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PRETFACE.

Tuxk following collection of Problems is intended to supply
a decided want, viz. a series of Problem Papers in elemen-
tary subjects, which, without being too easy, shall not at
the same time be utterly out of the reach of students in
the highest forms of our public schools. Of mathematical
problems there is no lack, but the general complaint abont
them is, that they are far too difficult for any but very
advanced pupils, and as they are as a rule unaccompanicd
Ly any hint as to the particular manner in which they are
to be attempted, they usually fail to serve any educational
purpose. The following Problems have all been set to
pupils who were reading for scholarship examinations, and
have been selected chiefly fromn scholarship papers, and those
set in the elementary snbjects in the Tripos in recent
years, so that an intimate acquaintance niight be formed
with the style of questions which have been alicady pro-
posed in thesc examinations. In making the sclection, the
greatest care has been taken to exclude all that were found

on trial to be unsuitable either from being too easy or too
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difficult. Of course it is not always easy to hit the happy
medium, especially with Problems, many of which, though
apparently difficult, are in reality easy when once the right
method of attempting them is discovercd. In order that
facility in attacking Problems may be acquired, it is neces-
sary that a student should not only have constant practice
in them, but dlso that he should be able to find a solution
of those which he himself may be unable to solve, for
there is no doubt that whilst some benefit is derived even
from unsuccessful attempts, the benefit is very greatly
increased in those cases by a solution, as methods are thus
acquired which can be applied with success to similar
Problems,

A second volume is therefore in course of preparation,
containing solutions for the use of private students and
of mathematical teachers, who have not always the time
to spare for them.

Questions on the following subjects only have been
admitted : Algebra, Arithmetic, Euclid, Trigonometry,
Geometrical Conics, the Elementary parts of Analytical
Conics, Statics, and in a few of the later papers, Dynamics.
It will be seen frcin the solations that the Problems
which oceur relating to Algebraical and Greometrical
maxima and minima can easily be solved from elementary
considerations without employing Differential Calculus.

It is recommended that one paper should be set each
week so that cach Problem may be fairly tried, and as
they will be found to be graduated in point of difficulty,
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the order given in the book should be adhered to.
Together with each paper the author has found it of the
areatest service to give alternately five riders on Geo-
nietrical Conics and five on Euclid. Those given in
Mr. Besant’s Conics and Mr., Todhunter’s Luclid, begin-
ning at No. 441, were used not only for their intrinsic
nierit, but also because solutions to the riders in Dboth
books have been recently published.

PREFACE TO THE THIRD EDITION.

In this edition the following alterations have been
made. Articles 25, 26 on the Summation of Series have
been expanded.

Instead of Prof. Purser’s proof of Feuerbach’s Theorem
formerly given on pp. 33, 34, of which a complete proof
is now to be found in most advanced text-books on
geometry, I have given a new proof by Mr. R. F. Davis.

In the preface ‘to the Solutions I stated that “some of
the questions in the Problem Pupers were taken from the
Triposes of 1875 and 1878, solutions of which have been
published by Messrs. Macwmillan, and for the use of those
who did not possess these solutions I gave as an Appendix
an equal number of alternative questions which are to a
great extent similar in character to the corresponding
problems.” These have now been added as an Appendix
to the present volume, and they will be found solved at
the end of the Solutions of the Weekly Problem Papers.
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The errata which were previously printed in a separate
list have now been corrected in the text.

I take this opportunity of stating that improved solu-
tions of several problems which were sent to me from
tiine to time by various mathematical friends will be
found on pp. 269—285 of the Companion to the Weekly
Problem Papers, or Supplementary Chapters on Elementary
Mathematics. For any further corrections or solutions I
shall at all times be very grateful.

JouN J. MILNE,

INVERMARK, ALLRYN PARrk, DurLwich, S.E.
September, 1891.
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1. ALGEBRA.

1. (1) If the two expressions az? + Jz 4 ¢ and
@a? 4+ bz + ¢ have a common factor, to shew that
(@b — ab') (b'c = be') = (ac’ — d'c)%

Let # — a be this common factor,

Then #a® +ba+c¢c=0 . . . . . (1)
and aa®+batc=0 . . . . . (2
Multiply (1) by o’ and (2) by o and subtract
wa(@h —all) =ac —ac. ... (D).

Again, multiply (1) by ¢’ and (2) by . Then subtract

and divide the result by a.
*oalac’ — a'c) =bec— be' .. .. (B)
.. from 4 and B
@b — all) (b'c = be") = (ac' — da'c)>
(2) Or more briefly thus. From (1) and (2)
2 a 1

a = =
Ve — b ad —ac 46— all
o (@ — ab) (be = o) = (ad — o)

2. If the two expressions 22 + az + & and 22 4 a2 -4 ¥/
have a common multiple of the form 23 + pz 4 ¢, then
ab = a't' = — ad(a + o).

S B



It is obvious that

wd - pzr+ g

Lad - ) - ab

. ab

and & — a?

L0 =l

L a(it — 't =dal — al
—d@+d)

- ad (o + )
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= (@ 4wz +b) (o - @)
=4 adz+ V) (z-d)
=zl — a?) — 'V
=dal

= — a?

—a? _ ¢®

ab - ab = Ua - o)
b

=ub = o't/

Binomian THEOREM.

3. Tofind the greatest term in the expansion of (¢ 4 2)£=.

Note.—In following proof expressions on the left of the
vertical refer to the J-ve index, those on the right to the

—ve index.

The (» 4 1)th term is
n....(n—7r+1)
z

The #th term is

#eon(n—r42)

ar, an—r

z«r—lan—r-]—l,

n..(n+r-1)
1z

T an-T,

Mool dr=9)

r -1 r—1
The (r 4 1)th term is obtained from the sth by the
multiplier
n—r—l—l_f, n—f—r—l'f_’
r a r a
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. the (» 4 1)th term is > 74 term as long as this mul-
tiplier is > 1.

And since this multiplier is

CEENE )2

we see that it continually decreases as 7 increases.

. the 7tb term is the greatest, or equal to the greatest
when this multiplier is first less than, or equal to 1.

i.e. (.,”;H—l)5<or=1, ("’ +1) <or=1,

i.e.”+¥—1<0r=‘—z; n—_-l—{-l<or_‘_’,
r & 7 x
ie. 7z+1<0r=w, n—-1l< or=’_'(“_"_""'),
z z
X2 (_’_‘_"i)f< or = 7, (72_—_1)3;< or = 7,
o+ =z ¢ -z

the #th term is the greatest, or equal to the greatest
when r is first
n — l)z',

(7;+1)z (
rrT a+z > @ -z

4. If ar be coefficient of 27 in expansion of (1 + z), to
prove that

GQpaf 3B .. faln o Mt 1)
dy ay ay a,_, 2
B 2
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For
n(n—1)....(n—r41) w(n—1)....(n—r+2)
a, = : y Uy = .

T li_ 7 — 1

r.% =r.’%t—1=n—7'+l.
Putting for » in succession 1, 2, 3,. . . . we get
Lyo%43B g =atG-DF(2-2)+F....+1
a, a a9
_nz+1)
-2
5. Also
l n
(@9t @) (o, +ay) ....(an_l-{-an)zaoﬂl...,an_l.(n—_l-—l'

For ar +1___ﬂ—7‘+1+1=ﬂ+1’
7 7

Uy

L dpta, et ay og+ ag ay_y+
. . - ..

a, a, a, Un_y
e+l nt1 nt1
1 g
1 n
oo ggtay) (g tag) .. (e e =agn ey, _g . (n‘{; ) .

—
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2

For A+ 2)" = gy + oz + age® 4.
" 1
(1+%) =”o+”1;+d2%2+..

%3
. ot 4al4 ... .= absolute term in (14-2)" - s :;r-')_.

= coef. 2" in (1 + z)".
_ i

floy”

7. To find the value of 3(a,), S(na,), =(n?a,)......
where 2(n'a,) = 17a; 4 2%a, + Bas + ceen - 2'ay,
@42 = {1+ +a)
=ty + o1 4 2) + a1 + 2 + ... + a (1 + 2"
.. equating coefficients of like powers of 2
P =aytatat.... +a, =3,
2 t=1.a+2.0,4+....+n.a, =3na) (1)
nn - 12" = 1.2, 4+ .... 4 n(n — ), .
= 3(n’a,) — Zna,) . .+ . . . (2
°, Adding (1) and (2)
n(n 4 1)2"7% = 120, + 2%, + ... 4+ n%a, = 3(%a,) (3)
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Again we have
an—=1)(n-22"3=1.2.3a,+.... +n(n—1) (n—~2a,
= s(nfa,) — 33(n’a,) + 23(na,) . . . (4
.. From (1), (3) and (4)
n¥n + 3)2""% = 2(n%,)
= L%y + 2%a, +.... + na,.

By proceeding in the same manner we can find the
value of 3(n"a,) where 7 is any integer < n.

8. From these results we can find the sum of the
binomial coefficients when combined with factors con-
sisting of the natural numbers connected by any given
law.

Ex. To find the value of

1.8% +2. 80 + ...+ n(n + 2%,

The nth term is (n® + 4n° + 4n)a,

. the required sum is 3(n’a,) + 43(n%s,) + 45(na,),
andis ... known.

4y 2 i )
9. Alsoa,,+2+3+.... |
For
Q42" 1 2t | n(n ~1) 28
e e A R T

N e
R

@

=no.r+§:v‘~’+%2.2'3+....
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= . 4G 4 2n+1__}
Put.’r—l‘..ao—}-—é-}-g-}-... o
10. Again
(1 + zyrt? 1 + x +:r2+ 23

W DGTY GFDmF a1 2T T3

w(n - 1) af
+t= gt

.. Putting z = 1 and transposing

ont? _(n43) 1
(7L+1)('IL+2).—1 0+ 3 1+ +....

11. To {ind the sum of the first » coefficientsin

1 -
(l—l—zw“""?’”%—l)xw.. :
11 =l+4otat4....
”u—:m+1 +(1+pﬂ+41+p+ﬁ@+4»ﬂ4_
¢, required sum is coefficient of z7-1 in (—1#4, 1

and .-, =(7)+1)(7’+2)---.(7)+n—1)'
Iz =1
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12. The coefficient of #" 71 ir El =+ ;))2 is2" "1z 4 2r),

1 _ .
((1 —f?)z N R i
=(1-a? 2" —n. 21 —2) +

n.(n—1 _ )
2D ey
= 2(1—g)~2—p. (1 = g)=1 " =D) gn—
e
+ terms which need not be considered.
.. coefficient . 2"l = 9"y 4 7) — 97 4,

= 2" (n 4 2r).

(Wt

13. Tofind the sum of the first # coefficients in a 3)2

Lot(1+r) = ay + ax + a? .,

(1 -
-1-%-% 1+a4a%4.
((111-—;\): = a5+ (aq-{-al)m-{-(ao +a, Fa)a?4-. ...

X . (1 - a2y,
. the sum of the first » coefficients in —— ~" is
(1 — )

evidently the coefficient of 27—1 in 8 + ,,-)):’ which is
-

easily shewn by the method of the preceding article to be
2n-3n(n + 3).




WEEKLY PROBLEM PAPERS. 9

1.3.5....2r -1
14 Ifar = T 416 . % , prove that

dgpy1 T 018 + oot 2y g2+ a2, =1%
(1-2)"i=ldautan+. ...+ a5,0" +ag, 2+ + 4.
(1—2) " =dtay, @ Fay ™+ ot

oo (1 —a:)_l=_B+.1;2"+1{a2n+1+a1a2n+....+a2_nal+a2n+1}

Thus the given expression is § the coefficient 22+ i
expunsion of (1 — 2)~}), andis.". = 4.

15. If ay, a4, g . . . . an represent the terms in order in
the expansion of (¢ 4 )%, shew that

(ag—ay + ag. .. N A L= (@4
@+ =a0yF+a f+as4+a;+....
Change « into /= 1
@ty I =ay o - T—ay— N =1 +ag+ ...
=y - ay+ay v FNT 1 - g+ }
Change the sign of #
o (2 - ij)1L =ay— al‘\/j—t/2 + a3Jj+ ay + ...,
={a0— a2+a4—}— V—_l{al—as-{-,m}
.*. By multiplication

(«* + ) = {ay ~ @y + a, ’,2—{— {al - a4 +ab....}’f




10 WEEKLY PROBLEM PAPERS.

16. To shew that all the coefficients in the expansion ot
(1 4- &) —n are integers if # be an integer.

The coefficient of 27

wn+1)....647r-1) n+7r—1

r G
Now this is the number of combinations ofn4+r -1
things taken r together, and is.". an integer. And since
this is the general expression for any coefficient we infer
that every coefficient is an-integer.

17. To prove that difference of coefficients of #r+1 and
arin(l4apt+l = difference of coefficients of 27—1 and
ar+1in (1 4 z)n

Let ar -1 and a» + 1 be coefficients of 27 —1 and 27 + 1 in

1 + )~

Then cocfficient of 27 in (1 4o +1lis e 4 ar-1 and
coefficient of a7 + 1in (1 4 &+ Visar 4 or 4+ 1.

*, difference of coefficients in each cate = ¢r—1~a +1.

18. To prove that

1 1 a1 1 1 1
—_— - —_ TS Gt _1 _—— — eses -
t— gyt gty (1" = pt o b ot
Let
fln) = ay — g% +:_1;a3
wp Linta—1) 1 2(z—1)(x—2)
2 2i[2 + g__@—-—
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_ (n_l)_%. (a=Dz=2) 1 (n=1)(r=2)n-3)

2 8’ B
_e=1 (=1 (r—2)
+1 3 + 5 +
_ _ 1(7_n(n—,1) wn—1)(n —2)
N e e e
=fle =N+ Z{1—a—1ph
1
=fr 1) + =
Siailarly f(r — 1) = fln — 2) 4+ 2,
7 — 1
78 = 1@ + ¢
£@) = AV + 5
A =70 +
. By addition f(z) = £0) +% +% 4 +712
and f(0) = 0.
19, To shew that
ﬂ(n—}-l)....(ﬂ.—}-m—l)_n ﬂ(ﬂ+1)....(n+ﬂl—4)+
\» ' -3

n.oa—1 ne41...(2dn-T) _ s )
—E—' T e Oifm >2n

and = 1ifm = 2n.
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23

1+.T+x2=1:-x. =(1-2)71(1 - )

et =(1~a2)"" (1 — 2%
Now

Q—z)-nr=1 +”“+n(n+1)_,,_(n+m_ 1

ITIZ

)z""—l-
(1 —adm=1—na’+ (nIQ_ D, o84 ..

wne D (ndm—1)
z Ll

m

S (ltzda2)n=84
—_n. nin+1)....(n + m — 4) +....}+

m -3

.. the given expression is the coefficient of z7 in
(1 + 2z + 22" and
v =0if m >2n,
since highest power of # in (1 4~z 4 2%)» is 22n
and = 1 if m = 2n.

L | .
e T ey N T S TS
n.n—1 | +

+ E r42\n—r—2

2
Then £0) + nf(1) + ”(”L “Deoy 4. = [féi
A4an=14....4 g
ir—r

Q4 o) =14 ne+....4 nen-1 4 g7,

g SR
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By multiplication we find that the cocfficient'of 27 + 7 in

(1 4 «)2n is the series f(r). Thus we see that the series

F(0), A(1), .... are the ccefficients of succeeding powers of
x beginning: with %7 in expansion of (1 4 z)2n,

s 4o

and (1 + 2)»

K3 (1 + 4;)3/1

It

1404 f0).2n 4 f(1).an+1 4. ..
14 nx+4.... 4 nxr=1 4 an,
14.... +z2"{f(0)+13,f(1)

+ﬁ_'_7l”_ﬁ;1f(2) o A

Lo gt %

. n.n—1 . L?i
- SO) W)+ E ) e = o

21. To find remainder after n terms of expansion of
(1—-2)-2

Let(1=2)-2=1+4+ 2+ 322+ .... 4+ R.
. by multiplication
1=149+324....+R
— 2% — 422 — ..., — 22" — 22.R.
N N (UL ) s B P b B N
V0= = (n 4 D" + na™t 4 R — o)t
o R = (n4+1 — ne)e"

(1 —a)?
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992. If ar be the coefficient of 27 in expansion of
, to shew that
ar — 2(1 + 20%ar—2 + ar-4 = 0.
I -2nz—aD)~t=1+4.... Fa" +

1
1T—Zna—2¥

Multiply by 1 — 2nz — 22
Sl=14 a2 4.
— 2ngr_1a7 4 ...,
— ar-227 4 ...
Sodar — 2ndar—1 — ar-3 = 0,
ar-1 — 2nar—2 — ar-3 = 0,
dr—2 — 2nar-3 — ar-4 = 0,

. Ay — Ur—2

dr-2 — tr—
— Omar—s — 4r=2 T Ar=t g,
2n 2n

coar — 201 4 20ar—9 + ar-4 = 0.

23. To shew that the coefficient of z7 in

“t ) g(n—7)$n—{-1)
1

% 2 E_l 3_2
(1+;) ~un 4 oage (2 )—{-azz'2(2 )+

2(2_"'_‘1')
—I—a"_r.x 2 2 + ...

o
2
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.. the term involving zr is the ( L 1) of which

the coefficient is

nin—1).. fn_(L;T+1)+2} n(n-l)....('iﬂ+1)

D) Eo-n
N
T tn

24. The summation and factors of the series
Ir 420 4 3r4....Fn
Denote the series by S;. By the ordinary methods,

SZ=1+1+...=n,‘ S;=1+2+3+m=n(n;_1)
=gy St EDE D,
n 6 5

S - 13 4 23 4 O o Vi

—_— .

There are two general formule, which may readily be
obtamed as follows.

— (n — 1)5 = 5nt — 10n% 4 1012 — 50 4 1
(n— 15 — (n — 2)5
=5n -1 -10n - 1)* 4+ 10(n - 1)2 - 5(n — 1) + 1
2 -1"=5.20-10.234+10.22—-5.2+1
15-05=5.14-10.13410.12-5.141
*. by addition,

n = 58— 108" + 108" — 551 4 80,
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Now from the law of formation we see that the mul-
tipliers of Si&c. are binomial coefficients. .. generally,

wl = (r + 1) 87 - (r tl) ST (- 'S0 (4)

Again,
(n - 1)° — 0% = 5nt 4 1083 - 1002 - 50 4 1
ns — (n — 1)%
=5(n — 1)t 4 10(n — 1) 4 10(n — 1)2 | 5(n — 1) 4+ 1

25 _16=5.1¢4-10.12 4 10.12 4 5.1+ 1
*. by addition,
(415 — 1 = 58* -+ 108° 4+ 108> + 58 + 8°
n n n n n
*. as before, in the general case we have

o =1 = 4 S, CE S b

25. If we wish to find the value of S; for any given value
of » by means of (4) or (B), it is evident that we must first
find the values of S;_ L S;_2, &c. We will now shew
that Sr can be made to depend only upon the sums of the

previous even powers if 7 is even, and upon the odd powers,
if » is odd.

I. Let » be even.
Then from (4) and (B) by addition,
(n 4 1)r+1 - pr+l — 1
_of/. ” (r+ Dr(r = 1) yr—2
_2{(,+1)S"+—@ S
(r+ Dr o2 0
+ @ Sn + Sn}
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Put for S’z its value », and transpose.
oo Dl ol — 2 — 1
=2{(,-+ DS + M—DMS"2+__,_
n 13 n
(r 4+ 1)r Sz}

+ 2 M .o ()
Rearranging the left-hand side of (¢) in the form
{(n 4 1)r+1 4 m+1} — (2n + 1), we see that it contains
the factor 2n 4 1. The expression also vanishes wlien we
put » = 0, and n:=—1, .. it contains n(n 4 1) as a
factor. .. it contains as a factor n(n 4 1) (2n + I). In

(C) putting » =4, we see that 2(5Si+ 10:8’:) containg

as a factor n(n + 1) 2n 4 1). .- S: containg as a factor
a(n 4+ 1) (2n + 1).

By putting » in succession = €, 8, ..., we see that
S; containg as a factor n(n 4 1) (2n + 1). Now this ex-
pression is a multiple of 6.

. when 7 is cven, S:;contains as a factor the expression

Mok DAY G, st
II. Suppose » odd.
Adding (4) and (B) we have
(n + 1)+t 4 4l — 1

~ofe+15] + AU =Dgr2y 4ot s} )

13
aln 4+ 1)
2

. L .
Putting for §  its value and transposing,

(41 nr+l — (r 4 Dn(n 4+ 1) — 1
_ X4 (7’ + 1)7‘ (7' - 1) -9
_2{(r+ 1)Asn+TS” +....

+w?;(r_"l)si} )
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We will now shew that the left-hand side of (D) contains
n2(n + 1)? as a factor.
Expanding, we have

wtl 4+ (7 4+ Dnr 4 ... 4 (r—L-;—-—l)rnz+ r+ Dn+1
Gt - (r4+ 102 - (r4+1)n-1,

which is obviously a multiple of =2,
Again, the expression on the left of (D)
=+ 1){(n 4+ 1)y - (r+ l)n} + wr+l — 1
= (n 4 1){(n + 1) -+ D -1 f ... —I}
If we put n = — 1 in the expression in { }, we obtain
{04 (¢ + 1) = (» + 1)}, which = 0.
.. the expression on the left-hand side of (D) contains
n2(n 4 1)? as a factor.
-, as before, we see that when » is odd, S; contains as
a factor n¥(n 4 1)2  And this is a multiple of 22
S; contains as a factor the expression
ek D e, 83

- n

26. If we write S: for n(n_-l-l)G(Qn_-l-l), SZ for ’ﬁ'%l' 1)2}

and 4 for n% 4 n — 1, we find
585 =8 (B34 +2); 380 = 8% (24 + 1);
T8° = 8 BL43441); 68, = 8 B+ 24 41);
1585 = §° (640 + 542 + 44 + 1);
58° =8 A@A* + 4 +2);
1182 = 8% ABAL + 242 4 54 + 1);
65 =82 @t + 542 — 2.4 4 1).
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27 I When the law of the formation of a series is known,
the usual mode of summing the series is to split up the
nth term into the difference of two other terms wn — un-1,
where s is the same function of n that up—1is of n — 1.

g 2.4 2.4.86
Bz s+ 1 385 1T.5.5.7 17"
Here the nth term is
2.4.6....%n

1.3.5....2n+1)
This can be written

2.4.6....2n .
1.3.5....(2n+1){2’°+2—(2%+1)‘.,

. 2.4.6....(2n 4+ 2) 2. . 2n
hich = —
which = 5 5 Ton+ D) " 1.3.5...@n—1)
= MUn — Un-1.
And the first term 152 4 —2.
1.3 1
2 4.6. @2n + 2)
S S =T T AR A
"= 1.3 on 1) 2

I1. Sometimes, however, we have to discover the law of
the series before we can write down the nth term.

B —15—13 — 6+ 9435 4+ 75 ..

Form a new serics by subtracting each term from the
term which follows it, and repeat the process until we get
a series of equal terms.

Thus § = — 15 — 13 — 64+ 9435 4754 ....
S, = 247415426440 + . ...
S, = 54+ 84 11+144....
8y = 34 34 34 ...

. the nth term is of the form 4 4 Bn 4 Cn® + Dnd,
¢ 2
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To determine A, B, C, 1) put » successively =1, 2, 3, 4,
od+B4+C+D = - 15
A+ 2B 4 4C + 8D —13\
A+3B4+9C+21D = — G

A+ 45+1604+610= 9

To solve these equalions it will be found best in practice
to eliminate the successive quantities by subtracting each
equation from the following one. Thus eliminating 4 we

get
B+4+3C+ = 2
BL5C+ 19D 71'
B4+ TCH+ 571 = 15J
Ehminating B in a siini'ar manner we get
20+ 120 =5 g
2¢ + 180 = 83"
Thusweget D =3, 0= — 4, B=0,4 = — 15,
.. the ath term is — 15 — #n? 4 30l

Thus we see that the given series is the modified sum of
three other serics in which the nth terms are respectively
1, n?, nd.

- applying the results obtained on page 18, we find for
the sum of n terins

Sp= — 16n — n(n + 115271 +1 + 732("*2‘ 1y

III, Sometimes we find that instead of arriving at a
series of equal terins, we finally get a geometric serles

Er—8 =1-8—18 - 20+ 4 4 90 + 310 4 ....
S = =910~ 24241864220+ ..
8, = — 14 84264 62 4134 + ...
S, = 9418+ 364+ 724 ...



WEEKLY PROBLEMN PAPERS. 21
. The nth term 1s of the form
A+ Bn+ Cn? 4 D.2n-L
Determine 4, B, C, D as before by giving = the suc-
cessive values 1,2, 3,4, and we find 4 =0, B = — 3,
C=-5D=09
. the nth term is 9. 22-1 — 3n — 5n’

.. the sum of n terms

P Sn(n;— 1) Sa(n + 12}(?7@ + 1)

IV. Now consider the serics
2414+14+74+37T+151+5414....

Hecre we find on trial that the preceding methods give
ns no information concerning the nth term. It is best,
therefore, to introduce z and treat the series as a recurring
series.

Thus
S =24 2 4 a* + 728 4 372 4 15148 + biTa® - ...,
prS = 2p& =+ p + pa® + Tpat -+ 87pas 4 181pad+ ...
qa?S = 2qa? + qad + qat - Tga® + B37qat ...
ra3S = 273 4 rat 4 ra® 4 Trdd 4
Add, and assume that the coefficients of a3, 2%, and 43
vanish
S22 4qg+ 4T =0
r+gq+ T+ 387 =0}
r+ 794+ 87p + 161 =0

From these equations we get p =— 6, ¢ = 11,
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By trial we find that these values of p, ¢, » make the
coefficient of 28 vanish. Therefore we know that
§ = 21+ 2p) + 20+ p + 29),
1+ pz 4 g2 + 728
2~ 1z 41727 2 ~ 11z 4 1722
Tl 6r 11— 622 (1 -—-2)(1 - 2) (1 - 32)
Resolving this expression into partial fractions, we find
4 3 1
Sermimtite
., the nth term of the given series is
4 — 3, 2n-1 4 31!.—1,
.. the sum of n terms

Sn = 4n +

30— 1 2 _ 1
51 "2 g1

;Z.+4n+?i2"_3.2n.

I

It is easy to see that IL and IIL might be treated as
recurring series, but in practice we should often find a
difficulty in resolving the scale of relation into its sinple
factors., The cases in which the methods given in II. and
III. do not help us are those in which the nth term in-
volves the sum of the nth terms of two or more geoinetric
8:r1es8.

V. Consider the series

14 1 22 1 22 1 44 1
ivaetssaetsasetis o e
58 1

Tsermto
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By methods employed in II. and III. we find the law of
formation of the numerators to be

n? 4+ 5n + 8,
.~ the nth term is
n2 -+ 5n 4 8 1
a(n 4 1) (n 4 2) "2
Assume this to be of the form up — ur—1
An 4+ B 1 An - 1)+ B 1

TmFD@m 2 22 wmt1) o
o0 4504 8= n(dn+ B) - 2(n +,2).{A(n— 1)+ B}
= —4An®— (24 4+ B)n +44 — 43,

.. equating coefficients of like powers of n, we find that
the values 4 = — 1, B = - 8 satisfy this identity.

and

'« the nth term

TS S ST S
(’7'\"“ 1) (m + 2) " on u(n 4 1) ) 2/»—1’

and the 18t term

4 1 3 1
533 e
.. the sum of the series to n terms is

n43 1 3

B ICET R
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II., TRIGONOMETRY,

1. BCis perpendicular to 4C and BE to 4D.

1

(1)
sin (4 + B) = BE _BE. 4D _BD.AC_(BCE(D)IAC
AB~ AB.AD” AB. 4D~ dB.4D

_BC 4C | AC CD
T AR dAD T AB 4D
= sin 4¢cos B + cos dsin B,
AR _ AE. AV AE(4C F CF)
AB T AB. AP~ T AB. dAF
(2)
_4C dE _ BC.EF
TAB 4Ar T 4B . 4F
= cos 4 cos B F sin 4 sin B,
(3) BC , D
BE _BD BC* CD dAC T 4dC
tan(d + B) =~ == = J6=op =L B0 cP
4C” BC

cos (A + B) =

_ tand *+tan B
1 tan 4 tan




WEEKLY PROBLEM PAPERS. 25
AE _AF  ACF COF

cot(d £ B) = T = %p = Bo = €D
40 OB _
0B CFr ™+ cotd cotB ¥ 1

T B0, 0p/_0d

CF — CF\~ (B

(1) From similar triangles

BED, ACD, BE: BD :: A4C : AD .. BE. AD = BD . 4AC.
() From similar triangles

AEF, BCF, AE: EF :: BC: CF ... AE. CF = B(. EF.
(3) Ifrom similar triangles

LD, AR, BE: BD :: AE : AF.

/ /
S

T cotB + cotAd”

G LM

2. Denote MOD by 4 and J[OF by B, and bisect DOF
by OF. i

Then MOF = (4 + B), EOD = ¥(4 — B)
DEF is perpendicular to OF Then OD = OF and DE =
EF.

Then DI 4 FM = 2EN,
DL R G BN D
Do ro LO 0D

2
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. sind -FsinB = 2sin

WEEKLY PROBLEM PAPERS.

A4+ B _d- B
T Ty

OL + O} = 20N,

UL OM _ ,0N OF

“on T oF = %0k 00
© cos A + cos B = 2cosd +Bcos‘1 — B
2 2
DL - F)M = KD =2 EG,
Nl _ FM _ o EBG B
oD~ orF T “ZF ov
c.sind — sin B = 2COSA ";‘Bsn ; B

OM — OL = LM = 2MN = 2FG.
o orL _ _FG ID

“oF " ov " EF 0D
. €08 B — cos A = 2sin A—;'—?sin 4 - B.

2
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3. Let O be the centre of a circle, and let PBC be denoted
by 4. Then POC = 24 and CPM = A.

dngd = PM _2PM _ ,PM PB
ned = 0P T BO PB' BC
= 2sin 4 cos 4.
vos2d = O _ BM = BO _ B BP
uP OB Br  BC T
= 9cos24 — 1.
cosod = M _ OV — MG _ MC PC
or oP T T 4PuBe
=1_ 2sin24.
20  OM+0C—-CM B — MC
08924 = 2 o - Arc
cos24 = 5op BC B0
_BM B _NO PO
~ BP° BC PC° BC
= cos?4 — sin24,
PM
oo 2PM _ 2P Zpp
20M BM - MC I—WW
T MpP' MB
_ 2tan 4
T 1~ tantd
B PM
90M DBM -CM Pir* il
ot 24 = 2280 -
€ 2Pl 9P ,PM
o
cot24 — 1

- 2CutA )
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P
_PM_ _PM 0P
tand = oy = B0 0N Oir
1422
oP
_ _sin2d_
T T costd
Pi
ot g PH __PM TGP
; CM T 0C-0M — oM
0P
_ sin 24 .
T 1 —cos 24
PM
sin24d = gl_)j][ - _2P.__]|_[_. Z-BM
T 20P BMAMCT 14 MC MP
MP  MB
_ 2tan 4 )
T 1 4 tan 24
_ oM M
cos24 = 2_@_‘{ - BM - CM = LM MB
wsP  BM 4 CM 1 CM FPM
+ e B
1~ tan 2A_
T 14 tan 24
) . PM + BM)? PM BM
in A osA2=( ~ =1 Lo b
(sin 4 - cos 4, PR +258 18
- oM PB_ 2PM

PB BC” 1T 20P
=14 sin 2.4.

So(sin 4 — cos 4)2 =1 — sin 2.
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4, To prove geometrically that in ﬁnﬂing sin 4 and cos 4

from cos 2.4 two values, and from sin2 4 four values
must be found.

Let 2a be the least positive angle which has its cosine
equal to the given value of cos2 4.

Then 24 =2 £ 2

cod =arka

. if AOP, be thie angle o, and if we take 40P, =
AOP,, and produce O, and OP, to OP; and (P, we see
that all the angles which are included in the formula
am £ g are bounded by the lines OP;, 02, OP,, O, And
obviously
sin AOP, = sin 40P, = — sin AOP; = — sin AOP,;
cos AOP, = — cos AOP; = — cos AOP; = cos AOP,.

Thus we see that sin 4 and cos 4 have each two values,
whicli are equal in magnitude and opposite in sign,
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B

/
@ /
QA‘/

D

Q

5. Again, let 283 be the least positive angle which has its
sine equal to the given value of sin 24.

Then 24 = am 4 (— 1)»2B
oA = n.g-{—(— 1)nB.

If A0, be the angle B, and if we take 40Q, = ’2_' - 8,
and produce @,0 and @,0 to 0Q; and 0Q,, we see that all
the angles which are included in the formula ﬂg + (=13

are bounded by the lines 0@, 0Q,, 0Q,, 0Q,, which lie by
pairs in opposite quadrants. And obviously

sin 40Q, = — sin 40Q,; sin 40Q, = — sin 40Q,
cos A0Q, = — cos A0Q;; cos 40Q, = — cos 409,

Thus we see that sin 4 and cos 4 have each four valuecs,
which by pairs are equal in magnitude and opposite in

sign. We also see that when a = Z, 00, coincides with
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0@Q,, and 0@, with 0@, and we then get only two values,
equal in magnitude and opposite in sign.

1. .
6. To resolve an — 2 cosna + = into faetors without
@
employing imaginary quantities.
. . . 1
The relation between the successive values of am 4+ —

zm
corresponding to successive integral values of m is
xm+1 + _1_= (_rp + _1_) (_q;m + l _ (zm-l + 1 )
am+l z am am—1

When # = 1, this becomes
1 1 1
e “Jle4+-) -2
x+m2 (v-{-x)(z-i-x} 2
An exactly similar relation hoids good between the

successive values of 2 cosmd, thus
2cos(m + 1)8 = (2cos8) (2 cosmb) — 2cos(m — 1)6.

Wlien m = 1, this becomes
2cos20 = (2cos d) (2cosd) — 2.
Now let ry, 7y 75 ... . 7n, be a series of quantities, the

successive terms of which are connected by the above
relation,

Vg, 7, =Ty < Ty e

Also, as in the above cases, let 7, = 2, but let », be any
quantity whatever.
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Then we have
Ty = rmr; — 2 =r]2~ 2,

ry = rirg — 1) = 1 — 3ry, &,

Then we see that
(1) ra is a definite integral function of », of # dimen-
sions, and the coefficient of 'r;‘ in it is unity,

2) ifry

1 1
P Pt o

ar
(8) if 7 = 2cosh, 7, = 2cosnb.

Hence r, — 2cosza will vanish when 7; = any of the
r quantities

2cosa, 2cos (a+ 2f).
2cos(a+2 ) 2003(:1-*”_1 ”)
% = 2c087a = §r1—2cosa %r‘—2°°5( _'_er)}

....{7’,—2003(&-{-%_—_1.27;)}

for all values whatever of r;. Let r; = 2 + 1 Then
z
1
=" + et
1
2" — 2cosna + —
an

= {,;,-—2005a+%}{x—2cos(a+"%rl)+;§....
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7. To prove geometrically that the nine-point circle
of a triangle touches the inscribed circle. (Feuerbacl’s
Theorent.)

G A
P
Qy
o
T
H
B DM X € T
E

Let AULX be the perpendicular from 4 on BC, H the
orthocentre, O the circumcentre, I the incentre, U the
mid-point of H4, and D the mid-point of BC.

Then DU is a diameter of the nine-point circle, and if
UQ be drawn perpendicular to DI, meeting DI, IM, BC
respectively in @, P, 7 then Q is also evidently a point on
the N.P. circle.

Since DJ, UT are at right angles, the triangles DI,
U7X are similar.

SDUXT=IM.UX=r.06. . . (1)

Since FI* = EC* = ED . EF, the angles EDI, KEIF are
equal, and

IM:DM = AI: AF = MX : F@
DU MX=r.FG. . . . . (2
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.. by addition of results (1) and (2),
R.r=DM.MTI=1I}M.P)I=r.Pil,
s~ PM=R.
DI IQ=PI.IM=7rR -r),
1.¢. in the nine-point circle the rectangle of the segments
of a chord through 7, the centre of the incircle, is equal
to (B — 7).
Now the radius of the nine-point circle is equal to 3R.
*. if N be its centre, we have
(3R)?— NI%=r(R - 1),
oo NIt = (3R - r)%,
oS NI=31R — 7.
i.e. the distance between the centres of the N.P. and

in-circles is equal to the difference between their radii, and
.. the circles touch.

1

To expand sin~" z in ascending powers of 2.

Assume  sinT o= Ayt Aot At A3 At
wlen =0, sin"le =0, . 4,=0.
And, since sin"!(—2) = — sin"1z,

o= At A — A4 A — L.

= —die— A — At — At — ...

7 1l the coefficients with even suffixes vanish
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sinTle = dw + A+ 425 ...
coaZsin {da 4+ 425+ A5+ ..}

= Aot At ... — 2l d@sp . )8
t}
1
Tl +.o P
[
— ' A2 3 47
= {4y -2 1-;-(‘45— S A+ L o
8 8 i
- equating coefficients of like powers of z, we get
A 1
‘41:1:‘43—E1“=O) ""13:5?—5
3 0 43 . 1.3 1
Ay = Q 141*43—7;: ..445:2—Z 5&c.
PR D | 1.3 5,1.8.5 &7
. 810 .z—o,+23 515 3267t

To expand (sin~! .7:‘2 we have

(sin".q;)2={r+ a3 1_3 z’+ '}2

= ﬁ"‘g'*"” (36 2o)+z8(12§+ )+
+

§
2 .7,* 2 4 25 2.4.6 }
2{ e R
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Thus we see that writing the expansion of sin™'a in
the form
at 1 2% 1.8 2% [ 1.3.5 o7
1{1 A I B LA }
1+2 3+2.4 5+2.4.6 7+'
if we increase by unity every number which occurs, we
get the expansion of (sin—lz)2

PapEr 1.

1. The debts of a bankrupt amount to £2,134 10s. 6d.
and his assets consist of property worth £916 15s. 4d. and
an undiscounted bill of £513 due 4 months heuce, simple
interest being reckoned at 4 per cent. How much in the
pound can he pay his creditors ?

2. If s = a 4 b 4- ¢, prove that

(as + be) (bs + ca) (cs + ab) = (b + ¢)® (¢ + )% (a0 4 0)%
3. Divide 22% — 6z + 5by V2.2 4+ YT + 1.
4, Shew that

cos?(B — y) + cos’(y — a) + cos?(a ~ B)
=1+42cos (8 - y)cos (y — a) cos (a — B).

5. If p, g, r be the bisectors of the angles of a triangle,
prove that
cos 4 cos]—)’ cos ¢
2, 2 i 2 1 +1 L1
P - q r a6 ¢
6. Two circles touch at €, and a point D is taken with-
out them such that the radii 4C, CB subtend equal angles
at D. If DA, DF be tangents, prove geometrically that
DE. DF = DO

7. At any point P of an ellipse the tangent P7 and the
normal are drawn, § and H are the foci, and through the
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centre C a line is drawn parallel to SP cutting the normal
in &2 and the tangent in 7. Shew that BT = HP.

Paper II.

1. Tind the G.C.M. of
T — (e 1)+ 1and 4" —wr +n - L

2. Solve the equations

ar +6 br+a (a+8)(z+2)

(1) cx +b+c.¢' +a cwta+ib

@) 20Na? F dE + 2 NFF 2= - 12

() aa? + by + ¢y = ba? + cxy + ay? = 4.

8. In any triangle prove that
ab — iy be — ryrs ca — 1y
T3 - 7y - T2

where «, 0, ¢ are the sides, 7, ,, 73 the radii of the escribea
circles.

4, If 8 and ¢ be the greatest and least angles of a
triangle, the sides of which are in A.P., prove that

4(1 — cosf) (1 — cos¢p) = cos d + cos .

5. Inscribe in a circle geometrically a triangle whose
sides shall be parallel to three given straight lines.

6. Auny three tangents to a parabola, the tangents of
whose inclinations to the axis are.consecutive terms of ‘a
fixed H.P. will form a triangle of constant area,

7. A square rests with its plane perpendicular to a
smooth wall, one corner heing attached to a point in the
wall by a string whose length is equal to a side of the
square. Shew that the distances of 3 of its angular points
from the wall are as 1: 3 : 4,
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Parer IIL
1

1. In the expansion of (1 — z) 7 prove that the sum of
the coefficients of the first » terms bears to the coefficient
of the 7th term the ratio of 1 4 z(r — 1) to 1.

2. From the formula

L) =et+2+7 45+

calculate 100105 to 5 places of decimals, given log e =
43429,

loge

3. Eliminate 8 between
m = cosecd — sinf and #» = secd — cosd,
and shew that m% 4 #3 = (mn)-%.

4. Shew that the sum of # terms of the serics

14

is equal to zero if na = =,

cosa , cos2a , cos3a
'{* e 2 +

cosa = cos?a ' cosda

5. ABCD is a quadrilateral figure inseribed in a circle.
AB, DC meet in B, BC, AD meet in F Shew that the
circle on EF as diameter cuts the circle 4B3CD ortho-
gonally.

6. 4, B, C are three points on the circumference of a
civcle. Forces act along 4B, BC, inversely proportional
to these straight lines. Shew that their resultant acts
along the tangent at B.

7. 0Q, O are two tangents to a parabola. The diameter
tl1r01wh O meets the parabola in 2P, and the tangent at P
meets. 0Q, 0@ in R, R’ 1cspect1vely Shew that QR', Q'R
are divided by the parabo]a in the ratio of 8 to 1.
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Parer IV,
1. If z, y, z be unequal, and if

AN

_ 2 — N3
2[&-—3y=(z—-ﬂand2(z—3z=($ 7!
J

then will "
2z — 3z = (‘7/;—:’, andz 4y 4 z=a
2. If a, B, y be the angles of a triangle, prove that
cos(3§ + 1y — 2a) + cos(gg-{— a~ 2B) -{—eos(%ﬂ 48— 2y)

= 4 cos PV IB=Y (OB —2y—a by —2a-f
4 4 4

8. If a line join the points where an escribed circle
touches the produced sides of a triangle, and corresponding
lines be drawn for the other escribed circles so as to form
an outer triangle ; and if fromn the outer triangle another
triangle be formed in the same way, and so on, prove that
these triangles tend to become equiangular.

4, Forces act at the middle points of the sides of a
triangle at right angles to the sides and respectively pro-
portional to them. Shew that if they all act inwards or
outwards, they are in equilibrium.

5. Explain the fallacy in the following reasoning.

. vIT .
Since 2"V =1 = cos 2umr 4 A= 1 sin 2um,
2V =1 4nV' ST 674/ <1

coe ) e

Raise each to the power ¥ = 1. .- e P L
which is not true.

6. Two circles whose radii are «, 4, cut one another at
an angle a. Prove that the length of the common chord is
2ab sin a
Nu? 4 2ab cos a F 42
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7. If CR, SY, HZ be perpendiculars upon the tangent to
an ellipse at a point P such that CR = €S, shew that

(1) R lies on the tangent at B,

(2) the perpendicular from R on SH will divide it into
two parts equal to AY, HZ respectively,

(3) 8P : HP :: SR : HIL

Parer V.
1. Tind to two places of decimals the cube root of 1037.

2 u+ % e not altered in value by inter-
changing a pair of the letters 4, 4, ¢ not equal to each
other, it will not be altered by interchanging any otlier
pair; and it will vanishif¢ 446 4 ¢ = 1.

3. Form the equations whose roots are respectively the
squares and the square roots of the equation

ar? 4+ bz ¢ = 0.
4, Solve the equation sec 40 — sec280 = 2,

5. ABCD is the rectangular floor of a room whose length
AB is « feet. Find its height, which at C'subtends at 4 an
angle a, and at B an angle B. If ¢ = 48 ft., a = 18°,
B = 380° prove that the height is nearly 18 £t. 10 in,

6. Find the equation to the two pambola‘; having their

focus at any given point P of the comc = + '3/2
passing throngh the foci of the conic. A]so, shew that the
angle between the directrices is twice the eccentric angle
of P.

7. ACB is a diameter of a circle of which Cis the centre,
and in .{C a point D is taken, such that the rectangle
4AC. AD is equal to the square on €D. If the circle de-
scribed with centre B and radius BD cuts the given circle
in &, prove that 4F is one-fifth of the circumference.

= 1, and
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Parer VL.

1. If the equations

ar +ly =1
e +dyf =1
have only one solution, prove that
2 B

b
L 21, ande=2% 4=2.
c+d AT =0T =g

2. Given log,9 = @, log; 5 = J, find the logarithms to
the base 10 of the first 4 digits.

3. Shew that if 4 + B + Cbe an odd multiple of =,
5in 28 <+ sin 2C = sin24 4 2 cos 4 sin Bsin C.

4. D, B, F are the feet of the perpendiculars from the
angular points on the sides of the triangle 4BC. Shew
that the radius of the circle inscribed in the triangle DEF
is 2R cos 4 cos B cos C, where R is the radius of the circle
circumscribing 4BC.

5. A uniform heavy rod is placed across & smooth
horizontal rail, and rests with one end against a smooth
vertical wall, the distance of which from the rail is {; of
the length of the rod. Find the angle which the rod
makes with the horizon when there is equilibrium.

6. 4, B, C, D are four points in space: the straight lines
AB and DC are divided in the same ratio in the points F,
F. AD and BC are divided in another the same ratio in
@ and H. Prove that the straight lines £# and GH lie in
one plane.

7. If two chords of a rectangular hyperbola be at right
angles, each of their fonr extremities is the orthocentre of
the triangle formed by the other three,
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Parer VII

1. If the equation

I 1 c d
x+a+x+b =x+c+z+d
have a pair of equal roots, then either one of the quantities
@ or b is equal to one of the quantities ¢ or d, or eise

1 1 1 1
dtr=itw
Prove also that the roots are then
-—a, —a,0; — b6, —06,0; 0r 0,0, -

20b .
o+ 6

2. Employ the Binomial Theorem to shew that
28 2.5 1 1.3 '1.83.5 _

“onr LRI

2473 23 wx T s

8. Given that
# =ycos R+ zcos Q

gy =z2cos P4 zcos R
and that P 4 @ + R is an odd multiple of , prove that
z = zcos Q 4 ycos L.
P+ - a?
29z

Ience also prove that cos P =

4. Shew that the length of the perpendicular from the
centre of the nine point circle on BCis R cos ¢ — B.

5. 4', B', (' are the middle points of the sides of the
triangle 4 BC, and through 4, B, C are drawn three parallel
straight lines meeting B'C’, C'4', 4'B' in a, 5, ¢ respec-
tively. Prove that the tiiangle abe is half the triangle
ABC, and that Je passes through 4, ca through B, and «b
through C.
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8. Two points (£, 1), (#, ) are connected by the relation

az+ & — — —
1¢_cz+dwhereu_§+r,~/_ Tz=a24+yN-T1,

(2,9, & m @ b, ¢, d being all real). Shew that when (z, )
describes a circle, (£, n) describes another circle.

7. From a point O in a parabola OQ is drawn, perpen-
dicular to the diameter at 2. Prove that the straight line
drawn from @ perpendicular to the tangent at P will meet
the normal at O on the axis of the parabola.

Parer VIII

1. Given log, 9 = @, log; 5 = 4, log; 7 = ¢, find the
logaritlms to the base 10 of the digits §, 6, 7, 8, 9.

2. Shew that -315{3 . 107 —- 25 (- 1)‘”} is a positive
integer when « is a positive integer.

3. A circle, centre O and radins 7, is inscribed in a
triangle 4BC, and touches the sides in D, Z, I. Circles
are inscribed in the quadrilaterals AXOF, BFOD, CDOE.
If y, g, 75 be their radii, prove that

4 ™ ) 74

L8 + Ty + - . T T

-7 r =17y r— 17, "—-T T =T Al

4. ABCD is a quadrilateral. Four circles, centres M,
N, P, @, are described so as to touch respectively the
consecutive sides CD, D4, AB; DA, AB, BC; 4B,
BC, CD; BC, CD, DA4. Shew that a circle can be de-
scribed about the figure /N LQ.

5. From the centre of an ellipse a perpendicular is
drawn to the tangent at any point P, meeting it in ¥,
From ¥ another tangent is drawn nieeting the ellipse in 2,
If P'Q be a diameter shew that PQ is normal at P,
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6. ABCD is a quadrilateral. Forces act along the sides
AB, BC, CD, DA, measured by a, 8, y, 8 times those sides
respectively. Shew that if there is equilibrium, ay = 8.

A4BD a y =B
AdABC ~ §° B—-a
7. Shew that the straight lines which bisect the angles
between the two lines
(h—ay =kz—a); (h+ay =z + )
have for their equation
Vhkp — &2 — (y — kY} = @ =B (y = b) (IR = B — o?).

Shew also that

Parer IX,

1. Prove that ¢2® — ax < & will be a common divisor of
ax® — bx* - ¢, and 02® ~ ¢z - 4 if it will divide either of
them.

2. Shew that the sum to n terms of the series

22 32

et T )
42

+ TFEr @2+ 22+ 3+ 42)
6

isl —

(n 1) (n +2) @+ 5)
3 If
sin 4 =psinB, cosd =gcosB, sind--cosd=r(sinB-4-cosB)
prove that
@-PA-A+@g-1-7p)=0
4. If p, g, » be the perpendiculars on the sides of a
triangle 4BC from the centre of the circumseribed circle,

prove that

+"'P+Pfl
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5. ABCD is a quadrilateral. The sides D4, CB; 4B,
D( arve produced to meet in # and Z. 1f the two bisectors
of the angles at 7 are parallel to the two bisectors of the
angles at E prove that a circle will go round 4BCD.

Also, if the diagonals BD, 4C intersect in @, shew that
the two bisectors of the antrles at @ are pamllel to the
bisectors of the angles at &,

6. If the chord of contact of two tangents to a parabola
be normal at one end, the tangent at the other is bisected
by the pmpendlcular through the focus to the line joining

thie focus to the intersection of the tangents.

7. A scries of circles is described touching two given
straight lines. Shew that the polars of any point with
1espect to the circles will envelop a parabola.

Paror X.

1. A number consisting of three digits is doubled by
reversing the digits. Prove that the same willhold for the
number formed by the first and last digits ; and also that
such a number can be found in only one scale of notation
out of three.

2. If m be a positive integer, shew that
3m(Bm - 1) > 4'</(L3_m)

8. If n be a multiple of 6, prove that
_n(n=1)(n-2) 34 nin—1)(n-2)(n—3)(n—4) 3

13 15
and
an-1)n-2) 1  «an-1)n-2)(n-38)(n-4) 1 _
é— . §+ lé . §2

11 both vanish.
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4. O and O are the centres of two circles which cut in
A, 4, and two points B, B’ are taken one on each cir-
cumference. If C, ¢’ be the centres of the circles round
BAB', BA'B', prove that the angle CBC' = angle 040"

5, If from the point in which a normal to an ellipse
1meets the major axis a straight line be drawn perpendicular
to the normal, the part of either focal distance between
this line and the curve will be an harmonic mean between
the focal distances.

6. A pack of cards, equal or unequal, stands on the edge
of a horizontal table, each card projecting beyond the one
just below it. TIf the highest card project as far as possible
from the table, shew that each card is on the point of
moving independently of the rest.

7. An isosceles triangle is described, having each of the
angles at its base double of the third angle; with the
vertex and one extremity of the base as foci, an ellipse is
described, passing through the other extremxty of the base.
Prove that the distance of the vertex of this ellipse from
its directrix is equal to half the latus rectumn.

Parer X1

1. I£ 1000 1bs. can be carried 1000 miles for £1,and the
rate of conveyance is the same abroad, find to 2 places of
decimals how many kilograms can be carried 100 kilo-
metres for 20 francs.

Given £1 = 252 francs; 1 kilom. = 0:6214 miles;
1 kilog., = 22046 1bs.

21t ay+ 34 (@+b) +ad 0}
ay+he 4y Cct+d+cd=0
prove that
z—g Na—-@—-d¢~2c) -4
2 da+b—c—d :

I
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3. Shew that

1 1.3 1,1.3.51 1.3.5.7 1,
Q+2._—4'Z+2.4.6'712+2.4.6 I E R
=§(2~V3)\/§.

4. Shew that

cosec A4 -} cosec (4 - 2—;7) -}- cosec (4 -+ %r) = 3 coscc 34.

5 If
VIFZ 4+ VI
Vito - Wi-o

y = tan=1

shew that #? = sin 2y,

6. A glass rod is balanced partly in and partly out of a
cylindrical tumbler with the lower end resting against the
vertical side of the tumbler. If a and B8 be the greatest
and least angles which the rod can make with the vertical,
prove that the angle of friction is

sinda — sin3B

ftan-1— — .
sin 2a cosa -} sin?B cos B

7. Prove that the locus of the intersection of tangents to
an ellipse which make equal angles with the major aud
minor axes respectively, and are not at right angles, is a
rectangular hyperbola whose vertices are the foci of tlie
ellipse.

Parer XII.

1. Solve the equations
(z+2)(@+g =d
@+ @+2)=10
@+ 2)(e42)=2c
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2. Shew that the coefficient of 2%in the expansion of

z s = on 1
(¢ —a)y(z -0 a—1b " anfn

3, Prove that if a, B, y be any three plane angles

(cosa + cos B + cosy) {cos 2a 4 cos 28 4 cos 2y
—cos(B+y) — cos(y + a) — cos(a + 13)}

— (sina + sin B 4+ siny) {sin 2a + sin 28 4+ sin 2y
~ sin (B +y) - sin(y + a) — sin(a + B)}

= co0s3a + cos 38 4 cos3y — Bcos(a+ B+ y).

4. The distance between the orthocentre and the centro
of the circumscribing circle 1s

RV1 = 8cos 4 cos B cosC.

5. The straight lines E4B, EDC, and FD4, FCB form
four triangles in one plane, and O is the common point of
intersection of the circles circumscribing these triangles.
Prove that the rectangle 04 . UC = rectangle OF. OF.

6. A parabolic wire slides through two small rings 4, B.
Shew that the vertex corresponding to the chord 4B will
describe the curve p = u sin 24, the origin being the middle
poini. of 4B, and p a constant.

7. A uniform rod hangs by two strings of lengtls 7, 7,
fastened to its ends, and to two points in the same hori-
zontal line, distance & apart, the strings crossing each
other. Find the position of equilibrinm, and shew that if
a, a’ be the angles which 7 and /' make with the horizontal,

(Vcosa’ — lcosa)sin(a + @) = asin(a — ).
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Parer XIII
{. Shew that

at 0t + ¢t — 2022 — 2622 — 24202
is divisible by e + & + ¢

9. Solve the equations
(1) a*(at= 1) (2?4 142+ 12 =(a® + 14a* F 1) a(z -1},
Q(zt+y+z=a+ib+e
T4 %3
o + b + ¢
uz + by + ez = be 4 ca + ab.
8. Shew that
cos( A+ B+C)cos(4+ B — C)cos(B+C— 4) cos (C+ 4 — Bi
+sin(4+B+ C)sin(4+ B — 0)sin(B+C— 4)sin(C+ 4~ B)
=cos24co82Bcos20,

4, With the usual notation, shew that

A
a = (ry+ 73) \/7' 7'1.
3

9 .

5. If ABC be an isosceles triangle having each of the
angles at the base BC double the third angle, and if the
bisectors of the angles 4CB, ABC meet 4B in E, and the
circle round the triangle 4BC in D, shew that 4DCE is a
parallelogram,

6. Prove that the angles subtended at the vertices of a
rectangular hyperbola by any chord parallel to the con-
jugate axis are supplementary.

7. A square table stands upon 4 equal legs which are
placed at the middle points of the sides. Shew that no
weight less than its own when placed upon it can upset it.

E
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Parer XIV.
1. Shew that

(@ + ay + 1) (@@ + ab + 1)
=(av—0by)’ + (ax —by) (ay + bz + by) + (ay + bz + by)2.
Hence shew that the product of any number of factors

of the form a2 + sy 4 2® can be put into the form
A% 4 XY 4 F2

2. Tf

a—ny4me b Iz 4z c~m;¢+ly’

/ - w 7

prove that
m'c — n'h n'a — l'c
T T oo YT T oo
L W+ ma' 4 nr!
i - m
'y — m'a

& A= A= it
n
3. A quadrilateral 4BCD circumscribes a circle radius r.

If @, b, ¢, d, be the lengths of the tangents from 4, B, C, D
o the circle, prove that

2 = bed + cda + dab + ate
a+b+c+d

4, Shew that
cos 8 4 cos38 4 cos 59 + .. .. + cos(2® = 1)0,
= 2n-lcosfc.r28cosdf.... cos2-14,

sin 274

Tsind

1

5. A heavy uniform rod is supported in a horizontal
position by 3 equal forces, one acting at one end, and the
otlier two at the other, Shew that the angle between the
directions of the two latter must be 120°
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6. Prove that a straight line drawn through a focus
of an ellipse, at right angles to a chord, intersects the
diameter, which is conjugate to the chord, at a point in the
directrix. .

7. ABC is an equilateral triangle, and 4B is produced to
D so that B/ is twice 4B. Shew that the square on €D is
seven times the square on 4B.

Parer XV.

1. If the number of births and deaths each year be
respectively g;th and g;th of the population of a village at
the beginning of a year, in how many years will its popu-
lation be doubled?

Given

log 2= -3010300; log 180 = 22565272 loz 181 = 2-257679.

2. Eliminate # and y between the equations
avt + by + > =0
dat 4+ Vay 4 ¢'y* = 0.

3. Find approximately the value of # from the equation
(30)z+2 = 9221, given log 8 = *4771213.

4, From the angular points of a triangle ABC lines are
drawn through O the centre of the inscribed circle to meet
the circumsciibed circlein P, @, R. Prove that the product
of the radii of the circles described about the triangles
BOP, C0Q, AOR is equal to the product of the radii of the
circles described about the triangles COP, 40Q, BOR;
and that each of the products is

”30303
L5a b F o)
where «, &, ¢ are the sides,and 7 the radius of the inscribed
circle of the triangle ABC.
€2
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5. If ABCD, AB'C'D’ be two parallelograms, shew that
it is possible to form a triangle with its sides equal and
parallel to BB, CC, DD,

6. If two tangents to a parabola intersect in 7', and S be
the focus, and from any point in §7 perpendiculars be
drawn to the tangents, shew that the line joining the feet
of these perpendiculars is parallel to the directrix.

’
7. Prove that the general equation to an ellipse having
double contact with the circle 22 -} y* = 42, and touching
the axis of # at the origin, is

& 4 (a4 NP - 2a%y = 0.

Parer XVI.

1. 4 and B, starting at the same moment, walk at
uniforin rates, the former in # hours from Oxford to Cain-
bridge, the latter in » hours from Cambridge to Oxford.
They wmeet on the road a hours before A’s arrival at Cam-
bridge, and 8 hours before B’s arrival at Oxford, Prove
that

w2 :v2:ia: 3.

2. Obtain all the values of 2 and y from the simultancous
equations
2
s 2=9p2 T P _ o,
2ty “ it + a4ty “

3. A person standing on the bank of a river observes the
elevation of the top of a tree on the opposite bank to be
51°, and when he retires 80 feet from the edge, he finds
the elevation to be 46°, Find the breadth of the river,
having given

log 1357 = *132730; log 3 = 47712
Lsin46°=9-856934; Lsin39°=9-798872; Lsin5°=8940296.
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4, If f(8) be a function of 6 given by the equation
7(28) = (b — tan %) f(9), and if f(s) = m, shew that f(6)
= me cot o.

5. In a given circle inscribe a triangle so that two of the
sides may pass through given points, and the third be of
given length,

6. If a sphere can be drawn to touch all the edges of a
tetrahedron, the three straight lines joining the points of
contact of the sphere with opposite edges will meet in a
point.

7. An ellipse is described touching the asymptotes of an
hyperbola, and meeting the hyperbola in P#'Q@. Shew
that PP’ is parallel to Q@'

Parer XVII.
1. Divide
1+4a+at+a+at fad a7 428 +ao+2' by 1-23+4-2°

2. 1f
z

K b4 -
¥ tapy ™!

+ Aty

¥
a+8

z y z
F¥atixpt oty
_?— _'Z_. —{_.:
c+a+c+[3+c+y

prove that
(a4 a) (b4 a) (c + )

iy Py} e

and similarly for y and 2.
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3. If
sina 4 sinfB 4 siny = 0 = cosa + cos B 4 cosv,
shew that
cos3a 4 cos3B + cos 3y = 3cos(a + B + )

sin 3a 4+ sin 3B + sin8y = 3sin(a 4 B8 4 ).

4, If P be the centre of the inscribed, and @ the centre
of the circumscribed circle of a triangle, and PQ be pro-
duced both ways to meet the circumseribing circle in 4
and B, shew that P4 . PB = 2R . r.

and

5. Prove that the straight lines joining the middle points
of the opposite sides of a guadrilateral mutually bisect
each other, and hence shew that it is possible to describe
about a given parallelogram an infinite number of quadri-
laterals whose sides shall be bisected by tle angular points
of the given parallelogram, and that these quadrilaterals
are each equal in area to twice the parallelogram.

6. An ellipse is cut from a cone. Shew that the sum of
the distances of the extremities of any diameter of the
ellipse from the vertex of the cone is constant,

7. Prove that the resultant of forces 7, 1, 1, 3 acting
from one angle of a regular pentagon towards the other

angles talen in order is +/7L

Parer XVIIIL,
1. Shew that

(@tp)etq) (&+p)(0+9) + (e+p)et9)
(a=0)(a—-c)adz) " (b—c)b—-a)(b+2) T (c—a)c—b)(c+=)
@=p)e—1q)

o) tFa)c+2)
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2. If the letters all denote positive quantities, prove that
(@ + by ar + by

< is never greater than — 1~
a

ay + br + 6
3. Find all the solutions of sin88 — cosf = 0,
Which of them will satisfy the equation
1 4 sin%@ = 3sinfcosd?

4. In any triangle prove that

b-abte=-a (A +0)

b+ e 27
(c —a) (et 2 - 0) B \
= iy .tan(§+A)
(@ —0)(@+ 6 — ¢ c
= i .tﬂn(§+B).

5. If from each of the angular points of a quadrilateral
perpendiculars be let fall upon the diagonals, the feet of
these perpendiculars are the angular points of a similar
quadrilateral.

6. AB is a diameter of a circle, and a parabola is de-
scribed passing throungh 4 and B, and laving for its
directrix a tangent to a concentric circle. Shew that the
locus of its focus is an ellipse.

7. If six forces acting on a body be completely repre-
sented, three by the sides of a triangle taken in order, and
three by the sides of the triangle formed by joining tle
middle points of the sides of the original triangle, prove
that they will be in equilibrium if the parallel forces act in
the same direction, and if the scale on which the first thres
forces are represented be 4 times as large as that on-which
the latter are represented.
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Parer XIX.
1, Prove that
(& + 8)2 (a5 + 1°) + Bad(a + &)% (a* + %)
+ 150%0*(e + ) (6® 8%+ 35a° 63 (a® + 0% + 7048 = (e + D)2
2. Solve the equations
D) et+a—-2)a2+(a+b -2+ b+¢c—-20)=0,
D artyz=ay + 2 =az+ ay = %
8. Ifa+ 0 + ¢ = 0, prove that
Pttt A+ P+SE A4+ E

5 3 : 2

IIence shew that if
sina 4 sinf3 4 siny = 0 = cosa + cosB 4 cosy
cos fa + cos 5B 4 cos by
5
cos3a + cos 38 4 cos3y cos2a 4 cos28 4 cos 2y
= 3 ) 2
sin3a 4 sin38 4 sin3y sin2a -} sin 28 4 sin2y
- 3 ) 2
4. 1£ 4 + B + € = 90°, prove that
cosecd cosec Beosee C— cot BtanC— cot Ctan B — cot('tand
—cotdtanC—cot4tank —cotBtand = 2,

6. If the.diagonals AC, BD of the quadrilateral ABCD
inscribed in a circle, centre O, intersect at right angles in
a fixed point P, prove that the feet of the perpendiculars
from O and P to the sides of the quadrilateral lie on 2
fixed circle, the centre of which is at the widdle point
of OP.

6. A heavy scalene triangle ABC lies on a horizontal
plane, and a vertical force P, when applied at 4 is just
able to lift the triangle. Would P be able to do this if
applicd at B, or C, instead of 4 ?
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7. If SY be the perpendicular from the focus on the
tangent to an hyperbola at ‘P, and CY ineet thie normal at
P in £, shew that PR = S7.

Parer XX.
1. Caleulate the value of A5 to ten places of decimals
from the formula
3 -5 1 1 1 1
s =stsytsTmts T T

each of the factors in the denominators being equal to the
square of the preceding factor diminished by 2.

9. Prove that 3%**2 — 8n — 9 is a multiple of 64.

3. If
cos(a 6 cos a6
sin ((u :-,Bl?cts 2-;)/ = sin(-EzV:a) cj-é Z,L;’ and B, y are unequal,
prove that each expression
_ Bty + 0,
sin (8 - v) cos %a
4, £ A + B+ C+ D = 2m, shew that

cos ‘3 cos]—z)-smgsm g— cosgcosgszngsm D
= sin’4 ;‘ Bsino'g ‘d,cos‘d ';' 7).

5. ABCD is a_quadrilateral figure, and two pomts P, Q
are taken in AD, BC, such that AP : PD :: CQ : @B,
From P and @ straig It lines PP, Q@ are drawn equal to,
parallel to, and in “the same directions as BC and D4
l'espectively. Shew that forces represented by 4B, ¢D,
PP, Q¢ are in equilibrium.

6. In a given triangle inscribe a parallelogram equal to
half the triangle, so that one side is in the same straight
line with one side of the triangle, and has one extremity at
a given point of that side.
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7. Given a focus, the length of the transverse axis, and
that the second focus lies on a fixed straight line, prove
that the conic will touch two parabolas having the given
focus for focus.

Parer XXI.

1. Obtain the value of 7 correct to 6 places of decimals
from the series

- S G )

2.4.67 9 3 1
+ 3.5.7(0290) oy
2. Find the cube root of the expression
Pa = 8) (¢ = H{(@ — 62 + (e = 8F} — aliela® + o)
+ e - b+ ¢).

3. Shew that if the squares of the sides of a triangle are
in A.P. the tangents of the angles are in H.P.

+

4. If .
cos(a+ B + f)_coslytat 0;) , see Paper XX., No. 3,
sin(a + B)cos?y sin(y + a)cos?B
shew that
coth =

sin (B+ ) sin (v + a)sin (e + B) .
cos(B +y)cos(y + a)cos (a+B) + sin2(4—|-ﬁ+y)

5. A body consists of two parts, and one of them is
moved into any other position. Shew that the line joining
the two positions of the centre of gravity of the whole
body is parallel, and bears a fixed ratio, to the line joining
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the two positions of the centre of gravity of the part
moved.

6. Considering the 4 circles which touch the sides of a
triangle, shew that the square on the distance between the
centres of any two together with the square on the dis-
tance between the centres of the other two is equal to the
square on the diameter of the circle passing through the
centres of any three.

7. Construct a parabola having given thrce tangents
and the direction of the axis.

Parer XXII,

1. If # + y - 2 = ay», shew that
2z 2y 2z 2y 2z

Y 2z
el ey S R YA il

2. 1f

Sl , _ ) 4o,
¢(2) prapEt shew that ¢p(v + ¢) = .IW

3. If cosa 4 cosB 4 cosy = 0 = sina +sin B + siny,
shew that

cos 7a 4 cos 78 4 cos Ty

7
_ cosba + cosbB + cosby cos 2a + cos 28 + cos 2y
= 5 L. 3
_ sinda 4 sin5B 4 sinby sin2a + sin 28 + sin 2y
5 T 2

4, With the usual notation, prove that
ntrtr;—r=4R
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5. Shew that it is impossible to arrange 6 forces along
the edges of a tetrahiedron so as to form a system in
equilibrium.

6. If a quadrilateral be inscribed in a circle, and the
middle points of the arcs subtended by its sides be joined
to make another quadrilateral, and so on, shew that these
figures tend to become squares.

7. A system of parallelograms is inscribed in an ellipse
having their sides parallel to the equi-conjugate diameters.
Prove that the sum of the squares on the sides is constant.

Parrr XXIII.

1 If
. =_1% (23+ ~/515) (2% - »/513)5 }

s 2 23+~/51(sa 93_~13} i
= ol ( )+ 2 )y -1}
shew that a— b =_1’.
a
2. If ¢(s) = fand F@) = 2 _
‘|' a® - ~+ a— —z
; Fa)F(y)
shew that Flz + S o/ .
@+ = e

3. A uniform rod has its Jower end fixed to a hinge, and
its other end attaclied to a string whicl is tied to a pomt
in the same horizontal plane as the hinge, the distance
between the point and hinge being equal to the length of
the rod. If the tension of the string be equal to the
weight of the rod, prove that the inclination of the red to

the liovizon is ¥ cos~1($)
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4, If A + B + C = 180, prove that -
(1) sin 64 + sin 6B + sin6(' = 4sin34sin3B sin 8C

A B c A, . B, . C
(1 —tan 71) (1 —tan 4_1-)(1 - tanz) _sm §-{-sm-‘z—l-sm—z— 1

) ( 1 +tan‘j—i> ( t +tan{z}) (1 +tan g) cos‘%—i—cosg—-l-coso

2
5. With the usual notation for the sides and angles of a
triangle, prove that
bcosd — acosB + b2cos 24 — a?cos2B
¢ 22
+ 43 cos 34(--- a®cos 8B + = log—z-

2c®

6. AB, CD, EF are given paral’el chords of a circle,
EC, F'D produced meet 48 produced in G, H respectively.
if from any point P on the circumference PC, PF be
drawn meeting 4B, or 4B produced in @, R respectively,
the rectangle contained by ¢'Q and //£ is constant,

7. If two straight lines represented by the equation
@ g, ay
KA AT
w + 6 + ¢ ’

be at right angles to each other, and o be the angle
between the axes, shew that

cos @ = c(}?—{- %)

Parer XXIV.

1. If a, B be the roots of the equation
2t ax+ 3a? — %) =0
prove that @ + B, a — B are the roots of the equaticn
24+ @t eta =0
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2. If the sum of the numbers of feet in the margins of
two square carpets be known, and if the value of a square
foot of one carpet be a and of the other B, shew that, if
the sum of the values of the carpets be the least possible,
tlieir areas are respectively in the ratio of B2 to a2

3. Prove that if a, B, ¥ be any plane angles
sin(B+y — a)sin(B— y)cos(B —y)+sin(y+a—B)sin(y —a)
cos(y — a)+sin(a+B8 —y)sin(a— B)cos(a— B)=0.

4, On two of the sides of a given scalene triangle as
bases similar isosceles triangles are described externally.
Determine the magnitude of the vertical angle of these
triangles when the vertices are equidistant from the middle
point of the third side of the given triangle.

5, There are three given straight lines, any two of which
are together greater than the third. Describe a square
which shall be equal to the difference between the sum of
the squares on any two of the given lines and the square
on the third,

6. ABCDEF is a regular Lexagon, and at 4 forces act
represented in magnitude and direction by 4B, 24C, 34D,
44E, 5AF. Shew that the length of the line which repre-

sents their resultant is V351 4B.

7. In a parabola, if the part of the mormal included
between the curve and the axis be bisccted, prove that the
locus of the point of bisection is another parabola whose
vertex coincides with the focus of the original parabola,

Paprr XXV.

1. If 2® + ax + & and & + &'z 4 I have a common
measure, then

(@ —ab)y(@-a)+ @ -2 =0,
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2. If 1,2 23 and 1, 9% »3 be each in H.P. and if # 4 »
be not equal to zero, and neither # nor y equal to unity,
ghew that — g2, 7, 7, 22 will be in A.P. and that their sun
will equal 23 4 75,

3. Shew that in any triangle cos 4 + cos B -} cos ¢

= sin ’-écosB ; 0+ singcosog ‘4+ singcosA ; B
4. Prove that
1 6 , 1 6 1 6
"Ztanﬁ_*-ItanZ—ZCOtZ — coté.
Hence shew that
1 6,1 0 1
c0t6+§tan§+ztan4—+,.. =g

5. From any point P on a given circle tangents 2@,
P¢f are drawn to a second circle whose centre is on the
circumference of the first. Shew that the chord joining
the points where these tangents cut the first circle is fixed
in direction, and intersects Q@' on the line of centres.

6. In a weighing machine constructed on the prineiple
of the common steelyard the pounds are read off by
graduations reaching from 0 to 14, and the stones by
weights hung at the end of the arm. If the weight corre-
sponding to one stone be 7 oz., the moveable weight % 1b.,
and the lengtl of the arm one foot, prove that the distances
between the graduations are £ in,

7. If the lines represented by y = rtanaand y =z tan f,
1 7

24’

shew that the angle between the coordinate axes isli .

wiere a = B = 1_;; be perpendicular to each other,
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Parer XXVI,

1. Convert %, &, . ... 13 into circulating decimals,
explaining any methods for deriving one case from another,
and for sl.ortzning the work.

2. Itz +y + 2+ w = 0, prove that

we(w + &) + y2(w — 2 + wy(w + g)* + za(0 — g)?
+ wz(w + 2)* + ay(w — 22 + dxyzw = 0,
3. Shew that

ol x—7 cosec 2z cosecy — cosec 2y cosec x
tan Tt an®=Y _ 3 7

2 2 cosec 2 cosec y -+ cosec 2y coseca

4. If an arc of 10 ft. on a circle of 8 ft. in diameter
subtend at the centre an angle of 143° 14’ 227, find the
value of 7 to 4 places of decimals.

5. If C and D be the centres of the spheres inscribed in
a cone, and touching a given section, the sphere described
on CD as diameter will intersect the plane in the auxiliary
cirele of thie section.

6. From the centre of the circle circumseribing a triangle
ABC a perpendicular to its plane is drawn of length equal
to the side of the square inscribed in tliat circle. Shew
that the radius of the sphere which passes through 4, B, C,
and the extremity of the perpendicular is § the per-
pendicular.

7. If fromn a point P of an ellipse perpendiculars PJ/,
PN be drawn to the equi-conjugate diameters, prove that
the normal at P bisects MA,
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Parer XXVII.

1, If a, &, ¢ be the pth, gth, and rth terms respectively
both of an A.P. and a G.P. prove that

ab—c e, ca—b = 1.

2. Eliminate # and y between the equations
az® + ba% +exy+ P =0
dad + Vaty + ey + dy? = 0.
3. Express sec 6 sec 26 as the sum of 3 partial fractions.

4, The aungles of a triangle 4B(C are such that the
number of degrees in 4, the number of grades in B, and
the circular measure of C are all equal. Find the angles.

5. If a triangle be described about a parabola, prove
geometrically that its orthocentre lies on the directrix.

6. A rectangular sheet of stiff paper, whose length is to
its breadth as ~/Z: 1, lies on a horizontal table with its
longer sides perpendicular to the edge, and projecting over
it The corners on the table are then doubled over
symmetrically, so that the creases pass through the middle
point of the side joining the corners, and make angles of
45° with it. The paper is on the point of faliing over,
Shew that it had originally 2§ of its length on the table.

7. Prove that the sum of the coordinates of any point of
an ellipse referred to a pair of conjugate diameters as axes,
cannot be greater than the distance of an end of the major
axis from an end of the minor axis,

Parer XXVIIIL

1. An AP. a G.P. aud an H.P. have each 4 and & for
their first two terms. Shew that the (» 4 2)th terms will
be in G.P, if .

G2nt2 — g2nt2 -1

ab{p — a2y T 4
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2. If @, @y, a3, . . . . an be z real quantities, and if

E+d ..+l )@GBrd+.. . +dD
= (g + ayaz + . . .. + an—1%)%

then ay, ¢gy . . . . are in G.P.
3. If 4, B, C be the angles of a triangle, shew that
cosd 4+ cosB 4 cosC >1,and » &

4. If
zsin¥4d cos B — ysin®Bcos 4 + z(cos24 — cos?B) = 0
and
zsin?Ccos 4 — zsin®Adcos O + ylcos?( — cos24) =0
where 4, B, C are the angles of a triangle whose sides are

a, b, ¢, shew that
ax = by = ca.

5. From D and E, points on the circumference of the
circle circumscribing the triangle 4BC, perpendiculars are
drawn to the sides, and the straight lines which respec-
tively pass through the feet of the perpendiculars intersect
in P. Shew that the locus of P is a circle when 4 moves
on the circumference of the circumscribing circle, and B,
C, D, K are fixed,

6. Prove that the locus of the intersection of tangents to
a parabola which are inclined at angles of g is a rect-

angular hyperbola having one focus and the corresponding
directrix coincident with the focus and directrix of the
parabola.

7. The equation to a curve referred to coordinate axes
which are inclined at an angle  is 2% 4 32 = ¢ Prove
that the locus of the intersection of two tangents to the
curve which are at right angles is a circle, the equation to
which is

2 4 42 + 2zycos o = 264
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Parer XXIX.
1. If

z3 = Iog_,,l.'rz; zy = logw2x3; e Ty = logrnaz,,-n_l;

z, = logzn_la-_”; Ty = Iogznzl;

shew that #y . &y . . . . on= 1.
2. If
at® - B2 4 %2 = 0 % + %P+ %P = 0
l_a,2=l—bs=l—c2;
z ¥ 2
prove that

1) a's® + b{y"‘ 4t = 0;
(2) ab2® 4 853 - 823 = atat + Y% 4
3. In any triangle shew that
@ co8 2B — C) = b?cos 2B 4 2bc cos (B — C) + ¢*cos2C
4, Prove that

. 8in?2z | sin 232
“secz = sin ? —
$logsec s = sin?z 5 + =

3

5. If the three plane angles at the vertex of a tetra-
hedron be bisected, and the points in which the bisecting
lines meet the sides of the base be joined with its opposite
angles, the three lines so drawn will meet in a point.

6. Apply a property of the parabola to prove that if
four intersecting straight lines be taken three together so
as to form four triangles, the orthocentres of these three
triangles will be collinear.

7. From a point in the circumference of an ellipse, the
semi-axes of which are # and &, two tangents are drawn to
a concentric circle, A straight line through ihe points of

€

F 2



68 WEEKLY PROBLEM PAPERS.

contact intersects the axes of the ellipse at points the dis-
tances of which from the centre are a, 8. If ¢ be the
radius of the circle, prove that

1 1 1
@ T =
Pargr XXX,

1. Shew that every cube number is the difference of
two square numbers, and that if the cube contains an un-
even factor ¢3, each of the squares is divisible by 2.

2. Solve the equations

1) 2493 =28; gy + alx 4+ 9) = ab;

@ sdyte=styitami+y+2)=3

3. Find all the values of 4 when

2e0:0 W3
A3 2cos 8
has its least value.

4. If @, b, ¢ be the radii of three circles which touch one
another externally and » the radius of the circle inscribed
in the triangle formed by joining their centres, prove that

1 1 1 1
= +- +

” be T b
5. If an equifacial tetrahedron be cut by a plane parallel
to two edges which do not meet, the perimeter of the
parallelogram in which it is cut is double of either edge
of the tetrahedron to which it is parallel,

6. 44 is the major axis, and § one of the foci of an
ellipse, With S as focus, a parabola is described passing
through the extremities of the minor axis. Shew that its
vertex bisects S4 or S4'
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7. A string 9 feet long has one end attached to the
extremity of a smooth uniform heavy rod 2 ft. long ; and
at the other end carries a ring without weight which slides
upon the rod. The rod is suspended by means of the
string from a smooth peg. BShew that 6, the angle which
the rod makes with the horizon is given by the equation

9tandd + Itan g = 2.
Shew also that one of the roots of this is
tang =3-% - 3-8

Parer XXXI.

1.
_1 23+~/513§ 23 — JBI3\Y )
_'3{( )+ -y
2 93+ ~/513 ¥ (23 — ~GI3y ¢
“5{ +( ! )_1}
shew that 4P =a-0b =—z
See Paper XXIIL, 1.
2. Given

@+ & = 1; log2 = +3010300; log (1 + ) = 1928998 ;
log (1 + b) = '2622226;

log (1 + a + 4) = 3780762,

3. Prove the following formule for a plane triangle
(1) asin{(B - C) + bsin(C— 4)+ ¢sin(4d - B)=0.
2 _ e 12 _ 2 &2 — a2
9 « _

@) cosd 4 cos B + cos B + cos ()+ cos CF cosd

4. Trom a point within a regular polygon perpendiculars
are let fall on all the sides. Find the sum of the squares
on all these perpendiculars.

shew that
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5. Through a fixed point O any straight line 0P@Q is
drawn cutting a fixed circle in 2 and ¢. On OP and 0@
as chords are described circles touching the fixed circle at
P and Q. Prove that the two circles so described will
intersect on another fixed circle,

6. If the tangent and ordinate at any point P of an
ellipse meet tlie axis major in 7 and A, and any circle be
drawn through & and 7, shew that it is cut orthogonally
by the auxiliary circle of the ellipse.

7. Investigate the conditions in order that two conic
sections, represented by the equations
(@ —a)+(g— 0= (ar+8y+ 77
(z~dy+(y = &) =(a2+ By + )

inay be identical in magnitude and form.

Paprr XXXIL
1. Ifr 4+ y 4+ 2 = 0, shew tbat

(S e e e

2. If 2* = pz 4 ¢, shew that
- -1 _ —
xn:M f,;-‘-q_'a_n__,_.ﬁn !

a—-p8 " a—8
wherea 4+ B =p, a8 = — ¢.

»

8 Ifat+ 8= 33, prove that

(1 — tan— ) 1 - t'm-) q]na —i— SlnB -1

(l—i—tan—)(l—i-fan ) ~ sina +sinfB + 1
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4. P, Q R are points in the sides BC, 04, 4B of a
triangle, suclh that ’
BE_CQ _ AR _
BC o0d 4B 7
Shew that
FP@+ Qi+ RPP =@+ 0+ +3(z - §)X @+ 12+ ).

5. If P be a point equidistant from the angles 4BC of a
right-angled triangle, 4 being the right angle, and D the
middle point of BC, prove that £D is at right angles to
the plane of 4BC.

Prove also that the angle between the planes PAC,
PBC, and the angle between the plahes PAB, PBC are
togethier equal to the angle between the planes £4C,

PA4B.

6. A chord of a conic section subtends an angle of given
magnitude at one of the foci. Find the locus of the point
of intersection of the tangents drawn at the extremities of
the chord.

7. A frustumn of a cone is such that its height is half
that of the complete cone. Shew that the centre of
gravity of the frustum divides its height in the ratio of 17

to 11,

Paver XXXIII

1. A selection of ¢ things is to be made, part fromn a
group of « things, and the remnainder from a group of ¢
things. Prove that the number of ways in wluch such a
selection may be made will never be greater than when
the number of things taken from the group of « things is.
the integer next less than

@+ E+1)
a4 b+ 2
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2. Prove that

e l=14201-a)+31l=-a)(1 - 22) +....

veent 2l —a) (1 = 2a) ... {1 = (n - 1)a}
+e Q-1 -2)....(1 ~ za).

3. Shew that
2sinf 4 3sin20 4-....F zsin(z - 1)
_ (w4 Dsin(zn — 1)8 4 sin 8 — usinaf
- 2(1 - cosb) :

4. P is a point within a triangle 4BC; 4, &, ¢ are the
sides BC, C4, AB; a, B,y are P4, PB, PC. r is the radius
of the circle inscribed in ABC, and ry, 7, 7, are the radii
of the circles inscribed in PBC, PCA, PAB. Prove that

(reFry)at(rstr)B+ (3 ro)y=(r—r)a-+(r~r))d+4-{r—rye.

5. On the sides of a triangle 4B as bases are described
three equilateral triangles «BC, 6C4, cADB, all upou the
same side of their bases as 4BC. Prove that 4z, Bb, Ce
are all equal, and pass through a point which lies on all
the three circles circumscribing the equilateral triangles.

6. Prove that the distance of any point of an equilateral
hyperbola from the centre is a mean proportional between
its distances from the foci.

2 2
7. If CP be a semi-diameter of tho ellipse 2, 4 £ = 1,
7 42

and if (2,71), (r29,) be the coordinates of the extremities of
a choid BF parallzel to CP, shew that
EE* &% §is,

ocpr e Iz
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Parer XXXIV,

1, Find the sum of the cubes of » consecutive terms of
un A.P. and shew that it is divisible by the sum of the
corresponding n terms of the AP,

2. Shew that one solution of the equations

o p 2
_ oW =z oty =7
? Tty _=z _y rtn _ 2 —ay,
a c b T —ab
is
T v z a4+ 0

Ka—bF23F  6(b—a) 22 atb) (@-0r 4

3. Shew that

7
cost 7. + cus4 + cos* + cos? g = g
2

4. Prove that one of the values of
log(1 + cos 20 + 4/ —1 sin 26) is log (2 cos 6) + 6y =1,
when 8 lies between — 721 and + 72" From this deduce

Gregory’s Series.

5. A quadrilateral is inscribed in a circle. From tle
centre of the circle perpendiculars are drawn on the sides,
and a second quadrilateral is formed by joining the feet of
the perpendiculars. Shew that the area of the first quadri-
lateral is double that of the second.

6. Two confocal ellipses have parallel tangents at the
points £; € ; shew that PQ subtends equal angle° at the
foci.
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7. Tangents are drawn to an ellipse, axes (2¢, 20) from
an external point (4, £). If 2¢ e the length of the chord

of contact, shew that
B2 a?

PN
u? b )(g + f_;)z

Parer XXXV.

1, A ladies’ school consists of 15 pupils who walk out in
5 rows of 3 abreast. They are arranged so that no two
pupils should walk twice abreast. Shew that they can
only walk out 7 times subject to this condition; and write
down the orders on the different days.

2. Solve the equations
(1) #*-Qa-b—-c)etar+ P+ E—be—ca—ab=0,
(2) 2+ 22y — ¥t = azx + by} .
-y — =l —ay
3. Prove that one of the values of
sin'lb(cos 64 ¥ 1sin 6)
is cos~1Wsin @ ++ ~= 1log (Vsin @ - v/T 1 sin §)

when 6 is between O undér .

4. Through a given point straight lines are drawn
parallel to the sides of a regular polygon; and from
another given point perpendiculars are drawn to these
straight lines. Find the sum of the squares of the per-
pendiculars.

5. Given a fixed ellipse, shew that the locus of the
vertices of all right cones out of which this ellipse can be
cut is an hyperbola passing through the foci of the
el.ipse.
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6. From the ends 4, B, of a diameter of a circle, the
centre of which is C, are drawn any two chords 4H, BK,
such that the radii CH, OK include a constant angle 2a.
Prove that, ¢ being the length of the radius of the circle,
the locus of the intersection of the two chords is also a
circle, the radius of which is equal to #sec a5 and that the
distance between ilie centres of the two circles is # tan a.

7. A frustum of a cone is such that its height is half
that of the complete cone. If the frustum be placed with
its curved surfice on a horizontal plane, shew that it will
1ot topple over if the vertical angle of the cone is less thar.
1 17

2sin~ — .
sin T

Parer XXXVI,

1. The number 142857 when multiplied by the digits
1,2,3....06 gives the same figures in the same cyclical
order; but when multiplied by 7 it gives a series of 9s.
Explain fully the reason of this.

2. Shew that the sum of all the terms of the series

1.242.34+3.44....
which on division by 7 leave an odd reimainder, and of
which n(n — 1) is the greatest, is
2 + 3) (n? + 6n — 4).

3. If tanda = tan3}B, and tanB = 2 tan ¢, shew that
at B = 2¢.

4, If z, y, 2 be the distances of the centre of the nine
point circle from the angular points of a triangle, and p
its distance from the orthocentre, and £ the radius of the
circumscribing circle, prove that

a? 4 2+ 22 4 p? = 312
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5. If through D the middle point of the hypotenuse BC
of a right-angled triangle D& be drawn at right angles
to BC, meeting AC in E, prove that the rectangle £C'. 04
is equal to half the square on B(C.

6. Find the area of the maximum triangle which can be
inscribed in a circle.

7. Shew that the polar equation to the normal of a
conic, the focus being the pole, and semi-latus rectumn
= ¢, is

. . ¢ esina
esimf Fsin(d—a)=-+. ——— .
+ ( ) r 14 ecosa

Parzr XXXVII,

1. A man looks at a clock between the honrs of 4 and 5,
and again between the hours of 7 and 8, and he observes
that in the interval the hour-hand and minute-liand have
precisely exchanged their positions. Shew that at each
observation the hands were equally inclined to the vertical,

2. Solve the equations

™ «/gm - ) - \/Zw — ) =a-b

® syt VEF =0 )

‘7/~/$2 —f =2

3. If 4 4+ B + C be a multiple of 180° and
sin24 :sin2B :sin2C:: 5:4:3
prove that
tand = + 1, tanB = + 2, tan C = + 3,
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4, Prove that
cosa + cos(a+ 28) 4 ....tonterms
2 cos {a + (n - 1B}
- [cos(n — 1I)B 4 cos(n — 3)8....
3 L (= p=1) gy _ 1 (= 1y,
R L

5. From a given point 4 without a circle any two
straight lines 4PQ, ARS are drawn making -equal angles
with the diameter which passes through 4, and cutting
the circle in P@, RS. Shew that P.§ and QR intersect in o
fixed point.

6. Find the area of the greatest triangle which can be
inscribed in an ellipse, and shew that the centre of the
ellipse is the point of intersection of the bisectors of the
sides of the triangle.

7. The vertex of one of the branches of an hyperbola is
A : 8 is the nearer and § the more remote focus; the
focal distance P§' of a point # in this branch is bisected
at U. Prove that the locus of the intersection of the
directions of the lines P8, U4, is a shmilar hyperbola, the
transverse axis of which is equal to 4S.

Paper XXXVIIL

1. 4, B, C, D, and I play at cards. A deals first, and
loses to each of the otliers as many counters as he has. B
does the same, and similarly for ¢, D, and E. They then
find that each player has 82 counters. How many had
each at the beginning of the game ?

2. Determine which is the greatest of the numbers

N, N3 NENE L
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3. In atriangle the least angle is 45° and the tangents
of the angles are in A.P., and the area is 3 square yards,
Shew how to solve the triangle.

4. If £ U'¢’ be the sides of the triangle formed by joining
the points of contact of the inscribed circle with the sides
of a triangle, shew that

a2

we  20E

5. ABCD is a parallelogram whose sides BC, CD, DA,
AB are bisected in 4', B, €', IV. Shew that 44’, BB,
€C'y DI include a parallelogram whose area = 1 4BC/).

6. On a given base 4B any isosceles triangle P4B is
described ; and on 4F as base another triangle QA2,
similar to P4B, is described. Shew that the locus of @ is
a parabola.

7. From a given point € are drawn a tangent to a given
conic section, touching it at 0, and any straight line what-
ever, intersecting it at P and £’. Prove that the sum of
the cotangents of the angles PO, P'OC is constant.

ParEr XXXIX.

1. There are 11 routes from London to Cambridge, in-
cluding routes vid Oxford, and there are 13 from London
to Oxford, including those vid Cambridge. Find the
number of direct routes between the several towns.

2. If p, ¢, » are all unequal positive integers, and &
is positive and not equal to unity, prove that

p.at-r+g.arPrtr.ar-2>p+ g+
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8. Given a fixed point O without a fixed circle whose
centre is €, if any straight line be drawn through 0
cutting the circle in /2 and 7', shew that the circle described
round PCP’ will pass through a fixed point D in OC, and
that if OC meet the fixed circle in 4, 4P bisects the
angle OPD.

4. Let 0, 0y, 0,, Oy be the centres of the inscribed and
escribed circles of 45C. Shew that

04 .00, = 0B .00, = 0C. 00, = 4Rr.

5. Find a point such that the sum of the squares of the
perpendiculars drawn from it to the sides of a given
triangle shall be a minimun, and shew that the minimum
value of the sum is

4A?

P 2
6. Tind the locus represented by the equations
2 = Asiné 4 Bcosd
y = Adcosé 4+ Bsiné

where 6 is a variable parameter. Employ it in the {ol-
lowing example.

7. An equilateral triangle moves in a plane so that two
of its angular points slide one on each of two rectangular
axes. Prove that the third angular point lies on one of
the conics #* + 9% + /3. a2y = 2 24 being a side of the
triangle, ’

Parer XL,

1. Give a rule for determining by inspection the cube
root of every perfect cube less than a million.
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2. A farmer sold 10 sheep at a certain price, and 5 others
at 10s. less per head. The sum he received for each lot
was expressed in £'s by the same two digits. Find the
price of eacl: sheep.

3. In any triangle shew that

P B ¢ 14+ sin?-sin]i)sing
tan= 4 tan= - tan= = 4. 2 2 2,
2 2 2 sin 4 + sin & - sinC

4. If S denote the area, @, 4, ¢ the sides of a triangle
ABC inscribed in a circle, shew that the perimeter of the
triangle formed by drawing tangents to the circle at .7,
B, C will be equal to

abetan 4 tan B tan O
28

5. ABC is a triangle, and D the middle point of BC.
Any straight line through C meets 4D in Z, and 4B in F,
Shew that AE . 'B = 2AF . KD.

6. A variable ellipse always touches a fixed ellipse, and
has a common focus with it. Find the locus of the second
focus

(1) When the major axis is constant,

(2) When the minor axis is constant.

7. The locus of a point P such that the sum of the
squares of the three normals drawn from P to the parabnla
y? = 2pz may equal a given quantity £% is the ellipse

2?2 + 392 4 dpr — 2p% = F2

Also find the position of a point P on a given line
9 = mz + #, such that the sum of the squares of the three
normals may be a minimum, and shew that the point P
is a vertex of that diameter of the ellipse whose equation
is 3my + x4 2p = 0.
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Parern XLL

1. 5 men do ‘6006 of a piece of work in 212 hours
How long will 6 boys take to finish 1t, it being known that
3 men and 7 boys have done a similar piece of work in 3
hours ?

2. Prove that,if s < 1

" 23 5

- 4 =2 +i2_.+ r +
T 1= " 1-2 77 1422 T14at "1 T T
3. If

sin (a 4 6) _ sin (B + 6),

sin(a+¢) sinB+ ¢)
shew that either a and 8, or  and ¢ differ by a multiple
of .

4, From the angular points of an equilateral triangle
2mm

6m -+ 1
the sides taken in order, so as to form another equilateral
triangle 4, B,C; within 4B(; another equilateral triangle
A, ByC; is formed in a similar manner within 4,8,0;; and
so on. If S denote the area of the triangle 4BC, S, the
area of 4,B,Cy, &c., X the area of the first of the triangles
which is similarly situated to 4BC, prove that

) Sp . Sq = S . X
where p and ¢ are integers, such that p 4 ¢ = 6m + 1.

ABC, lines are drawn at a constant inclination to

5. Any point F is taken outside a given circle; and on
the chord of contact of tangents from Z is taken a point
J. Prove that the circles whose centres are Z and #
which cut the given circle orthogonally, cut one another
orthogonally.

6. The tangent at any point P of an ellipse meets any
pair of parallel tangents in 3/ and V. Shew that the circle
described on MN as diameter will meet the normal at P
in points whose distance apart is equal to the diameter

G
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conjugate to CP, and whose distances from the centre of
the ellipse are respectively equal to the sum and difference
of the semi-axes.

7. Given an ellipse and any triangle in its plane, through
each angle draw a line to the opposite side so that side
and line are parallel to a pair of conjugate diameters of
the ellipse. Shew that the three lines are concurrent.

Parer XLIIL.
1. Prove that
A1 — 2 = (1 4 2)20 — 2n2(1 4 222 -1
+ 2}2(2113 - 2) _z.z_(l +.’L“)"—7”-2 e

2. Shew that

»o

P

8m(8m + 1)t > 4(@)’7‘.

3. ABC is a triangle such that if each of its angles be
taken in succession as the unit of measurement, and the
measures formed of the sums of the other two, these
measures are in A.P. Shew that the angles of the triangle
are in H.P. Also shew that only one O% these angles can
be greater than § of a right angle.

4. Prove that if the tangents at B and C to the circle
AB( meet in O, the chord of the circle drawn through O
parallel to AB will be bisected by A4 C.

5. If P be any point on a parabola whose vertex is 4,
and if PR be perpendicular to 4 P, meeting the axis in R,
shew that a circle whose centre is R and radius RP will
pass through the ends of the ordinate to the parabola
through 2.

6. If fromn any fixed point on the axis of a parabola
perpendiculars be drawn on tangents, the locus of their
intersections with the focal distances of the points of
enntact is a circle.
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7. From an external point O (%, %) two tangents OP,
2 2
0@ are drawn to the ellipse <. + ‘7-[;2 = 1. Shew that the
2

area of the triangle CPQ is
PO + a2 — a??)h
‘bZ/&Z + a'.le
and the area of the quadrilateral OPCQ is
(02 + a2 — 253,

Parer XLIIL
1. I

alby + ez — az) = b(ez + ax — ly) = claz + by — ¢2),
andif a6+ c¢c=0, thenwill z+y 4 2= 0.

2. Shew that

23 33 43 —
14 E-l- :2 + L§—l-....:15e.
3. Prove that

s_in 50 — cos b8 — tan (0 — n-\1 — 2sin26 — 4 sin 220
sin 56 4 cos 54 4/1F2sm20 — 4sin%28"

4, ACBP is a quadrilateral figure such that the angle
APB (28) is bisected by the dlagonal CP. If CA = a.
CB = b, and the angle ACB = a, prove that

P = ab sin (a + 28)

 SINB Wi t 1 T Zaboos (a £ 28)

5. ABC is an isosceles triangle having each of the
angles at the base double the third angle. Shew that the
nine point circle of this triangle will intercept portions of
the equal sides such that a regular pentagon can be in-
scribed in the circle having these portions as two of its
sides.

Also, in Euclid 1V. 10, find what portion of the circum-
ference of the small circle is intercepted by the large
circle.

G 2



84 WEEKLY PROBLEM PAPERS.

6. If through a fixed point 4 a straight line be drawn
meeting two fizxed lines 0D, OF in B and C respectively,
and on it a point P be taken such that 4C. AP = AD?
prove that the locus of P is a parabola which passes
through 4 and 0, and has its axis parallel to 02, and the
tangent at A4 parallel to OZ.

7. If ¢ be the excentric angle of any point P of the

ellipse

2t |

o 2 L
and if a parabola be described passing through the foci of
the ellipse, and having P for its focus, shew that the latus
rectumn of this parabola is 2(¢ F &) sin®p, and that the
equation of its directrix is #cos¢p * ysing = a. Also
write down the equation of the parabola.

Parer XLIV.

1. Find the condition that the roots of the equation
az® 4+ 2hr 4+ ¢ = 0 may be formed from those of
da? 4 20z 4 ¢ = 0 by adding the same quantity to each
root,

2. If @, 6, ¢ arc positive and z real, prove that the

quantity ez 4 & +4- % can never lie in value between the

quantities & + 2 zc. A+ Be+ 0O
Hence prove that the fraction A L B F ¢ has its
limiting values when z is a root of the equation
(AB' — 4'B)a® — 2(CA’ — C'A)x+ BC' - BC=0.
3. If sin 4 be the Arithmetic and sin B the Geometric
Mean between sin C and cos C, prove that

cos 24 = 4 cos 2B = cosﬂ(;_r + 0).

4. If ABC, ADE be two triangles of equal area, and
having one angle in each equal, and placed so that B4
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AE are in a straight line, as also C4, AD, and if BC, DE
be produced to meet in F, shew that F4 bisects C¥ and
BD.

5. If PP be a chord of a conic parallel to the transverse
axis, and the two circles be drawn through a focus &
touching the conic at P and P’ respectively, prove that F,
the second point of intersection of the circles will be at
the intersection of PP and 87, where 7 is the point of
intersection of the tangents at 7 and P,

Prove also that the locus of F for different positions of
PP’ will be a parabola with its vertex at S.

6. Shew that the locus of the intersection of normals to
a parabola which make complementary angles with the
axis is a parabola.

7. When the portion of the tangent to an ellipse inter-
cepted between the axes is a minimum, shew that its

length = @ + 4.

Parer XLV,

1. ‘TFind the sum of # terms of the series
142043224+ ....4+ (n = 1)an—2 4 ngn-1,
2. Shew that the least value of -
acks 4 be—k= is 2 Ny,

3. Find the sum to infinity of the series
(1) cossiné + cos ’-’6 sin 26 + cos®dsin 36 4 .

(@) (1+2)loge2 + 112 L 2 Goge2y + ilf; /Ioge2)3 +..
4, Prove that
coswsin (24 2 )—l- ncos (x4 - )sin { + (n— 1)”} 4o

+n(n—l)..l}(n—r+ 1) cos(m—{—%)sin{x-}—(n;r)f}

+....to(n-1) terms = 2n—15in 2z + %r)
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5. Prove that the area of any triangle is a mean pro-
portional between the areas of two triangles formed, the
one by joining the points of contact of any one of the four
circles touching the sides of the triangle, and thg other by
joining the centres of the other three.

6. ABC is a triangle, and any straight line CF is drawn
meeting ABin F. The angles BF¢C, AFC are bisected by
FD, FE meeting the opposite sides in D, . Prove that
AD, BE, CF are concurrent.

7. If two straight lines, inclined to each other at a given
angle a, be drawn from the focus of an ellipse, and tangents
to the ellipse be drawn at their extremities, prove that the
locus of the point of intersection of these tangents is an
ellipse, a parabola, or an hyperbola, according as the
eccentricity of the ellipse is respectively less than, equal

to, or greater than cosg-

Parer XLVI.

1. Shew that three of the roots of the equation
#S—1—(a-+ b+ e)z(z* + 1) + (ab + be + ca)z?(22—1)
+ (a4 b6 + ¢ — abe)s®
—at(? 2.5_{@ ca By _pafb g2
$(b+c+a v a+b+c) z(a+b+c)
are
1 1 1 1
“trfax...ttoaeg
Find the other roots.
2. Prove that

1 1
iR i

111
log,2 —ofl 1.1
08 2{3 5opt

1 1 1 1
Hatzats

1
Lo

+}

Uc:;l'-‘ o] =
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3, Shew that
sin(@ — B)sin (8 — y) , sin(8 — 5)sin(f - a)
sin(a — B)sin(a —y) * sin(8 — y)sin(B - a)
sin (6 — a)sin (8 — B) _ 1
sin (y — a) sin(y — B)

4, The angles subtended by a hill at the base and
swnmit of a tower of height « are respectively a and 8.
Prove that the height of the hill is given by the equation

x2cos a sin (B—a) ~ax sin®asin B 4 «?sin%usinB = 0. -

5. Four circles are described, each passing through two
adjacent angular points of a square, and also through a
point P on one of the diagonals. A quadrilateral is de-
scribed such that each angular point lies on the circum-
ference of one of the circles, and each side passes through
one of the angular points of the square. Shew that the
quadrilateral may have a circle described about it with its
centre at P, and that its diagonals are equal and at right
angles.

6. Given the focus and auxiliary circle of an hyperbola,
shew how to find any number of points on the curve,

7. Shew that chords of a rectangular hyperbola which
subtend a right angle at one of the foci, touch a confocal
and coaxial parabola.

Parer XLVIIL
1. If the equation
NE 4 2(b — ¢) + a2 + Vol + 2(c - @) F &
+ At a2(a =) F 2=0
be rationalized it will take the form
2+ 2t gr+r =0

where r is the same function of 4%, 22, ¢? that p is of
a, b, ¢, and

q=§(b—c)(c—a)(cz—b).
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2. If » things be arranged in any fixed order, and
divided into two groups of r and # — r things respec-
tively, and the things in each group be then permutated in
any way amongst themselves, /() being the whole number
of permutations that can thus be formed, prove that

1 + 1 + 1 + + 1 2n
fO) A S T )
3. Prove that B
(1) tan36° = /5 tan 18°.
NE 41
4

4, Given the base, area, and difference of the squares of

the sides, shew how to construct the triangle.

@) tan 9° = 4 — V10 + 2 VB).

5, From an external point O two tangeunts are drawn to
a parabola, and from the points where they meet the
directrix two other tangents are drawn meeting the tan-
gents from O at 4 and B. Prove that 4B passes through
the focus S, and that OS is at right angles to A B.

6. If @ be the centre of gravity of m equal particles
arranged at equal intervals along the arc of a circle which
subtends an angle 2a at the centre O, shew that, if » be
the radius of the circle,

. na
sin

oG =", _."n-1
" sin_2
n — 1 .
Deduce the position of the centre of gravity of a circular
arc.

7. From a given point (4, %) perpendiculars are drawn
to the axes, inclination w, and their feet are joined. Prove
that the length of the perpendicular from (4, £) on tlis
line is

ke sin e )
B B+ 24k cos
and that its equation is Az — &y = A% — /2
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Parer XLVIIL
1. Prove that

o) 2 22
l © 020) ) (cf;)z 2 | = 16(x—1le) (¢ -ca) (u—ab)
| &2’ 2 ’ (=0 where 2u=/{c¢ 4 ca } ab.
) ’ -

2. Shew that if
a¥(b —¢) + ,8?(0 — a) + v¥(a — i})

r—a T—-c

has equal roots, then
+alb-c) +Blc—a) xya—-10) =0,
3. Shew that the sum to infinity of the series

[ %dcosd F &

4. If
5 17 37 .
y~1r.z.—-6.%,....tomﬁn.
2 10 26 50 .
a.—.i-.-g-.-—-5.4—9.....t01nﬁn.

prove that 422 — % =

5. Prove that the intersection of the diagonals of a
square described on the hypotenuse of a right-angled
triangle is equidistant from the two sides containing the
right angle.

6. A straight line moves in such a manner that the sum
of the squares on its distances from two given points is
constant. Prove that it always touches an ellipse or
hyperbola, the square on whose transverse axis is equal to
twice the sum of the squares on the distances of the
moving line from the given points, and the given points
are on the conjugate axis at distances irom the centre

S.
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7. If PM, PN be perpendiculars from any point of an
ellipse on the axes, and the tangent at P meet the equi-
conjugate diameters in @ and R, shew that the tangents
from Q and R to the ellipse will be parallel to AIN.

Parer XLIX,
1. If
[n l»
Lrn—a n'r-{-lun—r—l
n.n — 1 n
. = + ... =£

+ L2_ [7‘—{-2}11,—1'—2
f |z
O g A i
+./1(2) . (m +. .. =f2(?')
e e
5@ =B A
+ £ (2) . ———Ln——-—- + o0 o= @

r42\n —r — 2
Find the value of f,,(n), and shew that it is equal to

{(m 4 1)n l)n or lfm + Dn

1 m Z)n (m + 3)n| (m — l)n A

according as m is even or odd.

2. If @, &, ¢ be positive integers, shew that
a b c
b b+ b .
QTETE ekl ot +c>§;(a+b+c\,
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3. If the measures of the angles of a triangle referred to
1°, 100, 10,000” as units be in the proportion 2: 1 : 3, find
the angles.

4, Iftan?) -}- cot 20 — 1 has its least value, shew that
0 must be one of the angles (n * })m, where n is integral
or zero.

5. Draw through a given point a straight line such that
its two intercepts by three given straight lines meeting in
a point may be in a given ratio.

6. ABCD is a parallelogram, and E is a fixed point in
BC. Divide AB, AD into any the same number of equal
parts, and join E and C with corresponding points of 4B
and AD. Shew that the locus of intersection of these
lines is an hyperbola or ellipse according as E lies on CB
or OB produced through B,

7. Find the relation between the coefficients of the two
equations
az? + by? + 2cxy 4 'a = 0
az? 4+ By + 2yry + 2’z = 0
in order that the two curves may touch each other at two
points,

Parer L.

1L.If & =1l +my + nz; 9 = ne + ly + mz;
= mz + ny + lz; and if the same equations be true for
all values of @, 3. 2, when &, 9, { are interchanged with z, g,
#z respectively, shew that the real values of /, w, z are given
by -2 =m=n=L 2
2. Find the coefficient of 27 in the expansion in as-
cending powers of 2
224+ pr+g )
(#-a)(z~0by(@-o
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8. If 4, B, C are the angles of a triangle, prove that

cos A cosec B cosec C + cos B cosec C cosec 4
+ cos C cosec 4 cosec B = 2,

4. If a straight line join the points where an escribed
circle touches the produced sides, and corresponding lines
be drawn for the other escribed circles so as to form a
triangle, prove that the lines joining corresponding ver-
tices of the triangles are perpendicular to the sides of the
original triangle, and are equal to the radii of the corre-
sponding escribed circles.

5. The straight line which bisects the exterior augle A
of a triangle cuts the base BC produced in D, and the
circumscribed circle in %, Shew that the rectangle
4B . A4C together with the square on 4D = rectangle
DB . DC; and that the rectangle 4B . 4C = rectangle
AL, 4D.

6. In an ellipse, from the extremities of the diameter
which is perpendicular to one of the equi-conjugate
diameters chords are drawn parallel to the other. Prove
that these chords are normal to the ellipse.

7. If P be any point on an ellipse, and L, M, N the
points of contact of the ellipse with the three circles of
curvature through P, shew that the area of the triangle
LMN is constant, and equal to that of the maximum
triangle which can be inscribed in the ellipse.

Parer LI
1. Solve the equations

G+eye+(c+ay+@+bz=0
(b= o+ (e~ ay + (@~ Be = 0

(1) AN A /,L,- = n{be + ca + ab)

¢ a b

a
o b6 b ¢ ¢ a
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@A VE -+ G- utD+Ve -+
=V +86) (z + 20 — ) — dab.
(3){x?y2(x4 - =
zyay® — 1) (&* +9°) = a
2. Shew that no number of the form 8z 4+ 7 can be the
sum of 3 square numbers.

3. Prove that, if a, 8, v, & be all different

cos2a cos2f3
sin u;Bsina;ysin, {1%9\ sinB;asin'e%‘ysinﬁz;8
cos2: 0820
t— : —YB r JLE Yo ?é;-,s -y
sinY " %sin Y " gin ¥ sin — sin sin—Y
2 2 2 2
= 8sin at+B+y+38,
2

4. A straight line cuts three concentric circles in 4, B,
C, and passes at a distance p from their centre. Shew that
the area of the triangle formed by the tangents at 4, B, Cis

BC.CA. 4B
2p

5. If any rectangle circumscribe an ellipse, prove that
the perimeter of the parallelogram formed by joining the
points of contact is equal to twice the diameter of the
director circle.

6. The angular points of one triangle lie on the sides of
another. If the latter triangle be thus divided into four
eq il parts, prove that the lines joining its angular points
with the corresponding angular points of the former
triangle will be- bisected by the sides of the former
triangle.

7. If zy = ¢? be the equation to a rectangular hyperbola,

and a,, %y, %3, #, be the absciss® of the angular points and
orthocentre of a triangle inscribed in it, shew that

= 4
Ty Ty B3y = — ¢
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Parrr LIIL

1. Prove that if » be a positive integer > 1,
152n 4 Bin — 7. B2n+l — 322 4 34 is divisible by 2304,

2 If D, E, F be the feet of the perpendiculars from
A, B, C upon the opposite sides, and O the orthocentre of
the triangle 4B, and p,, Py, p3, py be the lengths of the
perpendiculars from 4, B, €, O upon the sides of the
triangle DEF, shew that py, p,, p3, py are the roots of the
equation .

2
a2t — 2Ra2% 4 (%2 — 2Ry — rHa? —'%2 72 =0
where R is the radius of the circle circumscribing 4BC,
" inscribed in DEF,

and A the area of the triangle 4BC.

'
T ”» ” ” »

3. Shew that there can always be found n consecutive
integers, no one of which is a prime number, however
great n may be,

4, Tf from a point P in one of two circles, a straight
line PQg be drawn cutting the other, prove that the rect-
angle PQ. Pq = twice the rectangle between PH the
perpendicular from P on the chord of intersection, and 4B
the distance between the centres.

5. Through one of the points of intersection of two
circles shew how to draw a straight line such that the
product of the segments cut off from it by the circles shall
be a maximum.

6. P, Q, R, S are any four points on a parabola. RS
meets the diameter throungh @ in Z, and PQ meets the
diameter through S in K. Shew that KL is parallel to
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7. The points in which the tangents at the extremities
of the transverse axis of an ellipse are cut by the tangent
at any point of the curve are joined one with each focus,
Prove that the point of intersection of the joining lines lies
in the normal at the point.

Parer LIIL

1. Sum to n terms the series
MH1-2-3-24+146+....
2 24+54+12+4+314+864+2494....
2 5 8
Ot otron Tt
2. Prove that any even square (2n)? is equal to the sum
of n terms of one series of integers in A.P., and that any
odd square (2n -+ 1)? is equal to the sum of n terms of
another increased by unity.
Also shew that the common difference in the two series
is the same.

3. From the top of a hill the depression of a point on
the plane below is 30° and from a spot three-quarters of
thie way down the depression is 15°, If 8 be the inclina-
tion of the hill, shew that

3

35— 2

4. The point in which the external bisector of one angle
of a triangle again cuts the circumscribed circle is equi-
distant from the other two angular points of the triangle,
and from the centres of two escribed circles.

5. Let 4C, CB be diameters of two circles touching each
other in €, and let 4B be bisected in D. Shew that if a
circle be described with centre D cutting the circles in &
and F, the straight line £ will pass through C.

6. Find an expression for the product of the per-
pendiculars from the centre of the circumseribing circle
and the orthocentre on any side of a triangle, and shew
that it is the same for each of the sides.

tan 8 =
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7. A triangle is inscribed in a parabola, and another
triangle similar and similarly situated circumsecribes it.
Prove that the sides of the former triangle are respectively
four times the corresponding sides of the latter.

Paprer LIV,
1. Sum to 7 termns the series
(1) 4418448 + 100 4 180 4 294 -, ..,
2)5+4+114+224+414+74 41334 ....
5 8 1 15 /1% 34 /1\3
@ 1.2.3+z.3.4(§)+3.4.5(5) +4.5.G(3)
89 /1\¢ 252 /1\3
+5.6.7(§) Te7s 5) AR
2. If m and n be two prime numbers, shew that
777/%—1+n'm—1

when divided by mn leaves a remainder 1.

3. Two ships are sailing uniformly in parallel directions,
and a person in one of them observes the bearing of the
other to be &® from the North; p hours afterwards its
bearing was 8°; and ¢ hours after that it was 4. Prove
that the course of the vessels is 6° from the North, where
d is given by
psinasin (8 — y) — ¢gsinysin(e — B)
pcosasin(8 — y) — gcosysin(a — [3).

4. ABC is a straight line divided at any point B into two
portions, A4DB, CDB are similar segments of circles on
ABand BC. Shew that if CD, 4D be produced to meet
the circles in # and E respectively, 4BF and CBE are
similar isosceles triangles.

tan 8 =

5. The normal to an ellipse meets the axes in @ and g.
Find where the normal must be drawn in order that the
triangle CG¢ may be a maximum.
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6. If a point situated at the orthocentre of a triangle be
acted on by three forces represented in magnitude and
direction by its distances from the angular points of the
triangle, shew that the resultant force will pass through
the centre of the circumsecribing circle, and will be
represented in magnitude by twice the distance from the
point to the centre.

7. From auy point on the curve
") .,/2)2 s _ 9 b‘z@z az,
2t R
tangents are drawn to the ellipse

a? | gt
~+ 5= 1.
Shew that tlhe length of the chord of contact is equal to 2p.

Parer LV,

1. Shew that there cannot be found in any scale three
different digits such that the three numbers formed from
them by placing each digit differently in each number
shall be in A.P.,, unless the radix of the scale exceed by
unity a multiple of 8. If this condition Le satisfied, and
the radix be 3p + 1, there are then 2(p — 1) such sets of
digits ; and the common difference of the progressions is
in all of them the same.

2. Given the relations
@@® — agzy = (uy — vl
0i2® — bgry = (v, — Nglp
et — gty = Ny = py)p

in which the suffixes 1 and 2 may be interchanged through-
out; given also

ady + by + ey = ahy + bop, + ey = @
and 22 — 5% = p%
shew that
mavg — v+ v h — md + AMpg = Aoy = pa
-
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3. If a triangle be solved from the observed parts
C = 1715° 6 = 2,a = /B, shew that an error of 10” in the
value of ¢ “ould cause an error of about 3”66 in the
calculated value of B.

4. ABCDE is a regular pentagon in a circle, and P the
middle point of the arc 4B. Prove that 4P together with
the radius of the circle is equal to PC.

5. Given the circumscribed and inseribed ecircles of a
triangle, prove that the centres of the escribed circles lie
on a tixed circle.

6. Any tangent to an ellipse meets the director circle in
P and . Shew that CP and CQ are the directions of
conjugate diameters,

7. Find the position of a point such that the sum of
its distances from the vertices of a triangle may be a
miniinum.

Paren LVL
1. Solve the equations

W) 4 2 = 0 - 2 < ),
2 + oy =3y — z - g)

2) 2y-14 -l ==
221 + a’r-1 = 7/
a’r=1+4 -1 =

B) (2 - N4z — 2 a:‘ = 24,

2. Shew that when z is integral the value of the ex-
pression

41 4 /=31 — (1 = /= 3"+ 3 zero.
3. I

tan?z 4 sec 22 = 7~/3 — 10
N
prove that
cos2z = — 5—-+—4i3-.

23
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4, If A, Ay, ... . A2n+1 be the angular points of a
regular polygon inscribed in a circle, and O any point on
the circumference between A; and A2, +1; prove that
the sum of the lengths O4; + 0A4; + OAg + . ... will
be equal to the sum of 04, + 04, 4 045 +. ...

5. Prove that if two chords be drawn through a fixed
point in the interior of a circle at right angles to one
another, the angular points of the quadrilateral formed by
the four tangents at the ends of the chords will lie on a
circle, the diagonals will pass through the fixed point, and
the angles between them will be bisected by the chords.

6. If @ be a point on the major axis of an ellipse, O the
centre, and P a point on the ellipse such that OF = BQ,
shew that 4Q = SP, and 4'Q = S'P.

7. If from any point P of a parabola perpendiculars PN,
P be drawn on the axis and the tangent at the vertex,
shew that the line /N always touches another parabola.

Parer LVII
1. Find the sum to n terms of the series
1) 6+7+18445+94+171 4. ...
(2 7413 -7 — 181 — 1149 — 6111 — .. ..
8 2 1 9 1 28 1
@ -1t33 esaiztiis atis ey
61 1 120 1

teesrateraaT
2. Assuning that
— 1 1 1 1 1
Nemd fF— e — ..
v nt g+ @+ 9+ 24+

and that 7~ is the number of the recurring quotients ¢,

e Pn 1o the th and 2ath convergents to

c... 24 0f
1 ik Qn QZn

VN, prove that
an = gann; and P?’n = 21‘: + (_ »‘\Y‘—'—:
H <
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3. If
5in2¢ — sin¢g =1 — +~/2sin 6, and cos 2¢ + cos? = 0;
find 4 and ¢. :

4, Prove that in any triangle
(sin4 4-sinB)(cosB4-cosC) (cosC+cosd) 4 (sinB+-sinC)
(cosC4-cosA)(cosA+-cosB) 4 (sinC+-sind ){cosA+-cosB)
(cos B+-cosC)=(sind +sinB)(sin B+-sinC)(sinC+-sind).

5. A hexagon, two of whose sides are of length 4, two
of length &, and two of length ¢ is inscribed in a circle of
diameter 4. Prove that

B = (a4 b+ A)d 4 2abe.
and that the difference between the square of the area of
the hexagon and the square of the area of a triangle whose

sides are ¢ V2, 682, ev/2 is abed + 1as

6. Prove that if a circle be described with its centre on
a fixed circle and passing through a fixed point, the per-
pendicular from the fixed point on the common chord is of
constant length.

7. From the foci of an ellipse perpendiculars are let fall
on the tangent at any point. With the feet of these
perpendiculars as faci, an ellipse is described touching the
major axis of the given ellipse. Prove that the point at
which it touches the axis major will be the foot of the
ordinate of the given point, and that the ellipse described
will be similar to the given ellipse.

ParEr LVIII.

1. Solve the equations
2
@
@) vl =2+ g*)+b(ey—a?) =61 - 2"+ ) + a(y? —ay)=c.

&
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2. Shew thatif» >3

w4 71(7-2_ D (n—2)3 +ZZ(£%)(_”__3_) (-4 +....

= n2(n 4+ 3)2n—4,
3, If
sin(a+06)  sin(B8+06) _cos(at6)  cosB+0)_,
sinfa4+ ) ' sin(B+¢) cosl@to) cos(BF¢)
prove that either
a~fB = (22 4 1);_r or 6~ ¢ =20,

4. Prove thatif 2 >}

1 > ! and < !
1+a2t" 142+ 2° 1-—z+ &

5. ABC is a triargle, and O the centre of its inscribed
circle. Shew that AQ passes through the centre of the
circle which circurrscribes BOC.

tan

6. Find the equation to the straight line joining two
given points on a parabola in terms of the ordinates of
those points, and shew that if the difference of thie or~
dinates be constant, the locus of the middle point of the
chord is a parabola, which also envelopes the chord,

7. If P, p be corresponding points on an ellipse and the
auxiliary circle, centre C, and if ¢P be produced to meet
the auxiliary circle in ¢, and if @ be the point on the
ellipse corresponding to g, prove that the tangent at @ is
perpendicular to Cp, and that it cuts off from Cp a length
equal to CP,

Parer LIX.

1. Counvert {, into a circulating decimal, and expiain
why the period is such that its first sixteen multiples
consist of the saine digits in the same cyclical order.
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2. Solve the equations

(1)x;a+z—'b= b 4@

@ Vi4+ Ve -1=z+1.
3. 1fA + B 4 C = 2r, and if

e
a ¥ —a r -0

_(d—a @G -2, =(d—6)(c—a);
csd = TraeTe PP urnery
cos 0 = @--¢)a-10)

@+e) @+
prove that tan $4 4 tandB + tan3C = + 1,

4. ABC is a triangle inscribed in a circle, R is any point
on the arc 4B, a hexagon 4RBPCQ is completed, having
its opposite sides parallel ; triangles are formed by pro-
ducing 41, BP, CQ and 4@, CP, BR respectively. Prove
that these triangles are similar to 4B8¢, and have their
homologous sides parallel, and that the suin of the homo-
logous sides is to the homologous side of 4BC as

(sin%4 + sin 2B + sin 2C) sin 8 : sin 4 sin Bsin C,

where 6 is the augle between the homologous sides of the
triangles and that of 4BC.

5. The sides BC, C4, 4B of a triangle cut a straight line
in 0, B, F. Through D, I F {hree straight lines OLDG,
MEOH, KNOF, having the comnmon point O are drawn,
cutting the sides Cd, 4B in L, G; 4B, BC, in M, H;
BC, C4in N, K. Prove that
AK.BG.CH _4G.BH CK _ GD.HE KF _ IHD.KE.GF
AM.BN.CL~ LA.MB.NC LD.ME.NF ND.LE.MF

6. A circle and a parabola touch one another at both
ends of a double ordinate to the parabola. Prove geo-
metrically that the latus rectum is a third proposrtional to
the parts into which the abscissa of the points of contact is
divided by the circle either internally or externally.
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7. Prove that the equation of the locus of the points of

3 - . 3 o 2 2
intersection of pairs of tangents to the ellipse 22 + %E =1

inclined to one another at an angle a is .
@ + 5% ~ a® = 19)? = dcot?a(«®® + 1%® — a2l?).

Parzr LX.

1. At the recent general election the whole number of
Liberals returned was 15 more than the number of English
Conservatives, and the whole number of Conservatives
was 5 more than twice the number of English Liberals,
The number of Scotch Conservatives was the same as the
number of Welsh Liberals, and the Scotch Liberal majority
was equal to twice the number of Welsh Conservatives,
and was to the Irish Liberal majority as 2 : 8. The
English Conservative majority was 10 more than the whole
number of Irish members. The whole nuinber of members
is 652, of whom 60 are rcturned by Scotch constituencies.
Find the number of each party returned by England,
Scotland, Ireland, and Wales, respectively.

2.Hfa< 1, and (1 +az) (1 4+d%2) 14 d).... be
expunded in ascending powers of «, prove that the series
is
‘ 4,.2 9,3
1 az ata o
+ 1—a? + (1—a*)(1—a%) + (1—a®)(1—a*)(1—a®)

3. If ABC be a triangle, shew that

tan? %tan2 (—2’ -+ tan? gtan2 42 -+ tan2 1; tan"’g

o

is always < 1;
Also shew that if one angle approach indefinitely near
to two right angles, the least value of the expression is 4.

4. If a straight line 4B be bisected in C and produced
to D so that sq. on AD = 3 sq. on CD, and if CB be
bisected in E, shew that sq. on D = 3. sq. on EB.
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5. The bisectors of the angles 4, B, C of a triangle meet
in 0. Prove that the triangles OBC, 0C4, OAB are
proportional to sin 4, sin B, sin C.

6. Twe tangents to an ellipse intersect at right angles.
Prove that the sum of the squares on the chords inter-
cepted on them by the auxiliary circle is constant,

7. Through a fixed point O a chord PO of a hyperbola
is drawn, and lines PL, QL are drawn parallel to the
asymptotes Shew that the locus of L is a similar and
similarly situated hyperbola.

Parer LXI.
1. Prove that if # be less than 1,
2 + 23
T—a) T—amFD) " T = - atrt5)
a0 .
....toinf
+(1—x5>(1—sv2n+5>+ :

1 1 1
=1—.’c27_1{1'—a:+1—x3+ + + ¢2n, 1}

9. I1f 4, B, C be the angles of a plane trmngle, shew
that the equation

Jy‘z + 22+ 2yzcos 4 + N + 2?4 2zz cos B
+ N2 F g F 2y cos € = 0,
is identical with
(yzsin A 4 zzsin B + aysin )2 = 0,
8. Prove that if a quadrilateral be inscribed in a circle

the (length)? of the line joining the points of intersection
of opposite sides is

(ad + be) (ab + ed) {8d(@ — ) + ac(® ~ ),
(0* — d®* (¢ ~ a*)?
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4. The side BC of a triangle 4BC is produced to D so
that the triangles 4BD, 4ACD are similar, Prove that 4D
touches the circle round 4BC.

5. A series of confocal ellipses is cut by a confocal
hyperbola. Prove that either focal distance of any point
of intersection is cut by its conjugate diameter with re-
spect to that particular ellipse in a point which lies on a
circle,

6. P and D are any two points on an ellipse, and P/,
I’ the corresponding points on the auxiliary circle, Shew
that the tangents of inclination to the major axis of the
two central radii, which bisect, the one PD, the other
P'D' are proportional to the lengths of the principal axes
of the ellipse.

7. Shew that the envelope of the radical axis of a fixed
circle and a variable point which lies on a fixed straight
line is a parabola,

Parer LXIIL
1, Find the sum to n terms of the series

3 3.6 3.6.9
y B 6.
O ottt
, 1 2 3
@ g3ty satsaat

3 —38+2+4+13+28+39426-55—29G...,

2. If a, b, ¢ are all real and positive, and if # + b > ¢,
prove that
a® + b + & + Babe > 2(a + b)ct

3. A circle is inscribed in a triangle, and a second
triangle is formed whose sides are cqual to the distances
of the points of contaet from the adjacent angular points
of the triangle. If » be the radius of the circle inseribed
in the first triangle, and p, p’' the radii of the inscribed
and circumseribed circles of the second triangle, shew
that 72 = 2pp.
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4. Given sinz = ncos(# + a), expand z in ascending
powers of #.

Prove that

- 7.
T o2

5. AB is a chord of a conic. The tangents at 4 and B
meet in 7. Through B a straight line is drawn meeting
the conic in ¢ and 47 in £, The tangent to the conic at
C meets 47in . Shew that 7P Q4 is a harmonic range.

6. 4B, BC, CD are three equal rods freely jointed at B
and €. The rods 4B, C/) rest on two pegs in the same
horizontal line so that BC is horizontal. If a be the in-
clination of 4B, and B the inclination of the reaction at B
to the horizon, prove that

3tanatanB =1,

7. Shew that, if § denotes a variable angle, the envelope
of the parabola

ﬁzsin 26— 277 sinfcosd +'1f-2 cos %6 + %zcos 8
a? ub b2 a

+ %%in 6-2=0
is the ellipse

Parer LXITII.

1. Find the cube root of 37 + 30~'3.
If the cube root of & + /b + V¢ + /4 can be ex-

pressed in the form z + Jy_ + W/ prove that /\,/(:70,
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\/c_ljl, /\/@ must all be rational. Also if '\/%c = k,
c

then 23 is a root of the equation
484 4- 6(5a — 9%k)! + 34 4 d = 0.
Employ this method to shew that the cube root of the
expression

16 4 1442 4 124/83 4 64/ is 1 4 +/2 + /3.

COSZ — COSY COSz
2. Prove that - Sy
siny sin z
altered by simultaneous small increments 24z’ of #, g, and
2, if

is approximately un-

’

z! _ v
siny

tan -g (cosy 4 cosz) sz

3. Shew that the difference between the sum of the
reciprocals of all the even numbers and the sum of the
reciprocals of all the odd numoers is *69314718 nearly.

4. 4B is any fixed straight line, D a chord of a circle
parallel to 4B. AC being joined cuts the circle in E, and
BE cuts the circle in . Prove that DF will cut 4B in
a fixed point @ which is the same for all chords.

5. 8 is the focus of an ellipse of eccentricitye. 7 isa
fixed point on the major axis, and P any point on the

curve, Shew that when PF is & minimum, SP = lSF.
e

6. A triangular lamina is supported at its three angular
points, and a weight equal to that of the triangle is placed
on it. IMind the position of the weight if the pressures on
the points of support are proportional to

da+b4c a+ 4b4c a4 b+ 4

a, b, ¢ being the lengths of ihe sides of the triangle.
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7. The diameter parallel to any focal chord of an ellipse
is equal to the chord joining the points on the auxiliary
circle which correspond to the extremities of the focal
chord.

Parer LXIV.

1. Eliminate z, , 2 from the equations
1 1 1

@ ——=0P - -=¢ -5
z v z
az‘l,z + bﬂyz + 0222 = 0; a2x3 + 0213 + 0223 _ 0,
and shew that
ader - )t 4 o8> - az)?’ + Ao - )E = 0.

2, Take all the integers from 2 to infinity, and raise
each to all negative powers from 2 to infinity, and shew
that the sum of all these terms is unity.

8. A workman is told to make a triangular enclosure of
sides 50, 41, 21 yards respectively: but having made the
first side 1 yard too long, what length must he make the
other two sides in order that they may enclose the pre-
scribed area with the preseribed length of fencing ?

4, In any triangle 4BC, prove that
b+ et et + ab
aa oS At s B
= ab 4 0} + b
5. Given a triangle 4BC, shew how to inscribe in it a
triangle ZMN so that the perimeter of LMN may be a

minimum, Shew that L, 4/, N are then the feet of the
perpendiculars from the angular points on the sides.

«“ + bE cos

6. A boy stands on a sheet of ice balancing himself by
means of a chair, but not leaning any of his weight on it.
Shew that if the chair be heavier than the boy, he may
incline his body to the vertical at an angle tan—12u ; but
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if the boy be heavier than the chair, he can only incline it
7

to an angle tan-1 2’; Z/, p being the coefficient of friction

between the boy and ice, and also between the chair and
ice, W and W' being the weights of boy and chair re-
spectively.

7. A line is drawn from the focus of a hyperbola
parallel to an asymptote to meet the directrix. Prove that
it is equal in length to half the latus rectumn, and is
bisected by the curve.

Parer LXV,

1. Find the sum to z terms of each of the following
series
() —1-34+34234+63+129+4....
11 18

4

@) ?T§".'1_+8.13.18+13.18.23+””
124 3) , 22+ 4) , 32 +5)

(3) 5 + i +_Ié..--¢....

2. Prove that
1" _n. 9"+ Z‘i’[g‘ Dgr (=1t 1) = (= )"

3. Prove that when # is a positive integer
sin™ ¢ cosnf + nsin® ¢ cos (n — 1)fsin( — ¢)
n(n — 1)
+ 2

sin" "2 ¢ cos (n — 2)0 sin%(0 — ¢) + ...

+.... 4 sin" (8 — ¢) = sin” f cosne.

4. A is the centre of a circle, and C4B a diameter. On
CB produced take a point D so that DB . DC* = AD. 4B
With centre D and radius = 4B describe a circle cutting
the given circle in B Shew that the arc £/ = } the
circumference.
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5. The six middle points of the sides and diagonals of a
quadrilateral, the two points in which the opposite sides
intersect, and the point in which the two diagonals inter-
sect lie on a conic. Also shew that if the quadrilateral can
be inscribed in a circle, the conic will be a rectangular
hyperbola passing through the centre of the circle.

6. A bullet is fired in the direction towards a second
equal bullet which is let fall at the same instant. Provs
that the two will meet, and that if they coalesce, the latus
rectum of their joint path will be } the latus rectum of the
original path of the first bullet.

7. The equation to a conic referred to the centre being
ax? + 2hzy 4- by* = ¢, and that referred to the axes being
a'z® + §y® = ¢, prove that the sign of «’ — &' will be the
same as that of &, provided the axis of 2’ make with the
axis of # the least positive angle given by the equation

24
tan20 = — .
an 3

Trace the curve
1322 + 20y + 13y® — 2204 50y — 23 = 0.

Parer LXVL
1. The equations
A42) (L4a)=1%1
(4 m0) (14 &) = 1+ me
(t4n) Q4+cy) =1+ 22

cannot be true together unless

G-9f+C-a)+a-pi-o
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If this condition holds, shew that

c b
s ="
b—c¢
and that particular solutions for y and z will be
Y = — -3 2 = — 1}
l

with two similar sets. Also y = 0, and # = 2 is another
solution.

2. Eliminate ¢, ¢’ from the equations

.o abcos (8 — ¢) _ abcos (8 — ¢')
NaZsin2p + (% cos %P Na?sin 2’ + (% cos 2P’
2
and tan ¢ tangp’ = — %,
P

and shew that 2,2 = 4*cos?d + 02 sin 6.

3. Eliminate ¢ from the equations
@y sing + Brcosg 4 ab(a?sin?p + 2cosip) = 0
arsec ~ bycosecp = a? — bo

4, The triangle 4B( is right-angléd at 4, and on the
sides A B, 4C are described squares 4DEB, AFGC. Prove
that BG and CF meet on the perpendicular from 4 on BC.

5, T'P and 7@ are tangents to a parabola, and O is the
centre of the circle round 7@  Shew that the angle 780
is a ¥ight angle.

6. Forces P and @ act at a point O, and their resultant
is R. If any transversal cut their-directions in the poinis
L, M, N respestively, shew that

P @ _ R

m;+01v1_0_1v'
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7. Prove that in order to produce the greatest deviation
in the direction of a smooth billiard ball of diameter by
iinpact on another equal ball at rest, the former must be
projected in a direction raaking an angle

. a 1 —e
sin-1=
¢ 3 —e¢

with the line (of length ¢) joining the two centres, ¢ being
the coefficient of elasticity.

Parer LXVII.

1. If 2® -+ ax 4 & and %* 4 o’z -+ & bave a common

measure of the first degree, prove that their L.C.M. is
s L ab—db 'l — al? bl (e — a’)

S R a7 e L

2. Two persous 4 and B set out together to walk from
P to @, each completing the distance in 4 hours. A4
increases his rate at the end of each quarter of an hour by
the same quantity, and B increases his by that same
quantity at the end of each half hour. After one hour
they are 4% of a mile apart, and after 2 hours they are 1 of
a mile apart. TFind the distance from £ to Q.

8, Shew that if a quadrilateral whose sides taken in
order are ¢, b, ¢, d be such that a circle can be inscribed in
it, the circle is the greatest when the quadrilateral can be
inscribed in a circle. When this is the case, shew that
the square on the radius of the inscribed circle is

abed
@+ G+d)
4. A tree blown over by the wind falls on another,
artially uprooting it. Shew that it is not possible for
Eoth their tops to be in the same straight line as before.

5. Describe a parabola passing through three given
points, and having its axis parallel to a given straight
line.

Hence shew how to inscribe in a given parabola a
triangle huving its sides parallel to three given straight
lines, )
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6. A quadrilateral 4BCD is composed of four unequal
heams joined at the extremities, and is compressed hy a
force P along the diagonal 4C. Prove that the force @
along the other diagonal BD requisite to resist compression
P.4C __ 40.0C
Q.BD BO.OD
of the diagonals.

is givep by - O being the intersection

7. A particle is projected from a platform with velocity
¥, and elevation 8. On the platform is a_telescope fixed
at elevation a. The platform moves horizontally in the
plane of the particle’s motion, so as to keep the particle
always in the centre of the field of view of the telescope.
Shew that the original velocity of the platform must be

P sin(a - B)

sina

—— "7, and its acceleration g cot a.

Parer LXVIII,

1. Resolve into its component factors the expression
(a3 + 0% 4 ®)ayz + (b% + 2o + a2b) (322 + 22 4 2%)
+ (bt ca®+ab?)(ye2 22 +-ay®) (632 +2%)abe+Babexyz.
2. If m, n, p be prime numbers, shew that the expression
(npym=1 4 (pmjn—1 4 (mn)?-1
leaves a remainder 1 when divided by mnp.

3. Circles are described on the sides «, 4, ¢ of a triangle
as diameters. Prove that the diameter D of a circle which
touches the three externally is such that

VE e B e o
where 2s = a4 & 4 ¢

4, ABC is a triangle, and AD, BE, CF are the per-
pendiculars on the opposite sides, intersecting in P. 2V,
Z', F' are the middle points of these sides. Shew that the

I
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three straight lines which join 7/, £, I’ with the middle
points of AP, BP, CP respectively are equal and con-
current ; and the three straight lines which join I, £, F’
with the middle points of 4D, BE, CF respectively meet
in a point (the Symmedian point).

5. From the vertex 4 of a parabola {7 is drawn per-
pendicular to the tangent at P, and ¥4 produced to mect
the curve in Q. Shew that if PQ meet the axis in &,
AR = 2A48.

6. 4BC is a triangle, and P any point in the plane of
ABC. P is acted on by forces represented by P4, PB,
PC. If the magnitude of their resultant is constant, shew
that the locus of P is a circle,

Hence find the position of P when there is equilibrium.

7. 4B is the range of a projectile on a horizontal plane,
Shew that if # be the time from 4 to any point 2 of the
trajectory, and # the time from P to B, the vertical height
of P above dAB is $gtt.

Parer LXIX.

1. A certain number is divided into two parts in the
ratio z : g, the former part being 120. When divided ints
two parts in the ratio @ : 2 the former part is 140; and
when divided into two parts in the ratio of 7 : 2 the former
part is 126, TFind the number.

2. Solve the equations

1) (272 + 4)2 4+ (172 + 253)% = (322 + 45)%

2) 22+a22+y+2) =224+ bz+ 2 +2)

=24cdety+2)=(@4+y+ 2>

By yz—*=ajw —yP=0b; a3y -2 =oc

3. 0 is a fixed point in the plane of a circle, and P, @
two variable points on its circumference. Shew that if
the sum of the squares on OP, 0Q be constant, the middle

point of P will lie on a fixed straight line, and the line
P@ will envelop a parabola.
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4. Iflog sin (04 ¢/ = 1) = a BN = 1, where §, ¢, o, 8

are rcal, prove that
20520 = €20 | €2 — 4e2a, cos (0 — B)=¢€2¢ cos (8 + 3).

5. If A be the vertex, and BC the base of the isosceles
triangle in Euclid IV. 10, and if two circles be drawn
passing through 4 and touching B(C at its extremities,
then if these two circles cut the sides in D, %, and one
another in 7, ) and F£ will be perpendicular respectively
to the tangenls to the circles at 4.

6. A ball whose coefficient of restitution is ¢, is projected
at right angles to a plane (angle a) from a point on the
plane with velocity ». Shew that before ceasing to bound
it will have described along the plane a distance

2v%sina 1
geosta (1 — ¢)?
22 2
7. It '52 72-, =1 be the equation to an ellipse, shew
@ %

that the locus of a point whose polar is a normal chord of
the ellipsc is

6
ab | O _ s
2 g aes

Parer LXX.
1. Solve the equations
1) a(b = )+ b(c — a)x + c(a - &) =0,
(2) 2t 43 =2aN2ANF L
@) -+t ) =a(~1)

2. Out of m persons who are sitting in a circle three are
selected at random. Prove that the chance that no two of
those selected are sitting next one another is

(m — 4) (m - 5)
(m —1)(m - 2)
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8. Shew how to draw a pair of equal circles on two
paralle! sides of a parallelogram as chords so as to touch
each other ; and shew that the circles so drawn on the two
pairs of parallel sides intersect at angles equal to those of
the parallelogram.

4. If D, B, F be the points of contact of the inscribed
ircle with BC, Cd4, AB respectively, shew that if the
squares on 4D, BE, CF are in Arithmetic Progression, the
sides of the triangle are in Harmonic Progression.

5. Given in position four tangents to a parabola, find
geometrically the focus, vertex, latus rectum, and points
of contact.

6. Two equal particles on two inclined planes are con-
nected by a string which lies wholly in a vertical plane
perpendicular to the line of intersection of the planes, and
passes over a smooth peg vertically above this line, If
when the particles are on the point of motion the portions
of the string make equal angles with the vertical, shew
that the difference between the inclinations of the planes
must be twice the angle of friction.

7. If a point be supposed to begin moving with an
acceleration equal and opposite to that of gravity from the
point of projection at the instant of projection, prove that
at any subsequent time the particle will be moving directly
away from the point and with a velocity which in the
time elapsed would have carried it over the distance
between them.

Parer LXXI
1. Solve the equations
(1) a+<b+x)~/x7+_j,2=b+ @Ct+an T
@) f 24 a2t = A2 e+ y) - b —y)}
la? =@ — g2 4 0 = V3{e(a ) + U+ )
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. 2. A candidate is examined in 3 papers to each of which
is assigned = marks as a maximum. His total on the 3
papers is 2m. Shew that there are

(m 4 1) (n + 2)
2

ways in which this can occur.
3. Shew that if 4, B, C, D be any plane angles
A;-Bsin 0-2'0-}-005 CsinA:z]- CsinD; B
+4- cos D sin A+ D, B-¢C
2 2
= 25in - iy =By B0y 4+ B+ 0+ D
2 2 2
4. Shew that the valuc of 4 which is < 90° which
satisfies the equation
7tan%d 4- 8,/3tand = 1
is 8° 59’ 16"*2, having given log;,2 = 3010300 ;
Lsin33° 59" = 97473743 ; Lsin34° = 97475617,

5. A regular tetrahedron and a cube have the same
volume, and the middle points of the faces of each are
joined, thus forming another tetrahedron and an octc-
hedron; and the centres of the faces of the octohedron are
joined, thus forming a cube. Prove that the volume of
this cube is equal to that of the smaller tetrahedron.

6. O is a fixed point in the plane of an ellipse; OF, OD
are two straight lines parallel to any two conjugate
diameters of the ellipse, and cutting in £ and D a fixed
straight line DZ, which is parallel to the diameter con-
jugate to CO, where C is the centre of the ellipse. Shew
that the circle round Z0D passes through a fixed point.

cos Bsin

7. Particles are projected from the same point with
equal velocities. Prove that the vertices of their paths
lie on an ellipse. If thiey be all equally elastic, and in-
pinge on a vertical wall, prove that the vertices of their
paths af'er impact lie on an ellipse.
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Parer LXXII

1. Iistablish the identities _
@) @+ 220 + (P + 2220 + (2 4 2ay)®
~3(22+ 22) (5" + 222) (22 +20y) = (a3 53+ 2 — Bzy2)2
(2) (ea—t2(ab—ct)+(ab— ) (be— o) +(be —a®)(ca— %)
= (be+-catab)(be4catab — a2 — 02— ¢2),

2. Solve the equation

cosz + sin 3z + cosbz + sinTz 4+ .... 4 sin (42 — 1)z
= }(secz + cosec z).
3. Eliminate ¢ between
zcos (P + a) + ysin(p 4+ o) = asin2¢p
ycos(p + a) — zsin(p + a) = 20cos 2¢
and ehew that
(#cosa 4+ ysina)} 4 (zsina — ycosa)} = (22)3.

4, If from any point 4 in the plane of an ellipse per-
pendienlars 4M, AN be drawn to the equi-conjugate
diameters, shew that the diagonal of the parallelogram
constructed with 4, AN for adjacent sides is perpendicular
to the polar of 4.

5. Let the circle inscribed in the triangle 4B touch the
sides in D, B, F. Take CI' = BD, and let 4J) cut the
circle in P, @, P being nearest 4. Prove geometrically
that 49 . BC = 4E . PD.

6. Two weights P and @, whose coefficients of friction
are p,, gy, ach less than tana, on a rough inclined plane
(angle a), are connected by a string which passes through
a fixed pulley 4 in the plane. Prove that if the angle
P AQ be the greatest possible, the squares of the weights
of P and @ are in the ratio 1 — pl2cot?a: 1 — p,2cot?a.

7. A particle whose elasticity is ¢ is projected from a
given point O in a horizontal plane with a velocity » in a
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direction inclined at an angle a to the horizon. Shew that
the distance of the point of #th impact from O is

v’sin2a 1 — e
. b
g 1 —¢

and that the time which elapses before the #th impaect is
2usina 1 — en
g 1l-e

Parer LXXIII.
1. If

P = e . and Q= o
at — bt —
PtTE L “tIx...
shew that Pl + 1+ Q) = a + Q.
2. If a, 4, ¢ denote the sides of a triangle, shew that

2a+b+c) @+ 6%+ ) >a® 4 6+ 2 + 3abe.

8. If straight lines be drawn from the angles of a
triangle 4BC to the centre of the inscribed circle, cutting
the circumference in D, B, ¥, shew that the angles D, Z,
F of the triangle DEF are respectively equal to

i@ + 4), ¥ + B), 3(m + O).

4, Three circles have two common tangents. Shew that
the square of the tangent drawn to any one of them S
from either point of intersection of the other two §,, S, is
equal to the rectangle contained by the parts of either
common tangent intercepted between 8, §; and 8, S,.

5. PSQ, afocal chord of a conie, is produced to meet the
directrix in K, and K¥, KN are drawn through the feet
of the ordinates PM, QN of P and Q. If KN and PM
intersect in R, shew that PR = PM, and if KM and QN
intersect in R', shew that QR = QN,

4
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6. Sliew that the envelope of all eqnilateral hyperbolas
which are concentric and which cut orthogonally the same
straight line is

2 ~ 9% — 4* = B(azy)}
the centre being the origin, and the axis of z parallel to
the given straight line

7. Two particles, each of mass m, are at rest side by
side, when one is struck by an impulse B in a given
direction, while a constant force F begins at the same
instant to act upon the other in the same direction. If
after traversing a space s in time #, they are again side by
side, prove that 2B = Ff; and 25% = m. F. s,

Parsr LXXIV,

1. Eliniinate #, 7, z from the equations

az-{-yz:bc)
by + 22 = ca
cz—l—.rg/=a&5

zyz = abe

and shew that 83¢3 - 33 4 %03 = 5420%,

2. A number of three digits in the scale of 7 also
consists of three digits when expressed in the scale of 10,
and the digits in the former scale are respectively double
those in the latter scale. Find the number.

3. Find 6 and ¢ from
psintd — gsintgp = p
pcostd — geosip = ¢
4 Two circles intersect in 4 and B, and through 4 a
chord PAQ is drawn cutting off from each circle segments

containing equal angles. Prove that the tangents at P
and Q intersect on A B,
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5. MT, MT"' are two tangents drawn from any point M
to an ellipse whose foci are S, H. Along these tangents
take lengths MO, MO equal respectively to MS and MH.
Shew that 00" = 44"

6. Two parallel smooth vertical walls are at a distance &
from each other, and an elastic particle is projected from
a point in one wall so as to impinge on the other wall in
the vertical plane perpendicular to the two walls. Prove
that if, on its return, the particle strike the wall hori-
zontally, the direction of projection is given by the
equation

sin26 = %.1-{_81
v? e
v being the velocity of projection, and e the coefficient of
elasticity.

7. Prove that the centre of gravity of a wedge bounded
by two similar equal and parallel triangular faces and three
rectangular faces coincides with that of six equal particles
placed at its angular points.

Parer LXXV.

1. Eliminate #, g, # from the equations
B -B=yp - B =223 =ay
o3 BB o3 a3

z ;j z + 7+ z
2. If 6n tickets numbered 0, 1, 2,....6n — 1, be placed
in a bag, and three drawn out, shew that the chance that
tlie swin of the numbers on them is 6n is
s
(6n — 1) (6n — 2)
8. The perpendiculars from the angular points of an

acute-angled {riangle 4BC on the opposite sides meet in
P, and P4, I'B, PC are taken for the sides of a,new
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triangle. Find the condition that this should be possible;
and if it is, and @, B, y be the angles of the new triangle,
shew that

cosa cosf , cosy
1 == V= ; T
+ cos 4 +cosB + cos C §sec 4 sec Bsec €

4. In a convex polygon of an odd number of sides the
middle points of all are fixed except one, which describes a
curve. Prove that the angular points of the polygon
describe equal curves.

5. The major axis of an ellipse is harmonically divided
externally in E, and internally in F, and ZPQ is any chord
through £, If PF, QF produced cut the curve in 7', ¢,
prove that

(EP : FP.FY
5Q FQ. FV

6. 04, OB, OC, .... are any number of fixed straight
lines drawn from a point O, and spheres are described on
them as diameters. Any straight line 0.X is drawn through
0, and a point P taken on it so that OP is equal to the
algebraic sum of the lengths intercepted on OX by the
spheres. Find the locus of P,

7. A series of # elastic spheres whose masses are 1, ¢,
e%,. ... are at rest, separated by intervals with their centres
on a straight line. The first is made to impinge directly
on the second with velocity #. Prove that the final kinetic
encrgy of the system is (1 — ¢ 4 en)a2

Parer LXXVI,

1. A person las £1,583 17s. 11d. stock in the 3 per
cents, and £982 12s. 6d. stock in the 3% per cents. He
transfers a certain sum from the former to the latter when
the stocks are at 91 and 98 respectively, and thus makes
the income derived from each the same. How much stock
has he finally in the 3 per cents ?
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2. If # te small compared with N2 prove that

YT — &, N i 1
NN+ 2 =N+ i + SN 7) approximately,

4
and shew that the error is of the order 7'1;/_7
Ez. Shew that 4/ 101 = 104% to 8 places of deciinals.

3. Prove that whatever be the values of 4, B, C,
1) cos2(d 4B+ C)+cos(24 4B+ C)+cos(4d+2B4-C)
4-cos(d+B42C )+ cos(B+C)+ cos(C+4)+-cos(A+B)

=8 cos(d+ B + U)COSB ;-Ccosg%iicosdtB— 1.

(2) {sin_B-l— sinC —sin(B +4- C)} {sinU-{- sind —sin(C+ 4)}
{sind +sinB—sin(4 + B}
=16 sinsé sin? Esinz g{sinA + sin B 4 sin C
g 202
- sin(4 + B+ O)h,

4. If two equal circles intersect in 4 and B, and with 4
as centre any circle be described cutting the equal ciicles
in D, 1), K, K respectively, prove that B, D, ¥ or B, V', I’
are collinear.

5. A circle is described passing through two points @,
@' on a parabola, and 7' the intersection of the tangents at
¢ and . Shew that the chord it intercepts on the
diameter throngh 7' is equal to the sum of the. focal
distances of @ and .

6. Any tangent to the hyperbola 4zy = ab meets the
22 2
ellipse '52 + %2 = 1 in points P, Q Shew that the normals

to the ellipse at P and ¢ meet on a fixed diameter of the
ellipse,
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7. A shot of m lbs, is fired from a gun of 2/ lbs. placed
on a smooth horizontal plane, and elevated at an angle a.
Prove that if the muzzle velocity of the shot be v, the
range will be

) (1 + g)tana
14+ (1 + ;_})ztania

<

A

Parer LXXVII,

(23 = ag)® + (by —~ 65)* = /2
(a5 — &) + (bg — 6:)* = g2
(@1 - @) 4 (by — 0)2 = 12
shew that
Q0% A 2B 4 TR — fH— gt — e -
(aghy — tsdy + aghy — w16y + ayhy — agb)?
2. If p, I, m, n, be the reciprocals of the radius of the

inscribed circle of a triangle and of the distances of its
centre from the angular points, prove that

P — p(l + m? + n¥) — 2mn = 0,

3. In every tetraliedron the sum of the squares of the
six edges is equal to four times the sum of the squares on
the lines whicll join the middle points of the opposite
edges.

4. Prove geometrically that the perpendicular from the
focus of a conic on any tangent and the central radius to
the point of contact of the tangent will intersect on the
directrix.

5. A beam AB lies horizontally upon two others at
points 4 and C. Prove that the least lLorizontal force
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applied at B in a direction perpendicular to 4B which is
able to move the beam is the less of the two forces

h—a w

. and £

% =50 g

where 4B = 24, AC = b, W is the weight of the beam,
and p is the coefficient of friction.

wW

6. Prove that the time in which a projectile moves from
one extremity to the other of a focal chord is equal to that
in which it falls vertically from rest through a distance
equal to the length of the chord.

7. A system of circles is described passing through the
vertex of a given triangle, and cutting the base in a given
point. Prove that the chord joining the points where the
two sides of the triangle are cut by any circle of the
system always touches a parabola.

Parrer LXXVIII.

1. Prove that the numbers 220 and 284 are such that the
sum of the aliquot parts of each is equal to the other.

2. If

ar+ by = New ¥ & = Nz ¥y
prove that
Jd— bk 7
= Nk
e ad — be
where £ is given by the equation
(ad — beyl* — (fa — be)k + fe — de = 0.
Hence solve
8 — 54—
Te — 1y =WNo +y= Nz + 9y,
also solve

z -y =n+1\/4x — by = 2n+:/3:1: - 27,
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8. A circle of radius B touches externally three circles
which also touch each other externally, and whose radii
are ry, 7o, 73

Prove that

) /\/'f’zj‘_;aﬂ+ A/ +;‘1+R + ,\/"14‘:2.,.4'_["
1 2

— \/7'1+7'2+"3
yiF

3

+otiran/ b

Tafg 31 Ny

Also, if 4, B, C be the centres of the circles r, 7y, 75, and
P the centre of the circle R, and if ¢, d, be the respective

distances of P and A from BC, then % ~ 0 2.
1

4. If O be the centre of one of the escribed circles of a
triangle, P one point of its intersection with the circuin.
scribing circle, and if OP produced meet the latter circle
again in @, shew that 0@ is equal to the diameter of the
sircumscribing circle.

5. In a given acnte-angled triangle 4BC inscribe a
triangle whose sides shall be bisected by the lines joining
the angular points of the triangle 4BC to the centre of the
vircle eircumscribing it.

6. A point 7 is taken on an ordinate P2/, produced, of
a parabola, and ME is taken on A/P a mean proportional
between PM and MV. 1f the diameters through % and ¥
meet the curve in £ and @, prove that PQ meets the axis
in the foot of the ordinate of R.

7. A bucket and a counterpoise, connected by a string
passing over a pulley, just balance one another, and an
elastic ball is dropped into the centre of the bucket from a
distance % above it. Find the time that elapses before the
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ball ceases to rebound, and prove that the whole descent
of the bucket during this interval is

dmk e
M+ m (1 —e?
where m and 17 are the masses of the ball and the bucket,
and ¢ is the coefficient of restitution.

Parer LXXIX.

1. For a house occupied by B, 4 pays a rent of £40 per
annum by equal payments at the end of each quarter. B
pays 4 by equal payments in advance at the beginning of
each month. How much a month ought B to pay in order
that at the end of the year, with simple interest reckoned
at 31 per cent. per annum, 4 may have recovered the value
of his own four payments with one-tenth additional ?

2. {4+ 86+ c+ d =0, prove that
(a3 + 88 4- & + d%)% = 9(bed + cda + dab + abe)?
= (e — ad) (ca ~ bd) (@b ~ ¢d).

3. Sum to infinity the series
mcos 0 — im?cos 36 4 Imocosb. ..., where m is less
th .n unity;
and prove that the series has always the same sign as
m cos 6. )

4. If in B4, Cd two sides of a triangle 4BC two points
D, E be taken respectively, such that 84 : 4C :: B4 : 4D,
and @ the middle point of D# be joined to 4, and if BH,
CK be constructed in the same way as 4@, shew that 4G,
BH, CK intersect in a fixed point O.

Prove also that if from O perpendiculars be drawn to
the sides of the triangle, the sum of their squares is a
minimum.
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5. If one of each of the 5 kinds of regular polyhedrons
be inscribed in the same sphere, prove that their edges
will be in the ratio of

242:2: VG : VB - 1:’\/§(5 - ~3).

6. If ¢ be the excentric angle of any point P of an
ellipse, and CP be produced to §. and tangents be drawn
from @ to the ellipse, prove that the excentric angles of the
points of contact will be

CcP
+ —124,
¢ + cos )

7. If a weight P balance a weight # in that system of
pulleys in which each pulley hangs by a separate string,
shew that if P be changed to P’ and # to F', and all the
pulleys be of equal weight, 2" will descend with accelera-
tion fsuch that

FLZP 4 W 4 3@ 4 1) (20P — 7))
= 2y 2u(P — P)+ W — W},

Parer LXXX,
1 If
P _ Q - R ,
pi@F2qab 470~ pactgloe—a®) —rab  pc—2qcat-ra

prove that P, p; @, ¢; and B, » may be interchanged
without altering the equalities.

2. A man goes in for an examination in which there are
four papers with a maximum of m marks for each paper.
Shew that the number of ways of getting half marks on
the whole is

%(HI —I- 1) (2/712 + 4m + 3).
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3. Prove that
cos2acot(y — a)coti{a — B) +cos2Beot(a— B)coty(B—1y)
~+cos2ycoti(B—y)cotd(y—a)
= cos82a+-cos2B-}-cos2y--2cos(B-}y) 42 cos(y-t-a)
+2cos(a+8). )

4, The sides of a quadrilateral touch a circle in 4BCD.
It a circle can be described about the same quadrilateral,
shew that the middle points of the chords 4B, BC, CD,
DA lie on another circle, and if R, » be the radii of the
circum- and in-scribed circles, and d the distance between
their centres, the product of the diagonals of the quadri-

2,2
lateral = hf]ﬂ_rﬂ_
Also if 6 be the angle between the diagonals,
tan é area of quadrilateral

2= product of two opposite sides

Hence shew that when the diagonals are at right angles,
the rectangles contained by the. opposite sides are equal.

5. If a parallelogram be described about an ellipse
having its sides parallel to a pair of conjugate diameters,
and P be the point of contact of one of the sides Q@', and
the normal at P meet the axes of the ellipse in @ and &',
then Q@G is perpendicular to @' @

6. A parabola circumscribes a right-angled triangle.
Taking the sides of the triangle as axes, shew that the
locus of the foot of the perpendicular from the right angle
on the directrix is the quintic

20y(a® + 9) (ly + ko) + It + ket = 0,
and that the axis is one of the family of straight lines
whose general equation is
nh — k&,
14 m2
m being an arbitrary parameter, and 27, 2% the sides of the
triangle,

y =mz —

K
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7. A brass figure 4BDC of uniform thickness, bounded
by a circular arc BDC (> a % eircle) and two tangents
4B, ACinclined at an angle 2a, is used as a letter weigher,
The centre of the circle O is a fixed point about which the
machine turns freely, and a weight P is attached at 4, and
the weight of the machine is 7. The letter to be weighed
is suspended from a clasp (whose weight may be neglected)
at D on the rim of the circle, and 0D is perpendicular to
0A. The circle is graduated and read by a pointer hanging
vertically from 0. When there is no letter attached, the
point 4 is vertically below O, and the pointer indicates
zero. Shew that if P = 1/ . sin¥a, the reading of the
machine will be 37~ when 04 makes with the vertical an
angle

—1 (@ + 2a)sin®a + 2sinacosa

fan (m + 2a)sin®a + 2cosa

Parer LXXXI.

1. If p be a prime number, and z not divisible by p,

shew that
r-1

r
z = 1 4 multiple of p.

2. A point O is taken within a circle of radius ¢, at a
distance ¢ from the centre, and points Py, P,, . ... Pr are
taken on the circumference so that Py Py, PPy, ... . Pnly,
subtend equal angles at 0. Prove that

OP, + OPy+....+ OPx

-y (oL R
=@ 1’2)(0f1+01>2+""7"01)n)'

8. If OFAE be a parallelogram and BOC any straight
line cutting the sides .{F, 4E in B and C, prove that

B4 . AT 4+ C4. AE = AC® 4+ BO. 0C,
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4. A triangle is inscribed in an ellipse so that each side
is parallel to the tangent at the opposite angle. Prove
that the sum of the squares on the sides : sum of the
squares on the axes of the ellipse :: 9 : 8.

5. If the diameter through & point P on a parabola meet
the tangent at the vertex in Z, and the focal distance of Z
meet the nornal at P in R, P and B will be equidistant
from the tangent at the vertex.

6. Two forces P and @ act at an angle a and have a
resultant B, If each force be increased by R, and 8 be the
angle which the new resultant makes with R, prove that

(P — @Q)sina .
P+ Q@+ E+(P+ Qcosa

7. Chords are drawn joining any point of a vertical
circle with its highest and lowest points. Prove that if a
heavy particle slide down the latter chord, the parabola
which it will describe after leaving the chord will be
touched by the former chord.

Also shew that the locus of the points of contact will be
a circle.

tan 8 =

Parer LXXXIL
1. Prove that
_ m4+n , n+Dnn-1)H -2
2n =1+ B + T + ...
2. 4, B, C, D, E. ... being angular points of a regular
polygon of z sides, join each pair of alternate points 4C,

BD, CE, . ... and find the area of the star-like figure thus
formed.

3. In any triangle 4BC if Z, F be the points where
perpendiculars from B, C meet 4C, 4B, prove that

BC* = 4B. BFF + 4C. CE.

K 2
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4. P is the orthocentre of a triangle 4BC, and O the
centre of its circum-circle. A4, B', C" are the centres of
the circum-circles of the triangles BPC, CPA, APB
respectively, Shew that O is the orthocentre of 4’B'(C’,
P the centre of its circum-circle, 4, B, C those of the
circum-circles of B0C’, ("OA’, A'OB’ respectively, and
that all the eight triangles above mentioned have the same
nine: point circle.

5, If an ellipse inscribed in a triangle has either one
focus at the orthocentre, or one focus at the centre of the
circumscribed circle, or its centre at the centre of the nine
point circle of the triangle, then the other two properties
are also true of it,

6. Two circular cylinders of unequal radii rest on a rough
horizontal plane with their axes parallel, and on them rests
a rough uniform beam of weight #, being supported by a
force P parallel to its length. The axis of the beam is at
right angles to the axes of the cylinders, and inclined at an
angle a to the horizontal plane. Prove that

= W .tanZ.
P a2

7. PSpis a focal chord of a parabola, 4 its vertex. If
PS§ make an angle of 60° with the axis, shew that the times
in which a body moving in the parabola under a force to
g)?e focus would go from P to 4 and from 4 to p are as

to 5.

Paper LXXXIIIL

1. The University pays rates at 40d. in the £, the town
at 154, The former pays { of the whole rates, and the
latter £ Compare their rateable values,

Also, if the rates were equalised, what proportion of
their present payment would the University save ?
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2. If n is integral, prove that so also are the expressions

o il -
nd , n%  bnt n?
@ Fststm -

3. D, E, F are the middle points of the sides of the
triangle 4BC. From the intersection of 4D, BE, CF per-
pendiculars are let fall on the sides of the triangle, Shew
that the radius of the circle through their feet is

4 4D.BE.CF
3a+0r 4+

4. Two parabolas have a common focus and their axzes
in the same direction, and a line is drawn through the focus
cutting the parabolas in four points. Shew that the
tangents at these points form a rectangle, one of whose
diagonals goes through the focus, and the other is perpen-
dicular to the axis.

5. A circle is described about a triangle 4B, and PQ is
a chord parallel to the tangent at 4 cutting 4B, AC in R
and 8. If PM, QN be perpendiculars on BC, shew that

QR . Q5 _ @V
PR.PS PH
6. Prove that if two heavy particles projected in the
same vertical plane at the same instant from two given
points with the same velocity meet, the sum of the inclina-
tions of the directions of projection must be constant.
Also shew that if the particles be projected with a
constant velocity, the locus of the point of meeting for
different directions of projection is a parabola,

7. Three forces P, §, R act respectively along the sides
BC, CA, AB, of a triangle ABC. If the line of action of
their resultant be the line joining the centre of the circum-
circle with the orthocentre, prove that

PcosBcosC _ QcosCcosd _ Rcosd cosB

c0s?B — cos?C  cos?C — cos2d  cos2A — cos?B
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Parer LXXXIV.

1. Prove that
Wﬂa+@+mww+@ﬂb—@@—d)
{6 + d) + Pax(c + D} (c— a) (6 — d)

(@ +d) + @+ b} (@ — 8 (- d) =0

2. Prove that the square of the continued fraction
a a
ﬁ- b—+ LR 'Y
is the continued fraction
@ @
2¢ + b* - 20 + 5 —

LI

.

3. If p, g, r be the lengths of the bisectors of the angles
of a triangle produced to meet the circumscribed circle,
and w, v, w the lengths of the perpendiculars of the
triangle produced to meet the same circle, then

PHw = v) 4 ¢*w ~ w) + *(v — u) = 0.

4. A triangle 4B(C is inscribed in a circle. The points
@, b are diametrically opposite to 4, B; ad is drawn
parallel to BC to meet the circle in d, and the straight line
db meets 4C and CB in e and f respectively. If O be the
centre prove that Oe is parailel to BC, and that e=ef=eC.

5. A parabola P and hyperbola H have a common focus,
and the asympiotes of A are tangents to P. Prove that
the tangent at the vertex of P is a directrix of A, and that
the tangent to P at the point of intersection passes
through the further vertex of 4. .

6. TP and T are tangents to an ellipse. If forces
proportional to PT, QT be applied at P and @ to the
ellipse in the directions of these lines, shew that the ellipse
will remain at rest if the centre is fixed.
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7. If ¢ be the eccentric angle of a point P on an ellipse,
shew that the eccentric angle of the point where the
nonnal at P cuts the ellipse again is given by

Gcotd(6 + @) + 4’tangp = 0,

Hence shew that the locus of the iniddle points of
normal chords of the ellipse whose equation is

22 y2 _
atp=h
R 22 y'z 2 /42 ‘72 (ag - 52)2
o G+ 5) G5 - e

Parer LXXXYV.

1. Two successive digits being put together to form a
number give the product of two other successive digits;
and if the first of these latter be inserted between the
formner, the result is the square of three times the re-
maining one. What are the digits ?

2. If ABCD be any quadrilateral, and if on its sides as
hypotenuses right-angled isosceles triangles be described,
all external, shew that twice the square on either straight
line joining the vertices of opposite triangles will be equal
to a2 + 8* + ¢ + d? + da (sind ~ cos A) + ab (sin B —
cos B) + &¢ (sin € — cos C) + ¢d (sin L) — cos I) where
a, b, ¢, d are the sides 4B, BC, CD, DA respectively.

3. On each side of a triangle 4B( is described a square
externally. The vertices of these squares are joined in
pairs by three straight-lines snch that noline cutsa square.
If these three lines be taken as the sides of a triangle
DEF, prove that the area of DEF is three times that of
ABC.

1f from the triangle DEF we form another triangle in
the same manner in which DEF was obtained from A4BC,
shew that the sides of this new triangle are respectively
equal to three times the sides of the triangle 4BC.
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4. If PQ be a focal chord of a parabola, and R any
point on the diameter through Q, show that the focal chord
_ PR?

- P
5. A hyperbola is placed in a vertical plane with its
transverse axis horizontal. Prove that when the time of

descent down a diameter is a minimum, the conjugate
diameter is equal to the distance between the foci,

parallel to

6. Prove that r = « (1 — % ¢* sin® ) is the polar equa-
tion to an ellipse of which the fourth power of the
eccentricity may be neglected.

7. The Mississippi rises in lat. 45° and enters the sea in
lat. 30°, Shew that owing to the spheroidal form of the
earth, of which the greatest radius is 4,000 miles and
eccentricity ‘08, the mouth of the river is about 3} miles
higher, ¢.e. further from the earth’s centre, than the
source.

Parer LXXXVI

1. An event happens on an average once a year. Shew
that the chance that it will not happen in any particular

year is !
e

2. If 4, B, C be the angles of a triangle, shew that
(1) sin 24 + sin 28 +sin 2C = 2(sin 4 + sin B+ sin C)
(cos 4 + cos B 4 cos C — 1).

(2) (sin 4 +sin B +sinC)? + (cos 4 - cos B+ cos ' — 1)2
+ 4 (cos 4 + cos B 4+ cosC — 1) = 4 (sin B sin C
+ sin Csin 4 + sin A sin B).

8. If the radii of the four circles which touch the sides

of a triangle be in continued pr oportlon shew that the
triangle wust be right-angled.
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4. Any point D is taken on the circumference of the:
circle round the triangle 4BC of which the sides 4B, 4C
are equal. Prove that the ratio of the difference or sum
of DB and DC to DA is constant according as D and 4
lic on the same or opposite sides of BC respectively,

5. Q7@ is a chord of an ellipse parallel to one of the
egriconjugate diameters. The normals at @ and @' meet
in 0. Shew that a circle will go round QCOQ'.

6. Produce the normal at any point 4 of an ellipse
outwards to a length 44/ equal to the radius of curvature.
Shew that the circle described on 437 as diameter cuts
orthogonally the director circle.

7. An elastic sphere 4 impinges upon an elastic sphere
B at rest. Determine the motions of the two spheres after
collision supposing the original direction of 4's velocity
to be inclined at an angle a to the line joining the
centres of the two spheres at the moment of collision.

Parer LXXXVII.

1. An AP, G.P., and H.P. have each ¢ and « 4 &
for their first two terms. If the third terms be z, g, 2
respectively, prove that

g (@ — 32+ 4z (y* + z2) = 12922
and if 7 be the #th term of the A.P., shew that

%{a+(a+b)+....+l}‘l—{al+(a+b)(1—b)+....—|—la}

= ilzﬂ(n2 — 1)

2. Shew that

5 5 1
JG:é{l—E{

233 135 263: 13579 2.3 }
50 _—EF - T B
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8. Shew that the expression
sina sinB{coseCacosec (a+ B) + cosec(a+ B) cosec (a4 28)
+ cosec (a+ 28) cosec (a+ 3/3)} = sin 3B cosec(a + 3B).

4. Shew that there are eleven pairs of regular polygons
which satisfy the condition that the measure of an angle
in one in degrees is equal to the measure of an angle of
the other in grades, and find the number of sides in each.

5. Shew that the centres of the four circles circum-
scribing the triangles formed by four straight lines lie on
a circle,

6. Find the locus of a point from which two tangents
can be drawn at right angles, one to the ellipse
z? 2 z? | 9P
- + ‘Z—z =1, theotherto;2 —{—‘é} =1;
and shew that the curve lies entirely in the space between
two circles of radii

Noz F BF and Na® F 2

respectively, and that it touches both these circles.

7. Three particles are projected from the same point in
different directions. Shew that after a time ¢ they form a
triangle whose area oc 72

If the direction of projection of two of the particles are
in the same vertical plane, shew that the plane of this
triangle will pass through the point of projection after a
time

2  awwsin (B — a)
g #cosa — vcosf

where u, v ave the initial velocities, and a, 8 the initial
elevations of the two particles.
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Parer LXXXVIII,
1. Solve the equations :—
(1) Vz + 2+ Nz + 2a + Nz + 34 = Nz + 6a.
(2 A 22 + ag.'\/.@»{-bz-{-z{ Valdfa? — 's/z"-{-bg} = nl?4a?,
@ttty +2=a+ 22y +2) — 2
P42y (z+2) -5
=4 2:0@+y) - A
9. ¢ ©CO8 36 +__y sin 36 _ y.cos 38 — z sin 34
) cos % sin 3
= 2 4 9% shewthat 22 L 32 4 2 = 2.

3. AB(1is a triangle and 2s its perimeter. Ifa, 8,y be
the angles of the triangle whose sides are equal to the
radii of the escribed circles of 4B, prove that

4(s—a) 003223 + (s —0) coszg + ¢(s—¢) cos?%

=g(6c+oa+ab—s2).

4, A straight line 4B is divided at C so that the rect-
angle 4B . BC is equal to the square on 4(; and on BC
as basc is described an isosceles triangle BDC having its
two sides equal to 4C. Prove that the straight line joining
4 to the middle point of BD will divide CD at £ so that
CE : ED :: BC: CA.

5. Assuming only the focus and directrix defirition of
a parabola, prove that one arm of a right angle envelops
the curve if the other arm always passes through a fixed
point, and the angular point always lies on a fixed straight
line.

6. From any point four normals are drawn to a rect-
angular hyperbola. Shew that the points where they mect
the curve are such that each is the orthocentre of the
triangle formed by joining the other three.
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7. In the differential axle, if the ends of the chain,
instead of being fustened to the axles, are joined together
so as to form another loop in which another pulley and
weight are suspended, find the least force which must be
applied along the chain in order toraise the greater weight,
the different parts of the chain being all vertical.

Parer LXXXIX.
1. Solve the equations
¢ Ja + z S le ~ = 4/7
@) \/a-—x+ \/a—i-a::'\/b'
@ @+ 1) @+yf 42 +g) = 135} )
2z+g)@+y+1)= 60
@ y+edyz=3 }

z4+a2+ze= -1
z+y+tay= -1
2. Prove that any equation holding between the sines
and cosines of the angles 4, B, ¢*of any triangle will still
be true when A, B, C are replaced by 24, 2B, 2C respec-
tively, provided the cosines have their signs changed.
Also that it will be true when 4, B, C are replaced by
54,58, 5C respectively, provided that the sines have their
signs changed.
Prove that in any triangle
§in 104 + sin 108 + sin 10C = 4sin 5 A sin 58 sin 5C.
Also shew that the sum of the cotangents of
50 +A br+ B 5r+ C
T’ _2_5_) ""_2’5"_’
is equal to their product,
3. An equilateral triangle is constructed with its angular
points on three given parallel straight lines whose dis-
tances apart are @, §, ¢. Prove that its area is

2_1/_; @+ ¥ + c2).
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4. P, Q, R are three points on a circle whose centre is C.
ACB is the diameter bisecting QR, and intersecting P,
PRin M and N. Shew that the triangles QCM, RCN are
simnilar.

5. A number of parabolas whose axes are parallel have
a common tangent at a given point. Shew that if parallel
tangents be drawn to all the parabolas, the points of
contact will lie on a straight line passing through the
given point.

6. Shew that the radius of the circle inscribed in the
semi-ellipse cut off by the minor axis is

b
Z\/az ~ b

7. A railway train is running smoothly along a curve at
the rate of 60 miles an hour, and in one of the cars a
pendulum which would oscillate seconds ordinarily is
observed to oscillate 121 times in 2 minutes. Shew that
the radius of the curve is nearly a quarter of a mile.

Parer XC.

1. Sum to n terms the series

(1) 342 4 29 + 36 + 137 + 122 4 429 4200 .. ..
8 20 50 128 338 | 920

(2) 3+€+@+§3+F+—6;+6—5+----

1 2 3
{ L L . R ceae
G rstisstizsat

_1

) 1.22+n.2.32+ﬁ(7f@_).3.42
wn—1)(n—-2) , .,

+ —@—.4.0 +

e ey



142 WEEKLY PROBLEM PAPERS.

2. When z is indefinitely diminished, find the value of
the expression

1 —cos2z+4-cosdr — cosbz4-cosBz — cos10z — cosl4a+-cosl b
3 —4cos2z4-cosdr

3. 4ABC is a triangle. Through 4, B, C are drawn the
straight lines 4,5, B0, (14; at right angles respectively
to the sides 48, BC, C4, and formirg the triangle 4,B,C..
The triangle 4,8,C, is formed in a similar way from the
triangle 4, B, (), and so on. If 4nBrCp be the nth triangle
so formed, prove that the radius of the circle circum-
seribing this triangle is

7 (sin 24 4- sin 2B 4~ sin"C)”
2 sin 4 sin Bsin ¢

where R is the radius of the circle circumseribing the
trisngle 4BC.

4, Two parallelograms AC0BD, A'CB'D’ have a common
angle at C. Prove that DD’ passes through the inter-
section of 4'B and 4B'.

5. Two equal parabolas 4 and B have the same vertex
and axis, but are turned in opposite directions. Shew that
the locus of poles with respect to B of tangents to 4 is the
parabola 4.

6. PQ is a normal to an ellipse at P, and PCP' a
diameter. CD is conjugate to CP. If PM be an ordinate
and PQ, QP’ meet the major axis in @ and U respectively,
prove that GM . CU = CIA

7. A ball is projected against a smooth vertical wall.
Find the direction in which it may be projected with the
least velocity so that it shall return to the point of pro-
jection.
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Parrr XCI,

1, Between two quantities a Harmonic mean is inserted,
and between each adjacent pair a Geometric mean is
inserted. It is found that the three means thus inserted
are in Arithmetic Progression. Prove that the quantities

are in the ratio 7 — 45/3 : 1.

2. Prove that 4ot
(43 m+Hm+R) ... (m +4”2—-1)>{Lﬂ—ftﬂ:”

8, Shew how to find a series of triangles whose sides are
in A.P. with a common difference 1, and whose areas are
rational. Shew that the five least ‘integral’ values of the
mean side are 4, 14, 52, 194, 724.

4. A triangle is inscribed in a circle so as to have its
orthocentre at a given point. Prove that the middle points
of its sides lie on a fixed circle.

5. Qg is a diameter of an ellipse. SP is drawn through
the focus § parallel to the tangents at @ and ¢, and these
tangents are intersected by the tangent at £ in 7 and ¢
respectively. Shew that the sum of 7'Q and /g is equal to
the major axis of the ellipse.

6. A smooth parabolic arc is placed with its axis vertical
and vertex upwards, and on it, at the extremities of & focal
chord rest two weights #;#, which are connected by a
fine string passing over the vertex, Shew that the length
of the focal cliord is

Wy, W'
}lat. veet. x 7+ W1)

7. Find the angle at which a body must be projected in
order to strike at right angles a given plane, which is at
right angles to the plane of projection, and passes throngh
the point of projection, and shew that it is independent of
the velocity of projection.
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Parer XCII.

1. Prove that the expression 4% 4 7 + ¢® — 3ale is
unaltered if we substitute for «, 4, ¢ the quantities ¢ — «,
o ~ b, o — ¢ respectively, where 30 = 2(a¢ + & + ¢).

2. Prove that with a certain convention with regard to
sign the roots of the equation

2 2 2
2 — “_;”_Ta.;_%‘_fzn_sz:o,
are the radii of the four circles touching the sides of a
triangle of area S.
8. If Sr denote the series
=1 (2n)r-2 | (Bn)y-3
|r—1 r=2 " |r-3
prove that
Sk+1 = 8k + nSr-1 + ... +

+....

nk-1 nk
A s S T
(k-1 S Y

4, AB is the diameter of a semi-circle, P, Q, R,.... K
are any number of points on the circumference taken in
order from 4. Shew that the square on 4B is not less
than the sum of the squares on 4P, PQ, QR, . ... KB.

5. PQis a chord of a parabola which is normal at P, and
PK is another chord equally inclined to the axis of the
parabola. Shew that PAQ is a right angle.

6. A uniform cylinder is supported in a horizontal
position by a prop under the middle of the axis, Prove
that if « be the length of the axis, and a cylindrical bore
be made of length /, having the same axis as the former

th
cylinder, by which % of the substance of every transverse

section is removed, the prop must be moved through a
distance
i a-1
2 g — 1
Also shew that when the prop is furtbest from the
original position, it must be under the extremity of the
bore.
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7. Prove that at the equator a shot fired westward with
velocity 8333 or eastward with velocity 7407 metres per
second, will, if uuresisted, move horizontally round the
earth in one hour and twenty minutes, and one hour and a
half respectively, given that a quadrant of the earth’s
equatorial circumference is 10° centimetres,

Parer XCIII,

1. Shew that if z, g, z are unequal, the.equation

id { z_ __ Y }+_z_{_$___z_
1—22U1422 1442 1-2 1422 1422
_* {_’/_ S }= 0.
1-21144% 1422
may be reduced to

wya(yr + 2w +ay) — (@ +y+2) =0,
2. Find # from the equation
tan-1(z + 1) 4 cot~1(z — 1) = sin—14 4 cos-13,

3. On the base BC of a triangle 4BC two points @, &
are taken so that BQ = QR = RC. Shew that

sin BAR sin 04Q = 4sin BAQsin CAR,

4. If two equal circles be described intersecting in 4
and B, and through 4 a chord be drawn citting them in
C end D, shew that CD is bisected by the circle on 4B as
diarmeter.

5. In a given plane is drawn a series of confocal conics
upon which stand cones with the vertical angles right
angles. Shew that the locus of their vertices is given by
the intersection of an hyperbo'a whose vertices are the
foci of the conics and a circle concentric with the hyper-
bola and passing throngh its foci,

L
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2
6. If the normals drawn to the ellipse ‘:72 + ‘%j = 1 from

any point on the normal at %, £ meet the ellipse in P, @,
R, prove that the sides of the triangle PQR touch the
parabola

(.r/z +y/c + 12 = 4///rz'1/

7. Two equal circles touch each other, and from the
point of contact two points move on the circles with equal
velocities in opposite directions. Prove that one will
appear to the other to move on u circle the radius of which
is equal to the diameter of either of the fixed circles.

Parer XCIV.

1, Find the real roots of the equations
S tyima gy ) = be
4yt =0 5 4 ye+2)=ca
P4t F 2= ; JdYy @ty =ab
2. Find 6 from the equations
(1) @ + N1 — a2cot 201 — 42tan20
R ey T Ny
@) acosf+ bsing =410,
N2

. 1
(3) 4sin%) — sin30 = —.
) NG
3. If 4, B, C be the angles of a triangle, shew that
sec?B + sec 2C 4+ 2sec Bsec Ccos A
= sec Bsec Csin A4 (tan B + tan C).
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4, If C4, CB be two fixed tangents to a circle, and D,
E their middle points, shew that the perpendicular distance
of any point P on the circumference of the circle from
DE is proportional to the square on PC.

5. If 4, P’, C' be any points on the sides of the triangle
ABC, prove that AB' . BC'. C4' + B'C.(C'4. 4'B = area
of triangle A4'B'C’ X twice the diameter of the circle
circumscribing A BC.

6. Two tangents 04, OB are drawn to an ellipse whose
foci are S, H and centre (. N is the iniddle point of 4B.
Shew that

04.0B:0S§.0H:: ON: OC

7. A perfectly elastic ball is thrown into a smooth
cylindrical well from a point in the circumference of the
circular mouth. Shew that if the ball be reflected any
number of times from the surface of the cylinder, the
intervals between the reflections will be equal.

Shew also that if the ball be projected horizontally in a

direction making an angle % with the tangent to the circle

at the point of projection, it will reach the surface of the
water at the instant of the nth reflection if the space due
to the velocity of projection be
(radius)? (n sin n)’
depth n

Parir XCV.

1. Find the sum to z terms of -
(1) 1.34+2.44+38.54+....
2) 1.22—}—2.32_-}—3.42—{—....

1 2 3 4 ,
® pygtmpt e taet

L2

o
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2. In each of two triangles the angles are in G.P. The
least angle of one of them is three times the least angle of
the other, and the sum of the greatest angles is 240°,
Find the ecircular measures of the angles.

3. Prove that

1 1 3 1 3

log, 2 = %{10&10 + o +§'271 +'3'§{1 +...
and shew that the coefficient of z» in the expansion of
{log a1+ .7;)}2 is
2(-1)n ( 1,1 1 )

1444+ +— )
+ 2 + 3 + H n -1

%

‘4. D, E, F are the middle points of the sides BC, (4,
AB of a triangle 4BC. Through 4 a straight line is
drawn cutting DF, DF in 8 and N respectively. Shew
that BM and CN are parallel,

5. Two conjugate diameters of an ellipse are cut by the
tangent at any point P in 3 and &. Shew that the area
of the triangle CPM varies inversely as the area of the
triangle CPN.

6. Given the centre of a conie and two tangents making
angles a, 8 with the axis of z, shew that the locus of the
foci is the rectangular hiyperbola

9 — 2t + 2eycot(a+B) = £

7. Given that a quadrant of the earth’s suiface is 10°
centimetres, and that the mean density of the earth is 567,
prove that the unit of force will be the attraction of two
spheres each of 3926 grammes, whose centres are a centi-
metre apart, the acceleration of gravity at the earth's
surface being 981 ; a centimetre, second, and granime beirg
the units of length, time, and mass,
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Paree XCVL

1. If 7, I,, I3 are the lJowest common multiples of B and
C, of C and A4, of 4 and B respectively ; if ¢;, ¢, g5 are the
highest common divisors of the same pairs; and if 7, @,
are the lowest common multiple and highest common
divisors of 4, B, and C; prove that

L2 Ly,
G* 919293

2. If
2 =2cosB — y)+ cos (8 + a) + cos (8 — a)
= 2cos(y — a) -} cos(d + B) 4 cos (8 — B)
= — 2¢o8(a — ) — cos (0 4 y) — cos(6 — y)

prbve that # = sin28, provided that the difference between
any two of the angles a, B8, y neither vanishes nor equals a
multiple of # and @ 4 8 is not & multiple of #.

8. If the diameter of a circle be the fourth proportional
to tlie three sides of an inscribed triangle, prove that the
area of the triangle is equal to half the square described
on its least side, :

4. ABC is a triangle inscribed in a circle, radius R, and
D is any point on the circumference. If J denote the
length of the perpendicular from D on the pedal line of
the triangle 48¢ with respect to 2), shew that

4dR? = DA . DB . DC.

5. The tangent at a point P of a rectangular hyperbola
meets a diameter QCQ in 7. Shew that CQ and 7¢
subtend equal angles at P.

6. Two tangents TP, 7Q are drawn to an ellipse at right
angles, If§ be a focus, shew that

sin28P7T + sin2S¢7 = const.
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7. If in the second system of pullies there are n strings
at the lower block, prove that the upward acceleration of
# due to a power P will be

nl — W
w7

Parer XCVIIL

1. A person has n sewing machines, each of which
requires one worker, and will yield each day it is at work
¢ times the worker’s wages as nett profits. The machines
are never all in working order at once, and at any time it
is equally likely that 1, 2, 3, or any other number of them
are out of repair. The worker's wages must be paid
whether there is a machine for him to work or not. Prove
that the most profitable number of workers to be per-
manently employed will be the integer nearest to

L
¢+1 2

2.4+ DB+ C=mand
8in %0 = sin (4 — ) sin(B — Gysin(¢ — 9),

then will
cot @ = cot 4 -} cot B 4~ cot 0.

3. I'P and TQ arc two tangents to a circle,and R is any
point in the straight line which joins their middle points.
Shew that TR is equal to the tangent from R to the circle.

4. If P be any point of an hyperbola whose foci are §
and H, and if the tangent at P meet an asymptote in 7,
shew that the angle between that asymptote and HP is
double the angle S7'P,
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5. If normals be drawn to the parabola g2 = /r from any
point of the curve
E(Z— 2zP + @ =

2
S+ o

the area formed by the three points at which the normals
meet the curve is constant.

Hence find the locus of the points from which only two
separate normals can be drawn to the parabola.

6. The normals at three points of a parabola are con-
current. Shew that a rectangular hyperbola can be de-
scribed through these three points having for one of its
asymptotes the axis of the parabola, and that the centre of
this hiyperbola always lies on the axis of the parabola.

7. Pendulums which beat seconds correctly in London
(y = 32°19) and Edinburgh (y = 32:20) respectively are
changed in station. If started simultaneously from the
vertical position towards the left, after how many seconds
will they again be both vertical and moving leftwards ?

Parer XCVIIL

1. The income-tax is levied on the average of three
years’ income, Sliew that if a man’s income increase either
in A.P. or G.P. so will his income-tax, the percentage
being supposed uniform.

2. If

un = n(l + Bun-1 — n(n — Dlun—2 and 4, = 2u;4,
shew that

e Yy o Y L= ulh

oL tuetpe T
3. Prove that
. > - -
sinG.s—ull—g—sin%.sm9+sin39.sm8—...A

= cot-1(1 4 cotd + cot26).
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4. If O be the centre of the escribed circle which touches
BC, and the other two sides produced, shew that

BC.O4* — C4. OB? — 4B.0C? = AB. BC. (Cd.

5. Shew that the locus of the vertex of a right circular
cone which contains a given ellipse is a hyperbola.

6. Two rings, each of weight », slide upon a vertical
semi-circular wire with the diameter horizontal and con-
vexity upwards. They are connected by a light string of
length 2/ (supposed less than 2«, the diameter of the semi-
circle) on which is slipped a ring of weight #7. Shew that
when the two rings that slide on the semicircle are as far
apart as possible, the angle 2a subtended by them at the
centre is given by the equation

(W 4 20 tan? (a + €) (2 — a®sin%a) = WP sin’a

where tan e is the coefficient of friction between the rings
and the wire.

7. BOQis the horizontal base, 4B the vertical axis of a
cycloid, and PQ is a line unwrapped from the arc P4.
Shew that the tirce of sliding down P@ from rest under the
action of gravity is always the same however far the line
is unwrapped.

Parer XCIX.

1. Solve the equations
(1) (¥4 32°+ 342 +37)3 — (43 — 342+ 342 - 37} = 2.

(2) 2% — 8ry® +48(y2 - 1) = O§ .
aty — 8yt — 6w —4) =0

8) N1 =162 — ~1 = 162% = 2z +2)
z2+y2+4-@y=% f‘
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2. Prove that the distance from A4 to the centre of the

circle inseribed in the triangle ABCis b sec B sin -02
If #, g, z denote these distances from 4, B, C respec-
tively, prove that

atet + Myt 4 ot 4 (a + b+ o)%yR?
= 2(0%%%? + ca‘z’x? + a?bl?y?).

3. Prove that in any quadrilateral the sum of the squares
on the four lines drawn from the middle point of the line
joining the middle points of the two opposite sides to the
angular points of the quadrilateral is equal to the swm of
the squares of the lines joining the middle points of the
opposite sides, and of the line joining the middle points of
the diagonals.

4. If OP, 0OQ be two tangents to an ellipse, and CP',
Cq the parallel semi-diameters, and §, H the foci, shew

that
OP.0Q+ CP'.CQ = 0S. OH.

5. Two ellipses have one conunon focus and equal major
axes. One ellipse revolves about this focus in its own
plane. Prove that its chord of intersection with the other
ellipse envelops a central conic confocal with the fixed
ellipse,

6. ABCD is a quadrilateral, and O the intersection of
its diagonals. Prove that the centre of gravity of the
quadrilateral is the same as that of five particles at 4, B,
C, D, O the mass of the particle at O being unity, and that
at any vertex (as 4) being the ratio of its distance (04)
from O to the diagonal through it (40C).

7. The series of quantities »;, v, . . .. vy obey the law
v = vr-1 4 vr—2 and vy = Avy.
Prove that 1?2 ~ vpp10r—1 = (A2 — A — 1)v2

o
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Parer C,
1. If

23 7 23
2 g ——— = 2r + =ay 4+ —
J +y T g yr Ty
7, y and z being supposed unequal, prove that each of
these quantities is equal to ay -+ g2 -+ zz; and that

ztyt+e2=0

2. Prove that
tan—1<mn 26 + tanh 2¢> + tan_]<tan9 — tanh ?"‘)

tan 26 — tanh 2¢ tan 8 4 tanh ¢
= tan-1(cot 8 coth ¢)
where tanh and coth are defined by the equations

ot — e—% ot o-z
tanh & = — - ~—, and coth z = e
- e

ez+€ z

3. 0, A, B, C, D are points on a circle. Prove that the
feet of the perpendicnlars from O on the pedal lines with
regard to O of the four triangles formed by joining the
points 4, B, ¢, D lie on one straight line.

4, Two given ellipses in the same plane have a common
focus, and one revolves about the common focus while the
otlier remains fixed. Prove that the locus of the point of
intersection of their common tangents is a circle.

5. PSp, QSq, RSr are any three focal chords of a para-
hola; QR meets the diameter through p in 4, RP meets
the diameter through ¢ in B, and QP meets the diameter
throngh » in €. Shew that the points 4, B, C lie on a
straight line through the focus.

6. From » circular lamine of equal thickness having
radii in the ratios 1 : 8 : § &e., sectors are cut having the
same vertical angle. These sectors are placed one on the
other in their order of magnitude, so that their centres are
in a vertical line, and their middle radii in one vertical
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plane, and on the same side of the line of centres. Shew
that the distance of the centre of gravity of the whole pile
from this line is to the distance of the centre of gravity of
the first as 3n(2n% — 1) : 4n2 — L

7. Two particles are connected by a string of given
length which passes over a small smooth pulley fixed at
the top of two inclined planes having a common height.
Suppoesing that one particle moves on each plane so that
the whole metion is in one vertical plane, find the locus of
their centre of gravity, and shew that it describes a straight
line with uniform acceleration

w;Sina — wysin B s
(0, + v))*

wy, e being the weights of the particles, and a, 8 the
inclinations of their respective planes.

wy® + ) + 2ww,cos{a+ B)
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Parer VI,

7. An ellipse is described having for axes the tangent
and normal at any point P of a fixed ellipse, and touching
one of the axes of the fixed ellipse at its centre. Prove
that the locus of the focus of the moving ellipse is two
circles, of radii ¢ % &.

Parer VII,

5. If A4 BB, BB'CC', CC"4A4" be three circles, and the
straight lines 44, BB, CC’ cut the circle £'B'C’ again
in a, B, y, respectively, the triangle a8y will be siwilar
to ABC. :

Parer XI.

6. Prove that the asymptotes of the curve
1122 4 242y + 49% — 22 + 16y + 11 =0,
are given by the equation
Mz + 29+ N(@+2 - 1) =0.

Trace the curve, find the lengths of its axes, and prove
that the equation of its director circle is

22+ 42 — 2 = 1.
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Parrr XII.

7. 4C, CB are chords at right angles in a circle, P is
any point on the circumference. P4, PB, P(C represent
forces. Shew that the Jocus of the extremity of the
straight line which represents their resultant is a circle.

Parer XVIIL

7. Along the sides of a regular hexagon taken in order
act 6 forces represented by 1, 2, 3, 4, 5, 6 respectively.
Prove that their resultant will be represented by 6, and
that its direction will be parallel to one of the sides, and
at a distance from the centre of the hexagon equal to 3}
times the radius of the inscribed circle.

Parer XVIIL

1. A road runs from 4 to meet another at right angles.
Shew that there are two points on the second road which
may be reached in the same time from A whether we
travel by road or across country, the rates of travelling
by road and across country being as 7:5. Also shew
that for places between these the quickest route is across
country, and the quickest for all other places is by road.

2, If 16 he added to the product of four consecutive odd
or even numbers, the result is always a square number.
For odd numbers its last digit in four cases out of five
is 1, in the remaining case 5. For even numbers the
last digit in four cases out of five is 6, in the remaining
case 0.

3. If I, m, n be the distances of any point in the plane of
a triangle 4BC from its angular points, and 4 its distance
from the circum-centre, shew that
12sin2.4 + m?sin28 4 #2sin2C = 4(R? + d?)sind sinBsinC,
R being the radius of the circum-circle.

7. A conic passes through the centres of the four circles

which touch the sides of a triangle. Prove that the locus
of its centre is the circumseribing circle.
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Parer XIX.

2. Solve the equations

1) 2* + a4t = daz(a® 4+ 7).
Nt b e a y ¢ a & 2
(2);+;+;=;+Z+;=;+;+;—1»

4. If R be the radius of the circum-circle, shew that the

area of the triangle
= § R? {sin3A cos (B — C) + sin* B cos(C — 4)
+ sin3 C cos (4 - B)}.

5. If the vertical angle of a triangle be bisected by a
straight line which also cuts the base, the rectangle con-
tained by the sides of the triangle is equal to the rectangle
contained by two lines equally inclined to the bisector,

one terminated by the base and the other by the circum-
circle.

Parer XX.
3. If the area of a quadrilateral be
NG-d G- D 6= 6-a,

shew that it can be inscribed in a circle.

4. 4B, CD are chords of a circle intersecting in O, and
AC, DB meet at P. If circles be described about the
triungles 40C, BOD, the angle between their tangents at
O will be equal to 4PB, and their other common point
will lie on O2.

5. A uniform rod 4B rests with its ends on a rough
cireular wire in a vertical plane, and the equilibrium is
limiting. Shew that the vertical through the centre of the
rod meets the circle through 4, B, and the centre of the
wire in two points, in one of which the directions of the
resultant actions at 4 and B meet.

6. 2@ and 2% are the major and minor axXes of an ellipse.
With centre O as centre, and radil 4, §, @ + &, circles are

M
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described, and a radius vector OPQZR is drawn nieeting
them respecm elyin P, @, R. If a parallel to the minor
axis drawn through P mect a parallel to the major axis
drawn through @ in §, then § is a point on the ellipse, and
SR is the normal at S

7. Defining the angle at which two circles cut to be
that in which no part of either circle lies, prove that if
the circles

@-8@@-0+72=0,@~a)(@—-d)+42=0,

cut at an angle 4,

(@ —a)(6—0)?sin204 40 — a)(b—a) (0’ - &)(b— ") = 0.

Parer XXI.

1. The population of a town at the end of any year can
be found by subtracting eleven times the population at
the end of the previons year from ten times the population
at the end of the succeeding year. Nine years ago the
population was 1210, eleven years ago it was 1000. “Prove
that it increases in G P.

2. Prove that 5 sin—1 - ~/ - 4 2sin-1 _*__

3. Sum to infinity the series

.Ma

25~/0

(1) sin 8 +% sin 26 + %2 sin 36 4 ;_3 §in 40 + ...
(2) sin 8 — %sin 36 +%sin56 - %sin78—|—...
(3) sin 8 +%sin 30 + 1_2 sin 560 + }Issin 0 + ...

4. The three perpendicnlars from the angles 4, B, € of
a triangle on the opposite sides meet the sides in D, Z, F.
If D, k, F be given, shew how to construct the trfangle
ABC.
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5, P is the orthocentre of a triangle, @ any point on the
circun-circle. Shew that PQ is bisected by the pedal line
of the triangle with respect to the point Q.

6. If X be a variable parameter, the locus of the vertices
of the hyperbolas represented by

22 — f Ay = &2
is the curve .
(@ 4 )P = & ~ §).

Parer XXIIL

2. If the impossible root of 2% + gv + r = 0 be
a+ 8 V=1, shew that 82 = 3a* + ¢.

4. Through the angular points of a triangle 4BC draw
straight lines perpendicular to the lines bisecting the

angles. If A, P be the area and perimeter of the original
triangle, A’, P' those of the new triangle, prove that

(1) 4A4' = Pabe;

() PP =44’ (cos 4 4 cosZ + cos -)

6. If 4BCD be a quadrilateral.inscribed in a circle, and
the sides be produced to meet in F and @, prove that the
bisectors of the angles at # and @& meet at right angles.

7. Chords of a hyperbola are drawn through a fixed
point. Shew that the locus of their middle points is
a hyperbola similar to the original hyperbola or its
conjugate.

Paper XXIII.

mey\ _omaz\ _ _ myx
].Ifx(l——x—a—)—y(l —]/3—>—z( ;—)
and &, y, z be unequal, prove that each member of these

equations
=es4y+2—m
M 2
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2. A besieged garrison is provisioned for a certain
number of days; after 10 days one-sixteenth of the men
are killed in a sortie, when it is calculated that by
diminishing the daily rations by one-fifth it will be able
to hold out for 30 days longer than was first supposed.
Subsequently 150 men with a quantity of provisions equal
to half what is still left come in; by which it will be
enabled to increase the time it can still hold out by one-
fourth. How many men were there originally ? and for
how long was it provisioned? Ans. 800 men. 100 days.

Parer XXV,

6. Out of a wooden cylinder is cut a cone of the same
base, and the hole is filled up with lead. If lead he nine
times as heavy as wood, and if the centre of gravity of the
whole be at the vertex of the cone, shew that

the height of the cone : the height of the cylinder :: sin18°:1

Parrr XXX,

1 Prove that (1) the coefficient of gm+Iyn+1 in the
expansion of

1=0)(=g) ; !
l-2-y mlnl

(2) the coefficient of ##—1 in the expansion of
(-2 -~ = o),
in ascending powers of z is
(1 - en)(1 = entl)(1 = en+2)
T -9d-Ad=a

5. A circle is described about a triangle 4BC, and from
any point D lines DB, DC are drawn cutting the circle in
two points P and @ whose pedal lines intersect in .

Prove that the angle § is equal to the difference between
the angles A and D.
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Parer XXXI.

1. In a bag there is a number of tickets marked with the
natural numbers from 1 to 24 1. Every number is marked
on each of r tickets, and every square number %2 confers a
prize of m shillings. A person can draw one ticket from
the bag. Shew that the value of his expectation is

w¥(n 4 1)2
202 + 1)(n2 + 2y
2 If(Q+a-ta%n =Py+Pa+Pual+ ...+ P’ 4 ...
prove (1) Pn = P2 — P24 P2 —.,.
_ 1 @z -1 (22-4)!
(2) Pp = (n_‘. 1)1{ i 7. (” _—3)!~
n(n—-1) (2n-T1 _ }
+ 21 -6t S
5, 4, B, 0, D are four points not in one plane. If 4B

is perpendicunlar to CD, and AC is perpendicular to BD,
then will 4D be perpendicular to BC.

6. TP, TQ are tangents to a parabola wkose focus is §.
L1, a third tangent, cuts them in Z and 3. Prove that
the triangles SPL, STM are siniilar,

Hence shew that 7'L : LP :: Q[ : MT.

Parer XXXIIL

1. Of three events it is 2 to 1 against the first and
second happening, 3 to 2 against the second and third,
and 9 to 1 against the first and third. Shew that the odds

against all three happening are 583 — 1 to 1.

2. O is the centre of gravity of a triangle. 40, BO, CO
are produced to points D, F, F such that 4D = [. 40,
BE = m.BO, CF = ».C0O. Find the values of /, m, 2 so
that the sides of the triangle DEF may pass through the
points 4, B, C.
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5. 4, B, C, D are four points in space. 4B, AC are
divided in B, F so that 4F : EB :: AF: I'C. DB. DC ave
divided in @, H so that DG : GB :: DH : HC. “Shew that
the lines GF and HE will intersect,

Parer XXXIIIL,

1. A river flows from P to @, a distance of 12 miles, at
a uniform rate. B starts at 12 o’clock from @ to row to P,
and 4 starts at 5 minutes past 12 to row from @ to P and
back again. A overtakes B a mile from @ ; he rows on to
P, and at once turning back meets B two miles below 4.
A reaches @ 35 minutes after B reaches 2. Find the times
at which 4 passed B, and the rate of the stream.

5. Any point P is taken on a given segment of a circle
described on a line 4B, and perpendiculars 4G and BH
are let fall on BP and 4P respectively. Prove that GH
touches a fixed circle.

Parer XXXIV,

1. A policeman walks round his beat uniformly during
his hours of duty. Shew that the chance of my meeting
him, if I walk in the opposite direction down a street,

which is th of his beat, at a rate m times his, is 1tm
% mi
where m > 1.

Also solve the problem when the condition in italics is
removed,

2, If 0. 46,2 =g
z y

.l 442 <y,
T z

a,'f.{./),-l = ¢
_y z
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then will

-8 4 y-3 + 2-3 F 2-ly-1-1 =0,

a*z3 + By -+ B + abexyz = 0,

ad -+ 83 -+ 3 = babe.

4, Prove that the distance between the centre of the
inscribed circle and the orthocentre of a triangle is
2R (vers A vers B vers C — cos 4 cos B cos C’)&,

where R is the radius of the circum-circle.

Parer XXXV.
2. Solve the equations :—
(1) .z/'»- NFa—
Vo Mt 10
@) a(y+ =1+ o+y=%+2c; y2= 1
(&My—»+az—w+dm—m=oz
@-Ny—-De—-a) =2 0.
stytr=e

3. Prove thatina triangle where a < ¢,

00;:'4 - : {1 + .= co';13+ _(”__'_l'_l)(_/ c0s 2B

= va¥ = 1{J.z'2+a: — WNg? —:r}.

7( + 1)( +2)
m—dyn—__a cos3B + .. }

Parer XLIIL

6. An ellipse and hyperbola are described so that the
foci of each are at the extremities of the transverse axis of
the other,

Prove that the tangents at their points of intersection
meet the conjugate axis in points equidistant from the
centre.
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Parer XLIV.

1. If #, y, z are in G.P. when 4, is subtracted from each;
and 2, 7, # are in G.P. when 6, is subtracted from each;
and z, 2, y are in G.P. when 6, is subtracted from each;
prove that

1 1
91—z+62—y+63—z

4. If T4, T'B be tangents meeting a circle in £ and B, and
TCQD be any chord meeting the circle in € and D, whilst
@ is the middle point of the chord €D, shew that 7'Q bisects
the angle 4QB, and the length of 7'Q varies as the sum of
the lengths of 4Q and B9.

= 0.

5. T'is any point on the tangent to a parabola at .
Prove that the tangent at 7' to the circle round 7Q§
touches the parabola.

Parer LI,

1, Prove that the value of the expression

N2 costp + B sinfp + N siPd + 42 cost b

Prove also that
1 1
— =
Nat cos?p + 42 sin?¢p Na? sin2¢ 4 4% cos? ¢
4
lies between ! + —1 and —————.
a v N2 22
5. ABC is a triangle inscribed in a conic whose centre
is 0, and Oa, 04, Oc are drawn to the middle points of the
chords. From any point P on the conic, Pa, PB, Py are
drawn parailel to Os, 08, Oc to meet the sides in q, 8, y.
Prove that the points a, 8, y are collinear.
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Parrr LV,

3. The sides of a triangle are in A.P,, and its area is
to that of an equilateral triangle of the same perimeter
1035,

Shew that the greatest angle is 120.°

5. PAQ, PB(Care two semi-circles which touch internally
at P, PQC being the common diameter., Through P draw
a secant PAB such that the area of the triangle 4 BC may
be a max., and shew that for this position of the secant
the area of the triangle Q4B is also a max.

Paper LVIL

2. In the continued fraction
1 x z3 5

T-aFa-PAF0-AHFA-DF

shew that the #th convergent is

on — 1’
2 2 2 2
where oy = #-1 — =2 4 23" — 5~4 4, ..
+ (~ =1, g0’

7. Piove geometrically that if a line be drawn through
a focus of a central conic making a constant angle with a
tangent, the locus of the point of intersection is a circle,

Parer LIX.

5. ABCis a triangle, O any point, in the same plane or
not; P, @, R pointsin 04, 0B, OC. BR, CQ intersect in
L; OP, ARin M; 4Q, BPin N. OIL, OM, ON cut BC,
04, 4B in D, E, I. Provethat 4D, BE, C¥ are concur ent.

6. A semicircular piece of paper is folded over so thata
particular point P on the bounding diameter lies on the
circular boundary. Shew that the creasc-line always
touches a fixed couic.
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7. A straight line of given length moves so that its
extremities always lie (1) on a fixed ellipse, (2) on a fixed
parabola, Find the locus of its middle point in the two
cases.

Parer LX.

2. Shew how to find » if the sum of # terms of the
series
14+5494134...

be a perfect square; and find the first two values of »
greater than unity.

4, From a point 4 on the outer of two concentric circles
tangents AP, 4@ are drawn.to the inner. 4P, QP meet
the outer again in 7, B. Prove that

RP:RQ: RT?: RA

Parer LXIL

4. The sum of the reciprocals of the distances of a fised
point from tangeuts to a circle at the extremities of any
chord through the point is constant.

Parer LXVII

7. In the system of pulleys in which each string is
attached to a bar supporting the weight, find at what point
of the bar the weight must be attached if there are two

movable pulleys.

Also shew that if the weight be then doubled, it will

descend with acceleration = 1—‘({5
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Parer LXX.
2. If
@ty + 2293 = Tt + Y371 = 210y + 10 = 1,
and

dy = 2yy5 = Gslfey By = sy — WYy dy =0y~ By
shew that &+ dy + dy = didods.

Parir LXXYV,

6. P is any point on a conic circumseribing the triangle
ABC, and the diameters which bisect the chords parallel
to P4, PB, PC meet the tangents at 4, B, C in the points
D, E, F respectively. Shew that D, Z, F lie on the polar
of P,

Parer LXXVI,

7. A particle of elasticity e is projected from a point in
the wall of a square room in a direction whose projection
on the floor makes an angle 4 with the wall. Shew that if
the particle after striking each wall in succession returns
to the point of projection, then

e(p 4+ 1) cotd = ep + 1,

p : 1 being the ratio in which a horizontal line in the side
of the wall is divided by the point of projection,

Parer LXXVIIL

5. If in a rough inclined plane the ratio of the greatest
force to the least force which, acting parallel to the plane,
will just support a given weight on the plane be equal to
the ratio of the weight to the pressure on the plane, prove

that the coefficient of friction is tana. tan? .;, where a is

the inclination of the plane.
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Parer LXXVIIL

7. A projectile is discharged with velocity » at an
elevation «, and # seconds afterwards a second one is
discharged after it so as to strike it. If ¢, a' be its
velocity and elevation, prove that

2w sin (@ — o) = (vcosa 4 v’ cosd) gn.

Parer LXXIX.
3. Prove that

mw
(1)1=tan:‘2n—+1{l e b2t T L
+ 27-2 tan %3 —+ 2“—1}.

@ 2= 1 + % c;)se 5
cos? cos?~ cos? 2,
2 2 22
1 cos 8 cosg
ta—F 5 T

22 22 2
COS 3 Cos %) cos? 23

and sum to z terms the series
sectd 4 22gec? 20+ 2 sec? 224 4 ., . 4 22 2gec2271g,

4. On the sides of a triangle as bases are described
externally three similar isosceles triangles. Prove geo-
metrically that the lines joining the vertices of these
triangles with the opposite vertices of the given triangle
are concurrent,

5. Shew that the equation of the envelope of a circle
described upon a chord of the circle (¢ — @)? + g2 = ¢2
passing through the origin as diameter is

(@ 47+ @~ ) = 2w 4+ @ — &) = A

Prove also that the maximum distance of a pomt on the
envelope from the centre of the given circle is ¢ 2
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Parer LXXX.

7. A tenuis ball is served from a height of 8 feet. It
just touches the net at a point where the net is 3 ft. 3 in.
high, and hits the service line, 21 feet from the net. The
horizontal distance of the server from the foot of the net
is 39 feet. Prove that the angle which the direction of
projection makes with the horizontal is tan—! 287 ; and
that the horizontal velocity of the ball is about 171 feet
per second, the plane of projection being perpendicular to
the plane of the net.

Parer LXXXV.

4. § and H are the foci of a hyperbola, and P7, the
tangent at P, cuts an asymptote in 7, Prove that the
angle §TP = PHT.

Parzr LXXXVIIL.

7. One end of a string is fixed to a beam, from which it
passes downwards and under a movable pulley of weight
P, then over a fixed pulley, and then under a second
movable pulley of the same weight, and then the other
end is attached to the first movable pulley. A weight
W is attached to the second movable pnlley, and all the
straight portions of the string are vertical.

Prove that there will be equilibrium if # = P.

Also, if W > P, the downward acceleration of W

will be
w-r
7+ 507

Parcr XCII.

7. If on a rectangular billiard table whose sides are
a, b, a ball describe a rectangle whose sides are ¢, d, prove
that the coefficient of elasticity between the ball and the
sides of the table is

ad — be\e bd — ac\?
—-) or -,
(l)zl — ac) (ml - bz')
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Parer XCIII.,

5. T'he envelope of a perpendicular drawn to a normal
to a parabola at the point where the normal cuts the axig
is a parabola. Prove also that the focal vector of the
point of the parabola at which the normal is drawn nieets
the envelope at the pont where the perpendicular touches
it,

6. Shew that if

2P+t =1+ gt =2 + g =
and - a1(y2 — ) + 2595 — 71) + 25(n — 92 = 0,
then 2109%3 + 91 Y0ys = &5
A straightline cuts in 3 real points the curve 234 3= a3,

Shew that their centroid, if it lie on either axis of coordi-
nates, will be at the origin.

Parer XCIV,
1. Prove that

3.81n+1 -+ (162 — 54)9n+1 — 32022 — 1447 + 243

is a multiple of 212

5. The diameter ¢ of a circle is divided into 2z equal
parts, and straight lines are drawn from any point in the
circumference to each point of division. If ay, a,. . .a2n—1
be the lengths of the lines so drawn, prove that in the
liinit, when the number of parts is increased indefinitely,

22

af — a? +af —a? + ...+ dhn =3z

Parer XCV,

7. From a point at a distance 4 from a plane whose
inclination is 8, two particles are projected simultaneously
with velocities # and » in two different directions parallel to
the plane and at right angles to each other. Prove that
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they will strike the plane simultaneously at points 4 and

B such that

AB? = 2_;1 (@ + +?) sec B.

Parer XCVL
a? 2? 22
1. p=a+t+-, ¢g=0+"=, r=c¢+ —, prove that
o 4 ¢
1

1h_g=n_Y[_r-7r _1{1_p—q},
a{l //—c]_&{ c-—a}_c a— U’

and eliminate @, , # from the equations

19=$—‘7§,q=y—%ra r=z-"% -4+ -4 - =0

2. If 4, b, ¢, d be the sides of a quadrilateral taken in
order, and ¢ the angle between the diagonals, shew that
the area of the quadrilateral is

a2 ~ 8 4 &~ d?%) tang.

Parer XCVIL

1. Prove that the max. and min. values of
2%+ 3pa? + Bgr 1
are 2p° — 8pg + r £ 2(p? — 9)%-

4, If tangents be drawn to a fixed circle from any point
on another circle, the envelope of the chord of contact is a
conic.

7. If a particle of mass m fall down a cycloid under the
action of gravity starting from the cusp, prove that the
pressure of the paiticle upon the cycloid at any point
is 2mg cos yr, where ¥ is the inclination to the horizon of

the tangent to the cycloid at the point; also shew that the
resultant acceleration = g. '
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Paper XCVIIL

6. Two equal umiform ladders, each of length / and
‘weight w, are freely jointed at 4 and are connected by a
rope PQ. A man whose weight is 7 goes & feet up one
of the ladders. If the ground be smooth, prove that the
tension of the rope

_ Wb+ wil ¢

2a N — &2
where 2¢ is the length of the rope in feet, and
a = 4P = 4Q.

Parer XCIX,

4, Two triangles BAC, BA C are inscribed in a circle on
the common base BC, and the pedal lines of the triangles
BA4C, BA'C are formed with regard to the points 4’ and 4
respectively. Shew that these two lines and the nine
points’ circles of the two triangles intersect in the same
point,

Parer C.
2. Elimipate 6, having given
200s (8 — a) + y cosf = 2asin (6 + y) cosd cos (6 — a),
28in (0 — a) +ysinéd = 2« {sin (6 + y)sinfcos (6 — a)

LB = cosBcosé},
a -t Y=

THE END.
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