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Penaxuaa aareparypu no !\JH3HKe 

nPE.llI1CJlOBI1E PE.llAKTOPA 

KUHra H3BeCTUblX q,paUu.Y3CKHX Y1JeUblx-q,H3HKOB JI. 6pHJI

JlI03Ha H M. Ilapona "PacnpOCTpaueUHe BOJIU B nepHo.nH1JeCKHX 

crpyxrypax- acxpusaer 06lUUOCTb BOJlUOBblX slBJleuHR aKycTHKH, 

MexaUHKH, 3J1eKTpOMameTH3Ma, KBaUTOBoR MexaUHKH. B KUHre 

1JHTaTeJlb uaR.neT psn neoxaaanaux H SlpKHX aaaaoraa Me>K.ny 

BOJlUOBblMH SlBJleUHSlMH, npoacxonsuraxa B uenosxe H3 CBSl3au

HblX MaCC, B aTOMuoR peurerxe raepnoro rena, B 3J1eKTpH1Je

CKOM u.en01Je1JHOM q,HJlbTpe, B naarppar MHpOBaHHOM BOJlHOBO.ne, 

B 3J1eKTpH1JeCKHX JlHHHSlX C nepHo.nH1JeCKH MeHSllOlUHMHCSI napa

MeTpaMH. 

KaK yBH.nHT 1JHT3TeJlb, B KHHre npHMeHSleTCSI e.nHllblR anna

par, npnronaua .nJlSl auanaaa xoaeoarem.nux npOu.eCCOB 

H pacnpocrpaaeuas BOJIH pa3J1H1JHOR q,H3H1JeCKOR npaponu. 
06lUHM .nJlSl paCCMaTpHBaeMoR B KHHre llIHpOKOR cosoxyn
,HOCTH q,H3H1JeCKHX CHCTeM SlBJlSleTCSI nepHo.nH1JHOCTb HX CTpyK

rypu, npOHCXo.nSlIU,He B TaKHX CHCTeMax BOJlHOBble npoueccu 
onHChlBalOTCSI C nOMOlU,blO reopaa xarpau. MaTeMaTH1JeCKHR 

armapar MaTpH1JUOrO HC1JHCJleHHSI B ToR q,opMe, B KOTOpoR OH 

acnoasayercs B KUHre, XopOWO 3HaKOM KaK q,H3HKy, TaK 

H HH>KeHepy. 

Ilanuas KHHra SlBJlSleTCSI UOBblM H3.naHHeM KHHrH JI. 6pHJI

JlI03Ha "PacnpOCTpaHeUHe BOJIU B nepHo.nH1JeCKHX crpyxrypax, 

3J1eKTpH1JeCKHX q,HJIbTpaX H KpHCTaJlJlH1JeCKHX peurerxax- , su
we.n.weR B 1946 r. sa aurJlHRCKOM sasnce I). B HOBoe H3.naUHe 

1) Wave Propagation in Periodic Structures, Electric Filters and 
Crystal Lattices, by prof. Leon Brillouin (International series in Pure 
and Applied Physics), p. 247, New York and London, 1946. 
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KHIUH .n06aBJIeHbl serupe r naasr, H nexoropue r naau CTapOrO 
H3.naHHSI nononneuu HOBblMH .naHHbIMH. 

J{HHra conepsorr 14 r JIaB. 
B rJI. 1 .naH KpaTKHn HCTOpHlJeCKHn 0630P pa3BHTHSI YlJeHHSI 

o KOJIe6aHHSlx, HalJHHaSi C pa60T Hsiorona B KOHu.e XVlII sexa 
H KOHlJaSi pa60TaMH XX CTOJIeTHSI. 

r JI. 2-5 nocamueuu pacnpocrpaaemno BOJIH B aeorpaaa
lJeHHblX onnoaepnux nepaonasecxax uenoxxax H3 TOlJelJHblX 
Macc. 

B r JI. 2 npHBo.nHTCSI onpenenenae BOJIHOBblX xapaxre
pHCTHK TaKHX uenoxex H KalJeCTBeHHO onHCblBalOTCSI npoueccu 
pacnpocTpaHeHHSI BOJIH B HHX. 

B r JI. 3 .naeTCSI MaTe MaTHlJeCKaSi TeopHSI o.nHOMepHbIX u.e
no-rex, B 9TOn r JIaBe COCTaBJIeHbl ypaBHeHHSI .nBH)J<eHHSI .nJISI 
TaKHX uenouex H nOJIYlJeHbl Bblpa)J<eHHSI .nJISI .nenCTBYIOW.IIX 
CHJI. a TaK)J<e Han.neHa CKOpOCTb pacnpocrpanenaa BOJIH H aa
BHCHMOCTb lJaCTOTbI OT .nJIHHbI BOJIHbI. 

113JIO)J<eHHaSi TeopHSI npOHJIJIIOCTpHpOBaHa na npaxepe 9JIeK
TpHlJeCKOrO <pHJIbTpa. 

Cneuaaasnua naparparp nOCBl1meH aHaJIOrHSIM Me)J<.ny 9JIeK
TpHlJeCKHMH, MeXaHHlJeCKHMH H aKyCTHlJeCKHMH l1BJIeHHl1MH H HX 
xapaKTepHCTHKaMH. 

B r JI. 4 paccxarpaaaiorca 60JIee CJIO)J<Hble uenomca, l1lJettKa 
nepHo.nHlJHOCTH KOTOpblX HMeeT HeCKOJIbKO creneaen caooonu, 
B lJaCTHOCTH peurerxa MOJIeKyJI NaCI H 9KBHBaJIeHTHal1 TaKOn 
CHCTeMe 9JIeKTpHlJeCKaSi uern.. UJIl1 9TOn aanasa npoaeneao 
nonporiaoe peureune H nOJIYlJeHbl ace xapaxrepncrmcn KOJIe6a
HHtt (3aBHcHMoCTb lJaCTOTbl OT BOJIHOBOrO lJHCJIa, CB113b aMnJIH
ryn, nOJIOCbl nponycsanas H uenponycxanas, K09<P<PHu.HeHT 
oCJIa6JIeHHSI). 

r JI. 5 nocssinena 9HepreTHlJeCKHM np06JIeMaM. UaeTCl1 
onpenenenae H BbIBO.n <pOpMyJI nJIOTHOCTH 9HeprHH, nOTOKa 
9HeprHH H CKOpOCTH ee pacnpocTpaHeHHH. 4eTKO BBe.neHbI no
HSiTHSI <paaoBOn H rpynnosoa cxopocrea, a TaK)J<e CKOpOCTH 
pacnpocrpanenas CHmaJIa. UaHO onpenenenae xapaxrepacra
lJeCKOrO HMne.naHca (B TOM lJHCJIe H .nJIl1 MeXaHHlJeCKOn CHCTeMbl) 
H H3YlJeHO ero anasenae npa l1BJIeHHl1X npOXO)J<.neHHl1 H orpa
)J<eHHl1 BOJIH B u.enl1x. 

B rJI. 6 H3YlJaeTCl1 sonpoc 0 nOBe.neHHH KOHelJHblX uenen 
H 0 BJIHl1HHH rpaaasnux yCJIOBHn. npHlJeM B KalJeCTBe anna
para WHpOKO npHMeHl1lOTCl1 nOJIHHOMbl 4e6blweBa - I'eren

,It 

,I 
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6ay9pa 1). C HX nOMOl.I..\blO onpeneaatorca c06CTBeHHbie lJaCTOTbl 
KOJIe6aHlln onaoxepuux uenosex pasuux THnOB .nJIl1 pa3JIHlJHbiX 
rpanasnux yCJIOBHn. OCHOBHOn BKJIa.n B paspaoorxy 9TOn npo
6JIeMbi npHHa.nJIe)J<HT O.nHOMy H3 aBTopOB KHHrH, a HMeHHO 
M. Ilapona. 

B f JI. 7 paccxarpaeaerca TeopHSI neyxepaux peurero«, 
B CBl1aH C lJeM aanaraerca TeOpHl1 6PHJIJII09Ha 06 saeprera
lJeCKHX 30Hax. TIPHBOllHTCSI pemeuae sanaua 0 pacnpocrpane
HHH BOJIH B nenpepuanon cpene C MaJIblMH nepHo.nHlJeCKHMH 
B03MymeHHSlMH no MeTo.ny ill penanrepa. Hsyxaercs 6p9rroB
cxoe orpaxeuae H paanasuue CJIylJaH pacnpocrpanenua BOJIH. 

B f JI. 8 nOJIYlJeHHbie peaynt.raru 0606malOTCl1 ua cJIYlJatt 
rpexxepnux peurerox H npHBo.nHTCSI pemeune rpexxepnoro 
BOJIHOBOrO ypasueuas. Ilpaseneuu nannue 0 crpoenaa 30H 
KpHCTaJIJIOB paanaunux THnOB. Koneu r JIaBbl nOCBl1w.eH npHJIO
)J<eHHIO reopaa K paccxorpenmo TenJIOBblX SlBJIeHHn B rnepnsrx 
renax C YlJeTOM KBaHTOBblX 9<p<peKToB (y.neJIbHal1 TenJIOeMKOCTb, 
xapaKTepHCTHlJeCKHe reaneparypu). YKa3aHbi npeaayuiecrsa 
H3JIO)J<eHHott aBTopaMII reopaa no cpaBHeHHIO C reopnen 
Ue6al1. 

B fJI. 9 'paccMaTpHBaeTCl1 ypaaneaae MaTbe. uexoropue 
CBottCTBa ypaaaeuas XHJIJIa H H3JIaralOTCl1 npaxraxecxae cno
C06bl peureuns ypannenns XHJIJIa. TIOJIb3Yl1Cb YKa3aHHblMH 
ypaBHeHHSlMH. anropu pacCMOTpeJIH napaaerpasecxan pesonauc 
H nOBe.neHHe cB060.nHbIX 9JIeKTpOHOB B MeTaJIJIax. 

r JI. 10-14 nocaauieau npHJIo)J<eHHIO reopaa K pa3JIHlJHbi M 
<pHaHlJeCKHM 06beKTaM. B rJI. 10 paccxarpnaaerca pacnpocrpa
HeHHe BOJIH B.nOJIb 9JIeKTpHlJeCKHX uenea, COCTOHW.HX H3 TO)J<
.neCTBeHHbIX JIHHettHblX 9JIeMeHTOB, He conepxaunrx HCTOlJUHKOB 
9JIeKTpo.nBH)J<ymHx CHJI. TIO.np06HO paCCMaTpHBalOTCl1 uenn H3 
lJeTblpeXnOJIIOCHHKOB, BbIBO.nHTCl1 ypaauenae lJeTbIpeXnOJIIOCHHKa, 
ero xapaxrepacraxecxaa HMne.naHC, H3YlJaeTCl1 pacnpocrpaneuae 
BOJIH. HX orpaaceuae H nOrJIOw.eHHe B uensx H3 lJeTblpexno
J1IOCHHKOB. 

1) B fJl. 6 H 12 rrpH paccaorpeana orpanauenaux rrepHOAHqeCKHX 
CTpyKTyP. B qaCTHOCTH 3J1eKTpHqeCKHX <pHJlbTPOB. npnueamorcs nona

HOMb! C~ (x), xoropue 8BTOpbl Ha3bIBalOT rrOJlHHOMaMH Fer eaoayspa. 

CpaBHeHHe noxaausaer, QTO rrOJlHHOM I'ereaoayspa C; (x) (HJlH 3J1eK

Tpoc<pepHQeCKHH rrOJlHHoM) npencraanxer C060H rrOJlHHOM 4e6b1lueBa 
BToporo pona, 
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B rn. 11 H3Y4a~TcH AnHHHNe 9neKTpH4ecKHe nHHHH (B TON 
lJHCne .IlBYX-. rpex- HnH eooouie MHOrOq,a3Hble), napaxer
pu KOTOpblX MoryT 6blTb KaK nepexeuaux«, TaK H nOCTOSlH
HbIMH. 

r JI. 12 nocasmena HaYlJeHH~ 9neKTpHlJeCKHX q,HJIbTpOB 
c noxoun.io nOJIHHOMOB 4e6NweBa - Fereaeayspa. OOJIYlJeHbI 
xarpauu, C noxouu.io KOTOpblX TOK H aanpsxenae na suxone 
Ka>K.IlorO 9J1eMeHTa q,HnbTpa aupaxaercs sepea TOK H uanps
)KeHHe HS BXO.Ile. Ilpoaeneaa SHanorHSI Me)K.IlY npOXO)J(JleHHeM 
9 JleKTpOMafHHTHblX BOJIH qepea q,HJlbTP H pacnpocrpauenaex 
peHTreHOBCKHX JIy4eR B KpHCTaJlJIaX. 

B r JI. 13 .IlaHbl OCHOBbl reopaa aarpyxermax BOJIHOBO.IlOB, 
npuxenaexsrx B JIHHeAHblX yCKopHTeJISIX aapsxenuux lJaCTHu., 
B JIaMnaX C 6eryw.eR BOJIHOR. B aareaao-qianepaux CHCTeMax 
H B pane npyrax yCTpoRcTB. acnoasayeaux B cOBpeMeHHoR 
pa.IlHOTeXHJ.IKe H !MeKTpOHHKe. Paccxorpeau rpaaasaue YCJlO
BHSI, OCHOBHaSi H nononnarensuae BOJlHbI. HaY4eHbI q,H3HlJe
CKHe caoacrsa HeCKOJIbKHX B03MO)KHblX THnOB BOJlHOBO.IlOB 
B caysae pacnpocrpaaenaa BOJIH rnna TE H TM. 0pHBe.IleHhI 
HaBeCTHbIe peaynsraru reopan U.HJll1H.IlpHlJeCKHX BOJIHOBO.IlOB. 

HaKOHeu., B r JI. 14 accneayerca reopas .IlBH>KeHHlI B nepao
.IlHlJeCKH MeHSI~llleMCSI none. acnoasayexas, aanpuaep, npa KOH
crpyapoaaaaa naneanux ycxoparenen C 6eryw.elt BOJlHOIt. Ilpn
seneuu HCCJle.IlOBaHHSI EPHJlJl109Ha 0 B3aHMO.IleAcTBHH 9J1eKTpO
HOB C 9J1eKTpOMarHHTHbIM nOJIeM. 

UeHHoA oc06eHHOCTb~ KHHfU HBJIH~TCSI npOCTOTa H SlCHOCTb 
H3JIO>KeHHlI MHorHX TPY.IlHbIX np06JIeM. WHPOKHIt nonxon 
K paCCMOTpeHH~ BOJlHOBblX npOu.eCCOB B pa3JIHlJHbIX no caoen 
q,H3HlJecKoR npapoae CHCTeMax n03BOJlSleT npxxenars peayns
raru HCCJIe.IlOBaHHlI ToR HJIH HHoR KOHKpeTHoR CHCTeMbl K apy
fUM CHCTeMaM. MOAeJlHpOBaTb O.IlHH BOJIHOBNe npoueccu Apy
ruMH, 4TO HMeeT BS>KHOe npaKTHlJeCKOe 3HalJeHHe .IlJlll cneuaa
JlHCTOB BO acex TeX 06JIaCTlIX. xoropue OnHCbIBa~TCSI B KHHre. 

B u.eJIOM KHHra, HeCOMHeHHO, 6YAeT nonesna HaYlJHbIM pa
60THHKaM, ~1H)KeHepSM H npenonaeareaaa, Be.Ilyw.HM paoory 
no OCBemeHHhIM B KHHre sonpocax. 

Pe)J.8KTOp supaxaer npH3HaTeJlbHOCTb Jl. Jl. Ca6COBHlJy 
H H. B. COJlOBbeBY aa noaouu, npa pe.IlaKTHpOBaHHH nanuoro 
pyccKoro H3.IlaHHSI KHHrH. 

n. A. PR3UH. 
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OPE.llHCJlOBI1E ABTOPOB 

B 9TOlt KHHre lJHTaTeJIb BCTpeTHTCSI C secsua IlIHpOKHM 
xpyrosi BonpOCOB. Hexoropue OTHOCSlTCSI K 9JIeKTpOTeXHHKe 
H reopaa CBSl3H, npyrue - K reopaa KOJIe6aHHR H. naxoueu, 
rpersu - K reopna KpHCTaJlJlOB H pacnpocrpaneamo ynpyrax 
9J1eKTpOMafHHTHhIX HJIH 9JIeKTpOHHhiX BOJIH B nepHOAH4eCKHX 
crpyxrypax. 

I{aK 6hI pasnooopaauu HH 6blJIH aanaun, HX MaTeMaTHlJeCKOe 
paCCMOTpeHHe npHBO.IlHT K ypaBHeHHSlM, HMelOw.HM paa 06111HX 
CBOltCTB H secsxa CXO.IlHble peureuas. Eho r Jly60Koe pon
CTBO Me>KAy CTOJIh pa3JIH'IHhIMH np06JIeMaMH 
HaBeCTHO euie I{eJIhBHHY H P9J1elO. O.IlHaKO 
o HeM HeCKOJlbKO aa6NJlH H TOJlhKO B caxux 
60Tax na 9TH Ba)KHbIe nOJlO)KeHHSI 6bIJlO CHOBa 
06XO.IlHMOe BHHMaHHe. 

6hlJIO XopOWO 
B AaJIhHeltweM 
nOCJleAHHX pa
otipauteao He

Knara. KOTOpylO MhI npeaaaraea q,panu.yacKoMy lJHTaTeJlIO. 
OCHOBaHa na 60JIee pannax ny6J1HKau.HSlx aeropoa. 3J!ech BCTpe
THTCSI AOBOJlbHO ~IHoro aonpocoa, yxce paccaorpeaaux O.IlHHM 
aa Hac (Jl. EpHJlJlI09HOM) B He60JlhIlIolt KHH>KKe. oaar JIaBJIeHHOA 
• Pacnpocrpaneuae BOJJH B nepHO.IlH4eCKHX ctpyxrypax" 
(L. B rill 0 u i n, Wave propagation in periodic structure. 
New York, 1946); napsny C 9THM .Il06aBJIeH 3HalJHTeJlhHbll1 
MaTepHaJI. orpaxaiouma nOCJleAHHe parioru. B 4aCTHOCTH pa
60TbI sroporo asropa (M. OapOJlH), H secs ua mrrepecnue pe
aYJlhTaTbl.oTHocSllllHecSi K orpanasennua CHCTeMaM. B u.eJIOM me 
9TO no CyW.eCTBy HODaSi KHHra, H Mhl Han.eeMCSI, 4TO OHa 6yn.eT 
6J1arOCKJlOHHO BCTpelJeHa 4HTaTeJlSlMH. 

JI. EpUAJl103fl U M. Ilapoou, 



fJIaBa 1 

PAcnpOCTPAHEHHE ynpYfHX BOJIH BOl{HOMEPHOA PEWETKE, 
~. OliPA30BAHHOH H3 TOIJEIJHblX IJACTHU. 

HCTOPHIJECKHH 0630P 

r

§ 1. Pa60Tbl XVIII aexa 

Bnepsue onnoaepnyio perneTKy. COCTOSlIUYIO 1I3 T04e4HblX 

4aCTlIu,. paccaarpnaan HblOTOH 1) npl1 Bhl411CJIeHlISlX CKOpOCTlI 

3BYKa. Ero pacxeru OCHOBblBaJIlICb na npennonoxcenaa, 'ITO 

3ByK paCnpOCTpaHSleTCSI B noanyxe nO.n06HO TOMy. KaK ynpy
ras BOJIHa paCnpOCTpaHSleTCSI B peiuerxe, 06pa30flaHHOn T04e4

HblMlI sacrauaax KOHe4HOn MaCChi. 4T06bl nOBeCTlI pacneru 
no KOHu,a. OH Bbl6pan Ha1160JIee' npOCTOn CJIy4an - peurerxy, 
COCTOSlIUYIO 1I3 xacruu oaanaxoaoa MaCCbl. pacnonoarenaux na 
pasaux paCCTOSlHlISlX npyr OT npyra B.nOJIb nexoropoz npsxoa, 

,..	 coanaaaiouiea C nanpaaaennea pacnpocrpauemrs. KpOMe roro, 
OH npennoaoaoor, 'ITO sa xaacayio sacruuy CO CTOpOHbl cocen
HlIX CHen sacrnu neacrnyer ClIJIa. xapaxrepaayexas K03epqm

u,lIeHTOM ynpyrocra (<plIr. 1). 

m m m m m 

<P 1I r. 1. 

0603Ha4aSl sepea m Maccy xacrauu 1I xepea d paccrosnne 

Mem.ny HlIMlI B COCTOSlHlIlI paBHOBeclISI. HblOTOH nOJIy411JI .nJIH 

CKOpOCTlI pacnpocTpaHeHlISI ynpyrllx BOJIH BhlpameHlIe 

.. v = d ~ r e = ~ r ed (Ll)V m	 V p' 

B KOTOpOM P- cpe.nHSISI I1JIOTHOCTb. 

1) New ton. Principia. livre II. 1686. 
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CP3BHHB311 3TOT pe3YJIbT3T C 3KCnepHMeHT3JIbHbIMH .n3HHbIMH 

.nJIlI CKOpOCTH 3ByK3, HblOTOH npmuez K BbIBony, lJTO BeJIH

lJHHe p H3.n0 npHnHC3Tb 3H3lJeHHe nJIOTHOCTH B03.nYX3. 3 npOH3

Be.neHHIO ed - 3H3lJeHHe BeJIHlJHHbI. 06p3THOR K03epepHUHeHTy 

H30repMHlJeCKOR C>KHM3eMOCTH. O.nH3KO nOJIylJeHHOe T3KHM 

06p330M 3H3lJeHHe CKOpOCTH 3BYK3 6bIJIO MeHbille 3H3lJeHHlI, 

H3R.neHHOrO 3KCnepHMeHT3JIbHO. 8TO CB1I33HO C TeM (JI3nJI3c. 

1822 r .), lJTO B .neRCTBHTeJIbHOCTH C>K3THe H pacumpenae B03

nyxa, COnpOBO>K.naIOIl.I,He pacnpocrpaaenae 3ByKOBOR BOJIHbI. 

npoacxonar a.nHa63THlJeCKH. YlJeT sroro ep3KT3 npnsonar K aa

MeHe B npenunymen epOPMYJIe H30TepMHlJeCKOrO K03epepHUHeHT3 

ynpyrocrn 3.nHa63THlJeCKHM; npa 3TOM epOPMYJI3 Hsioroua .aaer 

.nJIlI CKOpOCTH 3ByKa 3H3lJeHHlI, osens xopouro COBn3.n3IOIl.I,He 

C 3KcnepHMeHT3JIbHbIMH .naHHbIMH. 

npHlJHH3, 33CT3BMBIll3SI HblOTOHa paccaorpe'rs onnoxepnyio 

peurerxy, 3H3JIOrHlJHYlO peurerxe, npe.nCTaBJIeHHOR H3 epHr. I, 
3aKJIIOlJ3JI3Cb B TOM, lJTO B T~ apexa HCCJIe.nOB3HHe CnJIOIllHbI X 

cpen npHBO.nHJIO K 33.n3lJ3M, M3TeM3THlJeCKH He p33peIllHMbIM, 

nOCKOJlbKy ypaaaeuas B lJ3CTHbIX npOH3Bo.nHbIX 6bIJIH nOlJTH 

HeH3BeCTHbi. ,UBH>KeHHe >Ke BbI6p3HHOR HblOTOHOM MeX3HH

lJecKoR Mo.neJIH onHCbIBaJIOCb CHCTeMoR 06biKHOBeHHbIX .nHepepe

peHUHaJIbHbIX yp3BHeHHR. peureuae KOTOpbIX yxe 6bIJIO H3BeCTHO. 

C 1727 r. H3lJ3JIOCb aayseune onnoxepuux peurerox. 0 no

JIYlJeHHbIX npa 3TOM pe3YJIbT3TaX ynoxnnaercs B nacsaa x, KO

TOPbiMH 06MeHHB3JIHCb Me>K.ny c060n ,U3HHHJI oepHyJIJIH, pa

60T3BWHR B Camcr-Ilerepeypre, Hero oreu l1or3HH oepHyJIJIH, 

>KHBWHR B 033eJIe. OHH yCT3HOBHJIH, lJTO 0.nHOMepH311 CHCTeM 3 

H3 n TOlJelJHbIX lJ3CTHU 06JI3.n3eT n He3aBHCHMbIMH THnaMH 

KOJIe63HHR H, K3K CJIe.nCTBHe roro, n c06CTBeHHbIMH lJaCTO

T3MH. 

HeCKOJIbKO n03>Ke, B 1753 r .• 'u3HHHJI BepnyJIJIH yCTaHO

BHJI npnauan cynepnoaauaa, corJI3CHO KOTOpOMy JII060e .nBH

>KeHHe KOJIe63TeJIbHOR CHCTeMbI MO>KeT 6bITb npe.nCTaBJIeHO 

B BH.ne cynepnoaauaa ee C06CTBeHHbIX KOJIe63HHR. 8TOT B3>K

HeRwHR npanunn lIBJIHeTClI O.nHHM H3 lJ3CTHbIX CJIe.ncTBHR p33

JIO>KeHHlI	 B pan <f>ypbe; B .naJIbHeRilleM OH 6bIJI 0606Il.1,eH H no

JIylJHJI H33B3HHe "TeopeM3 <f>ypbe". 

8TH pa60TbI MO>KHO ClJHT3Tb H3lJ3JIOM TeOpeTHlJeCKOR epH3HKH. 

n3p3JIJIeJIbHO 6bIJIH 3KcnepHMeHT3JIbHO YCT3HOBJIeHbI 33KOHbi 

.nBH>KeHHlI KOJIe6JIIOIl.I,enClI CTpyHLI. npoaenenu nepsue reope

THlJeCKHe HCCJIe.nOBaHHlI B 3TOM H3np3BJIeHHH (TeRJIop, 1713 r.). 

OOJIee nonnue pe3YJIbT3TbI 6bIJIH nOJIYlJeHbI 8RJIepOM (1748 r .) • 

KOroPbIR	 HCCJIe.nOB3JI YP3BHeHHlI B lJaCTHblX nponaaonnux, ona

CbIB31OIl.I,He KOJIe63HHlI crpynu. 
Ilonycrnx. lJTO OCb x COBn3.naeT C Ii3np3BJIeHHeM noxos

mencs CTpyHbI, TOlJKH KOTOp014 MoryT acnuru B3Tb KOJIe63HHlI 

B nJIOCKOCTH, nepnenaaxyaspnon OCH x. Torna, K3K nOKa3aJI 

8RJIep, cxeuienae TOlJeK CTpyHbI. I1MelOIl.I,HX xoopaauary x 
~ B MOMeHT BpeMeHH t, onpenenserca CyMMOR nayx npOH3BOJIb

HbIX epyHKUHR nepeaennux x + ot H x - ot (rne o - CKO

POCTb p3cnpOCTp3HeHHlI BOJIH) npa yCJIOBHH, lJTO 3TH epyHK

UHH y,llOBJIeTBOpSiIOT HeKOTopbIM YCJIOBHlIM HenpepbIBHOCTH. 

8TOT pe3YJIbT3T nOCJIy>KHJI npHlJHHOR .nJIHTeJIbHOR ,llHCKyCCHH. 

np0,llOJI>K3BWeRclI BnJIOTb no 1807 r. ,UeRcTBHTeJIbHo. eCJIH 

npmran, pe3YJIbTaT 8RJIep3 H YlJeCTb npHHUHn cynepnosnuna, 

TO nOJIylJHM, lJTO npOH3BOJIbHylO epyHKUHIO rtepexennux x --I- ot 
MO>KHO npencraaan, B sane CYMMbI CHHyCOB H KOCHHyCOB. 

T3K K3K 6bIJIO y>Ke H3BeCTHO, lJTO coficraeanae KOJIe6aHHlI 

CTpyHbI onHCbIBalOTClI epYHKUHlIMH sroro rana. 8TO yrnepacae

HHe. lIBJIlIlOIl.I,eeClI He lJeM HHbIM. KaK yCTaHOBJIeHHOR B 1807 r. ,. reopeaon <f>ypbe, nOllBHJIOCb B 60JIbWoR CTeneHH 6JI3rO,llapll 

8RJIepy. KOTOpbIR He cxor noneeprnyrs COMHeHHIO cnpaaenan

BOCTb nOJIylJeHHOrO HM peurenas H 6bIJI BbIHY>K,lleH OTKa33TbClI 

OT npHHUHn3 cynepnosauau. 

T3KHM 06pa30M. oreu H CbIH oepHyJIJIH ,ll3JIH nOJIHOe pe

ureaae 33.nalJH 06 onnoxepaoa peurerxe, COCTOllIl.l,eR H3 TOlJelJ

t1biX lJ3CTHU, 3 8RJIep peWHJI 33.nalJY 0 KOJIe6JIIOIl.I,eRclI crpyne: 

OCT3B3JIOCb CB1I3aTb HX pe3YJIbT3TbI, yCTaHoBHTb nepexon OT 

aenpepusuoro K .nHCKpeTHoMy. 8Ty aanasy BbITIOJIHHJI JI3r

paH>K (1759 r.). T3K >Ke K3K H 8RJIep, JIarp3H>K He npH3H3

BaJI npHHUHn cynepnoanuaa, lJTO K3>KeTClI HeCKOJIbKO CTpaHHbIM, 

TaK KaK B ero HCCJIe.nOBaHHlIX 6bIJIH pa3p360TaHbI OCHOBbI Me

rona pa3JIO>KeHHlI B pan <t>ypbe. C npyron CTOpOHbI, necxorpa 

na TO. lJTO y>Ke HMeJIHCb MHOrOlJHCJIeHHble npnaepu p33JIO>Ke

HHS! B psnu no TpHrOHOMeTpHlJeCKHM epyHKUHlIM, HHKTO He 

"'	 npe,llnOJI3r3JI, lJTO nonoonue pa3JIO>KeHHlI MO>KHO HCnOJIb30BaTb 

.llJIS! npencraanenas npOH3BOJIbHbIX epyHKUHR, XOTII B 1754 r. 

B o.nHoR H3 pa60T no aeoecnoa MexaHHKe. OCT3BweRclI aesa

MelJeHHoR, Knepo ,llaJI neooxonaaoe ,llOKa3aTeJIbCTBO. nOJIHOe 

peweHHe sroa 3a.n3lJH naa <t>ypbe, ,llOKa3aDwHR B03MO>K!IOCTb 

raxoro p33JIO>KeHHlI H YK333BWHR na ero rpouannoe reopern

lJeCKoe H npaKTHlJeCKOe 3H3lJeHHe. 



15 14 I'naea I 

Bee 3TH pa60TbI KOHua XVIII aexa npe,ll,CTaBJISIIOT 60JIbWOR 

HHTepeC, TaK KaK OHH nOaBOJIHJIH nOCTaBHTb 60JIbWOe '1HCJIO 

HOBblX np06JIeM KaK B TeOpeTH'IeCKOR lflHaHKe, TaK H B '1HCTOR 

MaTeMaTHKe. K 3THM np06JIeMaM OTHOCSlTCSI: 

1) nOHSITHe coocrseuuux lflyHKUHR H coecraenaux anaseaan, 

acrperaaureeca anepaue B patiorax 0 KOJIe6aHHSlx CTpyH, MeM

6paH H T. n.: 
2) paaJIO>KeHHSI B pan ¢YPbe H paaJIO>KeHHSI B pan no c06

CTBeHHblM lflYHKUHSlM; 

3) ypaBHeHHSI B '1aCTHblX npOHaBO,ll,HbIX; 

4) pacnpocTpaHeHHe BOJIH; 

5) aTOMHaSi reopHSI TBep,ll,OrO TeJIa H CTpoeHHe KpHCTaJIJIOB. 

OTMeTHM, HaKOHeu, 'ITO HMeHHO 6JIaro,ll,apSi pa60TaM JIar

panaca Ilynan caor HaRTH peineuae Ba>KHOR 3JIeKTpOTeXHH

qecKoR aanaxn 0 Harpy>KeHHOM Ka6eJIe. 

§ 2. Pa60Tbi XIX aexa; Konra, Banea-Ilayann, KeJlbBHH 

B 1830 r. KOWH, ucnoassya MeTO,ll, Huoroaa, C,lI,eJIaJI no

nsrncy 06bSlCHHTb ,lI,HCnepCHIO CBeTa B npe,ll,nOJIO>KeHHH, 'ITO 

CBeT npe,ll,CTaBJISIeT c060R ynpyrae BOJIHbI C O'leHb 60JIbWoR 

'1aCTOToR. OH noxasaa, 'ITO ,lI,JISI ,lI,JIHH BOJIH, MHoro 60JIbWHX 

aaaaauoro paCCTOSlHHSI Me>K,lI,y '1aCTHuaMH, oopaayiouunor O,ll,HO

MepHylO peurerxy, CKOpOCTb pacnpocrpanenaa He aaBHCHT OT 

,lI,JIHHbl BOJIHbI. nJISI KOpOTKHX >Ke BOJIH, T. e. npa BblCOKHX 

'1aCTOTax, CKOpOCTb pacnpOCTpaHeHHSI SlBJISleTCSI lflyHKUHeR ,lI,JIHHbl 

BOJIHbl H MO>KeT aaMeTHO HaMeHSlTbCSI. 3TOT pesyJIbTaT, nOJI

HOCTblO cnpaaenaaaua B cnysae ynpyrax BOJIH, ,lI,JISI CBeTOBblX 

BOJIH cnpaaenaaa TOJIbKO Ka'leCTBeHHO H, KaK nosasan KeJIb

BHH, He MO>KeT nars y,ll,OBJIeTBOpHTeJIbHOrO 06bSlCHeHHSI ,lI,H

cnepCHH. 

B 1841 r. 6a,ll,eH-naY3JIJI nucxasaa npennoaoaceaae, 'ITO 

CKOpOCTb pacnpocrpaaenaa ynpyron BOJIHbl B,lI,OJlb OCH Ky6H

secxoa peuierxa SlBJlSleTCSI lflYHKUHeR ,lI,JlHHbl BOJlHbl, H pac

CMOTpeJl pacnpocrpanenne BOJIH B O,ll,HOMepHoR peurerxe, CO

CTOSImeR as TO'le'lHbIX '1aCTHU O,ll,HHaKOBoR MaCCbl m, pacnoao

>KeHHbIX B,lI,OJlb HeKOTopoR npsaoa na paanux paCCTOSlHHSlX d 
npyr OT npyra (lflHr. 2). C'IHTaSl, 'ITO na Ka>K,lI,YIO '1acTHUy CO 

CTOpOHbl ee 6J1H>KaRwHX cocenea ,lI,eRCTByeT CHJla, xapaxrepa

ayexaa O,ll,HHaKOBblM ,lI,JlSI acex '1aCTHU K03lfllflHUHeHTOM ynpy
rOCTH, 6a,ll,eH-naY3J1J1 noxasan. 'ITO Me>K,lI,y CKOpOCTblO pacnpo

(I 

~
 
~
 

1
 

Pacnpocrpaueuue ynpyzux BOAH B odHoMepHot1 petuerse 

CTpaHeHHSI BOJlHbl V H ,lI,JlHHOR BOJlHbI 
urenae 

V = V I sin (ltd/A) I 
co ltd/A 

rne Vco - CKOpOCTb pacnpocrpaaeaxs, 
KOHe'lHOR ,lI,JlHHe BOJlHbI. 

m m m m 

A cyutecreyer COOTHO

(2 1)
' • 

coorsercreyioinas 6ec

m m 
o--d---O---d-o-d---O-d~d--o 

ct> Ii r. 2. 

Ha lflHr. 3 npanenena aaBHCHMOCTb CKOpOCTH V OT BeJlH

'1HHbI a, 06paTHoR ,lI,JlHHe BOJlHbl (OT BOJlHOBOrO '1HCJla). 

TaK KaK CKOpOCTb pacnpocrpaaenaa SlBJISleTCSI lflYHKLlHeR 

,lI,JlHHbl BOJlHbl, TO O'leBH,lI,HO, 'ITO OHa ,lI,OJl>KHa 6blTb TaK>Ke 

H lflyHKuHeR '1aCTOTbl. 6a,ll,eH-naY3J1J1 He 06paTHJI na 3TO BHH

MaHHSI H B peaym.rare He aaMeTHJI O,ll,HO na Ba>KHbIX CBoRcTB 

v 

3-J 2
-if 1 

2J 
1 
if 5 ~ 

ct> Ii r. 3. 

nO,ll,06HblX cncreu, 'a HMeHHO cyuiecraoaauae MaKCHMaJlbHOR 

qaCToTbl, npa KOTOpoR BO,1Hbl euie MoryT pacnpocrpaas'rscn 
B peurerxe, 

neRcTBHTeJJbHO, KpHBaSl, npencraaxaxnnas HaMeHeHHe CKO

pOCTH B aaBHCHMOCTH OT BOJIHOBOrO '1HCJla, He HMeeT HHKaKoR 

,oc06eHHOCTH npa aHa'leHHH A= 2d. O,ll,HaKO neao 06CTOHT 

aaase, eCJIH ysecrs, 'ITO '1aCTOTa TaK>Ke SlBJlSleTCSI lflyHKUHeR 

BOJlHOBoro '1HCJla, na 'ITO H 06paTHJI BHHMaHMe KeJlbBHH, 

MawMR B 1881 r, nOJlHOe peurenae paccxorpenaon aaaasa 1). 

1) I< e I v i n, Popular Lectures, livre I, p, 185. 
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<P Ii r, 4. 

~ 
3aMeTHM, 'ITO eCJlH B epopMyJle (2.3) aaMeHHTh a na ~ 

a' = a-+-.!!!:. (2.4)- d' 
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(2.8) 

a 

Vco=7tdB. 

~ J!!!!! 1 !a 

Pacnpocrpanenue ynpyzux BOAR 6 OaHOMepHOU petuerxe 

r ne B - HeKOTopaH nOCTOHHHaH, 3aBHCHll.I,aH OT CTPYKTypbl pe

weTKH. Y'IHTbIBaH reneps (2.5), nonysaex aupaxeuae lLJlH 
epaaoBot! CKOpOCTH 

V = 'I (a) = B I sin -;;ad I _ V I sin nad I (2 7) 
I a I I a I - CD I«ad I' . 

xoropoe nOJlHOCTblO cosnanaer C Bhl paJKeHHeM, uaaneunu M 
5a.IJ.eH- Ilay9J1J1oM, eCJlH nOJlOJKIiTb 

11 

1 
2iJ 

<P Ii r. 5. 

113 (2.6) cnenyer HaJlH'IHe MaKCHMaJlbHot! '1aCTOThl, a TaKJKe 

yrsepseaenae. 'ITO lLJlH lLOCTaTO'lHO MaJlblX BOJlHOBblX '1HCeJl, 

v 

T. e. 60JlhlllHX JJ.JlHH BOJlH, r paqmx epYIIKUHH 'I (a) npencra

BJlHeT c060tl npsayio, BbIXO.IJ.Hll.I,YIO H3 aaxana KOOp.IJ.HHaT. Ta
KHM 06pa30M, KaK 6blJlO yxaaano asnne, lLJlH 60JlblllHX lLJlHH 

BOJIH epa30BaH CKOpOCTb pacnpocTpaHeHHH OKa3blBaeTCH nOCTOHH

HOlt. 3aBHCHMOCTh 'I (a) H306paJKeHa aa epHr. 5, a. KaK CJle.IJ.yeT 

H3 nepHOJlH'IHOCTH 'I (a). 3a.IJ.aHHe '1aCTOThl He onpeaenaer OlLHO

3Ha'lIlO .IJ.J1HHy BOJlH~; JJ.eltcTBHTeJlbHO, BceM BOJIHOBWM '1HCJlaM, 

---~,-2 3sK, 201. 

(2.2) 

(2.5) 

r naea 1 

x=nd. 

V="::a . 

r ae m  ueaoe qHCJlO, TO BeJlHqHHa caeiuenns Yn He H3Me

HHTCH, T. e. lLDHJKeHHe OCTaHeTCSI TeM JKe caMhlM H 6YlLeT xa

paKTepH30BaTbCH TOt! JKe sacroroa KOJle6aHHlt TaKHM 06pa30M, 

'1aCTOTa lLOJlJKHa 6blTb nepHO.IJ.H'IeCKot! epyHKUHelt BOJlHOBoro 

'1HCJla a C nepHO.IJ.OM, paanux lid. 
e npyron CTOpOHhl, rpaaoaas CKOpOCTb pacnpocrpaneuas 

BOJlHbl OnpelLeJlHTCSI CJlelLYlOll.I,HM BhlpaJKeHHeM: 

Tor.aa B cnyuae rapMOHH'IeCKHX BOJIH caeiueune n-t! '1aCTHUhl 

OT caoero nOJlQ)KeHHlI pasuoaecaa MOJKHO npencramrn, B BHlLe 

Yn = A cos '2Ifrf.'1t  ax) = A cos 27t ('It  and), (2.3) 

rne a - BOJlHOBoe qHCJlO, 'I - qaCTOTa, t - BpeMH H A - npo

1i3BOJlbHaH nOCTOHHHaH. 

KeJlhBHH Hay'laJl pacnpocrpaaenne BOJIH B peurerxe, nO.IJ.o6

HOti roa, xaxyto paCCMaTpHBaJl Baaen-Ilaysnn (eplir. 4). Flycrr, 
B COCTOHHHH panaoaecaa sacrauu pacnoaoxeau BlLOJlb OCH OX 
H HX a6cUHcca paBHa 

16 

TaKHM 06pa30M, eCJlH Ha06pa3HTb 3aBHCHMOCTb v OT BOJl

nosoro '1HCJla a, TO epaaOBaH CKOpOCTb, COOTBeTcTBylOll.I,aSl .IJ.aHHolt 

lLJlHlle BOJlHhl, 6YlLeT panna ranrency yrJla narorona nonynps

MOlt, nposenenaon H3 nauana KOOp.IJ.HllaT B TOqKY na KpHBOR 

y = Y (a), COOTBeTCTBYlOll.I,YIO Bhl6paHHoMy 311aqeHHIO .IJ.JlHHbl 

DOJlUbl. 

¢lyHKU.HH 'I (a) MOJKeT 6blTb npencrasnena B BH.IJ.e 

'I (a) = B Isin «ad [, (2.6) 



onpe.lleJiSIeMblM npn nOMOW,H COOTHoIlleHHSI (2.4), CooTBeTcTByeT 

O.llHO H TO >Ke 3Ha4eHHe 4aCTOTbI. 
<l>H3H4eCKYIO npH4HHY HeO.llH03Ha4HOCTH B Bbl60pe .llJlHHbl 

BOJlHbl JlerKO nOHSlTb, eCJlH 06paTHTbCSI K <VHr. 6. ua KOTOpOt\ 

TeMHblMH Kpy>KKaMH H306pa>KeHO nOJlO>KeHHe 4aCTHU B COCTOSlHHH 

paBHoBecHSI, a CBeTJlblMH Kpy>KKaMH - nOJlO>KeHHe. 3aHHMaeMoe 

4acTHuaMH B 3aMHHblt\ MOMeHT BpeMeHH B npouecce KOJle6aHHtl. 

113 scex CHHyCOH.ll, xoropue MoryT npoxonare 4ep~3 CBeT

Jlble Kpy>KKH, npe.llCTaBJISlIOw,He c060t\ CMew,eHHble 4aCTHUbl, ua 

<V 
Hr• 

6 H306pa>KeHbl TOJlbKO TpH; see OHH aaicr O.llHHaKOBO 

BepHoe npe.llCTaBJleHHe 0 .llBH>KeHHH. nocKOJlbKY Mbl HMeeM B03

MO>KHOCTb Ha6J1IO.llaTb ero TOJlbKO B TcX T04Kax. r.ae HaXO.llSlTCSI 

MaTepHaJlbHble 4aCTHUbI. 
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(2.12) • 

(2.11) 

<P Ii r. 7. 

Bbl60py .u.JlHHbI BOJlHbl, a HMeHHO paccuarpa

.u.JlHHbl BOJlH, ynoaneraopjnourae COOTHoweHHIO 

00> I AI >2d, 

Pacnpoctpanenue ynpYi!UX 80.111/, 8 OaHOMepilOU petuetxe 

onpenenennoxy 
BalOTCSI TOJlbKO 

H Y4HTblBaeTcSI B03MO>KHOCTb pacnpocrpanenas DOJlH B nay x 

npoTHBOnOJlO>KHbIX nanpaanenuax. 

BOJIHbl >Ke, ynosaeraopaouuse .u.BOt\HOMy nepaneucrny 

.9<)' -< 2d, 

npaBJleHHSI pacnpOCTpaHCHHSI nOJIHOCTblO yCTpaHSleTCSI, aa HC

KJII04eHHeM npene.n.uux caysaen 

1 
a = -+- 2d ' (2.10) 

xoropsre 6y.u.yT paccxorpenu B .u.aJlbHet\weM, 

C.u.eJlaHHbltl TOJlbKO 4TO sutiop HHTepBaJIa H3MeHeHHSI BOJl

nosoro 4HCJla He SlBJllIeTCSI CTOJIb npOH3BOJlbHbIM. KaK 9TO MO>KeT 

nOKa3aTbCSI C nepsoro B3rJlSI.u.a. OH COOTBeTcTByeT BnOJlHC 

HCKJlI04aIOTCSI. 

B CJlY4ae nenpepuauoa crpyxrypu, T. e. crpyxrypu, .llJlSl 

xoropon nOHSlTHe CMew,eHHSI,4aCTHUbl HMeeT <VH3H4eCKHt\ CMbICJI 

B KaIK.u.ot\ T04Ke HeKOTopOt\ npsxon, Bce B03MO>KHble .u.JlHHbl 

BOJIH TaK>Ke 6y.u.yT 3aKJlI04eHbl B anrepaaae (2.11), nocxonsxy 

8 9TOM CJlY4ae d = 0; TaKHM 06pa30M, yCTaHaBJlHBaeTCSI COOT

BeTCTBHe npa nepexone OT nenpepuaaux crpyxryp K .u.HCKpeT

HblM, H Ha060pOT. 

'C npyron CTOPOHbl. Bbl6paHHblt\ HHTepBaJi H3MeHeHHSI a 
tOBna.llaeT, KaK aerxo aanen., C nepaonox <VyHKUHH 'I (a); ra

RNM o6pa30M, Y4HTbIB3.IOTCSI Bce 4aCTOTbl, COOTBeTCTBYIOw,He 

tOJlHaM, xoropue MoryT pacnpocrpanaraca B peure'rxe, 

.', Ha <VHf. 7 npencraaneu 4aCTHblt\ cJlY4aR, onpeneaaeuu R 

YCJlOBHeM (2.10); snecs YIKe HeB03MO>KHO 0.u.H03Ha4HO onpe

JJ.eJIHTb, xaxoe H3 .llBYX BOJIHOBblX lJHCeJl coorsercrayer .u.BH>KeHHIO, 

2'" 

1 

• 

('V'\ t. ro 

., 

r .IIa8a J 

<P Ii r. 6. 

I " 

I ' iii \\\ 'i \ \ I i 
'1:1 1" • ' ' 
\ I i: i\ I! \ \/ i \ f.
I\i] \I'! \ 1 i \ 1\ ; \ , 
. ".. oJU J '.) \) 

CnJlOllillaSi KpHBaSi CooTBeTcTByeT BOJlHe. BOJIHOBoe 4HCJlO a 
KOTOpOt\ 3aKJlI04eHO B HHTepBaJle (-1/2d, +1/2d). T. e. 

1 1
-2d<a-<2d' (2.9) 

ECJlH H3MeHHTb BOJIHOBOe 4HCJlO a IU BeJlH4HHY. pasuyio lId. 
TO nOJlY4eHHoe TaKHM 06pa30M ero HOBoe 3Ha4eHHe 6y.lleT Jle

>KaTb yxe BHe HHTepBaJia (-1/2d. +1/2d). WTpHXOBaSi KpHBaSi 

COOTBeTcTByeT BOJIHe C BOJIHOBblM 4HCJlOM, paBHblM a + lId, a 

nyHKTHpHaSi KpHBaSi - BOJIHe C BOJlHOllblM 4HCJlOM. paBHblM 

a _ lId. KaK CJle.llyeT H3 <VHr. 6, cnJlOlliHaSi H IllTpHxOBaSi KpH

aue CoOTBeTcTBylOT .llJlSl saaaunoro .llBH>KeHHSI 4aCTHU BOJIHaM, 

pacnpocTpaHSlIOw,HMCSI B O.llHOM H TOM >Ke HanpaBJleHHH; nyax

THpHaSi >Ke KpHBaSi COOTBeTcTByeT BOJlHe, pacnpOCTpaHSlIOw,et\CSI 

B npOTHBOnOJlO>KHOM HanpaBJleHHH• 

B .llaJlbHet\rneM Mbl acerna 6y.lleM Bbl6HpaTb BOJlHOBOe lJHCJlO a 
TaK, 4T06bl 01'10 Jle>KaJlO B HHTepBaJle. onpe.lleJlSleMO

M 
.llBOt\HbIM 

HepaBeHcTBOM (2.9) H cOOTBeTcTBYIOw,eM MHHHMaJlbHot\ .llJlHHe 

BOJlHbl Zd, paauoa y.llBoeHHoMy paccToSlHHIO Me>K.llY 4aCTHuaMH. 

Ilpa 9TOM HeOnpe.lleJIeHHOCTb B Bbl60pe .llJIHHbl BOJIHbl H na

18 



H yCTaHoBHTb HanpaBJlelll1c pacnpocTpaHeHl1l1. L!.eltcTBI1TeJlbHO. 

B 3TOM cnysae BOJIHY MO)f{HO paCCMaTpl1SaTb KaK croasryio, 

o6pa30BaHHYIO cynepn03111.1,Helt ASYX BOJlH, COOTBcTCTBYIOW,HX 
ABYM npe)l.eJlbHblM 3Hal.JeHI1l1M BOJlHOBOrO l.JI1CJla; nJlHHa BOJlHbl 

npa 3TOM paaaa 2d. 
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<P H r. g, 

Pacnpocrpanenue Yllpycux eOAH e oiinonepnoa petuerxe 

Peurerxa, ananornunaa paccxorpeuuo n HaMI1, B KOTOpOIt 

xoryr pacnpocrpanars cn TOJlbKO BOJlHLI C l.JaCTOTaMI1. MeHbWI1MI1 

HeKoTopolt, TaK naauaaexon npeoessnot: UJlU KpUmU'leCKOU 
'laCmOmbt '1C ' HOCI1T Ha3BaHI1e q,HJlbTpa HI1)f{HI1X l.JaCTOT, TaK 

KaK OHa nponycxaer JlI1Wb HI13KI1e l.JaCTOTbI 11 He nponycxaer 

BbiCOKHe. 
Ha q,l1r, 8, 6 11 8 npencraaneaa COOTBeTCTBeHHO 3aBI1CI1

MOCTb q,a30Bolt CKOpOCTI1 V 11 otiparaon elt BeJll1l.Jl1Hbl (noxa

3aTeJlll npenoa nenaa) OT l.JaCTOTbl. 3TI1 nne xpuaue 06pblBalOTCSl 

npn 3Ha'leHHI1 qaCTOTbI, paBHOM '1c ' TaK KaK nJlll aaryxaioumx 

BOJIH q,a30Bali CKOpOCTb He onpene.reaa. KPI1BbIMI1, 11306pa)f{eH

HblMH ua q,11r. 8, a, 6 11 8. 

nOCTOSlHHO nOJlb3YlOTCli aa 

npaxraxe, Me)f{.1lY TeM nJlll 

aHaJlHTI1l.JeCKOrO HCCJlenOBa

HHlI HaH60JlLllIee ynoocrao, 

KaK Mbl yBHnHM, npeacra

BJilIeT KpHB3Sl '1= 'I (a) (CM. 

<!>Hf. 5. 6). 
113 ynouanyrux pa60T 

HaH60Jlee Ba)f{HbIMH SlBJlSllOTCSl 

pa60Tbi KeJlbBHHa, OTKPbIB

utero CYlUeCTBOBaHHe npe.aens-

HOlt sacroru. Ha q,Hr. 9-11 npaae.nensr HeCKOJlbKO KpHBbIX. B311

rux H3 ero parioru, a B Ta6J1. 1  noayueunue HM 3Hal.JellHlI CKO

pOCTH BOJlII W B 3aBI1CHMOCTH OT l.Jl1CJla l.JaCTHLI. N = A/d, YKJla.1lbl

BalOw.HXCSl aa nJll1l1e BOJlHbl. Ha q,Hr. 9 H 10 npencraanenu COOT

BeTCTBeHHO THnbl KOJle6aHHIt nJlll 60JlbWHX 311al.JeHI11t N H nJlll 

N = 2 (npeneJlbHbllt caynaa): q,Hr. 11 11J1J1lOcTpHpyeT xapaxrep 
38ryxaHHlI . BOJlllbI nJlll l.JaCTOTbI 'I, npesuuraxnuen npenem.nyio 

'1acToTy. Bce 3TI1 peayJlbTaTbI nOK33bIBaIOT, HaCKOJlbKO r Jly60KO 

nOHHMaJl KeJlbBHII cyurecrso sanasa. Onnaxo ero paoora • Pa3

ltIep aTOMOB" (, The Size of Atoms") npouiaa ueaaaesennoa, T3K 

KaK B ee Ha3BallHH He conepacanocs IIHKaKHX YK33allHIt na TO, 

'ITO B Helt paCCMaTpHBalOTCli Bon pOCbI, HMelOlUHe OTHOllleHHe 

K pacnpOCTpaHellHIO BOJlH; lIBJleHHlI, casaannue C pacnpocrpa

HenHeM BOJlII, 6blJlH paCCMOTpeHbI HM B CB1I311 C 06cy)f{neHHeM 

1'eOPHH nHCnepCHI1 KOWH. J.13 KpHBOIt q,Hr. 3 BHnHO, 'ITO 

Cyw.eCTBeHHoe H3MeHellHe q,a30Bolt CKOpOCTH HMeeT MeCTO TOJlbKO 

llJlII Jl.JlHH BOJlH, paBHbIX no nopsnxy BeJlHl.JHHbl 2d; TaKHM 06

pa301tl, TeopHSl Koura n03BOJllleT npennonoaorrs , 'ITO Me)f{ny-
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<P Ii r. 8, 

B TeXHI1Ke l.JaCTO npe.1lCTaBJllIeTCli Y.1l06HblM paccMaTpHBaTb 

npyrne xpnsue, KOTopble, BnpOl.JeM. MorYT 6blTb nOJlY'leHbl H3 

paCCMOTpeHHolt HaMH KpHBOIt 'I = 'I (a). HaH6oJlbllll11t HHTepec 

cpenl1 HHX npenCTaBJllIeT Kpl1Bali )l.JllI nocTollHHolt 3aTyxaHHlI. 

Paccxorpaa .q,l1r. 8, a. CnJlOWHali KpHBaSl SlBJlSleTCSl He l.JeM 

HHbIM. KaK nOBepHYTolt aa 90 0 
KpHBOIt 'I = 'I (a); urrpaxoaas 

xpnsas _ H3MeHeHHeM nocToSlHHolt 3aTyxaHI111 ~ )l.JllI 'laCTOT, 

npeBbllllalOw,Hx re 3HaQeHI111. npa KOTOpbl X BOJlHbl ~lOrYT pac

npocTpaHSlTbcli. 3TO 3aTyxaHI1e 6yneT npenMeToM naJlbHeltwero 

o6cY)f{)l.eHHSl. 
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<P H r. 13. 

- ~ 0 

Pacnpocrpaftel-lue ynpyeux BOAH B OOHoMepHot1 pemev(e 

HC/lOJIb3Yll MOJ\eJlb peureran, HMeIO/l.(elt HeCKOJlbKO 60JIee CJIO)/(

HylO CTpyKTypy. 011 paCCMOTpeJl pemerxy (<PHr. 12), KOTOpylO 
COCTaBJlSlJOT '1aCTHLJ,bl nnyx cop ,lJ 

TOB; C MaccoR M (OHH H306pa

meHhI /fa <pHr. 12 KpymKaMH) 

H C MeHbweR Maccolt m (OHH 

H306pall<eHbl TO'lKaMH). Kamllall 

11:3 '1aCTHLJ, C MaccoU M csasana 

ynpyrHMH CHJIaMH C COcellHHMH 

lJaCTHLJ,aMH ror-o )/(e copTa 

H, C 6JIH)/(aRwell '1aCTHLJ,ell C Mac-

col m, TaKHM 06paaOM, cHCTeMa I '\V I n 

XaPaKTepHayeTcSI llByMSI KO"l~_ ; 

$HUHeHTaMH ynpyroCTH. HaJlH . 2d 

lJHe '1aCTIHI, llpyroro copra 

YABaHoaeT '1HCJIOcrenesea CB060

llhl CHCTeMbl, H, CJlellOBaTeJIbHO, '1HCJIO c06CTBeHHblx KOJle6aHHR 

CTaHOOHTCli B 2 pasa 60JlbWe, '1eM B cayvae pemencn, COCTO
SimeR H3 '1aCTHLJ, onnoro copra. 

KPHBaSl, npellCTaBJISIIO/llaSi '1aCToTy 'I B aaBHCHMOCTH OT BO,l

JiOporQ 4HCJIa a = llA, H306pameHa na cr Hr • 13; 3Ta xpaaas 

.51 y6emlleH B TOM, 'ITO, npellCTaBHB MOJIeKyJIbI Be/l.(eCTBa 
CBSl3aHHblMH BIlOJIHe OnpelleJIeHHblMH ynpyrnxn CHJIaMH C 60JIee 

TSlmeJIoR MaTepHelt.... MbI nOJly'lHM rpyooe MeXaHH'IeCKoe 

061>SlCHeHHe SlBJIeHHU llHcnepCHH • •• Eure He npOWJlO ceaua
AuaTH qaCOB, KaK 51 3aMeTHJI B03MO)/(HOCTb 'raxor o 061>SlCHeHHSI ..... 

aTa 3aMe'laTeJIbHaSi HHTyHUHSI nOMOrJIa KeJIbBHHY nOJlY'lHTb 

HOBylO llHcnepCHOIlHYIO <POPMYJIy, xoropas 06bl'lHO H3BeCTHa 
/lOll Ha3BaHHeM .!jJOpMyJla JIopeHUa". 

§ 3. COBpeMeHHwe pa60Tw 

npOaHaJlH3HpOBaB pa60Tbi Baneu-Ilaysnna H yTO'lHHB /lOHlI

THe MHHHMaJIbHOU llJlHHbI BOJlHhI, COOTBeTCTBYIO/l.(elt KpHTH'IeCKoR 

'1aCTOTe, KeJIbBHl1 cnenaa /lO/lbITKY nOCTpOHTb TeopHIO llHC/lepCHH. 

M M M M M M 
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<P Hr. 12. 
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2 63,64 16 99,36 
4 90,03 20 99,59 
8 97,45 00 100,00 

, 12 98,86 

<P Ii r. 10. 

Ttuisutia 1 

B3rJISillbI KeJIbBHHa na MOJIeKyJISlpHyJO crpyxrypy 

MoryT 6blTb oxapaxrepaaosanu ero me CJlOBaMH 1): 

1) 1\ e I v i n, Popular Lectures, livre I, p. 194, 

HaRTH 1l0PSlllOK BeJlH'IHHbI MemllyaToMHblX paCCTOSlHH~, oxaaaa

weltCli paBHoll HeCKOJlbKHM aHrCTpeMaM. 

aroxnue paccrosnaa llOJDKHbI 6bITb nopsnxa A/2, 'ITO COOT

neTCTByeT BeJIH'IHHe, 6JIH3KOU K 2000 A. Ho 3TOT pesym.rar, 
O'leBHllHO, SlDJISleTCSI HenpaBHJlbHblM, TaK KaK H3 sxcnepaaen
TaJIbJlblX pa60T, aanpnxep no H3MepeHHIO TOJI/llHHbI MaCJISlHbIX 

fiJIeHOK ua 1l0BepXHocTH aonu, yxe B TO BpeMSI MomHO 6bIJIO 
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1) Vi n C e n t, Phil. Mag-., 46, 537 (1898). 

COCTOI1T 113 llBYX aersen. 06PblBalOLUI1XCli npn 31la4eHI111 

a = -+-1/2d. 
Jlerxo BI111eTb, 'ITO Ka)f{llOMY 3Ha'leHI11O BOJlHOBOrO 411CJla a 

COOTBeTCTBYIOT ,UBa pa3J1I1'lHbIX rnna KOJle6aHI11t CHCTeMbI, cne
1l0BaTeJlbHO, nOJlHOe 'lHCJlO Tl1nOB KOJle6aHHIt 311eCb B,UBoe 60JlblIle, 

'leM llJlll peurerxn. paCCMOTpeHHOIt Baneu-OaY'MJlOM. 

B peurerxe MorYT pacnpocrpansn.ca BOJlHbl, 'laCTOTbI KOTO

pux MeHblIle '11 11J111 3aKJlIO'leHbl Me)f{llY '12 11 '13; BOJ1Hbl )f{e, 

'laCTOTbI KOTOpbIX He YllOBJleTBOplilOT 3TOMY yCJlOBI1IO, ne npo
nYCKalOTCli pemerxoa, Ilonoonaa peurerxa npencrasnser c0601t 
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Pacnpocrpaseuue ynpy~ux BoAH B OaHoMepliou petuerxe 

OllHHaKOBbIX HHTelt pasuoa AJlI1HbI, 11 K Ka)f{AOMY 113 urapaxoa 
C xaccoa M nonaeureu urapa« MeHblIlelt MaCCbI m, cha Mo,UeJlb, 

3KBI1BaJleHTHali peurerxe, paCCMOTpeHHolt KeJlbBI1HOM, npencra
BJllIeT c0601t nepaun I1CKYCCTBeHHbl1t MeXaHl1'leCKl11t epl1J1bTP 1). 

BI1HCeHT 113Y4aJl llBI1)f{eH ae nOA06Holt CI1CTeMbl npa pa3J1114

HbIX 4aCTOTax 11 nOCTpOI1J1 .xpaaue, npeACTaBJllIlOLUl1e 113MeHeHI1e 

noxaaare na npellOMJleHI1S1 p. KaK epYHKIJ.l111 'laCTOTbI, 'lT06bl cpaa
HI1Tb I1X C KJlaCCI14eCKI1MI1 Kpl1BblMI1 Al1cnepCI1I1. Iloxyseanae 
11M peayasraru npaaenemsi 
aa epl1r. 15. 

Cnnoumas xpaaas COOT-

BeTCTByeT 6eCKOHe'lHO MaIlOMJ' 

3aTyxaHI1IO, a nyHKTl1pHall

3Ha'll1TeJlbHOMY aaryxaaaio ; 

MO)f{HO 3aMeTI1Tb, 'ITO 3T-a 

nocnennsa xpasas nOJlHOCTblC) 

ananornvaa KJlaCCI1'leCKo&l 

Kpl1BOIt ,UJllI aHOMaJlbHolt AI1C 

nepCI1I1. YT06bI nOJly'lI1TI> 

xpaaue, BI1HCeHT, nOAo6HO 

Kem, BI1HY, on peAelll111 Halt-

AeHHYIO 11M epyHKu'111O 'I = 'I (a) BO scex TO'lKaX; C ee nOMOLUblO 

(CM. l\J11r. 13) nerko MO)f{HO HaltTI1 CKOpOCTb V = »[a 11, TaKI1M 

06pa30M, nOJlY411Tb 11306paa<eHHble na epl1r. 15 xpaaue, npen

CTaBJllIlOLUl1e 3aBI1CI1MOCTb noxaaarena npenoaneaaa p. = 1IV OT 

'laCTOTbI. 

Pa60Ta KeJlbBI1Ha, KaK MbI ysce rOBOpl1J1l1, He 06paTI1J1a Ha 

ce611 AOJl)f{HOrO BHI1MaHl1l1, 11 yxaaannas 11M ananoras Me)f{AY 

pacnpocrpaneunea 3J1eKTpOM arHI1THblX BOJIH H pacnpocrpauennea 
ynpyrux BOIIH BAOJlb Harpya<eHHolt crpyuu 6bIJla aariura. 

B 1887 r. X3BI1CaltA 06JJaTI1J1 BHI1MaHl1e na TO, 'ITO yaena

'leHl1e I1HllYKTI1BHOCTl1, npaxciaaureacs na e,UI1HI1IJ.Y ,UJlI1HbI Ka6eJlll, 

MO)f{eT YMeHblIll1Tb aaryxanue pacnpocrpansioumxcs BAOJlb nero 

3J1eKTpI14eCKI1X BOJlH, HO He I1CnOJlb30Bail 3TOT pe3YJlbTaT. nBa 

rona cnycrs Bania nponen SKCnepl1MeHTbI no 113y'leHI11O I1Mne

.aanca AJlI1HHOIt JlI1HI1H, cocroauiea 113 4eTblpex I1HAYKTI1BHOcTelt, 

1) Teopmo H 3KcnepHMeHTalJlbHOe yCTpOHCTBO uen04KH BHHceHTa 
CM. B cJlenYIOIllHX paoorax: Cne:waJlbHblH ¢H3H4eCKHH npaKTHKyM, 
Or113, 1945, saaasa 9, .Pacrrpocrpaneune BOJIH B pe30HHpYlOIllHX 
cpenax-, CTp. 57; n. E. Kpac II y ill K H H, BecTHHK Mry, N! 11,89 
(1949); ,,0 MeTO.l\aX MOneJlHpOBalLHH BOJIHOBblX npOl\eCCOB". - npU.M. peo. 
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npnxep nOJlOCOBOro epHJlbTpa. Coeoxyrmocn, 'laCTOT, 3aKJlIO'leH

HblX Me)f{llY '11 H '12, HOCI1T Ha3BaHI1e noaocu nenponyctcanusi, 
a coeoxynnocrs 'laCTOT, 3aKJlIO'leHHbIX B unrepaane ('1 2' '13) , 

nonocu nponycxanun, YaCTOTbI '11 H '12 O'leHb 6J1113KI1 K 3Ha

'leHHIO C06CTBeHHolt 'laCTOTbI KOJle6aHHIt H30JlHpOBaHHolt "MO

nexyJlbl" , cocrosuiea 113 ,UByX 'laCTI1IJ. M 11 m; 3Ta peaoaaacnas 

'laCTOTa He 3aBI1CHT OT paCCTOllHl1l1 Me)f{'uY MOJleKYJlaMH. Kor.na 
3Ha'leHI1e pe30HaHcHolt 4aCTOTbI nona,UaeT B 06J1aCTb 6J1113KOrO 

y m.rpadraonera, epa30Bali CKOpOCTb acnuruaaer aaxernue H3Me

HeHHlI. I1MeHHo TaK KeJlbBHH caor 061>lICHHTb lIBJleHl1e nncnepcna 

11 060ltTH aarpynneuns, HMeBlIll1e MeCTO B TeOp1111 KOlIlH. 

Mexaunvecxas MOlleJlb, na KOTOpOIt MO)f{HO 11J1J1IOCTpHpoBaTb 

npaxeneune TeOp1111 KeJlbBHHa, 6blJla nocrpoena BI1HCeHTOM 1); 

OHa npencraanena na epl1r. 14. Wapl1KI1 C Maccolt M, CB1I3aH

HbIe Me)f{llY c0601t Olll1HaKOBblMI1 npy)f{I1HKaMI1, noaaeurenu IIa 

pacnonozceuuoa rOpl130HTaJlbHO )f{eCTKolt nnaaxe npa nOMOLUH 
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Pacnpocrpaneuue ynpy2ux 80M 8 OdH.OMepHiOa petuerxe 

Ilepaua 3J1eKTpHqeCKH" epHJJbTp -:; BepxHHX ,qaCTOT, 'T. e. 

CHCTeMa. He nponycxaiouras BOJJHbI C.~qaCTOTO". MeHbllJe". HeKO

TOpO" aa~aHHO" BemiqHHbl, H nponycKalOl1I,aSl BOJJHbI co BceMH 

.npyrHMH qaCTOTaMH, 6b1J1 oCyl1l,eCTBJJeH }{3Mn6eJJnOM B 1906 r.; 
aa epHr, 17 npaaenena cxeua no.no6Horo?epHJlbTpa. B ~aJJbHe"
lIleM }{3Mrr6eJJn HCnOJJb30BaJJ 3TOT epHJlbTP BepXHHX xacror ~JJSI 
HOHCTpyHpoBaHHSI paaJJHqHblX THnOB nOJJOCOBbIX epHnbTpOB. Ha 
epHr. 18 npe.ncTaBJJeHa cxeMa 3neKTp~qeCKOrO nOROCOBoro 

epHJJbTpa. aHaJJOrHqHOrO MeXaHHqeCKoMY iq>HJJbTpy BHHceHTa 1). 

cfIHSHqeCKYIO npapony roro epaKTa. 'ITO orrHcaHHbIe auure 
CHCTeMbl nponycxaior BOJJHbl C qaCTOTO", JJe>Kal1l,e" B. HeKOTOpo" 

aMaHHO" 06JJaCTH. H aanepxoraaior ocransnue BOJJHbI, ropaano 
Jlertle nOHSlTb aa npnuepe 3JJeKTpHqeCKHx Mo.neJle", qeM MeXa
HH'IeCKHX MO.lleJle" nonoonux CHCTeM. 

HSBeCTHO. 'ITO .llJJSI sacroru v HMne.llaHC 3JJeKTpHqeCKOro 

kOHTypa npsao nponopunonaaen -t. H 06paTHO nponopUHOHaJJeH 

ve. rae 'Iepea C H L 060SHaqeHbI COOTBeTCTBeHHO eMKOCTb H 

K034>4>Hu,HeHT caMOHH~YKUHH. CJle.nOBaTeJlbHO, ~J1S1 Hso6pa>KeH

1) 3.l\eCb asropu .llOnYCKaIOT HeTO'lHOCTb. Ha caMOM nene 3J1eK
TPH'leCKHA ananor uenoxxa BHHceHTa, B KOTOpOH OCHOBHali uenoxna 
c MaccaMH M (CM. !pHr. 14) nonncuiena K onopaoa 6aJlKe aa HHTliX 
IC.ORe'lUOH .l\JlHHb', COCTaBJIlieTCli H3 3BeHbeB, rroxaaanaux aa npHJlaraeMoil 
C~eMe: 

~,,-, n E. I<pacHywKHH, BecTHHK Mry, N2 11, 96 (1949).'PUM. peiJ, 

(3.1) 

L' 

a 

L 

r.llaBa 1 

6 
<I> Hr. 16. 
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nOCTpOHTb 3J1eKTpHqeCKHe uarpyxenaue JJl1HHH H 3neKTpHqeCKH" 

epHnbTp HH)I{HHX qaCTOT. Ha epHr. 16. a npe.acraaaena raxaa 
narpyxenaas .JJHHHSI; HH.nyKTHBHOCTH L' pacnpenenenu TaKHM 

C' C' C' c' 

I 'L' II 'L' II ~ L' II ~"IIt-----1~---ILII 
<l>Hr. 17. 

O~HaKO BCne~CTBHe He~OCTaTOqHO" TOqHOCTH 3KCnepHMeHTa 

onpeneaennux BbIBO~OB cnenars He y~aJJOCb. B 1900 r. Flymrn 
o6Hapy>KHJJ aHaJJOrHlO Me>K~y 3neKTpH'leCKHMH H MeXaHHqeCKHMH 

nllHHSlMH R. CCbIJJaSiCb na paoory Jlarpauaca, cne.ia» nonurxy 

06paaOM, 'ITO ua ~JJHHe BOJlHbl YKJJa.llbIBaeTCSI npaxepao necsrs 
HH~YKTHBHOCTe". Otioanauas qepea C' BeJJHqHHY eMKOCTH ysacrxa 
JJHHHH .nJlHHO". d, Flynan nOJJyqHJI ~JlSI npenem.non qaCTOTbI 

BbI paaceune 
1 

v ---===
c- n V2L.'C' 

Ha epHr. 16. 6 npaaeneua npyraa 3KBHBaJleHTc1aSl JlHHHSI C cocpe

~OTOqel!HbIMH eMKoqSlMH, 
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noro na <Vl1r. 16, 6 <V11J1bTpa H1UKHI1X '1aCTOT COnpOTI1BJleHl1e 

coenauenuux nOCJlenOBaTeJlbHO I1HnYKTI1BHocTe~ L' C pOCTOM 

'1aCTOTbi yBeJlI1'1I1BaeTCSI, Tor11a KaK COnpOTI1BJIeHl1e eMKOCTe~ C', 
BKJIIO'IeHHbIX Memny I1HnYKTI1BHOCTSIMI1, naaaer. TaKI1M 06pa30M, 

CHrHaJIbi C nOCTaTO'lHO HH3KI1MI1 '1aCTOTaMI1 6ynyT pacnpocrpa
HSITbC5I BnOJIb JII1HI1I1. a cnrnanu C BbiCOKI1MI1 '1aCTOTaMI1 He 

caoryr npoarn, TaK KaK 6ynyT 3aMbIKaTbC5I '1epe3 HMelOllI,l1e 

MaJIOeCOnpOTl1BJIeHl1e eMKOCTI1. 3Ha'leHl1e npene.n.uon '1aCTOTbI 

onpeneJI5IeTC5I CTPYKTYpO~ CHCTeMbI, a raiose BeJlI1'1I1HaMI1 ex
KOCTI1 11 K03<V<VHLI,HeHTa caMoHIl11yKLI,HH. B <VI1JIbTpe BepXHHX 

'1aCTOT (CM. <VHr. 17), Ha060poT, 6ynYT pacnpOCTpaH5ITbC5I car
HaJIbI C nOCTaTO'lHO BbiCOKI1MH '1aCTOTaMI1. nOCKOJIbKY HHnyK

TI1BHOCTI1 L' npenCTaBJI5IIOT J/.JI5I HI1X 60JIblllOe conporaaaenae, 

0d+0 d 2 3~ 4~ 5~ 6~ id 8~ 3d ';d l1d x 

<PHr. 19. 

a Cl1rHaJlbi HI13KO~ '1aCTOTbI He cxoryr npO~TI1, TaK KaK oynyr 
3aMbIKaTbC5I '1epe3 I1HJ/.YKTHBHOCTI1. HMelOllI,l1e npn Hl1aKHX .sac
TOTax MaJIOe conpOTHBJIeHl1e. CHODa OKa3bIBaeTCSI. 'ITO HaJII1'1l1e 

npeneJIbHO~ '1aCTOTbI Bbl3BaHO .1ll1CKpeTHOCTblO crpyxrypu pac

CMaTpl1BaeMbIX CI1CTeM. K 3THM aonpocaa MbI euie BepHeMCSI 

HHme 1). 
B 1912 r. bOPH, 113y'laH pacnpocrpaneune ynpyrux BOJIH 

B KpI1CTaJIJIaX, nOJly'lI1JI pe3yJIbTaTbl, aHaJIOrl1'1Hble TeM. xoropue 
6blJII1 no.rysem; !{eJIbBI1HoM. OH I1CnOJIb30BaJI 11306pameHHylO 

na <VHr. 19 MOJ/.eJIb: oJ/.HoMepHYIO peurerxy, COCTOSllUYIO H a 

'1aCTHLI, J/.BYX COpTOB C MaCCaMI1 M H m, pacnoaoxeuaux B co

CT05lHI111 paBHOBeCI1SI aao.n, OCH OX ua paaaux paCCTOSIHI151X d 
.1lpyr OT npyra, 

Floaysennue bOpHOM xpaaue npaae.aeuu aa <VHf. 20, a 11 6. 
Ha <Vl1r. 20, a asoripancena 3aBI1CI1MOCTb xacrora v OT BOJIHO

aoro '1I1CJIa a; .MomHO 3aMeUITb HaJlI1'1l1e J/.BYX pa3.1I1'1HbIX BeT

1) nOHBJIeHHe npeneasnsrx 'laCTOT H CBH3aHHblY C HHMH '1aCTOTHbIX 
nOJIOC .np03pa'lHOCTH" H .Henp03pa'lHOCTH" crpyxrypu Onpe./leIlHCTCH 
nepHO./lH'IHOCTblO crpyxrypu, 06YCIlOBIIHBalOl1\eH HaKanJII1BaHHe clla6LIX 
OTpSlKeHHH aa KalKJJ.OM 3BeHe npa npOXOlK1leHlIH BOIIHbl B./lOllb see. 
{eM. n. E, K pac H y III K H H, )KT<P, 20, sun. 9, 1065 (1950).) 

Pacnpocrpasenue ynpy2ux eOAIi e or3liO!tteplWt1 petuerse 

aea, 'ITO CBSI3aHO C YBeJlH'IeHHeM '1I1CJIa crenenea CB06011bI 

CHCTeMbl, BbI3BaHHbiM n06aBJleHI1eM '1aCTHd. aroporo copr-a, 
xapaKTepI13ylOLl.(I1XC5I HOBblMI1 napaxerpauu, nanpaxep Macco.1 m. 

3aMeTI1M. 'ITO B 06Ll.(eM cay-rae '1HCJlO BeTBet! Kpl1BOll: paBHO , 

'1HCJlY TImOB '1aCTHLI" oopaayiouuo; paCCMaTpHDaeMylO CI1CT~MY. (I 
/I l1Ha'le rODOpSI. 3aJ/.aHHOMY 3Ha'leHI1IO 

BOJlHOBOrO '1HCJla a COOTBeTCTByeT 

'1HCJIO '1aCTOT. paBHoe '1HCJIy CTeneHetl 

CB060J/.bI 3JIeMeHTa nepH011H'IHOCTH pe. 

llIeTKI1. B npeJ/.blJ/.ylll,eM caysae TaKO~ 
3JIeMeHTapHOt! 51'1e~Kot!, 06pa3YlOllI,e~ 

3JIeMeHT nepHOnH'IHOCTH, SIBJI5IeTCSI 
. ..L 0 ..L a
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<P H r. 20. 

,c:oBoKynHocTb nayx QaCTI1U: '1aCTI1UbI C xaccoa M 11 oanon 113 
COceJI.HI1X C He~ '1aCTl1u C Macco~ m, 
' MomHO npe11CTaBI1Tb ce6e peurerxy, COCTOSIllI,YIO 113 '1aCTI1U 

.;rpex paaJII1'1HbIX Macc, pacnOJIOmeHHbIX nOCJIenOBaTeJIbHO npyr 
:lla apyroa BJ/.OJlb OCI1 Ox; 3JIeMeHTapHa51 51'1e~Ka 6Y.1leT I1Men 

.TJ}H CTeneHI1 CBo60J/.bI, a Kpl1BaSI 'i = 'i (a) 6YlleT COCT05lTb 113 

rpex paaJlI1'1HbIX BeTBe~, KaK 3TO noxaaano na <Vl1r• 20, B. 

K .9TI1M aonpocaa MbI TaKme euie BepHeMCSI. 

06bI'IHO BeTBb, BbIXOn5llll,aSI 113 nasaaa KOOp.1lI1HaT, HOCI1T 

Ha3BaHI1e aKycmu'l.eClwii BemBU; OHa COOTBeTcTByeT raxovy 
llBH>I<eHI1IO, npn KOTOpOM ace '1aCTI1UbI, 06paaylOllI,He 3JIeMeH

TapHYIO SI'Ie~KY, nepeMelll,alOTC5I B .1laHHbltI MOMeHT BpeMeml 

B O.!lHOM 11 TOM me HanpaBJleHI1I1. llpyra51 BeTBb HOCHT Ha3BaHI1e 

onrnU'l.ecKOU BemBU; OHa COOTBeTcTByeT .1lBl1meHl1lO, npn KOTOpOM 



ct> Ii r. 21. 

(4.1)X= nd+~n' 

PAcnpOCTPAHEHHE BOJIH B O.ll.HOMEPHblX PEUIETKAX. 
KAIJECTBEHHOE PACCMOTPEHHE H 06ll{HE BblBO.ll.bl 

fJlaoa 2 

§ 4. 06w.He aaaesaaas 

Flpexcne lJeM npncryrnrn, K crporovy peureumo aaaasu 
o pacnpocrpanenaa ynpymx BOJIH B onnoaepaoa peiuerxe, 
He06xoAHMO CAe JI an, pHA 06W.HX aaMClJaHHtt H KalJeCTOeHHO 
06Cy.n.HTb nexoropue oc06eHHocTH paccxarpaeaeaon np06J1eMbl. 

Bepneucs caosa K paCCMOTpeHHoMy BalleH-naY9J1J10M npo
crenuieay cnyxaio OAHOMepHott petnerxn, 06pa30BaHHott lJaCTH

cn8MH paanoa xaccu m, pacnoaoxennuaa B COCTOHHHH paBHO
BeCHH BAOJlb uexoropon npaxoa ua paBHOM paCCTOHHI1H d npyr 
OT .n.pyra. 

ECJlH BbJ6paTb nanpanneuue OCH x BAOJlb 9TOtt npaxon, TO 
xoopnanary n-tt lJaCTHu,bl MomHO npencraaun, B sane 

1 
a = T' k = 27tad. Ul = 27tv, 

y ~ saerora, t - BpeMH. a - BOJlHOBOe 411CJlO, A--llJlHHa BOJlHbJ, 
d ~nepHoA pemerxa, Ul- xpyrosaa lJaCTOTa H A  nOCTOHH
BaR ,at.tnJIHTYAa. 

BeJlH4HHa k = 27tad npencraanser c060tt H3MeHeHHe tPaabl 
~PH nepexcne OT n-tt lJaCTHu,bl K (n+ 1)-tt

; \ 

~n+l = ~ne-ik. (4.3) 

rAa!3a J 

• Clo N(]+ 

ct> Ii r. 22. 
'Y 

OnTH4eCKaH BeTBb cooTBeTcTByeT ABHmeHHIO. npn KOTOpOM 
8 Aa1lHbitt MOMeHT BpeMeHH 4aCTHu,bl M H m nepeMew.alOTCH 

B npOTHBOnOJlOmHblX HanpaBJleHHSlX. 
3aBHCHMOCTb nOCTOHHHott aaryxauas OT4aCTOTbi AJIH pac-

CMOTpeHHott 60pHOM peurenot npHBelleHa aa qlHr. 20,6. r ne 
MomHO 3aMeTHTb nOJlOCY nenponycsa-

Z HHH H ABe nOJlOCbI nponycsanas. 9Ta 
KpHBaH HBJlHeTCH 0606w.eHHeM 60Jlee 
4aCTHoro CJly4aH, npeACTaBJleHHOrO Ha ' 

<pHr. 8. a. 
9J1eKTpH4ecKaH MOAeJlb, aHaJlOrH4

HaH paccMoTpeHHott BopHoM pemerxe. 
x MomeT 6b1Tb 06paaoBaHa H3 nocaeno

BaTeJlbHO coeAHHeHHblX HHAyKTHBHO
crea C K09<P<PHIJ.HeHTOM caMol1HAyK
U,HH L1 H L2 (<pHr. 21). 

3aAa4a BopHa npHMeHHMa npH 
Hay4eHHH pacnpocTpaHeHHH ynpyrHx 
BOJIH B KpHCTaJlJlH4ecKott peuierxe XJlO

pacroro HaTpHH, UK KaK CTpyKTypa peweTKH KaMeHHott COJIH 
npHBOAHT K coBepmeHHO OAHHaKoBoMy pacnOJlOmeHHIO HOHOO: 
HOHbl Na" H Cl" 4epeAylOTcH, KaK 9TO noxaaauo aa qmr. 22. 
TaK, uanpaaep. BAOJlb HanpaBJleHHH OCH x CTpyKTypa peiuerxa 
nOJlHOCTblO aHaJlOrH4Ha erpyarype, npe.n.CTaBJleHHOfi ua <pHr• 19. 

B AaHHbltt MOMeHT BpeMeHH 4aCTHu,bl onuoro HJlH HeCKOJlb
KHX COpTOB ~nepeMew.aIOTcH B OAHOM uanpaaaenan. rorna KaK 
4aCTHu,bl Apymx COpTOB nepeMew.alOTcH B npoTHBOnOJlOmHOM 
HanpaBJleHHH. TaK. nanpaxep. B CJlY4ae, paccxorpeanos Bopuox, 

L, L z L, Lz L, Lz 
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3TOT ¢asoBbllt yroJi onpenensercs C T04HOCTblO no BCJlH4HHbI, 

KpaTHOIt 2TC; .ll.eIlCTBHTeJIbHO, eCJlH m - uenoe nOJIOmHTeJIbHOe 

HJlH orpnuareasnoe 4HCJlO, TO pCUEHHe sanasa H, B 4aCTHOCTIi, 

SHa4eHlie 4aCTOT w H ~ He MeHlllOTClI npH saMeHe k Ha 

k'=k+2rr:m. (4.4) 

TaKHM 06paaOM, 4aCTOTa ~ (TaK me KaK H KpyrOBall 4aCTOTa w) 
.lI,OJlmHa 6bITb nepHO.Il.H4eCKOIl ¢YHKUHelt k HJlH BOJIHOBOrO LJHCJla 

w = f (k), nepaoa 27t OTHOCflTeJIbHO k = Zixad, 

1 (4.5) 
'I = F (a), nepnon d OTIlOCHTCJlbHO a. 

KaK yxe 6blJIO OTMe4eHO B rJl. 1. 3TOT peay.n.rar lIBJHleTClI 

HenOCpeJl,CTBeHHbIM CJIe.ll.CTBHeM .uHcKpeTHoCTH H rrepHO.ll,H4HOCTH 

onucaepaoa peurerxa. 3aMeTHM, LJTO neonpeneneuaocn, 

B Bbl60pe BeJIlitlHHbl k 6blJla 6bI ycrpaueua, eCJlH 6bI ¢YHK

UHlI o/n HMeJIa ¢HSHLJeCKHIt CMblCJI BO acex T04Kax Mem.ll.Y lIaCTH

uaxa. O.ll,HaKO, nocxonsxy 3Ta ¢YJlKUHlI onpene.teua JlHlUb 

B T04Kax C xoopnauaroa, paBHOIt nd, yCJIORHe BH.ua (4.5) 
IIBJllleTCII HeHs6emHblM. 

B caay (4.5) csoacraa ¢yHKUHIl f (k) H F (a) .ll.OCTaTOliHO 

paccxorpe-n, JlHUlb B HHTepBaJIe HX nepHO.ll.HtIHOCTH; HaH60Jlee 

IlPOCTblM Bbl60pOM HHTepBaJIa asnaerca CJIe.ll.YIOl.UHIt: 

- 7t <. k <. TC, 
1 1 (4.6) 

- 2d <»«: 2d' 

nOCKOJIbl<Y BOJlHbl pacnpocrpaamorca O.ll.HHaKOBblM 06paaOM 

B 060HX HanpaBJIeHHlIx. 

O.ll.HHM H3 BamHblX CBOItCTR ¢yHKUHIt f (k) H F (a) IIBJllleTClI 

HX semuocms, OOJlOmHTeJIbHblM 3HalleHHIIM k cooraercrnyior 

BOJIHbl, pacnpocrpaamoumecs nartpaso, OTpHUaTeJIbHblM - pac

npocrpaamouraecs na.reao; TaK 4TO eCJIH ko - nOJlOmHTeJlbHOe 

4HCJlO, 3aKJllOlIeHHOe B OCHOBHOM HHTepBaJIe (-TC, + 7t), TO 

eMY, TaK me KaK H ReJIH4HHe ko+ 27t, coorsercrayer BOJlHa, 

6erYl.UaSl HanpaBO, a BCJIHtIHHe ko - 2TC - 6erYl.1..lall HaJIeBO. 

113 HepaBeHCTBa (4.6) cnenyer 

1I),j = T/iT >- 2d. (4.7) 

PacnpOCTpUlieliue 80AIi 8 OOIiOAlepliblX peCUeTICQX 

l'aKHM 06paaOM, MOJl<.!O rOBopHTb 0 MUHUMa/lbHoii O/lUHe 
80.llHbI., paBHott Y.lI,BOeHHOMY paCCTOllll11l0 MeJl<.lI,y nOKOlIl.1..lHMHClI 

qaCTHuaMH. 3TOtt BOJlHe COOTBeTcTByeT KpumU1tecKafl HJlIi npe

Oe.llbHafl 'tacmoma '/e' lIBJllIlOr.uallClI xapaKTepliCTHKOIl .a.auHolt 

CTpYKTypbI. Bo MHorlix BeCbMa BaJl<HbIX CJIY4allx 3Ta npe.ll,eJlb

Hall LJaCTOTa flBIHleTClI MaKCHMaJlbHO BOaMOJl<Hott, Ii .lI,JllI 4aCTOT, 
Y.lI,On,1cTBOpIlIOU\H x YCJlOBHlO 

~<;"'c' (4.8) 
CIiCTeMa BelleT ce611, KaK ¢HllbTP HflJl<HHX lJaCTOT. 

BOJlHbl C qaCToToll, 60JlblUell ~e. B TaKoll CIiCTeMe IiCnbITbI_
BalOT CHJlbHoe aaTyxaHlie. 

YCIIOBfle (4.8) He lIBlIlIeTClI, Boo6w,e roeops, e.a.lfHCTBeHHO 

BOaMOJl<HblM, fI CYl.1..leCTBYlOT CTPYKTypbl, .lI.JllI KOTOpblX ~e lIBlllleTCll 

MHHIiMaJlbHO B03MOJl<Jolt lJaCToToll. O.ll.HaKO B JlIOOOM CJlY4ac 

CHCTCMbI C nepHO.ll.li'leCKOIl CTpYKTYPOIl npe.a.CTaBJllIlOT cocoa 
ljJliJlbTPbl BepXHI1X 11!1Ii HI1Jl<HHX 4al:TOT I1J1H nOJlOCOBolt ljJHJlbTp. 

3TH 06l.Ulie pe3YJlbTaTbl, .a.orrOJlHeHHble paCCMOTpeHHeM npe

.lI.eJlbHblX CJlyqaeB A. = co (a = 0) H A. = 2d (a MaKCHMalIbHO), 

06bIlJ/i0 OKa3bIBalOTClI .a.OCTaTOLJHblMIf .lI.lIlI onlfcaHHlI, no KpaltHetl 

Mepe I<aLJeCTBeHHoro, 061.1..lHX CBOItCTB CTpYKl'YPbl. I13JlOJl<eHHble 

C006paJl<eHHlI 6Y.ll.YT IfCnOJlb30BaHbi R nOCJle.a.YIOll.{Hx rraparpaljJax 

.lI,Jlll f13yLJeHHlI pa31I1f4HbiX CTPYI<TYP r.ma o.a.HOMepHoll p~weTKH. 

§ 5. UenOQKa 1f3 C806o~HWX qacTH~ 
eno4Ke,B O.ll.HOMeplJOIl u o6pasOBaHHolt cBo60.a.HbIMH qaCTH


uaMH, CYl.1..leCTBYIOT TOJlbKO CI1Jlbl B3aI1Mo.a.eltcTBHH MeJl<.lI.Y HHMH.
 

JJ.JHl npOCTOTbI 6y.a.eM npe.ll.rrOJlaraTb, LJTO KaJl<.a.all qaCTHua
 

B3al1MO.ll,ellCTByeT TOlIbKO co CMeJl<HbIMlf elt qaCTHuaMH. 3TOMY
 

COOTBeTcTByer, HanpHMep, CIIYLJall ynpyrnn cTpyHbI, ua KOTOpoll
 

paBHoMepHo pacnOJlOJl<eHbl O.a.HHaKoDble MaccbI; CHJlbl B3aHMO


.a.etlcTBHlI MeJl<.a.y LJaCTrlUaMfi onpe.a.elIlllOTCH nplf 3TOM nOCTOlllI 

HOlt BO sce x rouxax ynpyrocTbIO CTpyHbI.
 

PaCCMOTpl1M BHa4alIe CJlYlJatl npo.a.OJlbHbIX KOJle6aHHIt. 

3HalJeHHe a = 0 COOTBeTcTByeT 6eCKOHe4Holl .a.JlIfHe ROJlHbI; 

peweTKa CMel.1..laerclI KaK ueJloe, fI paCCTOlIHHe Me)K.lI,Y qacTH

u.aMH He Mel/lleTCll, TaK 'ITO CHlIbI BaaHMO.ll.ellcTBHlI He cxaasr
BaIOTClI. l..facToTa np.r 3TOM paBHa HYJlIO. Ilpn OTJlHlJHOM OT 

HYJllI, HO OLJeHb MaJlOM 3HalJeHlilf a .lI.JlflHa BOJlHbI MHoro 60Jlb

we pacCTOllHfllI Mem.a.y qaCTHuaMIi. B 9TOM CIIY4ae BOIIHa 

3 3aK. 201. 
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pacnpocrpausercs B.lI.OJJb peurerxn TaK )J{e, KaK BJlOJJb nenpepuauo
ro CTep)l{HSI, a CKOpOCTb pacnpocrpaneuaa He aaBIfCHT OT ,l\JJHHbI 

1l0JJHbl, T. e. qaCTOTa .lI.JJlI 60JJbWlfX ,l\JJHH BOJJH OKa3blBaeTCSI 

npOnOplJ,HOHaJIbHOA Ia I. KpOMe roro, crporue Bbl'IHCJIeHHSI 

noxasusaior, tITO ,l\JISI ,l\JIHH BOJIH, cpasnaxux C paCCTOSlHHeM 

Me)J{.lI.Y tIaCTHlJ,aMH, CKOpOCTb pacnpocrpaaeaaa yaensmaercs. 

C .n.pyrotl CTOpOHbl, tIaCTOTa pacrrpocrpanaroureacs BOJJHbI 0611

aaTeJJbHO llBJIlleTCll nepnonauecsoa <pYHKIJ,Hetl a. a xpasaa 'I (a) 
.n.OJI)I{Ha 6blTb CHMMeTpWlHa OTHOCHTeJIbHO Ha'laJJa KOOp,l\HHaT, 

B npOTHl3HOM cnysae npa sanauuon ,l\JIHHe BOJIHbl CKOpOCTH 

pacnpocrpanenaa B npllMOM H 06paTHOM aanpaaaennn 6Y.ll.yT 
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<P H r. 23. 

paanaxuu, tITO HeB03MO)l{HO B CIfJlY cHMMeTpHIf CHCTeMbl, 

DOCKOJIbKY <PYHK\.llfll 'I (a) clfMMeTplf'lHa OTHOCIfTeJlbHO aasaaa 

xoopnnnar If O.ll.HOBpeMeHHo rtepno.aasna C nepaoao» lid, TO, 

KaK cnenyer 1f3 npenunyutero, OHa .lI.OJl)J{Ha IfMeTb MaKcHMyM 

B TO'lKe a = l/2d. MO)J{HO noxaaars, tITO B 06w.eM cnyxae 

xpanas 'I (a) HMeeT BIfD.. npencraanemrua sa <pHr. 5. Ee ana

JIIfTHtIeCKOe aupaareaae 6YlleT nonyseao B caenyiourax r nasax. 

B cnysae nonepewcux KOJle6aHlitl KatIeCTBeHHoe paccaorpe

nae uonpoca MO)J{HO npOBeCTIf aHaJlOrHtIHblM oopaaoa: peayJlb

rarsr, noayseanue suure .lI.JllI nPOaOAbHblX KOJle6aHHtl, OCTaIOTCSI, 

aootiute roaopa, cnpaaennaauaa, C TeM JIHWb OTJJH'lHeM, 'lTO 

CKOpOCTb pacnpocrpaaeuas llJJHHHblX BOJIH If MaKCHMaJIbHble 

nacroru ,l\Jlll rrpono.n.aax H nonepeuuax Ko.~e6aHHtl oxaau
sarorcs pa3J1HtIHbIMH. 

I{pHBbIe, OijIfCbIBaIOw.He nosenenae <PYHKIJ,HH 'I (a) D.JlSI 9TlfX 

nsyx BH.lI.OB D.BIf)J{eHHSI, npencranaeuu ua <pHr. 23, rne IfH.lI.eKCbl 

yxaauaaior, 'lTO COOTBeTCTBYIOw.all MaKCHMaJlbHall tIaCTOTa OTHO

CIfTCSI K cnyuaio nonepexaux (t) IfJlH npOllOJIbHhlX (l) KOJJe6aHlftl. 

,.,- -n.""':Tpallellue eon« 8 OallOMepllblX peuterxax 

nOCKOJJbKY nepneH.lI.HKYJlllpHO peure.nce tIaCTH\.lhl MoryT CMe

urarscs B D.ByX HeaaBIfCHMLIX HanpaBJleHlIllX, KpllBall 'I (a) D.JlSl 
nonepellHhlX KOJle6aHHtl l\,OJl)J{Ha D 06w.eM cJlytIae COCTORTb 1f3 
l\,BYX pa3J1H'lHbIX BeTBelt 

Ha <pHr. 23 npellCTaBJleH Bhlp0)l{.lI.eHHhlA CJIy'lalt CJlIISlHIfSi 

9TlfX aersen B onuy, 'ITO COOTBeTcTByeT CHMMeTpHtIHotl CTpyHe. 

ECJlH )J{e crpyna aCHMMeTpli'lHa. HanpHMep HMeeT aJIJIlfnTIPleCKoe 

cesenae, TO 9TO Bblp0)l{l\,eHlfe CHIfMaeTCSI. B 06w.eM. c-ryvae 

'lIfCJJO BeTBeA H. CJleD.OBaTeJlbHO, lJHCJlO paaJlIf'1HblX lJaCTOT npn 

aaaaunon llJlIfHe BOJlHhl paBHO lJHCJIy CTeneHetl CB060.ll.bl CH
CTeMhI. 

4aCTH KpHBhIX na <plfr. 23. 1f306pa)J{eHHLle CnJlOWHhlMH 

JlIfHIfSlMH, OTHOCliTCli K OCHOBHOMy HHTepBaJly (4.6); If X nepno
.lI.HlJeCKoe np0.ll.OJl)l{eHlfe Ha06pa)J{eHo WTpHxaMIf. 

3aMeTHM, liTO ,l\JJll nOJJYlJeHHlI aa.ll.aHHoro cMew.eHIfR B no

. nepellHOM HanpaBJJemill Tpe6YlOTCll, Bo06w.e ronops, HaMHoro 

MeHbWlfe CIfJIbl, lJeM .lI.JllI CMew.eHHlI B npOllOJJbHOM f1anpaB.~eHHH, 
If; CJlellOBaTeJJhHO, cMew.eHHIO B nonepe-nroa HanpaBJleHlf1f COOT

BeTcTByeT MeHbWHtl Koa<p<pHll.HeHT ynpyroCTIf. TaK KaK lJaCTOTa 

nponoplUIOHaJJbHa KOpHlO KBallpaTHoMy H3 Koa<p<pHIJ,HeHTa ynpy
rOCTIf, TO BeTBb. COOTBeTCTBYIOw.all nOnepe'lHLIM KOJJe6aHlfliM 

HarpY)J{eHHotl CTpyHbI, Jle)J{IfT, OlJeBlfllHO, HH)I{e BeTBII .lI.JISI npo
.lI.OJIbHblX KOJJe6aHHtl. 

§ 6. npO~onbHMe Kone6aHHH ~enOqKH CBH3aHHMX 
paBHooTCTOH~HX OC~HnnHTopoB 

4aCTHlJ,a. BOaBpaw.aeMali K nOJIO)J{eHHIO paBHoBeClfli ynpyrolt
 

CHJlOtl. 06pa3yeT rapMOHlflJeCKlflt OCUIfJJJllITOP, KOTOpOMy COOT


BeTcTByeT C06cTBeHHali lJaCTOTa '10' 3aBHcSlw.all OT Koa<p<pIf


UHeHTa ynpyrocTH H OT MaCCbI tIaCTHUhI. ECJIIf K03<p<pHUHeHT
 

ynpyrocTH HMeeT paaJIHIIHble aHalJeHHlI B HanpaBJIeHIfSlX Ox, Oy.
 
OZ. TO OCll.HJIJISlTOP lIBJJlIeTCli aHH30TponHbIM H 06J1a.ll.aeT rpeus
 
C06CTBeHHbiMII lJaCTOTaMH 'lox. 'loy. '1 ' COOTBeTCTBYIOW.IfMIf KOJle
oz 
6aHlfSlM B 3THX Tpex HanpaBJJeHHHx, 

PaCCMOTplfM reneps ueno-ncy OD.IfHaKOBbIX lfaOTponHhlx rap

MOHlftIeCKIfX OCll.HJIJIRTOPOB, pacnOJIO)l{eHHblx na paBHOM pac

CTOliHlf1f d ~pyr or zpyra, II npellnOJIO)l{HM, tITO BaaIfMO.ll.eU

crsae If MeeT MeCTO TOJIbKO Me)l{llY CMe)J{HbIMII OC\.lIfJlJJllTOpaMIf. 

Hac 6Y~YT IIHTepeCOBaTb Tlfnbl npO.ll.OJIbHLIX KOJIe6aHHtl B TaKoR 
CHCTeMe (<pllr. 24). 

3* ... 
<r 
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T04KaMlI na qJllr. 24 0603Ha4eHbi MaCCbl M, ynepxnaaexue 
B nOll0>KeH1IlI paauoaecaa npY>KiiHKaMii r. \{a>K1I.aSl LJaCTtIl.I.a M 
BMeCTe co cnoea npy>KHHKotl r oopaayer OCUHIIIISlTOp. CBSl3b 

oCYll.l,eCTBIISleTcSl npa noaouin npY>KHHbl R, Coe1l.1IHSlIOmetl 1I.Be 

cocenuae MaCChi. 
B CIIY4ae 6eCKOHe4Hotl 11.11 lIHbl BOIIHbl. BOIIHOBoe LJHCIIO a 

paBHO uymo H ace qaCTHUbl nepeaeuiaiorcs 01l.HHaKOBbiM oopa

30M. nOCKOllbKY paCCTOSlHHSl MelK1I.Y HHMlI npn 3TOM He H3Me

HlllOTCSl II CHllbl B3allM01l.etlcTBHlI R lie CKa3bIBalOTCSl, Ka)/{1I.aSl 

4aCT1Iua CTpeMHTCli nepuyn.cs B nOIlO)/{eHHe paBHOBeCHll TOllbKO 

611ar01l.apSl BOCCTaHaBJH1BaIOmetl CllJle r (01l.HHaKoBo1t 1I.IISl scex 

4aCTHU). u, TaKllM 06pa30M, CllCTeMa KOlle6J1eTCSl C 4acToTotl '10, 

Il pll YMeHbllleHllll 1I..~llHbl BOIIHbl 4aCTHUbi lIa411HalOT acnsrruaan, 

, I 

~D~ 
~~ 

M M M M M M 

<I> Ii r. 24. 

B3a1lMHbie nepeaeuieana. BCTynalOT B nrpy CHJlbl B3aHM01l.e~
CTBHSl R H 4aCToTa, cOOTBeTcTBylOmaSl 3TOtl 1I.IIHHe BOIIHbl, 6y.neT 

HeCKOJlbKO OTJlH4aTbCll OT '10, ECII1I npu 3TOM cyxaa CHllbI 

B3aHM01l.eltcTBHSl 11 ynpyroa CHllbl, 1I.e~cTBYIOw.e~ Ha 4acTHUY, 

60llbllle BoccTaHaB.1HBalOw.e~ ClIJibI r, TO qaCTOTa B03paCTaeT, 

B npOTllBHOM cnyxae qaCTOTa y6blBaeT. 
MO)/{HO noxaaart.. 4TO 1I.JlSl 60llblll1lX 1I.IIllH BOJIH 4aCTOTa v 

1I.aeTCSl CooTHOllleHlIeM 
2 (6.1)'I = '10+ba , 

rne 3HaK BeJlHlJHHbl b, aanacauiea OT K03cPcPHUlIeHTOB ynpyrocra 
cacrexu. onpenenser. yBellll'IllBaeTCSl HJlH yxeasuraerca 'laCTOTa 'I 

npn B03pacTaHlIll : a [. 
Ha ocnoaaaaa lI3J10)/{eHHbI x asnne co06pa)/{eHH~ MO)/{-f{O 

3aKJl104llTb,' 4TO 'laCTOTa noII)/{Ha npH6l1ll)/{aTbCSl K caoexy 

sscrpexyay. xorna 1I.IIiiHa BOJlHbl no nOpSl1l.KY BeJlllLJllHbl CTa

HOBHTCSl paBHO~ 2d. OTClOlI.a cne.ayer, 4TO CYW.ecTByIOT naa 

npenem.aux 3Ha4eHHSI 'I, paanux '10 II '1m' npll4eM B cncreae 

xoryr pacnpOCTpaHSlTbcli TOllbKO BOIIHbl C 4aCTOTaMH. lIe)/{aw.lIMll 

Me)/{1I.Y '10 11 '1 ; BOIIHbl C qaCTOTaMll. Jle)/{aw.llMll BHe anrepeaaam
('1 ' '1 ) , 6blCTpO saryxaio'r. TaKHM 06pa30M, paCCMaTpllBaeM311

0 m 

PacnpocrpaHeHue OOAH 8 OaflOMepflblK peuierkax 

CHCreMa' npe.nCTaBJISleT c060tt nOJlOCOBott cPllJlbTp. CnJlOlllH311 

KpHBall na qHfr. 25 H306pa)/{aeT 3aBHCHMOCTb 'I (a) H3 OCHOBHOM 

HHrepBaJIe (- 1/2d. + I/2d), nocTpoeHHylO B npe.nrrOJlO)/{eHHH, 
liTO s» O. 

11 

,~ 
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<I> 11r. 25. 
'I< 

ECJIll Ka)/{.n3Sl 4aCTHua npe.nCTaBJIlleT cooon aHH30TponHbItt 

OCUHJIJISlTOP, TO xpnaas 'I (a) p3cna.naeTcSl Ha TpH BeTBH, onna 

sa KOTOpbIX COOTBeTcTByeT rrpo.nOJIbHbIM IWJIe6aHHSlM, a .nBe

nORepe4HbIM. 3TH KpHBble MarYT rrepeceKaTbCSl H He 06Sl33TeJIbHO 
BoapaCTalOT B OKpeCTHOCTH TO'lKH Ia 1=o. 

. 
§ 7. npO.nonbH~e Kone6aHHH QenOQUH 

~ByxaToMHNX Moneuyn 

. CHcTeMa. onacaaaan B rrpe.nbl.nYllJ,eM naparpaq», HeCKOJlbKO
 

IfCUyccTBeHHa; .n.ettcTBHTeJIbHO, .nOBOJIbHO rpynno npe.ncTaBHTb
 

ce6e lIaCT1IUbT. Yll.ep)K1IB3eMbie B Hef<OTOpOM 3a.naHHOM nOJlO)Ke


IfKK npY>l<HHKaMH r. 8 .naJIbHej;!llleM (CM. § 12) MbI nplfBell.eM
 

flPiU.epbI aHaJIOrH4HbiX CTpyKTyp. HMelOllJ,HX, onaaxo• npyryio
 
'IlKaH'lecKYIO npHpo.ny. 

. 'BoJiee eCTecTBeHHaSl MeXaHH'leCKaSl Mo.n.ellb no.n.06Hott CTpyK

TYpt.1 rrOJlY'laeTCll npa paccMOTpelI1IH .nByxaToMHbIX MOJIeKyJI. 

8Ta aa.n.a'la CJiO>l<Hee, nOCKOJIbKY aaecs HMelOTCSl nsa copra 
'CTlfll. npH'leM aTOMbI Ka)K.noro copra B3aHMo.nettcTBYIOT O.nHO

••eIfHO KaK Me)K.n.y cocoa, TaK H C aTOMaMH .npyroro copra. 

• "'~TaKaSl pellleTKa H3 .nByxaToMHbIX MOJIeKyJI cXeMaTH'leCKH

~lJa>l<eHa aa cPHr. 26. rrpH'leM Kpy)KKaMH 0603Ha'leHbI 'laCTHUbI 
c>j"accott M, a TO'lKaMH - C Maccott m, \{a)K.n.all OT.n.eJlbHO

~JI MOlleKyJIa (M, m) 06J1a.naeT HeKoTopott C06cTBeHHott

'ft~OIt' ~ . '1Q 
• CooTBeTCTBYIOllJ,ef\ npol\OJ/bllblM KOJIe6aHHRM ee 
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9JIeMeHTOB. CMeLUeHHSI Macc M H m HMelOT npa 9TOM paanue 
3HaKH, TaK 4TO 06LUHtI ueurp TSimeCTH Macc OCTaeTCSI neno

.nBl1mHbI M. 
Cnenas 9TH 3aMe'laHHSI, paCCMOTpHM .uBHmeHHe nenoxxu H3 

.uByxaToMHbiX MOJleKyJI, paCnOJIOmeHHblX B COCTOllHHH paBHO

BeCHSI aa O.uHHaKOBbIX paCCTOSlHHSlX d B.uOJIb OCH XX', npH4eM 

6y.ueM C4HTaTb, 4TO B3aHMO.uetlcTBHe HMeeT MeCTO TOJlbKO Mem.uy 

6JIHmal:\wHMH COCe.uSlMH. 

Mm M m M m M m M m Mm 

t:=d-s.::::::= d ~ •• d .1.· d S.· d =:.r
<t> Hr. 26. 

• Bseneu OBe KOMnJleKCHble 9KcnOHeHUHaJlbHble epyHKUHH, onna 
H3 KOTOpbIX onncuaaer .uBHmeHHe 4aCTHU C Maccotl M, npy
r as - C MaccoJ;! m,
 

~M=AMe21ti(vt-a.x), ~m=Ame2d(vt-a.x). (7.1) 

3TH epyHKUHH xoryr HMeTb pa3JIH'lHble aMnJIl1TY.ubI, HO xapax
TepH3YlOTCSI o.uHHaKOBbIMH BeJlH'lHHaMH 'I H a, npH'leM 'laCTOTa " 

IIBJISleTCSI epyHKUHeJ;! napaserpoa CHCTeMbI H BOJIH.OBoro 'lHCJIa a. " 
MomHO crporo noxaaars, 'lTO 6JIaro.uapSi ynnoenuoay 4HCJIy 

CTeneHeJ;! CB060.ubl B TaKoJ;! cHcTeMe 'lHCJIO BeTBetl KpHBOt! v(a) 
Tome y.uBaHBaeTCSI. Ka4eCTBeHHO 9TO MomHO nOSlCHHTb cnenyio
LUHM 06pa30M. B CJlY4ae 6eCKoHe4Hotl .uJIHHbl BOJIHbl xoryr 
CyLUecTBOBaTb CJIe.uYIOLUHe naa aana .uBHmeHHSI: 

a) KOJIe6aHHSI scex aTOMOB npoacxonsr ace BpeMSI B epa3e, 

T. e. 
(7.2)

AM=Am• 

H .uBH>KeHHe CHCTeMbI CBO.uHTCSI K nepeMeLUeHHIO acea uen04KH 

KaK uenoro C coxpaHeHHeM B3aHMHoro paCCTOSlHHSI Mem.uy aTO

MaMH. 4aCTOTa npu 9TOM panna HyJlIO. 

6) Uen04KH, COCTaBJIeHHble H3 aTOMOB M H aTOMOB m, 
nepeMeLUalOTcSI KaK ueaoe, HO B npoTHBOnOJIOmHbIX nanpaane

HHSlX, TaK 4TO UeHTp TlImeCTH CHCTeMbI OCTaeTCSI B nOKO~. 
ECJlH 6bI B3aHMo.uetlcTBHe Mem.uy MOJIeKyJIaMH OTCyTCTBOBaJlO. 

TO 'laCTOTa TaKHX KOJIe6aHHJ;! 6bIJIa 6bI pasua '10' npH4eM '10~0. 
Il pH HaJlH'lHH B3aHMo.uetlcTBHSI 'laCTOTa '1~, Bo06LUe rOBOpSl, 

OTJIH4Ha OT '10, 

Pacnpocrpaneuue BOAH a OOHOJlepHblX petuetxax 39 

KpHBaSi 'I (a) .uOJlmHa HMeTb, TaKHM 06pa30M, nne BeTBH, 

onua H3 KOTOpbIX, aaaunaexas HHmHeJ;! BeTBblO, npn a = 0 

npoxonnr 'lepe3 nyns, a npyras, aaauaaeuas aepxnen 
BeTBblO, - 'lepe3 T0'lKY '1~ • 

OpH YMeHbweHHH .uJIHHbI BOJIHbI HHmHSISI BeTBb .uOJlmHa non
HHMaTbClI, T. e. BeCTH ce6S1 no.u06HO TOMy, KaK eCJIH 6bI Ka)l(.uaSi 

MOJIeKyJIa 6bIJIa aaxenena onnoa 'lacTHIletl. BepXHSISI me BeTBb 

npn y.uaJIeHHH OT T0'lKH !a I = 0 B 3aBHCHMOCTH OT napaxerpos 
CHCTeMbI MomeT KaK no.uHHMaTbCSI, 

TaK H onYCKaTbCSI OTHOCHTeJIbHO /I 

11T0'lKH '1~. m3 

Ha epHr. 27 npenCTaBJIeHO H3

MeHe}m~ 4aCTOTbI 'I KaK epYHKIlHH a, 
npH'leM aepxass BeTBb asoopascena 
.uJISI anyx cnyxaes: UlTpHXOBaSi KpH

BaSI npH pOCTe Ia I COOTBeTCTByeT 

B03paCTaHHIO 4aCTOTbI, a crmour
HaSi - y6bIBaHHIO 'laCTOTbI, CaMO 

corion paayxeercs, tlTO B Kam.uotl 

paccaarpaaaexoa CHCTeMe B03MO- . 

meH TOJIbKO O.uHH H3 9THX cJlY'laeB.; '! II a 
Pa3JIH'lHOe nosenenae nepxuen - 2d Zd 

BeTBH HJIJIlOCTpHpylOT epHr. 13 (BHH
<t> H r. 27.

cenr) H epHr. 20,(BopH). OTMeTHM, 

4TO OT napaxerpoa CHCTeMbI 3aBH

CHT xon nepxnea BeTBH KpHBOtl 'I (a) H, B 'laCTHOCTH, nonoxe-
HHe '1~ no OTHOllleHHIO K MaKCHMaJlbHOJ;! 'laCTOTe HHmHeJ;! BeTBH. 

BOJIHbl, 'laCTOTbI KOTOpbIX JIemaT BHe nOJIOCbI nponycxaaas, 
.uOJImHbI TaK me, KaI{ H B paccaorpennux panee crpyxrypax, 
9KCnOHeHI.lHaJlbHO aaryxars. BOJlHOBble 'lHCJla a, coornercmyio
LUHe 9THM 'laCTOTaM, KOMnJIeKCHhI, npH'leM HX MHHMaSi 'laCTb ~ 

panna nocmonuuoa samyxauust na naanoa 'laCTOTe. 

Ha epHr. 28 npasenena 3aBHCHMOCTb nOCTOSlHHOJ;! 3aTyxaHHSI ~ 

OT 'laCTOTbI 'I, npH'leM cnnoumue H llITPHXOBble xpusue COOT

lleTcTBYIOT .uByM pa3JIH'lHbIM THnaM' aepxnen BeTBH, npencra

BJIeHIIbIM na epHr. 27. 

TaKHM 06pa30M, paccaorpeauue npuaepu n03BOJISIIOT cne

JIaTb CJIe.uyIOLUHe BbIBO.ubI, .ueTaJlbHbltI aHaJlH3 KOTOpblX 6y.ueT 

nposenen B .uaJIbHeRllIeM: 

1. Hacrora 'I SlBJISleTCSI nepnonauecxoa epYHKI.lHeJ;! k (HJlH a) (4.5). 
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MATEMATHqECKOE HCC~EllOBAHHE 

OJlHOMEPHhlX PEIUETOK, 
COCTOSlmHX H3 OJlHHAKOBhlX qACTHU 

§ 8. YpaBHeHHe .lI.BH)I(eHHSI O.ll.HOMepHoH peurerxn, 
cocromuef H3 O.ll.HHaHOBblX qaCTHu, 1) 

3.lleCb 6Y.lleT .llaH CTporH~ BHBO.ll pe3yJlbTaTOB, KaqeCTBeHHO 

no.ryuenuux HaMH B npenunyurax r naaax. 

Mbl 6y.lleM paCCMaTpHBaTb neorpanauennyio peurerxy, CO

CTOHlUYIO H3 O.llHHaKOBbIX qaCTHU C xaccoa M, pacnOJlO)KeHHbIX 

B.llOJIb npHMO~ (HanpaiJJJeHHO~ no OCH X' X) H HaXO.llHlUHXCH 

B COCTOHHHH paBHOBeCHH aa paanux paCCTOHHHHX npyr OT npyr a. 

Bynex aayuars npononsuue KOJle6aHHH TaKO~ CHCTeMbl. Ilpo
nyxepyex qaCTHUbi----iiaqItliaH OT Jl106o~ H3 HHX, B3HTO~ aa 

HaqaJlbHYlO, KOTOpylO 6y.lleM nasuaan, HYJleBO~ uacruuen; na

CTHUy, cnenyiouiyio HenOCpe.llCTBeHHO aa He~ cnpaaa, 6Y.lleM 

nasuaan, nepeon H T. .ll. 

ECJlH xepea Yn 0603HaqHTb OTKIlOHeHHe n·~ qaCTHUbI npn 
.llBH)KeHHH OT caoero nOJlO>KeHHH paBHOBeCHH, TO aupancenae 
.llJlH ee xoopnaaaru X n B naHHbl~ MOMeHT BpeMeHH 6Y.lleT HMeTb BH.ll 

xn=nd+Yn' (8.1) 

TaK KaK Mbl npennoaoxora», 'ITO O.llHH qaCTHUbl MoryT ncnu

TbIBaTb cMelUeHHH OTHOCHTellbHO npyrn X , TO .llJlH BHqHCJleHHH 

B3aHMO.lle~CTBHH Me)K.llY HHMH HaM neooxonaxo 3HaTb paCCTOH

HHe Me)K.llY .llByMH JlI06blMH qaCTHuaMH. Bupaxenne .llJlH pac

CTOHHHH Me)K.llY n-~ H (n + m)-~ qaCTHuaMH HMeeT BH.ll 

rn, n+m= X n im- X n = md + Yn+m - Yn' (8.2) 

nOCKOllbKY CMelUeHHe Yk npennoaaraerca MallbIM no cpaane

HHIO C paccrosnaex d, TO BHpa)KeHHe (8.2) oyner nOJlO)KH

rem.no HIlH orpauarensuo B 3aBHCHMOCTH OT 3HaKa BellHqHHbl m. 

1) B 3TOM rraparpa¢e paCCMaTpHBaeTC~ npo6neMa .llanbHero B3aH
MO.lleHCTBHR MeJK.llY tJaCTHI.\aMH ueno-ncn, 3Ta nporiaeva aa rtpnvepe 
KYJlOHOBCI<HX CHn B3aHMO.lleHCTBH~ paccaarpnnaaacs A. A. Baacoasrx 
npn H3nOlKeHHH reopua 3neKTpOHHOH nnaaxsr. [A. A. B n a COB, )f{3T<t> , 
8, 291 (1938); A, A. B n a COB, Teopna MHOfH)( tJaCTHI.\, M., 1950.J
npUM. pea. 

F'naea 2 

o 
<t> H r. 28. 
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p 

C pa31lHqHblMH qaCTOTaMH. Ilpuxepu, cooraercrayioiuae N =1, 
2 H 3, 6blllH npaaenenu B § 5-7. 

. 4. 4HCJlO BeTBe~ KPHBO~ ~ = F(a) paBHO qHCJlY creneuen 

csooonu 9IleMeHTapHO~ Hqe~KH peurerxu. a TaK)Ke qHCIlY nOJlOC 

nponycxanns, nexoropue H3 KOTOpblX MoryT nepeKpblBaTbcH. 

5. BOJlHbl C qaCTOTO~, lle)KalUe~ BHe nonoc nponycxauaa, 

He xoryr pacnpOCTpaHHTbCH H 9KcnOHeHUHaJlbHO aaryxaior no 

xepe npOXO)K.lleHHH qepe3 cncrexy. 
TaKOBbI 06lUHe CBO~CTBa nepHO.llHqeCKHX crpyxryp. MaTe

MaTHqeCKOMY H3yqeHHIO KOTOpblX 6y.llyT nOCBHlUeHbl caenyio

uiae r II as bl. 

2. 06J1aCTb H3MeHeHlUl BeJlHqHH k (HJlH a) MO)KHO CBeCTH 

K OCHOBHOMy uarepaaay (4.6). 
3. Ecna 9J1eMeHTapHaH Hqe~Ka, o6pa3ylOlUaH 9J1eMeHT nepuo

.llHqHOCTH O.llHOMepHo~ peurersn, HMeeT N crenenea caooonu, 
TO .llJlH Ka)K.llorO 3HaqeHHH k (HJlH a) cyuiecrayer N THnOB BOJIH 

40 
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DOTeHUHaJIbHYIO 9HeprHIO, npa nonoum KOTOpOtl BbI'lHCJIHIOTCH 

CHJIbl B3aHMO./leltcTBHH MelK./lY ./lBYMSl ./laHHbIMH 'laCTHuaMH, MOlKHO 

paccaarpanan, KaK epYHKUHIO TOJIbKO HX B3aHMHoro paccrosaua 

V (r) = V (I x n +m - xn I). (8.3) 

TaKHM 06pa30M, aupascenne .llJIH no.moa nOTeHUHaJIbHolt snep
rHH acea peurerxu MOlKHO sarmcars B anne 

V=~ ~ V(!Xn+m-Xn]) (8.4) 
n m >0 

npn YCJlOBHH CyMMHpoBaHHH TOJlbKO no nOJlOlKHTeJlbHbIM 3Ha

'leHHHM m (sro yCJIOBHe He06xo.llHMO .llJIH roro, 'lT06bl He 

Y'lHTbIBaTb .llBalK.llbl B3aHMO./leItCTBHe KalK.llolt napu 'laCTHU). 

3aMeTHM, 'ITO C TaKHM lKe ycnexov MOlKHO 6b1J1o 6b1 npo

BeCTH CyMMHpoBaHHe no acex 3Ha'lCHHHM m, no B 9TOM cnysae 
He06xo.llHMO nOJlY'leHHbllt pe3YJlbTaT pa3.lleJlHTb Ha ./lBa, TaK KaK 

unaue KalK./laH napa 'laCTHH Y'lHTbIBaJlaCb 6bI .llBalK.llbI. Y./l06Hee. 

O./lHaKO, OrpaHH'lHTbCSI cyMMHpoBaHHeM TOJIbKO no nOJIOlKHTeJIb

HbIM 3Ha'leHHSlM m, nOCKOJlbKY 9TO n03BOJlSleT onycrars 3HaK 

MO.llYJlH y apryxeura epyHKUHH V. 
ECJIH npennorarars caeurenue Yk MaJIblM no cpasrremno 

C paccTOHHHeM MelK.llY 'laCTHuaMH, TO epyHKUHIO V acer.aa 
MOlKHO pa3J10lKHTb B psn Teanopa, TaKHM 06pa30M, nOJIy'lHM 

V (xn+m - x n) = V (md) + (Yn+m - Yn) V' (md) + 
++(Yn+m - Yn)2V" (md) + ' ... 

r ne V' (md) H V" (md) - COOTBeTCTBeHHO 3Ha'leHIIH npOH3BO./l

d2V/dr2 BHbIX dilldr H TO'lKe r=md. 
DO.llCTaBJIHH 9TO paSJIOlKeHHe B supaaceune (8.4) H npene

6peraH CTeneHHMH BeJlH'lHHbl (Yn+m - Yn)' 60JlbWHMH .llBYX. 

noaysaex aupasceune .llJlH noauoa noreaunaasson 9HeprHH 

peurerxa 

V = ~ ~ [V (md) +(Yn+m - Yn) V' (md) +
 
n m >0
 

+ ~ (Yn+m - Yn)2 V" (md)] 

MareMarU'IeCKOe uCCJle80BaHue oiincueptcux peUJeTOK 

HJIH 

V=C+ ~ ~ [(Yn-tm-Yn)VI(md)+
 
n m>o
 

+ ~ (Yn+m - Yn)2 V" (mchJ ' (8.5) 
rne nOCTOHHHaH 

c=~ ~ V (md). 
n m>O 

CHJIa Pp' ./leItCTBYlOmaH na p-IO 'laCTHUY. paaaa B3HTOtl 

,C 06paTHbl~ 3HaKOM npOH3BO.llHolt OT nOTeHUHaJIbHolt 9HeprHH 

rio cMew.eHHIO Yp 9TOit sacruuu. O./lHaKO, npexne 'leM npn
crynars K Bbl'lHCJIeHHIO CHJIbl, caenyer YKa3aTb. 'ITO npa CyM

MHpOBaHHH no n OTJIH'IHbllt OT HyJIH BKJIa.ll naior naa 'lJIeHa. 

./lJIH KOTOpblX JIH60 n = p, JIH60 n + m = p; ace OCTaJIbHble 

'lJIeHbI He nrpajor pOJIH, TaK KaK He 3aBHCliT OT nepexenaoa Y ' 
p

TaK KaK m BeJlH'lHIta cyw.eCTBeHHO nOJlOlKHTeJlbHaH, TO 'lJleH 

CYMMbl, ./lJlH xoroporo n = p, Y'lHTbIBaeT CHJIy • .lleItCTBYIOmyIO 

na P-IO 'laCTHUY co CTOpOHbI 'laCTHU. paCnOJIOlKeHHblX cnpaaa 
.OT nee, a 'lJleH. ./lJlH xoroporo n + m = p, Y'lHTbIBaeT CHJlY. 

.lleItCTBYlOmyIO aa 9TY lKe xacrauy co CTOpOHbl 'laCTHU. pac
nOJlOlKeHHblX cneaa. 

TaKHM 06pa30M, DblpalKeliHe .llJlH cnnu Pp 6Y.lleT HMeTb BH./l 

Pp = - aau = - aa ~ ~ [(Yn+m .- Yn) V' (md) + 
Yp Yp ° n m> 

+ ~ (Yn+m - Yn)2V"(md)] = - a~ ~ [(yp+m - Y p) V' (md)+ 
p m>O 

++(Yp+m - Yp)2V" (md) + (YP- Yp-m) V' (md) + 
+ +(YP - Yp _m)2V" (md)] = (8.6a) 

= - ~ [-V' (ntd) -- (Yp+m - Y ) V" (md) +p 
m>O 

+ V' (md) + (YP - Yp_ m)V" (md) J 
HJIn, eCJlH 0603:1a'lHTb V" (md) 'lepe3 V:Z, 

~ " 
P p = '"'" V m(Ypm +Yp-m - 2yp). (8.66)

m>O 

3TH epOpMyJlbl n03BOJlHIOT cnenan, pan HHT~peCHbIX 3aMe'laHHIL 
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Hanpaxep, B nocnennen CTpOKe BblpalKCHIi51 (8.6 a) qmry
papyer '1J1eH -----:U' (md) , npencraanmoumn co6ott CIiJlY, C KO
ropon (m + p)-5I xacraua .nettCTByeT na P-IO '1aCTIiUY; B cnysae 
neozpauuueuuot: uenoiucu 3Ta cana xoanencnpyerca nporn
BOrrOJlOlKHO nanpaaneanoa CIiJlOtt + V' (md), CKOTOpOtt (p-m)-5I 
nacrnua .nettcTByeT na P-IO sacrnuy. 

B cay-rae IWHe'tHol1 uenowcu ne ao 6y.neT 06CT05lTb aaase . 
ITpe.LlrrOJlOlKIiM. 'ITO uenosxa '1aCTIiU npocrapaerca OT n = - CX) 

.LlO n = 0 (T. e. 'I aCTIiUbI C ti = 1, 2•... OTCYTCTByIOT), Ii uaa

.neM CIiJlbl. xoropue cnenyer BBeCTIi, '1To6bl crpyxrypa peiuerxa 
B6J1li31i KOHua (n = 0) OCTaBaJlaCb He1i3MeHHott. Bneunrae CIiJlbI 

u.~ 
~5 

I 
I 

I 
I 
I 
I 
I 

I 
I 
I 
I 
I 

-7 -6 -5 -4 -3 -2 -1 0 1 2 3 4 5 6 7 

5U;'~ 

<P Ii r. 29. 

.LlOJllKHbl 6blTb T04HO TaKIiMIi lKe, KaK CIiJlbl, neacraoaasume 
CO CTOpOHbl oropoureuuux '1aCTIiU. TaK, aanpaaep, .LlJl51 LJaCTIiUbI 
C p = - 2 nano .Ll06aBIiTb CIiJlbr (eplir. 29) 

U~, V~. V~, ... 

I1TaK, ecnn Mbl XOTIiM, '1To6bl KOHeu uenosnca OCTaBaJlC5I 
HeIiCKalKeHHbIM, T. e. lKeJlaeM coxpauars Heli3MeHeHHbIM pac
CT05lHlie d MelK.ny KpattHIiMIi 'I acrnuaaa, TO aeooxonnao BBeCTIi 
CJlOlKHYIO CIiCTeMY CIiJl, .LlettcTBYIOW,IiX ua nocnennne '1aCTIiUbI 
uenouxu. TaKIiM 06pa30M. rrOJlHa51 cana, nencrnyiomaa na CO
BOKyrrHocTb rrOCJle.LlHIiX '1aCTIiU p5l.Lla, paBHa 

" co , ~,

Ft=V1+2U2+3Va+ ... =L..JmVm , (8.7) 
m~l 

rrOCKOJlbKY cyurecrayer m rrap B3aIiMO.LlettcTBYIOW,IiX MelK.LlY co
60tt '1aCTIiU, pacnonozcemnrx C ooeax CTOpOH OT KOHua 11 na
XO.Ll5lW,IiXC5I na paCCT05lHlil1 md npyr OT npyra, <Pm. 29 I1J1J1IQ
cTplipyeT 3TOT peay.n.rar .nJl51 cny-raa m = 5. 

MareAtarU'leClwe uCC:IIe(}o8a1IUe 08ltOMepltblX petuero« 

i IaKKM 06pa30M, .LlJl51 rrOJlY'leHIi51 OrpaHIi'leHHott onaoxepnon 
peurerxa C o.nIiHaKOBbIM paCCT05lHlieM d MelK.LlY '1aCTIiIJ,aMIi He
06XOOUMO. '1To6bI nonuan CUAa, .LlettcTBYIOw,a5l" ua KOHeu pe
WeTKI1, paBH5IJlaCb . Ft. O.LlHaKO 3TO ycaosue HIiKOIiM 06pa30M 
He 5IBJl5IeTC5I .LlOCTaT04HbIM. B 3aBliCliMOCTIi OT roro, KaK 3Ta 
cana F t pacnpeneaserca MelK.LlY rpaHli4HblMIi 4aCTliuaMIi pe
urencn, MOlKHO paCCMOTpeTb naa cJlY4a5l: 

1. B03MOlKHO. 'ITO XOTH B6J1li3H rpaanuu Ii IiMelOT MeCTO 
B03Myw,eHIi5l. O.LlHaKO .LlOCTaT04HO .naJleKO OT nee paCCT05lHI1e 
MelK.ny xacrauaan d OCTaeTC5I HeIi3MeHHbIM. ITO.Ll06HOe no.to
lKeHl1e IiMeeT MeCTO 06bl'lHO npa CI1J1ax. 6blCTpO cnana 10W,1i x 
C paCCT05lHlieM, 'ITO, B 4aCTHOCTIi, BCTpe4aeTC5I B aanauax, CB5I
aaunux C KpliCTaJlJlli4eCKliMI1 peweTKaMIi. ECJlIi panayc ne tt 
CTBIi51 CIiJl nopsnxa Ld, TO B CYMMe (8.7) cne.ayer OCTaBIiTb 
'1J1eHbl C 1 -<. m-<. L. ITPIi 3TOM paccrosune, na xoropoe pac
rrpOCTpaH5IeTC5I B03Myw,eHlie, rro nopaaxy B~Jlil4IiHbl ratoxe 
paBHO Ld, 

2. Boaxyuteune MOlKeT HOCIiTb rrepli0.Ll1i4ecKlitt xapaxrep 
B 3aRliCliMOCTIi OT paCCT05lHIf51 Ii MOlKeT pacnpocrpaann.cs rro 
seen peurerxe. B 3TOM cJly'lae Mbl rroJlY4aeM "cyrrep-peweTKy". 
T. e. nepaonnsecxyio crpyxrypy C HOBblM nepaonou D, 60Jlb
WIiM '1eM d. TaKI1M 06pa30M, .LlJl51 roa lKe caxoa no nnoa 
CIiJlbI F t , rrpliJlOlKellHott K rpaHIi'lllblM sacrnuaa petuerxa, MO
rYT IiMeTb MeCTO pa3J1114Hble paCCT05lHIi51 d., d • '" MelK.LlY

24aCTliuaMIi. 

Hanpanep, 4T06bl II cnysae CB060.LlHOtt uenouor 4aCTIiU, 
T. e. uenoxkn, K KOTOpOtt He rrpliJlOlKeHbl HI1KaKlie aneuruae 
CIiJlbl, OTCyTcTBoBaJlIi B03Myw,eHIi5l. He06xo.nIiMO CJle.LlYIOw,ee, , 
paBeHCTBO: VI = V 2 = ... = Vi = O. ITPI1 3TOM paBeHCTBO
 
paccrosuna MelK.LlY 4aCTliuaMIi peurerxa COXpaH5IeTC5I annors
 

. , 
.Ll0 ee rpauauu. Hanporaa, eCJlI1 ace npoaaaonnue V m OT
Jlli4Hbl OT HyJl5I, TO 6Y.LlYT IiMeTb MeCTO IiCKalKeHIi51 peurerxn
 
Jlli60 TOJlbKO B6J11131i rpanauu (cJly4att 1), Jlli60 rro Bcett ee
 
.LlJlIiHe (cnyuan 2). 

Bee BblWeli3J10lKeHHOe OTIIOCliTC5I TOJlbKO K O.LlHOMepHoMy 
CJlY4alO, KOTOpOMy cooTBeTcTByeT, nanpaacp, aaaaua 0 Ha. 
XOlK.neHIiIi epOPMbl rroBepXHOCTI1 Ii rroBepxHocTHoro HaT5IlKeHIi51 
lKli.LlKOCTIi IiJlIi TBep.LlOrO re.ra. B cnyuae rpexxepaux aa.aau, 
xoropue BCTpe'laIOTC5I B epli3liKe, B3a1iMO.LletlcTBlie MelK.LlY 4a
crauaan 04eHb 6blCTpO y6bIBaeT C YBeJlli4eHlieM paCCT05lHI151 
MelK.ny HIiMIi a, TaKI1M 06pa30M, acerna ocyurectenaerca cJlY4atl 1. 
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I'pauaua nOBepXHOCTHoro CJIOSI. xoropua orpaHH'IHBaeT lKH.ll.lwe 

HJIH rsepnoe TeJIO, 6y.n.eT onpe.n.eJISlTbCSI L-M aTOMOM KalK.n.oro 

\ pana '1aCTHU. HCKalKeHHSI peurerxa, HMelOUJ.He MeCTO BHyTpH . 

\ noBepXHOCTHoro CJIOSl, Bbl3blBalOT noannenne .ll06aBO'lHblX CHJI, 

\ xoropae H HOCSIT Ha3BaHHe nOBepXHOCTHoro HaTSIlKeHHSI. 

3TOT THn B03MYUJ.eHHIt peuienca H pasaepu OXBaTblBaeMol\ 

HMH 06JIacTH 6y.n.yT HCCJIeAOBaHbl B § 10, HO yxe cel\'1ac 

MOlKHO npenaanen- BCIO CJIOlKHOCTb rpaHH'IHblX yCJIOBHl\ .n.JISI 

CTpyKTyp, '1aCTHUbl B KOTOpblX B3aHMo.n.el\CTBYIOT ua 60JIbrnHX 

paCCTOSlHHSlX. 3TH rpaHH'IHble yCJIOBHSI YlKe He MoryT onpene
JISlTbCSI TOJIbKO CyMMOl\ CHJI, .n.el\CTBylOUJ.HX na rpl!HH'IHble va
CTHUbl; KpOMe roro. snecs He06xo.n.HMO 3HaTb xapaxrep pac
I1pe.n.eJIeHHSI 3THX CHJI MelK.n.y '1aCTHuaMH. Haxo.n.S1UJ.HMHCSI B rpa

HH'IHOl\ 06JIaCTH. 06bl'lHble MaTeMaTH'IeCKHe MeTo.n.bl, 6a3HpylO

UJ.HecSi na npe.n.CTaBJIeHHH 0 nOBepXHOCTHblX CHJIaX, COBeprneHHO 

HenpHMeHHMbl K peuieumo raxoro pona aaaax. AHaJIOrH'IHOe 

nOJIOlKeHHe HMeeT MeCTO npu paCCMOTpeHHH BonpOCOB, OTHO

CSlUJ.HXCSI K pacnpOCTpaneHHIO BOJIH B 06JIaCTH COe.ll,HHeHHSI nsyx 
peurerox, a raioxe B 3a.n.a'laX 06 orpasceuuu BOJIH aa r panaue 

cpenu (CM.§ 24) H Bo06UJ.e npn paccuorpeuaa nnnpocoa. 
Tpe6ylOUJ.Hx .lleTaJIbHoro aHaJIH3a S1BJIeHHl\, nporexaiouiax BHyTpH 

nose pxuocruoro CJIOSI (axeiouiero nopsnox Ld). 
BepHeMcSI reneps CHOBa K nsrpazceuaio (8.66) H paccxor

pHM KOJIe6aHHSI HeOrpaHH'IeHHol\ peuierua. YpaBHeHHe .nBHlKe

HHSI '1aCTHUbl nOJIy'lHM, npHpaBHHBaSi CHJIy F p CHJIe HHepUHH; 

TaKHM 06pa30M, .n.JISI p-l\ '1aCTHUbl nonysaea 

. d 2yp ~" (8.8)M- =Fp= ~ Vm(yp+m+Yp_m-2yp)'
dt2 

m>o 

13 y.n.eM HCKaTb peuieuae B anne 

_ A 21ti (>t-ax p) _ A 21ti (>t-apd) (8 9) 
Yp_ e - e ' • 

r ne a = 11)... - BOJIHOBoe '1HCJIO, a. 'I - '1aCTOTa. nO.n.cTaBJISISI 

(8.9) B (8.8), nOJIy'laeM 

lp+m +Yp_m-2yp= Ae21ti(vt-apd) [e21timda + e-21timda -2]= 

= - 4yp sin2 «amd. 
..-v-

MaTeMal'UIleCKoe uccneiioeanue OaltOMepltbtx. petuero« 

OTCIO.n.a BH.n.HO, 'ITO ypasnenae (8.8) nonycxaer peuien He yxa
aaunoro rana, eCJIH v H a y.n.OBJIeTBOpSiIOT COOTHorneHH 10 

M",2 ~ f/ • 
-4- = Mrc:2v2 = ~ V m sm2 «amd = 

m>O 
1 ~ " = 2 ~ V m (1 - cos 2rc:amd), (8.10) 

m>O 
r.n.e 

U" m = V " (md). 

H3 COOTHorneHHSI (8.10) cnenyer, 'ITO, ao-nepnux, '1aCTOTa 'I 

S1BJISleTCSI nepaonnsecxoa <!>YHKUHel\ BOJIHOBOrO '1HCJIa a C ne
pHO.n.OM, paBHblM lId, TaK KaK 

2v (a: + -})= M~2 ~ V: sin2 [rc:md (a + ~ )]= '1
2 (a), 

H, BO-BTOpbIX. V - BeJIH'IHHa cyUJ.ecTBeHlw nOJIOlKHTeJIbHaSi. 

§ 9. CJiyqaH B3aHMo.neHcTBHH TOJibKO Me*.ny 

CMe*HblMH qaCTlIIJ,aMH. nOJiHOe peinenae 

B 3TOM cnynae CYMMa, Bxo.n.S1UJ.aSl B aupazcenae (8.10), CBO

.n.HTCSI K O.n.HOMy '1JIeHy (c m = 1) H Mbl nonysaea 

Mrc:2v2 = V" sin2 tiad, (9.1) 

rne .n.JISI ynoocrea HCnOJIb30BaHO 0603Ha'leHHe Vi" (d). V." 
3TO H eCTb TO HCKOMoe .n.HcnepCHOHHoe COOTHorneHHe, KOTopoe 

n03BOJISIeT onpenemrn, nnrepecyxnuae Hac csoacraa paCCM ar
pnnaeaoa CHCTeMbl, noayvenaue B npenunyumx r JIaBaX na 
OCHOBaHHH '1HCTO Ka'leCTBeHHbIX cooripasceuaa. 

¢la30BaSi CKOpOCTb pacnpocrpanenas BOJIHbl panna 

V - _V__ ~ r U" I sin nad I _ d~ r U" I sin nad I (9 2) 
- Ia I - V M Ina I - V M l1tad I • 

H npa HeOrpaHH'IeHHOM YBellH'IeHHH .n.llHHbI BOJIHbl CTpeMHTCSI 

K npeneay 
.ri»:

Vco=d V AT; (9.2a) 

TaKHM 06pa30M, Mbl npHllIJIH K pesym.rary HCCJIe.n.OBaHHl\ 

6a.n.eH-naY3JIJIa [CM. <!>OpMyJIy (2.1)]. 
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4T06bI YCTaHoBlfTb CBHab Me)f(.ll,Y no,ly'leHHbIMlf peay.n.ra	 IVlSI .ll,JIHH BOJIH, MHoro 60JIbWHX paCCTOHHHfl d MelKJlYI
TaMH 11 nponenanuuun HblOTOHOM pacseravn no onpeneaeaaio xacrnnaaa. T. e. xorna peweTKy MOlKHO paCCMaTpHBaTb KaK 
CIWPOCTI1 aayxa B soanyxe. He06xo.ll,HMO onpene arm, MonyJib 

ynpyrocrn .ll,HCKpeTHoti CHCTeMbI. 3TO onpeneaenne JlOJI)f(HO 

6bITb TaKOBO, 4T06bl B npene.n.aox CJIy4ae O'leHb ~OJIbWHX 

naornocrea 4aCTlfU (T. e . .ll,JUI nenpepuanoa crpyrcrypu) OHO 

COBnaJlaJIO C 06bl4HbiM onpeneaeuaea MO.ll,YJIH ynpyrocru KaK 

oraouienas HOpM a.n.noro HaTSlll<eHliH K OTHOCHTCJIbHOMY ynJIli 

nemno. 
B CJIy4ae nacxpernoa crpyxrypu HaTHlKeHHe Me)f(JlY nByMH 

4aCTlfU,aMH MOlKHO paCCMaTpHBaTb KaK CHJlY, JlCflCTBYIOWYIO 

Me)f(JlY HlfMH; TaKlfM 06paaOM, HaTHlK~HHe MelKJlY p-fl li (p + 1)- fl 

4acTHU,aMli 6yJleT paBHo BeJIli4HHe 

U" (d) [Yp+l - Yp). 

nOCKOJIbKY cYMMa CHJl, .ll,eacrBYlOlU,lf X aa p-IO 4acTlfuy co CTO

POHbl (p + 1)- ti H, (p - 1)- fl '1aCTliU, panna 

U" (d) [Ypil + Yp-l - 2y). 

C npyroa CTOpOHbl, OTHOCHTeJlbHOe HaMeHeHlie paccroanns 

MelKJlY p-fl li (p + l)-fl 4aCTlfuaMli onpe.aenaerca COOTHoweHHeM 

Yp+l	 - Yp 

d 

I1CXO.ll,H aa 3THX COOTHOUleHlffl, nOJlY4aeM aupaacenae nJiH 

MO.ll,YJlH ynpyrocrn 

s =dU" (d).	 (9.3) 

3aMeTlfM, 4TO B npene.m.aox CJlY4ae 60JlbUlHX nJIOTHOCTefl 

4aCTlfU ace HaUlli onpeneaeaas COBnaJlalOT C 06b14Hb1MH. 

Y4HTbIBaH supaxeaae .l(JlH MOJlYJlH ynpyrocrn (9.3), a raxsce 

Y4HTbIBaH, 'ITO CpeJlHHH nJIOTIlOCTb JlJlH JlaHHOfl CHCTeMbl p= M/d, 
aupaxeaae (9.2a) JlJlH <pa30Bofl CKOpOCTH MOlKHO npencraaa'rs 

B Bline 

(9.3a)Vw=V~ 
<l>opMyJla (9.3a) nOJlHOCTblO coananaer C epOpMyJlO:t Hsio

TOHa; MOJlyJlb ynpyrocrn € ar paer POJIb BeJlH4HHbI, 06paTHofl 

HaOTepMH4eCKOfl ClKHMaeMOCTH, a BeJlli4HHJ U" aHaJIOrH4Ha 

K03tjJ<pHUHeHTY ynpyrocra HblOTOHa e. 

\ 
HenpepblBHyro cpeny, CKOpOCTb pacnpOCTpaHeHHSI panna VCD 

H He aaaucar OT .ll,JIHHbl BOJIHbl. C YMeHbweHHeM JlJlHHbI BOJIHbl 

CKOpOCTb pacnpOCTpaHeHHll TaKlKe YMeHbUlaeTCH li CTpeMliTCll 

K npe.ll,eJIbHOMY 3Ha'leHlilO, pasnouy (2Vw/n) = O,635V00' KO

ropoe OHa npliHHMaeT npa A= 2d. B 3TOM cay-rae, KaK yace 

6blJIO yxaaaso, HMeeT MeCTO HeOnHo3Ha4HoCTb: BOJIHy MOlKHO 

paccMaTpliBaTb Jlli60 KaK 6erylU,YlO B TOM HJIH npyrox uanpa

BJIeHHli CO CKOpOCTblO, pasnoa 0,635 V00' JlH60 KaK CTOH4ylO. 

Bu pa)f(eHHe JlJISI n peJleJlbHOfl 4aCTOTbi 'Ie nerxo nOJlY4liTb H3 
(9.1); nonaras a = 1/2d, HaXO.ll,HM 

, 1 ~ r Uti 
ve=-;V M' (9.4) 

'uJlll sacro-, MeHbwliX npe.ll,e.lbHotl, COOTBeTCTBYIOUI,He 3Ha

qeHIiH BOJIHOBblX '1liCelI a JletiCTBHTelIbHbI; nJlH sacror. 6:JJlb

IUHX npe.lleJlbHofl. - KOMnJIeKCHbI, TaK KaK, COrJI3CHO (9.1), 

7t 2V2M 
""ljiI = sin2 tuid, 

H JIeBall 4aCTb 3Toro paBeHcTBa llBJlHeTCH .ll,eflCTBHTeJIbHOfl BeJIH
'lHHOfl, 60JIbIUetl eJlHHHUbI. 

Iloaaras a = ex + l~, nOJIy4aeM 

sin read= sin nad ch re~d + i cos readsh re~d. 

IloCKOJlbKy 3TO BblpalKeHlie .llOJllKHO 6b1Tb JletlCT8HTClIbHO, 

TO He06xo.ll,IiMO nOJIOlKHTb cos nod = O. OTKYJla a = -t- 1/2d. 
TaKHM 06paaOM, .llJ151 4aCTOT, COOTBeTCTBYIOUI,liX noaoce ne

nponycKaHlill, .ll,eflCTBliTeJlbHaH '1aCTb a pasna --t- 1/2d; B peayJlb
rare nOlIY43eM 

k = 2read= ---+- rr+ 2rei~d, 
(9.5)sin read= --t- ch re~d. 

OTKY.ll,a 

I ~ IUtI 
~ = -; V M ch re~d. (9.6) 

BeJIH4liH3 ~ HOCHT H33B3Hlie nOCTOHHHOfl saryxanas, a xpn

ssre, npe.llCTaBJllllOUI,lie H3MeHeHlie ~ KaK <PYHKUlili 43CTOTbI 'I, _ 

. KpHBblX 3aTyxaHHH. Iloseaenae .lletlcTBHTeJIbHoti Ii MHHMOti 

4 3aK. 201. 
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'laCTelt B0J1110BOrO 'lHCJ1a a = ~ + i~ B 3aBHCHMOCTH OT uac
TOTbl 'I npHBe,lleHO na ~Hr. 8. 

llJ1l1 'laCTOT, Jle)){alUHX B aurepaaae Me)){,lly HyJ1eM H npe

,lleJlbHOlt 'laCToTolt 'IC' 3Ha'lCHHe a ,lleltcTBHTeJ1bHO; ,llJ111 'laCTOT, 

66J1bWHX npe,lleJlbHolt, ,lleltcTBHTeJlbHall 'laCTb a npHHHMaeT 

nocTOllHHoe 3Ha'leHHe -+- 1/2d. rorna KaK MHHMall 'laCTb a 
C pOCTOM 'laCTOTbI ,llOBOJlbHO 6blCTpO B03paCTaeT. TaKHM ocpa
30M, Mbl nOJ1y'laeM, 'lTO ,llJ111 'laCTOT, 66J1bWHX npe,lleJ1bHolt, 

aMnJlHTY,lla K0J1e6aHHlt 9KcnOHeHUHaJ1bHO saryxaer C paCCTOllHHeM. 

npH'leM xapaKTep ,llBH)KeHHlI 'laCTHU TaKOB, 'lTO mooue nne cocen

HHe H3 HHX K0J1e6J1IOTClI B npOTHBo~a3e. llJlll roro 'lT06bI y6e

,llHTbClI B 9TOM, ,llOCTaTO'lHO 3Ha'leHHe BeJlH'lHHbl a = -+- (1 /2d) + 
+ i~ nO,llCTaBHTb B Bblpa)){eHHlI ,llJ111 YP H Yp+l' 

YKa3aHHbllt auuie xapakrep K0J1e6aHHj;\ ,llJ111 cnynaa 'I > 'Ic 

HJlJ1IOCTpHpyeTclI KPHBbIMH, H306pa)){eHlIblMH I1a ~Hr. 11, KOTO~ 
pue B311Tbl H3 pa60TbI KeJ1bBHHa, H3y'lHDWerO 6YI{BaJ1bHO ace 

acneKTbl ,llaHHolt np06J1eMbl. 

§ to. YqeT JJ.aJIeKHX B3aHMoJJ.eHCTBHH 

Kax Mbl BH,lleJ1H, B cJ1y'lae B3aHMO,lleltcTBHlI, HMeIOlUero MeCTO 

TOJ1bKO Me)){,lly CMe)){HblMH 'laCTHuaMH, Ka)I{,llOMY 3a,llaHHoMY 3Ha

'leHHIO ,llJ1HHbl BOJ1HbI cooTBeTcTByeT TOJ1bKO O,llHO 3Ha'leHHe 

'laCTOTbl H, Ha060poT, Ka)){,llolt 'laCTOTe COOTBeTcTByeT O,llHO 
ee 

BnOJ1He onpe,lleJ1ellHOe 3Ha'leHHe ,llJ1HHbl BOJ1Hbl, npeBblwalOlU 2d. 
npe,lln0J10)){HM Tenepb, 'lTO na Kml{,llYIO naanyio xacrnuy 

,lleltcTBylOT CHJlbl co CTOpOHbl scex L 'laCTHU, y,llaJ1eHHbIX OT nee 

ua paCCTOllHHe, He 60J1bWeC 'leM Ld. Torna Me)){,lly' sacroroa H 

BOJ1HOBbIM 'lHCJ10M HMeeT MeCTO COOTHoweHHe 

~" 1 ~ " rr:2'12M = ~ Vmsin21Camd= 2' ~ Vm(l--cos2rr:amd) 

o<m<L o<m<L (10. t) 

H ,llJ111 ,llJ1HH BOJ1H. cTpeMlIlUHXClI K 6eCKOHe'lHOCTH, nOJ1y'laeM 

V 2 = ,,~ = _1_ ~ V" sin~ 1tamd = d~ ~ V" 2 (10 2) 
CD a» 1t~M ~ m a2 M ~ mm . . 

o<m<L O<m<L 
TaKHM 06pa30M, npe,lleJ1bHOe anasenne- CKOpOCTH paBHO 

HeKOTopOj;\ nOCTOllHHOj;\, xoropaa 3aBHCHT OT napaMeTpOB, onpe

,lleJ1l1eMbIX CTpyl{Typolt pacCMaTpHBaeMolt CHCTeMbI. Ilpn yMeHb

weHHH ,llJlHHbl BOJ1HbI CKOpOCTb pacnpOCTpaHeHHlI MeHlIeTClI. 

MaTeMaTUtteCfWe uCCAe008a1We OaHoMepHblx petuero« 

4aCTOTa, cooraercrayiomas npenensnoay 3Ha'leHHIO ,llJlHHbl BOJlHbI 

A= 2d (a = 1/2d). onpeneasercs COOTHoweHHeM 

2 _ 1 ~ V"· 2 «m - 1 ~ V" ( ) (0 3)
'I - 1t~M ~ m 510 2 - 1t2M ~ m mds, 1. 

O<m<L O<m<L 
r.ae nocnenasa cynxa 6epeTClI TOJlbKO no He'leTHbIM auase

HHlIM m, TaK KaK 

. nm {f 0, eCJlH m seraoe, 
510 -= (10.4)

2 l -+- 1, eCJlH m aeseraoe. 

Boaapauiaacs K 06lUeMy COOTHoweHHIO (10.1), onpenenaio

uieuy 3aBHCHMOCTb 'laCl'OTbI 'I OT BOJIHOBOrO 'lHCJla a, MO)){HO 

3aMeTHTb, 'lTO Ka)){,llOMY snaxe- I v 
HHIO a COOTBeTCTByeTl'OJlbKO 

O,llHO ananenae 'laCTOTbI 'I neaa

BHCHMO OT BeJlH'lHHbl 06J1aCTH 
I

B3aHMO,lleltcTBHlI. I 
IC npyroa CTOpOHbl, TaK KaK I
 
I
 

cos 2rr:amd MO)){eT 6blTb npencra I
 
I
 

BJleH B aane nOJlHHOMa CTe I
 
------l
 

neuu m no cos 2rr:ad. TO, cne I 1o 
nosarensno, BbI paxenne ,llJlll 2d 2d
 

xacroru MO)){HO npencraaart, B <P H r. 30.
 
sane nOJlHHOMa CTeneHH L no
 

cos 2rr:ad. Orciona BbITeKaeT. 'lTO ,llJl51 ,llaHHolt xacrorer cyuie


crayer L 3Ha'leHHlt cos 2rr:ad H, KaK CJle,llCTBHe sror-o, L suave


HHlt a. 3aKJlIO'leHHbIX B OCHOBHOM anrepaaae (-1/2d. + 1/2d).
 
I1TaK, MbI nOJlY'lHJlH. 'lTO, B TO BpeM5I KaK 'laCTOTa lIBJllIeTClI
 

0,llH03Ha'lHolt ~YHKUHelt a, BOJIHOBOe 'lHCJlO, Ha060pOT, npe,ll 


-CTaBJIlIeT cocoa MHOr03Ha'lHYIO ~YHKUHIO 'laCTOTbI; 9TO HJlJlIO

crpnpyercs KpHBOlt, H306pa)){eHHolt na ~Hr. 30.
 
Ilpn 9TOM 'laCTOTa He 06113aTeJlbHO nocrnraer csoer-o MaKCH

MaJlbHOrO 3Ha'leHHlI aa xonuax OCHOBHorO uarepsaaa, XOTlI 

xpasaa 'I (a) H HMeeT na r panauax rOpH30HTaJlbHYlO xacarexs

nyto, B 'leM MO)){HO HenOCpe,llCTBeHHO y6e,llHTbC5I, BbI'lHCJllIlI 3Ha

'leHHe npoaasonnon dvida B TO'lKaX a = -+- 1/2d. 
Kpoxe roro, cnenyer yxaaan., 'lTO COBepweHHO He 06113a

TeJlbHo. 'lT06bl ace 3Ha'leHHlI BeJlH'lHHbI a, COOTBeTcTBylOlUHe 

,HeKoTopolt 3a.uaHHolt 'laCTOTe, 6blJlH ,lleltcTBHTeJlbHbIMH; O,llHH 

H3 HHX MoryT 6bITb KOMnJleKCHbIMH, npyrae - 'lHCTO MHHMbIMH. 

TaKHe 3Ha'leHHlI BOJIHOBOrO 'lHCJla ,llOJl)){HW HHTepnpeTHpOBaTbClI 

4* 



1) nOBepXHOCTHbill CIIOll, B KOTOpOM 3aTylCalOT B036YlKneHHbie 

C nOBepXHOCTH BOIIHbl, MOlKeT B03HHKaTb B TO'lKaX HapY1lleH
HlI 

nepHO
.D.M'IHOCTM B CTpyKTypax. 3TO lIBJleHHe 6b1J1o H3yQeHO B pa60Tax 
n. E. KpacHy1llKHHa H np, [CM. n. E. K pac H y 1ll K H H, B. B. n 0
T e M K H H, BeCTHHK MfY, N2 10, 33 (1949)]. OHO lIBJllIeTClI aHaJlOrOM 
JlOKaJlbHblX ypoBHell B KBaHTOBOll MexaHHKe, MCCJle.D.OBaHHbIX VI. E. TaM
MOM [VI. E. TaM M, Phys. Zs. d. Sow. Union, t, N2 6, 734 (1932)], 
a 3aTeM A. A. COKOJlOBblM [A. A. Co K 0 JI 0 B, ZS. f. Phys., 90, 
N2 7-8, 520 (1934)] B CB1I3H C HaJlMQHeM Hapy1lleHHlI nepMO.D.H'IHOCTH 

pe1lleTKM TBep.D.0ro Te~a. - npUM. pea 

KaK perneHlHl, cooTBeTcTBYIOIu,He BOJlHaM, 3KcnoHeHUHaJlbHO sa

TyxalOI1.I,HM C paccToSlHHeM. aTO HMeeT ocofenno saaoioe suase
HHe B cJlyqae orpaHHqeHHblX peuierox. aHaJlorH'IHblX TeM, KOTO

pue 6blJlH paccMOTpeHbl B § 8 (CM. <VHr. 29). Dpe.nnOJlOmHM, 

'ITO K rpaHH'IHolt qaCTHue perneTl<H npHJlOmeHa rapMOHHqeCKaSl 

CHJla C nacroroa 'I. DPH 3TOM B CHCTeMe 6y.neT cYI1.l,eCTBOBaTb 

HeCKOJlbKO THnOB BOJIH C pa3Hol\ HHTeHCHBHOCTblO. COOTBeT

CTBYIOI1.I,HX 3TOl\ qaCTOTe. Te H3 BOJlH, .nJlSl KOTOpblX 3HaqeHHSI a 
.nel\cTBHTeJlbHbl. 6y.nyT pacnpOCTpaHSlTbCSI aaons peurenoi. Tor.na 

KaK BOJlHbl. .nJlSl KOTOpblX 3HaqeHHSI a KOMnJleKCHbl HJlH '1HCTO 

MHHMbl, 6y.nyT 3KcnOHeHUHaJlbHO aaryxars no xepe y.naJleHHSI 

OT rpauauu. ECJlH me B nenosxe. orpaHHqeHHol\ C oauoro 
KOHua, .He06xo.nHMO B036y.nHTb TOJlbKO onny H3 3THX BOJlH, TO 

cnenyer COOTBeTcTBylOI1.I,HM 06pa30M Bbl6paTb 3aKOH .nBHmeHHSI 

.nJlSl L nepBblX OT r panauu qaCTHU. B cnysae CMemHoro B3aHMO

.nel\cTBHSI rpaHHqHble YCJlOBHSI HaH60Jlee npOCTJ>I: .nOCTaTO'lHO 

sanars .nBHmeHHe TOJlbKO O.nHOl\ rpaHHqHol\ (nepaoa) qaCTHUbI. 

ECJlH me B3aHMo.nel\cTBHe npOCTHpaeTCSI ua .nOCTaTOqHO 60JlbrnHe 

paCCTOSlHHSI, TO 3a.na'la YCJlomHSleTCSI H rpaamnue YCJlOBHSI 

He06xo.nHMO CTaBHTb .nJlSl ncex L nepsux OT rpaHHUbl qaCTHU (na 

paCCTOSlHHH Ld).
DOKOSlI1.l,HMCSI '1aCTlluaM COOTBeTcTByeT '1aCTOTa, pasuas HyJIIO. 

KpHBaSl ua <VHr• 30 nOJly'leHa B npe.nnOJlOmeHHH 0 TaKOM 

xapaxrepe .nel\cTBYIOI1.I,HX Mem.ny qaCTHuaMH CHJI, 'ITO peureuae 
ypaBHeHHSI .nJlSl a HMeeT .nJlSl MaJlblX qaCTOT e.nHHCTBeHHoe .nel\

CTBHTeJlbHoe snaseuae: OCTaJlbHble me (L ~ 1) perneHHl\ KOM-, 

nJleKCHbl H cooTBeTcTBylOT B03MYlueHHSlM, 3KcnoHeHUHaJlbHO i 
3aTyxalOI1.I,HM no xepc y.naJleHHSI OT rpaHHubl• BeJlHqHHY, xapax

TepH3YlOI1.I,YlO paccToSlHHe, ua xoropoe pacnpocTpaHSleTcSI 3TO 

B03MYI1.l,eHHe, 6y.neM Ha3blBaTb npeiJeJlbflbtM paccmoenue» B cay

sae o.nHOMepHol\ peuierxa H noeepxnocmnw» CJlOeM B cny

xae TpexMepHol\ perneTKH 1). Bee paccMOTpeHHoe anecs OT
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I 
2d 

(l0.5) 

0, 

v 

<P Ii r. 31. 

-a, 

Al 1 
d = aldl' 

MaTeMaTU'leCIWe UCCIlea08aHue OaHoMepHblx peLUeTOK 

+1/2d 

V" (md) = - 41t2Md f F2 (a) cos (21tamd) da. 
-1/2d 

I YVlV la 
I

Cfcj 

Cooruoureuuea (10.1) xaanpar 
'1aCTOTbl onpenenaerca B 3aBHCHMO

CTH OT a B BH.ne xonewnozo pas-
JIOmeHHSI B pan '-l>ypbe. Hcnonsays 
TeopHIO PSl.nOB '-l>ypbe, MomHO, C'IHTaSl <VYHKUHIO 'I = F (a) aa
naauon, HaltTH BeJlH'IHHbl, xapaxrepuayioinae CHJlbl aaanaonen
CTBHSI Mem.ny '1aCTHuaMH; y'lHTblDaSl, 'ITO <VYHKUHSI F (a) nepuo
.nH'IHa no a C nepHo.nOM l/d, nOJly'laeM 

rne, paayaeercs, 3Ha'leHHSI BOJlHOBOrO '1HCJla a 6epyTcSI H3 OCHOB

nor-o nnrepaana. 
COOTBeTCTBYIOUJ,He xpaaue npnseneau -Ha <VHr. 32. 

'1=W\aj, 

'12 = F2 (a) = W2a2, 

B xauecrse npaaepa nonuraexcs onpenenars xapaxrep 
B3aHMo.nel\cTBHSI, npaaonaurero K nocrosnnon BO scea nonoce 

nporrycsanaa CKOpOCTH pacnpocrpanenaa W. l1MeeM 

HOCHTCSI K cnyuaio 1, o6cym.naBweMycSI B § 8 B CBSl3H C pasen
CTBOM (8.7). 

l1MeeTcSI, onuaxo. npyras B03MomHOCTb, xor aa KpHBaSl 

v= 'I (a) «acaercs OCH a ('I = 0) npa nexoropux OTJlH'IHblX OT 

HyJlSl 3Ha'leHHSlX BOJlHOBOrO '1HCJla a = -+- aI' KaK 3TO nOKa3aHO, 

nanpaxe p, na <VHr. 31. 
B 9TOM cnyxae crauaonapnoe nepaonasecxoe B03MYI1.l,eHHe, 

xapaxre pnsyexoe .nJlHHOlt BOJlHbl Al = 1/aI , . MomeT pacnpocrpa
HHTbCSI ua BCIO perneTKy; TaKHM o6pa30M, Mbl nonyxaeu .cynep

peurerxy" C nepaonosi (aupaxeu
HhlM B ennaauax d), paauua, KaK 

ysce 6blJlO yxasano B § 8 (cay
'1al\ 2), 

rllaea 352 



[j 

<P Hr. 32. YrJlOBOH Kosq,qmu.HeHT npa
MOH OB paneu V. 
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(10.9) 
n 2 1 1 1 
12=1- 4 +9- 16 + ... 

MaTeMaTUlleCKOe uccseiioeanue oouonepnux petuerox 

HI 

- ~ 4 (_1)"'-1 W2 (1 cos 2'ltamd) = 
- ~ m2d2. 

3Hall tPYHKUlHO V"(x) , MO)KHO CKOHCTpYHpoBaTb cacrevy 

C .lI,I1CKpeTHo~ CTpyKTypOlt, xoropan xapaKTepl130BaJlaCb 6bl 

TOJlbKO 'ITO paCCMOTpeHHblMH CHJlaMH B3aHMO.ll,eUCTBHll, H nOJlY

'lI1Tb TaKHM 06pa30M MeXaHH'leCKHlt tPHJlbTP HI1)KHI1X 'laCTOT 

C nOCTOllHHOU CKOpOCTblO pacnpOCTpaHeHHSI .lI,JlSI ncex 'laCTOT, 

COOTBeTcTByIO!lJ.HX nOJlOce nporrycKaHHSI. 

AHaJlOrH'lHbIU MeTO.ll, MO)KeT 6bITb HCnOJlb30Ball .lI,JllI noayse
HHSI tPHJlbTPOB BepXHHX 'laCTOT, a TaK)Ke 60Jlee CJlO)KHbIX nOJlO

COBblX tPl1J1bTPOB, I1MeIO!lJ.I1X O.ll,HY I1J1H HeCKOJlbKO nonce npo
nycKaHHSI. 

B paccxorpenuoa asnue cJly'lae nocrosnnoa CKOpOCTH pac

npocTpaHeHHSI JlerKO nOJlY'lI1Tb Bblpa)KeHHe .lI,JllI KBa.ll,paTa Kpyro

BOlt lJaCTOTbl w2 
, r ne w = 2'1t'l, B BH.lI,e pa3J10)KeHI1Sl B pSl.ll, 

<t>ypbe. YlJHTblBaJI COOTHoweHHe (10.6), HaXO.ll,HM 

4 U" 
w 

2 
= 4'1t

2 
'1 

2 = M ~ 2
m 

(1  cos 2'ltamd) = 
m 

4W2 
[ 1 

= (j2 (1  cos 2'ltad)  4 (1 - cos 4'1tad)+ 
+ ~ (1.- cos 6iad)  .•. ] = 

4W 
2 

[ ( 1 1 1 )
=-(j2 1 -4+9-16+'" -cos 2'It ad + 

+ cos 4nad _ cos Bread -t. J= 
4 9 ... 

- 4~~[n2 _ 2 d+cos4nad _ COs f'read + J (108)- d2 12 cos. 'lta 4 9 . " , . 

nocKoJlbKY 

3aMeHSllI reneps B pa3J10)KeHHI1 (10.8) 2'1tad aa k 11 YlJI1Tbl

BaSI, 'ITO a = 'IjW, no.nyxaea Bblpa)KeHl1e .lI,JlSI pa3J10)KeHHSI tPYHK

UI1I1 k 2 
B pan <t>ypbe na I1HTepBaJle (- 'It, -t 'It) 

4n 2\12d2 
k2 = 4'1t2a2d2= -- = 

W2 

[ 
n2 cos 2k cos 3k ] 

= 4 12-cosk+-4---g-+ .,.. (10.10) 

(10.7) 

(10.6)= (_l)m-1 2M W 2 

m2 d2 " 

1 
2d 

Esaea 3 

a 

a2COS (2'lta md) da = 

I ·u 

"\V I 'V=": I! \V a _ . i • 
I I

-(j - 2d 

BeJll1lJHHa v: npencraanser cocoa BTOpylO np0l13BO.ll,HYIO 

v 

OT <1HeprHH B3aHMO.ll,eUCTBHJI .lI,ByX lJaCTHu,. paCCTOSlHl1e Me)K.lI,y 

KOTOpblMH paBHO md, T. e. tPYHKU,I1IO, onpeneaeaayio TOJlbKO 

B .lI,HCKpeTHOM pane TO'leK, paCnOJlQ)KeHHbIX B.lI,OJlb OCI1 X na 
pasuux paCCTOllHl1l1X d npyr OT npyra. PaCCMOTpl1M nenpe
PblBHYIO tPYHKUI1lO 

V " ( ) 2M W2 nx
X = x 2 cosT' 

xoropas npauaaaer TO'lIlO TaKl1e )Ke 3IJa'leHIHI B TO'lKaX, rae 
onpeneaeua V" (md). 4T06bl nOJlY'II1Tb supaxenae .lI,Jlll <1HeprHH 

B3aHMO.ll,eUCTBHlI, tPYHKUI1IO V" (x) Heo6xo.ll,HMO .lI,Bam.ll,b1 npo
I1HTerpl1pOBaTb, lJTO B03MomHO B CHJlY ee HenpepblBHOCTI1; 

HHTerpHpOBaHl1e MomeT 6bITb npose.aeno npH nouounr TaOJ1HU. 

nO.ll,CTaBJHHI Bblpa)KeHHe .lI,JHl tPyHKUHH P (a) B COOTHowe

HHe (10.5), HaXO.ll,HM 

+1/2<1 

V" =-4'lt2MdW2 Jm 
-1/2d 
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8TO ypanaenne noaaoaser onpeneaars BeJIH4HHY TOKa, npore
icarourero B JlHHHH, a raioxe BeJIH4HHbl 9JIeKTpH4ecKoro aapaaa 
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(11.5) 

-.
",} 

" ' ..... 

1 
'1c = 1t Y LC • 

~/ 
/'

ama+ip A. 
/ t' 

/~

PI'
, 
2d11--

, 
- 2d I ~ " 

MaTeJ.laTU~eCKoe uccseooeasue OaltOMepltblX petuero« 

<P H r. 34. 

CJIe.llOBaTeJlbHO, see peayas rarsr, noayseaasre asnue .llJlSl 

MexaHH4eCKoro !pHJlbTpa HHlKHHX lJaCTOT, MO>KHO senocpe.a
CTBeHHO nepenecrn na paCCMaTpHBaeMblR aaecs CJIY4aR. TaKHM 

06pa30M, rrOJlY4aeM, 4TO 4aCTOTa lIBJIlIeTClI nepHO.llH4eCKoR 

!PYHKuHeR BOJlHOBOrO lJHCJla, a CKOpOCTb pacrrpocTpaHeHHlI rrpH 

llJlHHe BOJIHbr, CTpeMSlllJ,eRcH K 6ecKoHe4HocTH, rrOCTOllHHa H 

panna d/VLC, r-ae d  paccroauae Me>K.n:y coce.n:HHMH KOH.lleH

caropaun. 3.lleCb TaK>Ke HMeeTClI npeae.ns naa 4aCTon '1 
c 

H ace 
BOJlHbl. 4aCTOTbl KOTOpblX npessnuan 3Ha4eHHe '1 

c 
' 9KcrrOHeH

UHaJlbHO aaryxaior C paCCTOHHl1eM. Ee auaxenae MO>KHO HaRTH 
\f3 BhIpalKeHIUI (9.4); OHO pasno 

H paanocrn rrOTeHUHaJlOB BO scex ee T04Kax. KaK aerxo aaaers, 
ypasneaae (11.3) rrOJlHOCTblO aHaJlOrH4HO ypaBHeHHIO, onacuaaio
UJ,eMy .llBH>KeHHe 4aCTHU B ollHoMepHoR peurence B CJIy4ae 

B3aHMO.lleRCTBHlI, HMelOllJ,erO MeCTO TOJlbKO Me>KllY CMe>KHbIMH 
sacrauax» (CM. § 2 H 9), a HMeHHO 

d2Yn " 
M dt2 = VI (Yn-l +Yn+l - 2Yn)' (11.4) 

OK E:=~I" V 

" xoropoe nepexoaar B (11.3), eCJlH OTllOWeHHe V1/M 3aMeHHTb 
sa I/LC. a Yn aa in. 

(11.3) 

(11.2) 

~ Vn .. z 
Qn"21000000 \ 

F.IIaBa 3 

OTCIO,lI.a, .llH!pepepeHUHpYll (11.1), HaXO.llHM 

L d?l.. 1 (dQn  1 dQn ) 1 (+ 2 )
dt 2 = C d-t - ----cJI = C in_ 1 in+l  in· 

L 1.. L 1.. L l.. L 

.....\!O/II\ISq;«""l\\\Wi~~4\\"">Z\\t:~~~~,A..A_"""...~ 
n-l n n-t n+Z 

<P H r. 33. 

§ 11. 3JIeKTpH'IeCKHH $HJIbTP HH>KHHX '1aCTOT 

Ha !pHr. 33 npencraaaena cxexa 9J1eKTpHlJeCKOrO !pHJlbTpa 

HHlKHHX 4aCTOT, oopaaoaauuor-o H3 coe.annennux nocne.nona
TeJlbHO annyxraanocren L H eMKOCTeR C. KaK YlKe YKaabIBaJlOCb, 

6JIarOllapll HaJlHlJHIO eMKOCTeR C nonooaas CHCTeMa aanepxcaaaer 

OrpaHH4HBUlICb B paccxorpenaux suuie pa3J10>KeHHlIX KO

He4HbIM 4HCJlOM 4J1CHOB, no.rysaex rrpH6J1H>KeHHOe peurenne .llJlll 

!PYHKUHH 'I (a); TaKa51 rrpH6J1HlKeHHall KpHBa51 6YlleT acnurusari, 
KOJle6aHH5I OKOJlO T04HOR KpHBOR. 

CHrHaJlbI BblCOKOfi 4aCTOTbI, Torna KaK HH3K04aCTOTHble CHrHaJlbI 

MorYT pacnpocrpaasn.ca. 
HaR.n:eM ypaBHCHH5I, onacuaaiouure noeenenae 9TOR CHCTeMbI. 

0603HalJa51 sepea Qn H Vn COOTBeTCTBeHHO aapsn eMKOCTH 

H rrpHJlOlKeHHYIO K HeR paanocrs rrOTeHUHaJIOB, a sepea in 
BeJlH4HHY TOKa, nporexaiouiero 4epe3 HHllYKTHBHOCTb, BKJlI04eH

HYIO B uern, MelKllY noR H (n - 1)-R eMKOCTblO, noaysaex. 
YlJHTblBa5l, 4TO Vn=Qn/C, 

Ld1n_V -V =Q"-1_g~ (111)dt - n-l n C C . • 

C npyron CTOPOl/bI, 

t . dQn 
n -In+! = /it. 
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L. 

~2 n+1 

-i3 T1+/ 

in+2~ 

L 
~in+z 

i n+2

~in+l 

II n 

-------. 
i3 n 

<I> If r. 37. 

<I> If r. 36. 

in 

~in~in_l 

Mareearusecnoe uccnedoeanue oOHoMepHblx petueto« 

in-2~ 

- i tr-2 

13 /I-I 

iZ n-I-

qJHJlbTpaMI1. S § 5 B CBHaH C HaylJeHHeM IWJle6aHHIt ueno-ncn, 
COCTOHllJ,elt aa caooonnux ~acTHu. 6bIJlO yxasaao, 'ITO KpHBaH. 
npencraanmouian lJaCToTy B ~aaBHCHMOCTH OT BOJlHOBOrO lJHCJla. 

COCTOHT aa HeCKOJlbKHX paanauuux sersea, cooTBeTcTBYIOw'HX 
np0JJ,OJlbHbIM H none pelJHbIM KOJle6aHHHM. nO.n06Hoe me nOJlO
meHHe HMeeT MeCTO, eCJlH paccaorpers 6eCKOHelJHYlO cacrejay, 

L 

npe.nCTaBJlHIOllJ,YIO co6ott rpexqiaaayio JlI1HHIO, cxexa KOTOpOtt 
npHBe.neHa na qJHr. 37. B 3TOM cnysae, KaK MbI ceaxac noxa
meM, cHMMeTpHlJHbie COCTaBJllIlOllJ,He nex'ropa TOKa arpaior poas, 
aHaJlOrHlJHYIO • ynpyrux npo.nOJlbHbIM H nonepeunuu BOJlHaM. 
xoropue MoryT pacnpocrpanarsca ano.n, ueno-nca lJaCTHU. 

I1TaK, nycn, 6eCKOHelJHaH rpexoaauas JlHHHH, B KOTOpOtt 
npe.nnOJlaraeTCH orcyrcrsue aKTHBHblX noreps, COCTOHT, KaK 
~TO noxaaauo aa qJHr. 37, aa o.nHHaK06bIX axeex, B KamJJ,O~ 

(11. 7) 
1t -Y2L'C' 

me cBottcTBaMH. KaK H 
KaK yxce 6blJlO yxaaauo 

1 
Vo = 1t -y LC 

F'naea 3 

L 

d 

-Y2L'C' • 

<I> If r. 35. 

---E--E--1-- -I-
L L 
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Cnenyer yxaaars, 'ITO paccaorpeauun anecs qJHJlbTp, OnH
CbIBaeMbIl't ypaanennea (11.3), He conepxorr conpornaaenaa: 
ase.neuae HX HeCKOJlbKO HaMeHHeT csoncraa JlHHHH: nOHBJlSIeTCH 
cnaooe saryxaaae BOJlH, lJaCTOTbl KOTOpbIX JlemaT BHyTpH nOJlOCbI 
nponycKaHHH. 'ITO CBHaaHO C HaJlHlJHeM aKTHBHWX nOTepb 9Hep
rHH. H ncveaaer pesxaa rpauuua Mem.ny nonocon HenponYCKaHHH 
H nonocon nponycxanas, T. e. nOHBJlHeTCH HeKOTopaH aeonpe
.nCJleHHOCTb B Bw60pe npe.neJlbHol't lJaCTOTW. B 06J1aCTH lJaCTOT, 
npeauuraiourax xparanecxyio. aaryxanne peaxo aoapacraer C 'la
CTOTOl't. Ha qJHr. 34 npnaeaeuu xpaaue, aaoopaacaiounre HaMe
HeHHe .nel'tcTBHTeJlbHol't H MHHMOl't lJaCTel't BOJlHOBOrO lJHCJla KaK 
qJyHKUHH lJaCTOTb\. Bonee nonpoeuo 9TH sonpocu 6y.nyT pac
CMOTpeHbI B rn. 9. 

Haoopaxenuas na qJHr. 33 9J1eKTpHlJeCKaH JlHHHH nOJlHOCTblO 
9KBI1BaJleHTHa nsoaaon JlHHHI1. cxeua KOTOpOl't npasenena aa 

B aaxmoueuae OTMeTHM. 'ITO MomHO npOBeCTH euie 60Jlee 
r Jly60KylO aaanormo Mem.ny 9J1eKTpHlJeCKI1MH H MeXaHHlJeCKHMI1 

qJHr. 35 11 KOTopaH MomeT 6bITb nonysena .no6aBJleHl1eM K yace 
paccaorpeuuon npocrenuren JlHHHH ee oroepaxeana, CHM MeT
pHlJHOrO OTHOCHTeJlbHO aeMJlH. Ilsonnaa JlI1HHH casra MomeT 6bITb 
cseneua K 60Jlee npocron CHCTeMe, COCTOHw,ett aa I1H.nyKTHB
aocren, I1MelOw,HX ry me BeJlHlJHHY, 11 ansoe MeHbWHX no BeJlH
lJHHe euxocrea (cfJHr. 36) 

L' = L. C' = ~ . (11.6) 

Eha JlHHI1H o6J1a.naeT TOlJHO TaKHMH 
npocremuaa JlHHHH, H xapaxrepnayercs, 
B § 3, BeJlHlJHHaMH 

d 
V oo = -y LC 
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epase KOTOphlX BKRIO'leHa HeKOTOpa51 HHllYKTHBHOCTh L. Kaxcnaa Ilepsoe HS ypaaueaan CHCTeMhl (11.9) naer 
5I'IettKa CB5ISaHa co cnenyiouiea npa no aoum CHCTeMhi exxocren C 
M C'. r ae C -eMKOCTh Me)/(llY 01lHOtt HS epas H SeMJIett, 1 ~/-1-. k 

1t".a C' - eMKOCTh Me)/(llY llByM5I epasaMH 01lHOtt H roa )/(e 5I'IettKH.	 '1 h = -;tV CL SIn 

060SHa'lHM xepea iI, n. i2• n H ia, n BeJIH'IHHhI TOKa. npore
nBa llpyrMx ypaDHeHH5I rrpHB01l5lT K aHaJIOrH'IHott epopMyJIexarouiero B paSJIH'IHhIX epasax n-tt 5I'lettKH. Torna COOTBeT

creyiouiee ypasnenae llJI5I TOKOB 6YlleT HMeTh BHll 
1 { 1 . k(C')d?ll. n 

'1a.	 'Ii = - (C' SIn 1t".1 2 
- 7;-i1• n- 1+Ci2, n+ L 1+2 C {l]2-	 11; CL 1 +3 )

C 
C' d2 • 1 

- L C iit2 (£2. n + ia, n) - C ts, n+l = O. (11.8)	 Ha epHr. 38 aaocpaxena saBHCHMOCTh 'I OT k. 
Paccxorpennaa suure CHCTeMa otinanaer CBo!tCTBaMH epHJlhTpa 

HM)/(HHX '1aCTOT. l{pHBa51 'I = 'I (k) COCTOHT HS npocroa BerBH ('1 )0110 1l0JI)/(1I0 6hITh 1l0nOJIHeHO eute .lI.ByM5I ypaDHeHH5IMH. xoro
M cnaoenuoa BerBH ('Ia. 'Ii). rro

h 
pue Moryr 6hITh noaysenu U3 (11.8) UHKJIH'IeCKott nepecra

JIy'lHBwettc5I B peayasrare CJIH5I v 
HOBKOtt HlIlleKCOB 1. 2. 3. 

HH5I llBYX paSJIM'lHhIX BeTBett.-Bsenex cHMMeTpH'IHhIC COCTaBJl5IIOIHHe TOKa lIyJIeBott. npsxoa
 
KapTHHa. rrOJIHOCThIO rr01l06;1a51
 VhH 06parHott nOCJIC1l0BarCJIhHocTett 
ron, KOTOpa51 6hIJIa nonyseua 

Ih,n=i1, n+ i2. n+ia. n· llJl51 uenovxa, cocrosurejt HS \ I

CB0601lHhlX '1aCTHU (CM. § 5.2ila, n = iI, n + ai2, n + a a, n' 
epHr. 23). COCTaBJI5IIOll(He TOKa 

Ii, n = ii, n + a2i
2, n + ai3, n'	 nynesoa rrOCJle1l0BaTeJlhHOCTH ('1

h
) 

cooTBeTCTByIOT np 01l0JIhHhI M 01fAe 1, a M a2 pannu coorBCTCTBelIHO rpex Ky6H'IlIh1M KOPll5lM 
BOJIHaM. COCTaBJI5IIOll(I1e lKe nps	 I 

MS enanauu.	 I k 
MOtt H oopamoa nocaenosarensIlepexons reneps K HOBhIM nepexennua, noaysaex HS rpex o 1 nocren ('1a. 'Ii) - nonepenaux.ypaaueuan rana (11.8) cacreuy	 "2 

YKaiKeM, KpOMe roro, 'ITO 
<P Ii f. 38.1 2 d 2/ h , n _ 1 npa yBeJIH'IeHHH llJIHHhI BOJlHhI
 

-Ch.n-1+C Ih,n +L ([['J 7; Ih, n+l = O.
 CKOpOCTh pacnpocrpaneuna crpe

2	 MMTC5I K rrOCT05lHHOMY npeneny, HMeIOll(eMY paSJlH'IIIYIO BeJIH'IHIlY1 2	 / a, n 1(C') d
-7: la. n-l+ C la,n +L 1+ 3 C (fl2- -C la, n+l =0.	 B saBHCHMOCTH OT roro, paCCMaTpHBaeM JIH Mhl KOMrrOHellThI 

nyJIeBott rrOCJIe.ll.OBaTeJIhHOCTH HJIH npsxoa H ooparaoa nocae

.lI.OBaTeJIhHOcTett; 3TH CKOpOCTH 5IBJl5IIOTC5I aHaJIOraMH CKopocTett 
(11.9) 

1 2	 2f. 1(C') d pacrrpOCTpalleHH5I nponoasnux H nonepennxx BOJIH B cnnoumon- eli, n-l + eli, n + L 1+ 3 c d/~ n - C h n+l =	 O. 
cpe.ll.e. • 

PaCCMaTpHBa51 rpexrpaanyio JIHHHIO. rr01l06HYIO TOJIhKO 'ITOOnpenennx. rr pH KaKMX YCJIOBH5IX BOJlHhI anna 
ormcanaoa, HO COCT05lll(yIO HS rrepHOllH'leCKH rrOBTop5lIOll(HXC5It 

r	 Ae21ti (.t-kn) 5I'IeeK llBYX THnOB, xapaxrepaayexux paSJlH'IHhIMH HIIJlyKTHB" 
HOCr5lMH L H L' H CB5ISallllhIX MelK.lI.Y cooort TaKHMH )/(e	 CM

(r.ne '1- '1aCTOTa. a k - BeJIH'IHlla, oriparuo npolIopUHOHaJIh
CTeMaMH exxocren (OllHHaKOBhIMH B1l0Jlh acen JIHHHH), MO)/(1I0 

Ha51 AJIHHe BOJIHhI) MoryT pacnpOCTpall5lThC5I B CHCTeMe, 
6hlJIO 6hl nOJlY'lHTb 3JIeKTpH'IecKyIO cacrexy, 5IBJl5IIOll(YIOC5I 



1) CM, M, Parodi, Camp!' Rend" 216,175(1948), 

§ 12. AHa~orHH Mem~y 9~eKTpHqeCKHMH 

H MeXaHHqeCKHMH CHCTeMaMH 
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(12.2) 

L2 

H M C C. 

L2L2 

1U" C
L p 

L 1 

MareMarU'leClwe UCCAeaOBaHUe OaHO",tePHbIX petuero« 

B 4aCTHOCTH, HMeHHO 3TOT nyrs cnenyer HCnOJlb30BaTb, 

eCJlH MbI XOTHM nOCTpoHTb 3J1CKTPH4CCKY~ J1HHH~, 06J1a.lla~

uiyio TaKHMH >Ke caortcraaaa (B OTHoweHHH xapaxrepa pac

npocrpaneaaa BOJlH), 4TO H peurerxa, COCTOSllllaSl l'I3 o.aaaa
KOBblX, HaXO.llSllllHXCSI na pasnux paccrosnnax npyr OT npyr a 

4aCTHU, Ka>K.llaSl H3 KOTOpbIX B3aHMO.lleltcTByeT co BceMH 

npyrolt nYTb YCTaHOBJleHHSI aHaJlOrHH CBO.llHTCSI, HanpHMep. 
K conOCTaBJleHH~ BeJlH4HH 

c ......... C ......... C ......... C ....... C 
»m-M-IJ'J'\""""''''Ik\-I0',~;%\.w,,(L~''''7,'"''~TQ7;\1,~ 

11-2 n-I n ti- t n+2 
Vn-z Vn-I Vn Vn+1 Vn+2 
Qn-2 £In-I Qn Qn+1 Qn+2 

<P Hr. 39. 

OCTaJlbHblMH 4aCTHLIaMH peurerxa. PaCCMaTpHBaSl COOTBeTcTByIO

uiyio 3J1eKTpH4eCKY~ J1HHH~, nocrpoeunyio corJ1aCHO (12.2), 
J1erKO y6e.llHTbCSI, 4TO ypaBHeHHSI, onHCbIBa~IllHe pacnpocrpa. 
HeHHe BOJIH B 3THX .llBYX cncrexax, HMe~T coaepureauo ona

HaKoBbltl BH.ll. Don06HaSl J1HHHSI npencraaaeua na <pHL 39. 
Ka>K.llbltl H3 KOH.lleHCaTOpoB @MKOCTbIO C CBSl3aH npa nOMOlllH 

HH.llYKTHBHocTetl L[ C .llByMSI CMe>KHbIMH (.nepBbIMH COCe.llSlMH") 

KOHDeHcaTopaMH, npa noxoum HH.llYKTHBHocTelt L 
2 

C .llByMSI 

CJle.llY~IllHMH (. BTOPblMH COCe.llSlMH"), pacnOJlO>KeHHbIMH caeaa 

H cnpasa OT Hero, H Boo6111,e, npa noxounr HH.llYKTHBHocTelt L 
p

C .llByMSI .p-MH COCenSlMH" cnpana H caesa. Ha <pHL 39 .llJlSl 

npOCTOTbI H306pa>KeHbI TOJlbKO HH.llyKTHBHOCTH L 
1 

H L 
2 

• 

C(npaHSISI .llJlSl KOH.lleHCaTOpoB TaKY~ >Ke HYMepaUH~, KaK H 

B npe.llbI.llYlllHX aanasax, 0603Ha'lHM sepea ik, k+p BeJlH4HHY 

TOKa, nporexarouiern 4epe3 HH.llYKTHIlHOCTb L 
p 

OT k-ro KOH

.lleHCaropa K (k + p)-My, a sepea Qn - aapaa, naxonnennua 
noM KOH.lleHCaTopOM. 

(12.1) 

fAaBa a 

1 U"C C H L C M. 

OnHaKO 3TO COOTBeTCTBHe He S1BJlSlcTCSI e.llHHCTBeHHO B03

MO>KHbIM, H MO>KHO npencramm, ce6e .llpyry~, 60Jlee Y.ll06HY~ 

B pane cnyvaen B03MO>KHOCTb. 06bI4HO >Ke BbI60p roro HJlH 

nnoro COOTBeTCTBHSI .llHKTyeTcSI co06pa>KeHHSlMH Y.ll06CTBa H 

crpyxrypoa paccaarpnsaeaon CHCTeMbI. 

62 

anaaorox peiuerxn rana Bopna, cocroauien H3 4aCTHU .llBYX 

COpTOB. Bo nee neransnsre CBe.lleHHSI MO>KHO HaltTH B OpHrH

aa J1bHOlt paoore Ilaponn 1). 

B npenunyiuea naparparpe MbI BH.lleJlH, 4TO ypaBHeHHSI, 

onacuaaioume pacnpocrpanenne 3J1eKTpH4ecKHx BOJIH B <pHJlbTpe 

HH>KHHX 4aCTOT, HMelor T04HO raxon >Ke BH.ll, 4TO H ypaane
HHSI, onacuaaiourae pacnpocrpaaenne ynpyrux BOJIH B MexaHH

4eCKOM <pHJlbTpe roro >Ke runa. 3TO naer OCHOBaHHe npen
noaar-ari., 4TO Me>K.llY 3J1eKTpH4ecKHMH H MexaHH4eCKHMH CH

CTeMaMH HMeeTCSI 60Jlee r J1y6oKaSl aHaJlOrHSI. 

neTaJlbHoMY H3Y4eHI110 3J1CKTpHLJeCKHX J1HHHlt 6y.lleT no

csauiena r J1. 9; TeM He MeHee y>Ke cennac HMeeTCSI B03MO>K

HOCTb paCCMOTpeTb 3TH sonpocu C T04HOl;TblO, BnOJlHe 

nocrarounon .llJlSl roro, 4T06bI yCTaHoBHTb OCHOBIIble sepru 
aHaJlOrHH Me>Kny 3J1eKTpH4eCKHMH J1HHHSlMH H MexamI4eCKHMH 

peurerxaau. 

KaK MbI y)Ke orxexan«. BeJlI14HHa 1IVLC arpaer .llJlSl 

3J1eKTpH4ecKHx J1HHHfi TaKY~ >Ke po.n., KaK neJlH4HHa VU"IM 
.llJlSl MexaHH4eCKHX peweToK. 

KJlaCCH4ecKHlt MeTO.ll, n03BOJlSl~llIHlt yCTaHoBHTb ananormo 

Me>K.llY 3J1eKTpOMarHHTHbIMI1 H MexaHH4eCKHMH S1BJleHHSlMH, 

COCTOHT B YCTaIIoBJleHHH B3aHMHoro COOTBeTCTBHSI Me>K.llY Mar

HHTHOlt H 3J1eKTpH4ecKolt snepruea, C onnoa CTOPOHbI,~' 

KHHeTH4ecKotl H norenunansnon snepruen  C npyron: /OH 

npHBO.llHT K TOMy, 4TO He06xo.llHMO conOCTaBHTb BeJlH4HHW 
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Torna 6yneM HMeTb craanenu T04KaMH. 3J1eKTpH4ecKYIO JlHHHIO, B KOTOpOtl ace 

xoaneacaropu WyHTHpylOT BblCOKYIO sacrory. MO)){HO npend~n = [in_ p, n +in _ P I I, n + ... + in_I, nl 
CTaBHTb B sane onHHo4Hotl JlHHHH, nepea pasuue anrepsanu 

- [in, n+l + in. n+2 + + in, n+pl= aaxxnyroa 4epe3 eMKOCTb na 3eMJlIO. Torna POJlb T04eK CH

CTeMbl· 6ynYT nrpars KOHneHcaTopbI, a 9J1eMeHTaMH, Ka)){nbltl= ~ (in-p. n - in. n-t-p)' (12.3) 
p KOHelJ, KOTOpbIX npacoenanen K T04Ke, 6ynyT HHnyKTHBHOCTH. 

i 
llpyrHMH CJlOBaMH, 9Ta T04Ka 3peHHSl CBOnHTCSl K conOCTaBJleHHIOC npyron CTOpOHbl, 0603Ha4aSl 4epe3 V n pa3HOCTb nOTeH
ynpyrnx CHJI, CBSl3bIBalOUl,HX peurerxy, H HHnyKTHBHocTetl, CBSl
3bIBalOUl,HX 9J1eKTpH4ecKylO 

lJ,HaJlOB Me)){ny 06KJlanKaMH n-ro xounencaropa, JI~rKO 

nOJlY4HTb 
JlHHHIO, B TO spexs KaK POJlb 1Qn-l-Qn 

I , n=Vn- I LI :t i n __ V n unepmoro 9J1eMeHTa B 9THXC 
CHCTeMax nrparor COOTBeT

Qn-2- Qn aL2 :t in_2, n • V n_2- V n = CTBeHHO T04e4Hble MaCCbI HC (12,4) 
KOHneHCaTOpbi. 

B CJlY4ae <pHJlbTpa sepx c cd. -V V _ Qn-p-Qn HHX 4aCTOT 9J1eKTpH4eCKaSlLPlitln-p, n- n-p- n- ---C--· L$)A!»L*~~JlHHHSl COCTOHT H3 coenHHeH

OTClOna, nH<p<pepeHllHpySl (12.3) H Y4HTbiBaSl (12.4), HaxonHM HblX nOCJlenOBaTeJlbHO KOH s 
OKOH4aTeJlbHO neacaropon I( CBSl3aHa C 3eM


¢ H r. 40. a-MexaHH4ecKHH $HJlbTP
 
Jletl 4epe3 HHnyKTHBHOCTH, HH}J{HHX 4aCTOT: I-Macca, 2- npyd2Qn ~ ( d d . )C----cJi2 = C~ (H i n _ p, n -(j[ln, n+p = xoropue MoryT reneps pac }J{HHKa; (j - 9J1eKTpH4ec/<HH $HJlbTP 

p CMaTpHBaTbCSl KaK T04KH CH HH}J{HHX 4aCTOT. 

= ~ Qn-p+ ~n+p-2Qn. (12.5) crenu, xonneucaropu .)){e 
HrpalOT POJlb 9J1eMeHTOB CBSl3H. 3Ta KapTHHa OTBe4aeT KJlaCCHp 

•
 
4ecKoMy COOTBeTCTBHlO, onpeaeaseuoay COOTBeTCTBHeM (12.1).
 

Eho ypaaneuae, eCJlH Y4eCTb COOTBeTCTBHe (12.2), non
nYCTb reneps HMeeM nOJlOCOBotl <pHJlbTP (CM. <pHr. 18).

HOCTblO coanaaaer C ypasneuuea - (8.8), nOJlY4eHHbIM npn H3Y4e Torna KOHneHcaTopbl, urynrapyrourae HHnyKTHBHOCTH. MoryT
'HHH uen04KH, COCTOSlUl,etl H3 4aCTHlJ, paauoa MaCCbl M C npo

paccMaTpHBaTbcSl KaK 4aCTHlJ,bI, TaK KaK onHH KOHelJ, Ka)){nOrO

H3BOJlbHbiM 3aKOHOM B3aHMonetlcTBHSl. TaKHM 06pa30M, H306pa


H3 HHX ncerna MO)){HO C4HTaTb 3a3eMJleHHbIM. Onnaxo no
)){eHHaSl aa <pHr. 39 JlHHHSl nOJl)){Ha 06J1anaTb TaKHMH )){e 

CKOJlbKY CHCTeMa COnep)){HT euie H npyrne KOHneHcaTopbI,
CBotlcTBaMH (B OTHoweHHH xapaxrepa pacnpocrpanemra BOJlH), 

xpoxe TOJlbKO 4TO paCCMOTpeHHbIX, TO nJlSl YCTaHOBJleHHSl roro
 
4TO H peiuerxa H3- onHHaKOBblX 4aCTHlJ, C npOH3BOJlbHbIM
 

HJlH naoro COOTBeTCTBHSl Heo6xonHM 60Jlee TUl,aTeJlbHbltl aHaJlH3
 
aaKOHOM B3aHMonetlCTBHSl. 3TH csortcraa 6bIJlH paccaorpeuu
 cHcTeMbI I). 

B § 8. 
3aMeTHM, 4TO npoaoaaasre aaecs aHaJlOrHH HMelOT onpe

CooTBeTcTBHIO (12.2) MO)){HO nars reoxerpauecxyio HHTep
neaennue rpanauu: HeB03MO)){HO, nanpuxep, nOCTpOHTb 9J1eK

nperaumo. 
rpnsecxyio JlHHHIO, non4HHSlIOUl,YIOCSl ypaBHeHHIO rnna (12.5),

MexaHH4ecKHtl <pHJlbTP HH)){HHX 4aCTOT COCTOHT H3 T04e4HbiX 
C onpeneJleHHotl, 3anaHHotl B 06J1aCTH nponycKaHHSl <PYHKlJ,HO

Macc, coennnennux ynpyrnxa 9J1eMeHTaMH, xoropue aarJlSlnHO I
 HaJlbHotl aaBHCHMOCTblO Me)){ny xacroroa v H BOJlHOBbIM 4HCJlOM a,
MO)){HO npencrasan, B BHne npy)){HHOK. Kaxcnaa raxaa npyacamca 

(<pHr. 40) OnHHM KOHlJ,OM npHcoenHHeHa K onHotl Macce, 1) 06 aHaJlOrHH H KJlaCcH$HKaU.fJH CJlO}J{HbIX MexaHH4eCKHX H 9J1eK


a npyrHM - K npyron, npH4eM MaCCbl aa <pHr. 40 npe.a- rpasecxax uerren CM. paoory: n. E. Kpac H y III K H H, BeCTHHK MfY,
 
N~ 12 (1949). - Itpu». pea.
 

5 3aK. 2CU. 
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rorna KaK .nJlSl MeXaHH'IeCKotl peurerxn, KaK 6hlJlO noxasaao 
B § 10. raxas BOaMOJKHOCTh B npnnunne HMeeTCli. D pH'IHHa 
sroro aaxmosaerca B TOM, 'ITO, B TO BpeMli KaK C TO'lKH 
apenas MeXaHHKH DnOJlHe nonycrnxo, '1T06hl nexoropue aa 
BeJlH'IHH U; npHHHMaJlH orpauareasnue aHa'leHHSI, HeBOaMOJKHO 

nOCTpOHTh 9J1eKTpH'IecKylO JlHHHIO, COCTOlllUYIO aa HH.nyKTHB
nocrea C orpnuarensnux K09epepHl.lHeHTOM CaMOHH.nyKl.lHH. 

O.nHaKO 9TH sonpocu MoryT 6hITh paapeuienu, eCJlH 
ysecrs BaaHMOHH.nYKl.lHIO MeJK.ny KOHTypaMH. Bnepaae 9TO 
6hlJlO cnenano DHpCOM H aarex 60Jlee neraxsno paspaooraao 
JI. 5pHJlJlI09HOM I), paCCMOTpeBWHM BOnpOC 0 BOaMOJKHOCTH 
nOJlY'leHHlI 9J1eKTpWleCKOrO epHJlhTpa, xapaxrepnayexoro no
CTOllHHOtl CKOpOCTblO paCnpOCTpaHeHHlI B nOJloce nponycKaHHSI 
epHJlhTpa. C npyron CTOpOHbl, cnenyer yxaaari., '1TO l TOJlbKO 
nO.n6Hpali Ha.nJleJKaIUHM 06paaOM K09epepHl.lHeHThl BaaHMOHH
nyxuaa MeJK.ny KOHTypaMH, MOJKHO nOJlY'lHTb epHJlbTP HHJK
HHX '1aCTOT, .netlCTBYIOIUHtl B JlHHHH aanepaoca BnJlOTb no '1aCTOT, 
oxens 6J1HaKHX K npenensnon. Do.no6HhIMH JlHHHlIMH cHa6JKeHbi 
npHMeHlIeMhle B nonaonnon axycraxe 2) coapexeanue KOMneH
caropu B). 

ITPI1MELJAHl1fl 

A. AKycTHQeCHHA aHaJlOr 9J1eHTpHQeCHHX H MeXaHHQeCHHX 
epHJlhTpOB HH}I{HHX QaCTOT 

MOJKHO npnsecrn aKyCTH'IecKHtl aaanor TOJlbKO 'ITO pac
CMOTpeHHblX HaMH CHCTeM. 

Dpe.nnOJlOJKHM, tJTO HMeeTCli 6eCKOHetJHbitl pll.n onunaxoaux 
pesoaaropoa (epHr. 41) 061>eMOM V. 060aHatJHM xepes U 061>eM 
Tpy6KH, coenanmoutea nna cocenaax pesonaropa, tJepea p nJlOT

1) L. B rill 0 u in, Proc. of Symposium on Large-scale Digital 
calculating machinery, Harvard Univ., 1948, p. 110. 

2) CM., aanpavep, M. Par 0 d i, Principes de reception sous
marine dlrtgee, Paris, 1946. 

3) J1HHHH 3a.l\ep}KKH c xovneacauaca anepaue npnxeaeau Kans
MaHOM B 1946 r. (CM. H. E. K a II man, Proc, I. R. E., No 9, 1946; 
CM. TaK}Ke "OplieMHHKH pa.l\HOJlOKaIlHOHHbIX cTaHIlHH", nepeson c anra., 
BbIll. 2, CTp. 74, 1I\3.1\-BO "COB. panao" , 1949). B CCCP nO.l\p06HbIH 
ananas TaKHX JIHHHH nan A. M. Tpaxruaaou (A. M. T P a x T Ma H, 
Pacxer 9JIeKTpH'IeCKHX ¢HJIbTPOB Ii JlHHHH aanepncxn c yserox no
reps B 3JIeMeHTax, KaH.l\H.l\aTCKaH .l\HCCepTaIlHlI, HII\II\ MPTO, 1951).
ITpUM. pea. 

MaTeMaTUlleClwe uccnedoeanue OaHoMepHbtX peuieto« 

HOCTb r-asa, naxonauierocs B CHCTeMe, H. naxoneu, xepea Pn 
suyrpenuee naanenne raaa B noM pesonarope. Byaex aayxan, 
.nBHJKeHHe MaCCbl U rasa, aaKJlIO'IeHHorO B coenanarem.nux 
rpycxax, npennoaaras, 'ITO B KaJK.nbltl MOMeHT BpeMeHH raa 
B peaOHaTopax Haxo.nHTCli B COCTOllHHH paBHOBeCHli. 

DPH 9THX YCJlOBHlIX HMeeM 

Up d;/ =(Pn - Pnl-I) S, 

dVn-l ( ) SUp ------cIt = Pn-I - Pn ' 

r.ne V n H Vn_1 - CKOpOCTH MaCCbl raaa, aaKJlIO'IeHHorO B rpyo
xax, coe.nHHlIIOIUHX n-tl peaonarop C (n + 1)-M H (n - 1)-M pe
aonaropaua, a S - cexenne coe.nHHHTeJlbHotl Tpy6KH. 

::~~::: 

n-J '1 n+1 

<PHr. 41. 

I1aMeHeHHe KOJlHtJeCTBa raaa, conepacaiuerocs B noM peao-
HaTope, 3a spexs dt paBHO • 

p(Vn - Vn_l) S dt. 

ECJlH xepea X 0603HatJHTb CJKHMaeMOCTh raaa, TO 

1 (v n - vn - l ) 5 dt 
X=-V dPIi ' 

rne dPn - H3MeHeHHe .naBJleHHlI B noM peaonarope. 
Teneps c nOMOlUhlO sroro COOTHoweHHlI. HCKJIlOtJali H3 ypaa

HeHHlI .nBHJKeHHlI CKOpOCTh, noayuaex 

d 2Pn 52 
-----;[i2 = XVup [Pn+l + Pn-l - 2Pnl. 

aTO ypaanenue HMeeT TOtJHO raxon JKe BH.n, tJTO H ypasnenae, 
nonyxennoe npn paCCMOTpeHHH pacnpocrpanenns ynpyrnx BOJIH 
B 6eCKOHetJHotl uenoxxe, cocrosurea H3 onunarcoaux xacrnu, 
KaJK.nali H3 KOTOpbIX saaaaonencruyer TOJlbKO CO CMeJKHhlMH 
tJaCTHl.laMH. 

5* 
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Ey.lleM HCKaTb peuienae B BH.lle 6erYlllHx BOJlH, T. e. no
JlO)f(HM 

P = Pe2~i (,t-and),
n 

rae d - paccrosaae Me)f(.llY COOTBeTCTBeHHblMH TO'lKaMH .llBYX 
nocaenoaare.n.uo pacnoaoxennux pe30HaTopOB. Iloacraaasa 
3TO supaxenae .llJlll Pn B nonysennoe ypaaaeuae, HaXO.llHM 
HCKOMoe COOTHOllleHHe, onpenenmouiee 3aBHCHMOCTb '1aCTOTbl v 
OT BOJlHOBorO '1HCJla: 

Sy-1-. d 
v=- -V sm n cc. 

7t I.. up 

Orcioaa cnenyer HaJlH'IHe MaKCHMaJlbHot!: '1aCTOTbI pacnpocr

paneuas, H, TaKHM o6pa30M, paccxorpeaaas CHCTeMa npencra
BJllIeT cocoa aKycTH'IecKHt!: <pHJlbTP HH)f(HHX lIaCTOT. 

O'leBH.llHO, 'ITO B CHJlY cneaauuux HaMH ynpouiaiourax 
n pennonoxenan npasenenaue auuie pacseru MoryT .llaTb TOJlbKO 
06111YJO KapTHHy lIBJleHHlI. 

AKycTH'IecKHe CHCTeMbI nO.l106HOrO rana H3Y'laJlHCb 3KCne· 
p HMeHTaJlbHO K3HeKOM H CTJOapTOM i). 

E. Ilpaxep uenoxsn CBH3aHHbiX OCU,HJlJlHTOpOB, otlJlatl.alOw.eA 
cBoAcTBaMH paCCMOTpeHHoA B § 6 MeXaHH'IeCKOA CHCTeMbl. 
Pacnpocrpaaeuae	 MeXaHH'IeCKOrO B03MYW.eHHH B uenosxe, 

otlpa30BaHHoA H3 MarHHTOB 

Bsnne 6bfJIO yxaaaso, 'ITO paccaorpennaa B § 6 MexaHH
'1eCKall CHCTeMa, npencraaamouias cocoa uenoxxy ynpyro CBlI
3aHHblX OCUHJlJlllTOpOB, HeCKOJlbKO HCKyccTBeHHa, H, '1To6bI npen

CTaBHTb ce6e 60Jlee eCTecTBeHHyJO MO.lleJlb nO.l106Hot!: crpyxrypu, 
MbI paccuorpena, HCXO.llll H3 Ka'leCTBeHHblX cooopaxenna, CBOt!:
CTBa uenoxxn nayxaroxnux MOJleKyJl. 

B 3aKJlJO'IeHHe 3TOt!: rJlaBbI MbI paccxorpax cacrexy, co

CTOlllllYJO H3 OCUHJlJllITOpOB C neynpyron CB1I3bJO, CBot!:CTBa KO
TOpOt!: aHaJlOrH'IHbI CBot!:CTBaM yxaaaunoa crpyxrypu H MoryT 
npe.llCTaBJllITb nexoropun aurepec. 

'PaccMoTpHM ueno-ncy, COCTOlllllYJO H3 MaJleHbKHX O.llHHaKO

BbIX MarHHTOB Sn_iNn_i' SnNn' Sn+iNn+l' ... , pacnoaoxen
HbIX, KaK nOKa3aHO na <pHr. 42, Ka)f(.llblt!: H3 KOTOpbIX MO)f(eT 

1) CM. Can a c, Journ. de Phys, 7, 161 (1926); CM. TaKlKe 
S t e \V art, Phys. Rev., 20, 528 (1922). 

, .-
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CBo60.llHO BpalllaTbClI B nJlOCKOCTH '1epTe)f(a BOKpyr CBoero He
nO.llBHlKHO 3aKpenJleHHOrO uearpa cHMMeTpHH. 0603Ha'lHM xepes 
2[ .llJlHHy KalK.llOro H3 MarHHTOB, a '1epe3 d paccTollHHe MelK.llY 
.llByMlI COCe.llHHMH MarHHTaMH, npH'IeM BeJlII'lHHy 2[ 6Y.lleM npen
rro narart, MaJlot!: no cpaBHeHHJO C d. 

Bynex H3Y'laTb pacnpocTpaHeHHe BOJIH B 3TOt!: CHCTeMe, 
rtpennoaaraa, 'ITO MarHHTHOe B3aHMO.llet!:CTBHe HMeeT MeCTO 
TOJlbKO Me)f(.llY nOJlJOcaMH CMelKHbIX MarHHTOB. 

x· Sn_1 Nn_1 s, Nn 8 N + x
M 1 n 1-1------------ I ------- I _ 

On-I d On d On+1 
I-	 , I • "I 

Nn _1 Nn	 N + n f

32'----~!!-.!!:!--------~et.!J--------~l!!L-§ 
Sn-I s,	 Sn+1 

<t> II r. 42. 

0603Ha'lHM reneps xepea --+- m BeJlH'IHHY xaruamoro 3a
psna nOJlJOCOBH xepea an_i, an, an+ i- yrJlbl OTKJlOHeHHlI (KO
ropue 6Y.lleM npennoaarars MaJlbIMH) COOTBeTcTBeHHO (n-I)-ro, 
n-ro H (n + l j-ro MarHHTOB OT nOJlO)f(eHHlI paanoaecns. 
Tor-na, eCJlH 1- MOMeHT HHepUHH MarHHTa OTHOCHTeJlbHO ero 
OCH epaurenas. TO ypaaneaae .llBH)f(eHHlI n-ro MarJ-IHTa 6Y.lleT 
HMeTb saa 

" 2m21~

Ian = - ~(an+i -2an+an_1) 

2 
- m [2 [ (d ~ 21)3 + (d ~ 21)3] (a n l i + 2an + an.. i ) 

I 2 
" - 2m [ [ (d ~ 21)~ - (d ~ 21)~] an-

KaK 06bl'lHO, 6Y.lleM IICKaTb peureuae B BHll~ p icnpccrpaumo
uieacs BOJlHbJ 

an= Ae2~i (vt-andl, 
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rne 'I - '1aCTOTa U a - BOJIHOBOe '1UCJIO. nO.nCTaBJISISI supaxe
HUSI .nJIlI an_I' an B ypaBHeHue .nBHIKeHUSI, nonysaeaU CXn+l 

2l 2
2 m { 1(1 1)

'I = 1t2/ 2[ (d - 2l)2 - (d + 2l)2 + 
2+((d ~ 2l)3 (d ~ 2l)3 ) cos- 7t ad - ~3 sin 7t ad}. 

OTCIO.na JIerKO aaaers. 'ITO B paCCMOTpeHHOtl CUCTeMe MoryT 
pacnpOCTpaHSlTbCSI TOJIbKO BOJIHbl, '1aCTOTbl KOTOpblX 3aKJIIO'IeHbl 

MeIK.ny .nByMSI npe.neJIbHblMU 3Ha'leHUSIMU 

ml _ r 1{1(1 1) 1 1}
'10 = ---:;- V 7 2[ (d - 2l)2 - (d + 2l)2 + (d - 2l)3 + (d+2l)3 ' 

ml _ r 1{1(1 1) 2} 
'11 = ---:;- V 7 2[ (d - 2l)2 - (d + 2l)2 - d3 • 

T. e. 9Ta CUCTeMa seaer ce6S1 KaK nOJIOCOBotl tPUJIbTp. Kpuaaa 
'I = 'I (a) aHaJIOrU'IHa KpUBOtl tPu r. 25. 

Cnenyer ysasars. 'ITO, eCJIU MarHUTHoe nOJIe H napaa
JIeJIbHO HanpaBJIeHUIO uenoxsa. TO ypaaueaae .nBUIKeHHSI 
OCTaeTCSI TaKUM IKe C TOtl JIHlllb pa3Huuetl, 'ITO B npaayto '1aCTb 
.n06aBJISIeTClI '1JIeH - 2mlHcxn- B 9TOM cJIy'lae CHCTeMa TaKIKe 
npe.ncTaBJISIeT cooon nOJIOCOBotl tPUJIbTP, npenem.aue '1aCTOTbi 

xoroporo MOIKHO JIerKO HatlTH. 
B 3aKJIIO'IeHue 3aMeTUM. 'ITO HUIKe TO'lKH Ktop« BrrOJIHe aa

KOHHO npe.nnOJIOIKeHUe 0 TOM, 'ITO pa3JIU'IHble 9JIeMeHTapHbie 
MarHUTUKU, Haxo.nllIII.UeCSI B tPeppOMarHUTHOM KpUCTaJIJIe. rro 
Mepe npU6JIUIKeHUSI K a6COJIIOTHOMy HyJIIO CTpeMSlTCSI ycrano
BUTbCSI napaJIJIe,1bHO npyr npyry, PaCCMOTpeHHali anecs aanasa 
COOTBeTCTByeT KaK paa 9TOtl 06JIaCTU resmepa'ryp; 3HaHHe me 
3aBUCUMOCTH 'I = 'I (a), KaK MOIKHO noxaaars 1), rr03BOJISIeT 
onpe.neJIUTb nexoropue KJIaCCU'IeCKUe CBotlCTBa paCCMaTpUBae-

MblX 06beKTOB. 

1) M. Par a d i, Journ. de Physique, 10, 399 (1939). 
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MATEMATHlJECKOE H3YlJEHHE
 
60JIEE CJIOlKHblX O,UHOMEPHhlX PEillETOK
 

§ 13. YpaBHeHHJI .lI.BH>KeHHJI pemerxa XJlOpHCTOro HaTpHJI. 
O.ll.HOMepHMH cJlyqaH 

Peurerxy XJIOpHCTOro HaTpHSI MOIKHO paccxarpaaars KaK 
'1aCTHbltl cJIy'latl onnoxepaux peurero«, Ka'leCTBeHHO paccvor
pennux HaMH B § 3 H 7. 31'01' r nn peuienca H306paIKeH ua 
tPHr. 43. OH rrpe.nCTaBJISIeT c060ft peurerxy, 06pa30BaHHylO .nByMSI 
ceMetlCTBaMH '1aCTHU, MaCCbl KOTOpblX paaau COOTBeTCTBeHHO M 1 

0 d, • d. 0 d, • d, 0 d, • dz 0 d, • d2 0 d, • 
M, M2 M, Ma M, M2 M, M2 M, M2 

n-2 n-I n-I n n n-l n-t n»] n-) 

<P H r. 43. 

H M 2• YacTHubl onnoro cexencraa (M 1) B peurence sepenyiorca 
B.nOJIb aexoropon npaxon C '1aCTHuaMH npyroro cexeacraa (M2) . 

0603Ha'lHM '1epe3 d 1 H d2 paccrosnua 01' uesoropon '1aCTHUbl 
onnoro cexettcrsa, aanpaxep cexeacraa M 1 , no nsyx CMeIKHblX 
C Heft '1aCTHU. Haxo.nSlIII.HXCSI cnpaaa H CJIeBa; npa 9TOM nepaon 
peurencn 6y.neT panen 

d=d1 +d2 • (13.1) 

B § 7 Mbl npennoxarana, 'ITO MaCCbl '1aCTHU o.anoro ce
~leftcTBa, CKaIKeM M2, MHoro MeHbllle MaCCbl '1aCTHll, npyroro 
cexejtcrsa H 'ITO KaIK.naSi H3 '1aCTHll, MaCCbl M2 B3aHMo.neAcTByeT 
TOJIbKO C onaon 6JIHIKaAilleft uacrnuen MaCCbl M 1 , rorna KaK 
KaIK.naSi H3 '1aCTHU MaCChi M 1 ssaaaonettcrayer KaK C .nByMSI 
6JIHIKaftllIHMH '1aCTHll,aMH MaCCbl M 1 , TaK H CO CMeIKHbIMH '1aCTH
uaxn MaCCbl M 2• npyrHMH CJIOBaMH. npH B3aHMo.neftcTBHH MOJIe
KyJIbl paCCMaTpHBaJIHCb KaK ueaoe H BHyTpeHHHe CTeneHH CBO

60.nbl He Y'lHTblBaJIHCb. 
3.necb Mbl 6y.neM paccxarpaaari, peurerxy HeCKOJlbKO HHOft 

CTpyKTypbl, a HMeHHO 6y.neM npennoaarars , 'ITO KaIKAaSi H3 
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'laCTIHI. B3aHMO.ll.e~cTByeT C .II.ByMR CMe>KHbIMH C He~ 'laCTHu,aMH 

He3aBHCHMO OT roro, K xaxoxy CeMe~CTBY OHa IIpHHa.ll.Jle>KHT; 

9TO. O'leBH.II.HO, oaaasaer, 'lTO MaCCbI xacrau M I H M 2 cpaBHHMbI. 

TaK KaK IIO.ll.06HbIe CHCTeMbI OTJlH'lalOTCR OT paCCMOTpeHHblX 

nuure TOJlbKO xapaxrepoa B3aHMO.ll.e~CTBHR. TO xpnaue 3aBHCH

MOCTH 'laCTOTbI OT BOJIHOBOrO 'lHCJla .llOJl>KHbI HMeTb TaKO~ me 
BH.II.. 

ECJlH MbI orpanasaacs cnysaex, xoraa B COCTORHHH pasuo ~ 

BeCHR paccrosnae Me>K.II.Y JlI06bIMH .II.ByMR COCe.llHHMH sacmuaaa 
oaauaxoso, H IIpe.ll.IIOJlO>KHM. 'lTO xapaxrep B3aHMO.ll.e~CTBHlI 

O.ll.HHaKOB .II.JlR scex xacrau. TO IIOJly'lHM peuierxy, xoropas 
aaaaoravna HCIIOJlb30BaHHO~ 50pHOM IIpH IIOCTpoeHHH reopnn 

i
d':-r-d'1o d/2 • d/2 0 d/2 • d/2 0 d/2 • d/2 0 d/2 • d/2
 

M, M, M, M, M M,
Mz M1 M2 z
 
n-B n-2 n-f n n+/ n+2 n+3 n+4 n+5
 

C\> H r. 44. 

TeIIJlOeMKOCTH raepnux rea. Ilonotiaas peurertca npencrasneaa 
aa qmr. 44; xacrauu C Macco~ M 2 H306pa>KeHbI TO'lKaMH. 

a sacrauu C Macco~ M I - Kpy>KKaMH. Hyaepoaars xacrnuu 
MO>KHO JlH60 KaK na qmr. 43. JlH60 KaK na qmr. 44. MbI 6Y.ll.eM 

HCIIOJlb30BaTb BTOpOI'! BapHaHT. IIpH'leM sernue 3Ha'leHHlI n 6y

.II.yT COOTBeTCTBOBaTb xacrnuaa C Maccolt M 2• a He'leTHble

sacrauaa C Maccolt M I ; IIpH 9TOM B COCTOllHHH paenonecns 

KOOp.ll.HHaTbI sacrnu M I 6y.llyT panna (2n + 1) dj2, a KOOP.ll.H

HaTbl sac'rau M 2 6Y.ll.YT pasau 2n(dj2) = nd, 
B CHJlY pa3J1H'lHR Macc ypaauenus .II.BH>KeHHlI .II.JlR Ka>K.II.OrO 

H3 .II.BYX COpTOB xacruu 6Y.llyT TaK>Ke oraaxarscs. CHJlY • nea

CTBYlOll.I,YIO aa m-IO sacrauy. MO>KHO HaltTH TO'lHO TaK >Ke. KaK 

9TO 6blJlO C.II.eJlaHO B § 8 lypaanenas (8.6) H (11.4)). 0603Ha

'lall ee sepea F m • nonysaea ypanaenas 

2
F V" (+ 2) d Y 2n 2n = I Y 2n-1 Y 2n+1- Y2n = M2~' 

(13.2). d2y
 
F V" (+ 2) M 2n+l
2n+1 = I Y2n Y2n+2- Y2Jl + I = I ~, 

r ae Yk -- caeuienae k- ~ tjaCTHu,bI OT IIOJlO>KeHHR paBHOBeCHlI, 

\\
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5Y.ll.eM HCKaTb peureune B BH.II.e 

Y2n = A2ei (Ult-2nk,). 
( 13.3) Y2n+1 = Alei [Ult-(2n+l)k,J, 

r.ll.e 

d k
k=21tad. k l=21ta 2=1tad=2' 

1 
w= 21t\l, a= T 

Ilepsoe peureuae (13.3) OIIHCblBaeT BOJIHOBOe .II.BH>KeHHe sacrnu 
C xaccoa M 2 • sropoe - .II.BH>KeHHe 'laCTHu, C Maccolt MI' llJlHHbI 

BOJlHbI H 'laCTOTbI, qmrypHpylOll.I,He B 9THX .II.BYX peWeHHlIX • .II.0Jl>KHbI 

6bITb .II.JllI HeKOTOpOrO aanaunoro KOJle6aTeJlbHOrO .II.BH>KeHHR ona
HaKOBbI. a aMIIJlHTY.ll.bI MoryT pa3J1H'laTbCR. 

4T06bI ypaBHeHHR (13.2) .II.oIIycKaJlH peurenaa BH.II.a (13.3), 
BeJlH'lHHbI A!, A2• W H k .II.0Jl>KHbI, KaK MbI ceasac yBH.II.HM, 

ynoenernopan, nexoropua onpeneaeauua COOTHoweHHRM. llelt

CTBHTeJlbHO, IIO.ll.CTaBJIRR (13.3) B ypaaneuae (13.2) H coxpauras 
COOTBeTCTBeHHO na ei (Ult-2nk,) H ei [Ult-(2n+t) k,J. HaXO.ll.HM 

M (-A ( 2)= V" (A eik, + A e-ik, - 2A ) 
2 2 I I I 2' 

M (- A ( 2)= V" (A eik, + A e-ik, _ 2A ) I I I 2 2 I 
HJlH 

2 - 2V~) + 2AP~ COS k = O.A2(M2w l (13.4)2Al (M lw - 2V~) + 2A2V~ cos k l = 0, 

eCJlH ysecrt., 'lTO 
ik, + e-ik, =e 2 cos kl • 

I1TaK • .II.JlR onpeneaeuas Al H A2 MbI IIOJlY'lHJlH cacrexy JlHHelt

HbIX O.ll.HOP0.ll.HbIX ypaanenaa. llJlR roro 'lT06bI OHa HMeJla HeTpH

BHaJlbHOe peureuae, HeQ6xo.ll.HMO. KaK H3BeCTHO, IIpHpaBHRTb ee 

.II.eTepMHHaHT HyJlIO. OTCIO.lla nonysaea YCJlOBHe. KOTOpOMy 

.II.0Jl>KHbI Y.llOBJleTBOpRTb w H kl , 

2 ") (2 ") ,,2 2( Mlw - 2V I M2w - 2V I - 4VI cos kl = 0 

}fJlH, rpyIIIIHpyR 'lJleHbI IIpH O.ll.HHaKOBbIx CTeIIeHRX <0 2, 

,,2 

4 "( 1 1 ) U I • 
ill - 2V I M + M In

2 +4 M 5m
2 k1 = O. (13.5)

1 2 IM2 
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Eho ypaanenae OTHOCHTeJIbHO w2 HMeeT nsa .netlcTBHTeJIbHbIX 
peurenas, a TaK KaK Mbl npennonaraea, 'ITO BeJIH'IHHa W cyuie
CTBeHHO nOJIO>KHTeJIbHaSl, TO HM COOTBeTCTBylOT naa 3Ha'leHHSl 
'1aCTOTb\, TaKHM 06pa30M, KaJK.nOMy 3Ha'leHHIO k1 COOTBeTcTBylOT 
.nBa, nootiuie rOBOpSl, pa3JIH'IHbIX 3Ha'leHHSl ui, H KpHBaSl, npen
CTaBJISlIOllI,aSl 3aBHCHMOCTb '1aCTOTbI OT BOJIHOBOrO '1HCJIa k 1 , TaKJKe 
COCTOHT H3 nsyx aernea, onpeneasexux CJIe.nylOllI,HM COOTHO

i:urenaex: 

2 " [_1_ + _1_ +- ~ r( 1 1)~ sln~ k1
w=U I M M - V M 

] 
.(13.6)

1 2 1+M2 
-4 MIM2 

nO.ncTaBJISlSl BblpaJKeHHe .nJISl '1aCTOTbI (13.6) B CHcTeMy ypas
HeHHtl (13.4), MOJKHO onpeneznrrt, OTHoweHHe At/A2 , xoropoe, 
KCTaTH rosops, 6y.neT .neltcTBHTeJIbHbIM. OKOH'IaTeJIbHble JKe 
3Ha'leHHSl aMnJIHTy.n AI H A2 naxonarca H3 aasaasuux yCJIOBHlt. 

§ 14. 3aeKTpHQeCKHA aHaaor o~HoMepHoA pemeTKH,
 
COCTOJlUJ,eA H3 ~BYXaTOMHblX MoaeKya
 

'uJISl roro '1To6bl nOJIy'lHTb 3JIeKTpH'IecKylO JIHHHIO, aHaJIO
rH'IHylO onnoxepnoa peurerxe, oripaaosaanon H3 .nByxaToMHbiX 
MOJIeKyJI, MOJKHO HCnOJIb30BaTb KJIaCCH'IeCKOe COOTBeTCTBHe, 
K KOTOpOMy npaaonnr yCJIOBHe (12.1). nOCKOJIbKY B raxon 
peurerxe mdelOTcSl nsa ceMetlcTBa '1aCTHLI" TO aeooxoaaxo, '1To6bl 
COOTBeTCTBYIOllI,aSl 3JIeKTpH'IeCKaSl Mo.neJIb TaKJKe COCTOSlJIa H3 
HH.nyKTHBHOCTelt nayx THnOB L1 H L2• C npyron CTOpOHbl, MOJKHO 
0606llI,HTb aanany, paCCMOTpeHHylO B npenunyuiex naparpaipe, 
npennoaaraa, 'ITO xapaxrep B3aHMo.netlcTBHH pa3JIH'IeH .nJISl '1aCTHLI, 
xascnoro ceaencraa, HJIH, 'ITO CBO.nHTCSl K TOMy JKe, 'ITO pac
CTOSlHHe MeJK.ny nexoropon '1aCTHLI,elt H 6JIHJKaltwetl K Helt cnpaaa 
'1aCTHLI,etl He paBHO pacCTOSlHHlO, OT.neJIHIOllI,eMY ee OT 6JIHJKalt
welt CJIeBa '1aCTHLI,hI. 9TO cooTBeTcTByeT 3JIeKTpH'IeCKolt JIHHHH, 
B KOTOpOtl uapsny C .nByMH pa3JIH'IHbIMH THnaMH HH.nyKTHBHO
cren HMelOTCSl TaKJKe H naa rnna xoaaeacaropoa CI H Cl • Ilpa 
3TOM KOH.neHcaTop C1, pacnoaossennua cnpaaa OT xoaaenca
ropa C2, CBH3aH C HHM HH.nyKTHBHOCTblO L2 , a xonaencarop CI' 
naxonsuiancs CJIeBa OT C2, - HH.nyKTHBHOCTblO L I • Flonotinas 
CHCTeMa H paccMaTpHBaeTcH 06W'IHO KaK 3JIeKTpH'IeCKHtl aHaJIor
 
MeXaHH'ICCKolt CHCTeMbl, onacanaon B § 7.
 

Cxexa 3TOlt 3JIeKTpH'IeCKOlt JIHHHH npencraaaeaa na <jJHr. 45.
 
ECJIH, KaK H sa <jJHr. 33, xepea lm 0603Ha'lHTb BeJIH'IHHy TOKa,
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nporexaiouiero B L1,enH OT (m - 1)-ro xonaencaropa K m-MY, 
TO CHCTeMa ypaBHeHHlt .nJISl JIHHHH 6y.neT HMeTb BH.n 

dQ2n l l dQ2n+1 (14 1)l l2n - 2n+l = ~ , 2,Hl - 2n+2 = dt' . 

d l V V Q2n Q2n+1L1{j[ 2n+l= 2n- 2n+l=c---C-' 
1 ~ (14.2) 

d . V V Q2n-l Q2n • L2 dI l2n = 2n-l - 2n = --c;:- - ~ , 

.nH<jJ<jJepeHLI,HpySl (14.2) no BpeMeHH H Y'lHTbIBaSl coornoure
HHSl (14.1), nonyxaen 

L d2 i _ 12n- 12n+l 12,.+1 -12n+2 
1 dl2 2n+l - C

1 C2 
(14.3)

d2.L _ 12n-l- 12n 12n-12n+l 
2 dt2 l2n - C

2 C1 

JIerKO aaners, 'ITO, eCJIH nOJIOJKHTb CI = C2 H saaeaars 
K03<jJ<jJHLI,HeHTbl caMoHHllYKLI,HH L1 H L2 aa MaCChi, a BeJIH'IHHy. 

_i - _i2n zn I 

i, 1 L, 1 L2 1 L, 1 L2 1 L, 1 L2 

~I:~ ..1,~,J~;7a_I~~~ •.L 
2n-2 2n-1 2n 2n+1 2n+2 2n+3 
Q2n-Z Q2n-1 QZn Q2n+1 Q2n.2. QZn.3 

VZn ' 2 VZn- 1 V1n V2n+1 VZ".Z V1".3 

<t> Hr. 45. 

otiparnyio eMKOCTH, aa K03<jJ<jJHLI,HeHT ynpyrocrn, TO CHCTeMa 
ypaaneaan (14.3) 6y.neT nOJIHOCTblO coananars C cncreuon ypaB
HeHHlt (13.2), onacasaouien KOJIe6aHHSl o.nHOMepHolt peurerxn, 
COCTOHllI,elt H3 .nByxaToMHbiX MOJIeKyJI. 

Ilpa peurenaa CHCTeMbl (14.3) 6y.neM nocrynars TaK JKe, 
KaK 3TO 6blJIO cnenaao B npenunyuiex naparpatpe, a HMeHHO 
npe.nnOJIOJKHM, 'ITO ypaaueuna .nJISl l2n, H l2n+l HMelOT peurenna 
B aane pacnpOCTpaHHIOllI,HXCSl BOJIH C o.nHHaKOBbIMH '1aCTOTaMH 
H BOJIHOBblMH '1HCJIaMH, HO pa3JIH'IHbIMH aMnJIHTy.naMH 

l2n = A2ei (Olt-2nk,), l2n+1 = A1ei[Olt - (2n +l )k,lo (14.4) 



-+ - rr ( 1 + 1 )2 (-..-!--+~-)2 _ 4510 
2

k 1 (148)- V 4 L 
1 

L2 . C1 C2 T T r r' . 

xoropue nepexonsr B peiuenus (13.6), noayxenaue .llJlll Mexa

HH4eCKoR aanasn, eCJlH rrOJlOlKHTb L1 = M 2, L2 = M 1 H C1 = 
= C2 = 1IV;. SHe aaBHCHMOCTH OT roro, pasnu JlH MelK.llY 

c060R BeJlH'IHHbI eMKOCTeR C1 H C2 HJlH HeT, xpasas aaBHCH

MOCTH '1aCTOTbl ill OT k1 COCTOHT H3 .llBYX BeTBeR; O.llHaKO xon 
9TOR KpHBOR .llJlll 9THX .llBYX CJly'laeB, O'leBH.llHO, paaJlH'IeH. 

06CY>K.llaeMbIe HaMH sonpocu 6bIJlH paCCMOTpeHbI B .llBYX 

paoorax 1), O.llHaKO asropu 9THX pa60T He aaMeTHJlH CXO.llCTBa, 

xoropoe HMeeTCli Me>K.llY 9J1eKTpH4eCKHMH H MeXaHH'IeCKHMH 

CHCTeMaMH H Ha KOTopoe 06paTHJI BHHMaHHe BOpH. Pe'lb H.lleT 

o cor JIaCOBaHHH soanyunroa TeJle<jlOHHOt\ JlHHHH J C nO.ll3eMHblM 

rOpO.llCKHM Ka6eJleM 2 (<jlHr. 46). Xopouiee COe.llHHeHHe B TO'lKe 4 
nonyxaerca npa narpyaxe JlHHHH O.llHHaKOBblMH HH.llYKTHBHO

CTlIMH 5, pacrrOJlO,>KeHHbIMH aa pasnux paccrosnuax Y npyr OT 

1) N. R. F r e n c h, U. S. patent 1741926, dec. 1929; S. P. Mae d, 
N. R. F r e n c h, U. S. patent 1769959, jUI. 1930. 

I-jL_' 

5 

5eC/WHe'lHOCfTlb __ 

Lt.-x-L-·X~X-Lx-3J 

<t> H r. 46. 

Lz L, Lz L, 
I 
I;---2, 
I 
I 

I 

:. 1 ~ 
I 

A 

3 <,r-' 2, 3, r-, 4" 

1) JlHHHlI H Ka6eJlb .llOJl>KHbI HMeTb onaaaxoaue noaocu 
nponycxaaaa; 

2) HX xapaxrepacraueckae HMne.llaHCbl .llOJllKHbI 6b1Tb pasuu 
npyr .llpyry (CM. r JI. 5). 

npyra. 9TO CB1I3aHO C He06xo.llHMOCTbIO Bb\ITOJlHeHHlI onpeae

nennux yCJlOBHR, ooecneuaaaiouiax xopouree corJlaCOBaHHe, 

a HMeHHO: 
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<t> Hr. 47. 

TpY.llHOCTb, acrpe-raiouiaaca npn sunonaeaaa 9THX yCJlOBHtI, 

aaxmosaaacs B TOM, 'ITO B nO.ll3eMHOM rOpO.llCKOM Ka6eJle pac

CTOllHHe x Me>K.llY HarpY304HbIMH HH.llYKTHBHOCTlIMH 3 6bIJlO 

Bbl6paHo sapanee. O.llHaKO ee MOlKHO 060RTH, pacnonaraa none

peMeHHO ua paanux paCCTOllHHlIX npyr OT npyra nsa pa3J1H4

HbIX rana HHil.yKTHBHocTeR C K09cp<jlHl.I,HeHTaMH caaoaunysuan, 
paBHblMH COOTBeTCTBeHHO 

L1 = mLo Ii L2 = (1  m) Lo' 

, 

c 

JAa8a 4 

Floncraansa 9TH BbIpalKeHHlI B (14.3), noayxaea cHCTeMy 

JlJiHetlHblX O.llHOP0.llHbIX ypasnenaa OTHOCHTeJlbHO A 1 H A 2 

( 
1 1) (1. 1 )- L1ill2 + C 
1 

+ C~ A1' - C 
1 

etk, + C 
2 

eik, A2 = 0, 

( 
1 1) (1 1 (14.5)

-L2ill2+ - + - A2  _eik,+_ eik1) A1 = O. 
C1 C2 C2 C1 

YCJlOBHe ee paapeurauocrn HMeeT BH.ll 

(__ L
1
ill2 +_ 1 +_1) (-L2ill 2 +_1+~)_ 

C1 C2 , C1 C2 

_ (·_1 eikl+~ e-ikl) (_1 eik,+_1 e-ik1) = O. (14.6) 
C1 C2 C2 C1 

fpyrrnHpyli 4J1eHbI rrpH O.llHHaKOBblX CTerreHlIX ill. nOJly'laeM 

4 2 ( 1 1 ) ( 1 1 ) 51n 
2 

k1 _ 
ill-ill -r;:-+r; C1+C2 

+4L1L2C1C2-0. (14.7) 

9TO xsanparaoe OTHOCHTeJlbHO ill 2 ypasaenae nonycxaer .lleR

CTBHTeJlbHbIe peurenas 

2_1(1 1)(1 1)
ill -"2 -r;:-+-z; C1 + C2 -+

76 
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'lTO <paKTH'leCKH npnaonnr K crpyxrype (<PHr. 47). aaaaoruunoa 
crpyxrype, npencraaaeunon aa <pHr. 45. Kpaaue aaryxanns, 
Bbl'lHCJIeHHble .n.JISI HeCKOJIbKHX 3Ha'leHHlt m, npnaenenu na 

-..3,0 I I 1 !A Ii 7SPt 
28	 1 ~ • I L, d Lz d L, I 1/ I 'yfTJ V I• ,~, .. ,"	 ,ft".
2 ~/I/ I/~ A I I I III I 
2,64:~ ,00 00 '0/ r; II II
 

<u 2,2 0.§...7 -,......;. rr
 O,91r-+
§ 20 m=l,O / ~ 1 r 

I
 
~ 16 VI 0,5 =f 0.81 I \1
 
~ /8 0.95 1/, '/ ! I 111\ 

llJ /4 (Iii as 11m/
 
~ ;'2 'I.L ~lll 1\
 
<:; I \ 

1~ ~~	 'I .JO,7 ill 
~ 06 IIIf 1\

04 '{
 
02/1
 
, .., ,"_._ fjr I:';~ f;l ~Mfi I It; fi 

on s o os se »« ~n Q? 1t1?/: 18 Iiio 02 Q4 Q6 qs If!..EJ!!:6 1,8 ...~ ~,~ ~~ _'~;~ V,v v,' v,v ,v,. u,v 

, f, 'f,"fz w 0 2
 
m=O,5
 

<I> H r. 48. 

<pHr. 48. BH.n.HO. 'lTO OHH senyr ce6S1 no.n.06HO KpHBblM ~. H30
6paIKeHHbIM aa <pHr. 20.6. xoropue 6b1JIH noaysenu DOpHOM 
npa H3y'leHHH peurerxa XJIOpHCToro HaTpHSI. Iloannee MbI euie 
BepHeMCSI K 9TOMy Bonpocy. 

§ 15. )l.etaJIbHOe	 H3YIJeHHe pemerxa XJJOpHCTOro HaTpHSI 
(O,ll,HOMepHblA CJJylJall) 

B 9TOM naparpaqie	 MbI 6y.n.eM H3Y'laTb xapaxrep .n.BHmeHHSI. ,
COOTBeTCTBylOllJ,ero .n.ByM BeTBSlM KpHBOlt w = w (k l ) . npH'leM 
oc060e BHHMaHHe 6y.n.eT y.n.eJIeHO paCCMOTpeHHIO .n.ByX npe.n.enb j
HbIX cayuaes, xorna k i = 0 H k i = -+-'ft/2. Buure 6blJIO nOJIy
xeao, 'lTO BeJIH'lHHbI W H k i CBSl3aHbI COOTHoweHHeM (13.6) 

w2 = u; [_1_ + _1_ -+- ~ r(_1_ + _1_)2 _ 4 sln
2k1 J' 

M1 M2 V M1 M2 M1M2 
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xoropoe MOIKHO sanacars anase: 
fI 

2 U I [ 11 2 9 -] 

w = M1M2 M I +M2± .... M I +M;;+2MIM 2cos2kl 
• (15.1) 

DOCKOJIbKY 9TO BblpameHHe cHMMeTpH'lHO OTHOCHTeJIbHO M 
H M 2• TO 6ea OrpaHH'leHHH 06W.HOCTH MomHO C'lHTaTb. 'lTO o.ana 
aa Macc. nanpnaep M I , 60JIhWe apyron, T. e. nOJIOmHTb 

MI > M 2 • 

OTHOWeHHe aMnJIHTy.n. Al H A2 MomHO onpenenan, na CH
CTeMbI ypaaueaaa (13.4), KOTopaH npa aHa'leHHHX ui, ynoaae
TBOPSIIOllJ,HX COOTHoweHHIO (15.1). HMeeT HeTpHBHaJIbHOe pewe
HHe. Hanpnxep, nepnoe as ypaanenna (13.4) .n.aeT 

Al 2U; -M2<tl
2 

(15.2)A2 2U; cos k i 

HJIH. HCKJIIO'laSi npa nOMOllJ,H (15.1) 'laCToTy. 

~ = M I - M2+VM~+ M~+2MIM2 cos2k I 
(15.3)A2	 2M cos k

I i 

3HaK MHHYC nepe.n. xopneu B (15.3) cooraercrays- ronocy B co
OTHoweHHH (15.1) H. cJIe.n.oBaTeJIbHO, sepxnen BeTBH KpHBOlt 
w = w (k l ) ; nOJIOIKHTeJIbHOe me aaasenae KOpHSI B (15.3) COOT
BeTCTByeT MHHyCy B COOTHoweHHH (15.1) H HHmHelt BeTBH KpH
BOlt w = w (k l ) . 

3aMeTHM, 'lTO, KaK YIKe 6blJIO yxasano, OTHoweHHe aMnJIH
ryn acerna .n.eltCTBHTeJIbHO; oTCIO.n.a BbITeKaeT, 'lTO C.n.BHr <paa 
MeIK.n.y BOJIHaMH, COOTBeTCTBYIOllJ,HMH .n.BHmeHHIO xacrau, npa
Ha.n.JIemallJ,Hx K .n.ByM paaJIH'lHbIM ceMeltcTBaM. MomeT HMeTb 
TOJIbKO .asa anaueaas. ECJIH OTHoweHHe AdA

2 
nOJIOIKHTeJIbHO, 

TO cnanr qias paaen HyJIIO. eCJIH IKe OTHoweHHe A OTpH
I/A2 

u.aTeJIbHO. TO cnsar <paa pasen 'ft. O.n.HaKO 9TH peaYJIbTaTbI 
cnpaaenaaau TOJIbKO .n.JISI CHCTeM 6ea aaryxaaas. 

DPH yBeJIH'leHHH .n.JIHHbl BOJIHbl ki = «ad CTpeMHTCSI K HyJIIO 
KaK a; B 9TOM caysae COS 2k I MomHO paaaoaom, B pan H orpa
HH'lHTbCSI 'lJIeHaMH aroporo nopnaxa MaJIOCTH BKJIIO'lHTeJIbHO: 

(2k1 ) 2 2 k2 
COS 2k I = 1 - -2- = 1 - 2k I = 1 - "2 ~ cos k. 
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nO.n.CTaBJllIli 3TO paaaoaceaae B (15.1) H orpamomaascs TO~ >Ke 

TOlJHOCTbID, nOJlYlJaeM 

VM~+M~+2MIM2( 1-- ~~)= 

rorna 

2 
00_ 

2
00+ = 2 U1 M - 4 (M + M~) (BepxHIIII BeTBb), 

l l 

rne HH.n.eKc npn 002 yxaausaer ua BallTbl~ nepen xopuex 3HaK. 

113 (155) BHL\HO, 'ITO B6J1H3H nasaaa KOOpL\HHaT 00_ an
JllIeTCli JlHHe~HO~ <!>YHKUHe~ k, T. e. lJaCTOTa, COOTBeTCTBYIO\Uall 

HH>KHe~ BeTBH, B~L\eT ce611 TaK >Ke, KaK H B cnysae peWeTKH 

H3 O.n.HHaKOBbiX lJaCTHU; 'ITO >Ke xacaercs lJaCTOTbl 00+, TO 

B uaxane KOOpL\HHaT ee 3HalJeHHe MaKCHMaJlbHO H paBHO 

OOa=V2U~(~1 + ~J, 
a C pOCTOM Ik I 3HalJeHHe oo~ cnanaer no napa60JlHlJeCKOMY 

3aKOHY· 
Xapaxrep .n.BH>KeHHlI CHCTeMbl npa 6eCKOHelJHO~ .n.JlHHe BOJlHbl 

MO>KHO yTOlJHHTb, BbllJHCJlHB OTHoweHHe aMnJlHTYL\ .n.JllI MaJlblX 

3HalJeHH~ k (HJlH k). Iloncrasnss nOJlYlJeHHOe auure Bbi paisel 
HHe ,!J,Jl1l xopns xnanparuoro (15.4) B <!>OPMYJlY (15.3), nOJlY

lJaeM CJleL\YIO\UHe COOTHowe~HlI; 

.r --~k-~M~IM~~
= (M l + M 2) V 1 - (M + M~)~ ;:::::;

l 

1 k~MIM~ ].
;:::::;(M1+M2) [ 1-2(MI+M~)~ , 

COOTHoweHHe (15.1) npHHHMaeT BM 

k2U" 
1 

= 2 (M + M) (HHlKHIIII BeTBb), 
I ~ 

"[ 1 1 k~ ]+ M~ 

(AAI) = 

At 
( jr;-

~ 

L
+ 

= 

ECJlH k = 0, TO 

(~) = 1, (-6..) =_ M~ < 0. 
A~ + A~ _ M1 

(15.4) 

(15.5) 

k2 Ml-M~1 + 8 M +M (HHlKHlIlI BeTBb), 

M2 ( 
I 

k~ 
~ 

Ml-M~) (15.6) 
- M 1 -""8 M + M~ (BepxHIIII BeTBb). 

l l 

(15.7) 

,
 
I·
 

I
 

~
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TaKHM ocpaaox, Mbl BHL\HM, 'ITO B 3TOM cnyxae BOJlHbl, 

COOTBeTCTBYIO\UHe HH>KHe~ BeTBH KPHBO~ 00 (k1) , HMelOT paanue 
aMnJlHTY,lI,bl H COBnaL\aIOT no epa3e, T. e. CMe\UeHHlI acex lJaCTHu 

paauu no BeJlHlJHHe H COBnaL\aIOT no HanpaBJleHHIO. DJlHHa 

Ka>K,lI,O~ H3 BOJIH panna 6eCKOHelJHOCTH H peuierxa CMe\UaeTCSI 

KaK uenoe: BOCCTaHaBJlHBalO\UHe CHJlbl OTCYTCTBYIOT H lJaCTOTa 

panna HYJlIO. BOJlHbl, COOTBeTCTBYIO\UHe aepxuea BeTBH KpH

BO~ 00 (k1) , HMelOT CL\BHr epa3, paauun rr, T. e. lJaCTHUbl C Mac

CO~ M1 KOJle6JIIOTCli B npornaooaa, C lJaCTHuaMH, HMelO\UHMH 

Maccy M 2, npauex 60JIee nerxae lJaCTHUbl HMelOT 60JlbWYIO 

aMnJlHTY,lI,Y KOJIe6aHH~. Ilpa TaKOM L\IlH>KeHHH uenrp TlI>KeCTH 

,lI,BYX COCe,ll,HHX lJaCTHU OCTaeTClI, OlJeBH,lI,HO, HenO,ll,BH>KHbIM, 

a BOCCTaHaBJlHBalO\UHe CHJlbl. L\e~CTBYIOT TaKHM 06pa30M, 'ITO 

lJaCTOTa KOJle6aHH~ CTaHOBHTCII OTJlHlJHO~ OT HYJllI. COOTBeT

CTBYIO\Uall L\JlHHa BOJIHbI OCTaeTCII paBHO~ 6eCKOHelJHOCTH, no

CKOJlbKY Ka>KL\all BOJlHa L\OJl>KHa paccxarpnaarscs KaK pacnpo
CTpaHlIlO\UaliCII TOJlbKO cpena lJaCTHU OL\HOro copra, 

PaCCMOTpHM BTOPO~ npeL\eJlbHbl~ cnyxaa. OrpaHHlJHBalO\UHe 

OCHOBHO~ HHTepBaJl aHalJeHHlI k paauu -t- re; OHH cHMMeTpHlJHbl 

OTHOCHTeJlbHO aasaaa KOOpL\HHaT. B oxpecrnocra 3THX 3HalJe

HH~ MO>KHO nOJlO>KHTb 

k=7t-e:=2k1 , 

rL\e e - uexoropaa MaJIali BeJlHlJHHa. 

Torna C TOlJHOCTblO L\O e: 2 BKJlIOlJHTe,1bHO 

.2 
COS k =cos(7t -e:)=-cos e:;:::::; -1 + 2' 

H «opens H3 COOTHoweHHlI (15.1) 6Y,lI,eT paseu (k = 2k1) 

VM~ + M~ + 2M 1M2 cos 2k1 ;:::::; 

\
~ / 2 2 ( .2 );:::::;V M1+M2+2M1M2 -1 +2 = 

=(M1 - M 2) [ 1 +~ (~:~~:)2]' (15.8) 

eCJlH TOJlbKO pa3HOCTb M 1 - M2 He OlJeHb MaJla. 

6 aSK. 201. 
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ITPIf e ~ 0 ornomenae (At/A2L raxxe cTpeMIfTCSI K HyJIIO, 

rorna KaK (AdA2)+ cTpeMIfTCSI K 6eCKOHeIJHOcTIf. I1HTepnpeTaUIfSi 

9TlfX peayJIhTaTOB OIJeBIf.nHa. • 

KaK yzce 6hIJIO OTMe'leHO, .nJISI.BepxHelt BeTBIf [(AdA2)_' (j)+J 
npa MaJIhIX 3HaIJeHlfSiX k OTHOllJeHHe aMrrJIIfTY.n OTJIIf'lHO OT HyJISI 
H oTpHuaTeJIhHO; aa COOTHOllJeHIfSi (15.9a) cnenyer, 'lTO OHO 
OCTaeTCll raiose orpnuare.n.nux If B6JIlf3H rpaanu OCHOBHoro 
HHTepBaJIa Ik I<;: 1t, a na caMHX rpanauax oopauiaerca B HyJIh. 
J1TaK, npn 6eCKOHe'lHolt .nJIIfHe 
BOJIHhI IJaCTIfUhI, npanazoreacauiae 

K .nByM pa3JIIf'lHbIM ceuencraaa. 
KOJIe6JIIOTCll B nporasoqiaae. 

. npH'leM 60JIee JIerKlfe IJaCTflU,hI 

HMeIOT 60JIhllJYIO aMnJIIfTY.ny 
KOJIe6aHHlt. ITPIf YMeHhweHIfH 
.nJIHHhI BOJIHhI xapaxrep .nBIf)f(e
HHSI B oourax sepraX OCTaeTCH 
TaKHM )f(e, onuaxo aMrrJIHTy.na 
KOJIe6aHHlt 60JIee TH)f(eJIhIX IJa
CTHU YMeHhwaeTCSI H npn aHa
IJeHHH .nJIIfHbl BOJIHhI, paBHOM 
npeneasncxy anasenaro, oripa-
Ul,aeTCSI Ii HyJIh, ror.aa KaK aMnJIIf <t> If r. 49. 1- BepXHl1l1 BeTBb;

2 - HlflKHl1l1 BeTBb. ryna KOJIe6aHlflt 60JIee JIerKIfX 
. IJaCTHU oCTaeTCH KOHeIJHolt. 

.LlJISI HH)f(Helt )f(e BeTBIf [(A t/A2)+ , (l) _J nee 'laCTHUhI npn 

~ OOCKOHe'lHolt .nJIIfHe BOJIHhI, KaK MhI BH.neJIIf, .nBH)f(YTCSI CIfH

<pasHo C paBHhlMH aMrrJIHTy.naMIf. C YMeHhllJeHlfeM .nJIHHhI BOJIHhl 
KOJIe6aHHSI IJaCTHU, npaaaaneacaunrx K pa3JIIf'lHhIM ceaeacraav, 
nponoaxaior OCTaBaThCSI cIfH<paaHhIMH, HO axnnaryna KOJIe6aHHlt 

-JIerKHX 'laCTHU yxensuraerca H npn .nJIIfHe BOJIHhl. paanoa 
npene.rsnoxy 3Ha'leHIfIO, oopauiaercs B HyJIb, B TO BpeMSI 
KaK asmaaryna KOJIe6aHHlt TSI)f(eJIhIX 'laCTHU OCTaeTCSI KOHe'lHolt. 

3TH peaynsraru HJIJIIOCTpHpyIOT <pHr. 49, 50 H 51. 

Ha <pHr. 49 npasenena KpHBaSi 3aBHCHMOCTIf xpyrosoa sa
eTOThI ro OT k B npennonoxeana, 'lTO M1 > M2; nse KpHBhIe 
.aa <pHr. 50, cooTBeTcTByIOUl,He .nByM BeTBSlM KpHBOlt (j) = (j) (k), 
npencrasaaior 3aBHCHMOCTh OTHOllJeHHR aMnJIHTy.n AdA2 OT k; 
HaKOHeu, <pHr. 51 HJIJIIOCTPIfpyer xapaxrep .nBH)f(eHHSI 'laCTHU 
B paaJIH'lHhlX paccxor pennux aaecs CJIyIJaRx.

(15.96) 

fAa6a 4 

H COOTHOllJeHlfe (15.3) naer 

( 

At ) Mt-M2-(Ml-M2) [1+E2 M1 
M 

2 ]it = 2(M t M 2)2 

2 _ EM! = 
_ -EMtM2 
- 2M 

1 
(M

1 
-M 

2
) , (15.9a) 

( 

At ) Ml  M2+ (M1  M 2) [1 + E2 M 
tM2 

]
A 

2 

+ = (Ml M 2
)2 EM 

t 
= 

2 (M
1 

_ M2) + E2M1M2 
2 (M 1 M 2) 

EMl 

nO.nCTaBJISISI 3TO aupaaenne B coornoureaae (15.1), nony
IJaeM nna aHaIJeHIfSi 'laCTOThl. COOTBeTcTBYIOUl,ue .nByM paaJIIfIJ

HhIM BeTBSlM KPIfBOlt 0) (k 1) : 

2V " V" 22 1 IE 
0)+ = M 

2 
+ 2(Ml- M2) (aepxnss BeTBb), 

2V " V" 2
2 1 1 E 

0) = M 
1 

- 2 (M 
1 

_ M 
2 

) (HlflKHl1l1 BeTBb). 

OTcIO.na JIerKO BIf.neTh, 'lTO C YBeJIIf'leHlfeM Ie I 'laCTOTa, 

cooTBeTcTBYIOUl,aSl sepxnen BeTBH KpHBOlt 0) (k 1) . aospacraer rro 
rrapa60JIlfIJeCKoMY aaKoHy HaIJIfHaSi OT HeKoToporo aHaIJeHIfH 

.. / 2V" 
0)2= V M 

2 

1 
, 

a 'laCTOTa. cOOTBeTcTBYIOUl,aSl HH)f(Helt BeTBIf, y6hIBaeT no TaKOMy 

)f(e aaKoHy Ha'lIfHaSi OT 3Ha'leHIfH 

.. / 2V" 
0)1= V M:

MO)f(HO 3aMeTIfTh, 'ITO rrOCKOJIhKY M 1 > M2, TO 0>2> 0>1' 
H 06JIaCTh IJaCTOT, aaKJIIO'leHHaSi Me)f(.ny 3THMH aHaIJeHHSlMlf, 

oopaayer nonocy HerrporrycKaHHSI. 
Hannex reneps OTHomeHHe aMrrJIIfTY.n AdA2 na rpanauax 

OCHOBHoro HHTepBaJIa; TaK KaK k = 2k t • TO 

( 
1t E) E 

COS k 1 = COS 2 - 2 ~ 2 ' 
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<(> Ii r. 51. 1- pasaoaecaoe noaoaceaue: 2-- onruue
cxas BeTBb (k = 0; ~1 = ~~); 3 - TO »ce, 'ITO Ii 2 (k B03
pacraer, ~ y6blBaeT, ~2<~<~3); 4-TO }Ke. 'ITO 
Ii 2 (k = n, v = ~2 < ~3); 5 - axycrusecxaa BeTBb 
(k = It, v = ~1 < ~2); 6 - TO »ce, 'ITO Ii 5 (k y6bI
saer, ~ y6b1BaeT, 0 < ~ < ~1); 7 TO )f(e, 'ITO Ii 5 

(k = 0, v = 0). 

COOTBeTcTByeT nBH)f(eHHJO 'laCTHU, cnocoonoxy H3MeHHTb 9J1eKTpH

'lecKHlt MOMeHT peurerxn: 3TO XOPOUlO BHnHO H3 KpHBbIX, H30

6pa)f(eHHblX na qJHr. 51. 

06CY.ll;HB xapaxrep nBH)f(eHHlI nJJlI lJaCTOT, Jle)f(a'l\HX BHyTpH 

nonoc nponycxaaas, paccxorpux reneps 06JJaCTb, cooTBeTcTByIO

utyio lJaCTOTaM, 3Ha'leHHSI KOTOpblX JlH60 3aKJlIO'leHbl Me)/{,;ly lO[ 

Ii OJ2, JlH60 npensnuaior OJ3• 

Bosspaurascs K ypaBHeHHIO (13.5), npencraaax ero B snne 

2 [ M1 + M2 2 M1M2 J . 2 k (15 10) OJ - OJ -~2- - Sin -, • 

2 U7 4U~ 2 

rne k = 2k[. OTcIOna JJerKO aaners, 'ITO C pOCTOM 'laCTOTbi (0 

OT HyJlll no 3Ha'leHHlI OJ[ = 2'IT~[ = V2U~/M, neaas lJaCTb sroro 

~=~_{M2 
~2 "'2 - Ml' 

l'AQaQ 4 

A, 
A2 

I 
I 
1 
I 
I 
I 
I 
I 
I 
I 
I, 
I 
I 
I 
I 
I 

+-=------>~ 
I 
I 

_!!!!> -Ii
M, 

q> Ii r. 50. 

-111 
1 
I 

I 
1.JTO, KCTaTH roaops, cnenyer 
TaK)f(e H3 nOJlY'leHHbIX panee ssr
p a)f(eHHIt nJiSI 9THX 'laCTOT. 

HH)f(HlISi BeTBb 06bIlJHO uasu-

BaeTClI aKycmu'teCKo(J semesto; 
no CBSl3aHO C TeM, lJTO COOTBeTcTBylOw,He elt '1aCTOTbl HMelOT 

TaKolt )f(e nopano« OeJlH1.JHHhl, KaK 3BYKOBble HJlH yJlbTpa3ByKo

aue qacrorsi. BepxHlISI BeTBb HOCHT Ha3BaHHe onmuxecxoti 
BemB1!' TaK KaK COOTBeTcTBylOll\He eA 'laCTOTbl COBnanaJOT no 

nopaaxy BeJlHlJHHbl C 'laCTOTaMH. Jle)f(aw,HMH B HHqJpaKpaCHoA 

06J1aCTH. Bo nee roro, OKa3b1BaeTClI, 'lTO B peUleTKe, COCTOlIll\eA 

'H3 nepeMe)f(aJOw,HXClI HOHOB npOTHBOnOJlO)f(HbIX 3HaKOB, uanpasep 
B peurerxe XJlOpHCToro HaTpHSI (Na+ H CC), npa nOMOll\H nepexen

Horo 3J1eKTpH'leCKoro nOJIlI HeJlb3S1 B036Y.ll.HTb BOJlHW, COOTBeT

CTBYIOll\He aKYCTH'IeCKolt BeTBH, nJiSI KOTOpblX cocenHHe lJaCTHUbi 

KOJle6J1IOTClI B O.ll.HOIt H TOIt )f(e qJa3e; B TaKotl peweTKe B036y

)f(naIOTClI TOJlbKO BOJlHbl, cOOTBeTcTBylOw,He OnTHlJeCKolt BeTBH, 

.ll;JllI KOTOpblX cocennae sacmuu KOJle6J1IOTClI B npOTHBOqJa3e, 

B 1.JaCTHOCTH, C B036y)f(neHHeM OnTH'leCKHX BOJJH CB1I3aHO lIBJleHHe 

OCTaT01.JHOrO CBelJeHHlI. Ha6J1IO.ll.alOw,eeClI B XJlOpHCTOM HaTpHH; 

1.JaCTOTa ero 6J1H3Ka K ~s = OJs/21C. TaK KaK HMeHHO 1.JaCTOTa OJ8 

CTpeJiKaMH ua qJlir. 51 H306pa)f(eHbI axnmrrynu KOJle6aHHIt 

nByx COPTOB lJaCTHU. 5lCHO BHnHO, 'lTO xapaxrep nBH)f(eHHlI, 

cooTBeTcTBylOw,ero '1aCTOTaM OJI H OJ2' COBnanaeT C TeM JlHUlb 

OTJlH'meM, 1.JTO nJill lJaCTOTbI (JJ2 lJaCTHUbi M 1 naxonsrca B co

CTOllHIiH nOKOlI, a 'laCTHUbI M 2 KOJle6J1IOTClI (npH'leM JlI06ble 

aae COCe.ll.HHe H3 HHX seerna naxonsrca B npOTHBoqJa3e), B TO 

BpeMlI KaK nJill 1.JaCTOTbI OJI' Ha060pOT, 1.JaCTHUbi M2 uaxonsrcs 
B COCTOlIHHH nOKOlI, rorna Kl!K 'laCTHUbI M 1 KOJle6J1IOTClI. CflJlbI, 

neltCTBYIOll\He Me)f(ny 'laCTHuaMH H B TOM H B npyroM cnysae. 
O.ll.HHaKOBbI, TaK KaK OTHOCHTeJlb-

Hoe caeuienne 'laCTHU B 060HX 

CJlY'lalIX OnHO H TO )f(e. OTCIO.ll;a 

cnenyer, 1.JTO OTHOUleHHe sa
CTOT OJI H OJ2 nOJl)f(HO 6bITb 

paBHO KO pmo «aaaparuoxy H3 

BeJlHlJHHbI. 06paTHolt OTHOUleHHIO 

Macc M1 H M 2 , 

134 



86 FAa8a 4 

paBeHCTBa yBeJIH'lHBaeTClI OT HyJIlI no e.llHHHUbl, a k npa 9TOM 

.lleRCTBHTeJIbHO. DPH .naJIbHeRweM pOCTe sacroru aupaxenae. 
CTOIIIllee B JIeBoR 'laCTH (15.10), ocraaascs .neRcTBHTeJIbHbIM, 

CTaHOBHTClI 60JIbWe e.nHHHUbl H, npoR.llll nepea MaKcHMyM npn 
HeKOTopOM 3HalJeHlIlI Ul (Ul1 < Ul < 0>2)' HalJHHaeT yueasurart-cs. 
a npu 3HaqeHHH Ul = Ul2 CHOBa CTaHOBHTClI pasuua enanaue; k 
npu 9TOM KOMnJIeKCHO. Iloxaras 

(15.11)k=a+l~. 

HMeeM 
. k . C1 h ~ +l C1 h ~ (15.12)sin2 = sin "2 c"2 cos 2" C 2" 

HJIH, TaK KaK 9TO supaxenae .llOJI)I{HO 6blTb .neRCTBHTeJIbHbIM, 

C1 1t
C1 ~ (15.13)

cos 2 sh 2=0. orxyna 2" = 2"' 

TaKHM 06pa30M, B 06JIacTH qaCTOT Ul1 < 0> < Ul2 .lleRCTBlI

TeJIbHall sacrs k = 2'rwd paana 1t', H, CJIe.nOBaTeJIbHO, .lleRCTBH

TeJIbHall lJaCTb a panna' 1/2d. 
Korna 3HalJeHHe lJaCTOTbl JIelKHT MelK.ny 0>2 H Ul3' supaacenae, 

crosuiee B JIeBoR qaCTH paBeHCTBa (15.10), nOJIOlKHTeJIbHO H 

MeHbwe e.nHHHUbl, 'lTO COOTBeTcTByeT nonoce nponycKaHHlI. Ilpu 
nepexone lJaCTOTbl uepea 3HalJeHHe Ul3 9TO Bblpa)l{eHHe oopa
maercs B HyJIb H MeHlIeT 3HaK, CTaHOBlICb oTpHUaTeJIbHbIM. 

OTCIO.lla CJIeJl.yeT, lJTO .llJIII qaCTOT Ul > Ul3' T. e. Jl.JIlI lJaCTOT, 

cOOTBeTcTBylOlUHX BepXHeR nonoce nenponycxanus, xaanpar aupa
lKeHHlI (15.12) .nOJIlKeH 6blTb Jl.et!CTBHTeJIbHbIM, HO MeHbwe ayJIll, 

HHalJe ronops. aupaxenae (15.12) Jl.OJIlKHO 6blTb 'lHCTO 

MHHMbIM, T. e. 

C1• C1 ~ 
sin -2 ch --0 orxyna 2=0.2 - • 

TaKHM 06pa30M, npa 00'> 003 noxysaex 

k=21t'ad=l~, 

H .lleRCTBHTeJIbHall qaCTb a pasua ayJIIO. • 
DOCKOJIbKY , B KalK.lloR H3 nOJIOC HenponycKaHHH Jl.eRCTBH."", 

TeJIbHaH 'laCTb k nOCTOllHHa H MeHlIeTClI TOJIbKO ero MHHMall 

sacrs. TO .llJIH c06TBeTcTBylOlUHX 9THM nOJIOCaM 'laCTOT Jl.OJIlKHO 

lIMeTb MeCTO 3aTyxaHlIe BOJIH. 

¥TO'lHH/d xapaKTep 9TOfO aaryxanua. 

<jl II r. 52. 
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,UJIlI nepsoa nOJIOCbl uenponycxaaua (WI' (02) H3BeCTHO, 'lTO 

npn lJaCTOTe wt JIerKHe lJaCTHUbl HaXOJl.lITClI B COCTOllHHH noxos • 
a KOJIe6JIlOTClI TOJIbKO TlIlKeJIble lJaCT-HUbl; Ha060pOT, npa lJa

CTOTe 002 rsxexue lJaCTHUbl Heno.nBHlKHbl, rorna KaK JIerKHe 

KOJIe6JIIOTClI. AMnJIIiTY.lla 9THX KOJIe6aHHR saryxaer npu nepe
XOJl.e OT sacrnnu K sacrnue. DPH YBeJIHqeHHH sacroru, HaqH

Hall OT 3HalJeHlIll Ul = WI' .llBHlKeHHe HOCHT cnaxaaa xapaxrep, 
COOTBeTcTBylOlUHR aKycTH'leCKOR BeTBH, a nccrosnnas aaryxanas 
B03paCTaeT; npa HeKOTopOM 3Ha'leHHH sacroret. JIelKalUeM BHyTpH 

0, f3 ,,' 
"./' 

,( 

I ,/P 
I /
1/

\ II 
.. 'f 

~ 

nOJIOCbl uenponycxanaa, nOCTOSlHHall aaryxaans .nOCTHraeT csoero 

MaKCHMaJIbHorO 3HaqeHHSl H aarex uasuaaer y6bIBaTb, crpeuscs 
K HyJIIO no Mepe npH6JIHlKeHHH 00 K 0)2, a Jl.BHlKeHHe npmiHMaeT 

xapaxrep, COOTBeTcTBylOlUliR OnTH'leCKOR BeTBH. 

.llJISl 'laCTOT, zrexcaunrx BO BTOpoR nonoce nenponycxanna 
(00 > (03), .nJIHHa BOJIHbI pasna 6eCKOHelJHOCTH, H Jl106ble ase 
COCe.llHHe sacrauu KOJle6JIlOTCfI B npornaorpaae; .llJlll seen 06JIa

CTH 'laCTOT .llBHlKeHHe HOCHT OJl.HHaKOBblR xapaxrep, a nOCTOSlH

Hall aaryxauas SlBJllIeTCSI B03paCTalOlUeR epyHKUHeR 'laCTOTbI. 

Ha qmr. 52 npaaenensr xpusste 3aBHCHMOCTH .lleRCTBHTeJlbHoR 

'laCTIi BOJIHOBOrO 'lHCJIa a H nOCTOSlHHOR 3aTyxaHHSI OT 'laCTOTW 

v=w/21t'. 

§ 16. Ilepexon OT pemersa, 
cocroamea 113 .lJ,ByxaToMHbIX MOJIeKyJI, 

K pemerxe H3 O.lJ,HOaTOMHbIX MOJIeKyJI 

Peiuerxa H3 nnyxarosnux MOJIeKyJI aecsua CXOlKa C peurerxon 
H3 O.llHOaTOMHbIX MOJIeKyJI, caoncraa KOTOpoR 6bIJIH paCCMOT

peusr B r JI. 3; .lleRCTBHTeJIbHO, B 060HX cnysax MbI npennona

rana, 'ITO lJaCTHUbl pacnoncosenu na pasaux paCCTOSlHHSlX npyr 

OT .llpyra H orpanaxaaaxaci, B3l\HMo.neRcTBHeM TOJjbKO Me)l{.llY 
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CMe)l{HblMH 4aCTHuaMH. EllHHcTBeHHoe pa3JIH4He 3aKJII04aeTCSI 

B TOM, 4TO B OllHOM CJIy4ae MbI HMeeM ana pa3JIH4HbiX copra 

4aCTHU M 1 H M 2, TOr na . KaK B npyroa CJIy4ae TOJIbKO OllHH. 

npelleJIbHbIti nepexon OT peurerxn H3 llByxaToMHbiX MOJIe

KyJI K peurerxe H3 OllHoaTOMHbiX MOJIeKyJI MO)l{HO COBepwHTb 

TpeMH pa3JIH4HbIMH cnocooaxa. a HMeHHO npennonaras. 4TO: 

1) Macca M CTpeMHTcH K HyJlIO; 2) Macca M 1 cTpeMHTcH
2
 

K 6eCKOHe4HOCTH; 3) Macca M1 cTpeMHTcH K Macce M2•
 

B nepsux llBYX CJIY4aSlx nepnon OKa3bIBaeTCH TaKHM )I{e.
 

KaK H y peurerxn H3 OllHoaTOMHbiX MOJIeKyJI (paBHbIM d).
 
B TpeTbeM CJIy4ae nepaon d, OKa3bIBaeTCH anaoe MeHbwe. T. e.
 

d = d/2. Mbi censac paccMoTpHM see TpH CJIy4aH.

1 

l , Mz CTpeMHTCJI K HyJIlO. Ilpn 9TOM rpaHH4HaH 4aCTOTa 

_ .. (2U~ 
0)1- V M 

1 

OCTaeTCH HeH3MeHHolt.' Torna KaK 4aCTOTbi 

.. (2U~ -~/-2U"( 1 + 1 )-V~+2H 0)3 - J! 1 M M - 0)1 0)2
0)2= V M 1 22 

CTpeMHTCH K 6eCKOHe4HOCTH. TaK 4TO WHpHHa nOJIOCbI npony

CKaHHH (0)2' 0)3) cTpeMHTCH K HyJIlO . .lleltcTBHTeJIbHO. pa3HOCTb 

0)3- 0)2=VO)i+0)~-0)2=0)2[Yl +(~y -1] (16.1) 

npu 1l0CTaT04HO MaJIbIX 3Ha4eHHHX M2 CTaHOBHTCH nopsnxa 

1 (W1)2 wi1 
0)2- - --

2 "'2 - 2 "'2 . 

nOCKOJIbKY )I{e npa M 2 ~ 0 3Ha4eHHe 0)1 ocraercs KOHe4HbiM. 

a 0)2 CTpeMHTCH K 6eCKOHe4HOCTH, TO pa3HOCTb 0)3 - 0)2 TaK)I{e 

CTpeMHTCH K HyJIIO. 
I1TaK, no Mepe y6blBaHHH MaCCbI M 2 noaoca nponycxauas 

(0)2' 0)3) cyacaercs. cnsaraacs B CTOpOHy BbICOKHX 4aCTOT. H 

B npeneae HC4e3aeT COBceM. Ilonoca nponycKaHHH HH)I{HHX 

4aCTOT He MeHHeTCH. TaKHM 06paaOM, Mbi nOJIy4aeM peurerxy 

H3 OllHHaKOBblx 4aCTHU, HMCIOW,YIO nepaon d H npellCTaBJlHIOw,ylO 

c0601t <PHJIbTP HH)\{HHX 4aCToT. 
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2. M 1 CTpeMHTCJI K 6eCKOHelJHOcTH. B 9TOM CJIy4ae 4a

CTOTa 0)1 ~ 0, Torna KaK 4aCTOTa 0)2 OCTaeTCH HeH3MeHHolt. 

a 0)3 ~ 0)2. TaKHM 06pa30M. B npene.ne Mbi nOJIy4aeM TOJIbKO 

OllHO 3Ha4eHHe 4aCTOTW. paBHoe 

.. (2U" 
0)2=0)3= V M~' 

H llBH)I{eHHe He HMeeT BOJIHOBOrO xapaxrepa . .lleltcTBHTeJIbHO, 

Ka)l{llaH H3 4aCTHU M2 KOJIe6JIeTCH C xacrorort 0)2 He3aBHCHMO 

OT apyrnx 4aCTHU, T. e. peurerxa CBOllHTCH K Uen04Ke rapxo

HH4ecKHx OCUHJIJIHTOpOB, COBepweHHO He CBH3aHHbIX npyr 

C npyroa. lfaCTHUbl M 1 npHBOllHT K nOSlBJIeHHIO ynpyrnx CHJI, 

lleticTBYIOW,HX na 4aCTHUbi M 2, HO He npHHHMalOT Y4aCTHH 

B llBH)I{eHHH; aMnJlHTYlla KOJIe6aHHIt, CJIellOBaTeJIbHO, He 1l0JI)I{Ha 

rrpeauurars 3Ha4eHHH. pasaoro d, = d/2, nOCKOJIbKY Mbi C4H

raex, 4TO 4aCTHUbi M 2 1l0JI)I{Hbi acer.aa OCTaBaTbCH 3aKJII04eH

HbIMH Me)l{llY nByMH coceanaxn 4acTHuaMH Mi' 
ECJIH He orpaHH4HBaTbCH BaaH~.lOlleltcTBHeM TOJIbKO Me)\{ny 

CMe)l{HblMH 4aCTHuaMH, a pacnpocrpanari, B3aHMoneltcTBHe na 

paCCTOHHHe Me)l{llY 4aCTHuaMH, paanoe d, TO B 9TOM npelleJIbHOM 

CJIy4ae Mbf nOJIy4HM uen04KY CBH3aHHblX rapMOHH4eCKHX OCUHJI

JlHTOpOB, IWTopaH oyner npencraaaan, c0601t nOJICCoBolt epHJIbTp. 

Il pn 9TOM cuoryr pacnpccrpaaarsca CHrHaJIbI C uacroroa, paa

HOlt c06CTBeHHolt 4aCTOTe H30JIHpOBaHHoro OCUHJIJlHTOpa (KOTopaH 

Jle)l{HT B nonoce npcnycxanas). HH)I{Helt )I{e nOJlOCbI npony

CK aHHH, KOTopaH HMeJlaCb B CJIy4ae peurerxn H3 nayxaroxnux 

MOJleKY JI, reneps He 6YlleT. 

3. M 1 cTpeMHTCJI K M 2• B 9TOM CJlY4ae npeneJlbHbIIt nepe

xon OT peuretxu H3 nayxarounux MOJlel<YJl K peurerxe H3 

OllHoaTOMHbIX MOJleKYJl HeCKOJIbKO 60Jlee CJlO)l{eH, TaK KaK aaecs 

npOHCXonHT H3MeHeHHe nepHOlla CTpyKTypW: HcxonHaSi peweTKa 

C M 1 > M 2 HMeeT nepnon d, ror.na KaK nepnon petue-nca, nOJlY

4aeMolt B peay.n.rare npenem.noro nepexona (M1 ~ M2) . ansoe 

MeHbwe, T. e. d, = d/2. 
Boaapaurascs K peayasraraa, nOJIY4eHHbiM npa H3Y4eHHH 

COOTHoweHHH. CBH3bIBalOlUero llJlH peurerxx H3 nayxaroaaux 

MOJleKYJl xacrory C BOJIHOBbiM 4HCJlOM a. 3aMeTHM. 4TO .nae 

KpHBbIe, H306pa)l{eHHbJe aa epHr 49, npenCTaBJIHIOT co6olt pas

JlH4Hbie BeTBH nepuonnuecxoa epyHKUHH v (a), nocrpoennoa na 

http:npene.ne


npasenenu H3MeHeHHSi, xoropue HMelOT MeCTO npa nepexone 
OT peurerxa H3 nsyxaroanux MOJleKYJI K peurerxe H3 O.nHO

aTOMHblX MOJleKYJI. 

6) J13MeHeHHe KpHBOlt, npencraaasiotuen 3aBHCHMOCTb '1a
CTOTbl 'I OT BOJlHOB6ro '1HCJla a. tPYHKU,HSi 'I (a), icoropaa B caysae 
peurerxn H3 .nBYX3TOMHbIX MOJleKYJI HMeeT nae paaaaunue BeTBH, 
B pe3YJlbT3Te npenensaoro nepexona .nOJlIKHa CBeCTHl;b K <j>YIiKlJ,HH: 

OCHOBHOM anrepnane -1t < k < 1t (k = 21tad). Ha qHlr. 53 
IIpHBe.neH rparpax 3TOlt nepaonanecsoa <PYHKu'HH, nocrpoeaaoa 
na anrepaane - 21t < k < 21t; '1aCTH KpHBOlt, JlelKaw.He BHe 
anrepaana (- rt, + rt), H306paIKeHbi IllTpHXaMH. 

TIPH npeneasuo» nepexoae, T. e. xorna M1 ~ M 2 , neorixo
.nHMO Y'IHTbIBaTb: 

a) J13MeHeHHe nepnona <PYHKU,HH 'I (a), auaaannoe CKa'lIW
oopaanux YBeJlH'IeHHeM OCHOBHoro mrrepnana. D.eltcTIlHTeJlbHO, 

Ilepnon OCHOBHOi! 
HHTepBaJl 

I 
qaCTOTbI' 

I 
4aCTOTbi 

I 
qacTOTbi 

,llJlH k ,llJlH k,peurerxa • (a) w (k) w (k,) 

M 1>M2 1 d 
1 

211: +11: +~
d 11: -2 

d 1 2 
M 1=M2 1 d1 = 2 d

1 
=(f 411: 211: + 211: +11: 
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nOJlIIOCTblO coananaiouiee C BbIpaIKeHHeM (9.1), OTIIOCSiW.HMCSi 
K paccaorpennoa B § 2 CTpYKType H3 o.nHllaKOBbIX '1aCTHu, 
(CM. <pHr. 5). KpHBaSi 3aBHCHMOCTH '1aCTOTbl OT k1 (HJlH k, HJlH a) 
H306paIKeHa na <pHr. 53 (sin); B npenenax OCHOBHoro anrepaana 
3Ta KpHBaSi cosnaaaer C KpHBOA, npencraaaeuuon aa <pHr. 5. 

Peurenne B BH.ne xocauyca, SiBJlSiIOw.eeCSi, anposeu. napa
~I1THbIM pcurenaex. ~OOTBeTCTBYIOW.HM .nBoAHOlt nepHo.nI1'1HOCTH, 

TaOJlul{a 2 

Bupaxenae .nJlSi 3TOA <PYIIKU,HH MOIKHO aaaru, nonaras, 'ITO 
MaCCbI M1 H M 2 O.nIlOBpeMeHHO CTpeMSiTCSi K anaseumo 

M-2~r M1M2 
- V M1+M2 ' 

H HCXO.nSi H3 COOTIIOWeHHSi, nOJlY'IeIlIlOrO .nJlSi peWeTKH H3 .nBYX
aTOMHbIX MOJleKYJI. 

D.eAcTBHTeJlbIlO, nonaras B COOTIIOWellHH(13.6) M 1 = M 2 = M. 
Haxo.nHM 

r 2 sin2k 1 • 

Mw2 ,r . {2
-II = I -+- y I - sm2 k1 = I -+-COS k1 = k (16.3) 
2U1 I 2 cos- I· 

BbI6HpaSi peurenne B BH.ne canyca, nony-raea cooraourenae 

..;U"I k Iw = 2 V ~ sin i . (16.4) 

COCTOSiw.elt H3 O.nIlOlt BeTBH, nonoono TOMY. KaK 3TO H306pa
lKellO ua <pHr. 5. 

1 
2d, - a 

v;-::::";:--1-'::'.:":.-::-
/"" . ../f, ,Sin 
_', ....-COS 
v, ........-e-: 

lJ 

V3 

FAQaa 4 

<\J 11 r. 53. 

",-",-"" ........-

V I \V~ I \1/
211 k,-11 11 a 11 2IT' k=211ad 

I 
-2d, 

Ol7mu'{eCI<OR 
eemos 

Al<ycmu~ecl!afl 
eemes 

nepaon peuierka H3 nsyxaroanux MOJleKYJl pasea d H, cneno
BaTeJlbHO, nepHo.n 'I(a) paBeH lid, 3 OCHOBHOlt HHTepBaJi orpa
HH'IeH 3Ha'leHHSiMH - 1/2d H + 1/2d. Kor.aa IKe nepaon peurerxu 
yMeHbwaeTCSi, CTaHOBSiCb pasnux d1 = d12, TO nepaon <PYHK
U,HH 'I (a) npHHHMaeT anasenne Ild l = 21d H OCHOIlHolt HHTepBaJi 
CBO.nHTCSi K (-lj2d 1 , + 1/2d1) HJlH (- lid, + lid). 

B Ta6J1. 2, r ne, KaK 06bl'lHO, 
k 

k = 21tad. k1 = 21tad1 = '2' (16.2) 
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TaKiKe H306paiKeHO ua 4>Hr. 53 (cos); ueurpaasuaa '1aCTb 9TO~ 
KPHBO~ COOTBeTcTByeT aepxnen BeTBH 4>YHKU,HH 'I (a). noayseu
HO~ .nJISI peurenca H3 nsyxaroxuux MOJIeKyJI. Kpasue nJISI 9THX 

nnyx peurenan nepecexaiorca B TO'lKe C opnanaron, COOTBeT

crayouien BeJIH'IHHe -V2U~ /M. xoropas SlBJISleTCSI 06ll1,HM npe
.neJIOM .nJISI '1aCTOT WI H W2' xorna xaccu M 1 H M 2 onnoepe
MeHHO CTpeM SlTCSI K 3Ha'leHHIO M. BH.nHO. 'ITO nOJIOca Henpo
nycKaHHSI HC'Ie3aeT. 

npyro~ nyrs nepexona OT peurenca H3 nayxarouuux MOJIeKyJI 

K peurerxe H3 o.nHoaTOMHbIX MOJIeKyJI COCTOHT B HeCKOJIbKO 

HHOM onpenenenan pacnpOCTpaHSIlOllI,HXCSI BOJIH H npyrox nOA

xone K onHcaHHIO .nBHiKeHHSI '1aCTHu, peuierxa. 
PaCCMOTpHM CHOBa COOTHoweHHSI (13.3) 

Y2n = i (Olt-2nk,).A 2e

Y2n+l = A1ei [Olt-(2n+l)k,l. 

Buure Mbl C'IHTaJIH. 'ITO 9TH peurenas COOTBeTcTBylOT nByM 

pacnpOCTpaHSIlOllI,HMCSI B CHCTeMe BOJIHaM. onna H3 KOTOpblX 

CBSl3aHa C '1aCTHu,aMH' C xaccon M 2• a npyras - C '1aCTHu,aMH 

C xaccoa MI' Ilpa 9TOM Mbl npennoaarana, 'ITO nepexeunas 
k = «ad 3aKJIIO'IeHa BHyTpH OCHOBHoro HHTepBaJIa (-rt/2. +rt/2).1 
nOCTynHM reneps anaue H 6yneM C'IHTaTb, 'ITO peurenas (13.3) 
onpeoessuom. BOJlflY, pacnpocmpansuotuytocn BOOJlb ecex «acmuu 
petuemtcu, KaK Mbl y6enHMcSI HHiKe, B 9TOM cnysae 06JIaCTb 

H3MeHeHHS1 nepeaennon k 1 6y.neT umpe - OHa OXBaTHT HHTep

BaJI (-rt; +rt). Bsenex nne HOBble BeJIH'IHHbl C H D, onpe
nenaexue COOTHoweHHSlMH 

Al = C - D = C + Dei (2n+ 1) It. 
(16.5)

i 2n lt;
A 2 = C + D = C + De

Tor.na
 
D _A2-A1
 
C- A2+A1 '
 

a COOTHoweHHSI (13.3) B 9THX 0603Ha'leHHSlX npanaxaior BHn 

Y~n = Cei (Olt-2nk,) +Dei [Olt-2n (k,-lt)] • 

Y2n+l = Cei [Olt-(2n+l) k,] + Dei IOlt-(2n+l) (k, -10)] 

HlIH 
Ol t -Ym = Ce i (Olt-mk,) +Dr: i r m (k, - lt)l . , (16.6) 
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O'leBH.nHO, 'ITO aupaacenae (16.6) cooraercrayer BOJIHe. 

pacnpocTpaHSIlOllI,e~CSI B.nOJIb acex '1aCTHu, (T. e. KaK '1aCTHu, 

C xaccon MI' TaK H '1aCTHu, C xaccoa M 2) • 

.llBa pa3JIH'IHblX cnocooa onHcaHHSI pacnpocrpansjoumxcn 
BOJIH, xoropue Mbl TOJIbKO 'ITO paCCMOTpeJIH, HJIJIIOCTPHPYIOTCSI 

4>Hr. 54 H 55. . 
Ha 4>Hr. 54 H306paiKeHbi nne BOJIHbl (13.3), KaiK.naSi H3 

KOTOpblX OTHOCHTCSI K onHOMY "3 nayx COpTOB '1aCTHu,; CJIY'la~ a 
COOTBeTCTByeT aKYCTH'IeCKO~ BeTBH, a cJIY'la~ 6 - OnTH'IeCKO~. 

~~
 x_x • 

.. 

a 

--x~x 

-~ ,=-~:: ':;..;:>x'----x x 6 

<P Hr. 54. a - axycraxecxaa aeras; (J - OnTH'IeCKall aeras, 

Ha 4>Hr. 55 aaoripaxceau BOJIHbl, axonsuiae B aupaxenae (16.6) 
H cooreercrnyioume BeJIH'IHHaM k1 H k -rt, H HX cYMMa. KaK 

B cnyxae axycrasecxoa BeTBH (a), TaK H B cnyxae OIlTH'Ie

CKO~ (6). 3aMeTHM, 'ITO .nBa '1JIeHa, 4>HrypHpylOllI,He B (16.6), 
coorsercrsyior BOJIHaM, pacnpocrpanmouiaxcs B npoTHBOnOJIOiK

HbiX HanpaBJIeHHSlx. 3TO .naeT OCHOBaHHe .nyMaTb, 'ITO HanpaBO 

pacnpocrpanserca BOJIHa, COOTBeTCTBYlOllI,aSl BOJIHe, OTpaiKeHHO~ 

OT '1aCTHu" H, TaKHM 06pa30M, B03MYlll,eHHe npe.nCTaBJISIeT c060~ 

cynepnoaaumo nnyx BOJIH: npoxonauien H OTpaiKeHHO~. 

4T06bl scnee npencraaars ce6e, KaK COBepwaeTCSI nepexon 
OT peurerxn H3 nnyxaroanux MOJIeKyJI K peurerxe H3 O.nHO

aTOMHblX MOJIeKyJI, 06paTHMCSI K Ta6JI. 2, B KOTOPO~ .nJISI 9THX 

nnyx cayxaea YKa3aH OCHOBHO~ HHTepBaJI H3MeHeHHSI nepexen
HO~ k1• Bna-raae nepexenaas k 1 3aKJIIO'IeHa B HHTepBaJIe 

(- rt/2. + rt/2). 3TO oaaasaer, liTO BeJIH'IHHa (k1 -rt) .nOJIiKHa 

H3MeHSlTbCSI OT - 'It no - rt/2 npa nOJIOiKHTeJIbHblX 3Ha

'1eHHSlX k1 H OT 'It/2 .11.0 'It npa OTpHu,aTeJIbHbIX 3Ha'leHHSlX k1• 



(16.7) 

aanl1CaTb 

2 

ll. c 

A, 
11; 

I 

_1!i 
,

'If lITa ;I. k, 21 a '2 k,I 

rr k k
-1f, 

2 I, 

a 6 

! 
I 
1 

1 

1/1
-2 1 

M 2=M1 (1  e), 

_ £ =+= V2+2(1-£)cos 2k1  2£ + £2 
- 2 cos k1 
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<t> H r. 57. 1 - axycravecxas BeTBb; 2  orrrauecxaa 
BeTBb. 

M , M, (1+<). 

M2 { (M2)2 M21 - - + 1 +  +2  cos 2k1Al M 1 M1 M1 
A2 2 cos k1 -

rne e·- nOJlOlKl1TeJIbHaSi BeJIl1ql1Ha, MHoro MeHl'lWaSi e.uI1HI1Ubi • 

nOJlOlKeHl1l1, 'ITO MaCCbI qaCTI1U, npnnanneacauiax K .uByM pas
Jll1qHbIM ceMe"CTBaM, osem, 6JII13KI1 .npyr K .apyry, T. e. 

Ilpa 9TOM yCJIOBl111 aupaacenne (15.3) MOlKHO 

B BI1.ue 

-=-+ {a-£)COS2k1 +(;r ~./ k ~~, (16.8)
A 2 npl1 - 2 ~ "" 2_1 = cos ejA2 

I1JII1, TaK KaK 2 cos- k 1 = 1 + cos 2k 1, 

f'Aaaa 4 

kj - n - ...---o........_-:!+. 

k) 

-
'_v'k,-n A-<-" , /' _ -L 

k 

, 
........ -, ' , ) I r> ~<;. -~ 
\:Y 

/ ',_/ 'I! .t:;;»,  /-... x ","" .V.;: >.P! \_~/ 1 " ' /~-" x"- --~ ,_/ \~....._""/ 

a 

<t> H r. 56. 

nOCKOJIbKY aaxena k 1 aa k 1 + 27t He npl1BO.Ql1T K 113MeHeHI11O 

peWeHI1S1. CJIe.uOBaTeJIbHO, OCHOBHO" I1HTepBaJI MOlKeT pac
CMaTpl1BaTbCSI YlKe KaK npOCTl1palOllI,l1"CSI (B COOTBeTCTBl111 

<t> H r. 55. a  aKYCTHlJeCKall BeTBb; (j - ormorecxaa BeTBb. 

CTpenKaMH YKa3aHO HanpaBneHHe pacnpOCTpaHeHHH BonHM. 

C Ta6JI. 2) OT -7t no +7t; I1HTepBaJI (-7t/2, +7t/2) 

COOTBeTcTByeT BOJIHe C aMnJII1TY.uo" C, a nsa npyrax (- rr, 

-7t/2) 11 (+7t/2, +7t)-BOJIHe C aMnJlI1TY.uo" D. 3TOT nepe
xon 11306palKeH aa qmr. 56. 

'1r '1r
-"2 0 +2 

I I 
I I 

! I 

-st _!! 0 +21 +'/[
2 2 

3TO n03BOJISIeT 061>S1CHI1Tb COOTBeTCTBl1e MelK.uy pa3JII1qHbIMI1 

BeTBSlMI1 KpI1BO" aa qmr. 53. 
Buure Mbi I1CCJIe.uOBaJII1 noaeneuae OTHOWeHI1S1 AdA2 .uJISI 

pa3JII1qHblX Tl1nOB BOJIH [CM. aupaxenae (15.3) 11 qmr. 50]; 
noayseauue HaMI1 xpaaue 11306palKeHbi aa qmr. 57, a B npen

94 



f naea 496 

'ITO npHBO.nHT K supasceamo 

~OES k -+- (I - i-).
i 

eCJIH ICOS k I npeauuraer no nopsnxy BeJIH'lHHhl e.1 
3HaK nAIOC B 3TOM BhlpalKeHHH COOTBeTCTByeT axycruuecxoa 

BeTBH, 3HaK JtUHyC - OTITHtieCKotl. Kpnsue saBHCHMOCTH OTHO
weHHSI AdAz OT k 1 .nJISI nnyx sersea CTpeMSlTCSI K npSlMhlM 
AdA = -+- 1 BO acen 06JIaCTH H3MeHeHHSI nepeaennoa, saz 
HCKJIlO'leHHeM uenocpencreeuaon OI<peCTHOCTH rpauau HHTep-

BaJIa. 
flo.n06Hoe lKe paCCMOTpeHHe MOlKHO npOBeCTH H .nJISI OTHO

weHHSI K03q,q,HUHeHToB D/e HS COOTHoweHHSI (16.6). 
flpe.nnoJIaraSl, 'ITO BeJIH'lHHa k 1 TaKOBa, 'ITO scerna au

nOJIHSleTCSI COOTHoweHHe COS k i ~ E, nonynaex .nJISI axycrwie

CKOl;t BeTBH 

_ E EAi
I-A ~+2D _.2 

-= Ai 2+ E E~--=-(I- 1)2cos k - 2 4 COS k i . (16.9)C 1+A2 i 

OTCIO.na BH.nHO, 'ITO BeJIH'lHHa e MHoro 60JIhWe D, TaK 'ITO
 

npe06JIa.naeT BOJIHa C aMnJIHTy.nol;t e.
 
llJISI OnTHtieCKol;t BeTBH
 

(16.10) 
2 

-"-' 4 1) 
- - • E (1 +.cos k 

i 

H BeJIH'lHHa C, Ha060poT, MHoro MeHhwe D, TaK 'ITO npeoo

JIa.naeT BOJIHa C ~MnJIHTy.nol;t D. 
TaKHM oopaaox, MbI BH.neJIH, 'ITO npn npenem.noa nepe

xone (M ~ M 2) .nBHlKeHHe onHChlBaeTCSI 60JIee npocro, e<:JIH
i 

paccuarpaaars BOJIHhl rana (16.6) C aMnJIHTy.naMH e H D 
BMeCTO BOJIH C aMnJIHTy.naMH A1 H A2• 

Bynex C'lHTaTh, KaK noxasano aa q,Hr. 56, 'ITO k1 MeHSleTCSI . 
OT -1t no + rr. Torna aeycmusecuoa 8em8U, .nJISI KOTOpOl;t 
aannnryna D CTpeMHTcSI K' HyJIlO, a e OCTaeTCSI xonexaoa, 
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COOTBeTcTByeT 'laCTh KpHBOl;t, SaKJIIO'leHHol;t B HHTepBaJIe 

1t 1t-2<k1<+2' (16.11) 

rorna KaK onmusectcoa 8em8U, .nJISI KOTOpOtl npeorinanaer 
BOJIHa C aMnJIHTy.nol;t D, coorsercrayicr 'laCTH 3TOl;t )Ke KpHBOl;t, 
3aKJIIO'leHHhie B HHTepBaJIaX 

1t 

-1t < k[ <-2' 
(16.12) 

+; < k1 < +7':. 

TaKHM oopaaox, B npenene cyuiecrayer TOJIhKO onna BOJIHa 
(JIH60 tuna C, JIH60 runa D) H HMeeTCSI e.nHHCTBeHHaSl BeTBh 
(axycrnuecxaa HJIH orrrauecxas), sa HCKJIlO'leHHeM, MOlKeT 6hlTh, 
aenocpencreeuuon OKpecTHocTH ro-rex BeTBJIeHHSI k1 = -+-7':/2, 
B KOTOphlX pas.neJISlIOTCSI xpnaue, xorna M 1 aauauaer npesu
iuars M 2 , H xoropue onpenensnor nOJIOlKeHHe nOJIOChl HenPO

nycKaHHSI. 

I·
 

TOJIhKO 'ITO paCCMOTpeHHhl1t npavep SlBJISleTCSI ouens saxe

HhlM, nOCKOJIhKY OH SlBJISleTCSI nepaua H3 xpyra aecsua 'laCTO
 
BCTpetialOmHXCSI sanax. OH nOSBOJISleT .neTaJIhHO npocaemrn,
 
nepexon OT HeBOSMYIlleHHotl CHCTeMhl, cocrosuiea H3 O.nHHaKO

BblX 'laCTHU (M1 = M 2 = M), K aoaayuiennon CHCTeMe, CO


,
 

crostnea HS pasnux 'laCTHU (M1 =F M 2) . OllHaKO .nJISI HSy'leHliSl
 
60JIee CJIOlKHhlX aanas npHMeHSleTCSI npyroa xeron, corJIaCHO
 
KOTOpOMy, npexcae 'leM HCCJIellOBaTh BosMymeHHSI B6JIH3H rouerc
 
BeTBJIeHHSI, HCXO.nSlT HS HeB03MymeHHhiX nJIOCKHX DOJIH rnna e
 
HJIH D H oripaayror HX JIHHetlHylO KOM6HHaUHIO [KaK B ypaBHe

HHH (16.6)]. Taxon MeTO.n npHMeHSleTCSI npa asysenna pacnpo

cTpaHeHHSI 3JIeKTpOMarHHTHhiX BOJIH B KpHCTaJIJIaX (pearrenos

CKHe JIy'lH), a raiose B sanasax 0 pacnpocrpanenna 3JIeKTpOH

HblX BOJ1H ne-Bponns. xorna nepnonnuectcoe pacnpe.aenenae
 
aTOMOB B KpHCTaJIJIH'leCKotl peuierxe MO)l{HO paccaarpaaari, KaK
 
MaJIOe soauyiueune. 

B SaKJIlOlJeHHe cnenaea eute O.nHO aaaexaaae. xoropoe 
YKalKeT aa CBSlSh, cyiuecrayioutyto MelKllY nOJIOCaMH nponycxa
HHSI, nOJIocaMH aenponycxanaa H oTpalKeHHeM BOJIH. ECJIH He
npepuauas JIHHHSI, cnocoriaas nponycxaru see lJaCTOThl, coennnena 

7 3aK. 201. 
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C peurerxon H3 nsyxaroaaux MOJleKyJl, KaK 9TO nOKa3aHO na 

cxeMe 
~eCTO coe~HHeHHH 

I 
HenpepblBHaH JIHHHH -I- PellleTKa H3 J\ByxaToMHhiX MOJIeKyJI 

X OXoxOx··· 
-+ Ilanaiontan BOJIHa 

-+ Ilpouienuiaa BOJIHa, 

OTpalKeHHaH BOJIHa ~ 

TO K09q,q,HUHeHT orpaacenas OT MeCTa COe.nHHeHHll 3aBHCHT OT 
'1aCTOThI nanatouiea BOJlHhl. ECJlH '1aCTOTa nonanaer B nonocy 
HerrporrycKaHHll, TO 6y.neT Ha6J1IO.naThCll nonuoe orpascenue, 
T. e. K09q,q,HUHeHT orpaacenas R 6y.neT pasen e.nHHHue. ECJlH)I{e 
'1aCTOTa Jle)l{HT B nonoce nponyckanas, TO, nOMHMO orpaxeu
HOtt BOJlHh!, 6y.neT Ha6J1IO.naThCll TaK)I{e npouiemnas BOJlHa. 
B 9TOM cxysae K03q,q,HUHeHT orpaacetms R < 1. aero '1HCJleH
Hoe 3Ha'leHHe orrpe.neJllleTCll rrapaMeTpaMH CHCTeMhI. 

§ 17. O,ll.HOMepHaJi pemersa H3 MHoroaTOMHblX MOJleKYJI 

n pa H3y'leHHH crpyxryp nonoonoro rnna MhI 6y.neM nons
30BaThCll .npyrott uyxepauaea '1aCTHU. Pa306heM penrency sa 
9J1eMeHTapHble ll'lettKH, xaxnas H3 KOTOphlX COCTOHT H3 '1aCTHU, 

-ti-GJ .:-', .\", n. • \ "' n+~ "I• \ '\ n+;
I 2 S d r 1'1 I .23 r 1'1 I 23 r N. I 23 r 1'1 I 2 r 1'1 

<t> H r. 58. 

o6pa3ylOw,HX OT.neJlhHYIO MOJleKyJly. 3Ta 3J1eMeHTapHall ll'leltKa 
npencraaaser co60tt B TO )I{e BpeMll 3J1eMeHT nepHo.nH'IHOCTH 
CHCTeMbi (HaHMeHhwHtt, rrOCKOJlhKY B 061lleM cnysae caua 
MOJleKYJlhl He 06J1a.naIOT nepHo.nH'IeCKott crpyxrypon). ECJlH 
MOJleKYJla COcTOHT H3 N aTOMOB, TO Ka)l{.nOMY H3 HHX Mhl 6y.neM 
npanacuaars orrpe.neJleHHhltt HOM ep OT 1 no N; '1HCJlO )I{e ti 

6y.neT 0603Ha'laTh HOMep ll'leRKH, HyMepaUHIO 6y.neM npoaojnrrs 
cnesa aanpaso. 3Ta HyMepaUHll H306pa)l{eHa na q,Hr. 58, rne 
KpecTHKH 0603Ha'la1OT nonosceaaa paBHOBecHll aTOMOB, a Bep-
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'l'HKaJlbHhle '1epTO'lKH - nepaue aTOMhl Ka)l{.noR MOJleKYJlhl, 
KOTopble onpeneasior rpanauu ll'l"eK; .nJlHHa Ka)l{.notl ll'leltKH 
Cr. e. 9J1eMeHTa nepaona-mocra) 0603Ha4eHa xepea d. 

Il pe.nrrOJlO)l{HM onars, 'ITO cxeuienas '1aCTHll B npouecce 
,llBH)I{eHHll OCTalOTCll MaJlblMH H 'ITO CHJlhl B3aHMo.neficTBHll Me)l{.ny. 
'1aCTHUaMH HOCllT ynpyraa xapaxrep, 

CHJla, .neRCTBYIOw,all na r·fi aTOM n-fi ll'leRKH CO CTOpOHhl 
s-ro aTOMa (n+ p)-fi ll'leRKH. onpenensercn aupaxeuneu 

In. r; n+p. s = Cprs (Yn+p, s - Yn. r)' (17.1) 

r,lle xepea Yn+p, s H Yn. r 0603Ha'leHhI COOTBeTCTBeHHO cMew,~HHll 

paCCMaTpHBaeMhIX '1aCTHll OT rrOJlO)l{eHHll paaaoaecas, a sepea 
Cprs - He aanacsuiaa OT n KOHCTaHTa B3aHMo.neficTBHll. 
. OTCIO.na cnenyer, 'ITO CH,1a, neacrayroiuaa na S-IO '1acTHUy 
(n+ p)-fi ll'lefiKH CO CTOpOHhl r-R xacrauu n-R ll'leRKH, panna 

I n+p, s: n, r = C_ psr (Yn, r - Yn+p, s)· (17.2) 

O.nHaKO rrOCKOJlbKY .nefiCTBHe paBHO nporaaonencraaio, TO 

In, r; n+p,R = - In+P. s: n, r- (17.3) 

Floncraaass reneps B 9TO paBeHCTBO aupaacenna .nJlll CHJI 
H3 (17.1) H (17.2), aenocpencraenuo y6e)l{.naeMCll, 'ITO 

Cprs = C_ psr' (17.4) 
nOCKOJlhKY '1J1eH 

Corr(Ynr - Ynr) 

panen HyJlIO H He .nO.1)1{NI Y'lHTbIBaThCll npn pacserax, TO Mbl 
nOJlO)l{HM 

Corr = O. (17.5) 

npH 3TOM no uian CUJla, .neRCTBYIOw,all na r-IO '1acTHUy 
n-R ll'leRKH co CTOpOHhl scex OCTaJlhHhIX '1aCTHll, 6y.neT HMeTb 
BH.n 

In, r = ~ ~/n. r; n+p.s .---'. ~ ~ Cprs(Yn+P.8 - Yn, r). (17.6) 
p 8 p s 

Peureune, KaK H rrpexcae, 6yJleM HCKaTb Ii snne pacnpo
crpanstoiuertcs BOJlHbl 

Yn, r = Are2"i eyt-ax), (17.7) 

rne Ar - icoxnnexcaas aanmrryna, Y'IHThIBalOw,all q,a3y r-R '1a
CTHLlhI; 3a naxano OTC'IeTa 3TOR q,a3hl rrpHHHMaeTCSI q,a3a nepsoa 

7* 
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xacrnuu TO1\ me 9J1eMeHTapHol\ lI'1el\KH; x = nd - pac
cmonnue om naua.aa petuemtcu iJo nacaxa oaflflOU fl'leUuu. 

Ilonaras
 
OJ = 27'C\I, k = 27'Cad.
 

BbipameHlle (17.7) MomHO aanncars B BHM 

Yn, r = Ayei (wt-kn), (17.8) 

OTCIO.na BH.nHO. 'ITO, KaK H B § 4, epyHKUHlI Yn. r nepno
.nH'IHa C nepaonox 1/d OTHOCHTeJlbHO BOJlHOBorO '1HCJla a H 
C nepaonoa 27'C OTHOCHTeJlbHO k. 3aMeTHM, 'lTO peurenae Yn. r 
He MeHlIeTClI rrpH aaxene k aa k + 27'Cp (r.ne p - ueaoe), 

Do.nCTaBJllIlI reneps supaxeane (17.6) .nJlll nonnort CHJlbl, 
.neRcTBYlOll.I.el\ na r-IO xacrnuy noR lI'1eRKH co CTOpOHbl OCTaJlb
HblX '1aCTHU. B ypasnenas .nBHmeHHlI H Y'lHTbIBa51 (17.8), nOJlY

'laeM 

d2 _ 2M A i (wt-kn) - f 
M Ydt~Yn.y--OJ r ye - ny

-r = ei (wt-kn) ~ ~ CpyS (Ase-ikP __ A y). (17.9) 

P 8 

rne My - Macca r-R '1aCTHUbl, 
TaKHM oopaaox, nonyuaex, '-ITO .nJlll roro, 'lT06bl peurenne 

"MeJlO BH.n (17.8). He06xo.nHMO BbllIOJlHeHHe cOOTHorneHHR 

~ D yS (k) As = - OJ2MyAy, (17.10) 
s 

r.ne 

D yS (k) = ~ Cpyse-ikP (r -# s), 
P 

(r=s). (17.11)o.,(k) = - ~ ~ C pyS + ~ Cpyye-ikP
 
P 8 P
 

Bupaxenne (17.10), rne r MeHlIeTCSI OT 1 no N, npencra
BJl5IeT c0601\ cacrexy JlHHel\Hbix O.nHOpO.nHbIX ypaBHeHHR OTHO

CHTeJlbHO HeH3BeCTHbiX A y 

. ~ [DyS (k) + OJ2My oy s l As = 0, (17.12) 
8 

rne 0rs - CHMBOJlbl Kponexepa:
 

npH r -# s,
 
Oys= { ~
 npH r=s. 
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4T06bl 9Ta CHCTeMa nonycxana HeTpHBHaJlbHOe peurenae, 
He06xo.nHMO paBeHCTBo HyJII0 ee nerepuanaara, HHa'le rosopa, 

IDYs(k) + OJ
2M yO,.s l = o. (17.13) 

TaKHM ocpaaoa, MbI rroJly'lHM ypaBHeHHe N -1\ crenenn OT
HOCHTeJlbHO OJ2. TaK 'ITO Kam.nOMy aananuouy aHa'leHHIO k co
OTBeTcTByeT N. aooome rOBOp5l, paana-mux aHa'leHHI\ xnanpara 
'laCTOTbl OJ2. KpHBa51 3aBHCHMOCTH OJ OT k (HJlH aaBHCHMOCTH \I 

OT a) COCTOHT aa N sernen. Onna aa HHX, KaK Mbl yBH.nHM • 
BbIXO.nHT aa aaxana xoopnnuar (k = 0) H cOOTBeTCTByeT axy
CTH'IeCKHM KOJle6aHHlIM; ocransuue me (N - 1) seraea COOT
BeTcTBylOT OrrTH'IecKHM KOJle6aHHlIM. 

3aMeTHM. 'ITO rrOCKOJlbKY K09epepHUHeHTbl D yS (k) lIBJllIIOTClI 
nepHo.nH'IeCKHMH epYHKUHlIMH k, TO H xsanpar '1aCTOTbl OJ2 TaK>Ke 
6y.neT rrepHo.nH'IeCKol\ epYHKUHel\ nepeMeHHol\ k. 

DOKameM reneps, 'lTO cpenn N aeraea KpHBOI\ OJ = OJ (k) 
HMeeTC5I onna aKYCTH'IeCI<a51 BeTBb. nJlll aKycTH'IecKOI\ BOJlHbl 
npa k = 0 .nOJlmHO HMeTb MeCTO paBeHCTBO 

A y= As. 
OTCIO.Qa 

- OJ2 My = ~ DyS(0) = ~ D,"S (0) + Dyy (0) = 
S s FY 

=~ ~CpYS-~~Cpys+~Cpyy= 
SFY P P s P 

= ~ ~ C pyS- ~ ~Cpys=O. 
SFYP PSFY 

H. TaKHM oopaaox, 
OJ= 0, 

nOCKOJlbKY BeJlH'IHHa My OTJlH'IHa OT HyJlll. 
I1TaK, MbI rroJlY'-lHJlH BeTBb epyHKUHH OJ (k). BbIXO.nllIUYIO H3 

uaxaxa xoopnnnar, T. e. akycrnnecxyio BeTBb. 
DPH 6earpaHH'IHOM YBeJlH'IeHHH '-IHCJla '1aCTHU. 06paaylOIl.I.HX 

9J1eMeHTapHylO 51'1eI\Ky, '1HCJlO OrrTH'IeCKHX aeraen TaK>Ke crpe
MHTClI K 6eCKOHe'lHocTH. TaK KaK OHO paBHO '1HCJlY creneuen 
CB060.nbI lI'-1eRKH. DPH 9TOM peurerxa nepexonar B aenpepus
HylO crpyuy C nepuonasecxoa CTpyKTypOI\. 3TOT sonpoc 6y.neT 
paccxorpen B O.nHOI\ aa cJle.nYIOIl.I.HX r nas. ECJlH >Ke uenpepus
Hall crpyna HMeeT O.nHOpO.1lHylO CTpyKTypy. TO '1aCTOTa \I 6y.neT 
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JIImeltHolt <VYHKUHelt k. Ha <VHr. 59 npencraaaen 06lUHlt BH.n 
KpHBbIX .nJlSI <VyHKUHtl 'I (k) B cnysae aenpepsianoa cTpyHbI 
C rrepHo.nH'IeCKolt crpyxrypoa: nne HaKJIOHHble nymcrupuue ( 
rrOJIyrrpSIMble OTpa>KaIOT nosenenae 3TOlt >Ke <VyHKUHH B cnysae 
~.nHOPO.nHOlt C:PYHbI. 

v 
I'
V' 

Ilepexon OT O.nHOpO.nHOlt HenpepbIBHolt CTpyHbI K nenpe
PbIBHOlt cTpyHe C nepHo.nH'IeCKolt CTpyKTypOlt (aanpaxep, K aa
rpy>KeHHolt CTpyHe) rrpHBo.nHT K O.nHOlt H3 Tex 3a.na'l 0 nepHO
.nH'IeCKHX BoaMYlUeHHSIx, na xoropue 6bIJIO yxasano B § 16. 
I1cnOJlb30BaHHbIlt snecs MeTO.n MO>KeT CJIy>KHTb oopasuox .nJlSI 
peurenas nonooaoro pona sanas. Flepexon OT V-oopaanoa KpH
BOlt (Ha06pa>KeHHOlt aa <VHr. 59 nyHKTHpOM) K pa3J1H'lHblM 

'BeTBSIM KpHBOlt 'I = 'I (a) MO>KHO npoaecra C nOMOlUbIO MeTo.na, 
aHaJlOrH'IHOrO xerony. KOTOpbllt rr03BOJlHJI coaeptuart. nepexon 
:OT CHHycoH.naJIbHolt KpHBOlt (H306pa>KeHHolt aa <VHr. 53 urrpu

<VHr• 'xaxa) K .nByM BeTBSIM KpHBOlt 'I (k l ) (H306pa>KeHHblM na 53 
cnJlO\UHolt JIHHHelt). 

rJlaBa 5 

CKOPOCTb PACDPOCTPAHEHHH 3HEPfHH,
 
DOTOK 3HEPfHH,
 

XAPAKTEPHCTHqECKHA HMDEAAHC
 

§ 18. OOllI,He aaMeqaHHSl; «IlaaoBaSl CKOpOCTb 

no CHX nop MbI H3Y'laJlH HeorpaHH'IeHHyIO peurerxy. 4T06bI 
nonyneunue peay JlbTaTbI nepeaecru ua cJlY'lalt orpaaaseaaoa 
peiuerxa, K ee cB060.nHblM KOHuaM He06xo.nHMO rrpHJlO>KHTb 
CHJIbI. xapaxrep KOTOpbIX 3aBHCHT OT rpaHH'IHbIX yCJlOBHlt. 
Hanpaxep, C JleBbIM KOHUOM .nOJl>KeH 6bITb, Bo06lUe rOBopSI. 
CBSI3aH KaKolt-JlH60 HCTO'lHHK 3HeprHH, B peaynsrare nero ua 
KpaltHHe '1aCTHUbI 6y.nyT neacreoears TaKHe CHJlbI. KaK eCJlH 6bI 
peurerxa 6bIJIa cnesa neorpauaseuuon. hpH 3TOM xapaurep 
pacnpocrpaneuaa BOJIH aaBHCHT, KaK 3TO 6bIJlO YKa3aHo B KOHue 
§ 16, OT '1aCTOTbI. Ha npasoa >Ke KOHue, Ha060poT, .nOJl>KHO 
naxonarsca KaKOe-JlH60 yCTpOltCTBO. nornoutaiomee TO'lHO 
'raKoe >Ke KOJIH'IeCTBO 3HeprHH, xaxoe paCCeSIJlOCb 6bI B '1aCTH 
peiuerxa, naxonauieacs cnpasa OT rpaaauu, eCJlH 6bI peuierxa 
t'lbIJIa ueorpauaseauoa. TaKHM 06pa30M, onpe.neJlSIIOTCSI rpanax
HbIe yCJIOBHSI, KOTOpbIM .nOJl>KHbI y.noBJleTB0pSITb rrJlOTHOCTb 
9HeprHH, rrOTOK 3HeprHH H CKOpOCTb ee pacnpocTpaHeHHSI B pe
urerxe. 113y'leHHIO3THX aonpocos H rrOCBSIlUeHa HaCTOSIlUaSI rnasa. 

Hayseuae onuoaepnux peurerox soooute H MeXaHH'IeCKHX 
·o.nHoMepHblx peureros B '1aCTHOCTH npencraaaaer rJlaBHbIM 06
pasoa '1HCTO reopera-tecxart anrepec. E.nHHcTBeHHbIM Ba>KHbIM 
npaaepoa onaovepaon crpyxrypu SIBJlSIIOTCSI 3J1eKTpH'IeCKHe 
JIHHHH, .lJ,eTaJIbHoMY H3Y'leHHIO KOTOpbIX 6y.nyT nOCBSIlUeHbI no
CJIe.nHHe r JIaBbI. TeM He MeHee aseneaae TOJlbKO 'ITO YKa3aH
HbIX rpaHH'IHbIX yCJlOBHlt rrOJle3HO paCCMOTpeTb HMeHHO na 
npaxepe o.nHOMepHbIX MeXaHH'IeCKHX CHCTeM, TaK KaK nonynen
nue anecs peayasra'ru MO>KHO uenocpencrseauo pacnpocrpaaars 
aa CJIy'lalt nayx H rpex HaMepeHHlt, a HcrroJlb3yeMbIlt npa 3TOM 

.MeTO.n. SIBJISIIOlUHltCSI .nOCTaTO'lHO 06lUHM. Jler'le yCBOHTb, pac
tMaTpHBaSI o.nHOMepHble CTpyKTypbl. 

Bonpocu, xoropue MbI censac 6y.neM pascapars. TeCHO 
~BSIaaHbI (;0 c~oltqBaMH I;HqeM, 06J1a.lJ,aIOllI,HX oucnepcueti. 
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CKOpOCTb pacnpocrpauenua BOJlH, onpenexenne KOTOpOtl 6bIJlO 
,UaHO B npenunyurax rnaaax. HOCHT Ha3BaHHe rpaaosca CKO
pOCTH, TaK KaK OHa npe,UCTaBJISIeT c060tl CKOpOCTb pacnpo
CTpaHeIlJ1S1 <jla3bl J1 MO)\(eT 6blTb nonyvena H3 cpaBHeHHSI OTHO
CJ1TeJlbHbIX <jla3' KOJle6aHJ1t1 ,UByX coce,UHJ1X '1aCTHU. cl>a30BaSi 
CKOpOCTb V ynosnersopaer cJle,UyIGWHM COOTHoweHHSlM: 

'I (18.1)A=V't, V=(l' 

r ne a = l{A - BOJIHOBOe '1HCJlO, A- ,UJlHWI BOJlHbI, ~ - '1aCTOTa 

H 't = 1('I - nepnon KOJle6aHJ1t1. 
)1ucnepzupylOUI,eu cpeooii Ha3blBaeTCSI cpena, B KOTOpOt\ 

rpaaoaas CKOpOCTb 3aBIKJ1T OT '1aCTOTbI BOJlHbI. CHcTeMbI, pac
CMaTpJ1BaeMbIe BO MHOfJ1X aanasax 0 pacnpocTpaHemlli BOJIH 
B K.1aCCJ1lIecKotl <jlJ13HKe, He 06J1a,UaIOT nncnepcaea. TaKoBbI, 
nanpaaep, 3a,Ua'lJ1 0 pacnpocrpaueuuu onncusaexux ypaBHe
HJ1S1MJ1 MaKcBeJlJla 3J1eKTpOMarHJ1THbIX BOJIH B nycrore, npaao
,USlWlle K nocroaunon CKOPOCTH pacnpocTpaHeHHSI, a raxxce 
aanasa 0 pacnpocrpanenan 3BYKOBbIX BOJlH, B KOTOpbIX MO)\(HO 
cnexars pan ynpouraioiuax npe,UnOJlOlKeHHl\, npHBo,USlW.HX K CKO
pOCTJ1 pacnpocrpanenna, npaKTH'IeCKJ1 He 3aBHCSlw.etl OT sac
TOTbI. Bo scex 3TIIX cnysaax JlerKO onpenc.nrrs CKOPOCTb 
pacnpocrpanenas 3HeprHH: OHa npOCTO paana rpaaosoa CKO
POCTII V. O.IlHaKO ,UJlSI ,UJ1cneprJ1pYIOI1I,el\ cpenu CKOpOCTb pac
npOCTpaHeHHSI 3HeprJ1H OTJlH'IaeTCSI OT <jla30Bol\ CKOpOCTH, H ee 
o npeneaeuae rpeoyer cneuaansnoro paCCMOTpeHHSI. 9TO CBSl3aHO 
C TeM <jlaKToM, 'ITO TOJlbKO MOHoxpOMaTHlJeCKHe BOJlHbl, T. e. 
BOJlHbl, npOCTHpalOI1I,HeCSI OT - co no --t-. co, MoryT pacnpo
CTpaHSlTbCSI B nncnepmpyiouiea cpe.ae 6e3 HCKameHHSI. Orpa
HH'IeHHbItI >Ke CHrHaJi 6Y.IleT no xepe pacnpocrpaaeuna J1CKa
maTbCSI, J1 n03TOMY onpenenenae ero cpe.IlHel\ CKOpOCTIi ripen
CTaBJISIeT H3BeCTlIbie Tpy.IlHOCTH. 3.IleCb BBO.n.SlT rrOHSITHe zpynnoeoa 
ctcopocmu, Fpynnon BOJIH (HJlH, KaK roaops'r B KBaHToBol\ 
MexaHHKe, BOJIHOBb'M naKeTOM) uaasrsaior CHrHaJi or paaasenaoa 
.IlJlHHbl, COCTOY.W,Hlt TOJlbKO H3 KOHelJHOrO lJHCJla .IlJ1l1H BOJIH. 
MbI 6y,UeM aaysars caoacraa raxoa 
ee pacnpocrpanenas B cpene, a ratoxe 
POCTb pacnpOCTpaHeHHSI rpynnbl BOJIH 
BaHHH npyra x onpe.IleJleHHlt CKOpOCTblO 

rHH. 

rpynnbl BOJlH, xapaxrep 
cpaBHHM Cpe.IlHIOIO CKO
C nOJlY'leHHolt ua OCHO
pacnpocrpanenaa 3H~P

§ 19. 06 OJI,HOn reopeue H3 reopaa <IlyHKU.Hit 
KOMnneKCHoro nepeMeHHoro 

MeTo.Il. 06bl'lHO npHMeHSIeMbll\ npn onncanan rapMOHH'IeCKHX 
KOJle6aTeJlbHblX npoueccos, COCTOHT B HCnOJlb30BaHHH KOMnJleKC
HbIX 9KcnOHeHUHaJlbHbIX <jlyHKUHlt. TaK, nanpaxep, cxeuienae 
Ii CKOpOCTb lJaCTHu,bI, ysacraytomea B BOJIHOBOM .IlBH)\(emUI. 
xoryr 6bITb aarmcauu COOTBeTCTBeHHO B BJ1,Ue

". 
y = Ae21ti (.t-ax), y= ~J = 27ttvAe21ti (.t-ax). 

TO'lKa, CTOSlI1I,aSl nan HCKOMOlt <jlyHKUHelt, oanasaer nponaaon
nyio no BpeMeHJ1, npH'IeM nopaaox 9TOlt np0J13BO.IlHolt paaeu 
lJlICJlY TOlJeK; TaKHM 06pa30M. 

. dy .. d2y 

Y = dT • Y = dt 2 Ii T. n, 

Cnenyer yxaaars, 'ITO nepen BceMII 3TJ1MII BblpameHJ1S1MH 
,UOJlmeH 6bIJI 6bI scerna CTOSlTb 3HaK Re, yxaauaatouma, 'ITO 
TOJlbKO .Ile!\CTBJ1TeJlbHaSi '1aCTb 3TJ1X Bblpa)\(eHHl\ .IlOJIlKHa npJ1HJ1
MaTbCSI BO BHJ1MaHJ1e J1 'ITO B ,Uel\cTBJ1TeJlbHOCTII npenunyurae 
BblpalKeHlISi npe.IlCTaBJISIIOT c060l\ <jlyHKUlIlI 

y = A cos 27t (vt- ax). j = - 27t~A sin 27t (~t - ax). 

O.IlHaKO eCJlJ1 MbI onepnpyex TOJlbKO JlHHeltHbIMIi BblpameHHSlMH 

OTHOCHTeJlbHO y, y,.y H T. n., TO 3HaK Re MomHO onycrnrs. 
B TOM me cnyaae, eCJlH npli BbJll!iCJleHHSlX MbI CTalIKHBaeMCSI 
C HeJlHHel\HbIMlI KOM6HHau,1IS1MH <jlyHKUHl\ H HX npoaaaonusrx, 
nanpaxep npOH3Be.IleHHeM, crenensio H T. n., TO ero scerna 
He06xO,UlIMO Y'lHTbIB;lTb. Ha caMOM nene nerxo BH.IleTb, 'ITO 
npOH3Be.IleHHe .Ilet\CTBHTeJlbHbIX sacrea, aanpaxep 

yy = - 27t'IA2 cos 27t ('It - ax) sin 27t ('It - ax). 

He paBHO neacraare.rsnoa lJaCTH supaxeuaa 

27tivA2ei 41t (.t-CJx), 

nonysenuoro nepexuoacenaen KOMnJleKCHbIX BbIpameHlIlt .IlJlSl y 
H y. PaCCMOTpeHHIO sror o nonpoca H nocaauieu HaCTOSllll,Hl\ 
naparpadi. Bo MHomx cnysasx rperiyercs Y3HaTb cpennee aa 
~HO.IL. OT npOH3Be.IleHHSI .n.e!\CTBHTeJlbHbIX sacrea .IlBYX KOM
DlieKCHWX <jlyHKUHl\ 

f =foei("'t-~). P = Foei«(J)t-ifl). (19.1) 
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KaK MbZ cel:l'lac 

COOTHorneHI1eM 1
Ref· ReF = 2 Re(fF*). 

y6e.n.I1MCJI, ero xerxo nOJly'lI1Tb. 

(19.2) 

nOJlb3YSlCb § 20. n~OTHocrb 9HeprHH, nOTOK 9HeprHH, 
CKOpOCTb pacnpocrpaHeHHH 9HeprHH 

Ilpexcae scero onpeneaax cpenmoio nJlOTHOCTb 9HeprI1H 

rne F* 03Ha'laeT BeJlH'lliHY, KOMnJleKCHO corrpmKeHHylO C F. 

B caMOM .n.eJle 
Ref. ReF =foFocos (wt- 'f) cos(wt -<P) = 

, 
=foF -:c1 f cos(wt -\fi)' cos(wt - <P) dt,o 

o 

r.ue t = 2n"/w _ 06llJ,11l:l nepnon 4JyHKUHl:l f H F. C .upyrol:l 

CTOpOHbI. , 
- --"= 10;0 JcOS(wt-\fi)COS(wt-'f+9-<P)dt= 

o 

.. 

w2=~(1-cos k)= ~sin22' (20.1 ) 2V" 4V" k 

W - 2.. -~ - W I sJnk/2j
- a - k - co k/2 • 

(I1J1H npocro nJlOTHOCTb 9HeprHI1) 11 Hattn.eM .n.JlSI nee MaTeMa

TI1QeCKoe aupaacemre. OrpaHHQI1MCJI cnasaaa CJly'laeM peuierxn 
H3 O.QI1HaKOBbIX 'laCTHU, Ka)l{.l!.aSl -H3 KOTOpbIX B3aI1MO.llel:lcTByeT 

TOJlbKO co CMe)l{HblMI1 xacrauaau. Pacnpocrpaaenne BOJIH 

B nonoriaoa CHCTeMe 6bIJlO paccxorpeao B § 8 11 9. Byae a 

HCXOAI1Tb H3 nOJlY'leHHbIX TaM [CM. 4JOPMYJlbI (8.9), (8.10) 
H (9.2) l coornoureuan 

Yn = Ae i (wt-kn). k = 2'iwd. 

= 

_ 

, 
10;0 I cos(wt __ CP)l:os(wt-cp)cos('f-<V)

o 

sin (wt - 'f) sin ('f - <:P») dt 

rne 'lepe3 W reneps 0603HaQeHa (BMecTO V) 4Ja30BaSi CKOpOCTb, 

a VII, KaK 11 npeacne, 0603Ha'laeT U;. 
CpeaHlO1O nnomnocms snepzuu MbI onpeneana KaK CyMMy 

cpe.n.Hel'l rrJlOTH0CTI1 noreaunassaoa 9HeprHH H cpe.n.Helt nJlOT

"JlH, nOJlaraSiep - <lJ =~. 
Ref· ReP= 

, 
:..- 10;0 f [cos ~ COs2 (wt - 'f)- sin ~sin (wt - 'f)cos(wt -

Teneps. Y'lHTbIBaSi. 'lTO I1HTerpaJI OT aroporo 
o 

'lJleHa 

'f)] dt. 

oripa

HOCTI1 KI1HeTI1'leCKol'l 9HeprHI1. 
Cpe.ll.HSISI rrJlOTHOCTb rrOTeHu.l1aJlbHolt 9Heprl111 paBHa cpeAHen 

nOTeHu.l1aJlbHOn 9HeprHH O.llHOl'l 9J1eMeHTa pHOn S1'lel'lKI1• ae.tea
HOn na .llJII1HY 9J1eMeHTa nepI10.ll.I1'lHOCTH d, T. e. 

E 1 VII (Yn-Yn-l )2 (20.2)- 1 R
nOT.={j e2" 

llJ,aeTCSl B HyJlb, a anrerpa» OT nepaoro paBeH HJlI1, y'lI1TbIBaSl, 'lTO 

't 
z-cost· Yn  Yn-l = Re Ae! (wt-h) (1  e i k ) , 

nOJly'laeM OKoH4aTeJlbHO 

foFo 't 1 FIR (fP·)
= -'t- 2 C0 5 ~="2 JoFocos~=2 e , 

-
En oT• = 

HaXOJlI1M 

VII I 
'id 2" Re(Yn - Y,,-I)(Yn  J'n-l)* = 

rrocKOJlbKY 
[I" = foPoei(wt-'f)e-i (wt-if') = foFoe-i<Jt. 

TaKI1M 06pa30M. cDOTIiOIljelUle <1~ .2) .QoKaaaHQ. 

~;~ 

. A2U" . . A2U" · 
= __ (1 - et k )(1 - e- t k ) = -- (2 

4d 4d 

A2U" 
-d-
A2V" 

SIn 2 'Jj ' 
k= .'

142(1 -cos k) = 

· 
et k -

. 
e- t k ) = 

(20.3) 



Liaea 5108 

Cpe.n.HSI SI nJlOTHOCTb KHHeTli'-1eCKott 3HeprHH Es HH. ' paBHaSl 

OTHoweHHID cpe.n.Hett KHHeTHqeCKott 3HeprHH O.n.HOtt SlqettKH K ee 

.n.JlHHe d. Haxo.n.HTCSI aHaJlOrHqHblM o6pa30M: 

- 1 1 -. 
(20.4)En H. = d Re"2 M (Yn)2, 

3	 TaK KaK 

Yn = Re d1t = Re A :t ei (Olt-kn) = Re iWYn' 

TO
_ M - 0)2 M ~ M0)2A2

Em. = Re 2d (iwYn)2 = 2d "2Re (lYn) (lYn) = ~. (20.5)
 

¥qHTbIBaSl reneps COOTHoweHHe. CBSl3bIBaIDlUee xaanpar na

CTOTbl w2 C k, nonysaex 

--:; MA2 ;4V" . 2 k A?V". 2 k - (20.6)E
SHR

• = 4d M sin "2 = -d- sin "2 = En o T•• 

B pe3YJlbTaTe cpe.n.HSISI nJlOTHOCTb 3HeprHH panna
 

_ _ - 2A2V". k
2 (20.7)
E = Es HR•+ En o T• = -rsm '2 . 

9TO Bblpa>KeHHe oyner HaMH HcnOJlb30BaHO npu BblqHCJleHHH 

CKOpOCTH paCnpOCTpaHeHHSI 3HeprHH. 
Ilomo« suepZUU, BbIXO.n.SIIUHtt H3 SllJettKH. paaen cpe.n.HeD. 

MOIUHOCT~, nornouiennoa npn nepexo.ae OT .n.aHHott S1qettKH 

K CJle.n.YIDlUett. 
ECJlH lJepe3 1,10 n+1 0603HaqHTb CHJly. .n.ettCTByIDllI,yID na 

n-ID SlqettKy co CTOpOHbl (n+ l)-tt S1qettKH. TO nOTOK 9He
p r HH 

6y.n.eT paBeH npOH3Be.n.eHHID B3S1TOtt C 06paTHblM 3HaKOM .n.ett

CTBHTeJlbHott qaCTH CHJlW In.n+ 1 Ha .n.ettcTBHTeJlbHyID qaCTb CKO

pOCTH qaCTHUbl, Haxo.n.SllUettcSI B n-tt SlqettKe. 3HaK MHHyC CBSl3aH 

C TeM lPaKTOM, qTO MOIUHOCTb norJlOlUaeTCSI (n + l)-tt SlqettKott, 

a CHJla In. n+1 nencrayer ua n-ID qaCTHUY· 

TaK KaK 
In. n+1 = V" (Yn+1 - Yn)' 

(20.8)Yn = Ae i (Olt-kn).
 

Yn = iwAe i (Olt-kn) = iwyw
 

CKOPOClJ'b paCl1.pOCTpaHeHUJl ssepeuu, noTOK 3Hep2UU i09 

TO Cpe.n.HSISI 33 nepnon MO/"uHOCTb <p. norJlO/..UeHHaSi (n + 1)-R 
f1qettKoR. paBHa 

--------;.;- 1 f .~ 

<P=-Refn. n+1' ReYn=- "2Re( 1i.n+1Yn) = 
V" A2 .= - -2- Re (- 1+ e-tk)(iwt = 

.. 
V" A20)	 V" A20)

-A-Re[sink-i(l-cosk)l= A sink. (20.9) 

ITO,llCTaBJlSISI CID.n.a supaxenne .n.JlSI w H3 (20.1), uaxonaa OKOH
sarensno 

~ / V" k<P = V"A2 V M sin '2 sin k. (20.10) 

9TOT nOTOK npeacraaaser c060R 3HeprHID, nporexaiouiyio aa 
ennnnuy BpeMeHH OT n-R K (n + 1)-R S1qeRKe. 

C HHM CBSl3aHa npyras BeJlHqHHa - ctcopoems pacnpocmpa
uenus: snepzuu. OHa onpeneaserca KaK OTHoweHHe nOTOKa 

3HepfHH K nJlOTHOCTH 3HeprHH. 0603HaqaSl ee xepea V • nOJlYe
lJaeM 

r V" k 
"" A~ .. /- sin -2 sin k 

r M 
(20.11)V" k

£TA2sln22 

Ilauuoe 3AeCb onpeneneaae coxpauserca TaK>Ke H npa sa
JlHqHH 3aTyxaHHSI. CMblCJI 3Tott CKOpOCTH CTaHOBHTCSI SlCHbIM H3 

cpaBHeHHSI npensrnyuiea lPOPMYJlbl C supaxeuaea .n.JtSl nOTOKa 

ABH>KYlUettcSI co CKOpOCTbID v >KHAKOCTH, nJlOTHOCTb KOTOpoR 

panna p. TaK KaK nOTOK paaen <P = pv, TO OTHoweHHe <PIp 
onpeneaser CKOpOCTb >KH.n.KOCTH. IToAo6HbiM >Ke 06pa30M OTHO

I	 ureaae <PIE nOTOKa 3HeprHH K nJlOTHOCTH 3HeprHH onpenenaer 
CKOpOCTb pacnpocrpaueunn 3HeprHH B.n.OJlb CHCTeMbl. 9TOT 

aonpoc AeTaJlbHO paCCMOTpeJl BPHJlJlID3H 1), HJlJlIDCTpHpOBaB ero 
~IHOrOqHCJleHHbIMH npuxepaxa. 

1) L. B rill 0 u I n, Expose au Congres International de l'Eleclti
cite. vol. 11, Paris, 1932, p, 739. 
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§ 21. rpynnoBaH CKOpOCTb 
H CKOpOCTb pacnpocTpaHeHHH CHfHana 

B § 18 MJ.l onpe,lleJlliJlli. 'ITO cxenyer nOHliMaTb non rpyn
noa BOJIH. liJlli BOJlHOBblM naKeTOM. B Ka'leCTBe O,llHOrO ua 
npocTeRullix npavepon paccxorpna pacnpocTpaHeHlie carnana, 
06pa30BaHHoro cynepn03liUlieR ,llBYX MOHOxpOMaTli'leCKliX BOJIH 
C O,llHHaKOBblMH aMnJlHTY,llaMli A H pasnuxa. HO 6J1H3KliMli 
xexny c060R '1aCTOTaMli '10+ 6.'1 li '10- 6.'/. BOJlHe C sacroroa 
'1 + 6.'1 cooTBeTcTByeT BOJlHOBoe '1liCJlO ao+ ba, a BOJlHe 
C0 '1acToTOR '1 - 6.'1 - BOJlHOBOe '1liCJlO ao - txa, TaKHM oopa

0 
30M, ,llJlSl 9THX BOJIH liMeeM COOTBeTCTBeHHO 

y : = A cos 21t [('10 - 6.'1) t - (ao- 6.a)x], 

y., = Acos 21t [('10 +6.'1) t -(ao+6.a) xl· 

Pe3YJlbTlipYIOUl,aSl BOJlHa, onpe,lleJlSleMaSi KaK cyne pnosauas 
.llBYX nepBOHa'laJlbHblX BOJlH, 6Y,lleT onacuaarsca epYHKUlieR 

y =)1- + y., = A (cos [21t ('10 -6.'1) t -(ao -6.a) xl-+ 

+ cos [21t ('10 + 6.'1) t - (ao + 6.a)xl), 

HJlli . y = 2Acos 21t ('Iot- OoX) cos 21t (6.'1 t -6.a x). (21.1) 

3TO supaxenae onpe,lleJlSleT. KaK li3BeCTHO. .MOOyAUpOBaH.H.ylO 

80AHy co cpe,llHeR'IaCTOTOR '1 0 , Hecytuan BOAH.a onacuaaercs 

BblpalKeHlieM (21.2)cos 21t ('lot - aox); 

aMnJlliTY.ll3 necyuiea BOJlHbl panna 

(21.3)2A cos 21t (6.'1 t - ba x) 

li Me,llJleHHO MeHSleTCSI C '1aCTOToR 6.'1. xapaKTepli3YIOUl,eR .Mooy· 

MlqUIO. 
<l>a30BaSi CKOpOCTb aecyuiea BOJlHbl 

(21.4)V=~. 
ao· 

MO.nYJlSlUHSI lKe pacnpocrpanserca co CKOpOCTblO, onpene
RSieMoR OTHOllleHHeM 6.'I/6.a, li B npeneze, xorna 6.'1 crpexnrca 
K HyJlIO, cxopocri, MO.nYJlSlUliH pasna BeJlH'IHHe 

O~ 
Ug = oa ' (21.5) 

naausaexoa zpynnoeol; ctcopocmsto, TO'lHO TaK lKe nOHSITlie 
rpynnosoa CKOpOCTli onpenenserca B cay-rae .nlicneprHpYIOUl,eR 
cpenu, T. e. B cnysae, xorna '1aCTOTa 'I npencraaaaer c060R 
nexoropyio epyHKUlilO BOJlHOBorO '1HCJla a: 'I = 'I (a). O.nHaKO 
ecnu cpena xapaxrepaayetca aaryxaaxea, TO BOJlHOBOe '1HCJlO. 
KaK 6blJl0 nOKa3aHO ssnue, CTaHOBHTCSI KOMnJleKCHblM HJlli '1IfCTO 
MHliMblM, li rpynnoaas CKOpOCTb yxe He liMeeT scnor-o epli3H
'1eCKOrO CMbICJla. 

Ilpa paBHOM HyJlIO K09epepHUlieHTe nornouteaua nonyxaea 

O~ Ow 0 ( ~ r u" . k ) 
SIn2Ug=(J(i . d(fk= d ok 2 V M = 

~ r U" 1 k ~ r U" k 
= 2d V M2cos"2=dV Mcos2=Ue, (21.6) 

TaKliM 06pa30M, B orcyrcraae norJlOUl,eHHSI zpynnoeast 
ctcopocms coenaoaem co ctcopocmsso pacnpocmpauenusi 8H.ep

fUU. Onnaxo, B TO BpeMSI KaK npn HaJlH'IHli norJlOUl,eHliSi 
nOHSITlie rpyrmosoa CKOpOCTli repser CMblCJI, CKOpOCTb pac
npOCTpaHeHliSi saepraa coxpaaser csoe epli3li'leCKOe conepacauae. 

Ilpouecc, onncuaaeaun supaxeuaea (21.1). MOlKHO npen
CTaBHTb KaK pacnpocrpauenae 9J1eMeHTapHoR BOJlHbl rana (21.2) 
C '1aCTOToR '10 li BOJlHOBbIM '1HCJlOM ao= I/Ao' HO liMelOUl,eR MO.ny
JIlipOBaHHylO aMnJlliTy.ny, 3aKOH li3MeHeHliSi KOTOpoR onpeneaserca 
.nJlSl scex MOMeHTOB spexena COOTHOllleHlieM (21.3). Ecnn He pac
caarpaaan, KOJle6aHlift C '1aCToToR HeCYUl,eR BOJlHbl H uccne
,llOBaTb TOJlbKO aaxeneuae cpennax aMnJlliTY.n, TO MOlKHO KOH
crarapoeari., 'ITO xpnaas. onncuaaiouias pacnpeneaenae axnanryn, 
cor JlaCHO epOPMYJle (21.3),' .nBHlKeTCSI B npocrpaacrse C rpyn
noaoa CKOpOCTblO Ua: Onnaxo npn neram.aoa HCCJle.nOBaHHI'I 
.nBHlKeHliSi HylKHO Y'lliTblBaTb. 'ITO saexearapnue BOJlHbl rtepe
MeUl,aIOTCSI BHYTPli orH6alOUl,eR (21.3) C qiaaosoa CKOpOCTblO V 
(eplir. 60). Ilonooaoe SlBJleHHe MOlKHO Ha6J11O.naTb npn 06pa30~ 
BaHlili • xpyron- na sone. xorna B Hee 6pocalOT KaMHli. MOlKHo 
6b\JlO 6bl npasecra .nOBOJlbHO xnoro iaaaaorauaax npaxepoa, 



1
 
tAaea bHz 

HO, XOTll orracanuua auuie cJlyqal\ It llBJllleTCll aecsxa '1aCTHbIM. 

nOJlyqeHHble AJlll Hero pe3YJlbTaTbl, Bo06II.1,e rosopa, BO MHorOM 
He aaaacar HH OT q>OpMbl BOJlHOBOrO naxera. HH 01' xapaicrepa 

OrH6aIOllJ,e1L 91'11 pesyJlb1'a1'bl CBOAllTCll K CJI~AYIOllJ,HM nonoxe
HHSlM: KpHBall, onHCblBalOllJ,aSl pacnpeAeJleHHe aMnJlH1'yA, nepe

MeII.l,ae1'Cll oea HCKameHHi'l C BnOJlHe OnpeAeJleHHo" CKOpOCTblO; 

oTcYTcTBl1e Aeq>opMaul1" orH6alOllJ,e" csasano. O'leBHAHO. C 01'CyT-

CTBHeM aaTyxaHHll BOJIH. 
C APyro" CTOpOHbl, oTcyTcTBl1e HCKameHH" HMeeT MeCTO 

TOJlbKO B TOM cayxae, «orna BOJIHOBO" naxer npeACTaBJlSleT 

c060" cynepnoaHUHIO MOHOxpOMaTH'leCKI1X BOJIH. '1aCTOTbI KOTO

pblX aaKJlIOtJ.eHbl B oueus Y3KOM nurepaaae. TaK, llanpHMep. 

Oeu60WUjQR - U-, g 

<\> H r. 60: 

B npe,nbl,nyIUeM caysae Mbl I1MeJlH TOJlbKO ABe BOJIHbl C '1aCTO
TaMI1 '10 + ti.'1 H '10 - S», 3aKJlIO'leHHbIMH B KOHe'lHOM HHTep

aane 2ti.'1. AHaJlOrHtJ.Hbie >Ke pe3YJlbTaTbi MO>KHO nOJlY'II1Tb. pac

CMaTpHBaSl BOilHOBoe 06paaOBaHI1e, cocroauiee 113 60JlbWerO '1HCJla 

BOJlH, npH yCJlOBHH, 'lTO HX xacroru TaK>Ke JIeIKaT B HeKOTOpOM 

MaJlOM aarepsaae ti.'1. llpyrHMI1 CJlOBaMI1. cnexrp <Pypbe TaKO" 

r pyrmu BOJIH AOJlmeH HMeTb AOCTaTO'lHO MaJlYIO KOHe'lHylO AJlHHY, 

'lT06bl B BblpalKeHHH (21.5) OTHoweHHe ti.'1/ti.a MOIKHO 6blJlO 

3aMeHHTb npoH3BoAHO" o'l/oa. 
OAHaKo cymecTBYIOT H npyrue BOJlHOBble 06pa30BaHl1ll, 

cnexrp <Pypbe KOTOpblX npocrapaercs B 06J1aCTH '1aCTOT OT 
_ 00 AO + 00. llJlll nOA06HblX "CHrHaJlOB OTHOllleHHe ti.'1(ti.a 
y>Ke Heilb3ll 3aMeHllTb npoH3BoAHO" o'l/oa H TOilbKO 'ITO naauoe 

onpeAeJleHHe rpynnOBO" CKOpOCTH CTaHOBI1TCll He3aKOHHWM. 
91'0 CBH3aHO C TeM, tJ.TO KpHBall. onHCblBalOII.I,all paCnpeAeJleHHe 

aMnill1TyA, no xepe pacnpocTpaHeHl1ll BOJlHbl Aeq>opMl1pyeTcll, 

npl1'leM 9Ta Aeq>opMaUHll C Te'leHl1eM BpeMeHI1 CTaHOBI1TCll ace 

60Jlee 11 60JIee 3aMeTHo". 

CKOPOCTb pacnpOCTpaUeHUR 3Hep2UU, noTOK aHep2UU 113 

9TI1 06ml1e 3aMe'laHHH MO}KHO HJlillOCTpHpOBaTb HeKOTOpblMI1 

npnxepaxn, HCnOJIb3yH ooparnsre npe06pa30BaHHH <Pypbe. 

nYCTb C (t) -'1eTHaH q>yHKUHH BpeMeHH, a B ('I) - COOT
BeTcTByIOII.I,Ht\ et\ cnexrp lJaCTOT 

C(t)=C(-t). 

Torna ooparnue npe06pa30BaHHH <PYPbe (npu YCilOBHI1. KOllelJHO, 
CXOAHMOCTH HHTerpaJlOB) 6YAYT HMeTb BI1A 

C (t) = f
+00 

B ('I) cos 2rr:'1t a-, 
-00 

00 
(21.7) 

B ('I) = f C (t) cos 2rr:'1t dt, 
-00 

." ; orxyna, B 4aCTHOCTH. cnenyer, 'lTO B ('I) raiose HBJlHeTCH '1eTHO"
.\ 

q>yHKUHe"··' B('1)=B(-'1).f·"
B3aHMHaH CBH3b, KOTopaH cyurecrnyer MelK.ny q>yHKUHHMI1 

C (t) 11 B (z), KOpOTKO MOlKeT 6blTb Bbl paxena CJlOBaMH: ecnu 
Cal-Hall C (t) uueem cnetcm.p «acmom B ('I), mo Cal-Hall B (t) 
6yoem uuems cnetcm.p «acmom. C ('I). 

I1cnoJlb3YH q>yHKUHIO C (t) AJIH onacanaa MOAyJlHUHH necy

II.I,etl: BOJ\llbl '1aCTOTbl '10, noxyuaea HOBylO semyio q>yHKUHIO 

~.• C1(t)=C(t)cos2rr:'1ot. (21.8) 

Hatl:AeM cnexrp cnruana C1 (z), onacuaaexoro q>yHK-

UHe" (21.8). COrJlaCHO (21.7) H y'lHTbIBaH, 'ITO q>yHKUHH B ('I) 
'1eTHaH, nOJly'laeM • 

00 

8 1 ('I) = f
00 

C1 (t) cos 2rr:'1t dt = f C (t) cos 2rr:'1ot cos 2rr:'1t dt = 
-00 -00 

= ~ f
00 

C (t) [cos 2rr:('10 + '1)t +cos 2rr: ('10- '1)t) dt= 
-00 

1 1 
= 2[B('Io+'I)+B('10-'1»)= '2 [B('I+'1o)+B ('1-'10»), 

(21. 9) 

8 3aK. 201. 
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T. e. 8 ('I) TaK)J{e HBJIHeTCH qeTHotl QlYHKUl1etl. ECJIlI 113BeCTeH 

cnexrp 
1
8 ('I) HaqaJIbHOrO Cl1rHaJIa C (t). cl1MMeTpl1qHOrO OTHO

CI1TeJIbHO BepTI1KaJIbHotl OCI1. rrpoxo.nHllletl xepea HaqaJIO KOOp

.nI1HaT O. TO. KaK cnenyer 113 (21.9). cnexrp 8 1 ('I) MO)J{HO 

orrpe.neJII1Tb. naxoaa noaycyaxy opnauar xpasux. nonyuaeuu x 

113 Kpl1BbIX 8 ('I) rrapaJIJIeJIbHblM nepenocoa OTHOCI1TeJIbHO OCI1 

qaCTOT ua BeJIl1ql1HY -+- '10' 
c 

l±L
-~ a v, v I 

V, 

:L1\ ,~_v, a -1-""'= t_~ a ~'I v 
6 V, 

a 

61. a _ cnexrp; 6 - om6alOII\all caruaaa (MOn.yJlHp0BaHHali<t> H f. 
BOJlHa). 

Ilpaaene» naa npaaepa cnr-aana C (t) 11 ero TpaHCQlOpMaHTbl 

¢ypbe 8('1) (QlI1r. 61). 
I. DpHMoyrOJIbHbltl cnexrp 

1'1 I< 'II'
• 8('I)={ 1 npn 

o npa I'll> 'II 
rrOJIyqaeTCH .nJIH Cl1rHaJIa 

- 2 sin 21t'llt (21.10)C (t) - 'II 2 t •1t'l1 

If. TpeyrOJIbHbltl cnexrp 

1	 1'1 I npa	 I'll < 'II' 

8('1)={ -; 
npn	 I'll> 'II 

r I~' 

rronyqaeTCH .nJIH Cl1rHaJIa 

C (t) = 'II ( sin 1t'llt )~ • (21.11)
1t'llt 

Cnexrp Cl1fHaJIOB C (t)KoHeqeH. HO BO BpeMeHI1 OHH. naooopor. 
rrpOCTHpalOTCH OT - co .no + co. XOT5I H I1MelOT npa t = 0 
BpKO Bblpa)J{eHHbltl MaKcI1MyM. Ooparnue )J{e HM CHrHaJIbl. ona
caaaeuue QlYHKUI1HMH 8 (t). 6y.nyT KOHeqHbl BO BpeMeHH (npaxo
yrOJIbHbltl cnraaa H rpeyr-o.n.aun Cl1rHaJI). HO cnexrp HX qaCTOT 

oyner neor paaasen. DOKa)J{eM. qTO CHrHaJI. cnexrp xoroporo 
KOHeqeH, pacnpocrpanserca TaKHM )J{e 06pa30M, KaK H MO.ny

JlHpOBaHHaH BOJIHa. onpenenaeu as COOTHOllJeHHeM (21.1). By.neM 

npennoaarart., KaK 9TO 6bIJIO cneaano auure [CM. QlOPMYJIY (21.8)]. 
qTO 3aBI1CHMOCTb OT BpeMeHI1 aMrrJIHTy.nbl necyiuen BOJIHbl C na
CTOTOtl '10 onpene.raerca QlYHKUl1etl C (r), I1MelOllletl cnexrp 8 ('I). 

a .nBH)J{eHHe TOqKH peWeTKI1 C a6cUI1ccotl x = 0 onacunaercs 
QlYHKUl1etl BI1.na C1 (t). Haaneu supaacenae, onacuaaiouiee .nBI1

i;;	 )J{eHl1e IlP0l13BOJIbHOtl TO'lKI1, I1MelOllletl aocuaccy x. llJIH sroro 
B QlopMyJIe. ormcuaarouiea .nBI1)J{eHl1e TOqKI1 C x = O. Hy)J{HO 

3aMeHI1Tb 'It aa ['1t-a('1)x]. rne BOJIHOBOe 'II1CJIO a ('I) = 1/1.. 
cooreercrayioiuee paccaarpaaaeuoa cpene, HBJIHeTCH QlYHKul1etl 

sacroru 'I. 
Yql1TblBaH COOTHOllJeHI1H (21. 7) 11 BbI paacenue (21. 8) .nJIH 

CHfHaJIa rrpl1 x = O. noaysaea, rro.nCTaBJIHH. cor JIaCHO (21.9), 
BMeCTO 8 1 ('I) ee aupaxcenae sepea QlYHKUI1IO 8 ('I) 

+00	 +00 

C1 (t) = f 8 1 ('I) COS 211:'1 t d» = 2 f 8 1 ('I) cos 211:'1t d'l = 
-00	 0 

= f
00 

[8 ('I + '10) + 8 ('I - '10)] cos 211:'It ds, (21.12) 
o 

PaCCMOTpHM reneps npasenennue asnue npauepu 1 11 II. 
Ilpennonoxax, qTO 

'10 > 'II' 

H BBe.1leM HOBylO nepexeuayio p. 

'I = '10+p.. 

8* 
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8TH peay.n.raru HJlJlIOCTpHpOBaHbl KpHBblMH ua <f!11r. 62. 
Bepxnsa KpHBaSl, rtpencraansnouraa c060t\ yxce aHaKOM blt\ HaM 

rpaipux <f!YHKUHI1 \I = \I (a), aHaJlOrH'IHa K pHBOt\, Ha06pameHHOt\ 

aa <f!l1r. 5 H oraocaurenca K uenouxe o.nHHaKOBbIX '1aCTHu, 

Kam.nall H3 KOTOpblX BaaHMo.net\CTByeT TOJlbKO co CMemHblMH 

'1aCTHuaMH. <l>a30Ball CKOpOCTb V = »[a, COOTBeTCTBYlOlllaSi HeKO

ropon TO'lKe M na 3TOfl KpHBOfl, paana raurency yr J1a HaKJlOHa 

noaynpsvon, npoaeneunoa na aauaaa KOOp.ll.HHaT B nanny» 
TO'lKy, a rpyrmoaas CKOpOCTb U = a'l/aa paana ranreucy yrJ1a 

HaKJlOHa xacarensuoa K KpHBOfl \I = \I (a) B TO'lKe M. nBe 

HHmHHe xpusue na <f!11f. 62 npencrasnmor H3MeHeHHe rpaaosoa 
CKOpOCTH V H rpynnosoa CKOpOCTH U B aaBHCHMOCTH OT BOJlHO

soro '1HCJla a. Kpnaas .nJlll rpaaoaoa CKOpOCTH V He HMeeT 

HHKaKHX ocooennocrea B TO'lKaX a = -+- 1/2d (0 aHa'leHHI1 3THX 

TO'leK CM. § 2), ror.aa KaK rpynnoaas CKOpOCTb aa r paaauax 
OCHOBHoro anrepaaaa oopaiuaercs B ayas, 'ITO BnOJlHe COOT

BeTCTByeT xapaxrepy .nBHmeHHlI .nJlSl 3THX TO'leK, xoropoe, KaK 

yme 6blJlO yxasaao, MomeT paCCMaTpHBaTbCSI KaK CTOll'1aSl BOJIHa 

(CM. § 2, 4 H 9). 

(21.13) 

fAaBa S 

-v. 

+v, 

C1 (t) = f B (p.) COS 2" (\10 + p.) t dp.. 

c,(t, x) = cos 2" [\lot a (\10) x] C [t  (~~ t x]. (21.16) 

TaKHM 06paaOM, Mbl nOJlY'lHJlH yme OTMe'leHHblt\ auuie peayJlb

TaT: 3J1eMeHTapHble BOJlHbl pacnpocTpaHSIIOTCSI C !flaaOBot\ CKO

pOCTblO, a ornoatouias C [t.- (aa/a \I)0x] MO.nYJlHpOBaHHot\ BOJlHbl 

pacnpOCmpaflflemCfl 6e3 UCKaJICeflUii C zpynnoBoii acopocmtao, 
onpe.neJlSleMot\ COOTHoweHHeM (21.5). 

OpHBe.neHHoe .nOKaaaTeJlbCTBO npe.nnOJlaraeT OrpaHH'IeHHOCTb 

cnexrpa. a ratose aocrarounyio MaJlOCTb no a6COJlIOTHOt\ BeJlH

'1HHe rpaHH'IHblX '1aCTOT -+- \11, 'ITO nOaBOJlSleT npeHe6pe'lh B (21.15) 
.naJlbHet\wHMH '1J1eHaMH paanoxeuns: B TO me BpeMSI cnrnanu, 
I1MelOlllHe 6eCKOHe'lHblt\ cnexrp '1aCTOT, B npouecce pacnpocrpaae
HHSI scerna 6Y.ll.YT B TOt\ HJlI1 HHOt\ CTeneHH .ne<f!opMHpOBaTbCSI. 

HJlI1 

E CJlH \11 C'IHTaTb MaJlOt\ BeJlH'IHHOt\, TO, OrpaHH'IHBaSiCb BTOPblM 

'1J1eHOM paaJlOmeHI1S1 B psn Teanopa, MomHO nanacars 

a(\lO+p.) --.. a(\lO)+p.( ~~ t, Ip.1 < \11, (21.15) 

oTKy.na 

(\10 + p.) t  a (\10 + p.) x = \lot a (\10) x + p. [t  ( ~~ t X] . 
OO.ll.CTaBJlSISI reneps B (21.14) KOCHHyC CyMMbl B anne paa

HOCTH npoaaaeneuua KOCHHyCOB H CI1HyCOB 11 ysarunas, 'ITO 

<f!YHKUHSI B (\I) '1eTHaSl, HaXO.nHM 

+'1 

c,«. x)=cos 2" ['lot a ('10)x] f B (p.) cos p. 2" [t -( ~~ )0 x] dp. 
-v. 

9TO Bbl pazcenne 011penenner aaKOH .ll.BHmeHHSI TO'lKI1 C a6CUHC

COt\ x = 0; .ll.JlSI TO'lKH, paCnOJlOmeHHOt\ na paCCTOSlHHH x OT 

aanana xoopnauar. .nBl1meHHe 6y.neT on penensrn.ca <f!YHKUHet\ 

v, 

c,«. X)= f B (p.) COS 2" [(\lo+p.)t-a(\lo+p.)x] dp.. (21.14) 

KaK nerxo nnners , nepaua '1J1eH CyMMbl [B(\I+\lo)] B 060HX 

4;JlY'laSiX npa HHTerpHpOBaHl1H naer HyJlb, H Mbl no.nysaea 

116 
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§ 22. XapaKTepHCTHQeCKHA HMne~aHC 

I1MrrellaHC KaKotl-JlH60 MexaHH4ecKotl CHCTeMbl onpenenserca 
B .naHHotl T04Ke KaK OTHOIlleHHe CHJlbl. .netlcTBylOIll,etl na 9TY 

T04Ky. K ee CKOpOCTH. nJlSl rrepHo.nH4ecKHx crpyxryp. xoropue 
Mbl 6y.neM H3Y4aTb, T. e . .nJlSl peurerox. COCTOSlIll,HX H3 nepao
llH4eCKH rroBTOpSlIOIll,HXCSI S14eeK, Mbl orrpe.ne•1HM xapaKTepHcTH

4ecKHtl axnenaac (B npe.nrrOJlOmeHHH MOHoxpoMaTH4ecKotl BOJlHbl) 

KaK OTHOIlleHHe CHJlbl K CKOpOCTH na axone HJlH auxone 9J1e

MeHTapHotl S14etlKH. ECJlH MOHOXpoMaTH4ecKaSl BOJlHa pacrrpo

crpanserca BllOJlb HeorpaHH4eHHotl crpyxrypu. TO xapaxrepa
CTH4eCKHtl HMnellaHC OKa3blBaeTCSI O.nHHM H TeM me .nJlSl scex 
S14eeK. STO OCTaCTCSI crrpaBe.nJlHBblM raiose H .nJlSl orpaHH4eHHotl 

JIHHHH npn YCJlOBHH pacnOJlOmeHHSI ua ee xouuax nexoroporo 
HCT04HHKa, cnocooaoro Bbl.neJlSlTb HJlH nornouiars 9HeprHIO 

H Bbl6paHHoro TaKHM 06pa30M, 'ITO Bce npoueccu B JlHHHH 

nporexaior BO ncex T04Kax, KpOMe ee KOHUOB, TaK, KaK eCJlH 6bl 
eCKHtlOHa 6blJIa 6eCKOHe4Hotl. 04eBH.nHO, 'ITO xapaKTepHCTH4

HMne.naHC or-paaasenaoa JlHHHH paaen HMrre.naHcy. na KOTOpbltl 

HymHo ee HarpY3HTb. 4T06bI OHa BeJIa ce6S1 KaK 6eCKOHe4HaSl 

JlHHHSI 6e3 OTpameHHSI. 
B 9TOM naparpaee Mbl 6y.neM paCCMaTpHBaTb TOJlbKO CJlY4atl 

MexaHH4ecKotl peurerxa H3 o.nHHaKOBbIX 4aCTHu,. Kam.naSl H3 KOTO

pux B3aHMo.netlCTByeT TOJlbKO CO CMemHblMH 4aCTHu,aMH. Ilpa 
9THX YCJlOBHSlX xapaKTepHCTH4ecKHtl HMne.naHC Z onpene.rserca 
cJle.nYIOIll,HM COOTHOIlleHHeM: 

(22.1)In, n+l = - ZYn' 

r.ne nepea In' n+l 0603Ha4eHa CHJla • .netlcTBYIOIll,all co CTOpOHbI 

(n+ 1)-tl sacruuu na n-IO 4aCTHu,y, a 4epe3 Yn -CKOPOCTb 

n- tl 4aCTHu,bI. 
Hcnonsays nonysennue paaee COOTHOIlleHHSI (20.1) H (20.8) 

Yn = Ae i (wt-kn). 

_ V " ( ) V" (-ik 1)I n, n+l - Yn+l - Yn = Yn e - • 

Yn . iillYn' 

naxoanx. COrJlaCHO epopMyJle (22.1). 

Ziill= V" (1 - e- i k) = V" (1 - COs k + t sin k). (22.2) 

-If 
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C4HTaSl HMne.naHC Z KOMnJleKCHblM H pa36HBaSl ero na nen

CTBHTeJlbHYIO H MHHMylO 4aCTH 

(22.3)Z=Zr+ iZ" 

nOJlY4aeM H3 (22.2) BblpameHHSI .nJll1 Z, H Z; 
V" 2V" . 2 k k-II-.

Zi = --;;;- (cos k - 1) = - --;;;- SIn 2 = - Vv M SIn 2' 

V". 2V". k k k (22.4)-11

Z; = -;;; SIn k = --;;;- SIn 2 COS 2 . Vv M COS 2 . 

rrOCKOJlbKY 

~ I'V". k 
ill = 2 V M SIn 2' 

ECJlH Y4eCTb aupaxenae .nJll1 CKOpOCTH pacnpocrpanenaa 
9HeprHH V 6' rrOJlY4eHHOe B npenunyuiex naparparpe. TO nerxo 
HatlTH CB113b. CYIll,eCTBYIOIll,YIO Mem.ny V 6 H .netlcTBHTeJlbHotl 

4aCTblO XapaKTepHCTH4eCKOrO axnenanca Re Z, 
M

Zr={[V6 , (22.5) 

MomHo 3aMeTHTb, 'ITO BeJlH4HHa Z; acer.aa nonoaorreasna, no

CKOJlbKY BHyTpH OCHOBHOrO aurepaana H8M~HeHHl1 nepeMeHHotl 

k(-7t. +7t), cos(k/2) BCer.na 60JlbIlle HyJll1. 

BBO.nl1 HOBylO, CyIll,eCTBeHHO nOJlOmHTeJlbHYIO BeJlHllHHY 

C=V"(I-cosk), 

HaXO.nHM, 'ITO Z, = - C/ill H, CJle.nOBaTeJlbHO, 
. , . . C ' 

In, n+l = - ZYn = - ZrYn - iZiYn = - Z;Yn + l--;;;- Yn = 
, C' ,

=-ZrYn - IwYn = ZrYn - CYw (22.6) 

Ilpa 9THX YCJlOBHl1X BeJlH4HHaM Z; H Zi MomHO nars epH3H

uecxyio HHTeprrpeTaUHIO. CHJla, neacrayrouiaa na n-Io 4aCTHuy, 

CJlaraeTCl1 H3 .nByX 4J1eHOB: rrepBbltl COOTBeTcTByeT CHJle TpeHHl1 

(c K09epepHUHeHToM Zr)' a BTOpOtl - ynpyron CHJle (c K09epepH

u,HeHTOM ynpyrocrn C = illZi)' 
STOT MeTO.n onpeneaenas xapasrepacruuecxoro HMrre.naHca 

ooaaaaer uexoropuu Hey.n06cTBOM. rrOCKOJlbKY C caxoro nasaaa 
Mbl npennonosoom, 'ITO Kam.naSl 9J1eMeHTapHaSl 114etlKa conep
mHT TOJlbKO onuy 4acTHUy, pacnoaoxeuuyio na O.nHOM 1i3 ee 
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KOHUOB. TI03TOMY npa onpeneaeuaa HMnellaHca nroporo KOHUa 
S14ettKIf BCTpe'lalOTcSI OllpelleJleHHbie TPYllHOCTlf, CBSl3aHHbie C TeM, 
'ITO na 3TOM KOHUe HeT MaTeplfaJlbHott 'laCTHUbI, K KOTOPOtt 
xor na 6bI 6bITb llpliJlo}/(eHa cana: 1l0HSITHe CKOpOCTIi npn 3TOM 
raioxe repser CMbICJI. Taxaa 06pa30M. BbI6paHHall HaMH H'lettKa 

__---<.. Q q q q Q q q q d ad 
m 

$ $ $ $ $ $ $ $ $ $6t • 
1m 1m
2 2 

c:t> II r. 63. a - aCHM~eTpH4Hall uenouxa; 6 - cHMMeTpH'lHall uenosxa. 

CJlCBa H306paJ.KeHa 3JleMeHT3pna51 Sl4cHKa. 

LL iL LL LL LL LLz 2 2 2 2 2:f:f:FJz,
 
c:t> H r. 64. 

'ITO 3J1eMeHTapHaSi S1'lettKa IfMeeT Ty }/(e nnaay d, paanyio pac
CTOSlHlilO Me}/(llY COCellHl1Mli 'laCTHuaMH, HO BKJlIO'laeT B ce6S1 
yxce He OllHY 'laCTHUY. a nae llOJIOBHHbi ee, pacnoacoxeunsre 
aa pasuux xouuax 1I'lettKH. Onpeneneanas TaKIfM 06pa30M S1'lettKa 
6ylleT yxe, KaK nerxo BlflleTb, CHMMeTpH'lHott. 

Ehli cnocoou pa36lleHlf1l crpyxrypu na 3J1eMeHTapHble 1I'lettKIf 
npaaeneau aa qmr. 63. Bsepxy H306pa}/(eH aClfMMeTpH4Hbitt 
cnocoo pa36HeHHSI, BHH3Y - clfMMeTpH4Hbitt. BepTHKaJlbHblMH 
-repro-ucaxa B 060HX cayuaax OTMe'leHbi rpanauu Si'leeK. Ha 
4>Hr. 64 l1306pa}/(eHbI llBe crpyrcrypu C CHMMerpH'HlbIMH S1'le~· 

CKOPOCTb pacnpocrpanmnm iJHCp2UU, nOTOI( NiCP2UU 

KaMlf, sarpyareanue xapasrepncrnsecxax HMnenancoa Zs: 
BBepxy - MexaHlf'leCKall CIfCTeMa, BHH3Y - 3J1eKTpH'lecKaH. 

Ilonuraeucs HattTH BeJlH'lHHY HMllellaHca Zs npaaoro KOHua 
KaKott-JIll60 3J1eMeHTapHott S1'lettKH, crpauauennoa caesa nono
BHHOtt (n - l).~ 4aCTIH.\bI, a cnpasa - rrOJlOBIfHOn n-tt xacruuu. 
CHJla, neacrayionraa na n-IO 'laCTHUY co CTOpOHbi (n - I)-tt 
'laCTI1UbI, panaa V" (Yn-l - Yn)' rrpl1'leM npennonaraerca, 'ITO 
OHa lle~cTByeT Ha 'laCTI1uy C rrOJlOBI1HHott Maccott, paCllOJlO}/(eH
nyio na npaaou KOHue paccxarpaaaeaon S1'lenKI1. TaK KaK 
C npyroa CTOpOHbi na 'laCTHUY nencrsyer eiue CHJla, paanas 

- Z, Yn' TO ypaanenae llBl1lKeHI1S1 n-tt 'laCTI1Ubi MOIKHO sana
caTb B Blille 

. 1 .. 
V" (Yn-l - Y,.) - ZsY" = 2 My", (22.7) 

Flpennonar-aercs, 'ITO CHJla, C KOTOpOtt (n + I)-II 'laCTliUa 
nencrsyer na n-IO sacrauy, rrpHJIOIKeHa K non ncnyaacce, oopa
syioutea JICBbitt KOHeu S1'lettKH. CMe}/(Hott paccaarpusaexoa. ECJlH 
nanacari, reneps ypaanenae llBHlKeHI1S1 llJISI 3TOtt rrOJlOBI1Hbi 'la
CTHUhI If CJIO}/(IfTb ero C ypasaeuaex (22.7), TO llpl1lleM K nony
xenuoxy Bbime ypaBHeHHIO llBH}/(eHHSi n-~ sacrauu MaCCbI M 
rCM. ypasnenne (8.8), aamrcannoe llJISI CJIY'laSi m = 1]. Flpo
nopuaoaam.aue I1MllellaHcy 'lJ1eHbi B3al1MHO coxpaiuaiorcs. TaK 
KaK OHI1 BXOllSiT B ypaBHeHHSI C paanuxa 3HaKaMI1. Cneaoaa
TeJibHO. peurenae llJiSI Yn 6ylleT HMeTb TOT }/(e san, 'ITO l1 
npexne. 

flOllCTaBJiSISI BbIpaIKeHl1e Y" = Aei (wt-kn) B ypaauenne (22.7). 
noaysaea 

V"(eik-1)-looZs= ~M(loo)2=-~ Moo2; (22.8) 

3TO COOTHOllleHHe rr03BOJlSIeT onpeneaars BeJlH'lHHY HMnellaHca Z8' 
Kax nertco y6ellHTbcH, Zs auauaaer TOJibKO CHJlY TpeHIfSl, 

T. e. 3TOT HMrrellaHC - Bell11'l11Ha neacraureasnas, TaK KaK ynpyr as 
CI1Jia aBTOMaTH'leCKH ypaBHoBelllHBaeTcSI. ,UeltcTBIfTeJIbHO, eCJlH 
y'lecTb, 'ITO qaCTOTa 

~ r U". k 
00=2 V M SlTI 2' 

TO 113 COOTHOWeHI1S1 (22.8) 

U" -- k 
z~ = -

(Q 
sink = V U"M cos- = Zr' (22.9)2 
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I1Mne.naHC npyroro KOHua 9JIeMeHTapHolt Sl4eltKH MomHO 

nOJIyqHTb conepurenao aHaJlOrH4HblM cnocoooa. YpaBHeHHe .nBH

meHHSI .n.JlSI nOJlOBHHbI 4aCTIIUbl, pacnOJlO)KeHHOt! caeaa. 

BH.n . 1" 
U" (Yn - Yn-l)+ ZsYn-l = 2"MYn_l' 

a COOTHOUleHHe (22.8) 3aMeHSleTCSI CJle.nYIOUJ,HM: • 

U" (r i k --1)+ lwZ s = - ~ Mw2, 

113 xoroporo. eCJlH ysecrs , 4TO Ul=2VU"IMsin(kj2), 

4aeM 
u" .Zs = - Sin k =	 Zr' 

()) 

IIMeeT 

nOJIy

(22.10) 

I1TaK, eCJlH uenovxa H3 o.nHHaKOBbIX 4aCTHU or panaueaa noR 
·4acTHuelt (Maccbl M) cnpasa, TO HymHo paCCMaTpHBaTb acax
MeTpH4Hhle lIl1eltKlI, COCTOllUJ,He H3 O.n.Holt lIaCTHUbl, xoropas 
pacnOJlOmeHa aa npasox KOHue SlqeltKH. ECJlH Mbl XOTHM reneps, 

HOM KOHue HMne.n.aHCOM Z; + lZs; Zr' KaK H npescae. 6y.n

ttT06bl Bce 4aCTHUbl KOJIe6aJlHCb TaK >Ke, KaK H B cay-rae 6e3

rpaHH4HoR uen04KH, TO ee Heo6xo.nHMO HarpY3HTb Ha CBo6o.n.
eT 

cOOTBeTCTBOBaTb CHJle TpeHHR, a Z t - CHJle ynpyrocrn. ECJlH 

.peurerxa orpaHHlIeHa n-lt lIacTHuelt caesa, TO Hy>KHO paCCMaT

pHBaTb aCHMMeTpH4Hble 9J1eMeHTapHble Sl4eltKH, COCTOSlUJ,He H3 

onnoa 4acTHubl, xoropas pacnOJlO>KeHa na JleBOM xonue SllIeltKH. 

ECJlH me na npaaox HJlH JleBOM KOHue pacnOJlO)KeHa n-li 
lIaCTHUa C xaccoa. paBHolt 112M, TO He06xo.n.HMO paccxa
TpHBaTb CHMMeTpH4Hble lIqeltKH. 4T06bI qaCTHUbI KOHe'lHolt 

peurerxu KOJle6aJlIICb TaK >Ke, KaK eCJlH 6bl peurerxa 6blJla 

HeorpaHH'leHHolt, K KpaltHelt 4aCTHue, HMelOUJ,eR nOJlOBHHHYIO 

Maccy, HymHo npHJlO>KHTb nexoropyio CHJlY, onpe.neJlSleMylO pac

CMOTpeHHbIM surue HMne.naHCOM Zs' BTa CHJIa HOCHT xapaxrep 

CI1J1bl TpeHHSI, nOCKOJlbKY ynpyr an CHJla TOqHO ypasnoseura

BaeTCSI CHJlOlt HHepUIIH rpaHHqHolt '1aCTHUW nOJlOBHHHolt MaCChi. 

I1cnOJIb3yll 9TH pe3yJlbTaTbI, paCCMOTpHM ,meKTpHlIecKHlt 

q>HJlbTp HH>KHHX '1aCTOT, H306pa>KeHHbllt aa q)Hr. 64. Iloasaysc» 
KJlacClI'IeCKHM COOTBeTCTBHeM 

1 
M-+L, fj" -+ C, 

1 
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~ 
~!
~" r€ 

Haxo.nHM 

~ry k 
Zs= V c cos"2' (22.11) 

rne L H e oaaavajor. KaK 06WlHO. BeJllIllHHbl K03q>tPHuHeHTa 

caaoaunyxuna II eMKOCTH 3J1eMeHTa paon lI'1etlKI1. 3aMeTHM, liTO 

nOCKOJlbKY B BblpameHHe .nJlll HMne.naHca ZS BXO.nHT TOJlbKO 

oruoureaae Lje, TO non L If e MomHO nOHHMaTb ratoxe K09tP

tPHUlleHT caMOHH.nyKUIIH H eMKOCTb COOTBeTCTBeHHO, npHXO.n.SI

umeca aa e.n.HIIHUY 

6y.neT B .naJlbHeltrneM 

nOHSITHe nomoxa 
6b1J1o paCCMOTpeHO B 

aeasercs <!>OpMyJIOt! 

fP = - Re In, n+1 . Re Yn = - 2" Re In, n+1Yn . 

Ho, KaK 6bIJlO nOKa3aHO, 

In, n+l = - ZYn 
H, CJle.nOBaTeJlbHO,
 

1 " * 1 •

fP-2R.e(ZYnYn)=2Zr!YnI2. (22.12)II( 

BTO COOTHorneHHe CB1I3bIBaeT nOTOK sueprna C .n.eltcTBHTeJlb

Holt '1aCTblO XapaKTepHCTWleCKorO HMne.naHCa. OTCIO.n.a, B 4aCT

HOCTH, CJle.nyeT BTOpOe onpe.neJleHlle .n.eltcTBHTeJlbHOlt 4aCTH 

XapaKTepHCTH'IeCKOrO HMne.naHCa, KOTOpOe MOlKHO nonyvari., 
HCXO.nSl lf3 COOTHorneHHSI (22.12). 

.aJlSl 6eCKOHe4HO 60Jlbrnolt .nJIIIHbI BOJIHhI nOJIY4eHHhle aaecs 
tPOpMyJlbI CBO.n.SlTClI K 06bl4HbiM COOTHorneHHlIM, OTHOClIUJ,HMClI 

K CnJIOrnHblM cpenax. BTOT npe.neJIbHhllt nepexon yxce 6blJI pac
CMOTpeH B § 9.	 r.n.e 6hlJlO 

e = dll" 

M 
p={[ 

~ r U" 
Vco = d V M = 

.n.IIHHbl, I1Mne.naHC 9JIeKTpH4eCKIIX JlHHHtl 

npenverox ruiareasaoro lf3YlleHlI1I. 

snepzuu, npcrexaiotuer-o B.nOJIb pemerxa, 
§ 20 [CM. COOTHOmeHlfe (20.9)J. OH onpe

• 1 ( •*) 

nOKa3aHO, liTO B npene.ne
 

(MO.n.yJIh ynpyrocra), (9.3)
 

(nJlOTHOCTb),
 

~ r-;:V P (ljJa30Ball	 CKOpOCTb). (9.3a) 

T04HO TaK me MO>KUO HatlTlf, qTO 

Ug , co = V ccs 

Zr= VMUf"=Vep. (22,13) 
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Fnaea 5 

ECJIH cpena He 06JIa.naeT .nHcnepcHetl. TO CKOPOCTI, V nOCTOSlHHa 

H. CJIe.nOBaTeJIbHO, 
a'l 'I 

V g = a(i =(i =V, 

T. e. rpynnosaa H ljJa30BaSi CKOpOCTH paauu npyr npyry. COOT

aomeuae )l{e (22.13). onpenenmouiee xapaxrepacmvecxua HMne· 

.naHC, coanaaaer C 06blllHblM Bblpa)l{eHHeM .nJISI Z. 

§ 23. COe.ll.HHeHHe .lI.BYx penrerox 

Pe3YJIbTaTbl, nonyvennue B npenunyiuax napar parpax, n03BO

JISiIOT HaM B cnysae, ecnn B3aHMo.netlcTBHe OCYll.l,eCTBJISleTCSI 

TOJIbKO Me)l{.ny CMe)l{HblMH llaCTHlJ.aMH, paCCMOTp~Tb noaeneune 
BOJIH B MeCTe coe.nHHeHHSI nayx peurerox, Ka)l{.naSi H3 KOTOpblX 

COCTOHT H3 o.nHHaKOBbIX llaCTHU, pacnOJIO)l{eHHblX na paBHbIX 

paCCTOSlHHSlX npyr OT npyra. 
TIyCTb Ka)l{.nall H3 3THX nsyx peuierox xapaxrepaayer cs 

COOTBeTCTIhOHHO ljJa30BblMH CKOpOCTSlMH W l H W 2, rpynnoBblMH 

CKOpOCTSlMH V H V 2, nOTOKaMH 3HeprHH <Pl H <P2 H xapaxrel 
pHCTHlleCKHMH HMne.naHcaMH Zl H Z2. 0603HallHM, HaKOHeu, 

xepea Al H A2 aMnJIHTy.nbl KOJIe6aHHtl B MeCTe coe.nHHeHHSI, 

;I xepea T HX oraourenne 
A2 = TAl' (23.1) 

B .naJIbHetlrneM Mbl 6y.neM Hcn"OJIb30BaTb nOJIylleHHoe auure 
COOTHornNme (22.12), cnsauaaioiuee nOTOK 3He prun C HMne.naH

COM. 3anHrneM ero B HeCKOJIbKO HHOM anne. YllHTbIBaSl, llTO 

IYn 1= wA, H no.nCTaBRSlSI 3TO anaueaae .nJISI MO.nYJISI CKOpOCTH 

B (22.12), nonysaex 
<P = ~ Zrw2A2. (23.2) 

Coe.nHHHM reneps YKa3aHHbie auure crpyxrypu TaKHM o6pa

30M, llT06bl MeCTO coe.nHHeHHSI COBna.naJIO C O.nHOtl H3 rpaanu 

3.1eMeHTapHotl SllletlKH .nJISI Ka)l{.notl H3 neyx paCCMaTpHBaeMbIX 

CHCTeM. 0603HallaSi llepe3 <li l H <li 2 BeJIHllHHbl nOTOKa 3HepfHH, 

nporexatoutero- B.nOJIb Ka)l{.notl H3 peurerox, MO)l{HO nanacart, 

1 2 2e, = 2 Zr,W1A1' (23.3) 

m 1 2 2 (23.4)'*'2 = 2 Zr,W2A2. 
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Mbi 6y.neM npennonarars. llTO llaCTHQbl 06eHX peurerox 

KOJIe6JIIOTCSI C o.aanaxoaoa llacToTotl (WI = (2) . .uOCTaTOllHbIM 

yCJIOBHeM OTCyTCTBHSI noreps saeprna B MeCTe coenaneuns, 
a TaK)I{e OTCyTCTBHSI OTpa)l{eHHotl BOJIHbl SlBJISleTCSI paBeHCTBO 
nOTOKOB 3HeprHH 

<PI = <li 2 (23.5) 
HJIH, TaK KaK WI = W2' 

Zr,A1
2 = Zr,A

2 
2, 

llTO paBHOCHJIbHO yCJIOBHIO 

z 
-~ -T2Z - . 

r, 

.uJISI peurerox, 3JIeMeHTapHaSi SllleUKa KOTOpblX COCTOHT H3 onnoa 
llaCTHQbl, OTHOllleHHe aMnJIHTy.n T MO)l{HO JIerKO onpeneaars, 
aanasascs KaKHM-JIH60 KOHKpeTHblM xapaxrepov CBSl3H. 

2, Z2 

m, m, m,+m2 mz-2-
• 

<P H r. 65. 

TIpe.nnOJIO)l{HM, xro peurerxa pa36HTa na CHMMeTpHllHble 

lI11etlKH H coennneuae BbI6paHO TaKHM 06pa30M, llTO nOJIOBHHa 

K patlHetl llaCTHQbl onnoa peurerxn CB1I3aHa C nOJIOBHHotl «pan
Hetl llaCTHUbI npyron peiuerxa, KaK 3TO 11306pa)l{eHO na IjJHr. 65. 
TIOCKOJIbKY 06e 3TH nOJIOBHHbI nepeMell.l,alOTClI KaK ennuoe QeJIOe, 
Heo6xo.nHMO, llT06bl 

Ai = A2 Hm! T = 1. (23.6) 

TaKHM 06pa30M, npennoaoxenne 06 OTCyTCTBHH orpaxeu
HOtl BOJIHbl H noreps 3HeprHH B MeCTe coenaueuas npasonar 
K COOTHorneHHIO 

Zl=Z2' (23.7) 

Bblpa)l{alOll.I,eMY paBeHCTBO xapaKTepHCTHlleCKHX HMne.naHCOB nsyx 

3TH X CTPYKTYP. B npensrnymex naparpaljJe 6blJIO naso aupa

)l{eHHe .nJISI xapaxrepncranecsoro HMne.naHCa peurerxa [CM. au

paxenne (22.13)) B 3aBHCHMOCTH OT ee napaverpoa, H3 KOTO

poro caenyer, llTO B cnyuae crpyxryp !f3 Heo.nHHaKOBbIX sacrnu 
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yCJIOBHe paBeHCTBa XapaKTepHCTH'leCKHX HMnenaHCOB BbmOJI
HHeTCH TOJIbKO B TOM cnysae. KOrna 3TH crpyxrypa xapaxre 

PH3YlOTCH pa3HblMH 3Ha'leHHHMH MonyJIH ynpyrocra. 
Boooiue rOBOpH, COenHHeHHe peWeTOK npHBOnHT K orpance

HHIO BOJIH, H MO>KHO Bbl'lHCJIHTb 3aBHCHMOCTb K03<P<PHUHeHTa 
OTpa>KeHHH OT napaxerpoa peWeTOK. DPH HaJIH'IHH OTpa>KeHHH 
Hy>KHO paCCMaTpHBaTb TpH BOJIHbl: nanatouiyio C aMnJIHTynoR Al , 

npoxonsuiyio C aMnJIHTynoR A2 H, HaKOHeU, OTpa>KeHHylO BOJIHy 
C aMnJIHTynoR A • DOTOKH 3HeprHH. COOTBeTcTBylOillHe 3THM 

3 

TpeM BOJIHaM, 6ynyT paBHW 
m. 1 2 2 
Y!1 = 2 z.,» AI' 

m. 1 2 2 (23.8)
Y!2= 2 Zy, lJ) A2, 

m. 1 Z 2 2 
Y!3 = 2 r,lJ) A3• 

eCJIH ysecrs. 'ITO nanatouiaa H OTpa>KeHHaH BOJIHW pacnpocrpa
HHIOTCH B nepaon petuerxe. a npoxoasuias - BO BTOpoR. 

Do onpeneJIeHHlO, K03<P<PHUHeHT OTpa>KeHHH R OT MeCTa 

coenHHeHHH paBeH 
R = ~3. (23.9) 

1 

C npyroa CTOpOHbl, nOTOKH 3HeprHH. onpenemeaue aupa
>KeHHeM (23.8), nOJI>KHbl ynOBJIeTBOpHTb nByM COOTHoweHHHM. 

DepBoe nupaxaer 3aKOH coxpaHeHH H 3HeprHH 

<PI = <P2+ <P 3, (23.10) 

a aropoe osnauaer, 'ITO nse CBH3aHHble nOJIOBHHbl rpaHH'IHblX 

qaCTHU nepeMeillalOTCH KaK onno uenoe 
(23.11)A2=A1 +A3• 

113 COoTHoweHHH (23.10) nOJIyqaeM 
2 2 2

Z y,A1 = Zy.A 2 + Zy,A 3 

HJIH 
A2)2_ Zy, [ _ (A 3)2J (23.12)

( A -Z 1 A' • 
1 y, 1 

C npyroR CTOpOHbl. H3 COOTHoweHHH (23.11) 

A2)2= 1+ 2 A3+{A3)2. (23.13)
( A \A ll 

Al 

DpHpaBHHBaH npasue 'laCTH Bblpa>KeHHR (23.12) H (23.13), no
nyxaex ypasueaae BTOpoR CTeneHH nJiH R = A3!AI' n03BOJIHIO
uiee HaRTH K03<p<pHUHeHT OTpa>KeHHH R, 

A )2 ( Z) ZA
( ~ 1 +--2 +2~+1-~=0 (23.14)
Al Zr. Al Zr. 

HJIH 

(R+l)[R+l+~:: (R-l)]=O. (23.15) 

Peureuae 
R=-l (23.16) 

HBJIHeTCH TpHBHaJIbHbIM: OHO cOOTBeTCTByeT caysaro, xorna na
naiouiaa H OTpa>KeHHaH BOJIHbI HaxonHTCH TO'lHO B nporaaorpaae, 
TaK 'ITO 'laCTHua, noxeuienaaa B MeCTe coenanenaa peurerox, 
nOKOHTCH, a axnnaryna npoxonnuien BOJIHbI panna uyJIIO, B 'leM 
JIerKO y6enHTbCH. nOnCTaBJIHH B COOTHoweHHe (23.11) aaaneune 
A3=-AI • 

Ilpyroe peurenne ypaBHeHHH (23.15) 

R= 
Z 

r, 
-Z 

r. (23.17)r-. + Zr, 

naer K03<P<PHuHeHT OTpa>KeHHH nJiH aMnJIHTyn. I{o3~<pHUHeHT 

OTpa>KeHHH OAf{, U1lme1lCU81l0CmeU paneu 

R'=!RI2 
• 

I{03<P<PHUHeHT npOXO>KneHHH nJiH aMnJIHTyn HMeeT aaasenne 

A2 A2+A3-Aa A2-A3 A3 2Zr, 
T=jf= A = A +jf=l+R=Z +Z . 

1 1 1 1 r, r, 

a nJiH HHTeHCHBHOCTeR

(z )2 Z 
T' = (T)2 = 4 r, 2 --2 (1 - R2).

(Zr, + Zr.) Zr. 

§ 24. 06ll\ee onpeaeaeane xapaKTepHCTHlJeCKOrO 
HMneJl,aHCa 

Burne Mbl naJiH onpenenenne xapaKTepHCTH'leCKOrO HMne
nauca B cnysae peurerxn, xascnaa H'leRKa KOTOpoR BKJIIO'laeT 
B ce6H JIHWb onny 'laCTHUy, npH'leM xapaxrep B3aHMoneRcTBHH 
npennonarancs TaKHM. 'ITO Ka>KnaH H3 'laCTHU B3aHMoneRcTByeT 
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TOJIbKO co CMe)l(HbIMH 4aCTHuaMH. Ceasac MbI 0606w,HM 9TO 

onpenenenne na cJIy4ali peiuerox, SI4eliKa KOTOpbIX. KaK H 

npexcae, BKJII04aeT B Ce6SI JIHllJb onny 4acTHUy. HO paaayc 
BaaHMo.n.elicTBHSI Me)l(.n.y 4aCTHuaMH npennoxaraercs yxce npoua
BOJIbHbIM. Ilpa 9TOM MbI 6y.n.eM HCnOJIbaOBaTb peaym.raru, no

JIy4eHHwe B § 8 H 10. 
nOTeHUHaJIbHaSi 9HcprHSI raxon peuienor onpe.n.eJISIeTCSI <pop-

MyJIoli (8.5) 

~~[ 11 2"JU=Uo+~ ~ (Yn+p-Yn)Up+2(Yn+p-Yn) Up . 
n 1»0 

nJIOTHOCTb nOTeHUHaJIbHOIi 9HeprHH paBHa nOTeHUHaJIbHOIi 9Hep

rHH 3JIeMeHTapHoli SI4eIiKH. OTHeceHHoli K ee .n.JIHHe d. TaK KaK 

.n.JISI MOHoxpOMaTH4eCKoli BOJIHbI .n.BH)I(eHHe Ka)l(.n.oli 4aCTHUbI 

SIBJISIeTCSI rapMOHH4eCKHM. TO B cpe.n.HeM aa nepHO.n. KOJIe6aHHIi 

HMeeM
 

(Yn+p - Yp) = 0
 

H. CJIe.n.OBaTeJIbHO • .n.JISI cpenuea nJIOTHOCTH nOTeHUHaJIbHOIi snep
rHH nOJIy4aeM BWpa)l(eHHe 

- 1 ~ .1'- 2 (24.1)En oT, = 2d ~ Up(Yn- Yn+p)' 
p>O 

B CJIy4ae MOHoxpOMaTH4eCKoli BOJIHbI, pacnpOCTpaHSIIOw,elicSi 

snpaao, 
Yn = Aei (wt-kn) 

H 

(Yn - Yn+p)2 = ~ Re(Yn - Yn+p)(Yn - Yn+p)* = 
A2 'k 'k 2= 2 Re (I - e:? p)(1 - e~ P)= A2(I - cos kp). (4.2) 

TaK 4TO B peayJIbTaTe BWpa)l(eHHe .n.JISI cpe.n.Heli nJIOTHOCTH no

TeHUHaJIbHOIi 3HeprHH npHHHMaeT BH.n. 

- A2 ~ " (24.3)ElIOT, = 2d ~ Up (1- COS kp). 
P>O 
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AHaJIOrH4HO .n.JISI cpennea nJIOTHOCTH KHHeTH4ecKolt 3HeprHH 

noaysaea. Y4HTbIBaSi nO,'IY4eHHoe asnue COOTHOllJeHHe (20.5). 
a TaK)I(e astpaxcenae (10.1). 

- M A2 ~ " 
E"n", = 4d A2U)2 = 2d ~ Up (l - cos kp). (24.4) 

p>O 

TaKHM 06paaoM, OKOH4aTeJIbHO HMeeM 

- - 1 - A2 ~ " 
E""II, = En oT, ="2E=2d ~ Up{l-coskp). (24.5) 

p>O 

rne E - cpe.n.HSISI sa nepaon nJIOTHOCTb no.mort 9HeprHH • 

TOT <paKT. 4TO saanaoneacraae pacnpocrpanserca na 60JIb

WHe paccToSIHHSI, YCJIO)l(HSIeT BbI4HCJIeHHe nOTOKa 3HeprHH. no

nbITaeMCSI HaliTH nupancenae .n.JISI pacnpocrpanmouier-oca anpaso 
nOTOKa 9HeprHH, Y4HTbIBaSi BJIHSIHHe scex SI4eeI<. Haxo.n.Hw,HXCH 

CJIeBa OT aexoropoa .n.aHHolt 4acTHUbI. xoropyto MbI BbI6epeM 

sa Ha4aJIO OTC4era (n = 0). MbI MO)l(eM HaltTH CHJIbI • .n.eltCTBYIO

utne co CTOpOHbI 4aCTHU C oTpHUaTeJIbHbIMH n (n < 0) na 
BaaHMo.n.elicTBylOw,He C HHMH qaCTHUbI, pacnonoareunue cnpasa 
(n > 0). CHJIa In.n+p' .n.eIiCTBYIOw,aSI co CTOpOHbI (n+ p)-lt 
4aCTHUbI na n-IO 4aCTHUy, panna 

In. ntp = U; (Yn+p - Yn)' 

3.n.eCb npHHSITbI npeaome 060aHa4eHHH. a HH.n.eKC. yxaauaaiouiaa 
HOMep 4aCTHUbI B H4e1iKe, onyuien, nOCKOJIbKY B cnysae O.n.HO

aroanon peurerxa Ka)l(.n.aH 9JIeMeHTapHaH SI4eliKa COCTOHT TOJIbKO 

Ha onuoa 4aCTHUbI. . 

Cpenuaa aa nepnon nOTOK 9HeprHH, COOTBeTCTBYIOW,Hlt 9TOlt 

CHJIe. onpeneaaercs Bblpa)l(eHHeM 

. 1 ~ 
- In,n+p' Yn =-"2 Re (/n• f1 +p . yn)· (24.6) 

3HaK MHHYC CBHaaH C TeM, 4TO BeJIH4HHa I • + npe.acrafI f1 p 
BJiHeT CHJIy. .n.eIiCTBYIOW,YIO co CTOpOHbI (n + p)-olt 4acTHubI 

Ha n-IO 4acTHUy, a He Ha060pOT. 

9 3aK. 201. 
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Ilpanyio '1aCTb COOTHOllleHHSI (24.6) JIerKO HatlTH; neacrsa

TeJIbHO, Y'lHTblllaSl HSBeCTBble Bblpa)l{eHHSI ./lJISI Yn H Yn p' no

JIy'laeM 
. A2U" 

1 R (I *)- PR (-ikp 1)(' )*2 e n, n\ p • Yn - -2- e e - EUJ

1 II 2 •=-2 UpA UJsmkp, 

H, TaKHM oopasoa. epopMyJIa (24.6) npHHHMaeT BH./l 

.", 1 2 7 - . f" = -2 UpA-UJ sin kp. ( 4. ) I n, n+p n 
II? 

DOCKOJIbKY Ka)l{./laSl HS '1aCTHLL n = O. - 1. -,- 2•... , 
_ p + 1 BSaHMO./letlcTByeT C '1aCTHLLaMH, HaXO./lSlIJJ,HMHC5I cnpasa 

000 0o 000 0 
1 2 3 4-4 -3 -2 -1 a .. , 

¢ H r. 66. 

OT HyJIeBotl '1aCTHUbl (epHr. 66). TO B aupaxenae ./lJISI nOTOKa 

3HeprHH, npoxonsuiero B./lOJIb peurerxa sepea yseJI. B KOTOpOM 

HaXO./lHTCSI HyJIeBaSl '1aCTHua, BXO./l5lT P '1JIeHOB aana (24.7). 
D03TOMY nonuua nOTOK 3HeprHH 6Y./leT onpenenarsca CyMMOtl P 
'1JIeHOB BH./la (24.7) 

~ 1 II 2 • (24.8)cD = ~ "2U pA UJp SIn kp ; 
p 

a CKOpOCTb pacnpocrpaueuan 3HeprHH Ue' cor JIaCHO COOTHO

llIeHHIO (20.11), 6Y./leT panna 

~ 1 II 2 
~ 2 U pA Olp sin kp 

<I> p d ~ II •
Ue= -= = M =M ~Uppslnkp. (24.9) 

E _A9oo2 00 
2d p 

Jlerxo y6e./lHTbCSI, 'ITO nonyueaaoe anaueaae connaaaer C rpyn

.nosoa CKOpOCTblO Ua: ,UetlCTBHTeJIbHO, no onpenexenmo, 

ih ih 
Ug = araJ = 21td iJk ' 
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TaK KaK k = 21tad. Y'IHTbIBaSl Tenepb, 'ITO UJ = 21tv, aarnuuea 

iJ"oo 1 0'0 d 00,2 
Ug = 21td ok 2n = d ok = 20' ok . 

Hcnom.ays COOTHOllleHHe (l 0.1) 

2 ~ 
(J)2 = M ~ U

II 

p(l-cos kp), 
p 

nOJIy'laeM 
iJoo2 2 ~ II

ok = M ~ Uppsinkp. 
p 

OTKY./la OKOH'IaTeJlbHO HMee'M 

d2~1I. d~lI. 
Ug = 200 M ~ Upp SIn kp = Moo ~ Upp stn kp = Ue' (24.10) 

p p 

'ITO H Tpe60BaJIOCb' noxaaars. 

Buure MbI onpenemom xapaKTepHCTH'IeCKHtl HMne./laHC npn 

no MOlll,H COOTHOllleHHSI 

In=-ZYn. (24.11) 

rne In - BeJIH'IHHa CHJIbI, ./letlcTBYlOllI,etl ua n-IO xacrauy, a Yn
ee CKOpOCTb. Teneps l:!e06XO./lHMO Y'lHTbIBaTb, 'ITO aa Ka)l{./lYIO 

HS '1aCTHU ./letlcTBYIOT CHJIbI CO CTOpOHbI MHOrHX '1aCTHU H, CJIe

./lOBaTeJIbHO, nanaoe suure onpeneaenne xapaKTepHCTH'IeCKOrO 

HMne./laHCa (24.11) CTaHOBHTCSI HeBepHbIM. TaK KaK OHO He naer 

npaBHJIbHotl BeJIH'IHHbI xapaKTepHCTH'IeCKOrO HMne./laHCa, Ha KO~ 

ropua Hy)l{HO 6bIJIO 6bI aarpyaare 060pBaHHylO cnpasa na n-tl 
'1aCTHUe peurerxy, '1T06bl orpaxeunaa BOJIHa OTCyTcTBOBaJIa. 

'uJISI nOJIy'leHHSI xapaKTepHCTH'IeCKOrO HMne./laHCa B ./laHHOM CJIy

nae He06xO./lHMO CKOM6HHHpOBaTb HMne./laHCbI, COOTBeTCTBYIO

ume nepsux L '1aCTHuaM OT rpaunuu peurerxn, Ha nyrt., KO

TOpOMy npn 3TOM aano CJIe./lOBaTb, yxasuaaer COOTHOllleHHe (23.2); 
B COOTBeTCTBHH C HHM MbI nOJIO)l{HM, 'ITO 

cD = 2"1 
ZA2UJ2, (24.12) 

r ae Z - xapaKTepHCTH'IeCKHtl asmenaac. xoropsra, KaK JIerKO 

snaers , scerna neacranrenen. TOT epaKT, 'ITO Z npencraaaser 

cocoa KOM6HHauHIO HMne./laHCOB, cooTBeTcTBYlOlJJ,HX paSJIH'IHbIM 

rpaHH'IHbIM '1aCTHuaM. XOTSI H HeSlBHO. Y'lHTbIBaeTcSI B 3TOtl 

g* 
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<jJopMyJIe, TaK KaK npa BbI'IHCJIeHHH nOJIHorO nOTOKa 9HeprHH 
MbI .uOJIlKHbl npHHHMaTb BO BHHMaHHe 60JIbwOtt panayc B3aHMO
nencraas MelK.uy '1aCTHLI.aMH. 

3aMeTHM, 'ITO COOTHoweHHe (24.12) 9KBIlBaJIeHTHO COOTHO

weHHIO 1 -.
(24.13)<P=2ZIYnI2, 

B '1eM JIerKO y6e.uHTbC5I, Y'lHTbIBa51 aupaxenae .uJI5I cpennero 
3Ha'leHH5I CKOpOCTH. 

3TO COOTHoweHHe Mbl H npaxex B xauecrse onpenenenas 
xapaKTepHCTH'Ie~KOrO HMne.uaHca onnoxepnoa peurerxn. TaKa51 
TO'lKa 3peHH5I He npHBo.uHT HH K K~KHM npOTHBOpe'lH5IM C no
JIy'leHHbIMH suure pe3YJIbTaTaMH. 

Onpenenns nOTOK <P B aanasax, OTHOC5IW.HXC5I K orpaaa
lJeHHblM crpyxrypax. a TaKlKe CB5I3aHHblX C coenanennea nnyx 
peurerox, MOlKHO paCCMaTpHBaTb TOJIbKO 'I aCTHLI.bI, paCnOJIOlKeH
nue B rpauasaort 06JIaCTH; nxnenauc Z neacraare.reu, 9JIeMeH
TapHa51 51'1ettKa Bb16HpaeTC5I H3 coocpaxennn y.u06cTBa. 

Ilaunoe auure onpenenenae xapaKTepHCTH'IeCKOrO HMne.uaHca 
n03BOJI5IeT HattTH He06xo.uHMble yCJIOBH5I .uJI5I roro, '1T06b1 OT 
rpauauu peurerxa He 6blJIO OTpalKeHH5I: peurerxa .uOJIlKHa 6bITb 
uarpyacena na CB060.uHOM KOHLI.e CHCTeMott HMne.uaHCOB, pe3YJIb
THpylOW.Htt HMne.uaHC KOTOpOtt .uOJIlKeH 6bITb paaeu xapaxrepa
CTH'IeCKOMy HMne.uaHcy peurerxa. O.uHaKO 9TO yCJIOBHe HHKOHM 
06pa30M He 51BJI5IeTC5I .uOCTaTO'lHbIM, H KapTHHa, KOTOpa51 snecs 
HMeeT MeCTO, aecs aa CXOlKa C xapranon, paccaorpeanoa HaMH 
.B § 8 H 10, rne 06cylK.uaJIC5I sonpoc 0 CTaLI.HOHapHoM paano

BeCHH. 
ECJIH 9JIeMeHTapHa51 51lJettKa peurerxu COCTOHT H3 HeCKOJIbKHX 

lJaCTHLI. pa3JIH'IHbIX COpTOB, aanaxa YCJIOlKH5IeTC5I, HO ee MOlKHO 
paccaorpers no aHaJIOrHH C npenunyuiea: cpe.uH5I5I nJIOTHOCTb 
KHHeTHlJeCKott H nOTeHLI.HaJIbHott sneprna Hw.eTC5I KaK CYM Ma 
saeprna pa3JIH'IHbIX '1aCTHLI., otipaayiotuax 9JIeMeHTapHylO 51'1ettKy, 
.ueJIeHHa51 na ee .uJIHHy d; nOTOK sneprua <P B MeCTe coenane
HHlI nayx 51'1eeK Bbl'lHCJI5IeTC5I C yserox BKJIa.ua, naaaexoro 
BceMH '1aCTHLI.aMH 51'1ettKH. Onpene.ma TaKHM 06pa30M nOTOK 
sneprun H cpe.uHIOIO nJIOTHOCTb nonuoa 9HeprHH. MOlKHO, HC
nOJIb3Y51 COOTHoweHHe (20.11), HattTH CKOpOCTb pacnpocrpane
HH5I 9HeprHH, KOTOpa51 B cJIy'lae CTpyKTyp, xapaKTepH3yeMblx 
oTcyTCTBHeM 3aTyxaHH5I, paBHa rpynnoBott CKOpOCTH [CM. <jJop
MyJIy (21.5)]. 
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KpHBa51 3aBHCHMOCTH v (a) '1aCTOTbI OT BOJIHOBOrO '1HCJIa 
B r pannqnux TO'lKaX a = -+- 1/2d OCHOBHoro HHTepBaJIa HMeeT 
acerna ropH30HTaJIbHYlO KaCaTeJIbHylO. Ilpn 9TOM rpynrroaaa 
CKOpOCTb 0'/loa panna ny JIIO, 'ITO BnOJIHe COOTBeTcTByeT .uaH
HOtt asnue HHTepnpeTaLI.HH BOJIH B 9TOM caysae KaK CT05l'lHX 
BOJIH. Mbl yace OTMe'laJIH 9TO npn H3y'leHHH peweTKH NaCI .uJI5I 
BOJIH, cooTBeTcTBylOW.HX '1aCTOTaM (J)1 H (J)2' xoropue 51BJI5IIOTC5I 
rpaHHLI.aMH nOJIOC nponycxanns (CM. r JI. 4). 

Onpene.tenae xapaKTepHCTH'IeCKOrO H\fne.uaHca CTaHOBHTC5I 
see 60JIee rpynnux, Hero <jJH3H'IeCKHtt CMblCJI nOCTweHHO 
Tep5leTC5I. OH MOlKeT, KaK YKa3blBaJIOCb auure, npHmlMaTb paa
JIH'IHble 3Ha'leHH5I B 3aBHCHMOCTH OT xapaxrepa pacnpe.nene
HH5I Z MelK.uy '1aCTHLI.a MH nocnenaen 51'1ettKH. Booriiue rOBOp5l, 
anasenae Z onpenenaer neoexonnaue yCJIOBH5I, HO HHKOHM 
06pa30M He nocrarosuue .uJI5I roro, '1T06bl orpaxeaae He HMcJIO 
MeCTa. 

B 3aKJIIO'IeHHe nonsepxaea BalKHOCTb TaKHX nOH5ITHtt, KaK 
nOTOK sneprna, nJIOTHOCTb sneprun, CKOpOCTb pacnpocrpane
HH5I 9HeprHH, a raiose nOH5ITH5I rpynnoaoa H <jJa30Bott CKOpO
crea pacnpocrpaneuaa. 3TH nOH5ITH5I 6blJIH B351Tbl H3 Teo
pernuecxon <jJH3HKH H MoryT 6blTb 0606w.eHbI na CJIy'latt 
nsyx H rpex H3MepeHHtt. Hanpnxep, .uJI5I 9JIeKTpOMarHHTHbiX 
BOJIH nOTOK sneprna B HaH60JIee 06w.eM cnysae onpe.ueJI5IeTC5I 
'1epe3 BeKTOp YMOBa - Iloaurnara. 

nOH5ITHe xapaKTepHCTH'IeCKOrO HMne.uaHca, HJIH BOJIHOBOrO 
conpOTHBJIeHH5I, 3aHMCTBOBaHO H3 9JIeKTpOTCXHHKH. 11M nOCTO
51HHO nOJIb3YIOTC5I npa H3y'leHHH o.uHOMepHbIX crpyxryp, xapax
repnayexux aaanxonencraaex MelK.uy CMe)KHbIMH 9JIeMeHTaMH, 
nanpaxep B aananax 0 <jJHJIbTpaX, Ka6eJI5Ix H 9JIeKTpH'IeCKHX 
JIHHH5IX. PacnpOCTpaHeHHe 9Toro nOH5ITH5I Ha CHCTeMbI, xapaK
repasyevue .uaJIbHHMH B3aHMo.uettcTBH5IMH, ncrpenaer, KaK 6blJIO 
nOKa3aHO, onpeneaennue Tpy.uHOCTH. 0606w.eHHe lKe ero na 
CJIy'latt nayx H rpex H3MepeHHtt HOCHT, HeCMOTp51 na pan HHTe
peCHbIX npaaepoa, .uOBOJIbHO acxyccrsennun xapaxrep 1). 

1) CM. S c h elk uno f I, Electromagnetic Waves, Chap. XII, New 
York, 1943. 
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"fJIaBa 6 ":~",;:; 
[, .~. KpOMe roro, OHH 0pTOrOHaJIbHbl C BeCOM (1 - X 2)"-'/' aa HHnp06JIEMA fPAHHU \ s., TepBaJIe (-1, +1); HHa4e rOBOpSl,

H OfPAHHqEHHME nEPHOllHqECHHE :,w;; +1
CTPYHTYPM f (1 - X2/_1/,C~ (x) C~ (x) dx = 0 

-I 

rrpH m =1= n. 
Ilonaras v= 1/2, npuxonnx K rrOJIHHOMaM Jlexcannpa H H3

§ 25. Bseaeaae. nOJlHHOMbI Ferenoayapa BeCTH!>IM COOTHoweHHSlM, KOTOpblM OHH y.uoBJIeTBOpSiIOT. 

Ilpa v = 1 nOJIy4aeM rrOJIHHOMbl Ferenriayspa C~ (x), HaH
KaK H3BeCTHO, npoaaaonsinas epyHKUHSI rrOJIHHOMOB JIe)J(aH.upa 

60JIee cyuiecraenuue csoacraa KOTOpblX Mbl ceauac yxascex , 
HMeeT BH.u 

nOCKOJIbKY 3TH rrOJIHHOMbl arpaior Ba)J(HYIO POJIb npa H3Y4eHHH(1 - 2xh + h2) - ' /' , 
orpaHH4eHHWX rrepHo.uH4eCKHX CTpyKTyp. OTMeTHM, 4TO rrOJIH

n03TOMY, 0603Ha4aSl xepea Pn rrOJIHHOM n-ro nopsnxa, MO)J(HO HOMbl C~ (x) naorna uaauaaior 3J1eKTpocepepH4eCKHMH rrOJlHHO

aanacars MaMH 1). 8TO Ha3BaHHe nauo flOtte H 06epOM, xoropsre BCTpe
co THJlHCb C HHMH B TeopHH 3JIeKTpOMeTpa. 

(1-2xh+h 2)- '/' = ~ Pn(x)hn npa lxi, Ihl < 1. Ilpn 'i = 1 pexyppearuoe COOTHOWe~lHe (25.1) npnuaxaer 
n~O 

BH.u 
1 1 10606ll1,aSl BH.u npoaasonauren epyHKUHH rrOJIHHOMOB JIe)J(aH.upa, Cn+! (x)- 2xCn(x) +Cn _ 1 (x) = 0, (25.2)

Ferenoaysp npHWeJI K 0606ll1,eHHblM rrOJIHHOMaM, H3BeCTHbIM rrpH4eM 
non Ha3BaHHeM rrOJIHHOMOB Ferenoayspa H 0603Ha4aeMblM ne- 1

C6(x)=I, C1 (x) = 2x, 
pea C~ (x). I1x npoaaaonsuias epyHKUHSI HMeeT BH.u 

4TO nenocpencreenuo cnenyer H3 pa3J10)J(eHHSI nponaaonaurea 
(1-2xh+h2)- V, epyHKUHH B pSl.u no B03paCTalOllI,HM CTerreHSIM h. 

Creneus raxor o rrOJlHHOMa panna nopsnxy rrOJlHHOMa, H see 
r.ue v - JIl060e paUHOHaJIbHOe rrOJIO)J(HTe,lbHoe 4HCJIO. TaKHM 

4J1eHbl ero HMelOT onauaxoayio 4eTHOCTb; ero HyJIH neacran
06pa30M, 

TeJlbHbl H 3aKJlI04eHbl B HHTepBaJIe (-1, +1), KaK 3TO cneco 
nyer H3 COOTHoweHHtl opTOrOHaJlbHOCTH, KOTOpblM 3TH nOJIH(1-2hx+h2)- V= ~ C~(x)hn npn [x ], /hl< 1. 

n~O HOMbl y.uOBJleTBopSiIOT. Hanpnxep, 
1 2 cl 3

nOJIHHOMbl C~ (x) y.uOBJIeTBOpSiIOT cnenyiourevy pesyppeuruoay C2(x) = 4x -1, a(x)= 8x - 4x, 
COOTHoweHHIO : C~(x)= 16x4-12x2+ 1. 
(n + l)C~+1 (x) - 2 (n + v) xC~(x) + Ilonaras x = cos S, npa Ix I < 1 nonyuaex 

+(n-l +2v)C~_I(x)=O. (25.1) 1 sin 26
C1 (cos S)= 2 cos S= ,-'-0

a TaK)J(e .uHepepepeHUHaJIbHoMy ypaBHeHHIO I) sm v 

1 sin 36d2y
2 dy C2 ( c o s 0) = -1 cos- S-1 = -'-0(1- x ) dx2 -(2v + l)x dx + n(n + 2v)y = O. sm v 

1) CM., nanpuxep, M. Par 0 d i, Application des polynomes ele
I) CM., aanpuxep, M. Pat 0 d l. Couts d'Analyse appl.quee, ctrospheriques Ii l'etude des systernes oscillants Ii un grand nornbreIasc. IV, Centre de Documentation universitaire, Paris, 1953, de degres de Iiberte (Mern, Sc. phys., Paris, 1944). 
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H aooeuie 

C~ (cos e) = sin (n + I) 6 (25.3)
sin 6 

tITO nertco ,lI,OKa3aTb MeTO,ll,OM HH,lI,yKU,HH. 

AHaJlOrHtIHO. noaaras X = ch e, npn IX I> 1 noaysaea 

1 ( h Cl) _ sh (n + I) 0 Cn C v - sh 6 • (25.4) 

113 BWpa>KeHHSI (25.3) nenocpencraeuno cnenyer, tITO nOJlH

HOM C~(x) HMeeT n HyJleR BHyTpH mrrepnana (-1, +1) npn 

3HatIeHHSlX apryMeHTa 

krc 
k= I, 2•... n,Xk=COS n + l' 

nJiSI 9THX nOJlHHOMOB MO>KHO nOJlYtIHTb aupaxeuae B BH,lI,e 

,lI,eTepMHHaHTa, KOTopOe npHrO,ll,HTCSI HaM B ,lI,aJlbHetlrneM. 

Iloaaras npOH3BOJlbHO C~l (X) = 0, Mo/KHO uanncars pSl,ll, 

noc.renoaareasuux COOTHorneHHtl 

1 1 1 0Cn - 2xCn_ 1 + Cn - 2= . 

C~-l- 2XC~-2 +C~-3 = O. 
(25.5) 

C~ -2xC~=-C&=-I. 

C~ = 2xC& = 2x. 

3TH COOTHorneHHSI MO>KHO paCCMaTpHBaTb KaK cncreay 

anredpanvecxax ypaBHeHHR OTHOCHTeJlbHO HeH3BeCTHbIX C~ (X), 
d (X) ... C~ (X). neTepMHHaHT. COCTaBJleHHbIR H3 K09epljJHu,HeH

TOB npn HeH3BeCTHblx, OtIeBH,lI,HO, paaen enaaaue: B pesyJlbTaTe 

sneaerrrapuux npeoepaaoaanaa nonysaea aupaxeuae ,lI,JlSI no-

JlHHOMa C; (X) B BH,lI,e ,lI,eTepMHHaHTa n-ro nopanxa 

2x 1 0 ... 0 0 

1 2x I ... 0 0 
C~(x)= I I· (25.6)a 0 ••••• 

0 0 o ... 2x 1 

0 0 o ... 1 2x 
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YKa>KeM, aaxoaeu, tITO n'OJlHHOMbI C~(x) MO>KHO Bblpa3HTb 

KaK ljJyHKU,HH xopaen HeKOToporo ypaBHeHHSI BTOpoR CTeneHH. 
netlCTBHTeJlbHO, paCCMOTpHM pexyppenrnoe COOTHorneHHe 

1 1 1 0Cn +2- 2XCn +1 +Cn = (25.7) 

1H OY.neM HCKaTb peurenne ,lI,JlSI nOJlHHOMOB C (X) B BH,lI,en 

C~(x)= r". 

nO.nCTaBJISISI 3TO peureuae B (25.7), noaysaea ,lI,JlSI HeH3BeCTHoro r 
vpaanenne BTOpOtl CTeneHH, onpe,ll,eJlSlIOw.ee r KaK ljJyHKU,HIO x. 

r2_ 2xr+ 1=0. 

Ero KOpHSlMH Oy,ll,YT 

r1 = X +V x2- 1, r2 = X - VX2 - 1. 

TaKHM OOpa30M, otiuiee pemeune (25.7) 6Y,ll,eT 

C; (X)= A (X +VX2_ It +B(x-V x.2-It. (25.8) 

rne 3HatIeHHSI BeJlHtIHH A H B onpe,ll,eJlSlIOTCSI, HCXO,ll,SI H3 H3BeCT

HblX BWpa>KeHHtl .nJlSl nepnux ,lI,ByX nOJlHHOMOB C& (X) = 1
1
 

H C1 (X) = 2x; ytIHTbIBaSi 3TO, noaysae» cacrexy
 

1=A+B, 

"2x=A (x+ Vx2- 1)+B(x-VX2- 1). 
orxyna 

A= x+ -yX2=1 B= -x+ -yXi=1
2-Yx2-1' 2-Yx2-1 

l1TaK. OKOH'IaTeJlbHO HMeeM 

,r--n-tl( 2 nC~ (X) = X+ r x - I) . - (X - -Yx2 - n +1 r~+l_r~+l 

2-Yx2_1 rl- r2 

(25.9) 

OTMeTHM, tITO, nonaraa B BbIpa>KeHHH (25.9) X = ch e HJlH 

X = cos e B 3aBHCHMOCTH OT roro IX I> 1 HJlH IX j < 1. no
JlytIaeM JlHOO <jlOpMyny (25.3), JTHOO- (25.4). 
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2).
Pa3JHllIHble aBTOpbI, B lIaCTHOCTYI naponYl 1) II Pe3epl\Jopn 

HeonHoKpaTHo YlCnOJlb30BaJlYl nOJlYlHOMbi fereH6ay3pa npa Yl3Y

lIeHYIYI nYlCKpeTHbix crpyxryp. HeKOTopbIe Yl3 paCCMOTpeHHblx 

aanas 6ynyT Yl3J10}KeHbi HYime. 

1 
§ 26. npHJlOmemte nOJlHHOMOB fereHoay9pa C" (x) 

K BMqHCJleHHW CoocTBeHHMx qaCTOT KOJleOaHHH 
orpaHHqeHHOH oAHoaToMHoH pemeTKH 

I1cTOpYilleCKYI HaYl60Jlee paHHYlM npYlMepOM, B KOTOpOM BBe
1

neHYIe nOJlYlHOMOB fereH6ay3pa en (x) n03BOJlliJlO aecsua 6bICTpO 
npOBeCTYI He06xonYiMbie pacxeru. SlBJlSleTCSl 3analla 06 onpe.ae
JleHIiYl c06cTBeHHbiX lIaCTOT nonepe'lftbtx KOJle6aHlil:t HaTSlHYTol:t 

I-G-l 
I 1 I \A-
I 

: • 
I

I. • 0 \ 0 080 0 I 

: 1 : 2 3 --------- n-l'. n : 
l-a-l 

<I> 11 r. 67. 

CTpyHbI, npuxex npennOJlaraJlOCb, liTO crpyua COCTOYIT Yl3 60Jlb

uroro lIY1CJla OnYlHaKOBbiX lIaCTYlU KOHellHol'l MaCCbI, pacnono
meHHbiX na paBHbiX paCCTOSlHYlSlX npyr OT npyra, 9Ta aanaxa 
6bIJIa nOCTaBJleHa JIarpaHmeM (CM. § 1) B KalleCTBe BBeneHYISl 

B TeOpYiIO KOJle6aHYlI:t CTpyH. 
DyCTb 1- nJlIiHa CTpyHbI, P- Macca, npHXOnSlw.aSlcSl ua ena-

HHUy .llJIYlHbI, a T - HaTSl}\(eHYIe. Pa306beM crpyny ua (n + 1) 

lIaCTel:t paauoa .aJlIiHbi a, TaK liTO 

1= (n + 1) a. 

DpennOJlO}\(YlM reneps, uro B n ro-ncax pa36lieHliSl cocpe.aOTO
lIeHbi paauue MaCCbI, BeJllillliHbi KOTOpbIX [-1 pasuu Macce OTpe3Ka 

CTpyHbi nJlIiHol:t a (qmr. 67), T. e.
 

(n + 1) [-1 = pl.
 

DpennOJlaraeTCSl, liTO 3TH MaCCbI cocpenOTOlleHbi aa KOHuax 

Ka)l{nol:t 3J1eMeHTapHol:t SllleI:tKYI. 

1) CM. npl1MetIaHl1e na CTp. 135. 
2) CM. D. E. Rut her for d, Proc. Roy. soc. Edinburgh, 42, 229 

(1943-1949). 
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TaKIiM 06pa30M, aanaxa caomrrca K naxoscneaaio pa3J1HlIHbIX 
TYinOB nortepeunux KOJle6aHlil:t B CYlCTeMe, cocrosuien H3 n lIa
CTYlU, pacnoxoxeunux ua paauux paccrosnuax a npyr OT 
npyra; nepsaa YI nocnenasa xacrauu y naJleHbi OT aaxpenneunux 
KOHUOB CTpyHW Ha TaKoe me paccToSlHlie a. 

0603HallYiM xepea Y1' Y2' ... , Yn norrepesuue cueuieunn 
pa3J1Y1l1HbiX rose« pa36Y1eHYISl OT csoero nOJlO>lCeHHSl paauose
CHSl; KaK YI auure, 3TH cxeuieuas npennonaraiorcs MaJlbiMYI. 
Torna BblpameHYISl nJlSl nOTeHUYlaJlbHol:t YI KYlHeTHlIecKol:t sneprna 
CYlCTeMbi MomHO aanscari, B anne 

2EnoT. = ~ ~ (Yk - Yk_1)2. 
k 

"'" '22EKH R• = [-1 ~ Yk. 
k 

YpaBHeHYISl Jlarpauxa npasonar K CHCTeMe nHl\Jl\JepeHUHaJlbHbiX 
ypasueuaa, onpeaensnoiuax nBYlmelme CHCTeMbi 

.. T 
[-1Y1+-(2Y1-Y2)=0,a 

.. T 
[-1Yp + Ii" (-Yp_1+ 2yp-Yp 11) = 0, (26.1 ) 

.. T 
[-1Yn + a (-Yn-1 + 2Yn)= 0. 

Peurenae ee 6yneM IiCKaTb B anne r apuonaqecxnx BOJIH rnna 

Yp = Apei (wt-'!'J, p = 1, 2, '" n. 

nOnCTaBJlSlSl 3TO BbIpaJKeHHe B ypaanenua (26.1), no nyuaex 
CHcTeMy 

(2 ~ - [-1W2) A1- ~ A2= 0, 
................
 

- ~ Ap_1+(2 ~ -[-1w2) Ap- ~ Ap i 1= 0, 

............... 
_!. A 1+ (2..!.... - ILw2) A = ° a n- a r n , 
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KOTOPO~ rrpHBo~HT KYCJlOBHe paapeuHlMocTH 

2x 1 0 0 0 

C~(X)= 
1 2x I 0 0 l = 0, 

o 0 0 ... 1 2x 

r~e 

w2 2T-!J. -2x. 
a = 

T 
a 
~eTepMI1HaHT rrpe,UcTaBJllIeT c060~ He

KaK xerxo BH.n.eTb, 9TOT 
rereH6ay9pa C;(x) rropH,UKa n. eJle

'ITO aaoe, KaK nOJIHHOM 
n paaJlH'IHbiX aHa'leHH~ x

~OBaTeJlbHO, cy~eCTByeT 

k'1t 
x = cos n +l' k' = 1, 2, .. , n 

H cOOTBeTCTBeHHo n c06CTBeHHhIX· '1aCTOT CHCTeMhI, pasnux 

1 ~ k'« ,ry
"k'=-;-Y a!J.COS 2(n + I) ' k =1, 2, ... n 

HJlH 

1 (T. k7t"k= 1t ap. Sin 2(n+ 1)' k = 1, 2•.•. n. (26.2) 

Mbl nOJly'lHJIH, 'ITO '1HCnO paaJlH'IHbIX C06CTBeHHbiX '1aCTOT CH

CTeMhI CHOBa paBHO lIHCJlY CTerreHe~ cB060.n.bI, T. e. lJHcny non
BH)\(HbIX lJaCTHU CHCTeMbl. 

HopManbHble THnbI KOJle6aHH~, COOTBeTCTBYIO~He C06CTBeH

HO~ lIaCTOTe '1k' HMelOT, KaK nerxo y6e.ll.HTbCSI, BH~ 

. pk« (2 -r T. krc t ]
YP = A k Sin n + 1 COS Y Ii sm 2 tn + Il - 9k , 

p= I, 2, ." n, 

rne A H ~k --:- sexoropue nocTOllHHble, 3Ha4eHHSI KOTOphIX aa
k 

BHClIT OT HOMepa k. 
B 60Jlee 06~eM sane ~BH)\(eHHe cncrexu MO)\(HO onacare 

cf!OpMyJIOft 

_ n . pk 'It (-T. k Tt 

YP_ ~ Aksm n+l COS [2 a- sm 2{n+1) t-~kJ. 
k-l 

nQnblTaeMcH reneps caeaars nepexon K HenpepblBHo~ crpyxrype. 
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BepHeMClI K supaaceaaio (26.2).n.JIlI coocrseunux 4aCTOT 
cncrea u, 3aMe'lall, lJTO 

[ p [ 
a=n+l' p.= n+1 J 

ero MO)\(HO samrcars B sane 

1 n + 1 _rr . k Tt

'1k=-;- -t- V p-sm 2(n+ 1) , k= 1,2, ... n. 

YCTpeMHM reneps n K oecsoueunocra. Torna B npeneaenonysna 

il ~T 

»r:» -V p' k= 1, 2, '" 

3TO xoponro H3BeCTHoe COOTHomeHHe, xoropoe aerxo nonysaercs 
1f3 ypaaaeuna B nacrnux npoaaaonaux, onacuaarouiero .n.BH

)\(eHHe KOJIe6J1IO~e~ClI crpynsr. n pH k = 1 nOJIYlJaeM lIacToTy 
OCHOBHOA rapMoHHKH 

'1i[ Y"~ . 
3a.n.alJa, KOTOpylO Mbl paccxarpaaaaa BHa'laJle, npencrasaser 
c0601l He lJTO nnoe, KaK aaaavy 0 nonepesnux KOJle6aHHlIX 

uenosxa, COCTOll~e~ H3 o.n.HHaKOBbIX '1aCTHu,. pacnoaoxenaax 
na paBHbIX paccrosnasx .apyr OT .n.pyra, npHlJeM npennoaara

noes, 'ITO KpaAHHe '1aCTHu,bl yrrpyro CBlI3aHbI C .n.ByMlI q>HKCH" 

pOBaHHbIMH TO'IKaMH, a Ka)f(.n.all H3 '1aCTHU aaaaaoneacreyer 
TOnbKO CO CMe)\(lIbIMH '1aCTHu,aMH. 

ECJlH 6bl Mbl He HMeJlH B BH.lI.Y ocyuiecraaeaae npenensuoro 
nepexoaa K rrenpepueaoa crpyne, TO MO)\(HO 6blJlO 6bl oocy
.n.HTb 9TY saaasy, BBO.n.lI TOJIbKO K09q>epHu,HeHT rrponopunoaaas
HOCTH k Me)\(~y CHno~ H pa3HOCTblO CMemeHHlt Yp - Yp-l' 'ITO 

B CJly'lae MaJlblX CMemeHHlt scerna 9KBHBaJIeHTHO npennonoare
HHIO 0 TOM, 'ITO cnnu, .n.e~CTBYlOmHe Me)\(.n.y '1aCTHu,aMH, npo
nopuaouansnu H3MeHeHHIO paCCTOllHHlI Me)\(.n.y HHMH. YpaBHeHHH 

~BH)I(eHHlI npa 9TOM 6y.n.yT HMeTb BH.n. (26.1), C TO~ JIHlllb pas
HHu,elt, 'ITO exoasuree B HHX OTHomeHHe Tfa HY)\(HO 3aMeHHTb 
Ha BenH'IHHy k. 

O'leBH.lI.HO, 'ITO noayseaasre TaKHM 06paaOM ypaBHeHHH 

cnpaBe.n.JIHBhI rrpa rex )\(e npennonoaceanax 0 xapaxrepe B3aH

Mo.n.eAcTBHlI H .n.llll MaJlhIX npooo.uocu» KOJIe6aHH~ u,enO'IKH 

'1aCTHu,. Ilpa 9TOM BeJIH'IHHbl Yp npencraaanor y)\(e Manble npo

.n.OJlbHhIe cMemeHHlI '1aCTHU OT csoero nOJIO)\(eHHlI paauosecas, 
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a snasenae nocroaunon k, sooouie roaops, OTJIH'lHO OT roro. 

KOTopoe oHa HMeJIa B CJIy'lae rrOrrepe'lH~X KOJIe6aHHlt. 

STOT H CJleAYIOllI,He napar parpu Mbl rrOCBSlTHM OrrpeAeJIeHHIO 

co6CTBeHHbiX 'laCTOT KOJle6aHHlt pa3JIH'lHbIX THrrOB orpannsenaux 
uenosex, SI'leltKa KOTOpblX conepxorr OAHy 'laCTHUy. OOCTOSlH

nyio k 6yAeM C'lHTaTb paaJlH'lHolt B aaBHCHMOCTH OT roro, 
paCCMaTpHBaeM JlH Mbl nponom.nue HJIH nonepesnue KOJle6aHHl1. 

OOITbITaeMCSI HaltTH coficrueuuue nacroru uerrO'lKH, COCTOSl

llI,elt aa n O)l.HHaKOBblX H pacnonoaceanux H3 paaaux paccroa
HHSlX npyr OT )l.pyra 'laCTHU, rrpH'leM oee tcpatiuue «acmuusi 
6yoeM csumams cBo600HblMU (!fJHf. 68). KaK H npexne, Mbl 

or paHH'lHM CSI cnysaex, xorna ka)l{.llaSl H3 'laCTHU B3aHMOAeltcTByeT 

TOJlbKO co CMe)l{HbIMH 'laCTHuaMH. Heooxonnaue BbllJHCJIeHHl1 

P /l /l 11 /l 11 
j 2 <3 4 -----n~, l~ 

I--a-j 

<l> H r. 68. 

MOIKHO JIerKO npoaecru. eCJIH HCrrOJIbaOBaTb annapar rrOJIH

HOMOB Ferenoayspa. 
OCTaBJISll1 0603Ha'leHHl1 TaKHMH )I{e, KaK H npexne, aanauieu 

ypaaueuas JI.BH)I{eHHl1 JI.JIl1 np0JI.OJlbHbIX HJIH nonepeuaux KOJIe

6aHHlt CHCTeMbl 

p.YI +k(YI-Y2)=O, 

11' Yv + k (-Yp_1 + 2yp - Yp+l) = 0, 

p.y~ + k(-Yn-I +Yn)=O. 

Flpenrtoaaraa, 'lTO peurenne 3THX ypasueana HMeeT BH)I. 

BOJlHbl YP = Ape i (Olt-~), nonysaea JI.JIl1 ortpenenenna HeH3BeCT

HblX aMnJIHTyJI. A p cacrexy n JIHHeltHbix OJI.HOpOJI.HbIX ypasnenan 

(k - p.(2) Al - kA 2 = 0, 

- kA p_ 1 + (k - 2p.(2) Ap - kA p l = 0, (26.3) 

. . 
- kA Il _ I + (k - p.( 2) An = O. 
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Odoanauaa rerteps 2x = - 2 + (p.lk) 0)2, nOJIy'laCM yCJIOBHe 

paapeWHMOCTH CHCTeMbl; nerepvunanr n-ro nopsnxa )l.OJl)KeH 
6bITb paaea HyJIIO 

2x+ 1 1 0 o o 
1 2x 1 o o 

=0. 

o o 0 2x+ 1 

Y'lHTbIBal1 IlblpaIKeHHl1 )l.Jll1 rrOJlHHOMOB Ferendayspa C~ (x) 
B !fJopMe )l.eTepMHHaHToB, aanaurex 3TO YCJloBHe B cnenyioute» 
BH)l.e: 

C I I Cl n (x) + 2Cn_ 1 (x) + n-2(X) = 0, 

HJIH, B CHJIy pexyppenrnoro COOTHOllJeHiUl 

I I 1
Cn (x) - 2xCn_ 1 (x) +Cn- 2(x) = 0, 

B BH)l.e 

2 (x + I) C~_I (x) = O. 

KOPHSlMH paCCMaTpHBaeMOrO ypaanenns 6y)l.yT 

x=-I, 

xp=COS n 
1tp , p=1. 2, ... (n-I). 

H, CJIe.llOBaTeJIbHO, coocrsennue uacrorsr CHCTeMbl paBHbl 

'1=0, 

1 ~ rk . p1t
'Ip=;:r p:- sin 2n' p=I, 2, ... (n-I). 

3aMeTHM, 'lTO lJaCTOTa 'I = 0 cOOTBeTCTByeT TaKOMy xapaicrepy 
.llBH)I{eHHl1, xor.aa nee 'laCTHUbl, o6pa3YIOllI,He uerrouxy, KOJle6

JIIOTCl1 B !fJa3e H. C onaaasosoa aM n.nrrynoa A = Al = A2 ••• 

... = An' STOT pesym.rar Mbl nOJlY'lHJIH npn Hay'leHHH KOJle

6aHHlt 6eCKOHe'lHolt uenosxa H3 O)l.HHaKOBblX 'laCTHu, pacnono

IKeHHblX na paBHbIX paCCTOl1HHl1X npyr OT npyra, xorna .llJlHHa 

BOJIHbI CTpeMHTCl1 K 6eCKOHe tmOCTH. C npyron CTOpOHbl, Mbl BH

.llHM, 'lTO see coricraenuue lJaCTOTbl 3aKJIIO'leHbl B HHTe paane 

(0, liTe -Vklp.). 
AHaJlOrH'lHbIM 06pa30M Mbl 6e3 rpyna MO)l{eM HaltTH coo

CTBeHHble '1aCTOTbl CHCTeMbl H3 n O)l.HHaKOBbIX '1aCTHu C xaccon 11" 

paCnOJIOIKeHHbIX na paanux paCCTOl1HlIl1X npyr OT npyra, H B TOM 
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cay-rae, xorna xpaanae lJaCTHUbl npennoxaraiorca cBo6o.nHblMH 
H HMeIOT xaccy. paBHyIO p./2 (rpar. 69). 3TO coOTBeTCTByeT 

cHMMeTpH'lHoMy paa6HeHHIO CHCTeMbl aa snexearapnue 51'le~KH, 
no.n06Ho TOMy, KaK 9TO 6b1no C.llenaHO B § 22. 

KaK H npescne, Mbl OrpaHH'lHMC5I cnysaea, xor.aa Ka)l{.na51 
aa 'laCTHU BaaHMo.ne~cTByeT rom.xo co CMe)l{HblMH 'laCTHUaMH; 

xepea k 6y.neM oooanasars K09¢¢HUHeHT nponopuHoHanbHocTH 

l!:. 
2 -

!L 11 
•1--d--l 

2 3 

• 
11 

--- - . 
n-I 

p. 
2
• 
n 

<P H r. 69. 

Me)l{.ny c!inolt H pasnocrsto CMew,eHH~ (YP - Yp-l)' r-ne Yp
nonepexnoe HJIH npononsnoe cxeuienae p-~ 'laCTHUbI OT nOJIO)l{e
HH5I paBHOBeCH5I. Tor.aa ypaBHeHH5I .nBH)I{eHH5I 9TO~ CHCTeM bl 

6y.nyT HMeTb BH.ll 

/.l. ..

2" YI +k(YI-Y2)=0,
 

p.YP + k (-YP_1 + 2yp + YP+l) = 0, (26.4)
 

/.l. " 

2" Yn +k(-Yn-l +Yn)= O. 

Ilpennoaaras. 'lTO ypaBHeHH5I (26.4) nonycxaior peuieans rana 
YP = Ape i (",t-'I'), HaXO.llHM cacrexy .llJISI onpeneaenas axnna

TY.ll Ap : 

( k - ~ OJ
2) Al - kA2= 0,
 

- kAp_1+ (2k - p.OJ2) Ap - kAp+l = 0, (26.5)
 

- kAn_1+(k - ~ OJ
2) An=O.
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YCJIOBHeM paspeuraaocra sroa CHCTeMbl 6Y.lleT 

x 1 0 000 
12x 1 000 

=0, 
o 0 0 

*
1 2x 

o 0 0 o 1 x 
r.lle 

2 - OJ2 = - 2x. 

I1cnOJIbay51 nonHHOMbI Ferenoayapa C~ (x), 9TO ycaosae MO)l{HO 
aanucars TaK)I{e B nane 

X2C~_2 (x) - 2XC~_3 (x) + C~_4 (x) = 0 

HnH, Y'lHTbIBa51 pesyppenrnue CooTHOWeHH5I, 

(x2 
- I) C;I-2 (x) = 0,
 

OTKyAa
 

x=-+-l, 
1tA 

x=cos-- A= 1,2, ... (n-2).1 ,n-

TaKHM oopaaou, codcrseunue xacroru CHCTeMbl HMeIOT caenyio
urae aHa'leHHSI: 

'1=0, '1=~~r k • 
1t /.l.V
 

_ 1 .rr , pi: _
 
'1 p _ --;: V p:- SIn(n_l)' p-I, 2, ... (n-2). 

Bce cobcreenuue sacrora aaKJIIOlJeHbl B anrepsane (0, I /Tt Yk/p.). 
Hyneaoa 'laCTOTe COOTBeTcTByeT .llBH)I{eHHe. npa KOTOpOM BCe 
lJaCTHUbI KOJIe6J1IOTC5I B ¢aae H C O.nHO~ H TO~ )l{e aMnJlHTy

noa, T. e. cMew,eHHe CHCTeMbl KaK uenoro. nJl51 MaKCHMaJlbHolt 

'laCTOTbI 'I = I /Tt Ykip. Al = - A2 = A3 = ... , T. e. lJaCTHUbl 
C HelJeTHblM HH.lleKCOM KaK uenoe KOJle6J1IOTC5I B nporasorpaae 
C lJaCTHuaMH C lJeTHblM HH.lleKCOM. 3TO COOTBeTcTByeT peayns
rary, nOJIylJeHHoMy KeJlbBHHOM .llJl51 6ecKoHe4Holt uen04KH H 
cxeMaTH4eCKH H306pa)l{eHHoMy na ¢Hr. 7. 

Bee MexaHH4eCKHe MO.lleJIH, xoropue Mbl TOJlbKO 'ITO pac

CMOTpeJlh, .llOnYCKalOT 9J1eKTpH4eCKHe aHaJIOrH. Tpe a paccao
rpennua cJlY4aSlM cooTBeTcTByIOT 9J1eKTpH4ecKHe cacrexu, 

10 3aK. 201. 
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H306pa}l{eIlHble ua <pHr. 70-72. 4T06bI nOJIY4HTh HX, nOCTa

TOl[HO o6paTHTI,C51 \( COOTBeTCTBH5IM, paccMoTpeHHhIM B § 12. 
Pl':~Y !!bTJTbl, n(}!lY4eHHble nJI5I MexaHH4eCKHX CHCTeM, aeno

cpen craeuuo nepeHOC5ITC5I aa 3JIeKTpH4ecKHe CHCTeMbI; TaK, 

L L L L 
~n~---~ 
TC T C Ie I C I C TC 

<P H r. 70. 

L L ~ L L t 
~ L L 

~~JlC---~ CF:J~--F:fl 
.. <P H r. 72.<.j:> Hr. 71. 

nanpnxe p, nonyuaev, 4TO co6CTBeHHhle 4aCTOTbI 3aKJII04eHbl 

B HHTepBaJIe (0, linVIlLe). HaKOHeu" 3aMeTI1M, 4TO C nOMO

LU,blQ nOJIHHOMOB I'erenoayspa C~ (x) MOlKHO TaKlKe Ha~TH co6

CTBeHHble 4aCTOTbI <pHJIbTpa BepXHI1X 4aCTOT, KOTOPbI~ aHaJIO

rH4eH tPHJIbTPY, npenCTaBJIeHHoMy aa rpurype 17, HO COCTOHT 

113 KOHe4Horo 4HCJIa 3JIeMeHTapHYX 5I4eeK. 

§ 27. ~pyraR TOqKa apeHHR Ha Q>HnbTp 

TOJIbKO 4TO paccxorpeuuue HaMH CHCTeMhI, KaK MexaHH4e

CKHe, TaK H 3JIeKTpI14eCKHe, HMeJlH n creneuea csooonu H ti 

coticrnenuux 4aCTOT, 3Ha4eHHR KOTOpbIX 3aKJII04eHbi B HeKOTO

pOM KOHe4HOM HHTepBaJIe, npH4eM BeJIH4HHa sroro HHTepBaJIa 

HeSaBHCI1T OT ':!HCJIa n 3JIeMeHTapHbIX R4eeK, 06pa3ylOLU,HX 

nanayio cacreay. 
PaCCMOTpHM nJIR npOCTOTbI ueno-ncy 4aCTHu" H306palKeHHylO 

aa tPHr. 63, H npennOJIOlKHM, 4TO Kpa~H5I5I JIeBaR 4aCTHu,a 

coaepuiaer r-apaoaaseckae KOJIe6aHH5I C nexoropon sanaaaon 

4aCTOToiL T. e. aanauo ee CMeLU,eHHe Y = Y cos 2n'it. ECJIH 

4aCTOTa KOJIe6aHH5I cosnanaer C onHo~ H3 coocraenasrx 4aCTOT 

CHCTeMbI, TO Ha6JIIOnaeTCR pe30HaHC. npennOJIOlKHM reneps, 4TO 

4HCJIO 3JIeMeHTapHbIX R4eeK, 1;\3 KOTOpbIX COCTOHT paCCMaTpH

BaeMa5I CHCTeMa, HeorpaHH4eHHO B03paCTaeT. Torna 4HCJIO co6
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CTBeHHblX 4aCTOT raroxe ueorpaanxenno B03paCTaeT, H TaK KaK 

ace OIlH nOJIlKHbI 6bITb 3aKJII04eHbI BHYTpl1 HHTepBaJIa, HMelOLU,erO 

nocroanuyio KOHe4HYlO BeJIH4HHY, TO paCCT05IHHe MelKny HI1MI1 

CTpeMHTCR \{ HyJIIO. TaKHM 06pa30M, MbI nepexonnx K CI1CTeMe, 

coricrneunue 4aCTOTbI KOTOPO~ oepaayior HenpepbIBHYIO nOCJIe

nOBaTeJIbHOCTb H 3aKJII04eHbl B orpaHH4eHHOM HHTepBaJIe. CJIe

nOBaTeJIbHO, KOJIe6aHHSI Kpa~He~ JIeBO~ 4aCTHu,bl C 4aCTOTO~, 

JIelKaLU,e~ BHyTpH sroro HHTepBaJIa, nOJIlKHbI npnaonars K 3tP

tPeKTaM ropaaao 60JIee 3Ha4HTeJIbHblM, 4eM B CJIy4ae, xorna 
4aCTOTa KOJIe6aHH~ JIelKHT BHe sroro HHTepBaJIa, T. e. Mbl CHOBa 

npnxonnx K nOH5ITHIO tPHJIbTpa. 

B Ka4eCTBe HJIJIIOCTpau,HH BbIWeH3JIOlKeHHOro paCCMOTpHM 

nBHlKeHHe nOCJIenHe~ 4aCTHu,bI MexaHH4eCKO~ CHCTeMbI, npen
CTaBJIeHHO~ na tPHr. 69, B TOM CJIy4ae, xor-na K 4aCTHu,e, pac

nOJIOlKeHHO~ aa JIeBOM IWHue CHCTeMbI, npHJIOlKeHa CHJIa, H3Me

HSiIOLU,aSlCSI no saxony 

f = kA cos wt= Re kAeiwt • 

COOTBeTCTBYIOLU,He ypaBHeHH5I nBI1lKeHH5I 6ynyr TaKOBbI: 

~ - . 
kAe, wt "2 Y1 + k (Y1 - Y2) = , 

(27.1 )f1 Yp + k (-YP-1 + 2yp - Yp+1) = 0, 

~ -2' Yn+ k(- Yn-1 +Yn)=O. 

Craunonapnue peWeHH5I 3THX ypaaneaan MOlKHO HCKaTb B BHne 

Yp = Apei wt • Ilonaras 2x = - 2 + (prlk) w2, npaxonaa K CH

CTeMe JIHHe~HbIX ypasnenna, onpeneJI5I1OLU,HX HeH3BeCTHble Ap ' 

xA1+A2=-A, 

Ap_1+ 2xAp + AP+ 1= 0, (27.2) 

An -1 +xA" = 0, 

10* 
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H3 KOTOpOIt. Y4HTbiBaSi n pe.nbI.nymHe pesy JIbTaTbI, IlOJIY4aGM 

BblpalKeHHe .nJISI aM IlJIHTyJlbl xoneoauaa n-It 4aCTHUbl • 

A=(-1i'A 1 . 
n (x~ - 1) C~_2 (x) 

ECJIH \ X I< 1. TO MOIKHO IlOJIOIKHTb X = COS e H 

A - (_On+l A 1_ 
(! - sin (j sin (n - 1) (j • 

ECJIH IKe. Ha060poT. IX I> 1, TO nonaraex X = ch eH 

An = (- 1t A sh (j sh (In_ 1)~ • 

MOIKHo 3aMeTHTb, 'ITO npa .nOCTaT04HO 60JIbWOM 4HCJIe 'laCTHU 

xapaxrep JlBHIKeHHSI nocnenaen n-It 4aCTHUbl cytuecrseuaua oopa

30M 3aBHCHT OT TOrO. 60JIbWe HJIH MeHbwe ennuauu BeJIH4HHa IX I· 
neltcTBHTeJIbHO, xorna n HeorpaHH4eHHO B03pa~TaeT. aMIlJIHTYlla 

KOJIe6aHHIt An n-It 4aCTHUbl CTpeMHTCSI K HyJIlO BO BTOpOM CJIy

xae, rorna KaK B IlepBOM CJIy4ae OHa OCTaeTCSI KOHe4Holt. 

nOCKOJIbKY BeJIH4HHa 2x = 2 cos e= - 2 + (plk) 0)2 3aBI1CHT 

OT 4aCTOTbl. TO yCJIOBHSI IX I > 1 HJIH IX I < 1 OIlpe.neJISIIOT 

06JIacTH H3MeHeHHSI 4aCTOTbl, IlpH4eM o aaa H3 HI1X (I X I< 1. 
HJIH 0 < 0) < 2VkIp.) coorsercrayer 'laCTOTaM. npn KOTOpblX 

KOJIe6aHHSI. B03HHKWHe ua OJlHOM KOHue CHCTeMbl. pacnpocrpa

HSiIOTCSI H .nOCTHraIOT ee npyroro KOHua. a npyras (I X I > 1. 
HJIH 0) > 2VkIp.) - 'laCTOTaM. npn KOTOpblX KOJIe6aHHSI. B03

HHKWHe na O.nHOM KOHue CHCTeMbl. He .nOCTHraIOT ee .npy

roro KOHua, eCJIH. KOHe'lHO, 4HCJIO 4aCTHU .nOCTaT04HO BeJIHKO. 

TaKHM 06pa30M. paCCMOTpeHHaSi CHCTeMa Ilpe.nCTaBJISIeT c060lt 

MexaHH4ecKHIt <pHJIbTP HHIKHHX 'laCTOT 1). 

1) He06xo,IUIMO 3aMeTI1Tb, 'ITO ace peazsuue <p11J1bTPbl KOHe'lHbI. 
KaK 11 uenouxa, paCCMaTpllBaeMaH B AaHHOM naparparpe, HO 06b1'1HO OHH 
narpyacaiorcs na BOJlHOBOe conporaanenae. ECJlH BblXOAHoe conporn
BJleHHe. KaK B AaHHOM cnyxae, He paBHO BOJIHOBOMY. TO B no.noce npo
nyCKaHHH 6YAyT HMen MeCTO peaouaacu H <pHJlbTP He 6YAeT npnro
AeH AJIH paBHOMepHOH <pHJlbTpau.HH. 

ECJlH B uenonxe HMelOTCH norepa, TO pesoaaucuue nHKH 6YAyT 
CrJlaIKeHbI H COJlblOTCH B OJUly nonocy nponycxaana, HO npa 9TOM 
BOJIHa npaKTH'IeCKH He 6YAeT AOCTHraTb npasoro KOHu.a uenosxn H 
uenomca 6YAeT BeCTH ceria KaK 6eCKOHe'lHaH 1IJ111 narpyaceunaa ua 
BOJlHOBOe conpOTIIBJleHlle. - Ilpu.s; pea. 
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§ 28. BbllfHcneHHe col'iCTBeHHbIX lfaCTOT
 

orpaaaxeaaof pemerxa, cocrosuren
 
H3 nayxaroaaux MoneKyn
 

Hccnenoaauae IlOJIHHOMOB I'erenriayspa C~ (x) Il03BOJISIeT 

TaKIKe. KaK M hi celt'lac y6e.nHMcSI. Bhl4HCJIHTb coricraeuaue 

4aCTOThI peweTKH, COcToSimelt H3 KOHe4Horo 4HCJIa .nByxaToM
HhlX MOJIeKyJI. 

Paccxorpax peurericy aa n 4aCTHU aayx COpTOB COOTBeT

CTBeHHO C MaccaMH M 1 H M 2• paCIlOJIOIKeHHhlX B COCTOSlHHH 

paBHOBeCHSI rrorrepeMeHHO B.nOJIb HeKoTopolt rrpSiMolt Ha paBHhlX 

paCCTOSlHHSlX npyr OT npyra, 8JIeMeHTapHaSi Sl4eltKa raxoa 

CHCTeMbl aHaJIOrH4Ha Sl4eltKe peurenca, paCCMOTpeHHOIt 60pHOM. 

Mbl 6y.neM npennoaaran., 'ITO B3aHMo.neltcTBHe HMeeT MeCTO 

TOJIbKO MeIK.ny CMeIKHblMH 4aCTHuaMH, a CHJIbl SlBJISIIOTCSI ynpy
rHMH, rrpOIlopUHOHaJIbHblMH CMemeHHIO. 

PaCCMOTpHM CHa4aJIa CJIy4alt. xorna oee xpaasue sacmuuu, 
npuuaosexcatuue I{ iJ8Y.M. pa3/lU'tHbl.M. copmau, cexsasu ynpyzo 
c iJBy.M.fl fjJUI{CUp08aHHbl.M.U mowca.uu A U B. 

B 9TOM cnysae 'lHCJIO 4aCTHU. oripasyiourax peurency, 'leTHO. 
H Mbl MOIKeM rrOJIOIKHTb n = 2m. 

Ilpennoaar-aa, 'ITO nepaas CJIeBa sacraua HMeeT Maccy MI. 
H 0603Ha'laSi uepea yp cxeurenue p-It 4aCTHUbl OT csoero rro

JIOIKeHHSI paBHOBeCHSI. aanaureu ypaBHeHHSI .nBHIKet:lHSI CHCTeMbl 
B BH.ne 

M 1Yl +k(2Yl-Y2)=O, 

M 2Y2 + k (-Yl + 2Y2- Ys)= O, 
(28.1) 

M 2Y2m + k (-Y2m-l + 2Y2m) = 0, 

rne sepes k 0603Ha4eH K09<P<PHUHeHT rrporropUHOHaJIbHOCTH 

MeIK.ny CI1JIolt H pa3HOCTblO CMemeHHIt Yp - Yp- l ' 

Ilonaraa YP = Apei (<ot-<p) H Ilo.ncTaBJIl1S1 YP B ypaaueuas (28.1). 
nonynaex ~HcTeMY JIHHeltHhlx O.nHOpO.nHbIX ypaanenaa .nJISI orrpe

lleJIeHHSI HeH3BeCTHblX A p (p = 1. 2, '" 2m): 

(2k - M1ol2) Al - kA2= 0, 

- kA I + (2k - M 20) 2) A2 - kA 3 = 0, (28.2) 

- kA2rn _ 1 + (2k -~ M 20)2) A2m = O. 

http:pa3/lU'tHbl.M
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'~.t 
ECJlH BBeCTH HOBble BeJlHqHHbI Xl H X2: 

2 - ~1 OJ2=-2x1' 

2 - M2 OJ2 = - 2xok ~, 

TO YCJlOBHe paspeWHMOCTH CHCTeMbI (28.2) MO)/(HO npencraanrs 
B BH.ue 

2X1 1 0 ... 0 0 

1 2X2 1 ., . 0 0 
. . . . . . . . .... 1=0,
 

0 0 0 ... 2Xl 

0 0 0 ... 1 2X2 

rne CJIeBa CTOHT .ueTepMHHaHT 2m-ro nopsnxa. 
YMHO)/(aH Ka)/(.uyIO CTpOKy, KOTopaH conepsorr 9J1eMeHTbl 

C Xl na VX2' Ka)/(.uyIO CTpOKy, KOTOpa51 conepaorr 9J1eMeHTbI 

C X2' aa VXl H .ueJIH CTOJl6UbI, conepxaume Xl' saVXl' a CTOJl6u.bI, 

coaepxaurae X2' na vX; nOJlyqeHHblA suure .ueTepMHHaHT 

MO)/(HO npsncraaart, B BI1.ue 

2 V xlx2 1 0 ... 0 o 
1 2 Yxlx2 1 '" 0 o 

o 0 O .. , 1 2 V xlx2 

= C~m (V X1 X2) = sin (2m + 1) a
sin a I 

r.ue 

VX1X2 = COS e. 
OTcIO.ua nerxo BI1.ueTb, 'ITO CHCTeMa ypaBHeHI1A (28.2) I1MeeT 

nerpuanam.nue peWeHI1H npu 3HaqeHI1HX BeJll1ql1H Xl H X2' 

Y.uOBJleTBOpHIOlllHX COOTHOWeHI1IO 

~/- Arc
Y X 1X2=COS 2m + l' A= 1, 2, .,. Zm, 

H, CJle.uOBaTeJlbHO, coocrseuaue qaCTOTbl paCCMaTpl1BaeMOA CH

CTeMbI H3 2m qaCTHU onpenenmorca CJIe.uyIOIllI1M COOTHOWeHl1eM: 

(2 M1 2) (2 M 2 2) _ 4 2 I,n\ - TOJ - TOJ - COS -n--,-' I 

r.ne reneps y)/(e A= 1. 2, .•• , m, nOCKOJIbKY npn uenux no

JlO)/(I1TeJIbHbIX p (1 -<: p -<: m) 

2 pn ? ( 2m + 1 - p ) 
cos 2m + 1 = cos- 2m + 1 rr t , 

Ypaenenne .uJIH onpenenenas C06CTBeHHbiX qaCTOT M'O)/(HO 

3anl1CaTb B BI1.ue 

2 
M1M2 I.n 0 

-k-2-OJ4 _ 2w (M 1 + M 2) + 4 sin2 2m + 1 =k , 
),= I, 2, ... , m, 

11. TaKHM 06pa30M, .uJIH coticrnennux qaCTOT nonysaea nae 
rpynnu 3HaqeHI1A: 

2 [ 1 1,/( 1 1 )2 4 . 2 ~ ] 
OJ+=k M + M + V ~+M; -~SIn 2m+l •

1 2 (28.3) 
2 [ 1 1 f( 1 1 )2 4 . 2 ~ ]

OJ_=k -+--1 -+- -M M SIn 2 +1 .M1 M2 M1 M2 12 m 

3TI1 aupaxenna aHaJIOmqHbI Bbl.pa)/(eHlfHM (13.6) C ToA JIHWb 

pa3HI1UeA, 'ITO B .uaHHOM cayxae CTOHlllHA non pa.uI1KaJIOM CI1HyC 

MO)/(eT npl1HI1MaTb JlHWb nncxpernue SHaqeHHH. 4aCTOTbi OJ+ H 

OJ_ pacnonoxenu aa BepXHeA H HH)/(HeA BeTBHX KPI1BOlt v = v (k), 
11306pa)/(eHHOA aa <pl1r. 49. 

3aMeTI1M, 'lTO npeaunyume aupascenas .uJlH qaCTOT CHOBa 

n03BOJIHIOT HaATH 3HaqeHI1H r-panasuux 'laCTOT OJ1, OJ2 11 OJs, 
xoropue 6bIJIH yxce nonyueau HaMI1 B § 5 B npe.unOJIO)/(eHI1I1, 

'ITO M 1 > M 2• C npyroa CtOPOHbI, paccyxnas ananorusao TOMy. 

KaK 9TO .ueJIaJIOCb B § 27, .uJIH CJIyqaH OrpaHI14eHHOA CI1CTeMbI 

TaK)/(e MO)/(HO BBeCTH nOHHTl1e nOJIOCOBOro <pI1JIbTpa. 

B TOJIbKO 'lTO paccaorpeanoa npauepe Mbl npennoaar-aaa, 
'ITO xpaanne qaCTI1UbI peWeTKI1 npI1Ha.uJIe)/(aJlI1 K paSJIl1qHblM 

rnnaa qaCTI1U. PaCCMOTpl1M CJIyqatl, xor.aa OHI1 npauanneacar 
K O.uHOMy rnny qaCTI1U. Ilpn 9TOM nOJIHOe ql1CJIO qaCTI1U He

qeTHO, T. e. 

n=2m+ 1. 

Toraa, nonaraa, 'ITO xacca KpatlHI1X qaCTI1U panna, nanpaxep, M 1 • 

11 coxpausa npansrue asnue 060SHaqeHI1H, nerxo nonysari., 

IJTO YCJlOBl1e pa3peWI1MOCTH COOTBeTCTBYIOlllett CI1C'reMbl ypasue
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HI1It .nJJSI onpenenenas aMnJII1'1'y.n npaaonar K pasencray 

2Xl 1 0 .. , 0 0
 

D (x X ) '-I 1 2X2 1 ." '0 0 I- 0

2m-t-l 1 2 ~ •••...• ,... -. 

o 0 0 ... 1 2xl 

rne	 CJIeBa CTOI1T .neTepMI1HaHT (2m + 1)-ro nopanxa. 

Iloaaraa, KaK 11 npezcne, V XIX2 = cos 6, naxonna 

~ 1 (1/-) y~ sln(2m+2)6
D2m-t- l(X1X2)= 1 r - C2m t 1 " XIX2 = - I 6 =0.

X2 'X2 sn 

orxyna nenocpencrseuuo onpe.neJISIIOTCSI 3H3'1eHI1S1 c06CTBeHHbl x 
'1aCTOT .naHHolt CI1CTeMbl. 

YKaJKeM euie, 'ITO B TOM cnysae, xorna MaCCa KpaltHI1X 
'1aCTI1u, panna M 2, YCJIOBl1e pa3pellII1MOCTI1 ypaaneuajt .nJISI 
aMnJII1Ty.n npl1HHMaeT BH.n 

D2m-t- l (XIX2) = V X2 C~mtl(V X1X2) , ~ r X2 sln(2m+ 2) 6=0 
~	 V ~ ~6 . 

ECJIR «paanue «acmuuu ceotioiuu« (He aaxpennenu), Bbl'lHCJIe
HRSI YCJIOJKHSIIOTCSI H npaaonsr K .nOCTaTO'lHO npocrua pe3YJIb
TaTaM TOJTbKO B, npe.nnOJIOJKeHHH. 'ITO xpaauae sacrnuu npH
Ha.nJIeJKaT K pa3JIH'IHWM copTaM. 

CoxpaHSISI npexome 0603Ha'leHHSI. ypaBHeHHSI .nBHJKeHHSI 
B aTOM caysae MOJKHa aanacari, B aane 

":11Yl + k (Yl - Y2) = 0, 

M 2Y2+ k (- Yl+ 2Y2- Ya)= 0, (28.4) 

M 2Y2m + k (-Y2m-l + 2Y2m) = o. 
Iloxaras, KaK 06W'IHO. Yp = Ape i (wt-cp)" noayvaea .nJISI onpe

.neJIeHIUJ HeH3BeCTHblX aMI1JII1TY.n Ap cacrexy JII1HeltHblx O.nHO
i ~ pO.nHWX ypaBHeHHIt	 " 

(k -- M 1w2) Al - kA2= O. 

- kAI + (2k - M 2w2) Az- kAa= 0, (28.5) 

- kA;m,:1 + (k ~ M 2w2) A2m = q. 
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yCJIOBHe pa3peWHMOCTH KOTopOIt npHBo.nHT K MaTpHu,e 

2Xl + 1 1 o .,. 0 

1 2X2 1 '" 0 .. . ....... ,0 .. /=0,
 
0 0 o ... 1 2X2+ 1
 

r.ne
 
M 

- 2x 1.= 2 - T w2 , 

- 2X2= 2 - M2 w2
k . 

CTOSlmHIt B JIeBolt '1aCTH .neTepMHHaHT 2m-ro nopsnxa MOJKHO 
npencraaari, B BH.ne CYMMbl serupex .neTepMI1HaHTOB, npauan
JIeJKamHX K paCCMOTpeHHblM asnue ranasr, H npHBeCTH K BH.ny 

C~m(V X1X2) + ~ r Xl C~m-l (VXIX2) +V	 X2 

+ ~ r X2 C~m-l (VX1X2) +C~m-2 (VXIX2)V	 Xl 

HJIH, eCJIH 0603Ha'lHTb VX 1X2 = cos 6, 

sin (2m + 1) 6 + (~j" Xl + ~ r X2 ) sin 2m6 + sin (2m - 1) 6 , 
sin 6 V X2 V Xl sin 6 sin 6 

H OKOH'IaTeJIbHO .neTepMRHaHT CHCTeMW paaex 

2 (2 X 1X2 + Xl + X2) sin 2m6 

sin 26 

Flosroxy ypaanenne .nJISI onpeneneuaa c06CTBeHHblX '1aCTOT 
CHCTeMbl 3anHCblBaeTCSI B BH.ne 

( 2X1 X2 + Xl + X2) sin 2m6 _ 0 
sin 26 - . (28.6) 

ECJIH «paanue «acmuuu npuuaonexcam. tc OOflOMY 

copmy, TO '1HCJIO ypasaenna .nBHJKeHI1S1 n = 2m + 1. Ilpen
JIOJIaraSl, 'ITO MaCCa nepson '1aCTI1u,bl panna Ml' nonysaea 

M 1Y l +k (Yl - Y2)= 0, 

M2Y2+k(-Yl +2Y2 - Ya)=0. 
(28.7) 

M1Y2m+l + k (- Y~m + >'2"1+1) = 0, 
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Flonaras YP= Apei (OJt-'I') H 0603Ha4all 

~ 2x 1 = 2 - ~1 0)2, - 2X2 = 2 _ ~2 0)2, 

naxonaa YCJlOBHe pa3peWI1MOCTH CI1CTeMbl ypaaaeuan .nJlll aunna

Ty.n Ap : 
2Xl + 1 o o o 

1 2X2 1 o o =0. 

o 0 0... 1 2X1 + 1 

npencraaax CTOllllJ,111'\ B neaon 4aCTH .neTepMHHaHT B BH.ne 
serupex 113BeCTHblX .neTepMI1HaHTOB 

~ F xl C;m+1 evX 1X2) + C;m evX1X2) +V X2 y'X2 1 .-- X2 1 -+y--- C 2m ("V X 1X2) + - C 2m- 1eVX 1X2) = 
Xl Xl 

Xl sin (2m + 1) 6 + 2 vX;:X; sin (2m + 1) 6 + X2 sin 2m6 
sin 6 cos 6 

r.ne -vX 1X2 = COS 6. 

Orciona nocne psna 3J1eMeHTapHblx npe06pa30BaHHI'\ nOJlY4aeM 
ypanneune .nJlll onpeneaeuas coticraenaux 4aCTOT CHCTeMbl 

2 [V~sln(m+l)6+ VX;-slnm6][VX;:-cos (m+ l )6+VX;-cosm6) - 0 
sin 6 cos 6 - • 

(28.8) 

§ 29. Ilpanoaceaae nOJlHHOMOB Fereadayspa C~ (x) 
K HSylJeHHIO "sHrsaroo6paSHblx" CTpyKTYPi 

co6CTBeHHble lJaCTOTbI KOJle6aHH~ ~enOlJeK MOJleKYJl 

napaipaaoe 

113Y4eHHe MaJlblX KOJle6aHHI'\ u,en04KH co cB060.nHbIM,H KOH
uaxn, cocrosuren 113 n 4aCTHu, C O.nHHaKOBbIMH MaCCaMH p., 
pacnoao-seuuux B.nOJlb nexoropon npaxon aa paauux paccros
HHlIX .npyr OT .npyra, npe.nCTaBJllIeT HeCKOJlbKO aKa.neMH4ecKHI'\ 
nnrepec. 

TeM He MeHee nexoropue qJH3HKI1, KaK, nanpauep, Jlenuapn
CHMOHC 1), I1CnOJlb30BaJll1 3TY Mo.neJlb .nJlll onpeneneaua c06

1) Len n a r d - S i m m 0 n s, Societas Scientiarum Fennlca, Cornm, 
phys, math., 8, 295 (1936). 
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CTBeHHblX 4aCTOT .nJlHHH blX yrneponn blX uenoxex 

CH3_CH2_CH2 •.. CH2_CH3, 

npennoaaras, 'ITO HX MO}){HO ynoaocan, nexoropon nocneno
BaTeJlbHOCTH KOJle6J1IOllJ,HXClI MaCC (COOTBeTCTBYIOllJ,HX panaxanaa). 
pacnoncoseanux TaK, KaK 3TO YKa3aHO sa qJHr. 68. 

Peaynsraru, nonyseanue B 3TOM npennonoacenau, xoryr 
nars TOJlbKO aecsxa npH6J1H}){eHHOe orpascenae neacraareas
HOCTH He CTOJlbKO B CI1J1Y npennonosceaas 0 TOM, 'ITO 4acTHu,bl, 
npencraaamoutae panmcansr, H.neHTH4Hbl, 'ITO B 06llJ,eM 3aKOHHO, 
CKOJlbKO noroay, 'ITO, KaK noxaasmaer penrrenocrpyxrypn bl 1'\ 

P* Ii~-3 ~ "-I \ 

n-Z\ n 

<t> H r. 73. 

aHaJlH3, 3TH aJlHqJaTH4eCKHe u,en04KH .nOJl}){Hbl 6blTb ynonooneuu 
nOCJle.nOBaTeJlbHOCTH xacrnu pacnoaoacennux B BepWHHa x 
nnocxoa • aaraarooripaaaoa- KPHBOI'\ (qJHr. 73). 

Ocraaascs B paxxax npennonoxenaa 0 TOM. 'ITO BCe pana
KaJlbl xoryt 6blTb npencraaaeau B anne O.nHHaKOBbIX xacrau 
noxaxex, KaK MO}){HO onpenenars C06CTBeHHble 4aCTOTbl nonoti
HblX crpyxryp, 

I1TaK, Mbl 6y.neM npennoaaran., 'ITO CHCTeMa COCTOHT H3 n 
O.nHHaKOBbIX xacrnu C Maccol'\ flo, paCnOJlQ)KeHHbIX, KaK 3TO 
nOKa3aHO na qJl1r. 73, TaKHM 06pa30M, 'ITO yron Melk.ny .nByMlI 
npllMblMHI npOBe.neHHbIMH H3 T04KH, B KOTOpOl'l HaXO.nHTClI 
KaKall-JlH60 4aCTHu,a, no nanpaanenmo K .nByM CMe}){HbIM C HeR 
sacrauaa. pasea 'It - 6. 0603Ha4all xepea li H3MeHeHHe pac
CTOllHHlI Me}){.ny i-I'\ H (i + 1)-1'\ 4acTHu,aMH, nanaureu ypasae
HHlI .nBH}){eHHlI B npennonoxcenua. 'ITO norenunaasnaa sneprus 
CHCTeMbl 3aBHCHT TOJlbKO OT B3aHMHoro paCCTOllHHlI Me}){.ny 
4acTHu,aMH, npeaeoperaa, TaKHM 06pa30M, 3aBHCHMOCTblO no
renuaansaon sneprun OT yrna 6, xoropaa, KCTaTH r-oaops, 
OTHOCHTeJlbHO CJlaoa. • 
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Hanaurex .nJlll Ka>K.nO" sacrausr ypaaaenae, onacuaaiouiee 
ee .nBH>KeHHe snoxs OCH xx', coananaiouien C npaaon, COeD.H

HlIlOllI,e" nae cocenuae paccaarpaaaexue 'IaCTHUbl. 

Otioanauaa 'Iepea Xi H Xi+l xanue cxeuienaa BD.OJlb 

OCH XX' t-" H (1 + 1)-" 'IaCTHU COOTBeTCTBeHHO. a xepes 

k-K03<pqmUHeHT nponopuaouansuocra Me>KD.Y CHJlO" H cxeuie
HHeM. MO>KHO aanacars 

fIoXi + k [Ii-l cos a-IiI = O. 

fIoXi+1 + k [Ii -li +1 cos a1= O, 
HJlH 

flo [Xi+1 - xiI + k [2Ii - (I i_ 1 + Ii+!) cos al = o. 
OTCIOD.a. aaaexas. 'ITO Xi+l - Xi = Ii' noxyxaea OKOH'IaTeJlbHO 

fIoli + k [2Ii - (li-I + Ii+!) cos aI = O, 

TaK 'ITO CHCTeMa ypasueuaa, onacusaioinax KOJle6aHHlI pac

CMaTpHBaeMO" CHCTeMW, 6YD.eT HMeTb BHD. 

fIo!'1 + k [211-12 cos al = 0, 

fIol, + k [2Ii - (I i_ 1 + Ii+!) cos aJ = O, (29.1 ) 

fIoi~_1 + k [2In _ 1 -In _ 2 cos al = o. 
Ilonaras reneps Ii = Liei(wt-<p), rrpHXOD.HM K CHCTeMe JlH

aenaux OD.HOpOD.HWX ypaaneaaa OTHOCHTeJlbHO HeHaBeCTHblX LI' 
L2 ••• L _n 1 

(2k - fIolO2) L1- k cos aL2 = O. 

- k cos aL i_ 1 + (2k - fIolO2) L i - k cos aLi+! = O. (29.2) 

- k cos aLn _ 2 + (2k - fIolO2) Ln_ 1 = O. 

YCJlOBHe paaperuaxocra CHCTeMbI (29.2) HMeeT SHD. 

C~_I(X) = 0,
 
r.ne
 

2k - fLw2
 

41 2x=- k \;05 0 
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D03TOMY coocraeunue 'IaCTOTbl paccaarpasaexoa CHCTeMbl paanu 

1 ~r2k~r An 
v)..= 21t V fL V 1+cosOcos n , 1.=1, 2, ... (n-2). (29.3) 

Cnenyer yxasari., 'ITO BeJlH'lHHa (l /21t)V2k/flo npencraanaer 
c060" c06cTBeHHylO 'laCToTy KOJle6aHH" D.BYX COCeD.HHX 'laCTHU 

MaCCbl flo. 3Ty sacrory, TaK >Ke KaK H BeJlH'lHHY yrna a, MO>KHO 

Ha"TH sxcnepnxeuraasno. TaKHM 06paaOM, okaauaaercs Boa

MO>KHbIM. paayaeercs hpn YCJlOBHH crrpaBeD.JlHBOCTH CD.eJlaHHbIX 

npennonoxenatt, onpenenars nee C06CTBeHHbie sacroru pac

CMaTpHBaeMO" yrJlepOD.HO" uenoxxa, B ynoxsnyroa asnue pa

60Te DapOD.H MO>KHO Ha"TH cpasnenne sxcnepaaenraasnux H 

TeOpeTH'leCKHX pesyasraros. YKa>KeM TaK>Ke na Ba>KHylO paoory 
Bappaons H Lllaneans t), B KOTOpO" 3Ta aanaxa peuraerca 
C yxerox aaBHCHMOCTH rrOTeHUHaJlbHO" 3HeprHH OT yrna a. 
TOJlbKO 'ITO onacanuun MeTOD. Bbl'lHCJleHHlI c06CTBeHHbiX 'laCTOT 

aJlH<paTH'leCKHX uenosex MOlKHO acnonsaoaars TaK>Ke D.JllI onpe
D.eJleHHlI c06CTBeHHbiX ''laCTOT UHKJlH'leCKHX yrJlepOD.OB, TaKHX. 

uanpaaep, KaK UHKJlOrreHTaH, UHKJlOreKCaH H T. rr. 

DOCKOJlbKY ace panmcaau HMelOT OD.HHaKOBble MaCCbl. TO HX 

MO>KHO aaaeaars MaTepHaJlbHblMH 'laCTHuaMH C TO" >Ke caxon 
xaccoa, pacrrOJlO>KeHHbIMH B aepumnax npasansnoro xuoroyroas

HHKa. Coxpauss npenno.roxenae, CD.eJlaHHOe asnue OTHOCHTeJlbHO 

rrOTeHUHaJlbHO" 3HeprHH. 060aHa'lHM sepes k KOHcTaHTy .CBlIaH, 

a xepes a rrOJlHbin yron Me>KD.y D.ByMlI rrOCJleD.OBaTeJlbHbIMH 

CBlIallMHj B xasecrae nepexeuaux Bbl6epeM HaMeHeHHe paCCTOllHHlI 

Me>KD.y D.SyMlI coceaaaxa 'laCTHUaMH. Ilpennonaras, 'ITO 'laCTHUbl 

ncnsrrsmaior S6J1HaH rrOJlO>KeHHlI paBHOBeCHlI rapMOHH'leCKHe 

KOJle6aHHlI xacroru lO. H oooauasaa 'lepea L i aMrrJlHTYD.bl 3THX 

KOJle6aHH", nonyxaea cncrexy n JlHHe"HbIX ypasaenaa OTHO

CHTeJlbHO i, 

- kLn cos a+ L 1 (2k - mlO2)- kL2 COs 0= 0, 

- kL I cos 0+ L2 (2k - mlO2) - kLacos a= O. (29.4) 

- kLn _ 1 cosf + Ln (2k - mlO2)- kL I cos a= o. 

I) CM. Bar rio I, C hap e II e, Journ. de Phys., 8, 8 (1947). 
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TaKHM 06pa30M. BbIlJHCJIeHHe coocraenuux 
K HaXO)J{.u.eHHIO xopnen ypaBHeHHH 

r.ue 

3TOT .ueTepMHHaHT 

xl0 •.• 00l 

lxl •.. 000 
=0. 

OOO lxl 

100 01x 

'lk-mw2 

x= k cos 6 • 

n-ro nopsnxa oopauiaerca 

lJaCTOT CBO.uHTCH 

B HyJIb rrpH 

x=-2. 

2
xp=-2cos ---.!!.!!:.... p = I, 2, .. .(n - 1).

n 
OOJIaralI 

1 ~r'2k 
'10 = 'In V m' 

rae '10 npencraanaer c060tt C06CTBeHHylO lJaCToTY KOJIe6aHHtt 

nnyx cocennnx lJaCTHU C xaccoa m, nonysaea. 'ITO c06CTBeH

HbIe lJaCTOTbI CHCTeMbI panau 

'1='10 VI-cosB, 'I = '10 VI-cosBcos 'l~P (29.5)p 

npn p= 1, 2, ... (n-I). 

OOCKO.'IbKY, KaK y)J{e 6blJIO yxaaaao. BeJIHlJHHa '10 H3BeCTHa, TO 

MO)J{HO onpenenars 1'1 ace c06CTBeHHbIe lJaCTOTbl paccaarpasae

MOtt UHKJIHlJeCKott uerrOlJKH. 

3aMeTHM, HaKOHeu. 'ITO H3JIO)J{eHHbItt auure MeTO.u MO)J{eT 

6bITb HCrrOJIb30BaH TaK)J{e .uJIH BbllJHCJIeHHlI c06CTBeHHblX lJaCTOT 

UHKJIHlJeCKHX uenosex, COCTOlIlUHX 1'13 nsyx THrrOB lJaCTHU COOT

BeTCTBeHHO C MaccaMH m 1'1 M, pacnoaoxenaux nonepeuenno 

B Be pumnax rrpaBHJIbHOrO MHoroyrOJIbHHKa. Ilpennonaraa, 'ITO 

rrOJIHOe lJHCJIO lJaCTHU n lJeTHO, 1'1 coxpanss npeaorae 0603Ha

lJeHHlI, MO)J{HO noxaaars 1), 'ITO B paxxax c.ueJIaHHbIX auure 

1) CM. M. Parodi, Cornpt. Rend., 231, 609 (1950) 

Ilpotinena epauuu u oepanuuennue nepuoduuecxue CTpyKTypbl 159 

npennonoxeuna coocrnenuue lJaCTOTbI :nHX CHCTeM onpene

JIHIOTCH 1'13 COOTHOllleHHlI 
i 

('lk - m(2 ) ('lk - M(2) = 4 cos- 'lien (29.6)k2 cos2 6 n • 

). = 0, 1, 2, .. . (n - 1). 

~ 
§ 30. 0600Ul,eHHe 

I: 
KaK 6bIJIO rrOKa3aHO Pe3eP<V0p.uOM 2), nonyvenaue auure 

peayJIbTaTbl MO)J{HO pacnpocrpanars na CJIylJatt nayx 1'1 rpex 
H3MepeHHtt. 

PaCCMOTpHM, uanpnxep, nayxepnyio peurerxy, 06pa30BaHHylO 
, 1'13 O.uHHaKOBbIX lJaCTHU C Maccon M, xoropsre paCrrOJIO)J{eHbI, 
i

l A, Az --------- Am 

8;I B
, I I 

~82 1 T 
Il 
I 
II' 
I

I 

Bn B'n 

A'I A; A~ 

I <!> H r. 74. 
,1 

KaK aro rrOKa3aHO na <VHr. 74, na pasnux paCCTOHHHHX d 
npyr OT npyra B Y3JIaX ce ruaroa crpyxrypu, COCTOHlUett 1'13 n 
rOpH30HTaJIbHbIX 1'1 m BepTHKaJIbHbIX pH.uOB. 

Ilpe.urrOJIO)J{HM, 'ITO CMelUeHHlI lJaCTHU OT CBOerO rrOJIO)J{eHHlI 

paBHOBeCHH MaJIbl, a CHJIbI nponopuaonaasnu H3MeHeHHIO B3aHM

noro paCCTOHHHH Me)J{.uy cocennnan lJaCTHuaMH (KOHCTaHTa npo

rropUHOHaJIbHOCTH pasua k). 
Torna, noaaras 

-2x= 4k-Mw2 

k 

2) CM. D. E. Rut her for d, Proc, Roy. Soc. Edinburgh, 42, 154 
(1943-1949). 
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rne (0 - 4aCTOTa KOJIe6aHldi, MO)l{HO noxaaars. 4TO 3Ha4eHlf1i x ; 
n03BOJIlIlOw.lfe onpenennrs coocraemrue 4aCTOTbl CHCTeMbI, pasnu 

A7t fJ-7t 
X = cos m + 1 + cos n + 1 ' 

(30.1) 
A= 1, 2, ... m, !J' = 1, 2, ... n 

B CJIy4ae, eCJIIf tcpaiinue «acmuuu ICa:JICiJozo pnita ynpyzo 
I I 

censax« C tjJUICcupoBaHHblMu mO'lICaMU AI' AI'" Am,Am If 
I , 

B1,B1... Bn,Bn. ECJIH)I{e tcpatinue nacmuutc ICa:JICiJozo pnoa 
ceotioosu, TO COOTBeTCTBylOW.He 3Ha4eHHlI BeJIH4HHbl X 6y,llyT 

pasnu 

A7t fJ-7t 
x=cos-+cos-,m n 

A= 1, 2, m, (30.2) 

!J'= 1,2, n, 

Ilpnaeneaae 3THX MeTO,llOB pacsera B npyrnx CJIY4allx MO)l{HO 

HattTH B yxasauaon auure paoore Peaepqiopna. 

f' Jl a a a 7 

,UBYMEPHbIE PEWETHH 

§ 3t. Ilpaasre H oopaTHble .u.ByMepHble penrerxa 

113Y4eHHe ,llByMepHblx peureroic BCTpe4aeT na CBoeM nYTH 

TaKOrO )I{e pona 'FPY,llHOCTH, KaK H H3Y4eHHe rpexxepaux 
peurerox. O,llHaKO nOCKOJIbKY nayxepuue peurerxa JIer4e ce6e 

npencraears, TO MbI c4HtaeM ueJIeC006pa3HbIM no nepexona 
K rpexaepnouy CJIY4alO paCCMOTpeTb CJIy4att nayx H3MepeHHtt. 

113Y4eHHIO nsyxepnsrx CHCTeM H nocasiuaercs nacroauiaa r JIaBa. 

BHa4aJIe MbI paCCMOTpHM nJIOCKylO peuierxy H3 O,llHHaKOBbIX 

4aCTHu, pacnOJIO)l{eHHbIX na paBHbIX paCCTOllHHlIX npyr OT npyra 
B,llOJIb npsxux. napaJIJIeJIbHbIX ,llByM aanaumaa .npliMbIM III 
H 112, 06pa3YIOw.HM Me)l{,llY co6ott yrOJI e. 3aTeM MbI pacnpo

CTpaHHM nOJIY4eHHble pe3YJIbTaTbI na 60JIee CJIO)l{Hble crpyxrypu. 
Pe uierxa , KOTOpylO MbI 6Y,lleM paCCMaTpHBaTb, npeacraansna 

aa ¢Hr. 75, rne 4aCTHUbI H306pa)l{eHbI CBeTJIbIMH xpyxxaxa. 
3aMeTHM, 4TO paccrosnne d, Me)l{,lly ,llBYMlI COCe,llHHMH 4aCTH

uaxa, pacnOJIO)l{eHHbIMH B,llOJIb npsxoa, napaanem.noa Ill' He 

06113aTeJIbHO paBHO paCCTOllHHIO d 2 Me)l{,lly ,llBYMlI COCe,llHHMH 

4aCTHuaMH, pacnOJIO)l{eHHbIMH B,llOJIb npsuoa, napaJIJIeJIbHotl 

HanpaBJIeHHIO 112 , 

MbI 6Y,lleM onpenensrs peuierxy aaaanne a ,llBYX TaK 

Ha3b1BaeMbIX 6aaUCHblX BeICmopOB d1 H d2 , BbIXO,llllW.HX H3 

T04KH, B KOTOpOtl naxomrrcs o.aua H3 4aCTHu peurencn; 3TY 

T04KY MbI 6Y,lleM Ha3bIBaTb .Ha4aJIOM peiuerxn«. Toraa JII06ylO 

'T04KY peurerxa MO)l{HO onpenenan, aanauaea sexropa r 
ll.,

nposehenaoro H3 Ha4aJIa peurerxn B paccxarpnaaexyio T04KY. 

BTOT BeKTOp MO)l{HO npencramm, B BH,lle pa3JIO)l{eHHlI no 6a3HC

HblM aexropaa 

rl,l. = 11d1+12d2' (31.1 ) 

rne II H 12 - uenue 4HCJIa. 

04eOH,llHO, 4TO CHCTeMa 6a3HcHbIX nexropon He lIBJIlieTCli 

enaacraenuoa; C TaKHM )I{e ycnexox !dbl MorJIH 6bI' B311Tb 

11 3aK. 201. 



H3 

( 31.5) 

(31.3) 

(31.4)'j 

l = 1, 2, 

l =1= k, 

l=k. 

k = 1, 2, 

d l = (d l x • d1y ) ' 

dz = (dzx • dzy) 

llBt/MepHble petuetici; 

r 0 
8i k = 11 

(bi • dk) = 8i k 

rne 8i k  CHMBOJI Kponexepa 

HJlH, B MaTpHtJHo~ sanuca, sanauaea xarpauu 

D = (d l x dl y 
) . (31.6)

d 2x d 2y 

AHaJlOrHtJHo CHCTeMa 6aaHCHbiX aesropoa ooparaoa p eurenca 

onpe.ueJlHeTCH MaTpHue~ 

B = (biG: b?x). (31. 7) 
b1y b?y 

B KOTOPO~ 9J1eMeHTbl C O.uHH aKOBbIMH BTOpbIMH HH.ueKcaM.H 

B OTJlHtJHe OT MaTpHubI D copasj lOT CTpCKy, a He croatieu, 

nOCKOJlbKY B COGTBeTCTBHH C npaaanaxn )'MHO)J{eHHH MaTpHU 

H onpe nexenaeu CKaJlHpHOrO npCH3Be.ueHHH aexrcpu d l H dz 
.llOJl)J{Hbl aanacua aTbCH B anne croaoua, a aexropu bl H bz 

B BH.lle CTpOKH. OTCIO.ua. YtJHTblBaH YCJlOBHe (31.3). nenocpen

11* 

DpHtJHHy. KOTopaH npaaena K TepMHHy .o6paTHaSi peure-nca
J1erKO nOHHTb as caenyioumx npocrux cooopaiseuaa, Paccxor 
pHM npaxoyroxsuyio CHcTeMy xoopnanar (Ox, Oy). aasano 
KOTOPO~ cosnanaer C HatJaJlOM peiuerxn. Torna sexropu 01., 
H dz MoryT 6blTb onpeneneuu aanannea HX .ueKapTOBbIX KOOp' 

.llHHaT 

Peurerxa, oopaaosauaas 11a tJaCTHU onnoro COpTa. pacno 
J1O)J{eHHbIX na paanux paccToHHHHX npyr OT npyra ano.n, .uByx 

ceMe~CTB npaaux, napaanem.aux .uByM 3a.uaHHb1M aanpas J1e

HHHM, nOJlHOCTblO onpenenserca sananuea 6a3HcHbiX aes ropo a dl 
H dz. TaKaH peurenca HOCHT Ha3BaHHe npnuot: petuemtcu, 

J{a)J{.uo~ npsxon peurerxe M O)J{HO npanecra B COOTBeTCTOHe 

peuierxy, aaauaaexyio otipamuoa peuiemxoti, KOTopaH B KatJeCTBe 

CHCTeMbI 6a3HcHbiX aexropoa HMeeT sexropu bl H bz, onpene

J1HeMble as COOTHoweHH~ 

r-

(31.2) 

/~p"[Tl1 

.!!!LI=~. 
m2 n2 

fAaBa , 

I I 

B KatJeCTBe TaKO~ CHCTeMbl aexropu d l H dz (CM. <tmr. 75). 
B 06ll.f,eM cnysae B KatJeCTBe CHCTeMbl 6aaHcHbix sexropoa 
MO>KHO Bbl6paTb JIlo6ylO napy J1HHe~HO HeaaBHCHMblX BeKTO

" I'pOB dl H dz• onpeneaseaux npa noxoiua coornoureuatt 

" d l = midi + n1dz 

y 

~21[1OJ 

-""'dr", I. "<:::1 I ~ x 

Q> Hr. 75. 

" dz = mzdl + nzdz 
rne m., mz. n l H nz- TaKHe uenue tJHCJla. 'ITO nnouians 

" " S1tJe~KH. nOCTpoeHHO~ na sexropax d l H dz• panna nnouraaa 

HtJe~KH. nOCTpoeHHO~ ua sexropax dl H dz. B npOTHBHOM CJlY

tJae paCCMaTpHBaeMaH npocras peuierxa npeoopaayercs B peurerxy 
C 6a3HCOM. npe.uCTaBJlHIOll.f,YIO coooa crpyxrypy, xoropas oyner 
onpeneneua B § 37. 

" "Bexropu d l H dz cooraercruyior sexropy nd (n  ueaoe), 
KOTOPbl~ MO>KHO 6b1J1o 6b1 BBeCTH B cnysae onaoxepaux pewe

TOK. TaM Mbl nonarana n = 1. T e . e. aa 6aaHCHbI~ sexrop 

Bbl6HpaJlH OTJlHtJHbI~ OT HyJlSl aexrop, HMelOll.f,H~ HaHMeHbwylO 

.llJlHHY· 

162 
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CTBeHHO nonyaaex, lJTO MaTpHlJ.a B 06paTHa xarpuue D. neft

CTBHTeJlbHO, 

DB = (d1i1J d1y ") (b 1X b2i1J ) = (de b1) (d1 • b2») 
d 2i1J d 2y b1y b2y (d 2 • b1) (d 2 • b 2) 

HJlH 

DB=G ~)=I, (31.8) 

r.ne 1- e.nHHHlJHaSi MaTpHu.a. TaKHM oopaaov, noaysaex 

B=D-
1

• (31.9) 

lJTO M 06bSlCHSIeT npOHCXOIK.neHMe TepMHHa "06paTHaSi peurerxas . 
Ha COOTHOllleHHSI (31.3) cnenyer, lJTO aexropu 

b1 l- d2, 

(31.10)
b2 l- d1" 

a TaKIKe, lJTO "I" 

(b1 • d1) = 1 = Ib1 IId, ICO~ ( ; - a)= Ib1 II d, Isin a, 
(31.11 ) 

(b 2 • d2) = 1 = Ib2 1 1d2 ! cos ( ; - a) = Ib2 1 1 d2 1 sin a, 
rne a- yron MeIK.ny BeKTO paan d1 H d •2

Flaouianr, saexearapnoa S1lJeftKH npHMoft peurerxa, T. e. 

naouians napannenorpauua, nocrpoennoro na sexropax d 
H dz, panna 1 

Sd= [d1d2] = Id1 1 1d2 / sin a, (31.12) 

a nnouians 9J1eMeHTapHOft HlJeftKH ooparaoa pellleTKH

s, = [b 1b2] = I b1 11b2 1 sin a. (31.13) 

Ilepeauoacas COOTBeTCTBeHHO npasue H aeaue lJaCTH COOTHO

llleHHft (31.12) H (31.13) H YlJHTbIBaH (31.11). noaysaea npasano 

s.s,= Id1 II d2 1 sin aIb1 11b2 1 sin a= 
sin 6 

= Id1 IId2 Isin 
·

f Idllsin6/d2!slnfJ = 1; (31.14) 

BeJlHlJMHbI naouianu 9J1eMeHTapHbIX S1lJeeK npsaoa H ooparuoa 
peuierox 06paTHbI npyr .npyry. cho, anpoueu, cnenyer Ta({IKe 
y)/{e as COOTHOllleHHSI (31.9). 

B cnysae o.nHoMepHoft peurerxn .nJlHHa sneaearapnoa HlJeftKH 

pasna d; .nJlHHa IKe 9J1eMeHTapHoft S1lJeftKH B npocrpaacrse lJaCTOT 

!18YMepHble petuerxu 

HJlH B npOCTpaHCTBe BOJlHOBblX lJHceJl a = 1[t: panna 1[d, T. e. 

coananaer C .nJlliHOft S1lJeftKH otiparnof peurerxn. TaKHM oripa
30M, npaaas peurerxa xapaxrepnsyer npOCTpaHcTBeHHylO nepuo
.nHlJHOCTb cpenu, rorna KaK 06paTHaH peurerxa xapaxrepnayer 
nepnonuxnocn, lJaCTOTbI BOJlH, pacnpOCTpaHHIOllJ,HXCH B 3TOft 

cpene. 
Ana.toruunue peayxsraru 6y.nyT nOJlYlJeHbI H .nJlH nsyaepnux 

CTPYKTYp· 

nOJlbaYSICh TepMHHOJlOrHeft renaopaor o aaannaa, MOIKHO 

cxasan., lJTO 6aaHCHble aexropu d, H d 2 npHMoft peurerxn no 

CyTH neaa arpator POJlb e.nHHHlJHblX KOBapHaHTHhIX BeKTopOB 

B xocoyroasnoa CHCTeMe xoopnuuar. a aexropu b1 H b2- e.nH 

HHlJHhIX KOHTpasapHaHTHhIX BeKTopOB 1). 
npHHHTHe aexropon d1 H d2 sa e.nHHHlJHhle aexropu, onpe

nenmoume xocoyroasnyro cucrevy xoopnnnar, B uenoa pane 
CJlYlJaeB CYllJ,eCTBeHHO ynpouiaer aanasy. Ilpn 9TOM JlI060ft BeK

TOp r onpeneasercs ero npOeKu.HHMH ~1 H ~2 na HanpaBJleHHSI 

BeKTopOB d1 H d2 

r =~ldl +~2d2' ' (31.15) 

TaKHM 06paaOM, xocoyrom.nas B nexaprosoa CHCTeMe KOOp

.nHHaT Ox, Oy S1lJeftKa rpaucoopxapyerca npn nepexone B CH

crexy xoopnaaar ~1' ~2 B xsanpamyto S1lJeltKy, TaK KaK B CHCTeMe 

xoopnanar ~1 ~2 BeKTOp d, HMeeT xoopnnnaru 

~1 = 1, ~2 = 0, 
a BeKTOp d2 

~1 = O. ~2 = I. 

C npyron CTOpOHbI, ylJHThISaSi COOTHoweHHe (31.3), onpe
nenmouiee sexropu bi' H YMHOIKaSi CKaJlHpHO npanyio H neeyio 
lJaCTH COOTHoweHHSI (31.l5), nanpaxep, na b1, MOIKHO nerxo 
-noayxnn, 

(r . b1) = e1 (d, . b1) + ~2 (d2 • b1) = ~1' 

TaK lJTO s 06llJ,eM cnyuae 

~1 = (r . b1) , ~2 = (r . b2) . (31.16) 

1) CM. L. B rill 0 u in, Lest enseurs en Mecanique et en Etasli
cite, Paris, 1938, p. 27, 97, 101, 105; CM. raiose J. A. SIr a I t o n, 
Electrornagnetlc Theory, New York, 1941, p. 39. (CII. nepeson: 
IllK. C TP 9 TT0 H, Teopna aaexrpoaarueraaaa, Ofl13 - fOCTe!H3,na1, 
1948/ rll. 1.) 
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Ilpaaas JIHHHSI (xoropas B CJIy4ae rpex H3MepeHHR nepexonnr 
.B nJIOCKocTb) onpe.neJISleTCSI ypaBHeHHeM 

(a· r)=alx+a2Y=c
 
HJIH
 

al~l +a2~2 = c. (31.17) 
r.ne 

al = (a . d l). a2= (a . d2). 

B 4eM JIerKO uenocpencraesno y6e.nHTbCSI. no.nCTaBJISISI B nepsoe 
ypasueaae r = ~ldl + ~2d2' 

AHaJIOrH4HblM 06pa30M sexrop a MO>KHO aanucars B BH.ne 

a = albl +a2b2' (31.18) 

IleRcTBHTeJIbHo. nOJIaraSi 

a = 7llbl + 7l2b2 

H yMHO>KaSi npaayio H nesyio 4aCTH CHa4aJIa aa d l • a nOTOM 
aa d2• nOJIy4aeM 

7ll = (a . d.) = al• 712 = (a . d2)= a2' 

Bexrop a nepnenauxyxspen npsxoa. onpenensexon ypaane
HHeM (31 .17). a OTHOllleHHe c/1 a I COOTBeTcTByeT paccrosamo 0 
OT 3TOR npSlMoR .no Ha4aJIa Koop.nHHaT. 

- 1{00p.nHHaTbl ~l H ~2 JII060ro Y3JIa peurenca H3 T04e4HblX 
4aCTHU npHHHMalOT JIHlllb uenue 3Ha4eHHSI 11 H 1 H n03TOMY2 

npOH3BOJIbHblR Y3eJI peurerxa onpeneaaercs aanaaaex sexropa 

r = Ild l + 12d2. (31.19) 

BeKTOp h. KOTOpbIR onpenenser Y3JIbl 06paTHoR peurerxa, 
nupaacaerca CJIe.nylOllI.HM 06pa30M: 

h = hlbl + h2b2• (31.20) 

rne h l H h2 - uenue .. 
ECJIH B ypaauenue (31.17) BMeCTO sexropa a noncraaars 

netcrop h. TO OHO 6y.neT onpeneasri, cexencrao napaJIJIeJIbHbIX 
npsaux (nepneH.nHKYJISlpHbIX aexropy h). aaBHCSlllI.HX OT napa
MeTpa c. npaxeu nexoropue na HHX. KaK MbI ceaxac y6e.nHMcSI. 
npoxo.nSlT 4epea 6eCKoHe4Hoe 4HCJIO yaJIOB npsxon pemerxa. 

J!.eYMepHble petuerxa 

Y4HTblBaSi COOTHOllleHHe (31.16). MO>KHO aarmcars ypaaae
HHe npaxux sroro cexeacrsa B anae 

(h· r) = hl (b, . r)+ h2(b2· r) = hl~l +h2~2 = c. (31.21) 

DOJIaraSi c = O. nOJIy4aeM npsuyio, npoxoasuryio xepes re 
yaJIbI • .nJISI KOTOpblX 

hl/l + h2/ 2 = O. 

3TO COOTHOllleHHe y.noBJIeTBOpSleTcSI. B 4aCTHOCTH. npn 

11 = h2• • 12 = - hl • 

Ilpyrne npaxue sroro cexeacraa npn COOTBeTcTBylOllI.eM Bbl60pe 
'napaxerpa c 6y.nyT. 04eBH.nHO. npoxonars xepea npyrae psnu 
yaJIOB peurerxa. 

Haaaea reneps paCCTOSlHHe OT Ha4aJIa xoopnanar no 6JIH
>KaRlllerO psna ceuencraa HJIH. HHa4e rOBOpSi. onpenenua HaH
MeHblllee OTJIH4HOe OT HyJISI 3Ha4eHHe napaxerpa Ic I. DOCKOJIbKY 
BeJIH4HHbl h l H h2• TaK >Ke KaK ~l H ~2' pasau ueJIblM nOJIO
>KHTeJIbHblM HJIH OTpHuaTeJIbHblM 4HCJIaM. TO napaxerp C. COOT
BeTcTBylOllI.HR KaKoMy-JIH60 pSl.ny peurerxn. TaK>Ke paaen ueJIOMy 
4HCJIy. ECJIH BeJIH4HHbl hl H h2 He conepxar 06ll1.HX MHO>KHTe
JIeR H BeKTOp h npHHHMaeT csoe nanxensuree BOaMO>KHOe ana
4eHHe. TO napaxerp 

Icl= 1; 

3TO ero HaHMeHblllee anaxenue. 
.~. CJIe.noBaTeJIbHo. paccrosnae Me>K.ny .nByMSI npoxonsumaa 

sepea yaJIbi peurerxa npSlMblMH cexeacrsa, onpenenaexoro 
napon ueJIbIX 4HCeJI (hl • h2) . pasao 

1
0= ThT' (31.22) 

\ IlpYrHMH CJIOBaMH. yaen (hl • h2) ooparuoa peurenca onpe
) .neJISIeT ceaeacrso PSl.nOB yaJIOB npsxojt peurerxa. 3TH ceuea

CTBa PSl.nOB nepnennaxynspnu aexropy h H pacnononcenu na 
panaux paccroaunax 1/1 h I .npyr OT npyra: HX MO>KHO 060
aHa4HTb CHMBOJIOM (hi' h2) . TaKHM oopaaox, Mbl npaxonna 
K 060aHa4eHHl'IM 5paB3 .nJISI KpHCTaJIJIOrpa4>H4ecKHx nJIOCKOCTeR. 
TaK. aanpaaep, na 4>Hr. 75 ceMeRcTBO [10] COCTOHT na Bep
THKaJIbHblX PSl.nOB. ceaencrso [01]- as PSl.nOB. napanzeas
HblX nexropy d l • ceMeRcTBO [11] - na PSl.nOB. napaanem.nux 
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aeicropy d~, H, aaxoneu, ceMeftcTBo [11]- H3 p5lAOB, napannens, 
HbIX sexropy dl • 

B AaJlbHeftllleM AJl5I nOJlYlJeHH5I HaH60Jlee nar JISlAHblX pesyJlb

TaTOB Mbl' 6YAeM paccaarpaaari, Jll160 npsxyio. JIl160 ooparuyio 
_peuiency B 3aBHCHMOCTH OT <pH3HlJeCKHX CBOftCTB 113YlJaeMbIX 

06beKTOB. 

J 

" 

§ 32. nepHo~H~ecKHe $YHK~HH 
nepeaenaux 

~BYX H~H Tpex 
l<' 

nOA nepaonnsecsoa <pyHKuHeft ABYX HJlH rpex nepexeunux 
nOlIHMalOT <PYHKUHlO ABYX HJlH rpex He3aBHCHMblX nepeaennux, 
nepHOAHlJHYlO no KaIKAoft H3 nepeaeanux, B3S1TbIX B OTAeJlbHOCTH. 

B nOM napar parpe 6YAyT paCCMaTpHBaTbCSI TOJIbKO nepno
. AHlJeCKHe <PYHKUI1H ABYX nepexeaaux; HX HaH60Jlee BaIKHble 

caoncraa MhI ceaxac YKaIKeM. <l>yHKUHH rpex He3aBHCHMblX 

nepexeunux, BCTpelJalOLUHeCSI npn H3YlJeHHH rpexxepnux CTpyK

Typ, HMelOT auaaornuuue csoacraa. 
TeopHSI nepHOAHlJeCKHX <pyHKUHft CYLUeCTBeHHO ynpouiaercs 

_B TOM cnysae, eCJlH npOH3BOJlbHYlO <PYHKUHlO F (x, y), rtepno

AHlJHYlO no x H y, MOIKHO npencraanrs B BHAe npOH3Be,lleHHSI 

nayx <pyHKUHft F 1 (x) H F 2 (y), nepaonaunux COOTBeTCTBeHHO 

no nepexennua x H y. OAHaKO rakoe npencraanenne <PYHK

UHH F (x, y) B03MOIKHO TOJIbKO B OlJeHb lJaCTHblX CJIYlJaSlx. 

PaCCMOTpHM, uanpaxep, <PYHKUHlO F (x, y), aanaunyto CJIe

AYlOLUHM 06pa30M: 

F ( _ 
x, y) 

{ 1 npu x II y ueaux, 
0 npa scex npyrnx 3Ha'leHlHIX x II y. (32.1 ) 

3Ta <PYHKUHH B nexapronoa CHCTeMe KOOp,llHHaT (Ox, Oy) 
npencraanena ua <pHr. 76, rne TOlJKaMH orxesenu Te 3HalJeHHH 

KOOp,llHHaT, npa KOTOpblX 3HalJeHHe F (x, y) OTJIHlJHO OT HYJISI. 

PaCCMOTpHM <PYHKUHH 

(32.2) 

F 
1
(x) = {I npn ueaux anaseaasx X, 

o npa neueaux anaxeuaax x; 

F ) 
r 1 npn uenux aaasennax y,

2(y = {
[ 0 npa aeuenux aaaueauax y. 
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OAlIa H3 HHX nepaonauaa no x, npyras - no y, H, cne
noaareasuo, npOH3BeAeHHe 3THX tPyHKUHft TaKIKe 51BJlSleTCSI 

nepaonasecsoa <pYHKUHeft F (x, y), HO YIKe ABYX nepexenuux. 
B 3TOM cnysae YKa3aliHoe npencraaaenne B03MOIKHO. 

'J 

2 

o	 2 3 01 

y 

21- Iii 

2 3
 

tP II r. 76.
 tP Hr. 77. 

PaCCMOTpHM reneps <pyHKUl1lO, onpenenseayio CJle,llYlOLUHM
 
COOTHOllleHHeM:
 

I npu X	 unu y l{e.~blx, 
F(x, y)= (32.3){ o npa X	 H Y ueueaux. 

3Ta <PYHKUHSI rpa<pHlJecKH npeACTaBJIeHa na <pHr. 77. 
rOpH30HTaJIbHbie H BepTHKaJlbHble JIHHHH, nposeneaaue B nJIO

CKOCTH xY. cooTBeTcTBYlOT TeM 3HalJeHHSlM nepexenuux, npH 

KOTOpblX <PYHKUHSI F (x, y) OTJIHlJHa OT HYJISI• 

.uoKaIKeM, lJTO B 3TOM cayuae HeJIb3S1 npencraann, <PYHK

UHlO F (x, y) B BH,lle npOH3Be,lleHHH ,llBYX <pyHKUHft, KaIKAaH 

H3 KOTOphIX 3aBHCHT TOJlbKO OT O,llHOft nepeMeHHoft. 

neftcTBHTeJlbHO, npeAnOJlOIKHM npOTHBHoe, T. e. lJTO npn 

acex 3HalJeHHSlX nepexeunux x H y <PYHKUHlO F (x, y) MOIKHO 
3anHcaTb B BH,lle 

F (x, y) = r, (x) r, (y). (32.4) 

ECJlH nsa npOH3BOJIbHbiX 3HalJeHHSI Xl H Y1 He pasau ueJIblM 
lJHCJlaM, TO 

r, (Xl) F2 (Yl) = 0, 
OTKY,lla 

JI1l60F1( X l)=0 F 2(Y1)=0' (32.5) 
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i1 pennonoxora. qTO F z (Yl) = O. Torna. noaaras x paanu M 
uexoxy qHCJlY n, 6yneM HMeTb 

Fl(n)Fz(Yl)=O.	 (32.6) 

qTO nporaaopesar nannoay nuure onpeneneumo <pyHKUHH F (x, y). 
TIpenrrOJlO>KeHHe, qTO F1 (Xl) = 0, TaK>Ke npaaonar K npo

THBOpeqHJO. TaKHM 06paaOM, yraepacaeaae noxaaano. t 
HeKOTopblMH aaropaxn paCCMaTpHBaJlHCb <pyHKUHH sana I>

I,F(x, y)=Fl(x)+Fz(Y). (32.7) 

TIPliMepOM. YKaablBaJOUJ.HM aa BOaMO>KHOCTb nonoonoro 
~.~ 

paaJlO>KeHHSI, MO>KeT CJlY>KHTb <PYHKUHSI 

f 2 npn X H Y uexux, 

F (x, y) = ~ 1 npa X HJIH Y ue.nstx, 7 (32.8) 

lo npH scex npyrux 3HaQeHHlIX X H y, 

KOTOpyJO MO>KHO rrpencraaart, B sane CyMMbl nnyx nepaonns

HbIX rro x H y <pyHKUHlt. orrpeneJleHHbIX COOTHOllJeHHeM (32.2).
 

Ilpuseneuuue astute npaxepu ,SlBJlSlJOTCSI aecsaa qaCTHbIMH
 
H 'MorYT rrpenCTaBJlSlTb npaxrauecxaa anrepec TOJlbKO B ouens
 
penxax cnyuaax. 
----fl(}KameM reneps. qTO rrepnonnvecrcyto <PYHKUHJO nayx nepe

'MeHHblx MO>KHO pa3J10>KHTb B nBoltHolt pSin <l>ypbe H qTO 3TO 
MO>KHO cneaars. onnpascs ua asenenuoe B npenunyuiea rrapa

'rpa<pe rrOHSITHe oopamon peurerxn. 
TIyCTb F (x, y) - aexoropas nepaonnsecxas <pyHKUHSI, npa

HHMaJOUJ.aSl	 onno H TO >Ke suaxenne B yaaax npaxort peurerxa, 
orrpeneJleHHblX BeKTopaMH 

r=(x,y) H r'=r+lldl+lzdz, (32.9) 

r ne II H lz - uenue, TIPH nepexone K xocoyroasnua xoopna
HaTaM El	 H E ' onpeneJlSleMbIM COOTHOllJeHHeM (31.15), <PYHKz 
tiHSI F (x, y) nepexonar B <PYHKUHJO ! (El , Ez) , nepnonasnyio 
no nepeMeHHbIM El H Ez' C nepnonox, paanux enHHHue. Eha 

_<PYHKUHSI MO>KeT 6bITb npencraaaena B BHne paaJlO>KeHHSI 
B nBoltHolt pSin <l>ypbe C KOMnJleKCHbIMH qJleHaMH 

F (x, y) =! (E l , Ez) = ~ Ch,h,eZ1ti (h,~, +h,~,), (32.10) 
»», 

rne h l H hz uexue, 

D.BYMepHlJle	 petuerxu 

K03<p<pHUHeHTbI Ch,h, HaxonSlTCSI. KaK HaBeCTHO, cJlenYJOUJ.HM 
oopaaoa: npasas H aesas qaCTH npenunyuiero COOTHOllJeHHSI 
YMHO>KaJOTCSI na 

- 21ti (h~ ~l +h~ ~2)e • , , 
rne hl H h2 - uenue, H HHTerpHpyJOTCSI no nepeMeHHblM e

-H Ez or nyJlSI no enHHHUbI. B peay nsrare noaysaex 

1 1 ( ,f J! (El, E) e- 21ti h l ~l +h~ ~z) del dE = z	 z 
o	 0 

1 1 , ,

t = bC.h..! JeZ1ti[(hl-hl)~l+h-hz)~Z]dEldEz. 

~,h' .. ,0 

TIPH hl =1= hl> hz 1Jh2 anrerpaau, CTOSlUJ.He B npaaon qaCTH, 
sroro paBeHCTBa, 06paUJ.aJOTcSI B HyJlb. lIJ1eH >Ke C hl = h l ;, 
hz = hz OTJlHqeH OT HyJlSl H, KaK aenco aaaen., paaen eaannue, 
OTcJOna rroayxaex 

1 1 

Ch,h,= Ez)e-Z1ti(hl~l+ha~)dEldEz. (32.11)f.r !(El • 

o 0 

K03<p<PHUHeHTbI Ch,h" Bo06UJ.e roaopa, KOMnJleKCHbl, T. e. onpe
neJlSlJOT KaK aannaryny, TaK H <paay. 

Ilepexons Tenepb CHOBa K <pyHKUHH F (x, y) H y-nrruaaa 
COOTHOllJeHHe (31. 21), noayxaex 

F (x, y) =	 ~ Ch,hoeZ1ti (hor) = ~ Chlhoe21ti [h.(b,.r)+h, (b,or)]. (32.12) 
h,h, h/I, 

rne BeKTop 06paTHolt pellJeTKH 

h = hlb l + hzbz. 

TIepHOnHqHOCTb psaa, CTOSlUJ.ero B npaaon qaCTH (32.12), 
MO>KeT 6b1Tb YCTaHOBJleHa nenocpencrnenaon nposepxon. nelt 
CTBHTeJlbHO. eCJlH ynecn, COOTHOllJeHHSI (31. 20) H (31.3), TO 
JlerKO rrOJlyqHTb, qTO 

(h· r') = [h. (r + lld l + lzdz»)= 

= (h . r) + hlll (h l • d l ) + hzlz (b, . d2) = 
= (h· r) + hlll + hzl2• 
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nO,llCT3BJlSISI reneps 3TO aupaaceuae B (32.12) H Y4HTbIB3S1, 'ITO 

11h1 + 12h2 - uenoe 4HCJlO, nOJlY43eM, 'ITO aH34eHHe YK3a3HHOrO 

PSl,ll3 He MeHSleTCSI npa aaueue (h . r) H3 (h . r'); 3TO H noxaau

B3eT ero nepHO,llH4HOCTb. 

Ilpa nepexone B HHTerp3J1e (32.11) K nepexeunua x H y 
cnenyer nOMHHTb, 'ITO ~1 H ~2 S1BJlSlIOTCSI xocoyr-onsnuua KOOp

,llHH3T3MH H 'ITO, CJle,llOB3TeJlbHO. KB3,llp3T MO,llYJlSl BeKTop3 r 

p3BeH 

I r 12 = x
2 + l= Id1 1

2 
~~+ 2(d1· d2)~1~2+ Id2j2 ~~. (3~3) 

C npyron CTOpOHbl, naouiaan Sa S14etlKH npSlMoti pew~KH 

coornercrayer B npocrpancrne nepeMeHHbl~~~:.~,llHHAA~lVIO-
uians H, T3KHM 06p3aoM, ,;li,~ i 

dx dy = Sa d~1 d~2' /'t~.,'" (32.14) 
r,lle ~. 

Sa= Ia, I,d2 sin O.1 

B pesyJlbT3Te nOJlY43eM 

d, a. 
Ch1h.=Sl f f ri». y) e- 21ti (h , r ) d.x dy . (32.15) 

a o 0 

P3aJlOllieHHIO (32.12) MOlliHO nari, epHaH4ecKylO unrepnpe

T3UHIO: nepHO,llH4eCK3S1 epyHKUHSI npe,llCT3BJlSleTCSI' B snne pas

JlOllieHHSI H3 nJlOCKHe BOJlHbI, K3lli,ll3S1 us IWTOPbIX COOTBeTcTByeT 

PSl,lly peweTKH, npH4eM 3TH psnu onpenenmorca yaJl3MH h 
06P3THoti peurerxn. B CJlY43e TpeXMepHbIX crpyxryp 3THM 

PSl,ll3M COOTBeTcTBylOT KpHCTaJlJlOrp3epH4eCKHe nJlOCKOCTH. 

K03epepHUHeHTbI Cn», paanoaceuas nepnonauecxort epyHKUHH
• J 

P (x, y), KOTOp3S1 MOllieT 6bITb npencraaaena B BH,lle npoaa-

Be,lleHHSI nepHO,llH4eCKHX epyHKUHtI PI (x), P 2 (y), 06J13,ll3IOT 

aecsxa cneUHepH4eCKHMH CBOtlCTB3MH 

Ch,h. = Ch.Gh, , r,1{e C h j = f
1 

fj(~j)e-21tihi~id~j (j= 1,2). 
o 

04eBH,llHO, 'ITO 3TO COOTHoweHHe He HMeeT MeCTa B 06w.eM 

cnysae, 0,llH3KO OHO OTHOCHTCSI no Kp3t1Heti Mepe K cosoxyn

HOCTH K03epepHUHeHTOB C. 
CJly43t1, xoma <!>YHKUHIO P (x, y) MOlliHO npeacramm, B BH,lle 

CYMMbI ',llBYX ep.yHKUHtI PI (x) + P2 (y), S1BJlSleTCSI euie 60J!e~ 

!1eYAleplible peiueixu 

43CTHbIM, nocxonsxy OH npHBO,llHT, K3K nerxo aanen , K 06p3

meHHIO B HyJlb scex K03epepHuHeHToB C, aa HCKJlI04eHHeM C
h, O 

Ii COh,. Ilpa 3TOM ace H3KJlOHHble psnu 43CTHU He Hrp310T 

HHK3KOti POJIH H He ,llOJJlliHbI npHHHM3TbC.SI BO BHHM3HHe. 

4T06bI no.auepxayn, B3lliHOCTb BblCK3a3HHbIX cooopaaceana, 
a3MeTHM, 'ITO npn 'p3CCMOTpeHHH OTp3llieHHSI peHTreHOBCKHX 

JlY4etl OT KpHCT3J1J13 3KcnepHMeHT3J1bHO MOlliHO onpenenurs 

TOJlbKO MO,llYJlH Ici», I K03epepHUHeHTOB p3aJlOllieHHSI epyHKUHH 

nJlOTHOCTH 3J1eKTpOHOB B KpHCTaJlJle B ,llBOtiHOti pan <t>ypbe.r O,llH3KO B pane CJlY4aeB Co06p3llieHHSI CHMMeTpHH nOaBOJlSlIOT 

onpene.nrn, ep3aOBbltI yron, 'ITO ,ll3eT BOaMOlliHOCTb nocrporrn, 
nepHO,llH4eCKYIO epyHKUHlO, npe,llCT3BJlSlIOW.YIO cocoa Cpe,llHIOIO 
nJlOTHOCTb 3J1eKTpOHOB B KpHCT3J1J1e. 

§ 33. 30Hbl B ,lI,ByMepHblx peurerxax 
{', 

Ilpa Hay4eHHH onuoxepnux petuerox MbI BH,lleJlfI, 'ITO 

43CTOT3 S1BJlSleTCSI nepaonn-recxon epyHKUHeti BOJlHOBOrO 4HCJl3 

H 'ITO, CJle,llOB3TeJlbHO, npn a3,ll3HHOM aHa4eHHH 43CTOTbI cyuie

CTByeT HeOnpe,lleJleHHOCTb B BbI60pe BOJlHOBOrO 4HCJla H H3

np3BJleHHSI p3cnpOCTp3HeHHSI. 4T06bI 060tlTH 3TY Tpy.n.HOCTb, 

MbI BBeJlH nOHSITHe OCHOBHOro HliTepB3J13, KOTOpbltI CHMMeTpH4eH 

OTHOCHTeJlbHO H343J13 KOOP,llHH~T H paBeH no BeJlH4HHe nepHO.n.y 

43CTOTbl, H P3CCM3TPHB3J1H TOJlbKO BOJlHOBble 4HCJl3, aaKJl104eH

nue B 3TOM HHTepB3J1e. Bseneu HOBoe nOHSITHe 30flbl 1), xoropoe 

6Y,lleT HCnOJlbaOB3TbCSI B nacrosuren r Jl3Be. YKaa3HHbltl suure 

OCHOBHOti HHTepn3J1 MbI 6y.n.eM naauaari, nepeoa 30flOii. Bmo
pan sona B O,llHOMepHOM CJlY43e 6Y,lleT COCTOSlTb na ,llBYX 

HHTe pB3J10B, p3CnOJlOllieHHbIX CHM MeTpH4HO no OTHoweHHIO 

K nepsoa aone, npH4eM BeJJH4HH3 K3lli,llOrO na HHX p3BHa 

nOJlOBHHe nepaoaa epyHKUHH 'I (a). 30HbI 60Jlee BblCOKHX nopsn

KOB onpenenmorca 3H3J10rH4HbIM 06p3aoM. H3 epHr. 78 npen

CT3BJleHO pacnoaoaceaae aOH B cJlY43e onnoxepuoa peurerxn, 

P3cnpocTp3HHM Tenepb nOHSITHe .aoHbI" Ha CJlY43t1 .n.nyMep

HbIX peurerorc. 3TH aOHbI .n.OJllliHbI 6bITb onpe.n.eJleHbl B 06P3THOti 

peurerxe, nOCKOJlbKY, K3K MbI cetl4ac noxaxea, HMeHHO OH~ 

1) nOHHTHe 30HbI aBeil 6pHilil109H. OHO rroilyqHilO WHpOKoe pac
npocrpaneans B reopaa rsepnoro rena H, B xacrnocra, B reopna 
MetaililOB non H33BaHHeM ,,30H 6PHililI09Ha ". Ilepsaa 30Ha Ha3bIBaetCH 
OCHOBHOH 30HOH Bpnnmosna. - flpUM. pea. 
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xapaKTepHayeT nepHO~H4HOCTb 4aCTOTW KaK ~YHKUHH BonHOBoro 

4Hcna. 
Paccuorpaa nnocxyio aonay, pacnpocrpaamouryiocs B ~BY

MepHOM npOCTpaHCTBe. OHa HMeeT BH~ 

Aei (",t-21u,x-21ta,y).~ = (33.1) 

Oooanasaa sepea a aexrop C KOMnOHeHTaMH (al' a2) H 

xepea r sexrop C KOMnOHeHTaMH (x, y), MOIKeM aanncars 
7= Ae i [",t-21t(a.r)], (33.2) 

npH4eM 
2 12 

I a 1 = I a1 1
2 + I a21 = 12 ' 

r ne BeKTOp a onpenenser nanpaaneaae pacnpocrpaueuaa, aero 

BenH4HHa 06paTHO nponopUHOHanbHa ~nHHe BonHw. 

u 

a 
Itc::::J 30HQ 1 ~ 30HQ 3 IIlIIID 30HQ 5 

§l 30HQ Z ~ 30HQ4 

<t> H r. 78. 

B cnysae nacxpernon crpyxrypu ~YHKUHll ~ onpeneneua 
ronsxo B rex T04Kax r. rne aaxonsrca 4aCTHUbl, T. e. ronsxo 
B yanax rI,l. npaxoa peurerxa, nOCKonbKY II H l2 - uenue 
lJHCna, TO 

21t (a . rI,l.) = 21t (a . lldl) + 21t (a . l2d2) = llkl + l2k2' (33.3) 

r~e 

k 1 = 21t (a . d1) , k 2 = 21t (a . d2) . (33.4) 

TaKHM oopaaoa. supaaceuae (33.2) npHHHMaeT BH~ 

~ = Aei (",.t-k1l1-k.I,) , (33.5) 

.........

orxyna cnenyer, 'ITO npa aaxeue k H k2 aa k~ H k~, rne k;1 

onpeneaaercs COOTHoweHHeM 

k~ = k i + 21tm j (33.6) 

(anecs m, - uenue 4Hcna, a t = I, 2), HH xapaxrep ~BHIKeHHll, 

HH anaseaae 4aCTOTbl He HaMeHllIOTCll. I1TaK, Mbl CHOBa CTanKH

aaexca C neonpenenennocrsio B Bw60pe BenH4HH k 1 H k 2 , 

nonoouo TOMy KaK 9TO, HMeno MeCTO npa paCCMOTpeHHH 

onaoaepaux crpyxryp. BenH4HHaM k~ H k~, onpe~~nlleMbIMt 
COOTHoweHHeM (33.6), Mbl MOIKeM conOCTaBHTb uexoropun 
HOBbllt sexrop a', paaaua 

at = a + m1b1 + m2b2, (33.7) 

nOCKonbKY, KaK caenyer aa onpenenenas BeKTopOB bi' 

k~ = 21t (at. d1) = 21t (a . d.) + 21tm 1 (b, . d.) + 
+ 21tm2 (b2 • d1) = k 1 + 21tm1, 

(33.8)
k~ = 21t (at. d2) = 21t (a . dz) + 21tml (b, . d2) + 

+ 21tmz (b 2 • d2) = k z+ 21tm2' 

Hanpaanenae pacnpocrpaneaas onpenenaercs reneps BeK

TOpOM at, xoropua, KaK H ~m1Ha BonHW, sanaerca ~YHK

UHelt m, H m2 [CM. (33.7)]. 
I1TaK, paanasaue aeicropu at cooraercrsyior O~HOMY aa~aH

HOMy sexropy a; uexoropue aexropu at yxaaauu na ~Hr. 79, 
rne aaoopaxena ooparnaa peurerxa. 

Ilpaaeneuaue paccyxneaas nOKaaWBaIOT, 'ITO 4aCTOTav aonn 
B ~BYMepHolt peiuerxe aanaerca nepnonnsecxoa ~YHKUHelt 

aexropa a B ooparnoa peurerxe C 6aaHCHblMH BeKTopaMH b1 H bz. 
Ilonuraexca onpeneaare reneps OCHOBHylO 06naCTb, B KO

TOpOlt ~onIKeH 6WTb aa~aH BeKTOp a. 
C4HTall, 'ITO BeKTOp a BblXO~HT na naxana peurerxa, MOmHO 

6b1no 6bl or pana-urrs o6nacTb ero HaMeHeHHll nepsoa anexea
rapnca 114eltKolt ooparaoa peuierxa, T. e. napaanenorpaxxca, 
aepunmu xoroporo, KaK 9TO noxasaao na ~Hr. 79, pacnonosseau 
B T04Kax [DO], [01], [10], [II]. O~HaKo npH 9TOM BoaHHKalOT naa 

aarpynnenus. Bo-nepaux, npa TaKOM onpeneneuaa sunenmorca 
nanpaanenas pacnpocrpaneans, xoropue COCTaBnlllOT C BeKTO

pOM b1 yron, MeHbwHlt 4eM 1t - e, H, BO-BTOpbIX, ~aHHolt 

BOilHe He 0611aaTenbHO COOTBeTCTByeT HaH60nbwee BoaMOIKHoe 

118YMepHbte peWeTKU In 
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aaaseaae ,UJlHHbl BOJlHbl. 'lTO He cornacyercs C YCJlOBHeM. 

xoropoe MbZ rrpHHSlJlH npa paCCMOTpeHHH O,UHOMepHbIX sanas. 
4T06bl 060ltTH 3TH aaTpy,UHeHHH. OCHOBHylO aOHY MomHO 

onpenemrn, no,U06HO TOMy. KaK 3TO 6blJlO cnenano B cnysae 
O,UHOMepHbIX crpyxryp. 

Ilpeacne ncero noaosceaae aouu Bbl6HpalOT TaKHM 06paaOM. 

'lT06bl ee UeHTp COBna,UaJl C Ha'laJlOM ooparnon peurerxu. I'pa
HHUaMH souu HBJlSlIOTCH rrpSiMble. npoxonsurae sepea cepennnu 

<t> II r. 79. 

OTpeaKOB. COellHHSllOlUHX UeHTp 06paTHott peurerxn C pasnas
HbIMIf yaaaxa, If nepneunaxyaapaue 3TlfM orpeaxax. 3m 

npaxue oopasyior COBOKyrrHocTb MHoroyrOJlbHHKOB, uenrpu 
kOTOPblX COBrra,UaIOT C Ha'laJlOM 06paTHolt peurerxa. Q6J1aCTb. 

'or-panaxeaaas HaHMeHbWIfM rro nJlOlUa,UH MHoroyrOJlbHHKOM, 

nocrpoeanux TaKIfM oopaaox, If 6YlleT npencrasnars cocoa 
nepayio aOHY. QHa He aaBHCHT OT BbI60pa CIfCTeMbl 6aaHCHbIX 

BeKTopOB H rrOaBOJlHeT paCCMaTpHBaTb nponsaonsnue nanpas
~eHHSI pacnpOCTpaHeHHSI; DOJlee Toro, TaKoe onpelleJleHHe npH

BO,UHT K paCCMOTpeHHIO ,UJlH aaaasuoa BOJlHbl HaHMeHbwero 

no BeJlIf'lHHe aexropa a (HJlH. 'lTO TO me, HaH60Jlbwelt llJlHHbl 

BOJlHbl A). Haxoneu, rrOJlHbltt nepaoa pacnpocrpauenns, COOT· 

sercrayiounot uexoropoay HanpaBJleHHIO, ueJlIfKOM YKJla,UbIBaeTCH 

BHyTpH aonu, Q,UHaRO HeOnpelleJleHHOCTb aa rpaanuax aonu, 
l1MelOlUaH MeCTO B O,UHOMepHOM caysae, anecs raioxe OCTaeTCSI~ 

/J.eyMepHble petuersu 

Ilpnauanu nocrpoeuas nepsoa aJHbl rrOSICHHeT qur. 80. 
DJlOlUa,Ub ee panna nnouiann anexenrapuort H'leltKH ooparaoa 
peurenca, B 'leM nerxo y6e,UHTbCH. paacaaas 9T1f 06e nnouiann 
na 'laCTIf, xoropus orxeveau na <!>ar. 80 01lHHaKOBblMH 

I ulf<!>paMH, If cpaasaaas roxcaecraeunue 3J1eMeHTbI.I 
Ilocrpoenae BTOpOtt aOHbI, a TaKme aOH aucuiero nopsnxaI

( 
r' 60Jlee CJlOmHO. QHa ,UOJlmHbl 6bITb orpaaasesu rrpllMbIMH, 

npoXO,UHlUHMH 'lepea cepezmnu orpesxoa, coenuamoumx naua JlO 

" 

<t> If r. 80. 

ooparnoa peurerxu C ee paaJlH'lHbIMH y3J1aMH, H nepnenau
KyJlHpHbIMH 9TlfM orpesxax, npasex Hif O,UHa aa 9TlfX npaxux 
He ,UOJlmHa npoxonars BHyTpH aonu. Ba>KHOCTb raxoro orrpe

lleJleHHH 6Y'ueT HCHa na ,UaJlbHel'lwero. Dpe,UnOJlO>KIfM, B 'laCT

HOCTIf, 'ITO BOJlHa pacnpocrpaasercs B cnaoumon cpene, 
xapaxrepuayexoa MaJlblM nepHO,UIf'leCKIfM BoaMYlUeHHeM, TaKIfM 

06paaJM, 'lTO KOHeu ee BOJlHOBOro BeKTopa a JlemHT Ha 01lHOlt 

aa YKaaaHHbIX auure npHMblX,rrepneHlllfKyJlHpHblX orpeaaax, 
coeanrenounra aaxaao ooparnoa peurerxn C paaJlH'lHbIMIf ee 

yaJlaMIf. B 3TOM caysae, KaK MbI yBH,UIfM, KpIfBaH, npencras
JlHlOlUaH cocoa aaBIfCIfMOCTb sacroru OT <!>YHKUHH Ia /' acnsi
ruaaer paspua. YKaaaHHbIlt suoop aOH npIfBO,UIfT K uenpepsra
HOCTIf <!>YHKUHH 'I BO acea 06J1aCTIf, 

3TlfX aOH. 3rOT pesym.rar rrOJlHOCTblO 

nOJly'leHHoMy H3MH rrpa Hay'leHHIf 

(CM. § 17). 

12 aaK. 201. 

sa IfCKJlIO'lelllfeM r p'~HIfU 
auaaorusea peaynsrary. 
O,UHOMepHblX CTpyKTyp 
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Bropaa. rpert.s 11 aOHbI 60JIee sucoxoro nopaaxa onpene
JIHIOTCH nonoono TOMy, KaK 3TO ,neJIaJIOCb B CJIy4ae nepnojl 
aOHbI. TaK, nanpnxep. sropas sona npencraanaer c060R 06JIaCTb, 
aaKJII04eHHYlO Mem,ny Hal1MeHbWI1M 11 nenocpencraenno c.tenyio

. W.I1M aa HI1M no BeJII14liHe MHoroyrOJIbHliKOM, npasex croponaan 

• 

• 

• 

• 
o 30Ha I 

§ 30HaZ 

~ 30Ha3 

• 
<I> Ii r. 81. fpaHHuaMH 30H flBJllIlOTCli J1HHIlH, xoropue 
nenar nononaa oTpe3KH, coe,nHHlIlOlllHe uauano 0 
C pa3J1H'lHbIMH Y3J1aMH 06paTHoH peuierxa, H nepnen

,nIlKYJllIPHbI 9THM OTpe3KaM. 

sroro MHoroyrOJIbHI1Ka ons'n- HBJIHIOTCH nepneH,nI1KyJIHpbI K OT
peaxax, coe,nI1HHIOW.I1M Ha4aJIO peWeTKI1 C paaJII14HblMI1 yaJIaMI1. 
Tpersn sona 6y,neT or pauaseua BHewHeR r paaauen BTOpoR 
aOHbI 11 CJIe,nYIOw.I1M MHoroyrOJIbHI1KOM. npl1HUl1nbI nOCTpOeHI1H 
3TI1X aOH S1CHbI aa qmr. 81. Booouie n-H aona npencraanser 
c060R 06JIaCTb, aaKJII04eHHYlO Mem,ny noM 11 (n + l)-M MHoro
yrOJIbHI1KaMl1, nOCTpoeHHbIMI1 YKaaaHHbIM nsnue cnocoooa. 
Cnenyer aaMeTI1Tb, 4TO BHyTpeHHH7I rpaaaua (a + l)-R aOHbI 
COBna,naeT C BHeWHeR r pauauea noR aOHbI 11 I1MeeT pan 06w.l1x 

T04eK C (n - l)-R aOHoR. 

Flnouiam, Kam,noR aouu pasna nxouiana 3JIeMeHTapaon 
H4eRKI1 06paTHoR peurencu, B 4eM MomHO yriemm.ca, paaoaaas 
Kam,nylO sony na 4aCTI1, naxonsumecs B paanux H4eRKax, 11 
CpaBHI1BaH TO)l(,neCTBeHHbIe 3JIeMeHTbi nacren aOHbI U 4acTeR 
H4eeK Mem,ny c060R. BOJIHOBbIe setcropu. KOHUbI KOTOpbIX 
pacno.roacenu BHYTpl1 cooTBeTcTBYIOW.I1X no,n06JIaCTeR paaJIU4HbI x 
aOH, npuaonsr K onnon 11 ToR me <\JYHKUUI1 tjI, nOCKOJIbKY 
pa3JII1lJHbIe <\JYHKUI1I1 Ij! OTJIU4alOTCH B naunou CJIy4ae TOJIbKO 

ei 21t1n MHOml1TeJIeM , me m - ueaoe. TaKI1M 06paaOM, paaJIU4HbIe 
cooTBeTcTBYIOw.l1e npyr npyry no,n06JIaCTIi xoryr paccxarpn
BaTbCH KaK 3KBliBaJIeHTHbIe. PacnOJIO}l(eHUe 3THX no,n06JIaCTeR 
noxasauo aa <\J11r. 81. 

Bo scex CJIy4aHx naouiam, Kam,noR aOHbI paana nnouiann 
3JIeMeHTapHoR HlJeRKH 06paTHoR peWeTKI1. 3TO BbITIOJIHHeTCH 
.uJIH acex paccxcrpeunux HaMI1 npocreaurax CJIy4aeB. Censac 
MbI npaaeneu ornnee ,nOKaaaTeJIbCTBO sroro nOJIOmeHI1H, anes 
KOToporo npuHa,nJIe)j{I1T lLelllaMny. 

06paTHaH peurerxa onpenexserca aanauaeu nnyx uenapan
JIeJIbHbIX nepenocos 11 11 1 2 , COOTBeTCTBYIOW.I1X aexropaa bI 

11 b2 • Coaoxynaocn; oneparopos nepeuoca 
rrv ~n~p 

1=11 12, (33.9) 

rne n 11 p - uenue nOJIOmUTeJIbHbIe I1JII1 orpuuarexsuue lJUCJIa, 
oripaayer aoeneay rpynny O. lLeRcTByH TaKI1M oneparopoa 
na HalJaJIO pemerxn, nOJIy4aeM HeKOTopbIR yaea 06paTHoR 
peurerxa R . 

4T06bI nOJIY4liTb 30HbI pa3JII14HOrO nopsnxa C ueHTpaMI1 
B TOlJKe 0, npoaenex coaoxynnocrs npHMbIX. npoxonmunx 
lJepe3 cepennnu BeKTopOB, coe,nuHHIOw.I1X 3TY T04KY C pa3JI114
HbIMI1 Y3JIaMI1 06paTHoR peurerxn, 11 nepneunuxynapuux 3TUM 
aekropax. B nexoropue T04KI1 nJIOCKOCTIi MomHO nepenrn 
113 nasaaa nertpepunuux nyrex, T. e. He nepecexas HU o,nHoR 
H3 YKa3aHHbIX suure npHMbIX: 3TI1 Y3JIbI pacnonoxcenu B nepson 
30He. Ko BTOpoR 30He npl1Ha,nJIemaT ace Y3JIbl, K KOTOpbIM 
MomHO nepenra, nepecexas O,nHY 11 TOJIbKO onny 113 3TI1X 
npHMbIX; K rperi.ea - Te. K KOTOpblM MomHO nepearn, nepe
cexas nne npHMbIX. H T. ,n. 3TI1 onpeneaenas Haxo,nHTCH 
B COOTBeTCTBI1U co cxexort pacnOJIO)l(eHI1H 30H, 11306pameHHoR 
na <\JHr. 81. 

Onpe,neJII1M reneps caoacraa rouex, pacnoaoacennux B paa
JII14HbIX 30Hax I1JII1 na I1X rpanauax. nYCTb M - np0l13BOJIbHaH 

12* 



-

181 180 r naea 1 

TO'lKa nJlOCKOCTH, a P - uexoropas TO'lKa ooparson peuierxa. 
BBeAeM ABe <pyHKUHH TO'lKH M: jp(M) H kp(M), aaBHCSllllHe 

TaKIKe OT nOJlOIKeHHSI TO'lKH P. OnpeAeJlHM HX CJleAYIOlllHM 

06paaOM: <PYHKUHSI jp (M) npeACTaBJISIeT c060ft 'lHCJlO (j - 1) 
yanos 06paTHoft peiuerxu, aaKJlI04eHHbiX BHyTpH oKpyIKHOCTH (M) 

<I> Hr. 82. 

C ueHTpOM B TO'lKe M H npoxonsutea xepea TO'lKy P, a <PYHK

UHSI k (M) - 'lHCJIO (k + 1) yaJIOB ooparaoa peurencn, pac
p 

nOJlOIKeHHblX TO'lHO ua OKpyIKHOCTH (M). 
PaccMoTpHM csasana <pyHKUMH jo (M) H ko(M), COOTBeT

crsyiouiae uasany 0 06paTHoft peurerxn. O'leBHAHO, 'lTO ko(M) 
npeACTaBJISIeT co60ft 'lHCJlO npaxux, na KOTOpblX MOlKeT uaxo

AHTbCSI T04Ka M . <l>yHKUHSI ko(M) panna Hy mo, eCJIH TO'lKa M 
HaxOAHTCSI BHyTpH aOHW, paBHa eAHHHue, eCJIH T04Ka M Haxo

AHTCSI aa npaaott, H panna AByM, eCJlH TO'lKa M HaxOAHTCSI ua 

nepeCe'leHHH ABYX npsxux. Bootnue <PYHKUMSI ko(M) OTJlH'lHa 

OT HyJlSl, eCJlH TO'lKa M HaXOAHTCSI na 06llleft r paunue ABYX aOH. 

<l>yHKUHSI jo (M) MOlKeT HaMeHSlTbCSI TOJlbKO B TOM cay-rae, 

xorna OAHH HJlH HeCKOJlbKO yaJIOB oriparuoa peuierxn R BXOASIT 

B 06J1aCTb, OrpaHH'leHHyIO OKPYIKHOCTbIO (M). HJlH BbIXOASIT 

r 

, 
'f 
\ 

) -:\ 

I ~. 

IlflyMepHble petuetuu 

na nee: 9TO CBOAHTCSI K TOMy, 'lTO AJISI AOCTHIKeHHSI TO'lKH M 
He06xoAHMO rrepeceus onny HJlH HeCKOJlbKO yxasauuux nsnne 

npauux. Toxnee, <PYHKUHSI jo (M) soapacraer ua 'lHCJlO eAHHHU, 

pasnoe 4HCJlY npsaux, nepecexaeaux TO'lKOft M npn ee yna

JleHHH BAOJlb panayca OT TO'lKH O. OAHaKo nocxonsxy AJiSI 

nepsoa aOHbI jo (M) = 1, TO OKaablBaeTCSI, 'lTO jo (M) npen

CTaBJISIeT cocoa npOCTO nopanox aOHbI, B KOTOpOft pacnoaoacena 

TO'lKa M [eCJlH TOJlbKO TO'lKa M HaXOAHTCSI BHyTpH sonu, 

a He aa ee r pannue, nOCKOJIbKY B 9TOM cnyxae <PYHKUHSI 

ko(M)=Oj. ECJlH <PYHKUHSI ko(M) OTJlH'lHa OT HyJlSl. TO, KaK 

JlerKO BHAeTb. TO'lKa M HaXOAHTCSI Ha rpaHHue aOH 

j. j+l, j+2, ... j+k. 

Teneps yCTaHOBHM CJleAYIOlllYIO reopexy. 
'JII06aSl T04Ka M MOlKeT 6bITb nepeseneaa B uexoropyto 

sony Zi HJlH aa ee rpannuy npH noaoum onepaunu nepeuoca 0, 
onpenensexoa COOTHOIlleHHeM (33.9); B nepaox cnyxae cyuie

CTByeT TOJlbKO OAHH BoaMoIKHblft nepeaoc, Torna KaK BO BTO

pOM cay-rae - no KpaftHeft Mepe ABa. 
---+ 

Onpenennx onepaumo nepenoca 0 npa rroxoura sexropa PO. 
rae P - nexoropua yaen ooparnoa peurencn R. 

3Ta onepauns nepeBOAHT TO'IKY M B TO'lKy N. O'leBHAHO, 'lTO 

jo(N) <t» (M). ko(N) = kp(M). (33.10) 

TO'lKa N HaXOAHTCSI BHyTpH aOHbI Zi' eCJlH 

jp(M)=l, kp(M)=O, (33.11 ) 

H aa rpannue aOHbI Zi, eCJlH 

jp(M)< l <jp(M) +kp(M), kp(M) 4' O. (33.12) 

TaKHM oopaaox, onpenenenne onepaunn nepeuoca 0 CBOAHTCSI 

K HaXOIKAeHHIO T04eK P, ynoaaereopstoumx YCJlOBHSlM (33.11) 
HJlH (33.12). ,UJlSI sroro paaoosex ace yaJlbI ooparuoa pe

IlleTKH R aa KJlaCCbI B aaBHCHMOCTH OT HX paccrosuas OT TO'lKH M 
(eCJlH HeCKOJlbKO yaJIOB HaXOASlTCSI na OAHOM H TOM IKe pac

CTOSlHHH OT 9TOft T04KH, TO MbI HX 6YAeM OTHOCHTb K OAHOMy 

xnaccy). 
TIyCTb reneps TO'lKa Pi npHHaAJIeIKHT K i-My xnaccy. ECJlH 

He cyuiecrayer npyrux TO'leK, paCnOJlOIKeHHblX ua TOM ,Ke 

paCCTOSlHlUI OT M, TO Mbl 6YAeM HMeTb 

MPi - 1 < MPi < MPH-I; (33.13) 
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3Ta T04Ka Pi YJIOBJleTBOp5leT COOTHOllIeHli1O (33.11) Ii OHa 
eJIHHCTBeHHa. MbI rOBopHM, 'ITO M - perynapnas TOl(Ka i-ro 
nopanxa: B 3TOM cnynae cyuiecrnyer e,LI.YIHCTBeHHbItl nepenoc, 
nepesonaiuaa TO'lKy M BHYTPb 30HbI Zi' 

npeJInO,~OmIiM reneps, 'ITO TOl(Ka Pi np:lHaJIJle)I(HT K xnaccy 
H3 (k -+-1) TOl(eK, pacnonoacenaux na OilliHaK030M paCCT05lHHH 
01' TOl(KH M, 

MPi_ 1 < MPi = MPi+t = ... = MPi f" < MPi+k+l' (33.14) 

rJIe 

j<,.i<,.j+k. 

nJl51 scex T04eK KJlaCCa HMeeM 

jp(M)=j; kp(M)=k, 

'ITO 3KBHBaJleHTHO YCJlOBH5IM (33.12). B 3TOM cnysae Mbl rOBopHM, 
'-ITO M - oc06a51 TOl(Ka l-ro nOp5lJIKa, a l(HCJlO nepeHocoB, 
npana.anexaumx K rpyrme 0 H nepeBOJI5Iw,HX TOl(KY M na 
rpanauy 30HbI Zi' pasuo k +- 1. 

Paccxorpaa reneps 3J1eMeHTapHylO 51l(etlKy D peurerxn R, 
nanpaxep 51l(etlKy, npeJICTaBJl5IIOiUYIO c060tl napanaeaor-paax, 
nocrpoeuaua na sexropax b, H bz' BbIXOJI5IW,HX H3 TOl(KH O. 
B 3TY 514etlKy BKJlIOl(aeTC5I, Ol(eBHJIHO, KaK 06J1aCTb, aatono-iea
Ha51 BHyTpH napaaaeaorpaxxa, TaK Hero rpanauu. JII06ylO 
TOl(KY nJlOCKOCTH MomHO nepesecru C noxouisto onepaLlHU 
nepenoca 0 BHYTPb 51l(etlKH D. BTO nOJlOlKeHUe CnpaBeJIJlHBO 
JIJl5I scex TOl(eK 30HbI Zj; 06paTHO, cor JlaCHO TOJlbKO 'ITO 
JIOKa3aHHotl reopexe, JlI06ylO TOl(KY 51l(etlKu D npu yCJlOBHU, 
'ITO OHa 51B,151eTC5I perynapaoa, MomHO nepesecru B 30Hy Zi' 
npHMeHHB onepaumo nepenoca O. TaKHM 06pa30M, MemJIY 
TOl(KaMU 30Hbl Zi H perynspnuxa TOl(KaMH i-ro nOp5l,LI.Ka 
51l(etlKu D cyuiecrayer B3aUMHO OJIH03Hal(HOe COOTBeTCTBue. 

PaCCMOTpHM reneps ocoriue TOl(KH i-ro nOp5lJIKa 51l(etlKu D. 
OHH pacnoxoacenu aa KOHel(HOM l(UCJ1e OTpe3KOB, "npnnanae
»caurax np5lMbIM, npOXOJI5IW,HM sepea CepeJIIiHbI BeKTopOB, 
COeJIUH5IIOw,UX JIBa pa3J1Hl(HbIX Y3J1a peUIeTKH R, Ii nepneHJIHKY
Jl5IPHbIM 3TUM aexropaa. BTU oTpe3KH JIeJl5lT 51l(etlKy D na 
KOHel(HOe l(HCJlO MHoroyrOJlbHHKOB, conepncaumx perynapuue 
TOl(KH. nOCKOJlbKY TOl(Ka i-ro nopsnka Pi' COOTBeTCTBYIOw,a51 
TOl(Ke M, MomeT MeH5ITbC5I, TOJlbKO ecnn TOl(Ka M CTaHOBHTC5I 

oc060tl, TO KamJIbItl H3 3TUX peryJIHpHbIX MHoroyroJlbH\tKOB 
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MomHO KaK uenoe nepesecra B 30Hy Zi npa noxoum onepauau 
nepenoca O. 

BTO JIOKa3bIBaeT, -rro cyaxapnas nnouians pa3J1Hl(HbIX 
MHoroyrOJlbHHKOB, xoropue 06pa3YlOT 30Hy Zi' panna naouraaa 
snexenrapuon 51l(etlKH D. 

BTOT peayasrar MomHO nOJlYl(HTb auase. OnpeJIeJlUM nOH5I
THe • paCCT05lHH5I" (PM) MemJIY nexoropon nponaaom.aon 
TOl(KOtl nJlOCKOCTH Ii Y3J10M P petuerxa, BTO nOH5ITHe OCHOBaHO 
na paCCMOTpeHHIi Q>yHKUHtl l» (M) U k p (M). 

ECJlH P 51BJl5IeTC5I eJIHHCTBeHHbIM Y3J10M peUIeTKIf, pacnoao
meHHbIM na oxpyxaocrn (M), TO 

kp(M) = 0 
H MbI nonaraev 

(PM) =jp (M). 

Paanocrs (PM) - 1 panna l(lfCJlY Y3J10B peurerxn. HaXOJI5Iw,HXC5I 
BHyTpH oxpyacaocra (M). 

npeJInOJlOmHM reneps, 'ITO ua oxpyacaocrn (M), KpOMe 
TOl(KH P, HaXOJI5ITC5I e.ue kp (M) Y3J10B peUIeTKH. B 3TOM CJlY

nae Mbl 6YJIeM rosopart., 'ITO paCCT05lHUe (PM) 51BJl5IeTC5I MHO
roaaaunon Q>YHKIJ,lfetl 

kp(M) =F 0, (PM) <t» (M), jp(M)+- 1, ... jp(M)+-kp(M). 

nOJlb3Y5lCb 3THMU Onp2JIeJleHH5IMH, MomHO CKa3aTb, 'ITO 30Ha 
l-ro nOp5lJIKa Z, npeJICTaBJl5IeT cocoa coaoxynuocrs Y3J10l'. 
HaXOJI5Iw,HXC5I Ha .pacCT05lHHH" l OT. Ha'IaJla 

(OM) =jo (M) = i. 

• PaCCT05lHHe" (OM) 51BJl5IeTC5I OJIH03Hal(Hotl Q>yHKUHetl JIJl5I TO
uex M, HaXOJI5Iw,HXC5I snyrpa 30Hbl, H MHOr03Hal(Hol't Q>yHKUHetl 
JIJl5I TOl(eK, HaXOJI5Iw,HXC5I aa ee rpaanue: JIBYX3Hal(Hotl, eCJlH 
TOl(Ka M JlemHT aa OJIHOtl U3 npnxux, rpexanasaon. ecna OHa 
JlemUT na nepecexenan JIBYX npsaux, H T. JI. 

nJI5I JIOKa3aTeJlbCTBa cdiopxynnpoaanaoa nsnue reopexu MbI 
pasneaann Bce yaast P peUIeTKH R B 3aBHCHMOCTH 01' HX • pac
CT05lHH5I" (PM) 01' TOl(KU M na P5lJI KJlaCCOB H HCnOJlb30BaJlH 

BeKTOp F'<5 JIJl5I nepeBOJIa TOl(KU M BHyTpb 30HW Zi HJlH, eCJlH 
Q>yHKUH5I (PM) HeOJIH03Hal(Ha, ua ee rpaHHUY. 51l(etlKa D pe
llIeTKH npeJICTaBJl5IeT OCHOBHylO 06J1acTb rpynnu nepeaocos 0, 
H JlI06ylO TOl(KY M n.~OCKOCTU MomHO nepesecrn BHYTPb 51l(etlKH D 
npu nOMOw,H O)I,HOrO H TOJlb!<O OJIHorO nepeHoca 0, 
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§	 34. Pacnpocrpaueaae BOJJH B ,lJ,ByMepHblx nenpepuanux 
cTpyKTypax npH HaJJHqHH nepHO,lJ,HqeCKOrO B03MymeHHH 

TIpHcTynHM K H3Y'leHHIO pacnpocrpauenaa BOJIH B nnyxepnax 
neonaoponnux crpyxrypax, xapaxrepnsyexux nepHo,nH'IHOCTblO 
B asyx He3aBHCHMbIX HanpaBJIeHHHX. AHaJIOrH'IHaH aaaasa 
B cnysae onnoxepuon peurerxn 6bIJIa paccxorpena B § 17. 
3.necb 3TOT Bonpoc 6y.neM H3Y'laTb 60JIee .neTaJIbHO. 

Paccxorpna peurency, onpeneaeunyio cacrexon nnyx 6a
3HCHbIX searopoa d l H d2• aOCOJIlOTHble BeJIH'IHHbI KOTOpblX 
panna COOTBeTCTBeHHO nepaonau crpyxrypu B nsyx paccxar
pasaeaux HanpaBJIeHHHx. TIpoH3BOJIbHaH TO'lKa nepsoa 3JIeMeH
ra pHOIt H'IeltKH MO>KeT 6bITb onpenenena sanaaaea nexoropor o 
sexropa 

0< el < 1, 
r = Eld l + ~2d2 

0< e2 < 1 

[CM. <POpMyJIy (31.15)]. a JII06aH TOlJKa peurerxn -- aanaunex 
sexropa r", npoaeneanoro H3 nasaaa peurerxn B 3Ty TO'lKy. 
STOT BeKTOp npe.nCTaBJIHeT c0601t CyMMy sexropa, onpeneamo
utero nOJIO>KeHHe coorsercrsyiourea TOlJKH B nepnoa S1'1eltKe. H 
aexropa, onpenenatoutero Ha'laJIO H'IeltKH, B KOTOpOIt Haxo.nHTCH 
paccxarpnaaeuas TO'lKa, T. e. 

r' = (e1d l + e2d 2) + lld 1 + l2d2' 

06paTHylO peurerxy, 6a3HcHbIe aexropu bl H b2 KOTOpOIt onpe
.neJIHIOTCH H3 COOTHoweHHH 

(hi' dk) = 0ik' 

MO>KHO nocrpoars MeTo.nOM. YKa3aHHbIM B § 31. Ilo.auepxnea, 
'ITO B 3TOit nJIOCKOCTH b., b2 aanaercn BOJIHOBOlt BeKTOp. onpe
.neJIHlOmHIt nanpasnenae pacnpocrpaneuas BOJIHbI B npaxon 
peure rke; '1aCTOTa 3TOit BOJIHbI HBJIHeTCH <pYHKUHelt BOJIHOBOrO 
sexropa. 

nByMepHoe BOJIHOBOe ypasuenae B caysae CnJIOWHolt cpensr, 
xapaxrepasyexon nepHo.nH'IeCKHM B03MymeHHeM, HMeeT cnenyio
umlt 06mHit BH.n: 

1 ..A,,, __ t1J-O;.or \/2 i - •	 (34.1) 

"i 
'it r.ae A - nayxepnua oneparop Jlannaca,• ~ - HCKOMaH BOJIHOBaH 

..,! <PyHKUHH. a V - <pa30BaH CKOpOCTb. HBJIHlOmaHCH nepno.aanecxoa 
<pYHKUHelt nnyx nepexeauux C nepaonaan d, H d2 • BOJIHOBaH 

~<PyHKUHH 
MeHHbIX 
BpeMeHH 

~YHKUHH 

HBJIHeTCH <pYHKUHelt nayx npocrpaacraenaux nepe
x H y H BpeMeHH t. MbI npenno.raraea, 'ITO OT 
OHa aaBHCHT rapMOHH'IeCKH. T. e. 

U (x, y) ei wt •~ = (34.2) 

u(x, y) onpe.neJIHeTCH H3 ypaBHeHHH 

",2 

Au+vzu=O.	 (34.3) 

C npyroa CTOpOHbI, B caysae .nByMepHolt o.nHOpO.nHOIt H 
H30TponHoit cpe.nH BOJIHOBOe ypaBHeHHe HMeeT BH.n 

2 
"'0 

Auo+ 2 Uo = O.	 (34.4)
Vo 

rne Uo- xoopnanarnaa '1aCTb BOJIHOBOIt <PyHKUHH, a Vo - no
cmosuacan, 3aBHCHmaH TOJIbKO OT napaxerpoa paccxarpaaaeuon 
cpenu. 

KaK JIerKO BH.neTb, 3TO ypaanenae nonycxaer peurenae 

Uo = Ae- 21ti (a.r). (34.5) 
r.ne 

47t2/a /2 = 

2 
"'0vg , 

2 

l.aI2=2 
V2 • (34.6) 

o 

OHO npe.nCTaBJIHeT c0601t nJIOcKylO BOJIHy. KOTOpylO MO>KHO pac
caarpasan, JIH60 KaK 06b1'1HylO arcycraxecayio BOJIHy. JIH60 
KaK 3JIeKTpoMaruHTHylO; 06a 3TH runa BOJIH xapaKTepH3ylOTCSI 
B cnysae O.nHOpO.nHOIt cpenu nOCTOHHHolt CKOpOCTbIO pacnpo
CTpaHeHHH. 

no CHX nop MbI npennoaaraan, 'ITO peurerxa 6eCKOHe'lHa 
BO scex HanpaBJIeHHHX H BOJIHOBOIt BeKTOp a H3MeHHeTCH He
npepusuo. nJIH OrpaHH'IeHHolt peurerxn, HanpOTHB. KOMnOHeHTbI 
sexropa a MoryT npHHHMaTb JIHmb nacxperuurt pH.n 3Ha'leHHIt. 

• BMeCTO	 orpaaauennoa pemeTKH y.n06HO paCCMaTpHBaTb qUICAU
'lecICYIO petuemtcy (BOpH. 1912 r), T. e. raxyio HeOrpaHH'IeH
nyio peurerxy, B KOTOpOIt see HBJIeHHH B TO'lHOCTH nOBTopHIOTCH 
npn H3MeHeHHH sexropa r na BeJIH'IHHy 0ldl + 02d2' r.ne 0 1 
If 02 - HeKOTopble U~JIbl~ '1fiCJIa, .IlJIH 3TOA peurerxa I{OMrtO
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HeHTbl sexropa a BnOJlb aanpaanenaa d, H dz MoryT npHHHMaTb Hynesoe npH6J1l.i)\{eHHe nO,1y4HM, npeueriperaa BceMH 'lJle

aHa'leHH5I, paBHble COOTBeTCTBeHHO I' 
HaMH, nponopuaonaxsnuna e. B 3TOM cnyxae ypasuenne B TO'l 

~H~ 
0 1 1 d 1 \ O~ I dzl ' 

r ne II H Iz - ueJlble nOJlO)\{HTeJlbHble HJlH OTpHuaTeJlbHble 'lHCJla. 
UHKJlH'leCKa5I peweTKa 3KBHIlaJleHTHa orpaHWleHHott pe

uierxe (D), noaepxnocrs KOTOpOtt cosnanaer C nOBepxHocTbIO 
napaJlJleJlOrpaMMa, nocTpoeHHoro na BeKTopax 0ldl H 02d2; 
06J1aCTb (D) HaablBaeTC5I otisacmuo u,UICAutteClWCi nepuoou«
uocmu, K 9THM sonpocax Mbl BepHeMC5I HH)J(e (CM. § 45). 

OrpaHH'lHBWHCb cJly'laeM UHKJlH'leCKott peuierxu, paccvorpna 
aanasy 0 pacnpocTpaHeHHH BOJIH B cpene, xapaKTepl'l3yeMott 
nepHOnH'leCKott CTpyKTypOtt. C'lHTa5I nepHOnH'leCKOe sosvyuieaue 
nOCTaTO'lHO MaJlbIM, Mbl 6yneM peuiars sanasy MeTonOM Boa-

MYlll,eHlitt.
 
TIOJlO)\{HM, 'lTO
 

u=uo+eul' 

(J)2= (J)~+ekl' (34.7) 

-.
1 

=-2
1 

+el,
V" Vo 

a BOJlHOBOtt sexrop a HMeeT aanaHHoe HanpaBJlelme H BeJlH'lHHY· 
BeJlH'lHHbI u, 1/V2 H (J)2 5IBJl5IIOTC5I <PYHKUH5IMH sexropa a 

B 06paTHott peurerxe H sexropa r B npHMott peurerxe. BeJlH
'lHHa e npennonaraercs nOCTaTO'lHO MaJ10tt, IlT06bl no KpattHett 
Mepe B nepsou npH6J1H)\{eHHH MO)\{HO 6blJlO 6bI npeueope-u

3'lJleHaMH, nponopUHOHaJlbHbIMH eZ H e H T. a. no cpaBHeHHIO 
C 'lJleHaMH nepnoro nopanxa no e. Haxoueu, <PYHKUH5I I npe.n
nonar ae'rcs nepHOnH'leCKott, npH'leM ee cpe.anee aHa'leHHe B 06

JlaCTH (D) panno HyJlIO, T. e. 

~5 =(~2)' 
TIoncTaBJl5I5I Bblpa)\{eHHH nJl5I u, IfV2 H (J)Z ua (34.7) B BOJl

HOBoe ypaBHeHHe (34.3), noaysae» C T04HOCTbIO no BeJlH'lHH 

nepBoro nopHnKa no e BKJlIO'lHTeJlbHO 

wz W W o k1 2o2 [2 1(:.u + vz u =0 = Lluo+ -2uo+e Su, + 2 UI + (2+(J)o/) Uo . 
. Vo c- Vo V o . 

(34.8) 

HOCTH coananaer C BOJlHOBbIM ypaaaeaaeu llJlH OllHOPOllHOtt H 
aaorponnoa cpenu: peiueuae ero 6blJlO npnseneao ssnue [<pop
MyJla (34.5)1. Ilonpamcy nepaoro rtopanxa K HyJleBOMy npa
6J1H)\{eHHIO MO)\{HO noayunn., npHpaBHHBaH B ypaBHeHHH (34.8) 
HyJlIO 'lJleH, nponopunoaaasuua e. TaKHM oripaaox, nonysaex 
cxenyiouiee ueonaoponuoe ypaaaeuae: 

w~ ( k 1 2LlUI +-2 UI = - 2 + (J)o /) uO' (34.9)
Vo Vo 

Onuoponnoe ypaauenae. COOTBeTCTByIOllI,ee (3~. 9). non
HOCTbIO aHaJlOrH'lHO ypaBHeHHIO nJl5I nyaesoro npH6J1H)\{eIlHH H 
nonycxaer peutenne B BHne 

u = Be-2d (a".r), 

rlle 
l (34.10) 

2 

2 '"O 241t2 
\ a" 1 = v:2 = 41t2 

1 a \2, I a" 1 = Ia 12• (34.11) 
o 

YTo6w nOJlY'lHTb peweHHe HeOllHopOllHoro ypaBHeHHH, pas
JlO)\{HM, cnenys HSJlO)\{eHHOMY B § 32 MeTollY, nepaonauecxyio 
<PYHKUHIO I B nBol\Hol\ pan <1>ypbe. TaKHM ocpasou, nonyvaex 

1= """"C eZ1ti (1n,E,+1n,E,).,~.LJ m lm2 (34.12)
ml m 2 

B 3TOM paanoxenau K03tP<PHUHeHTbl Cm,m" aooriure roaops. 
KOMnJleKCHbl H BKJlIO'laIOT B ce6H <paaoBblit MHO)\{HTeJlb; onpe
neJlHIOTCH OHH corJlaCHO 061l1,HM npaaunaa H, KaK nerxo BH
neri., Coo = O. 

BeJlH'lHHbl ~I H ~2 npenCTaBJlSlIOT cocoa xoopnnuaru YSJla 
B npHMott peuierxe, a m, H m2 - ueuoropue ue.nue 'lHCJla. 

Y'lHTblBaSi aupaxcenne (32.12) H saaexas, 'lTO 

(b l . r) = (b l . ~Idl) + (b l . ~2d2) = ~I' 
(34.13)

(b2 . r) = (h 2 . ~Idl) + (b2 . ~2d2) = ~2' 

MO)\{HO BblpaaHTb f KaK <PYHKUHIO sexropon ooparnoa peuierxu. 
TaKHM oopaaox, 

1- "" ""C e21ti [1n, (b,.r)+",,(b,.r))== ~...(,.J m1'Jn:;t ., (34.14)
mj "'1 
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nOnCTaBJISISI 3TO Bblpa)l(eHHe nJiSI f B ypaaneune (34.9) H no

JlaraSi nJiSI yn06cTBa 

(34.15)a' m =a-m1b1 - m2b2' m, , 

nonysaex, Y'lHTbIBaSi (34.5), ypannenne 

Au + ",2~ u _ A ---..!. e- 2lti (a or)+oo2 ~ C e- (a or)[k . 
2lti ']1 2 1 _ - V2 0 m,m, m,m, = 

V 0o 
=R(r). (34.16) 

aTO HeonHoponHoe ypaBHeHHe THna 

2 
"'0Au, +-2 U1 = R (r),
Vo 

KaK H3BeCTHO, nonycxaer OrpaHH'IeHHble peWeHHSI TOJlbKO B TOM 
cnyxae. eCJlH CTOSlUJ,aSl B npasoa '1aCTH <PYHKUHSI OpTOrOHaJlbHa 
BCeM peWeHHSlM COOTBeTcTBylOUJ,erO OnHOpOnHOrO ypaBHeHHSI. 
B cnysae UHKJlH'IeCKOA peWeTKH 3TO 3KBHBaJleHTHO YCJlOBHIO 

f f u~R(r)de = 0, 
(D) 

rne HHTerpHpOBaHHe npOBonHTCSI no 06J1aCTH UHKJlH'IeCKOA 
nepHOnH'IHOCTH (D), a u~ - BeJlH'IHHa, KOMnJleKCHO conpsoxea

nas Bblpasceumo (34.10), HJlH YCJlOBHO 

(34.17)f f R (r) e21ti (a"·r) de = O. 
(D) 

rae a" B cOOTBeTCTBHH C COOTHoweHHeM (34.11)·- HeKoTopblA 

aexrop, MonyJlb «oroporo Ia" I= Ia I· 
ECJlH 3TO YCJloBHe BblnOJlHSleTCSI, TO peureuae ypaBHeHHSI 

(34.16) HMeeT BHn 

- ~ ~ B e- 21ti (a ' or) (34.18)
U 1-~~ mJmi mjm" 

mJ m.. 

r ne K03<p<pHUHeHTbl B m,m, MoryT 6bITb Bblpa)l(eHbl~ J.<a\< Mbl 

ceA'Iac yBHnHM, '1epe3 Y)I(e H3a~GTl1bH~ aeJlH'IHHbl, 

.,.--

Flpensapnrensuo 3aMeTHM, 'ITO rtonysenaoe peurenne MO)l(HO 
sanacars B npyrox aune, KOTOpblA n03BOJlHT BblSlCHHTb ero 
06UJ,HA xapaxrep. nOJlO)f{HM 

u1 = e- 21ti (a-r) F (r), 
rne 

F (r) = ~ ~ B e21ti 1m, (b"r)+m, (b,o r)] 
~ ~ ml'1i, • 
till 1n, 

Peureuae ~ MO)f{HO paCCMaTpHBaTb KaK nJlOCKYIO BOJIHY 

~ = ei wt (uo+ SUl) = e21ti [,t-(aor)] A (r), 

aMnJlHTyna KOTOpoA 

A(r) = A + sF(r) 

npencraanser c060A nepaonnxecxyio <PYHKUHIO B npsuoa pe
uierxe. 

YCJlOBHe (34.17) npasonar K He06xonHMocTH paccxatpaaare 
nsa cnysas: 

1. Cpena scex aexropoa a", a6COJllOTHaSi BeJlH'IHHa KOTOpblX 
pasaa BeJlH'IHHe aexropa a, He cyUJ,eCTByeT npyrax BeKTopOB a" 
(KpOMe caxoro aexropa a), COBnanalOUJ,HX C onHHM H3 BeKTopOB , 
am,m,' T. e. 

"-J- ' a -r a m npn JIl06bIX m, H m2'm1 j 

POJlb sexropa a npn 3TOM nOJl)l(Ha 6blTb paCCMOTpeHa oc060. 
2. OnHH H3 aexropos a" MO)l(eT coenanart, TO'lHO (HJlH 

npH6J1H)I(eHHo) C KaKHM-JlH60 H3 aexropos a' ,T. e.
m1m, 

", , b ba ~amm' rne =a- m1 1- m2 2am m 1 51 1 :I 

HJlH 

Ia'm,m, I~ Ia I· 

B 3TOM cnysae POJlb BeKTopOB a H a" [CM. (34.17») TaK)I(e 
cJlenyeT paccMoTpeTb oc060. 

Cltylf.au a =F a~I, m; Hanaurex cuasana YCJloBHe oproro

HaJlbHOCTH nJlSl aexropa a. I1MeeM 

Jf 2d (a.r) {..!!l. e- 21ti 002 ~ C e- 21ti (a' or) l d - 0(a-e) +e V 2 0 ~ m1m, { C - , 

~ 0 J 

!18YMepHble petuetxu 
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orxyna 
!!1_ f I' da = 0,
V 2 

o (D) 

nOCKORbKY BwpameHHe 

(m t • m2- ueJIble)a -.a~ = mtbt + m2b2 

paBHO HyRIO npa m, = m2= 0. IC03ljlepHUHeHT Coo = °H BKRa,U. 
,UaBaeMblt1 4ReHaMH CyMMbl. ,URSI KOTOpblX 3Ha4eHHSI m t HRH m2 
OTRH4Hbl OT HyRSI, ratose paaen HyRIO. 

PaCCMOTpHM Tenepb yCRoBHe opTorOHaRbHOCTH ,URSI OCTaRb

HblX BeKTopOB a"; ace OHII OTRH4Hbl OT sexropa a. a TaKme 

OT BeKTopOB a
, 
lll , 11I, npH RlO6blX 3Ha4eHHSlX m t H m2' T. e. 

la" ! 4' l a' l· 1n t "'Jl.'J 

TaKHM 06pa30M, HH OAHH H3 BeKTopOB a' He rtlOmeT 6bITb 

pasea no a6coRIOTHot1 BeRH4HHe sexropy a. OTCIO,Ua cnenyer. 

4TO yCRoBHe opTorOHaRbHOCTH aBTOMaTH4eCKH BwnORHSleTCSI 

,URSI scex BeKTopOB a", OTRH4HblX OT a, nOCKORbKY ace HHTe

rpanu no 06RacTH (D) npn 3TOM panuu HyRIO. 
OKoH4aTeRbHo yCRoBHe opToroHaRbHocTH MomHO sanacars 

B BH,Ue 

»!f da=O, 
o (D) 

HRH (34.19)kt=O; 

3TO 03Ha4aeT. 4TO B paccMoTpeHHoM asnue cnysae cpenuee 

B03Myw.eHHe• OTHOCSlw.eecSI K HeB03Myw.eHlIolt BORHe. paBHO 

HyRIO.
Teneps. Y4HTblBaSl. 4TO k t = 0, MomHO HCKaTb peureuae 

ypaBHeHHSI (34.16) B BH,Ue pa3RomeHHSI rnna (34.18). TaK KaK 

22 2 + w . , r 

+ Wo a - wm,nl, 0 B e-2"1 (8m,m,' ) 
2 rn1"»2 tsu, v~ .t- ~ V o 

r,Ue 
2 

(Umtt/l'] , 1- ' (34.20)--247':2 
1 am,m, - V 

o 

1l.0YMepHbte peuiersu 

TO ypaanenae (34.16) npHHHMaeT BH,U 

2 + (tl2 .' -r)- w""m, 0 B e-2"t (8 m,,,,, =
 
V 2 m11n,'J
 ~ o , 

= - Aoo~ ~ Cm,m. e- 2" i (8 m,m, .r). (34.21) 

npHpaBHHBaSl 'upyr 'upyry K03~ljlHUHeHTw npH O,UHHaKOBWX 

3KcnOHeHUHaRbHWX MHOlliHTeRSlX. nORy4aeM 

2 2
 
wO- wml1n~
 

Bm,m, = -Aoo~Cm,m, (34.22)
V 2 

o 
HRH 

2 V2 

-- Awo 
2 0 C",,1n,. (34.23)Bm,m, - w2 - Wm,lII, 

nOCKORbKY Ia' [4' Ia I. TO 3Ha4eHHSI 00 scer.aa OTRH4Hbl
m1m'J mimi 

OT 000 H. CRe,UOBaTeRbHO. K03ljlljlHUHeHTbl Bm,m, KOHe4HbI, 

B 3aKRlO4eHHe 3aMeTHM. 4TO B paCCMaTpHBaeMOM cay-rae 

nonpasxa nepsoro npH6RH>KeHHSI K 4aCTOTe pasaa HyRIO, no

CKORbKY k1 = 0; nonpasxa me nepsoro nopaaxa K peureumo 

OTRH4Ha OT HyRSI H pasna at. Bupaxenae ,URSI Hee ,UaeTCSI PSl,UOM 

(34.18). K03ljlljlHUHeHTbl xoroporo Mbl TORbKO 4TO onpenenunu. 

3Ta nonpasxa npHBo,UHT K cRa60My HCKameHHIO ljlOPMbl BORHbl. 

Bosapauiascs KO BTOpOMy npe,UcTaBReHHIO ooiuero peurenns 

BORHOBoro ypaBHeHHSI. Mbl BH,UHM. 4TO B BblpameHHH ,URSI A (r) 
O,UHH H3 K03ljlljlHUHeHToB npeauiuaer see ocram.aue. HMelOw.He 

nopSl,UoK BeRH4HHbI E. 

CAyttafi. a = a' . Ilpennoaoaorx, 4TO cpena scex OTRH4njn'J 
HblX OT a aexropos a" cyuiecrnyer O,UHH sexrop. coananaiouian 

npH uexoropux 3Ha4eHHSlX mt. m2 (uanpnaep. npH m, = nt, 
m2 = n2) C O,UHHM H3 BeKTopOB a' . Tor.aa HMeeM

1n1m:.l 

Ian' n I= IaI. a' = a- ntbt -- n2b2' (34.24)
~ 'J n,n'J 

TaKHM 06pa30M. OKa3bIBaeTCSI. 4TO cyuiecrayor ,UBa 3Ha4e

HHSI aexropa a. O,UHHaKOBO xopowo orracunaiouurx ,UBHmeHHe; 

HHa4e rosops, cyuiecrnyior ,UBa pa3RH4HblX peureuas, onacu

BalOw.HX HeB03Myw.eHHoe ,UBHmeHHe. 3TH nupoarnennue penieuaa 

ananorunnu peureaasa, nORY4eHHblM HaMH ,URSI O,UHOMepHot1 

peurerxa npH a = -+- 1/2d. H nepexonsr B HHX. 
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B 3TOM CJlY4ae peiuenne Uo MO>KHO aamrcars B BH.Ile J1HHett

HO:t KOM6HHaUHH .IlBYX 3KcnoHeHT. Ka>K.Ila51 H3 KOTOpblX COOT

BeTcTByeT O.llHOMY H3 4aCTHbiX peuienan 

U = Ce-2~i (a-r) + C'e -21ti (a~,'II ..r). (34.25) 
o 

rne C H C' - nna npOH3BOJlbHblX K034J4JHUHeHTa, K onpenene
HHIO KOTOpblX Mbl BepHeMC51 nosnnee. J{aK 6Y.IleT nOKa3aHO HH>Ke, 

4J1eH C a' cooTBeTcTBYeT orpaaceunoa BOJlHe npa OTpa>KeHHH, 
~n1n1 

ynoaaeraopmouiea YCJlOBHIO Bpsr-ra. 
fIO.llCTaBJl5151 aupasceuae (34.25) .IlJlSl peWeHH51 Uo B Y\l3-BHe

HHe (34.9) H Y4HTbIBaSl pa3J10>KeHHe (34.14) .IlJl51 4JYHKUHH f. 
nOJlY4aeM 

A + lllg _ k 1 (C -21ti (a-r) + C' -21ti (a~ 'II .r))
uUl - U 1 - - - e e"vg vg 

_ z {~ CC -21ti l(a-m1b,-m.b.)·r] + 
OOO...::::.J m,m.e 

+ ~ C 'C -21ti{(a~n -m,b1-m1b.).r]} 
~ m 1 ~ 

1m';je 
t 

"J1H 

6.u + lll~ U = _{(kl~ + oo2C'C ) e-21ti (a-r] +
1 V2 1 V2 0 -'11,-'11. 

o 0 

2 ~ C'C -21ti[(a~n-m'b,-m.b.)-r]}Wo ~ m1m<,Je I :J + m,*-'II,
m,*-n,
 

_ { ( k~~' + OO~CCn,'II') e-21ti ( a~,n,·r) +
 

2 ~ CC -2Iti (a:n,m.· I-) }+ OOO...::::.J m,m.e . (34.26)
m,*n, 
ffl, *n" 

nBe CYMMbI, CT051IUHe B npason 4aCTH npensrnyuiero COOT

HoweHHSI. He npHBO.ll51T HH K KaKHM 3aTpY.llHeHH51M npn HCCJle

.Il0BaHHH YCJlOBH51 opTOrOHaJlbHOCTH. nOCKOJlbKY menan, nasae

Mbllt HMH B anrerpaa, pasen HyJlIO. nettcTBHTeJlbHO, nocne 
yMHO>KeHH51 aa e21ti (a' ·r) B 3THX cyxxax He 6Y.lleT HH O.llHOIt 

3KcnoHeHTbI C noxaaarenex, paanua HyJlIO. OCTaeTC51 paCCMO

TpeTb POJlb 4J1eHOB C 3KcnOHeHTaMH 

-21ti (a.r) -21ti (a' .r)e H e n,'II,. 

IIByMephble peUll!tKU 

Ilocne 3TOrO. KaK MbI cenxac y6e.llHMC51. MO>KHO 6Y.lleT onpe
.IleJlHTb napaaerp k 1• 

ECJlH BeKTOp a" OTJ1114eH OT BeKTopOB a H a' • TO sxnan 
n,n" 

3THX 4J1eHOB B mrrerpaa (34.17) pasea HyJlIO. PaCCMOTpHM CJlY
4alt. KOr.lla BeKTOp a" paBeH O.llHOMY H3 3THX BeKTopOB. 

Ilpn a" = a YCJlOBHe opTOrOHaJlbHCCTH npHHHMaeT BH.Il 

f Je21ti (a-r) {(k1C + oo2C'C ) e-21ti (a-r) +
V 2 0 -7I,-n" 

~ 0 . 

+ (k~3' + OO~CCnln,,) e-21ti (a~''II •.r)} do = O. 

HJlH 

( k1C + oo2C'C ) ffdo=O.V 2 0 -n,-n, 
o (D) 

nOCKOJlbKY B CHJlY pa3J1H4H51 nanpaaneuna BeKTopOB a H a' 
HHTerpaJl OT BToporo 4J1eHa paBeH HyJlIO. 

I1TaK, COOTHoweHHe Me>K.IlY k 1, C H C' HMeeT BH.Il 

k~~ +oo~C'C_n,_n,,=O. (34.27a) 
o 

nOJlO>KHM reneps a" = a' • fIOJlY4HM
nlnJ 

ff /1t i (a ~,n" . r){ ( klC + oo2C'C ) e-21ti(a.r)+
~\ , v2 0 -n,-n,

(D) ,0 

~. + (k1C' + oo2CC ) e-Z1ti (a~,n ..r)} do = 0, 
V z 0 '11,'11,o . 

HJlH aHaJlOfH4HO npensrayiueay 

( k~' + OO~CCnl'll') f f do = O. 
o (D) 

OTClO.Ila nOJlY4aeM BTOpOe COOTHOWeHHe Me>K.IlY k 1 • C H C' 

k1Cz' + OO02CC = O. (34.276)V n,n.o 

COOTHOWeHH51 (34.27a) H (34.276) 06pa3YlOT cacrexy J1H

HeltHblx O.llHOP0.llHbIX ypaaaenaa OTHOCHTeJlbHO HeH3BeCTHbiX C 
H C'. ECJlH 3Ta CHCTeMa nonycxaer cyuiecrnoeauae HeTpHBHaJlb

13 3aK. 201. 



HblX peureann. TO 113 nee MO)l{HO onpenenars OTHOWeHl1e K09c\J

c\JIIUl1eHTOB C H C'. LlJIH sroro Heo6xOAI1MO, qT06bl 
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(35.1 ) 1 _ ) a' I[a - Jl 
l 
11 

2 
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§ 35. nap~HaJlbH~e BOJlHW ~J1H BToporo cJlyqaH 

11 op9rroBcKoe OTpa}KeHHe 

Ilpennoxaras B .lI.aJlbHeltweM OCTaHOBI1TbCSI aa nepexone 
nenpepusnon KpllBOIt B paapunnyio B OKpeCTHOCTI1 TOlJKII paa
puaa, Mbl celt 'lac CpaBHI1M yCJIOBIIH, OTHOCHw,l1eCll K CJIYlJaIO 

a = a,' ,C rpOpMyJIOIt Bpsrr a .IlJIH orpaxenns pCHTreHOBCKI1Xn1n2 

JlYlJelt OT KpIICTaJlJIOrpac\Jl1qeCKI1X rrJIOCKocTelt KpI1CTaJlJla. 

Bpsrr noxaaa.r, 'ITO penrreuoacxae JIylJl1 xoryr ce,1eKTIIBHO 

orpaxan.cs OT KpIlCT3J1JIOrparpl1lJeCKIIX rrJlOCKOCTe~ KpI1CTaJlJIII

secxort peWeTKI1 npn yCJIOBI1I1, eCJlII AJIIIHa BOJIHbJ, paCCTOHHl1e 

Me)J{AY KpIICTaJlJIOrparpll'leCKI1MI1 nJIOCKOCTlIMI1 11 aanpaanenne 
pacnpocrpaaeaas yAOBJIeTBOpHIOT nexoropux YCJIOBlIllM. KaK 

MbI ce~lJac YBlIllI1M. rrOJIy'!eHHoe Ep9rrOM YCJlOBlle rrOJIHOCTbIO 
9KBI1BaJIeHTHO yCJIOBIlIO 

13* 

a = a' lJaCTOTa MO)l{eT npl1HI1MaTb ABa 3HalJeHI1H, Ka)iCAOe 113njnll 

KOTOpblX COOTBeTcTRyeT OAHOMy 113 3HalJeHllIt k l , onpeneaaeuux 
ljJOpMyJIOIt (34.29). B TO BpeMSI KaK AJIH HeBo3Myw.eHHOt! BOJlHbl 

lJaCTOTa HBJIHeTCH JlI1HeltHolt c\JYIlKUllelt Ia I, 'ITO na c\J11r. 83 
coorsercrayer rrpSiMolt JII1HIII1, AJIH B03Myw,eHHolt BOJlHbl 3aBI1

CIIMOCTb lJaCTOTbJ OT I a I cyuiecraeauua o6pa30M MeHHeTCSI. 

Kpl1BaH 3aBI1CI1MOCTI1 sacroru OT Ia I AJIH CJIyqaH a = a' 
!tInt 

aaoopaxeaa aa rpl1r. 83 WTpI1XaMI1. OPI1 onpenezeunoa 3Ha

lJeHl111 sexropa a xpaaas ncnuruaaer paapus: rro Mepe )l{e 

YAaJleHI1H OT TOlJKI1 paapusa IICKa)l{eHl1e yscm.uraercn. 

,llJlll BeJIl1lJHH nl H n2' onpene.onouurx B cnyxae nnocson peWeTKI1 

psnu aTOMOB (pH.lI.bf, KOTOPhlM B cnyxae rpex H3MepeHII~ COOT

BeTCTByIOT K plICTaJlJIOrpa!plIlJeCKlle rrJlOCKOCTI1). Ycaoaae (35.1) 
cooraercrnyet yCJlOBIlIO, nonysennoay B § 34 npn pacc aorpe-
HHII cJlYlJaH a = a' . n 1n2 

PaccMOTplIM BeKTOp ofiparuott peurerxn 

B= nib I + n2b2 , 

I<OTOPbl~ onpeneaser, K3K 113BeCTHO. nexoropoe nanpaanenae 

B 06panIOIt ,llByMepHolt peurerxe II rreprreH,llIlKyJlHpHbllt 9TOMy 

HanpaBJleHI1IO pll.ll. lJaCTifU B npaxoa peuierxe. Ilpenno.roaoiM, 

'ITO orpaaceane 06ycJloBJleHO 9TI1M PH,llOM lJaCTI1U II 'ITO 

(34.30) 

(34.29) 

,," .. ,~/' 
/' 

.> 
I - - . 

101=10;',"2' 

lei 

! 

a 

rAQBG '7 

k l = -t- oo~V~ ICn,n, \. 

2 2 k 2 2V2 
1 
C I 

00 = 000 + E 1= 000 -t- EOOo 0 n,n, " 

<t> Hr. 83. 

'ITO TaK KaK c\JYHKUI1H f nencraarem.aa. TO C-n,-n, = 
OTHOCI1TeJlbHO k l , 

!7oAoca nponyCKaHuR 

Ilosoca nenponyceanue 6.00 

!7OAoca nponyacauun 

k l 2 * UlOCn,n.,k1 Ul6C-n,-n, 
V~ 

1=0. (34.28)
V~ 

-
UlgCn,n, 

k1k1 
2oo~C lI,n, 2 VoVo 

113 9TOrO o6cy)l{AeHI1H cne.ayer, .lJTO B paCCMOTpeHHOM CJlY

sae y)l{e nepsoe rrpH6JIH)I{eHI1e naer nonpasxy K qaCTOTe, rro-

CKOJIbKY 

KpOMe roro, B aupaxceuan AJIH pa3.lO)I{eHI1H BOJIH, COOTBeT

CTBYIOW,I1X 9TI1M lJaCTOTaM, C yseroa nonpasxn UI I1MeIOTCH ABa 

qJleHa (C 11 C') BMeCTO OAHOro B nepsox cayxae, npeauuiaio

ume see ocraasuue, xoropue I1MeIOT nopHAOK E. 

B 3aKJlIOlJeHI1e 3aMeTI1M, 'ITO TaK )l{e, KaK 11 B nepsoa CJlY

sae, aoaayuieune cJIa60, eCJIII aaasenae aexropa a He CJlIIWKOM 

6J1113KO K 3HalJeHI1IO onnoro 113 BeKTopOB a' • O,llHaKO B npon,n., 
TI1BOrrOJlO)KHOM cnysae B03Myw,eHl1e BOJlHbI B03paCTaeT II rr pa 

Mbl rroJlyql1J111 ABa 3HalJeHI1H k l , AJIH KOTOpbIX MO)l{HO onpene
JII1Tb OTHOWeHl1e C'IC. 3HaH 9TO OTHOWeHl1e, MO)l{HO onpene
JII1Tb K09!p!pHUl1eHTbI Bm,m" axoasuure B aupasceaue AJIH pas
JIO)l{eHl1l1 (34.18) ljJYHKUl111 UI' 

3aMeTHM, 

= C~,n,. Paspetuan npenunyuiee COOTHOWeHl1e 

HaXOAI1M 
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(35.5) 

s 

OmpOI/<eHHWl 
130.!/HG 

a~ 

/1.BYMepHble peuiersu 

PnaM 

~'" "y'r-r (7/ 7/ ~~~~~~o~-
oeuiemuu 

Ilyrs AGB = 20 cos cp = ms, 

<tJ H r. 84. Bparroscxoe orpancenne. 

C npyroa CTOpOHbl, eCJlH sepea n l H n2 MbI YCJlOBHMCH 
0603Ha4aTb uenue 4HCJla, xoropue xapaxrepaayior sexrop B 
.llJlll cnyuaa m = I, TO 04eBH.nHO, 'ITO npyrae aexropu Bm 
MoryT 6bITb onpenenenu B otipar.ron pellleTKe CJle.lJ.YlOllJ,HM 
o6pa30M: 

r.ne m - ueJloe. 
3TO coornourenae H HOCHT Ha3BaHHe "ycJloBHe Bparra ". 

Jlerxo sanen., 'ITO OHO nOJIHOCTblO coananaer C YCJlOBHeM 
(35.4). eCJlH nOJlO>KHTb m = 1. 

1. YrJlbI ~ H cp' .llOJl>KH"I 6blTb pasuu Me>K.ny corioa, 'ITO 
o6eCne'lHBaeT onauasoaoe OTpa>KeHHe .nJlH xaxcnorc psna pe
meTKH. 

2. BOJlHbl. orpaxenuue .nByMH nOCJle.nOBaTeJlbHO pacnono
)l(eHHblMH psnaxu, .nOJl>KHbl uaxonari.cs B <pa3e, 'ITO CBO.nHTCH 
K Tpe60BaHHlO 

Bm = mn;bl + mnzb2; 

yser 9THX BeKTopOB npHBO,ll,HT K He06xo.nHMOCTH paCCMaTpH
aars B npSlMO~ peurerxe npyrue psnu aTOMOB, pacnonoaceuaue 
ua paCCTOSlHHH Om npyr OT npyra, r ne 

1 1 b 
om = I Bm I = m \ B I = Iii' 

Y4HTbIBaH reneps 3TH pH.llbl nO.ll06HO TOMy, KaK 3TO 6bIJlO 
C.lleJl3HO suure, MO>KHO nOJlY4HTb oouiee YCJlOBHe (35.5). 

BbJllI~H3J10>Ke:lHoe noxaauaaer, 'ITO paCCMOTpeHHbl~ pauee, 
cJlY'la~, a = an,~, B KOTOpOM BOJjHa xapaKTepH3yeTcH HaJlH'IHeM 

.-\ 

(35.3) 

(35.2) 

(35.1) 

rAQBa 7 

\ a~ I= Iao \. 

HJlH 

, 
TaK KaK aexropu ao H ao OTJlH4alOTCH TOJlbKO no nanpaane-
HHlO. HO He no BeJlH4HHe. TO 

............. ............... 
COS (ao' B)= -cos (a~, B); 

9TO pasencrao nOKa3blBaeT, 'ITO yron Me>K.ny BeKTopaMH ao H B 
paaeu yr Jly MelK.ny BeKTopaMH a~ H - B. C .npyro~ CTOpOHbI., 
H3 (35.3) cnenyer. 'ITO KOHUbl BeKTopOB ao H ao Jle>KaT na 
nepneH.nHKyJlHpax K cepenanaa BeKTopOB B H - B. 

TIOCKOJlbKY npoexuaa aexropa a~ na HanpaBJleHHe sexropa B 

pasua IB 1/2• TO 
1 IB I 1Iao Icos ~ = T cos ~ = -2 = 2b ' 

rne A- .nJlHHa BOJlHbI, COOTBeTCTBYlOllJ,all ao' 0  paccrosuue 
xexny KpHCTaJlJlOrpa<pH4ecKHMH nJlOCKOCTHMH, nepneaanxynsp
HblMH B. a ~ - yron Me>K.llY ao H B. OTClO.na nOJlY4aeM 

A= 20 cos ~. (35.4) 

Paccaorpna reneps <pHr. 84. r ae H306palKeHo ceMe~CTBO 
PH.llOB 4aCTHU, a TaK>Ke HanpaBJleHHe nanaiourero (sexrop ao) 

H cOOTBeTcTBylOllJ,erO eMY OTpa>KeHHOrO (BeKTOp a~) JlY4a. 3J1e

MeHTapHaH reopas OTpa>KeHHH Bpsrra 3aKJl104aeTCH B cnenyio

urea: 

oTKy.na , 

I 
'l2 2 2 0 2ae = Iao I = lao  B I = \ ao r- 2 (ao' B) + IB I • 

2 \' 12 I' 1 
2 I' \2 2laol = ao = ao+B = ao +2(ao' B)+IBI. 

TIOCKOJlbKY Iao I= Ia~ I. TO 

I B 12 = 2 (a, . B) = -2 (a~. B) 

............. , \ -j"' 1Iaolcos(ao' B)=-\ao cos (ao' B)=2"1 BI. 

COOTHOllleHHe (35.1) BbITIOJlHHeTCH. MbI nOKa>KeM Ce~4aC, 'ITO 9TO 
COOTHOllleHHe aHaJlOm4HO YCJlOBHlO 5p9rr a. 0603Ha4HM xepea aO 

TaKO~ BeKTOp a. .nJlH KOTOpOrO BbITIOJlHHeTCH COOTHOllleHHe 

(35.1), a xepea ao' - aexrop a' • Tor.aa nOJlY4HMn 1n3, 
ao= ao- B, 
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nayx COCTaBJI5IIOill,l1X, B T04HOCTI1 COOTBeTcTByeT yCJIOBI1IO OT

pa)l{eHI151 Bpsr ra: nanaioiuas BOJIHa C (ao) Mo~]{eT OTpaSI1TbC5I 

OT psna aTOMOB, 4TO npl1BOnHT K n05lBJIeHI11O BOJIHbI C' (a~), 
I1MeIOw.etl 60JIbWyIO aMnJIHTyny. 

§ 3S. "ccne~OBaHHe RsneHHH B OKpeCTHOCTH 

TOlJKH paapsrna 

PaCCMOTpl1M reneps TaKyIO 06JIaCTb I1SMeHeHH5I sexropa a, 
rne OH JII1Wb n pH6JII1SI1TeJIbHO y nOBJIeTBop5leT yCJIOBI1IO I3p9rra, 

T. e.	 06JIaCTb, B KOTOpOti 

(36.1 )B	 a= ao + 1]B, 

"1 8 rne 1] - HeKoTopbltl MaJIbIti napajaer p. 

Tor na 

a' = a - B = ao- B+ 
+ 1]B = a~ + 1]B, (36.2) 
,

"1B	 rne ao 11 ao - nexropu. paccxorpe H

nsre B npenbInyw.eM naparpadie 11 

T04HO YnOBJIeTBOp5lIOW.l1e yCJIOBI1 10 
-B Bpsr ra. Bexropu )l{e a 11 a' yno

BJIeTBOp5lIOT yCJIOBI1IO Bpsrra TOJIbKO<I>	 Ii r. 85. 
n pI16JII1)1{eHHO, C T04HOCTbIO no BeJII1

411HbI nopsnxa 1] (<f!I1r. 85). 
Y4I1TbIBa51 COOTHOWeHl1e (35.3), C T04HOCTbIO no BeJIH411H 

nepBoro nop5lnKa no 1] BKJII0411TeJIbHO nOJIy4aeM 

I a 1
2= 1 ao [2 + 21] (ao' B), (36.3) 

I a' 12 = I a~ 12 + 21] (a~. B) = 1:1 01 
2 21] (a o' B).
 

Baenex reneps cnenytoiuae 060SHa4eHI151:
 

2
 
Ul O _ 2 2

-2 - 4TC I 3 0 I ' 
Vo 

2 2
'va Ul O
-2 = 4rr2 1 a 1

2= -2 + 8TC21] (30' B), (36.4) 
Vo Vo 

2	 2 
coat (J)o 

-- = 4TC21 a' 1
2= -. - 8TC21] (ao' B)vg vg 
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11 nOJIO)l{I1M, KaK H npeacne [CM. <f!OpMyJIy (34.5)], 4TO 

U =	 Ce- 2" i (a-r) + C'e-2"i (n'.r) (36.5)o 
11	 U=UO+EU1, 

~=~+Ef. (36.6) 
V2 V~ 

B COOTB::TCTBHH C <f!OpMyJIOti (3 i.7) 4aCTOTa W HSMeHeHH5I 060HX 

4JIeHOB B BbIpa)l{eHHH nJI5I Uo onp eneanercs HS COOHIOWeIlH5I 

W2=W
O + Ek 1· 

Ehy -racrory HeJIbS5I CMeWHBaTb C Wa H (:Ja" xoropue npe.n
CTaBJI5IIOT cocoa 4aCTOTbI BOJII! COOTBeTCTBeHHO (C) 11 (C'), 
B neaoaayuiennort cpene. Hacrora W - 9TO 06w.a51 4aCTOTa 

06eHx BOJIH B cpene npa HaJI;l'1H11 nepnonauecxor o BosMyw.eHI151. 

Y4I1TbIBa51 COOTHOWeHI151 (36.4), MO;Imo nanacaru, lJTO 

/1u = /1 [Ce-2roi (u-r) + C' e-2"i (a' -r) ] = o 
= _	 4TC2!a 12Ce- 2" i (a-r) _ 4TC21 a' 12 C' e -2"i (a'·r) = 

2 

- Ul 8 2 ( B)rC·- 2it i (a . r ) ~"C' -2 it i (ll. ' . r ) ] (367)O 
- - --, Uo - TC 1] c! - e ..3 0'	 

LV. 
o 

B 9TOM BbIpa)l{eHI1H nJI5I /1UO lJJIeH, nponopuaonaasnua 1], 
orpaxaer TOT d,JaKT, 4TO YCJIOBl1e Bpsr ra BbInOJIH5IeTC5I TOJIbKO 

n pH6JIH)KeHHO. 

3aMeTI1M, 4TO -~ 11 E npenCTaBJI5IIOT cocoa nna napauerpa. KO

ropue xapaKTcpl1SYIOT BeJII14HHY BOSMYW.eHI151 H xoropue MO)l{HO 

C411TaTb onnor o IIOp5lnKa MaJIOCTI1; B naJIbHetlweM I1X oruoure
HHe Mbl 6yneM 060SHa4aTb sepe s h 

h -'~ (36.8) 
E 

BepHeMC5I reneps K ypaBHeHHIO (34.8). I'pynnapys CHOBa 

4.1eHbI onaoro nopsnxa MaJIOCTI1 11 npHpaBHI1Ba51 nOJIy4eHHoe 

BbI paacenae nyJIIO, nOJIy4aeM 

2 
Ul O 

/1u1+2Vo 
U 1 = 

= - ( ~~ _ W~f) [Ce- 2"i (a « r) + C' e-2"i (a' . r)] + 
+ 8TC2h(a, . B) [Ce~2": (a . r) - C'e-2"i (n' . r)]. (36.9) 
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Eho ypaaaenae OTJIHqaeTCli OT (34.9) JIHllJb CJIaraeMbIM, CTOSl
ECJIH >Ke sna-renae h BeJI.HKO, TO 

llJ,HM B npaaoa qaCTH H nponopuaonam.nua h. Peureune ero
 
HaxonHTCSI TeM >Ke cnocoooa, qTO H B § 34 (cJIyqa'l a= a' ): k~ = -+- 8rr.2h (a, . B),
n 1n:J h~1 (36.14) 
<PYHKUHSI f pa3JIaraeTCSI B nBo'lHo'l pan 4>ypbe, nOCJIe xero Vo 

-, 

qJIeHbI rpyrmapyiorca 
B ypaBHeHHH (34.26). 

CymeCTBeHHYIO POJIb 

nonoono TOMy. KaK 

HrpaJOT TOJIbKO qJIeHbl 

3TO neJIaJIOCb 

{k~f +wgc'c_n,_n.-87r2h(ao· B)C }e-21t q a . r). 

{ k~~' + w~Cnl n, + 87r2h(ao . B) c }e- 2d (a' . r) , 

(36.10) 

nOCKOJlbKY npa nonCTaHOBKe npaaon qaCTH ypaBHeHHSI (36.9) 
B COOTHOllleHHe opTOrOHaJIbHOCTH HHTerpaJI OT ncex qJIeHOB, 
33 HCKJIJOqeHHeM 9THX nBYX. pasen HyJIJO. 

Ilepaua H3 9THX qJIeHOB npHBOnHT K COOTIlOllJeHHIO Me>Kny 
C H C'. aHaJIorHqHOMY (34.27a), eCJIH nJISI U1 B3S1Tb pemenne 
e -21ti (a • r) ypaBHeHHSI 6e3 npaaon qaCTH. 3TO COOTHOllleHHe 
HMeeT BHn 

k~f + w~'C_n, -110, - 87r2h (a, . B) C = O. (36.11a) 

113 BTopOrO qJIeHa. eCJIH B xanecrne peureaas nJISI U1 B3S1Tb 
e -21ti (a' . r). nonysaea 

kl~' + wgccn,n, + 87r2h (a, . B) C' = O. (36.116)
Vo 

YCJIOBHe pa3pellJHMOCTH CHCTeMbI 3THX ypaBHeHH'l HMeeT BHn 

..!!..L_ 81t2h (30' B) woCn,n. I2 * V 2 
o 

(36.12) 
k 1=0.
wgcn,n. --+ +81t~h (30 . B) 
Vo 

orxyna 

~~- =	 -+- 11w~ I Cn,n, 1
2+ [87r2h(ao . B)J2. (36.13) 

O· 

Iloaaraa B 3TO'l <pOpMYJIe h = 0, nOJIyqaeM yCJIOBHe Epsrra 
H pe3YJIbTaTbI. npxaeneuaae BbIure , 

H. corJIaCHO COOTIIOllJeHHIO (35.4), 

r w~ 
2 w2 W o k w	 v:2 

_= __2 E_.1- o-+- 2 01V 2 V2 + v:~ - V" - E811: h (a, . B) = 
o 0 0 0	 w~! 

l vJ 
TaKHM 06pa30M. OKa3bIBaeTCSI, qTO ll:'KTOP a nOJIIKell JIe>KaTb 

B onHolt 30He, a lleKTop a' - B npyroa. 3HaqeHHSI qaCTOTbI w 
JIe>KaT na nepexonnoa KpHBOtt, H306paIKcHHott na <pHr. 83 
nyHKTHpOM. 

TIpHBeneHHoe B § 31 H 36 06cy}KneHHe nOKa3bIBaeT. qTO 
<PYHKUHSI v (a) paspuaua TOJIbKO B TOM cnyuae, eCJIH KOHeu 

.~	 BeKTopa a JIeIKHT Ha onHOM H3 nepneHnHKyJISIpOB K cepenHHaM 
pa3JIHqHbiX BeKTopOB oeparaoa peurerxa. 3TOT pe3YJIbTaT nOJI
HOCTbIO nonraepxnaer npaBHJIO BbI60pa nOCJIenOBaTcJIbHbIX 30H. 
npunaroe HaMH B § 33. TIpHMepbI KOH<pHrypaUHH nepsoa ~OHbI 
6blJIH nanu pa3JIHqHblMH aaropaan, onnaxo o15mee npaBHJIO 
nocrpoeunn 30H, a TaK>Ke HX nOJIHOe aaysenae B cnysae nay
MepHott H TpeXMepHo'l pellleToK npHHanJIeIKHT EPHJIJII03HY. 

§ 37. npHMepw 30H B cnyqae .LI.Byx H3MepeHHA 

B § 34-36 paccMaTpHBaJIHCb OCHOBHbIe qepTbI reopna 
OTpa>KeHHSI peHTreHoBCKHX JIyqe'l OT KpHCTaJIJIOB. 3TH JIyqH 
pacnpOCTpaHSlIOTCSI B pcurence co CKOpOCTbIO, panaoa CKOpOCTH . 
CBeTa B nycrore: HaJIHqHe >Ke aTOMOB H MOJIeKyJI MO>KeT CJIerKa 
H3MeHSlTb xapaKTep pacnpOCTpaHeHHSI. BeJIHqHHa BHOCHMoro 
B03MYllJ,eHHSI nponopunonansna nJIOTHOCTH 3JIeKTpOHOB B KpU
CTaJIJIe, a BUn ypaBHeHHSI, onpeneamouiero xapaxrep pacnpo
CTpaHeHHSI, cxonen C BHnOM ypaBHeHHSI (34.8), rne nonpasounsra 
qJIeH f nponopUHOHaJIeH 3JIeKTpOHHo'l nJIOTHOCTH. 

B KpHCTaJIJIHqeCKot! crpyxrype, r ne aTOMbI B npsxoa pe
urerxe paCnOJIOIKNlbI ynopaaouenno, KaIKJI.Oe Slnpo oxpyxeno 
9JIeKTpOHHbIM 06JIaKOM, xoropoe MO>KeT qaCTHqHO nepexpu

!laTbCSI C npyraxa '!JIeKTpOHflbI!>IH 06JIaKaMH, OKPYIKaIOllJ,IU<lli 
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cocennne aTOMbl. 3JIeKTpoHHylO rrJIOTHOCTb npn 3TOM MO)KHO 
npencrannrs nexoropon nepaonuuecxoa <pYHKllHelt C nepao.ao a, 
paBHbIM nepnony peurerxa: 3TY <PYHKUHIO MO)KHO pa3JIO)KHTb 
B pan <pypbe. nonoono TOMy, KaK 3TO 6blJIO cnenauo B § 34 
[<popMyJIa (34.14)]. I{aK JIerKO aaners, B rrOJIYlJeHHble TaM COOT
HoweHHH (34.30) H (36.13) BXO.uHT TOJIbKO a6COJIIOTHble anaxe

HHH \ Cm,m, I K03<p<PHUHeHToB pa3JIO)KeHHH. TaKHM 06pa30M. H3 
anrepnperaujta acex onuros rro H3YlJeHHIO pacrrpoCTpaHeHHH 
BOJIH B KpHCTaJIJIaX orrpe.ueJIHIOTCH TOJIbKO MO.uyJIH K03<P<PHUH

eHTOB pa3J10)KeHHH <pypbe. HO He HX <pa3bl. <pa3bI lJaCTO MO)KHO 
orrpe.ueJIHTb H3 co06pa)KeHHIt CHMMeTpMH, a TaK)Ke H3 HeKOTO
pblX H3BeCTHbIX 06lllHX xapaKTepHCTHK paCCMaTpHBaeMolt KpH.J 
CTaJIJlHlJeCKolt crpyxrypu. TaKHM 06pa30M. MO)KBO HaltTH see 
K03<P<PHuneHTbl pa3JIO)KeHHH npocrpanc'raennoro aapnna B pH.u 
<pypbe H onpenemm, OTCIO.ua xapaxrep ero pacrrpe.ueJIeHHH 
B KpHCTaJIJIHlJeCKolt peurerxe. Ha qHlr. 86 npnaeaena cxeaa 
nonoriuoro pacnpeneaeuas. nonyveauas aa OCHOBaHMH sxcnepa

MeHTaJIbHbIX .uaHHblX. 
TaKoBbI OCHOBbI MeTo.ua, 0 KOTOpOM ynouananocs B KOHue 

§ 32. I{aK npaaano, neooxonaxo onpenenari, Bee K03<P<PHUH

euru C pa3JIO)KeHH51 H npakrusecxa HeT TaKHX peaJIbHbIXm 
peurerox, .uJIH KOTOpblX 6bI BblIlOJIHHJlOCb O.uHO H3 yCJlOBHIt 
(32.4) HJlH (32.7); B HCKJlIOlJHTeJlbHbIX cJlYlJaHX uexoropue H3 
K03ep<pHUHeHToB MoryT oripaiuarscs B HyJIb. onuaxo raxoe no

JlO)KeHHe ocyuiecranaerca .uOBOJlbHO penxo. 
B § 35 YKa3bIBaJlOCb, lJTO Me)K.uy yCJIOBHeM pa3pbIBHOCTH 

KpHBOIt 'I = 'I (a) H YCJlOBHeM OTpa)KeHHH Bpsrra cyurecrnyer 
CB513b. KOTOpylO ~O)KHO anrepnpernpoua'n- nonoriao TOMy, KaK 
Mbl mrrepnperupcaanu CBH3b, CYllleCTBYlOlllYIO Me)K.uy rrOJlOCaMH 
nponycxanaa H nonoca MHHerrporrycKaHHH o.uHOMepHolt CTpyKTypbl. 
nYCTb 3a.uaHO HeKOTopoe HarrpaBJleHHe pacrrpOCTpaHeHMH. COOT
aercmytouiee sexropy a, M nycrs lJaCTOTa BOJlHbI 'I 3aBHCHT 
OT BeJIHlJHHbI Ia I. ECJlH .uJlH sroro HarrpaBJleHHH lJaCTOTa COOT
BeTCTByeT no.toce nponycxaaas, TO BOJlHbI, 06JIa.ualOlllHe 3TOlt 
nacroroa H oer yurae B uanpaanenaa sexropa a, caoryr pac
npOCTpaHHTbCH B CTpyKType; TaKHM 06pa30M, 6y.ueT HMeTb 
MeCTO JlHWb .lJaCTHlJHOe OTpa)KeHUe OT rrOBepxHOCTH KpHCTaJlJla. 
ECJIH )Ke lJaCTOTa COOTBeTCTByeT nonoce HerrporrycKaHH51. T. e. 
JIe)KHT B mrrepaane, aHaJlorHlJHOM yxaaannoay ua <pHr. 83, TO 
pacrrpOCTpaHeHHe raxoa BOJlHbI B KpHCTaJIJIe 6y.ueT HeBQ3MO)KBO 

\1 OHa nOJ\HOCTblO OTpa3HTcH 0'1' ero nOBepXHOCTIl. 

JIBYMepttble petuettca 

3J1eMeHTapHaH TeopHSI OTpa)KeHHSI 5p3rra (CM. <pHr. 84) 
n03BOJl51eT rrpe.ucKa3wBaTb OTpa)KeHHe TOJIbKO .uJISI o.uHoro 
KaKOrO-JlH60 3HalJeHHH lJaCTOTbI. rorna KaK B pe3YJIbTaTe HallIHX 

.. 

a2 

Q, 

} 
j. 

t
~ ; 

06Cy)K.ueHHIt MO)KHO paCCMaTpHBaTb OTpa)KeHHe .uJIH acex lJaCTOT, 
COOTBeTcTBylOlllHX nonoce nenponycxauus llIHpHHbl C1'1. 3aMeTHM, 
'ITO .uJI51 peHTreHOBCKHX JIy'lelt HCKa)KeHHe BOJIH KpHCTaJIJIHlJeCKOlt 
peiuerxoa xpeaauvanno MaJIO, rrOCKOJIbKY .uJIH H.ueaJIbHOrO xpa
CTaJlJIa urapaaa C1'i rrOJjOCbI HerrporrycKaHH51 OlJeHb MaJIa, 

<t> Hr. 86. Kpacraamxecxas crpyxrypa neHTa3pHTpHTOJla rerpauerara 
C - (CH 20 - CO - CHa) 4' 

rrOKa3aHO pacno.toxceaae aTOMOB yrnepona H KHCnOp0.l\a, no.ryuennoe H3 paaaosceau s 
<l>ypbe, K03q,q,HUHeHTbl xoroporn onpe aeaasorcs na OCHOBaHHH peayasraros nccaeaoaa

HH' ilHq,paKUHH pelITreHOBCKHX ny'leii (rY.l\BHH H Xapna). 
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o 30Ha 1 

~ 30Ha 2 
~. 30Ha 3 
lITIIJ 30HlJ 4 
§ 30Ha 5 

llBYAlepitble peiuersu 

CmpyRmypa 
30Hbl3 

reKCarOHaJIbHOA crpyxrypu, npsxaa peurerxa KOTOpoA onpe
neaserca aananaex nsyx 6aaHcHbix aexropos d, 06paaYJOUJ,Hx 
Me>Kny c060A yroa TC/3. Ooparnas peurenca TaK>Ke 6yneT 

<I> II r. 88. Pacnoaoxesxe 30H B reKCarOHaJlbHOH 
peurerxe, 

reKCarOHaJIbHoA. OHa noayxaerca as npsaoz nyrex nOBopOT a 
na yrOJI Tt/6; MonyJlb ee 6aaHCHblX BeKTopOB pasea 

2 1 
Ibj= V3 /lfl' 

CTpYKTypa nliTH nepsux aOH 06paTHoA peurerxu H306pa
>KeHa aa <pHr . 88; nocrpoenne uiecroa aouu, a TaK>Ke aCH 
60JIee aucoxoro nopsnxa MO>KHO nposecrn aHa.1oruqHblM 06
paaox. Ilnouraas Ka)f{noA soasr Ab panna nJIOUJ,anH nepson 

f 
J\ 

i 

:A'>ii 
-:~[1.11; 

.' 

Fnaea 7204 

• 
• 

• 

Bee cxasaanoe auuie OTHOCHTCli K .!lByMepHblM peurerxax, 
rorna KaK OTpa>KeHHe peHTreHOBcKHX JIyqeA Ha6J11onaeTCli 
B rpexuepusrx cTpyKTypax. nOBOJlbHO XOpOWHM npaaepoa 
nayxepaoa aaaaxn HBJlHeTCli paccaarpasaexoe B KBaHToBoA Me
xaaaxe OTpa>KeHHe 'lJ1eKTpOHoB OT KpHCTaJIJlOB, nonraepxnaio
uiee BOJIHOByIO npapony snexrpona. neACTBHTeJlbHO, B MHoro
qHCJIeHHbIX sxcnepuaeurax (n'lBHCCOH H n>KepMep) OTpa>KeHHe 

• 

<I> II r. 87. I'excaroaaasuaa peurerxa. 

8 ' V3o= O. 660 d = -2- d. 

npoacxonar OT noaepxnocra KpHCTaJIJIa, H 'lJ1eKTpOHHble BOJIHbI 
He MoryT npOHHKaTb B r Jly6b ero. 

Ceaxac Mbl npanenex HeCKOJlbKO npnxepos npaxux H 06
paraux nsyaepaux peiuerox H YTOqHHM xonqmrypauna COOT
BeTcTBYJOUJ,HX aOH. 

ECJIH aanaua npaxaa peurerxa, TOJlyqrne scero nOCTpOHTb COOT
BeTCTBYIOUJ,YJO eA 06paTHyJO peurerxy, ncnonsaya COOTHorneHHe 

~ " (31.22). nJili sroro B npsxoa peurerxe onpeneasior paccros
'0 \' HH~ 0 Me>Kny napannensnux« panaxa yaJIOB. Ilpoaons reneps 

OTpeaoK nJIHHOA 1/0 B HanpaBJleHHH, nepneHnHKyJIlipHOM COOT
BeTcTByJOUJ,HM panaa, nOJ1yqaJOT sexrop 06paTHoA peurerxn. 
rIa qIHr, 87 npHBencf! MeTOp, nocrpoean» pell!eT~~ Il CJlyqa~ 
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aOHbI, a raioxe IlJIOllJ,aJlH napannexorpaxaa, nocr poennoro na 
6aaHCHbIX sexropax b, 

A =lbl12sin ~ = V 3 
Ib!2= _ 2 1_. 

2b 3 2 I V3 Id 1 ' 

naouiaas me 'OlJIeMeHTapHon 1I4enKH IlpSlMOn peinerxn panna 

2. 1t V3 2 1 
Ad = Id I S1I1:3 = -2-I d I = Ali . 

Jl106yIO aony MomHO CBeCTH K nepnoa aoue, paa6HBaSl ee 
aa nOJl06JIaCTH H npHMeHHSl K HHM COOTBeTcTBylOllJ,He onepauna 

Itpnma» peuiemua	 D6pamHQH peuiemua 
A 

r· 
1 

L. 

c::::::::J 30Ha ,
 
~ 30Ha 2
 ~ Cmpy"mypa 
~ 30Ha 3 ~ 30Hb,4m:rm 30na 4 

ep Hr. 89. Ilpnaoyroasuaa peurenca. 

nepeuoca O. 'OlKBHBaJIeHTHbie aexoropsnr nexropax 06paTHOn 
peiuerxa. TaKHM 06paaOM. noaynaex MoaaWIHYIO crpyxrypy, 
nOJIHOCTblO COBIlaJlalOw.yIO C nepsort aOHOn. JlJIH STOpOtl aOHbI 
'OlTO 04eBHJlHO; JlJIH rperi.ea sonsr ero HJIJIIOCTpHpyeT qmr. 88, 
aa KOTOpOn naoripasceao pas6HeHHe aOHbI aa nOJl06J1acTJoI, KO
Topble nyrex nepenocos. BbI6paHHblx cooTBeTcTBylOUJ.HM oripa
SOM, MomHO CBeCTH K MOSaH'lHOn crpytcrype, nOJlHOCTbIO COB
nanatourea C nepsoa 30HOtt. AHaJlOrH'lHYIO onepaumo pastiaeaas 
aa nO.ll06JIaCTH H nepenoca MO>KHO npOBeCTH TaKme .llJlSl aOH 

60.1ee sucoxoro nopsnxa. 

JJ.ByMepHble petuetku	 207 

Buure Mbl yme paCCMaTpHBa.1H npyrne npHMepbI xocoyrons
HbIX peurerok: COOTBeTcTBylOw.He crpyx rypu npencraaaenu aa 
qmr. 75, 79 H 81. Ha qmr. 89 Hs06pameHa npsaoyro.n.naa 
peuierxa H crpyxrypa serupex nepsux ee aOH; ruourans 
Kamnolt aa HHX panna nJIOWanH nepaon aonu. Onepauua rte
pesoca 0, COOTBeTCTByIOllJ,He Bbl6 paHHbIM Ha.llJlemaWHM 06paaOM 
aexropax 06paTHolt pcurerxa. n03BOJlllIOT CBeCTH paSJlH4Hble 
non0611aCTH JlI060tt aOHbI K MoaaH4Hoft crpyxrype, nOJlHOCTblO 
coananatouien C nepsoa aOHOn. nO.ll06HaSl onepauns CBeneHHSl 
sereeproa SOHbI K nepsoa HIIJllOcTpHpyeTCH na qmr. 89. 

Kaanparaas crpyxrypa npaaeneaa aa qmr. 90 H 91, B3H
TblX H3 ony6J1HKoBaHHot1 B 1930 r. pa60TbI 6pHllllIO'OlHa; <jmr. 91 
HJIlllOCTpHpyeT paarinenne pa3JIH4HbIX 30H ua nOn06J1aCTH H cne
.lleHHe HX K nepBolt. 

B naurex HaJIOmeHHH Mbl OCHOBbIBaJlHCb na npennoncoxenan 
•0	 nepUOJlH4HOCTH <pyHKUHH l- aaenennon B § 34. B HeKOTOp~!X 
saaasax MO>KeT OKaaJTbCH, 4TO cHMMeTplfSl sron <PYIIKUHH B03
MyweHHH (npe.llCTaBJIlJlOWeft, nanpaxep. nJlOTHOCTb 3J1eKTpoHoB) 
MomeT 6blTb !H!me cHMMeTpaH aTOMHOn pernerxa, a nepuo.a 
<PYHKUI1H OT.1H4eH OT nepaona peurerxu. B nonorinux cnysasx 
crpyxrypa aOH nOllmHa COOTBeTCTBOBaTb nepaony H CHMMeTpHH 
<jlyHKUHH t, a He nepHony H CHMMeTpHH peurerxu. Tatcoe no
JlOmeHHe MomeT HMeTb MecTo, rcorna nllH HSOJlHpOBaHHblx aTO
MOB xaxcaoe HS OTneJlbJlbIX 3J1eKTpOllHbIX 06J1aKOB caxo no 
ce6e xapaxrepuayerca onpene.rennoa crpyxrypoa (aroxu B CO
CTOHHHHX P, D. . .. ) H He SlBIISleTCSl cdiepnnecxa CHMMeTpH'l
HblM (S-COCTOHHHe). 

Hcnonsaya nOHHTHe SOH, 60llbWylO 4aCTb peayasraron, no
JlY'leHHbIX n nepnux r.ranax .llIlSl O.llHOMepHbIX CTpyKTyp. MomHO 
HenOCpeJlCTBeHHO pacnpocrpaaars Ha c.1Y4aft nByx HSMepeHHft. 
Ilponyaepoaaumre uH<ppaMH 1, 2, 3, ... aOHbJ coorsercraytor 
anrepnanaa, 060aHa'leHHbIM na <pHr. 78 TeMH me uYI<ppaMH. 
'Iacrora 'I B OnHoMepHOM CJIy4ae 6bIJIa nepnonavecxoa <jlyHK
UYlen C nepaonox lid. H xacarensnas K KPIfBOft aaBHCHMOCTH 
'I (a) aa rpaunuax rrepaoa SOHbI 6blJla ropaaonra.n.na. nJlH 
JlBYX HSMepeHlftt <PYHKUI1H 'I (a) 3aBHCHT OT nepexeunsrx ax 
H ay (KoMIloHeHT aexropa a) H aa rpannue nepaon SOHbl ee 
HopMallbHaSl nponasonuaa nOJlmHa oopauian.cs B HyJlb. nJlSl 
nayxepnux peurerox raioxe MO)f{HO IlOCTpOHTb xapry, xapax
repnayiouryio HaMeHeHHe 4aCTOTbl 'I B sanHCHMOCTH OT a, npo
BOJlll B nJlOCKOCTH axay ceMelkTBO KpHBbIX, B.llOJlb Kamnoft HS 
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v 

a 
z 

JJ.ayltlepHble petuerku 

a 

1(11(~)11 a 

yo Dld){ ax 

12d:J: 0 --.L ax 
6 2dx 

ill1 1 ax 
2dx 2dxe 
<t> II r. 92. a - MeCTO TOlJeK, rne avjap = 0; 
6  paspea no JIIIHIIII a y = 0; 8  paapea no 

JIIIHIIII ayo =1= 0; z - paspea no JIIIHIIII Op. 

H aa rpanauax 30HbI). HaKOHeu. pannaasnoe cesenae B.ll.OJIb 
npHMolt Op npHBO.ll.HT K KpUBOlt (<pur. 92, e), KaCaTeJIbHaH 
K KOTOpOlt na rpannuax 30Hbl y>Ke He HBJIHeTCH ropnaonra.n.noa. 

nyHKTHp aa <pur. 92, a npencraanser cooort reOMeTpl1'1eCKOe 
MeCTO TO'leK. B KOTOpblX npOH3BO.ll.HaH no panaycy ovjop 
oopauiaerca B nyJib. Eha KpHBaH OTJIH'IaeTCH OT coananarouten 
C rpannuen 30Hbl KpHBOlt. npencraaamouien c060lt reouerpn
'1eCKOe MeCTO TO'leK, B KOTOpblX HOpMaJIbHaH npOH3BO.ll.HaH 
oopauiaercs B HyJIb. 06 9TOM He06xo.ll.HMO nOCTOHHHO nOMHI1Tb, 
'1T06bI He CMeWHBaTb 9TH nna pa3JIH'IHbIX onpenenenns npOH3
aonaon <pyHKUHH 'I (a). 

Ha <pHr. 92 Ka'leCTBeHHO npencraanen xapaxrep KpHBblX 
B cnysae npaaoyro.n.noa (dx ' dy) oonoamouuoii petuemscu, 

KOTOpblX '1aCTOTa coxpanser nOCTOHHlloe anauenne. Onna 113 
TaKI1X xapr npencraaaena na qmr. 92. a. Cesenae '3TOlt xapru 
B.ll.OJIb OCI1 ax n03BOJ1HeT nOJIy'lI1Tb Kpl1BYIO (qmr. 92,6), ana
JIOfl1'1HylO KpI1BbIM. paccaorpennua B r JI. 1-3; cexenne B.ll.OJIb 
npHMolt ayo' napaanem.non OCI1 ax. npI1BO.ll.I1T K KpI1BOlt. 1130
6pa>KeHHolt na <pur. 92, 8 (xacarem.nas rOpl130HTaJIbHa B uearpe 

ti.,ff 

30Hbl I Z 3 4 5 6 7 8 9 10 

ID~D~IIDII 
<t> II r. 90. Pacncnoncemre 30H B xaanparuof petuerxe. 

M M M m ~ Mm·
M M M 

30110 7 30Ha 8 30110 9 

<t> II r, 91. CBeAeHl1e pa3JIIIlJHbiX 30H K nepaoit 30He B cnyxae 
xaanparuoti peuierxa. 

m m M mm mM MM m M 

Mm~~~
m~M0SJM~ ~m~E~r 

m tu M mm mM MM m M 

30110 2 30110 3 30110 4 30110 5 30110 6 
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'I aCTI1 U,bl xoropon MoryT ucnuruaar» KOJle6aHHlI OKOJlO csoero 
nOJlOmeHHlI paBHOBeCl1l1. 3Ta aanana nOJlHOCTblO coorsercrayer 
CI1CTeMaM, 06J1analOur-HM CBoltcTBaMH epl1J1bTpOB Hl1mHI1X 'IaCTOT, 
xoropue Mbl paccxarpaaana B rJl. 3. 3Ha'leHHlI epasoBolt CKO
POCTI1 paannsuu nJili aanpaaaennn Ox 11 Oy, 11 npeneasuas 
'IaCTOTa MeHlIeTCH npl1 nepeaeuienau BnOJlb rpaaauu nepsoa 
SOHbl, T. e. OHa SaBHCI1T KaK OT uanpaaneuns pacnpocrpane
Hl1l1, TaK 11 OT crpyxrypu peWeTKI1. 

Ha epl1r. 93 naoripasceua MHoroaTOMHali peurerxa, 9J1eMeH
rapuas lI'1eltKa KOTOpOIt COCTOI1T I1S HeCKOJlbKI1X aTOMOB. no
n06Hali crpyxrypa uaaunaercs petuemuoti C 6a31lCOM, rne 

d	 TepMI1H ~6aSHC" oanauaer CO
,. 2	 • aoxynnocrs BeKTopOB T2' 

T3' .•• , Tn' OnpeneJllllOur-I1X 
Mz	 n0J10meHl1e 'IaCTI1u, M2 , .'\13' •••• 

M n B lI'1eltKe no	 OTHOWeHl11O 
K 'IaCTI1u,e Ml , BSliTOIt sa ua
'IaJlbHylO. 3TOT	 ran CTpyK.;r	 , .. .td	 rypu lIBJllIeTCli 060~ur-eHl1eM 

I1S06pameHHolt ua epl1r. 58 
93. Peurerxa C 6a3HCOM. onuoxepnon MOneJlI1, nJlll KO

TOpOIt, KaK 6blJlO yxasano, 
Kpaaas 'I = 'I (a) COCTOI1T I1S N sersea: onnoa axycrmecxoa 11 

N - 1 OnTI1'1eCKI1X. B naHHOM cay-rae no.tynaex N rronepx
nocrea, npoeKTlipYIOur-I1XCH BepTIiKaJlbHO na nepnyio SOHY. Cese
uae 9Tl1X nosepxaocrea nJlOCKOCTblO, nepnenaaxyaapaoa nJlOCKO
CTI1 SOHbl, npasonar K KpI1BbIM, xoropue nOJlHOCTblO ananoruunu 
Kpl1BblM na epl1r. 1311 20, nOJlY'leHHbIM nJlH oaaoxepuax peurerox. 

Peurerxy XJlOpl1CTOrO aarpas MomHO paccaorpers TO'lHO 
TaKHM me oopasox, KaK 9TO 6blJlO cneaano B r n. 4. ECJlI1 
MaCCbl 'IaCTIiu, M1 11 M 2 paSJlH'IHbl, TO crpyxrypa npencraanser 
c0601t, KaK noxaaano aa epl1r. 94, rpaueueurpapoaanuyio pe
uierxy. 3Ta peiuerxa C 6asHcoM CTpOHTCli na nByx 0pTOrOHaJlb
}I"IX sexropax, 060sHa4eHHbix na epur. 94 nepes d. <popMa 
nnyx nepsux SOH noxasaaa BHI1SY na epHr. 94. Korna M l = M2, 

crpyxrypa peaxo MeHHeT xapaxrep H npespauiaerca B npocryio 
xnaaparuyio peurerxy C 6aSl1CHblMH BeKTopaMH d'. noaepnyruxa 
OTHOCHTeJlbHO 'nexropoa d na yroa 7!/4 11 HMelour-I1MI1 a6co
JlIOTHyIO BeJlI1'1I1IIy 

I d IId/l =Y'Yc-, 

J18Y},lepHbte oeuierxu 

B nepsoa SOHe 9TOlt xsanparuon crpyxryp a 06benliHlIIOTcli nBe 
nepnue SOHbl rpaaeuenrpnpoaanuon crpyicrypu. ECJlH Macca 
M l = M 2 , TO 'IaCTOTa 'I (a) sanaercs onaoanavaoa epyHKu'lielt 
sexropa a BO scea nepsoa SOHe. ECJlIi me Macca M l CTaHO
BI1TCli OTJlIi'lHOIt OT M 2, TO serape rpeyronsnue non06J1aCTH, 
na xoropue MomHO paaoars BTOpylO SOHY, cnenyer nepenecru 

do oOM, 

• • • • d ~d-~" ,d 

». -	

1L, /, / 

o o 0 ' / d 

';(	 
CxeMa f}oyMepHOu. peuiemxu .NaCl 

if' y
" 

t 
,¥: 

fX/I~j x ~ 

CmpyHmypa 
30Hbl2 

o 30Ha 1 
mZ:l 30Ha 2 

<P H r. 94. 

B nepnyio SOHY TaK, 'ITo6bl OHIi ee nOJlIIOCTblO nepexpusaau. 
<PYHKU,l1l1 'I (a) npn 9TOM CTaHOBHTCli BHYTPIi nepaoa SOHbl rpa
neuearpnpoaannon peurerxn yace MHOrOSHa'lHolt: KamnoMy ana
'IeHIiIO aexropa a cooraercrsyior naa SHa'leHlili 'IaCTOTbI 'I. 

Fpaaauu 9TliX SOH BnOJIb ocea x Ii y paauu COOTBeTCTBeHHO 
-+-1/2d Ii :±: lid. 3aMeTIiM, 'ITO B HanpaBJleHHI1, COCTaBJlHIO
ures C OClIMH yroa 45°, rpauauu 9Tl1X nnyx SOH coananaior. 
Onepaunn nepeuoca TpeyroJlbHblX nonooaacrea BTOpOIt SOHbl 
B nepeyio nOKaSbIBaeT, 'ITO B HOBOM npenCTaB,1eHI1I1 nae pas
JlIi'lHble TO'lKI1, aanpauep p 11 P'; CJlI1BalOTCli B onny. no
CKOJlbKY B CI1J1Y CIiMMeTpli1i ananeuae 'IaCTOTbI, ,COOTBeTcTBylO
uiea TO'lKaM P H P", O'leBlinHO, OnI1HaKORO. TO, cnenoaareasno, 

14* 
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rJIaBa 8 

B.uOJIb .uHarOHaJIH xsanpara <PYHKUHlI 'I (a) aenpepusaa. I1TaK, 
nne BeTBH <pyHKUHH 'I (a) nenpepuanu BO acex ro-ncax nepsoa 
aoau, sa HCKJIIO'leHHeM ee rpaanu. 

ECJIH 3JIeMeHTapHall 1I'leltKa COCTOHT as N 'laCTHU, TO 
<PYHKUHlI 'I (a) HMeeT N sernea, xor.na 06JIaCTb HaMeHeHHlI 
sexropa a OXBaTblBaeT nepsyio 30HY. ECJIH me, KaK B TOJIbKO 
'lTO paCCMOTpeHHOM cnysae, 06JIaCTb HaMeHeHHlI a OXBaTblBaeT N 
aOH, TO <PYHI{UHlI 'I (a) CTaHOBHTClI onnosnaunoa. 

HenpepbIBHylO nepnonasecxyio CTpyKTypy MO)f{HO paCCMaT
paaars KaK npe.ueJIbHbIlt CJIY'lalt paCCMOTpeHHbIX crpyxryp, 
B KOTOpOM 'lHCJIO oopaayioumx 9JIeMeHTapHylO 1I'leltKy 'laCTHU 
N -+ co. <t>yHKUHlI '/ (a) npn 9TOM 6y.ueT HMeTb JIH60 6eCKO
uexnoe 'lHCJIO BeTBelt, eCJIH 06JIaCTb HaMeHeHHlI sexropa a OXBa
ruaaer nepayio 30Hy, JIH60 TOJIbKO onny BeTBb, eCJIH 06JIaCTb 
H3MeHeHHlI a OXBaTblBaeT BCIO nJIOCKOCTb. 3Ta aanasa 6b1JIa 
paCCMOTpeHa B § 34 H 36. D.JIlI O.uHOpO.uHOlt cpenu C nOCTOllH
HbIMH cBoltCTBaMH .uJIlI scex nexropon a na nJIOCKOCTH <PYHKUHlI 

'1=Wja! 

0.uH03Ha'lHa. HaJIH'lHe nepaonnsecxoro B03Myw,eHHlI npnsonnr 
K TOMy, 'lTO <PYHKUHlI '/ (a) CTaHOBHTClI paspuanoa B.uOJIb JIH
HHlt, npencraaasnouiax rpannua paaJIH'lHbiX 30H H COOTBeTCT
BylOW,HX 6p9rroBcKoMy orpaaceumo (CM. § 33 H 35). C yse
JIH'leHHeM aoaayurenns nOJIOmeHHe TO'leK paspuna OCTaeTClI 
HeHaMeHHbIM, a soapacraer JIHWb BeJIH'lHHa paspuaa <PYHK
UHH 'I (a). Bee no.u06JIaCTH JII060lt 30HbI nyreu cooraercmyio
utero nepenoca BHM hi b, + hzbz MO)f{HO CBeCTH K MoaaH'lHolt 
crpytcrype, nOJIHOCTblO coananaiourett C nepsoa sonon. Caons 
06JIaCTb HaMeHeHHlI aexropa a K nepaon 30He, noaysaex, 'lTO 
Kam.uall 30Ha asrcurero nopsnxa COOTBeTcTByeT O.uHOlt H3 aernen 

<pyHl{UUH 'I (a). 
TaKUM 06paaOM. KaK MbI yme OTMe'laJIH, aa 9KcnepuMeHTOB 

cnenyer, 'lTO peaJIbHbllt KpHCTa,~JI npencraanser co60lt cacreuy 
panes (HJIU nJIOCKOCTelt). B KOTOpOlt HH O.uHO aa cexencrn He 
nponyuieno. OTCIO.ua caenyer, 'lTO KaK pa3J10meHUlI B pll.u I 
<t>ypbe, paCCMOTpeHHbIX B § 32, TaK U CHCTeMbl JlHHHlt pas
pusa, npe.uCTaBJllIfOW,HX rpauauu 30H, lIBJllIlOTClI nOJIHbIMU. 

TPEXMEPHhlE PElDETI{H 

§ 38. npSlMble U oopaTHble rpexaepaue pemerxu 

06bl'lHO rpexaepnyio peurerxy paccuarpnaaior B xocoyroas
HOlt CHCTeMe xoopnauar: ee anesreurapnaa 1I'leltKa HMeeT <pOpMy 
napaaneaenaneaa. 3a cncreay 6a3HCHbiX BeKTopOB Bbl6upalOT 
TpH HeKOMn.laHapHbiX sexropa d1• dz' d3. nposeaeauux H3 na
'laJIa peiuerxa B TpU y3JIa, B KOTOpblX pacnonoxceusr 'laCTHUbI 
peurerxa: 9TH sexropu onpeneamor nepnyio 3JIeMeHTapHylO 
1I'leltKy crpyxrypu. 3a cncrexy 6a3HCHbiX BeKTopOB raiose 
MomHO Bbl6paTb JII06ylO npyryto cacrexy BeKTopOB, y.uOBJIe
TBOplllOW,HX COOTHoweHHIO 

d~ = Illldl + 1l12dz + IllSds' 

d~ = az1d1+ CXzzdz+ az3ds' (38.1 ) 

d; = aSld, + aszdz+ as3da, 

r.ue lleJIH'lHHbI aik - ueJIble nOJIOmHTeJIbHble UJIH OTpUuaTeJIb
nsre 'lHCJIa, npH'leM TaKHe. 'lTO .ueTepMHHaHT, COCTaBJIeHHbllt H3 
K03<p<PHuueHTOB Ilik' OTJIH'leH OT HyJIlI. 3TO Tpe60BaHHe lIBJIlIeTClI 

f f f 

yCJIOBHeM JlHHeltHolt HeaaBHCUMOCTU BeKTopOB d lt d2• da, HJIH, 
HHa'le r oaops, YCJlOBHeM HeKOMnJIaHapHOCTH CHCTeMbl 6aaHCHbIX 
BeKTopOB. 

Kpoue roro, KaK U B cnysae .uByMepHbiX CHCTeM. 3TH 

nexropu d,
f 

.uOJl)l{Hbl 6blTb Bbl6paHbi TaKHM 06paaOM, 'lT06bl 
06beM nocrpoennon aa HHX snexeurapuoa lI'leltKH 6blJI pasen 
o6beMy 3JIeMeHTapHolt lI'leltKU. nOCTpoeHHolt Ha BeKTopax 
di(l= I, 2. 3). 

0POU3BOJIbHall T0'lKa crpyxrypu onpenenserca aanauaea 
BeKTopa 

RzU' = lld 1+ lzdz+ lsds' (38.2) 
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rne Ll • L2 H L3 -- uensre 
3JIeMeHTapHoA lIqeAKH, 

r = 
rne IEi I< 1. 

'lHCJIa, a TOqKa. uaxonauiascs BHyTpH 
-- aa)laHHeM BeKTopa 

Eld l + E2d2 + E3d3• (38.3) 

Bee me npyrne TOqKH npocrpaucrsa. sanaaaexoro peurer
KoA. 6y.nYT onpenenarscs aexropoa, KOTOpblA lIBJIlIeTClI CyM
MoA sexropa, xapaxrepaayiourero lIqeAKY. r ne naxonarcs sra 
TOqKa. H aexropa, onpenenmomer-o noaoxeaae ee B 9J1eMeH
rapnoa lIqeAKe. 

Ooparnaa peurerxa onpeneaserca TaK me. KaK H B cnysae 
.nByMepHblx crpyicryp. Ee 6aaHcHble sexropu bl • b2• b3 .nOJlmHbl 
y.nOBJleTBopllTb YCJlOBHIO 

(b, . dk) = nih. (38.4) 

aHaJlOmqHOMY COOTHoweHHIO (31.3). 
C npyroa CTOpOHbl. BOJIHOBOMY aexropy a BOJlHbl. pac

npocrpaaatourenca B npllMoA peurerxe, B 06paTHoA peurerxe 
cooTBeTcTByeT npe.ncTaBJleHHe. aHaJlOrHqHOe cJIyqalO.nByx HaMe
peHHA. 

HaKOHeu.. npasany 0 TOM. qTO nnouiana 9J1eMeHTapHb1X 
lIqeeK npsxoa H 06paTHoA peurerox nsyaepuux crpyxryp no 
BeJlHqHHe ooparuu .apyr npyry, B cay-rae rpexaepaux CTpyK
ryp coorsercrsyer npaaaao: 06beMbl 9J1eMeHTapHb1X lIqeeK 
npsxoa H 06paTHoA peurerox no BeJIHqHHe ooparau npyr 
npyry, T. e. 

VdVb = 1. (38.5) 

Ha OCHOBaHHH roro, qTO BeKTOp b3 nepneunuxynapen BeK
ropaa d l H d2 [CM. COOTHOUIeHHe (38.4»). MomHO uarracars 

b3 = k [d ld2] . (38.6) 
TaK KaK 

(b3 • d3) = I, 

TO. aaMeHlIlI b3 ero BblpameHHeM xepea dl H d2 ns (38.6). 
noaysaex 

1 =k(d3[dld2])=kVd • (38.7) 
OTKy)la 

1 
k =v,,' 

~x\ 
.:-~, " , 

Tpexnepnue petuerku 

TaKliM oopasox. COOTHOUIeHHe (38.6) npunuxaer BI1.n 

1 
b, = Va [dld2] · (38.8) 

Ananoruuuo MomHO nOJlyql1Tb 

1 
bl = V [d2d3],.... ' 

d 
(38.9)1 

b2 = -Vd [d3dd· 

KaK nerxo noxaaars, 

1 1 1d3 = -V [blb,,]; d l = Vb [b2b3] ; d2 = Vb [b 3bd. (38.10)b • 

l1a 3TI1X COOTHOUIeHI1A cnenyer, qTO 
.;.. 

1 = (b • d ) = ([d ld2L[b1b2D . 
3 3 VdVb 

ECJlI1 B ql1CJII1TeJIe croauiero cnpasa OTHoweUHlI aupaairn, 
axonsume ryna sexropu qepea HX nexaproau COCTaIlJllllOlU,He 
H COOTBeTCTBYIOlU,liM oopasoa crpynrmpoaan, nonyseuaue qJIeHbl. 
TO ero MomHO npencraaars B BI1.ne 

(dl . bl)(d2 • b2) - (d2 • bl)(d l • b2) . 

orxyna cnenyer, 'ITO qHCJlI1TeJIb paaeu ennnuue; TaKI1M 06paaOM 

VdVb = 1. 

C<POpMyJll1pyeM reope sy, ananor KOTOpoA B cnysae nsyx HaMe
peHI1A aupaxaercs COOTHOUIeHl1eM (31. 22); Kam.nbl~ aexrop, 
onpeneamoiuan nexoropua yaen 06paTHoA peUIeTKH, nepnen
.nI1KyJlllpeH 6eCKOHeqHoMy ceMeAcTBy napaJlJIeJlbHblX nJlOCKOCTeA 
npllMoA peurerxu, npoxonsumx '1epea yanu 3TOA peurerxn (xpa
CTaJIJIOrpa<pHqeCKI1X nJIOCKOcTeA). 

. nYCTb setcrop 

H = hlb l + h2b2 + h3b3 , (38.11) 

rae hl • h2• h3 -- uenue qHCJla, onpenenser nesoropun yae,n 
ooparuoa peurerxa, a BeKTOp 

H 
(38.12)n = IHI 
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SlBJISleTCSI CllHHHlJHblM aexropoa B HanpaBJIeHHH H. Bexropnoe 
ypaBHeHHe nJIOCKOCTH, nepneHllHKyJISlpHott H, MomHO sanHcaTb 
B BH.lle 

(n . r) = (H . r) (38.13)IHI =c, 

rne napaaerp C onpene.nser paccrosuae 01' naxaaa xoopnnuar 
110 3TOtt nJIOCKOCTH. 

ECJIH oaaa HS TaKHX nnocxocren npoxonnr xepea HeKOTO
Pbltt .yaen npsxoa peuierxa, OnpelleJISleMbltt aexropox RIlI,I" TO 

(H. RI,l,!,,) = hIlI + h2l2 + hala = C" (38 14) 
--'------'-I--oH7:-"1--'----	 I t.r i ' • 

B 3TOM Mo>KHO nenocpeacraeuno y6ellHTbcSI, saMeHSISI BeKTopbI H 
H RI,I,I, HX BblpameHHSlMH (38.2) H (38.11). 3aMeTHM, 'ITO 
lJHCJIHTeJIb OTHOrneHHSI, BXOllSlIUerO B (38.14), raioxe panes 
ueJIOMy lJHCJIy m. PaCCTOSlHHe MemllY KpHCTaJIJIOrpa<VHlJeCKHMH 
nJIOCKOCTSlMH npSlMott peurerxa, nepneH1I.HKyJISlpHbIMH sexropy H, 
onpene.tserca HaHMeHbrnHM BOSMomHblM HSMeHeHHeM BeJIHlJHHbI, 
CTOSlIUett B npasoa lJaCTH COOTHorneHHSI (38.14). nOCKOJIbKY 
lJHCJIHTeJIb CTOSlIUero TaM OTHorneHHSI paaeu ueJIOMy lJHCJIy m, 
TO ero naaxeusuree OTJIHlJHOe 01' HyJISI suauenae paBHO enaunue, 
H, CJIellOBaTeJIbHO, paCCTOSlHHe MemllY KpHCTaJIJIOrpa<VHlJeCKHMH 
nJIOCKOCTSlMH, nepnemukyaapuuxa aexropy H, 6YlleT paBHO 

0= 1~1	 (38.15) 

npu yCJIOBHH, 'ITO BXO.llSlIUHe B COOTHorneHHe (38.14) lJJIeHbl 
HMelOT HaHMeHbrnHe BOSMO>KHble SHalJeHHSI. TaKHM oopaaou. Mbl 
npaxo.nax K peay JIbTaTaM, xoropue aHaJIOrHlJHbl pesyJIbTaTaM, 
nOJIYlJeHHblM B KOHue § 31. 

Ehy reopeay MomHO raioxe C<VOpMyJIHpOBaTb CJIellYIOIUHM 
oripaaoa: paccrosune MemllY KpHCTaJIJIOrpa<VHlJeCKHMH nJIOCKO
CTSlMH, nepneunaxyaspuuua uexoropouy aanauuoxy aanpaane
HHIO n, 06paTHo nponopuaouam.uo paccroanmo MemllY HalJaJIOM 
perneTKH H ySJIOM ooparuoa peurerxa, HaxollSllUettcSI na HaHMeHb
urea .. paccrosuaa 01' uasana B HanpaBJIeHHH sexropa n. AHa
JIOrHlJHYIO reopexy MomHO noxasars H llJISI oriparaon peurerxu. 

nJIOTHOCTb TOlJeK aa KpHCTaJIJIOrpa<VHlJeCKott nJIOCKOCTH 
nponopunouaasua BeJIHlJHHe 0= 1II HI; npa yCJIOBHH COOTBeT
CTBylOIUett aaxeau 060SHalJeHHtt 31'01' peay.n.rar, OlJeBHllHO, 
raioxe MomeT 6bITb nepeuecea aa 06paTHylO perneTKy. 

TpeXMepHble peuiersu 

'uJISI npSlMott peurerxu npOHSBOJIbHbltt BeKTOp MomeT 6blTb 
aanacaa B BHlle 

r = ~ldl + ~2d2 + ~ada; (38.16) 

roraa. KaK JIerKO y6ellHTbCSI, 

~1 = (b 1 • r); ~2 = (b2 . r); ~a = (ba . r). 

AHaJIOrHlJHO, eCJIH	 B ooparnon peurerxe sanau BeKTOp 

H = lJlbl + lJ2b2 + lJa~a' (38.17) 
TO 

lJl = (d 1 • H); lJ2 = (d2 . H); lJa = (d, . H). 

Ilpeaoie lJeM npacryrnrn, K HSYlJeHHIO pacnpocrpaneuns 
BOJIH B rpexuepuux crpyxrypax, npnaenea HeCKOJIbKO npaaepos 

1

, 

d J 
f':~~ 
i' 

J 
a 6 

~. <P Hr. 95. a - Ky6HtleCKan peurerxa: 
6 - ooparnas Ky6ulJeCKaSl peuicrxa. 

TpeXMepHbIX peurerox H paCCMOTpHM COOTBeTcTBylOIUHe HM 
06paTHbJe peure.ncn. 

I
Hanxenee CJIom~lOtt rpexaepaoa peurerxon SlBJISleTCSI, 6es 

COMHeHHSI, H306pameHHaSl ua <VHr 95, a npocras Ky6HlJeCKaSl 
peurerxa. B 3TOM cnysae 

.F d2 i = k, 
(d· . dk) = 

2 
{ 0 t =!= k, 

rne d -llJIHHa OllHOtt H3 CTOpOH xyoa. 
I1s COOTHorneHHtt (38.9) nonyuaex, 'ITO 06paTHaSl peurerxa 

HMeeT nOll06HYlO me crpyxrypy H xapaxrepaayerca 6aSHCHbIMH 
BeKTopaMH b., napaJIJIeJIbHbIMH sexropau di , npHlJeM Ib, 1= 11d. 
Ha <VHr. 95, 6 naoopaxena 06paTHaSl peurenca, xoropas ratoxe 
npellCTaBJISleT c060tt Ky6. 
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OTJIH4aIOTCH OT aTOMOB, pacnOJIO)/(eHHbIX na ero aepunmax. TO 
TaKyIO H4eltKY MO)/(HO BbI6paTb npa YCJIOBHH, 'ITO crpyxrypa 
6Y.ll.eT paCCMaTpHBaTbCH KaK Ky6H4ecKaH peurerxa C 6a3HCOM 
(A, E. F. G). 

llJIH nOJIy4eHHH peurerxn, ooparnoa rpanenerrrpaposauuoa 
peuierxe, .ll.OCTaT04HO BcnOMHHTb, 'ITO BeKTOp, npoaeneuaua r 
BHeKOTopOM 3a.ll.aHHOM HanpaBJIeHHH H3 Ha4aJIa 06paTHoit 
peuiencn B 6JIH)/(altwHIt OT Hero y3eJI, nepnennaxynspeu cexea- I 
CTBy KpHCTaJIJIOrpaljlff4ecKffX nnocxocrea npsxon peweTKH.! 
aero BeJIH4HHa 06paTHa paCCTOHHHIO Me)/(.ll.Y 9THMff nJIOCIWCTHMH. 

PaCCTOHHHe Me)K.ll.Y KpffCTaJIJIOrpaljlH4ecKHMH nJIOCKOCTHMH 
npsaoa peurerxu, nepneH.ll.HKyJIHpHbIMH HanpaBJIeHHIO AD, 
paBHO d/2. CJIe.ll.OBaTeJIbHO, T04Ka D' oriparnoa peurerxn pac
noaoxena B 9TOM uanpaaaen.m na paCCTOHHHH 2/d OT Y3JIa A', 
BbI6paHHoro sa Ha4aJIO peinerxa (ljlHr. 96, 6). AHaJIorH4HO 
MO)/(HO rrOJIy4HTb, 'ITO Y3JIbl l' H H' ooparaoa peurerxn JIe)/(aT 
na npauux, npoxonauinx 4epe3 Ha4aJIO peuierxa A' H napan
JIeJIbHbIX npHMblM COOTBeTCTBeHHO AI H AH; 9TH Y3JIbI OTCTOHr 
OT Ha4aJIa peurerxa raioxe na 2/d. C npyroa cropouu, HMeeTCH 
TOJIbKO O.ll.HO cexeacrno KpHCTaJIJIOrpaljlH4ecKHx nnocxocrea 
npsaoa peurerxa, paccrosaue Me)/(.ll.Y xoropuxa npesuuraer d/2. 
OHO COCTOHT H3 nnocxocrea, napaJIJIeJIbHbIX nJIOCKOCTH, npo
xonauiea uepea Y3JIbi D, E, I, G, H, F, H, CJIe.ll.OBaTeJIbHO, 
nepnennnxynspaux npasoa AB; paccroaane Me)/(.ll.Y .ll.ByMH 
COCe.ll.HHMH nJIOCKOCTHMH 9Toro ceMeltcTBa paBHo 

1 1 1/ d 
O=3 AB=3" r 3d=Y3' 

3TOMy cexencrny KpHCTaJIJIOrpaljlH4ecKHx naocxocrea, H306pa
)/(eHHbIX na ljlHr. 96, a, coorsercrnyer T04Ka C' ofiparnoa 
peurerxa, JIe)/(alll,aH BHyTpH xyoa, nocrpoennoro aa sexropax 
~ ---+' ~ 

A'D', A'I', A'H'. ECJIH B' -BepwffHa Ky6a, npoTHBOnOJIO)/(-
HaH sepunme A', TO T04Ka C' JIe)/(,iT na rrpsxoa A' B' H ee 
paccToHHHe OT T04KH A' paBHo 

1 _ Y3 _ Y3 2 _ Y3 b 
a-(j------r(j--2 , 

rne b= 2/d. 
I1TaK, T04Ka C' cosnanaer C uearpoa xyoa, nocrpoennoro 

~ ---+ ~ 

ua BeKTopax A'D', A'I', A' If', H, CJIe.u,OBaTeJjbHO, o6paTHall 
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peurerxn Bb16HpaeTcH. napannenennnen, nocrpeeauun na BeK
-+ -+ -+ 

ropax AE, AF HAG. 06beM 9JIeMeHTapHOn H4eltKH Vd = d3/4, 

rne, KaK 06bI4HO, xepea d 0603Ha4ena .ll.JIHHa Oll,HOIt H3 CTOpOH 
xyoa, Onpenenennas TaKHM 06pa30M H4eltKa conepxnr TOJIbKO 
O.ll.HH aTOM, 0603Ha4eHHblit 6yKBoit A. Bee )/(e .ll.p~He 4aCTHUbI 
MoryT paCCMaTpHBaTbCH KaK npauanaexauiae KTaKHM )/(e CMe)/(
HbIM H4eItKaM. 

Jlerxo y6e.ll.HTbCH, 'ITO BeKTOp, npoaenennua B JII060n Y3eJI 
peuierxa, MO)/(HO npeacrasars B anne JIHHeltHolt KOM6HHaUHH 
rpex OCHOBHbIX BeKTopOB. TaK, nanpnaep, cyMMa 9THX BeKTopOB 

-+ -+ -+ 
onpeaenaer nOJIO)/(eHHe Y3JIa B, a BeKTOp AE + AF  AG
nOJIO)/(eHHe Y3JIa D. 

3aMeTHM, 'ITO BbI6paTb B Ka4eCTBe 9JIeMeHTapHoit H4eltKIi 
Ky6 CO CTOpOHOIt d 6bIJIO 6bI HeJIOrfl4HO, nOCKOJIbKY npa 9TOM 
9JIeMeHTapHaH H4eltKa conepacana 6bI serupe aTOMa BMeCTO 
QAHoro. O.ll.HaKO eCJIH pacnonoacenaue na rpaHflX Ky6a 1\TOMbI 

TOJIbKO 'ITO paCCMOTpeHHaH HaMH npOCTaH Ky6H4ecKaH 
peurerxa He BCTpe4aeTCH B npapone, O.ll.HaKO cyuiecmyer .ll.OBOJIbHO 
MHoro npOH3BO.ll.HbIX OT nee crpyxryp. PaCCMOTpHM, nanpnaep, 
rpaneueurpupoaaunyio Ky6H4ecKyIO peurerxy, H306pa)/(eHHYIO 
na ljlHr. 96, a. OHa xapaxrepasyercs TeM, 'ITO, KpOMe sepumn 
saevenrapaoro xyoa, aTOMbI pacnOJIaraIOTCH euie H B ueurpax 
rpanea nora xyoa, B Ka4eCTBe s.aeuenmapnoa fl'leiilW raxoa 
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peuierxa npe,ll.CTaBJISIeT c060n o6r,eMHou,eHmpUpOBaflHYIO Ky6u
«ecsy» peuiemtcy, TaKI1M oripaaox, peurencoa. 06paTHOn rpaue
ueHTpl1pOBaHHOn Ky611qeCKOn peweTKe, SlBJISleTCSI 06beMHoueH

Tpl1pOBaHHaSi Ky611qeCKaSi peuierxa. 
nO,ll.06HbIM me MeTO,ll.OM JIerKO yCTaHOBI1Tb, qTO peurerxoa, 

06paTHOn 06beMHOUeHTpl1pOnaHHOn Ky6l1qeCKOn peurerxe, 6Y,ll.eT 

rpaHeueHTpl1pOBaHHaSi Ky6HqeCKaSi peweTKa. 
B xauecrae fjJleMeHmapHOa nscetucu B cnyuae 06-beMHo

UeHTpl1pOBaHHOn Ky611qeCKOn peWeTKI1 BbI611palOT napanxene
----+ ----+-+ 

nnnen, nocrpoeunun aa nexropax AI DI , AIH
I, 

AICI; ero 

06beM Vii paaea nOJIOBI1He 06beMa xyoa, T. e. 

VIi=~(jr = :a =~i' 
B paoorax. nOCBSlw,eHHbIX l1ayqeHl11O Kpl1CTaJIJIl1qeCKHX CTpyK

ryp, 11 B qaCTHOCTI1 B paoore 3BaJIb,ll.a, MomHO HanTI1 npyrue 
npnxepu. OTHOCSlw,l1ecSI K paccMaTpl1BaeMoMy sonpocy. 

§ 39. 30HW B TpexMepHwx cTpyKTypax; 
nocTpoeHHe 3BanbAa 

PaccMOTpeHl1e. npOBe,ll.eHIWe B r JI. 7. MomeT 6bITb 6ea asxe
HeHHn nepeneceuo aa CJIyqan rpex l1aMepeHl1n. DOHSITHe nJIO
urana Sd 11 S/i npa 3TOM cnenyer aaxeusrs nOHSlTl1eM o6beMa Vd 

11 Vii' KOTopble, KaK 6blJiO noxaaauo. y,ll.OBJieTBOpSiIOT COOTHO
WeHl110 (38.5), a nOHSlTl1e psna qaCTI1U B npSlMOn peweTKe
nOHSlTl1eM KpI1CTaJiJiOrpa~l1qeCKOn nJiOCKOCTl1, onpe,ll.eJiSIeMOn 
ypaanenaeu (38.14). C ,ll.pyron CTOpOHbI, nepl10,ll.l1qecKYIO ~YHK
UI1IO rpex nepeMeHHblx MomHO paaJiOml1Tb B TpOnHOn pSl,ll. <1>ypbe 
TOQHO TaKI1M me oripaaox. KaK 3TO 6blJiO cnenano B § 32 
B CJIyQae nJiOCKOn aanaxa. K03~~I1Ul1eHTbI paanosceuas Ch,h,h. 
6y,ll.yT aaBI1CeTb yme OT rpex I1H,ll.eKCOB, npHHI1MalOw,Hx uenue 
aHaQeHHSI. llJiSI ynoricraa MbI QaCTO 6Y,ll.eM 060aHaQaTb HX npocro 

nepes c.. 
4T06bI yCTaHoBHTb nepaonauecxyio aaBI1CI1MOCTb QaCTOTbI 'I 

OT BOJiHOBOrO aexropa a, MomHO paccyxnars TOQHO TaK me, 
KaK B § 33. DOCKOJIbKY 3TOT aonpoc SlBJiSleTCSI aecsua cyuie
CTBeHHbIM, MbI xparxo nOBTOpl1M 3TH paccyxneuaa. 

DpOHaBOJibHbln ysea peWeTKI1onpenensercs aananuex aexropa 

R=11d 1 +12d2+lad a, (39.1) 
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rne 11, Iz, la - uenue QHCJia, a dl' dz, da - 6aaHcHble nexropu 
peWeTKI1. npOl1anOJibHJSI TOQKa npocrpancraa, aaHHMaeftlOrO 
peurerxott, onpe,ll.eJiSleTCSI neKTopoM 

r = ;ldl + Ezdz+ Eada, (39.2) 

rne El , Ez• ~a - npoexunn aexropa r na HanpaBJieHHSI 6aal1CHbIX 
nexropon dl' dz, da. 

Pacnpocrpanmouiascs B peurerxe BOJiHa Momer Ha6JlIo,ll.aTbCSI 
TOJibKO B yanax, onpenenseaux nexropoa R. Ee MomHO onacars 
C noxoun.io ~YHKUHH 

~ = AeZ7ti (vt-(a.R». (39.3) 

r ne a - BOJiHOBOn aexrop, xoropua cnenyer paccxarpuears 
KaK aanpaaaennyio BeJiUQI1HY. CBSlaaHHYIO C 06paTHOn peurencoa. 

TOQHO raxoe me ,ll.BrlmeHHe MQ}KeT 6blTb Onl1CaHO C noxouu.io 
sexropa 

a;,= a + hlb, + hzbz+ haba, (39.4) 

r ae hl , hz, ha - uenue QHCJia, rax KaK 

(a~ . R) = (a . R) + h ; (bl . R)+ hz(bz . R)+ h3 (ba • R)= 
=(a' R)+hlll +hzlz+hala=(a· R)+m. 

r,ll.e m - ueJioe. 
TaKI1M oopasoa, nOCKOJibKY npa aaxeae sexropa a na JilO60n 

aexrop a~ xapaxrep ,ll.Bl1meHI1S1 ocraercs Hel1aMeHHbIM. QaCTOra 'I 

,ll.OJimHa 6bITb nepaonaaecxoa ~YHKUllen BOJiHOBOrO sexropa a 
C nepaonou, paBHbIM nepaonax b., b2, ba ooparnoa peurerxu. 

B CHJiY 3TOn nepI10,ll.I1QHOCTI1 /viu, KaK H npem,ll.e, MQ}KeM 
paa6HTb 06JiaCrb l1aMeHeHHSI BOJiHOBOrO BeKTopa a Ha pSl,ll. no,ll.
06JiaCTen I1JiI1 aOH, anyrpu Kam,ll.On as KOTOpblX ero BeJiI1QHHa 
onpeneaena O,ll.HOaHaQHO. MbI BH,ll.I1M. QTO I1CnOJibayeMbltl anecs 
MeTO,ll. nOJiHOCTblO anaaoruuetr TOMy, xoropua npHMeHSlJiCSI B § 33 
npa l1aYQeH1111 nayaepuux crpyxryp. Ilepaaa aoaa onpenenserca 
KaK MHorOrpaHHI1K Hal1MeHbWero o6beMa C UeHTpOM. cosnanaio
W,I1M C aasanou 0 06paTHOn peurerxa, orpauauenaua nno
CKOCTSlMI1. npOXO,ll.SlW,I1MH nepea cepenanu BeKTopOB peurerxa. 
Ero 06beM Vii paaen 06beMy 3JieMeHTapHOn SlQenKI1 06paTHoU 
peWeTKI1, 11 mooas TOQKa npocrpancrna 06paTHOn peurerxa 
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MO>KeT 6blTb nepeneceua BHYTPb nepsoa aOHbI n pH noxoum 

nepeHOCa ee BAORb BeKTOpa 

H = h1b1+h2D2 +h3b3 • 

30HbI 60Ree nucoxoro nopsnxa oxpyscaior nepayio sony 
1'1 MoryT 6blTb nocrpoenu MeTOAOM, ananornnnua nOCTpoeHHIO 

B cay-rae nsyuepnux crpyxryp, COOTBeTCTBYIO:l(He npavepu 
npasenenu B AaRbHeltweM. 

Buoop nnocxocrea, OrpaHH'IHBalOw.HX aoau, OCHOBblBaeTClI 

na paccyscaenaax, nOA06abiX acnonsaoaanaua B § 34 1'1 36 
B cay-rae nsyaepaax crpyxryp. B caMOM nene, reopns pac

npocrpaaenas BORH B cnnotuaort cpene npH HaRH'IHH MaRblX 

nepHOAH'IeCKHX aoaayuienaa nORHOCTblO aHaROrH'IHa reopna, 
paapaoorasaoa suure B cnyxae ASYX HaMepeHHl-t. He06xoAHMO 

CHOBa paaRH'IaTb ABa cRy'lall. 

1. Bee aexropu a;, TaKOBbl, 'ITO 

Ia;, I =F Ia I.	 (39.5) 

2.	 nRlI HeKoToporo BeKTopa a~ HRH a~
 

Ia;, I~ Ia I,
 
rne aexropu a;, onpenexmorca COOTaoweHHeM (39.4). 

CRy'lalt 2 HMeeT MeCTO rorna, xorna MQ)KHO HaltTH ABa 

sexropa a~ 1'1 a, ARHHa KOTOpbIX nO'lTH OAHHaKOBa, a pasuocn

a~ -	 a= H = h1b1+h2b2 +h3b3 
(39.6) 

npeACTaBRlIeT c0601t sexrop 06paTII01t peurerxa. 
B § 35 MbI AaRH reoxerpaxecxyio nnrepnperaumo 3TOMy 

yCROBHIO 1'1 nOKaa3RH, 'ITO OHO 3KBHB3ReHTHO yCROBHIO Bpsr-ra 
ARII OTpa>KeHHlI peHTreHOBCKHX Ry'lelt 01' KpHCT3RROB. DOA06

Hoe >Ke nORO>KeHHe HMeeT MeCTO 1'1 B nacroaurex cay-rae npn 
yCROSHH, KOHe'lHO, 'ITO nOHlITHe pllAa '1aCTHu, aaMeHeHO nOHlI

THeM KpHCTaRROrpa~H'IeCKolt nROCKOCTH. 

3BaRbAOM 6bIRa nana npyras narepnperauaa. DyCTb 

a - BeKTOp, nposeneanun as TO'lKH 0 06P3THOit peurerxu 

B TO'lKy P. Onnurea crpepy pannyca Ia I C u,eHTpOM B TO'lKe P. 
ECRH OK3>KeTClI, 'ITO 3Ta crpepa npOXOAHT nepea BTOpylO 

TO'lKy B oriparnoa peuierxn HRH B OKpeCTHOCTH 3TOit TO'lKH, 

TO, KaK MbI cennac yBHAHM, ~YHKIJ,HlI 'I (a) 6YAeT p3apbIBHa. 

......

1'pexMepHble petuereu 

neItCTBHTeRbHO, B 3TOM cnynae cyuiecrnyer aexoropua BeK

TOp a;l' YAOBReTBoplllOW.HIt COOTHoweHHlO (39.6), 1'1, CReAOBa

TeRbHO, ynce HeBOaMO>KHO onpenennrs. KaKolt aa ABYX BeKTO

pOB a 1'1 a~ cnenyer BbI6paTb ARII onncanua ABH>KeHHlI '13CTHU 

peurerxn, DOCKORbKY BORHbI, COOTBeT
06pal7lHGJJ pemem/(o

CTBylOw.He 'I = 'I (a) 1'1	 'I = 'I (a~), xa

paKTepHaYIOTcH paaRH'IHbIMH nanpa • 
BReHHlIMH pacnpocrpaneuaa, TO npn

XOAHTCII AonyCTHTb, 'ITO ABH>KeHHe
 

onpeneasercs cynepnoaauaea ABYX
 

YKaaaHHbIX BORH, OAHa aa KOTOpbIX
 

COOTBeTcTByeT nanaiouiea BORHe, 3
 • 
npyras orpaxeanon (HRH BORHe Bpsr

ra). TaKHM 06paaOM, ARII onnoro 1'1
 

roro >Ke anaseana Ia I MbI nonysaex
 
ABa aHa'leHHlI '1aCTOTbl. 'ITO COOTBeT

CTByeT paspuay KpHBOIt 'I = 'I (a). 
~ 

3aMeTHM, 'ITO, xorna HMeeT MeCTO 6p3rrOBCKoe orpascenne, 
KOHeu, BeKTopa a HaXOAHTClI B nROCKOCTH, npoXOAlIw.elt '1epe3 

cepeanny nexropa H, coenanstourero Y3RbI 0 1'1 B ooparnon 
peurerxu, 1'1 nepnennmcynapnojt K nexy. 31'0 aaxexanae n03BO

RlIeT YKa3aTb np3BHRO nOCTpoeHHlI aOH: nepea cepennnu orpesxoa, 
coeAHHlIlOw.HX H3'13RO peurenca C paaRH'IHbIMH ee yanaxn. npo

BOAlITClI nROCKOCTH. nepnennasyaspnue 3THM orpeaxax. Han
, ' 

?	 MeHbwHIt MHororpaHHHK, COAep>Kaw.HIt BHyTpH ce611 H3'13RO1"\ 

I
~ peurerxu, oopaayer nepayio aOHY, 06RacTb, aaKRIO'IeHHall Me>KAy 

rpaaauen nepnoa aOHbI 1'1 rpausuea cnenytouiero no BeRH'IHHe 
.1' 
'" MHororpaHHHKa,	 OXBaTbIS31OIl.lerO HaHMeHbwHIl: MHororpaHHHK, 
.'!~	 oopaayer BTOpylO aony. Al/aROrH'IHbIM >Ke 06paaOM onpene.

RlIlOTClI aOHbI 60Ree BblCOKHX nopanxoe. 

§ 40. 061IJ,He peaynsrarst,
 

OTHOCHIIJ,HecH K pacnpocrpaaenmo BOJIH
 
B TpexMepHMx nepHO~HqeCKHX cTpyKTypax
 

l1ay'leHHIO pacnpocrpanenas BORH B cnnoumon cpene npn 

HaRH'IHH MaRblX nepHOAH'IeCKHX soaayuienna 6bIRH nOCBlIw.eHbI 

§ 34-36, S KOTOpbIX paccuarpaaancs cRy'lalt ABYX HaMepeHHIt. 

Ilonysennue TaM pesym.raru 6ea rpyna MoryT 6bITb pacnpo

CTpaHeHbI TaK)Ke 1'1 na ananoru-raue rpexxepnue crpyxrypsr. 

<t> n r. 97. 
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PaCCMOTpHM anasane sanauy. He npennonaraa MaJIOCTH 

nepHOJlHlIeCKHX B03MYlll,eHHtl; B CJIeJlYlOlUHX napar parpax Mbl 
npasenex PHJl npaxepoa. OTHOCHIlI,HXCH K 9TOMY 061l1,eMY CJIYlIalO. 

B CJIylIae Tpex H3MepeHHtl BOJIHOBOe ypaBHeHHe HMeeT BHJl 

Ul~ (40.1)~ljI+V~ ljI=O. 

ITOCKOJIbKY Mbl XOTHM paCCMaTpHBaTb pacnpocrpaneune BOJIH 

B nepHOJlHlIecKotl cpene. TO 6YJleM cnnrari., liTO 

1 
v~ =F(r), (40.2) 

rne <pyHKUHH F (r) nepaonauna no rpeu HanpaBJIeHIiHM, onpe

JleJiHeMblM 6a3liCHblMH BeKTopaMH d1, d2, d3 npHMotl peurerxu, 

T. e. 
F(r)=F(r +n1d1 +n2d2+n3d3)' 

rne n2' n3-ueJibIe lIliCJIa.n 1, 
ITOCKOJIbKY 6a3HCHbIe nexropu b, ooparnoa peurerxn yno

BJIeTBOpHIOT COOTHoweHfflO 

(b, . dk) = 8ik' 

TO pa3JIO}KeHHe <PYHKUIiIi F (r) n TpOtlHOtl PHJl <1>ypbe MomHO 

npeJlCTaBHTb B BIiJle 

F = ~ C e210i [m, (b,.r)+m.(b,.r)+m.(b•. r)] (40.3)
""'-.J m1m',lma • lI1cnOJIb3yH paanozcenne B PHJl <1>ypbe, petueane ypaBHeHHH 

(40.1), KaK 6YJleT nOKa3aHO Hlime, MomHO npeJlCTaBI1Tb raioxe 

B nHJle 
~, = A (r) e2~i [,t-(IL-r)], (40.4) 

rne <PYHKUI1H A (r) nepuonasua no r Ii pasna 

A (r) = ~ A e2~i [m, (b,·r)+m, (b.·rHm. (b,.r)I (40 5)
~ mJrn21na • . ~ STOT peayxsrar, 06WlHO H3BecTHbitl non Ha3BaHHeM reopexu 

Bnoxa, npeJlCTaBJIHeT cocoa oooo.uenne ua rpexaepuua cJIyllatl 

reopenu <1>JIOKe, acno.n.ayeaoa B TeOp111i ypaBHeHHH Ma-rse, 
K KOTOpOMy npHBOJlHT OJlHOMepHwe 3aJlalll1. ~ 

ITOJlCTaBJIHH aupaxceuae (40.5) JlJIH <PYHKU,I1H A(r) B COOT

aoureuae (40.4), noxyxaex 

,"_ ei wt ~ A -21ti (a'
Ul 1

m211l3 .r)
I - ~ m1mtmae , (40.6) 

l'peXJfCPlibte pctucruu 2:?5 

rJl~ 

a' = a - m b - m. h - m b . 
m'llJl,'l,w'J 1 1 2 2 3 3 (40.7) 

TPH nOCJIeJlHI1X lIJIeHa B npaaon lIaCTIf 9TOrO paBeHCTBa 
onpene.nnor aexoropua Y33JI o6paTHotl peWeTKH. 

ITOJlCTaBJIHH reneps aupaaceuue (40.6) JlJIH <PYHKUIiH ljI B BOJI
HOBoe ypasueane, nO.'IYlIaeM COOTHoweHHe, CBH3blBaIOIlI,ee 00 If a. 

lletlcTBI1TeJIbHO, TaK KaK 

-21tl o.·r) I --21ti (0., -r)( , 
~e "',m,"'. = - 4,,2 I a 12 e m,m,,,,,,

mjm>Jma
TO 

2d ~ljI=-41t2~A. I'a' 12 e·· ('<",lll,lII;r)/ wt 
m]1n~JH:J m'IJn2m;j • 

C npyrott CTOpOHbl, 

_ ~ _ 002 iwt ~ -21ti ('a -r
V 2lj1 - F (r) e Am,n1,m,e "',m,m. ). 

TaKHM 06pa30M, nOJlCTaBJIHH nOJIYlIeHHbie BblpameHHH B ypan
HeHHe (40.1) 11 coicpauras na 9KcrroHeHu,HaJIbHYIO <PYHKU,IiIO Bpe
MellH, nOJIYlIaeM C YlieTOM COOTIlOWcllHH (40.7) 

4 2 ~ A I a' 12 -2~i (a' .r)
- 7t ~ mlUJ.in1a '»J

I 
m- 2 m3 e l'I111U'Jma == 

mi 

-- 2~ C 21tiI: ni ("i·r)~ A -2~i[(a.r)-I: Pi (bi'r». (40 8)
- OO..:..J n,n,n,e ~ p,p,p,e • 

ni Pi 

BBOJlH B n paBYIO lIaCTb npenunyiuero COOTHoweHIiH HOBble 
HHJleKCbl CYMMHpOBaHHH nt1fll2m3' rne 

mi =ni +Pi, (40.9)
nOJIYtIaeM 

4lt~ ~ , -21ti (a' .r)-.- A a 2 e "',In,"',_(J)..m,nJ,'l'm~I m11n~1It31 
11li 

_ -2rri (a,, .r) 
- ~~ CI1I I - p" "',-P•. 1I!.-p,Ap,p,p,e "',,,,,m, (40.10) 

"'i Pi 

15 3aK. 201. 
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HJlH, npnpanuanaa 'weIlLI, crosurae npn J"CnOHeHT3X C o.aauaxo
BblMH nOKa33TeJl5lMH, 

p~+co 

1 A-
'-12 m I 'a 

'In 
12_ ~- C A ,'UI-P P 

(40.11) 
p~-ro 

rne xepea m H P 0603Ha4eHbI COOTBeTCTBeHHO coaoxynaocru 

HH)l,eKCOB (mlnt2m3) H (PtP2P3)' 
COOTHOWeHHe (40.11) 9KBHB3J1eHTHO 6eCKOHel.JHO~ CHCTeMe 

JlHHe~HbIX O)l,HOP0)l,HbIX ypaaneana, onpeneamoumx HeH3BeCTHble 
K09¢¢HUHeHTbl As. Ehy cncreay MO}l{HO sanacars B BH)l,e 

2~ (c - ~ I a' 0 I A - 0 (40.12)
~ '/fI-J! ';~ 'Ill 

1
'/fI]J/ P- • 

P 

rne xepea amp 0603Hal.JeH CHMBOJI Kpouexepa, pasnun ennnaue 
n pH m; = Pi (i = 1, 2, 3) H nyJlIO npn acex npyrax snaue

HHSlX m.; H Pi' 
Pa3)l,eJlHB xaacaoe H3 ypaaaenaa CHCTeMbl (40.12) na I a' 1

2, . m 
nOJlYl.JHM CHcTeMy 

~(Cm-p -~om )Ap=O. (40.13)
~ 1 '2 ';~ P 
P ami 

4T06bJ CHCTeMa O)l,HOP0)l,HbIX yp3BHeHH~ nonyocana HeTpH
BHaJlbHOe peuienae, neotixonnao H )l,OCT3TOl.JHO npupaunan, ee 
)l,eTepMHHaHT HyJlIO, T. e. aanncan, 

)/=0. (40.14)
'2 ';~ mpI(Cm- p _ ~ o 

ami1 

OTCIO)l,a noayuaea, 'ITO BeJlHl.JHHbl \/-2 JlOJl)KHbl 6blTb paanu 
C06CTBeHHblM 3I1a4eHH5IM 6eCKOHel.JHott MaTpllUbI 

Cm-pI 
' 2 •I[ami 

BRU nOJlYl.JeHHOrO nerepaanaara (40.14) ropaano Jlerl.Je npen
CTaBHTb eerie. eCJlH aanncars ero )l,Jl5I CJlyl.J351 O)l,HOrO H3Mepe
IIHH (O)l,HH HH)l,eKC BMeCTO rpex), 

Torna (40.14) npaaer BH)l, 

~ X, 
l 
-A 

C'l 

1\ 
I::l. 

II 
I::l. 

o 
1\ 
I::l. 

I 
1\ 
I::l. 

C'l 

I 
II 
I::l. 

,A.. 
11') 

o 
::!.

o 
1\ 

'"
 
J'd'I
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ClIeJJ.yeT 3aMeTHTb, 'ITO nOCl<OJIbKY paaaosceuae (40.3) npe.n
CT:lRJIlIeT JJ.eltcTllHTeJlbHYJO <pYHlmHJO F, TO K03rpqmuHeHTbJ P:l3.10

)/{eHHSI ,IJ,OJI)/{HbI yJJ.OBJIeTBOpllTb COOTHoweHHJO 

c; =C:~. 

TaKHM 06pa30M, ypaBHeHHe ,IJ,JllI onpenelIeHHSI co6CTBeHHWX 

3Ha'leHHll cuu uem.puxno 110 seen a'II/, 
2 

H HMceT peweHHeI 1 

y2 = f (- . . Ia:l ... ). (40.16) 

DPH YKa3aHHbIX asnue yCJIOBHHX Mb! no.iysae» CJIe,lJ,YJOw,He 

06w,He peayJlbTaTbl. 
a) 4aCTOTa y lIBJIlIeTClI nepHO,IJ,H'leCKott ~YHKuHett BeKTopa a 

C nepHO,IJ,8MH b l , b H b3 , TaK KaK saaena aexropa a na K3KOtt2 
HI16YJJ.b JJ.pyroll BCKTOp a' npHBO,IJ,HT JIHWb K saxene 0603!W

01 

'leHHlI sexropa a, TorJJ.a KaK nOJIHall coaoxynnocri. BCKTOpOB a"" 

OCTaeTClI HeH3MeHHolt. KCTaTH roaops, ,)TOT pe3YJIbTaT npen
craa.rsercs O'leBHJJ.HbIM yzce H3 Bblpa)/{eHHlI (40.6) ,IJ,JIH ~YHKUHH .p. 
nellCTIJHTeJIbHO, see aexropu a' BXO,IJ,HT Ty,IJ,a cOBepweHHont 

OJJ.HHaKOBbIM o6pa30M, TaK 'lTO HH O,IJ,HOMY H3 HHX HeJIb35I npa

nacars KaKorO-,1I160 BbIJJ.eJleHUorO 3Ha'leHHlI. 

6) 3aMeHa sexropa a Ha - a I1PHBO,IJ,HT K onunaxonoay 

H3MeHelll1JO scex sexropoa, nocxoasxy 

- a"" = -( a - ml bl - m2b2 - m3b3) = , 
=-a+m1b t +m2b2+ m3b3= (- a)- m. (40.17) 

OTCJOJJ.3 c.renyer, 'lTO ,LlIlYM BOIiHaM, pacnpocTpaHlIJOw,HMClI 

B npoTHBOnOJlO)l{UblX Hanp:lBlIeHHlIx, coornercmyer OJJ.uo H TO »ce 

3Ha'leHHe 'laCTOTW. 
B) ¢yHKUHlI Y CUMMempU'iHa no scex BCI<TOpaM a"" H He 

3aBHCHT OT nanpannenas 3THX BeKTopOB, T. e. onpenensercs 

TO,1bKO HX a6COJIJOTHblMH 3Ha'leHHlIMH Ia' I· BTO onpaansrnaer
Tn 

HCnOJlb30BaUHbIll lIaMH BblWC MeTO,IJ, onpe,IJ,CJICHHlI rpauau 30H, 

xoropua OCHOBaH TOJlbKO na CYW,CCTBOllaHHH onpeneaeuuoro 

COOTHoweHHlI Me>KJJ.Y JJ.IIHHaMH BeKTopOIl a'
'11" 

lal=la~"I· 
Hanpnxep, onpenenenae nepaoa 30HbI MO)/{HO JJ.aTb cnenyro

W,HM 06pa30M. 113 acex BCKTOpOI3 a', BXO,lJ,lIW,HX B pa3IIO)KeHHC
III 
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(40.6), Bb:6HpaeM B xasecrae napauerpa sexrop C HaHMeHbwelt 

a6COJIJOTHott BeJIH'lHHott Ia I. EhoT CneUHaJIbHbIll sexrop L1Y)/{HT 

,IJ,JISI onpe.aeneuaa BOJlHbl, HO Ka)/{,IJ,OMY 3Ha'leHI1JO a COOTseT

crnye r 6eCKOHe'lHoe 'lHCJlO BOJIH C 'laCTOTaMH, onpe,IJ,eJIlIeMbI MH 

H3 ypaaneana (40.14), nepesrn 'lJleH B KOTOpOM lIB.111eTClI nerep
MHHaHTOM 6eCKOHe'lHoro nopanxa , 

B cxenyiouiea r JIaBe MbI CHOBa aepneucn K .l!.eTepMHHaHTaM 

6eCKOHe'lHOrO nOpH,IJ,Ka B CBSl3H C H3y'leHHeM ypaanenna MaTbe. 

Eho ypaaaeuae, acrpeuaioureeca npn paccMoTpCIIHH O,IUIOMepHblx 

aanax, npHBO,ilHT K Bbfpa)/{eHHJO,' B TO'lHOCTH cosnanaiouieay 
C (40.14). Ero ,IJ,eTaJIbHoe HCCJIe,IJ,OBaHHe npoaena .LlJIH psna 
xacruax cnysaea XHJlJI 11 YHTTeKcp. OOJIbWOtt mrrepec ripen
CTaBJIlIeT pacnpocrpauenae pesyJIbTaTOB, nOJIy'leHHbIX XHJIJIOM, 

na cJIyqatt rpex 113MepeHHtt. O,IJ,HaKO 3TOT sonpoc ew,e He BnOJlHe 

nayscn. 
Bepueucs reneps onars K aaaaue 0 pacnpocrpaneann BOJIU 

B cpe.ae . xapax-repaayeuoa MaJIblMH nepHO,il,H'leCKHMH B03MY

w,eIlI1HMH. 

41. PacnpocTpaHeHHe BO~H
 

B O~HOPO~HOH H H30TponHoH cpe~ax
 
npH Ha~HqHH Ma~oro nepHO~HqeCKOrO B03My~eHHH
 

AHaJIOrH'lHyJO JJ.ByMCpHyJO aanasy Mb! paccxarpaeann B § 34. 
oy,IJ,CM C'lHTaTb, 'lTO ~YHKUHSI I/V2 OT.1I1'1aCTCSI OT nOCTOHHHott 

na MaJlYJO ne PHO,lJ,H'lCCKH H3MeHSlIOw,ylOcSi BCJIH'lHHy, T. e. 6Y,lJ,CM 

no.tarart., KaK H rtpexcne 

1 1 
2 = -0 +cf. (41.1)
V va 

nCpHO,IJ,H'lCcKylo ~YIIKumo f MQ)!{lI0 npC,IJ,CTaBHTb B IlH,IJ,e 

pa3JIOmeHHlI B pllll ¢ypbC 

~ 21ti ~ m . (b ..r)f -
- ~ em 

l 
'In 

'J 
/1'

J 
e ,t 

' 
(41.2) 

npnsea Cooo = O. 
Torna K03~~HUHeHTbl pa3JIO)/{eUIlSi Cn,n,na ~YHKUHH 

FJ r l= l fV2 

B PlI,IJ, ¢ypbe 6yl.r,yr panuu 

C 1", + 
It j }l.'n3 ==== ~-:) G0 7lJ "on. 00llJ sCn.n:l,na (41.3)

- V Q 
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HJIH 

1 
(KOllelJHbIH K09lj!lj!Hl\HeHT),Cooo= V 2 

p (41.4) 
C n,n ,n3 = ECn,tt,n, (6ecKOHelJHO M8JIblH K09lj!qlHl\HeHT). 

I1TaK, MbI nOJIy4aeM, 'ITO B nerepaananre (40.14) [HJIli 

(40.15),] KOHe4HbI TOJIbKO 3JIeMeHTbI, pacnonoxennue ua ero 

r JIaBHoJ;t .nHarOHaJIH, see )Ke OCTaJIbHble 3JIeMeHTbI OKa3bIBaIOTC5I 

6<lCKOHe4HO MaJIbIMH. 

Pa3JIO)lmM 3TOT .neTepMHHaHT B pan no CTerreH5IM E. 'uHaro

HaJIbHbllt 4JIeH 

II ( Cooo 1 ) (41.5)
la' 12 -)l . 

1n n~ 

KOTOpbIJ;t MO)KHO aanncars B anne 

n-(+-:2)'

In 'ttl 

r.ne (41.6) 
Cooo 

2 2-, -I'-1 - , 1' 1 ' ~;IJ am Va am 

He 6y.neT aaancer s OT E. 

E2•CJIe.nYlOllI,HJ;t 4JIeH pa3JIO)KeHH5I oyner npOnOpu.HOHaJIeH 

4T06bI nOJIY4HTb ero, Hy)KHO B npensmytuex rrpOH3Be.neHHH 

3aMeHHTb naaronam.aue 3JIeMeHTbI. pacnoaoaceanue B crozriue 
C HH.neKCOM p H CTpOKe C HH.neKCOM n, aa nennaronaasuue 
3JIeMeHTbi C HH.neKcaMH (n, p) H (p, n), H npocyxanpoaars 
nOJIy4eHHoe npOH3Be.neHHe. COrJIaCHO npaBHJIY BW4HCJIeHH5I 

.neTepMHHaHTOB, nepen 3THM nponaaeneuaex cnenyer nOCTaBHTb 

3HaK MHHYC. TaKHM 06pa30M, BTOpOJ;t 4JIeH pa3JIO)KeHH5I pasen 

2 
* 

2 ~ II (_1
2
__ ~) =Cn_pCn_ p 

-E ~	 r 2 , 2 
n.pm/n ~m ~ janl lap/
 

m·tp
 

ICn 
-]I 1 • (41. 7) = - E2V~ ~ II (~-~) 

2 

.... .2 2 .. I ~ 2 'J~ 
ii. p mr n In It J' 

f'1tp 
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STOT MeTO.n BbI4HCJIeHH5I OKa3bIBaeTC5I .nOCTaT04HO npOCTbIM, 

eCJIH paCCMaTpHBaTb 4acTHblIt .neTepMHHaHT (40.15). Burnnnea 
4JIeH, cooTBeTcTBYlOllI,HJ;t n = 0 H P = I, 

(~ -~ )	 (~-~) X
la~21 ~2 la~d2 ~2 

2 C-lCl ) (Co 1 ) 
2 2 2X ( - E t a~ 1	 I a~ 1 I a~ 1 - '7 ... 

Ilpeneriperas	 B pa3JIO)KeHHH nerepanaanra 4JIeHaM.H, npo

E3, E4,nOpu.HOHaJIbHbIMH ••• , H CKJIa.nbISa51 Sblpa)KeHH5I (41.6) H 

(41.7), ypaanenae (40.14) MmKHO npnaecru K anny 

D=O= ~ II (~_~) [(~_~) (1 1)~ • "12 'J2 'J2 \j2 'J2 - ~2 
m, pmFn m n p 

mFP 

_ E2V~ Cn2-~~	 
2 

]. (41.8)I 1 

~n p 

Ilepsoe rrpH6JIH)KeHHe rrOJIy4HM, 04eSH.nHO, rrpHpaSHHSa51 HyJIIO 

npoaaaenenue (41.6) .nHarOHaJIbHbIX 4JIeHOS. B 3TOM CJIy4ae 

'J='J·m•	 (41.9) 

STO, onnaxo, cnpasenanao JIHWb no rex nop, noxa BeJIH4HHbI 'I n 
H 'Jp He 04eHb 6JIH3KH onna K npyron. TaKHM 06pa30M, MoryT 

HMeTb MeCTO .nsa CJIY4a5l: 

1. Bee SeJIH4HHbI 'Jtt OTJIH4HbI OT "» HJIH, HHa4e roaopa, 
see /a;.12 OT la~12,OTJIH4HbI 

'JncF'Jp ' la~12cFla~12. (41.10) 

2. B HCKJII04HTeJIbHbIX CJIY4a5lx MO)KeT OKa3aTbC5I, 'ITO SeJIH

4HHbI 'I n H "» HaCTOJIbKO 6JIH3KH .npyr K npyry. 'ITO 4JIeHbI, 

crosuiae S xsanparnu x cxooxax Sblpa)KeHH5I (41.8), HMelOT O.nHH 

H TOT )Ke nopsno« MarlOCTH 

2'J ~ 'J, 1 a' 1 ~ 1 a' ;2. (41.11)n p n PI 

E2•OpH 3TOM ynce HeJIb351 npeueripe-n, 4JIeHaMH nopsnxa ,Uelt 

CTBHTeJIbHO, eCJIH SbI6paTb 3Ha4eHHe 4aCTOTbI 'J, 6JIH3KOe K 'JII 
H 'Jp • TO nponaaenenae 

(~ - J. ) (~-~)" ~. 2 'J2
"n 'Jp 
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CT3HOBI1TC5I 04eHb M3J1bIM 11 He06xonI1MO Y4I1TbI[J3Tb nOnp3BKI1 

nopsnxa 102. 3neCb yxe HylKHO Y411TbIB3Tb 063 CJl3r3eMblX B BbIp3

lKeHl111 (41.8), T. e. He06xonI1MO nI1C3Tb 

n~_~ ) (~_~) _ 2V! IC - p [2 = 0 (41 12) 
2 0 0 2 10 0 02 • •( "n -r: ~p ~ ~;"~p 

I 
aTO yp3BHeHI1e COOTBeTcTByeT CJlY4310 a = a ll1n " p3CCMOTpeHHoMy 

B § 34 11 36. 4T06bl 5ICHee nOK333Tb 9TO, npaxea npeacnae 

0603H34eHI111 11 BbI6epeM OnI1H 113 nByx BeKTopOB, nanpauep a~, 33 

BeKTOp a, 'ITO acern3 B03MOIKHO B CI1J1y noanon p3BHonp3BHOCTI1 

acex BeKTopOB a~. Torna COOTHOWeHI111 (41.11) MOIKHO 33nl1C3Tb 

cJlellYIOIl.I,I1 M 06p330M: 

-; = '10 ' la~ = 1 a -n1b1 -n2b2 -n3b3 1:=:::::; 1a I. (41.13)I 

Teneps 9TI1 pe3YJlbT3TbI nerxo Cp3BHI1Tb C pe3ynbT3T3MH, 

nOJlY4eHHbIMI1 B § 36. 0603H3411M nepea 3 0 BeKTOp, nJlll KOTO

poro COOTHOWeHI1e (41.13) BbITIOJlH5IeTCll T04HO, 11 nOJlOlKl1M 

lao - B I= Ia o I, B = n1b1 +n2b2 +n3b 3 • (41.14) 

Torna npenuayutee COOTHOWeHl1e (41.13) MOIKHO 33nl1C3Tb 

B Bl1ne 

a= ao+1IB. 
(41.15) 

an = 3 0 - B + 1IB. 

r ne 11- M3J1351 BeJlI14I1H3. aTI1 p3BeHCTB3 cooTBeTCTBylOT COOT

HOWeHI111M (36.1) 11 (36.2) 11 npasonsr K BbIp3IKeHI151M, 3H3J10

rH4HbIM (36.3) 11 (36.4), 

1 a 1
2= I ao /2 + 211 (a, . B), 
2 (41.16) 

I a~ 1 = I ao 1
2

- 211 (a, . B) 
11J111 o 2 0 

'1- = '10 + 211V(j (a, . B), 
(41.17) 

'1;1 = 'Ig - 211Vg(ao . B). 

C Y4eTOM 9TI1X COOTHOWeHl1tt yp3BHeHI1e (41.12) MOIKHO 33

nl1C3Tb B Bl1ne 

2 21J V o ( a 1 ] o+-Vo(ao·B)-.1 21J 1 ] [19-- 2 · B ) - - o[ ~o "~ ~"~o ~~ ~2
 

- ~2V4l.s<~ co,),) 0 
»:»: 
n 

11J1I1, 33MeH5I5I np0I13BelleHI1e ~;1~2 H3 ~~ ('ITO BnOJlHe 33KOHHO), 

B Bl1ne 

1 1 ) 2 41J2 4 2 2 4 I Cn 1
2 

2-? - -~ Vo (ao' B) - 10 Vo - - - = O. (41.18)
( 4 
~ ~o "0 °'0 

ITOJl3r351 h = 11/10, I1MeeM 

1 1 v:2 

2=2--+-E~V 'I~lcn!2+[2h(ao' B)]2. (41.19) 
~ ~o ~o 

IToJlY4eHHoe BbIp3lKeHI1e B T04HOCTI1 COBn3n3eT C (36.13); nett

CTBI1TeJlbHO, MbI I1MeJlI1 

w2 = wg + Ek1, (34.7) 

k 1 = --+- 47t2Vg V'I~ I Cn 1
2 + [2h (30' BW , (36.13) 

I1J1I1 

2- 2+ E k
'I _'10 41t2 l' 

1 1 
')=== __ E 

'I" ~g 42T k 1 ,1t ~o 

'ITO nO.~HOCTblO COBn3n3eT C (41.19). 
T3KI1M 06p330M, P33BI1TbItt B § 40 06Il.1,I1tt MeTO.lI. npI1BO.lI.I1T 

K pesyJlbT3T3M, xoropue nOJlHOCTblO corJl3CYlOTC5I C 11 CXO.lI.HbI MI1 

npennOJlOlKeHI151MI1, 06cYIKneHHbIMI1 B § 34 11 36. vb npase

nennoro p3ccMOTpeHI151 5ICHO, 'ITO CJlY43tt 1 x3p3KTepI13yeTc5I 

TeM. 'ITO Onl1H 113 K09<p<PI1Ul1eHTOB A. <Pl1rypI1PYIOIl.I,I1X B P33J10

lKeHl111 (40.6), npesuuraer ace OCT3J1bHbIe; MbI 6Y.lI.eM 0603H3

43Tb ero T3K IKe, K3K 11 B § 34, 4epe3 Aooo. B cJlY43e 2 063 

K09<p<pI1Ul1eHT3 A I1MelOT Onl1H3KOBbItt nOp5l110K BeJll1411HbI 11 

B COOTBeTCTBl111 C COOTHOWeHI1eM (41.14) MbI 6yneM Onl1H 113 

HI1X 0603H343Tb 4epe3 A ooo• 3 npyroa - 4epe3 An1n,71a' 
ITOJlOlKeHI151, K3C3IOIl.I,I1eC5I crpyxrypu 30H, p33BI1Tble B § 34 

11 36, H3XO.lI.5IT 3neCb 60Jlee nOJlHoe 060CHoB3Hl1e. 

§ 42. 06IIJ,He aaaesamra, OTHOCHIIJ,HeCH 

K pacnpoCTpaHeHHw BOJIH B ~HcKpeTHMx cTpyKTypax 

~ nJl51 nnyvepnoro CJlY4351 B § 37 6blJlO yTo'IHeHO, 'ITO cne

. nyeT nOHI1M3Tb non peiuerxoa C 63311COM (CM. <pI1r. 93). AH3J10

r axaoe IKe onpeneneane MOlKeT 6blTb n3HO 11 nJl51 rpexxepnux 

http:H3XO.lI.5IT
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crpyxryp. Peurerxa onpenenaerca TpeM5I BeKTopaMH d1, d2, da, 
npwleM B Kam.notl. 3JIeMellTapHoPl 5I4ePlKe, nocrpoeanon aa BeKTO

pax d1, d2, da, cO.nep)f{HTC5I N 4aCTHU M 1 , M 2 , ••• MN' 
nOJIOmeHHe KOTOpbIX no OTHowellHIO K Ha4aJIbHoMY Y3JIY 9JIe

MellTaplloPl 5I4ePlKH onpe.neJI5IeTC5I BeKTopaMH 

f 1, f 2, fa' ... fN· 

ECJIH N = 1. TO nOJIy4aeM O.uHOaTOMHylO peurency, 9JIeMeHTap

Ha51 5I4ePlKa KOTOpOPl conepsorr scero O.nHH aTOM. B nOM CJIy

4ae y.n06HO nOJIOlf{HTb r 1 = 0, 4TO COOTBeTcTByeT nOJIOmeHHIO 

paccvarpasaeaoro aTOMa B lIalJaJIbHOM Y3JIe 5I4ePlKH. 

B 06ll1,eM CJIy4ae npOH3BOJIblla51 4aCTHua peweTKH MomeT 

6blTb onpenenena aanannea sexropa 

(42.1)f=f:J+"l dl +"2 d2+"a da' 

rne "1' "2' "a - uensre 4HCJIa. 3TOT BeKTOp onpene.mer j-PI 
aTOM, aaxonsunsnca B 5I4ePlKe ("1' "2' "a)· 

.aJIn onnoxepnoro CJIY4a51 B § 17 6blJI H3JIOmeII 06W.HPI 

MeTO.u H3Y4eIlH5I pacnpocrpaneuna BO.1II B peuierxe C 6a3HcoM. 

AHaJIOrH4HblPl me MeTO.n MomeT 6bITb HCnOJIb30BaH H .nJI5I rpex
MepHoro CJIy4a5l. I{am.noMy j-My rnny 4aCTHU MomHO cono

CTaBHTb BOJIHy BH.na 
,I> A ' ? . (42.2)'r:J = e " 1t1 [vt-{IIo.r)].

j 

Onaaxo, KaK H B § 33, 60JIee y.n06HO ClJHTaTb. lJTO 3KcnOHeH
21ti I~HaJIbHbIPl MHO)\OlTeJIb e- (IHj ) BKJIlOlJeH B KOMnJIeKCIlYIO ax

nnnryny Aj , H ormcuaars nee j BOJIH npa noxoum O,LLHOPI H 

TOPI me sxcnoaearu. HO C pa3HbIMH aMnJIHTy.naMH 

ei (wt-njk,-n.k.-n.kJ) . (42.3) 
r.ue 

k i = 27t(a· d) npn i = 1, 2, 3. 

~pn 3TOM ,LLBH)f{eliHe 4aCTHU j-ro rana 6y.ueT OnHCbll3aTbC5I 

<pYHKunePl 
,I>.- A .el (wt-n,",-n,k,-n.k.)'rJ - J • 

(42.4) 
A . - A'. -21ti{lIo.r ..) 
. J - Je J • 

:.~TaKnM 06pa30M, MbI BBeJIn N nOCT05lllHbIX AI' A2 , •••• AN. 
xoropue BKJII04alOT B ce651 <pa3bI .nBHmeHH5I pa3JIH4HbIX 4aCTHU 

no oraoureamo I( xacruue, npansroa yCJIOBHO aa !ialli\JIbHYIO, 

TpCX,IrepHbLC petuersu 

I{aK H .nJI5I onnoaepnott aanaxa, .uBHmeHHe 6y.ueT onpene

JI5ITbC5I N ypaBHeHIHIMH. Iloncrannaa 13 nax BblpameHH5I (42.4). 
nOJIy4aeM cncreay H3 N JIlIHePlllbIx o.aaoponnux ypaaneuua .uJIlI 

onpeneaeuas neusaecrnux Aj . Onuaxo nocxo.n.xy HeH3132CT

nue A:J 51 BJI51 IOTC5I BeKTopHbIMH 

BeJIH4nHaMH, T. e. Kam.ua51 H3 w 
nax onpenenaercs 3a.uaHHeM rpex 
KOMnOlleIlT, TO OKOH4aTeJIbHO 

MbI 6y.neM HMeTb JIHlIePlHYIO 

onnoponnyio cncre ay, COCT05l

llI,YIO H3 3N ypasnenaa. Tpeoya, 
4T06bl CHCTeMa 9THX ypasnenaa 
nonycxana HeTpHBHaJIbHble pe

WeHH5I, nOJIy4HM ypaaueaue 
3N -PI CTeneHH OTHOCnTeJIbllO 002• 

TaKHM 06pa30M. Ka)f{.uOMY 311a 1f

4ellnIO aexropa a COOTBeTcTByeT '2 a 
3N 3Ha4eHHPI 4aCTOTbI. 3TOT pe

ep H r. 98.
3YJIbTaT cxeMaTH4eCKH H306pa

meH na <pHr. 98. 
4HCJIO BeTBePl KpHBOPl '/ (a) paBHO yrpoennoay 4HCJIy 4aCTHu, 

3aKJII04eHHblX B 3JIeMeHTapHoPl 5I4ePlKe. 

Henpepusayio nepaonasecxyio crpyxrypy cnenyer paCCMaT

pnsars KaK npene.n.nua CJIy4aPl .uHCKpeTlIOPI crpyxrypu npa 
N ---+ co. Heonpeneaeaaocri, B BbI60pe BOJIHOBOro sexropa a 
yCTpaH5IeTC5I. eCJIH 06JIaCTb ero H3MeHeHH5I orpananars nepnoa 
30HOPI. 

§ 43. UCCJIe,ll,OBaHHe nexoropux rpexaepnux crpyxryp 

H HX 30H 

B § 38 MbI paCCMOTp~JIH rpaneuenrpnponannyo H 06beMHO

uenrpnpoaannyio peurerxn (CM. <pHr. 96) H yCTaHOBHJIH, 4TO 

OHH ooparuu npyr .upyry. 

Oc06eHHo BamHbIM 5IBJI5IeTClI CJIY4aPl r paneuenrpspoaaunoa 

Ky6n4ecKoPl peurerrca, .noCKOJIbKY OHa 5IBJIlIeTC5I O.uIlOPl H3 B03

MomHbIX crpyicryp, COOTBeTCTBYlOllI,HX KOMnaKTlIoPl ynaxosxe 

tnapos. 3Ta peuierxa npencraaneaa na <pHr. 96. a. ECJIH K HePl 

npaaemrn, onepaumo nepenoca aa BeJIH4HHY 1/2d napaJIJIeJIbHO 

OCH, TO nOJIY4HTClI rpaHeueHTpnpOBallHa51 Ky6H4ecKall peweTKa, 

\1~06pameHHa51 na q>1Ir. 99. PaGCMaTpHBall 9TY CTpyKTypy 
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B nanpaanenna, 0603Ha4eHHOM crpeaxoa, H BbI6HpaH naaro
HaJlb OZ B Ka4eCTBe BepT!1KaJlbHof! OCH, nOJlY4aeM rescaronaas
HyIO peurerxy, H306pa)/(eHHYIO ua epHr. 100 H 101. 

/2 
AA"----€EE:r_--""717. 

-

<P Hr. 99. Ky6H4eCKall rpaaeuearpapoaamran 

peuicrxa. 

3TO O,UHa H3 B03MO)/(HbIX crpykryp, nOJlY4aIOw,HxcH npn 
ynaxosxe O,UHHaKOBbIX urapon TaKHM o6pa30M, 4T06bI paccros
HHH OT uenrpansnoro mapa ,Uo ,UBeHa,UuaTH cocenanx 6bIJlH 
O,UHHaKOBbIMH, 4TO HMeeT MeCTO npn 

c ~r2
d = 2 JI '3 = 1,633, (43.1 ) 

T. e. xoraa BepTHKaJlbHOe paccrosnae C Me)/(,Uy T04KaMH A H B 
HeMHoro MeHbrne paccroanna BE=dV3= 1,732 d. Paccaa
TpHBaeMaH cTpyKTypa nepexo,UHT caMa B ce6H npH BepTHKaJlb
HOM nepenoce aa BeJlH4HHY 3/2C. 

Ilpa nnoruoa ynaxosxe rnapOB B03MO)/(Ha H npyr-aa CTpyK
rypa, xoropas H306pa)/(eHa na epHr. 102 H 103. nJlOTHOCTb 
ynaxosxa B OlTOf! crpyxrype ra )/(e, 4TO H B Ky6H4ecKof! r paue
ueurpaponannoa peurerxe. CpaBHHBaH epHr. 101 H 102, J1erKO 
BH,UeTb, 4TO Il nepsox cnysae HH)/(HHe H sepxune aTOMbI CHM
MeTpH4Hbl OTHOCHTeJlbHO uenrpa H4eltKH, a BO BTOpOM HH)/(HHe 
aTOMbI pacnonozceasr T04HO non BepxHHMH H 4TO crpyxrypa 
nepexonur cava B ceria npn BepTHKaJlbHOM nepeuoce na 
Be,1H4HHy c. 3TO 3aMe4aHHe noxasuaaer, 4TO rexcarouans
HaH peiuerxa, cxeMaTH4eCKH npencraanenaas aa epHr. 102 
H 103, He HBJlHeTCH npOCTOf! perneTlwf! Bpass, nOCTpoeHHotl; 

• ••• f 
••• 2 
00)(:) 3 

<P Hr. 101. feKCarOHaJIL
Hall peruerxa. 

x -ueHTjJ H4eHKH. 

<P H r. 100. Kytinuecxan rpane
uearpnposaaaaa peuierxa.
 

1-Y3JIbi na rJIaBlIOH ropH30HTaJlhHOH 
nJlOCKOCTH; 2-Y3JIbl aa BepxHeH 0110
CKOCTH; 3-Y3J1bI ua HH>f<He» nJIOCKOCTH. 

jZ 

I 
c B F 

J_ 
D
 

A
 ••• 1 
000 2 

<P Hr. 102. feKcaroHa.1L <P H r. 103. I'excar-orransnaa pe
naa peurerxa c nJIOTHOH uierxa c nJIOTHoij ynaxouxon. 

ynaxoaxoii. 1-y3J1b1 xa rJlaBHoH ropH30HTtlJlhUOt'f 
nJlOCKOCTH; 2-Y3JIbl na sepxuea H HH}t{x -ueHTp sl'leHKH. 

HeH nJlOCKOCTSlX, 

£ 
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(43.3) 
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1 I 1 
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6 

!,G33d I
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a 

BD' ..';~-- ,F 

AI It I It I 

TpeX,llepHble peuierxu 
------------ ~~-----------

DPH onpeJI.eJIeHHH oriparnoa peuierxa arou sr, BXOJI.SlUJ.He BHYTPb 
3JIeMeHTapHof.l Sl4ef.lKH, He paCCMaTpHllalOTCSI H ace nocrpoeuae 
npOBOll,HTCSlTOJIbKO C nOMOUJ.bIO OCHOBHblX BeKTopOB d[, dz H d3. 
Hanpaxep, npa nOCTpoeHHH peurerxn, ofiparnon r excar-oaans
HOf.l peurerxe (CM. qmr. 105), He npHHHMalOTCSI BO BHHMaHHe 
pacnoxoxenaue na BblCOTe c/2 T04KH Q H paccxarpaeaiorca 

-d -d
B 1,732d 
DT TE 

<P Ii r. 106. a  Ky6liQeCKan rpaaeuearpnponamran peurerxa; 
6  rCKCarOHaJIbHan peurerxa. 

TOJIbKO nJIOCKOCTH peurerxa, npOXOJI.SlUJ.He 4epe3 T04KlI, nexca
UJ.He na BblCOTe 0 H c. rOpH30HTaJIbHaSl npoeKUHSI 3TOf.l CTpyK
rypu aHaJIOrH4Ha nJIOCKOf.l crpykrype (CM. qlHr. 87), oriparuas 
peweTKa KOTOpOf.l co CTOpOHOf.l 

2 
b=----:;r= (43.2)

t' 3d 

npeJI.CTaBJIeHa ua qmr. 88. 113 aepraxam.aoa npoexuan peurerxn 
(CM. qmr. 106, 6) MO)l{HO llHJI.eTb, 'ITO 3JIeMellTapHof.l SI'Ief.lKOf.l 
SlBJIlIeTCSI npSlMoyrOJIbHHK ABEH CO CTopOHaMH 

V3 ~/'I
BE=-2 d,AB=c=2V 3d. 

npOBeJI.eHHOe paccxorpenae nOKa3bIBaeT, 'ITO 06paTHaSl peuierxa 
rexcar oaansnon crpyxrypu TaK)I{e SlBJISleTCSI r excaronansuon 
peurerxoa, HO TOJIbKO CnJIIOCHYTOf.l (qmr 107; ua qmrype JI.aHa 
TaK)I{e neprakam.uas npoeKUHSI 3TOf.l peWeTKI1). 

1'IIIl'I!""'" 

F 

I 
I 
I 
I 
I 
I 
I 
I 
I 
I 

..... ---~--
~-::r .." 

d...... ....... 

<P Ii r. 105. I'excaroaansaan 
peurerxa c nJlOTHOH ynaxoaxott. 

l'Aaea H 

I
/ 

1/ 
? / 

~' 
<P H r. 104. 

23H 

ua rpex BeKTOpaX d[, dz, d3, 3 npencraanser corion petnerxy 
C 6a3HCOM, onpenexenne KOTOpOf.l 6blJIO JlaHO B § 37 (CM. qmr. 93). 

llall,HM xpnrepan, n03BOJISlIOUJ.Hf.l OTJIH4arb npocrue peurerxa 
5paB3 0'1' peurerox C 6a3HcoM, eCJIH peurerxa COCTOSlr TOJIbKO 
H3 Oll,HOrO THna 4aCTHU. 

----+ 
B03bMeM aercrop OA, COell,HHSlIOUJ.Hl'l 4acTHUY 0 C 4aCTH

----+ 
uen A, H nOCTpOHM aexrop OA', nanpaaneunun npOTHBO
nOJIO)l{HO eMy (CM. qmr. 104). ECJIH peurerxa SlBJIlIeTCSI n pOCTOf.l 

06e crpyxrypu MO)l{HO cnpoexraponars , KaK YKa3aHO na 
qmr. 106, na BepTHKaJIbHylO nJIOCIWCTb, npoXOJI.SlUJ.YIO sepea DF. 

peurerxon 5paB3, TO B T04Ke A' roace ll,OJI)I{eH HaXOll,HTbCSI 
aTOM (KaK na qmr. 100 H 101); eCJIH )l{e B T04Ke A' aTOMa 
Her (KaK aa qmr. 102 H 103), TO aro 6Yll,eT peurerxa C 6a3H
COM. TaKHM 06pa30M, rpaHeueHTpHpOBaHHwe Ky6H4ecKHe CTpy
xrypu, HMelOUJ.He ann peuierox C 6a3HCOM, B ll,ef.lcTBHTeJIbHOCTH 
SlBJISlIOTCSI npOCTblMH peurerxaau 5paB3. HanpOTHB, rexcaronans
nas peurerxa He ynoaneraopaer 3TOMy yCJIOBHIO H n03TOMY 
SlBJISlerCSI crpyxrypon C 6a3HCOM. B ee 3JIeMeHTapHylO Sl4ef.lKy 
BXOll,SlT naa aTOMa, 'ITO JIerKO aaners aa qmr. 105, rne AQ 
SlBJISleTCSI 6a3HcHblM BeKTopOM. B 3TOf.l peurerxe C 6a3HcoM, TaK)l{e 
KaK B rpaueuenrpaponanaon Ky6HtleCKof.l peurzrxe na (Imr. 101, 
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OepeltueM reneps K HCCJIellOBaHHIO 30H. 

Ilpocmast Ky6U'teclWfl petuemica. Ooparnas peurerxa TOlKe 

51BJI5IeTC5I npocron Ky6H4eCKOn. OOH5ITHc 06 ee 30Hax naer 
epHr. 108, a, B, G, rue OTMe4eHbI noeepxnocra, orpaununaaio
ume nepsue nerupe 30HbI. Caenenae K nepsoa 30He nonoriaa
crea BbICWHX 30H rrOKa3aHO ua epHr. 108, 6, e, e, rne H30

6palKeHa TpeXMepHa51 cTpyKTypa, rrOJIY4alOma5lc5I npn napan
JIeJIbHOM nepeuoce 3THX nonooaacrea BHYTPb Ky6a. 

Fpaueueum.pupoeanua)t Ky6u'leCKafl petuemtca, 06paTHa51 

peurenca 51BJI5IeTC5I 06beMHoueHTpHpoBaHllOn Ky6H4eCKOn. Ha 

epHr. 109 npnsenen BHll nepaon 30HbI, rpopxa ee cosnaaaer 

,
B.. _ 

D' E' F' 

.I I laG/ 
All 

<t> H r. 107. I'excaronansnaa peuierxa c nJIOTHOii ynaxcaxoa. 

C epOpMOn 4eTBepTOn 30HbI npocron Ky6H4ecKOn peurertca. a.1e

MeHTapHa51 514enKa npsxon peurerxn 06beMoM 1/4d J BKJII04aeT 

serupe T04KH. 06beM nepsoa 30HbI H KalKnOn 3JIeMeHTapHon 

514enKH 06paTHOn peurerxn paaeu 4/d3 • ~ 
06lJeMHou,eHmpupoBaHHafl Ky6u'lecKafl peuiemtca. 06

paTHa51 peurerxa - rpaHeue~ITpHpOBaHHa51 Ky6H4ecKa5l. Ha 
epHr. 110 H306palKeHa nepaas 30Ha, aHaJIOfH4Ha51 BTOpOn 30He 

npocroa Ky6H4ecKOn peurerxn. 06beM 3JIeMeHTapHOn 514enKH 

npsxoa peweTKH pasen 1/2d3, H, CJIenOBaTeJIbHO, 06beM rrep

BOn 30HbI 06paTHOn peurerxa 6yneT 2/d J • BTopa51 30Ha HMeeT ,I"
BHn, npencraaaenuua na epHr. 109. 

reKCarOHaJIbHa51 peurerxa C rrpOH3BOJIbHbIMH 3Ha4eHH5IMH tnapaxerpos d H C HMeeT, KaK BHnHO H3 epHr. 107, rexcaro-
HaJIbHYIO 06paTHylO peurerxy C napaaerpavn 2/V3 d HI/c. I·....:\ 
Ilepaue ase ee 30HbI npaaeneuu na epHr. 111. 

BepHeMc5I reneps K sonpocy 0 nepexo.ae 01' nenpepuanoa 

cpenu K nacxperuoa peurerxe. OYCTb HMeeTC5I onHOpOnHa51 H30

TpOrrHa51 cpe.aa, B KOTOpOn pacrrpOCTpaH5IIOTC5I KaKHe-JIH60 BOJIHbI 

a 6 

6 

a 

m 

e 
<t> Hr. 108. Ky6HQeCKaH peuierxa. 30Hbl 1, 2, 3 H 4. 
a-nepBaH 30Ha-ueHTpa~bHbIH Ky6; aropas 30Ha-npOCTpaHCTBO 
MelKJlY ueHTpa~bHbIM Ky60M H JlOJleKa3JlpOM; 6-CBeJleHlle BTOPOH 
30H" K nepsoa; B-TpeTbH 30Ha-npOCTpaHCTBO MelKJlY nonexa
3JlpOM H .HapylKHoH nOBepXHOCTblO; Z-CBeJleHHe rpeTbeH 30HbI 
K nepsoa; o-4eTBepTaH 30Ha-npOCTpaHCTBO MelKJlY rpaaauea 
rpersea 30HbI H HOBOH HapylKHoil nOBepXHOCTblO; e-CBeJleHHe 4eT

aepron 30HhI K nepson. 

16 3aK. 201. 

e 
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¢ II r. 112. 

16* 

reKCarOHaJlbHYIO CTpyKTypy, HO B Ka>K.u.otl 5111etlKe HaXO)l5lTC5I 
nae lfaCTIlUbI. TOT >Ke nepexo.u. naer B npenene .lJ.Be BeTBH <PYHK
UHH 'I (a), a nOJlY'la1OLUa5lc5I KpHBa51 auanorusaa KpHBOtl .lJ.Jl5I 
onnoxepnoa peurerxn XJlOpHCTOro HaTpH5I (CM. <pHr. 53). 

B § 16 HaMH 6bIJI paccxorpen nepexon OT cxyxaa, xorna 
MaCCbI M 1 H M 2 pa3J1H'lHbl, K cay-ian O.lJ.HHaKOBbIX xacc. 3TOT 
nepexo.n n05lCH5IeTC5I aa <pHr. 53. TaKHM >Ke 06pa30M MQ)KHO 
HCCJle.u.OBaTb nepexon, CXeMaTH'leCKH H306pa>KeHHbItl na <pHr. 112 
(OT a K 6) H COCT05lLUHtl B BbITIP5lMJlCHHH BepTHKaJlbHbIX ueno
4eK aTOMon, 'lTO nepenonnr rexcar ouaxsnyio peurerxy C nJlOT
HOl-1 ynaxoaxoa B npocryio rexcaronaxsayio peurerxy EpaB9 
C BbICOTOtl 51'letlKH IhC. 06beM nOJlY'lalOLUetlC5I snexenrapaort 
51'lellKH pasen nO.~OBHHe 06beMa 51'letlKH nepnouauansnon pe
weTKH. B TO >Ke npexs 05beM nepson 30HbI CTaHOBHTC5I B 2 paaa 
60JlbWe, nocxoasxy caxa 30Ha B 2 paaa asnue, lfeM B HCXO.lJ.
HOtt crpytcrype, H306pa>KeHHotl ua <pHr. 111. 

B 9TOtl nepaoa 30He <PYHKUH5I 'I (a) HMeeT O.lJ.IIY BeTBb, 
0.n.H3KO, xorna n05lBJl5IeTCSI B03MYLUeHlle, aupaaraxnueeca B 

BJl5IeTC5I 6eCKOHe'lHbIM ceMetlcTBoM nenpepunnux aernca. Haw 
pesynsrar n09ToMY aHaJlOfH'leH TeM ausonax, xoropue B 0.u.1\0
MepHoM cnyuae npasena 5bI K <P1lr. 59. 

Ilpn yBeJlH'leHHH B03MYLUeHH5I aTOMbI B crpyxrype CTpeM5ITC5I 
3aH5ITb MeCTO B Y3J1ax rpaneuenrpapoaannon Ky6H'leCKotl pe
weTKH. Ilpa 9TOM see BepXHHe BeTBH KpHBOtl 'I = 'I (a) 6eCKo
aexao B03pacTalOT H HC'le3aIOT. E.u.HHCTBeHHotl OCT3IOLUetlC5I BCTBblO 
S1BJl5IeTC5I HH>KH5I5I BeTBb, TaK 'lTO <PHr. 59 CBO.u.HTC5I K rpnr. 5, 6. 
AHaJlOfHlfHbItl nepexo.u. paccxarpnaaxcs B KOHue § 16. 

MO>KHO paccvorpert, nonoonyio aaaasy .u.JlSI rexcaronam.noa 
crpyxrypu C nnornort ynaxoaxoa. Ilepnonmnocri, roraa HMeeT 

I ' 
I 

I 

....... 

t0 3 

Uz 

¢ H r. 110. Kytinnccxas 
06bCMIIOUCIITpHpoBallllall pc

urerxa, Flepsas 301la. 

fAaaa 8 

- ... ---.. 
a j 

¢ H r. 109. Ky6H'IecKall r pane

nearpapoaaaaaa peuicrxa. 
Ilepaas 301la. 

~4:t 

¢ H r. Ill. I'excaroaaasuas pcuierxa. Ilepnaa Ii 

aropas 30llbl. 

(nanpnaep, nponoxsuue ynpyrne BOJlHbI). Ilpeanonoxa» reneps , 
'lTO B 9TY cpeny aaene.ro MaJlOe nepaonnuecxoe B03MYLUeHHe, 
HMelOLUee CTpyKTypy r paneneurpnpoeaunoa Ky6H'leCKotl pemertcn . 

Torna <PyHK UH5I 'I (a) ua r panauax 3011 CTaHeT paapsmnon. BMeCTO 
roro 'lT06bl paCCMaTpHBaTb BeKTOp a BO nceu npOCTpaHCTBe, .. 
MbI MO>KeM orpaaaxart, 06J1aCTb ero H3MCIleHH5I nepaon 30HOtl, I I 

~;'" 

nOCKOJlbKY ((a>K.u.ylO 30Hy aucuiero nopsnxa MO>KHO pa36HTb na 
no.u.06J1aCTH H cooTBeTcTBylOLUHMH nepenocaxa CBeCTH K CTpyK
Type, nOJIHOCTblO coananaiourea C nepnon 30HOtt. Ka>K.u.a51 30Ha 
naer, TaKHM 06pa30M, nenpepuanyio BeTBb <PyHKUHH 'I (a) B nep
Boll 30He, TaK 'lTO B 06LUeM cay-rae <PYHKILH5I 'I (a) npencra
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3Hr3aroo6pa3HOCTIi sepraxa.n.uux aTOMHblX JlIiHIil'l., 31a ennn
CTBeHHaH BeTBb epyHKllli1i v(a) pacuiennnercs Ii B nepaon 30He 
nOHBJlHIDTCH ,llBe BeTBIi. 

Paccuarpnaaeuurt nepexon B nanpaaaenan OCIi Z T04HO COOT
BeTcTByeT nepeXO,lly. onacannouy B CJlY4ae peurencn Bopna. 

§ 44. 30Hbl B npHMoH peurerxe, OCHOBbl MeTO.ll.a 
Bnrnepa - 3eHTI.~a 

Bepueacs K aayxasurcnca B § 40 aanaue 0 pacnpocrpane
Hlili BOJIH B TpexMepHol'l. nepIi0,ll1i4ecKol'l. cpe,lle. 

KaK Ii suure [CM. cooraoureane (40.4)], npennonoaorx. 'ITO 
oouree peureuae MO>KeT 6bITb aanncauo B BIi,lle 

~ = A (r) e2~i [vt-(a.I')] • 

rne axnnuryna A (r) HBJlHeTCH nepaonuxecxoa epYHKllliel'l. B nps
MOl'l. peuierxe. <t>YHKllIiID A (r) MomHO rorna onpenemrn, Jlli60 

BHYTpli 3J1eMeHTapHol'l. H4el'l.
Kli (d), Jlli60 BHYTPIi orpaua
4~HHOl'l. aauxnyroa noaep x
HOCTbID 06J1aCTIi, 06beM KO
ropoa panen 06beMy 9J1eMeH
rapuon H'Iel'l.KIi (d). 

3TO nonoacenae HBJlHeTCH 
ornpaanon T04KOl'l. MeTO,lla 

(nl.n2,n3 ) d, Baruepa - 3el'l.Tlla. npliMe
HHeMoro B Teoplili TBep,llOrO

<P Ii r. 113. rena, 113J10m1iM ero OCIIOB
asre oc06eHHOCTIi. 

Pa3J10m1iM BeKTOp r, xapaurepnayiouma TO'lKy P H4el'l.KIi 
(nl. n2' na), na CyMMy HeCKOJlbKIiX BeKTopOB 

r'= ro + r' + ntdl + nZd2 + nad a• (44.1 ) 

r.ae r 0 - BCKTOp. onpenensnounta nonoxenne nexoropon T04K Ii 0 
nepBol'l. SI'Iel'l.KIi OTHOCIiTeJlbHO ee Ha4aJla. BCKTOp nldl-t
+ n2d2 + nad a onpenenser nonoacenne uasana Sl4el'l.KIi (Ill. n2' na) 
OTHOCIiTeJlbHO aauaaa peurerxu, a BeKTOp r' coenanaer pac
cxarpaaaeuyio T04KY P C T04KOl'l. 0 5I'Iel'l.KIi (nl• 1l2' na). Bexrop r' 
seerna, KaK MomHO naners 1i3 eplir. 113. HaXO,llIiTCSI BHYTPIi 
Sl4el'l.KIi IiJlIi 3KBliBaJleHTHOro 06beMa. 

Hal'l.,lleM Tenepb aupancenae ~ KaK epyHKllli1i r'. Ilpexne 
scero IiMeeM 

(a· r) = (a . r o)+ (a· r') + III (a' d.) + 
+ n2 (a· d2) + na(a· da) · (44.2) 

0603Ha4liM 
27t(a· di)=k i • i= 1. 2. 3 (44.3) 

Ii 
A (r) = A (r + r') = e2~i [(a.r,,)+(a.r')]A" (r") (44.4)o

Ii npennonoxorx. 'ITO BeJlli4liHa A" (r') onpene.rena TOJlbKO 
B nepBol'l. H'Iel'l.Ke. 

nO,llCTaBJlHSI 3TO aupaxcenne ,llJlSl A (r) B (40.4). nOJlY4aeM 

~ = A" (r') ei [wt-njk,-n,k,-n,k,l. (44.5) 

3TO BbIpascenue onncuaaer BOJlHOByID epYHKllliID B nepson 
1I1Iel'l.Ke, npnueu aMnJlIiTY.lla Aft (r') epyHKllli1i ~ He aasncar OT nl • 

n2• na· 
3aMeTliM cpaay me, 'ITO coornoureuue (44.5) nepeaocnr na 

cJlY4al'l. nenpepuanon cpenu onpene.renae BOJlHOBOl'l. epYHKlllili. 
nansoe B § 40 .LlJISi nncxpernoa cpenu. 

BbI60p nepson Sl4el'l.KIi SlBJlSleTCSI. 04eBIi,llHO, npOIi3BOJlbHbIM. 
nOCKOJlbKY BbI60p 6a3liCHbIX sexropon npSlMol'l. peiuerxa ratotce 
npOIi3BOJleH. Bnrnep Ii 3el'l.Tll onpeneaana 3TY 9J1eMeHTapHyID 
H4el'l.KY TaK me. KaK onpenenmorcs 30HbI B ooparnoa peuierxe, 
a IiMeHHO KaK MHororpaHHIiK. rpaHSIMIi xoroporo .SlBJlSlIDTCSI 
nJlOCKOCTli, xoropue nepnennaxyaspnu orpesxax. COe.llIiHSlIDLll,IiM 
BbI6paHHbIl'l. aa Ha4aJlO KOOp,llIiHaT Y3eJl peurerxn C COCe,llIIIiMIi 
Y3J1aMIi. Ii npoxonsr 4epe3 cepennnu 3TliX orpeakos. Taxoa 
cnocoo nocrpoenns 30Hb] cxeaarnuecxa naoripaxea na eplir. 114 
,llJlSl cJlY4aSl .llBYX 1i3MepeHIil'l.. 

YCJlOBlie aenpepunnocrn epyHKllli1i ~ Ii rperioaaane OlCyT
CTBI1S1 KaKIiX-JlIi60 paapsmos na rpauaue 30Hbl B npSlMOl'l. pe
urerxe npascnnr K He06xo.llHMOCTIi BbInOJlHeHIiSi nexoropux 
YCJlOBIil'l.. 

Ilpeanonoxau, 'ITO xoneu sekropa r' onpenenaer T04KY 
rpaunuu. BeKTOp r , onpenenmounia auanoruuuyio T04KY CO
Ce,llHel'l. Sl4el'l.KIi (eplir. 114). C Y4eTOM onpeneaeuas 30H MomHO 
npe.llCTaBHTb B BIi,lle 

r = r' + nldl + 1l2d2+ nad a, (44.6) 



<t> u r. 114. 30Hbl Bnruepa - 3eHTl-la. 

B cay-rae 04eHb 60JlbWI1X .llJlI1H BOJIH BeJll1411Hbl k l • k 2• k 3• 

TaK lKe KaK 11 411CJla "I' "~, "3, MaJlbl. TaK 4TO na rpauaue 
MOlKBO np116J1l1lKeHHO nOJlOlKHTb 

247Tpexsepnue peutert:u 

§ 45. Pacnpe.lleneHHe qaCTOT B peanbHoM KpHcTanne 

I1SJlOlKeHHble B npenunyuiax naparparpax peay.n.raru npen
CTaBJlHIOT 60JlbWOl\ mrrepec, nOCKOJlbKY OHI1 I1rpaIOT cyuiecrnen
nyio POJlb B 60JlbWOM 411CJle aanas TeOpeT114CcKol\ q>I1SI1KI1. Mbl 
He CTaBI1M csoea ueJlbIO paCCMOTpeHl1e scex 3TI1X BOi\POCOB 11 
OCTaHOBI1MCH JlI1Wb na O.llHOM Hal160Jlee Tl1nI14HOM. a I1MeHHO 
paCCMOTpHM TeOpl1IO TenJlOeMKOCTI1 raepnsrx ren, 

PesIOMl1pyeM cnasana nexoropue OCHOBHble nOJlOlKeHI1H. 
ILJlH acex Tl1nOB BOJIH (ynpymx. 9J1eKTpOMarHI1THblX 11.111 

BOJIH ne-Bpoana), pacnpOCTpaHHIOlUl1XCH B cpene C nepaonn
4ecKol\ crpyxrypoa. q>yHKUI1H 'I (a), CBHSblBalOlUaH 'I C BOJlHO
BblM BeKTopOM a. ncnurusaer paapus HenpepbIBHOCTI1, xorna 
BeKTOp a OKaH4HBaeTCH aa nJlOCKocTH. npencraanmoiuea c060l\ 
rpaHI1UY KaKol\-Jm60 SOHbI. 3TH nJlOCKOCTI1 I1rpaIOT O.llHY 11 ry lKe 
po.n, .llJlH scex BOJlH, KaKOBa 6bl HI1 6blJla I1X npnpona: B CJlY
4ae 9J1eK TpOMarHl1THblX BOJIH. aanpaxep, paspuaaocrs rpyux
UI1I1 '1(a) HBJlHeTCH npHMol\ npl14l1Hol\ CeJleKTHBHoro OTpalKeHI1H 
peHTreHOBCKI1X JlY4el\ (nHTHa Bpsrra  JlaY9). Baaronapa CBOI1M 
06lUI1M CBol\cTBaM 91'11 nJlOCKOCTI1 Bbl61lpaIOTCH B Ka4eCTBe rpa
HI1U SOH. onpenexcuuux 13 npenunyurrx naparparpax. OTMeTI1M. 
4TO B .llaHHOM xpacranne rpopaa SOU O.llI1HaKOBa ,IlJlH scex TIl

nOB BOJIH. 
Vnpyrne nerpopxauaa. nanpnxep. pacnpOCTpaHHIOTCH B xpn

CTaJlJlI14ecKol\ peuierxe B BI1,Ile ynpyrax BOJlH; csoncraa 9TIlX 
BOIIH I1SY4aJll1Cb B r JI. 2-4 11 6blJlH 0606lUeHbl ua cJlY4al\ rpex 
I1SMepeHI1l\. Flpennononcax, ';ITO I1MeeTCH peuierxa C 6aSIlCOM. 
npl14eM ee 9J1eMeHTapHaH H4el\Ka CO.lleplKI1T N aTOMOB. Y.ll06Hee 
acero n pencraaan, BOJlHbl, OrpaHI1411BaH 06J1aCTb IlSMeHeUIlH 
BOJlHOBOrO aetcropa a TOJlbKO nepaon SOHol\; ror.aa KalK.llOMY 
3Ha'leHI1IO a COOTBeTcTByeT 3N paSJlI14HblX Tl1nOB BOJIH. I1S KO
ropux rpn HBJlHIOTCH aKYCTI14eCKI1MI1. a ocransnue 3 (N -1)
OnTl1tIeCKI1MI1. ILJlH N = 3 CXeMaTI14eCKI1e xpaaue npaseneau 
aa q>l1r. 98. Tpn aKycTI14ecKI1e BOJlHbl cooTBeTcTByIOT rpea 
06bl4HblM BOJlHaM. pacnpocrpanmoiunxca B uaorponaoa rsepnoa 
reae, - O,IlHOl\ npononsnon 11 .llByM nonepeuaux. B l1,IleaJlbHol\ 
aHI1S0TponHol\ nenpepueuoa cpene Tpl1 KOJle6aHI1H BsaHMliO 

KOIle41I0, nO.ll06Hbll\ nonxon BOSMOlKeB JlI1Wb B cnysae 60Jlb
WI1X .llJlI1H BOJIH. OTblCKaHl1e nonpanox ,IlJlH KOpOTKI1X BOJIH 
BCTpe4aeT cepsesnue saTpY,IlHeHI1H. 

~ ... 

~ 

(44.8) 

(44.9) 

(44.7) 

TAOHa 8 

A" (r') = A" (r). 

A" (r') = A" (r) e:' (n,k ,+n.,k,+naka), , 
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nO.ll06HOe nee COOTHoweHHe BBO.llI1TCH .llJlH 06ecne4cHHH uenpe
PWijHOCTH HOpMaJlbHol\ npOI1SBO.llHol\. 

(lpRNla" pewemKQ 

rae napaxerpu "I' "2' "3 - He60JlbWHe uenue 4HCJla. 1'01'0
psie .llJlH nepson SOHbl pasuu O. -+- I. 

Baenex YCJlOBl1e aenpepuauocrn q>YIlKUI1I1 ~ 11 ee nopaans
HOl\ npOI1SBO.llHOl\ B T04Ke. onpenenseaoa r'. Henpepuanoc'n, ~ 

Ha rpaHHue 06eCne411BaeTCH YCJlOBl1eM 

MOlKHO nOJlbSOBaTbCH YlKe 9TI1M nepnux npI16J1I1lKCUHeM, 
HO 4aCTO 6blBaeT He06xo.llHMO nenan, .llOnOJlHI1TeJlbHO ynpouiaio
uiee npennonoaceaae, nocxoasxy xuoror-paaaaa rpopaa rpaHI1U 
SOH Bl1rHepa·- 3el\Tua CMJlbHO sarpynnaer pacner. 3TO ripen
1I0JlOlKeHI1e COCTOI1T B aaxeue MHororpaHHol\ nOBepXHOCTI1 nep
BOl\ SOHbl crpepon panuyca R. I1MeIOlUel\ TOT lKe 06beM. Toraa 
cooTBeTcTByIOlUHe npyr npyry T04KI1. onpenexsexue BeKTOpaMI1 r 
11 r", saMeHHIOTCH B H4el\Ke naaxerpaasno npOTI1BOnOJlOlKHblMH 
T041<3MI1 -+- r', a YCJloBl1e HenpepblBHOCTI1 npaunvaer BI1.ll. 

A" (r") = A" (- r"), 

dA" 
dR =0, 
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nepnennaxynapnu npyr npyry. HO Hli OnHO 1i3 HIiX He IiMeeT '-IIiCTO 

nOnepe'-lHOrO npononhHoro xapaKTepa. B KpIiCTannli'-leCKO" pe

weTKe C nIiCKpeTHO" CTpyKTypO" nnH naHHoro BonHOBoro BeK

ropa a TaK>Ke cyuiecrayior rpn pa3.~Ii'-lHhle axycrunecxae BonHhI, 

HO IiX CBO"CTBa CnO>KHee. '-IeM B cny'-lae HenpepWBHO" cpenw. 

.Haace MhI 6yneM 0603Ha'-laTh sepes (I) npono.u.nue sonusr. 
a '-Iepe3 (fl' t2) nonepeunue, XOTH raxne Ha3BaHliH He COOTBeT

CTBylOT TO'-lHO CBO"CTBaM BonH B xpacraa.tavecxoa crpyxrype. 
Fexcaronaxsnaa peweTKa, na>Ke COCTOSlmaSl 1i3 '-IaCTIiU onnoro 

runa, HBnHeTCH, KaK MhI Blinenli, petuerx ot!. C 6a3IiCOM, H e" 

COOTBeTcTBylOT rpn axycrusecxae BCTBIi Ii Tpli BeTBIi C 60nec 

BhICOKIiMIi '-IaCTOTaMIi, xoropue MhI Ha30BeM onTIi'-leCKIiMH BCT

BSlMIi. HanpOTHB. MOHoaTOMHaSl xpacranmrsecxas crpyxrypa rnna 
Ky61i'-IeCKO" r-paneueirrpnpoaamroa linli 06beMHoueHTplipoBallHoft 

peurerxa He IiMeeT 6a3lica. Ii ua xaacnyto ec Sl4e"Ky npaxonarcs 
onliH aTOM. Bnaronapa 3TOMy OCTalOTCH roxsxo rpa axycru
'-IeCKlie BeTBIi. a OnTIi'-leCKlie BeTBIi HC'-Ie3aIOT. " 

06beM nepaon 30HhI paBCH 06beMy Vb 3neMeHTapHO" H'-Ie"KIi 

06paTHo" peurerxa. Ecnn Vd - 06beM 3JIeMCHTapHO" H'-Ie"KIi 

npSlMO" peurerxn, TO 
1 

(45.1 )Vb = Va' 

Bsnne Mhl npennoxaraan xpacrannmecxyio peweTKy neorpaan
4eHHO". Paccxorpaa rerteps, K '-IeMy npuaonsr KOHC4Hhle paa
xepst KpHCTaJIna. 06beM xoroporo 0603Ha'-lIiM nepea V. nYCTh 

xpncrann COCTOIiT, nanpnxep, 1i3 onuoa rpaMM-MoncKynhI IiJIli 

1i3 N MOJICKyJI. rae N - '-IIiCJIO Asoranpo 

N = 6.06· 1023 M.OJlelcYJl/Z-M.OJlb. (45.2) 

MhI yTO'-lHIiM, TaKIiM 06pa30M,. aaeneunoe B § 34 nOHSlTIiC 

UIiKJIIi'-leCKO" peuierxn. 
nJISI 06W.HOCTIi peayasraroa npeanonoaora, '-ITO crpyxrypa 

HBnHeTCH pewCTKO" C 6a3liCOM, npnsea aaexenrapnaa SI'-Ie"Ka 

npHMO" peurertcn 06pa30BaHa s aTOMaMIi onaoa MoneKyJIhI. 

TIiTIhI KOJIe6aHIi" TaKO" orpaunuenaon crpyxrypu 3aBHCHT 

He TOJIhKO OT CBO"CTB aHanOrH'-IHO" 6eCKOlle'-lHO" peurerxu, HO 

Ii OT rpannunsrx yCJIOBIi". Bo ace sanauu reopua ynpyrocru 

3TIi yCJIOBIiSl 06hI'-IHO BHOCSIT 60nhwlie aarpynnenas. TaK. B He

npepWBHO" 1i30TponHO" cpene OHIi npliBonSlT K KOM6liHaUliHM 

scex runoa BOJIH: Hanpl1Mep, npOnOJIhHiHI aonna, nanatoutas aa 

nJIOcKylO r pannuy, naer orpanceuayto nponoxsuyio ao.nny, HO 

MOlKeT TaK>KC auaaan, Ii nonepe-msre OTpalKeHHhIC BO.~HhI. B CJIy

nae IinCaJIhHOrO 1i30TponHoro rnepnoro TeJIa MO>KHO npencra
BIiTh eerie rpanaunue yCJIOBIiH, YCTpaHSlIOIl~lie 3TIi nonepeuaste 
BOJIHhI (nneaxsaan nJIOCKall Ii rsepnaa rpanauu), HO B cay-rae 
KpIiCTaJIJIIi'-lCCKIiX pemerox aroro cnenari, y>KC HeJIh3S1. 

n03TOMY 60pH BCChMa OCTpOyMHO BBCJI HOBhI" rnn rpa

HIi'-lHhIX yCJIOBIi". Ha3BaHHhIX liM UIiKnli'-leCKIiMIi yCJIOBIiSlMli, 

o KOTOphlX MhI ynoMIiHaml B § 34. Paccaarpasaercs 6ecKo

He'-lHaH cpena, He IiMelOwaSl rpaHIiU. B KOTOpOJt MoryT cB060nHO 

pacnpocrpanarscs BOJIHhI. Ii B He" BhI6lipaeTCSI KOHC'-IHhI" 06bCM V. 
IiMelOwli" rpopay napaaaeaenanena, 

0<,x<'L1• 0<,y<'L2, 0<.z<L3• V=L1L2L3 • (45.3) 

nOCJIe sror o lIaKJIanhIBaeTCSI rpeooaanae, '-IT06hI BOJIHOBaSl 

<PYHKUIiSl npnaaaana oaanaxosue 3Ha'-leHIiH B TO'-lKaX 

(x, y. z) Ii (x + nlLl' Y + n2L2• z + n3L3) . 

r.ae n1• n2• n3 - npoaasoasuue uensre '-Ilicna: 

~(x, y. z)=~(x+nlLl' y+n2L2. z+n3L3) . (45.4) 

TaK KaK BOJIHa IiMeeT Blin 

~ = eiwt-2r.i (u ,x +a,y+a, , ) (45.5) 

Ii n i n2 n3 - uensre '-IIiCJIa , TO 

rnl 1n2 rna 
a1 = -L-' a2 = -/-. a3 = -L • (45.6) 

1 '2 a 

r ne m-, m2• m3 - TO>Ke uenue '-IIiCJIa. 

Kpacraan B036y>KnaeTClI na c06CTBeH"HO" '-IaCTOTC, xor na 
BOJIHOBO" BeKTOp a OKaH'-IIiBaeTCSI B TO'-lKe C xoopnaua'raaa (aI' 
a2' a 3), onpenenseauxn COOTHoweHIiSlMIi (45.6). 4licJIO TaKIiX 

TO'-leK B enliHliue 06beMa ooparuon peurerxn paaao L1 , L2. L3 • 

nOCKOJIhKY paccrosnas MelKny HIiMIi no OCHM OX. Oy Ii Oz 
paaau coo'raercrnenao 1/L1 , 1/L2 Ii 1/L3 • 

B 06beMe V COnep>KIiTCSI O'-leHh 60JIbWOC '-IIiCJIO aTOMOB: 

OHO paBHO sN (N = 6.06· 1023) . C npyroa CTOpOHbI. paaaepsi 
napaaaeaorpaxaa Ll , L2 Ii L3 aasnroro 60nbWC paaxepos d.; 
d 2• d 3 3neMeHTapHO" H'-IC"KIi peuiertcn, TaK '-ITO '-Ilicno TO'-lCK, 

npenCTaB.~RIOw.HX coticreeunue Kone6aHliSI Ii onpCnCJIReMhIX 

coornoiueuaaaa (45.6). O'leHIl lleJIIiKO. Cpcnaee 4liCJIQ 
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06bcMa ds:11306pa)f{alOw,I1X TOlJCK, 3aKJlIO'ICHHbIX B 9J1CMCHTC 

npocrpaucraa (aI' a2' a 3) , paSHO 

dti = L1L2L 3 d« = V ds . 

YlJl1TbIBaH no, paCCMOTpl1M HCKOTOpOC HanpaBJlCHI1C pac

npOCTpaHCHl1H BOJlHbi a l1 MaJlbIn KOHyC OKOJlO sror o nanpa

BJlCHl1H C yr J10M pacrnopa dQ. 4l1CJlO BOJlHOBbIX BCKTOpOB, 

OKaHlJI1BalOw,I1XCH B 9TOM xouyce MC)f{,lly crpepaxa panaycos r 
l1 r +dr, paBHO 

dn = L 2 dr dQ = Vr'J dr dQ, (45.7)1L2L3r 

r,llC 
1 (45.8)r=lal=-x-' 

OTCIO,lla nOJlYlJaCM 

) 1 ( 1 ) -;2 (-;)dn. = V dS_ -- d - = V dQ -- d 
1.2 A W2 W' 

rne W - qJa30BaH CKOpOCTb BOJIH paCCMaTpl1BaCMOro rnna. 

CorJ1aCHO ,llaHHoMY B § 21 onpenenenmo r pyrmoaon CKO

POCTI1 U, MO)f{HO aanacars 

'I iJ-; 1 d ( -; ) (45.9)W=TaT' U=--;naT' TJ=(F; w ' 
rorna BbI pa)I{CHl1C .LIJIH dn n Pl1MCT Bl1,ll 

_ 0 -;?d-; (45.10)dn- V d-- W?U . 

Hy)KHO OTMCTHTb, LITO B KpI1CTaJlJlI1'1CCKOn peuierxe KaK 

r pyrmosaa, TaK 11 qJa30saH CKOpOCTl1 3aBl1CHT OT lJaCTOTbl 'I l1 

OT opnenrauan xouyca. B l1,llcaJlbHOM l130TpOnHOM TBCP,llOM TCJlC 

CKOpOCTl1 ne 3aBI1CHT OT Opl1CHTaUl1I1, l1 BbIpa)f{CHl1C (45.10) 
MO)f{HO npoaurerpnpoaars no BCCM HanpaSJlCHI1HM pacnpocrpa

HCHI1H. Torna. 3aMCHHH dQ na 41t, nOJlYlJaCM 

-;2 d» 
dn=47tV W?U' (45.11) 

OTMCTI1M, 'ITO l13 ypaBHCHil5I (45.7) B c/lyttae petuemtcu 6e3 
oasuca (s = 1; O,lll1H aTOM aa HlJCnKY npHMOlt pCrnCTKl1) MOIKHO 

noaysart. OlJCHb 06w,l1n PC3YJlbTaT: npu uiuounecuux YC/lO
BUftX i)/lft «aucooeo muna ynpywx eoui no nnoe 'WC/lO c06
cmeeuuu.x IW/le6aIiUU moseo paeno N, m, e. 'IUC/lY amO.MOI,l 
B 06beMe V. 

Tpexsicpnu« pctuereu 2f>1 

B 9TOM J1CrKO y6C,llI1TbCH, 3aMClJaH, lJTO nOJIHOC '1I1CJlO KOJlc

6aHl1lt ,llaHHorO runa MOIKHO noaysnrs. I1HTerpl1py5I COOTHOWc

HI1C (45.7) no acen nepaoa 30Hc, o6beM KOTOpOn paBCH V 0' 
a I1MeHHO 

2drdQ=VVn=f dn=V f r :d =N, (45.12)o= 

rne I1CnOJlb30BaHO COOTHOrnCHI1C (45.1). 
Eho oxeas cyinecrseuuun PC3YJlbTaT TCOpl111 30H. 

Hy)f{HO OTMCTl1Tb, lJTO B cnyxae pCrnCTKI1 C 6a311COM OTHO

rnCHI1C VIVa B npenunyinen qJOpMyJlC paBHHJlOCb 6bl '1I1CJlY 

MOJIeKyJl N, HaXO,llHw,I1XCH B 061>

exe V. 
Jlerxo npc.1lCTaBI1Tb eerie npo


CTblC crpyxrypu, n03BOJlHIOW,l1c
 

i YTOlJHl1Tb qJl1311lJCCKl1n CMbICJI UI1

~::- ' 

KJll1lJeCKl1X YCJlOBl1n. UI1KJll1lJCCKYIO 

peurerxy oopasyer, aanpnxep, 9J1CK

rpauecxna qJl1J1bTP 113 n l1,llcHTI1'1

HbIX HlJCCK, B KOTOpOM Ilu(,Jlt:,tJ.H>D1 .t: 

HlJcltKa CBH3aHa C nepsoa. JlpYfl1M 2 

npl1MCpOM MoryT CJlY)f{I1Tb xarue

TpOHbI: MarHcTpOH C rpaneuennans-

OJ 

I ~ I k 

o 

¢> H r. 115. 

HbIMl1 pe30HaTOpHbIMI1 nOJlOCTHMI1 aHaJlOfl1lJCH peurerxe Bopaa 
C UI1KJll1lJCCKl1Ml1 YCJlOBI1HMI1 ,llJlH XJlOpl1CTOrO HaTpHH. 

PaCCMOTpl1M reneps, KaI{ MO)f{HO ynpocrars 9TI1 06w,l1c pac

CY)f{,llCHl1H B npl1MCHCHI1l1 K ll,llcaJlbHOMy 1130TponHoMy TBCp.1l0My 

TCJly. CJlOBO .11,llcaJlbHoe" ynoTpc6J1HCTCH anecs .ll.JlH roro, lJTo6bI 

HanOMHI1Tb 0 HCCKOJlbKO l1CKyCCTBcHHOM xapaxrepe uaumx ripen
nonoxeana. To, lJTO MbI Ha3blBaCM 1130TponHbIM TBCP,llbIM TCJlOM, 

B ,llcltCTBl1TCJlbHoOCTI1 npencrannser c060n cosoxynaocn, OlJCHb 

MaJleHbKI1X 6ccnOp5I,ll0'lHO 0PI1CHTl1pOBaHHbIX Kpl1CTaJlJlOB, TaK 

lJTO l1,llcaJlbHOC TDCp.llOC TCJlO MO)f{CT npC,llCTaBJlHTb TOJlbKO Hc

KOTOpWc CpC,llHl1e CDonCTDa KpI1CTaJlJla. 

n pn l13J10)KCHHI1 TcO pl1l1 TCnJlOCM KOCTI1 rnepnor-o rena M bI 

6Y.Ll.CM nOJlb30DaTbCH CJ1C.llYIOW,I1MH ynpouiaiouiuaa npennonoxce

HI1HMl1. 

a) npC,llIlOJlO)f{I1M, 'ITO KpHBblC na qJHr. 98 MO)f<HO 3aMCHHTb 

npHMbIMH, KaK nOKa3aHO na qJHr. 115. TaKI1M 06pa30M, OnTH

lfeCKI1C BeTBl1 6y,llyT COOTBCTCTBOBaTb TOJlbl<O O.Ll.HOn lJaCTOTe 
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(BMeCTO 0611aCTH 4aCTOT KOHe4Hol\ lIJHPHHbI). a atcycmunectcue 
BO/lllbt 6ynyT HMeTb nOCmOflHllYIO rpaaoayro CKOpOCTb 

W = U = const. (45.13) 

6) 3aMe1lUM nepeyio 301lY crjJepoii. Ilpn 9TOM He nano 
aa6bIBaTb 06 06w.eM pesylIbTaTe. nOllY4eHHoM B nasane sroro 
napar parpa, a HMeHHO, 'ITO crpyxrypa aOH He aaBHCHT OT npn
ponu paccxarpanaeaux BOllH. B 'IaCTHOCTH, Mbl nOlIlKHbI C4H
TaTb, 'ITO 9Ta aOHa HBlIHeTCH cljlepH4ecKol\ nllH Bcex aKycTH'Ie
CKH x BOllH, KaK npononsnsrx, TaK H nonepevuux. 

EClIH 'Iepea R 060aHa'IHTb panayc 9TOl\ cljlepbI H npenrto
1I0IKHTb, 'ITO COOTHoweiIHe (45.12) OCTaeTCH cnpaaennaauu. TO 
nllH ee 06beMa nOllY4aeM 

- 4 R3 _ 1 _ NV (45.14)b-3 7t - Va-V' 

rne Vd - 06beM H4el\KH npHMol\ peuierxu, N - 4HClIO MOlle
Kyll B nOllHOM 06beMe V. 

nllH roro 'IT06bl ynoaaeraopun, Tpe60BaHHHM 06w.el\ Teo
PHH, Mbl nOllIKHbI C4HT3Tb, 'ITO nllH ncex THnOB BOllH aean
4HHa R onHHaKOBa, T. e. onHHaKOBa npenensuaa nllHHa 
BOllHbI AMR H • 

1 
R = Ia IM a K e • = "MRH.' 

ClIenOBaTeJIbHO, 
41t V )'/, 

(45.15)Am lH • = ( 3N i : 

AKycTH'IeCKHM BOllHaM C TaKHM aHa4eHHeM A cOOTBeTcTByIOT 
paanaxuue npenensnue 4aCTOTbi B aaBHCHMOCTH OT roro. Ka
KHe BOllHbl paccxarpneaiorcs - npononsusre (l) HlIH nortepex
Hble (t). 060aHa4HB COOTBeTCTBeHHO 4epea W l H W t drasonue 
CKOpOCTH 9THX BOllH, nonyxaea nllll npene.nsnux 4aCTOT Bbl

paIKeHHlI 

'il. ripen. = W l ( 3N )'/,
41tV ' 

(45.16) 
'it, npsn. = W t (i!!_)'/'41tV • 

BlIHaKHe, XOTII H HeCKOllbKO OTlIH'IHble peaym.raru 6blllH 
nonynexsr Ileoae» B reopna TenJIOeMKOCTH rnepnux Tell. Koraa 
ne6al\ ony6J!HKOBlIJI CBOIO paoory, TeopHli aOH 6blJIa eiue 

TpeXMepHble peLUeTKU 
~-------------- --------------

MallO HaBeCTHa. XOT5I MHorHe ee nOllOIKeHHlI 6blllH YIKe nony
4eHbl BOpHOM. no cyuiecrny ne6al\ paccxarpnaan peurerxn 
6ea 6aaHca; C npyron CTOpOHbl, OH He BHnell He06xonHMOCTH 

dN
dN dv 
d" 

Vo VI q 
<PHr. 116. <P Hr. 117. 

BBeneHHlI oaauaxosoa MHHHMallbHol\ nllHHbl 1l0JIHbl H paanas
HblX THnOB ynpyrux BOllH. 11M 6bIlIa nsenena onna npenem.naa 
4aCTOTa 

1 2 )-'/'(9N)'/'
'I D = ( wt + W: 4nV/' (45.17) 

ne6al\ paccyxnan clIenYIOw.HM oopasou. Hcxonn lia ypaaue
HHH (45.11) H noxaraa 

V l = W l = const, W t = U, = const, 

Bbl'IHClIHM ooutee 4HClIO KOlle6aHHI\, cooreercrsyiourea HHTe P: 
aany 4aCTOT ('I. 'I + d'l). n,lH scex THnOB aKycTH4ecKHX BOllH 
(T. e. nllll onnoa npono.n.noa H nByx none peunux) 

dnl+ 2dn t = 47tV'I2d'l [~+--;]. (45.18)
W l W t 

Hurer papya no 'I B npene.rax OT 0 no 'In H nonaras, 'ITO 

nOli Hoe 4HClIO KOlle6aHHI\ paBHO 3N, HaxonHM 

3N = 47tV'Ib [~+ --;] .
W l W t 

'ITO T04HO ccananaer C COOTHOWeHHeM (45.17). 
ClIa6blM MeCTOM reopan Ileoas HBlIHeTCH TO. 'ITO OHa He 

Y4HTbIBaeT YClIOBHH (45.12), H XOTH B Hel\ nonHoe 4HClIO KO
lIe6aHHI\ paBHO 3N, OnHaKO pacnpeaenenae HX MeIKny npo
nOllbHblMH H nonepesnuaa BOllHaMH (N H 2N) B pacner He 
npannxaercs. Cnexrpu KO!Je6aHHI\ dNo/d'l [CM. ypaanenne (45.11 »), 
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nOJlYQCHHblC COOTBCTCTBCHHO no reopan Llc6a5l, noxaaanu ua 
<pHr. 116, H no TCOpHH, H3J1o)J{cHHoll B naHHoll KHHrc, - na 
<pHr. 117. I1cTHHHblll cnetcrp '1aCTOT no naurea TCOpHH 060

3Ha4Cll aa <pHr. 117 )/{HPHO~t JlHliHCll, IWTOpa51 HBJlHCTCH cyv
Moll opnunar .nnyx KpHBbIX. Ha qmr. 118 TOT IKC cnexrp 

dN 
dv 

~ II V --I u 
l't

I 
l't

2 
Ii 

<P II r. 118. <P H r. 119. 

npenCTaOJICH .11J1H cJlY'la51 auaaorpornron cpezru. fl05lBJlCHHC pas

pNBHOll KpHooA CB5I3aHO C 3alllcHoll ncpBoll 30HN c4>cpOIl. 

ITPH 60Jlcc nOCJlCnOBaTCJlbHOM paC'ICTC nonysaerca KpHBa5l, 

H306patKCHHa51 ua qlHr. 119, r ne paapsrau HC'IC3alOT. Henpe
pbIBHOCTb sroa KpuBoll CB5I3aHa C TCM, 'ITO 0 9TOM c.nyvae 

nJl51 naunoro rnna BOJlHbl HeT enHHoll npene.n.non '1aCTOTbI 

nJl51 ncex Han paBJlcHHfi pac n pOCTpaHCHH5I. 

§ 46. 9HeprHR TenJlOBOrO B036ym)l.e'HIlI rsepnoro rena. 

XapaHTepHCTHl.JeCHHe TeMnepaTypM 

LlJl51 npOCTOTbI 6yncM paccxarpanan- cJlY'lall crpyxrypu 6C3 

6a3Hca, xorna rsepnoe TCJlO lIlO}KHO npencrasars xa« COBOI(yn

HOCTb 3N rapMoHiFICCKHX OCUHJlJlHTOpOB. CorJlaCHO BOJIHOBOA 

lIlexaHHKC, 9HcprHH raplllOHH'ICCKOrO OCUHJlJl5ITOpa, KOJlc6J11O

meroca C '1aCTOToll 'I, Bblpa)J{aCTC5I q>oplllyJlOll Il.tauxa 
h» h» 

Il.= huil.. '!' • +2' (46.1) 

rne k -- nOCTOHHlla51 EOJlbIlMaHa. h - nOCT05lHHa51 Ilnaaxa. 

a T - a6COJIIOTHa51 reunepaf-ypa. Hy)J{HO OTMeTHTb, 'ITO B nep

aoaaxaasnoa TeopHII Flnamca OTCyTcTBoBaJlO cnaraexoe hvj2. 
Pa3BHTHC reopnn nOKa3aJlO He06xoJlHlIlOCTb BBenCHH5I aroro 

'1J1CHa, Oil npenCTaBJIHeT 9HeprHIO OCUHJlJl5ITOpa npn a6COJIIOT

HOlll nyne. 

tf1(,X~tepHl>le pciuerca 

Ha IW}KnOC ynpyroe KOJlc6aHHC, xa« npOnOJlbHOC, TaK 

H none pexnoe, HlIlClOu~ce sacror'y v, npHXOJlHTCH 9HCprH5I u•. 
oTKyna CJlCnycT, 'ITO nOJIllaH 91lCprH5I TOCpnoro TCJla npH TeM
neparype T parma 

IJ1}l, 

U T = ~ f u.dnm • (46.2) 
'JlZ=l, t1 , t'j 0 

rne BCpXIlHlIl npc.ilcJlolll HHTcrp"pOllaIlH5I 51llJlHCTCH npenem.nas 
4aCTOTa vm' cooraercrnyiouraa THITy noomu, 060311a4acMoMY 
nnnexcoa m. 

06!>I4110 npenensnux 4aCTOTaM CTaDHT B COOTDeTCTBHe 

Xapal<TCpHCTH4cCKHe rexneparypu paccxarpanaeaoro rsepnoro 
re.na. Flepnoe onpenenemre 3TIlX resmcparyp 6blJlO .aauo Llc

6aclIl. EnHHcTBcHHoll paccxorpenaon HlIl npenensnon na

CToTe "» OH nOCTaBHJI B COOTBCTCTBHe Xapal<TCpHCTH'ICCKylO 

TClIlncpaTypy On, onpcncMleMylO Bblpa)J{eHIlCM 

hs 
On=-f!-. (46.3) 

B naurca reopnn IlY)/{HO BBOnHTb nBC xapaKTCpHCTH'ICClme TCM

neparypu, nocxo.nsxy aKycTH4CCKHM npOnOJlbHhIM H nonepeu

HblM BOJIHaM COOTBCTCTllYIOT nne pa3J1H4HhIC npenensnue sa

CTOTbI rex. (45.16)). 9TH. TCMne parypu Ob!patKalOTCH csenyio
lllHlIl oripaaox: 

°= 
l 

hv[ 
k 

= hW[ ( 3N )'/3
k 4n V . ' 

° = 
t 

Int 
k 

= fz~ ( 3N )'/0
k 4n V • 

(46.4) 

OTClOna C YQCTOM ypannenna (45.11), (46.1) H (46.2) nOJiHYIO 

311e prmo TBCpnoro TCJla n pa re artcparype T lIlO)J{liO aanacars 
B nnne 

"1n 

U T = ~ 
~ 4;-CVf'd [

W.2 v- V 
h» 

ehy/kT _ 1 +~hv] (46.5) 
w=l, t.. t',J In 0 

Il pOH3BonH aaaeny nepeMcHHblX 

~=~ kT • '-Jz:'J~--~~m - kT - T • 
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nOJIy4aeM 

'til 
U = ~ 41tV (kT)4 J~3 d~ (_1_ .+~) (46.6)

T ~ W2 hH' e< - 1 :2' 
'nt=l:tpt~ m 0 

rne I1HTerpaJI MO)J(eT 6blTb Bbl4l1CJIeH np116JII1)J(eHHbIMI1 MeTO

.naMI1. ECJII1 BBeCTI1 epyHKll.I1IO lle6aH 

D (x) = ;, J
ill 

C< 1 1+ ~) ~3 d~, (46.7) 

o 

TO K09epepl111.l1eHT. BXO.n51llJ,l1tl B aupaxeune .nJIH U T. 

41tV (kT)4 (46.8)
~-fi3 

II! 

npl1MeT BI1J\. 

41tV (kT)4 E;" 41tV (kT)4	 h3~;"
 

k3T3
W3 ----,;:;- 3 = 3w3 0 
11'	 :Hl 

41tV ~~" 41tV ( 3N )=--kT=--kT - =NkT=RT, 
3 W;" 3 41tV 

r ne R - ra30Ba51 nOCTOHHHaH, TaK 4TO OKOH4aTeJIbHO HMeeM 

U T = ~ UT,m=RT ~ D ('~r)' 
1n l, tl,t~ 

ECJII1	 nonepe4Hwe BOJIHW o.nI1HaKOBW. TO 

(46.9)U T = RT [D ( ~~ ) + 2D ( i)] . 
AHaJIorl14Hbitl pacner nOKa3bIBaeT. 4TO npennoaoxeuae 

lle6a51 npasonnr K Bbl pameHI1IO 

UT=3'<TD(6;). (46.10) 

Boornue rosopa, epopMyJIa (46.9) 60JIee T04Ha, 4eM (46.10). 
Onuaxo BO MHOrHX CJIY4a51X 06e xapaKTepl1CTI14eCKI1e TeMne

parypu 6z 11 6 6JII13KI1 K 6n 11 .nJIH 04eHb BblCOKI1X 11 04eHbt 
HI13KI1X rexneparyp 06e TeOp1111 .naIOT ynoexeraopnreasnue 
pe3YJIbTaTbI. 

J llJIH 04eHb BblCOKI1X rexneparyp cnpasennnna KJIaCCI14eCKaH 

TepMo.nI1HaMI1Ka, rne npl1MeHI1MO npaBI1JIO paanoxepnoro pac

npe.neJIeHI151 9HeprHI1 no crenensa cB060.nbI. Ilpa 60JIbllHfX 

3Ha 4eHI1HX T nOJIy4aeM 

u; = kT (e~ ~ 1 + ~ ~) = kT ( 1 e + ~ ~) ~ 
~+ 2~2+ ... 

~kT(1 + ~ - ;)=kT; (46.11) 

l1H.blMI1 CJIOB<JMI1. 3HeprHH xaacnoro OCll.I1JIJIHTOpa pasna kT. 
TaK KaK B' 06eHx 113JIOmellllblX reopasx oouiee 411CJIO creneuea 
CB060.nbl paBHO 3N, nOJIHylO 3HeprHIO rsepnoro TeJIa npl1 Bbl

COKHX resmeparypax MomHO aanacars B BI1.ne 

UT=3NkT=3RT, (46.12) 

" 
~.	 

rorna .nJIH TenJIOeMKOCTI1 npa nOCT051HHOM 06beMe nOJIy4acM 

saxon llIOJIoHra H nTI1l oUT 
C=(fT =3R. 

Jlerxo BI1.neTb, 4TO 3TOT pe3YJIbTaT MomHO nOJIY411Tb H3 

eupaxeuaa .nJIH 3HeprHI1 U T (46.9) I1JII1 (46.10), TaK KaK .nJIH 60JIb

III11 X 3Ha4eHI1" T ¢YHKll.I1H. lle6aH D (x) -+ 1 1) . 

I1cCJIe.nyeM reneps, 4TO naer 113JIOmeHHaH TeOpl1H npx H113

KI1X TeMnepaTypax 

T ~ 6z, 6D, 6t • 

Ilpa BbIITOJIHeHl111 sroro YCJIOBI1H OTHOIlleHl1e emIT ~ I, TaK 

4TO sepxnaa npenen HHTerpl1pOBaHI1H x B aupaxenaa (4\? 7) 
.nJIH ¢YHKll.1111 lle6aH 04eHb BeJII1K. Torna MomHO nOllom.I1Tb 

co 

3 f ~5de' 3
D(x)= x 8 ~_1+8x; '(46.13) 

o 

snecs Mbl anrerpupyev no 6ecKoHe4HocTI1 TOJII>KO nepsoe CJIa

'raexoe, nOCKOJIbKY I1HTerpaJI OT sroporo cnaraexoro pacxo
.nHTCH na aepxnev npene.re. 4HCJIeHHaH BeJIH411Ha I1HTerpaJIa 

1) eM.• uanpaxep, L. B rill 0 u in, Les Tenseurs en mecanlque 
et en elasticlte, Paris, 1938. p. 328. 

17 3aK. 201. 
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B (46.13) xopowo H3BeCTHa H pasna 7t 4fl 5. TaKHM o6pa30M, 

IlJlSl 60JlbWHX 3HatIeHH~ x 
7t4 3 

D(x)= 5x3+SX. 

OKOHtIaTeJlbHOe asrpasceaae IlJlSl U T npa HH3KHX rexneparypax 

HMeeT BHIl 

UT = ~ [ RT %6; +RT ~4 (6:r]. 
m 

HJlH 

3 7t
4[( T )3 (T )3 ] (46.14)UT=sR(a l+2at)+RT T 6i + 2 6t . 

nepBoe cnaraexoe UOCTOSlHHO H He naer axaana B BeJlHtIHHY 

Tel1J10eMKOCTH c = iJUTliJT. TaKHM 06pa30M, I1pH HH3KHX TeM

l1epaTypax Tel1J10eMKOCTb npH 110CTOSlHHOM 060eMe H3MeHSleTCSI 

I1P0l10pUHOHaJlbHO T3. 
JIerKo anners. tITO TeopHSI ne6aSl I1pHBOIlHT UpaKTHtIeCKH 

K reM me pe3YJlbTaTaM; lle~CTBHTeJlbHO, OHa naer 

437t ( T )3 (46.15)UT = -5- RT ---e; + const, 

Bl1pOtIeM. HymHo OTMeTHTb. tITO ::ITa 110CTOSlHHaSl OTJlHlJHa OT 

110CTOSlHHoro tIJleHa, BXOIlSlIUero B aupaxenae (46.14). 
nOCKOJlbKY 

1 2 _.1 (46.16) +-="6363I 6~ D 

TO. KaK BHJlHO H3 cpaBHeHHSI COOTHoweHH~ (46.3), (46.4) 
H (45.17). no reopna Ileoaa I1pH HH3KHX rexneparypax Mbl 

110JlYtIHM JlJlSl TenJlOeMKOCTH TO me BblpameHHe, tITO H asnue, 

Bee BblWeH3J10meHHble peaym.raru crrpaaennaau IlJlSl CTpyK

Typ 6e3 6a3Hca. 
Ilpennonoxcau , tITO B KOHetIHOM 060eMe V 3aKJlIOtIeHa OIlHa 

rpaMM-MOJleKYJla. nYCTb 9J1eMeHTapHaSl SltIe~Ka pemerxa C 6a

3HCOM conepxorr, nanpaaep, OIlHY MOJleKYJlY H3 s aTOMOB. 

nOJIHaSl 9HeprHSI UT 6YJleT rorna panna CYMMe sneprun aKY

CTHlJeCKHX nponoasnux H nonepennux BOJlH, a raiose 9HepfHH 

onTHtIeCKHX BOJlH, xoropue. KaK Mbl npennoaarana, HMelOT 

3 (s -1) nOCTOSlHHblX tIaCTOT Vi' 
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BBO,llSl HOBbie xapaKTepHCTHtIeCKHe rexneparypu 

hVi 
ai=k' l=l, 2, ... ,(s-1). (46.17) 

nonysaea 
3s-3 

UT=RT[D(~)+2D(~)J+R~ (e6il: 
i 
_ l -: ai ) . 

(46.18) 

Orciona npa OtIeHb HH3KHX rexneparypax ,llJlSl TenJlOeMKOCTH 
UpH nOCTOSlHHOM 060eMe CHOBa 110JlYlJaeM 3aKOH P. 

B cnysae ouens BblCOKHX rexneparyp 

3S-3 (6
iIT)2 

e 6dT 

c = 3R + R lim ~ (6-/T )2 • 
T+oo. e~-1 

1=1 

TaK KaK Kamllbl~ tIJleH CYMMbl CTpeMHTCSI K ennnaue, TO 
B npeneae noaysaex 3aKOH He~MaHa 

c=3Rs; (46.19) 

npa s = 1 OH nepexonar B 3aKOH Ihonoura H nTH. 

MomHo noxaaars, tITO 9TOT peaym.rar HMeeT MeCTO H B TOM 

cnysae, xorna 9J1eMeHTapHaSl SllJe~Ka conepxotr P MOlleKYJI, 

tITO Ha6J1lOllaeTCSI. B tIaCTHOCTH. Y OKHCH UHHKa 1). 

§ 47. TeUJlOBOe pacurapeaae H 9HTpOUHSI raepnoro rena 

3aKaHtIHBaSl HCCJle,llOBaHHe rnepnoro rena, Mbl BbltIHCJlHM 

ero 9HTp0I1HIO, OrpaHHtIHBaSlCb CJlYtIaeM crpyxrypu 6e3 6a3Hca. 

Baenex C 9TO~ uensro B paccxorpenne panaaunouuoe 

JlaBJleHHe aKycTHtIeCKHXBOJlH, KOTopoe Bbl3BaHO OTKJlOHeHHSlMH 

OT 3aKOHa I'yxa. Bupaxenae ,llJlSl llaBJleHHSI aKYCTHtIeCKHX BOJIH 

UOJlYtIHJlH P9J1e~ H JI. 5PHIIJlI09H; ,llJlSl BOJIH runa mOHO HMeeT 
BH,ll 

u; (1 V aWm )
Pm=v 3-Wm av ' (47.1) 

1) Cx., aanpaxep, M. Par 0 d i. Recherches dans I'lnfrarouge 
lointain par la methode des rayons restants, Paris, 1938. p. 60. 

17'" 
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rne U - rrOJIHaSi sueprua, CBSl3aHHaSi C paCCMaTpHBaeMblMHm 
BOJIHaMH, q>a30BaSi CKOpOCTb KOTOpblX panna W m' a V - o6beM, 

3aHHMaeMblit TeJIOM. 
nJISI 9JIeKTpOMarHHTHoro H3JIY4eHHSI B BaKyyMe 

1 o; 
Pm. aV' 

oWmlaV• rrOCKOJIbKY B 9TOM CJlY4ae OTCyTcTByeT 4J1eH 

PaBeHCTBO (47.1) MO>KHO sarmcars B BH.1I.e 

_ U 06mm (47.2)
Pm- --0,;;- oV ' 

TaK KaK. Y4HTblBaSi (46.4), nonyxaex 

o In 6 __1_ 0611, _ ~ [I ~ W -.l1 41t V] = 
oV

m 
- 6 OV - oV n k m 3 n 3N 

m. 
1 oWm 1 

W --av-- 3Vm 

HJlH 
V 06 1 V oWmm 

- 6m OV =3- Wm ----av-' 
BHeUIHee .1I.aBJleHHe P .1I.OJl>KHO ypaanoeeumaarsca BHyTpeHHHM 

.1I.aBJleHHeM, xoropoe SlBJlSleTCSI CyMMOIt yCHJlHIt. Bbl3BaHHblX 

B3aHMO.1l.eltcTBHeM MOJleKyJl, / (V) H pa.1l.Hau,HoHHoro AaBJleHlISl, 

CBSl3aHHoro C BOJIHaMH rennoaoro .1I.BH>KeHHSI. T. e. 

P=/(V)+ ~Pm' (47.3) 
m 

ECJlH .1I.eltcTBYlOlU,ee na TeJlO BHeUIHee .1I.aBJleHHe paBHO nyJlIO. 

TO 9TO cyxxapnoe .1I.aBJleHHe TO>Ke .1I.OJl>KHO 06palU,aTbCSI B HyJlb. 

TaK 4TO 

/(V)=- ~Pm' 
m 

TaKHM 06pa30M, MO>KHO C4HTaTb. 4TO -pannauuouuoe .1I.aBJleHHe 

Bbl3bIBaeT TeIlJlOBOe pacurapeaae. 
nOJlHYIO 9HeprHIO TBep.1l.0rO rena MO>KHO aupasnrs KaK 

(47.4)U = F (V) +Ul +Ut, +Ut. , 

eCJlII nOJlO>KHTb 

F(V)=- f /(V)dV. 

~:~ 
Tpexuepneie petuersu 

Pa60Ta. coaepuraeaaa IlpH MaJlblX H3MeHeHHSlX dV H d'I', pasaa 

dW - P dV = / dV - ~ ~:: ~v dV, 
m~ 

~; 
c: HJlH. 3aMeHSISI U m C IlOMOlU,blO q>OpMyJlbl (46.9). 

dW=/dV -RT ~ [DC;) 6~ ~6~ dVJ. (47.5) 
m 

C npyroa CTOpOHbl. H3MeHeHHe 9HeprHH 

su eo 
dU= oV dV+ oT dT=-/dV+ 

'\1 OUmdV+~ oUm dT
+ ~ sv ~ or . 

m m 
HJlH 

dU = - /dV + R '\1 [D' (~) 06m dV + 
~ ,T av 
m 

+D (6; )dT _ 6; D' ( 6; )dTJ. (47.6) 

TaK KaK rrorJlOlU,eHHOe TeJIOM KOJlH4eCTBO renaoru paBHO 

dQ=dU+dW• 

TO .1I.JlSI H3MeHeHHSI 9HTPOIlHH rrOJlY4aeM Bblpa>KeHHe 

dS = d~ = dU -J;.dW • (47.7) 

3aMeHSISI BeJlH4HHbl dU H dW HX 3Ha4eHHSlMH H3 (47.5) H (47.6). 
sanaurea 

dS= ~ ~{D(6;)dT+D(6;)~ o:V dV+ 
m 

" +D,(~)[06m dV -~dTJ}( T OV T •
 

HJ1'H. 3aMeHSISI (aamlaV) dV aa dam'
 

dS=R~(D'(~mIT) _ D(6e':T»)(dam- 6; dT).
 
m 

Iloaaraa Xm = amlT. nonyxaea OKOH4aTeJlbHO
 

dS = R ~ [D' (Xm)- D~:m) ]ax.;
 
m 
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Ilposenenuoe ssnue npeotipaaosauae cBH.1I,eTeJIbCTByeT 0 TOM. 
'lTO BeJIH'lHHa dS S1BJISleTCSI nOJIHblM .1I,H<p<pepeHUHaJIOM. 3TO 
oanasaer, 'lTO paccxarpasaeaoe HaMH rnepnoe TeJIO y.1l,OBJIeTBO

pSieT npHHUHny KapHO. 
113 Bblpa>KeHHH .1I,JIH dS CJIe.1l,yeT 

d~m = R [D' (Xm) - D l~m)]. (47.8) 

B HBHOM BH.1I,e 9TY 3aBHCHMOCTb MO>KHO aupasan., BBO.1l,H <PYHK

UHlO Ileoas 

fXm 
3 E3 dE 3

D(Xm) = - 3 -~-+8Xm'
Xm 0 e-l 

B pe3YJIbTaTe nonysaea 

- xm Xm

--.!!.£-'R --9-f ~+_ 3 --3-f ~ 
dXm - _ X~n 0 e~ - 1 eX.... _ X 4 e~-1 ' 1 m 0 

\lJIH 
Xm 

dS _ 3R 12R f E3 dE 
(47.9)

dXm - eXm -=! - x:n 0 e~-I' 

Hurepecuo OTMeTHTb, 'lTO supaxeaae (47.9) cosnanaer C 
pe3YJIbTaToM. K KOTOpOMy npHBO.1l,HT BOJIHOBaH MexaHHKa .1I,JIlI 
9HTponHH HallieR CHCTeMW rapMOHH'leCKHX OCUHJIJIHTOpOB. ,UeR
CTBHTeJIbHO. KBaHTOBaSi xexauaxa n03BOJIHeT npoaecrn CTaTHCTH
secxoe Bbl'lHCJIeHHe 9HTponHH. Pacnpeneneamo n KBaHTOB saep
rHH h» (nOJIHaH sueprns nh'l) Me>K.1I,y g pesoaaropaxa COOT

BeTcTByeT 9HTponHH 

S=kg[(I+ ;)In(1 +;)-; In ;]. (47.10) 

TaK KaK HaH60JIee BepoHTHblM HBJIHeTCH TO pacnpeneaeuae, npa 
KOTOpOM Ka>K.1I,blR pe30HaTOp 06JIa.1l,aeT cpenuen snepruen, onpe

.1I,eJIHeMOR no <popMyJIe IlJIaHKa, TO 

h» nh» h» 
·U.= hlkT =--. ~=-- (47.11)

e' -1 g kT 
1'1 

.!!- _ 1 e~n _. 
g - e~-1 • 1+-= e~-1g 
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4HCJIO OCUHJIJIHTOpOB C 'laCTOTOR ~ (B HHTepBaJIe d'l) onpene
JIHeTClI 1'13 aupaaceaus (45.11). 6Y.1l,eM C'lHTaTb, 'lTO BeJIH'lHHa g 
pasna 9TOMy 'lHCJIy. Torna .1I,JIlI BOJIH runa m HMeeM 

V 41t~2 d» 
(47.12)g= -wa 

I1HTerpHpyH no 'I B npeneaax OT 0 .11,0 '1m• nonysaea nOJIHylO 

9HTponHIO TBep.1l,OrO TeJIa 

S= ~ s; (47.13) 
m~l, t" t. 

rne 
emiT 

T )3 f [e~ e~ 1 1 1Sm=3Nk -6- -~--ln-~----~--ln-~--~2dt( 
m e-l e-l e-l e-l 

o 

Iloaaras CHOBa Xm = emiT H rpynnnpya 'lJIeHbl, nOCJIe npocru x 

npe06pa30BaHHR nOJIy'laeM HaKOHeu 

x

Sm= 3~ f
m 

[~-ln(e~-1)1~2d~. (47.14)
X e -1 m 0 

I1HTerpHpyH no 'laCTHM. MO>KHO H36aBHTbcSI OT unrerpana, CO

nepxauiero JIOrapH<pM; .1I,eRCTBHTeJIbHO 

S= -Rln(eXm - l)+ 4R f e~E3dE. (47.15) 

X 
m 

-fln(e~-IH2d~=-
Xt3 

1n(eXm 
X 

l)+ ; f 
m 

e/ 
~ 

1~3d~. 
o 0 

Torna 
xm 

~ 
m _I X~ 0 e~-1 

,UJIH cpaBHeHHSI sroro aupaxenas C Bblpa>KeHHeM (47.9) 

nponadxpepeanapyex ero no Xm; rorna nOJIy'lHM 

Xm 
~ _ _ ReXm _ 12R fxm e~E3 dE + ;Re _ 
dXm - eXm _ 1 X~ 0 e~ -1 e m - 1 

x X m 
3Re m 12R f e~E3 dE 

(47.16)
~1 - X 4 e~-l' e - m 0 
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it 

3amUlleM 3TO aupaxeaae B anne 

~ = 3R [ 1 + 1] - 12R f
Xm 

(_1- + 1) ~3 d~ ;
dXm X m 1 X 4 ee - 1 , e -. m 0 

JIerKO BH./leTb, qTO OHO nOJIHOCTbIO cosnanaer C COOTHoweHHeM 
(47.9). )leRcTBHTeJIbHO, sropoe caaraexoe non 3HaKOM anrerpana 
./laeT nOCJIe HHTerpHpOBaHHH 

_ 12R [f.]Xm = _ 3R . X:, 4 0 

STOT qJIeH COKpaw,aeTCH C COOTBeTcTByIOW,HM CJIaraeMblM B xaan
paTHbIX cK06Kax, 6JIarO./lapH qeMy H nonysaex CHOBa (47.9). 

ITO./lBO./lH nror, cnenyer CKa3aTb, qTO H3JIOmeHHaH reopas 
BnOJIHe y./lOBJIeTBOpHTeJIbHa, rorna KaK aupaxeaae ./lJIH 
snyrpeanero naaneaaa no reopan )le6aH, B KOTopoR BBO./lHTCH 
TOJIbKO onna xapaxrepacrasecxaa rexneparypa, He cornacyercs 
C TOqHbIM BblpameHHeM (47.2). 

BOJIee nOJIHOe H3JIOlKeHHe reopaa raepnoro TeJIa MOlKHO 
HaRTH B paoore BpHJIJII03Ha 1), r ae npaaeneno, B qaCTHOCTH, 
./lOKa3aTeJIbCTBO COOTHoweHHH (47.1). 3./leCb me MbI XOTeJIH TOJIbKO 
noxaaars B03MomHOCTb BBe./leHHH B 3TY TeopHIO nOHHTHH 30H 
H YKa3aTb aa nonpasxa K reopau Ileoas, COCTOHw,He, KaK OTMe· 
THJI Bopa, BO BBe./leHHH ./lBYX xapaKTepHCTHqeCKHX rexneparyp 
llMeCTO onaoa. 
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(48.1 ) 

rne nepaon A (I;) pasen 'It, 'ITO COOTBeTcTByeT 06ll.1,eMY peure

HHIO, noayseuaoay B § 40 [pasencmo (40.4»). 

267 

(48.6) 

(48.4) 

u=A(I;)ei'-;. 

d2 

'Y/ = 0)2 -2 Co = 4v2d2C 
O; 'Y = 8v2d2C 

1•1> 

Ypa8HeHue Marne U C8Jl3aHHbie CHUM npo6AeMbi 

r.l\e 

C ypaBHeHHlIMH raxoro rnna snepaue BCTpeTHJlClI MaTbe npn 
H3y'leHHH KOJle6aHHtt 9J1J1HnTH'IeCKolt MeM6paHbi. 0HH BCTpe

'1aIOTClI raiose B aanase 0 KOJle6aHHlIx lKH.ll.KOlt nOBepxHOCTH 

9J1J1HnTH'IeCKolt <pOPMbI H aoooine npa H3y'leHHH KOJle6aTeJlbHbiX 

HJlH BOJlHOBblX npOLJ.eCCOB C 9J1J1HnTH'IeCKHMH rpaHH'IHWMH YCJlO

BHlIMH, KaK, nanpaxep, B aanaxe 0 pacnpocrpanenna axycra
'1eCKHX HJlH 9J1eKTpOMarHHTHbIX BOJIH B BOJlHOBO.l\aX 9J1J1HnTH

'1eCKOrO cexeaas. 
B CJle.ll.YIOll.I,HX naparpaoax Mbl nepe.sacaaa MHorHe saacasre 

<pH3H'IeCKHe H TeXHH'IeCKHe npoonexsr, B KOTOpblX ypasaeaae 
MaTbe arpaer CYll.l,eCTBeHHYIO POJlb 1). 

¢JlOKe yCTaHOBHJI, 'ITO oouiee peurenae ypaaneaas (48.4) 
HMeeT BH.l\ 

u (I;)= D1A (I;) etJ-; + D2B (~)e-i'-;. (48.5) 

6J1aro.llapll '1eMy aosayuiaroutas <f!YHKLJ.HlI 6Y.l\eT HMeTb nepnon 

He d. a 'It. Teneps nocne HCKJlIO'IeHHlI rapaonaseceon 3aBHCH

MOCTH OT BpeMeHH noaysaex cnenyiouree ypannenae .l\JllI u: 

d'u 
dx2 + ('Y/ + 'Y cos 2~) u = O. 

rne D1 H D2  nponaao.n.nue nocroaaaue, a A (~) H B (~)
nepHO.l\H'IeCKHe <pyHKLJ.HH C nepHO.llOM 'It. Y'IHTMBall CHOBa Bpe

MeHHolt <paKTop eiwt , noaynaea, 'ITO peurenne .l\JllI ~ npencra

BJllIeT cocoa cynepn03HLJ.HIO .l\BYX BOJlH, pacnpOCTpaHlIIOll.I,HXClI 

B npOTHBOnOJlOlKHblX nanpaaaenaax, onna H3 KOTOpblX saryxaer , 

a .l\pyrall HapaCTaeT. 

ECJlH paCCMaTpHBaTb TOJlbKO O.l\HY H3 9THX BOJlH, TO MOlKHO 

nOJlOlKHTb 

1) Beane B TeKCTe rrapaxerpu ypasueaas MaThe 0603HalJalOTCli 
xepea '1j H 1. 3tH lKe rrapaxerpu Matbe 0603HalJaeT KaK R Ii + 2h2 , 

CtP9TT - KaK A H 2h2 , CtP9TT Ii Bau-nep-Iloas - KaK 4002 Ii 4Cl2 H, 
HaKOHeI.\, YHTteKep H Xaatiepr - KaK a Ii 16q. 

,.,-, 

I 

~ 

1\ r...,' 

Ilo CHX nop HCCJle.l\OBaHHe nO.l\06HbiX ypaaneaaa npOBO.l\HJlOCb 

TOJlbKO B npennoaoxenna, 'ITO K09<p<PHLJ.HeHT C1 osem. MaJl 

Ii C03.l\aeT JlHWb MaJlble B03MYll.l,eHHlI. T. e. MOlKHO 6blJlO no

JlOlKHTb 

YPABHEHHE MAThE H CB$l3AHHLIE C HHM npOliJIEMhl 

fJlaBa 9 

F=Co+ef. 

rne e  O'leHb MaJlMtt napaxerp. Teneps Mbl CHOBa B03BpaTHMClI 

K 9TOtt sanase, C'IHTall. 'ITO BeJlH'IHHa K09<p<pHLJ.HeHTOB Co H C1 

np OH3BOJlbHa. 
nJlll 06J1er~eHHlI HCCJle.llOBaHHlI npHBe.l\eM ypaBHeHHe MaTbe 

K KaHOHH'IecKoMy BH.l\Y. npoaasena saaeny nepeaennoa 

!;= 1>; • (48.3) 

§ 48. 06II{lfe aaaesanaa 

ECJlH npennonoaorn-, 'ITO <PYHKLJ.HlI F (X) nepaonnsna no X 
C nepaonoa d H COCTOHT TOJlbKO H3 onaoro '1J1eHa C KOCHHy

COM, TO (48.1) npHHHMaeT <POPMY ypaaneaas Marse. Ilpa 9THX 

YCJlOBHlIX paccxorpennoe panee pa3J10lKeHHe (40.3) npHHHMaeT BH.l\ 

F (x) = Co+ C1e
21ti (x/d) +C1e-21ti (x/d) = Co + 2C1 COS 2~x • 

(48.2) 

I13y'lall pacnpocrpanenne BOJIH B cnaouraoa cpene C nepao
.llH'IeCKott CTpyKTypOtt. MM pa306paJlH B § 40 HeKoTopwe CBOtt

CTBa ootuero peureaas 9Tott sanaxa H 06CY.l\HJlH psn npauepoa. 
HaH60Jlee H3BeCTHbiM H3 sroro xpyra sanas lIBJllIeTClI cJly'latt 

onnoxepnoa crpyxrypu, .l\JllI KOTOpOtt ypannenae (40.1) CBO

.l\HTClI K CJle.lIYIOll.I,eMY ypaBHeHHIO: 

o'<\Jox2 + 0)2F (x) ~ = 0, 

ljI = eiwtu(x). 
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Burne aeaae npennoaaraaocs. 
.neltcTBHTeJlbHO B aane BOJlHbl, T. e. 

k 
p. = l~ = l-;;. p.~ = l~e = 

qTO petuenne cyuiecrayer 
qTO napauerp 

kx 
iT = l21tax. 

H OTblCKHBaJlOCb cOO-TBeTcTBYIOIll,ee aaaueaae uacrorta ill. Ceasac
 
Mbl nocrynaex Ha060pOT: npennonaraa sacrory sanannoa. nu

-24 -16 -8 a 8 16 

-"7 
24 32 40 

<t> H r. 120. 

TaeMCSI onpe.ne.JlHTb xapaKTepHCTHqeCKHlt 
nenrsr p.. 

DPH 9TOM MoryT BCTpeTHTbcSI paa.ursnsre 
a) p.  «ucmo .MHU.MOe 'lUCIlO, T. e. 

p.=l~, 

noxasareas 

caysaa: 

sxcno

(48.7a) 

1J=Y
 

qTO COOTBeTcTByeT He3aTyxaIOIll,HM rapMOHHqeCKHM BOJlHaM. 
6) p. - «ouasexcnoe UIlU oeacmeumessnoe sueno, T. e. 

(48.76)p.=o:+l~, 

qTO naer 3aTyx3IOIll,He BOJlHbI. 
3aMeTHM, qTO COOTHOIlleHHSI (48.4) nOKa3b1BaIOT, qTO npo

nopuaonaasnue . ~2 napaxerpu lJ H T pacryr C YBeJlHqeHHeM 
xacroru, B TO BpeMSI KaK HX OTHOIlleHHe OCTaeTCSI nOCTOSlHHbIM. 

OCHOBHble pesyasraru. K KOTOpblM npasonar aaysenae ypaa
HeHHSI (48.4), HJlJlIOCTpHpoBaHbl na qlHr. 120, rae no OCSIM 

I~
, .'\;; 
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xoopnaaar OTJlOmeHbl BeJlHqHHbl lJ H "[. He3aIllTpHXOBaHHblM 
06J1aCTSIM COOTBeTCTBYIOr re napu 3HaqeHHlt lJ H "[, .nJlSl KOTO
pux BeJlHqHHa p. KOMnJleKCHa HJlH aeacrnareasua. T. e. BOJlHa 
aaryxaer, a 3aIllTpHXOBaHHbIM.c HanpOTHB, - re 3HaqeHHSI napa
MeTpOB, npn KcOTOpblX p. - qHCTO MHHMoe qHCJlO. T. e. aaryxa
HHe OTCyTcTByeT. 

DpHMeHSISI TeXHHqeCKYIO TepMHHOJlOrHIO, MomHO CKa3aTb. 
qTO neaaurrpnxoaannue 06J1aCTH COOTBeTcTByIOT nOJlOCaM nenpo
nycKaHHSI (HJlH norJIOIll,eHHSI), a aaurrpaxosannue - nOJlOCaM 
nponycxanas. 

DJlOCKOCTb 'Yj"[ na !pHr. 120 y.n06HO pa36HTb na TpH 06
JlaCTH, npoae ns npsaue 

lJ="[. lJ=-"[, 

xoropue, xax yBH.nHM HHme, MomHO npansn, aa HOBbIe KOOp
.nHHaTHble OCH. 

DPH HeOrpaHHqeHHOM B03paCTaHHH "[ H npn n> "-"[ 3a
IllTpHXOBaHHble 06J1aCTH cyxaiorca, npespaurascs a mpenene 
B rtpaxue, napanneasaue HanpaBJleHHIO lJ= - "[. JII06aSl nps
MaSl, napaaaeasnas OCH lJ H .nOCTaTOqHO OT Hee ynaneauaa, 
nepecexaerca 9THMH npSlMblMH B TOqKaXC aocunccon . 

lJ = -1+ (2n + I) V2-'f (n - uenoe), (48.8) 

DPH scex lJ< ;-"[ pac,/pOCTpaHSIIOIll,HeCSI BOJlHbl CYIll,eCTBOBaTb 
He MoryT. B Ta6J1. 3 npanenenu yCJlOBHSI, xapaxrepaayourae 
.npapony BOJIH. 

Ta6.11uqa 3 

"l<-r 
I 

flo -,1I,ei:icTfIHTeJlbHOe HJlH 
1 Iloaoca H~nponYCKaHHSI.

KOMnJleKCHOe lJHCJlO 

-1<"l<1 flo - ,1I,ei:icTBHTeJlbHOe HJlH nOJlOC~ HenponycKaHHSI 

KOMnJleKCHOe lJHCJlO 

flo - lJHCTO MHHMoelJHCJlO CymeCTBYIOTY:lKHe no

[L  neacraarensaoe HJlH 

KOMITJleKCHOe lJHCJlO 

flo - lJHCTO MHHMoe lJHCJlO 

J10CM nponycKaHHSI 

"l>I' Y3KHe nOJlOCM Henpo

nycKaHHSI 

CymeCTBYIOT mupoxae 
nOJlOCM nponycKaHHSI 
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H3 rp3HHU3X a3rnTpHxoB3HHbIX H Hea3rnTpHxOB3HHblX 06J13

crea ./leRCTBHTeJlbH3H lJ3CTb 1.1 06p3lll,3eTCH B HYJlb 

Rep.=O. (48.9) 

OCb 7j COOTBeTcTByeT aH3lJeHHIO n3p3MeTp3 1=0. lJTO HMeeT 

MeCTO B CJlYlJ3e O./lHOPO./lHOR 6eCKOHelJHOR cpe./lbl 6e3 nepHo.uH

lJecKoR crpyxrypu. DOJlO)KHTeJlbH3H nOJlYOCb 7j npOXO./lHT TOJlbKO 

xepea a3rnTpHXOB3HHble 06J13CTH. nOCKOJlbKY H3 yp3BHeHHH (48.4) 

npH YCJlOBHH p3cnpocTp3HeHHH nOJlYlJ3eM 

1 2d 2 
C = -2' 41t > O. (48.10)o V 7j= V~ o 

B 06J13CTH, uenocpencrsenao npaneraioutejt KOCH 7j. 3H3lJeHHe 

I ~ 'Yj. lJTO npHBO./lHT K nOHBJleHHIO M3J1bIX BoaMymeHHR. Ilse 
xpasue, Orp3HHlJHBaIOmHe a3rnTpHXOB3HHble 06J13CTH, H3lJHH3IOTCH 

BCer./l3 B TOlJK3X OCH 7j C 36cUHCcoR 

7j = n 2 (n- LleJIOe) (48.11) 

H HMeIOT B 3THX TOlJK3X K3C3HHe (n - 1)-ro nOpH./lK3, T3K lJTO 

rp3HHlJHble KpHBble 

npa n = 1 H3lJHH3IOTCH B onuoa TOlJKe; 

npa n = 2 HMeIOT, KpOMe roro, 06myIO BepTHK3J1bHYIO 

K3caTeJlbHYIO; 

npa n = 3 HMeIOT 06myIO BepTHK3J1bHYIO K3C3TeJlbHYIO H ona
H3KOBYIO KPHBH3HY H T • n. 

HCCJle./lOB3HHe rp3HHlJHblX KpHBbIX, K KOTOpOMy MbI euie 
aepnexcs, 6blJl0 anepsue nposeneao M3Tbe. 

§ 49. Oduiee HCCJlelJ.OBaHHe ypaBHeHHH MaThe 

Buuie MbI OTMelJaJlH, lJTO nOJlYlJeHHOe <l>JlOKe oouiee peure
HHe yp3BHeHHH M3Tbe MO)J{HO npe./lCT3BHTb B sane (48.5). nJlH 

nOJlYlJeHHH nOJlHoR KapTHHbI ./lOCT3TOlJHO HCCJle./lOB3Tb JlI060R 

na 3KcnOHeHUH3J1bHblX q,3KTOPOB. BXO./lHmHX B (48.5). lJTO npa

BeJlO 6bI K P3CC'MOTpeHHIO CB060./lHbIX BOJIH THn3 (48.6). BbI60p 

./leRCTBHTeJlbHoR KOM6HH3UHH 3THX c!J3KTOPOB 6Y./leT COOTBeT

CTBOB3Tb CTOHlJeR BOJlHe. 3TOT THn peuieuns H acnonsayerca 

06bIlJHO npa lJHCJleHHOM HCCJle./lOB3HHH yp3BHeHHH M3Tbe. 
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\li; 

Kpasue, OT.ueJlHIOIUHe 06J13CTH, B KOTOpbIX napaxerp 1.1 
HBJlHeTCH lJHCTO MHHMbIM. OT 06J13CTeR C KOMnJleKCHbIM HJlH 

.ueRCTBHTeJlbHbIM 1.1. COe./lHHHIOTCH, K3K Y)J{e OTMelJ3J10Cb. nonapao 

B TOlJK3X H3 OCH 'Yj C 36cUHCcoR 7j = n2 (n - ueaoe). 3TH TOlJKH 

COOTBeTCTBYIOT CJlYlJ3IO, xorna npn 1=0 yp3BHeHHe HMeeT 

nepaonasecxae peureuas 

cos me. sin me. 
npHlJeM 

1.10 = im. = i Vll = in (n - LleJIOe). 

B 60Jlee 06meM CJlYlJ3e, xorna 'Yj He p3BHO KB3.uP3TY ue
noro lJHCJl3. HO 1=0, yp3BHeHHe M3Tbe T3K)J{e HMeeT nepao
./lHlJeCKHe perneHHH BH.u3 

cos mt, sin me. (49.1) 

r./le 1.10 = tm = t v1i. 
<l>YHKUHH A (e). B (e) CBO.uHTCH rorna npOCTO K nOCTOHHHbIM. 

3 nauie peureaae npHBo.uHTCH K oouiexy suny (48.5) C no

MombIO c!JOpMy JI 3RJlep3 

eim~ + e-im~. ei~ _ e-im~ 
cos me = 2 • Sin me = 2i ; 

aa nepaon c!JOpMyJlbI
 
1
 

Dt=D2=T' 

3 aa BTOpoR 
1 

Dt=-D2=21' 

Byneu H3abIB3Tb 0606meHHbIMH c!JYHKUHHMH M3Tbe peuieaas 
yp3BHeHHH (48.4). xoropue npa 1=0 CBO.uHTCH K (49.1). 

3 npa scex I =1= 0 MoryT 6b1Tb paanoaceau no CTeneHHM I' 

DpHMeM .uJlH 3THX q,yHKUHR 060aH3lJeHHH 

Cem(I' e). Sem(I' e). (49.2) 

06e 9TH c!JYHKUHH COOTBeTcTByIOT O.uHOMy H TOMy )J{e aH3

lJeHHIO m H, CJle.uOB3TeJlbHO. 1.1' a3BHCHmeMY OT 'Yj H I' 

p.=im=!('Yj,I), (49.3) 

npaxex m CTpeMHTCH K V 11. KOr.u3 1-+ O. 



272 I'naea 9 

Ilpa m ueaux Ce H Sem - nepao.aasecxne epyHKUHH; B npem 
,lleJlbHOM cnysae m = 0 peureaae Ceo CBO,llHTCSI K 1. 

KaK S1CHO BH,llHO H3 epHr. 121, KalK,llOMY 3H3lJeHHIO p. (HJlH m), 
neacauieay B aaurrpaxoaaaaoa 06J1aCTH, B nJlOCKOCTH ('lJT) COOT
BeTcTByeT onpeneaaexaa COOTHoweHHeM (49.3) KpHBaSi (I'm)' 

~I\~
"'" '"" 

.", I Ifl"'. 125 
I 
I 
I 
I 

t 

<t> Hr. 121. 

:J1106ott TOlJKe KOTOpOtt MOlKHO COnOCTaBHTb nne epyHKUHH Cem 
,H .Se . I1CKJllOlJeHHe npencraaamor co6ott xpasue, OrpaHHlJHm 
B31OI.lJ.He 3aWTpHXOBaHHhle 06J1aCTH, KalK,llott H3 KOTOpbIX, KaK 
BH,llHO H3 epHr. 121, COOTBeTcTByeT TOJlbKO O,llH3 H3 3THX epyHK
UHtt. rpaHHlJHhle KpHBhle (rm) BhlXO,llSiT nonapHO H3 TOlJeK OCH 
a6CUHCC 'Yj = m2 = L 4; 9, 16, npaxea onaon H3 HHX COOTBeT
.CTByeT epyHKUHSI Cem , a npyroa - Sem. Kaacaoe H3 3THX peure
HHtt y~aBHeHKSI MaTbe CBSl3aHO C ,llPYfHM HenepHO,llHlJeCKHM 
peuieaaea. 

C noxouiuo epHr. 121 MOlKHO cnexars BalKHhle BbIBO,llbl 
o pacnpocrpaaeaaa BOJIH B nepaonasecxon cpene, x3p3KTepH
ayexon K03epepHUHeHTaMH Co H C1• K3K cnenyer H3 (48.4). 

YpaBHeHue MaTbe U cBJlsaHHble CHUM f1P06AeMbl 213 

napauerpu 'Yj H T nponopUHOH3J1bHhI ",2, a OTHOWeHHe HX OCTaeTCR 
nOCTO~HHbIM 

J. _ Co 
(49.4)1 - 2C1 • 

Eho COOTHoweHHe onpenenser npsxyio, OTMelJeHHYIO H3 ep,ir:121 
2HH,lleKCOM Ul , KOTOp3S1 BhlXO,llHT H3 aasana KOOP,llHH3T H~nepe

cexaer xpaaae (I'm)' cooraercrayiouiae P33J1HlJHbIM m. Ilepe
xeuraacs B,llOJlb 3TOtt npauon. Mbl nocnenoaerem.ao 6Y,lleM 

-4 -j -2 -I a-~1--~2-~3~-~4;-- m 
I • I I , I I I I k 

-411 -sn -2 tr 1 0 tr z« 3n 4n 
.• • I 

30Ha 1 

<t>Hr. 122. 

nonanars B o6J1acTH, coorsercrsyioume nonocax nenponycxauaa 
HJlH nponycKaHHSI. 

Ha epHr. 122 CXeMaTHlJeCKH H306palKeHa KpHB3S1. xapaxre
pH3y101.lJ.3S1 3aBHCHMOCTb lJ3CTOTbi OT m, 

CooTBeTcTBHe MelK,lly ynoTpe6J1S1eMhlMH aaecs 0603H3lJeHHSlMH 
Ii 0603H3lJeHHSlMH, HCnOJlb30BaHHblMH B npenunyumx r JlaB3X, 
BblTeK3eT H3 COOTHoweHHtt (48.6) H (49.3): 

k
lp.=--=-m. (49.5)

11: 

O"eBH,llHO. BeJlHlJHH3 + mt: arpaer POJlb BBe,lleHHOrO panee I13
paloleTpa k. 

18 3aK. 201. 
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BMeCTO roro 4T06bl paCCMaTpHBaTb, KaK 9TO neaaercs B CJlY

sae O,llHOP0,llHOt;! neaosxyineunoa cpenu, BCIO 06J1aCTb H3MeHeHH5I k 
(HJlH m), B KOTOpOt;! onpeneneua HenpepbIBHa51 KpHBa51 v(k), 
MbI B CJlY4ae B03MYllleHHot;! cpenu orpaHH4HMC5I JlHlllb MaJlbIMH 

3Ha4eHH5IMH I k I H nepenecex ace BeTBH paapuaaoa KpHBOt;! v(k) 
B nepBYIO 30HY (~7t <. k <. rr), OTCIO,lla nOJlY4aeM CJle,llYlOlllHt;! 

BamHblt;! peaym.rar: eCJlU eosxytuenue yeesusueaemcs, m. e. 
eCJlU C1- pacmem, mo nOJlOJICeflUe paspueoe ue sennemcs, 
no eenuxuna smu x paspusoe eospacm aem, 

O'Ollla51 TeOpH5I ypaBHeHH5I MaTbe nOJlHOCTblO 1'13J10meHa 

YHTTeKepOM H BaTCOHOM 1), xoropue npasena B csoen KHHre 

psn BamHbIX pesyJlbTaTOB, CB5I3aHHbIX C npl1MeHeHHeM 6eCKo

He4HbIX orrpe,lleJlHTeJlet;! (CM. § 40). 
YHTTeKep H Barcon paCCMOTpeJlH ypasnenae XHJlJla, 51BJI5IIO

uteecs o606111eHHeM ypaBHeHH5I MaTbe H HMelOlllee CJle,llYlOlllHt;! 

BH,ll: 
d?u
dx

2 
+ J (x ) u = 0. (49.6) 

rne J(x) - nepaonauecxas epyHKU,H5I x C nepaonox rr, Taxoe 
ypaaneuae, aanucaunoe anecs ,llJl51 cnysaa O,llHOrO H3MepeHH5I, 

paccaarpaaaaocs B r JI. 7. 
0603Ha4eHH5I, HcnoJlb3yeMble B TeKCTe, CB5I3aHbI C o603Ha

4eHH5IMH, npHHHTbIMH YHTTeKepoM H BaTCOHOM 1) CJle,llYlOlllHM 

06paaOM: 
1 1 2 .

d s-» «, b = d ~ -;- , Ita ~ lP.. 
(49.7) 

w2C ~ On' w2p ~ J.n 

Teneps HCHO, 'ITO ypasueaae (49,6) coananaer C ypasue

HHeM (48.1). 
YlcCJle,llOBaHHe, nposeneanoe B § 40 H 41. npnneao K paCCMO

TpeHHIO nerepxanaara, aaa xoroporo onpeneasercs B rpex

MepHOM CJlY4ae ypaaueaaex (40.14), a B onuoaepuoa-e ypasne

HHeM (40.15).
B npHH5ITbIX o603Ha4eHHHx 9TOT nocaenuan nerepxnnanr 

3anHCWBaeTC5I B BH,lle 

. I Cm - p 1 ID = IDmp I= (a- mb)2 - --;;2 0mp , (49.8) 

1) W hit t a k e r, W a t son, Modern Analysis, Cambridge, 1920, 
Chap. IX, § 19-41. 

YpallfleHue MaTbe II C8fl3aHHbie C 1-lUht np06Jle,ltbl 2~5 

B o603Ha4eHH5IX YHTTeKepa H Barcoua 

1 [ UJ~CI/l_ P ~] 1 [ 0m- p ] 
D m p = ,2 (lfL-2m)2 - amp = v2 (lfL- 2m )2 -Omp . (49.9) 

YHTTeKep H BaTCOH BBO,ll5lT HUOt;! nerepuuuau'r. CMbICJI 

xoroporo 6Y,lleT seen HHme. 

. <1>YHKU,HH J(x) npennoaaraercs «emuoa H HMelOlllet;! nepuon rc, 

TaK 'ITO ee pa3J10meHHeM <1>ypbe 6Y,lleT 

00 

J(x)=Oo+2 ~ 0mcos2mx, (49.10) 
m~l 

npnsex PflO uoaljJljJUlJ,UeflmOB Om npeononazaemcn tuicontomno 
CXOOflW,UMCfl. 

Iloaaras °-m = Om> auiex peurenne ypaBHeHHH XHJlJla B BH,lle 

+00 
U = efLX ~ b ei 211!x 

f (49.11)~ 1n 
H~= -co 

rne HeH3BeCTHbIMH HBJlHIOTCH b H p..m 
nO,llCTaBJlH5I B ypasaenae XHJlJla supaxenae ,llJl51 J(X) H U(x), 

noaysaea CHCTeM y JlHHet;!HbIX ypanueuna OTHOCHTeJlbHO HeH3

BeCTHbIX bm 
+00 

(p. + 2mi)2 bm + ~ Opbm _p = 0 (49.12) 
p ~-oo 

npH m. = ... - 2, - 1, 0, 1, 2, ... 

Paaaeaas Kam,llOe H3 9TiiX ypaaaeaun na 00 - 4m 2 , lIOJlY4HM 

YCJlOBHe COBMeCTHOCTH B BH,lle 

Ii (ip.)= O. 

3,lleCb Ii (lp.) - 6eCKOHe4Hblt;! nerepannaur, 9J1eMeHTaMH KOTO

poro 51BJl5IIOTC5I 

A _ (lfL- 2m)2 - 0 °m-p
mm- u 0 Amp = Ll~2_A npn m =1= p. (49.13) 

O,llHaKO nerepxanaar Ii (ip.) 51BJl5IeTCH JlHlllb nOJlYCXO,llHlllHMCH, 

nociconsxy ero naarouaasnue 9J1eMeHTbI He CXO,ll5lTCH a6COJlIOTHO. 

n09TOMY YHTTeKep BBO,llHT a6COJllOTHO cxonsuraac» nerepaa

HaHT Iii (ip.)= IHmp I, paanenas ypaBHeHHH CHCTeMbI (49.12) 

18* 
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ICOOTBeTCTBeHHO Ha (lp. - 2m)2 - eo; 9J1eMeHTbI noro .neTepMH

HaHTa HMelOT BH.n 
6m- p

Bmp = - (2m - i f/- )2- 6 (m=l=p); Bmm=l. (49.14)
0 

CXO.nHMOCTb sroro nerepxanaara 06ecnelleHa, osesanao, 
a6COJIlOTHoit CXO.nHMOCTblO psna K09:pq,iiu.HeH'roB em' aa HCKJllOlIe
llHeM TeX 3HalleHHit p., UpH KOTOpblX aHaMeHaTeJlb 9J1eMeHTa Bmp 
oopauiaerca B HyJlb. 

OrMeTHM, liTO 9J1eMeHTbl ~1 (lp.) nonycxaior 06111ee npen
CTaBJleHHe 

- 6m - p +bmp (2m-if/-)2 (2m-lf/-)2
 
Bmp = 6 + 2 2 = 'I 

2
Dmp 2C (2 .
- 0 (m-if/-) w 0- m-if/-)2 

l1a BTOpOIt <POPMbl aanuca BH.nHa orxexenaaa suure CBSIab C 9J1e
MeHTaMH nerepxaaaura (49.8). 

Me>K.ny .neTcpMHHaHTaMH ~ (ip.) H ~1 (lp.) cyuiecrayer COOT
aoureane 

sini (if/-+ Va;;) sin i- (if/- - Va;;) 
(49.15)~ (lp.) = - ~1 (lp.) (1t _)
 

sln2 "2V 60
 

KpOMe roro, MO>KHO nosasan., -rro 

~1 (ip.) , 1+ k [ctg ; (ip. +Veo) - ctg i (lp. - Va;;)] 
H, CJle.nOBaTeJlbHO, 

sin ; (if/- - V60)sin ; (if/- + Va;;) 
~(ip.)=- + 

sin2(iva;;) 
+ 2k ctg (; va;;). (49.16) 

nOCTOSlHHaSi k onpeneaserca na <POpMyJ1bl 

~l(O)=~(O)= 1 +2kctg(; V~). 
OKOHlIaTeJlbHO nOJlYllaeM 

sln2 ( -;- if/-)
 
~ (ip.)= ~ (0) (49.17)
 

sin2(; V 60 f
 

~.' I1TaK• .neTepMHHaHT ypaBHeHHSI XHJlJla 06pl111aeTCSI B HyJlb, eCJJl1 
y.nOBJleTBopSleTCSI ypaBHeHHe 

sin2(; IP.) = ~ (0) sin2(; V eo) . (49.18) 

nOJlYllHB OTCIO.na auauenne p., MO>KHO Ha~TH K09q,q,Wu.HeHTbl b •m 
onpenenmoume u (x). 

OTOT peayJlbTaT HHTepeceH, B lIaCTHOCTH, TeM, liTO OH no
J1YlleH .nJlSl ypaBHeHHSI XHJlJla, SlBJlSllOlllerOCSI 60Jlee 06111HM. lIeM 
ypasaenne MaTbe. B naumx 0603HalleHHSlX [CM. (49.7)) ypaa
HeHHe YHTTeKepa (49.18) npHHHMaeT BH.n 

Sin2(1t2a)=~(0)sin21t2W VCo=~ (0)Sin2(~:). (49.19) 

Ilonyseaaoe 06111ee COOTHoweHHe CBSl3bIDaeT -racrory 'I H 
BOJIHOBOe lIHCJlO a B cnysae onnoaepaon crpyxrypsr, nepaona
lIeCKolt no x C nepnonou 1t. JIerKO nnners, nro 'I SlBJlSleTCSI 
nepaonuxecxon <pyHKu.Hel'l a C nepuonoa l/d = 1/1t. npanex 
npH ~ (0) > 1 <PYHKU.HSI 'I (a) paspunaa. 

COBna.neHHe 9THX BblBO.nOB C peayJlbTaTaMH rJl. 3 OlleBHAHO. 
Buure Mbl npennonarana, nro J(x) SlBJlSleTCSI seruoa <PYHK

uaea. O.nHaKO H3J10>KeHHbllt MeTO.n npHMeHHM H npn 60Jlee 06111HX 
npennoxosceaasx, TOJlbKO H npa 9TOM He06xo.nHMb1M YCJloBHeM 
SlBJlSleTCSI a6COJIlOTHaSi CXO.nHMOCTb psna K09:t>q,Hu.HeHToB em' 

§ 50. UpaKTHqeCKHe MeTo.nM HCCJie.noBaHHH 
ypaBHeHHH XHJiJia 

l . CJiyqall cryneavarof KpHBoll. KaK yace YKa3blBaJlOCb 
suure, ypasnenae XHJlJla nonysaercs H3 ypaBHeHHSI MaThe npn 
saaene B HeM lIJleHa C KOCHHyCOM npoaaaoasuon nepaona-recxoa 
epyHKu.Helt ! (x); nnaxe rOBOpSl, ypasneaae XHJlJla MO>KHO aann
cars B anne 

d~u 

d.x 2 + ['IJ + r!(x)) u = O. (50.1 ) 

PSI.n 06111HX peaynt.raroa 6blJl nOJlYlIeH B 9TOit 06J1aCTH CTp9TTOM. 
Ilpeanoxoxaa, uro anrerpan OT <PyHKU.HH ! (x), B3S1Tbllt 

no ee nepaony, panen HyJlIO. T. e. 

!(x)=O, 
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11 0603Ha 4l1M 1.'rI 11 t; a6COJIIOTHbie 3Ha4eH HI I (X) COOTBeT

CTBe:iHO B MaKcHMyMe H Ml1H:IMYMe. Pa306beM nJIOCKOCTb ('PHr. 123) 
("I. 'r) na rpa 06JIaCTH npHMblMI1 

"I=-o,dM • "1=1/
111 

, (50.2) 

B 06JIaCTH I 3HalJeHI1e p. KOMnJIeKCHO; B 06JIacTH II p. B 06lUeM 

KOMnJIeKCHO. O,UHaKO 3Ta 06JIaCTb 
r nepecexaercs Y3KHMH nOJIe CaMI1. BHY

Tpl1 KOTOpbIX P. HBJIHeTCHlJHCTO MHH

MbIM; B 06JIaCTH me III, rne p., Bo06

uie roaopa, lJl1CTO MHI1MO. cyuiecrsy

lOT Y3KHe nOJIOCbl KOMnJIeKCHOro flo. 
3TH )Ke peaynsraru MomHO noX TJ 

JIYlJHTb aa npOCTOM npnaepe, .MR 

KOToporo D~lJI1CJIeHHH MoryT 6~Tb<P IH. 123. 
nonenenu ,UO KOHu,a. 

PaCCMOTpHM <PYHKU,111O I (x), npHHI1MalOlUYIO nonepexenuo 

JII1Wb nsa 3HalJeHHH: 11 na~I1HTepBaJIe i1 11 12 na HHTepBaJIe i2. 

f 

I I I 
r--lr---r12-t 
f-----d +------i 

I I! 

o 
<P II r. 

TaKaH <PYHKU,HH npasonar K 

TOpOM I (x) aupaxaerca KpHBOtl, 

"1+1/1 = "11=-xi 
1J + 112 = 1J2= - Z~ 

.... X 

124. 

ypanueuaio rana (50.1). B 

11306pa)KeHHotl aa <pHr. 

npll -i1 < x < 0, 

KO

124, 

(50.3) 
npll 0 < x < i 2• 

Ha 

Bl1l1.a 

I1HTepBaJIe (-i1• 0) ypaaneaae I1MeeT 

u = Aex,x+ Beri«, 

oouiee 

(50.4) 

peureuue 

a na HHTepBaJIe (0. i2) -

!l = Ceu" + Derts», (50.5) 

n\

l Ypa6Helwe MaTbe u C6R3aHHbie CHUM npotinesu« 

:'.' C npyron CTOpOHbI. 06111ee peWcHl1e MomHO npencraaars B <pop~" 
Me, KOTOpylO npennosoor <PJIOKe [CM. (48.5)]. Buriepea o any 

113 9KcrrOHeHT, BXOll.HlUHX B 9TO peurenne. aanpaaep 

u = A (x) e fL", (50.6) 

r lI.e A (x) - nepnonaxecxaa <PYHKU,I1H C nepnoao a i 1 + i 2 = d. 
OlJeBHlI.HO. 'ITO 

u (x) = ei·du (x - d). (50.7) 

OTClOlI.a cnenyer, 'ITO peureune na I1HTepBaJIe i2< x < i1+ i2=d. 
'I .QJII1Ha xoroporo pasua i 1• MomeT 6blTb sanacano B BI1.Qe

J u (x) = AeP·deX' (X-d) + BefLde-X. (x-d). (50.8) 

1 Teneps aanasa CBOll.l1TCH K onpeneneuaio K09epepl1u,l1eHTOB A, B. C 
11 D, xoropue MomHO HatlTH 113 YCJIOBI1H HerrpepSIBHOCTI1 <PYHK

~\ U,1111 U (x) 11 ee nepsoa rrpOH3BO.QHotl duldx na r panauax I1H' :. ,\ 

}I£ repsaxa (0. i 2) . 

:; YlJl1TbIBaH 9TI1 YCJIOBI1H. nonysaea COOTHOWeHI1HI~.: npa x = 0 
A+B=C+D. 

(50.9)AX1 - HZ1 = CX2 - DX2' 
npa x = i 2 

AefLd-Xll, + Bep.d+x1l, = Cex,l, + Dex,l" 

AX1efLd-X,l, - BX1efd+X,l, = CX.2eX'(' -- D I.ze-x,l,. 

3TI1 ypaBHeHI1H npell.CTaBJIHIOT c060tl JII1HetlHYIO O.QHOP0.QHYIO 

CI1CTeMY OTHOCI1TeJIbHO K09epepl1u,l1eHTOB A, B. C 11 D. yCJIO

Bl1eM COBMeCTHOCTH KOTOpOtl HBJIHeTCH: 

1.1 -Xl X2 -X2 
1=0. (50.10)efLd-x,l, eP-d+x,l, ex,l, e-x,l, 

XlefLd-Xll, - XleP-d+X1l, X2ex,l, - X2e- z,7, 

I10JIaraR V= ep.d, nOCJIe npOCTbIX BblKJIall.OK npuxonna K ypaa

HeHl110 

Y2 - 2V[ch Xlii ch /.2i2 + ~ (~~ + ~~) sh '/.li1sh X2i2J + 1 = 0, 
(50.11) 
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xoropoe HMeeT naa peIIleHHSI 

YI = e(Ld, Yz= e-(Ld. 

npoaaseneune KOTOpbIX
 

YIYz = 1,
 
a cyMMa 

JYI + Yz= e:•d + e -(Ld = 2 ch p.d= 

=2 [chY.1/IChXz/z +-2 
1 (1:.!.+ X2)shXI/IshX2 /Z]'• X'l. Xi • 

OKOH'IaTeJlbHO nonysaeu 

ch p.d= ch XIII ch X2/Z + 2
1 (-h+ ft) sh XIII sh Xz/z. (50.12)

• '1..2 Xl 

ECJlH npennonoaorrs. 'ITO epyHKLI.HSI f (x) seaae nOCTOSlHHa, . TO 
XI = Xz H peureaaex 6y.neT 

p.d= XIII + '1.2/2' 

YpaBHeHHe (50.12) MOlKHO paccaarpaaars KaK '1aCTHbIlt CJIY~ 
'1alt60Jlee 06UJ,ero asrpaxenaa. n pe.nnOJIO)KHB, 'ITO /.1 H /.2 
xoryr 6blTb H .neltcTBHTeJIbHbIMH H '1HCTO MHHMbIMI1, nexoropue 
H3 rHnep60JlH'IecKHx epyHKLI.Hlt B (50.12) MO)KHO 3aMeHHTb na 
06bl'lHble TpHroHOMeTpH'IeCKHe. 

Paccxorpax, B '1aCTHOCTH. sanasy Baa-nep- nOJISI H CTp9TTa, 
KOTOpOlt coorsercrayer II = 12 = 1t/2. 

KaK H B ypaBHeHHH Mart.e, nepaon d pasen rr, a 

1JI ='Yj+j. 

1Jz = 1J - j. 

B 3aBHCHMOCTH OT COOTHOIIleHHSI MelK.ny 'Yj H T MoryT 
MeCTO .nBa cJlY'laSl: 

1) 1J> r > O. 
Ilpn 9TOM "1/1 H 1Jz nOJlOlKHTeJIbHbl H 

1 1tV
XIII ="2 1tXI = "2 -1JI = tx-, 

1 1tV
/.2/2 = "2 1tXz = "2 - 'Yjz = lxz• 

f" = if'" = 121ta, 

(50.13) 

HMeTh 

\~
 

-;~) 

JlpaBHeHue MaTbe u cBflsaHHble CHUM np06.JleMbl 

BMeCTO ypaBHeHHSI (50.12) nOJIyqaeM 

COS 1tp.'=cos XI cos Xz - ,~ (~+~) sin XI sin X2' 
L	 X2 Xl 

2) 1/ < i > O. npH 9TOM 1/1> 0, 1/z < 0 H 

1t 1t - 1 / "2XI = "2 V -1/1 = lXI' 

1t rt V-
"2;.(2 = "2 - 1/2 = X3' 

YpaBHeHl1e (50.12) npHHHMaeT BH.n 

COS1tp., =cosxIch X 3--
1 (XI---X3).slnxlsh x •
2 X 3 Xl 3 

(50.14) 

(50.15) 

npe.nCTaBJISIeT anrepec I1CCJIe.nOBaHHe nOBe,neHHSI BblpalKeHHlt 
(50.12)HJIH (50.14) H (50.15) na nJIOCKOCTH (1/, j) H, B'IaCTHO
CTH, onpeneneuae rex orinacrert, rne p. HMeeT.neltcTBHTeJIbHOe HJIH 
'1HCTO	 MHHMoe anaseaae.
 

Paccxorpax TpH cnysaa:
 

a) ch p.d ~ 1 p. = p.o· rne p.o JleiiCTBHTeJlbHo. 

6) - 1-< ch p.d-<+1 p.= ip.'. rJle p.' JleiiCTBIiTeJlbHO, (50.16) 
B) -1 ~ ch p.d p.=p.o+l7t. 

B cnysae ,6· BOJIHbI pacnpocTpaHliIOTcSI 6e3 3aTyxaHHSI. anase 
r oaopa, 9TOT cJIy'lalt coorsercrsyer nOJIOCaM nponycxanaa. 
Ha epHr. 125 06JIaCTH. B KOTOpbIX BbInOJIHSleTCSI 9TO yCJIOBHe. 
aaIIlTpHXOBaHbI, 

Ilpa YCJIOBHSlX ,a· H ,6· B CHJIy epaKTopa e± (LjV, axonsuiern 
B:(50.6). nOJIyqaeM 9KcnoHeHLI.HaJIbHO 3aTyxaIOUJ,He BOJIHbl, pac
npocTpaHSlIOUJ,l1ecSi B nepsox cnyuae nanpaso, a BO BTOpOM
HaJIeBO H OTJIH'IaIOUJ,HecSi TOJIbKO epa30lt na paansrx '1aCTSIX HH
repsaaa (fl' Iz). CooTBeTcTBYIOUJ,I1e HM 06JIaCTH na epHr. 125 
He 3aIIlTpHXOBaHbl. 

~:::'; <PHr. 125 H nocrpoennas .nJISI ypaBHeHHSI MaTbe epHr. 120 
B o6UJ,eM - COBna,naIOT, C TeM JIHIIlb HCKJIIO'IeHHeM, 'ITO na epHr. 125 
xpaaue, 06pa3YIOUJ,He rpaaauy 06JI3CTelt, MoryT nepecexarscs. 
aTli r panauu coorsercrayior 3HaqeHHSlM p.= 0 H P. = in, Mbl 
0603Ha'lHM HX '1epe3 Co' CI, Cz, .•. H So' SI' Sz, '" B corJIa
CHH c ()603Ha'leHHeM epyHKLI.Hlt MaTbe Ce H Se~. m 



B HCCJIe.uoBaHHH BaH-.uep-nOJI5I H CTp:HTa OXBa4eHa BC5I 

06JIaCTh HSMeHeHH5I napaaerpos Tj H ,. PaCcMaTpHBa51 raxyio me 

aanaxy. Kpouar H n3HHH orpaHHlJHJIHCh CJIy4aeM, xorna 111 < 0 
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·'TCV
X2=-L'2 ,-71 

Ypoeneuue Marse u cessannue C HllJ,1 npo6AeMbl 

Xl =-i i V-(11+ ,), 

-1 

¢ H r.. 126. 

Ha !VHr. 126 npencraanena saBHCHMOCTh npasoa 4aCTI1 sroro 

ypaBHeHH5I OT ad. J1erKo BlweTh, 4TO npauue ch f1d = --+- 1 pas

6HBalOT !VHf. 126 na 06JIaCfl1,- coornetcreyroiuae YCJIOBH5IM "a", 

"6" H "B" [CM. (50.16)]. 
B § 49 no MeTo.uy YliTTeKepa 6hlJIO nOJIylJeHO oouiee COOT

aoureaae, CB5IShIBalOIJ..Lee xacrory 'I H BOJIHOBOe 411CJIO a.' Ilpa 
3TOM nenaaocs npennoaoxenae, 4TO p5l11 HS K03rprpHu,HeHToB 

en = (l) 
2Cn paSJIO}l{eHfl5I <pyphe !VYHKU,HH lex) CXO}l,IITC5I a6co

JIIOTHO. 

3TO COOTHOllleHHe HMeeT BH.u (49.18) 

sin2 read= ~ (0) sin2 'TC~~ , 

r ae fl (0) He saBHCHT OT a H 'I, a 

~~ = (~2)' 
PaCCMaTpHBaeMa51 !VYHKU,H5I BaH-.uep-nOJI5I H CTp3TTa He yno

BJIeTBOp5leT YCJIOBH5IM YHTTeKepa; B 4aCTHOCTlI, 3JJ:eCh He oriec

ne4HBaerC5I a6COJIIOTHa51 CXO}l,HMOCTh psna I1S ee K031l:jlHu,HeH

TOB <pyphe. COOTHQllIeHHe (49.16) cnenyer Il03TOMY aaxemrrs 

.upyrHM. 

Paccaorpna ypasuenae (50.14) 

2 d 1 (Xl + X2)' .cos rea = cos Xl cos X2 - -2 - - Sin Xl sm X2' 
X2 Xl 

I1cnOJIhsy51 COOTHOllleHH5I 

·'~6 

II 

(50.17) 

(50.18) 

nepexo-

Cs 
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ch ZitI::::::; 1, 
II C 

sh XIlI ::::::; 2<1 (X~ - (2)::::::;~ , 

2 2
X -<1. 1 

~ 

-,

"t -.8 " "
"

4 "-
Co 

...L.---l.. 
-16 -12 -8 -4 

32 

¢ H r. 125. 

9TO ypaBHeHHe npHHHMaeT BH}l, 

ch f1d = cos ad + (l.c{j sin ad. 

( 
2C . 

Xl::::::; -II' X2=W., . 1 2 • 

r ne C H a  aanannue nOCT05lHHhle. YpaBHeHHe (50.12) 
.uHT Tor}l,a B ypaBHeHHe 

X2_<12 

ch f1d = ch Xlll cos al2 + .~)_" sh X)l sin al2' 

Onnaxo, nOCKOJIhKY 

H BeJIHKO no a6COJIIOTHOt! BeJIH4HHe, a II 04eHh MaJIO; 'YJ2, Ha060

pOT, npelUIOJIaraJIOCh nOJIOmHTeJIhHblM, a l2 6JIH3KHM K d. 
B 3TOM CJIy4ae 

282 



284 I'naea 9 

H YtIHTbIBaSi Bblpa>KeHHe (48.4) AJIli Tj Hi, MO>KHO sanacars 
rod 1tvd rod Ttvd 

X1= Vi = Vi' X2 = V2 =V;-' (d=1t) 

TaK tITO ypaaneaae (50.14) npHHHMaeT BHA 

X2+X2) 
cos 21tad = cos (Xl + X2)+ ( 1 - ~ 2 sin Xl sin X2 

XiX~ 

HJIH 
(Xl - _ (V2 X~+X2

2
= X2)2 V1)2 (50.19)

1 - 2XiX~ 2XiX2 - 2ViV~ 

3aMeHlIli cos 21tad xepea 1- 2 sin2 tuid, nonysaex COOTHO

urease
. 2 . 2[( 1+ 1)1tvd]+(V~- Vi)~ Ttvd. icvd 

sin 1tad=stn Vi V 2 4V1V~ sin ~stn V;'
2 

(50.20) 

Koropoe OTJIHtIaeTCli OT oouiero COOTHomeHHlI (49.16). .LlJISI 

OtIeHb MaJIbIX aoaayuieana MO>KHO sanacars 
1 1 1 1 

Vi = V (1 +e). - V~ = V (I-e).
o o 
(V2 - Vl)~ 2 + 

4V1V~ e •. " 

tITO npHBOAHT K Bblpa>KeHHIO TOrO >Ke BHAa. tITO H COOTHOme


HHe YHTTeKepa:
 

sin2 «ad = sin2 (Tt~:) + (e2+ ...)sin2 (Tt~ )=
 
= (1 + e2••• ) sin2 (Tt~) . 

Ha 3TOM npaxepe BHAHO, tITO npa >KeJIaHHH HcnOJIbaOBaTb 
peaym.ratu nora aaropa CJIeAyeT C06JIIOAaTb nexoropyio OCTO

P°>KHOCTb. 

2. 060611J,eHHe. MeToA, TOJIbKO tITO npHMeHeHHblR AJISI 
peuienaa ypaaaeaas XHJIJIa co cryneasaroa <pYHKu,HeR, 6b1JI 
0606m.eH 5pHJIJII03HOM 1). PaCCMOTpHM ypaaneaae 

y"+F(x)y=O. (50.21) 

1) L. B rill 0 u in, Quart. of Appl. Math., 6, .N! 2, 167 (1948); 
7,~.N! 4, 363 (1950). 
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B KOTOpOM F (x) - sanaunas <PYHKU,HlI. ECJ!f1 U (x) H V (x) 
ABa JIHHeRHO HeaaBHCHMblX peurenaa ypaanenas (50.21), TO 
ero 06m.HR HHTerpaJI MO)l(HO npencraaars B BHAe 

y (X) == Au (x) + Bv (x). (50.22) 

rne A H B - nocrosnnue. 
OtIeBHAHO, tITO 

uo" = ou" = - Fau, 

H, CJIeAOBaTeJIbHO, 
uo' - u'o = const. 

Ilpaxea TaKyIO HOpMHpOBKy peuienaa a H v, tIT06bI 

uo' -u'v= 1. 

PaCCMOTpHM Tenepb ypaBHeHHe XHJIJIa 

y" + J(x)y = 0, (50.23) 

B KOTOpOM . <PYHKU,HlI J(x) C nepaonoa 1t onpenenaerca sepea 
<PYHKU,HIO F (x) 

F(x) 
Tt Tt 

-2<x<2' 

J(x)= 
F(x-1t) 

Tt
2<x<3~2 ' 

(50.24) 

F (x  n1t) ns:  ; < x < nt: + -; (npn n U.eJIOM).· 

COrJIaCHO reopeue <PJIOKe. cyuiecraytor ABa HeaaB:1CHMbIX peure
HHlI Y1 (x) H Y2 (x) ypaaaenas (50.23), 06JIaAaIOll.I,He CJIeAyIO
UJ.HMH cBoRcTBaMH: 

Yl (x + rc) = e-p.1tYl (x) = eYl (x), 
(50.25) 

Y2 (x+ rc) = ep.1tY 2(x) = e- 1
Y 2(x), 

rAe 
t _ -p.1t 
~ -e . 

Paccxorpaa censac HCnOJIbayeMbIR na npaxrmce MeTOA 
BbltIHCJIeHHlI MHO>KHTeJIli e (HJIH po) C noxoun.io Yl(x). B aurep
BaJIe (-1t/2 < x <+ 1t/2) <PYHKU,HIO Y1 (x) MO>KHO aanacars 
B <popMe (50.22) C nOCTOllHHbIMH A H B 

Yl (x) = Au+Bv. 
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COrJlaCHO (50.25), B anrepsane (TC/2 < x < 3TC/2) COOTBer

CTBYIOW.IiMIi K094J<p}lUlieHTaMIi HBJlHIOTCH BeJlIi'JliHbl A~ If B~. 
YlfliTblBaH nenpepueaocrs Yl (x) Ii Y~ (x) npa x = TC/2, noay-iaea 

AUl + BVl = ~AU2 +WV2' 
(50.26)

AU~ +Bv~ =~Au~+~Bv;, 

rne 

I 
Ul=U(~)' u2=u(- ;), Vl = o ( ; ) , V2 = V (- i) . I 

3m ypasnenns oopaayror JIIiHetlHyIO onnoponnyio CIiCTeMY OTHO

CWfeJlbHO A Ii B, YCJlOBlieM paapeumxocrn KOTOpOtl HBJlHeTCH 

Ui - ~U2' Vl - ~V21_ 
f f f • f  0, 

U l - ~U2' Vl - I;V2 (50.27)l 
IiJlIi 

~2 +~(U~V2+U;Vl- ulv;- U2V~)+ 1 =0, 

rne yxrena HOpMlfpOBKa <PYHl<Ulitl U If v B ro-ncax x = -+- TC/2. 

Jtz) F(x)
I 

I 
I 

/ 

I I I l X 
3'11 'II 'II rr Jl!o-T -2 "2 2 

<t> Ii r. 127. Ilepnonnuecxaa !jJYHKll.IiH J (x). 

YpaBHeHlie (50.27) nOSBOJlHeT BbllfliCJlIiTb K09<p<pIiUlieHTbl 

<PJlOKe ~ Ii r '. npoaaaeneuae KOTOpblX 

~~-l = 1, 

a cYMMa 

~ +C l
= 2 ch P.TC =- U~V2 -U~Vl +U1V~+ U2V~, (50.28) 
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OTCIOna noaysaex C YlfeTOM HOpMHpOBKH 

4 sh2 (tJ.;) = 2 ch P.TC - 2 = 

= - (ul - u2) (v~ - v~) + (u~ - u~) (vl - v 2). (50.29) 

~Ia sroro ypaanenas onpenenserca napaxerp p., a COOTHowe

HHH (50.26) naIOT BOSMomHOCTb BbllfHCJlHTb A H B; SHaH me 

<PYHKL~HIO Yl (x), MomHO onpene.urn, H mrrerpan ypaBHeHHH 

XHJlJla (50.23). 
BamHblMIi ocooeaaocrnxn or.noraercs CJlYlfatl. xoraa <PYHKUHIi 

F (x), J (x) -qeTHble. (50.30) 

Tor.na B xaxecrae U (x) BbI6HpaeM lfeTHYIO <PYHKUHIO. a B xa

lfeCTBe v (x) - HelfeTHYIO 

U (x) = U (-x), f f 

U2 = ul ' U2=-Ul, 
(50.31)

v(x)=-v(-x), V v;= v~.2=-Vl, 

Ilpn 9TOM YCJlOBI1Ii ypaaaenne (50.28) npeapauiaerca B 

ChP.TC=U1V~+<VI' (50.32) 
orxyna 

2 fl.7t f 

sh :2 = U1Vl· (50.33) 

npliMeHHM reneps 9TIi ooume pesym.raru K aexoropua 

lfaCTHblM npavepaa. Ilepaua npnxep: 

F(x)=a-b2x2• (50.34) 

Peuieune ypaanenns (50.21) MomHO IiCKaTb B BHne psna 

u(x)= 1 +U2X2+ +U2nx2n+ ... , 
(50.35)

v(x)= X +V3X
3 + +V2n+1X2n+l + .... 

nOnCTaBJlHH 9TIi nupaaceaua B ypaaxenue (50.21), nonyuaex 
peKyppeHTHHe COOTHoweHHH 

2u2+a = 0, (2n + 2)(2n + 1) u2n+2 +auZn - b2uZn_ 2= 0, 
(50.36) 

6v3 + a = 0, (2n + 3) (2n + 2)V 2n+3 + aV21H-l - b2vzn_ l = 0, 

nplilfeM <PYHKUHIi U (x) Ii V (x) nOJlmHbl 6blTb HOpMHpOBaHbI. 

Paccxorpaa nsa lfaCTHblX' cayuas: 
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a = - Ii. Jlpa 9TOM npennoaoxennn noaysaea 

a (x) = ebx '/2. 
(50.37)

ebx v (x) = ' /2/ (x), 
OJ 

rne / (x) =	 fe-bY' dy; 
o 

a = - 3b. Ilpocrue BbI'IHCJleHHSI AaIOT 

a (x) = e- bX'/2 + 2bxebx' /2/ (x), 
_ bx'/2 (50.38)v (x ) -xe . 

B 060HX 9THX cnyaasx <!>YHKUHSI F (x) SlBJlSleTCSI nenpe
PblBHOJ:t na rpauauax -+-rr/2 nnrepaana (-rr/2. + rr/2). ratoxe 
uenpepuana H <!>YHKUHSI J (x), XOTSI ee nponaaonnaa repnnr 
paspuau B TO'lKaX x = -+-rr/2. 

Boaspauiaacs K ypaBHeHHSlM (50.32) H (50.33), nenco BH
ners. 'ITO aaaaua XHJlJla peureua. D,eJ:tCTBHTeJlbHO. B nepsou 
cJly'lae (a = - b) 

sh2 !J.1t = a' v = b"'::' eb1t'/4/("'::') (50.39)2 1 1 2 2 • .. 
a BO BTOpOM (a = - 3b) 

1t
sh2 f'-2 = b:2+ brreb1t'/4/ (; ) + b2 1t: eb1t'/4/(;). (50.40) 

MeToAoM YHTTeKepa 9TH peaym.raru He MOrJlH 6bITb nonyuenu. 
B xauecrse Broporo n)HMepa paCCMOTpHM <!>YHKUHH Bee

cens, xoropue SlBJlSlIOrCSI peurenaea ypaBHeHHSI 

z dzd ( z ddz
Y) + (Z2 - n2) y = O. (50.41) 

Ilpa n neuenux 

y(z) = AJn(z) + BJ_ n (z), (50.42) 

rne J'l (z) - <!>YHKUHSI Beccena nepsoro pona nopsnxa n. Ilpo
aens D ypaBHeH~U1 (50.41) 33MeHy nepexeanux 

x=lnz. z=e", (50.43) 
tIaXOJl.HM 

d 2y

dx2 +(e2

" - n2)y = O. (50.44)
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Peurenae sroro ypaBHeHHSI HMeeT BH.n 

y (x) = AJn (e") + BJ_n (ex). (50.45) 

OOJlOlKHB B (50.44) npH n neuenux 

F(x)=e2V-n2, 

nOJly'lHM ypasnenae XHJlJla (50.23). xoropoe MOlKHO peunrn, 
C noxoiusto Bblpa)\(eHHJ:t (50.18) HJlH (50.29). 

3. UCCJIe.1l0BaHHe ypaBHeHHJI XHJIJIa MeTO.1l0\l IiPHJIJIIO
ana - BeHTu,eJIJI- Kpaxepca. OOKalKeM reneps, 'ITO npH6J1H
»cennoe peurenne ypaBHelIHSI XHJlJla (50.23) MOlKHO nOJlY'lHTb 
MeTO.1l0M BPHJlJlI09Ha-BeHTUeJlSl-KpaMepca, eCJlH TOJlbKO <!>YHK
UHSI F (x) MaJlO OTJlH'IaeTCSI OT nexoroporo cpennero 3Ha'leHHSI. 

Ilepenaureu ypasnenae (50.21) B <!>opMe 

yff+02(X)y=0. (50.46) 
r.ne 

F (x) = 0 2 (x), 

H paccuorpax <!>YHKUHIO 
x 

y = a-'/.ei S 
rtpn S = f 0 (x) dx• (50.47) 

o 
JIerKO aaners, 'ITO OHa ynonxeraopaer ypaBHeHHIO 

y" = l (0')2 _~ Off _ 02 (50 48) 
y 4 0 2 0' . 

orxyna cnenyer. 'ITO <!>YHKUHSI y (x), onpenenenuas B (50.47). 
npencraaaser co60J:t npH6J1HlKeHHOe peurenae ypaBHeHHSI (50.46). 
eCJlH .nByMSI nepB»IMH CJlaraeMbIMH npaaoa '1aCTH ypaBHeHHSI (50.48) 
MOlKHO npeneopeus. T. e. eCJlH 

0' Off 
02,.....,e:, 0 3 ,.....,e:2, e:·~I. (50.49) 

<t>yHK UHSI Y (x) 6y.neT SlBJlSlTbCSI TO'lHbIM peureuuea (50.46) 
B TOM cay-rae, eCJlH 0 (x) y.nOBJleTBOpSieT ypaBHeHHIO 

l(~)2 _! Off -0 (50.50)4 0	 2 0 - . 
T. e. eCJlH 

Ao (x) = , ~	 , _,q, (50.51) 

rne a H A - nOCTOSlHHble. 

19 3aK. 201. 
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3TOMy aupaxemno .uJHI a (x) COOTBeTcTByIOT, KaK nerxo 
aaaers • nsa nopaupoaanuux peWeHH5I: I 

i S u = (2iO) -1/, «:", v = (2iO)_'/' e+ . (50.52) 

GI1\\ II 

I \ / I 
I \ II I 
I \. 

I 

~~ 

~ I \ III \ I rxc-a>O 

r 

,, 
x I 

_ 31r 1f _ !!: a 'I !!.. I st ;m 
2 Z Z Z 

I z 
, 11 I II I I I 
ac-a-~ -f{ _~ I 0 ~ fr 

I XsQ+f 

<I> Ii r. 128. 

PaCCMOTpl1M 4acTHbl~ CJly4att, xorna <PYHKUI15I a (x) aanaaa 
B anne (<pHf. 128) 

r a < 0 
a (x) = .-.-, 

A 
._. ~ (50.53) 

l l al> 22 • 

Q>yHKUI15I a (x) - 4eTHa5I; ee np0l13Bo.uHa5I repmrr paapus 
nepBoro nOp5I.uKa B Ha4aJle Koop.uHHaT 

0' (+ 0) =-0' (-0). 

C npyroa CTOpOHbl, npn x > 0 

a: 

f Ax 
-S(-x)=S(x)= O(y)dy= ., 

o 

nJl5I ynpouienua BbI6epeM B Ka4eCTBe v (x) uecemuyio <PYHKUI1IO 

v = 0-'/' sin S = a +Ix I sin S, 
A'/' (50.54) 

v' = - ~ 0-'1.0' sin S + a -1/, cos S. 

OTMeTI1M, 'ITO <PYHKUI1H V (x) 11 v' (x) aenpepuaau B naxane 
xoopnaaar. 

B Ka4eCTBe '1emHOU <PYHKUI1H U (x) B03bMeM 

U = 0-'/' (cos S -+- k sin S), 

u' = - ~ 0-'(.0' (cos S -+- k sin S) + 0-'/' (- sin S -+- k cos S), 

(50.55) 

npl14eM 3HaK "nJlIOc« 6epeTC5I, xorna x npHHa.uJleIKI1T I1HTep

BaJlY (0, 7t/2), 3HaK "MHHYC« - xorna x Haxo.uI1TC5I B HHTep

sane (- 7t/2, 0). BeJll14HHa k B 3TOM BbI paIKeHHH npOCTO npo

H3BOJlbHa5I nOCT05IHHa5I. 

Q>yHKUI15I U (x) aenpepuana B aauaae xoopnnnar, B TO 

BpeM5I KaK <PYHKUH5I U' (x) npn np0l13BOJlbHOM k repnur paapsm: 
U' (+ 0) = - U' (- 0). O.uHaKO <PYHKUI1IO U' MOIKHO cnenars 
nenpepuaaon, Bb16paB k TaKHM 06pa30M, 4T06bl u' (0) = 0; 
.uJl5I aroro He06xo.uHMO, 4T06bl 

0'(+0) a 
k = 202 (0) =-jf' 

TIPI1 3TI1X YCJlOBH5IX HMeeM 

U = a +.I,xI [cos S -+- -i sin SJ' 
(50.56) 

, 1 [ Ix I S A2+a (a +Ix I) . SJ
U = -, cos - SlTI • 

A'" a+lx! A(a+lxl) 

Teneps nenco y6e.uI1TbC5I B TOM, 'ITO Bbl6paHHbie TaKHM 06pa30M 

<pyHKUHH U (x) H V (x) HOpMHpOBaHbl. 

PaCCMaTpl1Ba5I ypaaneune XHJlJla. xoropoe COOTBeTcTByeT 

<PYHKUI1H a (x), onpenexennon B (50.53), MOIKHO C nosroun.io <pop

MyJl (50.54) H (50.56) Bbl4HCJlI1Tb BBe.ueHHbI~ Q>JlOKe napaxerp 11· 
Cooraouienae (50.33) naer 

Sh2(fJ-7t)-u,v -~sinS cosS -sin2S A2+a(a+!xl).
2 - 1 1 - All 1 A2 ' 

19* 



292 I'naea 9 ~ J'paBHeHue MaTbe U CBJlSaHHbte CHUM. np06Aelttbt 293 

OTCIO.na npn I ,;
B xanecrae peuieaan ypaBHeHHH (50.59a), KOTOpOe cosnanaer1£ 

1t 
A 2 

1t 

C (50.46), MO)I{HO B3HTb <j>YHKU,1111 U H v. onpenenenuue nuureIf·
x=2' COOTHOWeHI1HMI1 (50.52). Ilocne sroro nerxo iIanTH petueunes,= a(a+ ;) 

Yl (x) ypaaaenaa (50.596) H (50.59B). 
nonysaea YpaBHeHHe (50.596) naer 

IV IVA2 + a2 + a1t 

Sh2(fi21t)=2~ sin SICOS Sl - A2 2 sin2S1 • (50.57) Yl = Uof Yov~dx -vo f You~dx, (50.60) 
o 0 

TaKI1M 06pa30M, napaxerp p. onpeneaeu, T. e. ypaanenue npl1qeM 
IVXI1J1J1a peureno. 

no nosony npenunyuiea <j>OpMyJlbl cneayer 3aMeTI1Tb, qTO Yo= f H(x)Yo(x)dx. 
OHa He MeHHeTCH rrpl1 3aMeHe a Ha o 

, 1t 
a =-a-2 . Flpennonoxorx reneps, qTO Mbl Bbl6paJll1 

AOHa OCTaeTCH TaK)I{e cnpasenxnaoa BO scex cnysaax, xorna BH.n O(x)= [a+lxIP 
paccxarpasaeaon <j>YHKU,I1H 0 (x) He MeHHeTCH npn aaxeue yrJlO

B~X KOOp.nI1HaT MaKcHMyMOB Kpl1BOn Ha Koop.nI1HaTW ee MI1HH H B3HJlI1 peWeHI1H Uo H V o H3 <j>OpMyJl (50.54) 11 (50.56).
 
MyMOB (CM. <j>Hr. 128). nOCKOJlbKY
 

Bsnue npennoaaranocs, qTO <j>yHKu'HH F (x) TOqHO ynoaae U~ + O:ul = Huo' 
TBopHeT pasencray F (x) = 0 2 (x), me 

v~ + 02Vl = Hvo' 
TO, nonaraa o (x) = (a +A 

X)2' 
IV IV 

PaCCMOTpl1M reneps cJIyqan, xoraa <j>YHKU,I1H F (x) HeCKOJlbKO 
Uo= f Hus d», Vo= f HVodx, (50.61)

OTJ1l1qaeTCH OT 9TOro 3HaqeHI1H 11 MO)I{eT 6WTb npencraanena 
o o

B BH.ne nOJlyqHM
 
F (x) = 0 2 (x) - ei! (x), (50.58)
 

aJ aJ 

rne e- MaJiaH BeJll1ql1Ha. Ul = Uo f u,V~ dx - Vo f UoU~ dx (lJeTHaH If!YHKUHSI).Bynex I1CKaTb peurenae ypaBHeHI1H (50.21) MeTo.nOM nocne o 0
.nOBaTeJlbHbIX rrpH6J1I1)I{eHHn, nonaras 

. IV IV (50.62) 
Y=YO+eYl +e2Y2+ ,0,. vl=uofVoV~dx -vofVoU~dX (aeseraas !PYHKl\HSI), 

Ilocae rro.nCTaHOBKI1 sroro pa3J10)I{eHI1H B (50.21) rrOJlyql1M, o 0 

rrpHpaBHI1BaH HyJlIO K09<j><j>I1u,HeHTbI npa o.nHHaKOBblX CTerreHHX e, 
HOpMl1pOBaHHble peWeHI1H nepsoro rrpI16J1H)KeHIfH 3arrHCblBalOTCR 

Y; + 0 2(x) Yo= O. (50.59a) B BI1.ne 
U= UO+wl (lJeTHaH If!YHKUHH), y; +02(X)Y

1 
=H(x)yo(x). (50.596) 

V=Vo+eVl (HelJeTHaH epYHKllHH),
Y; + 0 2(x) Y2= H (x)Yl (x), (50.59B) 

OqeBH.nHO, qTO, rrOBTopHH nocaenoaarem.ao 9TY onepaumo, . .. . . 
MO)I{HO nOJlyql1Tb peuieaae ypaBHeHI1H (50.51) Hy)I{HOrO 
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npI16JIlUKeHI1S1. TIoJlY'leHHbI~ pesyJlbTaT MomHO I1cnOJlbSOBaTb .nJlSl 
peWeHI1S1 cooreercrayiomero ypaBHeHI1S1 XHJlJla (50.23). ~i,; 

CJle11yeT OTMeTI1Tb, 'ITO I1SJlOmeHHbl~ asnne MeT011 npHMeHI1M 
raxxe 11 11J1S1 scex .npyrax HSBeCTHblX peWeHI1~ ypaBHeHHSI (50.21). 

4. YpaBHeHHe XI1JlJ1a, conepacauiee a(X)-<l>YHKLJ.HIO )l,H
paxa. B 3TOM cay-rae MomHO nOJlOmHTb 

F(x) = - B'O(x) npH B = const, (50.63) 

r11e 
+co 

r 0 ,llJlR xopO
'0 (x) = { f '0 (x) dx = 1. (50.64) 

,ll.1R x=O,too -co 

Ks ypaBHeHI1S1 (50.21) cpasy nOJly'laeM 

f 0 ,llJlR xopo 

y" =l B'O(x)y(x) ,llJlR x=O 

HJlI1 nocne HHTerpHpOBaHI1S1 (a = const) 

r a ,llJlR x<O 
(50.65)Y=l a+By(O) ,llJlR x>O. 

B xasecrse U 11 v MomHO Bbl6paTb naa cJle11YIOw.Hx HOpMl1pO

BaHHhIX peWeHI1S1: 
1 

u = 1-+- "2 B Ix I ('1eTHaSl tPYHKI.\HSI), 
(50.66) 

v=x (aenersaa tPYHKI.\HJI). 

Teneps no <popMyJle (50.33) MomHO onpene.nm, napaxerp 
$JlOKe~, a I1MeHHO 

ShZ(fl27t)=(U'V)X=1C12=(; BX) =: B. (50.67) 
. x=1Cj2 

npe.neJlbHbI~ElTOT me peay.n.rar MomHO nOJly'lI1Tb, cosepuraa 

nepexo.a B <POpMyJIaX, nonynennux B n. 1.
 
,Ue~CTBI1TeJlbHO, MbI paCCMaTpl1BaJlI1 <PYHKLlI1IO
 

r - xi -ll < X < 0,llJlR 

(50.68)J(x) = { ~ 
[ - X2 ,llJlR 0 < X < l2' 
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r 11e II + l2 = 1t", 11 nOJly'lI1J111 BbIpaxeuae lCM. (-50.12)/ 

ch ~1t" = ch Xlll ch X2lZ -+- ~(b -+- '0.) sh Xlll sh X2lZ' (50.69)Xz Xl • 

TIpe11noJlomI1M, 'ITO Xl = 0, a /.2 aeorpaaauenno aoapacraer, 
TaK 'ITO npa lz ---+ 0 npoaase.aeuae lzy.~ ---+ B, r 11e B - no

CTOSlHHaSl. Torna 
B 

ch ~1t" = 1 +2ll' (50.70) 

TIOCKOJlbKY lz = 0 11 II --:-1t", 3TO Bbl paxeuae TO'lHO ceanaaaer 
C (50.67). 

5. CpaBHeHRe MerO,!l,OB IiPRJlJlI09Ha 11 YRTTeKepa. KaK 
Mbl yxe OTMe'laJlI1, MeT011 YI1TTeKepa npl1MeHI1M TOJlbKO B TOM 
caysae. eCJlI1 pSl11. 'oopaaoaaanua I1S K03<p<pI1Lll1eHTOB $YPbe 
<PYHl{LlI1I1 J,(x) , CX011I1TCSI a6COJlIOTHO. ElTOT MeTO,ll I1CKJlIO'IaeT 
paCCMOTpeHl1e scex paspusuux <pyHKLlHtt J (x), nOCKOJlhKY 
MO,llYJlI1 I1X' K03<p<pmJ,HeHTOB y6blBalOT, KaK i ln, 011HaKo ero 

MomHO I1CnOJlbSOBaTb, eCJlI1 J(x) - aerrpepuauas <PYHKLlI1S1 
C paspbIBHott np0I13BO,llHO~. 

B xaaecrse npaxepa MomHO npl1BeCTH <PYHKLlI1IO 

F(x)=OZ(X)=~r _ I 110) , (50.71)I _. 

paccxorpeuayio suure. Ha I1HTepBaJle (-1t"/2, +7t'/2) 3Ta 

<PYHKlll1S1 MeHSleTCSI B npeneaax OT AZ/a4 110 AZ//a + (rr/2)/4. 
COOTBeTCTBYIOW.YIO nepI1011I1'1ecKylO <PYHKLlI1IO a (x) MomHO pas

. JlOml1Tb B paa $ypbe, rr03TOMY K Hett MeT011 YI1TTcKepa npl1MeHI1M. 
'uJlSI 3TOtt <PYHKLlI1I1 MbI 11 npOBe11eM cpaanenae MeT0110B YI1T
rexepa 11 6PHJlJlI03Ha. 

TIpe11nOJlOml1M 11J1S1 npocroru, 'ITO IiSMeHeHI1S1 <PYHKLlI1I1 
MaJlbJ, T. e. 6y11eM paCCMaTpHBaTb SHaQeHI1J1 

7t 

la!::?>2' 
11 060SHa'lHM 

A=Baz. (50.72) 

Ilposeaen paaaoxeaae B pSl11 no MaJlOMY napauerpy 

s = ~ <S::l. 
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B peureaae, nonysenaoe B n. 3 [CM. (50.57»), BX011HT BeJlH

IlHHa SI' paBHa51 B 11aHHOM cnysae 

It It -A 2 B 2 ts« [ It ( It)2 ]= 2""" 1- 2a + 2a - ... .ItSI= a(a+~) 1+2a 
(50.73) 

OrpaHHIlHBa5lCb B pa3J10lKeHHH IlJleHaMH nepaoro nOp5l11Ka Ma

JlOCTH no 1t/2a. nonysaea ./' 
. S . «B 8 lt2 ltB +

sin 1 = sm"""2 - 4a cos """2 

«B lt2 • «B 
cos SI = cos """2 + 8 4a sm"""2 • 

n011CTaBJl5I5I 9TO aupaxeaae B ypasnenne (50.57), 3aMeTHM, lITO 

IlJleHOM sroporo nOp5l11Ka a [a + (1t/2)]f8a4, BX0115l111HM B K09ep

epHlJ,HeHT npa sin2 SI' MOlKHO npeneopeus, nOCKOJlbKY OH MaJi 

no cpaBHeHHIO C e.ll.HHHlJ,e~. no 9TO~ lKe npaxatte npeneripe

raea IlJleHOM (1t/2A) sin SI cos SI' nOCKOJlbKY A ---' a2 . Torna 

h2 fJ-lt . 2 S . 2 «B + 28 lt2 
• «B «B 

s 2" = - sin 1 = - sin """2 4a SIn"""2 COS """2 = 

• 2 «B + 8 lt2 
• 8= - sin """2 4a sin 1t • (50.74) 

OTMeTHM, lITO ortipoureanue IlJleH bl nopsnxa 1/a2 MOlKHO 6blJlO 

6bl coxpanars, O.ll.HaKO B srerone YHTTeKepa 9TO npaaeno 6bl· 

K cepseaaua 3aTPY.lI.HeHH5IM. 
PewHM cnauana nOCTaBJleHHYIO aanaxy MeTO.ll.OM YHTTeKepa. 

Pa3J10lKeHHe 4>ypbe nepaonasecxoa epYHKlJ,HH lex), COOTBeT

CTBYIOllle~ F (x), HMeeT BH.lI. 

+00 
ei 2lex) = ~ 6n na; , (50.75) 

n=-oo 

r11e 
+1</2 21< 

f
 i 2nx e- i 2na;
6 = 6 _ B~ e- 28 2 J--.,.----,--,--,-- dx = Re-n -n-... ItIt (1+~r d x, 
-1</2 o 
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OTKY11a noayvaeu 

- 2B2 [ ( It )-3J _ 2 [ It 10( It )2 ]00 -];- 1 - 1 + 2a - B 1 - a+ 3 2a +... , 
(50.76) 

o = 6 = 2B2 [1_(_I)n+(_I)n5 lt ] . 
n -n ltan2. 2a 

CpaBHHBa51 (50.76) H (50.73), J1erKO BH11eTb, lITO B nepeo sc 
npu6/luJlCelluU 

It '/S1~260', (50.77) 

a K09epepHlJ,HeHTbi 6n (= 6-n) y6bIBaIOT KaK I/n2 , lITO 06YCJlOB

J1eHO BH.lI.OM lex). KpOMe roro, BH.lI.HO, lITO 9TH K09epepHlJ,HeHTbI 
nepaoro nopsnxa no l/a. 

4>OPMYJlY YHTTeKepa (49.18) MOlKHO Tenepb aanacan; B BH.lI.e 

. sh 2 (fJ-;) = - Al (0) sln2( i 6;(.). 
KaK 6Y11eT nOKa3aHO IIHlKe, C TOIlHOCTbIO 110 BeJiHIlHH nOp5l11Ka 
l/a2 anauenae Al (0) ~ 1; OTCIO.lI.a cnenyer 

Sh
2(fJ-; )= - sin2(; 66') = - sin2 SI' (50.78) 

TaKHM o6pa30M, o6a MeT011a .lI.aIOT coanaaaiourae pesynsraru. 
Paccaorpan reneps, C KaKO~ TOIlHOCTbIO BbInOJlH5IeTC5I pa

BeHCTBO Al (0) = 1. KaK H3BeCTHO, 

Al (0) = IBmp I,
 
r.ll.e
 

6m- p8 mm =1, B mp = 6 TIpH m =1= p, (50.79)
0-4m2 

T. e. see naarouaasaue 9J1eMeHTbI pasnu e11HHHlJ,e, a nenna

r onansnsre - nponopuaonaasnu 6m _ p H, corJ1aCHO (50.76), 
HMeIOT raxon lKe nOpH.lI.OK MaJlOCTH, KaK Hila. OlJ,eHHTb raxoa 
.lI.eTepMHHaHT MOlKHO CJle11YIOlllH.M 06pa30M. B nepnyio ouepens 

o6pa3yeM npOH3Be11eHHe scex 11HarOHaJlbHbIX 9J1eMeHTOB, xoropoe, 
OlleBH11HO, paBHO e11HHHlJ,e. 3aTeM BbInHWeM caaraexue, o6pa

30BaHHble npOH3Be.ll.eHHHMH scex .lI.HarOHaJlbHbIX 9J1eMeHTOB, KpOMe 

.lI.BYX [c HH.lI.eKCaMH (n, n) H (m, m»), 3aMeHeHHbiX 9J1eMeHTaMH 

Bnm H Bm n · 3aTeM oopaayex npOH3Be11eHHH acex 11HarOHaJlbHbIX 
9J1eMeHTOB, KpOMe rpex [c HH.lI.eKcaMH (n, n), (m, m) H (p, p)j, 
xoropue 3aMeHHM na 9J1eMeHTbI B , B ' B H T. n.nm mp pm 
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B peaYJIbT3Te nOJIy'-l3eM 

iii (0) = IBmp1= 1 -- ~ BmnB mn +- ~ BnmBmpBp" - .. ,
 
n,m n,m,p
 

(50.80) 

np3BI1JIO 06p3aoB3HI1S1 '-IJIeHOB sroro p3a.~0)J{eHI1S1 O'-leBI1.LlHO. 

Jlerxo BI1.LleTb, '-ITO CJI3r3eMbie B (50.80) p3CnOJIo)J{eHbl no Boa
2 

p3CT31OW,I1M CTeneHSlM 1/a 11 nponopuaoaaasuu 1!a , 1/a3 

11 T. n. nOCKO.1bKY Mbl npeuecperaaa BceMH '-IJIeH3MH no

pSl.LlK3 1/a2 H Bbl ure , SlCHO, '-ITO MO)J{BO nOJIO)J{I1Tb iii (0) = 1. . 
I1IWr.Ll3 BOaH<1K3eT .LlOnOJIHHTeJIbH3S1 Tpy.LlHOCTb, CBSla3HH3S1 

C TeM, '-ITO paauocrs 60 - 4m2 MO)KeT 6blTb M3JIOtl (nopsnxa 1/a) 
H .LleTepMHH3HT npHHHM3eT ouem, 60JIbllJOe aaanenae. Bnaro
naps 9TOMy MeTO.Ll YHTTeKep3 HeJIb3S1 npHMeHSlTb npa napa

MeTp3x, 6JII13KHX K nOJIIOC3M .LleTepMHH3HT3. OTMeTHM, 0.LlH3KO, 

'-ITO B TO'-IKe 6
0 

= 4m2 , SlBJISlIOw,etlcSI .LlJISI .LleTepMHH3HT3 nOJIIOCOM 

aroporo nOpSl.LlK3, sin 2 [(7t/2) 6d'J HMeeT HyJIb sroporo nOpSl.LlK3, 

'-ITO YCTp3HSleT oc06eHHOCTb. 
3T3 TPY.LlHOCTb OTcyTCTByeT B H3llJeM MeTO.Lle. xoropua 

MO)J{eT 6blTb HCnOJIbaOB3H .LlJISI p3CCMOTpeHHSI MHOrO'-lHCJIeHHbIX 

33.Ll3'-I, CBO.LlSlW,HXCSI K ypaBHeHHIO XHJIJI3. 

§ 51. feHepaTOp C caMoBo30y)K)l.eHHeM 

P3CCMOTPHM 9JIeKTpH'-IecKylO uens, COCTOSlW,YIO aa nnnyx

THBHOCTH L 11 eMKOCTI1 C. 0603Ha'-lI1M '-Iepea Q aapan, HMelO

W,HtlCSI B KOH.LleHC3TOpe B MOMeHT t; BeJIH'lI1Ha sapana Y.LlOBJIe

rsopser. KaK 113BeCTHO, yp3BHeHI11O 

»o Q ~ 
L dt~ +C=O. rsi.n 

OTCIO.Ll3 H3XO.LlI1M c06CTBeHHylO nacrory KOJIe63HI1tl CI1CTeMbl 

npa nOCTOSlHHblX L 11 C: w=lIVLC. 
npe,1lnOJIo)J{I1M rerteps, '-ITO eMKOCTb 113MeHSleTCSI no a3KoHY 

1 . 
C =A+BcoSWlf, (51.2) 

r ae A H B -. nOJIO)J{HTeJIbHble nOCTOSlHHble (B < A), 3 OJ1

33.Ll3HH3S1 '-I3CTOTa. Torna yp3BHeHI1e (51.1) npl1HI1MaeT CJIe.LlYIO

uiyio rpopay: 
d 2Q . 1 (51.3)dt~ +T(A+Bcosw1f)Q =0. 

~ ,I 
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nOJI3r3S1 U = Q 11 ~ = 1/2w1t . npaaenex 9TO yp3BHeHI1e K rpopae 
yp3BHeHI1S1 M3Tbe 

d2u 
de~ +('1/ + , COS 2~) u= 0, (51.4) 

r.Lle 
4A 4B 

- -2' - -2' (51.5)'l] - LW , - LW 
1 1 

C 06W,I1M pemenaex BI1.Ll3 (48.5) 

U = D1A (~) eP.~ + D2B (~) e-p.~. (51.6) 

nOKa33TeJIb 9KcnOHeHTbi po SlBJISleTCSI '-II1CTO MHI1MblM B 06

JI3CTSlX, 33llJTPl1XOB3HHbiX H3 epl1r. 120. H .LletlcTBI1TeJIbHbIM I1JII1 

KOMnJIeKCHblM B lie33llJTPHXOB3HHbiX 06JIaCTSlx. 

T3KI1M oopasox: 

1. B satumpuxoeaunux otinacm z.x 

po = l~, (51.73) 

'-ITO .Ll3eT ycronxaaue KOJIe63HHSI C nOCTGSlHHotl cpenuea 3M

nJII1TY.Llotl. 

2. B nesatum.puxoeatcnux otinacmst x 

po = D:+ i~, (51.76) 

T. e. HMelOT MeCTO neycroaxaaue KOJIe6aHI1S1. O.LlHO H3 CJI3

raexstx B (51.6) HeOrp3HI1'-1eHHO B03p3cneT, npyroe y6bIB3eT 

.LlO HyJISI, KOr.Ll3 ~ ---+ co. 

AH3JII1a epl1r. 120 n03BO.~SleT nOJIHOCTblO onpeneaan, npo

ueccu, npOI1CXO.LlSlw,l1e B CI1CTeMe. 

ECJIlI 33BI1CI1MOCTb eMKOCTI1 OT BpeMeHI1 I1MeeT BI1.Ll He CI1

HyCOI1.Llbl, 3 3y6'-13TOtl xpaaoa, TO X3p3KTep KOJIe63HI1tl MO)J{HO 

nOJIy'-lI1Tb 113 3H3JII1a3 epl1r. 125. 
Ilpnaep uerm C nepexeuuoa eMKOCTblO npasenen H3 epHr 129. 

nO.Ll06HOe yCTpOtlCTBO 6blJIO npenaoxeuo B KOHue npouinoro 

BeK3 .LlJISI ocyw,ecTBJIeHI1S1 C3MOB036Y)J{.Ll31Ow,erocSI reneparopa 

BblCOKOtl '-I3CTOTbl 1). 

1) TaKHe retreparopu 6blJIH ocyurecrnaeau 11. 1-1. MaH.LleJIbIllTaMOM 
H H. It Ilanaxexca B 1933 r. H 6blJIH naaaansr napaMeTpH'IeCKHMH 
reneparopasm. Flapaaerpnuecxae reaeparopsr He nOJIy'lHJIH umpoxoro 
pacnpocrpaaeaan H3-3a HH3Koro K. n. a. Onucaaae napaaetpaxecxoro 
reaepatopa CM. B KHHre 11. 1-1. M a H.Ll e JI b III TaM H np., "HOBbie 
HCCJIe.LlOBaHHil no recpaa HeJIllHeHHblX KOJIe6aHHii", Pa.LlHOH3.LlaT, 1936. 
- Flpu.u, peo. 
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I'eueparop C CaMoBos6y>K.neHHeM MO>KHO nOJIy'lHTb TaK>Ke. ne
pHo.nH'IeCKH MeHSISI HH.nYKTHBHOCTb. Taxyio cacrexy MO>KHO 

ocyuiecraars. aanpaxep, coe.nHHSISI nOCJIe.nOBaTeJlbHO 06MOTKH 

craropa H pOTOpa H saMblKaSl uens na <VHKcHpoBaHHylO eMKOCTb. 

CaMoBos6y>K.neHHe 6y.neT HMeTb MeCTO. eCJlH ynoaaeraopars 
YCJlOBHSlM HeYCTO~'1HBOCTH. TaK KaK HMeHHO 9TOT cJlY'la~ CO

OTBeTCTByeT KOJle6aHHSlM C uapacraioutea aMnJIHTY.no~. OTMeTHM. 

'lTO aananryna HeYCTO~'1HBbIX KOJle6aHH~ MO>KeT caauana yaens
maTbCSI no HyJlSl H TOJlbKO nOTOM Ha'lHeTCSI ee YBeJlH'IeHHe. 

c 

<I> H r. 129. <I> H r. 130. 

npH'IeM co apexenex axnnaryna MO>KeT CTpeMHTbcSI K nOCTO

SlHHO~ BeJlH'IHHe. Taxoe noseneaae oriycaonaeno TeM, 'ITO BJlHSlHHe 

HeJlHHe~HbIX '1J1eHOB. KOTOpbIM MbI npeneriperana npn BbIBone 
ypaBHeHHSI KOJle6aHH~ B CHCTeMe. BnOCJle.nCTBHH MO>KeT CTaTb cy

UleCTBeHHblM. H BCJle.nCTBHe sroro acnoasayexoe HaMH ypasue
HHe nepecraner onncuaars npoacxonsuiae B cHCTeMe SlBJleHHSI •. 

B npHBe.neHHOM astute npaaepe HS 9J1eKTpOTeXHHKH BeJlH

'1HHbl L H C acerna nOJlO>KHTeJlbHbl H 

(51.8)n> T> O. 

'ITO aHaJlOrH'IHO caysaio, paCCMOTpeHHoMy B n. 1 § 50 [ypasne

HHe (50.14)]. cOOTBeTcTBylOUleMy 06J1aCTSlM aa <VHr. 120. 123. 
126, B KOTOpblX YCTO~'1HBOCTb SlBJlSleTCSI npaBHJlOM, a HeycTo~-

'1HBOCTb - HCKJlIO'IeHHeM. • 
Ha <VHr. 120 nerxo aaxenrn., 'ITO nepsas 06J1aCTb ueycroa

'1HBOCTH (HJlH caMoBos6y>K.neHHSI). HMelOUlaH <VOpMy 6yKBbI V, 
Ha'lHHaeTCSI 6J1HSKO OT TO'lKH 1j = 1 na OCH aocnacc, T. e. MO>KHO 

nOJlO>KHTb 

4A :::::::; 1.
-2 

LWl 

Ilo.raras 
1 12 _.,

A=c ' wo= LC o o 
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rne Wo- C06CTBeHHaH '1aCTOTa KOHTypa (L. Co). npenunyuiee 
Bblpa>KeHHe MO>KHO nepenacars B BH.ne 

4A 4 4w~ 
--2 = ---2 = -2-:::::::; 1. (51.9)
Lw) LCOw l WI 

TaKHM 06paSOM, caMoBos6y>K.neHHe 6y.neT HMeTb MeCTO B TOM 

cnysae, eCJlH '1aCTOTa Wo 6y.neT panna nOJlOBHHe '1aCTOTbI BOS
6y>K.neHHSI WI' 

3TOT pesynsrar 6bIJI nonyxen HS aneaenrapnux cooopa
>KeHHll. B npennoaoxenan MaJlOrO HSMeHeHHH esncocrn (B ~ A) 
eiue no coananas nOJIHOll. reopaa HBJleHHH. MbI aocnpoaasene a 

snecs 9TOT 9J1eMeHTapHhIll. BbIBO.n .nJlSl nJlOCKOrO xonaencaropa, 
eMKOCTb xoroporo MeHSleTCH npn HSMeHeHHH paccTOHHHH Me>K.ny 
nJiaCTHHaMH. 

I1sBecTHO, 'ITO 

1 41t 
C=Se. (51.10) 

. r.ne S - nnomant, nJiaCTHH. ECJlH 0 = Q/S - nOBepxHocTHaSi 

nJlOTHOCTb aapsna na rinacranax, TO CHJla, neacrayiomaa na 
enanuuy nnoiaana, paana 

S . 2 2 - 41t Q2 - Q~f -- 'itO - S - 2Ce • (51.11) 

Ilpennononom, 'ITO paCCTOHHHe e HSMeHSleTC5I no saxony 

e = eo + b CO3 OJl t; 
Tor.na 

1 1 41tb _ 41teo)C = Co+8 cos Wit (~ (51.12)Co - S • 

ECJlH HSMeHeHHe paccrosnas Me>K.ny nJiaCTHHaMH b MaJlO, TO 

'1aCTOTa KOJle6aHHll. B uena 6y.neT 6J1HSKa K Wo. Kaanpar KO

JlH'IeCTBa 9J1eKTpH'IeCTBa Q2 MeHSleTCSI npn 9TOM C ynaoenaoa 
'1aCTOTOll. 

Q= A cos (Wot + i?). 
A~ (51.13)

Q2= A2 cos- (wot + i?)="2 [1 + cos 2 (wot + i?)]. 
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C .upyroll: CTOpOHhl, paoora, COBepWaeMa51 sa O.uHO KOJIe6aHHe 

aneuiaea CHJIOll:, HSMeH5IIOlll,ell: paCCT05l1IHe Me)l{.uy nJIaCTHHaMH, 

paBHa 

A: -bW1A~ A: 2 + .W'=j' de ce: 2C o j'cos (wt cp)sITIw!tdt=f oe 

bw1A2 A: ' '. (51.14) 
= - 4C o j' co, 2 (wot + cp) sin w!t dt, 

oe 

OHa OTJIHtlHa OT HyJI5I TOJIbKO npn w!= 2wo. ECJIH 9TO yCJIOBHe 

BbITIOJlH5IeTC5I, TO COBepWaeMa51 pariora MO)l{eT HMeTb pasHblll: SHaK 

M 
M 

M 

<I> H r. 131. 

B saBHCHMOCTH OT <pasbl cp, npunex, xorna 9Ta pariora none
)l{HTeJlbHa, aMnJlHTy.ua KOJle6aHHll: soapacraer H HMeeT MeCTO 

caaosoaoyxnenae (HeycToll:tIHBblll: pe)l{HM). TaKoB B OCHOBHOM 

<pHSHtIeCKHll: CMblCJI yCJIOBH5I (51.9). 
<PHSHtIeCKa51 aarepnperauas yCJIOBHll: n05lBJIeHH5I caMoBos6y

2
)I{.ueHH5I B oKpecTHocTH TOtIeK 1j = 4,9, ... n , T. e. npa 

2 

4A 4 _ 4 Wo = n2 (51.15)--= 2 - 9 

Lwi LCow! -: 

HJIH 
2wo= nw!, 

HeCKOJIbKO, CJIO)l{Hee H rpeoyer paCCMOTpeHH5I rapMOHHK KOJle

6aHHll:, xoropue BOSHHKalOT npa HSMeHeHHH eMKOCTH. 

MO)l{HO npUBeCTH npauepu MeXaHHtIeCKHX caMoBos6y)l{.ualO

lll,HXC5I OCUHJIJl5ITOpOB; na <pHr. 131 aaoopaxeuu nexoropue 

Mo.ueJIH TaKHX OCUHJIJl5ITOpOB. 
B 9TH X yCTpoll:cTBax xacca M - ananor HH.uyKTHBHOCTH, 

L _ acerna nOJIO)l{HTeJlbHa, onnaxo K09<p<PHUHeHTbl A H B. BXO-

JlpaBHeftUe MaTbe U CBJlSaHHble CHUM npo6AeMbi 303 

nsutae B aupancenae .uJl51 aoaapauiatouiea canu. - ananor a 1/C
B OTJIHtIHe OT TOJlbKO tITO paccuorpeaaon aanasa MoryT 

CTaHOBHTbC5I OTpHuaTeJlbHbIMH. B tIaCTHOCTH, 9TO HMeeT 

MeCTO .uJI5I oripauiennoro Ma5lTHHKa. Ilpa HsytIeHHH KOJle6aHHll: 

06palll,eHHOrO Ma5lTHHKa CHOBa npHxo.uHM K paCCMOTpeHHIO Tpex 

06JIaCTell:, yxaaannux aa <pHr. 120 H 125. Ocorieaao nurepecaa 
06JIaCTb asnue npaxux 1j = -1 H 1j = 1: OtIeBH.uHO. tITO He

yCTOll:tIHBblll: Ma5lTHHK MO>KHO npespanrn, B yCTOll:tIHBblll: Bb160

pOM nepaonauecxax BOSMYlll,eHHll: HY)l{HOll: tIaCTOTbI. 

MO)l{HO 6blJlO 6bl COCJlaTbC5I H na npyrne npnaepa - .uBH

)l{eHHe npaxoro HJlH oripauienuoro Ma5lTHHKa, TOtIKa nonseca 
xoroporo caeuiaerca nepaonasecaa B BepTHKaJIbHOM nanpasne
HHH C tIaCToToll: w!, KOJle6aHH5I npysonr, HaT5I)I{eHHe KOTOpblX 

nepHo.uHtIeCKH HSMeH5IeTC5I, H T • .u. 

§ 52. CBOOO.ll.HWe 9neKTpOHw B MeTannax 

B BOJlHOBOll: MexaHHKe .uBH)I{eHHe 9J1eKTpOHoB B nOJIe C no

TeHUHaJlOM P(x, y, z) onHCblBaeTC5I ypasnennex Illpennarepa 

~~+k2(P-P)~=0. 

k 2 =	 81t~m (52.1 ) 
fi2' 

rne h - nOCT05lHHa51 Flnamca. B KpHCTaJlJlHtIeCKoll: peurerxe no

TeHUHaJl P coanaercs nOJIO)l{HTeJlbHblMH aapsnaxa HOHOB, pac

no noxcenaux B yanax peweTKH, H orpauareasnu a 06J1aKOM 

9J1eKTpOHoB, pacnonoxceauux Me)l{.uy HOHaMH. Taxon nOTeHUHaJI 

51BJl5IeTC5I nepHo.uHtIeCKoll: <pYHKuHell: Tpex nepeMeHHwx C nepHo

.uaMH d!. d2 , d g, onpenexsexuaa crpyxrypoa KpHCTaJlJIa. 

YpaBHeHHe (52.1) aHaJlOrHtIHO aaysaaiuexycs B § 40 ypaB

HeHHIO (40.1) 
~.~+H(r)~=O, 

rne [CM. (40.2)1 

H - -
w~ 

- w2P •-V2 

B aauiex cnysae 
H=k2[E-P(r)], (52.2) 

r ne E - 9HeprH5I 9J1eKTpOHoB, a P - nepHo.uHtIeCKHll: nOTelIUHaJl. 

TeopH5I, HSJlO)l{eHHa51 B § 40, npHMeHHMa ueJIHKOM K aanase 

cB060.uHb1X 9J1eKTpOHoB H npaaonnr K 06bltIHblM npaBHJIaM 

onpenenenas SOH. Crpyxrypa SOH He saDHCHT OT tIaCTHblX 



epl1311'leCKI1X npenno.tozcenan 0 npapone paccxarpasaeaux BOJIH
OHa ooiucakoea tauc dAR 8/1e/(mpOHHblX 80AH Illpeouneepa, 
mate U dAR ynpyzux U sneumpo sazuumuux 80AH. Hexoropue 
asropu He npnnaior no.osuoro 3Ha'leHI1S1 9TOMy secsua 06W.eMy 

peaynt.rary 11 OCHOBbIBalOT onpenenenne 30H na npaBI1JIaX, 3a
BI1CSlW.I1X OT epl1311'leCKoR npaponu paCCMaTpl1BaeMbIX BOJIH. Pe
3YJIbTaTO.M sroro SlBJISlIOTCSI BbIBO.ll,bI, HecOBMeCTI1Mble C xareaa
TI1'leCKOR nOCTaHOBKoR 3a.ll,a'l11. 

KaK yace YKa3bIBaJIOCb B § 32 11 37, .ll,PYfl1M I1CT0'lHI1KOM 
ouraoo« MO)J(eT 6blTb xpeaaepuoe ynpouienne aanasu, B 'laCTHOCTI1 
npennoxosceane 

Eho npennonozcenae He npencraaaser npaKTI1'leCKOro I1HTe
peca, TaK KaK He 113BeCTHO HI1 O.ll,HOrO KpI1CTaJIJIa. nOTeHUl1aJI 
xoroporo MO)J(HO 6blJIO 6bl npencrasan, B TaKOM aaae, XOTSI 
6bl B xaxecrae nepsoro npI16JII1)J(eHI1S1. ECJII1 6bI cyw.eCTBOBaJIa 
crpyxrypa, ,UJlSI KOTOpoR ypaaaenae (53.3) 6blJIO 6bI npl1eMJIeMO. 
TO 60JIblliaSl nacrs nsren Bpsrra npn pesrreuocrpysrypuca 
aHaJII13e .lJ.OJI)J(Ha 6blJla 6bl I1C'le3HYTb; OCTaJII1Cb 6bI JIl1llib re 
narna, xoropue aususaiorca OTpa)J(eHl1eM ua MaJIOM 'l11CJIe 
nJIOCKOCTeR. napaane.u.nux KOOp.ll,I1HaTHbIM nJIOCKOCTSlM. O.ll,HaKO 
raxas KapTI1Ha uaxorna He Ha6J1IO.ll,aJIaCb. 

Koppexrnaa nOCTaHOBKa epl1311'leCKoR 3a.ll,a'l11 CBSl3aHa C cy
u~eCTBOBaHHeM nepaonaneckoro nOTeHUl1aJIa, nonycxaiouiero paa
JIO)J(eHHe B TpoRHOR pan ¢ypbe, CO.ll,ep)J(aw.I1R ace K09<p<pI1UI1

earu Am1m,m" 11 C cyw.eCTBOBaHl1eM nOJIHOrO ceMeRcTBa xpa
CTaJIJIOrpaepl1'leCKI1X nJIOCKOCTeR C I1H.ll,eKCaMI1 (m 1, m-, ms)· 

nJISI BOJIH KJIaCCI1'leCKOro rnna aanaxa 0 MaJIOM B03MYW.eHI1 I1 

paCCMaTpHBaJIaCb B § 41 B npe.ll,nOJIo)J(eHI1I1, 'lTO 

1 1
F= V~=2+ef=Cooo+ef,

Vo 
w~ 

H=z+eoN. 
Vo 

PaCCMOTpl1M sonpoc 06 9JIeKTpOHHblX BOJIHaX, npennoxoacaa, 
'lTO cpe.nHI1R. nOTeHlJ,HaJI B Kpl1CTaJIJIe pasen HyJIIO (9TO CBO
.nI1TCSI K Bbl60py peurenca C uy JIeBoR aaeprnea), 11 noaaraa 

P = elf· 
H = kZ (E  elf). (52.4) 
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(52.7) 

(52.5) 

(52.8) 

e 
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20 3nK. 201. 

<I> II r. 132. 
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N
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I 

Ilepexon OT aanauu ynpyrnx BOJIH K sanase 9JIeKTpOHHblX BOJIH 
MO)J(HO coaepunrn., I1CnOJIb3YSl COOTHOllieHl1e 

( w:) = OJ2C OOO = (hkZ '1)3 • (52.6)V· & 
o ynp. 

C npyroa CTOpOHbI. 'laCTOTa 9JIeKTpOHHbIX BOJIH onpenenaerca 
COOTHOllieHl1eM OJIaHKa 

KpI1BaSl. onpenenmouraa .ll,JISI KJIaCCI1'leCKI1X aenoaayuieaaux 
BOJIH epyHKUl110 'I (a), xoropas aanaaanacs COOTHOllieHl1eM 

rne I1H.ll,eKC .ynp." oauanaer, 'lTO naunoe Bblpa)J(eH/1e I1MeeT 
MeCTO .ll,JISI ynpyrax BOJIH, a I1H.ll,eKC .9JI.".  'lTO supaxenne 
I1MeeT MeCTO .ll,JISI 9JIeKTpOHHblX BOJIH. 

MaJIble B03Myw.eHI1S1 npI1BO.ll,SlT K 113JIOMy noR Kpl1BOR aa rpa
nauax 30H 11 nOSlBJIeHl11O paapunoa, 'lTO BI1.ll,HO 113 epl1r. 132, 
rne 11306pa)J(eHa 3aBI1CI1MOCTb 9Heprl111 E OT Ia I. 

Hy)J(HO, O.ll,HaKO. OTMeTI1Tb. 'lTO B .ll,eRCTBI1TeJIbHOCTI1 9Ta 
aanaxa naxuoro cnoxuee, 'leM MO)J(eT nOKa3aTbCSI 113 uaurero 
H3J10)J(eHI1S1, nOCKOJIbKY nepl10.ll,11'leCKI1R nO'l'eHUl1aJI P Hel13BeCTeH 

11 I1MeJIa epOPMY 6yKBbI V, B uaurex cnyxae npespauiaerca 
B Kpl1BYIO napa60JII14eCKOro Tl1na 

i'" 

~ 

1\' 
r 

I 

, 
I, 

I 
,I 

II; 
:t 

i.,:, 

(52.3) 

I'naea 9 

P (r) = P1 (x) + Pz(y) + Ps(z). 

304 



306	 I'naea I) 

M, KaK yxe OTMelJaJlOCb asnue. OIIpe.ll.eJlSleTCSI pacnpeneaennex 
MOHOB M 9J1eKTpOHOB. Ope.ll.IIOJlO)\(MM. lJTO MbI cneaana HeKOTO
pue .lI.OIIYII.l,eHMSI OTHOCMTeJlbHO P. IIOCJle nero ynanocs peunrrs 
ypasnenae (52.1) M HattTM !jJYHKI..lMIO ~. oIIpe.ll.eJlSlIOII.I,YIO Cpe.ll.H101O 
9J1eKTpoHHylO IIJlOTHOCTb. OOTeHI..lMaJi P. IIoJlYlJeHHbIlt M3 9TOtt 
9J1eKTpoHHott IIJlOTHOCTM. .lI.OJl)\(eH COBIIa.ll.aTb C IIepBOHalJaJlbHO 
3a.ll.aHHbIM HaMM 3HalJeHMeM. 

TaKMM o6pa30M, peiueune ypaBHeHMSI (52.1) SlBJlSleTCSI JlMllib 
9TaIIOM paapeureuns OlJeHb CJlO)\(HOtt IIpo6J1eMbi caxocoraacosau
uoro IIOJlSl, IIOCTaBJleHHott Xaprpa. 
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rJlaBa 10 

MATPHqHA~ AnrE6PA H PACnpOCTPAHEHHE BOnH
 
B~Onh3nEHTPHqECHHX nHHHH
 

§ 53. 06w.He aaMeqaHHSl 

B r JI. 1 MbI OTMelJaJlM, lJTO nepaue parioru no reopaa BOJl
HOBblX npoueccos 6blJlM nOCBSlII.I,eHbI pacnpocrpanemno caraana no 
uenoxxe TOlJelJHbIX lJaCTMI..l, M naun, nosnnee uaxaaocs asyseuae 
pacnpocrpanenas BOJIH B cnnoumux cpenax, KaK Mbl y)\(e non
lJepKMBaJlM, secsua Ba)\(Hbilt sxnan B aanasn, OTHOCSlII.I,MecSI K .lI.M
CKpeTHbIM crpyarypax, cnenaa KeJlbBMH, xoropua BBeJi nOHSlTMe 
npeneasnoa lJaCTOTbI. llo KeJlbBMHa paCCMaTpMBaJiMCb TOJlbKO 
aKycTMlJeCKMe BOJlHbl. 3aTeM TeopMSI 6bIJIa pacnpocrpaaeua na 
9J1eKTpOMarHMTHble BOJlHbl M cpaBHMTeJlbHO aenasuo na 9J1eKTpOH
nsre BOJlHbI; aa 9TM ranu BOJIH 6bIJIM nepeuecenu caoacraa, OTKpbI' 
rsre AJiSI aKycTMlJeCKMX BOJIH. Haxoneu, MeTO.ll. JIarpaH)\(a, noaso
JlSlIOII.I,Mlt nepearn OT nacxpernort CTpyHbI K aenpepuanoa, 6blJl MC
nOJIbaOBaH OynMHoM B ero paoorax 0 aar pyxenaoa TeJle<pOHHOM 
xariene. 3aMelJaTeJlbHble parioru KeJlbBMHa, OCHOBHaSl M3 KOTO
pux M3J10)\(eHa B § 2, n03BOJlMJlM exy C03.l1.aTb coapeueaaue 
npencraanenna 0 crpyxrype OllTMlJeCKMX cpen. BMHceHT CKOH
crpyaposan cooTBercTBYIOII.I,YIO OnTMlJeCKMM cpenax MeXaHMlJe
CKylO crpyxrypy M noxaaan, lJTO crpyxrypa OnTMlJeCKMX cpen 
06J1a.ll.aeT CBoltcTBaMM MeXaHMlJeCKoro nOJlOCOBOro <pMJlbTpa. 
K9MII6eJlJl nepeHec 9TY cxeMy Ha 9J1eKTpMlJeCKMe SlBJleHMSI, lJTO 
nOCJlY)\(MJlO ornpasaoa TOlJKOtt .lI.JlSI Mao6peTeHMSI 9J1eKTpMlJeCKM x 

lPMJlbTpOB. 
llJlSl scex YlJeHbIX npouraoro aexa 6blJlO 06bllJHbiM yrsep

)/(.lI.eHMe, lJTO see THnbI BOJlH, HeaaBMCMMO OT MX <pM3MlJeCKott 
npnponu, .lI.OJliKHbl MMeTb 06II.1,Me csoacraa. BnOCJle.ll.CTBMM 9Ta 
KOHl..leIII..lMSI, xasanocs. 6bIJia 3a6bITa. lleltcTBMTeJlbHO. <PM3MKM pas
BMJlM TeopMIO 9J1eKTpOMamMTHbIX BOJIH .lI.JlSI CBeTa M peHTreHOB CKMX 
JlylJelt, a nOTOM osem. TII.I,aTeJlbHO TeOpeT,llJeCKH M3YlJMJlM npn 
nOMOII.l,M BOJIHOBOtt MexaHMKM pacnpocrpaueuae 9J1eKTpOHHbIX 
BOJIH B KpMCTaJlJlaX, npMlJeM xacro He aaxevaan, lJTO 

20" 
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CYlUeCTBeHHa51 'JaCTb I1X pe3YJIbTaTOB y)Kc 6blJIa noaysena, xorna 

C03.IlaBaJIaCb TeOpl151 pacnpocrpanenns peIlTreHOIlCKI1X JIyqe~ 
B KpI1CTaJIJIax. I1HJKeHepbI-'lJIeKTpOTeXHI1KI1, co csoea CTOpOHbl, 

pa3pa60TaJII1 6JIeCT5IlUYIO TeOpl1IO pacnpocrpauenns BOJIH B 'lJIeK

Tpl1qeCKI1X JII1HI151X. Ka6eJI5Ix, <pI1JIbTpaX 11 T • n.. HO He oopa

lUaJII1 BHI1MaHI151 aa TO 06CT05lTeJIbCTBO. 'ITO MHome I1X naxcaue 

pe3YJIbTaTbI YIKe 6b1JI1 no,1yqeHbI <p11311KaMI1 - TeOpeTI1KaMI1 

(cp. § 13 11 14). CpallHI1TeJIbHO He.IlaBHO OIKI1JIa npaxrwtecxas 

aKycTI1Ka, oc06eHHo B paoorax 'lJIeKTpl1KOB, xoropue, 3aHI1Ma5lCb 

113yqeHI1eM pa3JIl1qH~IX uenea, nepeHeCJII1 B 06JIaCTb snexrpa-re
CKI1X 5IBJIeHI1~ MHOfl1e MeXaHl1qeCKUe np06JIeMbI. TeM caMbIM 

6bIJII1 BHOBb yCTaHOBJIeHbl see aHaJI0fl111, cyurecraosaaurae MeJl{.IJ.y 

np06JIeM aMI1. OTHOC5IlUI1MI1C5I K KOJIe6aHI151M 11 pacnpocrpaneumo 

BOJIH 1). ABTOPbI 'lTI1X pa60T WJII1 npn 'lTOM ny-rex, 06paTHbIM 

nYTI1 CBOI1X npe.IlWeCTBeHHUKOB - Ilynnna 11 K'lMn6eJlJIa, I1CXO

.IlI1BWI1X 113 MeXaHl1qeCKI1X MO.IleJIe~ npn 113yqeHI111 snexrpase

CKI1X .TII1HI1~ 11 <pI1JIbTpOB. TaK, CpaBHI1TeJIbHO He.IlaBHO I1HIKeHepbI, 

113yqa51 pacnpOCTpaHeHl1e BOJIH B.IlOJIb IKeJIe3HO.Il0pOIKHOro COCTaBa. 

CBeJII1 'lTY aanasy K 'lJIeKTpl1qeCKO!\ (npOXOIK.IleHl1e I1MnYJIbCa 

qepe3 <pI1JIbTp) 11 Bblpa311JIlI 3aTCM nonysennue pe3y.1bTaTbl 

B MexaHl1qeCKI1X 0603HaqeHI151X. 

3TI1 pa60TbI OCHOBaHbI na TeOp1111 pacnpOCTpaHeHI151 BOJIH 

B.IlOJIb 'lJIeKTpl1qeCKI1X JII1HI1~ 11 <pI1JIbTPOB, KOTOpyIO MbI paCCMO

Tpl1M B .IlaHHO~ r JIaBe. 
YHCJIO <p113I1KOB-TeOpeTI1KOB. xoropue XopOWO 3HaKOMbi 

C YKa3aHHblMI1 BonpOCaMI1 11 nOHI1MaIOT, HaCKOJIbKO I1HIKeHepHoe 

HCKyCCTBO onepenano TeOpI1IO, secsxa HeBeJiIIKO. Y I1HIKeHepOB 

B CBOIO osepens Ha6JIIO.IlaeTC5I TeH.IleHUI151 noaarars, 'ITO see 

BOJIHOBble np06JIeMbI xoryr 6bITb caeneuu K aanaxe 0 pacnpo

CTpaHeHl111 BOJIH B.IlOJIb 'lJIeKTpl1qeCKO~ JII1HI1I1. 'ITO He BnOJIHe 

sepao. 

1) He06xo,UHMO 3aMeTHTb, 'ITO JKeJIaHHe aBTopOB paCCMaTpHBaTb 
aHaJIOrHlO MeJK,UY pa3JIH'IHbIMH .n.HCKpeTHbIMH JIHHeHHbIMH CTpyKTypaMH 
TOJIbKO B paaxax H,UeH lIepHO,UH'IHOCTH 3Ha'lHTeJIbHO Cy3HJIO 1I0CTaHoBKy 
sonpoca 0 qlHJIbTPax. 003TOMY B 06JIacTb paCOIOTpeHHH He 1I0ilaJIH 
TaKHe aecsaa saaorue .n.JIH COBpeMeHHOH pa,UHOTeXHHKH, H B '1aCTHOCTH 
,UJIH ,UaJIbHeii 'MHorOKaHaJIbHOii CBH3H cxeasr, KaK nenosxu epHJIbTPOB, 
COCTaBJIeRHble H3 HeO,UHop0,UHbIX H'IeeK. Hurepecyrouiaeca Haii,UyTocBe
uieaae 9THX BOllpOCOB, uanpuuep, B KHHre: C. C. K 0 r a H, Teopas 
H pacser epHJIbTPOB ,UJIH yCTaHoBOK ,UaJIbHeH CBH311, M., 1950 r., HJIH 
B C60pHHKe claTeii "PaC'IeT epHJIbTPOB 110 MeTo,Uy Kayspa", M., 1936.
flpUM. peiJ. 

MarpU'IIWfl aAce6pa U pacnpocrpan. 

B rJI. 5 MbI YIKe 06cyIK.IlaJII1 

·X8.paKTepI1CTHqeCKOrO I1Mlle.IlaHCa 

'qeHI1H 0.IlHOMepHb1x crpyxryp rnna 

BOAH BaOAb 3.1eKrp. AUHUU 309 

BaIKHOCTb BBe.IleHH5I nOH5ITI151 

OCIIOBHoro nOH5ITU5I npl1 113Y

'lJIeKTpl1qeCKHX I1JII1 MeXaHI1

qeCKHX JII1HI1~ 11 <pHJIbTpOB. O.IlHaKO 0606lUI1Tb 'lTO nOH5ITl1e IIa 

cJIyqa~ 60JIbWerO ql1CJIa H3MepeHH~ 3aTpY.IlHHTeJIbHo. Buure YIKe 

YKa3bIBaJIOCb, 'ITO B cay-rae .IlByMepHbIX I1JIH rpexuepnsrx CTpyK

Typ .IlJI5I 'lJIeKTpOMarHI1THbiX BOJIH 60JIee Y.Il06HbIM 5IBJI5IeTC5I 

nOH5ITHe nOTOKa sneprnn, xapaxrepnayiouieroca BeKTopOM~" 
". 
:~' YMOBa - nO~HTI1Hra, H aaaaornuaoe nOH5ITl1e B BOJIHOBO~ Me

XaHI1Ke. 

CpaBHI1TeJIbHO nenaanae I1CCJIe.IlOBaHI151 B BOJIHOBO~ MeXaHI1Ke 

. YKa3bIBaIOT ua soapocuree 3HaqeHI1e MaTpl1qIW~ anreripu 11 aa 

TOT mrrepec, KOTOPbI~ npe.IlCTaBJI5IeT ee I1CIIOJIb30BaHI1e .IlJI5I pe

WeHH5I psna aanas 0 pacnpocrpaneuun BOJIH. He3aBl1CI1MO TaKHe IKe 

BbIBO.IlbI 6bIJIH C,lI.eJIaHbI B oxeas I1HTepeCHbIX 'lJIeKTpOTeXHl1qe

CKI1X paoorax. KaK MbI YIlI1.IlI1M, TeopHIO MaTpl1U JIerKO MOIKHO 

I1CnOJIb30BaTb .IlJI5I HCCJIe.IlOBaHH5I npOXOIK.IleHH5I BOJIH nepea 

'lJIeKTpH'IeCKHe <pI1JIbT·PbI. Kpoxe roro, MOIKHO YKa3aTb aa O.IlI1H 

npnvep H3 KJIaCCl1qeCKO~ <p113I1KI1, B KOTOpOM I1CnOJIb3YIOTC5I 

oriparuue MaTpHUbI,' nrpatourae BaIKHYIO POJIb B reopnn emma: 

n0'lTOMY B CJIe.IlYIOlUe~ r JIaBe MbI paCCMOTpHM CB5I3b MeIK.IlY 

reopnea <pI1JIbTPOB H reopuea BOJIH Ilayan - nl1paKa .IlJI5I 'lJIeK

TpOHa, 06JIa.IlaIOlUerO CIII1HOM. 

Bonpocu, CB5I3aHHble C pacnpocrpancunex 1l0JIH B.IlOJIb 'lJIeK

Tpl1qeCKI1X JII1HI1~, xoropue 6Y.llYT paCCMaTpI1BaTbC5I HHIKe, MOIKHO 

conOCTaBI1Tb C aH3JI0fl1qHbIMI1 aonpocaxu 113 06JIaCTI1 MeXaHI1KI1. 

1I0'lTOMY .IlJI5I .IlaJIbHe!'lwero Mbl npaaenejr Ta6,1l1uy COOTlleT

CTByIOlUl1x npyr .Ilpyry OCHOBHbIX 'lJleKTpl1qCCKI1X 11 MeXaHl1qe

CKHX BeJIHql1H (CM. Ta6JI. 4). 
3JIeKTpl1'JeCKHe JII1HI1H, xoropue MbI 6Y.IleM paccaarpaears, 

CXeMaTl1qeCKI1 IIpe.IlCTaBJIeHbI aa <pHr. 134 11 139 B BI1.Ile psna 

IIp5lMoyrOJIbHI1KOB, COe.IlHHeHHblX IIPOBO.IlHI1KaMI1, npl1qeM Kalli

.Ilbl~ np5lMoyrOJIbHHK IIpe.IlCTaBJI5IeT c060~ HeKoTopyIO 'lJIeKTpl1

qecKyIO uens. C 06eHx CTOpOH KaIK.IlOrO npsaoyroasunxa 1130

6paIKeHbI no nse napu KJIeMM, OT KOTOpbIX OTXO.Il5lT npOBO.Il

HI1KI1, CI1MBOJII13HpYIOlUI1e CB5I3b Me)K.IlY np5lMoyrOJIbHI1KaMH. Ha 

'lTI1X KJIeMMaX On~CqaIOTC5I TOK 11 nanpsacenae, HMeIOlUHeC5I ua 

BXO.Ile HJII1 auxo.ne KaIK.IlOro np5l~IOyrOJIbHHKa, npnxea COBOKyn

HOCTb .IlaHHbIX 0 TOKe 11 Hanp5lIKeHI111, OTHOC5IlUHXC5I Knape 

KJIeMM, onpe,LI,CJJ5IeT <pH3I1qeCKYIO C13513b MeIK,LI,y .IlByM5I COCe,LI,HliMI1 

IIp5lMoyrOJIbHHKaMI1, 
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Y paCCMaTpI1BaeMOf;\ aanasa I1MeeTCSI ananor B MeXaHI1Ke. 

eCJlI1 Ka>K,Ublf;\ npaaoyro.tsuax npe,UCTaBJISIeT c060f;\ xexanme
cxoe YCTPOf;\CTBO; npasea B MexaHliKe CBSIab Me>K,Uy HI1MH ocy

ll.I,eCTBJlSleTCSI TOJlbKO xepea O,UI1H npOBo,UHI1K (crepaceas 11J111 

HI1Tb, COe,UI1HSllOll.I,aSl O,UI1H npsxoyroasuax C npyrna). TeM He 

MeHee CBSIab no-npeacaexy aa,UaeTCSI ,UByMSI epl1al1lJeCKI1MI1 BeJlI1

lJI1HaMH, nanpaaep CKOpOCTblO ,UBI1>KeHI1H HI1TI1 (ana nor 3J1eK ~.Tpl1lJeCKoMy TOKy) 11 ee HaTSI>KeHl1eM (auanor paaHOCTI1 nOTeH .: 
UHaJlOB). TaKHM 06paaOM, HMeeTCH nOJIHOe COOTBeTCTBl1e Me>K,Uy 

06el1MI1 aanavaxn, a npaaeneanas HI1>Ke Ta6J1. 4 noaBOJISIeT 

JlerKO nepexo,UI1Tb OT O,UHOf;\ aa,UalJl1 K ,Upyrof;\. 

Ta6.1luqa 4 

MeXaHHQeCKHe OeJlHQHHbl8J1eKTpHQeCKHe OeJlHQHHbl 

i 

'I' ..,
'"k 

3i1eKTpHlJeCKHH aapan 

• TOK 

npOH3BOJJ;Hall no BpeMeHH OT 

9J1eKTpHlJeCKOrO TOKa 

K091!J(!mUHeHT caMoHH.u.YKIl.HH 

B38HMHOH HH

.u.YKIl.HH 

3HeprHlI MarHHTHoro nOilll 

• 9J1eKTpHlJeCKOrO IlOilll 

EMKOCTb (C) 

Pa3HOCTb nOTeHIl.HailOB 

CMell.(eHHe HilH KOOp.u.I1H8Ta 

CKOpOCTb 

YCKopeHHe 

Macca 

He HMeeT aenocpeacraemtoro 

9KBHBaileHTa, H BCTpelJaeTClI 

TOilbKO B 3a.u.alJaX co CBR311MH. 

rne HCIlOilb3YIOTCR o6061l.(eHHble 

Koop.u.HHaTbI Jlarpauaca 

KHHeTHlJeCKall 9HeprHlI 

Ilorenuaansuaa • 

K09£jJ£jmIl.HeHT ynpyrocru ( ~ ) 
HaTlI>KeHHe 

O,UHaKO. KaK yxe OTMelJ3J10Cb, B nexoropux cnyxasx npa 

nepexone BCTpelJ310TCSI aaTpY,UHeHI1H. T3K, aanpaxep. K03ep

eplffi. I1eHT Ba3I1MHof;\ I1H.nYKUI1I1 He I1MeeT Henocpe,UCTBeHHoro 

MeXaHl1lJeCKOr'o aaanora. TeM He MeHee oouiee nupaacenne .nJlSl 

KI1HeTl1lJeCKof;\ snepraa, y>Ke .naBHO ncnoasayeaoe B aH3J1HTl1lJe

CKOf;\ MeX3HI1Ke, no rpopae COBn3,U3eT C nupaacenaex (54.2) .nJlH 

~HeprHl1 MafHl1THOrO nOJlH, YlJI1TblB3IQll.I,I1M B3311MHYlO I1H,UYKUI1IO. 

T3K3S1 epOPM3 a3nl1CH KI1HeTl1lJeCKof;\ 3HeprHI1 BCTpelJaeTCH B Me

XaHI1Ke B aanaxax C H3J10>KeHHbIMI1 CBHaHMl1, xorna npl1 onpe

,UeJleHI1I1 nOJlOmeHI1H TOlJelJHof;\ M3CCbl BMeCTO 06bllJHblX KOOp

,UI1H3T BBO.nHT 0606ll.1,eHHble KOOp.nI1H3Tbl JI3rpaH>K3. 

Ilonuepxnea, lJTO CYll.l,eCTBYIOT 11 npyrue npenHTCTBI1H .nJlH 

yxaaanuoro nepexona, caaaannsre C 06J1aCTblO aH3lJeHI1f;\, KOTO

pue MoryT npl1HI1M3Tb paamomsre BeJll1lJl1Hbl. TaK, B § 11 11 12 
yxaauaaaocs. lJTO B TeOpHI1 3J1eKTpHlJeCTB3 eMKOCTb - BeJll1lJl1Ha 

nOJlO>KI1TeJlbH3H, B TO »ce BpeMH B MeX3HI1Ke K03epepl1UI1eHT 

ynpyrocru MO>KeT 6blTb 11 nOJlO>KHTeJlbHbIM. 11 orpauareasuux. 

I1T3K, eCJlI1 06ll.1,3H cxexa 11 reopns HBJleHI1H O,UI1HaKOBbl .nJlH 

acex np06J1eM pacnpOCTpaHeHI1S1, TO ,UJlH K3>K.n0f;\ aa HI1X ace >Ke 

cyurecrayior nexoropue Orp3HI1lJI1BalOll.I,I1e YCJlOBI1H. xoropue 

ncerna ,UOJl>KHbl YlJI1TbIB3TbCH. 

P3CCMOTPl1M reneps 3J1eKTpl1lJeCKl1e JlI1HI1I1, oopaaoaaunue 

coennnenuea uoenmusuux uenen. 8TI1 CKOJIb yrO,UHO CJlO>KHble 

uena ,UOJl>KHbl y,UOBJleTBopHTb caenyioum» YCJlOBI1HM. 

1. OHU OOJlJICHbl tium» JlUHetiHblMu. 8TO aaasar, lJTO 

B uenn MO>KHO BKJlIOlJ3Tb COnpOTI1BJleHI1H, c06CTBeHHble I1H,UYK

TI1BHOCTI1. Ba311MHwe I1H.nYKTI1BHOCTI1 11 eMKOCTI1. HO B HI1X a3

npeutaerca BBO,UI1Tb BblIlpHMI1TeJlI1, KaTYlllKI1 C >KeJleaHblMI1 cep

.nelJHI1KaMI1 11 soooure JlI06ble HeJlI1Hef;\Hble 3J1eMeHTbl. OTpI1Ua

rensnsre COnpOTI1BJleHI1H MO>KHO npl1HI1M3Tb B paCCMOTpeHl1e 

Jll1lJlb npn YCJlOBI1I1 paooru aa npHMOJlI1Hef;\HOM YlJaCTKe I1X 

X3 p3KTepI1CTI1KI1. 

2. OHU OOJlJICHbl tium» naCCUBHblMU. '1'. e. npyrnaa CJlO

B3MI1, He ,UOJlmHbl conepxars B ce6e HI1K3KI1X I1CTOlJHI1KOB TOKa. 

ECJlI1 B P3CCM orpenae BBO.nHTCH 3J1eKTp0,UBI1>KYll.l,l1e canu, TO 

OHI1 ,UOJl>KHbl ncerna HaXO,UI1TbCH BHe uena. 

Ha epl1r. 133 CXeM3TI1lJeCKI1 l1a06p3>KeHa uern., KOTopaH 

MO>KeT HBJlHTbCH COCT3BHOf;\ lJaCTblO JlI1HI1I1. Ona aaoopaxeua 
B BI1,Ue npaxoyrom.nnxa C lJeTHblM lJl1CJlOM nonapao nponyxe

POB3HHblX KJleMM (Mbl noxa HI1K3K He Orp3HI1lJI1BaeM I1X lJI1CJlO). 

8J1eKTpo,UBI1>KYll.l,l1e CI1J1bl acerna npI1KJla,UbIB3IOTCH Me>K,Uy napoa 

KJleMM C O,UHI1M HOMepOM, npl1lJeM eCJlI1 K KJleMM3M k-f;\ napu 

npHJlO>KeH3 r3pMOHI1lJeCKaH 3J1eKTpo,UBI1>KYll.l,3H CI1J1a Ek onpene

JleHHof;\ lJaCTOTbl. TO ef;\ 

HH>Ke Mbl 6y,UeM aesne 

aOM, lJT06bl BeJll1lJI1H3 

Ql:>IJl3 paBHa MOll.l,HOCTI1, 

COOTBeTcTByeT TOK i k TOf;\ >Ke lJaCTOTbl.
 

Bbl611P3Tb aHaKI1 Ek 11 i k T3KI1M oopa-


R E * 
e kik 

nO,UBO,UI1Mof;\ K uerm, 



--

;~ 
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Flpennonoxom eute, 4TO paccaarpnaaexas ueru, SlllJISleTCSI KJIeM M npHJIO)KeHbl 3JIeKTp0.llBH)I{Yl.l.l.He CHJIbl EI' E2 • • • Ell' 
snexenrapnoa, T. e. 4TO ee HeJIb351 pa36HTb na HeCKO.1bKO He }r" npnsex nexoropue H3 HHX xoryr 6blTb paausr HyJIIO; 3TO 03Ha

CB5I3aHHbIX Me)l{.llY c060lt uenea. Ilpavev, HaKOHeu, 'ITO KOJIH 4an, 41'0 COOTBeTcTByIOl.l.I.He KJIeMMbl HaKopOTKO 3aMKHyTbI. SHe 

4eCTBO KJIeMM cseneno K MHHHMyMy; TaK, HanpHMep, ziae HJIH 3aBHCHMOCTH OT BHyTpeHHHX 3JIeMeHTOB uenn Mbl Bbl6epeMI
60JIee nap KJIeMM, coennnenuux nOCJIe.nOBaTeJIbHO, cnenyer 3a B Ka'leCTBe nepeaennux BeJIH4HH KOJIH4eCTBa 3JIeKTpH4eCTBa qk'~' 
MeH5ITb OJI.HOlt napon, K KOTOpOlt npHJIOlI(eHa 3JIeKTpO.llBH)I{Yll~aSl J~ nonsenenaue K pa3JIH4HblM napax KJIeMM. 3TH nepeaenaue, 
CHJIa, pasnaa CyMMe aanannux 3JIeKTp0.llBH)I{Yl.l.l.HX CHJI. }: SlBJISlIOTC5I He3aBHCHMbIMH, nOCKOJIbKY uern, 3JIeMeHTapHa B onpe. 

, 
lEI 

2

E2 

: 
2 

B 

E EL..n 
in! Iin in-d 

Ln-l 

~in-I 

n n-lT 

k+l 

2 k-T k 

lie-I' -k-/ . lle+1 lie I. 

<P H r. 133. 

iIe+! ~-
E,I(+! 

~ 

i lc+! 

.lleJIeHHOM asnue CMblCJIe, a 4HCJIO nap KJIeMM CBe.neHO K MHHH

MyMy. Sbl6paHHble COOTBeTcTByIOl.l.I.HM 06pa30M BeJIH4HHbl qk 
06pa3yIOT nOJIHyIO coaoaynnocrr, He3aBHCHMbiX nepeaennu x, 

O.llHaKO· .llJI5I sroro HHOr.lla Ha.110 4HCJIO .neltCTByIOl.l.I.HX KJIeM M 

.llOnOJIHHTb .ll06aB04Hb1MH KJIeMMaMH,· K KOTOpbIM npHJIO)l{eHbI 

ayaeaue 3JIeKTpo.nBH)KYl.l.l.He CHJIbI. 

Ilpa 3THX YCJIOBHSlX Mbl oopaayea ceasac TpH onnoponaue 

KBa.llpaTH4Hble <pOPMbl, npencraaasroume TpH BH.lla 3HeprHH, 
sanaceaaon B uena, 

ECJIH Qa: - aapsn KOH.lleHCaTOpOB uenn (HOMep ICOH.lleHCaTOpa 

0603Ha4aeTCSI HH.lleKCOM «), TO nOJIHaSl 3JIeKTpOCTaTH4eCKaSl 
3HeprHSI nupaacaerca <pOpMyJIOlt 

Ee=~ ~ ~:'
 (54.1) 
a 

rne Ca - eMKOCTb KOH.lleHCaTOpa a. 

AHaJIOrH4HO, eCJIH Q.. - CHJIaTOKa, nporexaioiuer-o sepea 

HH.nyKTHBHOCTb ce, TO nOJIHaSl MarHHTHaSl 3HeprHSI paBHa 

1~ '2 ~ .• 1~ " 
Em =:2 ~ LaQa+ ~ Ma~Q..Q~ =:2 ~ Ma~Q..Q~, (54.2) 

.. ..>~ ~~ 

r.ne L~ = M a~ - K03:P¢HuHeHT CaMOHH.llYKUHH HH.llyKTHBHOCTH ce, 

Ma~ = M~z - K03<P<PHUHeHT B3aHMOHH.nYKl~HH HH.nyKTHBHocTelt ce 

H ~ (Cl. =1= ~). ECJIH IKe, HaKOHeu, Q - KOJIH4eCTBO 3JIeKTpH4ea 
CTBa, nporexuiee sepea conpOTHBJIeHHe ce, TO nOJIHaSl paccesn
HaSl 3HeprHSI paBHa 

<P=~ R/~~. (54.3) 
a 

TaK KaIC ace 3JIeMelITbl uerm npennoaaraiorcs JIHHeltHblMH, TO 

KOJIH4eCTBO 3JIeKTpH'IeCTBa Q. SlRJISleTCSI JIHHeltHolt <pYHKlwelt qlr' 
T. e. 

Q. = ~ aakqk' (54.4)
k 

r.lle aak -- nOCTOSlHHble, 

nepnux napar parpax 3TOlt r JIaBbl MbI asenex OCHOBHble 

nOH5ITHSI H CHCTeMaTH3HpyeM 0603Ha'leHH5I MaTpH4Holt aJIre6pw. 

Ilocxe sroro oyner paCCMOTpeHa pOJIb, KOTOpyIO arpaer xa

paKTepHCTH'IeCKHlt HMne.llaHC B pacnpocrpanenan BOJIH B.llOJIh 

JIHHHH. 

[lOJIY4eHHble peay.n.raru Mbl 3aTeM nepeuecex na CJIy4alt, 

xor.aa COCTaBJISlIOl.l.I.He JIHHHIO 3JIeMeHTbl CTaHOBSlTC5I 6eCKOHe4HO 

MaJIbIMH. 3TO n03BOJIHT HaM Bbl5lCHHTb nexoropue aHaJIOrHH, 

xoropue HMeIOT MeCTO Me)l{.ny H3Y4aeMbiM xpyrox BonpOCOB 

H rrp06JIeMolt cnnna 3JIeKTpOHa, B03HHKaIOl.l.I.elt B BOJIHOBOlt Me

,xaHl1Ke. 

§ 54. Bupaacenue AJUI 9HeprHH 

Paccxorpnx 3JIeKTpH'IecKyIO uens, npnaanaexauryio K TOJIbKO 

4TO onpeneaeuuoxy runy, H npennoaoaorx, 4TO nOCJIe CBeneHHSI 

I< MHHHMyMy 4HCJIa KJIeMM HX OCTaJjOCb n nap. K 3THM napau 
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TIo,nCTaBJlSlH 9TO supaacenae B ypaanenne (54.1) .uJlSl 9J1eK

TpOCTaTHqeCKOA 9HeprHH, nOJlyqaeM 

e, = ; ~ L(~ a.kqk ~ a.jqj) = ; ~ Ckjqkqj' (54.5) 
• k i k,j 

r.ue 
~ a.k a•.j (54.6)Ckj= ~ c. =Cjk' 

II 

(54.8)mjk = ~ Mll?a.ja?k = mkj'
.? 

nJlSl pacceSlHHoA sneprua nOJlyqaeM TaKHM me oopaaox 

<lJ = ~ R. (~a.jqj ~ a.kqk) = ~ 'jkQ/Ik. (54.9)
• j k j, k 

r.ue 
(54.10)'jk = ~ Rllallja.k = 'kj'

• 

K09epqmu.HeHTbl Ckj' mkj H 'jk HBJlHIOTCSl epYHKU.HSl MH napa

MeTpos uena, OHH onnopoanu OTHOCHTeJlbHO BeJlHqHH HH,nyK
THBHocTeA, conpOTHBJleHHA H BeJlHqHH, ocparnux eMKOCTSlM. 
Kpoxe roro, OHH CHMMeTpHqHbl OTHOCHTeJlbHO IIH.ueKCOB j H k. 

B o606llJ,eHHblX Koop,nHHaTax 9J1eKTpHqeCKHe ypaauenas uenn 

HMeIOT cJle.uYIOllJ,HA BH,n: 

Ek = ~ (mkiqi + 'kiqi + Ckiqi)' (54.11) 
i 

f.ue BeJlHqHHa Ek npencraaaser BHelliHIOIO 9JIeKTpo.uBHmyllJ,yIO 
CHJlY, npHJlomeHHyIO K uena Mem.uy KJleMMaMH k. Pa60Ta dW, 
coaepuraeaas nan uensto aa apexs dt, pasna 

dW = ~ Ekq~ .u= ~ ~ (mkiqi + 'kiqi + Ckiqi) qk dt = 
k k i 

= ~ (mkiqkdqi + 'ldqiqk dt + ckiqi dqk)' 
i,I' 

T.	 e.
 
dW = dEm + dEe + <lJ dt,
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Eha epopMyJla noxaausaer, qTO BBe,neHHaH B uens saepraa npe
spauraercs TaM B 9HeprHIO MafHHTHyIO, 9J1eKTpHqecKyIO H snep
rHIO paCCeSlHHl1 <lJ dt. 

TIyCTb reneps qaCTOTa scex HCTOqHHKOB, nHTaIOllJ,HX u.enb, 
panna OJ; rorna 

lk = qk = lkeiwt, Ek = V ke j wt (j=V-1), (54.12) 

rne epaaa KOJle6aHHA yqHTblBaeTcSl KOMnJleKCHblMIi axnaarynaaa 
lk H Vk' Torna ypannenue (54.11) MomHO npencraaars B sane 

Vk = ~ ~k/i'	 (54.13) 
i 

nOJlaraH 

r • + + Cki t
~ki = mkiJ OJ 'ki -.JW - ~ik' 

r ne SeJlHqHHbl ~ki onnoponau OTHOCHTeJlbHO HMne,naHCOB. 

§ 55. Onpeneaeaae qeTblpeXnOJIIOCHKKa K ero ypasaeaae 

Haaosex qeTblpexnOJlIOCHHKOM uens, K KOTOpoA MomHO npa
xnanusars TOJlbKO nse 9J1eKTpo,nBHmYllJ,He CHJlbl H KOTopaH 
COOTBeTCTBeHHO HMeeT nne napu napyxorux KJleMM. TIOCKOJlbKY 
y uena cyllJ,eCTByIOT BHyTpeHHHe 9J1eMeHTbl, qeTblpexnoJlIOcHHK 
MomeT HMeTb H npyrne KJleMMbl, HO K HHM ,nOJlmHbl 6blTb npn

.\ JlOmeHbl TOJlbKO ayaesue 9J1eKTpo,nBHmYllJ,He CHJlbl 
t~, 

Ek=O npH k =F I, 2. (55.1) 
~: 

TIPH 9THX YCJlOBHSlX 9J1eKTpHqeCKHe ypaBHeHHH serupexno
JlIOCHHKa 6y,nyT HMeTb BH,n 

~ (I/i= VI' 
i 

~ (2/i= V 2,	 (55.2)
i
 

~ ~k/i = 0 npa k = 3. 4 ... n,
 
l 

B CHJlY cnenauaux npennoxoacenaa qHCJlO 9THX ypaBHeHHA 
pasHO qHCJlY HeHaBeCTHbIX, T.' e. paSHO n, H nerepanaaar, 
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COCTaBJleHHbllt HS K03epqmulleHTOB npH HeHSBeCTllbIX. OTJl1i4eH OT 

HyJlSl. Tor-aa, paapeuras cacreay, no.ryuae» 

11 = XuV1+ X12V2
(55.3)

12=X21Vl +X22V2' 
n.. I k = X) Y l + Xk,V 2 npl\ k=3.4, 

'ITO BCJle.uCTBHeDpocrue BbllJHCJleHHSI nOSBOJlSlIOT noxaaars. 

CHMMeTpHH .ueTepMHHaHTa I(ik I 

Xki = Xik' 

TOKH I He npe.uCTaBJlSlIOT Jl"~SI Hac nurepeca, n03TOMY HS n 
k 

COoTHoweHHlt (55.3) OCTaBHM	 TOJlbKO naa nepnux ypaBHeHHSI. 
PaspewHB HX OTHOCliTeJlbHO V. 
nOJlYlJl1M 

VI = ZU/l + Z12/2' 

V2=Z21/1 +z22/2' (55.4)v~ Jt 
rrpHlJeM 

Z12 = Z21' 

~ Bsnue Mbl npe.ll.nOJlO)l(HJlH, 
n-1 n nr l 

'ITO HanpSl)l(eHliSi Vi H TOKH t, 
HMelOT raxoa SHaK, lJT06bl<l> H r. 134. 
R.e t; q: npe.uCTaBJlSlJla c060lt 

MOIJJ,HOCTb, no.uBo.uHMylO K CHCTeMe. B TeopHH 3J1eKTplilJeCKIiX JlH

HHlt H epHJlbTPOB 06bllJHO HcnOJIbSYIOT HeCKOJlbKO nnoe onpene

JleHHe, OTJlHlJalOlUeeCSI HSMeHeHileM sH3Ka y TOKa 12, T. e. no

JlQ)KHTeJlbHble anauenas suopauu TaK. KaK H3 epHi. 131. Ilon
. CTaBJlSISI BMeCTO 11 H 12 HOBbie TOKH 

f 12 
f = -/2	 

(55.5)11 =/\. 

Ii oropacusaa B HX 060SHalJeHHSlX WTpHXH, nonysaex ypasue

H.HSI J55.4) B epopMe
 

VI = Zu/, - Z'2 /2'
 
(55.6) 

V2 = Z2Jl - Z22/2' 

KOTopaSi oc06eHHO lJaCTO npHMeHSleTCSI npH HCCJle.uOBaHHH lJeTbI

pexnOJl~CHHKOB, 
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Bo061JJ,e rosopa, npencraaaser HHTepec TaK3S1sanHCb 3THX 

ypaaueunn, B KOTOpOlt nauaue aa axone (11' VI) SlBJlSlIOTCSI 

epYHKIJ,Helt .uaHHbIX na auxone (12. V 2), T. e. 

V l = a lV2 + b I 2, 
(5,5.7)

Ii . cV2 + a2 /2' 

r.ue 

Z22at = Zll a2= Z;;-'Z12 
(55.8)

b __ ZllZ22 - Z212 1 

Z12 C=Z;;-' 
YlJHTbIBaSl, 'ITO 

Z12= Z21; 

OTMeTH'M, 'ITO Bxo.uSlIJJ,He B (55;7) nocrcnauue He aeaasa

CHMbl. TaK KaK CBSlS3HbI OlJeBH.uHbIM COOTHoweHHeM 

ala2-bc= 1.	 (55.9) 

§ 56. MaTpHqHOe npencraanenae serupexnomocmuca 

4T06bI nOJlbSOBaTbCSI reopnen MaTpHIJ, H nOJlYlJHTb 60Jlee 

cHMMeTpHlJHble epOPMYJlbI, 6y.ueM 060SH3lJaTb paSHOCTb nOTeH

IJ,liaJlOB Ii TOK na suxone lJeTblpeXnOJlIOCHHKa 6yKEl3MH co WTpH

xaan, a 3TH )l(e BeJlHlJHHbI na .axone ~ oes WTpHXOB: 

3J1eKTpo.uBH)l(ylJJ,aSl CHJla 

aa axone VI = Xl' 

ua asrxone V2 = X~; 

TOK	 . (56.1) 
aa BX(),I\e 11 = X2' 

ua Bblxo.n,e 12 = X~. 

ITOJlO)l(HTeJlbHble sHaiIeimSi 3THX BeJlHlJ'HIcI yxasanu na q)Hr. 134. 
COOTHOWeHHSI (55.7) npHHHMalOT reneps BH.u 

f , 

Xl = aUxl + a 12x2, 
(56.2)

f f 

X2 = a21x l + a22x2, 

r.ue 

au = ai' a12 = b, 
(56.3) 

a21 = c, a22 = az. 
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Kaanparnas Ta6JIHua, oopaaoeaaaas K09cPcPHUHeHTaMH aij' 

onpenenser xapaKTepH3yIOw'YIO 4eTbipeXnOJlIOCHHK MaTpHUy A = 
= (aij)' 9JleMeHTbI I<OTOpOlt aaBHClIT TOJlbKO OT napaxerpoa 
uenea, BXO.llllUl,HX B 1.jeTblpeXnOJlIOCHHK. H OT 1.jaCTOTbl 00. 3aMe

THM, "ITO .lleTepMHHaHT MaTpHUbI A paaen e.llHHHue; neacrsa
TeJlbHO. 

Ia 1= det A = autl:lz- a12a21 = a1a2 - be = 1. (56.4) 

YpaBHeHHlI (56.2) MOIKHO paapeumrs OTHOCHTeJlbHO (x~, x~), 

TaK 1.jTO BeJlH1.jHHbl na auxone 6y.uyT onpenenarsca BeJlH1.jHHaMH 

aa axone (Xl' X2)' a HMeHHO: 

X~ = bllx1+ b12X2' 
(56.5)

X~ = b21X1 + b22X2' 
r.ue 

a22	 b a12bu = TaT = a22. 12=-T/iT=-a12, 
(56.6) 

an b allb21 = - TaT = - a21 • 22 = raT = au . 

TeM caMblM paccxarpnaaeaoay serupexnomocnaxy MOIKHO no

CTaBHTb B COOTBeTCTBHe npyryio MaTpHUY B C 9J1eMeHTaMH bil, 
.ueTepMHHaHT KOTOpOlt. KaK nerxo nposepars. panea ennaaue: 

IB I= Ibi j I= Ib I= 1. 

COOTHOllJeHHlI (56.2) H (56.5) TO'lHO COBna.uaIOT C H3BeCT

HblMH cPopMyJlaMH reopaa MaTpHU. 

1.jaJlbHall BeJlH1.jHHa X onpenensercs 
XIX2 ... XN. TO MaTpHua 

b12 bll 
b2l b22 

B= . .
( 

bnl bn 2 

neltCTBHTeJlbHO, eCJlH na
aanaaaex N KOMnOHeHT 

• bln) 
.	 b2n 

,. 
bnn 

S1BJlllIOw,allClI Ta6JlHl.J.ell aa N2 '1HCeJl, onpeaenser JlHHellHoe npeoo
paaonaaae BeJIH1.jHHbI X, nepesona ee B BeJlH1.jHHY X' C KOMno-

I I ' I H	 IHeHTaMH X
IX2 ... oaue KOMnOHeHTbI aupaxaorcsXN.	 Xk 

4epea Xi C nOMOIUbIO COOTHoweHHlI 

X~ = ~ bkjXj npa k, j = 1, 2, .... N. 
J 
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ECJlH nOJlOIKHTb 

x=cJ. X'~C} 
N 

TO npenuaytnee paBeHCTBO CHMBOJlH1.jeCKH MO}f{HO aanacari, 
B BH.ue 

X' = BX. 

CJlOBaMH 9TO COOTHOllJeHHe aupaxcaior cJle.uYIOUI,HM 06pa30M: 

MaTpHua X' nOJlY1.jaeTClI B pesynsrare .ueltCTBHlI oneparopa B 
na HCXO.uHyIO xarpnuy X. 

B paccuarpaaaexo a cnysae 

X=(;~)=AXI= A(:D. X' =(:D=BX=B (;~), 
1.B=A-	 (56.7) 

Marpnua B = A -1 aasusaerca ooparnoa MaTpHue A . 
ECJlH sanan 1.jeTblpeXnOJlIOCHHK, TO eMy MOIKHO nOCTaBHTb 

B COOTBeTCTBHe nae MaTpHUbI, ooparnue npyr .upyry H HMeIOw,He 

onpeneaeuuua CMbICJl: xarpauea A cnenyer nOJlbaOBaTbClI npa 
HCCJle.uOBaHHH BOJlH, pacnpocrpansounrxcs xepea '1eTblpeXnOJlIO

CHHK cnpasa HaJleBO. a xarpauen B. Ha060poT. B cnysae, eCJlH 

BOJlHbI pacnpocTpaHlIIOTclI CJleBa HanpaBO. 

Boaspauraacs K cPopMyJlaM (56.2) H (56.5), MOIKHO BH.ueTb, 

1.jTO K09cPcPHUHeHTbI au ,bll.a22 H b22- 6e3paaMepHble 1.jHCJla, a12 H 

b12- axnenaacu, a a21 H b21- BeJlH1.jHHbI. ooparuue HMne.uaH
cax (rrOJIHble npOBO.llI1MOCTH). 

§ 57. nOcne~oBaTenbHoe coe~HHeHHe 
~BYX qeTbipeXnOJIIOCHHKOB. YMHO}((eHHe MaTpHu.I 

'11, Ilpacoenaaaa serupexnomocaax» C H D apyr K .npyry. 

I KaK nOKa3aHO na cPHr. 135. 06pa30BaB TeM caMblM serupex

nOJlIOCHI1K P. Haanex caozcraa noayseunoa uena, Oooauasaa 
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xepea (Cij) H (dij) xarpauu, aaanor-asuue paccaorpennoa B npe
,ll,bI,ll,Yll.l,eM napar parpe MaTpHue (bi j ) , MO)l(HO aanacari, 

x': = ~ dijX~ = ~ d i j (~ CjkXk) = 
~ j J j k 

=~Xk(~dijCjk)=~fil,xk' (57.1) 

r,ll,e 
k j k 

fik = ~ dijcjk' 

K09epepHuHeHTbl fik HIlJIHIOTCH 9JIeMeHTaMI1 MaTpllUbI F = (Iik); 

nonaras 

MO)l{HO aanncars 

I1TaK. 9JIeMeHTbI 

X,,=(X~)" ,
X z 

CI1MBOJIHlIeCKH 

X"=FX. 

MaTpl1UbI F onpenenmorcs no TeM )I{e epop

X2 

DX; 

,
x2r --

I C 

x2 " 

X/I Xl " 

<f.> If r. 135. 

MYJIaM, xro H 9JIeMeHTbI npOH3I3e,ll,eHHlI MaTpHUbl D CJIeBa na 

MaTpHUY C, T. e, 

F=DC. (57.2) 

CJIe,ll,OBaTeJIbHO, ,ll,JIli pacnpocrpanmoureaca CJIeBa nanpaso BOJIHbl 
-, xapaxrepncrusecxaa MaTpHua lIeTblpeXnOJIIOCHI1Ka, 06pa30BaH

aoro nOCJIe,ll,OBaTeJIbHblM coenauenaex lIeTblpeXnOJIIOCHHKOB C 
H D, pasua npOH3Be,ll,eHHIO COOTBeTCTBYIOllI,HX HM MaTpl1U C H D. 

ITOPll,ll,OK COMHO)l{HTeJIetl B epopMYJIe (57.2) ssnaerca cyure
CTBeHHbIM. <l>P13HlIeCKH 9TO CB1I3aHO C H3BeCTHbIM epaKToM: npH 
nO,ll,COe,ll,HHeHHH npn MOHTa)l{e lIeTblpeXnOJIIOCHI1Ka C nepen D 
pe3YJIbTaT, aoooure roaops, nonysaerca HHOlt, lIeM npu non
COe,ll,HHeHHH lIeTblpeXnOJIIOCHHKa C nOCJIe D. MaTeMaTHlIeCKH 

I
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';ITO 06CTOllTeJIbCTBO aupaxaercs HeKOMMYTaTHBHOCTbIO MaTpHlI
noro npouaaenenna 

~ cijdj k = CD =1= DC = ~ dijCJk' (57.3) 
J J 

.aJIli pacnpocrpaumouieaca cnpasa HaJIeBO BOJIHbI xapaxre
pncrasecxaa MaTpHua H306pa)l{eHHOrO sa epHr. 135 tJeTblpex
nOJIIOCHHKa H3 C H D HMeeT BH,ll, 

tfT=CD. 

B npenunyuiea naparparpe MbI onpenennaa, xro MaTpHUbI A 
H B 06paTHbI onna npyron. HenOCpe,ll,CTBeHHbIM BbIlIHCJIeHKeM 
JIerKO npOBepHTb, liTO 

AB=BA=(6 ~)=t. (57.4) 

rne I - e,ll,HHHlIHali MaTpHua. 

HanoMHHM, HaKOHeu, xro ,ll,JIli JII060lt MaTpHUbI 

Al = IA=A (57.5) 

H xro nerepannaar MaTpHUbI P, lIBJIliIOllI,eltcli npoaaaenenaea 
MaTpllU R 11 S, panen 

IPI=IRj'ISI=1 SI'I RI· (57.6) 

§ 58. O()paTHble H ofipautemnae lJeTblpeXnOJlIOCHHKH 

H cooTBeTcTBYlOlI\He HM npeodpaaoaauaa 

Ecna nsa BKJIIOlIeHHble B uens (epHr. 135) lIeTblpeXnOJIIOC
HI1Ka TaKOBbI, xro He Bb13bIBaIOT HI1KaKOrO 113MeHeHHlI B pac

npeneaennn 9JIeKTp0,ll,BI1)1{YllI,I1X CI1JI H TOKOB, TO roaopar, xro 
Ka)l{,ll,bIlt 113 lIeTbI peXnOJIIOCHHKOB 06pames npyrouy. ECJIH A
xapaxrepacrauecxas MaTpHua nepaoro lIeTblpeXnOJIIOCHHKa, a B
sroporo, TO ,ll,OJI)I{HO BbInOJIHlITbCli COOTHOllleHHe 

l- AB= I =BA. (58.1) 

Oveaunao, xro B 9TOM caysae nopaaox paCnOJIo>KeHHlI lIeTblpex
nOJIIOCHI1KOB He HMeeT nuxaxoro 3HalleHHlI. 

YlIl1TbI Ball , sro ,ll,eTepMI1HaHTbI MaTpl1U A 11 B paanu ena
unue, H I1CnOJIb3Yll COOTHOllleHHe (56.6), MO)l{HO noxaaan., liTO 

21 3SK. 201. 
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9JIeMeHTbi .l\.BYX 06paTHbiX '1eTblpeXnOJIIOCHHKOB .l\.OJIlliHbl Y.l\.OBJIe

TBOPSlTb COOTHOllleHHSlM 

au = b22• a12 = - b12• 

a2l = - b2l• ~2 = bu' (58.2) 

OTCIOJ\.a BH.l\.HO. 'ITO nOCTpOHTb '1eTblpeXnOJIIOCHHK. 06paTHbitt 

.l\.aHHOMY. MOlliHO JIHlllb e.l\.HHCTBeHHbIM 06pa30M. nOCKOJIbKY 

9TO nOCTpoeHHe npe.l\.nOJIaraeT HCnOJIb30BaHHe HH.l\.YKTHBHocTett. 

B3aHMOHH.l\.YKTHBHocTett. a ratose conpOTHBJIeHHtt. HMeIOIlI,HX 

3HaK. npOTHBOnOJIOlliHbltt 3HaKY coOTBeTCTBYIOIlI,HX napaxerpoa 

nanuoro '1eTblpeXnOJIIOCHHKa. nJISI nOCTpoeHHSI 06paTHoro xe

TblpeXnOJIIOCHHKa ueooxonaso, B '1aCTHOCTH. HcnOJIb30BaTb OT

pHLl.aTeJIbHble conpOTHBJIeHHSI. a OCYllI,eCTBHTb HX XOTSI H He 

HeB03MOlliHO. HO .l\.OBOJIbHO TPY.l\.HO. 
Ilon '1eTblpeXnOJIIOCHHKOM. 06palll,eHHbiM no OTHOllleHHIO 

K .l\.aHHOMY. nOHHMaIOT '1eTblpeXnOJIIOCHHK. nOJIY'IeHHbltt H3 HC

XO.l\.HorO npH H3MeHeHHH 3HaKOB TOKOB H HanpaBJIeHHSI pacnpo

CTpaHeHHSI. 3aMeHa '1eTblpeXnOJIIOCHHKa ua oopauteanun He 9KBH

BaJIeHTHa npOCTO H3MeHeHHIO HanpaBJIeHHSI pacnpOCTpaHeHHSI. 

TaK KaK B nOCJIenHeM CJIy'Iae ace CBO.l\.HTCSI TOJIbKO K aaxeae 

BXO.l\.a aa BbIXO.l\.. 
Onpenenna reneps xapaKTepHCTH'IeCKYIO MaTpHLl.Y R o6pa

ureuuoro '1eTblpeXnOJIIOCHHKa. eCJIH 33J\.aHa ucxonaaa srarpaua B. 
Ilpnaeaeaae MaTpHLl.bl B naer 

x~ = bllx l + b12X2• 

x; = b21Xl + b22X2• 

3aMeHa BXO.l\.a aa BbIXO.l\. oanauae'r nepexon K MaTpHLl.e (aij)' 
o6paTHott MaTpHLl.e ,(bij). T. e. 

x~ = aUx l + a12x2, 

x; = a2lxl + a22X2' 

113MeHSISI 3HaKH TOKOB. nOJIy'IaeM 
,

Xl = aUx1.-a12x2' 

x; = - a21xl + a22x2, 

I1TaK. MaTpHLl.a R = (rij) 3a.l\.aeTCSI COOTHOllie HlleM 

rl1 rl~)=( au-al~)=(b~~ bl~), (58,3)
(ru r~~ - au a~~ bu bu 
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r.l\.e y'ITeHO paBeHcTBo (56.6) H TO 06CTOSlTeJIbCTBO, 'ITO .l\.eTep

MHHaHT Ia I pasen enanaue, O'leBH.l\.HO. 

Irijl=laijl=lbijl=I, (58.4) 

Jlerxo aaaers, 'ITO nJISI nepexona OT MaTpHLl.bl B K MaT

pnue R .l\.OCTaTO'lHO nOMeHSlTb MeCTaMH 6e3pa3MepHbie BeJIH

'1HHbl bl1 H b22• rorna KaK 9JIeMeHTbi b12 (axneaaac) H b2l (non
uas npOBo,nHMOCTb) OCTaIOTCSI ua CBOHX MeCTax C npelliHHMH 

3HaKaMH. nOCKOJIbKY B xarpaue R oopauienaoro xerapexno
JIIOCHHKa qmrypHpyeT HMne.l\.aHC roro llie 3HaKa. 'ITO H B Ma

rpnue npsxoro '1eTblpeXnOJIIOCHHKa. BXO.l\.Slw.He B Hero conPO

THBJIeHHSI OCTaIOTCl1 nOJIOlliHTeJIbHbIMH. 

Mbl 6Y.l\.eM naausan, '1eTblpeXnOJIIOCHHK otipamu.uusc (HJIH 

CHMMeTpH'IHbIM). eCJIH OH cosnanaer CO CBOHM oopauieuaua 

'1eTblpeXnOJIIOCHHKOM; ,nJISI sroro Heo6xo)!.HMO. '1To6bl 

R=B. 

bll = b22· 

nOCKOJIbKY )!.eTepMHHaHT B paaen e)!.HHHLl.e. TO 

bl1 = b22= VI + b12b2l. 

CJIe)!.oBaTeJIbHo. xa paKTepHCTH'IeCKaSi MaTpHLl.a cHMMeTpH'IHOro 

'leTblpeXnOJIIOCHHKa 3aBHCHT TOJIbKO OT )!.ByX napaxerpos H HMeeT 
BH)!. 

B = (VI + b12b~l bl~ ) . 
, b~l VI + bl~b~l 

§ 69. MaTpHIJ.bl xetupexnoarocaasoa H rpynna C2 

B npe.aunyuiex naparpaqie 6blJIO OTMe'leHO. 'ITO xarpauu, 

icoropue HCnOJIb3YIOTCII B reopnn '1eTblpeXnOJIIOCHHKOB H C KO

TOPblMH Mbl CHOBa BCTpeTHMCSI B CJIe.l\.YIOw.HX r naaax, 06pa3YIOT 

rpynny .l\.BYXpSl.l\.HbIX xaanpatuux MaTpHLl. C e.l\.HHH'IHbIM ne
TepMHHaHTOM. 

OTa rpyrma y.l\.OBJIeTBOpl1eT CJIe.l\.YIOIlI,HM YCJIOBHSlM: 

I) ace MaTpHLl.bl rpynnu SlBJISIIOTCSI .l\.BYXpSl.l\.HbIMH KB3J\.paT

HblMH MaTpHLl.aMH C e.l\.HHH'IHbIM .l\.eTepMHHaHToM; 

2) Kalli.l\.otl xarpaue coorsercrsyer ooparnaa xarpaua, raxxe 
SlBJISIIOllI,aSlCl1 9JIeMeHTOM rpynnsr: 

21* 
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Xz 

ul'>'" , 

\" ""OJPI" 
\ R 
"" 

'bP, 

ell II r. 136. 
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BaHHe, n03BOJlSlIOw.ee nepeara OT aexropa P, K P~. Torna xa

rpaua, npencrasnsxnuas cHMMeTpliqHbl~ qeTblpeXnOJlIOCHHK, 
xapaKTepH3yeTcSI TeM, qTO MaTpliua R. nepeBo.aSlw.aSl BeKTop Pl 

B P~. cosnanaer C xarpanen, npeoopaaytomen 'aexrop P BP'. 
Baenex reneps nousrae ocea MaTpliUbl. TIyCTb HMeIOTCSI 

nsa BeKTOpa P H P'. rne P' nonysaerca B peeynsrare Ae~

CTBIiSl oneparopa B na BeKTOp P. Hanpanneuaa 9TrlX BeKTO
pOB, aooeuie rOBOpSl, He COBnaAaIOT. Ha~AeM reneps YCJlOBtie. 
npn KOTOpOM IiX uanpasneaas 6YAyT coananars, TO ecrs 

p'=ep 
HJlH 

X~ = EXl = bllx l + blaxa• 

X~ = eXa= balXl + baaxa. (59.1) 

eTa JlIiHe~HaSl OAHopOAHaSl CIiCTeMa ypaBHeHIi~ OTHOCIiTeJlbHO Xl 
H Xa IiMeeT aerpnsaaasnoe peurenne TOJlbKO npa YCJlOBIiIi 

bll-E bu r 
b b~~-E =0. (59.2)I 21 

Ypasueaae (59.2) CJly>KHT ypasueaaea AJISI c06cTBeHHbI x 3Ha
qeHIi~ MaTpliUbl B. Ka>KAOe 1i3 ABYX 3HaqeHH~ e, SlBJlSlIOW.IiXCSI 
peureunea sroro ypasaeaaa, onpenenaer ocs uampuu« B. 

Opaeurauas 9TliX ocea HaxOAIiTCSI nOACTaHOBKO~ 3HaqeHliSl E. 
SlBJlSlIOw.erocSI pemeaaex (59.2). B ypasnenae (59.1). COOTBeT
CTBYIOw.lie yrnoaue K09epepliUlieHTbl ocea OnpeAeJlSlIOTCSI COOT
uoureaaea 

I 

s= x~ = ~= bal + baaS (59.3)
Xl Xl bu + blaS 

IiJlH 

blaSa+ (bl1 - baa) S - bal = O. (59.4) 

CMblCJI, xoropsra 9TH BeJlliqHHbl IiMeIOT B reopaa qeTblpex
nOJlIOCHIiKOB, 6YAeT auscneu HH>Ke. 

OnpeAeJIHB OCH 0 Yl Ii 0 Yz MaTpHUbl npeoopaaoaauas Ii ee 
c06CTBeHHble 3HaqeHHSI (ElEa). MO>KHO nars 9THM xapaKTepHCTHKaM 
npocroe reoaerpunecxoe TOJlKOBaHHe. I'eoxerpanecxoe npeoo
pa30BaHHe, xoropoe MaTpliua coaepuiaer na nJlOCKOCTIi. CBO
.aHTeSl K paCTSI>KeHHIO B El paa BAOJlb OCH 0 Y1 Ii B E2 paa BAOJlb 
oca 0 Yz. 
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JII0601:t BeKTOp P MO>KHO paSJIO>KlITb na KOMnOHeHTbl Yl 

11 Y2 no OCSIM MaTplllJ.bl; yMHO>KaSi lIX COOTBeTCTBeHHO aa ~1 11 ~2' 
nOJIyIJaeM KOMnOHeHTbl sexropa P'. S1BJISllOl.I.I,erocSi npeoopaao
BaHlIeM sexropa P, 

Y~ = ~lYi' V; = ~2Y2' (59.5) 

ECJIlI OClI MaTplllJ.bl 0 Yl 11 0 Y2 Bbl6paTb B KaIJeCTBe xoopna
HaTHblX ocea, TO JIerKO auners, 'ITO OTHOClITeJIbHO 3TlIX ocel:t 
MaTplllJ.a nepexona npaooperaer .nllarOHaJIbHYIO lfJOpMy 

(e1 0)
o e2 • 

Bee cxasanaoe auure OTHOClITCSI K MaTplllJ.e (bij). 06paT
HOI:t (aij)' MO>KHO noxasars, 'ITO nOCJIe.nHSISI axeer re >Ke OClI, 

Xz 
2 \)'z 

<t> H r. 137. 1- I-n OCb. Co6cTBeHHoe 
3HaIJeHHe e1; tg 61 = S1; 2- 2-n OCb. 
Co6cTBeHHoe aaaxeaae e2; tg 62 = S2' 

'ITO 11 (bi j ) , HO ee C06CTBeHHble SHaIJeHlISi paanu ~11 11 G l
. 

3TO 06CTOSlTeJIbCTBO XOpOIliO lIJIJIIOCTpllpyeT TOT lfJaKT, 'ITO 
MaTplllJ.a (aij) onpeneaaer npeoopaaoaaaae nepexona OT BeK
ropa P' K aexropy P. 

OOJIyIJlIM COOTHOllleHlISI, CBSlSblBalOI.I.I,lIe Yi' Y 2 C Xl' X2' 

B 060SHaIJeHlISiX lfJlIr. 137 

Xl = Y l COS 81+ Y2 COS 82, (59.6) 
X2 = Y l sin 81 + Y2 sin 82, 

r.ne 
51 = tg 81, 

52=tg8 2, 

MaTpU'lltaJl aAze6pa U pacnpocTpaH. BOAH BaOAb 3AeKTp. AUHUU 327 

lIJIlI 
X2 = Yl + Y2' Yl = Y l sin 81, 

1 + 1 Y . 8 (59.7) 
Xl = S-Yl -S Y2' Y2 = 2 sin 2' 

1 2 . 

3.neCb 51 11 52 - KOpHlI ypasnenaa (59.4), onpenenmoume na
KJIOH ocel:t MaTplllJ.bl (bij)' 3TlI COOTHOllleHlISi 6y.nyT lIcnOJIbSO
saau B reopnn IJeTblpeXnOJIIOCHlIka. . 

TOJIbKO 'ITO BblSlCHeHHaSi reOMeTpllIJeCKaSi anrepnperauas 
nOSBOJISIeT YCTaHOBlITb npocryio reopexy: OBe uam.puuu, OCU 

«omopu.x coenaoatom, KOMMymupYlOm opyz C OPYZOM 

DC=CD. (59.8) 

Ilencraarensno. npa paSJIO>KeHlIlI no 061.1.1,1IM OCSIM 0 Yl 11 0 Y2 

npeoepasoaanae CBO.nllTCSI K npocroxy anreepaaxecxoay yMHO

>KeHlIlO
 

Y~ = ~1C~1DYl = ~1D~1CY1t
 

Y; = ~2C~2D Y 2 = ~2D~2C Y 2, 

r ne (~1C. ~2C) 11 (~1D' ~2D) - coocraenaue SHaIJeHlISi MaTpllLI. C 11 D. 

§ 60. XapaKTepHCTlIqeCKHA HnH BonHoBoA HMne.naHC 
qeTWpeXnonwcHHKa 

B r JI. 5 Mbl .neTaJIbHO lISYIJlIJIlI nOHSITlIe xapatcrepacrase
cxoro lIMne.naHca B npaxeaenna K O.nHOMepHOI:t MeXaHlIIJeCKol:t 
peurerxe. XapaKTepllCTlIIJeCKlIl:t lIMne.naHC pasea MeXaHlIIJeCKOMY 
lIMne.naHcy S1IJel:tKlI, eCJIlI IJaCTlILI.bl, axonsurae B nee, KOJIe6JIIOTCSI 
TaK. >Ke, KaK B CJIyIJae pacnpocrpaneaaa npocron BOJIHbl uepea 
HeOrpaHlIIJeHHylO peuierxy. 3.necb Mbl .na.nllM aHaJIOrHIJHOe onpe
nenenae xapaxrepacnrsecxoro lIMne.naHca IJeTblpeXnOJIIOCHlIKa. 

060SHaIJlIM sepea z' asmenaac. na KOTOpbl1:t saMKHyT IJeTblpex

nOJIIOCHlIK (CM. lfJlIr. 138), TaK 'ITO 

, " (60.1)Xl =z X 2' 

11 6y.neM HaSbIBaTb z' euxoonu.» u.uneoancou: 
Oo.nCTaBJISISI 3TO SHaIJeHlIe X~ B ypaaneane (56.2), nOJIyIJaeM, 

YIJlITblBaSi COOTHOllleHlIe (56.6), 

Xl = (allz' + a12) x~ = (b22Z ' - b12) x~, 
(60.2) 

x 2 = (a21z' + a22) X; = (- b21Z' +bll ) X;. 



328 rAaea 10 

4eTblpeXnOJIIOCHHK. 3aMKHYTbl~ cnpana na HMne,llaHC Z', CJIeBa 

saauxaerca ua HMne,llaHC Z (BXO,llHO~ HMne,llaHC). npH'IeM 

Xl b22Z ' - b12 (60.3)Z=X; = -b21Z ' +bll • 

TaKHe )I(e BbIKJJa,llKH MO)l(HO nponenars H ,llJIlI 06pameHHOrO 

'1eTblpeXnOJIIOCHHKa (CM. lj>Hr. 138). Oooanasas uepea , H (' 

Xl 

X;1 X, 
71 z·
-I
 

1
 

x;

"ITl 
a 6 

4> H r. 138. a - npllMoH tIeTblpeXnOJlIOCHHK; 
~ - o6pameHHblH tIeTblpeXnOJlIOCHHK. 

COOTBeTCTBeHHO ero BXO,llHO~ H BblXO,llHO~ HMne,llaHCbI H y'lHTbI

Ball COOTHoweHHe (58.3). onpeneaaiouiee MaTpHUbI oopaurenuoro 

'1eTblpeXnOJIIOCHHKa, nonysaex, 'ITO 

,=_bll~: - b12 • (60.4) 
b1!l~ - b2'2 

XapaKTepHCTHtIeCKH~ HMne,llaHC nOJIy'laeM npH yCJIOBHH, 'ITO 

Z = z', HJlH, tITO TO lKe, , = " . (60.5) 

B 9TOM cnyxae BeJIH'IHHy Z. KOTOpylO Mbl 6Y,lleM 0603HatIaTb 

reneps sepea Z, Ha3b1BaIOT xapaKTepHCTHtIeCKHM HMne,llaHCOM ,llJIlI 

npsxoro HanpaBJIeHHlI pacnpocrpaueaaa, a ,- XapaKTepHCTH

'1eCKHM HMne,llaHCOM ,llJIlI ooparaoro HanpaBJIeHHlI. 

06e BeJIH'IHHbI, Z H -~, lIBJIlIlOTCSI KOPHlIMH onaoro H roro 

)I(e ypasaeaas, xoropoe MomHO nOJIy'lHTb H3 (60.3) HJIH (60.4), 

b21z'l + (b'l 'l - bll) Z - bl 'l = O. (60.6) 

Cpaanaaaa ypasueaaa (60.3) H (59.4). noaynaex COOTHoweHHlI 

1 1 
Z= Sl' ~=- S2' 

H3 KOTOpblX cnenyer, 'ITO xapaKTepHCTH'IeCKHe asmenaacu 
ooparaa yrJIOBblM K,09tPtPH UHeHTaM ocea MaTpHUbl (CM. lj>Hr. 137). 
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4 aCTO ,llJIlI xapaKTepHCTH'IeCKHX HMne,llaHCOB HCnOJIb3YlOT 

npyrne 0603Ha'leHHlI: 

Z=kl , '=k2 • (60.7) 

.aJIlI CHMMeTpH'IHOrO '1eTblpeXnOJlIOCHHKa »« = b22• H 06a 

xapaKTepHCTH'IeCKHX HMne,llaHCa paBHbI 

Z=~=Vbb12 • 
21 

B 9TOM caysae OCH, asoopaxeaaae aa lj>Hr. 137, CHMMeTpH'IHbl 

OTHOCHTeJIbHO xoopnnnarnux ocea OXI H OX'l ' 

.aJIlI uenousa H3 H,lleHTH'IHbIX '1eTblpeXnOJIIOCHHKOB O,llHH H3 

xapaKTepHCTH'IeCKHX HMne,llaHCOB COOTBeTcTByeT MOHoxpOMaTH

'1eCKO~ BOJIHe, pacnpocrpaumouteacs CJIeBa aanpaso, npyroa-e

pacnpocrpaaenmo BOJIHbl cnpasa HaJIeBO. 

§ 61. PacnpocTpaHeHHe BonHM B~onb ~enoqKH 

qeTYpexnOn~cHHKoB 

Paccxorpas 6ecKoHe'lHylO JIHHHIO H3 H,lleHTH'IHblX serupex
nOJIIOCHHKOB, oopaayioumx uenosxy (tPHr. 139). Pacnpocrpaae
HHe MOHoxpOMaTH'IeCKotl BOJIHbl B,llOJlb TaKO~ JIHHHH xapaxre

pnsyerca TeM. 'ITO npa nepexone OT n-ro '1eTblpeXnOJlIOCHHKa 

X2''!..+.L 

X"~ n+Zn+l 

x Z,n+1 

X'Jn+ln 

X2•n 

X/,nn-Ix',n-I 

x Z,n-7 

4> H r. 139. 

K n + I-MY aanpaaceuae H TOK yMHomalOTClI na O,llHY H ry 
me KOMnJIeKcHylO BeJIH'IHHy E: 

Xl, n+l = EXln, 
(61.1 ) 

X 'l, n+l = EX 2n ' 

Croranuaaa 9TH BblpameHHlI C BblpameHHlIMH (56.5), noayvaex 

O,llHOP0,llHYIO JIHHe~HYIO cacreay OTHOCHTeJlbHO Xl, n H X2, n 

EXln = bllxl n + b12X 2n ' 
(61.2) 

EX2n = b'l 1X l n + b22X 2n • 
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YCJlOBHeM pa3peWHMOCTH KOTOpOlt SlBJlSleTCSI 

bl1-E ba I 
b b =~2-(b11+b22H+l=O, (61.3)I 2i 22-E 

nockonsxy nerepaanaur I bi j I= 1. 
YpaBHeHHe (61.3), n03BOJlSlIOllJ,ee HaltTH BeJlH'lHHY ~ KaK 

q,yHKUHIO napaxerpoa 'leTblpeXrrOJlIOCHHKa, SlBJlSleTCSI He 'leM 
HHbIM, KaK ypaaaeaaex llJlSl coocraennux 3Ha'leHHlt MaTpHUhI (bi j ) , 

H, CJlenOBaTeJlbHO, HCKOMble BeJlH'lHHbI ~ pannu ee co6CTBeHHbIM 
3Ha'leHHSlM. KOPHSlMH ypaBHeHHSI (61.3) 6ynyT 

t t	 _ ~ (b + b ) -I- ~ r (btl + b22)2 _ 1 (61.4)~i' ~2 - 2 11 22 - V 4 

P acnpocrpanenae 6e3 3aTyxaHHSI HMeeT MeCTO B TOM cay-rae, 
eCJlH 

I ~ I= 1, ~ = ej~ (j = V- 1). 

ECJlH I ~ 1< I, TO pacnpocrpaneuae cneaa aanpano npo
HCxonHT C saryxaaaex. eCJlH me I~ I> 1, TO 3aTyxaIOT BOJlHbI, 
pacrrpOCTpaHSIIOllJ,HeCSI cnpasa HaJleBO. 

lITo6bI aepayrscs K npemHHM 0603Ha'leHHSlM, nOJlOmHM 
B 06llJ,eM cnysae 

e= e' = e~+j~ 

(1 - rrOCTOSlHHaSi pacnpocrpaaeuas). 
nOCKOJlbKY npoaasenenae nsyx xopaea ~l H ~2 paBHO e.na

uaue, MomHO sanaca'n, 

~l = e-T = e-~-j~, 

~2 = eT = e~+j~, (61.5) 
E1 +E2 h 1 b +-2-= C T= 2( 11 b22)· 

3neCb Ct - rrOCTOSlHHaSi 3aTyxaHHSI 'leTblpeXrrOJlIOCHHKa, a ~
q,a30BbIlt cnaar. coanaaaexua HM B 6eCKOHe'lHolt JlHHHH. Ilpn 
Ct= 0 BOJlHbI pacnpocrpaasiorcs 6e3 3aTyxaHHSI, xorna, KaK 
yme OTMe'laJlOCb, 

~l = e-j~, ~2 = ej~. (61.6) 

ECJlH a oF 0 H, cxaxea, noaoaorrensno. TO peureuae el COOT
BeTcTByeT pacnpocrpaaeumo cnesa aanpaso, a peureane ~2
pacnpocrpaneumo cnpasa HaJleBO; 3TO aenocpencraeuao BHnHO, 
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ej mt eCJlH ysecrs MHOmHTeJlb , KOTOpbIlt MbI ace BpeMSI orry

CKaJlH. 
Ilpennonoxorx, 'lTO anoas scea JlHHHH HMeeT MeCTO CTa

uaoaapnoe pacnpenenenae TOKOB, nonxunmomeeca ypaane
HHSlM (61.1), (61.3) H (61.6). B JlI060lt TO'lKe CO'lJleHeHHSI 3J1e
MeHTOB uenoxxu OTHoweHHe uanpsacenas Xl K TOKy X2 rrOCTOSlHHO, 
'lTO, corJlaCHO (61.1), cOOTBeTCTByeT uexoropoxy HMrrenaHcy 

Z =	 Xin = b12 = E- b22 • (61 .7) 
X2n E- bu b2i 

Ilsa peureuas ~l H ~2 nJlSl pa3J1H'lHbIX uanpaaaeuaa pacrrpo
cTpaHeHHSI B JlHHHH naIOT nna B03MomHblX 3Ha'leHHSI Z = Zl 
H Z = Z2' Jlerko nposepars. 'lTO Zl H Z2 COBrranaIOT C xapax
TepHCTH'leCKHMH HMrrenaHcaMH, paCCMOTpeHHbIMH B npenuny
llI.eM na par-padre, 

zl=kl=Z, z2=-k2=-C 

IlpenCTaBHM reneps or-panasenuua OTpe30K JlHHHH, conep
mallJ,Hlt 'leTblpeXrrOJlIOCHHKH n, n + I, ... , n + p, KOTOpbIlt 
3aMKHyT cnpasa na HMnenaHC Z. nOCKOJlbKY ace npoueccu 
npoacxonsr npa 3TOM TaK me, KaK eCJlH 6bI JlHHHSI He 6bIJla 
orpanasena cnpana, TO axnenauc raxoro OTpe3Ka cnesa. aa 
axone, onan- pasen Z, npasea, eCJlH sees OTpe30K CBonHTCSI 
K onuoxy 'leTblpeXnOJlIOCHHKY, MbI CHOBa npaxonaa K CJlY
saio. H306pameHHoMy aa q,Hr. 138, a. ECJlH me JleBbIlt KOHeu 
orpesxa JlHHHH 3aMKHyT na m,menaHC ~, TO OTpe30K MomHO 
paCCMaTpHBaTb KaK JlHHHIO, HeOrpaHH'leHHyIO cnesa H npen
CTaBJlSlIOllJ,YIO co6olt nJlSl pacnpocrpaumouieacs cnpasa BOJlHbI 
HMrrenaHC ~. lI.JlSI onnoro nerupexnomocnaxa 3TOMy COOTBeT
CTByeT cxexa na q,Hr. 138, 6. 

cho paccyacneune, xoropoe npasonxr K pa3J10meHHIO BOJlHbI 
na nse COCTaBJlSlIOllJ,He, pacnpocrpanmoumecs anons JlHHHH 
B npoTHBOnOJlOmHbIX nanpaanenaax, 3KBHBaJleHTHO reoaerpn
'leCKHM cxeaax, paccxorpeaaux B § 59 H npHBOnSlllJ,HM K TO'lHO 
TaKHM me BbI'lHCJleHHSlM. Ilpnsenex npocroa npuxep. 

Paccxorpas OTpe30K JlHHHH, conepacauraa n HneHTH'lHbIX 
'leTblpeXrrOJlIOCHHKOB, H, npennonoxaa, 'lTO Ha JleBOM KOHue 
3TOrO ()Tpe3Ka HMeeTCSI nanpaacenae H TOK X20' HaltneMX IO 
nanpaxenae X 1n H TOK X2n sa auxone n-ro 'leTblpeXrrOJlIOCHHKa. 

reOMeTpH'leCKH 3TY sanasy MomHO crpopxyaapoaars cne
nYIOllJ,HM 06pa30M: sanaaascs Ha'laJlbHbIMH KOOpnHHaTaMH (XIO' X20) 
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TO'lKH nJlOCKOCTH Po. MbI cosepuraea nan HHMH n npeoopaao

BaHHR. Tpeoyerca onpenemrn. xoopnauaru (Xln• X2n) TO'lKH Pn' 
nOJly'leHHoR nocJle n npe06paaOBaHHR. 

TIoCJle.u.OBaTeJlbHOe nepeauoscenae n MaTpHlJ.. rperiyexoe
 
.u.JlSI HaXO>K.u.eHHSI peureuna, BeCbM3 YTOMHTeJlbHO. Y.u.06Hee paa


JlO>KHTb BeKTOp Po no r JlaBHblM OCSIM MaTplUl,bl npecopaaosa


HHSI OYl H OY2 • .uony


CTHM. 'ITO COOTBeTcTBylO


I1J,He KOMnOHeHTbl pannu
 
npn 9TOM OP lO H OP20.
 
Koopnaaaru TO'leK H
 

y, 

... ,l.i"&,u '.f 

Y20 

X2 

P lO 
P20 060aHa'lHM COOTBeT

CTBeHHO (ZlYlO' YlO) H (Z2Y20' 
Y20)' a yr nosue K09cf>cf>H

UHeHTbI ocen l/z1 H l/z2 

X, (cf>Hr. 140). 
TIOJlO>KHM 

XlO = ZlYlO + Z2Y20' 

X10-Z2X20 

YlO= Zl-Z2 • 
(61. 8) 

X20 = YlO + Y20' 
<l> H r. 140. 

-X10+ ZlX?O 
Y20 = ---'Z:'::1--'---Z-='2-'-"-

Ilpoasaenea reneps n nOCJle.u.OBaTeJlbHbIX npeoepaaoaaaua: 

B pesym.rare nOJly'lHM COOTHOllIeHHSI 

Yln=~~Ylo' Y2n=~~Y20' (61.9) 

onpeneaaioume nOJlO>KeHHSI TO'leK r.; 'H P2n na OCSIX 0 Yl 

Ii 0 Y2• I1cKoMaSi TO'lKa Pn SlBJlSleTCSI KOHUOM BeKTOpa Pn' 
paBHOrO cyxxe BeKTOpOB Pln H P2n. OKOH'IaTeJlbHO nonysaex 

X 1n = ZlYln + Z2Y2n = Zl~~YlO +Z2~~Y20' 
(61.10) 

X 2n =Yln +Y 2n = ~~YlO +~~Y20' 

TaKOBa 0611J,aSl reOMeTpH'IeCKaSi CXeMa. 

BepHeMCSI K 9J1eKTpH'IeCKOR JlHHHH. .u.JlSI KOTOpoR 

tn _ -nT _ -n(a+j~) 
~l - e -e . 

(61.11 )
~~ = enT = e.,,(a+j~). 
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TIPH (J. > 0 as Bblpa>KeHHR (61.9) cnenyer HaJlH'IHe nnyx 

BOJIH. onna aa KOTOpblX pacnpOCTpaHSleTCSI cnpasa HaJleBO. 

npnsea, pasyaeerca, non YlO H Y20 cnenyer nOHHMaTb aMnJlH

Ty.u.bl 9THX BOJIH. onpe.u.eJlSleMble. cor JlaCHO (61.8). BeJlH'IHHaMH 

TOKa H HanpSl>KeHHSI na JleBOM KOHue JlHHHH. ' 

06e HHTepnpeTaUHH - reOMeTpH'IeCKaSi H 9J1eKTpH'IeCKaSl

npaaonar K TO>K.u.eCTBeHHbIM ssncnanxax. MbI Bbl6paJlH (J. > O. 
TaK 'ITO ~l COOTBeTcTByeT pacnpOCTpaHeHHIO cneaa aanpaso. 

ECJIH YBeJlH'IHBaTb OTpeaOK paCCMaTpl1BaeMOR JlHHHH. TO BeJlH

'1HHa ef CTaHOBHTCSI npeneopeaorao ManoR, B TO BpeMSI KaK ~~ 
aospacraer. Torna, KaKOB 6bl HH 6blJl HMne.u.aHC H3 JleBOM 

KOHue JlHHHH. 
~ _ X10 
<"0---' 
, X20 

na npasox	 KOHue Mbl nOJly'laeM 

e~ Y20x ln C = - -	 = - Z2 - n - = - Z2' (61.12)n x 2n e2 Y20 

I1TaK. npa	 .u.OCTaTO'lHO 60JlbllIOR .u.JlHHe JlHHHH ee HMne.u.aHC 

cnpaaa He	 aaBHCHT OT HMne.u.aHca npHeMHHKa na JleBOM KOHue 

H CTaHOBHTCSI paaen xapaKTepHCTH'IecKoMy HMne.u.aHcy. T. e. 

sener ce6S1 TaK »ce, K3K .u.JlSI 6ecKOHe'lHoR JlHHHH. Ha reoxe

TpH'IeCKOM	 SlablKe 9TO oanasaer, 'ITO nocne O'leHb 60JlbllIOrO 

'1HCJla npeoopaaosaaan TO'lKa Pn 6eCKOHe'lHO 6J1HaKO npansa

raeTCSI K o.u.HoR as ocen MaTpHub1. a HMeHHO K OY2• 

3aMeHHB YCJlOBHSI sanasa aa oopantue, MO>KHO HaRTH 

H BTOpoR HMne.u.aHC Zl' 
BepHeMCSI K 06bl'lHblM 060aHa'leHHSlM. B KOTOpblX xapaxre

pHCTH'IeCKHe HMne.u.aHCbl 060aHa'lalOTCSI 

Z=Zl' C=-Z2' (61.13) 

061>e.u.HHSISI	 (61. 8) H (6L 11). nonysaes
 

1
 x 1n = Z + ~ [(~enr + Ze- nr) XlO - 2CZ sh (nT) X20]' 
1 (61.14) 

X2n = Z + ~ [-2 sh (nT) XlO + (Zenr +~e-nr) X20]' 

9TH ypaBHeHHSI SlBJlSlIOTCSI KaHOHH'IeCKHMH ypaBHeHHSlMH 9J1eK

TpH'IeCKHX JlHHHR. B HHX cf>HrypHpylOT TOJlbKO TpH napaaerpa e-

naa xapaKTepHCTH'IeCKHX HMne.u.aHca '1eTblpeXnOJlIOCHHKa H no

CTOSlHHaSi pacnpOCTpaHeHHSI T· 
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§ 62. npHMeHeHHe reopau K CHMMeTpHlJHoMy 
lJeTWpeXnonwcHHKy 

Bupaxenae (60.6) onpeneaser I1Mne.naHCbJ uerupexnomoc
HI1Ka KaK <PYHKU,1111 napaaerpos BXO.nHI1I,I1X B Hero 9J1eKTpl1'1e
CKI1X uenea. B cnysae CI1MMeTpl1'1HOrO '1eTblpeXnOJlIOCHI1Ka, 
xapatcrepaayexoro YCJlOBHeM bll = b22, 9TO COOTHOllIeHHe ynpo
l1I,aeTCH H xapaKTepHCTH'IeCKl1e HMne.naHCbl CTaHOBHTCH paBHblMH 

r _ , r	 b;;Z -	 (62.1)--.-v ~. 

Tor.aa ypaBHeHHH (61.14) npHHHMalOT BH.n 

x1n = ch (nT) XlO - Z sh (nT) X20' 

1 (62.2) 
X2n = - Z sh (nT) XlO + ch (nT) X20' 

113 06111,ero Bblpa>KeHI1H .nJlH xapaKTepHCTI1'1eCKOrO HMne
naaca CI1MMeTpH'IHOro '1eTblpeXnOJlIOCHHKa [cooruourenae (62.1») 
cnenyer, 'ITO 9TOT I1Mne.naHC npencrasaser cocoa cpennee 
reOMeTpH'IeCKOe HMnenaHCOB '1eTblpeXnOJlIOCHHKa B paaoxsayroa 
H KOpOTK03aMKHyTolt uena. ,UeltcTBHTeJlbHO, nJlH paaovsnyroa 
uenn z' = co H 113 ypaBHeHHH (60.3) z = - b22lb21• Torna KaK 
npH KOpOTKOM 3aMblKaHHH (z' = 0) nonysaex Z = - bdbll • 

Cnexannoe ssnue aaaexauae HBJlHeTCH O'leBHnHbIM, eCJlI1 ysecrs. 

'ITO bll = b22• 

,UJlH np0l13BOJlbHOrO '1eTblpeXnOJlIOCHHKa HMnenaHCbJ 

Y b1~b2~ V b12b11 (62 3) 
Zi1 = -bb ' ZI2 = -bb' .

21 11	 21 22 

xoropue Ha3bIBaIOTCH. IWJlCYW,U.MUCFl U.MneOaIlCa.MU, npen-
CTaBJlHIOT cooon cpenuae reOMeTpH'IeCKHe HMnenaHCOB '1eTblpex
nOJlIOCHHKOB B pa30MKHyTOlt 11 KOpoTK03aMKHyTolt uenax nJlH 
neyx pa3J1I1'1HbIX nanpaaaenaa. Kax MbI TOJlbKO 'ITO nOKa3aJlH, 
OHI1 paaau, eCJlH '1eTblpeXnOJlIOCHHK CI1MMeTpl1'1eH. 

Kaxyuiaeca axnenaucu. onpenenenuue suure, He CBH3aHbI 
nenocpencrseaao CO CBoltcTBaMH uenea H3 Onl1HaKOBbIX '1eTbI
peXnOJlIOCHI1KOB. MbJ ceasac yTO'lHHM 9TO, nOKa3aB, 'ITO OHH 
npenCTaBJlHIOT cocoa B neltcTBI1TeJlbHOCTH xapaxrepacrnuecxae 
I1MnenaHCbJ uena H3 CI1MMeTpl1'1HbIX '1eTblpeXnOJlIOCHI1KOB, Ka>Knbllt 
113 KOTOpblX COCTOHT 113 '1eTblpeXnOJlIOCHI1Ka C MaTpl1u,elt B. 
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coenauenaoro C 06pal1l,eHHbIM '1eTblpeXnOJlIOCHHKOM C MaTpH
u,elt R. TaKaH uern, CXeMaTH'IeCKH H306pa>KeHa na <p l1r • 141. 

OTMeTHM, 'ITO 9Ta sanasa nonycxaer naa nonxona B 3aBH
CHMOCTH OT TOro, paCCMaTpHBaeTCH JlH OCHOBHOlt 9J1eMeHT u,enH 
KaK COCTOHI1I,Hlt 113 cOBOKynHocTH (B. R) HJI'H 113 cOBOKyn

HOCTH (R. B). PaccMoTpHM nepnua cJly'lalt. 

~ 
~ ---l:J--l::J

2 

I--- a--1 f-- b--1 
<t> H r. 141. 

XapaKTepHCTH'IeCKaSi xarpaua cosoxynuocra (B, R) pasua 
np0l13BeneHHIO RB xapaKTepHCTH'IeCKHX xarpau BXOnHI1I,HXB nee 

'1eTbIpeXnOJlIOCHHKOB 

RB= (	 rllbll + r12b21 rllbl~ + rl~b~~ ) (62.4) 
r~lbll + r~~b~1 r21b1~ + r~~b~~ • 

Hcnoassya nnH 9J1eMeHTOB rik COOTHOllIeHHe (58.3), OKOH'IaTenbHO 

noaynaex 
RB = ( bllb2~ + b1~b~1 2b12b~~ ) (62.5) 

2bllb~1 bllb~~ + b12b21 • 

BTa xarpuua noauocrsio COOTBeTcTByeT CHMMeTpH'IHoMy '1eTbI
pexnonlOcHI1KY. nOCKOJlbKY ee nHarOHanbHble 9J1eMeHTbJ paBHbJ. 
B TaKOM caysae cyuiecrayer monuco OOUIl xapaKTepHCTH'IeCKHlt 
asmenaac. KOTOpbIlt. cornaCHO (62.1), panen KOpHIO xsanpar
HOMy H3 OTHOllIeHHH aenaaroaansnux 9neMeHTOB H, cnenosa
reasuo, coananaer C nepaux H3 Ka>KyI1l,HXCH HMnenaHCOB ZIl' 

l{oM6HHau,HH (R. B) npasonar KO BTOpOMy Ka>Kyl1l,eMycH HMne

naucy ZI2' 
B 9neKTpOTexHHKe Ka>KyI1l,HMcH HMnenaHcaM '1aCTO yneJlHIOT 

60JlbllIOe BHHMaHHe, XOTH OHH He COOTBeTcTBylOT OCHOBHblM 

caoacraax MaTpHu,bl npe06pa30BaHHH B. 
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§ 63. no~ocw nponycKaHHH H no~ocw HenponycKaHHH 
B uenax lfeTwpexnomocHHKoB 

Bsnne MhI OTMeTHJIH, 'lTO B 3aBHCHMOCTH OT roro, OTJIH'lHa 

OT HyJISI HJIH HeT BeJIH'lHHa ex, BOJIHhl B uena 4eThlpeXrrOJIIOC

HHKOB pacnpocrpanmorcs C saryxanaea HJIH 6e3 Hero ICM. (6l..5)}. 
ECJIH ex = 0, TO aaryxanne OTCyTcTByeT. H H3 ypasne

HHSI (61.5) 

~1' ~2 = cos ~ -+- j sin ~ (63.1 ) 

HJIH, KaK 6hIJIO rrOKa3aHO suure [ypaanenne (61.4»), 

e e - ~ (b + b ) -+- ' r (btl - b22 )2 _ 1
~1' ~2 - 2 U 22 - V 4 

ECJIH rrOJIO)/{HTh b = 1/2 (bll + b22) , TO rrOJIy'lHM 

~1' ~2 = b -+- Vb 2 
- 1 = b -+- rV 1- b2 (j = V -1). (63.2) 

113 cpaBHeHHSI (63.1) H (63.2) caenyer, 'lTO saryxanae 6Y.lleT 

oTcyTcTBoBaTh, eCJIH 4HCJIO b .lleACTBHT~JIhHO: 

cos B= b. -1<b<1. (63.3) 

OTMeTHM. anposex, 'lTO 3TH o6w.He yCJIOBHSI pacnpocrpanenas 

6e3 3aTyxaHHSI MO)/{HO noay'nm., HCXO.llSi H3 COOTHoweHHlI (61.5); 
.lleACTBHTeJIhHO, nonaras B H ~M ex = 0, HMeeM 

ch r = chj~ = cos ~ = ~ (bll +b22) . 

OOCKOJIhKY K031fJ1fJHUHeHThI bi j 3aBHCSlT OT 'laCTOThI, yCJIOBHSI(63.3) 
rr03BOJIlIIOT onpeneaars nOJIOChI nponycxanas. 

ECJIH uena, oopaaosannue 'leThlpeXrrOJIIOCHHKaMH. He CO

ne pxar aKTHBHhIX corrpOTHBJIeHHA, TO see K031fJ1fJHUHeHThI Ci k 
H3 (54.13), TaK )/{e KaK H K031fJ1fJHUHeHThI Xik H Zik H3 ypaa

HeHHA (55.3) H (55.4), S1BJISIIOTCSI 'laCTO MHHMhIMH. Orciona 
BhlTeKaeT, 'ITO napaaerpu b H C H3 (55.8) 4HCTO MHHMhI. 

CJIe.llOBaTeJIhHO, 3JIeMeHTaMH xapaxrepacravecsoa MaTpHUhI 'leThI

peXnOJIIOCHHKa, B KOTOpOM OTCyTCTBylOT conpOTHBJIeHHSI, 
6Y.llYT: 

bu b12 b21 b22, 

npH4eM 

b12 = j~12' b21 = j~21' (63.4) 

abu, b22, ~12 H ~21 .lleACTBHTeJIhHhl. 

~, 
i'i' 
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OpH 3THX npennonoacenuax MO)/{HO yraepxcaa'n., 'ITO BOJIHa 

6Y.lleT pacnpocrpaaari.ca 6e3 aaryxauas, eCJIH K031fJ1fJHuHeHThI 

bu , b22 .lleACTBHTeJIhHhI H 

2 <. bu +b22 <. 2. (63.5)-

ECJIH uerm conepacar aKTHBHhle corrpOTHBJIeHHSI, TO nepsoe 

H3 3THX yCJIOBHA CJIe.llyeT 3aMeHHTh yCJIOBHeM (63.3), KOTopoe/ 

npennoaaraer, 'lTO cyaxa bu +b22 ,lleACTBHTeJIhHa, T. e. 'lTO 

b u H b22 KOMnJIeKCHO conpsoxeau (bu = b;2)' 

B 06w.eM cay-rae MO)/{HO CKa3aTh, 'lTO pacnpocrpaaenae 

npOHCXO,llHT 6e3 3aTyxaHHSI, eCJIH 

1) Ibu + b221<'2; 
2) BO scex uensx OTCyTCTBylOT aKTHBHhle conpOTHBJIeHHSI 

HJIH nOJIO)/{HTeJIhHhle H orpnuarensnue conpOTHBJIeHHlI B3aHMHO 

KOMneHcHpyIOTCSI. 
113 coornourenaa (60.6) H (61.7) caeayer, 'ITO xapaicrepn

CTHlJeCKHe HMne.llaHChI 4eThlpeXnOJIIOCHHKa paBHhI 

Z = ~ - b22 _1_ [b _ b -+- j {I _ (bll + b22 )2 ] (63 6) 
b b U 21 - 4" 

21 21 

ECJIH 'leTblpeXnOJIIOCHHK CHMMeTpH'leH (bu = b22) , TO 3TO 

asrpaacenne ynpouiaercs: 

V 1 - (b u + b22)2 

Z--+-' 4--J b
21 

Jlerxo BH,lleTh, 'ITO npu BbIl10JIHeHHH yCJIOBHlI pacnpocrpa

HeHHSI 6e3 3aTyxaHHlI (63.3) H 'lHCJIHTeJIb H 3HaMeHaTeJIb 3Toro 

Bblpa)/{eHHlI ~TaHOBSlTCSI 'lHCTO MHHMbIMH. TaK 'ITO HMne,llaHC Z 
.neACTBHT~JIeH. TaKHM 06pa30M, B caysae CHMMeTpH'lHoro 

4eThlpeXnOJIIOCHHKa HMne,llaHC Z S1BJIlIeTCli ,lletlcTBHTeJIbHhIM 

B nonoce nponycxanas H 'lHCTO MHHMbIM ,llJIli ncex apyrax 

4aCTOT. O.llHaKO 3TOT BbIBO,ll He pacnpocrpansercs aa CJIy'latl 

HeCHMMeTpH'lHOrO 4eTblpeXrrOJIIOCHHKa. 
3 a M e 'l a H H e. ¢OpMyJIbI, noayueauue B npenunyuiax 

naparparpax, lIBJIlIlOTCSI 60JIee 06W.HMH. 4eM lfJOpMyJIbI, nOJIy· 
4eHHble H3 ypaBHeHHA pacnpocrpanenns BOJIH B .llHCKpeTHblx 

crpyxrypax, oopaaosaauux H3 O,llHHaKOBblX 3JIeMeHTOB. B 3a

BHCHMOCTH OT xapaxrepa paccxarpaaaeaon np06JIeMbI CMbICJI 

BeJIH'lHH, 0603Ha'laeMbIX B 3THX lfJopMyJIaX 'lepe3 X 1.X2, MO)/{eT 

22 3aK. 201. 
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6blTb pa3J1H'IeH, onnaxo B 06W.HX seprax 3TH SlBJleHHSI nporexaior 
O.n.HHaKOBO. HH>Ke Mbl paCCMOTpHM COBepWeHHO unue sonpocu, 
xoropue, O.n.HaKO, B TO'IHOCTH CRO.n.SlTCSI K TOJlbKO 'ITO oocy

>K.n.aeMoR CXeMe. 

§ 64. Orpaaceauue BOJlHbI B JlHHHJlX, 

saaxayrux na HMneJJ.aHC ~o 

PaCCMOTpHM uens, COCTOSlW.YIO H3 'IeTblpeXrrOJlIOCHHKOB 

'c XapaKTepHCTH'IeCKHMH HMrre.n.aHcaMH Z H C, JleBblR KOHeu 

KOTOpoR 3aMKHyT na HMrre.n.aHC Co' arpatouran POJlb uynesoro 

'IeTbl peXrrOJlIOCHHKa, TaK 'ITO 

-CO = XlO • (64.1 ) 
X20 

BOJlHa, pacnpocrpanmourasca HaJleBO, .n.OJl>KHa 'IaCTH'IHO orpa
IKaTbCSI. Boaapauraacs K 0603Ha'IeHHSlM § 61, Mbl onpeneaax 

K03cjJcjJHUHeHT OTpa}l(eHHSI C noa OW.blO COOTHoweHHSI 

YlO 
P= Y20 • 

TaKHM 06pa30M, 

- XlO + Z2 X20 Z2 +Co c- c.op- - --- (64.2) 
- XlO- Z1 X 20 - -Co- Z l - Co+ Z ' 

rrOCKOJlbKY 

Z1=Z, Z2=-C, 

OTCIO)J.a cne.ayer, 'ITO OTpaIKeHHe OT MeCTa coeJJ.HHeHHSI nsyx 

uenen 'IeTblpeXrrOJlIOCHHKOB 6y.n.eT OTCyTcTBoBaTb, eCJlH OHH 6YJJ.yT 

HMeTb onnnaxoaue xapaKTepHCTH'IeCKHe HMrre.n.aHCbl. B rrpOTHBHOM 

cnysae Ha6J1IO.n.aeTCSI JlH60 'IaCTH'IHOe OTpa>KeHHe BOJIH. eCJlH HX 

'IaCTOTbl uaxonsrcs B nonoce nponycxauas JlHHHH, rro KOTOpoR 

H.n.yT BO~H~, JlH60 HX rrOJlHoe OTpa>KeHHe, eCJlH 'IaCTOT~ Jle>KaT 

B nonoce nenponycxaaaa 3TOR JlHHHH. OTCyTcTBHe OTpa>KeHHl1 

rrpH paBeHCTBe xapaKTepHCTH'IeCKHX HMrre.n.aHCOB TeCHO CBSl3aHO 

C reopeaoa 0 KOMMYTHpylOW.HX MaTpHuax, npaaenenaon 

B KOHue § 59. ECJlH xapaxrepacrnvecxae HMrre.n.aHCbl pannu, 

TO xapaKTepHCTH'IeCKHe MaTpHUbl 'IeTblpeXrrOJlIOCHHKOB HMelOT 

onanaxoaue aanpaaaeuas ocen H KOMMyTHpyIOT. TaKHM o6pa

30M, eCJlH npn nepexene nopsmca 'IeTblpeXrrOJlIOCHHKOB csoacrsa 
.JlHHHH He H3MeHSlIOTCSI, T. e. eCJlH KOM6HHaUHH (C, D) H (D, C) 
'IeTblpeXrrOJlIOCHHKOB C H D npasonar K o.n.HHaKOBbIM pesyas
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TaTaM, TO OT MeCTa HX coe.n.HHeHHSI He 6y.n.eT mncaxoro orpa
>KeHHSI. 

Bee 3TH auaonu SlBJlSlIOTCSI o606w.eHHeM pe3yJlbTaTOB, ycra
HOBJleHHblX B nepaux r nanax. 

§ 65. JIHHHH, narpyacenaue JJ.ByxrroJlIOcHHKaMH 
/ 

YcrrewHoe H3y'IeHHe TaKHX JlHHHR euie pa3 nonsepuaaaer 
3cjJcjJeKTHBHoCTb MaTpH'IHOrO MeTo.n.a. 3TH JlHHHH COCTOl1T 06bl'IHO 

H3 .n.ByX rrpOBo.n.HHKOB, nar-pyaceanux, KaK noxaaano ua cjJHr. 142, 
xepea pasaue paccrosuna l HMrre.n.aHcaMH 1/2 Z. Taxaa CHCTeMa 

aHaJlOrH'IHa cnyuaio, paCCMOTpeHHoMy B § II, r.ne anons .n.Byx 

f7 12 

f21. I .1 12 
<l>Hr. 142. 

rrpOBo.n.HHKOB pacrrOJlaraJlHCb paBH~e HH.n.yKTHBHOCTH. 3.n.ecb M~ 
He 6y.n.eM YTO'IHSlTb npapony 3J1eMeHTOB, H3 KOTOpblX 06pa30

aauu HMrre.n.aHCbl 1/2Z, XOTSI H npennonoxota, 'ITO cpena 9THX 

9J1eMeHTOB HeT aKTHBHblX corrpOTHBJleHHR, T. e. 'ITO Z 'IHCTO 

MHHMoe 'IHCJlO: 

Z =jZ'. (65.1 ) 

rne Z' - .n.eRCTBHTeJlbHoe 'IHCJlO. 

JlJlSl .n.ByxrrOJlIOCHHKOB, 06pa30BaHHblX H3 KOHe'IHorO 'IHCJla 

9J1eMeHTOB H He ccnepscaurax OTpe3KOB aenpepueaux JlHHHR, 

3aBHCHMOCTb HMrre.n.aHca OT''IaCTOT~ v rro.n.'IHHSleTCSI 3aKoHy 

, (",2_",~)(",2_",n ... 
Z = (2 2)( 2 2) Lo), (65.2)

'" -"'1 to -"'s .,. 
r.n.e 

W = 27tv, 

W1< W2 < Ws < W4 
06W.HR BH.n. KpHBOR 3aBHCHMOCTH Z' OT 'IaCTOTbl B cnysae 

neyx peaouancoa HarrpSl>KeHHR W2 H W4 H .n.Byx peaouancon 

TOKOB W1 H W npnnenen ua cjJHr. 143. 4HCJlO 9THX TO'IeKs 

22* 
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MO)/{eT 6bITb npn )/(eJIaHHH yBeJIHIJeHO, rrOCKOJIbKY MO)/{HO 

CTpOHTb .llByxrrOJIIOCHHKH C JII06blM KOJIHIJeCTBOM sernea KpH

BOlt Z' (00). HaH60JIee IJaCTO BCTpeIJalOllJ,HeClI THrrbl .llByxrrOJIIOC-

Z' 
I 
I
 
I
 
I
 
I
 
I 
: Low 
L/ , 

/1 I L
,/ I I sW 

I __--t-I_-----~_---t-I . 1 

wrl al2 1;3Cv w=21rv
I I '4 
I 
I 
I 
I 
I 
I 

I 
I 
I 
I 
I 
I 

<P H r. 143. 

HHKOB npencraanenu na <pHr. 144, rrpilIJeM uenu aa <pHr. 144, a 
TaKOBbl, IJTO 

L1C1ooi = 1, LaC3OO~ = 1, 

a .llJIlI uenen na <pHr. 144,6 

L2C2OO~ = 1, L4C4OO~ = 1. 

Cxeua C rrOCJIe.llOBaTeJIbHbIM COe.llHHeHHeM aecsxa Y.ll06Ha, 

eCJIH HY)/{HO <pHKcHpoBaTb TOIJKH 001 HUla' a cxexa C napaa
JIeJIbHbIM COe.llHHeHHeM - eCJIH HY)/{HO <pHKCHpOBaTb TOIJKH 

002 H 004, 
Ilpenno.noacaa reneps, IJTO na mi3KHx IJaCTOTax .llByxrrOJIIOC

HHK nponycxaer TOK H paooraer, KaK HH.llYKTHBHOCTb Lo= 
= L1 + La' a na OIJeHb BblCOKHX IJaCTOTax CBO.llIfTClI K HMrre· 

nancy Lf) (HJIH K napannensnoxy COe.llHHeHHIO L4 ) . Lo' L2 H 

PaCCMaTpHBall JIHHHIO, COCTaBJIeHHylO H3 .llByxrrOJIIOCHHKOB 

raxoro runa, MO)/{HO cpaay )/(e OTMeTHTb caenyioutee. 
1) B TOIJKaX pesonaaca TOKOB 001 H OO HMrre.llaHC nsyxnoa 

JIIOCHHKOB 6eCKOHeIJeH H JIHHHlI HHIJerO He nponycxaer. 3TH TOIJKH 

JIe)/{aT B rrOJIOce HerrporrycKaHHlI Harpy)/{eHHolt JIHHHH. 

2) B TOIJKaX pesonanca Harrpll)/{eHHlI 002 H 004 .llByxrrOJIIOCHHKH 

npencras.enor HyJIeBOH HMJIe.llaHC H JIHHHlI nponycxaer CHfHaJI 
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rrOJIHOCTblO, KaK eCJIH 6bl OHa 6blJIa nenarpyarena. 3TH TOIJKH 

JIe)/{aT B nonoce nponycxanas. 
3) Ha OIJeHb HH3KHX IJaCTOTax JIHHHlI aener ce611 TaK, KaK 

eCJIH 6bl OHa 6blJIa narpyacena KaTywKaMH' C HH.llY~THBHOCTblO Lo. 
n03TOMY Mbl .llOJI)/{Hbl Ha6JIIO.llaTb: a) nonocy nponycxauaa .llJIlI 

HH3KHX IJaCTOT npn uarpyaxe Lo; 6) rrOJIOCbl nponycxanaa .llJIlI 

cpennnx H BblCOKHX IJaCTOT, «orna Ha6JIIO.llaIOTClI pesouancu 
.llByxrrOJIIOCHHKOB. 

La 

a 6 

<P H r. 144. 

nOJIOCbl nponycxanas pasneneuu rrOJIOCaMH nenponycxanaa: 
rrOCKOJIbKY Me)/{.llY cyllJ,eCTBOBaHHeM 3THX rrOJIOC H caoacraaxn 
.llByxrrOJIIOCHHKOB cyuiecrsyer recnaa CB1I3b, TO 3TH rrOJIOCbl 

nponycxanaa H aenponycxaaaa Ha3blBalOTClI nosocauu OByX
no.uoctuucoe. Kpoxe 3THX rrOJIOC, KaK Mbl yBH.llHM, cyurecreyior 

H TaK naausaeaue cmpyscmypnue nOAOCbl, xoropue B OCHOB

HOM 3aBHClIT OT .llJIHHbl 3JIeMeHTa I, H yace rrOTOM OT npnponu 
HarpY30IJHblX .llByxrrOJIIOCHHKOB. Ilpnaenenae reopua MaTpHu, 

rr03BOJIHT HaM censac rrOJIyIJHTb nexoropue caenenas 06 3THX 

rrOJIocax • 

Ha JIHHHlIX, narpyacennux .llByxrrOJIIOCHHKaMH, Mbl .llOJI)/{Hbl 

pa3JIHIJaTb caxn .llByxrrOJIIOCHHKH H oTpe3KH JIHHHH, COe.llHHlIlO

IlJ,He HX. MaTpHu,a (bi j ) , xapaKTepH3ylO1lJ,311 oTpe30K nenpepun
HOft JIHHHH, rrOJIyIJaeTClI H3 ypasnenaa (61.14) HJIH, TOIJHee 

roaopa. H3 COOTHOWeHHft (62.3), rrOCKOJIbKY Mbl .llOJI)/{Hbl CIJH

rars, IJTO 06a xapaKTepHCTHIJeCKHX HMrre.llaHCa panuu 

Z =~=k. (65.3) 
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TIPH 9THX YCJIOBHlIX MaTpHu.a (bi j ) nonysaerca H3 COOTHOWe

HHA (62.3) nOCJIe 3aMeHhI B HHX n na l, eCJIH nOJIOIKHTh, 'ITO I 
npencrasaaer c060A nOCTOllHHYIO pacnpocrpaneaas, neaeaayio 

Ha e.nHHHu.y .nJIHHW. B OTCyTcTBHe conpOTHBJIeHHlI nOJIyqaeM 

I=j~· (65.4) 

I1TaK, OTpe30K JIHHHH 9KBHBaJIeHTeH CHMMeTpHqHoMy serupex
nOJIIOCHHKY C MaTpHu.eA 

'b (Ch I I - ksh ll).b11 12 
(65.5)

(b21 b2J= - ~ sh II ch II 

C apyroa CTOpOHW, JIerKO BH.neTh nenocpencrsenno, 'ITO Ma

rpaua, npe.nCTaBJIlIlOUJ,aSl naa .nByxnOJIIOCHHKa 1/2 Z, HMeeT BH.n 

b~ l b~2) = (1 - Z ). (65.6)( 0 1b21 b22 

OTCIO.na. HaKOHeu. nonysaea MaTpHu.y,. npe.nCTaBJISlIOUJ,YIO 

nOJIHbIA 9JIeMeHT JIHHHH (OTpe30K + .nByxnOJIIOCHHK), 

( 
8 11 812) = (b~l b~2) (b ll b12)..:...

8 21 8 22 b21 b22 b21 b22 

= ('h 11+, ; sh 1', - Z 'h 11- k sh 11) • 
(65.7) 

-Ii sh I I ch I I 

TIOJIOChI nponycxanaa paccxarpaaaexoa narpyxennoa JIHHHH 

MOIKHO nOJIyqHTh H3 COOTHoweHHlI (63.5), orxyna 

IB ll + B 22 1 -< 2. (65.8) 

Bropoe 06113aTeJIhHOe yCJIOBHe BhInOJIHlIeTCSI aBTOMaTHqeCKH, 

nOCKOJIhKY Z H I lIBJIlIlOTClI qHCTO MHHMhIMH. TIo.ncTaBJISIlI 

BMeCTO B ll H B22 HX 3HaqeHHlI 113 (65.7), nonyuaea OKOH

qaTeJIhHO 

1 cos B I = Ich It + ; sh It I= Icos ~t- :~ sin ~t \ -< 1, (65.9 
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rae sepea 1= IB 0603HaqeHa nOCTOSlHHaSi pacnpocrpauenas, 
B3S1Tall .nJISI nOJIHOrO 9JIeMeHTa narpyacennoa JIHHHH. I'paaauu 
06JIaCTH nponycKaHHlI.nOJIyqaeM, nOJIarall 

- = Icos ~t- 'If sin ~t I= 1; (65.10)1 cos B I 2' 

PaCCMaTpHBaSi 9TO yCJIOBHe, MhI onpenenaa ceasac ABa rana 
nOJIOC nponycxanaa, ynoMHHaBWHeClI asnue. 

a) Ilosocu iJ8yxno.llIOCHUIW8. BHyTpH 9THX nOJIOC JIelKHT 

TOqKa C TaKHM 3HaqeHHeM qaCTOTbI, npa KOTOpoA Z' oopa
UJ,aeTCSI B HyJIh (anaxe rOBOpSl, pesonancnas qaCTOTa' nsyxno

JIIOCHHKa). 1I.eAcTBHTeJIhHO, npn Z' = 0 YCJIOBl1e (65.9) seerna 

y.noBJIeTBOpSleTcSI. no 06e CTOpOHb1 OT 9TOA qaCTOTbI Z' npa
HHMaeT JIH60 nOJIOIKI1TeJIhHble, JII160 orpuuareasnue 3HaqeHHSI. 

a urapana nOJIOChI nponycxanas onpeneasercs H3 yCJIOBI1S1 (65.9). 
6) Cmpytcmypuue nosocu, TOtlKY TaKoA nOJIOChI Mbi no

JIytll1M. nOJIOIKHB 
wl w 

~t=w=Nrr:, ~=w' (65.11) 

rne N - uenoe qIiCJIO, a W - 4la30.BaSi CKOpOCTb. Torna 

sin ~t = O. cos B = cos ~t ....;. -+- 1, 

H yCJIOBHe (65.10) y.noBJIeTBOpSleTcSI. . 

Tosxa, onpeneaaexas H3 (65.11), cOOTBeTCTByeT OAHOA H3 

rpauau nOJIOChI. 

ECJIH .nByxnOJIIOCHHK C HMne.naHcOM Z Be.neT ce6S1 Ha 9TOA 

xacrore KaK HH.nYKTHBHOCTh (Z' > 0), TO nOJIOca nponycxaaas 

npOCTHpaeTCSI B CTOpOHy 66JIbWIiX qaCTOT, ecna IKe OH aener 
ce6S1 KaK eMKOCTb (Z' < 0), TO nOJIOca nponycxauas COOTBeT

CTByeT 60JIee HH3KIiM qaCTOTaM no cpaBHeHHIO C ToA. KOTopaSi 

onpenenaercs H3 (65.11). 1I.oKalKeM 9TO yrsepxnenae. 
TIOJIoca nponycxanaa orpauasena 3HatleHHSlMH B, paBHbIMH 

Bl=~t=Nrr:, cosB1 = -+- 1 
H 

B2 = (N + 1)rr:, cos B2 = -:os N« = -+-J. 

npe.nnOJIOIKIiM, sro uinpnna nOJIOCbI s MaJIa, 'ITO COOTBeTCTByeT 

~JIytlalO .nByxnOJIIOCHHKOB, I1Mne.naHC KOTOp::'IX Z .nOCTaTOqm;> 

~eJII1K no MO.nyJIIO. Ha BTOpOn rpaHHue nOJIOCbI 

~t= N« +e; 
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H llOJDKHO BbInOJlHSlTbCSI COOTHOIlleHHe 

z'cos(N + 1)1t=-cOsN1t=cos(Nrc+e)-2k sin (N1t +e)= 
Z' = COS Nrc - 2k cos Nrc . e. 

B peayasrare 
4k

e=Z'. (65.12) 

3Ta BeJlH'IHHa MaJia. eCJlH MOllYJlb I z I BeJlHK no cpaBHeHHIO 
C xapaKTepHCTH'IeCKHM HMnellaHCOM J1HHHH k. 3HaKH e H Z' 

ep=pl=Z7Tr 
5;/ 

// 

/'1-4 
// 

/ 
3 

8 
-I/C IT 2~ 3rr 4~ 5'Jt 61r 

~ 

~ 

<t> H r. 145. 

OllHHaKOBbl, 'ITO nosaauaaer cnenannoe auure yrnepacaenne 
o nOJlOIKeHHH nonocu nponycxanaa OTHOCHTeJlbHO ee rpannuu, 
onpenenaeaoa ypaaneanea (65.11). 

npHMeHHM reneps HaJloIKeHHYIO TeopHIO K nsya npocrua 
npHMepaM. 

1) JI UHUfl. HazPY:JICeHHafl uHiJytcmusuocmn.uu. 060aHa'lHM 
'1epea Lo K03~~Hu'HeHT caMoHHllyKU,HH J1HHHH; Torlla 

Z' = Low. 

EllHHcTBeHHbJA HyJlb nonysaerca npn w = 0; 3TO xopoiuo ana
KOMaSi noaoca nponycKaHHSI neyxnomocnnxa na HH3KHX 'lac
TOTax, 
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Crpyxrypnue nOJlOCbJ pacnonoaceuu B 06J1aCTH 60JlbIIIHX 
'1aCTOT H JleIKaT MeIKllY aHa'leHHSlMH qaCTOTbl 

NnW W 
w=-t- H w=(Nrc+e)-t-~ (65.13) 

rlle 
4k 4kt 4 Ls 

e= Low = LoNnW =Nn ~' (65.14) 

a sepea L8 H C, oooauaxeau COOTBeTCTBeHHO HHllYKTHBHOCTb H 
eMKOCTb orpesxa JlHHHH llJlHHbl 1; lleOCTBHTeJlbHO, 

~r t., 1 (65.15)k=V C;' w= VLses ' 

no Mepe nOBblIlleHHSI qaCTOTbl nonocu nponycxauns CTaHOBSlTCSI 
ace 60Jlee yaKHMH. 3TH peaynsraru CXeMaTH'IeCKH npencraaaenu 

8 

ep 

-'l! a 'lC 2rr Bn 4n 511 6rr 
--ll-----------ll-
--ll--------ll-

C C 

ct>Hr. 146. 

na ~Hr. 145, rne no OCH opnanar OTJlOlKeHa BeJlHqHHa ~1, 

nponopuaonansnaa qaCTOTe, a no OCH a6Cu,HCC - yroa B. 
3lleCb HMeeTCSI YIKe ncrpevaaurascn HaM neonpeneneunocrs ; 
MOIKHO nOJlOIKHTb, 'ITO yron B 6eCKOHeqHO YBeJlHqHBaeTCSI, HO 
OO/lee yll06HQ scerna BblqHTaTb H3 aero aeJHi'HlHy. xparuyio 21t, 
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ttTo6bl nonyxenuoe anasenae acerna JlelKaJlO B anrepaane 
(- 'It, + 'It). TaKHM 06paaOM, cymecrsyer nsa 9KBHBaJleHTHbiX 
npe.n.CTaBJleHHH peayJlbTaTOB, HO nepBOe nOaBOJlHeT npOCJle.n.HTb, 
KaK acxeaaer neacrsae nar pyaosnux xaryurex, xorna HX K09ep
<pHu,HeHT CaMOHH.n.yKU,HH Lo ---+ O. Bee BeTBH paspuanoa KpHBOi'l 
npa 9TOM cr JlalKHBalOTCH H CJlHBalOTCH C npsaoa ~l = B, COOT~ 

aercrsyiomen uenarpyxennoa JlHHHH. 3TH pesyasraru 6J1HaKH 
K TeM. xoropue 6bIJlH nonysenu B KOHu,e r JI. 4. 

2) JIWlUH. «aepyocenno« xosoescamopa.uu. Coaepureano 
aaanorasuo npOBo.n.HTCH paccaorpeaae JlHHHH. narpysceuaon 
xoaaencaropaaa o6w.ei'l eMKOCTblO CO' 3TOT cJlYtlai'l npencraanen 
aa <pHr. 146. 

3.n.ecb 
1 4k --4kC (J), (65.16)e=y-Z' =- Cow • o

rne e - urapana crpyxrypnux noaoc, TIOJlOCbl nsyxnomocaa
KOB acseaaior, TaK KaK Z' oopamaerca B HyJlb TOJlbKO npa 
(J) = 00. Bepxnue rpanauu crpyxrypuux f10JlOC .n.aIOTCH <pop
MyJlOi'l 

NrcW 
(J)=-l-' (65.17) 

Ha <pHr. 146 9THM nOJlOCaM coorsercrayior xpnsue, pac
nonoxeaaue cneaa OT npaaoa ~l = B; nonocu 9TH nOCTeneHHO 
BblTHrHBalOTCH H nosra nOJlHOCTblO COe.n.HHHIOTCH. 

§ 66. JIHHHH, HarpYlKeHHble lJeTblpeXnOJIIOCHHKaMH 

3Ta sanasa nonoona npenunyiuea C ron JlHllIb pasaauea, 
sro .n.ByxnOJllOcHHKH saaenenu Hft tleTblpeXnOJlIOCHHKH. 

XapaKTepHCTHtleCKaH MaTpHu,a tleTblpeXnOJlIOCHHKOB (b~j) 
B o6w.eM BH.n.e onpenenena ypasnennea (61.14), a MaTpHu,a (bi j ) , 

onpenexamuaa orpeaxa JlHHHH .n.JlHHbl l, HMeeT BH.n. (65.5). 
TaKHM oopasoa. 

(' ,) (i' 
(66.1)

b~l b~2 = Ce + ze~i r • - 2Z~ sh r' ) 1. 

- 2 sh r Zei' + ~e-i' Z + ~ .b21 b22 

rne Z H C-- xapaxrepacrasecxae HMne.n.aHCbl xersrpexnomoc
HHKa, a r' - ero nOCTOHHHaH pacnpocrpanenaa (Mbl npenno.na-
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raex .n.JlH 06W.HOCTH Z =1= C: tleTblpeXnOJlIOCHHK He CHMMeTpHq
Hbli'l). Kpoxe roro, 

1 

(
bU bl~) ( ch 1 - ksh "(I) . 

(66.2)
b21 b~~ = - ~ sh "(I ch 11 

rne k - xapaxrepucrasecxaa HMne.n.aHC JlHHHH. a 1- nOCTOHH
HaH pacnpocTpaHeHHH. .n.eJleHHaH Ha e.n.HHHu,y .n.JlHHbI. 

=0 I 0 l ~ 

: (b) I ~ 
, / 

B 
<t> H~r.1147. 

Marpaua B. npencraaamouiaa (CM. <pHr. 147) 9J1eMeHT JlHHHH 
(orpeaox JlHHHH + xerupexnomocnax), nonysaerca nepeaaoxe
HHeM 9THX nayx xarpau: 

1 1 88 u 8 12 bu b12 bll b12 ' , ) ( ) (cA cA)
B= ( ) = ( " =zc · 8 21 8 22 b21 b22 b21 b22 + cA2 cA, 

.A 2ZC ["]rne </1;1= -k- sh r' sh "(I+ch Tl Ze- i +Cei , 

.A r(Z C ,)
</1;2= - 2 sh r' ch 11- Ii ei + Ii e-i sh 11, 

uta= - k sh 11 [Ze-j' + ~ei'l- 2Z~ sh 1"' ch 11, 
(66.3)

cA., = 2k sh l' sh 11 +ch 11 [Ze i ' +Ce-r'].. 

TIpe.n.nOJlOlKHM reneps, xro B serupexnomocaax He BXO.n.HT 
conpOTHBJleHHH; 9TO npHBo.n.HT K YCJlOBHHM 

" ubu: nencranrexsasie '1HCJla,b22
, , (66.4) 

- '1HCTO MHHMble '1HCJla,b12, b21 

naaaraioma» aexoropue orpaaaueaus Ha HMne.n.aHCbl Z H C. 
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B nonoce nponycxanna ueno-nca H3 lJeTblpeXnOJIIOCHHKOB 

nocrosnaaa r' -lJHCTO MHHMali BeJIHlJHHa (r' = jW). orxyna. 
C YlJeTOM (66.4). CJIe,Ll,yeT 

Z=C*. (66.5) 

B nozoce aenponycxanas TOlt )J{e ueno-nca H3 serupex
nOJIIOCHHKOIl 

IIOCTOllHHall r' - neticraareasaaa BeIlH'lHHa (1' = (I'), 

Z H C- 'lHCTO MHHMble BeIlH'lHHbI. (66.6) 

3TH yCJIOBHlI COOTBeTcTBylOT npOH3BOJIbHOMY lJeTblpeXnOJIIOC

HHKY. ECJIH OH CHMMeTpHlJeH. TO. KaK H3BeCTHO, ero xapax
TepHCTHlJeCKHe HMne,Ll,aHCbl paanu, npnxex OHH S1BJIliIOTCli ,LI,elt

CTBHTeJIbHblMH BeJIHlJHHaMH B nOJIOce nponycxauns H lJHCTO 

MHHMblMH B nOJIOce aenponycsanns: see 9TH pesyasraru 6blJIH 

nOJIYlJeHbl B § 63. 
Paccxorpna aarpyzcenayio JIHHHIO. 9JIeMeHT KOTOpOlt xapax

repasyerca MaTpHu.elt B = (BiJ) [CM. aupaxenne (66.3)]. 
YCJIOBHe. onpenenmoutee nOJIO)J{eHHe nOJIOCbl nponycxaaus, 
HMeeT BH,LI, 

1 
I cos B I = "21Bll + B22 1 = 

, k+(ZC/k), I 
= 

1
ch I ch It + Z +C sh I sh It <. 1, (66.7) 

rae I = j~. nOCKOJIbKY JIHHHlI He CO,Ll,eplKHT conpOTHBJIeHHlt. 

B 9TOM caysae nOJIOCbl nponycxaaas TaK)J{e MOryT 6blTb 

pasoaru na ,LI,Ba KJIaCCa - ncnocu «emupexnouocnukoe H 

cmpytcmypuue noaocu, 
Halt,Ll,eM cnauaaa nOJIOCbl. CB1I3aHHble C lJeTbJpeXnOJIIOCHH

KaMH. ECJIH lJaCTOTa JIe)J{HT B nOJIOce nponycKaHHlI u.enOlJKH H3 

lJeTblpeXnOJIIOCHHKOB. TO 

'r;( , '3'I=h· I =J, . 

CorJIaCHO COOTHoweHlIlO (66.5). nOJIO)J{HM 

Z=Zr+jZi' 
(66.8)

~=Zr-jZi' 
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Icos B I= cos W <. 1. (66.9) 

rne Z; H Z, - ,LI,eltcTB!'lTeJIbHbJe lJHCJIa. Ilpa 9THX YCJIOBHSlX 

nonysaea 

k2+Z2+Z~ I 
I
 cos ~l- 2k;r l sin ~' sin ~{
 

113 9TOlt nOJIOCbI nponyckanna uenosxa H3 lJeTblpeXnOJIIOCHHKOB 

Mbl MO)J{eM HaltTH nOJIOCbl nponycxauns JIHHHH, aarpyacenaoa 
lJeTblpeXnOJIIOCHHKaMH; n09ToMY yCJIOBHSI 

k2+ Z2+ Z~ 
_. r l = --+- 1, , cos B = cos W --+- ~l) (66.10) 

lIBJIlilOTCli peureuneu (66.7). ,D,JIli 60JIee nO,Ll,p06HOro H3YlJeHHlI 

9THX 06JIaCTelt Hy)J{HO HaltTH Bblpa)J{eHHe ,LI,JISI xapaicrepncraue
CKoro HMne,Ll,aHCa B 3aBHCHMOCTH OT lJaCTOTW. 

ECJIH lJeTblpeXnOJIIOCHHKH CHMMeTpHlJHbl. TO Zi = 0 H yCJIO

BHlI (66.10) CBO,Ll,lITCli K COOTHoweHHIO 

Z; = --+-k, (66.11) 

xoropoe 03HalJaeT, lJTO narpyucennaa JIHHHlI 06JIa,Ll,aeT nOJIOCaMH 

nponycxaans, BKJIlOlJalOmHMH Bce lJaCTOTbI H3 nOJIOCbl npony
CKaHHlI uenourca H3 '1eTblpeXnOJIIOCHHKOB, xapaKTepHCTH'IeCKHlt 

HMne,Ll,aHC KOTOpbIX (,LI,eltcTBHTeJIbHbllt) pasen HMne,Ll,aHcy JIHHHH. 

B 9TOM cnysae B TOlJKaX COe,Ll,HHeHHlI '1eTblpeXnOJIIOCHHKOB H 

JIlIHHH He 6Y,Ll,eT HHKaKoro OTpalKeHHSI. 

ECJIH lJaCTOTa HaXO,Ll,HTCli ,LI,aJIeKO BHyTpH 06JIaCTH Henpony

cxauas lJeTblpeXnOJIIOCHHKOB. TO HMne,Ll,aHCbI Z H ~ 6y,Ll,yT '1HCTO 

MHHMbIMH: 

Z=jZ', C=jC'. (66.12) 

a nOCTOSlHHaSi pacnpocrpaaenaa I' - neacraarensuon BeJIfl'lHHolt: 

I' = a.'. 
Torna rpopxyaa (68.7) npHHHMaeT BH,LI, 

' k 2 
- Z'C' ,. II cos B I= ch a. cos ~l + k (Z' +C') sh a. sm ~l <. 1. (66.13) 

I 

3TO COOTHoweHHe, aoooure ronopa, He BbInOJIHSleTCSI. O,Ll,HaKO 

xoryr cyutecraouars crpyxrypnue nOJIOCbJ no COCe,Ll,CTBY C xac

TOTaMH, ,LI,JISI KOTOpblX cos B = O. T. e. 

Z'C' -k2 , 
ctg ~l = t.f 7' ." th a. . (66.14)r 
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B saxmosenae Mbl BOcnoJlb3yeMcSI 9THM peaynsraroa, qT06bl 

eute pas noxaaars. K xaxoxy ynpouteumo npHBO.nHT MaTpHqHbl" 

MeTO.n. Ceasac Mbl yBH.nHM, KaK MO>KHO .npyrHM nyrea nOJlY

qHTb nexoropue pe3YJlbTaTbI r JI. 8. 
llJlSl CHMMeTpHqHblX qeTblpexnoJllOcHHKOB nepaaeacrno (66.7). 

onpe.neJlSllOllI,ee nonocu nponycxanns, HMeeT BH.n 

I ch l' ch II + ~ (; +~) sh l' sh III -< 1, (66.15) 

nOCKOJlbKY Z =~. ECJlH B 9TOM COOTHoweHHH nOJlO)l(HTb 

l' = X)l' II = "l.212. (66.16) 
k ="1.1' Z = "1.2' 

TO nOJlyqHM B TOqHOCTH ypasueuae (50.12), BCTpeqaBWeeCSI HaM 

npH H3yqeHHH ypaBHeHHSI XHJlJla (CM. § 50). TeopHSI sroro 

ypaBHeHHSI npanonnr Hac K paCCMOTpeHHIO .neTepMHHaHTa ner

seproro nopamca, 9KBHBaJleHTHOro nerepuananry MaTpHlJ,bl (66.3). 
TOJlbKO qTO nposenennoe HaMH HCCJle.nOBaHHe S1BJlSleTCSI Ba)l(HblM 

o606ll1,eHHeM caysaes, paccMoTpeHHblx B § 50. 
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HEnPEPMBHME 3REKTPHQECKHE RHHHH 

§ 67. nepexo~ OT nHHHH qeTypeXnOnwcHHKoB 
K HenpepMBHoD nHHHH 

Ilo CHX nop Mbl asysana TOJlbKO JlHHHH, COCTOSllll,He H3 KO

HeqHblX 9J1eMeHTOB. Ka)l(.nOMY H3 KOTOpblX COOTBeTCTBOBaJlO 

KOHeqHOe .npeoopaaoaanae C MaTpHlJ,e" (bi j ) . ECJlH 6bl qeTblpeX

nOJlIOCHHK 6blJl 6eCKOHeqHO MaJlbIM, TO OH COBepWaJl 6bl 6ec

KOHeqHO xanoe npeoopaaosaane, TaK qTO BeJlHqHHbl na ero 

nuxone HMeJlH 6bl no-rm TO )l(e aaasenae, qTO H na axone, 

a COOTBeTCTBYlOllI,aSl exy MaTpl1lJ,a (bi j ) MaJlO oTJlHqaJlaCb 6bl 

01' e.nHHHqHO". 0603HaqHM xepes dz 6eCKOHeqHO MaJlbl" 9J1e

MeHT JlHHHH; cooTBeTCTBYlOllI,aSl 9TOMy 9J1eMeHTy MaTpHlJ,a (bi j ) 

MO)l(eT 6bITb aanncana B sane 

dZ)
bij=C'+ElldZ E12 (67.1) 

0603HaqaSl sepea E21 dz 1+ E22dz . 

Ell E12) 
(eij) = ( En E22 • 

MO)l(HO TaJ{)I(e sanacars 

(b oo) - (ei -) dz (67.2)tJ - e J • 

orxyna nerxo nonysnn, aupaxenne (67.1). eCJlH B pa3J10)l(eHHH 

9KcnOHeHTbI OrpaHHqHTbCSI .nByMSI nepBblMH qJleHaMH. 

COrJlaCHO 06ll1,eMY npamory, .neTepMHHaHT Ibi j I .nOJl)l(eH 6blTb 

panen e.nHHHlJ,e, .nJlSl nero He06xo.nHMO. qT06bl 

(67.3)en =- e22' 

TaK KaK rorna YCJloBHe 6y.neT BblTIOJlHSlTbCSI B nepIbi j I=1 
BOM nopaaxe. Marpnua .(bi j ) , nencrsys na COBOKynHocTb nnyx 

BeJlHqHH Xl H X2' nepenonnr HX B BeJll1qHHbl 

<= Xl +dx1, x;= x2+dx2, 
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qTO 3anHcwBaeTcH B BHAe 

X~ = b11X1 + b12X2 = Xl + dX1 = Xl + (511X1 + 512X2) dz; 
, (67.4) 

x 2 = b21X1 + b22X2 = X2 + dX2 = X2 + (521X1 + 522X2) dz. 

OTclOAa cnenyer (511 = - 522) 

dXl
 
dz = 511X1 + 512X2'
 

(67.5)
dX2
dZ = 521X1 + 522X2 

HJlH B MaTpHqHo" aanHCH 

dX 
-d = (5ij)X,z ' 

rAe 

X=C~) . 
ECJlH qeTblpexnOJllOcHHK CHMMeTpHqeH. TO AOJlmHO BbInOJlHHTbCH 

paBeHCTBO = b22• Torna, yqHTblBaH (67.3). noaysaexbll 

511 = 522 = O. (67.6) 

I1MeHHo raxoe noaoaceuae HMeeT MeCTO B TeJlerpaqmH: xa

6eJlb OnpeAeJlHeTCH CJleAYIOlll,HMH napaaerpaxa: conporaane
HHeM R. caMoHHAyKuHeJ:1. L, eMKOCTblO C H conpOTHBJleHHeM 

YTeqKH a (paCCqHTaHHbIMH na eAHHHUy AJlHHbl). Torna 

dI
dV =(R+ iwL)/. dz=(O + iwC)V. 
dz 

r ne V H / 0603HaqalOT COOTBeTCTBeHHO nanpsxeaae H TOK. 3TH 

coornourenaa MomHO aarracari, B <j>opMe 

dXl = 512X2' dX2 = 521Xl' (67.7) 
dz dz 

nOJlOmHB 
511 = 522= O. 

(67.8)512 = R+ iwL. 521 = 0+ iwC. 

Ilepsoe H3 9THX coo-raoureuaa noxaauaaer, qTO Ka6eJlb MomHO 

paccaarpnaaru KaK COCTOHlll,H" H3 6eCKOHeqHO MaJlblX CHMMeT

PHqHblX qeTblpexnoJllOcHHKOB. 

Henpepuenue 3AeKTpU'l.eCKUe AUHUU 

BepHeMCH K 06lll,eMY cJlyqalO H paccaorpna , KaK MomHO 

HCCJleAOBaTb pacnpocTpaHeHHe BOJIH BAOJlb JlHHHH. o6paaoBaHHo" 

HecHMMeTpHqHblMH 6eCKOHeqHO MaJlblMH qeTblpexnoJllOcHHKaMH. 

KaK H B cnysae KOHeqHbIX qeTblpeXnOJlIOCHHKOB. raxoe HCCJle

AOBaHHe npoBoAHTCH C noaouu.io npHBeAeHHH MaTpHubl K ee 

OCHM. ECJlH qepea 1 o60aHaqHTb nocTOHHHylO pacnpocTpaHeHHH. 

AeJleHHYIO na eAHHHuy AJlHHbl. TO MOHoxpOMaTHqeCKaH BOJlHa. 

pacnpocrpanmouiascs B AaHHOM aanpasneaaa, onpenensercs 

COOTHorneHHeM 

dXl = 1X 1' dX2 = 1X 2' (67.9) 
dz dz 

/ 
YqHTblBaH ypanueuna (67.5), nonysaex CHcTeMy 

(511 -'f) Xl + 512X2 = O. (67.10) 
521X1 + (522 -1) X2 = 0 

C YCJloBHeM paapeumxocrn 

El~- 1 E12 \ 12 
E22- 1 = -ci1 -512521 = O. 

\ en 

oTKyAa 
(67.11)1 = -t- V5i1 + 5 12c21• 

I1TaK. nOCTOHHHaH pacnpocrpauenna 1. KOTopaH HBJlHeTCH. sooouie 

r oaops, KOMnJleKcHo" BeJlHqHHo". npeACTaBJlHeT cocoa peurenne 

ypaBHeHHH AJIH C06CTBeHHblX aHaqeHH" MaTpHubl (5ij)' Xapax
TepHCTHqeCKH" HMneAaHC JlHHHH npHHHMaeT 3HaqeHHH k 1 H k2 • 

npHqeM k cOOTBeTCTByeT pacnpocTpaHeHHIO BOJlHbl cnesa na
1 

npano (-1)' a k2 - pacnpocrpanenmo cnpana HaJleBO (+ 1): 

kl=Xl= __~= 1+ Ell • 
X2 '(- Ell E2l (67.12) 
Xl - E12 -1+ E11 

-k2 = X2 = 1+811 E2l 

B cnysae 6eCKOHeqHO MaJloro cHMMeTpHqHOrO qeTblpeXnOJlIOC

HHKa (511 = c22 = 0) nOJlyqaeM 

1 = ::!::V512521' 

23 aSK. 201. 
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oTKyna xapaKTepHcTH4ecKH~ HMnenaHC nHHHH 

k = Xl = £12 = -+- ~ r £12 (67.13)
X2 r V E21 

HMeeT OnHHaKoBylO BenH4HHY nnSl 060HX nanpaaaenan pacnpo
CTpaHeHHSI. 

§ 68. Ilpaaepu uenpepusuux JIHHH", 
npeACTaBJIHeMbIX qeTbIpeXnOJIWCHHKaMH 

Paccuorpna reneps HeCKonbKO THnOB nHHH~, xoropue MoryT 
6blTb npencraaneaa uenoxxaaa 6eCKOHe4HO ManblX serupex
nonIOCHHKOB. 

a) JIUHUU C stccnouenuuansno MeHfllOUJ,UMUCfl napauem
pa uu, MHOrHe npaKTH4eCKHe 3(1na4H (sxcnouenunaasnue snex
TpH4eCKHe nHHHH, sucnonenuna.u.nue pynopu rpoxxoroaopa
re.nen) CBonSlTCSI K ypaBHeHHSlM, aHanOrH4HbIM ypaBHeHHSlM 
nenpepusuux nHHH~, napauerpu KOTOpblX MeHSlIOTCSI 9KcnOHeH
unansuo C paCCTOSlHHeM. 3TH aanaun 04eHb TeCHO CBSl3aHbl 
C reopnen nHHH~ 6eCKOHe4HO ManbIX aCHMMeTpH4HbIX 4eTblpex
nOnIOCHl1KOB . 

.ue~CTBl1Tenb HO, nonO)J{HB B ypasnennax (67.5) 
E" z, -x2=X2e-E"Z~x 1=X1e 

(68.1 )
E12e-2E",., E21e2EuZ,A12 = A21 = 

nonY4HM 

dX1 = A 12X2• dX2 = A21X1• (68.2)dz dz 

3Tl1 HOBbIe ypaBHeHHSI onpeneamor pacnpocrpanenne soansr 
anons 9KCnOHeHI..lHanbHO~ nHHHH, xapaxrepnayexca napaxer
paMH A 12 H A 21• 

TaK KaK nHHHSI, ortpenexaexaa MaTpl1lLetl (E;j)' nonycxaer 
4aCTHwe peWeHl1H B BHne BonH 

Xl = xlOe± rz• X2 = X20e+ rz, 

rne I onpeneaserca H3 (67.11), TO ypaBHeHHH sxcnonenunans
HO~ nHHl1H (68.2) nonycxaior peiuenas 

Xl = XlOe(-E u ± r) z, X 2 = X20 e (Eu ± r)", (68.3) 

npH4eM nBa 3HJKa nepen I COOTBeTcTBylOT nByM HanpasneHHHM 
pacnpocrpanenas. 

Henpepuesue 3AeKTpUtteCKUe AUHUU 

HTaK, B 9KCnOHeHI..lHanbHOfi nHHl1H BonHa pacnpOCTpaHHeTCH 
C nOCTOHHHO~ I' onpenenaeaoa 113 (67.11), H, xpoxe roro, 
npeoopaayerca B OTHoweHHH eE

,, " , T. e. HBneHHH npOl1CXOnHT 
TaK me, KaK B 06b14HO~ nHHHH C nOCTOHHHblMIl napaaerpaxa, 
HO nooaaaserca npeoopaaosauae, npH KOTOpOM nonyvaroutaeca 
Benl14HHbI YMHomalOTcSI aa sxcnouenuaaasnyio epyHKI..ll11O nnHHbI z. 

B Ka4eCTBe npnaepa paccaorpnx 9KCnOHeHI..lHanbHYlO nHHl110 
6e3 noreps, napaverpu KOTOPO~ L H C (orueceauue K ena
nnue nnHHbl) aupaacarorcs cnenyioumx o6pa30M: 

L = Loe - 2EuZ, 2e" z , C = Coe+

r ne E11 - nencmare.n.aas nOCTOHHHaSl Benl14HHa. 0603Ha4aH 
xepea Xl II X 2 xoxnaexcaue aMrl)]l1TynbI HanpHmeHHSI l1 TOKa, 

eiwtnoayuaex, onycxas 06ll1,H~ MHOlKHTenb , 

dX1 • LX dX2 • CX 
dZ=lW 2' dZ =lW t

3TH ypaBHeHl1S1 anaaoraunu ypaBHeHI1HM (68.2) l1 nonycxaior pe
weHHSI rnna (68.3), nOnCTaHOBKa KOTOpblX B ypanueuaa MH Xl 

H X2 npasonar K nHHe~Hofi 11 onuoponnoa cucreve OTHOCHTenbHO 
Benl14l1H XlO H X 20 : 

(- E11 -+-1) X lO = iwLoX20 , 

(Ell -+-1) X20 = iwCOXlO· 

H3 ycnoaas pa3peWl1MOCTI1 noayuaex 

12 = Ei1 - w2LoCo; (68.4) 

9TO ypasneane cosnaaaer C (67.11). Jlerxo auners , 4TO nHHI1S1 
sener ceria, KaK epHnbTp sepxnax 4aCTOT C npenensuon 4a
croroa 

Ell 
0)0=---='

-V LoCo 

TaK K8K nnSl 4aCTOT 0) < Wo nOCTOHHHaSl I ne~CTBHTenbHa, 4TO 
npnsonnr K 3aTyxaHHIO, a nnSl 4aCTOT W > W nOCTOHHHaSlo 
1- 4HCTO MHHMaSl BenH4HHa. XapaKTepHCTH4eCKH~ HMnenaHC 
nHHH~ MeHSleTCSI KaK e-2Eu Z , a epa30BaSl CKOpOCTb aoan, 4aCTOTbl 
KOTOpblX nemaT nsnue npeneasnoa 4aCTOTbl, panna 

1 

(LOCO (~- :n' 
23* 
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6) Jluuu« C	 npOU3BOJl,bflO ueusuotuu xucsc napauempauu, 
nYCTb K09q>q>Iiu,lieHTbl cu (= - C22). CI2 Ii C21 S1BJlSlIOTCSI npoas
BOJlbHblMIi q>YHKU,IiSiMIi npocrpancraeaaoa xoopnanaru z. 

nOJlO)\(IiM 

rp= f
Z 

cu dz, (68.5) 
o 

a TD.K)\(e 

XI =Xle'f, X2=X2e-'f (68.6) 
Ii 

AI2 = cI2e-2'l'. A21 = C2l e 2'l'. (68.7) 

B peayzn.rare	 ypaanenae (6T.5) npnaer BIi,ll 

dXI = AI2 (z) X2, dX~ = A21 (z) XI' (68.8)dz	 dz 

Haanea MaTpliu,y, npe,llCTaBJlSlIOIJJ.YIO '1eTblpeXnOJlIOCHIiK. 9KBIi 

BaJleHTHbllt JlIiHIiIi KOHe'lHolt ,llJlIiHbl z. nOcTaBIiM 9TY aanasy 

CJle,llYIOIJJ.IiM o6pa30M: nycn, MaTpliu,a b (z) supaxaer BeJlIi'lIiHbl 

na auxo.ae (B TO'lKe z) KaK q>YHKU,1i1i BeJlIi'lIiH na axone (z = 0). 
T.	 e. 

XI (z) = bu (z) XI (0) + bl 2 (z) X2 (0), 
(68.9) 

X2 (z) = b21 (z) XI (0) + b22 (z) X2 (0). 

K paccaarpaaaexoay oTpe3KY ,llJlIiHOlt z ,l106aBIiM eIJJ.e 9J1e

MeHT dz; rorna no npasnny YMHO)\(eHIiSi MaTpliu, noaysaex 

b (z + dz) =	 b (dz) b (z) = [1 + (cij) dz] b (z), (68.10) 

rne y'ITeHO supaxeaae (67.1) ,llJlSl b (dz). 
B pa3BepHYToM anne 9TO cooraoiueaae sanucuaaerca cae

,llYIOIJJ."M o6pa30M: 

u
dbdz = cubu + C12b21' 

db,1 = C2lbU + C22b 2l'dz 
(68.11) 

dbdz 
1
, = c1lbl2 + c12 b22' 

db~, = C21bl2 + C22b22'dz 

Henpepuenue	 3.1eKTpll'leCKlle AIlHIlIl 

Mbl nOJly'IIiJlIi nse napu ypaanenaa rana (67.5); peureuae 
9TliX CIiCTeM Ii onpenenar IiCKOMbllt '1eTblpeXnOJlIOCHIiK, 9KBIiBa

JleHTHbllt JlIiHIiIi. 
Jlerxo anneru, 'ITO IiMeeT MeCTO coornoiuenae 

- const.bub22 b l 2b 21 = 

4T06bI y6e,llIiTbCSI B 9TOM. ,llOCTaTO'lHO nponarprpepeuuapo
aars 9TO nupaxenae Ii 3aMeHliTb B noaysenaoa COOTHOllleHIiH 

nponaaonnue dbij/dz IiX 3Ha'leHIiSiMIi 1i3 (68.11). 
nOCTOSlHHble nnrerpnpoaanaa Mbl Bbl6epeM TaKIiM o6pa30M. 

'1To6bl y,llOBJleTBopSlJlOCb cooruoureuae 

bub22 - b l 2b 21 = 1. 

B) JIUflUU c nocmosucnu uu napa.uempauu. KaK 1i3BeCTHO, 

ecnn nee BeJlIi'lIiHbl Cij nOCTOSlHHbl, peuienaex S1BJlSlIOTCSI BOJlHbl. 

nOCTOSlHHaSi pacnpOCTpaHeHIiSi I KOTOpblX onpe,lleJlSleTCSI 1i3 BbI

pa)\(eHIiSi (67.11). a xapaxrepacraxecxne IiMne,llaHCbl k l Ii k 2 

1i3 supaxenaa (67.12). Ilpn z = 0 HaXO,llIiM aauansuoe anase

Hlie MaTpliu,bl	 b: 

b (0) = (~ ~). 
Haaneu ,llJlSl Ka)\(,llolt 1i3 ,llBYX nap b1l' b 21 Ii b 12, b22 JlIiHeltHble 

KOM6IiHau,1i1i sxcnonenuuaasuux MHQ)KIiTeJlelt e± TZ, xoropue 

y,llOBJleTBopSiIOT Ha'laJlbHblM YCJlOBIiSiM Ii aupasceamo (67.12). 
a IiMeHHO: 

1 (k TZ+k -TZ)b11 = k + k 2e Ie,
1 2 

_ - k1k~ ( TZ -TZ)b12 - k + k~ e - e ,
1	 (68.12) 
-1 (TZ -F)

b21 = k + k	 e - e • 
1 2 

b 1 (k F + k e -TZ)
22 = k + k~ Ie 2 .

1 

Marpaua [bi j (z)] IiMeeT nerepannaar, pasnua enanaue, Ii COOT

BeTcTByeT. aooouie r osops, KOHe'lHoMy aCIiMMeTpliqlloMY serta

pexnOJlIOCHIiKY. npauex OHa cosnanaer C MaTpliu,elt. K KOTOpOlt 

npasonsr ypaBHeHIiSi (61.14). 
C nOMOIJJ.blO nonyxeuuux asnue BeJlliqliH bi j (z) MO)/(JJO 

onpenenars 3Ha'leHIiSi Cit nJlSl sroro .lI,OCT1\TO'lHO 06paTliTbCR 
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BHOBh K CI1CTeMaM (68.11), nOJIO)/(I1B B HI1X Z = 0; B pesyJIh
rare noayuaeu 

k~- k 1 "[, k 1k2 
lOll = + k~ 1021 = - k 2"[,k 1 1+k2 

(68.13)
kl-k~ 

10 -1 2"[, 10
12 = k1 +k~ 22 = k + k~ "[= - lOll'

1 

ECJIIi k1 = kz (cJlylJatl 06hIlJHOtl JII1HI1I1), TO lOll = O. Ilpn 
9TOM JII1HI1H oopaayer CI1MMeTpl1lJHhltl lJeThlpeXnOJIIOCIHIK, 11 MhI 
CHOBa npuxonna K epopMyJIaM (66.2), nOJlYlJeHHhIM .il.JIH orpesxa 
npocron JII1HI1I1. 

JII1HI1H I1MeeT Hyneaoe COnpOTI1BJIeHl1e. eCJlI1 (CM. § 64) 

E11 - oeacmeumensnan BeJIHlfHHa, 
(68.14)

El~ H En - -uicmo MHUMble BeJIHlfHHhI. 

§ 69. HenpepwBHwe nepl10AHQeCKHe nHHHH. 
YpaBHeHHSI MaThe H XHJlJla 

CaMwtl 06ml1tl npl1Mep HenpepwBHotl nepl10nl1lJeCKotl JII1HI1I1 
naercs ypaBHeHI1HMI1 (67.5), eCJII1 npennOJIO)/(I1Th, lJTO K09epepl1
Ul1eHThI Cij HBJIHIOTCH nepl10nl1lJeCKI1MI1 epYHKUI1HMI1 z C nepno
nOM L. Oouiee peurenae 9TI1X ypaaneuan npenCTaBJIHeT cooort 
cynepnoaaumo nsyx lJaCTHhlX peurenan, aanacaunux B rpopae 
Q>JIOKe: 

Xl (z) = e± rz/1 (z), 
(69.1 )

Xz (z) = e± t»/2 (z), 

rne /1 (z) 11 /2 (z) - nne nepuonasecxue epyHKUl111 C nepaonoa L. 
lJacTHhIMI1 CJIYlJaHMI1 aroro npaxepa HBJlHIOTCH ypaBHeHHH MaThe 
Ii XI1JIJIa. 

YpaBHemle XI1JIJIa nOJIylJaeTCH as MaTpl1UhI 

El1 E12 0 C)
(E21 EJ = ( ~ F(z) 0 ' (69.2) 

rne epYHKUI1H F (z) nepuonnsna no z C nepnonox L. Ilencraa
TeJIhHO. ypaBHeHHH (67.5) naIOT 

d x ; dX2 1,)
-d =cxz, -d =-f (z Xl'? Z c . 

Henpepuenue snetctpuwecuue .1U/tUU 

oTKyna CJIenyeT ypaBHeHl1e B epopMe XI1JIJIa 

d2Xl (69.3)dz2 = F (Z)Xl' 

YpaBHeHl1e MaThe nOJIylJaeTCH. eCJlfI B xauecrse F (z) BaHTb 

CI1HyC I1JII1 KOCI1HyC. 
YIcCJIenYli MaTpl1UY (69.2), MO)/(HO aaMeTI1Th, lJTO cJIytlatl 

ypaBHeHI1H XI1JIJIa COOTBeTcTByeT JII1HI1I1, oopaaoaannoa CI1MMeT
Pl1lJHbIMI1 9JIeMeHTaMI1, KOTopble He 061IaaTeJIbHO nOJI)/(HhI yno
BJIeTBOpHTh yCJIOBI1IO OTCYTCTBI1H COnpOTI1BJleHHtl. OnHaKO eCJII1 
epyHKUl1lI F (z) neacrnarexsna. a C= i, TO ypasnenae XI1J1JIa 
COOTBeTcTByeT JII1HI1I1 us 9J1eMeHTOB, B cocrane KOTOphlX OTCyT
CTByIOT ConpOTI1BJIeHl1lI. J{aK Mhl censac noxaacea. K ypaBHeHI1IO 
XI1J1JIa MO)/(HO CBeCTI1 pHn 60JIee 06ml1x npnxepoa. 

nOJIOIKI1M, nanpnaep, B aanase, paccaorpenuoa B § 68, 6, 

<f' =.r clldz, 

Xl=X1e 'P, x2=X2e-'P. 

CIZe-2q>. Au = CZle z'P ;A1Z = 

Torna nOJIylJaeM 

dX dX2 A X-l=A Xz -= 21 l' (69.4)
de 12' dz 

npl1lJeM lOll' 1012 11 1021 - ncpaonasecicue epyHKUl111 z C nepao
nOM L. Ilpn cnsare na BeJilillHHy L, paanyio nepaony, <f yse

JIl1lJl1BaeTCli aa BeJIHlJl1HY J: 

<f' (z + L) = <f' (z) + J, 
rne 

J= f
L' 

clldz, (69.5) 
o 

npHlJeM J oopauiaerca B HyJIb TOJIhKO B TOM cnysae, eCJII1 

lOll = O. AMnJII1TynhI H npa TaKOM npeotipaaosanaaA12 A2l 
e- ZI ZI YMHO)/(aIOTCH cooTBeTCTBeHHO na H e , 

YIa ypaBHeHl1tl (69.4) nonysaex 

d (_l_dXt ) = AZ1X1,
dZ A12 de 
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Baenea HOByIQ nepexenayio 

Z' = f A 12dz. (69.6) 

Torna npenunyuiee ypasnenne npl1HI1MaeT BI1.n. 

d2Xt _A21X
 
dz'2 - rA12 

TaKI1M 06paSOM, Mbl npl1Xo.n.I1M K ypaBHeHI1IQ XI1JIJIa, eCJII1 
epYHKUI1H 

A21 _ E'lt e 41' 
F = - E12A12 

nepI10.n.I1'1Ha C nepaonoa L. 3TO MOIKer I1MeTb MeCTO TOJIbKO 
B TOM cnyxae, eCJII1 1=0, T. e. eCJII1 cpenuee auaxeaae Ell 

sa nepl1o.n. paBHO HyJIIQ. 
l1TaK, ypaBHeHI1H, xoropue COOTBeTcTByIQT nepnonavecxon 

JII1HI1I1, oopasoaauuoa 6eCKOHe'lHO MaJIblMI1 Heo6paTI1MblMI1 xeru
peXnOJIIQCHI1KaMl1, MOIKHO CBeCTI1 K Tl1ny XI1JIJIa TOJIbKO B TOM 
cnyuae, eCJII1 ompeso« matcoti AUflUU OAUflbl L MOJICflO npeo
cmaeums J<.aJ<. CUMMempU'lflblll wemupexnouocnux. 

ECJII1 3TO YCJIOBl1e BbInOJIHeHO, TO aenpepuauaa JII1HI1H MOIKeT 
6blTb cneneua K JII1HI1I1, COCTaBJIeHHoft 113 l1.n.eHTI1'1HbIX CI1MMeT
PI1'!HbIX 'IeTblpeXnOJIIQCHI1KOB. 

§ 70. HOpMHpoBKa MaTpHI.I, (Sij)' MaTpl1l.1,bl Ilayan 

Hsysenne nenpepusuux JII1Hl1ft npHBeJIO Hac K MaTpl1uaM 

Ell E12) (Ell E12)
( (70.1)

Eij = E21 E'l'l.= E'll - Ell ' 

xoropue o6JIa.n.aIQT TeM CBOftCTBOM, 'ITO I1X xaanpar HBJIHeTCH 
.n.l1arOHaJIbHoft MaTpl1Ueft 

E21 
(Eij)2 = (Eil +;12 2 = -I Elj I 0 

Ell +o
E 

) (0 -I Elj ,), (70.2)
12E21 

r.n.e 'Iepes IEij I 0603Ha'leH .n.eTepMHHaHT. 
B TaKOM cnyxae eCTeCTBeHHO nonoopars MHOIKHTeJIb E (z), 

xoropun ObI HOpMl1pOBaJI MaTpHUy TaK, 'ITo6bl ee xaanpar 6blJl '''''~\ 

Henpepsienue 3AeKTpU'leCKUe AUHUU 

paseu e.n.HHH'IHoft MaTpl1ue. ECJII1 3TO BbInOJIHeHO. TO MOIKHO 
aanncars 

(Eij)2 = (~~) IEij I= - 1, 

(70.3)
V 1 - EnE'll E12) 

(Eij) = ( E21 - VI - E1'lE'l1 • 

Mbl .n.OJIIKHbl reneps BBeCTI1 E (z) HBHblM oopasoa 'B 06ll1,I1e 
ypaBHeHI1H pacnpocTpaHeHI1H, a I1MeHHO: 

dXl )dZ = E (z) (Ell Xl + E12X2 • 

(70.4) 
dX2 +)dZ = E (z) (EllXl E22X2 • 

0603Ha'lI1B 'Iepe3 x MaTpl1uy. COCTOHllI,YIQ I1S onuoro croaoua 
C 3JleMeHTaMI1 Xl 11 X2' 3TI1 ypaBHeHI1H MOIKHO npencrasari, 
B CI1MBOJII1'1eCKoft epopMe 

dx 
dz = E (z) (Eij) x, (70.5) 

Y'II1TbIBasr YCJIOBl1e HOpMl1pOBKI1. corJIaCHO KOTOpOMy 

(Eij)2 = 1. Eij = (Eij) -I, (70.6) 

nepenaureu ypasnenae (70..5) B BI1.n.e 

1 dx (70.7)E (z) (Eij) dz = X 

I1JII1 

1 (dX1 dX2)
E (z) Ell dZ + E12 dZ = Xl' 

(70.8)
1 (dXl dX2)

E (z) E21([Z + E22dZ = X2' 

113 3THX ypasueuaa caenyer, 'ITO oneparop 

1 d (70.9)E(z) (Eij) dz = I. 

flpeOnO./lOJICU,11 meneps, 'uno E (z) U Eij nocmonuuu, 11 B03
senex onepaTop [ljE(Z)](Cij)djdz B xsanpar. npl1'1eM npl1 



363 362	 FliaBa 11 

CneJIaHHblX npennoxoxenaax MO)l{HO MeHSlTb nopsno« onepa
UHtl dldz H (Eij) , TaK 'lTO 

1 d ] [ 1 d ] 1 2 d2 1 d2 
[ E (Eij) dz E (Eij) dz = £2 (Eij) dz2 = E2 dz 2' (70.10) 

::lTO oanasaer. 'lTO 
1 d2x 

E2 dz 2 =X. (70.11) 

Mbl CHOBa nOJIy'lHJIH 06bl'lHOe ypanneane pacnpocrpanenas 
BOJIH, nOCKOJIbKY seerna nonpaayxeaaerca, 'lTO Xl H X2 nepno
nH'lHbl no	 t C nepnonox, COOTBeTcTBylOW.HM· 'laCTOTe Ul. 

Bee 3TH peaym.raru OTHOCSlTCSI K onnoxepnoxy cnysaio 
pacnpocrpanenaa BnOJIb JIHHHH. HO Mbl MO)l{eM aanacars aaa
JIOrH'lHble ypaBHeHHSI nJiSI aaorpormoro npOCTpaHCTBa rpex H3
MepeHHtl Zl' Z2' Za· Bsenea TpH xarpnuu (E)l' (E)2 H (Eh H 
K03<p<pHUHeHT E (MaTpHUbI H K03<P<PHUHeHT - nocmonnnues 
H aanmueu COOTHoweHHe 

AX
(E) ' - =	 Ex, (70.12)~ t OZi 

i 

r ne x scerna S1BJISleTCSI M3TpHuetl C OnHHM CTOJI6uOM. Onepa
TOp. aHaJIOrH'lHbltl paCCMOTpeHHoMy nsnue oneparopy (70.9), 
6yneT 

~ (E)i O~i = E.	 (70.13) 
i 

B03BeneM 3TO paBeHcTBo B KBanpaT H 3aMeTHM. 'lTO OHO CBO
nHTCH K 

~~=E2	 (70.14)"'-I OZ~ 
t t 

H BeneT K	 BOJIHOBOMy ypaBHeHHIO 

6.x = E2x ,	 (70.15) 

eCJIH BbInOJIHeHbI yCJIOBHSI 

(E)i
2

= 1, 
(70.16) 

(E)i(E)k + (E)k (E)i= 0 l =1= k."PH 

Henpepuenue sncxrpuuectcue IlUHUU 

Ilepaoe H3 3THX yCJIOBHtl coOTBeTcTByeT HOpMHpoBKe (70.3), 
a sropoe orpaxaer HeKoMMyTaTHBHocTb MaTpHU (E);. YCJIOBHHM 
(70.16) ynOBJIeTBOpHIOT. O'leBHnHO. MaTpHUbl Ilayna 

( ° 1) (0 1) (-J 0)
(Eh= -1 ° . (E)2= 1 ° ' (Eh= ° 1 . (70.17) 

MO)l{HO noxasars. 'lTO see npyrue peurenas (70.16) S1BJISIIOTCSI 
JIHHetlHblMH KOM6HHauHSlMH 3THX rpex MaTpHU. 

Marpnuu Ilaynn 3PMHTOBbl; B uaurex paccMOTpeHHI1 3Ta 
HOBaH xapaxrepncruxa BCTpe'laeTCSI anepaue, Ilse nepaue H3 
HHX cHMMeTpH'lHbl B TOM CMblCJIe, KaK 3TO nOHHMaJIOCb 
nsnue npn KJIaCCH<pHKaUHH 'leTblpeXnOJIIOCHI1KOB. a rperss 
MaTpHua HeCHMMeTpH'lHa. ::lTO COOTBeTcTByeT TOMy, 'lTO B BOJI
HOBOtl MexaHHKe xarpauu Ilayxn CBSl3aHbl C MarHHTHblM MO
MeHTOM 3JIeKTpOHa. cnan xoroporo uanpaanen no OCH Za· 

I1cn0JIb30BaHHbltl HaMH xeron auanorasen xerony, HCnOJIb
30BaHHoMy nHpaKOM npn mIHeapH3aUHH BOJIHOBOro ypaBHeHHSI 
peJISlTHBHCTCKoro 3JIeKTpOHa. Mbl He MO)l{eM. onnaxo, nepearn 
snecs K np06JIeMe ypaBHeHHSI" Ilnpaxa, nOCKOJIbKY nJiSI sroro 
Hy)l{HO BBeCTH MaTpl1Ubl 'leTBepToro paura, ynoBJIeTBOpHIOw.He, 
anposex. yCJIOBHHM (70.16). 3ana'ly. TeCHO cBSl3aHHYlO C ypas
HeHHeM Ilupaka. MbI paccxorpna B cnenytouie» naparpadie. 

§ 71. Tpexqiasaue H MHoroepa3Hbie 
9JIeKTpHQeCKHe JIHHHH 

Marpauu, paur KOTOpblX sume nsyx, nOHBJISlIOTCSI npn 
H3y'leHHH MHoro<pa3Hblx 3JIeKTpH'leCKHX JIHHHtl. 

Paccxorpax, uanpnxep, weCTHnOJIIOCHHK. BHyTpH xoroporo 
HaxonHTCSI 3JIeKTpH'leCKaH uern, C JIHHetlHblMH xapaxrepncru
KaMH (<pHr. 148). H npeanonoacax, 'lTO OH BKJIlO'leH B rpex
<Pa3HYIO JIHHHIO. Torna weCTHnOJIIOCHHK xa paxrePH3YlOT 'leTbl pe 
BeJIH'lHHbI aa axone (v. l, V, I) H xerupe H3 auxone (v'. r. 
V', 1'). 

nOJIQ)KHM 
x x r r 

1=v.	 1=v. 

, -r x
2

= i , .X2=l, 
(71,1 ) 

xa=V, x~ = V', 

x
4 

= I , x'f--I' , 



365 364 rAaBa 11 

B OIJIY mlHeAHOCTH CHCTeMbl Me)J{JlY 3THMH nepexeauuan cyme
CTBylOT COOTHoweHHSI BHJla 

x'. =~bikXk' (71.2)
l k 

onpenensnoume xerupexpsnnyio xaanparnyio MaTpHUY (bik ) . 

B 06w.eM cnysae, eCJIH paccaarpnsaerca JIHHHSI, cocrosuiaa 
H3 (2n + 1) npOBOJlOB, H B nee BKJIIO'IeHa uens, HMelOw.aSl 

2 (2n + 1) KJIeMM, TO nonysaiouiaacs JIHHeAHaSl CHCTeMa xapax
TepH3yeTcSI xarpauea nopanxa 2n. TeOpHSI 3THX MHOrOnOJIIOCHH

KOB ynena 6bl HaC CJIHWKOM JlaJIeKO 1). 06w.He reopexu, xorop ue 

B cnysae '1eTblpeXnOJIIOCHHKOB rpeoyior, '1T06bl JleTepMHHaHT Ibi k I 
6blJI paseu 1, JlJISI rpexrpas
noro weCTHnOJIIOCHHKa npHBOJlSlT 

K CHCTeMe weCTH ypaBHeHHA, 
1/ v .", v' HMelOw.HX npyron BHJl H npHBO

V l l v'//IE a 
JlSlW.HX K HHblM YCJIOBHSlM. TaK.I 
npa H3y'leHHH '1eTblpeXnOJIIOC

<t> Hr. 148. HHKOB Mbl BHJleJIH, 'ITO nOCJIe 

npHBeJleHHSI MaTpHUW K ee OCSIM 

nOJIY'laIOTCSI MOHoxpOMaTH'IeCKHe BOJIHbl. pacnpocrpanmoumeca 
B JlBYX HanpaBJIeHHSlX C OJlHHaKOBblMH nOCTOSlHHblMH pacnpo

CTpaHeHHSI B CHJIy paBeHCTBa enanaue JleTepMHHaHTa Ibi j I. 
B cay-rae weCTHnOJIIOCHHKOB npn npHBeJleHHH MaTpHUbl K ee 

OCSIM TaK)J{e nOJIY'IaIOTCSI MOHoxpOMaTH'IeCKHe BOJIHbl, HO urecn, 

JlOnOJIHHTeJIbHblX yCJIOBHA He naior B03MO)J{HOCTH HaATH npo

crue COOTHoweHHSI, CBSl3bIBalOw.He serupe B03MO)I{HbIX rana 

BOJIH, HJIH XOTSI 6bl BbISlCHHTb. KaKHe H3 3THX BOJIH pacnpo

CTpaHSlIOTCSI nanpaao, a KaKHe - HaJIeBO. 

1) Teopns pacnpocrpaneaas BOilH II MHoroepa3HbiX i1HHHHX H MHO
ronomocmax epHilbTpax pa3BHTa B paoorax: n. E. K pac H y III K HH, 
Journ. of Phys., 9. No.5. 439 (1945); .ll.oKTopcKaH nncceprauas, MfY, 
1945 r.; )KT<t>, 17, aun. 6, 705 (1947). " 

Bonnoasre npoueccst B TaKHX crpyxrypax xoryr 6blTb npencra
BileHbl B nane cneKTpa aopxansaux BOilH, xapaxrepaayexoro c06
CTBeHHblMH 3Ha'leHHHMH xarpauu 3BeHa epHilbTpa. 3TH npoueccsi ana
i10rH'IHbl HBileHHHM, npOHcxo,n:HIUHM npH pacnpocrpanenua 9i1eKTpO
MarHHTHbiX H aKycTH'IecKHX BOilH B rpytiax, H xapaxrepaayiorcs 
HBneHHHMH epHilbTpaUHH BOilH, npOCTpaHCTBeHHblMH 6HeHHHMH H T. a, 
ECilH '1HCilO nOillOCOB epHilbTpa CTpeMHTCH K 6eCKOHe'lHOCTH, TO H3 
MHorol\Ja3HblX i1HHHH nyrex npenexsuoro nepexona MQllmo nOilY'IHTb 
"QilHOBOllbl. - Ilpu.u. pea. 

Henpepuenue 3AeKTpU~eCK.ue AUIlUU 

Mbl OCTaBHM B CTopOHe 3TH 06w.He aonpocu H paccxorpau 
TOJIbKO weCTHnOJIIOCHHK. 06pa30BaHHblA H3 JlBYX '1eTblpexno

JIIOCHHKOB. 0603Ha'laSl '1epe3 p '1eTolpeXnOJIIOCHHK, nOJlCOeJlH

HeHHblA K npOBOJlaM I H III, a xepea q - n?JlCOeJlHHeHHbIA 

III x3 • x4 

-I
P 

- I-

x;, x/ 1/1 

IJ x"xz 
q 

. , 
X" X z /I 

ep H L 149. 

K npOBOJlaM I H II, KaK nOKa3aHO na <pHr. 149. nOJIy'laeM 

x~ = quxl + q12x2' x~ = Puxa + P12X4, (71.3) 
x; = Q21xl+ Q22x2' x~ = P21X a+ P22X4· 

CooTBeTcTBylOw.HA weCTHnOJIIOCHHK npeJlCTaBJISleTCSI MaTpHueA 

qn q12 0 0) 
(bij) = q21 q22 0 0 . (71.4) 

o 0 Pu P12( 
o 0 P21 P22 

Ha <pHr. 150 H306pa)J{eHa aHaJIOrH'IHaSl cxexa, B KOTOpoA BblXOJl

nue KOHUbl nepexpeiuenu: cooTBeTcTBYIOw.aSl eA xarpuua pasna 

0 0 Pu P12) 
(b~j) = 0 0 P21 P22 • (71.5) 

s« q12 0 0( 
q21 q22 0 0 

npeJlnOJIo)J{HM reneps, 'ITO '1eTbl pe XnOJIIOCHHKH CTaHOBSlTCSI 

acneaaioure MaJIbIMH, TaK 'ITO xarpuua p H Q npHHHMalOT 

<popMy 

1t12 dz )(Pu P12) = C+ 1tu dz 
P21 P22 1t21 dz 1 + 1t22 dz • 

(71.6) 
(qU q12) = C+ Xu dz X12 dz ) 

q21 q22 X21 dz 1 +>:22 dz ' 

1tu = - 1t22' Xu=-X22' 
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rJlaBa 12 
Marpnua (bi j ) [CM. (71.4)] npnxer cnenyioutan BH,ll 

I2 npunOlliEHUE nOnUHOMOB fEfEH6AY3PA C~(x)1 0 0 0) (X11 X 0 0) 
o 1 0 0 "X.21 "X.22 0 0 K U3YQEHUW 3nEKTPUQECKUX WUnhTPOB 

(bi j ) = 0 0 1 0 + dz 0 0 7t11 7t •( 12 

o 0 0 1 0 0 7t21 7t22 

YeTblpeXnOJlIOCHHKH SlBJlSlIOTCSI cHMMeTpH4HblMH, eCJlH 

Xu =7t'11 =0. 
§ 72. BaenenaeHcnom.ays pa3J10>KeHHe (71. 7), MO>KHO sanacars ypaBHeHHSI (71.2) 

B sune JlHHeltHblx ,llHepepepeHUHaJlbHblX ypaBHeHHI'I nepnoro no Buure Mbl OTMe4aJlH nnrepec, KOTOpbIlt npencraansior no
psnxa no Xl' X2' X a• X4' HMelOll.I,HX epOPMY ypanueaan ,UHpaKa. JlHHOMbl Fereuoayspa C~(x) npH H3Y4eHHH rpaHH4HbIX SlBJleHHI'I 

B 3J1eKTpH4eCImx H MexaHH4eCKHX CHCTeMax O,llHOrO HJlH He
/II CKOJlbKHX H3MepeHHI'I. C nououn.io sroro MaTeMaTH4eCKorox3 , X4 I P annapara, ocooeuno y,l106HOrO npH HCCJle,llOBaHHH nepnonnse

CKHX CHCTeM, Mbl nOJlY4HM cenuac nexoropue peayasra'ru, 
y>Ke acrpevaaumecs npn pac

cMoTpeHHH uen04KH H3 ue/I x/'Xz ? I" 
Tbl peXnOJlIOCHHKOB I). 

- B ,llaJlbHel'lilleM Mbl 6Y,lleM it =r' 1~
C4HTaTb, 4TO TOKH H nanps<I> !I r. 150. 
>KeHHSI Ha BXO,lle H BWXone <I> !I r. 151. 

BBO,llHTCSI coaoxynnocn, 4eTblpex He3aBHCHMblX MaTpHU, KOTO 4eTblpeXnOJllOCHHKOB ynosae

pue MoryT paccxarpasarsca KaK oopaaoaaanue H3 MaTpHU TBOPSIIOT YCJlOBHSlM, crpopaynapoaannux B r a. 10. 0603Ha4HM 

Ilayxa, 3TH xarpnuu 3pMHTOBbl H MoryT 6bITb aanacanu sepea (Vi' II) H (V 2, 12) aanpsarenae H TOK COOTBeTCTBeHHO na 
B ,llHarOHaJlbHolt epopMe axone H asixone 4eTblpeXnOJllOCHHKa (epHr. 151). KaK H3BeCTHO 

[CM. epOpMyJly (56.2)]. B crauaouapnou pe)KHMe 3TH BeJlH4HHbl(II 0 0 
CBSl3aHbI COOTHOIlleHHSlMHo 12 0 

Io 0 13 ...... • ,

I
I VI = a U V2 + a 12'2' 

(72.1 )(71. 8) 
II = a21 V2 + a22 /2'o 0 0 -'II 0 0 

r,lleo 0 0 0 -"(2 0 
aUa22 - al2a21 = 1. (72.2)(0 0 0 0 0 -IS J 

'upyrHMH CJlOBaMH, Ka)K,llolt BOJlHe, pacnpocrpanamueacs B He PaCCMCTpHM ueno-ncy. o6pa30BaHHylO O,llHHaKOBbIMH neru
KOTOpOM aanpaanenan C nOCTOSlHHOI'I pacnpocrpanenns + Ti' peXnOJlIOCHHKaMH, H nonsrraexca ortpenexrrrs nanpsneenae H TOK
 
cooTBeTCTByeT raxas >Ke BOJlHa, pacnpocrpanmoiuaaca B 06paT


HOM nanpaaaenaa C nOCTOSlHHOI'I - Til).
 

" 

I) M. Par 0 d i. Memorial des sciences physiques, Iasc., 47. 
1) L. B rill 0 u i n, Journ. de Phys., 8, 401 (1936), Paris, 1944. 
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B npoaasoasnoa TOqKe J1HHHH (q>Hr. 152) B aaBHCHMOCTH OT 

nOCTOSlHHblX xerupexno.nocnaxa aiJ H nOJlHHOMOB l'erenoayspa 

Va it ~V, ~_.:'I!..-1 JlVn;p---~"q; 
, 2 n 

<I> Ii r. 152. 

c~ (x), a raioxe nonuraexca noxaaan., KaK MOlKHO onpenemrn, 
nOHSITHe xapaxrepacrnsecxoro HMne.uaHca npH noxouia nHX 

q>yHKU,Hlt. 

§ 73. Bblpa>KeHHe .lI.JUI TOKa H HanpJl>KeHHJI 

B npOH3BOJlbHOA TOIJKe u,enOIJKH H3 lJeTbipeXnOJIIOCHHKOB 

Ilpeoopasyea cuasana ypasneaae xerupexnomocnaxa (72.1) 
K oonee Y.u06HOlt .uJlSl paccaarpasaexoro cnysas q>opMe. BbISlCHHM, 

CYlUeCTByeT J1H raxoe anaseuae BeJlHqHHbl x, npn KOTOpOM au
paxceaae V o - xlo nponopuaouansno BeJlHqHHe V t - xII' npH

qeM 6y.ueM npennonarars, qTO TOKH H nanpsxeaaa csaaanst 
COOTHOlIleHHSlMH (72.1). liMeeM 

Vo-xlo=auVt +aI2/t- x(a2IVt +a22/t) = 

= (au - Xa2t) V t +(aI2 - xa22) It, (73.1) 

oTKy.ua, yqHTWBaSi YCJloBHe npOnOpu,HoHaJlbHOCTH 

all - xa'J1 _ atl! - xa211 (73.2)1 - -x·' 
nOJlyqaeM 

a21x2 - (au - a22) x - at2= O. (73.3) 

3aMeTHM, qTO, eCJlH B STOM ypaBHeHHH OTHOCHTeJlbHO x 
aaMeHHTb BeJlHqHHbl ai.J sepea cooraercrayioume HM, corJ1aCHO 

COOTHOlIleHHIO (56.6), BeJlHqHHbl bi j , TO OHO TOqHO cosnanaer 
C ypasueanex .uJlSl xapaKTepHCTHqeCKOrO HMne.uaHca, noaysen

HblM B npenunyutea raaae. Haxce MbI euie BepHeMCSI K STOMy 

sonpocy. 
OYCTb XI H X2- KOpHH sroro ypasaenna, KOTOpbIM COOT

BeTcTBylOT nse q>yHK1.I,HH: Vo - x/o H Vo - X2/0' yMHomalO

umecs ua nOCTOSlHHoe uncao npH nepexone OT axona paccaa

npUJI. TlOAuHOMOB feeeH6ay3pa C~(x) Ie uay'lf!HUIO sne«. ¢UJlbTPOB 369 

rpaaaexoa SlqeltKH K ee BbIXO.uy. 060aHaqHM xepea 1/ oouryto 

BeJlHqHHY ornoureaaa (73.2): 

_ all - xallt _ an - xallll (73.4)1/- 1 - -x . 

llByM KOPHSIM ypaBHeHHSI Xt H X2 coorsercrayior nna anaqe

HHlI 1/: 

1/t= au -Xta21 = - -atll 
a2t. 

Xt 
(73.5) 

1/2=aU - X2a21=a21 - -
atll 

;
x2 

KaK J1erKO BH.l1eTb, ypaBHeHHe .l1J1SI 1/ HMeeT BH.l1 

1/2 - (au + a22) 1/+ 1= O. (73.6) 

Hrax, nsa ypaBHeHHSI xerupexnomocnaxa (72.1) MoryT 6blTb 

npasenenu K q>opMe 

Vo- x/o = ""It (Vt - X/I)' 
(73.7)

Vo - X2/0 = 1/2 (V t - X2 /2)' 

YpaBHeHHSI (73.7) MomHO paccxa'rpaaars KaK pesyppenrnue 
q>OpMyJlbl, ormcuaaioume npeoopaaoaauae cosoxynuocra 

Vo-xi/O (i= [,2) 

npH nepexo.ue qepea qeTWpeXnoJilOcHHK. 

Ha suxone n-ro serupexnomocnaxa nanpaxenne Vn H 

TOK In 6y.uyT CBSIaaHbI C BeJlHqHHaMH V o H 10 COOTHoweHHSIMH 

Vo-x/o= 1/'HVn -x/n). 
(73.8)

Vo- x/o= 1/~ (Vn - x/n ) · 

3aMeqaSl, qTO 1/1""12 = I, HenOCpe.l1CTBeHHbIM nO.l1CqeTOM no

J1yqaeM 

Xl-XII 
(73.9)

n on
'h -1j2 V
 

I n = Xt-XII 0
 

24 aSK. 201. 
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Ilpyrnaa CJlOBaMH, aHCaM6J1b tJeTblpeXnOJIIOCHHKOB 1. 2•... , n 
xapaKTepH3yeTcH MaTpHue~ 

X1"11 - X 2"12 
n n 

_ X lX~ _"1-"-f_---'''1~=--) 
Xl-X~ Xl- X2 

T= n n' (73.10) 
( "1f-"1~' X 2"11 -X1"12 

Xl-X~ I Xl-- X2 

COOTHoweHHH (73.5) naior 

Xl- X2=- "11-"12 
. a21 • 

Xl . x~ _ rXl-X~ 

all-"11 all-"12 - -("11-"12) 

C npyron CTOpOHbJ. H3 (73.3) cnenyer 

a12 
X1 X2 - - ,= a~l 

'ITO MOmHO nepenacars B aane 

X1 X2 -~ 

Xl- X2 "11-"12 

C ytJeTOM 9THX COOTHOWeHH~ MaTpHuy T MOmHO aanacars cne
.nylOIJJ:HM 06pa30M: 

a U - "11) "1f - (au - "12) "1~ "1f-"1~ )- a12 --=---.::.... 
T= -("11-"12) "11-"12 

n n ' 
( "1~-"1~ (au - "12) "11 - (au - "11) "12 

-a'l--
• "11 -112 "11-"12 

HJlH (73.11) 

"1f-"1~ "1f+l_"1~+1 "1~-"1~) 
- all---+ - a12 --

T = "11 - "12 "11 - "12 "11 - "12 • 

( "1f - "1~ "1f - "1~ "1l1-
1-

"1~-1 
- a21--- all--- 

"11 - "12 "11 - "12 11- 12 

B sanacannyio TaKHM 06pa30M MaTpHUy T aerxo BBeCTH nOJlH

HOMhI I'erenoayspa c~ (x). 
BeJlHtJHHhI 111 H 112 HBJlHIOTCH KOpHHMH ypaBHeHHH (73.6). 

nOJlO>KHB 

aU + a22 = 2x. 

Ilpu». nOAUHOMOB tezeH6ayspa C:. (x) It U3YlleHUIO sse«. tPUAbTPOB 371 

H acnoasaya npnsenenuue auure CBO~CTBa nOJlHHOMOB c; (x) 
[CM. § 25. ypaauenne (25.9)], nonynaeu 

n n 
"11 -"12 _ Cl ()
---- n-l X. 
"11-"12 

CJle.nOBaTeJlbHO, MaTpHua (73.11) HMeeT BH.n 

_ (- auC;_dx) + C~ (x) - a I2C;_1 (x) ) 
T- 1 1 1 • (73.12) 

- (x) aUCn_ 1(x) - Cn-2 (x)a2lCn_ 1

Ee MomHO ynpocrnrs, noaaras au + a22 = 2x = 2 ch 6. 
Tor.na nocJle npocTwx BWKJla.nOK Haxo.nHM 

- au sh nO + sh (n +1) 0 sh nO )
sh 0 - a12 S1i!l 

T = 
( 

sh nO an sh nO - sh (n -1) 0 = (t i j ) · 
- a~l S1iT sh 0 

(73.13) 

Jlerxo nposepnn., 'ITO T HBJlHeTCH MaTpHue~ tJeTblpeXnOJIIOC
HHKa. ,Ue~CTBHTeJlbHO. 

tUt22 - t12t21 = 

= (aUC;-l - C~_2) (- aUC~_l +C;) - a12a21 (C~_IY; 

orxyna C ytJeTOM pexyppenruux COOTHoweHH~ .nJIH <pyHKUHH

C; (x) H roro <paKTa. 'ITO .neTepMHHaHT Iaij I paaen enanaue, 
nonysaea 

tUt22 - t l 2t21 = (C~_1)2 - C~C~_2' 

nO.nCTaBJlHH B npaayio tJaCTb nupaxenae nOJlHHOMOB I'ereu
oayapa B 3aBHCHMOCTH OT 6, naxonaa, KaK nerxo yoenarsca 
nenocpencraenaua noncserox, 

t t _ t t _ sh2 nO - sh (n + 1) 0 sh (n - 1) 0 - 1 
11 22 12 21 - sh2 0 - . 

§ 74. XapaKTepHcTHtJecKHe HMne,naHCY 

Teneps nOCTaBHM nepen cooon aHaJlorHtJHYIO sanasy B cny
sae <pHJlbTpa. oopaaoaanaoro H3 xonesnoro tJHCJla n HtJeeK. 
nonaraa, 'ITO nOCJle.nHH~ tJeTblpeXnOJIIOCHHK 3aMKHyT na npOH3
BOJlbHhI~ HMne.naHC P (<pHr. 153). 

24* 
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113 aanaca MaTpHLJ.bl T B ljlopMe (73.12) BH,UHO. 'ITO BeJlH

'1HHbl V n H In HBJlHIOTCH mlHeltHblMH ljlyHKLJ.HHMH nOJlHHOMOB 

I'erenoayspa C~ (x); 9TO oaaasaer, 'ITO OHH y,UOBJleTBOpHIOT 
1 . 

TeM IKe pexyppeamuu COOTHOllleHHHM. 'ITO H nOJIliHOMbl Cn(X). 
llpyrHMH CJlOBaMH. ,UJlH V n H In cnpaaenanau COOTHOllleHHH 

V k+1- 2xVk+ V k_ 1= O. 
(74.1)

Ik l- 1- 2xlk + Ik_ 1 = O. 
npH'IeM 

all + a22 = 2x. 

OTMeTHM. KCTaTH. 'ITO 9TH COOTHOllleHHH n03BOJlllIOT H3J10IKHTb 

csoacraa ljlHJlbTpOB C noxoun.io nenpepuanux npooen. 

~ ~ 
Voq ::t=::: ::t :.:t==t ~P 

I n-l 11 Vn 

<t> Ii r. 153. 

CorJlaCHO nepaoxy H3 coornourenna (72.1). ,UJlH n-ro '1eTbl
peXnOJIIOCHHKa 

1 _~ _-V v:
a12 n-l a V n -In =---.!!. (74.2)12 

HJlH 

V n-l = (all .+ ~12) V n = AlV n' (74.3) 
r,Ue 

Al = all +~. (74.4)
P 

113 sroporo COOTHOllleHHH (72.1) nonyxaea ,UJllI sroro IKe 
'1eTbl peXnOJIIOCHHKa 

In_ 1 = a21V n + a221n = a21p/n + a221n' 
HJlH 

In_ 1 = (a22 + a21P) In = A21n' (74.5) 
npH'IeM 

1.2 = a22 + a21P, (74.6) 
C noxoutsio pexyppenruax cooraouienan (74.1) H ljlOpMyJl (74.3) 
H (74.5) MOIKHO HaRTH BeJlH'IHHbl V n-2> V n-3 . .. H In_ 2•
In _ 3 ••• > a HMeHHO 

V n_ 1= A1Vn = AIC~(X) V n• 

Ilpun. nO/lUH.OM.OB I'eeetuiaqspa C;(X) K u3ytteH.UIO 311eK. ¢UAIJTPOB 373 

1 
nOCKOJlbKY Co(x) = 1; 

V n_ 2=-V n +2xVn_ 1= (2XA1 -l)Vn = 

= [AIC~ (x) - C~ (x)]. 

1 
nOCKOJlbKY C1 (x) = 2x; 

V n_ 3= - V n_ 1+ 2xVn_ 2 = 

= - AIVn + 2x [AIC~(X)-C~(x)] V n = 

= -A1Vn +2x [2xAl-1] V n = [-AI + 4x2"1- 2x] V n = 

= (AI (4x2-1) - 2x] V n = [AIC~(X) -C~ (x)] V,p 

nOCKOJlbKY C2 
1 
(x) = 4x

2
- 1 H T. ,U. B 06llJ,eM BH,Ue MOIKHO 

aanacati, 

v,.; = [AIC1-1(X) -C1-2(X)] v; (74.7) 
a TaKIKe 

In_ p = [A2c1-1(X)-C1_2(X)] In' (74.8) 

ECJlH Vo H 10 - COOTBeTCTBeHHO HanpHIKeHHe H TOK na axone 

nepaon H'IeltKH. TO H3 (74.7) H (74.8) cnenyer 

VoVn = 1 1 •
Al C _ 1 (x) - C _ (x)n n 2 

(74.9) 
10In = 1 1 • 

A _ 1 (x) - C _ (x ) 2Cn n 2

Boaspauiascs K COOTHOllleHHHM (74.7) H (74.8), nonyuaea 06llJ,He 

ljlOpMyJlbl 

A C1 
-1 (x) - C1_2(X)V 1 p.

Vn _ p = 0 A C1 (x)-C1_ (X ) 
1 n-l n 2

(74.10) 
A2C1_dx ) - C1_2(X) • 

In_ p = 10 'C1 (x) _ C1 2(x)
"2 n-l n-

BBe.ueHHe \iMne,UaHCOB 

Vo Vn- p = Zn_p,-=Zo>
10 . I n - p 
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n03BOJISIeT aanacars COOTHoweHHSI (74.10) B BH.ne 

Vn - p
-,--=Zn_p
'n-p
 

AIC~_I (x) - C~_2 (x) A2C~_1 (x) - C;_2 (x)
 
=Zo I I' I I' (74.11)

AIC _ 1 (x) - C _ (x ) A2Cp _ 1 (x) - C _ (x ) n n 2 p 2 

Orciona BH.nHO, 'ITO eCJIH HMne.naHC p na KOHue lPHJIbTpa TaKOB, 

'ITO 

AI = A2• (74.12) 

TO .nJISI npOH3BOJIbHOrO p BWnOJIHSleTCSI yCJIOBHe 

Zn_p=Zo· (74.13) 

TaKoR asmenanc p Ha3bIBaeTCSI xa paicmepucmuvecxu.u 
uuneoancou JIHHHH. 

Y'IHTblBaSi aupaacenaa (74.4) H (74.6) ,U.JlSl AI' A2• JIerKO 

noxa aars , 'ITO xapaxrepacrnsecxaa HMne.naHC SlBJISleTCSI peure

HHeM ypaBHeHHSI 

a21p2 - (an - a22) P- al2 = O. 

KOTOpOe TO'lHO coanaaaer C ypaauenaex (73.3) OTHOCHTeJIbHO x, 
TaK 'ITO aaenenaue ssnue BeJIH'IHHbl XI H X2 SlBJISIIOTCSI xapaxre
pHCTH'IeCKHMH HMne.naHCaMH lPHJIbTpa. 

3aMeTHM. anpouea, 'ITO nOHSITHe XapaKTepHCTH'IeCKOrO 

nsmenanca MOmHO 6blJIO 6bl BBeCTH H B npenunyurea napa

rparpe. lleltcTBHTeJIbHO, H3 ypaBHeHHlt (73.8) cneayer 

ZlI- Xl _ ~O-Xl (~)" (74.14)
Zn - X2 - Zo- X2 \ lJl • 

Ilpa Zo= XI scerna BbWOJIHSleTCSI paBeHcTBO Z" = XI' a npn 

Zo = X2 - paaencrso Z" = X2' 'ITO OCTaeTCSI cnpaaennnsu a 

npn JII060M ueJIOM nOJIOmHTeJIbHOM 'IHCJIe n. l1TaK, eCJIH HMne

nanc Zo paaen O.nIlOMY H3 3Ha'leHHlt XI HJIH X2' TO HMne.naHC Zn 
npa JII060M n HMeeT Ty me BeJIH'IHHy. a 9TO .nOKa3bIBaeT. 'ITO 

XI H X2 SlBJISIIOTCSI xapaKTepHCTH'IeCKHMH HMne.naHcaMH. 

OTMeTHM euie CBSl3b. cymecrsyiouryio Mem.ny xapaxrepacrn

'IeCKHMH HMne.naHcaMH H B3aHMHbI MH TO'lKaMH npeo6pa30BaHHSI 

HHBepCHH. Boaapaiuaacs K 0603Ha'leHHSlM npenuayuiero napa

rpatpa, aanaurex xapaKTepHCTH'IeCKHe HMne.n3HCbl B sane 

XI =Z, x2 = - C. 

npUA. nOAUHOMOB FezeH6ayapa C~ (X) I' uay'leHUIO aMI'. t/JUAbTpOB 375 

Torna, HCXO.nSl 1'13 lPOpMyJIbl (73.9). JIerKO BHOBb nOJIy'lHTb 

yCTaHOBJIeHHylO nsnue K3HoHH'IecKYIO lPOpMy xapaxrepacrnse
cKoR MaTpHlJ,bl pacnpocrpauenas 'Iepe3 lPHJIbTp. 

Mbl yme BbISlCHHJIH. 'ITO'l/ SlBJISleTCSI peureauea ypaBHeHHSI 

(73.6), T. e. 

_ an + a~~ +- ~ r (all + a,~)2 _ 1 
l/1'l/2- 2 -V 4 • 

nOJIOmHB 
r•

l/I = e 12 = e-r. 
npaaenea M3TPHUY (73.9) K lPopMe (noCKOJIbKy l/1l/2 = 1) 

1 (ze-nT+ ~enr - 2ZCsh nl ) 
r • (74.15)

Z+ '0 _ 2 sh nT ~e-nT + Ze"T 

coananaiouiert C KaHOHH'IeCKolt ·lPopMoR. nOJIy'leHHoR auure. 

§ 75. CJlyqaA cHMMeTpHqHblX qeTblpeXnOJllOcHHKOB 

B cay-rae CHMMeTpH'IHbIX 'IeTblpeXnOJIIOCHHKOB all = a22' H. 

K3K Mbl ceasac .nOKa)J(eM. MaTpHua T Tome CHMMeTpH'IHa. 113 

aannca T B lPOpMe (73.12) cnenyer, 'ITO ,U.JlSl sroro .nOCT3TO'lHO 

noxasars COOTHoweHHe 

Cl . 5- allCn-1 
I 

(x) + Cln (x) = all n-1 (x) - Cn 
I - 2(x) (7 .1) 

HJIH 

c~ - 2aIlC~_1 + C~-2 = O. (75.2) 

coananaiouiee C pexyppenruua COOTHoweHHeM. KOTOpOMy yno

BJIeTBOpSiIOT nOJIHHOMbl C~ (x), nOCKOJIbKY 

au + a22 = 2au. 

XapaKTepHCTH'IeCKHe HMne.naHCbl B paccaarpaaaexox cnysae 

panuu npyr npyry, TaK KaK ypasneaae .nJISI X CBO.nHTCSI 

K ypaBHeHHIO 

a2lx2 - al2 = O. 
OTKy.n3 

.r»: 
X= -+- V a21' 
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C npyrott CTOpOHbI, nonaras all = a22 = ch e, M3TpHl.l,y T 
[CM. yp3BHeHHe (73.13») MO)l{HO npencrasan, B <jlopMe 

sh nB)ch TIe - a12 S1l"6 

( sh nB . (75.3)
-a'l-- ch nO• sh B 

nOCKOJIbKY MbI nOJIO)l{HJIH all = ch 0 H 

a~l - 1,a 12a21 = 
nOJIylJ3eM
 

1
 a12"":'--xshO, a21 = x sh e. 
T3KHM 06p330M, B P3CCM3TpHB3eMoM cnysae M3TpH1.I,a (75.3) 
npHHHM3eT TOT )I{e BH.u, lJTO H MaTpH1.I,a (74.15), eCJIH B no

cnenaea B CHJIy cHMMeTpHlJHOCTH lJeTbIpeXnOJIIOCHHKOB nOJIO

)I(I1Tb Z = C(= x). 

§ 76. AHaJlOrHH Mem.n.y reopaea 3J1eKTpHQecKHX cl>HJlbTpOB
 

H 3aKoHoMepHocTHMH pacnpocTpaHeHHH
 

peHTreHoBcKHX J1YQeH B KpHCTaJlJlaX
 

B § 63 MbI OTMelJ3JIH, lJTO MeTo.ubI, HCnOJIb3yeMbIe H3MH 

npn H3YlJeHHH 3JIeKTpHlJeCKHX <jlHJIbTpOB. SlBJISIIOTCSI BeCbM3 

06ll.1,HMH H MoryT 6bITb npHMeHeHbI KO scex 3a.u3lJ3M 0 P3C

npOCTp3HeHHH BOJIH sepea nenpepsrsnue cpenu, HMelOll.I,He 

nepnonasecxyio CTpyKTypy. T3K, 6PHJIJII03H YK333JI 1) H3 3H3

JIOrHlO, K OTOp3S1 cyurecrnyet Me)l{,llY pacnpocrpaaenuex 3JIeK

TpHlJeCKHX BOJIH B <jlHJIbTp3X H npoxoxnenaea peHTreHOBCKHX 

JIylJett sepea KpHCTaJIJIbI, onncannua. B lJ3CTHOCTH, B p360Te 

Mor3H3 2). 

TOJIbKO lJTO paCCMOTpeHHoe onncanne 3JIeKTpHlJeCKHX 

<jlHJIbTpOB C noaouu.io nOJIHHOMOB I'erentiayspa, K3K MbI ceasac 

yBH.uHM, nOSlCHSIeT 31'0 cpaanenae. nYCTb nana KPHCT3JIJIHlJe

CK3S1 nJI3CTHHK3, COCTOSlll.l,3S1 H3 3TOMHbIX nJIOCKOCTeA 1, 2, ... , 
n ... , pa3.ueJIeHHbIX p3BHbIMH HHTepBaJI3MH 1 (<jlHL 154). 
Ilpennonoxora, lJTO non yr JIOM e H3 nee nanaer nap3JIJIeJIbHbItt 

nyvox MOHoxpOMaTHlJeCKHX peHTreHOBCKHX JIYlJett. Ka)l{.u3S1 nJIO

CKOCTb OTp3)1{3eT lJ3CTb H3JIYlJeHHSI; B pe3YJIbT3Te HHTep~epeH. 

1) L. B rill 0 u in, Journ. de Phys., 7, 401 (1936),
 
2) M aug u in, Journ. de Phys., 7, 233 (1936),
 

npUA. nOAUHOMOB Feeeutiaqspa C~/x) ICU3Y'leHUIO aMIC. !jJUAbTPOB 377 

1.I,HH HHTeHCHBHOCTb CJI36bIX no OT.ueJIbHOCTH BOJ1H, orpaxenaux 
01' nOCJIe.uOB3TeJIbHbIX nJIOCKOCTeA, MO)l{eT CTaTb Cp3BHHMOA 

C HHTeHCHBHOCTblO nanaouiea BOJIHbI. O.uH3KO nOCKOJIbKY 31'3 

OTp3)1{eHH3S1 BOJIH3 rozce He MO)l{eT CB060.uHO pacnpOCTp3HSlTbCSI 

B KpHCT3JIJIe, B03HHKalOT HOBbIe OTp3)1{eHHbIe BOJIHbl. xoropue, 
B CBOIO osepens, OTp3)1{alOTCSI, H T3K no 6eCKOHelJHOCTH. nap

BHHOM 6blJI YK33aH cnocoo YlJeT3 sroro 3<jl<jleKT3 MHorOKpaTHO

ro OTp3)1{eHHSI, KOTOpbIM 

HeJIb3S1 npeaeoperars. 
OH OTMeTHJI, lJTO BCSI 

6eCKOHelJHaSiCoBoKynHocTb 

BOJIH, pacnpocrpanaoumx
'<>: 
t2~12 

CSI Me)l{.uy .uByMSI nJIOCKO
------~"""=---------" 

CTSlMH, (p- l)-A H p-A, 

------t~~~~'--- lp_' 
rp-,

tn~T'n n-t 

tn~ qr;.. q-'t
p1 

<P Ii r. 154. 1'1i r. 155. 

MO)l{eT 6bITb npencraaaena B anne nsyx COCT3BJISilOll.I,HX, 

0.uH3 H3 KOTOpbIX (tp ) pacnpocrpausercs no H3np3BJIeHHIO 

nanaiourero nYlJK3, 3 npyras (rp) - B 06paTHOM Hanp3BJIeHHH. 

BbIlJHCJIHM aMnJIHTy.ubI 3THX COCT3BJISIIOll.I,HX, 33KJIIOlJeHHbIX Me)l{.uy 

nJIO.CKOCTSlMH p - 1 H p. B oKpecTHOCTH nJIOCKOCTH (p - 1) 
3TH BOJIHbI T3KOBbI: qrp H q- 1tp ' r.ne q - K03<jl¢H1.I,HeHT, YlJH

TbIB31Oll.I,Htt H3MeHeHHe <jla3bI npn pacnpOCTp3HeHHH 01' onaoa 

nJIOCKOCTH K npyron: 

q = e-i'P, <r = 2nl sin B 
A 

3 A- ,UJlHH3 BOJIHbI (¢HL 155). Flyers, C npyroa CTO


pOHbI, P H 't - K09<jl<jlH1.I,HeHTbI OTp3)1{eHHSI H npOXO)l{.ueHHH
 

,llJISI oT.ueJIbHott nJIOCKOCTH. Torna, paccMaTpHB3S1 BKJIa.u 01'
 

06eHx nJIOCKOCTe£\: (p - 1)-A H p-A (r, t, p H 't - KOMnJIeKCHbIe
 

BeJjHtH!Hbl, YlJHTlMl3IQll.I,He H~ TO.l\bl\O a(icoJllOTHYIO BeJIHlJHHY
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axnaarynu, HO H <pa3y). nOJIyIJaeM COOTHoweHHSI: 

rp-I = ptP_I + tqrp' (76.1 ) 

q-Itp = pqrp+ ttp_I' (76.2) 

rp = ptp+ sqrp+l. (76.3) 

q-Itp+I = pqrp+1 + ttp' (76.4) 

113 (76.1) H (76.2) CJIe.IlyeT 

p 1 
rp_1 =ptp_I + tqrp; rp=-~ t p_1 +~rp_I' 

tp = pq2rp+ tqtp_l ; tp= pq2 [-~ tp_1 + ,~ rP-I] +tqtp_I 

HJIH 

p'q ) pqtp= (tq--,- t p _ l +-,-rp_I' 
(76.5) 

p 1 
rp=-~ tp_ 1 +~ rp_I' 

TaKHM 06pa30M. Mbl noaysaex ypaBHeHHSI. cosnanasnuae, 

no KpaltHelt xepe no <pop Me. C ypaBHeHHSlMH '1eTblpeXnOJIIOC

HHKa. 

.lleItCTBRTeJIbHO, nonaras 

b = tq - p2q b - pq
ll " 12--,-' 

1P
b21=-~' b22= -:cq' 

nOJIyIJaeM 

tp=blltp_1 +bI2rp_I' 
(76.6) 

rp = b21tp _ 1 + b22rp-I' 

r.Ile
 
1 ( p'q ) p2q
bub22- bl 2b21 = - xq - - +-.-= 1.,q , ,.q 

ECJIH '1RCJIO napanaeasnsrx naocxocrea 6eCKOHeIJHO. TO yCJIOBHe
 

pacnpocrpaaenna noayxaerca TaK iKe. KaK H paasure, T. e.
 

Heo6xo.IlHMO
 

1
au +~2 = .I\e!icTDHTeilbHoe '1IfCilO, 2"1 au + a221< I, ! 

npUll. nO/lUItOMOO rezelt6ayapa C~(x) K uSYlleHulO 3AeK. cPUIlbTPOB 379 

'ITO aaer 
1 

tq + ! _ p2q = .l\eilCTBHTeilbHoe '1HCJlO, 2 j tq + J.- _ p2q I< 1. ,q , ,q , 
(76.7) 

BbI'IHCJIHM reneps aMnJIHTY.Ilbl npourenuren H orpaxenuon 
BOJIH B npe,1J.nOJIOiKeHHH, 'ITO '1HCJIO napaJIJIeJIbH ~IX OTpaiKalOJ.JJ.HX 

nnocaocrea fC01UltHO. <l>OpMyJIbl (76.1) H (76.4) JIerKO npRBO

,1J.SlT K TeM iKe pexyppenruux COOTHoweHHSlM MeiK,1J.y aMnJIRTy

,1J.aMH npOWe,1J.WHX H orpascennux BOJIH. a HMeHHO 

rp-I - 2),rp+ r p+1 = O. 
(76.8) 

tp _ - 2A.tp + tp +I = O.l 

r.lle 

2A=tq+_1 _ p2q . (76.9) 
,q " 

3Ta BeJIHIJHHa S1BJISleTCH He '1eM HHbIM. KaK bll + b22· COOTHO

weHHSI (76.8) H (76.9) ,1J.alOT B03MOiKHOCTb BblIJHCJIHTb aMnJIH

rynu npOWe,1J.WHX H orpaxeuaux BOJIH. nYCTb tn +1 - aMnJIH

Ty,1J.a BOJIHbI, npoureaurea IJepe3 BCIO KpHCTaJIJIHIJecKylO nJIaCTHHKy. 

Mor3H paccxarpusax 3TY BOJIHy B nJIOCKOCTH. orcroauiea OT 

nJIOCKOCTH n ua paccrosnae 1 (noCKOJIbKy OHa He S1BJISleTCSI 

aToMHolt nJIOCKOCTblO, Mbl nOJIOiKHM rn+l = 0). 
YCJIOBHSI npOXOiK.lleHHSI xepes nJIOCKOCTb n TaKOBbl: 

q-1tn+ 1 = ttn· 
(76.10) 

rn=ptw 

npHMeHHM pexyppearnue COOTHoweHHSI C Ha'laJIbllblMH yCJIO

BHSlMH 
(76.11)tn+l • r n = ptn 

H nOJIyIJHM
 
1 I
 

tn=tn+I-Co(A).,q 

tn _1 = t n + l [_,l 2A - 1] = tn+1 [,~ C~ (A) - C~ (A)J
q 

Ii T. ,1J.. B 06ll1,eM CJIyIJae 

f I 
tn_p=tn+I[,lq C~(A)-C~_I_(A)]. (76.12) 

r.ae C~ S1I;lJllleTCSI nQJH\HOMOM I'erenoayspa k-t« nopanxa.
! I 

\
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AHaRorH4HO nRH	 oTpameHHoR BORHW nORy4aeM 

rn~ p = fn + 1 't~ c1 (1-).. (76.13) 

Ilpa P = n - 1 Mbl nORmHbl nORY4HTb axnnaryny nanaiouiert 
BORHbl 

1 1 1 ]f 1 = tn +! [:cq Cn - 1 (A) - Cn - 2 (A) , 

TaK "ITO fn _ p H rn-p MomHO aupasun, B aaBHCHMOCTH OT fl' 
a HMeHHO 

f = t c~ (A) - 'tqC1_dA) 

n-p 1 C;_1 (A) - 'tqC;_2 (A) , 
(76.14)

pc1 (A) 
r n _ p = f 1 1 l'

Cn _ 1 (A) - 'tqC _ 2 (A)n 

A MnRHTynbl orpaxenaoa BORHbl H npotuemuett f 6ynyTr1	 n +1 
Torna panau 

C;_1 (A)
r - t P----,--'-'-- 

1 - 1 C1 (A)_	 't C 1 (A)'
n-l q n-2 

(76.15) 
t -t	 'tq 
n+l - 1 C 1 (A) _	 't C 1 (A)

n-l q n-2 

MOf3H noxasan, "ITO neRH4HHa ). neRCTBHTeRbHa. 3neCb B03
MomHbl naa cayxaa: 

1.	 IAI> 1. Ilonaras 1.= ch 0, ncnysaea
 

C1 (h 0) = sh n6
Cn-I sh f 

H Cn 
1 

- 1 (A) He MomeT oopauiarsca B HyRb. 

2.	 P.I < 1. Torna, noaaras 1,=cosO, naxonux
 

1 sin /16

Cn - 1 (cos 0) = -.-6-' 

Sin 

TaKHM 06pa30M, C;_1 (cos 0) oopauraercs B HyRb npH 3Ha4e

HHHX 
B= Bk = ~ k = 1, 2, ... (n - 1).

n 

5lCHO, "ITO aHa4eHHH I" COOTBeTCTBYIOLl.I,He pacnpocrpaaemno 6ea 

3aTyxaHHH, nORmHbl scerna RemaTb B HHTepBaRe - 1 < A< + 1. 
B cayuae oecxoueuuoro 4HCRa nnocxocrea ace 31la4eHHH A, 

, tj 

Ilpun. tlOAUflOAfOB I'eeentiaqspa C; (x) K usuwenuto 3AeK. cPUAbTPOB 381 

3aKJII04eHHbie B HHTepBaJIe -1 H +1, coorsercrnytor pacnpo

cTpaHeHHIO 6ea saryxanas. Iloxyseaaae TORbKO "ITO pesyas
raru nonuepxnaaior aHaROrHlO Memny nByMH YK3aaHHblMH auurei 

I aonpocaxu. 
3 a a e 4 a H He. rlOTTOH H OpTlOaH 1) yxaaana na B03Mom

HOCTb oCyLl.l,eCTBReHHH 3ReKTpOMafHHTHbiX epHRbTPOB nyrex 
nacsperuoro paaouenas BORHOBOna na paamrsaue YlJaCTKH. 

Kamnwtt paapwB npH nepexone OT onHoro Y4acTKa K npyroMy 

xapaxrepaayerca KOMnReKCHblMH K03epepHUHeHTaMH orpaacenus 
H nponycxanna. 

Pacnpocrpanenne BORH B TaKott CHCTeMe MomHO paccxo
rpers no HaRomeHHoR auure cxexe, paccyxnaa cnenyioum« 
oripasox: BORHOBOn C OnHHaKOBblMH H paBHoOTCTOHLl.I,HMH pas
pWBaMH HenpepwBHocTH B cRy4ae pacnpocTpaHeHHH BORH BeneT 

ce6H TaK me, KaK CROHCTaH CHCTeMa, asoopaaceunaa na epHr. 154, 
rne KamnaH nROCKOCTb onpenenserca K03epepHuHeHToM npony
CKaHHH 't: H K03epepHUHeHToM orpaxcenas p. [l03TOMY asyuenae 
pacnpocTpaHeHHH B TaKOM nHaepparMHpoBaHHoM BORHOBone 

xoacer 6bITb TOlJHO CBeneHO K sanase 0 npoxoxoieaan peurre
HOBCKHX RylJeR 4epea KpHCTaJw. [lOROCbl nponycxanus onars 
onpenenmorca ypaaneaaea (76.7). Peaynsraru, noxysennue 
npH paccaorpenaa nByxaToMHott peurerxn 50pHa, noaBORHIOT 

cneRaTb BWBon, "ITO npH nepHOnHlJeCKOM pacnpeneReHHH B BOR

nosone paannsuux paapuaos MomHO nORYlJHTb 60Rbwee 4HCRO 

nOROC nponycKaHHH. 

1) 0 u t ton, 0 r t u s i, Compt. Rend., 216, 67 (1943). 

I
 
I
 

I 

1
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3AMEJlJlSllOmHE BOJIHOBOJlHhlE CHClEMhl 

§ 77. B'a e n e u a e 
B KOHu,e npenstnyuten r naau MbI OTMeTHJlH, 4TO pa3J1H4HbIe 

sanauu 0 pacnpocrpanenan BOJIH B BOJlHOBO,ll,aX MO>KHO pac

CMOTpeTb TeMH >Ke MeTO,ll,aMH. xoropue HcnOJlb30BaJlHCb npH 

H3Y4eHHH TeopHH 3J1eKTpH4eCKHX ~HJlbTPOB, 

3Ta r nasa nocsmuena 60Jlee ,lI,eTaJlbHOMY HCCJle,ll,OBaHHIO 

CBoRcTB 3J1eKTpOMarHHTHbIX BOJlH, pacnpocrpansroumxcs B BOJl

HOBO,ll,aX co CKOpOCTbIO. MeHbweR CKOpOCTH CBeTa, Ba>KHOCTb 

raxoro H3Y4eHHSI onpeneasercs TeMH MHOr04HCJleHHbIMH npa

MeHeHHSlMH,KOTopble B nocnennee BpeMSI HaWJlH nonepeunue 
xarunrnue BOJlHbI (rima TM) B BOJlHOBO,ll,aX JlHHeRHbIX yCKO . ~ 

parenea 3J1eKTpOHOB I). IlJlSl HOpMaJlbHOR pa60TbI 3THX yCTaHoBOK 

CKOpOCTb BOJlHbI ,lI,OJl>KHa 6bITb 6JlH3Ka K CKOpOCTH 3JleKTpOHOB, a 

,lI,JlSI sroro Tpe6yeTCSI. 4T06bI ~a30BaSi CKOpOCTb W BOJlHbI 6bIJla 

MeHbwe CKOpOCTH CBeTa C, B npOTHBOnOJlO>KHOCTb 06bI4HOMY 

CJlY4aIO pacnpocrpanenna BOJlH B BOJlHOBO,ll,aX, xorna W > C, 

MbI paCCMOTpHM cenuac MeTO,ll, HCCJle,ll,OBaHHSI nO,ll,06HbIX 

BonpOCOB H HJlJlIOCTpHpyeM ero HeKOTopbIMH 4aCTHbIMH npnxe

paxa. 
§ 78. 06w.He ypaBHeHHSI 

Dpe,ll,nOJlO>KHM, 4TO BOJlHbI pacnpocrpansicrca B,lI,OJlb OCH z, 
TaK 4TO 3aBHCHMOCTb nOJleR OT t H Z MO>KHO npencraanri, BbI

pascenneu BH,lI,a 

i UJ t rz,p (x, y, z, t) =f(xy) e - (78.1 ) 

1) 3aMe.L\JllIlOmHe BOJIHOBO.L\Hble CHCTeMbl HMelOT urapoxoe rrpaxe
HeHHe TaKlKe H B aHTeHHOH TeXHHKe. HaH60Jlee crapoii cacrexoa 
raxoro poaa lIBJllIeTCli BOJIHOBO.L\HbIH xaaa» rana Y.L\e - 51rH. B conpe
MeHHblX cacrexax, 3aMe.L\JllIlOmHX BOJlHbl cauraxerpoaoro .L\Hana30Ha, 
'1aCTO npaaeuaercs rpetieauaraa crpyxrypa. TaKHe CHCTeMbI xapaxre
PH3YlOTCli H3J1y'leHHeM BOJlH, .creaaunrxcs- B.L\OJlb BOJIHOBO.L\HOH CHCTe
MbI, Teopna nnaaxeuaux BOJIHOBO.L\CB Me.L\JleHHbIX BOJIH paspaooraaa 
51. E. <l>aHH6eprOM [CM., nanp., 51. E. <I> a HH 6 e p r, Arowaaa sneprus, 
6, aurr. 4, 431, 447 (1959»).- Ilpuu. peo, 

3aMeOAJlIOtque BOAHOBooHble cucteuu 3M 

0603Ha4aSl KOMnOHeHTbI MarHHTHOrO nons uepes n.; H", Hz, 
a KOMnOHeHTbI saexrpasecxoro nons sepea Ex' Ey , Ez' aann

urea ypaBHeHHSI MaKCBeJlJla: 

iJEz +..,E = - i(JJP-oHx'iJy I" 
iJHz +,H =i(JJsoEx ' iJy y 

oe, . H 
-,Ea: - ox = - /(JJP-o y' 

iJHz . E 
-,H x - iJx = /(JJso y' (78.2) 

iJEy iJE{J! = _ i(JJP-oH
z,iJx - iJy 

.::IH iJHa: • E ~ 
u y _ = /(JJso z',
iJx - iJy 

div E = O. div H = O. 

rne So H P-o - COOTBeTCTBeHHO ,lI,H3JleKTpH4ecKaSi H MarHHTHaSi 

nponauaexocru cpenu, B KOTOpoR npOHCXO,ll,HT pacnpocrpa
HeHHe. 

Ilonepeunue KOMnOHeHTbI Ex. E". n; H H" MO>KHO supa
3HTb KaK ~YHKU,HH Ez H Hz C noxoun.io COOTHoweHHR. BbITe

KaIOllI,HX H3 ypaBHeHHR (78.2). 

k 2
E _ . oHz oEz 

x - - /(JJP,o 7iY - , ----ax' 

k 2E _ +. iJHz iJEz v /(JJP-O-.::I--' -.::1-,r: . ox uy 
(78.3)

k 2H iJHz + . oe,x=-, 7iX /(JJsoay' 

k 2H _ iJHz . iJEz 
y - - , ----ay - /UlSO ----ax ' 

rne 
lI)~ 

k 2 = (JJ2S0P-O + ,2 = C2+ ,2. . (78.4) 
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KOM6HHHpySl 9TH COOTHOllleHHSI C YCJIOBHSlMH paBeHCTBa HyJIIO 
.nHBepreHUHH nOJle{;\ (78.2), nOJlY4aeM ypaaueuaa 

iJ~Ez iJ2Ez 2_
 
iJx2 + iJy~ + k EZ - 0, (78.5)
 

iJ~Hz + iJ~Hz+k2H =0 (786)
iJx2 iJy2 z' . 

xoropsre S1B.~S1IOTCSI OCHOBHblMH ypaBHeHHSlMH reopnn BOJIHO
BO.nOB. 

YpaBHeHHSI (78.5) H (78.6) xoryr 6blTb paspeureau, eCJIH 
sananu rpanusnue YCJlOBHSI. nJiSI 06bl4HbiX BOJIHOBO.nOB, ripen
CT3BJlSlIOW,HX cocoa MeTaJlJIH4eCKHe rpyou, peurenaeu S1BJISIIOTCSI: 

Bosuu mana TE (nonepennue 9J1eKTpH4ecKHe), .li.JISi KO
ropux 

Ez=O, 

a Hz onpenenserca yp3BHeHHeM (78.6) 1'1 rpaHH4HbiM YCJlOBHeM 
113 CTellKax BOJIHOBo.na 

iJHz = O. (78.7)iJn 

rne d/dn 060sHa4aeT npowsnonnyio no HOpMaJlH l( noaep xao , 
CTH BOJlHOBo.na. 

Boneu mana TM (nonepenaue MafHHTHble), .nJlSl KOTOpblX 

Hz = 0, (78.8a) 

a E, onpenensercs ypaauenaea (78.5) 1'1 rpaHH4HbiM YCJloBHeM 

e,= 0 (78.86) 
Ha CTeHKax BOJlHOBo.n.a. 

B 9TIIX nsyx cnysaax Ez 1'1 Hz S1BJlSlIOTCSI co6cTBeHHblMH q>yHK
UHSlMH ypaaueuan (78.5) HJlH (78.6) 1'1 cooTBeTcTByIOT HeKOTO

pblM CQ6CTBeHHbiM 3Ha4eHHSlM k~ > 0 I). 

CorJIaCHo COOTHOllleHHIO (78.4). nOJlY4aeM KpHTII4ecKyIO 
4acToTy BOJIHOBo.n.a 

WCo = kpc. (78.9) 
ECJlH W < Wc. ' TO 

1 - neacrsurexsaaa BeilH'lIlHa H BOilHbl aaryxaxrr: (78.10a) 

3aMeaAHIOll{ue BOAliOB03lible CUCreAtbl 

ecau W > Ole., TO 

- . OJ
1 = i~ = I W H~BOilHbl pacnpocrpanaiorcn B BOilHOBO,Il,e 6e3 aary

X3HHSI. (78.106) 

Bo BTOpOM cnynae B CHJIy (78.4) 

k2 = w2 (_1 __1_)
c2 W~ 

HJIIf
 
1 1 k2 1
 

W 2 =C2"- -;2 < C2"
 
II, CJle.nOBaTeJlbHO. 

W>C. 

3TH peaym.ra'ru npHMeHHMbl K BOJIHaM, pacnpOCTpaHRIOw,HMCH 
anyrpa MeTaJlJIH4eCKllx Tpy6 npOHSBOJlbHOrO ce4eHHSI, 1'1, cne
noaareasuo, .nJlSl acex TaKHX CHCTeM YCJlOBlle W < C y.lWBJIe

TBOPSlTbCli He MO)/(eT. 
B CJleAYlOlUeM naparpadie Mbl HSJIO)/(HM MeTon. nOaBOJlSlIO

IUHR BbiliCHIITb npapony BOJIH, y.n.OBJleTBopliIOIUHX uepaaencrny 
W < c, u nOJIy'lHTb re r paausnue yCJlOBHSI, KOTOphlM B 9TOM 

CJIy4ae .nOJl)/(Hbl ynosneraopsrs noaa, 

§ 79. Me.n.JleHHble BOJlHbI. Hexoropsre npauepu 

Ilpennoxoaoor, 4TO MO)/(HO nOJIY4HTb BOJIHbl, rpaaoaas CKO

POCTb KOTOpblX 
W < c. (79.1) 

3.necb no-npexoteay npHMeHHMbl COOTHOllleHHSI (78.1 )-(78.6), 
HO rpannunue yCJIOBIISI .n.OJI)/(Hbl 6bITb TaKOBbl, 4T06bl 

I=i;. W<c, k2 = - k=IK,1(2, 

2 (79.2) 
1(2= w (-~2 - c1~) > O. 

~ KaK cnenyet HS ypasneuan (78.3), (78.5) 1'1 (78.6). Mbl 
MO)/(eM KJlaCcHq>HuHpoBaTb BOJlHbl, OTHOCSI HX K onnouy H3 

1) Boansr, aonaoasre '1HCila KOTOpblX onpeneamorcs xepea c06
.llBYX THnOB: TE (Ez = 0) HJlH TM (Hz == 0), xoropue MO)/(HOCTBeHHble 3Ha'leHHR aexoroporo ilHHeHHoro oneparopa, Ha3b1BaIOTCSI
 

HopMailLHLIMH BOilHaMH. - Ilpuu. peo, p3CCM3TpHBaTb OT.lleJlbHO.
 

25 3ax. 201. 

_,.,L 
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BOJIHbl rana TM COOTBeTcTByJOT cnysaio: 

W E EO as,H WEy=EO X="IjC x=loo K2 OX' 
(79.3)

WE' EO 0e, 
- H X = eoWEy = "Ij c y = tOO K2 (fX' 

02Ez + 02Ez -1(2E
z 

= O. "Ij=(~)I/' (79.4)ox2 oy2 f-'o • 

UOKa,KeM na nesoropux '1aCTHblX npnxepax, KaKO~ THn peuie
HHSI npn 3TOM nonysaerca. 

B cJIy'lae nJIOCKHX BOJIH nOJIy'laeM 

Ky KyE = e+ llJlll E = e- . (79.5a)z z 
JIH60 

Ez = ch Ky llJlll Ez = sh Ky. (79.56) 

Peureuae (79.5a) MO>KHO HcnOJIbaOBaTb npn nonxcnsumx rpa
HH'lHblX yCJ10BHSlX, aanannux, nanpuaep, B nJIOCKOCTH y = o. 

y 

1] 
-- -- -- -- -- _.~-- -- --- 2 

-d o d 2d 3d 4d Sd 6d 7d Bd 9d 
y<G 

<P II r. 156. 

Peurenae (79.56) ucnonsayerca npa JlByX rpana-mux yCJIOBHSlX, 
sanaunux na nJIOCKOCTSlX y=-+-b. HH>Ke Mbl yKa>KeM, xorna 
TaKHe r paanunue yCJIOBHSI HMeJOT MeCTO (<!mr. 156 H 157). 

ECJIH 06JIaCTb npocrpaucraa, B KOTOPO~ npOHCXO.LlHT pac
npocrpanenae, aaKJIJO'IeHa Me>K.LlY .nByMSI napaJIJIeJlbHblMH MeTaJI
JIH'IeCKHMH nJlOCKOCTSlMH x = 0 H X = a, TO MO>KHO HCnOJlb
aosan, peureuns tuna 

E = sin rtnx e±gy (79.6a)z a ' 

. rtnx (Ch )
Ez = SIn -a- sh gy , (79.66) 
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r.ne 

(rtn)2 
g2 = k 2 + a' (n - uenoe), 

PeweHHSI (79.6a) H (79.66) COOTBeTcTBylOT TeM >Ke rpauax
HblM YCJIOBHSlM. 'ITO H peurenna (79.5a) H (79.56). 

':ihIIIJIIT 
h=2b+2l 

2b I I I I I Z

~:_/ fiilj]IL1~
~ 
<P II r. 157. 

ECJIH sanasa HMeeT ~HJIHH.npH'IecKYJO cHMMeTpHlO, ynoe
HO BBeCTH no.rapuue KOOp.LlHHaThI r H e B nJIOCKOCTH xy, 

b+r~ 
bL.LJ__LJ.J

-0t -+- --+- --+- -+- - Z
d 2d 3d 4d 

-b 

-b-[ J I I L 

<P II r. 158. 

Torna ypaBHeHHSI (79.3) H (79.4) npHHHMalOT cJIe.nYIOllJ,H~ BH.n 
(<!mr. 158): 

Ho = "Ij W E = [00 ~ oEz 
c y K2 or • 

(79.7) 
_ H; = "Ij W Eo = it» -=-0_ ! oEz 

C K2 r or • 

~ ~ (r OEz) 2I 02E, (79.8)r or or + r2 oB2 - K Ez = 0 

25* 
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It HMelOT peuieaaa rnna 

Ez = cos (n6) Zn (iKr), (79.9) 

rne Zn - UHJlHH.upH'IeCKaSi $YHKUHSI n-ro nopaaxa . 
.llJlSl UHJlHH.upH'IeCKHX noaux crpyxryp B xaxecrne Zn Hy>KHO 

Bbl6HpaTb TOJlbKO $YHKUHIO Jw '1T06b1 H36e>KaTb paapusa He
npepusuocra aa OCH. B cnysae KOaKCl1aJlbHOrO Ka6eJlSl HJlH 
crpyxrypu. conepxcamea saexrpouuun nysox. B 06J1aCTH. npa
MblKalOIUelt K nysxy HJlH uearpa.n.noay nposonnaxy, B xase
CTBe peiueana Hy>KHO HCnOJlb30BaTb KOM6HHaUHlo 

Zn=AJn+BYn· (79.10) 

§ 80. rpaHH4Hwe ycnoBHR. OCHoBHaR BonHa 

B xasecrae HaH60Jlee npocroro npuxepa Mbl Halt.ueM rpa
HH'IHble yCJlOBHSI, xoropue cOOTBeTcTBylOT peurenmo (79.5a) 

Ez=eKYeiwt-rz, y""O, (80.1) 

noaaraa, 'ITO rpanaua Jle>KHT B nJlOCKOCTIi y = O. TIpe.unOJlO>KHM. 
'ITO asnue sron nJlOCKOCTH pacnonoxena crpyxrypa, COCTOSlIUaSi 
H3 O'leHb 60JlbWOrO '1HCJla npsxux IUeJlelt r Jly6HHbi l, oopa -I 

30BaHHbiX MeTaJlJlH'IeCKHMH napaaaensuuxa nJlOCKOCTSlMH, pac
nOJlO>KeHHbIMH B TO'lKaX 

z = O. d. 2d, ... , md, (m + I) d. .. . (80.2) 

9TH IUeJlH npOCTHpalOTCSI OT y = 
csoea nepxuen rpqnnne (CM. $Hr. 

YpaBHeHHSI (79~3) It (79.5) npH 

= ~"---- eKY+iwt-rzErr: = O. E
Y WK • 

H = ["'EO eKy+iwt-rz 

0 no y = l H aaspsrru na 
156) 1). 
v «: 0 naior 

E = eKy+iwt-rz,z 
(80.3) _ Hy=O, Hz=O.rr: K ' 

Bayrps uienea, nOJlO>KeHHe KOTOpblX onpeneneno aupaxeauea 
(80.2), 3TH nona npOHHKalOT B anne BOJlH, pacnpOCTpaHSlIOIUI1XCSI 
CHH3Y BBepx H OTpa>KaIOIUHXCSI OT sepxaero aaxpuroro KOHua 
uieaen . .llJlSl onpeneneuns 3THX BOJIH sannurea CHOBa ypaBHeHHSI 

1) B pyccxox mrreparype raxas CTpyKTypa nOJlYlJl1J1a Ha3BaHI1e 
rpedensaroa. - flpllM. peo, 

3aMI!OAJlIOll{lle 80AH0800Hbte CUCTeMbl 

(78.3) - (78.6), nOMeHSIB B HHX MeCTaMH y H Z. nocxonsxy 
H3MeHHJlOCb HanpaBJleHHe pacnpOCTpaHeHHSI: 

,2 iJHy, ee; 
k Ez =-iwp·o iJx -I az' 

,2 iJHy, iJEy ",2 ,2 

k EX = [wP'o iJz - I ax' k'2="C2+ 1 • 

,2 ,iJHy. iJEy
 
k HZ = -I iJz +twco ax·
 

,2 ,iJHy iJEy

k Hx = -I iJx -[wco 7iZ'
 

(8004) 

iJ2Ey iJ2EY ' 2 iJ2Hy iJ2Hy ,2 

iJx2 + iJz2 +k Ey = 0, iJx2 + iJz2 +k H y = 0; 

06IUHIt sxcnoneauaaasaua MHO>KHTeJlb npH 3TOM pasen eiwt-r'y. 
Ilaaee 6y.ueM npennonarars, 'ITO tuenu oseu» ystcue, TaK 'ITO 
BbIOOJlHSleTCSI YCJlOBHe 

d~A=21'C W 
ro • (80.5a) 

rne A ~ .uJlI1Ha BOJlHbl B CTpyKType; 113 (80.5a) nonysaex 

d~A=21'C: • 

rne A- .uJlliHa BOJIHbl B cBo6o.uHOM npocrpaacrae (y"" 0). HJlI1 

2n 
w~cd' 

nocxom.xy W < C. 9TO npennoaoxeaae npl1HSlTO HaMH aa 
nepsoa srane 113-3a ynpourenna, K KOTOpblM OHO npnaonar: 
onuaxo OHO He SlBJISleTCSI He06xo.uHMb1M, 11 H3JIO>KeHHbllt HI1>Ke 
MeTO.u peWeHI1S1 MO>KeT 6blTb pacnpocrpaneu aa cJly'lalt, xor.aa 
d 11 A npltHHMalOT npoasaom.nue 3Ha'leHHSI. B YCJlOBI1I1 (80.5a) 
co.uep>KI1TCSI npennonoaceaae, 'ITO 

d «:t. (80.56) 

TaK KaK Mbl 6y.ueM paccaarpasars cnyuaa, xorna .uJlI1Ha BOJlHbl 
B cB060.uHOM npocrpaacrse nopsnxa l, 

Ha OTKPblTOIt rpanaue Ka>K.uolt IUeJlH nona, onpenenennue 
Bblpa>KeHHSlMI1 (80.3), MO>KHO C'II1TaTb He 3aBI1CSlIUI1MI1 OT Z H 
HMelOIUHMH TO anaseaae. xoropoe OHH npHHHMalOT npn HeKOTopOM 
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cpennea 3Ha4eHlIH Z. COOTBeTcTBylOmeM .naHHo'l meJlH. Pac
CMOTpHM, nanpaxep, uiens 

o<z< d. 

nons B KOTOpO'l Mbl 6y.neM C4HraTb paBHblMH HX 3Ha4eHHSlM 

npn Z = 0, T. e. 6y.neM nOJlb30BaTbCSI BblpameHHSlMH (80.3), 

3aMeHHB B HHX MHOmHTeJlb eiwt-rz na 3aKoHHocTb raxoroeiwt. 

ynpouienas cnenyer H3 (80.5a). BHyTpH meJlH MoryT cyme

CTBOBaTb pa3J1H'lHble ranu BOJlH, pacnpocrpanmouraxcs B.nOJlb 
OCH y: 

BOJlHbI r ana TEM Ey = Hy = 0, 
BOJlHbI rana TE Ey = 0, 

BOJlHbl runa TM H y = O. 

Paccxorpna cnaxaaa BOJIHY rana TEM, xoropas naer OCHOB

HO~ sxnan. Pacnpocrpansiouiasca BOJlHa onpeneasercs rorna 
CJle.nYlOmHMH BbipameHHlIMH: 

Eoo=Ey=Hy=Hz=O' 

E = --+- Hm = e± iwy/o, (80.6a)
z 

l] 

HO BCJle.nCTBHe HaJlH4HSI orpaxaiourea CTeHKH Mbl nOJlY4aeM 
CTOSl4He BOJlHbl 

TEM (80.66)
H 00= hlA cos ~ (y -t).

c 

Tj -_ (EO)'/' • 
IJ-o 

11.pyrHe THnbl BOJIH .naIOTCSI COOTHoweHHSlMH 
, 

TE: H = B cos m1tZ -TmY 
II ~ m de. 

111 > 1 , (80.7) 
_ • m1tZ 

TM: Ey - Dm SIn -----a- e TmY,~ 
m>l 

r.ne 
, m1t 2,2 _ (m1t)2 w

km=(f' -C"2' (80.8)Im- d 

3aMeiJAJlIOU{ue BOAH08oiJHble cuctesus 

113 ypaBHeHH~ (80.4) nOJlY4aeM aupaaceaas .nJlll nonepe4HbI x 

KOMnOHeHT nona, aanpaanenaux no OCSIM OX H Oz. BOJlHaM 

rana TE H TM (80.7) COOTBeTcTBylOT O.nHII H re me saase
HHlI I' H onunaxonue npenensuue 4aCTOTbI (l)m' xoropue,m . 
KaK cnenyer H3 (80.5a), 3Ha4HTeJlbHO 60JlbWe (I): 

m1t 
(80.9)(l)m=cd~(I)· 

OTCIO.na aurexaer, 'ITO K03<P<PHu,HeHT OCJla6J1eHHSI 04eHb BeJlHK: 

, m1t 
(80.8a)

Im~d' 

TaKHM 06pa30M. B HanpaBJleHIIH OCII y BOJlHbl saryxaior na 
paCCTOSlHHH, MeHbweM WllpllHbI ll~eJlH d; 3TO 06CTOllTeJlbCTBO 

SlBJllIeTCSI euie O.nHHM ynpouienaen, CB1I3aHHhlM C YCJlOBHeM 

(80.5a). 
Ha'l.neM reneps YCJlOBHSI uen pepueuocmu nonea B nJlOCKOCTII 

y = O. BOJlHa rana TEM (80.66) MomeT 06ecne4HTb nertpe
PblBHOCTb KOMnOHeHT Ez H Hoo' onpenensenux H3 (80.3) rtpa 
y=O: 

E r =  A sin wf = 
c 

1, 

wf wEo 
Hoo=ITjAcos c =-17(' 

(80.10) 

113 (80.10) nOJlY4aeM 

. E" wf KTI C ( C2 )'10 • (80.10a)-lTj-=tg-=~ =K -= W 2 - 1 ,
H x C w'o ro 

OTCIO,ll3 MOlKHO onpene.nrrs r Jly611Hy meJlH l, BO'JlHbI rnna TM 

(80.7) B036ym.naeT TOJlbKO onna KOMnOHeHTa nons (npa y = 0) 

w I 
(80.11)

Ey = I WK = ( _ W2)lj,' 
1 C2 

3TII BOJlHbl BHyTpH meJlII aaryxaior y>Ke ua MaJlOM paccroauan, 
HO OHH a6COJllOTHO neooxoaaxu .nJlSl 06ecne4eHII1I HenpepbIB

HOCTH nonea npa y = O. MhI paccaorpaa HX B caeayiouie» 

naparpatpe. 
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§ 81. rpaHHqHWe YC~OBHH. BTOpHqHWe BO~HW. 

4T06bl OCTaTO'lHOe none (80.11) 6blJlO nenpepusaux. Mbl 
.uOJlJKHbl HCnOJlb30BaTb nne rpynnu .uonOJlHHTeJlbHbIX noaen. 

1) BHyTpH uienen (npn y > 0) cynepnoaaumo BOJIH rana 
TM [CM. (80.7)) 

ESY = ~ o; sin m;z e-T~Y (81.1) 
m 

C cooTBeTcTBYIOw.HMH KOMnOHeHTaMH Esz ' onpenenaexuanH Hsx 
H3 (80.4), (80.8), (80.9), 

2.
k - m« '( I - ( k 2 00 )1/, 

'-J 
tern
 

m - d' 1m - m - c2 '-J d '
 
I 

:-, 1m oEm. 8, Y }:-' D mtcz - / YE =- }: -- ~- mCOS--e m, 
se k2 OZ d 

m m m 

(81.2)H . ~ 1 oE
8,,, = - lOJEO ...::... --2 m. 8. Y =
 

m km OZ
 

_ . d ~D I _ -lWE -----!!! COS m1tZ -T Y 
O-1t m demo 

m 

2) B cBo6o.uHOM npocrpancrne (npn y < 0) cynepnoaaumo 
BOJlH, onpeaeasexux H3 (78.1), (80.1), (80.3), 

- ~ F Ih K Y-T zE e hry-",::", hK r • 
11, h 

~F KhY-T ZEfZ= ~ he It , (81.3)
h 

--/OJE ~ Fh eKhY-ThzHrx = o ...::... KI ' h I 

r.ue 
2 ",2 002 2 ",2'" -1-, Kh=---=-Ih--.ih- W 

h w~ c2 c2 

Kax Mbl OTMe'laJlH B § 2, 4 H 40, HWOJlb30BaHHe raxon cynep
n03Hu,HH HBJl5IeTCH Heo6xo.uHMblM .uJl51 scex THnOB BOJlH, pac
npocrpanmoumxca B cpene C nepaonasecxoa crpyxrypon. 

3aMeOAJlIOU{ue BOAHOBOOHble CUCTeMbl 393 

PaCCMOTpHM Tenepb pacnpocTpaHeHHe OCHOBHOtl BOJlHW C 

1.'"10= l W = 21tiao' aO=A' 

rne A - neacrsnreaeaaa .uJllma BOJlHbl B nepaonnvecxoa CTpyK
Type. TaKa51 BOJlHa He MOJKeT pacnpOCTpaH5ITbC5I onua: OHa 
acer.aa conpOBOJK.uaeTCH coaoxynnocrsio BTOPH'IHbIX BOJlII, KO
TOPblM COOTBeTcTBylOT 

hih = 10+ 21tlh ah=aO+ d ' (81.4)
d ' 

r ne d - nepaon crpyxrypu, a h -- uenoe '1HCJlO, nOJlOJKHTeJlb
Hoe HJlH orpnuareasnoe. 

B § 80 Mbl npe.unOJlOJKHJlH, 'ITO w.eJlH 51BJl5IIOTC5I oxem, Y3KHMH 
[CM. YCJloBHe (80.5)) 

d~A. 

Eho oaaasaer. 'ITO 
1 1 

aO=A~d 
H 

h 21tlh 
(81.4a)ah~d' ih~d' 

Ilpa 9TOM none nepen .uaHHotl uiensio H 6J1HJKatllllHMH K Hetl 
npaKTH'IeCKH 6y.ueT onpenenarsca OCHOBHOtl BOJlHOtl Hero MOJKHO 
C'IHTaTb nO'lTH nOCT05lHHblM na paCCTOHHHH nopsnxa HeCKOJlb
KHX w.eJletl. HanpOTHB, .uJlHHa BTOPH'IHbIX BOJIH osem. MaJla: d, 
1/2d, 1/3d, ... , l/hd , HO 9TH BOJlHbl y.uOBJleTDopHIOT TOMy YCJlO
DHIO, 'ITO HX (jJa3a npHHHMaeT npaKTH'IeCKH onuuaxoaue 3Ha
'1eHH5I na .uaHHotl rue.ra H aa 6J1HJKatllllHx K Hetl. aTO 06CTO
HTeJlbCTBO n03BOJl5leT nOJlY'lHTb pacnpeneneune nona, ynosne
raopsnoiuee rpaHH'IHbiM YCJlOBHHM B OKpeCTHOCTH nannoa uienn. 

CpaBHHBa51 (81.4a) H (81.3), noaysaea 

21t . h K (81.5)Kh~dlhl, ih=l ThT h' 

nOCKOJlbKY YCJloBHe (80.5a) oaaasaer. 'ITO I, Ih I H K h MHoro 
60Jlbllle OJ/c. 

,
 
'~ 
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3TH nononaareasuue CB060.llHble BOJIHbl 6blCTpO aaryxaior 
npa BOapaCTaHlUI y H .llalOT BKJIa.ll B ooiuee none anun, B6nHaH 

nJIOCKOCTH y = O. 3TH nons HMelOT BI1.ll 

21th • ) 21th ( ')}. IT (y-.z IT Y+1:
{Eyy=t ~ Fhe -F._he ,
 

h>O
 

21th ( iz) 21th ( .)}Ii""' y-1Z If Y+1Z 
= }:{ Fhe +F_he • (81.6)Ef z 

h>O 
21th . ) P 21th ( ')}P

H --i ..!!..- ~ ~ IT (Y-1Z +--=.!! If yHz 
fX - Ul!O 21t ~ { h e he. 

h>O 

Ilpeacne lJeM 06be.llHHHTb 9TH ana rana BOJIH, Mbl ,ll,On>KHbl 

aanacart, nOJIe B llJ,enH [CM. (81.2)) B <POpMe paanO>KeHI1H runa 

lllenu
 

y

- d

E
 
_..Ja -2o 

Caodo{}/Ioe npOCmpUHCl71lJO 

If> H r. 159, m = 3. 

(81.6). Taxon sonpoc He CTOHT nl1IlIb ,ll,nH m = 2p; 9TH THnbl 

BOJIH B llJ,enl1 He Boa6Y>K,ll,aIOTCH, TaK KaK B paanoncenue Boa

6Y>K,llaIOllJ,ero nona (80.11) BXO.llHT KOMnOHeHTbl ronstco C He

lJeTHblM HH.lleKCOM 

Ell = i M~= i 1t~K }: 2p ~ 1 sin (2p+ I) rc; . (81.7) 
p 

TaKHM ocpaaox, Mbl 6Y.lleM paccxarpaaars cnyxan aexeruux 

HH.lleKCOB m (<pI1r. 159). Paanoacenue HMeeT BH.ll 

. 1tZ 1 " 2hrtZ 
Sin (2p + I) d = '2 SpO + ~ Sph cos -----a:- = 

11;;>1 

X'I 1 - 21ti hz 

= ~ '"2sphe -. (81.8) 
h.<O 

7tZ ~ • 2h7tZ 
cos (2p+ I)T= ~ cphsm~, 

h;;'.1 

3aMeaAJlIOU{ue aOAflOBOaHble CUCTeMbl 395 

r.lle 0 < z < a. a 

4 . 2p+ 1 
Sp_h = Sph = -; (2p +1)2- 4h2 ' 

2h 4 2h· 
cph =- SPh 2p +1=--; (2p + 1)2 -4h2 • 

Hcnom.ays paanoacenae (81.1) .llnH BonH B uiena H coxpaasa 
B HeM TonbKO lJneHbl C HelJeTHblM I1H,ll,eKCOM, nonynaea .llnll 

BOJIH B llJ,eJIH B nnOCKOCTI1 y = 0 

~ ~ 1 -2Tti~ 
ESY = ~ ~ 2' D2p+1Sphe d , 

p;;'Oh?E,O 

E = ~ ~ 1 -2Tti~ 
sz ~ ~ '"2 D 2P+1 Sphe d (81.9) 

p,;;>Oh?E,O 

H = w'-od ~ ~ D 2p +1 ' 2h - 2Tti hz 
sx 21t ~ ~ m ." e dft 

p,;;>Oh?E,O 

B TOIt >Ke nnOCKOCTI1 y = 0 ,ll,nll CBo6o.llHbIX BOJIH HMeeM 

Fo=O, 

Ef y = i ~ Fh l~ I e- 2"i ¥, 
h?!'O 

~ -2"i~ (81.10)
EfZ= ...:.J' Fhe d 

h""O 

w'-od ~ P 9' hzfx =-i-- h -.1tIH 21t me d 

~I 
h ",,0 

Mbl nOnO>KI1M Fo= 0, lJT06bl He YlJl1TblBaTb euie paa COCTaB

nHIOllJ,YIO OCHOBHOIt BonHbl, KOTopaH B HeHBHOM sane conep

>KHTClI B Bblpa>KeHI1H (81.7). 
Oouiee peaym.rapyiouiee none BonH B llJ,enH H CB06o,ll,HbIX 

BOJIH .llOn>KHO paBHHTbcH OCTaTOlJHOMY no.no (80.11), .llnll xero 

He06xo.llHMO nOnO>KHTb 

ESII+Ef ll .i;K' £sz+£fZ=O, Hsx+Hfx=O. (81.11) 



§ 82. ~H3HqeCKHe CBOHCTBa BOJIH 

OCHOBHall BOJIHa, onpeneneuuaa COOTHOWemlllMH (79.2) H 

(80.10). pacnpocrpanserca co CKOpOCTblO W. xoropas. KaK Mbl 

suure npe.anonarann, MeHbwe CKOpOCTH CBeTa c. OllHaKO, KaK 
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V, 3/2l.\ 
IJ. - C,-zr 

<Jl H r. 160. 

I N' I Nr'o .. I ~ V 

3aMeOAJlIOU{ue BOAflOBOOlible cucresiu 

w c 
,l I ..k 1. k I 

fl8.1lflemCfl nO.llo:JICUme.llbHOU ee.uixuuoti, T. e. eCJlH cB06011

aue BOJlHbl 3KcnOHeHUHaJlbHO yousaior C pOCTOM Y (y > 0). 
OTpHUaTeJlbHall BeJlH'IHHa K naer 3KCnOHeHLI,HaJlbHO aapacraioume 

BOJlHbl. a npH K -+  co nonyuaxnueeca peurenne He HMeeT 

HHKaKoro <pH3H'IeCKOrO CMbICJla. 8TO cymecraenuoe 3aMe'laHHe 

oauasaer. 'ITO peurenas He cyiuecrnyer, eCJlH 

1t co! 31t co! 
"2 < c < 'IT, 2" <c < 2'IT. 

1 3
2" 'It < 'I < '1/, 2" '1/ < 'I < 2'1/, 

rlle 
c 

'1/='51' 

8TO 06CTOllTeJlbCTBO OTMe'leHO na epHr. 160 H 161. r ne 

BeTBH KpHBOU, He HMelOllI,He <pH3H'IeCKOrO CMbICJla. 0603Ha'leHbi 

nyHl<THpOM. Ha <pHr. 160 npnaeneaa 3aBHCHMOCTb <pa30Botl 

'ITO onpelleJilleT OCHOBHylO BOJIHY H ee <pa30BYIO CKOpOCTb 

W 1 I co! I- = ( !)'I = COs - • (82.2) 
c 1+ tgll ~ • c 

c 

Cnenyer OTMeTHTb OrpaHH'IeHHOCTb 06J1aCTH npHMeHHMocTH 3TOtl 

<pOpMyJIbl. 113.1laZaeMafl meopust npuzoiuta, ecnu moastco K 

MbI YBHllHM nansure, B nexoropux cnysasx <pa30Ball CKOpOCTb 

Mo)/{eT CTaHOBHTbCll H 60JlbWe c. 
B paCCMaTpHBaeMOM cnysae Mbl nonysaex [CM. ypaaneuue 

(80. lOa)} 
t ~=K~=(~-l)'/' (82.1)
gc co W2 ' 

:$1 

:~f 

(81.14) 

(81.13) 

(81.12) 

FAaBa 13 

h=O. 

h =1= O. 

h=O. 

~ 4 1 
- ~ D 2p+1 -;2p+ 1--2h =0, 

p>o 

1 ~ 2 ~., D 2P+ 1 • co 
2" ~ D 2p+1 Sph =-; ~ 2p+ 1=t WK' 

p>O p>O 

ECJIH K03eptPHLI,HeHTbi D2p f-l HatllleHbl. TO H3 ypanneuna (81.3) 
MO)/{HO onpenemrn, 3Ha'leHHll K03epepHLI,HeHTOB Ph' 06bl'lHO 

3Ha'leHHll K03epepHLI,HeHTOB D O'leHb 6blCTpO crpexarca K HyJIIO. 

TaK 'ITO nonpaso-mue BOJlHbl He arpaior cyiuecrsennoa pO.1M. 

CJIy'laH h > 0 H h < 0 cnenyer paccaarpnsart, OTlleJIbHO. 

Mbl OrpaHH'IHMCll H3JIO)/{eHHeM MeTOlla Bbl'lHCJleHHtl llJIll h>- 0; 
TOrJla 

i ~ 2h 
Ph=-T ~ D2P+1Sph2P+ 1 = 

P;;'o 
i~=2 ~ D2P+lSph=-P-h' 

p>O 

TaK KaK sph = SP-h' PaBeHcTBo (81.13) npnsoxar K ypannenaax, 

CB1l3blBalOIlI,HM K03epqmLl,HeHTbi D: 

~ 2p+ 1 +2hn» O. ""-i D 2P+1 ')n-1-1 Sph= 
p>O 

nOCJIellHHM H3 3THX cOOTHOWeHHtl MO)/{HO npeaeopeus, TaK KaK 

MarHHTHble nOJIll H sx H Hf x HMelOTnoplllloK BeJIH'IHHbl d [CM. 

COOTHoweHHll (80.5) H (80.9)}. TaK 'ITO OCTalOTCll ypaanenns 

h 1 ~ 
l ThT Ph + 2" ~ D2p+1Sph = 0, 

p>o 

i ~ 2h 
Ph + 2" ~ D2p+1Sph2p+ 1= O. 

p>o 

1 ~ D . co
"2 ~ 2p+1SpO= t WK' 

p>O 
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(82.4) 

(82.5) 

2Vz 

.,···,.,: 
___ I "" 

""r:.'" , '.. 
; I 

1 
w[12

C cos C 

3/z"t 
c

l-j=zr 

<t>Hr. 162. 

U=I:~I· 

I 
w[ w[ W[)

cos-+-sln
C C C 

I' 

",: 
", ., . 
1\ 

dA 
(Fi-

3aMea/lJlIOU{ue 80Alt080altbie cuCreMbt 

U / 
C 

CKOpOCTH U; nocneauee MOiKeT HMeTb MeCTO JlHlUb na BeTBHX 

KpHBOIt 'I (A). He HMelOw.HX <pH3HtIeCKOrO CMbICJla. 

POJlb, KOTOpylO arpator BTOpHtIHble BOJlHbl. nOSlCHSIeT 

<pHr. 163. "CBo6o.n.Hble" BOJlHbl pacnpOCTpaHJlIOTCH JlHWb B6J1H3H 

nJlOCKOCTH y = 0 H HCKPHBJlHIOT CHJIOBble JlHHHH JlHWb B aeno

cpeacrseanon oxpecruocrn nJlOCKOCTH. BTOpHtIHble BOJlHbl 

B w.eJlH raiose BHOCHT nonpasxa K CHJlOBblM JlHHHHM H TaK 

HCKPHBJlHIOT HX, tITO cnaosae JlHHHH BXO.n.HT B MeTaJlJlHtIeCKHe 

nnacranu no.a npHMbIM yrJlOM. BOJlHbl B w.eJlH H cBo6o.n.Hble 

9TO supaxenne npn mllctg(mile) = - 1 oopaiuaerca B HyJlb, 

tITO cooraercrsyer 6eCKOHetIHO 60JlbWOMy 3HatIeHHIO rpyrmoson 

oTKy.n.a 

3aBHCHMOCTb U OT 'I H306paiKeHa na <pJilr. 162. 113 (82.2) H 

(82.3) Mbl noaysaea, tITO 

'I 

A = C Icos ~I' 

YCTaHOBJleHO panee (CM. r JI. I, 2, 4 H 5), rpynnoaas CKOpOCTb U 
onpenenaerca COOTHoweHHeM 

t 
".1, 
it 
'I!·1 
t 

'I't

(82.3) 

B 

---

........................ 

......................... 

f/la8a 13 

1 1 
A= A = W· 

.... 

L- - - - - - 7 f/=----- - - II211 I ;< 

Ii 

/ I
"

3'11 --

v I A 
n ~d 

<t> Hr. 161. YrJlOBOH K03qJljJHl\lIeHT npllMoH OB 
pasea c. 

v 

%VzI ~ 

/ ''':.:J"
5/211 ~I----

3/21J I / =J 

112"l' 7/ =t 
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CKOpOCTH OT 'I, a na qmr. 161  3aBHCHMOCTb 'I OT BOJlHOBOrO 
tIHCJla A: 

Ilpeneasaue 3HatIeHHH 1/z'lz, 3/z'lz • " coorsercraymr peso
nancy HanpHiKeHHIt B uieaax (A = 4/, A= 4113, ... ), B TO BpeMH 

KaK TOtIKH '1z, 2'1z COOTBeTcTBylOT pesonancy TOKOB (A= 2/, I, ... ). 

H3J10iKeHHaH suure reopns OCHOBbIBaeTCH na YCJlOBHH (80.5a) 
co 21t 
W =21tA~d' 

Jlerxo, O.ll.HaKO, npencxaaars, tITO 6Y.n.eT npoacxonan., eCJlH 

BeJlHtIHHa A YBeJlHtIHBaeTCH H npH6J1HiKaeTCJl K 1/zd. KaK BJil.n.HO 

H3 <pJilr. 161, KpHBaH 'I (A) B npenene HMeeT rOpJil30HTaJlbHYlO 

xacarensuyio, Kor.ll.a <pa30BaH CKOpOCTb W CTaHOBHTCJl oneus 
MaJlolt, BeJlHtIHHa A npHHHMaeT 60JlbWJile 3HatIeHJilH, n09ToMY 

KpHBaH na <pJilr. 160 6y.n.eT HCnbITbIBaTb JilCKaiKeHJilJl B cnoen 

HHiKHelt tIaCTH (9TH HCKaiKeHHH OTMCtIeHbl WTpHxaMH). KaK 6blJlO 



400 r/la8a 13 

BOJIHbl 6blCTpO OCJIa6eBalOT npa eoapacramm Iy I. HaH60JIee 

cyuiecraeauue nonpasxa B cB060,nHOM npocrpaacrse BHOCHT 

nepsas BTopH4HaSi BOJIHa, aartnaryna KOTOpOlt COCTaBJISIeT 1/ 
10 aannarynu OCHOBHOlt CB060,nHOlt BOJIHbl H xoropas, corJIaCHO 

ypaBHeHHIO (81.5), aaryxaer no saxouy 

2" 
e(j Y 

Taxoe onacaaae SlBJIeHl1lt OCTaeTCSI cnpaBe,nJII1BblM, noxa 
,nJII1Ha OCHOBHOlt BOJIHbl BeJII1Ka: A ~ d. Hyncao OTMeTI1Tb, 4TO 

y 
d 

¢ Ii r. 163. 1 - OCHOBHall BOJIHa B CBOOO){HOM npo
crpaacrse; 2 - nonpasxa, 06YCJlOBJleHHble BTOpli4 HOH 
BOJIHOH B CBOOO){HOM npocTpaHCTBe; 3 - nonpasxa, 
OOycJloBJleHHble BToplf4HoH BOJIHOH B uieaa: 

4 - OCHOBHall BOJIHa B llleJlI1. 

npn A-+2d [cOOTHOWeHl1e (82.3), <VHr. 160 H 161) cnenyer 
cepseano HSMeHHTb TeopHIO: B 3TOM CJIy4ae HHTeHCHBHOCTb H 

aaryxanae BOJIHbl, KOTOpylO Mbl HaSblBaJII1 OCHOBHOlt, H nepaoa 
BTOPH4HOlt BOJIHbl CTaHOBSlTCSI cpaaanuu, TaK 4TO cnenanaue 
npH6JIHmeHHSI	 Tpe6YlOT nepecxorpa. 

B 06meM CJIy4ae na OCTpblX pe6pax nJlOCKOCTelt, pasneamo

mHX cocenaae meJIH, Ha6JIIO,naeTcSI saaernoe cryutenne CHJIOBblX 

JIHHHlt, TaK 4TO nOJIe B 3THX T04Kax JIorapl1<VMH4eCKI1 pacxo,nHTCSI; 

3T8 pacxo,nI1MOCTb 06HapymHBaeTcSI B aMnJII1Ty.nax scex BblCWI1X 

4JIeHOB KaK ,nJISI cB060.nHb1X BOJIH, TaK 11 .nJISI BOJIH B meJII1. 

I1sJIomeHHaSi HaMI1 TeOpl1S1 Wl1pOKO np"MeHSleTCSI, nOCKOJIbKY 

OHa nOSBOJISIeT noxaaan, cyiuecraennyio POJIb BOSMymeHl1lt nOJISI 

OKOJIO uieaea, a ratoxe Bbl4HCJII1Tb paCCTOSlHl1e, na KOTOpOM 
OCHOBHaSi BOJIHa npaKTI14eCKI1 He HCKamaeTCSI. 
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§ 83. BOJIHM	 MelKJJ.Y JJ.BYMJI CHCTeMaMH nJIOCKHX 

napaJIJIeJIbHbIX w.eJIeH 

1. CHMMeTpHQHbIe BOJIHbI rana TM. Ilpoaeneauoe BbIU1e 

I1CCJIe.nOBaHHe sa.na4H C O.nHOlt nJIOCKolt rpaHHueft BeCbMa HHTe

peCHO B TOM OTHOWeHHI1, 4TO OHO nOSBOJISIeT nepenrx K pac
CMOTpeHl11O BOJIH Mem.ny .nByMSI napaJIJIeJIbHblMI1 nJIOCKOCTSlMH. 

BTa crpyxrypa npencraaneaa na <V11r. 157; ee rpaauuaxa SlB

JISiIOTCSI nJIOCKOCTI1 y = -t- b, a meJIH I1MelOT r JIy611Hy l, 
Peureaae, OTHOCSImeecSi K OCHOBHOlt BOJIHe rana TM, ,naeTCSI 

BblpameHI1S1MI1 (79.6), orxyna MomHO nOJIy411Tb .aaa runa 3TI1X 

BOJIH B cBo60.nHOM npocrpancrse (- b -< y -< b): 
cI1MMeTp"4HYIO BOJIHy 

E = ch Ky e-iwt-rz (83.1a)z 

11 aHTHCI1MMeTpH4HYlO BOJIHy 

Ez=shKyeiwt-rz. (83.16) 

MbI OTJIOlKI1M na BpeMSI CJIy4alt OCHOBHOlt BOJIHbI rnna TEM 

11 paCCMOTpl1M cUMMempu'tflylO BOAflY muna TM, xoropas 
npe.nCTaBJISIeT 60JIbiliOlt npaKTI14eCKI1lt I1HTepeC, nOCKOJIbKY OHa

-:II	 
onpeneaaer nponom.aoe nOJIe B cpennea nJIOCKOCTI1 y = O. 
Pacnpeneaeane nonea B 3TOlt BOJIHe .naeTCSI ypaBHeHHSlMI1 (79.3), 

I1S KOTOpblX cnenyer) 
E, = ch Ky eiwt-rz,
 

,I
 
E "( h K ;wt-T' 

y= K s ye·, (83.1B) 

iw"o 
sh Ky et w . tH '" = - -- -rz. . K 

Ilpennonaras, 4TO OCHOBHaSi BOJIHa B meJII1 aaaaorusaa BOJIHe, 

sa.naHHolt ypaBHeHHSlMI1 (80.66), 11 C4HTaSl, 4TO OHa ,nOJImHa 

ooecne.maan, nenpepuanocn, nonea Ez 11 H", B nJIOCKOCTI1 

y = b, nOJIy4aeM npa y = b cnenytounre yCJIOBI1S1, 3HaJIOrI14· 

nue (80.10): 

Hx iw"o . - iYj - iw"o 832)
E;=-/(th J<.b=--w-i = k'tg(k'i)' (. 

tg c 
rzie k' = w/c;	 YC.J10IHlSI npa y=-b aHaJIOr114Hbl. 

26 SaK. 201. 



Mbl 6Y.lleM paanasan, CJIy'laH, xorna B  .lleRCTBHTeJIhHaH BeJIH

'lHHa H xorna B -'lHCTO MHHMaH BeJIH'lHHa. B nOCJIe.llHeM 

cnyuae B = i~ H B cth B 3aMeHHeTCH sa ~ ctg ~. 
C JI Y'l a R 1. B ~ .lleRCTBHTeJIhHaH BeJIH'lHHa: 

b
Z Q tg Q = Bcth B>- 1. 

nOCKOJIhKY ~ MO}l{eT npHHHMaTh npOH3BOJIhHhle 3Ha'leHHH 

B· HHTepBaJIe ( co. + (0). aeotixonaao HaJlO}l{HTh .llOnOJIHH

'FeJIhHOe yCJIOBHe. 'lTo6hl paaaasan, CJIy'laH, xorna Hy}l{HO 

HcnOJIh30BaTh nepsoe npennoxoxenae, a xorua  aropoe. Taxoe 
yCJIOBHe MO}l{HO nOJIy'lHTh, 3aMeTHB, 'lTO supaaceane .llJIH C2/W 2 
.llOJJ>KHO 6hlTh nOJIO}l{HTeJIbHhlM, orxyna cnenyer, 'lTO .llJlH k 
npHeMJIeMhl JIHWh re 3Ha'leHHH, npn KOTOphlX 

c kc k ~l 
0<;: k -;;;- -< I, 0 -: -c;;;- = Ii' =. ~~b -< 1. (83.6) 
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51r 
2 Sl 

3aMeU.IlJllOlque OD.Il1/OBoih/ble cucreuu 

<t> Hir. 164. 

1 
b 

I i "i .~ I" '\I r" t1\ I K i 

~ c!gP 

I 

o 

26* 

TaK KaK ~ 6JIH3KO ){ 'It/2 H ~/Q oxeas BeJIHKO, 'lTO HaXO.llHTCH 

B nporuaopevaa C (84.6). ,UeRcTBHTeJIhHO, B ,noR o6JIacTH .llJIH 

cyutecruoaanaa peurenas Tpe6yeTCH,'lT06hl B H K HMeJIH KOM

nnexcuue 3Ha'leHHH, B pesyJIhTaTe sero BMeCTO pacnpocrpanaio

meRclI BOJIHhl nOJIy'laeTCH aaryxaiouiaa. TaKHM o6pa30M. HH3KHe 

sacroru nexcar B 06J1aCTH 3aTyxaHHH. HH}I{HIOIO rpanauy 06J1aCTH 

nponycxaaaa nOJIy'lHM, eCJIH norperiyea, 'lTo6bl y.llOBJIeTBOpHJIOCb 

3TH peayasratu CTaHOBHTCSl 60JIee aarJIH.llHhlMK, eCJlH: oopa
THThCH K KpHBhlM q>ar. 164. B 06JIaCTii HH3KHX 'laCTOT BeJlH

'lHHa Q MaJIa, H JIerKO 3aMeTHTh. 'lTO peureuae He cyuiecrayer,
(83.3) 

(83.5) 

(83.4) 

f.llaoa 19 

B=Kb 

Q=k'[= :1 =2'1t ~. 

113 (83.2) cnenyer 
b

BcthB=ZQtgQ, 

Torna 

K  . ~'- 'k V') _ 2 ( 1 1)
- I b - I. ~  - UJ c2 -lV2 . 

c2 · c2 W 
W2 = 1 - k 2 

~ < I, -c > 1. 

B
K = b ,!J,eHcTBHTeJlbHO, 

K2= UJ2 (~__ ~)
W 2 a ): 

c2 c2 W 
W2 = 1+ K2~ > 1, -c < 1. 

B npenene npH B -e; 1 W/c;:::::;; 1. 
C JI Y 'l a R 2. B = i~ -'lHCTO MHHMaH BeJIH'lHHa: 

b
Z Q tg Q = ~ ctg ~ 

r.lle 

4oc? 

Torna 



H, CJle.llOBaTeJlbHO, 

4053aAleO,lRIOU{ue easuoeodxue CUCTeMbl 

-b 

YtTm"": - _lI=1~~
'-~--=I~I~I~I~I,A 

_Un : ~ 
::::::;:::-: ::::::::: z 

- ., 

<t> H r. 165. 

TaKHM 06paaOM onpenenaerca HHmHSISI rpauuua BTOpO!'t nonocu 

nponycxanas. Kcrna Q nocruraer 3HaqeHHSI go' BeJlHqHHa ~ 
otipauiaerca B HyJlb. H Mbl CHOBa B03Bpalll,aeMCSI K nepaoxy 
cnysaio. BepXHSISI rpannua 9TO!'t nonocu naercs BblpameHHSlMH 

31t 31tC 4l 
Q 6 = 2' W6 = ---cg- , 1.6 = 3' (83.12) 

AHaJlOmqHble paccymlleHHSI MomHO nposecru H .llJlSl 60Jlee BbICO

KHX nonoc. 
113J10meHHOe nuure HCCJlellOBaHHe OCHOBaHO na paccxorpeuan 

OCHOBHbIX BOJIH B cB060llHOM npocrpaucrne H B uienax. Onnaxo 

-b'=-b-[ I I I I I I I I I I I I I 

.llJlSl TOqHOro BbiqHCJleHHSI noaea B nJlOCKOCTSIX Y = -+- b He06

XO.llHMO yqHTblBaTb euie 6eCKOHeqHOe qHCJlO CB060.llHbIX H uiene
BblX BOJIH. Pacser npn 9TOM npOBOllHTCSI TaK me, KaK H B § 81, 

HymHO TOJlbKO 06paTHTb ocorioe BHHMaHHe Ha YCJlOBHSI cJlyqall 2. 

xor.aa aropa-mue BOJlHbI Il cB060llHOM npocrpaacrne pacnpo

cTpaHSIIOTcSI na sees HHTepBaJl (- b, +b). B caynae 1 BTO

pHqHble csooonaue BOJlHbl 9KcnOHeHUHaJlbHO aaryxaior H OKa

3bIBalOT cyuiecrseanoe BJlHSlHHe aa pacnpenenenae nons JlHllIb 

B HenOCpe.llCTBeHHO!'t 6J1H30CTH OT uieaea, r ne OHH .llOJlmHbl 

H3MeHSlTb epOPMY CHJlOBblX JlHHHi't, KaK nOKa3aHO aa epHr. 165. 

113yqeHHe 9THX BTOPHqHbIX BOJIH H HX BJlHSlHHSI na BH.ll OCHOB

HblX BOJIH rperiyer ocorioro paccxorpenaa. 

HalllH IlYBO.llY OCHOBYBaJlHCb Ha npellnOJlOmeHHH 

1
vh<2vz; h=2b+21>41, l<b. (83.13) 

KOTOpOMy cooraercrayior xpasue, H306pa}f(eHHble aa epHr. 166 

" 167. ECJlH 6bl YCJl08He (83.13) He BblUOJlHSlJlOCb. 'PopMa 9THX 

j} 

~ 

(83.7) 

(83.11) 

(83.10) 

(CJlY'l8H 2). 

rt 

Qa= 2 ' 

etg ~1 = tg c, 

f.llaBa /3 

1t C 
Wa= 2 Z ' Aa= 41. 

~ll = 1, 
Q 1b 

B ~ 00. Qa tg Q a ~ 00, 

3TH cooruourenaa onpeneamor BepxHlO1O npeneasuyio sacrory 

nepson nonocu nponycxanas '). 
Bropas nonoca nponycxanas nOSlBHTcSI. KaK TOJlbKO CHOBa 

naxner YllOBJleTBOpSlTbCSI YCJlOBHe (83.6}, qeMy COOTBeTcTBylOT 

COOTHOllleHHSI. aaanorusuue (83.7), 

~ A n ~ n
~!4b =1, Ctgl"'4=tg~~4' ~4=2-~4' 

31t l 2 
Q 4 = 2 b+l' A4=3 h 
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COOTBeTCTBYlOllI,He 9TOMy rpaua-moxy 3HaqeHHIO TOqKH na 
06eHx KpHBbIX epHr. 164 OTMeqeHbI KpecTHKaMH. ECJlH g > Q2' 
TO HymHO paCCMaTpHBaTb nepsua cJlyqa!'t [cooraoureaas (83.4)1. 

a BeJlHqHHa B 6YlleT OCTaBaTbCSI neacraureasaoa, noxa qaCTOTa 

He .llOCTHrHeT rpaHHqHOrO 3HaqeHHSI. OnpelleJlSleMOrO YCJlOBHSlMH 

1) CpaBHeHHe (83.8) H (83.10) nOK83bIB8eT, 'ITO p8cCMOTpeHHe 
OCHOB8HO H8 npennoaoaceaaa "'1 < (Us. HJlH l < b. DpH YCJlOBHH b < l 
crpyxrypst noaoc nponycxaaas 6blJlH 6bl )l,pyrHMH. 

~1 --:- ; - Ql' 

~1 1t b 1t l 
Q 

1 
= 2Q

1 
- 1 = l; Q1 = 2 b+ l (CJlY'l8H 2). 

COrJlaCHO (82.3). 9TOMy caysaio cooTBeTCTByeT llJlHHa BOJlHbI AI: 
21tC 21tl

A1=-=---n-=4(b+l)=2h (h=2b+21). (83.8)
"'1 ··1 

Ilpn YBeJlHqeHHH qaCTOTbI aaotipaacaioutae TOqKH na 06eHX 

KpHBbIX epHr. 164 nOllHHMalOTCSI asepx OT TOqeK ~1' gl' OTMe

qeHHbIX KpymKaMH, noxa He llOCTHrHyT llpyroro r paHHqHOrO 

3HaqeHHSI, onpenenaexoro YCJlOBHSlMH 
l 

~2 = O. ~2 ctg ~2 = 1. Q 2 tg Q 2 = 7i' (83.9) 

YCJlOBHe (83.6), orxyna llJlSl nepsoa npene.n.aon qaCTOTbI g 1 

HMeeM 

",;-' 



<P Hr. 166. 1 - cJly'laii, xorna W < c; 2 - cay
qaii, xorna W >c. 
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tS 
<P H r. 167. 

I
U'v...-- ...... I 
C, "', 

" : '",, 
l1,!'i lI1 3Vh 

3aMeaAJlIOU{ue BOAH080aHble CUCTeMbl 

u c 
o 

(83.16). CooTBeTCTBYJOllJ,ee HM pacnpeneneuae noaert HMeeT CJI'> 

.nYJOIlJ,HR BH.n: 
e.z = sh Kyeiwt- rz, 

E - I ch Kyeiwt-rzy- K . , (83.14) 

H 
lwoo . tx=-TchKyelw -rz. 

TIpOBe.nSl TaKHe me paccyxneans, KaK B aaxane sroro napa

rparpa, H rpeeys, qT06bl OCHOBHble BOJlHbI B CB060.nHOM npo
cTpaHCTBe H B uiensx B nJlOCKOCTH y = b HenpepblBHO nepe
XO.nHJlH npyr B npyr a, nonysaea YCJlOBHe. aaxenmouiee (83.2), 

Hx _ lwoo lwOo , _ w (83 15) 
E" -- KthKb - k'tgk'l' k - c' . 

C .npyroR CTOpOHbl, COOTHoweHHSI (83.3) H (83.4) nepexonsr 
.nJlSl caysas 1 B COOTHOW~HHSI 

B = Kb > 0 .neiicTBlUeJlbHO, Q = k'l = U) ~, 
b (83.16a) 

T Q tg Q • - 8 th B ~ 0; 

2. AHTHcHMMeTpHIJKble BOJlHbI runa TM. TOJlbKO 'ITO pac
CMOTpeHHble CHMMeTpHqHble BOJlHbl npe.nCTaBJlSlIOT HaH60JlbWHR 

anrepec C TOqKH apeHHSI yCKopeHHSI HJlH aaMe.nJleHHSI 3J1eKTpO

HOB, nOCKOJlbKY HM COOTBeTcTByeT B nJlOCKOCTH y = 0 npo
noasuoe 3J1eKTpHqeCKOe none, Teneps paCCMOTpHM aHTHCHM

MeTpHqHble BOJlHbl rnna TM, onpeneasexue COOTHoweHHSlMH 

W 
G 

J 

FAa8a 13 

13 
/ 

// 

- /--=--------/--
-----""?1x~/1 -------

/ 

/
/

/
---;./-----,x~--.:::""~/=====""'-.....--= 

-2 
'V A- 1 

VZd -K 

1/ 
ZVl 

-1
1/6-Z I't 

115 
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YrnoBOli Koalj!lj!HuHeHT npHMoli OB paaen c. 'l~cru (peso
HaHC HanpHlKeHHH B U1,enHX aacrynaer npa v/'I~I/, 3/,; peao
HaHC TOKa npa v/v1 = 1,2). v

h 
=c/2h-HaHMeHblllaH npeaeasaaa 

'laCTOTa IlnH IlByX napaanexsaerx rrposoaaaxoe, ynaneaaux 
apyr OT npyra na paccrosaae h. 

qHCJlO 6eCKOHeqHO, TaK KaK 6eCKOHeqHO qHCJlO nonce npo
nycKaHHSI. 

Peaynsratu. TOJlbKO 'ITO nonysenuue HaMH, OqeBH.nHO, ana
JlOrHqHbl peaynsrarax KeJlbBHHa H BHHceHTa, OTHOCSlIlJ,HMCSI 

. K MeXaHHqeCKHM crpyxrypax C onaon peaOHaHCHoR qaCTOToR. 

KaK 6b1J1o noxasano, B nOM cnysae cyurecreyior nae 06J1aCTH npo
nycKaHHSI, paaaenenuue noaocoa aenponycxaaas (§ 3, <\lHr.3,13, 

14 H 15). B paccaarpaaaexox caysae PSl.U qaCTOT, npa KOTO

pux BoaHHKaeT pesonaac nanpaaceuaa B uiensx ('I = 1/ 2'11' 3/2'11' 
fi/2'11' ••• ), aeorpannseu. KaK MbI y)l(e OTMeqaJlH, snecs cyuie

CTBylOT naa 6eCKOHeqHbix ceaencraa \j~pe.nYIOIlJ,HXCSl OQJlaCTelt 

norJlOlUeH~H H nponyCKaHHSI. 

KpHBblX 6b1J1a 6bl npyroa, Kpasue na qlHr. 167 npencra
BJISI JOT aaBHCHMOCTb <\laaoBoR CKOpOCTH BOJlHbl 0'1' qaCTOTbl 

H aHaJlOrHqHYIO aaBHCHMOCTb .nJlSl rpynnoaoa CKOpOCTH, KOTOpaSi 

scerna MeHbWe C. OTMeTHM, 'ITO na <\lHr. 167 aaotipaaceau 
TOJlbKO nne BeTBH 3THX K paaux, B .neRCTBHTeJlbHOCTH me H x 
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(83.22) 

7t

Q>"2
7t 

~<"2'Q = 1':--~.tgQ =-tg~, 

J} 

2v 

et> Hr. 168. 1·- peuieaue .uml aHTHcHMMeTpH'lHblX BOJlH; 
2 - peureuue .uJlR cHMMeTpHllHblX BOJIH. 

eM. noanacs K <pllr. 166. 

~=111z 
lis 

/8 
/ 

_______ I ______..,t~_ 
I ------
~ / /'.,,----

/ /./' 

/~'/' 1 

.//'
/./ I 

/' /
.::.. /-irr -----~--,-~._~'-~.=.~ 
// ./.".... ! 

V, = vh'V'/o ----- 1/2d A=~ 

.uaHbl HH)\(e. nocrpoeuu HMeHHO B 3TOM npennonoacenaa. Pac
CMaTpHBaSi HHTepBaJl H3MeHeHHSI Q OT 1':/2 no 31':/2, HY)\(HO 
OTMeTHTb, tITO npH ~ - 7\' ?eJ1Hl\HHa ~ = 0 \01 B o6J1aCTlo( 

B03BpaTHMCSI reneps CHOBa K caysato 1< b. paccxorpea
HOMy B uanane aroro naparparpa. Bce rparpaxa, xoropue 6y.n.yT 

3aMeaJlJllOUI,Ue BOJlHOBOaHble cuctescu 

H, CJle.uOBaTeJlbHO. 

B 7t b l 
Q=~~-I=z' Q=1':b+l' 

27tl
A= T = 2 (b+ l) = 2h, 

1 
\I = \lh > \13 = "2 \lz, 

npanex YCJloBHe (83.17) BbInOJlHSleTCSI. Torna 

~.. 
ill 

> 

~,~1 

t 

(83.21) 

(83.17) 

(83.166) 

(CJly'laH 1> b). 

I'naea 13 

Qb=~l 

7t 7tC 1 
Q ="2' B = 00, OJ = OJ3 = 2[ • \13 = "2 \II' (83.20) 

TaKHM o6pa30M, onpeneaeuuas OTCIO.n.a tIaCTOTa cosnanaer 
C npenensnon sacroroa OJ3 nepnon 06J1aCTH nponycxanus .n.JlSI 
cHMMeTpHtIHbIX BOJIH H COOTBeTcTByeT peaonancy BHyTpH uienen. 
ECJlH Q > 1':/2, TO BeJlHtIHHa Q tg Q CTaHOBHTCSI orpuuarensuoa 
H tIaCTOTa nonanaer B 06J1aCTb npHMeHHMOCTH caynas 2 [<j:Jop
MyJla (83.166)]. npasex .il.JISi 3HatIeHHtl Q, 6JlU31WX K 1':/2. 
BeJlHtIHHa ~ tg ~ .n.OJl)\(Ha 6bITb nonoxorrensuoa. 

Taxoe peurenne scerna MO)\(HO nOJlYtIHTb C ytIeTOM (83.17). 
eCJlH TOJlbKO 1< b (npn Q = 1':/2 + Cl' ~ = 1':/2  C2)' HO B npo
THBOnOJlO)\(HOM cnysae, xor.na 1> b, peurenne OTcyTCTByeT. 
HH)\(HSISI rpaHHua BTOpOtt nOJloc~ nponycKaHHSI Haxo.n.HTCSI H3 
I;OOTII°tJJeHHSI 

3TH YCJlOBHSI HeCKOJlbKO OTJlHtIaIOTCSI OT yCJlOBHl%. pac
CMOTpeHHblx B caysae CHMMeTpHtIHblX BOJIH [CM. <j:JOpMyJlbl 
(83.7)-(83.12)]. Ilpu HH3KHX tIaCTOTax. T. e. npn MaJlOM Q, 
Mbl nonaaea B 06J1aCTb npHMeHHMocTH caysaa 1 [tpopxy
Jla (83 .16a)]. TaK tITO 

b
Q~I, tgQ~Q. thB~B. zQ2=B2. (83.18) 

nJlSl TaKHX HH3KHX tIaCTOT BOJlHa nOtITH cosnanaer C BOJlHOtl 
rnna TEM, nocxonsxy BeJlHtIHHa K oxem, MaJla H COCTaBJlSlIOll.I,etl 
Ez = sh Kb B 9TOM cnynae npaKTHtIeCKH MO)\(HO npeneripess. 
CKOpOCTb 9THX BOJIH MeHbwe C. HO see euie .n.OBOJlbHO BeJIHKa, 
TaK KaK ypaanenne (84.4) naer 

C2 C2 ( Bl2) 1
Q~l, W 2 . 1+K2~=I+ b~~ ~1+b' (83.19) 

Korna Q B03paCTaeT, TO YBeJlHtIHBaeTCSI raiose H BeJlHtIHHa B, 
TaK tITO B npe.n.eJle nOJlytIaeM 

.n.JlSI caynaa 2 B COOTHoweHHSI 

B=Kb=i~, 

b
Z Q tg Q = - ~ tg ~ 

C .n.onOJlHHTeJlbHbIM YCJloBHeM. aHaJlomtIHblM (83.6), 

~l 
0-< ~!b -< 1. 
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410 rAaBa 13 

7t < Q < 37t/2 npHMemlM cJlYllaA 1. Bepxnsa rpannua nonocu 
nponycxanas 

4'! \' 

Q-~ B= 00, Ol = Olb (83.23)- 2 • 

411 

(84.3) 

(84,4) 

(84.2) 

k'=~ 
c 

e, (y) = n, (- y), 

Ez = A sin k'y, 

3aMeaARIOU{ue BOAHOBOaHble CUCTeMbl 

HHK. pacnonoxennun B nJlOCKOCTH y = O. 8ToT THn BOJIH ana
aorasea BOJlHaM, paCCMOTpeHHblM B § 80-82. BHyTpl1 llI,eJleA 

peurenae HMeeT BHn 

TaK, xro, nanpnuep, none Ez B 06J1aCTH / Han CHCTeMoA llI,eJleA 

npOTHBOnOJlOmHO no 3HaKy nOJlIO B 06J1aCTH /11, pacnoaoxennon 
non CHCTeMoA. CBoAcTBa aHTHCHMMeTpHlIHblX BOJIH noscnenu 
na cj>Hr. 160 H 162. 

MomHo TaKme nocrpoari, peurenne H3 BOJIH C cHMMeTpHlIHoA 

crpyxrypoa 

H . A. k' 
,J; = - lOlEO Ii' Sin y. 

H BO scex 06J1aCTliX ynoanernopaer 06llI,eMY YCJlOBHIO 

Ez (y) = - Ez (-y), 

y~ I 
-l : --- -- -- -- --- -- --- ---

d d H 

_,0 :::: =:- :::tt-I::il='
11/ 

<J> H r. 170. 

KOTOpOMy 8 tuesn:x COOTBeTcTByeT cnenyiouiee pacnpeneneaae 
noaen, OTHOCllllI,HXCli K OCHOBHOA BOJlHe rnna TM: 

Ez = A cos k'y, 

Ey=O. 

I) BOJlHbl B cB060nHoM npocrpaacrse v> l; 
11) BOJ1Hbl B uiensx -l <. y «;t. (84.1) 

111) BOJlHbl B cBo60nHoM npocrpancrse y <: -l. 
Peuienae MomHO nocrpoare H3 aumucux xempusuu» 80AIl. 

AalOllI,HX nona nporasonoaoxororo 3HaKa no 06e CTOpOHbl CHCTeMbl 

H ayneayio cocraaasiouiyio Ez B cpennen nJlOCKOCTH y = O. 
<l>aKTHlIecKH. AJllI sroro MomHO HCnOJlb30BaTb naa peureaaa, 
nonyseaaue AJllI aaxpsrrux uienea, nocxom.xy, He MeHlIli pac

npenenenas nonen, B cacrexy MomHO BBeCTH nJlocKI1A npoaon-

I
.~, 

1 

11 I '\ _ I I " ~ 

~ 

cf> H r. 169. 1- peureane )l11lI aHTHCHMMe. 
TpHlIHbIX soan: 2 - peurenae )lilH CHMMe

TpHlIHblX BOilH. 

w 
'r 

COBnanaeT C BepxHeA rpaHHlIHoA lIaCTOToA BTOpoA no~ocw npo

nycxanas nJlll cHMMeTpHlIHblX BOJIH. TIpHlIHHa sroro ra me, xro 

o "h I'z fl't 3/lh 

H B cay-rae Qs [CM. (83.20)J, nocxo.n.xy 06e npeae.n.nue lIaCTOTbl 

BbI3BaHbl BTOPblM pesouaucou B uienax. 
Kpaaue, coorsercrayioume paccaorpenuua YCJlOBHSlM, npn

senenu na qmr. 168 H 169, xoropue aHaJlOrHlIHbl qmr. 166 
H 167. Kpnsue nJlll aHTHcHMMeTpHlIHblX BOJIH na qmr. 168 
H 169 OTMelleHbl U,Hcj>poA 1, a xpnaue nJlll cHMMeTpHlIHblX 

BOJIH - u,Hcj>poA 2. 

§ 84. nJlOCKaH c rpyxrypa C OTKpblTblMH lIJ,eJlHMH 

YlcnoJlb30BaHHblA B npenunyumx naparparpax MeTOA rrpur-o
neu nJlll peurenaa H npyrux aanas. Mbl nplfMeHHM ero ceAlIac 

nJlll HCCJlenOBaHHlI CBoAcTB nJlOCKoA CTpyKTypbI C OTKpblTblMH 

llI,eJlllMH, cxeMaTHlIeCKH H306pameHHoA na cj>Hr. 170. 
Hccnenosanae pacnpocrpaaeuas BOJIH B TaKoA cTpyKType 

CBOAHTCli K paccxorpenmo Tpex pa3J1I1l1HbIX THnOB BOJlH; 



MbI 6Y.lI.eM IiCCJIe.ll.OBaTb 06JIaCTb III. Bbl6lipaSl OCHOBHyIO BOJIHy 
TaK me, KaK B § 80 [ypaauenas (80.1) Ii (80.3)]. OCTaeTcSI 

413 

WI' w! I----; = Sin -c , 

~2'1 

3aMea/lJlIOU{ue BO/lHOaOaHble cucreuu 

I \\ ',1 ........ I ........ 1o >1 V 
'1 312Ji 

u- c",-zr 
<P H r. 173. 1 - peureaae ,ll,1If1 aHTHCHMMeTpH'IHbIX 

BOIIH; 2  peureime ,ll,1I11 cUMMeTpH'IHbIX BOIIH. 

orxyna B paccMaTplIBaeMoM cnyuae .lI.lllI aHTlicliMMeTpHlJHblX 

BOIIH c nenyer 
c2 K2 , 1 
_= 1 + -= l+etgk l= __ ,
W2 k,2 sin2 k'l 

lJTO 3aMeHlIeT tPOpMylly (82.2), npHMeHHMyIO K cliMMeTplflJHbIM 
BOJIHaM, rne BMeCTO cnnyca CTOlIlI KOCIiHyC. Cooruomeuae (84.6) 
npn YCIIOBHH. lJTO K> O. n03BOillIeT onpene.mrrs nonocu npo
nYCIWftUfl: 7t OJ! 1 

"2 <c < 1t; "2v, < v < v" 

37t 'u! 32< C< 21t; 2 v,< v < 2v,. 

yCJIOBHIO (84.5). nrpaiouiexy .lI.JIlI clfMMeTpHlJHblX BOJIH r'y me 
pOJIb, lJTO H YCIlOBHe (80.10a) .lI.JIlI aHTIiCHMMeTpHlJHbIX BOIIH. 

K =  k' etg k'l > 0, k' = ~. (84.6) 

BeJIlilJHHa K AOllmHa 6bITb nOJlOmHTeJIbHO~, lJT06bI BOIIHbI 9KCTIOHeH
U,HallbHO saryxana, xorna Iy I npHHHMaeT 60JIbWHe auaueuus. 

BOSBpaw.alIcb K cootlioweHHIO (79.2). MomHO aanncan

K2 c2 c2
-K2 - 1k'2 - -;;;2 w2 - • 

COCTaBJIlIIOw.lie E z H Hx 6Y.lI.YT HenpCpbl13Hnl. eCJIH oruoure

HHe (npn y = -l) 
~: = _ lW;0 = + lWEo~~ k'l (84.5) 

npHHHMaeT O.ll.HO H TO me SHalJeHHe B ooeax 06JIaCTlIx. B yCJIO
BHH (84.5) nepsoe oraourenne cooTBeTcTByeT-BOJIHaM B 06JIaCTH III 
ypaBHeHlie (80.3)]. a sropoe - BOJIHaM B uieaa (84.4). CorJIaCHO 

-W 

I 
" 

~-

TAaBa 13 

Ilz'i 

VI ..8 
7/2Pz 

3'1 

5/2'1 

2Vz 

312l'z I /-'2-- 1'1=zl 
'1 

l/zl1 v-= I 

0 1Jzd 

\2 
\ 
\"'----_-----"L-_~ 
Pz 3/Z Ji ZVl 

I' -...L1-21 
<P n r. 171. 1 - petuenae ,ll,1If1 aHTHCHMMe
TpU'IHbIX BOIIH; 2 - peurenae ,ll,1If1 cHMMeTpH'I

HbIX BO.m. 

<Pur. 172. I-peweHHe ,ll,1If1 aHTHCHMMe
TpH'IHbIX BOIIH. 2  peureuae ,ll,1If1 CHMMe

TpH'IHbIX BOIIH. 
YrnoBoii K09q,q,HUHeHT npHMoii OB paaen c. 
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euie nanacars YCIlOBlilI. anaaornunue YCJlOBlilIM (80.10). xoropue 
.lI.OllmHbI ooecnesaaan, aenpepusuocn; COCTaBJllIIOw.IiX Ez H H x 
B nJIOCKOCTIi Y = -t. 0 aenpepuanocra Ey MbI noxa He aaoo
TUMClI. nOCKOJIbKY, Clle.ll.YlI HSJIOmeHHoMy B § 81 NeTo.ll.y. ~TO 

YCIlOBHe MomHO yAOBJIeTBOplfTb noanaee. 

Eho pacnpene.reuae aaxeaser TO. xoropoe 6bIII0 aanauo COOT
nourenaaxu (80.66). Bnaronapa YCIlOBIiIO (84.3) .lI.OCTaTO'lHO 
paccaarpaaari, none TOJIbKO B O.ll.HO~ ns 06JIaCTett I Ii III. 

w 
C 
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Ilpn 9THX YCJlOBHlIX q>Hf. 160-162 llOJl>KHbl 6blTb saxe

HeHbI q>Hf. 171-173, na KOTOpbIX naaecenu xpnaue, COOTBeT

CTBylOlUHe paSJlHqHbIM runaa BOJIH. UHq>pa 1 Ha KpHBblX CHOBa 

060SHaqaeT peureuae llJlll aHTHCHMMeTpHqHbIX BOJlH, a uHq>pa 

2 - peureaae llJlll cHMMeTpHqHbIX BOJIH. 3TH peurenas Mbl nOJlY

qHJlH B npennoaoaceaun, qTO ll:IHHa BOJlHbI BeJlHKa no cpasne
HHIO C WHPHHO~ J..UeJle~ d; B npOTHBHOM cnysae xpnaue He

CKOJlbKO HCKaSlITClI, nOll06HO TOMy KaK 9TO noxasano nynx
THpHbIMH JlHHHlIMH. 

§ 85. BOJlHM Me)KJl.Y Jl.ByMlI CHCTeMaMH nJlOCKHX 

napaJlJleJlbH~X OTKP~T~X ~eJleA 

Crpyxrypa, npencraaaeunas na q>Hr. 174, cosepurenno ana
JlOrHqHa crpyxrype, paCCMOTpeHHO~ B § 83 (CM. q>Hf. 157), 

sa HCKJllOqeHHeM roro, qTO reneps J..UeJlH OTKpbITbI. 

y	 . I 

b':lJI~I~~~=~~~~~
 
I 
I 

-I---------------III-Z
I
 
I
rb - -----.--.--.--.--.- 

-bl-ffl_~_'_~-_:_~~;
 
<t>Hr. 174.
 

Hccnenys pacnpocrpaneaae BOJIH rnna TM, MbI 6y.neM pas

JlHqaTb
 

cHMMeTpHqHble BOJlHbI:
 

Ez(Y) = Ez(- y), 

aHl'HCHMMeTpHqHble BOJlHbl: 

Ez(y)=- Ez(- y). 

(85.1) 

I 
~ 

I 
I 

U
II
 
1'1 

I
:l 
t
 

I 

'·1 I 

~~ "

"
""'.' 
I,, 

,It
 
[r I 

I 
l 

3a,lIedIlJlIOU{ue 80,1/t08oa/tble cucteuu 

3TH BOJlHbl npellCTaBJllIlOTClI paSJlHqHbIMH q>YHKlI,HlIMH B cJle

llYlOlUHX 06J1aCTlIX: 
I. B CBo60llHOM	 npOCTpaHCTBe Hall CHCTeMO~: y > b+ i. 

II. B BepXHHX uienax: 

b<y<b+l. 

III. B CBo6ollHOM npOCTpaHCTBe Me>KllY llByMlI CHCTeMaMH 

J..UeJle~: 

-b<y<b. 

IV.	 B HH>KHHX uienax:
 

-b-l <y<-b.
 

V. B cB060llHOM npocrpancrae non CHCTeMO~: y <- b-l. 
Ilse nocnenune 06J1aCTH MO>KHO He paCCMaTpHBaTb, nOCKOJlbKY 

csenenas 0 noaenenaa pacnpOCTpaHlIlOJ..UHXClI TaM 

nOJlyqHTb HS noseneans BOJIH B 06J1aCTlIX I H 

YCJlOBH~ cHMMeTpHH (85.1). 
Hasaea C HsyqeHHlI cHMMeTpHqHbIX BOJIH. 

B 06J1aCTH III 6ynyr Ha6J1IO.lI.aTbClI BOJlHbI 

a B uienax - crossae BOJlHbl oouiero runa 
B Bblpa>KeHHlI llJlll HHX llOJl>KHa reneps BXOllHTb 

q>asa r.p: 

BOJIH MO>KHO
 

II C yseroa
 

rana (83.1), 

(80.66), HO 

HeH3BeCTHall 

Ez = A cos (k'y + r.p); Hx = - i7JoA sin (k'y+ r.p), 
' _ w _ Woo _ (85.2) 

Ey=O,	 k - C ' 7Jo - IT - eoC. 

Bynea npennonarars, qTO Hall CTPYKTYPO~, T. e. B 06J1aCTH I, 
nons HMelOT 9KcnOHeHlI,HaJlbHbI~ xapaxrep: 

E = Be-Ky 
z 

(85.3)[WooE Is» B -K H = __ Be-K y 
y= WK e v. a; K . 

3TH COOTHoweHHlI anaaornnnu COOTHoweHHlIM (79.3), (79.5) H 

(80.2), aa TeM HCKJllOqeHHeM, qTO reneps BMeCTO K BXOllHT -K, 
TaK qTO aMnJlHTYllbi BOJIH crpexsrcs K HyJlIO. xorna y ~ 00. 

Bee 9TH BOJlHbI conepxar OllHH H TOT >Ke 06J..UH~ MHO>KHTeJlb 

eiwt-rz, H K B (85.3) npHHHMaeT TO >Ke sxaseaae, qTO H B (83.1B), 

nOCKOJlbKY nOCTOllHHall paenpOCTpaHeHHlI r O.ll.HHaKOBa llJlll BceX 

BOJIH [eM. (79.2)]. 



Ilonaras 
k'b+ Cf =~, 
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(85.10) 

(85.11) 

'I = n'll' 

k' = nr.
l . 

2 n 
Y-[' 

<t> H r. 175. 

3aMeaAJlIOU{ue BOAHOBO(JHble CUCTeMbl 

r.::= .',\: l .. ~, " It,." k' 

27 3aK. 201. 

npennonoxna reneps, 'ITO K ouens 60JIbillaH BeJlHlJHHa·,
TOr,lla 

T= I, 
k' 
K~O 

H ypaaaenue (85.7) npHHHMaeT BII,ll 

k' 2k' 
--=t+

/( /( 
HJlH 

t=-2(k'jK), (85.9) 

r,lle t OlJeHb MaJIO. Peureuuaxa sroro ypaBHeHHH HBJIlIlOTClI 

YI I·
I 

C YlJeTOM (79.2) H3 Hatl,lleHHbiX H3 (85.8) 3HalJeHHtI k~. k~, 
k~ noaysaea K = 0, W = C, 'ITO COOTBeTcTByeT rpanauaa 
nO,10C nponycxaaas. BepXHHe lJaCTOTbl 9THX no,1OC, onpenease
Mble H3 COOTHOllleHHlI (85.10) npn K ~ CXJ (W = 0). 

Ul= k'c=n ~,
l 

oilHalJeHHlI k'L = tit:  2 (k' jK), rne n  uenoe nOJlO}J(HTeJlbHOe 
lJHCJlO, a npn K ~ CXJ 

~. 
I 

I 
1 • 

1 

1
,l! 

~ 

I 
~ 

~ ., 
~ 

t 
1 
1 

(85.6) 

(85.7) 

tg (<j; + k'l) 
k' 

k' 
t+ K 

1 
-/( 

k'
-TK=-k'b, 

rAaBa 13 

k' 
-T7(= 

T=Kb; 

k' 

tg(~+k'L)= tg<j;+t 7(T+t
1- t t ,I, = k'g'f k' =

1--tT /(
/( 

41ti 

th Kb _ tg <j; 
~----P-' 

0603HalJHB ,llJlll npocroru 

T = th Kb, t = tg k'l, 

nonysaea 

Y,llOBJleTBOpHM reneps YCJlOBHHM aenpepusnocrn COCTaBJIHIO

1l.I,HX Ez H Hx B ,llBYX nJlOCKOCTHX y=b H y=b+L. 
CpaBHl1BaH (83.1B) H (85.3), nonyxaex ,llJlH y=b 

Hx _ . th/(b_ . tg(k'b+'f') (854)
E 

z 
--lUlEO~--lUlEO I.' • • 

Ananornsuo, YlJHTblBall (85.2) H (85.3), HMeeM ,llJlH y = b+ L 

~: = i~o =_ i~~o tg(k'b+k'L+Cf)' (85.5) 

sannuiea 

k' • 
1 K t 

TaK KaK BeJlHlJHHa K ,llom!ma 6blTb nOJlO}J(HTeJlbHotl, TO T 
MeHlIeTCH OT 0 (K = 0) no 1 (K = CXJ). 

Hatl,lleM peiuenaa, cooTBeTCTBYI01l.I,He npeneasaux caysasx. 
Iloxaraa, 'ITO K MaJiall BeJlHlJHHa, noxysaex 

H OTHOllleHHe k' jK ouens BeJlHKO. YpaBHeHHe (85.7) CBO,llHTCH 

roraa K CJle,llYI01l.I,eMY: 

-k'b=-+=-ctgk'L. (85.8) 

OTCIO,lla, KaK nOKa3aHO aa q,Hr. 175, HaXO,llHM BeJlHlJHHbl k~, 

k~, k~. 

HJlII 



419 

(85.13) 

06paaOM, noay

t=tgk'l. 

3aMei}IlJlIOU{ue SOIlH.OsOi}H.ble CUCTeMbl 

k'-C K= .. 

I ,o ") L k' 

<P H r. 178. 1- peurenae ,llllll aHTH
cHMMeTpH'lHbIX BOIIH; 2 - peureune ,llllll 

cHMMeTplt'lHbIX BOIIH. 

~ l.. k 14s:: \.",.. n1. So: 

k'l=n7t, 'I=n'lz. (85.15) 

Ha q>Hr. 178 H 179 npnsenenu coorsercrayioutae xpaaue llJlSl 
060HX THrrOB BOJIH - aHTHCHMMeTpH'IHbIX (1) HcHMMeTpH'IHbIX (2). 

4T06bl ynocroseparsca B rrpaBHJlhHOCTH nonyxeunsrx peayns
TaTOB. paccaorpax caenyiouine npenensaue cnysaa: 

27* 

K osen» BeAUICO: C = I, npenenu nonysaiorcs re lKe. 'ITO 
H llJlSl T = 1. T. e. 

H (85.12), C arpaer POJlb BeJlH'IHHbl T. TaKHM 
'1aeM COOTHOlIleHHe, aHaJlOrH'IHOe (85.7), 

t+~
K 

R •1--t
K 

B TO me BpeMSI YCJlOBHe (85.5) OCTaeTCSI 6ea HaMeHeHHSI. Iloxaraa 

C = cth Kb, 

noxysaea cacrexy ypasaeaaa, aHaJlorH'IHYIO scrpeuaaurenca 
ssnne, npasex, KaK cnenyer aa cpasueaaa yCJlOBHIt (85.5) 

PaCCMOTpHM Terreph npenensusre cnysaa, onpeneneuaue q>op-
MyJlaMH (86.8) H (86.9). 

1
K ovens JtaAO: C = Kb ' 

k' , 
(85.14)- K?b =-7' 

" 
rne t - MaJlaSi BeJlH'IHHa, orxyna 

k'l=n7t, 'I=n'lz· (85.14a 

Fnaea 13 

cv,=TI 
<P It r. 177. 

k'I 
oI i J ! 11 "i k=l!!.. 

- A=*v 

l'z 

3/i 

2v/ 

11 

<P It r. 176. 

YCJlOBHe (85.4), ooecnesaaaioutee aertpepusnocn, nonea Ez 
Ii H x B rrJlOCKOCTH y = b. cnenyer aaMeHHTb na YCJlOBHe 

H(J) . [cth Kb tg<!JE = - lono-K = - tweo"t: . (85.12) 
Z I 
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COOTBeTCTByroT peaoaancax B orxpurux ureasx. 3TH pesyns
TaTbI CYM MHpOBaHbl na q>Hr. 176 H 177. 

w 
c 
11 '" I ,....... I......... h........ 

AHaJlOrH'IHOe paccxorpenae MOlKHO nposecrn llJlSl aumu
ca.u.uempuxtcu» BOAH. B 06J1aCTH Ifl acnonsayea aupaxe
HHSI (83.14), a B 06J1aCTSIX I H 11- aupaxenas (85.3) H (85.2). 



<P H r. 179. 1- peuieane AJIlI aHTHcHMMeTpHlJHblX BOJIHj 
2  peureane AJIlI cHMMeTpHlJHblX BOJIH. 
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1': •5 2t , 
T:

3 2t , 
T: 

2[' 

3aMeaAlIlO~ue BOAHOBOaHble CUCTeMbl 

§ 86. UHJlHH~pHqeCKaH cTpyKTypa 

b ;» i, 

KpOMe Toro, yn06Ho p3ccMaTpHB3Tb CJlYlJ3fl 

IlOCKOJlbKY OH COOTBeTcTByeT crpyxrype, B xoropoa OCHOBH311 

BOJlH3~H3 OCH IJ,HJlHH~pa B03Myw.eHa cJl360. 
,.0: , K3K H B cnysae IlJlOCKOfl crpyxrypu, HCCJlenOB3HHofl B § 80. 
BTOpHlJHble BOJlHbl osem, 6blCTpO 33TyxalOT H HClJe33 lOT. xorna 

b  r 33MeTHO 'npeaauraer d [cp. (81.4) H (81.5)J. T. e. BHyTpH 

IJ,HJlHHnp3 panayca b - pd (BeJlHlJHH3 p nopsnxa HeCKOJlbKHX 

enanau) OCHOBH311 cB060nH311 BOJlH3 Ilp3KTHlJeCKH He B03MyW.eH3• 

ECJlH BBeCTH npennonoxeuae 0 He33BHCHMOCTH BOJlHbl 

OT yrJl3 6. TO IlOJlYlJ3eTClI CHCTeM3 nOCJle~OB3TeJlbHbIX noaoc 

nponYCK3HHlI, xoropue OlJeHb 6J1H3KH K nOJlOC3M, H306p3lKeHHblM 

28 3SK. 201. 

Mbl OrpaHHlJHMcS! TeM. 'ITO npnaenea JlHWb psn 06llI,HX 

pe3YJlbT3TOB. OTHOClIllI,HXClI K p3cnpOCTp3HeHHIO BOJIH B UHJlHH

npHlJeCKHX CTpyKTyp3X rnna, npenCT3BJleHHOrO na QJHr. 158. 
neT3J1bHOe H3YlJeHHe sroro aonpoca, K3K OTMelJ3J10Cb B § 79 
[CM. (79.7)  (79.10) J. rpeoyer BBeneHHlI QJyHKUHfl Beccens. 
MeTon peureaus nonooeu xerony, HWOJlb30B3HHOMY H3MH 

B § 80-82, C TeM JlHWb B3lKHblM OTJlHlJHeM. 'ITO eCJlH P3C

CM3TpHB31OTClI IJ,HJlHHnpHlJeCKHe BOJlHbl (n = 0), TO' 9KcnOHeH

IJ,H3J1bHblfl MHOlKHTeJlb eK y 33MeHlIeTClI QJyHKUHefl Zo (lKr). 
3 ei K y - QJYHKUHefl Zo(Kr). Ilpa nposenenaa BbllJHCJleHHfl 

33n3eTClI OCHOBH311 BOJlH3 B cB060nHOM npOCTpaHCTBe H T3K 

nonoapaerca OCHOBH311 BOJlHa B uienax, lJT06b1 ua UHJlHHnpH

secxoa nOBepXHOCTH r = b 06eCnelJHB3J13Cb nenpepuaaocrs 

COOTBeTcTBylOllI,HX nonea Ez H He' orxyna cnenyer YCJloBHe. 

3HaJlOrHlJHOe yCJlOBHIO (80.10). HylKHO OTMeTHTb. 'ITO nannas 

33J\3'13 cyw.eCTBeHHO ynpouiaercs npa npennonoxenan (80.5) 

d~l, d~A. 

MO)J{HO noxasars, 'ITO ropH30HT3J1bHble 3CHMnTOTbI KpHBblX nJlll 

3HTHCHMMeTpHlJHblX BOJIH (1) nepeaecrsrca BHH3 K opnHH3T3M 

rorna QJHr. 179 6yneT 3H3J10rHlJHa QJHr. 172. 

(85.16) 

(85.17)
T: 

k; = 5'f[ 

k'  2 T: 
3 i' 

r.llQBa 13 

k
2 
' = ~ 

l '
k~ =0, 

---.--.--._.
................./ 

/ ........ 
.v 

, T: , 3 r: 
k 1 ='f[' k 2 = '2J' 

-,,"--0
,..,.-,0 

___ /,/' I<-»: 

k'
I 

Ii; 

lov A=f 

u 

Ii'
i /

I1rTI 7 7 

k~ p:
2l't~~"1 7 ? ~ 

420 

k; ---------7
31'zr~1 

I 

3) Ilycms b tiectconeqno eospocmaem, Hs qmr. 175 BHnHo. 
'ITO KOrn3 

xpnaue 1 H 2 nJlll cHMMeTpH'IHbIX If 3HTHcHMMeTpH'IHbIX BOJIH 

H3 qmr. 179 CJlIlB3IOTClI. B 3TOM cnysae xpnsue QJHr. 179 

B nepecnere 1I3 WK3J1Y 'I 3H3J10rH'IHbl KpHBblM QJHr. 172. r J1Y

6HH3 OTKpblTbIX llI,eJlefl B crpyxrype, H306p3lKeHHofl H3 QJHr. 170. 
p3BH3 l, 3 H3 QJHr. 174 cooTBeTCTByeT Zl, TaK 'ITO 3H3'1eHHe 

no OCH opnHH3T H3 QJHr. 179. pasnoe '1/. cOOTBeTCTByeT H3 
1 

QJHr. 172 3H3'1eHHIO "2 '1/. 

6) Ilycms b cmpe uumcn K fly,710. B 3TOM cnysae CTpyKTyp3, 

H306p3)J{eHH311 H3 QJHr. 174, nepexonar B crpyxrypy, H306pa

)J{eHHylO H3 QJHr. 170. a H3 QJHr. 175 cnenyer, 'ITO 
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ua <pHr.- 166:!H 167. HO. paayxeercs. HH>KHHe npenensaue 
'-laCTOTbI VI H V, 6y.n.yT .n.pyrHMH. 3HatleHHe 3THX tlaCTOT MO>KHO 

nOJlytlHTb H3 CJle.n.YIOllJ,HX <pH3HtleCKHX C006pa>KeHHIL HH>KHSISI 

npenensaaa xacrora VI .n.JlSI nsyx CHCTeM nJlOCKHX napanaeasaux 
uienea TOtlHO coanaaaer C HH>KHel4 npenensaoa sacroroa .n.JlSI 

CHCTeMbl H3 nsyx napaaneasaux nnockocrea, paanezeaaux 
paCCTOllHHeM h. Eho nerxo nOHlITb, eCJlH ysecrs, tlTO .n.JlSI :lTOli 

tlaCTOTbI 3J1eKTpHtleCKOe none BCIO.n.y OT - 00 no + 00 napan
aensno nJlOCKOCTlIM. CJle.n.OBaTeJlbHO. OHO nepnennaxynapuo 
r paaauaa uienea, TaK sro HX npacyrcrnae HHKaK He MO>KeT 

BJlHSlTb aa BOJIHy. 

COBepweHHO TaKHe >Ke YCJlOBHSI H pacnpeneneaae 3J1eKTpH

xecxor-o nOJiSI .n.JllI BOJIH rana TM nonyxaiorca B cnysae U,HJlHH

.n.pH'-leCKol4 crpyxrypu B U,HJlHH.n.pe panayca b + 1 na npenem.aoa 
'-laCTOTe, xorna 

2,405 ck01 c 2 5 86
k Ol = b+Z' VI = 2"jt= 7th .40 • (.1) 

nocxonsxy b+ 1= 1/2 h. BeJlHtlHHa 2,405 lIBJllIeTClI nepaua 
xopnea <PYHKU,HH Beccens 10 (s), T. e. Toli <PYHKU,HH, xoropas, 
KaK oraesanocs B § 79. BXO.n.HT B 3TOM cnyxae B peureuae, 

AHaJlOrHtlHbIM 06pa30M nonysaex, sro sacrora ',I,. COOTBeT

crayiouias .n.JlSI CHCTeMbl nayx OTCTOllllJ,HX npyr OT .apyra aa h 
napaaaeasuux nnocxocrea HH>KHeli npenensaoa xacrore caeayio
utero no psnxa, B cay-rae U,HJlHH.n.pa .n.HaMeTpo~ h .n.OJlmHa 

6bITb aaxeaena sacroron, nonyseanoa H3 COOTHoweHHSI 

5,520 ck02 - ~ 5.520. (86.2)k02 = b+ Z • V, - 2"jt- :7th 

r-ae BeJlH'IHHa 5.520 SlBJlSleTCSI BTOPbIM xopnex <PYHKU,HH Bee
ceJISI 10 (z), 

B TO BpeMSI KaK .n.JlSI crpyxrypu C nJlOCKHMH napannem.nuxa 
UJ,eJlSlMH 

',1.= 3',11' 

AJISI U,HJlHHApH'IeCKol4 CTpyKTypbl nOJlYtlaeM 

5,520 
V, = 2,405 VI = 2,3',11' (86.3) 

3a 3THM HCKJllOtleHHeM. xapaxrep nOJlOC nponycxauaa osem, 

6J1H30K K xapaxrepy nOJIOC. H306pa>KeHHblX aa <pHr, 166 H 167. 

3aMeiJARIOU{ue 80Al1080i)Hblf CUCTeMbl 

C npyroa CTOpOHbI. B caysae crpyxrypu C nJlOCKHMH 

napaJlJleJlbHblMH llJ,eJlllMH MbI nOJlYtlHJlH, 'ITO BepXHHe npenens
HbIe tlaCTOTbI noaoc nponycxaaaa COBnaAalOT C pe30HaHCHblMH 
tlaCTOTaMH llJ,eJlel4 

1 3 
',1'=2" VI' ',16 =2" VI' (86.4) 

OAHaKO Mbi oraesaaa, 'ITO aexoropue CAeJlaHHbIe asnne 
npH6J1HmeHHSI He BnOJIHe 3aKOHHbI B aenocpencraeanon 6J1H

30CTH OT BepXHHX npenensaux tlaCTOT IB tlaCTHOCTH. COOTHO

urease (50.5a)]. AHaJlOrH'IHOe HCCJle.n.OBaHHe B cnysae U,HJlHH

npasecxon crpyxrypu noxaaaaaer, sro HymHo BBOAHTb nonon
. HHTeJlbHYlO nonpasxy, YtlHTbIBalOllJ,YlO U,HJlHHApH'IecKylO <POpMy 

uieaen. TeM He xeaee 3Ha'leHHSI, nonysaioumeca .n.JlSI v, H ',16 
H3 (86.4), no nopsnxy BeJlH'IHHbl naior YAOBJleTBopHTeJlbHoe 
npH6J1HmeHHe. 

28* 
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J{BH}I{EHHE 3JIEKTPOHA
 
B 6EfymEM nEPHOJ{HqECKOM nOJIE
 

§ 87. B Be JJ, e H H e 

Bo MHorHX TeXHH4eCKHX np06J1eM3x. nanpnxep npn pacsere 
J1HHe~HOro yCKopHTeJlSI HJlH YCHJlHTeJllI H3 J13Mne C 6erYl..Ue~ 

BOJlHO~. OCHOBHblM sonpocou SlBJlSleTeSi Ba3HMo.ue~CTBHe 9J1eK

TpOHOB C 9J1eKTpOM3rHHTHbIMH BOJlH3MH. 9TH a3.u34H HaY43J1HCb 

B p3MK3X KJl3CCH4eCKO~ MeX3HHKH. .aJlSl YCHJlHTeJlSl H3 J13Mne 

C 6erYl..Ue~ BOJlHO~ MOIKHO nOJlY4HTb cacreay yp3BHeHH~, .uOCT3

T04HO XOPOWO Y4HTbIB31OI..UHX pe3KUHIO 9J1eKTpOHHoro nY4K3 

H3 BOJIHy. 06b14H3S1 TeopHSI J1HHe~HOro ycxoparens OCHOBbl

B3eTCSI H3 npennonoacenaa, 4TO BOJlHbl HMelOT .uOCT3T04HO 

60JlbWylO aannaryny H .ue~CTBYIOT H3 OTHOCHTeJlbHO CJl36bl~ 
ny40K. 4TO nOaBOJISIeT npeaeepeus ero pe3KUHe~ H3 BOJIHy. 

KJl3eCH4eCK3S1 TeopHSI nOK3ab1B3eT, 4TO 9J1eKTpOHbl a3XB3Tbl

B310TCSI BOJlHO~ H C06HP31OTCSI B r pynnu, xoropue .uBHIKYTCSI 

co CKOpOCTblO BOJlHbl 1). H3 npOTSllKeHHH nepsoro 9T3n3 snne
HitSi. xorna 9J1eKTpOHbl a3XB3TblB31OTCSI H rpyrmapytorca. BOJlH3 

paaoasaerca H3 paanasnsre COCT3BJlSlIOI..UHe, 0.uH3 aa KOTOpblX 

HMeeT aH34HTeJlbHO 60JlbWYlO 3 MnJlHTY.uy. 4eM OCT3J1bHble. 

B KOHue KOHUOB B yckoparene OK3ablB3eTCSI .ue<jJopMHpOB3HH3S1 

BOJlH3 C nOCTOSlHHO~ 3MnJlHTY.uo~. H BMeCTe C 9TO~ BOJlHO~ 

.uBHIKYTCSI 9J1eKTpOHbl. crpynnapoaannue B 06J13eTSIX M3J10~ 

nOTeHUHaJlbHO~ 9HeprHH. P3CCM3TPHB31OTCSI paanasaue THnbl 

YCTO~4HBbIX peureuun, HO HCCJle.uOB3HHe nepexona OT nepsoro 

9T3n3 K nOCJle.uHeMY BCTpe43eT aH34HTeJlbHble Tpy.uHOCTH ns-aa 

HeJlHHe~HOCTH BCTpe431OI..UHXCSI yp3BHeHH~. 

DPH Hay4eHHH .uBHlKeHHSI 9J1eKTpOHOB MeTo.u3MH BOJIHOBO~ 

MeX3HHKH HMeeT MeCTO apyras CHTy3UHSI. K3K oyner BH.uHO 

HHlKe. a3.u343, nOCT3BJleHH3S1 T3KHM 06p3aOM. CBO.uHTCSI K 0606

1) L. B rill 0 u in, Phys. Rev., 74, 90 (1948); Journ, App\. Phys., 
20, 1196 (1949); Proc, Nat. Acad. Set, 41, 401 (1955). 
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l..UeHHIO yp3BHeHHSI M3Tbe, xoropoe BCTpe43eTCSI npa HCCJle.uOB3

HI1H .uBHlKeHI1S1 9J1eKTpOHOB B none C nOCTOSlHHblM CHHyCOH.u3J1b

HblM nOTeHUH3J10M. 

§ 88. YpaBHeHHH aaJJ,aqM B paMKax 'KJlaCCHqeCKOI 

MexaHHKH 

P3CCMOTPHM Ha06p3IKeHHylO H3 <pHr. 180 crpyxrypy, accne
.uOB3BWYIOClI C KJl3CCH4eCKO~ T04KH apeHHSI. nanpnxep, EPHJI

J1109HOM 1). 
TeopHSI OCHOBblB3eTCSI H3 cJle.uYIOI..UHX npennoaoxenaax: 
3) 9J1eKTpOHHbl~ ny40K YCTO~4HB B nonepesnox H3np3BJle

HHH; DCe 9J1eKTpOHbl .uBHIKYTCSI B H3np3BJleHHH x' x; 

,
3 ~

I 
q~ 

,-  I ,-----1 I 
G 
------, fly'loJ< 

• ~ 

lin-I Vn+1 Vn+2 

Lo '--flOmeHIl,Uan 

J:::%vW~+~:'~W%%\+::~J~~:J
 
I 

~- .1x=.104 
I 

<t> H r. 180. 

I 6) B MOMeHT t nee 9J1eKTpOHbl B T04Ke X HMelOT OJJ,Hy 

H Ty IKe cxopocn, v. 
Hnsce 6y.uyT HCnOJIbaOB3Hbl cJle.uYIOJJ.J.He 060aH34eHHSI: 

Lo= Ldo - HH.uyKTHBHOCTb ceKUHH .uJlHHbI t::.x = do. 
Co= Cd., - eMKOCTb ceKUHH .uJlHHbl do' 
In - TOK B HH.uyKTHBHOCTH Lo' npOTeK31OI..UH~ no n-~ cex-

UHH. 

q~ = Pndo - 9J1eKTpH4ecKH~ aapsn nY4K3 B n-ll CeKIJ.HH,
 

v - CKOpOCTb 4aCTJ-Il.!, B nY4Ke.
 

Qn - nOJlHbl~ aapsn n-~ eMKOCTH,
 

Vn - paanocrs nOTeHUH3J10B H3 n-~ eMKOCTH, 

'~~, qn - aapan eMKOCTH, BblaB3HHbI~ TOK3MH, UHpKyJlHpylOl..UHMH 
.~-'. 

--'<.; B J1HHHH. 

1) eM. npaaesauae aa crp, 424. 
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ECJHl 

MaJIbI, TO 

B BHAe 

4~6 tAaBa 14 

I oqn
In - n+l = ---at • 

npeAnOJIO>KHTb, 'ITO norepn B JIHHHH npeuedpeaorao 
ypaBHeHH5I paCnpOCTpaHeHH5I B nea MO>KHO aanacars 

i 

i
'( 
(,r 
{; 

ot; VLo---at = n-l 
V

n' (88.1 ) 

Vn = ~:' 
Q=qn +q~ =qn +Pndo' 

113 3THX ypa~HeHH!\ HenOCpeACTBeHHO CJIeAycT ,
o 1 ,

7il (In- In+l) = T; (Vn_1 + Vn+1 - 2Vn)= 
_ 02qn _ 02 

- (j[2 - (fl2 (CoVn- Pndo) 

HJIH 

Vn-1+ Vn+1-2Vn_LC 02Vn = -L 02Pn. (88.2) 
do 

2 ot2 ot2 

Flpennonaraa, 'ITO AJIHHa CeKI.I.HH JIHHHH MaJia no cpaBHeHHIO 

C AJIHHO!\ BOJIHbI, MO>KHO nepearn K npeneny npa do -4 0 H 

3aMeHHTb nepaua '1JIeH sroro ypaBHeHH5I BeJIH'IHHott 02Vn/ox2, 
'ITO naer 

02Vn -LC _02Vn =-L 02Pn (88.3) ,.1ox2 ot2 ot2 • 

C npyron CTOpOHbI, AJilI roro >Ke nyxxa MO>KHO nanncars 
3aKOH coxpaHeBH5I 3ap5lAa 

o(pv) op
(88.4)-(fl'-----at 

YpaBHeHHe ABH>KeHHH '1aCTHI.I.bI npa 3TOM HMeeT BHA 

do e oV 
(88.5)dT=-m ox' 

rne e H m 0603Ha'laIOT COOTBeTCTBeHHO 3apHA H Maccy '1aCTHI.I.bI, 

!1BUJiteIiUe 3AeKtpOHa B oezytqeM nepuo(JutteCK6M nose 427 

Pacnpocrpanenae BOJIH OnpeAeJiHeTCH, TaKHM 06pa30M, ypaa
HeHHHMH (88.3)  (88.5), npH'IeM nepsce H3 HHX MO>KHO, 

onycxas HHAeKCbJ. sanacars B BHAe 

02V 1 02V 02p
------L
ox2 w~ ot2 - ot2 • 

(88.6) 

rne 
2 . 

LCWo= 1, a BeJIH'IHHa Wo HMeeT CMbICJI CKOpOCTH He

B03MymeHHott BOJIHW. 

B 3TOM ypaBHeHHH nOCJIeAHHtt '1JIeH npencraanaer peaxumo 
ny'lKa Ha JIHHHIO, a 06paTHoe BJIHHHHe JIHHHH Ha ny'loK onpe

AeJiHeTCH ypaaneuaex (88.5). 

§ 89. YpaBHeHHJI aa.ll,aqH B paxxax BOJIHOBO" MexaHHKH 

B BOJIHOBO!\ MexaHHKe ypaBHeHHe coxpaHeHHH 3apHaa aBTO

MaTH'IeCKH BblnOJIHHeTCH B CHJIy KBaHTOBoro onpeaeJIeHHH nJIOT

HOCTH aapsna H TOKa, a ypasneuae ABH>KeHHH '1aCTHu,bI AOJI>KHO 

6bITb 3aMeHeHO ypannenaea liJ penanrepa 

2m 00/ 2m0
ox

20/

2 + til (f[ - fi2 eV (x, t) ~ = O. (89.1) 

B KOTOpOM xepea 1i 0603Ha'leHa BeJIH'IHHa h/2rr. (h - nOCTOHHHaH 

DJIaHKa), V - nOTeHI.I.HaJi B AaHHo!\ TO'lKe B MOMeHT t, y'lHTbI

aaiouiaa B03MymeHHe, sneceanoe 3JIeKTpOMarHHTHbIMH BOJIHaMH. 

YpaBHeHHe (88.6) npOaOJI>KaeT OCTaBaTbCH cnpaaenanaux: 
B '1aCTHOCTH. 6e3 H3MeHeHHtt OCTaeTCH ero npasaa '1aCTb, y'lH

TbIBaIOmaH CB5I3b Me>Kay 9JIeKTpOMarHHTHott BOJIHOtt H 3JIeK

TpoHaMH. 

BeJIH'IHHa L npeACTaB,1HeT HHaYKTHBHOCTb eaHHHI.I.bI aJIHHbI 

JIHHHH H urpaer POJIb K03qJ<PHI.I.HeHTa CBH3H. C npyroa CTOpOHbI, 

nJIOTHOCTb aapana P onpenenserca B BOJIHOBOtt xexaanxe supa
>KeHHeM e~~· (3Be3AO'lKa oanasaer KOMnJIeKCHO COnpH>KeHHyIO 

BeJIH'IHHY)· 

ECJIH aJiH naxaaa npeanOJIO>KHTb. 'ITO CBH3b caaoa (T. e. 

BeJIH'IHHa L MaJIa), TO BOJIHa 6YAeT pacnpocrpauarsca CO CKO

POCTbIO W. MaJIO OT,1H'IaIOme!\C5I OT WO' H MO>KHO nOJIO>KHTb 

V = Vo+2UOCOS(Ul' t -k'x). (89.2) 
rae 

Ul'=k'W, W~Wo. 

29* 
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Flpa 9THX yCJIOBHHX ypaBHeHHe (89.1) npeapaiuaerca B ypannenae 

02 2m 0 . , . ,) 
( 

ox
2 
+ hiat t-ro+ltoel'l' +ltOe-l'l' ~(x. t)=O. (89.3) 

r.n.e 
If'=o/t-k'x. 1"'0=- 2~e v; lto=_2~e ii; (89.3a) 

C 9THM XpaBHeHHeM Mhl 6y.n.eM pafiora'rs; OHO aHaJlOl'H'IHO 

ypaaneumo MaTbe H CBO.n.HTCH K uexy, eCJIH nOJIOJl<HTb 

(89.4)W'=O. w=O. 

§ 90. Hccne.n.OBaHHe ypaBHeHHH B3aHMo.n.eHcTBHH 

<1>yHKUHIO 'P (x, t) MOJl<HO npe.n.cTaBHTb B anne pa3JIOJl<eHHSI 

THna 
~ (xt) = ~ Anei ('!'o+1I<p') = ~ Anei'l'n. (90.1) 

n n 

r.n.e An - nOCTOHHHble. a 

tfo = wot- kox. tf' = w't - k' x,
 
tfn = rpo + ne' = (wo + nol) t - (k o+ nk') x = wnt - knx.
 

npH'IeM 
·w = wo_+ tus", k n =ko+ nk': n 

BbI.n.eJISISI MHOJl<IITeJIb ei'l'o. noayvaex 

(90.2)if(xt) = ei'l'Juo(tf')· 

r.n.e 
Uo ( r.p') = ~ Anein'l". 

n 

Eha $YHKUHH nepaonaxaa no rp' C nepaonou 21t. 
OTMeTHM. IJTO C TaKHM Jl<e ycnexou MOlKHO 6b1JIO 6b1 

aanacars 
(90.3)if(x. t)= ei'l'pup(r.p'). 

r.n.e p - ueaoe, a 
rpp=r.po+prp'·
 

up (tf') = ~ Anei(n-p)'l".
 
n 

npH'IeM up (r.p') TOlKe S1BJISleTCSI nepHo.n.H'IecKof,\ $YHKUHef,\ tf'· 

!ZeU:JICeHUe 3,UICTpOHa 8 6ecyU{eAI nepuoiJU'teCICOM nOAe 

COOTHOrneHHH (90.2) H (90.3) MOlKHO paccMaTpHBaTb KaK 

0t506ll.leHHe TeopeMbl <1>JIOKe - Bnoxa, OTHOCHll.lef,\cH K ypaane

HHIO Marse. 
I{09$$HUHeHTbI An' BXO,D.HlUHe B pa3JIOJI<eHile (90.1) . .n.OJIlKHbI 

y.n.OBJIeTBOpHTb 6cCKOHeIJHof,\ CHCTeMe JIHHef,\Hblx ypaBHeHHf,\ 

2 2m )- k n +T wn+ 1"'0 An + lto (An+I + An_I) = ° (90.1)( 

IlJIII 
[n) An + lto (An+I + An_I) = O. 

rne .nJISI ynpourenns Mbl 0603HalJHJIH 

2 2m ) (90.4a)[n)=.(-kn+Twn+ro . 

Heo6:x:o.n.HMbIM H .n.OCTaTO'lHbIM yCJIOBHeM roro, IJT06:'1 9Ta CH

CTeMa HMeJIa HeHyJIeBOe peuienae, HBJIH~TCSI 

. 0 110 [- 1) Zlo 0 0 

.0 0 Uo [0) Zlo 0 
= O. (90.5)Ll= .0 0 0 Zlo [+ 1] Uo 

.Uo[IIJZlo-

STOT 6eCKOHeIJHblf,\ .n.eTepMHHaHT Ll MOlKHO paCCMaTpHBaTb KaK 
0606ll.leHHe .n.eTepMIIHaHra XHJIJIa. oraocauieroca K ypaBHeHHIO 

MaTbe (cp, § 49). . 
Paspemas ypannenae (90.5). nonysaea COOTHOllleHHe MelK.n.y 

Wo H ko: (90.6)Ll= F (wo. k o)= O. 

TaK 'ITO KalK.n.OMY 3Ha'leHHIO k o 6y.n.eT COOTBeTCTBOBaTb. noofnue 

rosopa, 6eCKOHe'lHaSl nOCJIe.nOBaTeJIbHOCTb penrenaa Wo· 
B CHJIy CXo.n.CTBa coornoureuaa (90.2) H (90.3) MOJl<HO 

yrsepxaan-, 'ITO raxoe Jl<e penienne 6y.n.eT H npn Bbl(iope 
WI' H k

p
' Bnpouex , 9T(} Henocpe.n.CTBeHHO cnenyer H3 pac

CMOTpeHHH 6eCKOHe'lHOrO nerepunnaura Ll: sauena Wo H k o ua 
WI' H k

p 
npasonar K cMew,eHHIO ero 9J1eMeHT03 na p crpox. 

'ITO He MeHSleT ~Ha'leHHij 6eCKOH~'IHOrO .n.eTepM~Ha·ITa, 
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Hra«, eCJHI COOTHorneHHe (90.6) BbinOJIHlIeTClI. TO 

F (OOp. k p) = F (000+ pie", kO+ pk') = O. (90.7) 

r.ne p - ueJIOe. 
Taxaa B03MOmHOCTb. B tIaCTHOCTH. OCYl.l\eCTBJIlIeTClI. eCJIH 

nOJIO)l{HTb 
oo=Wk+f(k). (90.8) 

rne <PYHKUHlI f (k) nepnonnnaa no k C nepnonox k', npnsea 

w' 
W=F 

STOT PC3YJIbTaT JIerKO nposepnrs. DyCTb 000 lIBJIlIeTClI peure
HiieM (90.8), COOTBeTCTBYlOl.l\HM 3HatIeHHIO BeJIHtIHHbI ko = k. 
Paccaorpux 

00= OOo+poo', k=ko+pk'. (90.9) 

YCJIOBHIO (90.8) ynoanernopser KaK napa BeJIHtIHH (00, k), TaK 
H napa (000, ko). tITO H .nOKa3bIBaeT onnospeaeanoe BbInOJIHeHHe 
COOTHorneHHtl (90.6) H (90.7). 

ECJIH B yCJIOBHH (90.8) nOJIOmHTb W = 0, TO OHO npaaonnr 
K KJIaCCHtIeCKoMy peay.n.rary. nOJIytIeHHOMy .nJIlI ypaanenas 
Marue. 

§ 91. CJIyqaH CJIa60H CB1I3H 

Ocooutt anrepec npencrannner cJIytIatl cJIa60tl CBS\3H. xorna 
napaxerp 2£0' BXO.nllI.l\Htl B ypaanenne (89.3). lIBJIlIeTClI MaAbtM. 
0603HatIHM sepea Ao OCHOBHOtl K09<p<pHUHeHT B pa3JIOmeHHH 
(90.1). DOJIb3YllCb pexyppenrnua COOTHorneHHeM (90.4). JIerKO 
nOJIytIHTb, tITO K09<p<pHUHeHT An no nopsnxy BeJIHtIHHbI pa-

BeH 2£~ Ao. Eynex peuian, aanasy npH6JIH)I{eHHO H npeaeope
)I{eM tIJIeHaMH co CTeneHlIMH 2£0' 60JIbrnHMH HJIH paBHbIMH 
rperi.ea. Ha OCHOBaHHH sroro, c-nrraa BeJIHtIHHbI Ao H ko sa
.naHHbIMH, MomHO paccaarpasan, TOJIbKO nart. ypaaneunn 
CHCTeMbI (90.4). cooTBeTcTBYlOl.l\HX 3HatIeHHlIM n = - 2, - L 
O. +1, +2. oncyna onpene.ma nllTb HeH3BeCTHblX A_ 2 , A_i' 
Ai' A2 H 000, TaKHM 06pa30M, nonysaex 

- ZloAo Zl2 A 
2 A+ 2= 0 0A±l= 

Zlo - [+1] [+2]-Zl~' (91.1) 
[±I]-[+2J 

J1BU:JICeHUe 31leKTpOHa B 6nyU{eM neouoiiuuecsos: none 

H 

[0] _ ZIg [ + 2] ZIg [-2) 
---------;;-2=0. (91.2)

[+1] [+2] -ZIg [-IJ [-2) - Zlo 

rne CKo6KH HMCIOT TO me 3HatIeHHe, tITO H B (90.4a). B xaxe
CTBe nOCJIe.nOB3TeJIbHbIX npH6JIHmeHHtl HMeeM: 
8 IlYAe80M nopsuuce 

[0]=0. (91.3) 
8 nepeou nopsuuce 

[0]- 2£0 { [~IJ+[ \] }=O, (91.4) 

80 8mopOM nopfliJKe 

. 2{ II} {II}
[0]-2£0 [+I]+[-f] -2£0 [+112f+21 + f-1I2 f- 21 =0. 

(91.5) 

B nOCJIe.nHeM COOTHorneHHH HMelOTClI tIJIeHbI, nponopuaonam.
nue 2£~, koropue nOllBJIlIlOTClI npn pa3JIOmeHHH caaraeuux B <pop

MyJIe (91.2). K09<p<PHUHeHT npH 2£0
4 

scer.na conepxorr ounroxy 
B CHJIy npaasroro suure npH6JIHmeHHlI. 

I1cCJIe.nyeM CMbICJI 9THX npl16JIHmeHHtl. YpaBHeHHe (91.3), 
coornercrayiouree cBo6o.nHbIM 9JIeKTpOHaM, HMeeT BH.n 

t 2m 
[0] = - ko+ T 000 + 7'0 = 0; 

I
H3 9Toro ypaBHeHHlI
 

00 - Ii (k 2 
)
0-2m 0-7'0' (91.6) 

Kpanas 3aBHCHMOCTH 000 OT ko HMeeT B 9TOM cay-rae napa6o
JIHtIecKylO <pOpMy (<pl1r. 181). 

!
 
npyme yCJIOBHlI in] = 0 naior
 

Ii 2 
OOn = 2m (k n - 7'0)' (91.7) 

r.ne 

OOn=OOo+noo'. kn=ko+nk'. 

Ilonpasxa nepnoro npH6JIHmeHHlI cyutecraeuna TOJIbKO B TOM 
cnysae. eCJIH 

[+1]~0 HJIH [-l)~0. 
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(91.8a) 

(91.96) 

(91.10) 

koo+~k" 

k oo  ~ k' « ko< koo +~ k', 

<PYHKU,HSI Wo paspuana B TOqKaX 

Ileuscenue snesrpona a oezytu,eM nepu08U'IeCKOM none 

8TO oaaauaer, 'ITO CKOpOCTb 9JIeKTpOHOB 

V oo = nkoo= W. 
m 

rae ti - rrOJIOmHTeJIbHOe HJIfi OTpHu,aTeJIbHOe uenoe qHCJIO. 

<PHr. 182 coorsercrayer npyroxy onpeneaenmo: BeJIIiqHHa ko 
npa 9TOM HaMeHSleTCSI JIHIlIb B 06JIaCTH uripanon k', nanpnxep 

a qaCTOTa Wo repnnr paapsrau na rpannuax sroro HHTepBaJIa. 

Paccxorpaa reneps onpeaeaaexyio npasoa qaCTblO ypaa
HeHHSI (88.6) peaxumo 9JIeKTpOHoB aa 9JIeKTpOMarH<ITHylO 

BOJIHy. YqHTbIBaSi COOTHoweHHSI (89.2) H (89.3), sanaurex 
ypaanenae (88.6) B cnenyxnnen <jJopMe: 

h~ ltocos (u>'t  k' x) u>'2 (~2  Jo ) + Le ~ (~f) = 0, 
me . W wi) at" 

(91.11) 

OTCIO.na axnno, 'ITO 9JIeKTpOHbI H BOJIHbI pacnpOCTpaHSIIOTCSI 

C O.nHO~H TO~ me CKOpOCTblO. 

B aaurea paCCMOTpe"IHH KpHBaSi [0] arpaer BbI.neJIeHHYIO 

pOJIb, a HMeHHO POJIb JIHHHH pasaeaa. 'ITO HeCKOJIbKO HCKyC

CTBeHHO, nOCKOJIbKY B .nettcTBHTeJIbHOCTH BCe xpasue 9KBH

BaJIeHTHbI. 8TO 06CTOSlTeJIbCTBO MomHO yvecrs. nonropaa nepnO.LlliqeCKH KPHBYIO [0] nyrea nepeuoca ee B.nOJIb sexropa 00' 
C KOMnOHeHTaMH w' H k' H yr JIOM HaKJIOHa W, KaK 9TO cne
JIaHO aa qmr. 182, rae nonsepxasaercs nepaonasnocrs. co

nepxauiascs B COOTHOIlIeHHH (90.9). 

TaK KaK BCe 9TH xpaaue SlBJISIIOTCSI TOqHbIM noaropeuaea 
onna npyros, MomHO, KaK 9TO .neJIaJIOCb asnue, BbI6paTb 

06JIaCTb HaMeHeHHSI nepexeaaon TaK, qT06bI HCKJIIO'1HTb 9TO 

OTHIO.nb He HeHa6emHoe nonropenae. Ilpa nOCTpoeHHH qmr. 181 

noapaeyaeaaancs cae.ayiouiae YCJIOBHSI. 

06JIaCTb onpeneaeaas ko: 

- co < ko< co. (91.9a) 

ko 

<I> H r. 182. YrJlOBOH K09<p· 
<pHlJ.HeHT npliMoH 00' pa

BeH W. 

ko 

I'naea 14 

{OJ 

[O]~O H [+2] ~O 

[0] ~O H [-2] ~O. 

Wo 

{-~ 
\ 
\, 

[-2J 
\ 
\ 
\ 

\ 

\ ;\
\ '17-'"\, 82 I 

\'''''-'''' , /
\!I , 

"'f.-.,~ 
I' , 

I.~BJ. /1Az 
I \~/1Q.:·~ : 

{oj 

HJIH 
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Bropoe npH6JIHmeHHe, KaK MbI yme OTMeqaJIH, aero-moe, 
oanaxo OHO yxaauaaer ua cyuiecraoaanae nonpasox BbICIlIHX 

nopsnxoa, eCJIfI 

<I> H r. 181. YfJlOBOH K09<p<pHlJ.HeHT 
aanpaaneana, OTMeqeHHOrO CTpeJ!

KOH, paBeH W. 

'ITO HMeeT MeCTO B6JIH3H TOqeK nepecesenaa napaoonu [0] 
C napa60JIaMH [+1] H [-1]. 

mW (91.8)koo=T' " 

8TH peayJIbTaTbI noxasaau na qmr. 181. 

Ilapaoonu I-I]. [0] H [+1] nepecexaiorca B roxxax 
C aocunccaan k oo -+- 1/2 k', rne 

\ I pXkoD l' 
\ I '1.1 kDD+~k
,,/ ,1,' I I I 

',J Iko,-fk,_.." 
I 

/
[+?)./ 

(fa 
\ 
\ 
\ 
\ 
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x 

3aXila4eHHblU 
sneumpo« 

/1.aU:JICeHUe 3AeKTpOHa a 6ecyw,eM nepUOaU'leCKOM nOM 

§ 92. ~H3HqeCKaH HHTeprrpeTa~RR cJlyqaH 

CJla60H CBH3R . 

r,ne 

<t> H r, 183. 

MIiHIiMYMa norennaansnon sneprau Ii MO)J(eT cJlYlJaltHbIM oopa
aOM nepexomrn, aa onnor-o MHHIiMyMa B npyroa BCJle.nCTBHe 

"TyHHeJIbHOrO 9<p<peKTa·. TIJIOTHOCTb 9J1eKTplilJeCTBa Ip I MaKCIi

MaJlbHa B MIiHHMyMax KpHBOIt rrOTeHll.HaJlbHolt 9Heprlili Ii MIiHIi

xansna ua ee rpeousx. Cpennss sneprns 9J1eKTpOHa panna 
aMrrJlIiTy.ne KPIiBOIt noreaunaasaoa sneprua 2 lei Yo. 

2. 3J1eKTpOH C 60Jlbill01t sneprnea MOJICem ceotioouo OBU

zamscn xepea MaKcHMyMbl Ii MHHHMyMbl noreauaansnon 9HeprHH, 

npnsea B6JIliaH MHHHMyMOB OH .nBI{)J(eTCli 6blcTpee, lJeM B6J1HaH 

MaKcIiMyMOB. B 9TOM cnyuae MaKcHMyM rrJIOTHOCTH 9JIeKTpH

lJeCTBa Ip I naxonnrcs B TOlJKaX C Hali60JIbillelt noreannaxsnoa 
sneprnea (<pHr. 184). 

3TH coocpaxeaas rrOaBOJIlilOT yKaaaTb KpHTepHIt, npa rro

MOUJ,1i xoroporo MO)J(HO paanasan, caooonnue Ii aaxaasennue 
9J1eKTpOHbI. TIOJIbaYliCb ypaaneunex (89.2), aannmex noren
Il.liaJlbHYIO 9HeprliIO 9J1eKTpOHa B BH.ne 

eV = -I e IV = --I e iVo --12e IUo cos ;0', 

rp' = O)'t  k'x, 

<PHalilJeCKYIO aurepn peraumo TOJlbKO 'ITO nonysenaa X 

peaynsraroa MO)J(HO nars, cpaanaaas HX C pesym.raraan KJlaC

cauecxon reopaa. 
1. CJIYlJalt aaXBalJeHHOrO 9J1eKTpOHa CXeMaTlilJeCKH aso

6pa)J(eH na <plir. 183. 06bllJHO 9J1eKTpOH KOJle6J1eTCli B6J1liaii 

B OKpeCTHOCTIi paapuaos npa k oo -+-1/2 k', YKaaaHHbIX na 
xpnasrx <plir. 181. 3TO 06CTOlITeJIbCTBO yxaaunaer na TO, 'ITO 

9TIi paapuaa lIBJIlilOTCli CJIe.nCTBlieM HeCKOJlbKO 60Jlee CIiJlbHOrO 

BaaliMo.neltcTBlili Me)J(.ny BOJIHaMIi H 9J1eKTpOHa~Ho 

t, 

,: 

I 

(91.12) 

(91.14) 

Fsaea 14 

OTHOCHTeJlbHO 2£0' HO xsanparavna 

k' =;:, W =I= Woo 

ypaaneann (91.11) Ii (91.13) rorna noaysaea 

1 1 2Le
2 
m Ag{II} 

W2 = W5  !l2 [+1]+ [-1J . 
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rrOCKOJlbKY 

Oueuax reneps BeJllilJliHY ~~*. MbI 6y.neM rrpliHIiMaTb BO BHIi

MaHlie TOJlbKO re lJJleHbI, B xoropue BeJllilJliHa 2£0 BXO.nIiT 

B crenenn He suure nepson, Ii 6y.neM npeaetiperarj, lJJleHaMIi 2£g, 
.nalOUJ,IiMIi JIlilllb HeJlIiHeltHble nonpaaxa. <PaKTlilJeCKIi 9TO 

COOTBeTcTByeT paCCMOTpeHli1O B supaxenaax (90.1) Ii (91.1) 
TOJlbKO cnaraeaux C IiH.neKCOM, paanuu a Ii -+- 1. B TaKOM 
cay-rae 

,11- A i(w,t-k,x) + A i(W,t-k,x) +A i(w_1t-k_1x)r - oe Ie _Ie , 

~~*= A~ +Ccos (O)'t - k'x), 

2 {II}C=2Ao (A 1+A_1)=-2Ao2£0 [+l]+[-lJ 0 (91.13) 

0)1 = 0)0 + 0)', 0)-1 = 0)0 - 0)', 

k1=ko+k', k_ 1=ko - 0)' , 

A - ZloAo 
±1 = [+lJ 0 

ECJlIi MbJ npennonosoru, 'ITO K09<p<pHll.HeHT Ao nencrnarenea , 
TO .neltcTBHTeJlbHbIMIi oynyr raiorce Ii K09<p<PHll.HeHTbI A±lo 
Iloxsayacs 9TliM rrp1i6J1Ii)J(eHHbIM aHalJeHHeM .nJllI <PYHKll.IiH ~, 
rrOJlYlJaeM 

~~* = Ag +AoA;e- i (w't-k'x) + A~Alei (w't-k'x) + 

+ A A* i (w't-k'x) + A*A -i (w't-k'x) + o -Ie 0 _Ie . 0 • , 

3Ta BeJllilJliHa J1HHeltHa 

rro Ao. 
l1a 

TaKIiM 06paaOM, aa-sa BaaliMo.neltcTBlili C 9J1eKTpOHaMIi 

CKO POCTb BOJlHbI W nexnoro OT JIlilJaeTCli OT CKOpOCTH nesoa
MyUJ,eHHOn BOJIHbl Woo BblpameHHlI [+1) Ii [-1) MaJ/bl 

'i,"? 
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II JIll 

2m eV = - r o- 2lt oCOS rp'. (92.1 )
1i2 

ECJIII npennoaoacrn., 'ITO VO > 0, TO II lt o > 0. rorna MOlKHO 

3aMeTIITb, 'ITO MIIHIIMYMbI KpllBOlt norenunaxsuoa sneprna 
COOTBeTCTBY~T 3Ha'leHIIHM 

rp' = 0. -+- 2'lt'•••. -+- 2'lt'n. (92.2) 

nJIOTHOCTb 9JIeKTpOHOB Onpe.LleJIHeTCH 113 (91.13). Pa3JIII'IlIe 

MelK.LlY CB060.LlHbIMII II 3aXBa'leHHbIMII 9JIeKTpOHaMII MOlKHO 

nOJIy'IIITb, paccxarpaaas 3HaK K09lj>epllIJ.lleHTa C. 

suepzu» r :" 
3neHmpOHa I 

x 

V"'OKC, C8060ilHbJU 
sneumponIPIMUH 

<t> Hr. 184. 

1. 3aXBa'leHHble 9JIeKTpoHbI: 

C > 0. nJlOTHOCTb tj;tj;~ MaKCHMaJlbHa B ,TO'lKaX 

C HaHMeHbilleH saepraea, (92.3a) 

2. CB060.LlHble 9JIeKTpoHbI: 

C < 0. IlJlOTHOCTb tj;tj;" MHHHMaJlbHa B TO'lKaX 

C naaaensuiea snepruek. (92.36) 

B epOpMyJIy, onpenenaiouryio C, BXO.llHT .LlBe BeJIII'IIIHbI: [+1] 

II [-1] [CM. (90.4a)]. Hanpnxep, aupaxenae [+1] nOJIOlKlI

TeJIbHO nan napaooaoa, 0603Ha'leHHolt aa epHr. 181 HH.LleKCOM 

[+1]. II OTplIIJ.aTeJIbHO non Helt. 3HaK C 3aBllCHT OT nOJIO

lKeHIIH peayasrapyioiuen KpHBOlt no OTHoweHH~ K napaooaax 
[+1] II [-I]. HlIlKHHH '1aCTb peaym.mpyiouiea KpllBOlt co

OTBeTcTByeT IIHTepBaJIy 

koo - ~ k' -< ko -< koo +~ k' 

II pacnozozcena non 06ellMH napa60JIaMH. TaK KaK B 9TOlt 

06JIaCTII aupaacenna [+1] II [-I] MeHbwe HyJIH, TO BeJIIoj'lIlHa 

118u'tCeHue 3/il!Ktpolla 8 6ezyU{eM nepUOaU'leCKOM nOM 431 

C B.LlOJIb' sroa xpasoa nOJIOlKIITeJIbHa. H MbI nonysaex CJIe
I nyiouiae YCJIOBlIll:
" 1) 3aXBa'leHHble 9JIeKTpoHbI: 

C >°B 06J1aCTH koo - ~ k' -< ko -< koo +- ~ k', (92.4a)j 
2) CB060.LlHble 9JIeKTpoHbI: 

C <°BO scex OCTaJlbHblX HHTepBaJlaX H3MeHeHHH ko. (92.46) 

3HaK C ua scex npyrax BeTBHX xpasoa 3aBllCIIT OT 3HaKa 

BblpalKeHlIll {[;1] +[ \] } II MOlKeT 6bITb JIerKO onpeneneu, 
i 

'uJIll 3aXBa'leHHOrO 9JIeKTpOHa K09epepllIJ.lleHT C > °II, KaK 

CJIe.LlyeT 113 (91.14). W < Woo 'TaKIIM 06pa30M. B cnysae 
cJIa60lt CSH311 BOJIHa TOpM0311TCH 3aXBa'leHHbIMII 9JIeKTpOHaMII 

II ycxopaercs CB060.LlHbIMII 

m 

W3aXB• < w, < W cBo6•• (92.5) 

I1cCJIe.LlyeM reneps 60JIee .LleTaJIbHO. 'ITO npOIICXO.LlIIT na OT

pesxe AlBl• rne 

k=koo-~k" (92.6) 

Bupaxeaaa [0] II [+1] anecs MaJIbI, B TO BpeMH KaK [-1] 

nplIHIIMaeT 60JIbWlle OTplIIJ.aTeJIbHble 3HaQeHIIH. Ypasneaae (91.4) 

npaKTII'IeCKII CBO.LlIITCH K caenyiouiexy: 

[0] [+1] = lto.
2 

(92.7) 

1 
TaK 'ITO B TO'lKe r.Lle xpaaue [0] II [+1]k=koo- 2k'. 
nepecexaiorcs, aupaxeans [0] II [+ I] npIIHIIMa~T onnnaxonue 
3Ha'leHII1l: 

[0] = [+1] = -+- lto. (92.8) 

B03Bpaw.aHCb K onpeneaemno (90.4a) 9TIIX CK060K II oooauasaa 
xepea UlO sacro-y, cooTBeTcTBY~W.Y~ TO'lKe nepeceseaas 

k=koo- ~ k', Ul=UJO' [0]=[+1]=0, 

noaysaea, 'ITO TO'lKII A l , B1 COOTBeTCTBY~T 3HaqeHIIHM 

2m 
Ul = UJO-+-E, [] = [+1] =-+- TE. (92.9)° 
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nO.uCTaBJlSlSI 3TH BeJlH4HHbl B (92.10). noxysaex OKOH'Ia· 
TaKHM 06pa30M. Y'lHTbIBaSi <pOpMyJly (89.3). noxysaex 

TeJlbHO 

Ii liW=4 Uoj el. 

I 
(92.13)e = 2m lto HJlI! lie = 1e IUo' (92.9a) Wo fM 

8TO supaxenae onpeneaaer H3MeHeHHe CKOpOCTH BOJlHbl npH
Eho COOTHoweHHe 6Y,lleT HcnOJlb30BaHO HHIKe. 113 (92.6) H (91.14) 

oCB060IK,lleHHH 3aXBa'leHHOrO 3J1eKTpOHa (T. e. npu nepexonec.renyer 
Ai -+ Bi). OTCIO,lla MOIKHO ouemrrs oouree H3MeHellHe 3HeprHH.

_1 1_= -+- 2L e2m A~ = -+-~ A2, 
W 2 w~ - li'Uo - Uo 0 

CKOpOCTb B TO'lKe B, (csooonnue 3J1eKTpoHbl) 60Jlbwe. 'IeM 

B TO'lKe Ai (aaxsasennue 3J1eKTpOHbl). na BeJIH'IHHY 

2L I e I w~ 2 2L Ie I wg
WB.-WA.=~W= U Ao= Uol • (92.10)o 

rne A~l = 1 B npennonoscenau. 'ITO B cpennex B crpyxrype 
ua ,llJlHHY l npHXO,llHTCSI O,llHH 3J1eKTpOH. C npyron CTOpOHbl. 

eCJlH nJlOTHOCTb 3J1eKTpOHOB B nysxe ,llOCTaTO'lHO MaJla. nerxo 
nO,llC'IHTaTb sneprmo 3J1eKTpOMarHHTHolt BOJlHbl B ceKUHH 

CTpyKTypbl ,llJlHHOIt do. Ilpu 3TOM MOIKHO HCXO,llHTb H3 onpe

,lleJleHHSI. ,llaHHOrO B Ha4aJle § 88: 

@ _ 1 "2 Q2 _ 2 
rsa,,-2 LoI + 2C o -Lof, (92.11) 

rne J - TOK B JlHHHH. a Q aapaa eMKOCTH, npasea nna 
'IJleHa, axonsume B (92.11). B cpennea paanu. Orciona cne
ayer [cp. ypasnenae (88.5)] 

iJ[ d iJV 2d V k" ,L o(fi = 0 iJx = 0 0 SIn ~ 

HJlH 

J= 2Uo
L W cos ~', 

o 

r.ae ~'= Ul't - k'x. TaKHM 06pa30M, eCJlH npeneoperars sapa

.uOM 3J1eKTpOHOB B nY'lKe. cpe.uHSISI nOTeHUHaJlbHaSi sneprus na 

e.uHHHUy ,llJlHHbI JlHHHH paBHa 

_ 1 - - 2U~
 
$ = - $d = LJ2 = --.-. (92.12)
 

do LWgJ 

COOTBeTcTBylOll.I,ee nepexony Ai -+ B i . 
8HeprHSI 3J1eKTpOHa npu nepexone MeHSleTCSI. cor JlaCHO (92.9), 

Ha BeJlH'IHIlY 

2n$ = 21 e t u; (92.14) 

Y'ITeM TaKIKe H3MeHeHHe ~W CKOpOCTH BOJIH. rpaHH'IIIOe YCJlO

BHe rpeoyer, 'IT06bl k' 6blJlO nOCTOSlHHbIM; eCJlH. uanpaxep, 
n pHHSlTb. KaK B ypaauenun (92.10). UHKJlH'IHble YCJlOBHSI aa 
,llJlHHe l, TO 

k' = 27t"!L (92.15)
l • 

r.ae q - ue.roe, noxoxarem.aoe 'IHCIIO. 113McHeHHe CKOpOCTH 

cooTBeTcTByeT C,llBHry 'IaCTOTbI 

liOl ' liW 
(92.16)w' W' 

KaK B reopnu rsepnoro rena. B TeXIIH'IeCKHX npHJlOlKellHSlx, 

Ha060pOT, 'IaCTOTa aanana H He ,llOIlIKHa MeHSlTbCSI. COOTHowe

HHe (92.15) npHBO,llHT K pacnpenexemno 3J1eKTpOHoB no ypos
HSIM 3HeprHH: 

- ( 1),
$l = r + '2 nUl, 

rne r - uenoe 'IHCIIO. n09TOMY H3 (92.13) noaysaex .uIlSl snep
mH, npnxonsuieacs na ,llJlHHY l, 

li (~l) liw' li W 41 e Iu, 
(92.17)

~=7=-w=~' 

l1TaK, OKOH'IaTellbHO. .uJlSl oCB060IK,lleHHSI 3J1eKTpOlla (T. e • 

,llIlSl nepexona Ai -+ Bi) rpeoyerca 3HeprHSI, nonnaa BeJlH'IHHa 

KOTOpOIt. cor lIaCHO (92.14) H (92.17). panna 

~E=2Ie IUo+~($l)=6IeIUo' (92.18) 
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113MeHeHHe CKOpOCTlI BOJlHbl rpeoyer B ueaoa BTpOe 60Jlb Oouiee peurenne .n.JllI epyHKUHH ~ (x, t) Mbl MomeM rorna 
melt aarparu 9HepfHH, LJcM H3MeHeHHe 9HeprHH 9J1eKTpOHa, CBlI sanacars B cnenytouiea epopMe: 
aannoe C nepexonox 9J1eKTpOHa H3 aaXBaLJeHHorO COCTOllHHlI
 
B cB060.n.Hoe COCTOllHHe. i("'+~ OJ·)t i(k +~ k')a:


~(x. t)=e "2 - 00"2 F(ill~t-k'x). (93.6)
 

§ 93. Peurenae aaaasa CBe.a.eHHeM I{ ypaBHeHHIO Matbe Cpaannaas 9TO aupaxenne C aupaxenaex (90.2). BH.n.HM, LJTO
 

B § 90 Mbl H3J10mHJlH pan 06mHX CBOltCTB ypaanenaa (89.3). illO=ill+ ~ ill', ko=koo+~ k'. (93.7)
I

a B § 91 paccaorpenu LJaCTHbllt cJlYLJalt cJla60lt CB1I3H. B 60Jlee
 
06meM caysae 9TY aanasy MomHO HCCJle.n.OBaTb, caena ee K ypan C npyron CTOpOHbl, nepaonasecxyio epyHKJJ.HIO P MomHO saae
I•HeHHIO Marse. Ilpoaaaenex aaxeay neaaaecrnon epyHKUHH 

~ (x, t) = e(iOJt-kuoX)1I> (;). (93.1) 
r.n.e 

'1 1 
~ = 2'CP' = 2 (ill't - k'x), 

',.
 , mW 
kOO=T' 

113 ypasnenaa (89.1) nonyuaex rorna ypaanenae .ll.JIli II> (;) 

o2llJ 4 2(2m t)- + II> -2 - ill- koo + 1"0 + 221oCOS 2~ = O. (93.2)oe2 k' h 

xoropoe xoacer 6bITb npnaeaeno K KJlaCCHLJeCKolt rpopxe ypas
H2HHlI MaTbe 

o2llJ oe2 + II> (1] + 1 cos 2;) = 0, 

eCJIlI nonoacars 

4 2(2m )
1]= k'2 hill-koo+1"o , 

8Uo

1=1;2'
 

Peurenae ypaanenas Marse, cooraercrayjouiee O.n.HOlt H3 9J1e
MeHTapHblx BOJlH, HMeeT BH.n. 

II> (;) = A (~) ei~~, (93.4) 

rne ~ - neacraarexsaaa BeJlHLJHHa, a A (~) aanaerca nepaona
secxort epyHKJJ.nelt C nepnonoa re. Boaapauiaacs K nepexen
HOlt cp', MomHO raioue aanacart. 

i 1. 'f'
II> = F (cp') e 2 , (93.5) 

rne reneps epyHKJJ.HlI F (cp') nepaonasna no cp' C nepnonox 27t. 

HHTb npyron epyHKJJ.Helt (npn uenux p) 

F p (cp') = P (cp') e-iP'f' 

H Tor.n.a 
II> = Pp(cp') ei ({+p) 'f' • (93.8) 

113 cpasnenas sroro BblpameHHlI C (90.3) caenyer 

lIlp = ill + ~ ill' + pill' = (J)o +Pill' 
(93.9) 

kp = +{ k' + pk' = ko+ pk',koo 

LJTO cornacyercs C peayasraraa», nOJlYLJeHHblMH auure, 
Taxon 06mHlt nonxon n03BOJIlieT nOJlYLJHTb pan peaynsraroa, 

OTHOClImHXCli K cJlYLJalO CHJlbHOlt CBlI3H. 
YpaBHeHHe MaTbe n03BOJIlleT npencxaaari, HaJlHLJHe pana 

nOJlOC nponycxaaas, B KOTOpblX BeJlHLJHHa ~ .n.eltcTBHTeJlbH3 
(cp. § 48). .il.JllI KJlaCcHepHKaUHH 9THX nonce MomHO HCnOJlb30
BaTb nsa cnocooa 0603HaLJeHHlt B 3aBHCHMOCTH OT roro, paccxar
pnsaerca JlH epHr. 181 HJlH 182. 

.il.JllI epHr. 182 .il.JllI rpur, 181 

o -1<~<1 -1<~<1 

1 - 1 < ~ < 1 - 2 < ~ < - 1 H 1 < ~ < 2 (93.10) 
. .. . . . 

q - 1 < ~ < 1 - q-l < ~ < - q H q < ~ < q+1 

B JleBOM croaoue (93.10) YKa3aH HOMep nonocu nponycxanaa. 
B 060HX caysasx ~~ = 2. 

nepBbllt cnocoo 0603HaLJeHHlt 60Jlee nparoneu .n.JllI H3Y
LJeHHlI CHJlbHOlt CB1I3H (npn 60JlbWHX 1). Ileps ae nonocu 



<I> H r. YrJlOBOH K03¢¢Hl.\HeHT npsxux, 060
3HaQeHHbIX 6YKBOH Q, panen W. 

nponycxasas osem, yaxa H naior npaKTHqeCKH nOCTOSlHHoe sna-re
HHe .llJlSl lj H, caenoaareasuo, .llJlSl 0), TaK qTO aaBHCHMOCTb 0) 

(93. 12B) 

(93.13) 
v = V o+ ~ VpeiP'f'. 

p 

2m
k~- 1"o+2Uo < hO)' 

II. -, < lj < r- YaKHe nOJlOCbI nponycxanna (aaxaaqea
Hble 3J1eKTpoHbI): 

/II. ,< lj. WHpoKHe nOJlOCbI nponycxaaas (cBo6o.llHble 
3J1eKTpoHbI):, 
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2 2m 2 • 
koo - 1"o-2Uo < TO) < koo  1"o+~Uo. (93.126) 

3TH peayxsraru MoryT CJlPKHTb ornpaanoa TOqKOR npa 
HCCJle.llOBaHHH aaaasa B cnysae CHJlbHOR CBSIaH H COBna.naIOT 
C peayasraraa», nOJlyqeHHbIMH suure .nJlSl cJla60R CBSIaH• 

Ofiparnoe aoaneacraae aa 3J1eKTpOMarHHTHylO BOJIHY rypaB
HeHHe (88.6)J B cayxae CHJlbHOR CBSIaH ropasno rpynnee non
.naeTCSI HCCJle.nOBaHHIO, nOCKOJlbKY BeJlHqHHY #* yace HeJibaSi 
npencrasasn, <pyHKUHeR cos rp' [CM. (91.13)J. B 3TOM cayuae 
MOlKeT nrpars cYw.eCTBeHHylO POJIb HeJlHHeRHaSi .lle<popMaUHSI 
BOJlHbI. .IleRcTBHTeJlbHO, peurenae .llJlSl ~ 6bIJlO nOCTpOeHO B npen
nOJlOlKeHHH, qTO na 3J1eKTpOHbI neacrsyer CHHYCOH.llaJlbHaSi BOJlHa, 
pacnpOCTpaHSlIOw.aSlCSI C .llaHHOR CKOPOCTblO. O.llHaKO 6J1aro.llapSi 
peaKUHH 3J1eKTpOHOB BOJIHa .lle<popMHpyeTcSI, TaK qTO B ;ee 
cnexrpaasaoa pasnoaceann nOSlBJlSlIOTCSI paaJlHqHble rapMOHHKH, 
a raxaa aanasa B TOqHOM BH.ne peuiena 6bITb He MOlKeT• 

.IlJlll nOJlyqeHHSI npH6J1HlKeHHOro peureuna 3TOR aa.naqH ee 
CBO.nllT K aanaxe • caaocorJlaCOBaHHoro nOJlSl", KOTOpylO MOIKHO 
1l0CTaBHTb CJle.llYIOw.HM 06paaOM. 3J1eKTpOMarHHTHble BOJlHbI 
npe.nCTaSJISIIOTCSI B anae npOHaBOJlbHOro paaJlO>KeHHSI, conep
xcautero aucurae rapMOHHKH; .npyrHMH CJlOBaMH, BMeCTO npocroa 
CHHycOH.naJIbHOR BOJlHbI, aa.naHHoR COOTHoweHHeM (89.2). 6e
peres paanoacenae <Pypbe 

rae rpl = O)'t  k'», P - ueaoe qHCJlO. <PyHKUHSI ~ MOlKeT 6bJTb 
npencraaneua paaJIOlKeHHeM BH.lla (90.1), O.llHaKO. nOCKoJlbKY 
B JIHHeRHbJe ypaBHeHHSI (90.4) BOR.llyT qJIeHbI BbJCWHX nopnn
KOB, B nerepxananre XHJlJIa A rypaBHeHHe (90.5)J npncyr
CTBylOT ace He.nHarOHaJIbHhle 3JIeMeHThI. Paapeuras 3TY cacrexy 

,, 

j.. i.'.' 
~ 

(93.12a) 
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Fnaea 14 

't • I ::71 k +lk'00 Z 

B CHCTeMe KOOp.llHHaT (0)0' ko) 3TO cooraercrayer orpesxy 
npsuoa C yr JlOBbIM K03<p<pHUHeHToM W = 0)' [k", Crpyxrypa 
nonce npencraaneua na <pHr. 185. PaaJlHqHe Me>K.ny CBo6o.llHbIMH 
H aaXBaqeHHbIMH 3J1eKTpOHaMH cpasy >Ke cnenyer na 06W.HX 
CBoRcTB ypaBHeHHSI MaTbe, KaK BH.llHO Ha cnenyiouiero: 

I. lj < -i. 06J1acTeR nponycxanas HeT: 

2m 2Ii" 0) < koo - 1"0- 2Uo' 

OT ~ npOSlBJlSleTCSI JlHWb B nonocax nponycxauns 60Jlee BbICO
xoro nopsnxa. TaK, aanpnxep, nonoca nponycxanna aynesoro 
nopanxa naer, corJlaCHO (93.7) H (93.10), • 

(t) = Qo' 0)0 = Qo + ~ 0)', ko = koo + ~ k', 

I ~ 1 (93.11) 

-2<2<2' 

442 



444 I'saea 14 

ypaaaeann, MO>KHO onpenenan, K09!f>!f>HUHeHTbI An paaJIO)l{eHHSI 
!f>YHKUHH 0/ H, CJIellOBaTeJIbHO, 9JIeKTpoHHylO nJIOTHOCTb 

Bpei pp', 0/0/* = ~ (93.14) 
p 

rlle 

Bp = ~ AnA~-p. 
n 

flOllCTaBJISISI 9TO aupaxenne B (88.6). JIerKO aaxerurs, 'ITO 
rpopaa BOJIHbl He oyner HCKa)KaTbCSI, eCJIH K03!f>!f>Hu.HeHTbI Bp 
nponopunonansnu COOTBeTcTBylOlll,l1M K09!f>!f>HUHeHTaM Vp: 

Bp = IXVp • (93.15) 

Ilpa 9THX YCJIOBHSlX ypasneune (88.6) llJISI CKOpOCTH BOJIHbl 
TO'lHO llaeT BeJIH'IHHy ur. 

Ha COOTHoweHHH (93.15) H OCHOBblBaeTCSI npHMeHSIeMbllt xeron, 
OTMeTHM, 'ITO MO)l{HO cpasy sanacan, HeJ1l1JleltHoe ypasae

HHe. onncuaajomee naanyio aanasy. Byaex paCCMaTpHBaTb BOJIHy 
aanaauoa !f>OpMbl, pacnpocrpaaaiouryiocs C nOCT051HHolt CKO

POCTblO: 
V = V (x - urt). 

Torna ypasneane (89.3) npHHHMaeT CJIellYlOlll,Hlt BHll: 

o"V ( 1 1 ) 02p 02
•

at" W2- w~ = - L @ = Lie I ot2 (0/0/ ). 
\ 

Harerpnpys 'ITO ypasneune H onycxas '1JIeHhl, nporuaopexa
ume npeanoaoacenmo 0 HaJIH'IHH craunoaapuoa BOJIHhl. HaXOllHM 

W2W2
 

V = Vo+ 2 0 2 Lie 10/0/*.

Wo-W 

flOllCTABJlSllI reneps 'ITO aupaxeaae B (89.4), nOJIy'laeM{HeJIH
weltHoe ypasueaae llJISI !f>YHKUHH 0/. onncuaajoiuee llaHHylO aanasy. 

OTMeTHM B aaKJIIO'IeHHe. 'ITO HaJIO)l{eHHbllt TOJIbKO 'ITO 
MeTOll nparonea llJISI peureuns MHorHX npyrnx aanas, aa KOTO
pue )fbI yxaauaann B nauaae 9TOlt r JIaBbI. B '1aCTHOCTH. OH 
Mor 6b1 6blTb npnaeaeu K aaaase 06 ynpyrux BOJIHaX B nposon
HftKax. xoropas paccxarpnsaaacs KJIaCCH'IeCKHM MeTOllOM flap
MeHTepOM 1). 

1) P II r men t e r, Phys. Rev., 89, 990 (1953).
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~3nATEnbCTBO ~HOCTPAHHO~ n~TEPATYP~ 

KHUlU no tjJU3UKe 

nE4ATAIOTC5I 

Kay JIll Hr' T., MarHHTHaH rH,lJ,p0,lJ,HHaMHKa. Ilepeson 
C aHrJlHflcKoro. 

K 9 H U. H r B., CerHeT09J1eKTpHKH H aHTHcerHeT09J1eKTpHKH. 
OepeBO.ll C aHrJlHUCKoro. 

Il e p JI M a H H., Pac My CCe H n/K., AJlbl\la-pa,lJ,HOaKTHB-

HOCTb. OepeBO.ll C aHrJlHflcKoro. 

T a y H C 4. 11 ill a B JI0 B A., Pa,lJ,HOCneKTpocKonHH. Ilepeson 
C aHrJlHflcKoro. 

Bonpocu KBaHTOBoD reopaa MHorilX rea. C60pHHK craren. 
OepeBO.ll C aHrJlHflcKoro. 

HeJlHHeAHaH KBaHTOBaH reopna nOJIH. C60PHllK crarea. Oepe
BO.ll C HeMeu.Koro H aHrJlHflcKoro. 

<l>H3HKa HH3KHX TeMnepaTyp. Ilepeson C aur J1HflcKOro H 
neaeuxoro. 

Crpoenae arouuoro aapa, Ilepeson C aarJ1HflcKoro. 

r e fl.ll 0 H A., Cnexrpocxonaa naauen. Ilepeaon C aHrmlfl 
cxoro. 

rOTOB5ITC5I K nE4ATYI 

EaT JI e pc.. Sl,lJ,epHble peaxuaa cpuaa, Ilepeson C anr J1Hlt
cxoro. 

rHpllI<peJlb.llep )l>K., Ke p r a c c 4., Eep.ll P. MOJleKy

JlHpHaH reopas ra30B H }I(H,lJ,KOcTeit. Ilepeson C aHrJlHlt
cxor-o. 

K 0 IT <p e p M a H O. 0., Sl,lJ,epHble MOMeHTbI. Ilepeson C He

Meu.Koro. •
 

Kif T T e JI b 4., CTaTHCTHQeCKaH l\lH3HKa. Ilepeson C an

r J1ll.flCKoro. 

<l>H3HKa nOJlHMepoB. C60pHHK craren. Ilepeson C aurnaacxoro, 
<ppaHu.yacKoro H neueuxoro. 

Penrreuoecxae JlYQH. Ilepeson C anr J1HflcKOro H HCMeu.Koro. 

TeopHH cBepXnpOBO,lJ,HMOCTH. ~60PHIlK cTaTefl. OepeBO.ll 
C aarJ1HflcKOro H aeueuxoro. 

3 fl a e H 6 y n Jl, H B H r He p E., Crpyxrypa lI,lJ,pa. Ilepeaog 
C aHrJlHflcKoro. 






