  B e -  

U e C T B e H H b I X  e, C y U e C T B e H H O  A J I R  PP_UleHMR I I e p ~ 0 f i  3 a n a q M .  

0 IlPHMEHEHHH HOBOrO METOAA 
K H3YqEHHK) YIlPYrHX KOJlESAHHH B IlPOCTPAHCTBE 

IlPH HAJlHqHH OCEBOH CHMMETPHH' 

1. B ~aurefi p a 6 o ~ e  .Ho~brti  M e T o n  p e u r e H m  nnoc~o t i  aanaqu 
Y I I p y r M X  ~ 0 J I e 6 a ~ M f i "  MbI P a C C M O T p e J I M  Y I I p y r M e  K O J I ~ ~ ~ H M R  C n e -  

U . M a J I b H O r 0  B M A a ,  B 0 3 H M K a t 0 U M e  B IIJIOCKOM C J I y q a e ,  M, M C I I O J I b 3 y R  

T e O p M l O  ( P Y H K U M ~ ~  K O M I I J I ~ K C H O ~ ~  I I e p e ~ e H ~ o f i ,  I IOJIyqMJIM A J I R  T a K M X  

K o J I e 6 a ~ M r ' i  06U~f i  3 a K O H  O T P a X e H M R  O T  I I ~ R M o J I M H ~ ~ ~ H o ~ ~  r P a H M U b I .  

 TO II03BOJIMJIO H a M  P e U l M T b  3aAaqy P a C I I P O C T p a H e H M R  Y I I p y r M X  KO- 
n e 6 a ~ ~ W  B n o n y n n o c K o c T M  MnM n n o c K o n a p a n n e n b H o M  cnoe B cny- 
qae, K O r A a  MCTOqHMK K o J I ~ ~ ~ H M ~ ~  M M e e T  BMA, Y K ~ ~ ~ H H ~ I R  B b I U l e .  

M C T O ~ H M K  K o J I e 6 a ~ ~ f i  I IpM 3 T O M  M O X e T  6 b 1 ~ b  P a C I I O J I O X e H  K a K  H a  
I I O B e p X H O C T M ,  T a K  M B H Y T P M  C p e A b I .  

B H ~ C T O R U ~ ~ ~  p a 6 o ~ e  MbI  6 y ~ e ~  M 3 y q a T b ,  MCIIOJIb3YR p e 3 y J I b -  

T a w  npenbrnyqero M c c n e n o s a H H R ,  p a c n p o c T p a H e H M e  y n p y r M x  KO-  
n e 6 a ~ ~ f i  B I I p O C T p a H C T B e  C O C ~ B O ~  C M M M ~ T ~ M ~ ~ ~ .  OCHOBHO~~ U e J I b K )  
H a U l e r O  MCCJIeAOBaHMR R B J I R e T C R ,  K a K  M B IIJIOCKOM C J I y q a e ,  M 3 y q e -  

H M e  K o J I ~ ~ ~ H M ~ ~ ,  I I O J I y q e H H b I X  CyIIepII03kiLI.kiefi IIJIOCKMX K o J I ~ ~ ~ H M ~ ~ ,  

O I I M C a H H b I X  P a H e e .  M c n o J I b s y R  3 a K O H  O T p a X e H M R  IiJIOCKMX ~ o n e 6 a -  
H U G ,  M O X H O  I I O J I y q H T b  3 a K O H  O T p a X e H H R  M A J I R  C J I y q a R  ~ o n e 6 a -  

* Sur l'application de la mCthode nouvelle i l'ttude des vibrations Clasti- 
ques daus l'espace i symCtrie axia1e.- Tpynb~ C e B c ~ o n .  UH-ra, vol. 26, 
1933, p. 1-49. 



HMW, IIOJIyqeHHblX cyIIepn03MuMe8.  TO AaCT H a M  BO3MOXHOCTb 

PeIUMTb 3aAaZIY 06 ynpyrMX K O A ~ ~ ~ H U R X  nOJIynpOCTpaHCTBa M 

TpexMepHoro nnocKonapannenbHoro cnoa. ~ T M  3 a ~ a 9 ~  peruawcfi 
aHaJIOrUYH0 TOMY, K a K  3TO 6b1n0 npOAenaHO H a M U  B I l p e ~ b l ~ ~ ~ e a  

p a 6 o ~ e  A n R  A B y M e p H O r O  Cny9aR. H ~ M M  6 y A e ~  TaKWe paCCMOTpe- 
Ha sanaqa M. Lamb'a (Phil. Trans. 203A (1904) ,,On the Propa- 
gation of Tremors.. .") o BbrHywneHHbrx ~ o n e 6 a ~ u a x  nonynpoc-r- 
PaHCTBa nOA A ~ ~ C T B M ~ M  CMJIbI, ~ ~ M ~ O X ~ H H O ~  K H ~ K O T O P O ~  TO9Ke 
H a  noBepxHocTu nonynpocTpaHcTBa M ~ a n p a ~ n e ~ ~ o 8  no HopManki 
K 3 ~ 0 8  noBepxHocTu. 3a~aqeZi ,  M C X O A H O ~  Ana ~ a n b ~ e f i r u e r o  pac- 
CMOTpeHMR, 6b1na B IInOCKOM Cnyqae 3aAa9a 0 K O J I ~ ~ ~ H U H X ,  Bbl3bl- 

BaeMbIX A ~ ~ ~ C T B M ~ M  CMnbI, I I P M J I O X ~ H H O ~  K TOqKe IIJIOCKOCTM B 
0IIpe~eneH~bIfi MOMeHT B p e M e H M  ( M ~ H O B ~ H H ~ I ~  )'nap). B CJIy9ae 

npocTpaHc-rea ~ c x o n ~ o f i  3anasefi 6 y n e ~  ywe sanaqa o K O ~ ~ ~ ~ H M R X ,  
BbI3bIBaeMbIX A ~ ~ ~ C T B M ~ M  CMJbI, B K J I ~ O ~ ~ ~ M O ~  B 0IIpe~eneHHbIfi MO- 
MeHT B p e M e H U .  O T M ~ T M M  TaKXe, 9TO B CJIysae 3aAalrM M. Lamb'a 
M ~ I  nonyqaeM a o p ~ y n b ~  nna c ~ e u e ~ u 8 ,  cnpaeennusble AnR n m -  
608 T O ~ K M  nonynpocTpaHcTsa. 

2. B B ~ A ~ M  UMnMHAPMqeCKMe KOOPAMHaTbl (P, Z, 8) M IIpeAIIOJIO- 
MMM, qTO BeKTOP C M ~ U ~ H M ~  B K ~ X A O ~ ~  TO9Ke JeXMT B IIJIOCKOC- 
TM, I I P o x o A R U ~ ~ ~  9epe3 3TY TO9KY M OCb Z ,  U 9TO e r 0  K O M n O H e H -  
Tbl 4 M W BAOnb 0ce8 p M Z COOTBeTCTBeHHO He 3aBMCRT OT 8. B 
3TOM CJIyqae, K a K  MSBeCTHO, 4 U W MMelOT BMA 

rAe cp M (I, AOAXHbI YAOBJIeTBOPRTb Y P a B H e H M F I M  



q A e ~ b 1  B B b I P 3 X e H M M  ( I ) ,  C O A e p X a U M e  @ Y H K U M ~ ~  9, A a l O T  
COJIeHOMAaJIbHYlO q a C T b  IIOJIR C M ~ U ~ H M ~ .  3 ~ a  q a C T b  I IPeACTaBJIReT  
co608 P O T O P  H e K O T O p O r O  B e K T O p H O r O  nOJrR,  K O T O p O e  H a 3 b I B a e T C R  
BeKTOPHbIM IIOTeHUMaJlOM IIOJIR C M ~ U ~ H M ~ ~ .   TOT B ~ K T O P H ~ I ~  n O T e H -  
UNaJ I  T a K X e  A O J I X e H  Y A O B A e T B O P R T b  BOJIHOBOMY YPaBHeHMlO 

T. e., H H a q e  r O B O p R ,  KOMnOHeHTbI  3 T O r 0  B e K T O P H O r O  n O A R  BAOAb 

nlo6oro HaI IpaBJ IeHMR A O J I X H b I  YAOBJIeTBOPRTb  3TOMY YpaBHeHMlO.  
B OCeCMMMeTPMqHOM OTHOCMTeJIbHO OCM Z C J I y q a e  3 T O T  B ~ K T O ~ H ~ I ~ ~  

I IOTeHUMai l  O K a 3 b I B a e T C R  H a n p a B A e H H b I M  BAOJIb OCM 9, M I$YHKUMR + n p e n c T a s n R e T  co60fi A n m y  ~ T O ~ O  B e K T o p a .  Y ~ ~ B H ~ H M ~  (3) B ~ I -  

P a X a e T  YCJIOBMe, q T O  B e K T O p H O e  none, 0 6 p a 3 0 B a H ~ o e  BeKTOpaMM 
AJIMHbI $, H a n p a B A e H H b I M M  BAOJIb OCM 9, me $ H e  3aBMCMT OT 8,  
y A O B J I e T B O p R e T  BOAHOBOMY Y p a B H e H M l o  (6). 

3. ~ O C T P O M M  H ~ K O T O P ~ I ~ ~  KJIaCC p e U I e H M f i  Y ~ ~ B H ~ H W ~  (2) M (3), 
K O T O P ~ I ~ ~  ~ O T ~ ~ ~ Y ~ T C R  H a M  B A ~ J I ~ H ~ ~ I I I ~ M .  O T M ~ T M M  B H a q a J I e  H e -  

K O T O P b l e  p e 3 y J I b T a T b I  H a I L I e r O  n p e A b l A y U I , e r O  MCCJIeAOBaHMR OTHO- 
CMTeAbHO p e u ~ e ~ ~ h  BOAHOBOrO Y P a B H e H U R  B nAOCKOM C J I y q a e :  

d 2 w  a 2 0  d2w 
~ 2 - = - - - - + -  ( c = a  unu 6). 

d t 2  d x a  drg  

B Y K ~ ~ ~ H H O G  pa6o~e  n O J I y s e H  H ~ K O T O P ~ ~ ~ ~  KJIaCC pellle~ufi 
3 T O r 0  Y p a B H e H M R .  H ~ ~ O M H N M  n O J I y q e H H b l e  T a M  p e 3 y J I b T a T b I .  CKOH- 
CTPYMPYeM Y p a B H e H M e ,  K O T O p O e  n O 3 B O J I R e T  O n p e A e J I R T b  KOMnJIeK-  

C H ~ O  n e p e M e H H y m  8 K a K  I$YHKUHD (xl, Z, t ) :  

r A e  X (8 )  - a H a J I M T M q e C K a R  @ Y H K ~ ~ M R .  E c n ~  B H ~ K O T O P O ~  YaCTM 
n p O C T p a H C T B a  (S) - T p e X M e p H O r O  I IpOCTpaHCTBa  C KOOpAMHaTaMM 
(x, Z, t )  - Y p a B H e H M e  (8) M M e e T  K O M I I J I ~ K C H ~ I ~ ~  K O p e H b ,  TO B e U e -  

C T B e H H a R  M MHM M a R  qaCTM I I P o M ~ B o J I ~ H o ~ ~  ~ H ~ J I M T M ' - I ~ c K O ~ ~  (PYHKUHW 
8 O I I p e A e A R l O T  B Y K ~ ~ ~ H H O ~  YaCTM I IpOCTpaHCTBa  ( S )  HeKOTOPOE! 
p e U I e H M e  Y p a B H e H M R  (7). E c n ~  B H P K O T O P O ~ ~  qaCTM (S)  Y p a B H e H M e  
(8) M M e e T  B C ? U ~ C T B ~ H H ~ I ~  K O P e H b ,  n 1 0 6 a ~  A B a X A b l  A M @ $ ~ ~ ~ H U U -  
p y e M a R  ~ Y H K U M R  8 O n p e A e n R e T  p e r r r e H M e  y p a B H e H M R  (7). Y ~ a x e ~ ,  
H a K O H e U ,  q T O  K a X A O e  P e U I e H H e  Y P a B H e H M R  (7), R B J I R l o U e e C R  

+ y ~ ~ u u e f i  O A H O P O A H O ~ ~  C T e n e H u  H Y A ~  OT n e p e M e H H b I x  t - a, xi--p, 
2- 1, M O X e T  6 b 1 ~ b  I I O J l y l i e H O  C I IOMOUbH3 y K a 3 a H H o f i  I I p O U e A y p b I ,  
n p M q e M  y p a B H e H N e  (8) B  TOM c c n y q a e  n p ~ o 6 p e ~ a e ~  BMA 



B b l 6 e p e ~  H a  IIJIOCKOCTM OXy O C b  OX, M  0 6 0 3 ~ a q U M  qepe3 IJ. 
Y r O J I  M e X A y  OCRMU OX M  OX,. B T O g K e  (p, Z,8) XI  = P COS (9-p), 
M  Mbl M O X e M  I I O C T p O U T b  p e u I e H M e  Y p a B H e H M R  (5) B  B U A e  B e m e -  

C T B ~ H H O ~ ~  UJlU M H U M O ~ ~  9 I C T U  I I P o M ~ B o J I ~ H o ~ ~  ~ H ~ J I U T U ~ ~ C K O ~ ~  @ Y H K -  
UMU K O M I I J I ~ K C H O ~ ~  I I e p e M e ~ ~ o f i  08-,, K O T O p a R  Y A O B J I e T B O P R e T  

Y p a B H e H U I O  BMAa 

M ~ ~ e r p n p y ~   TO peweme no p, 0 p < 27~, M ~ I  n o n y s a e M  

P e I I I e H M e  Y p a B H e H U R  (5 ) ,  K O T O p O e ,  O s e B U A H O ,  H e  3 a B M C U T  O T  4, 
T. e. M b l  n O J l y 9 a e M  P e I I I e H M e  Y p a B H e H M R  (2). M ~ I  M O X e M ,  0603- 
H a z l a R  4- p = ), M H T e r p M p O B a T b  U  no h B  U H T e p B a J l e  (0,27C). T ~ K M M  
o 6 p a 3 0 ~ ,  Mbl  I I O J I y s a e M  P e U e H U R  Y p a B H e H M R  (2) B U A a  

U  (Oh) - a H a J I U T U g e C K a R  @ Y H K ~ M R  o h .  O ~ ~ B U A H O ,  9 T 0  U H T e p B a J l  

U H T e r P M P O B a H U R  B  @ 0 p M y J I e  (9) M O X H O  Y M e H b U I U T b  A 0  (0, z). 
~ P M  3 T O M  e C n U  M b l  XOTMM I I O J l y ~ U T b  B e U e C T B e H H O e  P e I I I e H M e  . 
Y P a B H e H U R  (2), T O  H Y X H O  B  K a g e C T B e  P e I I I e H U R  ~ b 1 6 p a ~ b  B e m e -  

C T B e H H y D  UJIU M H M M Y D  W C T b  B b I p a X e H U R  (9), T. e. 

p = R J; @ (oh) dh U ~ U  p = J " @ (Oh) dh, 
J o  (1 1) 

rfle R - 3 T 0  CUMBOA B ~ I ~ I . € ! C T B € H H O ~ ~ ,  a J - M H M M O ~ ~  gac~efi K O M n -  
J l e K C H O r O  9 U C J I a .  

P~CCMOTPUM Aanee y p a B H e H u e  (3). n p e ~ n o n o x u ~  caasana, 
9 T O  M b l  M M e e M  A e J I O  C  IIJIOCKHMU Y n p Y r U M k i  K O A P ~ ~ H M R M M  U  9 T O  

B  C U C T e M e  K O O P A U H a T  (x i ,  Y l r  2) CMeW.eHMH H e  3 a B U C R T  O T  yt 
U  B e K T O P  C M e W e H M R  J I e X U T  B  IIJIOCKOCTU, l l a p a J l J I e . J I b ~ 0 f i  XIZ. 
B 3 T O M  cnysae s e ~ ~ o p ~ b ~ f i  n o T e H q u a n  B ~ a x ~ o f i  T o s K e  napan- 
J l e J l e H  OCU yl ,  U  er0 B e J l U g U H a  Y A O B J I e T B O P R e T  Y P a B H e H U D  (7) 
C  C =  b. Bb16epe~ P e I I I e H U e  3 T O r 0  Y p a B H e H U R  B  @ 0 p M e ,  y K a 3 a H -  

~ o f i  B b l u r e ,  T. e. n o n o x u M ,   TO B e n u s M H a  B e K T o p H o r o  n o T e H u M a n a  

p a B H a  B ~ W ~ C T B ~ H H J ~ ~  UJIU M H U M O ~ ~  g a C T M  ~ H ~ J I M T M ~ ~ C K O ~ ~  @ Y H K U M M  

(ear,), rne 83-, o n p e n e n R e T c R  u3  y p a B H e H u R  

K O M ~ O H ~ H T ~ M M  3 T O r 0  B e K T O p a  H a  OCU 4 U  p ~ Y A Y T  

R [Y  (0,-,)I cos (4 - p) M R [ Y  ((88-,)I sin (4  - p). 



M ~ r e r p u p y ~  no p B n H - r e p B a n e  (0, 2n) M ~ I  n o n y q a e M  s e ~ ~ o p ~ b l f i  
n O T e H U U a n ,  K O T O P ~ I ~ ~  H e  3 a B U C U T  O T  8 U Y A O B n e T B O P R e T  Y P a B H e -  
HUIO (6). K O M ~ O H ~ H T ~ M U  er0 B A O n b  0cefi 8 U p ~ Y A Y T  

R Jr Y (Or) cos AdA u R Jr Y (0,) sin MA, 

B~opofi U 3  U H T e r p a J O B  (12) P a B e H  H y J I O ,  T a K  YTO n O J I y q e H -  

~ b l f i  B ~ K T O P H ~ I ~  I IOTeHUUaJ I  O K a 3 b l B a e T C R  I I a p a J n e J l b H b l M  OCU 8. 
Y ~ U T ~ I B ~ S I ,  YTO OH H e  3aBUCMT O T  8 U Y A O B J I e T B O P R e T  Y p a B H e H U I O  
(7), M O X H O  3 a K J I O q U T b ,  q T O  er0 AJIUHa  Y A O B n e T B O p R e T  Y p a B H e -  

HUIO (3). T ~ K H M  0 6 p a 3 0 ~ ,  Mbl  n 0 n y l r U J I U  P e U I e H U R  Y p a B H e H U R  (3) 
B U A a  

( = R J, Y (Or) cos AdA u ( = J ' 1 ( @ A )  cos AdA. (14) s o  

3'. @ 0 p M y n b 1  (11) U (14) O q e B U A H O  H e  Aa IOT obqero P e U I e H U R  

Y P ~ B H ~ H U ~  (2) U (3). O ~ P ~ T U M C R  CHOBa  K  Y p a B H e H U I O  (7). K a K  

Mbl  yXe O T M e q a n U ,  n106oe P e I I I C H U e  3 T O r 0  Y P a B H e H U R ,  RBARIOUle-  

e m  @ y ~ ~ u u e f i  OT t - a, X ,  - P, z - 7 O A H O P O A H O ~ ~  c T e n e H u  H y n b ,  

M o x e T  G ~ I T ~  n p e n c T a B n e H o  B B u a e  @ Y H K U U U  OT 0, rne O onpe- 
A e J I e H O  Y p a B H e H U e M  (8,). ~ O K ~ X ~ M  a H a J I O r U q H y I O  T e O p e M y  A n R  

y p a ~ ~ e ~ u f i  (2) u (3). r I p ~ a n o n o x u ~ ,   TO p a c c M a T p u B a e M o e  pe- 
I I I e H U e  R B n R e T C R  @ y H ~ U k i e f i  O T  p, Z, t O A H O P O A H O ~ ~  C T e n e H U  H y J l b .  

B  TOM c n y q a e  y p a B H e H u e  H a  Or u M e e T  BUA 

B   TOM naparpa@e M ~ I  s a f i ~ e ~ c ~  u 3 y q e ~ u e ~  O A H O ~ O A H ~ I X  pe- 
I I I e ~ u f i  Y P a B H e H U R  (2). B B ~ A ~ M  I I e p e M e H H b l e  

u n p e A n o n o x u M ,   TO @ Y H K U U R  (9, f l B n R m q a R c f i  p e u I e H u e M  y p a B -  
H e H U R  (2), 3 a B U C U T  JIUIIIb  OT E U rj. T o r ~ a  Y p a B H e H U e  (2) M O X H O  
n p U B e C T U  K BUAY 

3 a M e ~ a  E H a  (- E )  U p H a  (- p)  3 K B U B a J e H T H a  I IOACTaHOBKe 
(8 f TC) B M e C T O  (8). T a K  q T O ,  Y Y U T b l B a R  OCeBYlO CUMMeTpUIO,  OT- 

C I O A a  n O J I y q a e M ,  q T O  P a C C M a T p U B a e M b l e  H a M U  P e U I e H U R  y P a B H e H U R  

(7) A O J I X H b I  6 b l ~ b  q e T H b 1  n 0  E, T. e. cf (- E ,  rj) = (9 (E, r j ) .  



P~CCMOTPMM Tenepb (PYHKUMIO, 3 a ~ a ~ a e ~ y m  (Pop~ynof i  (1 I ) ,  B 

K O T O P O ~ ~  81 OIIpeAeJIeHO M3 Y p a B H e H M H  (15), K a K  (PYHKUMIO 5, 7. 
I'orna ( P o p ~ y n a  (11) 0npenenHe-r HeKoTopoe peuleHMe ypaBHeHnR 
(7). nerK0 BMAeTb, YTO TaKMe PeuleHMH YeTHbI no E. , & ~ ~ c T B M -  

TeJlbHO, M3 YPaBHeHMH (15) CneAyeT, YTO 81 3aBMCMT OT A Yepe3 

npOM3BeAeHMe E C O S A ,  TaK YTO (11) MbI  MOXeM 3anMCaTb B BMAe 

y (-5, 7) = 1; F (-5 cos A ,  7) dA 

Y - 7) = - r0 F(EcosA1, ri)dAl= J; F (Ecos A,, 7)dA, = y (E, T), 
0 

YTO M ~pe60~aJIocb AOKa3aTb. 
B n a n b ~ e f i u r e ~  M ~ I  noKaxeM, YTO n1060e peuleHue y p a m e -  

H U H  (17), R B A H I O ~ e c 3 C H  ~ e T ~ 3 f i  ( P Y H K ~ M ~ ~ ~  E, MOXeT 6blTb IIpeA- 
CTaBneHO B BMAe (11) M (15), M YKaXeM cnoco6 HaXOXAeHMH 

(PYHKUMM @ (81) no 3aAaHHOMy peIlIeHMl0 cp ( E ,  7). 
Ann HaYana PaCCMOTPMM BHUMaTeJIbHFe (P0pMyJlb1 ( I ] ) ,  (15) 

M P e U l e H M H ,  OIIpeAenHeMbIe 3TMMM ( P O P M Y J I ~ M U .  ~ Y C T ~  T- IInOC- 
KOCTb K O M I I J I ~ K C H ~ ~ ~  I I P P ~ M ~ H H ~ ~ ~  8 C pa3pe30M BAOilb A ~ ~ ~ C T B M ,  

Teilb~ofi OCM (-a, +a). @ Y H K U M R  I/a" 8' OAHO3HaYHa B T, 
M MbI  IIOJIOXMM, ~ ~ 0 6 b 1  3Ta (PYHKUMH 6b1na IIOnOXMTeJIbHa Ha 
n o n o x ~ ~ e n b ~ o f i  M H M M O ~ ~  nonyocu, T.  e. npM 8 = ai (a > 0). 3 a -  
IIMuleM Y p a B H e H M e  (15) K a K  

E cos )\ q 1 / 1  - a2 ((E2 C O S ~ ~  + ?a) o h  = E2 cosaA + qa 
- i  

EQosaA + q2 (19) 



MJIM 

O T M ~ T M M ,  ' I T 0  B @ O P M Y J I ~ X  (19) ,  (22)  KOPHM IIOHMMaIOTCR 
B ~ P M @ M ~ T M ' I ~ C K O M  CMbICJIe.  ~ Y C T ~  C H a ' I a J I a  q >  0, M MbI N M e e M  

A e J I O  C ~ e p x ~ e f i  ' I a C T b l o  K P Y T a  K. B CHJIY (21)  MJIM (22)  TaKMM 

COOTBeTCTBYeT H M X H R R  ' I a C T b  O ~ J ~ ~ C T M  T,  B K O T O P O ~ ~  J ( 0 )  <o.  
0 6 0 3 ~ a ' I M ~  9 T Y  g a C T b  T 'Iepe3 Ti. n y c ~ b  @ ( 6 )  - @YHKQMR, TO- 
n o ~ o p @ ~ a ~  B TI .  K o r ~ a  n a p a M e T p  h npo6erae~  M H T e p B a n  O<h<x, 
n e p e M e H H a R  O h  O n u c b I B a e T  KOHTYP I ,  p a c n o n o x e ~ ~ ~ t i  B T I ,  n p M -  

' I eM K O H T y p  I CMMMeTPM' IeH  OTHOCHTeJIbHO M H M M O ~ ~  OCM. O T A ~ J I M M  

B e u e C T B e H H y I O  21 MHMMYIO 'IaCTM: 

0 = a + iP, ( 8 )  = 0, (a ,  P )  + iw2  (a, P ) ,  

M M ~ R  B BMAY O n p e A e J I e H M e  a,, Mbl M O X e M  Y T B e P X A a T b ,  ' I T 0  

( 0 )  n p M H M M a e T  BeUI , eCTBeHHbIe  3 H a Y e H M R  H a  M H M M O ~  OCM M q T O  

@ ~ P M Y J I ~  

3 K B M B a J I e H T H a  @ o p M y J I e  , = j'; m, ( e , )  d ~ .  

~ O ~ T O M Y  M @ 0 p M y J I y  (11)  M O X H O  3 a n M C a T b  B BMAe  

p = j': 8 ( 0 ~ )  dh,  (23) 

rfle ( 8 )  n p M H M M a e T  B e I Q e C T B e H H b I e  3 H a q e H M R  H a  M H M M O ~  OCM. 

B A ~ J I ~ H ~ ~ ~ I I J ~ M  MbI ~ Y A ~ M  P a C C M a T P M B a T b  TOJIbKO T a K M e  (PYHK- 
U u M  m (0) .  

B n O C J I e A y I o 4 M X  BbIqMCJIeHMRX MbI ~ Y A ~ M  BMeCTO 6 MCnOJIb- 

3 o ~ a ~ b  HOBYD n e p e M e H H y m  

w = l/a" 6 2  , w h  = l /a2 - 8i (24)  
unCi  

T/1 - a2 (&Z c o s z  A + 72) 
W A  = - - iE cos h 

E2 C O S ~ A  $112 t 2  COSZA + 72 (25)  



O ~ ~ ~ C T M  T1 C O O T B e T C T B y e T  H a  nJIOCKOCTM W n o n y n n o c K o c T b ,  
p a c n o n o x e H H a R  c n e B a  OT M H M M O ~ ~  OCM c p a 3 p e 3 0 ~  (-a, 0) B n o n b  

B ~ ~ . ~ ~ C T B ~ H H O ~  OCM (PMC. 1). O ~ O ~ H ~ Y M M  3 T Y  IIOJIynJIOCKOCTb 
c p a 3 p e 3 0 ~  sepes S,. 

B 3 T 0 a  O ~ J I ~ C T M  MbI M M e e M  r O J I O M O p -  

@HYIO @ Y H K L L U D  @ (w), K O T O p a R  IIPMHM- 
M a e T  B e q e C T B e H H b I e  3 H a Y e H U R  n p M  - M < 
< W < - a M K O M n J I e K C H O - C O I l p R X e H H b I e  
3 H a Y e H M R  B K O M n J I e K C H O - C O n p R X e H H b I X  
T o w a x .  Q o p ~ y n a  (23) n p u o 6 p e ~ a e ~  B M A  

3 a @ ~ ~ c u p o ~ a ~  ( i ,  s), M ~ I  n o n y ~ a e ~  PHC. 1. 
AJR w B b I p a x e H n e  

n p M Y e M  n p U  A, M e H R I O U e M C R  O T  0 A 0  n, W h  O n M C b I B a e T  K O H T Y P  

I ! , ,  C M M M ~ T P U Y H ~ I ~ ~  OTHOCMTeJIbHO B ~ ~ ~ C T B ~ H H O ~  OCM, C HaYaJ IOh l  

B T O Y K e  W M KOHLLOM B T O Y K e  %.  TOT KOHTYP LLeJIMKOM P a C n O -  
noxes  B 0 6 n a c ~ ~  S1 (CM.  PMC. 1). 

B e p ~ e ~ c ~  K Q o p ~ y n e  (26) M n e p e a n e ~  OT A K ~ o ~ o f i  nepe- 
M ~ H H O ~  W,, u ~ M ~ H R I O U ~ ~ ~ C R  BAOJIb K O H T y P a  I!m. B C U J I y  (24) 

r A e  1/=; I I pMHMMaeT  MHMMbIe O T p M L L a T e n b H b I e  3 H a Y e H M R  n p H  

W1 > a. B M ~ C T O  Y P a B H e H M R  (18) MbI I I O J I y Y a e M  Y p a B H e H M e  

U C I I O M O q b I O  HeCJ IOXHbIX B ~ I Y M C ~ ~ H M ~ ~  Mbl HaXOAMM 

dA = 2 wl + a2q 
2 dw,. 

( a 2 - ~ ~ )  VP (a2 - w,) - (1 + 

H M e l o T  BMA 



n p o B e n e M  n B a  n p ~ ~ o n u ~ e t i ~ b ~ x  paspesa, n a p a n n e n b H b I x  M H M M O ~  

OCM, M C X O A R W M X  M 3  T O Y e K  W M Z T ~ K ,  ~ ~ 0 6 b l  OHM H e  n€!p€!C€!KallU 

B ~ ~ ~ C T B ~ H H O ~  OCM. Ecnn 5 n O J I O X M T e n b H 0 ,  T O Y K a  W P a C n O J I O X e H a  

B H M X H ~ ~  q a c T u  O ~ J ~ C T M  S ,  B T o q K e ,  rne I ,  n e p e c e K a e T  nyq 
(-m, -a) B ~ ~ ~ C T B ~ H H O ~ ~  OCM, dwl R B n R e T C R  YMCTO M H M M O ~  

c n o n o x ~ ~ e n b ~ o 8  M H M M O R  q a c T b D .  B 3 ~ 0 a  T o q K e  wl < -a, u ,  
c n e n o s a T e n m o ,  a2 - wT< 0 M wl+a2rj < 0, n o c K o n b K y  O<rj< l / a .  
3 H a Y e H M e  dh A O J I X H O  O K a 3 a T b C R  I I O J I O X M T e J I b H b I M ,  O T K Y A a  C n e -  
A y e T ,  Y T O  B @ O P M Y ~ ~  n n R  dh $YHKUMK) (28) H ~ O ~ X O ~ U M O  BbI-  

6 p a ~ b  T a K U M  0 6 p a 3 0 ~ ,  ~ ~ 0 6 b l  O H a  6b1na YMCTO M H M M O ~  C I I O J I O X U -  

~ e J I b H 0 f i  M H H M O ~  Y a C T b D  n p M  W l  < -a, e C n M  5 > 0. A H ~ ~ O ~ M Y H O  
M O X H O  n O K a 3 a T b ,  Y T O  3 T Y  @YHKUMK)  H y X H O  B b 1 6 p a ~ b  M H M M O ~ ~  
C o ~ p M ~ a ~ e J I b H 0 f i  M H M M O ~ ~  Y a C T b D  n p M  Wj < -a, eCJIM E < 0. 
C n y ~ a f i  5=0 M ~ I  p a 3 6 e p e ~  H e c K o n b K o  nome.  B n e p e M e H H b l x  
w ,  @ o p ~ y n a  (26) s a n ~ c b r ~ a e ~ c ~  B B M n e  

I l pennonara~  @ Y H K U M D  @ ( w )  ~ e n p e p b ~ ~ ~ o a  B n n o T b  no pas- 
pesa -a ,< w < 0, o n p e n e n M M  ~ H ~ Y ~ H M R  cp (€, r j )  H a  n O n y O K p y X -  

H O C T U  

- 
~ P U  3 T O M  W = W = -a3rj, U M 3  @ 0 p M y n b 1  (29) B b I T e K a e . T ,  Y T O  

r A e  3 H a K  ,,-" C O O T B e T C T B Y e T  5 > 0, a 3 H a K  ,, +" - 5 < 0. B nep- 
B O M  C J I y q a e  K o H T y P  I ,  M A e T  M3 T O Y K M  W = --a2? B n O J I b  H U X H ~ ~  



r p a ~ n q b r  paspesa, a a a ~ e ~  B n o n b  sepx~efi  r p a H M  paspesa no 
T O Y K M  -a2?. Bo BTOPOM c J y q a e  I r a n p a B n e a u e  o6xona B a o n b  

KOHTYP a  I ,  3 a M e H R e T C R  H a  n P O T M B O n O J I O X H O e  (PMC.  2 ) .  
H ~ M  o c T a n o c b  p a c c M o T p e T b  n o e e n e H u e  @ Y H K U M M  cp ( i ,  r j ) ,  onpe- 

A ~ J I ~ H H o R  @ o p M y J I a M M  ( 2 6 )  MJIM ( 2 9 )  
H a  n u a M e T p o  r j =  0  K p y r a  K. Q o p ~ y n a  
( 2 5 )  I I O K a 3 b I B a e T ,  YTO B 3TOM C J I y Y a e  

( r j =  0) W A  0 6 p a ~ a e ~ c ~  B oo npu 1. = 

= ~ / 2 ,  ki MbI H e  M O X e M  I I P M M e H R T b  @OP- 
MyJ Iy  ( 2 6 ) .  P ~ C C M O T P M M  PaBP-HCTBO ( 2 6 ) ,  
B KOTOPOM TOYKY ( E ,  T )  YCTPeMMM K 0 
T O Y K e  (E,, 0 ) .  n p M  3TOM KOHUbI KOHTY- 
pa I ,  C T p e M n T c s r  K n p e n e n a M  

. 1 / 1 - a 2 E ;  - I [ [  - a2E;  w - - 1  , w,, = i  0 - 
€0 € 0  . 

M c n o n b s y n  T e o p e M y  K o ~ u ,  M ~ I  MO- Pec. 2. 

X e M  ~ ~ o , Q ~ @ o ~ M M ~ o B ~ T ~  I tOHTYP I ,  T a -  
KMM 0 6 p a s o ~ ,  ~ ~ 0 6 b 1  n p M  ( 5 ,  7 )  -> (So, 0 )  OH HaXOAMJICR B O r p a -  

H U ~ ~ H H O ~ ~  YaCTM S , .  ~ P M  3TOM O q e B M A H O  

M P a A M K a J I  I / w : ~ - P % ~ I ~ w P ~ ~ T c R  I IOJ IOXMTeJ IbHb lM n p M  B e U e C T -  

BeHHbIX ,W,. KOHTYP I,,, C KOHUaMM B T O Y K a X  (-iP) M ( S i p )  
A O J I X e H  6 b 1 ~ b  UeJIMKOM BHYTPM O ~ J ~ C T M  S l .  a0 CMX n 0 p  MbI P a C -  

c M a T p M s a n M  p e r u e H u e  .g ( E ,  r j )  y p a B H e H u s r  (17), o n p e n e n e H H o e  

@ 0 p M y J I 0 8  (26)  AJIH B ~ P X H ~ ~  YaCTM K P Y r a  K, B K O T O P O ~ ~  r j  > 0 .  
P ~ C C M O T P M M  T e n e p b  H M X H U W  n o n y K p y r .  Q o p ~ y n a  (22)  n o ~ a s b l -  

B a e T ,  YTO 3TOMY n O J I Y K P Y r Y  C O O T B e T C T B y e T  B e P X H R R  Y a C T b  06- 
JIaCTM T K O M ~ J I ~ K C H O R  I I e p e M e H H o f i  0 HJIU B CMnY ( 2 5 )  T a  Y a C T b  

llJIOCKOCTM K O M ~ J I ~ K C H O ~ ~  n e p e ~ e H H 0 6  W ,  K O T O P a R  P a C n O J I O X e H a  

C n p a B a  O T  M H U M O ~  OCM M M M e e T  pa3pe3 ( 0 ,  +a)  BAOJIb B e U e C T -  
B ~ H H O ~ ~  OCM. 0 6 0 3 H a ~ M M  3 T Y  0 6 J I a c ~ b  Y e p e 3  S2. ~ P U M ~ H U M  @OP- 
~ y n b r  ( 2 6 )  n ( 2 9 ) ,  npennonarasr, YTO @ Y H K U M R  Q(w) r o n o ~ o p @ ~ a  
B Se M KOHTYP I ,  UeJIMKOM P a C n O J I O X e H  B 3 ~ 0 6  O ~ J ~ C T N .  

Q o p ~ y n b r ,  n o n y q e ~ ~ b r e  ~ b r r u e ,  c n p a ~ e n n u s b r  (c T O Y H O C T ~ D  no 

C O ~ p M ~ a ~ e J l b ~ O f i  M H M M O ~ ~  Y a C T b D  n p M  w,>o,  ~ c J I H -  E>O, M C no- 
J I o x u T ~ J I ~ H o ~  M H M M O ~ ~  Y a C T b D ,  eCJIM € < 0 .  P ~ B ~ H C T B ~  ( 3 0 )  M ( 3 1 )  



rne o n p e n e n e H o  (33). 
O T M ~ T U M  O C O ~ Y W  P O A b  A M a M e T p a  'Ij = 0 npM I IpeACTaBneHMM 

P e I I I e H M R  Y P a B H e H M R  (17),  Y e T H O r O  no E, C n O M O m b W  @opMy.JI 
(26) MnM (29). I l p e ~ n o n o x ~ ~ ,  H a n p n M e p ,  YTO @ Y H K U M R  @ ( w )  
~ o J I o M o ~ @ H ~  BO B C € ! ~  K O M ~ J I ~ K C H O ~  IIJIOCKOCTM n e p e M e ~ ~ 0 f i  W 

c p a 3 p e 3 0 ~  (-a,  +a) n n p M M e H n M  @ o p ~ y n y  (29) B cnyqae 
nonyrcpyra r j  > 0 M n o n y K p y r a  r j  < 0. T ~ K M M  0 6 p a 3 0 ~ ,  M ~ I  nony- 
Y a e M  A B a  Pe I I I eHMR Y P a B H e H M R  (17): 

~ T M  @ Y H K ~ M M ,  RBJIRRCb Pe I I I eHURMM Y p a B H e H M R  3JlJIMnTMYe- 

C K O r O  T M n a  BMAa (17) B K p y r e  K, I I p e A C T a B J I R W T  co60fi @YHKII,MU, 
a H a n M T n q e c K n e  no E M rj, O A H a K o ,  B O O ~ U ~  ~ O B O P S I ,  (PZ (E, r j )  H e  
RBJIReTCR aHanMTMYeCKMM ~POAOJlXeHM€!M (E, r j ) ,  M H a Y e  r O B O P R ,  
a H a n u T n r e c K o e  n p o A o n x e H M e  (PYHKUMU @ ( w )  repes M H M M Y W  O C ~  
H e  0 n p e n e n R e - r  a H a n n T M q e c K o e  n p o n o n x e H n e  cp ( E ,  r j )  qepes m a -  
M e T p  r j  = 0. B ~ a J I b ~ e f i K l e M  Mbl em€! B e p H e M C R  K 3TOMY BOIIPOCY. 

4. B npeAblAyLL(eM n y H K T e  Mbl PaCCMOTpeJIM P e K l e H M R  
Y P a B H e H M R  (17). n p e A C T a B M M b 1 e  B BMAe (26) MJIM (29). C e a Y a c  
Mbl A O K a X e M ,  YTO BCRKOe P e I I I e H M e  Y p a B H e H M R  (17) B K p y r e  K, 
Y e T H O e  no  E, M O X e T  6 b 1 ~ b  I I p e A C T a B J I e H O  B BMAe (26), H IIOJlyYMM 

cnoco6 A n s I  O n p e A e n e H u R  @ ( w )  no ~ ~ A ~ H H O M Y  p e r u e H n r o  c p ( E , r j ) .  
P ~ C C M O T P M M  B H a Y a J I e  n O n y K p y r  7 > 0. ~ Y C T ~  ( E ,  r j )  - H e K O -  

T o p o e  p e r u e H n e  (17),  q e T H o e  no E .  3 ~ o  p e r u e H n e  R s n s I e T c s I  a H a -  

J ~ M T M Y ~ C K O $  ( P Y H K ~ M ~ ~ ~  (E, r j ) ,  H B OKPeCTHOCTM J y Y a  E x 0  O H 0  
M O X e T  6 b l ~ b  n P e A C T a B J e H 0  B BMAe 

J e r K 0  n O K a 3 a T b ,  YTO K O ~ @ @ U U U ~ H T ~ ~  yz ( r j ) ,  y4 ( r j ) ,  . . . OAHO- 
3 H a Y H O  O n p e A e J I R W T C R  no K O ~ @ @ M L L M ~ H T Y  'Po (7) .  ~ ~ ~ ~ c T B M T ~ J I ~ H o ,  
I IOACTaBJIRR p a 3 J I O X e H M e  (35) B Y p a B H e H U e  (17) U I IpMpaBHMBaR 

HYJIW K O ~ @ @ W I I , M ~ H T ~ I  I I p H  E n ,  Mbl n O J l y q a e M  

+ (a'?" 1 1  '~i(rj) + 2aZn(pn (7)  + 2a2rjyi ( r j )  - ( n  3- 2)  cpn+z (q)  = 0. 

C n o M o m b m  3 ~ n x  y p a ~ ~ e ~ n f i  MOXHO n o c n e A o B a T e n b H o  onpe- 
AeJ IMTb  c f z ( r j ) ,  y4(q), ... ~ O ~ T O M Y  p e W e H M e  c p ( E ,  rj), YAOBneTBO-  

P R W W e e  COOTHOrUeHMW 

T ( 5 ,  rj)l~=o= '90 ( T ) ,  (36) 



eAMHCTBeHH0. @ Y H K L ~ M R  Y o  (q), CTOFtU.aH B n p a B 0 a  YaCTM (36),  
AOJIXHa 6 b l ~ b  ~ H ~ J I M T M ~ H O ~  n p H  0 < 7 < l/a, M M O X H O  O n p e A e -  

AMTb (PYHKUMIO @(w)  TaKMM 0 6 p a 3 0 ~ ,  ~ ~ 0 6 6 1  P e U e H M e ,  O n p e R e -  
JIReMOe @ O ~ M Y J I O ~ ~  (26), y n O B J I e T B O p R J I 0  (36). ~ ~ ~ c T B M T ~ J I ~ H o ,  

B CMnY (30) M 3  PaBeHCTBa (36) BbITeKaeT,  YTO 

MJIM 

M T ~ K ,  MbI I IOJ lyYaeM 3HaYeHMR ~ H ~ J I M T M Y ~ C K O ~  (PYHKUMM @ ( w )  
H a  O T P e 3 K e  --a < W < -a, I I p M q e M  @ ( w )  B e q e C T B e H H a  H a  3TOM 

O T p e 3 K e .  @YHKUMSI (n ( w )  B TaKOM C J I y Y a e  6 y n e ~  ~ o J I o M o ~ ( P H o $  

B H ~ K O T O P O ~  OKpeCTHOCTM 3 T O r 0  O T p e 3 K a ,  M ,  CJ IeAOBaTeJ IbHO,  
@ o p M y J l a  (29) O n p e A e n M T  (PYHKUUIO 'f (E, 7 )  B H ~ K O T O P O ? ~  O K p e C T -  
HOCTM J l y Y a  5=0. O R H ~ K O ,  KaK Mbl BMAeJIM, YCJIOBUe (36) O n p e -  
A e n s l e T  p e r u e H M e  O ~ H O ~ H ~ Y H O ,  T a K  YTO K a x n o e  petueme cp (E ,  q) ,  
YeTHOe no 5, M O X e T  6 6 1 ~ 6  I IpeACTaBJIeHO B BMAe (26) MJIM (29). 
@ o p ~ y n a  (37) ~ O ~ B O J I H ~ T  HaM o n p e n e n m b  ( w ) ,  ecnM p e r u e H u e  
7 (E ,  7 )  s a n a ~ o .  I l p e n n o n o x ~ ~  nanee, YTO p e r u e H M e  ~ ( 5 ,  q )  a H a -  
n M T n q H o  BCIOAY B n o n y K p y r e  7 > 0,  u n o K a x e M ,  YTO B  TOM 
c n y q a e  @ ( w )  r o n o ~ o p @ ~ a  BCIOAY B S,. B B ~ A ~ M  B Q o p ~ y n e  (26) 
B M e c T o  A HOBYKI n e p e M e H H y r o  

M e ~ s l s i  nOpHAOK MHTerPMPOBaHMH B I I P ~ B o ~ ~  YaCTM 3 T O r O  Y p a B H e -  
HMH M MCnOJIb3YH M3BeCTHYIO @ 0 p M y J I y  A ~ p ~ x n e ,  MbI I IOJIyYaeM 



} B ( w , )  d ~ .  

UJIM 

Edi x --. 

E c n ~  E < 0,  B @ o p M y J I e  (39)  H a n O  n 0 M e H R T b  MeCTaMU n p e A e -  

JIbI UHTeTPMPOBaHMR,  HO, I IOBTOPRR BblqMCJIeHMR, J I e r K O  n O K a 3 a T b ,  

q T O  @ O P M Y J I ~  (40)  U M e e T  MeCTO M IIpM E < 0 .  
~ ~ M ~ T U M ,  q T O  ~ o J I o M o ~ @ H ~ R  @ Y H K ~ M R  ( w ) ,  I IPMHMMaIOUaR 

H a  O T p e 3 K e  - a < W < -a B ~ L U ~ C T B ~ H H O ~ ~  OCU B e U P _ C T B e H H b l e  

3 H a q e H U R ,  I I p M H M M a e T  B  K O M n J I e K C H O - C O n p R X e H H b I X  T O q K a X  wI  
U W 2  K O M n J I e K C H O - C O r I p R X e H H b l e  3 H a q e H M R .  ~ ~ M ~ H R R  E H a  T M [L 
H a  E ,  n o n y q a m  u 3  (40)  



1 d  I d '  R (w)] = --x 1' (E, rj) €1 i- 7 So Y! (5avrj) t2  

me cp' 0603HaYae~ nPOM3BOAHYIO cP II0 I IePBOMY apryMeHTY. 
no npeAnonoxeHMro, (PYHKUMR cp (5,  rj) aHanMTMqHa B sepx~et i  

YaCTM KPYra K, OTKYAa BbITeKaeT, YTO IIepBaR YaCTb B (Pop~yJIe 
(43) IIpeACTaBnReT ~ 0 6 0 8  (PYHKUMIO, aHaJIMTMYeCKYIO B 3 ~ 0 a  06- 
JIaCTM. ~ P M  5, ~ J I M ~ K M X  K HyJID, npaBaR YaCTb (Pop~yJIb1 (43) 
OIIpeAeJIReT OYeBMAHO BeueCTBeHHYIO YaCTb TOJIOMOP(PHO~~ (PYHK- 
UMM @ (w), B ~ I ~ ~ X ~ H H O ~  (Pop~j'JIOfi (37), T. e. npaBaR YaCTb (Pop- 
MyJIbI (43) 3aAaeT r a p M O H M Y e C K y I O  (PYHKIIJ~IO IIepeMeHHbIX 

O Y ~ B M A H O ,  YTO 3TOT ( P ~ K T  MMeeT MeCTO npM BCeX 3HaYeHMRX 

E M rj ~3 ~ e p x ~ e f i  YacTM Kpyra K, TaK YTO ( P o p ~ y n a  (43) onpe- 
AenReT BeueCTBeHHyIO YaCTb HeKO~Op0fi ~ O J I O M O P ( P H O ~ ~  B S1 (PYHK- 
4 M M ,  KOTOpaR COBnaAaeT B H ~ K O T O P O ~ ~  OKPeCTHOCTM JIyYa 5 = 0 C 
( P y ~ ~ u ~ e f i  @ (w), s a ~ a ~ a e ~ o f i  (Pop~ynof i  (37). Te x e  paccyxne- 
HMR MOXHO IIPOBeCTM M A A R  HkiX~efi YaCTM KPj'ra K. 

O T M ~ T M M  ~aXHb1fi A A R  IIpkiJlOXe~~fi ~J I j 'Ya f i ,  KOrAa ( P Y H K ~ M R  
cp ( 5 ,  rj) aHannTMsHa B Kpyre K, 3a M c K n r o Y e H M e M  TOYKM 5 = rj = 0. 
B  TOM cnyqae H a m  paccyxneHMR cnpaeennMBbr M B ~epxae8 ,  M 

B HMXHefl YaCTRX KPYra K, M MbI nOJIyYaeM ABe @ Y H K ~ M M  (w) M 
a, (w), rOJI0~0p@HbIe COOTBeTCTBeHHO B S1 M S2. npM 3TOM Qz (w) 
H e  R B n R e T C R  aHaJlMTMYeCKMM IIpOAOJIXeHMeM (w).  TO 0 6 ~ ~ 0 ~ -  

TenbCTBO CBR3aHO C TeM, YTO   POP MY^^ (43) yXe He MMeeT MeCTa 
B paCCMaTpMBaeMOM CJIyYae npM rj = 0. E c n ~  (PYHKQMR cp ( 5 ,  q) He 
meeT c ~ ~ r y n ~ p ~ o c ~ e f i  B Kpyre K, ( P o p ~ y n a  (43) onpenenm H a M  
(PYHKUMIO @ (w), ~OJIOMOP(PHYIO B 0 6 n a c ~ ~  (S1 + S2), M B 3TOM 

CnyYae cp (5, rj) MOXeT 6b1~b IIpeACTaBJIeHa B BMAe (26) BO BCeM 
Kpyre K c noMoubm on~ofi  a ~ a n ~ ~ ~ ~ e c ~ o f i  (PYHKUMM Q (w). 

5. P~CCMOTPMM Tenepb nea c n e u ~ a n b ~ b ~ x  cnyYaR, B K O T O P ~ I X  
( P Y H K ~ M H  cP (5, rj) MMeeT CMHrYnRPHOCTb B TOYKe E = rj = 0, IIpMYeM 



3 ~ a  @ Y H K ~ M R  ( 5 ,  7 )  C B R 3 a H a ,  K a K  Mbl n O K a 3 a J I M  BbIUle ,  C r O n 0 -  

M O P @ H O ~ ~  B S1 @ J J H K u M ~ ~  @ (w). M b l  I I p e A n O J I O X M M ,  q T O  3Ta @ Y H K -  
UMR H e I I p e p b l B H a  B n J O T b  A 0  M H M M O ~ ~  OCM. M C ~ O J ~ ~ Y R  @ 0 p M y J I y  

(32) M MMeR B BMAY (45), n o n y q a e M  

M KOHTYP I!,, ~ ~ C ~ O J O X ~ H H ~ I ~ ~  B S1, COeAMHReT TO'IKI.1 (- i e) M 

(4- iP). 
P~CCMOTPHM B S2 r o n o ~ o p @ a y n  @ Y H K U H ~  (w), o n p e A e n e H -  

HYIO cpop~ynoa 

M p e u I e H w e  cq, ( E ,  rj) y p a e H e H m  (17), a H a n m M q e c K o e  e H H X H ~ R  
qaCTM K p y r a  



T e n e p b  Mbl I I O K a X e M ,  q T O  (E, 7 )  Y A O B J l e T B O P R e T  Y p a B H e H M I O  

M 3  (POPMYJ (48) M (49) B b l T e K a e T ,  s T 0  (E,  7 )  Y A O B J l e T B O p R e T  

H a  A M a M e T p e  q = 0 T e M  Xe A a H H b I M  KOLLIM, q T 0  M (PYHKUUR y ( 5 ,  a), 
U, C n e n o B a T e n b H o ,  y1 (E, q )  n p e n c T a s n n e T  co6oW npononxeme 
cp (5, a), u H a s e  ~ O B O P R ,  ( P o p ~ y n a  (47) o n p e n e n n e T  B  TOM cnysae 
3 a K O H  I I P O A O ~ X e H M R  (PYHKUUU @ (w ) .  

Ann ~ o K a 3 a T e n b C T B a  p a B e H C T B a  (49) H ~ O ~ X O ~ M M O  n O J y q M T b  

dY dY s b l p a m e s u n  n p o n ~ s o n ~ b ~ x  u $. I l p ~ ~ e n e ~  nnn eroro (Pop- 

M y n y  (29) K BW-ly 

Au(P(Pepe~uupyn no q M nonaran = 0, m e e M  



me o n p e n e n e H o  a o p ~ y n o 8  (33). M KOHTYP I,, pacnonoxee- 
~ b l a  B S1, COeAMHReT TOqKM (- i a) M ( + L a ) .  B ~ T B ~  '1/- 
H a n O  ~ b 1 6 p a ~ b  T a K ,  q ~ 0 6 b 1  l / W ; +  P-blJI I I O J I O X M T e n e H  n p M  B e -  

q e c T B e H H b I x  w,, ecnu 5 > 0, M o T p w q a T e n e H ,  ecnu 5 < 0.  AH^- 
A O r M Y H O e  B b I p a X e H M e  C n p a B C n n M B O  M AJIR 

HRR B B b I p a X e H M M  

I I e p e M e H H y I O  N H T e r P M P O B a H M R  W 2  = - W 1  M YqMTbIBaR @JOPMYJIY 
(44), MbI I I O J I y q a e M  P a B e H C T B O  (49). E c n ~  BMeCTO YCJOBMR (44) Mbl 

CTaBMM YCJIOBMe 

(w) = - @ (- w). 

 TOT c J I y ~ a 8  M O X H O  P a C C M O T p e T b  a H a J O r M q H 0  I I P e A b I A y q e M Y .  

6. B npenbI ,QyW,MX I I y H K T a X  MbI P a C C M O T p e n M  P e I I I e H M R  Y p a B -  

HeHMR (17) B K p y r e  K, rne y p a e H e H u e  (17) s n n u n w w o .  0 6 p a -  
TMMCR K B O n P O C Y  I I p O A O n X e H M R  3TMX p e I I J e ~ M f i  BO B H e m H O C T b  

K p y r a .  F I y c ~ b ,  H a n p n M e p ,  y (E, ri) - pememe y p a B H e H M R  (17), 
a H a J I M T M q H O e  B ~ e p x ~ e f i  YaCTM K p y r a  K, BKJIIOYaR H e K O T O p b I e  ny- 

B y r o q a R  r o n o ~ o p a ~ a ~  B S1 ~ Y H K U M R .  B cMny (43) s T a  ~ Y H K U M R  
6 y n e ~  r o n o ~ o p a ~ a  T a K x e  H a  o ~ p e 3 ~ a x  K p a R  paspesa (-a, 0), 
K O T O P b I e  COOTBeTCTBYmT A Y T a M ,  OnMCaHHbIM BbIII Ie .  3 ~ a r l e ~ M f i  

cq ( 5 ,  q) H a  O K P ~ X H O C T M  K p y r a  K c n p a B e n n M B a  a o p ~ y n a  (31). 
B ~ U ~ C T B ~ H H ~ R  M MHMMaR ZlaCTM ~ Y H K U U M  (w) OKa3bIBaIOTCR 

(PYHKL(MRMM 5 M 7 B CMJIy COOTHOmeHMR 



ÿ TO ypameme,  K a K  M y p a e H e H M e  (17) ,  3 n n M n T M s H o  B K p y r e  K 
M r ~ n e p 6 0 n ~ s ~ o  BO BHeLIlHOCTM K. B y ~ a 3 a H H o f i  p a 6 0 ~ e  Mbl I IOKa-  

3aJIM, YTO XapaKTepMCTMKM Y P ~ B H ~ H M ~ ~  (51 )  M (17)  RBJIRmTCR K a -  
CaTeJIbHbIMM K OKPYXHOCTM 5" f 2  = 1 / a b  YTO, I I O J I a r a R  f (5, f )  
~ O C T O R H H O ~ ~  H a  3TMX X a p a K T e p M C T M K a X ,  MbI I I O J I y Y a e M  P e I I I e H M R  

Y p a B H e H M R  (51).  B ~ ~ ~ C T B ~ H H ~ R  M MHMMaR YaCTM @ ( w )  H e n p e -  

PblBHbl  B K p y r e  K. M b 1  M O X e M  C J I e A Y t O q M M  0 6 p a 3 0 M  I I P O A O J I X M T b  

3TM P e I I I e H M R  BO BHeIIIHOCTb n O J I O X M M  f([, f )  ~ O C T O R H H O ~ ~  H a  

~cef i  YaCTM K a c a ~ e J I b H o f i  K I IOJIYOKPYXHOCTM, 3 a ~ J I l O Y e ~ ~ o f i  M e X A y  

T O Y K O ~ ~  KaCaHMR M O C b D  f = 0. 
~ P M M ~ H R R  @ O P M Y J ~ I  (26)  M (29)  K @ Y H K ~ M M  @ ( w h )  BO BHeI I I -  

HOCTM K p y r a  K, M ~ I  n o n y y a e M  n p o n o n x e H M e  p e r u e H M R  y(E, f )  
YPaBHeHMR (17).   TOT MeTOA I I p O A O J I X e H M R  p e I I I e H M f i  M M e e T  H e -  

~ O C ~ ~ A C T B ~ H H ~ I ~ ~  M ~ T ~ M ~ T M Y ~ C K M ~ ~  CMbICJI AJIR B e K T O p H O r O  I IOTeH-  

uuana, K a K  c n e n y e T  n 3  p e 3 y n b ~ a ~ o ~  ~ a w e f i  npenbrnyqefi p a 6 o ~ b 1 .  

P a c c ~ o ~ p u ~  n o ~ p o G ~ e e  onpenenemoe B b m e  n p o n o n x e H M e  pe- 
UleHMR. ~ Y C T ~ ,  H a n p M M e p ,  M (E, 7 )  - H e K O T O p a R  T O q K a ,  T a K a R ,  YTO 

K O O P A M H ~ T ~ M M  TOYKM KaCaHMR ~ a c a ~ e J I b H 0 f i  K I IOJIYOKPYXHOCTM 

I- I E + I V ~ ~ ( E ~ + ? ~ ) - I  . I ~ + E V ~ Y E ~ + I ~ ) - I  , 
F,, = - 

a2 Ea + ri" r To=> E2 + l2 

C J I ~ A O B ~ T ~ J I ~ H O ,  H a l l  M e T O A  I I p O A O J I X e H M R  P e I I I e H M R  O I I p e A e -  

n R e T  3 ~ a q e ~ ~ e  @ Y H K U M M  @ ( a )  B T o s K e  M (E, -I), p a B H o e  



me K O P e H b  HaAO 6 p a ~ b  IIOJIOXMTeJIbHbIM.  TO BbIpaXeHMe paBH0 
( - a v o ) ,  rile qo - OpnMHaTa K a C a H U R  K ~ c ~ T ~ J I ~ H o ~ ~  K B ~ P X H ~ R  
nonyoKpyxHocTM, npoxonsrmefi lrepes ~ o l r ~ y  ( E  cos A, 7 ) .  

T ~ K M M  06pa30~ ,  Ha IIJIOCKOCTM K O M I I J I ~ K C H O ~ ~  I I e p e ~ e ~ ~ o f i  W 
Mbl MMWM KOHTYP I,, W C X O A R ~ M ~ ~  M3 TOlrKM 

H a  H M x H e M  Kpam paspesa, unymwfi snonb 3 ~ 0 r o  paspesa no 
TO'IKU 

wf. = - I 
€2 C O S ~  A. + q 2  

O I I M C ~ I B ~ I O ~ M ~  3aTeM H ~ K O T O P ~ I ~ ~  nyTb B Si A0 TOG Xe T04KU W' 
H a  BepxHeM Kpalo paspesa u u n y q ~ f i  HaKoHeu snonb BepxHero 
KpaR paspesa no T O ~ K M  w. 

M T ~ K ,  Mbl M M e e M  AJIR cp ( 5 ,  q) CJIeAYIOUYIO @OPMYJIY: 

7 & E cos 1 T / a a  ( € 2  c o s a  ), + l a )  - 1 
€2 c o s a  A + 12 

rne npaBMno ~b16opa s ~ a ~ a  y ~ a s a ~ o  sbrrue. BBOAR nepeMeHHym 
MHTeI'pApOBaHMR W l  BMeCTO I., M b I  IIOJIyqaeM, K a K  M B n.  3: 

rne Bun KOHTYPa  t ! ~  YKa3aH BbIrue. 



C ~ e n a e ~  e q e  OAHO n p e A n o n o x e H u e  o T H o c u T e n b H o  @ Y H K U U H  
rq (5,q). M ~ I  n p e A n o n o x u M ,   TO 3 ~ a  @ Y H K U M R  a H a n n T H q H a  u pae- 
H a  H y n m  H a  A y r e  lTOJIYOKPj'XHOCTM 

C M M M ~ T ~ M ~ H O ~ ~  OTHOCUTeJIbHO OCU E = 0. 0 0 p M y J I a  (30) n O K a 3 b I -  
B a e T ,   TO B  TOM cnyqae CD ( w )  r o n o ~ o p @ ~ a  u O A H O ~ H ~ ~ H ~  B OK- 
peCTHOCTU TO'lKH W = -a M 

@ (-a) = 0. (56)  

A ~ ~ ~ c T B H T ~ J I ~ H o ,  B X O A R U a R  B 3 T Y  @OPMYJIY @ Y H K U M R  ( f  (0, 7 j )  
RBJlReTCR @ Y H K U W ~ ~ ~ ,  ~ H ~ J I M T U ~ ~ ~ C K O ~ ~  no 7 j  npM KOMnJIeKCHbIX q 
B OKpeCTHOCTU TOqKM -a-'; T a K  K a K  & = 0,  q =  -a-' - 3 T O  

T o s K a ,  H a x o n R q a R c R  B C e p e A u H e  A y r u  AAI.  n o  n p e n n o n o x e H u r o  
rq (E,  7) a H a n u T u w a  H a  A y r e  AA,, n, c n e n o B a r e n b s o ,  CD ( w )  a H a -  

JIMTUYHa H a  K p a R X  pa3pe3a, C O O T B e T C T B y t o ~ U X  3~0fl A y r e .  Ho, 
K a K  MbI BMAeJIW, 3 T a  @ Y H K ~ M R  OAH03HaLIHa B OKPeCTHOCTM W=-a, 
u no n p u H u u n y  a H a n u T u s e c K o r o  n p o n o J r x e H n R  @ Y H K U W R  @ ( w )  
r o n o ~ o p @ ~ a  M O A H O ~ H ~ ~ H ~  H a  y q a c T K e  (-a, c) paspesa, rne 
TOl lKa  C COOTBeTCTByeT  TOYKaM A U At ~ O J I Y O K P Y X H O C T U .  

B e p ~ e ~ c ~  K @ o p ~ y n e  (55), nonaraa,   TO K a c a T e n b H a R  K no- 
J IYOKPYXHOCTU,  n p o x o A a u a R  q e p e 3  T O ~ K Y  (€, q),  K a c a e T c R  ee 
B T o w e  A y r U  AA,. B  TOM c n y q a e  K O H U ~ I  K o H T y p a  I,, pacnona- 
r a r o T c R  H a  o ~ p e s ~ a x  (-a, c) paspesa. B cuny (56) @ Y H K U U R  non 
~ H ~ K O M  M H T e r p a n a  H e  u M e e T  nonloca B T o w e  w, = -a, u ee 
TOqKU BeTBJIeHUR W l  = W H W ,  = W o  P a C n O J I O X e H b I  O A H a  H a  KOH- 

T y p e ,  a n p y r a R  - BO B H e m H o c T u  K o H T y p a .  C n e ~ o ~ a ~ e n b ~ o ,  u3  
(56) B b I T e K a e T ,  l l T 0  B C M n y  T e O p e M b I  Komu cp (ED 7 j )  = 0,  T. e., 
c o r n a c H o  H a u r e M y  n p a B u n y  n p o n o n x e H n R  peure~nfi, 3 ~ a q e ~ u ~  
cp(5, 7 j )  P a B H b I  HYJI to  H a  K a C a T e J I b H b I X  K lTOJIYOKpYXHOCTM, M M e t o -  
U,UX TO'IKY KBCaHWR H a  A y r e  AA,, C M M M ~ T P M ~ H O ~ ~  OTHOCMTeJlbHO 
OCM 5 = 0 M T ~ K O ~ ,  q T 0  (7 ( 5 ,  7 j )  0 6 p a q a e . r ~ ~  H a  ~ e f i  B H y J l b .   AH^- 
J IOrUl lHbIe  p e 3 y n b T a T b I  M O X H O  IIOJlY'IMTb U AJIR 7 j  < 0. 

7. q ~ 0 6 b 1  C A e J I a T b  Y K a 3 a H H Y I O  T e O p U l o  6onee R C H O ~ ,  n p H B e -  

A e M  H e K O T O p b l e  n p U M e p b I .  
P~CCMOTPMM P e U e H M e  Y P a B H e H H R  (2), 3 a B M C R U e e  T O J b K O  O T  - r / t ,  me r - p a c c T o R H n e  no H a q a n a  K o o p n n H a T :  r = vp2 + z2. 

B 3TOM C J I y q a e  MbI M O X e M  l lOJ IOXWTb cp ( E l  3) = f ( w ) ,  r A e  w = 
-- - &" +2 

Torna 

a p - = f' ( w )  2q; 
a1 

-- "' - f' ( w )  2 +p ( w )  4E2; 
dE? 



Bb16epe~  perueakie, 06paqawqeeccl a Hynb Ha OKP~XHOCTM 
E" 72 -- l/a2: 

y~ ( E ,  q) = 1 1 ~ ~  - a- ( 5 7 )  

a, (w) = ( l / n )  (w -a). 



M M ~ I  B O ~ ~ M ~ M  ero perueme Buns 

B ~ I ~ M U ~ M  eqe  OAHO perueme y p a B H e H m  (17), H e  u M e l o m e e  
C M H ~ Y J R P H O C T ~ ~ ~  B K p Y r e  

(w) = - l/(xw). (61) 

B M ~ C T O  Y p a B H e H M R  (17) MbI ~ Y A ~ M  M M e T b  Y p a B H e H M e  

B C M J y  0 c e B o f i  C M M M e T P M M  MbI  ~ Y A ~ M  P a C C M a T P M B a T b  T O J b K O  
T e  P e I l I e H M R  Y p a B H e H U R  (62). A J R  K O T O P b I X  K O M n O H e H T a  C M e U e -  

HMR W R B J R e T C R  ( P Y H K u u ~ ~ ~ ,  9 e ~ ~ 0 f i  no E MJM p. ~ O ~ T O M Y ,  M M e R  



rne O A  onpeneneHo ypaaHeHueM 

t - ~ ~ ~ c o s ~ + _ 1 / ~ ~ - - ~ :  Z = O  

unu 1 -BA[cosh f i /b2--  0; q = 0 .  
(65) 

t+ (- 5 ,  7 )  = J; F ( -  E cos 1, 71)  cos MA. 

= - J, F ( E  cos A,, 7 )  cos ).,di, = - $ ( t ,  T ) ,  

$ (€, 7 )  = R J; Y ( w , )  cos AdA, (66) 

rne 



w,  = - I - i E cos h 61 - b2 (Ea  cosz h + 12) 

B cosa A + 12 €3 C O S ~  h + l a  

Korna n e p e M e H H a R  A M e H R e T c s l  B M H T e p B a n e  (0, x ) ,  w ,  o n n c b l -  

B a e T  KOHTYP, C M M M ~ T P M ~ H ~ I ~  OTHOCMTenbHO B ~ L U ~ C T B ~ H H O ~  OCM, 
I IPMqeM CMMMeTPMqHbIM T O q K a M  COOTBeTCTBYH3T 3 H a q e H M R  cos 1.. 
O n H H a K O B b I e  I t 0  ~ ~ C O ~ I ~ T H O M ~  3 H a q e H H D .  HO MMeIoLUHe n p O T H B 0 -  

I IOJ IOXHbIe  3HaKM. 

O T A ~ J I R R  A ~ ~ c T B M T ~ J I ~ H ~ I O  M MHMMYIO 'IICTM, MbI M O X e M  H a n M -  
CaTb :  

w  = a + iB, Y ( w )  = o, ( a ,  B )  + io, ( a ,  P I .  

mi ( w )  = o1 (a ,  - P) - iwz ( a ,  - B ) ,  

Torna O q e B M n H O  Mbl M O X e M  3anuca~b  BMeCTO (66) cnenymuee 
PaBeHCTBO: 

me m2 ( w )  B e U e C T B e H H a  H a  B ~ ~ ~ C T B ~ H H O ~  OCM. T ~ K M M  0 6 p a 3 0 ~ .  
Mbl B C e r A a  M O X e M  IIOJIOXMTb 

me @YHKIJ.MR gr ( w )  I I p H H H M a e T  K O M n J e K C H O - C O n p R X e H H b I e  3 H a q e -  
HMR B K O M n A e K C H O - C O n P R X e H H b I X  T O q K a X .  

FIocnenymmne p a c c y x n e H n R  6 y n y ~  B n o n H e  a H a n o r n q H b 1  cny- 
.ram n o T e a U H a n a  cp (E,  7 ) .  K ~ K  M ~ I  n o ~ a 3 a n n  B b I m e ,  

cos A = 1 + W l l  

e I / v '  



p (0, 7) = si Y (- $) cos 1 dA = 0. 

M J I M  

rD.e B ~ P X H M ~ ~  3HaK COOTBeTCTBYeT CJIj'qalO E > 0, H M X H M ~ ~  - CJIyqaKJ 

5 < 0, a BMA KOHTj 'Pa 1, TOT Xe, .qTO M AJIR @opMyJIbI (31). Ha- 
KOHeU,  @0pMyJla (32) 3aMeHReTCR H a  

rAe = l / l  - 6'E"iS M KOpeHb 1/- Bb1611pae~~R IIOJIOXM- 

TeJIbHbIM IIpM BeWeCTBeHHbIX W , .  ECJM 7 < 0, TO MbI 6j'~eM MMeTb 

aHaJIorMqHbIe @0pMyJIb1 C HeKOTOPbIMM M3MeHeHMRMM 3HaKOB BXO- 
A R W M X  B H M X  sbrpaxe~uW, K a K  M B cnyqae noTeHuuana cp. 

9. B npenbrnyueM naparpaae M ~ I  M ~ Y Y M J I M  peweHuR ypaBae- 
HMR (62), MMelOWMP BMA (68) M J I M  (69). ~ O K ~ X ~ M  TeIIepb, YTO 

nro6oe PeLUeHMe Y p a B H e H M R  (62), HeYeTHOe IIO 5 ,  MOXeT 6b1~b 
npencTaeneHo B Kpyre K: 



B B M n e  (68) ,  n y K a x e M  cnoco6 H a x o x A e H M R  @ Y H K U M M  - Y (a:) no 
s a n a ~ ~ o ~ y  peruesum $ (E, q). H a r u ~  p a c c y x A e H n R  6 y ~ y ~  aeano- 
rMYHbl paCCY)KAeHMRM n.  4. 

P ~ C C M O T P M M  IIOJIYKPYr  q > 0. ~ Y C T ~  rl) (E, q )  - H e K O T O p O e  pe- 
U H M e  Y p a B H e H M R  (62) ,  H e Y e T H O e  no t .  B OKPeCTHOCTM J IYYa  E = O  
3 T 0  P e I l I e H M e  M O X e T  6 b l T b  p 3 3 J I O X e H O  B 

n ( n  - 1 )  bVn ( 7 )  + ( n  + 2 )  ( n  + 1 )  $n+2 (7)  + 2b2n$i(ri) f 
+- (b2q2 - 1 )  + i (q )  - 1 -  2b2nqn ( q )  + 2b2q+i(7) - 

- ( n  - 1  2)  +,I+  2 ( r i )  - qn+~2 ( T )  0. 

@ Y H K U M R  ( ' l j )  B YCJIOBMM (74) A O J I X H a  6 b 1 ~ b  @ Y H K U M ~ ~ ~ ,  a H a -  

J I M T M ~ ~ C K O ~  no $ npM 0 < q < 110, M M O X H O  T a K X e ,  a H a J I O r M Y H 0  
TOMY, K a K  EITO ~ ~ I J I O  c A e n a H o  B n. 4, o n p e A e n M T b  @ ~ H K U M I O  Y (a). 
~ ~ ~ c T B M T ~ J I ~ H o ,  B C M J I ~  ('70) 

rne 1 / W 2  - b b b 1 6 ~ p a e ~ c ~  n O J I O X U T e J I b H b l M  npM W < - b, a 
1 / c  w', YMCTO MHMMbIM C I I o J I o x M T ~ J I ~ H o ~ ~  M H M M O ~  YaCTbIO I I p H  

w < - b .  
Q o p ~ y n a  ('75) o n p e a e n R e T  Y ( w )  B M H T e p e a n e  - m < w < - b 

B ~ ~ ~ C T B ~ H H O ~  OCM, n p M Y e M  !&" ( w )  r O J I o b l O p @ H a  B H ~ K O T O P O ~ ~  OK- 
PeCTHOCTM 3 T O r 0  MHTepBaJ l a .  

MOXHO A a n e e  n o ~ a ~ a ~ b ,  YTO Y ( w )  rono~op@aa  B C I O A ~  B Si, 
eCJIki $ (E, q )  aHaJIMTMYHa U H e  M M e e T  C M H ~ Y J I H P H O C T ~ ~ ~  B I I O J I y K p y -  

re 71 > 0. 
B B ~ A ~ M  B K a Y e C T B e  n e p e M e H H 0 f l  MHTerPMPOBaHMR B @oPMYJI€! 

(68) T = E C O S ~  BMeCTO 1. T o r ~ a  npn t > 0 



Y M H O X ~ R  06e qaCTM PaBeHCTBa (76) H a  E2d~/l/p"E2 ki M H T e ~ P M -  
p y ~  no E B nmepeane (0, p ) ,  M ~ I  nonyqaeM c noMoubro sbrlcna- 
AOK, aHaJlOrUYHbIX IIpOBeAeHHbIM B II. 4, 

nnn ,  n n @ @ e p e ~ u n p y ~  no p n ~ ~ M ~ H R R  E H a  T n p H a  5 ,  

owyna, K a K  n B n.  4, cneAyeT,  TO Y ( w )  r o n o ~ o p @ ~ a  B S,, 
ecnn + (E, y )  aHannTnqHa n He nMeeT c ~ ~ r y n ~ p ~ o c ~ e f l  B nonyKpy- 
re y > 0. 

Ecnn @ Y H K U M R  + (5, 7 )  aHanMTUqHa BIIJIOTb A0 HeKOTOPbIX AYr 
H a  I I O J I ~ O K ~ ~ X H O C T M  

TO @YHKUMR y ( w )  6 y ~ e ~  aHaJlMTMqHa BIIJIOTb A0 COOTBeTCTByIO- 

u n x  O T ~ ~ ~ K O B  paspesa (- 6.0). 
R p e ~ n o n o x n ~ ,  HanpnMep,  TO + (E, y )  aHannTnqHa Ha Ayre 

AA,, conepxauefi T O ~ K ~  E = 0, y = 116. 
B  TOM cnyqae @YHKUMR +, ( y )  6 y ~ e ~  aHannTnqHa B 0Kpec.r- 

HOCTM T O ~ K M  y = 116, n 4 o p ~ y n a  (75) onpenennT ~ H ~ L ~ ~ H U R  ~ Y H K -  
UMU y ( w )  B OKPeCTHOCTM TOqKM W =  - 6: 

Y' ( w )  = fi (w) / l /b2  - w2, 

l-'ne f, ( w )  ~ o J I o M o ~ C $ H ~  B ~ A M ~ M  W = - b. ~ P U  MHTel-'PWPOBaHWW 
MOXHO I'IOJlOXMTb Y (- 6) = 0, TaK qTO AJIR Y ( w )  Mbl IIOJI4)qaeM 

cnenyroqee BbrpaxeHne: 

Y ( w )  = 1 / 6 2 -  f (w) ,  

rne f (w) rono~op4aa  B Towe w  = - 6. 
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f (w) = Y ( w ) / V P = 3  

H a  MHTepBaJIbI ,  COOTBeTCTBytOUMe B e p X H e M y  M H M X H e M Y  K P a m  
pa3pe3a (- b, 0) OT TOYKM - b A 0  TOVKU, C O O T B ~ T C T B ~ O ~ ~ ~ ~  A M 

Ai. 
OAH~KO,  K a K  M ~ I  n o ~ a 3 a n u  s b m e ,  @ Y H K ~ M R  f (w) r o n o ~ o p @ ~ a  

H O A H 0 3 H a Y H a  B T O Y K e  W = - b, C O O T B ~ T C T B ~ O ~ ~ ~ ~  C e p e f l M H e  A Y -  
ru AA,, u, c n e a o e a T e n b s o ,  s T a  @ Y H K ~ M R  n p n H u M a e T  O ~ M H ~ K O B ~ I ~  
3 H a Y e H U R  H a  E e p X H e M  M H M X H e M  K p a R X  pa3pe3a. 

J I e r ~ o  n o ~ a ~ a ~ b ,  YTO B  TOM c n y y a e  f (- b) =O.  ~ ~ W C T B U -  
TeJ lbHO,  nPMMeHMM @ O P M Y ~ Y  (71) K TOYKaM A y r M  AA1: 

me I ,  - 3 a M K H y T b 1 8  KOHTYP,  EHYTPM K O T O P O r O  @ ~ H K U W R  f (w), 
K a K  MbI n O K a 3 a J l M  BbIUIe ,  ~ o J I o M o ~ @ H ~  M O n H O 3 H a Y H a .  B ~ I Y M C ~ ~ R R  
sb1se - r  n o n b r ~ ~ e r p a n b ~ o f i  @ Y H K ~ M M  B T o w e  w = - b, M ~ I  nonysa-  
e M 

O A H ~ K O  C o r n a c H o  n p e n n o n o x e H u o  n e B a s r  s a c T b  p a m a  HyJIIO, 
O T K y n a  f (- b) = 0. 

H ~ M  o c T a n o c b  o n p e n e n n - r b  npononxeaue p e u r e H n n  rj, ( E ,  fri) 3a 
n p e n e n b r  xpyra E q  friY < l /bz .  

3 T O r 0  M O X H O  MCIIOJIbSOBaTb TOT Xe cnoco6, YTO U B C n y -  
V a e  C K a J l R p H O r O  n O T e H q M a J l a  p (5, 'I), nOCKOJlbKY B e U e C T B e H H a R  M 
MHMMaR YaCTM @YHKUMM qr (w) T a K X e  ynOBJ leTBOpHIOT Y p a B H e H M t O  
(51), B KOTOPOM H a A O  TOJlbKO 3 a M e H M T b  U H a  b. M ~ I  M O X e M  BSRTb  
Y(w)  ~ O C T O R H H O ~  H a  O T p e 3 K e  no608 ~ a c a T e J I b ~ 0 f i  K n O J I y K p y r y ,  
3 a K J l D V e H H O M  M e X A Y  T O Y K O W  KaCaHMR M OCbK) r j  = 0, n O J I a r a R  B 
K a V e C T B e  3 ~ 0 8  ~ O C T O R H H O ~ ~  3 H a Y e H M e  Y (w) B T O Y K e  KaCaHMR. 
Torna @ o p M y J l a  (55) 3aMeHMTCR AJIR T O Y e K  (5, T ) ,  TaKMX, YTO 



rne KOHTYP I ,  y ~ a s a ~  B n .  6 u . ~ 

we- y + E V b 2 ( E 2 + y 2 ) - 1  , wL5 -1 + E 1 / 6 2  ( £ 2  + ya)  - 1 
€ 2  + y 2  E2 + y2 

~ O B T O P R R  PaCCYXAeHMR n. 6, MOXHO nOKa3aTb, qTO @ Y H K U M R  
9 (5,  r i )  0 6 p a q a e ~ c ~  B Hynb Ha OTpe3KaX KaCaTeJIbHbIX Ayre AAl, 
C M M M ~ T P M ~ H O ~ ~  OTHOCMTeJlbHO & = 0 M T ~ K O B ,  qT0 8 (E ,  71) = 0 H a  
3~0f i  Ayre. Bce IIOJlyqeHHbIe BblWe pe3yJIbTaTbI MMeIOT MeCTO TBK- 
x e  M npu  < 0. 

10. n p u ~ e n e ~  ~ e ~ o ~ o p b r e  npnMepb1. I l o n a r a ~ ,   TO pemeHne 
Y P a B H e H M H  (62) MMeeT BMn 

rne KopeHb 1/w2 - b2 nonoxMTeneH npu w < - 6 .  3 ~ o  paBeHcT- 
BO MOXHO 3anUCaTb TaKXe B BMAe 



me 1/W2 - b2 n O J 0 X M T e J l e H  IIpM W < - b. ECJM ~ b l 6 p a ~ b  K O P e H b  -. 
1/b2 - W 2  MHMMbIM C ~ O J O X M T ~ J ~ H O ~ ~  M H M M O ~ ~  qaCTblO npM 
W <  - b, TO MbI AOJIXHbI CqMTaTb er0 MHMMblM C O T P M ~ ~ T ~ J ~ H O ~ ~  

M H M M O ~  q a c T b m  npM w > b, TaK  TO n p e n b r n y q a ~  a o p ~ y n a  npM- 
MeT BMA 

m a y e  r o B o p s l ,  npM q < 0 M q > 0 M ~ I  n o n y q a e M  o n H y  M ~y x e  a H a -  
JIMTMqeCKYIO @ Y H K ~ M I O  W. 

O T M ~ T M M ,  YTO P e r U e H U e  (81) 0 6 p a q a e ~ c ~  B H y J b  BCIOAy H a  

OKPYXHOCTM 

M, CJIeAOBaTeJlbHO, er0 n p O f l O J X e H M e  BO BHerUHOCTb K p y r a  p a B H 0  
HYJIIO npM I? 1 ,< llb. M b l  I l O J O x M M  q ( E ,  q) = 0 T a K x e  M IlpM 
( q l  > llb. M ~ I  B c e r A a  6 y n e ~  n p e n n o n a r a - r b  B ~ I ~ O J H ~ H H ~ I M   TO yc- 
nome B c n y q a e ,  ecnM + (E, -q) = 0 H a  nyre AAI OKPYXHOCTM 
5" +' = l/b2, C M M M ~ T ? M Y H O ~ ~  OTHOCMTeJbHO 5 = 0. 

11. M b l  n e p e X O n M M  T e I l e p b  K M3YqeHMIO HeKOTOPbIX n p o 6 n e ~  
MeXaHMKN M nJIR H a v a n a  IIORCHMM M ~ X ~ H M ~ ~ C K M ~ ~  CMbICJ perUeHMfi  

Y P ~ B H ~ H M ~  (2) M (3), OnHOpOAHbIX n 0 p R n K a  OnHOpOnHOCTM H y J b ,  
KOTOPbIMM MbI ~ Y A ~ M  3aHMMaTbCR B n a J I b ~ e f i r U e M .  K ~ K  MbI I lOKa- 

3anr.r B ~aulefi  n p e n b ~ n y q e f i  pa6o~e ,  B n n o c K o M  c n y q a e  oneopon- 
HbIe I lOTeH4MaJbI  OnNCblBaIOT, K n p M M e p y ,  YllpyrMe K o J I ~ ~ ~ H u R ,  

n O p O X A e H H b I e  c M J I o ~ ~ ,  C O C P ~ ~ O T O Y ~ H H O ~  B H e K 0 ~ 0 p b I f i  MOMeHT B p e -  

MeHN B H ~ K O T O P O ~ ~  TOYKe. B PaCCMaTpMBaeMOM T p e X M e p H O M  C J y q a e  
OHHOPOHHbIe nOTeHUMaJb1 OIIMCblBaIOT YnpYrMe K O J ~ ~ ~ H M R ,  BbI3BaH- 

HbIe A ~ ~ ~ C T B M ~ M  CMJbI, n p M J I 0 x e H H 0 f i  K T 0 9 K e  IlpOCTpaHCTBa M 
~ K J I O q a e M 0 f i  B H ~ K O T O P ~ I ~  MOMeHT BpeMeHM. He Y M a J R R  0 6 ~ 4 ~ 0 ~ -  
TM, M O x H O  n O J O X M T b ,  9 T O  3~0fi  T o Y K O ~ ~  RBJReTCR H a Y a n O  KOOp- 

AMHaT, a MOMeHTOM BpeMeHM - t = 0. A H ~ J O ~ M ~ H O  TOMY, KaK 3TO 
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~ ~ ~ A ~ o J I o x M M ,  q T O  n p M  t  = 0 K TO ' lKaM nOBePXHOCTC1. S, n p M J l 0 -  

x e H o  H a n p R x e H M e ,  H e  s a a ~ c ~ q e e  OT yrna 8, c K o M n o H e H T a M M ,  

npeACTaBMMbIMM B B M A e  n p O M 3 B e A e H M R  l / E z  H a  @ Y H K U M W ,  H e  38- 
BMCRWYIO OT E U OCTaIOWYIOCR ~ O C T O R H H O ~ ~  AJlR COOTBeTCTBYIOWUX 
T o q e K  n o B e p x ~ o c ~ e a  SE n p  E -+ 0. n p e n n o n o x ~ ~  T a K x e ,  YTO H a -  

q a n b H o e  nonoxeme ynpyrofi c p e n b I  B M o M e H T  B p e M e H u  t  = 0 - 
3 T 0  COCTORHMe n O K O R .  B 3TOM C J I y l l a e  B A R  K a X A O r O  3 H a q e H U R  E 

MbI M M e e M  O C e C M M M e T p N q H b l e  Y n ? y " M e  K O A ~ ~ ~ H H R  C p e A b I  C COOT- 

BeTCTBYIOWMMM nOTeHUMaJIaMM Q, ( p ,  Z ,  t )  U qE ( P ,  2, t ) .  
~ T M  nOTeHUMaJIb1  AOJIXHb1  Y A O B J I e T B O P R T b  Y p a B H e H M R M  ( 2 )  11 

(3), n p M l l e M  K O M n O H e H T b I  B e K T O P a  H ~ ~ ~ F I x ~ H M ~  H a  ITOBepXHOCTU 
SE 3 a A a H b I .  B I T p e n e J I e  3 T U  YCJIOBMR H a  nOBePXHOCTM MMeIOT BMA 

rAe Dl, D,, D3 - J I u ~ e f i ~ b l e  O A H O p O A H b I e  @YHK!JMM C nOCTORHHbI-  

MU K O ~ @ @ M U M ~ H T ~ M M  OT nPOM3BOAHbIX B T O P O r O  n O P R A K a  @ Y H K L Z M ~  

Q E  M $6 no x, y, 2,  a X, Y, Z-  @ Y H K ~ M U ,  3 a A a H H b l e  H a  SE M H e  
3 a B M C R W M e  O T  E. HYXHO Y q e C T b  T a K X e  H a l l a J I b H b l e  YCJIOBMR, O n -  

P e A e J I R I O W U e  CoCTORHMe n O K O R  n p M  t  = 0. @ Y H K L Z M M  (PE U + E  

YAOBJ l eTBOPRIOT,  TaKMM 0 6 p a 3 0 ~ ,  Y p a B H e H M R M  ( 2 )  M ( 3 ) ,  YCJIO- 
BMRM, MMeIOWUM n p M  E - +  0 BMA ( 8 3 )  M Y K a 3 a H H b l M  B b l U l e  Ha ' l a J Ib -  
HbIM YCJIOBMRM. B B ~ A ~ M  @YHKUMIO 

Q ( P ,  z, t )  = Y E  (kp, k ~ ,  k t ) ,  + (p, Z ,  t )  = qE (kp, k z ,  k t ) ,  (84)  



T a K  YTO (PYHKUMM (84) YAOBJIeTBOPRIOT OZIeBMAHO Y p a B H e H M R M  (2) 
M (3) .  Y Z I M T ~ I B ~ R ,  ZIT0 D ( y ,  9 )  - 3 T 0  J I M H ~ ~ H ~ R  0 , R H O p O A H a R  (PYHK- 
UMR C nOCTORHHbIMM K O ~ @ @ M ~ M ~ H T ~ M M  O T  BTOPbIX n P O M 3 B O A H b l X  

cp H IIO X, y  M Z, MbI M O X e M  IIOJIYYMTb, ZIT0 

Dl ((9, 9 )  Ix, y,z=k2D1 (YE, ~)E)I(kx,ky,kz), 

me MHAeKCbl  ( x ,  y, Z )  M ( k x ,  k y ,  k z )  o ~ o ~ H ~ Y ~ I O T  TOYK11, B KO- 
T O P b l X  H a A O  P a C C M a T p M B a T b  COOTBeTCTBy  I O U M e  B b I P a X e H M R .  HO 
(PYHKUMM ( P E  M qE YAOBJIeTBOPRIOT YCJIOBMRM (83),  O T K Y A a  

T.  e. cp M 9 YAOBJIeTBOPRIOT n P e A e J I b H b I M  YCJIOBMRM H a  n O B e p X -  
HOCTM SEIk, TOZIKM K O T O P O ~  MMeIOT KOOPAMHaTb l  

xr = k x ,  yr = k y ,  zr = k z ,  

rAe ( x ,  y, 2) - TOZIKa S, , C O O T B e T C T B y I O U a R  T O Y K e  (x' ,  yr, 2') 
n o B e p x H o c T M  SEik. n o T e H u M a n o B  c p ,  (p, z,  t )  M +, ( p ,  z ,  t )  H a -  
YaAbHbIM COCTORHMeM no YCJIOBMIO RBJIReTCR COCTORHMe IIOKOR. 

O Y ~ B M ~ H O ,  YTO IIOTeHUMaJIbI  cp M (I, y A O B J l e T B O p R I O T  T e M  Xe 
HaYaJ IbHbIM AaHHblM.  M T ~ K ,  Mbl M O X e M  Y T B e P X A a T b ,  YTO y  M q 
y n O B A e T B O p R I O T  T e M  Xe YCJIOBMRM, YTO M nOTeHUMaJIb1  y,,k, Jr '~ /k ,  

T a K  YTO 

Y E  ( k ~ ,  k z ,  k t )  = (P, IR(P,  2,  f ) ,  9 ,  (kp, k z ,  k t )  = (p, z,  t ) .  

Y C T ~ ~ M J I R R  E K 0, Mbl I I O J I y Y a e M  IIOTeHUMaJIbl  c p o ( p ,  2 ,  t ) ,  
(p, 2,  t ) ,  C O O T B e T C T B y I O U M e  CJIyZIaIO CMJIbl, ~ ~ M J I o X ~ H H O ~  K H a -  

Y a J I y  KOOpAMHaT B MOMeHT B p e M e H M  t = 0. C O ~ J I ~ C H O  I I p e A b l A y -  

LUMM ( P O P M Y J I ~ M  

'90 (kp, k z ,  k t )  = cp0 ( P ,  2 ,  t ) ,  q,, (kp, k z ,  k t )  = q0 (p, z ,  t ) ,  

M H a Y e  r O B O P R ,  (PYHKUMM yo ( P ,  Z ,  t )  M qo (p, Z, f) RBARIOTCR OAHO-  

POnHbIMM CTeIIeHM OAHOPOAHOCTM HYJIb  IIO I I e p e M e H H b I M  p ,  2, t ,  YTO 
M T ~ ~ ~ o B ~ J I o c ~  n O K a 3 a T b .  

~ ~ M ~ T M M  B 3aKJ I IOYeHMe,  YTO MbI ~ b l 6 p a J I ~  K O M n O H e H T b I  IIpM- 

J I O X e H H O r O  K I IOBePXHOCTM S,  B e K T O p a  H ~ I I ~ H X ~ H M ~ ~  I IpOIIOpUMO- 
HaJIbHbIMM 1 / i 2 ,  T a K  K a K  I I A O U a n b  I IOBepXHOCTM S, P a B H a  I IpOM3- 
B e n e H M K I  E' H a  IIOCTORHHYIO, H e  3 a B M C R U Y I O  O T  E. 



12. P~CCMOTPMM T e n e p b ,  K n p w M e p y ,  3anasy o ~ o n e 6 a ~ e ~ x  
n o n y n p o c T p a H c T s a  z > 0 non n e i i c ~ ~ u e ~  C B J I ~ I ,  n p ~ n o x e ~ ~ o f i  B 

MOMeHT B p e M e H M  f = 0 K TOYKe p = 0,  Z =  f, M n p e A n O J I O X M M ,  YTO 

3 T a  C M n a  OCeCMMMeTPMYHa M n O p O X A a e T  n p O A O n b H b I e  K O J ~ ~ ~ H M H .  

T a ~ o f i  MCTOYHMK K o n e 6 a ~ M f i  o n p e n e n R e T c R  n o T e H u M a n o M  c p ,  m n n -  
IOUMMCR, KaK M ~ I  n o ~ a 3 a n u  B b I w e ,  O A H O P O A H O ~ ~  CTeneHM H y n b  

@ Y H K Q M ~ ~ ~  OT a p r y M e H T O B  p,  2, t ,  T. e. 3TOT IlOTeHuMaJI RBJlReTCR 

P (r-f  ( P Y H K ~ M ~ ~ ~  a p r y M e H T O B  5 t, = 7. 
Y Y H T ~ I B ~ R ,  YTO B MOMeHT BpeMeHM t = 0 C p e n a  nOKOMJIaCb, Mbl 

M O X e M  y T B e p X & a T b ,  YTO 3TY @ Y H K K M I O  P ( i ,  7 )  AOCTaTOYHO O n p e -  

AeJIMTb AMWb B K p y r e  

i' + y2  < l/a2, 

E c o s  A - iq 1/1 -as (E2 C O S ~  A + y?) OA = 
E2 C O S ~  A $ 7 2  

r I o ~ e ~ u u a n  (85) o n M c b r s a e T  n B M x e H M e  B cpene npM 0 < t < af. 
,LI+nR BpeMeHM t >, a f MbI AOJIXHb1 A O ~ ~ B M T ~  eUe n B a  nOTeH-  

U H a J I a ,  COOTBeTCTByloUMX O T P a X e H H b I M  BOJIHaM: OAMH - AJIR OT- 

P a X e H H b I X  npOnOJ lbHbIX BOJIH, a npyr0fi - nJ lR  O T p a X e H H b I X  no- 
n e p e Y H b I X  BOJIH. ~ T M  O T p a X e H H b I e  nOTeHuMaJIb1 MOrYT 6 b 1 ~ b  On?€!- 

n e J I e H b 1  M 3  YCnOBMR OTCYTCTBMR ~ a n p R X e ~ M f i  H a  nOBepXHOCTM 

z=O. M ~ I  M O X e M  nPeACTaBMTb MX KaK K O M ~ U H ~ ~ M ~ ~  IIOTeHuMaJIOB, 

COOTBeTCTByIoUMX nJIOCKOMy CJ lyYaIo ,  T. e. B BMAe CYMMbI n O T e H -  

u n a n o B ,  o n M c a H H b r x  B ~ a u ~ e i i  n p e n b r n y u e f i  ya6o~e .  ,LI+nR T a K u x  
I lOTeHuMaJIOB MMeloT MeCTO B b I p a X e H M R  

y, = J, b, (81") di. 8 ,  = I, (or)) cos idi, 

rne o i l '  M el2) o n p e n e n R I o T c R  ~3 y p a ~ ~ e ~ ~ t i  

t - 8:" p cos h - v a2 - or) '  (2 + f )  =0. 



A H ~ J I o ~ M Y H O  M D X H O  P a C C M O T p e T b  ~J lygaf i  MCTOYHMKa I I O I I e p e Y -  

H ~ I X  K O J I ~ ~ ~ H M ~ ~ .  B ~ T O M  cnyyae (PYHKUMR $,, n p e n c T a e n R r o q a R  
I l O T e H q M a n  O T ~ ~ X ~ H H O ~ ~  I I o I I e p e q ~ o f i  BOJIHbI ,  R B n R e T C R  ( P Y H K U M ~ ~ ?  
a p r y M e H T O B  €1 = p / t ,  7, = (2 + f ) / t ,  n p M Y e M  3 T a  ( P Y H K ~ M R  OTJIMY- 
H a  O T  H y A R  H a  A B y X  A y r a X  I I O J I Y O K P Y X H O C T M  t: + q: = l/b"(rll> 
> O ) ,  o n M p a r o q M x c R  H a  a M a M e T p  q l  = O .  F l p o n o n x e ~ ~ ~  BO 
B H e l l I H O C T b  n O J l y K P Y r a  ST + q: < 1 / b h I I p e ~ e n R ~  H a M  I I O n e p e l l H b I e  
K O J ~ € ! ~ ~ H H H ,  ~ O p O X n a e M b l e  n p O A O n b H b l M H  K O J ~ ~ ~ H M R M U ,  P a C n p O -  

C T P a H R I O q M M M C R  B A O J l b  I l O B e P X H O C T M  Z = 0 CO C K O P O C T b I O ,  6 0 ~ 1 b -  
mefi, q e M  C K O P O C T ~  n o n e p e w b l x  K O J I ~ ~ ~ H M ~ ~ .  B ~ a m e f i  n p e n b l n y -  
qefi p a 6 0 ~ e  M b l  YXe P a C C M a T p M B a J I M  a H a J 0 r M q H O e  R B J I e H M e  n n R  
I l n C C K O r O  C J l y q a R .  n p e n n o ~ e ~ ~ b l f i  HaMM M e T O A  n 0 3 B O J I R e T  T a K X e  

P e l l I M T b  3 a A a Y y  0 K O J I ~ ~ ~ H M R X  C n O R  n O A  A ~ ~ ~ C T B M ~ M  MCTOYHMKa,  
O n M C a H H O r O  B b I U e .  

C ~ e J l a e ~  H e C K O J l b K O  C y I U e C T B e H H b I X  3 a ~ e Y a ~ M f i  06 O T p a X e H H K  

Y n p y r U X  B O J H  B T p e X M e p H O M  I I p O C T p a H C T ' B e  C a K c M a J I b ~ 0 f i  CMM- 
~ e ~ p ~ e f i .  F l p e n n o n o x ~ ~ ,  YTO n o ~ e ~ q ~ a n  n a n a r o u M x  n p o n o n b H b l x  
B o n H  Q (E,  q) 0 6 p a u a e ~ c ~  B H y n b  H a  OKPYXHOCTM 5" q 2 =  1/a2, 
UnM H a  ~ O J I ~ O K ~ ~ X H O C T M ,  M J I M  naxe n p O c T O  H a  nyre AA,,  C M M -  

M ~ T P M ~ H O ~ ~  O T H O C U T e n b H O  T O q K M  E = 0 H a  O K P Y X H O C T M .  K a K  M b I  
B M n e n n  (n. 6), B  TOM cnyqae n p M  n p e n c T a B n e H w u  Q(S,  q) B @ o p ~ e  
M H T e r p a n a  

(PYHKQMR @ (w), I I P M H M M a O L L l a R  B e I l l e C T B e H H b l e  3 H a q e H M R  H a  MH- 

T e p e a n e  (--a, -a) s e q e c ~ s e ~ ~ o f i  o c ~ , 6 y n e ~  p e r y n ~ p ~ o f i  T a K x e  
M B T O q K e  W =  -a kt, c n e n o e a k n b ~ o ,  B ~ ~ ~ C T B ~ H H O ~  M peryJl5lp- 
~ 0 f i  H a  U e J I O M  H H T e p B a J I e  (- W. -c), rn'? -a < -C ,< 0. E C ~ M  
Q (E, q) P a B H a  H y n I O  H a  I I O J I Y O K P Y X H D C T M ,  T O  C = 0. K p o M e  T O r O ,  

n p M  3 T O M  @ (-a) =O, T. e. B O K P e C T H O C T M  TOYKM W = -a @ (w) 
n p e n c T a e n M a  B B u n e  p R A a  

rne ~ 0 3 ( t ) $ M L l . ~ e ~ ~ b l  a, B e q e C T B e H H b I .  H ~ O ~ O P O T ,  e C n M  3 T 0  pas- 
n o x e H H e  u M e e T  M e c T a  n n R  ( P ~ H K U M M  @, ~3 Q (5, q) 0 6 p a W a e ~ ~ ~  
B H Y n b  H a  H ~ K O T O P O ~ ~  nyre AA,. Mcnonb3yrr n e p e M e H H y m  8 

w = 0" 

me T O q K e  W = -a C O O T B e T C T B Y e T  0 0, Mbl  M O H e M  n p e A C T a B N T b  

( P Y H K ~ M I O  @ ( 0 )  B B M A e  P R A a  



me K ~ ~ @ @ w I I . w ~ H T ~ I  bn B e U e C T B e H H b I .  0 6 a  p a 3 J I O X e H M R  @YHKII.MW 
CD ~ K B M B ~ J I ~ H T H ~ I .  B a H a n o r u q H o M  cnyqae, K o r n a  n o T e H u M a n  

(6, q) 0 6 p a q a e ~ c R  B  HYJIb  H a  H ~ K O T O P O ~ ~  nyre AA,, H a  KOTO- 
p08 3 H a q e H W R  6 y n O B J I e T B O p R B T  YCJIOBUB -b ,< 0 ,< 6, MbI I IOJIy-  
q w ~  p a 3 n o x e ~ ~ e  swna (n.9) 

Y ( w )  = (b2 - w2)311 2 an ( w  + 6)". 
n-0 

C B e q e C T B e H H b I M M  K O ~ @ @ W ~ M ~ H T ~ M M .  M H ~ O ~ O P O T ,  eCJIM y ( 0 )  
n p e n c T a B w M a  B B M n e  T a K o r o  ~ ~ ~ J I O X ~ H ~ R ,  TO 9 (5, 7 )  0 6 p a u a e ~ c ~  
B H Y J I b  H a  H ~ K O T O P O ~ ~  nyre AAl. 

40 CMX nop M ~ I  p a c c M a T p w B a n w  c n y q a i l ,  K o r n a  y p a B H e H M e ,  
W 3  K O T O P O r O  O n p e n e J I H e T C R  0 K a K  @YHKII.WR ( t ,  X ,  z ) ,  TBKOBO, 
q T O  B e q e C T B e H H b I M  0 ,  - a  ,< 0 ,< a  MJIw -b ,< 0 ,< b COOTBeTCT- 
B y e T  I I O J I y O K p y X H O C T b .  O A H ~ K O  B  C J I y q a e  O T P a X e H M R  3 T O  YXe 
H e  B C e r A a  M M e e T  MeCTO,  HO, K a K  J I e r K O  I I p O B e p M T b ,  I I P ~ A ~ I A Y U M ~ ~  
p e 3 y n b T a T  C O X p a H R e T  C w n y .  Ayra AAl B 3TOM C J I y q a e  COOTBeT-  
c r e y e T  ~ e ~ o ~ o p o f i  q a c T n  @ p o ~ ~ a  p a c n p o c r p a H e H n R  B O J I H ~ I .  ~ P M -  
HUMaR  BO BHMMaHMe,  '-IT0 q a C T H b I e ,  @ M ~ Y P M P Y O ~ M ~  B  @ O P M Y J I ~ X  
(87) w a H a n o r M q H b r x  Q o p ~ y n a x  n n R  c n y q a R  n o n e p e q ~ o i l  B O J I H ~ I ,  
npencrai3nrrro-r co608 @ Y H K U U U ,  p e r y n R p H b I e  npn 0 = 0, q e T H b I e  
nu60 H e q e T H b I e  no 8 ,  MbI M O X e M  Y T B e P X A a T b ,  q T O  n O C J I e  O T p a -  
x e H u x  @YHKII.UU CDl ( 0 )  u Yl  ( 0 )  e t o K p e c r H o c T M  0 = 0  n p e a c T a B n M b I  
B  B M A e  P R A O B  y K a 3 a H H O r O  T M n a ,  T a K  q T O  O T p a X e H H b I e  nOTeHII.MaJIbl: 

cp (X,  y, t )  u 9 ( x ,  y, t )  0 6 p a q a I o ~ c R  B  H y J I b  H a  T e X  q a C T H X  BOJI- 
H O B O r O  @ ~ o H T ~ ,  K O T O P b I e  C O O T B e T C T B Y B T  3 H a q e H M R M  0, OnMCbI- 
B a I O q U M  A 0  O T P a X e H M R  A Y r Y  AA1, T. e. - a  ,< 0 < a .  

 TOT p e 3 y n b T a T  M O X H O  C @ O P M Y J I M P O B ~ T ~  eqe  OAHWM CllOCO- 
  OM, a UMeHHO: eCJIU MHMMaR q a C T b  ( 0 )  0 6 p a q a e r c ~  B H y n b  
H a  u H T e p s a n e  -c<O<+c ( c 4 a )  e e q e c ~ ~ e ~ ~ o f i  OCM M @(0)=0, TO 

t  - 0 ~ p  cos A f l / a 2  - Biz - ( 0 ~ )  = 0, 

3 a n a e ~  n o - r e H u n a n  n p o n o n b ~ o f i  B O ~ H ~ I ,  06pauarouef ic~ B H y n b  
H a  noaepxsoc-rw, n o n y q a e ~ o f i  B p a q e H u e M  s o K p y r  ocw z nyrw 
AAl, C O O T B ~ T C T B ~ I ~ ~ ~ ~  M H T e p B a J I y  -C  < 0 < f c El CHJIy  Y p a B -  

HeHWR f  - O X  f l /aL 0' Z - X ( 8 )  = 0. 



@ Y H K U M R  X (6)  CYMTaeTCR B ~ L U . ~ C T B ~ H H O ~ ~  H a  y K a 3 a H H O M  U H T e P -  

B a n e .  A ~ a n o r u s ~ b r f i  p e 3 y n b ~ a ~  cnpasennm M n n R  n o n e p e s H b r x  

BOnH.  B ~ a J I b H e f i L I l e ~  Mbl eLU.e B e p H e M C R  K 6onee A e T a n b H O M y  

paCCMOTpeHUIO 3 T O r 0  B O n p O C a .  
Y ~ a x e ~  H a K o H e u ,  YTO B cnysae, K o r n a  cuna, n p u n o x e H H a R  

K TOYKe p = Z = 0, RBJIReTCR 3a f i aHH0f i  ( P Y H K ~ M ~ ~ ~  B p e M e H U ,  Mbl 

M O X e M  P a C C M a T p U B a T b  ee K a K  C y M M Y  CUJI, B K n I O Y a e M b I X  B Y K a -  
~ ~ H H O W  TOYKe  B p a 3 n U Y H b I e  MOMeHTbI  B p e M e H U .  ~ O T ~ H U U ~ ~  B 3TOM 

C J I y Y a e  6 y n e ~  3 a A a B a T b C R  M H T e r p a J I O M  C T M J I T ~ ~ C ~  ~ b I p a X e H k i 8  

BMAa 

rne (p M $ -  TO 3 n e M e H T a p H b i e  n o T e s u u a n b r ,  n o p o x n a e M b r e  

cunofi, B K J I I O Y ~ ~ M O ~ ~  B MOMeHT B p e M e H U  21. 

13. nepe f ine~  K p a c c M o T p e H u 0  3 a n a ~ u  M. Lamb'a (Phil. 
Trans. Vol. 203, 1904, pp. 1-42) o K O J I ~ ~ ~ H M R X  n o n y n p o c T p a a -  

CTBa Z > 0 n O A  A ~ ~ ~ C T B M ~ M  CMJlbI, I I ~ M J I O X ~ H H O ~  K T O Y K e  p =Z= 0 
u ~ a n p a ~ n e ~ ~ 0 8  B n o n b  C C M  z. M c I I o J I b 3 y e ~  n e p e M e H H y 0  8 M no- 
T e H u U a J I b I  (p U $ B BMAe 

T = J: (81) dl. $ = J: Y (8,) cos Id) ,  

rne 8, u 8, o n p e n e n R m T c R  ~3 y p a ~ ~ e ~ ~ f i  

3 H a ~  KOPHR B 3TMX Y p a B H e H M R X  B ~ I ~ U ~ ~ ~ T C H  TaKUM 0 6 p a 3 0 ~ .  
~ ~ 0 6 b 1  J l y Y a M ,  MCXOARLU.MM M 3  H a Y a J I a  KOOPAMHaT M MAYUMhf 
B FIOnYnPOCTPaHCTBO Z > 0, COOTBeTCTBOBaJIkl 3 H a Y e H M R  8 113 B e p X -  

H e f i  IIOJlyIIJlOCKOCTM. M H M M ~ R  Y a C T b  (PYHKUMM ( 6 )  R B n R e T C R  

( P Y H K U M ~ ~ ~  H ~ Y ~ T H O ~ ~  B TOYKaX,  P a C n O n O X e H H b l X  CMMMeTPMYHO 

OTHOCMTeJlbHO M H M M O ~ ~  OCM. TO Xe C n p a B e A J I M B O  AJIR B e U e C T B e H -  

H O ~  YaCTW (PYHKUMM Y (8). ~ T M  C B O ~ ~ C T B ~  ( P Y H K U M ~ ~  (6)  U y (6)  
RBJIRIOTCR CJleACTBMeM T o r 0  O ~ C T O R T ~ J ~ ~ C T B ~ ,  YTO MHUMaR O C L  

l l e p e ~ e H ~ 0 f i  6 C O O T B e T C 7 B y e T  B ~ L U . € C T B ~ H H O ~ ~  OCM n e p e ~ e H H 0 8  W ,  
M B B b l P a X e H M M  AJIR $ OTCYTCTBYeT M H O X M T e J I b  l/i. 

~ Y C T ~  U, V ,  W - KOMnOHeHTbI  B e K T O p a  c ~ e L U . e H M f i  B A O n b  0cea 
p, 8, 2. K O M ~ O H ~ H T ~ I  T e H 3 O p a  ~ e ( P 0 p ~ a ~ k i k i  O n p e A e J I R ~ T C R ,  KaK 
UBBeCTHO, no ( P o ~ M ~ J I ~ M  



OZZ 

ze de d <--dZ+ me [=+ me (bd) --]y=zzd e I 



b f ( e ) -  I d [ p ( e )  0V~2--8~]  d2f-  ---- I d . -7-- 

~2 - e 2  

dxdy 6' dO 8' ' dy2 6' d0 

a2@(4)  1 a [@,(el) el f a 2  -0; -- 
dpdz 6; dol 6 I  ] cos A, 

(91) 

- 
-= I d . ~ELiQ- --[yr1(e2) 1/ 62-0; 

dz 
6; dpdz - 6' dB2 ] cos A; 

6; 

(92) 

0603Haqn~ qepes T$, TcZ') Te YacTn HanpRxceHnR, KoTopbre 
nopoxcAeHb1 noTeHqnanoM cp, M qepes T$), TL: - Te,  TO nopox- 
AeHbI IlOTeHUMaJIOM q. B CMJIy (88),  (90) M (91) M b l  MMeeM 

I - 2 4  1/a2 - 8 3 
P 

] cos MA, 
6; 

M J I M  

1 d 201 I/a2 - 0 2  - T ( l )  = J x $  [@'(el) '1 cos AdA. 
P P "  0 1  

(93) 



ZZZ 



I " I d  7 Tpz =So {?K [ " I  (01) 

rne 

6' = Olz-I/aa-O: p C O S A  0 , ~  - v m P  cos A 

I/- 
, 6: = 

I/ba - 0; (98) 

n o n y s n ~  T e n e p b  B b I p a x e H m  AJIH n p e n e n o B  (97) npn z + 0, 
T. e. B b I p a X e H U H  AJIH H a n p f l X e ~ M f i  H a  nOBepXHOCTn 2 = 0. P ~ c -  
CMOTPMM, H a n p M M e p ,  n e p B y I O  s a C T b  BbIpaXeHMH.'AJIH Tzr: 

f-I/aa-Byz f-l/aa-O;z cos A = , A = arccos - 
p e l  POI 

l--I/az--0'f q 
= arccos 

£01 
9 



 TO H e M e A l I e H H O  B b l T e K a e T  M3  P a B e H C T B a  W e,= l / a 2  - 8" YCTa-  
H a B J I U B a I O U e r O  COOTBeTCTBMe M e X A Y  ~ e p x ~ e f i  n O n y n J l O C K O C T b I o  

n e p e ~ e ~ ~ o f i  8 M 0 6 n a c ~ b m  S1 n e p e ~ e ~ ~ o f i  w. T O ~ K M  8 n O* FIB- 

nRH3TCR T O q K a M M  BeTBJleHMFI B b l P a X e H M R  (100) B ~ e p x ~ e f i  I l O n y -  
nnOCKOCTM, M Mbl  ~ b 1 6 e p e ~  p a 3 p e 3 b l  TaKMM 0 6 p a 3 0 ~ .  q ~ 0 6 b l  M3 

T O q e K  8 M O* OHM UlJlM H a  ~ ~ C K O H ~ ~ H O C T ~  B A O n b  B ~ U ~ C T B ~ H H O ~  

OCM, H e  n e p e c e K a R  M H M M O ~ ~  OCM. Hnn 8,  M ~ I  M M e e M  

T a K  9 T O  AJlR T a K O r O  dOl B e U e C T B e H H O  M O T P M 4 a T e J l b H O  I lpM 

E > 0 M n o n o x n T e n b H o  npn E < 0. M 3  c $ o p ~ y n b ~  (100) 

P ~ ~ H O C T ~  a2rj-l/y O T p M u a T e n b H a ,  M Mbl A0JI)KHbl  n O J l O X M T b  K O P e H b  

npn M H M M ~ I X  el ,  c n o n o x n ~ e n b ~ o f i  M H M M O ~  q a c T b r o .  T o r ~ a  M H -  
T e r p a n  (99) n p M M e T  B M a  

me K O H T Y P  MAeT OT T O q K H  K T O q K e  8*. Ha IlnOCKOCTM W 
3 T O M Y  K O H T Y P Y  COOTBeTCTBYeT KOHTYP I, ,  o I I M c ~ H H ~ ~ ~ ~  Bb lUle .  OT- 
MeTMM, H a K O H ? u ,  YTO 8; 3 a A a e T C R  @ O P M Y J I O ~ ~  



Elz-pvaa_el t -  v a2-0:z 
8 1  = Elz - va2 - E l p  cos A - 
I - P O  - - v q  l/3=q 

npMqeM s T a  ~ Y H K U U R  H e  0 6 p a u a e ~ c ~  B nynb B ~ e p x ~ e f i  nony- 
IIJIOCKOCTM, M ,  CJIeAOBaTeJIbHO, BbIpaXeHMe I I O n  3HaKOM UHTerpaJIa 
B (102) RBnReTCR ( P Y H K ~ M ~ ~ ~ ,  I ' o J I o M o ~ ~ H o ~ ~  BbIuIe npRM0fi 88*. 
T ~ K U M  06pa30~ ,  MbI MOXeM B CMnY TeOpeMbI KOUM IIpone40p- 

MMpOBaTb KOHTYP MHTerPMPOBaHMR L O ,  B3RB era, K IIpUMepy, 
B BUAe ~ e p x ~ e f i  qaCTM nOJIyOKPYXHOCTM, AJlR K O T O P O ~ ~  OTPe30K 

00" npenc-rasnne-r co60fi nuaMeTp. Y C T ~ ~ M ~ R R  z K nynm, M ~ I  
nonyqaeM 

ri + 0, 6 ;  + -1/0,, 0 + 115,  O *  + - I / € ,  cos I. + t,'(pO1), 

I'ne K O P e H b  1/t28:- 1 M H M M ~ I W  C O T P U ~ ~ T ~ J I ~ H O ~ ~  M H M M O ~ ~  qaCTbH), 

ecnu E > 0 M 0,  HaxonuTcR H a  n o n o x u ~ e n b ~ o f i  M H M M O ~ ~  nonyocu, 
u c nonoxu~enbnofi M H M M O ~  qacTbIo, ecnM E < 0. 

A ~ a n o r u q ~ o  nnR BTOPOW qaCTU BbIpaXeHMR Tzz Mbl U M e e M  
npeaen npM z + 0: 

rne 
d 

~ ~ ( 0 , )  = - - [ ~ ~ ( 0 , )  do1 0,  (b2 - 20;) f yf (el) 20; I/-]. (103) 

rne 



r p a ~ k i q ~ b ~ e  YCJIOBUR H a  I IOBePXHOCTM Z =  0 IIPMBOART K COOT- 
HOLUeHMRM 

B I I JOCKOM C J y q a e  I I p 0 6 n e ~ b 1  M. Larnb'a, K a K  MbI I 1 0 K a 3 a J W  

B ~ a w e f l  n p e n b r n y u e f l  pa6o~e .  @POHT n p o n o n b ~ o k  B o n H b I  npen- 
1 

C T a B J l R e T  co608 O K P Y X H O C T b  x2 + y2 = >t2, a @POHT I I 0 I I e p e g ~ 0 i i  

1 
B O n H b I  - HeKOTOPYK)  AYrY O K P Y X H O C T U  x2 + y2 =- t2, CMMMeT- ba 
P M s H Y I o  OTHOCMTeJbHO OCM y, M napy O T P e 3 K O B ,  K a C a T e J b H b I X  
K 3~0fl O K P Y X H O C T M  B T O q K a X  K0HIJ.a AJTM.  TO I I O K a 3 b l B a e T ,  q T O  

B H a c T o R u e M  cnyqae n o T e H u M a n  cp (5, q) 0 6 p a u a e ~ c ~  B H y n b  

B C I o n y  H a  I IOJIYOKPYXHOCTM 

a n o T e H u M a n  d( (5, q) - H a  nyre n o n y o K p y x H o c T u  

E2 + q2 = 116' (q > O), 

C M M M ~ T P M ~ H O ~  O T H O C M T e J b H O  OCU E =O.  O A H ~ K O ,  K a K  MbI I IOKa-  

3 a n ~  B ll. 6, @ Y H K ~ M R  @(w)  B 3TOM C J y q a e  M M e e T  K O P e H b  

W -a M M O X e T  6 b 1 ~ b  I I p e A C T a B J e H a  B OKPeCTHOCTM 3~0fl TOqKM 

B BMAe  

a @ Y H K ~ M R  y (w) M O X e T  6 b 1 ~ b  n p e A C T a B J e H a  B OKPeCTHOCTM 
T O ~ K M  w =  -b B B u n e  (n.  9) 

Y (w) = l / n [ p l ( w  + b) + p2 (w + b)2 + . . . I .  

M ~ I  n o n y q a e M  B o K p e c T H o c T M  8 = 0 cnenymuee B b l p a x e H M e  n n R  

(8): 

M a H a J O I ' M q H 0 ,  BBOAR AJIR y (w) M M e e M  



Torna M 3  $OPMYJI (103) M (104) B b I T e K a e T ,  q T 0  

n p u s e M  M ~ I  npennonaraeht,  TO ~ T M  $ Y H K ~ U M  H e  u M e m T  C M H ~ Y -  
JIRpI-Ioc~efi  H a  KOHeqHMX PaCCTOFIHMRX. 

n o  YCJIOBUK) MHMMaR 9 a C T b  ( P Y H K ~ U M  @ (8)  M B e u e C T B e H H a R  
q a C T b  $YHKUMH y (8)  AOJIXHbI 0 6 p a ~ a ~ b c R  B H y J I b  H a  M H U M O ~ ~  
OCU, O T K y n a  B CUJIy (103) U (104) B e u e C T B e H H a R  9 a C T b  0, (8,) 
U MHMMaR 9 a C T b  W 2  (8,) AOJIXHbI 0 6 p a u a ~ b c R  B H y J I b  H a  M H M M O R  
OCM. ~ O ~ T O M Y  K O ~ $ $ M ~ M ~ H T ~ I  a; U p', n O J I X H b I  6 b 1 ~ b  B e u e C T B e H -  
HbIMU. r p a H M 9 I i b I e  YCJIOBMR (105) T O r A a  OqeBMAHO BMIIOJIHRIOTCR. 
npki nOnCTaHOBKe ~ b 1 p a X e I i M f i  (106) B $ O ~ M  JIM (103) M (104) 
M ~ I  n o n y 9 a e M  cnenymuue y p a B H e H u n  n n R  @'( 

Qf (8) = 
(ba - 202)  0 3  (E) + 2 e v b a a e a o , ( E )  

F (0) 
, 

(108) 
2 0  v-30 3 (E) - ( b a  - 2 8 2 )  o, (0) Y f  (8)  = 

F (8) 
9 

@ Y H K U U U  a ' ( 8 )  U y ' ( 8 )  MMeIOT nOJIIOCa B TOqKaX,  me F (8)  
0 6 p a u a e ~ c ~  B HyJIb.  ~ T M  T 0 9 K U  COOTBeTCTBYIOT, KaK MbI nOKa3aJIM 
B H a u l e R  n p e n b ~ n y u e f l  pa6o~e. B o n H a M  Rayleigh'a. K p o ~ e  T o r o ,  
$YHKUHH (108) MMelOT O C O ~ ~ H H O C T ~  B T O 9 K e  8 = 03, KOTOpaR 
COOTBeTCTByeT E = 7 = 0, T. e. T O q K e  n p M J I O X e H U R  CUnbI. n 0 ~ p e -  
6 y e M .  9 ~ 0 6 b 1  3 T a  T O 9 K a  RBnRJIaCb IIOJIIOCOM, n p U 9 e M  I IOpRnOK 
3 ~ 0 r o  nonmca n o c T a p a e M c R  c n e n a T b  BOSMOXHO ManbIM. Y P ~ B H ~ H U R  
(107) ki (108) n o K a 3 ~ ~ a m ~ ,  q T 0  n n R  3~01-0 H ~ O ~ X O A U M O  no~pe6o-  
B a T b  



'p = so@ (el) dA, d( = s;Y (0,) cos AdA, (111) 

rae 0, n 0, OnpeAensltoTcsl n3 y p a ~ ~ e ~ u i i  

8 , r t  - 0 , p c o s ~ - 1 / ~ 9 z = 0 ,  

a, = t - eZp cos A - 1/6" ef = 0. 

B CMnY @ O P M Y ~  (1) M b l  MMeeM 

d8 Y'(B,)*cos MA, 

" S o  

d8 d8 
W= r@ ' ( e l )  *dl + n ~ ' ( 0 2 )  2 cos AdA- - Yf(O,) -$ sin AdA. 

0  dp  P S" 0  

Mcnonb3ysl (112), M b I  n0nysaeM CJIeAytouUe PaBeHCTBa Ansl np0- 
M3BOAHbIX: 

dB2 = -  1 d o  do dB. - d o  
.- - = - e , c o s A ~ ,  --LA I / 6 2 - 0 2 2 ,  

at 8; ' dp at d z  -- 2 at 

dB2 - - O z p  s in  A -- do 
a h  8 i  = 0,psinA 2. 



nnn B cwny (110) 
-- 

20; f a 2  - 0;  1 / 6 3  - 0 1  1 de,] cos MA, 
F ( 0 2 )  d t  

q~06b1 onpenennTb P, Hano C B R ~ ~ T ~  ee c ~ennlrn~ot'i cnnbr, 
np~JI0Xtte~~Ot'i K TOlrKe P=z=O. ~ Y C T ~  P-  3HalreHMe 3 ~ 0 a  CMnbl. 
Bbrlrncn~~ acnMnToTnKy w M q npM t+ a. ilepexonsr K npeneny, 
MbI  AOJlXHbI nOJIylrMTb KOMnOHeHTbI BeKTOpa C M ~ L U . ~ H M ~  AnR CTa- 
T M V ~ C K O ~ ~  3aAalrM, B K O T O P O ~  BepTMKaJIEHaR CMJIa P lTpHJIOXeHa 
K Towe p = z = 0 nonynpocTpaHcTBa z >  0. Peule~ne 3 ~ 0 a  npo6- 
neMb1 CTaTMKM M3BeCTHO (Love. Lehrbuch der Elastizitat, 1907, 
p. 206): 

M ~ I  nonylraeM B OKpecTHocTn t =GO cnenymuee p a 3 n o x e ~ ~ e :  

a 2 2  a 4 2  
MJIM t - B,pcos)\+ i0,z-i- - i - - 

2 0 1  se2 . . . - 0, 



I l p ~ p a ~ ~ u s a ~  Hynm K O ~ @ @ U U U ~ H T ~ I  npu f ,  f 0  u f - l ,  M ~ I  nonyrIaeM 

c, = l /(p cos - i z ) ,  c,=O, c-1 = -a2z/2. (1 17) 



2a4 - 2azba iz  a2 
+ 4 (a2 - b2)a c, + ... =- 2 ( p  cos A- iz)a * 2 (ax- 69) ( p  cos A - i z )  + ... = 

- - a2p cos A - iz  (2a2 - b2) 
2 (a2 - b2) ( p  cos A - iz)a + . . 

r A e  H e B b I n H C a H H b I e  Y n e H b I  NMelOT n O P R A O K  l / t .  C J I ~ A O B ~ T ~ J I ~ H O ,  

B CMnY I I e p ~ o f i  M3 @OPMYJI ( 1  13) MbI M M e e M  

azp cos A - iz  (2aa - 62) 
4 it-a = B J* 2 (aa- 62) ( p  cos A - iz)2 cos hdk. 

x . "  rb- p cos A - z (a" 222) 
2 (a2 - 62) ( p  cos A - iz)2 

d).. 

M H T ~ ~ P U P Y R  IIO A, Mbl n O J I y q a e M  

M c I I o n b 3 y F I  @ O P M Y J I ~ I  (114), MbI M O X e M  O I I p e A e n M T b  IIOCTORH- 

HYIo  P: 
p = P/(2n2p). (119) 

n o n c ~ a s n ~ ~   TO 3 ~ a q e ~ i i e  p B 4 0 p ~ y n b 1  ( 113), M ~ I  n o n y q a e M  
@ o p ~ y n ~ ,  onpeAenmouiie p e r u e H i i e  s a n a s ~  M. Lamb'a. 

~ T M  @ 0 p ~ ~ n b l  AAFI T O q e K  H a  nOBepXHOCTM Z = 0 I I P M B e A e H b l  
B y ~ a 3 a ~ ~ o f i  p a 6 0 ~ e  M. L a m b ' a ,  ii A n R  o6qero c n y q a s r ,  K o r A a  
Z I IpOki3BOJIbH0,  T a K N e  @ O P M Y ~ ~ I  I I O n y q e H b I  C I I O M O U b m  M e T O A a ,  
OTJIU'rHOrO O T  M e T O A a  H ~ C T O F I L U ~ ~ ~  p a 6 0 ~ b 1 ,  B pa6o~e  C. n. CO- 
6onesa [ I ] .  

1. C. A. C 0 6  o n e  B. n p n ~ e ~ e k i w e  Teopnn nnocKnx eon11 K saaase 
M. Lamb'a.11 Tpynbl Cef ic~on .  U H - ~ a  AH CCCP. 1948. M 18. 

0 CHHTYnPPHblX PEWEHHPX BOnHOBOTO YPABHEHHP 
H YPABHEHHR YflPYTOCTH' 

1. B pa6o~e C. Co6onesa ki a B T O p a  ,,O n p M M e H e H k i H  H O B O r O  
M e T O A a  K M3YqeHUlO Y n P Y r U X  ~ 0 J I e 6 a ~ i i f i  B aKCkiaJ IbH0-CMMMeTPMs-  
HbIX c p e ~ a x "  IIpMBOAUTCH ~ 0 ~ b l f l  M e T O A  IIOCTPOeHMR KJIaCCa P e L U e -  

* Sur les solutions singuliGes de l'kquation d'ondes et d'kquations d'klas- 
tic&. - Tpynt.1 Cefic~on. U H - ~ a ,  vol. 78, 1936, p. 1-30. 



HUR BOJIHOBOrO Y p a B H e H M R  M y p a ~ ~ e ~ ~ f i  TeOPMM YnPYTOCTM. B 
H ~ C T O H U ~ ~ ~  pa60l.e MbI nPMMeHMM 3TOT MeTOA K nOCTPOeHMK) @YH- 
A a M e H T a J I b H b l X  CMHrYJIRPHblX p e u l e ~ ~ f i  TaKMX y p a ~ ~ e ~ ~ f i .  

O ~ M U I ~ M  C H a q a J I a  H e K O T O p b l e  p e 3 y J I b T a T b l  p a 6 0 ~ b 1  [ I ] .  H a q ~ e ~  

CO C J I y q a R  BOJIHOBOrO Y P a B H e H M R  

B B O ~ R  4MJIMHAPMqeCKMe KOOPAMHaTbl  (P, 2, 8) M YqMTblBaR,  9 T O  
@ Y H K ~ M R  (P H e  3aBMCMT OT y T J I a  8 ,  Mbl M O X e M  3 a n M C a T b  Y p a B H e -  

H u e  ( 1 )  B BAA€! 

3 A e c b  Mbl 6 y ~ e ~  I )aCCMaTpUBaTb  P e U e H M R  3TOTO YpaBHeHMR,  
O A H O p O A H b I e  C T e n e H M  H y J I b ,  T. e. p e U I e H M R ,  RBJIRK)UMeCR @YHK- 
UMRMM ABYX I l e p e M e H H b l X  

'P ( E ,  71) = J: @ (w,) d i ,  

1 / 1  - a2 (€2  c o s l  A + 7 2 )  
w, = - E2cos21 + qz -i€ cos h 

€3 C O S ~  A + ~3  



Y C T a H a B J U B a e T  B3aHMHO-OAHO3Ha'IHOe COOTBeTCTBHe M e X A y  TO' IKa-  

MM K P Y r a  (6)  Pi TO'IKaMM K O M I I J ~ ~ K C H O ~ ~  nJlOCKOCTH W ,  npM' IeM 

K p y r y  (6)  COOTBeTCTByeT n n 0 C K O C T b  W C P 9 3 p e 3 0 M  (- a,  + a)  
BAOJIb B ~ U ~ C T B ~ ~ H H O ~ ~  OCH, OKPYXHOCTU 3 T O r 0  K P Y r a  COOTBeTCTBY- 
e T  pa3pe3 (- a,  4- a )  M TO' IKe  5 = 7 = 0  COOTBeTCTByeT 6 e c ~ o -  
He'IHO YAaJIeHHaR TO'IKa W = m. 

M ~ B ~ C T H O  [ I ] ,  ' I T 0  H H T e r p a n  ( 7 )  M O X e T  6 b 1 ~ b  I I ~ ~ A c T ~ B J I ~ H  K a K  
H H T e r p a J I  B A O n b  HeKOTOpOrO KOHTYPa  2, H a  IIJIOCKOCTU W, n p O X 0 -  

n~tuefi M e x n y  ~ o l r ~ o f i  w ,  o n p e ~ e n ~ e ~ o f i  @op~ynof i  (9 ) ,  u ~ o ' r ~ o f i  
z, r A e  'Iepe3 MbI 0 6 0 3 H a ' I M J l ~  'IMCJIO, K O M I I J I e K C H O - C O ~ P R X ~ H -  

H o e  w. 
Y p a ~ H e H k i e  K p y r a  (6)  M O X H O  3 a n M C a T b  B B U A e  

T a K  'ITO  TOT ~ p y r  n p e n c T a B n R e T  cot508 o 6 n a c ~ b ,  s a n o n ~ e ~ ~ y m  
K O J I ~ ~ ~ H U R M U ,  UCXOARUMMH OT UCTO'IHUKa, n O M e U e H H O r 0  B Ha-  
'Ian0 KOOpAHHaT r = 0 U B K n l o ' I e H H O r O  B MOMeHT B p e M e H U  t =0,  
ecnu l / a  -   TO C K O P O C T ~  P a c n p o c T p a H e t i w n  ~ T M X  ~ o n e 6 a ~ u f i .  OK- 
P Y X H O C T b  K P Y r a  (6)  COOTBeTCTBYeT @POHTY 3TMX ~ 0 J I e 6 a ~ k i f i .  

M ~ I  ~ Y A ~ M  PaCCMaTPMBaTb PeLUeHuR YpaBHeHFiR (4)  C eAUHCT- 

B ~ H H O ~ ~  C W H ~ Y ~ R P H O ~ ~  TO ' IKO~~  E = 7  = 0  B 3aMKHYTOM K P y r e  (6). 
~ T M  PeLLIeHMR 6 y ~ y ~  UCnOnb3OBaHbI  npM nOCTpOeHMH CMHrYnRPHbIX 
PeLI IeHuf i  y p a ~ ~ e ~ k i f i  y n p y r 0 C T k i .  M ~ B ~ C T H O ,  ' I T 0  TaKMM PeLLIeHMRM 
COIIOCTaBnRloTCR A B e  aHaJIUTM'IeCKMe @ Y H K ~ U U  @ ( w ) ,  KOTOPbIe  B 

CMny (9) COOTBeTCTBYIoT 3aA9HHOMY PeLLIeHHIO cp ( E ,  q ) ,  I IpH'IeM 
o n ~ a  u3 H M X  - ( w )  - o ~ ~ e q a e ~  peueeulo B n o n y ~ p y r e  q  > 0, 
a n p y r a ~  - @, ( w )  - B n o n y ~ p y r e  7  < 0. Q Y H K U M R  ( w )  A O J I X H ~  

6 b 1 ~ b  p e r y n ~ p ~ o f i  cness OT M H W M O ~ ~  OCM, a ( w )  - c n p ~ ~ a  OT 
S T O ~  OCM [ I ,  n. 41. l l p e ~ n o n o x ~ ~ ,  'ITO @, ( w )  u @, ( w )  p e r y n R p -  

HbI U H a  M H M M O I U ?  OCU, K O T O P ~ R  COOTBeTCTBYeT AMaMeTPY q = O .  
~ T M  (PYHKQMU MOrYT 6 b 1 ~ b  O I I p e A e n e H b l  OAH03HaYHO n O  (PYHKUUU 
y (E ,  7 )  no @ o p ~ y n a ~  [ I ,  n. 41: 

(10) 

UJIM 

1 1 
@ , ( w ) = ~ P ( o ,  -;) (--m<w<-a), 



1 +Pi a, ( w )  wdw 1 
( ' o l  (a2- ~ 2 )  vwz+ p 2  &,i -p i  (a2-w2) V W ~  + 8 2  

' 

rne 

n p U q e M  M H T e r p U p O B a T b  M O X H O  BAOJIb M H U M O ~ ~  OCM. Y ~ M T ~ I B ~ H ,  
q T 0  Q1 ( w )  U @, ( w )  I l pUHUMaIOT KOMnJIeKCHO-COnPRXeHHbIe 3 H a -  

q e H U R  B T O q K a X ,  C U M M e T P U q H b I X  OTHOCUTeJ IbHO B ~ W ~ C T B ~ H H O ~ ~  OCU, 

M U  M o x e M  nepenucan n p e ~ b r ~ y m e e  p a s e H c T B o  B swne 

r A e  f  [a] - CUMBOJI M H U M O ~ ~  q a C T U  K O M n J I e K C H O r O  qMCJIa 0. BBOAR 
H O B ~ I O  n e p e M e H H y r o  U H T e r p u p o s a H m  t  = - iw, n o n y q a e M  

1 S J [Ql ( t i ) ]  tdt - t o y  ( 5 0 ,  0 )  = - 
2 ( 1 4 )  

B CUJIY (13) to RBJIReTCR @ Y H K U M ~ ~ ~  J I e B a R  q E C T b  @ o P M ~ J I ~ I  (14) 
- s a n a ~ ~ a ~  (PYHKUUR P, T a K   TO 3 ~ a  ( P o p ~ y ~ a  O q e B u A H o  npen- 
C T a B J I R e T  co608 A B a  U H T e r p a J I b H b I X  Y p a B H e H U R  A 6 e n ~ .  P e L U a R  3 T N  

Y p a B H e H U R  ['I, n. 41, M ~ I  n o J y q a e M  AJIR - J  [Ql ( t i ) ]  u J [ 0 2  (ti)] 
O A U H a K O B b I e  B b I p a X e H U R ,  T. e. H a  M H U M O ~ ~  OCU 



I1 UHTerPMPYR no qaCTRM,  nOCJIe HeCJIOXHbIX npeo6pa3o~a~uf i  Mbl 
npnxonm K cnenylouefi @ o p ~ y n e :  

B B O ~ R  HOBYIO n e p e M e H H y I O  MHTerPMPOBaHMR t = - iW M P e u l a R  
YpaBHeHMR A ~ ~ J I R ,  MbI lIOJIYqMM, KaK M B b l u l e ,  q T O  H a  M H M M O ~ ~  
OCM 

J [ @ ; ( w ) ]  = - J [ @ ;  ( w ) ] .  

r A e  C-BeLU.eCTBeHHaR llOCTORHHaR. M 3  @OPMYJI (15) M (16) BbI- 

T e K a e T ,   TO a H a n u T M q e c K u e  (PYHKUMM a2 ( w )  M - ( w )  +C npu-  
HMMaIOT OAMHaKOBbIe 3 H a q e H M R  H a  M H U M O ~  OCM M COrAaCHO TeOPMM 

aHaJIMTMqeCKMX @YHKQMR ( w )  M Q 2  ( w )  aHaJIMTMqeCKM n p O A O J I -  
X M M ~ I  B n p a B y m  n n e B y m  n o n y n n o c K o c T M  ~ o ~ n n e ~ c ~ o t i  n e p e M e a -  
H0f i  W ,  I I p M q e M  p a B e H C T B 0  (12) M M e e T  MeCTO H a  ~ c e f i  KOMnJIeKC- 

H O ~  IIJIOCKOCTM. M T ~ K ,  @YHKIJ.MM (w )  M Q2 ( w )  P e r y J I R p H b I  B o  
~cefi  K O M I I J I ~ K C H O ~  IIJIOCKOCTM, T. e. RBJIRIOTCR UeJIbIMM ( P Y H K I ~ M R -  
MU. ~ ~ M ~ T M M ,  LIT0 CMHrYJIRpHaR T O q K a  W = 3TMX UeJIbIX @ Y H K -  
UMfi COOTBeTCTBYeT B CMJIY (9) C M H ~ Y J I R P H O ~ ~  T O q K e  E=?=O @YHK- 
UMM (P ( E ,  7 ) .  T ~ K M M  0 6 p a 3 0 ~ ,  MOXHO Y T B e P X A a T b ,  qTO,  nOACTaB-  
ARR B @OPMYJIY (7)  H a  MeCTO @ (w)  U e J I b I e  ( P Y H K I ~ M M ,  npMHMMaIO- 
uMe A ~ ~ ~ c T B M T ~ J I ~ H ~ I ~  3 H a q e H M R  H a  B ~ L Q ~ C T B ~ H H O ~ ~  OCM, MM n O J I y -  
'IMM P e u l e H M R  (p (E ,  7 )  C ~ ~ ~ U H C T B ~ H H O ~ ~  C U H ~ Y J I R P H O ~ ~  T O ~ K O ~  E e  
=,=o. 

O Y ~ B M ~ ~ H O ,  n O C T a T O q H 0  IIOCTPOMTb P e u l e H M e  cp (E, 7 )  IIPM 7  > 0, 
TaK ' I T 0  BCIOAY B f iaJIbHefiu1eM MbI 6 y ~ e ~  n M C a T b  @ ( w )  BMeCTO 

(w) .  Ecnu IIOJIOXUTb @ (w)  = C1, rfie C 1 - - ~ O ~ ~ O R ~ ~ a f I ,  @OPMY- 
na (7) o n p e A e n M T  T p n e M a n b H o e  p e u l e H n e  cp (E, 7 )  = const = dl. 
M ~ B ~ C T H O  T a K X e ,  ' I T 0  cp (E ,  7 )  0 6 p a 1 4 a e ~ c R  B H y J I b  H a  OKPYXHOCTH 
K p y r a  (6). eCnM @ Y H K U M R  @ (w)  YfiOBJIeTBOpReT P a B e H C T B y  

B o 6 u e ~  C J I y q a e  (PYHKQMR cp (E, 7 )  I IpMHMMaeT H a  3~0fi O K P Y X -  
HOCTM n o c T o m H o e  3 ~ a q e ~ n e  TC@ (- a) .  

2. ~ O C T P O U M  T e I I e p b  @ y H f i a M e H ~ a A b H b ~ e  CMHrYJIRPHbIe P e u l e H M R ,  
B M ~ H P B R  B K a q e C T B e  @ (w)  nOJIMHOMb1, y A O B J I e T B O P R I O u M e  YCJIO- 
B M R M  (17), 



Torna B cuny (7) M ~ I  nonyqaeM cnenymque peureHn~: 

rne  nonoxunu nnH KpaTKocTu 
s = EQos2 h + r i2 .  

B LtaJIb~eaLLIkix BblqMCJIeHMHX M b l  ' 6 y n e ~  MCnOJIb3OBaTb CJIeAYH3- 
UyIo 3JIeMeHTapHyIo @opMyJIy: 

- rne  r = vp" zz". 
 TO U3BeCTHOe PeLLIeHUe M. B ~ n b ~ e p p a .  

~ O C T P O U M  Tenepb nopoxnamuym @ Y H K U M ~  AJR peure~utt 
(Pin (E, ' I ) .  ~ Y C T ~  U - IIp0~3~0JIbHblfi napaMeTp. M M ~ ~ M  OqeBMAHO 

m 

Z cpm(5, r l ) u m =  IS' rdh 1  -= 
m=l x o (T - IU) - it cos A 1 / 1  -a% u 1 - au 

unu B cuny ( 1 9 )  

T ~ K H M  o b p a s o ~ ,  B KaqecTse nopoxnamqeii @ Y H K U U U  AJR pe- 
U I ~ H U ~  cp  (E,  7 )  CJIeAyeT B3RTb 



rne Pn ( x )  - n o n u H o M b r  J I e x a ~ n p a .  n o r i c ~ a ~ n m   TO B b r p a x e H u e  
B @ O P M Y ~ Y  (22) U I Ipk ipaBHUBaH K O ~ $ @ U U U ~ H T ~ I  npU Um, M b I  no- 
JIyYaeM CBH3b  M e X A Y  P e U l e H U H M U  ( P m  (E,  q ) :  

m- l  

M c n o n b s y ~  @ 0 p ~ y n b 1  ( 3 )  u 0 6 0 3 ~ a Y a H  ~ e p e s  0 yron Mexny 
PanUyC-BeKTOpOM U OCbH) Z, IIOnyYaeM 

- t  ( ta  - aap2) 2 
- t  cos 8 . (t2- a2p2) P m - I  ( y  -) - a2z 

rm ta - a2p2 p - - 1  
X 

f cos 0 t  - ar . 91 ( t ,  P, 2 )  = -. 
r  



~ Y C T ~  @ (w) - I I p O N 3 B O J I b H a R  U e J I a R  (PYHKUNR, B e U e C T B e H H a R  
H a  B ~ ~ ~ C T B ~ H H O ~  OCN. M b I  M O X e M  I I p e H C T a B M T b  3 T Y  (PYHKJJ.MIO B 
B M n e  p R n a ,  P a B H O M e p H O  C X O n R ~ e r O C R  H a  J I I ~ ~ O M  KOMnaKTHOM IIOA- 
M H O X e C T B e  IIJIOCKOCTM W:  

M ,  C n e n o B a T e n b H o ,  peueme cp (E, q), C O O T B ~ T C T B ~ I O U ~ ~  3~0fi (PYHK- 
U M M ,  B M p a x a e T c R  zrepes peuetim (2. 4): 

M c n o J I b 3 y ~  p a B e H C T B 0  (17) M ( P o p h I y J I y  (43) p a 6 0 ~ b 1  [ I ] ,  M O X -  
H O  n O K a 3 a T b S  rITO ( P o P M ~ J I ~ I  (24) OIIMCbIBaIoT B C e  P e U I e H M R  C 
~ ~ N H C T B ~ H H O ~ ~  CMHrYJIRPHOCTbIo  (IIOJIIOCOM) I IpM r = 0 B K p y I ' e  

t2  + 'I2 l/a2. O T M ~ T N M  H a K O H e U ,  9 T 0 ,  I I O J I a r a R  B ( P o ~ M ~ J I ~ x  (24) 
U = 0, MbI I I O J I y z r a e M  aKCNaJIbH0-CMMMeTpHqHbIe P e U e H N R  Y p a B H e -  
HNR J a I I J I a c a  C ~ ~ N H C T B ~ H H O ~ ~  CMHrYJIRPHOCTbIo  B H a g a J I e  K O O p n N -  
H a T :  

P,  (cos 0) 
p i - 1  (n=O, 1 ,  ...). 

3. 6 y n e ~  T e n e p b  N 3 Y q a T b  O f i H O P O n H b I e  P e U e H M R  Y p a B H e H N R  
(2). I l O p R n O K  O&HOPOfiHOCTU KOTOPbIX e C T b  U e J I O e  s N C J I 0 ,  OTJIM'iHOe 
OT H y n R .  C ~ a q a n a  p a c c M o T p M M  cnyzraR, K o r n a  n o p R n o K  onsopon- 
HOCTM P a B e H  - 1. n p M  3 T O M  

M, n o A c T a B n m  n o c n e A H e e  B b r p a x e H M e  B y p a B H e H n e  (l), M ~ I  no- 
J I y s a e M  AJ IR  ( P Y H K ~ M M  (E, 'I) BMeCTO Y P a B H e H M R  (4) Y p a B H e H M e  



 TO y p a B H e H u e  ~ J I J I U ~ T U ~ ~ C K O ~ O  T u n a  BHYTPU K p y r a  (6). n p u q e M ,  
K a K  &I P a H b U e ,  H ~ O ~ X O ~ ~ U M O  6 p a ~ b  P e L U e H U R  3 T O r 0  Y p a B H e H U R ,  

s e T H b I e  no 5 ,  T. e. p e m e H u R  B u n a  

w ( E ,  q )  = wo(q) $ 0 z ( r i )  E2 + 04 (4 E 4  + . . (26) 

n  ( n  - 1 )  a2mn(?) - ( n  + 2)  (n  + 1 )  wn+2(q) + 2aznwi(q) + 
+ - 1 )  &(q) + 4a2nwn (q)  + 2a2noi ( r ; )  - 

- ( n  + 2)  wn+2 (q)  + 2a2wn(q) = 0, 

U 3  K O T O P O ~  n O C J l e A O B a T e n b H 0  O n p e ~ e J I R l o T C R  W 2  ( r ; ) ,  W 4  (q) ,  . . . 
C J I ~ H O B ~ T ~ J ' I ~ H O ,  M O X e T  C Y U e C T B O B a T b  J IUI I Ib  OAHO P e l U e H U e ,  Y n O B -  
n e - r e o p R m u e e  ycnosum 

w ( E ,  q )  ) E = O  = mo 127) 

n o ~ a x e ~  T e n e p b ,   TO B c e r n a  MOXHO - n o c T p o u T b  pemeaue, 
y ~ O B J I e T B O p R I O W , e e  (27), me oo (7 )  - n p O H 3 B O n b H a R  @ Y H K U U H ,  8 H a -  
n u T u q e c K a s r  npu 0 < q < l l a ,  n p u q e M   TO p e u e H u e  M o x e T  6 ~ T b  

nonyqeao n u @ @ e p e ~ u u p o e a ~ u e ~  H e K o T o p o r o  p e m e H u R  y p a e H e H u R  
(2) n O p R n K a  OfiHOpOnHOCTH, ~ ~ B H O B  H y J I I o .  ~ ~ ~ ~ c T B u T ~ J I ~ H o ,  e C n M  

nponu@@epe~uupoea~b pemeaue n o p s r n K a  aynb 

'P (5, q )  = 'Po ( r l )  + ' P 2  ( r l )  E2 + 94 ( r l )  E 4  + . - . (28) 
no z, TO n o n y q u M  

H0 B B k i n y  (10) MbI M O X e M  B b I 6 p a T b  B K a q e C T B e  'Po (q)  n p O U 3 -  

BOnbHYIO a a a n u T u q e c K y m  @ Y H K ~ H I O .  Ecnu @ Y H K U U R  mo (q )  3 a ~ a -  
H a ,  TO @YHKUUR yo (q)  o n p e n e n e H a  c T O ~ H O C T ~ ~  no n p o u 3 ~ 0 n b ~ o i i  
~ ~ ~ U T U B H O ~ ~  ~ O C T O H H H O ~ ,  q T O  H e C y U e c T B e H H O ,  T a K  K a K  U 3  yo (q)  = 
= const B b I T e K a e T ,   TO cf (E, q )  = const. C n e ~ o e a ~ e n b ~ o ,  nm6oe 
P e U e H U e  n O p R n K a  OnHOpOAHOCTH - 1 M O X e T  6 b 1 T b  n O J I y q e H O  nu@- 
@ e p e a ~ u p o s a ~ ~ e ~  no z H e K o T o p o r o  pemeaun n o p R A K a  onaopon- 
HOCTR HyJ Ib .  



P~CCMOTPMM T e n e p b  p e r u e H n R  o n a o p o n H w e ,  n o p s l n K a  onaopon- 
HOCTM (- k ) ,  r A e  k - H a T y p a n b H o e .  B  TOM cnyqae 

, Q n R  o ( E ,  7 )  u M e e T  M e c T o  p a 3 n o x e ~ n e  

( E ,  q ) = = o ( 7 )  + 0 2 ( r i ) E 2 + . - . r  

I I p M 9 e M  3 T a  @ ) ' H K ~ M R  O n p e A e J I R e T C R  eAMHCTBeHHbIM 0 6 p a 3 0 ~  IIO 

CBOMM AaHHbIM n p H  E = 0  (27) .  B TO Xe B p e M R ,  ~ M @ @ e p e H ~ k i p y S I  
p e u r e H M e  (28) n o p R n K a  H y n b  k  pa3 no z ,  M ~ I  n o n y q n M  

C n e n o ~ a ~ e n b ~ o ,  K a x n o e  p e w e H M e  n o p R n K a  OAHO~OAHOCTM - k  
M O X e T  6 b 1 ~ b  n O J I y q e H 0  A M @ @ ~ ~ ~ H ~ U ~ O B ~ H U ~ M  IIO Z k  pa3 HeKOTO- 

p O r 0  PeLUeHMR n O p R A K a  OAHOpOAHOCTN H y J I b .  

Ecnu @ Y H K U M R  wo ( 7 )  3 a A a H a ,  T O  @ Y H K ~ M R  yo ( 7 )  BOCCTaHaBnMBa-  

e T C R  C TOqHOCTbH3 A 0  n p O U 3 B O J I b H O T O  a A A M T M B H O r 0  I IOnMHOMa CTe-  

n e H n  k -  1 .  Ho, K a K  n e r K o  n o ~ a 3 a ~ b .  ecnu B K a s e c T s e  y , (7 )  
B 3 R T b  T ~ K O ~  nOJIMHOM, T O  M @ Y H K ~ M R  (28) O K a X e T C R  nOJIMHOMOM 

no 7  c T e n e H u  k - 1 ,  u,  C n e n o s a T e n b H o ,  n p o ~ 3 ~ 0 n b ~ b 1 f i  n o n u H o M  

B B b l P a X e H U U  yo ( 7 )  H e C y w e C T B e H  n p M  nOCTpOeHMU PeLUeHMR (30) .  
)J,OCT~TO~HO I l O K a 3 a T b ,  q T O  e C n M  B K a q e C T B e  yo ( 7 )  B 3 R T b  yo ( 7 )  = 
= qm, rne m - H a T y p a n b H o e ,  TO u (PYHKUMR (28) o K a x e T c R  nonn- 
HOMOM no 7  C T e I I e H U  m. A ~ ~ ~ c T B M T ~ ~ ~ H o ,  B C M n y  ( 1 1 )  B 3TOM 
cnysae 

Q, ( w )  = l / ( ~  (- (33) 

' S" rm 
- dh. = 

(7 + it cos ~ 1 -  y2rIm 



~ o c J I ~  09eBMAHbIX BbIKJIaAOK MbI n O J I y 9 a e M  

aagu - u2 m 
- - 2 [ a 2 y m  ( E ,  7 j )  - ~ m - 2 ( 5 ,  7 j )  ]urn, a2 -+ W ( E ~  + 1 2 )  u2- 21. + ( l-a2tJ) ,=o 

r A e  c n e A y e T  n o n o m n T b  

( P - z ( 5 ,  7 j )  = (P-1 ( 5 ,  71) = 0, (Po ( € 9  71) = 

1 + -5  cos A + w17j = 0, ( 3 4 )  

M y  CJIeAOBaTeJIbHO, A U @ @ ~ P ~ H I ~ M P Y R  ( 7 ) ,  MbI HaXOAMM 



0603Haqa~ qepe3 a0 (w,) aHaJIMTMYeCKym @YHKII.UIO a' (w~), 
M ~ I  nonyqaeM cnenymuMe o 6 u ~ e  BbIpaxeHMR A ~ R  peuIeHMR no- 
PRAKa OAHOPOAHOCTM - 1 U - 2: 

B M ~ C T O  A B KaqeCTBe IIepe~eHHoa MHTerPMPOBaHHR MOXHO 
B3FlTb Wl, OIIpeneJIFleMyIo @topMynofi (8), IIpMqeM MbI M M e e M  
11, n. 31 

me w onpeneneHo @op~ynof i  (9) u KopeHb V(wl - w) ( G -  w,) 
Hano 6paTb c n o n o x u ~ e n b ~ o ~  M H U M O I ~  qacTbm npM w, <-a,  
eCnM E > 0, M C O T P M I I . ~ T ~ J I ~ H O ~  M H M M O ~  9aCTbl0, eCnM E < 0. Tor- 
na @ t o p ~ y n ~  (37) npnMyT BMA 

Mcnonb3y~ @0p~yJIy  (37), MOXHO H ~ R T M  3HaqeHHFl aHaJIHTM- 
s e c ~ 0 f i  @~YHKII.MM a. (w,) nJIR BeueCTBeHHbIX W, < - a. 

nonaran E = 0. M ~ I  nonyqaeM w, = - 117, M, cnenosaTenbHo, 



B K a s e c T s e  a n n n T M B H o r o  c n a r a e M o r o  B STOM B b I p a m e H M n  B ~ I -  
C T y I I a e T  CWT', K O T O p O e  H e C y I I l e C T B e H H O ,  T a K  K a K ,  n 0 n a r a R  
Qo (w,) = Cw;' B a o p ~ y n e  (37), M ~ I  n o n y s n M  T ( - ~ ) =  0. 

~ I ~ @ @ ~ P ~ H L ~ J ~ P Y R  P e U l e H M R  (24) no  2, MbI HaXOAMM P e U l e H M R  

I I O p R A K a  0AHOPO.UHOCTM - 1 C ~ . U M H C T B ~ H H O ~  C M H ~ Y ~ R P H O ~  T O Y K O ~  

r = 0, T a K  YTO p e u l e H M R  

nnn  nu@@epe~unpyn no t p e r u e H u e  

A H ~ J I o ~ M Y H ~ I M  C I I O C O ~ O M  M O X H O  IIOCTPOMTb P e U I e H k i R  I I O p R n K a  
OAHOPOAHOCTM - 2 C ~ A M H C T B ~ H H O ~ ~  CMHTYnRPHOCTbIO B r = 0. 

. 5. P~CCMOTPMM T e I I e p b  PeLIIeHMR Y p a B H e H H R  (2), RBnRloU.HeCR 
(PYHKUMRMM, 0,4HOPOAHbIMM no  t ,  ps 2, n O p H . U K a  0 ,QHOpOnHOCTM k .  
rne k - uenoe n o n o m n T e n b H o e  sucno. B H ~ K O T O P O ~  O K p e c T H o c T u  
T O Y K M  E = O  nnn STMX peue~nt i  n M e e T  M e m o  pa3nome~ne  



T A e  W  ( E ,  7 )  A O J I X H a  Y A O B n e T B O p R T b  Y p a B H e H M I o ,  K O T O p O e  M O X H O  
ITOJIyqMTb,  3 a M e H R H  B YPaBHeHMM ( 3 1 )  k  H a  (- k ) :  

~ M ( P ( P e p e ~ 4 M p y R  p e r u e H n R  ( 4 1 )  k  pa3 no  z, n o n y s a e M  perue- 
HMR n O P R A K a  OAHOPOAHOCTM H y n b .  MOXHO, O ~ ~ ~ T H O ,  IIOCTPOMTb 
P e I U e H H R  ( 4 1 ) ,  MCXOAR M3 p e I U e ~ M f i  n O p R A K a  OAHOPOAHOCTM H y n b .  

k i 3 y q n ~  nonpo6~ee npouenypy M H T e r p n p o B a H n R  p eue~n f i  ypaa- 
HeHMR ( 2 ) .  ~ Y C T ~  

'P([) = t l w l  ( 5 ,  y) 

n p n s e M  M ~ I  n p e n n o n a r a e h l ,  T TO w (5 ,  -q) p e r y n R p H a  B T o s K e  -q =yo- 
@YHKIJ.MR ( 4 3 ) .  ~ o o 6 4 e  TOBOPR,  H e  RBJIReTCR P e U l e H M e M  Y p a B -  

HeHMR ( 2 ) ,  T. e. (PYHKIJMR 

(44)  

H e  y A O B n e T B O p R e T ,  ~ 0 0 6 4 e  TOBOPR,  Y p a B H e H M W  

K O T O p O e  M O X H O  n O J I y q M T b ,  3 a M e H R R  B YpaBHeHMM (42)  k  H a  If 1. 
O ~ H ~ K O  A e T K O  n O B e p M T b ,  9 T 0 ,  n O A C T a B n R R  (PYHKUMK) (44) BMeCTO 
W  B J I eByK)  q a C T b  Y p a B H e H M R  ( 4 5 ) ,  Mbl n O n y q a e M  (PYHKUMIO T O n b -  
K O  OAHOR n e p e ~ e ~ ~ o h  5 ,  n p n q e M  s T a  [PYHKUHR O K ~ ~ ~ I B ~ ~ T C R  q e T -  

~ o f i  no  5 .  0 6 0 3 ~ a q n ~  ee qepes f (a2E2) .  Y ~ o 6 b 1  n o n y q n T b  perue- 
H n e  n o p R n K a  O A H O ~ O A H O C T M  I + 1, c n e n y e T  A O ~ ~ B M T ~  K (PYHKUMM 
( 4 3 )  B b r p a x e H n e  tf+l y ( 5 ) ,  me y ( 5 )  - H e K o T o p o e  p e u I e H n e  ypaa- 
HeHMR 

T O  N (PYHKIJ.MR f (a2 k 2 )  M M e e T  BMA P R A a  
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C O O T B ~ T C T B ~ I O ~ ~ ~  O A H O p O A H 3 e  Y p a B H a H k i e  - 3 T 0  y p a B H 2 H M e  
raycca c n a p a M e T p a M w  a = -112, = - ( I  + 1)/2, 7 = 1, u pe- 
UIeHMeM 3 T 0 r 0  Y P a B H e H M R  RBJIReTCR IIOJIUHOM CTeI I eHM 112 HAM 

(1 f 1)/2. T e o p u ~  Y ~ ~ B H ? H M ~  raycca I I 0 3 B O n R e T  I I O n y q M T b  I IpOC-  

T o e  R B H 3 e  B b l P a X e H M e  AJIR 3 T H X  I IOnUHOMOB 

rqe k p a B H o  112 unw (l + 1)/2. 
Ecnu @ Y H K U U R  f ( a ? ? )  M M e e T  BMA (47), P e u I e H M e  Y P a B H e H M R  

(46) M O X H O  T a K X e  MCKaTb B BMAe  P R A a  I IO C T e I I e H R M  E2, IIPMZIeM 
K I IOnY ' l eHHOMY P e U I e H U n  M O X H O  I I P u ~ ~ B J I R T ~  CQk (a2E2), r A e  

C - I I p O M 3 B O n b H a R  IIOCTORHHBR. B ' iaCTHOCTU, e C n M  B K a r I e C T B e  

H a q a A b H O r O  P e U e H M R  I I O p R A K a  OAHOPOAHOCTU H Y n b  B 3 R T b  KOH- 
CTaHTY,  y K a 3 a H H a R  I I p O 4 e A y p a  M H T e ~ P M P O B a H H R  I I P U B e A e T  H a C  

K P e u I e H k i R M ,  R B J I R n U H M C R  I l O n U H O M a M U  IIO t ,  Z U p2. T ~ K H M  
cnoco6o~ M O X H O  IIOCTPOUTb n f  1 IIOJIUHOMOB CTeI I eHM n. 

E c n ~  P a C C M O T p e T b  P e u I e H M e  (22), y p a B H 2 H U R  (4) U I IPMMeHMTb 

y K a 3 a H H y I O  BbILLle I I p O U e A y p y  M H T e r P W P O B a H M R ,  MbI I IOJ IYqUM 

I I O p O X A a I O ~ y I ?  @YHKUMIO A n R  peuIe~Ma I I O p R A K a  O A H O p O ~ H O C T U  1 
C ~ A U H C T B ~ H H ~ ~  CUHrYJIRPHOCTLIO I I p U  r-0. B 3TMX Bbir IUCJIeHMRX 

Mbl O T ~ P O C U M  9 J I e H  - a U  U C O M H O X M T e J I b  U.  M H T ~ ~ P U P Y R  II0 7, 
M ~ I  n o n y q a e M  (PYHKUMIO 



(50) 
C K J I ~ A ~ I B ~ R  @YHKL~.MM (49) M (50) M Y M H O X a R  H a  t ,  Mbl n O J I y -  

r l a e M  nopoxnamqym ( P ~ K U M I O  n n f l  p e r u e ~ ~ i i  n o p R n K a  onaopon- 
HOCTM 1. Pamarag 3 ~ y  @ ~ H K W M I O  B PRA no C T e n e m M  u, MI,I no- 
A y r a e M  c a M n  ~ T M  p e w e H n R .  Bce ~ T M  p e u r e H n R ,  M c K n m l r a R  ~0341- 
@MLl.k ie~~bl  n p M  U O  H u2, MMeIOT eAMHCTBeHHYIO CMHryJ IRPHYIO TOr lKY 

r = 0. 
6. Harueti U e J I b I O  RBJIReTCR H a X O X A e H M e  p e U e ~ ~ f i  y p a ~ H e ~ k i 8  

T e O p i l M  y n p y r O C T M .  ~ T M  P e U I e H M R  M O X H O  n p e A C T a B M T b  B B H A e  

u = grad Q + rot 4, 
rAe U - B e K T O p  C M e U e H M R  T B e p A O r O  T e J I a ;  Q ( ~ K a J I F l p ~ b l f i  n O T e H -  
IJ.MaJI) y A O B J I e T B O p R e T  BOJIHOBOMY YPaBHeHMIO,  r A e  CKOPOCTb P a B H a  
CKOPOCTM p a C I l p O C T p a H e H M F l  n p O A O J I b H b l X  BOJIH; 4 ( B ~ K T O ~ H ~ I ~  
n 0 ~ e ~ L l . k i a J I )  - B e K T O p ,  K O M n O H e H T b l  K O T O P O r O  BAOJIb n10601-0 (PHK- 
C M P O B a H H O r O  H a n p a B J l e H M R  yAOBJIeTBOpRIOT B O J I H O B ~ M ~  Y p a B H e -  

HMIO, rne C K O P O C T ~  p a m a  CKOPOCTM p a c n p o c T p a H e H n F l  n o n e p e s H b l x  
BOJIH. 

B B ~ A ~ M ,  K a K  M B b l U e ,  WMJIMHApMlreCKMe KOOPAMHaTb l  (p, 2, 8). 
K O M ~ O H ~ H T ~  B e K T O p a  4 BAOJIb CCM Z A O J I X H a  yAOBJIeTBOPRTb  

BOJIHOBOMY Y P a B H e H M I O ,  O A H O P O A H b l e  P e U l e H M f l  K O T O P O r O  Mbl P a C -  

CMOTP eJ lM P a H b U I e .  K O M ~ O H ~ H T ~ I  B e K l O p a  4 H a  OCM p M 8 A O J I X H b l  

y A O B J I e T B O p R T b  aHaJ IOrMY H O M y  Y p a B H e H M I O  [ 1,  n. 11 

rne 1/b - C K O P O C T ~  p a c n p o c T p a H e H n R  n o n e p e w b l x  BOJIH. K ~ K  
M B b l U I e ,  MbI P a C C M a T p M B a e M  TOJIbKO ~ K C M ~ J I ~ H O - C M M M ~ T P M Y H ~ I W  
c J I y r l a 8 .  T ~ K M M  0 6 p a 3 0 ~ ,  Mbl A O J I X H b l  B H a Y a J e  M3YYMTb OAHO- 

P O n H b I e  P e U I e H M R  Y P a B H e H M R  (51). H TO M 3 y l r e H M e  a H a J I O r M r l H 0  

n p O B e n e H H O M y  HaMM AJlR CJ IyYaF l  Y P a B H e H M R  (2). 
O T M ~ T M M  (C H ~ O ~ X O A M M ~ ~ M M  AJIR n a n b ~ e f i w e r o  A O ~ ~ B J I ~ H M R M M )  

H e K O T O p b l e  p e 3 y J I b T a T b l  p a 6 0 ~ b l  [ I ] .  O A H O P O A H ~ I ~  n O p R A K a  H y J I b  
P e U e H M F l  YpaBHeHMFl  (51) - 3 T 0  ( P Y H K ~ M M  5 ,  7. M 3  ~ K C M ~ J I ~ H O R  

CHMMeTPMM B b l T e K a e T ,  rlTO HZC M H T e p e C y I O T  TOJ lbKO (PYHKUHM, 
H e Y e T H b I e  no E. B n a J I b ~ e f i U e M  Mbl  ~ Y A ~ M  P a C C M a T P M B a T b  TOJlbKO 
( P Y H K ~ M M ,  H e Y e T H b l e  CO 5 .  AJIR TaKMX peule~kifi M M e e T  MeCTO 

o 6 4 a ~  ( P o p ~ y n a  
1 " '+ (i, q) = TS (w,) coskdh, (52) 

rne wl o n p e n e n e H a  ( P o p ~ y ~ ; o R  (a) ,  Y (w1) - a H a n n T n r e c K a g  

(PYHKL~.MFI, n P M H M M a I 0 4 a F l  KOMnJIeKCHC-COnPFlXeHHble  3 H a 9 e H H R  
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rae w onpenenem @op~ynof i  (9), a KOHTYP u H T e r p u p o B a H u H  
y ~ a s a e  B p a 6 0 ~ e  [I]. 

MOXHO YBUAeTb,  YTO P e u l e H H e  + ( 5 ,  7) O A H 0 3 H a 4 H O  O n p e A e n R e T C R  
KOS@@UUU~HTOM (q), K O T O P ~ I ~  CBR3aH C ~ H ~ ~ U T H ~ ~ C K O ~  @ Y H K -  
uuea Y (w) no @ o p ~ y n e  

M 3  @ O P M Y J I ~ I  (52) BbITeKaeT,  YTO 

- 
+ (€, 7) = - +J:Y'(W,) sin AdA, 

rne 

sin A = 
1/Ea-t.l..V(w, - w )  (G -w1) 

E V 6 - w :  

n p w s e M  V(w, - w) (G- w, j ~ b 1 6 u p a e ~ c n  c n o n o m u ~ e n b ~ o ~  MHn- 
MOR YacTbtO B n o n y n p o c T p a H c T B e  w, < -6, e c n H  E > 0 H -q > 0, 
U C O T ~ H ~ ~ T ~ J I ~ H O ~  MHUMOR 4 a C T b I 0 ,  eCJIH E < 0 H 7 > 0, U 

V m  B ~ I ~ U ~ ~ ~ T C R  c nonoxw~enbsofi M H U M O ~  YacTbtO npu  
W, < -6. n p ~  3TOM 



M ~ I  6 y n e ~  P a C C M a T P M B a T b  P e U I e H W R ,  HMeH)LLl.Ne B 3aMKHYTOM 
K p y r e  (55) e n k i H C T B e H H y I 0  CMHrYJIRPHOCTb B T O q K e  E = 7 j  =0. 

ECAU BBeCTU BMeCTO KOOpAMHaT E U 7 I I O J l R p H b I e  KOOpAUHaTbI  

E = R sin a, 7j = R cos a, TO y p a B H e e w e  (54) n p n M e r  B n n  

Ho, K a K  MbI n p e n I I O J l O X U J l U ,  (PYHKUWR ( E ,  7) H e  A O J l X H a  
U M e T b  C M H ~ Y J I R P H O C T ~ ~  H a  O K P Y X H O C T U  K P Y r a  (55), U, CJleAOBa-  

T e J l b H O ,  Cl= C2 = O ,  T.  e. UHTepeCyK)LLl.Ue HaC PeLUeHMR AOJ lXHbI  

0 6 p a L L l . a ~ b c ~  B H y J l b  H a  3 ~ 0 a  OKPYXHOCTM.  

M ~ I  BMAeJlN, q T O  AJlR TaKMX pell~e~kifi @ Y H K U M R  yf(wl), BXO- 
ARLUaR B (POPMYJ~Y (58), A O J l X H a  U M e T b  BMA 

rne f (w,) - (PYHKUMR p e r y j l R p H a R  caesa OT M H M M O ~  OCM npu 
7j > 0 u c n p a B a  OT 3~0fi OCM n p n  7 < 0. B ~ T M X  ABYX c n y q a R x  

(PYHKUMR f (w,), ~ o o 6 4 e  r O B O p R ,  p a 3 n U s ~ a .  M T ~ K ,  

v 1 - bzS2 rne 8 1  = 
€2 

u I/wT + ~ > o n o x n ~ e ~ l e ~  npn  B e u e c T B e H -  

HbIX w,. 
3 ~ a ~  (7) COOTBeTCTByeT  C J l y s a H ) ,  K O r A a  f (w1) P e r y J I R p H a  

CJ l eBa  O T  M H U M O ~  OCU, a 3 H a K  ($)  - ~ ~ O T U B O ~ O ~ I O X H O M J '  C . l y q a I 0 .  
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0 6 0 3 ~ a 9 k i M  Y e p e 3  f l  (w, )  U f2 (w1)  (PYHKUUIO f (w, )  B 3 T U X  A B Y X  
C J I y 9 a R X .  Mcnonb3y~ ( P o p M y J I y  (61),  M O X H O  I I O K a 3 a T b ,  T a K  Xe 
K a K  3 T 0  6b1no C A e J I a H O  B b I U e  AJIR (PYHKUUU (E.  r j ) ,  9 T O  B n p e A -  

n O n O X e H U U  a H a J I U T U 9 H O C T U  f1 (w , )  U f 2  (w , )  H a  M H H M O ~ ~  OCU 3 T U  

( P ~ H K U U U  RBJIRIOTCR u e n b r ~ u ,  n p u s e M  f 2  (w , )  = -f, (w, ) .  
M 3  ( P O P M Y J I ~ I  (57) B b I T e K a e T ,  Y T O  B C J l y 9 a e  r j  > 0 (PYHKUUH 

Y r ( w e r , )  A O J I X H a  6 b 1 ~ b  B ~ I U ~ C T B ~ H H O ~  I I p U  W1 < - b  H B cuny (59) 
f ( w l )  A O J I X H a  6 b 1 ~ b  YUCTO M H H M O ~  I I p U  T a K U X  W 1 .  

T ~ K U M  0 6 p a 3 0 ~ ,  MbI  I IOJIYYUM n o n H y I O  C U C T e M y  p e ~ e ~ l l f i  
O A H O p O A H b I X  y p a B H e H U f i  I I O p R A K a  H y J I b  C ~ A H H C T B € ! H H O ~ ~  C U H r y -  
J IRPHOCT~IO B T o w e  E= 7 = 0, ecnu n o n o x t i M  

M Y J I ~ T H ~ J I H K ~ T H B H O ~ ~  ~ O C T O R H H O ~  K O ~ ( P ( P H ~ U ~ H T O M  n p U  vn+' B pa3- 

n o x e H u u  (PYHKUUU I/ 1 - (w  +Z) v + wGv2. 
O A H ~ K O  H ~ B ~ C T H O  (cM., H a n p u M e p :  Whittaker a Watson. 

A course of modern analysis. 1927, p. 329), YTO 

m 

1 / 1  - 2 h ~  + h2 = r, hnCn ( z ) ,  
n=O 



If- I l o n a r a ~  v = h ,  n o n y s a e M  v1 - bzE2 

T a K  9 T O  LIAR C H H r Y I I F I P H b I X  p e u l e ~ ~ f i  ((I, (E, r j )  O K a 3 b I B a e T C R  C n p a -  

sennu~ot l  a o p ~ y n a  

unu 

( f z -  b 3 p 2 )  
;+I 

f cos e 
((In ( ' 1  P. Z)  = prn+l Qn+2 (v fT ). 

O T M ~ T U M ,  ZIT0 TOZIKM 5 =0,  r j  # O  H e  RBnFI lOTCR T 0 9 K a M I . 1  

C M H r Y J l R P H O C T U  (PYHKUMU ((In(€, y), T a K  K a K  n p H  E = 0 a p r y M e H T  

Y1/ (v l  - b2E2 r j 2  ) p a B e H  1 u B cuny (64) Q, (+ 1 )  = 0. Pe- 
u l e H M e  ((In(t, p, 2 )  M M e e T  B T O 9 K e  t = 0 n O n l O C  n O p R A K a  ( n  + 2). 
C n e n o s a ~ e n b ~ o ,  H e  u M e e T c R  p e u l e H u R  c n o l r r o c o M  n o p R n K a  1 
B T O 9 K e  r = 0.  TOT @KT M O X H O  n p O B e p U T b  H e n O C p e ~ C T B e H H O ,  

U C X O A H  H 3  Y P a B H e H M R  (54). 
M ~ I  M o x e M  3 a n u c a ~ b  p e u l e H u e  (65) H e c K o n b K o  U H ~ I M  cnoco- 

6 0 ~ .  ~ ~ ~ ~ C T B H T ~ A ~ H O ,  B C U A y  (64) B M e C T O  Qn (2) M O X H O  H a n u -  

c a n  (1-zy)P-1 ( z ) ,  rne P,(z) - n o n u H o M  ~ ~ e ~ a ~ l l p a .  n o n c ~ a n -  
J I R R  3 T 0  B b I p a X e H U e  B (65), MbI IIOJIYZIUM 

p ( f z  - b2r2) ( f 2  - b 2 p ~ ) n / 2  f cos 0 
((In ( t ,  P,  2)  = ( I / i 2  - b ? ~ z  

7. P a c c y X n a R  T a K  He, K a K  U B b I U e ,  n e r K 0  n O K a 3 a T b .  9 T O  

M O X H O  n O J l y 9 M T b  P e u l e H U R  O n H O p O n H b I e ,  U e J l O r O  O T p k i U a T e J I b H O r O  

n o p R n K a  o n H o p o n H o c T u ,  n k i c + c + e p e ~ u u p y ~ ~  peulesua o n H o p o n H b I e  

n o p R n K a  ~ y n b  no  Z. MOXHO n o n y 9 u T b  T a K x e  06qee B b I p a x e H u e  

n n R  p e m e ~ c l f i  o n H o p o n H b r x  n o p R n K a  (- 1):  



AH@@~P€!HUMPYR P e U I e H M R  ( 6 6 )  no 2, MbI H a X O A M M  P e U I e H M R  
I I O p R n K a  O n H O p O n H O C T M  (- 1 )  C ~ ~ M H C T B ~ H H O ~  C M H T Y J I R P H O C T b H )  B 
T O q K e  f = O .  K 3 T M M  P e L u e H M R M  H ~ O ~ X O ~ M M O  n 0 6 a ~ M ~ b  T a K X e  pe- 
rueaue, n n R  K o T o p o r o  

MOXHO n o n y q M T b ,  n ~ @ @ e p e ~ u u p y ~  n e p B o e  ~3 p e u l e ~ ~ f i  ( 6 6 )  
- $0 ( t ,  P, 2) no t .  

P ~ W ~ H M R  O A H O p O A H b I e  U e J I o r O  I I O J I O X M T e J I b H O r O  n O p R n K a  O A H O -  

POAHOCTM k M M e I O T  BMA 

q ~ 0 6 b 1  I I O J I y ' I M T b  3 T M  P e U I e H M R ,  M O X H O  I I P M M e H M T b  Y K a 3 a H H Y H )  

mule npouenypy M H T e r p u p o B a H m ,  n p M s e M  y p a B H e H u e  (46) s a ~ e -  
H R e T C R  Y P a B H e H M e M  

K O T O p O e  ~ O ~ C T ~ H O B K O ~ ~  y = E v ,  T = b2 5' C B O A N T C R  K Y p a B H e H M H ) .  

raycca. 
8. nepefine~ K P a c c M o T p e H M w  C M H ~ Y J I R P H ~ I X  p e w e ~ ~ f i  y p a B a e -  

H U ~  Y I I P Y r O C T M .  K ~ K  MbI YXe O T M e q a J I M  B b I I I l e ,  3 T M  P e U I e H M R  M O -  

r Y T  6 b 1 ~ b  I I p e A C T a B J I e H b I  B B M A e  

u = grad cp + rot (t, ( 6 9 )  



1 d2y d2y d2+8 
-T,,= (b2- 2a2)- f 2 - -2-, 
P dt" dp'J dzdp 

1 d2+, $ 2 ~  
- Tpz = b2 - d2+, 
P at2 

+2= -2--7. dz- 

1 d2+z d2+, -Taz = - - 
P dpdr dza' 

rAe l/a - C K O P O C T b  P a C n P O C T P a H e H M R  I I P O A O J b H b I X ,  a 1/b - none- 
P e s H b I X  B O J H  H - n O C T O R H H a R  J a ~ 3 .  

K a K  6b1no n O K a 3 a H O  B p a 6 0 ~ 2  [ I ] ,  C J I y Y a F O  CHJIbI,  B K J F O Y ~ H H O ~ ~  

B M O M e H T  t = 0 B H a q a J I e  K O O p A U H a T ,  C O O T B e T C T B y F O T  I I O T e H U U a J b l ,  

O A H O p O A H b I e  I I O p R A K a  0. A H ~ J I O ~ U Y H O  M O X H O  n O K a 3 a T b .  r i T O  no- 
T e H U U a J I b I  n o ~ o 6 ~ o R  I I p M p O A b I  C O O T B e T C T B y F O T  M O M e H T Y  CMJI, n p M -  

J I O X e H H O M Y  B H a Y a J I e  K O O P A M H a T  B M O M e H T  t = O ,  H a n p a B J I e H H O M y  

B A O J ~  OCM z u J M H ~ R H O  p a c T y u e M y  no t n p u  t > 0. 
K ~ K  6 y A e ~  n o ~ a 3 a ~ o  H M X e ,  C J I y Y a F O  B K J I F O ~ ~ H H O ~ ~  CMJIbI COOT- 

B e T C T B y e T  $, = $, = 0, a B T O P O M Y  C J I y Y a I o  - C J I y Y a I o  M O M e H T a ,  

I I p O n O p U U O H a J I b H O r O  t ,  C O O T B e T C T B y e T  cp = $a= 0. 
P~CCMOTPMM c H a q a J a  c ~ l y r l a f i  $,=$,=O. AJR c o K p a u e H n R  

3aI IMCM 6 y n e ~  I I M C a T b  $ B M e C T O  $8. T o r ~ a  no  @ O ~ M Y J ~ M  ( 7 0 )  ki 

1 7 1 )  

1 d2y day d2+ -Tpp = (b2- 2a2) - f 2 - -2 - 
P dtd dp2 dzdp ' 



1 dZ+ d2+ -7' -b"++--2-,  
p p t  - df2 dpdr dz2 

O ~ O ~ H ~ Y U M  Y e p e 3  t, B e K T O p  H ~ I I ~ R X ~ H U $ ,  L l e f l c ~ B y I o q U f l  H a  

3 n e M e H T  I I O B e p X H O C T U  C H O p M a J I b I o  m. Ecnu O K P Y X U T b  T O 9 K Y  
r=O c@epofl, T O  B e K T O P  ~ a I I p f i > ~ e ~ k i f l  H a  I I O B e p X H O C T M  3~0fl ~ @ e -  
p b ~  3 a n u ~ l e ~ c ~  B B U n e  

U, C J I e A O B a T e J I b H O ,  K O M I I O H e H T b I  RO, 00, ZO B e K T O p a  t - r B n o J I b  0cefi 
(P, 8, 2) 6 y n y ~  

U KOMIIOHeHTbI  Xo, Yo, Zo 3 T O r 0  B e K T O p a  B n O J I b  0cefl (x, y, 2) 6y- 
A Y T  

X o =  R o  cos 9, Yo= Ro sin 9, Zo = - P TP% + 2 Tz t  
r (76) 

X = r2 J: X, sin 8dOd9, 

Y = r":Jg" Yo sin 8dOd9, 

Z = r2 l: Zo sin 8dOd4, 

M ,  = r2 JEl? (yZo - zYo) sin 8dOd9, 

M y  = r2 J E  J? (zX0 - xZ0) sin 8dOd9, 

M ,  = r2 l ~ l ?  (xYo - yXo) sin 8dOd9, 

rne 8, K a K  M B b l w e ,  yron M e w n y  p a n ~ y c - B ~ K T O ~ O M  M H a n p a B n e -  

HMeM OCU 2. Y ~ U T ~ I B ~ R ,  9 T O  K O M I I O H e H T b I  T e H 3 O p a  ~ a I I p 5 l X e ~ U f l  H e  

~ ~ B M C R T  OT 9, M ~ I  n o n y v a e M  B c M n y  (76) u (77), s ~ o  



q ~ 0 6 b 1  I I O J I y q M T b  P e W e H M R  C ~ ~ M H C T B ~ H H O ~ ~  CUHrYJIRPHOCTbIO 
I I p U  r=O, H a n O  B K a g e C T B e  ( P Y H K Q M ~ ~  (P M q B 3 R T b  (PYHKUUU, 
o n p e n e n e H H b r e  B b I r u e .  3 a n ~ r u e ~  ~ T M  p e r u e H m ,  H e c K o n b K o  ~ 3 ~ e -  
HMB O ~ O ~ H ~ ~ ~ H M R ,  B B U A e  

m-l - 
t (fa - a2pa) tz 

'Pnr = r m  
- 1  ( - ) - 

r v t a -  a2p2 

Q Y H K U U M  cpm M qm M M e m  B T o w e  r = O  nonmc n o p R n K a  m; 
M 3TM (PYHKQMM RBJIRIOTCR IIOJIMHOMaMM no t CTeI I eHM m, n p U s e M  
K O ~ ~ ~ U Q M ~ H T  n p M  tk U M e e T  B T O s K e  r=O IIOJIIOC I I O p R n K a  k. n p M  
H e g e T H O M  112 3TM IIOJIMHOMbI H e q e T H b I  no t ,  a n p M  q e T H b I X  M - 
q e T H b 1  no t (3a MCKJIIOseHMeM C J I y s a R  m = 1). 

H ~ c J I o X H ~ I ~  BbI sMCJIeHUR n O K a 3 b I B a I O T ,  9 T O  g J I e H b I  B (Pm M qm, 
C O n e p X a U U e  t ,  I IPUBOART K TOMY,  q T O  Z = 0. T ~ K M M  06pa30~ ,  
n p M  H e s e T H b I X  m I IOTeHuMaJ Ib I  (P, M qm TaKOBbI ,  q T O  Z =  0. ~ P M  
9 e T H b I X  m Z, C O O T B e T C T B Y I O U e e  Y m  U qm, - 3 T 0  I IOCTORHHaR,  H e  

~ ~ B U C R U ~ R  OT t M r .  
9. FIocne o6mux p a c c y x n e ~ ~ f i  n p e n b I n y m e r o  naparpaaa ne- 

pefine~ K M 3 y 9 e H M I O  O T A e J I b H b I X  g a C T H b I X  C J I y s a e B .  P~CCMOTPUM 
c H a s a n a  c K a n ~ p ~ b 1 0  n o T e H u u a n  B u n a  

t - a r  - t 
'PI = v m  -a. 

B 3TOM C J I y g a e  KOMIIOHeHTaMM B e K T O p a  ~ a I I p R ? l i e ~ k i f i  H a  caepe 6y- 

4 ~ t  4 ~ t  4 ~ t  X,= Tsin 0 cos 4, Yo= ,-sin 0 sin 4, Zo= -cosO, r3 (82) 

E c n ~  n p o n ~ a a e p e ~ u ~ p o s a ~ b   TO p e u I e H u e  no t .  M ~ I  n o n y q M M  

C T ~ T U ~ ~ C K M ~ ~  Q e H T P  C X a T M R  (Love. Lehrbuch der Elastizitst, 1907, 
p. 211). 



C ~ e u e ~ n ~  B  TOM cnyqae 6 y n y ~  HanpasneHbr Bnonb panMyc- 
BeKTDpa t M ~ Y A Y T  MMeTb BenMqMHY - t / r2 ,  TaK q T O  B 3TOM 
cnyqae Z = 0. I l o n y q e ~ ~ o e  pemeHue -   TO M ~ B ~ C T H O ~  perueHMe 
P s n e ~ .  

P~CCMOTPMM Tenepb cp2 u q2. B cMny (79) M (80) 

E c n ~  B3RTb OAHOBPeMeHHO 06a IlOTeHUUana (P2 M q2, TO npM 
t > br, T. e. nocne Toro, KaK nonepeqHaR BonHa A O ~ ~ A ~ T  AO pac- 
C M ~ T P M B ~ ~ M O ~ ~  TOYKM, CMeueHMe ~ Y A ~ T  CTaUUOHapHbIM: 

dl r d2r g =  (bZ--a2)-, .y =0,  w =  -a2- - 
dpdz dz l  

1 662.23 + 2a2z (pa - 222) - Ttt = 
P r5 1 

M 

Z = 4npa2l; (2cos28 - sin28) sin Bd8--12?cb2p 1: cos2 8 sin 8d8 = 
- - - 87tpb2. 

T ~ K M M  06pa30~ ,  B cnyqae ~ ~ n m q a e ~ o i i  cMnbr ~ e n u q u ~ o f i  1 no- 
TeHUManbI OIIpeAenRKlTCR CneAyKluMM 06pa30~:  



B nwepsane B p e M e H n  ar < t  < br c n e n y e T  n o n o x n T b  ri, = 0, 
T a K  9 T O  B 0 3 H M K a e T  P e X M M ,  ~ ~ B M C R U M ~ ~  OT f .  

J ~ ~ K o  n O K a 3 a T b ,  ' I T 0  p a C C M 0 ~ p e H H b l f i  B b I W e  cnyqafl- 3 T 0  eAMH- 

C T B ~ H H ~ I ~ ~  C n y s a f l ,  K O r A a  npM f > br P e X M M  CTaUMOHaPeH.  P ~ c -  
C M a T p n B a H  n o T e H u n a n b 1  cp, n +,, M ~ I  n o n y q a e M  B T o w e  r = 0 
n 0 n l o C  n 0 p R A K a  m. K o ~ @ $ M u M ~ H T ~ ~  npM f m  Y 3TMX l lOTeHUManOB 
c o r n a c H o  (79) n (80) n M e l o T  BMA 

T a K  q T O  n e r K O  n O K a 3 a T b ,  W C n O n b 3 Y R  $ 0 p M y n b 1  (72) U A k i $ $ e p e ~ -  
u u a n b H o e  y p a B H e H n e  n n R  n o n n H o M o B  Jexasnpa  P, (x),  T TO, 6e- 
P R  B K a q e C T B e  I IOTeHUManOB ( m  - 1) cp, U q,, Mbl M O X e M  ~ 0 6 u ~ b -  

CH TOTO, q ~ 0 6 b 1  q n e A b l  n p U  f m  B B b I p a X e H M R X  (72) A n R  q n W 
a H H y n n p o a a n n c b ;  o n H a K o  s n e H  npn tm-2, n ~ e l o u u f l  npn r=O 
n O n l o C  n 0 p H A K a  ( m  - 2),  OCTaHeTCR.  O ~ c l o A a  B b I T e K a e T ,  9 T O  3 T 0  
6 y n e ~  c n y q a 8 ,  a ~ a n o r n s ~ b r f i  o T M e s e H H o M y  B b l u t e  cnyqalo Psnesi. 
  TO cnyqafl n o T e H u n a n o B  2y3 a q3,  npn KOTOPOM C M e u e H n R  q u 
W ~ p O n O p U M O H a n b H b 1  t  M M M e l o T  B T O q K e  r = 0 n O n l o C  B T O p O r O  
n o p R n K a .  B  TOM cnysae, K a K  u B cnysae P s n e ~ ,  Z = 0. n p o ~ e -  
A e M  B b l q N C n e H M R  A n R  3 T 0 r 0  C J l y q a H .  

~ O T ~ H Q M ~ ~ ~ I  ~ Y A Y T  M M e T b  BWA 

.p = -2a3 + 3a2pv (2.72 - p2) 362p.z 3p.7 , 7 + r5 
t3, (I) = -- 

r3 t  + .t 

~ P M  ar < t < br O T n H q e H  OT H y n R  T O n b K O  n O T e H U M a n  cp, U 
KOMnOHeHTbI  B e K T O p a  C M e u e H k i f i  6 y A y ~  H M e T b  B r=O n 0 n l o C  
T p e T b e r o  n o p H m a .  3 a ~ e ~ n ~  B 3 a ~ n m q e ~ n e .   TO ecnu K o M n o H e H -  
T ~ I  B e K T o p a  c ~ e u e ~ n f i  n M e l o T  B r = 0 nonloc n o p R n K a  6 o n b r u e r 0 ,  



q e M  2, p e 3 y J I b T u p y f O q u e  B e K T O p  u M O M e H T  ~ Y A Y T  C Y q e C T B e H H O  

3 a B u C e T b  OT ( $ 0 ~ ~ 6 1  I IOBepXHOCTM, 0 ~ p y X a f O q e 8  T O s K Y  r = 0. 
B IIpOTMBOnOJIOXHOM C J I y s a e ,  K O r A a  I I O p R n O K  IIOJIfOCa M e H b l r r e  

nu60 P a B e H  2, p e 3 y J I b T u p y f O q M e  B e K T O p  u MOMeHT C T P e M R T C R  n p H  

CTpeMJIeHMM I lOBepXHOCTM K T O s K e  r=O K H e K O T O P O M Y  IlpeneJIJ'. 
p a B H o M y    TO MY n p e A e n y  B cnysae c($epb~.  

10. n e p e a n e ~  K p a c c M o T p e H M 0  c n y s a R  y = $ a =  0. c o K p a -  

W e H u f l  3 a I l u C u  6 y n e ~  IIMCaTb y B M e C T O  $, U $ B M e C T O  qp .  M 3  
@ O ~ M Y J  (70) M (71) C J I e A y e T ,  ' I T 0  

1 d2y I dy  d2+ 1 d+ -T - ---- + ---- 
p p 9 -  dpz p dp dpdr  p d r  ' 

M BMeCTO (76) 
X ,  = - 0, sin 4, Y ,  = 8, cos 4. (90) 

~ P M H U M ~ R  BO BHMMaHUe ,  9 T O  0, H e  3aBMCMT OT 8, MbI I I O J I y g a e M  
B CMJIY (77) 

X = Y = Z = M  x = M  =0, 
Y 

M ,  = -2xr2 SE (pTp8 + ZT,~) sin Ode. (91) 

B K a s e c T B e  y u $ H a n o  B ~ R T ~  @ Y H K ~ M U ,  O n p e n e n e H H b I e  pa- 
BeHCTBaMM (79) M (80), I I p u s e M  B B b I p a X e H u M  AJIR y, C J I e A y e T  

3 a M e H M T b  a' H a  6'. 
P~CCMOTPMM O T A e J I b H b l e  C J l y s a M .  ~ Y C T ~  C H a s a J I a  

Torna no n p e n b l n y q u M  @ o p ~ y ~ r a ~  

T ~ K ~ M  0 6 p a 3 0 ~ ,  MbI I I O J I Y s a e M  MOMeHT,  I I P o I I o P ~ ~ o H ~ J I ~ H ~ I ~  t. 
ECJIM n p o ~ ~ ( $ ( $ e p e ~ q ~ p o ~ a ~ b   TO p e L u e H u e  no  t, M ~ I  n o J I y s a e M  

C T a T u s e c K o e  pemeaue, n n R  K o - r o p o r o  H a n p R x e H u R  H a  n o s e p x H o c -  
T H  c($epb1 3KBMBaJIeHTHbI  nOCTORHHOMY MOMeHTY.   TO P e u I e H M e  



661~10 y ~ a s a ~ o  M. a y r a n o ~  (Math. Loc. Proc., Edinbourg, 1898) 
1.1 MOXeT 6b1~b Ha3BaHO UeHTPOM BpaUeHMR OTHOCMTeJIbHO OCM Z 
(Love. Lehrbuch der Elastizitat, 1907, p. 221). 

M S Y ~ M M  Tenepb noTeHuManb1 y, M q,, onpeneneHHbre a o p ~ y n a -  
MM (84) M J I M  (85), B KOTOPbIX B BbIpaXeHMM AJIH y2 CJIeAyeT 3aMe- 

H M T ~  a2 H a  b2: 

B CHJIy (87), AJIR Tor0 q~06b1 aHHYJIMP3BaTb qJIeHb1 C t'), MbI 

AOJIXHbI B3RTb 

2b2p B cMny (87) B  TOM cnyqae s = - 
r3 

t ,  T. e. c T O ~ H O C T ~ ~  AO 

M Y J I ~ T U ~ J I M K ~ T H B H O ~ ~  ~ O C T O R H H O ~  3TO peUleHMe COBnaAaeT C pe- 
uIeHMeM (93), nOJIyqeHHbIM C nOMOubI0 IlOTeHUMaJIa (92). 

B o 6 ~ e ~  CJIyqae, K a K  J I e r K O  IIpOBepMTb, AJIR a H H y J I M p O B a H M R  

qJIeHa C tm B BbIPaXeHMM AJIR S HaAO 6 p a ~ b  - (m - 1) ym M 9,. 
11; MLI M3yqUJIU ~JIyqafi ~ ~ M J I o x ~ H H o ~  CMJIbI M MOMeHTa,  np0- 

nopuMoHanbHoro t.  B H ~ C T ~ H U ~ M  naparpaae  M ~ I  pa36epe~  cny- 
qaa, K O r A a  CMJIbI M J I M  MOMeHT RBJIRDTCR nPOM3BOJIbHbIMU ~ Y H K -  
UURMM BpeMeHM.  0 6 0 3 ~ a q M ~  qepe3 y (t) M $ ( t )  nOTeHUMaJIb1 (79) 
1.1 (80), PaCCMOTpeHHbIe  BbIuIe, U nOCTPOMM C MX IlOMOUbI0 HOBbIe 
IIOTeHUMaJIbI. 

H a n p U ~ e p ,  IIOJIOXMM 

- 
y = Sf_--,"' y (t - T )  x (T) d T ,  

me x (T)  - HenpepbIBHaR @ Y H K U M R ,  06paUak0UaR~R B H Y A b  npM 
AOCTaTOqHO ~ O J I ~ U I M X  OTPM4aTeJIbHbIX 2. 0 6 0 3 ~ a q k i ~  qepe3 k Am- 
6ym M3 nepeMeHHbtX t,  X ,  y,  Z. T o r ~ a ,  YqMTbIBaR, qTO y (t) o6pa- 
uaeTca B Hynb npM t =ar,  nonyqm 



5 = St-ar d2 'P ( t  - T) d(t-ar) 
d k d l  -m d k d l  x(=) dT + d k  

@ Y H K Q M R  (f ( t )  Y A O B J l e T B O P R e T  BOJIHOBOMY Y p a B H e H M I O ,  U, C J I e A O B a -  

T e J I b H O ,  

T. e. (PYHKUMR (94) T a K X e  Y A O B J I e T B O P R e T  BOJIHOBOMY Y p a B H e H U I O .  
A ~ a n o r u s ~ o  M O X H O  n O K a 3 a T b ,  q T O  (PYHKKUR 

M a H a J I O r M q H b I e  B b I P a X e H M R  MMeH)T M e C T O  AJIH K O M I I O H e H T  Xo H 
Yo. ~ P O U ~ B O A H ~ I ~  dy  ( t  - ~ ) / d k  1% = t - a, MMeK)T B T O Y K e  r = 0 I I 0 -  
J I m C  n e p B O r 0  I I O p H n K a .  M, C J I e A O B a T e J I b H O ,  n 0 C J I e  M H T e r P M P O B a H M R  

B b I p a X e H M R  (96) no  I I O B e p X H O C T U  c d p e p b 1  MbI I I O J I y Y a e M  Y J I e H ,  

C T P ~ M R U . M ~ ~ C R  K HYJIK) n p M  r ,  C T P e M R q e M C R  K HYJIH), T.  e. 3TM 
A O I I O J I H M T e J I b H b I e  B H e M H T e r p a J I b H b I e  Y J I e H b I  B B b I P a X e H M M  AJIH K O M -  

l I O H e H T  T e H 3 O p a  ~ a l l p ~ ~ e ~ ~ f i  H e  M r p a l o T  C Y ~ ~ C T B ~ H H O ~ ~  POJIM A J I R  

H a l I p H X e ~ M f i  B O K p e C T H O C T M  r = 0.  TO O ~ C T O R T ~ J ~ C T B O  M M e e T  

M e C T O  A J I H  B C e X  p a 3 0 6 p a ~ H b I x  B b I U I e  C J I y Y a e B ,  q T O  M O X e T  6 b 1 ~ b  
l I p O B e p e H 0  C I I O M O ~ b I O  H e C J I O X H b I X  B ~ I Y M C J ~ H M ~ ~ .  



P~CCMOTPMM C H a Y a J l a  C J I y Y a f i  B K J I W Y ~ H H O ~ ~  CMJlbI,  M n y C T b  no- 
T e H u n a n  cq ( t )  T a K o B ,  YTO Z  = C1, a (I, ( t )  o n p e A e n e H b r  T e M ,  YTO 
z = C2. 

on pen en^^ n o T e H u u a n b 1  

- - 
y = J!!-ZrY ( t  - z )  w ' ( z )  dz, (I, = J!!ir (I, ( t  - z )  w' ( z )  dz, ( 9 7 )  

rAe M b l  3 a n M C a J I M  X ( z )  B B M A e  ~ ' ( 2 ) .  , Q n H  3 T M X  n O T e H U M a J I O B  

Z= C, Sf_:'w'(z) dz+ ~ , J ? , " ~ w ' ( z ) d z  = C,w ( t -  a r )  + C,w ( t  - b r ) ,  

T B K  Y T O  

lim Z  = ( C ,  + C , ) w ( t ) .  
r-0 

~ ~ M ~ T H M ,  Y T O  @ Y H K U M R  w' ( t )  M O X e T  M M e T b  p a 3 p b I B b I .  T ~ K ,  
H a n p m e p ,  e c n M  

0 n p n  t < 0, 0 npn t < 0, 
T O  w ' ( t )  = 

t n p u  t h o ,  1 npn t >, 0. 

- 
y~ = J?Zr (p ( t  - z )  dw ( z ) ,  

M b I  M O X e M  I I O J I Y Y M T b  6onee 0614~B ~ J I y Y a f i  ~ ~ M J I O X ~ H H O ~  CMJIbI. 

P~CCMOTPMM T e n e p b  M O M e H T ,  ~ P O ~ O P U M O H ~ J I ~ H ~ I ~ ~  t ,  M n Y C T b  

n O T e H U M a J l  cp ( t )  T a K O B ,  Y T O  B O ~ H M K ~ I O ~ M ~ ~  M O M e H T  P a B e H  Ct. 3a- 
n M w e M  w" ( z )  B M e c T o  x ( z )  M o n p e A e n M M  n o T e H u M a n  

y~ = J~-:''P ( t  - 7 )  w U ( z )  dz. ( 9 8 )  

limX=lim Y=limZ=limM,= limM,=-0 
r+O r-0 r+O r-tO r 4  

M 

M,= ~p-2' ( t  - z )  w" (z )  dz - b C r w T ( t  - b r )  + C w  ( t  - b r ) ,  ( 9 9 )  

lim M, = Cw ( t ) .  
r+O 

B M ~ C T O  ( 9 8 )  M b I  M O X e M  H a n M C a T b  

- 
'P = Jf_:"P ( t  - 2 )  dwl ( z ) ,  



(Love. Lehrbuch der Elastizitat, 1907, p. 355). 
H o ~ e ~ u w a n  (100). KaK M ~ I  BwAenw, nopoxAaeT AaaneHwe 

16 scpf -- , w, c n e ~ o a a ~ e n b ~ o ,  no~eeuwan (101) n o p o x ~ a e ~  ~ a a n e -  

Hue, paBHoe B cwny (99) 

-16.p ( a w '  (t - a r )  + , ( f  - 

HJIM 

t'w (t - t') d t '  

- 
8.aql= - - t'w (t - t') dt'. 

~ P M M ~ H R R  @OPMYJIY (72), Mbl IIOJIyqaeM XOpOWO M3BeCTHble 
@0p~yJIb1 AJIR KOMnOHeHT BeKTOpa C M ~ U ~ H M ~ .  H ~ K O H ~ U ,  IlOTeHuMaJI 



- 1 t-br t - =  1 ~ ( t - b r )  
Yz =-J-.. (T - b)wtt(r)dr = - 3n-j~ r  

jy-lr(t - r )  ~ " ( r )  dr = brwf(t - br) + w ( t  - br) ,  

M npn r  -t 0 M ~ I  n o n y q a e M  w ( t )  (Love. Lehrbuch der Elastizitiit, 
1907, p. 355). 

1. B. M. C M n p~ o B, C. JI. C o 6 o n e B. H o s b ~ i  MeTon peuIeHnrr nnoc~oG 
3anaqn ynpyrnx ~ o n e 6 a ~ n i .  H a c ~ .  ~i3a., c. 146- 184. 

PELUEHHE IlPEAEJlbHOA 3AAArlH AJla BOJlHOBOrO YPABHEHHa 
B CJlYrlAE KPYrA H CO)EPbl* 

J I e r ~ o  n o ~ a 3 a ~ b ,   TO ecnM y [ t ,  M ( x ,  y ) ]  e c T b  p e u I e H M e  y p a B -  

HeHMR ( I ) ,  O A H O p O A H O e  H Y J I ~ B O W  C T e n e H M  OTHOCMTeJIbHO I I e p e M e H -  

HbIX ( t ,  X, y), K O T O P O e  0 6 p a U a e ~ c R  B H y J I b  H a  OKPYXHOCTM a f  = 

= t ,  me r  = I/X2 y' , TO B b I p a X e H M e  

t -ar  

S 0, ( r )  'P ( t  - r, M )  d ~ ,  
0 

m cos my 

ar ) I s i n m y  

9 T O  M O X e T  6 b 1 ~ b  H a n M C a H O  C T09HOCTbK)  A 0  IIOCTORHHOI'O MHOXM- 

T e J I R  B B M A e  

* A o ~ n .  AH CCCP,  T O M  14, Nc 1, 1937, c. 13--16. 



rne 
1 urn (4 = (m + T ~ + I  ( x ) ,  Tm ( x )  = cos ( m  arc cos x )  

M ( r ,  (F) - I I O J I A P H b I e  K O O P A M H a T b I  TOYKM M .  B C J I y Y a e  m = 0 B M e C -  
TO ( 3 )  M ~ I  M M e e M  p e u I e H M e  Volterra 

aym o , ~ )  1 = 0  'Pm ( t .  M )  I t=o  = a t  t=o 

cos my 
Y J ~  ( t *  M )  I,=, = f m  ( t )  ( s in  m y .  

nanb~eiiurero n o c T a T o q H o  n p e n n o J r o x M T b ,  YTO 3 a n a ~ ~ a ~  
@ Y H K U M R  f , ( t )  M M e e T  H e I I p e p b I B H b I e  I I p O M 3 B O n H b I e  A 0  T p e T b e r O  

I I O p R A K a  M Y T O  M M e W T  M e C T O  YCJIOBMR f m  ( 0 )  = f i ( 0 )  = 0. M ~ I  6y- 
A e M  M C K a T b  3 T 0  P e U l e H M e  B B M A e  

t-ar+a 
( f - r  +a) j  

M ~ I  H e  M O X e M  A M @ @ ~ P ~ H U M P O B ~ T ~  A B a  pa3a I I O A  3 H a K O M  MH- 

T e r p a J I a ,  HO, M H T e r P M P Y R  I I 0  Y a C T R M ,  J I e r K O  I I O K a 3 a T b ,  Y T O  @OP- 
M y J I a  (7 )  A a e T  H a M  P e u l e H M e  Y P a B H e H M R  (1).  TO P e u l e H M e  Y A O B -  

J e T B O p R e T  YCJIOBMRM (5) M M M e e T  H a  Q ~ O H T ~  BOJIHbI  I I P e P b I B H O C T b  
H e  B b I U e  B T O p o r O  I I O p R A K a .  Y C J I O B M ~  (6) A a e T  H a M  M H T e r p a J I b H D e  

Y p a B H e H M e  A J I R  W m  ( T )  

w,,, ( T )  )/ ( t  - 't + a)2 f - z + a  
a2 

0 

MJIM, A M @ @ ~ ~ ~ H U M P Y R  I I O  f ,  MbI ~ Y A ~ M  M M e T b  3 K B M B a J I e H T H O e  
y p a B H e H M e  



cos my ( n = 0 , 1 ,  . . .; m = 0 , 1 ,  . . . , n ) ,  (9) 

m e  pLm' (cos 8) cos my u pLm' (COS 8) sin my C Y T ~  c@epuqec~ue 
( P Y H K ~ U N ,  r = 1 / x V  yy" + z2 : 

M P , ( x ) - ~ O ~ U H O M ~ I  J e x a ~ n p a .  B  TOM cnyqae nnR npenenbHbrx 
~ C J I O B U ~  BUna 

y (t,  M )  ( , = I  = f ,,, (t) PA,"' (COS 8) ( s i n  'OS my my (10) 

f -ar+a 
cos my 

y ( t , M ) =  $ ~ m , n ( ~ ) Q n + i ( ' - ~ r + a ) d r X ~ ~ ) ( c o s 8 ) { s i n m y ,  
J 

(11) 
N AJIR (PYHKUUU urn,, (r) M b I  ~ Y A ~ M  UMeTb UHTerpaJIbHOe YpaB- 
HeHMe 

Y ~ ~ B H ~ H M ~  (8) llpMHaj&'IeXUT K TUny Y ~ ~ B H ~ H U ~ ,  PaCCMOTpeH- 
H ~ I X  e q e  B 1884 r. C O H U H ~ I M  [I] .  Y p a ~ ~ e ~ u e  (12) B npennonoxe- 
H U M ,  9 T O  CYUeCTBYeT HenpepbIBHaR npOU3BOnHaR f A : n  (t), npeo6- 
p a 3 y e ~ c ~  B UHTerpanbHoe ypaBHeHue Volterra BToporo Buna c 
RAPOM, 3aBUCRUUM OT pa3HOCTU aPrYMeHTOB [2]. 

M ~ I  MOXeM OqeBUAHO IIpeAIIOJIOXUTb a= 1 M ,  IIPUMeHRR 
06b14~b1e MeTOAb1, MbI  ~ Y A ~ M  MMeTb peIIIeHUe YPaBHeHUR (8) B 
BUAe 

urn(.) = S;Hm(r -:x)fk (x) dx. (13) 

1 c+lm ePS 
Hm ('1 = Jc-im esz S R ,  ( s )  ds. 



T,(t) n0nCTaBMTb (- I ) P K & ~ ) ( S )  BMeCTO tp,  me & (s) eCTb , M 3 -  

B e c T a a n  n 3  Teopnn @ Y H K N M ~ ~  B e c c e n n  ~ Y H K N U F I  Macdonald'a. J e r -  
K O  nOKa3aTb, YTO npki Z -t f 0 (PYHKUMFI H, ( 2 )  CTPeMMTCFi K 6ec- 
KOHeYHOCTB nGPflAKa 1 /l/z 

PeLIJeHMe Y p a B H e H M R  (12) BbIpaXaeTCfl @ 0 p M y n o f i  

-sn 
X ( s )  = e sz 

s n f s n - ' ~ ; ( l )  + ~ n - ~ p l ; ( l )  + ... f ~ ? ) ( 1 )  

no OTHOLUeHMlO K H y J I f l M  3 H a M e H a T e J R .  
C~HryJIflpHbIe PeIUeHMR (3)  M (8) M O r Y T  6 b 1 ~ b  nOJlyYeHbI eC- 

TeCTBeHHbIM 0 6 p a 3 0 ~  nyTeM n p U M e H e H M F i  o 6 u e f i  TeOPUM, A ~ H H O ~  

C .  J. C O ~ O J I ~ B ~ I M  ki aBTOpOM [3] .  
O T M ~ T M M  H a K O H e R ,  YTO M O X H O  nPUMeHMTb C M H r Y n R P H b I e  pe- 

U e H M R ,  yKa3aHHbIe BbIUle, K PeIUeHMlO 3aAaYM AJlR B H Y T P ~ H H ~ ~ ~  
qacTu c a e p b r  n Kpyra. P~CCMOTPMM, HanpuMep, c n y ~ a t i  caepb~ n 
YCJIOBMFi (9) H a  IIOBePXHOCTM 3 ~ O f i  c @ e p b 1 .  Hano BSFITb PeuleHMe 
B BMHe 

r+fT 1 

= J q,,,, ( T )  ~ n + l ( '  * ) d ~ x  pLm) ( C O S ~ )  cos my, (16) 
0 

rAe M ~ I  n o n o x M n n  a = 1 .  @YHKNMFI ( T )  MoxeT 6 b 1 ~ b  onpene- 
JleHa, K a K  M BbIUIe. PeuleHkie (16) MMeeT MeCTO npU 0 t  ,< 1. 
3 a ~ e M  HaAO nPMMeHMTb @OPMYJIY ~ Y ~ c c O H ~ ,  Y T O ~ ~ I  npMBeCTM K 
Hynm HaYaJIbHbIe naesbIe. 3 ~ a  a o p ~ y n a  n y a c c o ~ a  naeT H a M  pe- 
WeHMe n p u  1 ,< t  ,< 2. ,L?.JIR uHTepBana 2 ,< t ,< 3 Hano npuMeHnTb 
peureHne BMna (16), M S M ~ H R F I  npenenbHbIe y c n o B u n  npu nououn  
Q o p ~ y n b ~  nyaccosa. 

UMTMPCIBAHHAR JIMTEPATYPA 
1. N. S o  n i n e. Acta Mathem., 1834. vol. 4, N 171. 
2. V. V o 1 t e r r a. L e ~ o n s  sur les equat. integr. Paris, 1913. P. 52-56. 
3. B. C M n p H o B n C. C o 6 o n e B. Tpynb~ Cei ic~on .  nwTa AH CCCP. 

1933, M29.C. 1-5. 

PEUIEHHE IlPEAEnbHblX 3AAA4 TEOPHH YnPYrOCTH 
B CnY4AE KPYrA H CmEPbl* 

B n p e n b r n y u e f i  cTaTbe [ I ]  M ~ I  nann peweHne npenenb~oa 
3anaqn AJIR B O J I H O B O ~ O  ypaBHeHuR B cnyqae Kpyra u c @ e p b ~ .  B 
 TOW CTaTbe MbI  ~ Y H ~ M  PaCCMaTPMBaTb a H a J l O r N Y H b I e  np06JIe~b1 
TeOPMM YnPYI'OCTM. 

* A o K ~ .  AH CCCP, TOM 14, &? 2, 1937, c. 69-72. 



H a q u ~ a R  C n J I O C K O r 0  C n y q a R ,  PaCCMOTPMM K O J I ~ ~ ~ H M R  q a C T U  
n n o c K o c T H ,  ~ a x o ~ ~ u e f i c ~  B H e  OKPYXHOCTM r = 1, ecnu npu t = 0 
MM€!K)TCR H y J I e B b I e  H a q a J I b H b I e  YCJIOBMR, M H a  OKPYXHOCTM r = 1 
MbI M M e e M  3 a A a H H b I e  C M e u e H M R .  C O C T ~ B J I R I O U M ~  CMeUl.eHMR H a  
n O J I R p H b I e  K O O p A M H a T H b I e  OCM (r, 6 )  B b I P a X a t O T C R  (POPMYJIIMU 

M l/a, 116 C Y T b  CKOPOCTM P a C n p O C T p a H e H M R  I IpOAOJIbHbIX  M none- 
P e q H b I X  BOJIH. ~ ~ ~ A ~ o J I o X M M ,  q T O  n p e A e J I b H b I e  YCJIOBMR MMelOT 

BMA 

U, Ir=l = U, (t) e l m e ,  ~ e J r = l  = V, (t) eime. (3) 
B 0 3 b ~ e ~  P e U l e H M R  Y P ~ B H ~ H M ~  (2) 

r A e  
1 

Um(x) = + T I  ( x )  T,(x) =cos(marccosx).  

H e M 3 B e C T H b I X  KOMnJIeKCHbIX @ Y H K ~ U ~  @, (7) M Y, (T) MbI 
M M e e M  B CMJIY n P e A e J I b H b I X  ~ C J I O B M ~  CMCTeMY M H T e r P a J I b H b I X  Y p a B -  
H ~ H U ~  

.r' t - 7 + b  
( t - T + b ) ~ ~ ( ~ ) ~  

+ 
oY"(') I / ( t  - 7 + b)2 - 62 7 = v, (t). 

M b 1  ~ Y A ~ M  P a C C M a T P N B a T b  ceaqac ~ J I y q a f i  n p O C T p a H C T B a  TOJIbKO 
' 

B n p e A n O J I O X e H M M  o c e ~ o a  CMMMeTPMM. ~ Y C T ~  (u,, Ug ,  u O )  - COCTaB- 
J r R r o u M e  c M e u e H M R  H a  c@epusec~ne OCM ( r ,  8,6), M n p e A n o A o x n M  



cHaqana, s ~ o  u e = O .  B  TOM cnysae, nonb3y~cb  $ o p ~ y n a ~ ~  Teo- 
P M M  Y n P Y r O C T M ,  A e r K O  IIOKa3aTbs s T O  

aT 1 a+ cos 9 u r = - + -  a,. x+rsin+, U$=----- 1 a? d+ 1 r a9 dr 7% 

ur l r = l =  urn ( t )  Pm (COS 8). ~ a l r = I =  v m ( t )  sin 8 P; (COS 8). 

rAe P,,, (x) - n O J N H O M b 1  J e x a ~ n p a .  A ~ H  Y P a B H e H M R  (5) 6 e p e ~  
PeUIeHMR BMna [ I ]  

t 
Q ~ + I  (=) sin 8 P; (cos 8). 

M MbI  I IOJIOXMM 

t - b r + b  

"( =so vm(3 Qm+l( t  -;r+ ' )dT~sin ~fk(cos8) .  (8) 

n o n c ~ a ~ n m  (7), (8) B npenenbHble YCJIOBMR, MMeeM cMcTe- 
MY MHTerpaAbHbIX Y ~ ~ B H ~ H M ~  A n R  $ Y H K U M ~ ~  @, (T) M vm (T):  



ueJr=l = W, (t) sin 9 P, (cos 9). 

B 3 T O M  C J I y Y a e  B B e A e M  C O C T a B J I R D U M e  B e K T O p H O r O  I I O T e H U M a -  

JIa H a  OCM P M Z UMJIMHAPMYeCKMX K O O P A M H a T  (P, Z, 0) M I I O J I O X M M  

'P = qz ki $ = qP. @ Y H K ~ M R  A O J I X H a  Y A O B J I e T B O P H T b  Y P a B H e H M D  
(5), me H a A O  I I O n C T a B M T b  b B M e C T O  a, M @ Y H K U M R  9 n O J I X H a  

Y n O B J I e T B O p R T b  Y p a B H e H M D  (6). M ~ I  M M e e M  AJIR U8 @OPMYJIY 

~ P M M € ! H R R  0 6 b 1 ~ ~ b 1 e  M e T O A b I ,  M O X H O  P e L U M T b  C M C T e M b l  (4), (9) 
M (10) B K O H e Y H O M  B M A e ,  Y T O  M b l  C A e J I a J I M  B R B H O ~  @ O P M ~  nJIH 

o n H o r o  M H T e r p a n b H o r o  y p a B H e H u H  B npenb~~yuef i  3 a ~ e ~ ~ e .  
MOXHO I I P M M e H M T b  T O T  Xe M e T O a  n J l H  B H Y T P e H H M X  3 a A a Y ,  K a K  

 TO M ~ I  y x e  cnenam n m  o n H o r o  y p a B H e H w H  [ I ] ,  HO B H a C T O R -  
U e M  C J I y Y a e  B M e C T O  @ 0 p M y J I b 1  ~ Y ~ C C O H ~  M b I  A O J I X H b I  B 3 R T b  M3- 

B e C T H y D  @ o p M y J I y  C T O K C ~ .  

UMTMPOBAHHAR JIMTEPATYPA 

1. B. C M e p H o B. A o ~ a .  AH CCCP. 1937. TOM 1 ,  hb 1. 



0 PA60TAX B. H. CMHPHOBA B 06JlACTH 
TEOPHH PACllPOCTPAHEHHg BOJlH . 

(B. M .  6a6ur1) 

B. M. CMMPHOB ( C O B M ~ C T H O  C er0 Y Y e H M K O M  C. A. Co6one- 
B ~ I M )  O T K P b I J I  O Y e H b  M H T e p e C H b I e  K J l a C C b I  P e m e H M f i  P a 3 J I M Y H b l X  

y p a ~ H e H M f i  M a T e M a T M Y e C K 0 f i .  @ U ~ M K M .  ~ T M  P e U I e H M R  O H  H a 3 B a J l  

( P Y H K U M O H ~ J I ~ H O  M H B a P M a H T H b I M M .  M X  X a p a K T e p H a R  O C O ~ ~ H H O C T ~  
COCTOMT B T O M ,  YTO I I p O M 3 B O J I b H a R  r J I a A K a R  @ Y H K U M R  O T  T a K O r O  

PeLLIeHMR O C T a e T C R  P e r u e H M e M  M 3 y Y a e M O r O  Y p a B H e H H R .  O ~ P ~ T U M C R  
AJIR I I p M M e p a  K B 0 , J I H O B O M y  Y p a B H e H M I O  C A B y M R  n p O C T p a H C T B e H -  

HbIMM I l e p e M e H H b I M M .  ~ Y C T ~  t! ('t), m ('t), n ('t), p (7) - H e K O T O p b I e  
a H a n w T u q e c K u e  @ Y H K U M M  K o M n n e K c H o r o  n e p e M e H H o r o  , c  = 
= const > 0, n p u s e M  (m" n n ' )  c2 - i 2 ,  T o r A a  (PYHKUHR 't (x, y, t),  
O n p e A e J l R e M a R  H e R B H b I M  Y p a B H e H H e M  

B O K P e C T H O C T M  K a X ~ 0 f i  TOYKM X ,  y, t ,  B K O T O P O ~ ~  

T O X e  6 y n e ~  P e L I I e H M e M  Y p a B H e H H R  (2). 
B cuny  701-0, YTO n p a B u n a  ~ ~ @ @ e p e ~ u u p o ~ a ~ u ~  o n w H a K o e b r  

B  C J I y Y a e  K a K  a H a J l H T H Y e C K M X ,  T a K  M BeLU.eCTBeHHbIX QYHKUMW, 
a H a J l O r H Y H b I e  p e 3 y J I b T a T b I  C I I p a B e f l J l M B b I  M A J I R  B e q e C T B e H H b I X  

@ y H K U H f i  C  O Y e B M A H b I M  M 3 M e H e H H e M  @OPMYJIUPOBOK. 
 TO 3 a ~ e s a ~ e n b ~ o e  1 1 a 6 n m ~ e ~ u e  R B u n o c b  o ~ n p a ~ ~ o f i  T O Y K O ~  

AJIR C O 3 A a H H R  M e T O n a  B. M.  C M H ~ H O B ~  - C. A. CoGoneea, H a 3 b I -  
B a e M O r O  T a K X e  M e T O A O M  @ Y H K ~ U O H ~ J ~ ~ H O - M H B ~ P N ~ H T H ~ I X  ( @ - N )  
p e L L I e H H f i ,  K O T O P b l f i  C O C T a B H J l  U e J I Y I O  3 n O X Y  B M ~ T ~ M ~ T M Y ~ C K O ~ ~  

T e o p u u  p a c n p o c T p a H e H u F i  B o n H  H npueen K ~ @ @ ~ K T M B H O M Y  perue- 
HHIO P R A a  ee 3 a n a Y .  C I $ O ~ M ~ J I H ~ O B ~ H H O ~  B b I U I e  Y T B e p X A e H H e  
6b1no B n e p B b I e  o n y 6 n u ~ 0 e a ~ o  B. M.  CMHPHOB~IM n C. A. Co60- 
J l e B b I M  B H a Y a J I e  T P H A U a T b l X  r O A O B  11, 21. 

~ ~ H Y H H ~  S @ @ ~ K T M B H O C T M  M e T O A a  @-H p e I I I e H ~ f i  - B C o 9 e T a H U H  

T p e X  O ~ C T O R T ~ J ~ ~ C T B .  B o - n e p ~ b l x ,  C O B O K y n H O C T b  @-u p e L I I e H H a  

C o A e p X U T  M H O r H e  B a X H b I e  P e L U e H M R .  3 ~ 0  C B R 3 a H 0 ,  B  Y a C T H O C T H ,  

C T e M ,  9 T O  I I p H  p = 0 @ Y H K I ~ U M  't ( x ,  y ,  t) H f (7 ( x ,  y, t ) )  O Y e B N A H O  

O A H O ~ O A H ~ I  ~ y n e ~ o f i  c T e n e H u .  MOXHO ~ 0 ~ a 3 a ~ b ,  YTO H a    TOM ny-  
T H  n O J l Y Y a I O T C R  B C e  O A H O p O A H b l e  p e I I I e H H R .  T a ~ u e  H 3 B e C T H b I e  pe- 



* 

U e H M R ,  K a K  P e U I e H M e  B o n b ~ e p p a ,  n J l O C K a R  BOJIHa 6 ( t  - U X  - By) . 
(a" +B2=1/~2) ,  r A e  6 - @ Y H K U M R  X e ~ ~ c a f i ~ a :  6 (C)=l, C > 0, 6(C) = - 
= 0, C < 0, O A H O ~ O A H ~ I  ~ y n e ~ o f i  c T e n e H M .  BO-BTOP~IX, K n a c c  @ - M  
p e u ~ e ~ ~ f i  3 a M K H Y T  OTHOCMTeJIbHO O T p a X e H M R  M n P e n O M J I e H M R  ( 0 ~ p a -  
X a l o u M e  M nPeJIOMJIRH)l l (Me r p a H U u h l  n ~ ~ M O J I k i ~ e f i ~ b 1 ,  r P a H N Y H b l e  

y c n o B M R  - K n a c c M s e c K k i e ,  B O J I H O B O ~  npouecc B ~ a x n o f i  cpene 
OnMCblBaeTCR Y p a B H e H M e M  (2) CO CBOMM nOCTORHHbIM c). ~ O A  
3aMKHYTOCTbKl  3 A e C b  n O H M M a e T C R  C J I e A y I O u e e  C B O ~ ~ C T B O :  O T p a X a R  

N J M  n p e n o M n R R  @ - M  peruesae, M ~ I  onwb n o n y q a e M  @ - M  peureme. 
B - T P ~ T ~ M X ,  AJIR H a X O X A e H M R  H Y X H b I X  @ - M  p e I l I e H M f i  M O X H O  n p M -  

M e H R T b  ~ O u H b l f i  a n n a p a T  TeOpMM @ Y H K U M ~ ~  K O M ~ J I ~ K C H O ~ ~  n e p e M e H -  . 

HOfi.  
~ T M  O ~ C T O R T ~ A ~ C T B ~  A a l O T  B 0 3 M O X H O C T b  P e U I M T b  B RBHOM BM- 

A e  3 a A a Y y  0 T O s e Y H O M  H e C T a U M O H a p H O M  UCTOYHMKe K O n e 6 a H M f i  
BHYTPM MJIM H a  r p a H u u e  ynpyrofi n o n y n n o c K o c T M  11 -31. n o n y s e ~ -  
H b I e  B b I p a X e H M R  A O n y C K a I O T  nonpo6~oe NCCJleAOBaHMe.  M 3  a H a -  

J lMTMYeCKorO n p e A C T a B J l e H M R  B e K T O p a  CMetlI.eHMR Y A a e T C R  B b l A e -  

n u n  @OPMYJIM, o n ~ c b ~ ~ a m q u e  n p o A o n b H b I e ,  n o n e p e q e b r e ,  r o n o B -  

H b l e  M P 3 J I e e B b l  BOJIHbI. P e 3 y J l b ~ a ~ b l  p a 6 o ~  [ l  -31 n03BOJIRIOT 

B b l n M C a T b  B K B a A p a T Y p a X  P e I I I e H M e  3 a A a Y M  AMH~MMY€!CKO~~ TeOPMM 
y n p y r 0 C T M  A j l R  IIOJIyIIJIOCKOCTM n p M  M3BeCTHbIX 0 6 b e ~ H b l ~  CMJIaX 

M CMJIaX,  3 a A a H H b I X  H a  n O B e P X H O C T M .  Apyroe npMM€!H€!HMe @-M 

P e I I I e H M f i  M O X e T  6 b l ~ b  e 4 e  6onee e C T e C T B e H H O e ,  Y e M  n p e A b l A y -  

uee ,  -  TO H a x o x A e H M e  p e c u e H m  s a n a s ~  n ~ @ p a ~ u u u  n n o c K M x  

BOAH H a  Y r n a X  MJIM n p ~ ~ 0 J I M H e f i H b l ~  3 K p a H a X .  O C H O B H ~ ~ ~  MAeM 

3 T O r 0  n P M M e H e H M R  nPOMJIJI IOCTPMPOBaHb1 BO B T O P O ~ ~  YaCTM T p e -  

T b e r o  T O M a  .Kypca ~ b l c U e f i  M ~ T ~ M ~ T M K M '  B. M.  CMVINPHOP)~ H a  
n p M M e p e  n ~ @ p a ~ u u ~  B O J I H ~ I  c QPOHTOM, n a p a n n e n b ~ b l ~  o c ~  opnti- 
H a T ,  H a  3 ~ p a ~ e ,  c o s n a n a m u e h l  c 6 ~ c c e ~ ~ p u c o f i  nepeoro ~ o o p -  
A N H a T H O r O  Y r J I a .  

O n ~ o p o n ~ b ~ e  p e m e H M R  -  TO nontcnacc K n a c c a  @ - N  peure~ufi, 
cOAepXaLL(Mfi B a X H b l e  C M H r Y J l R p H b I e  P e U e H M R ,  C O O T B e T C T B y l O u M e  

T O r e Y H b I M  MCTOYHMKaM K o n e 6 a H M f i .  H ~ X O X A ~ H M ~  C M H r Y n R P H b I X  
p e U I e H N f i  BOJIHOBOrO Y p a B H e H M R  I4 Y p a B H e H M f i  AMH~MMY€!CKO~~  Tea- 
PMN YnPYl%CTM nOCBRLL(eHa p a 6 0 ~ a  [TI .  

CYMMMPYR @ - M  P e W e H M R ,  M O X H O  n O n Y Y M T b  nm6oe OCeCMM- 

M e T p M Y H O e  P e U e H N e  y p a ~ H e H M f i  AMHaMMKN Y n P Y r O r O  T e J I a  N pe- 
U M T b  OCeCMMMeTPMYHYKl 3 a A a Y Y  0 K O J I ~ ~ ~ H M R X  y n p y r O r 0  I IOJIy-  

n p G C T p a H C T B a  [4-51. 
B nocnenymuue ronbr M e T o n  @ - M  p e r u e ~ ~ f i  n o 3 ~ o n ~ n  nony- 

YNTb  P R A  3 a M e 9 a T e J l b H b l X  p e 3 y J I b T a T O B .  O C O ~ ~ H H O  OH O K a 3 a J l C R  

~ @ @ ~ K T N B H ~ I M  B C J l y Y a e  3 a A a Y  A M @ ~ ~ K U U N  nJlOCKMX BOJIH H a  

n p F I ~ o ~ l ~ H e f i H b l ~  3 K p a H a X .  B K O H U e  40-x r O A O B  M. M. < D ~ M A M ~ H  
112-131, n P M M e H R R  M e T O A  @ - N  P e U I e H M f i ,  C B e n  3 a A a Y y  A N @ ~ ~ K U M N  
n J I 0 c K O f i  ynpyrofi BOJIHbI H a  n p R M 0 J I M H e f i H O f i  T p e u M H e  B O A H O p o A -  

HOfi ~ I I p y r O f i  C p e A e  K O A H O M e p H b l M  CMHrYJIRPHbIM M H T e r P a J I b H b I M  
Y p a B H e H M R M ,  AOnyCKamLL(MM P e U e H M e  B K B a A p a T y p a X .  n 0 3 A H e e  

A. 0. Owntinnosy [14] y n a n o c b  p e r U n T b  3 ~ y  3 a ~ a ~ y  6onee n p o c T o ,  



l i C n O J I b 3 y R  p a 3 6 a e ~ ~ e  MCKOMbIX @ Y H K U M ~ ~  H a  C l i M M e T P M q H b l e  M 

aHTMCMMMeTPMqHb1e OTHOCMTeJIbHO T P e q M H b l  C J I a r a e M b I e .  K ~ M H ~ M  
n p e T K H o B e H M R  AJIR M e T O A a  @ - M  p e u l e ~ ~ f i  (a T a K X e  M AJIR APY- 
FMX MeTOAOB HBHOrO PeLIIeHMH 3 a A a q  M ~ T ~ M ~ T M ~ ~ c K O ~ ~  @ M ~ M K M )  
RBMJIaCb B a X H a H  CBOMMM IIPMJIOXeHMRMM B Cef iCMMKe 3 a A a q a  06 
y n p y r o M  yrne. H ~ C M O T P R  H a  y c M n M R  M H o r M x  ~ c c n e n o ~ a ~ e n e t i ,  
p e m e H n R  ee B ~ ~ M K H Y T O ~ ~  @ o p ~ e  B c n y q a e  K n a c c M q e c K n x  K p a e -  

BbIX Y C J I O B M ~ ~  H ~ ~ T M  H e  YAaJ IOCb .  no-BMAMMOMY, HBHOrO ee pe- 
LIIeHMH H e  CYUl.eCTBYeT, a BOJIHbI, MCnbITaBUIMe A M @ P ~ K U M I O  H a  

yme, C J I e A y e T  HaXOAMTb qMCJIeHH0.  , Q ~ H  HeKJIaCCMqeCKMX K p a e B b I X  

ycno~nt i  - H o p M a n b H o e  c M e q e H M e  M K a c a T e n b H o e  H a n p m e H M e  p a w  
HO HYJIH) ( T ~ K  H a 3 b 1 ~ a e M b I f i  , ,cKOJIbsKMfi KJIMHU) - R B H O e  PeLI IeHMe 

H ~ ~ T M  M O X H O  [15]. C J I ~ A Y ~ T ,  OAHaKO,  OTMeTMTb,  ' I T 0  p a 6 0 ~ a  [15] 
C O A e p X M T  C y q e C T B e H H y l - 0  O U I M ~ K Y ,  n O J I y q e H H O e  T a M  , , peLI Ie~k ie '  

H e  YAOBJIeTBOpHeT T a K  H a 3 b I B a e M O M y  YCJIOBMH) M e f i K c H e p a  - YCJIO- 
BMH) OTCYTCTBMR MCTOqHMKa K o J I ~ ~ ~ H M B  B BepLIIMHe Y r J I a .  O I I I M ~ K ~  
p a 6 0 ~ b 1  1151 6 b r n a  M c n p a a n e H a  6. B. K O C T P O B ~ I M  [16], K O T O P ~ I W  
n e p B b I M  BbIBeJI n p a B M J I b H b I e  @ o p M y J I b I  AJIH BOJIHOBOrO nOJIR.  

T p e x M e p ~ b I M  a H a J I O r O M  Y r J I a  RBJIHeTCR KOHYC ( H e  0 6 5 1 3 a ~ e J I b H 0  
I tpHMOfi  K P Y ~ O B O ~ ? ) .  B O ~ H M K ~ ~ T  MbICJIb - eCJIM M e T O A  @ - M  P e L I I e -  

HMfi OKa3aJ ICH CTOJIb ~ @ @ ~ K T M B H ~ I M  n p M  PeLIIeHMM nJIOCKMX C K a -  

JIRPHbIX A M @ ~ ~ K ~ M O H H ~ I X  3 a A a q  B C J I y q a e  Y r J I a ,  H e  C y U l . e C T B y e T  
nM K ~ K O T O - H M ~ Y A ~  a H a n o r a  M e T o n a  @ - M  peule~nii  npn n n @ p a ~ -  
UMM ~ J I c C K O ~ ~  BOJIHbI H a  KOHYCe.  3 a A a q a  A M @ ~ ~ K U M M  ~ J I O C K O ~  
B o m b 1  H a  yrne CBOAMTCH K ~ e ~ o ~ o p o f i  K p a e ~ o f i  s a n a q e  A m  pe- 
r y n R p H 0 f i  @ Y H K U M M  KOMnJ leKCHOrO I I e p e M e H H O r O ,  T. e., A p y r b i M H  

CJIOBaMM, K K p a e ~ O a  3 a A a q e  A n H  A B Y M ~ ~ H O ~  ~ ~ P M O H M ~ ~ C K O ~ ~  

@ Y H K U M M .  M C K O M M ~  a H a J I O r  A O J I X e H ,  no-BMAMMOMY, COCTORTb B 
CBeAeHMM A M @ ~ ~ K U M O H H O ~  3 a A a q M  K K P ~ ~ B O ~  3 a A a q e  AJIH T p e X -  

M e p H 0 6  r a p ~ 0 H M l r e ~ K o f i  @ Y H K U M M .  T ~ K o ~  a H a J I O r ,  n O J I y q e H H b 1 a  

B [17], n p M B o A n T  K 3 a ~ a s e  ,&ip~xne y p a B H e H M R  Jannaca .  
O ~ A ~ C T ~ ,  n m  ~ o ~ o p o f i  H Y X H O  p e w a n  s a n a q y  , Q u p ~ x n e ,  npen- 
CTaBJIHeT ~ 0 6 0 0  LIIaP C U e H T P O M  B H a q a J I e  KOOPAMHaT,  M3 KOTOPO- 

1-0 y A a n e H b I  T O ~ K M ,  n p n H a A n e x a u u e  KOHYCY, H a  KOTOPOM AM@- 
p a r M p y e T  n n o c K a H  B o m a  (5). 

Apyroe H a n p a a n e H M e  o606u le~~f i  M e T o n a  @ - M  p e m e ~ ~ f i  coc- 
TOMT B 3 a ~ e ~ e  B O J I H O B O ~ O  ypa .BHeHMH ( 2 )  6onee C J I O X H ~ I M  
Y p a B H e H M e M  MJIM C M C T ~ M O ~ ~  TaKMX Y ~ ~ B H ~ H M ~ ? .  B C A y q a e  CMCTeMbI 

cpasy B c T a e T  B o n p o c :   TO R B n H e T c H  a H a n o r o M  @ - M  p e u r e ~ ~ f i .  
Y ~ 0 6 b 1  OTBeTMTb H a  H e r o ,  PaCCMOTPMM n O A X O A  K @ - M  PeLIIeHMHM, 
0 ~ J I M q H b l f i  OT n O A X O A a ,  H a M e q e H H O r O  B H a q a J I e  HaLIIefl  CTaTbM. 

~ Y C T ~  f (T) - I lPOM3BOAbHaH P e r Y J I H p H a H  @ Y H K U M R .  P~CCMOTPMM 
C ~ M ~ ~ ~ C T B O  IIJIOCKMX BOJIH - peLIIeHMfi  Y P a B H e H M H  (2): 

In [ I  (T) t + rn (T) x + n (T) y + p (T) ] ,  c"rn2 + n2) = 1" (5) 



- T O X ~  peureme, T a M ,  rne It + m x  +ny fpS.0 .  n y c ~ b  B 
H ~ K O T O P O ~ ~  T O W e  roe C ,  IIpM @ M K C M ~ O B ~ H H ~ ~ X  X, y, t 0 6 p a ~ q a e ~ c R  

B HYJIb  It $- mX f ny f p. M H T ~ ~ P M P Y R  B b l p a X e H M e  (6) n 0  n p O M 3 -  
BOJIbHOMY MaJIOMY 3 a M K H Y T O M Y  KOHTYPY p, O K P Y X a I O u e M Y  To, 

Mbl O n R T b  nOJIYrIMM P e W e H M e  Y p a B H e H M R  (2). T ~ M  CaMbIM, 

- P e m e H M e  Y p a B H e H M R  (2). ~ P H M ~ H R R  T e O p e M y  0 B b l q e T a X ,  no- 
J I Y ~ M M ,   TO f (r ( x ,  y, t)) ,  rne r - p e m e H M e  y p a a H e H M R  ( I ) ,  6 y n e ~  
P e L U e H M e M  Y p a B H e H M R  (2). M b l  IIPMLUJIM K @-Pi PeLUeHMRM. no-  
CKOJIbKY I IOHRTI Ie  ~ J I O C K O W  BOJIHbl J W K O  0 6 0 6 u a e ~ ~ R  H a  CMCTeMy 
y p a B ~ e ~ I I f i  O n H O p O A H O r o  a H M 3 0 T P O n H O r O  T e J I a ,  T O  M I I P M B e A e H H O e  

P a C C y X A e H M e  T O X e  0 6 0 6 u a e ~ c ~  H a  3 T Y  C l lCTeMY y p a ~ ~ e ~ k i f i .  M ~ I  
I IpMXOnMM K e C T e C T B e H H O M Y  a H a J I O r y  IIOHRTMR @-Pi p e L U e ~ 1 1 f i  B 

M H T e p e c y m m e M  H a c  c n y q a e .  M M ~ H H O   TOT a H a A o r  @-M p e u r e ~ ~ f i  ' 

P a C C M O T p e H  B. A. C B ~ K J I O  B p a 6 0 ~ e  ['18], ~ I O C B H ~ ~ H H O ~ ~  AMHaMM- 

'JeCKMM Y p a B H e H M R M  Te0PMI.I Y n P Y r O C T H  AJIR ~ H M ~ O T ~ O ~ H O ~ ~  OAHO- 
~ O A H O ~ ~  ~ I I p y r O f i  C p e n b l .  P ~ C C M O T P ~ H M R  B. A.  C B ~ K J I O  6 n ~ x e  K KJIaC- 
C M q e C K l l M  (CM. 11-31). C BbIBOAOM @ - M  p e L U e ~ M f i ,  K O T O p O e  6b1J I0  

3 A e C b  TOJIbKO 9 T O  H 3 J I O X e H 0 ,  H a C  n 0 3 H a K O M M J I  ~ P O @ ~ C C O P  
r. M. n e ~ p a m e ~ b .  

. C Y ~ ~ C T B ) ' I O T  M A P Y r M e  p e 3 y J I b T a T b 1 ,  O T H O C R u I I e C R  K @ - M  pe- 
LUeHMRM. O K ~ ~ ~ J I O C ~ ,  q T O  yXe AJIR BOJIHOBOrO Y p a B H e H M R  C T p e -  
MR IIPOCTPaHCTBeHHbIMM I I e p e M e H H b l M M  K p O M e  @-M p e L U e ~ M f l ,  n O J l y -  

' J a W ~ M X C R  C n O M O U b m  MeTOAMKM B. M. C M H ~ H O B ~  - C. J. Co6o- 
J I e B a ,  C Y U e C T B Y I O T  M A P Y r M e  @ - M  P e L U e H H R .  B p a 6 o ~ e  H. n. E p y r M ~ a  

(191 ~ a g ~ e ~ b 1  B C e  @ - M  P e u l e H l l R  Y p a B H e H M R  Utt  - u,, - U y y  - U,, = 
= O .  M. M. CMMPHOB [20] 0 6 0 6 ~ ~ ~ 1  p e 3 y J I b T a T b l  H. n. Epyrki~a  
H a  c n y q a R  q e T b I p e X  I IpOCTpaHCTBeHHbIX n e p e M e H H b I X .  

Apyroe P ~ ~ B M T M ~  wefi M e T o A a  @ - M  p e u r e ~ ~ f i  n p M H a m e x m  , 

C a M O M y  B. M. C M M ~ H O B ~ ,  Y C T a H O B M B U e M y  T e C H y I o  C B R 3 b  3TMX 

p e L l I e ~ M f l  C ~ e o p ~ e f i  T a K  H a 3 b I B a e M b I X  M 3 0 T P O n H b l X  K O H ~ P Y ~ H U H ~ ~  
M C O I I P R X e H H b I X  @J '~~Ul l f i  [ I l l .  

C 0 3 ~ a ~ e J I l l  M e T O A a  @-Pi p e L U e ~ M f i  CTOJIKHYJIMCb C e r O  H e A O C T a -  

T O ~ H O ~ ~  O ~ ~ H O C T ~ I O :  O T p a X a R  @-II  P e L U e H M e  OT K ~ H B O J I M H ~ ~ ~ H O ~ ~  

I-PaHMUbl, Mbl yXe H e  n O n y q I I M  @-M p e W e H M e .  3 ~ e c b  ~ p e 6 0 ~ a J I M c b  

MHble  MAeM. Y p e 3 B b 1 q a f i ~ o  I I J I O A O T B O ~ H O ~ ~  O K a 3 a J I a C b  MAeR H e n o n -  
H O r O  p a 3 A e J I e H M R  I I e p e M e H H b I X ,  B b I C K a 3 a H H a R  B. M. CMMPHOBHM B 

p a 6 0 T a x  (9, lo], I I O C B R m e H H b I X  K O ~ ~ ~ ~ H M H M  K p y r a  M c @ e p b 1 .  n p ~  
P eLUeHMH 3 a A a . r  AJIR 3TMX o6nac~efi M O X H O  BbIAeJ IRTb  MHOXMTeJIM,  
s a e ~ c ~ m ~ e  OT Y ~ J I O B M X  n e p e M e H H b I x  ( B  c n y q a e  c@epb~ -   TO c@e- 
P M q e C K M e  @YHKUHM,  B C J I y z l a e  K p y r a  - T P M r O H O M e T P M q e C K M e  @YHK- 
U M M  n o n R p H o r o  yrna).  O c ~ a s u r u e c ~  M H o x u T e n u  ~ ~ B M C R T  OT panu- 
yca M B p e M e H M .  K p a e B b 1 e  sanaru A n R  H M X  B. M. CMMPHOB 



UCCilenyeT, y X e  He OTneJlRR BpeMR. O K ~ ~ ~ I B ~ ~ T C F I ,  MHOXHTenH 
MOXHO HafiTtI, PeuIaR HHTerpanbHbIe YpaBHeHHR BoJlb~eppa M 
pa3HOCTHbIMU RApaMU. 

MneR HenonHoro p a 3 n e n e ~ u ~  nepeMeHHblx 6blna n o s n s e e  
npuMeHeHa n p o @ e c c o p o ~  T. M. n e ~ p a r u e ~ e ~  u e r o  yqeHuKaMu K 
s a n a s a ~  nnR c r r o u c ~ b ~ x  nonynnocKocTM u nonynpocTpaHcTsa (CM. 
[21] u y ~ a 3 a ~ ~ y r o  TaM n u ~ e p a ~ y p y ) .  B STMX p a 6 o ~ a x  cHaqana 
nenaeTcR n p e o 6 p a 3 0 ~ a ~ u e  Qypbe no  npocTpaHcTseHHblM nepeMes- 
H ~ I M ,  nocne qero  3anasa CBOAMTCR K pemeHuIo c ~ e r u a ~ ~ o t i  nBy- 
M ~ P H O ~ ~  H ~ C T ~ ~ H O H ~ ~ H O ~ ~  3anasM. 3 ~ y  HeCTa4HOHapHyIo 3anasy  
MOXHO pemaTb, u c n o n b 3 y ~  n p e o 6 p a 3 0 ~ a ~ u e  Aannaca. B pesynb- 
TaTe nonyqaercR yno6aoe MHTerpanbHoe npencTasneHMe peruesusr, 
HCnOnb3yR KOTOpOe, MOXHO H ~ ~ T M  CMHrYnRPHOCTU p e u l e ~ ~ f i  C 
TosesHblMM UCTOsHMKaMU K O J I ~ ~ ~ H H ~ ~ ,  n e p e 8 T ~  OT HHTerpanbHblX 
n p e n c ~ a s n e ~ u f i  K T O I ~  a o p ~ e ,  KoTopasr nonysaeTcsr c noMoubm 
@-H peme~kifi ,  nOnCqMTaTb BOnHOBOe none C I lOMOUbIo  3BM. 
~ T M  PaCCMOTPeHMR AOnYCKaH3T 0 6 0 6 ~ e ~ n e  Ha UM~MHAPkiqeCKUe 
M C @ ~ P M ~ ~ C K M ~  rpaHM4bI pa3AeJla, HeKOTOpbIe KAaCCbI aHH30TpoII- 
H ~ I X  cpen. 

M n e ~  HenonHoro p a 3 n e n e ~ u ~  o ~ a 3 a n a c b  BecbMa n o n e 3 ~ o f i  y x e  
B HaWU AHM: PeUeHMe ~ B Y M ~ ~ H O ~  H ~ C T ~ ~ M O H ~ ~ H O ~ ~  3anaqM MOX- 
HO HaXOAMTb sMCneHHO Ha 3BM.  fleJlaR ( T O X ~  ~ H C ~ ~ H H O )  npeo6- 
pa30BaHMe @ypbe, MbI  nPMAeM K ( Y M C J I ~ H H O M Y )  peWeHMIo MHTe- 
p e c y ~ u e 8  Hac n e p ~ o a a s a n b a o i i  n u @ p a ~ u u o ~ ~ o t i  3anast1. Ha STHX 
uneRx 6~33Mpye~cR p a 6 0 ~ a  [22], nocnyxuBruarr O C H O B O ~  M H O ~ O -  
gMCJleHHbIX PaCseTOB C ~ ~ ~ C M H Y ~ C K M X  BOflHOBbIX n0nefi Ha 3BM. 
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20. C M H p H 0 B M. M. @ ~ H K U H O H ~ J I ~ H O - H H B ~ ~ I I ~ H T H ~ I ~  PeXIIeHUR BOJIHOBOrO 
y p a B I i e H H R / / Y s .  3an. J l e H H H r p .  Y H - T a ,  Wp. MaT.  H a y K .  1950. T. 21. C. 127-202. 

21. n e ~ p a m e ~ b  r. M., M O J I O T K O B  Jl. A., K p a y ~ n w c  n. B. B o n ~ b l  
B CJIOWCTO-OAHOPOAH~~X H ~ O T P O ~ H M X  ynpyrwx cpenax. Jl., 1982. 289 c. 

22. A n  e~ c e e  B A. C., M n x a f i n e  H K o 6. r. Perue~ne 3 a A a s u  J l e ~ 6 a  
AJIR BepTUKaJIbHO-HeOAHOpOAHOrO ~ o ~ ~ ~ ~ o c T ~ ~ H c T B ~ / / M ~ B .  AH CCCP, cep. @H- 
3 H K a  3 e ~ n n .  1976. T. 12, Nz 1. C. 11-25. 

Teope~nsec~ym p a b o ~ y ,  n p c r s e A e H H y m  B T e s e H w e  T p e x  c n w m m  n e T  c y q e c T -  
BOBaHWR TeOpeTHYeCKOrO OTAeJIa ,  TPYAHO O X B a T H T b  80 B C ~  nOJIHOTe B H e 6 0 J I b -  
U O M  O s e p K e .  3 ~ a  pabo~a,  RBJIRRCL eAWHbIM UeJlblM, pa3BeTBJIReTCR,  OAHaKO. no 
pa3nws~k.m o 6 n a c ~ ~ ~  ~ e 0 p e ~ H s e ~ K 0 f i  c~~~cMoUIOI'HH. M b l  o6pncye~  3 A e C b  JIWLUb 
OAHY H 3  B ~ X H ~ ~ ~ I I I W X  B e ~ B e f i ,  K O T O p a R  A 0  H a C T O R 4 W O  B p e M e H H  O X B a T b I B a e T  CO- 
6010 3 H a ' l W T e J b H O  6wbme nOJIOBHHM BCeX IIPOBeAeHHblX k i ~ C J I e ~ 0 B Z i H l i f i .  M b l  WMe- 
e M  B BWAY 06uym T e o p n m  p a c n p O c T p a w e H n R  ynpyrnx B o n H  n w o s b l f i  M e T o A  pe- 
llleHNR 3 a A a s  0 p a C n p O C T p a H e H H k i  BOJIH B C J I O H C T O ~ ~  C p e A e ,  O C H O B ~ H H ~ ~ ~ ~  H a  3 a K 0 -  
H a x  o T p a x e H w R  H n p e n o M n e H n R .  

K p o ~ e  BOnpOCOB, CBR3aHHblX C 3TWM HOBblM MeTOAOM, B K p p  H C C J I ~ A O B ~ H H ~  
T e o p e T w s e c K o r o  o T A e n a  B o m n n  e q e  a a A a s n ,  K a c a I o u w e c R  ~ e o p n n  ~ w @ p a ~ u n n  npw 
HeyCTaHOBHBIIIkiXCR K o J I ~ ~ ~ T ~ J I ~ H ~ ~ x  n p O U ~ C C a X ,  TeOpkiH P a C n p O C T p a H e H H R  B 0 3 M Y -  
ueH&ifi B H~Q,LLHOPO~AHO~~ C p e A e  C H'XlpephuBHO MeHRIoLL(WMWCR C B O ~ ~ C T B ~ M W ,  CTaTH- 
s e c K w e  3 a A a s H  T ~ O ~ H I ~  Y I I p y r O C T N  n T. a. 0 6 3 0 ~ ~  3TNX BOnpOCOB 6 y ~ e ~  nOCBR- 
U e H a  OTAeJIbHaR CTaTbR.  

Palcnpoc~pa~e~we ynpyrwx B o n H  B 6 e 3 r p a H H s H o f i  cpeae 6 b 1 n o  n 3 y s e ~ 0  y x e  
AaBHO. K ~ K  BCeM XOpOluO WBBeCTHO, 3 T H  UCCJIeUOBaHUR n p U B e n H  K yCTaHOBJIeHHI0 
A B y X  T H n O B  KoJ'Ie6aIiwfi - I I ~ o A o J I ~ H ~ ~ x  H n O n e p e s H b l X ,  p a U I p O C T p a H R I O U H X C R  
C p a 3 n H s H b l M H  CKOPWTRMU. O A H ~ K O  H a  n p a K T H K e  6onbmem 'IaCTbIO nPUXOAHTCR 
m e T b  A e n o  c T e M  c n y s a e M ,  K o r n a  cpena w M e e r  rpaauqy, w p a 3 h c ~ w s a ~ b  T a m e  
pemeawa o6qwx y p a ~ ~ e ~ n f i  T e o p n w  y n p y r o c T n ,  K o T o p b l e  ~ A O B ~ ~ T B O ~ R I O T  onpe- 
AeJIeHHblM n p e A e n b H M M  YCJIOBHRM H a  r p a H H U e  CpeAbl .  B ~ a n 6 o n e e  npOCTOM H sa -  
CTO B c T p e s a m u e M c n  cnysae 3 ~ a  rpaewqa n p e A c T a s n R e T  ~06010 CBO~OAHYKI nosepx- 
HOCTb, W ITpH 3TOM n p e A e n b H b l e  YCJIOBHR B b l p a X a l O T C R  OTCYTCTBNeM H a n p R x e I i H f i  
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