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NPEJAHCJIOBUE K INEPBOMY MU3JAHHUIO.

IMpennaraeMuii BHUMAHHIO YHTATENEA ¢KPATKHH KypC TEOPHH
yIpyrocTH» COCTABJIEH HA OCHOBE JIEKUHH, YHTAHHHX MHOI0 B Mo-
CKOBCKOM TOCYZapCTBEHHOM yHHBepcHTeTe aM. M. B. JloMonocosa.
STH JeKIHH HMET CBOEK HEeAbI0 COOOMMUTH CTYAEHTAM TOJIbKO
OCHOBHHI€ CBEIEHHS N0 TEOPHH YNPYTrOCTH, Tak Kak GoJee riyGo-
KOoe H3yueHHe OTIeJbHHX BOMNPOCOB fABJAAETCH 3anxadyedl ClenHanb-
HHX KYpPCOB, YHTaeMBIX HA MOCJAEAYIOIHX ceMecTpax. [loaromy
TaKHE BONPOCH, KAK TeOopH® 060/I0UeK, TeOPHS NJaCTHHOK W TOH-
KHX CTepXHeH, TEOPHS NJIACTHYHOCTH H HeNHHefHas TeopHs ymnpy-
roCTH He 3aTPOHYTH B HACTOSIIHEM . Kypce COBCeM, a O IIOCKOH
3amaue H 06 YNPYTHX BOJHAaX JAHH TOJbKO oOIIMe MpercTaBie-
pua. Keaawomwux nogpobHee O3HAKOMHTBCA € 3THMH BONPOCAMH
MH OTCHJIaeM K KanuTaJbHOMY Kypcy A. JIasa, Maremarnue-
ckas Teopus ynpyroctu (nepepoa ¢ anrauiickoro, OHTH, Mocksa,
1935), a Takxe k pa6oram I'. B. Kosrocosa, KoMmniekchas me-
peMeHHas H €€ NPHJIOKEHHEe K IIOCKOH 3anade TEOPHH ynpyro-
cti (OHTH, Jlennwrpan, 1936) m axazemuxka H. M. Mycxe-
JHmBAAH, Hexoropwe OCHOBHHE 3a1aud TEOPHH YHOPYroOCTH
(u3x. Ax. Hayxk CCCP, Mocksa, 1938).

B wacrosmee BpeMsi TEH30PHHH METOX H3MOXKEHHS IOJYYHJ
B MeXawHKe H MaTeMaTHYeCKOH ¢H3HKe IIHPOKOE PpacIHpoCTPaHe-
HHe, OpHako, 4TOGH CHENaThb H3JIOXKEHHe NOCTYMHHIM [/ BO3-
MOXHO 60/1e€ IIHPOKHX KPYrOB 4HTarestell, MB COYIH BO3MOK-
HEIM OTKa3aTbCA OT MOJb30BAHWS STHM METONOM B HACTOSIIEM
Kypce. C NPUJIOKEHHEM STOr0 METONA K TEOPHH YIPYTOCTH MOX-
HO O3WAKOMHTHCS B YNOMSIHYTO#H BHILIE KHHTe akagemuxa H. M. Myc-
XeJTHIIBH.TH.

3a nowsolpb NPH H3AAHWH KHHCH aBTOP NPHHOCHT G6aaronap-
HOCTb cBOMM ydenwkam: H. B. 3poaunckoMy (Hanucaswemy § 16
raasa VIII), A. A. [Muaakuno#t u T. A. Tapacosoit.

ABTOp CO3HAaET, YTO B €ro H3/J0XKEHHH BO3MOXHH MHOrHE fe-
GbexTH u o0pamaercs K YHTATeJAM C NpocbOO#l HANMpPaBAATL eMmy
CBOH OT3HBH H 3aMeuaHHA.

J. C. Jletibenson
Mocxsa, anpean, 1941 r.



NPEAUCJIOBUE KO BTOPOMY HM3JAHHIO,

B HacTOAmiEM HM3RAHHH J00aBJEHH TpPH HOBHE TJIABH: TI/aBa
XIIl «Teopna maru6a naactuHok», raasa XIV «Ypasuenus mia-
cruueckoft pedopmannu» B raaa XV] <«JlpuGanxénynie MeToAH
pelleHHs, OCHOBAHHLIE HA BAPHANHOHHHIX YpaBHEHuax». Kpome
TOro, BHECEH psajJ H3MEHEHHHA H AONOJHEHHA B HEKUTUpHE Apyrue
raasu. HeauHefinas Teopua ynpyroctd He paccCMaTphuBaeTcs B AaH-
HOM Kypce, TaK KaK, 00 HalleMy MHEHHIO, BCe NPeAJOKEHHHE
TEOPHH HECOCTOfTEeNbHH, H BONPOC 3TOT TpebyeT HOBHX HCC/Aef0-
panuil, 2Ke/1al01HX O3HAKOMHTbCA C BONPOCAMH KOHEYHHX Aedop-
manufi orchsiaem kK kuure L. S. Sokolnikoff, «Mathematical Theory
of elosticity», Bnumesmee B 1946 r. B cBA3u ¢ yBeauueHueM
00bEMa KHUTH HECKO/bKO H3MEHEHO eé Ha3BaHhue.

ABTOop npHHOCHT TAy6okyl0 O6J4arofapHocTb CBOEA yudeHuue
H. M. Kpaescko#l, oka3saBiieli BecbMa IEHHYIO MOMOIIb NpPH CO-~
CTAB/JIEHHH HOBHX IJaB H IEepecMuTpe TEKCTa.

J. C. Jletibenaon
Mocksa, uionb, 1946 r.



FIABA L
TEOPUS1 NE®OPMALMH,

§ 1. lepemenienne.

IMon meficTBHeM NPHJIOKEHHHX CHJ WAKW IIPH H3MEHEHHH TEIJIO-
BOTO COCTUSIHHA HAMEHSIOTCH pPACCTOSTHHA MEXAY YaCTHIAMH
TBEpAOro TesJa. JTo aBJAEHHE COCTaBjser AedopMmanuio TBEPAOro
tena. OTHecéM ero K OPSMOYTOJLHHM 0CAM X, y, 2. Bo3bméMm
NPOU3BOMBHYIO TOUKYy M Tena, KOOpAMHATH KOTOPo# RO aedopma-
nuu obo3HauuM dyepe3 x, y, 2. Ilocre gedopmauun sra TOuKa
3aiMET noaoxeHwe M;, H e€ HOBHE KOODAHHATH O0603HAUHM ue-
pe3 x;, ¥, 2,. Bexrop MM, npesacrapiaser nepeMeuieHue TOYKH
M npu aedopmanun. Ero npoexuuu Ha ocH X, y, 2 00603HAUHM
COOTBETCTBEHHO 4Yepe3 #, ¥, w. Toraa uMeeM OuYeBHIHHIE COOTHO-
LIEHHA:

x,=x+4u, y=y+v, 2,=zt}w. (1.1)

Ecan TBépmoe Teno coBepuraeT NOCTYMATENLHOE, HJH Bpaiia-
TeNbHOE NBHXKEHHe, WK 063 ABHKEHHA BMeCTe TaK, 4YTO Paccros-
HHA MEXIy €ro TOYKaMH HE€ H3MEHSITCA, TO TBEPAOE TeN0 He
noasepraercs Aedopmanun. B cayuae Ma/noro BpauleHHs MH Gy-
AeM HMeTb:

u=a+gz—ry,
v =b-+rx—pz, (1.2)

w=c-{py —qx,

rie a, b, c¢— cocraB]AIOIAE NOCTYMATENbHOTO TepeMelleHus
P, ¢, r— COCTAaB/SIOLHE MAIOr0 Bpaulenus aGCOJIOTHO TBEPAOTO
tesa. B masbHefimem Mu OyneM paccMaTpuBaThb TaKMe Nepemenie-
HASl TBEPIAOTO TeJa, MPH KOTOPHX PACCTOAHHS MEMAY YACTHIIAMH
Tejna OyLyT M3MEHATbCA, NPHUEM COCTaBASIOIIHMH 3THX MepeMe-
IeHH# OyAyT BeAHUMHH 4, U, W, BBeAéHHHEe ¢opmyaamu (1.1).
[lepememenns u, v, w GyRyT MEHATLCA NpPH MepPexoie OT OAHOH
TOYKH TeJa K APYrofi u fABAAIOTCA QYHKIUAMH KOODAMHAT TOYKH:

u=fl(x’ M 2)! 7"=f2 (x' I Z), w=fs(xs A Z). (1.3)
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Ecin gedopmupyemoe Tes0 npH JedopMalHH He TOJyYaeT
Pa3pHBOB, TO 2TH (YHKIHH O6YAYT HENDEepPHBHHMH, H MH Oyxem
TaKXKe NPeanoaaraTb HENpPepHBHOCTh YACTHHX IPOH3BOAHBIX 3THX
dbyHkIui.

§ 2. Oxvopoanas necdopmanus.

Ilna wcciaenoBasust npoucxojsumedl B tejae neGOpPManUH BO3b-
M&éM BecbMa 6au3kyl0o K M Touky N, KOOpAMHATH KOTOPOH 10

JedopManuu:
xtdx, y+dy, zt+de, (1.4)

TaK 4TO PAcCTOsAHHE MexAay ToukaMd M u N npo nedopmanun
paBHO:

r=MN =V dx T dy | dz (1.5)

[Mocne nedopmanun Touka N nepemectHrcs B moJoxenne N;, u
€& HORHE KOOPAMHATH OYAyT:

x,+dx,=x+4+dx+u,
nwtayn=y+dy+tuo, (1.6)
z,+dzy=z2+dz 4+ w,,

rae 4, v,, @, CyTh cMeueHus Toukn N. OHu 6yryT QyHKUHAMH
eé koopausnar (1.4). Ilostomy HMmeeM:

u, =u (x+dx, y+dy, z+dz),
v, = (x-+dx, y+dy, z+dz),
w,=w(x+dx, y+dy, z-+dz).

Pasnaras B paa Tefsopa W OrpaHHYHBAACH MAJEIMH TNIEPBOrO
MOPAAKA OTHOCHTEIbHO BEeCbMAa MAaJHX NPHPALEHHH KOOpAHHAT
dx, dy, dz, umeem:

e} (7] a
u,=u -+ 55dx+3;dy—1‘£d2,
0 0 a
v, =v 5~ dx+} (—,;dy—l—a-'z’dz, (1.7)
d 0 0
w1=w+£dx+§dy+5§” dz. J

IMepememenus Toukh N oTHocHTeibHO M Bhipasatcs dopmy-
JIaMH:

0 d 0
Auzul——u=£ dx—}—a—'; dy—}-d-’z‘dz, |
Av:vl—v=% dx—{—z—; dy—’rg—:'dz, (1.8)

Aw:w,-——w:%'—f;dx -}—g—;”dy-]—gifdz. )
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B aTHX Qopmy.aax dx, dy, dz ABAAIOTCH OTHOCHTEIbHBIMH KOOpP-
JHHaTamu NN, ecjqH Touka M mpuHaTa 33 HayajJ0 OTCUETA; TaKKe
Au, Av, Aw OGyAYT OTHOCHTE/]bHHMH HNepeMelneHHIMH TOYkH N
npu Tofi ke CHCTEME OTCuYera.

N3 ¢opmyn (1.8) MH BHAHM, 4YTO OTHOCHTE/]bHHE YIpyrHe
CMeIEeHHs SBJAIOTCH JHHeHHHMH (QYHKIHAMH OTHOCHTE/JBHHX KO-
opannar. Takas nedopMalHs Ha3HBAeTCA O0OHOPOOHOIL KedopMma-
nueit. CregosatenbHo, Ae¢OpMAlHIO MaJOro 9JIeMEHTa YIPYroro
TeNa MOXHO paccMaTpHBaTh KaK OJHOPOAHYIO.

§ 3. Komnonelrnl MaaoH aecdopmaumu.

IMpu pedopManuH HIMEHAIOTCA PACCTOSHHA MEMAY TOUKAMH
yupyroro teja, T. €. AJHHH JHHERHHX 3JEMEHTOB H YIVIH MeXA1y
HCXOAAIMMH H3 ONHOM TOUKH JIHHEHHHMH 9JeMeHTaMH. 3a Mepy
VAJIHHEHHS JHHefiHoro sJjeMeHta MN NpHHHMAIOT yBe/qHYeHHe
eIMHHIH JJHHH €ro, T. €, OTHOWIeHHe NpHpAlleHHs JJHHH 3Jje-

MeHTa:

AMN = M,N, — MN (1.9)
K NepBOHAauaibHOR ajauHe MN. D10 ommuocumessroe ypiuHeHue
6ynemM 0603Ha4aTh:

AMN
e=T. (1.10)

ITycts mepsoHavasibHO aneMeHT MN 6GHul pacmosoxeH napai-
JIeJbHO ocH x (dur. 1). B aToM ciy4yae npH BHUHC/IEHHH 00 (Op-
Mysam (1.8) MH ZOMKHH NOJNOXHTH dy=dz==0, 4T0 AaéT:

ov ow
Au__—dx, A'v—-‘—,}dx, A'w—-a-dx,
NIO3TOMY mpoeKuuH Bektopa M;N, Ha OCH KOOpPAHHAT CYTh:

(14+2%)ax, Pax, P

C/egoBare/IbHO HMeeM:
mn=dx /(14 57+ (32 + ()

€CJIH OTpPaHHYHTBCH MAJHMH CMELIEHHSMH, T. €. NPeANO/0NKHTD,
YTO AJHHA PaCCMAaTPUBAEMOTO 3/1E€MEHTa He H3MEHseTcsi OT nepe-
MellleHHs: ero KOHLOB B HanpasiaeHnH ocet Oy, Oz, 1o, npeHe-
6peras noa pafgHKaIoOM BTOPHM H TPETHHM KBA/IPATAMH, NOJYUHM:

MN,= (14- %) dx,
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Brocs sto B (1.10) u BBOASI OGHYHOE 0GO3HAUEHHE, MOAYYHM OT-
HOCHTe/bHOE yJIMHEHHE JHHEHHOrO 9/1€ MeHTa, Napa/lyie/IbHOro OCH X:

du

Cex™ 3%

4HaJOTHYHO TOJYYHM OTHOCHTEJbHHE YAJIHHEHH:A JARHEAHHX 3dJe-
MEHTOB, Napa/jJ/ieJbHHX OCAM y H 20

e =do e =¢l_

oy T2 9z °

OnpemnenuM Temepb Yroa &, HA KOTOPHA NOBEPHETCA SJIEMEHT
MN, xorza ou mepeiaér B monoxenne MN;. Ilo mpupeA@HHHM

L4

Pur. 1,

BHIlle COOGPaKeHHSIM HA HEro He BAMSIOT IepeMElleHHs B Hampa-
BJeHHH ocell X uad 2. V3 ¢ur. 1 nmeem:
NiN.
tga—a=5"12,
g MN;
Ho npu npunsTof TOUHOCTH HMeeM:
NN, =2 dx, MN,=dx;
Vg == 5,.4X%, 1Vy =0ax;

OTCIOAA MOJIYYHM!
dv

a”&.
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Ecnn ke saemeHT MN mepBoHaua/ibHO 3aHMMaeT moJoxenne MP,
napaiiesbHOE OCH ¥, TO YroA €ro MOBOPOTa B B HOJOMKEHHE
M,P, 6yzer:

tgh=B=71pt.
MPy

Ho npu npuHATOH TOUHOCTH HMeeM:
du
P1Pa=§j,d,\’» M,P, =dy;
OTCI0AA:
p—
=3
Taxum o6pa3oM, NMpsMOf yroa MeXAy JHHEAHHMH 3/1eMeHTaMA

MN u MP, napaaneibHuMH 10 AedopMamHH oCaM X, y, HOCae
JedopManuH yMeHbIIAeTCA HA CyMMY YIJIOB

dv |, du
a+f3=5;+5;-

Aty nedopManHio CKOMIEHHA NPAMOrQ yI/1a HasHBAWT COBU20M H
0003HAYAIOT €,,, TaK 4YTO HMeeM:

. dv | du
exy—'d_x+'6_y'
Taxxe HMeEeM CKOUICHHSA HpﬂMHX yriaos Mex‘my OCAMH X H 2.

dw , du
833:'5—1—0_2!

MEXAY OCAMH y H VA
e __ 0w __!_@
72" gy V 9z"
Mu monyunan 6 OCHOBHHX BEJHYHH, XapakKTepPH3YIOUIHX Je-

tbopmanuio:
1) TpH OTHOCHTE/NBHHX YIJHHEHHS JHHeAHHX 9/EeMEHTOB, INa-
paie/bHBX OCSIM KOOPAHHAT:
du du Jw
€ex=gx? eyy=a}’ €= 3z (1.11)

2) TPH CKONIEHHS NPSIMHX YIJIOB MEXAY KOOPAMHATHHIMH OCS~
MH (CABHTH):

dv | du

exy=a_;-+('ﬁ,, }
Jw du

€.=57 T oz t (1.12)
ow |, dv

=55 T |

Beanunnn e, , e, e, e

TaMH MaJjoR AedopMalHH.

vy €xz»r €y, HASHIBAIOTCA KOMIIOHEH=
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§ 4. KoMnoHeHTHl KOHeuHOH aedopmaiud.

O6o3naunm NepBOHAYAIbHYI0 AAHHY 31eMeHTa MN uepe3 ds,
JJHHY ero nocae jaedpopmanuu depe3 ds,;:

MN=ds, MN,=ds,. (1.13)

O603HauHM KOCHHYCH YIJIOB 3jementa MN ¢ npsmoyro.b-
HBIMH OCSIMH X, Y, Z 4epes:

I:dx

dx dy __dz
ds’

mzd—s, n-—-d;‘, (1.14)

a KOCHHYCHl yIVIOB AedopMHpPOBaHHOTO 3jaeMeHTa M;N, ¢ Temu xe
OCSIMH Uepes:

_dx‘l __dy . dz
ll—ﬁs_l! ml“‘igl!r 1“[@:- (1.15)
Hs dopmya (1.6), (1.1) u (1.8) umeem:
du du ou
dx, = (14 3) dx+3dy + 5 de, )
du 7] 0
dylzo}dx+(1+d—’y’) dy + 2 de, (1.16)
Jw Jw a
dzl——:ﬁdx—i—ﬁdy%—(l +52) d=.

ITpn pacCMOTpPEHHHM KOHEYHHX JedopMmauuil BaXHO pa3niuyaTh,
NpHUHMMaeM JH MH 32 He3aBHCHMHE I[epeMeHHHe KOOpPAHHATH
TOYKH A0 HJH HOCJae nedopMaunuH.

B srom nmaparpade 3a He3aBHCHMHIE [epeMeHHHE NPHHATHE KO-

OpJAHHATH HayaJbHOrO coctostHus. Broca (1.16) B (1.15) m npu-
mensas (1.14), MH noayuHM:

ou ou ou ds
/= [(1—}—5}) l+5jm+52 ”]Bs_,’
dv ov Jdo ds
m, = [3;1+ (1+5j) m4-% n] I (1.17)
ow ow Jw ds
n = [5;1+5;m+ (1+5;) nJ .
Brocst snauenns (1.17) B H3BeCTHOE COOTHOILIEHHE
B+ mi+4ni=1, (1.18)
MB HOJYYHM:
dsy \? .
(B =02 )4 (1 42,y m (1420 +
+ 2, Jm -2 In -} 2 nn, (1.19)
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rjae o6o3HadeHo:
c=get 7 [(52) +(5) +(
w=g+7 ) +(5) +(5) ]
=32 +3 | (&) + @)+ (3]
com gt taat et am, |
=y G T gt G et e
=it Pt Gt Rt

(1.20)

Pasenctso (1.19) MoXHO HA OCHOBAHHH H3BeCTHOR ¢OpPMYyIH
{4 m?4-n*=1 npencraBuTb B BHAE:

d. 2
(d_;l) =1 +2[exxﬁ_}_Eyymz..[._ezzn?_i-ex/m—}-elen-l—sﬂmn]. (1,2])

Ecin e ecTb OTHOCHTE/NbHO® YH/IHHEeHHe JWHEeHHOTO SJleMeHTa
MN=ds, 10, coriaco (1.10) u (1.13), umeem:

e="11_1, (1.22)

T ds
H3 (1.22) n (1.21) umeem cooTHOUIEHHE:
e(24e)=2f(, m, n), (1.23)
rae:

F{, m, ny=e¢, PP+e, m*te nte, Imte, inte,mn (1.24)

Eciu auvefinnm#t snemenr MN napa/ieneH ocH X, To, oOue-
BH/IHO:
=1, m=n=0,

u dopmyaa (1.24) npumer Bux:
f= exx'
Ioacrapass nonyuenHoe 3navenne f B dopmyay (1.23), mm no-

JIYUHM:
et} 2e=2¢ ,

e=V1+2, —1.

CrenoBaTenbHO, OTHOCHTE/bHHE VITHHEHHS JHHEAHHX 3/1eMeH-
TOB, NAapaj/iebHHX OCAM KOOPAHHAT NO JedOopMauuH, AaHH

OTKyJa:
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$opmysamu:
e,=V1+2,_ —1,
e,= V142, —1, (1.25)
e, — V—l-_ljg_ezz_ —L

N3 dopmyan (1.23) Mu unmeem:

e=VT1F2of —1; (1.26)
OTCIOAA CJefyeT, UTO 3HAHHE LIECTH BEJHUHH
Cror Eyp B Erp € € (1.27)

onpenenseMux (opmyaamu (1.20), mo3Bo/iseT BHUYHCAHTH OTHOCH-
TeJbHOE YyAJHHeHHe JI060T0 JHHEHHOrO 3/71€MeHTa, HCXOAAIIero H3
JAQHHOM TOYKH, A/ KOTOPOro AO/KHH OHTH 3aJdaHHl 3HAYEHHH
KoCHHyCcOB £, m, n. Ilostomy mecTb BeauunH (1.27), naHHHE
¢dopmysamu (1.20), sBASAIOTCH KOMIOHEHTAMH KOHeuHo# Jgedop-
MAanuH.

B ciyuae mazoit medopManuu YacTHHE IPOH3BOAHBIE YIIPYTHX
nepeMemeHdi 4, v, @ M0 KOOPJAHHATAM CYTb MaJble BEJHYHHH,
H, npeHebperass HX KBAAPATAMH H NPOHU3BEJEHHAMH, MLl MOJYYHM
n3 (1.20) B cuny dopmya (1.11) u (1.12):

Cex = Cumr &y =€y €, =8, l

exy: e.xy’ exz = exz’ Eyz = eyz' J

(1.28)

Ilects xomnonentoB koHeuHo# pedopmauuu (1.27) B cayuae
Masnoft pedopMaluH COBNAJAIOT C LIECTbI0 KOMIIOHEHTAMH MaJoH
aedopmanun (1.11) n (1.12).

§ 5. U3meHeHne yriaa Mexny JHHeHHLIMH SJE€MEHTaMH Mpu
nedopmauuu.

Ilycrs us touxkn M ucxoxur axement MN, onpenensieMblil KO-
cunycamu [, m, n, u asemeHT AMP, onpele/iseMbHi KOCHHYCaMH
', m', n'. Dnement MN nNOAYYHT OTHOCHTENbHOE YAJHHEHHE e,
TaK YTO €ro HoBas AJuHA OyneT:

MN =MN(1+e);

KOCHHYCHl yrjioB 3jgeMeHTa M'N' ¢ npAMOYTOJIBLHEMY OCAMH X, ¥, 2,
coraacHo (1.17), 6yAyT UMeTb BHIPAXEHHSA:

L PR A
mlz[g—Zl—{—(l—{—g—;)m—[—gn](—l:}l_—e),v (1.29)

m=[G i+ Gt (14+5) ] g J|

|
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AHa/OrHYHO A/ KOCHHYCOB yr/oB 3zemeHta M'P' ¢ mpaMoyroJib-
HBIMH OCAAMH X, ¥, Z HNOJYYHM BHPAaXEHHSA:

r_ ou\ , , du ou 1
H= (1 3) 1+ Hm A 5] ]I
+ foo, dv 1 0o, 1
ml_-[a;l—i— (1+a—y) m +a—zn] iy b (1:30)
y _[ow, | dw ow\ _, 1
n = [ﬂl —]—Em’—}— (1 -{—a-z—) n] TTe" J
Yroa & mexny auneitnnmu ssementamn MN u MP 6yzner nax
tdopmy.iofi:
cosO=U-}mm' -}-nn', (1.31)

Yroa & mexny sHHeAHHMH 3sieMentaMu M'N' u M'P' Gynmer man
dopmynofi: ,
cos b = L4y -+ m,m; + nny. (1.32)

Brocs (1.29) u (1.30) B (1.32) u ucnoansys ¢opmyas (1.20), Mu
noayuuM BcaeictBue (1.31):

cosf' = m[cos 042 (e, ' -+ ymm' e, ') -
~+e, (mn' +m'n)+-e, (nl +n'l)4-¢,,(n' 4 I'm)]. (1.33)

Ecnn snement MN napanneneH ocH X, TO:

I=1, m=0, n=0, e=V142_— 1. (1.34)
Ecan snementr MP napa/siefeH OocH y, TO:
I'=0, m=1, n'=0, ¢=V1+2,—1. (1.35)

Buocst (1.34) u (1.35) B dopmyay (1.33), MH noryynm nis
HOBOTO 3HAYEHHA YIJa MeXJAy sjeMeHTaMu Bhipaxenue (cos)=0):

cosb'-V (14 2¢,,)(1 +2¢,,)=¢,, (1.36)

rae §' ectp HOBHI yroan MexJy 9Je€MEHTAMH, NPOBEJEHHHIMH X0
Jedopmanuu U3 Toukd M mapassienbHO OcsiM X H Y; cos ' xapakre-
pu3yeT H3MeHEeHHe MPSMOTO YIia MexAy 3THMH OCAMH.

Takum ke COoCO60OM IOJYYHM:

cos B”V(l + 2€xx) (1 + 28:2) =€y (1 37)
rae §” ectb HOBHH yroan MexAy 9/JeMEHTaMH, MNPOBEASHHEIMH [0

edopmanuy U3 TOuku M mapasnjieapHO OCSAM X H 2; cos §” xapakre-
pH3yeT H3MeHEeHHe MNpAMOro yrjia MexJiy STHMH ocaMH. Takxe

IOy YHM:
cos 0.V (T4 2¢,)) (14 2¢,,) =e,,, (1.38)
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rae 0" ecTb HOBHA Yros MexAy JHHEAHHWMH SJEMEHTAMH, IpOBe-
JEHHBIMH [0 JedopMalHH H3 TOUKH M mapasneqpbHo OCAM Y H Z;
cos 0" xapakTepusyeT H3MeHeHHe MNPAMOIO yrJia MEXAY STHMH
OCSIMH.

®opmyan (1.36), (1.37) u (1.38) maoT reoMeTpHUeCKYIO HHTED~
NpeTantio TPEX KOMIOHEHTOB AeDOPMAIHH €,,, €, £,

B cayuae manoit medopmamun B cuay (1.28) MH moayuHMm
(mpene6peras BeJHYHHAMH 2-r0 MOPsIAKA):

| — . ”o___. . Ht o ___
cosl'=e,,; cosb'=e,; cosl'=e,

OnpejenuM Tenepb yrasl NOBOPOTa TeX JHHEHHHX 9J]€MEHTOB,
KOTOpHeEe A0 Jdedopmanud OLLIH NapaaieqbHB OCAM KOOPIHHAT.
Ecan auHelHH# 31eMeHT fo JedopManuu ORI NapasjaeneH OCH X,
TO AJS1 HEro, O4YeBHJHO, HMeEeM:

[=1, m=0, n=0.

IMocne jpedopmanuu STOT JHHEHHHH sieMeHT dx yxe He Oyler
6oJiee mapaJsieseH OCH X, H KOCHHYCHI yIJIOB €ro C OCAMH X, ¥, 2
o6o3nauum uepe3 /', m', n'. [lpu nebopmaunu STOT JHHEHHHH
9/MIEMEHT H3MEHHT CBOIO IJHHY, €ro OTHOCHTeAbHOE YHJIHHEHHE
6yner e, onpemensemoe mo (1.25). Toraga, o603Hauas HOBYIO
JJHAY pacCMaTpHBaeMOro 3JeMeHTa uepes ds,, HMeeM:

ds,=(1-4e,)dx.
U3 dopmyrn (1.29) Gymem umers:

0 90 0w
l’——_lr m’-——l n’——_a_x__ (1 39)
T lte? T l4e,? 1 te, :

IMapannenpHuit ocn y JauHeHHHIH 271eMeHT dy nocrte gedopma-
uMH npeobpasyerca B JHHEAHHH 3J€MEHT dsy, NpHYEM:

ds,=(14-¢,) dy;

3mech e, onpenensercsa mo dopmyae (1.25). Kocunyen I, m’, n’
€ro yrioB C OCAMH X, ¥, 2 OydyT onpejeaarbca Io ¢opMmyaam
(1.29), B KOTOPHX HAaAO0 MOJOXHTb:

[=0, m=1!, n=0, e—=e

y’
4TO JaéT: 5 5
ou v w
ko 14 = hudbai
" __. ay "__ ay w__ Ov
14—1—*—8),’ m'-l—l—ey’ n —~l—f—ey' (1.40)

Haxowen, napanné/ibubiit och 2 JAHHedHHA SieMeHT dz mocite
Jedopmauun mnpeo6pasyercs B JHHEHHHH 3/JeMeHT dS, NpPHYEM
KocuHycH /', m'"', n''' ero yrios ¢ OCSIMH X, ¥, 2 BHUHCJIAITCA



§ 6] NOBEPXHOCTb JEGOPMALHA 21

noJo6HHM 06pa3oM H OyAyT HMeTh CJeAyIOIHe BHPAXEHHS:

du ov Jw
b i )
[ — 0z "o 0z m__ +02 (1 41)
Id-e,’ 14e;’ T 14-e;" )

B cayuae Manoii medopmanun Hazo B opmysax (1 39)—(1 41)
TOJIOXHTB:
e,—e,—e,=0.

Tpu nedopMupoBaHHLX 3nemeHTa ds,, ds, ds, o6pa3yiorT He-
OPTOTOHANBHYIO CHCTEMY, JJsi KOTOPOH KOCHHYCH YTIJIOB C IPSAMO-
yroJbHHMH OCAMH X, ¥, 2 JaHH Ha mpHjaraemofi cxeme l.

Cxema 1
X y P
x! I m! n'
yl lll m” nll
2! [III mlll nlll

§ 6. loepxnoctb aedopmanuii.

B ciyuae manoft nedopmanun Beaeacrsue gopmys (1.28) Met Mo~
®eM mpeAcTaBuThb GyHkumiO f, ompeaeaénnyio c¢opmyaon (1.24),
B BHJE:

f{¢, m, n)=e,*+te,m*+e,n*+e, Im-e,ln4e,mn (1.42)

Tax xak BeJHYHHA OTHOCHTE/JBHOI'O Y/IJIHHEHHS € €CTb BEeJHYHHA
Majas, TO, mpeHeGperas e* B ¢opmyae (1.23), MH DOJYyUHM Bax-

Hy1I0 Gopmyay
e=f(l, m, n) (1.43)

IJA OTHOCHTEJBHOrO YAJHHEHHS JIOGOro JHHEHAHOTrOo OTpe3Ka, HCXO0-
Asmero U3 Toukd M. 3HaHHe ILECTH KOMIOHEHTOB JAedopMauuu

€rrs €y o €y €1y €, (1.44)

Aanunx dopmyaamu (1.11) u (1.12), no3soasier BHUHC/IHTD YA0H-
Henue J60ro 9/71eMeHTa, HCXOAALIEr0 H3 AAaHHOM TOUKH.

Ulects BeJHYHH KOMIIOHEeHTOB Aedopmaunnn (1.44) mas paHdHOM
TOUKH M CyThb NaHHHE YHCJA3, HO OHH MEHSIOTCS OT OJIHOH TOYKH
AedopMHPOBAHHOTO TeJAA K APYTOH H fABJAAIOTCA QYHKLUHAMH KQOp=

xx 220 Cxp



22 TEOPHA MEPOPMALHH [ra. 1

aunatr x, y, z. Iloassysce dopmynoit (1.43), nerko jJaTe reoMe-
TPHYECKYI0 KapPTHHY JAJfi H3MEHEHHs OTHOCHTE/BLHOIO YA/MHHEHHS €
B 3aBHCHMOCTH OT HampaBJI€HHSA.

ByxeM oTk/1aAbBaTL U3 TOUKH M, KOTOPYIO nmpuHMeM 3d HAYaao
KOOpJAHHAT, HO HANpPaBJEHHIO KaXAOTrOo JHHeHHoro sjeMmenta MN
OTPe30K r, JAJHHA KOTOPOTO OGpPaTHO NPONOPHHOHA/ILHA KOPHIO
KBaJApaTHOMY M3 abCOJMIOTHOTQO 3HAYEHHS COOTBETCTBYIOLIErO OTHO-
CHTEJBLHOTO YAJHHEHHS €; Torja:

k

(£ — xoncranTa). KoopauHaTH KOHIA 3TOTO OTpe3ka GYAyT:
x=Ir, y=mr, z=nr. (1.46)
Bossoas (1.45) B kBagpar, HMeeM:
err—4-k2, (1.47)

Buocsa cioja e no ¢opmyse (1.43), MH moayuum:
r’f(l, m, n)=--kz;

noacrasassi Teneps f no ¢opmyse (1.42), MH mOTyYyHM HA OCHO-
Banun (1.46):
1 (x, 9, 2)=ex*+-e,y" e, 20
dexy-texzt-e,yz=-"1k. (1.48)

Takum 06pa3oM, KOHIH BCeX OTK/3JAHBACMHX HAMH OTPE3KOB
pacnoJ/ioXartcid Ha MOBEPXHOCTH BTOPOrO MOPAAKA, olpereaseMoft
ypasrernneM (1.48). DTa mMOBePXHOCTb HA3HWBAETCA NOBEPXHOCIMbIO
degopmayuu. - T10BepXHOCTb 3Ta €CThb LEHTpa/JbHAsT MNOBEPXHOCTb
BTOPOro nopsiika. Ecinm oHa — 2//HIICOHA, TO BCe JHHEHHHE 3/e-
MEHTH HCIHTHIBAOT pacTsxenne. Ecan xe oHa ecTh rHNep60/IOHE,
TO MH OyleM HMeTb OJHH JHHEHHHE 3/JeMeHTH PACTAHYTHIMH,
MeXJAy TeM Kak Apyrue, COOTBETCTBYIOLIHE CONPSKEHHOMY rHmep-
6osounny, 6ynyr cxareMu. Oraeasiomufi o6e CONpsIKEHHHE IO-
BEPXHOCTH ACHMOTOTHYECKHHAA KOHYC COOTBETCTBYET TEM JIHHEHHHM
a/JeMeHTaM, A/ KOTOPHX OTHOCHTEJbHOE YJJHHEHHE PABHO HY.JIIO,
T. €. KOTOpbleé COXPaHAI0T CBOIO MEPBOHAYAJNBHYIO AJHHY.

Kak u3BecTHOo, MH MOXEM Bceria BHODPATh TAKOE HaNpas/]eHHE
ocell KoopAauHar, uTo6H u/ieHH ypaBHewus (1.48), saxmouanomue
npoH3BeJeHHsl KOOpAMHAT, Hcyesad. [l Takoro Hanpas/eHHS
ocei:

e, =e,,=e,, =0, (1.49)

T. €. YyIJIBl ME@XAYy 3THMH OCAAMH MNpH ,llQCbOpMaIlHH HE MEHAITCH.
Hanpaanemm, COOTBETCTBYIOIIlHE 3THM OCAM, HA3HBAIOTCH 2.148-
HBMU HAnpasAeHuImu 0eg§op.uauuu, a4 COOTBETCTBYIOLLNE HM OTHOCH-
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TEJbHHE YAJIAHEHHS HA3HBAIOTCH 2/AQ8HbLMU OMHOCILMENAbHMI
yoaunenusmu, O603HAYHM HX UEpe3 €, €,, €, H NPHMEM IJIABHHE
Hanpas./eHus AedopManuu 3a KOOPAHHATHEIE OCH; TOTAA TOBEPXHOCTh
JdedopMallHH ONpPENE/NTCS YPaBHEHHEM:

ex*te, 2+ et =1k (1.50)

M3 noctpoenus ciaenyeT, YTO IJIABHHE OTHOCHTEJbHEIE YJJIHHEHHs
06paTHO NMPONOPIHOHANBLHE KBAPAaTaM I0J4yoced IOBEPXHOCTH BTO-
poro nopsiaka. Ty Ke OCH 06/1aaI0T SKCTPEMATbHEIMH CBOACTBAMH.
IlosToMy p/as onpeieseHHs BeJHYHH TIJaBHHX OTHOCHTE/IBHHX
yaauHeHni u3 dopmyanl (1.43) HaLo HCKATL SKCTPEMYM (YHKIHH
f(l, m, n), npuuém /, m, n CBA3AaHH H3BECTHHM COOTHOIIEHHEM:

I2f m?pn?— 1=0, (1.51)

Eciau A ectb Heonpene/éHHHA MHOXHTENIb Jlarpammxa, To MH
JOJ/KHH HCKATb 9KCTPEMYM (DYHKIHH:

F=f(l, m, n) —)(24m?4} n?),
YTO NPHBOZHMT K TPEM OIHOPOLHHLIM JHHEAHHM yDAaBHEHHSM:

g—;‘_——Q (exy—N)I+4-e,m-te,n=0, )
O e, l+2(e,,— V) m-te,n=0, (1.52)
I e, lte,mt2(e,—)) n=0.

Jra cucreMa HMeeT peuienHs, OTJHYHHE OT HyJ/ifd, TOJbKO npu
YCJIOBHH:

2 (exx - )‘) exy exz
ey 2(e,,—1) e,, |=0. (1.53)
€2 eyz 2 (ezz - )L)

Kopuu sTOr0 ypaBHEHHSI TPeTbeH CTENEHH OTHOCHTEJBHO A Jeii-
CTBHTEJbLHE H TPeACTaBaA0T coboil riaBHHe yaauHenus. OGosHa-
UHB HX 4epes A, h, ky, MB INOACTABHM HX moouepéano B (1.52)
H Ha#AEM COOTBETCTBYIOIIHE 3HAYEHHS KOCHHYCOB, OIpejeJsIomHX
HanpaB/I€HHA [JIABHHX JedopMalHid B NaHHOH TOYKe:

L, my, n;l,, my, ny; Ly, mg, n,

Ecnu ypasuenns (1.52) noMHOXHM mocaenoBatesbeo Ba /, m, n,
a 3aTeM CJO0XHM, TO moayuuM Bcaeactsue (1.51):

2[e.ltte,mt e nt e lmte jn+e,mnl=
[€xx »y 2z *y 22)‘ (P4 m? +n?) =2,
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INosToMy Ans Tex 3HaueHuit [, m, n, KOTOpHE ONPEAENSIOTCA H3

ypastenu#t (1.52) u (1.51), mu umeeMm, cpasuupan ¢ (1.43):
r=¢.

§ 7. B3aumHbliit 9amunconn aecdopmanmii.
Hs ¢opmya (1.19) u (1.22) Mu umeem:
(I+e)=01+42) P+ (142, )m*|
+ (14 2¢,,) n24-2¢, Jm+-2¢, In+ 2¢ ,mn. (1.54)

U3 gaunHo#l Toukw M, xax H3 Hayasaa, GyjAeM OTK/IAJHBATL 10 Ha-
NpaBJeHHIO KaXAOTO JAHHEAHOro anemeHnta MN oTpesox r, JaHHA

ds,
KOTOporo 0O0paTHO NPONOPIHOHAJbHA OTHOLIEHHIO Es—:l—{—e;
TOTAA HMeeM:
k
(kB — xoncranTa). KOOpAMHATH KOHIA 3TOTO OTpe3ka OyAyT:
x=lr, y=mr, z=nr. (1.56)

Bo3soas (1.55) B kBagpar, MH NOJYYHM:
r(1-+te)r==~k?
orciofa, corsiacHo gopmyaam (1.54) n (1.56), umeem:

F, (x, Y Z):-‘(l +28xx) X2t (1 +2€yy)y2+
+ (14-2¢,,) 22+ 2, xy 4 2¢, x2 4 2¢ ,y2 = k2. (1.57)

TaxuMm 06pa3oM, KOHIH BCeX OTKJIAAHBAEMHX HAMH OTpPE3KOB
JeXaT Ha IOBEPXHOCTH BTOPOro NOPAAKA, AAHHOH YpaBHEHHEM
(1.57). 3ra NOBEPXHOCTb, OYEBHIHO, €CThb AAAUNCOUD, HA3HBAEMHI
s3aumnoim daauncoudom Oegopmayui. Ero raaBuble OCH OKa3H-
BAIOTCA TJIABHHIMH OCAMH JedopMauufi. ITo cieAyeT H3 TOTO, 4TO
ypaBsense (1.57) MOXHO HpeACTaBHTH B BHAE:

Fl=x2+y2+z2+2f(x’ yr Z),

rge f(x, ¥, 2) naHo ypasHenneMm (1.48). OueBmano, 4TO OZHHM
H TeM Xe Ipeo0pasoBaHHEM OCed MOXHO YHHUTOXHTb YJIEHH
C IPOH3BEJEHHEM KOODAMHAT B OGEHX MOBEPXHOCTAX:

F,=0 un f=0.

CaenoBartenpHo, ocu oGeux nosepxHocrelt F;=0 u f=0 6yayr
COBOAAATb O HANpPaB/IeHHUIO,
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§ 8. damuncoun aedopmanui.

Pemas cucremy (1.29) orHocuTesnpHO [, m, n, MB HOJYyYHMS
1

(1 e):a‘111+a12m1+a13”n ]
(1+e)=‘12111+azam1 + agany, t (1.58)
(1 —';-8) =ayl, - agm,+agn, Jl

4

rge Ko3pQHIHEHTH a,,, @, ..., @gg 3ABHCAT TOJbLKO OT
ox’ dy’"*' 9z °
Hcnonb3ya u3BecTHOe COooTHomeHHe [2+-m?-|-n?=1, Mu umeeM
u3 (1.58):
1
dep = (@l +apm +agn)+
4 (@ fy H- agamy - agan )+ (@5yl - gy - assh;)®  (1.59)
W3 pmaunoit touxkm M, xaxk M3 Hauaja, 6yjJeM OTKJAAHBATDL IIO

HANpABJIEHHIO KaMJOro JHBeHHOro sneMenta MN OTpe3ok r, A/HHA
KOTOPOr0o NPSAMO IPONOPIHOHA/NbHA OTHOIIEHHIO:

dSl o .
ds 1 + e,
TOT/A HMEeM:
r=~k(14e) (1.60)
(kB — xoHcranTa). KoopauHaTH KOHIA 3TOro orpe3ka GyayT:
x=Ulr, y=mr; z=nr. (1.61)

Bosseas (1.60) B xBaapar u ucnoae3ys (1.59) u (1.61), mm no-
JYyUHM:

Fy(x, ¥, 2)=(ayx+a, ¥+ a,2)°
A (@ X120y - 2532) + (@ X+ @5y 1 ay2)* =k (1.62)

Taxum 06pasom, KOHIH BCEX OTK/IAJbIBAEMHX HAMH OTPE3KOB
JIeXKaT Ha IOBEPXHOCTH BTOPOrO IOPsAKA, AAHHOH YypaBHEHHEM
(1.62). dta MOBEPXHOCTh €CTh MJIHICOHA, HA3HBAEMHH 3.1.4UNCOU-
oom Oegopmayuii.

Jsauna raaBHEIX oceft aaamnconza JeopMauufi M B3AHMHOIQ
s/Mncovja jaedopmaunufi o6paTHH JPYr Jpyry, TaKk Y4TO B OTHO-
meHHH (GOPMH 9TH H/JHICOHAH SABJSIIOTCA B3aUMHHIMH, HO Ha-
npasAeHus UX enqsHaLx ocell we cosnadaiom Opye ¢ 0pyeoM,
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§ 9. Uucraa nedopmauus M sJeMeHTapHOe BpallleHue.

[1pn uccaenoBanuu aedopManuH 3jeMeHTapHoro OGbEMAa IpH-
MeM M B ero ueurpe u Bocno.ab3yemcss ¢opmyaamu (1.8) mias
0):

BE/JHYHH OTHOCHTE/IBHHX NepeMelneHuii TouxkH N (§, 1,
ou ]

u=a€+§,n+ 62 4
v dv
_—xE—l—@’H—o—zC
dw ow Jw

(1.63)

Kpome BBegénHmx panee o6osnauennit (1.11) m (1.12) BBOAMM

HOBHIE!
20, = dw __ ov
dy — 9z’
du Jw
20, = 3z ox’ ! (1.64)
20, — duv __ 0u
27 9x ady°

Torpa (1.63) MOXHO TpeACTaBHTL B BHJAE
M=o — o+ e, i1 eont b ed ]

0f—0tt g efite,ntre,s

fw=og—0ftgettgentel |

Ecan sBect dysxuuo ¢ (5 1, §), onpenenseMyio ypaBHEHHEM
75, (1.66)

712 + P”KZ —+ exﬁ’l + eszC + €y;

Av= (1.65)

25 (5 m O ==e,.FFe,
To (opmyanl (1.65) MOXKHO NPEACTABHTH B BHAEL

9

Me =G 4ol—o, |
0

Av ::(—9—::—[——(1)25—(!))‘;,
¢

Aw_—_:gz-}-mx'q—wy?.

C/lenoBaTesIbHO, OTHOCHTEJbHOE nepeMenjeHHe TOYKH N OKo-

(1.67)

JO M ecTb pe3y. bTaT CJAOXKEHHA:
1) Tepememetns ¢ KOMIOHEHTAMH

dy dy Oy
g8 on’ o0’
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HA3HBaeMoro 4ucToft nedopmanueft. IT0 nepeMelIeHHE ITPOHUCXO-
JHT [0 HAOpaB/JE€HHIO HOPMAaJH K MOBEPXHOCTH:

¢ =const. (1.68)

[u3 cpasnenns (1.66) c¢ (1.48) caexyer, uTO 3TO €CTh NOBEPXHOCTD
nedopmarui].
2) INepemewmenns ¢ KOMIOHEHTAMH

4
of—omn 0f—o0f on— wye,

npe,ucraBJlmomero nepeMemeHHe IIpu Bpamemm paccmanHBaeMoro
9/eMEHTApPHOrO 06b&Ma Kak ab6CoJMIOTHO TBEPAOro Tesa, NPHYEM
0, (D’, (!)z CYTb COCTAaBJAOIIHE 9JE€MECHTAPHOrO BpALICHHSA.
ECiH  sneMeHTapHHE BPAILEHHA OTCYTCTBYIOT, T. €. BCIOAY
B paCCManHBaeMOM ynpyrom TeJ¢ HMEIWTCHAd COOTHOLICHHUA:
dw Ov ou Ow Jdv Ou
5= 7=0 =0 5—5=0 (1.69)

TO paccMmarpuBaeMas Jedopmanus OyaeT noTeHIHanAbHOA nedop-
ManHel B TOM CMHC/IE, YTO KOMIIOHEHTH YIPYroro nepeMelneHHs
i, v, w OyAyT YaCTHHIMH INPOH3BOAHLIMH OJHOA (PYHKIHH KOOp-
autar @ (x, y, 2):
__o® P __ad
u——a, ’U——o};‘, TW———'(‘)?. (]70)
§ 10. dopmyabl npeoGpasoBaHHsi KOMIOHPHTOB nedopmanmu
K HOBbIM OCAM KOOpAuHAT.

3naf IeCTb KOMIOHEHTOB aeOopMaunuH OTHOCHTENBHO OJHOM
CHCTEMH TNPAMOYTOJABHHIX OCEH KOOPAHHAT, JErKO BHYHCJIHTbD HX
Ias APYrofA NnpsAMOYTOJBbHOH CHCTEMB KOOPAHHAT.

Mojioxenne HOBOH cucremm X', 3, 2’ onpenensercs OTHOCH-
TeNbHO CTapOH C MOMOLIBI0 9 KOCHHYCOB IO H3BECTHOH cxeme 2:

Cxema 2
X y 2z
x! ' my n
v ly | my | m
2 13 mg ng

KoMIOHEHTH CMelleHHs OTHOCHTE/JBHO HOBHIX oOcefi 0603HauuM Ye-
pes u, v, @',
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1) Pasbepém cnauana cayya#h Mmanux pedpopmanud. Kommo-
HEeHTH JedopManuHd OTHOCHTEJbHO HOBHX oceli 6yAayT JHaHH ¢op-
MYyJaMH:

ou! _ _dw' , Jv
ex/x':W; ylzl oyl+ azl ;

dv! 0u' Jw'
Cyp=— oy’ f €orur™=— + 35

Jw' 00’ ou'

Cor ™= 55 3 o™=z T gy *
[lpexje BCcero uMeeM COOTHOILEHHSA:
’
W =ul 4 vm,+ wn,

v =ul, -+ vm,+ wn,, (1.71)
w' =ul, -+ vm, -} wny.

Janee, npuMeHsieM H3BECTHYIO (bopmy.ny Ansa guddepeHuypoBanus:
ds( )—dx( ) cos (s, x)+a ( )cos(s )+
+02( Ycos (s, 2). (1.72)

ITosToMy HMeeM:
ou’ d 0 d
o =G = (ll 5 m o—y—l—nl (’—‘)(l u-+t+mutnw)y=
ow ov
2 2
=BGt m s () m 1n1+
du
+ (02+ ) + (dx + )
Orciona Ha oceoBaruu (1.11) u (1.12) moayusm BaxuHe ¢op-
MYJIH:
eoo=1"1e,,+mie,+fnie,+mmne,+nle,+lme,,
eyly) = 12 exx + mg eyy+ ”g 2z _l_ ’nZnZ yz + n2lzezx + lZmﬂexyr I (1 73)
ezlz' - la exx + m§ eyy + n?, ezz + ms”:ie_yz + nalaezx —l— lsmaexy
(BTOpas W TpeTbsl HANHCAHH HO AaHAJOTHH C nepsoit). [aiee, mo-
Jydaem:

ow' Jav'
ey'Z’ 0y1+ 0z

= (gt my g+ 1 33 o+ g -+ mw) +
+( ,§+m3§+nsa%) (o -+ nyw) =
==:211 +2 g 50 +2’tz 33 +(g—;”+%>(mzns+msnz)+

-+ (‘5;‘+ d_x-) (nly+nyty) - (g; + g_;) (4y my -t Lymy).
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BHocs cioma BHpAaXeHHs IIECTH KOMIOHEHTOB JAedopMamum, ompe-
nRensemue ¢opmyaamu (1.11) u (1.12), noayuyum crenyiouiue ¢op-
MYJIH:
€y =2 [Llse .+ momge - nyn5e,,1 e, (myny 4 mgn,) -
+ e, (naly +ngly) -+ e, (Lymg 1 13m,),
eom=2[L 1€, -+ mme,, -+ nnye,,] -+ e,, (mgn, + mny) -
-+ e (nydy - mybs) e, (lymy + Lymy), (174
€y =2 (L8, + mymee,, + nn.e,,+ €yz (m.ny—myn,) 4
+e,, (mly+nl)+ Cyy (4ymy+ 12"11);J
nocaefHue ase GopMyH HANHCAHH MO aHAJOTHH.
CxhaamBas ¢dopmyan (1.73), MH MOJy4YHM:

Coet Cyyt Com =0, (} + B+ B)+-e,, (m]+ m} - m3) -
+e,, (73 -+ n34-n2) 4 €y (mn, 4 myn, - mgny) 4~
+ e, (nyd 4 nyl, +nglg) + Cyy (4ymy4-Lm, - lgmy),

YTO B CHJY H3BECCTHHX HAM COOTHOLIEHHHA

B+ 44 =1, mqny - myn, - myn, =0,
mi4-mi-4-mi=1, nl +n,l, +nyly =0,
n+n +-ni =1, myly 4 mgly +msly =0
Jaér BawHyw dopmyay:
ex'x'+ ey'y’ + Corp = Cry + eyy + €,z (1 '75)

IlocsenHee paBeHCTBO IOKA3HBAeT, YTO CYMMa TPEX OTHOCHTE/b-
HHX YJ/JIMHEHHH €CTb HHBAapDHAHT NPH NPeoGpa3’oBAHHH OCEH Koop-
JAuHaT. JBa Apyrux HHBapHAHTAa YKa3aHHOI'O MPeo6pa3’oBaHHA CYThb:

1
eyyezz + €22Cx + €exCyy — q (e}?z + eix + eiy)’

1
- —e. e? —e o2 —p p?
€8szt 7 [e,.e..e., €02, —e, el —e, el

2) Pa36epém Temepp caydalt koHeuHHX Aedopmanuft. ¥Ypasue-
Hue (1.57) B3aHMHOro 3/MIMNCOHAA AedopMamuii AAA HOBHIX Oceit
x', ¥, 2’ uMeer BHUX:

(1 +28xrxl) x’2+(l +2€_y:yr) y'z + (1 + 2€zrzr) z'Z +

+ 2, X'y 12, X2 2, y2 =K. (1.76)
Uro6u or ypasnenus (1.57) nepefitn k ypaerennio (1.76), nago
cAaeaarb Opeo6pasoBaHHE KOODAHMHAT:

x=Ix 4Ly +1z2,
y=mx' + my +mg’,
Z=nx tny ng2,



30 TEOPHA JE®OPMALKN [ra. 1

YTo Haér:
(1 4-2e, ) [Bx2 12yt Bt L2l Lx'y + 2L 1 x'2" -+ 20,1,y'2" |
+ e 28, [himx 'J[‘l Moyt - lymgz'® +-(4ymy 4 lym,) X'y +
+ (hmg+Lymy) X2+ (lymy + Lymy) y'2'] - ... = k2
CﬂeﬂaB NpuBeICHHUE, NMOJAYUHUM:
x'2 [(1 + Qexx) lf—‘l_ (1 + Qeyy) mf—i_ (1 + 2€zz)nf+
+-2¢,,lymy +-2e iy +2e myn )+ . -
+2x'y [(142,,) L1, + (1 + 2¢,,) mym, -
(1 +2¢,) mny - (Lmy - Lmy) €, 4 (nydy 4 naly) e, -
4 (myny A-myny) ey, ] 4- .. =k

CpaBunBas 310 ¢ (1.76) ¥ npuHHMass BO BHHMaHHE COOTHOILEHHS
Z4-mit-ni=1nr1 I,
Ll,4+mm,t+nn,=0mur g,

MHE TIOJYYHM cHCTeMy dopMmy.a:

o = e - mle, - nle, mine,, +nlie, - Lime,,
Eyly! lZetx _I— m’z yy + ngszz + m2n2 y2 + nz 2szx + l mzexyr
0 e L& Exx + Eyy —l— ngszz + m3n32yz + n3l3ezx + 13m3ex)"
€z — 2 [lolse, - mymage,, -+ Mynge,, ]+ g, (mony— mgny) -4
+ & (Maly + nyly) - ¢, (Lmg - Lymy), (1.77)
Eprpy =2 A mymge,, +-mnse,, ]+ €2 (mgn, —+ myng) +
T o (tyly + ) - ey (Lymy - Lyms),
xvyl [l l exx_l_m m2 yy+n’ ”2 zz]+8yz (mln2+m2 1)+
e (gt naly) e, (lymy + lym,).

Jlerxo BHAETh, UTO B C/Iydae OUeHb Majo# AedopMamun BCJIeICTBHE
dopmya (1.28) ¢opmyan (1.77) nepexomar B ¢opmyan (1.73)
u (1.74), KoTOpHE H MPSIMO MOIJH OH OHTH IOJYYEHH TaKHM Xe
IpHEMOM.

IMpn miockoit medopmanuu BCe NepeMeIlEHHs] MPOHCXOAAT nNa-
pa/jielbHO HEKOTOPO# IVIOCKOCTH, KOTOPYIO NPHMEM 33 IIOCKOCTh
Oxy. Hueem:

u=u(x, ¥, t); v=uv(x, ¥, t); w=0. (1.78)
Buoca (1.78) B ¢opmyan (1.11) u (1.12), noxyunm:
du v ou ov
exx_—za;, eyy::a—)-,, exy:—_-gj +6——)~’ (179)

==, = €, =0, (1.80)
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Bupaxennss xoMIOHEHTOB JedopManun e,,,, €yyn €4y OTHOCH-

'rebeHo HoBHX oOceft X', ¥ yepe3 KOMIOHEHTHI dedopmanuu e,,,
y» €, OTHOCHTEJbHO CTAPHX OCEH X, Y MOYy4HaioTCs NPH NOMOILH
(bopmy.rx (1.73) n (1.74). O6o3Ha4UM yroJa Mexay OCSIMH X H X

yepes a; Toraa 6yaeM HMeTh:
Lxx=a, /xXy=90°—a, Lxy=90"+a, Lyy=a
M 3HAYEHHUS JeBATH KOCHHYCOB OyJyT COOTBETCTBEHHO PABHHI:

l,=cosa, l,=—sina, [;=0,
m,=sina, my=cosa, my=0, (1.81)
n,=0, n,=0, ng=1.

Brocsa (1.79), (1.80) u (1.81) B dopmysn (1.73) u (1.74), Mu no-
JYUUM opmyas npeobpaszosanus 08 nAOCKOl Oegopmayun:

— 2 02 )
€ ==6,,C0s%a-}-e, sin*a —{— 5 €,y 8in2a,
= i 1 (1.82)
2 2 .
ey, =€, sin?a-+e, cos’a — 3 e, sin2a, {
€.y = (e,, —e,)sin2a-}e , cos 2a.

§ I1. OtHocuTeaAbHOE O0BEMHOE pacuiMpeHHe npu xedopMauvu.
Ha ocnoBanun (1.75) Mu umeem:

+eyy+ezz=el+ez+ew (]83)

TAe €,, €, €; CyThb IJIaBHBIE OTHOCHTeJbHHE YJIJIHHEeHHsA. Tak Kax
IJIaBHHIE HampapjeHHs AedopManuu CyThb TPH B3aHMHO INeprneHau-
KyJ/sIpHBIE OCH, KOTOpHE OCTaloTCA Npu jJedopManud B3aHMHO mep-
NEeHJHKYJAAPHEIMH, TO, BHLIEJHB H3 pPAacCMaTpPHBAE€MOrQ Tesaa sJe-
MEHTapHHi napaajenenunen ¢ péépamu dx, dy, dz, napaniesHbIMH
IJIaBHBIM HANpAaBJCHHSIM B JAHHOH TOUKe M, MH HOJLyYHM [OCIE
JedopMalHH CHOBA NPAMOYTOJbHHA mapa/iienendnes ¢ péépamu:

(I4+e)dx, (1+e)dy, (14ej)dz
ITosToMy oTHOcHTe/nbHOe npupamenue o6béma B Touke M Oyaer:

dty —dz
s, (1.84)

A=
riue
dTl=(1+el) (l_l_e?) (1+e3) dXdde, 1 (1 85)
dr =dxdydz. J )
Broca (1.85) B (1.84), moryunm:

A=(l4e)(14e) (1 +&)—1; (1.86)
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TAK KaK €,, €, €; CyTh Ma/Jbe BE/JHYHHH, TO C TOYHOCTbIO JO
MaJ/IHX NEPBOro MOPSAKA MBI HMeeM:

A=e,+e;+ e (1.87)

CpasuuBast (1.83) u (1.87), mMn nmoayunMm sesusuny omuocu-
mensro20 O00BEMHOZ0 DACUWUPEHUS MAMEPUALa npu  MAAOL
degopmayuu:

d d 0
A= xx+ey,V+ezz=5.—l:+Fi\’l+£° (1.88)

B cnyuae xoHeyHOH aedopMalud BhHLAEIHM GECKOHEUHO MaJHIR
sjeMeHT 00béMa dt, OKpyKaowui Touky M, KoTOphid npu gedop-
ManuH npeo6pasyercs B 3/71eMeHT 06béMa dt,, OKpYKalouui ToY-
Ky M,. Ilyctb miaoTHOCTb A0 JAedopmanun B Touke M Onlaa p,
a mocae nedopmanud oHa Oyner g,. Tak Kak macca ajeMeHTa OpH
JedopManHun He MeHseTcs, TO HMeeM:

pdt=p,dr,. (1.89)
OtHocHTe IbHOE 00 BEMHOE paciunpenne GyaeT Kano popmy.oi (1.84).
M3 (1.84) u (1.89) monyuum:

—f_
a=F 1. (1.90)

Ho eciu V ectb HexkoTopH# 06BbEM, okpyxawmuft Touxky M, 10
Macca storo o6béma 6yJIerT:

ng(:",)gpdxdydz. (1.91)

IMocare medopmanun 3T0T 06BEM mnpeobpasyercas B 06bém V),
OKpyxkamoumi Touxky M,;, Macca ero coxpaHuTcs H GyAer:

m=3§5 0, dx, dy, dz,, (1.92)
V)

MPHYEM IepexoJ OT KOOPAHHAT X, ¥, Z K KOODIHHATAM X,, ¥, 2,
zan ¢opmyaamu (1.1). Ecam caenaTh nepexos OT KOOPAHHAT
X;, Y, 2, K KOODAHHATAM X, ¥, 2, TO NOJAYYHM!:

m= ({0 Ddxdyde, (1.93)
()
rapet
Ox 0x dm| |y, 0 dn  Om
dx ody 0z dx Oy 0z
|0y dyy Ovi | dv dv  Jv
D= ox oy 9z |—| oz 1—1—5)—, = |- (1.94)
dz; 0z 0z Jw w 1 ow
ax Uy oz x o T&
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M3 (1.93) u (1.91) nomyuum:
SS,S (psD — p) dxdy dz =0,
V)
npuuém oO0bEMHHH HHTErpas] pacnpoCcTpaHEH Ha NEPBOHAYAJIBHHIA

06b€M V. 3TOT MHTErpasa Jo/KeH GHTb paBeH HyJ0, KAKOB GH HH
O6bl1 06B€M V, a caemoBaTeNbHO, MMeeM:

p,D —p=0. (1.95)
M3 (1.90) u (1.95) noayunm:
A=D—1; (1.96)

9TO WU €CTb OMHOCUMEAbHOE O00BEMHOE pacuuperue Mamepuana
npu KoHeuHOU Oegopmayuu.
Ilpn 1 =v=w=0 umeem:

D=1,
B ciyuae oueHp Manmx JjedopManumil, pa3sBépThHBas AETEPMH-
HaHT [ B OrpaHAYMBAasCh WIEHAMH IEPBOTO NOPsSAKA, HAHIEM:
on Jdv Jw
D=1+34+0 4+ 5. (1.97)

B stoM cayuae, kak caexyer u3 (1.96), umeeMm mpexHiowo dop-
MyJ1y:
_Ou | dv | dw ‘
A"BX;"‘E}'{"E' {1.98)
OtHocuTe/ibHO® 06bEMHOE paCIIHpeHHe XapaKTepH3yeT BCEeCTO-

poHHIOI0 00BEMHYI0 medopmanuio. EMy cOOTBETCTByeT cpejHee
OTHOCHTeJLHOE Y/JIHHEHHe, onpeje/seMoe (opMyJoi:

1 1
e=—§A=§(exx—{—eyy+€zz). (199)

Hedopmanuio, onpeje/seMylo IIECTbI0 KOMIOHEHTAMH:

e.—e, e, —e, e, —e;

xXx ’ yy ? 22 ’

A (1.100)
9 €25 ) €ixs) 9 €xy

HA30B&M npusedénnoli dedopmayueil.
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§ 12. Nuddeperuuanprvie 3apucumocty Cen-BeHana mexay
KOMnoHeHTaMu Jedopmaunu (Towaectea Cen-Benana).

B cayuae Masoit pmedopmanyH ME HMEEM IIeCTb OCHOBHHIX
copmyst Komu:

O=on (1.101)
eyyz‘;—;, (1.102)
e. =22, (1.103)
exy:‘;—‘)‘,Jr(‘;—‘;, (1.104)
o, =2 %, (1.105)
e =5+ (1.106)

M3 sToro caepyer, 4ro LIeCTh KOMINOHEHTOB MaJoit nedopma-
OHMH ONPeJeJasIOTCA Yepe3 YAaCTHHE I[IPOH3BOAHEHIE TOJBKO TPEX
¢yHKIMA 4, U, W OT KOOpJAWHAT X, ¥, 2. [losTOMy wLIECTH KOMIIO-
HEHTOB JehOPMALMH €, €,,, €,, €,,, €,,, €, He SABJSIOTCI He3aBH-
CUMBIMH (YHKIUSMH OT KOOPAMHAT X, J, 2, HO MeXAYy HHMH
cyuectsyior gudpdepennuaJbHbple  3aBUCHMOCTH, OTKpHTHE CeH-
BenanoM. OfuH H3 NpoCTEAmHX CNOCO60B HX MNOJYyHYeHHS €eCTh
cnocob NocaeKoBaTeNbHOrQ HCK/IYEHHS i, v, W@.

Jnddepennuponanue (1.104) no x u no y paér:
d%,, 0% v 0% [ou 0t (ov\,
axd};—0y2¢3x_i_dx‘-’dy_'ﬁ‘i (Ir) +0_Jc2<0y> ’

orciofa Ha ocHosaHmu (1.101) u (1.102) moxyuum:

d%,, %, | Oy,
dxdy ~  0y? + dx?* °

CoorBercrBenno guddepennuposanne (1.105) mo x u mo 2, a
(1.106) mo y u no 2z pmaér:

0%,  O%w Bu 0% (dw 0% /u\  0%,, | O0%,,

0x 0z~ Odx2 az+ 0x 028 dxt (5;) +T22 <0_x) T Ox? -+ 022 !
d%,, 0w Pw 02 (dv 02 [dw 0%,, | 0%,
dyodz~ dy 02’-’+ oyroz 022 = o2 oyz *
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Takum o6GpasoM, MH nOAyuuau TpH AHpdepeHIHATLHHE 3aBHCH-

MOCTH:
s Oy, 0%y, ]
0y< 0r‘2 T odxady’

0%

.ty ! 1.107
dz- -+ a —ayoz i’ ( )
d%,, 0%,y — d%,

Ox2 + 92 —oxos " )

Urefpl MOJAYYHTH BTOPYI TIpylny JAHQQepeHUHdIbHHX 3aBHCH-
Mocrefl, MOXHO moctynath asajoruuHo. Jduddepenuupys (1.101)
IO y H MO 2, NONYyUUM:
g%, 0%
dydz = Odxdyodz’

(1.108)

st Bripaxenus mpapoit wactu (1.108) uepes mpoH3BOJHEE KOMIIO-
HenToB Aedopmanun guddepermupyem (1.104) no z, (1.105) mo y,
(1.106) mo x:

de,y 0% 0%
0z —0y02+6x02’
de,, 0w

dy ~ dyox + 02
dey, J%v 62w

ox ~ 0x0z dydx’
OTCI0JAa TOJYYHM:

zx dexy . 0%
—[— + = dy 5 (1.109)
Cpasnusas (1.108) u (1.109), moayuum:
%, 0 e, aexy
Qdydz :d_x[_ + ay + ]
de,, 0 [ dey, - ae,,y ]
2 = | + i (1.110)
o%,, 0 dex, aex,
oxay'z?{ + — Tz ]

npuyéM MOC/IefHHEe [BA COOTHOIUEHHS BHIHCAHH IO aHajoruu. Ta-
KHM 06pasoM, MH HOJAYYHJAH IIeCTh AudepeHIHaTbHbEX 3aBHCH-
mocre#t (1.107) u (1.110) Mexay KoMIoHeHTaMH MaJsoH AedopManuH.
OTH 3aBHCHMOCTH 4acTO HaswBawT modicdecmsanu Cen-Benana.
B ToM, 4YTO YHCJIO HX HOMXKHO OHTH He 60J€e IIECTH U YTO OHH
4MeHHO TaKoH ¢opMH, MH yGexnmcs u3 § 13.
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§ 13. OnpeneneHne KOMNOHEHTOB nepeMelleHus MO 3aAaHHBIM
1ecTH KOMIOHEHTam MaJoi aedopmauum.

Ecnn 3azaHnl IMeCTb KOMIIOHEHTOB MaJjod nedopmaunx e,
€y €os €y €545 €4y TO C IIOMOIIBI0 HX MOXHO ONPERENHTH TPH
KOMIIOHEHTA 3JEeMEHTapHOrO BpalleHHa o, 0, o, JleficrBuTegbHO,
u3 Tpéx ypashenu#t (1.64) u wecru ypaBHEHPlH (1 101)——(1 106)
MBl MOXEM IIONYyYHTb CIEAYIOIYI0 CHCTEMY YpPaBHEHHi JJs JEBATH

YAaCTHHIX HPOU3BOJHHIX I, v, W 10 KOOpAHHATaM:

ou du 1 du 1 |
ox = Cxx oj,—_—gexy—wz; =7 T 9, (1.111)
ov 1 dv 1
ax 0 xy+mz7 yya 9z ——'Zzezy“‘ﬂ)x, (]112)
Jw 1 aw ow
W:_fezx m)” dy ) ezy+mx7 Ezezz' (1113)
Kpome Toro, M umeeM u3 (1.64) TOXJIECTBEHHOE COOTHOLIEHHE:!
ow,
0x+o + 52 =0 (1.114)

BCJIEJICTBHQ TOI'0, 4TO AOJIXKHBI BHIIOJHATBCA COOTHOIUCHUA:
0 (011) 7} (du (011 0 (a_zf . i 011) 0 du
oy T ox 02) dx)’ 0z \dy 0z

MH noayuam gias (1.111) caexyioume yciaoBus HHTeI‘ppreMOCTH:

Oe,, 1 deyy dv, de,, 1 dezx ]
dy 2 o0x  odx° 02 ) +0x’ (1115
1 0ezx 1 aex, Jdu, 115)
2 + ay —779: T 0z
dro mocnefHee cBojutcsi Beaexcrsue (1.114) x ycaosHio:
1 [ Oeyy Oeyy ) du, do, Jdo,
s (G -S2) == -=%. e

Auanoruuto u3 Tpéx ypasHenu#t (1.112) mbH HMeeM Kax yC/IOBHA
X HHIeTPHPYEMOCTH:

deyy 1 Oeyy _Law, deyy 1 deyy 0(2 ]
dxr 2 oy "oy’ oz ~ 2 dy dy * (1.117)
l 6exv dw,__l de,, Jdu, )
+% =T ox T ox

Br0 nociexuee cooTHoureHue Aaét BereacTsHe (1.114):

1 [ deyy 6e,y)__ do, duo, Jdo,
g (G S ) = SE-TE=52, (1)
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a u3 Tpéx ypasnenuit (1.113) MBI HMeeM Kak yC/OBHS HX HHTErpH-
pyemoctH:

Oe,; 1 Oeyy Jo,  Oey, 1 0de,, Oy
dy ~— 2 oz J‘_d—z’ dx 2 0z 0z ° (1.119
1 6ezy Ow, 1 Ode,, dwy } : )
2 ox Jx 2 dy oy }
1o mocsenHee cooTHoureHue Bcaexcrare (1.114) maér:
l(ae,y _ 0ezx>___£t?{_6(ox_da)z L 190
2 ox dy / ay ox ~ 0z ° (1.120)

B coorrowennsax (1.115), (1.117) u (1.119) MH ROMXKHE 3aMEHHTH
Kaxjaoe nocjaefHee coornomenue Ha (1.116), (1.118) u (1.120) u
H3 MOJYYEHHHIX TAKHM 06pa3oM JEBATH COOTHOMIEHHH MHI IOJYYHM
BbipaxeHusi DesbTpaMu [/ IeBATH YACTHHIX INPOH3BOAHHX TPEX
KOMIIOHEHTOB 3JIeMEeHTapPHOro BpAaIeHHs IO KOOpIWHATAM X, Y, 2,
cyXallHe JJS OIpefeJeHHss HX IO H3BECTHHM KOMIIOHEHTaM

maJjofl pedopmanus e,,, €y oy Cup €y €4yt
do, 1 (éezx 0exy> 3\
o9x — 2 \oy = 9z /)
dw, 1 de,y deyy
dw, de,, 1 de,,
0z~ dy o0z
duy,  Odeyy 1 de,,
P9x — 0z 2 ox °
do 1 /oe de
y Xy 2y ;
oy T 2 ( 0z  0x )’ [ (1.122)
duy 1 de,, de,,
P9z T 2 9z ox°
do, 1 deyy dey,
ox 2 dx  dy ?
dw de 1 de
-072—_:——6’3-——2———(3;" , 1 (1.123)
dv, 1 (Oezy dezx>
%z =3 \9x oy /)

Crenya DBexasrpamm, ompegenuM YCJIOBHS HHTETPHPYEMOCTH
5THX TPEX CHCTEM. YCJOBHS HHTErpupyeMocTH cucreMms (1.121).
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O4EBHAHO, OyAyT:
10 (69” 6exy) 1 0%, 62eyy
2 dy 2 dydx  ezdx’®
1 0( ) 0%, 1 o%,,
7 0z ay d,x T 20z0x°
1 0-ezy 02eyy o%,, 1 0%,,
20yo0z~ 022~ oy  20zdy’
YTO MOXHO IPHBECTH K BHAY!:
02eyy__2 (de de,, (?exy> ]
0z0x~ dy \ ox dy ’ l
0%,, (dezy Oer dexy
— — —_ 2
dyox ™ + i (1.124)
0%,, 0%, 6 €y
dy? 922~ dyodz’

¥YcnoBua mHTerpupyemocru cucremu (1.122), oueBnauo, 6yayT:

d%,, 1 d%,, 1.0 <0exy 0ezy>
0z0y 20xdy 20x\odz  ox/°
0%, 1 d%,, 1 d%,, 0%,
022 = 20x0z 2 0z0x  o0x%’
10 (00 deyy 1O e
20z \dz ox/ 2 0z0y oxdy’
YTO MOXHO HPHBECTH K BHAY:
0%,, 0 ( 0ezx dexy)
020y~ 0ox + ’ ]l
0%, 0%, 0%,y
02 oxt dz ox’ i (1.125)
0%, (dezy Crx aexy)
2 dxoy Ty oy o0z /° J
YcaoBus unterpupyemoctd cucremu (1.123), oueBnano, 6yAnyT:
1 d%,, O, %, 1o,
2 oxdy oy: ~ Ox? 2 oxdy’®
1 ode,, 0%, 10 <dezy Oeu)
Tox0z dyoz 2dx\ox  ay/?
Py | ey 1 0 (g dew)
dx0dz 20ydz~ 20y \ox ay /?
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YTO MOKHO NPpHBECTH K BHAY:
Oey | O%yy Oy,
0y? 0x? ~ oxdy’
Oy 0 ( Oczy | Oezy 53xy)
2ya=m\" o T T | (1.126)
g Pmr _ 0 (Yo Deue | Ocu)
0x 0z~ 0y \ ox oy 0z /"

PR

Mexny nessThio cootHomrenusmu (1.124), (1.125), (1.126)
TOABKO WIECTh DAa3IHYHHX, H OHHM cosmazawor c¢ (1.107) u (1.110).
TakuMm 06pa3oM, BHIOJHEHHE AH(pQePEeHIHaJIbHEX 3aBHCHMOCTEH
Cen-Benana o6ecneunBaeT BO3MOXHOCTBL OIPEHEJEHHSI TPEX KOM-
NOHEHTOB CMEHIeHMA ¥, U, W NO IUeCTH 33AaHHEIM KOMIIOHEHTaM
Manoll AeOpMALHHE €,,, €,, €,, €., €., €,

§ 14. Popmyan CTokca aJs pas/OkeHHs: NPOU3BOJbHOM
MaJo#t gedopmauuu.

CTOKC BIepBHE IIOKAa3aJl, YTO TPH KOMIOHEHTA CMEILEHH] U, U, W
MOJHO NPEJCTaBHTb B (opme:

0y | O 0G
u=s-- oy 0z’
__ 0Oy dF OJ0H l
V=113 —ox’ (1.127)
__0¢ , 0G OF
W=3z -+ ax oy’
npuuém F, G, H yaoBaeTBOPAIOT YCJAOBHIO:
OF | 0G | OH _
d—x+w+a—z_o. (1.128)
[Tpexje Bcero BHUHCAHM 06bEMHOE pacwupenue A mo (1.88):
02 0? 02
b=k +5itaa=" (1.129)

rAe BBeleHO ofnuHoe o0o3HAUeHHe:

02 01 0? o

wal( )taa( ) Fam()=vC) (10
Takxe nafigém npu ToM xe 06GO3HAYEHHH:

20,=—V’F, 20,=—y*G, 20,=—v°H. (1.131)

Cucrema ypaBHenufi (1.131) m (1.129) Mmoxer GHTh pelueHa
C NMOMOIBIO TEOPHH NMOTEHIHAJa NpPH HAJHYHH HEKOTOPHX BEChbMa
OOILHMX HPEAIONOKEeHHH,




FJTABAIL
AHAJIM3 HAMNPSHKEHHOTO COCTOSIHUSI.

§ 15. Brewnue cHJabl.

Pa3iuualor ABA BHIA BHEMIHHX CHJI, NeHACTBYIOIHX HA AedopMHu-
pyeMoe TeJo.

1) Brewnue cunset, Oeficmayrouue Ha ssemenms, 00séma meaa.
IMycte dt 6yner anemeHT o6béMa Tena, dm — ero Macca, TOrja

d

ecTh IUIOTHOCTh MATEPHH B paccMaTpuBaeMoMm ajxemeHre dt. Oue-
BH/IHO, BHEIIHAS CHJA, NEHCTBYIOIIAs HA 3TOT 3ajeMeHT dt, Oyler
IOpsiAKA BEJMYHHHL 3TOro ajeMmenta. O6o3naunM eé uyepes

Fdm,

rae F ectb BHeuwHAs CHJQ, OTHECEHHAs K euHHIE Macch. Kom-
HOHEHTH TAaKOH MaccoBOH CHJH IO OCAM KOOpAKHAT OyAyT:

Xdm, Ydm, Z dm.

B cayuae npuMeHeHHs NPAMOYLOJBHHIX OCell KOOpPAHHAT X, V, 2
HMeeM: :
dm=pdxdydz, (2.2)

H CJeJ0BaTe/JbHO, KOMIIOHEHTH BHEUIHell MacCcOBOH cuJabl OYAYT:
Xpdxdydz, Ypdxdydz, Zpdxdydz.

KnaccuueckuM NpHMEPOM 3TOTO pPOAA CHJI SIBASETCA CHaAA TS-
wectd. Ecin e€ Hampam/AeHne o0pasyeT € OCAMH KOODAMHAT YIJIBE
a, 8, {, TO KOMIOHEHTH CHJ/IH TAXECTH OyAyT:

X==gcosa; Y=gcos§; Z = gcosT,

rie g— HaNpsKEHHE CHJB TAXEeCTH.

CocpefoToyeHHbEIe BHELIHHE CHJB, NPHJIOKEHHHE B OTJEJBHBIX
TOYKAX TeJa, MOXKHO PaCCMATPHBATB KaK INpeJe/bHBIH cJjyyait Mac-
CGBHX CHJ, AEHCTBYIOIHX HAa Maablii 00BbEM, OKPYKAOWHMH TOUKY
TIPUIOKEHHS CHJIH,
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2) BHeuwHue cunst, npULONCEHHbLE K NOBepXHOCMU degopmupye-
M020 meaa. TaKUMA CHJIaMM fBJASIOTCA BCE CHJH JaBJIEHHH, NPO-
H3BOJHMOrO Ha JAHHOE TeJO APYIHMH TeJaMH.

IToBepXHOCTHHE CHJAB MOTYT OHITh paclpejieseHbl MO BCEH Io-
BEePXHOCTH T€Ja HJIH Xe TOJbKO IO 4acTH ee€.

Ecan dZ ectp a/eMeHT NOBEDXHOCTH TeJa, TO BHRIUHAA CHIA,
NPHJIOKEHHAA K 9TOMY 9JEMEHTY, 6yJeT NMOpfAJKa 3TOTO 3JAEMEHTa.
O6o3HaunM eé uepes

T dz,

rae T ecTb MOBEPXHOCTHAsI CHJA, OTHECEHHAS K €QMHHIE IIONIALH
sseMeHTa d, KOTopasi OGHYHO Ha3HBACTCA Hanpsaxcenuem. 3a Io-
JIOXHUTEJbHOE IPHHHMAIOT TO HampasJjeHue cHasl T d2, npH KOTOPOM

OHA HAIpaBJEHA BO BHEIIHee v
IPOCTPAHCTBO IO OTHOIIEHHIO K z Tz
tTeay. Boobme HanpasaeHne

9TOH CHJH He COBIaJaeT ¢ Ha-

npaB/JeHHeM BHEINHEH HOpPMaJH

K 8/1eMeHTy dZ u obpasyer C

He#t HexoTOpHi yroua (dur. 2).

[MTpoexnun cunn Td> Ha ocH

xcoog,zm aT o6osmavaior 7,d%,
)

dl
UG
N 7
T,dZ, T,d%. KnaccuueckuMm npu- . \/
MEpOM IOBEPXHOCTHHIX CHJ SIB-
JSIEeTCA CHJIA THAPOCTATHYECKOro bur. 2.
JIdBJCHUA XHJIKOCTH HAa NOrpy-
xénHoe B Heé Tesqo. Ho cmia ruzpocTaTHueckoro JaBJAeHHS p HA-
npaBjeHa HOPMAaJbHO K IOBEPXHOCTH TeJa BCErJa BHYTPb T3,
a cJe10B3Te/bHO, B 9TOM Ciayvyae mMmeeM I — —p.
CocpefoTOUEHHEe BHEIIHHE CHJAB, NPUIOKEHHHE B OTAEJIBHHIX
TOYKAX IOBEPXHOCTH TEJA, MOXKHO PaCcCMATPHBATh KaK Npeje/ibHbIM
cIyya#l NOBEPXHOCTHHX CHJ, pacnopefe]éHHHX HA MAJOd 4YacTH
HOBEPXHOCTH TeJa. B 3Ty KaTeropuio cuja BXOXAT TaK HA3HBaEMHIE
OIIOPHHIE DEAKLMH,

§ 16. BryTpeHHHe HampsKeHHs.

Jna HccleroBaHus HANPSKEHHOTO COCTOSHHSA NPHMEHSIOT H3-
BeCTHHH MeTox ceuennit. [1ycts (¢ur. 3) Mu umeem xedopmupye-
Moe Teso AB, Haxojsmieecs B PABHOBECHH IIOJK AeHCTBHEM 3aiaH-
HOlt cucreMH cua P,, P,,..., Py. PaspexeM ero mpou3BoJibHOMH
noBepxHocTeio CD, mpoxoasuell uepe3 3agaHnyio Touky O Ha aBe
yactH A n B. Mu Moxem oOTOGpPOCHTH 3aTe€M 4HacThb Teaa B, Ho
IpPH 9TOM MOJIKHH IPUJIOKHTB K KaXAOMY 3JEMEHTy dX IOBepX-
HoCTH paspe3a CD mnoBepxHoCTHhE cuibn T dZ, npnuéM Hanps-
wEHHOCThL HX T josxkHa OHTh BhHOpaHa Tak, YTOOH OCTABIUASCH
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4acTh TeJa A 6bHsa B paBHOBECHH INOA JAelcTBHEM BCE€X OCTaB-
IIHXCSA NOBEPXHOCTHHX CHJI P H NPUJIONKEHHHX BHOBb cux T dZ.
Ho cuaee T dX cymns snympennue szaumodeiicmsusi, ABAAIOIMUECS
pesyJbpTaToOM TOTO BO3JEHCTBHS, KOTOPOE NIPOH3BOJHJA OTGPOIIEH~
Has yacTh TeJa B Ha ocTaBuIyrocs yacTh Tega A mpu paBHOBECHH
oA JAefcTBHEM BCefi NPHJIOKEHHOH cHCTeMH cHat Py, ..., P;.

Beanunna BHyTpeH-
HEH CHJIH B33aHUMOJEH-
crBuss T, mpuxojsmas-
CcA Ha eIMHUIY IIJIOIIAaAH
KaKoro-au6o 9JeMeHTa
dX MOBEPXHOCTH pa3pe3a
CD, ecmp HanpsceHue
cusn Ha paccmampusae-
MOM 3AEMEHME nogepx-
Y Hocmu paspe3a dZX.

Paccmorpum, B gacr-
HOCTH, 9J1eMeHT dX, mpo-
xoAsuit uepes Touxky O
NOBEPXHOCTH  paspesa.
Hanpasienne v HopMaJH
K 3TOMY 9JIeMEeHTYy @2 MK
$ur. 3. OyJleM CYHTATH IOJIOXH-
TeJbHBIM, KOrJd OHA Ha-

npaB/ieHa HapyXy H3 3ToH yacTH Tesa A B yacts B.

Hanpapsenne Hanpsixenns T Ha sTOM saeMeHTe @ BooGIe
He COBNAJAeT C HampaB/ieHHEM HOPMaJH K 9JaeMeHty d¥. Eciu
HOpMaJbHas cJjaramomas Hanps:keHus 7, IOJMOKHTEJIbHAa, TO OHA
CTPEMHTCS BLI3BATh PACTAXKEHHE MaTepHaJa; eCcJaH e OHA OTpHIA-
TeJIbHAsS, TO OHA BHI3BLIBAET CIKATHE.

KacareapHast ciararomas HanpsixeHus T. cTpeMaTcs NPOH3BECTH
CABHT WJIH Cpe3 Io miomaiake d2. [Tostomy eé Ha3HBAIOT HHOTJA
CABMIAIOIINM HJIH CPe3alolHM HANPSKCHHEM.

Hanpsxenne T MOXKHO Pa3/OKHTh Ha TPH KOMNOHEHTH T, T, T,
0o ocsaM X, v, 2. OQHAKO, B TEOPHH YIPYroOCTH Yaile NPHMEHSIOT
ppyroe o6o3sauenne. lMeHHO, KOMIOHEHTH IO OCAM X, V, 2
HANpsKEHHs] HAa 9JeMEHTapHOH mIowazke d¥, HOPMaablo K KOTO-
poit cayxHT BekTOp v, ofosHauawnr X, Y,, Z,, Tak uTo:

T,=X; T,=Y,; T,=2Z, (2.3)

[Tpn Taxux o0603HAUEHHSIX HOPMAJLHAS CJATaloIas Hampsxe-
Hus Oyner:

=X, cos (v, x)-} ¥Y,cos (v, y)+ Z,cos(y, 2). (2.4)

Mul MOXEM NPHJIOKHTH TOT XK€ METOJ HCC/IEJAOBaHHA BHYTpPEH-
11X HAmpSOKEHHH B cayuae JBHxKeHHA Teaa. Toraa ko BCeM BHell-

2

X
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HHM CcHJIaM (mOBEPXHOCTHHIM H MACCOBBHIM), JEACTBYIOLUIHM HA TEJO,
Heo6xommuMo, COrJacHO Havaxay Jlaiambepa, NPHIOKHUTH BCE CHJIH
HHEepUHH, OolNpeje/iseMbe IOJHBMH YCKOPEeHHAMH B pacCMAaTpuBae-
MHHA MOMEHT BPEMEHH.

Ecsiun BHYTPH paccMaTpuBaeMoro AedopMHPYEMOro Te/d BHJAE-
JINTh NIPH NOMOIIH 3aMKHYTOH MOBEPXHOCTH S HEKOTOpHHA 00béM V'
(¢ur. 4), To HEOGXOAUMO K KaK- v
JIOMY 3/1eMeHTy dX MNOBEPXHOCTH TdE
BHZEJeHHON YyacTH V' IPHJIOKHTH =
cuan  TdY BO3AeHCTBHA OCTa/Ib-
ot wactH V" Ha wacte V'. CBepx

TOro, Ha Kax/HH sJeMeHT 00béMa z
yactd V' 6yayT AeACTBOBAThH BHEII- f
HHE MAacCOBHIE CHJH, KOMIOHEHTH 4
KOTOPHX GyAyT JAAaHH (OpMyaaMH:

Xpdr, Ypdt, Zpadr F—

(dT-—sanement o6béMa B uactu Tesa V'). Hakomen, mo mauany
Hanambepa K KaxAOMy 3J€MEHTY 00béMa dT HAA0 NPHJIOXKHTH
CHJIBl MHEePLHH, KOMIIOHEHTH KOTOPHX PaBHH:

—ij dt: _]:yP dTr '—sz dT:

rae j, /,, j, CyTb NPOEKIHH NOJHOTO YCKOPEHHS IEHTPA TAXKECTH
8/eMEHTa dt N0 UCAM KOOPJMHAT.

ITo 3akony paBeHcTBA ACHCTBHA H NPOTHBOJEHCTBHS KaX Kt
saeMeHT d2 moBepxHOCTH wyacT¥ V' Tesa GyHeT OpPOM3BOJAUTHL HA
COOTBETCTBYIOHIUA 9JE€MEHT INOBEPXHOCTH dHacTH V'’ Teia pasuyio
H NIPOTHBONOJOXHYI0 cuiy — 7d2.

§ 17. UccaepoBaine HanpsmEéHHOTO COCTOAHMS B JaHHOMN
TOYKE TeJa.

Besnuuna HanpsiKeHHs Ha MUIOIAAKe d2 GyAeT 3aBHCETh OT
TOro, Kak npoBefeHo ceuenne CD, u 6yJeT H3MEHATLCA C H3Me=-
HeHHeM ceyeHns: MB MoxeM ONnpeJe/]HTb KaxXAYIo 9JeMeHTapHYI0
IJIOINAAKY 4%, NPOXOAAILYI0 Yepe3 HAHHYI0 TO4kKy O, TpeMs Ko-
cuHycaMmu [, m, n yrjios, KOTOphie NPOBEAEHHAS B ONpPeREAEHHOM
HampapJeHHH HOPMaJb K STOH 3/JeMEHTapHOH IIOWaiKe o6pasyer
C OCSIMH KOOpDAHMHAT X, V, 2, TaK YTO:

l=cos(v, x), m=cos(v, ¥), n=cos(y, 2). (2.5)

OueBngHo, yro ynpyroe Hampsixkenue T Ha 3Tofl miomangke 6yner
ApaaTbea ¢Gyuxknuesi ot /, m, n. MoxXHO NOKa3aTh, YTO HampsxKe-
HHe Ha JJ000H maolanke, NpPOXoAsmieil Yyepes MHAaHHYIO TOYKY,
Moxer OBITh ONpeJe/NeHO, eCAH H3BEeCTHH HANPSHKEHHA Ha TPEX
B3dMMHO NEPNEHJUKYAAPHHX NJIOMIAAKAX, NPOXOJAIIHX UYepes Ty
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Ke Touky. [IpEMeM HOpPMAa/JH K 3THM TPEM IIOLIALKAM 33 MPSIMO-
yro/bHble KOOPJAHHATHHIE OCH X, Y, 2.

KOMIOHEHTH HaNpsAKeHHs Ha NMPOXOAAHIEH uepe3 JAHHYIO TOY-
Ky O (¢ur. 5) a;eMeHTapHON MJIOIMAAKe, IIePIEeHAUKY IS PHOI K OCH X,
BCJIEACTBHE NPHHATHX BHIIe o603Hauennit (2.3), ouepuaHo, 6yayT:
Xy Yy Z,, 160 HOPMATIBIO K PAaCCMATPHBAEMOH IVIOLIAJKE CJAYIKHT
noJioxHTebHAA ocb X. Ha npoxoasmux yepes O sneMeHTapHHIX
IJIOIAAKAX, HOPMANAMH KOTOPHIX CJAYXAaT OCH ¥y H 2, HelCTBYIOT
HANpsKEHUSA, KOMIOHEHTH XOTOPHX COOTBETCTBEHHO GYAYT:

)(ys Yy) Z_y: "\,z: Yz’ Z:‘

[TycTs npomsBoJbHas S1eMeHTapHAs IIOWAAKA, MPOXOIAIIAS
yepe3 Touky O, XapaKTepH3yeTCs HOPMaJabl0 ¥, KOCHHYCH YIVIOB
KOTOPOH € OCAMH X, V¥, Z CYTh
!, m, n. TlposexnéM oueHn
6/IM3KO OT HauaJja napaJiesb-
Ho eft (dur. 5) miockocTh, Ko-
TOpP2s1 NePeceKaeT OCH KOODPAHM-
war B Toukax A, B, C. Toraa
noayuutcs terpasap OABC, BH-
0 B y cota h KOTOpPOro, ONYIIEHHAs
u3 Havasia O Ha rpasp ABC, —
oueHp MaJsaf BejnuuHa. Ilio-
maas rpain ABC 0603HauuM
r 4 yepes S, HOPMAaJbl0O Xe K Hell

CAYXKHT HOPMAIb ¥V K BHOpaH-
dur. 5. HOMY 9JeMeHTy dX (BC/IeACTBHE
napaanensHoctd S u dX). Jlerko

ONpeAeNnTh IJIOLWIAAH OCTANBHHEIX TPEX I'paHel TeTpasapa:

miomaxs OCB =35I,
» OAC=38m,
» OAB = Sn.

MH MoXeM BHIEJHTb, COTJIACHO CKazaHHOMYy B § 16, siemeH-
rapunit Terpasap OABC H3 Teja, HO NPHJIOKHTb K €ro IOBEpX-
HOCTH CHJIH, KOTOPHE BH3HBAIOTCA AefCTBHEM OTOPOIIEHHOH 4acTH
TeJa HA pPacCMATpHBAEMBIH TeTpasap. BBuiay Ma/nnix pasmepoB rpa-
Heil HAIIEro TeTPasipa MH MOXEM IpPHHATb, YTO INOBEPXHOCTHHIE
CHJIH HA HHX pacupexeneHw pasromepro. Ha rpann ABC peiicr-
ByeT CH/a, KOMIIOHEHTH KoTopo# paBun XS, V.S, Z.,S.

[Ip# BHUYHCJAEHHH KOMIIOHEHTOB CHJH, JelicTBymome# Ha rpa-
Hu OCB, HanO NPHHATL BO BHUMAaHHE, UYTO HOPMAJbIO K HEH CJAYXKHT
OTpHLATE/JBbHAA OCh X, @ NOTOMY KOMIOHEHTH CHJH OyAyT:

— X,Sl, —VY,Sl, —Z,SL
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J1s KoMmoHeHTOB CHJH, AedctByoumedt Ha rpann OAC, umeewm:
—X,Sm, —Y,Sm, —Z,Sm

H Ha rpanu OAB:
— X,Sn, —VY,Sn, —Z.,Sn.

Ceepx TOro, Ha TeTpasiap JAeHCTBYIOT: BHEIIHSS CH.IA, KOMIOHEHTH
KOTODPO# CyTh:
Xodr, Ypdr, Zpd'c,
H CHJIHl HHEPIHH:
—jx? dt’ _ij dt’ _sz dr.

3neck dt ecTb 0OGBEM TETPasApa, BWUHCIIEMHE 10 dopMyae

dr = kS, (2.6)

rie h ecTb NJHHA NepNeHAHKYJAApa, ONYINEHHOTO M3 BepmuHn O
Ha ocHoBanHe ABC rterpasjapa, T. e. BHcoTa ero. [lo usBecTHOMY
Hayaqy MeXaHHKH, Ha3HBaeMOMY IIDHHIIHIIOM OTBEDJEBAHHA, MHl
nony4uM Heo6XOJHMOe YCJIOBHE €r0 PaBHOBECHS, HPOEKTHPYS BCe
IPH/JIOXKEHHEE K TeTPa3Npy CHJH HAa OCH KOOPAHHAT, & HMEHHO:

XS — (X~ Xm—+ Xn) S+ (X— j) p dr=0,
YS$— YA+ Y,m+ Y n)SH(Y—j)pdri=0,
ZS—(Zd+Zm+Zn)S+(Z — ;) pdr=0.

Coxpauias Ha S M NpHHMMas BO BHHMaHHe, uTO corJacHo (2.6):

d 1
S=3h 2.7)

MH IIOJIYYHM, II€PEXOAs K NpeReay NpH /1, cTpeMsleMcs K HYJIO,
TPH (YHIAMEHTAJBHHX COOTHOIUEHHS:
X=X+ X,m—+ Xn,
Y, =Y.} Y m-Ypn, (2.8)
Z,=ZJl+Zm4-Zn.

B npegene, xorpa k npuGausurcs X Hyawo, rpass ABC cosna-
JaerT ¢ pacCMaTpHBaeMOH 3/€MeHTApHOH IJIOIAAKOH 42, TaK Kak
y HHX ofmas HOPMaJjb V.

B ¢opmynax (2.8) Mu uMeeM JeBATb KOMIOHEHTOB HalpsAXEH-
HOTO COCTOSIHHSA

Xo X, X, Y., Y, Y, 2,2, Z, (2.9)
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KOTOPHE A5 KaxuJOA NaHHOH TOUKH CYTh MOCTOSHHHE BEIHYHHEL
Ho oHH MeBSIIOTCA OT OJHOH TOYKH Teja K APYrof H ABISIOTCH,
C/Ie[OBATEIBbHO, (DYHKIHAMH KOOPIAMHAT X, ¥, 2 H BpeMeHH [ (Kom-
TIOHEHTH HAMPsKEHHOTO COCTOSHHA MEl OyAeM s KPATKOCTH Ha-
3HBATH KOMIIOHEHTAMH HANpSIKEHHs HJH NPOCTO HANPSKEHHEM).

3HaHHe [AEBATH KOMIIOHEHTOB Hanpskenu# (2.9) mnossossaer
OnpejeaHTh KOMIIOHEHTH IOBEPXHOCTHOH CH/IM HAa JiOGOH IuIo-
majake d=, HOPMaab K KOTOPOH JaHa CBOHMH KOCHHycamu I, m, n.
Tpu koMIoHeHTa Hanpskenus X, Y, Z, ABJAAIOTCA HOPMATbHEIMH
HATIPSOKEHUSIMH JUIST TeX ILVIOMAAOK, HAa KOTOPHX OHH AEHCTBYIOT;
OCTaJbHHE IIEeCTh SBJASITCA KacareJbHHMH Hampsukenuamu. Ho
MEXAY HHMH TOJIBKO TPH He3aBHCHMEHE.

§ 18. YcnoBus paBHOBECHS NOBEPXHOCTHBIX CHJ, MNPHJIOKEHHBIX
K FpaHaM BbIPE3aHHOIO MapaJjjeJienunena.

Bripexem y 3amansHo#t Touxkn O u3 AedopMHPYEMOro TeJja 3je=
MEHTAPHHN TnpaMoyronbunil mnapanienenunen (¢ur.6), rpaHn
KOTOPOTO TNAapaJJjenbHH KOOPAMHATHHM IJIOCKOCTAM, € pEGpa-

21 Z,+ Zi’a’z
¢ ay, D
Ve 5z oz
X e
o
d Aoy |£ 92y 4
' Zy+ dy {4
-r/
s
it Y T
y %oy Yy Ny
! Zz 4 y dy y
1
Zvv . X 4
y 7 o y
0 A /
- -
1
4 ; 8
x
Yzz
Pur. 6.

Mu dXx, dy, dz U NPHIOKUM K €ro rpaHAM COOTBETCTBYIOLIHE I10-
BEPXHOCTHBIE CHJLI, BHIpAaXaloliHe JeicTBHe OTOPOLIEHHOH HYacTH
Tesa.
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Beuay wmajocTH rpaHeil pacnpesgesnenne HampsKEHHA Ho ILIo-
CKOCTSIM T'paHei MH MOXeM CuHTaTh pasHOMepHHM. Ho Hamps-
JEeHHsl Ha KaxXIOH mape nmapaj/esbHHX IpaHell 6yAyT pasaHyaThCs
Ha OGEeCKOHEYHO MaJyl0 IIepBOro mnopsAka. Tak Kaxk IJIOIAIH
rpasefi OyAyT MaJbIMH BTOPOTO IOPSAKAa, TO IOBEPXHOCTHHE
CHJIH, JEeHCTBYMOU[HE HA KaXJAOH nape napanjelpbHHX TpaHed,
GyJyT pas3qHYaTbCcsd HA MaJule Tperhero mopsiaka. Kpome Toro,
Ha napannenenunes OyAyT AeACTBOBATH BHEIIHHE CHJIAM H CHJH
HHEpIMH, KOTOPHE TOXE — Majhle TpeTbero mnopsaaxka. Tak xax
pébpa mapasiesenunesa CyTh Majdble IME€PBOTO IOPAAKA, TO
NpH BHYHCJAECHHH MOMEHTOB BCE€X CHJ OTHOCHTEJBHO OcCel CHJIH
BHEIHHe, CHJAH HHEDUHH H pPAa3HOCTH MeXJy II0BEPXHOCTHHIMH
CHJIAMH, JEHCTBYIOLIMMH HA KAXAYIO Napy NPOTHBOIOJOXHHX Ipa-
Hell, NAIOT BEJHUYHHH YETBEPTOrO MOPSAKA MAJIOCTH, H HX MOXHO
OTOPOCHTB, COXPaHAS TOJIBKO MaJjHe TpeThero nopsaiaka. Hamportus,
IpH NPOEKTHPOBAHHM HA OCH KOOPAMHAT BCEX CHJ, AEHCTBYIOIIHX
Ha Hapajajefenunen, OCTAHYTCS TOJABKO 9TH PA3HOCTH IOBEPXHOCT-
HHIX CHJ, JAeHCTBYIOIIMX HAa KAXKAYI0 TNapy TNPOTHBONOJOXHBIX
rpaHed, a Taxkxe BHEUIHHE CHJH H CHJH HHepuuu. Bce 3rH Be-
JHUHHE OYIyT MaJbIMH OJHOTO H TOTO JX€ TPeTbero MNOpsAKa.

ITostomy Ham npuaéres z 7
NPH COCTABJIEHHH MOMEHTOB J “y
NPHHATH, YTO HOBEPXHOCTHHE dy
CHJBl, JEHCTBYIOIME HA Ka- &
XKAYI0 Napy NPOTHBONMOJOXK- 7
HHIX TpaHell, paBHH H IPOTH-
BONOJIOXHH. CH/IH BHEIIRHE
H CHJAB HHEpPIHH IPH TaKOM
Hnopsike NpHOJHKEHHS, Kak
OHJIO YK43aHO BHIIE, MOMeEH-
TOB He JaioT. Ha ¢ur. 7 cTpei- |
KaMH YKA43aHH T€& Hampsxe- I
HHsl, KOTOpHE JOMXKHH GHTb Y, <~ + f — —
YUTEHH IIPH COCTABJEHHH MO- T
MEHTa OTHOCHTE/JBHO OCH X Z i2
BCEX CHJ, HPUIOXEHHHX X y
napaJienenuneny. CorJacHo Pur, 7.
OPUHIOMIY OTBEpPJEBAHHA MHl
MOXXEM HAaHCaTb TPH HEOOXOAHMHX YC/IOBHS DaBHOBECHS BHIpe=
3aHHOTO IapaJjje/ienuneja, NPHPABHAB HYJI0 MOMEHTH BCEX CHJI
OTHOCHTE/JIbHO TPEX KOOPAHHATHHIX OCEH.

s ocu x molyyuM ypaBHEHHe:

Z,dxdydz—Y,dxdydz=0,

NS

az

OTKYJa uMeeM:
Z,=Y,

J
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Takue xe ypaBHeHHS MOXHO COCTaBHTHb JJAsi MOMEHTOB OTHOCH-
TEJbHO OcCe#t y H 2. IDTO HAéT mpu OYHOAMEHMAAbHbLY, COOMHO-
wenus:

Y,=Z, Y,=X, Z,=X, (2.10)

T. €. KOMIOHEHTH KACaTeJbHHX HANPSKEHHH MO JABYM B3aHMHO
IiepIeHAHKYASPHEM IVIOIAAKAM, NePHEHAUKYISPHbE K JHHHH Ie-
peceueHHs1 STHX IVIOWIANOK, PABHH MEXAy COGOIO.

CrefloBaTe/bHO, HanpsxcénHoe cocmosnue 8 0000 mouxe
0eopMUPOBAHHOZO MeEAQ ONPEQENSEMCSL WECMbI0 KOMMOHEHMAMU:
mpems. HOpMaAbHeLMu Komnonenmanu X, Y,, Z, u mpems pas-
AUYHBIMI MAHERYUAABHEME KOMNOHEHMAMI X X Y,, yxoBae-
TBOPAIOIUAMH COOTHomeHusM (2.10).

Ecnn BBecTy (yHKIHIO

o(f, m, rz):% (Xl Yym2 - Z n2 -
+2Z,mn+-2Z,nl+2X,ml), (2.11)

To coraacHo (2.8) moayyum:
A

X, = %,,]

Y,=5%; i (2.12)
__ 9%

Z,——F’;. )

Hanumem Tenepp TpH OCTAJBHEIX HEOOXQAUMHX YCJIOBHA PaBHO-
BECHA BHIPE32aHHOrO Napa/iesenHnesd, BHPAKAIOIHE PABEHCTBO
HYJI0 CYMMH NPOEKIHH Ha KOOPAMHATHHIE OCH BCEX CHJI, NIPHJIO-
XKEHHHX K NapaJ/e]enuneny. ¥ YHTHBAs H3MEHEHHE YIDYTHX CHJ
IpH Tepexofe OT OJHOH I'paHM K IPOTHBONIOJIOXKHOA H paBHOMEp-
HOCTh pacnpe,u,eneﬂmx [0 TpaHAM, HMeeM I/ HNPOEKHHH HA OCh X:

gt "dx)dyd~——Xdydz+<X+ ydy)dxdz—
—Xd,\dz—{—(X—{— ’dz)dmy X, dxdy+
+(X—7,) pdxdydz—

IMocae IIpPIBEILeHHSI H coxpameﬂnﬂ Ha dxdydz monyuum:
0X
02 ]

"—(;;—+‘WY+ e (r—j)=0,

|
t (2.13)
%‘FW-FW—H(Z—J:):O, J
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1pUYEM BTOPOE H TPEThbE YypaBHEHHs IOJYUEHH IIPOEKTHPOBAHHEM
CHJI HAa ocH y H 2. ¥YpaBHewus (2.13) u (2.10) OblIM TNOJYYEHH
BIepBHE 3HaMeHHTHM yuyéHmM Komm (Cauchy) M HrpaloT BaxHYIO
poJib B TEOPHH YHPYTOCTH.

Ecau ynpyroe Tejo HaXOAHTCA B PaBHOBECHH IIOJ JeHCTBHEM
3aJ]aHHBIX CHJ, TO

jx:jy:jz:O
# ypaBHeHus (2.13) mpuMmyT BHA:

dX, 0X, X,
o T3 T HeX=0,

o, ov, o,

A A A
x ¥ z >

o Ty T35 Te7=0)

npuyéM uMeT MecTo cootHomenus (2.10). Ciaemyer 3aMeTHTh,
uro B opmyaax (2.8) u (2.13) x, y, 2 cyTb KOOPAHHATH MOC/IE
nedopmanun. B caywae oueHp Majaex AedopManuii, KOTOpHE
O06GHIYHO PACCMATPHBAIOTCSl, HX MOXHO NPHHATH 33 HayaJbHHE KO-
OpJHHATHL.

ITpoekunu MOMHOTO YCKOPEHHs OIpele/sioTCsl JeErKo IpH HO-
mou dopmya (1.1). HefcTsuTeIBHO, NPH ABHMKEHHH JedopMHpYye-
MOTO TeJa KOOpPAHHATH X,, V,, 2, TOYKH, KOOPAHHATH KOTOPOM
JI0 Havyaja JABHKEHHS M CBS3aHHOH ¢ HHM jgedopManuH OLIH
X, Y, 2, OyayT:

(2.14)

)
|
{
I

x,=x-tu(x y, 2, t);
n=y+uv(xy, 2 t)
zl—_;z—l_w(x: Vs zZ, t)
ITosTomy umeem:
. d% 0w . Ay, 0w, . 4% 0w (2.15)

=g =y =G —ors LT ar T o

i 9TH 3HaueHHs Haxo BHectH B (2.13).

§ 19. B3auMHOCTb HOPMaJbHBIX CJaraloLHX.

BosbméMm gmBa anementa d¥ u dY', npoxXOAAIWMX yepe3 NAHHYIO
Touky O ynpyroro Tesa. Hopmaab v x siaeMmenTy dX omnpejesena
KOCUHYcamu £, m, 1, © Ha 3TOM 3JEeMeHTe HeHCTByeT Hampske-
nue T. Hopmaip ¥ K ajeMeHTy dX' ompele/neHa KOCHHYCAMH
I', m', n’, 1 Ha 3TOM 3/IeMeHTe AeHCTByeT ympyroe HampsixeHue TV,

OuesngHo, mpoekuus Hanpsikenuss T Ha HopManb v Gyner:

To=X!'"-}-Ym+Zn,
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HJIH, HAa ocHoBaHmu (2.12):
0 m' oy
w—afl’—l— m L3, (2.16)
AHaNoOTHYHO AJsA MPOEKUMH HamnpsikeHus T' HAa HOpMaJib vV IO-
JYYHM
v=Xd - Yim-}-Z.n,
HJH, Ha OCHOBAHHH (2 12):
= tmt 5% n. (2.17)
U3 dopmyan (2. 11) cnezxyer 4TO
0
?ll m’ + 01’1+dm’ m+dn’

To=T,. (2.18)

HJIH

C/ie10BaTeabRO, €CJIH MH HMEeM JBe NepeceKalonnecs 3JeMeH-
TapHHE ILIOLIAJKH, TO IIPOCKLHA HAIpPsKEHHs HA NEePBOH ILIOUIARKe
Ha HOPMAaJIb KO BTOPOH DAaBHA IIPOEKIMH HANMPAXKEHHS HAa BTOPOH
IJIOLW@JAKe HAa HOpMaJb K IIepPBOM.

Popmyan (2.10) cyTh yacTHHe caydyanm 5TOH o6uiefi TeopeMHl.

§ 20. Ipeo6pa3oBaHuHe KOMMOHEHTOB HaNPMKEHHOTO COCTOSHUS
K HOBBIM OCSIM.

Hanpsxénnoe cocrosiHune B KakoH-iH60 TOUYKe Teja BIOJHE
onpeje/sieTcss NMpH JAHHOM BHOOpe NPAMOYTOJBHHX OCeH X, y, 2
LIECTbI0 KOMIIOHEHTAMHM HANpPSIXKEHHA Ha TPEX B3aHMHO NEPHEeHAU-
KYJSPHHX 3JEMEHTAPHHX IMJIOMAJKAX, IPOXOJALIHX uUepe3 3Ty
TOYKY HOPMaJILHO K S5THM ocAM. Ecan yepes Ty ke TOUKY IPOBECTH
HOBBHIE NPAMOYTOJBHHE OCH X', J', 2/, TO TO XK€ camoe HampsKéH-
HOE COCTOsHHE OyJeT ONpeleadarbCs HIECTHI0 KOMIIOHEHTAMH Ha-
NpsKEHHs HAa TPEX B3aHMHO MEPNEHAHKY.IAPHHX . 8J€MEHTAPHHIX
TJIOIIAAKAX, TPOXOAAIINX Yepe3 JAaHHYIO TOYKY HOPMAaJbHO K STHM
HOBLIM OCSIM, HMEHHO KOMIIOHEHTaMH:

Xut, Yy, Zaty X (=Yu), Xer(=2Z4), Ya(=2Zy). (2.19)

O‘leBHlIHO, YTO 3TH IIECTh HOBHX KOMHOHEHTOB HanpaXKEHHOTO
COCTOsIHHSA JAOJIXKHH BBIPAXATbCA Yepe3 INeCTb NMPEKHHX

Xx’ Yy’ Zz’ Xy(= Yx)’ Xz (:Zx)’ yz(zzy)‘ (2'20)

ITycte opuenTHpoBKa oceft X', y', 2’ OTHOCHT@/]BHO OCelt X, ¥, 2
Aana cxemod 2 § 10. Tlpoexuny HanpsiKeHHa Ha 3JIeMEHTapHOMH
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JoUaaKe, NEePNeHIHKYJAIpHOi K OCH X, HA CTapHe OCH X, V, Z
BHYHC/IAIOTCS 10 QopmysaM (2.8), B KOTOPHX HAJ0 IOJOXKHTb:
=1, m=m, n=n,,
4TO JAAET:
Xo =X [, +-X,m + X, ny,
Yu=Y, Y mY,n, < (2.21)
Zo=Z UL +Z,m~+Z,n,.

AHaJIOrH4YHO BHYHC/IAIOTCH IPOEKIUH HA CTapHe OCH X, V¥, Z Ha-
NpsKeHH Ha 9JeMeHTAPHHX MJIOMAJKAX, [NepHeHIUKY/IsiPHHX

K ocaM y' H 2':
Xy = X by + Xymy - X'y,
Y=Y, L+Y,m—+Y,n, (2.22)
Zy = Zx12+zym2+zzn2;
X=X, g+ X,mg+ X, ny,
Yo=Y, i+ Y, m;-Y,ng, (2.23)
Za=Z -+ Z,my~+Z, n,.

Uro6n noay4urh HPOEKIHMH HANPsKEHAH, NeHCTBYIOLHX HA
IIOAAKAX, NMEePHeHIUKYAAPHHX K OCaIM X', y', 2/, HA HO8be ocH
x', y', 2', nosb3yeMmcsa TeM, YTO IIPOEKUHs PABHOAEHCTBYIOIIEH Ha
KaKy10-J1H60 OoChb paBHA CyMMe IPOEKLUHH KOMIOHEHTOB Ha Ty
ke ocCh.

ITosToMy, npoeKTHpPYSl HAOpsKEeHHE Ha 9JeMEHTAapHOH IIIo-
majKe, NEPNeHAWKYJAAPDHOH K OCH X', Ha Ho8we ocu X, Y, 2,
HMeeM:

X;I =erll + Yxlml-l—Z,,nl,
Y= Xul,+ Yam, - Z an,, (2.24)

Z;I - x’la + Yxllll8 —l—Zxrﬂs.

Buocs (2.21) B (2.24) u npuHuMas BO BHHMAaHHe OCHOBHHE COOT-
Homenus (2.10), MH mosyuum:

Xor=BX,+miY,+ niZ,+2mnZ,+2onlZ, +2ml X,
Yao=1LX,~+mmY, +nnZ,~(mpn,+myn) Y, -+ |
, + (mly+nl) Zo 4 (Limy - 1ym,y) Xy, [ (2.25)
Za =Ll X, mmsY, - nnZ,+ (mng+myn,) V; 4
+ (ndy+-nyd)) Z o+ (Uym - 1ymny) X,.

ITpoexTupys Temepb HANPSIKEHHS HA 3JMEMEHTAPHHX IIOMAN-

Kax, NepneHiuKyJspHHX K OCAM y' H 2' HAa HOBHE OCH X, J', 2/,



52 AHAJIH3 HANPSIKEHHOTO COCTOSTHUS [l‘.’l. 11

Ha#JéM emé mecTb COOTHOUIEHHH, W3 KOTOPHX TOJBKO TPH OyAyT
OTIHYHH oT (2.25):

Yyr=0X, -+ m3 Y, Bz, 2mon,Z - 2n,0, 7 - 2my1, X, )
Za=DBX,~+ ngy +-mZ,+ 2mynsZ , +-2nl, Z , + 2myl X, (
Ya=Ll X+ mymyY - non,Z, - (myng +-myny) ¥V, -+
+ (ol s+ nyly) Z 4= (Lymy - Lymy) X,
Ml BHAMM, YTO TPH HOBHX HODMAJLHHX HANpSKEHHs Xy,

[ 1
Y, Z., Bupaxalorcs 0AHHAKOBO NOCTPOEHHHMH (OPMY/JaMH depes
HIeCTh KOMIIOHEHTOB HANPSKEHHA JJA CTAPHX OCeH

Xx! Yy! Zz) Xy’ ‘le yz'
TpPI HOBHIX TAHT€HUHAJBHHX HANpPsaXKEHUA
4 ' ' ! ' '
XyI: Yxl, XZIZle, Y,:_——Zy,

TAKXE€ BHIPAXKAIOTCS OJMHAKOBO NOCTPOEHHHIMH ()OPMYJaMH uepes
IIeCTh KOMIIOHEHTOB HAmpsKEHHs I/ CTapHX ocet.

(2.26)

§ 21. NoeepxHocTh HanpsikeHud Koiwwu.

U3 dopmya (2.25) u (2.26) caemyer, uro ecau [, m, n cyTsb
KOCHHYCHl YIVIOB C OCIMH X, Y, Z, IPOH3BOJIbHOH OCH, IPOBEAEHHOH
W3 JaHHOA TOYKH, TO HOPMAJbHHIA KOMIOHEHT HaNpPsAXKEeHHS
Ha 3J€MEHTAPHOH IIOWAJKe, MPOBeACHHOH Yepe3 MAHHYIO TOUKY
NepnesjuKyJAspHO K 3TOH ocH, Oyjer AaH (opMmyaoi

o =DX,++m*Y,+nZ,++2mnY,+4-2nlZ ,+-2mlX,. (2.27)

O1soxHM Tenepb OT JAHHOH TOYKH HA B3ATOH OCH OTPE30K 7,

JJMHHA KOTOpOro 00paTHO NPONOPIHOHAIbHA KBAAPATHOMY KOPHIO

u3 a6COJIOTHOM BEJHYMHH YIOOMSHYTOrO HOPMAJBHOTO Hampsike-
HHS O, UMEHHO

g

T (2.28)

rae k—mnocrosHHas BeJnuynHa. KOOpAMHATH KOHIA 5TOrO OTPE3Ka,
OueBHIHO, OYAYT:

x=Ir, y=mr, z=nr. (2.29)
Bossens (2.28) B xBajpar, noJayuHM:
or?=--k=% (2.30)

Ecan Buectn B (2.30) snauenne o u3 (2.27) u ucnosb3oBartb ¢op-
Myas (2.29), TO noay4uMm:

(D(x: Y, z)z(Xx)x2+(Yy)y2'+(zz)z2+2(yz)yz+
1 2(Z)ex L 2(V) = ke, (2.31)
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Ecan B3siTh BCEBO3MOXHEIE HANPABJICHHA IPOBEXEHHOH HaMH
OCH, TO [, m, n, a Cief0BaTeJbHO, H KOOpJAHHATH X, Y, Z OTJIO-
JEHHOr0 HAMH OTpe3ka r OyAyT BEeJHUYHHAMH IIePEMeHHHMH, H
KOHIIH BCeX OTPe3KOB r OYyJAyT JeXaTh Ha NMOBEPXHOCTH, JAHHOH
ypasHeHueM (2.31). DTa HOBEPXHOCTb HA3KIBAETCH HOBEPXHOCMBIO
Hanpsiscenull Kowu W sBJIsS€TCH LEHTPAJLHOH NOBEPXHOCTBIO BTO-
poro mopsgxa. CienoBaTenbHO, €CJAH CclejaTb IOBOPOT oOCeH
X, ¥, 2 B HOBOE TI0JI0KEHHe TaK, YTOGH B ypasHeHnud (2.31) ucuesnn
YJE€HH C NMPOH3BeJCHHEM KOODAMHAT, TO OHO IPHMET BHI:

(Xer) X2+ (V) y2 4 (Zor) 2° =L B2, (2.32)

OuyeBHAHO, IPH TAKOM BHOOpe oOcCeH Y/EHH X;:, Xz, Yar Hcye-
3aI0T, 4 CJeJ0BaTeJbHO, KacaTeJbHHE HaNpsKEeHHs HA IJIOINAJKAX,
NepueHAuKYJAPHEX K 3THM HOBHM OCAM, HCYE3aI0T, H HA HHX
OyLyT CYLIEeCTBOBATh TOJBKO HOPMAajbHEeE HampsikeHus. Omnpefe-
JEHHHe TaxaM o00pa3oM OCH KOOPAMHAT X', V', 2 HA3HBAIOTCH
2AABHOLMI OCAMU HANPSIHCEHHOZ0 COCMOSHUSL 8 OQHHOU mouKe,
a COOTBETCTBYIOIIHE MEepHeHAHKY/JSIPHHIM K HHM 3J€MEHTapHHM
NJIOINAAKAM HOPMAJIbHEIC HANPSKEHHS HA3HBAIOTCH 2AABHBLMU HA-
npaxcenuamu B JAHHOH TOYKe TeJa.
OG6o3nauas ux yepes g, 0,, G,, NMOJYUHM:

Xu==0,, Vy=3,, Zy=0,, (2.33)
H ypaBHeHHe (2.32) mpuMeT BHA:
6, x? 4 0,12 -}- 5,22 = - k2 (2.34)

CkJsanbiBass NepBOoe ypaBHeHHe cucreMH (2.25) ¢ mepBHM H BTO-
PBIM ypaBHEHHSIMH CHCTEMH (2.26), MBI IOJYYHM:

Xot Yyt Zo=X, (B-+ B+ B) ¥, (mi -+ mi- md) +
+ Z, (ni 4 ri - nd) + 2Z, (mn, + myny - mgny) -+
+2Z, ()0, - nyly - ngly) 42X, (mydy - moly - 1ngly). (2.35)

Ha ocnoBaBMHM M3BeCTHHX COOTHOIIEHHH

B4+G4+B=1 nr1 o
ml +ml+mil,=0 urT I,

ME TosyuuM u3 (2.35) u (2.33) BaxHOE COOTHOIIEHHE:
Xat Yot Za=X,+Y,+ Z,=0,+o,+0o,.  (236)

CaenoBate/bHO, CyMMd HODMAJbHHX HANpsDKEHHHE HA J106HX
TPEX B3aHMHO NepPHEHAHKYASIPHEX 5/]€MEHTAPHHX IIOLIAAKAX, IPO-
BEeEHHHX 4Yepe3 33JAHHYIO TOYKY, €CTh BeJHYHHA IOCTOSIHHAfA,
T. €. 3TO eCThb HHBapHaHT ypasHeHus (2.31) mpu mnosopore oced,
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Jas ompeneseHHs HANpaBJeHHs TJABHHX Oocell HanpsKEHHOTO
COCTOSIHHAI MOXHO BOCIOJb30BATBLCA TeM, YTO HA 3/JEMEHTapHOi
NJomajgKe, NMEPHEHIAHKYASPHOR K 3THM OCAM, CYHIECTBYIOT TOJBKO
HOpMaJbHHE HanpsokeHus. [TycTs /, m, n— KOCHHYCH YIJIOB OJHOH
W3 TJIaBHHX OCEeH ¢ OoCAMH X, ¥, 2. Torma Ha sjeMeHTapHOH ILIO-
Hiagke, NepNeHAHKYJAapHOR K 3TOoH oOCH, AEHCTBYET TOJBLKO HOp-
MaJbHOE HANPSKEHHE 0, H €ro NMPOCKIHH HA OCH X, V, 2, OUeBHJAHO,
6ynyr:

X,=¢ql, Y,=om, Z,=on. (2.37)

C japyrofi CTOPOHH, NPH H3BECTHHX IIECTH KOMIIOHEHTAaX Haups-
xéuHoro cocrosinna X, ¥,, Z,, X,, X,, ¥, 9TH npoexuun Brpa-
KAwTCA (POpMy.IaAMH (2.8}V. IMostomy u3 (2.8) u (2.37) umeem

ypaBHEHHs:
Xl 4 Xm~+ X, n=sl,
Xl-FY,m4Y,n=qan, (2.38)
X+ Y m+Z, n=qn.
ITo OTHOWIEHHIO K HEH3BECTHHM [, m, n 3Ta CHCTEMAa HMeeT

pellleHne, OTJIHYHOE OT HYJsA, €CAH ONpeJe/JHTeJb 3TOH CHCTEMH
o0pamaercs B Hyab:

X—s X, X
X, Y,—s ¥, |=0 (2.39)
X, Y, Z,—gs

B pa3pépHyToM BHJAE 3TO YDABHEHHE NpPHMET BHN:
o® — 80+ 80 — 8,=0, (2.40)
rA€ &, & & — H3BECTHHE BEJHYHMHH, IaHHbIE (opMynaMmu:
& :Xx+ Yy+Zz’
L=XY, +XZ+ZY,—X—X—Y7, : (2.41)
8=XY,Z,+2X,X,Y,—X.Yi— YV XI—Z X},
Ypasuenne (2.40) nMeeT TPH KOpHsi, KOTOPHE H JAOT 3Haye-

HHUS TJABHEIX HanmpsokeHu#t B JAaHHOH Touke. BceTamasis xamawii
KOpeHb B ypaBHeHHA (2.38) M HCHO/B3ys H3BECTHOE COOTHOLICHHE

Pmr4-n—1=0, (2.42)

MHL IIOJYYHM COOTBETCTBYIOLIHE 3HAU€HHs [, m, n, ONpEAesouHe
HANpPaBJEHHA TAK HASHBAEMHIX IJIABHHIX ocedl. Ha sseMeHTapHEIX
NJIOWANAKAYX, NEPNEHAMKYJSAPHHX K STHM IJaBHBHIM OCSIM, nei-
CTBYIOT TOJIBKO HOpPMaJibHHIE HampsukeHus. OYEBHAHO, TAKHX oOcel
OyneT TpH.
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Tax xax ypaBHeHne (2.40) He 3aBHCHT OT BHOOpa KOOPJAHHAT-
HHX OCel, TO ero KO3(OHUHEHTH &, &, & MAOKHH COXPaHATh
IOCTOSIHHOE 3HAYEHHE IpPH I peobpasoBaHuu OCel, T. €. OHH CYTh
MHBapHaHTHL.

§ 22. Onpenenenue HauGOJbIINX KacaTeJbHBIX HanpsKeHHH.

ITocae Toro kak AJd AAHHOH TOYKH ONPEHEJEHH TJIABHEE OCH
HanpsDKEHHOTO COCTOSIHHMS, MH IIPHMEM HX 33 OCH X, ¥, Z. Bosb-
MEM TPOHM3BOJBHYIO 3JEMEHTAPHYIO MJOWAAKY @X, HOPMaJb K KO-
TOpO#t 0Opa3yeT ¢ OCAMH X, ¥, 2 YIJH, KO-

CHHYCH KOTOPHX [, m, n YZAOBJETBOPSIOT v

COOTHOIIEHHIO s r
r2+m4-nt=1. (2.43)
INycTs HanpsnKEHHE Ha 9TOH mJomanke ects 7,
HODMaJbHas CJaramplasi KOTOPOTO paBHa G, ] T
a KacarespHas cjarawomas paBHa T (¢ur. 8).
Toraa umeewm: dur. 8
ot 2=T2, (2.44) o

Ilpn cpesnaHHOM BHOOpE OCEl KOODAMHAT HMEEM C/eAYIOLiHe
paBEeHCTBA:

X,=a, ¥V,=0, Z,=0, X,—=V,=Z,—0. (2.45)

Tpoexmun nanpsokenus T Ha ocu X, y, 2 onpexeasiorcs no hop-
myaaMm (2.8), B koTophie Hanxo BHecTH (2.45), uto maér:

T,=X,=ol, T,=Y,=0,m, T,=2Z, =0 (2.46)

OTCIOAA IOJY4HM:

T? = (0,0)* 4 (0,m)% 4} (a,n)2. (2.47)
C npyroii cTOpOHH, BHOCH (2.45) B dopmyay (2.27), mMb uMeeM:
o=0,[2-} o,m? -} o,n2 (2.48)

Brocs (2.47) n (2.48) B (2.44), MH mosy4YHM:
=02+ oim? |- oln® — (0,02 - 0,m? 1 o,n?)2, (2.49)

Besnynna KacaTeNbHOTO HANPSKEHHA, AaHHAs 3Tofl (opmy.oi,
3aBHCHT OT NMEPEMEHHHX [, m, N, CBA3aHHHX ypaBHeHHeM (2.43).
[TostoMy 1% ecThb (yHKuUMA ABYX nepeMeHHHX. Mckuaiouas 72, MH
IIOJTYYHM:

?={(0} — o) 1| (6 — %) m?* o2 —
— (9, — 03) 2+ (3, — o) m? - g, 2. (2.50)

Has HaXOXIEHHA MakCHMYMa W MHHHMYMA %, kak QyHxuuu
ABYX MEPEMEHHBIX /, m, MB JOJ/KHB NPHPABHATL HYJI YacTHHE
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[POU3BOAHKE T2 10 [ H m, YTO HaéT:
I{o?— a2 —2[(s, — 05) L2+ (5, — &5) >+ 5,] (3, — 35)} =0,
m {o} — o} — 2[(0, — gy) L2} (9, — 03) m*+-65] (8, — 53) } =0.
Ipexnnonaras 63< 0, < 0;, NOCJAEJAHHE YPABHEHHS MOXHO COKpa-

tTh Ha (6, — G3) H (0, —03); CAE/IAB NIPHBEJACHHE, MH IOJLYYHM
ypaBHEHHS:

Ho— o =26 =) Bt @ —a)ml) =0, |
m {ay — 6y — 2[(0, — 3) 22+ (a, — 5;) m2]} =0, S1)
K KOTOPHM IIPHCOEAHHHM YDaBHEHHE
P4+mr4-nr=1.

Jrta cUcTeMa YPAaBHEHHH HMEET CJaeAYyIOIHe LIECTh CHCTEM peule-
Huil, ZaHHHX B NPHJ0XKEHHOH Tabanue:

! m n

0 0o | =1
0 *1 0
*1 0 0

n
5

+I/L 0
- 2
- 2 - 2

3uaueHus [, m, n U3 NEPBHIX TPEX CTPOHYEK 3TOH TaGJHUBLI RAIOT
MJIOLAZKH, COOTBETCTBYIOIHE TIVIABHHIM OCfAM, INpPHYEM, COTJACHO
(2.49), ma HEX HMeeM:

=0,
YTO ¥ JOJIKHO OHTh.
OcraspHBle TPH CTPOYKH ONPEAEJAIOT IIONAAKH, NIPOXOISIIue
yepes OJHY H3 IVIABHEIX OCEH M JEJsHIHE INONOJAM YIoJ MEeXAY
ABYMs IDYTHMH IVIABHBIMH OCAMH.
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HOas naomanky, onpeneaseMofl 3nauenusaMu [, m, n u3 yer-
BEPTOH CTPOYKH TAOJHIH, MB NMOJAYuYHM H3 (2.49)

2 °§+°§ oyt 2_ o —q\°
R e N A ) .

<

AHanoruyHo, AJq ABYX IJIOLIAJOK, ONpeAe/sieMbiX. 3HaYCHUAMH
l, m, n, 43 NOCJACAHHX JABYX CTPOK TaGjHIbl MHl OyJEM HMEThb:

22— (S0 2 12— (L0 2
27 2 ’ 37 2 .

BribupaeM nipu H3BJEYEHHH KOpHS 3HAKH TaK, YTOOH TJABHbIE
KacaTeJbHBIE HANPSIAKEHHA YAOBJETBOPSAJIM COOTHOMIEHHIO

7,41, + 13 =0. (2.52)

%% B9 L __ 51— 9%
L= = y T3 . (2.53)

< &~

D710 HaéT:

Ipeanonaras, 410 6, < 0,< 0,, MH 3aKJIOYaeM, 4TO HaHO6OJb-
IIee KacaTe/JbHOE HANPSKEHHE DPABHO NOJYPA3HOCTH MEXAY HaH-
OOABIIHM H HANMEHBIOIHM TJIABHHIMH HOPMAJbHEIMH HalpsKEHHSIMH
H JEeHCTBYET Ha NJOWIAAKEe, NMPOXOAALIEH Yepe3 CPEJHEE IO BEJH-
YYHE TJNABHOE HOPMAJbHOE HANpPSXKEHHE H JeJasAumeH IonoJaaM
YroJa MexAy HaHOOJBLUIHM H HaHMEHBIIHM TIJIaBHHIMH HODMAJb-
HBIMH HalpsKEHHSIMH. JIErko BHAETh, UTO Ha MJOINALKAX, HA KO-
TOPHX JAEHCTBYIOT TIJIABHBHIE KACATEJbHBIE HANPSIKEHHSA T), Ty, T,
HMEIOTCSi TaKXe€ M HOpMaJibHHE HanpsikeHus o, ¢, ¢, OnHu
BHYHCJSIOTCH HOCJeA0BaTeNbHO 10 dopmyae (2.48), ecan BHECTH
B Heé 3HaueHus [, m, n M3 YeTBEPTOH, MSITOH M INECTOH CTPOUEK
BHILIENPUBE AEHHOH TaOJHIEL. DTO mAéT:

O = (5t o), O'= L6 +ta), =1 (5 +0). (254)

B cayudasx, UCKJIOYEHHEIX TIPH PACCMOTPEHHH, HAIPHMEp IPH
5;=20,, ypaBHeHusi (2.51) gomyckawr GecKOHEYHOe MHOXKEeCTBO
IJIOIA/I0K, 110 KOTODHIM KaCaTeJbHOE HampsikeHHe GyAET Haubo.Ib-
M. Bce 3TH maOmankH Oru6aioT Kpyrablit KOHYC, OChb KOTOPOroO

COBMNAfaeT C OChIO X, MPHYEM Yros pacTBopa paseH . Kacaresb-
HO€ HaNPAXKEHHE Ha 3THX IVIOIIAAKAX TaKKe OyAET BHIPAXKATHCA:

. cy ~— g
T=" 5.

&~

§ 23. daauncoun HanpshkeHuit Jlame.

dopmyanl (2.46) naloT BO3MOXHOCTB NOJAYYHTH FeOMeTpHYe-
CKO€ HpeJACTaBJAEHHE OO M3MEHEHHH BEJHYHHH Hanpsukenus T Ha
SJIEMEHTApHOH IIOUlaAKe ¢, KOrAa OHA NMOBOPAaYMBAETCHA OKOJO
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toukn O. KoopaunaTe TOYKH, Jexame# Ha koHue Bektopa T,
corqacio gopmynam (2.46), cyTe:

x=X,=¢ol, y=Y,=om, z=2Z =qo3n (2.55)

npH yCNOBHH!

4-m*4-n=1. (2.56)

Onpegnensis £, m, n u3 (2.55) u BHOCa B (2.56), MH moJyYnM:
2 Y] 2

StE+5=1 (2.57)
1 2 3

STO €CTh YDAaBHEHHE JIJHICOHAA C MOJYOCIMH 0y, G, Gg.

Tak kak oJHa H3 IOJYyOCeH SJJHIICOHAA NPEACTABJAAET HaH-
6oNBHMIMH PAAHYC-BEKTOD, a ApPYTras — HaHMEHBIIHA, TO, CJEA0Ba-
TEJBHO, OJHO H3 'JIaBHHX HANpPSKEHHH NpeACTaB/aseT HauboJbliee
HanpsikeHHE B NAHHOH TOuYke, a ap'yroe — HamMenpmee. Ecan aBa
TJIABHBIX HAIIPSXKEHHA paBHH MEXAY COOO0Mfl, TO 3J/HICOMM Halps-
XEHHuH AeNaeTCs 3JIMNCONAOM BpameHus. Ecau paBHHe no Beau-
YHHe TIJaBHHE HaNPSXEHHs1 ORMHAKOBOTO 3HaKa, TO HaNpPsKEHHs
No BCEM 3JEeMEHTapHHM ILIOLLafKaM, NPOXOJSAIIMM 4Yepe3 Och
BpameHua, 6yAyT OAHHAKOBH M HOpPMaJbHH K STHM IJIOIIAAKaM,
Ecin Bcé TPH TJaBHHX Hamps:KEHHS paBHH MeXxAy coGofi, TO
3JIJIMICON] HAaNPAXEHHH NPEBpAIAeTCAs B 1Iap, M BCAKHE TPH
B3aHMHO NEPNEHAMKYJSAPHLIX HANPaBJEHHS] MOTYT OBITb IPHHATH
3a raaBHble. Ecan OJHO M3 TIJaBHBIX HanpsikeHu#l obpaimraercs
B HYJb, TO OJHa H3 OCeH 3JJHICOBAa OOpalllaeTCss B HYJb, BCJAEH-
CFBHE 4YEro NMOBEPXHOCTb SJAMICOHJA NpPEBPAUIAeTCss B IJIOLIAAb
saaunca. B 3TOM cuayyae HampsKEHHSs Ha BCeX 3J€MEHTapHBIX
NJIOM3AKAX, NPOBEAEHHBIX YEPE3 PacCMaTPHBAEMYIO TOYKY, OYAYT
JI€XKAaTh B OAHOH mJjockocTH. Takoe Hanpsxk@HHOE COCTOSIHHE Ha-
3BIBAIOT IJIOCKHM HaNPAXEHHHM COCTOSHHEM.

Ecan nBa TIJAaBHBIX HanpspKEeHHs o6GpalanTCsi B HYJb, TO
3JIJIMIICON)( NIPEBPAIAETCH B OTPE30K NPAMOH, M Mbl OYACM HMETH
JHHEHHOE HANPSAKEHHOE COCTOSHHE.

TakoB cayyall pacTAXEHHS H CXATHR NPUIMATHUYECKHX Opy-
CKOB OCEBBIMH CHJIAMH.

§ 24. Hanpasasiloias NOBEpXHOCTb HanpsyKeHHi.

Kaxaw#l paansyc-BeKTOp SJJHICOHAA HANPSKEHHA IpencTas-
Jasger coCoit Mo BeJHYHHE H HANpPaBJEHHIO HANPSKEHHE HA OLHOH
H3 3JEMEHTAPHHIX IJOLIAAOK, NPOXOAALIMX Yepe3 LEHTP 3JJIHII-
coupa. Hanpassenne xxe 3TOR MJIOIAAKH MOXET OHITH HAHAEHO
C IIOMOUIbI0 OCOGOH NOBEPXHOCTH BTOPOro IOpPSJAKA, HAa3bIBAEMOMH
Hanpasasiowell nosepxnocmsro Hanpsceruii. Ecau ocu x, y, z
CYTb TIJ/3aBHEIE OCH HampsKGHHOrO COCTOSIHUA B JAAHHOM TOYKE, TO
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SAMIMTICOMA Hampsokewufi naétes ypashenneM (2.57), a wanpas-
ARKOWASE NOBEPXHOCMb Hanpscewuld [aéTCA B TEX XE 0Cax
ypaBHEHHEM
x2 y2 22 -
o +°2 -{—03 =1 (2.58)
ITycTs pamuyc-BEKTOp 7, NEPECEKAET HANpPaBJAOIYIO NOBEPX-
HOCTb B TOYKE X, YV, 2, YPaBHEHHE KacaTeJbHOH MJOCKOCTH
K HanpaBJAsIOLIEH NOBEDXHOCTH B 3TOH TOYKE MMEET BHA:
XXo 4 Yo | Zo
o - o -+ = 1. (2.59)
IycTs kA ecTs AnnrHa NepNEHAHKYAAPA, ONYIIEHHOTO H3 HAYaJsa
Ha pPacCMaTpPHUBAaEMyIo KacaTeJbHYIO IJOCKOCTb, @ KOCHHYCH YIJIOB,
06pasyeMbIX STHM NEpHEHAHKYJIAPOM C BHIOpaHHHIMH OcsiMH (T. €.
IJaBHBIMH OCfMH), cyTbh [, m, n. Toraa ypaBHeHHe TOH ke xaca-
TEJIbHOH MJIOCKOCTH 6yner:

Ix+my-+nz=p. (2.60)
Cpasuupas (2.59) n (2.60), MBI nosyuum:
Xo__ L., yn_m zH__n (2.61)

prmaesd ’ pommntd

oo P’ e P 5 p’
OTKyJa:
__P% —PYo __ Pz .
l__o—l, m== p== (2.62)
Brocsa (2.62) B dopmyan (2.46), MH mOAYYHM CJELYIOLIHE
KOMIIOHEHTH JJIf YIPYroro Hanpsokerust 7:

X,=pxo, Y,=p3, Z,=pz,. (2.63)

CaenioBareJbHO, KOMIIOHEHTH HANPAXEHHA HAa 9JeMEHTAapHOH
naowagxe, HOpManb K KOTOPOH HMMeeT KOoCHHycH [/, m, n, 6yayr
MPONMOPUHOHANIbHEL KOOPAMHATAM TOUKH KAaCaHHS Xy, Vo, 2o 1lo-
3TOMY PaaHYyC-BEKTOD, NMPEACTABJ/SIOMHI HANpPSKEHHE HAa paccMar-
pHBaeMoOH 3J€MEHTApHOH IJIOIAAKE, MEHCTBHTEJNBHO NPOXOIHT
yepe3 TOUKY KACAHHA Xy, Vo, 2o

TakuM 06p230M, TOJBKO C TOMOIIBIO HANPASASIOUEl nosepx-
HOCIU HANPAXCEHU] MOXHO OINPEREJHTbh Te 3JEMCHTapHHE IJIO-
IaJKH, Ha KOTOPHX AeHCTBYyeT BAlpPSXKEHHe, AaBaeMOe PaAHYyCOM-
BEKTOPOM 3/JIMICOHJAA HAIpPSKEHHH,

§ 25. Kpyrun Mopa.

Coxpansis ocH X, ¥, z, Kak TI/JaBHHE OCH HanpsxKEHHOTO
COCTOSIHHS, # IDHHHMAsi, YTO HOPMaJb K 3JIEMEHTAapHOH IJIO-
wanke d¥ OIpenensieTcss KOCHHYCAMH [, m, n, MB TOJYy4HM JAsi
HOPMAJbHOIO KOMIIOHEHTA ¢ Haopswenus 7, HeficTByWOIero Ha
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3ToR maomazaxe, gopmyay (2.48):
c=a,[2 -} o,m? -} o,n?, (2.64)

Jns onpejeneHHst KAcaTeJbHOTO KOMIOHEHTA T 3TOTO HANpsKe-
uuss T mn uMeeM ypaBHenus (2.44) u (2.47), H3 KOTOpHX IO-

Jy4HM:
o 4-t? =0all* 1| olm? | oln. (2.65)

Kpewme Toro, [, m, n, cBS3aHH ypaBHEHHEM
| =024 m?4-n (2.66)

YMHOXHB ypaBHeHne (2.64) Ha 9,0, BHUTEM pe3yJbTaT H3
ypasHenus (2.65) u mpu6aBuM ciloja ypaBHeHHe (2.66), yMHOXeH-
HOe Ha 0,0;. Toraa IoJyuHM:

0% 412 — 6 (0, - 05) +- 0,05 =032 - oZm® |- aZn? —
— (8 95) (0,2 aym? - 0y®) - 0y0, (2 m2-n%). (2.67)
Ho, BumoJHAs He6Gosbuine npeoOpa3oBanus, HalgéM:
a®-+12—0 (3} 05) Faoy=14(6—0,) (6 —3), (2.68)
a2[2 4~ o2m? - oln? — (o, - 05) (0,42 - oym? |- oyn?) -
6,05 (24 m? - n?) =12 (62 — 0,0, — 3,03 0,0;,) =
=08(0, —a;) (5, — 3,). (2.69)
Buocs (2.68) u (2.69) B (2.67), MBl noayuum:
__PlE—a)(e—y)
= (6p—09) (6y~-93) ’ ]

o (e—oplo—0ay) , L (2.70)

m== (03— 03) (3 — o1)

S e [t

T (e3—oy) (o3—03)

3zech BTOpas H TpeTbs (OPMYJH NOJYYEHH NPHEMOM, aHAJIO-
THYHEIM [IDHMEHEHHOMY JJIA NepBO#.

Jast Toro uro6but /, m, n 6hIM  JNEHCTBHTEJIBHBIMH, HEOGXOLHUMO,
4yTo6H InpaBue 4YacTH ¢opMmya (2.70) OnJH NMOJOXKHTEAbHHMH.
ITpuMemM, uro

03 << 0, << 3}; (2.71)

0, — 0, >0, 6, —5; >0,
d, AAA TOro ytoOn /2 GHIO MNOJOXKHTEJBHO, HEOOXOAMMO, UYTOOH
2+ (6 —0,) (6 —03) =0, (2.72)

Tormaa
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Ecnn npuears ¢ 3a abeiuccy, T 3a OPAHHATY, TO B CHCTEME KOOp-
auHar (o, ) (¢ur. 9) ypaBHeHHe

2+ (6—0a;) (6 —0;)=0 (2.73)

NpeACTaBAseT OKPYXHOCTb, IEHTP KOTOPOH JIeXHT HA OCH abCIuce
H KOTOpas INPOXOJAHT 4epes JBe
TOYKH 3TOH OCH:

T

=0, 1=0;
6=—g;, 1=0.

Ycnosue (2.72) onpegensieT TOYKH

IJIOCKOCTH (0, T), Jexalulue BHe

okpyxHocTH (2.73) mau Ha He#.
Jlanee, umeem:

g, — 03 >0, 6, — 09, <0; I

NO3TOMY, JJIs1 TOTO YTOOH m? GHJIO o=l
TOJIOX HTEIbHO, He00XOLHMO, UTOOH ~— 0,

|
|
|
P (3—05) (3 —0,) <0; (2.74) o ]
HO ypaBHeHHe
©-H(0—0) (6—0,)=0 (2.75)

NPEJCTaB/IsIET OKPYKHOCTD, IIEHTP KOTOPO# JIEXKHT HAa OCH abcmucc
(¢ur. 9) m xoropas MPOXOAHT UEpe3 TOUKH:

0201, T_—_—O’ =20y, t:O,

YcaoBue (2.74) ompegenseTr TOYKH MJIOCKOCTH (0, 1), Jiexaugue
BHYTPH 3TOH OKDPYXKHOCTH HJH Ha He.
Haxkoxen, nMmeem:

03 —0,<0, g5—03,<0
nosTOMy, IJsi TOrO YTOGH n? GHIO NMOJIOXKHTE/IbHLHM, HEOGX0AHMO,
oo 4 (6—0,)(6—0,)=0; (2.76)
©?4-(6—0)(6—0,)=0 (2.77)

NpeJCTaB/seT OKPYXKHOCTb, IEHTP KOTOPOH JI€KHT HAa OCH abcuuce
(¢ur. 9) m xoTOpas NMPOXOAMT Uepe3 TOUKH:

=g, 1=0; o=g0, t=0.

HO ypaBHEHHe

Ycaosue (2.76) omnpeje/seT Te TOYKH IVIOCKOCTH (9, T), KOTO-
pHie JIeXKAT BHE 3TOM OKPYXHOCTH MJH Ha HeH.

Takum o6Gpasom, pAjst IVIOIIANOK, IepeceKaoluX BCE TPH
JIaBHHE OCH, HANPSAXEHHOE COCTOSHHE NMPEACTABAAETCSH TOUKAMH MV
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(xoopauHaTH &, T), JeXauMH B 06JacTH, OrpPaHHYEHHONA TpeMs
KpyraMu Mopa, pagHyCH KOTOPHX COOTBETCTBEHHO PABHH Ty, Ty,
Tg, @ IEHTPH JEXAaT Ha OCH abCIHcC COOTBETCTBEHHO B TOYKAX
(6=7d", v=0), (6=0", 1=0), (6=0", 1=0).

W3 npuBeséHuHof pnarpaMMH Mopa ciaelyer, 4To HauboJbIIee
HOpPMaJbHOE HAaNpsKEeHHE eCTb 0,, 3 HAHMeHbLIee ecTh 0. [lasee,
H3 Heé e CJAeAyeT, UTO HauboJbliee KAacaTeNbHOE HampsiKeHue
PABHO MOJNYPA3HOCTH MEXJIY HAHGONBIIHM G, H HAMMEHBIUHM O
HOPMAJIbHHMH HaNpsKEHHSMH, YTO y)Ke IIONYydYeHO HHHM IyTEM.

§ 26. MNosepxHocTh KacateabHbX HanpsikeHud TI'. B. Koaocosa.

Ha nopmainm K Npou3BOALHOH 3J€MEHTAPHOH IJIOLIAAKE, IIPO-
Xohdued uyepes JAHHYK TOYKY, OTKJIQRHBAIOT OT 3TOH TOYKH
OTPe30K 7, INPONOPIHOHAJILHEIA KacaTeJbHOMY HANPAXKEHHIO Ha
3TOH mJIoLafKe:

r=-—, (2.78)

rae k— mocrosiHas BesanuHHa. KoOpAMHATH KOHIA 3TOTO OTPE3Ka,
OYEeBHJHO, OYAYT:
x=Ir, y=umr, 2=nr. (2.79)

Eciu raaBHble OCH CyThb OCH KOODAMHAT, TO HMeeM JJas T 1o ¢op-
myae (2.49):
= (o}t oZm?+oln?) ({2 - m? -+ n?) —
— (0,2} 0,m*4-0,n%)?%,  (2.80)
Tak xax [2-4-m?-4-n2=1. Ho u3 dopmyx (2.78) u (2.79) umeem:
1= m=4, =5 (2.81)

T ) ?
BHecs ux B (2.80), moayuum:
= b (03— oy - 032?) (6 3P 20) — (0,67 0,9 4-0,27)7]=
=kt{(0, — 0,)" X’y* -+ (5, — 0,)"¥*2% +- (0, — 0,)* x°2%]. (2.82)

H3 (2.78) umeem:
=R =k (x2 4 y*+2?). (2.83)

Buocs (2.83) B (2.82), MH moayuum:
(¢ yr 2= (B2 ey (22 et
+("3;—"1)2 2kt (2.84)

910 ypaBHenne Onio moayueno smepesie I'. B. Kosocosuim,
HOOCTPOHBIIHM MOJENH 3TOH IOBEPXHOCTH HIECTOTO HOPAAKA.
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CBSI3b MEXIY HANPSXEHHbIM COCTOSTHHEM
U JEPOPMALIMEH.

§ 27. lpunoxeHue nepBoro u BTOPOr0 3aKOHOB TePMOAUHAMHKH
K npoueccy aecdopManuu ynpyroro tena.

Ananu3 pedopmanuit M HANPAKEHHOTO COCTOSHHUS, H3/I0MEHHH#R
B MEPBHX I/1aBAX HALIErQ Kypca, CUpaBeMHB s JOOHX Aedop-
MHDpyeMHX TeJ. Dimkafime#i Hamed 3ajgadefdl sBJASETCS YCTaHOB-
JeHHE CBS3H MexAy JAedOpMamHsaMH H HanpsukeHusaMHu. Ilpun aTom
MH OyAeM pacCMaTpuBaTh JHIUb YIPYyrHe TeJada, T. €. TaKHe TeJa,
KOTOpHE 00JafaloT CIOCOOHOCTBIO BOCCTAHABJAHBATHL CBOKO (ODPMY,
€CJH HaIpsiXKEeHHst, BH3BaBIIHEe AedopManud, o0paimaioTcs B HYJb.

ITogBeprasice jedopmanuu, ynpyroe TeJO HAKOIJIAET 3HEp-
THIO, KOTOpas [0 OKOHYAaHHH €&, Mo KpaHHeH Mepe YACTHYHO,
BO3BpamiaeTca obpatHo. Bo Bpemsi mponecca negopmanud MOXer
MEHATBCA TeMIepaTypa OTHAE/JbHHX 3JEMEHTOB YIPYTOro TeJa,
H B pe3y/]bTaT€é MOXET NPOHCXOJAATh NOJy4YeHHE HJIH OTAdya
TelJa YOpyruM TeaoM. I[losTomy, no umee Buaamama Tomcona,
K M3y4YeHHI0 Ipomecca jedopManuu ynpyroro Teaa MPHJIATAIOT
NEePBHHA M BTOPO#l 3aKOHH TE€PMOJHHAMHKH.

IMycts K ects kunernyeckass sHeprus, a U ecthb BHYTpeHHAS
3Heprua ynpyroro tesaa. MameneHue no/HOH 3SHEprum ynpyroro
Tena 3a Majabil sn1eMeHT Bpemenu O0f Gyjger moaroMmy oK+ 8U.
Tax Kaxk mpoekuuH aGCOJMIOTHOM CKOPOCTH 32J€MEHTa dt Ha OCH
X, ¥, 2 paBHH

dxy _ou dy, _dv dz _dw
at T ot dt — ot dt — ot?

TO, OYE€BHJIHO, UMEeM:

I (ORI RTC )y B

Ho mb umeem:
0K
BK—a—tat,
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H TaK KaK
ow
¢t, = Taf,

oz
QJ‘ (7]
«

(w54

o~
o

Q
¥

TO NOJYYHM:
02 Su 0% o
¢K= jjjpdr dtl,l dtf’] U—{-— 0“ ] . (3.2)

Tak, kak ¢u, 6v, éw CyTh NPHPALIEHHS YIPYTHX IMepeMmeme-
HHi 4, ¥, @ 32 3JeMEHT BpeMeHH Of, TO paboTa BHEIIHHX CHJI,
JeHACTBYIOIHX Ha YNPYroe Tejao 3a 3TOT 3JeMEHT BpeMeHu, Oyjer:

3L =3l 3L", (3.3)

o =(({{[X8ut- Yo+t Zow]pde (3.4)

rae

ecThb pafoTa BHEHMIHHX CHJ, JeHCTBYIOIUUX HA 3/71eMeHT o0O0béMa
yOpyroro reJa, a

oL = ([ Xpu+7 oo+ Ziw]az (3.5)

ecTb paGoTa BHEWHHX MOBEPXHOCTHHX CcHa X,d2, Y i, ZJdz,
IeHCTBYIOLIMX HA KamABA 31eMeHT d2 MOBEPXHOCTH YIPYIoro
Tesa.

dopmyanl (2.8) uMelOoT MecTo Mo BcemMy OOBEMY YOPyroro
TeNa, BK/IOYas 3J€MeHTH 06bEéMa, IpaHHYal(He C €ro MmoBepX-
HocTblo. Ecan mosroMy [/, m, n CyThb KOCHHYCH YIVIOB BHeUIHei
HOPMaJd K IIOBEPXHOCTH YIPYroro TeJa € MPAMOYTOJbHHMH
OCAIMH X, V, Z, TO HMEeM:

X,=XI+Xm+X,n,

Y, =V I+Ym+ Y, (3.6)
Z,=Z1+Z,m+ Zn,
npuuéMm
X,=Y, X,=Z,Y,=2, (3.7)

Buocs (3.6) B (3.5), Mb mosiyuum:
oL = \‘ Q (X ou+4Y v+ Z2w) - (X gut- Y iv+-Z dw)ym+
+(Xgu+Y,v L+ Ziw)n)ds.

IlpuMensia gopmyny I'puHa An1s npeo6pa3oBaHHs MOBEPXHOCTHOTO
HHTErpasa B OOGbEMHELH

Hf ax+ +02 df:jS(Al—FBm—l—Cn)dE, (3.8)
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MH MO0Jy4nM, Hcmoab3ys (3.7),

”___ oXx 0Xy aXz £ ayx 0Yy OYZ
oL "M[(WJFW 5;)°”+<w+5y— =EZ
0z, o7, oz,
+(—a—;+d—;’ 0—2)6w]dt+
0du 0 v J 3w diw , 0tv
+ﬁ“an7+Yy—aj’l”zz—a;—l—yz(jy—-}—"g;)-’r
0w ddu

+ 2 G ) X, (SR |

Beaeacrsue ypasuennit (2.13) Mu HmeeM:

oX, 00X, 0dX, d%u \
o Toy Tz :‘P<X—arz>» ,
ayY ¢y oY Jdt
o—;-’r”g;,y‘-‘ra?:—?()’—w), i‘ (3.9)
0z, 0z, 0z, 0w
W*WJW;:*P(Z”W)- J
Mo dopmyaam /1.11) u (1.12) uveem Taxxe:
9%u__s0u__ s
ox — Cox = YCxm
ddv Jov
2oy
0w 3% —=se,,
(3.10)

dw | dén
Fri i

8% | 08u o (0v | Ou\___
T Ty = (et a) =t

MMpumenss dopmyan (3.9) u (3.10), MH nmonyunm:
" o%u\ o 02
3L =_m [(x-a—t;‘) ou+(y——0§) v
a')
+(z2-%) aw]p dr -t
+ ({{ (X264 Ve, + 220, Ve, +
+Z Se,,+ X %e,,]dr. (3.11)
Brocs (3.4) u (3.11) B (3.3), Mul moayynm Ha ocHoBaHHH (3.2):
8L=8K+SSS SWdr, (3.12)

dz
0w , div ow , Ov
Bt = ()=t
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rjle BBEAEeHO 0OO3HayeHHe
6 W: anexx + Yyaeyy + Zzaezz + Yzaeyz —l_ Zxaezx + Xyaexy' (3' 13)

OGosnauasi yepe3 0Q MeXaHHYECKHH SKBHBAJIEHT TEIJOBOH 3HEp-
I'HH, COOGIIaeMON YIPYroMy Te€ay 3a 3JEMEHT BpeMeHH Of, Mul
HMEEM IO NEPBOMY 3aKOHY TEPMOAHHAMHKH

3K+ 38U =28Q-oL. (3.14)
Brocsi cioza (3.12), MBI IONYyYHM OCHOBHOE YpasHexue
3U =23Q +§\f{awr. (3.15)

Ecau nponecc aedopManuu ynpyroro teJa coBepiiaercs aauaba-
THYeCKH (HanpuMep, IPH YNpPYTHX Kose6aHusax), TO

3Q =0. (3.16)
B atOM Ccayuae OCHOBHOE ypasHeHue NaéT:
2w =(([ awa, (3.17)

a caenoBatenbHo, 6W B aTOM cayyae ecTb mouHsli Ougepen-
yuaa*)., Mbl MOXeM HalHCaThb:

aW=Xde, + Y de, +Z,de,
+Z,de,, - Z de,,+ X,de,,; (3.18)
paccmarpuBasi nostoMy W kak (yHKIMIO IHECTH HE3aBHCHMbIX

NEPEMEHHBIX €,,, €,, €., €,, €,,, €., MH GYIeM HMETb COOTHO-
LIEHHS: 5 s s
W w w
T Ol Yy= Oey,’ 2= Oez’ (3.19)
W o, __ W oW, '
YT 06y’ TXTT 0, TV deyy?

5TH ¢GopMyabl BbiBeAEH Bnepsble I'puHOoM. PyHkuus W naswl-
BAETCA YAPY2UM NOMEHUUANOM.

Ecan npomecc pedopManuH COBEPIIAETCA H30TEPMHYECKH, TO
¢Q ue Gyxzer HYJAEM, HO HJs BCEro KpyroBoro mnpomecca (3T0
MOXET HMETb MECTO TOJbKO B IpPEJAEJaX YMPYrocTH) HMeeM:

§F=rfn=0

*) OueBHAHO, NMpHpalleHHe BHyTpeHHeH sHeprun SU JaHHOro 06bEMA MOXHO
BHIPa3HTb uepe3 TNpHpauieHHe NAOTHOCTH 9Heprud SU'! creayommm oGpasom:

BU:S 3U'8t (umrerpamust mo 1), TOria M3 MNOCAeAHero ypaeHeHna u (3.17)

caenyer SU'==38W. Ho Kaxk M3BECTHO M3 TEPMOIHHAMHKH (CM., HampuMep,
Knemenc u llledep, Teopua remnornl, u. 1, FTTH, ctp. 83, 1933), 80U’ ectb
noanu# auddepenunan; cregopatenbto, W MOMKHO OBITH TaKWe HOJIHBIM Iub-
¢epeHunanoM.
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rae T —aGcomoTHas Temmeparypa. Tak Kak B 3TOM cayuae
$au=o0,

TO H3 OCHOBHOrO ypasHeHHs (3.15) caemyer, uto:

15 fawas=o,

HO 5TO BO3MOXHO TOJbkKO, ecau $W ectp Tounn#t nuddeperuuan
OT INECTH NMEPEMEHHHIX €., €,, €,, €, €,, €,,. B TakoM ciydae
cHOBa HMEKT Mecto ¢dopmyun (3.19), HO ynpyruii NOTEHUHAJ,
B 5TOM CJy4a€ H30TEPMHYECKOTO MPOLECCa, OTJIHYEH OT TOro
yOpyroro IOTEHIHA/a, KOTOPHH COOTBETCTBYET aAMabaTHYECKOMY
Iponeccy.

[NostomMy nocrosiHHBle, BXxoAAmMEe B (OPMYJbI, CBA3HBAIOUIHE
HANpsAXKEHHA H AedopMauud npH OOOHX IpouEccax, XOTS H He-
3HAYHTEJNBHO, HO OYNYT pasJHuYaTbCH MEXAYy COOOM.

§ 28. dHeprus aedopmauuu.

Ecan u3 geopMHPOBAHHOTO Tesa BHIPE3aTh 3JEMEHTapHLIA Na-
paJuieJienune ], TPaHH KOTOPOTO NapaJiI€JbHE KOOPAHHATHHIM IJIO-
CKOCTAM H pE6Gpa COOTBETCTBEHHO paBHH dx, 8y, 82, TO Ha ero
IIECTH TPaHsX OyAyT HeAcTBOBaTHL YNPYTHE CHJBl, YKa3aHHHE Ha
¢ur. 6. Jlerxko noacuurath paboTy 3THX YNPYTHX CHJ NIPH H3Me-
HeHuH Jedopmanuu ou, 6v, Sw.

Jsisi 9TOro MNpPEANOJOKHM, YTO BCE KOMIIOHEHTHl HaNpSKEHHS
kpoMe X, obpamalorcs B HYyJb, BCAEJCTBHE 4€ro Ha BHIAEJEHHbBIA
3/€MEHT OyAyT HeHCTBOBaTb YNPYFHE CHJKR TOJBKO HA IpaHsX,
HOPMaJIBHBIX K OCH X. DTO 6yAyT PacTATHBAIOINHE CHJB BEIHYH-
noit X, 0y dz; cooTBeTCTBYIOIIEE YAMHHEHHE NapaJsJjesenunena Gy-
IeT e,,0x.

[pu yBeJHYEHHH pacTsAruBalOIUX cHa Ha 6X Sy de ynnuHeHue
napa/esenunesa noJayuut npupamense de,Sx. Ot6pachiBasi Ma-
Jible BHICIIErO IOpsiAKa, Mbl MOJYYHM CJEAYIOUIEE BHIPAXKEHHE MNJsf
BeJIHYHHBI PabOThl CHJ, PACTATHBANOIIHX 3JEMEHT:

5
XpBydz-de, Sx =X de, dx3ycz.
Toyno Tak ke, ecanm Obl IO TpaHAM 3JEMEHTa JeHCTBOBaJH

YIPYTHE CHJB, COOTBETCTBYIOWIME KaCATEIbHBIM HANPSKEHHAM X,
10 paboTa, COOTBETCTBYIOIAs Npupaumenuio ¢X, Obia 6bl paBHA:

X,de, 0x 3y oz.

B o6meM cayuae, KOrJa BC€ KOMIOHEHTHl HANPSIKEHHS OTJIHYHDL
ot Hyas, pa0oTa BCEX NDHJIOXKEHHHX K I'PaHAM HapaJJesenHresa
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YOpPYTHX CHJ NOJYYHTCA KaK CyMMa BCEX MEPEYHCAEHHBIX 3Je-
MEHTAPHBIX PaboOT M BHIPasHTCA GHOPMYJIOH

oL, =[Xg2e,. Y, +Zle,+ X, 1Xie,, IV,ie,] dxdydz;

CJIeZ0BATeNBHO, JEMEHTApHass paboTa ynpyrux CHJ, OTHecEHHad
K €IMHHIE ofmema Oyaer:

8L,
T =Xe, -+ V,le, + Zle, 4 Xle, 4Xie Ve, (3.20)
D10 ecTb yoeasHas aaemenmapuas paboma degopmayuu,
CpasuuBasg (3.20) u (3.13), mpt Bugum, yto SW mpencrasiser
CYMMY 3J€MEHTApHHIX PabOT yNPYTHX CHJ, PaCCYHTAHHYIO Ha €XH-
HUIY 06BéMa.
dunemenTtapnas pabora aedopmanuu AJsA BCETO YIPYroro TeJsa
BBIPAXAETCA MHTErpaJoM, PacHpOCTPAHEHHHIM Ha Bechb OGBEM Tesa

av=m SWdxdy dz. (3.21)

§ 29. Odwas cBA3b MeWAy HanpPsHKEHHbIM COCTOSIHHEM
U nedopmanuei. 3akon I'yka.

HanpskénHoe COCTOSIHHE B KaXZOA TOYKe YNPYroro TeJa
BIOJIHE XAPAKTEPH3YETCs IIECThI0 KOMNOHeHTaMH X, Y,, Z,, Y,
Z,, X,, 1 ONHOBDEMEHHO COCTOSIHHE YNpPYro# ,uecpopmalmn OKOJI0
TOH XK€ TOUKH BIOJHE XapaKTEPH3YETC MIECThI0 KOMIOHEHTAaMH
AeopMaLHH: e, ., €,,, €, €,, €,,, €,,. [109TOMY MBI JO/KHEI Ipes-
TIOJIOXHTh, 4TO MEXAY HHMH cymecmyeT CBSI3b, AHAJIHMTHYECKH

BhipaxkeHHas dopMyJamu:

x:fl (exxr eyy’
Yy =3 (€ €y €220 €45 €200 e,\y)l
Zz =f3 (exx’ eyy! ezz’ ezv' ezv exy)!
:f4 (exv ypr €220 €2y €200 exy)’
"—fﬁ (ez,v vy ezz! ezy’ ezx’ exy )
'—fﬁ (e.n.v B2 4 e

N

220 €200 Cons exy ’

(3.22)

)

N

2y ezx’ exy)'

zz3

Ecau npednosoxcums, 4mo 8 eCrmecmeenHom Hededopmuposan-
HOM COCMOAKUWL OMCYMCMBYIOM Ynpyeue HanpayxCenus, T. . npei-
NOJ0XHTD, YTO (QYHKIHH

£:(0,0,0,0,0,0)=0, [i=1,2,...,6],

TO, AOMYCKass BO3MOXHOCTb pasioxenus ¢yuxuuft f; B pax Teit-
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Jopa H OTrpaHHYHBasACh Y/ICHAMH NE€PBOro NOPsAAKa, IOJYYHM:

Xx:cllexx+CIZeyy+clﬁezz+clley2+cl§€zx+6166xy’ ]
YyZczlex,v+022eyy+czsezz+024€yz+02592x+520"xy’ i

yz = c4lexx + c42€yy + C43€2, + C44ey2 + c45ezx + C4G€xy1 I} (323)
R I T B R T
Xy =018y + Ce eyy + Co3€;, + 064eyz + Cos€sy + CGﬁexy’ J

B0O3MOXHOCTE NPEACTABJACHHA KOMIIOHEHT HANpPsXKeHHH JHHedHbIMH
dopmysamu  (3.23) uepes KOMIOHEHTH JedoOpMalHH NOATBEp-
XJAeTCA ONLITHHIMH TAHHBIMH H BBIpaXKaeT 3akoH [yka.

B a1 opmysibl BXOIHT 36 ynpy2ux NOCMORHHBLY Cyy, Cyy, -
.+ Cegy M TIOCKOJBKY CYHIECTBYET YNPYTHH NOTEHIHAJ, TO TOJBKO
21 u3 HEX OyAyT pasauuibiMH (cM. HHxe § 30).

KomnoHeHTH nedopMalniu CcyTb BOOOme BeJHYHHB MaJjble —
nopsaka OZHOH-ABYX THICAYHBIX. [€HCTBHTEJIBHO, B CONPOTHBIEHHH
MaTepHa/IOB [ MaTepHa/ioB THIOA Kejesa 3akoH 'yka mast pa-
CTSDKEHHSI TOHKOTO 6pyca HMeeT BHA:

Xx = Eexx’ (324)

rae E —wmoayap lOura. Cpepnsisi ponmycTHMas BeJqHYHHA Hanps-
xenns X, —okono 2000 xejcm?, a cpepnsas BesnynHa E — okoJio
2000000 x2/cu?. Tlostomy moayuuM u3 (3.24) cpedwee donycmu-
Moe 3Hadenue e, 0KkoA0 00Ol mewcsynold. Ho naxe npuHumas
Kak kpadHuii Bo3MOxHulli npenen Aas X, — oxono 10000 xz/cme,
MH OJY4YHM MaKCHMaJbHOE BO3MOXHOE€ 3HaueHHe €,, OKOJO IATH
THICAYHBIX. TO e uMeeT MecTo H AJs APYTHX KOMIIOHEHTOB Je-
dopmanun. PopMyas (3.23) A1 GOABIIHX 3HAYEHHA KOMIIOHEHTOB
JeopMalHi ONPaBJAbIBAIOTCA ONBITOM JI/Ist GOJIBIIHHCTBA TeJI.

Yropyrue KOHCTaHTH €y, €y, - .-, Cos- CyTh BOOOLIE GO/bLINE
BE/JIHUHHBI, HMEIOLIHE Pa3MEePHOCTh KOMIIOHEHTOB HampsikeHus (H60
ko3uuHenTH neopMauuy e,,, ..., €,, CyTb 6espasMepHLe Be-

JHYHHBI), T. €. Pa3MePHOCTb CHJbl, AeJEHHOH HA IJIOMAJb.

Teopust ynpyrocTd, OCHOBaHHAs Ha IpHMeHeHuH dopmy. (3.23),
T. €. Ha IIpUMeHeHHH 3akOHa ['yka, HOCHT Temepb Ha3BaHHE .U-
HeliHoll meopun - ynpyeocmu. HanpoTHB B HeAuxelnoid meopuu
ynpyzocmu npuMeHsiiorcst popmyasl (3.22).

§ 30. OGuiee BbipayeHnuwe ynpyroro noresudana W
B cayyae 3akoHa ['yka.

U3 dopmyasr (3.18) Mbl NOJIYYHM C TOYHOCTBIO A0 NMPOH3BO.Ib=
HOTO NOCTOSIHHOTO:

r

W:B [X, de,.+Y,de,,+Z,de,,+Z de,,
+Z,de,,+ Xde,]. (3.25)
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INoxcraBass Ci0Ja KOMIOHEHTH HampsKEHHs N0 QopMmy/IaMm
(3.23), M yBHANM, YTO HHTErPHPOBAHHE BO3MOXHO TOJIBKO, €CJAH
MEeXAY YNPYTHMH NOCTOSHHHIMH CYIIECTBYIOT COOTHOLIEHHS BHJA

Cos = Cyre (3.26)
B Takom caydae HOJY4YHM:

1
w :Tj Cllei,x"i-clzexxeyy_{—c13exxezz+Cl4exxeyz+cl5exxezx+clGexxexy+

1
+"2— czze)zvy + 023eyyezz + 024eyyezy+ czbeyyezx + eZBeyyexy +

1
+ 7 4 33632 + 634ezzezy + Cssezzezx + cﬂﬁezszy +

1
+ 9 CMefy Jr C4bezyezx + Cwezye'xy +

1
+ 5 Cos€Z, csGezxexy'Jf‘

1
“+ 5 Cosye (3.27)

TakuM 06pasoM, YHCJIO Pa3MHYHEIX YNPYTHX NMOCTOSIHHBIX €CThb 21,
B 3aBHCHMOCTH OT CBOHCTB MarepHaJja YHC/IO PAa3HYHEIX YIpy-
I'HX TMOCTOSIHHBIX MOXET yMeHbmaTbcs. HamMeHnbmmee 4ncao ynpy-
THX TOCTOSAHHHIX OYyJAeT JBa — IS H30TPOIHOro Teaa, o6jajzaio-
mero TeMm CBOACTBOM, 4YTO BCe HanpaB/JeHHs, HCXOASIHE K3
Jo60k maHHO# TOYKH, (PH3HYECKH PIBHONPABHSHI.

dopmyna (3.27) naét Ham camoe ofImee BHpPaXeHHE TaKKe H
AAs TaKk HaselBaeMoW sHeprun pedopmanun. Mbl BHIHM, 4TO
dHepeus 0eopMayullL BupaAICAEMCS 4epe3 KOMNOHeHmu Oedop-
Mayun KaxK OOHOPOOHas BYHKUUS 8mMOpol cmenexu.

§ 31. ®opmyan Kactuauato.

M3 mectn ypaBHennuit (3.23) MBI MOXEM BHIPA3HTh UIECTH KOM-
NOHEHTOB JAedOpMaIlHy KaK JHHEAHbIE OQHOPOAHbIE GOYHKIHH LIECTH
KOMIOHEHTOB HANpsXKEHHOTO COCTOSTHHS:

exx= bllA’x + b12yy+ blSZz + b14yz+ beZx + blGXy) ]

o= b X oA bV beZo b by Vb bZ by, | 38

e

Ecan ¢opmyant (3.28) Buectu B (3.27), 10 Mpt moiyuum W kax
OO0HOPOOHYIO BYHKYUIO 8MOPOL CIENEHI OM WeCmu KOMNOHEH MO8
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Han p}lJicé'HHOZO COCMORKUSL.
1 1 -
W= b, Xat 00X,V 400X, 2+ .5 basXy,  (3.29)

NpPHYEM HMEET MECTO COOTHOIIeHHe
bik:bkl'

BoiuncauMm Te€nepb HYacCTHbIE€ TIPOH3BOJAHBIC YIPYTOrO NOTEHIMAIa
N0 KOMIIOHEHTaM HaHpﬂ}KéHHOI‘O COCTOSAAHHA

‘Xx’ Yyr Zz) Yz’ Xz’ Xy' (330)

ow
CHaya/ia onpefenuM =3~ . Tak kak W ecrb dyHkmus or kommo-

90X,
HEHTOB ACQOPMALHMH €., €, €, €, €,, €,, KOTOphle CBA3AHH
C KOMIOHEHTAMH Hanpsk€HHoro cocrosnusa (3.30) 3aBucumo-

crsamia (3.28), TO noOJy4YHM:
ow oW de,, =~ OW dey, , OW de,,
TX, ™ 02y 0% 102y, 0X, 020K,
oW de oW de oW de
9e,: 0, T e, 0%, T oy 0%, (331)
Ho n3 (3.28) umeem:

o._e’”‘__.b g@’_b a_e’j__b
X, 1 gx,T "' ox, T Tv
Oey, de,y de,,

ax, = ba gx,=bs Gx.=bes;
BHocs 310 B (3.31) m Hcnosib3ys dopmyan (3.19), Mel moayuum:
ow
a—,y;zbllxx+b21yy+bslzz+b4lyz+b51Xz+b61Xy:

YTO B CHJY COOTHONIeHHs b, =b,, naér:

oW
ETx:bllXx+b12Yy+bl3Zz+ b14Yz+b15Xz +b16\’y

B cuny nepsoit ¢dopmyns cucreMu (3.28) Mbl nosyunMm oTcCioAa:

So—T=

X, Cax

MNocrynmas Tax xe ¢ nponssopubiMe W no Y, Z,, ¥, X,, X, Mul
noJyunM rpynny ¢opmyJa:

ow ow ow
m'—exxr Efy' ——6”, '(_)—Z_'; =€
oW 0w ow (3.32)

v, Cr» X, e §X,= Cay
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Ata wects GopMy. HaswBawOTCA Popuyramu Kacmusuano, H OHH
B3aUMHEI C 1ecTbio dpopmyaamu ['puna (3.19). Ho dopmyan I'puna
He 3aBHCAT OT CYIIeeTBOBaHHA 3axoHa ['yka, Mexay teM xak ¢op-
My/pl KacTH/IHAHO HMEIOT MECTO TOJBKO, €CJIH CYyIIeCTBYeT 3aKOH
Iyka.

§ 32. ®opmyaa KnaneiipoHa.
Tax xax W ectb onnoposHas ¢yHKIMS BTOPOA CTENEHH OT

KOMIOHEHTOB JAedopManuy, TO MO TeOpPeMeé 00 OXHOPOAHHX (pyHK-
IHAX HMEeM:

0w oW ow ow
W=t ae Oyt Ge, T e ey T
ow ow
T 9o, T dayy Cor (3.33)
Buocs cioza ¢opmyant 'puna (3.19), Mu umeem:
2W= Xxe;gx + eryy + Zzezz + Yzeyz + Xzexz +Xyexy; (334)

sTa dopmyaa MoxeT OHTb Ha3BaHa gopmy.sol Kaaneipoua.

C #pyrofi CTOPOHH, MB MOXEM NDHTTH K TOMY X€ pe3yab-
Taty, paccmMarpuBas W, kaK OZHOPOAHYIO (YHKIHIO BTOPOH cre-
NeHH OT KOMIIOHEHTOB HalpsKeHHs, H npuMeHss ¢opmyan Kacru-
auaHo (3.32):

ow ow ow ow ow ow
2W: a—l\,xXx—{—'ayy Yy+“)—“‘2vzzz+(—)')7; Yz+0_X’/Yz+o_)(;,Xy;(3'35)
OTCl0ia HMEeM:

2W= exxXx+ eyyyy + ezzzz+ ezyyz+ ezxX; + exyXy’

T. €. Mel nonyunan (3.34).
3amertnm, uro, cpaBHHBas (3.34) u (3.35), MH CHOBa NPHUXOAHM
K ¢opmyaam (3.32), T. e. popmyaam KacraiamaHo.

§ 33. ®opmyna Bertn.

JIisi OJHOTO M TOTO e YNPYroro TeJa PacCMOTPHM JBa pas-
JHUYHBIX Hanpﬂ)KéHHbIX COCTOSAAHHNA, IJA KOTOprX HIEeCTh KOMIOO=-
HEHTOB Haﬂpﬂx{eHHﬂ U IIeCTb KOMIIOHEHTOB Jle(bOpMaU,HH HMEIOT
3HA4YECHUA:

! ! ! r ]
D Xe, ¥y, Zi Vs, X, X,

! ! ! 13

] !

ex;f’ eyy’ ezz’ ezy’ ezx’ exy’
” " " ” ”
2) XX: Y}" ZZ) Yz, Xz’ Xy;
4 ” i " g ”
e‘x) eyy) ezz) ezy’ era exy'



§ 33] ®OPMYNA BETTH 3

B npenesax ynpyrocTH AJas OZHOTO H TOrO Xe yIpyroro reja
ynpyrae KOHCTAHTH B 3akoHe ['yka 6YyAyT OJXHMHAKOBHIMH, & IO-

3TOMY HMeeM:
L 1 ! 1
Xe=clxxtCpply+. .. F-Crelup

0-.--0.....-.-0+ (3.36)

.« =

Xy = oxexx + "szeyy +...+ cseexy’
Xx——c“exx—l'_clzeyy—}"o..+cleexy’

v " " L4
Xy =Cq1€xx - Cogyy + - + -1 Cgeliry’

CocTaBHM 71emepb CyMMY IPOH3BeJIeHHfI BceX KOMIIOHEHTOB Ha-
NpsXKE€HHA NEePBOTro Harlpil)KéHHOI‘O COCTOSIHHS Ha KOMIIOHEHTH! A€~
¢opManuHd BTOPOTO HanPsKEHHOro cocTofHHdA. [lonyunm:

S=X:€u+YVyep+2Zren+VYie,+Xoe+X 60  (3.38)
yTO Ha ocHOBaHHH (3.36) MOXHO HamucaTh B BHAE:

S=(cne,, ey, +-. .)€+
"

+ (Canthy - Cuty e )€
I "
+(colexx+cﬁ2e"yy+"')exy

3ty TIOCJIRJTHIOI0 (popmyny Ml TpeoGpasyeM, cobupas koapdu-

1]
DHEHTH! MpH €, eyy, e,,, uto paér scaeicrsue (3. 26)

S=(cne, +012 + e )

+ (czxe + C€, + + C26exy) I

. .+ (3.39)
+

+. ...
+(Cele;x+c62 + —|—-C“e )exy
Beaencrsue (3.37) Mbl moayuyum u3 (3 39):

S=Xiew+Vyey-tZre - Yie,+ Xi €.+ Xyeyy. (3.40)
N3 (3.38) u (3.40) nonyuaem gopmuysy Bemmu:

X,exx+ eryy+zzezz+ Yzeyz+X exz"l"Xyexy——

n ot n o1 "ot

=Xce+VyentZieutYiey+X; ex: -+ X, ey, (3.41)
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T. €. pa6oTa KOMIIOHEHTOB NIEPBOTO HAaNPKEHHOTO COCTOAHHSA Ha
KOMIOHeHTax Je(OpMauHH BTOPOTO HANpPSKEHHOrO COCTOSIHHS
paBHa paGoTe KOMIIOHEHTOB BTOPOrO HANPsKEHHOTO COCTOSIHHS Ha
KOMIIOHEHTax JedOopMalHH NePBOro HaNmPsAKEHHOLO COCTOAHUA (Aast
ONHOTO H TOT'O JKE TeJa).

§ 34. IlpuBegenne 4ucaAa ynpyrux MOCTOSHHBIX NpH
Pa3/uYHBbIX ClyyasX CHMMETPHH.

Ecan crpoeHue ynpyroro Tesa TakKoBO, UTO OHO o0Jagaer
B OTHOIIEHHH YOPYTHX CBOHCTB OJHOH MNJIOCKOCTBIO CHMMETDHH,
KOTOPYyI0O NPHMEM 33 IIOCKOCTh XY, TO BHpaxenue (3.27) aas
YOPYroro NOTEHLHAaAa [NOJKHO OCTaTbcsi 6€3 H3MEHEHHs, eC/H
HanpaBJ/jieHHe OCH Z M3MeHHTh Ha obGpaTHoe. [IpH 3TOM Hauo Me-
HATb 3HAaKH 2 H W, & CJAEAOBATEJIbHO, H3MEHATCA 3HAKH KOMIIO-
HeHTOB Je¢opManHH

dw | du Jw , Ov
ezx—a}—l_a: eyz—‘ﬁj',"*_a'

[Mostomy B dopmy.ie (3.27) HOMKHH HCUE3HYTh UWIEHH, COAEPIKa-
mHe e, U e, B NEPBOH CTENEeHH, HO UYJeH, COJepxalui npousse-

Henue e, €, ocraéres. Takum o6pasoM, NOJayqHM:

014:515=024=C%="34=035=c46="56 ::O’ (3,42)

YHC/IO0 YOPYTHX NOCTOSHHBIX yMeHbmaercs g0 13.

Ecau TeJo uMeeT B KaxJOH TOUKEe TPH B3aHMHO IIepIeHJHKY-
JsSpPHHE TMJIOCKOCTH CHMMETDHM, TO, IPHHHMAsA 3TH IJIOCKOCTH 3a
IVIOCKOCTH KOOPJHHAT, NPHXOZHM K BHBOIY, YTO BHpaxKeHHE
(3.27) ynpyroro notesuuana He OyJeT MEHATHCH, €CAH KaXKJIOH
H3 TPEX ocefl KOOPAMHAT HAJUM NPOTHBOIOJIOXKHOE HANpaBJ/IEHHE.
~ Benencteue 3TOro GYAYT MEHSITBCS 3HAKH Y €,,, €,,, €, H, Cle-
NOBaTe/NbHO, WieHH B dopmyre aas W, cogepxamue e, e, e,
B NepBOM CTENMEeHBH, NOJKHH HCUe3HYThb. Beaexcrue 3T0ro K ycao-
BusM (3.42) npubasurcs

016:[:26 :C36:C45 :O; (3.43)

YHCJAO0 YNPYTHX [OCTOSHHBIX COKpawaercs Ko 9.

Ynpyruit norennuan W ¢ OCTaBIINMHCS AEBATHIO NOCTOSHHHMH
XapakTepeH [IJs TeX TeJ, KOTOPHe KPHCTANIH3YIOTCS B ¢opme
IPSIMOYTOJBHOTO Napa/iie/enunena.

Ecan ke ynmpyrue CBOACTBA TeJa OAHHAKOBH IO OTHOLIEHHIO
K KaxcRo#l H3 TPEX IUIOCKOCTeH CHMMETPHH, TO BHpaxenne (3.27)
aasi W He HU3MEHHTCS, €C/IH OCh X 3aMEHHTh HAa OChb Y, WJIH OCb )
8aMEHHUTH HA OCh 2, HJIH OCb X — Ha OCb 2. C/1eJ0BaTeJBHO, BHpaxXe-
aue (3.27) pia W He MeHsIeTCsl, €C/IH MH [IePEMEeHHM Mexay co6oi

(4

X €

y? e

2z

HJiIn e

sy €

X2

€ypr
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1o Tpe6yer B Ao6aBienHe K (3.42) u (3.43) HOBHX Yyc/aOBHH:
€1y = Cp3 = Cgy,
€4y = C55 = Ces, (3.44)
Cog = Crp = Cya.

Taxum 06pa3oM, MOJyYHM:

W=2(2, +e,+e2)tenle,e.tee, tee,)t
+ ‘7“ (e,4e2,.+ex) (345

TIpEMEPOM TAKHX TeJ CIYKAT KPHCTA/VIH KyOHUeCKOH CHCTEMH.

B ciyuyae H30TPONHOrO MarepHasa BHIPAXEHHE YIPYroro Io-
Tenmuana W nonxHO GHTH OIHO H TO XK€ INPH JIO60M IOBOPOTE
oCell KOOpJHHAT.

Ecin MH nmoBepuéM HAlmly CHCTEMY KOODJAMHAT OKOJIO OCH 2 Ha
MaJHi yroil ®, To HOJYYHM HOBHE OcH X', V', 2'; mpuuéMm mo
cxeme 2 (crp. 27) umeem:

=1, m,=ow, n,=0,
ly=—=—0, my=1, n,=0,
13:0, ms———o, n3=].

[TosToMy, Ha ocuoBauuu ¢opmya (1.73) u (1.74), orGpacupas
YieHH ¢ ©%, MH [OJy4YAM KOMIIOHEHTH JAedopMauMH JAJs1 HO-

BHIX OCei:
Cxixt— €, + mexy,
Cyryt = ey’ — ('Jexy,
€zt == ezz, |
e)"z’:‘_—eyz— (Dezx, i (3.46)

erx1=€,, - 0e,,
Extyt = ex, + 20 (e” —_ exx).

Buocs (3.46) B ¢opmyay (3.45) B coxpamsii uJeEH NepBofl cTe-
NeHH OTHOCHTE/JIBbHO Ma/jOf BEJHYHHH ©, MH HOJYYHM:

W' = W+ o (eyy - exx) (2044 +clz - cll) exy' (3'47)
[TosToMy, Aas Toro uro6H BHpaxeHne W He MeHsIOCh, HEO6XO-
JHUMO, YTOOH

HalliAd oTcioAa ¢, =¢C;,-}+2¢c,, n moacraBiss 310 B (3.45), MH
MOy YHM:

2W= 012 (exx »{_ eyy + é’zz)2 _J[_ 2(:44 (e,zvx + e}/y + egz) +
+euley,+6,1€6);  (3.49)
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3TO M €CTh BHpaXEHHE YNPYroro MOTEHIHAaAA /s H30TPOMHOIO
Tesa. OG6GHYHO YIPYrHE NOCTOSHHHE 0003HAaYalT [0 METOAY

Jlame:
Cu=1H, Cp=M (3.50)

Torja, BBOIS OOBEMHOE paclnupeHHe A, NIOJYUYHM CJAEAYIONiee BH~
paxeHue JNJIA YOPYroro INOTEHIHAJa:

W =142 20 (€2, + €2, e2,) b (e, -2, -+ e2,). (3.51)

Mo dopmysam I'puna (3.19) MH HOIYYHM CAeLYIOUHE BHPAXKEHHS
KOMIIOHEHTOB HANpPsXKEHHOT'O COCTOAHHA B H30TPOINHOM TeJe yepes
KOMIIOHEHTH JAedopManuu:

Xx = )‘A + Qpexx! Yz == p'eyZD ]
Y,=M+2pe,, X,=pe,, l}
Z,=M-+2ne,, X,=pe,, |

)

A=e,, 1 eyy +e,,.

(3.52)

§ 35. U3orponHoe Teno.

Eciu ocm X, y, 2 CyTh [IJIaBHHE HanpabaeHHA AedopManuu
B JAAHHOH TOYKe TeJsaa, TO

e, =—e, =e,=0, (3.53)
a cjefoBartes]pHO, coraacHo (3.52),
Y,=Z,=X,=0. (3.54)

M3 storo ciaepyer, 4TO0 B H3OTPOIIHOM TeJ€ B KAXIOH TOYKe
rJaBHHE HamnpaBJeHHs AeGopMalHH COBNAZAIOT C IVIABHHIMH OCSIMH
HanpsxxE8HHOIO COCTOSHUSA.

MoxHo nocrynats 06paTHO, KaK 3TO cAeaas Komrd,  NpHHATH
5TO CJEACTBHE 32 ONpeJe/ieHHe H30TPOIHH.

Hrak, npeano/jioxHM, YTO B KaJAOH TOYKE H3OTPOIHOIO Tejaa
HalpasJ/eHud IJABHHX ocCefl HalpPAXEHHOrO COCTOAHMA COBIAJAIOT
C IVIaBHBIMH HANpaB/JeHHAMH JedopManuH, H CI€I0BATEJIBHO, YroJa
MexJAy J[BYMS B3aHMHO I[EpPNEHAUKYJSPHEIMH 3JeMEeHTAPHHMH
IJIONAAKAMH CKALIHBAETCH TOJbKO, €CJIH €CTh COOTBETCTBYIOIIEe
KacaTtesbHOe HanpsixxeHde, BriaenuM H3 TeJa IJIOCKOCTSMH, HOP-
MaJIbHBIMH K T[JIaBHBIM OCAM HANpPSXKEHHOTO COCTOSIHHA, 6€CKOHeYHO
MaJH# OPsIMOYTOJBHHN NapaJjiesnenunen.

B cuay chenauHoro JAONYINEHHs yrJaH Hapaaieenuneja TpH
JdedopManHH He HCKaxkawrcs (OCH X, y, 2 HANPAaBJEHH MO TJaB-
HBIM OCAM HanpsKEHHOTO COCTOSHHS B PAaCcCMAaTPHBAEMOH TOUkKe
TeJa), H BcAd JedopManus 3TOro napa/iiesendnena CBOIUTC K TPEM
OTHOCHT@JILHHM YAJHHEHHSIM €., €., €,,. CHIb ynpyrocrs, aed-

X!
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CTBYIOIIHE HA TIpaHAX BHJAEJEHHOTO HapaJjsenenunesa, paBHH
X, Y,, Z, CoraacHo 3axkony I'yka, HMeeM nostomy

Xx =ae,, + beyy+ Clos

HO B CHJY H30TPOINHH OTHOCHTE/]bLHHE YIJHHEHHS B HAMPABJEHHAX,
HOPMaJIbHHIX K OCH X, GyJAyT pPaBHONDABHH, 4TO AAET

b=c,

‘Xx =aé,, + b (eyy + ezz)’
4 TAK KaK BCE€ TPH OCH KOOPAHHAT PABHOIDPABHH, TO MH HMEEM:

Y)’ = aeyy + b (exx + ezz),
Zz = aezz+ b (exx + eyy)'

b=y, a=i-+2y,
X, =14 2ue,

Xy
Y, =i 2pe,, (3.55)
Z,=\ 4 2ue,,.
Bo3pMEM Temepbh HOBYIO CHCTeMY ocefl koopauHat X', ', 2/, moJso-
MEHME KOTOPOH OTHOCHTE/JBHO IVIABHHEIX OCelt X, ¥, 2 onpejeJsercs
cxemoit 2 (crp. 27).
Tak kak uMewT MecTo cooTHomeHHs (3.53), To dopmyan
(1.73) u (1.74) mator:
e =~ULe, +{-mle, +nle,,
Eyyr = lgexx + mgeyy + Ilge”,
ena= e~ mie, {nie,,
=2 (Lle, + myimnge,, + nynge.,),
ez =2(l e, + mme, +nne,),
Cxtyt = 2 (lll2exx + m1m2eyy+ n1n2ezz)'
C npyroi#t cTopoHsl, B cuay cooTHomennil (3.54) dopmyan (2.25)
n (2.26) gawor HaM:

Xp=BX,+miy,+niz,
Yy=0X +mY,+n2Z,
Zn=BX,+miY,+niZ,
Y= Ll X+ mymsY - nyn,Z,,
Xov= 1,1, X, - mm, Y, +nmnZ,
X =1,1,X, + mm,Y, ~+nn,Z,.

H CJeJ0BATeJbHO,

TTos0:xHB Tenepn

MH IOy YHM:

(3.56)

(3.57)
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Broca temepp (3.55) B (3.57) w nxenas npupeleHHE NOJOGHHX
YJI€HOB, MK IIOJYYHM:

Xo= (B4 mi+nd) 421 (lfexx - mfe” 4+ nie,,),
Yo =)\A (B4 mi+ n3) +-2n (43 e, -+ ms eyt nie,,),
Zo=)A (£ -+ mi - n3) -+ 2n (Le,., -+ mide, - n3ez);
Yor==2A (Lly -+ mymy -+ ngng) -+ 2u (Lhe,, -+ mymee,, + n,nge..),
X =2 (4 Ly mymy -+ n,ng) -+ 2n (Lie, .+ mymye,, - ninge,,),
Xyt =2 (Ll - mymy - myng) 420 (Lile, -+ myMme,, -+ nne.,).
B cuay uM3BECTHHX COOTHOIIEHHMI
B4mitni=1 n 1 N
Ll,-+-mmy,+nn=0 ur 4
H, HCIOAb3ys GopMy s (3.56), MH moayuyuMm oTclozxa:
X;r =2 + 2peyiyt, Y;I = [eyiz,
Yy =24 2peyn, Xo=peus, } (3.58)
Z'zl =3 2pez, X:V’: = Peyry.

Taxum 06pa3oM, MH [OKa3ajau cnpasedaungocms gopmys (3.52)
045 060l cucmems. Koopouram.,

§ 36. MoayJau ynpyroctH M3OTPOMHOrO Tena.

PaccMoTpuM  c/yua#, KOTAa M3OTPONHOE TeJNO MCHHTHBAET
pacTsxenne no ocH X. I1yCTh HampsEHHOE COCTOSIHHE B KA JIOH
TOuKe Teaa JaHO POPMyaaMH

X 70, YV, =Z,=Y,=X,=X,=0. (3.59)
Buocs ato B (3.52), mosyuynM ypaBHeHus

1A 2une =X,
M—-2pe, =0, (3.60)
M4-2pe,, =0;

A:exx+eyy+ezz; (361)
ckaanuBas (3.60) n npunuMas Bo BHMManHe (3.61), M moxyumm:
1

Buocs (3.62) B mepBoe ypaBHerue (3.60), MH mosyuum:
X =LEE%, (3.63)

X 1_’_” xx*
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CpasuuBas sto ¢ (3.24), Hafigém:

342y
E==; T (3.64)
OcranpHue jgBa ypasHenus (3.60) pawor:
A AXy
€y = €= T 5 AT T G o
BHOCA ciofa X, u3 (3.63), moayunm:
eyy: €= — 0, (365)
rie o003HaYeHo: \
=50 (3.66)

IMoryuennnie pasedcrsa (3.65) BrpaxaioT 3akoH IlyaccoHna o nome-
pPEUYHOM CXKATHH NIPH NMPOJOJBLHOM YJIHHEHHH, NPHUEM G eCThb TaK
HasbBAeMHEH Kosgduyuenm Ilyaccona.

B cayuae BCECTOPOHHErO CKATHA HANPSKEHHOE COCTOAHHE Tesa
Jagro dopMysamu

(3.67)

(3.68)

CKJaJbIBAs], MOJYYHM Ha ocHoBaHHH (3.61):
(Br+20)A=—3p.
Orciona uMeeM OCHOBHYIO Qopmy.y:
p=(+5r) (=D (3.69)
Ecin K ectb MOLy/ b O6BEMHOrO CKATHS, TO
p=K(—b); (3.70)
cpasuuBas (3.70) u (3.69), MH moayunm
K=)+%n (3.71)
M3 (3.64) u (3.66) umeem:

V= Eo
T (o) (1—20)° }

"% (3.72)
P=g0T5"



80 CBA3b MEWIY HAMPEMEHHWM COCTOAHHEM H AECOPMALUMEH [ra. il

Buocs (3.72) B (3.71), Mu nonyth-
K=

B npomecce medopMamuu TesO BCETAa HAKAIIHMBAET YyNPYIyIo SHep-
THI0 32 CYET KOTOPOH OHO BO3BpAIdeTCsl B €CTECTBEHHOE COCTOSIHHE
NocJe TOro, KaK CHJH, BH3BaBmHe nedopmanuio, Hcyesawr. Ilo-
atoMy W mo/mxHO OuThb mojoxuresbHnM. M3 (3.51) caenyer, uro
JJIsi STOTO A H # JOJKHH OHITb MOJOXHTeJbHHMH. Ha ocHoBaHuu
(3.72) orciona caexyer, uro

FEs
(1—20)(1+a)>0 l—f—a>0

s (3.73)

M3 sTux ABYyX HEPaBEHCTB CJeLyeT, YTO TaK KaK
E>0,
14+6=0, 1—2=0.

HOSTOMy HMeEeM TrpaHHun LI g:

TO HMeEeM:

1
-—1<G<§‘.

§ 37. Cpa3b M@XAYy HanpsikeHusiMH H aedopMaunsamu
B M30TPONHOM TeJje.

Hrak, Mo goxasasu B § 35 BceoGmyio MIPHMEHHMOCTb GopMy.a
(3.52):

X, =W-2pe,, Y,=NM+2ue, Z,=N-H2ue, (3.74)
Y,=une,, X,-——- pe,.,, X,=npe,, (3.75)

KOTOPHE BHPaxaloT 3akoH ['yka A/ ynpyroro H3oTPONHOro TeJa
u ObuH ycraHoB/ienn Komu.

KoncrauTe A ¥ 1, BXoAsuue B 5TH (OPMYJH, CYyThb KOHCTAHTH
Jlame. Koncranta p ecTb MOAY/Ab CABHra (B TeXHHYECKO# JHTe-
paTtype ob6o3nauaercs yepe3 (J), a KOHCTAHTAa A CBf3aHa C MOJyJ/eM
IOnra E n xoaddunnentom Ilyaccona ¢ cieiyouidMH COOTHOMIE-
HHSMH, HOoKasaHHHMH B § 36:

Es
= TFo(1—29° “—°u+w’
Eo @2 N W (3.76)
i e 20 + ®
Mozyap o6bémuoro ckarua K BHpaxaerca dopMyJiof:

2 E
K=\ t3r=1=5" (3.77)
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Cpearee yJAJHHEHHE e onpefensercd opMmy.oit:
1 1
6—3 A= —g_(exx +eyy+ezz)’ (3'78)

a cpeaHee pACTATHBAIOLIEE HAIPSIXKEHHE p—HHBﬂpHaHTHhIM COO0T-
HOLIICHHEM !

P=y (X, + ¥, +Z)=75 (0 +0+ta). (3.79)

CxnagriBass TPH COOTHOMIeHH (3.74), MH IOJY4YHM BCJAEACTBHE
cootsomenu#t (3.78) u (3.79):

3P=(3\}2p) A= 3Q+3@
Orcoza, BcAeACTBHE COOTHOueHHA (3.77), umeeM:
P=KA. (3.80)
Buocst (3.80) B (3.74), MH noxyynM:

) AP \P
X="t%e,; V,=%+2ue,; Z="+%e, (38

Ho Bcneﬂ,cmne (3 77), (3.78) u (3.80) nmeem:
_ — K 2uP 2 .
= P+ —x P=P—3p=P—3pA=P—2pe.

Brocsi 370 3Hauenue B (3.81), MH NOJY4YHM BHIP2XEHHS HOPMAaJb-
HHIX KOMIIOHEHTOB HAaNpsKEHHOTO COCTOSHHA B CJEAYIOLIEM BHJE:

S..=X,—P=2u(e, —e),
Sy), = Y P=2y(e,, —e), (3.82)
S,,= Z —P=2y (ez, e).

Tanee nepenumem thopmyan (3.75), npAAaB UM BHI:
Sa=Y.=2u(ze,), |
Se=X=2%(7e.), (3.83)
S, —-—X—-—2p.(2 xy) )

HanpaxénHoe cocTosnHe, ompeje/seMoe MHIeCTbI0 KOMIOHEHTaMH
S S, S S, S, S

xx9 yy? z2) y2» zx? xy?

HA30BEM NpusedEHNbiM HAnPACEHHUM cocmosinuem. ledopMauuio,
onpeje/sieMyl0 LIECTBIO KOMIOHEHTaMH

1 1
€ €

1
e..—e e, —é, ezz—e, 7 €y ':2‘ x -2—exy,

xx yy
MB HA3BAJAH paHee npusedéunol degopmayuei,
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Ipu stux onpenenenusx ¢opmyan (3.82) u (3.83) mossoasior
¢opmyauposarh 3akoH I'yka B caexymouwe#t dopMe: Komnonenmast
RpUBEOEHHO20 HANPANCEHHO0 COCMOSAHUSL PABHH COOMBEMCNLBEH-
HbLM KOMNOHEHmaM npusedénrol Oegopmanuu, YMHOHNCEHHNM HQ
080iinoi MOOYAb cOsuea.

Bripaxas L nmo ¢opmyae (3.77), umeem:

LI
K™ 3K
Buocsi at0 3Hayenne B (3.81) m moxacraBass P us (3.80), Mm
HOJIYYHM:
Xx=2p’exx+ (K_ }1) 4, }
Y,=2ue,, (K_ “)A’ i (3.84)
2
Z,=2pe,, }+ (K"—E p)A. )

Peman ypasnetus (3.74) oTHOCHTeNBHO €,,, €,,, €,, H NOJb-
3ysach 0603HaueHHAMH (3.76), MH MNOJyYHM H3BECTHHE (HOPMYJIH:

Cix™— -IE [Xx —¢ (Yy+Zz)], ]I
ey=glt,—a(Z,+ X)) (3.85)
ezz:—é‘— [Zz - G(Xx_!— Yy)]: J

wl ™ WIM

KOTOPHE MOT'YT OHTb NPEICTABJIECHH TAKXKe B CJeAYIOLeM BHAE
et [ (1-3) 7] )
=3¢ [ 1= (15 P (356)
=gy |Z - (1-%) P]
Burocs (3.85) u (3.75) B (3.51), MH moayuyum BaxHy©o QopMmyay:
=gl Vi 22— 26 (XY, + X, 2,4V, Z)+
+2(140) (X2 Y24 XD (3.87)

§ 38. PaGora pedopMauuH AJS H3OTPOMHOrO TeJa.

Ha ocuosauun dopmyn (3.20) MH HMeeM caeqylouiee BHpaxe-
HAE JJ YAe/JLHOR 9/eMEeHTapHOH pa6oTH aedopManuu:

A= X, V,be,,+ Z e,V e, + Xie,+ Xie_,. (3.88)
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Buocs ciona X, Y, ..., X, u3 dopmyn (3.52) u unTerpupys, M
N0JY4YHM HSBECTHle q)opMyJIy

2A=W+n(2(e}, 45, te2) el +ei +el)  (3.89)

OG6o3HauuM ylIeabHylo pabomy Odegopmayun o006zéma uepes A,
yAenbHyto pabory Aepopmanun dopmu — uepes A, Toraa umeem
OYEBHJHOE COOTHOILCHHE:

A=A,+A,. (3.90)

Beanunna A, BHuHc/ageTcs no dopmyJe:
dA,=PdA.

Brocs cioga P n3 (3.80), MH nosayunm:
1
A,= 3 K& (3.91)
IMoxcrasasas (3.89) u (3.91) B (3.90), Mbe HaiinéMm:
1 1
A=5 (A= K) 845 n[2(el, +e)+el)+e),+e2, 1€ ]. (3.92)
Ianee, moacraeass cwoga u3 (3.77)

A—K=—2p

¥ HCHOJB3Yys cooTHomeHHe (3.76), MH Hailxém:
AR’= % [(ezz - e)’y)z + (e)')' - exx)Z + (exx - ezz)2 +
3
+35 (€, e, +el)), (3.93)

uH, BBedsi 00603HAUEHHE:
2
_82 +e +ez _|_ EY [(ezz - eyy)2+
+ (ev,v - exx)2 _l— (exx - 622)2], (394)
MH HOJYYHM OKOHYATEJBHO:

__k
A=52

- (3.95)
H3 coorHomennit (3.52) MH nmeewm:

zz_e =,31‘(Z —Yy) e
=3 (Y X)), e,

e

oS

e

,;<

T

€rx — €= ﬁ (Xx - z)r €yy

|

':I-'Fl—"=|"‘
>
%
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Broca sth 3nauenns B (3.93) u BBEAs 0Go3HAueHHe:
1 s
Q=1+ X4+ X245 (Z.— V) +
+ (Y, =X+ (X, — Z,), (3.96)
MH NOJIyYHM COOTHOLIEHHE:

A (3.97)

=0
4 2 2°

Bemunnn @, u Q, cyTb unsapuanme, He H3IMEHSIOLWMECS IIPH
npeo6pazoBaHuH oceft KoOpAHHAT. Ec/IH MH BO3bMEM 3a OCH KOOp-
IHHAT TJaBHHE OCH Jedopmauuu, TO OyAeM HMETh:

X,=0, Y,=0, Z,=0q, V,=X,=X, =0 (3.98)

€..=6, e,=—@e, e,—e;, e,—e —e., =0 (3.99)

Burocs (3.98) B (3.96) u (3.99) B (3.94), MH noayyum:

92 —_ (°3 _02)2+(°2 ~6°1)2+(°l —‘°3)2 , (3100)

2 o
Q=2 [(e,—e)P (e —e) (e, —e].  (3.101)
Hanee, BHocsa (2.53) B (3.100), MH nosxyuum:
Q,= 3 (F-++). (3.102)

Ha tpéx mniomajgkax, Ha KOTOPHX JAeHCTBYIOT 24a8Hbe Kaca-
MeAbHBE HANPAICEHUSL T, Ty, Ty, CYILECTBYIOT TPH 2.4a8Hbe degop-
mayun co0suza Y, Y, Y3 CBS3aHHHE C IJABHHIMH YIIHHEHHSMH
COOTHOIIEHHSIMH

Nh=—e—e, Y= —e, ;= —eé, (3.103)

a Mexay co00K0 — COOTHOLIEHHEM

T+ T2+ 1s=0. (3.104)
Broca (3.103) B (3.101), Mu noayunm:
2
Q=5 i+ vi+1). (3.105)
Bpeaém crnemuanbHee GGO3HAYEHHST
T=VT, (3.106)
e=Vu,. (3.107)

Beanunny 7, BHIpaxeHHYIO yepe3 IVIaBHHE KacaTeJabHBIE Hanpske-
HuA, [enpux ['eHKu Ha3BaJA UHMEHCUBHOCMBIO HANPANCEHUE cosuza.
BesnuuHy &, BHpaxenHylo uepe3 IJdBHHE AedopMalHH CJBHUrA,
TCenxn Ha3Ban uxmencusHocmeio deopmayun cosiea.
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Bhocs (3.106) B (3.97) u (3.107) B (3.95), MH noayunm:
T2

Ap=5, (3.108)
A=1e (3.109)

Stn (GopMyJH aHAJTOTHYHA H3BECTHHM (OpMy/iaM TEOPHH COIPO-
THBJIEHUS MaTepHAJOB NJS YJAeJIbHOH PaGoTH AedopMalHH CIABHTA.
M3 (3.108) u (3.109) uMeeM cOOTHOIIEHHE:

T =pe, (3.110)
BHIpaxalouiee 3akod ['yka.
Ha (3.109) nmeem:
aA,= pe de.

BHocs cioga € u3 (3.110), MH IOMYyYHM BaxHOEe COOTHOIIEHHE:
dA,=Tdk, 3.111)

aHAJOTMYHOE H3BECTHOMY BHPAXEHHIO YAEJAbHOH 3JeMEeHTapHOH
pa6otn nedopmanun casura. Popmyam (3.108), (3.109), (3.110)
H (3.111) mOCTaTOUHO ACHO MOKAa3HWBAOT BAXKHOE 3HAUEHHE BEJH-
yuH T B ¢, BBeAGHHHX BnepBue [enkH. Buocs (3.91) u (3.109)
B (3.90), MH DOJYYHM:

A= KN pe?, (3.112)
uro, Beaeactsue (3.80) u (3.110), MOXHO LpeACTABHTH B BHAE:
P, T2
A=2—K+5fx‘ (3.113)

IMoayuennne namu Beipawxenns (3.112) u (3.113) maa yaeavHoft
pa6otn jedopManuM OPEICTAB/ISIOT 3aMEYATeAbHYI0 aHAJOTHIO
C TeM BHpaXeHHeM YJeJbHOH paGoTH XedOpPMalUHH, KOTOPOE ME
UMeeM B TEODHH CONPOTHBJIEHHS MaTePHAaIOB.



FTTABA IV.
YPABHEHHUS YNPYTOro PABHOBECHS W JBUXKEHHS.

§ 39. HeoOGxoaumbie ycJOBHS paBHOBECHs! ynpyroro reJa.

B Teopernueckoifi MeXaHHKe JOKAa3HBaeTCs, YTO HEOOXOJAHMHM
yCJIOBHEM DaBHOBECHS BCAKOH MeXaHHYeCKOH CHCTEMH sBJseTCH
YIOBJETBOPEHHE YCJIOBHH PABHOBECHS CHCTEMH, KAaK e€cjau OH OHA
oTBepAena.

Ha kaxanii ajsemeHT 06béMa ynpyroro Teja A€HCTBYIOT BHEII-
HHE CHJIB, KOMIOHEHTH KOTOPHX CYyTh:

Xpdxdydz, Ypdxdydz, Zpdxdydz.

Ha xamxabii 5/1eMeHT NOBEPXHOCTH Tena df NelCTBYeT BHEIUHH
CHJIA, KOMIIOHEHTH KOTOPOH CYyThb:

XdS, Y.dS, Zds.

Jl1a paBHOBeCHs pacCMaTpHBAaE€MOro YIPYroro TeJa B CIyyae €ro
OTBEPAEBAHHSA HeO6XOAMMO, UYTOOH OBLIH BHIIOJHEHH YCJIOBHA
paBHOBecHs abcoaoTHO TBEpRoro Ttena. OTCIOAA HMeeM IIeCTh
He06.x00umbix YCIOBHH PAaBHOBECHs YIPYroro TeJaa:

(1§ oxar+ ([ xaz=o,
(T eras 4 ((vaz—o,

:(Sgpzmﬁuﬂzvdx:o,
([[o@zy—raatiipz—zryas—o, [ &V
(§fe0e—zoaet-{{zx, — x2) as =0,

Vo ra— xyyaet [T(ar, — yx)as—o.

OTH ypaBHenus: GyAyT yAOBAETBOPEHH, €CAH OYAyT YAOBJIETBOPEHH
no BceMy ynpyroMy Teay ypasHeHus (2.14) © HAa MOBEPXHOCTH
ynpyroro Tesa ypasHenus (3.6). [leiicTBuTeNbHO, BHECEM B mep-
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BO€ H3 ypaBHeHHi cHcTeMH (4.1) sHauenwe:
X,  0X,  0X,
—X=r+5,t 3

npuMenss GopMmyay I‘pnﬂa, IOy YHM :

_j”( o +a;; 4+ 2% )dr+”;(dz~

=— (U {xt-xm - xny as ({ xax.

3T0 BHpaxeHHe 006palAETCS B HYJb B CHIYy NEPBOrO ypPABHEHHS
cucteMH (3.6). To ke OTHOCHTCS KO BTOPOMY H TPeTheMY ypaBHe-
HUAM cucteMu (4.1).

Buocst pZ u pY u3 ypasuennit (2.14) B ueTBéproe ypaBHeHHE
cucreMu (4.1), MH nonquM npujaras ¢gopmyay I'puHa:

~i (5 + %) -2 (SE T+ 5] st
+fz,—eryaz=—{{yzi+zmtznas+
+ (et rmtrmaz+{{{(z,—v)at
+{yz,—2v)as,

a 310 o6pamaeTcs B Hy/Ab BCaexcTBHe yciaoBHHA (3.6) ¥ ycaoBus

=7,

To e OTHOCHTCS K ISITOMY W INECTOMY YPaBHEHHAM CHCTEMBbI
(4.1). B cayyae asHxeHHs ynpyroro Tena ypasHenus (4.1) ocra-
I0TC B CHJE, HO K JEHCTBYIUHM HA YOPYyroe TeJ0 BHEUIHHM

cusaM Hajo mo Hayaay JanamGepa nmpuGaBHThL CHJIBL HHEPILHH, UTO

Jaér:
SS p(X— Jx)dH—WXdE 0,
ler—jyar+ [ raz=o,
VSV (Z—J) d+ chz“ 0,
(el @ —iy—z(r —jNds+
+SS(yZV—zY,)d2:O, . (4.2)
SSSP[Z(X“jx)—X(Z—jZ)]dr—{—
+ ([ X, — xz) az =0,
SS\PPC(Y i) —y(X—j)ar+
+ {{ (v, —yx)az=0. |
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dta ypapuenusi OyAyT YJOBJETBODEHH, €CIH 10 BCeMy O0DBEMY
yIpyroro Teaa YAOBJETBOPeHH ypaBHenus (2.13) m Ha mnosepx-
HOCTH YIpyroro Tesia ypasnenus (3.6).

§ 40. HoBbiit BbIBOA ypaBHEHHMH ynpyroro pasHOBeCHs
M JIBHXEHHs.

Ypasuenns (4.1) u ypasHenus (4.2) ocraiorcs CrnpaBeIHBHMHY,
€C/H M3 YIPYTrOro Tesaa BHLIENHTDH KaKoH-JIHGO 3aMKHYTOH IOBepX-
HOCTBIO X HeKoTopHit 06bEM V' (¢dur. 4, cTp. 43). Ho B srtoM
cayuae X,, Y, Z, OyAyT KOMIOHEHTAMH YNPYTHX HANpSKEHHH,
06yCJIOBJIEHHBIMH BO3ZeHCTBHEM OCTaJbHONR uact V” yupyroro
TeJa HA BHIEJIEHHHH H3 Hero 06bEM, V. B ¢dopmyrax (4.1) n
(4.2) o6béMHBIE HHTErpaJBl GYAyT PacupoOCTPaHEHH HA 00BEM V',
a MOBEPXHOCTHHE OYIyT B3ATH 1O 3aMKHYTO MOBEPXHOCTH 2,
orpannuuBaromeli 06wvém V'. Orcioga caenyer, uro X,, Y, Z,
BHUHCIAIOTCA IO (opmy.aam (2.8): :

X, =X+ X mXn, ]
Y=Y I+ Y,m+4Y,n, (4.3)
Z,=ZIl+Z,m-}\-Zn, f

rae [, m, n — KOCHHYCH YIJIOB HOPMA/H, BHEIUHE#H s oObéma V'
B TOUYKAaX MOBEPXHOCTH 2.
Ilpunaras dopmyay I'puHa, Mbl HMeeM:
Vixas= {10+ Xm4X n)as =
0X, . 90X,  0X,
=m <7€ + 5y +W) dr.

[lostomy mepsoe ypaBHeHHe cucreMu (4.2) maér:

X, 90X,

”j [(X—jx) H—%{ +5 -+, | di=0. (4.4)
Tak xe nonyusm u3 2-ro u 3-ro ypaBHeHHH cucreMmu (4.2):

“j [(Y——jy)p+a—;§ %’—-ﬁ—;{ dz=0, (4.5)

j” [(Z—jz)H— %+%+%€ildr=o. (4.6)

Tax xax ypasuenus (4.4), (4.5) u (4.6) ZoMXKHH HMETB MecCToO,
Kakopa Obl HH Obla BeJHYMHZ o0béMa V' W ero MecTo BHYTPH
Ynpyroro te.a, To Heo0X0AHMO, YTOOH IIOAMHTErPAJbHHE BHPAXKe-
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HiW o6pama/iice B HyJb. JTO naéx ypaBHEHHA:
el A a.,‘ * (X — )=,
ey a;+ 02 L (Y —j)=0,
e e iz =)o

3neck x, ¥, 2 CyTh KOOPJAHHATHI, ONpPEAE/A0IIHE N0J0KEeHHe YACTH-
LK yIOpPyroro Te/ja B NAaHHHH MOMEHT BpeMeHH. B ciyuyae pasHoO-
Becuss 9TO0 OyAYT KOOpAMHATH mnocae JaecdopmaunuH. Ilockoabky
paccMaTPHBAIOTCS MajHe JedhOpManuu, BMeCTO X, ¥, 2 4/ JaH-
HOTO MOMEHTA HPHHHMAIOT HX HAYaJbHBE 3HaUeHHsl. JTa CHCTeMa
ypaBHeHH# coBnajaeT ¢ cAcreMofl ypasHeHuft (2.13).

IlQBepXHOCTHHHA HHTErpajJ 4YeTBEPTOI'0 YPABHEHHS CHCTEMB
(4.2) npeo6ipasyem, moan3ysick ¢opmysoit ['puna:

Wz, —2ryaz=
= lw@t+zmtzay—2(ri+vm+ Y,n)] ds —

(4.7)

)
l
{
l

= ((0z, —2v) 1+ (92, — 2y m 4 (yZ, — 2¥.) n] dX =

*Hj‘ a(yz -——zYx) a(yzgy—zy,,)_|_a(yzdz zYz)] -

=i v (ax+ay+az>
(ax+oyy+az>+z ]d

ITostomy uerBéproe ypaBHenue cHcTeMH (4.2) naér:
) 0z, 0Z, 9Z
s le—netS2+52+52] -
A . oY, . oY, = or
—[r=petSE+5+ 52+ 2, v} =0,
Ho B cuay yxe Joxasamubx ypaBHeHnH (4.7) 310 nocaennee
ypaBunenue naérT:
({z,—rya=o, (4.8)

H TaK XK€ MOAY4YHM H3 5-ro ¥ 6-ro ypasHenu#t cucreMu (4.2):

({2, —x)az=0, }

Sl@—x)s=0

(4.9)
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Tax xaxk ypasneuns (4.8) u (4.9) ornHocarcst K JwobGoMmy o6bEMY
V' u a1060oMy ero NOJOXEHHIO, TO HMeeM:

Y,=2Z,
Z, =X, (4.10)
Y, =X,

dyHIaMeHTabHHE B TEOPHH YHOPYrocTH ypasHenna (4.7),
(4.10) n (4.3) 6ban OoTKpHTH Komm.

§ 41. YpaBHenus ynpyroro paBHOBECHS! H ABH)KCHHS
B nepeMelleHunsXx.

B ypaBhenns Komn (4.7) MH Ro/kHH BHecTH dopmyan (2.15):
o v ., 0w

szm’ jy=5t—2! ]z_‘:W' (411)

[To ¢opmynam (3.22) mecTb KOMIOHEHTOB HAaMpsKEHHOTO CO-
CTOSIHHA

Xo Yy Zp Y, Zoy X, (4.12)

ABJIAIOTCA M3BECTHHMH (DYHKIHAMH JEBATH YaCTHHIX NPOHU3BOJHHIX
OT lIepeMeINeHHi u, v, W:

on du Ju
ox’ 5; v 9z ]

ov Jv dv

ox’ @ L P i (4.13)
dw Jw IJw

dx ’ 9y ' 9z °

[ToaTOMy 4YacTHHE NPOU3BOIHHE OT KOMIIOHEHTOB HampsixKEHHOTO
cocrosuua (4.12) 6yayT uMmerb BHJA:

X, 0[1) 0% of1\ 0% of,\ ow
b (az— aa (a’;;) dyox T (a—e; gzox T
Oft) (w , 0 ofr\ (Pw , 0%
+ (de;,) (0)! 0x+ 0z 0x) X (—087,) (6x2 +az 0x) +
ofy d% 0% )
=+ ((Te;;,) (0x2+0y0x (4.14)
H el NaTh aHAJOTHYHHX COOTHOIUEHHH.
Koad¢punuents npH BTOPHX NPOH3BOAHHX OT &, ¥, W CYTh
(QYHKIHH DeBATH NEPBHX MPOH3BOJHHX OT 4, U, W. MH IOJKHH
BHECTH IIecThb BHpameHnu#i Buja (4.14) B ypasuenus (4.7); B pe-

3yJbTaTe IOJYYHM CHCTEMY TPEX HEJWHEHHHX ypaBHEHHH C yacT-
HHMH I[IPOM3BOAHLIMH BTOPOTO NOPAAKA AaA TPEX HEH3BECTHHX
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dyHKIMA #, U, @ OT YEeTHPEX HE3aBHCHMHX IIePEMEHHHX — KOOp-
JHHAT X, V¥, 2 H BpeMeHH [,

B yactHOM cnyqae, KOrjga HMeeT MeCTO 3dKOH FyKa, YaCTHHE

d
I1POH3BOAHHE %—, ceos 52:{6'" 6yayT NpoCcTO YNpPYrHMH MOCTOSIH-
xx
HBIMH Cpy, Cig « vy Copy H CJIE}IOBaTEJIbHO ypasHennst (4.7) mpen-

CTABAT CHCTEMY TpeX JUHEeHHHX YypaBHEHHH# BTOPOTO TOPAAKA
C TIOCTOSIHHHIMH K03 (HIIHEHTAMH 18 TPEX HEU3BECTHHX (HyHKIHIl
u, v, W OT YeTHPEX NepeMeHHHX X, ¥, 2, t. 3xecs X, ¥, 2 —
HayaJbHHE KOODAHHATH, TaK KAK pAcCMAaTPHBAETCA CJaydad OYeHb
masnoff pedopmanuu. B uwacTHoM ciydae HM30TPONHOTO Teja, MpH-
MeHsAs (opMyJIH (3.52), MEL TIOJYYHM:

X,

ax +2 x“’
0)’ d
6Z 02w

9z —)‘02 | 2oz 022 *

X, (0211 0 ) X ( 0 020)
y___ —_ i A —
ay =*\aE T axay) or = * \ayar T aw/

0X du 0w X,

(dzdx+0x2>’ dz = <¢3z“ ‘}'5,\:02)
oy, % W, [ ow , ow
ay (dy?+azdy) E"u(dyaz +0_z?)

Buecém atn dopmyan B ypasnenus (4.7). Ina nepsoro ypasHe-
HHS HMeeM:

sk 2Ty b (ot af?y) +
+u (Fa+ors) +o (X—55) =0.

Ho 3ato MoxHO mpeXCTaBHTb B BHIE:
A (0211 0% | 0%

du ov Jw
atr (Gat ot as) e (et ot 39+
| ’
+P( 0;) 0,
4 TAK KaxK HMeeM:
ad
A=t tey, e, =g+ 5+ 52, (4.15)

TO IOJYYHM OKOHYATEJBHO:

O+m5t+r (Gat gt te(X—e) =0 (416)
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Ilpeo6pasyss aHAJOTHYHO BTOPOE H TPeTbe YPaBHEHHS CHCTEMH
(4.7), Ma nonyunM emé ABa ypaBHEHHMs Jjs H30TPONHOrO Tejd:

oA 0%v 0%y 9 J%v
0405 +u(Gatgitam) +e (Y —5m)=0
04 02w 2w 02w 02w
O+ g+e (Gt g +5a) o (2—5) =0
Beens yxe npuHsToe o003Hauenue

() )= )=w0),

MBl NpHBEAEM cucTeMy ypapHenH#i (4.16) u (4.17) x okonuareib-
HOMY BHAY:

(4.17)

() J5-Fuveu 4o (x—54) =, 1|

O+w 5 tuve o (r—98) =0, | (418
O i+ (Z—52) =0, |

npuuéM A gaHo opmyaot (4.15). Irm  ypaBHeHus ynpy-
roCTH B HEpPEeMEen[eHHAX JAHH Jlame W HocAT ero ums. Ilo aHaxo-
run ypasHenHs (4.7), B KOTOpHe BHeCeBH BhpaxceHus Buaa (4.14),
MOXHO Ha3HBaTb 0000 éHHBIMIL YpasreHuamu Jlame.

Tax kak TpEX COBMeCTHHX AH(depeRIHaNbHNX ypaBHEHHH J0-
CTaTOYHO JJIs1 OHpeJe/eHHs TPEX HEH3BEeCTHHX YIPYTHX Iepeme-
WeHH! #, v, W, TO peleHHe 3aJaYH YNPYroCcTH OYJIET BIOJHE
onpeneaéHHHM *), ecaH O6YIYyT YAOBJIETBOPEHHI:

1) yCJIOBHA HA MOBEPXHOCTH YNPYTOTO TeJa — TaK Ha3hIBAeMble
2PAHUMHbBIE VCAOBUS; ‘ '

2) ycJOBHs B Hayajae ABHXEHHA — TaK HA3bIBaeMHE HA4QAbHbC
ycaosus.

§ 42. I'pannyHbie YCAOBHSA.

Ha moBepXHOCTH YNPYroro Teja BO3MOXHH Pas3gH4YHOTO poja
yc/ioBusi. Bo-nepBHx, MOryT OHTb 3aZaHH 3HAYEHHs YINPYTHX Ie-
peMemeHnit 1o Bcefl TOBEPXHOCTH X YNPYLOro Tesa:

u:(!)l (x) Y % t)r
v="0,(x, ¥, 2, 1), Ha TOBEPXHOCTH X. (4.19)
w=b,(x, ¥, 2, 1).

OTH YCJAOBHS HOCAT KUHEMamuueckuii xapaxmep.

*)} Cum. 8 § 118 Teopemy Kupxroda 0 eIMHCIBEHHOCTH pemIeHHS,
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Tax kxax ypaBHeHHs (4.7) HMEIOT MeCTO IO BceMy OOBEMY
YyHpPYrore Teja BHJIOTH ACQ €ro NOBEPXHOCTH, TO 3HAYEHUA U, U, W,
noJyueHHHe HHTerpHpOBaHHeM ypaBHeHHiHl (4.7), HMEOT MECTO IO
BceMy 00bEMY YNpyroro Teja BILIOTh IO ero InopepxHocTH X. Ha
MOBEPXHOCTH 2 9TH 3HAYEHHS JOJIKHH COBNAJATb C TEMH, KOTOPHE
JaHH 2panuinsimu yeaosusmu (4.19). CaegoBaTeqpbHO, HHTErPAJIH
ypaBHeH#il (4.7) Haxo moao6parb Tax, yToGH GHJH yAOBJIETBOPEHH
ycaopus (4.19).

Bo-BTOpHX, MOryT GHTbH 3ajlaHH [0 BCeil TOBEPXHOCTH X yIpy-
roro Teja 3HA4YeHHsT BHEIIHHX CHJ, NPHIOXKEHHHX KO BCEM 3Je-
MEHTaM 3TOH MOBEPXHOCTH:

Xv:XI (x’ yl Z, t)’
Y,=1.(x, ¥, 2, t), } Ha noBepxnocru I. (4.20)

szh(x: Y, 2, t)' )

Buocs 3pauenms u, v, w, NOJAy4YEHHHE HHTErPHPOBAHHEM ypaBHe-
muft (4.7), B dopmyan (3.22), MH HaHAEM 3HAYEHHS

XV, Z., ¥, X, X,

IPHIOJHbIE IO BCeMy OGBEMY YHPYyroro rtefla BIJIOTb IO €ro Io-
BepxHOCTH 2. Ho ¢opmysan (4.3) npurogus no Bcemy o6bEMY
yOpyroro Tesia BILJIOTh JO €T0 IIOBEPXHOCTH X M Ha CaMO#l STOH
nosepxHocTH. [losToMy, BHOCS B HHX BHUYHC/IEHHHE BhHIIE 3Ha-
YeHHs

Xx’ Yy: Zz) Yz, )(za )()n

MH NOJYYHM 3Hauenwus X,, Y,, Z,, rojHne Ha cCaMOH IIOBEpPXHO-
cru X, Takum 06pasoM, MH INOJYyYHM YCJAOBHA JJas 4, U, W Ha
HOBEPXHOCTH X:

)(v:Xxl +‘Xym + in:XI’
Y,=Y /4 Y,m+Y,n=y, ; na nosepxaocra X. (4.21)
Z,=ZJl4-Z,m+Z n=1,.

STH YCIOBHA HOCAT OuMamuseckuii xapaxmep.

B-TperbpHx, BO3MOXHA HAa NOBEPXHOCTH YIDPYLOro Teaa KoMmGu-
nauus sTHX yc/aosu#t. Ha ogHO# yacti moBepxHOCTH 2 MOryT GHTb
3ajann 3HaueHHs ynpyrux nepememenufi. Ha ocranbHo#t wacta
3TOH NMOBEPXHOCTH MOTYT OHTH 33JaHH BHEUIHHE CHJH. Tax, B OT-
Jle/IbHHX TOUKAaX MOBEPXHOCTH X MOryT OHTh 33JaHH IepeMelie-
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HAS (B YaCTHOCTH, OTHe/NbHHIE TOUKH MOTYT OHTBH 3aKpel/eHH),
TOTAA KaK OCTaJbHAsg YacTb NMOBEPXHOCTH 2 MOXeT OHTh Harpy-
JEHa MOBEPXHOCTHHMH CHJAMH, HJIH OCTa/JAbHasd YacThb NOBEPXHO-
cTH ¥ MoxXeT OHTb CBOGOAHA OT YCHJIH{A, HO Ha Teao GyARyT
JeHACTBOBATh MACCOBHE CHJH, HANPHMEp, CHJIH THXKECTH. Takxke
BCTPEUaIOTCA YCJIOBHA, HAK/AaJIWBAeMBle HA KOMIOHEHTH JedopMa-
LIMH HJIH KOMIIOHEHTHl 3JEMEeHTADHOTO BpALEHHS B OTAEeJILHHIX
MecTax NOBEPXHOCTH TeJa.

Haxonen, BO3MOXHH M HHOTO POAA YCJAOBHS KHHEMAaTHYeCKOro
HJH JHHAMHYECKOTO XapakTepa.

§ 43. Hauaabhble ycaoBus.

B nauane pBuxenus B MoMeHT £==0 MoryT GHITb 3aJaHH 3HA-
YeHHs YNPYTHX I[epeMelleHdii #, U, @ H HX MNPOH3BOJHHE IO

BpeMeHH f:

u:fl (X: Vs Z),

v=_,(x, ¥, 2), { a1 t=0 (4.22)
w=fy(x, ¥, 2);

é

'élti:‘?l (X, Y, z)s

7}
SF=0( ¥ 2, | nmt=0 (4.23)
ow

ot Ps (x’ Y, 2)'

Hurerpaan ypaBHenuit (4.7) H0/uKHE GHTH NMOJOGPAHH TaK, YTOOH
ycaoBust (4.22) u (4.23) 6HaH yROBJIETBOPEHH.

Ilpn y10B1€TBOpEHHH HAYa/JbHLIX YCJIOBHA CYIIECTBEHHYIO POJb
HrpaeT Havya/JbHOe COCTOsiHHe Tejaa. IlpeamoJsaraem, 4To B €CTeCT-
BEHHOM COCTOSIHHH, KOI'Za eulé Her JedopMallHH, HET HanpsKEH-
HOTO COCTOsiHHsA. B nportusHOM ciyuyae ypasHenus (4.14) mo/mxHH
OLITh H3MEHEeHHI.

Ha ocnosannn teopemn Kupxroda o eIMHCTBEHHOCTH peUIEHHs
3a/laYl TEOPHH YNpPYT'OCTH, AOKa3aHHo# B § 118, MH Moxem cun-
TaTh, YTO Pa3 MH HALIJH pelIeHHe YpaBHEHHH yIPYrocTd, yRO-
BJIETBOpSIOILEE HAYaIbHEM H I'PDAHHYHKHM YCJIOBHSM, TO 3TO pellleHHe
6ysneT eJIMHCTBEHHHM, H HHMKAKOro APYroro pelieHHs HAHTH Helb-
31, DTO OTHOCHTCA KO BCceM npo6.emaM, KOTOpHE OyayT pac-
CMaTpuBaTbcss B 9Toff KHure. Vck/oueHne COCTABJASIOT TOJBKO
33/aY¥ O pPABHOBECHH [JMHHHIX TOHKUX IIPYyTbEB HJH TOHKHX
MJIACTHHOK M TOHKHX OO60JIOYEK, TJe€ BO3MOXHO HECKOJBKO
peleHui.
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§ 44. YpasHenus ynpyroro pastHoBechss Kowwu.

B crywae ynpyroro pasmosecus j,=j,=/,=0, B ypaBHeHus
(4.7) npHEAMAIOT BHA:
0X,  0X,  aX,
T Ty T T eX=0,
ox, . o, o, B
9% T oy T3 T Y =0,

ox, v, 0z,
o% Ty T T9Z=0)

ItH ypaBHeHHs KomH HMeT OuyeHb 00/bUIOE NPAKTHYECKOE 3HA-
yende, lllecT HEH3BECTHHX KOMIOHEHTOB HANPAKEHHOTO COCTOSHHSA

X, Yy Z,, Y, X, X, (4.25)

CBSI3aHH TOJBKO TpeMms ypasHeHusimu. [losromy, ecqm He paccMar-
pHBaTH ONHOBPEMEHHO YIPYryio AedOpMamMIo, TO 3aJaya OTHCKA-
HHs BeJuuuH (4.25) He HMeeT ONpene/EHHOTO pelIeHHS.

Tak xak miecTb KOMIOHEHTOB HampsiKEHHOTO coctosiuus (4.25),
coraacHo ¢opmyaam (3.22), ABISAIOTCA H3BECTHHMH (DYHKIHSMH OT
IIEeCTH KOMIOHEHTOB Je(OpMAllHH, a C/J1eL0BATEIbHO, OT NPOH3BOJ-
HHX TOJBKO TPEX HEeH3BECTHHX (yHKuMA I, ¥, W OT X, VY, 2, TO
ypaBHeHus (4.24) Bcerja NpeaCTaBJsiOT CHCTEMY TPEX YpaBHEHHH
B YaCTHHX IPOM3BOAHHIX BTOPOrO TNOPAAKA OTHOCHTENBHO TPEX
Heu3BeCTHHX ¢yHkmuft z, v, w. Takum o6pa3oM, OHH BCeraa Jo-
CTATOYHH JJI51 OTHCKAHHS X, ¥, W HA OCHOBAHHH 3HAHHA TPAHUU-
HHIX YCJOBHH, YKasaHHHX B § 42.

OnHako B HEKOTOPHX 3afa4yaX BHI'OJHO CHHTaTb, YTO LIECTh
KOMNOHeHTOB (4.25) He CBA3aHH Mexay CO60M HHKaKHMH COOTHO-
HICHHAMH KpoMe YypaBHeHH# (4.24), Torza TpH H3 STHX BEJHYHH
MOTYT GHTBH B3SITH IPOH3BOJLHO.

(4.24)

§ 45. ®opmyan Makcseana u Mopepa.
B caydae oTCyTCTBHSI MAacCOBHX CHJI
X=Y=27Z=0(,
ypasHenus (4.24) npuHaMaoT BHA:

0xX,  0X, 0X,

o oyt =0 ]I

0X, | oY, oy,

=+ oy a2 =0, l} (4.26)
)

oX, oY, = 0z,
ox T T3 =0
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MaxkcBens yxasan caeiyloliee pelieHHe 3THX ypaBHeBHi:

0%y | 0%, 0%
0y2+dz?’ 27" gyoz’ }
0%, , 0%, 0%,
£ —E—l— 0x2? Xz T 9zox’ i (4.27)
__ 0%, | 0% ___ 0%
Z. =T g K=" 5z

OTH peuleHHs TNpPOBEPAIOTCS INOACTAHOBKOA B ypaBHeHns (4.26).
Mopepa yxasas Ha RPYryio CHCTEMY pelleHHH CHCTEMH ypaBHe-
Huil (4.26), Takxke mpoBepseMyio IOACTAHOBKOH:

__ 9% | by | by , OB,
Xo=go Yo =— g (— R+ 2+,
02 . 1 @ /0) gi Y
Yy:az%x’ )(Z""’.'Z?i}(ﬁf_a;“{“a—;)’ i (4.28)
92 1 0 04 0by 3%
Z,= ox+3”y’ y = 2 0z ( a;“l_ d; dza)' }

P. O. KysbMmuu mnoxasan, uro ¢opmyan Maxcsenna Jamor
obuiee pemenue ypapsHeHufi Komu, cnocofHoe npeacrasuts JA00Yio
cucreMy (yBKIUH, YAOBACTBOPSOLINX 9THM YpDAaBHEHHAM H MHTE-
TPHPYEMHX, KAK H HX IPOH3BOJHHE. To ke OH IOKa3aJl OTHO-
CHTeNLHO ¢dopmys Mopepa, ecaH TOJBKO KOMIOHEHTH HanpsKeuus
YAOBJIETBOPSIIOT HEKOTOPHM YC/IOBHAM HHTETPHPYEMOCTH.

§ 46. Hexoropbie cBoiicTBa ypaBHeHMH ynpyroro pasHOBeCHS
np¥ OTCYTCTBHH MacCCOBbIX CHJ.

B ciyyae orcyTcTBHSL MaccoBHX cHA X=Y=Z=0 Ha Texo
JeACTBYIOT CHJH, MPHJIOXKEHHHE TOJBKO K €r0 IOBePXHOCTH. DTOT
cayua#t uMeer 0OJbIIOE 3HAYEHHE B TEXHHUECKHX IIPHJIOKEHHSIX.
B paccmarpusaemom cayuae ypasuenus (4.18) npuuumMaior cienyo-
wuii BUA:

a+w%+ﬂm=a}
O-4-1) g_i 4 u¥20=0, (4.29)
0+ #) 5+ w=0. |

IMpoxuddepennnpyem nepsoe ypaBHeHHE IO X, BTOpoe —IIO Y,
TPeThe — 0 2 H NOJyYeHHBIE Pe3yabTaTH CJAOXKHUM. DTO JACT HAM:

02A

O (Gat+ it om) Fov (G +HE+5) =0, ¢430)
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TaK Kak 5 5
O gz —v2 2%
deu__\” 5y U T A

Beaencrsue (4.15) mu moayunm u3 (4.30):
(1) VA 1V2 A= (a4 2p) 24 =0,

OTKYAAd CJaelyeT, YTo
T2A=0, (4.31)

T. €. 06bEMHOe pacuripeHHe A eCTh rapMoHHYecKas (yHKIHS.
Cuenas Ternepb onepauuio V2( ) Haj KaXJAHM H3 ypaBHEHHH
(4.29), nosyunm:

(1) 2 VAV =0, )

(1+u)5(;—V2A+uV4v =0, i (4.32)
(A 1) 2 VA - Vo =0, J
rae o603HAYEHO
Ve( )=V2Iv2( ) (4.33)
Beaencrsue (4.31) ypasHenus (4.32) mpHMyT BHA:
Viu =0,
Viv =0, (4.34)
Véw =0,
T. €. KOMIOHEHTH YIPYroro nepeMeuleHns CyTb GHrapMOHHYECKHE
(QYHKIHH.
CioxuM Tenepb Tpd mepBHX ypaBHeHdus (3.52). Beoas o6o3sna-
ueHHe:

b=X,+Y,+Z,, (4.35)
MBI IIOJIYYHM BAXHO€ COOTHOIIECHHE:
0=3M -2 (et e, + ) =342 A (4.36)

3gech § ecTb cyMMa HOpMANBLHHIX HANPSKEHHH HA TPEX B3AMMHO
nepneHIHKYAAPHBIX IIOLAAKAX B JAHHOA TOYKe, MPEACTABJIAIONIAN
HHBAPHAHTHYIO BEJHYHHY mpH JI000M BHOOpE 3THX IJIOIMAJOK.
CaepoBaTenpHo, § ecTh xapakrepHas BeJHYHHA B KaXAOR TOouke
VIIPYroro TeJja.

W3 (4.36) nmeem Bcaencreue (4.31):

V20 = (31 - 21) V24 =0, (4.37)
T. e. § ectb rapmonnueckas QyHKUus,
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IMponenaem Tenepb OUZAPMORUKECKYIO ONEPAyUO Hak 06eHMH
yactamu mectH dopmya (3.52). dro maér:

T =1 op D ey,
N 0
VY, =P 4 2u 2 Vo,
ViZ, =144 4-2u L Vi,
P AL
ViX,=n [(% V*w—}—%V‘u],
2 0
VX, =n [b‘i Viv -|—5;V4u];

orciofa seaeacrsie (4.31) u (4.34) nonyunm:
VX, =0, V4V, =0, V¢Z,=0,
— A — Y — (4.38)
ViY,=0, V4X,=0, ViX,=0,
T. €. KOMIOHEHTH HANPSAXKEHHOTO COCTOSIHHA CYTb GHrapMOHHUE-
CcKHe (PYHKIHUH.

§ 47. Toxnecrsa BeabTpamu.

B ruase | 6uJ0 NOKAa3aHO, YTO IIECTb KOMIOHEHTOB YHpPYrof
nedopmanuK €., €,,, €, €y, €, €., He SBAOTCA [POH3BONL-
HHMH (PYHKIUAMH KOOPJAHMHAT: HX YaCTHHE NPOHU3BOAHLIE BTOPOTO
MOpPsIiKA CBSI3aHH mIecThio cooTHomenuamu (1.107) u (1.110). Tax
K4aK STH LIeCTh KOMIOHEHTOB AeOpMAaLHH SBJAAIOTCH, KAK MH BH-
peau B raase I, BooaHe onpeneJ8HHHMH (QYHKOHAMH OT LIECTH
KOMIIOHEHTOB HANPSKEHHOTO COCTOAHHA

X, Y, Z, Y, X, X,

TO OYEBHAHO, YTO H YACTHHE IIPOH3BOAHHE BTOPOTO IMOPSAKA
IIeCTH KOMIOHEHTOB HANPAXEHHOTO COCTOSIHHMS TAKKeE CBSI3aHH
LIECTBIO COOTHOIIEHHSIMH, BOOOLIE HeJHHeHHHIMH.

Ho ecau mns ynpyroro tena npuMeHnM 3axkoH ['yka, To vact-
HHle NPOH3BOAHBIE BTOPOro mopsaika ot X,, Y,, Z,, V,, X,, X,
GYAyT CBSI3aHH IIECTHIO JHHEHHHMH COOTHOLIEHHSIMH C IOCTOSIH-
HBIMH Ko3d¢dunueHTaMu. B caywae udomponnozo mesa sTH COOT-
HOIIIEHHs] OCOGEHHO YNPOINAIOTCA, H AJA YACTHOTO CJAydast OTCyT-
CTBHA MACCOBHIX CHJI OHH OHIH nosydvenn Besnsrpami.

B stom cayuae e,,, €,,, €,, BHPaXaIoTCa OYEHb MPOCTO yepes
Xe Y, Z, dopmynamn (%.85). Beoas 6 no ¢opmyne (4.35), Mu
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6yneM HMeTb:
=1 X, (1-+6)—oaf),
e,y =17, (1-F0) —ab], (4.39)
1
=1Z,(149)—ab].
s dopmyn (3.75) naigém:

1 1 1
eﬂ_—_; Yz) ezxerz, exy —F/\;, (440)
npuuéM pu ompegeaserca no dopmyae (3.72):
E
LTI (4.41)

Brocs (4.39) u (4.40) B mepBoe u3 coorHomeHru#t cucremu (1.107),
MH TIOJYYHM:

1+ X, o, . o\ 1 9,
& (Gt 38 ) # () = seay
yto Beaencrsue (4.41) mpusoiuTca K Bu,zxy'
92X oY owX, 020

IMpoanddeperunposas neppoe ypaBHeHHe cHcTeMH (4.24) mo x,
BTOpOE IIO V¥, CJOXHMM HX H 3aT€M BHYTEM HPOH3BOIHYIO IO 2
TPETHETO ypaBHeHua 91Ot CHCTEMH. ITO JABT:
02X o, 027 X 9y 07
pd z
— 2559y = 6x2 + ayz — 9 +P<?37+ ay“?a?)'

Buocs ato B (4.42), MH nOJMy4HM:
02 (Xy+Y,) | 02 (Xe+7,) azz,]

(140 [ZEETD | FCATH_ 2
(gjfrl‘g;oz)—P(l—H)(‘Z—f—%——) (4.43)

U3 onpepenenns oneparopa V2( ) caenyer, uro

02 (X, Y, 02(X,4+Y,) . 02 (XY,
V2 (Xx+ Yy)_ 522 . = axxﬂ 2 + gyﬂ . . (4’44)
Hcnonnsys (4.35) n (4.44), MH HMmeeM:
02 (X Y 2 (X, +VY 0z, a%
O 2Ot vz, -5, (4.45)
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Buoca rtenepy (4.45) B (4.43) u 3ameuas, 4to

oM | 0% o, 0%
T o=V =G

MH NOJYyYHM:
(1) [P —Vez,— %] — oV fo 7 =
0% 0Z oY o0X
=y —(1+o) Nz, — S =(1+9p (F -5 —55) (4.46)

H TaKxe MOJyYHM emé JBa NMOAOCHHIX COOTHOUIEHHA H3 BTOPOTO
H TpeTbero ypasHeHu#t cucremun (1.107):

9% X or oZ
Vzo—(l"l"")vz&—a‘z:(l‘l"")?(W_b}"a)’
v V2 0% oy X oZ (4.47)
b — (1 40) Yy—a_)ﬁ—_(1+°)9(73}_6}_75)'

Cknagusas (4.46) u (4.47) u npumensas (4.35), Mbl NONyYHM:
3V2h — (1 +a) V26 — V2 = — p(1 + o) (%"F%Jr%;z)
OTKYyZAa HMeeM:
V== S (G5 )
Brocsa ato B (4.46) u (4.47), MH DIOJIy4AM NOC/]E TPHBEJEHHSA:
(14-0) Vx4 20 =
=—2 (140) 5% — e FEI (S T+ 5).

1—o¢
0%
(1+G)V2Y’+W:—_
. ¥  es(lfosoXx oY , 0Z
=—2(l1+9) oy T—s <0—x+5}+gz—>' (4.48)
' 0%
(140) vz, 4 22—

0Z s(l4o)/dX |, 0Y , 02
='_2?(1+°)?)E_9-(—+~_)(E+5}+E)'

1—g¢

9To cocraB/isieT NepBYIO Ipynny ycaosuii Beabrpamu. Brocsa Te -
nepp (4.39) u (4.40) B mepsoe coorHowenne cucremu (1.110),
noJayunM, npumenss (4.41):

2(14-o0) [02X, oW, 0%, 02X, 2 9%
E_[aydz axz dxdy—dxdz] T Edy z=0. (449)
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Hs Broporo u TpeThero ypasHeHHfi cHcTeMH (4.24) MB HOJMy4YHM,
aucbdepernupysi: 5

2X, _ o, _ oY, _ 2)_’
dx 0z~ 0yoz 022 Poz>
02X, v, 02z, oZ
dxdy= T 0 dyoz °Ty
Buocs sto B (4.49), HaipéMm:

o, . 0w, 0%, P (Xy+Yy+2Z,)
(140) (Gt Gt w4+ (1) e
Z , oY 0%
Fo(149) (5e+5) —9555=0,
yro, Beaencrsue (4.35), maér:

(140) VY, + ot +e) (F+5) =0.

TTpoBess aHaJOTHYHHE Npe0Gpa3s0BAHUA CO BTOPHM H TPETbHM COOT-
HomeHHsAMH cucreMu (1.110), MH NOJIy4YHM B pe3yJ/bTaTe BTOPYIC
cucteMy ycaoBuH BeapTpamu:

(140 VX4 525 =—p (149) (55 + ), )
(1+0) VX450 = —p(14-0) (Z4+Z), | (4.50)
(o) vy s =—e (149) (5 +5)-

B urore mmeeMm mects coorHomenui Besaprpamu (4.48) u (4.50),
KOTOPHE B C/l1ydyae OTCYTCTBHs MAcCCOBHIX CHJI NPHHMMAIOT BHJ:

920 \
(1+0) V2 X, + 5 =0,
920
(14-0) VY, 55 =0,
920
(1 40)V2Z, -} —7=0,

a2 g 4.51
(149) VX, + 525, =0, (5l

020
(I+9) VX, + 5-5=0,

020
(140) V¥, - 57 =0,

b=X,+V,+Z,.

B 3TOM YacTHOM cayyae COOTHOIIEHHS H GBLIH BIEepPBHE NMOJAYYeHH
Beabrpamu. Popmyant BeapTpamn NpHroaHe TOJABKO B Caydae
YHpyroro paBHOBECHA,

rue
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To ofcrosTeabcTBO, dYTO COOTHOmEHHA (4.51) NpHMEHHMH
TOJBKO IPH OTCYTCTBHH OOBEMHHX CHJI, He YMeHbLIaeT HX INpaK-
THYECKOTO 3HaUeHHd, TaK KaK B TEXHHYECKHX IDHJIOKEHHUSAX OGHYHO
MOXHO pPacCMaTPHBATh TOJBKO HOBEPXHOCTHYIO HArpysky. Ceepx
TOTO, A/ Clayyas cHAH Tsxkectd X, Y, Z cyTh moOCTOsHHHE 10
BceMy O6bEMY Tesa, H MX NPOU3BOAHHE IO KOOPAHHATAM — HYJIH.
IMostoMy mpasnie wactu ¢opmy. (4.48) n (4.50) o6Gpararcs B HyJH,
u cHOBAa mosyuarcs (opmyan (4.51). Mtak, mecrp KOMIOHEHTOB
HanpsKEHHOTO COCTOSIHHSA OXHOPOJHOTO H3OTPONHOTO TeJa He Mo-
ryT OHTb BHOPaHH INPOH3BOJBHO, HO JOJKHH YAOBJIETBOPSATH
HIECTH COOoTHOIIeHHsAM (4.48) u (4.50), a B ciyuae oTCYTCTBHS Mac-
COBHIX CHJI— LIeCTH cooTHomeHHsM (4.51). Mx nasmBaior wecmsio
moxcoecmsamu Bersmpamnu.

§ 48. Npocrefiluve npumepbl, KOTAa HanpskEHHOE COCTOSIHHE
NOCTOAHHO MJM JHHEHHO HM3MeHseTCs.

PaccMoTpuM HEKOTOPHE NPOCTHE CJAY4Yad, UHTEPECHHE B HaJb-
HefimeM.

a) PaBHoMepHOe BcecTODOHHEe NaBJEHHE.

IlpennosoxuM, YTO CIVIOLIHOE YOPYroe TeJI0. CXKHMAeTCs CO
BCEX CTOPOH NMOCTOSHHHM BHEIUHHM J1aBjeHHeM p. Dymem Hckarth
pelieHHs ypaBHeHH#t ynpyroro pasHoBecusi Kommn (4.24) npm ot-
CYTCTBHH MAacCOBHX cuI (X=Y=Z=0) B BHze:

Xy=VY =Z,=—p
% y z ’
Y,=X,=X,=0. } (4.52)
3nech nMeeM: ,

A JIETKO BHAETH, YTO LIECTh TOXIECTBEHHHX COOTHoImeHm# (4.51)
6yAYyT BHIOJHEHH.
Ha BHemmneil rpannne uMmeem:

){v—;—pk sz_pm! Zv=_pn’

T. €. BHEUIHAS NOBEPXHOCTHAS CHJIA JOJIKHA GHTH NABJIEHHEM p,
4YTO H MMEeT MeCTO B JAeliCTBHTEJIBHOCTH.

DUIMIICOM, HAnpsiKeHH# obpamaercs 3gech B map. Kacareds-
HHE HANPSXKEHHS OTCYTCTBYIOT, H JIOOHE TPH B3aHMHO-IEpPIeHIH-
KYJSpHHE NJOIAAKH CYTb IVIaBHHeE IockocTH. M3 (4.52) umeem:

€, =€, ==y, == 0,

e p ——p — P p(1—29 (4.54)
ex,_e”—ez,——m——————E—.
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Jnsi onpeneseHAss KOMIOHEHTOB yNPYroro HepeMeIleHHs #, v, W
uMeeM ypaBHeHHa Kommn:
ou__do_dw__ p(1—2)
ox~ dy~ dz E
ow | Jdv dw ; Ou ou | Ov
»+ta=0 H»tz=0 5 Tax=0
Muterpupys ypaBHenus (4.55), MH moJyunuM nepeMmelleHHs B BUAL:
n= —’il-—gi")x—clz—qy—{—c,,

'v=—p—“%g-°-)y——czz+c4x+ch

w:—p—“;—%)z—clx—{—czy—l—ca.

Jlng BHIeNEeHUA B STHX BHPAXKEHHAX YIPYroro mnepeMelleHHs,
HaM HYXKHO YCTPaHHTh NE€peMellleHHe TeJsa, KaKk abCoJITHO TBEp-
noro. TlosToMy 3axpemuM OAHY H3 ero ToueK (mycTb sTto GyzeT
TOYKAa, COBNAZANOUIAA C HAYaJOM KOOPAMHAT) H JJIsl YHHUTOXKEHHS
BpALLEHHs 33aKPENHM JBA SJAEMEHTAa, BHXOAAMHUX H3 3TOH TOUKH,
HanpuMep, SJEeMEHT IO OCH Z M 3JEMEHT IO OCH Y.

Torma mecTs NPOM3BOJBHEIX MOCTOSHHHIX MH OIpEJeIHM H3
YCJOBH:

(4.55)

un=v=w=0
du__0u__dv__ J npn x=y=2=0, (4.56)
oy 0z 0z

1 MH IOJYYHM OKOHYATE/JIBHO CACAYIOLME BHIDAXKECHHS LA yUpy=
CHX [epeMeIleHuH:

u=—p————(1;2°)x, )

v=—20=2) (4.57)
_____p(l—2c)

W=—"fp— 2.

CaepoBarespHO, MEpPEeMEIIeHHd TOYEK Tena CyThb YHCTO PafHab-
HHeE, OPONOPHHOHANBHHE pPACCTOAHHIO OT Hayaja KOOPIHHAT H
CHMMETPHYHHIE OTHOCHTEJABHO HEro.
b) [Ipocrtoe pacTdxkeHHe NIPH3MAaTHUYECKOTO Gpyca.
Hampasum ock 2 no ocu 6pyca. Tak Kak MAacCOBHX CHJ HeET,
TO pemenue ypasHenuil (4.24) Gepém B ¢opme

X,=Y,=X,=X,==Y,=0, }
Z;==+p
Ycnosua (4.51) 6ynyT yAOB/JIETBOPEHH.

(4.58)
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Tak xak 6pyc NpH3MAaTHYECKHH, TO HAa GOKOBOH MOBEPXHOCTH
6pyca umeeM:
n=cos (v, 2)=0.

B 3arom cayuae rpaHHYHHE YCJIOBHSI JAIOT:
X, =X+ X,mn 4 Xn=0,
Y,=XI!+Ym4Yn=0,
Z,=Xl+Y,m—+Zn=0,

T. €. 60KOBass MOBEPXHOCTb JOJMXKHA OHTb CBOGOJHA OT NMOBEPX-
HOCTHHIX CHJI, YTO H HMEET MECTO, TAK KAaK HArpys3ka TOJIBKO oce-
8an. Ha niockocTAX OCHOBaHHA NPU3MH, HOPMAJBHEHIX K OCH 2,
HMeeM:

l=m=0, n=-41,

B atoM cayuae moayumM:

X=X+ Xm4 Xn=0,
Y,=X/+Ym4- Y n=0,
Z,=Xi+Vun+Zn==p.

CieosarebH0, HA OGOMX OCHOBAHHAX MEI MOJAYYHM PABHOMEPHO
pacnpedesénryio pacmszusauyo Hazpysky p. Eé- paBHOuel-
CTBYIOLIAs MPHJIOXKEHA B IEHTPE TAXKECTH OCHOBAHHA H HanpaB/eHa
no ocd 6pyca. Bubupas Ha4ano0 KOOPAHHAT HA KoHUe 6pyca, MO-
CTABHM TPaHHYHHE YCJIOBHA:

u=—v—=—w=>0,
du__du__dv__ g Xx=y=2z2=0
oy~ 0z~ oz !

TOrha INnOJYy4YHM:
opx s 2
ud__R—’ ﬂ:——p"i, W——-‘—g—q (4.59)

§ 49. Mpunnun CeH-BeHana u CMAr4YeHHe TrpaHHYHBIX YCAOBMH.

Brinle MH HMe/H CHenHaJbHHE 3aKOHH pacnpeneseHHus MOBepX-
HOCTHHX ycHsH#t Ha rpasuumax 6pyca. Ho Cen-Benan yxasax, uto
BOBCE HET HeOOXOARMOCTH, YTOOH YCH/IHA HA TrpaHAnax Gpyca
OHlJIH B TOYHOCTH paclpefesneHb 0 HaHZEeHHHM HAMH 33KOHAM.
ITpunyun Cen-Benana COCTOHT B TOM, UTO €CJH YCHJIHS, AEACTBYIO-
npe Ha HeOOJBIIYI0 YacTh YNPYyroro Te/a, 3aMEeHUTb APYrof,
CTaTHYECKH SKBHBAaJE€HTHOH CHCTEMOH yCHJHH, AeificTBylomefl HA Ty
K€ 4YacThb NOBEPXHOCTH TE€Jd, TO 3TO liepepacnpejese:ine NOBEPX-
HOCTHHX YCHJ/IHA BH30BET CYIIECTBEHHOE H3MEHEeHHe KOMIIOHEHTOB
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HaNpPSKEHHOTO COCTOSIHHA TOJBKO BO/M3H MeCTa NPHJIOXKEHHA yKa-
3aHHHX MOBEPXHOCTHHX YycHJHE (3T0 H 6GyAyT TaK Ha3HBaeMHe
Mecmusie Hanpaocenns), Ho B Toukax ynpyroro teaa, yAa/iéHHHX
OT MeCTa TNPHJOMEHHS YIOMAHYTHX YCHJAHH HAa pacCTOsHHA, AO-
CcTaTouHo OG6OJibIIHE IO CPaBHEHHIO C JHHEHHHMH pasMepaMH Toi
TMOBEPXHOCTH, Ha KOTOPOH OHH NPHJIOKEHH, BJAHSAHHE Ilepepacnpe-
Jenenus ycuauit 6yner HuutOoxHO. IlosToMy, ecau AJHHA npH3Ma-
THYECKOro Opyca Be/IHMKAa- IO CPAaBHEHHIO C Pa3MepaMH ero mome-
PEYHOro CeueHHs, TO HANPSIKEHHAs H JAedOpPMaNHH, NPOH3BEIEHHbIE
BHYTPH 6pyca OCeBOH pacTAruBaolie# CHJIOH, NPHJIOXKEHHOH Ha
koHue 6pyca, HaH xe wu3rub6 Opyca MapamH, NPHJIOXKEHHHMH IO
€ro KOHI|AM, — NMPAKTHYECKH He 3aBHCAT OT pacnpeje]eHHs NMOBepX-
HOCTHHX YCH/JHUH, CTaTHYECKH SKBHBAJEHTHHX YIOMSHYTOH oOcCeBoii
CHJIE HJIH YNOMSAHYTHM KOHUEBHM nmapaM. OTK/JIOHEHHS HanpsiKEH-
HOIO COCTOSIHHA OT BHYHCJAEHHOI0 OYAYT HMETB MECTO TOJbKO
B He6oJIbIIHX O06/1aCTAX OKOJIO KOHIOB Gpyca.

TpyAHOCTH, CBS3aHHHE C HHTETPHPOBAHMEM YpaBHEHHHA ympy-
TOro PAaBHOBECHA NPH 33JAHHBIX TPAHHYHHX YCJIOBHAX, OKAa3aJHCH
CTOJNb 3HAYHTEJBLHHMH, YTO HX HE CMOTJH NPEOROJEeTh I YIOMS-
HYTHX OCHOBHHX 33134 TEOPDHH YNPYrocTH (pacTsiKeHue, Kpyue-
HHe, H3ru6) Jaxe TaKWe BeJHKHE MaTeMaTHkH, kKak Kowmn wu
Tlyaccon. Tosbko CeH-BeHaH cMor HalTH NPAKTHYECKH NPHrOZHOE
pelieHHe 3a4aY PacTsKEHHA, KPYUEHHs H H3rH6a IPH3MATHUECKHX
6pyceeB. Ho aro yjpajsoch eMy HOTOMY, YTO OH OTKAa3aJCs OT TOUY-
HOT'0 YAOBJETBOPEHHS T'DAHHYHHX YCJOBHH B Te€X KOHIAX OpycChes,
Ile IpHIoOKeHa AeHCTByoas Ha 6PyC HArpyska. DTH rpaHHUYHBIE
yc/aoBHs yAOBAeTBOpsioTcs y CeH-Benana npubauscénno, sa ocHo-
BaHHH BHIIEYNOMSHYTOI'O NPHHIHNA, TOJBKO AJS PaBHOJEHCTBYIO-
uiefl CHJIH H MOMEHTA DPaBHOAEHCTBYIOUIEH NapH 3aJaHHOH CHCTEMH
HArpy30K.

Taxoe umnmezpaasnoe Y008AEMEOPEHUE 2PANUYHBLX YCAOBUL
B TeX KoHIax 6pyca, rje NPHJIOKEHA X HeMYy Harpyska, ecTb He
YTO HHOE, KAK CMAHEHUE 2PAHUYHBLX YCA0BUL Ha KOHYax 6pyca.

§ 50. Tpy6a GecrkoHeuHOH AJMHHBI, HAXOAALLASACA MOA JeHCTBHEM
PaBHOMEPHOTO BHYTpPEHHEro M BHEIUHEro AasJjieHns (3ajiaya Jlame).

Ilycrs Mbl BMeeM TPyOy NPOH3BOJIBHOR TOJLIHHE CTEHOK, JJIHHY
KOTOPOH MH MOXE€M CYHTATh TakKOH 6OJBIIOH, 4YTO MOXHO He o6pa-
UIaTh BHHMAHHS HAa ABJEHHS, NPOUCXOAAINHE Y KOHLIOB TPYOH.
Tpy6a waxoAuTCa NOA JeficTBHEM pPABHOMEPHOTO BHYTPEHHEro
JABJIEHHS P, M PAaBHOMEPHOr0 BHEIIHEro JaBJjeHus p,. O603HAUUM
BHEWIHHA paaHyc TPpyGH uepe3 @, a BHYTPEHHHMI paguyc TpyOH
yepe3 b. Ocb Z HANPaBUM IO OCH TPYOH.

Beugy 60/blI0H IAHHH TPYGH B PaBHOMEPHOTO pacnpejeeHus
JaB/eHAsl, MH MOXEeM paccMaTpuBaTh 3ajauy Jlame kax AByxpaas-
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MEpHyI0 3ajauy. BBHIY OTCyTCTBHSI MacCOBHX CHJA YPaBHEHHsA
(4.18) npnmyr ,zum YOPYroro PaBHOBECHS BHJ:

04w F+uvu=0,
().—i"}l)a'v"‘i'}lvzﬂ: ]
du | dv
A_.(Tr_l—(fy’
o2 9?2
v( )=l )+ )
Beuay TOTO 4TO pacmpefie/ieHHe BHEIIHHX CHJA CHMMETPHYHO
OTHOCHTEJNBHO OCH TPyOH, sBiaeHme gedopmamun eé 6yner Toxe
CHMMETPHYHO OTHOCHTEJIbHO ocu TPYGH. Ilostomy ympyroe mepe-

Memende TPyOH O6yJnerT 3aBHCETh TOJBKO OT PAaCCTOSHHA r OT OCH
Tpy6H. MH MOXeM NOSTOMYy HCKaTh pelueHue ypapHenuit (4.60)

L (4.60)

B ¢opme:
=v9(Nx, v=9()y, (4.61)
rP=x?-4y2, .
Buocs (4.61) B (4.60), M nonyyum:
A=2+rR, (4.62)

3 d
v =(g+g)
de

(o) =+ 7)

aA dch 3 dy '
dr- rdr %5

BA 3 dg
(dr2 +7 r dr)y
TMosTOMy HMEEM OKOHYATEJIBHO ypamiermﬁ-
3 dy
3d
(0+21) (,m+ 2 dt) =0.
CaenoBatesbHO, ¢ (r) YAOBJETBOPsSiET yDPaBHEHHIO
d¥ 3 d
=0 (4.64)
Pemenne (4.64) 6epém B dopme
B
p=A+Z, (4.65)

rae A u B—nponsBo/sbHHE TOCTOSHHHE,

(4.63)
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U3 (4.65) nosxyuum, BHOCH B (4.62):
A=2A. (4.66)

PaxnanbHas Caaramolas ynpyroro nepeMeIieHns ONpeieasercs 110
dopmyae

U=u ri—}—'v—"'i=rcp (n. (4.67)
Buocs cioga ¢ (r) us (4.65), nonyunm:
U=A4ar4+2. (4.68)

JlAs HAHCAHHSI MPAHHYHHX YCJAOBHA COCTaBHM CHayaja BHpaxe-
wua paa X, Y, X,. Umeem:

X, =)+2 (@Jrj—fx;),

d 2
¥, =42 (o 22, (4.69)
__ 2nxy dy
Xy"‘ r dr’

S —

Ha MOBEPXHOCTH IHJIHHADPA HMEEM:
X Y
l= i -—r- N zi T n= O,

fIpHYEM 3HAK IJIIOC OTHOCHTCA K BHEINHEH HOPMAJH, a 3HaK MH-
HyC—K BHYTDEHHel.

Tenepr JIETKO NONYy9HTh HanpsKeHHe HA BHeUIHed H BHYTpeH-
Hef MoBepXHOCTAX TPYOH:

X=Xt Xm=ct [ t+2 (p+r)] £, } (@.10)
Y,=XI4Y,n=- [lA—l—Qp. (g+r§§)] z
Brocsa cioaa (4.65) n (4.66), MH nosxyunm:
X=x[20+wa—25] 2, }
4 __+[2(1+p)A—2—"B—] L,

r

4.71)

B pupaxesnsax (4.70) u (4.71) x, y, r naa 3uwaka mwioc GepyTtcs
Ha BHEINHeH TOBEPXHOCTH, a AJs 3HAKA MHHYC— Ha BHYTpeHHeH,

['pannyHHE YC/JIOBHSI HA BHEIMIHEH HOOBEPXHOCTH TPYGH, oue-
BHIHO, OyAYT:

)(v= - f )
po; } A r=a. (4.72)
yvz —pO-;' .
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[pannyHble yC/IOBHA Ha BHyTPeHHeH NMOBEPXHOCTH TPyOH Tak-

xe O6ynyT:
X=+pnZ,
T ans r==>a, (4.73)
Yv: +pl ;‘;—
Buocst (4.71) B (4.72) u (4.73), MH noayunM:
2uB
204w A—22 = —p,
204w A—22=—p,
4YTO JaéT: . ( )
__ pbr—pya? __(p1— pg) a%?
A=s0tn@—m B="nw—m - (4.74)

OueBHAHO, YTO HOPMANBbHOE HANpPsXKEHHE HA MJIOLAAKE, MepreH-
JUKYJApHOH K pazmycy r, 6yuer:

p=XE4r2=204n a2 (4.75)
Buocsa ciona A u B, naiigém:
b2 — — 252
p=L = T, (4.76)

HafinéMm Temeps HOpPMaJbHOE HAHPAKEHHE T HA NJIOIIAAKE, IIIO-
CKOCTb KOTOPOH HPOXOAMT uYepe3 OCb TPYyOH.

OueBupHO, HOpPMAJb K 3TOH mjomanxe o6pasyer ¢ OCSMH KO-
OPJHHAT YIJbl, KOCHHYCH KOTOPHX 6yJyT:

=—2, m=Z, (4.77)

r r
Torxa st 5To# IJIOUAAKHA HMeeM KOMIIOHEHTH HANPsKEHHH
X=XI+Xm, Y,=XI+Ym,

a CJeJ0BaTeJbHO, HOPMAJbLHHEA K 3TOH MJIOMAAKE KOMIIOHEHT Ha-
npsoKeHuss Oyjer:

=X+ Ym=XL1+Y m L 2X Im. (4.78)
Buocs (4.69) u (4.77) B (4.78), MH NOJIy4YHM IOC/I€ NPHBEJEHHUSA:
T=2A-} 2pe. (4.79)
Moacrasasist cwojaa (4.65) u (4.66), Mn Hahzém:
2uB

r=2(+p) A+ 2E,
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Buaocs ciona A u B u3 (4.74), MH NOJy4HM:

= RSl (130
Ecan MH nmeeM Tpy6y ¢ MagoH TOJMLIMHOH CTEHOK
t=—a—0b
NOA AeHACTBHEM BHYTDEHHEro JAaBJeHHs p,, To, nHo.xoxuB p,=0,
NOJYYHM:
= (17) (481)

MaKCHMaJbHOe 3HaueHHe T Oy/JeT HA BHyTpeHHeil CTOpOHe TpPYGHI.
Js TOHKOCT@HHOH TPYOH NOJY4YHM NPHOAHKEHHYIO HopMyay

1= B2 (4.82)

4TO NpeJCTaB/AseT U3BECTHYyW ¢opmyay Maprortra.

§ 51. Tpy6a, OGbicTPO BpawlAKOWAACH C NMOCTOAHHOH YrJA0OBOH
CKOpPOCTBbIO ® OKOJIO CBOEH OCH.

IMycts ocu Oxy Bpamaiorcs BMecTe C TpyGoii; TOTA3 MH A0J-
XHBl BBECTH MAacCOBHIE CHJIH

X=uwix, Y=oy,

BCJEJCTBHE 4ero ypaBHeHus (4.18) mpumyT Bux:

0
(1) 53+ 1V potx =0,

|

oA
(A1) 55+ Vo - poly = (4.83)
ou , dov
Pewenne nx 6epém B (opme:
u=uxp(r), v=yg(r), (4.84)
M TOTAA JIETKO HailtTH, 4T0 ¢ (r) yAOBJETBOPSET ypPABHEHHIO:
3d
(20 (F+ 7 )+t =0 (4.85)
HHTErpas xoroporo 6epéMm B BHIE:
B
=A4+5+Cr
(P + re + } (4.86)
C— — £
8(A+2p)"
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BuyncinM HOpMa/ibHHE HAmPsKeHHsT HA NJIOWALKE, TepHeHIH-
KyJfiDHOH K pajHycy-BEKTOpy 7:

P=XT+Y,7;
uoActapass coga (4.70), moayuum:
pP=M-2u ((P+rz—i)-
Brocs ciona A u3 (4.62), mosyyuM OKOHYATe/BHO:

p=20+we+0+2w)r3, (4.87)

4TO HA OCHOBaHHH (4.86) mpuBOAHMTCA K BHAY:
p=20+4m A—22 Lo@t3pcr (4.88)

Ecnu Ha BHyTPeHHefl W BHeUIHeH# HOBEPXHOCTAX TPyOH He NPHJO-
WEHH BHEIIHHE CHJIH, TO HMEEM CPAHHYHHE YCJAOBHS

p=0 gna r=a u r=0, (4.89)
YyTo XaéT [BA YpPaBHEHHA AJA Olpeje/eHHs Heu3BeCTHHX A u B:
2
2041 A—22 — — 2@ 43u) Car,

20 m) A—2T = —2(2+3p) Co%;

peurasgs HX H BHOCA 3HA4YEHHE (OR IOJYyYHM:

A @+ 38) (@457 ot
T 804w 0aF2w (4.90)
B— (204 3u) a%%po?
=8 tmr -

Jlns BHUHC/IEHHs HOPMAJBHOTO HANpPSIKEHHA p HA IIIOLajJKe,
HOPMaJIbHOH K paguycy, ¥ HOPMAJbHOI'O HANpPSKEHHS T HA WIo-
majnKe, NPOXoAsmeHd uepe3 oCb BpAaIIEHHA, uUMeeM (POPMYJIH
(4.88) u (4.79), B xoTOpHe HafAo BHECTH ¢ (r) u3 (4.86).
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' § 52. Cdepuyeckan 0060a0u4xa, HaxoasWlaAacCs nmoj AeACTBHEM
PaBHOMEPHOr0 BHYTPEHHEr0 H BHEILUHEr0 JaBJEHHS
(3anaua Jlame).

BBHAy OTCYTCTBHS MAacCOBHX CHaI ypaBHenus (4.18) maa ympy-
roro pasHoBecHa mpuMyT BHI (X=Y=Z2=0):

(H—-n)a— + 1V =0,
0+wg a S -+ uvr =0,
0+M—+W%=Q

du

ow
6x+ 0y+ oz *

IMockoabky medopmanus 06GosouxkH OydeT CHMMETPHUYHA OTHOCH-
TEJbHO IEHTPA cepHueckoit 060J0YKH, B KOTOPOM MH IPHMEM
HAuaJ0 KOOPJHHAT X, J, Z, MH HiieM pemenue (4.91) B dopme:

(4.91)

7

u=g(r) %
v=g¢(nNy, (4.92)
w=¢9(r)z.
Buoca (4.92) B (4.91), mMu Haitaém, uro ¢(r) yZRoBIeTBOpseT
VPaBHEHHIO y
g BT §u g (4.93)
o6ufl HHTErpasT KOTOporo 6yner: 5
e(N=A+7%; (4.94)
NerKo TakKKe MOJTYyYHTh
A=3p4r—34, (4.95)

OGosuauass uepe3 p(r) HOpMAalbHOE HANPSKEHHE HA ILJIOHIAAKE,
[epneHgHKYJIAPHOH K pajguycy 7, MH Ha#aéMm:

p(r)=m+2,1di,(’ﬁil;i"%)=(3m+2u)/1—‘1‘*—“ (4.96)

[Tycte 06o/10uKka orpannueHa cHapyxH chepoit paguyca r—=a,
H HA Hed HMEeTcs DaBHOMEDHOE [ABJICHHE p,, a4 BHYTPH TaKKe
orpannyena cdepoii paanyca r==>b, u Ha HeH HMeercs PaBHOMep-
Hoe JaB/eHue p;. I'paHHuHHIe YC/IOBHSA HO3TOMY GyAyT:

p=—po 013 r=a,
p=—p; g r=b, } (4.97)
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OTCI0AA NOJYYHM JABA YypPaBHEHHs, KOTOpHE IO3BOJASIOT ONpeje-
AHte A 1 B B ¢opme:

A= _ Pib2—ped
T (Bh2y) (a8 —03)
B — 20 (m—nm) (4.98)
du(ad—53) *
Buocst ato B (4.96), moiyunm:
b3 — poad 33\ p, —
p(n=R0=00 (T B=5. (4.99)

Haiiném Tenepr HopManbHOE HalpsiKEHHE HA JIOOOH mJolajke,
MJIOCKOCTb KOTOPOH NPOXOJHT yepe3 LEeHTP chepHUecKOi 060/J04KH.
O603HauuM €ro yepes T.

OueBnaHO, pagHyC r, npopeJéHHHI H3 HeHTpa chepuueckoi
060/10uKkH, o6pasyer ¢ OCiIMH X, V¥, 2 (HayaJo B LieHTpe cdepu-
4yecKOH 000/0YKH) YIVIBI, KOCHHYCH KOTOPHX CYyTb:

=2, m==, n==%, (4.100)

r ’

[TycTp HOpMAJ/Ib K YOIOMAHYTOH IIoHaAKe 06pasyer ¢ OCAMH YIJH,
KOCHHYCH KOTOPHX CyThb /', m', n’; Torja, 04eBH/HO,

WW+tmm' - nn'"=0
uaH, BHocs (4.100), mosyuum yc/aosue
U'x+my+4n'z2=0. (4.101)

Aas Bennunne T uMeem dopmyay [3T0 ecth nepsas gopMmynaa Cu-
cremu (2.25) :

=X L Y,mt - Znt - 2Y i - 2X 0 - 2X I'm. (4.102)
Ho no ocnosruiM ¢dopmysam (3.52) momyunm:
1d
Xo=rat2 (g4 52,
1d
Y,=)a+2p <<p + - o )
Z,=M+2u (<9 ++ E.z?),

yom a2, » (4.103)
r ar
o, ¥2dy
Xz_2p'7dr’
— oy XY 9%
Xy—Q’J‘ rodr’ J
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Buocs ato B (4.102), naiiném:
=44 29) (12 b m - n%) R (ot -y - 2n”)
? rodr

—i—‘%j—f (xeyl'm' 4+ xzl'n' +yzm'n') =

= (M + 209) (12 F m® 4 n®) $ 22 (0 Lmly 4 n'z);
B cuny (4.101) w mssecrHoro coorHomenus [2-4-m’*4n?=1,
HO/IyYHM:

2uB
T=)A-}2up =3+ 21) A+,

Buocs cioza A u B, mojyunM:

_ pb?—pa’ a%™\ p1—py
=" 57 ) s (4.104)
B cayuae ToHKO# 06OJOUKH TOJUIMHOIO &, HAXOASUIEHCS O BHYT-
PEHHHM JaBjieHHeM p,, HMeeM NpHOIHXKEHHO:
__Dha
T=—= 5 e (4.105)

DTO eCTb H3BeCTHas (OpPMyJa H3 TEODHH COIPOTHBJICHHA MaTe-
PHAJIOB.

53. Hexoropuie dopMbi pelieHuii ypaBueHuili paBHOBecHs
p P y
ynpyroro OAHOPOJHOTO H3OTPOMHOTO TeJa.

Jss paBHOBeCHS OJHOPOJAHOTO H30TPOIHOTO YIPYrOTo TeJa,
Kak MH Buuead B § 41, Jlame npemIoxua o4eHb IPoCcTyio dopmy
YPaBHEHHH DAaBHOBECHS:

O+ 1) 2 v px=0, |

04 1) 5 v p¥ =0, !

(A1) B4 uvrw 4-pZ =0,
—mtg TR )

Bonpoc 06 HHTerpupoBaHHH YPaBHEHHH YIPyroro paBHOBECHA IIPH
3aaHHHX TPAHHYHHX VC/AOBHAX IPHBJIEKAJ BHHMAaHHE BEJHKHX
MaTeMaTHKOB, HauuHasa ¢ Kown u Ilyaccona, HO He MOJYYHI Yy HHX
pelienus. BIOC/IeACTBHH STHM BOIPOCOM 3aHHMAJHCh MHOTHE BHAAI0-
mHecs Yy48HHE; HMH OblIH IpeNJ0XeHH pa3aHdHHe (HOPMH BH-
paxeHnii, B KOTOPHX MOTyT OHITh NIPEACTABJCHH pelIeHHd ypaB-
HeHnil yIpyroro pasHosecus. JTH (JOPMH peLIEHHH H METOXH HX
HaxXOXJEeHHd, HAa HAaIl B3rJsjJ, NpPejCTaBAAloT OOJIbLIOH HHTEpeC,

(4.106)
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BO [0 CYLIeCTBY NEPEHCCAT TPYZHOCTH OT OZHOM CHCTEMH YypaB-
HEeHHI K Apyroid, NOBHAHMOMY, 6oJee mpocToii.
PaccMoTpuM Ba MeTo/a peLienus y paBHenuit papHoBecHs (4.106).

a) Metoxn DByccunecka-Tandprkuna u HefiGepa-
ITankosuua.

B § 14 nmaun dopmyan CTokca pJs PasaOXKeHHs, IIPH BecbMa
o0lHX YCJOBHSX, BEKTOpA YNPYTrOro CMeEINEeHHsT Ha J[Ba COCTa-
BJASIOUINX BEKTOpPA: TEpPBHHA, CBA3AHHHIN C H3MeHeHHeM 00DLEMA,
€cTh TpafueHT CKAa/JSAPHOrO IOTEHIHasa; BTOPOH, MpeaCTaBJsieT
POTaNHI0 HEKOTOPOTO COJIEHOMAAJBHOTO BEKTOpa.

O6o3naump, [ ymo6CTBa, CKa/AspHHH MNOTEHIHAJ Yepes
Ag(x, v, 2), rae A—nmnocrosHHas, NOAJAEXAWAs Ol peleJeHH!O,
nepenumeM (OpMYJIH CToxca (1. 127) H (1.128) B BHIE:

+dy dz’ ]
a3 ax, | (4.107)

_+——@; }
2+ =0, (4.108)

Vpasuenust Jlame (4.106) npH OTCYTCTBHH MA4CCOBHIX CHJI
(X=Y=Z=0) umenT BHA:

(1) 24 uvru =0,
()\—i—p)g%j-{—pvzv: b (4.100)
O+ 1) G+ avw =0,

npuyéMm 5 s 5
u v w
Broca (4.107) B (4.109), M nonyun'
O+2p) 0? 9G
[ ()—{}:2 ) + H] >
B
g -go
2 1) J¢
v [A - ¥ 9 ] 0.
Brbupas mpon3Bo/ibHYIO NOCTOSHHYI0 A B BHJE:
B
A—‘x-&-zp’ 4.111)
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Mbl TIOJYUHM oxoranem;ﬁo CHCTEMY ypaBHEHHﬁi
vl g =0
ak
v [ +&__] =0, (4.112)
ve [_ +%0_ ] =0. |

J1s pemrenus sTHX yPaBHEHHH ML COCTaBHM H3 HHX TPH €IUH-
CTBEHHO BO3MOXHLIE KOMGHHAIMA.

Jlas moayyeHust meppoft KoMOHHAIMM BO3BMEM CHayajga HEpPBOE
H BTOpOe YypaBHeHHsi cucreMH (4.112). Mu ymoBieTBOpHM mep-
BOMY H3 HHX, IIOJOXHB:

oH __9h
+dy — = x (4.113)

rie f,(x, ¥, 2) ecTb mpoH3BO/IbHAS rapMoHHYeckas GpyHKIHUS, YHO-
BJeTBOpAONIAs ypaBHeHuIo Jlansaca

vt =0. (4.114)
Mmu yposaetBopum ypasaeruwo (4.113), mosoxnB:
o
(?zfl_i_—(j;g’ ]
H= 2% ! (4.115)

9z’
=% 424505, |

rae ¥; (x,3,2), Q(x ¥y, 2), §(x,y) CyTpb mOKa NPOH3BOALHHE
dyuxunn. Braoca (4.115) Bo Bropoe ypaBHenne cucreMn (4.112),
MBl IIOJYYHM, BCAeAcTBHe (4. 114) ypaBHeHHe:

9P 0]
[0y di + 02 0z dx] =0. (4.116)
Mul yJOBAETBOPHM 3TOMY ypaBHeHmo TIPUHAB
6(D
T2, (4.117)

rae $,(x,¥,2) ecTb mNPOU3BOJbHASI TapMOHHYECKas (yHKIHS,
yLOBJIETBOPSIOLIAS] Y PABHEHHIO

V2, = 0. (4.118)

Buocs (4.115) n (4.117) B Tperbe ypaBHeHHe cucTeMH (4.112), Mu
noayuuM, Bcaejcrsue (4.114) u (4.118), ypaBrenne

Ve (wq)s-l— ) —0. (4.119)
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Hanoxup Ha mpon3soabHy0 (yHKuuIO 3 (X, y) ycloBue
% 0, (4.120)

ox
MH npuBeaéM ypaBHenue (4.119) x Buay:
Veveg, =Vip, —=0. (4.121)
CaenoBatenbro, ®, ectb 6uzapmonuseckas GpyHxnus TPEX NepeMeH-
HHX X, ¥, 2. BHecém (4.115) u (4.117) B dpopmy.nt (4.107); ucnosin-

3ys ycaosHe (4.120), nesas npuBejeHHe U 3aMeyas, yto & He 3aBH-
CHT OT 2, MH IOJYYHM:

U= gx%i +4 ?)icl ’ ]I
ve=B oo+l o, ' (4.122)
w, =B "2“"3+V2<1>3+A afl o J
rae Bcaencrsue (4.111)
B=A—1=—2t¢ (4.123)

42t

PaccmorpuM BTOPYIO KOMOHHALHIO ypaBHemm (4.112). Bospmém cHa-
Yyaja BTOPOE M. TPeThe ypPaBHEHHs 5TOH cHcTeMbl. MH yA0BJIETBOPUM
BTOPOMY ypaBHeHHIO cucreMH (4.112), nmosoxus:
oF aH __fe
+ 3 " 9x— 9y’ (4.124)

rae f,(x, ¥, 2) ecTb NPOU3BO/IbHASL TAPMOHHYECKAs (DYHKIHS, yI0-
BJETBOpsAIOmAs ypaBHeHH0 Jlaniaca

v2f,=0. (4.125)
Mu yaosiaersopuM ypaBuenunio (4.124), mojoxus:
0P
(P=f2+—5—xly ]
H— adn 1+q2(‘, 2), J

rae @, (x, v, 2), Q(x, y, 2), %(y, 2) cyTb NOKA IPOH3BOIBHHE
q)ymcmm Brocsa (4. 126) B_TpeTbe ypaBHeHHE cHCTeMH (4.112), Mu
HOyuuM BeaeacTHe (4.125):

32 @
(0x 75— dy) =0. (4.127)
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Mu ynoBieTBOpHM 3TOMY ypaBHeHmo, IPHHAB
orpl .

G=— l—l- by, (4.128)
rae $, (x,y, 2) ecTb nmpou3BoJbHAsL rapMoHHYecKas ¢yHKIHSA, YAO-
BJIETBOPAIONIAS YPAaBHEHHIO

v2d, =0. (4.129)

Brocs (4.126) u (4.128) 5 mepsoe ypasHenHe cHcTeMH (4.112), Mu
noJay4um, Bcaencrsue (4.125) u (4.129), ypaBHeHHe

(753
v2 (vz«pl + a_;) =0, (4.130)
Hanoxus na npoussospHyo ysxuuio & (y, 2) ycioBne
0
5}%:0, (4.131)
Mbl npuBejsém ypasHenue (4.130) x Buny:
Vaved, = Vid, =0. (4.132)

CaepnosarenbHO, P, ecTb Ouzapmonuteckas pyHxnus Tpéx nmepemeH-
HBIX X, y, 2 HesaBucHMas OT P,

Buecém Tenepn (4.126) u (4.128) B dopmyam (4.107); ucmoin-
sya (4.131), menas npHBexeHHE H 3aMmeuas, YTO &, HE 3aBHCHT OT X,
MH IIOJYYHM:

o =B S0 Vb, - 4% O,
093y 0fs2

V=B 5o+ AGL (4.133)
0P 0 0
— Bt AT

CocTaBuM, HAKOHEI, TPEThIO H NOCAEAHIO BO3MOXHYI0 KOMGHHA-
nuio ypasrennii (4.112). PaccMoTpM cHavasna TPeThbe H epBOE ypas-
HeHHs cHcreMnl (4.112). Mbl ynOB/IETBOPHM TPETbEMY YPABHEHHIO
cucremn (4.112), HOJIOA(PIB

OF _ ofy

—l———— 32 (4.1349)
rae f; (X, ¥, 2) €CTh IPOH3BOJbHAS TAapDMOHHYECKAs (DYHKIMSA, yXO-
BJIETBOPSIONIAs] YPABHEHHIO

V2f, =0. (4.135)
Mul yaoBierBopuM ypasHeHuio (4.134), moaoxus:
=/ + 6(D2 ]
09, l
G= 73]7 i (4.136)
oP

F= 032+ +Es(x: Z), }
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rae D, (x, y, 2), Q(x, v, 2), &(x, 2) cyTb moKa NPOU3BOJBHHIE
dyHKIHH.

Baocs (4.136) B nepBoe ypasrenne cucremu (4.112), M moxy-
guM, BeaencTBHe (4.135):

1P 9\

(ayaiJFay T} =0, (4.137)
MK yAOBJAETBOPHM STOMY YPABHEHHIO, NPHHAB

H=—24- 5240, (4.138)

rae $,(x, ¥, 2) ecTb npousBobHAS TapMOHHYECKAs (DYyHKIHS,
yA0BJETBOPAIONAsl yPABHEHHIO

v2d, =0. (4.139)

Brocs (4.136) 1 (4.138) Bo BTOpOE ypaBHenue cucreMu (4.112),
MH noayunM, Bcieacrue (4.135) m (4.139), ypasuenue

ve (vzq)2+ a‘;) =0. (4.140)
Hanoxus Ha mpousBosbHy0 ¢yHkunHo & (x, 2) ycaosue
%1, (4.141)

MH NpHUBEJEM ypaBHEHHE (4.140) K BHIY:
Vv, = V4p, —=0. (4.142)

Caenoparearno, P, ecrtv Ouzapmonuveckas GyHKuus TPEX
nepeMeHHHX X, y, Z He3aBHCHMad oT ¢pyskuuit , u ¥,. HUcnoapsys
(4.141), menass npusejeHHe H 3aMmeyasl, 4TO 83 HEe 3aBHCHT OT Y,
MH HOJYy4HM:

1y, :‘(32 _‘_Aafs a‘r‘s )
X oy

vgl_B“’2+vzq> —i—Aaf“ o (4.143)
a«pq of

Ws1 @a+Aa

‘Beaexnctene anHeitHOCTH ypaBHeHuit (4.109) Mu moayuum ofuee
peluenye, cknanmsas pemenns (4.122), (4.133) u (4.143):

W=y~ Uyg - Uy,
V=V, I Vp3 ~t Ty,

W = Wy + Wy + Wy,

fo=AUit a1 /o) (4.145)

(4.144)

O6o3nauum
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npuuéM, Bcaexctsue (4.114), (4.125) u (4.135), OyneM uMeth:

V2f,=0. (4.146)
Jasee o06o3HaUUM

a¢14—dy=4-0¢5 (4.147)

Brocst (4.122), (4.133) u (4.143) B (4.144), mB nosayuum,
seaencteue (4.145) u (4.147), nocie mpuBefeHHS C/AELYIOLIYIO CH-
creMy pemeduit ypaBHenu#t (4.109):

0fo+ 093 __04'2 LB g@+vz(pl
X 2
0”+“*0%+B S+ v,

%+M %+B—H@}

‘u
! (4.148)

3uecs D, ®,, ®; cyts nponsBoibHHE GHrapMOHHUYECKHE GYHKIHH,
a fo, $;, 45, Y3 — NPOH3BONBHEE rapMOHHYCCKHE (PYHKIHH.
Pemenne (4.148) nafineHo Hamu, HCXOAsd H3 OOLIETO BHIpaxe-
Hus (4.107) mas ynpyroro CMemeHHs, CJAOXKeHHeM TPEX peUIeHHH
ypasHenu#t (4.112), mosyyeHHHX IyTéM TpPEX EIMHCTBEHHO BO3-
MOXHHX HX KoMOHWHanu#t. ITo3TOMy MH MOXEM pacCMaTpPHBATh €ro
kKak obuiee peurende ypaBHeHu# Jlame (4.109) npm orcyTcTBHH
maccoBHX cua. Pemenne, xoTtopoe noayuntcs, ecan B (4.148)

TIOJIOXKHUTDH
®, =,=d, =0,

ecTh XOpOowO H3BecTHOe pemende ypasuenuit (4.109). Owno me
Jaér muuero Homoro. Ho ecau B ¢opmynax (4.148) mosoxurs

fo=9, =, =$; =0, (4.149)

TO NOJYyuHTCH pemledne ypasHenut (4.109) B dopme, Bnepsue
npangoit 8 1931 r. B. I'. Tanépkunmnm:

uzBﬂ-}—V?(b .

'u——B —I—V2<I>
a .

w=B 5+ V0,

(4.150)

N

npruém
_ 00y | 00, | 00,
- y dz ?
B=— Atp
S
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DTo peuleHHe OYEHL BaX(HO, TAK KaK PACKPHIBA€T GHIapMOHH-
4ecKyio mpupoiay pelnenns ypasHenuit (4.109) (1. e. ypaBHenmi
yInpyroro pasHoBecHs Jlame NpH OTCYTCTBHH MAacCOBHIX CHJ).

Beeném Tenephb TpH ¢y13xunn §(x 3 2), 1(x 3, 2)ui(x, y,2)
IPH IOMOIIH COOTHOUICHHH

E=V4D,, y=V2],, [=V2p,, (4.151)

OueBuaHo, Becaeactsue (4.121), (4.132) u (4.142), mMu Gyzem
HMeTh:

V=V =V¥=0. (4.152)

Tak kak P,, ®,, ®, HesaBHcHMH Mexay coboii, 10 & ¥, { cyThb
He3asucumsie TapMOHHUECKHE (DYHKIHH.
IMoxpeprasa o6e yactu ypaBrenus (4.147) onepaunun V2, Gynem

HMETh: ) 9 )
Vo= L (V) + 5 (V0,52 (V).

Buocs cioga (4.151), MH nosyuyuM ypaBHEHHE

_ 0% , dn ; O
Vo=5+51T500 (4.153)
o6u1ee peuIeHue KOTOPOro MMEET BHJI
1 .

0 =0y 4 (x4 1y 82), (4.154)
rie ©, €CcTh NPOH3BOJIbHAS TapMOHHYECKAs (PYHKIHS, YAOBJIETBO-
pAKIAs ypaBHEHHIO

V20,=0. (4.155)

JeficrBurenbHO, H3 (4.154) nmeem:
1 . 1 1
Vo = V20, | 5 XV + 5 yViq+ 5 2720 -
1 1 1 ot 0 o
oy b gy T S ST
Vix = sz =V2z=—=0

H coo)THomeHnﬁ (4.152) n (4.155) npuBouTCS K ypPaBHEHHIO
(4.153).

N3 cootnowenu#t (4.151) n (4.150) ME nosyuum pemenue
ypasHenu#t (4.109) B Buzge:

Jdo Jdo do
u:Bﬁ—{—E, ’U-_—Ba—y—{—-ﬂ, w=35;+C, (4.156)

YTO BCJICACTBHE

npHYEM

o=0,+ 5+ 1+ 22),
_
B=— A2
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d1o pemende 6nio gano B 1934 r. Hefi6epom u IlankoBHuem
He3aBHCHMO Apyr or Apyra. Ouenb BaxHo, yro & 1, § ©, CyTh
uemupe HE3ABUCUMBLE 2APMOHUMECKUE PYHKUUU.

dyuknksa o, 3azaHdas dopmy/ioi (4.154), ectb GUrapMOHHue-
ckaa, [e#icrsureanno, H3 (4.153), Ha ocHoBanun (4.152) nameem:

0 wos ¢ O d
V%:EFV?:—[—EV%—{—O—Z V=0,
OTKYJa C/le/yeT BaxXHOE ypaBHEHHE
Vio =V2V20 =0. (4.157)

Ecan 6n mu mpsamo BHecan (4.156) B ypasHenne (4.109), 1o
NpUINIM Obl K CHCTEMe ypaBHEHHH:

A2\ 00 |, 0 | e
B (l—[—;x)vzg.;‘—*—d—x_i_k—{—pvz"—_—o’ ]I
At-2p pp 0o 4 08 Pove,
B (up)v 3y+§3’+"+”vn—0’ I} (4.158)
28 1y 00 b ocae
B (Y5 MRttt Te=0, |

rae .
08 | 0n ; 0L
V=5t aTa

a BeMHUHHH B, §, %, § MOXHO CYHTaThb NPOH3BOJALHHMH. 31€Ch
BO3MOXHH JBa croco6a ynponieHus cucreMH (4.158):

1) Mu moxeM cuurats, 4TO & 1, §{ CyThb NPOH3BOJbHEE Tap-
MOHHYECKHE (DyHKIHH, T. €. YIOBIETBOPSAOIIHE YpaBHeHuAM (4.152).
Mt ynpomennss BHUYHC/IEHHH MOMXHO NPHHATH

A-2p
B3 T 1,
uyro naét aasa B suauenne (4.123). B arom ciyuae mbl npHBeASM
cucremy (4.158) k BuAy:

0 0 /yo
%wm~m=w,@wm—®=m,&a@_mzﬂ

MH yJO0BJETBOPHM 3TOH CHCTeME, NOJIOWKHB
S 0% | dn | 0%
720 =— ) — — _— —
Vo=b=5+5+5

a 3T0 ecTb IpexHee ypapHenne (4.153), W MBI NOJIYyYHM NI @

pHpaxenne (4.154), KoTopoe Mbl YK€ HMEJH.
2) Mu MOXeM IpHHATBH

08 0, 9t
=51+ Tim=0
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HO 9T0 3Hauut, 4Tto Bektop (&, 7, {) ecTb coseHOMAANBHEI H MO-
xeT OLITh paccMaTpHBaeM KakK poTanus Hexoroporo Bekropa F
(Toxe conenonpaspHoro). dro npusoaut Gopmysan (4.156) x dop-
myJaam Crokca (4.107), T. e. X cayuaio, HAMH yxe PaCCMOTPEHHOMY.

b) Merton Jlame.
B canyuae OTCYTCTBHSI MacCOBHX CHJI, HMeeM:
X=Y=7Z=0; (4.159)
uiieM pemnenus ypasHeHus(4.106) npu ycaosuu (4.159) B dopme:

s
v, =91 A (gf — ‘3"-3) (4.160)
mna(i-y).
CocraB/sieM CHayajga BeJHUuHy A:
aql+‘9q2+ %, (4.161)
3ateM BHOCHM (4.160) m (4.161) B (4.106), uro maér:
041 5 (Fot G+ 52) +Auv (38— 58) +-uve, =0,
o+0 5 (45 5y T2) 4 Anve (38 — ) 4 uve0, —o,
a+w (09‘+‘39’+"Q3) + apve (G — %) pveg, —o.

Bu6epem cHawajna
V2@ =0, V0,=0, V2Q,=0, (4.162)
T. e. Q, @, @ cyTh 2apmoHuueckue HyHKUUH; TOIJA OCTABUIHECS

ypaBHEHHS 6y,11yT YAOBJETBOPEHH, €CIH Yy, Yz» g YAOBACTBOPSIOT
YpaBHEHHAM:

0Q e

Oy 2_ 3

Vx‘_dz dy ’ ]
o 0

2, __O%g 0%

vy =20 % (4.163)
0 a2

"2 1__ 0%

vxa—'dy ox? J

H nocrosinnas A onpenensaeTca H3 YCJIOBHSA

it ,
A==t (4.164)
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Ecau u,, v, @, cyTh uacTeue pemenns cucremnl (4.106), To:

u= u()—,l_ ul:
v= v+ v, (4.165)

W=w,+ @,

ecTb pemenue cucremu (4.106).

§ 54. ®opmyanl b. I'. T'anépxkuna nis peiieHUs ypasHeHuii ynpy-
roro paBHOBeCHs! OAHOPOJHOrO U3OTPOMHOIO Teaa
B HanpsnKeHusX.

dopmyan (4.150), xak samernn T1. &. IlankoBuy, OblaH JaHBI
3HAMEHHMTHM ()PAHIY3CKHM YUYEHHIM DyCCHHECKOM, XOTOpHIi BLIBea
MX JJas JPYTHX Iened W He o6paTHJA BHHMAHHA HA HX 3HAa4YeHHe
B TEODHH YNPYTOCTH.

B. I'. Tan1épxkmuH nosayuum1 HX MNEPBOHAYAJBLHO KAaK pelieHHe
ypasrenuit Komn (4.24) B ¢opme:

"9 1 R0 o,
X'v—__—‘Q}L L(T\;vchl__—Q(l—G) ((ﬂ—z———ﬁ\- (0)] , )
0 1 [0 '
Y),ZQ]J» Ld—yV s —2(1—-_0) (W—GVZO))‘l s
d 1 02
Zz—-'_—-‘Q}J. [FZ v2(?3— m (FZ%—GVQ(D>:I s
. [ d_ﬁ di 1 20
YV,= ¢ Vz(y"r 2) —1—_—0—6},(32]’, (4.166)

X,= p (0?1_}_5?3)_11:‘%2]’
o= [v (05 — ).
a?l_l_ Jpy _*__%\;3,
NPHUYEM @), Py, @3, VJOBJIETBOPSIOT CJAEAYIOIUHM YDAaBHEHHAM:

WV pX =0, )
1Vip, ¥ =0, (4.167)
pVig;+4-pZ=0. j

B ciydae OTCyTCTBHA MacCCOBHIX CHJI @, ¥, P53 CYThb TPH He3sa-
BHCHUMBIX peIIeHHss OHrapMOHHYECKOro ypaBHeHust. To ke uMeer
MECTO B C/Ay4ae CHJABl TSAXKECTH.

Tak xax Bo MHormx cayuasx 6o/1ee yJno06HO 3aAaBaThCs KOM-
IOHEHTAMH HanpsiKEHHOTO COCTOsAHHA, TO 3i4ech merox b. I, Ia-
AépkuHa Jaét yaoOHBIl clocob pelIeHHu:,
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§ 55. O GurapmoHHYeCKHX (DYHKUHAX.

Bpenéunsle HaMH B § 53 GurapMoHHueckdHe (YHKIHH HMEKOT
BAXHOE 3HAYEHHe B TEOPHH YIPYroCTH. MH omnpeienuH Kaxk GH-
rapMoHHueckywo, Taxkyilo o¢yuknuio @ (x, ¥, 2), koropas yZIoBje-

TBOpPSieT yPaBHEHHIO
Vip =Veved —0, (4.168)
rae o603HaYeHO

FO=G0 )+ 8(). ww

Tak kKak kaxjas rapMmonnueckas ¢ynkuusa f(x, y, 2) ynrosie-
TBOPSIET yDPABHEHHIO
V2f =0, (4.170)

TO OHA YAOBJAETBOPSET TAKKE yPaBHEHHIO
vav2f =0,

a cJ1eloBaTeqbHO, ecTb GHrapMoHuueckas YHKIHA.
IMoxaxem, urto ecan f(x, y, 2) ecTb rapMoHu4eckas (QyHKIHs,
TO (PYHKIHsA

O=[Ax4-By+Cz-}+ D (x2-}-y2+22)]f (%, ¥, 2), (4.171)
rae A, B, C, D — nocrosnHse, ecTb GUrapMOHHYECKAs (DYHKIHS.
Hrax, nauo

Vif=0.

CocTtaBHM TOTJa
PO lAx By Co - D4y 7Y
+24% 4 oY +zc +4D[ s+ y+ 4 z+f]
Jlanee umeeM: ) o s
Vb =24y L 4 9BV focv L 4
0y) d d
4D [xv L vt ove S ovys] o,
u60, Bcaeacrsue (4.170),
v'za_f:()’ sz’i:()’ vza_f:__

Uraxk, pynxuua @ (x, y, 2), onpenenénnas ¢opmyaoi (4.171), ectb
buzapmonusecKas PYHKYuL,



FriMTABA V.

YPABHEHHUSI YNIPYTOro PABHOBECHS W JIBUXXEHUSA
B KPUBOJIMHEMHBIX KOOPAMHATAX.

§ 56. KpusoauHeliHble KOOpAHHATHI B NPOCTPaHCTEE.

Mu 6ygeM o6osHauaTb uepe3 a, B, Y mapameTpH TPEX Hesa-
BUCHMHIX CeMeHCTB IOBEPXHOCTeH, KOTOpHe OyAyT JaHu ypaBHe-
HHAMH:

filx, v, 2)=a; (3, 2)=8; fi(x, 3, 2)=1. (5.1)

Ecinn yepe3 KaxAylo TOYKY NPOCTPAHCTBA HPOXOLHT OAHA IIOBEPX-
HOCTb H3 KaXJAOro CeMeHCTBa, TO IOJOXEeHHE TOYKH MOXKeT OHTh
onpeneseHO 3HAYEHHSIMH NapaMeTpPoB 4, B, Y, XapakKTepH3YIOUIHMH
TPH NOBEPXHOCTH, NPOXOAALHEe Yepe3 He€., [l1a u3bexaHus MHOro-
3HAYHOCTH HAAO JOJKHHM 00pasoM OrpaHHYHTh paccMaTpHBae-
MYI0 YacTh NpOCTPaHCTBAa, Hampumep, B Ciaydae B/IHITHYECKHX
KOOPAUWHAT CJAeAyeT B3AThb OAHH OKTAHT, OFPAHHYEHHHH TIJaBHHMH
nIocKocTaAMM, CocefiHas Touka OyJeT ONpeAe/AaTbCA 3HAYEHHAMH

napaMeTposB
a+da: B—|_dB’ Y+dY'

Beauuunn a, B, Y HasHBAWTCA KPUBOAUHEHHHMU KOOPOUHAMAMIL
TOYKH.

Ecnn Tenepp B TOUKe NepecedyeHHs MOBEPXHOCTEH MBI IpoBe-
A€M K KaXJOH NMOBEPXHOCTH HOPMAaJb, TO KOCHHYCH YIJIOB 3THX
HOpMaZleH ¢ NPAMOYTOJbHHMH OCAMH KOODAMHAT X, y, 2 OYAyT
JaHn caeayrownmMi GopMyaaMi:

—10a 102 102

1=hae ™M= gpey MT ez |

1 _ 133 10

h o ™ TRy M T R (5.2)
_Lloy 1oy 1oy

8 hgox’ T8 mydy’ "8 hyoz’
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rje BBEJE€HLI 0603}{21‘-!6}”[7{'

3
L (5.3)
h%=<%> —w |

B manpuefimem Mu OyjgeM TpeANoJaraTb, YTO pPACCMATPHBAEMEIE
HaMH TpHY ceMelicTBa HOBEPXHOCTEH MOBCIO/lY MEPECEKAIOTCS MEeWLy
co6oif mox npsMeiMH yrJaaMiH. Ho H3BecTHO, 4TO YroJ, mox KOTO-
pHIM IlepeceKaloTcsl B JAHHOH TOUKE JBe NOBEPXHOCTH, PaBeH yray
Mex 1y HOPMAa/JIfAMH K IOBEPXHOCTsIM B 8TOH Touke. IlosTomy Tax
KaK TPH MOBEPXHOCTH MEPECEKAIOTCS B TOUKE MOJ NPAMBIMH YIJaMH,
TO MPU HOPMAAN K BMUM NOBEPXHOCHMISIM 8 DPACCMAMPUBAEMOL
MOYKe 83QUMHO NepPReHOUK YA PHYL.
CJ/1e/I0BaTENBHO, HMEEM TPH COOTHOLIGHH:

Lily 4 mymy - nny, =0,
L+ mymy—+-n,ny =0, (5.4)
ll, -+~ mymg -+ n,n, =0.

Broca ciona (5.2), MH nOJayuHM CJIeLYIOWHE YCJIOBHS OPTOro-
HaJbHOCTH:

0a 03 | 3adp , 0adp

dx dx+ dy 6y+6202 0,

Oa dy | Qady | Qady__ ‘

ox 0x+dy 0y+6z 02_0’ } (5'5)

0B 0y | 0B oy | 9By __
0~.§dx+6y +dzdz

[lycrs Toyka P Jaexur Ha IlepeceyeHHR TPEX TOBEpXHOCTel
a, p, ¥, @ CMeXHasA ¢ Hell Touka @ JIeXHUT HA HepeceyeHHH CMex-
HEIX noBepxHocTell a-da, B-}-dB, 1+ dy. [Iposeném B Touxe P Tpu
B3aUMHO IIepPIeHIHKY/sPHHE HODMaJH K NOBepXHOCTAM a, B, Y,
/119 KOTOPHX KOCHHYCH JAauel c¢opmyaamu (5.2). Ilpoeknuio oT-
pe3ka PQ BAa HOpMaJb K HMOBEPXHOCTM a 0003HAYuM uepe3 dn,,
npoexmuo PQ Ha HOpMaJb K IIOBEPXHOCTH B 0603HAuUHM yepe3 dn,,
npoexnnio PQ Ha HOpMAaJb K MOBEPXHOCTH { 0603HauuM yepes dr,.

Ecau koopauHate ToYkd P cyTh X, ¥, 2, & KOOPAAHATH TOUYKH Q
cyTs x-4-dx, y+dy, z-}dz, 10, oueBHIHO, UMEEM:

dn =1 dx-}-m,dy-}ndz.

Broca cwoga [, m,, n, us (5. 2), MEIL nonyth‘

dm=p- (L det G dy+ 5 dz) =5,
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Tax xe nonyunm:

d%z%d»+mﬂw+wwk=%(”d*+fd*+M¢):%'
. 1 9 d
dfl3:13dx+msdy+”3dz:h_}( dx +0Ydy+ de) h—Y.

Taxkum o6pasoM, MH HMeeM TPH B3aHMHO OPTOIOHAJABUEIX OTPE3Ka
HOpMaJieH B JAHHOH TOUKe:

I

d d
dny =132, dny= ?‘ , dny— 3. (5.6)
O6o3nauasi paccrosinue PQ uepe3 ds, nmoayunm:
ds® = (dn, )+ (dns)+- (dng). (5.7)
Brocs coga (5.6), 6yzeM HMeTb BaxXHYIO GhopMy.Ty
s dat | apy ar
ds 2+ 2T (5.8)

3gecy hk,, h,, h, aBasiorca GyBEKIMAMH a, B, Y

[o cux mop MH paccMaTpHBaJH &, B, ¥, KaK QyHKIOHH X, ¥, 2
O6parHo, MOXHO paccMaTpuBare X, ¥, 2, Kak ¢yHKUUH a, B, Y.
ITosTomy noayuuM, guddepeHmupys a, B, Y IO OPABHIY CIOK-
HBHX (QYHKIHH, CICAYIOIHE YDABHEHHA:

BiiEynE,
R RERE =0,
e T AT =0
Jas yno6cTBa BHUHC/ACHHS BBeJEM 0603HAYCHHA OTHOLIEHHH

0y ox dz dx
A=Z 5, B=g157. (5.10)

(5.9)

N

Torza Bropoe H TpeTbe ypaBHeHHs cucreMn (5.9) jgawT ypas-
HeHHd:

a8 op 9 | A o0
@A—l—azB— ox? dyA+ B= T oaxt
Pemas ux orsocurespHo A u B, nmoayuyum:
01 98 _ 0108 03 91 _ 93 oy
__0x0z 0z 0x, B_ax@—@ﬁ
T oBoy o0f oy © T 9F oy o3oy"
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Orciona, Beaeacrsue (5.10), MBL DOTyuHM:
dx dy 0z

3_& da aa
Y98 _9v03 9307 080y 0807 OBy (5.11)

0z9dy 0yodz -0z0x 0x0z dxdy Oy ox

[Mocrynas, TakuM xe o006pasoM, MOJNY4YHM H3 IEPBOTO H BTOPOTO
ypaBHeHH# cHcTeMH (5.5) ypaBHeHHﬂ‘

03 03 ___ 03 ay
Ala—v—{_Bl&_—dx’ +Bldz T ox?
TAe BBEACHDLI 0003HaUEHHS OTHOIIEHHUI:
da Oa da Oa
Al:Fy'd_x’ 1:5'2‘00—/(. (5.12)

Pemas ypaBHennss oTHocHTeibHO A, B B; U HCHOABL3YS COOTHO-
wenua (5.12), MH monyuum:

Ja _0_a 0a
ox . dy . 0z
dv 03 0y 03 03 oy 0p oy~ 03 oy odpoy

dzdy o0yoz 0z0x 0x0z dxdy Odyox

(5.13)

CpapnuBas (5.11) u (5.13), M nosayuum:
Ox dy dz
da Oa da
ECUNR TR e (5.19)
ox dy o0z
OGos3nauas uepes § BesHUHHY STHX OTHOUIEHHH, MBI IIOJIY4YHM OT-
croaa:
0x__p0x 0y __g0x 0z_ 402
0a~ " dx’ da~ oy’ 91~ " odz°
Broca (5.15) B nepsoe cootHowenne cucreMu (5.9), MR MOLyYHM:
Oa\? da\? d0a\ ¥
(@) + G+ @)=
yto B cuay oGosnauenufi (5.3) xaér:
bh?=1. (5.16)

(5.15)

Buocsa (5.16) B (5.14), MB MOJYYHM COOTHOINEHHS:

ox oy 0
91 01 __ 0Oa ____1_

Oa 0z Oa  pt‘
7z - puiod 1

ox dy 0z

(5.17)
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IMopo6unim 06pasoM MH NOJYYHM €& XBA COOTHOIIEHHsA TOR xe
TPYIIIH:

g;r dy 0z
o8 __ 08 a3
T (5.18)

o _or _ o 1 (5.19)

Buoca dopmyn (5.17), (5.18) u (5.19) B dopmyan (5.5), Mu
MOyYHM COOTHONICHHS

oxox dydy 020z
0adﬁ+da +0ad$ 0,

§f§$+§{3{+3§3$ =
i
Beeaém tenepb BeawuyHsn f, H,, H, npu nomouu ¢opmya:
Hi=(5) + (3) + &) )
GGG e
=) + G+ )

Torna, Bcrencreme (5. 17), (5.18) u (5.19), MH mosryunm:
= () + G+ )]
=8+ @)+ ()]
= [+ () + ().

Ho Bcanencreue oéosﬂaqemm (5.3) MH TOJIyYHM OTCIOAA:

p 2 1 2_—_-_]_
Hi= h2 , Hi= R H; P (5.22)
U3 coornomenunit (5.17), (5.18) u (5. 19) MH nmeeM:
da dx Oa dy —
ax hfaa’ dy—hfda * 32 hlda
s — p29% dx op _ =% dy B h20z
dx~ 208 dy 26?’ z20f°’

ot 20x 0¥ 20y 07 902
ox h307’0y h301’0z hax'
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Buocsi atH ¢opMyan B (5.2), MH noay4HM QOpMyJnl ISl KOCH-
HY COB:

g Ox _ . Oy 4 0z

L=h55, m=n3, n=n3, ]l
Jx 0 dz

lL=hgs, ,nqth%, n=hg, i (5.23)
dx dy dz

13—‘:/135?, lﬂs—‘h‘ga‘, nJ:hJ_Y )

§ 57. CooTHowmenus Jlame nna H,, H,, H,.

Jlame moxasaxa, uro H,, H,, H,;, paccmaTpuBaeMue kak ¢yHK-
MK &, §, Y, YAOBJIETBOPAIOT LIECTH COOTHOIIEHHSAM. TpH H3 HHX
HMEIOT BHA:

9 (1) L2 (Lo Lot
a

Hy o2 ) " o3\ H, B H: oy o1
0 (1 0Hg\ | 0 (/1 0My\ 1 0HpoH; c
0§<H2 aa) a~(<H3 0*{) H5 92 da ’ ( (5.24)
0 /1 9K, 0 (1 0Hy\ | 1 0Hyoty . |
o-((ﬁaa—y> +61(H1 da + H? 93 03 ")

TpH OCTAaJIbHHX HMEIOT BHI!

Oy 1 0Hy0H, 1 OHyoH, )

030y Hy 0y 08 Hyop 91 |

0y 1 OHy0H, 1 0H 0H, 9

GT9a  Hy dx 07 ot 0a = O | (5.25)

— e —— Y —

0%y _ 1 OHy0Hy 1 0Hy oy o
dad} H, 0} Oa Hy, 0« 03 =

JlokasatesnbcTBO 3THX (hopMmys AaéTca B Kypcax Anddepenuuatb-
HOH TeoMeTpHH.

§ 58. KomnoseHTnl aedopManuu B OPTOrOHaAbHBIX
KPHBOJHHE HHbIX KOOpAWHATAX.

Bo3bMéM gBe CMeKHBHIE TOYKH

P(a, 3,7, Qata, f+0b, 14c¢)

Ha MaJOM PaccTOsiHHH r==PQ apyr ot apyra. B Touke P noctponm
TPH B3aHMHO OPTOTOHA/JbHHE HOPMAJH K TPEM B3AHMHO OpPTOrO-
HAJBHBIM NIOBEPXHOCTSM, NPOXOAsAmHuM yepe3 Touky P. Orpesok PQ
OyAeT COCTaBAATb C 3THMH TPEMs HOPMAJAMH YIJIB, KOCHHYCHI
KOTOPHIX MH 0G03HauHM uepe3 [, m, n. [l npoekuuii otpeska PQ
Ha YNOMsHYTHe TpPH B3aHMHO OpPTOTOHA/JbHEHE HOPMAaIH HMeeM
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tdopmyan (5.6), B KOTOpHE HAA0 BHECTH:

da=a, d§ =0, dy=c. (5.26)
Taxxe umeeMm npoexkuun otpeska PQ Ha TpH HOpPMaaH B TOYKe P:
dn,=lr, dny,=mr, dny=nr. (5.27)
Burecs (5.26) u (5.27) B (5.6), MH MOJyyYHM:
lr=Z—l, mr::%, nr———%.

Orciona nMeeM (npuOJHXEHHEE) COOTHOIIEHHS
a=h]lr, b=h,mr, c=h,nr. (5.28)

IMycts BeneacTBHe Jedopmamun  Touka P nepemermaercs
B P, {a—l—E, §-+7, Y-+0), a Touka Q nepememaercst B Q,. Orpe-
30k PQ nepememaercs B mnogaoxenune P Q.. Ilycts HoBas miMHa
3TOr0 OTpeska ectb r,, Toraa P,Q,=r,.

OG6o3nauum uepes u,, u,, U, NPOEKUHH cMemenns PP, Ha Tpn
B3aHMHO OpTOrOHa/IbHHE HOpMalH dn,, dn,, dn, Jas MaJHX
CMEUIeHHA MB MOXeM TpPHHATb, uTO & %, { W U, U U, CYThb
Majbie BeJHYHHB OJHOro mnopsiaxka. [lpumenum dopmyan (5.6),
BHECS B HHX:

dn,=u,, dn,=u,, dn,—u,
de=5, df=n, dy=4,
4TO HAéT:
=, wy=, =i (5.29)

KpuBo/imHelHBEe KOOPAMHATH TOYKH Q; NPHOIMXKEHHO GYyAyT:

3 § a3
a+a+£—}—a%—{—b%@+cd—7
0 ) 7}
B—i‘b—'rﬂ—{-agz-’rb 5?,—}—053

at

0 d
vHetitagFoGtog.

Pa3noctH 3HaveHH#i KPHBOJMHEAHHX KOOPAMHAT TO4eK Q, u P,
nosromy O6yAyT:

0t 0% 0%
G=a(l+5)+b5+es,
J 0] 0
m=ag+o(1+5) +c3, i (5.30)
0 ol 0
ﬁ1=a5§—{—bb—p+c<l n 0—§)

~

-
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3navenns k7, k', A7 B TOuKe P; ¢ NpHHATON TOYHOCTBIO Ompe-
AenaTCs (hopMyJIaMu:

S ORIONION
—h]_;:;:_—i_ ( )+ ‘o8 (it:») <”i> ’ } (5:31)
) |

h

_+ aa< )+‘as< >+C§x<7lz§)'J

[TpoBeaém B Touke P, x TpéM npoXOAAlUMM 4epe3 Heé OpTOro-
HAJBHHM IOBEDXHOCTAM HOpMa/an, O6pasylolHe OPTOTOHAJbHHI
TpéxrpaHHuK. IIpoexnun otpeska P;Q, Ha 3TH TPH B3aHMHO OPTO-
I‘OHaJ;thIe HOPMaJH MOTYT OHITh BHYHCJAEHH NO QopMy.saM BuAa
(5.29

(rl) = Ir (rl);i:';l]—z’ (rx)yz%;- (532)

B stux Qopmysax caepyer OTGPOCHTb BCE 4JIGHH BHILE Iep-
BOT'O MOPSAXa OTHOCHTENbHO &, %, { M HX NPOH3BOAHHIX, YTO AAET:

bof cd ot on? on!
F=n(14+5) + mgi b at gt an ot S
Buocs cioga a, b, ¢ no dopmynam (5.28) n & 1, § no dopmy-

nam (5.29):

E=hu, n=hyu, C=hu,
Mbl TIOJYYHM:

on! on! on!
(rl)a=r{ [1 +aa+h1‘ 6; + hyn alp + 1,8 o ]+‘
hy 0%
+”‘n20ﬁ hldx}
ou, ohy ohy
:r{l [1 + by 57 e 57 — Bu, 57 bt ughy by 7}—-{—
on! hy 0 hg @
gty | m g () g 5 ()

OKOHYATENBHO MOJYHHM:

(rl)azr{ [H.h, o —{—/llzup ;3— +hbu10g—1]+
4m E 55 (hut) 4 n n_lo—x (/zlu,)} . (5.33)
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AsxaJzoruuno HanumeM JBa llperIX paBEHCTBa'
0”3

(rx)azr{’n[l+hz ap+hha1 a +hhz’a0hz—]+
b1 2 () + 1382 ()}

— —1

ohy ! oh;
(rl)'t:r{ [I+hs 31+k hs « da + hyhyu B ap ]"I‘
—-[—lh 5 (/z u.‘)-{—mh dp(h u,)} )
EciH e ecThb OTHOCHTE/NBHOE YJIJHHEHHe JHHeHHOro ajeMeHTa PQ,
TO HMeeM: .
rr=rt (1 eP =(r)i+ ()} () (5.35)

Buocsa ciopa (5.33), (5.34) m npene6peras KBalpaTaMH H HpOH3-
BeJCHUSAMH U,, Uy, W, MH IONY4HM:

(1 4-e)? =2+ m? 4 n* - 20%,, + 2m*ez +-
-+ 2n%e, - 2mney, - 2nle - 2Ime,,  (5.36)

(5.34)

rge 0603HaYe€HO:

ony! dh“
€ 1a+hh”aa —|—hh31 L
ohy dh—l
eﬁs_hZ d@ +h hB 1 a +h1h2"u 2 )
ou h3 dh3
e, = /z3 0_17_‘” R R 9 (5.37)

,, ap 2 (hyu 7)+,, 07(’1 i),
""h 01(h1 “)+h aa(hs 1)
aq(hz a)JI' B, 08 (hlua)' J

Tak kak 24-m?-+n*=1, 10 u3 (5.36) MH [OIy4yHM, NpPUGIH-
KEHHO H3BJIEKAA KOpEHb:

e =e,l*-{- e m?*+- e, n* + egmn e nl+-e,ml.  (5.38)

OueBHIHO, 4YTO, NOJIOXHB /=1, m=n=0, MH HMeeM e=¢,,
T. €. €,, €CTb OTHOCHTEJAbHOE YAJHHEHHe JIHHelHOro 3/1eMeHTa,
KOTOPHHA 10 Jedopmamuu HAanpap/JeH [0 HOPManH K TOBEpX-
HoCTH @. Takke €y, eCcTh KOCHHYC YIVIa MEeXAYy ABYMS JHHEHHHIMH
9/J1EMEHTAMH, KOTOpHe A0 AedopMalHH HANPaBJE€HH MO HOPMAaasM
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K HoBepxHOCTH § ¥ Y. Beauuynnu
eam e33’ e-pp 8371 e‘{'x) eaB (5-39)

CYyTb 1IECTh KOMIIOHEHTOB JedOpMalHH B OPTOT'OHAJBHHX KPHBO-
JHHEeHHBIX KoopAuHaTax a, B, y. Popmyam (5.37) Obim jpaHb
Brepsuie JlaMe.

§ 59. Popmyabl nas OGBEMHOrO pacCIUMpEHHs H 3JIeMEHTapHOrQ
BpaileHHsi B OPTOrOHaJbHbIX KPHBOJIHHEHHbIX KOOpAHHATAX.

H3BecTHO, 4TO eCJH U, ¥, W CyThb KOMIOHEHTH YIPYroro cMe-
LLeHUSA, TO HMeeM N0 (opmyae [puna:

§ G5+ dxdyde= || tut mot nwyas, 5.40)

rae I, m, n — KOCHHYCH YIJd BHeIIHeH HOpMaJjH C OCAMH KOOp-
JHHAT, d2 — 3/JeMeHT IOBEPXHOCTH TeJa. BBoast 06'bEMHOE paciiu-

peHue
Zr +52

H IPOEKUHIO YIIPYIroro CMeEUE€HNA Hda BHEIIHIOIO HOPMAJib K [IOBEPX-

HOCTH TeJa
V,=lu+4 mv+ nw,

Mb mpeacrasuM (5.40) B Buje:

SS(Adr:SS V,dz, (5.41)

v

rae dt— sjeMeHT o0béMma.

MMpunoxum dopmyay (5.41) k asneMeHTy 06bEMA B BHAE KPHBO-
JHHeH#HOro napaJjejennnesa, o6pasoBaHHOrO TPeMs NMapaMH CMEX-
HHX TIOBEPXHOCTEH

awa+tda, §up+dj, vuytady.
CiaraemMble NOBEPXHOCTHOTO HHTerpaJa IpaBoii 4acTH GopMyJ

(5.41) 6yayr:

10 TPAHH a:
P dpdy

—udn,dng=—u, ;" Ak

no rpanu a-da: )
d,ﬁd*{_!_ d,sfi;; da:
Wa hyhy T 9a | e Ty 1y | %%
dyda
8 hyhy?

dydx O f, drda] o
“a &y hl_’rdp [u‘e hy hl] d3;

no rpasy 3:
—u

no rpanu B+ dj:
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o rpa’Hu '{:
—u dzd,'i
1 h hy?

dad} dad}
“1 %, h2+07[ v hIE] a.

B pesyabrare noJsyu4uMm ciaeiyloniee BRIPAXKEHHE LIS MOBEPXHOCT-
HOTO HHTErpaJa:

dads dy [, <h hs) + 3 (hahl) + 5 (hl:h)] (5.42)

2/eMeHT 06bEéMa B KPHBOJHHEHHHIX KOOPJAHHATAX BHIPA3HTCS:
de—2a dj dy
T hohs *

no rpanu y- dy:

IMostomy ypasHenue (5.41) naér
dad} dy

A hihohy Fih, = dad} dy [01(’1 h3)+0§ (h-'ihl)_l—;f(%;l‘)]

Orciofa noay4yHM BHpaxeHHe Aas A:

A=hyhihy [0a(h h3>+05(hzil)+o%<7l:i;>]' (5.43)

310 BHpaxeHHe TaKxe NoJydeHo Jlame,
O6o3nayas qepes

u+v —l—w

MQH2EeNGILAABHYI0 CJATAIOULYI) YHPYTOTO NepeMelleHHs o Kaca-
TeJbHOM K 3aMKHYTOMY KOHTYpPY, a TAKkKe uépes

Q=o0lt+omton

CAATaoIYI0 3/1eMEeHTapHOTO Bpa-
L{eHHUs, HOPMAJbHYI0O K IOBepX-
HOCTH 2, OrpaHH4YeHHOH 3aMKHY-
TBIM KOHTYpoM L, MB HMeEeM IO
dopmy.e Crokca:

99 Vds= ( ( Q4T (5.44)
L z

[MpuMenum a3ty ¢dopmyay K 3am-
KHyTOMY  KOHTYypy (dur. 10) dur. 10.

P,Q,R,S,P, no rpanu Y- dy. Caa-

raeMee, COOTBETCTBYIOIIHE YETHIPEM YACTAM 3TOTO KOHTYPa,MOTYT
6HTEL HAlHCaHH CjAeLyloniHM o6pasom:
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no ayre P,Q;:

da
“71—1'

no ayre R,S;:
Y 1°1 ud“ 2 ‘E]dﬁ
e h 0?[“!11 ’

no ayre S,P;:
y 11 uﬂf’.
"8 hy?

no ayre Q,R;:

CkiajmBas 3TH CJaraeMhe, HMeeM Cjefyiol(ee BHpaXeHHe M/
HHTErpaja B JIEBOH 4acTH (5 44):

wald@-3@) oo

C npyro#i CTOPOHH, AJs 3/JeMeHTa momaau P,Q RS, orpauu-
YEeHHON PacCMOTPEHHHM KOHTYpOM, HMeeM:

dad}
dz = m N Qn - (!)T_

IMostoMy mpaBylo 4actb (5.44) MOXHO 3amHCaThb B BHAE:

da dp
O kg (5.46)

Buocs (5.45) u (5.46) B ¢opmyay (5.44), MH HMeeM:
20, 0 u3> 3 (u,

TaxuM 06pa3oM, MOXHO NOJy4YHThb Cledylomue GopMyan njis KOM-
HOHEHTOB 3JI€MEHTAPHOTO BpallleHHs:

20, =ty 5 (7) = (uﬁ>
2o, [ 3 (5) = 53 ()]
i[53 (2],

31n popMyaH Takke OuIH AaHH Jlame.

\
|
; (5.47)
J
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§ 60. Ilpeobpa3osanue ypaBHeHuit Jlame ABHKEHHS YNpYroro
TeéJda K KPHMBOJIMHEHHbBIM OPTOrOHaJbHBIM KOOpAMHATaM.

Ec/au BBECTH KOMIIOHEHTH 3JCMCHTAPHOI'O BpAlUCHHA
ow ov
2 )

:—a—; —_— E R
du Jw
2(1) 7 0%’ (5.48)
dv du
2(02——- ax E ,

TO HMeeM CHAeAYIomHE TOXAECTBA:

dA do do
V2u 0 —2 ( — '_y) ’

oy 0z
do
2 = — 2
V'U— 2(02 dx)
d.\ Jdo )
2oy o —_ry___*
Viw =5 2(6.7: 0_y>’

Ha ocHoBaHuH 3THX TOXAecTB ypaBHeHHs Jlame (4.18)
Ot S+ 1o (X—3) =0,
0w g+avotp (Y—5F) =0,
Otw) 32 +uvwtp (2 55) =0,

NPHMYT CJACAYIOUIHA BHJI:

A do, Odw 0% \
(l+2u)g,;—2#(;;—0—,’)+9<X—m)=0, |

oA Jdo, duw, 0%
O+ —om(GE—F) e (Y —58) =0 | (5.49)

04 do,  do, o
0205 — 2 (52— 52) o[ 25 ) =o0. |

dA 93 oA
TpunuMas BO BHHMAHHE, YTO 3—, 3 92 [peJCTaBIAAI0T KOMIO-

HeHTH gradA, a BHPAXEHHA
do, do, duv, Oduv, Jdo, Jo,
dy dz' 9z ox’ dx Oy
NPEeACTaBAAI0T KOMIOHEHTH 10t®, Mbl MOXEM 3alHCcaTbh ypaBHE-
Hust (5.49) B dopme:
(rf2p) grad A — 2p. rot @ 4-p (F—j)=0, (5.50)
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raie F— maccoBas cuJia Ha eJHHHLY MacCH, a j-—IOJHOE YCKO-
peHue.

I'paguedT OoT A €CTh BeKTOp, INMPOEKIHS KOTOPOro Ha Jiwboe
HanpaBJieHHe DAaBHA NPHPAIEHHIO A HA €JHHHIY JJIHHH, B34TOM
B 3TOM Hampap/eHHH. [103TOMy NpPOEKLHH 3TOr'0 BEKTOpPa HAa HOP-
MaJH K TPEM B3aHMHO OPTOTOHAJbHHIM MOBEPXHOCTAM a, B, Y
6yayT paBHH
YT p b 0 03 A a3

1 99° 25—3 » Pagy e
Ha ocHoBauuu ¢opmysn (5.47) MH NOAyYHM /I NPOEKIHH rotw
C/IeyIOlIHEe BHPAXKEHHUS:

b 3 (32) =5 (3)]
w3 () =32 ()]
[ (3) 3 (3)]

BexropHoe ypasHenne (5.50) paBHOCHABHO MMO3TOMY TEEM YpaB-
HEHHAM

h

o300 Sk [ (3) 5 ()] +
+9FG=?%’;‘,

oA 0 [0\ 0 [o\]
O-+2w 35 —2mm, [ () = 5 (32) ]+

e (5.51)
+Fe=0 5
03 90 fo 9 ()]
(A= 21) by 57 — 20, [% (FD " op (_> +
du
+eFi=05m

rze F,, Fy, F, cyTb OTHecEHHHE K EeAHHHIE MacCH NpPOEKIHH
MaccoBoO# cmm Ha HOpMaJH K TPEM NOBEPXHOCTAM a, §, Y.

§ 61. Buipaxenue 3akoHa ['yka B KpMBOJMHEHAHBIX KOOpAWHaTaX.

HanpsixxéHHOE COCTOsIHHE TIpH TPHMEHEHHH KPHUBOJIHMHEHHBIX
OPTOTOHAABLHHX KOODIMHAT OIHCHBAGTCS TAKHM Xe 006pasom,
KaK TIPH NPHUMEeHEHHH NPSMOYTOJbHHX KOOPAHHAT X, ¥, 2. BomsT
1WeCTb KOMIOHEHTOB

aa, 33, 10, BY, 1o, 4B (5.52)
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—_

3/1ech ag eCTh HOPMAJbHBWIA KOMIIOHEHT HANpsXEHHA Ha 3JJIeMEeH-

TAPHOH ILIOWIAJAKe, MNEPINEeHAMKYJSPHOH K HOPMAJH K INOBEpPX-
~—~

Hoctd a. Takxke af ecTb KacaTe/bHBHI KOMIIOHEHT HaNpsiKeHHs Ha
TOH K€ 3JEeMEeHTapHOH IJIowWajKe, NapajjeibHHH HOPMAJH K MO-

—
BEPXHOCTH 3. aY €CTb KOMIIOHEHT HANPSKEHHS Ha TOH XKe 3.e-
MEHTAapHOH IJIOINAAKe, MAapajJebHEi HOPMAJH K NOBEPXHOCTH Y,
HT. I

CBa3k MexJy IIeCThbI0 KOMIIOHEHTAMH HampsiKEHHOTO COCTOs-
uns (5.52) M mecTbi0 KommowenrtaMu Jgedopmamuun (5.39) maéres
06001 EHHEIM 3aKOHOM [yKa:

o~

\)

aa =>4 ue,,, =pe,, ]
5/73\: M4+ 2ue,,, /ﬁ =pe,, I (5.53)
71 =M+ 2ne,, a3=ue,,

rae h, M —INOCToAHHHeE Jlame A OAHOPOAHOTIO H30TPOIHOIO Te.1a.
Ynpyru#i mnoreHunan W ecTb GyHKIHS OT II€CTH KOMIIOHEHTOB
aedopmannn (5.39), npuuém umelor Mecto ¢opmyan ['puna:

W~ W~

den = 0% G = B !

ow ow —

-58—3;_'—_ 5}5’ ()ea.{ =ay; } (554)
ow oW

Jo =11 5;1;:“3- J
Tostomy wmeem dopmyJy:

QW = (- 2u) A% -
+u(ef el el —dey e, —4de e, — 4e,,83), (5.55)

rOABYIO A8 OAHOPOJHOIO H30TPOIHOTO TeJaa.



TIABA VI
YNPYTOE PABHOBECHE LLIAPA.

§ 62. PaBHoBecHe mapa noj ReHCTBMEM MOBEPXHOCTHBIX CHJ
WK 3aJaHHBIX NepeMellleHHd ero NnoBepXHOCTH.

Ecau Ha noBepXHOCTh 1apa JAeHCTBYIOT CHJHI, YJIOBJ/IETBOPSIO-
IIHe YCJIOBHAM DaBHOBECHS IIAapa Kak a0COMIOTHO TBEPLOTO Teaa,
TO, NpPeANOoJaras MX PpasBépPTHBAINHMHCA B psij chepHYECKHX
thyHKuHMH, NOAYyUHM, YTO 337342 O JAeOopManuH L1apa MOXeT OHThb
pemeHa TouHo. Pemenne npusagiexur Buaninamy Tomcony, npu-
MEHHBIIEMY METOA peIleHHS B ChepHUYECKHX (DYHKLUAX.

Ecan @ (x, y, 2) ecTb npocmpancmeentas cepryeckas yHK-
s CTeHeHH n, To oHa 00JAaAaeT CJACAYIOLIMMH CBOHCTBAMH:

1) yaosarerBopsier ypaBHeHHI0 Jlanjaca

V2o =0; (6.1)

2) no Teopeme 06 OIHOPOAHBIX (DYHKUHSIX YAOBJAETBOPSIET
YC/JIOBHIO

+ y-’r L2=ny, (6.2)
caea0BaTeqnbHO, 9 9
Ve (xg) =xVip 257 =257

TakuM 00pasoM, HMeeM:

\'2(xp)-—20—;, ]I
Vz(ynp)—2—", i (6.3)
Vz(ch):.?—?,J

cjJ1e10BaTeabHoO,
v (rtp) =W+ (G5 y+-3t2) 6,

OTKYZa UMeeM:
V2 (r2g)=2(2n-+3) 0. (6.4)
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YpaBHenus Jlame HMeOT BUJ:

(w32 uven —o0, )
O-w) 3o+ uV20 =0, ; (6.5)
A1) 24 prrw =0, J

A=+ 45 (6.6)

[TycTb Hayano KOOPAMHAT B3ATO B IeHTpe mapa. Byaem uckath
uacTHoe pemenHe (6.5) B Buze:

ll:cp—l—ngg-f—:_, \

50
w=qa+_Dr~£,

do [ (6.7)
w=y-+Drs;,

99, 9% | 9
o=3Ta 1
rae ¢, b, Y —IpocTpaHCTBEHIHE cdepryeckue QYHKIMH CTEIEHH 72,
C/Iel0BaTe/IbHO, YAOBJIETBOPAIOIHE YCJIOBHIM
V2 =0, V% =0, Vy=0, (6.8)

a D —nocrogHuas, noj/uexamas olpejeaeHHIo.

Tax xak npousBomHHe chepuudeckux ¢yHKIHE octaorca che-
pHuecKHMH (QYHKIMAMH, TO ® €CTb cdepuyeckas ¢yHKHUA CTe-
neid n—1; cienoBaTesbHO, HMeeM:

V2o =0, ]
%%';x+‘§—;”,y+‘;—‘—;’z=(n—1)m, {

V2 ((‘g_g) . (%’) —V2 (%L:) —0, [ (6.9)
7e (3) x+ 5 (3) v +5 (5)e=0—23 )

Jde )

H JBAa aHAJAOTHYHHX DaBeHCTBA /s —@ H 3z ° CHava/1a BHeCEéM

(6.7) B (6.6), uro paér:
¢ 0% , Oy Jw dwo dw .
OTCIOAA Ha ocHoBahHH (6.9) mosyuum:
A=[142(n—1)D]o. (6.10)
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Jdo
MNpu cocraBaenun V24 MH JO/JAKHH YYeCTb, YTO 55 €CTb cheprye-

ckasi ¢yHxknus crenesu n—2, Ilostomy, npuMensis dopmyay (6.4),
HOJMYUYHM:

Ve — Ve 4 DV? (rzg-_‘g> =D-22(n—2)+3] %2,
OTKyJa TMOJXy4HM (ABE OcTajbHHe (OPMY/H MHLIEM IO AHAIOTHH).
Viu=2(2n—1)D %2,
Vo=2(22—1)DJ, (6.11)

o |

Viw—2(2n—1)D32. |

Broca (6.7) B (6.5), noayunm Ha ocHoBanuu (6.10) u (6.11):
{(H-u)tl+2(n~1)D]+2(2n—1)nD}g—“’=0,
{0 w14 2(n—1) D]4-2(2n—1) 4D} T =0,
(0w +2(n—1)D]+2(2n-1)uD}0‘°
Otcio/la uMeeM ypaBHeHHe AJA onpenenenus D:
() [2(n—1) D+ 1]+42 (2 — 1) uD =0;
peuasi, IOJYYHM:

_ A tp
D=— s nrsm—or" (6.12)

O6mee pemenue ypaBHeHu#i (6.5) mi1s paccMaTpHBaeMoH Hpo6-
JeMBbl TIOJAYUYHM, CKJIaJABIBas YacTHHle pelneHHs Buaa (6.7):

i=Yot+rED5E,
du,
fo—.—_Zc}) +r?EDn—W,

W= 3y, 4 ZDH e (6.13)
0‘?11 04’11 OXn
© =35 + dz ’

L Atp
Dn‘"—zmn—l)+u(sn—2n’
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§ 63. Cayuail, Koraa Ha NOBepXHOCTH 1Iapa 3afaHbl
CMelleHus .

O603HauuM pajguyc mapa yepes a. Ec/aH Ha moBepXHOCTH mapa
(r==a) jaHBH CMeIleHHs, TO MH MOXEM BCErJa CYHTATh, YTO STH
CMENIEHHA pAa3/aralTcs B PALH MOBEPXHOCMHbLX ChepPHUECKHX
¢pyHKIHA

u—= 2 A/.» HA NOBEPXHOCTH
v=YB,, mapa, T. €. (6.14)
w=3C,. npu r=a.

n r\n r\n
slcro, yTO A, (Er) , B, (;) , C, (’E) 6ynyT npocmparcingen-
Hotmu chepruecKkuMH (PYHKIUSMH CTENEHH 7.

Buocs (6.13) B epanuunse ycaosus (6.14), Mu GyneM cpaBHiH-
BATb TG Y/IE€HH, KOTOPHE HA NOBEPXHOCTH 7F==a IpeICTaBJSIOT

nosepxuocmuye chepudeckue QYHKIHH OOUHAKOBOH cCMENEHu, 4To

HaéT:
r\n dw,
< ) —(P,;+Drt+2a d
0w L4
B(%) =4t Dot 5, } (6.15)

ay
Ow”_,_‘, l

Cn<_) =n +Dr‘+2a2 0z )

+92

3TH COOTHOLICHHS HMEIOT MeCTO Ha HOBEPXHOCTH cdepH r—a, a
CJeM0BATE/ILHO, OHH HMEI0T MeCTO M BHYTPH 3TOH cdepn. [up-
(dbepeHnupys HMX MO X, ¥, Z COOTBETCTBEHHO H CK./I&/[bLIBafA, MhI
MONYUYHM:

LAY+ 2]+ 2 [e2] -

0? 0% 9y,
”+ ”__‘__ "+ Du+2v ml-l"”
HO MbI HMeEeeM:
Vz(’)l +":O)
a?n + + 0X1 —_

a CJel0BaTeAbHO, MBI TMOJYYHM BHIpaXKeHHe a1a o, yepes 4, B,
C._ B BHlIe: l

e a3 @) e) ] e
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nocue sToro 9, 9, Y, onperessorcs u3 (6.15). Baocs 3TH B~
paxenns B (6.13), MM moayumm:

u——ZA( ) +(r-—a2)20,,+2a"’”“, |
RSN £ TRy g

a“’n+2

w—ZC( ) +(’a—a)an+2 bz

J1u 3aMeuyaTesbHue QopMyan AaHn Buaauamom Tomconow,

Ec/an Ha MOBEPXHOCTH 1Iapa JAaHH BHEUIHHE CHJIHB, TO MH MO-
KeM NPeANnoNIONKHTh, YTO OHH Pa3BEPTHBAIOTCA B PAAH IO NO-
BEPXHOCTHHM cepuueckiM (QYHKIUAM:

X 2 n?
Y,=—=>Y,, } Ha lIOBEPXHOCTH r=—=a. (6.18)
Z,=%2z,

3arem cocraBaseM u3 (6.13) KOMMOHEHTH HanpshKEHHS Ha 3Je-
MeHTe I10BepPXHOCTH cepn paamyca r mo dopmy/am

X,=XI+Xm-tXn,
YV, =X/+Y,m+Y,n,
Z,=XJl+Y,m+Z,n, (6.19)

2 - -2
l_r,m_—r,n_r J

u BHochiM B ¢dopmyan (6.18). Takum o6pazoMm, 3azaua MoXeT
OHITh penIeHa.

§ 64. Cayuail cepuueckoil nMoJOCTH B ynpyrom reJe.

B stoM cayuae x pemennio (6.13) Hazo noGaBHTH caepyiouiee
YaCTHOE pellueHHe:

- _ Q.
u:cp,,r“’" ‘——Knrzd—x,
- o2,
V= q)”r—-in-l - Knr2 '5;' ’
- Q,
W= xnr—z"-1 —K,r’ E )

=35 (cp”r_2n ) 5 (q,nr-zn—x) + s =21,

| (6.20)
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rae ¢, ¥,, Y, CyTh MPOCTPaHCTBEHHHe cdepHyeckHe (YHKIHH
cTENeHH 7,

K,— (6.21)

— e
M Fo i F O roa

B caydyae nweo6xoaHMocTH 6epércsl CyMMa TAKHX 4YacTHHX peine-
uuit. Ecau ynpyroe Teno G6eCKOHEYHO BEJHKO, TO OCTAIACS TOJABKO
pemenus THna (6.20).

§ 65. Cayyali ynpyroro wmapa, aegOpMHPOBAHHOIO MaCCOBbIMH
CHJaMH, MOTEHUHAJ KOTOpPbIX pa3Jjaraercs no cdepuyeckum

G yHKUHAM.
Iycts
du, do, do,
X=75c Y=25, Z=—5;> (6.22)

rie o, €CcTb NPOCTPAHCTBEHHas cdepuyeckas OYHKIHS CTENEHH 72,
Hanmuwiem ypasHenue JlaMe

94 de,
(1) 5z +uVutp 5 =0, )
oA Ve ow, l
O+ ) 5+ 174057 =0,
dA R do,
() 55+ nViwtp 57 =0.

HniemM uacTHOoe peumieHHe BHAA:

(6.23)

©,

0 do
u:Cr‘-’—a !
x

dz
Brocsa (6.24) B (6.23), moyunM 1oc/ae MPOCTHX BHIK/IAJOK:

C—=

v—Cr2 y—cr (6.24)
’ ay ] .

e
EEETeEaTE (6.25)

K uyacrHomy pemennio (6.24) Hago npuGABHTH peuleHHE CHCTEMEI
ypasueruit (6.5).
Pemenne stux ypasHennit 6epém B dopme, nanno# A. Jissom:

u=F(r) 24 G(r) ox,
v=F(r) 5+ G (A ey, | (6.26)
w:F(r)g;—{_G(r)wz, JI

FJe © €CTb NPOCTpaHCTBeHHas cdepuyeckas QyHKUus CTEmeHw 7;
F(r) u G(r) nognexar onpejie/icHRIO.
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Ha ocuopauun (6.1) u (6.2) umeem:
- 1dF (0 a 0
A=F (N Vot L T (G5 x+ 5+ 522) +
9 ] ] dG 2 2l 22
—{—G(a—;';x—{—‘%y—{—;‘gz)—i—a?w(ﬁ"{——*'f)-}—BGw —

dF dG
=25+ (n+3)6+4rF] o
OTKY/Ja HOJAY4YHM:
A=f(r)o, (6.27)
rae
dF dGg
f(")=$d—,+(”+3)a+’d—,- (6.28)
Buiuncinm Tenepb BHpaxenus Vi, Vo, Viw, g—i R g—i , %—'2\ . [locae
NPOCTHX npeobpasoBaHuil HalAEM:

o (d2F | 2ndF do | [&2G |, 2(n+2)dG
v"“(t'i??+r¢7r'+20)37r+[¢i—r2‘+ . 37] 0x (6.29)

¥ [Ba MOXOOHHX BHpaxcenusa aas Vo, Viw,
Hanee umeeM:

A o d
2l Lo o30)

Tadr

oA

A
W JBa AHAJOTHYHHIX M8 3y’ %5

B (6.5) MH HOJy4YHM:

IMostomy npu BHeceHHH (6.26)

d
A£+wa:0, ]

Jw
A% 4 Boz—o0,

rie o603HayeHo:
A=O+w)f+n 57+ 25 +20], -
B=0-+ 1) + 4 u[F0 + 22T, } ”
Taxk xak o ectb Jmobaa cpepuyeckass ¢yHkuus, 1o u3 (6.31) MH

MOJY4YHM JBa COBMECTHHIX JAH(PdepeHnHaJbHHX YpPaBHEHHS A
onpesenenns F u G [npuuém f onpenensiercs no ¢opmyae (6.28)]:

A=0, B=0. (6.33)
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OO6uuit uHTErpas 3THX ypaBHeHHH GyneT:
" p2n— \2—nm4p(d—n)H~ _
F=Cr#14Cy+ 2(2n—1) G- 2p) Cr et )
_Ma+t3)+tr(n45) C.rt
2@nf-3)(F2w 1
—— (@01 1) G S OER ¢ s 3
= ‘ +z(:+2p£+ r ++
m4-p(Bn41)
T Emraatow Cr

3nrecy C,, C,, C,, C4— npou3BosibuHEe NocTosHHHE. Ha ochoBa-
Huy (6.28) monyumm:

(n4-NHn -
=15 SER C, — H-”PC roan-1, (6.35)
Briync/anM Tenepr BHpaXeHHe
ux+vy+t+wz=73(r)o, (6.36)

rae

8(N=nF+rG=—(n+4+1)C,r2-1}nCy—
(n -1 [mAp(n—=2)] nla4 DA (43 ] A g,
— T3 0Fm C T T sea—noga  Cer . (6.37)

®opmyan (6.19) nocie BHeceHus B HuX 3Havenndt XY, ..., X,
13 dopmyxa (3.52) mawT moc/ie HPOCTHX npeoﬁpasoaaﬂuﬁ

X=uitu[rE+5-7) |
Y»:M%Jr»[%%%h: 2]
:M‘i"“”[‘:‘gf"’ar_g] )l

(6.38)

Ho umeewm:
n dF

B — (P4 rG) 4 (241 1291 96
——=(nF—|—r?G)%‘-; (;"’F+r 126
3—§-=(nF+r20>%‘i’+($d+r +26
o =7 =&+ F) st (ra +00) (7
e "—2)‘°+( )

= ) E (R

5 —

VV
S £
=

= v
e
N

[€ ~
\_/\/\/

e

-

+
\./
TN
~IE ™
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Buocst a3To B (6.38), MH HaliAéM moc/ae NPHBENEHHA :
X, =pP (N 5+ (%),
Vi=sP(n 52 +Q () (%), I} (6.39)
Z=wP (G0 (F), )

rre 0603HA4YeHO:
P (=g +* =2 F 4 1G,

Q=1 +u[7 2y + (0] |

MITPHXH MOCTABJACHH JJsA TOro, 4robH ykasats, 4to X,, Y,, Z,
BHIUHCJEHH Aasi pemeHus (6.26).
B ciayuae cnjoOIIHOTO Imapa MMEEM:

C,=C,=0. (6.41)
Ho B BHpaMeHHsAX NI KOMIIOHEHTOB HAaNpsXEHHUs Ha HOBEpPX-
HoCTH cepn pagHyca r Hajo y4yecThb €ué Te cJaramoliue, KOTo-

pHe JaHH YacTHHM pemenueM (6.24). [as 3TOH meaH MOXHO
npuMeHdaTh GopmyJn (6.39), HO BHecTH TyAa

F(r)=cCr, :
o=cr) oo

[Moxcrasass (6.42) B (6.40), MH mMOJAYyYHM:
P"=2nCr,

Q" =2n(4pn)C, ] (6.43)
f=2nC. I

Buocst (6.43) B (6.39), naiiném
X =2nC [wrf2+0+w 2], )
vi=2nC w40+ w %, (6.44)
Z\=29nC [prg—‘z—°+(x+p) E’rf]. l

CrenoBaTe/IbHO, Ha IIOBEPXHOCTH cdepH paguyca r Mu 6ylem
HMeThb BHIPAXKEeHHE KOMIOHEHTOB YIPYTOr0 HaNpPSKEHHS

X, =X, +X., }

(6.40)

=Y.+ VY,
Z, =2y} Zu

(6.45)



§ 65] CAYYAH JEQOPMALHH YMPYLOTO LIAPA 149

Ha nosepxHocTH cdepH JO/KHH GHTh AaHH I'PAHHYHHE YCA0-
BHA. B 4YacTHOCTH, OHA MOXET OHTb CBOOOXHA OT HaNpsKEHHI.
Toraa 1o/y4uM rpaHHYHbHIE YCJIOBHS

X,=0, ¥,=0, Z,=0. (6.46)

Pewmenne nocTaBACHHOM 34€Ch 3aJaUl HMEET BAXHbIE INPHIOXKEHHSA
B reoJHHaMHKe.

O6o3nayuM yepe3 R, HOPMaJibHBII KOMIIOHEHT HallPSIKEHHs Ha
HNOBEPXHOCTH cdepH paguyca r, a uepe3 7, — TaHTeHUHAJIbHHH
KOMIIOHEHT TOTO X€ HanpskeHHs. OueBHIHO, 4TO A1 HOPMaJb-
HOT'O KOMIOHeHTa OyaeM HMeTb (GopMyJay:

R=%(3)+%(7)+2(3). (6.47)
Buoca (6.39) B (6.47), MH HOAYYHM:
2 2.1 53
R=2P(n)[5x+5y+5z] + Q=L ts,
yro BeaeAcTBHe ycaoBHA (6.2) H paBeHcTBa
r2___—_—x2+y?+zz
R=[Q(+¥P®n]o. (6.48)
Jlisi nosydyenuss KOMIIOHEHTOB TAaHIEHIHMAJAbHOTO HANpsAKEHHST

T, najo BHYECTH KOMMOHEHTH HOPMAJbHOTO HanpsikeHHs R, u3
X, Y, Z,, uro paér:

(T)e=X,—R, (f), )

I

(T)y=Y,—R (%), } (6.49)
(T)=2~R.(3). |

Broca (6.39) u (6.48) B (6.49), MB mosyunM:

(T)e=n (52— 25 P(r), \I

(T),=n(H—"3) P(), |

(T),=n (52 —"2) P(n. J

NPpHUMET BHI:

(6.50)
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§ 66. DaemeHTapHoe pelieHHe NMepBOro THNA.

YpaBseHus ymnpyroro pasHoBecus Jlame
() S+ wvu =0, 1|
(l+u)?,—j+uv27»=0, } (7.1)
O3 P =0 |

JONYCKAIOT cjlelyiouiee pemeHne, Kotopoe DByccuneck Haspaxa
3JeMEHTAPHEM DelleHHeM NepBoro THna ¥):

u:A%‘:——AX'p, ]

v=A% = — Ay, (7.2)
__ 22 A4-3p
w=4[5+at0s)
rage o603HayeHo 5
2
e=—7=5(7) (7.3)

- 1
npuuém A — HekoTopas mocrosiHHas. Kak u3BectHo, — ecTh rap-
MoHHYecKass GYHKUHA, T. €. yAOBAETBOpsAOmAs ypaBHeHHIO Jlan-

Jaca:
v (%) =0. (7.4)

1
Orcoaa cjleayer, YTo 4YacTHHE NPOH3BOAHBHE OT - epBoro Hu

BLICHIHX TIOPSAKOB CYyTh TaKike (PYHKIMH rapMoHHueckue. [Tostomy
dynkuus ¢, BBeAéHHas ¢opmy/oil (7.3), ecTb PyHKIHA rapMOHH-

*) Jto peuleHHe o6pauraeTcd B GeCKOHEYHOCTb B HayajJe KOODRHHAT H,
¢N1e10BaTeNbHO, NIPHTOJHO BCIOAY, KPOME CHepnl oueHb Maloro paiuyca, OKpy-
waomel Ha4an0 KOOPAHHIT.
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yeckas creneHu (— 2), NO3ITOMy HMeeMm:

vz,ozo
Sy =2 } (72)
Ha ocuosauun (7.5) a1 A monyuum:
A=+ 0y+ =
=—A [t 5t Py+ore— SR (L)

Crenosate/bHO, HMeEeM:

[Toabsysich cooTHoweHusaMH (7.2), Haiigém:
Vi — — A[xvch+2g§],
Vo= —A[ W +23],

Vi = — A [zV%p—}—Q%}—k:_?’: v (L],

4o Bcaegctue (7.4) u (7.5) maér:
— A
V”_u_- —2A Frg) ]

0y oy
Vz'v——QA-a)—,, } (7.7)
\'?w_—2A§3. J
F4

Buocst Teneps (7.6) u (7.7) B ypaBHenus (7.1), MH YBHAHUM, 4UTO
OHH 00paIaOTCA B TOMXAECTBO

2(0+p)pA 0y 09__
—T—_{:F—' ax 214 =0 urT. A.

CocTaBuM Tellepb 1IeCTh KOMIOHEHTOB HANPSA(EHHOTO COCTOSIHHA.
[lo n3apecTHHIM JopMyJiaM HMeeM:

Xy=Mt P =i (s —1)e — x%]:
_2M[ +A+» ]
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HO BCJexcrsue (7.3) uMeeMm:
oy _3ax__ _ 3x,
- M ¢

NO3TOMY INOJYYHM:

i[9~ =52 2 2]
Tak xe BHuHCAAETCHA Yy. Janee, umeem:
it e o1 - ) -

. A 2p
=2 [zb‘z“ fre t)

Ho 3 (7.3) umeem:
dp 322 1
dz— v

N03TOMY HOJYYHM:
Z—2ag[3(2)+ 5] == 35 )
Bruiunciasgem paznee;
=n(5TaE) == (xG+r3),

Ho Bcaexacrehe (7.3) uMmeeM:
Op _ 32x J¢ _ 3zy

of™ 18 9y 5
II03TOMY HOJIY4HM:

. 6pAxyz
Xy=—"7

Taxkxe umeeM:

Xe=n (G 455) == [+ T2 (3 )]

Buocn cora %, 2w 2 (1) =%
HOCH cioAa e’ 3z ax\F )= s> IIOJMyYUM NOC/AEe IIPUBEAEe-

Xo=— QPrAx[ (% )+x+u]

ro= =2 [3(3) ]

HHA;

H aHaJOTHYhO:



§ 66] S/MEMEHTAPHOE PEIIEHHME [EPBOrO THMA 153

Taxum oO0pa3oM, MMeeM cjAeAyloniee BHPaXeHHE [ IIeCTH
KOMIIOHEHTOB HAanpsXEHHOT'O COCTOSHHS:

X,= =22 3(3) 1)
V=25 [ﬂ%)tﬁ{
Z,== o 2nd [B(i)2+—"— ,
rd r Ap
» (7.8)
A NN
X==2 3(3) )
:_GnAxyz
y P

JIis KOMIIOHEHTOB HAalpPsXEHHs HA 3JEMEHTApHON IIOAJKe,
HOPMAJBHOH K pajHyCy-BEKTOPY 7, HMeeM:

X,= X+ Xyn 4 X,
Yi=XI+Ym-Yn, (7.9)
Z,=XI+Y n+Zn,

X 2
BHOCH CrOAd = ) m= J?/' y = 7 H NOJb3ysACh COOTHOIIEHHEM

r*=x?-}y*-} 2%, MOAyuUHM IO NMpPHBEICHHH:

. 6pAdzx
Xv — > }

___ 6pAzy
Yi=—="77, t (7.10)
Z, = 6pA2? 24y |

TR T ater

OnumeM M3 HayajJa KOOPAHHAT cdepy Majoro paauyca r H
paccMOTpHM €€ 4acTb, PacloJOXEHHYIO B obiactn 2z > 0.

Bolunc/anM KOMIOHEHTH PaBHOJEHCTBYIOLIEH BCeX YHPYTHX CHJI,
NPUAOKEHHHX K 3/IeMEeHTaM NOBEPXHOCTH PACCMATPUBAEMON MOy~
cepu. Tlo ¢popmysam (7.10) noayuum:

o]t o
Rysz deE:——G—‘r’"ijvjzydE,
R,=jjzvdz=—6i‘—f’ﬁz2d2—afﬁ‘;‘—;;aﬁdz-

Bce/leiCTBHE CHMMETPHH OTHOCHTEJBHO MOJIOXHTEAbHOM! OCH Z HMEeeM:
SS zdeJ:S(zydE:O.
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Taxxe, BBOAA nOJsApHHI yroa 6, umeeMm:

515‘ 2243 =2mnrt

[Mo3TOMy MOJIYYHM OKOHYATEJbHO:
b L 4AwO2p
Rx_Ry—‘O) Rz————l_—*—p-—.

CienoBare/bHO, pPaBHOAEHCTBylowass OyJer HampaB/leHa 110 OCH 2
H HMETh BEJHYHHY

cos?lsinfdh = %f r, ‘” dX="2nur

Ol ®

42

§ 67. daemeHTapHOe pelieHHe BTOPOTrO THMA.

Tax nasBaHo Byccuneckom pemrenue ypasnenuit (7.1) caenyio-
Imero BHAA:

u:B%quc—_r(rB—-}{z)’ }
V=B =rr %5 | (7.12)
sy

e b=In(r42), (7.13)

a B — HekoTopas NOCTOSHHAsA.
U3 (7.12) umeem:

du |, dv |, Jw T
A=G oy T35 —BM=
— 2 wtyr eyt 2
=B | s~ A in— A — 5| =0

CaepnoBatesbHO, $ ecTb (DyHKIHA rapMOHHYECKas H €€ IPOH3BOL-
HHe ToXe rapmMoHnueckue ¢yHkuuy. [Tostomy

A=BV¥ =0,
Viu= BV 2t — 0
- ax— !

V=Bt —o,
Vi =BV 3 04’ =0.
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Takum o6pa3oM, cucrema (7.12) mpexcraB/iseT pelleHHE YpaBhe-
nuf (7.1).

[Moab3ysick cucremoft (7.12), a Takxke TteM, uro A=0, KoMno-
HEHTH Hanpsx&HHOro COCTOSIHHA JIETKO PaCCYHTATh MO H3BECTHHM
¢opMmysaM; B pe3y/bTaTe HMeeM:

_ y2+22 X2
Xe=2pB [r3 rFa 7 (r+z)2]’

o x2}2? y:
Y —QuB[,a(,+z)—,g(,+2)z],

Z,=— 2;13 73>

f (7.14)
z=_2”'B r3?
X,=—uB%,

xy(z-1-2r)
=—2uB ir4z)2 J

KoMnoHenTH HampsixeHHs Ha MOBEPXHOCTH MoJycdepH, OMHCaH-
HOI M3 HayaJa KOOPAHHAT PAJHYCOM r, PacCUHTaeM Io dopmy.am
(7.9), B xoTOpHX BMeCTO [/, m, n HYXHO COOTBETCTBEHHO II0JO-
XKHTb ;, —il, —f—, a suavenns X,, Y,, Z,, V,, X,, X, B3iTb H3
Bupaxenuit (7.14). BHno/aHuB s/1eMeHTapHHIe NPHBEAEHHS MOA0G-
HHX Y/€HOB, OKOHYAaTe/JbHO MOAYyUHM:

e
Y= — B i, (7.15)
Z,:—Q}lB;i. J

OnuieM M3 Hayasna KoOOpAHHAT cepy Majoro pammyca 7 u pac-
CMOTPHM €€ 4acTh, PacrnoJoxeHHylo B o6aactu z > 0. Bnyucaum
KOMIIOHEHTH PaBHOAEHCTBYIOHIEH BCEX YNMPYTHX CHJI, MPHJIOKEHHBIX
K 3J€MEeHTaM MOBEPXHOCTH paccMaTpHBaeMoil nonyupepu [To dop-
myaam (7.15) mosyunm:

Rx:Hdez.-_—z“Bﬁ 5, ]l
:Hnaz=—2*"’“,fﬂdz, ;f (7.16)
)

y
R,= ﬁ zds=—22 ﬁ ds.
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Bcaencreue CHMMECTPHH OTHOCHTEJIBHO [IOJIOKHTEJIBbHOH OCH 2 HMeeM:

[
T

(7.17)

Takxe umeem:
({dz=onr. (7.18)

Buocst (7.17) u (7.18) B (7.16), nonyuum:
R,=R,=0, R,=—4unB.

CjienoBaTe/ibHO, paBHOAeHCTBYIomasi GyJAeT HAIPABJEHA IO OCH 2
H HMETb BeJHUYHHY

R, =—4mpB. (7.19)

§ 68. Cuna, npujoXKeHHas K TOYKe NJIOCKOH# rpanuytoft
MOBEPXHOCTH.

[lycrs ympyroe TeJo 3aHHMaeT BCE IOJAYNPOCTPAaHCTBO 2 >0,
TAK 4YTO IIOCKOCTH OXy €CcTh TpaHuIa 9STOro YINPYroro TeJja.
IMonoxurenpHass oOcb 2 HAET BHYTPh ynpyroro Tteaa. Ilycte
cuga P npuioxeHa HOPMaJbHO K TiOcKOf rpanune. Ilpumem
HAYaJO KOOPAMHAT B TOYKE INPHJIOXKEHHS STOH CHJIH, HalpaBJ/eH-
HOM MO OCH 2 B NOJOXHTENbHOM HampasJeHHH. Tak kax BO/H3H
TOYKH MPHJIOKEHHS COCPeNOTOYeHHOH cuan P jnedopmaunuu oueHn
BEJHKH, TO 3Ty 06JacTh MH HCKJIIOY3aeM, OIHCAB OKOJIO TOYKH
npuroxenns cuan O noaycdepy mazoro pajguyca r, u 6yiaem
CUHTATh, YTO IPOCTPAHCTBO, 3aHATOE YNPYTHM TEJIOM, OTPAHHYEHO
3TOH moaycdepof ¥ NIOCKOCTBIO OXy.

PaccmorpuM pemienne ypasHenu# (7.1), npeacTaBasioniee CyM-
my pemennit (7.2) u (7.12):

n=2A

X Bx
ek
v=A% +r(r+2), i (7.20)
) -4-3p B
w= A[ A R

PapnojelicTByomasl BCEX YHNPYTHX CHJ Ha DOBEPXHOCTH Haiief
noaycgepu €O CTOPOHH yHpyroro tesia GyAeT HAmpaB/eHa Mo Io-
JIOXKHTEJILHOMY HAamnpaB/JeHHIO OCH 2 H OyAeT HMEeTb BeJHYHHY,
paBHYI0 cyMMe CHaB R, KaHHO# dopmysnoft (7.11), u R, naHHOi
dopmyaoft (7.19). OueBnjHO, YTO PaBHOLEHCTBYIOUIAs BCEX YNpY-
THX CHJ, JEeHCTBYIOU(HX HA 3JEMEHTAX BHYTPEHBell NOBEPXHOCTH
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HOCTPOEHHOH IHoJycdepn, OyAeT NPOTHBONOJNOXKHA MO 3HAKY H
HMeeT BeJHUHHY:

R=— (R + R} =" 4 4 4myB.

[MpunsiB paBHOjelcTBYOLIYI0 CHIy R paBHO#l januoil chie P,
MH O6yJeM HMETh COOTHOUIEHHE:

4rp (0 -2p) _

Ha rpannuno#t maockocts Oxy MH MOJTY4YHNM KOMIOHEHTH YNPYTHX
Hanpsokenuit no gopmysam (7.8) u (7.14), nonoxus B nux 2=0

Xe=— 2r’x [H—FJ'—B] ]
Y, —— 2;?1 [1+F+B] } (7.22)
Z,=0. )

Tak xax Ha 9TOH TpaHHHe, T. €. HA IJIOCKOCTH OXy, HE INPHJIO-
HEHO HHKAKHX CHJ, TO BCIOAY HA He#

X,=Y,=Z,=0. (7.23)
Torpa u3 (7.22) noayuum:
(7.2
l—f—-p._}—B 0. (7.24)

TaxuM 06pa3oM, Mbl NOJAyYWaH ABa ypasHenust (7.21) u (7.24)
L onpejedenns A U B, U3 KOTOPHIX HaXOAUM:

P P
A'—_——m, B:—‘l_——ﬂ()\-{-p)' (725)

Brocsi st 3Hauenns A u B B (7.20), mn mnoayuum Qopmyan
Byccunecka:

P2 P x
"‘mﬁ—4x(k+p)r(z+r>’ |
P P vy

0_4@.73 4r(k—}—p.)r(z +r)’ } (7.26)

P2, POt |
= T marer )

Dtn cMmemnienns OyAYT BH3BIBATLCS CHCTEMOH CHJI, NMPHJAOMKEH-
HBIX K BHYTPEHHEl CTOpOHe moJycdepH MaJjoro paauyca 7, OIlH-
CaHHOH M3 Haya/Ja KOOPIAHHAT. IDTa CHCTEMa CHJ CTATHUECKH 9KBH-
BAJIEHTHA OJHON paBHOAeHcTByOLIeH cuae P, NPHJIOKEHHOH B Ha-
yaJie H HANPaBJIeHHOH MO IIOJOXHTENbHOH OCH Z; BCS ke OCTalbHas
rpaHuna ynpyroro tena 6yneT c¢Bob6oiHa OT KaKHX OH TO HH GHJIO
NPHJOKEHHH X CHJ,
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B 6eckoHeuUHOM yJa/ieHHH OT Hadaja NpH OECKOHEYHOM BO3pa-
CTaHHH PajfiHyca-BeKTOPa 7 YyIpyrue nepeMeuleHus 4, v, W, AaHHHE
¢dopmysamu (7.26), 6yayT crpemurbcs K Hysaio. TakuM o6pasowm,
peumennst (7.26) Bo BCeX TOUKAX YNPYFOro Tena, He JeXalux
CIHIKOM GJH3KO K HauaJy KOOPAHHAT, JAIOT YNPYroe CMeleHHe,
KOTOpOe INOoJydaeTcs INpPH JAeACTBHH B Hayaje KOOPAHHAT JaBJje-
Hus P.

B0o3MOXHOCTh 3aMEHH YKAa3aHHOH BHIIE CHCTEMH CHJ HA BHYT-
pPeHHel MOBEPXHOCTH noaycdepn HX paBHoAeHCTBYIoIIeH o6ycJo-
BJEHA BO3MOXHOCTBIO IIPDHJOXEHHS B paccMaTpHBaeMoff 3ajaue
npunguna Cen-Benana.

Ha rpanuuHofi noBepxHoctw z2=0 HMeeM J/11 KOMIIOHEHTOB
yaopyroro cMmeuienus no dgopmyaam (7.26) (moaoxus tam z==0):

_ P x
="

— Py
D="5 (x+»>ﬁ’

(A +-2u)
+4w(l+n)r '

paCCManHBaﬂ iy, Uy KAK KOMIIOHCHTH CMEIICHHA UO) Hanpas/Ji€H=
HOTO IO rpammnoﬁ HOBECPXHOCTH, HMEEM:

X
u0=U07: Vo=

0% .
OTCcl01a MOJNYYHM OKOHYATEJbHO:
P
Takxe BBOJA# 00603HAUEHHE
_ 2
"=murw (7.28)
MOJYUYHM: o
w, =10 - (7.29)

Peay.ibraTH, mOJydeHHBIE OJ8 OJHOH COCDENOTOUEHHON CHJIH,
MOXHO NPHMEHHTBR K 6oJjee oOLieMy cayuaio, KOrja HMeeTcs pan
COCPEeNOTOUEHHBIX CHJ HJH HeNmpepHBHAs Harpysxa. [1pu omnpepje-
JIEHHH YIIPYTHX HanpsixKeHHil HA KaxKoH-au60 sJeMeHTapHO# 1o~
majxe Heo6XOAUMO CYMMHPOBATL HANPAXKEHHSA OT OTAEJBHHX CHJI.
Jssi BHuUMCIEHHA HX HaA0 BocnoJb3osarbesi dopmysaamu  (7.8)
u (7.14), BHoca B HUX A H B mo dopmynam (7.25) B cymMmHpys
HanpaxeHua. B pesyJabrare moJiyunm:

N5 () | il -

* 2ar8 r At 2e(A-fp) 3 (rf2) ri(r4-2)%} ?
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V=g [3 (%)2 —t p] T (xpi ) [rfif;’ Z) e (ryjr 2)‘3] '
Pz
Z,:—%,,[ ( ) +H—#]+2ﬂ(l+u)r~"

- Py y
YZ—_Z_nr—I[ ( ) +l+ p]+"1t(l—}—p) 8

. Px
/\,z__2nr?|: ( ) +l+p]+2“(x+!‘l)r&,
X ___3ny2+ xy (z-+2r)

Y 2mrd 2n().+p) rir+22 "

AHaNOTHUHHM 006pa30M BHIUHC/IAIOTCA NepPeMelieHHsl MyTEéM CyM-
MHPOBAHUs OTAENBHEIX nepememien, faHHHX dopmyaamu (7.26).

IMyers ¢’ (x', ¥') ecTb HHTEHCHBHOCTH CIIOILHOHA Harpysku ja-
BJEHHs1 Ha rpaHudHofl miaockoctH Oxy. Torma Ha saeMeHTapHOMH
niomagke g2 6yxer AeHCTBOBATh COCPEOOMOEHHAS CUAQ OaBACHIUSL

P=g'as,

H TepeMelleHHe N0 OCH 2 J0GOfi TOUKH 2PAnU4HOll nosepxHocmu
Oxy 6yner, corjacHo (7.29), raso dopmyiof:

azeﬁ‘-’%’:, (7.30)

npuyéM JBOHHOH HHTErpas pacmpocTpPaHéH Ha BCIO ILIOMIAAb, 3a-
HATYI0 Harpysko# q'.

Bxomsamas B ¢opmyay (7.30) BeanmunHa r mpexncraBJasieT pac-
CTOsIHHE JI0G0OH TOYKH ILIOMARM HArpysku (X', ¥') M0 TOH TOuKH

(x, y) rpaauyHofi miaockoctH Oxy, NS KOTOPOR BHYHC/IAETCA W,
NpHYEM TOUKA 5TA MOXKET JIexKaTh H HA CAMOH IVIOLIAAM HATPY3KH.
Ecau xe Touxa (X, y, 2) B3aTa BHYTPH TeJa, TO MMEEM:

r=Vo—2 T —yy 12 (731)

Beeném o6Go3navenus Jlapa:
. q'dx'dy'
(P'—j j ro }
v={{graxdy I} (7.32)
1= {{gn@E+ndray; |
TOTJa, O4YeBHJHO, BCaeacTBHE (7.4), uMeeMm:
V2?:§\S‘ (v2%> ql dx! dy! :0’

vy = ({7 in(z4nq dx dy =0,
tak KaK In(z-}-r) ectb Qynxuua rapmonnyeckas,

(7.33)
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Janee, umeem n3 (7.32):

oy | lqg'dx'dy
e, |
(g zavay =z ([T —p | (724)
|
)

vp= ([ g (Pryaxay =2 (1Y =g,
TaK KakK
Ver—2,
r

IMonaras B dopmynax (7.26) P=gq'dx'dy’ u cymMmupys 3naueHHs
U, v, @ I8 BCel MJIOLIAAH HATPY3KH, MH MOJYYHM:

Hq'dx’dy H q'dx' dy'

4{1 in (A—{— wJJ rirf2°
q’ dx' day’ q'dx'dy

— %[ 4n(x+p)”r(r+z) ' (7.35)

- H ’dx'dy' A 4-2p ”q'dx'dyv

-m r +4ny(l+p) r

Hcnonbsys o6osnauenus (7.32), nomyunm ¢opmyan Jlssa:

g— Lot 1 0%
T T A (ifp)ox  4dmpoxoz’
—_ 1 o1 0%
V=T RO w9y i dy 9z (7.36)
1 O 10%, 1i42p vey,
4n(-fp) 0z  4rpoz2 a0 dnp (A F 1)

Bupaxenns pis 4, v, w Ha ocHoBauuu (7.34) Moryr OHTH 3anu-
CaHHl TaKXe B BHIE:

W=

1 oy 2z O¢

== 0T pox  dmox’

— 1 o1_ z 0y

U= EaFR oy oy | (7.37)
A 4-2p z d¢

w= +4"()~+F)PL‘D 4rp 92°

rae dbyukuus ¢ Agana dopmyioi (7.32):

Id Id 1
—Jjeee

Jrta QyHKuMA @ ecThb NOTEHIHAT IPOCTOro CJa0Sl C INIOTHOCTBIO
q'(x, ).

Hpe,zmonaraﬂ, yro 2 >0, MH HMeeM u, ¥, @ KOHEUHHMH H
BIIOJIHE OMNpeJenéHHHMH A BCeX 3HadeHull x, ¥, 2. Korga touka
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(x, y, ) npubauxaercs kK Touke (x', y', 0), TO 5TH 3HAUEHHA
U, U, W CTPEMSATCH K KOHEUHHM NpeJesaM 4, ¥, W, NPeACTaB/IfIOUHM
CMEIEeHHsI Ha IPaHHYHOH MOBEPXHOCTH Te/a, BHI3BAHHBIE pacmpe-
Jenénnolt marpysko#t ¢’ (x', y'). Ha ocnosasnu (7.35) u (7.32) uan
13 (7.36) umeem maa z2=0 [Bcaeacrsue (7.28)]:

— k42 Y
U= ot g Yo B0 (7.38)

rile @, ecTh 3Hayenue ¢ npu z=0.
CpasuuBas ¢ (7.30), MH BHAHM, 4YTO

o= ﬁ £Z, (7.39)

Gopmyan (7.35) nawoT pelreHHe mepBoft OCHOBHOM 3azaun Byc-
CHHECKA: IO 3aJaHHHM HA BHELIHeH rpaHHIe yNpyroro moJympoct-
paHCTBA CHMJaM Oa8AeHuA ¢' HAHTH BHPAXEHH KOMIIOHEHTOB
VIPYroro nepeMeIneHnst u, v, @ BO BCEM 3TOM MOJYIPOCTPAHCTBE.
Cayuafi Gosee o6LIErO 331aHHA HANPSKEHHH HA BHEIIHEH rpaHuUe
YIOPYrOro NOJyNnpOCTPAHCTBA PACCMOTPEH Kak B paboTax CaMmoro
Byccunecka, Tak # y APYTHX
asropoB (cM. JIsB, Marema- z,
THYeCKas TeOpHs YNPYLOCTH,
raasa VIII).

§ 69. l'eomerpuueckne coor- I
HOLUEHHS] NMpPH CONPHKOCHOBE-
HHH ABYX Te€Jl

Ilycrs XBa ORHOPOAHHX
n3otponebix Tesa I m I
(¢ur. 11) conpuxacaworca B |
TOYKe, KOTOpYI0 INpHMEM 33 |
HAya/ 0 INPSMOYTOJbHHX KO- |
OpAMHAT X, Y, Z. i

|
'

B Touke kacanms o6a Tesa
HMeT OO0myKw HOpMajlib H ‘2
OO0 KacaTeabHyl0 IIO- |

ckocTh. Jlisg Kaxaoro Tenaa 12
NOJIOXHTENBHYIO OCh 2 HANpa-
BHM [0 BHYTPEHHEH ero Hop- $ur. 11.

MaJIK, HO OCH X, ¥y MOTYT

OHTb pasHBle, Jexalhe B O6MmEH KacaTeabHOf IJocKOCTH. Bce Be-
JIAYAHH, OTHOCAIHECS K DepBOMy Teay, OyldeM CHaSxaTh HHAe-
KCOM 1, a Bce Be/JHYHMHEL, OTHOCSIMECH KO BTOPOMY Teay, 6ymeM
cHaGxaTh HuAexcoM 2, [1yCcThb H3BECTHO B3aMMHOE PACHO/IOKEHHE
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ocelt (x;, ¥,) u (%, ¥;) (dbur. 12), ¥ nycTh © — yroa Mexay ocaMH
X, H X,
ﬂ./lﬂ epBoro TEJa NPUMEM 34 KOOPAHHATHHE OCH Xy yl JHHHH
NepeceveHnsl KacaTeJbHOH NJIOCKOCTH B Toyke O ¢ MJIOCKOCTAMH
IJIdBHHIX HODPMAaJbHHX CeyeHHH aToM I[IOBEPXHQCTH.
2
Ecuan BTOpHE mnpoH3BOLHLIE gi—f—,l, %yi,‘ KOHEeYHH H OTJIHYHH OT
Hy/Jd B HauyaJe KOODPAMHAT, TO, OrPAaHUYHBAACh MajJOA 06./4cCThIO
BO.1M3H Ha4a/Ja KOOPAHHAT, MH
LA 15'1 MOXEM NpPeACTABUTh ypaBHE-
\y HHE IOBEPXHOCTH B BHJIE:

22,= K-+ Kppyi,  (7.40)

rae K,, K, CyTb KDHBH3HH
TJIaBHEIX HOPMAJ/IbHEEX Ceyes
HHH nepBOX NIOBEPXHOCTH, KO~
TOpPHE MH CYHTAeM HOJOXH-
TEJbHHMH, €CIH  COOTBET-
CTBYIOINHA HEHTP KPHBH3HH
JECKHT BHYTPH TeJa.
dur. 12. Econ Ky, K, CyTh KpH-
BH3HH IJIABHHX HOpPMAaJbHHX
CeUEeHHH JJs1 BTOPOrO Te/1d, KOHEUHHE H OTJHYHHE OT HYJd, TO,
BHOHpPAas 33 KOODAHHATHHIE OCH X,, V, JHHHH NEPECEYCHHA Kaca-
TEJbHOH NJIOCKOCTH C IJIOCKOCTAMH TVIABHHX HOPMAJbHHX CEYeHHH
BTOpPOTO Te/a, MH NOJYyYHM JJsi Manofi o6.aacTH BOG/JH3H Hayaja
ypaBHEHHE BTOPOH IOBEPXHOCTH B BHIE!:

2z2=K21x§+K223’3- (7.41)

Beeném Tenepb HOBHE OCH KoopAHHAaT Oxy, NPUHUEM INYCTb
yroa MexAy OChbI0 X H OCbI0 X, €CTh ®;, a MEXAy OCbl0 X H
OCBI0 X, €CThb ®;, TOT/Ad, KaK BHAHO H3 YEPTEKA, HMEEeM:

0=0,—0, (7.42)

Paccrosise mexny jxByms ToukaMu M, u M, obenx compukacaio-
IMXCA TOBEPXHOCTEH, AeXHCAUUMU HA OOHOL NPAMOL, napastessHO
Hopmaau, naércs, corsacHo (7.40) u (7.41), dopmy.on

2 (2, 2) = Ky Xl 4 Ko Vi 4 Koy -+ K 33 (7.43)
ITepefigém Tenepr K HOBHIM OCAM X, ¥ NPH NOMOIH H3BECTHHX
Gopmy

X, =xcose, —ysinw,,
yy=xsino;-}- ycosa,, } (7.44)
X, ==X COS ®, — ¥Sinw,,
Yy=Xsin o, -}- ycos 0,, } (7.45)
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Baoca (7.44) u (7.45) B (7.43), noayuum:
2(z,+2,) = X2 (K, c0s? 0, +- Ky Sin? 0, - K, cos? 0, -+ Ky sin 0,] 4=
-+ V2K, sin? o, - K, cos? o, - Kj, sin? o, -+ Ky, cos? 0,] —
— xY (K — K}o) sin 20, + (K, — K,.) sin 20,]. (7.46)
Bubepem tenepnp yroa ©; Tax, YToOH YHHUTOXHICH WIEH € Npo-
H3BeJEeHHEM KOOpAHHAT XV
(Kll—KI2) Sil’l 2m1+(K21—K22) Siﬂ 2(1)2:—-0. (7.47)
3arem BBeAEM HOBHE nocTosiHHHe A u B u3 yc/aoBHi:
24 = Kj; cos? 0, 4+ Ky sin? 0, - K, cos? 0, + Kjy sin® o, 748
2B =K, sin? 0, - K, cos? o, -+ Ky, sin® 0, - Ky, cos? o, (7.48)
Torga ypasnenue (7.46) mpuMer BHA:
2, + 2, = Ax*-}- By~ (7.49)
M3 (7.48) umeeM, CKknajnBasg H BHIYHTAsA:
2(A4B)=Ky+ Ko+ Koy -+ Kzz, } (7.50)
2 (A— B) = (K, — Kys) cos 20, 4~ (K — Kj) cos 20,. '
Buocs (7.42) B (7.47), MH noxyunm:

: — (Ky — K,) sin 20
tg 20, = Ky~ Kia -+ (Kgp —Kyg) cos 20 °

Tak kax yron o, a Takxe K, K, Ky, K, H3BECTHH, TO MH
MOXEM BHYHCAHTb @, u3 (7.51), a 3arem moayuntb u3 (7.42):

0)2=(!)1—w.

(7.51)

Broca o,, o,, Kj;, K2, Koy, K;; B (7.48), MH noayuum A u B.
Ecin BBECTH BCIOMOTaTe/bHYIO0 BEJIHYHHY T IO ¢opMmyJe

cos rzg—;—j, - (7.52)
T0 Oy/neM HMeThb:
B=Actg’~. (7.53)
Ortciona
A+B=-2_;
sln?—,‘—z-

ciefoBareabHo, mepsas u3 dopmya (7.50) nadr:
24=(Ky;+ K2+ Ky -+ Kyp) sin? '5’: (758)
2B = (K1t Kz 1 £, 1 Kz2) Cosz";‘: '
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npauém nocaeanss ¢opmyaa noayuaercs u3 (7.53). Ms sroft mo-
caeauneil ¢opmyan BHIHO, uTO A u B umeior odunaxossil 3HaK.
[TosToMy KpHBHE PABHHIX PacCTOSHHA MeXJy TOYKaMH 06OHX CO-
NPHKACAIOMHXCA TeJ, NaHHHE ypaBHEHHEM

2, -} z,= Ax* 4 By* =const., (7.55)

6yAyT KOHIEHTPHUECKHMH SJLIHICAMH,
Caeayer 3aMeTHTb, YTO BHJA KPHBOM, XaHHO#H ypaBHerneM (7.55),
6yneT 3aBHCETh TOJBKO OT yrJa T.

§ 70. TNpocrefwmit cayuyalf CxaTHA COMPUKACAIOULIXCH TeJl.

Ecin o6a Tena mpuxath Apyr x Apyry cujaoit P, Hampas/eH-
HoOlt o MX ofmed HOpPMAJaH, TO B HUX BO3HHKAeT ynpyraa aecdop-
MamHs, H OHH CTAaHYT CONPHKACAThCA MO HEKOTOPOH NOBEpPXHOCTH,
Ha3HBaeMOR nosepxHocmpi0 0a8AeHUS, 4 KOHTYP STOf NOBEPXHOCTH
CONPHKOCHOBEHHSl HA3HBAETCA KOMMYpom Oasaerus. Yupyrue cMme-
ILEHHS B NEPBOM TeJ€ OTHOCHTENbHO oOced x, ¥, 2 0603HaUHM
uepes u;, v,, w;. YOpyrue CMEImEHHA BO BTOPOM TeJ€ OTHOCH-
TeJBHO OCeh X, Y, Z 0003HAUHM 4Hepe3 Uy, Uy, W,.

Ecan Touka (x;, y,, 2,) IE€pPBOro TeJa H TOUKA (X3, ¥y, Z2) BTO-
poro Tejaa coBnaAyT mocte gedopManud, TO MH HMEeM:

x1+lz1=x2+‘zz;
J’1+31=J’2+7’2; (7.56)
2w 2, +w, =0
2 (xy) =2+ 2 )
YyEpTOUKa 0603HAYAeT, YTO BTO OTHOCHTCA K IIOBEPXHOCTAM Tel,

a ecTb COAHXKeHHe O0GOHX TeJa H, OYEBHIHO, 9TO €CTh SHAYEHHE
w,; -+ w; B Hauase xoopAuHar. EciaH npHHATD

X, =X, =X,

yl = y2 = y)
TO BCIOAY HA NOBEPXHOCTH JAA3BJEHHS MH GyXeM HMeTb BCJIEA-
creie (7.49)
¢(x, y)=1212=Ax"+ By, (7.57)

a cJexoBaTeNbHO, HA NOBEPXHOCTH [J4BJCHHA, T. €, BHYTPH KOH-
Typa HaBJ/J€HHS, HMEET MECTO COOTHOLICHHE

w, -+ w, = a— Ax? — By?, (7.58)
BHE KOHTypa A3BJERHS, OYEBHAHO,

zx+ax+zz +?”2>a,
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& ¢/1e40BAaTe/bHO, HMEEM:
By 4+ B3> @ — Ax?— By, (7.59)

Ecan mpuHAMaTh B pacuéT AeACTBHTENBHYIO I'€OMETPHYECKYIO
dopmy ynpyrax Tea, TO BHUYHC/ICHHE YIOPYFHX NepeMeIeHHH H
HalpsiXKeHAR B 06/1aCTH KOHTAKTA OGOHMX TeJ ABAAETCA HEBO3IMOX-
HHM. [loaToMy, BBHAY MaJOCTH NJOIIAJH KOHTAKTa, IO CPABHEHHIO
C pasMepaMH OKpYXamoMmMHX GOjacTel CONMPHKACAIOIHXCA Tea, NpH
BHIYHCJIEHHH 3aMEHAIOT YIPyTHe CONPHKACAIOIIHECH TeJa JAByMsd
YOPYTHMH NOJYNPOCTPaHCTBAMH. CHJIH X€, BOSHHKAIOWHE B KaKA0M
sJeMEeHTe IUVIOWAAH KOHTAKTA, CYHTAIOT NPHJIOXKEHHHMH K KaXKAOMY
43 YOPYTHX HOJAYHPOCTPAHCTB.

O603HauuM J/i NEPBOTO YNPYTrOro TeJa YOpYTHe NOCTOSHHHE
Jlame uyepes);, M;, 2 A BTOPOro — uepe3s Ay, M. TOrARQ, COMMACHO
(7.28), ans nepsozo u 8mopozo Tena MOJAYUHM COOTBETCTBEHHO:

b +2m dg - 2py
I g m)? 8= T dm, () (7.60)

Ecam ¢' ecTh BeIHYHHA JABJEHHS MEXJY TeJIaMR HA eAHHHIY
IJIOILAMH NOBEPXHOCTH CONPHKOCHOBEHHS, TO, corsaacHo (7.30), Mul
6yAeM UMEThb:

'wx—‘ Oxj‘ —‘—01%:

'd3
Wy = 62‘”‘” =fizpo.

Buocs (7.61) B (7.58), moayunm:
(04 0,) o= a— Ax?— By*; (7.62)

B STOM ypaBHeEHR A W B cyTb H3BECTHHE BEJIHYHHH, Onpejense-
MHE [0 TeOMeTPHUeCKHM ¢dopMaM OGOHX CONPHKACAIOIHXCA TeJ.

Bes TpyAHOCTB JasbHEALIEro pellleHHs 3aK/IOYaercs B onpeje-
JIEHHH BEJHYHHH ¢'. DTa 3ajzava OHl1a pa3peleHa BEeJHKHM (H3HU-
koM ['enpuxom lepmoM, KOTOPH# NOKa3al, YTO KOHTYpP JAaBJAEHHA
MOXHO NPHHATb 33 SJUIHIC, [OJYOCH KOTOPOrO IO HAaNpaB/EHHIO
COBMAAAIOT C NOJAYOCAMH 3au1nca (7.55), 6yAyun Boo6ue OTIHYHEIMH
OT HHX N0 BesauuuHe. Jlajee, OH nokasaJ, 4TO Be/JHYHHA ¢' RaéTcd
OpPAMHATaMH TPEXOCHOTO 3/IHICOHJA.

Ecan ¢' ecThb NmJAOTHOCTD NPOCTOrO CJI0S, PACIOJI0XKEHHOTrO Ha
TIOBEPXHOCTH CONPHKOCHOBEHHA, TO GYHKIHS ¢, onpexenseMas

no ¢dopmyne
0={[Z, (7.63)

€CTh NOTEHUHAJa 3TOr'0o IIPOCTOro CJa0i.

(7.61)
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Ha ocnosannn (7.62), Mbl umeen:
S ‘
Yo == m (I—sz—Byz). (764)

Taxk Kax MOTEHIHAJX OAHOPOJAHOTO IJNJIHNCOHAA BO BHYTPeHHef
TOYKE eCTh KBajfpaTHuHas (GYHKUHSA KOOpAMHAT, TO H3 (7.64) cie-
JAyeT, UTO @y MOXKHO NPHHATH 3a NOTEHIHAT OXHOPOJAHOIO 3JLIHII-
COHJ2 OHEHb MAJOH TOJINHHH, NOBEPXHOCTh KOTOPOI'O COBIIAJaeT
C MOBEPXHOCTBIO jAaBjieHHA. [laB/ieHHEe ¢’ MOJIYYHTCS IIPH EpeXoje
K npejeny, KOrja OoJHA H3 oceH 3/JJIMICOHAA CTPEMHTCH K HYJIO,
HO Macca 3JVIHICOHAA ocTaérca mocrosHHo#., Ecam @ m & cyTth
NOJNYOCH 3JJIHNCA, KOTOPHH NpEeACTaB/fAeT KOHTYP JMAaBJAEHHUHA, TO
ero ypasHeHHe OTHOCHTE/JIBHO TPHHATHIX YX€ HanpasJeHHH ocei
x, y Oyner:

1 2
Sth=L (7.65)

Eciar ¢ ecTp Ta 0Ch 3JLIMIICOHAA, KOTOpas yOHBaeT IpH nepe-
XOJe K mnpejeay, TO YpaBHEHHE HAIIET0 S/UIHICOHAA BO3bMEM
B dopme

X2 y‘l 22
atmata="L (7.66)
O6o3Hauas uyepe3 p MJOTHOCTL 3JIHICOHAA, MH NPHMEM €ro
Maccy paBHO! XaBjeHHIO P:
4
P == nabcy. (7.67)

Ta wacTh MAaCCH 3TOTO S/IHICOHAA, KOTOpas 3aK/AK4eHa B MPU3ME
C NONEepeyHHM ceyeHHeM dX H BHICOTOMH

x'\2 y’ 2
ch/ﬁl"(z) - (5)5
§yAeT AaBaTh B Npejese JaBieHHE ¢’ dZ, oTkyjxa

¢’ = lim 2cp 1/1 — (%’)2—- (%)1. (7.68)

MMorennuan anaunconaa (7.66) Bo BHYTPEHHHX Toukax Gymer ¥):
o0

(-Fm-rp—a)”
@ALE Pt age)s
%‘“””S Veroetoety - 0%

*) MonpoGuue cBeAeiHd O MOTSHIHATIC INIHICOWIA MOXHO HaATH B KHHre:
. Annens, Purypn pasHoBeCH Bpaljawuedica OAHOPOAHON IKHIKOCTH,
OHTH, 1936, cTp. 256—32.
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IMpumem, aro npn GesrpaHHYHOM YOHRIBAHHHA C OQHOBPEeMEHHO Ge3-
TPaHHYHO BO3PACTAaeT p, TAK UTO INPOHM3BENCHHE €p OCTAETCA IO=
CTOIHHHM, H, corjacHo (7.67), 6ynem HMETh:

. 3P
limep= . (7.70)

Ha nosepxHocT paBienns uHMeeM z=—0, TaKk YTO IIpH NMEPEXOAL
K mpejeny, KOTa ¢ CTPEMHTCS K HYJIIO, OJAYYHM, BHOCS €p:

©0 x? yﬁ
(e wm)®
P03 ViaLe 2o °

3P x\ 2 y’ 2 s

’=5mV 1= (5) - (5)" (7.72)

Ypasuenne (7.72) palr 3akoH pacnpeje/eHHS JaBAeHHd ¢’ TO

NOBEPXHOCTH CONPHKOCHOBEHHS oboux Tes. MH BHAHM, YTO Aa-

BJeHHe ¢’ eCTb OPAMHATA TPEXOCHOI'O 3IIHICOHAA C MOJIYOCAMH
a, b, ¢,, rIe

(7.71)

3P

c°=2n—ab; (7.73)
ypaBHEHHE 3TOTO S/JIMNCOHZA GyJeT:
By, 2 :
StRtE=L (7.74)
Broca g, u3 (7.71) B (7.64), monyuum:
A G b K
3(1+2)PS RS e
— Ax?— By?— /
a—Ax—By 4 VE@ 190+ (7.75)

Tak xaK 5TO ypaBHEHHE JOJI)XKHO HMMETb MECTO NPH BCEX 3Ha-
YEeHUSIX X, VY BHYTPH KOHTYpa JaBJeHHs, TO HO/TXKHBI HMCTh MeCTO
paBeHcTBA:

3(01+02)P dz
N S ICE R

{1=3(°1+02)PS
4
] (a=+6)‘Veuﬂ+)

o0

B— 3(°1+°2)P§

(b=+6>’ VE (a?':-"‘é‘ J
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Bropoe m TpeThe ypaBHEHHS ONPEJEJsIOT 4 H b, a 3aTeM, Korjia
OHH oOnpejeJeHb, H3 NEPBOTO ypPaBHEHHsI BHUYHC/IAEM BEJHUHHY
cO/MKeHns a.

BHe nOBEpPXHOCTH COMPHKOCHOBEHHS MH HMeeM AJif KaXJAOro
Teaa CBOM ynpyrue cMeulenus. [lia nepBoro teaa umeeM u3 (7.37):

U= N S 9& ad ‘7?1
1T T () 9x T drm ox?
1 o z 0O¢p
V= — —e——— M = T
! 4= (g +p1) Oy 4z dy ? (7.77)
42y z 0¢;
4 Aai 3, *
+41 ) m Y17 4z 0z

Has BTOpOro Tejxa YNpYrae CMELIeHHS U,, U,, Wy BHYHCIAOTCH
aHAJOTHYHO H HMEIOT BHA:

W == L0y Fnp ox  dupgox
— L. on_ 2z dn
V2= T (0, T a0y A Oy (7.78)

=1 do-2m 2z doy
4npy (g ) T2 dmpy 02

npuuém, corsacHo mepsofi dopmyae (7.34), umeem:
8
% — g, xz—f%dz

Ha caMoit rpanune 2=0 umeem u3 dopmyax (7.77) u (7.78):
P1=P2=Po.

3naueHus u,, v,, w,, 4, Uy, W, LO/KHH 06paAIATLCS B HYJIb B GECKO-
HEYHO Y/JaJA€HHHX 00.acTAX 000HX Tea. BHe MOBEPXHOCTH COMpH-
KOCHOBEHHSI MH HMeeM [/ KaxAOro TeJd CBOH pa3JHYHHE
dyuknun @,, $,, I, 119 nepBoro Teua, 9,, ¥,, y» A4S BTOPOro TeJa.
Ho na camott noaepxuocm CONPHKOCHOBEHHSA

?1=9%2=Po-

IMoaToMy @, B @, NPeACTaBAAIOT COOOH 3HAUEHHS NOTEHIHAJA MO
o6e CTOPOHH MI0CKOCTH OXy BHE PACCMOTPEHHOTO OJHOPOLHOTO
sannnconna. Eciu v ecTh NOJNOXKHTENBHHH KOpEeHb KyOGHUECKOTo
ypaBHEeHHUs

aa+,~|—,,2 45 =1, (7.79)
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TO BHEIUHHHA MOTEHIMAJ 3/LIMICOHZA GyAeT:

@ X2 y2 21
=3_P5<1—q_2'ﬂ—3?_+—6 e)“‘
T T vie et

(7.80)

npuuéM JJs BHYTPeHHell TOUKA Hajao B3ATh v=0, 2=0, kak sto
nano B ¢opmyse (7.71), u Torza ¢ mnepexoiMr B 9,. Ha rpamnu-
Hofi mJjockoctH z==0 BHE KOHTYpa JIaBJeHHS, HO JOCTATOYHO
6/M3KO OT HEr0 MH MOXeM NpHHATb, corJacHo (7.80), 3Hauerue
BHEIIHEro nmenuuana

P> » dt
rze, coriacko (7 .79), y €CThb NOJOXHTE/JbHHH KOPEHb ypaBHeHHS
a2+ V_‘— b9+ y (7.82)
a ciejoBaTeNbHO, HMeeM H3 (7.61):
;”1 + ;”z = (8,1 6,) ;’;0- (7.83)

U3 (7.83), (7.64) u (7.75) umeem:
w,+w, — (a— Ax*— By?) =

v(l_ X2 _L)d:
_8(01+02>PS aft mie)© (7.84)
1 Viefoers © O

Ecan & nexur B HHTEpBANE
0Ey,
to Touka (X, y), JAexamas Ha sanunce (7.82), 6Gyner BHyTpH
9J/LIMIICA
+e+ b2+5‘“1
ITostomy mpasas uwactb (7.84) Gosble Hys, YTO M JaéT ycCJOBHE

(7.59):
w, + w, — (a— Ax>— By?) >0.

Jonymenne, 4To NOBEPXHOCTb AABAEHHA OTPAHHYEHA SJANCOM
(7.65), rne a u b onpeneasiorcs u3 (7.76), u uTO AaBJeRue ¢’ no
NMOBEPXHOCTH naBaeHHs onpegeqasercs (7.72), kak oxa3biBaeTcs,

YROBJAETBOPSIET BCEM yCAUBHAM 3ajayy, U MH MOKEM CYWTATb €8
peleHHOH.
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§ 71. Buiuncaenve Beanund a, b, a *).
IMpunumas b > a, 0603HaUHM:

b
km 'a- . (7-85)
[IpeoGpasyem unterpan aas A (7.76), BBeAs HOBOE NepeMeHHOE
§=b2%?,
41O Jaér
-]
__3P(8 10y j dz )
A= 243 J VideapaLa (7.86)
TaK e, BBOASA HOBOE MepeMeHHoe,
E=a?2?,
HONYYHM CJaejylolliee BHpPAXERHe Ji1sa B:
-]
B=3P(01+02)S dz ' (7.87)

253 3
PV ata (1+5)
Hs dopmya (7.54) nyTéM fenenus umeem:
A
5=tg’%. (7.88)

Hens (7.86) wa (7.87) n npunumas Bo BuManue (7.80) u (7.88),
MB HMeeM YypaBHeHHe

oo
k,j dz
g VI4-a2p (142
- —tg L, (7.89)

S dz
2\ 3
Y (1+:—2)
cayxamee A8 OnpeneseHuas k.
Mocre Toro xak k& Hatneno, mel BHuucasgeM a® ua (7.86),

BHOCA Tyaa A mu3 (7.54), takxke b® u3 (7.87), BHoca Tyia B u3
(7.54), uto maér:

=]
ad = 3P (8, 1 9,) S dz
(Ku+ K+ Kot + K sin2 5 ) V (T2 (129
% (7.90)
B 3P (014 0)

dz
(K11+K11+K21+K22)C05’%§ l/ (1—{-2;)8(1-{-:2) J

*) Cu. no stomy mosony paSorst H, M. Beasesa n A. H. Junuuxa.
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Hurerpaay, sxoaamue B dopmyan (7.89) m (7.90), yzo6uo
BHPA3ATh C MOMOLIBIO MONHHX S/IIHOTHYECKHX HHTErPAN0OB HEPBOrO
i BTOpOoro Buzaa Jlexanmpa.

Mpeanoaaras, uto k£ W k, CBA3aHH COQTHOILUEHHEM

kz-{—kle, (7.91)
sBeiéM 0003HAUEHHA:

1(

dy
N I S By=|___ 9
Fik = le Resinty’ £ § V1—r2sinzg

tala
S

r (7.92)

2
E (k)= dg Vi=Esintedy, E (k)= 15 VT—E¥siny dy.
J

ool 2

Beoasi HOBOe NepeMeHHOe 2Z=—=tgy, MH HMeeM npeo6pasoBauHuc
9JJIMNTHYECKOTO HHTErpasa:

dy
ST ———————————1
yi= tl —4&%)sin%e

S S L)

30 dz _
J VIFaA T+

3
e Iy NN
] .

Bass npoussoanyio ot (7.93) no &, noayuum:
[=cd

ary ——p 22dz
dk VA Frzn’

Ymuoxas o6e 4acTH MOC/IEJHEr0 ypaBHEHHA Ha K, MOayunM,

[} [+}
pdfi__ ([_Qtwa2—nd: dz L
dk V(1 2 (13- k%) V (TF2%) (1 F A%

s1/1+22)(1—{—le" g (l—l—z’)(l kzza)a—Fl'

Orciona uMeem:

oo
dz  dF;
ag Vigaare Lt Ra (7.5)
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Ha ocnopanun IOKa3HBAEMOR B TEOPHH 3SJ/LIMNTHYCCKHX HHTErpa-
n0B dopmyaH
ah_ 1 lwr,—~LE 7.95
== g b (7.95)

noayuuM u3 (7.94) OKOHUATEJBHO:

o0
dz _ [.‘1 —_ El »
05 Vitaateer & (7.96)
AHaJIOTHYHO HMeeM:
oo
dz b -
== [KFi—E\). (7.97)
OSWI-H%) (1+§§)3 #;

Buocst Tenepp (7.96) u (7.97) B (7.89), MH nosyuuM ypaBHEHHE
aas onpeaesteHns k:

R (k) —E (k
1(k) 11() =—tg’%; (7.98)
F1(k)—,551 (%)

BHPaXan sin’—;— H cosz—;- gepes F, (k) u E, (k) u BHOCA HX, a TaK-
xe (7.96) n (7.97) B (7.90), MH MOJAYYHM IOC/TE YNPOLLEHHHA:

3P (8; 4 65) E; (k) }

| J—
S Rt RaF Ry TR B3 °

3 3P (6,4 0,)
b= (Kn—+ K+ Ko + Ka) kiE, (R).

Ecan 3a1aHH NOBEPXHOCTH CONPHKACAIOUIMXCA TeJA, TO HaM H3-

BECTHH BE€JHUYHHH:
o, K, K, Koy K-

[MostoMy cHawana mo ¢opmyae (7.51) maxoaum o,, 3ateM no
dopmyre (7.42) naxonum o, Ilocse Toro mo ¢opmyaam (7.50)
Haxongum A u B, no ¢opmyse (7.52) maxogum satem T. 3Had T,
MH pemaeM ypaBHeHHe (7.98) oTHOCHTEABHO A.

3nas k, uaiiném wus (7.99) smavenns a u b. ITo dopmyaam
(7.28) u (3.72) nmeem:

b, =

(7.99)

l—ag
‘KE) ’

2
1—of
‘I!El ’

0, =

(7.100)

rae o, u 6, — koahdumuentn IlyaccoHa, a E, u E, cyTb Momyan
Onra ana oGomx tea. OcraéTcss NpOBEPHTb, UTO BeJHYHHA P,
pBendHHas no dopmysne (7.67), ecTb ReACTBUTENBHO JaBJeHHE
MeXJAy OGOHMH COMPHKACAIOUIHMHCH TEJAMH.
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Ha ocHoBannu Bupaxenus (7.72) mis HATPY3KH ¢’ HA €JHBHIY
IO AH NOBEPXHOCTH CONPHKOCHOBEHHS HMeeM BE/JIHYHHY N0.-
HOr'O JaBJ/IEHHS:

R:——SSq'dxdy.—_—i‘:—z,SS ,/ l—ﬁ-;—;i;dxdy,

rae ABOAHOA HHTErpas’ PacnpocTpPaHéH mo miowaiu sJaumnca (7.65).
Jlérkoe BHUYHCJIEHHE BAET:

H CJe10BaTEeJLHO, HMEEM:
R=P,

YTO H C/AeJ0BaJO JOKA3aTh.
Ocraérea mpeo6pasoBaTh HHTerpaa A @, jAasHwil B (7.76).
BBoauM HOBOE HepeMeHHoe
E=0p222,

qT0 JaéT:
[~ -]

__3P(%; 40, g dz
2a Vi+2 0+’

uro, Beaexcrsue (7.93), maér:

a=22010 £ (p), (7.101)

Broca cioga a u3 (7.99), MH monyuum:
a=C (k) }/ P}, (7.102)

r1e BBeXeHo o6o3HaueHHe

) =Cy=1 5B EREI Ky 4 Ky 4Ky £ Kan). (7.103)

CJaie0BaTeNbHO, COMHKEHHE YIPYTHX T NPONOPIHOHAILHO AaBJIe-
UHIO B CTENEHH 7, & He JABJEHUIO B NEPBOA CTemeHH.

Has o6aeruenns pemenHs ypapHenus (7.98) [epn cocrasuia
Tabauny (crp. 174), cBaswBamomWy t u k.
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] 0° 10° | 20° | 30° | 40° | 50° | €0° | 70° | 80° | 90°

k 0 0,048 |0,108 {0,181 [ 0,265 0,365 | 0,483 10,625 | 0,792 {1,000

|
Fi(k) | o [4,460 |3,626 3,106“2,748‘2,447 2,189 | 1,960 | 1,760 | 1,571

E (k) 1,000 1,004 1,016 1,043 (1,079 1,130 1,200 ;1,293 {1,412 | 1,571

§ 72, Cayuai, koraga o6a Tena— wapsl.

Ilycrs mepBoe Teao ecThb Liap paguycd R;, a BTOpoe Teqo —
map paauyca R,. B stom cayuae:

1
Kl‘l - K12 = El ’
A (7.104)

K, :'Kz‘z:ﬁz .
Bupaxenue (7.51) naér:
0, = O;

TaKKe MOXHO nNpHHATb 0=0, B c1egoBaTenbHO, 0,=0, [axee,
uMeem u3 (7.50): Lo

A=B=3 (z+%). (7.105)
sareM u3 (7.52) nmonyuum:

cost=0, t=1. (7.106)

B cayuae KpyroBoro KoHTypa jasienns dopmy.an (7.85), (7.91)
u (7.92) ranyr Ham:

k=1, k=0, F,=E, ==

dopmysa (7.99) B 9TOM Cayuae npuMeT BHA:
3P (6,4 0,)x

(wte)

l/ 3t %) "” (7.107)
R1+ﬁz

T. €. pagHMyC Kpyra JaB/JeHHs NpONOPHHQHAIEH KOPHIO KyOuue-
CKOMY H3 AaBJ/IeHHS.

ad—=—

OTKyAd ﬁMCEM:
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Jas c6anxerna wapoB a uMeeM H3 (7.103):
3 /6n2 L/ 1 I

C=C,=} 2 (0,4, (z+%)- (7.108)

B ¢/yyae ABYX paBHHX WI4dPDOB ¥3 OAHHAKOBOI'O MATEPHA/IA HMEEM:

Ry=R,=R, 0,="0,=",

o=}/ ¢ _1/ 9l (7.109)

Beoas moayas lOmra E u xosddumuest Ilyaccona ¢, umeem us
(7.100) n (7.109):

3 /3(1—¢%) PR 8 /9(1=o%2
a== —4E Cl:VW' (7“0)

YT0 XAéT

Ecan xe R, cTpemutcss K O6eCKOHEYHOCTH, TO BTOpoe Tesno obpa-
uiaercs B nosybeckoHneuHoe Teao. B aToM cayuae, noJgaras R, — o<,
umeem u3 (7.107) u (7.108):

_ V 3(6, F9) PRix.
a=y —3 >

C,= f/9“2 e (7.111)
1/ —_———

167, °

Ecian miockocTb, Ha KOTOPYIO HaXMMaeT IIap, eCTb a6CoJI0OTHO
JECTKasA, TO A1 Hed
62201

H CJeJOoBare/bHO, MPH HAXaTHH YNPYroro Iuapa Ha a6Co.T0THO
HECTKYIO IIMIOCKOCTb HMeeM:

a=1 PR o~y 5" (7.112)

§ 73. Pasmepnl moAyocefl KOHTYpPHOro 9Jaaunca *).

B o6meM cayyae HOJNYOCH B/AJIHICA b A @ He PaBHH MeXAy
coboft. M3 paga BHYHMC/IHTEABHHX PaboT GHJIHM IMOCTPOEHH GopMy-
JIbl, KOTOPHIMH YAOGHO MOAb30BaThCs A NPHOAHKEHHHX PacyéToB:

]3 /3P (8, - 0,)
a=m ————4(143_3)

7.113)
cguenny (
b=n 1/ 4(,411

"‘) Mo sonpocy o maupamenusx npu xoutakre cu, Tumomenxo C, I, Teo-
pua yupyroctH, § 108,
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rae, coraacuo (7.50):

2(A+B)=Ky+ Ky K+ Kae, (7.114)
amHuncyTb QYHKOHH T:
m=m(t), n=n(7),

KOTOpPHE BHUYHCJAIOTCE JI8 PasHHX T H3 CleAyoued TabaHiH
RBurrenmopa u Ilerpenxo.

< | 3o ’ 350 | 400 709 | 75© | 80° , 830 | 90°

© 450 [ 50° | 550 | 600 | 50

m‘ 2,731 2,397 | 2,136 | 1,926| 1,754 | 1,611 1,486 | 1,378 | 1,284 | 1,202 1,128 | 1,061 | 1,000

n

0,493 | 0,530 | 0,567 | 0,604 | 0,641 | 0,678 | 0,717 | 0,759 | 0,802 | 0,846 | 0,893 | 0,944 | 1,000

a
Ipu yBeinueHHH OTHOIIEHHS 4 MH GOyxeM moay4arb Bcé Go-

a -
Jee y3KHC KOHTYypHHIE S/LIHICH H B Npene/je npd F—»co IIpuaeM

K CJAy4Yal KacaHHf JABYX NHJIHHAPOB C NapaaiejbHHMH OCAMH.
IToBepXHOCTb CONPHKOCHOBEHHSI B O5TOM CJy4ae — y3KHH INpsMO-
yroibHHK. Pacnpenesenne JaB/jeHHs] napajjielbHO Majofft cTopoHe
NPAMOYTOJBHHKA MNpPEACTaBHTCA moaysainncoM. Eciau oce Ox Ha-
NpaBuTh MNapaijeJbHO OCAM IHJHHAPOB, TO H3 ypaBHeHHA (7.74)
6yneM HMETb:

2 2
%’ﬁ_fg_zl, (7.115)

rae b ecTb mMO/JIOBHEA MHPHHH IOJOCH KAacaHHA.
Jlerko moJayuaercss B 3TOM C/aydae ¢’ — eIHHHUHAsA Harpyska

JaBJICHHA:
. ]/4(°1+92)R1R2P 7.116
7= R+ R, ’ ( )

rae P—muarpyska Ha eAMHHIY J/IHHH HO OCH LHMJHHAPOB, R, H
R, — paguyCH IHJIHHAPOB.
Takxe umeem u3 (7.115):
b

P=2[c )/ 1—Fay=";

]
OTCI0Aa HMECM:

=21 . (7.117)

OueBHAHO, €, €CTh MAKCHMaJbHasd €IMHHYHAs Harpyska JaB/€HHS,
nosyyaeMass B LEHTPe HOJIOCH CONPHKOCHOBEHHUA,
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§ 74. O6o6uieHne Teopun I'epua cxxaTHs ynpyrux
CONMpPHKAacalouXcs Te.

Mu orpannunauce B § 69 ciyuyaeM, Korja BTOPHE IPOH3BOA-
HHE 2, H 2, OTVIAYHH OT HyJsl B Hauyajne KoOopAuHAT. B atoM cay-
yae, COrJacHo ¢opmysae (7.57), MH HMeJH:

8(x, y)=2,+2,=Ax*+4 By? (7.118)

M OOMYYHIH H3JAOKEHHOE B NpPeJHAYIMX naparpadgax peueHde.
Jind ero BHBOJA MH HCIO/Ib30BaIH (GOpPMy/]y I/ MNOTeHHHala
OAHOPOAHOIO 3JJHICOHAA. MOXHO TOCTaBHTHL BOHpOC O pEeUICHHH
npo6jeMH B o6IeM cJydae, T. €. O PEIIeHHH ypaBHEHHH
qfdxldyl
0 4+0) [ [7=mr=—m = (x3).  (1.119)

Jta mpo6.ieMa, cBa3aHHaA ¢ OoJee o6wel 3agayedl O pelICHHH
HHTETPAJbHHX ypaBHeHuil, 6usa Buasueyra M. f. lltaepmanom
B €ro CTarpfx. ¥)

MH orpaHHYHMCS 31eCh IPOCTEAIINM CIy4YaeM NOCTaBJAEHHOR UM
KOHTAKTHOH 3a1auH, Koraa o6a COmpHKacamiHxcd TeJa CyTh Teaa
BPAIEHHA H, C/eL0BaTe/]bHO, MOBEPXHOCTb [ABJAECHHA €CTh KpYT.

B arom cayuae, coxpansa o6osnauenns § 70, Mbl npHMem:

8(x, y)=Ar%», (7.120)
rie A U 7 — NOCTOsAHHHeE, a

r=V3I 5 (7.121)

Torpa ypaenenue (7.62) npumer BHA:

(0,1 9,) oo =0 — Ar*s, (7.122)
Coraacuo dopmy.e (7.63) a1a @, MH HMeeM CJAeAyiolee BHpaKe-
HHE:

q'dx'dy’

= 7.123

%o -” Vie—=xrE+0—yp* ( ’
Broca (7.123) B (7.122), MH monyunwm:

q'dx'dy’ e A2 N

ORI e ——a—arm (T12)

_ TNonaras x=y=0, nveem wu3 (7.121) r=0, nosromy u3
(7.124) noayvaem maa a caegyioliee BHPAXKEHHE:

a= (0, -+ 8;) SS ‘—/"—:"‘_-"l-_ (7.125)

*) Jlokaaan Axanemun Hayk CCCP 1939, 7. XXV, Ne 5, 1940, 1. XXIX,
Ne 3, 1941, 1. XXXI, Ne 8, 1943, . XXXVII, Ne 7,
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Buocs a B ypaBuenne (7.124), MH DOJAYYHM BHYTPH KOHTYpa
JaBJI€HHSA:

1 1
040 ([ 725 — == raray =
= Ar,  (7.126)

Iepexogs Kk mOASPHBIM KOOPAMHATAM §', ¥ C MOJIOCOM B TOuKe O,
Ml npuseiém ypasHeHse (7.126) x Buay:

2r a

, 1 1 ) v " n
(0,+ez)”q (7,—yr,_2,,,cm,+,,,) rdrdy = Arn, (7.127)
00

npHuéM r<<a, rie a— pajguyc Kpyra JaB/IEHHA,
Ecin P — cxumaomas cujaa, TO HMeeM YCJOBHE PAaBHOBECHA
a

2n§ q'rdr =P, (7.128)

Bhe KoHTypa JaBaeHHd, T. €. Ipu r_>a, paBeHcTBO (7.127)
3aMEHsIeTCA CAEAYIOIMM HEePaBeHCTBOM:
= a

o f1 1 t ! 2n
(0,+62)0f§q (,, )fdrd@ < Arrn, (7.129)

Vri—2rr'cosg’ It

Ypasuenue (7.127) spnsercs HHTErpa/’bHHM ypaBHeHHneM. OHO
6ui10 Breppue moaydero M. S1. Llltraepmanom. Ero pemenune nmeer

BHI:
, Aain-1 2-4...2n 2 r'
¢ ()= [1-3... (2n—1)] P, (z): (7.130)

re
1 1.3...@1—3)] 1/ ——
P,(H)= [ﬁ"_g“"‘z‘tm_"{"‘“ +2-4-...22:—2;] VI—a.

To, uro Bupaxenne (7.130) sBaseTcd peLIEHHEM YypaBHEHHs
(7.127), moxHO yOeauTbCA HENOCPEACTBEHHOA INOACTaHOBKOH. Iloa-
crapaas ¢yuxuuio ¢’ (7)) u3 (7.130) B (7.129), y6exnaemcs, uro
HEepaBeHCTBO YAOBJETBOPAETCH.

IMoncrasass (7.130) B (7.128), maxoAuM pagayc NOBEPXHOCTH

HNABJIEHHS G
, 241

2n+1 13...@n—1)=(6,4-6,).P
a=‘/ on T 2-4...2n 7 (7.131)

Hs dopmyan (7.125) HaxoAUM COMMMKEHHE & TeJ TPH CHKATHH:

’ ! r 2'4.-.
a=2n(a,+oz)jq () dr =g A, (1132)
)
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§ 75. 3anaya 0 wECTKOM lITAMNe.

Jécmrxum wmamnomn Mu GyseM Ha3HBaTh a6COJIOTHO TB&pAOe
TEJI0 NMPOH3BOJBHOA (POPMH, KOTOPOE BAABIHBAETCHA B IOBEPXHOCTH
yIPYTOro moJyNpoCTPaHCTBA.

BrepBue 3amaua o xécrxkoM mramne 6msa pemena Byccmme-
CKOM AJIfi cAydas KPYTJOTO IMJAMHAPUUYECKOro MITaMmna, oChb KOTO-
pOro HOpMa/ibHa K NOBEPXHOCTH INOJYIPOCTPAHCTBA.

Desppemenno nora6mu#t B, M, AGpaMoB pacnpocTpaHm/1 peine-
nue DBycchHHecka Ha caydalt Kpyrsaoro KECTKOTO LITaMna, mepe-
MellleHHe KOTOpOro HampaBJe€HQ HIOJ YIVIOM K IIIOCKOH TrpaHHIe
110y I POCTPAHCTBA.

B pa6orax H. §I. Lllraepmana u A. H. Jlypee sTa npobaema
MOJNyuH/aa AajabHelilee pa3BHTHE *).

Mu crexyeMm B JajbHedmeM u3noxeHun paGore A. M. Jlypse.

HanpaeuMm, xaxk B § 68, ocb 2 BHYyTpp YHNPYroro moJyHpOCT-
PaHCTBA, a4 NJIOCKYIO I'PaEHIY IpHMeM 33 IVIOCKOCTh Oxy, TaK 4TO
rpaHuNa yIpyroro NOJyNPOCTPAHCTBA JAaHA ypaBHEHHEM:

z2=0.

CeskeM co mraMnom cucremy oceft §, 1, { Ypasnenue no-
BEPXHOCTH S IITaMna B 9TOH cHCTEME Ocedl NMycTh 3a4aéTCs B BHAE:

t=0( 7). (7.133)

Havano sroft cucreMH ocell NpuMEM B HEKOTOPOR TOUKe NHOBEpPX-
HOCTH S mrramna, 4 OCh { HanpaBHM BHYTPhH IUTaMIa IO HOPMAJH
K NOBepXHOCTH S B 9TO# Touke. BmGHpas HammexaumuMm obpasom
ocn § u, MH, mHoZo6HO § 69, MOxeM NpeACTaBHTb ypaBHEHHE
noBepxHocTH S BOJAH3H HayaJja KOODAHHAT B ¢opme:

£3 3
N=rg+g+ - (7.134)
rae
1 __ (9% 1 _ (9%
R — (552) txo=0’ Ry (dn?) tmim0 ! (7.135)

Dopmy.a (7.134, conepxuT B ce6e Kak YacTHHH cayualt dopmyay
(7.40). R, u R, cyTh riaBHHE DajHyCH KPHBH3HH IOBEPXHOCTH >
B HayasJe KOOpPAMHAT, KOTOpPHE MHl OyJAeM CYHTATh IIOJOXHTE/L-
HBIMH.

B cayuae miockoro mramma

¢ (& 5)=0. (7.136)

I'chrb B HAYaJbLHOM IOJOXKEHHH, KOTOpOE MH 0603HayAM HHJIE-

*) «llpuknagnan MaTematika ¥ MexaHukas, T. V, Buim 3, 1941,
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KCOM Hy/ib, OCH & M ¥ COBHAJAIOT C OCAMH X H ¥, a OCh § Hampa-
BJEHA NPOTHBONOJIOXKHO 2, T. €.

=4 To=y, L=—x (7.137)
33118}1HM LnITammny BeCbMa MaJjoe HEPEMCHLEHHE a H INOBOPOT ﬁ

Ta6/Hma KOCHHYCOB MeXJAY HAYaJbHHM HampaBjeHHEM oceil
&» Tos §o M BecbMa GJH3KHM &, 1, § Gyner:

e
S

o %o

1 |—h

e
-
=
S

— | 1

rae B, Buo» Bro CYTh NpoEKmuH BekTOpPa MOBOPOTA B HA HampasJe-
Hua ocei &, n, §. CiremoBarenbHO, YOPMYJH MEPEX0AA OT KOOp-
auHar &, 7, § K KoopauHaTtam &, 1y, & OyAyT HMeTb BHJ:
E°=a50+ §— BcoTA + 31,0&
To=a,+n— B8+ B85 (7.138)
=i g5 |

rae a,, @,, @, CYTb NPOGKNHH NOCTYNATEAbHOTO NepeMeueHHs
WITAMIIAa & HA OCH &g, 7o, 4. Tak Kak CHCTEMH oceli KOODAHHAT

X, ¥, Z U 5o, Yo Go pasHonMEHHHe (OCH Z M §; HampaBJeHH Mpo-
THBOIIOJIOKHO), TO MH HMeeM:

Bx: - 320’ By: - 371,,, 32-"——- 350- (7139)

KoopauHaTH Touek MOBEPXHOCTH wTaMna S @oc/ie cMeleHHs
M0 OTHOIIEHHIO K HEeNOABHMHHM OCAM X, V¥, 2 ONpPeAesdiorcs IO
dopmyaam (7.137)

Xg=Eg Ys=1, Zs=— 1%,

Brocs croga &, 7o, 5 1mo dopmyaam (7.138) u npuHEMas Bo
punManne (7.139), MH NOJIyYHM OKOHYATEJbHO:

Xg = ax+ i—- 8. -—»- By"? (E’ 1),
,Vs:ay—j(—rl—l—lax"? G 7))+ 8.5 J (7.140)

Rg=—ad,— ¢ (E’ Tl) - Sys + er’

rAe a,, @, o, CyTh NPOEKUHH NEpPeMelleHns d Ha OCH X, ¥, 2.
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Ectn u, v, @ cyTh ynpyrie CMeIeHHs TOYKH YNPYroro mojy-
npocrpancrsa (x, ¥, 0), To nocjie aepopManHH KOOPAHHATH 3TOH
TOUKH OTHOCHTEJIBHO TeX Xe ocell Gyayr:

X=x+4u; y=y+tv =w, (7.141)

I1yCcTh yacTHUH NIOBEPXHOCTH YNPYroro moJynpocTpaHcTBa, Ko-
TOpHE TOC/Ee NEepEeMEIIeHHs MITaMNa pachon0XaTcs Ha CMemEHHOH
110B€PXHOCTH S, OHJIH PACNONOXKEHH A0 JedOpPManHHd B HEKOTOpOH
ob.1actd @ naockoctu 2 =0.

Jlna aTHX 4YacTHIL

X=xg, V=Y, &' =2
n, coraacHo (7.140) n (7.141):

x+u:ax+s_ BZTI - By(\o(s’ TA)’
ytov=a,4+n1+p54+8.0E ), (7.142)
w=a,—9(57)—B,i+ 3o

PaccMorpuM cayuali nepeMeIneHds WITAMNA IO HANPaB/eHHIO
HOPMaJAH K HIJA0CKOCTH OXy TNpH OTCYTCTBHH HOBOPOTa BOKPYT
OCH Z.

B atoM cayuae

a,=a,=3,=0.

£ Y. z

ITpumem, uro
. 0 0
".b(‘-" 'Tl)’ 5%) a‘gr @z 5x, lgy (7143)

CYyTh MaJIble TOTO Xe TOPSAKa, UTo H U, U, W.

Toraa u3 (7.142) noayuum:

S=x+u, ,
n=y+o. | (7.144)

Tak. xkax umeem:
~ t a a
vGn)=¢@+tu y o) =¢( )+ Fut+Tot ...,

TO, OTOpachHBas 4YaeHH, HAUHHAsi CO BTOPOrO NOPAJAKA MAaJOCTH
MBI IIOJTYYHM NPHOJAHKEHHO:!

¢ (G m)=1u(x ). (7.149)
Haiee umeem sciaeacrsue (7.144):
Eﬁy‘:—)C§y+ ui%y ~ xﬁ-y»

Buocs (7.145) u (7.146) B 71pernio dopmyay (7.142), nomyunm
OKOHYATeJbHO:

W g, = B3 - (5 ). (7.147)
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dta ¢opmyaa lllraepmarna-Jlypee urpaer BaxHyi0 po/b B TEOPHH
KECTKOro 1ramna.
B cayyae miaockoro mramna

¢ (8 7)=0,
a, caejpopatenbHo, ¢ (X, y)=0, B MH HMeeM:
w=a,—§,c+B., (7.148)

npuuéMm obaacts @ onpeneasierca ¢GopMoO0 ceueHus mITammna. 7o
ypaBHeHHe OHJIO ycTaHoBJeHo emé B. M. AGpamoBHM.
JJs HemIoCKOrOd ITaMmMma KOHTyp o6Jjactu & ompenesasiercss H3
ypaBHEHHs
¢ (& n)=A=const,, (7.149)

HJH TPH HauleM NOpsjKe NPHG/IHKEHHS

¢ (x, y)=A=const. (7.150)

CreJloBATENbHO, TOUKAM IIOCKOCTH Z-—=0, HaXOJAMBIIHMCA BHYTPH
o61acTn 2, coo6waioTcs MepeMeIneHnst w, onpenesieMue 1o ¢op-
myse (7.148); B o6pa3ymouiyiocs <«BIAJHHY» 3aTe€M BCTABJASETCS
mTamn, KOTOpeiA €€ 3amoaHseT; 06bEéM BHNANMHE paBeH OO0BEMY,
OTPaHHYEHHOMY NOBEPXHOCTBIO S H mJI0CKOCThIO {=A. UTo6H cO-
XPaHMTL IIPH STOM DaBHOBECHE, IITAMINI HYXXHO NpPHXKaTh CHJIOH P,
napanieNibHOd OCH 2 M NPOXOJfAIIed yepe3d TOUKY X, V,, HOPHUEM,
COIJIACHO YCJIOBHAM PAaBHOBECHS, HMeeM:

P == S(g§ g(x, y)dxdy, ]I

x0P=S g.xq(X, )’) dXdJ’, (7.151)
(@)

yoP= §yq (x, y) dx dy. J
%)
B o6o3nauenusx § 68, coraacuo dopmyae (7.30), umeem caenymwo-
ee BHpaXeHHe AJId YNPYroro nepeMelleHHs @ Ha NOBEPXHOCTH

IO/ POCTPaHCTBa!
E:e”"—“i,i‘l'. (7.152)

BHocs croga w u3 (7.148), noayuum:

Id’ ’d !
S =, — BB (7.153)

'§j
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9T0 eCTb OCHOBHOE YPaBHEHHE B TEOPHH XECTKOTO INTaMNa, H3
KOTOPOTrO HajAo omnpenenuts ¢'(x',y') npu 3ajamHHX a, B, B,.
B mpocrefimem caydae KpyrJOro Imutamna, HPHIKHMaeMoro Hop-
MaJbHO K IVIOCKOR TpaHHIE NOJAYNPOCTPAaHCTBA, HMEEM:

pxzpyzop
n ypaBHerne (7.153) nmpmuumaer BHA!

g'dx' dy' o '
65 .“V(X—x’)i—l-(y_yl)a_al'—‘conSt-, (7154)

PelIeHHE STOTO YPABHEHHs, JaHHOE DycCHHECKOM, HMeer BHA:

P
7= Vai—nA' (7.155)
B yriay6JjeHne mraMma:
w:%‘@:——const. (7.156)

W3 dopmyan (7.155) caenyer, UTO pacupefeeHHe JAaBACHHS
OYeHb HEPAaBHOMEPHO: HAMMEHbIIEe ero 3HaueHHe GyjaeT B LEHTPe
wraMna (r=20)

' — ——
th\  2na?’

npu NPHOGAMKEHHH K KOHTYpYy mramma (r==q) naBieHue Gecmpe-
IeNbHO BO3pacraer. BeiexcTBue 3TOTO HA KOHTYpe INTaMIa HMeET
MECTO fBJEHHE TEKYUeCTH MaTepHana, KOTOpoe HOCHT MEeCTHH
XapaKTep W HE OKAa3HBAaeT CYLISCTBEHHOTO BJMSHHA HA pacnpefe-
JeuHe NaBJeHHd NOoA mraMmnoMm [pauxoe ¢opmyaod (7.158)] B Tou-
KaxX, HAXOAAIIHXCA HA HEKOTOPOM PACCTOSIHHH OT OKPYXHOCTH OCHO-
BAHHA IITAMIIA.

§ 76. Cayuyail, xorza Ha rpauuie ynpyroro moJynpoCTpaHCTBa
3ajaHbl nepeMelleHus.

Byccuneck uccsnenoBas BTOPYIO OCHOBHYIO 3aJauy: IO 33JaH-
HBIM HAa BHeMIHEH TpaHHOE YNPYroro MHOJYNpPOCTPAHCTBA IepeMe-
LWIEHHAM HafTH yHpyrue nepeMeieHus BO BCEM HOJYNPOCTPAHCTBE.

B cayvae ynpyroro paBHOBECHSI IPU OTCYTCTBHH MAaCCOBHX CHJI
6e10 moKaszamo B § 46, uTO TPH KOMNOHEHTA YIPYroro mepemes
INEHHA U, ¥, w YXOBJAETBOPAWT ypaBHenHsaMm (4.34), T. e.

Vig =0,
Viv =0, {7.157)
Véiw =0,



184 TNPOBNEMH BYCCHHECKA M TEPLA [ra. vn

Ha ocnoBannu moxasansoro B § 55, MH MoOXeM BHOpATh pemIeHHe
ypasHenn#l (7.157) B Buge:

u—-tpl—'[—zax, ]
ra_%+zay, (7.158)
W=13 +zd—z-’

rae %1 (x’ Y Z), P2 ()C, ) Z), 93 (xs Y, z) H (‘p (X, B Z) CyTh rapmo-
HHYECKHE (YHKIHH, T. €. YIOBJETBOPAIOT YPABHEHHAM

V2, =0,
522‘;:28; I (7.159)
V2 =0.
Buocsa (7.158) B (7.1), M nosayyum:
2 @=0,
%(9):0, l (7.160)
% @=0, |

rae

Q= he(Tn ny dny I ) 129, (7.161)

NPH 3TOM NPHHATO BO BHHMAaHHE, YTO (YHKUHH @, @, @3 H $
yAOBJIETBOPAIOT ypaBHeHHaM (7.159), a Takxe, YTO HMEET MECTO
COOTHOIIEHHE:

daodb | dadb

da db
V2 (ab) = V2 |- bV2 g |- 2 (a'fzax+ayay+ 5. (1.162)

Mu yposaersopaM ypaBHeHusM (7.160), no/oxus
Q = const.

Q—0, (7.163)

BKJIOUasi 3THM CAMHIM KOHCTaHTy B ¢yskumuio ¢ (x, y, 2).
Buocs B (7.163) BHpaxenue ajas €, MH HOJIYyUHM:

9 ___ite (0?1+<’*z+"?3) . (7.164)

TaxuMm o6pasoM, B pemenun ByccuHecka (7.158) Tonsko TpH rap-
MOHHYECKHE (DYHKIHH @, Py, P, CYTb NPOHU3BOJBHHE, 4 TAPMOHH-
yeckad ¢yHKuHs ¢ BHpaxaercsa yepes HuX mo ¢opmyae (7.164),

MH MOXeM [DOJOXHTB
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Bu6upasi ocu xoopauHar, kak B § 68, M GyzeM HMETh BRO/b
FPAHHIH YIPYroro MOJYIPOCTPaHCTBA:

2=0,

a CJIel0BaTe/1bHO, Ha TPaHHLE YNPYroro MOJYHPOCTPAHCTBA HMeeM
U3 pemenns Bycchrecka:

u=1y, (x: W 0)’
o=, (x, 3, 0), (7.165)
w= ?3 (x» ys O)'

Ecan Ha rpannme mnoaynpocrpaictsa =0 3agaHH ymnupyrue
nepeMellleHus, KaK (pyHKIHMH TEKYLUHX KOODAMHAT X, y B BHAE:

u=U(x,y),
v=V(x,y), (7.166)
w=W(x,y),
TO cgaaansaa pemenne (7.165) ¢ (7.166), M OyneM HMeTb OpH
z2=0:
P =U (x: y):
=V (x, y), (7.167)
Ps = W(x, ¥)-

TaxkuM 06pa3oM, HAM HYKHO HalTH TPH GYHKUMH ¢, @, @3, Tap-
MOHHYECKHE BHYTPH YIPYroro MOJYNPOCTPAHCTBA H NPHHHMAIOLIHE
3agaHHue 3Hauenus (7.167) Ha ero rpaHHne, NPHHATOA 3a ILIO-
ckocth 2=0.

OnnH H3 METONOB pelIeHHs 3TOH 33aJaud OCHOBAH Ha HpHMe-
Hennn uHTerpasos Pypoe.

ITpumem, Hanmpumep,
+ o0

o (% 3, 2)={ { &(a, B) er+iss® dady;  (7.168)

-—0
TaK KAk (YHKLUHA ¢, JOJKHA GHTb rapMOHHYECKOH, TO HMeeM:
P=a4p2 (7.169)

Ipu pemennu ynpyrofi sagaud MH NpuMeM, caenys byccu-
HecKy, 4TO IepeMelleHHs K, ¥, W YHHUTOXKAKTC! B GECKOHEYHOM
YAaJeHHH OT PAHUYHOM NJIOCKOCTH, T. €. JJIs 2— 00,

ITosToMy MH JOMXKHH IPHHATh, KAaK PELIEHHE YpaBHEHH:H

(7.169),
y=— V&I (7.170)
¢ = U()C, y)’

Tak Kak npu 2=20
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TO, COraacHo Teopeme dypne, AMeeM:

+
g p)=p (UG Dettetmatan, (7071

- 00

Ecan Buectd (7.171) B (7.168), T0o nmonyuum npu 2=0:

400 + o
o, (%, ¥, O)=4':.TS Sda d S U (5 1) ents-0+B0-D gt dy (7.172)
- -0

Ho, corazacuo dopmyse ®ypre, 310 Kaxk pas pasuo U (x, y).
Tax;xe HaftgéMm:
+ oo
9 (%, 3, 2)={ { & (a, B)er+tes+® dadp,
— 0

} (7.173)

-+ o0
0 (59,2 = | { &(a B emienem dagp,
- 00

npHYeéM

8 B)=p7 | | V(& ne-natsta gray,

(7.174)

g8 SL/.S

£(a,8) =o5 | { W(E myetetstn digy, 5

CoruacHo (7.164), onpegensem 1

% xliaig S {18+ i (a8 1 B&;)} ev*+'*+¥) du df;

OTCKAA, HHTEIpHPYyA IO 2, NOAYUYHM!

o= l—!—p SS Yga+i(181+pgz) ev+les+®) dgdB. (7.175)

Brocss mosyuyeHHHE SHAUeHHS 9, ¢,, ¢, H ¢ B Gopmyan (7.158),
MH IOJYYHM OKOHYATE/JbHO BHPAXEHHS YNPYTHX NepeMelleHHH
B BUJE:
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+ oo
:‘:S S {gl(a: B)—
- 00

— 1 = Sva+i (ag,+ B emvrese) dad

+ o0

={{{a@p—

-0

ll—i—;z 1 7 18+ i(ag, “l‘Bgz)]} er+1(=+) do df,

-+ co
={{{a@p—

fi;; [Ygs+i(ag1+ﬁgz)]}eT’“WM dadp. |

187

(7.176)

Mul nonyuuian, TakuM 06pascoM, pelreHHe BTOPOR OCHOBHOM 3aJauH

Bycc;mecxa IIPH TIOMOIUM ONpPEAeIEHHEX HHTErpasoB.



FTABA VIIIL
IMOCKAS 3ALAYA U OCECUMMETPHYHASI NEDPOPMALIUSA.
§ 77. Nnockas pedopmauus.

Mu umeeMm naockyro degopmayuro, napaiieabHylo JaHHOIM MJIO-
ckoct (HanpuMmep, Oxy), ecH HMEIOT MeCTO TOJIBKO YIpyrue me-
peMelleHns, napajieabiele 3Tof IIockocTH. [lostoMy nmeeM:

u=u(x,y),
v=uv(x,Y), (8.1}
w=0,
OT1cloaa CJIeAyIOT COOTHOLIEHHS
du , dv
A=5+50 (8.2)
ow Jv
Q(Dx:’a-; - 0‘720,
0 7}
20, =5 — 52 =0, i (8.3)
2(02_2(0—_—3—::—_ %l ; J
dw , dv
ezy :W—!‘_b? :0’ i .
du Jw
o= 7)?—{— 9x 0, i (8.4)
ou v
€y =5y T oz * J
Hanee, uMeeM cOOTHOIIEHHS
X, =W+ 2pe, =i (Si{—%ﬁ—;) 4ond )
. du , dv ov
Y, =1+ 2ue,, =) (5;+@)+2;15;, i (8.5)
A ) (98 4 0v
Zz—)'A—)‘(dx+0y> ’ J
S, } (8.6)
v 14 .
Xy=pe, = (5} + 5}) .
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C/ieIoBaTe/IbHO, KOMIOHEHT HaNpsXEHHROTO COCTOAHHR Z, He
HCYye3aeT, H TOJbKO 6jarojaps €ro HaJH4yHIO o6ecneydBaeTcs cCo-
crosHHe naocko#i aedopmauud. Cx/1ainBas nepshe JABa COOTHO-
wenus (8.5), nmeem:

X+ ¥, =20+ (43 =20+m4

OTKYJa
1
A = m (/Yx—lr— Yy). (87)
Brocst (8.7) B Tperhe cooTHoulerue (8.5), HmeeM:
)
Z,:m) (X.+ 7)) (8.8)
a TaK Kax ,
=0+w
TO HMEeM TaKxe
Z,=s(X,+7,). (8.9)

Eciu MH HMeeM JJIHHHOE IM/JIHHAPHYECKOE TeJO, 10 OCH KOTO-
poro HampasJeHa ocb Oz, TO Ha KOHUEBHX CEYEHHSX TeJd HO/NKHH
HeACTBOBATh HEKOTOPHE HOpPMAaJbHHE HaIPsIKEHHs, 06ecHeyHBaln-
uMe HEeH3MEHSIeMOCTb NPOAOJbLHHX BOJIOKOH €ro.

Y paBHeHHs] yNPYroro pPaBHOBECHS] HMEIOT BHA:

X

0x+0y+X 0, 8
X, Y oy, (8.10)
dx+0y s

3necy X, Y He 3aBHCAT OT 2.

Brocs (8.5) u (8.6) B (8.10), Mn moayuum ypasuenus Jlame
B BHJE:

(1) 2 V- px =0,

3 (8.11)
(A1) w4 pr =0,
4 B CJAyYae€ OTCYTCTBHSI MAacCCOBHX CHJ HMeeM:
[ B
(1) G2+ v u =0,
9% (8.12)

(l—i—u)zj,—‘—ku fv=0,

rae
0 0
&=5+5 (8.13)
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3nech odosﬂaqeuo:
0%, 0% 2 dwv
=Tt 5o =15+, (8.19)

B cayuae miaockoit negopmanun ¢opMy./H npeoGpa3oBaHUA KOMIO-
HEHTOB HanpskEHHOro cocTosnHus (2.25) u (2.26) 3HaunTeBHO yHpPO-
mawres. B camoMm jene, o603Hauas 4yepes @ yroJa MexAY OCAMH
X H x', MH GyzeM HMeETb:

Lxx'=0, £xy=90°—a, Lxy'=90°+a Lyy=a.

3HaueHust JEeBATH KOCHHYCOB 6yAyT COOTBETCTBEHHO PABHHI:

l,=cosa, l,—=—sina, /3=0,
m,=sina, my=cosa, my=0,
n, =0, n,=0, ng=1.

[Moacrasass oTH 3HAUeHHs KOCHHYCOB B ¢opmysn (2.25) u (2.26)
H NpHHAMAs BO BHHMaHue (8.6), MH HOJIyYHM:

X=X cos’a-}{- Y sin*a+- X, sin2a, ]
Y, =X, sin*a - Y, cos’a — X, sin 2a, {
I

=—;-(Y,—Xx) sin2a - X, cos 2a. )

(8.15)

IlycTh Temepp 3a OCH KOOPJAMHAT y HAC B3ATH [JIABHHE OCH Ha-
Ups:KEHHOTO COCTOSHHS, TOTAA

X, =0, Y

y=0% X,=0,

H, oT6pacuBasg IITPHXH B JeBHX dacTax ¢opmya (8.15), MH mo-
AYUHM;
. [ —
X,=o0,cos’a-}o, mn’a:%‘i’—{—i?ﬁcowa,

Y, =0, sin® a+azcosﬁa=%°—2—°1;—”c052a, t (8.16)

— %%
X, = 7 sin 2a. }

§ 78. Inockoe HanpsEHHOE COCTOsIHUE.

Eciu BCe TpH KOMIOHEHTa HaNpPsXEHHOrO COCTOSIHHS, NapaJ-
Jie/ibHHE JaHHOA MJIOCKOCTH IO BceMy 00béMy ymnpyroro TteJa,
CyTbh HYJH, TO HMEeT MECTO IJIOCKOe HAImpsKEHHOE COCTOsHHE.
Ecan npusaTh yKasaHHYIO IVOCKOCTE 33 IMIOCKOCTh OXy, TO HMeeM

COOTHOWIEHHA:
X,=Y,=Z2,=0. (8.17)
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OTC!OA& HME€EM JI/I1 H30TPOHHOIO TeJa YPaBHCHHE:
du , dv |, Jw Jw
z,=) (5+5+%) + 25 =0,

KOTOpOe Jaér:

ow X ou , dv
9z Ti4m (_}“‘E)' (8.18)
Ha ocroBannu (8.18) MuH nmoayuum:
Ou , dv | dw __ 2p (du | dv
Azo‘i"‘@"{"ﬁ_x-{-zp (dx+0y)’ (8.19)

a clefoBarte]bHO, GyneM HMeThb cienyiomue (opmyan Ajad ABYX
OCTa/NbHHX HOPMAJbHHX KOMIIOHEHTOB HAaNps:XKEHHOIO COCTOAHHSA:

_ u__ 2 (Ou , Jv ou
Xe=Mt+257=11To (dx+0,v) 5

8.20)
_ dv__ 2p (0u | 0v ov (
Yy—)‘A+2”5}_l+2p (57c+0y) +2""0y‘

Ecan BBecTH 0003HAUYeHHE:

’ 2k
v 2 8.21)

TO OKOHYATE/JABHO HNOJAYYHM MJIA IJOCKOIO HanpPAXEHHOI'O COCTOs-
HHA H30TPONHOTIO TeJjAa:

, (7]
Xx=)‘A1+2,‘ld—ux—-,
' 0
Y,=Va+ 23,
Z,=0, (8.22)
ou ov
X,==ll (5;—1—5—/‘.) ’
Y,=X,=0. )

3xecsh u, v, w BoOGIIEe 3aBHUCAT OT 2.
/s n10CKOro HampsKEHHOTO COCTOSIHHA B CJAy4Yae OTCYTCTBHS
MaCCOBHX CHJ ypaBHeHHs Koinm npuMyT BHA:

X, . 90X,
o Ty =0

ax, oy (8.23)
o + 3y =0.
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B cnyvae ynpyroro paBHOBECHS H30TPONHOrO Te/1a MH JQ/RKHH
BHecTH cioga (8.21), yro paér:

, A
(1) S+ 1Vl =0,
) 5 v =0

OTH ypaBuenus oT/HuawTcA oT (8.12) TOABKO TeM, uTo BMECTO A
CTOHT A'.

(8.24)

§ 79. OGo6wénHoe NAOCKOe HanpskéHHoe CoCTontue,

T1aacmunkoii HasnBaeTCss DUJIMHIPHYECKOE TeJsIO, BHCOTA KOTO-
poro Majla mo CPaBHEHHIO C pasmMepaMHu ero ocHosaHu#i. Ecan naa-
CTHHKA HMEeT OYeHb Majayl0 TOJIHMHY (T. €. BHCOTY UHJHHIPA),
TO, B3fiB IJIOCKOCTh Oxy NapaaiesbHOH OCHOBAHHUAM IHAMHADA,
MOXHO, B Cjyuae cuJ, AeficTByiomux napamiensso Oxy, ¢ gocta-
TOYHOH TOYHOCTBIO MPHHATH, YTO HOPMAJbHOE HANpsKeHHe Z, paBHO
HYJAI0 MO BCeMy OGBEMY IMJMHIAPA, HO YTO KacaTe/bHHE Hanps-
xenua X, u Y, BooOuie He paBHH HYJI0, HO 06pamAOTCA B
HyJb TOJBKO HA OCHOBAHHAX NJACTHHKH. Takoe HanpsuxéHHOe
COCTOsIHHE HAa3HBaercs 0000uéHHBM NJIOCKHM HANpPSXEHHHM CO-
CTOSIHHEM.

[Mycts 2k ecth ToAmMHA maacTHHKH (T. €. BHICOTA IHJIHHAPA)
B miockocth Oxy pmeJHT NONoJaM paccTosiHHe MexAy OOOHMH
OCHOBAHHAMH, OYAyYH napaiajejbHa M. B atom caydae noJsesHo
BBECTH CPEJHHE [0 TO/IIHHE IJACTHHKH 3Ha4YeHHA KOMIIOHEHTOB
yOpyroro CMeuieHus, AeopManul H HANPAKEHHOTO COCTOSHHSA MO
¢dopmyaam Buaa

1+h l+h 1 1
uw=g Sudz,'v_-ﬂ gvdz W=5 Swdz,
-h h
+h
e —-—I—Se dz HT X
=5, @2
—h
!
eyzzﬁgeyzdz, ........ e nT o ( (8.295)
-—h
P
Xx—_=2—hSXxdz,. ................. n T I
-—h
+h
Yz=2h5 Y,dz, «ooooioii verers 0T A J
-k
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Y paBHeHus ympyroro pasHoBecHsi Komm (4.24) MBl ymHOXaem
na dz W HHTErpHpyeMm 3ateM B npejgenax or (—#) nmo (--h),
npHYéM NPeJINoJaraeTcss OTCYTCTBHE MACCOBHIX CHJA. MBl  [O/KHH
OpPHHATh BO BHHMaHHeE, UTO:

Z,=0 no BceMy OO0BéMYy,
Y,=X,=0 mna z2=-h.

[To3TOMY MH NOAYYHM CJeIyIouHe OCPeOHEHHbLe YDPABHEHHSA:

0X, 0X ]
Tt =0 |
gx 1 oy (8.26)
0%, vy o
ox ay )

Tax Kak Z, paBHO HYJIO, TO HMEET MecTo cooTHomeHue (8.19),
BCJE/ICTBHE 4ero, nouansyschk (8.25), moayuum:

- - 0
X, =Vatong?Z, ]I
vV r ' a; 9
Y, =) A+2,15}—, , } (8.27)
du | dv
Xy=mn (@—{-5;) , J
rae 3 B
- ou ov |
A=yr T oy (8.28)
BHocsl (8.27) B (8 26), MH NOJYyYHM:
o G—S »
W 4-1) 57 FuVu =0, (6.29)

., o3 -
(W 4-1) 55 +rVPr=0.

§ 80. ®yHKuMa HanpsikeHuit Ipu.

B cayyae OTCYTCTBHS MAacCOBHX CHJ ypaBHeHus (8.10) mpumyr
BHJL:

X, = 0X,
=0, (8.30)
X, . oY,

T2+ =0, (8.31)

Ypasnenne (8.30) moxaseiBaeT, YTO BHIpaXKeHHE
X dy — X, dx=dA(x, y)
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€CTh TOYHBI p,mptpepeﬂunan (pyﬂxmm A(x, ), a ciefoBaTesbHO,

dA .
X ——7 Xy'— 67' (8.32)

Ypasuenue (8.31) moxasnBaer, uTO BHpaXeHHE
X,dy—Y,dx=dB(x, y)
ectb TouHHit audepennnan dpyuknun B (x, y), a cl1ejl0BATeNbHO,

B dB
CpasnuBast 062 BHpPaXKEHUS Aast X, MOJYUHM:
04 0B
Tox T ay’

YTO MOKA3HWBAET, UTO BHpaXeHHe
Ady—Bdx=d® (x, y)
€CThb TOYHHH ,U,mp(pepenunan q)ym(mm ®(x, y), a caemosaTennHo,

oD
A_dy B_ E.
Buocs A u B B (8.32) u (8.33), MH nosyuum:
9P 0P 9*d
X ~—0y2, Y,,ZT);:;‘, Xy:—m}. (834)

Buocs (8.34) B (8.30) u (8.31), MH yBHAHM, YTO YypaBHEHHS B5TH
TOXJAECTBEHHO YJAOB/JETBOPEHH, KaxkoBa OH HH Oblia (yHKIHS
P (x, y). B srom Buge peumenne (8.34) 6uI0 gaHO IpH.

OxHaxo, pyuxnusa O (x, y) BHe Moxer GHTb B3STa NPOH3BOJBHO,
TaK KaK JO/KHH OHTb YAOBJAETBOPEHH TOXJAECTBEHHHIE COOTHO-
wenns Cen-Benara (1.107) n (1.110). [as 0gHOPOAHOrO H30TpOI-
HOTO TeJa HX BHTOJHO NPHMEHATb B BHjAe dopmys (4.51), JaHHBIX
Bensrpavu. M3 dopmya (8.5) nmeem:

0
X 4v,=20+m (5+5)=20+m4.  (835)
Kpome roro u3 (8.8) mosyunm:
A
Z, =51 X Y)=0(X+7,) (8.36)
Ho, cornacuo (8.34): .
XetY,= dy +0r = VP (8.37)

CpaBuusas (8.37) u (8.35), moayunm:
2 (A1) A =V, (8.38)
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Takxke u3 (8.36) u (8.37) umeem:

Z,=oVid. (8.39)
U3 dopmya (8.35) u (8.36) MH moayunm:
b=X,4+Y,+Z,=(1-+0) (X, +7T,); (8.40)
a u3 cdopmya (8.36) u (8.37):
§=X,+ ¥, Z,=(14-0)Vid. (8.41)

Buocst (8.6), (8.34) u (8.38) B ¢opmyan (4.51), MH oOKoHYa-
TeAbHO MOJTYYHM:
2 02 202D

(1 +G) [VI '@f‘*‘v’lﬁ]‘:(l -}-G)Vf(D:O,

D
(140 GG+ Vi%e | =1+ ve=o,
o(1+0)Vib=0,

(1 +0) 505, Vi =0,

02 2
(14—0)5}§EV“D::0'

YerBéproe ypasHenHe chcreMn (4.51) oGpauaercs B TOXAECTBO.
Tak Kak KOMIOHEHTH HANpSKEHHOTO COCTOSIHUSA, a CJeJoBa-
TebHO P, He 3aBHCAT OT KOODAMHATH 2, TO YETBEPTOE H msATOE
ypaBHEHHS M3 MOJYYEHHHX HAMH ypaBHeHHH GYyIYyT YIOBJAETBO-
penbl. IlepBrie Tpu ypaBHeHHS OyAyT YAOBJIETBOPEHH TOJBKO,
€CJH

Vid =V; (Vid) =0. (8.42)

DT0 W ecTh ypaBHeHHe MakcBe/s1a, KOTOPOMY JOJXKHA YXOBJETBO-
pars ¢ynakuus @ (x, y), HasuBaeMast Pyrxyueld Hanpaxceruil dpu.
YpaBuenue (8.42) nasmiBaeTcs GHrapMOHHYECKHM, a GYHKUHH, eMy
YAOBJIETBOPSIONIHE, HA3KBAIOTCA GHrapMoHHUeckuMHu. Ecan ¢ (x, y)
€CTh rapMoHndeckas (QyHKUHA, TO QyHKIHSA

®—[Ax+ By+C (x4 )18, (8.43)

rae A, B, C—npousBoJabHHE INOCTOSHHHE, €CTh OHrapMoHH4e-
ckas ¢yHKnus, ynoB/IeTBopswoomas ypasHeHuio (8.42). 3to cae-
ayer u3 dopmyan (4.171) § 55.

§ 81. Pewenne miockofi 3agayud No Merogam
Jlasa u Iaaépkuha.
1) Metox JIasa.

Ins cayuas nmaocko#t medopManus OJHOPOAHOTO H3OTPONHOTO
Tena ypaBHeHus (8.12) MoryT ObiTh npeoGpas’oBaHH K HOBOH
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¢dopme, ecaH BBECTH 3J1€MEHTAPHOE BpPAlEHHE O,

1 [dv du
"’=7(o“x‘@)‘ (8.44)
MH nmeeM:
-2 0w 0% __ 9 (du Ov 0% v do | 04
Vin=5 ayr—*y(a;—a—x)+37=~+”"axay—“2@y+ae»

2 0w | 0% 3 (Ju_ ou\ 0 | M _ odw | 3y
VW=ntar =05 (b}_@)+Tyz+M_0y”20,r+5}"
Buocs 310 B (8.12), MH nosayuum:

dA J
042057 — 25 =0, |

051 60)__
(22 fande—o. |
Orcioga caenyer, uro (A-42p) A, 1 2u0 yIOBJIETBOPSIOT H3BECT-

HHM COOTHOHMEHHAM Komn-Pumana B Teopnu ¢yHKIuil Kommiexc-
HOTO TIEPEMEHHOrO, a CJ/€/J0BaTe/bLHO, BHPAXEHHE

‘8.45)

( +-21) A, - 2u0i=F (2) (8.46)
eCcTh (QYHKIUA KOMIJIEKCHOTO IePeMEHHOro *)
2==x--iy, rne i=V—1. (8.47)
Jlap BBE&M BTOPYI0 (YHKIHIO KOMILIEKCHOTO TepeMEeHHOro
B BHIe:
E+in={ [0+ 2) 4, +2poi]dz; (8.48)

o

TOTJa HMeeM:
F=g= 04204, )
dx dy L (8.49)
98 _ on__ j ‘
S hat
Csepx TOro, M umeeM cootHomrenne (8.38):
THb =2 (A1) 4,

210,

OTKY/Ja NONYYHM:

1 -2
A= TOE® Vid. (8.50)

*) Mepeoe yrayHoe npuioxeHue TeoprH Qyiuxuuil KOMIIEKCHOTO mepemei-
Horo k maockoll 3anave npunagaexut 1. B, Koiocosy. Cwm., Hanpumep, pa6orsi:
«O6 ognoM nNPHAOKEHHH (QyHKUHK KOMIUIEKCHOTO IepEeMEHHOro K mI0CKOR
3ajave MaTematHYeckoli Teopuu ympyrocteii», KOpbes, 1909, Ilaabuefiee pas-
BHTHE MeTox noayuna s tpyaax H. M. Mycx eanmsuaun. HexoToprie ochos-
Hbe 3a1ayu MaTeMaTHueckoH Teopun ynpyroctd, Max. Axanemun Hayx CCCP,
Jlennnrpan, 1933,
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Has onpenenenns NepeMElMeHAH 4, ¥ TNpPH 3a4aHHOK YyHKLEH
Hanpsikenuit ® (x, y) umeem:
0P
X, = ()yz“"ll‘}“zl’-o

9P
Y, = ax_.mmLQ

BCTaBJ/sAs ciofa A, no dopmyae (8. 50) MBl HAXOJHM:

o, 0u dSCD 2
=0y ’(1+ o VD,
a 2] (8.51)
ond? 0t VD,
dy  0x2 "(H—u) )
Jlna paabhefimiero npeoGpa3oBaHHsi 3aMETHM, YTO
0%b 2, x> oD 0
=G, =g
TloAcTaBHB 3TH 3HAYEHHA B COOTHOIUEHUSA (8 51), MHl MOJIYYHM:
ou l—{—.d
Q}L‘E 0x~+2 1 8.52
o 90 02b )+2p ( (8.52)
L 5= —* Vl D,
dy — dyi 20k )
Beaencrsue (8.49) u (8. 50) cooTHolreHus (8.52) mpHHHUMAIOT BHA;
du 0P | .
2”'5} 0x~+dx dx (—(7\—6 +‘> )
(8.53)
o;ﬂ! .Jr. . <__E).‘I_’+,.)
“Fay 0y~ ay\“ oy T/ )
Janee, umeem u3 (8.34) u (8. 6) COOTHOLUEHHE:
du 02
Xy ( +0x> T oxoy”
Kpome toro, umeem:
ov  du\
k(35— 55) =2on.
Pemwasi nx, nmeem, coraacHo (8.49):
ou 0P 0 oD »
5] s - v ({_v¥ ~
Moy T Taxay M= — 0x0y+0y—0y( ox +‘> ’
ov 0P i) ab
Dy _— —— e —
“Hox— 0xdy+2p‘w‘ 0x()y+dx'—dx< dy+r‘)'
Cae/0BaTebHO, HMEEM:
d od
2 =™ < a3, P) ’
p'dy ay ox + 8 (8.54)
Iy 03 —— a - 62 + ) .
“FoxTox\ "oy T )
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K3 (8.53) u (8.54) monyuum dopmy.an Jlssa
2pu=—g+é, ]
vaz—g—}—n. f

Orcioga caepyer, uro ecid H3sectHa ¢yuknus dpu D (x, y),
TOo cuawaia MH HaxozuM A, no (8.50), a 3arem yxe o. [Tocae
Toro, Ha ocHoBaHu# (8.48), Mel HaxoxuM §, y. Torma dopmy.n
(8. 55) JajyT yOpyrHe CMelleHds u, 7.

Ecin xe u3BeCTHH A, M o, To u3 (8.48) Haxoaum 5, 7. 3arem
uMeeM u3 (8.49):

(8.55)

ou ( dv__, 1 0n )
ax+0y_A1_(x+2p)oy’ | (8.56)
ov__ou__o 10 I '
ox dy T poye

Pemenne stoil cucreMu ypasHeHu#l JIaB Gepér B dopme:
7}

= ox [2 (H—2P)] +3 0)' [”P] T

TR B
oy |20+ 2m) ax
tae &' u v JgaHel opMyJsaaMu
h_0f _,_ Of
u =3 v = 0—)—’ . (858)

Cama xe ¢yHkuus f(x, y) ectb rapMoHuueckas, T. €.
Vif—o. (8.59)

OueBnjHO, 4TO 4', ¥' CyTh KOMIOHEHTH YHNPYrOro CMeuleHHs
B CJayuyae, ecjau

A=0, 0=0, (8.60)

a 310 ecTb JAedopMalHsA YHCTOTO CABHra.
H3 (8.57) Mu umeeM:

y y 0%
n= 20+nwf+%af+m+“

y ¥y 03 )
= i T — e+

BHocs cioma u3 (8.49)

U

On__ 0% 0% _ On
dx~ oy’ ox oy
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H Hcnoabays (8. 58) MH no.nquM'

— g
= 2}1+"u(l+2}1)y0y+0«v’ ] (8.61)

. _m At-p I
v= i —wo ) B
Cpasnupas (8.61) u (8.55), Mu umeem:
CI’_——Q;tf—{—k_}_prr (8.62)

Pewenune ypasnenuit (8.56) MH MoxeM B3fTh TaKXKe B BHJE:

= [ —%?‘—l]’ } (8.63)

o, :2—&—?‘59—) (&c+ny) —2uf; (8.64)

3necb f(x, y) npoM3BoJbHAs rapMoHHYeckas QyHkuuA, a & u 7y
CYTb HOIPEXHEMY CONpPsKEHHHE rapMOHHYECKHE (YHKUHH.

Pemenue (8.63) mposepsiercs npocToit NOACTaHOBKOH B ¢op-
myJet (8.56). Caemyer 3ameTHTb, uro ¢yHkmun ® u ¥, coxep-
Kar B cebGe OurapMoHHueckHe (GyHKIHH &x H ny.

rae

2) Meton Tlaaépxkuna

B ciyuae miockoit 3azauu ypasHeHHsa (8.12) umewT peluenue,
naunoe b. I'. Tanépkunnim:

0
u=B3 -+ Vb,
ol (8.65)
’U:B-@—-‘—V(I)z,
e 0P +
__d® _ = Y
o="01 450 B=—i1s5

dto pemenue noayuaerca u3 dopmya (4.150). Buoca (8.65)
B H3BECTHBIE COOTHOMLIEHHS:

X, =h (g;—}" )+2 dx’
Yy=7 (d_u —)+2 5"7»
Xy=n(G+5)
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Mbl IIOJIYUHM:

Xx—_—x(3+1)ww+2u(33j;j+v~0‘%), \‘ o56)
V=4 (B1)Vot-2 (B 3547200 (
X,= [ZBMdy—{—Vﬁ (?OL‘;AJF";’C)] . (8.67)
Beoast o0o3nauenus
FaeBOT (T o), (8.68)
o= uv? (‘2—“: — %‘I;_) , (8.69)
&= — ¥ (%%‘}_%) , (8.70)

MHl IIPHBEJIEM (8 66) u (8.67) k Buay:
Ne=2 e, v, =0 g x,=— 2" 5 (871)
dy A S A dxdy 7 ’

Tax xak Ourapmonnueckne ¢ynkuun @, u P, yjosierBOpAIOT
ypaBHEHHSIM

Véd —0, Véb,==0, (8.72)
10 H3 (8.68) caenyer, 4TO

ViF =0, (8.73)

a caefoBatenanHo, F(x, ¥) ecrb Gurapmonuveckas ¢yHkuusi. Hs
(8.69) u (8.70) MbHl HMeeM COOTHOLIEHHS:

dp _9h dg a%

0x 0y (—)} _ a . (874)

Ecan na OurapMoHuueckHe (QyHKUHH O6yJeT HAJI0XKEHO JONOJHH-
Te/ibHOE yc/oBHe, uto V2P, m V2D, cyTh compsikéHHble TrapmoHu-
yeckHe (YHKUHH, T. €. YJOBJETBOPSIOL[HE YpPAaBHEHHSM

0P, 0Dy\ o g (0D | 0B\
v (Gh =) =0, ¥ (G + 2) =0, (8.75)
To M moayunm H3 (8.69) u (8.70):

H B 3TOM cJiydae (yHKLHs F(x y) onpefensieMass (opMyaoi
(8 6 ) ecTb (YHKIHA HANPSKEHHH IpH. ITO HMeeT MeCTo, eC/d
&, u &, moryr GHTH NpeiCTaBJIEHH B BHJE:

(bx =4 ‘Ji_ :x+ Y, ‘I)z =B— Sy '1“ 7.5 (877)
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rze A B B cyrb NpPOH3BOJbHHE TapMOHHYeckHe GyHKIHH, a
I M % — COUpPsKEHHHE TapMOHHYecKHe (YHKIHH (y10B.IETBOPSIO-
e cootHomenusm Kowu-Pumana).

Ecim &, u @, cyrs npousBo/bHbE OHrapMOHHYECKHE (DYHKIHH,
70 H B 3TOM CJly4yae MOXHO IOCTPOHTH (QYHKIHIO HAIPSIKEHHH
Opu. Beexém HOBYIO QyHKUHIO ¥ (X, V) IPH IIOMOIH COOTHOLIEHHI

2%

P (8.78)
oy , -
Fr i (8.79)
oy
dxoy d. (8.80)

M3 (8.78) u (8.80) mul umeem:
S (o —, 9 (d)_
ay (dy) =% 5 (@7) =9,
OTCl01a ITOJMIyUYHM:
o —By+ | (vay+ v, (8.81)

riae B, ecrb NpOH3BOJBHAS NMOCTOSHHAS.
Haxee noayunm u3 (8.79) u (8.80):

s

I = Ayt | (2 dy —pdx), (8.82)
rie A, ecTb IPOH3BOJLHASI HOCTOAHHAs. BBeas o6GosnaueHus
Vip, =5, Vb, —y, (8.83)
i siocst (8.69) n (8.70) B (8.81) u (8.82), noayunm:
0y 0y
a—i;: o —nn(x, y), B%;:B"J‘—”m (x, ¥), (8.84,

rie ) )
oo =[[ (=) = (554 ax]. |
nen) = [ [(G+5e) vt (e—5) ax ] |

Beaeacrene coornowenuit (8.74) nojJ 3HAKAMH HMHTErpa.i0B CTOAT
TOYHHE nHp(epeHIHaIb.
Hs (8.84) umeem:

105 ¥) == Ax 4= By -+ Cy 4-p (1m (%, y) dy—n(x, y)dx, (8.86)

rae C, ecTb NpousBoJbHAg nocroanHas. Tax kak H3 (8.85) ciue-
AyeT, 4To

(8.85)

om___  0n
ox T oy (8.87)
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TO NMOA 3HAKOM MHTerpana B Qopmyne (8.86) crout TousH# and-
tepennuan,

Buocs (8.78), (8.79), u (8.80) B (8.71), MH moayuuMm crenyioliue
COOTHOLIEHHS : .
- 0

2P, 92,

Xe=%y Vy=gm 5= 579, (8.88)
rue
P, (x, ¥)=F (% ¥)+1(x ). (8.89)
CaenoBareavto, ®g(x, y) u ectb ¢ynkuua Hanpsxenuit Jpu. M3
(8.78) n (8.79) umeem:
V2 =0, (8.90)
a motomy u3 (8.73) u (8.90) MH mOJAyuYHM:
Vi, =V4F -} V4 =0, (8.91)

T. e. ®, ecTb GurapMoHuyeckas (QyHKHHs.
B cayuae pemenns Hefi6epa-IlankoBuya umeem:

u=—R~R gf(: 4§

v=A48 3—;’-4— P

0=0,— 3 (& 1y), ( (8.92)
T28 = ¥y = V2o, = 0. )

Hanpsxéunoe coctosine onpenenseres dopmyaamn (8.88), rae
b, mavo copmyao (8.89) a y(x,y) mamo dopmyoit (8.86).
dyuxkuusa F (x, y) onpeneaserca ¢opmy.ioi

A
F=—2uBo==—2uBo,+- 500 (et qy),  (8.93)

npuuéM & H % CyTh IIPOH3BOJBLHHE rapMmoHunueckue ¢yHkuuu. Ecin
®e § M n CyTb CONpsKEHHHE TapMOHHYECKHE (QYHKUMH, YAOBJE-
TBOpslomue cooTHomeHnsiM Komn-Pumana:
0 _dn 0% __ 0w
Jdx~ dy* dy~  dx°
TO BMEeM;
ey (95 00
(P'—‘ H (ax Ty) —-0’
a3 on
4’———}1(7},4—07):0-
B sroM cayude ¢dyHknuell Hanmpsxennit Gyner
$y=F(x, ),
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n peuedue Hefibepa-IlankoBuua coBnajaer ¢ pemenneM Jlasa
(1]
MWy = — E+ g,

A .
= b (e -Fuy) — 2w,

rae f ectb IPOH3BOJbHAsA rapMoHHueckas QyHkuus, a &£ H ¥ CcyTh
conpsiKEHHbBIE TapMOHHYECKHE (YHKIMH.

M3 ckasanHoro caenyer, uro kak pemenHe B. I, 'anépkuna,
tak U pemenne Hei6epa-IlankoBuuya cyrp oOLIHe pelICHHA MJIO-
cKkofi 3amaun TeopHH ynpyroctd. Ilpocrora pemenuns JlsBa mno
cpaBHenulo ¢ pemenneM Hef6epa-IlankoBnya POHCXOAHUT OT TOrO,
YTO METOJ KOMILIEKCHOrO IePEeMEeHHOro, eCTeCTBEHHO, NPHBOJLHT
K ABYM CONpSIXEHHHM rapMOHHYEeCKHM QyHKuMaM &(x, ¥) u n(x, ¥)
BMECTO NPOH3BOJBHHX rapMonnuyeckux ¢pyuxuuit &(x, y) 0 n(x, y).

§ 82. CocpenoroyeHHas cuaa B 6€CKOHEUHOH NJIOCKOCTH.
Kax mpumep Teopun JlsBa Bo3bMéM F(z) B BuJe:
A A
F@=3=m7

rae A —npousBoJibHas nocrosinHas. Buocs (8.94) B (8.48), Mm
HOJYYHM:

(8.94)

t4in=4|%=an-. (8.95)
Beogs noJisipHeleé KOOPAHHATH
X=rcosg,
¥ } (8.96)
y==rsingp,

MBI TIOJ1yYHM:
Etin—A(Inrig),

OTKyJda UMeeM:

E=Alnr, 1
8.97
n=A4¢. | (8.57)
Buocs (8.97) B (8.61), Mu moayuum:
_ A4 OFpa (g ,
u=ginr ol (7) +us ) (8.98)

Ay 04m4a rxy ] I
V=s5g1m "ot () T
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V3 dopmyan (8.98) aas v cieayer, 4uTO 3Ta (YHKUHA MHOrO-
3HayHast. [losromy, uToOH ynpyrue cmeiieHusi 6bLIH OIHO3HAY-
HEMH, HaJ0 HPOU3BECTH HAAJeXAmuHd BHOOP JOMOJHHTE/bHHX
cMelieHnd u', o',

[losromy npumem

u':———A Inr )
20+2m | (8.99)
,01______ A? I :
2042y
160 310 paér:
o’ Ax  ou Ay
ox 204 2pr 9y 2(J-2mrte
g A Y Ay
ox — 20+F2m ( r'=) 22 r2
Ju' A X
ay 2042 (ﬁ) '

CaeoBate b0, &' H ' Y/J0BJCTBOPAIOT H3BECTHHIM COOTHOLIC-
uuaM KowH-PHMIHA H HO3TOMY YAOBJETBOPSAIOT YPABHEHHAM

V1u -—-VZ’U':O.
Buocsi (8.99) B (8.98), MB HOJyuYHM:

_()~+3P)A G4-mAd 7y )
u=gen e N sy () | (8.100)
B S O (x_y) I '

T oot/

Buocs (8.100) B (8.5) u (8.6), MBI NMOJYuHM C/lefLyIOU{HE BHpAKe-
HHSL KOMIIOHEHTOB HAlIPs:KEHHOT'O COCTOSIHHA:

szA [21—{—3}1 2()\—}—11.)(’{) £

R r‘-’

T P W ]
y=4 [“ PR +21(:$:)(ﬂ>] (l) I} (8.101)
=4t ()] ) )

Ilpu npubiauxeHHH K HauyaJay KOODAMHAT, KOrja ! CTPeMHTCA
K HYyJ10, KOMIOHEHTH HanpsxkKEHHOro COCTOsiHus X, Y » Xy 6e3s-
rpasH4yHoO Bo3pacraioT. [lo3toMy BBIpeKEM H3 ynpyroro TeJaa
MOJIOCTh B BHAE KPYIJIOIO LHJIHHAPA, OCb KOTOpOro OymeT ochio
KOOpAWHAT 2. BHuHCAHM DPaBHOAEHACTBYIOLLYIO CHJAY H paBHojeil-
CTBYIOLMH MOMEHT BCeX YIPYLHX CHJI:

X.ds, Y, ds, X, ds, (8.102)
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JeACTBYIOIHX Ha 5/eMEHTADHHX IIOMAAKAX
di=1.-ds=rdy
Ha BHyTPEHHeﬁ CTOpOHE UHJAHHApA, CUHTAd HA €AMHHIY AJHHH 110

oci Oz. MmMeeM KOMIOHEHTH paBHOAEHCTBYIOI(EH YIOMSIHYTHIX

YNPYrex CHJI;
2z

R,= —9§X‘ds=——§' (X, 24 x,2) rdy,
2

Ry=—§ Vids=— | (X, %47, %) rds.

0

Buoca cioga (8.101) u copepmas mepexol K NOJSPHBIM KOOpPAH-
HataMm 1o ¢opmyaam (8.96), MH Jerxo HahA€M NOC/]IE HHTErPHPO-

BaHHUA
Rx::—QATt, Ry:O, (8.103)

Jln BHUHMCJEHHS DaBHOAEHCTBYIOIIEIO MOMEHTa HMeeM:
M= —f[x}’,——va] ds.

Brocs croga (8.101), Mu mosiyunM:
M=0. (8.104)

dopmyau (8.103) u (8.104) nokasuBaioT, YTO YOpyrHe CHJH, Jefi-
CTBYIOLIHE HAa BHYTPEHHEH CTOpOHe Halero NHMJHHAPA, AAIOT HA
€MHHIY IJIHHH TOJBKO PABHOJEHCTBYIONLYIO CHJIY

F=2An, (8.105)
HanpaejJeHnyio 1o ocH OXx B OTpHUATEJbHYIO CTOpoHY (mpu A

noJoxuTe bHOM). [To npunnuny Cen-Benana MBI MOXeM HO3TOMY
paccmarpuBaTh pemenue (8.100) kak peurenne 3aJauu O AeHCTBHH

CHJAH
F=—24n,

HaNpaB/Je€HHOH MO OTpHUATEABbHOH ocu OX mno Bceit maockoctd OxY,
KpoMe BeChbMa MaJjoii 00/1aCTH OKOJIO Haya/ja KOOpAMHAT, TjAe TpH-
JOXeHa 3Ta CHJa.

§ 83. Cuaa, npuaoweHHas K rpanvue noJynioCKOCTH.

Ilpumem ocb Oy 33 TpaHHIy NONYNJOCKOCTH M HANPaBHM OCh
Ox BHyTpb ynpyroro rtena (¢ur. 13). B sToMm ciyuae HeT MHOrO-
3HAYHOCTH B ¢opmyae mias v pewmenus (8.98). Ilosoxus

W=v =0, (8.106)
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MH [OJYYHM DEIIeHHe:

=?1"'+§T‘&“—+"’—2%(§)’ \

Ag +mAa (g) I (8.107)
TI0A+2 T (F2w )
Buocs (8.107) B ¢opmyau (8.5) u (8.6), Mu moayuum:
_204-m A/t
! Xe= L2 (;4_)’ \

_204-p) A4 (xy?
yy_—ﬂ—ﬂ—-(7), (8.108)

4 204w A (£

| ® 7 Xy= A2 (74‘)
ol = [pn npubamxesun K Hauany
xoopaunatr X, Y, X, OGecmpe-
PEIBHO PACTYT. ﬂoaTomy, npume-

dbur. 13. Hisl TPHEM MpEAbLAYLIEro napa-

rpada, MH BHIYHCIHM pPaBHOMAEH-

CTBYIOWLYIO CHJIY U PaBHOAEACTBYIOIIMHA MOMEHT 3JE€MEHTAPHBIX CHJI

(8.102), neficTBYIOIHKX HA BHYTPEHHEH NOBEPXHOCTH IIO/YI{H/IHHDA,
ONMHCAHHOTO OKO0J0 ocH Oz. HMmeem:

(X, cos 9+ X, sing) rde,

X
H
I
"(/:NI L]
~
N
Q
-S
H
[ ]

e

X,cos g ¥, sing) rdy.

)

I

I
eyt
=

~

«

-6

I

l
N
/\ [

1
L
|
wlx

Buocs cioza (8.108), moayunm:

3
20-Fu) 4 O+ 4
Ro= =25 | cosode——ER2,

ey ] B Nla

R),= 2(1+P-)A

o singcospdp=0.

1
[JE]
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)

Tak xe naigém:

g
=— [V, —yX)rdo=

2 (:i;) 4 y (singcos?y —singcos? ) dp =

-7
Hrax, paBHoIeiCTByoOMmAA 3J€MEHTapHuIX ynpyrux cua (8.102)

ectb cHjaa F, Hanpas/jeHHas mo ocd OX B OTPHIATENBHYIO CTO-
POHY, HMeEIOImAas BEeJHYHHY

7 (fp) 4
F=202,

Onpeneassi orciofa A u BHOcA ero B opmyan (8.107), Mu no.y-
YHM BHPa)XeHHS KOMIHOHEHTOB YINPYTOro INepeMemeHHs JJIf CJay-
yafd JeHCTBHA CHJAH F, TpHJIOXKEHHOH BHaya/e M HampaB/eHHOR
[0 MOJOXHTeJNbHOH ocH OX B BHAE:

42 F _Foiyt
20 b () | (8.110)

v== 2w(x+p)+2rm( )

Hm COOTBETCTBYIOT KOMIIOHEHTH Hanpﬂ)l(éHHOI‘O COCTOSIHHA:
Xx— g,:: ( ,4) ’ ]
r=—2(%), | @.111)
5==5(%))

Beogs momyap lOHra E u xosgpduunestr I[lyaccona o, monyunm
u3 (8.110) dopmysnl a5 mepeMmenieHHi:

(8.109)

u=—

y 22— F(l-}—c)( )

m“j' g BT (8.112)
_ o) (1—20)0 , F(140) (xy
v=— L +— (‘,—z)

J151 sneMeHTapHON HIOMAAKH, HOPMAJILHOM K PaLRYCY-BEKTODY,
MBI BBIYHC/JIMM HODMAJbHHI H TAHTeHIHNAJIhHHI KOMIOHEHTH Halpsi-
:KEHHOTO cocrosiHHs No Qopmyrsam (2.25).
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B paccmarpuBaemMoM ciyuae nmeeM:

X,=Y,=0,
X , . y .
ll—-T—COSp, 12_—7__—smgo,
m=2=sing, my="==cosy,
n,=0, n,=0;
MO3TOMY MNOJYYHM:
Vel 2 2
X=X h+Y mi~+2LmX, :2;
_ X 2Fx 2F cos
= ;,‘E(xz'}"yz)z:“?:‘——”-?,

Xy =1,L,X,+ mmY,+ (112,;:2 + Lm,) X, =
= el— Xty 4 aty (x2 — )] =0,

Ha anemenTapHoOil miomajke, npoxoasue yepes och Oz, noay-
yhM 0 ¢opmyJe (2.26) HOPMaNbHHA KOMIOHEHT HANPAXKEHHs:

% Yyp=BX, 4 m3 Y, ~+2ym, X, =
dl‘

= 12[—f‘,.[x3y2 -+ x3y2—2x31?1=0.
Ty / '
\ BBoas o6o3nauenns (ur. 14):

%
\Vy
6, — X;:, Tﬂp = .X)',: == Y;:,
/ t
/ 0',? == Y}')
/
/

g
/ -7 o MBI NOJIYYHM BaKHHE (QOpMyJH:
- 7
/ -
- xr 0 = — 2F cosy
o a wr } (8.113)
Pur. 14. T,,?——‘G,?—“——O.

Dta ¢opma HANPSIKEHHOTO COCTOSHMS HA3HBACTCA dAeMEHMAp-
HOLM PAOUQALHBIM PACRPEOeNCHIIeM.

§ 84. Kpyrawit auck lepua.

PaccMoTpuM TOJIBKO CJy4all KPYTJIOro JDHCKA, €XATOro JABYMs
PABHHIMH H TIPAMO NPOTHBOIOJOXHHMH CHJIaMH F, N€ACTBYIOUHMH
no xonmam amamerpa AB. Hanpaeum (¢wur. 15) ocs Ox no ana-
merpy AB, a ocb Oy no xacaTeJbHoH B Touke A.
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JlonmyCTHM, YTO KaKJAas CHJIA BH3HBAET 5J]EMEHTapHOE pafHa/b-
Hoe paclpeiesenHe, jAanHoe popmysamu (8.113), B BHUHCIHM CYyM-
MapHble HANpPSXXEHHs B TOYKAX OKPYMKHOCTH JHcKa. B Touke MHa
OKPYHOCTH MB MMEEM HANpPsKEHHs CHKATHA B HANPABICHHAX T,
U r,, pasHble

' 2F cos ¢;
Cpr—=————",
T ry
” 2F cos g,
gr=—=— ——"".
T rs

Tax KaK PafHyCH-BEKTOPH r; H I CYyTh KaTeThl MPAMOYTOJbHOTO

tpeyroabiuka AMB, To, 0603HaYas AB—=—D, umeem:
r,=Dcosy,, r,=Dcosg,.
TTo3TOMy NOJYUHM:
" ' 2F

Op=0,=— 5. (8.114)
CJie10BATeNbHO, HA JBYX B3aHMHO NePHEeHJHKY/SIPHHX II0MAAKaX
B TOUKe M OKPYXKHOCTH AEHCTBYIOT TOJbKO HOPMA/JbHHE HANPsKe-
HHSI CXKATHS, PaBHHE MEXAy CO-

6010 H OHH, OYEBHIHO, OYAYyT I/iaB- z
HLIMH HANpsiKeHHAMH B TOUKe /M. lF
[TosTOMy B TOUKe /i. HATIPSKEH- 51
HOEe COCTOSIHHE €CTb BCEeCTOPOH- ‘P %z M
Hee cxkaTHe, PaBHOE ARG
28 M iva 0 D
D’ o/
NS
a cJeJ0BaTeJbHO, TAKOE Ke CKH-
Mampllee HanpsAXKeHHe HMEeT Mecto ¥ {
Ha J000ft 3/1eMeHTapHOA MJaoIajk- 4 F
Ke, Ipoxojsallell yepes TOUKy M H
HOPMaJpHOR K IIOCKOCTH JHCKa, br1. 15

B TOM 4HCJIE H Ha 3JeMEHTapHOR
IJIoLALKe, KAcareJbHOR K OKDYKHOCTH JHCKa B TOouke M.
Ec/H HAJOXKHUTD 110 OKPYIKHOCTH JHCKa HOPMAJbHHE pacTATrHBalo-

2F
e HAaNpSKEHHS, PABHBHIE _5, TO OKPYXHOCTh AHCKA GyAeT CBO-

GogHa oT BHemHHX ycHaufl. TakuMm 06pa3oM, CHCTEMA CHJ, AeHCT-
BYIOIHX Ha AHCK, CBEJIACh K ABYM JHAMETPA/IbHO MPOTHBOIOJIOXHHIM
cunam F ¥ PaBHOMEPHOMY DACTSAXKEHHIO B ILIOCKOCTH JIHCKA BE/H-

YHHOH 2P
D *

§ 85. Teopema Mopuca Jlesu.

B cayuae niockofi gedopManuu Ipu OTCYTCTBHH OOBEMHHX CHJL
pellleHHEe YpaBHEHHs YNPYroro paBHoBecHs Koun

X, 0X, X, oy,
=0 a2 t+5 =0 (8.115)
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Jaétcs opmynamu dpu

2 2 2
X~d¢ % 0P 0

=3 Yy =ga Xr:”m}’ (8.116)
rae @ (x, y) ynoBiaerBopsieT GHrapMOHHUYECKOMY YPaBHEHHIO
Vid =0 (8.117)
NpH TPAHHYHHX YCJIOBHAX
X,=XI+Xm, }
V.=XI-+Vm. (8.118)
Ho Mu umeem:
{=cos (v, x)=cos (s, y):o—y-, ]
ds (8.119)
dx
m=cos (v, y)=—cos(s, X)=— .. I
Buocsa (8.119) B (8.118), moayunm:
__ 0oy | 0P dx__J (0P
X,= oyt ds+0x0y s~ Os (dy)
iy gmbox_ 9 (39
v T gxdyos T 9xtos 5_(_)
Hrak, uMeeM BakHHEe (QopMyJH:
2 (9D 9 [od
=55 r=—2(%) (8.120)

Bri6paB Ha paccMaTpHBa€MOM KOHTYpe IPOH3BOJLHO TOUKY N, 3a-
y HajuM B HeM:
0P

=4, @ —B.  (8.121)

Torpaa, wnrerpupys (8 120) IOy UHM :

f Y, ds
0 j:; (8.122)
dur. 16. rae M o3BauaeT TOYKY KOHTYpa €

KOOpJAHHATaMH (x, y). BHunciuM Te-
flepb KacaTe/1bHYI0 H HOPMaAbHYI0 Npou3BoxHbIe HyHKIuH P (pur.16):

P __oPix_, oD dy
Fs 0x 0s T35 dy ds’ (8.123)

ob _o®ox , 0D Iy
O T 0x Oy —iﬁ 9y ov* (8'124)



§ 85] TEOPEMA MOPHCA JIEBH 211

Huaterpupys (8.123) no s, Mu Hailaém:

M
odox , 0Py

rae C — npou3BO/IbHASL BeJHUYHHA.
Brocs ciopa (8.122), ME noayuum:

B (x, y)=C+ Ax-t By+
M M, My
=% [ras+ %2 | xds,] ds, (8.126)
N N N

rae M, o3HauaeT NepeMEHHYI0 TOYKY BO BHELIHEM KPHBOJHHEil-
HoM uHrerpate. M3 (8.126) caexyer, UTO ¢ TOYHOCTBIO A0 IPOH3-

BOJILHOTO C/1araeMoro
C-+}+ Ax-{ By

MOKHO onpefegnTs 3Hauenue @ (x, y) no samannmiM X,, V.. BHocs
(8.122) B (8.124); mMul nosyyum ¢opmyay

, 0P
W3 KOTOPOH ONpejeisercsi sHaueHHe HOPMaJAbHOM IPOH3BOAHOM -

1o 3agaHHEM X,, Y,. Takum 06Gpa3oM, ec/ii Ha TPAHHYHOM KOHTYpe
Tesa 3ajaHa Harpyska X, Y,, TO MOXHO BHYHCJIHTH 3HaueHus ¢

H
a A ]
H -~ Ha KOHTYpe, 4 CJe/0BaTe/ bHO, PElIeHHEe 33aJauH yNPYyrocTH

CBOJAUTCA K HAXOMXKIEHHIO OHrapMOHHYeCcKOH YBKIHH IO 3aAAHHBEIM
Ha KOHType€ 3HAYEHHAM KaK eé camofi, Tak H e& HOPMaJbHOi PO~
H3BOJIHOH.

Ilpu sToM, KOHeuHO, NpeAnoJ/araercs, 4yrTo CHCTEMa CHJI

Xds, Y.ds,

IPHJIOXKEHHBIX HA KAaXKJAOM FPAaHHYHOM KOHTYpe Tesd, YPaBHOBEIH-
Baercd. Tak KaK B BHIIENpPHBENEHHLIE YPABHCHHS HHIZE HE BXOAAT
YUPYTHe IOCTOSIHHHE, TO MH 3aK/JI0YaeM, 4TO IpPH 33JaHHHX Ha
FpaHHUe yrnpyroro Tena yCHAHAX QYHKIHSA JPH HE 3aBHCHT OT yIpy-
THX CBOHCTB Martepuasja Tend. DTO H cocTam/]seT Teopemy Mopuca
JleBn, sexkaiyio B OCHOBE ONTHYECKOTO METO/A HAXOXKACHHS pacipe-
JesieHHs HanpsKeHHH, TaK KAK 9Ta TeopeMma II03BOJAET 3aMEHHTh
H3yU€HHE HANDSKEHHH B H30TPOIHHX META/IHUECKHX H APYTHX He-
NPO3PAYHHIX TeIaX H3YYEeHHeM HANpPsIKEHHH B MPO3PAYHBIX H30TPOII-
HHIX T€JAX, ONTHUYECKH YYBCTBHTEJBHHX K BO3HHKAIOUHM B HHX
HAMPSIIKEHUAM,
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§ 86. UucToiit M3rué mpAMOYroJbHOH MOJOCHI.

Bo3bMEéM HAYAJIO KOOPAHHAT HA OCH IOJIOCH HA JIEBOM KOHIE ed
(dur. 17) n nanpaBum ock OX MO OCH NOJAOCH, @ 0Cb Oy — BBEPX.

¥

y M
M
‘ & )
0 26—
0 xX

L

dur. 17, dur., 18.

JlnuHy TIOJIOCH HpuMeM paBHOit L, BhicoTy €€ mpumeM pasHo# 2C.
Torga BepxHsis H HHXKHSAS CTOPOHH IOJOCH JaHbl yPABHEHHAMH
y==+C.

Bu6GepeM ¢yuknHio Dpu B BHAe IOJHHOMA TpeTbeil CTeneHH
1 1 1 1 5
b= & A3 -5 Bux’y + 5 Coxy* + 5 Dsy®. (8.128)
OueBH/IHO, 3Ta PYHKUMS eCTh HHTErpas OHrapMOHHYECKOro ypaBHe-

HHS
Vib=—=0. (8.129)
ITo dopmyaam Dpu nmeem:

0P
Xx:’@y_z =Cux+Dyy,

)
| ,
Yy:—()—xngax+ B3y’ I (8.130)
02d
)(y: - W:— (Bsx+cs)’)- J
PaccMoTpum chauana yacTHHA caydall ¢yHxuuum Dpu:

®=+D,y", (8.131)

TOorjga HMeeM:
X,=D,y, ¥,=0, X,=0; (8.132)

TaKoe HANPsKEHHOE COCTOSHHE COOTBETCTBYET UHCTOMY H3rHOy mo-
Jocul cunamu X, di=D,y d¥, pacupefeJéHHHMH IO JHHEHHOMY
3aKOHY Ha 060HMX KOHI@AX NoJoCcH X =0, x==L. MOMeHT 3THX cu.I,
OueBHAHO, Oyner:
c
2
_— JE— 3
M= g yX, dy= 3 D,C3,

¢



§ 87] KOMNOHEHTH MJIOCKOH AEGOPMALMH B MOISPHHX KOOPAHHATAX 213

[lo mpunnuny Cen-BesaHa no/jy4yesHoe pelleHHe MOXeT OHITh
IIPHMEHEHO NPH H3ru6e NOJOCH napamu ¢ MoMeHToM M (¢ur. 18),
npuyém BOJH3H MeCTa IIPHJIOKEHHS map, T. €. KOHIOB IOJIOCH,
HanpsiKEHHOE COCTOAHHE GyJeT HeCKOJBLKO YKJIOHAThCA oT (8.132),
HO 3TH YKJOHEHHS OHCTPO YOHBAIOT IO Mepe NPHGAHKEHNA K IIeHT-
paZbHOH YacTH MOJOCH, H 3TO OyJeT TeM TOYHee, YeM MeHblle
BHICOTA IIOJIOCH MO CPABHEHHIO C €€ JJIUHOH.

Ecan B3saTh OoTiMYHBIMH OT HyJas B, uiu C,, To NOJY4YHM He
TOJILKO HOPMaJbHHeE, HO H KacCaTe/bHHE HANPSKEeHHd, AeHCTBYOLHe
10 CTOPOHAM MNOJOCH. Ecian B3Thb OTJIHYHHM OT HYJS TOJNBKO Aj,
TO MOJYYHM YHCTHHA H3THO C HOPMAJILHBIMH HANIPSXKEHHSIMH, PHJI0-~
KEHHHIMH 1O CTOPOHaM moa0CH y===C.

[ToiHHOM YeTBEPTOH CTENEHH H BHILE MOXET GHTb HHTEr PajoM
GHrapMOHHUYECKOTO YPaBHEHHS TOJBKO IIPH HEKOTOPHX COOTHOLIEe-
HHSIX MeXAy KO3(OhHIHEHTaMH NPH NepeMeHHHX (X, ¥).

B raase Bropoit «Teopuu ynpyroctu» C. Il. TuMouleHko pa-
300paHH MHOTOYHCJEHHbIE HDUMEpPH pelleHHs IJIOCKOH 3ajauwy,
B YACTHOCTH CJydYail HM3ruba KOHCOJIH MONepeqHON CHJIOH KaK A
NpSMOJHHEHHOro, TAK H AJd KPHBOJAHHeiHOro Opyca.

§ 87. KomnonenTtol njaockofi nedopmauun B nOJAPHBLIX
KOOpAHHATaXx.

BeipexxeM u3 ympyroro Tena manwiit snement abed (¢ur. 19)
JByMsl PaJHaJIbHEIMH ce-

yepuaMd Ob u Oc, Y o8 ® R qb‘
nepHeHJHKYy A PHEIMH K r RZ) %u“& <
IJIOCKOCTH Aed)opManuy, 0‘; N (; )(
H JBYMS HOPMAaJbHBIMH \“q & o

K Hed HHJIHHIPHYECKHMH \
noBepxHocTamMu ad u be,

pPagByCH KOTOPHX r H

r—-dr. O6o3naunM pa- d

JHAMBHHH  KOMIIOHEHT \

YyIPYroro nepeMewieHns V” > ,“q\‘q

yepes u, a KacareJb-

HHH, T. €. HOPMAJbLHHH

K paguycy-BeKTopy, ue- q,

pes w.
Ecsi u ecth pasnais- p <

HOe mepeMelleHHe CTo- dur. 19
ponn ad anementa abed, o

ou
TO pajuaibHOE mNepeMelleHHe CTOpoHH bc OGyjaer u+7r dr;
TOTJA OTHOCHTEJNbHOE YJJIHHEeHHe 3jemeHTa abcd B PajiHAILHOM
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HanpasJeHuHn OyJleT: du
er,:E. (8.133)

Ecan 60 ToukH @, d 3/eMeHTa abcd MMeNH OAHO JIMIIb pPajHaIb-
HOe TepeMenleHNe &, TO HOBAs JUIMHA CTOPOHH a@d Onljia Gbl paBHA
(r-}-u)dy, u, cremoBaTe/NbHO, KacaTeJbHOE OTHOCHTEJBHOE YIJIH-

HeHde OBLIO OH tu)d p
t _ (rdu)yde—rdy__u
3‘??——?{,\;——‘;‘. (8134)
PasHocTe kacare/JbHHX TepeMelieHHH CcTopoH ab H cd 3aemen-
ta abcd Gyner % dp, OTCIOJa OTHOCHTE/JIbHOE Kacare/jbHOe YJ/IH-

HeHHe 6/arojaps ynpyromy nepeMeuieHHio v Gyjer:

e;,?:g—T; dcp:rd'pz%. (8.135)
ﬂoz;lﬂoe KacareJbHOE YIJHHEHHE €, MH IOJYYHM, CK/aJHBas Can
H e,, 4TO JaéT:

tor=r 5o (8.136)
Mycrs a'd'c'd’ (pur. 20) ecte momoxenue ajnementa abed mocie

nedopManuy. YToax Mexay HanpasjaeHHaMd ad u a'd' BH3HBaeTcs
Pa3HOCTHIO pajHAJbHHX MepeMme-

g 7 >~ IMeHHH du Touek a W d Ha JH-
INENY He ad, pasHolt rdy, a cienosa-
NN 6 =y
NN a TeAbHO, Oyzer .. Yrox mexny
N\ ~
7N 5 ab un a'b' BH3HBaeTCs pa3HOCTHIO
“df o~ U  kacaTeibHHX TNepeMelmleHHid dv
P ; TOYeK a W b Ha jAuHE ab, paBHOH
Fﬁ’g% c o b dr, a ciaegoBaTeqbHO, OH 6yjher
\ dv
a 7 or 5. Otciofa criefyer BEYECTb YIJ0-
v
(e BOE MepeMelleHne —-, MoayYaemoe
onr. 2 OT TOro, 4to 3jeMmeHT abcd no-
nr. Z4.

BOpPAYyHBaeTCA  Kak  ab6CoOJIOTHO
TBEPAOE TEJI0 OKOJO OCH, NPOXO-
nsimieit yepe3 O HOPMAJBHO K IIOCKOCTH deprewxa. Ilosnoe uame-
HeHue npsmoro yria dab, npejcrapiasiouiee nedopManHio CIBUTA,
OYeBHJHO, Oyner:

1 du dv v
er?’::‘—-?g;—l—'a;—?. (8137)

JlBa OTHOCHT@NBbHBIX YIJMHEHHS €, €,, H C/BHT €,, BIOJHE XapaK-
TEPH3YIOT IJIOCKYIO RehOpMaIHIoO B NMOJAPHHIX KOOPJAHHATaX.
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§ 88. KomnoHeHRTH HanpsiEHHOIO COCTOSIHHSA B MOJAPHBIX
KOOpAHHATaX.

Ha miowaaxe, nepuneHaukyAsapHolt K paauycy-BeKTOpy r, HOp-
Ma.rlbﬂuﬁ KOMIIOHEHT HampsyKEHHOrO COCTOSIHHA 0GO3HAYHM 4Yepe3
, @ KacaTebHbli yepe3t,,. Ha niomanxe, HopMaIbHOM K IIIOCKOCTH
necpopmaunu H npoxo;mm,eﬁ yepe3 ock 02, 0603HaYUM HOPMAIBHHHA
KOMIIOHEHT HaNpsXKEHHOTO COCTOSIHUS Uepes G, TOTa KaK KacaTeab-

HHIH KOMIIOHEHT 6yner T,, Toraa na cropone ad BHPE3AHHOTO 3Je-
MeHTa JIeficTByeT HopMa AbHAs CHaa
o,rdyp

(cuuras Ha eIMHHLY AMHHH B HampasaeHun ocu Oz). Hopma.buas
CHJIa, ACHCTBYIOIAS HA CTOPOHe bc, oueBHAHO, GyHer:

(o 45 ar) (r-+dr) d.
HopmaabHble cHaH Ha CTOPOHax ab u cd, oueBupHO, GyAyT:
00?
o.dr u a,?—}—a—? dy)dr.
Hx paBHoOzeficTByOIadA B pajHaJbHOM HAaNpaB/JeHHH, NpeHebperas

Majoil Tperbero nopsika, 6yger ¢, drdyp. KacareapHwuie CuJH, Aei-
CTBYIOLIlE Ha CTOpoHax ab n cd, 8y,uyr-

a
1.4, (1:,,? -+ 7;—;3 dcp) dr.

x paBHojeiicTBYyIOmAsA B PajHa/IbHOM HANpaB/JeHHH OyleT:

arm

drd@

Ecan R ecTh OTHeCEHHHIA K eJHHHIE MAaCCH KOMIIOHEHT BHEHIHHX
CHJ B Pajya/]bHOM HAMpPABJIEHHH, TO, B3SB NPOEKIHIO BCEX CHJ Ha
Halnpap/JeHHe pajHyCca-BeKTOpa r, HMeeM:

( }—oc’ dr) (r-+drydo—o.rdyp—oa drdypi-
as
- d;? drde4-Rrdpdr=0.

Cokpautas Ha drdy, noAyuuM, ynpouias:

ds, | 16.” }
or Vr 10; L (8.138)

T ra tr |

T d@ *- dr T ==0, )
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NpHYEM BTOPOE ypaBHEHHE INOJIYYEHO NPOEKTHPOBAHHEM CHJI, Aeii-
CTBYIOLUIMX HA CTOpOHAxX sjeMeHTa abcd Ha HANPaBJaeHHE HOPMAJIH K
paguycy-BexTopy. Ilpeinosarast OTCYTCTBHE MaCCOBLHIX CHJI, IPHMEM
R=0 u BHecéM 1o Merony Jpu B ypasHeHus (8.138):

109 1 0
" =ror Trow
0P
g, :'o—r-; , } (8139)
9 1a®> |
Tf’?——dr(T ) )

Torpa ypasHenns (8.138) OyayT yROBJIETBOPEHH, KakoBa OHl HH
6bia ¢yuxuusi P(r, ¢), HasmBaemas @yHryued wanpsdiceHui.
[TpeobGpasyem Tenepp ¥ NMOJSIPHBIM KOOPAHHATAM OGHIapMOHHYECKOE
YpaBHEHHE

Vi —=Vevah =0,

BBoast nmoasipHeie KOOPAMHATH
X=rcosyp, y=rsiny,
MOJIyUHM:

0P 1 0P 1 o

2 _— — —— ——
Vel = or? r or +r2 O9? *

[loaromy GHrapMoHHYECKOe ypaBHeHHE MPHUMET BH:
a2 1 d 1 92 9P 1 00 1 02
(Gt 7o troe) (on t 7ty =0 ©140

MeXJIy TeM, KaK ypaBHeHHe Jlamiaca B nMoJsipHBIX KOOPIHHATAX IS
HekoTopo#t pyHKuHH F(r, v) Gyner:

0% |1 aF | 1 0F
W§_§_7W.}~;—25?_j_0. (8.141)
Hurerpan ypasnenus (8.140), saBucsamuil TOJIBKO OT 7, OYEBHAHO,
oyaer
®=A-+4Brr4-Clnr+Dr?lnr. (8.142)
Ecau npunesaTbh, B YaCTHOCTH,
b=Br'+Cilnr, (8.143)
TO HMeeM:
s C
6, =28+, |
a,,:28—~£.’,, (8.144)
? re
7,,= 0. )
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D10 mo3BoJIsieT HaliTH peuienne npobuemul Jlame, yike paccMOTpeH-
Hoil B § 50. IlocrosiHubie B u C HaAXOAATCA H3 TPAHHYHBIX yCJIOBHI:

g, =—p, a8 r=a, G =—p Jaa r==a.

§ 89. Yucrniit u3ru6 kpyrosoro Opyca.
[TpaMem
O=BrpClnr+4Drlinr, (8.145)
npuuém nocrosinuse B, C, D onpeaeasiorcsa U3 IPAHHUHBIX yCJIOBHH
(¢ur. 21). Ha nyre AD nmeem:
6,=0, 1,,=—=0 a1 r=4, (8.146)
na ayre BC umeem:
6,=1,,=0 111 r=a. (8.147)

Ha croposax AB u CD wmb OepéMm TpaHUYHHE YCIOBHA 1O
npuununy CeHn-Benana

h N 7]
{3,dr=0, (8.148) (E\/\f>

Y

b
S‘r‘:g9 dr—=—M, (8.149) v

Pur. 21,
rie M—moMeHT Harubaiouieii napol. "

Tax xax P 3xech ectb HYHKIUA TOABKO OT 7, TO HMeeM u3 (8.139):

%.,=0, ]

10D Cc i
c,=7—0—,:23+;2+0(1+21nr),j (8.150)
92 c
Sr=28—5+D@B-+2nr).

r2

|

O,

Iast ynosaerBopennst ycaouit (8.146) u (8.147) umeem:
2815 4+ D[1421nb6]=0,
2B+ S+ D[1421na]=0.

Ycaosue (8.148) nmaér:
b

[odr=(), o= (D),e=0 @15)

(8.151)
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Ho, xax suano u3 (8.150) u (8.151), MH yke HMeaH:
op

— =0 gr1a r=a,
o (8.153)
a;:O A r=12,

a caegopareapHo, yciosue (8.152) ynposaersopeno. M3 (8.149)

HMEeeM:
b

M= — j %g) dr=ua (?;f)

=0 (5) ey V@2 0)

yro Bcaeactaue (8.153) paér:
M= (b)) —D(a). (8.154)
Brocsa (8.145) B (8.154), moayunm:
B(b*—a’) +- Cln L 4D (p*lnb—a*lna) =M. (8.155)

Taxkum o006pa3oM, Mbl HOJIy4YdM TpH ypasHeHus (8.151) u (8.155)
JJs onpejenenus TpéX HeH3BeCTHHIX nocrosHuex B, C, D. Onpe-
JEJIHB HX, Haﬁ,n,éM'

a,__42,4[”b2 —}—b”ln —}—aﬂn—] ]I
. :1[/;_4 [———f +bom_+a2m7+b(,aaz], l} (8.156)
1,,=0, J
rae
R=(b*— a%)*— 4a%?  In g) ’, (8.157)

Pewenne (8.156) npunagiexur coperckomy yuéHomy, X. ®. Toao-
BHHY, H ony0JHKoBaHO MM B 1881 r. 3axzoaro mo peurenuit PuGbepa
u [lpauaras. OHO [XOCTaTOYHO XOPOIIO MOATBEPIKAAET TEOPHIO
I'pasrogpa mias xpuBoro 6pyca.

§ 90. Pewenuns PuGbepa u Paiinona aas npaMoyro.isHoi
noJOCH.

HanpasuM ocH X H y NapaiesbHO CTOPOHAM IIOJOCH H 0060-
SHAUHM JUIHHY OGOAblleid H3 HHX 4epe3 L, a menbuei yepes 2C.
Bo3bMéM Hauaso HA cepeUHE OMHOH H3 MeHbIIHX cTOPoH (dur. 22),

Pemenne Pudbepa nmeer BHA:

d = Zf,,())cos zr. (8.158)
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Brocs a10 BHpaxenue ® B GurapMoHHUECKOe YypaBHEHHE

Vip =0, (8.159)
MBl MOJYy4YHM:
d4 n 62 n
e —2a2 Sl 1 dhf, =0, (8.160)
rape
4, =7, (8.161)

Hurerpan ypasuenus (8.160) n3BecTeH H HMeeT CJEAYIOLHA BHA:

Fo)=Ce™ - CPe™ 4
+y[Ce™ 4-C{Pe. (8.162) L
Pemenne dafijiona HMeeT BHJ: 0 Yx

o= f,(y)sin "=, (8.163)
n=1

i

dur. 22.

1 OueBHJHO, UTO GyHKuua f, (y) onpenensercs gopmy.oi (8.162).
bBosee obmee pemenne ypasHenHs (8.159) umeer BuA:

[ oo
‘I’———n;fn(y)cos '—’Z—x+n§1 9, (¥) sin 7= 4

o0 o0
+ X F(x)cos B+ D0, (x)sin =, (8.164)
n=0 n=1

rge b=2C.

Buocs sto B (8.159), Mbt noayunm, uro f,(y) u ¢,(y) yaosie-
TBOpAIOT YypaBHeHHio (8.160), a F,(x) u ¢,(x) v.oB1eTBopsioT
y PABHEHHIO

d'F, d?F,
"ok — 28 g8+ BaF=0, (8.165)
rpe
nt
Bn = D

HOast o6UHOCTH pEemeHHs CIOA MOMXHO HAJOXHTL A06aBOUYHOE
peureHne B BHJE OGHrapMOHHUECKHX IIOJHHOMOB.

§ 91. Peinerne aas OYeHb AJMHHON MOJOCHI.

Hanpasum ocb OX TO cpeiHeil JHHHH NOJOCH H NPHMEM Ha-
yano B cepeauHe e€. Ecan a ecrb NPOM3BOJBHHIE mapamerp, To
peurenne Pubbepa u Pai;ioHa MOXKHO NPEJACTABUTH B BHAE

©=f, (y)sinax 4 g, (y) cos ax, (8.166)
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rae f,(y) u ¢,(y) yzoBierBOpsiioT YypaBHeHHI0 BHIA (8.160),
HMEHHO:

4

L — 202 Clr - avf, =0,
din, (8.167)
o — 2 g =0,

OvyeBH/HO, f,,(y) H 9,(y) cyTh GOYHKUHH IPOH3BOJBLHOIO Napame-
Tpa @, KOTOPHIH BXOAHT B BHAE INPOH3BEAEHHS Ay B apryMeHT
dynxuun, W camoe oOmee peUIeHHE MB NOJYYHM, CYyMMHPYs
YACTHHIE pememm (8.166), uro naér:

b= Sf”(ay) sinaxda—{—S v,(ay)cosaxda. (8.168)
o o

Orcioza, Ha ocHoBaHuH ¢opmy.a (8.34), nmonyunm:

Xx:(;j/f: { df"(ay)sm“xda+ g d?"; ) cosax da,
Yy:giq) (f (ay)a®sinax da——) ¢, (ay)a2cosaxda,
= (8.169)
0 dfn (
X=—xay ™= (—fi@@'—)acosaxda—l—
-
-+ S ﬂ"&% asinax da.
e )

Fcan A/HHEBIE CTOPOHBI NMOJOCH JAHB YPABHEHHSIMH:

y=:0b,
TO TPpAgHYHBEE YC/J0BHA HAa HHX MOXHO 14Th B (popMe:
Y,=q,(x)
y 1 ’ —
Xyzslfx); } npH y=--b (8.170)
yy:qz x)» l .
X =5, (x). j mpH y=—0~0. (8.171)

BHOCH ciona (8.169), MH NOJYYHM yC/I0BHA JIst OTpede/ieHHs

f.(ay) ¥ ¢, (ay) B BHAe (B JajbHeiiuieM HHAEKC 7y dYHKuMiL [
H @ ONYCTHM):
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[~} oc \

— \ f(ab)a?sinaxda — \ v (ab) a? cosaxda=gq, (x),

, (ab) acos ax da s (ab) asinax da—s, (x),
\fy( ) + \& 9y (ab) 120 R
f(—ab)a*sinaxda— S v (—ab)a*cos ax da=¢q,(x),

1
-1

f (—ab)acosaxdat S ' (—ab) asinax da=s, (x).
Jlnsi pelleHHs MOJyYeHHBIX yPABHEHHH NMPHMEHSETCS HHTErpaj
dypoe:
O’Ol co
f(x):;? j da j F()cosa(h —x)di=
o

”_z_ln fcosaxda S.f(l)cosa)\zﬂ—l—
+ 5 jsmaxda Sf(l) sinardx. (8.173)

Cpasuupas (8.173) u (8.172), noayunm:

@ 3\
f(ab)=—5n 5 g, (V) sinar i,
1 ¢
‘?(ab):"‘m qu (M) cosard),
f(—ab)=— 5 g, (W) sinardy, |} (8.174)
1 *
‘?(’-ab):—‘m s g, (}) cosak d),
f,: (ab) =~ 2—;1 ‘ s, (}) cosar d),
~ )




¥ .
222 HJOCKASL 3AHAYA H OCECHMMETPHYHAN ILE®OPMAIHH [l‘Jl. Vil

g )= o= (s ()sinanas,
fi(—ab)=—n [ s,()cosarar, | (8.174)
, 1T ,
o, (—ab)y= o f s, () sinak d.
e

Tak kaxk ¢,(x), ¢,(x), s,(x), $,(x) maHH, TO mpaBHe YacTH
(8.174) uspectHH, @ B JieBHe YACTH Hajao BHecTH Aas f(ay) H
v (ay) o6wue uHTerpajn ypaBHenuit (8.167), xoropne cozepiar
JHHEHHO II0 YeTHpe INPOM3BOJBHHX MOCTOSHHHX. KX MOXHO Ha-
IHCATh pasHHM 00pa3oM.

Hanpnmep, MOXHO NPHHATDb:

J(@)=Aishay4 Bichay+y(Cyshay 4 Dichay], | g y75)
(P(ay):Az sh ay+Bz ch ay +y[c2 sh ay_l—Dz ch ay]' .

Buocs (8.175) B (8.174), MH omnpeaesuM Bce BOCEMb NPOH3BOJb-
HHX NOCTOSHHHX:

A]x Bl) Clr Dp AZ, 32! C27 DZ'

[lepBoe ynauHoe NMpHJIOXEHHe HHTerpasa Pdypbe K 3agave yupy-
roro NoJIyIpPOCTPAHCTBA INpHHAAJMEKHT Bebepy u aaHo B ero nus-
JaHud «Y papHeHHH MaTematuueckoll ¢u3anku» Pumana. [anpueii-
IIHe NPUJIOKEHHS 3TOro MeTofa mpHHaaaexar Jlam6y u Kapmany.
BrimenpuseséHHoe H3J0XKeHHE 3aHMCTBOBaHO Hamu H3 «Kypca
teopun ynpyrocta» [l. &. INankosuua, raasa X, § 13.

§ 92%). MNpumeHenne TeOpHH GYHKUHH KOMILIEKCHOro
nepemMeHHOro K MCCJAENOBAHHIO NJOCKOH 3ajayd TEeOpHH
ynpyrocTH.

MH ByseAH BHIIE, YTO KaK B CAyYae ILIOCKOH# pedopManui,
TAK ¥ B CJyyae MJOCKOTO HANPAKEHHOT'O COCTOSIHHS NPH OTCYTCT-
BHM MACCOBHIX CHJI, pelleHHe 33aJauH CBOAHTCS K KpaeBoH 3azaue
JUIsT  GUrapMOHMYECKOTO YPABHEHHs, KOTOPDOMY YJAOBJETBOpSieT
¢yHKuHA HanpsiKeHHi. [IpH HMHTErpHPOBAHHH GHrapPMOHHYECKOTO
ypaBHeHHsT B ABYMEpPHOK 00/aCTH C YCLEXOM MOXeT OHTb HCIOJb-
80BaHA TeopHa (YHKIHH KOMILVIEKCHOrO mnepemeHnHoro. Ilepsoe
yJAaysoe NpHMEHEHHe TeOPHH AHAJTHTMYECKHX (YHKUHH K IJOCKOH

*) 1ot naparpad nauucan H. B, 3Bonnnckuwm,
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sajaye Teopuu ynpyroctn Omso chenaso I. B. Koaocosum *),
JlaipHeilmee CHCTEMATHYECKOE PA3BHTHE TEOPDHH B 3TOM Hampa-
BJeHud npuHagiexur H. M. Mycxe/qHmBH/IH, KOTOPHH NOJYYHJI
31eCb OCHOBHHE pesyJbTaTH H JaJ1 COBPEMEHHOE H CTPOroe H3/10-
xenHe mnpeamerta *¥)., B Hactosmem mnaparpage, onupasch Ha
uuTHpoBaHHyo kuury H. M. Mycxeaumpu/in, MR JaiNM KpaTKui
OYEepK JIHIIb TMABHEHIIUX Pe3yJbTaTOB, OTHOCAIMIUXCA K PEIIeHHIO
NpH NOMOWM (PYHKHHA KOMILIEKCHOIO II€PEMEHHOrO ILIOCKOH 3a-
Jaud TEOpPHH YUOPYTOCTH JJsi OJHOCBA3HOA KOHe4HOH 06.1aCTH.
OCHOBO#i 3TOrO NMPHMEHEHHsI fBJAETCA BO3MOXKHOCTb BHIPA3HTH
HHTErpaJs GHrapMOHHUYECKOTO yPaBHEHHs Yepe3 (yHKIHH KOMIIEKC-
HOTO apryMeHTa, a TaKx¥e BO3MOXHOCTb KOMILJIEKCHOTO mpejcTa-
BJIEHHS] TPAHHYHHX YCJIOBHA KaK NPH JAHHHX HAa IpaHHIe Hanps-
JKeHHAX, TAK H NpH HAHHHX cMeuieHHsax. HaunéMm ¢ mocaennero
Bonpoca. [l aTOro HyXHO BHPA3HTh CMeLIeHHS Yepe3 QYHKIHIO
HAIPsA XK eHHI.
C uanpsixenusamu 3ta pyHxkuus D (x, y) csssana caenymomum
ofpasoM: \ \
X 2P X 2P

0P
==51 &= "5xay V.

=Gk (8.176)
JJs onpeneneHust CMEIIEHHA ¥ B ¥ B Clydae IJIOCKOH JAedopma-
IMH TOCJYXaT c.zlenyxonme ypaBHeHHUs1, BHPaxaioure 3akoH ['yka

M+ 3) +omi=22,
(Gt a) g ov =55 t (8.177)
“(5}+a)=“%' }I

ou do
Pewas nepesie [Ba ypaBHEHHS OTHOCHTENBHO 3~ H 3’ 0603Ha-

uasg Vi@ uyepes P, mosiyuum:
ou 0P A 2p.
2 B e

hox="m T aatnl
Boy= ay2+2<x+p>

Ouesnano, uto P(x, y) —rapMoHnueckas ¢yHkuusa; o6o3Hauas
conps:k€HHyIo ¢ Helt ¢pyHknuio yepe3 Q(x, y), HaluéM:

f@)=P(x, »)+iQ(x, y).

*) Konocos, I'. B. [lpumenenue koMnaekcHoll nepemeHHOR Kk TeopHH
ynpyrocTH,

**) Mycxeanmsuau, H. Y. HekoTophe 3agaus TeopHH ympyroct
AH GCCP; 1935. P pi YIPYFOcTHy
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Mo noayunMm yno6Hne ¢opMyJH s CMELeHHH, eCIH BBEIEM
emé JBe rapMoHHYeckHe (YHKIMH p H ¢ CACAYIOIIHM 00pasoMm:

¢()=p-+ig=7 [[(2)dz
Tornaa
¢ ()= (P+iQ=E+i5L,

H BCJIEACTBHE YycJa0BHi Koummu-PHMaHa MOXHO 3alHCATH ypABHEHHA
(8.178) B BHJIE:

oud_ 9% 20+ 0p

ax—  oxe id-p ox’
o 92 2P | 2(h4-2y) dg (8.179)
Py =" T it oy
I/IHTEFPprﬂ 9TH COOTHOLIEHHA, NOJYUYHM:
2
opn=— T2+ p o (),
2 0wy (8.180)
2w———+ E 4 (0).

Tperbe ypaBHeHne cucreMbl (8.177) nanaraer Ha dyHxuun f|
H f, yCJIOBHE:
fi() /2 (x)=0,

oTkyJa caenyet, uro ¢yHkuuu f, (y) u f,(x) umewr BHA

f] =2F(—Y)’+a),
—ou(1x+-§)

W MPeJACTABJAIOT Majoe CMelieHHe HeledOopMHPYyeMoro rteaa. JTH
dopmyan (8.180) nokaswBaIOT, YTO BCAKOA IaPMOHHYECKOH (DyHK-
IMY OTBEYAeT HeKoTopas AedopMmanms, KOTOPas NPHBOAUT K CMe-
LIeHUSIM, OAHO3HAYHBIM B OZHOCBSI3HOH 00.1aCTH.

[NokaxeMm rTenepp, yro BcAKas OGurapMoHudeckas (OYHKIHA MO~
XKeT OHTb BHPAXEHA NPH TNOMOIIH JIBYX (YHKIHH KOMILUIEKCHOIO
nepemenHoro. [isi 3TOro, mno.b3ysich BBeJAEHHHIMH BHILE (PYyHK-
HHMSIMH P H ¢, PaCCMOTPHM BHIPAKeHHE

b —px—qy.

HernocpejacrBenHoit npoBepxoit MOxHO yGeAHTBCSH, UTO 3TO BHI-
paxceHHe npeacrasaser co6od rapmonmyeckyiwo ¢ysknHo. O6o-
3HAya® uepe3 y(2) aHAJIHTHYECKYI0 (YHKIHIO, BeleCTBEHHOM
4acThIo KoTopofi sBasercs ®—px—gy, MB MOXEM HaMHCATb,
NoAL3YSCh OOLENPHHATHMH 0003HAUeHHsAMH (R — AefCTBHTENbHAS
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YacTh (YHKIMH KOMIIEKCHOTO II€PEeMEeHHOrO):

®=R[z¢ (2) +1(2)],

YTO MOXHO 3alHCaTh HHAYe:
20 =2y (2) + 29 (2) +1(2) + 1 (2), (8.181;

rae gepes ¢(z) o6o3paueHa BeqHuMHA, CcONPskEHHAT C @ (2).
Ham, oueBuaHo, norpebyiorcsa npoussogutie ¢yHknun P, Oxash-

Baercsl, 6osiee yHOGHO NpPeACTaBUTh B KOMILIEKCHOH ¢opme jH-

HEHHYI0 KOMGHHAIHIO %—xﬂ—i%. M3 (8.181) monyuum:

o , .00 —
et =4 +2¢ @ +IR), (8.182)
I‘Jlé IIOJMIOKEHO A/ KPATKOCTH:

Y()=2 .,

Tenepnp y Hac ectb BCe IaHHBIe, YTOOR BHPA3HTh B KOMILIEKC-
HO® ¢opMe cMmemeHHs ynpyroro tena. [lpenebperas (QyHKUHAMH
fi1(y) u f,(x), He HMEIOIHMMH CYIIECTBEHHOTO 3HAYeHHs, HA OCHO-
paumi dopmya (8.180) mosnyuum caenpyiomee npencTaB/leHHE JH-
HEHHOH KOMINVIEKCHOH KOMOHHAUMH KOMIIOHEHT CMeIeHHH:

ou(utiv)=xp(2) — 2% @) —F(2).  (8.183)

Besmmunna % pis miaockoft pedopmanuH, 0 KOTOpPo# Bcé BpeMd
HAET peub, HMEET 3HAYCHHE:
1 +4-3p
Afp

T =

B cayuyae 0600mEHHOTO IIIOCKOTO HANpMKEHHOIO COCTOSIHHS 3Ta
KOHCTaHTA HMEEeT CJeAYIOee 3HauYeHHe:

5% - 6p
Sy

Hawm ocraérca BHpasuth yepe3d dynknuu ¢ (2) 1 ¢ (2) xomuo-
HeHTH HanpskeHud X, X, ¥ o

PaccmotrpuM 1npoHsBoJsbHYIO ayry AB B8 o6aacTH, saHATOR
YOPYI'HM TEJOM; NYyCThb S — JAJIHHA AYTH, OTCUHTHBAaeMas B [OJO-
’KMTeJBbHOM HanpapaeHuH OT A k B. Bri6paB mo/ioxuTteqbHoe Ha-
IpaB/ieHne HOPMaJH K 3TOH JAyre BIOPaBO IO OTHONIEHHIO K Ha-
6omarenio, gBHxymeMycs or A k B, B 0003Hauag KOMIIOHEHTH
YCH/HA, AEACTBYIOIIErQO Ha SJEMEHT AYrH CO CTOPOHH BHELIHeH

L —
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HopMaJsH, uepe3 X,ds, Y,ds, 6yneM HMETb:

IR o0zd
X, = g €08 (n, x) — cos (n, y),
0x 3y (8.184)
Y, = cos (n, y)— axoycos (n, x).

ITH COOTHOWICHHS MOTUYT OBITh 3aNUCAaHH Oo0Jiee KOMIIAKTHO
B CJ/eAYIOUeM BHAE:

d (0P
XIL=E§ ('53,—)!
d (0D
OGpa3ys nHHEHHYI0O KOMOHHAIHIO, MOJIY4YHM:
(X, +i¥,)ds=—id (5] +z‘j§’)—

——id[s()+2F B+TE)  (8.185)

Jyra AB 6nsia HamMH Brifpana NPOM3BOJbLHO. EcJH Temneph BHI-
6patb €& Tak, YToGH 3JaeMeHT d§ Obl1 nmapanaesed ocH Oy, To
6yieM HMETh:

X, +iX,=¢ (2) 1+ (2) — 29" (2) = ¥’ (2).
BriGupasi xe ds napaaaeabHo ocd OX, NONy4uM:

Y,—iX,=¢ () +¢ (&) +2¢" (2) - ¥ (2).
Beoas oGosnauenus P (2)=¢'(2) n ¥ (2)=19'(2), moxem nepe-
MHCATh [Be Moc/aeAHHe (OPMYJLL B CJAEAYIOUIEM BHAE:

Xx+iXy:(D (Z) _](_-(1.) (_Z:) - Z‘B' (E) - qj(z):
Y, —iX,=® (2)-}- P (2) + 20 (2) -+ T (2).

It GopMyJaH JAIOT MPEACTaBJIEHHE HANPAXKEHUH yepes aBe QyHx~-
i ¢ (2) 1 Y (2) KOMIJIEKCHOTO MEPEMEHHOrO.

Mmu BuIMM, TaxuM o00pa3oMm, UTO pelleHHe ILTOCKOH 3axaud
TEOpPHH YOPYTOCTH CBOJAHTCA K OTHICKaHHIO ABYX (yHKIHE KOM-
[IEKCHOTO MEePEMEHHOTO, aHAJUTHYECKHX BHYTpH ofJjacTH S, 3aHs-
TOH ynpyrHM TeJoM. ODTH (YHKIUMH JOMKHH YAOBJETBOPATh Ha
KoHTYype L obuaactu S onpeacséHHBIM TI'PaHUUHEIM YCJAOBHAM, KO-
TOPLIMH OHH H ONpPEICJAIOTCH. IDTH YCIOBHA GyAYyT PasaHyHH,
CMOTPsl IO TOMY, 33faHH JH Ha FPAHHIE CMEIEHUs HJH Hanpsi-
JKEHHS.

Ilycte Ba xoHType L 3aiaHHl KOMIOHEHTH K H U CMElleHHs
KaK QyHKIUH AYTH S:

u=2g,(s), v=2g(s).

} (8.186)
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Torxa Ha sToM KOHTYype ¢yHkuuH ¢ (2) 1 $(2) ROMKHB yHOBJE-
TBOPATH COOTHOLIEHHUIO:

19 (2) —2¢ () —T () =2 (8 +ig).  (8.187)

Ecnn Ha koHType L 3ajaHH KOMIOHEHTH X,, Y, HanpsxeHus,
TO BOCHIOJb3yeMmcst dopmy.toit (8.185), kotopas Aaer:

e His =i j(Xn—{—iYn) ds -} const,,
1]
1M, BBoas o603HaueHue
s
i 5 (Xn+lyn) ds :fl (S) +If2 (S)’
0

u npuHuMas Bo BHuMaHue (8.182), moayuunm:
9(2)+2¢ (@) -3 (&) =f, - if, -+ const. (8.188)

JTO TpPAHHYHOE YCJOBHE CJHYXKHT JJg ONpPEHEJCHHS (DYHKUHHA
¢(2) 1 $(2) B ToM cayyae, KOrjJa 3a4aHH HaNpSOKEHHd Ha rpa-
nuue. Bu6op nocrosirHofi B nepBoit yactu (8.188) He Bauser ua
Hanpsik€HHOE COCTOSHHE YIDPYroro TeJa M MOXeT OHTb CcaesaH
Npou3BOJABHO. Tlosydyennuie 3aech OCHOBHHIE .cOOTHOUIEHHsT (8.187)
u (8.188) mo3BO/IAIOT JIETKO IOJYYHTb peLIeHHE IJIOCKOH 3afaun
JJ1s BHYTPEHHOCTH Kpyra. Ecam xe Ham 3ajgaHa oAHOCBs3Hasg 00-
JacTh S, OTJIHYHAA OT KPyra, TO AJs peueHHs NoROGHOH 3axaud
MOXHO BOCNOJb30BATLCA KOH(POPMHBIM oTOoOpaxenueM objaactu S
Ha KpYyT.

[lycte omHOCBsI3HAA 061acTb S B ILIOCKOCTH KOMILIEKCHOTO
NepeMeHHOro 2 OTo6pa)kaercss Ha Xpyr { B ILIOCKOCTH §; CBA3b
MeX Iy NepeMeHHEM Z H § oCymecTBiaseTcsd aHAJHTHYECKOH (yHK-

nueit
z=uw0(g).

Ecan orobpaxenue B3aMMHO OxHO3HAauHO, TO o' ({) He MoxeTr 06-
pamarbcsi B HyJb B 00sacTH Kpyra Y. Bo Bc€M aanbHedmeM Mbl
O6yneM paccMaTpuBaTbh Takue 00/1aCTH S, KOODAHHATHI TOYEK KOH-
Typa KOTOPHX MMEIOT HelpephBHEE NPOU3BOJLHHE 110 AYyTe BILIOTH
[0 TPETbEero IMOopsAlKa.

Jaa toro 4roGH HCHOJAB30BATh KOH(MOPMHOE OTOODPAXKEHHE IpH
PEIUEHHH IJIOCKOH 33]a4H, HYXHO peo6pa3oBarh I'PaAHHYHBIE YC/i0-
BHA 9TOH INOC/IeNHEeH K HOBOMY nepeMeHHoMy §. MameHum Haum
0603HAYeHHS, HA3HIBAA

21 (2): $1(2), P, (2), W, (2)
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Te (YyHKIHH, KOTOpHE GHJ/IH O603HAUEHH BHHIE Yepe3
¢ (2), $(2), (), ¥(2).
Beeaém rakixe HOBHe 0GO3HAUEHHS:
¢(D=0@)=wn(0@] $E)=9%)=hle@)

d "L (¢
2O=0,(=5 =50 ¥O=¥E=5F.

Ilpr sTHX OGO3HAYEHHMAX MH NOJYYHM:

00 4 o0 ©®) 2 (71T (5

= O+ ST O+HID.
I'paHHYHOE YCJIOBHE NPH CMEUeHHSX, NAHHHIX H& KOHTYpE, BH-

paxxenHoe gopmyJoft (8.187), nmpuMer Tenepn BUA:

w(O)—2 3¢ (B - IO =2u(a+ig), (6189

rpe oc=-e/ 0603HaYaeT MPOH3BOJIBHYIO TOUKY KOHTYpA Y.

dysxund g, (s) ¥ &, (S) CyTh 3axaHHbe (YHKUHAH AYyTH S KOH=-
Typa L; sTa mociexHss IJHHA ILYTH €CTh (YHKIMA mapamerpa
JyTH & KOHTypa Y, BcaeacrsHe uero B dopmysae (8.189) moxHO
TaKXKe pACCMATPHBATL &, M &, KaK H3BecTHHe ¢dyukuun &. Ilpn
33afaHHEIX HAa IpaHHIe Hanps:keHuax ycaosue (8.188) samensercs,
OYeBHJHO, CJIeIYIOUIHM

¢ (o) +_—‘(—’) ¢ (3)+ 3 (0)=f,+ifsf-const.  (8.190)

3xeck f; ® f, TaK:xKe MOXKHO PAcCMATPHBATH KaK H3BECTHHE (yHK-~
mun 9, 3aMeTHM, 4TO B KpaeBoil 3ajaue, OIpejeasieMOl yCio-
pusama (8.188) m (8.190), Mu mMeeM enié HEKOTOPHHE IPOH3BOJ,
HEeCYHIECTBEHHH} A1 HCKOMOIO pelIeHHs.

VMenHo, He u3MeHss peIUeHHsl 3aRayd, MH MOXEM IIpOH3-
BOJIbHO 3a(DHKCHPOBaTh dJJHTHBHYIO NOCTOSIHHYIO B IIpaBOH 4acTH
(8.188) u 8.1905) H, XpoMe TOTr0, 3a74aTh IIPOHM3BOJDLHLIE 3HAYECHHA
,(0) u ¢, (0).

B 3apmaue, xapakrepusyemoit ycaopusmu (8.187) u (8.189), mm,
HE(O;ISMEHHSI pelLIeHHs, BIpaBe NPOH3BOJLHO BHOpAaTh 3HAUYeHHE
¢ (0).

Ilpumenenne xondopMHOro orobpaxeHus u npeoGpa3oBaHHA
KpaeBnX yciaoBu#i k BHAY (8.189) m (8.190), KoTOpHE BHIpaXKaioT
STH YCJIOBHSA Ha OKDYXHOCTH Kpyra, MO3BOJSAET IPHMEHHTH /15
OTHICKaHHA Hen3pectTHmx ¢ynxuait ¢ (§) u ¢ (§) pasnoxenne HX
B CTENEHHHE pAAH. DTH (YHKIMH CYTb @HAJMTHUYECKHE BHYTDH
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Kpyra. EcTecrBeHHO NHTaThCA HCKaTb MX B BHJE OGeCKOHEUHHIX
psi0B

¢(8)= 50‘: alt, $(Q)= ;w a\t,

[ToacranoBKa 3THX PAJOB B IPAaHUYHBIE YC/AOBHS JAST MOC/AEAOBa-
TeJBbHOCTb PEKYPPEHTHHX COOTHOLIEHHH, H3 KOTOPHX OmNpeaesi-
I0TCH KO3((HIHEHTH @, H a,. OcO6eHHO NPOCTO peImaeTcs 3axada

B TeX CIyuasx, KOTAa oTobpaxawmomasn ¢yakuusa o ({) ectb moau-
HOM. B atoM cayyae cucTeMa COBMECTHHX YpaBHeHHH, KOTOPYIO
IPHXOJMTCS pelaTb, OKAa3blBAETCA KOHEYHOH. BaXHOCTb 3TOrO
cayyas J/1s NPaKTHYECKHX IPHJIOXKEHHHA 3aK/JI04aeTcs B TOM, UTO
3aJaHHyI0 06/1acTh S MOXHO 2IPOKCHMHPOBATh C IIPOH3BOJBHOMN
TOYHOCTBI0 00JsacTbl0 S,, oro6paxaeMoi Ha KpYr HPH IOMOIIH
NOJHHOMA JOCTATOYHO BHICOKOH cremeHn 7. Ha aTom Moxer GHITb
NOCTPOEH MeToA INPHOAHXKEHHOTO peuleHHs 3ajgayd. OrpaHHYHB-
IHCh 3[eCh TOJbKO 3THMH OOIUMH 3aMEYaHHAMH, MH 3alAMEMcH
H3JI0XKEHHEM JAPYyroro METOJA peIIeHHS MNOCTABJEHHHX KpAaeBHX
33444, MMEHHO CBEIEHHEM HX K HEKOTODHM (YHKIHOHAJBLHHM
ypaBHeHHAM. JToT NPHEM OCHOBAH. HA NPHACXKEHHH HHTETPaJoB
tana Kommn.
Ecsn Mu umeeM 3aMkHyTH# xoHTyp I, TO MHTerpax

1 d
F(:)ZQTI S‘fq(icq )
T

rze f(s)— dyskuua ToukH KoHTypa I, {—Touka, He snexamas
Ha I, o—mepemenHoe HHTErpHPOBAHHS, HA3HBAETCA HHTErPATIOM
tuna Komu. B wactHocth, ecan f(S) mpeacrasasier co6o#t rpaHuy-
Hele 3HauyeHus ¢yHkuuH F;(§), aHaiuTHYecko# BHYTpPH 06J1acCTH,
orpannyenno#t xpusoft I, To F(§)=F,({) B 3roii ob.acty, H
F(¢)=0 Bue xourypa [. B manpHefiuileM MH GyxeM OTpaHHYH-
BaThCSl TEMH CJAy4YasMH, KOrjga KoHTyp I' ecTs OKpyxHOCTB Y exn-
HHYHOTO pajuyca C IIEHTPOM B Hauaje KOOpAHHAT. OTHOCHTE/BHO
¢byuxuun f (s), koTopyo 6yieM Temepb pacCMaTpPHUBaTh, KaK (QyHK-
nu0 nosaspHoro yraa 4, 1. e. f(9), 6yzem mpeamosarath, YTO OHa
He TOJIBKO HeNpephiBHA, HO YAOBJETBOPSET Ha § TaK HA3HBAEMOMY
ycaosuio Holder’a, uMenHo, uTo

[f @) —f ()< A|¥ —¥], A>0, a>0,

ecan ¢ u 9" — mBa MPOH3BOJBHHX 3HAUeHHs § mpomexyTka (0, 2w).

OTHocHTe/IbHO MHTErpaJsioB THHA Koww cymecTByer caeayioliee
BaXXHOE mNpenJoXKeHHE, HaswBaeMoe Teopemod Harnack'a. [lycrts
S (¥) —Bemecrsennas ¢ynxuusa or O, HempephiBHas Ha {. Ecuam
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LISl BCAKOH TOUKH §, Jexauiell s4ympu {, AIMEET MeCTO PaBEHCTBO
1 (M de
g

_2_7:7‘ s —C
1

to f(8)=0. Ecim xe yKa3aHHOE DaBEHCTBO HMEET MeECTO JJs
Besikolt Touxu § BHe Y, TO f (#)=C, rae C — nocTosHHas.

lMycTs Temepb HAM HYXHO pPEIIMTh KPaeBylo 3afayy NOpPH 3a-
JJAHHHX HaNpSXKEHHAX MAAs KOHeuyHOo# obJjactH S, orpaHHueHHON
NPOCTHIM 3aMKHYTHM KOHTypoMm. Otobpasum S Ha xpyr |{|=<1
IVIOCKOCTH § npH momomu cooTHomeHus: z=o ({). ®yukuun ¢(3)
u $(§) 6yxyr rosomoppHH BHYTPH Y; MBl GyJeM MCKAThb TaKue
pemenns, korga ¢(§), ¢ (%), ¢(%) wHenpepmBHH BHJIOTH 1O
KOHTYpa.

Hcnosb3yss HMeIOIHACA TIDOH3BOJI, MH MOXEM MOJOXHTD

9(0)=0 n MoxeM (GHKCHPOBATb MHHMYIO YaCTh BEJHUYHHH g%% .
KountypHoe yciosue (8.190) MH HamuuieM XBOSIKO:
(¢) = — - .
¢()+227 @O +F@=r+if )
(8.191)

F@+2 ¢ @) L@ =f i, |

1 ds 4
5% " a—¢» TAe {—Touxa,
BHYTPEHHSSl K Y, U HPOHHTErPHPYEM M0 Y. Mu OyneM HMeThb:

i ?(o)dc 1 o (o) go (c) ds 4’("—)df__ . ]
2‘”5‘ c—¢ +2mifu> (@) o J[_2Ttt 6 —1& —A("): |
T

e (@ % (3 ¢
1 a)d 1 ( yd 1 M"Ldj___
Ey?cgfc+m.g2’ Z)) c—fa+2ﬂif ¢c—¢ =B(%). JI
1 1 y

Teopema Harnack’a o06ecneyuBaer SKBHBAJEHTHOCTb YpAaBHEHHH
(8.191) u (8.192). Ilns coxpalleHus 3[4eCh NOJIOKEHO:

YMHOXHM 06e YacTH 3THX PaBEHCTB HA

(8.192)

AQ= 5 (1 as, BO=5; (1=Lao

2nf g — ¢
1 T

Ha ocHoBaHHH cBOMCTB HHTerpanos Komwu:
1 % (o) dc 1 ¢ () di__ /o
5| (D, g | TLE=000).

¢ — ¢
1 T
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Kpome Toro, masi Kpyra pajgHyca eIHHHIA BHUYHMC/IEHHe HAET:
-71
5‘4’(0”0 1 8‘4*__( )dc—‘q’(o —=a —1B,
oni a—¢ 2l ¢ -t )
1

-1
 (50a 1 (FlS)%
_S ¢ zz_ﬁj—ﬁr—ﬂ?(o)-a
1 1

Ypasuenus (8.192) npumyT cieayomni BUI:
s ds -
#(O)+ f;’,ﬂ-“’c‘“_’t Fa—ig=A(),

]
(o (c) (o) ds ‘f (8193)
q’(z)“l“g;; = (0)1:;“ =B (%) ]

1

dra cucrema QYHKUMOHANBHBLIX YDaBHEHHHA PEINAET MOCTABIEHHYIO
sajgauy. IlepBoe H3 5THX YpaBHEHHH, COEIHHEHHOE C YCJIOBHEM

¢ (0)=0, onpeneser ©(§), a 3areM M3 BTOPOrO YpPaBHEHHS MO-
xcer 6niTh Hafigena ¢ (§). Ogasako, nepsoe u3 ypasHeHui (8. 193)
ecTb UHTerpo-auddepeHnualbHOe: OHO MOXET OBTh CBEAEHO NMyTEM
HeCJI0KHOTO npeoOpa3oBaHNA K HHTErPajJbHOMY ypaBHeHHio dpej-
rosbma 2-ro poza. IlepenmuumieM ero B CA€LYIOIIEM BHJE:

O+ {i“’()-):(‘“—“’ ¢ (@) datho Q) Fa—if=A(),

rae

IMpognddepennnpyem sto cooTHomeHHe mo §:

¢ @O+ [ 2{20=2 O T g put ()= (2),

c—{ o’

2rt

3acraBass § CTPEMHTLCA K TOYKE G, KOHTYPA, CCHJIASACh HA H3BECT-
Hble ompeje/EHHbE CBOHCTBA MHTETpasoOB ThHna Koww, moayuum
clIenyollee HHTErpajbHOe ypaBHeHHe:

R e AL SRR CRED

g— 9
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Onnpasich Ha NMPeANOJOKEHHS, CLeJAHHHE OTHOCHTE/JALHO KOHTypa
obsacTH S, MOXHO [0Ka3aTh, 4TO (PYHKIHSA

10 fe@—aQ)
K(c’c)—&@at{ o—¢ }

HENpepHBHA, KOTAa 6 H { HAXOAATCS BHYTPH Y WJH HA Y.
BeesenneM HOBOA HeusBecTHOR ¢dyHKnuu ¢,(§) mo dopmy.e

¢ (8)=—ko (O)+ (%)

MOXHO H36GaBHTBCS OT caaraeMoro ke'(s,) B ypasHenun (8.194) u
TIPHBECTH €ro K BHAY:

#(30) +3g [ Ko ) ¢ @) do=4' (@), (8.195)
T

T. €. K HHTerpanbHOMy ypaBHeHHio ®peirosrma 2-ro popa. He
OCTAHABJAHBASICH HA MNOAPOOHOCTAX, YKAXKEM, UTO MOXKeT OHTbH JO-
KAa3aHO CYIIeCTBOBAHHE pellIeHHs 3TOTO ypaBHeHHd. Jl0Ka3aTeabCTBO
[IOCTPOEHO HA TOM, YTO NOKA3HBAETCA A OZHOPOJHOrO ypaBHEHHs

¢ () 3 [ K (3 9) 4} (5) do =0,
1

YTO BCAKOE pellleHHe, yAOB/IeTBOPAOLEE €My, €CTh TOXIECTBEHHHA
Hy/b. [IpoTHBHOE NpPEANONOXKEHHe IPHBOAUT K BHBOJLY, YTO IIpH
OTCYTCTBHH BHeWmHHX ycuaud (f,=f,=0) ynpyroe Teso Moxer
HMeTh BO BHYTPEHHHX TOUYKAX HANDAXKEHHS, OTIHYHHE OT HyJs
(x0T MaccoBHE CHJIH PaBHH HYJIO).

MH OrpaHHYHJHChH 371eCh H3M0XKEHHEM pelleHHs TOJAbKO s
33/ay# C JAHHHIMH HA CPAHHIE HANPAXKEHHAMH. TOUYHO TaKHM xKe
nyTéM IIPHBOIMTCA K HHTErPaJbHOMY YpPaBHEHHIO H 33Jaya C 3a-
JAHHEIMH CMeHIeHHSIMH.

OmnucanHH# MeTox (hyHKLHOHAJBLHHIX YpaBHEHH{I Ja€T BO3MOMXK-
HOCTb INOJY4YaThb H pelIeHHe KOHKPeTHHX 3ajxau. KHrerpaibHoe
ypaBHEHHE MOXKeT Bcerja OHhTh PeIleHO YHC/AeHHHM nyTéMm. Kpome
TOro, AJs HIHPOKOro kaacca o6Jacreft, KoHDOPMHO OTOOpaxaio-
HIUXCSA HA KPYT NIPH MOMOIIH PAallHOHAJBHOH (DYHKUUH, 3TOT METOJ
AaET BO3MOXHOCTb 3JEMEHTAPDHHM NYyTEM MOJy4YaTh TOYHOE pe-
IneHHue. ’

Mmu orpanHyuBaeMcsl 3Je€Chb TOJBKO 3THMH OGUIHMH H KpafiHe
HEeNOJHHEMH CBEJEHHSAMH M3 00.1aCTH IPHJOXKEHHS TeOPHH PyHKIu#
KOMIIJIEKCHOrO NEePEeMEHBOro K IJIOCKOH 3ajave TEOPHH YNPYTOCTH.
Jis 6osee NOJHOTO O3HAKOMJIEHHS € NPEAMETOM MHl OTCHLIaeM
YyHTaTead NpexJe BCerp K IMTHpOBaHHOMN Bhime xHure H. M. Myc-
XeJHIIBA/IH, a TAKXKe K Nno3gHedmuM paboraM, MHOTHE H3 KOTO-
pHX B mnociaexHem usaauuu (1935 r.) sTOH KHHIH NOMeEULEHH
B CIIHCKE JIHTEPaTypHI.
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§ 93. CummeTpuuHas nedopmauus B TeJe BpalleHHd.

TlycTh MH HMeEM yNpyroe TeJio, IpejcTaBasioliee co6o0 Teao
BpaulenHs oxoJso ocu Oz.

OmnpenennM noJOXeHHE JIOG0TO 3/€eMeHTa B IJIOCKOCTH ceve-
HH#, NEePNEeHAHKY/JIAPHOTO K OCH BpAallleHHs, NPH IOMOIH IOJsp-
HHIX KOOpAuHAT r, O

CorsnacHo o6GosHadenHsM § 61, MH OyneM HMeTb CJaeYOLHE
IecTh KOMIIOHEHTOB HaOpsKEHHOTO COCTOSIHHSA:

1) HopmaipHH# KOMIOHEHT HaNpsKeHHss HAa 3JeMeHTapHOH
III0IIaiKe, NepueHIHKY/IAPHOR K paguyCy-BEKTOpY r:

~

6. =rr.

2) HopManbHEIA KOMNOHEHT HANpPSIKEHHA Ha 3JEeMEHTapHOH
IVIOLAJKe, NepNneHAHKyaAapHoil Kk ocH Oz:

~

6,=2zz.

3) HopManbHE# KOMIIOHEHT HaNpsDKEHHS HAa 3JeMeHTapHOl
nJIOLajAKe, JeKauel B IJIOCKOCTH, NPOXOAAIIEH uepe3 oChb Bpa-
IEeHud:

N
g, =100,

4) KacaTeqbHHE KOMIIOHEHTH HaNpsiKEeHHs] HA 3/I€MEHTapHOH
nJIoLaaKe, NMepHeHAHKYIapHO# K pajuycy-BeKTOpY 7:
~~ ~
T,=rz, T,=1n.
5) KacaresbHEHE KOMIOHEHTH HANpSKEHAS Ha 3J€MeHTapHOM
IIIoaAKe, NepneHuKyJIapHoi K ocu Oz:
~~ ~~
To=20, 1,=2z2r.
6) Kacare/bHb€ KOMIIOHEHTH HANPSIKQHHS HAa 3JEMEHTapHOR
IJ0IaAKe, Jexaled B IMJIOCKOCTH, NPOXoAsuneld yepe3 ocbh Bpa-
ILeHHA:

7 e
T, =0r, 1,=0z.

OHH CBsi3aHH HM3BeCTHHIMH COOTHOLIeHHAMH KomH:

T

rz:‘[

2rs Tr0=TGN Tez:TzO'

COCTaBJIHIOII_LI/Ie yOpyroro nepeMemeHua B paaHaJbHOM H TAHr€H-
IHaJIbHOM HAaNpaBJ/JCHHAX 0003HAYHM gepes u, v, a COCTaBAAKILYIO
B Hanpab/JCHHH OCH Oz o0603HaYuM yepes w.
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Ulects xoMmoHeHTOB JedopManuu OGyAyT JAHH ¢GOpMyJaaMu
(cm. § 87):

du lau
err:a_r, €ro r a6 + - l
e —ll__i_ 1 0__
I e 7] + T I (8.196)
Jw av 1 ow
=% %=$+7m- )

B cayuae pedopmanuH, CHMMETPHYHOH OTHOCHTEJBHO OCH Bpaile-
Hus, T. €. ocH Oz, nedpopmanusa Ha AOGOH MJIOCKOCTH, NPOXOAAER
yepe3 ocb Oz Oyjer OfHA H Ta Xe, a CJIeJ0BATEJbHO, KOMIIOHEHTH
HaupsEHHOTO COCTOSHUS He 6ynyT 3aBHCETh OT MOJsipHOro yria 0,
H Bce Mpou3BoAHbe 1o O 06pamanTcs B HYJb.

BciencTBue CHMMETPHH KOMIOOHEHTH KacCaTE/JIbHHX HanpsHKeHHH
T, Ty, OOpalanTCca B HYJb

/

Ty =1, =0,

a cJeJoBareJbHO, OCTAéTCA €JIMHCTBEHHHH KOMIOHEHT KacaTeJb-
HOTO HaNpsKeHHd T,,.

Paccyxpaas xak B § 88 u mpeamosarasi OTCYTCTBHE MAacCCOBHIX
CHJI, MHl TIOJYyYHM CJAeAYIOIHE YpaBHEHHs YNPYTOro PaBHOBECHSA:

0c,+0.,z+c,—cg
dr,z+dcz+1,z

Ha ocHoBaHmm cka3aHHOro, MH HMeeM u3 dopmy. (8.196) caenyio-
DIHE BHIDAXKEHHS IS KOMIOHEHTOB AedOopMaIHH:

(8.197)

__Ou e _u e, _ 0w
dr . oz (8.198)

e, = =
+ or? re=€02=0'

Anasornuno § 88 BeenéM ¢yHxumio HanpskeHud ® npu momomu
COOTHOLICHHHA:

= (avnp—"—;;‘;)
— (cvw—}‘;_‘f),

ﬁ%ﬂm_@}‘ (8.199)
[

(1—yve—22].

Yoo e e



§ 93] CHMMETPHYHAS NE®OPMALMA B TEJE BPALLEHHSA 233

3nech BBeAEH onepartop Jlamiaca B HUJHHAPHYECKHX KOODPAHHATAX:
02 1 0 02
(=g )+ra( )+ ) @200

Jlerko yGenutbcs, BHocs (8.199) B (8.197), uto 3TH ypaBHenus
ynpyroro pasHoBecHs OyAyT yHOBJIETBOPEHHI TOXIECTBEHHO.

Crepyer 3aMeTuTb, YTO GyHKIus HanpsxkeHndt P He 3aBucut
or yraa 9, u nosToMy onymeHa BTopas NpoH3BOZHAas mo O B Bhi-
paxcennn (8.200).

dyHkuus Hanpskenn#t P, BBeAEHHAH HAaMH IPH NOMOUIY BHpa-
wenn#t (8.199), Moxer OHTH OnpeAeJeHa TOJBKO Ha OCHOBAHHH
TOXJeCTBeHHHX cooTHomenuit Cen-Benana. [Iast cayuas H30TpoIn-
HOTO TeJa OHA YJAOBJETBOPAET CJAEAYIOUEMY YDPaBHEHHIO:

T4p — T2V2 —0, (8.201)

D710 ypaBHeHHE NpHHALMEKHUT JIgBy.

Apraufickuft y4€nni Murdes, em€ n0 Jlssa, BBET HHYIO QyHK-
LHIO HanpsHKeHHH, KOTOpafg TOXe YAOBJAETBOPAET YPAaBHEHHIO
B YAacTHHIX INPOH3BOAHHIX YEeTBEPTOTO IOPAAKA, HO HHOTO BHAA,
yeM ypasHeHue (8.201). BcaencTBne CHMMETPHH MH HMEEM TOJBKO
JBa KOMIIOHEHTa YNPYTOro CMEIIEeHHs, KOTODHe JAJIsI H30TPOIMHOIO
TeJa UMEIOT CJACAYIOuMA BHI:

140 0%
U=—""F Groz’

14-¢ e 1 od
w= ﬂ; {(1—20)V2<D+7r—2+7;}, j

rae ¢ — xoadpduuuent Ilyaccona, a E—moxnyas lOura.

(8.202)




FIABA IX
KPYYEHHE.

§ 94. KpyueHHe Kpyraoro CTepKHs NOCTOSHHOrO CeyeHus.

Pemenne ato#i 3agayn 6miro pano Kymonom B xonme XVIII s.
H OCHOBAHO HA NPEANOJIOMNEHHH, YTO MONMEepPeyHHe KPYTOBHE ceye-
HHS CTepPXHsl IIPH KPYYEHHH COXDAHSIOT MeXJAy coOo# mepBoHa-
YaJbHHE PACCTOSIHHSA, OCTAIOTCS IIOCKHMH, H PafHyCH, IDOBEAEH-
HEHEe B 9THX CEUeHHAX, He Hckpusasiorcs. ITycrs (dur. 23) A ecrs
3aKpelEHHOE CeuyeHHe CTepikHs, B— CcBOGOJHOE cedyeHHe, Harpy-
JKEeHHOe KAacaTeJbHHMH YCHJIHSMH, MPUBOAALIHMHCA K INape CHJI
¢ momenatom M. H3 reopun KysoHa ciaegyer, uro:

Gur. 23.

1) Kacareabnoe nanpsxenHe T B kakofi-1u60 Touke C mone-
peYHOro ceyeHHs NPONOPIHOHAIBHO pamHycy-Bekropy r—=OC H
HOpPMaJbHO K HEMy; IO3TOMY OHO, OYeBHJHO, BhHIpaxcaercs dop-
MyJa0#

T = prr, 9.1

rfe T— IOCTOSHHHA yroJa 3aKpyuHBAHHS HA eAUHHNY MAJHHH
CTEPXKHA.

2) ¥Ympyroe mnepememernne |V B Touke C mnpONOPIHOHANBHO
pajuyCy-BeKTOPY 7, HOPMAaJbHO K HEMY H IIPOMOPIHOHAJBHO pac-
CTOSIHHIO CEUEHHS OT 3aKPeNIEHHOTO KOHIA CTepXHA; OHO BHIpa-
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JKaeTcss O4YeBHAHOH dopMyJoii:
V=r1zr. (9.2)
3) Huxaxux ynpyrax mepeMelleHH# Nnapajjie]bHO OCH CTEPXKHs

ner. M3 dopmyan (9.2) caexsyer, 4To KOMIOHEHTH YNPYTHX Iie-
peMelieHHd 6yAyT JaHH (GopMyJaMH:

u=r1zr (— %) = —12Y, 1
v=12r (f—) = 12X, (9.3)
w =0, I

H3 ¢opmyan (9.1) cremyer, 4To KOMIOOHEHTH Kacare/bHOTO Ha-
IPSKEHHS B IIJIOCKOCTH IONEPEeYyHOro CeveHHs CTepxHA OyayT

Jaue GHOpMyJaMu:
X=T(—%)=—py,
Y,=T (;) i—_ prx, } 64

M3 mnonyueHHHX HAaMH BHIpaXEHHA [ KOMIOHEHTOB YIpPYTHX
CMeIeHHu i

n=—r12y, v=1ux, w=0, (9.5)
OUEBHIHO, HMEEM:
du | dv , ow
A=+ —o, (9.6)

T. e, 00bEMHOE pacmIMpeHHe Marepuajga paBHO Hyumo. [aaee,
HMeeM:

V=0, Vig—=0, V2w=0. 9.7

Buocs (9.6) m (9.7) B ypaBuenus ynpyroro paBHoBecus Jlame:

(1) 924wV - pX =0,

A
(bH0%+WW+W=Q} 9.8)
0A
(1) 57 - 1VPw+-pZ=0, |
MH NOJYYHM:
X=Y=2Z=0. (9.9)

CnexoBate/sibHO, pemende (9.5) 3ajaun o KPyUYeHHH CTEpIKHSA, JaH-
Hoe KyJIOHOM, CNpaBel/IHBO MOAbKO Npi OMCYMCMEUN MACCOBHLX
cua.
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Hs (9.5) umeeM cieayiomue KOMIOHEHTH HANpPsKEHHOTO CO-
CTOSIHHSI CTEPHKHS:

—)A—i—?uo =0,
Y, —lA—{—Q;L =0,
—m+2 A
X,—=p (a"—}-dx):o, ( (9.10)
&zu(;;—l-%)z—my,
Y,=»n (g:+%:”7)=;xrx.

Orcioma caenyer, 4To BCe TPH HOPMAJbHHX KOMIOHEHTAa Hamps-
JKEHBHOTO COCTOSIHHA CYTh HYJH, H YTO CYILIECTBYIOT TOJDbKO JBA
KacaTeJbHLIX KOMIIOHEHTa HanpsxEHHOTO COCTOSHHSA, ACHCTBYIOIHX
Ha 5JeMEHTapHOH IJIOWAjJKe, HOPMAJLHOA K OCH CTEpXKHS.

Ha 6oxoBo#f MOBEpXHOCTH CTEPXKHSI HMeeM JJis KOCHHYCOB HOp-
Ma/i K HOBEPXHOCTH C/JAEAYIOIIHE BHIPAXKEHHS:

=%, m=2Z, n=o0. (9.11)

T T
BHocst B usBectHHe GOpMyJIH:
X=X+ Xm-{Xn,

Y,=XI+4Y m-+Vn, (9.12)
Z,=XIl-+Ym+Zn

snauenns [, m, n u3 (9.11), MBE DOJTyYHM:

X, =0, ¥,=0, Z,=0, (9.13)

T. €. pemenue (9.5) cCHpaBefJUBO MOALLKO RNpU OMCYMCMBUL
BHEWHUX CUA HA GOK0BOU MOBEPXHOCTUL CHMEPHCHS.
Ha 3agenanHoM KoHIE A CTEPKHA HMEeM YC/IOBHE

n—v—w=—=0 A Z:O, (914)

H OHO, OuYeBMAHO, OyleT ynoBJeTBOpeHO peumenuem (9.5). Ha cBo-
60JHOM KOHIe B cTepxHS MH AO/KHH BHUYHCJAUTH IO opMyJIaM
(9.12) BHemnHe cHAH, HEOGXOJAHMHE JJS paBHOBECHA CTEPKHSA
NpH YNPYTHX MepeMelleHusX, AaHHHX cdopmyaamu (9.5). 3pmecsw
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HMeeM /i1 KOCHHYCOB YIVIOB HOpMAaJH K INJIOCKOMY KOHUEBOMY
ceyenuio B CTE€PXKHA CACAYIOIHE BHIPAXKEHHS:

=0, m=0, n=1. (9.15)
Buocs (9.10) u (9.15) B (9.12), MH moayunm:
A,\,:)(z:—}lfy,
Y,=VY,=pux, {9.16)
Z,=0.

C/1e10BaTeNbHO, Ha CBOOOZHOM KOHIE CTEepXKHSA MH HMeeM Kaca-
TeJbHHE YCH/HA, pacupejeéHHHE MO0 TOMY M€ 3aKOHY, UTO H B
J1060M MONMEepeyHOM cedeHHH. Jlerko BHAETH, UTO JJs KPY208020
ceyeHHd MHB HMeeM BC/ICACTBHE CHMMETpHH:

2)@=Sg)gdxdy_—._mg(ydxdy=o, ]

- (9.17)
Sr,=({V.dxdy=p ([ xdxay=0, |
=mj§ (x2+y2)dxdy=;uSSdey:M. (9.18)

CuepoBarenbHo, ycuausgs Ha CcBOOOAHOM KOHIE CTEPXKHA CYTb Ka-
care/bHHE YCHJHS, CBOAALIMECH K Iape CHJI, MOMEHT KoTopo#i M
HMEeT BeJUHHHY

M=y, {9.19)

rae BBEICHA H3BECTHAss BEJHUHHA
Jo={ S rdxdy, (9.20)

HA3LIBACMAS NOASIPHOLM MOMEHMOM UKepYyUL TIONEPEUHOTo CeUeHHS.

Taxum oGpasom, pemenne KyijoHa cnpaBeijuBO TOJABKO INpH
CMeNHaJBHOM 33dKOHE paciupefieseHHs KacaTeqbHHX HampsKeHHd,
IPHIOKEHHHX H3BHE, HA CBOGOJAOM KOHIE cTepxkHs. [lo npuH-
nuny Cen-Benana (§ 49), MH MoXeM HPHHSATB, YTO A/ KPYTJOTO
IHJIHEAPA, JJIHHA KOTOPOTO B 3HAYHTEJBHOE YHCJO Pa3 IIPeBOCXO-
JUT ero pauamerp, pemenne KyJsioHa crmpaBegyMBO H NpPH HHOM
CHCTEME CHJ, NMPHJIOKEHHHX K CBOGOJHOMY KOHIY IHJIMHAPA, JHIIb
6bl oHa OHlJIA CTATHYECKH SKBHBAJEHTHA Mape CHJI, MOMEHT KOTO-
po#t nan dopmyJo#t (9.19). Ha 3agenannom xonne nuaungpa (2=0)
HmeeM H3 ¢opmya (9.3)

u=y=w=0,

YTO M AOJIKHO OHTH.
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§ 95. KpyyeHne npu3MaTHYeCKOro CTEPHs NMPOH3BOJBHOTO
MOCTOSIHHOTO NONEepeyHOro cedeHwus.

Cen-Benan o606uua permenne Kysouna (9.5) wa cayua#t mpus-
MaTHYeCKOTO CTEPXHsl IMPUH3BOJBHOI'O IOCTOSHHOTO IONEPEeYyHOro
CEeYeHHs, IPHHAB CJeAYIOlNe BHPaKeHHs MJIA KOMIOOHEHTOB YIpy-
THX TepeMellesHi:

u=—1zy,
v =12X, (9.21)
w =19 (x, y).

3zech ¢ (x, y) ecTb GyHKOHs, NOAJIENKAUAS ONPENLAEHHIO, T €CTh
Ta Xe IOCTOSHHAA BEeJHYHHA, HA3HBAEMas CMENEHbl0 KpY4ewus,
KOTOopas BBefeHa Gnua B ¢opmysaax (9.5).

ITpnaumaa Bo BHEMaHue dopmyan (9.21), mmeeMm caexyouHe
BHPAXEHHA I/ KOMIIOHEHTOB HaNpsAXEHHOTO COCTOSAHHA:

X,=Y,=2Z,=X,=0, (9.22)
X=w (3 -5),
Vo=ws (G4s),

T. €. OHH HOCAT TOT Xe Xapakrep, 4TO H B CJyyae KpYyIJoro ce-
yenus. Ma ¢opmya (9 21) HMeeM:

R

V2 — oy —— 7 [ 970
Vi =—=Vp -—O, V=1 <0x_—{—0y2>

(9.23)

[NosToMy, TmpeAmno/aras OTCYTCTBHE MAacCOBHIX CHJ, MH MOJY-
unM, BHOCA (9.21) B ypaBHeHus ynpyroro pasHoBecHs (9.8):

a% | o2
5;2_{_ 0;2 (9.24)

8TO H €CTh ypaBHEHHe, KOTOPOMY JHAO/IXHa yJOB/JETBOPATH B KaX-
JOH TOYKE NMONEePeYHOTO ceueHHs cTepxHa ¢yHknus ¢ (x, y), Ha-
snpaeMas @yuxyued xpysenus Cex-Benana. Tlepefisém Tenepn
K YCJOBHSIM Ha OOKOBOH NOBEDXEOCTH CTEpXHS, TA€ MOAXKHH
OTCYTCTBOBATh BHEIIHHE INOBEPXHOCTHHE CUJH, Tak Kaxk NpsMOJH-
pefinne o6pasyomue 3TOf OOKOBOH MNOBEPXHOCTH MHAapa/lieabHH
OCH 2, TO HOPMajb K OOKOBOH IOBEPXHOCTH HEpPIERAHKYJAApHA
K OCH 2, a CJeJoBaTeJBHO, KOCHHYC YI/a 3TOH HOpPMAJH C OCBhIO 2
€CTb HyJ/b:

n=0. (9.95)
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Broca (9.22) u (9.25) B dopmyan (9.12), MH HMeeM:

X,=0, Y,=0, (9.26)
Z,=XIl}+Ym=0; (9.27)
noacrasaas (9.23) B (9.27), MH moayumMm:
¢ ¢ —
(ﬁ_ )1+ (5;+x) m=0. (9.28)

Tak xak I, m cyTb KOCHHYCH YIJIOB HOPMaJH K KOHTYPY IO=-
nepeyHoro ceuenus (cwur. 24), ¢ ocaMu X, y, TO, BBOASA IPOU3-
BOJAHYI0O (YHKIHH ¢ IO HOPMalH K
KOHTYpYy, HMeeM: y 14

dy __ Oy Oy

[Tostomy Mbl mosyuuMm u3 (9.28): >
2
%:ly—mx. (9.30)

I

D10 M ecTb OKOHuATe/JbHasg dopma

I'PaHHYHOTO YCJIOBHSI Ha KOHTYpe IO-

mepeyHoro cevyeHusa crepxHsa. Tak

kak B opmy.H (9.22) u (9.23) K0Op- dur, 24.

JUHATA 2 HEe BXOJHT, TO HANPSKEH-

HOe COCTOSIHHE OJIHHAKOBO BO BCEX IIONEPEUHHX CEYCHHAX CTEPIKHI.
Jlerko BHAETB, YTO KacarTe/]bHble HANPSXKEHHS B IJIOCKOCTH HOIme-
PEUHOrO CeYeHHA CBOAATCA K mape cua. aa dynxuun ¢ (x, y)
CIPABELIHBO COOTHOLICHHE

oilx (0 =) | +a [ (5 +) =
==yt (i) =2

tak Kak ¢ynxnus ¢ (x, y) ymosiaersopser (9.24). [Tostomy unmeem,
no ¢opmy.se I'puna:

M x= ij dxdy = ;xrjj 0—’l y dxdy=
= [[{& ] (-] 45 (5 +)]}arar=
‘=}*fo[(@7 — ')l—l— (% —[—x)m} ds,
TAe KPHBOJHHEHHBIA HHTerpasn B3SIT IO BCEMY KOHTYDPY momepeu-

HOro ceueHus (ds—sjeMeHT Iyrd KoHTypa). Besencrsue rpanuu-
HOoro ycuoBus (9.28) STOT KOHTYpDHHI HHTErpaJ paBeH HYJI0, &
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C/JeX0BATEJIBHO, HMEEM:
S S X,dxdy=0
M TAK XKe HahgéM:
Sr={{r,dcay=0.

ITosToMy kacaTesabHHE YCHJIHS B IJIOCKOCTH NOMEPEYHOrO ce-
YeHHA CBOAATCA K Nape CHJ, MOMEHT KoTopoll 6yaer:

M= S { (¥, —yX,) dxdy. (9.31)
Brocsa ciopa (9.23), nonyuum:
M=pz _U[x’-]—yz—}—xg% —y:;—i] dxdy. (9.32)
BBoaa o6o3nayeHHe
c=p[[[24r+x3 —yit]dxay, (9.33)
AMEEeM JJs MOMEHTA [apH CHJ BHPAKEHHE:
M=_Cr; (9.34)

M nasuBaerca MOMermonm Kpy4enus, C Ha3LIBACTCA HCECIMKOCMbIO
npu Kpyuenuu.
Ha sakpennénsoM koHue crepxHs A(2=0) uMeem:

u=0, v=0, (9.35)

HO KOMIIOHEHTH YNPYI'OTQ CMeIeHHs, NMapajieJbEHe OCH CTEPKHS,
He YHHUYTOXawTcs. OHH HMEIOT BO BCEX CEUEHHAX OJHHAKOBHE
sgauenus. [lostomy mnomepeuHoe ce4YeHHE HEKDYIVIOTO CTEpPKHSA
NpH KpyueHHH AedopMHpYyeTcs H HepecTaér GHTb NJIOCKHM.

3mech MH HMeeM OCOOHH Cjayual 3akpensaeHds KOHIeBOr'O ce-
YeHHsA, HA3HBAeMHH saxpenaenuem Cen-Benana. Eciu xe MH
norpebyeM, 4TOOH HA SaKPeNmJEéHHOM KXOHLE TPEeTHH KOMIIOHEHT
ynpyroro nepeMemniesns @ pasHsJCA GH HYJO, To peumende (9.21)
6oJiee He HMeeT MecTa H XOJKHO OHTb saMeHeHo ApyruM. [lpu-
6AAXEHHO Takoe pemesHe OHJIO JdaHO BIepBHe B pabore
A. ®emnaa (cmorpn «Cuaa u gpedpopmanus», tom II, raasa VI).
Ha cBo60ZHOM KOHINE CTEpPXHS MH HMEEM TOJbKO KacaTe/abHHe
ycuans, KaHHue ¢opMyso# (9.23). OHH SKBHBaJEHTHH Nape CHI,
MOMEHT KoTopo# M man dopmysao#t (9.34). Ilo npunnumy Cen-
BeHaHa cucTeMa BHEIIHHX CHJ, IPH/IOMEHHHX K CBOOOJHOMY KOHILY
CTepXHA, A0JXKHA OWTb CTATHUECKH SKBHBA/JEHTHA BHIIEYIOMAHY-
TOfl mape CHJL.
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Taxk xax ¢yHkuHs KpyueHus ¢ (x,y) yAOBJACTBOPSiET ypaBHe-
Huio (9.24), To oHa 6yxeT rapmMoHMieckolt (yHKHHeH, H el coor-
BETCTBYET CONpsxEHHas rapMmonnuyeckas o¢yuxuus ¢(x, y), Tak
4To:

dx o0y’ dy  odx°
OueBujaHo, uro ¢ynkuus ¢ (x, y) BCIOLy BHYTPH KOHTypa IHoIe-
PeuHOro CEYeHHs YHOBJAETBOPSET yPaBHEHHIO

a2 92
o+ :Ft =0. (9.37)

Op 00 O __ 0% (9.36)

['pannyHOe yCJAOBHE, KOTOPOMY YyAOBJeTBOpsieT oTa ¢yHKIHUA
& (x, y), nonyunrcs u3 (9.28), ecsin Buectu TyxAa (9.36) H 3aMeTHTS,
YTO NIPH NPHUHATOM Ha ¢ur. 25 (CM. HHKe) HANPABJICHHH HMEEM:

_dy . dx
I—E;’ m——'a-;, (9.38)
410 HABT:
0bdy | 0bdx dy dx\ _
o Tran— (v tag) =0
HuTerpupys no KOHTYpy HONEPEUHOr'0 CEYEHHS, HMeeMm:
2 2
=1 42_"’ ~-const. (9.39)

Taxum o06pa3oM, sajgaua INpPHBENEHA K OTHCKAHHIO (YHKIHH
¢ (x, y), rapMOHHYECKOH BHYTPH KOHTYypa IMONEPEYHOrO CEeYeHHs
CTEPIKHSA, a HA TPAHHIIE €r0 YAOBJAETBOPSAIOUIE# KOHTYPHOMY YC/I0-
BH0 (9.39). [l KOMIOHEHTOB KacaTeJbHHX HANPSIKEHHH HMeeM
u3 (9.23) BHpaxeHHd:

—ur (%
o= (5 —3) (9.40)
b ’

Y,=—m (07 - x).

§ 96. dyuxuua nanpsxenuit MpaugTias.
Beoas BOByI0 dynknuio F (x, y) mo ypaBHeHHIO
: .
Flo, )= (5 9) — 3 (2 4)], (0.41)
MB moayyuMm H3 (9.40):
oF oF
Xzzo—y', Yz:—-aTr'. (942)

9ra ¢yuxuus F moiayunsa HasBauHe (PYHKUUU HANPANCEHLLE
IlpanOmas u YAOBJETBOPSIET YDABHEHUIO, KOTOPOE MO/ydaercs,
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ecsiH Hax obGeumu uyactsiMu (9.41) coBeplIHdb ONEPAIHIO
92
_ F=aa o
4TO AaéT
V2F = pi¥# -——~ V2 (x4 y2).
Tax kax
Ve (e 4 y) =1,
a o¢ynxuns ¢ ygosierBopser ypasHesuwo (9.37), TO mOAyuyHM
OKOHYaFe/bHO ypaBHeHue [lpaparas:

V2F = —ur. (9.43)

Ha ocxoBaunu (9.39) u (9.41) Mu uMeeM TpaHHuHOe yCIOBHE
os F(x, y):
F (x, y)==const. Ha KOHTYypE. (9.44)

I8 KpyTamero MOMeHTa MMeeM u3 (9 31) u (9.42):

M=—{{ ( ) dx dy. (9.45)

M3 sroit popmyan caenyer, yto BeanuuHa M He MeHsercs, eC/H
K F npu6aButh Kakyo-HHOY/Ib NMOCTOSHHYIO BEJIHYHHY.

Hurerpupys mpasyio vactk ¢opmyau (9.45) mo uactsam, MH
TIOJY UHM:

M=— §F (lx+my)ds+2 (| Fdx dy. (9.46)

Ecan KOHTYp OZHOCBS3HHA, TO IPaHHYHOE YCJIOBHE AAf (DYHKIHH
F(x, y) moxHO B3aThb B (opme:

F(x, y)=0,

TaK KaK H3MeHeHne ¢yHkuuu F (X, y) HA NOCTOSHHYIO BEJHUHHY
He OTpaxaercsi Ha peLIeHHH 33Ja4d, KaK STO JEerKo BHIHO H3
(9.42; H (9.45). Torma KpHBOJHHEHHHH HHTErpal B BHPAXKEHHH
(9.46) of6pamaercs B HyJb. [103TOMYy a/i KPYTSAIEro MOMEHTa
B C/1y4ae OJAHOCBSA3HOTO KOHTYpa MH MMEEM OKOHYAaTeJbHOE BHIpa-
KeHHe

M=2{{Fdxdy. (9.47)

Sta BaxHas ¢opmy.aa npusamiexur Ilpasariao.

Eciu nonepeunoe cedeHne MHOrOCBA3HOe, TO dyHkunua F(x, y)
MOJYYHT HA BHEHIHEM KOHType CEUeHHsl MOCTOsiHHOe 3HaueHue Fj,
a Ha KaXJOM BHYTpPEeHHEM CBO& 0co060e MOCTOSIHHOe 3HayeHHe

Fl’ Fz’ F3’ s vy F

ne

€CJH YHCJIO BHYTPEHHHX KOHTYPOB DaBHO .
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OG6o3HauuM BHEIIHHH KOHTYp cedeHus yepe3 C;, a BHyTpeHHHE
KoutypH uepes C,, Cy, ..., C,, ..., C, (dur. 25). Ilpn xouryp-
HOM HHTErpallHi MH JOJIKHH IPHHATH BO BHHMAHHE, YTO 0GXOM BHY-
TPEHHHX KOHTYDOB OYJAET COBEpPIIATLCA B HANPABJECHHH, OODATHOM
o6xoxy BHelIHero koHTypa. B ¢op-
myJie (9.46) KOHTYpHHIH HHTErpas
NpeaCTaBUTCA CyMMO#i KOHTYPHOTO

HHTerpasa— 55F0 ({x -+ my) ds, onn-

CaHHOTO B NPSIMOM HAIpPaBJEHHH
0 BHEUIHEMY KOHTYPY, H 72 KOH-
TYPHBIX HHTErpaJoB — I10 BHYTPEH~-
HHM KOHTYpaM, ONMHCaHHLIX B 00par-
HOM HalpaBJ/IeHHH:

3 Fllx+my)ds=
—_—_Ek F, § (Ix-{-my)ds.

3neck F, ecTb 3HaueHHe (YHKIWH HANpsKEHHH HA BHyTPEHHEM
xonrype C,.

O603Hauas uepe3 2, mIomAAb, 3aKJIOYEHHYI0O BHYTPH 3aM-
KHyTOro kontrypa C,, npeo6pasyeM KpHBOJIHHEHHHIA HHTErpasl Ta-
KuUM 06pasom:

§ (Ux-+my)ds= § (xdy—ydx).
Ck Cp

Ilpumenum ¢opmyay I'puHa mas npeo6Gpa3oBaHusi KPHBOJHHEHHOTO
HHTErpa/ja B MOBEPXHOCTHHH:

(Pax+tQay =ﬁ(g§_3_§) dx dy;
B HameM cayuae P=—y, Q=ux. Ilosromy
§ (xdy—ydx)=2 SS dx dy=29,. (9.48)
Ck

$ur, 25.

Ha oCHOBaHHH BHILIEH3JO0XKEHHOTO MH HMeeM H3 (QOPMYJIH
(9.46) cremyoulee BHIpaXKeHHE A/ KPYyTALUIENO0 MOMEHTA B CaAyuae
MHOTOCBSI3HOTO CEUYEHHMs:

M=—F, § (xdy—ydx)+3 Fkﬁ(xdy-—ydx)JrzSSFdxdy.

Ha ocnoBannn (9.48) npeamaymas ¢dopMysa NPHMET C/eAYIOMMM
BHJ:

M=—2F2 2 S F,%+2 SS F dx dy. (9.49)
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3aech Q, ecTh NoMHAsg NJIOLAJL, OTPAHHUYEHHAS BHEIIHHM KOHTY-
pom C,.
B ¢opmyay (9.49) Bxoaur n-}1 npoH3BOJBHHX IOCTOSHHHIX:
Fy, F,, Fy, ..., F,.

Ho Tonbko 0AaHA W3 HHX MOXeT OHTbH IPHHATA 32 HY/Ab, HalmpH-
Mep, MH MOXEM MOJOXHThb

FO’:O:

a ocTajbHHE NOCTOSHHHE ONpefe/saloTcd U3 TeopeMu bBpenra.
Ciienyer 3aMETHTb, YTO B HEKOTOPHX C/ay4asdx yAOGHO NPHHATD
3a Hyap He F;, a Kakyo-HHOyIb JAPYyryl0 NOCTOSHHYIO.

§ 97. Teopema bpeara o wMpKyJsUUH KacaTeJabHOTO
HanpsiKeHUs MpH Kpy4eHHH.

B 1896 r. repmanckuii nHxkeHep P. Bpear man saMeuyarejpHyio
TeopeMy O IHPKYJSAIHH KacaTeJbHOIO HANPSKEHHA IPH KPy4YeHHH.
Taxk HasbBaeTCsd KOHTYPHHIH HHTerpas

J=§ Tds, (9.50)
[+

B3STHHA 0 KaKOMY-1u60 3aMKHYTOMY KOHTYpY C BHYTpH momepeu-
HOro cedeHHs. 3gech T €CThb INPOEKIHs KacaTeJbHOrO HampsiKe-
HHA B KakO#-au60 TOYKE KOHTypa Ha HampaB/eHHe KacaTeabHOR
K 5TOMY KOHTYpPY B pPacCMaTpHBAaeMO# TOYKe, BCJAEJCTBHE YEro

T,= X,cos (t, x)+ Y,cos (¢, y), (9.51)
HO HMeeM:
cos (¢, x) =22, cos(t, y)=2. (9.52)
Broca (9.52) B (9.51), nonyuum:
d d
r=x%+v%. (9.53)
IMoacrasass (9.53) B (9.50), monyuum:
J= 9§ (X, dx -1 Y,dy); (9.54)
BHOca ciojga X, u Y, u3 (9.42), Mu noayunm:
oF oF
I=§ («E dx—35 dy). (9.55)

Ecin BHectH cioza u3 (9.38)
dx=—mds, dy=Ilds,
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TO TOJYUHM:
J=—§ (Em+3E1) ds,

HJIH BBOJAA HOPMAJbHYIO MPOH3BOAHYIO

oF _OF aF

HOJNYYHM I/ BeJHYHHH IHDPKYJIALHH:

2 ds. (9.56)

J=—

C apyroft CTOPOHH, MH J0/KHH BHecTH B (9.54) dopmyan (9.23),
YTO JAET:

I B[ () ] =
==p.':§ (%dx—-}—% dy) —l—prﬁ(xdy—-—ydx)::
=wr§dop+pr § (xdy—ydx).

Tak xax KOMIIOHEHTH YNPYroro nepeMemeHus 4, ¢, W HOMK-
HH GHTbH OZHO3HAYHHEIMH (DYHKIHSMH KOOpAHHAT, TO H3 (9.21) cae-
IyeT, 4To (YHKIHA KpyueHHs ¢ (x, y) AOKHA OHTb OXHO3HAYHOM
¢dyHKIHeH, a Torga Heo6XOAHMO, 4TOOH HHTerpaa oT dy (X, y) mo
3aMKHYTOMY KOHTYpPY GOHJI paBeH HY.IO.

[TosToMy H3 yC/IOBHs OJHO3HAYHOCTH YIPYTHX MNepeMereHHA
IOJIYyYHM:

J=w § (xdy—ydx),

yro corsacio (9.48) maér
J=2uz4, (9.57)

rge @ ecTh BEMHYHHA IIOIIAAH, OTPAHHYEHHON 3aMKHYTHM KOH-

TYpOM, 1O KOTOPOMY BHUYHCAsieTCsl uupkyasuus. Popmyaa (9.57)
H cocTaBJseT BaxHYy0 Teopemy Dbpepra.

M3 (9.56) u (9.57) moayuuM BaxKHOE COOTHOLIEHHE

— L 45 —opr0, (9.58)

caymauiee IJs  ONpeNeJeHus #  HeuspecTHHX F,, F, ...,
F, sHavueHHd (YHKUMH HAOPAXKEHHA Ha #  BHYTPEHHHX
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kourypax C,;, C;, ..., C,. JleficTBHTE/]IbHO, HMEEM 2 YPAaBHEHHH:
oF
§ ds=—2u12,,

f dFdS = — 2ut,,

(9.59)
oF
ds = — 2ut? .
5, s 212,
n
Huterpann, crosupe B JeBOH YACTH, CyTh JHHEHHHE (QyHKIHRA
or Fy, Fpy ..., F, a 9,9, ..., & CyTb I/I01IAJH, OTPAHHYEHHHE
3aMKHYTHMH KoHTYypamu C,, C,, .. C,,, T. €. BeJIJUYHHHE H3BECTHHE,

§ 98. MemOpantas anagorus Ilpanatas.

IMycts OxHOpOAHAA MeMOpAaHa NMOCTOSIHHOMA TOJINMHH ONEpTa IO
KOHTYpY TOT'O € OuYepTaHHd, KAK H NONepeyHoe CeYeHHe CKPYYH-
BA€MOTO CTE€DXHA, H HA-

0 y 7 2 TDyXeHa pAaBHOMEpHOH
p; 0 Harpys3ko# ¢, a o KOH-

b Typy INOABEPrHyTa IO-

z CTOAHHOMY HaTskeHuo T

(¢ur. 26), xoropoe 6y-
Jer Tnepenasatbcs IO
Bceli mMembOpaHe,

[TycTb KOOpAUHATHHE
ocu OXxy Jexar B ILIOC-
KOCTH KOHTypa MemOpa-
HBI, KOTOpas IPOrHETCH
1oJ JA€HCTBHEM HArpy3-
KM ¢ Ha BEJIUYHHY W.
Bripexem asiemenT abed,
CTOPOHH KOTOpOro mna-
pajlIeJbHH OCAM KOOp-
JUHAT, H IPHJIOXKHM K
KaxJ0H CTOPOHE PAaBHO-
MEpHO pacnpeae/éHHue

Pur. 26. HODMAJIbHEIE  PacTArH-

BalOUHe HampsiKeHHs 7.

OueBuHO, PA3HOCTh YCHJHA HA MPOTHBOMOJOXKHHIX CTOpPOHAX ad
H bc paét HAa OCb 2 IIPOEKIIHIO:

—Tdy G+ [Tdy et 1 (Tdy ) de] =T 52 dedy,
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n60 MaJH{ yroa MexAy ocblo OX H KacaTelbHOH K CEYEHHIO

o Jw,
MeMOpaHH IJOCKOCTBIO, mapasaeibHoll Oxz, Oyner ==, Takxke

dx
pa3HOCTh YCHJIMH Ha MPOTHBONOJOMXHHX CTOpOHaX ab u dc maért
Ha OChb 2 IIPOCKIHIO

y w"dxdy

YciaoBHe paBHOBECHS BCEX CHJ, AEHCTBYIOLIHX HA 3jaeMeHT abed,
JAET PaBeHCTBO HYJIO NPOEKIHH BCEX CHJI Ha ocb Oz

92 32
(d;”z"—}— 0;2;0) dx dy-qdxdy=0,

60 gdxdy ects Harpyska, NPHJIOXEHHAas K IIOLIAJAH BJEeMEHTa
abcd. Orciona uMeeM ypaBHeHHe JJisi nmporuba @, paBHOMEpPHO
HarpyXeHHOH MeMOpaHH:

02w, 0w
T = (9.60)

Ha xonType MeM6paHH NpPOrué w, paBeH HYJI0, OTCIOAA KOHTYp-
HOe YyCJa0BHE Oyner:
w,=0. (9.61)

Kourypaoe yciosne (9.44) nmnd  o¢yHKUMH F TOXIECTBEHHO C
(9.61). Nuddepenunanbhnie ypasHenus (9.43) n (9.60) cosnagaior,
€CJH IOJI0XKHTh

2ui=72 . (9.62)

CanenoBaTenbHO, 337243 O KPY4YeHHH HPHBOJHTCS K OTHICKAHHIO
(popMmu mporuba paBHOMEPHO HATPYXKEeHHOH# MeMOpaHH,

§ 99. Kpyuenune TOHKOCTEHHbIX TpyGyaTbIX BaJOB.
Ilycte ¢ ecTh Majas IepeMeHHas TOJIIMHA CTEHKH [MOJOro

Bana (¢ur. 27). Ha ocnopanun
dopmyn (9.49) umeeM, nosaras

Fo———o,

BEJHUHHY KPYTAIEr0 MOMEHTA

—o {{ Fdxdy+F.9,),09.63)

rae 9, ecTb IONAAb, OT paHHYEH-
Has BHYTPEHHHM KOHTypom C,,
a F, ecTb OCTOAHHOE 3HAYeHHe dur. 27.

QYHKIUMH HanpsKEHHH Ha 3ToM

KOHType. BBuny Ma/oil TOMMHE ¢ CTEHKH MBI MOXKeM IPHG/IHXEH-
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HO NPHHATb, YTO 3HadyeHHe F mo HopMaad ot C; k C H3MeHsercs
1O 3aKOHY mpsiMON OT F, X0 HyJf, H MOITOMY CpeaHee 3HaueHHe F
Ha 3TOH HOpMaaH GyNEeT COOTBETCTBOBATb CEpPEAHHE IJAMHH HOp-

1
Maqi B PaBHO o F,. IlosToMy NpHOIHXEHHO HMeeM:

ijdxdy:-%—Flftds, (9.64)
¢y

rie xontyp C] NPOXOMT mocpeinHe Mexjy Kourypamu Cy u C..
Brocsa (9.64) B (9.63), MH mosnyuum:

M=2F, (&+ 5 §¢ds). (9.65)
6

Ho nerxo Buaers, uro niom@axp 9), orpaHHyeHHas CpejHHM KOH-
TypoM Cj, 6ylIeT HMETb BeJHYHHY

1
2 =9, + 5 ft ds.
¢y
[ToaTomy umeem u3 (9.65):
M=2F Q. (9.66)

C xpyro#t CTOPOBH, IIPH NPHHATOM IPAMOJHHEAHOM [IAJCHHH 3HaUe-
Husl F N0 HOpMaJH, MH HMEEM C/AefyIOIYIO BeJHYHHY TaHreHIHAb-
HOH cjaraomei KacaTeJbHOr0 HaNpSAXKEHHS:
oF__ A
Ty=—5=7. (9.67)

IMosromy, BHOCs (9.67) B (9.58), MH mOAyuHM ypaBHEHHE HHpPKY/A-
nuy bBpenra:
Fy § % = o9, (9.68)
<
Hckamiouan F, u3 (9.66) u (9.68), nmeem:
. 4p (9'1)‘3 .

_._;fig;,

sTa ¢opMysaa jana Bpenrom.

M

(9.69)
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Hs ¢opmyr (9.66) u (9.67) umeem Jjn BEIHYHHH TAHTEH-
I(Ha/BHOH CJaramlel HANpAXKEeHHs :

M
T,= 2—9;—; ; (9.70)

sta ¢opMmysa Toxe npmHamiexur bBpeary. lad TOHKOCTEHHHX
Tpy6 MOXHO paccMarpuBaTh I, KaK HampsXeHHE KPYUeHHs.

§ 100, I'mapoauHamMH4YeCKHe aHAJOIHM NPH KpYyYeHHH.

1) Ananornas byccuuecka. PaccMorpuM JaMHHAapHOe
JBHKEHHE XHAKOCTH IO IIPH3MaTHYeCcKo# TpyOe, nonepeyHoe ceye-
HHEe KOTOPOH COBMAJAaeT ¢ MONEePeYHHIM CeueHHeM CTepXKHs, Kpyue-
HHe KOToporo Huccienyerca. Ilpunumas ocb TpyOGH 3a OCh Z H
oGo3Hauas uepe3 w(x,y) CKOPOCTb XHAKOCTH, TEKylieH sieMeH-
TAPHHMH CTPYHKAMH, M[apajjejbHHMH CT€HKaM TpyOH, HMeeM

ypaBHeHHE:

0w | 0w 10
V2w=——|-m_—_;a b—i:const., (9.71)

0
rae 3’—; €CTh NMOCTOSIHHOE NaJeHHe THAPOJHHAMHYECKOT'0 HABJEHHS
no ocu TpyOH, a M, ecTb K03(pduuueHT abCOMIOTHONH BA3KOCTH
JKHIKOCTH.

Ha crenkax tpy6m Mu umeeM yciaosHe PefiHosbaca:

w=0, (9.72)

CpaBauBas (9.72) m (9.44), MH BHANM, YTO T'PAaHHYHHE YC/IOBHS
oauHaKoBH, a cpaBHuBas (9.71) u (9.43), MH BHIMM, YTO ypaBHE-
HUd pias w 7 F coBmajgaior, ec/u '
_1op
—2ur= ;o 92" (973)
Caenyer 3aMeTHTh, YTO TPaBast 4acTh 3TOH GOPMY/IH OTPHIATE/bHA,
TaK KaK JaBJeHHE p NajaeT N0 JauHe TPYGHL.

2) Ananorusa Tpunxuana. Ecan npunste F(x,y) sa
(GyHKnHIO TOKa HECXKHMAaeMOH HIEaJbHOM HKHIKOCTH B PACCMOTPEH-
HO# Bhime Tpy6e, TO HMeeM JJS NPOEKUHA CKOPOCTH TEUEHHA Ha
OCH X H ¥:

_OF

oF
H=75 ==

V=— (9.74)

,HJ[H KOMIIOHEHTA BpAIleHHs YACTHIH XHIKOCTH HMEeM H3BECTHYIO
Gopmyay: o o
v u
2(0: =~ ox —_ a—y . (9.75)
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Brocst croxa (9.74), monyuum:
20,= — V2P, (9.76)

Tak xax ¢ysxuus F yjposierBopser ypasHenuwo (9.43), To moay-
YHM OTCIOJA:
o, == ut, (9.77)

Taxum o06pasoM, JAJs pacCMaTPHBAEMOI'O JBHXKEHHS HAEAJLHOH

HEC)KHMAeMOH XHAKOCTH CyLIECTBYeT IIOCTOAHHAH BEJHYHHA CKO-

POCTH BPAIIEHHS YACTHI[ XHAKOCTH, AaHHasa dopmyJod (9.77).
KOMIOHEHT CKOpOCTH TeyeHHs MO HOPMAJIH K CTEHKE, OYeBHI-

Ho,, 6y 1eT
V,=ul+tvm;

BHOCA cioja [/ H m u3 (9 38), u 1 v u3 (9.74), noayunm:
__OFdy | 0Fdx __ dF
—dy ds+ dxds — * (9'78)

3T1a BeJUYHHA HA HeHO,lIBI/I)KHOH CTE€HKE paBHA HY/II0, 4YTO JA€T:

5— =0,
S
OTKyZa HMeeM, HHTErpHpy4,
F = const.,
H MOXHO IIPHHATH
F=0. (9.79)

Taxum 06p330M, rpanH4YHOE€ YCJOBHE HAa CTCHKE YOOBJETBOPEHO.
MOMEHT KOJHYECTBA MABHIKEHHA MXKHIKOCTH OTHOCHTEJBHO OCH 2

6yner:
= SS p(vx—uy)dxdy; (9.80)
npuHuMas p=1 H BHOCA Cl0Ja (9 74) MH TIOJYYHM:
M=— ([ (Lxt-9y) dxay; (9.81)

at0 coBmagaer ¢ (9.45), T. e. C BeJIHUHHOH KpPYyTALIErOo MOMEHTA.
ITosTOoMy IIOTHOCTH XHJAKOCTH PaBHA €JHHHIE.

3) Anaaorua Tomcona H Tera. M3 ruapoauHaMuku
H3BECTHO, UTO €CJH HjeajbHas HECXKHMAEMas XHJIKOCTh 3aK/JI4eHa
B paccMaTpHBaeMoit Tpy6e, KOTOpas BpAINAETCS OKOJIO CBOEH OCH
(och 2) ¢ MOCTOSHHOH YIVIOBOA CKOPOCTBIO ®, TO (PYHKIHS TOKa
b, (x, y) nas OBUXKEHHS XKHAKOCTH OTHOCHTEJIBHO OCefi X, Y, NpH-
KPEeIVIEHHHX K TPyOe M ¢ Hed BMecTe BPAILANMIHXCA, YAOBJIETBO-
psieT ypaBHEHHIO

02 02
qu’x = 0x4;1 + ajzl (9-82)
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H TPAHHYHOMY YCJIOBHIO

cbl—_—‘i;—[—const. (9.83)

CpasuuBast (9.82) u (9.39), Mn HaxoxuM, uto ¢yskmuH $ u ¢,
COBNAJAIOT, €C/H
o=1, (9.84)

OueBHAHO, uTO (PYHKIHS KpyueHHs ¢ (X, y) OyldeT B STOM cayuae
CJAYXHTH NIOTEHIHAJOM CKODOCTeH [ PacCMaTPHBAEMOIO JBHXKE-
HHS XKHAKOCTH.

§ 101, Kpyuenue cTepXHs SAAMNTHYECKOTO MONepeqyHoro
CeyeHus.

Ecnn ocu X, V CyTh TIJidBHHE OCH 3SJJIHICA, LEHTP KOTOpOro
Ha OCH CTepXHA, TO KOHTYp IONEPEYHOro CEUYECHHA OAH YypaBHE-

HHEM . R
S5 —1=0. (9.85)

Tax xak ¢yuknus HanpskeHu#t F (x, y) nomxua o6pamarbesi B
HyJb Ha KOHTYype, AaHHOM ypaBHeHHeM (9.85), To BniGepem eé

B (popme
Flx, y)=A4(5+%5—1) (9.86)

¥ precéM 310 B ypaBHeHHe (9.43), yro maét:

QA( —"—blg>— 2.

Orcioga naxoaum A:

pra?h?

az--p2 *
Jas  KacaTeJbHHX KOMIOHEHTOB HAMPSIXEHHOTO COCTOSIHHS

umeeM no ¢gopmyaam (9.42) u (9.86) caeaywourHe BeHUHHH:

24 24
X,=532; ¥,=—F, (9.88)

A=— (9.87)

[Tosnass BeJHMYHHA KACATEJBHOTO HAOpAXEHNUsd B IIJOCKOCTH
nonepevyHoro Ce4yeHusl, OYEBHIHO, 6y,ELET'

T=V(Xz)2+(yz 2=2 + b4 ) (9.89)

OHAa HanpaBJ/eHAa IO KacaTe/JbHOR K KPUBHEM ceMelcTBa:
F (x, y)=const. (9.90)
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Eciu p ecTh AinMHA nNepneHAMKYJ/APA, ONYIIEHHOrO H3 LEHTPA
pasnunca (9.85) Ha xacaresabHYIO, TO, KaK H3BECTHO, HMeeM:

1

P=—F=——. (9.91)
Vits
Buocs (9.91) B (9.89), moayunm dopmy.y:
T—_—%’, (9.92)

H3 KOTOpoit caexyet, uyTo HauboJblIiee HampsikeHue OyZeT B KOH=-
1le MaJOoH OCH 3JJ/IHICA:

214 azh
Tmax = _3—| == 2‘“

=zt

(9.93)

8 HauMeHblllee HAnpAXKEHHE 6y}.1eT B KOHIE 60JIbLION OCH 3/IHICA:
21 A] __ 2prab? © 94)

T ===z 1 -

MowmenT KpyueHus BHuHc/AseTcd mo dopmyaam (9.47) u (9.86)
2 2
m=24 ([ (G445 —1) deay, (9.95)

rjae ABOHHOH HMHTErpajs paclpoCTpaHEéH HA BCIO MJIOINALG 3J/IMICA.
Ho sierko noayyuTh BeJHYHHH HHTETPaJaOB:

jjx2dxdy=ﬂl;£, yyyzdxdyzﬁqf—a, fdxdy:nab,

u BHOocA ux B (9.95), moayyum:

M=— Anab.
IMoxcraBass A u3 (9.87), nafiaém:
8h3x
M=y :,Tb, (9.96)

Ota BaxHas ¢opmysaa 6uia naHa Cen-BenanoM. Beepém Temepb
NOJIAPHHA MOMEHT IVIOLAAM 9JIHICA OTHOCHTENBHO €ro LeHTpa

Joz’%’_’ a?-} b?) (9.97)

K 0603HAYUM IIOMAAb 9JHICA 4Yepe3 @ =rnab.
Buipaxenne (9.96) mas KpyTAIlero MOMEHTa MOXHO HAIIHCATh
B BHAE:
M= m_(ﬂ__

'-“:—b (a2 b?) 4n2 ’
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yro, BeaeActsue (9.97) u BHpaxeHHs Aas €, mpuMeT BHA:

Q4
M= nT m . (998)

dta ¢opmyaa Takxe nana CeH-BeHanom, KOTOpHfI mpemOxkHA
NpUMEHATb €& M BHYHC/JIEHHS KpYTAILErOo MOMEHTa JI060re
NABHO OYEPYEHHOTO NOIepPevyHOro CedeHHs CTepiKHsd, BHOCA TyJAa
COOTBETCTBEHHHE 3HaueHus Q H J,.

I BHuncaeHns ¢yHKuuH KpydeHus ¢ (x, y) umeeM u3 (9.23)
n (9.88) ypaBnenus:

9 __,__ 24y
Bx T opb??
T pat ;

pHoca cioga A u3 (9. 87), HalpéM:
09 b2 — a2 0y  b2—a?
=arnY 3y afn

OTCIA4d IOJAYYHM, HHTErpHpYA,
2__ p2
0 (% ) =— ST Y. (9.100)

CoorsercTBenHo HMeeM s ¢ynxuun ¢ (x, y) Ha ocHoBaHHH ¢op-
mya (9.36):

0p 69 — b2

= — =R

% — b1

= ax a2+ Y3
OTCIOa, HHTerpHpysda, HMEEM:

— b2
¢ (5 ) =7 (g (*—°). (9.101)

Jlerxko moayuuth Tenepn

a?— b2

o+ip=1 (Grg) [—2o+ile— =5 (57 0) i
Hrak, umeem:
v +ip =7 (G -+ i), (9.102)

rie i=V—1, 1. e. 9(x, ¥)-+id(x, y) ects mnpocras ¢yuxuus
KOMILIEKCHOTO IIepeMeHHOro z=—x-}-iy Buza:

¢+ ip=Cz2?,

rae C—IIOCTOHHHaﬂ, nojsexamas olpene/IeHHIo,
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§ 102, KpyueHue cTepiHA nNpsAMOYroJbHOrO NofnepeyHoro
ceueHud.

[1poBesém ocu X, ¥ MapanienbHO CTOPOHAM MPAMOYLOJBHHKA,
¥ Haya/J10 KOOPAHHAT BO3bMEM B LEHTpe IPAMOYTOJbHHKA (HA OCH
crepxHs). O603HaYUM CTOPOHY NPAMOYTOJNBHHKA, Mapa/iieabHYIO
OCH X, 4epes 2a, a mapa/jenbHyo OocH y, —uepe3 2b. [lna peuie-
HHSI MpPHMeHHUM MeTox MeMOpaHHoM ananorud Ilpangras.

B paccmarpuBaeMoM ciayuyae MemOpaHa pAaBHOMEDHO HATAHYTA
10 KOHTYDPY NPSIMOYTOJIBHHKA H Harpy»eHa paBHOMEpPHOH Harpys-
xoft (¢ =rconst.). Ml HO/KHB HHTerpuposaTh ypaBHeHue (9.60),
B KOT)opOM npaBas 4YacTb INOCTOSHHAs, IPH TIPAHHYHOM YCJIOBHH
9.61).

( Ilpeanosnaras BO3MOMKHOCTb DPA3J0KEHHS

1_}_}4 cos T (9.103)
n=1
B HHTEpBAaJIE —A=<CX=<(Q, MH JIETKO HaiaéM, 4dTO
4 . n
A,=—sinT, n=1,357,... (9.104)

BBHIy CHMMETPHH OTHOCHTEJBHO OCH J MH MOXEM IIPHHSATH

Z f (¥) cos ”;: ) (9.105)

n=1,3,5,.

rae f,(y) nognexur onpexenenuio; BHocuM (9.105) B ypaBHenue
(9.60), uto Bcaexcrsue (9.103) paér:

0 of R 4 oo sirl?
¥, nin ntx q ntx
)) [dy2 —an] cos'gy =—F-7 2, Tm cos’yy,
n=1 n=1
rae n=1, 3, 5, 7, ... Orcioaa moIyunm:
4q sin s
d*f, (nm\? 2
dﬁz - (9—2) e =— —7— (9.106)
O6uuii UHTErPaa STOTO ypPaBHEHHS €CTh:
n nr
fo(9)=Cysh -4 Cych B2 4-Cy, (9.107)
rae
16ga? sin %’-:
Ca: —W— » (9.108)
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H BBeJeHH o6Go3HaueHusa sh u ch a1 rumep6o/iHYecKHX CHHyca
H KOCHHYCa.

['pannunoe yciacsue (9.61) 6yner BHGopoM w, no QopmyJe
(9.105) camo €060 YAOB/IETBOPEHO A/ OGEHX CTOPOH INIPAMO-
yroJbHHKA

X=-a.

Ocraércs  ymoBaeTBopuTb ycaosuio (9.61) mra ABYX JApyrux
CTOPOH
y=-b.

Ho BCaeACTBHE CHMMETPHH OK0/10 OcH Ox MH JOJXKHH IPHHATD,
YTO0 W, €CTh 4E€THAA (PYHKUHA OTHOCHTEJNBHO Y, OTKYJAd HMeeM:

C,=0. (9.109)
Toraa moayuum:

f(y)=C,ch %—[—C}:O
qa y=--b. 310 paér: ,
C,ch 3+ Cy=0,

OTKYyZAa o
cz—_——ch&. (9.110)
2a
Hs (9.110), (9.109), (9.107) u (9.108) moxyunm:
16ga? sinﬂt c y
2 2
L= 1 ——5 |, (9.111)
12q
npUYéM
n=1,3,5 7, ...

Brocs (9.111) B (9.105), Mb moayunm:

sin i nwy

-]
___ 16743 2 2a nrx
Wy =-u7 E ) 1— nzb Cos VR (9.112)
n= 1,357 ..4 ch 2a

npHuéM KOHTYpHOe yciaoBHe (9.61) n ycioBust cCHMMeTpuu sl 11PO-
ru6a mMemOpaHd yzosjaeTBOpeHH. Mcnoabsys ¢opmyny (9.62), Mu
noayuum H3 (9.112) crenymoniee BripaxceHne A1 QyHKUUH Hamps-
HKCHHH NPH KPYUEeHHH:

nr nty
. 32p1al et sin o ¢hog nxx
F(x, yy="5 > Ao |1 —— |cos5 . (9.113)
r=1,3,5,7,. ., ch

2a
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IMpu &> a M Haiigém, 4to HanGo/bIEEe KacaTeJabHOE Hanps-
XKeHHe GyAeT Ha cepejHHe AJHHHBIX CTOPOH X = -+a.-Jlerko noay-
YUTh 114

y=0, x=-4a

CIeAyIOlee BHIPAXKEHHE M Tiayt

Thnax—k-2p1a, ) (9.114)
rae 0603HAYeHO:
8 o 1 1 .
k=ﬁ—2 Z b [1 — mb] . (9.115)
n=1,3,... chg,

Mcnoapays ussecruyio ¢opMmy.ty
2 1 1
%=1+,—5—2+5—,,+... ,
mbl npuBeaém (9.115) k BHAy:
8 < 1
k=1—5 3 ——wb. (9.116)

n=1,3,5,... 0 ch 5~
B ¢opmyae (9.114) k& ectb uncaoBoit xo03ddHLIHEHT, 3aBHCALIHH
OT OTHOWUEHHS CTOPOH —, AIA KOTOPOro IO Qopmy.e (9.116)

JIeTKO BHYHCJAHTH TalJaHLy.
Jlast BHIUHCJEHHS KDYTSINEro MOMeHTa MH BHocHM (9.113) B
dopmyay (9.47), uro naér:
+b-ta
M=2\ | Fdxdy=rut(2a) (20), (9.117)
S la
rae k, ectb unc10BOH KO3(GHIMEHT, 3aBUCAIIHA OT OTHOLIEHHA
CTOPOH -g H BHUHCAsAeMBbH 1O ¢dopMmyse

=]

Jl1sa 3naueHH#t R, cocrasjera TtaG.Mna.
Buocst 3naueHne ut u3 (9.117) B (9.114), Mb noayuum:

M
N R HEIE (9.119)
rAe BBeJEH YHCAOBOH KO3 dHUIHEHT

k=" (9.120)

A9 KOTOpOI'G TaKxe COCTABJICHA Tabauua.
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3vauenns k, k,, R, JaHH B HHXKENPHBOAHMON Talb/HIe B 3aBH-
b
CHMOCTH OT OTHOIUEHHS CTOPOH —-.

Ta6auuna xko3dGHUHEHTOB NPH KPYYeHHH
NPAMOYTONbHOTO CTEP K HA,

bia k ky ks | b:a k ky ky
10 | 0675 | 0,1406 | 0208 | 3 0,985 | 0,263 | 0,267
1.2 | 0,759 | 0,166 | 0,219 [ 4 | 0997 | 0,281 | 0,282
1,51 0848 | 0,196 | 0231 || 5 | 0,999 | 0,291 | 0,201
20 | 0930 | 0229 | 0246 | 10 | 1,000 | 0,312 | 0312
25 | 0968 | 0,249 | 0,258 | o | 1000 | 0,333 | 0,333




FJIABA X,
WU3rWbp NPU3MATHYECKMX CTEPXHEM.

§ 103. UYncroiit u3ru6 crepxHs,

Byaem paccmarpuBaTh HCKJ/IOYHTENBHO NPH3MAaTHYECKHH cTep-
M eHb, OCb KOTOPOr0 €CTh FeOMEeTPHYECKOE MECTO HEeHTPOB TAKECTH
€ro nomepeyHmx ceveHuit. IIpuMeM 8Ty OCb 32 OCb 2, 4 OCH X, Y
HanpaBuM IO IVIABHHM OCAM HHEpIHH 4Yepe3 LEeHTP TSKECTH ceue-
Hus (pur. 28). Ocb x HampaBuM BHH3,
a ocb y nposeléM Tak, 4tobm cHCTEMA
Oxyz 6ua npasoro spameHus. Ilycts
no KoHnam A um B crepxHA AeHCTBYIOT
JBe DaBHHE 0 BeJHYHHE, HO IIPOTHBO-
[OJOXHO HaNpaBJeHHHE NapH, NPOH3-
BOJAIINE TAK HA3HBAEMHIH #Ucmbll H3-
rub crepxHd B 24asHol naockocmu Oxz.
& 3amaya sra Oniia pemena emé Ky-
¢ur. 28, JIOHOM NpPH NOMOIUM NPOCTOTO METOAa,
H3JaraeMoro B TEOPHH COIPOTHBJAEHHS
maTepuasos, Ecin 0603HaunTh uepe3 M MoMeHT KakAOK H3 map,
TO HanpsKEHHOE COCTOsHHe, HoayueHHoe KyiaoHom, Gyner cie-
Ayiouee:

E
X,=Y,=X,=X,=Y,=0, Z,=5, (10.1)

rae E— moaysas ynpyrocry lOHra, a R —mocTosBHas BeJH4YHHA,
npeacraB/agomas co6oi paguyc TOH OKDYXKHOCTH, B KOTOPYIO
o6paTHTCS NMPAMOJHHEAHAsA OCb CTEPXHA Mmoc/ae H3ruba, T. €. 9TO
€CTh pPaAHyC KPHBH3HH YNPYTrO# JHHHH.

CiegoBarenbHo, B pemieHnd Ky/oHa cyumecTByeT TOJABKO OIHH
KOMIIOHEHT HanpsKEHHOTO COCTOSIHHA, IIPEACTABJ/SAIOIHA HOPMAa/b-
HOe HANpsKeHHe HA 9JCMEHTAPHHX MJIOLIAAKAX, MepPHeHAUKYJIAp-
HHX K OCH CTepPXHf. DTO HOPMAJbHOE HAMPAXKEHHE HPONOPHHO-
HA/JIbHO PACCTOSHHIO OT OCH CTEPXKHI,
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Buecém (10.1) B ypaBHeHHs ynpyroro paBHOBECHS:

dX,  0X, 03X,
W‘f*‘#'l‘w‘i“PX:O. }

E A AN B
0X, | o, , 9Z .
"57-1—@*‘}‘—5‘;‘4‘?2——0-}

310 paér:
X=Y=2=0, (10.3)

a cJejoBaTenbHO, HanpsnkéHHoe cocrosimne (10.1) umeer mecrto
TOJbKO NPH OTCYTCTBHH MAacCOBHX cuJI. CBepX TOro, HeoGXOAHMO
NPOBEPHTb, OGYAYyT JH YAOBJETBOPEHH IIECTb TOXJECTBEHHEIX
cootHowenu#t BesnprpaMu-Cen-Benana (4.51). B stom serxko y6e:x-
jgaeMcss TpocTod mHOACTaHOBKOfA. TakuM o6pa3oM, HampskéHHOE
cocrosine (10.1) ynoB/ieTBOpsieT YC/IOBHAM COBMECTHOCTH H
ypaBHEHHSM YIPYTOro PaBHOBECHT.

BrisichuM Temepb, rpaHHuHbe YCJAOBHA Ha OOKOBO# mOBepX-
HocTH. MiMeeM, xaK H3BECTHO:

X=X+ X m+4 Xn,
Y,=X,(+4Y,m+4Y,n, (10.4)
Z,=X,l}-Y,m+ Zn.

Ciona wazo BHecrd (10.1) M mpHHATE BO BHHMaHHE, YTO HOPMAaJb
K OOKOBOM TOBEPXHOCTH CTep:KHA obOpasyer npsaMofi yroa
C OCBI0 2, 4 CJeJ0BaTeIbHO,

n=0, (10.5)

X,=Y,=Z,=0, (10.6)

T. €. 60xKOBasA MOBEPXHOCTb CTEPXKHA JOJXKHA OHTL CBOGOIHA OT
[IOBEPXHOCTHHX CHJ. KOHXIeBbIe CeYeHHA CTEPKHA napaaiejbHH
miockoctd OXy H, CAEIOBaTeNbHO, HOPMaNb K HHM Hapa/senbHa
OCH Z, OTKYJa:

[TosToMy mosyuum:

l=m=0, n=+1. (10.7)
Buocsa (10.7) u (10.1) B (10.4), mMu nHafzém:
X,=Y,=0, (10.8)
E
&:i%. (10.9)

CiiefioBaTeIbHO, HA OGOMX KOHLEBHX CEUEHHAX CTEPIKHS AO/IKHH
GHITh NIPHIOXEHBl MOAbKO HOPMAAbHbIE YCUAUS, pacnpedeséntise
no 3axony, 0anxomy gopmysoi (10.9).
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DTH HOpMaJbHHE YCHAHA GYAYT pacTArHBAIOLUIHMH B 06/aCTH
CeueHHs HHXKe IIOCKOoCcTH OY2Z M COKHMAWIUMMH B 06JaCTH BHIIE
sToil maockoctd. OHH CBOAATCA NMO3TOMY K PaBHHM H HapaJienb-
HEIM OCH CTep)XHf CH/IaM, OJHOH pacTArHBamulef H OJHOH
cKMMamImeH, #H o00pasyloT napy CuJiI, MOMEHT KortopoH M
Oygmer mapaJsened och y. M3 storo ciepyer, UToO paBHOACHCTBYIO-
1Iasg BCEX HOPMAJbHHX YCHJIHH B IIOCKOCTH CEUEHHS €CTb HYJb.

JeficrBuTe/ibHO, HMeeM (ABOAHOM HHTerpan 6epéTcs mo BCEMY

CeYeHHIO): szdxdyzg‘”xdxdy-—:o (10.10)

(TaKk KaK HAyaJo B IEHTPE THIKECTH).
BriuncinM Tenepp MOMEHT:

M= sz.xdxdyz%’, (10.11)
rae 0603HAYEHO:
J={{xdxdy. (10.12)

OueBnaHoO, J €CTh OCEBON MOMEHT HHEpIHH IONEepeyHOTO CEeYeHHS
0KO0JIO OCH Y.

Takum o6pasom, MH ycraHoBuau, urto pemenue (10.1) cmpa-
BELJUBO TOJbKO, €CAH INOBEPXHOCTHHE CHJB, AEHCTBYIOIHE HA
060X KOHUEBHX CEUEHHAX CTEPKHS, paclpefe/]eHbl N0 CIeHalb-
HoMy 3akoHy (10.9), a maccoBHe cuan OTCyTCTBYIOT. Ho mo
npunnuny CeH-BenaHa MH MoOxeM NPHIOXKHTH pemeHnne (10.1)
H B TOM CJydYae, ecIH Ha OGOMX KOHHAX cTepxHA A m B mpuiao-
MEeHH JIo0He Nape CHJ, KOTOPHE COCTaBJeHH H3 YCHJHH, pacrnpe-
NeA8HHHX 0 J11000My 3aKOHY, HO PaBHOAEHCTBYIOIIHH MOMEHT HX
BCErJa HMeeT OJHY H Ty xe BesHunHy M, nannyio popmy.oi (10.11).

Heob6xoaumo, uto66 Haubobwuil pasMep NONCPEYHOro ceye-
HHSE CcTep:xHs OB MaJ 10 CPABHEHHMIO C €ro ATHHOA AB. B He-
GoabluXx o6aacTax crepxHs B6au3d A u B (nmopsiaxa, nmpuMepHo
paBHoro Hau0o.blieMy pa3Mepy IONEepeYHOro CEeYeHHs) Hanps-
#EHHOE COocTOsiHHe 6yaer yxaoHsAThes oT AanHoro (10.1), Ho aTH
MeCTHHE YKJOHEHHS HanpsiKeHHus ObHICTPO YMEHBIIAIOTCA MO Mepe
0TX04a OT A B B K IeHTpy CTepKHS.

OnpeneanM Tenepe ynpyrue nepememeHus. Ilis 3toro B us-
BECTHBIE q)opMnybl1

€= X, —0(¥Y,+2Z)), ]
e,V)’ -II:T[Y)'—G(Xx—*'_Zz)]’
€, :%[Zz—c(Xx_!_ Yy)-}’

1 1
exy: ';Xy, ex,=-;Xz, eyz—:

]

|

(10.13)

Y

=)

1
I
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BHecéM (10.1), uro paér:

¢
exxzeyy——_']?zz:_ck_ ’ "
_1,__x 10.14
=52, =5, (10.14)
exy:sz:’eyz_:O

Ha ocHoBauuu u3BecTHHX ¢Gopmya KomH, cBa3nBamoumux Aedop-
MalHH H NEPEMEINeHHs, HMeeM:

E=S=—% (10.15)
=z, (10.16)

5+R=0 )

Qg ow_o, (10.17)

0y —o. |

Hurerpupys (10.16), umeem:
w:%+%UJL (10.18)

rie w,(x, y) ectb npou3Bo/bHaA GyHKIHS OT X, y. Buocsa (10.18)
B (10.17), MBl noayuum:

ou___dw___ 2z _ 0w
9z odx R ox°
dv___ dw__ 0w
9z oy oy
Unrerpupys sTH ypaBHEHHS, MOAYUHM:
2? dw,
u=—fp— Ebuy(x, ),
R | (10.19)
v:—z—d)—,"-{—'vo(x, ¥), J

rae u,(x, y) u v,(x, y) CyTh ABE NPOH3BOJIbHbIE (HYHKIHH OT X, J.
INoxcrasasa (10.19) B (10.15), Mul noayuum:

0wy | Ouy ox
—Zgx T xR’
Py Ou_ ox
“oyr U ooy R’
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Tax xax 5TH ypaBHeHHS IOKHH OHTBH YEOBJETBOPEHH NPH BCH-
KOM Z, TO MH JOJXKHBI HMETh:

0%, 0w

=0, T =0, (10.20)
duy _ ex dyy _ ox
ax R 3 ay ’ﬁ" . (10.21)

Haterpupys (10.21), nmeem:
cx3
Uy= _Q_xR~+fl (y)y
— 2 +fa (%),

rae f,(y) u foy(x) cyts mpomssBoabHue ¢yHkunuH. Brocsa (10.19)
H (10 22) B nepsoe u3 ypasHenuit (10.17), MH HaiaéMm:

9, 9% _ dfy dfz_‘_il_'____().

dxdy dy dx

(10.22)

D10 ypaBHeHHE JOKHO OHTh YJOBJETBOPEHO, KAaKOBO OH HH
OBLIO 2, @ CJIEAOBATEIbHO, MBI NOJYYHM:

ol =0, (10.23)
PhydhF=o (10.24)

Jlns onpeneneHns @, (x, y) M uMeeM TpH ypaBHenus (10.20) m
(10.23), u3 KOTOPHX CJEAyeT, 4YTO W, €CTb JHHeHHas (QyHK-

s X, y:
w,—=Ax+By+-C, (10.25)

rie A, B, C —OCTOSIHHHE.
M3 (10.24) umeem:

d—%ﬁ—%——:—d—%i—x)zconst.:&
OTKYJAa, MHTErpHpyd, NMOJIYyUYHM:
Jo(x)=—Dx+D,,
fi)=3%+Dy+D, | (10:26)

rae D, D,, D, cyThb NOCTOSIHHHLE,
Takum 06pa3oM MH NOAYUYHM:

u:_%—a&;.f_Az+Dy+Dz,
fu—_——"—xi'—-Bz—Dx+Dl, (10.27)
=2+ Ax+By+-C.
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B atH $OpMYJH BXOJAT LIECTb NIPOH3BOJNBHHX NOCTOSHHHX
A, B, C, D, D, D,

[lpuMeM HAYaJ0 KOOPAHHAT B CEpeJIHHE JJIHHH CTepXKHs; TOrAa
H3 YC/IOBHH CHMMETPHH OTHOCHTEJBHO CPEJHEr0 CEUEHHS HMeeM:

1) w=0 mna z=0, (10.28)

yro JAaér:
A=B=C=0 (10.29)
2 u=v=w=0 a1 x=y=2z=0, (10.30)

uro JaéT:
D,=D,=0. (10.31)

JluHeHHHE 37eMeHT, XOTOpHf J0 JethOpMAOHH COBIAAAJN
B Haua/jie KOOPAMHAT ¢ ocbio Oy, 6yAeT COXpaHATb CBOE mNepBo-
HauaJibHOE HanpaB/JeHHe. 3TO BHPAXAETCA AHAJIHTHUECKH YCJO-
BHEM:

3) %20 s x=y=2z=0, (10.32)
YyTo RAET:
D=0, (10.33)

Taxkum 06pasoM, NMOJYUHM OKOHYATE/JBHO:

n=—gpl2 o (2 — )], ‘
oxy

v=—"%" } (10.34)

w2
=2

OueBnaHO, YTO ynpyras JHHHS OyJAeT OTCIOAA MOJYYeHa, eCaHd
ITOJIOXKHM:

x:y.—:o,
TOrAa HMeEeMm:

22
U=—szp, v=w=0. (10.35)

DTO COBMajaeT C TeM, 4TO JAET TEOPHA CONPOTHBACHHSA MATEPHAJIOB,
Bs3saB ceueHne

z=Fk, (10.36)

MOCMOTpPHM, BO YTO OHO oOparuTcss mpu uaruGe. Ouesngno, uyro
BCce TOUKH, OnBIuHe paHee B miockoctH (10.36), mocae msru6a
6yAyT HaXOAHTbCA HA IOBEPXHOCTH

s=ktw=kt+R=k(1+%),

KOTOPast €CTh MJOCKOCTb, T. €, IPH YHCTOM H3rHGe NomepeuHLre
CeuyeHHs OCTAIOTCA IVIOCKHMH,
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§ 104, Ipo6rema Cen-BenaHa 06 u3ruGe KOHCOAH.

Havaso xoopannar Bubepem (¢ur. 29) B mentpe TAKECTH
3akpernnénHoro kouna A crepxusa. OCH X, y HanpaBHM IO IJaB-
HBEIM OCSIM CEYEeHHS, NPHUEM OCb X HAaNpPaBHM BHH3, OChb 2 Ha-
IpaBHM BIPAaBO IO OCH CTEPXHA, & OCb J HANPABHM TaK, 4TOOH
cucreMa xyz Oniia mnpasad. Ilycts jauHa crepxkus AB ects /.
[IpuMeM pajee, uTO CHJH, HeACTBYIOUHE HA CBOGONHOM KOHIE B,
CTaTHYeCKH 3KBHBAJEHTHH OJAHOH paBHOAEHCTBYlomE# P, nampas-

A (4 8
Z
0 y
. t
P S/
z *y
z
dyr, 29.

JIEHHOH 1O OCH X; NPeANOJNOKHM TaKXkKe, YTO HA GOKOBOH NOBepx-
HOCTH CTepXKHS HET THOBEPXHOCTHBIX CHJI H YTO MAaCCOBHE CHJBI
OTCYTCTBYIOT. .

CeH-Benad moxasa/, YTo B 3TOM CJayuae HanpsxEéHHOE COCTofA-
HY€ MOXHO NPEJCTAaBHTh B BHAE!:

X,—=Y,—=X,—0, (10.37)

l —
z,=-tl=ax (10.38)
rae J ecTb OCEBOH MOMEHT HHEPIHH MOMePEYHOTO CEUEeHHS CTepPK-
us, aaHHweit ¢opmysoit (10.12). OcranbHbie jgBa KacaTe/bHHX
xoMnounenta X,, Y, LO/XHH OHTb ONpELEJACHH.

Buecém (10.37) u (10.38) B ypaBHeHHS YNpPyroro paBHOBeCH:
(10.2), B KOTOPHX MH JO/MKHBI IIOJOXKHTDH

X=Y=272=0. (10.39)
10 jaér: ox o
52—‘=0, 72—‘=0, (10.40)

0X, | 0¥, | Px __
ox T a5 — =0. (10.41)
DTH ypaBHEHHSt CAyXaT jas onpejenenuss X, u YV, Ha 6okoBoi
MOBEPXHOCTH CTEePXKHSA MH HMeeM, Bcaeactsde (10.4) m (10.9):

X+ ¥,m=0, (10.42)
rae d d
8y __ ol
l-——ES-, m——-—a;. (10.43)



§ 104] NPOBNEMA CEH-BEHAHA OB H3THBE KOHCO/H 267

Yeaosue (10.42) ecTh TO CTAaTHUECKOE YCJIOBHE, KOTOPOMY JOJIXKHBI
YLOBAETBOPSATh HeuspecTHHe emé X, u V,. Ho m3 (10.40) cxe-
ayer, uto X, 1 Y, He 3aBHCAT OT KOOPAHHATH 2, & CyThb (YHK-
IOMH TOJbBKO OT X H Y, KOTOPHE YJOBJAETBODPAIOT YPAaBHEHHIO
(10.41). CBepx TOro, TaK KaK HaM 33aJaHO HaIpPsKEHHOE COCTOS-
HHEe, Mbl JOJIKHH I103a00THTBCH, 4YTOOBI OBUIH YJOBJETBOPEHH

1eCTb TOXAECTBEHHHX cooTHoulenni CeH-Benana.
d%,, + 0%, d%,,
0z3 dy? — odyodz’
_a_?"’zz_l_.dﬁxx — D%z
ox? 022 dz0x’
o, + d%,, L 0%,,
ay? 0x? — odxdy’

ey, 0 ( de,y | Oy ey | (10.44)
25y =0z \"ax Ty T dz)’

0%y, 0 <6ey, Oeye | Oy
Eﬂ”ﬁ}??—77+7?%

O%,, 0 (dey, Oe,, Oey,
= |t e — )
Cuauana suecéM (10.37) u (10.38) B (10.13), uro maér:
exx:eyyz_cezzr )
___P(l—2«x l
22— T E]
e.,=0. J

e (10.45)

INpunumass Bo BHHManue (10.40), Mbl MOJIyuuM Takxke COOTHO-
II€HHS
Oe,, 0

x=0, —X=0. (10.46)

Buocsa (10.45) B (10.44), MBl yBHAHM, YTO IEPBOE, BTOPOE, TPEThHE
H I0eCTOe COOTHOWIEHHA 3TOH cHCTeMbl GyXyT caMH COGO# yao-
BJIETBOPEHHI.

Herpéproe n msToe cootHomenus cucreMel (10.44) mapyr:

0 <oey, dey, > 0 1
ox\ox — Ty )T
i(deﬂ de,, 2P (10.47)
oy\ox oy /T T EI- J
Huterpupys aTy cHCTeMY, MH NOAyYHM:
de,, de 2Psy

% gy =gy (10.48)
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rjpe T-—TpPOU3BOJIbHAA MNOCTOSTHHAA. Mu YAROBJECTBODHM YTOMY
YPaBHEHHIO, IIOJIOXKHB!:

o, 0 ] P
e, =t+50, e,=—w+R4L5y  (1049)

rie ¢, €CTb MPOH3BOJIbHAA (YHKIHA X, Y.
Ecan B ypasHenue (10.41) BHecTH
X,=upe,, Y,=une,, (10.50)

TO IOJYTHM:
de,, | ey

Px
o oy T =0
BrecéM B 310 mociaepnne ypasHenus (10.49), uro paér:
0% 0% 2Px (14 9)
}';72‘!’“5),20_{_ EJ ==Y, (10-51)
NPHYEM MH HCNOJB30BAJH COOTHOMIEHHE:

__E
L T

Ecan Bmecto X, u ¥, BHecTH ux 3nauenus mo dopmyae (10.50)
B rpaunyHoe ycaosue (10.42), To moayuum:

le,, - me,,=0.

[Moacrasasia coxa (10.49), MH moxyunm;

17} I3} 0 Plys
S=gl gy m=t(ly—mx) =5 . (1052
CiiefoBaTenbHo, QYHKIHA @, (X, ¥) NOMKHA YAOBJETBOPATH Tpa-
angm)vxy yerosuio (10.52) m muddepeRnuassHOMY ypaBHEHHIO
(10.51).
C nennio ynpomenns CeH-BeHaH BBEM HOBYIO pyHKIMIO, — Tak
uasbiBaemyio gyuxyuio uszuba Cen-Benasa, —jy (X, y) no ypas-

HEHHIO! .
%=w—5% [x (e N+5+ (1 + %) xyz] ,  (10.53)

rae ¢(x,y) ectb musBecTHas ¢QyHknus Kpyuenus Cen-Benana,
yAOBJAeTBOpAIOMAA JHpPepeHnuaibiOMy ypaBHEHHIO:

9% 9%
it =0 (10.54)
BHYTPH KOHTypa TIONEPEYHOro CEeYEeHHS H rPAHUYHOMY YCJIOBHIO:
d 0 il ]
N apl g m=1y—mx (10.55)

[em. § 95, dopmyana (9.29)].
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IToxcraBue (10.53) B ypasuenue (10.51), MH yBHIHM, HTO,
pcreacTere ycaoBus (10.54), ¢pysknus y (X, y) K0/ KHA BHYTPH NONe=~
PEYHOTO CEeYeHHs YJOBJETBOPATH YPaBHEHHIO:

e (10.56)

Brocs ke (10.53) B (10.52) u npunumas Bo BHHMaHue (10.55),
MH IIOJYYHM A/1s onpefe/eHHss (yHKuum ¥ (x, y) HOBOe rpaHHY-
HO€ YCJOBHE:

%Xv:%l—}— %m:—["—?-}—(l —%c) yz] {—(2+40)xym.(10.57)
Ecau Buecru (10.49) B (10.50), T0 MH mosyyum:
X=n(—w+350+5),
Y,=n (‘tx-l— 5?0) )

Moxcrapassa ciofa 9, u3 (10.53), Mu moayuum:
e () B[+ ()] +

42 —-m(a—,;—y)—g[a—i—%i%—(l—%)y?] ,
Vo=pe (5 4x) =5 [R+av@+9)]

Brocsi c104a COOTHOIIEHHE:

E
k=319

NpPUAEM OKOHYATENbHO K BHPAXEHHAM:

X=ut (3 —) ~rya7 [os+ 8] } (10.58
el A 9
Vo= (3 +) — s (G4
rae 0003HAYEHO:

=g ot (1—g0) s, } (10.59)
b= (249) 13,

Buocsa o6o3navenns (10.59), MH npHBeJEM rpaHHYHOE YC/IOBHE
(10.57) x Goxee y}lOGHOMy BHAY:

) (10.60)
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B3B MOMEHT OKOJIO OCH 2 BCEX KAaCaTeIbHHX YCHJHH, JefcTBY-
IOIHX HA 9/JEMEHT IIONEePEYHOro CEYEHHSA CTEPXHHA, NOJAYYHM:

M= {{[x¥,—yX,]dxdy. (10.61)
Buocst ciona (10.58), Mu HafigéMm:
M=M+-M’, (10.62)
rjie 0603HaYeHO:
M':’“” [ty tx G — vt dxdy, (10.63)
y P /] 0
M :‘2(1+c)7” [)’ﬁ—x%ﬂ—x%—y%] dxdy. (10.64)

§ 105. OnpeneneHne CHCTeMbl BHEWHHX CHJ, JAeHCTBYHOLIMX
Ha CTepiKeHb, HECOXOAMMBIX IJSi CyUleCTBOBAHHS pelleHHs
Cen-Benaxa.

Ha xonuneBoMm ceyennu 6pyca KOCHHYCH YIJIOB BHelHe# Hop-
MaJu, OYEBHIHO, OYAYT:

l=m=0, n=1. (10.65)
Buocs (10.65) B (10.4), ME mosyuum:
X=X, Y,=Y, Z,=2Z,. (10.66)

Ecin B npaseie uactd otux ¢opmys Baectu (10.38) u (10.58), To
Mbl II0JIyUYHM 3HaUeHHs KOMIIOHEHTOB BHENIHHX IOBEPXHOCTHHX
CHJ, HeOOXOAMMHIX, J/isl TOro 4ToOH pemeHue CeH-BeHaHa umeso
MECTO B HEeHCTBHTEIbHOCTH. DTH CHJIH JOMKHH OHTBH IIDHIOXKEHH
B KOHIEBOM ceueHud B.

Beaeacrsne npunnuna Cen-Benana, 3a nexk/oueHneM He60JIbIION
o6sacTd BOJAH3H KOHIA B, MOXHO CHCTeMY NOBE€PXHOCTHEIX CHJI
(10.66) 3aMeBHTb ADYTOH CHCTEMOH, CTATHYECKH eH SKBHBA/JEHTHOM
H ceodawelics k¥ OOHOU cune P, npusoxwennoii 8 uyewmpe ms-
HCecmu KOHUEeB8020 Ce4eHUsi U HARPABAEHHOL NapaslesbHO Ocu X.
OueBHIHO, B 3TOM CIyyae HMeeM CJelylolue YCJIOBHA IS pasHo-
deticmayrouell scex ycuauti X,dxdy, Y,dx dy, NpHIOXKEHHHX K 3/1€-
MeHTaM dx dy KOHIEBOrO CceueHHs B:

(10.67)

Ho ua ochosanuu ypasHenus (10.41) umeem:

{§ xdxdy={{ [X,+x G+ +’-}i‘)] dx dy.




§ 105) ONPEAE/EHHE CHCTEMH BHELUIHHX CHI 2n
Wnrterpanusa no yactsaM Haér:
(§x (%2 +32) dedy=§ x (iX,+ m,) ds — ([ x, dx dy.
[TosToMy umeem:
({ X dxdy=@ x(x, 0+ v,m)as+ 2 ({ x2dxay.

Besrencrsue rpaHnuHoro ycaosus (10.42) xpuBo/MHeHHHH HHTE-
rpaj MCYe3aeT, U MO3TOMY moayuuM BcaeacrsHe (10.12):

j‘ dexdyzjf-J=P,

uyeM OMpaBjaHo mepsoe H3 coortHourenu#t (10.67).
Takxe Bcreacrsue (10.41) nmeem:

S& Y,dxdy:“i [Yz+y (aa)% "l—%);i—!-f;) ] dx dy.
I/IHTeI‘pprﬂ IO YacTaM, HMeeM:
” 0 dx dy= ﬁy(zXery,)ds—jS'y,dxdy.
[TosTomy HMeeM:
“Y,dxdy:sﬁy(z,v,Jr mY,)ds+% ”xy dx dy,
YTO BCJEJACTBHe rpaHHuHoro yciaosusa (10.42) paér:

§ dexdyzjfjjxydxdyzo,

TAK KaK OCH X, y CYyTh I'IABHHE OCH IIOIEPEYHOrO CeYEHHs CTEPKHS,
H C/1€J0BaTeNbHO, IEHTPOOGEKHHH MOMEHT OTHOCHTEJIBHO HX paBeH
HYJIIO.

DTH COOTHOIUEHHS /8 KacaTe/JbHBIX CHJ, NIPHJIOKEHHHIX K 3J1e-
MeHTaM MONEPEUHOTO CeYEHHs, CHPaBeJIHBH, OYEBHAHO, H B JIO-
60M nomepeuHOM CeUYeHHH cTepxHa. [aa HopMaabHEX CHI Z,dx dy,
HpUJIOXKEHHHX K 3JeMEeHTaM Jo00ro MOINepeyHOro CeueHHs, Mil
HMeeM yCJOBHE:

({z,dxdy=0. (10.68)

He#crsuresbHO, BHOCcH cioga Z, u3 (10.38), Mul noayuum:
Sjﬁz,dxdy——:—— PUJ—Z) .dexdyzo,
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BCJIEACTBHE TOTO, YTO LEHTP THXKECTH JEeXHT Ha OCH 2 H, CAejo-
BaTeJ/IbHO,

”xdx dy =0.
CocraBuM Teleph CYMMH MOMEHTOB BCEX KAacaTeAbHHX H HOP-

MaJbHEX CHJ
X,dxdy, Y,dxdy, Z,dxady,

IPHIOXKEHHHX K 3JIeMEeHTaM J060T0 MHONepeyHOro CedeHus, HAXO-
JOSAIIEroCcqd HA PACCTOSIHHH Z OT 3aKPEeNIEHHOrO0 KOHIA A CTepiKHA.

OcH, OTHOCHTENBHO KOTOPHX BO3bMEM MOMEHTH, MpPOBEIEM
B IIJIOCKOCTH NAHHOTO CeYeHHs 4Yepe3 €ro UeHTp TAXKECTH [apaj-
JIeJIbHO OCSIM KOOPJAMHAT; TOTAA IIOJYYHM:

Mx,_——SSyszxdy, ]l
M, =—({xz,dxdy, { (10.69)

M= (xr,—yX) dx dy.

Broca Z, u3 (10.38), MH mojy4yuM, HCIO/Jb3Ys H3BECTHOE COOTHO-

IIeHHe
SSxy dxdy=0
u dopmyay (10.12), caenyromue popmyni:
Mxl=—’L',_i)-”xydxdy=0. (10.70)
M, =2 [ (s dxdy—P(1—2). (10.71)
Beaencrsue (10.61) u (10.62), Mu nmeem:
M=M=M+ M. (10.72)

Ecan M notpe6yeM, YTOOH OTPE30K CTEPKHS, 3aK/IIOUEHHHH MeX LY
cBOGOZHHM KOHIOM B u nanHmM cevenueM C (¢pur. 29), Haxoauiacs
B PaBHOBECHH, TO JO/KHH OHTH YAOBJETBOPEHH CJAEAYIOIHE IIECTDb

YCJIOBHH
Sx=—{{Xdxdy+P=0,
Syv=—{{r.dxdy=0 (10.73)
Zzz_SSZ,dxdy_—_O;
S (Zy—Yz)=—M,=0,
3 (Xz — Zx)=— M,,+ P (I—2) =0, } (10.74)
2(Yx —Xy)=—M,=0.
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Ho ycaosusa (10.73) 6ymyr ynosierBopenn, BcieictBHe (10.67)
u (10.68). Ilepsue nBa yciaosus (10.74) OyAyT yZOBJIETBOPEHH
scaeacrsie (10.70) n (10.71). Tperbe u3 yciosmit (10.74) maér

peaegcrere (10.72):
M=0., (10.75)

JT0 — OUEHb BAXHOE YCJOBHE, TaK KaK OHO MO3BOJAET, IIDH=-
uuMasgs BO BHHMaHHe (10.62), BHUHCIHTL NPOH3BOJBLHOE IOCTOSIH=
HOe T, KOTOpPO€ OO CHX [OP OCTaBaJ0Ch HeOoNpeAeq€HHBIM.

Taxum o6pa3om, pemerna 3azaya o6 Onpeje/eHHH HaNmpsKEH-
HOT'O COCTOSIHHS NpPH HM3rHOe KOHCOJH MNONepeyHOH CHJIOH, NpHJIOo-
KEHHOH Ha CBOGOXHOM KOHIlE KOHCOJH B OAHOH M3 IVIABHHX ILIO-
ckoctefl crepxHsa. Pemenne 370 MOXET pacCcMaTpHBAThBCH KakK TOY-
Hoe, NOCKOJbKY HMeeT MecTo NpHaoxedHe npuHuuna CeH-Benana,
[saBHast TPYAHOCTH pewleHHsa 3afadyH 06 wu3rude COCTOHUT B OIpe-
JeJeHHH OOOHX Kacare/bHblX Hanpsikedu#l X, 0 V,, BO3HHKAIOIHX
OpH u3ru6e B NONEpPEHHBIX CedYeHuAX crepxHa. [as sToro Heob-
XOJHMO HHTErpHpOBaHue ABYX ypasHenuil Jlansaca (10.54) u (10.56)
npH rpaHHuHHX ycaoBHsx (10.95) u (10.57). 3azaua ara ouess
TPyABA H MOXeT OHTh penieHa B HEKOTOPHIX YAaCTHHX CAydasx,
HMEIOUIHX HPAKTHYECKHE MPH/IOXKEHHS.

§ 106, ®opmyanl mas nepemeweHuit npu usrute,

Becbma sameuaresbHO, 4TO QOPMYJH IAA KOMIOHEHTOB YHpYy-
rHX NepeMeuiesHd Moryt Obith IoJydyehb B o0mem BHAe. [leii-
crBHTEeNbHO, H3 (10.45) mmeem:

dw = P(l—2«x

ezzz'sz‘-—— EJ ’
HHTETpanus 1o 2z AaéT HaM:
__ Plxz | Px2? ,
w=—"fp7 tagr ¢ ), (10.76)
rre ¢' (x,y) ectb npousBosbHAs (QYHKUEA OT X, y. Takke us

(10.45) umeem:

ou sPlx cPzx

o —Cu=—0,=—F; — s - (10.77)
Hanee, sropas u3 dopmya (10.49) maét:
e,x=%’§+3+’ﬁ=—ry+§% %yﬁ;
BHOCSl CIOfA IPOH3BOIHYIO
dw__ Plz | P2 | d¢

== T ta
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BHIYHCIEHHYIO 110 dopmye (10 76) MH IIOJIy4HM:
du _Plz P2

L = — 0?0 2
0z EJ 2E] dx VT ox +1:‘Jy'

anHI/IMaH BO BHHMAHHE YyCJOBHE

9 (0_11) __ 0 (ou
0z \dx/ — ox (5) ’
mMul uMeem u3 (10.77) u (10. 78)'
Pux d ¢

TE T 0x~ + 0x2
4yTO AAET ypaBHeHHE

0? Pox

o (%0 — ¢)+ 57 =0.
Jasnce, M uMeem u3 (10.45):

du o _ ePlx oPzx
ay = by ™ T %= E Ty

lo nmo mepBo#i u3 dopmya (10.49) umeem:
_Jw  0v 590
y T =gy

BHOCA CHOJa TIPOU3BOJIHYIO

dw__ 99"

ay ~ oy’
BHUHC/JEHHYIO TIO (bopMyAe (10.76), noryuum:

Tx_‘_a% dw

anHI/IMaH BO BHHMAaHHE€ YCJ/J0BHE

d (Oov d (dv

55 =a (5)
Mo umeeM u3 (10.80) u (10.81)

0%, 0%  Pox

ayr  oyr  EJ

HJ/IH 3 p
2 cxX
(jjy_«i(‘?o ¢') -+ EJ—O

U3 nocaepnero ypapseunst cucremsl (10.45) MB mueen:

ouy dv__
oy ' Jx
Bssas npoussojnyo 1mo z, uMeem:

;y (g;) T ox (f)i) =0

[ra. x

(10.78)

(10.79)

(10.80)

(10.81)

(10.82)
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Brocs croza Q% u3 (10. 78)na—: u3 (10.81), MH DoOayyHM:

0%, o%' 2Psy 0%y 0%
dydx—dydx + + +0ydx dydxﬂo’
YTO JAéT MO NPHBEAEHHH

02 (99— 9') Pay
0; 3y + (10.83)

Taxkum o6Gpa3oM, s omnpeaeseHHs pasHOCTH @, —¢' MH HMeeM
Tpu ypasHenus: (10.79), (10.82) u (10.83).
Huterpupys (10.79) u (10.82), umeem:

0 (py — o' Paox?
=) P L () }

d(g—¢) P
Wt — T (o),

(10.84)

rae f,(3) ® f.(x)—npoussoibHue ¢yuxnuu. Broca (10.84) B
(10.83), MBI mOJMyYHM:

Poy _dfy Pv)’ dfz =
Orcioga uMeeM:

dfy o dh__Pw

dx — > dy—  EJ°

HuTerpupys, NOJIyYHM:

fo=—a1,
flzﬁ—%’ } (10.86)
rae a, 53— IPOH3BOJAbLHBIE MOCTOSHHBIE.
Brocs (10.86) B (10.84) u uuTerpupys, HMeem:
‘Po—“?'z—%ab«—x;—;%f—{—ﬁx—ay——y’, (10.87)
rjae y — HOBasg npousBO.bHas nocrosuuaa. M3 (10.87) moayunm:
¢ =07 (6 175) —frtayty.  (1089)
Buocsa croga ¢, u3 (10.53), MH moayuHM:
¢ =t — (o) —sxtay+y. (1089

dopmyas (10.76) 1 (10.89) onpenensioT BEIHYHHY CMELICHHS W:

w=19— 11— g5 | ¥ (lz——)+xy]—§x+ay+y'. (10.90)
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dto — Baxuasg ¢opMysa NpH oOnpejeseHHH YINPYTHX CMEUIeHHH.
Broca temepp ¢’ u3 (10.88) B ¢opmyan (10.78) u (10.81), Mu
IOy YnM

0 ¢
m—nyt g [le— g2 —5 (e —y) |48 (109)
P = — Py —a. (10.92)

M3 (10.77) u (10.91) MH moJyunM, HHTETPUPYS:
P { I} ” 3
u=—tyz+g| 5 (s —F (2—y) =5 |-+peHFi0), (10.99)

rae F,(y) ecTb npoumsBoibBasg ¢GyHKIHS.
Taxie u3 (10.80) u (10 92) mosiy4uM, HHTETPHPYS:

‘Z)-—sz+ 77 ({—2)xy —az+Fy(x), (10.94)
rae F,(x) ecrb nmpousBo/bHasg ¢ysxuus. Broca (10.93) u (10.94)
B YCJIOBHE
;37 + ox == 0)
MEl TIOJTyYHM:
dF1 +sz +Paly

Orcroga caenpyer

dF, f—
e = const. =7,

dF1+ +Pa1y
Huterpupys aTH ypaBHEHHS, NOJYYHM!
Fy=yx+§,
F=—5F—1+a, }
rae o, B’ — NpOH3BOJbLHEIE NOCTOSHHHIE.

Brocsa (10.95) B (10.93) u (10.94), MH HOIyYHAM OKOHYATENBHHIE
opMyJH AJA CMEUEHHI:

p=—wzt 5[5 U—D (=)t 72—g2| — )
— Y+ t-a,
v:rzx—i—b%?(l——z)xy—}—yx—az—{—ﬁ’, (10.96)
w:t'p——%x [ (lp —z2)+xy}
—3xtay+y. )

9TH 3aMeyaTebHHe Qopmyan jAann CeH-Benadowm.

(10.95)
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CueBHAHO, YTO BHPAMEHHS:
@ +Bz—yy, PHyx—az, ytay—Bx

IPeJCTaB/AsSIOT CMEIeHHsl, KOTOPHE MOTyT HMeTb MecTo B a6co-
JIOTHO TBEDAOM Tese NPH 9JAEMEHTAPHOM BpAIEHHH, KOMIOHEHTH
KOTOPOTO CyTb a, B, Y. lilecTb MpPOH3BOJBHHX NOCTOSHHHX d, B, ¥,
a', B’y y' ompenensloTCs H3 YCJOBHH 3aKpelJsieHHs KoHHa A KOH-
COJIH.

[TpumeM, yro Touka O 3akpenjeHa; TOTZa HMeeM YCJIOBHE:

n=9=w=0 na x=y=2=0. (10.97)

Ecau npuusats, urto o6e dyHxuuu ¢ (X, y) u y (X, y) BHOpaHH Tax,
4TO OHH PaBHH HyJI0 IpH X=y=0, 10 umeeM u3 (10.96):

a=8'=y=0. (10.98)

Jlanee, npumeM, YTO JHHEHHH S5JeMEHT, HCXONSINIHA H3 Havaja
KOOPAHHAT H HePBOHAYA/JIbHO COBNAJAIOIHHA C OCBIO ¥y WJH 2, 6y-
JeT COBNAiaTh ¢ He#t H moc/e AedopManHH. DTO PABHOCHJABHO Tpe-

O0OBAHHIO:
0v _ du

5;_520 aas x—_—y=z=0. (1099)
310 yciaoBHe JAET:
a=0, y=0. (10.100)
Kak Tperpe yci10BHE npumem:
%'_zl_:() Ias x:y:z:O; (10101)
310 Jaér:
B =0. (10.102)

Takum o6pasom, 6yIyT ONpeneseHH BCE IIECTh NPOH3BOJBHHX
NOCTOAHHHX HHTerpanuf. Ho BO3MOXHH M Jpyrue cnoco6H 3akpe-
nienus xoHuna A.

Jas Touek, JexamHux Ha OCH CTePKHSI, HMeeM:

x=y=0;
torga ¢opmyas (10.96) garot:
u=§7 [—;— 122”% z3] ,
v=0, (10.103)

. P
W="Tp— 1.
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TlepBoe u3 aTuX ypaBHeHn# JaéT oOLIeH3BECTHOE ypaBHEHHE YIpy-
ro#i smuHun. M3 Hero mmeewm:
o P(l—2)

02~ EJ
Brocs cwoga (10.71), nmonyuum:
om M)
d—zzz'Eyf' (10.104)

0%
022

3necs M, ecTb Tax HasbBaeMH wu3zubarowuil momenm, a
€CTh TAK HA3BIBAEMAs KPUSU3HA YNPYeol Auxuu,

§ 107. Meroa ¢hyHkuud HanpshkeHu#d npu uaruGe.

Ilo mpemnoxennio C. I1. TuMomeHko, g pelieHusi ypaBHe-
Hus paBHoBecHs (10.41) npumem:

_._OF
V.= Ox (10.105)
X, —7 ol —F ()

rae f,(y) ects nmpousBo/ibHAS (YHKUHS Y.

Coraacno (10.40), ¢yskuus F 3aBHCHT TOJBKO OT X, ¥. Cpas-
Hupaa (10.105) ¢ (10.58), Mml Ha#aém cBs3b F (X, y) ¢ ¢(X, y)
H ¥ (x, y). IleficTBHTE/ILHO, HMeEEM:

oy =270 AN () — iy [Fe o]
Ge=—nz {3 +*)+°J1+c>[ ]

JOuddepennupys neppoe ypaBHeHHe IO Y, BTOPOE MO X H CKJa-
JAbIBAd, MBI HMEEM:

¥ F | O0%F

ay=+ax- VZF*‘”wf'(y)‘}"“’(axay 1>+
+P~T( dxdy )+2J(l+c [_'disy 04»1 y0x+ow]'

Cwoxa vajno BHectd dysxuun O n 4, onpesenéuHbie no ¢opmy-
saMm (10.59):

0)1

(10.106)

0%,
Apte—2(1—5o) y+2-Fa)y=>2s.
Hocte npusesenns no.yqum:
. P
VeF = — b g — 7 1 () (10.107)
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5TO H €CTh YypPaBHEHHE, KOTOPOMY  YAOBJETBODPsAET (YHKUUS
nanpspkeHuit F(x, y).

CoCTaBHM Tenepp TpaHHYHOE YC/I0BHe i dynkuun F. Lis
storo BHecéM B ypasHeHHe (10.42) dopmyan (10.43) u (10.105),

HTO JagT: oF P OFdx
x

OT1c04a MOMyYHM:

0Fdx (| OFdy 0F_ P , dy
s Ty n—an—a X

Taxkum 06pasoM, TpaHHIHOE YC/AOBHE Jas F HMeeT BHJ;

0F P, d
55 = a7 (¥ — AN G - (10.108)

dopmyanr (10.105), (10.106) u (10.108) npunaaxexar C. I1. Tu-
MOLIEHKO H SBJSIOTCS OCHOBOH MeMOpaHHOH aHAJOTHH UpH usrube.
B wacrHoM cayuae, ecaum npasas uactb (10.108) o6pamaercs
B HYJb, TO HOJYyYHM:

F_.

=
OTCIOfla HMeeM Ha KOHType:

F=const. (10.109)

B srom cayuae ypapHeuue (10.107) MoxHO paccMarpuBaTh, Kak
ypaBHeHHe s NporH6a paBHOMEPHO HATAHYTOH MeMGpaHH, 3a-
KpPemIEHHOH [0 MJIOCKOMY KOHTYPY, JJds KOTODPOTO mpasasi 4acTh
(10.108) ectp nyab. Harpysxka srtofi mMemOpansl nmpomopuuoHa/ibHa
npapoii yactu ypasHnerua {10.107).

§ 108. U3rub cTepyHd € 3JAMNTHYECKUM MONEPEYHbIM CeueHHeM.

IMycts asumnc, KOTOPHIM OrPAHHYEHO IMONEPEYHOe CeueHHe,
JaH ypaBHEHHEM

X2 y?_
=1 (10.110)
Bufepem pasf paccMaTpHBaeMmoro CJaydas:
2
ﬂm:@(—@. (10.111)

Buocs (10.111) B (10.108), nonyun:

oF __Parlx® | y¢  1dy
dos — 2J |a2l Bt ds’
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IMpapas yacTs, OUeBHAHO, OGPATHTCA B HYJb Ha KOHType 9/JIHINCA
(10.110), caenoBaTeNbHO, MH MOXEM IPHHATH:

F=0. (10.112)
Brecs 3nauenue f; us (10.111) B (10.107), monyunm:
. Py ra? s .
VF= =2+ (Gt ) s

BC/IGACTBHE CHMMETPHH OTHOCHTENBHO OGEHX OcCeft 9JUIHNCa MH
MOXEeM IIPHHMATb OTCYTCTBHE CKPY4YHBAHHA, T. €. (CM. HHMxke § 113)

t=0.
OKoHYaTeABHO NOJYHHM ypaBHEHHE
__Pyra? ¢
V2F_7(b—2+m), (10.113)

KOTOpOE Haj0 NPOHHTerpHpoBath npu yciaosud (10.112) Ha xou-
type (10.111). TlosTomy npumem:

F=Cy(5+5—1), (10.114)

rge C —npousBoabHas mnocrosiHHas. OuyeBHAHO, HYTO YCJIOBHE
(10.112) 6yaer ynoBAETBODPEHO.
Broca (10.114) B (10.113), moxyuum:

Pa?b? a? ']
C=ggarr (BTir): (10.115)

Ho pa3 naitnena Besnunna C, TO 331auy MOXHO CUHTATh PELIEHHOM,
INogcrasus (10.111) n (10.114) B (10.105), MK DOJIyYHM KOMIIO-
HEHTH A/ KacaTe/ bHHX HATPAKEHHH:
_2(14o)ar b2 (1 — 2)a? P
=0T Bt 69 [az_xz—ﬁ—(_l_—}—amyz] T
V= (o a b (P
z"__(I—I-ﬂ)(3112—f-172)( J 7'
Taxnm 06pa3oM, MH NOJYYHM TOUHHE BHPAXEHHS JJA TAK HA3H-
BA€MHIX HANpPsXKEHH#A CABHTA NPH H3TH6E, TOYHO BHYHCJIHTH KOTOPHE
HEBO3MOXHO B TEOPHH COIPOTHBJIEHHS MaTepHa.oB. B cayuae kpyr-
JIOTO CEUYEeHHs @=—0, U MHl MOJyYHM:

(10.116)

(3429 P 2 2__]_-—20 9
X=it | 0 =g ) (10.117)
Y___(l+2a)ny '
- Y| (WA

Ha ropusontasbHoM auaMerpe xpyra (cuia P BepTHKa/ibHas)
HMeeM:
x=0,
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4T0 Aaér: (3420 P 1—2
(o] —_—ua
X= 8(1+a)1(a2 3F%) 2) } (10.118)
Y,=0.

HauGosblree xacaTesbHOE HANPSXKEHHE MOJMydaercs B IEHTPe, T. €.
npy x=y==0, u paBHO

max __ (3 20) Pa?

KacatesnbHoe HampsikeHHe IO KOHLAM TOPH3OHTAJBHOTO XHAMETPA,
T. €. npi x=0, y=--a, uMeeT BeJHYHHY:

1 4 29) Pat
(X)rmo, ymwa= 2, (10.120)
Brocsa cioga . .
J="C=F%, (10.121)

rae Fy— ILI0majp nonepeyHoro ceueHus (T. e. Kpyra), HONydHM:
( )max 3 + 20) P
2140 F, +9) Fy?
( max (1 +2c)P0 (10122)
x=0, y_=!:a (l+°) Fo

B Teopum COMPOTHB/IEHHS MaTepHAJOB H3 FHIOTE3H PAaBHOMEPHOTO
pacmpegeseHuss X, IO TOPH3OHTAJILHOMY JHAMETPY HOJAydaeM:

4 P
X=5% (10.123)

U3 dopmyn (10.122) mur 3axa09aeM, 9TO BEJTHIHHH KacaTeNbHEX
HANpsXKEeHHH 3aBHCAT OT 3HaueHHH ko3pdunuenra [lyaccona ¢, Haa
6=0,3 umeeM:

(X,)mx =1,38 £

(10.124)
(X‘):T:a:o' yz:i:a:'—- 1,23 F

Pacnpenenenue HanpsixeHnft X, 0 TOPH3OHTATLHOMY AHAMETPY
6yner npub/iMsHTe/bHO pAaBHOMEDHHIM, M OITHOKA NPHOJIHKEHHOIO
pelieHus COCTABHT OKOJIO 4%/,

B ciayuae s/HNTHYUECKOrO CEeUEHHA HMEEM J/1 FOPH3OHTA/NbHON
ocH (x=0):

X, = 2(1+40)a?|-b2 [l __(1—=20)y1 ]P_a2
2(1+49) (3p%457) 2(1+o)a24-062] J° } (10.125)

]
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HanGosibimee HampsxeHue GyjgeT B LeHTpe saaunca ais y=0,
YyTO JAAET:

pa|, TR
(Xomes =22 [I_ijz_ , (10.126)

b
B cayuyae CHJIbHO BHITAHYTOIrO 3/JIHICA OTHOUIEHHE ry MaJo ,

~ b2
orOpacriBast (;) , MBI IIOJIYYHM, BHOCH

nasdh
clenympmee 3HAUYCHHE HaHO0JBIIEro KacaTeJabHOIr0 HAaIps)KeHHd:
Pa® 4 p
(X =7 =5 7. (10.128)

3pecs Fy écTh MIOWIAAL IONEPEYHOr0 CeYeHHsA. DTOT Pe3yJ/bTaT Co-
Bnajaer c¢ (10.123).
B cayuyae aJaHNTHHECKOrO CEUEHHS, il KOTOPOTO OTHOIIEHHE

% BEJIHKO, HMeeM B LeHTpe aaaunca (x=y=0) u3 (10.126):

X =2 (£). (10.129)

B Touxkax Ha KOHle TOPH3OHTaJbHOTO xmamerpa x=0, y=-b
nmeem u3 (10.125):

max 406 (P
(X2 y=ss=175 (7)- (10.130)

CaepoBarenbso, maa 6==10,3 noayuum:
» P max P
() =1,54 &=, (X)7Z0, y=2s=0927.  (10.131)

Pacnpesesenne HanpsKeHu CABUIA 110 TOPH3OHTAILHOMY IHAMETPY
JAJEKO OT PaBHOMEPHOTO H IPHOJAH3UTENBHO Ha 14°/) MPEBOCXOAMT
3nauerne (10.123).

§ 109. O6wwmit cayyait pacnonoxwenus narubaiowed cuabl,
HOpMaJbHOK K OCH KOHCOJH.

Ecan u3rubaroniasg cuaa, HOPMaJabHAash K OCH KOHCOJIH, HE JICXHUT
B OJHOH M3 IJIaBHHX NJIOCKOCTEH CTEPXKHS, HO IPOXOAUT Yepes3 LEeHTp
TSOKECTH TOMepeuHOro CeUeHHA, TO MM pasiaraem e€ Ha aBe cjaa-
raoiHx: ogHy P, mapaiaenbHYI0 OCH X, H Apyryio P’, napaiie/b-
Hyio ocu y. Marubu non AefcTBREM KaXXAOH CHJH pacCcMaTpHBaeM
oTxeabHO. Peurenue gjs ciaydas cHAH P' 1moJyuyaercs aHaJIOTHYHO
Cayual Aas cuan P B caepyouieit popme, nanxoit Cen-Benanom:
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1. ¥npyrue nepeMerneHus:
P's
=—wz+ 5 (l—2)xy,
P [ 1
v=rx+ 2[5 (U—2) (0 =) F p i — 5 2],
— P ! 5
W= —gpl — H'W%”(z 5)

(10.132)

R N —

2. HanpsxéHHO® cOCTOsAIHHE:
X, =Y,=X,=0,

P2y
z,=--2022r,

o () [ o
Yo=w (58 +x) —grga7 [ _H):l

rae ,
b1 =(24-0) xy,
q)z'z —;—cyz—}— (1 ——%a) X2,
Csepx TOTrO _
J'zggyzdxdy. (10.134)
dyuxnua usruba y' (x, y) yRomaeTBopsieT ypaBHenuio Jlamnaca:
V' =0 (10.1353)
H TPaHHYHOMY YCJIOBHIO:
%1 19 4-myy =0, (10.136)

OT6pPOCHM CMeEleHHS CTEPKHS, KaK aGCOMIOTHO TBEPAOrO Tejaa, M0o-
J0xuB B ¢opmyaax (10.96):

a:B:Y:a':B’:YIZO.
Jlasee, mpuMeM JJs1 OCH CTepXKHSA
x=y=0.
Toraa mu moiyunM u3 dopmya (10.96) u (10.132) y pasrenne ynpy-
roi JWHHH B (popme:

=P (L 1))
=gy ; >j (10.137)
‘U:EJ( [z — -6'
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B panbBefimeM BBefiEM TEKyIIHe KOOPAMHATH & ==x, v==y. TolMaa
ypaBHenus (10.137) npumyT BHA:

xz%%kh%ﬂ)} (10.138)
y=g5 (g1 —52).
Orciofa clIefyer, 4TO yIpyras JHHEHS JIEKHT B ILTOCKOCTH:
Lx—Fy=0. (10.139)
Hs ¢opmya (10.38) m (10.133) umeem:
Z=—2U—x-F -2y (10.140)

Tax xax HeﬁTpaanaa IIJIOCKOCTh ONpeneaeTca H3 YC/I0BHA:

e,, =0, (10.141)
H B TO Xe BpEMA HMEEM:

e=5[Z,—o (X, + V=2,

to ycaosre (10.141) naér:

Z,=0. (10.142)

Ha ocnoBanun (10.140) n (10.142) moayyum ypaBHeHHE HEHTpa/ab=
HOH IJIOCKOCTH B BHJIE:

Br BY—o. (10.143)

M3 (10.139) u (10.143) caeayer, yTO He#iTpajbHAs IIOCKOCTH H
IJIOCKOCTh M3rH0a NepHeHIuKyJ/IspHHL.
Ils0ckOCTh, B KOTOPO# JEHCTBYeT HATPy3Ka, HMEeT ypaBHEeHHe:

X _y__
=0 (10.144)
Taxk kak J u J CyTb MOMEHTH HHEDIHH TMOMNEPEYHOr0 CEYEHHs
OTHOCHTEJIBHO OCEH X H ¥, TO ypaBHEHHe 9/IHICA HHEPIHH ceye-

HHS HMEeT BHA:
J'x% - Jy? =const. (10.145)

¥raoBo#i KO3((HIHEHT KacaTeJbHOR K 3TOMY 3/IHICY HMEET Be-
JIHUUBY
J'x
k"dx— Jy *
Brocs cioma u3 (10.144)
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MH IIOJYy4HM YIVIOBOA Ko03((HIOHEHT KacaTeJbHOR K S/JIHICY B
TOUKE NepeceyeHHs ¢ cuioBoH Jaunuelt (10.144):

J'P
k=—15. (10.146)

CpaBHHBas C 3THM YIJIOBOR Ko3(dHIHEHT

dy Py
H—EE“_TF" (10.147)
onpenenénpnt u3 (10.143), sakaouaeM, 4TO JHHHH NEPECEYEHHA
IJIOCKOCTH HarpyskH H HeATpPa/JbHOH IVIOCKOCTH C IIONEPEeYHHIM
CeUYeHHEeM COBNAJAIOT ¢ COUPsMEHHBIMH AHAMETPAMH LLEHTPAJLHOIO
BJUIMIICA HHEDIHH ceueHMd. JTO ecThb Teopema Cen-Benana.

§ 110, Mepenoc ocelt KoopauHar.

B pemwennn Cen-BeHana, KoTopoe MH H3JIOXHJH, Hayalo KO-
OpJMHAT HAXOJMTCH B IEHTPE THAXKECTH MOIEePeYHOro CeuyeHus
CTePXHS, @ OCH KOOPAHHAT COBNAZAIOT
C TJIABHEIMH OCSIMH HHEpIHH.

B panbHefimieM cucreMy KOOPAHHAT,
HMeIyl Hayaao O B IEHTpe TAXKECTH
ceyenus (dur. 30), a ocn 0% u Oy Ha-
IpaBJeHHHMH IO TIJAaBHHM OCAM HHEp-
LIHH ceueHusi, 0yJeM Ha3HBATh CEH-8EHA-
HOBCcKOU cucmemoll Koopouxam,

BBenéM HOBYIO CHCTEMY KOOPAHHAT
O,xy, Hayano kotopo#t O, €cTb NPOH3-
BOJIbHAaA TOYKA B IJIOCKOCTH 3aKpe-
NJIEHHOTO CEYEHHHA, W OCH X, y Hampa- Pur. 30.

BJEHH I1DOH3BOJBHO.

IlycTb Xy H Y, — KOOpPAHHATH NeHTPa TsxecTH O OTHOCHTEJBHO
cucreMn xoopaHuHat O,xy. OueBHIHO, CBS3b MEXJY KOOpPAHHATAMH
X, ¥ H CEH-BEHAHOBCKMMH KOOpJHHATaMH §, 7 6yJeT xaHa ¢opmy-
JaMH npeobpasoBaHun:

§=(x—x0)a, -+ (y— o) B, }

10.

= (% — £0) 2 -+ (y — o) - (10.143)

O6parso, u3 dopmysr (10.148) MH MoxeM BHPa3HTb X H y ue-
pe3 & u 1 B caeaymmeil gopme:

X=X+, -y, (10.14¢

=yt i | ’
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Ecau 6 ecrs yroa, xoropeit ocek O3 oGpasyer ¢ ocbio O.x, TO
HMeeM:

a,=cosf, a,==-—sinb, }

f,=sinb, B,==cosh. (10.150)

INMycrs cusa P nampaBjieHa B IOJOXKHTENbHOM HAaNpaBJeHHH
ocu O3, a cuaa P' nanpaB/ieHa B II0JIOXKHTEJIbHOM HANpaB/IE€HHH
ocu Oy,

O6o3naunm ewd

P P
A:7a1+7 @, ]
P P’
B=731+7'Bz- I

YV pasuenus yupyroro pasnoBecus (10.2) npu ycrosuu (10.3), 7. e.
NPH OTCYTCTBHH MAaCCOBHX CHJ, HMEIOT PeLICHHE:

X,=Y,=X,=0, !
Z,=(—D[A(x—x)+B(y — ),

npuuéM o6a KacaTeTbHBIX HaNpskeHHa X, u YV, ompenensiorcs us
ypaBHEHHH

(10.151)

(10.152)

X,
Xm0, 2=0,  (10.153)

et Tt A(x—x)+By—y)=0.  (10.153)

Toxnecrsa CeH—BeHaHa-BeJIpraMH (rnaBa 1V) B orcyrcrBHH
MAaCCOBRIX CHJI HUMEIOT BHA:
020
(149 X+ §=0,
0%
(14977, + 53=0,
0%
(149 VZ,+ 57=0,
5% > (10.154)
(1 +G)V2X +()Ta}_0’
(
(1

10 V2X, +dxdz 0,
, 020
TVt 55 =0
0:/Yx+ Y},—}—Zz.
IMo Buecenun B nux (10. 152) HOJNYUHM:

; , . B
vz‘\,z“ 1_{:*> sz’z:_—l—]—c;

rxe 0003HAYeHO:

(10.155)
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NpU4YEM BCJaEJCTBHE IIepBHX ABYX ypaBHeuuil (10.153) MH XOMKHBL
paccmarpuBath X, H Y,, Kak (PyHKIHH TOJbKO KOODAMHAT X, y.
Pemenune ypapuennit (10.153) mu 6epém B ¢opme:

)(z__:g_f_i;-[x2—-2xox—*f1 ) ]
y,:—ﬁ—,f—?w—ﬁyoy — (), I

riae f,(y) u f,(x) cyts nBe npou3BOJbHHE QYHKUHH. BBenénuas
HAMH HOBas QyHKmus £ (x, y) ecTb (QYHKUMA HANPSKEHHA Npu
narube.

Bueca (10.156) B (10.155), mu noayunm:

vl L2 —A=—
—V 7 2] =—

4TO MOXHO NpPEACTABHTH B BHJIE:

5 (VF) =T — 5 A ),

52 (VF) = — 4 S A ().

YMHOXKHB IepBoe YpaBHeHHe Ha dy, BTOpoe Ha dX, CKJabBaeM
H 3aTeM MHTerpupyeM, HTO HJA€T:

(10.156)

R

c)

&4

b

+

g

[}

ViF=A [rqu—éf{(y)] B [1 S x— gt (x)] ¢, (10.157)

rae C— npou3BoJbHAS TOCTOSTHHAS HHTETPHPOBAHHSA.
TToay4ennoe ypasnenue (10.157) ecms ocmosnoe ypasuenue
scell meopuu uzenba.
Buecém Temepr B CTaTHueckoe rpaHHyHoe yciaoBue (10.42)
¢dopmyan (10.156), Toraa noayqum:
F, oF A B,
g; [ —5m—5 [xX*—2xx— fy()])i— 5 [¥* — 290y — [ (x)]m=0.

Buoca I, m us (10.43), My Haiigém:
oF 2 1 d
G AT S .
FB Y —yoy—3h(0)] %=0; (10.158)

5T0 H €CTb CMAMuyecKoe zparu4Hoe ycaosue aas (yHKIUH Ha-
npsukennit F(x, y)¥). Ias cayuas mapa//ie/]bHOrO NepeHnoca oceit
ypastenns (10.157) n (10.158) 6bmn gasm B. T'. Tanépkuneim.

*) O6wue ypaBHenus (10.157) u (10.158) 6rinu monyuenn aBTopom B 1933 1,
n onyGauxosaunl B «TexuHyeckux samerkax LLATH», Ne 45,
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B srtoM cayuae nmeem:

(10.159)

~
S
N

ITpousBosbras mnocrosHuHas C HMeeT NPOCTOE MEXaHHYECKOoe
snauenve. CoraacHo ¢opmy.ae (1.64), BpaileHHe B8JeMEHTapHOR
IJIOAAKH TONEPEYHOTO CEYeHHs CTEPXKHA onpepensercs ¢opmy-
J0Hi

dv  Ju
20) ax '5} . (10.160)

Orcofa uMeem: 5 a ,
d 0% % d [dv ow 1 w
2 5 0)= e — = e+ 5) — % (3 + )
Beoxst 5 ,
Jv ow u w
%t =T

HahaéM:
2,%(%)— 0( ey;) — (e,x) (10.161)

Ywmuoxkass (10.161) wa p u uMes B BHIY H3BECTHHE GOPMYyJIH
X,=une,, Y,=pe,, nonytmm:

zx’
2 5 (0) = o (V) — 55 (Xo). (10.162)
Brocsa (10.156) B (10.162), MH mosyunM:
22 (0)=— VIF+ 1 BAi(x) — 5 AR ().
IMoacraBus cioxa V2F m3 (10.157), Mu Ha#aéM:
21 - (0,)= — 1+°+Bl+° C. (10.163)

Or6pacuBasi mnepeMmemeHHsi Tesa Kak aGCOMIOTHO TBEPAOTO B
dopmynax (10.96), Mmu umeem u3 (10.96) u (10.132):

i=—met 5 [FU-E—0+F—F]+ |
2 —2)t,

v=ttt o (l—2) &+
i |su—a—B+7F
@=w—,§x—§;x’ E,[-Tf—i- (lz—:)]-
—ﬁ[:nJrn(lz—g—)]- J

(10.164)
—5
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BHocsa oTcioa u, v B (bopmyﬂy (10.160), mosyunm:

ov 2P 2P's .
2“’2:_0% —0———2 +(EJ07‘ E;c)(l——z).

B3sB NpPOM3BOAHYIO IO 2, HAUAEM:
] P '
= (0)=1—5 1+ 55 (10.165)

3necs O3y CyTh IJaBHHE OCH CeyeHHd, NpuMeHéHunle CeHn-Bena-
HoM. [lo ¢opmysam (10.148) MH mepexoiuM OT 5THX OCefl K HO-
BHIM IPOH3BOJIBHHM OCSM:

3 (0) =1 — £ [(x — %)) &, -+ (y—30) B.]+
"}"g_;[(x‘—xo)ax‘l‘(y—yo)gl]:
R By D) 4 10p 553
Beaegcersue (10.150) u (10.151) mMu umeem:

P P P . P’ Pe P
Tal_jazz—sm()+7c080=751+752=3’

5,'31 BZ (Pcosf) Psm&) (—I;—al—{—?,’a?):——A.
Taxknm o6pa3oM, MH nony!mM-
2 () =14+ (x—x)— L (y—y)  (10.166)
Cpasuusas (10.163) n (10.166), MH no.ayunm:

2n ['“i‘% (x—xo)_‘%?(y_yo)] :—lj_:c,,v”l‘jg_c—cx—c-

Tax kax

=2u(l1+0)

TO
B A
2;11—{—#—;()6—%)—1—_{:()'—)'0) 1+cy+1+ax C.
OTci0fa MOIyYaeTcs Baxnas popmyna

. - A3y, | Bsx, -
Co=—2us— {204 780, (10.167)
Ilpou3BosbHas moctosnHasi C ONpele’asieTcsi H3 yCJOBHs PABHOBE-
CHS BCeX CHJI B NONEPEYHOM CEYeHHH crepwuda. [ia aroro
BU3BMOM MOMEHT CHJI, AEHCTBYIOIIMX B IONMEPEYHOM CEYEHHH OT-
HOCHTE/BHO TOYKH IPHIOKEHHS CHJAB, KOMIOHEHTAMH KOTOPOH
1o ocam &, n seasiorca P u P,
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IlycTb X, ¥ CyTh KOOPAHHATH TOUKH NPHJIOMNKEHHS CHJH IO OT=
HOLIEHHIO K cucTeMe ocedl O,xy.
Toraa npaBHJIO MOMEHTOB JAéT:

({[x—% 7, — (y =¥ X]dxdy=0
HJH o
M—xY+yX=0, (10.168)
rxe 0o0603HAUEHO:

M= {{[xv, yxtu¢%l
X—= S&&deu ! (10.169)
Y:SSdexdy. l

Ecan u, v, W — KOMIIOHEHTH YHPYTOTO CMEIUIEHHA 110 HOBHIM OCSIM

O,xyz, B TO BpeMs Kak 4, v, W, jasHne dopmyaamu CeH-Benana
(10.164), cyTb KOMIOHEHTH TOTO K€ YIPYroro CMeIleHHs II0 OT-
HoueHnio K ocsaM Cen-Benana O&nf, TO OHH CBSI3aHH COOTHOIIE-
HHAMH:

n=a,u-+ a,,
v =18,u 4 B,7, (10.170)
wW—=w.
Jlerxko moayuurhb:
=—uu—m+éa+ﬂa—@%

(10.171)
@"Tz(x—x0)+5 3_&_[;3 +

3necs A, B panm ypasnennamu (10.151), a uepes A, u B, 060-
3HA4YEHBl CJAEJYIONIHE BbIPAXKEHHS:

P P P P’
=74+78, Bi=Fh—Fa. (10.172)
Kpome Toro, BBefeHB 0GO3HAUEHHS:
=5 (—2)(F—m),
b, =0 (l—2)ty,

1
{)3:§lz2—%z3,

(10.173)

| —

a 5 u 7 Bupaxaiorcs yepes X, y npu nomomn (10.148).
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§ 111. Pynkuus nepemellienuii npu usrube.

Bonpoc 06 omnpenesnennu mnepeMmerieHu# NpH DEUICHHH 33]aYH
06 n3ruGe NpH NOMOLH (YHKUHMH HarpsKeHHH F(x, y) 6u.1 pas-
pemén B. I'. TanépkusunM nyTéM BBefeHHA OCOGOH (YyHKUHH,
KOTOPYI0 MOXHO Ha3BaTh (yHKyueln nepemeujerui npu useule.

Mycrs HAYan0 KOOPAMHAT — B LEHTpPE THKECTH, @ OCH Oxy—
IJIaBHHE OCH ceueHHs, Kak 3To npuHsto y Cen-Benana. Ilpw on-
HOBpeMEHHOM jefictBuu cua P u P’ xacarTeJibHEE HANPsXCHUA
onmpegensiioTes mo ¢opmyaam (10.58) n (10.133) B crexyiomem
BHIE:

X (5 ) =l [ 4] -
- >(1J’:c>l' o+,
= (Gt ) — 2(1+o)1[ +q>2]
4]

CpapuuBas 3TH BBIPAXEHHA A X, H Y, C BHPaXKEHHAMH, IAaH-
HeiMH Qopmyaamu (10.156), Mu HaugeM

L (10.174)

oF;

=T +%+ ’J“+°)jfl<y)dy+,__,j%dy+
+ 5 [[udy— (o) e ]},

o

dl"‘ 0 /F 2 P (1 ¢
= (T T e e f e

+ 2 +c)xy2——EJ,j Vade),

npH4éM BBEJCHO 0003HaueHHe
Fi(x, )="9(x, 3) =1 (% 3) — g7 1 (% ¥). (10.175)
BBeaéM Tenepp HOBYIO (hYHKIHIO
(5 9= Fx, 9+ e+ 202 [ (s av—
— (éj,_c)jfz(x)dx-i—[y[( =)y — (2+ ) v V] -
_2 [(2;6) w—(4) x|, (10.76)

OF, _ 0Dy OF__ P,
E=a B (10.177)

Torza nmeem:



292 H3rHB NPH3MATHYECKHX CTEPKHER [ra. x

CaenoBarennHo,
Fy(x, )10, (x, 3)
€CTh (PyHKIHS KOMIIEKCHOT'O HepeMeHHOro
X—-iy.
3uas F(x, y), mu Buuucaum P, (x, y) mo ¢opmyae (10.176),

a 3arem yxe HalpéMm F,(x, y).
OueBngHo, HMeeM I/ 0CEBOTO KOMIIOHEHTA CMEIEHHS

w=F, (x, y)—b%- [x (lz-%) —{—xy2] _
— [y (2—7) +x9y]. (10.178)

KomnonenTth 1, v onpegeasitorca no cdopmyaam (10.164).

§ 112. Teopema O LHPKYJNAUMH KacaTeJbHOTO HaMpsKeHHs
NpH M3rKGe KOHCOJH.

dra TeopeMa NpeACTaBJIsSET aHAJIOTHIO C TeopeMo#t Bpeara o
LHPKYJAANMA KACATeNBHOrO Hampsikenus npu xpyderuu (§ 80) u
6HLa BIEPBHE A0KA33aHA aBTO-

vi pom B 1935 r. *).
¢ ApTOpOoM OBIJIO IIOKA3aHO
B 9TOl paboTe BAXKHOE NPAK-
THYECKOE 3HAUYEHHE 3TOH Teo-
pemu. Psan npuioxenuit sToi
—» TeopeMn uMmeerca B joba-
preanun . 3. [Ilpoxropa k
pycckomy mepesoay Il To-
Ma H3BECTHOT'O COYHHEHHS
A. ®ennus n JI. Pennas «Cuaa

H Jedopmanus».

IycTh T, €CTh CJjaraiomas KacaTeJbHOrO HANpPSKEHHs IPH H3-
ru6e No HANpaBJAEHHIO KACATENIbHOH K NAaHHOMY 3aMKHYTOMY KOH-
Typy (¢pur. 31), HEJHKOM YyK/JIAABBAOIEMYCs BHYTPH NoONeped-
HOTO CeyeHHs KOHCOJH. IlosToMy HMeeM:

Gbpr. 31.

t,=2X,cos (£, x) -} Y,cos(t, y), (10.179)
rae d d
cos (¢, x)—_—d-f, cos (¢, y):d—;',

a X, u Y, paunl dopmyaamu (10.58).

*) Jlefi6enson JI. C., O ueHTpe M3ru6a 3aMKHYTHIX TOHKOCTEHHLIX NpodH-
aeh (Jokaamgm Axagemuu Hayk CCCP, r. IlI, Ne 5, crp. 205, 1935).
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Ymuoxkas (10.179) Ha ds (a1eMeHT Ayru), BO3bMEM HHTErpa.
N0 BCEMY KOHTYpY:

Futs—§[xLir, S o

BHoca cwoga (10.58), moayuum:

Fras=wf[(F—2) i+ (G+x) &] o
mx;wf[(a‘“’l) + (55 +9) B ] ds.

dpdx | -Opdy
ox ds+ oy ds—

oydx , dydy
Ecds—}_dy ds™ ds’

on(1+a)=E,
TO NOJYYHM, cJe/iaB HPHBQJICHHEZ

$rds=nf 5 [ve— gt| dstue § (xdy—ydn) —

— srrg7$ [hdx+ ,dy). (10.181)

3pech $, u &, naun gopmysaamu (10.59).

Tax Kak KOMHOH&HTbI YIpPYTroro nepeMelleHHss IPH H3ruGe
u, v, w, xaunpie popmyaamy (10.96), KoxKHH GHTH OJAHO3HAYHHIMH
(YHKUHSIMH OT KOOPJHMHAT X, ¥, 2, TO, corjacHo (10.96), crenyer,
4TO BHIpAXEHHE

Tax xak

o=1p— Ly (10.182)

NOJXHO OHThb OJHO3HAuHOM ¢yHKNHEH KOOpAHHAT X, ¥, 2. U3
3TOro CJaAeAyer, 4To

9° 4s =0, (10.183)

160 © ecmb OOHOSHAUHAS BYHKUUS.
Ha ocuosanus (10.183) mu moayuum u3 (10.181):

Frds=ur § (xdy—ydx) —Wp;mgﬁ (d,dx -+ b,dy). (10.184)

A10 H ecTb HCKOMass ¢opMyJsia, KOTOPYIO JerKOo MpeoGpa3oBarh,
3aMEHHB KOHTYPHH® HHTErpajbl HNOBEPXHOCTHBIMH, NPH HOMOILH
dopmy.1a I'puua:

H(g_—f-pay)d wdy=§ (Ady—Bdx).  {10.185)
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FimeeMm mostoMy:
56 (x dy—ydx)=2 H dxdy, 1
§ s+ g =[] (08— 28) andy =2 [ vaeay | (1

oy
Buocsa (10.186) B (10.184), noayuum:

gS:Sdszzmﬂdxdy—“_{icﬁﬂydxdy. (10.187)

Ecan © ecTh MI0w@ags BHYTPH PACCMATPHBAEMOTO 3aMKHYTOLO KOH-
Typa, TO HMeeM:

((dxdy=2. (10.188)

Ecin y, €cTb KOOpAMHATA LEKTPA TSDKECTH IVIOWAAH @ BHYTpH
KOHTYpa, TO HMeeM:

((ydxdy=y2. (10.189)
Brocst (10.188) u (10.189) B (10.187), Mbl moayunM:
- {9, Psy, 0.
gﬁhsds_(m (1+W) (10.190)

9TO H €CTb OKOHYaTeabHass GopMy.a I LHPKYJIALHH IO 33JaH-

HOMY 3aMKHYTOMY KOHTYDY KacaTeJbHOrO HANPSKEHHA IPH H3-
ruoe.

Ectn B copmyay (10.180) smecrn X, u Y, mo ¢opmy.aam
(10.105), To mosyuum:

Fras=9 (a5 a) d—mfle—1 GG ds. - (1019

Ha ocnoBanun cdopmyr (10.43) umeem nmas npoussoiHo#t F 1o
HOPMaJIH K KOHTYDY

OF _0Fdy 9Fdx

Buocst 3to B (10.191), mosyuum:

ras=—F%as—2 fl2—f,()d (10.193)

Ha ocuoBanuu (10.185) umeem:
e —rf (Midx=—{{[—f! (] dxdy.

[Moacrasasas 3to Beipaxenne B (10. 193) noJayyaem:

$ras=—§F%Las L Sfl(y)d.xdy (10.194)
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K3 (10.190) u (10.194) Hax0AHM Bax<HO€ COOTHOIIEHHE:
oF P (1 Ps
mds—{-Q—J“fl(y) dxdy+(2m_u+ygﬁ) Q=0. (10.195)

B ciyuae MHOrOCBSI3HOTO MOIEPEUHOrO CEUEHHS KOHCOJIH He-
obxoxuMo wuHTerpuposath ypasHeHue (10.107) mnpu rpaHHYHOM
ycaosud (10.108) Ha xaxcdom BHYyTpeHHEM KOHTYpe BHYTPH ceye-
HHS H Ha BHeIIHeM KoHType cevenus. Cootnouenne (10.195)
JIOMKHO HMEThb MECTO JJ/IS1 KAXJAOrO BHYTPEHHErOo KOHTYpa BHYTPH
C@UEHHd, a PaBHO H JJs BHELIHEIO0 KOHTYpa CedyeHHs. DTO BHOCHT
onpeae18HHOCTh B pelIeHHE 3aJayd H I03BOJASET IIPOH3BECTH
olpejeneHHe IPOH3BOJBHEX NMOCTOSHHBIX HHTErDallUH.

§ 113. lenTp u3ruba.

U3 paccMorperus ¢dopmy.a (10.116) mbl BHAHM, uTO B cayuae
3.LINNTHYECKOTO NMONEPEYHOr0 CEYEHHs, €C/IH CeUEHHe CHMMETPHYHO
OTHOCHTEJBHO OCH, NMapaJjJe]bHO KOTOpOH HalpaBieHa H3rubaro-
1ias cuja, NOSBJSIONHECS IIPDH H3rHGe KacaTeabHHE HalpsKeHHd,
napaJjJe/ibHble OCH CHMMETDHH, paclpefejeHs OTHOCHTEJIBHO 3TOMH
OCH CHMMETPHYHO H CBOJATCS K OAHOH paBHOAEHCTBYMOLUEH, Ha-
IpaB/JIeHHOH [0 OCH cuMMeTpuH. [losiBisiomuecss mpu u3ruée ka-
caTe/pHBHIE HANPSIKEHHSs, NepHEHIHKYJ/SpPHHE K OCH CHMMETDHH,
B3aMMHO YypPaBHOBEUIHBAIOTCSA. [103TOMYy MOMEHT O6GeHXx CHCTEM
KacaTeJbHEIX HANPSKEHHH OTHOCHTE/NBHO IEHTPA TSAXECTH CeueHHS,
KOTOPHIH JIEXKHT Ha OCH CHMMETPHH U B KOTOPOM B3ATO Hayajlo
KGOpDAHHAT, paBeH HYyJIO:

(¥, — yX) dxay=o. (10.196)

To obcrositesnbCTBO, YTO H3rubammEas cuia P IpoxoauTr uepes
LIEHTP TAXKECTH IONEepPEeUHOro CEeYeHWs H paclogoXKeHa B IJIaBHOH
IJIOCKOCTH CTEPXKHs, HeJLOCTATOYHO JJAS1 TOrO, YTOGH HMEJO MECTO
ycaosre (10.196). Ho pas yciosue (10.196) He mmeer Mecra, TO
NOSBJIAETCA HEKOTopasl 1apa, MOMEHT KOTOpO#H

M= (S (xY,— yX,) dx dy, (10.197)

u oHa 6yJeT 3aKpy4HBaThb nomnepeyHoe ceyeHue. Ilpu onmrax Hag
Haru6oM mBe/MepHHX Oanoxk Kapa DBax nepsmii sameTtua, urto
X0Ts u3rubammas cuja 6pl1a paclosoXeHa B IVIABHOM IJIOCKOCTH
6a1xu (MpoXOoAsILell yepes LEHTP TSKECTH NONEPEUHOro CeueHHs ),
BCE-TaKH HA0/MI04aJ0Ch 3aKpyuHuBaHue Gasku. TOJBKO IpPH HEKOTO-
POM NEpPeIBHKEHHH IJIOCKOCTH AEHCTBHA CHJH IapaJjie/bHO TJaB-
HOW TIJIOCKOCTH OajIKH KDy4YeHHE HCUe3ao.

Orcioaa csrenyer, 4YTO ecaH lonepeyHas H3ru6ammas CH/AA
PacnojoXeHa B ITABHOH NJIOCKOCTH, HE ABJASIOLIEHCHA IJIOCKOCTHIO
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CHMMETPHH CTEPKHA, TO H3THO KOJKEH CONPOBOXKAATHCA KPYUECHHEM.
Toabko ecau u3rubamuias NONEPEYHAss CHJAA JIEXHT B IJIOCKOCTH
CHMMETDHH CTEPXHfA, TO H3ru0 NpoHCXoluT 6e3 kpyuenus. Bo-
of1e, ec/IH MONepPeyHoe CEeYeHHe CTePKHA HMeeT OJHY OCh CHM-
MeTpuH (Ha KOTOPOH JI€KHT LEHTP TAMKECTH), TO H3THO MIPOHCXOLHT
6e3 xpyueHHus B TOM CJydae, KOTJa H3rH6amoIasl NonepedyHas
CHJIA PACHOJOXKEHA B IJOCKOCTH CHAMMETPHH (sIBJSIONIENCH 31eCh
rJ1aBHOH MJIOCKOCThIO). EcaH ke wu3rubaiomas nomepeyHasi CHiAA
napaJiiesbHa BTOPOH TVIABHOH IIIOCKOCTH CTEpPXKHA, TO INIOCKOCTb
eé NeHCTBHA MOXHO NePEHEeCTH NapaJeJbHO YIOMAHYTOH TrJIaBHOM
NJIOCKOCTH HA TAKOE€ pAaCCTOfHHE, YTOOH KpydyeHHs He Omito. Ta
TOYKAa, B KOTOPOH JHHHSA [EHCTBHSL CHJH Iepecekaer 0Ch CHM-
METpPHH, HA3HBACTCH YeHmpom usauba.

Llearp usru6a, moJOGHO HEHTPY TSKECTH, BCErJa JIEKHT Ha
OCH CHMMETPHH MONEPEYHOro ceyeHus crepxHsa. Ecau xe ceuenue
HMEeT JB€ OCH CHMMETPHH, TO LEHTP H3ruba JeXHT B TOUKE HX
nepeceyeHnss, ¢ KOTOPOR COBNAjaeT LEHTP TsaxecTd. [lostoMy
TOJIBKO TOTAd, KOrZa CeYeHHe HMeeT IBe OCH CHMMETPHH, LEHTp
H3rn6Ga COBIAAAET C LEHTPOM TSKECTH ceueHus. Boobuie neHTpom
Haru6a Mel 6yJE€M HA3HBATH Ty TOYKY B IJIOCKOCTH IIONEPEYHOro
CceyeHHsl CTepXHs, Yepe3 KOTOPYI HAZ0 HPOBECTH H3THOAOIIYIO
CHJy, TNepHeHIHKYJISDHYI0O K OCH CTEDXHs, 4TOOH HPOH3BECTH
H3aru6 Oe3 3akpyuuBaHusi. IDTO eCTh OnpeneaéHHas TOYKAa B IJIO-
CKOCTH IIONEePeyHoro CeueHusd, BooOUIe He JeKamas Ha FJaBHHX
OCSIX CEeYeHHs B LEHTPe TAXECTH ero, MPHTOM MOTrymas JexXarb
W BHe KOHTypa IONEPEYHOTro CeueHHus crepxkHA. s onpeneneHus
[I0JI0XEHUSA IeHTPa u3rHba HAamo NpeaBapHTENbHO DeIHTb 331auy
06 m3rnbe, TaK KaK TOABKO TOrja OyAyT HM3BECTHH KaCaTeJAbHLIE
BanpsxeHHs NpH H3rHGe X, H V.

Ilycth X, ¥ CYyTh KOODAMHATH IEHTpa u3ryba, depes KOTODHIl
NPOXOAHT HOPMAJbHAs K OCH CTepxHs u3rubawomwas cuia. Toraa
yC/IOBHE DABHOBECHs Tpelyer, 4TOOH CyMMa MOMEHTOB BCEX Kaca-

Te/JbHBIX CHJI
Xdxdy, Y,dxdy
OTHOCHTEJBHO 3TOH TOYKH, PABHAJACH HY.1I0:
({lx—=%) v, —(y—3) X]dxdy=0. (10.198)

BBoasa o6o3HaueHus

Y=
M

Y,dxady,
(xY,—yX)dxady,

(10.199)

I

SSX dxdy,
3
i

|
1
(
)
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Mmb npexacrasaMm (10.198) B Bujge:
M—XxY 4+ yX=0. (10.200)

3aecy X, u V,—Te 3HAUEHHA KacaTe/JbHHIX HANpPsUKEHHH, KO-
TOpHE nonyqaxorc;x npH H3rube 6e3 KpyueHHs, C/A€ZOBATEJLHO,
noayyvaiorcst no dopmysaam (10.58), ecsH NosoKUTH

1=0; (10.201)

M ecTb MOMEHT OTHOCHTEJIbHO LIEHTPA TAXECTH BCE€X BO3HHKAIO-

AX TpPH STOM KAacaTeJbHHX HAnpsikeHHid, a X u ¥ CyTb KOMNO-
HEHTH MONepeyHOofi H3rHGawomeH CHJH IO IVIABHHM OCSIM HHEpIHN
B LIEHTpE THAKECTH nonepeyHoro ceyenua. Ecan narubaroniasn cuaa P
napaJ/ieqbHa OCH X, TO:

X=P={{x0dxdy, V=0,
M=M= H[XYQ)——}’X;”]dxdy, (10.202)

()

rae
— P 91
XV =— 511797 [d—x—i— 4’1],
p o (10.203)
Y( ) —— [__+l'2]
2149 /oy ' 7
Ypasuenne (10.200) npumer Bugn
MW L yX =0, (10.204)

Ecau usruGaromas cuaa P’ napanenbHa OCH ¥y, TO BBOAUTCH HO-
Basi ¢yHKNUA H3ruba y’, aHaJorHyHas j, NPUYEM KacaTe/bHble Ha-
npsikeHuds cyTs (§ 109):

P’ oy
X =—sq1a7F [—— —HJQ] }

P’ (10.205)
YZ(2):_:7(1~L3)J' [ —}—4)2]
rue
(2-40) xy,
3 Tyt (1—5) e
Tormza umeem:
X=0 ={{ r®dxay,
M——._: M) — \‘S[ ; ___y/Y(Q)W dx d_}' } (10206)

a ypassenue (10.200) npumer Bux:
M — XY =0. (10.207)
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§ 114. lentp usruGa aja CTepiHs, nNOnepeyHoe ceyeHue
KOTOpOro ecThb MOJYKOAbLO.

T1peanos0KuM, 4TO NONEpPeyHOe CEYeHHE CTEPXKHS ecTh MoJay-
xoabuo ABCC,B;A,A (dur. 32), 06pa3oBaHHOE ABYMS NOAYOKDY XK=
HoctaMia ABC u A,B,C, paguycoB a M b u aByms oTpeskamu A4,
u CC, OHOTO H TOrO Xe JHamerpa.

Bui6epem Hauago ocefi B 06-
4 eM LEHTPEe OKPYKHOCTeH, Ha-
I IpaBEM OCb 3y TOPH30HTAIBHO
BIIPABO, 4 OCb X IPOBEJIEM BePTH~-
G Ka/1bHO BHH3. Harmbarowmas cu-
Ja P, napa/iejbHass ocH X, Ipo-
xoaut uepe3 Touky O,. Llentp
a TSHKECTH IJIOWATH IOJVKOJAbLA
p HaxoxutTcsi B B, npuuyémM, Kax
5 5 o H3BECTHO, trrapts
a 8, a2l g 2
0, : ‘e yonlBo———ﬁg)v). (10.208)

~— y dyuxnua nHanpsbkenuit F(x, y)
r ) JO/IKHA YAOBJIETBODPATH I'PAHHY-
HoMy ycaouio (10.108). Bribe-
peM 371ech:
fi(y)=a?>—y?, (10.209)
TOT Ja TPaHHYHOE yC/JI0BHE
A (10.108) maér:
oF _ P, o o dy
N 5 =Ty —ae’)
dur. 32 H.1H, BBOJSI,
X yR=re,

IOJY4YHM TPaHHYHOE YCJIOBHE B BHJE:

oF P, o
as =y rr—a)

dy

2, (10.210)

Jas puewHeli okpyxaocty ABC umeem r=a, utoraza (10.210) naér:

?)F:O, F==const.;
N
MHBl BblGepeM IO3TOMY
F=0 pmna r=a(ABC). (10.211)

Ha orpeskax AA, u CC, ocu x umeeM y=0, a cJe10BaTeJIbHO,
ypaBHenune (10.210) naér:

oF

T = 0, F=const.,
s
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M MBl B CHJAY HEIPEPBIBHOCTH MOXEM B3SiTh 3TOT COnst. PaBHHIM
ny.1i0. Tlostomy
F=0 nnma y=0(A44,, CC)). (10.212)

Haxonen, Ha BHyTpeHHel oxpyxHocTH A B,C, umeem r==b,
noatomy noayuuM H3 (10.210):

oF P

dy
9s 2J(b2~— —)ds

Orc0ga uMeeM, HHTerpupys,

F= ﬂlﬁi ¥~ const,

Ho B cHJIy HeIpepEIBHOCTH Mbl JO/KHB A y—=—0 umers F=0.
IlosTomy BHGHpaeM const. paBHBIM HYJ0. [101yYHM OKOHYATEJBHO:

F=PT—2 y pnn r=0(4,B,C,). (10.213)

Taxkum obpasom, mas F(x, y) MB COCTaBHJAH TDAHHYHBIE YCJIOBHSA
(10.211), (10.212) u (10.213).

Tak xax Havano koopaunat O, B IEHTpe OKpYKHOCTeH, a He

B IICHTpe TsKecTH B,, TO (pymﬂma F yloBseTBOpsieT ypaBHEHHIO
(10.157), B KOTOPOM HA[0 MOJIOKHTH:

A—"—,- B=0, f2=0’ C=—2ut— Pay,

(1-+a)J°
qTO JAET:
V= —ou - BN D p), (10.214)
Buocst cioxa f,(y) us (10.209), Mb moayyum:
Ps P
V2F:—2}Lf+m(y”—yo)+7y. (10215)

HHrerpan 3TOro ypasHeHHs BO3bMEM B dopme:
F=y (C,r+- c2+%) 4+
+~}C[r2(1+c0520)+
+ % (A, r" -+ B,r=™) cos mh]. (10.216)

m=1,3,5,
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31ech

— _oyr— PV
€=~ 27y
P (14 20)

:8(1+o)J’
1+°)J[ (3-1-25) — a2 (1 - 29)],

- __P (3 + 2¢) a2
37— S(1+a)J )

—=—Em__ (pmr2__ gme2)
m am — p2m ’

Ema2mb2m
mT g2m — p2m

o

L (10.217)

)

(a—m+2 __,.b—m+2),

(10.218)

. 16 sin ™
m~  ma(m?—4) 2" J
Yron 8 orcumrhHBaercs or ocH y K ocH x. OueBHAHO, YTO AJA
orpe3koB AA,; u CC, umeem:

O:i—%&,
H CJIeJ0BATe/bHO, 34eCh
y==rcosfh=0,
1 4-cos26 =0,
cos mf =cos = _O(m-_l 3,5, ...

TMostomy dyHKuus F yI0BIE€TBOPALT FpaHHuHOMY ycioBHIO (10.212),
Jas r=a umeem Bcaexcrsue (10.217):

C,a4-C, 4 S =o.
Jas r=>0 umeem Bcaexcrene (10.217):
C ot 4-Cy A =F (02— a¥).
[MoatoMy pas ynosaerBopeHuss ycaosuit (10.211) m (10.213) no-
JyUHM:

rr(ltcos20)+ ¥ (4, B,r-")cosmh=0, (10.219)

m=1,3,5, ...
pile
r=bur=a —s<H<43. (10.220)

UTO6H yHOBJIETBOPHTH 3THM YCJ0BHAM, YMHOxHM (10.219) Ha

cosmfdy u 6yzem uHTErpHpOBaTH B Npexe.1ax OT ——,Z— J0 +% .
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210 jpaét:
+3 ’;—
@ { (1-}+cos2)cos mbdh -+ (A4,a"+ B,a=™) \ cos?mbdh=0,
-1 -5
T 7
b\ (1--cos2)cos mhdf - (A,b™ -4 B,a=™) \ cos®mfidh=0.
-1 -3
Ho
:7 1 1 1 1
‘S 1+COS 26 COS ”lOdO——thﬂ—— [E———Q- (m—_{_2—-1—’-"—_——2)'] =
-3
SSll‘l”lt
. mz 4 2
=2 sin (_mw(m2—4)> = A=)
T
( cos?midh =
Iloatomy noJIy~ uM:
- Sa?sing
(And" 4Bt 5= =3
m= (10.221)
_ 8btsingy
(Ambm + me—m 5 = m (m?— 4) ¢
m=1, 3,5, ...
[Mpu 3TOM TPHHATO BO BHHMAHME H3BECTHOE COOTHOUIEHHE:
% )
\ cosmbcos nbdh=0, m=1, 3, 5, 7, ...
-z (10.222)

l
n—1,3,517,... {{
m==n. )

Pemas (10.221), noayuum ¢opmyss (10.218).

TaxaM 00pa3oM, Bce TpaHHuYHHE ycaoBHd 118 F(x, y) yios-
JeTBOPEHH. B ToM, UTO 3TO €CTh MHTErpaj ypaBHEHHS (10.215),
MH yGexjaeMcs MPOCTOH TOLCTAHOBKOM.
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CJIe}IyeT 3aMEeTUTh, UTO KaXAb 4J/ieH BHIPAXKEHHSA
o0
fi=Coy+4Cy L+ Crrcos20+5 X (A, B,r=m) cos mh
m=1

€cThb (yHKIHA rapMOHHYeCKasi, YAOBJETBOPSIOIAS Yy pPAaBHEHHIO
Jlanaaca; caeposaTesbHoO,

Vef, =0.
Ocraéres uvactb pmrerpana'

fz—Crer Crr=C, +xy)+~-C 7).

INoacrasass eé B (10.215)

. Pay, P(l-}—”c)
V2= — (2*“‘}“1(1 —ii)o)) + T Y

NOJYYHM:

. Pasy P14 ”c)
8Cy+C=— (2’”"1“1(14-0@) +0re Y
4TO YJIOBJIETBOpPEHO Beaencreue (10.217).
Taxkum o6pasoM, Bce yCa0BHS 3aJauyH YJIOBJeTBOpPeHH. Ecinm

cuna P npoxoaut 4epe3 mentp usru6a O, TO KPyY€HHE OTCYTCT-
ByeT, a C/1€J0BATE/bHO,

1=0. (10,223)

B3siB MOMeHT KkacarenbHeix cua X,dxdy, Y,dxdy OTHOCHTEJBbHO
ToukH O, NOJIy4YHM:

Py -+ M=0, (10.224)
rue

M= {{ (x¥,—y.X) dx dy. (10.225)

Ciona Hago BHectn X, H YV, u3 (10.105).

z
[lpumensas ¢gopmyan I'piHa, MOJTYyUYHM OTCIOAA:

M=—§ F(xdy—ydx)+2 || Fdxdy+
+ %H (%2 —fi(¥)]ydxdy. (10.226)
s J umeem H3BecTHyIo (opmy.y
=5 (at —b9). (10.227)

Tlpon3Benss HuTErpupoBanne, noayunm u3 (10.224):

Py 8(a—1b) ) __8s{a—b)3(a2+4ab4-8?)
__15n(1+c)(a4_b4)df(a: b) Ty prosy e (10.228)
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rape
¢ (a, b)=3 (a* - a’b -} 6a%h* 4 ab® - b*) +-
+ 45 (@t @+ a%? - ab - 54); (10.229)

NpH4éM BHYHC/JIEHHE HHTErpana, OTHOCAMETroCHd K GECKOHEUHOMY
psay dopmyan (10.216), caenaHo npuOIHKEHHO, TAK KAK IIPH
Ma/j0f TOJUIHHE TOJYKOJAbUA f==aQ — b DPsd HAYHHAETCA C YJeHa
nopsaka #3, maBaemoro MeMmOpanHOH anajorued Ilpadaras mnpu
KPYY€HHH. OGosnayas

b=

a

: (10.230)

MBI NIOJIYYHM, OTOpAcHBasi 4/jeHsl, HayuHas ¢ &3,
y= 4"(1 Ty 8). (10.231)

3ameyaTesIbHO, YTO HEHTP H3rHOAa O, OKa3hiBaeTcs] BHE KOHTYpa
ceueHHs C BHIYKJIOH CTOPOHH. ITO coBmajaaer c¢ onutaMd K. bBaxa
Hajn u3rnboMm umiBesiepoB. Ecau nonepeynoe ceyeHue ecTb MoJay-
KpYT, TO Haj0 NMOJOXHTb B dopmyaax (10.217) u (10.218) 6=0,
yTo jJaérT:

C3:0; Bm:(), ]
C . P(U+42)a? |

2T T T80 Fad

nat I}

J=,
_—_—Ema—”‘“. )

(10.232)

A

m

B paccmatpHBaeMOM Cayuae Ha KOHType uMmeeM Besge F=0, or-
Kyaa noay4um u3 (10.226):

M:QHFdx dy+2%”(r2—aﬁ)ydxdy. (10.233)
Ho umeeM:

2 )y _._ A
jj‘(r @*) ydxdy = 75 2"
Hajiee, umeeM:

A fdxdy—ﬂ (Crt+C,) ydx dy -
+7 C“‘ r( 1—}—cosQ'))dxdy—}—%CZAmyfr’”cosmdedy:

o!] 1o

o0
et Ca’"+- - . mn
_{_ C 3+16C+ Zlm(m+2)5m'2“
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Buocs phiuHcaennbie upTerpajtn B (10.233), moayunm:
___16Pa | 4Pa(1+-23)  4Pa(1+ 2q)
M=— 3=+ 5(1+a)n 3(1Fo)= +
32Psa—3

+ 2t s

[>-]

16{14 32Psa—8 1
+ [ +3(1+c)n2] . o om(m-2prm—2)°

m=1,3,5, ..

Tax xax t=0, TO uMeeM:
__ 16Pa 8Pa(l :’c) 4Psa
M=—57 — 15;717-}—0) TRy 3% (1 4- o) =+
16-32 Poa 1
+3(1 F oy 2 i orm =gy« (10.234)

Buocs (10.234) B (10.224), Mu no.ayan‘

T = 8(3+46)
e
128 < 1
K=—1— " m=1,3 5...(m_2)”12(”1—"‘2)2 . (10236)

Tak kax pax CXOAHUTCA OYEHDb 6HCTpO, TO MOXHO OIpPAHHAYHTHCA
HECKOJbKHMH INEPBLHIMH WICHAMH IJA IOJYYEHHS TOYHOI'O pe3y/b-
TaTa. Ol‘paHPl‘{I/IBaHCb YeThIpDbMS 4YJeHAMH, HMeeM:

128 1 1 1 1
K=—1 —'&?(‘§+§2‘5+§775+19845+"')'
Orcioga Haiipém:
K=0,379... (10.237)

B xuure C. TI. Tumomenko «Teopusi ynmpyrocru» Aas MOMEHTA
KpyueHHss NMOJyKpyra JaHa dopmyJa

M= prat-k,, |
ky=0,206... | (10.238)
Hama sesumuuna K cBfi3aHa ¢ K, COOTHOLUEHHEM
4
K= _k,. (10.239)
Buocs coaa k,, MOAyUHM:
K=2.0,206...=0,3793... ,

yro coraacyerca ¢ (10.237).
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B kypce C. Il. Tumomenko B c¢opmyae (10.235) orcyrcTeyer
BTOPOH YJseH IpaBoOd uyactd, 4To OblJI0O HCIpaBJAeHO B pabore
J. IO. TTasoBa HHBHIM METOZOM.

§ 115. Cpasuenue teopun usru6a Cen-Benana c copmyaamu
u3ri6a B TeOpHH CONPOTHBJICHHS MaTepHANOB.

[Tpobiema 06 H3ru6e KoHcoaH OblIa MOCTABJEHA BIEpPBHE B Ha-
yaie XVII Beka Benmnxum Tannsneo lanmieem, korja nepei HuM
BCTAJ BAXHBIH BOHPOC O IPOYHOCTH MIJIHHHBIX Trajep BeHeluaH-
ckoro (uora. Ero mpocteie coo6paxeHHs, NpeACTaB/asaBIIHE YIIPO-
WEHHYI0O MOAEAb H3ruba, CHAEAa HCh OCHOBOIO BCEX HAJNBHEHUIHX
paGor.

Ta ¢opma Teopuu usruba, KOTOpas H3/IATAETCA B TEOPHH CO-
IPOTHBACHHSI MAaTepPHA/JIOB, BOCXOAUT K H3BECTHOMY (DPAHLY3CKOMY
yuénomy Ky.ony.

[s1aBHass TPyAHOCTDL 3/JE€MEHTAPHOH TEOPUH H3rHOa 3aKAI0UAETCS
B ONpelesieHHH KacaTejbHHX HANPSAKEHHH, BO3HHKAIOUIHX IpH
p3rude. YnpouéHHele MeToJbl, NpHMeHsIeMble B TeOPHH CONPOTHB-
JIEHHS] MAaTepHa’aoB, BOOOILE TOBOPA, HE JAIOT TOUHBLIX pe3y.bra-
TOB, 32 HCK/AIOYEHHEM C/yuas BBICOKOI'O H Y3KOr0o NPSIMOYTOJib-
HOCO CevyeHud,

[srapnas sacayra teopuu CeH-Benana saxiiouaercs HMeHHO
B TOM, YTO OHA NO3BOJSET TOYHO ONPCAENHTh Kacare/bHbe Ha-
[IPSKCHHA TPH H3rHGe, H 3TO COCTABJSIET CYIIHOCTL TEOPHH H3-
rufa npusMaTuyeckux crep:kHed. CreyeT 3aMeTUTb, YTO Hamps-
WEHHO® COCTOSIHHE H30THYTOro Opyca, omnpeae/seMOe B TEODPHH
COTIPOTHB/IEHHS MAaTepHaja0s, He YAOBJAETBOPSET YCJIOBHAM COB-
mecTHOCTH CeH-BenaHa, & C/1eZ0BAaTE€/IbHO, HE MOXKET CYIIECTBO-
B4ATb B H30TPONHOM Tedae ¥).

ITopgpo6Hple HCCAEAOBAHUA IOKA3BIBAIOT, 4YTO AN CTEPKHEH,
nornepeyHoe CEYEeHHE KOTOPHIX HEe CJAHLIKOM BHITAHYTO B Hampas-
JeHHH, MNeprneHJHKYJ/JIpEOM X JHHHH JedCTBHS CHJABL, (HOPMYJIBI
TEOPHH CONPOTHBJAEHHH MATepHAIOB JAIOT JOCTATOUYHYIO Aas IpPax-
THKH TOYHOCTB,

*¥) Jlas, Marevartnueckas Teopus ynpyrocru, § 235,



TJTABA XL
OBUIIUE TEOPEMbI TEOPHUH YIIPYTOCTM.

§ 116. Teopema Kaaneipona.

Ecau ynpyroe teno HaXOZUTCs B PaBHOBECHH, TO paboTa BHelI-
HHX CHJ HA NPOH3BEJNEHHHX HMH YIPYTHX NEepeMelleHHdIx K, v,
w GyleT HMeTb BEeJHYHHY:

L::SSS[Xu-’,— Yv+ Zwlpdx dy dz -+
—{—SS[Xvu—}—Y;v—}—Z,w]d‘Z. (11.1)
Ha ocHoBasHH H3BEeCTHHX (OpMy.i:
X, =IX, 4 mX,+-nX,
Y, =IX,+mVY,Lny,, (11.2)
Z,=IX,+mY,}+nZ, I
HMeeM: X
Ly={{[Xu+Yv4Zw]d2={{[(Xu+ Xo+ Xw) i+
+(Xu+ Yot Yw)m-(Xu+-Y,0+ Zw)n}dz,
Ipumenss tenepb ¢opmyay I'puna:
” [Al-- Bm-}-Cn]ds = ”j dx—l—oy—}—dz]dxdy dz,
MBI TOJIYYHM:
L= (] {5 a4 %o+ Xo) 4
+2 (Xt v,o+ y,w)+§2(Xu+yﬂ+2w)}dxdydz=
. ox,
T o (Bt 2

+ (% ‘f,§+ dz) ]dxdydz+

+{[[[xGErrngrzg+rp+%)+
+X (5 H X (54 55 Jaxay da,
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[loacrasasaa arto Bupame}me L, B (11.1) ¥ ucno.b3ys OCHOB-
Hue ¢gopmyan (1.11) u (1.12), ME ODOJyYHM:

e )

+(—d;+~—g+—,,;+pr)v+
+ (et G+ et eZ)w|dxdydz+
+({{ (Xentv,e,+ Ze,+ Ve, + Xe,+ Xe, ) dxdy dz.
Bceiiencreie ypaBHeHHil ynpyroro paBHoBecuHs Komn (4.24) nepswiit

0oGBbEMHHII HHTETPaJ B BHpameHuu L HcuesaeT, H OCTaéTcs OAUH
BTOPO# HHTErpast:

L= {{{[XentY,e+ Zeo+Vie,t
+ Xe..+Xe,ldxdydz. (11.3)
Ho ans rtes, caepyiomux 3akoHy ['yka, MH uMeeM ¢opmyay
(3.34), Ha OCHOBAHHH KOTOPOH MOJYYHM:
L=2{{{wdxdydz. (11.4)
Orcloga CIenyer
“dexdydz:%L, (11.5)

T. e. paboma Odegopmayun cocmasssem nOAOBUHY palomot
BHEWHUX CUNL HA NPOU3BEOEHHBIX UMW YAPYIUX NepeMeujerusix.
Jrto 4 cocrasaser TeopeMy Kiameitpona,

§ 117. 3axon B3aumHocTu berrw.

INycrs HA ympyroe Tejo JAeHCTBYIOT JABe CHCTEMbl BHEIIHHX
CHJI, IPOU3BOJSHIHX YNpPYyTHEe NepeMelleHns H AedOopManHuH:
1) neppas cucrema

,- - ! 1
‘Y') Y, ,) /\W YV: ZV ’
KOTOpOﬁ COOTBETCTBYKOT KOMIIOHEHTH HﬁHpﬂ)KéHHOFO COCTOsIHHA
! ! ! ! ! !
/‘(x, yy, ZZ: X,V) XZ; YZ)
yInpyrHe CMeIleHHs

v, ,w,
H KOMIIOHEeHTH JedopMaluu
ou ov ow
! bt § Y"1 [
€ex™ 9x’ €yy = ady ’ €™ 9z

¢ du1 ov, ) ou, dwl o
+0r’ Cox= +0x’ )’z —‘%_63’
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2) BrOopas cucreMma
o " ”
X, Y,z X, Y., Z,,
KOTOPOH COOTBETCTBYIOT KOMIOHEHTH HANPAMEHHOTO COCTOAHHA
7" " ” ” 4 ”
Xz Yy; Zz, X,v» X::» Yo
yIpyrue CMeleHus
”2: 'vz» u’Z

H KOMIOHeHTH Jedopmanux

" 0112 v __0uy a _ Owy
= 9x’ =Gy €2 ™ Gz 1

/; 011:, 0'02 " 0”9 dw; ,, OW2 dvg
dy +dx » €= + ox ' G T +

Pa6ora cua1 mepBOfi CHCTEMBl, BKJIOUAS M CHABL HHEPIMH, Ha
YNPYrHX NEePEeMEINEeHUAX BTOPOH OyIeT:

le:j‘.“’[ (X' (Z:,l> Ilz“]‘ (Y' %Zl) ’Uz‘{"
+ (2 =% wg] pdxdy d:+ﬁ[X1uz+ Yot Zlw,]ds. (11.6)

Ho nosepxHocTHHEIl HHTerpas HpaBoil yacTH mnpeobpasyercd,
kax B § 116, u paér:

M X, -+ Y v, -+ Zw,)] dz—“S[" (5 }_ d\f’+ dzl>u2+

X, oy, oY, (Xl' oY, 9z
-+ W—PW—!—W Wz‘+\ﬂ+@—+7)wz dxdydz+-
: 10U, ’0”9 1 Jw,
’H“[X*vaF vy T4 T

+Yz (dWA'ervo) X (du,+dw,)+x ((911.,_{_0%)] dx dy dz.

Ha ocHoBaHuH 3TOro HMeeM:

'Z‘XSS{[or+oy+ dz+"< Mlﬂ”ﬁ‘
+[0x T35 dy + d}; T (Y' df’1> vt
+[Z§+da}; rao;JrP( ' ‘30;”}\],@2}dxdydz+
[ G )+
(e 40 g x (2 122 axdy s,
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4YTO BCJIEACTBHE ypaBHeHH# (4.7) maér:

Lo={{{[X et Vyeh+ 2ot Yooy +

+ X, en:+ Xy en)dxdydz. (11.7)

Ananornydo paboTa CHJ BTOpPOH CHCTEMBI, BKJ/IIOYAsh ¥ CHJAH HHEp-
i, H& YOPYTHX NepeMeUIeHHAX mepBoit GyleT

L21=E§§[<X” ()d;?)ul"l" (Y” (zjfzz)'vl+
+(z— dxz)w,]pdxdydz—{—“)(ul—{—Yvul—{—Zyw]dZ (11.8)

HOCTynaﬂ KaK B II€PBOM CJyYae, NOJYUYHM:

/"’ ] B

SS[ "xx+ Y;e}y+Z,e,,+ Y.eys -
+ X, e+ Xy el dxdydz. (11.9)
Beaencrue dopMyan (3.41) umeem:
L,=L,,. (11.10)

STO paBeHCTBO W BHPAXKAET 3aKOH B3auMHOCTH bBerrn.

§ 118. Teopema Kupxroda 0 eIuHCTBEeHHOCTH pelleHHss 3aaauud
TEOpPUH yNPYroCTH.

[TpeanonokuM, YTO Jas ABYX CHCTEM YIPYTHX INepeMelieHHi
u,, v, W, R U, U, W, COOTBETCTBYIOIIHE HANPSMKEHHS YI0BJE-
TBOPAIOT YPAaBHEHHSIM PABHOBECHS:

ox, | 0X,  oX,
o T oy T eX=0, }

oX, oY, oY,

oty T e =0, ¢ (1)
oX, | oY, | 07,

o Tyttt ez=0 J

NpH TPAHHYHBLIX YCJIOBHAX IS HANpPsKeHHMH:
X1+ Xm+Xn =Y,
XA+ Ymt-Yn=Y, (11.12)
XY mt+-Zn=27,

H3 TeX YyYacTKax NOBEPXHOCTH TeJa, TAe 33JdaHEl MOBEDXHOCTHHIQ
CHJIH, H NpPH TPAHHYHHIX YCJOBHAX IJIs1 nepemeuzennﬁ:

u=f, v=_, w=r (11.13)
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Ha8 TeX Yy4acTkax IOBEPXHOCTH T€Ja, TAe 33aJaHH MNepEMEINEHHA.
Torga COCTaBHM CHCTEMY YNpPYTHX NEpeMeIleHHH:

U=l — Uy V==, — T, W=TW,—W,; (11.14)

ona OyJeT yAOBJETBOPATH BHYTPH Te/la YpPaBHEHHAM PaBHOBECHS:
0X,

0X, 0X,
79‘;+W+37— »
X,

dx+0y+dz (11.15)
0}’,
+ dz -

Ha OJHO# YacTd MMOBEPXHOCTH TeJa — 'PDAHHYHHM YyC/IOBHAM:

Xl 4 X,m - X,n =0, }

Xl Y,mt Y =0, (11.16)
X1+ Y,m - Zn=0;
a Ha leerﬁ 4YacTy MNOBCPXHOCTH — PDAHHYHLIM YCJIOBHSAM!:
u=v=w=0. (11.17)

YmuoxuB ypasHenus (11.15) noouepénno Ha
udxdydz, vdxdydz, wdxdydz,

CJI0XHM HX H BO3bMEM HHTErpaq IO BCeMy OGBEMY TeJa, YTO
naéT:

G+ S+ s+ (F+F+ e+

+("Xz "0’;2 dz) ]dxdydz_.o. (11.18)

MuTterpupys no yacrsm, uMmeem:

SS[u (X L+ Xym - Xon) v (X, YV, m+ Y )4
+w (X, l+Ym+zn )] dE—

—yjj‘ xdx+ yay'{‘zz%u;-*')(( +SZ)+
+X,(5;+a)+y,(7y+d—z)]dxdydz=o.

Ho Bcaencreue (11.16) m (11.17) moBePXHOCTHBIA HHTErpaj
nponajgaer. Hasee, BCJIE}ICTBPIG dopmya (3.19) u dopmya (1.11)
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# (1.12) 06bEMHBI HHTErpaJ NpPHUMET BHA:
{10, e,,,+ Pt Zez,+Xe,,+X,ex,+ Y., dx dy dz—
ow ow
—jj‘j\ aexx xx_‘l— yy+ zz+ Fe;;exy"*_'o_é;exz—*_
+me,,]dxdydz=2gSSdedydzzo.

Ho ynpyru#i noresnman W, kax Mu Bujesu B riase lI, ecrs
OfHOPOJHAs (DYHKUMsS BTODOH CTENEeHH OTHOCHTEJIBHO IIECTH KOM-
MOHEHTOB Ae(HOpMAnUHU

e

xx?

eyy’ eZZ’ exy’ eyz’

npu4éM GYHKIHSA CYIECTBEHHO IOJOXKHTEIbHAA H 00 pallaroumasncs
B HYJIb TOJIBKO, €CJAH BCE LIECTh KOMIOHEHTOB JedOopMamHH CyTb
HYJH, T. €.

e

zx?

exx:eyy=ezz=exy=exz=eyz=0'

Ho B 3TOM cuyuae ympyroe Teno MOJAYyYdeT IME€peMeIleHHe,
kak abcoaoTHO TBéppoe Teao 6e3 medopmauud. Ecav Ha nmomepx-
HOCTH Te/Ja JaHH YIpyrue nepeMelleEHd, To BcieactsHe (11.17)
u=v=w=0 no Bcemy 0GDbEMY Te.a.

Ecin ke HAa NOBEPXHOCTH TeJAd AAHH TOJBKO INOBEPXHOCTHHE
CHAH, TO O6€e CHCTEMH IepeMeIleHHH MOTYT PasJHYaTbCsd TOJbKO
#a NepeMeIneHne Bcero teaa 6e3 aedopManyu.

Orcioma caenyer, uto pewerue 3adasu 06 ynpyzom pasrose-
cun 6ydem eOuHCMBEHHBIM.

3Hadyenne Teopemn Kupxroda 3saxiaoyaercas B TOM, YTO OHA
rapaHTHpyeT HaM, 33 HCKJIIOUEeHHeM OCOOHX CJay4aeB, YTO HafIeH-
HO€ HAMH pelleHHe YpaBHEHHH YNPYrOCTH HPH 3aJaHHBIX TPaHHY-
HHX H HayaJbHHX YC/JIOBHAX €CTh €JHHCTBEHHOE BO3MOXHOe
pelleHHe, U Jpyroro peumeHus OHTb He MoxeT. ToJbKO B cayvae
yIpPyTOrO DaBHOBECHS JNJIMHHHX TOHKHX NIPYTbEB, TOHKHX, NJACTH-
HOK M 000JI0UEK BO3MOXHH HECKOJbKO PEIICHHH, BCAEJCTBHE Yero
paBHOBeCHe MOXeT GHITb HeyCTOHYHBHIM.

STH BONPOCH, HMEIOLIHE BaXKHOe NPAKTHYECKOE 3HAYeHHE, GHJIH
npegmeroM oueHb BawHHX pabor C. Il. TuMOmeHKO M APYrux
PYCCKHX H HHOCTDAHHHX YYE€HHIX. DTH BONDOCH B 3TOH KHHre He
paccMaTpHBaOTCH.

§ 119. Teopema o munumyme pabotTbl jedopmauuu
NpH 3aAaHHBIX HA IrpaHHULE MepeMeIlSHAsIX H OTCYTCTBHH
MAaCCOBBIX CHJL

B caydae OTCYTCTBHSA MAacCOBHX CHJ HMEEM ypaBHEHHA yIpy-
roro paBHosecHda (11.15) u ycsoBua Ha rpaHuue (11.13), koTophim
OYyAyT YHOBJETBODATL OCHCMBUMEAbHO CYUecmsyowue ynpieue
nepemejenus u, v, w.
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Boo6pasum Tenepp euié ynpyroe nepeMmelieHHe, COrJIacHOe CO
CBSI3IMH, HA/IOKEHHHIMH Ha Halle TeJo:
uy=—u-+tu,,
v,=v-+7,, (11.19)
W, =W W,

KoTOpoe O6yJer yAOBJAETBOPATh TeM Ke TPaHHYHHM YCJIOBHAM
(11.13), 1. e.

u2 =f1 ’
Vo= fy, Ha TIOBEPXHOCTH TeJa, (11.20)
w? =fs )

HO He VIOBJETBOPSeT YpaBHeHHAM paBHoBecus. Toraa u3 (11.19)
u (11.20) caenyer, yTO HA NMOBEPXHOCTH TeJd U,==7U,=W,==
Ho stm BO3MOXHHE J06aBOYHBIE MEepeMeIeHus u,, v;, W, He
YZAOBJIETBOPSAIOT yPaBHEHHAM yNPyroro paBHoBecHs. [nsi nefCTBH-
TEJbHO CyINeCTBYIOIMIHX TEepeMeIeHHA #, v, @ MB HMeeM,
corjacHo § 27, ynpyru#i moreHnmal

U=S§Sdedydz, (11.21)

rae W ects oaHOponHast ¢yHKIHA BTOPOH CTENEHH OTHOCHTE/BHO
LIECTH KOMIIOHEHTOB jAedopManHH

e e e

xx Yyy Czz €

e e

xyr Txz T yz

KOTODPYI0 0003HaUHM
W=rF(€,rs €y +-+» €,,). (11.22)

Jas BooOpaxaeMblX YHNPYTHX TEpeMCIIeHHN Wy, Uy, W, MH
6yneM HMETh KOMIIOHEHTH Ae@opmaunn:

o2, ooy =501 T, (11.23)

A
KOTOPHIM COOTBeTCTByeT YOPYIHil MOTEHIHAL
7" ”
=S(€rrr €y <o s Ey,) (11.24)

Taxxke pna BooGpaxkaeMblX YNPYTHX NepeMemeHuft u,, v, w,
MH OyneM HMeTb KOMIIOHEeHTH JedopMauuH:

' _dlll ' __(?1/1 (?wl 001
Pxx—*d‘}, eyy——Ty., - + o9z ! (1‘.25)

KOTOPHM COOTBETCTBYET YNPYIH# MOTEHIHAN:
Wi=/r(€,, €, - -, €,) (11.26)
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Hs (11.19), (11.23) u (11.25) caenyioT COOTHOIIEHHS:

"

e.t\' —exx—-{_e;‘x ’ ]
€y = yy+eyy’ |

. . (11.273
.
ey _—e)z—{—eyz }

Broca (11.27) B (11.24) u npunumas Bo BHHMaume, uto W ecrn

OMHOPOZHAA \DYHKIUSI BTOPOH CTENEHH OTHOCHTEJBHO € , ..., €.,
MB HMEeM:
t
WZ xx+€xx’ )’)’+ yr e)’2+e)’2)=
———f((’x\, yyr yz)+f(€;x: 8}),, ey e)’,z)+

()f ! (9f ! (9f ] OGN
—-l—-de—xx-exx aaé’yy—‘—...—*—«d—ey;eyz. (11..8/

Ha ocnoBannn (11.28) MH BMeeM BeJHUYHHY YNPYToro NOTEHLHAI2
TeJa I/ BO3MOXKHHX IIeDEMECLICHHI B BHIE:

U=\ { {Wedx dy dz={{{ W dxay az [ { (W dx dy dz49, (1120

rae 0603Haquo'
dW ow

Q—j‘”‘ 0 ¢y ’xx+ de),y )’J’+de dc . +
+"” +d ), | dxdyadz, (1130}
YTO MOXHO NPEACTaBHTb B BHIE:
dul 001 0'w on
Q= fjlg £ 0x y)’ dy z dz1 ( l )
QX (0111+0w1) 47, ( J,—Tvﬂdxdvda
Huterpupysa no wacrsaM, noayyum:

Q= Sg[ul XL+ Xm+Xn) o (XY, m4- Y n)4
4w (X, [+ Y, m4-Z n) ]dE——

_“ﬂul<dx+dy + 02> (dk +0§y+ 0z >+
+w1<_d.?+7ﬁ+ P >]dxdydz.

Benencrsue (11.13), (11.19) u (11.20) o6paniaercs B HyJIb MOBEpPX-
HOCTHBIH HHTErpas1, a Bcjaejacrsde (11.10) oGpaiaercst B HY.ib
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OO0BEMHBIH HHTErpaJ, 4YTO HaéT:
Q=0. (11.31)

Brocs (11.31) B (11.29), Mb mosnyunm Bcaepcteue (11.21):
U2=U—{—SSSW, dxdy dz, (11.32)

a TaK Kak no ompegenenuio W, >0, to umeem u3 (11.32):
u>Uu, (11.33)

YTO H AOKA3HBAET CJAEAYIOIIYIO TeopeMy:

Paboma Oedopmayuu 8 omcymcmsul Maccosslx cui npu
3Q0QHKBLX HA NOBEPXHOCMU YRPY2020 MEAQ NepeMeujerisx ecms
MUHUMYM 045l OCUCMEUMENbHO UMEIOWEZ0 MECMO YRpY2020 pas-
Hogecus meaaq.

§ 120. BapuanvoHHoe ypaBHEHHE DPaBHOBECHSI yNpyroro reJa.

Iyctb ¢u, dv, Sw CyTb B803MOJCHbIE ynpyeue nepemeujerus,
T. €. COIVIACHHE C 2e0Mempu4eckumu C8sa3aMu, HAJIOKEHHEIMH Ha
YOPYT'yI0 CHCTEMY B C/ly4Yae DaBHOBECHS, H C KUHEMAIMUXECKUMU
C83AMU —B CJydyae MIBHXEHHs; COIJIACHO HAualny BO3MOXKHBIX
nepemeutennit Jlarpanxa, Mu GyaeM HMeTb IIPH yNpyroM paBHOBe-
CHH Teaa:

[{{1Xen+- veo+ Zowlp dx dy dz+
+ (X put v o+ Z3wids —3U=0, (11.3%)

rae dZ— sjieMeHT noBepxHoctH, a U mano dopmysaott (11.21).

OGbéMHBEIA HHTErpasa B3fT IO BCceMy 006bEMYy yOpyroro Teja,
a NOBEePXHOCTHHHE — IO BCeHl ero moBepXHOCTH. Y paBHeHHe (11.34)
npejcTaBiaser cO60f TaK HA3LIBAGMOE 8APUANUOHHOE YpasHeHue
Jlazpandca 04 ynpye020 pasHo8ecus.

Y paBuenue (11.34) copmepxur B cebe Kak TPH ypaBHEHHS ynpy-
roro pasHOBecHs (4.24), Tak W TpH TpaHHYHHX YycaoBHa (11.2),
ecJqu JaHH 3HaueHus X,, V,, Z, HA IOBEPXHOCTH YIPYroro tesa.

JlefictBureapHo, u3 (11.21) M umeem:

auzggg SW dx dy dz. (11.35)

Hanee, Bciencrsue onpenenenus W, umeem:

__ oW ow ow
6W—ae—n‘oexx+-——oeyy Oeyy+a—ezz O€zl+

ow oW o ow
+ Sexy—{——&; Ge se

02y Xz dey,

(11.36)

yz



§ 120]  BAPHALIMOHHOE YPABHEHHE PABHOBECHS YNPYFOTO TEJA 315
Ho u3 dopmya (1.11) u (1.12) umeem:

» _ dll - d .
oexx_a_dx_—x guwurt. 1.,
ou ov a /N
=0 (35t a5) =gyt oo nr A (13D

lMoacrasasa (11.37) u (11.36) B (11.35), uHTerpupys 1o 4HacTam
u yuuTeBas ¢opmyny [puna, nonyth TPH COOTHOIIEHHA BHAA:

j” oaw (v, x)ou dZ —

—W (@
H TPH COOTHOIUEHHS BHAA:
5.5:;7% fe, dxdy dz:.—gg -—‘)—‘K (8vcos (v, x)+ducos(v, y))]dS—
”y a3 +0y(dw>a ]dxdydz (11.39)

Brocs mectb ¢opmysa tana (11.38) u {11.39) B popmyay (11.35),
B KOTOPYIO yX€e BHECEHO (11 36), MBIl [OJYUYHM:

sU= ”{l-———cos(v x)+ cos v, y) +d——cos v, z] ou -+

+ [ad—wcos(v X +—cos v, ¥) +——cos v, z)] dv -+

-+ [iwﬁcos v, x) —{—0—— cos (v, yH———cos (v, z)} 6w} dL —

U‘j‘{ ox dexx dy(;e_‘z,)_l_ dz(gf:)]ou_%—
+ [ax(aex )+0Z(§eﬁ)+%(37i)]6”+
{5 G 35 (Geyy) (e ) | o dxdy
Ha ocunoBanuu dopmya (3.19) MH IIOJYyUHM OTCIOAA:

SU——(S {{X cos (v, x)+ X, cos (v, ¥) +X cos (v, 2)] bu -

—+[X,cos (v, x) 4 ¥, cos (v, y) 4~ ¥, cos (v, 2)] 8w -
+[X cos (v, x)+Y cos (v, y)+ Z,cos (v, 2)]dw} dX —

—“sK ox + dy -+ 0:) —{—(%—F%—ngj >aﬂ+
+("7“';+%+%>a«w]dxdydz. (11.40)

)oudxdydz (11.38)
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Brocs (11.40) B (11.34) MH IOJYUHM:
(e +pX)ou+
+(% +"Y + 5 5 ¥ ok

oX,
+< T + oy + oF —{—pZ)ow] dxdydz —
——\( [(X,cos (v, x) 4 X,cos (v, ¥) - X,cos (v, 2) — X,) éu -

—+ (X, cos (v, x)+Y,cos (v, y)-+ Y, cos (v, 2)—Y,) év -
4+ (X,cos(v, x)+ Y, cos(;, ¥+ Z,cos (v, 2)— Zy)aw]dE—_—O.(llAl)

Tax Xak BO3MOXHHe NepeMemenus 0u, 0v, ¢w HHYEM MEKIy
co60ft Be CBS3aHH M COBEPIIEHHO IPOH3BOJBLHBL, TO Ml JOJIKHH
NPHPABHATH HYJIO KO3(QQHIHEHTH, CTOALIHE IIPH HHX B CKOOKaXx.
TakuM 06pa30M, MH MOJYYHM TPH ypPaBHEHHS yIPYTOTO PaBHOBE-
cug Kommnu:

oX, | 90X, |

o0X, Y,

‘ﬁ+—dy+ 5 +pY=0, |} (11.42)
0x, . dY, . dZ

W+Ty LpZ=0 )

H TPH I'paHHuUHBX ycaoBus Komu B dopme:

X,=X,cos (v, X)X, cos (v, y)+ X,cos (v, z),
V,=X,cos(v, x)4Y,cos (v, V) -+ Y,cos (v, 2), (11.43)
Z,==X,cos (v, x)-{ Y, cos (v, ¥)+ Z,cos (v, ).

Faxkum o6pasoM, xax ypaBeenus (11.42), tax u (11.43) sBas-
I0TCsl  CJIEACTBHSIMH BapHANMOHHOro ypasHeHus (11.34). Caegosa-
TENBHO, NPU NpUMeHenul sapuanuoxnozo ypasuwenus (11.34) wem
HAQOGHOCMIL YOO8AEIMBOPAME 3APAHEE CMAMULCCKUE 2PAHULHBLE
veaosus (11.43), max xkax onu yoogaemgopsomes kax Gwl asnio-
MAMA1ECKLL.

[Tpu npu/iIOXeHHH BapHanHoOBHOro ypasrenns (11.34) Mu 3amaénm
ce6e BHpAXEHHA YOPYTHX CMEINEeHHH, COrJacHHX CO CBA3AMH,
HAMOXKEHBEIMH Ha YNPyroe TeJjo, H CJAeJ0OBATesALHO, IIeCTh TOX-
pecTBeHHLIX cooTHoureHu# Cen-Benana 6yayr sunmoanenn. Ho
ecJaM MH 33aJ3aiuM cefe IeCTb KOMIOHEHTOB HanpskEHHOTO CO-
CTOSHHA

A’

Fe)

Yy Zo Vo X, X,
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TO B C/Jyyae H30TPOMHOTO TE/1A LIECTh TOXAECTBEHHBIX COOTHOMIE-
unfi Beabtpamu (4.48) u (4.50) mo/kHH GHTH 3apaHee yja0BJe-
TBOPEHHL.

Tax xax NOBEPXHOCTHHIE H MacCOBbie CHJBI HaM 3ajaHb H,
cJAef0BaTe/bHO, He BapbHpylorca, To ypaBHenne (11.34) moikno
nepenucarb B gopme:

83 =0, (11.41)

rae D ecrb TaK HasnBaemas NOTeHIHaJbHAsT SHEPrus BCe#d cu-
CTeMBEIL:
3={{{wdxdyde— ({{(Xu4-vv+ Zw) pdx dyds —

DY)

—({xutrotzwds (11.45)

[losromy u3 ypaBHenus (11.44) cnenyer, uro H3 BCEX BO3MOMKHBIX
nepeMernienuii 1, v, W, yAOBJICTBOPAIOUIMX CBS3AM, HAJOXKEHHBIM
a ynpyroe Teno, B AEHCTBHTEIBHOCTH MOTYT HMETh MECTO TOJALKO
Te, NpPH KOTOPHIX NOTEHIHA/IbHAS SlEPrHs CHCTeMB O HMeeT cra-
HHOHApHOE 3HaueHHe. B3sB BTOPYIO BAPHALHIO 3, MOXHO II0KA34Th,
Yro B pACCMAaTpPUBAEMOM HAMH CJydae MOTeHIHAIbHAs BSHE)IHA
HMeeT MHHHMAJbHOE 3Ha4eHne, IDTO COCTABJAACT INPHHUHI MHHH-
MyMa /151 [epeMeImeHHti.

§ 121. Bapuausondas ¢opmyaa KacruanaHo.

[lycte TeJ10 HAXOAUTCH B COCTOSHHH YIPYTOrO paBHOBECHA
¢ gedopMauUAMH, XapaKTePH3yeMBIMH YNPYTHMH IepeMelleHHsIMH
i, ¥, W ¥ IIeCTbI0 KOMIIOHEHTAMH HANPSMEHHOTO COCTOSIHHSA

X Yy Z, X, X, Y,

ST KOMIOHEHTH MAEHCTBUTEJBHO CYILILECTBYIOIETO HanpsaKEH-
HOTO COCTOSIHHA YJOBJIETBOPSIIOT TPEM VDABHEHHAM DPaBHOBECHS
(11.42) u TpéM TrpaHHUYHBIM YCJAOBHIAM, KOTOPHIE B CJydae 3ajaH-
HBIX TOBEPXHOCTHBHIX cHJ HMenT ¢opmy (11.43). Crepx TOro, KoM-
MOHEHTH HANpAXKEHHOIO COCTOSHUS B CcaMoM OOIIeM cJayuae
AHH30TPOITHOTO TeJsa YJLOBJAETBOPAIOT IHECTH TOX/AECTBEHHHIM COOT-
Homenuam CeH-Benana (1.107) u (1.110), a B yacTHOM cJayuae
H30TPOUHOTO TeJa OHH JOJKHB YJOBJETBOPATH HIECTH TOXKJAECT-
BE@HHBIM COOTHOWeHHaM beasrpamu (4.48) u (4.50).

[ToxBeprueM 310 Hanpa:KEHHOE COCTOSIHHE TPOH3BOJBHOH BapHa-
IHH, HO TaKoH, uToOb HOBOE HANPAXKEHHOE COCTOAHHE, XapaxTe-
pu3yeMoe ILeCTbl0 KOMIOHEHTaAMH:

X, 43X, Y, 43V, 2,43z, }

X, 48X, X,43X, V,+iv, (11.46)



318 OBLUME TEOPEMH TEOPHH YOPYTOCTH [ra. x1

6HJI0 cmamuueckis 803M0JCHbM. CAeN0BaTeNbHO, KOMIOHEHTH
HanpsiKEHHOTO cocTosiHHA (11.46) MOMXKHH yROBAETBODPATH ypaBHe-
puam (11.42), uyro maér:

o (X, +3X) +0y<X+o )+ 52 (X, 3X) +pX=0,
d—x(x+*x +d Y,4-2Y,)+ 2 (¥, 487, Y =0,
FA3X) + 3 (Vo W)+ o (Z,+32) 4 pZ=0. |
Ho Tax kax KOMIIOHEHTH HaHpH)KBHHOI‘O COCTOAHUA

)(x’ Yy’ Zz’ )(y’ ‘Xz: Y,

YLOBJIETBODPAIOT ypaBHeHHAM paeHoBecust (11.42), 710, BHUHTadA
(11.42) u3 (11.47), MH NOJYYHM TPH YpPaBHEHHA:

LX) + 3 (0X) -+ = (0X) =0,
2 (0X)+ 2 0Y,) + 5 (3Y,) =0,
7 (0X) -+ 0V + 57 0Z)=0, |

KOTOPHIM JIOJAKHBE yILOBJETBODATDL Wiecnib Bapuaqud
3X,, 3V, 8Z,, 3X,, X, 2V,

LIECTH KOMIIOHEHTOB O€dCmEILmensHo Cyu,ecmeyou,ezo B yupyrom
TeJe HampsKEHHOTO COCTOAHHA, UYTOOH OHH OBLIH CMAmMu4ecKu
803Mm0xcHoLMu. Jlanee, [as Toro, uTOGH HanpsKEHHOE COCTOsIHHE
(11.46) 6LiI0 CTAaTHYECKH BO3MOXHBIM, HEOGXOJHMO NPOH3BECTH
H3MEHEeHHe CYIEeCTBYIOmel CHCTEMEI BHEIIHHX NIOBEPXHOCTHHIX CHJI,
XapaKTepH3yeMoi KOMIIOHEHTaMH

X, Y, Z,
YOB/IETBOPAIOLIHMH TPaHHYHEIM yc/10BHAM (11.43), B HOBYIO cHCTEMY

ITIOBEPXHOCTHHIX CHJ:
X,~8X, Y,4ov, Z,+4Z, (11.49)

dta cucrema (11.49) 10.1:XKHA yROBAETBOPATH yPABHEHHSIM:
X, 3, = (X, - 3X,) L (X, - 8X) m - (X, 4 2X,)

Y, oY, =(X,-F3X) [--(Y,4-3Y,) m+ (V, 2V )n,
Z,A-3Z,= (X, 3X) [ (V,+-8Y ym (2,82 ) n,

rae [, m, n cyTb KOCHHYCH YIJIOB BHEIUHEHl HOPMAJH C OCAMH
KOOPAMHAT., BLIuHTast M3 3THX ypaBHEHHH ypasHenus (11.43), koro-

11.47)

)
|
b
|

(11.48)

)
I
t
l
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pHle, KaK OHJIO YKA3aHO BHIIE, AOJKHH OHTb YAOBJETBOPEHH,
MB ToJyuynM GopMyJaH, KOTOpHE 0arom me 8apuayuu 8HEuLHiLX
cun 86X, 8Y,, 8Z,, komopeie Heo6xo0umo coesams, 4mobu cucmema
nanpaxcenuil (11.46) 6una cmamuvecku 803MONCHOL:

3X,=(3X,) [+ (X)) m+(X)n,
3, =(3X,) 4 (@Y, m-+@EY,)n, (11.50)
0Z,=(X) [+ QY m+(Z)n.

OueBHAHO, UTO BCE YCJIOBHSl T€OMETPHUYECKHX CBA3EH NPH 3TOH
BAapHAIAH HANPSAXKEHHOTO COCTOSHHA YHPYroOro Tesa, AO/KHH GHTh
yaoBAeTBOPeHH. HanpsxEHHOMY COCTOSIHHIO, IEHCTBHTENBHO Cylie-~
CTBYIOIIEMY B YIIPYI'OM TeJe

Xp Yy Zo X, X, Y,

COOTBETCTBYET 3Heprusa AeQopMalllH, onpepesaseMas H3BECTHO
dopmMysoHt

U= ({{ wdxdydz. (11.51)

CTaTHYECKH BO3MOXXHOMY HampsnKEHHOMY cocTosHHI (11.46)
6yler COOTBETCTBOBATH 3HEpPrus AedOopMauuH

U= {{{ W, dxdydz, (11.52)
NpUuéM AJas TeJ, NOAYMHAKIHuXC 0606ménnoMy 3akony I'yka, W,
eCTb TaKas Xe OMHOPOAHAST (PYHKUMS BTOPOH CTENeHH OTHOCH-
TENbHO INECTH KOMMOHEHTOB CTAaTHYECKH BO3MOXHOTO HaNpamEH-
noro cocrosuus (11.46), kak W oTHOCHTENBHO KOMIIOHEHTOB Jef-
CTBUTEJNBHO CYLIECTBYIOLIETO HAamps:KEHHOTO cocTosinug. [losromy
HMeeM:

W, =W (X, 43X, ..., ¥V,--8V,)=W W -+&W, (11.53)
rage
oW — oW ow LA )
% XA gy 0V, gy oY (11.54)
BW=W@X, 3, $Z, 8X, 8X, iY), (11.55)

a caefoBaTeabHo, ¢2W MOXKHO paccMaTpuBaTh KakK 3HePruio pedop-
MaUMu NPH HanpsiKEHHOM COCTOSIHHH

3X,, 3V, 37, 3X,, X, 8V,

KOTOpas €CTb BEJHUYHHA CYHIECTBEHHO NOJOXKHUTEAbHAA, HOSTOMY
HMeeM:

W >0. (11.56)
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Ha ocuosannu muspectHnx ¢opmysa Kacruiuano (3.32) M HMeeM
3 (11.54):

SW=e, 3\ +e,8Y,te,3Z,+4¢e,pX te.,X,+e, Y, (11.57)
Buocs (11.53) B (11.52), Mb moJyuum:

U =U+eU-+ 8%, (11.58)
rre uMeeM Ha ocnosaHnu (11.56):
2U=(({2waxdydz>0, (11.59)

a na ocHoBanud (11.57) nmeeM:

U= {{l1e,5X,+e,8r, 4,32, e pX, +
“+e. 80X, e, 0Y ldxdydz, (11.60)

npuuéM OOGBEMHBEIE HHTErpajnl OepyTcsl N0 BceMy OOBEMY ympy-
roro TeJa.

Bxogsue B dopmyay (11.60) mectb KOMIOHEHTOB YHpyro#
AEDOPMALHH €,y €yy €5 €ypy €y €, ACHCTBUTCALHO CYILIECTBY-
jomefl B paccMaTpHBAacMOM YIPYLOM Teje, CBS3aHH C JEHCTBH-
TeJBHO HMMEIHMHCA B pPacCMATPHBAEMOM TeJje YHPYTHMH Iepe-

MEIIeHHSAMH U, U, W IIeCTblO H3BCCTHBIMH COOTHOWICHHSAMHU Komu:

du ov __Ow
xx = 9% e, :a, e, P v \
__Ou | Ov ou __ov |, ow (11.61)
Xy_a}_l—az" xz dx+dz’ *tﬂ_{_'?y

Buocs ux B (11.60), MB MO:K€M IIPOH3BECTH B IPaBOH YacTH
MHTErPEPOBAHHE NO YaCTAM H NPHMEHHTb dopmyay [purHa. MH
6yieM HMEThb:

TPH COOTHOIIEHHS BHAA:

)
([ ety axayaz = [[[ 90, dedyae—

.—_—H (3X,) ldE — ﬁju— ) dx dy dz,

H TDH COOTHOILUEHHS mma

Hf €y (3X,) dx dy dz HS oX)dxdydz-—

= {{ (o -mu) (3X,) az— fﬁ u— o‘()—}—v o )]dxdydz

npUYEM NOBEPXHOCTHHE HHTErpa/bl paclpoCTpaHEHH HA BCIO IO-
BEPXHOCTb YNPYroro Te/a, a o0bEMHBIE HHTErpa/jhl — Ha BECh €ro
0o6béM. IloxcranoBka arux uiectd cooTHoweHuit B (11.60) ¢ nocie-
XYIOIMM NpHBEXEHHEM AA8T CleAyollee BHpaXKeHHe LI BAPHALMH
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sHeprud JedopMauuu:

$U == SS{u LX) -+ m@X)+n@X)+

+0[L@X) -+ m @Y, 4 n @Y+
+wll(3X) + m@Y) +n(3Z,))} 42—

= [[[{=]s= 0% + 35 0%) + 5 0]+
o[ 5% 0X) + 5 0V, + Z0v| +
o[ 7 0X) + 55 07) + 7 02)| dedyde.

Beaencreue (11.48) u (11.50) Brpaxenne 8U mpUBOXHTCA K BHAY:
W= {{[n@X)+o(@r,)+w@2,))d2 (11.62)

(3zecy mHTErpaJ B IpaBOH YACTH B3AT IO BCEH IOBEPXHOCTH yIIpy-
roro tena). [lonyuennyio namn copmyay (11.62) Mu 6yneM Hasu-
BaTh 8apUAUUORHOU Popmyaol Kacmuauawo.

B mpaByio eé yacTb BXOJAT yIpyTHe NepeMellesds 4, U, w,
JEHCTBUTE/bHO CYLIECTBYIOLlHe B YIPYTOM TeJje, H T€ BapHALHH
(11.50) BHewIHHX MNOBEPXHOCTHHIX CHJ, KOTOpHE HAJA0 CJe./aTh,
ytoOH BAPHHPOBAHHOE CcOCTOsiHHE HanpsixkeHu# (11.46) 6mao cra-
THYeCKH B0o3MOxxHLIM. [lpaBas uacte ¢opmyan (11.62), oueBHgHO,
npeAacTaB/aser paboTy, NIPOH3BEAEHHYIO TPeOyeMBIMHU [IPHPALLEHHAMHA
BHEIIHHX MOBEPXHOCTHBIX CHJ Hd AeHCTBHTE/bHHX NepeMeleHHsX.
Or6pacuiBas 6€CKOHEYHO MaJjable BTOPOro MOpsAfAka (T. €. BTOPYIO
papHanuio ¢:l), 3akiauaeM, UTO CMAMUUECKIL B03MOICHOE npupa-
wenue snepeun 86U deiacmeumensno cywecmeywwel degopmayun
pasro pabome, npou3sodumoli cmamuueckuy nompeOHuMu npupa-
W4eHUSMU BHOUHILX NOBPPXNOCMHBLX CUA HA OCUCMBUMEALRO CYuye-
cmsyrounx ynpyaix nepemewenusnx. Tak kaxk B ¢opmyae (11.62)
YIpYTHE HepeMelieHHs U, U, @ CyThb AeHCTBHTEJILHO CYILECTBYIO-
LiHe B PacCMaTpHBAEMOM YIDYIOM TejAe€, TO OHH He MOTYT HOJA-
BEpPraThCs BAPHHPOBAHHIO, 4 NOTOMY, BBOJAS 0603HAUeHHE

3,=U— SS[u)Q—{—vY,—}—wZ,] daz, (11.63)
MH MoxeM npexactaButb (11.60) B Buze:
83,=0; (11.64)

M3 9TOTO YPABHEHHS 3AKIIOUACM: MEHCOY BCEMU CIMAMUYCCKU 803-
MONCHOLMU  NANPANCEHHBIMU COCMOSHUAMU 8 OelicmsumensHocn
umeem mecmo mo, 0AR KOMOPOO 6eAUUHA D, UMeem cmayuo-
HapHoe 3Hauenue,
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Eciu Mb mpeamosioxuM, 4TO BHELIHHE IOBEPXHOCTHHIE CHJH
He OYAYyT MEHAThCA, T. €.

¢X,=28Y,=208Z,=0, (11.65)

To HMeeM H3 (11.62):
8U=0. (11.66)
Mexay Tem xak u3 (11.58) M monyuum Besencrsue (11.59) u (11.66):
U —U=8U>0. (11.67)

OTciofa 3aKJaI04aeM, YTO CMAMUHECKU B03MOMCHAS 8apuAyUS
CYyWecmsyouez0 8 ynpyom meae, npu OQHHbLX CUAAX U 2PAHUY-
HbLX YCAOBUSX, HQARPANCENHO20 COCMOAHUSL npou3sodumcs 0e3
U3MEHPHUS BHEUWHUX NOBEPXHOCMHBLX CUA, €CAU Bapuayus iep-
euu Oeopmayuu pasia Hya0, a cama suepais Oedopmayun
YRPY2020 MeAQ RPUHUMAEM MUHUMAALHNE 3HA4EeHue.

3T0 M ecTb H3BecTHoe Hauaao KacrtusimaHo, urpamwomee 60/ib=
HIYI0 POJb B CTPOHTEJNBHOH MeXaHHKe.

§ 122. BuiBoa TOWAPCTBPHHBIX COOTHOWeEHmH CeH-Benana
H3 Hayaaa Kactuauano.

Ypasuerue (11.66) nonyueHo ans JeACTBHTENBHO CYLIECTBYIO-
LIEro B YIPYrOM TeJe COCTOsHHS HedopManuH B NpeNoJONKeHHH,
YTO YJIOBJETBOPEHH INECTb TOMXKIECTBEHHHX CooTHouweHu# CeH-
Beuana. OgHak0o MH He JAeja/H NOJ0GHOTO MPEeANOJI0KEHHs OTHO-
CHTEJBHO BapHHPOBAHHOTO HanpsixkéHHOro cocrosnus (11.46), Bcien-
CTBHE 4Yero BapHalHH

8X,, 8Y,, 87, X, 8X, oY,

He CBA3aHH HHKAKHMH COOTHoIueHusimu Kpome (11.48) u (11.50).
ITo3TOMy €CTeCTBEHHO OXHAAThb, YTO TOKJIECTBEHHLIE COOTHOUIEHHS
Cen-Benana mnoayuamoTcs Kak CJA€ACTBHE BAaPHALHOHHOTO YpaBHe-
nus (11.66). dro nmokasano CayrysJanoM (Southwell) B 1936 r.
ByxeM mpeanoJarath, YTO MOBEPXHOCTHHIE CH/IH He MEHSIOTCH,
BC/JEJCTBHE YEro MH HMEEM TPH ypaBHEHHS A/ TOYEK I'PAHHIH:
18X, +mdX,+ndé ,=0,

13X, -+ maY,+- ndY,=0, (11.68)
BX,+ mdY,+néZ, =0,

M TPH YpaBHEHHs DABHOBECHS I/ TOYeK BHYTPH 00béMa ympy-
roro Teja:

(7] a d

7 X, 5 8%+ 520X, =0, |
0 0 (7]

73_.;,‘ BXI-{—E 6)’,—}—5 6)’,:0,
d d d

(11.69)

t
I
)
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ITpa STHX YCJIOBHAX HMEET MECTO BapHALMOHHOE YypaBHEHHE
Kactnauaso:

W= (({le.0X.+e,2V,+e,32,te v, +
+e, 08X, +e, X ]dxdydz=0. (11.70)
BmecTo mecTH KOMIOHEHTOB JeHCTBUTEJABHOH AedopManuH

¢ e)’)” €2 ez)" €oxr exy

MOXxHO, caenyss CayTyaiany, BBECTH HIeCTb HOBHX (GYHKUHH f, f,,
Je Fi, Fp, Fs, ompegensieMBX M3 IIECTH YCAOBHH:

Oh_, Oh_,

xx?

hee,, L=, L=, (11.71)
0f3+0f2 F,=e,, ][
Shyth _p—e,, | (11.72)
0f2+(3f1 Fazexy' }

Buocsa (11.71) n (11.72) B (11.70), MH nosy4um:
([[Tex) 24-er) g ez) 2+ er) (3 +32)+
+(6XZ)(",;—£1+3—{3)+< ) (324 57) |dx dy de—
— ([ ({F @)+ F (X)) +Fy (0X)) dx dy dz=0.

Hurerpupys nepsnil 06bEMHHA HHTErpaJ IO YacTSAM, MBI TOJYYHM
({, m, n— KoCHHYCH YI/IOB BHEIIHEH HOPMAaJH C OCAMH):

V(08X 4 m3X, + ndX,) £, -+ (13X, + mdY 4 n2Y ) fo+-
+ (13X2+ mayz-‘_ naZz)fB] dx—

—[[{{n[zex) +5 ex)+ 7 x|+
1| 56 (0%) + 3507+ 2 07 )]+
|5 0X) + FOv) 3 02)| b dedydz—
— SSS[FI (V) F, (3X) + Fs (3X,)] dx dy dz=0.

Benencrsue (11.68) u (11.69) nepsuift ¥ BTOpPO# HHTErpaJH JeBo#
YACTH YHHYTOXKAIOTCHA, W OCTAETCS ypaBHeHHE

W=—(([1F(7)+F,(0)+ F, X, dx dydz=0 (11.73)
(anTerpan B3AT MO BceMy 00GBbEMY YMPYroro Tesaa).
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Mycts Teneps a, B, Y CYTb TPH NPOU3BOJbLHEE (PYHKUHH X, Y, 2.
YMHOXHM 0epBoe ypaBHeHue cHcrteMH (11.68) na a, BTOpOE —
Ha B, a Tperbe—HA Y H 3areM ca0kHM HX. [lonyueHHyl0 CyMMY
YMHOXHM Ha @2 (3/1€MeHT NOBEPXHOCTH Te/aa) M 3aTeM IPOHHTe=
IPEpPYeM HO BCEH NOBEPXHOCTH Tena. JTo JAéT:

SS (18X, ~+ mdX, -+ ndX Ja -+ (18X, -+ m3Y, +ndY,) B -
—[—(lo +m6Y +neZ,)y]dE=0.

IlpencraBuM 2TOT HHTErpajg B BHAL:

[ (17 (@2, 480X, + 12X,) - m (adX, - B2V, +137,) +-
+ n(adX, 4 B3V, +13Z,)] dE=0. (11.74)
3necy [, m, n CyTh KOCHHYCH YIJIOB BHEUIHER HOPMAaJH C OCAMH

KOOpAMHAT. MHB MOXeM IDHJIONKHTB CIOJA H3BECTHYIO (opMy.ay
I'puna:

SSS[ —{—g; ] dxdydz:SS(ul—}—vm—[—wn)dE
OTKYJa CJefyeT ypaBHEHHE:
§§1 [ @, 482X, 4 ¥ 4 35 (8K, - B2¥, +-107,) +
+ 2 (@2x, -+ pay,+yaz,)] dx dy dz=0.
Brmoansis au¢p¢epeHIHPOBAHHE, HMEEM:
SSS[ a (23X, +%w +d_"za><)+
+8 (52X, —hw +az o)+
(% 2K, 5 07 +dz 3z )]dxdydz+
+ ST (GR) 25t (F)ory o+ (3F) 02+ (R4 ) er+
—l—(d—z—l—a)&X,—}— (d—J—C—l-—@)oXy]dxdydzzo.

Benencrsue yciaosuit (11.69) nepshiit 06bEMHHA HHTErpas 3aech
nponajgaer. 3ateM, BBHAY TOTO, 4TO @, B, Y A0 CHX mOp MpOH3-
BOJIbHH, MH nOoTpe6yeM, YTOOGH

da ap i __
=0, =0 ZL=o (11.75)
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nOE)TOMy OCTAaHETCA TOJBKO YpPaBHECHHE:

j\jvj 6Y +( 02) 3%+
+ (35 +5) ox Jdxdvaz=0 (11.76)

(uwTerpan B3AT MO BCeMy O0BEMY YNpyroro resal.

B ypaBrenusx (11.76) u (11.73) 06bEMHKEIE HHTET PATEL pacnpo-
CTPAHEHH HA OJHH H TOT ke 00béM ynpyroro rtesa. IlostoMy mo
H3BECTHOMY INpPHEMY BAPHANMOHHOTQ HCYHC/IEHHA MH IOJYYHM
COOTHOIUEHHS:

da

Fimh(%+ §), Fomh (). Fomi (2. 01

U3 (11.77) nmeem Bcarencteue (11.75):

a‘f(f;‘ (ozzeay + aj :;Yv") =0, ]|
a‘f 53. ( fa%ﬁ azzox) 0, i (11.78)
5?:%2 (aizﬁay"f‘ oj jix) =0. )
Takxe Bcaencrsue (11.75) UMeeM COOTHOIIEHHS:
(20—t o, )
(;; (apl 0F2+ 0/~3) o dx(z:j "y (11.79)
2 (aFl 4 9 sz _ 0F3) kaxoT}&:O' J

Ho u3 (11.72) mMu umeem:
Fo=—e,t+ (L +2),)
Fy=—e,+ (2 +%), li (11.80)
Fi=—e,+ (2 4+

Buoca (11.80) B (11, 79), HOJIYYUM COOTHOIIEHHA:

0F1 0F2 ord Oevz _ Oe,, »f
x( z) ( ox yf_— )J’_dedvdz_o’
0 (’F1 ng 0F3 0 6ey2 dezx dsfz _

a‘j(ax ) 5}("“0? i dy__ H‘Q 040\;737—0'
0 dFl 0/~2 01-3 0 aey, oe,x Oy ify
dz( - ) 7( } >+2c)x0yd;_0'



32¢

OBIUUE TEOPEMH TEOPHH YNPYIOCTH [I‘Jl. XI

Ho n3 (11.71) nmeem:

o3f1

J— azexx

03fy

0%,y

03y __ 0%

dxodyodz

dyoz® Jdxoy 0z

dx oz’

dxdydz =~ Jdxoy'

[loncrapasas B npeiu ympBe COOTHOUIEHHA, MOJYUYHM:

(7] de de de
S ( .vz + 0z + xy)
2 (‘1"!; — ‘)"zx ""x.v)
dy \ ox oy 0z
K (%z 0y __ ‘E’xy)
ox ay 0z

d%’mr ]

dy 02

0~e

i | (11.81)
d2eu

ox oy’ J

DTO ecTh BTOpAs Ipynna TOXAECTBEHHHX cootHomennit CeH-Be-

HaHa, coBrnagawomas ¢ ¢opmyaama (1.110).

Buocs (11.80) B (11.78), mosy4uM COOTHOUIEHHA:

o%F

dydz:

RF,
ox 0z

0%F;
Jx dy

o ?  (0fy | Ofs\ __
~ 5t (G ) =

dy

T oxo +0xdy ox ' oy
Y

..exy 02
T oxdy + ox2

‘eyz
T dyoz + oz 0
0% ®  (0fs | O\
_‘szdxz—l"dxdz (5,?_’_5) -
d%,;
T ox gz + ox?
Fies 4 O (U ofl) _

() + 3 (%) =0
(%) + 5 (G2) =0

(%) + a5 () =0

Beaeacrsre (11.71) aTH COOTHOIIGHHS JAIOT:

0%, __ O%yy + 0%,
oy oz 022 ay??
ﬂxg — A ezz + ozexx
oxdz Ox? 022’
o, 07 O%eyy + o,
dxdy ~  oxt 0y2 :

(11.82)

D710 ecTb nepsas IrPynna TOXAECTBEHHHX cooTHomeHH#i CeH-Be-

Haua, cosnajammas c ¢gopmyaamu (1.107),

TakuM 06pa3oM, MbHl YCTAaHOBHJH, YTO IIECThb TOXJIECTBEHHHX
cootHomennli Cen-Benana sIBJSIOTCH C/I€JICTBHEM BapHANHOHHOTO
ypasHenusi Kacruinano (11.70). 310 B go.kHO GHJIO GHITH, TaK
KAK CTATHYECKH BO3MOXHOE HANpPAKEHHOE COCTOSHHE B TeJde OT-
JIMYAeTCs OT TOro HanmpsKEHHOro COCTOSHHSA, KOTOPOE HMEET MeCTo
IpH JeHCTBHTENBPHOM DAaBHOBECHH, UMEHHO meM, 4Imo npu 3mom
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nocaeonem y0084emeopens. moxcoecmeennse coomuouenus Cen-
Benana. Otum cambpiM CayTysaa YCTaHABJAHBAaeT TEOMETPHUECKOE
3HayeHHe Hawasa KacTu/aHaHO, KOTOpOe NpOCTO fABJASETCS BHIpaMke-
HHeM Haya/ja Hepa3pHBHOCTH JAeOopMauuii, BHPA:XKEHHHIM B 3Hep-
retnueckoit ¢opme. Teneph CTAHOBHTCS ICHHM TO TayGoKoe pas-
JAMYHE, KOTOPO€ CYMIECTBYET MEeXJAY BapHAIHOHHEIM HayaJoM
BO3MOXMHHEX pa6oT JlarpaHxka M BapHAUMOHHLIM HauajoM KacTu-
JHAHO: Nepsoe u3 HUX €Ccmb HA4%aA0 CnCMmuku, @ Bmopoe ecimb
2eOMEMPUHECKOP YCACEUE HEPC3rbigrecmu degopmaunuil.
CayTysa/ DepBOBAavaJbHO Jaj CBOeHl TeopeMe HHOE JOKa3a-
TeJbCTBO, OCHOBAHHOE HA INIPHMEHEHHH pelueHu#i MakcBessa o
Mopepa [popmyan (4.27) u (4.28)]. [as AByXMepHOH 3a1a4u TEOPHH
ynpyrocts Teopema Cayrtysana Moxer OHTh Jerko JoxasaHa.
B aToM c/ayyae BapHalHOHHOE ypaBHenHe (11.70) mpuHuMaer BHI

U ="{{(e,0X,+¢,27,+¢,3X,) dZ=0, (11.83)

rae d2—a/eMeHT IJIOLA/TH.
Ypapnenusa (11.68) n (11.69) npumyT BHA:

X+ mdX, =0, }
X, mY, =0 (11.84)
E;BXx—l— EBX),=O,

(11.85)

a J o
Mu ynosaersopuM cucieme (11.85), monoxus no meroxy dDpu:

a:r or? 02F
8X 0)’2’ 6Yy= ’w, 6&,:—3‘;5;, (1]86)

rae F —npousBoabHas ¢ynknua. Buocsa (11.86) B (11.83) u unre-
rpupys IO YacTAM, HMEeM:

6U=9§ (g—'gmexx.—}—g—i‘ ley—|—?‘mg )ds——
_5'5‘ gid;;x-}_dx (deyy_ﬁe‘xyﬂ dxdy, (11.87)

rie KOHTYPHHH HHTErpasn B3AT IO Bcefl rpanuue, a /, m — KocH-
HYCH YIJIOB BHEIIHEH HOPMAaJH K KOHTYPY C OCAMH KOOPIHHAT.
Oanee, cHoBa HHTerpnpyﬂ [I0 4acTaM, HMeeM:

S5+ (52 - 5) | aray=
==§F[ dexx L1 (deyy 03xy)] ds —

dzexx Oeyy 2y
”F e T on axd’]dxdy (11.88)
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Buocs (11.88) B (11.87), Mn moxyuum:
ikU:f[';—j:rnexJr Qf(le —l—mex,)] ds —
— $F[m%e 1 (% — %] dst
F([F (St oo o) aemo i
Brocst (11.86) B (11.84) u npumeHss ¢opMyan

_ady _ dx
=4 m=—%

MHl HOJTYYHM:

0F dy 02F dx da (0P

oy? ds+dxdy ds — d (@ =0,
?F dy | OFdx __ d (OF\ _
Ox dy ds + oxtds <~ ds (ﬂ) =0.

H3 3T0OrO CjAexyer, UTO HAa KOHTYype MHl HMeeM:
F=Ax-}+By-C,
rae A, B, C — npoussoJ/ibHEE NOCTOSHHHE,
OueBHAHO, YTO B CJydYae OJNHOCBS3HOIO CEYEeHHS MH MOXKEM
NpUHATH HAa KOHTYpe

F=0, ¢

or_g 0

F
55 =0- (11.90)

Buocsa (11.90) B (11.89), Mu nony‘mm:

U — J‘j‘F d2?xx 0%,

dy2 oxf T 3x dy) dxdy=0.

Orciona cjienyer, uTo
029»:):
o T o = ox oy (11.91)

a 9TO H eCTb TOXJECTBEHHOE cooTHoulenHe CeH-Benana ns IByX-
MepHO#R 3aAauH.

H3noxenHoe 34eCh A0KA3aTeALCTBO ObJIO JAHO aBTOPOM elé
B 1935 r.



FTABA XIL
TEMIIEPATYPHbBIE HANPAXXEHUS.

§ 123. Tunote3a Ppanua Heiimana.

Mycrs 0 ecTh m3MeHeHHe TeMIepaTypH B JAHHOA TOYKe ynpy-
roro TeJa, OTCYHNTHIBAEMOE OT HEKOTOPOTrO HAYaJIbHOTO COCTOSHHSA
MOCTOSIHHOH 10 BceMy Teay Temmepatypn. OueBnaHo, uTo 6 ecrtb
GbYHKIHA KOOPAMHAT X, Yy, Z H BpeMeHH I, YJOBJETBOpPSIOWAs
YPABHEHHIO TEIJIONPOBOAHOCTH Pyphe, HAYANBHOMY H TPDAHHUHOMY
yciaoBusaM. Bupexem H3 Tesa 6eCKOHEUHO MaJb# NPsSIMOYTOJBHHIA
napaJjaesenunefn, TpPaHd KOTOPOro napasielbHHE KOOPAHHATHHM
MJIOCKOCTAM. TeMmepatypy BHYTPH HEro Mml MOXEM CYHTaThb pac-
npejpe/éHHOR PAaBHOMEPHO, H €CJAH On OH MOI' PAaCUIHPATHCA CBO-
604HO, TO OH OCTaJAcCsi OH MPAMOYTOJBLRHM MNapai/enenunesom.,
KomnonenTH stoii gedopmanuu O6ynyT AaHH (OPMYJ/IaMH:

’ ’ ’

€xy =6y —=—¢,,—ab,

, , ) (12.1)
eyz':ezxzexy:():

rue a=:—13—c eCTh TOCTOAHHHHA KO03((UIHEHT JHHEAHOTO paciiHpe-

HHs OT TEMIEpaTypu, NPHYEM ¢ ecThb KoddduuUeHT KyOGHUECKOro

TEMIEepaTypHOro pacmupenus. B gefdcTBaTe/IBHOCTH, TelioBas jae-

¢opMamua BHIPE3aHHOIO HAMH MapalIeJeNnunesa BCTpPeYaer ympy-

Toe CONMPOTHB/EHHE, ¥ B TeJE BO3HHKAET ynpyras nedopmanus.

Ecsn koMNOHEHTH NOJAHOR AedopManui B Teae MH 0603HAYAM Uepes

Crvs Eyy Cop €rpy Cppy rpy (12.2)

TO KOMIIOHEHTH YIpyro#t negopmanmud B TeJae GYAYT AaHH ¢dop-
My.J1aMu:

" ’
Exxy—=¢€,, '—(’xx, eyz—e — €yz,
” 1
P’%,y:ey e}')h Pz,g—é’ — €zyy (123)
!
€z2=—2¢0, —ezz, exy———e — Exy.

Yupyroe Banpsix@HHOE COCTOSIHME AaHO KOMIIOHEHTAMH:
X, Yy Z, YV, X, X, (12.4)
Funmoresa Ppanna Hefimana coctour B Tom, 4TO:
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1) KomnoHenTH Hanpsx&HHOTO coctosHus (12.4) cBsisaHH ¢

KOMIIOHEHTaMH ynpyro# aepopmanus (12.3) oGHYHLIMH COQTHOLIE=
HHAMH 3akoHa I'yka:

€= 5 [X,—o(¥,+2)],

¢, =21V, —a(Z,4 X)),

& =%[Z,—a(X,+ 7)),
3

4 1
Yz: €zx =_Xx’ €xy =?Xy:

(12.5)

rae E — moayap lOura, ¢-—xosddunuent ITyaccona, p — Monyab
CABHTa;

2) KomnonenTtH nosuoft nedopmanuu (12.2) cBsisaHH ¢ KOMIO-
HEHTAMH IepeMEIleHHs U, U, W OOHYHHMH COOTHOLIEHHSMH
Komu:

ou ov Jw
Cix ™ 3% lyy == ay’ €= 92’
ow dv ou ow dv Jou
ey,=3;+a;, ezx:a'—‘_'(—)}’ ex)’-:a_x-.—}—(—?}-' (12.6)

B ciyuae 3HauMTe/IbHHIX H3MeHeHHft TemmepatypH 8 of6bémHoe
paclIHpeHHe, MPOHCXOAAIEE B PE3y/abTaTe MOBHILIEHHS TeMIepa-
TypH Ha 6, yxe ne 6yaer mpomopuuoHaabHo 6. Teopuss B 3TOM
ciyyae TpebyeT H3MEHEHHH.

§ 124. Tepmosaactuueckne ypaeHeHus Jlioramens-Heiimana.

Pemag nepsuie TpH ypaBHenus (12.5) ornocuTe/abHO X, Y, Z,
MH HapgéM:

X = oEY E »
¥ (1 4-0) (1—20) + 14 2 € x5

cEA” E »
Vy=07e a=2 T T (12.7)

sE\" E "
Z=0Fa a=2 T L= %

rne ” » L4
A” = exx+eyy+ezz.

U3 dopmya (3.72) nmeem:
) SE = B
={Fa9 =2y *=20F9?
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H ¢opmyaH (12.7) mpeo6pa3yoTcs K BHAY:
X, =W+ ey,
Y, =14"+2uey,, (12.8)
Z,=)\A" -} 2pe;,.
Coraacuo (12.3), M noayunm:
N=ce,+e,+e,— (€t ey e
[Moactasaas cioga (12.1), numeem:
A" =A—3af, (12.9)
npHYEM BBeJeHO OOHYHOE 0603HAyeHHe
A=e. . +e,+te,. (12.10)
Buocsa (12.3) B (12.8), Mn moayunM Ha ocHosanuu (12.9):

X, =21+ 2pe, — (3 24) ah,
y =M 2pe, — (314 2y)ad, (12.11)

Z,=1A+}2pe,, — (31 24) ah.
Taxxe u3 (12.5), (12.3) u (12.1) umeem:

Y,=une,, X,=une, X,=pe,. (12.12)
Bsoas oGosnauenue Jlasa
2
p=@+2me=(A+51)e, (12.13)

mMul noayuuM u3 (12.11) u (12.12) oxoHuaTe/bFbIe BHPAXEHHS 1A
CBSI3H MEXJAY IIECTbI0 KOMIOHEHTAMH HaNpsiXEHHOrO COCTOSHHA
(12.4) H mWeCTbIO KOMIOHEHTaMH NOJHOH aedopmanun (12.2;:

X, =)} 2, —BS, )
Y,=2-}2ue,, — B, |
Zz= 1A + 2;18” - 50: li

|

(12.14)
Y,= Beys X, = He.o X:v =NE,,,

A= xx+eyy+ezz’ Bz()“'{_%}’-) c. }

[Tects XOMNOHEHTOB NOJMHON nedopmanyu, BXOAAIME CIOA3, BH-
paxaiorca Qopmyaamu (12.6).
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IMoncraBasia (12.14) B ypaBHeHHs ynpyroro AsHxeHHs Kommn

X, = 0X, 0X o%u

=t ot e (X — ) =0,

ox, oY, oY, J% !

7} W+E+p(y_7,_)=o, ! (12.15)

ox. . o, 0Z, o
G o tate(Z—38) =0

MBl TIIOAYYHM cjlefylomHe nuddepeHunatcise ypaBHeHHs, HashH-~
BAEMHE TEPMO3/JIaCTHUECKHMH YypaBHeHHsMH [liorameas-Heiimana:

o

(1+u)§§+#‘72u+9(X—W)—ﬁg(j;:‘)’ !
(1+u)g—j-+mv+p()’—— %) —8%=0, l (12.16)

oA 02 a6
()~+}1)§+¥1v2'w+9 (Z —0—:‘;) _55320,
ou ov ow
A= toy oz

JlioraMesb NOJYUYHJ 3TH ypaBHEHHS HEMHOro panee Opanna
Hefimana, HCXOoAs M3 METOAA CHCTEMH MATE€DHAJIBHHIX TOUYEK, CBS-
3aHHHIX CIIEIHAJbHEIMH MOJEKYJ/JIPHHIMH CHJIaMH B Ayxe Komwu u
Flyaccona.

Beanuuna § pomxua OHTL 3ajaHa, TAK KAk B 3TOM CJayuyae
TOJBKO H BO3MOXHO pemieHHe ypaBHeHHH (12.16) mpu 3aganHmHIX
Haya/bHHX H TPAHHYHHX YCJIOBHAX.

Ilpu cocraBjaeHHH TPAHAYHHX YCIOBHA MH IpuMeHsieM o6Guy-

HHE (POpMY.IHL:
X=X+ X m-} Xn,
Y, =X+ Y,m+Vpn, (12.17)
Z, =XV m+Zn,

NPHYEM JOJIKHH BHECTH CIOJd KOMIOHEHTH HANpsXEHHOTO COCTOMA=
HAs M3 dopmya (12.14).

§ 125. TemnepaTypHble HanpsHKeHus wapa nNpH CHMMETPHUYHOM
OTHOCHTEJIbHO UEHTPA pacnpeiaefeHdH TeMmmneparypbl.

3anava sta 6nina peumena [oramenem m ®paunem Hefimanom.
Tax xaxk pacmpejgeseHHe TeMIEPAaTypPH OTHOCHTENBHO LEHTPa IMia-
pa Npeano/JoKeHo CHMMETPHYHHM, TO 6 ecTb (yHKUOHA paccTos-
HHA 7 OT LEHTpA 1apa, B KOTOPOM MpPHMEM Haua/lo KOOPAHHAT.
Temneparypy npuMeMm He 3aBHCSLICH OT BPEMEHH H IPEANON0KHM
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OTCYTCTBHE MAaCCOBHIX cHJ. ¥ paBHeHus (12.16) npEMyT BHAJ
(l+n)3—i+uvzu—3 =0,
0+m5 +an’ —b5 =0
(A1) 2 4 v — 3—

=a+@+$-)

Beuay cummerpus OyJAeM HCKAThb pemeHHe ypapHeHHR (12.18) B

BUIE: ‘
u=xf(r), v=yf(r), w=2z7(r), (12.19)
(r=V2+y+2)

Buoca (12.19) B (12.18), MH nosyuyum:
4 df B db
02w (F+74) — Lt g=o.
Hurerpan 3T0r0 yPABHEHHS HMEET BHJ:

F=CiH 2+ o0, (12.20)

N\

(12.18)

rie
y=7 |00 e, (12.21)
0

a C, n C; —npon3Bo/bHEE NOCTOSHHHE.
Broca (12.19) B (12.14), Mn umeeM:

Xe=m+2u (F+EF) —m,
v,=i+2u (L) —ps,

Z=wuto(+24) —pn,
Y,—2u af (yz)’ ( (12.22)

r

X, =% df (zx),

r

X, =2 “f ("").

r

A=3f+rd, (12.23)
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s cocraBrenns TPaHHYHHX YCJAOBHE HAa cdepHyeckolt moBepx-
HOCTH MH JOJKHH BHECTH B ¢opmyan (12.17) BupaxeHus:

_x —3 -2
l_r’ m—r' n_r

H NOACTABHTb KOMIIOHEHTHI Hanpmxem{or‘o COCTOAHHA ITO (pOpMy-

l‘< A

gaM (12.22), dto paér Aas NepBOro ypaBHEHHs:
r dr
2 2 d
=0A—86) T 4ou (fHEEEE2 AN 2
d
=[1—pot+2m (f+rd—f)]§
M TPaHHUHHIE YCJIOBHsS 331aYd NPHMYT BHAX (ABA JAPYyrHE YypaBHe-
X, = [m+2u (f+r“f) pe]
Y, = [m+2p (f—{—r—)—BO]
W3 stux GHopMyJa c/IelyeT, YTO Ha 3JEMEHTapHOR mromanxe,
NepiueHAMKYAAPHOH K PajHyCy-BeKTOPY r, AEHCTBYeT HOPMaJbHOE
Bo3pMéM Temepb 51eMEHTAPHYIO NJIOIIAAKY, HOPMaJab K KOTO-
pO¥ meprmeHAMKYJAfpHA K paguycy-ektopy r. CJuerosaTenabHo,
YCJIOBHIO nepnemmxy.rmpﬂocm:
Ix -+ my-+nz=0. (12.26)
Ha STOH mJaoLlafXe BBHIDAXKECHHUSA:
d d d
X=1l+2 (f+% L) o] ("y) m 2 f(“) — 80/ =

— xtdf af yix
X, =08 —B0) 742 (F+ L) E 4oL oy
r dar
HUA NOJYydYaeM II0 aHaJOTHH):
] (12.24)
Z, = [m+2p (f—{—rir) —p0] 2 J
HampsiKeHHe: .,
P—=)A-1-2 (f+rd—{) — g6, (12.25)
KOCHHYCH [, m, n—HOpMaJH K 3ToH IJIOLIaAKe — yJOBJETBOPAIT
Buocsa (12.22) B (12.17), uMeeM JAj8 KOMIOHEHTOB HanpsiXeHHs
= (04— B8+ 2uf) + 20 2L (1xt- my + n2).

Taxxe naiiném:
Y,=0A—B80-+2uf) m+2p.rdr(lx+my+nz)

Z,= (A — 0 2uf) nt-2u 2 Y (1t my 4 n2).
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Benencreue ycaosus (12.26) MH HMeeM OTCIOAA:
X,=0A—po-+2uf)/,
Y,(=0A—B3042uf)m }
Z,=0A—ph4-2uf)n

W3 stux $opmya cienyer, UTO HA paccMaTpHBaeMoll 9/emenTtap-
HOH TJOMIAZKE CYLIECTBYeT HOPMAJbHOE HaMpsKeHHe:

T=2\—3042uf. (12.28)

B ciyuae chepuueckoit 060/104KH, OrpaHHYEHHOH chepaMu paanycoB
b n a(b<a) MH uUMeeM J[BA TPAHHYHHX YCJIOBHA: OAHO HAa BHYT-
peHHefl MOJOCTH r==0 ¥ OAHO Ha BHEIIHEH TNOBEPXHOCTH r==a.

CocTaBHM BHIpa)KeHHE HOPMAaJbHOTO HAmpsKeHuss P Ha 1Jo-
majgke, MeprneHAMKYASPHOH K pafHyCy-BeKTOPY fr, AJSl 4ero BHe-
cém (12.23) B (12 25):

=3+ 20) f 4 (- 21) r 72 — 3.
IMoacrasasa f(r) u3 (12.20), ME nmoayunm:
P=@+20C,— % Cit8 [T o+ r ] — 0.
Tak kax u3 (12.21) umeem, nuddepenuupys,

(12.27)

rdt—p_3y,
TO NOJYYHM IocJie NpHBCAEHHA:
=@ t2mc,—%c,— lj‘ﬂ?pq» (r). (12.29)

I'pannunoe ycJI0BHE COCTOHT B TOM, YTO
P=0 gna r=>b u ana r=a (12.30)

[Moacrasasa aro B (12.29), noayuum:
4
(342 C, — ]G, — 15, (@) =0,
4 4 (12.31)
(Bh+20) €, — HCo — - 0 (0)=0;
pemas 9TH ypPaBHEHHs, HalLEM:
4pBadd (a) — B3¢ (b)]
(A 421 C, = T (=63 ?
c, Ba®h® [4 (a) — 1% (B)]
= 0Fom (@@=

Tak xak C, u C, HaiiieHsl, TO MH MoOXeM 1o ¢dopmyaam (12.29)
H (12.28) mecnmb HanpsDKEHHOE COCTOSIHHE B 000J/0YKe,

(12.32)
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B cayuae cmaomsoro mapa Hago noJoxHT b=0, Toraa
MOJIyUHM:

C,=0
(31+2p)c,=£% $ (). } (12.33)
Taxxe mahpém:
P=r (0@ — (] (12.34)
Brocsa (12.23) B (12.28), mafiném:
T=(3\+2u) f 2 o, (12.35)

TloacraBasia cioga s CHJIOIIIHOI‘O mapa
F=Citt5t (),
nafinémM:
T= i b @+ 510 () —0) (12.36)

dopmyan (12.34) u (12.36) pemator 3axauy O TePMHYECKHX Hamps-
XEHUSAX CIVIOIIHOTO mapa npH jasHom f(r).

§ 126. TemnepaTypHbieé HanpshyKeHHs B Clyuae ABYXMepHOH
3ajayd NMpH CHMMETPHYHOM OTHOCHTEJbHO LEHTpa
pacnpee/ieHHH TeMmmepaTypbl.

B orcyTcTBHH MaccoBHX cHI ypaBHenus (12.16) mpumyr B pac-
cMaTpuBaeMof 3ajaue BHI

0-+:1)3—i+u“u-—3§—1=0, )
(1+#)3;A+uvzv—gg_;:o, ! (12.37)
=5}+E'

3pecy § ects QyHKIHS OT r, MPHUEM r=Vx -+ y% Bsuay cum-
METPHH OTHOCHTe/AbHO Hauasia O mpumem:

u=xf (r), }

v=y/ (1. (12.38)
Buoca (12.38) B (12.37) MH JIETKO NOJYYHM:
3df B v
+ rdr= i¥opdr’ (12.39)
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OOGHUA HHTErpa/J 3TOrO YDaBHEHHS €CTh

f=C+ G+ 0, (12.40)
rae .
wﬁzgfmumn (12.41)

0

3pece C, u C,— NpOH3BO/ILHHE NOCTOAHHBIE KWHTErPalHH.

Ha asemenrapuo#i ujomanke, HOpMajJbHOH K pPaJHyCy-Bek-
TOpy r, OyAeT Cyl1eCTBOBATb OLHO HOp-
MaJibHOe HampsikeHHe (dur. 33) p4%-€-dp

;%=m+apgciiﬂ)—¢&(w4my‘

r

Cioa HajxO BHECTH

af
A=2f}‘r-,
T } (12.43) Y

nxtoy
T2 — 1.

Buocs (12.43) B (12.42), noayuum: : >
‘ 0
P=2 () /+0+-2) r L — 0. (12.44) N

Coraacno pasesctBy (12.40) mocaennee BHpaXeHHE IPHMET BHM!

2 A
P=204wC,— 2+ 20 o pr it — . (12.45)

Ho n3 (12.41) umeem:

db
rd;:O—Qq). (12.46)
Buocs (12.46) B (12.45), moayunM OKOHUATEJBLHO:
2 2
P:20+mcr—§g—7£%q (12.47)

Hns onpenenenuss C; u C, MH JO/KHH YJOBJETBOPHTH ABYM rpa-
HHUHBIM YCJIOBHSIM: OZHOMY MISl r==q, APYTOMy A r==~0, npu-
uém npumem b<a.

B cayuae cosiomsoro nuiuuapa C, =0, n1pousBo/bEad MOCTOsIH-
Has C, ompexpenaseTcs M3 YCJIOBHA OTCYTCTBHSI HANpPsKEHHA Ha
BHEHIHEH OOKOBOH NOBEPXHOCTH HHJAMBApPA, T. €.

P=0 npu r=a.
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Torpa u3 seipamenus (12.47) Hafgém:

2
20+ 1) C, — 75 4 (@) =0,
OTKlea HMEEeM:

_ B ‘
Ci= g orz ¢ @ (12.48)

Ans f(r) B 3TOM cayuae NOJYyUHM:
F(A=Cit 5 0. (12:49)

Ha sneMenTtapHO# miomanke, HOPpMalb K KOTOPOH NePHEHIHKY-
JAfpHa K paauycy-BekTopy f (dur. 33), AelcTByeT TOJIBKO HOpP-
MaJbHOE HalpsiXKeHHe

T'=24 —Bb -} 2uf, (12.50)
uyro BcaeacrsHe (12.43) maér:
T=204w S+ - g, (12.51)

YuurnBas cootHoumenne (12.40), mosyuum:
T=20+WC+AC+ 50— (1252

B cayuae cnuOmHOroO IMJMHAPA IMOJTYYHM:
r:2(1+»)cl+%,wr>—0],} (12,53
P=2(-+1)C, — 4 (.

Broca cioza C; u3 (12.48), monyuum:
P= 5t @—¢ ()
T=r5 4@+ () —0),

N

(12.54)

S

‘P(a)———% ri(ndr; 4)(r)=% A (r) dr.

0

<

|
Ecan npmate, uro noJjHas nedopmauus

€. =0
Ge3 paBeHCTBA HYJIO OTAENBHO YIPYro# M TemmepaTypHO#H medop-

MalKH, To BeHunHa § Gyner naearthes npexHed gpopmyaod (12.13).
Ec/iH xe npHHATH PaBHEIMH HY.IIO

' ”
eZZ He 22
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TO B&JHYHHA ?) onpeAe/IHTCA H3 (bpry.f[b[
B =2 ()\ + }1) a.

B cayuae ompele/ieHHss TeMIOepaTypHHIX HaNpsiKeHHH B OUEHb
TOHKHX JHCKaX MH JO/DKHH PAaCCMATPHBATh IJIOCKOE HANpPsKEHHOE
cocrosiine. [lostomy B ypasHenusix (12.37) Hago 3aMeHHTb A IIO
popmy.te (8.21):
W 2
= 1F2p’

a BeJHuMHy § ompepe/nts H3 ycaoBH Z,=0, yTo HaM AacT
M4-2pe, — (3442n) al =0.
2 (314 24)40
= R T T
[Moxcrasisst aTy (opMy/ay B BhpaKeHHe AA A, MBIl IOJAYuHM!
2 (3%4-2p)al
A_x+2pAl+ A 2p
Buocst sT0 B dopmyan (12.11), Me Jerko Hafagm:
Xx———?"‘&l +2 L @10,
Y, =¥y 4-2pe, — 80,
rjge B, uMeer caepyouee 3HayeHHe:
B . 28(3)+2p)
1= 342
dopmyan (12.54) npumyT BHA
2')
P=2 4 (a) — 4 (n)

2 Biu

T=yrp ¥ @+ 4(n—0.
IMoacrasass cioga 3Hauvenue B, u V', moayuum:

2 Bin .
-——1,_{_2}1_—51,

rae E pato dopmyaoit (3.64).

OTkyaa
e

§ 127. HayaabHble HanpsikeHus.

B § 29 Mu cmeasann mnpennosiokeHHe, YTO B yNPYrOM Teje B
€CTECTBEHHOM HeAeOPMHPOBAHHOM COCTOSIHHH OTCYTCTBYeT Ha-
npsKEHHOE COCTOSIHHE, W YTO BO3HHKAIOLIEE B TeJa€ HANPSKEHHOR
COCTOSIHHE 33aBHCHT TOJIBKO OT TOH aedopmamuH, KOTOpas Mpo-
H30IIJA OT NPHJIOXKEHHBIX K HEMY CHJI H/IH NepeMelleHHi,
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TTpH npHIOKEHHH TEOPHH YHDPYTOCTH K 3a%auaMm reodH3HkKH, a
TaKXKe K YIOPYTHM TejgaM, BCTPEYAKIUUMCH B TeXHHKE, MH 4acTo
JOJUKHBL OTKA3HIBATBCS OT MPeINOJ0MXEeHHs, YTO B H3yuyaeMOM HAMH
Teje HeT YIPyrHx HanpsKeHHH, NOABHBIIHXCA B 3TOM TeJe€ B
MPOIECCE €ro MNPHPOAHOrO 06GPA30BAHUA HJH TEXHHYECKOTO IPO-
H3BOACTBA. TaxkHe HAMPSKEHHS HA3HBAIOTCA HAaYaJbHBIMH. Briud-
cJeHHe HX MNpPeACTaB/aseT OOJAbIUHE TPYLHOCTH, a B pAje Cay4yaesB
OHO BOBCE HEBHLINOJHHMO.

Ilpeanosaras, uro HAaYa/bHOE HANpPSKEHHOE COCTOSIHHE TAKOe,
YTO YPABHEHUSI DABHOBECHS H IPAHHYHLIE YCJOEHS YJZOBJETBOPEHH,

MR OyAeM HMETb CJeAYIOLUlHe CHCTeMH YypaBHEHHi
KL ko, )
ox° + ad}}"o_{_o())f: F po¥=0, ‘ (12.55)
ﬁ+§+§+ww0;

XY cos (vo, x) - XJ cos (vy, ¥) 4~ X cos (v, 2)=0
X cos (vg, X) + Y9 cos (v, ¥)+ Y cos (%, 2) =0, j (12.56)
1\2 €08 (vg, X) - Y cos (vy, ¥) -+ Z9 cos (%, 2) =0,

rie oGossaweno: XD, VY9, Z% XI, X0, Y0 — KkOMNOHEHTH Haya/b-

HOT'O HANpsKEHHOIrO COCTOSIHHUS, py— IJIOTHOCTh MaTepHa/ja Tesa
B HAYya/JbHOM COCTOSIHHHM, X, V;, Zo-— KOMIOHEHTH MACCOBHX CHJI
B HaYa/bHOM COCTOSAHHH T€Jad, H Y,— HANpaBJEHHE BHEIIHEH HOp-
MajgH K NOBEPXHOCTH YNPYIOro Teaa B HAYAJbHOM COCTOSIHHH.

OG6GosnauuM HanpsKEHHOE COCTOSIHME II04 JEUCTBHEM HOBHIX
MaCCOBLIX H NOBEPXHOCTHHX CHJ yepes

/\,2_{—‘\2’ Yﬁ"l"y)lp Z(z)+Z;) )(yO..l_)(J’” X2+X,’ yO__l_ Y
TOrAd YyPaBHEHHs YNPYTOrQ paBHOBeCHs OYAYT HMETb BHA!

FOQ+X)+ 5 (004 X) + 5 (X0 4X) +
s s +(Po+?l)(§Xo+X')=0,
ORI R S AR AR Ate R AR BT
; , +(PO‘I‘P')‘§Y0+Y')=O
FXFX) + 5, (R V)4 524 2) -+

+ o+ ¢)(Zo+2)=0, )
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TAe po—-p’ —eCTb TJIOTHOCTL B RePOPMHPOBAHHOM COCTOSIHHH, a
X+ X, Vo4V, Zy+2Z' cyTh KOMNOHEHTH MacCOBHIX CHJI B je-
cpopMHpOBaHHOM COCTOSIHHH.

['pannunbe yc/10BHA Tenepp GYAYT HMETb BHM:

(X2 X}) cos (¥, x) 4= (X3 4- X)) cos (v, y) - )
4 (X4 XY cos v, =X,
(X0 X) cos (v, x) (Y3 V}) cos (v, ¥)+
4 (Y34Y )cos(v, )=V
(X3 X]) cos (%, )+ (Y24 Y1) cos (3, 3) -+
+(Z+2Z)cos (D) =2, |

rae X,, Y,, Z, cyTh HanmpaxeHnus, Aefictsyiommue Ha nedopmupo-
BAaHHOM NOBEPXHOCTH, a Y — HAmpaB/eHHe BHELIHEH HOPMAaJH K je-
(OpMHPOBAHHOH MOBEPXHOCTH.

Ecau cmemenus wmanm, TO cootnomenus (12.57) u (12.58)
MOryT OHITb IPeo6pa3oBaHbl NMPH NMOMOIH cooTHomeru#t (12.55) u
(12.56). B pesyanaTe MBI nony'mM CAeLYyIONHe yPaBHeHHS:

(12.58)

I

ax+ +az o X =0, ]l
e + R =0, (1259
dx+ +02 +pZ' +0'Z,=0,

a TpaHHYHHE YCJIOBHS NPHMYT BHA:
X,cos (v, x)4- X cos (v, y) + X, cos (v, 2)= )
= X,— X%[cos (v, x) — cos (%, x)] —
—X)[cos (v, y)— cos(vo, )]——Xo[cos(v z) —cos (v, 2)),
X’cos v, )Y, cos (v, y)+ Y, cos (v, 2) =
=Y, —Xo[cos(v X) —cos (¥, X)] — ? (12.60)
— YJ[cos (v, ¥) —cos (v, ¥)] — YI[cos (v, 2) —cos (¥, 2)],
X)cos (v, x)+ Y, cos(v, y)+ Z cos (v, z) ==
=Z,— X?[cos (v, x) — cos (v, X)] —
— Y2 [cos (¥ ) — cos (¥, y)]— 2% [cos (¥, 2) — cos (¥, 2)]. J

Hanpsxénnoe coctosune
X;’ Y;u Z’z) X;’ X;t Y,‘)
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MOXeT GBITH OmpejesneHO yepes aedopMalHI0 NpPH MOMOILH 3aKOHA
I'yka.
Tax xak HauaabHOE HANPSKEHHOE COCTOSAHHE

Xu, vo, Z9, X9, X3, ¥°

H3BECTHO, TO B NPABHX yYacrax ypaBHenu#l (12.60) Bce pesHUHHH
HAM M3BECTHHL.

Ecin xe HayanbHOE HaNPsKEHHOE COCTOAHHE HAM HEM3BECTHO,
To ypaBHenus (12.55) npu rpanuuHmHx ycaoBusax (12.56) camu no
cefe HENOCTATOUHH I ONpPeJeJeHHs Haya/JbHOTO HanpsxEHHOro
COCTOSIHHAI. DTO MOXET OHTh CHeNaHO JHIIb B OTAEJIbHEIX CaIy-
yanx, €CJIH H3BECTHA HayaJbHaa jpedopManus.

K stomy THNy BONPOCOB OTHOCATCA TaKXe 3a1auyH HA YCTO-
YHBOCTh YIPYTOT'O PAaBHOBECHS, B KOTOPHIX MBI HMEEM 3aJaHHOE
HAYa/bHOE HANPSKEHHOE COCTOSIHHE,



rTABA XIIIL
TEOPUSl U3T'HBA INVIACTHHOK.

§ 128. BoiBoA ypaBHEHMs paBHOBECPsl TOHKOH ynpyroi
NJAACTHHKH NOCTOAHHONA TOJLIUHbI,

TluacTHHKON Ha3HBaeTcs ymnpyroe TeJo, HMmewnmee ¢GopMy Lu-
JHHAPA WJH TPH3MH C MaJOH, ITO CPABHEHHIO C Pa3MepaMH OCHO-
BaHHs, BHCOTOHA. [110CKOCTh, Mapa/IeabHYIO OCHOBAHUSIM LHAHHADA
HJIH TNPH3MH H JeJdHlyI0 BHCOTY IIOIOJAM, Ha3HBAIOT CPEAHHHOH
IIJIOCKOCTBIO IJIACTHHKH,

3ajaua o6 wu3rube NJACTHHKH CHJIAMH, HOPMAJbHHMH K Cpe-
JHUHHOA IJIOCKOCTH, HMeeT OueHb OOJBINOE 3HAYEHHE B TEOPHH
COIIPOTHBJIEHHS] MaTePHAJIOB.

Ypapuenne uaru6a niacTuHkH OblI0 HakgeHo Codu 2Kepmen B
1815 r. B neasax penieHHs BAXHOH 3afauH aKYCTHKH O TOHAxX KO-
Jgeb omedics naactTuiky. Eo ke Obl/in BHEPBHE yCTAHOBJEHH TaK
Ha3blBaeMble, TpaHHuHBE YycaoBHA. Pa3sHuTHe €€ wuccaenoBaHHi
npuseo HaBbe K OTKpHTHIO OOHX YDPaBHEHHH TEOPHH YIpy-
TOCTH,

CospeMenHas Teopusa Haru6a HIaCTHHOK Oblia ocrpoeHa Kupx-
rodboM mpu MOMOIUM CJELYIOLHX THIOTE3, 0600IAI0IHX TEOPHIO
n3ruba crepxHei:

1) JlunefiHHe 3JE€MEHTH, MepNeHIHKYJAAPHHE K CPeLHHHOH
IJIOCKOCTH A0 gedopMauuH, OCTAIOTCA INPAMOJNHHCHHEIMH H Hep-
NEeHAUKYJAAPHEIMHE K HCKDHBJAEHHOH CPEIHHHOH IIIOCKOCTH IIOC]e
JedopManu.

2) DaeMeHTH CPeIHHHOA IJIOCKOCTH He IOABEpralTcs pacTs-
XKEHHIO HJIH CHKATHIO.

Pacnosoxum ocH KOOPAMHAT X U J B CPEAMHHONH NJAOCKOCTH,
OCb Z HANpPaBUM NEPNEHAUKYJAADHO K 3TOH miaockoctH. O6o3Hauum
yepe3 w nporud CPeAHHHOH IJIOCKOCTH, & 4epe3 u H ¥ — nepemMe-
LEHHSA, COOTBETCTBEHHO MapaJjedbHHE OCAM X H y (ciejayer 3a-
METHTb, YTO 3/leChb W He eCTb NepeMelleHHe, MapaJiesbHOe OCH 2
JI000# TOYKH, a — IepeMelleHHe TOYeK CPeAHHHOH IJIOCKOCTH).

M3 nepsoit runoress ciepyer, 4TO JHHEHHHHA 3/€MEHT, mep-
NEeHIUKYAAPHHHA K CPEAHHHON MJIOCKOCTH, H CJA€J0BATE/NLHO, IapaJ-
JIe/IbHHI OCH 2, MOBOPAauMBaeTcA H 06pasyer ¢ OCAMH X H Y YIVHI,
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O"eHb MaJO OT/HYAIKEcHd OT npamoro. Paccyxnmas Taxk ke, Kak
B TeOpuH H3ruba CTepxHedl, H3jJaraeMoll B TEODHH CONPOTHBJIEHHS
MaTepHaJoB, MH NOJIYYHM A/ KOCHHYCOB 3THX YIVIOB CJAEAYIOIHE
BbIPAXEHHSA:

ow

COS(V:J’)Z——» (131)

cos (v, x)= — ow 3

dx’
rje v— HanpaeJieHHE HOPMAJH K CPEJHHHON IOBEPXHOCTH, BJAOJb
KOTOPOH pachnoygoXkeH paccMaTpuBaeMbfl JHHEHHHHA 3aeMent. [as
TOYKH, HUXOASAWLEHACH HA PACCTOSHHH 2 OT CPEAHHHOH HJIOCKOCTH,

/ Hrpamomed pojab HEHTPAJILHOrO CJa0d

X B TEOPHH H3TrHba CTepxHeH, MHl IO-

3" gy JYUUM CJAeIYIOUIHe BhIPaXeHHsa Mg

m < KOMIIOHEHTOB NIePEMELLEHHS 10 OCAM X

H y (¢ur. 34)

v a 0
A n u:—za%, 'v=—z(—);4". (13.2)
Ha ocnosaunu ¢opmyxn (1.11), Mt

MMeeM /1 OTHOCHTEMbHBIX YJ/HHE-
Huil e, M €,, BHPAXKEHHS:

0w 0w
dur. 34. €™ 2 g Ey= —Z 57 (13.3)

0

XX

INpa wu3ru6e OJACTHHKA NONEPEYHHIMH CHJAAMH HOPMAJIbHBIH
KOMIIOHEHT HAmpPsAXEHHOT'O COCTOAHMA Z, INPEACTaB/IAET, BHYTDH
ILIACTHHKH, 110 OTHOUIEHHIO K JBYM JPYTHM HODMAJ/bHHM KOMIIO-
Henram X, H Y, manyio seiaxundy. [losromy npu onperesesnn X,
H Y, MH MOXeM npeHeOpeyb Z, B NPUHATD

Z,=0

BHYTPH MJACTHHKH.

TpHu kacaresbHEIX KOMIIOHEHTA HANPAXEHHOrO COCTOSHHA BHYT-
PH NJIACTHHKH MBI NMPHHUMAaeM OTJIHYHLIMH OT HYJA.

Tak xak Mbl NPHOJHXKEHHO NPHHAJAHM Z, PaBHHM HYJIO, TO MH
MOXKeM IPHMeHHTb dopmyan (8.20):

__ _2p (Ou ov ou

=TT (a&’"@) T2 5

_ 2w (du o ov
Y)'_' Yt (dx+dy) +2p’0y'
Ha ocuosanuu ¢opmya (3.72), M MB npeoGpasyeM K BHAY:

X=rZa(5+o5),

(13.4)

oy
E /ov ou (13.5)
Y,:l——_qz (aTy—}——O'o—x) .
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[ToxcraBass Cloaa (s—i H z-;: u3 ¢dopmya (13.3), moayunm npu6an-

JKEHHDIE (POPMY.JILL:
Ez (0w 0%
Xx A ( x’+ oy? ) ’

Yy=—l—i-z—ﬂ(371;’—}—c’;—g). (13.6)
Ha ocuoBanun Qopmy (1. 12)
=G5
MOACTaBAAA coAA u 11 v u3 dopmy.a (13 2), umeeM:
Coy= .‘szx oy (13.7)
Orciona, sa ocensanin dopmya (3.52) u (3.72), moayyum:
T (13.8)

Ocrarounecs 1Ba KacaTCAbHHIX Hampsukenua X, H Y, ompene-
JUM H3 YypaBHeHMi ynpyroro pasiosechs Kowd B OTCyTCTBHH
MacCOBBLIX CHJL

dX dX.
rri J + 02 =0,
-5;_1_@_}_?:0 (13.9)
ax oV,
+ 02 _0 J

Brecém B mepBHe JBa ypaBHEHHS MOJy4YEeHHHE BHPAKEHHS A
Xy Y, u X, Toraa noayuum:

dXz Ez 0w

0z 1-—:"0x( x2+6y)

dY Ez 0%w (13‘10)
l—-a~0y (dx3+d ) .

Hurerpupys 5TH ypaBHeHHS, MH HalnéMm:

E2 a 2w

Y 2(1——0)0x (dx1+0y2)+(p(x)y))
Ez 0 (/0% 02w

Y —2(1——0") dy (0x2+ 0y2> +(‘P(x’ }’),

rae ¢ u O — IpousBoIbHHE (DYHKIHH,

Mul npeanoJsaraeM, 4TO HA BEPXHEM H HHXHEM OCHOBAHHH
NJACTHHKH TNPHJIOKEHA TOJbKO HOPMaabHAdA HAarpyska g, H ¢, HA
eIHHALY IJIOLIAAH,

(13.11)
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OG6o3nayup yepe3 # TOMMHHY IJACTHHKH, Mbl OyJ€M HMETH:
h
s z=+5

X,=Y,=0, (13.12)
Z.=q,; (13.13)
h
2) Il 2 =— —--72—
X,=Y,=0, (13.14)
Z,=—q, (13.15)

N3 popmya (13.11), (13.12) u (13.13) MH mosyuyum cjenyiolHe

BHIPAXKEHHS LIS @ H
____Em 9 9@_}_02:0)

= 8(1—02)0x(dx2 oyl

En: 0 (0% w

b= 5= (ar T o)

Broca ato B (13.11), MH NOJAYYHM OKOHYATEJBHHO:

_ E(h2 —42%) /0%w 03w
)(2__— 8(1—0‘2) (Fﬁ-'-dxdy?)’ 1 (13 16)
Y. — E(h?'—42%) / 0w 03w J !
T T 81— (0x2 dy+5V—3) ’

Mu npene6pers HOpPMaJbHHIM KOMIOHEHTOM HANPSKEHHOTO
COCTOSHUA Z, IPH BHBOJAE NPHOGJIHXEHHHX BhIpaxenu# (13.6), Ho
OpH INPHMEHEHHH TpeThero ypaBHeHHsa cHCTeMH (13.9) MH He
JOJOKHEL €ro CYHTATh PaBHHM HYJIO H, CJI€Z0BATeJbHO, HMEEM H3
Tpethero ypasHeHnns (13.9):

0Z, 0X, , oY,
T 0z ox V oy

h
YMHOXA51 HAa dZ M HHTETPHPYSA OT —5 A0 —{—g , MBl MOJYYHM:

Z+?—0§Xd oy 4 13.17
—[ 3]__’1—_0_,{’\ 2 z—‘—b; 2 G2, ( . )
2 -k A

2 2
O603HauuB
+2 +5
N= | X,dz n N,= | v,az, (13.18)
MH GyJeM HMeThb
AN, | ON.
0_;,+aﬁ+q:0, (13.19)
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rae
+<

9=[Z,] | =4q,1 4, (13.20)

wl;- e

3pece Ny ecThb CyMMa Mepepe3HBAIOIUX CHJ HA €IMHHIY JJIHHH
B CEUYEHHH, TIepIIeHAHKY NS PHOM K OCH X, a N, — CyMMa nepepe3nlBaio-
KX CHJ HAa €JHHHLY JJHHH B CEYEHHH, TeEepPHEeHAHKYJISPHOM K

ocH y.
Buocst B (13.18) Bupaxenns (13.16) H HHTerpHpys, NOJTyUHM:
Eh3 0 (ow 0w
Ni=—131— & (7"“7}}“) ’
B 0 (0w , Ow (13.21)
No=—i5i =e5 a (i a) -

Beejs HOBYIO NOCTOSHHYIO

—_ BB ek (Ot
D__IQ(I T 3 (A2 ? (13.22)

Ha3HBaeMYIO JCécmirocmsio npu u3zube, mb npejcrasuM (13.21) s

BHJIC. o 1o 5
- 1] Y
Ni=—D gz (Gat5)

. o (0w | o
Ny=—D 5 (Ga+5p) -

Buoca stn dopmyan B (13.19), MM monyunM creiyiomee ypasHe-
HHe:

(13.23)

DViw—=—q. (13.24)
DTO eCTh ypaBHEHME JJs ONpeAe/eHHs NPOrHGa NVIACTHHKH TpH
JEHCTBHH Ha IJIACTHHKY m,
nonepeyHux cuja. OHO Ho- L
CHT HAa3BaHHE JYpasHEHUSR N s l 4
Cogu Jepmen. S 0 4 >
I x dr
A I ar,
§ 129. Usrubaouue / ¢ A
M KpyTsllA€ MOMEHTDI, | a/‘y’* %r g
BripexeM H3 NJIACTHHKH y/ r Sz*T;"dy M+§—Z’a’.z-
9JIEMEHT JIByMs CEUEHHUSIMH, G*ﬁdy e ey
napa//ie bHEMH IIOCKOCTH 2"y Y
Zy H OTCTOSIIIHMH APYT OT z
Jpyra Ha dx, H AByMs ce- our. 35.

YeHHAMH, NapaJjieJbHHMH
MAOCKOCTH 2X H OTCTOAMME APYT OT Apyra na dy (¢ur. 35).
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Ha rpanax s;nemenTa JefcTBYIOT YCHJHA, OGyC/AOBJEHHHE
LIeCTLI0O KOMIIOHEHTAMH HANPsXEHHOTO COCTOSHHA. PaccMoTpHM
rpanb 3/JeMeHTa, NEepHneHJHUKYJAPHYIO K OCH X, HAa Hel QeACTBYIOT
cjaeayloUiue yCuJIns:

+g
T dy=dy | X,dz,
-7
+g
S, dy=dy | X,dz, ? (13.25)
-5
+4

N,dy=dy \ X,dz.

o

/

3aecy T, 0603HaUaeT PACTATHBAIOULYIO CHJAY HA €IHHHIY JJIHHH,
S, —kKacaTeJlbHYI0 CHJIYy Ha eJuHHIy MIHHH, a N, —Inepepe3n-
BAIOMIYIO CHJYy HA eXMHHLY AJHHH. Cuaw 7', B S| sexar B cpe-
JuHHOH maockocTH. Cuaa N, mNepuneHIUKy/JIspHA K CPEIHMHHON
IJIOCKOCTH M mapajniesbHa ocu 2. Ha rpawn sjemeHTa, mepnespu-
KY/SIPDHOA K OCH Y, ReHCTBYIOT CJAEAYIOIIHE YCHJIHA:

.
T,dx=dx )\ Y,dz,
4
+2
S,dx=dx hde/, > (13.26)
2
+4
N,dx=dx S Y,dz.
_% J

3necy T, ofosHayaeT PAaCTATHBAOUIYIO CHIY HA €IHHHIOY AJHHH,
S, —KacaTe/bHYI0O CHJAY Ha €IMHHIY AJHHH, a N, — nepepesnBa-
IOIIYI0 CHJAYy Ha eAuHHly AaHHH. Cuam T, 0 S, Jnexar B cpe=
JHHHOA ILIOCKOCTH, cuaa N, NepneHjuxyaapHa K CPeJHHHOH m/IQ=
CKOCTH H Mapaj/e/bHa OCH 2,
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Beaencrsue ¢opmya (2.10) nmeem:
S$,=35; (13.27)

KpoMe cHa Ha BHJAEJEHHHRA 9JE€MEHT ILIACTHHKH JEACTBYIOT
caenyouine MomeHTH (¢dur. 36):

1) m3rubaomue MoMeHTH HHTeHCHBHOCTH (, M G, Ha eAUHHLY
JUIHHH H

2) KpyTslMe MOMEHTH HHTeHCHBHOCTH [, W H,; Ha equnuuny
JJIHHEL

OueBHAHO, HMeEEM:

+q +a
G,dy=ady Shsz dz, H,dy=ady S;. Y zdz, (13.28)
2 2
+2 +2
O, dx = dx Sthzdz, Hodx = —dx th,,z dz. (13.29)
) -7
BcaencrBue TOro, 4ro
X=Y,
u3 ¢opmya (13.28) u (13.29) caenyer, yro
H,=—H,. (13.30)

MOMEHTH OTHOCHTE@JBHO OCH Z OT VCHJIHH, AeHCTBYIOUIHX HA TPAHAX
3JEMEHTd, MPEeACTaBAAT c00010, KAK JErKO yOeAuTbCd, MaJjbe
BEJHYHHH [0 CPABHEHHIO C
momenramun G,, G, H,, H,,
H MH JO/DKHH HX HCKJAIOUHTH
H3 PacCMOTpEHHS.

Ec/H miacTHHKA HArpyxe-
HA TOJBKO HOPMAaJBLHO K cpe-
JHHHOH IJIOCKOCTH, TO KOM-
MOHEHTH HANPAKEHHOTO CO-
croagua X, YV, X, #aHH J
dopmynamu (13.6) u (13.8). @ur. 36
BHoca aTH BHpaxeHHus B pop- CoT
myan (13.25), (13.26), (13.27) u (13.28), OKOHYATENLHO MOAYYHM:

T,=T,=S,=S5,=0. (13.31)
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End 0w 0w o ow
G =— 12(1 —3?) (oxz‘l‘ ayz) (x;.—}— ) (13.32)
Ens Pw | Ow ow
G=—p (1=753) <0y2+°;;72>—“— ( y2+ 0x")’ (13.33)
Emd 0w
Hi=—H,=— it segy = — D (1 —9) grg5, (13.34)

rae D onpegeasercst dopmyJoit (13.22).
Takum oOpasoM, 3Has w u3 ypasHenus (13.24), MB MoxeMm

olpeeauThb
N,, N,, G,, G,, Hl=—H,.

§ 130. O6wnit cayqait u3ru6a naacTHHKH.
B sTom ciyuyae Jexaimue B CPeIHHHOM IVIOCKOCTH CHJIH
T, T, $,=3S,
OTJIHYHH OT Hy.. COCTaBHM ypaBHEHHS PABHOBECHS, BHJeJ/eH-
HOTO HAMH 3/€MEeHTAa IIJAaCTHHKH, npeHebperas BJAHAHHEM Nporu6a

IVIACTHHKH HA YPABHEHHS PABHOBECHS.
IlpoexTHpyst BCE CHJH Ha OCb X, IOJYYHM:

B4 5r=0 (13.35)
Ha OCB y IIOJIyUHM:
L=, (13.36)
H HA OCb 7 HOJIyLIPIM
g — (13.37)

V3ru6 mn/iacTHHKM CO3JA0T InepepeswmBaonine cuanl Ny, N, u
momenth G,, G,, H,=— H,, BHipaxeHue KOTOPHX Yyepe3 Nporué w
He 3aBHCHT IIPH MajoM nporu6e OT JeHCTBHS CHJI, JIeXaIHX
B CpPeZHHHOH IIJIOCKOCTH, H CJeA0BaTe]bHO, (OPMYJH, AaoLiHe
pupaxenua N, N,, G,, G,, H,=— H, yepe3 nporu6 w, ocTaTcs
TeMH Ke CAMBIMH.

B3sas MOMEHTH OTHOCHTEJBLHO OCeff X H ¥, NOJYYHM:

0Gy _OH, N. =0 ]

ox oy i
0G2+0H1 N0 J (13.38)
92— U,
Buoca N, u N, u3 dopmya (13.38) B (13.37), Mer noxyunm:
02G 02H 0113,
T Flary e =1 (13.39)
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EcaH moOACTaBuTh cioa BHpaxenua G,, G, H, u3 dopmya (13.32),
(13.33) u (13.34), 10 MH noxyuuM.npexHee ypaBHenHe Codu
Kepmen (13.24).

Y pasuenus (13.35) u (13.36) nosBo.AOT HCC/IEL0BAThH AefCTBHE
CHJ, JEXAUHX B CPEeIHHHOI IJOCKOCTH.

Takoe peulendHe 3aJayH BO3MOXHO TOJBKO B CAy4asX MashX
nporu6oB IJIACTHHKH.

§ 131. I'paduynbie ycaOBHS.

Hanpsxxenns Ha G6GOKOBO# IIOBEPXHOCTH NJACTHHKH X,, V,, Z,
(v— BHEIIHSA HOPMaJb) B KaXJOH TOUKe €€ MMEKT 3aJaHHHE
3HayeHnda. Tak KaK Mb PaCCMATPHBAEM TOHKHE MJACTHHKH, TO IO
npuHuHny CeH-BeHana MH MOXeM 3aMEHHTb 9TH YCHJHA Ha eju-
HHILY JJIHHH KOHTYpa IJIACTHHKH Yepe3 PaBHOJAEACTBYIOILYIO CHJIY
c xkoMnoHentamu T, (pacrsrusawolyas cuia), S, (kacatesbpHas CHJA),
N, (nepepesuBawluas CHJA) M Yepe3 PaBHOAEHCTBYIOMIYIO @apy,
KOMIIOHEHTH MoMeHTa xoropo#t G, (u3ru6alomuii MOMEHT) H
H, (xpyTaumii MOMeHT).

Ecau MH nposejém BHYTPH NJIACTHHKH HA HEGOJbBUIOM PAacCTOs-
HMH OT TpPaHHIB LOMJIHHADHYECKYIO IIOBEPXHOCTH, I14Pa/JeJbHYIO
60KOBOH MOBEPXHOCTH IVIACTHHKH, TO MH MOXEM BHIYHCJIHTHL I
Heé Beawunnn 7, S, N, G, H. Eciu BHemHAs HOpMaab v 06pa-

3yeT € OCAMH KOODAHHAT yrau 0 u % —¥6, T0 1o dopmyaam (2.25)
u (2.26), BHOCH Tyaa
l,=cosh, m,=sinb, /,=-—sinl, m,=cosH,
ni=ny,=10,=my=0, n,=1,

NOMYYHM HX BHIDAXKEHHS] B BHIE:
T=T, cos?b+T,sin*6-} S, sin20,
S=21(r, —T)sin26 45, cos 28,

)
2 l
=N, cosb-} N,sinb, (13.40)
=G, cos? b 4- G, sin® 6 — H, sin 26,

N
G
1 .
H==(G,— Gy)sin20+4H, cos20
(nopmanp 5TOH IMAMHAPHYECKOH MOBEPXHOCTH HANpaBJeHa K 6o-
KOBOM NOBEPXHOCTH ILIACTHHKH).
Korza BHyTpeHHAs LH/JIHHAPHYECKAas NOBEPXHOCTh CTPEMHTCH
K COBNAjfeHHIO ¢ 6OKOBOH NOBEDXHOCTHIO NJAACTHHKH, TO npenesib=
Hue 3Hauenus 7, S, N, G, H, Buunciennsie no ¢popmyaam (13.40),
crpemsaTcs K 3navenusm T, S, N, G, H, koropme AOJXKHH
OniTh 33aHH HAa OGOKOBOH MNOBEPXHOCTH IIACTHHKH M JIELKQ BhI-
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YHCAAITCA 10 3aJaHHEM

X, v, Z..
[TosTocmy Ml HMeeM NATb TPaHHYHHX ycaoBmit Ilyaccoua:
I'=Ty, §=8, N=N, G=G,, H=H,  (13.4])

Oanako, Kupxrod mnokasan, uYro STH NATH yCA0BM#t CBOAATCH K

YeTHPEM YCJAOBHAM. IJTO OBLIO 3aT€M HOKa3aHO TOMNCOHOM H

TatoM, HCXOAf H3 TOrO, YTO CNOCOG paclpejeNeHHS HA T'PAHHLE

HanpsOKEHHH, JNAIOIMX KPYTAILHA MOMEHT, He HMeeT CyliecTBeH-
HOrO 3HAYeHHS.

Ha nporsxennn snementa &S IDaHHYHOrO KOHTypa AEHCTBYET

KpyTsAmas napa ¢ MoMeHToM F/8s. Mul MoOxeM paccMarpuBaTb €@

KaK COCTOMILIYK0 H3 OBYX paBHHX H IpPAMO

H-84 H p+gy  DPOTUBONOJIONKHHX CHJI /1 Ha mJeue ¢s.

BoumeM B KpHBYIO S, OrpPaHHYHBAIOILYIO

& CPEIHIOI IIOCKOCTh IIJIACTHHKH, MHOTOYTO/ib-

HHK C OYeHb GO/bLUIMM YHC/JAOM MAaJablX CTOPOH,

IMapa cun Hés, aeiicTByOmasn Ha KakyO-JaHG0

€ro CTOPOHY, HJHHA KOTOPOH 0S, KaK MH

BHJE/H, SKBHBAJEHTHA ABYyM cuaaMm H, npu-

$ur. 37. JOXEHHBIM B KOHLAX CTOPOBH, HOPMaJbHBIX

K IJIOCKOCTH KPHBO# § H HanpaB/eHHLIX B pas-

HHe croponn (dur. 37). Iapu (H4-8H)és u (H—¢&H)ds, coor-

BETCTBYIOUWIHE CTOPOHAM, TNPHMBIKAIOIMHM K PacCMaTpHBaeMOH,

MOXHO MNOAOOHHIM Xe 006pa3oM 3aMeHHTb cHiaMH f1--¢H u

H-—0H, rae

H-0H H H+gH

BHzgh&
s

B pe3yabTaTe CAOXKEHHS IIOJYYEHHBIX CHJI MB NIONY4YaeM CH-

Ay — 0H, npu/ioxeHHYI0 B KaxJO#H BEPIIHHE MHOTOYTOJbHHKA,
" oH

uTO AA8T HaM pacnpejeseHne — -,

TaxuMm 06pa3oM, HENpPepHBHO IMPUJOXEHHBEe K KOHTYpy Maa-

CTAHKH KpyTsimue mnapet H Moryr OHTb 3aMeHEHH HenpephBHO

pacrxpeﬂ.enéﬂﬂﬂmu nepepespBaomuMid - CHJIaMH HHTEHCHBHOCTH
) .

——7/—;[ . Tlosnnaa BesnuuBa nepepesHBAIOILEH CHJ/B HA €JHHHIY AJ/H-

HH KOHTypa No3Tomy Oyner

oH
Q=N-21. (13.42)

M3 storo ciemyer, uTO MNPH PacCMOTPeHHH Kaxoft-1H60 dacTu
IVIACTHHKHY, OI‘paHI/ILIEHHOﬁ IJ.HJIHH,ELPH‘{ECKOI':I NNOBEPXHOCTHIO, MH
MOX(E€M TakKxXe He MNDPHHHUMAThb BO BHHMAHHE prTﬂU.lHﬁ MOMEHT H,
HO BMecro N u H BBOAHTBL NepepesHBaoILyio cuiay Q mo gop-
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myse (13.42). TlosroMy BMECTO DSITH IPAaHHYHHX yCaoBHi (13.41)
MB PMEE€M YETHPE TPAHHYHLIX YCJIOBHA:

T~rm5=&”0=am

oH, |
N_—__NO ds

(13.43)

3TH ycnoBHA OHUIH JaHH BriepBhe Kupxrodgow.

YcaoBusa Kupxroda cyTh cTaTHYeckKue YCAOBHSA, TdK KAK OHH
onpeaeasioT COOTBETCTBHE MeXy BHeIIHel Harpyskoi Ha 60KOBOMH
rPAHHIE IJA€THHKH M BHYTPEHHHMH CHJIaMH HA IHJ/JIHHIPUYECKOH
NOBEPXHOCTH, O6eCcKOHeyHO OJH3KOH K OOKOBOH NOBEPXHOCTH
O/13CTHHKH,

Kpome ycunosuit Kupxroda cymecTByroT emié reoMeTpPHYECKHE
YCJIOBHA, ONpeje/seMHe H3 YCIOBHH 3aKPeIJIEHHs IIJIACTHHKH.
Hanpumep, ecanm miacTHHKA ONEPTa IO KOHTYPY, TO MH HMeeM
reomeTpuyeckoe yciaopue w=—0 mo BceMy KOHTYpY, KPOME TOrQ
JOJXKHBl CYIIECTBOBATH CTATHUECKHE IPaHUUYHHIE YC/JAOBHA.

Ecan nmiacTuHka 3azesaHa mo KOHTYypYy, TO MH HMEEM Ha KOH-
Type CJAeAYIOIIHE YC/JIOBHA:

1) w 0 Ha xonurype, (13.44)

2) 5 ?—0 na KOHTYpe, (13.45)

rJe INPOH3BOJHAS B3iTa IO BHEIUHefl HOPMaaH K KOHTYpPY IJas<
CTHHKH.

§ 132. MloTeHuuaabHast 9HeprHs HIOFHYTOH NJIACTHHKH.

IToTenmHanbHYI0 3HEPrHI0 HA eAuHHDy OO6bEMa H30THYTOR
OJACTHHKH TOJY4YyHM 1o ¢opmyae (3.87). IIpu sroM mpHMeM BO
BHHMaHHe, YTO BCIOJY BHYTPH IJACTHHKH MH IpeHebperaeM Hop-
Ma/JbHHIM KOMIIOHEHTOM HAMNpsKEHHOrO COCTOSHHA Z, IO CpaBHe-
Huo ¢ X, u Y, Tquo TaK JK€ MH npeﬂeﬁperaeM KaK BeJIHYHHAMH
BHICHIETO nop;uuca X2 u Y? no cpasHeHHio ¢ X2

910 maér:

2EW=X;-+Y;—2X,Y,+2(1+5)X. (13.46)

Brocs cwoma X, Y,, X, no popmyaam (13.6) u (13.8), Mmu moay-
YHM [OCJIe NIPHBEJCHHA:

Ez? 2o 02w w 0w \2
W=; (1T—o2) {(vl'w)“ —2(1—0) [3}—2'@- (-ax—@) ]} (13.47)
lNorernuanbuas sHeprus AeopManuu Beedt IVIACTHHKH MOYUHTCA
no gopmyae:
= ({{wdxdyaz, (13.48)

LY
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rje TPOAHON HHTErpaJ B3AT NO BCeMy 00BbEéMy maacTHHKH. BHoca
ciona W u3 (13.47), MH nmOJyuHM:

—”2(1 5{ {(Vlwp —2(1 — )[";";3;‘?__

h

P
__(d‘f‘;’y)?]}dxdy Ezzdz:_—

= (s 553 (25)]) -

—=({2 [(Vfw)z_.Q(l—— )[":“;‘;y"; (o‘f‘gy)z])dxdy, (13.49)

npuuém D pavo ¢opmyioh (13.22).

§ 133. Bapuauuonnoe ypaBHeHHe M3rH6a MJIacTHHKH nonepevyHoH
Harpys3kos.

Mu 6yzeM pacCMaTpHBATh HM3rH6 IJIACTHHKH TOJIBKO NOIepey=-
HOft Harpy3koil, npHYéM MacCCOBHMH CHJAMH MH IpeHeOperaem.
[Moatomy no ¢opmyne (11.34) M 6yjgeM HMeEThb:

— U+ ((qtwaxdy=o. (13.50)

Ha nporu6 niacTHHKH @ MOTYT GHTB HaJIOXKEHH, corJacHo § 132,
cjeyIoHe TeOMEeTpHYECKHE CBS3H:
1) ecsn miacTHHKA onépra Mo KOHTYpPY, TO HMeeM:

w=—=0 Ha KOHTYype; (13.51)

2) ecqH MJIACTHHKA 3axe/JaHa IO KOHTYpy, TO K yc/10BHIO (13.51)

JobaBasiercd yCJAOBHE:
Jw

5, =0 Ha KOHTYype, (13.52)

rje NPOK3BOAHAsS B35Ta [0 BHEIUHEH HOPMAJH K KOHTYPY IVIACTHHKH,
ITosToMy Ha BapHanuu Sw HAJATAIOTCA CAEAYyIOLIHE CBSA3H:
1) éw =0 Ha KoHTYpe, (13.53)

9) (‘f,—‘”) —0 na KouType. (13.54)

U3 dopmyau (13.49) Mu umeeM, mpeamosaras XECTKOCTb IPH H3-
ru6e D nocTOsIHHOH:

i6U=SS {v% [ ("2“;)_1_5(0’”’)]_
D ax ay?
i [ (B e (59

w 0w
—257e58 (oxes) | } dxdy. (13.55)
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HHTerpupys mno yacraM, uUMeeM corJjacHo ¢opmy.e ['puna:

S %6 (%‘3_,) dxdy = %’%6 (g—;’—) cos (v,y) ds—
—f%—&@cos(v,y) ds+g(£‘gy_25wdxdy;

) dxdy = dy 23 (gw) cos (v,x)ds —

5 (&

dxayzawcos(vx ds-T—S a zo 22 dwdx dy;
(axz) dxdy= 3;”3 (0w) cos (v,x) ds —
éwcos(vx)ds—l—SSd Swdxdy;
Sgﬂa (@) dxdy=§$550 (0w)cos (y)ds—

oyt~ \ oy? oyt
0w 3

a3 'wcos(v,y)ds—[—S a ﬁwdxdy,
| o(f(gy (dxdy) dxdy= SS@i?gyb%( —) dxdy==
=& srs ¥ (55) cos (nx) ds — § 555 dw cos () de
+ ([ smgm twdx dy;
QS 012(3}' (Oizgy) drdy= aﬁfﬁ’y fy ( 6_:0) dxdy=
aflgy (dx) cos (v,y) d .99 3%y S 0w Co8 (% x) ds+
+SS ox? oy2awdxdy

.
1 o

BHocsi nosyuenHbie GopMyJH NpeoGpa3oBaHHs B NPaBYIO YacTb
(opmyan (13.55), moayyHM moc/e NpPHBEAEHHS:

1~‘U:_<ﬁ [(‘;l";—{— ay,)cos(v x)+(1—0) 55 dycos( )] ) (%%> ds+
—}—f [(‘;i‘g—{—c 0x2> cos (v,y)-+(1 -—c)ﬁcos (v,x)] s (%) ds —
——f [a (Viw) cos (v,x) -l—@ (Viw) cos (v,y)] dwds-}-

-+ SS (Vtw)dwdxdy. (13.56)

31ecy v eCTh BHELIHSA HOpMa/Mb K KOHTYPY IJIACTHHKH,
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Ecau nanpasieHus KacaTteJbHOH H BHELIHEA HOPMAJH K KOHTYDY
BHOpATh TaK, KAK NMOKa3aHo HA ¢ur. 38, To Mul 6yneM HMETh o4e-
BHIHHE (POpPMy/ILL:

cos (s, x)=—sinf, cos(s, y)==cos¥,
17 s.n 0 0
2 (bw)=—sinb 2 (w)f-cosb % (bw), [  (1357)

o d . p 0
ay Cw)= cos b 5. (3w) +-sinb 5 (3w).

¢os (v, x)=cosf, cos (v, y)==sinh, ]

Ilanee nmeem:
2 (Viw) = cos (v, x) = (Viw)+-cos (5 y)aiy(V?w). (13.58)
Buocst (13.57) u (13.58) B (13.56), noayyum:
Leu={{ (V) 8wdxdy—§(—;’;(vfw)6wds+
—{—(l—a)f 1 ?z_,;, ow stO—[— 0 cosQO (ow)ds+
2 \dy ox2 ox 0y Os
+§ [(axz"l' ayz) cos? 4
w 0w 7] (Gw)
+('07'-'+ ox2) sin® 6+ (1 )dxdy] ~a 4s.

Bpoast ofuienpuHsaThe O603HAUEHHS: G JJIsT H3rHDaoIero Mo-

MEHTa Ha Komype IIaCTHHKH M H, gas

Yy s KPYyTALIero MOMEHTA Ha TOM e KOH-
Type, NOJYYHM:

v
EUZDSS (Viw) twdx dy —
9 N 0
0 9 . — D‘gga (V*w) dw ds —{—\95‘ H, a—s(afw) ds—
9
Pur. 38, - f G, 5 (Cw)ds.  (13.59)

Ho xerxo BHIAETH, YTO Vi1 3AMKHYTOI'O KOHTYpPd BCJACACTBHE OJHO-
SHAYHOCTH HMeEeM:

'\ dH >
$H 2w ds=— § L2 ds. (13.60)
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Buocs (13.60) B (13.59), umeemM OKOHYATeJbHO:
6U.—:DSS(V‘w) dwdxdy —

.._fG,d ow)ds—f—gg( dH’) twds, (13.61)

rjie BBeleHO OOHYHOE /18 TONEePEeYHOH CHJAH Ha KOHType ILia-
CTHHKH o0o03HaueHHe:

N,=—D % (Viw). (13.62)

Ouenp BaxHas gopmyaa (13.61) snepsue gana Kupxrogom B ero
3HAMEHHTOM MeMyape O IaacTHHkax. Broca (13.61) B (13.50), mbt
1I0JYYHM OKOHYAaTeJhHO BAapHAIMOHHOE YpaBHeHue Jlarpanma Auas
n3ruba MJIACTHHKH:

HI‘D Viw —qléwdxdy —

—$Gg (w)ds+§ [N——] dwds=0.  (13.63)

13 atoro ypaBHeHHs ciaefnyeT:
1) UsBectHoe ypasuenue Codu 2Kepmen (13.24) pas nomepeu-
HOro H3ru6a MIacTHHKH

DViw—gq, (13.64)

TaK KaK BapHauus 0w BHYTPH KOHTYPA IJIACTHHKH COBEPIIEHHO
IIPOH3BOJIBHA.
2) T'pannunoe ycjoBHe:

J a
— $ 6,5, (w) ds+55 (N,— 7;:—’) dwds=0.  (13.65)

[MockoabKy AJs 3afeJIaHHOH MO KOHTYPY IJIACTHHKH HMEIOT MeCTo
reomerpuueckue ycaosusa (13.53) u (13.54), rpaHauHOe yc/i0BHE
(13.65) mo/kHO OHTb BHIOJHEHO CaMHM nogéopom w(x, y). Ilo-
atroMy ocraér¢s u3 (13.63) BapHanHoHHOE ypaBHeHHE B dopme
B. I'. T'anépxuna:

{{ DV w—¢q)wdxdy=o0. (13.66)

§ 134. U3ru6 npsaMOyroJabHO# NAACTHHKH, NOANEPTOH MO KOHTYpY
H Harpy»eHHOH paBHOMepHOH Harpy3Kxof.

3amaua sta OnJa BIEpBHE pelleHa emé 3HAMEHHTHM OCHOBa-
TeseM Teopun ynpyrocti Haspe. M npHBeséM pelrenHe eé mno
cnoco0y BapHALHOHHOTO yDPaBHEHHS.
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Hauaso xoopanHaT BO3bMEM B HEHTpe NPAMOYTOJBHOTO KOH-
Typa co cropoHamu 2a H 2b (¢pur. 39). OcH KOOPAHHAT HAMPaBHM
HapajieJbHO CTOPOHAM  IIPSMO-

y yroabHHka. Tak Kak mNJacTHHKA

J ONEPTa HA KOHTYPE, TO MH HMeeM
TpaHHYHHE YCJ/JIOBHA:
< 7 x==a
A 0 w=0 s {y—ib (13.67)
______ Z 0w
b | =0 A x=qgq,
L 0w (13.68)
dur. 39. EF—_‘O A y=-b.

IToc/ieaune yCnOBHS BHITEKAWOT H3 M3BECTHHX (OPMYJ A8 H3TH-
6aomux MOMEHTOB

G,=—D (-(‘;”—f;-[— g—;'—j’) }
G=—D (02J1’2;+ dxz)

npu yuére ycsaosus (13.67).
C neJpi0 yAOBJETBOPHTb MPaHHYHHM yc/a0BAsAM (13.67) u (13.68)
MH [pEMEM, TaK K&K @ eCTb u4éTHas (YHKIHA OT X H ¥, 4YTO

(13.69)

W= }: Z A €08 5 €05 7 Lo d (13.70)

25
n=1 m=1

rae m H n CyTb LiejHe HeuyéTHHe uHucaa, T. €.

m=1,3,517,...,
n=1,3,517,...

Broca (13.70) B (13.49), Mu nosyunm:
v=%(3) 332, (5+5). (13.72)

Hanee, Buoca (13.70) B dopmysny a1 sneMeHTapHoit paGOTH Ha-
TPY3KH, HahaéM:

(13.71)

sin ™5 nm:
i —
2

¢ twaxdy =2 2 2o, (13.73)

INoacrasasia (13.72) u (13.73) B BapnanuoHHOE ypaBHeHHe Jla-
rpanxa

dU=q ([ 2wdxay, (13.74)
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MB mOayuYHM dopmyay:
‘ sin 75 sin 2%
n m*, nh\? 167 2 2
(7) DAm (ot ) = ——
H3 koropo# Ha#aem:

256¢ sin E‘ sin %
mn=————, oo ) . (13.75)

\a2+b2

Haxonen, suocs (13.75) B (13.70), noayuum ¢dopmyay Hasbe:
m1: nx mnx nry
-5 Sin —- 0§ ——cos =
256, g g 2 2b
w=PI T moamr s (1376)
mn (G5 + b2>

NpPeACTABASIONLYIO MOYKOe pPellleHHe 3aJayH.
Jl1s cTpean nporu6a B IEHTPE IJIACTHHKH HMEEM:

mn le
sin —- sin —

'D—qgg ( +F‘)2 (13.77)

s xBaapaTHOR nJactuHkd b==a, u nosromy ¢opmyna (13.77)

OpHUMET BHA:
.. mr _ nu
% sin —- Sin -

256¢at 5 Sin g
f: D?: 2 mn(m2+n3)2- (13.78)
m=1in=1

Jnst BHYHC/IEHHS CTOAILErO 374eCh ABOHHOrO paja BHBEIEM
BCIIOMOraTe/abHy0 Qopmyay. Ilyctsb

©0

sin nx
Zznzlm, (1379)

rie n—mo6oe IleJoe YHCIO0, H @ — IPOH3BOJBHHEA MHapamerp,
Baas Bropylo npoussoHyio no x, Ha#gém:

o0

nisinnx

= Zln—(m. (13.80)
n=

Hs (13.79) u (13.80) umeem:

’ . (n?4-a%sinnx sin nx
¥—az=— e ~—~—2 - (13.81)
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Ho, pasnaras B pas Pypwe, nerko HafaéM:

L_Q;t—’ 2 sin nx (13.82)

n
1,3,5

Hs (13.81) u (13.82) umeem:

2 —atz—=2""

HHTerpupys 310 ypaBHeHHe IIpH YC/I0BHH, BHTekawuiem u3 (13.79),
=0 pgra x=0 u ma x=nm,
MBI HalAéM:

n—x , nsha(x—n)
= o2 -+ 2a%sh an

Buocs cioga (13.79), MH noayunm dopmyay:

3 s = e+ . (13.83)
TMonoxuB 34eCh X = % , MHl JIETKO IIQJYYHM:
sin n—; - | )
2<—+>—4—< — chg})- (13.84)

B3siB NpPOH3BOAHYIO IO @ M NOJOXHB 3aTeM a ==/, HalAEM HCKO-
My ¢opmyay:

.. nwm . t mn
sin 5 = 1 1 =2 h? 13.85
z:rz(n?—{—m")z T Ami| T T T mm T"’ mﬁ’ (13.85)
ch3 hg

XyJa BXOJIAT TOJBKO HEUYETHHIE 3HAUEHHUS HHAEKCa n, H6o pas

YETHHX 3HAYEHHH . nn
sin = 0.

Ipuaaras dopmyay (13.85) x popmyae (13.78), nonytmm:v

mn flft
sin 5 sin —-

22 mn (m? - n?)2 -

oo smm 1 2 -] sm tl _2_
g ( ch %F) —lﬁmg] m4 Ey (13.86)

rie m=1,3,57, ...
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Beugy OGHCTPO# CXOZHMOCTH PSJAOB JOCTAaTOYHO IPH BLIYHC/E-

HHA 6paTh HEMHOI'O Y/EHOB, YTO HAéT:

mw nr
sin - sig 5

2
ZZ mn ( m‘—{—n?)z_o 245. (13.87)

Buocs (13.87) B (13.78), MH noxyyum:
f=0,06522, (13.88)

uyto 6su3k0 K BeanuuHe 0,0649, nonyuennofi C. Il. Tumormnenxo ¥).

§ 135. H3ru6 npssmMoOyroaLHON NJAacTHHKH, noanéproi
Nno KOHTYPY, NMPH NPOH3BOJLHOH Harpyske.

Bo3bMEM Haya/0 KOOPAMHAT B OAHOH M3 BEPIIHH NPSMOYIO.Ib-
uuka (¢ur. 40) m HanpaBUM OCH KOOPAHHAT IO €ro CTOPOHaM.
CropoHH 060O3HauuM uepes a,, b, y
(a,=2a, b,=2b). |

I‘pa}mtmble YCJOBHSl, COTIJACHO }
(13.67) u (13.68), 6ynyT:

w=0 g ~=0 ¥y=0, } (13.89) 4,

x=a,, y=2b,,
g;_ff_:o s x=0, x=a,, 0 g >z
w (13.90)
0_0__0 g y=0, y==b,. Pur. 40.

C 1e/bl0 yAOBJAETBOPHTH STUM TPAHHUHHIM YCAOBHAM IpHMEM:
w=23.3 Ap,sin = sin %, (13.91)

Tje m, i CyTh Yeasle Yucaa.
Buocs (13.91) B dopmyay (13.49), noayuum:

U=gmpEXa, (%+). 13y

*) Tumowenko C. IL, Teopus yupyroctu, toum I, crp. 290, 1916,
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Ianee, Buocs (13.91) B dopmyay nns anementapHoii paGoTH Ha-
Tpy3KH, HaiaéMm:

a, b,
qu dwdxdy=Y"Y 6A,nn§§ g (x,y)sin ”:;x sin ”:;V dxdy. (13.93)

B cayuae paBHOMepPHOH HAarpy3kH
g =const.,

H Toraa moayuum H3 (13.93):
({qrwdedy=220% Y 4, L=cosmilocosmg (43 gy

mn

OueBnaHO, 4TO npaBas uacTb Qopmyan (13.94) oriuuyna or
Hy/Jf TOJBKO B TOM C/yuae, €CIH M, N CYTb Uease He4émHoe
yucJaa,

Burocsa (13.92) u (13.93) B BapnannonHoe ypaBHenHe JlarpaHmxa

U= S S qiwdxdy, (13.95)
Mbl IIOJYYHM:

qum —n—sm——ldxdy

p (""+2’3>20

(13.96)

mn

Jlas cayyas paBHOMepHOH Harpy3xu OyJAeM HMeTh:

A — 169
mn m? n2\?2 * :
D (71_2+_b§> mn (13.97)

1 1

B arom cayuae
. mnx _ nny

wtryy oy h
— Dsf m? n2 (1398)

+5)
mn| — —_—
@+
npHuéMm m, n CyTh Le/Jble HEeUE€THBIE YHCJA.
JJas  crpeasl npornfa B IEHTPe KBAaAPaTHOH MJACTHHKH

a b
(X—-j y Y= 5), MOJIyuYnMm:

leqal Slﬂ
= ZZM R (13.99)

Tak kaxk a,=2a, To ¢opmyaa (13.99) cosnausaer ¢ (13.78).
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§ 136. [lpuaoweHue MeToAa CMATYEHHSs TPaHHYHLIX YCJAOBHi
K 3ajgaye 06 u3rube 3ajmeNaHHOH MO KOHTYpy NPAMOYIOJbHOH
NJAACTAHKH PaBHOMEPHOH Harpy3Koi.

3agaya 06 maruGe 3aJe1aHHOH IO KOHTYDPY INPSMOYrOJbHOH
IJACTHHKH PABHOMEPHOH HArpPYy3KOfi INpeJCTaB/sieT NPH pPelIeHHH
oueHb GoJbIIHE BHUHCJAHTEJbHHE TPYAHOCTH. [lepBoe mpocroe pe-
mieHHe sToH 3amaunm On/Io jgaHo B. Putmem B ero 3HaMeHHTOM
MeMmyape ¥). 9T0 pelieHHe sSBAAETCA MNPHOGAHKEHHEIM, HO PuTh
JIOKa3aJ, 4YTO OHO B INpejeJe CTPEeMHTCA K TOUHOMY PeIieHHIo.
MH He MOXeM CUYHTaTh, 4YTO MH 006.1a7aeM a6COJIOTHO TOUYHBIM
pelleHHeM 3TO# BaxHOI TexHHYeckod mpobieMH. [loatomy npen-
CTaBJseT HHTEpeC MPHMEHeHHe NPHOJHKEHHOTO METOJAd, OCHOBAH-
HOrO HA CMA24EHUU WM, KaK HHAUE HA3HBAIOT, pesaxcayuu rpa-
HHYHHX ycioBHH. B 3ToM naparpade MH JaauM NpHJIOKEHHE Me-
TOAA peAaxcayiil TPAHHYHHX YCJAOBHIL.

Bui6epeM HauaJO KOOPAMHAT B LEHTPE NPAMOYroJbHHKA (CM.
¢ur. 39), ocH KOOPAMHAT HANPABUM NAPAJNJIENBHO CTOPOHAM NPSIMO-
YrOJbHHKA, KOTOpHE MH NPHMeM paBHHMHU 2a H 2b. Bcaencrsue
YCJIOBHI CHMMETDHH INpHMeM JJiA nporuba w(x, y) npu usrube
paBHOMEPHOH HArPY3KOH BHPAKEHHE;

w=gp[(x—a) (" — )+
-|-§ A,Y,(y)cos ax+§] B, X, (x)cosBy, (13.100)
rjie BBeJeHH O603HAYEHHS:
X, (x) =ashfBachfx—xchfashfx,
Y,(y)=bshabchay— ychabshay, }
NPHYEM TOJIOKEHO I8 COKPAIEHHS:

(13.101)

Jlerko Buaerb, uTo W(X,y) ecTb HHTErpa’ ypasHeHus (13.24),
YJOBJIETBOPSIOIIHA BCIOAY HAa KOHTYPE IIPAMOYIOJBHHKA OCHOB-
HOMY TPaHHYHOMY YCJOBHIO

w=0 g9 x=:a, y=-15, (13.103)
ecin m, n CyTb 4ease Heuémuse ucaa. IlocrosHume A,, A,
As, ..., By, B, Bg... ocraioTcs NpPOH3BOJBHHIMH H MOAJIERKAT
ONPEAeNEeHHI0O H3 TPAHHYHHX YC/AOBHI
0
0—';’:0 s x=--aqa, (13.104)
)
g;”:o a8 y=-b, (13.105)

*) Journ, f. Math. (Crelle) . 135, 1909 r,
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Buuncasiss 3Hayenue OPOHM3BOJAHON OT W, MH HaHIEM:

(%f)x:ia:i‘fm W), (13.106)
rue

S (y) 8D [2‘1 O — )'—
— ¥ AYasinaat+ Y B,,<d;;' )x _cos By] ,  (13.107)

npHYEM
dx
( d;')x:a:—chﬁashﬁa-—ﬁa. (13.108)
®ynxuus f,(y) B uHTEpBaJeE
—b<y<b (13.109)
MOXeT OnTb pasBépHyTa B Psj d)ypbe'
fi()=Co-+ Zc,.cos =, (13.110)
npuyéM g
Co=g5 { 1L (Ndy, (13.111)
o
Co=7{ fi)cos®dy, k=1, 2,3, (13.112)

b

Benenersue (13.106) u (13.110) BHIOMHEHHE T'PaHHYHOTO YCJIOBHS
(13.104) cBomuTcs X TpeGOBAHHMIO OOpALIEHHS B HYJb BCEX KO3(-
(OHIHEHTOB 3TOTO DPAa3JIOXKEHHs:

Cy=0, (13.113)
C,=0. (13.114)
Metoa cMmArueHus TPAHHYHHX YCJIOBHH TpefyeT, 4ro6H BMECTO

BHIIOJNHEeHHsT Beex ycioBuit (13.113) n (13.114) 6H/10 BHIOJAHEHO
ocHoBHoe ycaopue (13.104), yTO MOXHO HANMHCATH B BHIE:

b
§ (52)ccady=0. (13.115)

)

Hanee, smecto rpanuuynoro yciaosus (13.105) umeem cmsruénnoe
yCJ/I0BHE
a
ow
{ (52),_,dx=0. (13.116)
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J1a najspHeAINMX BHIYHC/AEHHH MH JO/KHH IIPHMEHHTH (hop-
MyJH, noayyaembie u3 (13.100) puddeperuupoBanHeM W 0 X H y:

SD Jw

e =2 (y———b")—-EA Y asinax -
5 dx
13.117)
8D a ol |
Tdij;—Qy(x?——a?)—}—;A,,d—ycosax—
— 2. B.X, BsinBy,
TD ??x'-’ 2(y:—8?) —Zn: A,Y,a*cosax -
d2X,
+ZB" E_}‘}COSBJ’;
o L (13.118)
2 = x-——az)—}—ZA cosax—
”"ZB ,1‘2(:05 By ')

Ciona Hajo BHecTH Ha OcHoBaHuH (13.101):

—=—aBshBashfx—BxchBachfx— )

—chBashfx,
‘Xn 2
=5 = a3*shfachfx —§2xchfashBr —
—28ch h
oy BenBachfa i 13119
_dyzbashbashay——aychbachay—-
—chabshay,
il 2y ch ba sh
= y —a’ychbashay —
— 2achabchay.)

M3 (13.117) u (13.119) nosyunm:
%)V?w_—_-(x‘-’—a?)—l—(y?—b’-’)mz A achabchaycosax —

——-ZB,LB chfachfxcos3y. (13.120)

Jlna BHIYMC/IEHHS NMOTeHUHabHOH sHepruu U MBI JOJIKHHL TpH-
meHuThb dopmyay (13.49), koTopas A/ paccMATPHBAEMOTO CJy4das
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NPHHMMAET BHA!
u:%”(vzw)ﬂdx dy. (13.121)

B camom pesne, unrerpupys dopmyay (13.49) mo gacram, mnoay-
yaem:

0w 0% dw 9w
‘”0;;' Qy,d xdy= ;ﬁa 5 €OS (v, x)ds— W

03
—f Sz weos(, ) ds+ f s dxdy,

0w Jdw
”‘(axay) dxdy= axay 9y 08 (v, x)ds —
08
ox:gy wcos (v, x) ds —)—ff axaoyg'w dxdy.

Tax kax Ha CTOPOHaX HPAMOYTOJBLHHKA X ==-}-a MMEEeT MeCTo YC-
aosue (13.103), To u3 Hero caexyer:

ow__ ok

oy~ 0y?

Janee, Ha cropoHaXx y=--b uMeer MeCTO OYEBHIHOE yCJOBHE
cos (v, x)=0.

L (13.122)

=0 a8 x=-+a.

3atem wumeer Mecro ycaoeue (13.103). Tlostomy B dopmyaax
(13.122) KOHTypHHE HHTErpajn HCYE3aI0T, H OCTAIOTCH TOJbKO HH-
Terpaje, no IVIOIAAH HNPAMOYLO/JbHHKA paBHHE MeEXAY coboi.
C/ezoBaTeIbHO, HMeeM:

0w w 02w

YyTO ONpPaBAHBaeT ¢Gopmy.ay (13.121).

Buocs (13.120) B (13.121), Mu noJayuHM mOCJe IPHBEAEHHA
cACAYIOmMY GOopMyIy:
8D

WU:‘%(3(G‘+b‘)+5a2b2]+

2 ch2 ab (2ad -+ sh 2ab) B2 ch2 Ba (28a 4~ sh 2Ba)
+ XA =+ 2B 8Ba +

4434, RLND Ga Ty 4 B, Shﬁ;::ﬁasin—;. (13.124)
ILaJlee, HahpéM:
250 n=sh 28a — 23a
fjwdxdy_-—ab—i— ZA sin 59 Ga)? -+
n1sh2ab 2ab
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ow "
Tax xax NpOH3BOAHASA 7. €CTb HEYeTHas ¢yHKuHA OT X, TO yCJO-

pue (13.115) nparoaHo Takxke H Aag Cayyas X == -— @; aHAJOTHYHQ
yciosne (13.116) npurogHo Takxke u AaA caydas y=—=b. Buocs
(13.117) B (13.115) u (13.116), MH TOIYUBM CMAZHEHHHE ZpaHUY-
Hble YCAOBUSA:

sin——
Sab oY A, b 2 (sh 2ab — 2ab] -+

nr
sin =

+a¥ B, —= (“ [sh23a —23a)=0, (13.126)

ng
sin 5

~a3b-{—b2A,, T 2 (sh 2ab — 2ab] -

sin —

+ad B, = T 2 [sh28a —23a]=0. (13.127)

Jl1s ynpoleHHs BLIYHC/JIEHHH PACCMOTPHM C/yuail KBaAPAaTHOH mJja-
CTHHKH, JJIs KOTOpoH b=a. B sToMm ciyuae umeem u3 (13.126)
u (13.127):

B,=A4, (13.128)

n o6a ycaosHsa (13.126) u (13.127) cBOAATCH K OAHOMY YCJIOBHIO,
KOTOpOEe IOJy4HM, BHeca a H B u3 dopmya (13.102):

—a‘+a2—51n~shnn—-0 (13.129)

Jlerko mosnyuum u3 (13.124) u (13.125):

8D 88a4 T 1:/1
WU;—IS—_{'-B}TEAiHChZ_ ﬂfl—l—Sth‘fl)—{—

32

12y AL
2D 4 hra —
mﬁwdxdyzga4+r82/1”" ™ sin . (13.131)

(13.130)

Benencrsue cymiectBoBanna ycaosus (13.129) Bapmamuonnoe ypas-
Henue JlarpaHxa npumeT BHA:

8S=0, (13.132)
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S:ﬁﬁ_“z.[éjsi‘_}_ &“Z A2 nch2m (nn -+ shnn) -

A, sin & (sh nx — nr)

32a 4 8a
""“‘FZA,,TSI']TVI] —[—g—ah}—ﬁ S

0 A, sm 2 shm:
+§a4x+m2———-——-—- . (13.133)

nr

3necy A ecth MHOMHTENADb JlarpaHxa.
Brocsa (13.133) B (13.132), MH mosyyuM ypaBHEHHA:

aS
dA =0,
H3 KOTOPHIX HaHJém:
18a%sin % 1613 sin 5 sh xn

A,=— . (13.134)

313 ch2 5 (sh w4+ nn) n2n2 ch? 1—:25 (shrn -+ =n)

Brocs sto 3mauenne A, B (13.129), MH moAyuHM, nocae ympouie-
HHH, cjefyolee ypaBHeHde AJs ONpPefeSeHHsd A:

2 128 shrn
1
3 B nich? 1; (sh nr J-xrr)

162 sh?nn
Ll —0. (13.135
+ " Z n3 h"——(shrm +rn) )

3}1er 1 ecTb IleJioe HeuéTHOe YHC/MO. BryHC/IeHHE JAET:

shnn

=0,1249,
néchz (sh1m+1m)
sh‘lm —1543.. i (13.136)
n3 ch?%l (sh rn 4 nn) ’ j

Buocs (13.136) B (13.135), MH mosnyuam:
r=—0,631. (13.137)

IOnas onpeneneHus crpean nporunba f B IEHTPe IJACTHHKH IOA-
crasuM B (13.100) x=y==0. [1a KBagparHOH GJACTHHKH (b= &)

MOy UHM:
fzg%[m 422 4,sh ’—‘21'] . (13.138)
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Buecs A, u3 (13.134) B (13.138), MH noayuum:

-

4 sinrﬂ‘sh'Et
__ga 26 22

8D W s che ’_:’Z" (sh nz + n)
. nt nn
39 sin 5 sh 9 sh nr
+5 Y — . (13.139)
n?ch? 5 (sh nn <+ =n)
Bulunc/aeHne adt:
sin 'g sh%‘ W
n3 ch2 ﬁ; (sh nx + nr) =0,02485,
e n { (13.140)
sin - sh Ezr sh nn
— =0,28533.
n?ch? 5 (sh nn 4 ar)
Buocs (13.137) u (13.140) B (13.139), Mu nmoayuum:
f=0,02407 %2, (13.141)

CpasuuBas ¢ Qopmysofi
f=0,02029% |

MOJy4eHHO#l HDYTHMH METOAAMH, MH HAXOAHM, YTO HAMH HOJY-
yeHa BEDPXHAS OLEHKZ CTpe/n MpPOruéa, 4To H CJA€A0BAJI0 OXH-
JIaTh IIPH CMSTYEHHH TI'DAHHYHBIX YCJIOBHH.

N3 dopmyan (13.32) Mpl HMeeM AJf HauGOJbIIErO 3HAYEHHS
H3THOAIOILETO MOMEHTA (B CepeiHHE CTOPOHH KBAApaTa):

Grx=—D (gxi”) npu x=a, y=0, (13.142)
TaK KdK B 3TOM cCJydae
®_o
dyr — "

Buocs (13.100) B (13.142), Mu moayumm:

GTax:fthﬂ[Hr%azAn (nchz%’)]. (13.143)
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BHocst cioxa A, u3 (13.134), Mu Haiaém:

nr
sin = sh nz

max _ 9%° 64 2 8\ )
G = T[l n2 (sh n't—]—nr)+ Z 7 (sh ﬂﬂ_+—nn)] (13.144)

Briuucienne paér:
G =—0,0902 ga? . (13.145)

MoXHO NPHMEHHTb K pacCMOTPEHHOH BHINE 3ajaue JApYryio
dopmy npeicrasienns aas w (x, y). COOTBETCTBEHHbIe BHYHCJICHHS
MOxHO HaliTH B § 6 ruaasn VI Hamero counHenns «BapHanmuoH-
HHE METOJAbl PEUIeHHA 3aJay TeOPHH YNPYLOCTH».



TTABA XIV.,
YPABHEHHMSI IWIACTUYECKOM AE®OPMALIUU,

§ 137. Naactuueckas xedpopmauns. [pegeabHbie NOBEPXHOCTH,

JledopManust ynpyrux tesa Boo6uie COCTOHT H3 YNPYrof H oc-
tawouieica yacrefl. To cocrosiuHe Tesa, B KOTOPOM OHO IO Jefi-
CTBUEM HAarpysku H 0e3 3aMeTHOro ocJabJeHHs CBA3CH MexAy
YACTHIAMH IOJy4YaeT 3HauHTe/JbHHe (IO CPaBHEHHIO C YIPYTHMH)
OCTAaTOYHHE JedOpPMAalHH, HA3HBAETCA IJIACTHYECKUM COCTOSTHHEM
tena. Marepuasn, B KOTOPHX Iepel HACTYILIEHHEM pa3pyIleHHs
IPOHCXOJAT TOJBKO MaJhe YIpyrue H3MEeHEHHH, HJAH OCTATOYHAs
neopMalus KOTOPHX HeBeJMKa N0 CPaBHEHHIO C YNPYro#, Ha-
3LIBAIOTCA XPYNKHMH. O,ILH&KO XPYHOKOCTb H ILTACTHYHOCTb HE AB-
JASIOTCA TaKHMH CBOHCTBAMH, KOTOPHE MOTYT OHTbH IPHIHCAHH

F
g P
&

al
0 0
Pur, 41. Gur, 42

al

onpejelEHHOMY MaTepHAJy IIPH BCeX OGCTOATENbCTBaX. Tax, Mpa-
MOPHHE HHJAHHAPH IIPH OCEBOH HArpy3Ke pa3pyuiaioTcs, Kak
XPyIKHE TeJa, & IPH BCECTOPOHHEM CXKATHH OHH JAedOpPMHPYIOTCH
MJAACTHYECKH.

OO6paTHMca K pe3y./bTaTaM HCIOHTaHHSA 06pasua JHTOTO XKeJesa,
pacTACHBAEMOT0 CHJIOH, KOTOpasi HOCTENEHHO YBEJIHUYHBAETCS OT
HyJas A0 P. Kpusne, n3o6paxamuye 3aBHCHMOCTb MEXAY CHAOH
H gedopmanueit, OOHIYHO HMEIOT BHJ, NOKAa3aHHHHA Ha dur. 41
n 42. CHavana cnaa P pacrér mpsiMo NMpONOPIHOHAABLHO a6COoJIOT-
HOMYy ymiauHenuio Al (/ ectb mauHa u3MepsieMoit yacTH o6pasiua).
Jror ¢axkT m cocrasiasfer 3akoH I'yka. 3aTeM IpH HEKOTOPOM Ha-

IpsKEeHHH
P

g=—

f
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(f ecTp miOWAanb INONMEPEYHOrO CeueHHs] u3MepseMOH uacTH 06-
pasiua), KOTopoe LIl OTOXKEHHOTO JIHTOTO XKe/jie3a HMEeT 3HAUeHHe
mexny 2000 u 3000 ke2/cm?; cpa3y HAaUHHAIOT NOJYYaThCA OCTa-
TOYHHE gedopManud. ITO pACTATHBAOILIEE HANPSKEHHe Ha3Li-
BaeTcs npedesom mexyiecmu Ha pacmsdxcerue. B STOT MOMEHT
H3 JHarpaMMme pacTAXKeHHs IOJYyYaercs De3KUil mepeyoM, U YAJH-
HEHHA 3a 3TOH TOuYKO#l OHCTpPO yBeJIHYHBaiOTCA. [lepexon k ropu-
30HTAJLHOMY Y4YacTKy KPHBOH AHATPAMMH pacTsKEHHS MOXeT
HA4aThCsl ¢ OCTPOrO MHKA U MOCJEAYIOUIEr0 YMERbUIEHHS HArPYy3KH,
KAaK 3TO- OKa3aHO Ha (ur. 42, ujad nepexom Moxer OHTb HOCTe-
NeHHbIM, Kak Ha ¢wur. 41. B wactu OF pnarpaMMel Marepdasl Ha-
XOJHTCSL B YAPY20M COCMOsHL, & B 4acTH FG ~—B naacmuieckom
cocmosimuu. |1t HEKOTOPHX MeTaJlJIOB, HallpH-
P A4  Mep, MArKOf OTOXKEHHOH Meau HJ/IH aJIOMHHHS,
xkpuBass P—f(Al) BOoBce He MMeeT NMPSAMOJIHHEH-
HOTO y4yacTKa, H ONpelesEHHOrO npejgena Te-

KydecTH He cyuiectsyer (¢ur. 43).
B o6uieM cayyae ympyroro rteja Hamps-
Al XEHHOE COCTOfIHHE ompejensercs lIeCThbIO KOM-

1/ V) NOHEHTAMH HANpsA:KEHHOTO COCTOSIHHSA, JHOO Ie-
CThI0 JPYrdMH  HE€3aBHCHMHIMH BEJHYHHAMH,
dur. 43. HanmpuMep, TPeMs rJIaBHBEIMA OCAMH AedopManuu

N TPEMs IIaBHBEIMH HOPMAJbHBIMH HaANPAXECHUAMH
o,, %, 6, IlosTOMy, OTHOCSI yIpyroe Te€JO K IJaBHHM OCAM Je-
¢opMalliy, MOXKHO XapaKTePH30BAaTh HANPSKEHHOE COCTOSIHHE,
HaxoAsflieecs Ha TPaHHIE NJIACTHYECKON XedopMaluu HJIH paspy-
IIEHHS, MMEHHO STHMH MpeMs 2AQBHOLMI HOPMAAbHbIMU HANDS-
HCEHUAMU G, Gy, Ty
Ecin no npemnoxennio Xes (Haigh) u Becrepraapaa (Wester-
gaard) B3sATb TIJaBHHE OCH JAeOpMAaLMH 33 OCH KOOPAMHAT, TO
COBOKYNMHOCTb TOYEK, M300paXAIOUIUX DPa3HBE npedesbHbie HAlPs-
MEHHLIE COCTOSIHHS, NIPH NEePexofe 32 KOTOPHE BO3HHKAET nAQ-
cmudeckasn aedopManus, o6pasyeT NOBEPXHOCTh

fl(cn Sy, 03):0, (141)

HASHBAEMYIO npedeasHoll nosepxHOCmbi0 naacmuueckol Oegop-
Aayui,

B croeft u3BecTHoft paBoTe MO MexaHHKe IIACTHUECKOTO CO-
crosHus TBEpAOTO Tesa P. Musec npeanoxua 6path ypasBHeHne
(14.1) B ¢opme:

(0 — %)+ (6:—0,) + (5, —0,)* — 8k =0, (14.2)

rje k ecThb NOCTOSIHHAS BeJAHYHHA.
B npuHATOR HAMH CHCTEME KOOPAHHAT 3TO ypABHEHHE mpef-
CTaBJsieT KPYrJAHH WHIHHADP, PAAHYC IOIMEPEYHOTO CEUeHHS] KOTO-
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R=2k 1/% .

OnHTHHE HCCAENOBaHHA JAOBOJbHO XOPOWIO HOATBEPKAAIOT
ypaBuenne (14.2). OnHTH NOKa3aaH, YTO G6OJBIIKHCTBO TBEPAHX
T€JA NPOTHBOCTOMT O6e3 paspyleHHs AEHCTBHIO OJHHAKOBOTO BCe-
CTOPOHHErQ OY€Hb BHICOKOTO JaBJeHHA. TOJABKO B HEKOTOPHX,
MeHee IVIOTHBIX TeJax Habai0Jaluch CiaydaH pa3pylIeHHs BCJAeA-
CTBHE TPOHHKHOBEHHS BHYTPb Te/la uYepe3 MeJKHEe IIeJH H
TPENIMHH KHAKOCTH, B KOTOPYIO OHJIH IOTPYXKEHH HCIHTYye-
MBlE Tesa.

B npoTHBOMOMIOXKHOCTE 3TOMY, MATepHAaJib, NOABEPTHYTHIE Aell-
CTBHIO BCECTOPOHHEIO PaBHOMEPHOIO pacTAXEeHHA (0,=0,=0,==
==const.), CIOCOOHH COIPOTHBJATHCA JHMIUb HANPSIKEHHSIM, He
IPEBHUIAIONIHM HEKOTOPOTO ONpPee/IEHHOTO 3HA4YeHHs, NPHUEM
niacruyeckas jgedopmanusi He HabJaofaercd.

Jin TakuX MAaTEPHA/IOB COBOKYIIHOCTH npeO0eAbHbLX HANps-
HCEHHBLX COCMOSAHUI, XapaKTepH3yeMblX TJIaBHHIMH PpacTArHBAIO-
H(HMH HANPSKEHHAMH O,, O, O,, KAK pa3 00CMAMO4HbMU 0%
PA3pYULEHUsL meAq, COOMmEemcmeyem max HA3b.8aemas npedess-
KQsl NOBEPXHOCMb PA3PYULEHUS

fz (61’ 02, 63) =0' (]4'3)

IMracmuueckasn dedpopmayus meépdoeo meaa no ceoel npu-
pode ecmbv cocmosinue 06uscenus. SIBJeHHE TEKYyYeCTH MOJKHO
HCC/IEMOBATBCA KAK HEKOTOPOE JBHXEHHE HENPEepHBHOH CpenHl.
Bo MHOrHX NpaKTHYECKHX 33Ja4dX CyIIeCTBEHHOE 3HAYeHHE HMeeT
Hanps:KEHHOE COCTOSIHHE, COOTBETCTBYIOLEE Hayaly IIaCTHYECKOMH
jedopmanuyd, n60 INpPH JajbHeHIueM BO3PACTAHHH HalpsiKeHHH
BO3HHKAeT ONACHOCTh INOSIBJEHHA IacTuyeckoft medopmarmmu. Ta-
KO HanmpsXEHHOE COCTOSHHE MOXeT GHITh OIpeje]eHO H3 YCJIOo-
BHH paBHOBECHS, TAK KaK NpPH OOGHYHHX YCJOBHAX, KOTJA TeMIe-
paTypa MHOTO HHXXE€ TOYKH IIaBJeHHA, AedOpMAnUs INPOHCXOILHUT
MeJJIEHHO, a4 CKOpPOCTh Ae(OpPMAaIHH BJIHSET HA HANPSAKEHHS OUEHb
He3HaYHTEe/IbHO. XOPOILIO H3BECTHHE B CONPOTHBJAEHHH MaTEPHA/IOB
SIBJICHHA YIPOYHEHHs (HaKJAEN) M Pa3ynpouHeHHs (ocnabjaeHHe) Mb
ocraBjaseM 6e3 pacCMOTDEHHs.

poro paseH

§ 138. Onpenenenue CKOpOCTH ned)OpMauUMH K HANPKEHHOTrO
COCTOAHHA NpH MJacTH4eCKOH aedopmaunm.

[Mpn nnacruyecko# JedopManud YacTHHH Tesla JBHXKYTCA C
OTPaHHYEHHBIMH IO BeJHYHHE cKopocTaMH. O603HauuM uepes U, V,
W KOMIIOHEHTH CKOPOCTH YACTHIIH, HaXOAAIICHCH B MOMEHT Bpe-
MeHH f B TOuke (X, Y, 2). ITH KOMIOHEHTH CKOPOCTH GYAYT BYHK-
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IHSAMH KOOPAHHAT X, ¥, 2 H BpeMenH f:
U=fx3,2,8; V=[x, 2, 1); W=/f(x, 3,2, ). (14.9)

Cxopocts camoll pedopmanuy, no npexnoxennio Cen-Besana, Bbl-
yncaAercs 1o ¢GopmyJaaM, aHaJOTHUHEM ¢dopmyaam (1.11) u (1.12):

U aw , oV
sxx'—d_x' H Syz:_o_;"l"a‘z‘ ’ i
ov au , oW
syyzg)‘, ’ sz:—a—z—l'--a'; ) (14.5)

ow ou
S:zzﬁ ’ Sxy:§;+7)7 . J

Anasnornuso ynpyro#t gedopManHH MH HMeeM 34eCh TPH B3aHMHO
NepneHHKYAsIpDHbe 2.4a8HbiEe OCU CKOPOCMEl RAacmu4eckol Ode-
gopmayuu. 110 HuMm OyAyT HanpaBJEHH mMPU 2/LABHELE CKOPOCMUL
naacmuueckoll degopmayun S,, S,, Ss.

CpenHsisl CKOPOCTh IIACTHYECKOH JedopManuu s onpege/sercs
aHajoruyHo ¢opmyae (1.99) uepes HHBAPDHAHTHOE COOTHOILIEHHE

3se=A=s, +s,+s,=s+5+s, (14.6)

rae A eCTb CKOpOCTh 0O6B8MHOro pacmupenus. Hanpsxkéunoe
COCTOSIHHE, COOTBETCTBYIOIIEEe STOH IIaCTHUECKOH naedopMalyy,
onpeaeasercs, no npegnoxenuio Ced-Benana, Tak Xxe, kak H npd
ynpyro#t negopManuH, HecTbl0 KOMIOHEHTAMH

X, Y, Z, Y, X, X, (14.7)

AHaMOTHYHO CJyyal YOPYyroro HampsKEHHOTO COCTOSHHS, MBI
HMEEM 3[eCh TPH B3aHMHO TNEPIHEHJHKYJSPHHE TIJIABHHE OCH
HaANpPAXKEHHOrO COCTOSIHHS, KOTOpHE OYyAeM CYHTaTh COBHAAAIO-
IUMH C TJIaBHEIMH OCAMH CKopocTe#t nedopManuu (npegnoxenue
Mopuca Jlesu). Ha 3/1eMeHTapHHX NMI0MAAKAX, HOPMAJIbHEX K 9THM
[VIaBHHM OCfIM, AEHCTBYIOT TPH IVIaBHHIX HOPMAJbHHX HAlpsiHKEHHS

61, 02; 53-

Ha Tpéx B3auMHO IepHeHIHKYJISPHBIX 9JE€MEHTAPHBIX MJIOLIAK-
Kax, JeJSUIHX NOHOJaM YIJH MeXJy TIJIABHHMH IJIOCKOCTSIMH
(medopmanuu), JHeHCTBYIOT TIJIaBHEIE KAcaTeJbHHE HAIPSKEHHA
T,, To, Ty, ONpegeaseMue no dopmyaam (2.53). Ha aTux snemMeHTapHux
TJIOMIAAKaX MMEIOTCS TPH IVIaBHHE CKOPOCTH AedopMalHH CABHra

Y1» Yos Ya» OHpenensieMble hOPMYJAaMH:

flzsz_szi; T{.2:5':3_‘5\; '}73:31"‘52- (14'8)
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AnasornuHo ¢opmyaam (2.52) u (3.104) umeem:

T, +1%-+1=0, (14.9)
B+t =0 (14.10)

CpepHee pacTATHBAIOU[EE HANPSIKEHHE ONpefensieTcss HHBAPHAHT-
HBIM cOOTHOIeHHeM (3.79):

Gitnta)=g (XY, 42Z).  (141])

§ 139. CootHomenns Museca-Mopuca Jlepu,

Tlpu n/acruueckol gedopManuu MexAy LIECThI0 KOMIOHEHTAMH
HANPSAXKEHHOTO COCTOSIHHA H IIECTHI0 KOMIIOHEHTAMH CKOpPOCTeH
niacTayeckoit nedopmanmHH HMeerca onpexenéHHas cBi3b. [Ilo
anasoru ¢ coorHomenusMH (3.82) u (3.83) ecTecTBeHHO 3Ty CBA3b
YCTaHOBUTD, BBOJA BMECTO 2jt HOBHI MOAyJab M, KoTOpHH GymeMm
HA3LIBATD MOOYACM naacmuyeckoli Oegopmayuu, HO KOMOPbL
ecmy 8eAUHUHA NEPEMEHHAS U Heu386CMHAS, NO0AeHcauas onpe-
deneruro.

Taxkum 00pa3soM, MH IOJYYHM COOTHOLIEHHS, IPHHAJ/IEKALIHE
P. Musecy, HO KOTOpHe, IO CyILeCTBY, Y€ OHJIH H3BeCTHH Mo-
pucy Jlesu:

ey | 1512
Z,—P= sm(s —5), I
en (i) )
X, = sm(z xz) | (14.13)
X,:s,m(gsxy). J|

STH COOTHOUIEHHA ABJAIOTCA €CTECTBEHHHIM 006001 eHHeM COOT-
noumennfi Cen-Bemana n1a IJIOCKOR mjacTHuyeckof xzedopmauny.
OHM nmOATBEPKAAIOTCA T€M SKCIEPHMEHTAJLHHIM (PAKTOM, UTO Ha-
[paBieHHs CABHIOB COBNAJAIOT € HAIPAB/JIEHHAMH HAaHGOJBIIHX
KacaTeJbHHX Hanpsikenunit. [lpH maacTuueckoft gedopmauuu Hau-
60Jiee ynoTpeGHTEIbHHX MaTePHA.I0B HaCTH MACCH CKOJB3AT ApPYT
MO XPYry BIOJb GECUHCACHHHX IJOCKOCTEH CKOJIbXEHHSA, KOTOPhIe
MOXKHO Ha6/10JaTh B BH/J€ TdK Ha3HBAEMHIX (QUTYP CKOABXEHHUS
(iunun Jlionepca).

[pexmno/sioxeHue O TOM, UTO [JIABHHIE OCH HANPAKEHHOIO CO-
CTOSIHMSL COBNAJAIOT C TJIABHEIMH OCSIMH CKopocredl xedopmaumH,
upunagiexur CeH-Benany, KOTOpHH BHIBEJX €1'0 HA OCHOBAHUF
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ONHTOB Tpecka HAaJ TeKy4eCTbl0 MAaTepHaJOB IOJ BHICOKHM Ja-
BJ€HHEM. JTO IpeANOJOXKeHHe OHJIO 3areM INoJoxeHo MopHcoM
JleBH B OCHOBY ero paGOTH MO NJACTHYHOCTH.

O6bIYHO TNPHHHMAIOT, YTO MpPH IJIACTHUECKOH JedopMaiuH
NJIOTHOCTb HJAH 00bEM MAcCH He MeHsiercsa, OJHAKO, OYeHb TOY-
HHle H3MEepeHHd IOKA3aJH, 4YTO HeboJpmoe yBeaHuyenune o6bEMa
IpH NJaCTHYECKOR necdopManuH BCE Xe TNPOUCXOAUT (BCJaeICTBHE
TOTO, 4YTO MHKPOCTPYKTYypa OOHYHO JesnaeTcsi MeHee IJIOTHO#),
npuyéM 3TO H3MeHEHHe O00DbEMAa HMeeT BEJHYHHY TOrQ Ke IOo-
psaika, 4To M ynpyras Aedopmanus. Tak kak BeJnuwHa ynpyro#t
AedopManud He3HAYHTEAbHA MO CPABHEHHIO C BeJHYMHOH NJACTH-
yeckoll AedbopManuy, TO e oOM4HO npeHeGperator. Ha Tom xe
OCHOBAaHHH MOXHO IpeHeOperaTh M YIOMAHYTHM YBE€JIHYEHHEM
o6béma. [loaToMy Ha OCHOBAaHHH cooTHouieHus (14.6) umeem:

A=s, +s,+s,=0, (14.14)
s=0, (14.15)
" dopmyan (14.12) npumyr BHA:
X, —P=MNMWs,,
Y,—P=1Ms,,, (14.16)
Z,—P=MNMs,,.

dopmynamu (14.13), (14.14) u (14.16) 06HIYHO H MOJB3YIOTCH INpPH
HCCJeI0BAHUH IJACTHUYECKOH AedopManuHu.
Buocs (14.11) B (14.16), MH mosy4um:

1 3\
S,.,=m [Xx—g()’y—l—Zz)],

1
Syy:m [Y_y_?(Xx—}—Zz)]’
5, = m [z,——;—(xer yy)], ( (14.17)
syz=3m}’,, |
s, =3mX,
S,y=3mX,, )

rae
21
n=zg- (14.18)

Coorsomienus (14.17) cooTBeTcTBYIOT cooTHOmenHsiM (3.85), Ho
3
B nux BMecro mopysas lOwra E crour Beanunna - I, a xoad-

¢uunent Ilyaccona npunar paBHuM ¢6==0,5, KaK H MOMKHO ObLIThb
JJ8 caIydas HeCKMMaeMmoro Tena.
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Buocst dopmyan (14.5) B (14.13), (14.14) n (14.16), mMn noay-
YUM COOTHOMIEHHS:

X—P=sm‘1’-’, Y_;—sm(dy+ 7), ]'

Y,—P=M %, X,=5m(5457), (14.19)

z,—stm-o? X, s (4L )
§7U+§;,5+5’;—f= , (14.20)

Kpome TOro, IecTb KOMIOHEHTOB HANPSXEHHOTO COCTORHHSA IPH
IAaCTHUECKOH nedopManuu JOJKHH yIOBJIETBOPATh TPEM ypaBHe-
pusaM Komu:

dx + dy + 0z + ( DU>_—0’
St | e
d—x+79}"+797+9(2—'5?)=0» )

rie p—IJaOTHOCTh, X, Y, Z —KOMIOHEHTH CHJH Ha eJIHHHLY
Maccel, a

m( )=al )+Un( ) +vg( )+wg() e

ecTh CyGCTAHIHAIbHASA IIPOHM3BOLHAS.

Buocs (14.19) B (14.21) u npucoenuussg ypasnenue {14.20), mu
NOJIYYUM CHCTEMY YeTHIPEX YPaBHEHHH C MNAThI0 HEH3BECTHHIMH
U, v, W, P, M, u6o moayap NJACTHUHOCTH I ecTb BeJAHUHHA
HEeW3BeCTHas.

Hepocraomee naroe ypasHeHHE HOJydaeTcsd M3 TaK HasbiBae-
MOTo yc.ao08us naacmu4nocmu. TlpasuabHas ¢GOPMYJIHPOBKA 3TOTO
ycsoBHsl GHLIA TVIABHEIM 3aTPY/AHEHHEM B Pa3BHTHH TEOPHH IIACTHY-
HOCTH mocnae pa6otH CeH-Benana. 910 yc/10BHe GHJIO CHOpPMY.IH-
POBAHO TOJIBKO MHOTrO BpeMeHd cnycrts P. Musecom, yto, Mexny
NPOYHM, COCTAB/ISIET €r0 IJABHYIO 3aC/IYry B TEODHH MJIACTHYHOCTH,

§ 140. Ycaosue naactuyHocTH Museca — Cen-BeHana.

Ha oCcHOBaHHH CBOHX ONHTOB HAJ HCT€UEHHEM METaJJOB uepe3
orBepcrHe Tpecka NMpHINEN K 3aK/JII0UEHHIO, YTO KPHTEPHEM BO3HHK-
HOBEHHs IJacTHYeckoil AedopMalMH fBJIAETCA He NpefefbHOe 3HA-
YyeHHe OJHOr0 M3 IJABHHX HOPMAJbHHIX HAUPSAMXKEHHH, XapaKTepHOe
AAs JaHHOTO MaTepHasja, a HaHOOJblIAs PA3HOCTL TIJABHHX HOp-
MANbHHX HANPAKEHUH,
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Ha ocrHoBanuu srtoro Cen-BeHan mnpuHsa/ cienyioliee ycJaoBHE
IJIACTHYHOCTH: 8 KQiCOOl mMO4YKe Mamepuana, Haxo0auezocs 8
RAQCIMUMECKOM COCMOSKHUN, HAubOAbILEe KacamenbHoe Hanpsiice-
Hue uMeem NOCMOSHKHYIO BEAUMUHY, XAPAKMEPHYIO 048 3mozo
Mamepuara. Jro nonoxenne CeH-Benana, H3BecTHoe NOJ HMEHEM
meopun HaubOAbULEZO0 KACAMEAbHO20 HANPSICEHUS, XOPOUIO CO-
riacyercs ¢ IOBeJeHHMeM MaTepHana NMPH BHCOKHX JaBJeHHsIX H
Ha6aioneHHeM Hapy JuHHsAMH Jlogepca. Ecam o, ¥ 6, cyTh riaBHHe
HOPMaJbHHE HANpsAXeHHS, TO Haubo./blIee KAacaTeIbHOE HampsKe-
Hue coraacHo dopmyaam (2.53) Gyzer:

Tmax:’%'(cl —_cz)zkp (1423)

rae k, ecTb NOCTOSHHAS BEJHYHH3, XAPAKTepPHAs IS JAHHOTO
Mmarepnana. Brocs B (14.23) BHpaxeHud G, H 0, 4Yepe3 KOMIOHEHTH
HanpsKEHHOTO COCTOSIHUA 1o opmy.e (8.16), MOXKHO NpeaCcTaBHTDH
cootHomenne (14.23) B caexyiomeM BHze:

(X, — ¥, 24Xz =4k (14.24)

3to cootHomeHHe 6n0 naHo CeH-BenaHOM H JeXHT B OCHOBe
BCEeX TOC/JAeAyIOMHUX paboT 0 NJIOCKOH 3aaaue.

Tpu riaBHHE KacaTe/MbHHE HANPAXKEHHA T;, T,, T3, HMEIOUIHE
MeCTO B KaXJIOH TOYKe YNPYroro HanpsixKE€HHOro TeJja ¥ onpeje-
aseMue 10 ¢opmyaam (2.53), 06pa3yioT TPH B3AUMHO IIE€PHEH/H-
KyJAspHHX HampaB/eHHdA, KOTOPHE MOTYT ObiThb IPHHATH 33 OCH
koopauHat. PaccmarpuBas T, T, H T; KaK KOOPAMHATH HEKOTOPOH
ToukH M, MH MOXEM pacCMaTpHBATL 3Ty TOUKY Kak H300paxe-
HUe OIpefe]éHHOro HaNpsXKEHHOTO COCTOSAHHA. COBOKYNHOCTH
Touek M, H306paKAIOUIHX pPa3HHeE npedenbHsle COCTOSIHHS, IIPH
nepexofie 3a KOTOPHE BO3HHKAET naacmuieckan pedopmanus,
o6pasyer NMOBEPXHOCTh

f3 (Tp 12, Tﬂ)ZO' (1425)

DTa NOBEPXHOCTb OYAeT npedensrHold noBepXHOCMbLIO naacmute-
ckoll depopmaimt.

Moxuo npuuaTh, 0606mas ycaosue (14.23), uto niacruyeckas
JedopManHs onpeiensercss TPeMs YCAOBHAMH:

i<k |ni<k |ul<k, (14.26)

rae kB ecTh NOCTOsHHAs, XapaxTepHas Aas JAHHOTO MarepHaJja.
Toraa B cHCTeEMe KOOpAMHAT (T,, Tp, T3) Npele/ibHAS NOBEPXHOCTD
(14.25) npexcraBasier Ky6, TPaHH KOTOPOTO HapajjieSbHH KOOp-
JHHATHHM ILJIOCKOCTAM, 4 LEHTp Ky6a HaXxOOUTCA B Hayaje Koop-
IHHAT.
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P. Musec 3samenusa stor ky6 cdepoll, LEHTP KOTOPOH Haxo-
JIHTCS B HayaJ/ie KOOPJAMHAT, H ypaBHEHHE KOTOPO# HMeeT BHA:

242 =28, (14.27)

Ec.11 BHeCTH Cl0fa T, T, H T; 1o ¢opmyaam (2.53), To nmo.ayunm
ypaBHEHHE:

(6, —6,) + (0, — 0;)* + (05 —05,)> =8k?, (14.28)

a 3T0 ecThb Hame ypaBHenne (14.2) npenennHOH TOBEPXHOCTH B
cucTeMe KooppuHar (o;, 6,, O;). YpaBHenue (14.27) wiu sxBuBa-
JEeHTHOEe eMy ypaBHeHHe (14.28) m mnpencraeaser jcaosue naa-
cmuunocmu Museca, KOTOpoe JOBOJBLHO XOPOLIO COrJacyercs ¢
ONHITHHIMH AaHHHIMH. B § 142 6yner mokasauno, uro ycaoshHe CeH-
Benana (14.23) ectp wactHm#i cayuaffi ycnaosus (14.28). Taxum
o6pa3oM, yciaoBHe Museca ectb oGobuenne ycaosusa CeH-Benana
Ha NMPOCTPAHCTBEHHYIO 33Ja4y IIaCTHYHOCTH.

§ 141. WxTepnperauns ycaoBus niaacTuyHocTH Museca,
RaHHas [eHkH.

B raase Il Mu BuBeau dopmyny (3.97) mis yaeabHOH paGoOTH
nedpopmanun ¢Gopmu. Brocs B Heé Q, mo cdopmyaam (3.100) u
(3.102), MH mOJy4YHM JBa SKBHBAJIEHTHHX BHPAXEHHA YAE/AbHON
paboTH AedopMauuH ¢HOPMH:

A— (o1 — 95)%-(09 — 93)2 - (03 — oy)?

. - , (14.29)
A= b +;E+ i (14.30)

Buocsa cioxa (14.27) u (14.28), mu Gynem HMeThb:
| A=2 (14.31)

310 M ectb yodensHas paboma Oedopmayuu Gopmb 34eMeHma
(ynpyzoeo meaa), HAX00UWeE20C 8 RAACMULECKOM COCMOSHUL.

O1clona MH MMeeM CJIeqyIouuii 3aK0oH, IpHHaAIexamuil [enku:
vieasbnasn paboma depopmayuu PopMsL INEMEHING, HAXOOLULP20C S
8 MAQCIMUYECKOM COCMOSHUL, €CINb 8EAUMUHA NOCMOSHHAS, Onpe-
deastemasn dopmyaoii (14.31).

B cayuae 4HCTOro pacTsixkeHus B Hanpas/ieHHH ocH Ox MH
uMeeM:

6,=0,=0, (14.32)
YeMy COOTBETCTBYIOT, o hopmytam (2.53), kacaTe bHEIE HAT PsIKEHHS

3, =0, L=—y53, =0, (14.33)
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Broca (14.33) B (14.27) u umes B BHAYy, uTO G, >0, MH IOJIy4HM:
0, = 2k. (14.34)

[lnacTHYECKOE COCTOSIHHE MaTepHasa B PacCMaTPHBAEMOM C/ydae
HAa4yHETCA TOTJa, KOIAa IJaBHOE HODMaJbHOe HaNpsiKeHHe g, JO-
CTHTHET npedeaa Imexkytecmus Ha pacmsjcenle o, BCIEICTBHE
YEero HMeeM:

o, = 2. (14.35)

B stor Momeutr BpemeHu corjacho (14.33) namGoabluee xacare/b-
HOe HanpsikeHHe OyJeT MMeThb NOCTOSTHHYIO BEJHYHHY

T, =k (14.36)

CJie0BaTe/NIbHO, MOCMOSHHAS Rk pasHa noA0BUEE 8eAU4UHb
npedesa mexywecmu G, Npu pacmANCEHUL 8 O0HOM HANpasAeHuu
(T. €. IpH YHCTOM DACTHIKEHHH).

B CJydae YHCTOro CABHI'a HMEEM H3BECTHBIC COOTHOLICHHUA!:

0,=0, g=-—a, (14.37)
Buocs (14.37) B dopmyan (2.53), MBI noOJay4HM:
1 1
=50, B=—0, =30,
OTKyJa CJelyeT COOTHOIIEHHE
=t — T, (14.38)
Buocsa (14.38) B (14.27), M Haipém:
2k
':2:1—/? = Tps (14.39)
yro BesaencTBHe (14.35) paér:
T,= I}%:o,ss;o. (14.40)

CaepfoBaTeqpHO, NPH YHCTOM CJABHIE ILIaCTHYecKas Jedopmanus
HayHETCS B MarepHasje TOTAA, KOIJAa KacaTe/bHOe HalpsiKeHHe
JOCTHTHET BEJHYHHH Ty, fAaBaeMoil d¢opmysoit (14.40), koropas
u Gyjaer npedesom mexysecmi. npu 4ucmom coguze. DTOT BHBOL
NOATBEPXKAAETCA ONMHTHHMH IaHHHMH.

N3 ¢opmya (14.31) u (3.97) umeem:

1 2k?

4yTO AAaéT YCJAOBHE NJACTHYHOCTH Mmuseca B BHIe

2, =1, (14.42)



§ 142] HHTEHCHBHOCTb HATIPSOKEHHH CIBHTA 381

Buocsi ciofa Q, no dopmyae (3.96), MH NOJYYHM YyCJIOBHE ILIa-
cTHUHOCTH Mmu3eca B ¢opMe MHBapHaHTa:

(X =Y+, —Z)+(Z,— X, P+
—{—G(Yz—{—Xz—}-Xy )=8k%. (14.43)
9rta ¢opma yca0BHS IAACTHYHOCTH MH3eca npurojgHa xas mpo-

H3BOJBHO BHIOPaHHHX NPAMOYTOJLHEIX OCeil koopauHar. Ecam ocu
KOOPAHHAT X, y, 2 COBHAJAIOT C IJIABHHIMH OCAMH, TO HMEEM:

X,=3, Y,=q, Z,=0a, Y,=X,=X,=0,
u yciaosHe (14.43) mepexonutr B yciosue (14.28).

§ 142. UHTeHCHBHOCTb HanpshKeHHi CABHra M HHTEHCHMBHOCTb
CKOpPOCTH nJacTAyeCckOl AegopmalMH CIBUra,

OueBuJHO, YTO, He u3MeHAA paccyxfeHnit § 38, MH Moxem
ONpeseNUTh BEJHUHHY

T=yg,, (14.44)

BBeI€HHYI0 Hamu B raase Il [popmyana (3.106)] xax unmencus-
HOCMb Hanpaxcenuld cdsuza npu naacmu4eckod Odegopmayun,
npuuém Q, ompenenserca dopmyaoi (3.96).

BBE}IEM Temepb HOBYIO BEJIHUHHY @, aHAJOTHUHYIO BeJIHYHHE
Q,, onpenenénnoi popmyaoi (3.94):

& =8t st H 5l s+
A (8yy— S )+ (S — S2P] (14.45)

Buipaxenue, crosimiee B mpaBoit uacrd (14.45), ecTb HHBAPHAHT.
Bui6upas 3a ocH x, y, z TJaBHHe OCH cxopocreit Jjedopmanuy,

MH OyleM HMETD:
Sex =81, Sy, =8, S,=$, $,=5,=S5,=0.

Buocst aTH 3Hauenust B (14.45), moayuum:

2 2
Q =’3‘[(33 — 8, 4 (8, — 5,2 4 (5, — 83)°]. (14.46)
[Moxacrapaas tenepp B (14.46) coornowenus (14.8), umeem:
2 - - —_
%= [(M+B+l (14.47)
Benuuuny
r=V'Q, (14.48)

BHIPAXKEHHYIO 4epe3 I/aBHble CKOPOCTH AedOpMALHMH CABHIA Y, T

H Y;, MH OyJeM Ha3blBaThb HAKIMEHCUBHOCMbIO CKOPOCMU NAQCHU-
weckoli degopaayuu cdsuza,
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Brocs (14.44) B (14.42), Ml nony4nM, KaK yca08ue nAQCcmuro-
crmu, ¢popmyay Ienxn:
=_==T1, (14.49)
Ca1eJOBATE/bHO, NPl NAQACMULECKOL OePhopmMayun UHMeHCH BHOCMb
nanpaxcenuid cdsuea T umeem ROCMOAHHYIO BEAUHUHY Ty, KOTO-
past sBJseTCs NpeLeNOM TEeKy4YecTH IPH YHCTOM CJBHre,
Ecan B BHpaxenHe Q,, 3agzaHHoe d¢opmyaoi (3.96), BHectH
BHIPAXKEHHA IIECTH KOMIIOHEHTOB HaNpsKEHHOTO COCTOSHMA IJa-

cruyeckoi Aecdopmanun no ¢opmyaam (14.13) u (14.16), to, umesn
B BHJYy paBeHcTBO (14.45), moJayunM BaxHOe COOTHOUIEHHE:

Q, = 1 I, £14.50)

MMoacrasass cofa BMecTo 2, H @; HX 3HAYEHH® H3 DPaBEHCTB
(14.44) u (14.48), waitpém:

T2 — _1&_ Meke,
OTKYJA TO.1yYaeTcss OCHOBHas ¢opmy.Ja
T =Mk, (14.51)

anasornutas cdopmyne (3.110).

§ 143. Cayuait naockofi aecdopmauuu.

ITycTh mI0CKOCTB AedopMamun ecTb Miockocts Oxy. Jlas mio-
CKO#i nedopManuH HMeeM:

U=f(x v 1)
V=f2 (X, y: t)’ (1452)
Ww=0, f

OTKyZa CJIefyeT:
VRSN sy _ov_ow _ow _ow _,
dz~ 0z oO0x  dy ~ o0z "
Buocs stu 3HaueHns B (2.53), mo.ayuum:
Sz =8,,=5,=0. (14.53)

Yc/0BHe HECHKHMAEMOCTH BHPA3HTCA Tenepb (hopMy.Ioi:
- 1
=3 (Sxx + syy) =0,

qT0 AA8T:
Seet5,,=0. (14.54)
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Ha ocuoBanmu ckasansoro B § 139, Mu OyaeM HMeTh:

Xx:P_}—ﬂRSxx’
Yy:€+mlsyy’ } (14.55)
Xy'——— ‘—2‘93?3”,.
Z,=P, (14.56)
X,=Y,=0. (14.57)
M3 (14.55) Ha ocHoBanuu (14.54) umeem:
P=1(X,+7,). (14.58)

Jlast BHIUMC/AEGHHS TJIABHEIX HOPMAaJIbHHX HANPSIKEHHH HMeeM
JeTepMHHAHTHOe ypaBHeHHe (cM. § 21):

X,—s X, X,
X, Y,—s Y, |=0 (14.59)
X, Y, Z,—3
Brocsa cioma u3s (14.57)
Y,=X,=0,
Mbl [OJYYHM YpPaBHEHHE:
X,—o X
Z,— ¥ Y =
( z s) Xy Yy—'c 0)
KOTOpO€e pacnajaercs Ha ABa ypPaBHEHHS:
(X,—9)(¥Y,—3)— X:=0, (14.60)
Z,—c=0. (14.61)

Pemras kBajgpatHoe ypaBHenue (14.60), moayuum:
1 1 ; ;
cl:'g_(Xx_}—Yy) +-2.V(Xx—— y)z+4Xf, (]46.2)
1 1 :
Gy =—= D} (Xx+ Yy) - _‘Z—V(Xx.— Yy)z +4X§'

M3 ypasHenusa (14.61) umeeM TpeTHH KOpeHb:

0, =2, (14.63)
M3 (14.62) umeem BaxHOE COOTHOLIEHHE:
cl—az————V(Xx——Yy)“—l—l}Xj, (14.64)

KOTOpPO€ MBbl YyXe€ TPHMEHHJH NpPH BHBoLe dopMmyan (14.24) us
¢popmyan (14.23). Us dpopmyx (14.56), (14.58) u (14.63) Mu umeem:

=1 (X,+V)=2, (14.65)
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CxaagmBasi o6a ypaBHenus (14.62), umeem:
Ol+02=Xx+ Yyo
Buocs 310 Bripaxenue B (14.65), mosy4yuM COOTHOLIEHHE:

1
03'—:—2—(31—1—02). (14.66)
CJ/le10BaTe/LHO, HMEeM:

\ 1

0 —%h=75 (6, —3,),
1

0, — 8 =5 (% —7,)

Buocs atH 3uauenus B (14.28), Mu moayunm:

2 @ —op =8k, (14.67)
OTKYJa MPH YCJIOBHH, UTO G, >0, HARAEM COOTHOIIEHHE:
4k
61—52—:75:, (14.68]
KoTopoe BcaexcTBue (14.35) mpuBOAHTCA K BHAY:
2
cl~02=—l/i%—. (14.69)

— 2% __ o
h=m=2, (14.70)

OTKyJa CjelyeT, 4YTO IOCTOsHHas k&, B ycjaosud Cen-Benana ue
paBHa NOCTOSIHHOH B B ycsa0oBHH MHu3eca, 30 cBsi3aHa C Hell COOT-
Houtenuem (14.70).

Beanunna #an6o/bIIErO KAaCATEJIbHOTO HANpSIKEHHS NPH YCJIO0-
BHH, YTO G, > 0,, 6yleT HMeTb 3HAaUeHHE

Ta=°1;°2=%V(Xx— Y, 44x2, (14.71)

M3 (14.68), (14.69) u (14.71) caexyer, 4TO NpH NJIACTHYECKOMH
jedopMauud HMeeT MECTO COOTHOLUEHHE:

2k 1}

TS:T?T-_T/?’ (14.72)

B TO BpeMA KAK NPH NPHUMEHCHHHA TCOPHH HAHOO/IBIIHX KACATE/Ib-
HBIX Haﬂpﬂ)i(eﬂﬂﬂ MBI HMEJIH 6I>I, KaK ycCJOBHE INJAACTHYHOCTH,
COOTHOLIEHHUE

Ty=k,= 5 0. (14.73)
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Broca 3HayeHHe Z, H3 dopmyan (14.65), MH 6yaeM HMeTb:

1 1

X,—Z,=5(X,—7Y,); Z,—YV,=5(X,—Y,). (1474)
IMoacrasasa (14.74) B ¢opmy.ay (3.96), MBH MOAYUHM:
1 0

2 =7 [(X,— VP +4X;]. (14.75)
Buocs (14.75) B (14.44), nonyuuM Bakuyio GopMmyay:

T=L1VX =7y +4x;, (14.76)

CpaBuuBas (14.76) n (14.71), mo/iyuyuM COOTHOUIEHHE
T:Ta,
CIENOBATENBHO, MPU RAOCKOL Oepopmayuu UHMEHCUBHOCMb Ha-

npaxcenuil cdsuza T pasna HauboabuLeM) KACAMENBHOMY HANDS-
JHCERUIO Ty,

Buocs (14.53) B (14.45), MH noayunm:
Q= 52,4 2 [s2, 452, 4 (s,, — 5, (14.77)
Ho Bcaeacrsue (14.54) umeem:
et S = (5 5, P b 2 (5 b5, = (S — 5, (1478)

Buocs 3to BHpaxenne B (14.77) u umest B Buly (14.48), Mm mno-
JYUYHM:

h:V 82, 4 (S — Syy)%. (14.79)

DTO ecTh BeJHUHHA UHMEHCUBHOCMU CKOpOCcmuL 0egopmayun cosuza
npu naAocKoll naacmuieckoil Oegopmayuu.

MoxHO mOKa3aTb, 4TO £ ecTb HaubOJBINAS CKOPOCTH Zedop-
MalUHH CABHraA.

Creayer 3ameTutb, uTo 7 M A CyTh HHBAPHAHTH IpH Npeol-
pa3oBaHHH OCeH KOOpAHHAT.

§ 144. Cayuyaii naoCKOro HanpsEHHOro COCTOAHHSA.

B cayuae miockoro HampsiKEHHOTO COCTOSHAA BCE TPH KOMIO=-
HEHTA HanpAXKEHHOIO COCTOsIHMSA, nNapajje/bHHE MAHHOH NJIOCKO-
CTH, 33 KOTOPYIO MBI IpHMeEM IIocKocTs OXy, PaBHH HYJIO:

X,=V,=2,=0. (14.80)
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Broca (14.80) B (14.59), mosyunM ypaBHeHHE:

X,—o X
* 7 |==0, (14.81)

X, Yy—o

KOTOPO€ pacnajaercs Ha JBa yPaBHEHHS:

(X, —0)(Y,—0)— X, =0,
¢ =0.

CrenoBaTesibHO, MPH IIOCKOM HANmpsKEHHOM COCTOSIHAH JBA
IMaBHHX HOPMAaJbHHIX HANpsKEHHs G, H 3, ofnpenessiorcs Qopmy-
Jamu (14.62), a Tperbe rJaBHOE HOpPMAaJbHOE HANpsKEHHE PABHO
HYJ/II0:

0, =0. (14.82)
Brocsa (14.82) B (14.28), MH mosy4uM ypaBHEHHE:
(0, —0)2 -+ a2 a3 =8k2, (14.83)
Broca cioga ¢, u 0, mo dopmyaam (14.62), nahném:
X+ YI— XY, +3X}=4k =07 (14.84)

D10 W 6Gynmer ycansuem naacmuxnocmu Muzeca 0as nAOCKOZ0
HANPAHCEHHO0 COCMOAHUA.

§ 145. Onpenenenue MOWHOCTH NAACTHHSCKON nedopMauuu.

Yaenbuylo pabory mnuactHuecko#t gedopmaunuH, OTHECEHHYIO
K ejHHHIle BpeMeHH, Mul OyleM HA3KIBATb MO YHOCMBIO nAQCMU-
yec<oi Oegpopmayuu. [lo amaiorun ¢ yaeanHo# pa6orofl gedop-
ManHd MH OyaeM odpefe/saTh MOIMHOCTL IJ1acTHUeCKOH Adedopma-
LMK 10 Qopmyae:

d\=Xds, .-+ Y ds, + Z ds, Y ds,+ X,ds - X,ds,.,. (14.85)
Brocs (14.13) u (14.16) B (14.85), M moayunm:
dA=Pd (s .+ $,,+ S;,) +M (sxxds“—l—s” Syy 18,45, +
-|— D (s,,ds,, -+ 5,48, + 8,45,
YTO BCJEACTBHE YC/IOBHS HecxkumaemoctdH (14.14) npuBoAHTCca K
BHJIY:
1

dA=,MdF,, (14.86)

rae

Fy=2(s3, 42,4 s2) 42, s 452, (14.87)
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BcaneactBue ycaopus (14.14) mm mMeewm:
1
s2.+s2 —}—s2 =s2 .+t —35Snts, )=
=73 (82 + + S xx yy sy_y zz szzsxx)
= '3_ [(Sxx - Syy) —l_ Syy— Szz)2 + (szz - sxx)g].
CaremoBatenbHo, uHMeeM H3 (14.87):
. 2
= sz + szzx + sj'y + 3 [(sxx - S)'.V)z +
+ (syy - Szz)g + (Szz - Sxx)al' (1 488)

Cpasuupas (14.88) u (14.45), Mu Haiigém:

F,=9.
Buoca ato 3mauenne F, B (14.86), Mu no.ayunm:
dA = M dQ, (14.89)
niu, umes B BuAy (14.48):
dA =1 Mk dh. (14.90)

CorJacHo YCI0BHIO IJIACTHYHOCTH MHSECH, T HMeeT mNOCTOSIHHOE
SHauenue T, onpegeasemoe ¢opmyJoi (14.49). M3 (14.51) u (14.49)
MH HMEEeM COOTHOIUEHHE:

2y __ 4
M== Wi (14.91)
[Mosromy BHOca (14.91) B (14.90), MB moJayuHM:
dA\ =1,dh, (14.92)
HHTErpHpYH, HMeeM:
A=r1h. (14.93)
Brocs (14.51) B (14.90), M monyuuM (yHAAMEHTAJbHOE COOTHO-
LIeHHE
dA=Tdh, (14.94)

AHAJOTH4YHOE cooTHoWeHHIO (3.111) u yxasmBaliee HA CYIECTBEH~
HYI0 POJ/Ib, KOTOPYIO ZO/MKHH HrpaTh BBeAGHHbIE ['€HKH BE/JHUHHH
T n h B TeOpHH DJIACTHYHOCTH. TaK KaK mpd NJIACTHYECKOR JHe=-
¢opManHH

T =1,=const,,

to u3 (14.94) umeem cHosa (14.93).
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§ 146. BapuauuonH€oe ypaBHEHHE B TEOPHH MNAACTAYHOCTH
Cen-BeHana — Mua3eca.

He BBOAsi moKa TrHHOOTE3H O HECX)KUMAEMOCTH H CUMTAA [IOSTOMY
TPH BAapHALUH CKOPOCTeH .
eU, 8V, sW

NPOHU3BOJILHHMH, YMHOXHM COOTBETCTBEHHO YDABHEHHS CHCTEMH
(14.21) wa Udxdydz, 8Vdxdydz u 8Wdxdydz; nonyuennsie
pesy IbTaTH CJI0XKHM H BO3bMEM HHTETPAJ MO BCeMY OOBEMY TeJa,
33aHATOMY IJIACTHYECKOH ,zxefpopMalmeﬁ IMoayunm:

j” axx axy >U+<axy+dyy %)W—{—
4+ (ax, ‘”’z+‘92) 8W| dx dydz+-

{8 s (o
+(z DW) aw] odxdydz=0. (14.95)
ITpeo6pasyem mepBuit TpoiiHO# HHrerpas. HMurerpupys mo uacram

¥ 0603Havas uepe3 /, m, n KOCHHYCH YIJIOB BHEWHEH HOPMATH C

OCAMH KOOpPZHHAT H 4Yepes d% sjieMeHT IIOBEPXHOCTH, IIOJYYHM
TPH BHPAXEHHUS BHAA:

5” Mx 0xy+0XJ3dedydz Vi ex,+ mx 4= nx ] oU ds —
__Hjxa 0U +Xo( )—;—X‘( )]dxdyd (14.96)

TaK KakK
7] ouU
d—x(6U)—~—3<5}) H T. O

OGosuayum uepes X,, Y,, Z, PacCUHTAHHHE HA €IHHHLY ILIO-
miagu KOMIIOHEHTH BHEINHUX CHJI, NPHJO0KEHHHX K IIOBEDXHOCTH

Tesad; TOrAa TPaHHYHHE YCJI0BHd, corjaacHo ¢opmyaam (4.21), 6y-
AYT HMETh BHJ:

X, =IX,-FmX,+nX, 1
Y,=IX, +mY,+nY, f (14.97)
Z,=IX,4+mY,+nZ,.

Burocsa (14.97) B (14.95), ucno.b3ys cootnomenus (14.5) u npume-
HAs Qopmyay (14.85), MH moJayunM:

“S X"Qg 6U+(Y—%I‘t/)5V+(Z——)0W},dxdydz+
+if X LTIV +ZW]dE — (|| 8hdxdydz=0. (14.98)
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ATO M eCTb 8APUAUUOHHOE YPABHEHue npu niacmudeckoli degop-
Mmayuu ynpyz020 meaa.
B ciyyae HeCKHMaeMOCTH MH HMeeM ycaosue (14.14), koTopoe

HaM JaéT:
8s,, -+ 8s,, - 9s,,=0,
oTKyJa Bcaeactsue ¢opmya (14.5) monyuyaem ypaBHeHHe

£(5U)+o%(5V)+(%(6W)=O. (14.99)

§ 147. Npunuun Xypaena.

Hauano [lasamGepa B coemWHeHHH ¢ Hawajom Jlarpanxa mpH-
BOJHT K OCHOBHOMy ypaBHeHmo JUHAMHKH CHCTEMBL:

rje m €CThb Macca MaTepHAJIbHOH TOYKH CHCTEMH, j,, j,, j,— KOM-=
MOHEHTH IIOJIHOTO YCKOPEeHHsl MaTepHaJbHOH TOYKH, a ox, oy,
7z -— aJleMeHTapHBle TepeMelleHNs, COrVIACHHE CO CBSI35IMH CHCTEMH,
B3ss mponssognyio ot (14.100) no BpeMenu £, mosyuum:

Xm|(X, Jx)"di"—H — 4+
+(Z,— ““]+Zm[oxdt(x —i)+
ey (v, —j) ez ,z)] =0. (14.101)
0O603Hauas KOMITOHEHTH CKOPOCTH TOYKH B BHJAE

v=5,v=2 w==, (14.102)

MBI 6y)1eM HMeTh:
d -~ d by - d v
(ax)_o(df):ou, @) =28V, T(@z)=2W. (14.103)

2KypaeH npemjOXHJI CPABHHTH C JefICTBHTE/NLHHM IBHXXEHHEM
CHCTeMH B JAaHHHH! MOMEHT BPEMEHH, KOTJa TO4YKa M,; 3aHHMaer
HoJIOKEeHHe X; V;, 2; 0 uMmeeT ckopoctn U, V, W, Takoe cmex-
HOe JBHXEHHe, PH KOTOPOM Ta XK€ TOUKa m; UMeeT /mo Je ca-
Moe noaoxcerue (X, y;, z;), HO HMEET UHYIO CKOPOCMb, CMEXKHYIO
C JAHHOH, & MMEHHO:

Ui+3eU, ViV, W,4-3w,
CaenoBare/ibHO, B 3TOM C€JAYy4de MH HMeeM:
8, = dy;=dz,=0, (14.104)
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Brocsa (14.103) u (14.104) B (14.101), MK NOJyYHM OCHOBHOE ypaB-
HeHHe QuHAMHKH B ¢opme, AarHo#t 2Kyprenom:

3 m{(X,—j,) U (Y, — j) 8V (Z,— ) 8W]=0. (14.105)

Ilpumensis ypasHenne (14.105) x muactuueckoft nmedopmamun
YIPYToro Teaa, KOTOPoe MH PACCMATPHBAEM KaK CIJIOMIHYIO Cpeny,
MH noayuuM ypasHenHe (14.95). CiemosaTesbHO, BapHALHOHHOE
ypaBHenne (14.98), Burexawomee u3 (14.95), apaserca sapuauuow-
HoiM ypasHeruem JKypoena 8 Ounamuxe naacmu4eckoii cpeds..

§ 148. OnpeneneHue ckopocreil aedopmaunu u3 ypaBHeHHi
JABHXEHHUSA.

Buoca u3 (14.91) 3nauenne MOAyJs NJIACTHYHOCTH

2%
931—7
B (popmyan (14.13) u (14.16), MH moxyunm:
27 27 2
X,=P+3s,., ¥,=P+s,, Z,=P+=s
% (14.106)
Y-—'E vz Xzz-z sz, X-—'E £y

rae P ectb HeusBecTHas BeanuuHa. Brocs (14.106) B ycaosue
nsiacruuoctd (14.43) W npunumas BO BHuMaHHe (14.45), mMbl mo-
JIYUHM:

6_2
0 3 Oy = 8k,

gto BeaexacTeue (14.48) u (14.39) mpusoautcs x ToxaecTBy. Takum
o6pa3oM, npuMeHAs cooTHowenus (14.106) mexay LIECTbIO KOM=
NIOHEHTAMH HanpsXKEHHOTO COCTOSIHHSI H LIECTbI0 KOMIOHEHTaMH
cKopocTefi maacTHYecKo# AedopMmMauui, MH TeM CaMEIM aBTOMAaTH-
YyecKH YAOBJETBOPAEM YCJOBHIO nJacTHuHocTw Museca. Iloatomy
coorHomenusa (14.106) npsmMo MoryTt 6HTbH NMOACTaB/JEHH B ypaBHe-
Hus (14.21), u ycsaosne (14.43) yxe Gosiee He HYKHO.
Buocsa (14.5) B (14.106), MH noayuum:

2, 0U
'—P+ h0 ox’ 2 N ( V) ]I
Ay I LA, (14.107)
vy h ooy T h )

""P+2h ?f’ Xy= ';12 (_ )



§ 149] HUATPAMMA IIACTHYHOCTH TEHKH 391

Bxoasiias clofa BeqHUYHHa %, Kak sTo caexyet u3 dopmya (14.107),
(14.45) u (14.48), pasra

r={(G+ %)+ (E+5) +G+5)+

+3[(2-5)"+ (5= (- B qar

Buocs (14.107) n (14.108) B ypaBrenue (14.21), MH mOJy4YHM TpH
ypaBHEHHS, B KOTOPHE BXOAAT 4eThpe HenssecTHux U, V, W, P.
Jo6aBoYyHOE 4YeTBEPTOE ypaBHEHHE JA€T yC/JIOBHE HECXKHMAEMOCTH
(14.20).

§ 149. luarpamma naactuyHocTd IeHku,

Ha ¢ur. 44 no ocu abcuucc OT/NOXKEHN 3HAYEHHA %, a MO ocu
opaunar 3uavuenus 7. [Tlosyuennas Taxkum 006pasoMm muarpamma
(7, h) moxer O6HITH HA3BaKa dua- 7, c
epammoi I'enxu. Brauane, xoraa
MHTEHCHBHOCTb KaCaTe/AbHHX Ha- A
npsxennit 7 MeHbHIe mpejaesa 8
TEKYYeCTH IpH CIBHIE T, Oompe-
peaseMoro no ¢opmyae (14.39), T
MhH HMeeM 06sacTb ynpyro ‘ A
Jepopmauul, IMpeacTaBaAseMoll o
yuactkoMm OA pmarpammu. [lo Gur, 44.

JavHuM Hajgan, oCHOBaHHHIM HA
pesyabrarax JliogBuka, MOXHO NpHHATb, YTO B 9TOR obJjacTH

T=A,-+An % (14.109)

rie A,, A,, A; CcyTb NOCTOSIHHHE, XapaKTepPHHeE JIJasf KaXJO0ro
ONbITA W MarepHasa.

Yuactrox AB npeactaBafeT COCTOSIHHE TEKYYeCTH, XapakTepu-
3yeMoe HapacTaHHeM HHTEHCHBHOCTH CKOPOCTH neopMalHH CABH-
ra h npH HEH3MEHHOM 3HAYEHHH HHTEHCHBHOCTH KacaTe/bHHX
Hanpsxenufi 7 =1,

Yuacroxk BC amarpammbl COOTBETCTBYET COCTOSIHHIO Jedbopma=-
OHH moc/e Nepexola yepes COCTQsiHHE TeKy4ecTH H uaobpakaercsd
aHaJHTHYECKH YDaBHEHHEM

T=/(h). (14.110)

OaHako OfHO 9TO COOTHOWIEHHE He MOXeT CIYXHTh OCHOBAHHEM
Asis HOCTpOEHHﬂ ypaBHeHuﬁ CBA3HU ME)KILy KOMAQOHEeHTaMHu Hanpsa=-
MEHHOTO COCTOSAHHS H KOMIIOHEHTAMH CKOpOCTe# AeopManuu B
oToit 00./1aCTH.
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§ 150. Teopus naacTu4yHOCTH IeHkH,

leixkn B oranune ot Mmuseca nm Cen-Benana ycranasauBaer
CBA3b MEXJY Wecmsl0 KOMNOHEHINAMU naacmuueckoli 0egopma-

yuu
e

xXx?

e)’)’ ? eyz ’

1L wecmsr0 KOMINOHEHMAMU COOMBEMCMBYIOULE20 HANPANCEHHOZ0
COCMOSHUSR

e

z2 ez_x) exy (14.1 1 1)

X, Y, Z, YV, X, X, (14.112)

On npumensier pna 3srtoro ¢opmyan (3.83) u (3.86), maomme sty
CBSI3b NPH ylpyro#fl jpedopMamu#, BBOAS BMECTO MOCTOSHHOIO MO-
LyJsl CABHIA [t HEKOTOPYIO NepeMeHHYIO BeJHYHHY @ NpPH IOMOIIH
COOTHOIIEHHS:

=2 (14.113)
npuuéM ¢ ecTb (PyHKIHS KOODIHHAT:
9=7(x, ¥, 2). (14.114)

OGo3Hayast TPH KOMIIOHEHTa CMEIIEeHHS NpPH IIaCTHYECKOH je-
dopmanuH yepe3 u, v, w H npuMeHas dopmyan (3.83) u (3.86),
MH IOJYYHM JJIS IJIACTHUECKOH nedopMamuH CJaefyIOuHe COOTHO-
ueHus Mexay penununmHamu (14.111) m (14.112):

L )
du SGm(ﬁ(
e =a:@{Xx“' ; P]’

1
a 3K
eyy:o;v:q’[yy_ KP}’
1
_ow_ _ Tk ]
€z g—‘g[zz U (14.115)
w v
yz 297—!_0—2 2 Yz)

ov ou
exy——-o—x—‘}—yy—Q?X

P=3(X,+7,+2),

rie K npeacraBiaseT BEJHYHHY, MaJO H3MEHSION(YIOCS NPH IJaa-
CTHUECKOH peopMaumun. DTy BeJHYHHY MOXKHO pPacCMAaTPHBATh
KaK IOCTOSTHHYIO BEJIHYHHY, XapakTepHYK /s JAHHOTO MaTepHaJja.
Cootrowenns (14.115) 6nn Bnepene npegnoxeHu I'. IeHkw.

.
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M3 cdopuyn (14.115) umeem:
X, = KA—I—&P[e e ] ]
Y —KA+3€ [p” eu+eu] ’ I 14116)
[ )
e

Z, KA-l—3 €r— e""+e”"],
1
Y ._2—?—,6'),, Xz-——— 2 X‘v—2—\° vy (14117)
rae
A:exx+ y+ezz dx+dy+0z (14.118)

Jaa onpepeseHust mecTH KOMIOHEHTOB HampsiKEHHOTO COCTOS-
Hus (14.112) T'enkn npumeHsieT ypaBHeHHs ynpyroctd Kommn, mpe-
HeOperass MacCCOBHIMH CHIaMH H YycKopeHHsiMH. [loaToMy nMeeMm
TPH YPaBHEHHH PaBHOBECHS:

0X, dX_,,
5;? + 2% dz

o, )
ax, oyy [
Xy 2 =0, ( (14.119)
aX,+ oV,+ 7% —0. |

Hak ycaosue naacmuurocmu [edku npumensem ycaosue naa-
cmuunocmu Museca (14.43).

Ecu Brectn (14.117) u (14.116) B (14.119), TOo mosyuum Tpu
ypaBHEHHSA, B KOTOpPHIE BXOJAAT YETHPe HEH3BECTHHX U, U, W, ¢.
UerBéproe ypaBHeHHe NOJAy4HTCsd, ecaH BHecTH (14.116) u (14.117)
B YCJOBHE IJjacTHuHOCTH (14.43).

dopmysia (3.110), npunamnexamas ['eHkH H aHajJOrHYHAA
sakoHy [I'yka ympyro#t nedopmaunuu, mnocie 3aMeHH B Heft n
yepes v, Ha OCHOBAHHH paBeHcTBa (14.113), NpHHHMaeT BHA:

e ==2¢T, (14.120)

§ 151, PaGora npu naactayeckoi necdopmauuu,

Ynenpnas paGora miacTHueckofl gedopmanuu B TeopHH I'eHkn
BHYHCAsgeTCs o dopmyae (3.88):

VA= X0, Ve, Z e, Ve, + X e, + X le,,. (14.121)

Buocsa (14.116) u (14, 117) B (14.121) u npumenss (14.118), noJLy=
ypM:
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- 2
8A = KA3 (e, +e,,-e,) | 3 (e..2e..1¢e,0¢,,+ebe,]—
1
- 3_? [(evy + ezz) aexx + (exx + ezz) aeyy + (exx + eyy) aezz] +
1
+ % le,le,, e e, -[e le, = :
1 ;- 1 1
= ) KBA’ + 3_? 8 (e,zgx + e}y + eﬁz) - 379 a(ex,\:eyy + extezz + eyy’zz) +
1 1 1
+'If" 8 (€§z+eiz+e§y)=5 KaA,_i_Zf?a(p;z—‘- ezz+e.zty)+
1
+ (;P 8 [(exx - eyy)2 + (exx - eu)2 + (eyy - ezz)z]‘ (14' 1 22)
Beaencrsue dopmyan (3.94) Mu uMeeM OTciofa:
— 1 1
6A=7K6A2—{—4—? 0Q,, (14.123)
uaH Ha OcHOBaHHH dopmyan (3.107):
A= L Kol o e 2, (14.124)
P
rie ¢ eCTb HHTEHCHBHOCTb N/aCTHUeCKOH jaedopmamuu CcABura,
paBHast _
€= VQ]'
IMepBuil uren dopmyan (14.124) npexcrasiseT yIaenbHyI0 paGoTy
00BEMHOTO CXKaTHA npH ynpyrof nedopmanun. Bropo#t wien

NPEACTABISET YOeAbHYI0 palbomy npu RAGCMUYECKOM U3MPHOHUL
gopme. OGosHauas e& yepes A, HMEEM OCHOBHOE COOTHOILIEHHE:

aZg=§‘; e de. (14.125)

M3 ycrosua nuiacTHysocTH Mnseca MH NOAYuYHJAH (GOpMyaH
(14.49):

T=r, (14.126)

zo=l—3-’%—_=-°%3_-. (14.127)

Brocsa (14.126) B (14.120), nainém:

& =291, (14.128)
OTKYZAa MOJYyYHM 3HaYEHHE ¢

p=— (14.129)

T. e. npu 1mactaueckoft medopmamnu xoapdunmenr @ mponop-
OHOHA/ICH HMHTEHCHBHOCTH IJACTHYECKOH pmedopmanud CABHra &,
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Buocst ¢ u3 (14.129) B (14.125), Mn nmomyunm:

8A =1, (14.130)
HuTerpupys, HONYYHM:

A, =1 (14.131)

Ha ¢ur. 45 no ocum a6Ccuuce OTJIOXEHH 3HAYEHHS €, a IO OCH
opiuHaT — 3HaueHus 7. TloayueHnyio takuMm 06pasoM Juarpammy
(T, €) Ha30BéM Ouaepammon ['enwu-llimudoma. Brauane, noxa uH-
TEHCHBHOCTb KacaTe/JbHHX Halps:keHH# 7 MeHbIle npejela TeKy=-
YeCTH [pH CIABHre T,, MH HMeeM o06.acTb yupyro#f ae¢opmalnuH,
npu4éM KoachdHuoHeHT ¢ onpege- 7
asiercs ¢opmysoit  (14.113). Tlo-
STOMY HMEEM B 9TOM CJayyae Hu3
(14.120) 4

T = pe, (14.132) g

rie . ecTb MOAYJb CHBHra. 3TO T,
COOTBETCTBYeT yuactky OA 1ma- l
rpaMMH H BHpaxaer 3axkoH I'yka. g

Yuacrox AB aunarpaMMmme npef- I3
CTaBJAsSIET COCTOSIHHE TEeKYUeCTH, Pur. 45.
XapakTepH3yeMoe HapacTaHHeM HH-
TEHCHBHOCTH JedOopMalHH CABHra € IIpH HEH3MEHHOM 3HAYeHHH
MHTEHCHBHOCTH KacaTesqbHHX HanpsixeHmit 7, ompeznenseMoM ¢op-
myaoi (14.126). Yuacrox BC auarpaMMue COOTBETCTBYET COCTOSI-
HHI0O JedopManuH IOCJe Iepexoia uepe3 COCTOSHHE TeKyYeCTH
H u300paxcaeTcsi aHAJHUTHYECKH ypaBHEHHEM

A

T =/f, (¢). (14.133)
Brocsa (14.120) B (14.125), monyynM OCHOBHOE COOTHOLIEHHE:
dA,=T de, (14.134)

H3 KOTOpPOTO CJeAyeT, YTo miowmans Mexay Kpusoft OABC u ocbio
a6cuucc Ha ¢ur. 45 mpejacrasasier yxesabHYI0 paGory Aedopmanuu
¢opmu. Brocs (14.132) B (14.134), MH noayuuM HmIs ynpyro#
gedopmanud GopMa: .

Ag———ﬁ_———?ue?, (14.135)
a pis r)macmqecxoﬁ JedopManuy MB  HOJYYHIH 415 A_gcpopmyny
(14.131).

§ 152, Hecxxumaeman naactuyeckas aedopmauus.

Ecan npuHsTh MaTepHasl B DJacTHYeckOf 006/acTH HecxKHMae-
MEM, TO MH OyJAeM HMETb ypaBHeHHe:

__Ou dv ow
a=3 2+ 2o, (14.136)
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B atom cayuae
K=o, (14.137)

Brocs (14.136) u (14.137) B (14.115) u noacrasass ¢ u3 (14.129),
MHl [OJy4YkM COOTHOLIEHHS:

PAS 27, 2t
Xx:P_*_—e_oexx’ y:P_{_?geyy: ——P‘l_ e, } (14 138)

— To T —
Y,=—_e,, X,==<6€ X,_-e-e

€ Xy

Ecin Brectn (14.138) B ycaosne nuactuusoct (14.43), To BCIEA-
creie dopMysH (3.94) MH mosyyum:

6:2
e?

00, =8k,

yro Ha ocHoBaHMH dopmy.a (3.107) u (14.127) npuBoaHTCS X TOXK-
JLECTBY.

CsiegoBaTtesIbHO, TIpUMeHss ¢opMyan (14.138), MH TeM caMbiM
yXKe YIOBJETBOPH/IH YCJIOBHIO IVIACTHYHOCTH MH3eca H MOXeM, He

paccMaTpuBas ero 0oJiee, OTPaHHYHTBCA TOJbKO YDPAaBHEHHSMH
(14.119).

§ 153. BapuaunorHoe ypaBHeHHe B TEOPHHM MJAACTHYHOCTH enku.

He BBOAA NMOKa THIOTE3H O HECKHMAEMOCTH, MH JOJIKHH CHH-
TaTh TPH BapHauMH Ou, 0v, 6w mnpOU3BOJbHHMH. [das maacTuue-
cKOil medopMalHH HMEIOT MecTO ypaBHeHus Koumn:

0X 01\' ox, ,
dx' dy +W+P(X—‘jt)=0, \l

2%, ayy+aYZ+p(y —j) =0, l (14.139)
dx+ b (2 — /,)—0]

YMHOXHM mepBOe ypaBHeHHe 3TOMH cHcTeMH Ha Su dx dy dz, Bropoe
M TpeTbe COOTBETCTBEHHO Ha ¢vdxdydz u Swdxdydz, 3artem
NO/y4YeHHBIe Pe3yJbTaTHl C/AOXKHM H BO3bMEM HHTErpas IO BCEMY

006béMy Tena, 3aHATOMY IacTHYecKo# aedopmanuedt. Torxa Oynem
HMeTb:

”(K% +%+%) au+(‘%§’%+an+ Voot
_{_(%% ay’+ dz>6w]dxdydz—}—

+ §§5 X =7t (¥ —j) b
+(Z—},)w]pdxdydz=0, (14.140)




§ 154] 3AKOH PA3TPY3KH 397

I/IHTerpnpya MO YacTAM, MH NOJYYHM TPH BBHIPAKEHHS BHIA:

j‘j‘j[dx + oy + ]3udxdydz_
= (X, 4+ mX,+-nx,) tuds —

\f X6 ‘9" +X6( )—-}—X ( )]dxdydz

Brocst aTo M jABa aHaJoOrHuHHIX BHpaxeHus B (14.140) u npume-
nsas (3.3) u (3.4) u popmyasr (14.97), (14.121), (14.14) u (14.15),
MBI TIOJYYHM:

(T —jout (r—j) oot (Z— ) dwlpdrdydz-
+ {§ (X pu+Foo+Zpw)as— (({sddaxdydz=0. (14.141)

OT0 H eCTb 8APUAYUONHOE YPABHEHUe NAacmu4eckoll degopmayun
8 meopuu I'enxu.

B cayuae HecxxumaemocTH Bapuauun 8u, ¢v, Sw ywxe He GynyT
NPOU3BOJABHLIMH, 4 OyAYyT CBA3aHH MeXAy coﬁoxo ypaBHEHHEM

a /s J Jd ¢
7z )+ 55, (30) + & (02) =0, (14.142)

nojayuaeMueM H3 (14.136).

§ 154, 3akox pa3rpy3kH.

Baosab auaHH BC Ha ¢ur. 45 nMeeT MeCTo cooTHomenHe [eHKu-
[Mmugra:
T=f (). (14.143)

Crenyer 3aMeTHTb, YTO 5TO COOTHOUIEHHE HMEET TOJAbKO MPHHIH-
NMHaJbHBIA XapakTep M 4YTO Ha HEM HeJAb3d IOCTPOHMTH COOTHOUIE-
HHSE MeXJIY HalpsiKeHHaMH H JAedopMannaiMH
B HeyuHeiHON o6.aacTH. [as 3TOr0 HE06X0HMH
JONOJNHHTENbHHE YCJAOBHA, JO CHX NOp emé
TBEpAO He YycraHosjeHHne. Ecau B mnpouecce
I1aCTHYECKOH JedopManuH MH [IPEKPATHM Ha-
TPy3Ky, M HA4HéTCA pasrpys3ka, TO BO3HHKAeT
BOIIPOC O CBSI3H MEXJYy HANpPSKEHHAMH H je- 0 C €
¢opMalMAMH B IIpoIlecce pasrpy3kH. bur. 46.
Hau6osee mnpocro npeanosoxuts, 4TO B

[POIECCEe PA3rPy3KH HMeeT MecTo 3axkoH I'yka, T. €. KOMIIOHeHTH
HANPAXKEHHOTO COCTOSAHHS H KOMIIOHEHTH JAedopMailuH CBs3aHH
MexAy co6010 JIHHeHHBIMH COOTHONIEHHSAMH, NPHYEM mpocTeHuIas
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THIOTE3a COCTOHT B TOM, YTO YNpyrHe NOCTOSHHHIE B IpolLecce
Harpy3kH M pasrpy3KH OCTAIOTCA TEMH XK€ CaMbIMH ¥).

Ha ¢wur. 46 gana wuneanbHass auarpaMma gegopmaunuit a1d Ha-
rpy3kd H pasrpysku. Harpyska mpoucxoaut no mnpamoit aunun OA.
Ilpamas aunua AB COOTBETCTBYET MJAACTHYECKOH JAedopMalHy,
a npamaa BC — pasrpyske. Otpe3ok OC JaéT 0CTaTOYHOE OTHOCH=
TeJbHOE yJJ/JHHEHHE.

INpubimxéHHO nNpHHUMAIOT, uTO npsimas BC mapaanenvna OA,
T. € YTO MOAYJb YNPYyrOCTH IIPH HArpy3Ke H pasrpy3ke HMeel
OZHO H TO Xe€ 3HaueHHe.

§ 155, Teopus naactuuxHocTH Pelica.

B rteopun mnaacruunoctd Cen-Benama w Museca mnpexmoJa-
raeTcsd, YTO YHCTO YNpyras 4acTb AedopManuH

] ' f ! ! !
e e €or Cry

exx’ yw Tz

eyz,
HACTOJIBKO MaJid IO CPaBHEHHIO C IJIACTHUECKOH YaCThIO Aecpop»
Maluu

” ”

" ” ” ”
e )
2x Xy

xx) Tyy? sz Ty e

YTO €10 MOXHO npeHefpeusn,

B Teopun Pefica npeanosaraercs, uto o6e COCTABHHE YaCTH
JedopManHi OJAHOrO mopsjka. [losTomy moanas smedopmauus onpe-
Jeaserca GopMyIaMH:

ex —exx+exx’ yy + ’ e:z’
14.144
=8, €., e, ——ezx—|—e“, ey =€ —l—exy,} ( )
e=c¢e' —{-e":g-( e, ten), (14.145)
1
=Ll te tel), (14.146)
1
== “-{— ~[-e") (14.147)

Janee B Teopuu Pefica mpunuMmaercs, 4To 8c# u3menenue 00séma
npoucxodum om wucmo ynpyeol wacmu degopmayuu, B TO BpeMs
KAaK MJIACTHYeCKas 4yacTh Aedopmaund 06.1a1aeT CBONCTBOM HECKH-
MaeMOCTH, Kak B Teopusix CenH-Benana — Museca u 'enxn. Crenona-
TeJ/JbHO, HMeeM:

e'=0, (14.148)
e=¢, (14.149)
el e el =0. (14.150)

*) Hanauy, lMNaacrassocrs, cTp. 219—220,
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M3 coorHowenn#t (14.144) m (14.149) moayuaeM AJs cKOpocTel
JAeOopMALUH BHPAXKEHHS:

d d
E[(exr—e)zﬂ(e e)+ d ’
d d
a ey —e =g (e, — H‘ d %
d d
a?(ezz_e)zit_( e)+ dt »

de,, (14.151)

Tit—— + dt '

de,,

a T + dt ’

dexy v xy

df T :_+—dT' J

Huddepennnpys no spemenu ¢ dopmyas (3.82) u (3.83), Mu no-
JYUHM CJAEAYIOUHE BhlpakeHus AJas CKOPOCTEd YHCTO ynpyro#
YacTd JegopMaiuH:

d 1 , d
2 3 (fex—€) =5, |
d 1 , d
2"" E(e)’y —e)::—d_isyy)
d 1 ' d
Q“E(ezz—e)=‘d—tszz,
de! d (14.152)
vz __ d
ki = @Sy
de'” d
aE @t S
de;y dS

kg = @
ITpu atom u3 dopmya (3.82) HMeeM:
+S + S, (14.153)
X, =P+S,, Y —P+ vy Z‘ P "’} (14.154)
Yl Sy:’ Xl= sz’ )(y'_Sxy)
NpHYéM HMEeM H3BecTHoe cooTHomenue (3.79):
1
=§(Xx+ Yy—{—Z,). (14.155)

H3 dopmya (3.78) u (3.80) umeeM cOOTHOWIEHME!
P =3Ke. (14.156)
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Haa ckopocreit maactuueckolt nedpopmamum Peiic npuHumaer
Te XK€ BHpAaweHHd, 4YyTo H B Teopun CeH-BenaHa u Museca,
da HUMEHHO:

" ” "

de . “—NS deyy__NS ‘ﬁ"zz__NS
dt — 2uVw TgE T My gbm T 3V
" " " (14.157)
deyz__IlS fﬁ‘_—NS ‘fxy_’ls
at- — p e TdE Ty Tdb T Ve |

rie N ectb BBegéHHH# Peiicom xoadduunenT, npexcTaBasoLIui

(OYHKIRIO KOODAHMHAT X, y, Z H BpeMeHH ! H NOJAJexalHid olnpe-
JleJIeHHIO.

Huddepesuupys (14.150) mo Bpemenu £, mOJyuyHAM YCJIOBHE
HEeCXKHMaeMOCTH nnacmqecxoﬁ YacTH JlecpopMaunu:

+ : + (14.158)

CknannBas mepBHe TpH cooTHomrenust (14.157), MH 3ameuaewm,
yto BeaeacTsHe (14.153) ycaosue (14.158) Bmnoaneno. BHocs
(14.152) u (14.157) B (14.151), met noayuum coomuowenus Peica:

d d
21 dt (exx —e)= NSxx + di Sxx’
] d
2:l{(E(eYY—e):NSyy+‘—i—tSyy)

d d
2”‘(}'}((’2:—6):1\/5& +ES 72}
(14.159)

‘_dt )’Z’
dex, S

b - x’+dt x2)
'* & =NS, +dt %y J

YcnoBue miaactuuroctH Pejdic npuaumaer B ¢opme Museca, T. e.
(/\,x—— Yy)?"'i"(yy"'—zz)? ‘1'— (Zz_—Xx)e —{_
+6(V:+ X: 4+ X2)=8k.  (14.160)

§ 156. Teopusa naactuunoctu Ilparepa.

B. Ilparep mpeldJOXHJI HOBYIO CHCTEMY YDaBHeHHH, KOTOpas
OAMHAKOBO TNPHIOAHA Kak NpH HEOOJbIIMX HANpsSXKEHHsX, KOraa
marepua;a BeJeT cebd Kak BIOJHE YNpyroe TeJO, TdK X IPH Tex
HANpSXKEHHsAX, KOTJa MarepHaa Teuér.
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B o6aactu ynpyro#t medopmanud CBsi3b MeXAY IIECTbI0 KOM-
MOHEHTAMH JAedOpMALHH H IIECThI0O KOMIOHEHTAMH HAmpsKEHHOTO
cocTosiRus onpeneasercs ¢opmyaamn (3.82) u (3.83), Bmpaxaio-
umy 3akoH ['yka. Ilpeamosaras, kak H Bcerga, uro Aedopmanus
HeC)xHMaemas, T. €.

du dv ow
36_——07: + E + iz —"O:
MHI l'IpelICTaBPIM 3TH COOTHOIUCHHA B BHIEC:

S =Wl Sy=e Su=Iw L (1416)

Syz = p‘eyz’ sz = ,'Lexz’ Sxy = p'exy'

Orcropa, auddepennupys, uMeem:
as,,=2wde,, aS, =2ude

xx) yy?

dSzz =2u de,,, } (1 4.1 62)
dS,,=ude,, dS,—nde, dS,—nde,,

Y nenpHas ajsemenTapHas pa6ora JedOpMAnHH ONpeAenseTcs 10
opmyae:
dA=Xde, Y de, +Zde, YV de,t Xde, , + Xde,, (14.163)

Huddepennuanbune cootHomenns (14.162), npuroguse B 06J1aCTH
yopyro# agedopmanun, B. INparep o606mua Ha 064acTh IJIACTH-
yecko#l pedopmanuu. FiMeHHO, OH DPHHHMAET, YTO:

1) ecin dA <0, To umewT Mecto coorHoumenus (14.162);

2) ecan dA >0, To UMEIOT MECTO COOTHOLIEHHS:

dex =2 (dexx - —gal,iz Sxx) ’

S,y =2u <de” — % Syy) ,
ds,, =2y (de,, — 5oz S )

r (14.164)

dA
ds,,=u (deyz -

I

S);
dA
dsxz H (dexz_ ®? sz)’
dA
dS,=p (de,, — 5 S,p)-
3nech © ecTh IpeRe TeKydecTH NpH JeopMamuH YHCTOTO CABH~
ra, T. e.
0="1, (14.165)
B cayuae 4MCTOrO CIBUra HMeeM:

X, =Y,=Z,—=V,=X,=0; X,=r,

exx:eyy:ezz:e,ﬂ:eaﬂ:o; e”—y.
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Buocs a1y snauvenus B (14.163), momyunm:

dA=rdj. (14.166)
Ecan
tdy <0, (14.167)
To nmeem u3 (14.162) coorHomenue:
dt=npdy. (14.168)
Ecan
tdy>0, (14.169)
To uMeeM H3 (14.164) cooTHOoweHue:
dr=y (1—%) dy. (14.170)

Ecsn, HaunHas OT HaYaJbHOTO COCTOSIHHA HyJeBOH AedopManHl
H HyJeBOro HampskeHus, AedopManus CABHra BO3PacTaeT, TO

Tdy >0,
B, uurerpupys (14.170)npu ycsioBuu
=0 npn y=0, (14.171)
MH IOJIYyYHM CJAelylollee COOTHOIIeHHe:
— BY
t—oth (;) (14.172)

Orciofa, NpH Ma/iBX 3HAYEHHAX | HMeeM NPHGIHKEHHO:
T=uY. (14.173)

[Ipn SosblIHX XKe 3HAUEHHAX Y HATpSKEHHe CABHra CTPEMHTCH
K 3HaUEHHI0 ®, KOTOpOe SBAAETCS Mpefe/OM TeKy4yecTH IpH YH-
CTOM CIBHTE.
Ecau y, Haunnas ¢ HeKOTOPOro 3HayeHus y=7Y,, YyOHBaeT, TO
dy<0 u, crexosaresbHO:
tdy < 0.

B sTom cayuae umeer Mecto cootHomenne (14.168), u3 koro-
poro noJyyaeMm HHTErpas:

r=m+C, (14.174)
[TpounsBosabHas mocrosiHHast C, onpexensieTcss U3 yCJ/OBHS:
uy, - C, = oth (’%l) (14.175)

Buunras (14.175) u3 (14.174), MH NOJIyYHM COOTHOMIEHHE:
ot (2)bri—r) (4170
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KOTOpOe IIPHTOAHO A0 TeX MOp, NOKA T He CTAHET paBHLIM HYJIO
npH Y=Y;. Bdocs sto 3nauenune Y, B (14.176), moayuum:

oth (1) 4-p (1, —7) =0,

OTKyJda HMEeM:

Yo=1,— = th (*%“) (14.177)
Ecan jgedopmanus casura yOnBaeT H Jajnee, TO UMeeM:
10, dy 0,
a CJeA0BaTe/bHO,
tdy>0.

[TosTOMy MH ONATh MAO/IKHH TpPHMEHHTb cooTHouenue (14.170).
HMurerpupysa €ro npu yc/JIOBHH

=0 npu y=1,, (14.178)
MBI OJIYy4HM:

r=oth [H0Z1], (14.179)

Mexannueckre CBOHCTBA, NOLOOHBIE 3/eCh ONHCAHHKEIM, OOHApy-~
XKHBAET, HAampHMep, Melb.

§ 157, Kpyuenue npu naactuyeckoit pedopmanuu.

I1pu 3HAYHTENBLHOM 33KPYUMBAHHH IIPH3MH B HEKOTOPHX Ya-
cTAx eé BO3HHKAET IsacTHueckas JedopManus. Kak U npu o6Hu-
HOf TEOPDHHM KPYUE€HHA B ynpyro# ob.aactd, Me 6GyjpeM npenmo=-
JIarathb, 4TO BC€ TPH HOPMAJbHHX KOMIIOHEHTA HAanpsKEHHOIO
COCTOSIHHAl PABHH HYJIO, a H3 TPEX KacaTeJbHHX KOMIIOHEHTOB He
PaBHH HYJIO TOJbKO AB3, ACHCTBYIOIIHX B IIJIOCKOCTH IOIepeu-
HOTO CEeYeHHs IPU3MH.

ITpunnmas ock Oz napa/ejbHOR OCH NMPH3MH, HMEeM B ylpy-
ro#t o6snacru (rsama IX, ¢ur. 24):

X,=Y,=Z,=X,=0. (14.180)

OcrajbHHE 1Ba KOMNOHeHTa X, H Y, NOJKHH YZROBJIETBOPATDH
ypPaBHEHHIO PABHOBECHS

0X, | oY,

»a;—\—w_o. (14.181)
Kpome Toro, A0/KHH OHTb yAOBJIETBOPEHH H3BECTHHE TOXAECTBA
Beabrpamu (4.51). Tax xak MH IPHHUMAaeM, YTO B N.AACMUYECKON
obaacmu Oeopmayuu HAUPSKEHHOE COCTOSIHHE MpPH KPYyYeHHH
onpeaeasercsa ¢opmyaamu (14.180) u (14.181), To ycaoBne nJa-
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cruuHocTH (14.43) mpusaHMaer BHA:

6 (Y% -+ X2) =8k,
OTKYJAd HMEEM:

v=VYilXi= 1P, {14.182)

TAe T ecTh pe3yJbTHpYIOLlee KacareJbHoe Hanpswerue. Orcrooaa
HAXOJMM, 4TO NPH IJIACTHYecKo# JedopMallH, BO3HHKAIOMEH IIPH
KPYy4eHHH, KacaTeJbHOe HalpAxkKeHHe HMeeT NOCTOSHHYIO BEJHUHHY

t=1, =2k (14.183)

Vs
yto coBnagaer ¢ ¢opmyaoit (14.39). ITosromy ycaoBHe ILIacTHY-
HocTH (14.182) mpunuMmaer BHJ:

X4 yi=. (14.184)

ﬂpem'lonaraﬂ, yro 60KOBas IIOBEPDXHOCTb IPH3MH CBOGOJLHB oT
HATPY3KH BHELIHHMH CHJIAMH, MH HMEEM CTaTHYECKOE TpPaHHYHOE
yCJIOBHE:

IX,+mY,=0, (14.185)

rie / B m CcyTb KOCHHYCH YIVIOB BHEIUHEH HOPMAJH C OCAMH KO-
opauHat X H y. Econ ds u dv cyrb ®aeMeHTH JAYrH KOHTYypa
H BHEIIHEH HOPMaJH K HeMmy, To umeeM [cM. (9.38)]:

_dy . dx
=4, m= —-°. (14.186)
Ecan BBeCcTH (yHKIHIO HanpskeHu# F (x, y) TIPH NOMOLUM COOT-
HOILIEHHA

P

x=%, r=-%

=5 (14.187)
TO ycsaoBHe paBHoBecus (14.181) Gymer yHOBJIETBOPEHO TOXAECT-
BenHo. Broca (14.187) u (14.186) B (14.185), MH moayyum:

dFdx 0Fdy 01’
oxds + oy ds =0.

10 ycJAOBHE HOJIKHO GHTbL YAOBJAETBOPEHO B KaMJOH TOUKE KOH-
Typa NONEPEYHOro C€YeHHs NPH3MH. MHTerpupys, HMmeeM KOHTYp-
HOe YCJOBHE:

F = const. (14.188)

CieloBaTe/IbHO, HA KOHTYype IOmepevyHoro cedeHuss Qynxuusa F
HMeeT [OCTOSIHHOe 3HAaueHHe, KOTOPOoe A OAHOCBA3HOTO KOHTYpa
MOKHO OPHHATb paBHHM HyJai0, OTCi0Ad AAf OQHOCBA3HOrO ceye-
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HHS HMEeM KOHTYDHOE YCJOBHE:
F=0. (14.189)

Buocs (14.187) B (14.184), MH nOJYyYHM OCHOBHOE COOTHO-
LIeHHe:

(55)" -+ (55) = =const. (14.190)

Bupaxenne, crosiuiee B JIeBOM 4YacCTH STOTO YDaBHEHHS, €CTh
KBaJpaT rpagueHra [ (HanGoJbIIEr0 YKJOHA NOBepXHocTH F).
C/1e10BATE/IbHO, NOBEPXHOCMG NAACMUMECKUX HANpPAHCEHLI

z=F(x, y) (14.191)

eCTh NOBEPXHOCMb € HOCMOSAHHUM Y2AOM crama (IOBEPXHOCTh
€CTEeCTBEHHOTO OTKOCA), KOTOPYIO MOXHO IIOCTPOHTb HA KOHType
nonepeyHoro ceveuus. Ecam caenars xECTkuil mabaor nonepey-
HOTO CEUeHHA MPHU3MH, IOJIOXHTb €r0 FOPH3OHTAJbHO H HACHIMATH
IeCKOM, TO MOJYYHTCA Ky4Ya, €CTeCTBEHHHE OTKOCH KOTOpOil H
XAyt mpejacras/ieHHe o nmoBepxHoctd (14.191). Tak xak B ypas-
Henue (14.190) He BxomuT cTemeHn kpyuenus B, to cdopma sroit
HNOBEDXHOCTH HE 3aBHCHT OT YIJIAa KDYyU€HHfA. DTa MHTepnpeTalus
pana A. Hamawn.

B ynmpyro#t o6aactm BMecto ypaBHeHus (14.190) MH uMeeM
ypaBHenue Ilpanjgras:

0F 01F
Si T+ =24, (14.192)

HO KowmypHoe ycaosue (14.189) ocraércs. Y pasnenne (14.192) no-
Jy4yaeTcss H3 TOXJAECTBEHHHIX COOTHOLIEHHH beabnTpamHu, koTtophe
HeO6X0AHMO YJOBJETBODHThL Be3fe B 00/1aCTH ynpyro# medopma-
nuu. [panmna mexay ynpyrofi M mnJjacTHuUeckod 30HAMH jedop-
MamHH oIlpeAesaseTcd TeM, YTO HO OJHY €& CTOpPOHY B 006.1acTH
ynpyro#t jedopManHu pesyJbTHPYIOIEe KacaTeJbHOE HaNpsKeHHe

=y Vi4 X (14.193)

MEHBIIE TOCTOSIHHOA BEJHYHHH T,, ONpegeiseMoff dopMmyoi
(14.183), a mo apyrymo cropoHy B 06JAaCTH IIaCTHUYeCKOH pedop-
MalMd OHO IOCTOSTHHO W PAaBHO T,. [lpu nepexode uepe3 amy epa-
HuYyYy 06a KOMNOHEHMA KACameabHOIO HQNPANCEHUS MEHSIOMCS
Henpepsi6RO W HA 2paHuye.

X0 =xP, yP=yP (14.194)

rae 3Ha4yoK (€) 0fo3HauyaeT 30HY ynpyroit xedopmaiuH, a 3HAUOK
(p) —3ony maactuyeckofi medopmanuu. CoorsercTBeHHO F(©) u F(P)
CyTh (QYHKIHH HAmpSXKEHHss B YNPYro# H INJ4aCTHYECKOA 30HAX.
M3 ycnosua (14.194) caeayer, yto NpoH3BOAHHE Q6euX (yHKUHUH
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F@ n F® pa rpanune oGeMX 30H PaBHH, a CJAEAOBATEAbHO, 06e
5TH (QYHKIHH BAOJb IPDaHHIH OOEHX 30H pAas3/JHYyaloTca Ha HeKo-
TOPYI0 MOCTOSIHHYIO, T. €.

F(P) = F(©) - const. (14.195)

Orciofa crefyer, UYTo ec/aH B KaKOH-aHO0 TOYKe I'DAaHHIE MeXAY
0GEeHMH 30HAMH
F®) = F(),

TO 3TO HMEET MECTO H B OCTaJAbHHX TOYKax o6uied rpanuIH oe-
HX 30H.

Ha atux csofictBax ocHOBaH cjaenyiomu#t onut A. Hapgau. Ha
TOPH30HTAJbHO JEXalmuil KyCOK KapToHa, mMewowH# ¢opmy nome-
PEYHOr0 CEUeHHs MPH3MHI, HACHINAIOT NECOK TAK, YTOOH NOJY4YH-
Jach Kyya IeCKa C €CTeCTBEHHHM YIVIOM OTKoca. Hag Tem xe
KOHTYPOM CTPOAT XECTKYIO KDHINY C IOCTOAHHHIM YIJIOM CKarTa,
PaBHEHIM 3TOMY €CTeCTBEHHOMY OTKOCY. Ecam ocHoBaHue sTo#l KpH-
1M 34TSAHYTb MeMOpaHOH H 3Ty MeMOpaHy HarpysuTb paBHOMEDHO
pacnpefeJ€HHbHIM JaB/JeHUEM, TO, KOrja JAaBJeHHE [JOCTHTHET H3-
BECTHOTO Ipejena, 4dacTb MeMOpann OyJeT KacaThCsi KphILIY,
IOCTaBJEeHHOH Hax ceuyeHneM. CBOGOAHHE YacTH MeMOpDaHH H 4a-
ctH MeMOpaHHl, NpH/eralompe K KpHIIe, T. €. K IOBEPXHOCTH
eCTeCTBEHHOI'0 OTKOCa, 06pasyloT BMeCTe IOBEPXHOCTDh HAIPIXKEHHH
NpU3MH € YacTHUHOH miacTuueckofi aedopmanueit. Iloj uwactamu
MeMOpaHH, KaCalOIHMHCA [OBEPXHOCTH €CTeCTBEHHOIO OTKOCa,
NPOHCXOJUT IIaCTHYecKas JedopManHs, a INOA CBOGOJHHIMH —
yupyrasa aedopmanus.

KpyTtamuii mMomeHT M BHIYHC/AAETCA IO H3BECTHOH dopmyJie:

M= SS xY,—yX,)dxady.

Brocsi cioza (14.187), MB IOJyYHM:

aF oF
M= -—” (a—xx + @y) dxdy—
= @ F(lx+my)ds +2 ({Fdxdy,
YyTO BCJIEACTBHE KOHTYpPHOro ycaosua (14.189) paér dopmyay

INpangrasa:
M:QWFdxdy.

§ 158. IlaacTHYecKOe KpyueHue KpyrJjoro LHJAHHApa.

O6o3nauas uyepes @ pajguyC NONEPEeUHOr0 CEYeHHsA LHAHHIPA,
npuMeM F JIs OJaCTHYECKOA 30HH B BHAE:

F@ =C(r—a), (14.196)
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rge C ecTb NpOH3BOJIbHASA MOCTOSIHHAsA, A r=V x*F 3% —paccros-
HHE OT OCH HuJAHEApa. Ycaopue (14.189) mpm 3TOM YyAOBJIETBO-

getcsa. Mmeem:
P JFP) ¥ aF)

w=C7, G =Ct-
Buocst atH 3navenns B (14.190), mosyuum:
C=—n, (14.197)
W3 (14.187), (14.196) u (14.197) umeem:
XPl=—r 2, YP =g, (14.198)

B o6sacTH ynpyroit 30HH MH YAOBJAETBOPHM ypaBHeHHIO (14.192),
IIDHHSAB:

F=C,r+C, (14.199)
rae
C,=—5ub. (14.200)
M3 (14.199), (14.200) u (14.187) mMb no.ayyaem:
X0 —=—pby, ¥ =phx. (14.201)

34ech rpaHunefi Mexay oGeHMH 30HAMH SIBJISIETCS, OUYEBHAHO, OK-
pYyXHOCTb paauyca c. Ilostomy ycnosue (14.194) npaér:

n=-4ule, (14.202)
OTKYJA MOJYYHM PaJgHyC TPaHHIK MEXJAYy 30HAMH:
c-_-;—;. (14.203)
KpyTamu#i MOMeHT B m/acTHUecKo# 30He GyJXeT paBeH:
Mo =2, (a3 —c3). (14.204)
KpyTamuii MOMEHT B ynpyrod 30He, O4eBHAHO, GyHAeT:
M® = mct p, (14.205)
[Mo/HBA KPyTAIIME MOMEHT IpPH3MBl GyJIerT:
M= MP) 4 M@, (14.206)
nan, BoaeacTsie (14.204) u (14.205)
2 2wty 3 1l ot
M=3mma — 25 L B2, (14.207)
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Hckmouas orciona ¢ npu nomomu (14.203), Mu noiayuum:

M=Fwe[1—3(3%)"]: (14.208)

Crenyer 3aMeTHTh, uro Bcaejctsue (14.201) wau6Goabpmee kaca-
Te/IbHOE HANpsKEHHE B yNpyrod 3oHe BO BCeli npuame O6yner
paBHO:

T, = pba. (14.209)
[Mosromy (14.208) mpumer BuA:
27 1 /%\8
M—_—§r2a3[1 —3(5) ] (14.210)

Ecrrm MH nMeeM TpyGy Majaofi TOMILHMHH 8§, HaXOAAylocs B
COCTOSIHHH IIACTHYECKOTO KPyYeHHs, TO AJAA F==C HMEeeM:

c=a—32. (14.211)
BHocsa (14.210) B (14.204), noayunM npHGAHIKEHHO:
M=2na?¥1,. (14.212)

§ 159. Meton Mopuca JleBy gas peuleHus niaockoft 3agaum
TEOpAH MAACTHYHOCTH,

Bynem mnpene6peratb B ypaBHeHHsx (14.21) yckopeHHSIMH H
MacCOBHIMH CHJIAMH H BOCHOJb3ye€MCsl ONpeJeJeHHMH H COOTHO-
menuaMn § 142, Hanpsx€HHOE COCTOAHHE ONPENEAHTCH TpeMs
xomnoHenramun X, YV, X, a cocrosHue NjacTHYeckoit aedopma-
I[HH — TPeMsl KOMIIOHEHTaMH

e ey, €

s Cyp Cay
ViMeeM nBa ypaBHEHHS PAaBHOBECHS:
X, = 0X, X, . o,

K KOTOPHM HAJ0 INPHCOCJHHHTbL YCJOBHE IIIaCTHYHOCTH (14.43)
B BHJE:

(X, — V)2 4X) =44, (14.214)
rjpe 0%
k1=,/_g=,;—°g : (14.215)

Vpapuennus (14.213) u ycnosue (14.214) 6nan gana Cen-Benanom
B ero 3HaMmenuToM Memyape 1870 r., B KOTOpOM GHJIO IO/IOXEHO
ocHOBaHHe TeopHH naactHyHocTH. Cen-Benan sameTHsn, uYTO TpH
ypasHenus (14.213) m (14.214) nocratoynn pas  ONpefeneHHs
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X, Y, X,. OH npeasoXu1 B3Th pPELIEHHE 3THX YPABHEHHH B
BHIE:
F OF oF
Xx=@7’ Y,"—"ﬁ, Xlz_—axdy’
60 Torza o6a ypaeHeHus (14.213) 6yoyT TOXAECTBEHHO yaOBJE-
TBOPEHH, a ypaBHenHe (14.214) mact ypaBHeHHe A/ ONpeje/eHHs

¢dysxuun F(x, y):
JF 9T\ 2P \?2__ .3
(57 — ) +4 (o755) =4t

OJHaKO STOT METOA DEIICHHA He NOJY4YHJA NaJbHEeAIIErO Pa3BHTHA.

Bckope nocae pa6otrn Ces-Benana Mopuc JleBn npennoxu.
Ipyro#i Merop pemrenus ypaBHenuit (14.213) u (14.214), xotopmi
JEr B OCHOBY BCeX Ja/jbHEAUIHX HCCACHOBAHHUH.

[lpoBenéM uepe3 NMPOU3BOJBLHYIO TOUKY M Tesa 3/J€MEHTapHYIO
MAOIAAKY, HOpPMaJb K KOTOpO#t Aiv o6pasyeT yroa a ¢ oceio Ox.
INepnenaukyasp Mf K HOpMajH OPHEHTHPYyeM OTHOCHTEJbHO Hed
TaK xe, kak ocb Oy OpHeHTHpoBaHa OTHOCHTe.bHO Ox. (OG6o3Ha-
‘YMM KOMIOHEHTH CKOPOCTH JedOpMaluH OTHOCHTEJIBLHO Oceht (v, f)
yepes S,,, S, S,,—S. MH MoxeM NpHMEHHTB (OPMYJH IIpe-
o6pasoBanns (1.82), nojoxkuB B HHX

ex'x'ZSvy; eyfyr:S"; ex’,l"=3,,=5;
€ox ™ Sxxs Cyy=Syy} €4y =S5,
Toraa monyuum:
i s=(s,,—s,,)sin2a -5, cos 2a.

¥Ycaosne E’:O JaéT:

Syy— 8
tgQa' = 2L "X, (14.216)

Syy

Buocs 3nauennsa sin2a’ m cosZ2a’, coorBerctByromue (14.216), B
BHIpaXXeHHe Ajsd S, MH I[OJY4YHM:

Smax — V-(Sxx - S)’)’)2 + siyc
CpasuuBasi ¢ Gopmysoft (14.79), Haiaém:
h:sma,:—l/ (Sex—Syy) 52, (14.217)

CeIOBATENBHO, £ €CTh MAKCUMAABHAS CKOPOCMbL CKOAbNCEHUS.
Ipumensa ¢opmysn npeo6pasopanusa (8.15), MH nIpuMeM B HHX

o' = Xy, T =UX,. ClenoBatensHo,
¢ =X, cos? a4V, sin® a-{- X, sin 2q, ]
¥ =+ (¥,— X,)sin2a 4 X, cos 2. I

(14.218)
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Ycaosne

JAéT:

tg 2a”:-—2;y z, (14.219)

BHuHC/I59 OTClofa 3Hadenus sin2a” H cos2a” u BHOCE HX B BH-
paxeHue Ajsa T, MH NOJYYHM:

Toax = 5 1/ (Fy — X, 4X7, (14.220)

Comnocrapasa TNoJydyeHHOE BHpaxenwe ¢ dopmytoit (14.76), MH
BHAHM, YTO

’
T'= Tmax.

Ecan B mpaByio uacts (14.219) BrecTH 3HaUeHMs KOMIIOHEHTOB
HanpsXK€HHOTO COCTOSIHHA MO (hopMyJsaM, TO MOJYyUHM:
tg 0" — Syy — Sxx
Sxy
CpasnuBas c (14.216), mn Ha#aéM, yTO a'==a’, a OTCIOAA CJAELyeT,
yTO Haubo/bIIAas CKOPOCTb CKOJIBXKEHHS HAalpaBjeHa MO Hau60Jb-
uieMy KacaTe/JibHOMY HanpsikeHHio (rumoresa CeH-Benana).

Ecau 6, ectp riaBHOe HOpMAJbHOE HaNpsKeHue, AeHcTByIOLIEe
Ha TJIABHOH IJIOIAjKe, HOPMaJb K KOTOpPOH# o6Gpasyer yroa a C
ockio Ox, a 6, ecTb JApYyroe TIJABHOE HOPMAaJbHOE HAaNpsIKEHHE,
10 MH OymeM HMeTb 1o opmy.aam (8.16):

X,=P+r1cos2a, ¥,=P—1cos2a, X,—r1sin2a, (14.221)

rage 1

P=3(s,+a,) (14.222)
H €CTh CpeJHee pacmmnazomee HaIIpAXEHHE, a

= (0,—3) (14.223)

B ecThb HamGoJsblee KacaTenbHOe HANpSXKeHHe, KOTOpoe BO BCE
BpEMs IJIACTHYECKOH AedopMamHH IOCTOSIHHO PaBHO K, (corsacHo
runorese Cen-Benana) u ompenesnsiercs uo ¢opmyne (14.70). o~
LUIaJKH, Ha KOTOPHX AeHCTBYIOT I'VIABHHE KacaTeJhbHHE Hampsxe-
HHS, AeJAT IIONOJAaM YIJIH MEXAY NJIOIIAJKAMH, Ha KOTOPHX mefi-
CTBYIOT IVIaBHbIE HOPMaJbHBE HANPSKEHHA (rIaBHHE IIJIONALKH),
a cJeloBaTeJabHO, 06pasyioT ¢ ocbio OX yrin

B,=—a-}45° B,=a—45° (14.224)
DTO CyTh HaNpaBAeHHsA TJIaBHHX KacaTe/bHHX Hanpsxeruit. Ecan
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[OCTPOUTH JBa ceMeHCTBa KDHBHX, KacaTeJbHHE K KOTODHM B
KaXJOH TOUKe (X, y) COBUAJAAIOT C YNOMSIHYTHIMH HalpaB/JeHHsIMH
(14.224), TO MONYUHM OPMOOHANBHYIO CUCMEMY AUHUL CKOAbXCE-
HUs TJIOCKOH 3azaun. Brocs mepsyio u3s dopmya (14.224) B (14.221)
H HCIOJb3ys yc/aoBHe miactuuHoctH Cen-Bernana u Museca

1=k, (14.225)
MBI NOJIYYHM (OPMYJIHL:
X,=P-ksin2}, Y, =P—Fk sin28, X,= —k cos2}, (14.226)

rie P B § —BeJjuuyHHH IepeMeHHbE, MEHSIOHecs OT TOUKH K
TOuKe, T. €. (PyHKOHH KOOpAHHAT (X, y). Ecau BHecTH B yciaosHe
naacTauHocTH (14.214) Bupaxenus (14.226), TO yBHIHM, YTO OHO
y/IOBJAETBOPSETCS TOXJAECTBeHHO. Mopuc JleBH N03TOMY IIpeAI0XKHI
HCKaTh pelueHue cucremnl ypaBHenu#t (14.213) u (14.214) B ¢opme
(14.226). Brocsa (14.226) B (14.213), MB NOJYy4YHM CHCTEMY ABYX
ypaBHEHHH C YaCTHHIMH HpOHSBOJIHbIMH IepBOTrO NOpPsjKa:

dr+ % (03 cos 28+ 2 sinzg) =0, |
+2k ( sin 28 — —cos?S) =0, J
npuﬂamemamylo Mopucy JleBu m cayxamyio Ajag onpejeneHus P

u p. Ecan
y=r(x) (14.228)

€CTh YPaBHEHHE OJHOH KaKOH#~-IHOO JIMHHH CKOJBbXKEHHs, TO JHb-
(pepeHUHAIbHBIE YDPABHEHHs1 O0OMX CeMEHCTB JIHHHMH CKOJIbXEHHS
OyayT:

(14.227)

EX—tgp (14.229)
Y —tg (8 4-90°) = — ctgB. (14.230)

Jlerxo Buzaerp, uro ypaBHeBHs (14.227) monycKaT MHTErPAaJH
P=const., § =const., (14.231)

HMCIOIHE 4acToe IIPHJIOXKEHHE.

§ 160. MaacTHueckas Macca, cxaras MewAy IBYMs
AapajjelpHbiMH IEPOXOBATHIMH MJOCKGCTAMH.

PaccmorpuM miactHyeckyio Maccy, CXKaTylo MeXAy AByMs Na-
paJlebHEMH LIEPOXOBAaTHIMH IIJIOCKOCTSIMH.

Ecan nepBoe ypasnenne cucremu (14.213) npoanddepennupo-
BaTh 110 ¥, @ BTOPOE 1O X H BHYECTb H3 NEPBOTO, TO HOJYYHM:

2 ?
? (X.— 7 aX",i °X,

gray T V)=, — (11.232)
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U3 ypaBHenus (14.214) umeem:
X,—Y,==2 / K—X. (14.233)

Broca (14.233) B (14.232), Mu moayuuM aud¢epesuua/ibHOe ypas-
HeHue:

o V y X,  ox,

+2 —oxay dy? — S (14.234)

AJs1_OJNHOTO HEH3BECTHOrO X,.
Ilpocroe pemenue sTOro ypaBHemm MH MOJYYHM B TOM CIy-
uae, Korga X, ectb QYHKIHA OJHOTO MEPEMEHHOrO, HampHMep,

X,=X,(y). (14.235)
B stom cayuae mmeem u3 (14.234) ypaBHeHue:
%X,
o =0
HHTErpal KOTOPOro ecTh
X,=C,+C,y.
Ecan B3are C,==0, To nmeeMm:
X,=C,y. (14.236)
OueBHAHO, YTO CYIMECTBYIOT JBe Napaj/eJbHHE IpaMbe
y=o-a, (14.237)

BAOJb KOTOPHX KacaTeJlbHOE HANpsKeHHe X, NOCTHraeT HaHGo./b-
LIero BO3MOXHOIO a6CONIOTHOTO 3HAaueHHs k Eciu npr y= +-a
HMeeM YCJOBHE

X,=—k, (14.238)
To u3 (14.236) umeem:
X,=—k . (14.239)

Hee npsMeie Jaunun (14.237) 06pa3yioT ecTeCTBEHHHIE TPaHHIH
IIaCTHYECKOH MACCH, H TOJYYEHHOe pellleHHe HMeeT MexXaHuye-
CKH CMHBICJI TOJBKO BHYTPH NOJOCH

—a<y<-a.

HOas  onpenenesus X, m Y, saocum (14.239) B ypaBHeHus
(14.213), uro nmaér:
Xy b %y
T =G oy =0
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HHTerpupys, uMeeM:
k‘x+f1 ), Y,=/fi (%), (14.240)

rae f1(¥) u f,(x) cyts npoussosbuue ¢yHKnuH. [last onpefeneHns
ux BHecéM (14.239) u (14.240) B ycsoBue miactuuocTH (14.233),
410 RaéT:

Y h o) —hm=22 ) 1—(2)"

Tax xak sTo PaBeiCTBO AOMKHO YAOBAETBOPATHCHA TOXIACCTBCHHO,

TO TIOJIYHHM:
fo)=Cx2% Y 1— (%),
f=C+4E,

rae C ecThb IIPOH3BOJIbBHAA IIOCTOAHHAA.

Ha ocnoBanHH atux ¢(opMyJ MH NOIYuHM caexyiomue ¢op-
MyJH A/ KOMIOHEHTOB HANPAXEHHOIO COCTOSHHSA:

X,=cthrro )/ 1—(2), ]

k
Y,=C-%Z, (14.241)
_— k,v
Xy———-la_o J

Mu uMeeM 31eChb 1Ba pellleHHs, OZHO COOTBETCTBYIOILEE MOJIOMH-
TEJbHOMY 3HAKy Nepej paXHKaJOM, a APyroe — OTPHIATE/IBbHOMY,
Ha BepxHeit rpauume mojocu (y== -}-a) umeem:

X,=Y,=CH+8%, X = ¢,

a Ha HHXHe#A e€ rpanuue (y= —a)
X,=Y,=C+8% x — th,
H3 ¢opmya (14.241) moayuaem:
X,= 42, (14.242)
X,—V, =2, ]/1 — (%)2'. (14.243)
Ho n3 dopmya (14.226) Mu umeem:
X, =—Fk, cos 2§, (14.244)

X, — Y, =2k sin2}. (14.245)
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Cpasuupas (14.242) u (14.244), M nonyyaem:
S cos23 =%, (14.246)

a

H3 dopmyn (14.243) u (14.245) crepyer, uto ecau yroa § 3axiaio-
uéH B HHTEpBA.1e

085, (14.247)

TO TNepel pajvKajIOM HYKHO B35Thb MOJOXHTEABHHH 3HAK; eC/H
e yroJ B 3ax/IOYéH B HHTEpBAJE

F<B<n (14.248)

TO Nepei PajiKKajJoM HYXKHO B3fATh OTPHIATEJBHHH 3HaK. [TostoMy
CYIECTBYIOT JB€ CHCTEMH JIHHHH CKOJIbXEHHS, KaXAas A/ CBOEro
pewenns. M3 ypaBnenus (14.246) umeem:

y=acos 23, (14.249)
OTKYy A2

4y __ o, ooz B
de— —2asin2f-=.

Buocsi sto 3wauenne B (14.229) un (14.230), Mu noayuuMm gudde-
peHnUaJbHEIE YpaBHeHHSI OOOHX OPTOrOHAJABHHX CeMeiCTB JHAHM
CKOJIbKEeHHS:

—2a sin2§%=tgﬁ,

— 2asin 23"% = —ctg}.

Wuterpupys 5TH ypaBHEHHs, NOJIydYaeM:
x= —4a S cos® B df 4 const.,

x==-}4a S sin? § d8 |- const.

Orciofa HAXOJUM CIeAYIOUHE ypaBHEHHHd JHHHH CKOJbXEHHUA
IlepBo€ CEMENCTBO:

x== — a[2§ -+ sin23] 4 const.,
y==acos28; } (14.250)
BTOpOE CEMEHCTBO:
x=a[28 —sin28]-}const., |
J

Yy ac0s 2. (14.251)

D10 cyTh ypaBHEeHHs ceMeHCTBA LHKJIOHA.
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Has caydad, Korga yroa [ 3ak/aiouéH B uHTepsase (14.247),
pacnoJoxeHHe JHHHH CKOJIbXKEHHA IOKa3aHo Ha ¢ur. 47. Yrtobm
CO3JaTh COOTBETCTBYWOIlee HAMPsAmMEHHOE COCTOSHHE, HAJAO COiaH-
XAThb TOPH3OHTAJLHO INIHTH — 3TO CAYyYall naccusHobd NIaCTHYECKOH
zAedopmanHH.

Ilas cayuas, xorga yroa f sakaiouéH B uurepsase (14.248),
pPacuo/IOKEeHHEe JHHHH CKOJIbXEHHA [OKa3aHo Ha dur. 48. Uro6n
CO3/aTh COOTBETCTBYIOLllee HANPSIKEHHOE COCTOSIHHE, HAJNO JeHCTBO-
BaTh FOPH30HTaJbHBIMH CXKHMAIOWHMH YCHIHAMH, H FOPH3CHTA/IbHHE
IVIATH PaCXOAATCH, — 9T0 CAyYal axmusHol niacTHdeckoit gedop-
MaIHH.

y
Gy Gy y
Or Oz

= ¢ Or M Gy
‘{: I 2h z
- {

- - - - o -—-— e . e 4 %

T=K T=K
$ur, 47. Pur. 43.

AKTHBRAs M NAaCCHBHAs IJACTHYECKHe JedopmMaunud MOryT OHTb
HaraggHO IpPEJCTaBICHH IPH NOMOLIH COOTBETCTBYIOIHX CHCTEM
JIHHHH CKOJIbXEHHA.

Mu MoxeM npeAcTaBdaTh ce6e MepBOe HANPAXKEHHOE COCTOAHHE
[yron B 3akiaiouén B uurepsaje (14.247)] B BHAe CBOMX JHHHH
CKOJIb)XEHHs B IJIOCKOCTH I, a BTOpoe HampskEéHHOE COCTOsAHHE
[yron B 3akiwouéH B uuteppane (14.248)]-—B BHAE CBOHX JHHHH
CKOJIbKeHHs B IIOCKOocTH 1. DTH jgBe BETBH peunleHHsa COBNALAIOT
BJIO/Ib JINHHH Pa3BETBJIEHHSA

y==a.

Oru6aouuMy JHHEA CKOJIbXKEHHs SBJIAIOTCA ABE JHHHH PAa3BETB.IE~
HHS peHIeHHs, BAO/Mb KOTOPHX 0063 pasgHYHHX HAaOpPAKEHHBIX
COCTOSIHHSt TPAaHMYAT JApYr C APYrOM. BHIEH3/JOXEHHOE peuleHne
npunagaexur J. Tpasariao.

§ 161, Teopus naacruynocru [lpanaras.

3uamenutut yuéunft JI. TTpanaT/ip NpesgoKua 0COGYIO TEOPHIO
IJIACTHYHOCTH, ONHPAIONIyIOCH HA Meroh Mopa W B 3TOM OTHOMIE-
HHH CTOSILYIO OCOOHSIKOM OT BHILUEH3/JO0XKEHHHX TEeOpHI.

CorsacHo MeToay Mopa, HanpsikEHHOE COCTOSIHHE B KaKOM-
JAH60 ceYeHHH TeJa XapaKTepH3yeTCs TAK Ha3HBaeMOl Juazpammoi
Mopa, B xoTOpO# 1O oOCH abcoHCC OTKJAAABIBAETCA HOPMAaJbHHIA
KOMNOHEHT HANPAXEHHs O, a N0 OCH OpJAHHAT OTK/3JHBAETCH
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KacaTe/JbHHHA KOMIOHEHT HanpsikeHHs T. Hanpsxénsoe cocrosnue
onpefensercs INOCTPOCHHEM TpEX TJAaBHHX Kpyros Mopa. Mop
NPHHHMAeT, YTO Ha IIOCKOCTAX CKOJbXKEHHSl KacaTe/jbHOe Hampsi-
XEHHe T 3aBHCHT OT JEHCTBYIOINEro 34€Chb HOPMAJBHOTO HAaNpsKe-
HHA G:

== (o). (14.252)

IMocrpoennas Ha xuarpaMme Mopa kpusas (14.252), nasuBaeMas
npedeasHold Kpusoii, BHpaxkaeT TrpadHYECKH 3Ty 3aBHCHMOCTb.
OueBniHO, YTO 3Ta NpemeabHas KpHBAs HUTAE HE IepeceKaercs
C IJaBHHMH Kpyramun Mopa, u60 ecad GH OHA mepeceKkasta CaMui
60/b1IOA TIJIaBHHHA KPYyr HanpsiKeHHH, TO CymecTBoBaJjo OH Kaca-
TeJbHOE HANpAXEHHE, 3HAUCHHE KOTOpPOro 6o 6H 60ablle ero
3HayeHHs Ha NpefeJbHOH KpuBo#. Cilel0BaTe/bHO, npedesbras
Kpusas dosxcna Gomb oubawowel 8cex GOAbUUX 2AABHBX KpY-
208 Mopa. A6CHHCCH H OpIMHATH TOYEK STOH KPHBOH AAIOT 3HA-
YeHHdg HOPMAJBHOTO H KAacaTe/bHOTO HANPHXKEHHA HA IIOCKOCTAX
CKOJIbXXE€HHAA, BJOJAb KOTOpPHX Marepuan Oyner Tedb. C mennio
ynpoueHus IT1paHATIb NpeisoXu/I NPHHATH Hpele/bHYI0 KPHBYIO
32 mpaMylo JHHHIO. B 3TOM cayuae ypaBHenue (14.252) samensercs
YpaBHEHHEM HPAMOK:

t=A~— Bo, (14.253)

rae A u B cyTh nocrosnduHe. B ciyuae msockod samaum (9, >0,)
H3 YCJOBHS KacaHHs Kpyra Mopa (¢ paauycom R H LEHTpPOM, Je-
XAUMM HAa pPACCTOSHHH P OT HayaJa Ha ocH a6GCuUMCC) ¢ NpAMOH
(14.253) mosyyaeTcs COOTHOILEHHE:

R=C,—C,P, (14.254)
rae
A B
=t =, 14.255
Cl V—l-{—_Bz » C2 .'/1 +B* ( )
Brocs B (14.254) nas xpyra Mopa
__ g —go. __e+o
R="5", P——l—2—”, (14.256)
MH [OJYyYUM ycAosue naacmuunocmu Ilpandmas:
1%—c 333, (14.257)
1=C, —C,P, (14.258)

koropoe npu C,=0 nepexomur B ycarosue naacmuunocmu Cex-
Benana. Cayuait C;=0 COOTBETCTBYET yCJOBHAM TPYHTOR.
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§ 162. O kpune.

TepmrHOM Kpun (creep) Ha3HBAIOT TEUYEHHE MeTal1a NOA Heft-
CTBHEM Hanps:xeHus. JIBJE€HHE 5TO INpelCTaB/]seT 3HAYHTENbHHA
HHTEpEC ¢ NPAKTHUECKOH TOYKH 3pEHHs.

Ha ¢ur. 49 rpaduuecks npejicTaBjeHa 3aBHCHMOCTb CKOPOCTH
KpHuna or BpeMenH. [lo ocH aGcmucC OT/IOXKEHO BpeMs Z, a 1O OCH
OpPAHHAT — YNJIHHEHLE a

AM=1—1, e

rae [, ecTb nepBOHAauyaJbHAA NIMHA ot
o6pasna, a / — 1JdHa B MOMEHT Bpe- 0

meHnn f. AGcomorHas Temneparypa T r
H INOJHOe HampsxeHue S Bo Beé A
BPEMs OIHTA [OCTOSHHEL g r-ft

B nayansHOM yuactke Oa ckKo-
pOCTb KpHNa GHCTPO BO3pacTaer H HO-
CTEIIEHHO AOCTHTaeT INMOCTOSHHOK Be-
JHYHHH, KOTOpas HMeeT MecTo B Te- Y 7
YyeHHe HEeKOTOpPoro mnepHoja (yua- dur, 49,

CTOK ab), moc/ie 4ero CKOpOCThb KpHIa
6HCTPO pacTér (y4yacTok bc) M HPOHCXOXHT pa3pylleHHE HCIHTye-
Moro obpasna.

B HexkOTOpPHX CJAy4YasXx Te4yeHHe KpHNA XapaKTepH3yercs
kpuBoI0 B. 3xeck Her 006/1aCTH NOCTOAHHOH CKODOCTH KpHIIA H OHA
HellpepHBHO yOHBAaeT.

Bompocy o0 kpume mnocBsuieHO GOJbIIOE YHC/AO SKCIepHMEH-
TanbHHX pa6or. KMmerorTcs Takxke TeopeTHUeCKHe HCCJIeJOBAaHHS.
BecbMa mpocToe COOTHOLIEHHE NOJYyYeHO aMEpPHKAHCKHMH Y4é-
HuMH JDpHHroMm (Eyring) n Kaynmanom (Kauzmann)

In (%) =1n (%)~ -+ 1n(2shx), (14.259)

TIe U eCTh CKOPOCTb JedOopMauHHU YAJHHEHHS, paBHas

L al
Tdt

N

= (14.260)

k — nocrossugas BoJasnMana, £ — mocrosiHHaa Ilaamka, R —raso-
Basi NOCTOfAHHAsA, T — a6COIOTHAA TeMmIeparypa, Af — u3MeHeHHe
CBOOOJHOH 9HEPTHH,

x="HS (14.261)

Bo= 5> (14.262)
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Jj— B&IHUYHHA, O6GpaTHasT MeXaHHYeCKOMY SKBHBAJEHTY Tellia,
@ — BEe/HYHHE, NPONOPUHOHAIbHAA cOpaTHOMY OO0BEMY maA Mare-
puana obpasna, S-—IOJHOE pacTATHBAKOLIEE HAMPSAKEHHE,

Ecan x > 1,6, To npubauxEHHO HMeeM:

In(2shx)=ux. (14.263)

INosromy, BBOJAS OOHKHOBEHHHE JOrapupMH, MOJYYHM BMECTO
(14.259) npubanxKEHHOE COOTHOLIEHHE:

vy AF BoS :
g (7) =10,319 — g+ 52 (14.264)

[1pu mocrosikHol TeMmneparype umeeMm (14.264)

gl =193 4+5, (14.265)
rje BBEJ€HA MOCTOAHHAA BE€JHYHHA
g% =10319 — oo . (14.266)

dopmysna (14.266) npexcraBiaser H3BecTHHH 3akoH JloxBura
(Ludwig):

lg,%——:@, (14.267)
KOTOpPHHA MOXHO IpPEACTaBHTH B (opme
8S
Z—eT, (14.268)
Uy
rape
B=2,3038,. (14.269)

Teopernueckas ¢opmyaa (14.264) xopomo NOATBEpKAAETCA
onutaMi !). Boobuie MOXKHO INPHHATH, YTO IPH OJHOPA3MEPHOM
KpHIIe CYLIeCTBYeT XapaKTePHCTHYECKOE COOTHOIIEHHE

$(v, T, S)==0, (14.270)

KOTOPOE MOXHO Ha3BaTb 3QAKOHOM JIodsuza.

1) Journal of applied Physics, 1944, 1. XV, crp. 108, S. Dushman etc.



TITABA XV,
YNPYTHE BOJIHDI.

§ 163. llsa THma BOJH.

VpaBHenHa YHPYTrHX [BHIKEHHH B OTCYTCTBHH MAacCOBHX CHJ
Bo3bMEéM B dopme Jlame:

04w G FnVu=p %, )
(K+u)—+u“v=pg,f, { (15.1)
()‘_l_p“)a +P~v2'w_90t2 ;J

rpe

ou dv ow

Bupa;xemm A1l KOMIIOHCHTOB BpPAIEHHA 3JEMEHTA HMMEIOT BHA:

Jw ov
Q(I)x’:-—a;—(—);, ]
9
g0, =2 % | (15.3)
%0, =90 _ %
T ox T oy

BHpaxenuss KOMIOHEHTOB Ae(OpMAUHH CABHrA MMEKOT BHI
ow ov
T + _d}, ,
+ ,,A, (15.4)
Xy 3} + Z)} .

lMepsoe n3 ypaeuennit (15.1) mpoauddeperuupyem nmo x, BTo-
poe —mno y, TpeTbe — IO Z, 3aTeM CJOXHM pe3yJbTaTH Aug-
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¢epennHpOBaHHL:

07a | 923 , 923 0 P) 0 B

—lAE TG +2 (3w

Tak kax x, y, 2, t CyTb He3aBHCHMHIE NEPEMEHHblE, H MOPRIOK
4acTHOro guddepeHuHpPOBaHHA MOXHO H3MEHATb, TO

O woy—v2 (%4
aVu-—V (dx) HT. X,
9 (0w _ & (ou
ox \oB )= on (dx T X
Benegcrsue aroro ypasHenue (15.5) mpumer Bua:
R 02A | 024 | 9%A ou Jv , Ow
(4 1) (d—xrf‘;;z‘l‘az) +u¥ (a}"l—@”{‘?’z) ==

0% /ou ov , dw
=eon (Gr T 5T %) -
BBoasa o6nuHOe 0603HaueHHE
02 91 J? e
gl )l ) H5a( )="( )
4 npeMeHsas ¢opmyay (15.2), MH IOJIy4YHM BOJHOBOE ypaBHEHHE:
(KA
A+2m)V2Q)=p55- (15.6)
Ecan Tperbe ypaBHeHue cucreMu (15.1) mpoanddepennuposars

ne y, a BTOPO€ —IO Z H BHYECTh 3aT€M H3 IPeJHAYLIEro, TO
HCKJIIOUMTCS KyOHYeCcKOe pacIlHpeHHe A, H MH [OJYYHM:

Tyme—ave] = [ (%) -4 ().
Jw Jdv a2 éw dv
wv (55— ) =eam (5 — %)
u BeaejcTBue (15.3) MBI MOJIYYHM OTCIOZA:
n¥ve (wx)=93—:-2(wx),

02
" V2 ((’)y) =p 'd_ta(wy)’

\———\/‘—-—-—/

BV (o) =p 2 (0,);

BTOpO@ M TPETbE YPABHEHHs MNOJYYAIOTCH AHAJOTHYHHM IPHEMOM.
Ecam cymecrsyer noTeHmMan A YOPYTHX IEePeMeIieHHH, TO

__9% __0O¢ __ 09 =
= 7/——3;, =3z (108)

Tox? w
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Otciona, coraacHo (15.3), nmeem:

o, =0,=0,=0. (15.9

Taxoe ABH:KEHHE HA3HBACTCHA 0E38UXPEBbLM.
3aeck HMeeM, corsacHo (15.8):

A=Tr (15.10)
. g 0 ’
Veu=V: 52— (V) |
0 od 0
Po=v2— 2 (1), } (15.11)

OueBujHO, 4TO mpH 3TOM BCJAeAcTBHe (15.10)

TS L

i =g (Vo) ="Vu, !

%:%(vzgp):w, (15.12)
91

o 2 — V2~

Buocs (15.12) B (15.1), moayunM cjaefymouiHe YpaBHEHHS JBHIKE-
HHA.

o2
02wV =p 3, |
v
(A F20) Vo =p 55, } (15.13)
0" |
(2 Vew=p 57 )

My BHIHM, YTO BCE€ TPH KOMIIOHEHTa YIDPYTOro CMeHieHHs
VIOBJIETBOPAIOT TOMY )€ BOJHOBOMY ypaBHeHHIO (15.6), KoTopomy
yIOBJAeTBOpsieT KyGuueckoe pacmnpenne A. [loaromy rosopsT,
4TO 34€Ch HMEET MeCTO 6e3BHXPeBas BOJMHA PACIIHPEHHS, CKOPOCTh
pacnpocTpaneHHs KOTOPOH eCThb

o=/ L2, (15.14)

Ecnn xe xybuueckoe pacilHpeHHe MaTepHaaa A papHO HYJIO,
10 ypaBrenus (15.1) mpunumaior BHA:

pv2u:p%, ]
nVo=p 27, (15.15)

0w
}lv?'ZE):pa—ﬁ- .
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B aTOM cayuae KOMIOHEHTH 3JEMEHTAPHOTO BPALIEHHA O, O, O,
HE paBHBl HYJI0 H VAOBJETBOPAIOT ypaBHeHusam (15.7).

Ypapuenus (15.7) u (15.5) mpeicraBasioT BOJHOBOE ypaBHEHHE
OJHOrO H TOro e Tuna. Tax xar 3gecb A=—0 H, c/Iex0BaTE/JbHO,
00b€M 3/71€MEeHTa HE MEHSeTCd, TO T'OBOPAT, YTO 34€Ch HMEeT MeCTO
CONPOBOXKJAAEMasi BPAIIEHHEM YACTHIL IKEUB0AIOMUHAALHAS B0AHA,
CKOPOCTb PACHPOCTPAHEHHSA KOTOPOH ecTb

Cy = % (15.16)

CyulecTBOBaHHE JIBYX THNOB BOJH B yHPyroH cpejge BHepBhle AO-
kasano IlyaccoHom.

§ 164. Nnockue BOJHBI.

Ec/M KOMNOHEHTH YyNpPYyroro CMEIeHHA W, U, W CyTb TPH pas-
JuyHble (PYHKINH

u=f, (‘D),
v = fy (w), (15.17)
w = f; (o)
OT OJHOTO H TOTO K€ apryMeHTa
o=Ix+my-+nz—ct, (15.18)
rie [, m, n— KOCHHYCH YIJOB HOPMAJH K ILIOCKOCTH
o= const., (15.19)

TO FOBODSAT, YTO B YINPYro#l cpefe pacHpOCTPAHAIOTCHA ILIOCKHE
BOJIHBL CO CKOpOCTbIO ¢. OueBHIHO, 4YTO [, M, n CBA3aHB H3BECT~

HBIM COOTHOLIEHHEM
24-m-fnt=1. (15.20)
H3 (15.17) umeem:
0
A=A B =Fl+ fym+ s,

d af
e fi=L, =0 n . n

[Tosromy, BHocs (15.17) B (15.1), MH moayuuMm:
(ot 10) (322 + fymd - Find) - ufy (8 - me 1% = e,

Y Ba aHAJOTHYHHIX PABEHCTBA.
Ha ocuosauun (15.20) mosyuuM orcioaa:

(1) (Bf ]+ mlfy - nlf) = (s> — w) f7,
0w (Umf] 4 m2to+ maf)) = (s — p) £,
()"i'}‘)(lnf;—l‘m”fz"l_nfa)—@ — ) f3.
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Hcxaouas orciona f], f,, f;, ME noaydum:

2—% ml nl I
im m*—9% nm =0, (15.21)
in mn  n?—3% I
rae 0603HayYeHo: ,
__pt—u
8= e (15.22)
Pa3pépThiBas merepMuHaHTHOe ypaBHeHHe (15.21), MBI HOJyYHM:
¥ —P=0,

uTO NPHBOAHTCA BeleacTsue (15.22) x Buay:
(pc® — 1)? [pc? — (A} 2u) ] =0.

pc? — n=0,
pc® — (A +-2p)=0.
CJIElIOBaTeJIbHO, BO3MOXHH [B€ CKODOCTH pacnpoCTpPAHEHHS N0~

CKOH BOJIHBL
A2 N
Cl = 1/- ; y o Cog= l/-? ,

HaiiaeHnnie B § 163 [cm. (15.14) u (15.16)].

OTcioza uMeem:

§ 165. Cpepuyeckue BOJHDI.
Boanosne ypaBHenus (15.6) u (15.7) uMeiOT OZMH H TOT XK€ BHJ
9 9%
Vrp=5E, (15.23)

TA€ ¢ eCTh CKOPOCThb BO.HH, AanHas dopmy.samu (15.14) u (15.16).
Ecau BOHOBOE [BHXEHHE IPOMCXOAHT B OJHOM H3MEPEHHH, Ha-
NpHMEp IO OCH X, TO ypaBHeHue (15.23) mpumer BHA:

O 0% .
C s =5 (15.24)
Pewenne sroro ypasHenHs B ¢opMe [lanamGepa HMEET H3BECTHHIMH
BHJ:
p=f(x—ct)+ F (x4 ct), (15.25)

rae f U F— aBe npousBosbHbE QYHKUHH. DTO pelleHHe NPeACTaB-
JAfieT TIOCKHE BOJIHH, PacrpoCTpaHAIOMHECs CO CKOPOCTHI) C.

Ecan ABHXeHHE CHMMETPHYHO OTHOCHTE/NBHO JAHHOH TOYKH,
KOTOPY1O BHOEpeM 3a Haua/10 KOOpDIHHAT, TO, HoJaras

r=Vxaetiyrtz (15.26)
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MH MOXEM CYHTaATh

e=f(r, 1). (15.27)
B stoM cayuae ypaBeenme (15.23) mpumer Bua:
a2 20 02
o+ =5 (15.28)
uTO MOXHO NpPeACcTaBuTh B dopme:
t? 02

T ort ( (P)—dtz
HJ/IH

Jz. 02
¢? 555 (re) =5 (r9). (15.29)
CpasruBas (15.29) u (15.24), BuguM, uTO A7 {rg) MH MOXEM
OpHMEHHTh HHTerpaa [asamGepa:
ro=f(r—ct)+ F(r-+ct). (15.30)

D70 peuleHHe mpeacTaBaser chepHUYECKHE BOJHH, CKOPOCTH
pacnpoCTPaHEHHsT KOTOPHX eCThb ¢. PyHKIHA

1
- f(r—ct)
npeicraBager chepuuyecKyl0 BOJHY, HMEIOILYI0 HCTOYHHKOM Ty
HENMOJBHKHYIO TOYKY, M3 KOTOPOH IPOBOJMTCA DPamguHyC-BEKTOP .
§ 166. PacnpocTpanenne BOJH B IBYX H3MepeHHSX.

TlycTe ynpyroe Teso OTPaEHYEHO IJIOCKOCTRI0 OXZ H Haxo-
IuTCS B OGJIACTH IOJIOXKHTE/NbHHX 3HadeHud y, [lpeamosiaras npu-
JeHue B JBYX H3MePEHHAX, NPHMEM

w=0;
TorAia ypaBHeHHs (15.1) mpuUMyT BHA:

oA ik
O+ gzt rVe=p5,

(15.31)
(1+u)o —I—:Nz'v=p,,t, ,
rae
du dv
[lo meroxy Jlamba mosoxmuM:
+ a s
y
B d? 2% (15.32)

__-5;—0—x’
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yTO HAET:
du
A=921 %% v
or T oy
o: I | } (15.33)
_— T —_ 2
0, =g =y =""% )

Buocsa (15.32) B (15.31), MH moayuHm:
x+uiw+na—",;vch+u£vz¢=pa%(3%)+p£( ),
(1) 35 Vot r 5 Ve —n V=0 () —e 2 (54),

4yTo IIPI/IBOILPITCH K BHAY

[()‘+2r" Yz“?‘—p op]"l—'a%,[p'v Pdtﬂ 0,

IE:

(=]
45’%

(15.34)
i} 0%
e [(1 +2u) V2o —op m] —ax [#qu’ p atz] 0.
DTH ypaBHeHHs1 GYAYT YAOBJETBODEHH, €CJIH NOJOKHTb
0?2 .
02w V2o =p 7, (15.35)
pvep=p 28 (15.36)

W3 ypasuenns (15.35) crenyer, uTo ¢yHKIMS ¢ COOTBETCTBYET
6e3BHXPEBOH BOJIHE paCHIHpeHHs, nepejaromencss CO CKOPOCThIO ¢;,
onpeneasemoit no ¢opmyae (15.14). Hia ypasuenus (15.36) cie-
ayer, uto ¢GyHKIHEA O COOTBETCTBYET SKBHBOJIOMHHAJILHON BOJHE
BpallleHHsA, Tepenaromeicsa CO CKOPOCTBIO C,, ONpejaeaseMo#t mo
¢dopmy.ae (15.16). MoxHo paccmorpers cucremy (15.34) ¢ Gouee

0oOILIeH TOYKH 3PEHHS.

O603naunB ,
2,
P=(X+2u)V2<p—p‘,—t§,
(15.37)
—Q—‘;"‘vzq) Pdtl ’
ypaBHenus (15.34) MOXHO NpenCTaBHTh B BHJE:
dP __0Q oP_  4Q
=3y’ ay— " ox (15.38)
M3 atnx ypaBHEHHHl caelyeT, uTO BHIPAKEHHE
Q=P1-iQ (15.39)

€CThb (byHKILHH KOMILTIEKCHOIO MEPEMEHHOrQ
z2=x-1y, (15.40)



426 YOPYTHE BO/IHH [ra. xv

T. €.
Q= f(x4iy). (15.41)

Orciopa caeayer, uto P u Q yZ0BIeTBOPAIOT ypaBHeHHwo Jlam-
Jaca

ViP=0, (15.42)
V:Q=0. (15.43)
Tloncrasasa nepsoe ypaerenne (15.37) B (15.42), umeem:
(-2 V2 () = 52 (15.44)
yro BeaeacrsHe (15.33) NpHBOAMTCA K YPABHEHHIO
82\

G+2mV@d)=p5z,
cosnajawiemy c¢ (15.6).
Buocst Bropoe ypaBuenne (15.37) B (15.43), moayuaem:

0% ©, =
uV (729) = p 0. V24, (15.43)
yro BeaenacTue (15.33) mpuBOAUTCA K ypaBHEHHIO
a2
p'vz ("’;)2‘93}‘2("’2);

cosnajaomemy ¢ (15.7). B ciyyae OTCYTCTBHS IBHIKEHHS HMeeM:

P=(+2m)3, Q=20 (15.46)
TaK 4to ypaBHeHue (15.39) nmpumer Bunx:
(- 20) A 2o, = f (x - iy), (15.47)

Y10 6bLUI0 BHepBHE YKasaHo JIABOM B ero Kypce TEOpHH YIpy-
rOCTH.

M3 (15.37) crenyer, uro ¢ H § yAOBJAETBOPSIOT JBYyM YypaBHe-
HHAM:

(x+2u)v2p—«0t2 +P, (15.48)

V%__,w Q, (15.49)

rae Pu Q— nefCTBHTE/NbHAS W MHHMASA YacCTH (yHKIMH KOMILIEKC-
HOTO N€PEMEHHOT0 2 =X} iy.

Hast nocTaB/ieHHOR HAMHM BOJHOBOH NPO6JEMB ZOCTATOYHO pac-
CMOTpeThb c/ayuya#, Koria
P=Q=0. (15.50)

B stom cayyae ypasHenus (15.48) m (15.49) mpuBogsaTca K BHAY
(15.35) u (15.36).
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§ 167. MosepxHOCTHbIEe BOJMiIbI PaJes.

Bjaan OT HCTOUHHKA BO3MYIEHHS MOXHO paccMaTpHBaTh gedop-
MaIHI0, IPHHOCHMYIO BOJHAMH, KaK IIJIOCKYIO, H OTPaHHYHTHCH
PacCMOTPEHHEM JABHXEHHS B ABYX H3MepeHHAX. CoxpaHuMm 0603Ha-
YeHUA npeamAaymero maparpada.

Adriuiickn#t ¢usnk Paseil ykasas, 4TO MOryT CYI{ECTBOBATHb
0COGHE BOJIHH, Ha3nBaeMble NOBEPXHOCTHHIMH, B KOTOPHX JBHKe-
HHEe OBICTPO yracaer IO Mepe yJIaJeHHs OT CBOOOJHOH MOBEPXHO-
ctu Tesa. [loatomy 6yaeM HCKaTh perueHusi ypasHeHu#i (15.35) u
(15.36) B BuZe:

(P____Ae—qy+i(£x—p.’), 1

@:Be—ﬁyn(ax—p‘)’ J (15'51)
rae a, 3, & p, A, B—nocrosiuubie,
a>0, §>0. (15.52)
Brocs (15.51) B (15.35) u (15.36), Mu moayuum:
a?— 2+ h=0; p2—24 k=0, (15.53)
npuyéM oGo3HaYeHO:
__ o s PP
h2_m, k= o (15.54)

CocraBuM Tenepbp TpaHWYHHE YCJAOBHS HA CBOGOIHON MOBepx-
HOCTH YNPYTroro noJyreJa, Ha KOTOPOH OTCYyTCTBYIOT IOBEPXHOCT-
HBEE€ CHJIBI.

Jas sneMeHTapHON MJIOWAAKH, NEpPNeHAHKYJADHOH K OCH Y,
HMeeM:

dv 0 ov
vy=u4+2u5=0 X=u3 +52)=0, (15.55)

a8 y=0. Broca (15.51) B (15.55), MH nOJIyyHM:

[h(a® — &) -} 2pa®] A+ 2uBitB =0,
— 24ai - B (3 - &) =0. } (15.56)
Hckmodans A u B, NOIyYyHM ypaBHEHHE:
[k (2% —£2) +-2pa?] (32 4 2) — 4pa32 =0. (15.57)
Cor.tacio (15.53) umeem:
prt-R=— k- 2=202—F (15.58)

M3 (15.54) Hainém - 2u =", op? =%y, OTKyZa crefyer

h

l—}-?;:.::—z;x, 1:(:—:—2);1.



428 YIIPYTHE BOJHH [rn. xv
CJaen0oBaTe/bHO, HMEEM:
M@ —8) e = (F—2)( 2—=2)+zaz}=
=[5 (@ —¥)— 20422 -227].

YuutHBas cootHoumenne a?—~&2=— A% mnosyuaemoe u3 (15.53),
M Jlesasd TIpHBEJEHNE, MOJYYHM:
) (a? — §2) -} 2ua? = pn (282 — k2). (15.59)
Buocst (15.58) u (15.59) B (15.57), monyunm:
(232 — A2 — 4aBf2=0. (15.60)

Pasgenum o6e yacTH ypaBHEHES Ha §4, uTO HadrT:

(2—5)=4() (%)

Bosseném obe wactu B KBazxpaT HMes B BHAY COOTHOUIeHHe (15.53)
a?=F8 —h?, f2=~E62—k?, uTO Haér:

(2—-?,) ———16(1—21;)(1 :?) (15.61)

h2
Ho coraacuo (15.54), umeem: BT ITosromy, 0603HaUHB

)
__®
8_l+2p’ (15.62)
NONyYHM:
h? = 9k2, (15.63)
Buecém (15.63) B (15.61) u o6Gosnauum
(%)2—_—(.). (15.64)

Toraa ypaenenue (15.61) npumer BuA:
(2— o)t =16(1 —0)(1 — o).
Ynpouas sTo ypaBHeHue, NOJIYUHM:
— 80%-+(24 — 169) 0 — 16 (1 — 8) = 0. (15.65)

D10 ypaBHeHHE HMEeT OJHH NPUTOAHHA KopeHb. [aa cayuas
A= noayunm u3 (15.62)

8—:;,—, (15.66)
M ypaBHeHHE (15.65) IIpUMET BPUI'
— 82 + 60— g = 0,
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YTO MOXHO NPENCTABHTb B BHJIE:
(0 —4) (302 — 120 - 8)=0.
KopHH 3TOro ypaBHeHus CyTh

y 2 2
0, =4, 0’2=2‘1‘7§’ ‘”szg—ﬁ- (15.67)
M3 (15.53) umeewm:
k2
p=t—p=(l—f)=2(1—o),
( =2) (15.68)

=3 =21 —f)=8(1—9)
Tax xak no ycsosuio sagauu a >0, >0, To u3 (15.68) cziegyer, uro

oI g="t2 0 2,

[losToMy TOJBKO OJHH KOpeHb

—o__2 _
0=2— 75 —0,8453 (15.69)

YAOBJETBOPSIET YCJIOBHAM 33JayH.
CKOpOCTh NMOBEPXHOCTHOA BOJIHH, OYEBHJHO, OyIeT:
Y4

c=2. (15.70)
Hs (15.54) u (15.16) nmeem: k2=e?-=£;2. Orcioga HMeeM:
2
_»r _
k=L, (15.71)

CaenoBaresabHo, moayuum H3 (15.70):

=t b=a(3).

k&
Beaeacrsue (15.64) nosiyunM OTciofa:
c=cV o. (15.72)
BHocsa cio0ga 3pavyende w, IOJYYHM: _
£ =0,9194 ¢, =0,9194 l/pi (15.73)
Buocsa o B (15.68), MH moayuum:
a=0,8475;, p=0,3933%. (15.74)

H toraa serxo Haiiném, B3AB AEHCTBHTEJABHYIO 4YaCTh:
1 ==C(—e~v—0,5753e~-¥) sin (3x — pt),
_ _u B (15.75)
v==0,8475C (¢~ — 1,7320e~P) cos (&x — pt),
rxe C —Ipou3BOJ/IbHAA HOCTOSIHHAA.
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Ha noBepxsocTH ynpyroro mnoaympocrpaicrsa aas y=20 no-

JYUHM:
uy=—0,4247C sin (:x — pt),
vy=—10,7320-0,8475C cos (5x — pt).
OTHOIIEHHEe AMIVIHTYJ TOPH3OHTAJbHOTO M BEPTHKAJBLHOTO ABHIKE-

nus pasrHo 0,681.
Jlpyro#i uHTepecHn#i cayuadl 6yjeT, KOrja Marepdasn HecCkH-

maemuii. B arom cayuae f————con, c1eoBare/ibHO, #=0. Y paB-
HeHue (15.65) npuHHMaeT BHA:
0% — 8w? -} 240 — 16 =0.

Jlerko BHIYHC/IHTB, YTO CKOPOCTh NOBEPXHOCTHON BOJHH JAaHa ¢op-
MY.J0i#:

(15.76)

¢ = 0,0553 ‘/g . (15.77)

§ 168. Boaun JlsiBa.

TMpeanosoxuM, 4to 6GecHpeie/bHHE I1aCT NOCTOAHHON TOJI-
IHUBR { H OJOTHOCTH p; ¢ KoaddunuentamMu Jlame A, 4, JIeXHT
Ha ynpyrom IHOJYNPOCTPAHCTBE IJIOTHOCTH p; C KO3((HIHEHTAMH
Jlame 3y, M,. IlpuMeM mioCKOCTH paszena 3a maeckoctb Ozx H
HAIPABHM MOJOXHTEJbHYIO OCh y¥ BHYTPb NOAYNpOCTpaHcTBa. Pac-
CMOTpPHM CNEeIHAJbHHA CIydall yOpyTHX BOJH, A1 KOTOPHIX:

1) Bayrpu niacrta O=y=—H)

=v,=0, w,=f(y)e &= (15.78)
2) BHyTpPH noJaynpocrpancTsa (y =0)
u2:1}2:0, 'ZUZ:CE_B'V"'i(Ex_pt). (15.79)

Buocs (15.78) B ypaBuenus ympyrocta Jlame, nMeem:

m (G —%f)+Fep=0.

b=y'", (15.80)

klzbﬂl, (15.81)

Bsojasa o6o3Hauenus

MBl NOIYUHM:
dy2+(k2 &) f=0. (15.82)
Hurerpaa storo ypasHeHus Gepém B dopme:
f(y)= Asin(ay)+ Bcos (ay). (15.83)
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Moxcrasass (15.83) u (15.82), MH moayuHM:

a?=Fr— 3. (15.84)
Buocst (15.79) B ypasuenus Jlame, naiiaém:
pr=— K2 (15.85)
rge 00603HAYEHO:
by=2, (15.86)
2
4/
by — l/pf' (15.87)
M3 dopmya (15.78) umeem:
1) BHYTpH miacTa s
' d
Xy=m (52+ ) = (15.88)
d 7, a
Zy=mw (524 "’1) 1 a‘;l (15.89)
Y;:XlAl—l—Qp,-d—;:O; (15.90)
2) BHYTPH NOJAYNPOCTPAHCTBA
Xi— ("”2+"”2) 0, (15.91)
dv, | Ow, Ow,
Zy=w (gt + 52 ) he ot (15.92)
=l 20, 322 "”2 —0. (15.93)
Ha BHemnel noBepXHOCTH 1.1aCTa y:——H He NIPHJI0XKEHO BHeII-
HHX CHJ, 4 CJeJA0BATE/JbHO, HMEeM: Z;,=O s y=—H, uro
Ha ocuopauuu (15.89) maér %:0 gas y=——H. Broca coxa
(15.78), MH NOAyYHM:
"Z_o aas y=—H. (15.94)

IMoacrasass f(y) u3 (15.83) B (15.94), monyunm:
AcosaH -+ BsinaH =0. (15.95)
Ha oOme#t rpanune y=0 MH JO/JKHH HMeETb PABEHCTBO yl=
PYrHX NepeMelleHHil u HanpsKeHud. HoaTomy HMeeM:

d Wy 2

w=w, . y=0; w5t =t: oy

aas y==0.

Coraacuo (15.78) u (15.79), MH noJyYHM OTCIOAA:
B=C; paAd=—u,3C. (15.96)
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Uckmouas A, B u C n3 ypasdenuit (15.95) u (15.96), MH noay-
YuM ypaBHEHHE

tg (aH) =2 (15.97)

ma’

HO JeHCTBHTE/NBbHAf YacThb [ MOMKHA GOHTb I10.10KHTEMbHOR.
Coraacuo (15.85), /15 3TOr0 JAOMKHO HMETD:

E> k. (15.98)

CkopocTh BOJHOOGPA3HOTO MABHIKEHHH, NAHHOTO YpPaBHEHHAMH
(15.78) u (15.79), oueBHJHO, eCTb

c=%. (15.99)
M3 (15.84) u (15.98) MH HMeeM:

e>-b§. (15.100)
Buocs (15.100) B (15.99), MH moayuum:

¢ b,. (15.101)
Ecn 661 MH umean ¢ <b,, To, corsacHo (15.99), Mel nosyyuau 66

&<, (15.102)
CpasnuBag (15.81) u (15.102), M nosyunm:

k<G (15.103)

Ho u3 (15.¥03) u (15.84) caenyer, yro a*< 0, T. e. @ ecTh YHCTO
MHHMasi BeJHYHHA.
INpumem: a=yi. Broca 310 B (15.97), MBI moayuum:

Yitg (iyH) = *‘73-“ (15.104)

1
B Tak kak tg(iyH)=ith(yH), To MBl HMMeeM:
yth () =2 <o,
Ho sro, oueBHAHO, HEBO3MOXHO, H MHl 3aKJIOYaeM OTCI0ZA, YTO
c>b,. (15.105)

HTak, BOJHH paccMaTpPHUBAEMOrO BHAA MOI'YT PaclpoCTPAHATHCA,
Kak 310 cieayer u3 (15.101) m (15.105), Toabko TOraa, Korja

b, < by. (15.106)
CoracHo (15.80) m (15.87) nasa sroro HeO6XOZHMO, YTOOH OBLIO
<t (15.107)
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[ BO3MOKHOCTH CYIIECTBOBAHHA BOJH JlABa BepXHu#l m.Iacr
JOJIKEH JIeXaTh Ha 6oJee KECTKOM ocHoBaHHH. BouHu JlsaBa cyTh
nonepeyHne SKBHBOJIOMEHA/AbHHEE BOJHE, CKOPOCTH PACHpPOCTpaHe-
HHS KOTOPHIX BCErja 3aK/JIOUeHa MEXKAY CKODPOCTAMH MONEPeYHHX
BOJH B BEDPXHEH W HMXHEH cpene.

§ 169. PaauanpHbie KonebGauus wapa.

Kax mpocreitmuit nmpumep xoje6aHuit ynpyroro Tesa KOHEUYHHX
pasMepoB MH pacCMOTPHM COGCTBEHHHIE pajHAJbHEIE KOJeOaHHs
ynpyroro mapa. B aroM cayuae kaxjgas 4YacTHIA COBepluder
pajuajbHHE nepeMenieHdsa. JlosToMy MH MOXEM IPDHHAThL CIeAy-
I0I(HE BHIPAXEHHA AJf KOMIOHEHTOB YIPYroro IepeMelleHus:

u=xf(r)cos pt,
v=yf(r)cos pt, (15.108)
w == zf(r) cos pt,

rAe r ecTb DAcCTOSTHHE OT IEeHTpa wapa, B KOTOPOM TOMEIUEHO
HAyaJO HPAMOYTOJBbHHX ocefl x, y, 2. Ecan T ects nepuon co6-
CTBEHHOrO KOJe0aHHs 1Iapa, TO, KaK H3BECTHO,
2
=7, (15.109)

U3 ypasuenust (15.108) Mul mosyunM, omyckas BpemMeHHO (pakTop
cos pt:

A=3/+ri,
Velxf(r)] = V()b =x(P 4 2N L 20
(dr'+ :Z/r’)
v"U’f(’)]“y( A +%%);
viof(ni=z(Z5+ LX),

oz =x(zht T i)
55— (@7 1)
== (7 )
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Buocs 3ro B ypasuenns ynpyroctd Jlame, umeem:
. dxf | 4 df ,
x|6+2 )(,,,2+ ,—,,—,)]cospt+pp-xf(r)cospt=o,
[(A + 2}1)( d,ff‘ ’ d,) } cos pt —+ op*yf(r) cos pt =0,
N a? 4d
z [(A+ 2u) (dr!;—&— . d{)]cospt—%—pﬁzf(r) cos pt = 0.

D74 ypaBHeHusi 6yMyT YZOBJIETBOPEHH, €C.H

4d .
-t o) (G5 + 22 4 pprf=o. (15.110)
BBojas npexHee 0603HaueHHe
—
hz_m, (15.111)
MH npuseiém ypasHenue (15.110) x suay: »
a4 4d
M2y pr—o. (15.112)

Hnrerpan storo ypaBHeHHs, KOHEUHHH B HadaJle KOOPAMHAT (T. €,
aaa r=20), uMeeT BHA:

f:Ch'COS"L“_S‘EE_, (15.113)

r3

rae C-— npou3BoJbHAs NOCTOAHHAA.
O6o3Hauas uepe3 3 BeJHYHHY paAHaJLHOTO YNPYLoro nepe-
MeIleH}s, MH HMeeM:

gtxtoviws (15.114)

P
Burocs ciona (15.108), M noayuum:
Z=rf(r)cospt. (15.115)

Beinuuna HOPMajabHOTO HANPAKEHHA HA 3.JIEeMEHTAPHOH ILIO-
aAKe, HOPMAJIbHOH K pajuyCy-BeKTOPYy r, OYEBHAHO, GyJIer jJaHa
dopmy.oi

o,—ia+2u %, (15.116)

Brocs cioma snadenne A ¥ 3, MH MOJYYHM:
o = [(31—{—2;1)]‘0)—&—(%-;—2;1)’ ]cospz (15.117)

Ha cBo6oaHo#t moBepxHOCTH 1Luapa
r=a
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(ecay a— paamyc wapa) OTCYTCTBYIOT BHEUIHHE MOBEPXHOCTHHE
cHaH. JTosToMy MB MMeeM TpanhyHOe yC/AOBHE:
6,=0 mas r==a. (15.118)

Brocs cwoaa (15.113) u (15.117), MH noayunm:
(s 2u) { (2 — a2 a?)sinha — 2hacosha} +
—+ 24 (hacos ha — sinha)=0. (15.119)

Ecan A=y, To KOpHu 3TOro ypaBHeHus OYyAyT:

e 0,8160; 1,9285; 2,9359; 3,9658; 4,9728; 5,9774.

T

0603naunm yepe3 7', BpeMs 1poGera BOJHH PACLIHPEHHA N0 AJHHE
JHaMeTpa 3eMHOro 11apa, paBHoro 2a. CKOPOCTb BOJIHH pacuiupe-

HHUA paBHA
E 5
C, = ‘/A+“ P.
P

M3 (15.111) Mu noayuum:

h :% . (15.120)
TlosToMy HMeeM:
2 2ah
Tl_.a_.—;, (15.121)
taxkxke u3 (15.109) noayuum:
T=2
P
CaexoBareibHO, HMeEeM:
T n
= k- (15.122)

§ 170. Quuamuyeckas npobaema Jlamba.

Bonpoc o pacnpocTpaHeHHH B YHNPYroM NOJYNPOCTpaHCTBe 3(-
(pexTa NPOH3BOJLHOIO HMIYJ/bCA, NPHAOXKEHHOTO K CBOGOAHON mO-
BEPXHOCTH, ObL1 HCC1€0BAH 3HAMEHHTHM aHTIHACKHM yuéHuM Jlam-
O0M.

Mpur paccMoTpuM npocTeiuit cayuadl ABYyXpasMepHOH 3ajiauvd,
Korja Ha cBOGOJHOH IIOBEPXHOCTH Te/1a AeHCTBYET HOPMAJbLHAsA CHJIA
(pur. 50). Cuayasa mnpepno/IOKHM, UYTO 3Ta CHJAA NEPHOIHYECKAs,
K 3aKomn JeHcTBHA €€ jaaH Qopmyaoi:

F— Neitix~ p’), (15.123)

a sarem nepefiiéM k 6osiee obuieMy C.1ydaio.
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ITpexnonoxuM, kak B § 167, oce Ox HAPaB.IEHHOA BHOJb CBO-
60XHOA MOBEPXHOCTH, @ ochb Oy HANPAB/IEHHOH BHYTPb YMPYTOTO
noaynpocrpaucrsa (¢pur. 50). Tak kak Ha CBOGOIHOH MOBEPXHOCTH

OTCYTCTBYIOT KacaTesbHBIEe HANpsKEeHHs,

¥ HO JeficTByeT HOpMaJjbHAs CHJA IO 3a-

I , xoHy (15.123), To MH HMeeM cIeaylo-
l , IHE T'PaHHYHHE YCJAOBHA:

v,=tatom =
——HE — F—=Neis=p0 | (15.124)

Ju , dv
| X,=u(5+5) =0 (15.125)

aa y=0.
I Y paBHEHHS JBHXXEHHA HMEIOT dopMy
| (15.31), u M 6yxem HCKaTb X pelue-
®ur. 50. Hue B dopme (15.32). Tak kak nmo mepe
yAaJeHHs BHYTPb YIPYroro IOJYNpO-
CTPAaHCTBA X M U CTPEMATCA K HYJIIO, MH 6yjeM HCKaThb pelLIeHHe
ypassennft (15.35) u (15.36) B ¢opme (15.51). Buocs (15.51) B
rpaunynne yciosus (15.124) u (15.125), Mn moayuum jgBa ypas-

HEHHA AJd onpeneneHuss A u B

(@~ ) +-2nfar) AL 2uBiEB=N,
—2ait A+ (2 +%2)B=0, } (15.126)

rie §— BeJHYMHA BelIECTBEHHas, 4 & H § IOJOXHTE/JIbHH.
Pewas ypaBrenns (15.126), mb Hafuém:

A 21— 2 N ]
EE—ER—atd (15.127)
B=— 2ifa N
TR — kN2 —48243 p
BHuocs (15.51) B (15.32), MH nmoayuHM:
u=[Aite v —Ble-¥le Cxpt)
v——[Age- L Bite Pr]elts - P (5.128)

Onas nepememeHns Ha cBOGOAHON IOBEPXHOCTH HMEeM, MOJaras
B (15.128) y=0:

=T A t@as—pt
no={Ai§—Bple!G= ot } (15.129)

V== —[Aa-tBitle' &=~ p
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Brocs (15.127) B (15.129), mo.iyuHM OKOHYATEJLHO:

_ 1E[(2E=——k2)—235]_"\_’el(ex-pt)
0T (2 k27— 4t af]op ’ (15.130)
0. — k2a-N el (&x = ph
0T TEE— Ry — 4 el p '

Tak xak ypaBHeunst (15.31) JsnHeliHHe, TO MH HOJYYHM BecbMa
obulee penieHHe nMyTéM HAJO0XEHHS OTIXeJbHHX pemeHHi. [lostomy
NOJIO:KHM:

N=_Q‘2’_: (15.131)

H BHecéM (15.131) B (15.128), a 3aTem BO3bMEM CYMMY BCEX NOAOG-
HHX pelleHHid, T. €. NPOH3BEAEM HHTErpHpoBaHHe 1O §& OT —o%
0 + oo (cM. § 91, raasu VIII). ITonroxus sarem y=0, MH noJay-
YuM BeCbMa OOIHe BHPAXEHHS XA KOMIOHEHTOB YIDPYTLOro cMe-
IieHHd Ha CBOOOKHOM NOBEPXHOCTH B CJEAYIOLIEM BHJIE:

oo ]
- iQ [ E(282—k2—2a) ! (Kx—pt)df
Ro=—2np j (28— %) — 4824
e 9 (15.132)

-+ o0
- 1Q k2ael(tx—pl)d§ |
Vo=—73m ( CE—rai—40ap

— 0o

N e e

Eciu MB 3HaMeHAaTeJb B HAUIKX INORHHTEIPAJBHHIX BHPAXKEHHAX
NpHpaBHsieM HYJI0, TO NOJAyuYydM ypasHenue (15.60), koropoe co-
OTBETCTBYET NOBEPXHOCTHHM BOJHaM Pajes.

Ha ocHoBaunn teopemn Pypoe, Jlam6 moayuaer u3s (15.132)
nepeMelleHHsa Ha CBOOOAHOH MOBEPXHOCTH, COOTBETCTBYIOIUHE HOP-
MaJbHOH cuje P, JedcTsylomes Ha CBOGOAHOH NMOBEPXHOCTH:

= p e g 2apye e ]
bo=—"39% E— )T — 42 qp *
— oo
15.133
- P e k% a eftx dt ( )
U0="" T j (2 — F— 4’ J
— 0

DTH 3amedartenpHHe (GOpMYJH NpuHanaexar Jlam6y.

[naBHas TPyAHOCTH 3aKJIOYAeTCS B H3YUEHHH MOJYYEHHHX O~
peenEHHEX HHTErpaJoB; 3TO H3yuyeHHE HOCTHTaeTCst NPH NMOMOMIH
KOMIIJIEKCHOTO HHTEIPHPOBAHHA BAOJAb COOTBETCTBYIOIIHMX NyTeil
H JAET UHTeTPaJH, A1 KOTOPHX MOTYT OHTh JaHH aCHMNTOTHYECKHE
BhIpaKeHHsl.
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Taxkum mertogom Jlam6 moayuu.t:

4 (Pf—kx———
- I s ) 5 .
fm— Pp g 2 T ) 0
(kx)?
p o rmeER i (Pl
—wViw b
)
(gx) ) (15.134)
5 t | pt—kx——
ip, Upt—3x)  op 5 o\ de :
(kx)3
i | pt—nx— =
‘/ hk? ie (p * 4)
+°F T (B2—2n3)? T 4.,
thx)* J

rae o— KOpeHb 3HAMEHATe/si MOZHHTErPaibHOTO BHPAMXEHHS, T. €.
KopeHb ypaBHenHs (15.60), M nmpum A=pn noayuum H=0,1250,
k=10,1835.

ﬂepBb:ﬁ wied (15.134) npeacrasasier cBOGOAHBE BO.HH Pases.
OTHOWIEHHE AMILIHTYL MOPH30OHTAJBHOTO H BEPTHKAJILHOI'Q [JBHIKe-
HHA paBHO

=0,681, (15.135)

a 3TO M ecTh TO, YTO MBI HMeJaH B ¢opmyae (15.76).

Ocra/nbHasi 4aCTb BO3MYINEHHS, NPEACTABAEHHOrO (OpPMyaaMu
(15.134), cocrour H3 ABYX uacreil. Has ogHodl M3 3THX vyacred
BOJHOBAfA CKOPOCTb €CTh CKOPOCThb BOJIHH, He COINPOBOXAAMIULEHCH
H3MEHEHHEM 00bEMA; K0/1eOaHHA HA IOBEPXHOCTH 3.IJIHNTHUECKHE,
OTHOILIEHHE BEPTHKAJbHOTO JAHAMETPa TPAGKTOPHH K I'OPH3OHTA.b-
Homy paBHo 1,633. [lpyras yacThb MMeeT BOJHOBYIO CKOpPOCTb, paB-
HYI0 CKOPOCTH BOJH, He CONDOBOMMAIOUIHXCA BUXPSMH, COOTBET-
CTBYIOIIHE MOBEPXHOCTHHE KOJieGaHHA NPSIMOJHHEHHH, OTHOLIEHHE
BEPTHKAJIbHOH aMIJIMTYAbB K TODH30HTaJbHO# pasHO 0,3535. Ilpu
Boapacrgrom;em paccTOsIHUM aMIVIHTYAa KaXKIOi YacTH yMeHbIIdeTcs

kak x 2. B cayyae TpéxpasMepHOH 3aXa4YH NPH HATHYHAH CHMMET-
pUH OTHOCHTEJbHO OCH OZ H CHJIB, AeHCTBYIOIIE} B HANPABAECHHH
ocd Oz nepneHf¥KyaspsHO K MNOBEPXHOCTH cpeabl IJIOCKOCTH Xy,
AQHAJOTHYHBIE BBIYHCACHHA MPHBOAAT K CJACRYIOIEMV pe3yabTaTy!
BO3MYIUIEHHE PACHPOCTPAHAETCS NO NMOBEPXHOCTH B BH1€ CHUMMETPHY-
HO# KOJbLEOOpa3HOH BOJIHOBOH cHcTeMbl. HauabHHHt Xapakrep
5TOI BOJIHOBOIl CHCTEMBI 34BHCHT OT INpollecca BO30YVKIEHHA, HO
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B KOHIle KOHLOB YCTAHAB/IHBAETCH JBHXEHHE, KOTOPOE XapaKrepH-
3yeTca TPeMsA BOJIHAMH, PACHPOCTPAHAIOUIHMHUCS OAHA CO CKOPOCTHIO
BOJIHH, HE CONPOBOXKAAIOUIEACH BHXDPAMH, APYras— CO CKOPOCTHIO
BOJIHH, He CONPOBOXKAAIOUIEHCS H3MEHEHHEM O0bEéMa, TpeTbs — CO
CKOPOCTBhIO BOJH Pajes.
Ilpu nmpoxoxAeHHH cHCTe- I%
MB BOJH 4Yepe3 KakKyw-
AH60 TOYKY TOPH3OHTAIb- —AN=== —— = 3
HOe IlepeMelieHHe g, (nep-
neHIuKyasapHoe K ocH Oz2)
NPOSIBJAASTCS CNepBa — IIPH ®ur. 51.
npuOGLITHH BOJIHH, HE CO-
NPOBOXAAIOIIEACSH BpAalLIEHHEM, —B SBCTBEHHOM OTJAEJILHOM KO-
Jne6aHyH, 32 KOTOPHM CJAeAyeT MePHOX CPABHHTEAbHOTO 3aTHILIbA.
3areMm caeiyer BTOpoe KoJye6aHHe NPH NPHOHTHH BOJHH, HE CONPO-
BOXJAIOLIEHCA H3MeHeHHeM o0béma. HakoHern, HacTymaeT rJasHoe
KO.1e6aHHE, COOTBETCTBYOLIee NMPHOHTHIO BOAHK Pares (¢pur. 5i).

AMIAMTYAA ABYX NEepPBHX KOJe6GaHHH yMeHbLIAeTcsas BCE 60.bile
H 6ojblue (He TO.IbKO a6COJMIOTHO, HO U B OTHOLIEGHHH K TJAaBHOMY
KO/Je6aHHI0) B 3aBUCHMOCTH OT YJaJI€HUsI OT HCTOYHHKA BO3MYILEHHA.
[Togo6HOTO Xe poxa COOTHOLIEHHA HMEKIT MECTO H NPH BePTHKAaJIb-
HOM nepeMellieHHn @, (napauiensHoMm ocH Oz) (¢ur. 52).

[1pu mpuMeHeHHH 3TOH

TEOPHH K TeJy C KpH- Iw,, ,k

BOJIHHEHHONX C¢BOGOAHOH

NOBEPXHOCTBIO  (3eM.1s)

Ha10 06 PATHTh BHUMaHHE \F‘\“*:ﬂ

Ha TO, 4YTO Ofe nepBHE

BOJHH PaCcIpPOCTPAHSIOT Pur. 52.

Ccsl BHYTPH CpPeJH, TOTAA

KaxK BOJIHA P3jges MAET BIO/Ib NMOBEPXHOCTH, TaK UTO HA GOJBLIOM

yAa.1eHNH OT LEHTpPa BO3MYUIEHHS OHA [OJy4YaeT BC& Gosee H 6O-

Jlee BaxXHOe 3HaueHHe. Bpocawmeecs B rjasa pasjanuume MEXAY

¢ur. 51, 52 u rpadukaMn 3eMaeTPACEHHI, e 06a IpeaBapHTENbHE X

TO.TUKA W TVIaBHHH TOJYOK COCTOAT H3 GOJBIIOr0 YHCIA HAYIIHX

TyJa H Ha3aj KOJIeGaHHH, NHTAOTCA OGBACHHTH JAHCHEpCHeH BOJH

(r. €. 3aBHCHMOCTBIO CKOPOCTH PaclpOCTPaHEHHs OT AJHHH BOJIHH)

BLI3BAHHOA HEJOCTATOUHOH OXHOPOAHOCTBIO CPEeAHL.
PaccMOTpeHHBI 3/1€Ch BONPOC GHLJI HCCAEI0BAaH HOBHM METOAOM

B. K. CmuproBuiM u C. JI. CoboseBniM, K paGoTe KOTOPHX M H
OTCHLIAEM.

’
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NPUBJWKEHHBIE METOJbl PELLEHHS, OCHOBAHHBIE HA
BAPUALIUOHHBIX YPABHEHHUSIX.

§ 171. IlpuaoskeHne BapHaUHOHHCTO ypaBHeHHs JlarpaHiwa.

Ha ocHoBannn dopmyan (11.34) BapuanuoHHoe ypaBHEHHe
Jlarpanxa mas cayuas ynmpyroro paBHOBECHSI HMEET BHA:

(({(XeutvovtZow)pdxdydz+
+ SS (Xu+Yoiv-+-Z2w)dE—3iU=0. (16.1)

D710 ypaBHeHHe JAET YyROOGHHRA MeTOA Aif NPHOJIHXEHHOTO pelle-
HHA 3afaud 06 ympyroM paBHOBecud. ITnoHepoM B 3TOH o06.Jactu
sABUJCA 6e3BpeMeHHO yMepHIHll reTTHHreHckuii npodeccop Baasrep
Puri.

B ciyyae 3aaHHHX HAa NOBEPXHOCTH TEJa TaK HA3HBAaEMHX
MOBEPXHOCTHHX CHJI MH HMEEM CTaTHYEeCKHE TpaHHYHHE YCJIOBHS
(11.43). Ho Her mazoGHOCTH YyIOBJIETBOPATb HM 3apanee. B cay-
yae 33JaHHHX HA NMOBEPXHOCTH Te/a 3HAYEHHH KOMIOHEHTOB Iepe-

MelleHHA L, U, @ MH MMeeM T'DAHHUHHIE YC/AOBHS:
u=u(x,y,z2), v=0(x,y,2), w=w(xy z2). (162)

I yCJlOB_Hﬂ_}IOJI)KHH OLITH YIOBJ/IETBOPEHEI 3QPAHEe HAANCKAIINM

BuGopoM 4, v, w. TOuHO Tak xe HajAjexalEM BHOGOPOM 4, ¥, W
JOJKHH OHTb YIOBJETBOPEHH 3apaHee YCJAOBHS OTHOCHTEIBHO
3HaueHHA KOMIIOHEHTOB IlepeMEIeHHs BHYTPH Tesa. [105TOMy BH-
GepeM [/ KOMIIOHEHTOB YNPYTOro nepeMelleHHs BHPAXEHHA:

w=ty 4D pfp (%, ¥, 2), )
v:vo+2bm‘?m (x, ¥, 2),

(16.3)
W=w, + 2 Cmdu)rn (x’ Vs Z): Jl
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rae BEJAHYHHH

a, Qg Qg ...,
bl, b?.’ bay M ] (16.4)
€y Coy €3y ovny

CyTb NIPOH3BOJIBHHE IIOCTOSIHHHE, a CI)YHKU,PIH

fp f?) fa’ MRS}

?p ‘Pz: ?3, LS ] (165)
q’l’ 4)29 q)s» b

CYTb H3BeCTHHE (YHKIHH KOODAHHAT X, ¥, 2. PyHKIHH
uy(x, ¥, 2), vo(X, ¥, 2), we(X, ¥, 2) (16.6)

CYTh TaKixe H3BeCTHHE (PYHKIHH KOODAHHAT, He Ccojep:Kalnue mpo-
H3BOJILHHX NOCTOSHHHX.

Cucremy ¢yuxuu#i (16.5) n (16.6) M BuOHpaeM Tax, UTOGH
6LIH  YIOBJETBOPEHH rpaHHuHHe ycaoBua (16.2) u BooGue reo-
MeTpHUYEeCKHe CBsI3H, HAJOXEHHHE Ha pacCMaTPHBaeMOe YIpyroe
TeJO, KaK HAa ero MOBEPXHOCTH, TaK H BHYTPH ero. Hampumep,
€CJH CYUIECTBYIOT TOJILKO reoMeTpHueckue cBsi3u (16.2), To MOXHO
TIPHHATB:

Uy=U, Vy==0, Wy="1, (16.7)

a ¢yukuun (16.5) BHOGpaTh Tak, 4TOOH KaXAas M3 HHX YHHUYTO-
JKaJach HAa INOBepPXHOCTH Tesa. Ha OCHOBAaHHHM CKAa3aHHONO, MH
umeeM H3 (16.3) caenpyoune BHpaXeHHs A8 BO3MOXHBIX YIpy-
THX TNepeMEeleHHii:

au - z.fmaam’ 6’” == 2 (‘Pmabm! aw - Z (%)Iﬂac’ﬂ’ ( 16'8)
m m m

NpHuéM BapPHALHH NPOH3BOJILHHX MOCTOSHHHIX

aah 502, 608)
b, 8b,, by,
&c,, 8cy, Ocy,

ey

o (16.9)

COBEpIIEHHO IIPOHM3BOJILHEL M HHUEM MeXAy COGOf He CBS3aHHI.
C meablo onpejeneHHss HOCTOAHHHX (16.4) BHocum (16.3) B dop-
myay (11.35) u nonryuaem orcwoaa U xax (yHkmuio BTOpO#l Cre-
IeHH OTHOCHTE/bHO NOCTOSHHBIX (16.4). TTosToMy umeem:

oU ouU
EU::Z (m O(lm—}— (—97,; 6bm+ %30,”) . (16-10)
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Buocs (16.8) u (16.10) B (16.1), M nmoayuum:
Z[—%Jrj”fmpxttxdydz-{-”fmzdz]aa,,+

"

—{—”Z‘[—:b—i—}—jjj'pmp)’dxdydz—%—jj'pm?vdﬁ]abm—{—
—|—;[—%’;-{—jjy',')mpdedydz—{—SS'ymZvdS] 2, =0,

Taxk xak BapHanmud (16.9) cOBepUIEHHO MNPOH3BOJABHH H HHYEM
Mexay co00od He CBA3aHH, TO MH HMeeM OTCI0Ja:

_.%’;_}_qupfm(‘(dx dy dz+“f,,,z\7,d3 =0,
_(%g'.{_f“wmydxdydz+5'5}om)7vdszo, (16.11)
_(;’_E‘”il+jﬁpqam2dxdydz+”!4m2.d‘2=0,

nppuém m=1, 2, 3, 4, ...

YHcao 3THX ypaBHEHHH DaBHO YHC/AY NMOCTOSHHEIX (16.4), M Tak
kKak U ecTtb dyHKIUA BTOPOH CTENEHH OTHOCHTE/IBHO HHUX, TO (16.11)
NnpeacTaBaseT MO OTHOUMIEHHI0 K NOCTOSHHBIM (16.4) cucremy Jau-
HeHHHX YDPaBHEHHI, H3 KOTOPHX OHH H OIpEeAEeJSIOTCA.

B cayyae Geckoneynnx psgoB (16.3) BO3HHKaeT BOMpPOC O TOM,
CXOAATCA JIM 3HAYEHHA 4, U, W, MOJYUEHHHE YKA3aHHbIM METOIOM,
K AefCTBHTEJbHBIM HHTErpajaM yPaBHEHHA YINPYroro paBHOBECHHA
B paccMaTpuBaeMoM cayuae. PHTI nokasast 3to Aasi pa3oOpaHHOrO
MM cJayyast u3ruba 3agejaHHOA NPAMOYIro/JLHOH HJACTHHKH PaBHO-
MepHO#t Harpyskofi, B o6ieM BHAE 3TOT BONPOC GuJI NMpeaMETOM
MHOrHXx pabor, B uYactHoctH pa6otr H. M. Kpseiosa u JI. Kanro-
POBHYA, HO OH He MOXKET CYHTATbCA OKOHYATEAbHO PEeli&HHRIM,
H Mbl He OyJeM 3[eChb OCTdHABJIMBATLCA HAa HEM. [IpH KOHeuHOM
qyHC/Ie MOCTOSIHHBX (16.4) MH nmOJsy4YHM NPHOJHKEHHOE pelleHHe,
TOYHOCTb KOTOPOro BOOOLIE TE€M BHINE, YeM 6O0/blIe MOCTOSHHBIX
{16.4), n uyeM uckycHee mnogo6pann ¢yHxkmun (16.5).

Mbl o6pamaeM BHHMaHAE HA TO, YTO JO CHX IIOp CTaTHYECKHE
rpaHH4YHHe ycaoBus (11.43) HaMu He paccmarpuBaJjuCh. OHH 6y-
AYT YJAOBJETBOPEHH d4BTOMAaTHUYECKH JIHOO TOYHO, JHOO NpHOJH-
XEHHO H, B NOC/IEIHEM cayuae, TeM TOYHee, ueM OGOJbllle YHCJAO
TOCTOAHHBIX (16.4), BBeAéHHBIX B opMmyan (16.3). Tak xak BeboOp
$yuxnunit (16.5), yAOBAETBOPAIOLUINX 3apaHee CTATHYECKHM TPAHHY-
Hom ycaoBuaM (11.43), wacto ABJAETCA TPYAHBIM, TO B 3TOM MH
BHAUM pelIuTe/bHOE npeuMmyiecTBo Meroja Purna. Taxk kak Mul
BBeJH no ¢opmysaam (16.3) ynpyrue mnepeMeiyeHHs, TO TOXJAe-
crBeHHue cooTHomeHuss CeH-Benana OyAyT ygoB/eTBOpEHB aBTO-
MaTHYECKH.
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§ 172, Npubanwénnnit meton b. I'. I'aa&pkmna.

b. . Tanépkuny mnpHHAJTEKHT 3aMevyaTeAbHHH MeTojx mpH-
611X EHHOTO MHTErpHPOBAHHS, OKA3aBIIHA 3HAYHTENBHYIO NOMOILL B
peLIeHHH 3a1a4 TEODHH YIPYTOCTH H CTPOMTE/IbHOM MEeXaHHKH.

Ecan ¢yskuun (16.5) BHOpaH Tak, 4TOGH 3apaHee OHLIH
YyAOBJETBOPEHH He TOJbKO reoMeTPHYeCKHe CBA3H, HO W CTaTHye-
ckHe rpanHdmnne ycioBus (11.43), To B ypaBHennn (11.41) Bropo#
(MOBEPXHOCTHHI) HHTErpaJs HCYe3aeT, H YPaBHEHHE IMPHHHMAaer
BHJI:

.” l( ox o 0y o 9z "HX)'H‘( Tx +dy + oz+e”> v+
o+ (GE+ G %k oz ) dw | dxdydz=0.  (16.12)

Ciona Hazo saectw Su, 8v, éw mno dopmyaam (16.8); Torga
BC/IEACTBHE IIDOM3BOJBHOCTH BapHauui (16.9) MH nmoiyyum cie-
JAYIOUYI0O CHCTEMY YpaBHEHH:

Sj(dx a ov+02+9‘(>f,,,dxdydz_0 ]I
j‘f(dx‘Foy+az+?Y>@mdxdydz~0 b (16.13)

LU(%)}(E oo); |d7'+?Z) wdxdydz=0,

rie m=1, 2 3, ...
Uucao 3THX YpaBHEHW PaBHO unC.I1y NOCTOAHHHX (16.4). Bxo-
JAwHe B JeByl0 vactb (16.13) mecTh KOMIOHEHTOB HANpsiXKEH-

HOTO COCTOSIHHS
Xo Y Z, 7V, X, X,

BHIDAKAIOTCA JL1s1 O,(HOPOJHOTO H30TPONHOTO Te/a, COrJacHo (op-
myaam (1.11), (1.12) it (3.52), kax JAuHelHHE (pymamu MOCTOSTH=~
#bix (16.4). CiexoBatesnbHoO, 178 Onpefe/CHHS STHX HOCTOAHHBIX
MH 6yJeM HMETh CHCTEMY JHHEHHBIX ypaBHeHHH. B Tex cayuasx,
KOT'1a NMPEJABAPHTEILHOE YJOBJACTBOPEHHE CTATHYECKHX TPAHHYHHBIX
yCJIOBHH HETPYAHO caeaatsb, Merox b. I'. Iaaépxuna maér snauu-
TeJAbHOE YIMPOIIeHHE BHUYHCJACHHH.

HlccaeoBaHn0 CXOAMMOCTH NPOLECCA TMOC/Ie40BaTeIbHOrO MpH-
6.1mxeHUs K HCTHHHBHIM HHTErpa/aM HpH PELICHHH 337134 N0 Me-
togy b. I'. Tanrépkuna nocssiuieHo MHOro paGor.

§ 173. Meton npubamxenuns Tpeddua.

Hwmeerca emé oana BO3MOKHOCT BHOGOpa ¢yHkmuit (16.3).
HMenno, HX MOXHO BHOpATb TaK, YTOOH OHH OBIIH HHTETrpajaMH
ypasHenuit Jlame (4.106). Torﬂ,a B ¢opmyae (11.41) ormagaer
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nepsuil (06BEMHBIN) HHTErPaJd, H MH MNOJYYHM:

(X 4 mX, - nX,— X)) du - (1, +-mY -+ nY,— V) bv -+
(X, -mY,+nZ,—Z)ow]dE=0. (16.14)
Ciona Hano BHectH &, dv, dw mno ¢opmysam (16.8). Toraa, Bcaen-

€TBHE MOPOU3BOJBHOCTH Bapuauuii (16.9), MH noayuum cucremy
ypaBHeHHi:

(X, 4 mX, 4 nX,— X )/, d2=0, )
(X, 4-my, 4 ny,— 7} ¢, d2=0, (16.15)
(fux,+my,+nz,—Z9,d2=0,

rne m=1, 2, 3, 4, ...

Unc10 3THX ypaBHEHHHA paBHO YHCJAY NPOU3BOJBHHX HOCTOSH~
HHX (16.4). Cor.nacHo cka3aHHOMY B MpeAauAylieM naparpage,
JeBHe yacTH ypasHenuit (16.15) cyTh JHHe#iHHe ¢(GYHKOHH OTHO-
cHTeapHO nocrosgHHeX (16.4). TlosToMy MH HMeeM RXOCTaTOYHOE
YHUCJAO JHHEHHHX ypaBHEHHH A/s1 ONPEACJEHHS 9TUX NOCTOAHHHX.
TaxkuM o06GpasoM, MH BHpaxaeM z, v, @ no d¢opmyaam (16.3)
KaK CYMMH HHTerpajoB ypaBHenu#t Jlame (4.106) ¢ npou3BoJb-
HEIMH K03((HIHEHTAMH, KOTOPHE ONPEALAHIOTCH MO YKA3aHHOMY
MeTOAy. 3Jech CTaTHUECKHe TIpPaHHYHHE YC/IOBHS YAOBJAETBOPA-
10TCSl aBTOMAaTHYECKH, H HMEHHO OHH H CJIYXaT A1 ONpexe/aeHHs
HeH3BeCTHHX NOCTOSHHHX (16.4).

§ 174. Cmewmanuslit metol.

DTOT MeTOX HpHMEHSAETCs B CJaydae ABYX- H TPEXpa3MepHHX
3a5a4. OH COCTOHT B TOM, YTO HCKOMHE (YHKUHH INpeaCTaBJSAIOT
B BHJIE NPOU3BEJECHHA ABYX (PYHKIHH, H3 KOTOPHX OJXHA — M3BECT-
Hasi, OpHYEM 1noJOo0paHHasA TaK, YTOOH YACTHYHO YJAOB/ETBOPHThL
rpaHHYHHM ycaoBHsAM. J[Jlpyras xe ¢yHKuus — HenspecTHas —
JOJIKHA 3aBHCETb OT MEHBIIET0 YHCJAA MEePEeMEHHHX H IOAJEKHT
ONpeje]eHHI0 NpPH INOMOILM BAapHAMOHHOrO ypaBHeHus (16.1).
TaxuM 06pa3oM, B CAydae 3aJauH, 3aBHCAILEH OT ABYX IepeMeH-
HHX, MB NOJYYHM OOHKHOBEHHOe AHddepeHIHa b HOe ypaBHEHHe
JJIs Onpeje/eHHsl HeH3BeCTHOR (yHKOHH. MeTox STOT GHJI mpej-
JgoxeH B 1933 roay Jl. KantopoBH4YeM B IpHMEHEHHH K KPYYEHHIO
NpSIMOYIro/JbHOrO KOHTypa, B. JlyHKkaHOM — B NpHMEHEHHH K Kpy-
YEHHIO PaBHOGEJPEHHOTO TPEYrOJbHAKA H aBTOPOM STOH KHHTH —
B NpHMEHEHHH K ONPEJeJEHHIO UEHTpa u3rub6a CerMeHTa na-
paboJH.
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§ 175, llpunowenne BapuauuoHHo# cdopmyanl Kactuaunauo.

Eciu pewars 3agauM ynpyroro paBHoBecHs no merony Cen-
Benana, 3agaBasiCb M3 MeXaHMUYECKHX COO00paKeHHH 3HAYEHHSIMH
KOMIIOHEHTOB HANDSIKEHHOTO COCTOSIHHA H IDHMEHSA YpaBHEHHA
ynpyroro pasHoBecHss Komm (4.24) M cTraTHuYecKHe TIpaHHYHHE
ycaoBua (11.43), To raaBHas TpyAHOCTb 6yJeT COCTOSATH B YyIOBJIE-
TBOPEHHH ILIECTH TOXJAECTBEHHBIX COOTHOIIeHHH benabTpamu (4.48)
u (4.50). Ho u3 reopemn Cayrysaaa (§ 122) BHTekaer, 4to TO-
wJecTBeHHHe cooTHomeHHs Cen-Benana aB/AfIOTCS C/ICACTBHEM Ba-
pranuonHoro ypasHeHnsi Kacrusauano (11.70):

sU=0, (16.16)

a C/1eIoBaTeJbHO, H COOTHOWeHHs DeabpTpamm GyayT Takxke sB-
JATBCA €ro C/eJCTBHEM.

[ToaromMy nprMeHeHHe BapualHOHHOro ypaBHeHHs (16.16) x npu-
6AHKEHHOMY PpELIEHHIO 3aJay YIPYTroro PaBHOBECHA IO CIOCOBY
Cen-Benana He BH3HBAaeT HEOOGXOZUMOCTH B Ape08apumMeAbHOM
ydosaemsoperul TOXAECTBEHHHX cOOTHOmeHHH beabtpamn Temn
3HAYEHHSIMH LIECTH KOMIIOHEHTOB HANDSuEHHOTO COCTOAHHA, KOTO-
pPHMH MH 331aémcad. OTH TOXAECTBCHHHE COOTHOUIEHHS NPHOJH-
WEHHO YHOBJETBOPAIOTCA CaMH cO0OH, W TeM TouHee, yeM GOJblie
NIPOU3BOMBHHX NMOCTOAHHHIX B3fiTO B NPHOJHXEHHHX BHPAXKEHHAX
KOMIIOHEHTOB HANPSKEHHOTO COCTOSIHMA M Y€M yJauHee CHesaH
HX BHOOD.

B cayyae OJHOPOJHOrO M30TPONHOrO Tejaa IOTEHIHAJALHaA
SHeprus feopManuH HMEET C/AeAylollee BHPAXKEHHE:

U=pf{ [+ v+ 22— 200y, + X2+ v, 2) +
420140 (4 X4 X)) dxdydz. (16.17)

Bynem pasauuarth ABa cayyas:

1. Ecau Oann nosepxnocmubie cuasi, TO HMEIOT MECTO ypaB-
Henns (11.65), u TOorga MH NpHUMeHsieM BapHALHOHHOE YpaBHEHHe
(16.16). B sToM cryuyae 3HaueHHs IIECTH KOMIIOHEHTOB Hamps-
#EHHOTO COCTOSIHHA

er Yy’ Zzy Yz; /\,zy X)n

KOTOpble Haxo BHeCTH B (16.17), ROMXKHH yXOB/IETBODATH ypaBHe-
Huam (4.24) n (11.43).

[lostoMy B paccMaTpuBaeMOM cayuae 3a0QHHBLX NOBEpXHOCM-
nowx cua Il @, TlankoBud npemnoxun 6paTh CAeAYIOUIHE BHDa-
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HEHHA O/11 KOMIIOHEHTOB Haﬂpﬂ}KéHHOI‘O COCTOsIHHA :
X.=X1+24,X", v,=YI+2A4,Y™, )
0 (m) __y?o S (m) l
Yy—yy+§Amyy : /\,—,~—-X2+§A,"Xz ’ } (16.18)
z,=2+3a,z", X =x0+3axm, |

NpHYEM
Xz, Yy 22, Y2, Xz, Xy

CyTb UacTHHE pelieHus ypaBHenuit (4.24), yzxoBiaeTBOpAWOILHE
rpaHHyHBM ycaoBuaM (11.43). Ecan 6um onH, KpoMe TOro, yJOB-
JEeTBOPAMH H ToxjaecTBaM Beabrpamu (4.48) m (4.50), to aaBaam
6H pellleHHe 33Ja4d YNPYroro paBHOBECHS, HO MH IpeAlo.iaraem,
YTO OHH 3THM TOXJECTBAM HE Y/OBJETBOPSIOT.

flazee, m pm (M) yAm)  yplm)
» m m m m m
X s Y Zz )’ YZ ’ X(Z ’ XY
CYTb pEUI€HHSl ypaBHEHHH:
0X, X, 0X,
o Tyt =0
oX, oY, oY
y y z
o oyt =0

oX, | oY, | 0Z, _
o oyt =0

(16.19)

N ——

YAOBJAETBOPSAIOUHE TPAHHUHHM YCJIOBHAM:
Xt4+ X,m+ X,n=0, ]
X+ Y ,m-Y,n=0, (16.20)

X+ Y, m--Z,n=0, I

HO He YJAOBJIETBOPAIOIIME ILECTH TOKAECTBAM DeabTpamMu (XoTdA
JAJSl OTAEABHHIX 3HAYEHHM M 3TH TOXKAECTBA MOryT GHTb YIOB.IE-

TBOPEHH).
Hakonen,
A, A, Ay, A, (16.21)
CYTb NPOHM3BOJILHHE NOCTOAHHBIE, BaPHALHH KOTOPHX
8A,, 84, tA,,... (16.22)

COBEPIICHHO NPOH3BOJbHBL H HHUEM Mexay co00# He CBA3aHH.
N3 (16.18) caepyer, yto MH NOJAYYHM BapHALHIO HANpPSKEHHOrO
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COCTOsiHHS, €CJIH NOABEPrHEM BAapHAIlHH NPOH3BOJbHHE NOCTOAHKLIE
(16.21):
2X, =X XA, Y,=2YMiA, ]I
m m
V,=2r"a,, iX,=3X"4, |
m
1

32,= X Z{M8A,, X, =2 X" iAm l

(16.23)

NpHYyéM rpaHnuHbe ycioshs (11.43) maior scaeactsHe (16.20)
[8X --méX,+ndX,=0,

leX,+meY,+neZ,=0,

uyrto u Tpebyerca ycaosuamu (11.68). Takum o6pasom, Gopmyns
(16.18) yIOB.1eTBOPAIOT BCEM YCJIOBHAM INPHJIOKEHHA BAPHAHOH-
Horo ypasHeHus Kacrtuaunano (i6.16).

Buocs (16.18) B (16.17), mu BuauM, yTo U ecTb (PYyHKUHSA BTO-
poii CTeneHH OTHOCHTEJNbHO TNOCTOAHHLX (16.21). Tlosromy uz
ypaBHenus (16.17) MH noJyyHM ypaBHEHHSA

oU oU ou oF
;EZO’ —’E—O"“’ m——o,... (1620)
YHC10 3THX YpaBHEHHI DPAaBHO YHC/IY IIPOH3BOJBHBIX NMOCTOSHHBIX
(16.21), # OHH 1O OTHOILIEHHK K 3THM HOCTOSHHHM CYTh JHHEH-
Hole. Taxum o6pasoM, M3 ypasHennit (16.25) onpenensiorcs Bce
nocrosinine (16.21), npuuém TOXKJECTBEHHHE COOTHOLIEHHs be.lb-
TpaMH OyIyT YJIOB/JIETBOPEHH TeM TOYHee, 4yeM O6o.bme Oyner
B3ATO NOCTOAHHBX (16.21), 1 yem ynauysee 6yaeT BHOOD pelieHHH

0 0 0 0 0 0
Xx’ Yy’ ZZ’ YZ) XZ) ny
X9, vy, Z0, v, X5, X",

Ecau peuwrenns (16.18) npencraBasior co6oit 6eCKOHEUHHE DSAIH,
TO BO3HHKAaeT BONPOC O CXOAMMOCTH HX K HCTHHHOMY HHTErpaay
YpaBHEHHS YHPYrOoro paBHOBECHS, YJOBJIETBOPSIONIEMY CTaTHYe-
CKHM TIDaHHYHHM YCJOBHAM M UIECTH TOXJecTBaM beapTpamu.
ITOT BONPOC NOKA He HCCJAeJOBaH.

2. Ecau Ha nogepxnocmu ynpy2020 meAq 3a0QHb CMEU,EHUS

u(x, y,2), v(xy2), wxy,?2),

TO MMEIOT MECTO TpaHHuHHe Yc/10BusA (16.2).

B 3TOM cJayuae B NMpaByl 4acTh BapHanHOHHOH ¢opmyan Ka-
criadano (11.62) Hago BHECTH 3HAYeHWs uU—U, V=0, W=—w
YNPYrUX TNepeMelleHHi, KOTOphe OHM NPHHHMAIOT NpU LeHCTBH-
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T€JbHOM DPABHOBECHH HA MOBEPXHOCTH TeJad, UYTO HaéTt
U= ({ (@eXx,+viy,+twszyas. (16.26)

Has U mbl npumensiem dopmyay (16.17). Heo6xoiumbie Bapua-
[HH NIOBEPXHOCTHHX HaNpsiXeHHH
83X, Y,

v

:Z, (16.27)

BHYHCAsIIOTC 1O ¢jopmyaam (11.50). [as pemeHus no MeToRy
I1. ®. IlankoBy4a meCTh KOMIOHEHTOB HAMpPsiKEHHOTO COCTOSHUSA
Bu6HpaeM nmo ¢opmynam (16.18). 3arem, BHocs (16.23) B popmyinl
(11.50), BuuncaseM peauuuHn (16.27), KoTOopHe mnpeACTaBasgeM
B (16.26).

Buocs (16.18) B (16.17), Mu noJayunm:

U:F(Ap A‘Z’ Asa . '))
OTKyJa HMeeM:

oU oU oU
W=z 8, + 55 0 5584+ .. (16.28)
Jlajiee noy4uMm:
{ S @ dX,+ 087, ‘L wsZ)dE =2 D, 3A,,. (16.29)

Baocs (16.28) m (16.29) B (16.26) m npusEuMas BO BHHMaHHE
He3aBHCHMOCTb BapHamuit 84,, 84, 0A4; ..., moiydaem cuHcreMmy
ypaBHeHHiL .

U oU U
_(ﬂ;::Dl’ -‘EZD2, 0—‘43=D3, e (16.30)

UHC/I0 3THX YPaBHEHHH pPAaBHO WYHCJAY IPOH3BOJABHHX MOCTOSHHHX
(16.21).

Beugy toro, uro U ecTb ¢yHKIHA BTOPOH CTENEHH OTHOCH-
tenpHO mocTosHHHX (16.21), ypasHenus (16.30) cyrp suneinwe.
Yem Goabie B3aT0 4ieHOB B (16.18), TeM BoOGume TouHee OyayT
yIOBJETBOpEHH ToxaecTBa beabnrpamu. Bompoc o cxomumocts
fSeckoneuHnx pagos (16.18) x HCTHHHOMY HHTErpa/jgy ypaBHEeHHK
(4.24) moxka He HCC/IeOBaH,

§ 176, Bapnaunuonuniit meton Tpeddua.

Metox Tpeddna cocTouT B TpeGOBaHHH, UTOOH B3ATHHA MO BCeit
NMOBEPXHOCTH YNPYroro TeJa HMHTErpajs OT KBaAPATHUHOH OIIHOKH
NpH YAOBJETBOPEHHH I'DAHHUHHX Y€JOBHH HMe/, HaMMeHbLIee 3Ha-
yeHHe, MH60 YTOOH B3SITHHA MO BCeMy OOGBbEMY yNpyroro Teja HH-
Terpan OT KBaAPaTH4HOH OMHOKH NDH YIOBJETBODEHHH yPABHEHHMA
YOpyroro paBHOBECHS TOX€ HMel HauMeHbllee 3HayeHHe. Pas-
6epéM cHayajxa caydafi, KOrAa Ha NOBEPXHOCTH TeéJa 33ZAHH Ha-
npsXeHus.
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BubepeM A/ KOMIOHEHTOB YHPYTOrO CMEIIeHHS] BHDAXEHHs:
u=2amu,,,; v:Zamvm; 'w=2amwm, (16-31)
m ~n L]
rae
a, a, a; ... (16.32)
CyTb NIPOH3BOJILHHIE NapaMeTpH, a
um (x’ y’ z)’ ‘vm (x’ y’ Z), wm (x’ y’ z)

CyTb YacTHHe pemenust ypaBHeHnft Jlame (4.106). Brocsa (16.31)
B ¢opmyan (1.11) u (1.12), MH BHYHCAMM IIECTb KOMIOHEHTOB
Jedopmanuy, a 3areM, BHOCA HX B (opMyJaH (3.52), MH BHIYHCIHM
IIeCTb KOMIOHEHTOB HANPSKEHHOTO COCTOSIHHS, KOTODHE SIBJS-
10TCA JAHHeAHHMH ¢(yHKnuaMH oT mnapamerpoB (16.32). BHoca xe
3HayeHHs] 3THX KOMIIOHEHTOB B hopMyJn (2.8), MBl IOJYYHM:

Xv = 2 amxsm)’
Yy=§amY$"", (16.33)
Z,=a,zm,

rae X\, Y™, Z™ cyms BesmumEn yxe u3BecTHHe.
Brocs (16.33) B craruueckue rpanuuyHne yciaosus (11.43), Mm
UOJYYHM HepaBeHCTBa:

€x=zamX$'”)—)—(,,#0, ]
e, =Y a,Vm — ¥,50, } (16.34)

&

34, Zm — Z, 0. j

Ecmn 60 (16.31) 6H/I0 TOYHHIM peIIEHHEM 33aJa4H YNPYrOCTH,
YJOBJETBOPSIOMAM T'DAaHHYHHM YCJAOBHAM, TO MH HMeIH OH

g, —¢ =sz=0'

£ = %y

Ho Tak xax rpannunne yc/a0BHsa (11.43) He ymoBieTBOpeHH, TO
€y £, €, OTVIMUHH OT HYJAfi H NPEACTABASAIOT OULIHGKH BC/IEACTBHE
Hey/IOBJETBOPEHHS] STHX TPaHHYHHX YycaoBHA. Beamumna xeagpa-
THYHON OmHOKH GYyZAEeT paBHa

e=cl ¢t et (16.35)
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Besnunna €? sBaserca YyHKIHERA OTHOCHTENBHO I1apaMeTPOB
(16.32). OueBupgHO, #mo cpeoHssn xsaapamu-maﬂ ownbra npu
Hemo4HoM ydossemsoperun epanuunsx ycaosuh (11.43) 6ydem
RPONOPYUOKANLRA UHMEZPALNY

— SS e ds. (16.36)
Buocs croma (16.35) u (16.34), MH moayunm:
={{| Saxm—Xp + Sa,¥m — 7+
m m
+Sa,Zm—Zy| 3, (1637)
H OYEBHJHO, UTO €&, Oyaer ¢yHKNHEHd BTOpPON CTENEHH OTHOCH-

TeNbHO NPOU3BOJBHHX napamerpoB (16.32). YcaoBue MuHHMyMa ¢,
JAaét:

0¢ 0¢ Ot
S0, S0, f2o, .., (16.38)

Ha oCHOBaHHHM CKa3aHHOTO 3TH YPAaBHEHHSA JHHEAHH OTHOCH-
TenbHO mnapaMerpoB (16.32), W UYHCAO HX paBHO YHCIAYy 3THX Ia-
paMeTpoB; 3TH INOCTOSIHHbIE MW OyAyT ON[eJe/eHH H3 ypPaBHEHH
(16.38). Brocst nosyuennnle 3HaueHus mapametpoB (16.32) B ¢op-
mysn (16.31), MB NOAyuYHM HMHTErpaJel ypaBHEHHH YNpyroro pas-
HoBecus Jlame, COOTBETCTBYIOIIHE pacCMaTPHBaeMOH 3ajgaue Y-
pPyroctTd, HO C NpPHOJHKEHHBIM YJHOB/JE€TBOPEHHEM TI'DAHHUYHBIX
ycioBufl. 310 npubamxenune Oyper TeM Ooablue, yeMm GoJsbine
yjeHOB B3ATO B ¢opmyJaax (16.31) m ueM ynaunee BHOOpP uacT-
HHX HHTErpajoB i,, U,, W,

Ecan npaBme yacTu Q)opmy.rl (16.31) mpeactaBasior coboit 6ec-
KOHEUHHIE psifibl, TO BO3HHKAeT BONPOC O CXOAHMOCTH HX K TOUHOMY
HHTErpasy ypaBHeHHH Jlame s paccMaTpuBaeMoro ciayuas. STOT
BOIIPOC MaJIO HCCJAEROBaH.

B roMm ciywae, Korfa Ha NMOBEPXHOCTH TeJa 3aJaHH CMEILEHH:

;(x: Y, z): ’U(X Y, ‘)’ (x Y, )r

TO HeoOGXOAMMO YAOBJETBOPUTH TPAHHUYHHM ycJaoBHaAM (16.2).
Buocs (16.31) B (16.2), MH noJy4HM HepaBeHCTBA:

=2 A, —u~0,
e,=§am’am—57é0, (1639)
€,— Z am'wm —_ E";‘é 0.
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Broca (16.39) B (16.35) n 3arem B (16.36), MBH HOJTy4HM:
= (B amitn— 4P + (B2, 0,— 9P+
-+ (; a,w, — w)]ds. (16.40)

Mu noayunan g, kaKk QYHKIHIO BTOPOH CTeleHH OTHOCHTE/JbLHO
napametpos (16.32). [aa onpexseseHHss 3THX NapaMeTPOB CJAyKaT
ypaBHeHHus (16.38), maiomue ycJa0BHsI MHHHMyMa cpejHell KBajgpa-
THYHOH OMIHGKH &, NOJyyYalouelicd NPH HETOYHOM YJOBJAETBOPEHH
rpaHHYHHIX YyCJIOBHH,

Jpyro#i Bapuant Merona Tpeddua coctour B TOM, 4T0 B HOL-
myaax (16.31) u,, v,, w, CyTb QYHKIHH KOOpAHHAT, MOAOOpaK-
HBIE€ TaK, YTOOH rpaHuuHble ycaoBus (11.43) GBHIH TOYHO yHOBJE-
TBOpeHH. CJiejoBaTeabHO, B opmyaax (16.34) 6yneM HMETh:

e,=—¢,=—=¢,=0.
Ecsu remepn noxcrasuth (16.31) B ypaBHenus Jlame, T0 MH n0-
JIYUHM HepaBeHCTBa:

(=D a, {<x+u>%”—"+w2um+p)<}#o, \
Ey———Zam{l—l—n I m+pY}#0, ¥ (16.41)
e, =24, {(X—H&) Jl

e 02} 0,
rue

Alm) — du dv,,,_l__ ow,,
02 ’

3mecy &, €, € MPEACTABAAIOT COGOA OIWKMGKH NPH HETOYHOM
yAOBJAETBOPEHHH ypaBHenu# (4.106). Besnunmna cpenueit ksagpa-
THYHOM OIIKHGKH, IOyYaoleACs IPH HETOUHOM PEIIeHHH YPABHEHH
YOpyroro paBHOBECHSA, onpenenserca no gopmyae (16.36). Ilosro-
My MHl HMeeM B 3TOM CJlyuae:

o_ﬂﬂ 1-1—;1)63: +;1v2u,,,—|-PX]} -+
{};am [0+u)73y—+w"v,,,+9>’}}2+
+{Xa, [o-+w b, oz |} dxaydz. 6.4
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Orciofa MH NOJYYHM €, KaK (PYHKIHIO BTOPOH CTemeHH OTHOCH-
Te/JbHO NapaMeTpoB &@,, @y, 43, J]A ONpEJe/NeHH KOTOPHX Cay-
xar ypaBHeHHs (16.38). Bc€ ocraérca TakHM XKe, KaKk H B IpeAH-
AyIEM Cayyae.

§ 177, Bapnauus noTeHuuaJbHOH SHepruu AecopmManuu
AN NJAOCKOH 3anauwu,

TMoreHunanbHas sHeprua AedopManuu HMeer BHPAXKEHHE:

U=SS Wdxdy, (16.43)

rAe HHTErpan B3AT IO BCeMy cedeHHI0. BHocs cioza W no ¢op-
MmyJe

1 —o?
2W = v

26 (1 40 2(1
Py~ B0y y, 4 20

MH HOJIy‘UfIM'
U= [flt—) 2+ rh+20-t0 x5 —
—2(140) X, Y, ]dxdy. (16.44)

Beipaxenne aaa U yao6HO NpPEACTaBHTb B BUAE:

1 —o2 1
U= I+ ;a) L, (16.45)
rae 0603HaYeHO:
={{ X2+ 71 +2X] dxay, (16.46)
h={{1X}—X,v,ldxdy. (16.47)
Be2aéM ¢dyuxuuio Hanpsxenui F (x, y) no ¢opmyaam (8.34); roraa
MO.TyYHM:
0"F 02 F\2 9F
_.”‘ 0x3 0y2) +2 (dx dy) ]d dy, (16.48)
0°F P O
L —Ej 0xdy T ot d_y?]d xdy. (16.49)

BuluncIHM Tenmepp BapHamuio 8/,, KOTOpas MOJYYHTCA TOJBKO
BC/I€JCTBHE BapHAUMH (PYHKIHH Hampsoxenuit F:

= [T (:25) — 522 5) — 572 (55) e
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I/In’rerpnpya IO YacTAM, HMeeM:
F F
ﬁ[( dx+ldy> (dxdy) 8(3}?)—
laF 02F 031~‘ T OF  (_O°F )
0y3 jy dx dy? dy axidy)
OF [ BF OF [ OBF
— %' («‘axa—ay) — 3¢ (seay) | dxar

3peck EBYXKPAaTHHH HHTErpaJ TOXJAECTBEHHO 00pallaeTcs B HYJb,
2 KOHTYpHHIA HMHTErpaj NPHHHMAeT BHA:

th=—F{5 |2 (5)—m ()| +
+5 [ % (or5) +m (5 ’)]}ds (16.50)
U3 ¢opmya (8.34) umeem:
=0 (55), wv,=8 (), ax,=0(—5rs ). (1651)

Tak kax no ycJoBHIO Hayajga KacTH/JMaHO YCHJIHSI Ha KOHType X,,
Y, He ImoABepralTcs BapHalHH, TO HMEIOT MeCTO FpaHHYHbIe

yCJIOBHS
13X, +miX, =0, 13X, mdY,=0,

B KOTOpHE MH MOJKHH BHecTH (16.51), uro paér:

1a(ﬁ) '8(" §y> o (16.52)
~(25) +m () =0,

Buocs (16.52) B (16.50), MH mo/iyyuM BaXXHO€ YCJOBHE:
31, =0. (16.53)

OcraéTcd BHYHCAMTH BapHanuio ¢/, NPOHCXOAAUIYIO TaKke OT
Bapnamm dbyukuun F. Jlerko noayuyaem:

yon={{[55e (5) + 50 (5e) + 2505 ¢ (a7 ) | ax v
HHTerPHpOBaHHe o0 4YacTaMm }laeT.
ph=$| (15 +n5) e (5) + (e +
+m 3§)°(%i§)]ds—¢[ (31'3+03352)+M(o—$%+
+aya 6Fd +” A2t -{—dy‘]aFdxdy (16.54)
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Ho ns dopmyn (8.122) u (8.126) M _BHmesH, uTO NpH 3aJAaHHHX
Ha KOHType CeueHHs yCHIusAX X, ds, YV, ds KOHTypHBe 3uauenud F,
OF OF

ax* ay Moryt OHTL BHIYHCJAEHH H, CJ1eJOBaTeJbHO, OHH MOTYT
CYHTaThCA BEJIHYHHAMH, 33JaHHHMH Ha KOHType ceueHus. OTcooaa
c/elyer, 4TO Ha KOHType

SF=0, ¢ (SF) 0, a( ) 0. (16.55)
Broca (16.55) B (16.54), MH mosyunM:
gel,=j (v} F)3F dx dy. (16.56)

CaenyeT 3aMeTHTh, YTO CTOAIIAA NOJX 3HAKOM HHTerpaJja Ba-
puauusa ¢F (yHKIHMH HanpsKeHHi HHYEM BHYTPH KOHTypa mome-
PEYHOr0 CEYEHHA HE CTECHEeHA M OCTaéTCA HMPOH3BOJILHOH.

§ 178. MNpunoxenne BapuauuoHHOro ypasHeHus Kactuaumano
K nAOCKOH 3anaye npd 3aJaHHbBIX Ha KOHType ceyesus
YCHAHAX,

Tak xak KOHTypHHe ycuiusa X,ds, Y,ds B naHHOM ciyuae He
NOJABEpPraloTCa BapHAUHH, TO HMEET MeCTO BapHANHOHHOE ypaBHe-
nue Kacruauauno (11.66)

¢U=0, (16.57)

rae U onpeneasierca dopmyaoir (16.45). Tlosromy umeeM BapHa-
DHMOHHOE ypaBHeHHe

LZ2ar 4 29y, —0, (16.58)

KOTOpO€e BCJEACTBHE (16.53) OPHBOAATCH K YPaBHEHHIO:
8/,=0. (16.59)

Bceaencraue ¢opmyan (16.56) MH HMeeM OTCIOAA ypaBHEHHE:
({vtFyordxdy=0,
KOTOpO€ BBHLY npon:mo.nwocm 3F paér:

4 04F HF
VIF—()xI +20x20yz +5r oA

a 9T0 W ecTb ypasHeHue (8.42), T. e. H3aBecTHOe GHrapMOHHYECKOE
ypaBHeHHe, cayKamee AJs ONpejaefeHHs (YHKIHH HAnpsxKeHUuA F.

Taknum 06pa3oMm, MH MOKA3a/H, YTO BapHAIHOHHOE YpaBHEHHE
Kactunuano B DpHJIOKEHHH K IJIOCKOH 3ajade IPHBOAHT k Ourap-
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MOHHYECKOMY ypaBHeHHI0. PYHKIHSA HanpsKeHHA YHOBJETBOpPAET
GHrapMOHHYECKOMY ypaBHeHHIO (8.42) M npHHHMaeT BMecTe CO
CBOHMH NEePBHIMH HPOH3BOAHHMH 33JaHHHE 3HAYeHHS HA KOHType
(Ipy JZaHHHX YCHJAHSAX Ha KOHType). 34ech MH HMeeM aHaJIOTHIO
C H3BecTHOH 3ajzavyedl 06 usrube NJIaCTHHKH (yMepeHHOH TOJIIUHHH),
nporu6 KOTOpPOH YJAOBJETBOpsieT (IPH OTCYTCTBHH HOPMaJabHOMR
Harpy3kH) GHrapMOHHYECKOMY YpPaBHEHHIO

viw =0, (16.60)

HDH‘{éM HA KOHTyp€ IVIACTHHKH AdHH 3HAYEHHE W H NEPBHX npo-
Ow Jw Jw

Jw

H3BOAHH X ox’ a—y' H./IH-d—; H R

YpaBHenne (8.42) He moxeT GHTb MOJYUEHO H3 Haya/la BO3-
MOXHBIX NepeMelLIeHu#, T. €. H3 BAapHAIHOBHOIO ypaBHeHusa Jla-
rpanxa. CTaTHYeCKHE TIpaHHYHHE YC/I0BAst I8 (yHKmun F uHe
ABJAIOTCA C/AEACTBHEM BAapHAIHOHHOTO ypaBHeHHda (16.59) u jpoa-
3KHH OHITh YIOBJETBCDPEHH 33apaHee, €C/H, [0/b3ysCh STHM YpaB-
HeHHeM, HCKaTb NpHO/HXKEHHOe pelleHHe 3aiayH. C mesasio cocras-
JICHHS CTaTHYECKHX IPAaHUYHHIX YCJIOBHA BHecéM (8.34) B rpaHuyHHe
YCJA0BHA, YTO JHAAET:

02F 02F 0%F 0F v
lay—z dxd X ——lm}——mdx2 Y (1661)
rae / ¥ m CyThb KOCHHYCH YIJIOB BHewHe#l HOPMAa/H C OCAMH KO-
opaunar. Jlpyryio ¢opMy STHX ypaBHEHHH MH yXe HMEJH BHUIE
B BHIE ypaBHeHH# (8.120):

95 (dF) =X5 (35) =—7, (1662)

Mycts Fo(x, y) ecTsb pyHKIHA, YAOBJCTBOPAIOIAS CTATHICCKUM
rPAHHYHHM YCI0BHAM (16.62). Toraa mpumeM I/ OTHCKaHAS NpH-
6/1HEHHOrO pElIeHHs CJAeAdYIollee BHpaxeHHe Jiad F:

F=F0+2AmFm(x, ), (16.63)
m
rie
Fl(x’ y)x Fz(x, y), sy Fm(x) y):"- (16'64)
CcyTb (GyHKIHH, YAOBJETBOPAIOUIHE HA KOHTYPE CEUEHHS YC/JIOBHAM:
0 (0F,\ 0 (0F,\ _
2 (_07) —o, 2 (o_;-.) =0. (16.65)
BeanuuHn
A, Ay Ayl A, ol (16.66)

CyThb IPOH3BOJbHHE MOCTOAHHHE,
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Buoca (16.63) B dopmyay (16.48), MH 6yjeM BMeTh:
L=f(A; A ovoy Ay o0 )s (16.67)

nprauéM 3Ta QYHKUHA 10 OTHOIEHHIO K aprymenraM (16.66) 6yner
propoit creneHH. Buoca (16.67) B BapnannoHHoe ypasHenue Ka-

cruanano (16.59), MH, BBHAY NPOH3BOJBLHOCTH IapameTpos (16.66),
OOJNYYHM YypaBHEHHS:

of _o O _ of _
77 =0 52-=0, ..., =0, ... (16.68)

UYucsno 9THX ypaBHEHHA, AUHEAHH.X OTHOCHTEIBHO IPOH3BOJBHHIX
napamerpos (16.66), paBno uncay napamerpoB A;, A, ...; H3
BTHX ypaBHEHHH 5TH NapaMeTpPH H BHYHCAAIOTCA.

Taxkum 06pa3oM, noJayuaercs NpuG/AHKEHHOE pemeHHe MJIOCKOH
3aflaud NPH 3aJaHHHX YCHJIHAX HAa KOHTypé H IHpPH OTCYTCTBHH
OGBEMHHX CHJI. 3TO pelneHue TNPHUGAHKEHHO YHOBJETBOPSIET TO-
WASCTBEHHOMY YCJIOBHIO BesbTpaMu, KOTOPHM sBAfeTCA GHrapMo-
HHYECKOE€ YypaBHeHHe, INpHYEM YJAOBJETBOpSET, BOOGLiE TOBGPS,
TeM TouHee, YeM Gojbllie 4/ieHOB B3ATO B (16.63) m uem ynauyhee
cienan BHGOp ¢yHkuui (16.64). B cayuyae O6eckoHeuHoro psaza
BO3HHK2eT BONPOC O CXOAMMOCTH €ro K HCTHHHOMY HHTerpasy.
Bonpoc sroT noka emgé He HCCaeJ0BaH.

§ 179. MNpunoxeHne BapuauxoHHo#t dopmyan Kacruanano x
NJIOCKCH 3aaaue npH 3aAaHHbIX Ha KCHTYpE MNepeMellleHusX.

B c/lyvae, €C/iH Ha KOHTYype 3aNaHH HepeMemeHHﬂ
u=u(x, y), v=0(x, y), (16.69)

TO HEO6XOAMMO [J1A NOAJAEPKAHHA BAPHHPOBAHHOI'O COCTOSHHs
NOABEPrHYTh BAPHHPOBAHMIO CHJH, NPHJIOXEHHHE K KOHTYpy ce-
yeHus. BesyunHy 3THX BapHalui KOHTYPHHX YCHJIHA MOXHO Io-
ayuuth no ¢opmyaam (16.62), nogsepras Bapuanud ¢QyHKnMIO f,
4TO JAET:

X =2 [% (aF)], 7,=—2 [aix(aF)]. (16.70)

Tax Kax Ha KOHType CeueHHs HMeloT mecTo ycJaoBHa (16.69),
TO, BHOCA HX B ¢opmyay Kactunauano pns NJIOCKOH 3ajayd, MH
NOJYYHM:

W=§ (X, +v7) ds. (16.71)
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Brocs (16.70) B (16.71), MH nosnyuum:
w=glag (280) —53 (L) ]as. (16.72)

KpusonnHedHWfi HHTErpaJ B NpaBOH YacTH B3AT MO KOHTYPY
ceuenns. Tak Kax YCHJIHA, NPHJIOKEHHHE HAa KOHTYpe CeueHwHs,
NOJBEPraloTC BapHAIHH, TO cooTHouerus (16.52) yxke He umeror
MecTa H, C/efoBaTe]bHO, HE HMeeT MecTa H cooTHoueHHe (16.53).
[Mosromy Bupaxenne jaa U BHrognee B3ath B ¢opme (16.44) u
BHECTH 'ry,u,a (8.34), uto maér:

d2F 02F\ 2
=z [f{0—a|(E)"+ (5] -
0%F 02F
—MH”WW+2H'@WH“@ (16.73)
3T0 BHpa)eHHe IOTEHIIHAJbHON SHEPrHH HAN0 BHECTH B ypaBHe-

uue (16.72).
®ynxnuio F MH BHOHDaeM B BHJIE:

F=Y¥a,F,(x y), (16.74)

rae
Fi(x, ¥), Bo(%, ) -+ Frlx, ), ... (16.75)

CYTh He3aBHCHMHE (YHKIHH KOODPJHHAT, IO KOTOPHM BHYTPH pac-
CMaTpHBAeMOro CEYEHHA MOXHO OCYILEeCTBUTL pasJjoxkeHHe (16.74),
a mapamerpH

Ay, Aoy Qgy ovvy Qpy o v (16.76)
CYTb IIPOH3BOJIbHHE INOCTOSTHHHE, BAPHAIMH KOTOPHIX
8a,, 8a,, Oa,, ... (16.77)

HHuYeM Mexay co6Goff He CBSI3aHH H NPOH3BOJIbHH,
Buocsa (16.74) B (16.72), Mu moayuum:

> M, 8a,,=0, (16.78)

rge M, My, M;, ... CyTb BHIpaXEHHSI, JHHEHAHHE OTHOCHTE/JIBLHO
noctosiiHuX (16.76). Tax kak Bapuamuu (16.77) mpOH3BOABHH, TO
MH HMeeM H3 (16.78) cHCTeMY JIHHEHHHX OTHOCHTE/NbHO IOCTOSH-
HHX (16.76) ypaBHEHHH, YHC/IO KOTOPHX PaBHO YHCJAY HEH3BECT-
HHX HOCTOSIHHHX (16.76). CsenoBare/ibHO, 5TH HNOCTOSIHHHE OyayT
OlpejeeHH.

Takum 06pazoM mosyuaercst NpHOAHKEHHOE DElIeHHe IIOCKGH
8af4uYd NPH 33aJaHHHIX HA KOHTYDE CEUeHHSl CMEIEeHHAX, NPHUEM
TOXAECTBEHHHE COOTHOWIEHHS BesbTpaMu 3apasee He yZIOBJETBO-
peHwl,
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§ 180. O6 oueHke BeauuuHs! nedopmauuid, MOAydaeMbix
C MOMOLbIO NPUOAHKEHHBIX METONOB.

TounocTs npubAMXKEHHOTO peIIEHHA, JAHHOTO (opMyaaMHA
{16.3), xak yxe 6bu0 ykasaHo B koHne § 171, TeM Bhime, ueM
Gosbnie NoCTOAHHEX (16.4) m ueM HCKycHee MOROGpaHHW (PYHKUHH
(16.5), ¢ moOMOLILI0 KOTOPHX HPEACTaBJICHO HAIle NPUG/IHKEHHOE
pelleHue.

Ho 6n10 6H OmHGOYHHM NyMaTh, 4TO, OO6pHBas pagu (16.3),
MH TeM CaMbIM [0/yYaeM CHCTeMY C KOHEYHHIM YHCJIOM CTeneHed
cBOOOIH H TeM JesaeMm cHcTeMy GoJee KECTKOM, a CJeloBaTesbe
HO, KaK NPAaBHJO, NMOJYyYaeM MeHbUIyl0 AedOpMamui0 H YTO STO
JaéT BO3MOXHOCTb CIeJaTh OUEHKY BEJHUHHH IpPHOJIHXeHHd.

Jeno B ToM, uTO TakO# mpomecc NMPHO/IHKEHHA BOBCE HE €CTh
TPOLECC HAMOXKEHHA HOBHX CBs3eH, KOTOpHE CIEJAT CHCTeMY
MeHee moaBHxkHOHA. Hao6opor, nepemeineHusi, HOJYyUYeHHHE IIpPH
He6O/IBIIOM YHCJIEe WieHoB B ¢opmy.ax (16.3), uHorza Moryt GHTH
Jaxe 6osplie AeACTBUTEJbHHX MNepeMenieHHH.

Jlnsi OLEeHKH BEJIHYHHH NPHGJHXKEHHS HAAO IPHMEHSATb ApPYyTHE
METOIH.

§ 181, Bapnaunonnoe ypapHeHHe ynpyrocTH Ajs cJay4das
ynpyrux ABHXKEHHH.

Ha ocHopanuu nauana Jlanam6epa ypasuenne (11.34) maér:

S\j‘;ﬂ: 3?; +( gz;}>3 +( dﬁ) 5W]dedyaz+
+ {{1x, 804 v, 80+ Z,80) dX — 80 =0. (16.79)

Paccyxnmaa Tak xe, KaKk H B CJIy4ae yYIpPyroro paBHOBECHS, MH
MOy YUM ypaBHeHne'

[ +% + % 4o (x5 Jout
+[ax,, o, 4 (”’z (y a:*)]a -
+[ax + +p( dt,)]aw}dxdydz—

— SS{[Xxl-{—Xym-{—X,n — Xt (X4 Y,mt Y-V ot
A (X A+ Y m4-Zn—2Z ) dw) dE=0. (16.80)

Tax Kax BO3MOXHHE nepememenus Su, ¢v, $w HHUUYEM MexAy
€06OA He CBA3aHH H COBEPIIEHHO NPOH3BOJBHH, TO CAeAyeT NPH-
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paBHATH BYJAI0 K03pduUHEHTH, CTOSAUIHE NPH HHX B CKOOKax B
KaXJAOoM H3 HHTCrpaJjoB, 4TO JaéT Ham, BO-IIEPBLIX, Z2pQHUYHNE
yca08un;:

X4+ Xm4-Xn=2X,

XI+Y m+Yn=7, (16.81)

le+ Yzm_l_zzn =Zv’

KOTOPHE MH 6yNeM HA3HBaThb OUNAMUHCCKUMU 2PAHUHHLIME YCAO-
8usAMU, W, BO-BTOPHX, YPABHEHUS YNPYeux O0BUNCEHU:

ox,  0X,  0X, 0% )
ot te (X—a—n) =0,
%

oX, oY, o,
o+ e (v =) =0, (1682
ox, , ov, 0z, 0w |
S+t te(z-3) =0 |

CienoBaTenbHo, NPH NPHMEHEHHH BAPHALHOHHOTO YpPaBHEHHS
(16.79) Her Heo6XOXMMOCTH 3apaHee yIOBJAECTBOPATL AHHAMHUYECKHM
TPaHUYHHM yc/a0BHAM (16.81), Tak Kak OHH YIOBJETBOPSIOTCA KAK
6bl aBromaTHuyeckH. [1pH NpPHMEHEHHH BAapPHALMOHHOILO YpPaBHEHHS
{16.79) Mu 3amaéM ce6e BHpaKEHHs U, U, W, COTJACHHE CO CBf-
37MH, Ha/JOXEHHHMH HA YIPYroe Teso.

B ciyuae mepuoAMuecKHX ABHIKEHHH, YacTOTa KOTOPHX €CTb p,
MH HMeeM:

0% 0
;= —

o
% ____ o i °
Pl 5

P, Sp=—ro (16.83)

Brocs (16.83) B (16.79), MK moayynm:
({{otudtvowt-zow)pdxdydz+
+SS(X, du-t Y, 204 Z,8w)dE 48T — 3U=0, (16.84)

rae
T:?Hf p(u? 42 4 w) dx dy dz. (16.85)
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