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1 HeonpeaejaeHHOCTh U1 PUCK

1.1 HeomnpeaejileHHOCTD

Oxkpyzkafomuuit MUp TOJIOH HEOTIPE/IeJIEHHOCTEH, CBSI3aHHBIX ¢ HEBO3MOYKHOCTBIO TOYHOTO
npejcKaszanust Oyaymux coobiTuit. Omubasich B TPOrHO3aX, MBI PUCKYEM IOJIYYUThH HE
COBCEM TO, WJIM COBCEM He TO, YTO OKMJIAJI0Ch. Be3aecymas Heonpe e IeHHOCTh SIBJISeTCs
ACTOYHUKOM PHUCKA.

MaremaTndecKkne MOJeJIM, ONMHUCHIBAIONINE HEOIpe/IeIeHHOCTh, MOYKHO PAa3/IeJUTh Ha
JIBE TPYIIIIb:

® BEPOATHOCTHBIE MOIEJIN;
® MOJJCJIN HEYCTKUX MHOXKECTB.

B nacrogmem Kypce MBI OyeM HCIOIB30BATH TOJIBKO TEPBBIi CIIOCOO ONHUCAHUS.
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1.2 Puck

Yacto Hac MHTEpPECYeT He CTOJIBKO HMCXOJ[ TOTO WJIM WHOTO MPOIECCa, CKOJbKO CBS3aH-
HbIE C HUM KOJTUYECTBEHHBbIE XapaKTepUCTUKU. [Ipu 3ToM prcK MoxKeT ObITh ONKUCAH CJIy-
qaiiHO#i BEJIMIUHOM, UK, B 00IIEM CIydae aOCTPAKTHBIM CJIYyYaliHbIM 3JIEMEHTOM.
COBOKYIIHOCTh BCEX PUCKOB OyaeM 0003HadaTh A, 1 Ha HAYAJIHHOM dTale OrPAHUIHMCS
CJIEJIYIOIIUM OTPE/IE/IEHUEM.

Onpe,z;e.neHI/Ie 1.1 Puckom Haswvieaemcs npouseonbHaA C./Ly"t(l’le(lﬂ GeAUYMUHA.

1.3 Iloprdenab puckosn

COBOKYITHOCTH PHCKOB, PACCMATPUBAEMBIX COBMECTHO, 9acTO 00J1a/1aeT HOBBIME CBOCTBa-
MU, HE IPUCYIINMHU KayKJIOMY U3 PACKOB B OTIEJIbHOCTH, TOITOMY BBeJIEM MOHATHE IIOPT-
dens puckoB P, Kak TpOU3BOJIHLHOIO MOJIMHOYKECTBa X .

1.4 CrpaxoBanue

[Toj cTpaxoBaHWeM ITOHAMAETCs Tepejada PUCKA OT OJHOTO HOCHUTeNs (CTpaxoBaTelis)
Jpyromy (CHeHI/IaJII/ISPIpOBaHHOﬁ OpraHusalnuu — CTPaxoBOil KOMIIAHUY, CTanOBH_[I/IKy) 3a
ompeJie/IeHHYIO TIaTy, Ha3bIBAEMYIO IEHON cTpaxoBaHus, Tapu@HON CTaBKON Wi CTpa-
xoBOI1 mpemueii. CyniHOCTh CTPAXOBAaHUS 3aK/IIOYAETCS B TEPEPACIPE/ICTeHNN PUCKA
M€Ky MHOTHUMHU HOCHTEJISIMH; OTHOCHTEJHHO OTHOPOJHYIO COBOKYIHOCTH PUCKOB OyJem
HA3bIBATH CTPAXOBBIM MOPTdeTeM.

2 CrpaxoBble nopTdesn

Paccmorpum HeKOTOpPBIE BU/IBI CTPAXOBBIX NOPTQeIeil, HCIOIb3YIONINecs B JabHeHImeM.

2.1 IIpocreiimuii cTpaxoBoit mopTdesb

[Ipocreiimmii cTrpaxoBoit mopTden
P:{Xla"'axN} (1)

coctonut u3 N pUCKOB (CIyvaliHbiX BesnduH) Xy, ..., X, ABJISIONAXCA HE3ABUCUMBIMUA U
OJIMHAKOBO pacuipejie/ieHHbIMI; X1 uMeeT OepHY/LIMEBCKOE PacIpejiesieHue

(2)

X — {1 C BEPOATHOCTBIO P,
'~ 10 ¢ BeposTHOCTBIO 1 — P.

CopnepkaTeTbHO JIJIsT KaXKJI0T0 PHUCKA CTPAXOBOE COOBITHE MOYKET HACTYIHUTH C BEPOSIT-
HOCTBIO P, a YOBITOK B pe3y/IbTarTe HACTYIUIEHHsI TOTO CTPAXOBOrO COObITHs paBeH 1 (u
OJIUHAKOB /ISl BCEX PHUCKOB).

flcHo, uTo puck noprdens

X:ZXZ- (3)
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nMeeT OMHOMHAIbHOE pacIpejiesienne ¢ napamerpamu N, p:
P{X =k} =Ckp"1—p)V M k=0,1,..,N. (4)
OcHOBHBIE ITApaMEeTPhl 3TOr0 pacipeeeHnus] PaBHbBI

EX = Np; DX = Np(1 — p). (5)

2.2 IIpocroit crpaxoBoit moptdesb

[Tpocroii cTpaxoBoit nopTdesnb
P:{X17‘“7XN} (6)

TakK:Ke COCTOMT u3 N He3aBHCHMBIX PHUCKOB X1, ..., Xy, OJHAKO UX paclpelesieHusd Hec-
KOJTBKO Pa3IuYIaIOTCs:
S; € BepOSITHOCTHIO P,

0 ¢ BepodaTHOCTBIO 1 — p.

CojiepzKaTeIbHO I 1—T0 PUCKA CTPAX0BOE COOBITHE HACTYIIAET C BEPOATHOCTBHIO P, a pas-
Mep yOBITKA B pe3y/abTare HACTYILIEHNsS 9TOr0 COOBITHST paBeH S; M, BOOOIIE TOBOPsI, HEO I~
HAKOB Y Pa3JIMYHBIX PUCKOB. [IpuMepoM MOKeT C/IyzKUTh CTpaXOBaHUE HA CJIydail CMepPTH
¢ BEJIMYUHOMN S;, ONpeIesIsseMoii CTPaxoBoii CyMMO# —T0 J0roBopa moprdeis.
Pacnpeesnenne pucka noprdesst (3) B JaHHOM cJiyuae y:Ke He HMeeT CTOJIb MPOCTOrO
BBIDAKeHUs, KaK (4), HO ero OCHOBHBIE MAPAMETPhI BCE €IIe JIETKO BBIUUCIAIOTCS:

EX = NpSy; DX = Np(1 —p)5%, (8)
riue
- N R N
Sy=N"'>"5; Sy =N"1> 52 (9)
=1 =1

2.3 PeaabHblii cTpaxoBoil mopTdesb

PeanbHblil cTpaxoBoii mopTdes saBagercd AaJbHEHIINM yCJIOKHEHHEeM IIPOCTOrO IOPT-
dbens; 3mech goMycKaOTCA TPOU3BOJIbHBIE pa3Mepbl yOBITKOB n3 gauanasona [0, S;]. Pop-
MaJIbHOE ONHMCAHHE STOTO MOPTQEst TAKOBO: OH COCTOUT U3 [N HE3aBUCUMBIX PHCKOB

P:{Xl,...,XN}, (10)

BEPOSTHOCTH HACTYILIEHHS CTPAXOBOI'O COOBITHA IO i—MY PHUCKY MO—TIPEXKHEMY paBHA p, a
pa3Mep yObITKa, BHI3BAHHOTO CTPAXOBBIM COOBITHEM OINCHIBAETCS CJAy4aiiHON BeJMInHOMN

X = 51'7’@'57;,
riue
&=

€CTh WHIMKATOP HACTYILIEHUs] CTPAXOBOIO COOBITHS 0 i—MY PHCKY, S; — CTpaxoBasi CyMMa
(OTBETCTBEHHOCTD) MO i—MY PHUCKY, & T1, ..., Ty — COBOKYIHOCTb HE3aBUCUMBIX OJMHAKOBO
PACIPEIEIeHHBIX CIyJIaliHbIX Besimuud ¢ dbyukiuedi pacnpegenenus F,.(v) = P{r; < v}.

1 ¢ BepogTHOCTHIO P,
0 c¢ BepogTHOCTBIO 1 — p
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31ech pacipejesieHne pucka moprdess TakzKe He UMeeT IPOCTOr0 ABHOTO BbIPAarKeHHS,
HO TI0 M3BECTHBIM MapamMeTpaM paclpeaesieHus 1

m = Ery, 72 =Dny (11)
HETPY/IHO MOJCYUTATH OCHOBHBIE apaMeTpbl pucka moptdess (3):

EX = pmNSy, DX = pm?NSy[1 — p+ 72/m?]. (12)

VYupaxkuenue 2.1 Busecmu gopmyave (5), (8), (12) dasn napamempos paccmompervis
nopmdgened.

3 llena crpaxoBaHus

O1HOM W3 OCHOBHBIX 33/a4 TEOPUU PHUCKA SIBJISIETCS ONpejiesIeHIe TeHbl, KOTOPYIO CJeIyeT
VILTATUTD TIPH Tepejiade pucka OT OJTHOTO HOCHTEId K ApyroMy. B cTpaxoBanum nmpuHSITO
BBIDAKATh CTPAXOBYIO MPEMHUIO B JOJISIX OT CTPAXOBOH CyMMbI (OTBETCTBEHHOCTH) S; CO-
OTBETCTBYIOIIEro pucka. Takum o6pasom, npu pasmepe npemun T’ (0AMHAKOBOM JJIst BCEX
puCcKOB TOpTdesist) abCOMIOTHBI pasMep MPEeMHUU i—T0 PUCKA OKa3biBaeTcst paBHbIM TS,
a cyMMapHas IpeMusda noprdess —

Q =TNSy. (13)

[TonbiTaemcs cHavana chopMyTupOBaTh HEKOTOPHIE €CTECTBEHHBIE IPUHIIAIIBI OTIPeIe-
JIGHHS TIEHbI, U PACCMOTPHUM WX JIeCTBUE HA TPUMEPE MPOCTERIIEro CTPaxoBOro noprdeis.

3.1 IlIpuHnunbl onpeaeeHUs II€HbI
3.1.1 Ilpunnun 6e3puUCKOBAaHHOCTU

B kadecTBe mepBOro MpWHIHMIIA TMONBITAEMCS HA3HAYUTH IEHY TaK, 9TOOBI JAeATehHOCTH
CTPaxoBoil KoMIanuu Obliia GE3PUCKOBAHHOMN, TO €cTh, YT00bI coOpaHHBIX mpemuil (13) ¢
BEPOATHOCTHIO 1 XBATasI0 I TOKPBITHS BCEX CTPAXOBHIX YOBITKOB mopTdesda. B ciaydae
npocreiintero moprdens MaKCUMAaJbHBI pa3Mep yObITKa oprdens paBern N, a BeposdT-
HOCTDL ero mogpienud: p > 0, TaK 9TO /i BLINOJHEHHS 3TOTO TpeboBaHHs HeOOXOIIMO
obecrieanth paBenctBo () = TN = N, orkyna T = 1, T.e. abCOMIOTHBIN pa3Mep MpeMun
COBIAJAET C OTBETCTBEHHOCTBIO MO PUCKY. ZICHO, 4TO TaKOe CTpaxoBaHUe SABJISIETCS COBEP-
MMEHHO HeNPUBJIEKATETbHBIM I CTPaXoBaTeseil, U ero pacCMOTPeHHe JUIIEHO CMBICTA.
Herpymano mpoBepuTh, 9TO JJaHHBINH BBHIBOJ CIIPABEINB U 71 O0Jee CIOKHBIX MOpTdeeit
puckoB (cm. ynpazkuenue 3.1). OTcioga cieayer BBIBOJ:

BespuckoBaHHOE BeaeHNE CTPAXOBOT0 OM3HEcCA HEBO3MOXKHO,

7, B 9ACTHOCTH, CTpaxoBas MpeMus J0JKHA yIOBIETBOPATH HepaBeHCTBY 1’ < 1.
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3.1.2 IlpuHOHND crrpaBeaJIMBOCTH

[TonpiTaemcst Temepsb obecniednTh crpaBeInBOCTE Ipolecca mepegadn PUCKOB, T.e. K-
BUBAJIEHTHOCTH (DMHAHCOBBIX 00s3aTeIbCTB MapTHEPOB. [I0CKOIBKY pasmep cTpaxoBoit
npemun (HUHAHCOBOTO 0053aTETHCTBA CTPAXOBATEIS) JIeTEPMUHEPOBAH, a pa3Mep 00s3a-
TeJIbCTBA CTPAXOBIIUKA (BO3MEIIAEMOr0 CTPAXOBOTO YOBITKA) CilydaeH, GyieM MOHUMATH
paBeHCTBO 3THX 00sg3aTesibeTB B cpepreM 10 noprdeno: T'N = EX| orkyna, ¢ yderom
(5), T = p. Kak mMbl yBUANM Jajiee MpHU PACCMOTPEHUH MPOIECCOB PHCKA, TAKON pa3mep
MPEMUN SIBJISIETCSI CJTMTIIKOM MAJIBIM, MTOCKOJIbKY TP MHOTOKPATHOM BOCITPOU3BE/IEHUHT Ta-
KOTO CTPaXOBOTO MOPT(des ¢ BEpOITHOCTHIO 1 IPOUCXOIUT pa30peHne CTPaxoBOil KOMIIa-
HUU. 3/1eCh MPOULITIOCTPUPYEM 3TOT 3PMEKT CIAeAYIONUMA COOOPAXKEHUIMU. 32,18, TUMCSI
BOIIPOCOM: KaKOB Oy/ieT pa3mep NMPHUOBLIA CTPAXOBIIMKA IIOCJE 1M — KPATHOTO BOCIIPO-
u3BejieHus noprdesisi, chopMUPOBAHHOTO 10O ClipaBeiuBoMY npuHIuny. [Ipubbuib j—To

noprdess mpeacrasiser coboil caydaitayo Besmuannay Z9) = Q — XU ¢ EZU) = 0 n
DZU) = ¢? > 0. IlosTOMYy HCKOMAast IPUOBLIL €CTh
Ty = Z A
=1

npudem EZ,, = 0 u (B ciyuae mezapucumoctn noprdeneit) DZ,, = mo?, T.e. npubbLIb

m noptdelieii B cpeaneM pasHa (), HO HEOIpEJIEJIEHHOCTh B €€ 3HAYEeHUU BO3PACTAET C
POCTOM M, B YaCTHOCTH, MOYKET JIOCTUTHYTH CKOJIb YIOJIHO MaJIOT0 3HAYEHUsI, TPUBO/IS K
Pa30pEHUI0 KOMITAHUU.

Takum oOpazom, mpemus J0:KHA YIOBJIETBOPATH HepaBeHCTBY 1 > p. Jlna Gosee
CJIOKHBIX IopTdesieii (eM. ynpazkaerue 3.2) BBIBOJ 3BYIHT CJIELYIOIIAM 00PA30M: TIPEMUs
JIOJTZKHA TPEBOCXOANTE PA3Mep CPeHero OTHocuTeIbHOro yobiTKa noprdens E(X/R), rae
R =3 5; — cymmapHasi OTBETCTBEHHOCTH 110 TTOPT(EJTIO.

3.1.3 IlpuHnuUn JOCTATOYHOTO MOKPHITUS

B npeapiaymux myHKTaX MBI yOIWINCH B TOM, UTO MEPBBIE JBa MPUHIUNA HCUHCTCHUS
npeMun HepabOTOCTIOCOOHBI, U CJIe/lyeT MCKATh JAPyTHe MPUHIUIBI, TIPUBO/ISIINE K 3HATe-
ausim T' € (p, 1) (mas npocreitimero noprdesst). 31ech PACCMOTPUM HTPUHITAIT JOCTATOY-
HOTO TOKPBITHS, CYITHOCTH KOTOPOTO 3aKJII0YAETCSI B CJIEYIOIIEM: TTOCKOJIBKY €/IMHUIHY IO
BEPOSTHOCTh TMOKPBITHS OyIymiuX yOBITKOB moprdens X mpemuamu () obecrneduThb He
yIaeTcsd, TMOMBITaeMCs O0eCIeunTh 3aJaHHOe 3HAaUYeHHe STOH BEPOSTHOCTH: 3adhuKCHpyeM
qucio o € (0,1) u 6yaem onpenensats npemuio 1’ u3 ypaBHEHUS

P{X < Q) = (14)

[Tycrs F' — dbyukius pacupeaenenus pucka noprdens: F(x) = P{X < z}, Fy — dyuk-
ug pacupelesieHnd COOTBETCTBYIONIEH NEeHTPUPOBAHHON W HOPMHUPOBAHHON CIIy4YaiHON
sesqmunibl (X — EX)/v/DX. Torga ypasuenue (14) npuBoaurcs K By

Fy((Q - EX)/VDX) = a, (15)

oTkyaa, ¢ yaerom (13), (5), nosyuaem

T=p+ MF_I(Q):]? 1+ 17F0_1(04) : (16)

N 0
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B ciyqae 6ospimoro oobema noprdens N cChLIKA Ha MEHTPAIBHYIO MIPEIeIbHYI0 TeOpeMy
no3Bosisier neperucars (16) B Buge

T=p+ (17)

riae ® — pyHKIus cTaH IapTHOTO HOPMAJILHOTO PACIIPeIe/IeHUS .
U3 (15) ¢ ucnospzoBanmeM (8), (12), aHAJOIHYIHO MOJydYaeM BBIPAyKeHHS CTPAXOBOIi
IPEMUH TSI TPOCTOTO

5
Fy'(a)=p 1+%

SN p(1 — )

55 Fy(0) (18)

T=p+—=—

U PeaJbHOTO

1 — 2 2
T = _|_S_N p( p+T/m)F071(oz):p 14+ =22
SN N

SN 1 —p+712/m?
SN pN

Fy ()] (19)

noprdeieif, CoOTBeTCTBEHHO. 3/1ech (byHKINs pacipeaenenns Fy Tak:ke MOXKeT ObITH IPH
OoJtbIoM 00beMe topTdeisi 3aMeHeHa Ha PYHKIIMIO CTaHIaPTHOIO HOPMAJILHOTO pacIipe-
JTeJICHUSI.

OrmernM, 9To uMeHHO (opmysta (19), mosyueHHAs HAME 371€Ch ¢ UCIOJb30BAHUEM UC-
KJIIOUUTETHHO 3/IEMEHTAPHBIX CPEJICTB, PEKOMEH/I0BaHA POCCUHCKUM CTPAXOBIIUKAM HOD-
MaTHBHBIME JIOKyMeHTaMu |1] fuist pacdeToB cTpaxoBoii mpemun 1mo Bcem BUJIAM CTPaXO-
BaHWsl, OTJIMYHBIM OT CTPAXOBAHWsI YKU3HU (MPUYEM € 3aMEHOIl MHOYKHUTEJIsI Sy /Sy ma
[POU3BOJILHO BBIODAHHYIO MOCTOSTHHYIO 1.2). Best m3maraemast Jasbiie Teopusi ere KIeT
CBOEro NMpHUMeHeHHUs B MPAKTUKe POCCHIICKOTO CTPAaXOBOTO PBIHKA.

3.2 Heomuopoauocts mopTdess

[Ipocreiimmit cTpaxoBoii MOpTdesb dBIgeTCd BIOJHE OJTHOPOIHBIM, & B IPOCTOM U PeaTb-
HOM JIOTYCKAIOTCS PA3JUYHBIE BEJUUYUHBI CTPAXOBBIX CYyMM S;, UTO IPUBOJIUT K HEOJHO-
POIHOCTH 3TUX TopTdeseil. YKa3aHHAs HEOJTHOPOTHOCTHh KOJIMYECTBEHHO ONpPeeIseTcs
K03 durumenToM

np :S\N/SN. (20)

MSqu/IM 3J€Ch €0 BOSMOXKHbIC 3HAYCHU .

IIpennoxenune 3.1 3nauenus kosfduyuenma weoonopoonocmu nopmdens (20) aescam
6 unmepsaae [1, vV NJ.

JokazarenscrBo. [lst yno6cTBa OyeM paccMaTPHBATH 3HAYEHHS N3 W MOKAZKEM, UTO
oun Jjiexkat B [1, N|. PaccMoTpuM BCIIOMOTATEIBHYIO TUCKPETHYIO CIYIAHHYIO BETUINHY
&, npunuMalontyio 3uadenns S, ..., Sy ¢ epoarnoctamu N 1. Jl1a Hee, oueBnaHo, crpa-
BEJIJTUBO

E¢ = Sy, EE® = 5%,
TaK 4TO

D¢ = 5% — S} >0,
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oTKyza nk > 1. JI1s HAXOXK/IeHUs BepXHell TDAHUIBI JUATIA30HA 3HAYEHHIT N 3aMeTHM,
4TO MAKCHMU3AIMSA N Ha HEOTPHIATEILHOM opTanTe R skBuBasienTHa 3a1aue onTumu-
a1

f(Sl,...,SN):Sf+...+S]2V—>Sma§ , (21)
Si+ ..t Sy=1, (22)
S, >0,... Sy >0, (23)

1 OKAKeM, 9TO ee IKCTPeMATbHBIME TOYKAME MOI'YT OBITH TOJBKO eInHIYHEBe OpThl RY,
r.e. BekTopsl Buga S = (0,...,0,1,0,...,0) ¢ exunanmeii Ha i—if mo3uIUK (JJI KAXKIOTO Ta-
KOTO BeKTOpa, oueBuaHO, f(Si,...,Sy) = 1). JleficTBUTENBHO, IIyCTh pElIeHreM 3a/1a9u
0) (0 .
(21) — (23) asagerca Touka S, meKoTOPLIE KOOPIHHATEI S](- ), S,g) KOTOPOIi YI0BJIETBO-
0 0
psaoT HepaBeHcTBaM () < S](. ) < S,g) < 1. Beuay cuMMmeTpun 3aJa4d MOXKHO CUHTATDH

j < k. Torga npu gocratouno mMaanix 6 Touxka S = (..., S](O) — 6,y Slﬁo) +0,...) ABasieTCsI
JOILyCTUMOM B 9TOW 3a1ade u

F(80) = 1(89) = 20(5” - 517) +26° > 0,

1T0 mpoTuBopednt sKcTpemaabnocT S0, BHauenns ke kBagpaTa Ko3bhUIHEHTa HEOI-
HOPOJIHOCTH Ha €IMHUYHBIX OpTaX PaBHBI, OUE€BUIHO, [N, UTO U TpeOOBAJIOCH. ©

Yupaxkuenune 3.1 [lokasamv das npocmozo u peasvhozo nopmdenet, wmo NPUHUUN
be3puckosanrocmu daem 3navenue yenv, cmparosarus T = 1.

Yuopaxkuenue 3.2 I[Ipumenumsv npunyun sK8USAAEHMHOCTIU K NPOCTOMY U PEANDHOMY
nopmdgersm. Iloxazamov, umo cmparosas npemus QOANCHG NPEBOCTOIUMD PA3MED CPED-
HUX OMHOCUMEALHBLE YOLMKOS Nnopmpens.

Yupaxuenne 3.3 Jlamv 2eomempuseckyro uHmepnpemayuto 0okas3amensvemea npedio-
acenus 3.1.

4 BBaBejieHue B T€OPUIO II0JE3HOCTHI

4.1 Pwuck

Puck ectb cocrostaue neonpedesertocmu, HETOMHON HH(MpOPMAIINT OTHOCUTE/IHLHO KAKHX —
Jinb0 cobbITuit B OyayiemM. Hare apyrux jisi MaTeMaTHuIecKoro OIMMCaHus Heolpeae1eH-
HOCTH UCHOJIb3YIOTCs CJIeIYIOIINe JIBa CIiocoda:

® BEpPOSITHOCTHOE OTMCAHUE;

e nedeTkre (Pa3MbITHIE) MHOYKECTBA.

Bropoii cmocob mpegHazHaUueH s OMUCAHHS HEOIIPeIeIeHHOCTel, MPUCYIINX BbICKA3bI-
BaHUAM Ha YeoBedecKuX (HeOpMATU30BAHHBIX) SI3BIKAX.

Mpb1 OymeM paccMaTpuUBaTh TOJBKO MEPBBIA CIOCOO U, TAKHM OOPA30M, OIIPeIe/ M
PHCK, KaK COCTOSTHHE BEPOSITHOCTHOI HEOMpPeAeNeHHOCTIN: OyayIIre COOBITHS HEeJIb3s TPe/I-
CKa3aTh TOYHO, OJHAKO U3BECTHO WX BEPOSITHOCTHOE PacCIpejesieHue.

B mpocreiimux cydasx MHOKECTBO OYIyIIUX COOBITHII KOHEYHO U PUCK MPEICTABISIET-
¢S BEPOATHOCTHBIM paclpeeeHrneM Ha KOHETHOM IIPOCTPAHCTBE 3JIeMeHTapHBIX COOBITHIA.
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Ilpumep 4.1 B skcnepumenme ¢ noddpacoi8aHueMm MOHEMbL Mbl HE MOACEM TOYHO NpPed-
cKa3aMb UCTOd IM020 IKCNEPUMEHMA, 00HAKO MHOACECTNEO BCEL BOZMONCHHLT UCT0J06
koneuno: Q0 = {e,p} u uzeecmno eepoammuocmmnoe pacnpedeserue Ha IMOM MHOHCECMEE:
Kaotcovili u3 ucrodos MOHCEM NOAGUMBCA € BEPOAMHOCTVIO 1 /2.

YacTo HAC WHTEPECYIOT He CTOJBKO CAMHU HMCXOIbl SKCIIEPUMEHTA, CKOJIbKO CBI3aHHBIE C
HUMH KOJWYECTBEHHBIE 3HAYECHUdA; B ITOM CJIydae PHUCK ONHUCHIBACTCA PaCHpeeeHueM
HEKOTOPOH CJIYYaHON BeJIUYUHBI.

Ilpumep 4.2 B ycaosuar npedvdyuiezo npumeps MoHema mostcem nodobpacoul8amoves 6
npouyecce upvl 08YT AUY, 8 KOMOopPol Nepevitll u2por 6ulu2Pbl8aem ULl NPOUPvuLeaem eou-
HUYY 8 3ABUCUMOCTU OM BbINABWELT CMOPOHBL MOHEMbL. 3dect puck onucwvleaemcs ouc-
Kkpemnot cayuatinot seaununotll, npunumatowel snavenus £1 ¢ sepoasmmocmamu 1/2.

IIpumep 4.3 Jloxodnocmov Gunarcosozo 6a0dcenus 6 GUKCUPOSAHHYI UeHHY10 OYMazy
He Mostcem bbimb MouHo NPedckasana 3apatee, 00HAKO GCEGO3MONCHBLE 3HAMEHUL IMOT
doxodnocmu mo2ym 6vmb ONUCAHYL CAYHATHOT BEAUNUHOT € PACNPEICAEHUEM, NOAYYUEH-
HOLM CMAMUCTNUNECKUMU MEMOIAMU NO 0GHHBLM 0 NPOULAOM NOBEIEHUU JOTOOHOCU OGH-
HOU UeHHot OYma2u.

B 6ostee C/10KHBIX CIydasX PUCK MOYKET OMUCHIBATHCS PACHpPeIEIeHIeM CJIYYaiiHOTO BEK-
TOpa, WK, BOOOIIE TOBOPH, pacIpele/eHHeM MPOU3BOJILHOI0 abCTPAKTHOIO CAY4aliH020
anemenma; IIPUBEJIEM CTPOTOe OIpeIesIeHHe.,

[Iycrs (2, Fq,P) — BeposTHOCTHOE TpocTpaHcTBO, (O, Fg) — N3MEpHMOe MPOCTPAH-
cTBO, T7e Fq,Fo — o-aaredpsl cobbiTuit Ha {2, O, coorBercTBeHHO. Hamomuum, 910 ciry-
waitupiM stementom = Ha (£, Fo, P) co 3navenusvu B (O, Fg) Ha3bIBACTCS H3MEPHMOE
(orHOCHTENILHO APBI 0—anrebp Fo, Fo) orobpazkenue = : ) — O.

Onpeaenenune 4.1 Puckom Haszvieaemces npoudeosvHvlil CAY4atinoil snemeHm.

ITpumep 4.4 Ilycmo © = R - sewecmeennas npamas, Fo = B — c—anrzebpa bopenres-
ckux muootcecmes Ha R, mozda puck ecmov cayuatinas 8esu ua.

Ilpumep 4.5 Ilycmv © = R™ — n—meproe npocmparcmeo, Fo = B — o—anzebpa ezo
DOOPENEBCKUT MHOHCECME, MO020a PUCK CMb CAYUATHVIT 8EKMOP.

IIpumep 4.6 ITycmv X — npoussoavroe Koneurnoe mmosicecmeo, © = 2% — cosoxyn-
HOCMbL 6CeT €20 NodmHodcecms, Fo — anzebpa ecex nodmmoscecme O, mozda = ecmb
CAYUATIHOE KOHEUHOE GOCMPAKMHOE MHOHCECTNEO.

Bepogrnocrroe npoctpanctso (£, F, P) 6yaeM TpakToOBaTh, KAK OKPYZKAIOIILYIO CPEJy,
a m3MepuMoe TpocTpancTBo (O, Fg) — KaK MPOCTPAHCTBO pe3yabraToB. Kazkaprii coyvaii-
HBI 371eMeHT = nopoxaaer Ha (O, Fg) BepPOITHOCTHOE PACIIPEIEICHHE TI0 TPABUIY

P(T)=P{weQ: Zw)eT}=P{EZ 1)}, T € Fo, (24)

IpeBpaIasi ero TeM CaMbIM B BEPOATHOCTHOE MpocTpancTBo (O, Fg, P). Bymem ob6o3na-
9aTh P COBOKYITHOCTb BCEX TAKWX BEPOSTHOCTHBIX pacmpesenenunii Ha (O, Fg).

VYupaxkuenne 4.1 [Ipusedume npumep Hewemro20 8uCKaA3vEAHUA.
Yupaxkuenue 4.2 [Ipusedume dpyaue npumepsv. puckos.

Yupaxkuenune 4.3 Cosnadaem au cosokynnocms pacnpedesenuti P ¢ mHoscecmeom ece-
BO3MONACHVLET BEPOAMHOCTIIHHLE pacnpedeaenut na (O, Fg)?
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4.2 IlpeamoureHus
4.2.1 OTHOIIEHNE NPEANOYTEHNSA

Onpenenenune 4.2 Omuowenue = Ha NPOU3BONLHOM MHOHCECMEE Y HA3LLBAEMCA 0M-
HOULEHUEM NPEONOYMEHUSA, €CAU OHO

pl) noano, m.e. Vr,y €Y eepro x = y usu y = x;

p2) mpansaumueno, m.e. T = Y,y = 2 = T = Z.

IIpumep 4.7 Yacmmvim cayuaem omHoUEHUA NPEONOUMEHUL AGAACTICA OTIHOULEHUE T0-
AH020 YnopAdoueHus >, Ydo6ACNEOPAIOULE AKCUOMAM

0ol)Va,y €Y eepno x >y uau y > x (noanoma);

02) x>y, y>z= x>z (mpan3umusrocmn);

03) x>y, y>x = =y (GHMUCUMMEMPUYHOCTD).

Buamo, uTo, B oTIMYIME OT OTHOIIEHUS TTOPSIIKA, OTHOIIIEHHE TIPeIoYTeHnd He 00J1a1a-
€T, BOOOIIe TOBOPsI, CBOMICTBOM aHTUCUMMETPUIHOCTH, T.€. U3 X >~ Y U Y ~ & He BBITEKAET
PaBeHCTBO x W ¥y. ByaeMm B 3TOM ciiydae Ha3bIBATh I,y OJUHAKOBO MPEAMOYTATETHHBIMHI
IV SKBUBAJEHTHBIMU U UCI0JIH30BaTh JIJI 0003HAYEHUS ITOTO (hpaKTa CUMBOJI ~:

TEZY, Y= T =T ~Y.

3ameuanmne 4.1 Ommemum 3decv caedyrowui daxm: omuowerue "odunarosoti nped-
nOYMUMEALHOCMU "ABAAEMCA 8 CMPO2OM CMBICAE OMHOULEHUEM IKEUBAAEHMHOCNU, M. E.
obaadaem ceoticmeamu pedaercusnocmu x ~ x, Yr € Y, mpan3aumusHocmu T ~ y, y ~
Z =T~ Z U CUMMEMPUYHOCTNY T ~ Y = Y ~ T, NPUYem nopostciennoe um daxmop —
MHootcecmeo Y =Y/ ~ asaaemca 6noamne ynopadouernul;M MHONCECTNEOM ¢ OMHOUEHUEM
nopaAodKa >, UHOYUUPOBAHHBIM OMHOWEHUEM npednowmenud = wa Y : 0is Y1, Ys € Y om-
nowenue Y1 = Ya 03naunaem, wmo 0as HeKOMOPHT (U, mem Camuim, 0Ai NPOU3EONHHIL)
1 € Y1, Y2 € Yo svinoanaemca y; > ys.

Ecnnm ke x npeanournTensuee y, a 00paTHOE HEBEPHO, TO OYIe€M HCHOIL30BATH CUMBO.I
CTPOTOTO HPEINOUYTeHAd =
Ty, Yyt r=x-y.

PasymubIil MHAMBUIYYM HMEET YeTKOEe TPEJCTABJIEHNE O CHCTEMEe CBOUX IPEnodTe-
HUIl HA TTPOCTPAHCTBE PE3YyIbTATOB O: It MPOU3BOJILHON mapel 01,0y € © oH MOKeT
BITOJIHE OIPEJIeJIEHHO CKA3aTh, KAKOI U3 9TUX 9JIEMEHTOB SIBJISETCs /sl Hero 0oJiee mpeji-
HOYTUTETHLHBIM, WIH ¥Ke ITU JeMEeHThl SKBUBAJEHTHBI. Ecu pesyiabrarsl (3jeMenTsl O)
TPAKTYIOTCs, KaK JIOXOTHOCTH, TO © sBJIsIeTCS TOIMHOYKECTBOM BEIEeCTBEHHON OCH U OT-
HOIIIEHNE TIPeJIIOUYTeHNsT MOYKHO 33/1aBaTh ¢ IOMOIILIO OOBIYHOTO OTHOIIEHUST OPSIKA HA
MHOKECTBE BEIIECTBEHHbBIX UYUCEI.

B reopun mosiesnoctu siestaercs 6osiee CHIbHOE TPEINOIOKEHe: WHINBUALYYM UMeeT
CHCTeMY MpeINOYTeHNi U Ha MPOCTPAHCTBE paclpeesieHuii P, T.e. g KazxKI0# Imapbl
pacupenenennit P, Py € P Moxker onpe/ieieHHO yKa3aTh 0oJiee TPeInodTUTeIbHOe s
HEro pacrpejiejieHne WiId YTBePXKIaTh UX SKBUBAJEHTHOCTh. TakuMm obpasom, Ha P 10-
CTYJIUPYETCS CYIIECTBOBAHUE OMMHOWEHUA NPeOnoumenus . 3amMedareabHednmM (dak-
TOM TEOPHHU TOJIe3HOCTH SIBJISIETCsI CYIIECTBOBaHHE (MPU HEKOTOPBIX BIOJIHE €CTeCTBEH-
HBIX MPEJNOIOKEHUIX) PYHKUUU NOAZHOCTU, ATIEKBATHO OMUCHIBAIOIIEH 9TO OTHOIIEHHE
pe/ITOYTeHHS.
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VYupaxkuenne 4.4 Bepro auNr €Y : x = x?

VYonpaxkuenne 4.5 Ilokaszamv, wmo omuowenue =, 68edennoe Ha Y 6 samedanuu 4.1,
deticmeumMeNvbHO ABAACMCA OMHOWEHUEM NOPAIKG Ha ) .

4.3 Teopema o cymniecTBoBaHUM (PYHKITAU MOJE3HOCTHA
4.3.1 Cucrema akcuom

Beenem na P omeparuio cMecu pacupeeseHunii: A npou3BoabHbiXx P, Po € P u uucia
a € [0,1] cmecio Py u Py nazosem pacupesesnenne P € P, 3a1aBaemoe COOTHOIEHTEM

P(C) = aP,(C) + (1 — a)P3(C), CeC.

Bynem npenmosiaraTh BBIIOTHEHHON CIEIYIONIYIO CHCTEMY AKCHOM.

A1) Ha P cymiecrByer OTHOIICHHE TIPEITOYTEHUS =
A2) Ecau Py ~ Py, 10

Va € [0,1], VP eP: aP1+ (1 —a)P ~aPy+ (1 —a)P. (25)

A3) Ecau Py = Py, 10

Vae (0,1, VP eP: aPy+ (1 —a)P > aPy+ (1 — a)P. (26)

A4) Ecim Py = Py > Py, 1o cymectByer « € (0,1) Takoe, 90
P2 ~ C(Pl + (1 — Oé)Pg. (27)

[IpuBegennble AKCHOMBI MOYKHO TPaKTOBaTh, KaK TPeOOBAHUS HAJUYUS Y OTHOIICHHS
MpeIIOYTeHls HEKOTOPOii peryasapHocTd, "mpaBuibHOCTH" .

4.3.2 Teopema cyimecTBOBaHUA

[Ipex e vem bopMyIHpPOBAaThH OCHOBHYIO TEOPEMY, TOKaXKeM HECKOJbKO JIEMM.

Jlemmva 4.1 Ilycmo evinoanenv, axcuomo, A1-A4, Ps = Py u P3 = Py = Py. Tozda
cywecmeyem eduncmeernnas nocmosnnad « € [0, 1] maxas, wmo

P2 ~ OéPl + (1 - Oé)Pg. (28)

JokazareabcTBo. 3amernM, uto ecan P3 = Py ~ Py, 10 coornomenne (28) Bbimnos-
HSETCsl TPU €MHCTBEHHOM 3HavYeHnu « = 1 (cM. ympakuenue 4.6). AHATOTHYHO, eCJiH
P; ~ Py = Py, 1o (28) Boimosngercsa ToabKo mpu o = 0 (eM. ynpazknenue 4.7).
[Tycts Temeps Py = Py = P;. Torma mo akcuome A4 cymectByer ap € (0,1) Takoe,
YTO BBIIOTHEHO
P2 ~ O[1P1 + (1 - O[l)Pg. (29)
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[Ipeanonoxum, 910 Takoe (v HEEIUHCTBEHHO, U CYIIECTBYeT ap € (0, 1), 11 KoToporo
P2 ~ O[2P1 + (1 - O[Q)PS. (30)

ITonoxxum g onpenenennoctn 0 < oy < asp < 1. Torma

Qg — (X1 1—052
P;=—P P 31
3 1—0&1 3+1—Oél ? ( )
! 1
Qg — (& —
OéQPl + (1 — OéQ)Pg = (1/1P1 + (]_ - Ozl) 2 1P1 + 2P3 . (32)
1—0&1 1—051

[Tockoabky Py = Py, o akcnome A3 u (31) mosryuaem

g — Qo 11—« g — Qv 11—«
P, — 2 1P3—|— 2P3> 2 1P1—|— 2
1—0&1 1—061 1—061

Ps. 33
1—061 3 ( )

Orcrona ¢ ucnosb3oBanneM akcuombl A3 u (32) mosydaem:

_ 1—
a2 051P1 + OQP?, = O./lPl—{—(]_—O[l)Pg. (34)

P 1—ay)Ps =P 1—
P14+ (1—a2)P3 = a1 P1+(1—ay) T T

Dro coorHomerne nporuopednt (29),(30), Tak YTO MOCTOAHHAS (v1, JIJIsI KOTOPOH BBIIOJI-
HeHO (29) — eITMHCTBEHHA. ©

JIemma 4.2 Ecau evwnoanenv akcuomo, A1-A4, Pz = PL = Py = Py u a = a(Ps),
o = a(P)) maxoew, wmo

P2 ~ OéPl + (1 — Oé)Pg, PIQ ~ Oé/P1 + (1 - O/)Pg, (35)
mo o > o (MOHOMOHHOCWL?) onepayuu CM@WU,GG,HU,}%)

HoxkazareabctBo. [lycrs, nanporus, o < . Torga, no akcuomam A3, A4 nmeem:

P/2 ~ O/Pl + (1 - a/)P3 =

o 1—ao

(1—a+a) [1—a+a’P1+1—a+O/P3] + (o —a)Py <
o 1—o

(1-ata) [1—a+a’P1+1—a+a’P3] + (o' —a)P3 =

tak uro Py >~ P!, — mporuBopeune. ¢

Teopema 4.3 FEcau svinoanenv. axcuomve A1-A4, mo cyuecmeyem 6euecmeerHo3Ha -
nas pynwuyus U 0 O — R, nasweaemas dynwkyuets nosesnocmu, u maxas, 4mo 0Af
npoussosvnvir P, Py € P coommnowenue Py = Py sxsusarenmmo

EU(Z;) > EU(Z,), (36)

2de =1,Z9 — cayuatinvie aaemenmol, 3adarowsue pacnpedesenus P, Py € P, coomeem-
cmeenno. Boaee mozo, gynrxuyus U eduncmeenna ¢ mounocmvio 0o MosOHCUMENDHOZO
adunrozo npeobpasosaruA.
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3ameuanue 4.2 Teopema 4.3 nozsorsem 6 kauvecmee cpedcmea Oaf CPAGHEHUA PUCKOS
= no npednoumumesvHoCmU UCNOAL30BAMD UL OHCUIGEMYIO NOAEZHOCTIL

u(E) = EU(E).

Jloka3zaTeabCTBO TeOpeMbl 4.3 MpPOBEIEM B MPEINOJIOKEeHUH KOHEYHOCTH MHOYKECTBA
pesynbratoB: © = (0y,...,0y). IIpu stom kaxkmoe pacupenenenne P € P MOXKHO Tpej-
craBuTh BekTopoM P = (p1,...,pn), Tak aro P{6;} = p;, i = 1, ..., N. Paccmorpum pac-
npegenennst Py = (1,0,...,0), P, = (0,1,...,0), ..., Py = (0,0, ..., 1). Be3 orpanuyenus
OOIITHOCTU MOYKEM CUHTATH, YTO

Py = .. P,. (37)

Ecin Py ~ Py ~ ... ~ Py, T0 yTBep:KeHHE TEOPeMbl TPHUBHAILHO (CM. ylparKHEHHe
4.8), mosromy cpasy cuntaem Py > Pi. Ilycrs Ay, Ay — mpou3sBOJIbHBIE TOCTOSIHHBIE €
Ay < Ay, sagagnm U(0y) = Ay, U(Oy) = Ay. O603uaunm «;, @ = 1,..., N Te (1m0 semme
4.1 0JTHO3HAYHO OTIpeJIeJIeHHbIE) TIOCTOSHHbBIE, TIPH KOTOPBIX

dcno, aro ay = 1, ay = 0. Onpegennm

[Tokazkem Tenepsk, 9To Tak onpejesennas Gynkuus U obaamaer croiictom (36). st mpo-
u3BOJILHOTO pacnpesenenus P = (py,...,py) € P, Kak Herpyauo 3ameruth Py = P = Py
(em. ynpazkuenue 4.9), rak 9to Mbl MoxkeM 3a71aTh «(P) kak (0mHO3HAYHO ONpe/ieIeHHYTO)
nocrosiauyto u3 [0, 1], mausa koropoii

P ~ a(P)P; + (1 — a(P))Py. (40)

U3 semwmbr 4.2 Boitekaer, uro P’ = P rtorga m Tosbko Torga, xorga a(P) > «(P’). U3
(38) mmeem:

P= ZplP Zpl [P+ (1 — o;)Py] ~ (Zpl ) P, + (1 - ipial) Py. (41)

=1 =1 =1

Cpasuusast (40) n (41), Buaum, 910

N
= Zpiai-
i=1

Taxum obpasom, P’ = P Torna m TobKO TOraa, Koria
N N
ZP;%’ < Zpiai- (42)
i=1 i=1

13 (39) BeiTekaer, uto o = (Ay — A;)/(Anx — Ay); moacraBags sro B (42), 3aKm09aeM,
yto P’ > P Torma m ToJbKO TOTIA, KOTIa

N N A
Z 1AN A < ZplAN AZ’
Ay — Ay — ¢ Ay — Ay
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1, 9TO 9KBUBAJIEHTHO,

N N N N
Zp;Ai > ZpiAi <~ ZP;U(GZ‘) 2 ZpiU(9i>’
i=1 i=1 i=1 =1

u (36) mokazaHo.

Ocrasock mokasarh, uro U OnpejiesieHo eJMHCTBEHHBIM 00pa30M ¢ TOYHOCTHIO JI0 T10-
JIokuTebHOTO adpdunnoro npeobpazopanusd. [lycrs U* — apyras pyHknus moJie3HocTH,
yaosaersopsiomas (36). O6oznaunm Af = U*(6;), i = 1,..., N u3 (36) u (39) umeem:

OTKY/Ia
AN - A Ay - A
T A AT T Ay Ay
TaK 49TO
Ay — A (Ay —ADAN | Ay —

A%y — + LA,

A = Ay - (A3 - A7) e

Ay — Ay

Takum obpazom, U* 1eiicTBUTEIBHO ABJILETCS MOJOKHUTETbHBIM addOUHHBIM Tpeodpa3o-
BarmeM oT U. ¢

Yunpaxkuenue 4.6 /lokazamv, wmo 6 ycrosuaxr semmo, 4.1 ycarosue Ps = Py ~ Py
saeuem ewnoanenue (28) npu eduncmeennom snaveruu o = 1.

Yupaxkuenue 4.7 /lokazamv, wmo 6 ycrosuaxr semmo, 4.1 ycarosue Ps ~ Py = Py
saeuem ewnoanenue (28) npu eduncmeernom snaveruu o = 0.

Yunpaxkuenue 4.8 /Jlokaszamv, wmo ecau 8 ycaosuar meopemovl 4.3 P ~ Py~ ... ~ Py,
mo ee ymeepcienue cnpasediuso.

Vupaxkuenue 4.9 Jlokazamv, wmo ecau 6 Ycrosuar meopemvs 4.3 cnpasediuso (37),
Mo 0AA NPou3eoAvHo20 pacnpedesenus P € P umeem mecmo Py = P = P.

4.4 Pemenug

Brejiem Teneph B paccMOTpeHHe aKTUBHOTO WHIUWBHIyyMa. [lycts A obo3HAYaeT MHOMKE-
CTBO €ro JIeicTBUii (pemeHHﬁ), U TIOBeJIeHNe CHCTEMBbI B IIeJIOM OIHUCBhIBaeTca (byHKIHEi
X : AxQ+— O, usmepuMoii OTHOCUTETBHO W IPU KaxKI0M (uKcupoBanHoM a € A (T.e.
{weQ: X(a,w) € F} € F, F € Fg), TaK 9TO €CJH WHIUBUIAYYM TPHHSI DEIICHHE
a € A, a cpesa okazasach B (CaydaiiHOM) cocTosiHUN w € (), TO pe3yabTaToM JAeficTBUS a
oyner 0 = X(a,w) € ©. Tak, Hanpumep, peleHneM @ MOKET CJIYKUTh CTPYKTypa HHBe-
CTHIIHOHHOTO TOPT(hest, COCTOSHIEM CPeIbl W — JOXOTHOCTH MEHHBIX OyMAar, BXOJSIINX B
nopTdenb, a pe3yabTaToM 6 — JT0XOIHOCTH HOPTdEIs B IEJTOM.
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5 XapakTepu3aliisd OTHOMIEHUS K PUCKY

5.1 OrTHOIIEHNE K PUCKY

[Tycrb X' — COBOKYNHOCTH BCEX PHUCKOB (JJIs1 ONPEEJEHHOCTH — CJIyYailHbIX BeJHYHH);
paccMoTpuM Mpou3BosIbHBIH puck X € X ¢ dynknueit pacnpenenenns F(z) = P{X < z}
U MaTeMaTHYecKuM OkujanueMm iy = EX; B KauecTBe Mephl MOJE3HOCTH PUCKa Oyaem
ucnoap3oBath u(X) — cpeanee 3HadeHume HeKOTOpoi dyHKIuN mosesnoctn U HA 3TOM
pHCKe:

w(X) = EU(X). (43)

Uccnenyem cBs3b hopMbl (pYHKINKA TOJE3HOCTH C OTHOINIEHHEM ee 00./1aJaTesiss K PUCKY.
Buauenns X 37ech GyjeM TPAKTOBATD, KAK JIOXOJ (4eM GOJIbIle, TeM JIydiie), a (DyHKIHIO
nose3noctr U cuMTaTh BO3pACTaloleil, TaK YTO MHJAUBHAYYM C JaHHO# (byHKIMei 1mo-
JIEBHOCTU CTPEMUTCA MaKCUMHU3UPOBATH 3HAYCHUE U() B 3aBUCUMOCTU OT COOTHOIIIEHNUA
w(X) m px OGyaem paszindarh CJAeAYIONHe BAPUAHTHI OTHOIIEHNUs] WHANBHIYYyMa K PHCKY:

e ueiitpaspuoe otaomenne: u(X) = pux, X € &;
® CKJIOHHOCTB K pucky: u(X) > ux, X € X
e nenpusitue pucka: u(X) < puyx, X € X.

Bynem obo3navarh Kjacchl (pyHKIMI TOJE3HOCTH, OMUCHIBAIONINX HEHTpaIbHOE OTHOIIIE-
HUe, CKTOHHOCTh K PUCKY W Hempuatue pucka Uy, Ur, U4, COOTBETCTBEHHO:

Uy ={U: EUX)=U(EX), X € X},
Ur = {U: EU(X) > U(EX), X € X},
Uy={U: EUX) < UEX), X € X}.

5.1.1 HeiiTpaaurer

Pacemorpum crauvana suneiinyto dyukmuo noaesnoctu U(z) = az + b. B atom ciaygae
wX)=EU(X)=E(aX +b) =adEX +b=UEX) =U(p)

BBHU/IY JIUHEHHOCTH MAaTEMaTHIECKOTO OKMJIAHULA. DTO O3HAYAET, UTO JIMHeiHad dYyHKITHS
IIOJIE3HOCTH OIHUCHIBaeT HeifiTpaabHOe OTHOIIEHHWE K PUCKY M J00ad JuHeiiHad dYyHKITHS
U aBngerca 3meMeHTOM Uy .

5.1.2 CKJIOHHOCTH K PUCKY

[Tycts Teneps dbyHKIug nojaesHoctu U BBHIIYK/A, T.e. YIOBIETBOPSAET YCIOBUIO
Ulay+ (1 —a)z) <aU(y) + (1 —a)U(z2), a €[0,1],

u, boJiee 00110,
n

i=1 i=1
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Torma, monaraa pacupeaenenue X Jjid TPOCTOTHI UCKPETHBIM CO 3HAYEHUSAMU 2; U COOT-
BETCTBYIOIIUMH BEPOSITHOCTAMHA P;, ¢ = 1, ..., N, TTOJydaeM

BU(X) = [U(2) dF(2) = z":lmzi)pi > U(f} up) = UEX) = U(w),  (45)

T.€. BBIITYKJIad (bYHKI_[I/IH TOJIESHOCTHU OIIMCBIBAET CKJIOHHOCTH K PHCKY. OTMeTI/IM 31€Chb,
910 BBIBOI hopMyJibl (45) clpaBemuB JJisi TPOU3BOJBHOIO, a He TOJHKO JUCKPETHOTO
pacmpeenenus X .

5.1.3 Henpusarue pucka

Paccmorpum Terneps cayuait BoruyToit (pyHKINN 110JIE3HOCTH, Y/I0BJAETBOPSIIONIENH YCIOBHUIO

n

U(Z a;z;) > zn:aiU(zi), a; >0, iai = 1. (46)

i=1 =1
Sﬂer aHaJIOTUYIHO IIOJIYy49a€eM HEPaBE€HCTBO

n

BU(X) = [U() dF(:) = Y. Ulap < U(Y. 2p) = UBX) = U(n). (47

=1 =1

O3HAYAKOIIEe, YTO BOTHYTHIE (DYHKIMHU MOJE3HOCTH ONUCHIBAIOT HempusaTHe pucka (risk
aversion). BepHo u o6paTHOe yTBepXK/eHHUe: HENPUATHE DUCKA ONUCHIBAETCS BOIHYTOMN
dyukimeit nojiesnoctu; chOpMyJIUPYEM €ro B BUJIE TEOPEMBbI.

Teopema 5.1 Ecau das npoussosvrozo pucka X 6bNOAHAECMCA HEPABEHCMEO
EUX)<U(EX), X e X
mo pynryua U asasemes eoenymoti, m.e. ydosaemeopsem ycaosuro (46).

3ameuanue 5.1 [lockoavky peasvHvie YuacmHuky PoiHKO8 € PUCKAMU HE NPUEMAIOM,
puck, m.e. npednovumarom demepmuruposannvili axmus ftx pucky X ¢ EX = ux, ecrody
6 dasvretiuem bydem pacecmampusamsd MoAbKO CMPo20 802HYMBLE GYHKUUL NOAE3HOCTU.
Bes cywecmeennozo yuiepba dan oburocmu mootcho cuwumams U docmamouno 2nadkoti

pyrryuer.
Takum 06pa3zoM, MOXKHO JaTh CJIeAYIOIIee OpeIe/eHue:

Omnpenenenue 5.1 Dyuryuet noseanocmu Hadvieaemcs 06axicov. Henpepvieho dudde-
penyupyemas Gynkuus, 06aadar0uan c6oticmeami

U)=0, U(x) >0, U'(x) <0, >0. (48)
Yupaxkuenne 5.1 Jlokazamv meopemy 5.1.
Yupaxxuenune 5.2 Jlokazamv anaro2uyvHyo meopemy:

EU(X)<UEX), X e X <= U € Ur
Vopaxuaeuune 5.3 Joxazamo:

EU(X)=UEX), X € X <= U € Uy
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5.2 KounyecTBeHHOE BbIpakeHle HENPUuITHus PUCKa
5.2.1 Ilena pucka

[Iycts X — mpom3BOJIBHBII DUCK, w — HAYAJbHBINH Kanutan uHauBuayyma. OdeBuaHo,
w + X Taxxke apigerca puckom. fcno, uro ecim DX > 0, to EU(X) < U(EX) n,
CJIEIOBATEIBHO, It TIPOU3BOJILHOrO w > 0 nMeem

EU(w+ X) <U(w+ EX), (49)

TaK YTO ypaBHEHHE
EU(w+ X)=U(w+EX —7) (50)
uMeeTr eJMHCTBEHHOE pellleHue m > O, 3aBucdiiee OT pucCkKa X, Ha49aJIbHOT'O KalluTaJla W "

dbyuknun nogesnoctu U.

Ounpenenenne 5.2 Pewenue m = 7(X) = 7, v(X) ypasnenua (50) nasveaemes meHoit
pucka X.

ZIBHOE BBIparKeHUe JIJId IEeHLI PUCKaA MMeeT BH/I
W:w—i—EX—U*l[EU(w—l—X)], (51)

OTKyJa, ¢ yuaeroM (49) o4ueBHIHA €r0 TOJOKUTETbHOCTD.
[IpejcraBiser nnrepec 3aBUCUMOCTH IEHBI PUCKA OT (DOPMbI (DYHKIUH TTOJIE3HOCTH.
Brenem cnavana KoJiMuecTBeHHOE TOHATHE HEMPUATHS PUCKA.

5.2.2 Henpusarue pucka

Ounpenenenne 5.3 Henpusmuem pucka (0asa 3a0annoli cmpozo 602nymot Gynkyuy no-
aesnocmu U) naswsaemes ommowenue

a(z) = =U"(2)/U'(2).

Murepecytomias HAC CBsI3b ONUChIBaeTcs TeopeMoit [Iparra |7]. Pacemorpum jse dyHKImm
nosiesnoctu Uy, Uy m 0003HAYUM @1, Ay COOTBETCTBYIOIIME BEJUYUHBI HENPUSTHS PHUCKA,
T, T — IEHBI PUCKA.

5.2.3 Teopema IIparTa

Teopema 5.2 /Jlaa dsyzr npoussosvhvx pyrxyul nosresnocmu Uy, Uy caedyroujue ymeep-
atcldenua IK6UBANEHMMHDL:

a) a1(z) > as(z), z > 0;

6) m(X) > m(X), VX;

6) Cywecmeyem dynryus T maxrasn, wmo T'(z) >0, T"(z) <0, 2> 0 u

Ui(z) = T(Ux(2)), z > 0.
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JloKa3aTesabCTBO MPOBEJIEM TI0 CXeMe a) < B), 0) < B), CJIe/ys U3JI0KeHuo B [6].
1. a) = B). meem a;(2) > as(z), z > 0. Bagaanm dynkiuio T’ Boparkennem

T(v) = Ui(Uy ' (v)) (52)

U TIOKazKeM, ITO OHa 00Jaaer Tpebyembivu cBoiicTBamu. IlogcranoBkoit v = Usy(z) Jierko
nposepsiercs:, uto Uy (z) = T (Uz(z)), mosromy ocraercst mpoBeputh BOruyTocts 1. IIpose-
JIa€M MPOBEPKY NPAMBIM BLIYHCICHUEM IPOM3BOIHBIX U OIpeIeIeHneM UX 3Haka. VmeeM:

T'(v) = U3 (U3 " (0)) (U5 ) (0) = % -0

/

U3 (U 1)) U7 (U @) (U5 @) = U3 (U5 () U3 (U5 () (U5 ()
(U3 (U3 ))’

Uy (U () U7 (U (v)) U7 (Us ! (v)) UY (U;(v))} 2

= — Us (Ug (v

{ U3 (U5 (v) U3 (U5 (v) A o)y

Uiz) (Ul B _ Ui

(Ué(z))Q{U{(Z) Ué(z)}_ 2{ 2( ) 1( )}v

(U3(2))
9TO CTPOro MeHbie () 110 MPEeoIOKEHUIO.
2.B) = a). llycts Uy = T(Us) u T" > 0, T” < 0. Orciona U] = T'U) u U} =
T'Uy + T"(Uj)?, mosromy

T//('U> —

_U7{/ _ _T/Uél +T//(Ué/)2 o T7NU£’

U, U} T

a] =

TaK 4TO, OYE€BUOHO, 41 > d9.
3.8) = 0). Ilycrs cuooBa Uy =T (Uy) u 7" > 0, T” < 0. ITockombky

i =w+EX — U Y EU;(w+ X)), i = 1,2,
nMeeM:
7 —my = Uy {(EUy(w + X)) — Uy Y(EU (w + X)) = Uy (EY) — U HET(Y)),

e Y = Us(w+ X). To nepasenctsy Hencena nveem ET(Y) < T(EY), a Tak kak bynk-
s Up! apigerca sospacratomeit, To u Uy {(ET(Y)) < Uy (T(EY)). Taknm o6paszom,

m —my > Uy ((BY) = Uy ((T(EY)) = Uy {(BY) — Uy (U4 (U; H(EY))) = 0,

9TO B TPeOOBAIOCK.

4. 6) = B). 3agaaum cuosa T dopmynoii (52), u3 m; > 7o moayduM ¢ yuerom Uy =
T, Us' = U NT): U (EY) > U {(ET(Y)), orxyaa Up (T(EY)) > Uy (ET(Y))
u, ciieioBaTebHo, BuLy Monotonnoctu Uy ', T(EY) > ET(Y). Bunosenne mocie/mero
COOTHOIICHUS /IS MPOU3BOILHON CIydaiiHON BeJnInHbl Y 3KBUBAJEHTHO BOrHYyTOCTH 1.
o
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VYupaxuenue 5.4 /Jlaa gynxyuu noseswocmu U(z) = 1 — exp(az) (a > 0) swnucamo
MEPY HENPUAMUA PUCKE U ABHOE BULPAANCEHUE OAA UeHbL PUCka (puckosol npemuu) .
Kaxue dynrxuyuu dannozo xaacca sestcam 6 Uy ?

VYupaxkuenue 5.5 To owce daa dynryuu noseswocmu U(z) = 2% (o > 0). Kakue dyn-
yuu danrozo kaacca aedtcam 6 Uy ?

VYupaxkuenue 5.6 B meopeme 5.2 ymeepoicdenue 6) MOHCHO NPOHUMAMSL MAK: €CAU
Uy = T(Us) u npeobpasosanue T maroso, wmo T" > 0,,T" < 0, mo obaadamenrv dynrkyuu
noaesnocmu Uy menee puckosan. Odnako, eeudy ycaosus T' > 0 dynxuyus T 63aummo
00nosnanma, caredosamenvro, umeem obpammuyto T, max wmo Uy = T—HUy) u dynx-
yua Uy dosotcna 6v, onucoleams Menee puckosantozo undusudyyma. B wem 3axsovaemcs
acummempusa ceoticme T, ne nozsoaraowas cdesamv marot 6v6007

Vupaxkuenune 5.7 Teopema 5.2 dokasana no creme, mpebyrouel wemuper A02UNeCKUT
uenouex dokazamenavcms. Ilonpobytime natimu cnocob dokazamersemea, UCToAb3YOUUT
MUHUMAADHOE 603MOdCHOE (3) Koauuecmeo yenovex (nanpumep, a) = 6) = 6) = a)).

Yupaxkuenue 5.8 IIposepumn, asaiemca au yena pucka Ty, (X) monomonnots dyr-
yuet w npu durcuposannor X,U. Kaxos xapaxmep monomonnocmu?

6 IIpocreiiinuii mporecc pucka

6.1 Omnwucanue mporecca

Pacemorpum mipocreiinyio Mosiesib nporiecca pucka B TepMuHax ciaeiytomieii urpsr ([3],
ria. XIV): B urpe y4acTBYIOT JIBa UI'POKA, B KAXKJION NAPTUU MEPBBIl UTPOK BHIMIPHIBAET
enuHUIy ¢ BeposaTHOCTBIO p € (0, 1) U MpourpeIBaeT eINHUILY ¢ BEPOITHOCTHIO ¢ = 1 — p.
CyMmMapHbIit Ha9aIbHBINA KanuTaJ 000OWX UTPOKOB PaBeH ¢, HAYAJbHBIN KAIUTAJ TTEPBO-
ro Wrpoka paBeH z; 3/1ech a, 2z - neable yncaa, 0 < z < a. Takum obGpasom, mnpomecc
OIIUCBhIBAETCA YypaBHEHUEM

X(¢) :zfzt:Zi, (53)

rae Zq, Zs, ... MOCJIeTOBATEIHbHOCTH HE3aBUCUMBIX OJMHAKOBO PACTIPEIETEHHBIX CIYIaiHbIX
BEeJIMYWH C JUCKPETHBIM PaCIpe/Ie/IeHUEM,
1 C BEPOATHOCTHIO
—1, ¢ BepogTHOCTBIO ¢ = 1 — p.

Wrpa 3akaHIMBAETCsl, KOTJIa OOHYJISIeTCsl KAMTAJ OJHOTO W3 UTPOKOB (KANUTAJ TIEPBOTO
UTPOKA CTAHOBHUTCsI PABHBIM () HJIM @), 9TO TPAKTYETCsI, KAK PA30PEHIe COOTBETCTBYIOIIErO
urpoka. flcuo, uro npu p < 1/2 urpa HeBbIroaHa Jisi epBoro urpoka seuay EZ; < 0, npu
p > 1/2 — seironna (EZ; > 0), a nipu p = 1/2 asnsercs HeiirpanbHoii, "crnpaseuBoii":
EZ, = 0. O6o3nauum t, - MOMEHT pa30peHHsl mepBoro urpoka: t, = min{t : X(¢) = 0}
(necoGeTBeHHASI CTyvaliHas BEJMYUHA), ¢, BEPOITHOCTH PA30PEHHs IMEePBOTO UIPOKA TPH
HAaYaIbHOM Kamutaie z: ¢, = P{t, < co}. Ormernm, 94T0 BBUIY M3BECTHONH CHMMETPHUH
UTPHI BEPOSITHOCTH PA30PEHUsT ¢, BTOPOTO MIPOKA NPH HAYAJILHOM KaluTaje MepBoro,
PaBHOM 2z, MOKeT OBITh BBIUUCIeHA (DOPMAJbHON 3aMEeHO| ¢ Ha z — G ¥ TepecTAaHOBKOH p
U ¢ B BBIPAYKEHUH JJIs (.
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6.2 VYpaBHeHHe JIJid BEPOATHOCTU Pa30pPEHUS

Ecim naganbubiit kKanutaj 1mepBoro urpoka paBen (0 wjim @, TO Urpa He HTPOBOJUTCS U
COOTBETCTBYIOIINE 3HAYCHUA BGPOHTHOCTeﬁ pPa30peHnd PaBHbI

dGo =1, ¢.=0. (55)
Ecmm xe 0 < 2z < a, TO mocje TepBOil MapTUU KANHWTaJ MePBOTO UTPOKA TMPUHUMAET

3HaUeHHe z + 1 ¢ BEpOATHOCTBHIO p WM 3HAUYeHHe z — 1 ¢ BepodATHOCTBIO ¢. IToaTomy, 1mo
dopmysie oTHOI BEPOSITHOCTH,

¢z = PGz41 + qGz—1. (56)
(56) npeacraBaser coboil pa3HOCTHOE YPABHEHHE BTOPOTO TOPSJIKA ¢ XapaKTEPUCTHIE-
CKHM ypaBHEHHEM

1
A—a+ Lo, (57)
p p
KOpPHH KOTOPOTO PaBHBI 1 U ¢/p, coorBercTBeHHO. OGO3HAYNM BTOPOi KOPEHb
q
y=-. (58)
p

6.3 Brerancienue BepodaTHOCTEN pa3opeHus

Ecau p # 1/2, To y # 1, KOpHE pa3audHbl, U 06Iee pelnieHue ypaBHenus (56) mMeer BuI
q. = C1 + Coy”. (59)

Hcnonb3yst Kpaesble yeaoBus (55), HaxoauMm 3uadenust nocrosguubix Cp, Cy U cooTBeT-

CTBYIOIIIEEC YaCTHOE pelieHue:

z a

v -y 1

Z_ T p£-. 60
11—y’ 2 (60)
Borauciium BeposiTHOCTH pa30peHHs BTOPOTO UTI'POKA YIOMAHYTHIM (hOPMaJIbHBIM TpHe-
MoM. [lepectanoBka p u ¢ o3HAYaET 3aMeHY Y HA y‘l, TaK 4TO

q. =

R _y—(a—z)_y—a_yz_l_l_yz
q: =

1_y—a _ya_l—l_ya'
Herpynno 3amerurn, 4t0 ¢, + ¢, = 1, Tak 9T0 B Urpe 6e3 OrpaHUYEHNT BPEMEHH C BEPO-
STHOCTBIO 1 MIPOUCXOAUT Pa30pEHHE OJIHOTO U3 UTPOKOB.

[Tpu p = 1/2 umeem y = 1, TaK 9T0 KOPHU XapaKTEPUCTHICCKOTO YDABHEHUS Bellle-
CTBEHHBI U COBIAAIOT. BTOpoe JTMHEHHO He3aBUCHMOe pelieHue ypaBHenus (56) mveer B
9TOM CJIydae BUJ 2z, o0Iee pemenne - ¢, = C7 + Cyz, 9acTHOE pellleHue -

z 1

=1-2 p=_ 61
q o P=3 (61)

K romy ke pe3ysnbrary MOXKHO NPHUiiTH, pACKDBIBasi Heonpe/ieaeHHocTh B (60) npn y — 1
no npasuiy Jlonmrans. BeposTHOCTH pazopenust BTOPOro UrpokKa UMeeT BU/L
=1-"C =2
a a
TaK 9TO CHOBA C BEPOATHOCTHIO 1 MPOMCXOAUT PA30PEHUE OJHOIO M3 UI'POKOB.
Dynkius ¢, 8 (60) u (61) monoronno yosiBaer or 1 10 0 npu u3menenun z or 0 110 a.
Ecau p > 1/2, to y < 1, u (60) aBagercsa BuIMYKIIO#; ecan ke p < 1/2, mo y > 1, u (60)
ABJIAETCA BOTHYTOM.
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6.4 MWrpa c 6ecKoOHEeYHO O0OTaThIM IIPOTUBHUKOM

V3yunM moBesieHMe BEPOSITHOCTH PA30peHUs MpH a — 00; g caydag p < 1/2 mpm
MPOU3BOIBHOM (DUKCHPOBAHHOM 2 MMEEM

lim ¢, =1,

a—0o0

4TO O3HAYaeT OeCHepCIeKTHBHOCTL UTPBI ¢ OECKOHEYHO 0OTATHIM NPOTHBHUKOM B CJIydae
HeBbirogHOCTH (p < 1/2) mam wefirpasproctu (p = 1/2) urpst. pu p > 1/2 noayvaem

3 _ z __ —Qz

Jim g, = 7 =
T.€. 3aBUCUMOCTDL BE€POATHOCTHU PA30OPEHUA OT HAYAJIBHOI'O KalluTaJla ABJIAETCA IKCIIOHEH-
MUaJIBHOM ¢ mokazarejgeM o = —Iny = —1In(g/p) > 0. OrmeTnM, 9TO yCI0BHE TOJOKHI-

TeJIbHOCTH PUCKOBOiT Hambasku EZ; > 0 skBuBajgeHTHo p > 1/2.

7 Kuaaccuueckmnii mpoiiecc pucka

Knaccuaecknit mporecc pucka u3ydasics Ha TpoTsazKeHun Bcero 20 Beka, HaunHasd ¢ pabo-
ot JIynabepra [4]. Ypasrenunem s1oro mnporecca onmuchBaeTCsl AMHAMAYECKH TOpTdEeIh
CTPaxoOBOl KOMIaHWM, OaHKA, JIPYTIUX (DUHAHCOBBIX OPraHU3aIUil, SIBJISIONIUXCS Tepepac-
npejeuTessMu (PUHAHCOBBIX TIOTOKOB B OKPY?KEHUHN PUCKOBAHHON cpesbl. Cpenn apyrux
MPUIOZKEHUI MOYKHO YIOMSIHYTH ONMUCAHUE YPOBHS BOJBI B BOJOXPAHUIHIIE.

7.1 Omnpenenenne

PaccmoTpuMm ompesiesienne mporecca pucKa Ha npuMepe pabOThl CTPAXOBOMl KOMITAHUH.
[IycTh cTpaxoBble IPEMHUH HOCTYIAIOT PABHOMEPHBIM HOTOKOM' ¢ HHTEHCHBHOCTBIO C, &
B ciydvaiiaple MoMeHTH Bpemenu 0 < 7} < 15 < ... HACTymarOT CTPAXOBble COOBITHS,
HaHoOCHIMe yIepd ciydainoro pasmepa Zi, Zo, ..., COOTBeTCTBeHHO. TOr1a pasMep Karn-
Taja KOMIAHUUA B MOMEHT BpeMeHH | MpH YCJOBUH, YTO HAYAJILHBIH KanuTaa (B MOMEHT
BpeMmenn Ty = 0) paBeH X, ONUCHIBAETCS BBIPAZKEHHEM

X(t) :x+ét—]§) Z;, (62)
e )
N(t) = max{k: T} < t}— (63)

KOJINUECTBO CTPAXOBBIX COOBITHIN, HACTyNUBIIKX B uHTepBase Bpemenu [0, t]. TIockoIbKyY
MOMeHTHI BpeMmenu T;, ¢ = 1,2, ... caydailHbl, CIyIailHBIMU OKA3bIBAIOTCA W MPOMEKYTKHI
BPEMEHU MeXK/y I0C/IeA0BaTeJIbHBIMUA CTPAXOBBIMUA COOBITHSIMU

0; =T —T; > 0. (64)

1Ot TpeboBannsa paBHOMEPHOCTH IIOTOKA MOMKHO H30aBUTHCA BBEJCHHEM TAK HA3BIBAEMOTO OIlepaliy-
OHHOTO BpPEMEHMH; 3TOT IprueM OyaeT pacCMOTPEH MO32Ke.
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Cayuaiinsiit nporece Buja (62) HA3BIBAETCS KJIACCUYECKUM IIPOIECCOM PUCKA, €C-
JIn cyrydaitabie Besimaunbl 0, ¢ = 1,2, ... SBJISIOTCS HE3ABUCUMBIMU, OJUHAKOBO PacIpese-
JICHHBIMU ¥ MMEIOT TI0Ka3aTe/IbHOe pacipejieienue ¢ mapamerpom A > 0:

Fy(v) =P{0; <v} =1—exp(—Av), v >0, (65)

cIydaiiHble BeJIMUUHBI Z;, 1 = 1,2, ... TaKyKe ABJSIOTCA HE3aBUCUMBIMU U OJIMHAKOBO Pac-
npeJeIeHHBIME 1 UMeIOT (DYHKIIUIO PACIIPE/TeTeHUS

Fy(v) =P{Z, <v}, v>0; F(0)=0. (66)

[Tpu 3TOM, KaK U3BECTHO [3], KOMM4ecTBO cTpaxoBbix coObiTHit N (t) nMeer pacupeieneHue
[Iyaccona ¢ mapamerpom At:

P{N(t) =k} = eM(%)k, k=0,1,.., (67)

a HAKOILICHHBI pa3Mep CTPaxXOBBIX YOBITKOB

N(b)
Zipy = Z Z;

Ha uHTepBase BpeMenu [0, t] aBjsgercs caydaiiHoil BeTUYNHON ¢ TAK HA3BIBAEMBIM COCTAB-
HBIM pacupeaenenueM Ilyaccona, (pyHknuga pacupeaeseHuss KOTOPOro UMeeT BHU/I

~ > At)F
_ —At ( Txk
P{Zpg <vh=> e =k (v), v =0, (68)
k=0

rae F** osnagaer k — KpaTHyIo cBepTKYy (bYHKIHH pacmpesenenusa F ¢ coboit, T.e. pyHK-
IIUIO PACIpeIeIeHs] CYMMBbI & HE3aBUCUMBIX OJIMHAKOBO PACHPEIETEHHBIX CIyYaiiHbIX Be-
JmanH ¢ pyHKImei pacrupejgesienus F.

B rex ciywasx, xorga HeoOX0AMMO TOJYEPKHYTH 3aBUCHMOCThH 3HAYEHHs IIPOIECca
X(t) or cayuaiinoro aprymenta w € (), GymeMm HCIOab30BaTh 0b03HaYeHue X (w,t), B
YACTHOCTH, OTAETHHYI0 TPAGKTOPHUIO TpoTecca npu (PUKCHPOBAHHOM w OyaeM 0003HAYATH

X, = {X(w,t), t >0} (69)

Kak Buum, KJ1acCHIeCKuii IpoIece pUCcKa BIOJIHE OIPeIeIeTCs 3HAYEHUSIME YeThIPEX
napamerpos (r, ¢\, F ), YIOBIETBOPSAIONINX YCIOBHAM

x>0,8>0,A>0, F;(0) = 0. (70)

[TpousBoJIbHBIN KJIACCUYECKU TTPOIIECC PUCKA ¢ (PUKCUPOBAHHBIMYU 3HAYCHUSIMU ITapaMeT-
poB, yaoBJerBopsonux ycaopusim (70), Oymem obo3HAYATH

X = X(z,6\ F3), (71)

a COBOKYIIHOCTD BCE€X KJIACCHUYECKHUX IIPOIECCOB PHUCKa C TAaKUMH IIapaMe€TpaMu —

X ={X(2,6,\,F3): 2>0,¢>0, >0, F50) =0} (72)
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7.2 Pazopenune mpoiiecca

Moz pazoperuem mporecca (62) mOHUMaeTCs J0CTHZXKeHHe ypoBHs (), TO €CTh cOObITHe

R(z) = R(z,\, & Fz) ={weQ: 3t >0, X(w,t) <0}, (73)

IpU 3TOM MOMEHTOM Pa30pPE€HUS HAa3bIBAETCH CIydaifHas BeJMINHA

F(x) = 7(2,\, & Fz) = min{t : X(t) < 0}. (74)

Ora ciayvaiinag BeJIMYMHA 3aBUCAT OT MApaMeTpoB mporecca (62) W MOXKeT 0Ka3aThCst
HEeCOOCTBEHHOI, ¢ MOJIOKATENBbHON BepOATHOCTBIO IPUHAMAS 3HAYCHUE OO0; TAKAasd CATYa-
1Sl COOTBETCTBYET TPACKTOPUAM, KOTOPbIe He Pa3oPAIOTCd Ha BCeil BpeMeHHOil 110J1yocn
0, 00).

BepositHOCTBIO pazopenus mnporecca (62) HA3BIBAETCS BEJIUIHHA

P{7(z) < o0} = P(R(x)),
T.e. BEPOATHOCTHAS MePa MHOXKECTBA TeX TPACKTOPHIi, KOTOPHIE PA30PAIOTCS 3a KOHETHOE

BpeMsi. DTa BeJINUNHA TaK:Ke sIBJISIeTCsI, 09eBUIHO, (DYHKIINEH TapaMeTpoB MPOIecca, 9To
Oy/ileM 110/ 19epKuBaTh 0003HAYMEHUEM

R(z) = R(z, )\, ¢ Fy) = P{7(z) < oo} (75)

B mnekoropsix ciydasix OoJiee y00HON XapaKTEPHCTUKONW IPOIECCAa PUCKA OKA3bIBAETCS
BEPOSITHOCTH BBIXKUBAHUS TTPOIECca

S(x) = S(x,\, ¢, Fz) =1— R(s). (76)

7.3 3aBUCUMOCTh BEPOSATHOCTHU PA30PEHUs MPOIlECcca OT mapaMeT-
poB

OTMeTHM CJIeIyIoNIue CBOWCTBA MOHOTOHHOCTH BEPOATHOCTH PA30pEHUd, KaK (DYHKIHH
mapaMeTpoB IPOIECCca.

e R gmiisieTcst HeBO3pacTaromei (pyHKImei x;
e R gmiisieTcst HeBO3pacTaomei (pyHKImei ¢;
e R gamngderca HeyObIBawomeil (pynkumeit \;

e R apygercsa HeBo3pacTaolei pyHknuei F! 7, €CJIN TTOPSAJIOK Ha MHOZKECTBe byHKIIiIT
pacrpe/iesienust 3a1aH otHormenueMm [y < Fy <= F(z) < Fy(x) V.

[IpoBepka mepedncaeHHbIX CBOIICTB NMPOU3BOIUTCI IyTEeM CpaBHEHHA COOBITHII pa3o-
penust (73) mpu COOTBETCTBYIOIINX 3HAYEHUAX HAPAMETPOB.
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8 ArperupoBaHHBIII TPOIECC PUCKA

B nannom pasjesie paccMaTpuBAeTCs MPOIECC PUCKA B JUCKPETHOM BPEMEHH, KOTOPBIi
OKa3bIBAETCSI TECHO CBSI3aHHBIM € KJIACCHYECKHUM IIPOIECCOM PUCKA TOCPEJICTBOM OllePaIiy
arperupoBaHMUS.

8.1 Omepalug arperupoBaHus

Pacemorpum kiaccnveckuii iporece pucka (62), 3adbukcupyem dncsio 6 > 0 n pazobbem
HOJIOKUTENIbHYIO 1To1yoch R Ha maTepBanst A; = [(i — 1)d,40) anunbt §. Tanee, crpyn-
oupyeM BCe NpeMHAJbHble MOCTYILICHHS W CTPAXOBble YOBITKH, MPOM3OLICIIINE B 3THX
MHTEepBaJaxX BpeMeHH. Torga pasmep HpeMHATLHBIX NOCTYILIEHHUi 3a m06oil mepuom A,
paBeH, OYeBUJIHO,

c= @b (77)

Pasmep Z; HaKOILIEHHBIX CTPAXOBBIX YOBITKOB HAa HHTepBaJie A; BEITUCIAETCS CJIEIYIOIITIM
obpazom. /g KaxK10T0 ¢ pa3zmMep Z; saBJIsSeTcs CaydaiiHoi BeIUInHol, mpuueM aid ¢ = 1
ee pacripejiejieHne yze Bbrancjeno B (68), ciefyer JnIb MOJACTABUTH 3HAYEHUE JJTHHBI
WHTEpPBa/Ia BpeMeHu t = J:

~ ©© A)E -
Fz(v) =P{Z <v} =P{Zps <v}=>) e_Aé%ng

k=0

(v), v >0. (78)

Jlastee, BBUIy CTAIMOHAPHOCTH IOTOKA CTPAXOBBIX COOBITUIl M HE3aBUCHUMOCTH H OJIH-
HAKOBOl PacrpeieIeHHOCTH YOBITKOB KJIACCHIECKOTO MPOIECCa PHUCKA {Zk, k=1,2..}
pasmepsl yobITKOB {Z;, i = 1,2, ...} Ha mHTepBajgax A; Tak:Ke SIBISIOTCS HE3aBHCHMBbI-
MH OJIMHAKOBO PACHPEICTCHHBIME CJIyYailHBIMU BeJIMUYUHAMHA C (DYHKIIHEH pacipe ie/ieHust
(78).

Taknum 06pa3om, 3HAYEHNE KJIACCHIECKOr0 Tporecca pucka (62) B MOMEHT BpeMeHH 1.0
npu OeJblX T paBHO

n
Xn)=z+em—-> 7, n=0,1,2,.... (79)
i=1
[Mpomece (79) HasbiBaeTCsi arpernpoOBAHHBIM IIPOIECCOM PUCKA U SIBJISIETCS AMIPOK-
CUMUPYIOMIEeH MOJEIBIO JIJIst KJIACCHYECKOTo mpomecca pucka npu 6 — 0.
dcno, uro npomece (79) 3aBucUT OT Tpex mapamerpoB (x,c, Fz) BBHIUACISEMBIX TO
apaMeTpaM HCXOIHOO KJIACCHUeCKOro npomecca (z, ¢\, F ) U 3HAYEHUIO TApaMeTpa ar-
peruposanust 0 o dopmyaam (77), (78). Byaem obo3nadath

X = X(z,¢,Fy) (80)
ArperupoBaHHbII TIPOIECC PHUCKA, OMpeIeseMblil TapaMeTpamMu , ¢, Fiz, a X — COBOKyTI-

HOCTBH BCeX aprermpoOBaHHBIX NMPOIECCOB PUCKA MPH BCEBO3MOXKHBIX JOMYCTAMBIX 3HaYe-
HUAX TTapaMeTPOB:

X ={X(z,¢,Fz); x> 0,c>0, Fz(0) =0}. (81)
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8.2 Pazsopenune

0O0603HaYUM

R(z,c,Fz) =R(z) ={w: In >0, X,(n) <0} (82)

cOOBITHE pa30pEeHUs arperupoBAHHOTO MPOIECCa,

7(x) = 7(x,¢,Fz) =min{n : X(n) <0}— (83)

MOMEHT PA30pEHUs I
R(z) = R(z, ¢, Fz) = P{T < o0}, (84)
S(x)=S(x,c,Fz) =P{r=00}=1— R(z) -— (85)

BEPOSATHOCTh PA30PEHUsT U BBIXKMBAHUS TTPOIECCa, COOTBETCTBEHHO. PaccmarpuBasi OTHO-
IeHne BKJIIOUeHUs1 COOBITHI pa3opeHnst (BBIKUBAHWs) MPU PA3JINYHBIX 3HAYEHUSIX Mapa-
MEeTPOB IIPOIlecca PUCKA, HETPYAHO 3aKJ/IOYUTh, YTO BEPOATHOCTb BBI?KUBAHUA ABJAETCH
HeyOBIBaroIIei (pyHKIeH HAYaIbHOTO KalluTa a £, ”HTEHCHBHOCTH IIPEMHUATBLHOTO TTOTOKA
c 1 OYHKIUN pacipejiesienns YOITKOB Fy, ecin Ha MHOXKecTBe (DYHKITUN pacipe ie/IeHus
paccMOTpeTh €CTECTBEHHBIM YaCTUYHBIN TTOPATOK

F, R Fy <~— Fl(U> < FQ(U), v > 0.

8.3 CuayuaitHoe OiykaaHUe

ArperupoBaHHBIil TPOIECC PUCKA 3aMEHON MepeMeHHBbIX Y; = ¢ — Z;, 1 = 1,2, ... MOXKHO
[PEJICTaBUTh B BUJE CJIydaitHOro Ouyzkaanus |3

n

X(n)=2+Y Y (86)

=1

€ HEe3aBUCUMBIMH OJMHAKOBO pactpegenenabivu "maramu"Y;, ¢ = 1,2 .... Orcioga, wc-
nosib3yst Teopemy 1. 2.XI1.2 u3 [3], BeiBoguM

Teopema 8.1 Azpezuposarnwii npouece pucka (79) moscem npunadaescams x 00HOMY
U MONLKO K 0OHOMY U3 MPEXT MUNOE 6 3ABUCUMOCNU OM COOMHOWEHUSL MEHCIY €20 Na-
PAMEMPAMU:

1. ¢ = EZ;: ocyuasupyrowsudc mun; npoyuecco, amoz0 munda ¢ SePOAMHOCMbI0 eQUHUUM
docmuzarom 1106020 Haneped 3a0aHH020 YPOGHA, MOUHEE:

P{ég&X(n) =—oo}=1 (87)
P{:Lelng(n) =o0} = 1. (88)

2. ¢ < EZy: pasopmowgutica mun; das npouyeccos amozo muna evinosnsemcs (87) u ¢
8ePOAMHOCMBIO 1 cywecmsyem KoHeuHvill MaKCUMYM

M(z) = max X (n). (89)

neN
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3. ¢ > EZ): svorcusarowuls mun; 0ia npoueccos 3mozo muna euwnosnsemcsa (88) u ¢
gepoAMHOCMBIO 1 cyuwecmsyem KoHewHvll MUHUMYM

m(x) = min X (n). (90)

neN

U3 npuBeieHHO#T TeOpEeMBI sICHO, YUTO MPOIIECCHl IePBOro Tria BBUY (87) pasopsorcs
¢ BepositHOCTRIO 1. TTockosbKy jist iporeccoB Broporo Tumna (87) TakkKe MMeeT MecTo,
OHU TOYKEe SBJIIOTCS PA3OPSIONIIMUCS ¢ BEPOATHOCTHIO 1. /lyig mporeccoB TpeTbero tura
BEPOATHOCTH BBIKUBAHUS €CTh

S(z) = P{m(z) > 0} (91)

U MOYKET OBITh, BOOOIIE TOBOPS, MOJIOXKUTEIbHON. BoJjiee TOro, MOCKOIBKY JIjIsI TTPOU3BOJIb-
HBIX 2,y > 0 nmeer mecto m(z) = m(y) + (z — y), aust G, — GYHKIME pacipe/ieJeHust
m(z) — mosydaem

Ga(v) = P{m(z) <v} =P{m(y) —y <v -z} =Gyv+y—2) =0
pu T — 00 U (PUKCUPOBAHHBIX V, 1Y, IOITOMY CITPABETNBA

Teopema 8.2 I[lycmv svinosneno

Toz0a
lim 5(z) =1. (93)

Sameuanue 8.1 Ycaosue (92) 06viuno HA3W6GEMCA YCAOBUEM NOAOHCUMEALHOCTIU PUC-
ko601 Hadbasku ¢ — EZ;.

8.4 YpaBHeHUE AJid BEPOATHOCTU PA30PEHUMA

Ucnonb3ysa dbopMyty MOJHON BEPOSATHOCTH, HETPYIHO BBIBECTH WHTETDAJTBHOE ypaBHE-
HUe /I BePOATHOCTH BbIKUBaHUsA Tporecca (79), Kak (byHKIUN HAYAIBHOTO KAUTAJIA.
Badukcupyem mapamerpsl ¢, Fz, u onpegennm coObiTre "BhIKUBaHUE TP YCJIOBUH, ITO
HadYaJIbHBIN KamuTa/l paBeH '

Sx)={we: X(n)>0,n=0,1,...; X(0) ==z}, (94)

a Jis uHTepBasa I — aHaJorm4Hoe coObITHEe "BBIKUBAHME IPH YCJIOBUH, YTO HAYaIbHBII
KamnuTaj MpuHAIIeKan narepsary 1"

SI)y={weQ: X(n)>0,n=0,1,...; X(0) €I} (95)

dcuo, uro S(x) C S = {Z; < x + ¢}. Jna npoussosbroro mesoro m > 0 pazobbem
orpe3ok [0,z + ¢) Ha m paBHBIX dacreii [ qmunel v = (x4 c¢)/m: I, = [(k— 1)y, kv), k=
1,...,m. Torma no dbopmysie TOJTHONH BEPOSTHOCTH MMeeM

P{S(z)} gjsu f e L)P{Zi € I} = 3 S(a 4 ¢ — 1) (Fa(k) — Falk — 1)7)).

k=1
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[IpaBag gacTb MOCJaeIHETO BBIPaXKeHUdA TPEJICTABIAET COOOH, OUEBUIHO, MHTEIPATbHYIO
CyMMY 1l MHTerpaJsa

r+c
/ Sz + ¢ —v) dFy(v),
0
M CXOJUTCS K HEMY TIPH 71 — 00, a JIeBas 9aCTh HE 3aBUCAT OT M W paBHa S(X), TaK 9TO
T+c
S(x) :/ S(x +c—v) dFz(v). (96)
0

to HHTEI'paJIbHOE€ YpaBHEHHE II03BOJIAECT H3y4YaTb MHOI'HE CBOICTBA arperupoBaHHOTO
npoIrecCa puCKa, BbIpaK€HHbI€ B TEpDMHHaX BepOHTHOCTeﬁ BBI2KUBaHUA WX PA30OPEHUI.

8.5 IIpumep: mpocreiimmii mporecc pucka

[Momoxum ¢ =1, p € (0,1) n

0, v<0,
Fz(v)y=¢p, 0<v<2,
1, v>2

HerpysHo 3aMeTnTh, 9TO MPH 3TOM arpernpoBaHHBIN 1porece pucka (79) mpespaiaercs
B mpocTeitinuii mporecc pucka (53), a ypaBHeHHe JiJis BEPOSITHOCTH BBIZKHBAHHSI TIPHOOPE-
TaeT BHI

S(x)=8x+1)+(1—-p)S(z—1),

410 cortacyercs ¢ (56).

9 Bpemd >XXK13HU IPOIECCOB PUCKA

B maparpadax 6-8 mosryuensl ypaBHeHHS s BEpOATHOCTH pasopennd. lIpeacrasiger
WHTEpeC TakKyKe U MOMEHT pas3openus. B Hacrosiiiem naparpade u3yduM cpejinee Bpemsi
JKWU3HU TPOIECCOB PUCKA.

9.1 IlIpocreitmmii mporecc puckKa

Pacemorpnm mpocreitiuit mporece pucka (53):

n
Xn :z+ZZZ-, (97)
i=1
e Z;, 1 = 1,2,... — He3aBUCUMBIE OJIMHAKOBO PACIpe/Ie/IeHHbIE C/IydYaiiHble BeJIUYNHbI,

NpUHUMAONNE 3HaYeHne 1 ¢ BEPOATHOCTHIO P M 3HAUYeHHeE -1 ¢ BepOATHOCTHIO ¢ = 1 — p,
1 0603HAYMM T, MOMEHT OKOHYAHWUSI UIPhI (PA30peHHsl OJIHOTO M3 UTPOKOB) NPH YCJIOBHH,
YTO MEPBBIA UTPOK WMEJ HAYAJbHBIA KANWATAJ 2z, & BTOPO#: a — 2:

7, =min{n >0: X, =0 wm X, =a}. (98)

Kak Mbl momuMM, HAa OECKOHEYHOM TOPHU30HTE BPEMEHU DA30PeHHe OJHOTO U3 UTPOKOB
HACTYIAET C BEPOATHOCTBIO 1, TaK UTO T, SABJsETCA COOCTBEHHON CaydailiHON BeJTMUIUHOIN.
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O6osnaunm m(z) = E7, ee cpejHee 3HaueHHe, W MOCTABUM 33724y BBIYUCIEHHs ITOI
Besimanubl. V13 hopMyJIbl MOTHON BEPOATHOCTH /ISt MATEMATHICCKUX OYKUJIAHUN HETPYIHO
HOJIyanTh ypasuenue aiast m(z) suga m(z) = 14+ pm(z + 1) + gm(z — 1), oryzna
1 q 1
m(z+1)—-m(z)+-m(z—1) = ——. (99)
p p p
Xapakrepucruueckoe ypasaenue st (99) mmeer kopun Ay = 1; Ay = ¢/p = y. Pac-
CMOTPUM CHa4YajIa CJydail HeKpaTHBIX KopHeil y # 1 (p # 1/2). Torga wacraoe pemrenne
HeOJIHOPOHOTO ypasHeHust (99) umeer Bug mg(z) = 5T)> TaK uTO ero obmee pemenue
zanumnierca B popme

z
p(y—1)
[Tpoussosibhble MOocTOsiHEBIE Ch, Co MOXKHO ONpeJeTuTh U3 KpaeBbix ycjopuit m(0) =
m(a) = 0, KOTOpBIE TAIOT

a

B r R

TaK 4UTO perrenne ypasHerus (99) ecrsb

1 1—y?
a PR
p(l—y) \ 1—y°

m(z) = z ). (101)

B ciayuae kparnbix kopaeit y = 1 (p = 1/2) obiee penienne ypasuenust (99) mmveer B
C1 + Coz + mo(2), Tae yacTtHoe pemrerue mg(z) J€rKO HAXOIUTCS B KJacce KBaJPATHY-
ubix GyHKIUA m paBHO Mo(2) = —2z2, TAaK 9TO MCKOMOE DeNIeHHe MOCTe ONpe/IeTeHHs

MOCTOSIHHBIX M3 KPAEBBIX YCJIOBHI 3anmuchiBaercst B hopme
m(z) = z(a — 2). (102)

Wurepecno ormerntsh, uto permenue (102) MoKeT GbITH MOy Y€HO MPEIeJTbHBIM T€PEX0I0M
u3 (101) ¢ moMoIIbIO IBYKPATHOTO IPUMEHeHUsI MpaBuia Jlonuras.

PaccMoTpuM, HakoHeI, UIpy ¢ GeCKOHeYHO GOoraThiM HPOTUBHUKOM (a — oo). Ilpm
y < 1 u3 (101), BusHO, 9TO CpejiHee BpeMsi KH3HU HEOTDAHUYEHHO YBEJMINBALTCSH. DTOT
sddexr csa3an ¢ Tem, 4To mpu y < 1 umeem p > 1/2, m gaxke B urpe ¢ GECKOHEYHO
OoraTblM TPOTUBHUKOM TIEPBBIN UTPOK PA30PSETCS C BEPOSATHOCTHIO, MeHbIeil 1, To ecTh
C TOJIOYKUTETHbHON BEPOATHOCTBIO BpeM4 *KU3HH MPOIecca OECKOHETHO.

Ilpm y = 1 u3 (102) rakke BbITeKAaeT m(z) — oo mpu a — 00. OTCIONA BHITEKAET,
9TO XOTs B 3TOM ciay4dae (p = 1/2) mepBblii UIPOK U Pa30psieTcsi ¢ BEPOSTHOCTHIO 1 B
urpe ¢ 6eckoHevIHO 60TaThIM MPOTUBHUKOM, OJHAKO CPEIHEE BPEMs OYKUJIAHUs PAa30PEHUs
0ECKOHEYHO BeJINKO.

ITpu y > 1 (p < 1/2) u3 (101) caemyer, 9To 0XKuTaeMoe BpeMs J0 PA30PEHUs B UIPe
¢ 6eCKOHEYHO OOraThiM MPOTUBHUKOM €CTh

m(z) = m,

U JUHEHHO BO3pacCTaeT BMECTe C Z.
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9.2 IUrpa B KOIIKHN — MBIIIKHA

Paccmorpum erie ojiHy 3ajiady Ha BBIYUC/ICHHE OYKHUJIAEMON MPOIOJIZKUTETHHOCTH IIPO-
necca. [lycTtp B IByX KOMHATaX OOMTAIOT KOT M MBIIIb, U MEPEMEIIATCI U3 KOMHATH B
KOMHATY HE3aBUCHMO JPYT OT JApyTra B COOTBETCTBUU C MATPHUIIAMHU TEPEXOIHBIX BEPOSAT-

0.3 0.7 0.2 0.8
C= M = 103
( 0.6 04 ) ’ ( 0.8 0.2 ) ’ (103)
re 3JeMeHT ¢;; MaTpurpl C' ecTh BepOATHOCTD IepeMellenns KOTa U3 KOMHATH ¢ B KOM-
Haty j; 1,7 = 1,2, a sasmemenTsl MaTpunsl M ONHCHIBAIOT aHAJOTHIHBIE BEPOATHOCTH s

Mbinm. Ecan B Kakoil—11b0 U3 MOMEHTOB BpeMeHu KOT U MbIIIL OKa3bIBalOTCAd B O,ZLHOIL/'I
KOMHaTe, TO KOT CbheJaeT MbIIIb. OnpegeJme cpeagHee BpeMd »KU3HU MBITIU IPDU Pa3JInY-

HOCTel

HBIX Ha4YaJ/JbHBIX PACIIOJIO?KEHUAX.

OmnureM 33,129y B BUJIe MAPKOBCKOIl e ¢ 4eThipbMst cocTosiausvMu E = (i, 7); 1,j =
1,2: KOoT HaXOAUTCA B KOMHATe ¢, a MBIIIb — B KOMHaTe j, 1 0003HAYNM t;; CpeJlHee BpeMsd
OCTABINEHiCS KU3HA MBIIN B cOCTOsTHUA (7, 7). O603HaunM FE,, COCTOSTHUE TN B MOMEHT
BpPEMEeHH N, TOTJa, O9eBUIHO, t11 = too = 0, a 1j1s t19, to; 10 bOpMyIJIe TIOJIHON BEPOSITHO-
CTHU 3alulreM ypaBHEHUA

t12 =1+ t12P{E1 - (]., 2>|E0 = (]., 2)} + t21P{E1 = (2, ]_>|E0 = (]., 2)},

tor = 14+ t,P{E = (1,2)|Eo = (2,1)} + tan P{E; = (2,1)|Ep = (2,1)}.

Boruuciisis nepexojabie BEPOATHOCTU € YYETOM YCJIOBHSA HE3aBUCUMOCTH, TOJIYYaeM CH-
CTeMy YpaBHEHUA
0.94t12 - 056t21 == 1,

—0.48t15 4+ 0.92ty; = 1,

KOTOpas uMeeT perenue t1o = 2.483, to = 2.383.
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