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ON THE INTERACTION BETWEEN ATOMIC
NUCLEI AND ELECTRONS
by H. B. G. CASIMIR

This paper has been written as a prize essay for TEYLER’S
Foundation at Haarlem.

We have tried to give a survey of those phenomena in which
the interaction between the nucleus and the electrons can
be described by means of ordinary quantummechanics, and
which nevertheless depend on other nuclear properties than
charge and mass.

The main part of our paper is formed by a discussion of
the theory of hyperfine structure, i.e. the theory of the
interaction of the nucleus in its stationary state with the
atomic electrons. It was not our object to give a complete
derivation or enumeration of all formulae which are of
importance in the investigation of hyperfine structure. But
we have tried to analyse carefully and systematically the
foundations of the theory. Details were only given in cases
where we believed that we could add something new to the
existing treatment.

Our calculations are based on the assumption that the
action of the nucleus on the electrons can be described as
the action of a normal quantummechanical system, and one
of the most important questions is, whether this is permissible.
We arrive at the result that this assumption is not necessarily
correct in the case of the so called isotope shift; also in the
case of the magnetic interaction small deviations from the
theory might occur. From this point of view the theory of
the interaction of the electrons with the electric quadrupole
moment is the most reliable part of our calculations.

In the sections 20—24 we have given a short survey of
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the theory of internal conversion. In this case the theory
is based on an assumption which is analogous to that oc-
curring in the theory of hyperfine structure.

The last section contains some speculations on the structure
of the nucleus.

The author would like to express his sincere thanks to
Professor SCHULER and Dr. ScHMIDT in Potsdam for kindly
communicating to him the results of their experiments
before publication.



§ 1. General theory of the interaction befween a nucleus in
a stationary state and a number of electrons.

We assume that the nucleus in its normal state has an
angular momentum % (i = PLANCK’S constant/2xn). The
normal state is then (2¢ + 1)-fold degenerate; the non-
degenerate states, which together form the normal state, can
be described by wave-functions », (—7 <k <7). The
angular momentum (in units %) is given by a vectoroperator
I with components I,, I,, I,; the components satisfy the
well-known commutability relations. For a suitable choice
of the », the matrix elements are given by:

(R|1,|k) =k
kL +iL k—)=vVE+RG—k+1D) (1,1
(R|I,—il,|k+1)=V(GE—Fk) I+ k+1),
all other matrix elements vanish. We have:
E+I2412=40+1).

This relation is independent of the choice of the x,.

The states of the electrons in a field of a point-charge are
described by wavefunctions ¢ (u, §, m). Here j is the total
angular momentum; m the magnetic quantum number,
which takes all (integral or half-integral) values between
+ 4 and —7, and # stands for all other quantum numbers.
The energy is a function of » and §; the (2f + 1) states
belonging to one and the same combination #, § are degene-
rate with each other. The operators of angular momentum,
are diagonalmatrices with respect to #» and j; the matrix
elements for a given value of § are given by formulae exactly
analogous to (I, 1).
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The states of the system nucleus -+ electrons are in
this approximation (22 + 1)(2j 4+ 1)-fold degenerate. These
states will now suffer a perturbation, the perturbation
operator S being given by the difference between the true
interaction and the interaction of the electrons and a point-
charge. Let W be the total interaction, then

72
S=W———Z Ze

2 75

(1, 2)

the summation is carried out over all electrons, 7; is the
distance of the " electron from the centre of the nucleus, Ze
the nuclear charge.

Let us assume, that the separations caused by the pertur-
bation operator S are small compared with the distances of
the unperturbed energy levels (i.e. that the hyperfine structure
is small compared with the fine structure). In this case only
those matrix elements of S have to be taken into account,
which are diagonal elements with respect to 7 and #. The
level with energy E(n, j) is separated into a number of
levels; the distances of those levels from the unperturbed
level are given by the characteristic values of the matrix
with elements

(K, m' |S| &', m") = /M W', §, ) wk S Y, 7, m) .

Now S is invariant under simultaneous rotation of nucleus
and electrons. Hence the matrix S commutes with the com-
ponents of the total angular momentum. These components
are given by

szIx+]x
Fy:Iy‘I"]y
Fz:12+]z'

If we transform the matrix F? = F2+ F2 + F? into
diagonal form by replacing the products {(n, j, m) =, by
proper linear combinations of these products, then also
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the perturbation operator will be transformed into diagonal
form and to every characteristic value of F2there corrresponds
a characteristic value of S. The characteristic values of F?
are equal to f(f + 1) where f takes all integral (or half-
integral) values between (i + j) and |i—7|. A state with
total angular momentum [ is (2f 4+ 1)-fold degenerate.

More simply our results may be stated as follows: The
existence of a nuclear angular momentum and of an inter-
action which is not exactly equal to the interaction of
electrons and a point-charge will cause a splitting of energy
levels. The number of levels into which a level with electronic
angular momentum 7§ is separated can be determined with the
aid of the vectormodel.

§ 2. Magnetic interaction.

The main part of the perturbation operator S is due to
magnetic interaction. According to the general formalism of
quantummechanical perturbation theory one can determine
this interaction by calculating by means of classical electro-
dynamics the interaction energy of the current distribution
of the electrons with the current distribution in the nucleus
and taking this expression with negative sign. The appearance
of this factor (— 1) is connected with the well-known fact
that the sum of the Hamiltonian for the motion of a particle
in an exterior field and the field energy of this exterior field
is not equal to the total energy of the system exterior
field 4 particle, but we will not dwell upon this point at
present. Let A(r) be the vectorpotential of the field arising
from the nuclear current distribution and s(r) the current
density of the electrons, then the magnetic interaction energy
is given by:

sz—%](A.s)dr. 2 1)

Outside the nucleus the field of the nucleus can be ex-
panded in a series: field of a dipole, field of a quadrupole and
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so on; only the first term of this series leads to an inter-
action energy of measurable order of magnitude. The vector-
potential of a magnetic dipole can be written in the form:

A eXr]
7P

(2, 2

here w is the dipole moment, r the radiusvector from the
centre of the nucleus to the point considered.
It follows that

. 1 [(pXr]l.s) . 1 [r X 8]
Sm——z/‘-m-—dr_—?/(p,. P dr).

Now

1 [[rxs]
e 2 3)

where H, is the field caused by s(r) at the point » = 0.
Thus we find:

S = — (. Hy). (2, 4)

One must bear in mind, however, that this expression will
only hold when the part of the current distribution s which
is lying inside the nucleus does not appreciably contribute
to S,,. If this part of the current distribution gives rise to
a field 8HO at» = 0, then S™ will differ from (2, 4) by an amount
of the order of magnitude — (i .3H). Only for s-electrons
3H, is not quite negligible; one finds:

SHo/H, ~ (=2

\

RZ>2«/1—Za—1 2 5)
(R nuclear radius, « = €?/lic = 1/137; a = h?/me* = radius
of the first hydrogen orbit). For the heaviest nuclei this will
amount to about 59%,. If the magnetic moment of a nucleus
is calculated from empirically determined interaction energies
by means of Eq. (2, 4), then errors of this order of magnitude
may occur. The accuracy of such calculations is at present
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usually considerably less, so that it is not necessary to take
these errors into account.

According to a general theorem on matrix vectors one can
always write:

eh m

B = 2o a1, @)

here m is the mass of the electrons, M, the mass of the proton
and y a numerical factor (LANDE factor). The |7 part of
H, can be written as:

H,=CJ

where C does not depend on the magnetic quantumnumber.
C can be determined by calculating the m = j|m = j matrix
element of H, (we omit the suffix o).

1, .. ..
C=7(n,7;7!Hzl%,?;7)

or, briefly,
1
C= 7_ (Hz)m=;'-
Thence
eh [ m > 1
Sn = ‘M(E) v Hhney (L),
Now

FP=(I+]P=IF+]>+21.9)
and hence
(I.J)=3§F>—12—J?.
The characteristic values of S,, are thus given by

eh(m l

(o= s Ao Y Fdne 5 U+ )i D+ 13- (27)

If we measure H in units (efi/2mc)/a® and if A,v, is the
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distance of the level with quantumnumber / from the un-
perturbed level measured in cm™!, then

A= R (G | ey g )i+ )10} (22)

where
R =} o mc/h = 109737

is the RYDBERG constant, or
A=y B4 il 1+ 11,585 % 107 e

In this formula the properties of the nucleus are charac-
terized by the numbers ¢ and y. The problem of magnetic
hyperfine structure is now reduced to the problem of calcu-
lating (H,),,—;, a quantity which only depends on the proper-
ties of the electrons and not on the structure of the nucleus.

§ 3. Matrixelemenis of the magnetic interaction, which are
not diagonal with respect to the quantummumbers n and j.

It may happen, that two or more fine structure levels are
so near to each other, that their distance is not large com-
pared to the hyperfine structure. In that case we will also
have to consider matrixelements of the perturbation operator
which are not diagonal with respect to  and #. As long as
we describe the states of electrons + nucleus by the quantum-
numbers m;, k& (and the wavefunctions {(n, 7, m;) »;) these
matrixelements are

—n, 7, mi |H| n', ', m) (B |u] k).

If, however, we introduce the quantumnumbers / and w;
the (n, 7 |#’, 1')-part of the perturbation matrix is trans-
formed into an expression of the form

+ (g, AT o, g, ) 3(F—F) 8(my—myj). (3,1)
Thi sfollows from the fact that S,, commutes with F,, F,,, F,.



MATRIXELEMENTS OF THE MAGNETIC INTERACTION 209

Now the following formulae hold (in each formula one is to
take either everywhere the lower or everywhere the upper
sign).

(m, j, m |H, £ iH,| ', { + 1,m =T 1) =
=L mflhln,j+1D)VGFm+1) §Fm+ 2
(n, 1, m |H|n', 7+ 1, m)=
=milhln, i+ 1) Vi+m+1) G—m-+1)
(n, 7, m |H, £ 1H,| n',j, m F 1) =
=, jlhln, ) VGiLtm §Fm+1)

(n, 7, m |H,| #', 7, m) =, 1 |h] ', 1) m

(m,j,m|\H, +-1H,|n',j—1,m T 1) = 3, 2)
(m,f,m |H | n',j—1,m) = (n,{ | k|0, j—1) V(] — m) (j+m)

all other matrixelements are zero.

The quantities (n, 7 | %] #/, ') can be determined by calcu-
lating one matrixelement of one component of H for every
possible combination (%, 7 | #', §'), for instance:

(m, g [hln, 7+ 1)= (m, 7,7 1H,[n',7+1,9)

1
V2§ + 1
(%,7Ih\%,7)=7—-(%,7,7!Hz|%,1,7) (3,3)

(m,glhn',j—1)= (m,g,j—1|H,|n',]—1,7—1).

1
V2 —1

Also T can now be expressed in terms of these quantities.
One obtains (11):

(g, HIT |, ]+ 1,/) =

7 . .
—Y Zinc (%)(”JWI”':?‘FI)-
IVE+T—i+) (—i+0) (+i+i+2) G+i+1—)
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. b eh 7" . , .
i, 1T, 1,1 = = g () 07 11
WG+ 1) — i+ 1) — G+ )
0,0, 1T 10§ — 1) = — (g () 007 B 1),

WOFTTiT) GFi— P =) F—f it D) (3 4)

In actual applications the matrixelements will of course be
expressed in cm™! and (ei/2mc)/a® will be chosen as the unit
of magnetic fieldstrength.

§ 4. Electrostatic interaction between nucleus and electrons.

In this section we will examine the (», j | #, ) matrix-
elements of the electrostatic interaction or, more accurately,
of the difference between the true electrostatic interaction
and the interaction between the electrons and a point-charge.
The (n, §, m, & | n, §, m', k') matrixelement of this difference
is given by

(n,j,m, k|S,|n,q1,m, k)=

=—e [ (5, m | pu(re) [ m, 7, m) (k| ea(ts) | )

1
; d’l,'k dTe
©) el

|r,—r

+ 2Z3(k—F’) /(n, 7, m | e.(r,) | n, 1, m') 71_ dr,. (4, 1)
@ ‘

Here — e p,(r,) is the charge density of the electrons, (p, is
the probability density) and eg,(r;) the charge density of
the nucleus. Let R be the radius of the nucleus or more
accurately, let g4(r;) be negligible for 7, > R. We will first
consider that part of the total region of integration for which
7.> R. We can then expand 1/|r,—r,| in a series:

1 1

_l.n i |
Th—T, | —,,e“" 7§P1 (cos ©) —i—yg P,(cos®) + ....

where ©® is the angle between the directions of r; and r,.
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Further

7y Py (cos ©) = i (rp.r,)

Ve

s=2
Py(cos ©) :szfl_zP;({}e, ®e) P2 (%, op)
where 9,, ¢, and 9, ¢, are the polar coordinates of r, and r,
respectively; the spherical harmonics P, will be chosen as
follows:

3
+2 L j)2/p2
P2 = 2.6 (% + )%
Pyl = 3 z(x = wy) [r?
2 '\/6 -

PP = (32—} = (#— 2 — 27"

The integral from 7, = R to 7, = oo reduces to (we omit
temporarily the indices of p,):

e / eulr) - dx, f (klon| ) dog + (@)
re>R ¢
+ 22 [ or) de, Bk — ) — (b)
re>(R ¢
1 ’

_32(/pe(re)7—3rgd‘ce./(k|pk]k)I‘kd'rk>—— (C)

7¢>R ¢ ’

§s=2 1

—e X 2] o(T.) 7—3Pjs({}e, @) . [(k lesl )72 P7(%, @p)dry.  (d)

TR ¢

The first two terms cancel, for

S (klox| k) dvy = Z3(k — F').

The third term is zero, for p, is invariant under an inversion
with respect to the origin (a change of sign of all rectangular
coordinates) whereas r; changes its sign. So only () remains.
In this term it is permissible to integrate from 7, = 0, if
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the integration over the angles & and ¢ is carried out before
the integration over 7,. For if the electronic wavefunctions
are written as a sum’ of products of single electron wave-
functions, it is easily seen that those terms in p, which do
not vanish for 7, = 0, have spherical symmetry; but if these
terms are multiplied by P,(9,, ¢,) and integrated over &, ¢,
the result is zero. These spherically symmetric terms are
the only terms which give an appreciable contribution to
the integral from 7, = 0 to 7, = R. They give.rise to a dis-
placement of the energylevels which does not depend on f
and which will be discussed more accurately in the next
section.

We will now deduce a simple expression for the charac-
teristic values of (d). According to a general theorem, which
can be proved by grouptheoretical methods, one has:

[On ol m) S5 Pyds, = (7 \C.l ) O [TI5(7) | ) (4,2)

where II; (J) is the symmetrical harmonic polynomial which
is constructed from the compeqnents J,, J,, J, in the same
way as 72 P is constructed from x, y, z, or explicitly:

02 = 52 (o i)

3! = 2\/6 U: Ve £ 1]y) + (Je £ 4],) T3
=@ L= —35—%]2.
We will only write down the matrixelements of IT,°.
(m |12 | ') = {&m® — 550G + 1)} 8(m —m'). (4, 3)

The quantity C, can be determined by calculating the left-
hand side of Eq. (4, 2) for m = m' =4 and s = 0:

(m, 7 1Celm,5) (72— 40 + 1) =

/(n 7,M—7|pe|%7,m—7) Pz dr,
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whence
(”) 7. |Cel n, 7) =
1 foo. oo
“MQT_TJ (n,7;7 \peln,y;z);g(%osz%“l)dn- (4, 4)

In the same way

. J (& loul B) 72 P dvy = Cy (R |TIF(D) | ) (4, 5)
with

- 1 . ) 2 2
Ck——“—,l(zl_l)/‘(ilpkli) (32 W)d’t'k, (4, 6)
The interaction matrix reduces to
s=+2
— @ CG 2 () I5(0). . 7)

When F? is transformed to diagonal form the sum in Eq.
(4, 7) is also transformed to diagonal form. The characteristic
values of this expression have been calculated by KRAMERS
(26), by means of a method which is also applicable to higher
harmonics. His result is, that the characteristic values are
given by:

FEEK+1)—3 @+ 150+ 1) (4, 8)

K=j({f+D)—i(@+1)—70+1

This result can also be derived in the following more
elementary way. We must calculate:

A= (2—312—13]7) (B—3iE—3D) +

‘Wfﬂhﬂﬁ%wmﬁmuwm4mﬂkﬂM}

o O LA A RN A AT AT AL ARSI

where

(52 ) Uet il —iL i+

(g Uil (L L)
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If now J,, J,, J. and also I,, I,, I, were commutable,
then this expression would be equal to
B=4(. L+, I,+ . L =32+ Ji+ J3) (Z+ L+ ).
The difference between 4 and B is, that in 4 there appears
a term

a = %(]x]z + ]z]x) (lez + 1.1,)

in stead of a term

b=3(J.L1 + J.J.LL)

which occurs in B (and analogously for the combinations xy
and yz). The difference can easily be calculated by means of
the commutability relations; one finds:

a—b=4%],1,
and hence

A =B+, L+],I,+].L)=%.2( . D{21. )+ 1)} — 3]
which leads immediately to KRAMERS’ result.

It'is of some importance to notice, that the centre of
gravity of the term #, § is not displaced by an interaction
of this type, or in other words, that

S (@ + 1) (& va=0. (4,9)

To prove this we remark, that the lefthand side of Eq.
(4, 9) is the diagonal sum of the (2/ + 1) (2j + 1)-dimensional
perturbation matrix and therefore equal to (we write Sp for
the diagonal sum):

—Sp(2C.C S Ty () () =

s=—2

= — & CC X Sp M) - Sp M7(0))

s =—

But
SplIs(N)] = Sp [11z°(I)] = 0.

For s = 0 this can easily be verified; by a simple group-
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theoretical argument one can infer, that the result holds for
all s.

Further we remark, that for + =0 and 7 =, II5(J) is
identically zero; this follows also from general theorems.
In the same way Il5(J) =0 for =0 and 7 = 1.

If we measure the energies in cm™!, the radius 7, in units
a and the length 7, in 10712 cm, the separation caused by

the electrostatic interaction is given by:

3cos ¥,—1)y 1
21, E e

— i@+ 1) G+ 1D].7,9 % 102 em. (4, 10)

The expression in { } is the mean value for the state m; =
(or in other words the (n, 7, 7| #, §, j) matrixelement).
Q is given by:

(Ay)a=— {

5 KR 4 1) —

Q = {34 — i
measured in 102 cm?
The total expression can be interpreted as the interaction
between the electrons and an electric quadrupole.
Perhaps it would be more rational to use the quantity
¢?/mc? (the classical radius of the electron) as a unit of length

for the nucleus. Then the factor 7,9 x 10~ must be replaced
by 2Ro* = 0,62 X 1073,

§ 5. Interaction with the spherical terms in the charge distri-
bution.

We will now discuss the influence of the interior part of
the perturbation integral on the energylevels; it is given by:

1
I,=— 52/ fpe(7e) er(72) md’rk dr, +

7e<R

+ Zezf e.(7.) ;l—d're. 5, H

1e<R
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We have already called attention to the fact that those
terms in p, which do not vanish for 7, = 0 have spherical
symmetry. It follows that for small values of #, the matrix
p. will be of the form:

(n, 7, m e, m, 5, m) =38m—m') (nq|e2|n7)
and thence I, is of the form
(m, k |1,| m', k') =38m—m") 3k —Fk) IS

In calculating I9, however, we meet with an interesting
difficulty. For states with spherical charge distribution (s
and p, states) the solutions of DIRAC’s wave equation for
the motion of an electron in the field of a point-charge become
infinite at » = 0. We can write

(7 182 m, ) = (n, | |pt| n, g) r# S, 2
with

B=2—2+v1—2%2

and where p! does not depend on 7. Using this expression we
can calculate I9. The result is:

B=ted gt [kl AT 6.9

The infinity of p, at the origin, however, is a consequence
of the assumption of a point nucleus; the exact wave-
functions corresponding to a continuous distribution of
nuclear charge will remain finite at », = 0. If these exact
wavefunctions were used, the value of I, would also be modi-
tied. From a formal point of view this modification would
correspond to a higher approximation of the perturbation
theory but in our case it seems rather doubtful whether the
second order terms will really be small. In order to estimate
the order of magnitude of these second order terms we will
also calculate I, on the assumption (assumption B) that the
charge density is correctly represented by Eq. (5, 2) outside
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the nucleus, but is constant inside the nucleus. The charge
density inside the nucleus is then equal to

ol R—F
which leads to

19 = + el %R_‘B /(k lox| k) 7 dr. O

Let us suppose that the nuclear charge is homogeneously
distributed over a sphere with radius R (according to the
theory of HEISENBERG and MAJOrRaNA this would approxi-
mately be the case). Then we find in first approximation

3.4n

_ -
s =+ 20 B o — g —p)

and on assumption B

3.4xn
5.3.2°

(I)p = -+ Ze? o} RZF

For heavy nuclei the difference between these expressions
is by no means negligible. For

=04 (Z =282 (I9p =064 (I9),.

Of course it is always possible to use an expression of
the form

2r
0 2 1 2—f
I19= 4+ Ze pgSRg

but for heavy nuclei a rigorous determination of the ,effect-
ive” radius R, in terms of the distribution of nuclear charge
would only be possible by means of much more elaborate
calculations than we have given here.

The perturbation calculated in this section does not
depend on the value of f; as long as only one isotope is
considered it leads to a displacement and not to a separation
of energylevels. The effective nuclear radii of the various

Archives Teyler
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isotopes of one element will however be slightly different
and thus the centres of gravity of the hyperfine structures
belonging to different isotopes will be displaced relative to
one another.

§ 6. Discussion of the assumptions underlying our formulae.

Before proceeding to actual applications of our formulae
we will try to analyse the assumptions underlying our calcu-
lations. With respect to the electrons in the atom, no other
assumptions have been made than that the laws of quantum-
mechanics are valid and that the separations of the fine-
structure levels are so large that we can confine ourselves
to the first approximation of perturbation theory. Moreover,
by § 3 and § 8, this last assumption is not essential.

Further we have assumed, that certain general results of
quantummechanics can be applied to the nucleus, and that
the action of the nucleus on the electrons can be described
as the action of a current- and a charge-distribution. It is
important to emphasize, that this is not equivalent to as-
suming that the nucleus can be described by the same wave-
equations as the atomic electrons. Even if it should prove
impossible to define a current- and charge density inside
the nucleus, one would still expect that it should be possible
to describe the external action of the nucleus in terms of
an electric charge, a magnetic dipole, an electric quadrupole,
..... connected with the angular momentum according to
the general rules of grouptheory. The case is different,
however, for that part of the interaction that takes place
inside the nucleus.

The results of § 5 are not very certain because of the
(mathematical) difficulties involved in their derivation. But
also the foundations of these calculations give rise to some
doubts. It seems quite possible, that the displacements
caused by the interaction of the nucleus and the spherical
part_of the electronic charge density cannot be expressed
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in terms of the nuclear charge distribution, but that they
depend on other properties of the nucleus. In the same way
the possibility cannot be excluded, that besides the magnetic
interaction between the nucleus and an s-electron (which
itself is not completely determined by the magnetic moment
of the nucleus) there exists another type of interaction which
is proportional to (I. J). It is difficult to say a priori whether
the relative magnitude of this effect will be of the same
order as the quantity 8Hy/H, introduced in § 2.

§ 7. Hyperfine structure and magnetic interaction.

Let us assume, that, starting from measurements on hyper-
fine structure of spectral lines, one has succeeded in deducing
the position of the energylevels, in determining which levels
belong to one and the same isotope, and in assigning f-values
to these levels. Also the values of ¢ for the various isotopes
will then be known.

We know then the energies

E(%’ 7.’ f)M

(where M denotes the massnumber) or better, the relative
differences of the energies belonging to a state #, .

We will first confine ourselves to the levels belonging to
one isotope. It has been found, that in general they follow
rather accurately the intervalrule, i.e. the energies are given
by a formula (we write v for the energy expressed in cm™!):

. : A .. o
v, 5, ) =y, )+ S U+ ) —i(i+ )—7G+ 1] (7, 1)
where v(n, §)° is the centre of gravity, and hence

v(n, 31+ g) —vn, 7 1+ — 1) =A@ +7),
v, ji i+ — 1) —vm, 51+ —2) =A@+ —1),

and so on.
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The question must now be examined whether the separations
can be ascribed to a nuclear moment and the magnitude of
this moment determined. In order to do this one has to know
the quantity (H,); ;, the mean value of the z-component of
the magnetic field at the nucleus produced by the electrons
in the state m = 4. The calculation of this quantity is com-
paratively easy for an atom with one electron outside a
closed shell. We will return later on to the formulae applying
to that case and to the foundations of their derivation. The
problem is far more difficult for an atom with more than
one valence-electron. To a first approximation the wave-
function for a state of these electrons can be written as a
sum of products of wavefunctions for the separate electrons,
only such wavefunctions being used which correspond to one
definite configuration (i.e. one set of values, #;, 7).

Detailed calculations of (H,),; for such cases have been
carried out by BrErT and WILLs (6), while at an earlier date
GoupsMIT (21) had already worked out a method, based on
the application of sumrules, which made it possible to calcu-
late the separations caused by the electrons separately from
the splittings of the different terms belonging to one con-
figuration.

It has been found, however, that the approximation to
the wavefunctions by ,functions of a given configuration”
is not always permissible. In general every configuration
will be more or less perturbed; the configurations will thus
get mixed up. If a given configuration is perturbed by
another configuration with large hyperfine structure, the
influence of the perturbation on the hyperfine structure will
be considerable, even when the perturbation is small. FERMI
and SEGRE (16) have called attention to this circumstance.

The result of the most recent examinations is, that there
is no reason to doubt the essential correctness of the as-
sumption, that the separations are due to the interaction
of the electrons with a magnetic dipole. In those cases, in
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which reliable calculations are possible, there is a satis-
factory agreement between the values of the magnetic
moment calculated from the separations of different terms.

One must not forget, however, that the accuracy with
which the calculations can be carried out is not very high;
with the one exception of Li II the errors may easily amount
to 10%. So the possibility remains, that corrections of this
order of magnitude must be applied to Eq. (2, 8) even in
cases where the intervalrule strictly holds.

§ 8. Deviations from the iniervalrule.

More accurate measurements show, that the hyperfine
structure levels do not always follow the intervalrule. These
deviations have two different causes. In the first place, they
can be a consequence of electric interaction with the nucleus;
in the second place they can be due to a second order effect in
-the magnetic interaction. Such a second order effect is to be
expected whenever the distance of two fine structure levels is
not large compared with the hyperfine structure separations.

For simplicity we will first consider the case where only
two fine structure levels (», 7) and (%', ') lie close together;
let D be their separation. By the magnetic interaction with
the nucleus both levels are separated into a number of
components; and one jf-value can occur twice: once for a
level belonging to the first finestructure level and once for
a level belonging to the second one. The two levels with the
same f-value will now perturb each other and in order to find
the true energylevels one has to determine the roots of a
two rowed secular equation. This equation will be given by
(the energy is measured in cm™!):

e—VO (', f')—34 (', 5"). . '
GO+ —ili+)— G 1y W)

o e (1, 1) — 14 (1, ).
o FITTAST D) AN+ 1) =i+ D)=+ 1}

=0 (8 1)
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The matrixelements of 7 are given in § 3. We repeat the
formulae introducing the units mentioned at the end of § 3.

(m, 7,7 |H:|#', 7+ 1,79)
V2§ 1
VT2 (A —i+ 1) Gt T —F) (f—j +1) x1,585x 10~% cm™!

(%,7,fITln’,7,f)=——Y(" 7,1 7‘\% I 1)
S+ D) —i(@ 4+ 1) —7¢F +1)] x 1,585 x 103cm™! (8, 2)

(g, 1T, {4+ 1, =—v

", j! 7—1 ]Hz! %’; ?_1»7—‘1)
V2 —1 '

AVE+T—) (F—Fi+ 1) (fH7+1 1) (+i—/) x 1,585 x 10 cm™,

Further we have

(5, f 1T\, j—1,f) =—vy (

A ) =y WA T T0]) g5 o 103 cmt
! ® 9
A(n, j) =__Y(n,7,7 |H.z|%’?’7) X 1,585x 103 cm™!.

1

In the same way we can write down the secular deter-
minant in the case that more than two #, § levels are lying
close together.

In most cases the influence of the higher order correc-
tions will be small compared with the total hyperfine
structure. An approximate solution of the secular equation
is then sufficient. The result is as follows:
put
vi(n,7, /) =v(n,9)° + 34 (n, ) [f(f + 1) —i(i+ 1) —1(7+1)]
vi(w' g, =y, 7)° 3 A (' )+ 1) —iG+1)—" (" + 1)
and let v(w, ', f) and v(n, §, f) be the respective energy
values, then

(8,4)

‘/(M/’, .7": f) = Vl(n’: 7.’» f) + SV

v, i, 1) =i, 7, f) — ®3)
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with ,
|, ;1T %15 D)
¥y = - aar 8, 6
Ny W) .
One may replace v; in the denominator by v; in most
cases one can even write

[, P T 1 NP o FIT 0D P
¥ ) i) D &7
The perturbation results in a symmetric repulsion of the
two terms.
The rigorous formulae are as follows. 1f we write the secular

equation in the form
€ —V; T

=0

T e — v
then the roots are given by

oM w— U/T‘“L)J ® 8)

Vi—V;

Also here the result is a symmetrical repulsion of the
two levels; further we see that in Eq. (8, 6) only quantities
of the order T*/D? have been neglected. When more than
two levels perturbe each other, the influence of these pertur-
bations can in first approximation be described as a mutual
repulsion in each pair of two levels.

We can state the following rules, which enable us to picture
the influence of the higher order perturbations without
further calculation.

a) Levels with equal f repel one another.

b) The order of magnitude of the repulsion is given by
(hyperfine structure splitting)?/(separation of non per-
turbed levels), for T is of the same order as A.

¢) Only levels with ' — 7 = 0 or - 1 perturb one another.

d) The ratios of the repulsions of pairs of levels with the
same %, j and #’, 1/ but different f can be deduced
from the Egs. (8, 2).
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These rules do not depend on special assumptions con-
cerning the wavefunctions of the states %, j and »’, §'.

Only if we want to calculate the quantity (», 7,7 |H.|#', 7', 7)
must approximate expressions for the wavefunctions be
introduced.

As an example we discuss the perturbations in the hyper-
fine structure of the 63D and 6!D, terms of Hg. For the
isotopes Hgiq and Hgy,, the é-values are 1/2 and 3/2 re-
spectively. The ratio of the magnetic moments is 0.9/1,
that of the y-factors

Y199/Y201 = 2,7/1
ScHULER and JONES (34) have observed the levels shown

Hg 199 Ha 201
Y. 520= 325 +195
5
; il
wn o
@ n
eb, oo A
%————j;z 65— Y
Y2
[=]
§ 795= 313+ 301+181
z [ Y,
>
5% I olg
2 N ¢

Fig. 1.

in our figure (the distances are given in 10—® cm™!). For
the term 6'D, of Hg,y, the intervalrule does not hold. Now
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the levels with equal f will repel each other. The order of
magnitude of the repulsion is roughly (400/3000) x 400 ~ 50
and this is of the same order of magnitude as the deviations
from the intervalrule. For Hgy there is only one pair of
terms with equal f, for Hg,y, there are three (with /= 1,

f =14, f=23%). For the ratio of the repulsions of these terms
one finds:

81/2 : 83/2 . 85/2 =1: 2,8 2 3.

The repulsion can be calculated in detail, if with ScHULER
and JoNES we admit the assumption that the centres of
gravity of the unperturbed terms of the odd isotopes coincide
with the terms of the even isotopes. For the repulsion of
the levels with f = § of Hgg one finds 8., = 108, whence

1 1
3500{Y199(63D1; 1 IHZI 63D2; 1) .'\/—3
.3.1,585 x 10—3)}2><3><5>< 1 x1=108

and

1
{120(6°Ds; 1| H,| 6D 1)

V3
.1.1,585 x 10—3}2=%55m:<>(<—2’17?f=34eo;
it follows that
8‘/2:2_2106><3460>< I X1X5Xx3=24
83,2=§51m><3460><2><2><6><2=66
85/2=T1()(3><3460X2X2><7X 1 = 70.

If with these values we calculate the position of the un-
perturbed terms, the deviations from the intervalrule are
indeed appreciably reduced. The agreement with the interval-
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rule is however not perfect and the discrepancies are larger
than the limits of error admitted by ScHULER (- 5 X 1073
cm™1), The agreement cannot be improved by assuming a
displacement of the centre of gravity. One might at first
be inclined to believe that the remaining deviations dare
caused by electrostatic interaction but the way in which
they depend on f seems to exclude that possibility. SCHULER
and JonEs have shown that the intervalrule is satisfied, if

81/2 = 42, 83/2 = 64; 85/2 = 78.

It seems to us that the question has not yet been completely
cleared up. The most simple way of explaining the difficulty
is to assume with GouDsMIT and BACHER (22), that the
remaining discrepancies are partly due to errors of measure-
ment, partly to perturbations by other terms.

As a second example we examine the perturbations in the
hyperfine structure of the 63D, and 7°D; term of Indium.
For Indium 7 = 9/2. The only term, by which #®D; can be
perturbed, is the term #®D,. The distance D is 34 cm™! for
6°D,, 18 cm™! for 73D,. The separations for 6D; and 7D,
are almost equal; roughly we have:

v(11/2) — v(9/2) ~ 950 x 10—3 cm~!
v(9/2) — v(7/2) ~ 800 X 10— cm—1.

In calculating the repulsion of levels with equal 7, we will
only take into account the interaction of the nucleus and
the s-electron. This is permissible, for the fact that the
separations of 6D and 7D are nearly equal shows, that the
interaction of the nucleus with the d-electron is small. (It
must not be forgotten, that the perturbations we want to
calculate, form only a small part of the total hyperfine
structure). Further we assume RUSSELL-SAUNDERS coupling.
The distance between the !'D term and the D terms is much
larger than the mutual distances between the 3D terms
themselves; moreover for the 3D terms LANDE’s intervalrule
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is accurately fulfilled. The wavefunctions of the 3D terms
can now be written as linear combinations of products of
functions 4, of the coordinates of the d-electron (—2 < m < 2)
with functions s,(— 1 <% < 1) of the coordinates of the
s-electron and the spin of the s- and the d-electron. The
linear combinations corresponding to a °D,, m = 1 state
and a %D;, m = 1 state can be written down directly by
means of general formulae. In practical calculation, however,
it is usually easier to construct the functions in the following
way. We start from the function d,s; corresponding to the
state D3, m = 3; if the operator [, + ¢J, = (d, + id,) +
+ (s, + @s,) (where d,, d,, d, are the components of the
orbital angular momentum, s,, s,, s, the components of the
resultant spin) is applied to this function there results a
function proportional to the function 3D;, m = 2. The
function ®D,, m = 2 is orthogonal to this function.

Applying the operator [, -+ iJ, to the functions 3Dj,
m = 2 and 3D,, m = 2, we obtain the functions 3D;, m = 1
and 3D,, m = 1; the function ®D,, m = 1 is orthogonal to
these functions.

In this way we obtain the following scheme:

3D, 3D, 3D,
m=3| d;$,
m=2 —vl—é (2dys, -+ /2 dysy) % (V2 dysy — 2dys,) (8.9)
m=1 \/—15(\/6d051+2v2d150+ 716(\/3 doSy — d1Sg — T/1~l—o(dosl—\/3dlso+
+ dys_y) —/2dys_4) + V6 dys_,)

In simple cases the construction of such a scheme takes less
time than the application of general formulae.

We will now calculate the matrixelements of H.,.

Putting

(Sl !Hzl sl) = Hs
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we have
(Sl IHZ] S):Hs
(So | H;| so) =0
(s—1 |H,| s—1) = —H,
and
(3D1;1|Hz‘3D1;1):_'%—Hs
3
37y - 3N -1y
(GDy; 1 |H, | °Dy; 1)-——|—2\/5Hs

(°Dy; 2 |H,|°Dy;2) = + § H,.
For the unperturbed separations of the 3D, terms we find
Avi=+y 3 H 30+ 1)—iG+ 1) —70 + 1] X
X 1,585 x 102 cm™.
It is easily seen, that H, must be a negative quantity, the

term with the largest f-value being the lowest one. The
measured separation of 1760 units leads to

Hyy x 1,585 = — 350.
With this value we can now roughly calculate the position
of the hyperfine structure levels of °D,. The result is shown
13
[s25 16 175 “//2
3 o, z—cc_!
%38 642 72

—
960

%D S 92¢q
790

— Ly
Fig. 2.

in our figure. The object of this calculation is only to obtain
a sufficient approximation for the distance between levels
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with equal f. Let D be the distance between the centres of
gravity, then we have:

for the distance 7/2 — 7/2: D — 1400;
for the distance 9/2 — 9/2: D — 350;
for the distance 11/2 — 11/2: D + 940.

Using these values we find (applying Eq. (8, 6))
811/2 - 1,61/(D + 940)
8, = 1,06/(D — 1400).
For 63D we have D = 34000 and hence
811/2 = 46,2, 89/2 = 52,3, 81/2 == 32,5
The perturbation leads to a decrease of 6,1 units in the
distance v(11/2) —v(9/2) and to an increase of 19,8 units
in the distance v(9/2) — v(7/2).
According to PASCHEN (30) the separations are:
v(11/2) — v(9/2) = 950,5
v(9/2) —v(7/2) = 798,3.
The unperturbed separations become:
v(11/2) — v(9/2) = 956,6
v(9/2) —v(7/2) = 778,5 = (9/11) X 956,6 — 4.
The deviation from the intervalrule, which amounted to
20 units for the experimental separations, is thus reduced
to 4 units.

This result is satisfactory. But for the 7D terms the result
is less satisfactory. Here D = 18 and hence

Oy, = 85,0; &, =99,7; &, =638
The measured separations are
v(11/2) — v(9/2) = 952,6
v(9/2) —v(7/2) = 811,5 = % X 952,6 4 32
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The unperturbed distances become
v(11/2) —v(9/2) = 967,3
v(9/2) — v(7/2) = 775,6 = ¥ X 967,3 — 16.

In this case the calculated perturbation is too large. We
have not succeeded in explaining the discrepancy. The fact
that the deviations for 72D are larger than for 6°D seems to
exclude an explanation in terms of electrostatic interaction.
It may be, however, that the assumption of RUSSELL-SAUN-
DERs-coupling is not quite justified or that the terms are
influenced by other perturbations than those considered in
our calculation.

Perturbations of the type examined in this section, have
been found for the first time by SCHULER (33) in the Li II
spectrum and have been discussed theoretically by PAuLl
and GUTTINGER (23). The discussion of the perturbations
in the Hg spectrum given above is almost identical with
that of CasiMIR (9). Later on the same problem has been
studied by GoupsmiT and BACHER (22), using a different
method. They have also calculated the value of the constant,
which is here derived from the experimentally determined
position of the levels of Hg,qy; their assumptions about the
state of coupling, however, are not quite justified. Their
results are in agreement with those given here.

Though the application of GoubpsmIT’s method to a special
case is undoubtedly much simpler than the derivation of
the general formulae used in this paper, we nevertheless
believe that our method of treating the perturbations has
considerable advantages in showing in how far. the results
obtained depend or do not depend on special assumptions
concerning the wavefunctions.

§ 9. Detailed discussion of the influence of an electric quadru-
pole moment. :
Deviations from the intervalrule may also arise from the
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electrostatic interaction between the nucleus and the outer
electrons. In § 4 we derived the following formula:
3c0s% 9 — 1}
7,9 .

(Avf)el = —{ 7

0 BEEAD—Fe7@+1) G+ 1)]
S ij(2e—1) (21 —1)

X 7,9 X 103 cm™! (9, 1)

with
K=f(f+ 1) —ii + 1) —j(G + 1)
and
Q = (3 — 72, &

The expression in { } is an average over the charge density
of the electrons (we have omitted the suffix ¢), the radius
of the first hydrogen orbit being chosen as unit of length;
Q is an average over the charge density in the nucleus; here
the unit of length is 10712,

The mean value of (3 cos? & — 1) is a measure for the
deviation from spherical symmetry of the charge density
of the electrons, it is zero for a spherical distribution, positive
for a prolate distribution and negative for an oblate distri-
bution. The expression in curly brackets is thus positive
or negative according as the charge distribution of the
electrons is prolate or oblate in the direction of angular
momentum. Following ScHULER and ScHMIDT (35) this
may beillustrated by a schematical representation (Fig. 3).

In the same way Q is positive or negative according as the
nucleus is prolate or oblate in the direction of its angular
momentum. The quantity Q will be called the electric quadru-
pole moment of the nucleus.

It is now easily seen, that in the state in which j and
are parallel to each other the interdction energy is negative
when both distributions are prolate or both are oblate.
The factor

FE(K + 1) —4ij( + DG + 1)
(20— 1D (2f—N)dq
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is the quantummechanical analogue of the classical ex-
pression

(& cos? (1, 7) — §)

and reduces to this expression in the limit of high quantum-

numbers.
A
i . .
g? i i
G>0 Q=0 A< o
% i

S

Fig. 3.

If now for a definite term separations have been found
which do not obey the intervalrule, while there are no
neighbouring terms which can give rise to deviations of the
right order of magnitude, then one will try a formula of
the type

v—vo= 5 K + BRK(K + 1) — 36 + 1) ( + 1. ©9,2)

If for this term the number of hyperfine structure
levels is larger than three, then the examination of the levels
corresponding to only one finestructure term will already
give a check of our assumption. If there are only three possible
f-values, however, one can always represent the separations
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by a formula of the form (9, 2). In general a reliable determ-
ination of the quadrupole moment will only be possible
in cases where deviations from the intervalrule have been
determined for several terms, so that the @ values derived
from the separations of these terms can be compared with
each other.

In order to derive Q from B in Eq. (9, 2) one must know
the quantity

c. :{3cos2§}— 1} ‘
4 ii
We will give approximate expressions for this quantity,
confining ourselves to those cases in which only one electron
contributes to C,.
Let us consider one electron without spin and with orbital
angular monentum /. The wavefunctions will be of the form

L{’n,l' m,(y’ 3, CP) = fn,l(’) an(%: (P)
whence

3cos? 9 — 1 1 _—
{___73 }m - <?>n (@eoD— T,

where the mean value (1/7%) does not depend on . A simple
integration yields

——— 2l
(300525—1)z,z=—2—l+—3 (9,3)
and hence
——— 3m?—1(1+1) 2!
29 __ -
(3¢cos29— 1) m QI—1] " A+3 (9, 4)

The negative sign in (9, 4) corresponds to the fact that
in an orbital model the plane of the orbit is perpendicular
to the angular momentum vector.

If now an /l-orbit is coupled to a spinvector S (the corre-
sponding wavefunctions are denoted by S,,) then the wave-

Archives Teyler
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function for the state j, m,; = j will be given by an expression
W =m§11 A (L S)iymy () Y1 Sjm, (9, 5)

It follows that

305 —1 1\ o —T
{M} = <L>n z (3 cos? & — 1);;

3 3
4 iri 4
and

(Bcos29—1);; =
3mi—I(l+ 1) 21
=2 140 Sim Sy ¢ R
Using general formulae for 4;,, we can now calculate the
required avarage for any set of values of /, S and .

We will here give only the values of |4 ,,|? for two cases
of special importance.

a) An orbital angular momentum !/ is coupled to a spin
momentum 1; this case will occur in two-electron spectra.
For the wavefunctions we find by means of the procedure
explained in § 8:

(%, 6)

my L4, ‘ *Ly L
+1)s, 0
! ! (V2soli+V2s li_y) ! (Y2 s li—v/2 s, l_y)
V242 v2i+2
—1 v (25 i+ 4v1Isoli_y+ ! (2v/15_q I+ 2(1—1) sol1_1— ! (V2 sy li—v2syli_y)
4V (i+1)(2041) 2VII+1) VI2+1)
+ 2VI(21—1) 53 li_y) —2V2—1s;hy) | —V2—1l_yse+h_,s.)
It follows:

3Lz+1 iAz-H,z |2= 1

! 1
Ly |4, P = 1 D I+ 1
2l—1 21— 1
3Lz—1 ]Al—l,l ‘22 W’ [Al—-l,l—l |2 = (21—_’_1), !AI—I,l—2 |2 =797 1L 1)

1

12+ 1)
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b) In the same way we find for a p-electron coupled with
a spin S of arbitrary value the following scheme:

mp = 1 ‘ mp = 0 ] mp = — 1
i=S+1 1
1 s
i=S S+ 1 S+1
, 1 25 —1 25— 1
f=5S—1 S+ 1) | SES+ 1D S+ 1

In the case of two-electron configurations deviations from
R-S-coupling can easily be taken into account. The wave-
functions for the state 3L, ; and 3L, ; will not be changed;
the wavefunctions for the 3L, and 'L; state will be of the
form:

31}”; == & 3Ll + B lLl = cos & SLZ + sin & lLl (9 7)
W, = — B3, + o 'L; = —sin$3L, - cos $ 'L,

For 3L, it follows that

—— 2 @®+1—3 ., 3
Boos* & — ==z 3vipryy P z<z+1)} ©. 8)
and for 'L,
e — 21 382
(3cos2&—1),_,_——2l+3{1——l(l+ 1)}. 9, 9)

@ can be determined from the position of the finestructure
terms in the following way (compare § 11). Let 4 be the
distance of the ,singlet” and the ,triplet” term and A the
distance between the observed position of the triplet term
and the position it should have according to the LANDE-
rule, then

sin? § = % (9, 10)
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The most important application of our formula isto the case
of P and D terms. The results for these terms are:

(3 cos® & — 1), (3 cos & — 1),
D, —4 P, —¢
D, —H1+#) P +31—3)
3D, —1 3p, 0

D, —41—4g) Py —j(1—isin?Y)

We will also recall the well-known formula for the mean
value of 1/#® (expressed in units 1/a%):

1 7,22
()= sy .1

Here Z; the nuclear charge number for the ,interior
part” of the orbit, is equal to the total nuclear charge
number diminished by a screening correction; Z, is the
exterior charge number (for neutral atoms Z, = 1) and #*
is the effective quantumnumber.

On the other hand the doublet separation (in cm™!) is
given by the formula

S— (2 +1) 2 (-7%) % 2,911 cm— 9, 12)
whence
T_> 82911
<y3 T @ENze

We will return later on to the derivation of these formulae.

§ 10. The hyperfine structure of Europium and Cassiopeium.
Deviations from the intervalrule of the type described in
the preceding section have been found for the first time by
ScHULER and ScHMIDT (35) in the hyperfine structure of
Europium. There are two isotopes, Eujs; and Euyss; for
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both isotopes 7 = 5/2. The value of the magnetic moment
of Euys; is roughly twice the value of the magnetic moment
of Euyss. The deviations from the intervalrule for the heavy
isotope, however, are about twice as large as those for the
light isotope. From this fact it follows with certainty, that
the deviations from the intervalrule cannot be caused by
second order perturbation, since in that case the pertur-
bations for the light isotope should be four times as large as
the perturbations for the heavy one. It was shown by the
author, that the deviations are in quantitative agreement
with the assumption, that they are due to electric inter-
action with the nucleus. For the quadrupole moments the
following values were found:

Euyg, (32—, ;= + 1,5 x 1072
Euys, (322 —7?),; , = + 3,2 x 1072,

As to the reliability of these results, we believe that they
establish beyond doubt the existence of an electric quadrupole
moment. Three terms were investigated (viz. °Pg,, 1°P,),,
8P,,; the discussion can be carried out by means of the
formulae of § 9), and the agreement between theory and
experiment is such, that a fortuitous coincidence seems
excluded. Also the value 3,2/1,5 = 2,1 for the ratio of the
quadrupole moments follows unambiguously from the ex-
periments. The absolute value of these moments, however,
is less certain, since it is very difficult to estimate the accu-
racy of the value of (1/#%) calculated by means of (9, 11).
The value of #n* was estimated by RusseLL and KiNG (32);
the spectrum is not sufficiently well-known for an accurate
determination of the series limit to be possible. Still we do
not believe, that the values of the quadrupole moment will
be in error by more than 259,.

The second element concerning which data were published
by ScHULER and ScHMIDT (36) is Cassiopeium (Lutetium),
(Z =71, M = 175). The spectrum of singly ionized Cp is
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a two-electron spectrum. The hyperfine structure was in-
vestigated for the terms °Dj, °D,, 3D; and °P,, P;. The
value of 7 was found to be 7/2 (in determining this value
ScHULER and ScHMIDT made use of the intensity rules).
The hyperfine structure of all these terms shows deviations
from the intervalrule far outside the limits of accuracy of
the measurements (they are as big as 70 units!).

ScHULER and ScHMIDT showed, that the hyperfine structure
can be represented with a high degree of accuracy (I or 2
units) by formulae of the type

K

K \2
Vf—V0=a1§7+a2< >

2] (10, 1)

This is trivial for the terms with § = 1 but not for the
terms with § = 3 or j = 2. Instead of (10, 1) we will use the
formula

vi—vo = $AK + $ BK(K + 1) (10, 2)
then
_ L a2
_ 2612
322

The experimentally determined values of a; and a, and
the corresponding values of 4 and B are shown in the
following table.

a, ay A B
D, 598,9 40,3 56,86 0,244
3D, 453,5 27,1 64,41 0,369
sp, | —235,1 25,4 —68,2 1,38
3P, 676,1 66,3 96 0,903
ap, 571,1 —54.3 165 —2,96

The values of a, are certainly correct to within 10%,. The
distances of the finestructure levels being very large, pertur-
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bations of the second order are not to be expected; the fact
that the separations can be represented by (10, 2), allows us
to exclude this possibility altogether. Let us first consider
the three 3D terms. For B2 one derives the value 0,066. We
use the formula

1
CI@—=0

and substitute the values for (3 cos? & — 1) calculated in § 9.
It follows that

Tooag 1. (L Q
28 — 1) o — ) —x 7
(3 cos? & 1),,,<73> Zi— i X 7,9

% :—(2/7)61 ,066 :il/E = 0,244 : 0,326 : 1,28

B;:B,: B =
in rather good agreement with the experimental values for
these ratios. In § 19 we will give a more accurate discussion
of the B-values.

We will calculate Q from the value Bj;; there are several
reasons why this term is believed to give the most reliable
results. In the first place the deviations from the interval-
rule are very large for ®D;, in the second place there are 7
possible f-values, so that a very accurate check of Eq.
(10, 2) is possible and finally the relativistic corrections for
this term will be small.

The multiplet splitting is 2400 cm—!. Tt follows that

1\ 2400/2911
(?)" s5x 61 2

(we use the value Z = 61 which perhaps will be somewhat
too large). For Q we find

0=+63

Let us now consider the P terms. Here 82 = 0,05. For the
ratio of the B-values we find

B,: B, =1: (—256) = 0,903 : (— 2,30).
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The agreement is somewhat less satisfactory; it is to be
expected that in this case the relativistic corrections will
be rather important.

We calculate Q from B,. The multiplet splitting is 5189
and hence

1 5189/2,911
<73>“ 3 X 67 =88

which leads to
Q0 =4,1.

The agreement with the value calculated from 2D; is not
very good and we will see in § 19 that it is not improved by
taking into account relativistic corrections. We will in that
section also discuss the possible causes of the discrepancy.
Here we will only point out, that it is hardly to be expected,
that the large spin-orbit interactions occurring in this case
should not give rise to perturbations of the configuration.
In our opinion these discrepancies do by no means throw
doubt on the reality of the quadrupole moment; but they
make the value of the moment somewhat uncertain. We
believe the value deduced from 2D; to be considerably more
reliable than the value following from °P,, *P,. The multiplet
splitting for the D terms is smaller and the same will pre-
sumably hold for the configuration perturbations; also the
fact that there is a satisfactory agreement between the
three 2D terms makes it probable, that the configuration
is not appreciably perturbed.

At the time this paper was written, Eu and Cp were the
only elements about which accurate data were available.
Since that time SCHULER and ScHMIDT have given a detailed
account of the deviations from the intervalrule in Hg, Cu
and Bi and communicated preliminary values for the
quadrupole moment of As.

The results are given in our table.
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il e | e |

I \ l
Cuggy 5/a 2,4 —0,3x 10724 (49)
Cugs 3/, 2,6 —0,3x 102
As,g 3/, 0,5 +0,2% 10~ |
Bi,g, 9, 3,6 —0,4x 1072 | (48)
Hgou s/, | III 111x 1072 | (46)

§ 11. Relativistic theory of s, I configurations.

Following BrEIT and WIiLLs (6) we will now give a re-
lativistic treatment of s, /-configurations. For the s-electron
there are two possible states; let the corresponding wave-
functions be denoted by s, and s_,. The possible states for
the /-electron can be divided into two groups: states with
7 =104 } and states with f =7 — }. For the corresponding
wavefunctions we write /¥ and /I;F respectively. A state
with total angular momentum /+ 1 and m =17+ 1 can
be realized in one way only; the corresponding wave-
function is:

SLit} = s 471 (11, 1)
In the same way there is only one state with total angular
momentum /-—1 and m = [—1; the wavefunction is:

1
Spi—t —
v
A state with 1 = and m = [, however, occurs twice. We
introduce the notation (, ¢+ %)} and (3, I — 1)} for the
wavefunctions. We have:
G =3 =5 I= (11, 3)
1
LI+ Y= = (0 —Vv2+1s_ 4. (11,4
(2 2)1 \/2[+2(il§ %l%) ( )
This last formula contains a sign convention, which will
be followed throughout our further calculations. The sign
of the functions (%, /4 3)}, is then fixed by the condition
that the matrixelements of the total angular momentum
must have the ,standard form” (§ 1).

(sy B4, — V2A—T1s, B, (11, 2)
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As long as the interaction of the electrons is neglected,
the functions (11, 3) and (11, 4) are proper functions. In
consequence of the interaction the functions (%,  + %) and
(3, 1— 1)} will be mixed and the real wavefunctions will
be of the form:

Vi=co GBI+ +e@I—h (11, 5)

We determine the values ¢;, ¢, using a non-relativistic approxi-
mation. We will approximate /¥ and /,* by linear combi-
nations of products of orbital wavefunctions 7, and spin
functions o,,. These approximate expressions are:

l%ig = ll Gi_
1 _
by = —— (V21 Lo
1% \/2l+1< 103y + Lo_y)
1 _
b= — (0, —V2lho_y).
Va1 e o)
With
I+ 1 B I
“"Vﬂ+r %'_Vm+1
one finds
II'F = —’lﬁll (S_% 64} —_ S% O'_%)
whereas

C_V I _I/z+1
T 2=V A

leads to
1 ]/ l
\/Z+110+ l—}—-]ll_lsl
with
S%G*Zsl
and

1
'{/—E‘(S% O3 + S G}) = So.
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These expressions correspond to the case of R-S-coupling.
We put for 3L,

¢y =sin (%, —9), €y =Cos (9o — D)
for 'L, (11, 6)
¢y = cos (& —9y), €y = —sin (9, —9)

and take 9, to be

%o = arc tg (11, 7)

I+ 1

then ¢ will be zero in the case of R-S-coupling.

3
LLH
-
LR O Y O VN
W L
L
L1
d D
1LL
Fig. 4.

In determining & we will follow WOLFE (43). Let us assume,
that the position of finestructure levels is as shown in our
figure, the broken line being the position of 3L, calculated
by means of the LANDE rule, then

a0 A
sin %}——d—. (11, 8)

WOLFE does not only take into account the interaction
of the l-orbit and the spin of the J/-electron, but also the
interaction of the /-orbit and the spin of the s-electron. The
first mentioned interaction is much larger than the second
one; it may be expressed in terms of one constant, C,; in
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the same way the second interaction can be characterised by
a constant C;. According to WOLFE:

8
A+ 1

Co— Cs = (ADJI(I -+ 1))2.

C2+C3:

Usually only C, is taken into account and one arrives at
the conclusion that the theory of intermediate coupling
only applies when

3 4 AD !
2041 U@ +1n/-

(11, 9)

But the interaction of /-orbit and s-spin certainly exists
and as long as no unreasonably large values for C; are found,
the fact that (11, 9) is not strictly fulfilled is no reason to
doubt the validity of (11, 8). On the other hand one must
not forget, that the fact that WOLFE’s equations contain
as many constants as there are independent separations,
makes it impossible to check the correctness of the as-
sumptions. It would be useful to calculate the constant C,
theoretically; the term with C; being a rather small cor-
rection, a rough calculation would be sufficient.

Finally we remark, that according to WOLFE’s theory the
doublet splitting of the /-electron is not given by & but by

(21 + 1)C,.

§ 12. Solutions of DIRAC’S equations in a central field of
force.

Having determined the constants ¢; and ¢,, we can calcu-
late the mean value of (3 cos? § — 1)/7® and of H,.

In doing this we make use of the explicit expressions for
the solutions of DIRAC’s equations in a central field of force.
We use the solutions in the form given by BETHE (2); apart
from the sign, which is chosen in agreement with the con-
vention made in § 11.
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j=1+4% j=1l+3
m =141 m=1—1
"
1fV2Z +3Yl+1 #y=—1f 21_,_3 Yir
204+ 2 /2141
1fV2l+3 ii} 12,1) %2=-$f 2Z+3Yl+1 (12, 2)
1/ 2
Uy = g Y] Uy =—8§ 2+1 !
- 1 .
u, =0 =+ ¢ ZiF1
j=1—3%
m=1—1%
= —1f Y
U, = (12, 3)
/”-IQ
1—1
U3 gl/ 2l+ 1 l
2l .
/ and g are functions of » only.
The functions
=7, X2 =78
satisfy the equations
d E—0
X1+ Xlz—h‘<1'—— EO >X2
p Eo o (12, 4)
o prz _ MC £—9
dr k?’ // <1+ E, )Xl'
Here

k=1-+1 for j=1+1%

k:'—‘l fOr ]:Z——-le
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E, = mc?> and @ is the potential energy (® = — Ze?/r for
a Coulomb field).

Following BREIT and WILLS we characterize the quantities
relating to the state j =/ -+ 1 by one dash, those relating
to the state § =7—% by two dashes; then:

B =141, 7=1+1
B =—1, j"=1—%
We now take %/mc as unit length and put

E (1))
57 -7

then the Eqgs. (12, 4) reduce to

R e
Yo (4P =
o kT 8
For a Coulomb field
V = Zafr.

We will apply these equations to a valency electron moving
in the field of the nucleus and of the core of the atom. The
ionization energy will be of the same order of magnitude as
for a hydrogen atom, and P — 1 will thus be of the order
«? which is very small compared with unity. In the neighbour-
hood of the nucleus the potential energy is of the form:

—V = — (Zajr — C,)

The screening constant C, may be written as Zu/r, where
7s is a certain average radius. In our units 7, will be a large
number. For » < 7, we can now neglect C, and P — 1 alto-
gether.
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The Eqs. (12, 5) reduce to

d Z
R ot
p (12, 6)
a4
dr ke 7 (2 + )

These equations can be solved in terms of Bessel functions;

the solution is obtained most easily by elimination of .
One finds

21 = CZa]5(2V 2Zar)

— (12, 7)
Y2 =°C {]2p+1 - V2Zar — (e + &) ]2;)}:
with
o= VE2 — 7242,
The first terms of an expansion in powers of 7 are:
(2r)P
y = C(Za)ptt o
- ' 1
(20 + 1) (12, 8)
(207

= P

For large values of V2Zar on the other hand the Bessel-
functions can be expanded in an asymptotic series. The
term of highest order in the series for y, is:

' 1
o~ C [
12 (7:\/22«7

ﬂyz@mWVﬁa_m-%y”uz%

We will now introduce the following assumption: We
assume that there exists a value 7, in the neighbourhood of
which on the one hand the solutions (12, 7) are a good
approximation, and on the other hand the Bessel functions
are given with a fair degree of accuracy by their asymptotic
expansions.

For large values of » the relativistic corrections will be
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negligible and y, will be a solution of the non-relativistic
SCHRODINGER equation, y; being given by

d
]
In order to obtain a better idea of the dependence of the
relativistic corrections on the value of » we will deduce a

rigorous equation for y,, by eliminating y; from the Egs.
(12, 5). Putting

X1=\/P+V”——Ivl

(12,10
Yo=VP+V+10,
one finds
77 kk I
o {1 AR
LV — () VO (V12 B
TPV —1 _%w+V—UJ““O“Z”)

where (') and (") denote the first and second derivative
with respect to » and

' E(k —
o H{p e =D
VO 4 (k)Y oy,
LV —%G+V+UJ%_QUZM

In calculating the relativistic corrections in first approxi-
mation one usually considers the term with V2 and the
term (/) V. If V = Zafr Eq. (12, 12) becomes

. Za\? k(k—1)
effp B
rZa(l — k) (1 + P) + Zo? (+ — &)

(P + Zafr + 1)214 }

Taking into account that k(X —1) = Z(Z -+ 1), one sees
that the difference between this equation and the SCHRO-

_l_
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DINGER equation consists in the term (Zo/7)? and the term
with #* in the denominator. Now for Za = 0,5 and » = 5
for instance these two terms are already very small. If there
exists a value »; with the properties mentioned above, then
for » > 7, the relativistic corrections will be negligible. On
the other hand it will be possible to put

Y2 = V2 vy
For larger values of » we can now approximate to v, by a
‘WENTZEL-KRAMERS-BRILLOUIN function. Outside of the
atomic core (for very large r-values) this function may be
fitted to the rigorous solution for the Coulomb field, with
charge number Z, = 1 + 2z (2 = degree of ionization). We
thus obtain a solution which is build up in the following way

0gLr<n ‘ r~7y r>n 7>

Bessel functions

Asymptotic exp. Non-relativistic rigorous solution
(relativistic)

of Bessel functions | W.K.B. solution

The solution for » <7, does not depend on the energy.

§ 13. Calculation of the mnormalization iniegral.

We will now deduce a formula for the normalization
integral of this wavefunction. In doing this we will neglect
the contribution of the range of integration 0 <7 < 7,.
‘We consider the non-relativistic SCHRODINGER equation:

w0 —|—{2(P—1) +2V—W:§ 1)}w=w<'°+p2w=o. (13, 1)
Let P have an arbitrary value, and let w be the solution
which is regular at infinity; for given P the function w is
determined apart from a multiplicative constant. We diffe-
rentiate this equation with respect to » and find, putting
dw/dP = wp:

wp 42— 1)+ 2v — DV 2w (3,2

72

Archives Teyler
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It follows that

a

= (" wp — whw) = wwp —wPw = 1 22

Integrating this equation from » = 7; to » = co we obtain

o0

fw%h=——%(w(’)wp~—w‘1§)w),=,l = %wi’%(—%—)—)mn. (13, 3)
If P is now a proper value, then the value of w!)/w is
equal to the value v§’/v,, where v, is the solution of the
relativistic wave equation which is regular for » = 0 and
does not depend on P.
It can be proved that the quantity

9 = arctg(w!)/w)

is a monotonic function of P. If the quantumnumber increases
by 1, & increases by =, but no general expression can be
given for the dependence of & on P.

Let us now consider a W-K-B-approximation for the
function w. It will be of the form

—————sm dr — 13, 4
{[p wnl 084

From this we obtain
oo
ay
20y — L 1K2
/ widy = + 1K P
In deducing this expression derivatives of $ with respect
to P were neglected in accordance with the fact that for
r < 7, the solutions of the wave equation do not depend on
the values of P. If P increases, ¢ also will increase and the
proper values can be determined from .the equation

=1y + nw
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so we may also write

o]

27, — T g2 dn
/wdr-— 2KdP (13, 5)

£}
There will now exist a simple functional relation between
n and P and it will be permissible to calculate the value of
dn/dP by means of an interpolation formula for P as a
function of #. Taking into account that

Jn 2+ 62 P dr ~ 20fw2d7
and that according to Eq. (12, 9)

K=cl|/* (13, 6)
™

we find
2 2 2 dP
N = f{|X1| +}X2|}d7—CZoc .

Measuring the energy in units Rk = Jo?mc?, we obtain
P — 1= '%‘OC2 ER

27 dEx

2
N=C oc/d%'

For a normalized wavefunction the constant C will be given
by
oL dE R
2Z dn

Let us consider the nature of the dependence of #» and Ej
somewhat more closely. Suppose for one moment, that for
r > 7, the field is a Coulomb field with charge number
1 4 z. In that case the phase §(P) of the function w would
be given by #n*rx 4 b where b is a constant and where the
relation between Ei and #n* is:

2
ER=—(—1%?)—. (13, 8)

c? = (13, 7)



252 INTERACTION BETWEEN NUCLEI AND ELECTRONS

The difference between this expression and the true phase
will in first approximation be independent of the energy,
when the core of the atom is small compared with the
dimensions of the ,orbit”. In higher approximation it will
be possible to expand this difference in ascending powers
of Ex. We then find:

Yy =nun + Y =n*nr + b+ cEp + ....
Omitting the term with Ep,

n = n* + 3§
and
dE. _ dE 7}
Tt T e (13, 9)
whence
o Z?

Taking into account the term cEjy corresponds to using
the Ritz-correction.

If now dEg/dn is determined by means of the RYDBERG-
Ritz formula, the theoretical foundation of (13, 10) seems
to be identical with that of the RyDBERG-RITz formula
itself. In one respect, however, this is not completely correct.
In our deduction of the RYDBERG-RITZ formula it is supposed
that the wavefunction for » <7, does not depend on Ep,
but not that the influence of screening can be neglected.
If the screening is taken into account, the value of K and
therefore also the value of C will be slightly modified. Calcu-
lations of K were carried out by FErRMI and his collaborators,
using a potential determined by the statistical method.
The corrections are not very large however and in this work
they will not be taken into account.

A formula equivalent to (13, 10) is due to GOUDSMIT; a
proof of this equation and the somewhat more general Eq.
(13, 7) was given by FErRMI and SEGRE (16). The formulation
of the proof given above was the result of a discussion with
Professor KRAMERS.
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§ 14. The doublet separation.
In § 12 we have seen that in the neighbourhood of 7; the
function y, is given approximately by the expression

1
! NC’(
12 \7':\/220(7

)*{ N/2Zor 08 (2 2Zar—p m—m)—..} (14, 1)

for the state

=1+

rol

and by

r —
A Nc"< \/;Z_> (V2Zar cos (2V 2Zar—o" ' n—3n)—...} (14, 2)
™ o

for the state j =1 4+ }. Since p’ — p’’ ~ 1, these functions
will be approximately identical if we choose

C"~—C".

The remaining phase difference between y; and y; is

(p’—¢""— 1) =. Hence the energy difference of those two
states will be

’ ' dP__ ' dER 1.2
(" —e —I)Tcw——(P—P — 1) 5=z

The separation in cm—! will now be given by

’ rr dE
§=('—¢"— 1) R. (14, 3)

Neglecting higher powers of (Z«)? we find:

2
VTR — 722 — (29
P I+ 1)2—2%2=1+1 P,

(Za)
2l

o = VE— [ — | —

! r Zzaz
e T T agt
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Writing
Z2
ER — %—*02
we obtain
* 272
s= 2% po (14, 4)

dn n*3(l + 1)

If the RyDBERG formula is valid, dn*/dn = 1 and Eq.
(14, 4) reduces ta the well-known LANDE formula. The
formula (13, 10) was proposed by GOUDSMIT (20) in analogy
to the formula of LANDE. We see now that the theoretical
foundations of both formulae are the same. At the same
time we have found correction factors of LANDE’s formula,
viz. a relativistic factor:

Z22

H= zzz+1

and a ,,Ritz correction” factor. ,

The fact that doublet separations for terms with small
#* in one- and two-electron spectra of heavy elements can
be represented with an accuracy of 10 or 209, by means
of Eq. (14, 4) when the total nuclear charge Z is diminished
by 2 for a p-state and by 10 for a d-state is therefore a strong
argument in favour of the validity of our formulae. The
numbers ,2” and , 10" are somewhat arbitrary but for
heavy nuclei this is of little importance. Better values of
the screening corrections might be obtained by the statistical
method. It would also be interesting to see how far the
corrections by which Eq. (14, 4) differs from the ordinary
Lanpt formula lead to a material improvement of the
agreement between theory and experiment.

It was pointed out by BREIT and WiLLs that the normal-
ization integrals for the states j° and §'” will be slightly
different from each other, because of the energy difference
between these states. From Eq. (13, 7) one can deduce, that
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the difference of the C values for the normalized wave-
functions is given by

! 17 o dzE ! 17
C?— (" = 57 dn2R (" —e"—1)
or, assuming dn*/dn = 1:
c?r—C _ 37%P
Cc? 20+ ) m

Though one can hardly expect that this formula will be
strictly valid, one may nevertheless expect it to give an idea
of the possible order of magnitude of such corrections.

It is sometimes useful to write the formula for the doublet
separation in the form

§=HZ(+Y (-ylg)kl Ro?;

the quantity (1/7%) will be defined in the next section.

§ 15. Calculation of the mean value of (Bcos?y — 1)/7°.

Using the results derived in the previous sections we can
now calculate the mean value of (3 cos? & — 1)/73. We will
assume that only the values » < 7, will contribute appreciably
to this average. The calculations do not offer any points
of interest and we will confine ourselves to stating the results.

We find:

- Ty —1 a T
=1 1: ScostYy — 1y 1

7 " < 7 >11 2l—|—3<7’3>

T <—’3—/m— 21—1) (2A+1) \r°
jmrs (PRl g D02 1)
T oL VD @) (23 (w) !

2(—1) (lw,” 126162\/@(1_3)"”

——

7 7

= 20+ 1y (21 +3)



256 INTERACTION BETWEEN NUCLEI AND ELECTRONS
with

% /{|xl12+ 1413 g dr
() f{' (e 141 S dr

1 " r r_mw 1
ys) =/{X1X2 + x2x1} o5 @
0
These quantities may be written as:

(;)’ | =K (g)kl

—1 //’// . —1‘
(7) =R (ﬁ)k,
—1— NG P
(F) =S (r3)kl'

R’, R"” and S are certain relativistic correction factors:
formulae and numerical values are given in § 17, and

— (2 v Y = o7 10+ 1)(20 + 1).

Here the unit of length is still #/mc. Introducing ay = %famc
as unit of length, we have

(T) . 222 dER
kl

73

(_L) _ Z dEy
Ply W1 @+1) dn -

Here normalization corrections were not taken into
account. Putting R' = R"”" =S =1 and inserting for ¢,
and ¢, the values for R-S-coupling our formulae reduce to
the expressions derived in § 9.
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Finally we repeat here the fundamental formula:
Apa = BEK(K + 1) —§i(t + 1) (G + 1)}
with

@ —1iB =

3cos2§ — 1 - Q R
3 )i,,-'(2¢-—1)z"7’9><10 cm— .

§ 16. Formulae for the magnetic interaction.
BrEIT and WILLs have derived the following formulae.
Let A be the constant in the equation

A
(A,v)m=7K
then we have
. ] _a(y) 2041
p=i4n A=zisn Tarsp
. ) _ﬁ__a(s) 20+ 1 ,,
=1 WA 1) A4 =M1+ 1) E—IRals) +

+3 21+ 3)cta’ + 32— 1) (I + 1) Za” 4+ 2¢c,c, VIL+ 1) a’".

Here

’

“” } = ¢+ 1) <~1§>le . 1,585 x 103 cm™!

a 1G4+ 1) \r

N S <I) G.1,585 x 102 cm™!
RS RV P
a(s) = £Z e 1,585 x 103 cm—!.

dn

a’, a” and a(s) are the constants for one electron in the
states [ 4 4,/ — %4 and / = 0, j = 1. F and G are relativistic
corrections.
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§ 17. Relativistic corrections.
In this section we give formulae and a table for the relati-
vistic corrections.
W+nE+10
R = 3k(k + 1) —p2 41
o —1) (a2 — 1) D et ]
S:Zl(l+ l)sinn(p——p”—l){ 3" + &)
nZ2%2 8(1 +p")—4l—2

+

3(9” + kl/)

! ! 124 r
+ et 1 6[Z%2 4 (o' + K (e -k )J}
8(1+p)+al+2 2o +o +2 3(2+3)(2A—1)—162%2
H— 04+ 1) ,, . I
- 7242 (9 -—e — )
o 20+ Nsinn(e —e” —1)
A
o RREED @41 4G+ G+
- 2 - 2

p(4p®>— 1) p(4p>— 1)

=104+ 3% for k=141

j=1—1for k=—1

p = Vk2— 722
=1,k =2k =—1
2 az] o B I I S P I 2 I

82.2 | 0.6 | 1.9079 | 0.8000 | 1.20 1.16 2.40 1.18 — 1.35 1.74
68.5 | 0.5 | 1.9364 | 0.8660 | 1.128 | 1.11 1.73 1.12 — 1.23 1.42
54.8 | 0.4 | 1.9596 | 0.9165 | 1.08 1.07 1.39 1.08 — 1.14 1.24
41.1 | 0.3 | 1.9774 | 0.9539 | 1.045 | 1.04 1.19 1.04% — 1.07 | 1.13
27.4 | 0.2 | 1.9900 | 0.9798 | 1.02 1.015 | 1.08 1.02 — 1.03| 1.05
13.7 | 0.1 | 1.9975 | 0.9950 | 1.00 1.00% | 1.02 1.00 — 1.01 1.01
=2, k=3, k' =—2
82.2 | 0.6 | 2.9394 | 1.9079 ] 1.05 1.06 1.16 1.05 1.48 1.13 1.13
68.5 | 0.5 | 2.9580 | 1.9364 | 1.035 | 1.04 1.11 1.03% | 1.31 1.09 1.09
54.8 | 0.4 | 2.9732 | 1.9596 | 1.02 1.03 1.07 1.02 1.188% 1.05 1.05%
41.1 | 0.3 | 2.9850 | 1.9774 | 1.01 1.01 1.04 1.01 1.10 1.03 1.03
27.4 | 0.2 | 2.9933 | 1.9900 | 1.00 1.00% | 1.015 | 1.00 1.05 1.01 1.01
13.7 | 0.1 | 2.9983 | 1.9975 | 1.00 1.00 1.00% | 1.00 1.01 0| 1.00
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§ 18. Discussion of the reliability of the velativistic calcu-
lations.

Before applying our formulae we will examine what
deviations from our theory are to be expected. In the first
place it is not certain that the values ¢;, ¢, calculated by
means of (11, 6, 7, 8) are exactly correct, these formulae
being derived by means of a calculation in which only certain
first order terms were taken into account. This difficulty
is avoided in GoubpsMIT’s method, which can also be applied
to more complicated configurations. This method is based
on the fact, that the sum of the values of 4 (and also of B)
for the states 3L, and 'L, is independent of the values of
¢y, Cp; it can be applied with advantage to the discussion
of the magnetic separations. The case is different, however,
for the electric separations. The A-value for !L; is usually
much smaller than the value for 3L, while the B values are
of the same order of magnitude. On the other hand a de-
termination of B is only possible when the hyperfine structure
can be measured with a high degree of precision and the
hyperfine structure must therefore be well resolved; because
of the small A-value this condition will rarely be fulfilled
for 1L,

A second question is, whether the wavefunction can be
represented with a sufficient degree of accuracy by functions
of the type considered. In reality any configuration will be
perturbed but it is difficult to estimate the order of magnitude
of these perturbations.

Finally it remains to be discussed, whether our approxi-
mation for the relativistic wavefunctions in a central field is
sufficiently accurate. In cases where the results obtained in
this way can be compared with the results of accurate
numerical calculations a satisfactory agreement is found
(cf. BREIT (6)). Also the validity of LanDE’s formula for
the doublet separation is an argument in favour of the
validity of this approximation.
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If the magnetic moment and whenever possible the electric
quadrupole moment, is calculated from the separations of a
number of terms and if these values are in agreement with
each other, then these values may be considered fairly reliable.
If on the other hand discrepancies are found, it will be
necessary to see whether these can be ascribed to one of
the causes discussed in this section. It is clear, however,
that it is impossible to test the theory very strictly and
that deviations of the type discussed in § 2 would hardly
have been detected.

§ 19. Discussion of the hyperfine structure of Cp.
We will now apply our theory to the hyperfine structure
of Cp. We will first discuss the D terms. The finestructure

‘D, ——————— 173325

304

Fig. 5.

levels are shown in our figure. Application of WOLFE’s
formula gives:

. 322,1
29 )
S Y = 28573
and hence
¢? = 0,17 c3 = 0,83 ci¢, = 0,372
Further
Cz + Cs = 480,6

C2 —_— C3 == 495,6
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We see that C; is small, so that the value of & is well
determined, even when C; is not taken into account.

For the relativistic correction factors we find (using the
value Z = 61 which corresponds to applying a screening
correction 10 to our formulae):

R" = 1,07 R" = 1,24 S =107

So we arrive at the equations

3D, 1,o7><%><7,9><<%)kl><(2Q—I)=15><o,244
3D 124><1-><79><(I> x(g\)=138

1 ) 5 » 73w 21 »

4x3 X4

3 A N 2 — A/ /2

D, [3X5X7><1,07><O,17+5><0,83><1,24 Vi X

12 (T) <Q>
L L) — 6%0,369.

><o,376><5><7><1,o7}><7,9>< =) x5 % 0,

Using the value:

(T) _2403/2,911
Kl

7 56l 271
we find
SD; Q=58
D, Q@ =25,6
5D, Q= 5,45

The agreement of these values is very satisfactory.
We will also discuss the magnetic part of the hyperfine
structure. Introducing the notation:
b= Y(%) . 1,585 x 102 cm™!
" w
we find
3D, La(s) + £ x 1,040 = 56,86
5Dy —%a(s) +4x 1,000 =—6,82
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and hence
a(s) = 6 x 53,5 = 321 b=28
and
a =4 a’ =98 a"" = —0,57
For the D, state we now have
64 = 33 x 083—2x0,17] 321 +7 X 0,17 X 4 +
+ 4,5 x 0,83 X 9,8 —24/6 X 0,376 x 0,57
whence
A = 64,2
in excellent agreement with the experimental value
A = 64,4.
From the value of & it follows that
v = 0,65.

The fact that the formulae for the magnetic interaction
lead to results in agreement with experimental data is of
special importance since it shows that the configuration is
not appreciably perturbed. It is certainly not permissible to
attach much weight to the value of v, but still it is remark-
able that it is of the same order of magnitude as the value
for other nuclei with 7 = 7/2 viz. La, Cs and Sb (compare
CrRAWFORD and GRACE) (r12).

We will now turn to a discussion of the P-terms.

Here we have

490, 8
9720, 1

C,+ C; = 1729,6 C, — Cy = 1504,9

sin?y =

and
¢? = 0,1438 c3 = 0,8562 ¢i¢, = 0,351.
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The value of C; does not appear unreasonably large. The
relativistic correction factors are:

R = 1,23 S = 1,40
Py ——— 382232
%% — 3245314

______ 28993.

3p, s 582237

3Pp ——— 272643
Fig. 6.

and we obtain the equations:

3 0 I s _
P (21) X <”3)kz X # X 1,23 X 7,9 =5,42

3P, (%) X (%) X [0,1438 X £ X 1,23—0,35 X £4/2 X 1,4]=—2,96.
Kl
It results that .

(1
3P, Q=292 / (7—3>M
P, Q=324 / <7L3>k{

The agreement between these values is sufficiently good.
With
H = 1,12 and Cz/(Cz + C3) == 1,07
we find

1
(;:?)kl =73

which leads to
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The agreement of these values with those derived from
the D-terms is rather bad. There are several possible expla-
nations of this discrepancy. In the first place it is possible
that the configuration is perturbed. Unfortunately the
Cp-spectrum is not sufficiently well-known to make possible
a further discussion of this question. It seems also possible
that an application of our formulae for the doublet separation
is not permissible for the very large separations occurring
here, but since the effective quantumnumber is not known,
this question also cannot be investigated any further. It may
be of interest, however, to remark that if we calculate #n* from
Eq. (14, 4) and the known doublet separation, a reasonable
value is found. An investigation of the magnetic separation
does not offer any new point of view. A satisfactory agree-
ment with experimental values can be obtained with widely
differing values of b. We believe that the average value for
the 3D states i.e.

0 =56

is the most reliable value which can be given at present.

§ 20. The problem of the internal conversion of mnuclear
energy.

Let us suppose that at the moment ¢ = O the nucleus is
in an excited state M with energy 7%vy, while the electrons
are in a state m with energy 7%v,. Two different processes
will now be possible. The nucleus may pass to a state N
with energy 7%vy <<7vy, with emission of a lightquantum
with frequency vy —vy = w; the energy 7%w may also be
used, however, to transfer the electronic system to an excited
state # with energy 7%v, (such that v,—v, = ). In the
latter case we speak of internal conversion of nuclear energy.

The problem of internal conversion consists in calculating
the relative probabilities of the two processes mentioned.
The formalism of quantummechanics gives a general method
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for calculating these probabilities. To the transition NM
there belong a charge density pyy and a current density
syu of the form

it

—iwt

0 _ O
PNM = PNM € SNmM = SnNm €

where p%y and sk, do not depend on the time.

The probability that during the time Af a quantum with
frequency « will be emitted, is determined by calculating
by means of classical electrodynamics the amount of energy
emitted during the time A? by a charge density pyy + e¥ur
and a current density sy + s¥) and by dividing this value
by #we. The probability of the second process is equal to
the probability that the electronic system will carry out a
transition from the state # to the state » when acted upon
by the electromagnetic field corresponding to pya and syy.

Let us compare the problem to the problem of hyperfine
structure. In the case of hyperfine structure we are concerned
with the change of energy levels caused by the field produced
by a stationary current and charge density, in the case of
internal conversion we must calculate the probability of
transitions produced by a varying current and charge.

The method of calculating the probability of the transition
(M, m) — (N, n) by calculating the probability of the trans-
ition m — n of the second system under influence of the
field belonging to the transition M — N of the first system,
is due to M@LLER (28), who based his considerations on the
correspondence principle. BETHE and FERMI (3) have shown
that in the case of two free electrons, which is the case
originally considered by M@LLER, MOLLER’s results can be
deduced from quantum electrodynamics. Their consider-
ations do not apply to the more general case which we will
have to consider; moreover though M@LLER’s results are
proved, one does not see very clearly why M@LLER’s procedure
is correct. It is possible to give a general proot; the most
simple formulation is obtained if following a method due to

Archives Teyler
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HEISENBERG (24), we make use of the fact that MAXwWELL’s
laws for the electromagnetic field are still valid in quantum-
mechanics. It would lead us too {ar, however, to give the
proof here.

Such a proof has recently also been given by HULME (45).

In calculating the transitions (M, m) — (N, #) we must
use the second approximation of the theory of radiation.
If we wish also to determine the influence of the interaction
of the nucleus and the electrons on the intensity of the
radiation we must work out a third approximation. If only
the first and second approximation are taken into account,
the intensity of the electromagnetic radiation is not changed
by this interaction. Originally it was assumed by HULME
(25) and MorT and TAYLOR (40) that the probability for the
emission of a light quantum must be diminished by the
probability that a transition (M, m) — (N, n) takes place.
Later on it was found by TavyiLor and MotTT (41) that this
assumption sometimes leads to impossible results, since it
is possible to construct a model for which one would obtain
a negative probability for the emission of a light quantum.
They tried then to calculate the change of the number of
light quanta (or in our terminology to work out the third
approximation of the theory of radiation) and arrived at
the result that in all practical applications this change will
be negligible. Their method is as follows: they calculate
the radiation emitted by the total charge density of nucleus
electrons, this charge density being calculated in second
approximation by using M@LLER’s formulae for the inter-
action. It is not quite evident that this is correct, since
M@LLER’s formulae only hold in the case of conservation of
energy (ie. when v, —v, = vy —vy). Recently, however
M@LLER (29) has treated the radiation emitted during the
collision of two particles by an analogous method and he has
succeeded in showing, that his results may also be deduced
from quantummechanics. His proof is very complicated,
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however, and an extension to more general systems would
be extremely cumbersome. It is probable that here also
application of HEISENBERG’s method would lead to con-
siderable simplifications.

§ 21. Multipole radiation.

In this § we will study the field produced by a periodically
varying charge and current. We describe the field in the
usual way by means of retarded potentials ¢(r) and A(r).
These will be given by:

giklr'—r|
¢

o(r) = ¢ v r] °(r’) dr, (21, 1)
Alr) = Lo [ AT 21, 2
(r)=—_e¢ ]r’——rJSO(r) Ty (21, 2)

The current and charge are connected by the equation

divs—{—%i:O

and hence
div 8° — jwp® = 0. (21, 3)
Further we have
feldr, =0 (21, 4)
and
. 1 0p
leA—}—?W—O. (21, 5)

We assume that p and s are negligible outside a sphere
with radius R and will only investigate the field for » > R.
In (21, 1) (21, 2) we will certainly have » > 7’ and we can
expand the expression exp [¢& |[r —r'|]/[r — r’| in powers
of #'[r.
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We obtain:
gtklr'—r| . eikr l: -
m = {1 -+ v P (COS @) — 1«ij -+
2 “_ﬁ_k_z}_l 2 g2
4 P(cos@){ L T

where © is the angle between the direction of r’ and r.
Further we have

rP(cos@)—rcos@-x——l—y —|—z—

and
Pycos ©) — & Y39, 9) Yim(%', @)
with ”
Y9 =4cos® 9 —1} Yzil——%cos%sm%ei@
Y52 = S sin? § ¢+ 2%¢,
276

It follows that

et (N, th K2
o= {<7*”€><2/ dff)“:(“—T—?)'

. YZ(9, @)/7'2 Y™, 9. pod'r,z———k2/ eldr, + .. }

A= i—e—"“"f;: {/so(r’) dr,+ (—;———ik) (;fr’>s°(r’) dv, +.. }

The term
k2
& g——1wt+1,kr 7'2 P0 d’L‘,}

which occurs in ¢ can be removed by a change of gauge.
We add to ¢ the expression

r

1 a 1k ——1wt+zkr 2 .0 )
- 3t< jr e® dz,
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and to 4 the quantity

— ik grad {6—1‘”¢+1k'/7,2 po d‘r,,} =

. e—fiwt—Hkr 1 . 2 o
=zk7(7——tk>r 2 dr, .

We will now reduce the integrals occurring in the ex-
pression for A. We have

to [T’ 0 dr, = [(div 8Or' dr, = — [s°(r') dr,
and hence
/80(r) dr, = — i [T’ O dr,.
In the same way:
to [x'? 0 dr, = [(divsO)x?dr, = — 2 [x % dr,
to f2'y ®dr, = [(divs)x'y dr, = — [ (&' s) + v Q)dr, .

For A, we find finally

e——'iwt+ikr
— y r 0
Ay =— ik ¥ & dry —

N —iwi +1kr
R ()2 et ean +

+ /xypod'r,/-l— z'x'podrf]—

1 e——in—ikr , , 2 , ,
— 5 Bif(x s9—y"s9) d-r,—;/(z s9—x" 59 d'r,'].

The field can now be interpreted as a superposition of
three different fields, viz.:

a) The field of an electric dipole

6—iwt+ikr 1 . r

4

A=—ikl P (21,7)
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P— / ¥ o ds,.

b) The field of a magnetic dipole

with

6—iwt+zkr

MA:——T[er] (21,9
with

1 , o
M= z./‘[r ) :' dTyf.

¢) The field of an electric quadrupole

g_'iwt-Fikr 1 lk k2
QP = p (7—2——7—5)5‘1/5" (3,@)/7'21/2—4%(3/’@/) PO dz, (21, 10)
A e N TN S
=y = k)[?f%(*}"z—”)p dr, +

7
- %/x’y’ 0% dr, —l—; x'7 o dr, j (21,11)

A,, A, are given by analogous expressions.
The components 4,, 4,, A, can also be witten in the form
tk 6—iwt+ik7 1

An=~7—7—(7—zk)> =

o, _x?i/ﬂ Y70°dr, |(21,12)
(=% =y, 2 =2
where the o}, are constants.

Each of these three fields separately is a solution of MAx-
WELL’s equations in the region » > R and the possibility
exists that only one of these fields is different from zero.
The electric field is determined by the vector P or in other
words:.any dipole field is a superposition of three linearly
independent dipole fields. In the same way any magnetic
dipole field is a superposition of three linearly independent
fields and any electric quadrupole field a superposition of
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five linearly independent quadrupole fields. These five
fields can be written as follows:

” 6—zwt+¢kr (_l_ﬁﬁ__k_z>y
7

R TR ] N ¥ m

e P 1k>§7°‘#

where — 2 < m < + 2 and where a} is the vector with

components «g'y, oo, %3

In these calculations higher powers of #’ than the second
were neglected. If higher powers are taken into account,
there appears a magnetic quadrupole field, an electric octupole
tield and so on ; moreover these powers will lead to an additional
contribution to the dipole field and the quadrupole field (cf.
TavLor and MoTT (41) and especially BRINKMAN (7)).

In the existing literature we have found no general ex-
pressions for the #-pole field of an arbitrary distribution of
charge and current. For the following considerations such
expressions are not needed. As an example we quote the
result for a dipole field. We find that the dipole field is
determined by a vector

, 3 TCk r’ / «O 1a® -
P =/k2 / 1]3/2 (k") 5/”‘[ —(r' 8% —4%s ”dw.

The difference P —P’ is of the order A2 #7.

The emitted energy is the sum of the energies corre-
sponding to the separate fields. At a large distance from the
origin the absolute value of the POYNTING vector will be
given by

¢
EEZ = I (oE + uE + (E)?

and it will be radially directed.
If now the flow of energy is integrated over a sphere, then
the cross products will vanish. This is easily seen by using



272 INTERACTION BETWEEN NUCLEI AND ELECTRONS

explicit expressions but may also be proved by group-
theoretical methods.

We will now formulate the selection rules which hold for
the three different fields. In our approximation these rules
can be easily verified, but they hold also when the rigorous
expressions are used.

Electric dipole radiation can only be emitted in trans-
itions in which the angular momentum is changed by one
unit:

-1+ 1
T —|—1
-7 —1

moreover the transition O — O is forbidden. The symmetry
with respect to inversion must be different in the final and
in the initial state.

Magnetic dipole radiation. Here also we have:

-1+ 1
i =1
—1—1

0 — 0 is forbidden. The final and the initial state must
have the same symmetry.
Electric quadrupole radiation. In this case we have:

-1+ 2
-1 41
T —|—>1
—17—1
—->1—2

The transitions
0-—-0

0—1
1 -0

b3
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are forbidden. The initial state and the final state must have
the same symmetry.

It follows that magnetic dipole radiation and electric
quadrupole radiation can be emitted in the same transition.

§ 22. The calculation of the transition probabilitics.

The problem of the internal conversion has now been
reduced to a problem which only depends on the atomic
electrons.

There are, however, still a number of questions to be
discussed. The first question is which are the stationary
states of the atom. An excited state of the nucleus will always
have been preceded by a violent perturbation, usually a
radioactive desintegration (and thus a change of atomic
number). Is it permissible to use in our calculations the
stationary states of the new atom? Quantummechanics
gives an affirmative answer to this question; one has to take
into account, however, that the atom may be in an excited
or an ionized state. For it is clear that any state of the new
atom can be represented by a wavefunction X ¢, ¢, where
¢, remains constant, once the perturbation has stopped
(apart from a change due to spontaneous emission of radi-
ation). To the ,desorganization” of the electrons, which
would take place in classical mechanics, there corresponds
in quantummechanics the existence of a finite probability
that the atom is in an excited state. Now in practice usually
only the absorption in the K-shell and in the L-shell is of
importance and this absorption will hardly be influenced
by excitation or ionization of the outer shells. Ionization of
the K-shell will have a certain influence on absorption in
the L-shell but it is hardly to be expected, that the proba-
bility of ionization of the K-shell in a radioactive des-
integration will be comparable to unity. A calculation of
this probability would certainly not be devoid of interest
but for the theory of internal conversion the result would
be of little importance.
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The calculation of the ratio of the probabilities of the two
processes (emission of radiation and internal conversion)
has only to be carried out for one orientation of the electric
moment and one orientation of the magnetic moment, for
it is clear that the result must be independent of this ori-
entation. It is not so evident that also in the case of electric
quadrupole radiation this ratio for a field ¢”, A™ has a
value independent of m and therefore also has this same
value when the field is given by X ¢,,¢™, Z ¢, A™ with arbitrary
¢ The simplest way of proving this result is to consider
first the case in which a nucleus carries out a transiton
i =2 —1=0; in this case it can easily be shown that the
probability of emission of a quantum and the probability
of internal conversion are both independent of m; and the
same will hold for their ratio.

Finally it must be shown that the total probability of
internal conversion in a field which is a superposition of a
dipole and a quadrupole field is equal to the sum of the
probabilities belonging to these fields separately. This can
be proved by a grouptheoretical argument. The dipole field
and the quadrupole field will transform according to different
irreducible representations of the group of threedimensional
rotations.

The required result is now a special case of the following
theorem. Let O}, O¥ be two sets of operators, transforming
according to non-equivalent irreducible representations of
the rotation group and let W7,(—7 < m < 7), be (2/ 4+ 1)
wavefunctions belonging to an angular momentumy and ¥},
(—i" " <m<jq), 2+ 1 wavefunctions belonging to an
angular momentum 4’, then we have:

1] W0 + 0p) Wy =

=3[ W OVWPP + T | [ YR O WP

m,m’
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§ 23. The calculations of HULME, TAYLOR and MotT, Fisk
and TAYLOR.

In order to be able to carry out the calculation of the
probability of internal conversion one has to introduce
simplifying assumptions. In the calculations of the authors
mentioned above, the problem is treated as a one-electron
problem and the states of the electron are described by the
wavefunctions for a Coulomb field of force. For heavy nuclei
it is to be expected that this approximation will be per-
missible for the initial state, since the interaction of the
electrons will be small compared with the interaction with
the nucleus.

As to the final state, one will expect that a fairly accurate
approximation will be obtained by using the wavefunctions
for an electron moving in a Coulomb field screened off by
the other electrons. The neglect of screening will have no
appreciable influence when the energy of the final state is
large (> Z%mc? but it would be desirable to examine its
influence for smaller energy values.

It must not be forgotten, however, that also when the
wavefunctions for a Coulomb field are being used, the calcu-
lation$ are extremely cumbersome. Since the energy in the
final state is usually large and on the other hand the problem
is chiefly of interest for heavy nuclei, it is necessary to use
relativistic wavefunctions. Indeed the non-relativistic calcu-
lations of Miss SWIRLES (39) lead to results which differ
appreciably from those found by HuLME. On the other hand
the author (o) has tried to solve the problem by approxi-
mating to the wavefunctions by the first term of their
asymptotic expansion. Though it may be proved that this
procedure will lead to correct results in the limit (%v/mc?) — oo,
HuLME’s calculations have shown that for energies occurring
in actual applications this approximation leads to entirely
erroneous results. So it is necessary to use the exact ex-
pression for the wavefunction of the final state.
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The integration over the angles %, ¢ can be carried out
without difficulty. The radial wavefunction for the final
state is a so called W,, function and the radial integral
will be of the form

/ Wk,m 6(—a+ib)r 7S dr.

Integrals of this type can be expressed in terms of hyper-
geometric functions and (after some reductions) these must
be calculated numerically.

Another possibility would be to compute the wavefunction
for the final state numerically and to determine the matrix
elements by means of a planimeter. If one had at one’s
disposition a set of tables for these wavefunctions in the
continuous spectrum, one would also be able to solve a
number of other problems. For small values of » the wave-
functions can be determined by means of a power series, for
larger values the Eq. (12, 5) must be integrated numerically
and for still larger values a W-K-B-solution of the Eq.
(12, 11, 12) must be fitted to these numerical values. An
advantage of this numerical method is, that screening can
easily be taken into account.

Though the author has computed a few wavefunctions in
this way, he has lacked the time for calculating transition
probabilities.

§ 24. Results of the calculations and comparison with
experiment.

We will now give a short survey of the results obtained by
the authors mentioned. Since it is extremely difficult for an
outsider to judge the reliability of the experimental data,
no attempt will be made at a critical discussion of these data.
For some of the hard y-rays of RaC ((%iv > mc?) the experi-
mental values of the coefficient of internal conversion (i.e.
the ratio (number of lightquanta)/(number of secondary
electrons) are in satisfactory agreement with the values
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calculated for dipole radaiation, while for the otherrays these
coefficients are much larger and in agreement with the
theoretical results for quadrupole radiation. There is only
one transition for which the data are neither in agreement
with the theoretical results for dipole radiation nor with
those for quadrupole radiation. This is the transition with
energy 1,416 x 10° e.V. The corresponding y-ray has never
been observed and it seems possible that the transition is a
transition O— 0. In that case emission of radiation is
impossible and the transition would be entirely due to the
»interior” part of the interaction which was neglected in the
foregoing calculations.

For the soft y-rays of RaB the conversion coefficients are
larger than those calculated for quadrupole radiation but
smaller than those calculated for magnetic dipole radiation.
They can be explained by assuming that the radiation is a
superposition of quadrupole and magnetic dipole radiation
(TayrLor and Fisk (17)). We believe that one is justified in
drawing the following conclusions: hard vy-rays are either
dipole or quadrupole radiation, soft y-rays consist at least
partly of magnetic dipole radiation,

In our considerations the ,interior” part of the inter-
action i.e. the interaction of the nucleus and the electronic
charge and current that is lying inside the nucleus, has been
neglected. It is easily seen that this is permissible except
for the transition mentioned above, if this interaction is not
much larger than it would follow from the ordinary formalism
of quantummechanics.

During a number of years the opinion prevailed that it
was impossible to explain the experimental facts without
assuming such a large interaction, but the work of HULME
c.s. has proved that this conclusion was not correct. Moreover
it must be pointed out that also the results concerning the
hyperfine structure indicate, that abnormally large interior
interactions do not exist.
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One has tried to make use of the knowledge obtained
concerning the type of radiation of the different transitions
for the construction of a scheme of energy levels in which
i-values are assigned to the levels, but we will not dwell
upon the results obtained in this way.

§ 25. Some comsiderations on nuclear structure.

In this final section we will put forward some consider-
ations on nuclear structure based on results which were
obtained by the methods outlined in this paper.

From the investigation of hyperfine structure of spectral
lines information is obtained concerning certain properties
of thefundamental state of the nucleus: one can determine
the angular momentum, the magnetic moment and in some
cases the quadrupole moment. As to the displacements which
are found in the isotope effect and which are independent
of f, so far as they cannot be ascribed to nuclear motion (such
an interpretation will only be possible for light elements)
they will be due to deviations from CouromB’s law. They
may be described in terms of an effective nuclear radius
but no definite physical meaning can be given to that
quantity, since it is not to be expected that the interaction
can be described as the interaction of two charge densi-
ties; at present, however, any other hypothesis concerning
this interaction (such as the hypothesis used by BREIT
and ROSENTHAL (5)) is rather arbitrary.

Nevertheless it is satisfactory that the effective radii for
the different isotopes of one element increase with in-
creasing atomic weight. The case of SAMARIUM (38) is of
special interest. Here the isotope shifts depend irregularly
on the atomic weight and one can infer that there must
exist an irregularity in the structure of the nuclei.

Let us now consider the values of the angular momentum
derived from the study of hyperfine structure (and partly
from the study of band spectra). The most essential feature
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of these values is that they are not in contradiction with the
assumption that the nucleus is built of protons and neutrons,
both particles having a spin 4. There seem to exist certain
other regularities but no general rules for predicting the
angular momentum of an arbitrary nucleus can be given.

No satisfactory theory has been given for the values of
the magnetic moments. One has tried to arrive at an under-
standing of these values in terms of a vector model, but the
number of theoretical possibilities is so large and the values
of the moments are so uncertain, that we do not believe
that definite results can be obtained in this way.

Let us now consider some of the light nuclei in more detail.
The simplest nucleus is the proton. The angular momentum
determined from the band spectrum is 4. The magnetic
moment was determined by STERN, FriscH (18) and ESTER-
MANN (13), as well as by RaB1, KELLOG and ZACHARIAS (3I),
by means of measurements on atomic or molecular beams.
The factor v is not two (as would follow from DIRAC’s theory)
but about thrice as large. It follows that the proton cannot
be described by DIrAC’s equation. This is probably connected
with FERMI's theory, according to which a proton can be
transformed into neutron, positron + neutrino.

The deuteron (heavy hydrogen nucleus) consists of a
proton and a neutron. The angular momentum is 1. This
value can be explained by assuming that there is no orbital
angular momentum and that the spin of proton and neutron
are parallel. The magnetic moment can be estimated from
the influence of paramagnetic gases on the velocity of the
reaction ortho-hydrogen—para-hydrogen. One obtains the
value v = 0,7. This leads to the supposition that the neutron
has a negative magnetic ‘moment (i.e. a moment opposite
to the angular momentum). Various hypotheses have been
made concerning the neutron proton interaction. Of these
the hypothesis of MAJORANA (27) has been most succesful
in explaining the values of the nuclear binding energies.
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According to MAJORANA the interaction is of the exchange
type and independent of the orientation of the spins. The
only interaction between the spins would then be the magnetic
interaction. Because of this magnetic interaction the state
with parallel spins would be the state of lowest energy but
there would exist an other state in which the spins are
opposite to each other. An estimation of the energy difference
of these states leads to a value of 10*— 10% eV. From an
experimental point of view, no objection can be made to this
value but theoretical investigations of WEIZSACKER (42)
and a discussion of the capture of neutrons by protons by
FERMI (15) seem to show that the exchange forces are not
completely independent of the orientation of the spins, so
that there will exist a spin-spin interaction which is much
larger than the magnetic interaction. However this may
be, the structure of the deuteron does not offer essential
difficulties.

For the a-particle + = O; it can be interpreted as a highly
symmetric system of two protons and two neutrons.

Let us now consider Li, and N,,. For these nuclei 7 = 1;
and the magnetic moment is certainly small. This would be
in agreement with the view that these nuclei consist of a
deuteron and a number (one or three) of « particles. According
to SCHULER (47) the magnetic moment of Li, is of the same order
of magnitude as that of the deuteron but BACHER (1) gives
v < 0,2 for Ny, and this would mean that an application of
the vector model in its usual form is impossible. SCHULER
and ScHMIDT have tried to explain the situation by assuming
that the magnetic moment of the proton depends on the
mass of the nucleus. Though it cannot be excluded a priori
that one might arrive at a satisfactory description of magnetic
moments by means of a vector model with varying moment
of the proton, one must not forget that such a vector model
would be fundamentally different from the usual one;
moreover in the author’s opinion such a satisfactory theory
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of magnetic moments has not yet been given, nor does a
discussion of other magnetic moments lead to a convincing
argument against WEIZSACKER’s conclusion according to
which the spin-spin and spin-orbit interactions in the nucleus
are so large, that an application of the usual vector model is
out of question.

We will now consider the large positive quadrupole
moments of Cp and Eu. For Cp we have (322 —7?) ~ 5,6 X
102, If we assume a value 0,7 X 10712 for the radius of
the nucleus and if we take into account that for one particle
the mean value of (3 cos? & — 1) is certainly smaller than 2
(while this value can only be approximated by making very
improbable assumptions) then one is led to the conclusion
that the quadrupole moment cannot possibly be due to one
proton. So it is necessary to assume that it is caused by a
group of particles. It might even be that the nucleus as a
whole has a prolate shape and that the nucleus as a whole
is rotating about its major axis. In this connection there may
be some point in remarking that for heavy nuclei the ro-
tational energy estimated by means of the elementary
formula E = %?/2I(I = moment of inertia) is small com-
pared with the binding energy. In any case the existence
of large quadrupole moments seems to offer an argument
in favour of the idea that the nucleus must be treated as a
whole and that its properties are not determined by the
behaviour of one particle.

We turn now to the discussion of the results obtained
by the investigation of internal conversion which were
mentioned in § 24. If it were possible to speak of an excited
state of one proton or of one neutron (or perhaps of one
a-particle) then one should expect the radiation to be almost
exclusively dipole radiation. Quadrupole radiation would
only be emitted with a measurable intensity in those cases
in which a nucleus is in an excited state from which trans-
itions by means of dipole radiation are forbidden by the

Archives Teyler
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selection rules, and the frequent occurrence of quadrupole
radiation would force us to make very artificial assumptions
concerning the level scheme. We are inclined to believe that
the existence of quadrupole radiation is a consequence of
the very strong binding forces between the particles in the
nucleus. Quadrupole radiation would be emitted by a
rotating nucleus with a large quadrupole moment but also
by a vibrating nuclear ,drop”.

Finally it is of interest to consider in some detail the
possibility of magnetic dipole radiation. In the case of atomic
spectra magnetic dipole radiation will rarely occur. In zero
approximation this radiation will always vanish. It can only
occur as a consequence of spin-orbit interaction.

But let us now consider the two hypothetical states of the
deuteron with ¢ = | and ¢ = 0. In this case a transition with
emission of magnetic dipole radiation is possible. FERMI
(z5) has explained the large cross section for the capture
of neutrons by protons by assuming that in this process
magnetic dipole radiation is emitted. This explanation is
only possible when the spin-spin interaction is not ex-
clusively magnetic. An argument for the existence of spin-
spin interaction may be derived from a discussion of the data
on the elastic scattering of neutrons by protons. FERMI
has even succeeded in deriving a definite value for the
capture cross section which is in satisfactory agreement
with experiment.

More general in any transition which corresponds to a
change of direction of a spin magnetic dipole radiation will
be emitted. If the transition corresponds to a change of the
relative orientation of a spin and an orbital momentum,
the radiation field will be a superposition of magnetic dipole
radiation and quadrupole radiation. The results of WEI1zs-
AckER and FERMI seem to show that in such transitions a
rather large amount of energy may be emitted.

Our conclusion is, that the assumption that the very
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large conversion coefficients for the soft y-rays of RaC are
due to magnetic dipole radiation, is probably correct?); on
the other hand the existence of these large coefficients offers
a further argument in favour of the existence of rather
large spin-spin and spin-orbit interactions.

Since our paper was written there appeared an article by
BoHR (44) on nuclear structure. It seems to us that our
speculations concerning the structure of the nucleus fit in

very well in the general scheme put forward by BOHR.

1) Added in proof: In a recent paper (Proc. roy. Soc. London A 155, 315, 1936.)
Hulme, Mott, Oppenheimer and Taylor arrive at a similar conclusion.
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