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B ~ A ~ M  I'OBOPHTb, q T O  3JIeMeHTbI  f l ,  fa ,  . . . , f n  E R R U H ~ ? ~ H O  He- 

~ U B U C U N ~ L ,  ecnu c o o T H o n r e a H e  

B 0 3 M O X H O  TOJIbKO B T P H B B a J I b H O M  C J I y q a e  a1 = a2 = . . . = an = 0; 
B IIPOTNBHOM C J I y W e  3.7eMeHTbI fl ,  f2,  . . . , fa H a 3 0 B e M  R U H e d H 0  

3UBUCUMb1MU.  
~ ~ B Y F O  W C T b  COOTHOLUeHHR (1) H a 3 b I B a I O T  A U H ~ ~ H O ~  I C O M ~ U H U ~ U ~ ~  

3JIeMeHTOB fl, fz, . . . , f,. T ~ I < N M  o6pa30~, J I H H ~ ~ ~ H ~ R  H e 3 a B B C N M O C T b  

3JIeMeHTOB fl,  f 2  . , . , fn  0 3 H a q a e T ,  q T O  J I K I ~ ~ R  H e T p N B H a J l b H a R  J l H ~ e f i -  
H a R  K O M ~ N H ~ U U R  3 T B X  3JIeMeHTOB O T J l H q H a  OT HYJIR. 

EcJIu  C p e A U  3JIeMeHTOB f l ,  f 2 ,  . . . , f,, e C T b  p a ~ ~ b l f i  HyJIEO, T O  3 T N  

3JIeMeHTb1,  OqeBHAHO,  J ~ N H ~ A H O  3 a B B C B M b i .  A ~ ~ ~ c T B H T ~ J I ~ H o ,  eCJIH, 

H a n p H M e p ,  f l  = 0, T O  MbI I I O J l y q B M  H e T p I i B H a J l b H O e  COOTHOLUeHNe (I),  
6 e p ~  a l=  1, a,= a,= . - .  =a,= 0. 



4 Tn. 1. I~POCTP~HCTBO ~ ~ n b d e p z a  

f l N H e f i H y l o  CNCTeMy R H a 3 b I B a D T  K O H ~ ~ H O M ~ ~ H O ~  N ITPNTOM n - M e p -  
~ o f i ,  eCJIN R C O A e p X N T  n J I N H e f i H o  He3aBNCNMbIX 3JIeMeHTOB 11 e C n N  

BCRKAe n + 1 3JIeMeHTOB N 3  R J I N H e f i H 0  3aBNCkIMbI. K O H ~ ~ H O M ~ P H ~ I ~  
- n ~ i ~ e f i ~ b ~ e  CHcTeMbI  1 1 3 y q a m ~ c ~  B nnaefirlofi anre6pe. Ecnn n u ~ e i i ~ a ~  
C R C T e M a  kIMeeT CKOJIb  YrOAHO M H O r O  n N H e f i H 0  He3aBlICNMbIX 3JIeMeHTOB, 

r 0  ee H a 3 b I B a D T  ~ ~ C ~ C O H ~ ~ H O M ~ ~ H O ~ .  

2. J I ~ H e k I b l e  M H O I ' O O ~ ~ ~ ~ H R .  %CTO ITPNXOANTCR P a C C M a T P N B a T b  HeKO- 
T O p b I e  COBOKYITHOCTN 3 J I e M e H T O B  I13 R. BCRKYD T a K y D  COBOKYIIHOCTb 

k MbI H a 3 b I B a e M  A U H e d H b l M  ~woaoo6pa3ue~ ,  eCJIN Pi3 C O O T H O U I ~ H N ~ ~  
f E L, g € L C J I e A y e T ,  9 T O  af + pg E L, K a K O B b I  6b1 HN 6b1nk1 YNCJIa 
a, p. OAHHM N 3  ~an60~1ee p a C I T p O C T p a H e H H b l X  n p N e M O B  AJIR IIOJIyYe- 

HHR J I k l H e f i H b ~ X  ~ ~ 0 r 0 0 6 p a 3 N f i  RBJIReTCR I l O C T P O e H N e  A U H ~ ~ H O ~  060- 
A O ~ f W .  MCXOAH~IM 3 A e C b  RBJIReTCR H e K O T O p O e  K O H e q H O e  NJIN ~ ~ C K O -  

H e q H O e  M H O X e C T B O  M ~ J I ~ M ~ H T O B  N 3  R .  % T ~ M  COCTBBJIRDTCH BCeBO3- 
M O X H b I e  J INHef iHb1e  K O M ~ H H ~ ~ A N  

3 J I e M e H T O B  fl,  f2,  . . . , f n  N 3  M. C O B O K Y ~ H O C T ~  L 3TNX JINHefiHb3X 
K O M ~ N H ~ ~ H ~ ~ ,  OYeBNAHO, ITpeACTaBJlReT H e K O T O p O e  J I N H e f i H 0 e  MHOTO- 

o6pasne B R, coAepxaqee M. 3 ~ o  e c T b  H a N M e H b m e e  n ~ l ~ e f i ~ o e  M H O ~ O -  

oBpa3~e, conepxaqee M, N OHO HOCUT ~ a s ~ a ~ n e  n l ~ ~ e f i ~ o f i  06onoreu 
M H O X e C T B a  M. 

H ~ K O T O ~ O ~  M H O X e C T B O  M C R H a 3 b I B a I O T  ~ P R M O ~  C Y N M O ~  K O H e q -  

H O r O  q N C J I a  J I ~ H e f i H b l x  ~ ~ 0 T 0 0 6 p a 3 I I f i  Mk C R (k = 1, 2, . . . , n) H 
n l I r u y T  

M = M i $ M z $ - . * @ M , ,  

n N H e f i H a R  He3aBACNMOCTb J IHHef iHbIx  ~ ~ 0 T 0 0 6 p a 3 N f i  MI, M2, . . . , . 
. . . , M,, OqeBMAHO, H ~ O ~ X O A H M ~  II A O C T a T O q H a ,  9~0661 M O X H O  6b1a0 
0 6 p a 3 0 ~ a ~ b  NX n p R M y I 0  CYMMY 

M * @ M 2 $ . . .  @ M n .  



~ Y C T ~ ,  A a J I e e ,  M U fi - A B a  - J I U ~ e f i ~ b 1 x  M H O ~ O O ~ ~ ~ ~ W R  U M C fi. 
B ~ K T O P ~ I  f l ,  fz ,  . . . , f k  I.13 M Ha3bIBaIOTCR ~ U H ~ ~ H O  k e 3 a a u c u ~ b ~ ~ u  
no M O ~ ~ A K ,  M, ecnu 1.13 

O ~ ~ B N A H O ,  B e K T O P b I  U 3  fi, J I U H ~ ~ ~ H O  H e 3 a B U C U M b I e  no MOAyJl Io  M, 
6 y ~ y ~  I.1 n O A a B H 0  J I U H e f i H 0  He3aBHCUMbIMU B 0 6 b 1 4 ~ 0 ~  CMbICJIe. 

Pa3MepHocmbm ii0 Mody~K, M 6 j ' ~ e ~  H a 3 b I B a l . b  M a K C U M a J I b H O e  

4MCJ'IO ??I BeKTOPOB U 3  fi, J I N H e f i H 0  He3aBMCIlMbIX no MOAyJ'IIo M, U 

6 j ' ~ e ~  n U C a T b  

dim fi = m  (mod M); 

dim fi -- co (mod M). 

O ~ ~ B N J ( H O ,  4 T O  p a 3 M e p H O C T b  no MOAyJIIo  H e  n p e B O C X O A U T  06b14~0fi 
p a 3 M e p H O C T U .  

B M ~ C T O  f E M M O X H O  n U C a T b  

f r 0 (modM), 
U T O r A a  P a B e H C T B O  

f = g (mod M) (1) 

6 y ~ e ~  0 3 H a 4 a T b ,  q T O  f - g  E M. 
M~iorooBpasue fi M O X H O  p a 3 6 U ~ b  H a  I IOAMHOXeCTBa 3JIeMeHTOB,  

OTHoCR 3JIeMeHTbI  f U g K OAHOMY IIOAMHOXeCTBy,  e C n U  OHM YAOBJIeT- 

BOPRIOT YCJIOBHfO ( I ) ,  U K P a 3 J I U 4 H b I M  lTOAMHOXeCTBaM B nPOTUBHOM 
C J I y q a e .  ~ T U  lTOAMHOXeCTBa Ha3bIBaIOTCR KnaccaMu M H O ~ O O ~ ~ ~ ~ I I R  

fi no MOAj'JIIo M. 
C O B O K Y I I H O C T ~  KJIaCCOB, P a C C M a T p U B a e M b I X  ~ a X ~ b 1 f i  B K a 4 e C T B e  

O T A e n b H O r O  3 J I e M e H T a ,  C a M a  o6pa3ye~ H e K O T O p O e  n U H e f i ~ 0 e  M H O ~ O O ~ -  

pame, ~ a s b ~ ~ a e ~ o e  ~ a i c m o p - ~ ~ o z o o 6 p a 3 u e ~  ~ ~ o r o o 6 p a s u ~  fi no MHO- 
roo6pa3u~ M u 0603~aqae~oe  

M/M. 
n p u  3TOM n ~ ~ e f i ~ b ~ e  onepaum B $/M o n p e A e n e a b 1  cneaymulm 

06pa30~. Ecnu f E H I M ,  g E f i / ~  - H e K O T O p b I e  KJIaCCbI IIO MOAyJIIo  M, 
a f ,  g - HeKOTOpbIe  3 J e M e I l T b !  M3 M, 1IpMHaAJl'le)KaUllle COOTReTCTBeHHO 



3. C~an~pnoe npo~3sene~we. J l n ~ e i i ~ y m  c n c T e M y  R H ~ ~ ~ I B ~ F O T  &ern- 
P U ~ O ~ U H H O ~ ,  eCJIH ~ a X ~ 0 f i  nape 3JIeMeHTOB f ,  g 6 R COnOCTaBJIReTCSl 
O n p e A e J I e H H O e  KOMnJIeKCHOe skICJI0 (f, g), KOTOpOe yAOBJIeTBOpReT CJIe- 

AYFOUMM T P ~ ~ O B ~ H U R M ~ :  

C) (f, f )  > 0, n p M s e M  3 H a K  P a B e H C T B a  MMeeT MeCTO TOJIbKO n p I l  

f = O .  
YUCJIO (f,  g )  Ha3bIBaeTCR C K U A R P H b l M  npou38ede~ue~ 3JIeMeHTOB 

A ~ M @ M € ! T H ~ ~ c K u ~ ~  K O P e H b  I/(f, Ha3bIBaFOT N O P M O ~  3JIeMeHTa 

( B ~ K T O ~ ~ )  f ki 0 6 0 3 ~ a s a F O ~  CHMBOJIOM 1 1  f 1 1 .  3 ~ a  BeJIHYHHa a H a J I O r H s H a  
AJIHHe O T p e 3 K a .  T ~ K ,  H a n p H M e p ,  n o ~ o 6 ~ o  AJIkiHe O T p e 3 K a  HOpMa BeK- 
T O p a  P a B H a  HyJIFO TOJIbKO B TOM C J I y s a e ,  K O r A a  PaBHReTCR HyJIIO 

BeKTOp. I (p0Me TOrO, 

1". IIuf I l  = l a l . ll f l l. 
~ ~ R c T B H T ~ J I ~ H o ,  B CAJIy C B O ~ ~ C T B  b) II i) CKaJIRpHOrO npOH3BeAeHHH 

(uf, uf) = ~ ( f ,  uf) = E(f, f )  = l a  i 2 ( f ,  f ) ,  



A O K ~ X ~ M ,  YTO AJlR J I K I ~ ~ I X  ABYX BeKTOPOB f ,  g 

2"- l ( f 9  g)l<llfll* IlgIlP 
n p A 9 e M  3 H a K  P a B e H C T B a  U M e e T  MeCTO B TOM A TOJlbKO B TOM C J l y s a e ,  
K o r n a  BeKTOPbI  f ,  g J I A H ~ ~ ~ H o  3aBMCAMbI.  TO H e P a B e H C T B O  H a 3 b I B a K ) T  
H e p a 8 e H C m 8 O M  Kouu - Gy~~icoscicozo AJIH Ht?pU8eHCm80M n8apl@. 

n p A  A O K a 3 a T e J l b C T B e  H e p a B e H C T B a  2" M O X H O  I I P A H R T b ,  9 T O  (f, g) zj& 

g 0. n o n a r a ~  

0 G (97f + kg, Bf + k g )  = h2  (g, g) + 2 h  1 (f, g) ! + (f, f). 
C n p a ~ a  M ~ I  m e e M  T p e x s n e H  o T H o c u T e n b H o  A ,  a  TOT T p e x q n e H  

n p H  'BCeX B e U e C T B e H H b I X  h 6onbme ALIA P a B e H  H y J I I o .  ~ O ~ T O M Y  A O J I X H O  

AMeTb MeCTO H e p a B e H C T B O  

9 T O  N A O K a 3 b I B a e T  COOTHOIIIeHUe 2". ~ H Z I K  P a B e H C T B a  6 y ~ e ~  J l A U l b  B TOM 

C J l y q a e ,  KOrAZl p a ~ ~ ~ a ~ p k i ~ a e ~ b ~ f i  T p e X s J l e H  N M e e T  A B O ~ ~ H O ~ ~  K O p e H b ,  
U H a ' I e  rOBOPR,  TOJlbKO B TOM C J l y s a e ,  K O r A a  n p I l  HeI(,OTOPOM B e U e -  
CTBeHHOM h 

a f +  kg = 0, 

A o K ~ X ~ M  e U l e  OAHO CBO~~CTBO HOPMbI,  a MMeHHO, H e p a B e H C T B O  

3". Ilf+gll~llfll+llglI, 
B e p H O e  AJIR nro6b1x BeKTOpOB f ,  g A I I e p e X O A R U e e  B P a B e H C T B O  JIAUIb 
I l p A  f = 0 NJlA g = hf, r A e  h > 0. H ~ ~ ~ B ~ H C T B O  3" Ha3bIBaFOT H e p a -  
8 e H C m 8 O Y  mpeyZOAbHUicU,  T a K  K a K  O H 0  a H a J l O r I i q  HO H e p a B e H C T B  y RJlR 
CTOPOH T p e y r O J l b H H K a ,  U3BeCTHOMY Pi3 3 J l e ~ e ~ ~ a p ~ o f i  r e O M e T p I l A .  

9~06b1 A O K a 3 a T b  H e p a B e H C T B O  T p e y r O J l b H U K a ,  B 0 3 b M e M  COOTHOILIeHBe 

Ilf +&!(la = (f + gl f + g) = ( f ,  f )  + (f, g) + (g, f )  + (g, g). 



U, 3 H a 9 U T ,  

Ilf + % l k  llfll +llsll. 
q ~ 0 6 b 1  UMeJI MeCTO 3 H a K  =, H ~ O ~ X O A N M O  B b I n O J I H e H U e  YCJIOBUR 

(g, f)=IIfll.llgII. 
 TO YCJIOBUe TPUBUaJIbHbIM 0 6 p a 3 0 M  BbInOJIHReTCR n p U  f = 0. E c m  Xe 
f f 0, TO, no A O K a 3 a H H O M y  BbIIlIe,  A O J X H O  MMeTb MeCTO P a B e H C T B O .  

gaLf 
U, CJIeAOBaTeJIbHO,  

1 (f, f )  = I l  f l l  . I I  11, 
a n O T O M y  )i > 0. 

k i~orna  IIPUXOAUTCR P a C C M a T p U B a T b  J I U H ~ G H ~ I ~  CMCTeMbI, B KOTOpbIX 

K a X n o f i  nape 3JIeMeHTOB f ,  g OTHOCUTCR 9UCJIO (f, g), YAOBJIeTBOPRlO- 

Wee T P ~ ~ O B ~ H A R M  a), b) Pi BMeCTO C) T P ~ ~ O B ~ H N H )  

c f )  (f, f,>, 0 
6e3 OrOBOpKU,  9 T O  3 H a K  = H e B 0 3 M O X e H  n p U  f rf 0. Ta~l le  JIUHef iHble  
CUCTeMbI MbI H a 3 0 B e M  K 8 a 3 U M e m P U 3 0 8 U H H b L M U ,  a B e J I U 9 U H y  (f, g) H a -  
~ O B ~ M  ~ s a 3 u c 1 c a n x p ~ b ~ ~  n p o u 3 s e d e ~ u e ~ t .  

H ~ T ~ Y A H O  B U A e T b ,  q T 0  K B a 3 U C K a J I R p H O e  n p O U 3 B e A e H U e  YAOBJIeT- 

B O p R e T  YCJIOBUH) h). H e r 0  C n p a B e A J I U B O  T a K X e  H e p a B e H C T B O  2" 
KoLUU - ~ ~ H R K O B C K O ~ O ,  OAHaKO 6e3 OrOBOPKU OTHOCIlTeJIbHO C J I y q a e B ,  
K O r A a  B 3TOM H e p a B e H C T B e  U M e e T  MeCTO 3 H a K  =. 

B CbiJIy H e p a B e H C T B a  I<OUIU - ~ ~ H R K O B C K O ~ O  MHOXeCTBO % BCeX 

3JIeMeHTOB f ,  AJIR KOTOPbIX (f, f ) =  0, RBJIReTCR J I U H ~ ~ ~ H ~ I M  MHOTO- 
0 6 p a 3 U e ~ .  ~ ~ ~ ~ C T B U T ~ J I ~ H O ,  eCJIU 

(f, f )  = 0, 

T O  B C U J I y  H e p a B e H C T B a  &UIM - E ~ H R K O B C K O ~ O  n p U  J I I 0 6 0 M  h 

(f, h) = 0. 
~ O ~ T O M Y  N 3  

(f, f ) -  0, (g, g) = 0 
CJXeAyeT, 9 T O  

(af+Pg, af+P&!)=Ial2(f, f)+IPI2(g, g>+  
+ aii(f, g)+ p%g, f )=  0. 

OTM~TMM, 9 T 0 ,  MMeR K B a 3 P i M e T P U 3 0 B a H H Y I O  CUCTeMY Rf  , MOXHO 
n O C T p O U T b  @ ~ K T o ~ - M H o ~ o o ~ ~ ~ ~ u ~  R = Rf/%,  KOTOpOe O K a 3 b I B a e T C R  

yXe M ~ T P U ~ O B ~ H H O ~ ~ ,  a H e  K B ~ ~ U M ~ T ~ U ~ O B ~ H H O ~ ~  C U C T ~ M . ~ ~ ,  eCJIU O n p e -  

A ~ J I U T ~  B R f / %  C K a n R p H o e  n p 0 ~ 3 ~ e n e ~ u e  (f ,  g) @op~ynoii 
(f ,  g) = (f, g>, 

me f E Rf/%,  g E Rf/%, f E f ,  g E g. 



4. H e w o ~ o p b I e  o6que IIOHRTWR. B H a C T O R U e M  n y H K T e  MbI OCTaHO- 
BHMCR H a  HeKOTOPbIX IIPOCTbIX nOHRTARX,  C B B e A e H H R  KOTOPhlX H a 4 H -  

H a e T C R  A 3 y 9 e H H e  n106b1x M e T p H 9 e C K H X  ITpOCTpaHCTB. H ~ ~ O M H H M ,  4 T O  
k l e m p U W C K U M  ?ZpOCmpaHC#Z6OM H a 3 b I B a e T C R  M H O X e C T B O  E, AJlR K a X A b l X  

AB y X  3JIeMeHTOB f ,  g KOTOpOrO OIIpeAeJIeHO P a C c m O R H U e  D [ f ,  g], YAOB- 

J I e T B O p H I O U e e  C J I e A y I O U H M  T ~ ~ ~ O B ~ H N R M :  

a) D[f, gl= Dig, f1>0 f f: g), 
6) Dlf, f l =  0, 
B) D [f,  g] < D [f, h] + D [h, g] ( H ~ ~ ~ B ~ H C T B O  ~ p e y r 0 J I b ~ H ~ a ) .  

E c n ~  fo  - H e K O T O p a R  T O 9 K a  E, a p - I IOJIOXHTeJIbHOe 9 A C J I 0 ,  T O  CO- 
BOKYnHOCTb K (p ,  fo) BCeX T 0 4 e K  f ,  AJIR KOTOPblX 

D if ,  f o l  < P* 

H ~ S ~ I B ~ I ~ T  utapofi B E, n p n q e M  p - ero paduyc, a fo  - yetimp. Ta~ofi  
map n p e a c T a s n R e T  o r c p e c m t i o c m b  ( ~ o s ~ e e ,  p - O K ~ ~ C T H O C T ~ )  T O ~ K A  fo. 
MHOX~CTBO S (p, fo)  BCeX T 0 4 e K  f E E, AJlR KOTOpbIX 

D [f, f o l  = P ?  

fn  -+ f nn. lim f n  = f ,  
n +  m 

(1) 

l irn D [fn, f ]  = 0. 
n +  rn 

T ~ K  K a K  B CAJIY H e P a B e H C T B a  T P e Y r O J I b H H K a  

D [fm,  f n l  G D [ f r n t  f l  + D [fa, f l f  
TO 143 (2) ( ~ ~ a q e  ~ O B O P H ,  u3 '(1)) c n e A y e T  

lirn D [f,, f,] = 0. 
rn, n + -  

O A H ~ K O  0 6 p a ~ ~ o e  B e p H o  H e  B c e r A a ,  T. e. e c n H  A n R  n o c n e A o B a -  

TeJIbHOCTH {f,}: C E  COOTHOUIeHHe (3) H M e e T  M e C T O ,  C Y U e C T B O B a H W e  
T a K O r O  3 J l e M e H T a  f E E, K KOTOPOMY IIOCJIeAOBaTeJ lbHOCTb CXOAHTCR, 

H e  0 6 ~ 3 a ~ e J l b ~ 0 .  ~ O C J I ~ A O B ~ T ~ J I ~ H O C T ~  {fa)," C E  H a 3 b I B a I O T  qbynda- 
k l e t i m a f l b t i 0 6 ,  eCJIEi AJIR H e e  BblnOJIHReTCR COOTHOUIeHHe (3). 

Ecnu AJIR BCRKOR @ ~ H A ~ M ~ H T ~ J I ~ H o ~ ~  nOCJleAOBaTeJIbf iOCTH ~ a f i -  
AeTCR 3JIeMeHT,  K KOTOPOMY 3 T a  IIOCJIeAOBaTeJIbHOCTb CXOAHTCR, TO 

M e T  H 4 e C K O e  I IPOCTPaHCTBO H a 3 b I B a I O T  n O A H b l U .  
&CJIH M e T P H 4 e C K O e  I IPDCTPaHCTBO H e  IIOJIHO, T O  er0 M O X H O  C A e J I a T b  

nOJlHblM n y T e M  B B e n e H A R  HeKOTOPbIX HOBbIX 3 J e M e H T O B  C n O M O U b I O  



a y ~ ~ a ~ e ~ ~ a n b ~ b ~ x  n o c n e ~ o ~ a ~ e ~ 1 b ~ o c ~ e 8 .  3 r a  o n e p a q u R  a H a n o r n s H a  
B B e A e H U I 0  PippaUUOHaJIbHbIX qUC€!n no I < ~ H T o ~ ~ " .  

n p e d e A b H 0 6  m 0 l t ~ 0 d  H e K O T O p O r O  M H O X e C T B a  M 113 E H a 3 b I B a l O T  

BCRKYH) ' T 0 9 K Y  f E E, B nro608 OKPeCTHOCTU KOTOPOR HaXOAUTCR 6ecquc- 
J l e H H O e  M H O X e C T B O  T O q e K  N3 M. 

Ecnn MHOXeCTBO C O A e P X U T  B C e  CBOU I I p e A e n b H b I e  TOqKU,  T O  O H 0  
H a 3 b I B a e T C R  3 U f i K H Y M b l f i .  ~ ~ N C O ~ A U H ~ H H ~  K M H O X e C T B Y  M er0 ripe- 
AeJ lbHbIX T O q e K  H a 3 b I B a e T C R  3 U M b l K U H U e M .  T ~ K  Xe H a 3 b I B a I 0 T  n o f l y -  

q a e M O e  n p M  3TOM Pi 0 6 0 3 ~ a ~ a e ~ 0 e  CUMBOJIOM fi MHOXeCTBO.  
Ecnn J I H H ~ G H ~ R  CUCTeMa RBJlReTCR IIOJIHbIM MeTpHqeCKkiM IlpOCT- 

PaHCTBOM, T O  H a p R A y  C J I P i H e h H 0 8  060~1os~o8 H e K O T O p O r O  M H O X e C T B a  
q a C T O  IIOJIe3HO P a C C M a T p U B a T h  ee 3 a M b I K a H U e ,  KOTOpOe Ha3bIBaIOT 
s a f i ~ ~ y m o u '  n u w u ' f i o u '  O ~ O A O ~ ~ K O ~ ' .  

MHOX~CTBO I< T O q e K  J I u H e f i ~ 0 8  CUCTeMbI H a 3 b l B a e T C R  6 b L n Y K A b l M ,  

e C n U  B M e C T e  C f i I 0 6 b l ~ k i  T O 9 K a M U  f U g 3 T O r 0  M H O X ~ C T B B  e M y  n p H -  
H a A J I e X U T  B e C b  O m p e 3 O K  Af f ( 1  - A)g, rAe 0 ,< A ,< 1. J1060e JIH- 

H ~ G H O ~  ~ ~ 0 r 0 0 6 p a 3 1 l e  B R RBJlReTCR BbInyKJIbIM MHOXeCTBOM. Ecnu 
J I H H ~ ~ H ~ H  CHCTeMa I l p e A C T a B J I R e T  IIOJIHOe MeTpU'4eCKOe IlpOCTpaHCTBO, 
T O  B M e C T e  C BbInYKJlbIM MHOXeCTBOM M O X H O  PaCCMaTPMBaTb er0 3aMbI- 
K a H U e ,  KOTOpOe T a K X e  RBJlReTCR BbInyKJIbIM MHOXeCTBOM. 

Ecnn B M e T P U q e C K O M  IIpOCTpaHCTBe HMeeTCR C q e T H O e  MHOXeCTBO, 
3 a M b I K a H H e  K O T O p O r O  C O B n a A a e T  CO BCeM IlPOCTpaHCTBOM, TO IIPOCT- 
P a H C T B O  H a 3 b I B a e T C R  ~ e n U p U 6 e f l b H b l M .  

M ~ a q e  TOBOPR, B ~ e I I a p a 6 e J I b H 0 ~  I I p O C T p a H C T B e  C j ' U e C T B y e T  T a K O e  

C q e T H O e  T O q e q H O e  MHOH<eCTBO N, 9 T O  AJIR ~110608 T O 9 K U  f E E U JIIO- 

601-0 E > 0 M O X H O  H ~ B T U  g E ]V T a K ,  q T 0  

D[f, gl< E. 

 TO O ~ C T O R T ~ J I ~ C T B O  B b I P a X a I 0 T  erne CJIeAyIOrnPiM o6pa30~: I lpOCTpaH-  
CTBO H a 3 b l B a e T C R  c e n a p a 6 e J ' I b ~ b 1 ~ ,  eCJlU O H 0  C O A e p X U T  C q e T H O e  6Cl0dlj  

n n o m H o e  f i ~ o w e c m 6 0 .  

5. ~ ~ O C T ~ ~ H C T B O  r ~ ~ b 6 e p ~ a .  Cpe~ki  M e T P U 4 e C K U X  I l P O C T p a H C T B  HaU-  

6onee 3 a M e q a T e J I b H b I  T e ,  KOTOPbIe  RBJIRIOTCR J I U H ~ ~ H ~ I M U  CUCTeMaMU 

U B KOTOPbIX 

D[f, gl=D[f-g, 01, D[af,  O l = I a l D [ f ,  01. 
B  TOM cnyqae B e n n s n H a  D[f, 01, n p e A c T a s n R m r n a R  p a c c T o R H n e  3~1e- 
M e H T a  f OT H y J I e B O r O  3 J I e M e H T a ,  H ~ ~ ~ I B ~ ~ T C R  H O P M O ~  3 j l e M e H T a  f ,  
a P a C C M a T p U B a e M O e  M e T p M 9 e C K O e  n p O C T p a H C T B 0  H a 3 b I B a e T C R  f l u ~ e u ' f i b l ~  

H O p f i U p O 6 U H H b l f i  n p O C m p U H C m 6 O f i .  % C T H ~ I M  CJIJWaeM J I M H ~ ~ H o ~ o  HOP- 

M U p O B a H H O r O  I l p O C T p a H C T B a  RBJIReTCR J I u H e f i ~ a R  M e T P M 3 0 R a H H a R  CUC- 



~ o J I H o ~  .JINHefiHoe HOPMMPOBaHHOe IIPOCTjXiHCTBO H a 3 b I B a e T C R  np0- 
crnpaHcrnsou E a ~ a x a .  

~ P O C T P ~ H C T B O  r H J I b 6 e p ~ a ,  KOTOPOMY I I O C B R U e H a  H a C T O R U a R  K H N r a ,  

RBJIReTCR B a X H b l M  YaCTHbIM C J I y q a e M  n p O C T p a H C T B i 3  E a H a x a ;  B HeM,  
KpOMe PaCCTORHNFl M e X A y  ABYMR 3JIeMeHTaMM. HMeeTCR T a K X e  C K a J I R p -  

H o e  n p o n 3 ~ e ~ e ~ ~ e .  
0 n p e A e n e H H e. Eeclco~er~ouep~yto nu~er i~yro  wernpusoea~tiyto 

cucnzeuy H, lcornopax e nopoxdaeuoir clcanxptiblu npoussede~ueu uern- 
pulce xenxerncx nonrtblfl uernpuwclcuu npocrnpaticrnsou, ~asbleatorn 
npocrnpaHcrneou runb6eprna1. 

Kaxnoe 3 a M K H Y T O e  J I M H ~ ~ ~ H o ~  ~ ~ 0 r 0 0 6 p a 3 H e  G B H RBJIReTCR JIN- 
~ e f i H 0 f i  C M C T ~ M O ~ ,  M ~ T ~ H ~ O B ~ H H O ~ ~  I I p H  IIOMOUH T o r 0  Xe C K a J I R P H O r O  

n p O H 3 B e A e H H R ,  YTO I? H. T O r O ,  G 0 6 J I a A a e ~  IIoJIHoTo~~. Aefic~- 
BNTeJIbHO, BCRKaR ( P Y H A ~ M ~ H T ~ J I ~ H ~ R  IIOCJIeAOBaTeJIbHOCTb 3JIeMeHTOB 
N 3  G MMeeT I I p e A e J I  B H, T a K  K a K  H n O J I H 0 ,  H 3 T O T  I I p e A e J I  A O J I X e H  

I I p N H a ~ J I e X a T b  G ,  T a K  K a K  G 3 a M K H y T O .  
M3 C K a 3 a H H O r O  CJIef lyeT,  YTO G CaMO RBJIReTCR IIPOCTPaHCTBOM 

r n ~ b 6 e p ~ a ,  eCJIM O H 0  C O f l e p X H T  ~ ~ C K O H ~ ~ H O ~  YHCJIO J IMHef iH0 H e 3 a B M -  

CHMbIX 3JIeMeHTOB. K ~ K  B 3TOM C J I y Y a e ,  T a K  ki B TOM, K O r A a  G K O H e q -  
HOMePHO, er0 H a 3 b I B a W T  n 0 d n p 0 ~ m p ~ l l ~ ~ 8 0 u  I I p O C T p a H C T B a  H. 

A ~ H H O ~  HaMU O l I p e A e J I e H H e  I I p O C T p a H C T B a  r H J I b 6 e p ~ a  HOCHT aKCMO- 

M ~ T N ~ ~ C K M ~ ~  X a p a K T e p .  T ~ ~ ~ O B ~ H H R M ,  KOTOPhIe  O H 0  C O A e p X k i T ,  YAOB- 
JIeTBOpRIOT p a 3 J I H q H b I e  K O H K P e T H b I e  JIHHefiHb1e CHCTeMbI. ~ O ~ T O M Y  W C T O  
H Ha3bIBaIOT a6crnpalcrnm~u IIPOCTPaHCTBOM r M J I b 6 e p ~ a ,  a Y n O M R H y -  

T b I e  K O H K p e T H b I e  CHCTeMbI Ha3bIBaH)T P e a J I N 3 a ~ M R M H  3 T O r 0  ~ ~ C T P ~ K T -  
HOrO I IpOCTpaHCTBa.  

O ~ H 0 f i  M3 B ~ X H ~ ~ ~ L I I H X  p e a J I N 3 a l l k i f i  I I P O C T p a H C T B a  H RBJIReTCR np0- 
CTPaHCTBQ f2. M M ~ H H O  H a  3TOM, B n e p B b I e  B B e A e H H O M  r H J I b 6 e p ~ 0 ~  B er0 
TeOpNU J I l i H e f i H b 1 ~  M H T e r p a n b H b I X  J'pa~HeHMfi, KOHKPeTHOM I I p O C T p a H -  
C T B e  H a q a J I O C b  IIOCTpOeHMe M H ~ e p e ~ y l O I U e f i  H a C  06wefi TeOpMH. R ~ K  MbI 

YBUAHM, n p o c T p a H c T B o  l2 cenapa6enbao. nep~oaasanbeo H B onpeAe- 
JleHNM ~ ~ C T ~ ~ K T H O ~ O  I I p O C T p a H C T B a  r H J I b 6 e p ~ a  BKJIIOqaJIOCb ~ p e 6 o ~ a -  
H u e  cenapa6enb~oc~u. O A H ~ K O  B ~ a n b ~ e f i u e ~  o~asanocb, s ~ o   TO T p e -  
6 o ~ a ~ ~ e  H e  RBJIReTCR H ~ O ~ X O A N M ~ I M  AJlR IIOCTpOeHNR TeOpHH.  ~ O ~ T O M Y  

B A a H H O e  HaMM O n p e f l e J I e H H e  I I p O C T p a H C T B a  H O H 0  H e  BKJIWqeHO.  
YTO Xe K a C a e T C R  T ~ ~ ~ o B ~ H N R  IIOJIHOTbI, TO O H 0  C y U e C T B e I l H O  IIOYTM 

AJlR BCeX nOCJIeAyIOUNX ~ ~ C C M O T ~ ~ H M ~ ~ .  ~ O ~ T O M ~ '  €?TO BKJlIOqaIOT 

B o n p e A e J l e H H e  H, A e n a R  c o o T s e T c T B y m u y m  o r o B o p K y  B T e x  c n y s a R x ,  
K O r A a  3 T 0  ~ p e 6 0 ~ a H H e  RBJIReTCR H3JINLIIHMM. 

~ J I ~ M ~ H T ~ M u  I I p O C T p a H C T B a  f2 RBJIRIOTCR KOMnJleKCHbIe  qHCJlOBbIe  

IIOcJIeAOBaTeJIbHOCTH 

1 T O ,  qTO Mbl Ha3blBaCM n u ~ e f i ~ o i i  M ~ T P W ~ O B ~ H H O ~ ~  C N C T ~ M O ~ ~ ,  M C T O  H a 3 b l B a M T  

n p e g r ~ n b 6 ~ p T O ~ b l ~  nPOCTPPHCTBOM. 



~ N c J I ~  X I ,  X z ,  . . . M O X H O  P a C C M a T P H B a T b  K a K  IC0&nONt?Hmbl B e K T O p a  

f HJIH ~ 0 0 p d ~ N a m b l  T O s K N  f .  H Y J I ~ B ~ I M  RBJIReTCR B e K T O P ,  B C e  KOMIlO- 
H e H T b I  KOTOPOrO P a B H b I  HYJIH). C J I O X ~ H N ~  BeKTOPOB OIIpeAeJ lReTCR 
@0pMyJI0fi 

f - t g =  { x n  + y n I , " .  

H ~ ~ ~ B ~ H C T B O  

a n p n H a A n e x n T  Koruu. 
B ~ K T O ~  H a 3 b I B a e T C R  ( P u H u ~ H ~ L & ,  eCJIN H 3  er0 KOMIIOHeHT TOJIbKO 

K O H e g H O e  gHCJIO OTJINqHO OT H y J I R .  
~ P O C T P I H C T B O  l2 cenapa6enb~o. B K a W C T B e  IIJIOTHOrO B H e M  C W T -  

H O r O  M H O X e C T B a  M O X H O  B 3 R T b  COBOKYnHOCTb B C e X  @UHMTHMX BeKTO- 
POB C KOMIIOHeHTaMM B U A a  E iq, r A e  E,  J - PaUMOHaJIbHbIe  W C J I a .  

K ~ o M ~  T O r O ,  I IpOCTpaHCTBO l2 IIOJIHO. A ~ ~ ~ c T B u T ~ J I ~ H o ,  eCJIH IIOCJIe- 
A O B a T e J I b H O C T b  BeKTOPOB 

f ( k )  = { x ~ ~ ' ] J - ,  (k = 1, 2, . . .) 



@ ~ H A ~ M ~ H T ~ J I ~ H ~ ,  TO AJIR ~1106oro E > 0 M O X H O  H ~ ~ T N  T a K O e  x, 9~06h1 
npm r > N ,  s > N  

0. 

C n e ~ o s a ~ e n b ~ o ,  npm JIIO~OM m m n o A a B H o  

T ~ K U M  o6pa30~,  nOJIHOTa n p O C T p a H C T B a  j2 A O K a 3 a H a .  
~ P O C T P ~ H C T B O  L2 ~ ~ C K O H ~ ~ H O M ~ P H O ,  T a K  K a K  B C e  O P T b I  

el = {1,  0, 0, . . .I, 
e2= {0, 1, 0, . . .), 
e8= {0, 0, 1, ...), 



B K a X A O M  10 ( p  1) M O X H O  BBeCTN HOPMY 

 TO H e p a B e H C T B O  N3BeCTIIO M3 K y p C a  a H a J I N 3 a  ( n p N  p = 1 O H 0  T p N -  

B N ~ J I ~ H o ) .  ~ O J I H O T ~  N c e I I a p a 6 e J I b ~ o c ~ b  AOKa3blBatOTCR K a K  1j n p N  

p = 2 .  
~ ~ O C T ~ ~ H C T B O  lP (p  > 1) I I p e A C T a B J I R e T  f l p A M e p  n p O C T p a H C T B a  Ba- 

H a X a  ki HBJIReTCH I ' N J I ~ ~ ~ ~ T o B ~ I M  I lpOCTpaHCTBOM TOJlbKO n p N  p = 2. 

6 = inf ( 1  h-f 11. 
f E K  



KOTOpOe nPOTUBOPeqMT nPeAIIOJIOXeHMF0. 
T ~ K M M  06pa30~,  eAMHCTBeHHOCTb A O K a 3 a H a .  

HO C y U e C T B y e T  JIM ~oo614e T O q K a  g E K ,  HaMILIeHee YAaJIeHHaR 
OT T O ~ K H  h? O T B ~ T  H a   TOT R o n p o c  A a e T  c n e A y m t u a R  

Teope~a. Ecnu K - 3a~lc~ymoe sblnylcnoe Auo%cecmso s npocmpafi- 
cmse H u ecnu 

6 = inf ( 1  h - f ( 1 ,  
f € K  

mo s K cyqecmsyem selcmop g (eduttcmsen~ocmb e2o sbltue 6una do- 
tcasana), d i l ~  lcomopozo 

n o  K a 3 a T e n bc  T B O. no  o n p e n e n e H u r o  H U X H ~ W  rpaau, B K cy- 
lU.eCTByeT ~ ~ C K O H ~ ~ H ~ R  nOCJeAOBaTeJ lbHOCTb  BeKTOPOB {gn}c, AJlR KO- 

TOPOG 
lim 1 )  h -gn I )  = 6. 
n-t m 

Ho 



T ~ K N M  06pa30~,  Mbl BNANM, qTO 

l im l l g n  -g,,,Il =o .  
m, n-c- 

~ O ~ T O M Y  IIOCneAOBaTeJIbHOCTb BeKTOPOB {g,} f CXOANTCR K HeKOTO- 
POMY BeKTOpy g E G, N 3TOT BeKTOP IIpNHaAJIeXHT K, TaK KaK K 3aMK- 
HYTO. O C T ~ ~ T C R  AOKa3aTb,  qTO 11  h - g ( 1  = 8. HO 

P ~ C C M ~ T ~ M B ~ R  h N g KaK TOqKN, MbI rOBOPMM, qTO g eCTb TOqKa 
n o A n p o c T p a H c T s a  G, KoTopas r  H a m e H e e  y A a n e H a  OT T O ~ K N  h. Ecnu 
Xe 3JleMeHThl h N g PaCCMaTpNBalOTCR KaK BeKTOPbI, TO rOBOPRT, 
qTO g eCTb TOT N 3  BeKTOPOB IIOAnpOCTpaHCTBa G, K O T O P ~ I ~ ~  HaHMe- 
H e e  y K n o H R e T c R  OT B e K T o p a  h. Tenepb n o K a x e M ,   TO B c H n y  (1) 
BeKTOp h -g OpTOrOHaJIeH IIOAnpOCTpaHCTBy G, T. e. OpTOI'OHaJIeH 

KaXAOMy BeKTOpy g' E G. 
, & I R  AOKa3aTeJIbCTBLl AOIIyCTHM, qTO BeKTOP h -g OpTOrOHaJleH 

H e  KaXAOMY BeKTOPY H3 G. n y c ~ b  

(h -g, go)  = O f  O(g, E G). 
B 0 3 b ~ e ~  BeKTOP 



0 a \lh-g*)1'= (h -  g-m 

r A e  g E G, a f o p T o r o H a n e H  G ( ~ T Q  u H o r A a  6 y ~ e ~  nucam B sune f .L G); 
IIpU 3TOM, KaK J I e rKO BUAeTb,  

B ~ K T O ~  g eCTeCTBeHH0 H a 3 B a T b  C0Cma6AJZlOU+'6 B e K T O p a  h no nOA- 
npOCTpaHCTBy  G MJIM n p O c I C y u e 6  B e K T O p a  h H a  IIOAnpOCTpaIICTBO G. 

0 6 0 3 H a l I U ~  l I e p e 3  F COBOKYnROCTb BCeX BeKTOPOB f , O p T O r O H a J  b- 
HbIX I IOAnPOCTPaHCTBy G. J ~ ~ K O  BPiAeTb, l I l O  F e C T b  J I A H ~ ~ ~ H o ~  MHOrO- 

o6pasue. ~ O K ~ X ~ M ,  l IT0  F 3aMKHYTO U ,  CJIeAOBaTeJIbHO, RBnReTCR 
I IO~npOCTpaHCTBOM.  ~ ~ ~ ~ c T B H T ~ J ~ H o ,  I I y C T b  fn 6 F (n = 1, 2, . . .), 
NHaYe rOBOpR,  (fn, g) = 0 npP i  ~ 1 0 6 0 ~  g 6 G, U n y C T b  f ,  4 f .  B TaKOM 
CJIyYae UMeeT MeCTO P a B e  HCTBO 

H n03TOMY CTPeMUTCR K H y J I O  I IpU n 4 03. ~ H ~ ~ I U T ,  (f, g) = 0, O T K y A a  
U BbITeKaeT,  q T O  f 6 F U, CJleAOBaTeJlbHO,  ~ ~ 0 r 0 0 6 p a 3 ~ e  F 3aMKHYTO. 

M ~ I  nonysuna n p e A c T a s n e H u e  n p o c T p a H c T s a  H B B n A e  n p ~ ~ o f i  
CYMMbl 

H = G $ F .  



no AHAYKUMM O n P e A e J I R e T C R  O P T O r O H a J I b H a R  C y M M a  nro6oro KOHelr- 

H O r O  9 8 C J I a  I IOIIapHO OPTOrOHaJIbHbIX I IOAnpOCTpaHCTB.  

Hanee, o ~ T o ~ o H ~ J I ~ H o ~ ~  C Y M M O ~  ~ ~ C K O H ~ ~ H O T O  ( C ~ ~ T H O T O  kiJIIi H e -  

C Y ~ T H O ~ O )  M H O X e C T B a  (Gal I I O n a p H O  O P T O r O H a J I b H b I X  n O A n P 0 C T p a H C T B  

n p O C T p a H C T B a  H H a 3 b I B a e T C R  3 a M b I K a H l l e  M I I O ~ O O ~ ~ ~ ~ I I R  B C e X  KOHeq-  

HbIX CYMM B A A a  

g a p  f gap* f . . . , 
I'Ae gat E Gat, gar, E Gat, A T.  A. 

MOXHO C T P O H T b  O p T O r O H a J I b H b I e  CYMMbI rIPOW3BOJIbHbIX rmb6ep- 
TOBbIX n P O C T P a H C T B ,  H e  RBJIRI04MXCR I IOArIPOCTpaHCTBaMA HeKOTOPOrO 

3 a p a H e e  3aAaHHOI'O T A . ~ ~ ~ € ! P T o B o ~ o  n p O C T p a H C T B a .  O ~ P ~ H H ~ H M C R  AJIR 

nPOCTOTbI  ABYMR T A J I ~ ~ ~ P T O B ~ I M A  nPOCTPaHC'TBaMU N Hz CO CKa-  

JIRPHblMU nPOU3BeAeHARMM (*, M (*, *)z COOTBeTCTBeHHO. 

B 0 3 b ~ ' M  A e K a P T O B O  n p O U 3 B e A e H U e  H = H1 X Hz 3TMX IIPOCTpaHCTB. 

~ J I ~ M ~ H T ~ M A  H no O n p e A e J I e H A f O  RBJIRIoTCH B C e B 0 3 M O X H b I e  n a p b I  (fl, 
f z ] ,  r A e  f i  E HI, f z  E Hz, n P A q e M  

a { f l y  f z }  = ( 4 1 ,  a f z l t  ( f i t  f z l  + {gl, g z l  = ( f l  -I- g1, f z  S g 2 1  

A,  3 H a q M T ,  H y J I e B b I M  3JIeMeHTOM H RBJIHeTCR naps (0, 01, a CKaJIRp-  

H o e  n p o a 3 ~ e ~ e ~ u e  o n p e A e n e H o  p a s e H c T B o M  

r M J I b 6 e p ~ 0 ~ 0  n p O C T p a H C T B 0  H, OqeBNAHO,  RBJIReTCR o ~ T o ~ o H ~ J I ~ H o ~ ~  

C Y M M O ~ ~  CBOAX n O A n P O C T p a H C T B  {HI, O ]  A (0, Hz], a 3 T A  A B a  nOA- 
I I p O C T p a H C T B a  W ~ O M O P @ H ~ I '  COOTBeTCTBeHHO H1 M Hz. M M e R  B B A A y  

3 T 0  O ~ C T O R T ~ J I ~ C T B O ,  M O X H O  rIPON3BOAMTb O T O X A e C T B J I e H A e  (HI, 0) 
C HI A (0, Hz) C Hz, a H C q M T a T b  O P T O ~ O H ~ J I ~ H O ~ ~  CYMMOI? UPOCT- 

P a H C T B  HI' N Hz: 
H = H I G H 2 .  

0 IIOHRTHU R ~ O M O P @ U ~ M ~  ABYX ~ H J I ~ & ? P T O B ~ ~ X  nPOCTPaHCTB CM. H M e .  C. 33. 
 TO n p e A n o x r e e u e  c n p a s e p n i B o  Aria n106oro n o A n p o c T p a H c T s a  c e n a p a 6 e J I b -  

H O r O  M e T p U q e C K O r O  I I p O C T p a H C T B a  E. 



(f, g k )  E (h, g k )  -11 (gl, g k )  - A 9  (g~ ,  g k )  - w e #  - An ( g n ,  g k )  = 0 
( k =  1, 2, . . .  , n). (3) 

M ~ I  NMeeM 3 A e C b  CNCTeMy t2 J I N H ~ ~ ~ H ~ I x  y p a ~ ~ e ~ ~ f i  OTHOCUTeJlbHO 

hl, hz, . . . , h,. M ~ T P B U ~  (ajk); 3 ~ 0 c  CUCTeMbI, U j k  = (gkr gj), H a -  
~ ~ I B ~ ~ T C R  ~ampuyec  r p a ~ a ,  a ee o n p e A e n u T e n b  

- onpedenurnenefi r p a ~ a  B e K T o p o s  g,, g,, . . . , gn. Ha O c H o B a H u M  
P a H e e  AOKa3aHIIbIX Q ~ K T O B  CNCTehla y p a ~ ~ e ~ N f i  (3) N M e e T  eAHHCT- 
B e H H O e  P e m e H M e ,  KaKOB 661 HN 6 b 1 ~  BeKTOP h. ~ O ~ T O W Y  O n p e A e J I N T e J I b  
r p a ~ a  BeKTOPOB gl, g 2 .  . . . , g,, OTJlMqeH OT HYJIR. 

A ~ ~ K O  BNAeTb,  q T O  e C n N  BeKTOPbI  gl, g2, . . . , g, J I N H ~ ~ ~ H o  3 a B U -  
C N ~ I ~ I ,  TO N X  o n p e A e n w r e n b  r p a ~ a  p a B e a  H y n m ,  ~ O ~ T O M Y  dnx nu- 
~eii~oZ1 ti.e3asucuuocmu seKmopos f~eo6xodu~o u docmamou~o, ~ 0 6 6 1  
ux onpedenumem r p a ~ a  66m omnuveN om H@R. 

~ ~ G M ~ M C R  T e I I e p b  OTbICKaHUeM BeJIMqMHbI 



MLI BNANM, 9 T O  OTbICKaHMe 8' CBOANTCR K NCKJIIOqeHMIO BeJIMqMH hi 
I13 y p a ~ ~ e ~ ~ f i  (3), (4). 

3 r o  ~ c K n m e H M e  A a e T  

 TO II e C T b  @ o P M Y ~ I ~ ,  KOTOPYIO Mbl XOTeJIU IIOJIYqCITb. 

T ~ K  K ~ K  r (gl) = ( g ~ ,  g1) > 0 ( n p ~  gl 4 0), TO 113 ~ O P M Y J I ~ I  (5) 
no U H A ~ K U U U  c n e A y e T ,   TO o n p e A e n u T e n b  r p a ~ a  n a ~ e i i ~ o  ~ e s a ~ n -  
CMMbIX BeKTOPOB B C e r A a  n O J I O X N T e n e H .   TOT @KT M O X H O  PaCCMaT- 
P M B a T b  K a K  0606we~ue H e p a B e H C T B a  I(oIIII1 - ~ Y H R K O B C K O T O ,  KOTOPOe 
Y T B e p X A a e T ,  q T O  A n R  J I N H ~ ~ H o "  He3aBlrCUMblX BeKTOPOB gi, g2 IliMeeT . 
MeCTO H e p a B e H C T B O  r (gl, g2) > 0. 

8. O P T O T O H ~ J ~ ~ ~ ~ ~ ~ M R  IlOCJleAOBaTeJlbHOCTH BeKTOPOB. Ass M H O X e C T B a  
M I1 N BeKTOPOB U 3  R Ha3bIBaK)T BK6UBUfleHmNblMU, eCJIU COBIIaAaKIT 
I1X n k i ~ e f i ~ b l e  0 6 0 3 1 0 ~ ~ ~ .  ~ O ~ T O M Y  3KBNBaJIeHTHOCTb M H O X e C T B  M U N 
I l M e e T  MeCTO B TOM U TOJIbKO B TOM C n y q a e ,  K O r A a  K ~ X A ~ I B  3 n e M e H T  
OAHOrO I13 3TMX MAOXeCTR RBJIReTCFI. J I l l ~ e f i ~ ~ f i  K O M ~ N H ~ U N ~ ~ ~  K O H e q H O r O  
qMCJIa BeKTOPOB,  I I P U H a A J I e X a U N X  A P y r O M j '  MHOiXeCTBY. 

~ O C J I ~ A O B ~ T ~ J I ~ H O C T ~  BeKTOPOB 

el, e2, e3, . . . (1) 

M e X A y  KOTOPbIMN H e T  J I E I A ~ ~ ~ H ~ I X  ~ ~ B N C N M O C T ~ ~ ~ ,  M O X H O  C IIOMOUbH) 
B3BeCTHOI'O M3 J I a ~ e 6 ~ 0 f i  a n r e 6 p b 1  I I p O U e C C a  UMMAT~ - C O H N H ~  O p m O -  



2 O H a / l u 3 0 8 a m b l  T. e. n O C T p O H T b  O P T O H O P M H P O B a H H Y D  IIOCJIeAOBaTeJIb- 
HOCTL (1) T a K ,  q~06b1 I I p H  K a X A O M  H a T Y P a J I b H O M  f 2  IIOAnOCJIeAOBaTeJIb- 

HOCTA {gk): U (ek): 6b1nn 3KBHBaJIeHTHbI .  
AJIR IIOCTpOeHHA IIOCJIeAOBaTeJIbHOCTH (1) I I p H M e M  B K a Y e C T B e  el 

BeKTOp 

H O p M a  KOTOpOrO, OqeBAAHO, P a B H a  e A H H H Q e .  B ~ K T O P ~ I  el A gl I I O p O X -  
A W T  OAHO H TO Xe I l O A n P O C T P a H C T B O  El OAHOrO U 3 M e P e H U R .  

B ~ K T O ~  e2 MbI IIOCTPOUM B A B a  I I p H e M a .  C ~ a q a J I a  H 3  B e K T O p a  g2 
BbIqTeM er0 I I p O e K u H I o  H a  El; I IOJIyqHM B e K T O p  

K O T O P ~ I ~  O p T O P O H a n e H  I IOAIIpOCTpaHCTBy El, T.  e. B e K T O p y  el, PI KOTO- 

pb1fi H e  p a B e H  HyJI Io ,  T a K  K a K  B IIPOTUBHOM C J I y q a e  B e K T O p  g2 n p H -  
HaAJIelKZIJl 6b1 El, rITO n P O T H B O P e q H T  J I k i ~ e f i ~ ~ f i  He3aBACAMOCTA BeKTO- 
p O B  gl, g2. O T ~ I C K ~ B  hz, IIOJIOXHM 



n o ~ a x e ~ ,   TO nm6ax Mampuya (aik); kEl ,  06nadam~qax s m u ~ u  
csoiicmsa~u, ~~snxemcx ~ampuyel i  l'paxa ~etcomopoii cucmeMbi sex- 
mOP06 g ~ ,  . . . , &?,,. 

H.nx AOKa3aTeJbCTBa  BOi'IIOJIb3yeMCR c J I e & y I O q e f i  N ~ B ~ C T H O ~ ~  TeOpe-  
~ o f i  n l r ~ e i i ~ o f i  anre6pb1: e c n l r  B c e  r n a a H b I e  y r n o n b l e  M M H O P ~ I  SPMH- 

TOBOG MaTPlrUM (aik);, k = ~  nOJIOXlrTeJlbHb1, T O  H~~~J(€!TcR TaKOe HeOCO- 

6eHt10e npe66pa30~a~ue  
n 

7 j s = x z r s s ,  ( s = = l , 2 , . . . , n ) ,  
r=l 

(3) 

9 T O  
n 

B C R K M ~ ~  BeKTOP h E H MOXHO HPlr ~ 1 0 6 0 ~  HaTypaJ IbHOM t2 npeACTt3Blrl.b 

B BlrAe 



6, e C T b  PaCCTORHUe TOsKM h OT J I U H e f i ~ o f i  06onos~u Gn n e p B b I X  n  
BeKTOPOB IIOCJIeAOBaTeJIbHOCTU ( 1 ) .  

ECJM 6b1 BMeCTO J I P i H e f i H ~ f i  K O M ~ U H ~ U U U  n-r0 IIOpRAKa (2) MbI 
IlOXeJIaJIU H ~ ~ T N  H a N M e H e e  YKJIOHRIOLUYmCR OT h J I U H ~ ~ ~ H Y D  K O M ~ N -  
H a u u m  (n  + 1)-ro n o p f f A K a  

TO MbI AOJIXHbI  ~ ~ I J I U  6b1 B 3 R T b  B e K T O P  

K O ~ @ @ U U U ~ H T ~ I  KOTOPOrO (h ,  ek) MOXHO H a 3 B a T b  ~03@@U~Uefim~&Ll 
@ypbe B e K T O p a  h OTHOCUTeJIbHO O ~ T O H O ~ ~ ~ U ~ O B ~ , H H O ~ ~  IIOCJIeAOBaTeJIb- 
HOCTM (1). ~ P U  3TOM U3 (4) C J l e A y e T  H e p a B e H C T B O  

1 (h7 e k )  l 2  <./I h / I 2 -  
k-l  



npeACTaBUT PaCCTOHHNe TOqKM h OT G W AJIH ~ ~ N H ~ A J I ~ x H o c T N  BeK- 

T O p a  h M H O ~ O O ~ ~ ~ ~ M ~ O  G H ~ O ~ X O A M M O  N AOCTaTOqHO, 9 ~ 0 6 b 1  R (POP- 
M y J I e  (6) NMen  MeCTO 3 H a K  P a B e H C T B a .  

YC~OBHMCR H a 3 b I B a T b  CNCTeMy BeKTOPOB ~ U A K H Y ~ O ~  B H, eCJIN ee 
n ~ ~ e f i ~ a ~  06onos~a n n o T H a  B H. 

M3 HaIUNX ~ ~ C C M O T ~ ~ H I I ~ ~  BbITeKaeT  C J I ~ A Y I O ~ A ~  p e 3 y J I b T a T :  ~ R R  
3aufctiymocmu e H opmo~op~upoeatitiob cucmeAb1 ( 1 )  ~ e o 6 x o d u ~ o  u 
docmamortio, ~m06bl d n ~  nm6ozo eefcmopa h E H uueno uecmo paeeticmeo 

A ~ ~ ~ c T B N T ~ J I ~ H o ,  MbI NMeeM Y p a B H e H U e  3aMKHYTOCTZI AJIR BeKTOpa  
g A h  npu n106o~ A: 

w w 

A (h ,  g) + h) = A C (h, ek) (ek, g) + i C (g, ek) (ek, h). k= l k=l 



0 6 0 6 4 ~ ~  T e n e p b ,  CJleAyR C. C. J ~ B H H Y ' ,  HepaBeHCTBO Beccen~,  
a T a K X e  YPaBHeHtie  3aMKHYTOCTI.I H a  TOT ~JlyWlfi, KOrAa ,  BMeCTO OpTO- 
H O P M H P O B ~ H H O ~ ~  nOCJeAOBaTeJIbHOCTIl ( I ) ,  B H B3RTa nP0113BOJIbHaH 
~OCJeAOBaTeJlbHOCTb BeKTOPOB 

M e X A y  KOTOPbrMN HeT J I t iHef iHb~x  ~ ~ B K C M M O C T ~ ~ ~ .  C 3~0fi UeJIbIO BBeAeM 
npti n = 1, 2, 3 . . . M ~ T P N U ~ I  r p a ~ a  

YR' = (p$')y, k=J,  

c y w e c ~ ~ o ~ a ~ ~ e  KOTOP~IX c n e A y e T  u3 roro, s ~ o  B c e  o n p e A e n u T e n a  

r p a ~ a  I' (g,, g,, . . . , g,) H e  p a n H b r  H y n m  (CM. no 7). M3 onpegene- 
HHR qWCeJl B$' BbITeKaeT, 9TO 

n 
B$) ( g i ,  g,) = a,,! ( k ,  p = 1, 2 ,  . . ; n). 

j= I 

l L e  w i n S. ~ b e r  einige mit der Konvergenz im Mittel verbundene 
Eigenschaften von Funktionenfolgen, Math. Z .  1930, 32, 4.  S. 491-511. 



IlpeACTaBJlReT PaCCTORHMe TOqKN h OT J I M H ~ ~ H o ~ ~  O ~ O ~ O ~ K N  BeKTOPOB 

gl, g2, . . . , gn. ~ O ~ T O M Y  3Ta BeJIMWiHa H e  BO3paCTaeT npIl BO3pa- 
CTaHHIl n N, 3Ha4NT, JIeBaR qaCTb (11) IIpN B03paCTaHNIl n H e  y6b1- 
BaeT. A TaK K a K  neaaR qacTb (1 1) orpawisem, TO oHa nMeeT npeAen. 
C n e ~ o ~ a ~ e n b ~ o ,  d m  n1060zo eetcmopa h cyyecmeyem 

M3 HepaBeHCTBa (12) MbI 3aKJIWIaeM TaKXe, qTO dnfl 3UMtcfiymO- 
cmu e H nocnedoeamenbfiocmu eetcrnopoo (9) fieo6xoduuo u docma- 
mouuo, urno6o~ d n ~  nm6ozo eetcrnopa h E H uueno Atecmo paeeficmso 

n 

CXOAUMOCT~ B H n o c n e n o s a T e n b H o c T u  { s , } , ~  ~ O ~ B O J I H ~ T  r o s o p n T b  o c x o n u -  
MOCTU B H PRAa - 



B TaKOM C J I y q a e  n p P i  nIo6b1x H a T y p a J l b H b l X  p H q > p 

(h, e,) = (h - sq, e,) + (sq, ep) = (h  - sq, ep) + Ep. 
A T a K  K a K  

I (h - $4, e,) I ,< I1  h - s, 11,  
TO 

lim (h - s,, e,) = 0 
4+ - 

U, CJIeAOBaTeJIbHO, 

P ~ C C M O T ~ ! ~ A ~  TOT Xe BOnpOC, HO n p P i M e H H T e J I b H 0  K 0 6 0 6 4 e ~ f 1 0 ~ ~  

HepaBeI- iCTBy Beccem (1 I ) ,  CBR3aHHOMY C nOCJIeAOBaTeJIbHOCTbF0 B e K -  

TOPOR (9). 
~ Y C T ~  A a H a  nOCJIeAOBaTeJIbHOCTb s U C e J I  (Ek)r, AJIR KOTOPO~ 

L[~~CTBP~T€!JI~HO, I I p H  p ,< q MbI UMeJIU 6b1 C y q e T O M  (10'): 

He MeulaeT 3 a ~ e ~ u ~ b ,  YTO CXOARMOCT~. B H n~odoro pnAa 

f i + f a + f a + . . .  
r ~e 

(fi, fk) = 0 (i + k ) ,  
3KBUBaJleHTHa CXOAUMOCTH YUCJlOBOrO p R A a  

I I  f l  / I 2+  I I  f 2  1 1 2  4- I I  f s  / I2  + ... 



O T C I O A ~  Mbl BNAUM, YTO JIeBaR YaCTb  H e p a B e H C T B a  (14) n p N  BO3paCTa- 
HNU Tl H e  y 6 b 1 ~ a e ~ ,  a n0TOMy CTpeMUTCR K n p e A e J I y .  HO B TaKOM 

C n y 4 a e  U 3  (16) CJleAyeT, YTO n0Cf l eAOBaTe~ lbHOCTb  {f,)," ~ Y H A ~ M ~ H -  
~ a ~ r b ~ a  N, ~ H ~ Z I U T ,  U M ~ ~ T  n p e f i e n  h E H. ~ T O ~ O  n p e ~ e f l a ,  K ~ K  
N BbIUle,  ~ a 6 & e ~ ,  4TO 

( h , g p ) = l i m ( f , , g , ) = E ,  ( ~ = l , 2 , 3 ,  ... ). 
n-c m 

10. ~ O A H M ~  OpTOrOHaAbHble CHCTeMbl BeKTOPOB B H. M e x ~ y  BeKTC- 
PaMN O ~ T O H O ~ M H ~ O B ~ H H O ~ ~  CNCTeMLI H e  MOWeT ~ L I T L  J I N H ~ ~ H ~ I x  3aBUCN- 
MOCT~B. ~ O ~ T O M Y  B eBKnNAOBOM IIPOCTPaHCTBe n 113~epe~Eifi BCaKaR 
OPTOHOPMNPOBaHHaR CUCTeMa BeKTOPOB COAepWUT H e  6mee n BeKTOPOB. 

B Y A ~ M  Ha3bIBaTL  OPTOHOPMUPOBaHHyIO CUCTeMy M ~ 0 / 1 I i 0 G  B H, 
e C n N  CNCTeMa M H e  FIBJIHeTCR NCTNHHOB YaCTbIO H ~ K O T O P O ~  OPTOHOPMB- 
~ O B ~ H H O ~  CNCTeMLI B H. Boo6ue CNCTeMy BeKTOpOB N ( ~ e  O ~ H S ~ T ~ J I L H O  

OPTOHOPMNPOB~HH~IO) H a 3 0 B e M  I I o J ~ H o ~ ,  eCAN B H HeT OTJINYHOrO OT 
H y A R  BeKTOpa ,  OpTOrOHaAbHOrO Ka>t<&OMy B e K T O p y  CNCTeMM N . 

B eBKANAOBOM npOCTpaHCTBe  n N 3 ~ e p e ~ N f i  n m 6 a ~  OPTOHOPMUPOBaH- 
HaR  CNCTeMa Pi3 n BeKTOPOB RBJIReTCR I Io J IHo~~ .  B ~ M J I L ~ ~ ~ T O B O M  Xe 
IIpOCTpaHCTBe nO.ilHLIe OPTOHOPMUPOBaHHLIe CNCTeMbI C O A e p X a T  6ec~C- 
H e 4 H O e  4NCJIO 3neMeHTOB,  N B 0 3 H N K a e T  BOIIpOC 0 MOUHOCTN 3TNX 
CNCTeM. 

%OT B o n p o c  p e m a e T c n  n p o c T o  A n R  cenapa6e.~~~brx n p o c T p a H c T B .  
C HNX MbI N HaYHeM. 

Teopema 1.  Ecnu npocmpaticmeo H c e n a p a 6 e n b ~ 0 ,  mo ecxmx 
o p m o w o p i u u p o e a f i t i a x  cucmeiua seicmopog e weiu xenxemcx icoiieqfibliu 
UAU CWmfib l i u  iuHOWeCm80M. 

H O K ~ ~ ~ T ~ A L C T B O .  ~ Y C T L  

fl, fa,  fs, . . (1) 
- CYeTHOe MHOWeCTBO BeKTOPOB, nJlOTHOe B H, N I IyCTb M - 3aAaH- 
H o e  MHOlKeCTBO I I O n a p H O  OpTOrOHaJIbHLIX N HOPMBPOBaHHbIX BeKTOPOB. 
AOKW~M, YTO M MOWHO n e p e ~ y ~ e p o ~ a ~ ~ .  ~ Y C T L  e c M. H a f i ~ e ~  B (1) 
K ~ K O ~ - H U ~ ~ A ~  BeKTOP fk ,  EAR KOTOPOrO 

(2) 



~ Y C T ~  aHaJIOrM9HbIM BeKTOPOM AJIR e' 6 M 6 y n e ~  f k r .  A O K ~ X ~ M ,  9 T O  
' k + k', e C J N  e # e'. & e f i c ~ ~ P i ~ e J I b ~ o ,  

W ,  CJIeAOBaTeJIbHO, f k l  p fk ,  T. e. k' # k. 
T ~ K H M  o6pa30~,  C I I O M O q b I o  COOTHOLUeHMR (2) IlIbI M O X e M  K a X A O M y  

B e K T O p y  Pi3 M OTHeCTll  H a T y p a J b H O e  qPiCJI0, Pi pa3JIPiqHbIbI  B e K T O p a M  

W 3  M OTHOCRTCR p a 3 J I P i 9 H b I e  H a T y p a J I b H b I e  9PiCJIa.  T ~ M  CaMbIM C 9 e T -  
HOCTb M H O X e C T B a  A O K a 3 a H a .  

H a n ~ s ~ e  B HeKOTOPOM I I p O C T p a H C T B e  r P i n b 6 e p ~ a  H e C q e T H O r O  MHO- 

X e C T B a  BeKTOPOB, I I O n a p H O  OPTOrOHaJIbHbIX II HOPMAPOBaHHbIX,  R B n R e T C R  
IIPA3HaKOM TOrO,  9 T O  I IPOCTPaHCTBO H e  cenapa6enb~o. O A A H  B ~ X H ~ I ~  
I IpPiMep 3 T O r 0  PO@ H P i X e  6 y ~ e ~  H a M l l  P a C C M O T p e H  (CM. no 15). 

Teope~a 2. nontioma s H Gec~otieutiofi n o c n e d o s a m e f l b t i o c m u  

semopos uiueem iuecmo s moiu u m o n b r c o  e moiu cnyqae, rcoeda sma nocne- 
d o s a m e n b l i o c m b  se~mopoe s a i u ~ ~ y m a  s H. 

A 0 K a 3 a T e n b C T B 0. He 6 y ~ e ~  H a p y L U e H I l e M  O ~ ~ H O C T A ,  ecnu 
MbI IIpPiMeM, 9 T O  A a H H a R  n O C J I e A O B a T e J I b H O e T b  BeKTOPOB OPTOHOPMIIPO- 
B a H a .  0 6 0 3 ~ a 9 1 1 ~  ee 

el, e,, e 3 , . . .  (3) 

A. ~ Y C T ~  CACTeMa (3) 3 a M K H y T a  B H.  TO 3Ha911T, ~ T O ' A J I R  BCR- 
K O r O  B e K T O p a  113 H A M e e T  MeCTO Y P a B H e H N e  3aMKHyTOCTN.  & o n y c ~ a R ,  
9 T O  CNCTeMa (3) H e  IIOJIHa, 0 6 0 3 ~ a 9 P i ~  qepe3 h K ~ K Q ~ ~ - H H ~ Y A ~  OTJIPi9- 

~ b 1 f i  OT HyJIR B e K T O p ,  o ~ T o ~ o H ~ J I ~ H ~ I ~ ~  BCeM B e K T O p a M  (3). T ~ K N M  

06pa30~, (h, ek) -- 0 (k = 1, 2, 3, . . .), Pi Y p a B H e H N e  3aMKHy'TOCTA 
A J R  h IIpPiBOAPiT K nPOTPiBOP€!9UIo 

B. I I p e n n o n o x P i ~  T e n e p b ,   TO C u c T e M a  (3) nonaa. B o ~ ~ M ~ M  n p o ~ 3 -  
B o J I ~ H ~ I ~ ~  BeKTOP h 6 H A PaCCMOTPAM ITOCJIeAOBaTeJIbHOCTb BeKTOPOB 

 OH^ (CM. no 9) @ ~ H A ~ M ~ H T ~ J I ~ H ~ ,  a 3Ha9PiT,  CXOAPiTCR K HeKOTOPOMy 

aemopy. I l y c ~ b  g - ee npenen. T o r ~ a  

(g, ek) = lim (s,, ek) - (h, ek) (k = I , 2, 3,.-. . .) . 
n - t m  

(4) 



M ~ I  AOKa3aJIH, s T 0  AJIH IIpOH3BOJIbHOrO B e K T O p a  h 6 H IlMeeT MeCTO 

YpaBHeHMe 3aMKHYTOCTki. T ~ M  CaMbIM AOKa3aH0,  s T 0  (3) eCTb  3aMKHY- 

T a n  B H IIOCJIeAOBaTeJIbHOCTb. 

Teope~a 3. l7pocnzparrcmso H uueem nonrryto opmorropnluposarr- 
~ y t o  nocnedo6amenbrrocmb 8 moAt u monbrco mou cnyqae, rcoada OHO 

cenapa6enb~o. 
o K a 3 a T e n c T B O. A. l l y c ~ b  n p o c T p a H c T B o  H c e n a p a 6 e n b a . o .  

0 6 0 3 ~ a W i ~  sepe3 N C s e T H O e  MHOXeCTBO BeKTOPOB, IIJIOTHOe B H. 
B b 1 6 p a c b 1 ~ a ~  Pi3 nOCJIeAOBaTeJlbHOCTIl N ~ a X A b 1 f i  BeKTOp, K O T O P ~ I ~ ~  
RBJIReTCR J I I I ~ e f i ~ o f i  ~ 0 ~ 6 k i ~ a u ~ e f i  I IPeAbIAyUHX,  II n O A B e P r a H  nOJIy-  

s e H H y l o  n o c n e A o B a T e n b H o c T b  op~oro~ans3au1111, M ~ I  n o n y w M  OPTOHOP- 

MIlPOBaHHYIO nOCJIeAOBaTeJIbHOCTb M. 3 ~ a  IIOCJIeAOBaTeJIbHOCTb IIOJIHa. 

B CaMOM AeJIe ,  I I yCTb  BeKTOp h 6 H OpTOrOIlaJIeH K a X n O M y  3JIeMeHTy 

n o c n e A o s a T e n b H o c T n  M. Torna h o p T o r o H a n e H  K a x A o M y  B e K T o p y  113 N. 
npa n m 6 o ~  E > 0 MOXHO ~ a f i ~ k l  BeKTOP f E N ,  AJIR KOTOpOrO 

IIh-fll < e .  
C n e ~ o ~ a ~ e n b ~ o ,  

IIhl12=(h, h) = (h-f,  h ) G I I h - f l l .  I l h l l ~ e I I h l I  



a 3 a T e M  M O X H O  qklCJIa (h, ek) (k = I ,  2, . . . , n) 3aMeHFiTb CTOJlb 

~ J I M ~ K B M B ,  K HBM qBCJIaMkl 7 r ) ,  q ~ 0 6 b l  

n 

q e M  B A O K a 3 a H a  ~ e n a p a 6 e J I b H 0 ~ ~ b  n p O C T p a H C T B a  H. 
Bonpoc 0 MOIIlHOCTB IIOJIHbIX OpTOHOphlUpOBaHHbIX CUCTeM B C e n a -  

p a 6 e J I b H 0 ~  I I p O C T p a H C T B e  HaMU P e U I e H  IIOJlHOCTbIO: BCRKaR I I O n H a R  
QPTOHOPMUPOBaHHaR CMCTeMa B c e n a p a 6 e J I b ~ o ~  n p O C T p a H C T B e  e C T b  0 6 ~ -  
3 a T e J l b H O  ~ ~ C K O H ~ ~ H ~ R  nOCJleAOBaTeJIbHOCTb. 

Tenepb nepeXOAklM K nPOB3BOJIbHbIM ~ B J I ~ ~ ~ P T o B ~ I M  n p O C T p a H C T B a M .  
n p e X ~ e  B C e r O  3aMeTklM, W O ,  KUK08U 6 6 1  H U  6 6 1 n a  MCYHOCtTlb 

opmo~op~uposantto~ cucmem M,  ~ C R K U L ?  B e r c m o p  f u M e e r n  ~c 6onee 
C Y e m H o z o  ~ f i o x e c m s a  O m n u Y t i b l x  om ~ y n ~  npoe~yud na 3 n e n i e u r n b l  
CUCtTleMbl M. 

A e f i c ~ ~ k l ~ e J I b ~ o ,  AJIR nm6oro ~ a 6 o p a  e', e", e"', . . . 3J leMeHTOB 
113 M UMeeT MeCTO H e p a B e H C T B O  

I (f, e') l2 + I (f, e") l2 + I ( f ,  e"') l 2  + " ' < ( 1  f 1 1 2 ,  
KOTOPOe n O K a 3 b I B a e T ,  q T O  MHOXeCTBO BCeX OTJIEiqHbIX OT HYJIR qklCeJI 
(f, e), e E M, MOXHO n e p e H y M e p o s a T b .  

Aanee m e e T  M e m o  
Teope~a  4. B c R K u e  dse n o n f i b l e  o p m o n o p f i u p o s a t t u b l e  c u c m e M b r  

8 n p o c m p a H c m 8 e  r u n 6 6 e p m a  ufierom o d ~ y  u my we M O ~ I - ~ o c m b .  
A 0 K a 3 a T e JI b C T B 0 H Y X H O  IIpOBeCTkl TOJIbKO AJIR T o r 0  C J I y q a R ,  

K o r n a  n p o c T p a H c T B o  H ~ecenapa6em~o.  
~ Y C T ~  A B e  OPTOHOPMMPOBaHHbIe CNCTeMbI M Pi N COOTBeTCTBeHB3 

MOUHOCTU m U tt nOJIHb1 B H. 
~ J I R  K a X A O r O  3 J I e M e H T a  f E N H ~ ~ ~ A ~ T C R  3 J I e M e H T  e E M ~ Z i K o f i ,  qT'3 

(e, f)  # 0, T a K  K a K  B nPOTNBHOM C J I Y q a e  C B C T e M y  M M O X H O  6 b 1 ~ 0  619 
IlOnOJHklTb 3JleMeHTOM f .  H a f i ~ ~  AJIR 3 J l e M e H T a  f y ~ a 3 a ~ ~ b I f i  3JIe- 



T ~ K  K a K  MIIOXeCTBO N HeCZIeTHO, TO B H e M  H ~ ~ ~ A ~ T c R  3 J I e M e H T  f ' ,  
O T J I U Z I H ~ I ~ ~  OT 3" leMeHTOB COBOKYnHOCTU S M, CJIeAOBaTeJ lbHO,  OpTOrO- 
~ a J I b H b 1 f i  e. B 0 3 b ~ e ~  B M 3 J I e M e H T  e', AJIR KOTOpOrO (e', f ')  =# 0, 
a 3 a T e M  0 ~ 6 e p ~  133 N B C e  3JIeMeHTb1, H e  O p T O r O H a J I b H b I e  e' U H e  BXO- 

n m u e  B S.  F I e p e ~ y ~ e p y e ~  MX 

(Sf) fl, f l ,  . .  . , fX1 (1 < n' 4 a). 

H e o r p a ~ ~ s e ~ ~ o e  ( T P ~ H C @ M H N T H O ~ )  n p o A o n x e H M e    TO TO npouecca npu- 
B e A e T  H a C  K M H O Z e C T B Y  C O B O K Y ~ H O C T ~ ~ ~  S, C N , o6na~aroqux C n e -  

AYIOUMMM C B O ~ ~ C T B ~ M N :  

1) K a l K ~ b ~ f i  3 J I e M e H T  U 3  N BXOABT B OAHY U TOJIbKO OAHY U 3  COBO- 
K Y ~ H O C T ~ ~ ~  S,; 

2) K a X ~ 0 f i  COBOKynHOCTM S, O T B e s a e T  H ~ K O T O P ~ I ~ ~  3 J I e M e H T  ea M, 
I I p M q e M  p a 3 J I M q H b I M  COBOKYnHOCTRM S,, Sp O T B e q a W T  p a 3 J I M q H b I e  3ne- 
MeHTbI  em, ep; 

3) K a x A a x  C O B O K ~ ~ H O C T ~  S, c 0 A e p x u - r  H e  M e H e e  o A H o r o  s n e ~ e ~ ~ a  
11 H e  6onee C s e T I l O r O  h1HOXeCTBa 3 J e M e H T O B .  

~ Y C T ~  P - M O q H O C T b  M H O X e C T B a  C O B O K ~ ~ H O C T ~ ~ ~  S,. Ecna K a Z n a R  

COBOKYnHOCTb S, ~ ~ C K O H ~ ~ H &  T O  no M ~ B ~ C T I I O ~ ~  T e O p e M e  T e O p U A  MHO- 

X e C T B  

tt = Hop = p. 
T ~ K  K a K  P a B e H C T B O  

t t=p  

BbIIIOJIHeHO OseBMAHbIM 06pa30~ H B A p y r O M  K p a f i ~ e ~  C J I y s a e ,  K O r A a  

K a X A a R  COBOKYIIHOCTb S, C O A e P X M T  B C e r O  OAHH 3JIeMeHT,  TO I4 B 0 6 ~ ~ 3 ~  
cnysae 

tt-p.  



0 n p c n e n e H M e. Pas~eptiocm6ro npocmpaticmsa r u n b 6 e p m a  ~ ~ 3 6 1 -  
6 U D m  MOlI(F1OCmb 110~ti0c O P ~ O N O P M U P O ~ ~ ~ ~ N O ~  CUCtTleMbl 6 N e M .  

P ~ ~ M C P H O C T ~  I I O A I I p O C T p a H C T B a  G c H h f O X H O  yXe H e  OIIpeAeJIRTb.  
 TO x e  K a c a e T c R  npoa3~onb~oro  n u ~ e i i ~ o r o  ~ ~ o r o o 6 p a s u ~  L c H, TO 

IIOA er0 p a 3 M e p H O C T b I o  IIOHUMaIOT p a 3 M e p H O C T b  n O A I I p O C T p a H C T B a  E. 
Ecnu A B a  n p O C T p a H C T B a  r U J I b 6 e p ~ a ,  H ti H', U M e I o T  O A H y  U T y  Xe 

P a 3 M e p H O C T b ,  T O  OHU ~ 3 0 ~ 0 p I ; b t i b l  B TOM CMbICJIe,  9 T O  M e X A Y  UX 3 J I e -  

MeHTaMU M O X H O  YCTaHOBUTb B3aUMHO O A H 0 3 H a r I H O e  COOTBeTCTBUe,  
Y A O B J I e T B O p R I o U e e  C J I e A y I o U e M y  YCJIOBUIo: eCJIU 3 J I e M e H T a M  f ,  g E H 
COOTBeTCTBYtOT 3 J I e M e H T b I  f t ,  gr E HI, TO 1) 3 J I e M e H T y  af $ pg COOT- 

B e T C T B y e T  3 J I e M e H T  af' $ pg' U 2) C K a J I R p H b I e  I I p O U 3 B e A e H U R  (f, g)H 
U (f', gt)H' P a B H b I  M e X A y  co6ofi. 

A ~ ~ ~ c T B U T ~ J I ~ H O ,  IIOCKOJIbKy I I p O C T p a H C T B a  H U Ht UMeIOT O A H y  
U T y  Xe p a 3 h f e p H O C T b ,  T O  OHM 0 6 J I a ~ a I o ~  IIOJIHbIMM O P T O H O P M H P O B a H -  

HbIMU CHCTeMaMU O ~ U H ~ K O B O ~ ~  MOUHOCTM. YCT~HOBAM K ~ K - H U ~ Y A ~  
83aMMHO O A H 0 3 H 8 9 H O e  COOTBeTCTBMe M e X A y  3 J I e M e H T a M U  3 T U X  A B y X  

OPTOHOPMUPOBaHHbIX CUCTeM A P a C I I P O C T p a H U M  3 T 0  COOTBeTCTBUe H a  
J I n ~ e f i ~ b I e  ~ ~ O J I O L I K U  P a C C M a T P U B a e M b I X  O p T O r O H a J I b H b I X  C A C T e M  T a K ,  
9~06b1  B b I I I O J I H R J I K b  YCJIOBUe 1). n p U  3TOM YCJIOBUe 2) BbInOJIHUTCR 
aBTOMaTU9eCKA,  9 T O  II03BOJIUT I I y T e M  I I p e A e J I b H O r O  n e p e X 0 A a  I I O J I y q M T b  

T P ~ ~ Y ~ M O ~  COOTBeTCTBUe AJIR BCeX 3 J I e M e H T O B  I I p O C T p a H C T B  H, H'. 
M3 A O K a 3 a H H O r 0 ,  B W C T H O C T U ,  C J I e A y e T ,  q T 0  B C R K O e  cenapa6enb~oe 

IIpOCTpaHCTBO r U J I b 6 e p ~ a  U~OMOP@HO n P O C T P a H C T B Y  1'. 
TO, q T O  A B a  T N J I ~ ~ ~ P T O B ~ I X  I I p O C T p a H C T B a  H ~ O A U H ~ K O B O ~ ~  p a 3 M e p H O -  

CTU H e  U ~ O M O P @ H ~ I ,  0 9 e B U A H O .  
~ O ~ T O M Y  A B a  ~ ~ C T ~ ~ K T H ~ I X  T U J I ~ ~ ~ P T O B ~ I X  I I p O C T p a H C T B a  ( ~ O A O ~ H O  

ABYM ~ ~ C T P ~ K T H ~ I M  eBKJIUAOBbIM ~ P O C T ~ ~ H C T B ~ M )  OTJIU9alOTCR A P Y r  OT 
A p y r a  TOJIbKO CBO& P a 3 M e P H O C T b I O .  

1 1. ~ ~ P O C T P ~ H C T B O  L2. Mbl I I O J I y q U M  B e C b M a  B a X H y I O  p e a J I U 3 a U U I O  
c e I I a p a 6 e J I b ~ o r o  I I p O C T p a H C T B a  r U J I b 6 e p ~ a ,  6 e p ~  B K a q e C T B e  B e K T O P O B  
(PYHKUUU TOqKU B B e U e C T B e H H O M  eBKJIUAOBOM n p O C T p a H C T B e  (nm6oro 
q H C J I a  U 3 ~ e p e ~ U f i ) .  T ~ K  K a K  p a C C M 0 T p e H U R  H e  3 a B U C R T  OT P a 3 M e P H O C T U  
I IpOCTpaHCTBa U X a p a K T e p a  o 6 n a c ~ u  3TOTO I l P O C T P a H C T B a ,  B K O T O P O ~ ~  
P a C C M a T p U B a I o T C R  (PYHKUUH, T O  MbI M O X e M  AJIR y n p O U e H U R  n P U H R T b ,  
q T O  0 6 J I a ~ ~ b I o  RBJIReTCR K O H ~ ~ H ~ I G  UJIU ~ C C K O H ~ ~ H ~ I ~ ~  U H T e p B a J I  (a, b) 
q U c J I 0 ~ 0 f i  OCM. r U J I b 6 e p ~ 0 ~ 0  n p O C T p a H C T B 0 ,  n O J I y q a e M O e  I I p U  3TOM, 
C 6 0 3 ~ a q a e ~ c ~  L2 (a, b) (UJIU I IpOCTO L2). ~ O A  L2 IIOHUMaIOT COBOKYII- 

HOCTb BCeX ( K O M I I J I ~ K C H O ~ H ~ ~ H ~ I X )  U3MePUMbIX @YHKUUR B (a, b), 
K B a A p a T  MOAyJIR KOTOPbIX U H T e r P U P Y e M  B CMbICJIe JIe6era. n p U  3TOM 
A B e  @ Y H K ~ U H  H e  CrIMTaIOTCR P a 3 J I H q H b I M I I ,  e C J I U  OHH OTJIUqaIOTCR JIHIIJb 

H a  M H O X e C T B e  M e p b I  H y J I b .  

T ~ K  K a K  

la+pl2< 21a12- t2 jp12,  
TO U 3  f ( f ) ,  g (f) E L2 BbITeKBeT,  q T O  f (t) $ g (t) E L2. Aanee, KaKOBO 6b1 
HU 6b1~10 qUCJIO h ,  3 f ( f )  E L2 B b I T e K a e T ,  q T O  lf (t) E La. T ~ K U M  

2 6-448 
r , 
' -1  



o6pa30~, L2 e C T b  J I M H ~ ~ H ~ R  C U C T e M a ,  HyJIeBbIM 3JIeMeHTOM K O T 0 ~ 0 f i  

RBJIReTCR (PYHKUNR, P a B H a R  H y J I I o  I I O s T H  BClOAy B (a, b). &a J I u ~ e 8 -  
H a R  C U C T e M a  CTaHOBNTCR M ~ T P W ~ ~ B ~ H H O ~ ,  e C n k I  C K a J I R P H O e  I IpOU3BeAe-  
m e  o n p e A e n u T b  ( P o p ~ y J I o f i  

b 

(f 9 g) = S f (4 fi) dt. 
a 

3 T 0  H e p a B e H C T B O  6b1no I l O J I y s e H O  BYHRKOBCKMM (AAH U H T e r p a n O B  
B CMbICJIe P u M ~ H ~ ) .  

Tenepb MbI A O K a X C M  nOJIHOTy L2, O T K y A a  6 y ~ e ~  B b I T e K a T b ,  9 T O  
L2 RBJIReTC5I I IPOCTPaHCTBOM r U ~ b 6 e p ~ a .  

~ Y C T ~  I IOCJIeAOBaTeJIbHOCTb ( P Y H K U A ~  f, (t) E L2 (n = 1, 2, 3, . . .) 
( P y ~ f i a ~ e ~ ~ a J I b H a ,  T. e. I I y C T b  

b 

l im S 1 f,, (t) - fin (t) l 2  dt = O. 
rn, n-t rn a 

M3 3 T O r O  H e p a B e H C T B a  C J I e A y e T ,  s T 0  MHOXCCTBO T e X  T O q e K  U H T e p B a n a  
(a, b), B KOTOP~IX 

1 
I fk r+ ]  ( t )  - fkr  ('1 I h ?;- , 



1 
I fks+l (t) - fk,  (t) 1 < 9 

1 I fk,+2 (t) - fk,+1 ( f )  I < 9 

BblIIOJIHRIOTCR OAHOBPeMeHHO H a  TOLIeLIHOM M H O X e C T B e  I,, AOnOJIHeHHe 
K o T o p o r o  80 umepsana I = (a, b) u M e e T  M e p y  

. . , TO C y U e C T B Y e T  lim In = I* U m6S (I\I*) = 0. 
n +  w 

{fk, (f)}:=, CXOAUTCR P a B H O M e p H O  B I, H p U  n106oh.1 S. 

n- 1 n-l 
1 1 

f t f m  lfkr+ ,  ( t ) - f k , f t )  I < C ,< 
r = m  r = m  

(n > m > s). 

C ~ ~ A O B ~ T ~ J I ~ H O ,  {fk, (t));=l CXOAUTCR B I* (T. e. H O s T U  BCIOAy B 1). 
nonoxm 

r A e  m, k, > N (E), a I, (a) e c T b  I,, ecnu u H T e p s a n  (a, b) K o H e s e H ,  
u e c T b  I, n (- a, a) B .~POTHBHOM cnyrae. B I, (a) c x o ~ u ~ o c ~ b  nocne- 
AOBaTeJIbHOCTU {fk, (t)}rw=, P a B H O M e p H a .  ~ O ~ T O M Y  B H a n U C a H H O M  U H T e r -  

pane ~ ~ K O H ~ H  n p e ~ e n b ~ ~ f i  nepexoa, u M ~ I  n o n y s a e M  



lim 1 1 fm (t) - (t) l 2  dt = O. 
m-t m 

~ O A ~ ~ P K H ~ M ,  q T O  B I I p O u e C C e  AOKa3aTeJIbCTBa HaMM n O J I y q e H  CJIe- 

~ y m w ~ i i  @ ~ K T :  ecnu n o c n e d o ~ a m e n b t i o c m t  cxodumcx tc f (t) s fiemputce 
L2, m. e. / (  fn - f J l  -+ 0 (n -+ co), mo sma n o c n e d o s a m e n b n o c m b  codep- 
x u m  n o d n o c n e d o e a m e n b ~ o c m b  {fk, (t)),:,, t c o m o p a x  C X O ~ U ~ C R  tc f (t) 
normu scrody, u ecnu u3 unmepeana (a, b) y d a n u m b  m d n e ~ a y e e  
fitioxesmso c t c o n b  yzodtiot.2 fianot.2 n o n o ~ u m e n b ~ o i i  f i e p b i ,  mo tia 
o c m a e t u e f i c f i  fitioxecmse n ~ d n o c n e d ~ ~ a m e n b t i ~ c m b  (fkr (t)},:, cxodumc~ 
tc f (t) pU8HOfiepHO.  

TO, q T O  n P O C T P a H C T B 0  L2 cenapa6enba0, AOKa3bIBaeTCR O q e H b  
IIPOCTO. H a s o ~ e ~  @YHKUUIO ( ~ u H u ~ H o ~ ~ ,  eCJIM OHa P a B H a  HyJIIO B H e  
H e K o T o p o r o  ~ ~ M K H Y T O ~ O  M H T e p s a n a ,  nexawero BHYTPM (a, b). M3 T e o p m  

M H T e r p a J I a  JIe6era BbITeKaeT,  LIT0 . MHOXeCTBO KYCOqHO-IIOCTORHHbIX 
@ N H M T H ~ I X  @ Y H K U M ~  IIJIOTHO B 1,'.  TO CBO~~CTBO COXPaHMTCFI, eCJIM 

OrPaHMqMTbCR JIMUlb TeMM @YHKUHRMM, TOqKM P a 3 P b I B a  KOTOPbIX MMeIOT 
P a u N O H a J I b H b I e  a6cu~ccb1 M 3HaqeHMRMM KOTOPbIX FIBJIFIIOTCR KOMnJeKC- 
H b I e  qMCJIa C PauAOHaJIbHblMM KOMnOHeHTaMM. MHOX~CTBO Xe TaKMX 

@ Y H K U M ~  CqeTHO. 
~ ~ M ~ T M M ,  9 T O  IIPOCTpaHCTBO L2 (a, b) MOXHO P a C C M a T p M B a T b  KaK 

I IOAIlpOCTpaHCTBO IIO OTHOUTeHMIO K L2 (al, bl), eCJIM U < b b b1 
M, B 'IaCTHOCTM, KaK IIOAIIPOCTPaHCTBO IIO OTHOUleHMIO K L2 (- 02, 03). 

B J I R  3 T O r 0  H y X H O  K a X A Y I O  @YHKUMIO M3 L2 (a, b) IIpOAOJIXUTb 3a 
n p e n e n b l  M H T e p s a n a  (a, b), n o n a r a R  ee p a ~ ~ o i i  H y n m  B H e  (a, b). 

OTM~TMM T a K X e ,  q T O  CXOAMMOCTb B MeTpMKe I IpOCTpaHCTBa L2 
Ha3hIBaIOT W C T b  C X O ~ U U O C ~ ~ H )  8 cpedtiefi M IIMUlyT 

f (t) = 1. i. m. fn (t), 
n+ m 

lirn i ~ f ( t )  -fn(t) 12dt = o 
n-t - 

a 

(1. i. m. o 3 ~ a s a e ~  limes in medio, T. e. npeden s cpedneu). 



RBnReTCR ~ e n a p a 6 e J I b 1 l b l ~  n p ~ ~ ~ ~ a ~ ~ ~ ~ ~ ~  6 a H a x a ,  er0 0 6 0 3 ~ a q a b ~  
LP = LP (a, b) ,  ecn, n o n o x ~ ~ b  

h 

a ~ynenofi s n e M e H T ,  cnoxease N y M H o x e H N e  H a  wicno onpenenmb, 
KaK I1 B L2. 

E ~ ~ U H C T B ~ H H ~ I M  HeTPkiBUaJIbHbIM IlYHKTOM RBJIReTCR AOKa3aTeJIbCTBO 
H e p a B e H C T B a  T p e y r O n b H N K a  ( H ~ ~ ~ B ~ H C T B O  MI~HKOBCKO~O AJlR H H T e r p a .  

J O B ,  C p .  KOHeU no 5). 
12. n 0 J I ~ b l e  OPTOHOPMUPOBaHHbIe  I lOCJIe~OBaTeJIbHOCTH B L2. B HaCTOR- 
U e M  n y H K T e  MbI PaCCMOTPNM HeKOTOPbIe  B a X H b I e  OPTOHOPMMPOBaHHbIe 

CACTeMbI B La. 
A. Q y ~ ~ u 1 1 a  

c n e A y e T ,   TO f ( t )  = 0 n o w N  BCIOAY l. 
T ~ K  K a K  BCRKaR @YHKUUR I13 L2 (0, 27C) n P I 1 H a A J l e X I I T  I1 L1 (0, 2 ~ ) ,  
OTCIoJa 6 y ~ e ~  CJIeAOBaTb nOJIHOTa p a c c ~ a ~ p k i ~ a e ~ o f i  OPTOHOPMMPOBaH- 
H O ~  nOCJIeAOBaTenbHOCTI1. 

M3 C O O T H O U ~ H H ~ ~  (1) n p I 1  n O M O u H  H H T e r P l l P O B a H M R  lT0 q a C T R M  

HaXOnNM, 9 T O  @YHKUNR 
t 



38 Tn. I. ~ ~ O C T ~ ~ H C ' P B O  r w n b d e p ~ a  

K a K O B a  6b1 HM 6 ~ n a  K O H C T a H T a  C. ~ T Y  KOHCTaHTY n 0 ~ 6 e p e ~  T a K ,  
9~06b1 P a B e H C T B O  (2) MMeJIO MeCTO H n p M  k = 0. M b 1  nOJlyqHJlM H e n p e -  
P~IBHYIO @YHKUMIO 

Q (t) = F (t) - C. 
n o  T e o p e M e  Betiepru~pacca A n H  n e p a o A u s e c K M x  @YHKUMB n p M  n m 6 o ~  
E > 0 M O X H O  H ~ ~ T T I I :  TaKYIO TpHrOHOMeTpHqeCKYIO CYMMY 

n 

u (t) = Akeikt, 
k=-n 

9 T O  

1 Q (t) - u(t) 1 < E. 

2 x  

(t) dt = { ( - 0 (0) dl < 
0 

O T K y A a  

7 ( * (t) ,'dl < 27CE2. 

0 

B CMJly IIPOM3BOflbHOCTM qMCJla  e > 0 3 T 0  3 H a q M T ,  q T O  (t) = 0, T. e. 
F (t) = C M, c n e n o s a T e n b H o ,  f (t) = 0 noqm BCIOAY. 

A o K ~ ~ ~ T ~ J I ~ c T B o  3 a K O H q e H O .  
B. B 0 3 b ~ e ~  IIPOCTPaHCTBO L2 (a, b), r A e ,  (a, b) - I I ~ o M s B o ~ ~ H M ~  

K O H ~ ~ H ~ I ~  H H T e p B a n .  ~ o c J I ~ ~ o B ~ T ~ J I ~ H o c T ~  @YHKUMB 

1, t, t2;. . , (3) 
o6pa3ye~ IIOJlHyIO CMCTeMY B 3TOM 

A o ~ a 3 a ~ e n b c ~ s o  ~ H ~ J ~ O ~ U ~ H O .  f (t) E L1 (a, b) 
y A O B J l e T B O p H e T  COOTHOUIeHMHM 

h 

t 

F (I) = S f ( t)  dt. 
a 



- - . . 
A y e T  IIOJIHOTa B L2 (a, b) nw6ofi nOCJIeAOBaTeJIbHOCTU {Pk(t)]:, r A e  
Pk (t) - M H O r O 4 J I e H  T O 9 H O  k-fi C T e n e H U .  B qaCTHOCTW, 6 y ~ e ~  I I o J I H o ~ ~  
nOCJIeAOBaTeJIbHOCTb MHOrOqJIeHOB,  KOTOPble  nOJIY9aH)TCR I13 (3) C nOMO- 

WbIO OpTOrOHaJII13aJJkiU., ~ T N  O P T O r O H a J I b H b I e  M H O r 0 9 J I e H b I  HOCRT H a 3 -  
B a H l i e  iuHO2OWleHOt3 f i e ~ a ~ d p a  U M O r Y T  6b1~b I lpeACTaBJIeHbI  B BUAe 

C k  
d k  { ( t  - a )  ( t  - b))k  

d t k  
( k = O ,  1 , 2 ,  ...), 

MbI nOJIYqHM nOCJIeAOBaTeJIbHOCTb @ Y H K Y U ~  Y e 6 b l u e e a  - - 3 p i u U m a  

t e  dke-ts ts 

qk (t) = (- I)*eT = Hk (t) e T ( k = O ,  I ,  2, , . . ) , '  



K o T o p a R ,  O q e B u A H o ,  O n p e A e J I e H a  ( N  Aaxe ~ e n p e p b ~ ~ ~ a )  npu JI IO~OM 

I<OHeZIHOM KOMnJIeKCHOM 2. K P O M ~  T O r O ,  ( P ~ H K U U R  F(2) BCIOAy B KOMn- 

J I ~ K c H o ~ ~  nJIOCKOCTM l u l e e T  K O H e q H y I O  IIPON3BOAHYKl 

m t = 
F' (z )  = 1 itf (t)e- "eitzdt. 

C n e ~ o s a ~ e n b ~ o ,  F (2) e c T b  ~ Y H K U N R  r o n o ~ o p a ~ a ~  B C I O A ~  H a  K o H e s -  

HOM paCCTOHHUE1. A T a K  K a K  B CIlJIy (4) 
ta  

F")(O) ES 7 (it)q (t) e-T dt = 0 ( k  = 0, 1, '2, . . .), 

t' -- 5 f (t) e 2 8 t x d t  = o (- a <x< a). 

Tenepb OCTaeTCR B O C I I O J I ~ ~ O B ~ T ~ C R  CJIeAYIOWIIM (P~KTOM, eCRU 
t l  

g  (t) E L1 (- w, w)  (B H a u l e M  cayqae g (t) =: f (t) e- P) u emu 
ecex X E  (- w, w) 

g  (t) eitx dt = 0, (5) 

mo g  (t) = 0 novmu scmdy. 
~ J I R  nOJIHOTb1 I I p M B e n e M  f lOKa3aTeJIbCTBO 3~0fi  T e O p e M b I  enNHCTBeH- 

HOCTN. C 3 ~ 0 8  UeJIbIO B03bMeM n P O U 3 B O J I b H b l e  KOHeZIHbIe ZINCJIa a, b 
(b > a) M E > 0, 3 a T e M  YMHOXMM 06e ZIaCTIl (5) H a  OrpaHI lZIeHHyIO 
~ ~ C O J I I O T H O  u ~ ~ e r p a p y e ~ y m '  (PYHKUIIKI 

H npOMHTeI 'p I lpyeM OT - A 0  W. 3 a ~ e Z I a H ,  ZITO 

1 - cos x d x =  I c I  \ T d ~ = n I ~ I ,  

rAe C BeLU.eCTBeHH0, H ~ B A ~ M ,  ZITO P a B e H C T B O  (5) n p I l M e T  BNA 

. b r g  (t) q. ( 1 ,  a, b) dt = 0, (6) 

me qE ( t ,  a, b) - H e n p e p b I B H a R  (PYHKUBR, ~ P ~ ~ M K O M  K O T O P O ~ ~  RBJIReTCR 

JIOMaHaR C BepILlIlHaMli ( a - E ,  O), (a, I ) ,  (b, I ) ,  ( b + E ,  0). A e J I a R  



T ~ K  KaK 3 T 0  BepIIO n p N  J I 1 0 6 b 1 ~  a, b, TO g (t)  = 0 ;OYTM BCIOAY. 
D, B IIpOCTpaHCTBe L2 (0, CO) MbI NMeeM OPTOHOPMUPOBaMHYlO 

cMcTeMy @YHICYUG Ji'aseppa 

r A e  L, (t) - ~ t ~ o s o ~ n e ~  Ji'aseppa, ~ o ~ o p b ~ f i  O n p e A e n H e T c H  @op~ynoii 

d k  Lk ( t )  = ef - (tke-') (k = 0, 1, 2, . . .). d i k  

YCJIOBUMCR AJIH KPaTKOCTN Ha3b lBaTb  KaX&YlO M3 I I o c J I ~ A o B ~ T ~ J I ~ H o c T ~ ~ ~  

Ifk),", (gk)," 6 ~ 0 p m 0 2 0 H a ~ I b ~ 0  C O / L ~ R W ~ H H O L ?  C ~pyr0f i  M3 HNX. 

He c n e n y e T  AyMaTb ,   TO n p o ~ 3 ~ o n b ~ o  B ~ R T O ~ ~  n o c n e A o s a T e n b -  

HOCTU BeKTOPOB, M e X A y  KOTOPbIMM HeT J I u H ~ ~ ~ B ~ I x  ~ ~ B N c M M o c T ~ ~ ~ ,  0 6 ~ -  
3aTeJIbHO H ~ ~ ~ A ~ T C R  ~ M o ~ T o ~ o H ~ J I ~ H o  C O n p R Z e H H a R  nOCJIeAOBaTeJIbHOCTb. 
H a n p ~ ~ e p ,  B IIpOCTpaHCTBe L2 (0, 1 )  IIOCJleAOBaTeJIbHOCTb @ Y H K U U ~ ~  

(tk)," H e  UMeeT ~ N O P T O T O H ~ J I ~ H O  C O I I P R X ~ H H O ~ ~  nOCJIeAOBaT&JIbHOCTH. 

B MMOM AeJIe, eCJIN 6 b 1  T a K a R  IIOCJIeAOBaTeJIbHOCTb (gk (t)]; C Y 4 e C T -  

BOBaJIa, TO MbI MMeJIN 6b1 PaBeHCTBa 



a 3 T U  P a B e H C T B a  H a  OCHOBaHUU nOJIHOTbI B L2 (0, 1) ~ o c J I ~ A o B ~ T ~ J I ~ -  

HOCTU (ti): B 0 3 M O X H b I  jIMUlb I I p H  

gm (t) tm+' -- 0, 

9 T O  HeCOBMeCTUMO C (1). 
Teope~a. ~ocnedosame~~br-locmb setcmopos (f,]," uMeem 6uopmozo- 

r-lanbrco conpmcer-lr-lym nocneaosamenbr-locmb s mou u monbtco mou 
cnyuae, rcozda HU npu tcatcoM j setcmop f j  r-le npur-ladnexum 3aurclcy- 
moli nur-lefi~oli o6onoluce ocrnanbr-lblx sercmopoe 

f ~ ,  f 2 ,  . . , fi-1, f i + ~ ,  . . (3) 
A 0 K a 3 a T e Jl  b C T B 0. 0 6 0 3 H a W i ~  3aMKHYTYH) J I k i H e f i ~ y H )  O ~ O J I O ~ K Y  

BeKTOpOB (3) r l .epe3 MI, a 3aMKHyTYH) J I U H ~ ~ ~ H Y H )  0 6 0 ~ 0 9 ~ ~  BCeX BeK- 

TOPOB f k  (k = 1,  2, 3, . . .) sepes M. 
Ecnu npu n m 6 0 ~  j 

Mi # M, 

TO, &pff U 3  O p T O I ' O H a J I b H O ~ O  AOnOJIHeHIlR M MI BeKTOp gj, HOPMH- 

P O B ~ H H ~ I ~ ~  YCJIOBUeM 

( f i t  g1) = 1, 

MbI, OqeBUAHO,  H a f i ~ e ~ ,  q T O  

B T e M  CaMbIM n O J I y s U M  nOCJIeAOBaTeJIbHOCTb (gk};, ~ U O ~ T O ~ O H ~ J I ~ H O  

C O n P R X e H H Y H )  C ( fk )T .  
O ~ ~ ~ T H O ,  eCJIki n O C J I e A 0 B a T e J I b H O C T b  (gk):, ~ H o ~ T o ~ o H ~ J I ~ H o  COnpff-  

X e H H a R  C {f,),", CYIIJ.~CTBY~T, T O  I IpU n m 6 o ~  j B e K T O p  f j  H e  M O X e T  

I I p H H a A J I e X a T b  ~ ~ M K H Y T O ~ ~  J I ~ H e f i H 0 f i  06onoq~e MI BeKTOPOB (3), T a K  KaK 
B  TOM cnysae OH 6 6 1 ~ 1  6b1 o p T o r o H a n e H  B e K T o p y  gi, K O T O ~ ~ G ~  O ~ T O ~ O -  
H a J I e H  BCeM B e K T O p a M  (3). 

Teope~a  ~ o ~ a s a ~ a .  
C J I ~ A ~ I ~ T  OTMeTUTb, LIT0 ~ A R  8bltlOAHeFlUR YCJIOBUR A O K ~ ~ ~ H H O ~ ~  

T e  OpeMbI  

M i # M  ( j > l ,  2, 3, ...) 

~eo6xodu~o  u docmamoutio, urn0661 npu tcaxaow j 6bma ommwia om 
HyAR 8eRUYUHU 

r (fj ,  fl+19 . . 9 fn) 
62 - lim 

1 r ( f j + ~ *  f i + ~ *  - . . fn) (4) 

r (fil f l+ l f  . . . fn) = 8; (n) r fi+z* . . . * f n )  



n p e A C T a B J l R e T  K B a A p a T  PaCCTORHUR TO9KU f j  OT J l U H e f i H ~ f i  06onorew 
3JTeMeHTOB . . . , f,,. OTCIOA~ C J I e A y e T ,  9 T O  I I p U  K a X A O M  j 
BeJI I iWiHa 6 j  (n) MOHOTOHHO y6bl~aeT I I p U  B 0 3 P a C T a H H U  n, a n O T O M y  

npenen (4) c y q e c ~ ~ y e ~ .  
Ecnn f j  F M ~ ,  TO TeM 60nee f j  H e  n p u H a n n e x m  ~ ~ M K H Y T O ~ ~  nusefi- 

H O ~  060~109~e M ( l )  BeKTOPOB fj+l ,  . . . U II03TOMY 8j gC: 0. 
I l y c ~ b ,  0 6 p a ~ ~ 0 ,  E j  + 0 A n R  nm6oro j. I lpu  j -- 1  TO H e p a s e w  

CTBO, H e n o c p e A c T B e H H o  B cnny o n p e A e n e H u H ,  0 3 ~ a s a e ~ ,  r T o  f j E ~ j .  

~ O K ~ X ~ M  T e n e p b ,  n O J b 3 y f f C b  U H A ~ K U U ~ ~ ~ ,  9 T O  f j ? ~ j  I I p H  J I I O h M  1. 
~ Y C T ~  YXe U3BeCTH0,  9 T O  fk?Mk n p U  k - 1, 2, . . . , n, HO B O n p e K U  

Y T B e P X n e H U I O  

fn+l E Mn+1. 



~ J I R  BbInOJIHeHUR y c J I 0 ~ 1 l f i  

6, = lim Ci (n) f. 0 ( j  = 1 ,  2, 3, , . .) 
n-t m 

H ~ O ~ X O A M M O  U AOCTaTOsHO,  9~06b1 
m 

& = I  '- 

T ~ K  K a K  C o r J I a c H o  U ~ B ~ C T H O ~ ~  T e O p e M e  M r o ~ u a l  YCJIOBae  (6) ~eo6xo- 
AMMO U AOCTaTOqHO, ~ ~ 0 6 b 1  IIOCJIeAOBaTeJIbHOCTb (5) 6bma H~IIoJIHoG 
B L2 (0, I ) ,  TO IIOCJIeAOBaTeJIbHOCTb (5) AMeeT ~ I I O P T O T O H ~ J I ~ H O  C o n p H -  

X e H H Y H 3  IIOCJIeAOBaTeJIbHOCTb B L2 (0,l) B TOM Pi TOJIbKO TOM C J I y s a e ,  

K O r A a  3 T a  IIOCJIeAOBaTeJIbHOCTb HeIIOJIHa B L2 (0, 1). 

Ta~&ie ( P Y H K ~ U I I  o (t) Y a c T o  H ~ ~ ~ I B ~ K I T  @ ~ H K ~ U I E M U  p a C n p e d e A e f i U I E  2. 

C I I O M O u b l o  3~0fi @YHKJJBA M O X H O  IIOCTPOUTb M e p y  110~06~0 TOMY, K a K  
C T ~ O H T C R  M e p a  JIe6era. Ilpa  TOM n o c - r p o e H w i  B K a s e c T B e  AJIIIH~I 

I I O J I y 3 a M K H y T O r O  I l H T e p B a J I a  [a, b) IIpMHMMaeTCR s P i C J I 0  U (b) - Cl (a) 
( B M ~ C T O  qkiCJIa  b - a). O T C I O A ~  yXe aBTOMaTUseCKU,  C IIOMOWbH3 IIpO- 
CThIX I IpeAeJIbHbIX IIepeXOAOB, IIOJIysaeT'CR, s T 0  AJIAHbI I IOJIy3aMKHyTOrO 

U H T e p B a J I a  (a, b], OTKPbITOrO I l H T e p B a J I a  (a, b) U 3aMKHyTOTO MHTeP- 

B a J I a  [a, b] COOTBeTCTBeHHO P a B H b I :  a (b f 0) - 0 (a f o), 0 (b) - 
def 

- cr (a + 0), u (b f 0) - cr (a). ECJM b = a, TO [a, b] = [a] e c T b  

f i e c o 6 c m e e f i f i 6 ~ u '  U H m e p 8 a A  - TOYKa. T ~ K H M  o6pa30~, T e I I e p b  HeKOTOpbIe  
T O s K a  M O r Y T  AMeTb OTJIU9HYK) OT H y J I R  AJIMHy ( T O ~ K M  C K a g K a  U ( t ) ) ,  
a HeKOTOpbIe  H H T e p B a J I b I  - AJIMHy, P a B H Y B  H y J I l o  (UfimeprSaA6L nOCm0Jlfi-  

cmea u (t)). 
B B ~ A ~ H H Y I O  A J I H H y  Ha3bIBaIOT U - d ~ ' I U l z 0 b ;  C ee IIOMOWLIO CTPORT 

cr-uepy, o - u 3 a t e p u ~ 6 ~ e  @ y ~ ~ q u u  a a H T e r p a n  JIe6era - C ~ ~ n ~ b e c a .  IIocne 
EJTO~O O n p e A e n R e T c R  n ~ l ~ e f i ~ a ~  c a c T e M a  B c e x  C ~ - A ~ M ~ P I I M L I X  ( P Y H K U A ~  
f (t), AJIR KOTOPbIX K O H e g e H  I l H T e r p a J l  JIe6era - C T H J I T ~ ~ C ~  

lf.(t) 12do(t). 
- m  

1 CM.. HanpnMep, H. M. A x n e 3 e p. Jeeuxu no Teopun annpoecaMaunn, 
((Hayea)), 1965, c. 53. 

~ ~ M ~ T U M ,  ' IT0  U H O T A B  IIpHHIlMaeTCfl ApyraR HOpMUpOBKa, HaIIpHMep: 
u( t  + 0) = a  ( t ) .  

B Teopun s e p o n ~ ~ o c ~ e f t  B onpepneHue @ Y H K ~ U A  pacnpeAeneHnR BKnroqaeTcn e ~ e  
~peBosa~ne ,  4 ~ 0 6 ~  u ( m )  - u (- m )  = 1, H O   TO ycnoBne Ann Hac He cyue- 
CTBeHHO. 



y H a C  BCTPeTMTCR L:. ~ O ~ T O M Y  3aMeTMM, 9 T O  L: C L:.  TO H B n R e T C R  

*CJeACTBNeM H e p a B e H C T B a  K01IJIl  - ~ Y H H K O B C K O ~ O  N O r p a H N 9 e H H O C T N  

@YHKUIIN u (f) .  
npoqeaypa, c n o M o m b m  ~mopofi CTPONTCH M H T e r p a n  Je6era - 

C T N J I T ~ ~ C ~ ,  n O K a 3 b I B a e T ,  s T 0  n p O C T p a H C T B 0  1: n O J I y 9 a e T C H  3 a M b I K a -  
H n e M  n a ~ e i i ~ o f i  O ~ O J I O ~ K N  c e ~ e f i c ~ ~ a  x a p a K T e p H c T w s e c K M x  @ Y H K U M ~ ~  
I l H T e p B a J I a  ( n p w e ~  H e  M C K n I o s a I o T C H  H ~ C O ~ C T B ~ H H ~ I ~  N H T e p B a J I b I  
O T J I N ~ H O ~ ~  O T  HYJIR 0 - A J I u H ~ I ) .  T ~ K  K a K  h l H O X e C T B 0  TOZIeK p a 3 p b I B a  
@YHKUIIII O ( t )  C 4 e T H O  I l  T a K  K a K  M O X H O  O r P a H N W i T b C H  JIMJlIb TeMM 
C O ~ C T B ~ H H ~ I M M  MHTePBaJIaMN,  KOHQbI KOTOPbIX UMeK)T P a U U O H a J I b H b I e  

a6cquccb1, TO ~ e n a p a 6 e J I b H 0 ~ ~ b  Lz AOKa3bIBaeTCH T a K  Xe, K a K  l3 C e n a -  
p a 6 e J I b H o c ~ b  L2 (CM. no 11). 

%CTO IIpIlXOAIlTCR P a C C M a T p M B a T b  N H T e p B a J I b I  Jle6era - CTNJI- 
T b e c a ,  B K O T O P ~ I X  B M e c T o  @YHKUMM pacnpeneneaan a(t) 6 e p e ~ c R  npom- 
B o n b H a R  ( B ~ U ~ C T B ~ H H ~ H  anu A a x e  ~ e n e m e c ~ s e ~ ~ a ~ )  @YHKUNR cp (f) 
O r p a H N s e H H O r O  N3MeHeHMR. K a x ~ y H 3  TaKYH) ( P Y H K ~ I I H ~  (P ( t )  M O X H O  
IIpeACTaBUTb B BUAe pa3HOCTN ABYX $ Y H K u I I ~ ~  P a C n p e A e n e H N R ,  eCJIIl O H a  
BeLI&?CTBeHHa, M B BNAe ~ M H e f l H ~ f i  K O M ~ N H ~ ~ N N  g e T b J p e X  @ ~ H K U H ~ ~  p a C -  
n p e A e j r e H U R  d i ) ( t ) ,  e C n U  O H a  H e B e U \ e C T B e H H a .  E c n r ?  CYMMY 3TNX 
@YHKUEIW p a c n p e A e n e H m  0 6 0 3 ~ a q ~ ~ b  q, (t), TO n o A  @ ~ H K U A R M E I ,  CYMMM- 
PYeMbIMN OTHOCIlTeJIbHO cp (t), n 0 H U M a K ) T  $YHKUUU f (t), A J I R  KOTOPbIX 
K O H e g H b I  N H T e r p a n b I  

2, n o n ~ o ~ a  A o K a s m a e T c a  a H a n o r u q H o  TOMY, K a K  w n o n H o T a  L2 (CM. no 11). 
C M . ,  H a n p w M e p ,  l( o .7 M o r o p o B A. H. H @ o M U  H C. B. ~ J I ~ M ~ H T ~ I  

T e O p l i U  @ ~ H K U H H  U @ ~ H K U ~ ~ O H ~ ~ ~ H O ~ O  a H a J H 3 a .  M 3 A .  3 - e ,  M., 1972, C. 273-291. 
OYHK~UB,  p a B H b l x  e A u H n u e  B P a c c M a T p u B a e M o M  umepsane u H y n m  B H e  ero. 



- 
l f (t) do( [ )  (f). 

-OD . 

rAe f (t) - C y M M U p y e M a  OTHOCUTeJIbHO U (f) ,  Ha3bIBaH3T a6contom~0, 
t i e n p e p b ~ a ~ o r i :  o n z t i o c u m e n b t i o  u (t) . 

~ W K O  BMAeTb,  q T 0  @ (x) e C T b  @YHK$MR O r P a H M 9 e H H O r O  M3MeHeHMR. 
CBO~~CTBO l, B n o n H e  xapa~~epu3ymu1ee a 6 c o n m ~ o  H e n p e p b I B H y m  

OTHOCMTenbHO U ( t )  @ Y H K $ M ~  @(x), COCTOMT B TOM, 9 T O  AnFI nm60fi 
K O H ~ Y H O ~  C M C T ~ M ~ I  n p M H a A n e x a m i x  [a, b) n o n y a H T e p s a n o B  [a,, b,) 6e3 
061unx T O q e K  BWIMqNHa 

Teope~a. ~ c n u  f (t) u g (t) E L? (a, b) u 

3a~eua t iu~ .  l7pw u (t) ..=. t s ~ o  - K n a c c u s e c K a x  T e o p e M a  JIeBera. 
A o K a 3 a T e n b c T B O. M ~ I  M O X ~ M ,  H e  H a p y m a R  O ~ I ~ H O C T A ,  npeA- 

n O J I O X M T b ,  9 T O  f (t) B e U e C T B e H H a  U HeOTPH$aTeJIbHa,  T a K  9 T O  @ (t) - 



P C ~ B ~ H C T B O  (2) BO BCRKOM CJIyqae BepHO,  B CUJIy ( I ) ,  eCJIU g(t) 
eCTb XapaKTepMCTMqeCKaR @ Y H K ~ U R  C O ~ C T B ~ H H O ~ O  B H T e p B a J I a  (no OTHO- 
LUeHUW K ~ ( t ) ) .  OHO, K a K  J I e r K O  BMAeTb, B e p H 0  M AJIR 0 - H ~ C O ~ C T B ~ H -  
HbIX NHTepBaJIOB l, KOTOPbIe TOJIbKO M MOrYT 6 h 1 ~ b  @ - H ~ C O ~ C T B ~ H H ~ I M U .  
Tenepb B03bMeM IIOCJIeAOBaTeJIbHOCTb KYCOqHO nOCTORHHbIX @YHKUUB 
gn(t), CXOARUytOCH K g (t) B L:. T ~ K  K a K  0 - M e p a  MHOXeCTBa,  me 
I g - gn ( 7 > 0, CTPeMMTCR K HyJ I lo  n p U  n + a, TO B CUJIy a6co- 
J I W T H O ~ ~  HenP&PbIBHOCTU @ (f) OTHOCMTeJIbHO U (t), TeM Xe CBO~~CTBOM 
obnaaae~ @ - ~ e p a  T o r o  xe M H o x e c T B a .  ~ O ~ T O M Y  

C Jl e A c T B u e. Ecnu @YHKYUR 

& f (t) E L:, p a e H a  HlJJ/IK) nOYmu 8 ~ 1 o d y  6' (a, b) f3 CMblCA8 0 6 b 1 ~ ~ 0 C  
Mepb l  JIe6eza, mo f (t) = 0 s [a, 6) scrody, K p o f i e  M t i o x e c m e u  H y n e -  

BOG U-MBPbL. 
npe>nne BCerO  y 6 e ~ m . r ~ ~  B TOM, 9 T O  F (x) = 0 B . K ~ H < A O ~ ~  T O q K e  

X E [a, b).  TO 04eBUAH0,  eCJIM X e C T b  T 0 4 K a  HeIIpePbIBHOCTZI AJIR U (t). 
E c n ~  X E (a, b) e C T b  T O q K a  C K a q K a ,  TO, BO-IIePBbIX, CKOJIbKO YrOAHO 
~ J I N ~ K O  K X H ~ ~ ~ A Y T C R  TOqKM En < X, B KOTOPbIX F (5,) = 0, M, BO-BTO- 
PbIX, BeJIMqMHa 

I F (4 - F (En) I 
a Ecnw [c] (a < C < b) eCTb H ~ C O ~ C T B ~ H H E J R  HHTepBaJI, TO 



u y T B e p x A e H H e  A o K a 3 a H o .  
Eionburofi H H T e p e C  n p e A C T a B J I R e T  ~JIysaf i ,  K O r A a  (PYHKUMR pacnpe- 

A e J I e H H R  0 ( f )  T a K O B a ,  YTO C y L U e C T B y I o T  B C e  H H T e r p a J I b I  

%A H H T e r p a J I b I  B C M n y  M e X a H H s e C K U X  coo6paxe~~f i  H a 3 b I B a I o T  M e  
n t e ~ r n a ~ u l  (PYHKUHU p a c n p e A e n e H m  o (t). Ecnu o (t) w e e T  namb K o H e s -  

H o e  WiCJIO T O q e K  POCTa,  T O  H H T e r p a J I b I  C T H J I T ~ ~ C ~  I I e p e X O A R T  B KO- 

H e s H b I e  C Y M M ~ I .  M ~ I  n p e A n o n o x u M ,  s ~ o   TOT cnysafi, H e  n p e A c T a B -  

n ~ m u u f i  A n R  H a c  H H T e p e c a ,  w u I o s e H .  

O P T O ~ O H ~ J I M ~ ~ R  B L% IIOCJleAOBaTeJlbHOCTb 

I ,  t, t2, ... , 
n O J I y s H M  I I O C J e A O B a T e n b H O C T b  M H O r O W e H O B  { Pk ( f )  )Om ( r ~ e  Pk ( f )  - 
M H O r O s J I e H  T O s H O  C T e n e H H  k), KOTOPbIe  yAOBJIeTBOPRIOT COOTHOUIeHURM 

3~1.i M H O r O W e H b I  HOCRT H a 3 B a H U e  OptTZOPOHUflbHbLX H HOPMUPO8UHHblX 
A . I N 0 2 0 W e H 0 8  OTHOCHTeJIbHO (PYHKUMA P a C I I P e a e J e H H R  0 (f). E c n ~  (PYHK- 
4 H R  ~ ( t )  ~ ~ C O J I I O T H O  H e n p e p b I B H a  H 

0' (t) = w (t), 

TO H a n A C a H H b I e  COOTHOUleHHR n P H H A M a I o T  BAA 

5 Pk (t) Pm (t)  w (t) dt = 6,. 
- w 

B 3TOM C J I q n I a e  TOBOPFIT, YTO M H O r O q J I e H b I  Pk(t) OPTOrOHaJIbHbT H HOP- 

M H P O B a H b I  OTHOCMTeJIbHO 8eCU W (t). 



H a n p N ~ e p ,  MHOrOPJIeHbI qe6b1rue~a -  MIIT IT^ OPTOrOHaJlbHbI (HO 
H e  H O P M N P O B ~ H ~ ~ )  O T H O C ~ T ~ J I ~ H O  BeCa e'ta(- a < t < a). 

Ecnu N H T e p B a J  OPTOrOHaJIbHOCTIl K O H e g e H  (T. e. U (t) - HOCTORH- 

HaFI n p I l  t 4 a N n p U  t > b), TO IIOCJIeAOBaTeJIbHOCTb { tk  ); n O J H a  

B L: (U n03TOMY OpTOrOHaJIbHbIe  MHOrOPJIeHLI Pk (t)  (k = 0, 1 ,  2,. . .) 
06pa3yro~ IIOJlHyIO C U C T ~ M Y ) .  

a TaKOBa,  9 T O  A ~ ~ ~ c T B N T ~ J I ~ H o ,  n y C T b  @ ~ H K U U R  f (t)  E L2 
b 

1 f (t) tk du(t) = 0 (k = 0, 1, 2, ...). 
a 

M ~ ~ e r p k i p y f l  no PaCTflM, HaXOAUM, PTO 
b 

3 ~ e c b  F ( x )  - o r p a H N s e H H a H  (PYHKUNR u n o T o M y  n p u H a A J I e x a u a n  
L2 (a, b). Ha OCHOBaHUN nOJIHOTb1 MHOXeCTBa  BCeX MHOrOPJleHOB 
B L2 (a, b) 113 (3) c n e A y e T ,  s ~ o  F (x) = 0 nowu ~ c r o ~ y  B (a, b) no 
0 6 b 1 9 ~ 0 i i  M e p e  JIe6era. O ~ c t ~ f l a ,  B CIlJIy CJIeACTBUn, U BbITeKaeT ,  

PTO f (t) = 0 nowu B C I O A ~  B [a, b) no a-~epe.  
2 Ecnu NHTepBaA O P T O ~ O H ~ J ~ ~ H O C T M  ~ ~ C K O H ~ Y ~ H ,  TO IlOJIHOTa B La 

MHOXeCTBa BCeX MHOI'09JteHOB MOXeT Pi H e  NMeTb MeCTa. 

h t 
lnB t+xZ v i i n  t + n 

g ( f )  = e  sin ln2t + n2 ' 

0 

1 CM. H. H a m b u r g e r. Beitrage zur Konvergenztheorie der Stiltjes- 
xhen Kettenbriiche. Math. Z., 1919, 4, S. 186-222 



H A O K a X e M ,  YTO 

i t k g ( t ) w ( t ) d t = O  ( k = O , l , 2  ,... ), 

~ ~ ~ ~ ~ C T B M T ~ J T ~ H O ,  

m - In t-nl/F S tkg ( t )  s ( t )  dt = S tke ln't+K' 
I /F ln  t + n 

sin In2t + n d t =  
0 0 - l+ i l /F  
= 3 1 ein tkdt = 3 e@t-IF dx = 

0 - m  

+ I + =  I+ieX/a  l -ex/a - a (  e X-"' e(k+l)'d~ 3 5 e X e ( k + l ) ~  (-l)k+ldx = 0 
xl- m -m 

(k = 0 ,  1, 2 ,  ...). 

15. ~ P O C T P ~ H C T B O  ll09TH-llePBO&HYeCKNX (t)J'~l(qBfi. P~CCMOTPNM hlHO- 
X e c T B o  B c e x  r $ y ~ ~ q n i i  B n A a  e'" (- co < t < a), rAe n a p a M e T p  A 
npo6erae.r BCe B e m e C T B e H H b I e  3 H a s e H H s I .  E y ~ ~ o f i  L O ~ O ~ H ~ ~ A M  J I F i ~ e f i -  
H y W  O ~ O J I O ~ K Y  3 T O r 0  MHOXeCTBa,  T. e. COBOKYnHOCTb BCeX ((IIOJIMHO- 

MOB)) BHAa  

Ake'bt. 
k 

~ O ~ O J I H H M  L IIpeAeJIaMH BCeX PaBHOMepHO CXOARmHXCR H a  OCH 
- co < t < co n o c n e ~ o ~ a ~ e n b ~ o c ~ e f i  T a K H x  n o n a H o M o B .  MIA n o n y s a M  

T O r A a  HeKOTOpOe  MHOXeCTBO B H e n p e p b l B H b I X  H a  B ~ ~ ~ C T B ~ H H O ~  

OCM @ j ' ~ K u M f i .  K a K  B n e p B b I e  n O K a 3 a J I  r. BOP, H e n p e p b I B H a R  H a  BC& 
OCH -a < t < ~ $ Y H K ~ H R  f (t) n p H H a A J I e X U T  B B TOM H TOJIbKO 

TOM cnysae, K o r A a  o H a  normu-nepuoduwa. 3 ~ o  0 3 ~ a s a e ~ .  s ~ o  npu 
n1o60~ E > 0 H ~ ~ ~ A ~ T C R  T a K O e  1 = L ( E ) ,  ZIT0 B KaXAOM AHTepBaJ Ie  

AJIMHbI 1 J I e X H T  no K p a f i ~ e f i  M e p e  OAHO qHCJIO 't, AJIR KOTOpOrO 

I f ( t - t ~ ) - f ( t ) l < ~  ( - w < t <  a). 

n H ~ e f i ~ y l 0  CHCTeMy L MOXHO M e T P H 3 0 B a T b ,  OnPeAeJ IRR CKaJIRpHOe 
n p o ~ 3 s e ~ e ~ n e  A B ~ X  n o a r m o M o B  

f (t) = Are'"', g (t) = 2 B,~'P& 
r = l  s= 1 



8 (i, p) = { 0 (1 # p), 
1 (i = p): 

r ? o I I o n ~ R f l  L B MeTPAKe,  ~ o ~ o X A ~ ~ M O R  3TAM CKaJIRPHblM npOA3-  

BeAeHAeM, Mbl npl4AeM K HeKOTOPOMy T M J I ~ ~ ~ P T O B Y  IIPOCTPaHCTBY B2, 
KOTOPOe, KaK JIeI'KO 3aMeTUTb,  COAePXAT B B KaYeCTBe J I A H ~ ~ H o T o  

M H o T o o ~ ~ ~ ~ A H .  
~?POCTPBHCTBO B2 H e  cenapa6enb~o. %o c n e A y e T  ~3 TOTO, YTO 

B B2 AMeeTCR KOHTAHYYM I IOnapHO OPTOrOHaJlbHbIX A HOPMAPOBaHHbIX 
B e K T o p o B  elht (- m < i < a), a B no 10 6 b 1 n o  n o ~ a s a ~ o ,  YTO B cena- 
p a 6 e j r b ~ o M  IIpOCTpaHCTBe BCRKaR OPTOHOPMMPOBaHHaR CUCTeMa COAep-  

X A T  H e  6onee CqeTHOTO MHOXeCTBa BeKTOpOB. 

16. ~ O H H T H ~  0 6a3nce IlpOCTpaHCTBa.  Ecnu B IIpOCTpaHCTBe B a ~ a x a  E 
AMeeTCR TaKaR IIOCJeAOBaTeJIbHOCTb BeKTOPOB ( fi };, YTO nr0608 BeK- 

TOP f E E O A H O ~ H ~ Y H O  npeACTaBAM B  BAA^' 

TO nOCJIeAOBaTenbHOCTb BeKTOpOB ( f k  }; Ha3b lBaeTCR -6a3uco~ a np0- . CTpaHCTBa E. 
M3 nPABeAeHHOI'0 OnpeAeJ IeHAR CJIeAyeT,  YTO H ~ O ~ X O A U M ~ I M  yC-  

JlOBAeM A n R  CyQeCTBOBaHAR 6a3~ca  RBJlReTCR c e I l a p a 6 e J I b ~ o c ~ b  np0- 
. CTpaHCTBa E. 

O T M ~ T A M ,  YTO WJIM nOCJIeAOBaTeJlbHOCTb ( f k  ) C E H e  C O A e p X A T  
J ~ u H ~ ~ ~ H o  3aBACAMblX 3neMeHTOB A nOJIHa B E, TO OTCWAa cue H e  

CJIeAyeT,  9TO 3 T a  IIOCJlenOBaTeJIbHOCTb RBJIfleTTcp 6 a 3 ~ c o ~ .  
B o ~ ~ M ~ M ,  H a n p A M e p ,  npOCTpaHCTB0 C HenpepbIBHblX @YHKUAR f (t), 

0 ,< f 1, C ~ 0 ~ ~ 0 6  11 f 11 = m a X  I f ( t )  1 .  ~ o c J I ~ ~ o B ~ T ~ J I ~ H o c T ~  CTene -  
0 4 f t l  

~ e f i  ( t k } r  no T e o p e M e  Befiepru~pacca n o n H a  B  TOM n p o c T p a H c T s e ,  

HO ~ ~ ~ U C O M  OHa H e  RBJIReTCR, T a K  KaK A 3  IJpeACTaBJIeHAR 

C X O A H ~ ~ ~ C T ~ ,  KOHe'lHO, B MeTpUKe IlpOCTpaHCTBa E. '  TO IlOHRTUe B 0 6 u e ~  CJlyYae BBeJ m. Uaynep (CM. J. S C h a U d e r. 
Zur Theorie stetiger Abbildungen in Funktlonalraumen, Math Z, 1927, 26, S. 
47-65. 417-43 1. 



n p H  I s ( <  1 ,  a ~ H ~ Y I I T ,  II @ ~ H K U I I I I  f ( t )  n p H  J t l  c 1 .  
Bonpoc o c y u e c T B o s a H u u  6asuca B JIH)~OM cenapa6enb~o~  npo- 

c T p a H c T s e  B a ~ a x a  no n o c n e n l l e r o  BpeMeHM o c T a s a n c n  OTKPHTMM. 
H ~ A ~ B H O  3TOT BOIIPOC 6b1n OTpUUaTeJIbHO Pe IUeH n. QH@JIO'. 

B cenapa6enb~o~  ITpOCTpaHCTBe r I I J I b 6 e p ~ a  BCRKaR IIOJIHaR OPTOHOP- 
MIIpOBaHHaR ITOCJIeAOBaTeJIbHOCTb BeKTOPOB, OYeBAAHO, 06pa3ye~ 6asuc. 

QTO - T a K  ~ a s b ~ s a e ~ b r f i  opmo~opuuposa~tib~u' 6asuc. Cnpase~nwsa 
T a m e  c n e A y I o u a R  

Teope~a. nycmb { f k  1 f - nonHax cucmeua selcmopos s 2unb- 
Gepmosou npocmpaticmse H u nycmb hi2 u 1:;) - tiauueribulee u Hau- 
6o~bulee co6cmse~~ble 3HaWHUR MampUybl fpaua 

( a / k ) X k = ~ ,  a / k = ( f k ,  f ~ ) .  ( 1 )  
Ecnu 

l E n f 1 o P. A counter example to the approximation problem in Banach 
spaces, Acta Math. 130, N? 3-4 (1973), c. 309-317 (CM. TaKme nepuoA. C ~ O P H U K  
~ M ~ T ~ M ~ T H K ~ ) ) ,  18:l (1974). B OCHOBHbIX "OnyJIRPHblXD ~ ~ H ~ X O B ~ I X  npOCTpaHCTBaX 
(C, L P H  Q.) 6a3ncb1 nOCTpOL?Hbl. nepBbI8 IIpUMep 6a3nca B npOCTpaHCTBe C y ~ a 3 a n  
N a y ~ e p ;  3TOT 6asac COCTOUT U 3  K Y C O ~ H O - J I u H ~ ~ H ~ I x  I$YHKI$~ (CM. JI. A. ~ K I C T ~ P -  

HAK H B. M. Co6ones. ~ J I ~ M ~ H T M  I $ ~ H K ~ U O H ~ J I ~ H O ~ O  aHaJIU3a. M., ( (Hay~as ,  1965). 



mo: 
a) nocnedosament~uocmo ( f k  }; asnaemca 6 a 3 u c o ~  s H 

U 
b) cyyecmsyem u matc3tCe ~ s n ~ e m c a  6 a 3 u c o ~  s H nocnedosamenb- 

uocmb {g,) ,",  6uopmozo~anb~o conpa3tCeuHaa c noc,zedosame~bno- 
Cmbm { f k  h;. 

o K a 3 a T e n b c T B o. ~ ~ M ~ T A M  n p e x A e  B c e r o ,  YTO 6 n a r o ~ a p r l  
3KCTPeMaJlbHbIM C B O ~ ~ C T B ~ M  C O ~ C T B ~ H H ~ I X  3 H a 9 e H A f i  KBaAPaTMrIHblX 

@OPM nOCJIeAOBaTeJIbHOCTb (n  = 1, 2, 3, . . .) H e  B O s p a C T a e T ,  

a IIOCJIeAOBaTeJIbHOCTb A: ( n  = 1, 2, 3, . . .) H e  p 6 b 1 ~ a e T .  ~ O ~ T O M Y  
B C e r A a  CyUeCTByIOT 

1im hi',' > 0 A lim hi", 4 a, 
n+ - n+ m 

M, 3HarIMT, B @OPMYJIAPOBK~ TeOpeMbI BMeCTO H A X H e T O  A BepXHeI 'O 
npeAeJIOB MOXHO 6b1fl0 B3RTb  IIPOCTO npeAeJIb1.  

O ~ O ~ H ~ ~ N M  T e n e p b  n o c n e n o s a T e n b H b I e  C O ~ C T B ~ H H ~ I ~  s ~ a r ~ e ~ u s l  

MaTPAUbI 

(aik)7, k=r 

q e p e s  
) ' ' 1  < 1 ' 2 )  < 4 hK-r+I) 
.rn -. r n ~  ' "  



HJIR nm6oro H a T y p z l J I b H O r O  r N nm6b1x KOMnJIeKCHbIX Ek (k = 1, 2, . . . 
. . . , r ) .  

~ ~ A ~ B L U B C ~  qNCJIaMN El, E2,  . . . , El, B B e A e M  B e K T O p  

r 

h = 2 Ekgk 
k-l 

YTO B 0 3 M O X H 0 ,  T a K  K a K  nOCJIeAOBaTeJIbHOCTb ( fi ); I lOJIHa. 3 ~ e c b  
(p$));, k=l - M a T P E I q a ,  0 6 p a ~ ~ a R  M a T p M Q e  (1).  E J I a r o ~ a p R  H a I l l e M y  
~ b 1 6 0 p y  B e K T O p a  h 3 T 0  P a B e H C T B O  IIpEIHEIMaeT BBA 

n 

lim 2 p l ; t ) E i ~ ~  = C ( g k ,  gl) &€k, 
n - t m  j .  k = l  j ,  k-l 

r A e  

E k = O  ( k = r f  1, r f  2 , . . . ,  n). 

a 3 T 0  B e C T b  H e p a B e H C T B O  (4). 
A o K a x e ~  T e I l e p b ,  YTO I lOCJIeAOBaTeJIbHOCTb (gk ]lm RBJIReTCR 6a- 

3NCOM I l P O C T P a H C T B a  H. 
Ecnu H ~ K O T O P ~ I ~ ~  3 J I e M e H T  h E H n p e n C T a B E I M  B B M n e  

TO, Y M H O X a R  06e YaCTEI 3TOTO P a B e H C T B a  H a  f i ,  IlOJIyYMM 

t i ,-  (h, f/), (5') 



O T K y A a  B CNJIy  3aMKHYTOCTN CNCTeMbI { f k  ); C J I e A y e T ,  q T 0  g = h, 
a n p e A c T a B n e H u e  (5) ~ o ~ a s a a o .  

T ~ K M M  o6pa30~, IIOCJIeAOBaTeJIbHOCTb { gk ); RBJIReTCR 6 a 3 ~ c o ~  
I I p O C T p a H C T B a  H. O T C E O A ~ ,  B qaCTHOCTN,  C J I e A y e T  IIOJIHOTa IIOCJIeAOBa- 

TeJIbHOCTM {gk ): B H. 
3aBepILIeHMR f i O K a 3 a T e J I b C T B a  T e O p e M b I  OCTaeTCR n O K a 3 a T b ,  

9 T O  A a H H a R  nOCJIeAOBaTeJIbHOCTb { f k  ) T a K X e  RBJIFIeTCR ~ ~ ~ N C O M .  

T ~ K  K a K  B C e  C O ~ C T B ~ H H ~ I ~  3 H a l l e H N R  M a T P l i U b I  ( I )  J I e X a T  B NH- 
T e p B a J I e  [8, .%I,  TO U p I l  J I E O ~ O M  H a T y p a J l b I I O M  n &i n~06brx q U C J I a X  T k  
(k  = 1, 2, . . . , n) 6 y ~ e ~  

rlk = (h, g k )  
U nOCTpONM p R A  

00 * 

n o J I b 3 y R ~ b  H e p a B e H C T B a M N  (7), A O K a X e M ,  K a K  Pi B b I W e ,  CXOAU- 

M O C T ~  3~01-o p q a ,  a nonb3y~cb A O K ~ ~ ~ H H O ;  n o n ~ o ~ o i i  n o c n e A o s a T e n b -  

HOCTU { gk ):, YCTaHOBNM P a B e H C T B O  
91 



M O X H O  O A H 0 3 H a 9 H O  OTHeCTN HeI<OTOPYIO: 9HCJlOByEO nOCJleAOBaTeJIb-  

HOCTb { Ck );, T.  e. T 0 9 K Y  HeKOTOPOrO ~ ~ C K O H ~ ~ H O M ~ P H O ~ O  n p O C T p a H -  

C T B a .  Ecnli 6asuc { fk ) 1" yAOBJleTBOpHeT YCJIOBMRM H ~ L I I ~ ~  T W p e M b I ,  T .  e. 
n p U  ~ 1 1 0 6 0 ~  n N fi1o6b1~ Ck (k = 1, 2, . . . , n )  NMeIOT MeCTO H e p a B e H C T B a  

n n n 

9 2 1 Ck 1' ( 2 (b, f j )  &ck < ..L! 2 ( ck 1' (0 < g, < 
k=l j ,  k=l k=l  

T ~ K U M  06pa30~, B P a C C M a T p I i B a e M O M  HaMU C J l y s a e  K a X A O M Y  3ne- 
M e H T Y  h E H OTHOCNTCH TO'IKa { Ck ) f E L2, N O ~ ~ ~ T H O .  B ~ ~ N M H O  OAHO- 
s ~ a s ~ o e  o ~ o 6 p a x e ~ ~ e  H H a  L2, o c y r n e c T s n R e M o e  npu n o M o r u u  6a3~ca ,  
~ Y A ~ T ,  ~ 0 0 6 ~ 1 2  FOBOPR, H e  N30MeTPN'IeCKBM. ~ O C J ~ A H ~ ~  NMeeT MeCTO, 

eCJIN 6 a 3 ~ c  O P T O H O P M N P O B ~ H H ~ I ~ ~ .  B M ~ C T O  P a B e H C T B a  n a p c e ~ a J I H ,  
KOTOpOe IIOJI Y ' IaeTCR B C J I y ' I a e  N3OMeTpM'IeCKOrO O T O ~ ~ ~ X ~ H N R ,  Mbl 

n O J I y ' I a e M  3 A e C b  A B O ~ H O ~  H e p a B e H C T B O  

~ ~ M ~ T N M ,  ' I T 0  6 a 3 U ~ b 1 ,  B KOTOPbIX N M e e T  MeCTO 3 T 0  HepaBeHCTBO,  H a -  

3bIBaIOTCH 6a3uca~u PUCCU. 



17. @J'HK~(HH TO'IKH. B H ~ C T O R U ~ ~  K H U r e  N3YYaK)TCR ( P Y H K ~ N N  
TOsKM I3 I IpOCTpaHCTBe r ~ n t 6 e p ~ a .  n p l 3  3TOM B nOJIHOM COOTBeTCTBUN 
C p a 3 A e J r e H H e M  ( P y H K 4 A f i  S J I e M e H T a P H O r O  aHa.JlA3a H a  C K a J l R p H b l e  
( P Y H K ~ M M  A B ~ K T O P - ( P Y H K ~ N A  B H BBOARTCR (PYHKUUH A B y X  TUIIOB: 
T a K  H a 3 b I B a e M b I e  ( P Y H K I ~ H O H ~ J I ~ I  M O n e p a T O p b I .  ~ P U B ~ A ~ M  OTHOCRUINeCR 
c m A a  o n p e A e n e H u R .  

~ Y C T ~  B I I p O C T p a H C T B e  H A a H O  HeKOTOpOe T O s e Y H O e  M H O X e C T -  

BO D. 
Bcsr~ym (PYHK~II IO a, KOTOPaFl K ~ X A O ~ ~  T O g K e  f E D OTHOCUT O n p e -  

A e J I e H H O e  YNCJIO (f), Ha3bIBaK)T @ Y ~ ~ K L ( U O H U I O M .  B I I p O C T p a H C T B e  H 
c o6nac~bro onpeneneaesr D. 

B c ~ ~ y r o  ( P Y H K ~ U K )  T, KOTOPaR K I X A O M Y  3 J l e M e H T y  f E D OTHOCAT 
H ~ K O T O P ~ I ~ ~  3JIeMeHT Tf = g E A 5 H, H a 3 b l B a I O T  O n e p U m O p O A l l  B np0- 
C T p a H C T B e  H C 0 6 J I a c T b K )  O n p e A e J I e H A R  D A 06nac~bro 3 ~ a ~ e H N f i  A, 
c o c ~ o ~ u e i i  a3 B c e x  g = Tf, me f npo6erae~ B c e  D. 

0 6 n a c ~ b  o n p e n e n e H m  ( P y ~ ~ r l A o a a n a  @, a T a m e  0 6 . 7 a c ~ b  onpe- 
n e J I e H A R  A O ~ J I ~ C T ~  3 H a ~ e H A f i  O n e p a T O p a  T 0 6 0 3 ~ a s a K ) ~  Do N COOT- 
BeTCTBeHHO DT, AT. 

T O X A ~ C T B ~ H H ~ I ~ ~  O n e p a T O p ,  T .  e. O I I e p a T O p ,  n e p e I 3 0 f i F l ~ N f i  K ~ X A ~ I ~  
BeKTOp I3 c e 6 ~ ,  6 y g e ~  0 6 0 3 H a Y a ~ b  1. O I I e p a ~ o p ,  I I e p e ~ o ~ F l q N f i  K a X -  

n b 1 i  B ~ K T O ~  B H y J I b ,  0 6 0 3 H a ~ U ~  0. 
Ecnu O n e p a T O p  T A B y M  Pa3JIMYHbIM 3 J I e M e H T a M  A 3  D OTHOCUT 

p a 3 J I i i Y H b I e  3JIeMeHTb1, T O  T MMeeT 0 6 p a ~ ~ b l i i  O n e p a T O p ,  K O T O P ~ I ~ ~  
SJIeMeHTaM I13 A OTHOCUT 3JIeMeHTbI  M3 D. O6pa~~b1f i  O I I e p a T O p  060- . 
3 ~ a s a m ~  CUMBOJIOM T-l. T ~ K U M  o6pa30~,  

ki~orna llpAX0,llATCSI P a C C M a T p H B a T b  S4 T a K W  (PYHKUHA, KOTOPbIe  3J leMeHTaM 
IlpOCTpaHCTBa H OTHOCRT 3,leMeHTbl HeKOTOpOCO APYCOrO I IPOCTPaHCTBa r H n b 6 e p ~ a .  
~ T U  ~ Y H K U H U  T a K X e  H a s M B a l O T  OIIepaTOpaMU. 



Ecnn O ~ J I ~ C T ~  O n p e A e n e H u R  Dr O n e p a T o p a  T ruape o 6 n a c ~ ~  onpe- 
A e n e H m  DS o n e p a T o p a  S, T. e. Ds c DT, n ecnu 

Tf = Sf 

A ~ a n o r l l r ~ o  BBOAHTCR IlOHRTEIe 0 PaClI I l lpeHI lU @ Y H K U I I O H ~ J I ~ .  
O T ~ ~ ~ B J I R R C ~  O T  3 J I e M e H T a p H O r O  IIOHRTUR 0 H e n P e P b I B H O C T H  @YHK- 

unu, M ~ I  n p u x o A u M  K c n e A y m q e M y  o n p e A e n e H u m  H e n p e p b l B H o c T u  
o n e p a T o p a :  o n e p a T o p  T ~ a s b r ~ a e ~ c ~  N e n p e p b l e m u  B T o w e  f ,  ( f o  E DT), 
ecnu 

n o c n e A H e e  0 3 ~ a q a e ~ ,  YTO npn n m 6 o ~  E E.> 0 c y q e c T s y e T  T a K o e  6 = 
= 6 (E) > 0,  TO 113 

11 f - f o  11 < 6, f DT 
c n e A y e T  

. II Tf-TfoIl < E .  

A H a J I o r l l q ~ o  O n p e A e J l f I e T C R  H e n p e p b l B H O C T b  @ ) ' H K U U O H ~ ~ ~ .  
Ecnu s n e M e H T  f o  H e  n p n H a A n e X n T  DT, HO c y w e c - r B y e - r  lim Tf = go 

npu f + f o  n f E DT, TO O n e p a T o p  T MOXHO O n p e A e n n T b  H a  sne- 
M e m e  f o ,  n o J a r a R  Tfo = go. n o c ~ y n a ~  T O ~ H O  T a K  xe co B c e M u  3ne- 
MeHTaMI? T o r 0  Xe T u n a ,  9 T O  I4 f o ,  MbI I I p N X O ~ A M  K T a K  H a 3 b I B a e M O M y  
pacluupeuuro no H e n p e p b l a f i o c m u  o n e p a T o p a  T .  30 p a c r r J n p e H n e  OAHO- 
S H ~ ~ H O  O n p e A e n R e T c H  o n e p a T o p o M  T .  

A H ~ ~ o ~ I ~ ~ H O  O I I p e A e J I R e T C H  p a C I I I I 4 p e H N e  no H e n p e p b l B H O C T N  @YHK- 
uno~ana  . 

Onepa~op T H a 3 b I B a e T C R  OZpUHUWHUblAt,  e C n U  B K a X A O M  LLIape 
11  f 11 < R R b I n O J I H e H O  H e p a B e H C T B O  

I I  T f  I I  C R  < 05 ( f  E DT). 

A H ~ J I o ~ N Y H O  O n p e A e J I R e T C R  0 r p a H I l Y e H H b 1 8  @ ~ H K U H O H ~ J I .  
A a J I b H e f i ~ k i e  IIOHHTNR, OTHOCRUHeCFI  K @ Y H K I I U O H ~ J I ~ M  U O n e p a -  

T O p a M ,  MbI 6 y A e M  BBOANTb H U X e  B CBR3N C T a K  Ha3bIBaeMbIMII  JINHefi- 
HblMN @ Y H K U E I O H ~ J I ~ M M  N J I H H ~ ~ H ~ I M N  O n e p a T O p a M k i ,  K O T O p b l e  RBRTCR 
OCHOBHblM I I p e A M e T O M  H a U e r O  N 3 Y Y e H U R .  

3 ~ e c b  Xe MbI OCTaHOBMMCR ;IUIUb H a  O n e P a T O p H O M  a H a J I O r e  @YHK- 
UUlr OT @YHKUUU. ~ Y C T ~  A a H b l  A B a  O n e p a T O p a :  S kl T .  ~ Y C T ~  06- 
J l a C T b  3 H a q e ~ U f i  B T O p O r O  O n e p a T O p a  N M e e T  o6que TOqKU C 0 6 J I a ~ ~ b l O  
o n p e A e n e H u n  n e p B o r o  (T. e. n y c T b  M H o z e c T B o  A T  n DS ~ e n y c ~ o ) .  



B TaKOM C J I y q a e  M O X H O  r O B O P U T b  06 O n e p a T O p e  ST, K O T O P ~ I ~ ~  3JSeMeHT 
f n e p e s o A n T  B 3 n e ~ e ~ ~  

  ST^ = S (Tf). 

  TOT O n e p a T o p  ST H o c a T  ~ a 3 s a ~ u e  npoussede~uz onepamopos S u T 
A er0 O ~ J I ~ C T ~ K ~  O n p e A e J I e H H R  RBJIReTCR C O B O K y n H O C T b  BCeX T e X  f E DT, 
AJIH KOTOP~IX Tf E Ds. A H ~ J I O ~ U ~ H O  BBOAUTCR n p o ~ 3 s e ~ e ~ c r e  TS, 
KOTOPOe I I M e e T  CMbICJI, eCJIN H e n y C T O  M t I O X e C T B O  As n DT. Pa3y- 
M e e T C R ,  0 n k p a ~ o p b I  ST U TS, ~006ule FOBOPR,  P a 3 J I U 9 H b 1 ,  T a K  K a K ,  
~ o o 6 q e  ~ O B O P R ,  P ~ ~ . J I U ~ H ~ I  nx 06nacrn o n p e A e n e a u R ,  u ecnw A a x e  
CYLUeCTByeT 3 J I e M e H T  g, n p U ~ a , Q J I e X a u l ~ f i  o 6 e u ~  O ~ J I ~ C T H M  O n p e A e -  
JIeHMR, T O  M O X e T  H e  I l M e T b  M e C T a  P a B e H C T B O  

STg = TSg. 

A a ~ b  pa3 y ~ a o e  o6qee o n p e A e n e H n e  n e p e c T a a o B o s a o c r u  AB yx 
O n e p a T O p O B  3 a T p y A H H T e J b H 0 ,  U MbI O r P a H N 9 U M C R  3 A e C b  T e M  C J I y q a e M ,  
K O r A a  I13 ABYX O n e p a T O p O B  S, T no ~ p a f i ~ e f i  M e p e  OAHH ( ~ Y C T ~  3 T 0  
6 y ~ e ~  S) o n p e A e z r e H  B C W A ~  B H. B  TOM cnyqae o n e p a T o p b r  S u T 
c s n r a m T  n e p e s m a H o s o u H b l f i u ,  e c n H  

ST TS, 

T. e. e C n U  U 3  BKJIIOqeHUR f E DT C J I e A y e T  K a K  BK.JIIo9eHUe Sf E DT, 
T a K  U P a B e H C T B O  

STf = TSf . 

B sacraocrw, ecnu 06a o n e p a T o p a  o n p e n e n e H b r  ~ c m ~ y  B H, TO nepe- 
CTaH01309HOCTb 3KBWBaJIeHTHa p a B e H C T B y  ST = TS. 

18. J l ~ H e f i H b l f i  ( P Y H K ~ H o H ~ J I .  ~ ) ~ H K ~ u o H ~ J I  (D H a 3 b I B a e T C R  O ~ H O P O ~ N ~ ~ ~ U  
u a d d u r n u s f i b r ~ ,  ecnn ero o6nac~b  o n p e A e n e H u H  D e c T b  nuaeii~oe 
~aoroo6paaae H e c n H  

@ (af - I  Pg) = a @  (f) + PO (g )  9 

KaKOBbl 6b1 HII 6b1.1114 KOMIIJIeKCHbIe W i C j l a  a, U 3 n e M e H T b I  f ,  g D. 
OAHOPOAH~I~~  U ~ A A I ~ T U B H ~ I ~ ~  @ Y H K ~ U O H ~ J  H a 3 b I B a e T C R  f l ~ H e l ? H b l f i ,  

eCJIM OH O r p a H H q e H .  n e r ~ 0  BUAeTb,  s T 0  C B O ~ ~ C T B O  O r p a H U 9 e H H O C T N  

A n R  OAHOpOAHOrO U a A A H T U B H O r 0  @ Y H K ~ M O H ~ J I ~  M O X H O  B b I P a 3 W T b  
H e p a R e H C T B O M  

CTORW~H B n e B 0 f i  q a C T I l  3 T O r 0  H e p a B e H C T B a  B e J I U s U H i l  HOCWT ~ a ' -  
3BaHkie  H O p N b l  ~ ~ Y N K Y U O H ~ ~ ~ ~  @ 14 0 6 0 3 ~ a q a e ~ ~ R  CMMBOJIOM 1 1  @ 1 1  D, a 
ecm D = H, TO n p o c T o  11 (D 1 1  . 



Ecnu f  E D, TO, no o n p e n e n e H u m  H O ~ M ~ I  @ Y H K U N O H ~ J I ~ ,  

I'Ae f E D U 1 1  f  11 < 1,  3 H a K  P a B e H C T B a  H e  M O X e T  NMeTb MeCTa n p z l  
1 1  f  1 1  < 1. ~ O ~ T O M Y  H O p M a  11 @ 1 1  D M O X e T  6 b 1 ~ b  O n p e n e J I e H a  P a B e H -  

CTBOM 

sup @ (f) 1 = 11 @ 11 D 
f c D .  IIIII =1 

(2) 

Ecnu @, !r! - A B a  J l N H e f i H b 1 ~  @ ~ H K U N O H ~ J I ~  C O ~ J ~ C T H M M  O n p e a e J I e H N R  

Do, D q r ,  T O  a@ + BY, me a, P - KOHCTaHTbI, RBJIReTCR T a K X e  
J I u H ~ ~ ~ H ~ I M  @ ~ H K ~ N o H ~ J I o M  C 06nac~bm O n p e n e J I e H N R  DQ n Dy (KOH~ZIHO,  

n p e n c T a s n R e T  N H T e p e c  nnurb TOT cnysaii, K o r a a  DQ 0 Dy c0nepXu-c 
TOqKU,  OTJIUgHbIe  OT f = 0). 

E ~ A U  @ ~ & K ~ U O H ~ A  @ O ~ N O P O ~ ~ H  U a d d u m u ~ e ~  U eCnU OH Henpe- 
pbleeH xornx 661 8 odHoG ~ O Y K ~  f0 E D, mo O H  o2paHuueH u no3mo~y  
szsnslemcx ~ U H ~ ~ H ~ L N  @ y ~ ~ q u o ~ a n o ~ .  

~ ~ ~ ~ c T B u T ~ J I ~ H o ,  B C N n y  H e n p e p b I B H O C T N  @ ~ H K ~ H o H ~ J I ~  B T O s K e  fo 



9 T O  H A O K a 3 b I B a e T  H a u I e  Y T B e p X A e H U e .  
Ecnu nuaefi~oe ~ ~ o r o d p a s u e  D, H a  KOTOPOM 3 a ~ a ~  f i u ~ e f i ~ b ~ i i  

I # ~ ~ H K ~ U O H ~ J  a, H e  3aMKHYT0,  T O  @ M O X H O  PaCILlUpUTb H a  3 a M b I K a H U e  
M H O ~ O ~ ~ ~ ~ H R  D. %0 PaCLIIHpeHRe,  K a K  J l e r K O  BUAeTb,  npUBOAHT 
K J ~ U H ~ ~ ~ H O M Y  @YHKUUOH~JIY C ~ 0 f i  Xe H O P M O ~ ~ ,  9 T O  R y UCXOAHOrO 

@ y H K u u o H a J I a .  
& ~ K O  IIpRBeCTU I I p U M e p b I  OAHO OAHbIX ti a m H T R B H b I X ,  H O  H e  li OrPaHHYeHHbIX @ Y H K ~ U O H ~ J I O B .  B L (- 03, a) TaKRM IIPHMePOM 

M O X e T  CJIYXUTb @ ~ H K U H O H ~ J I  
m 

rAe { t?, ); - K ~ K O ~ ~ - H H ~ Y A ~  O ~ T O H O P M H P O B ~ H H ~ I ~  6amc B H. 
B - O ~ O N X  npmepax d n a c ~ b  o n p e A e n e H u R  @ y ~ ~ s a o ~ a n a  nnoma 

B ITpOCTpaHCTBe, HO H e  C O B l l a A a e T  C O  BCeM IIPOCTpaHCTBOM. OAH~KO 
H e  CJIeAyeT AYMaTb,  YTO H e O r P a H H Y e H H O C T b  @ ~ H K U U O H ~ J I ~  (OAHO~OA-  
HOrO U ~AAIITUBHOTO) H e  M O X e T  U M e T b  MeCTa,  e C n R  OH O n p e J e J I e H  BO 
BCeM IIpOCTpaHCTBe. 

A 3  M ~ ~ C K O H ~ Y H Y H )  IIOCJleAOBaTeJlbHOCTb 3JleMeHTOB { g,, }? U IlOnOlKUM (g,) = 
= n, a H a  o c T a n b H b l x  S n e M e H T a x  g 6 M o n p e A e n u M  CD n p o u 3 ~ o n b ~ ~ ~  06pa30~. 
K p o ~ e  TOrO, n o n o X w M  (0) = 0. B cwny O ~ H O ~ H ~ Y H O ~ ~  npeJCTaBHMOCTA n1060i-0 
3 n e M e H T a  h € H B BAJe 

m 

h =  r, c$, ( f k € M ,  m <  a), 
k= I 



19. Teope~a a. Pecca ycTaHasnnBaeT o6quB BHA n u ~ e f i ~ o r o  @YHK- 
UuoHana B H u rnacuT: ~ C R K U ~  nur-led~bld @y~icyuo~an s 2unb6epmoso~ 
npoempaHcmee H ufieem sud 

2de f - neicomopbllvl sne~eilrn u3 H ,  O ~ H O ~ H U W O  onpcdcnnefibllvl @y~ic- 
yuotianofi 0; npu amofi 

I I @ i = l l f  l l .  

a (g) = 0. 

B C U n y  J I U H ~ ~ ~ H O C T U  @ ~ H K ~ u o H ~ J I ~  3T0 MHOXeCTBO eCTb JIPiHefiH0e 

MHor006pa3~e. OH0 ~ ~ M K H ~ T O  U, 3HasUT, FIBJIFIeTCFI IIOAIIpOCTpaH- 
CTBOM. ~ ~ ~ ~ c T B H T ~ J I ~ H o ,  eCnU gn + g, TO B CHJIy  HeIIpepbIBHOCTU 

@ ~ H K ~ u o H ~ J I ~  

(g) = lim (gn), 
n-c m 

IIO3TOMy U3 (g,) -- 0 (T. €3. Pi3 gn E G) BbITeKaeT, qT0 (g) = 0, 
T. e. g E G. 

Ecnu G = H, TO @ Y H K U U O H ~ A  BCIOAY PaBHHeTCR HYJIIO, U AJIR 
AOKa3aTeJIbCTBa TeOpeMbI P U C C ~  HaAJIeXUT IIpIlHFlTb f = 0. npe~II0- 
JIOXUM II03TOMy, LIT0 G # H. B TaKOM CJlyqae CyLUeCTByeT O T J I U ~ H ~ ~ ~ ~  

OT HyJIFI 3JIeMeHT f o  E H e G. P~CCMOTPUM 3JleMeHTbI BUAa 

C n e ~ o ~ a ~ e n b ~ o ,  

(@(h)fo-@(fo)h1 fo)  = 0, 
OTKyAa 

(h) (fo, fo )  - (h, @.(fo) fo). 
Ecnn nonoxuM 



19. , Teopema 0. Pwcca 63 

TO N 3  IIOJIYYeHHOI'O P a B e H C T B a  6yAe~  B b I T e K a T b ,  YTO 

(h) = (h, f) .  

B e p H O M y  AJIR nro6oro h E H, rAe f', f - A B a  pa3JIN ' lHbIX B e K T O p a .  
HO 3 T 0  H e B 0 3 M O X H 0 ,  T a K  K a K  CTONT JINUIb B 3 R T b  h = f '  - f", N Mbl 

I IOJIyqNM 

I1 f '  - f 11 = 0. 

O C T ~ ~ T C R  A O K a s a T b ,  YTO 

II Il - II f II . 
T ~ K  KaK 

(h) = (h, f),  
TO 

I (h) I < Il h II II f ll 
W, 3HaYNT,  

II II <"I1 f II . 

T ~ K U M  06pa30~, T e o p e M a  @. Pncca ~ o ~ a s a ~ a .  
I~OJIOXMM T e n e p b ,   TO B H s a ~ a ~  nfiaeiia~ii Q y ~ ~ s ~ o ~ a n  Y c 3 a ~ -  

K H Y T O ~  0 6 J I a c T b I O  O n p e A e J I e H N R  Dw. T ~ K  K a K  Dv RBJIReTCR n O A n p 0 -  

CTPaHCTBOM IIPOCTPaHCTRa H, T O  n O  A O K ~ ~ ~ H H O ~ ~  T e O p e M e  @. P U C C ~  
QfiH03Ha9HO OIIpeAeJIReTCR T a K 0 f i  3 J I e M e H T  g E Dqr, 9 T O  

= g ( h € D l v )  (1) 
U 

Il y ll D,g = Il g I1 . 



O T K y A a  BUAHO, 9 T O  f -g IDW. A T a K  K a K  g E Dy, TO 

I1 f 1 1 2 =  lIg11 = +  /I f-g11 = 
I?, 3 H a q H T ,  

11 @ 1 1  > !I 'p 11 Dw, 

20. Kpn~epnii  3aMKHYTOCTH B H 3 a ~ a H H o f i  CHCTeMbl BeKTOPOB. CHCT~MY 
BeKTOPOB M H 3  H Ha3bIBaK)T,  K a K  6b1a0 Y K a 3 a H O  B no 9, ~ ~ M K H Y T O ~  
B H, eCJIH n1060ii B e K T O p  h E H M O X H O  C nro6ofi C T e n e H b I o  TOqHOCTH 
a n n p O K C H M H p O B a T b  J I H ~ e f i H o f i  K O M ~ H H ~ Q H ~ ~  BeKTOpOB,  n p H H a A J I e X a -  

U N X  M. 
Teope~a.  BAR noPo rrn0661 cucnlela M 6blna sa,tttcHyrnoli 8 H, 

~ e o 6 x o d u ~ o  u aocrnarnorilo, y.rno6b~ sc~tculi AuHedHbld @y~tcyuotian @ 
8 H, 06paqaroqudcsl 6 HYAb Ha ~ t O 6 0 l  6etcmOpe gE M, pa8HHflCR 
~ y n m  rn03fCdecrn~e~tio. 

A o K a 3 a T e n b c T B o. n e p ~ a ~  s a c n  T e o p e M b I  e c T b  H e n o c p e A -  

C T B e H H O e  CJIeACTBHe H e n p e p b I B H O C T H  J I l l ~ e f i ~ 0 r 0  @ Y H K ~ ~ ~ O H ~ J I ~ .  

Y T O ~ ~ I  A O K a 3 a T b  B T O P y I o  W C T b  T e O p e M b I ,  AOnyCTHM, q T 0  CUCTeMa 
H e  3 a M K H y T a ,  T. e. C y U e C T B y e T  T ~ K O ~  B e K T O p  ho E H, AJIR KOTOpOrO 

T a K  9 T O  f I G. Tenepb B 0 3 b M e M  @ Y H K U N O H ~ J ~  

@(h)  = (h, f ) ,  



21. O & H ~  JleMMa OTHOCHTeJlbHO BblnYKJlblX @ Y H K ~ H O H ~ J I O B ~ .  
0 n p e A e n e H a e. 3 a a a ~ ~ b 1 6  a H eeu(ecmee~~bl6 $ y ~ ~ q u o ~ a n  

p (h) ~asbleaemcx eblnyKnbl&, ecnu 

~ ~ M ~ T M M  TaKXe, 9TO eCnH B ~ I I I ~ K . J I ~ ~ ~ ~ ' @ Y H K u M o H ~ . J I  p (h) OrpaHMqeH 
B eAWHMqHOM LUape, T,  e. 

sup p(h) = JU c co, 
Ilh11 ( 1  

1 
KOTOpOe nOKa3blBaeT, qTO B KaqeCTBe 8 MOXHO nPkiHRTb - E. . nl: 

npkIMepaMH BblnyKnblX @ ~ H K ~ ~ ~ o H ~ J I o B  RBnRloTCR ~ ~ C O J ~ I O T H O ~  3Ha- 
seHne n u ~ e f i ~ o r o  @ y ~ ~ u n o ~ a n a  I cD (h) 1, a Tame  HopMa sneMeHTa 1 1  h 11 . 

JIenc~a (M. M. r enbaaa~) .  Ecnu ebmy~nblu' ( P Y ~ ~ q u o ~ a n  p (h) 
nonytienpepbreeti C H U ~ ~ ,  m. e. dnx nm60zo ho E H u nm6ozo E > 0 
cyqecmeyem maKoe 6 > 0 ,  m o  . 

~ ( h )  - P (ho) > -E 

B HacToaueM nynKTe M ~ I  cnenyeM M. M. ren@anny. CM. ero cTarblo 
~06 O ~ H O ~  JeMMe TeOpHH n ~ ~ e f i ~ b l x  npOCTpaHCTBB, ( ~ 0 0 6 ~ .  X a p b ~ .  MaT. 0-Ba 
cep. 4, 1936, T. XIII, c. 35-40). 

3 6-448 



npu il h - ho l l  < 6 ,  mo @ y ~ u y u o ~ a n  p (h) ozpanuqen 8 edufiuvno~ 
wape, a cnedo6amenbn0, nonyHenpepbl6en csepxy u no3mo~y npocmo 
HenpepblseH. 

A o K a 3 a T e n  b c T B o. l7pexne Bcero ~ ~ M ~ T H M ,    TO ecnH @YHK- 
uMoHan p (h)  He orpaH,MseH B mape K (1, 0), TO OH H e  ~ Y A ~ T  orpa- 
HMWH HM B KaKOM Luape K(p ,  g). A ~ ~ ~ c T B u T ~ ~ ~ H o ,  AOIIyCKaH, 9TO 

P (h) < C IIpM h E K (p, g), ~ a f i ~ e ~ ,  9TO IIpPi-" 11 h - g 1 1  < p  MMeeT 
MeCTO HepaBeHCTBO 

n y c ~ b  Tenepb f E K (1, 0). l7onai-a~ h = g + pf, TaK  TO ~j h - g 1 1  < 
< p, H ~ K ? A ~ M ,  9TO 

2C 

M, CJIeAOBaTeAbHO, @ Y H K U M O H ~ J I  p (h) OrpaHM9eH B IIIape K (1, 0). 
AOKa3aTeJIbCTBa JIeMMbI IIpeAnOJIOXMM, 9TO OHa HeBepHa.  

T o r ~ a  H ~ ~ ~ A ~ T C R  TO9Ka f1 I( (1, 0) TaKaH, 9TO P (fl) > 1. Ha OCHO- 

BaHMM IIOJIyHenpepbIBHOCTM CHM3y @ ~ H K U H O H ~ J I ~  P (h) H ~ ~ ~ A ~ T C R  IUap 

pOr0 BbInOJIHHeTCH H ~ ~ ~ B ~ H C T B O  p (h) > 1. B C H J I y  HeOrpaHM9eHHOCTli 

@ ~ H K ~ M o H ~ J I ~  p (h) B 3TOM IUape CymeCTByeT TO9Ka f2, a 3aTeM H 

uenb~ii map K (p2, f 2 )  t K (PI, 11) (C P ~ A M Y C O M  P2 < +PI) I B K ~ P ~ I X  

p (h) > 2. l7po~onxaa   TOT npouecc, n o n y s m  G e c ~ o ~ e y ~ y r o  nocne- 
AOBaTeJIbHOCTb IIIapOB 

K (1, 0) 3 K (PI, f1) 2 K ( ~ 2 ,  f2 )  3 . 
1 

'\ 

TaKMX,  TO pn < pn-l (n = 1, 2, ... ; PO = I), npwefl  P (h) > n, 
eCJM h E K (p,, f,). HO nOCJIeAOBaTeJIbHOCTb 4eHTI)OB { fn  ): @ Y H A ~ -  
MeHTaJIbHa M, 3HaqHT, CXOAMTCH K HeKOTOPOMY 3JIeMeHTy f.  

npM 3TOM P (f) > ll, KaKOBO 6b1 HM G ~ I J I O  II, 9TO HeBO3MOXHO. 
T~KMM 06pa30~, JIeMMa AOKa3aHa. 
C n e n c ~ ~ ~ e  1. I7ycmb p,(h) ( k =  1,  2, 3, ...) ecmb nocne- 

do6amenbHocmb 6blllYlCAblX U Hellpepbl6HblX @YHU.!~UON~RO~ 6 H. ECRU 
ema nocnedoeamenb~ocmb ozpaHuqeHa s uaxdoB movue h E H, mo 

P (h) = sup Pn (h) 
II 

ecmb rnauxe 6blnyunblB u ~enpepblo~blL @ y ~ u y u o ~ a n .  
A 0 K a 3 a T e n  b C T B 0. TO, 9TO P (h) eCTb B ~ I I I Y K J I ~ I ~ ~  @ Y H K ~ H O -  

HaA, 09eBMAHO. C ~pyro f i  CTOPOHbI, IIpM @ H K C H ~ O B ~ H H O M  ho E H li 
JlI060~ E > 0 MOXHO H ~ T A  N TaK, 9~06b1 



npu II h - h, II < 6. Ho d T a K o M  cnyqae npu 11 h - ho ( < 6 

u, ~ H ~ W T ,  @ ~ H K Q I I O H ~ J  p (h )  n o n y H e n p e p b I B e H  c~I13y. Tenepb o c T a -  

eTCR n P U M e H A T b  J IeMMy.  
B ~ a J I b H e f i 1 L I e ~  I I O H ~ ~ O ~ H T C R  q a ~ ~ ~ b l f i  ~ J I y q a f i  3TOTO CJIeACTBUR. 

M b l  B b l A e n n M  ero K a K  c Y r A e n b H o e  n p e A n o x e H u e .  
C n e n  c T B H e 2. Ecnu nu~eu"nbie @ywlcyuonanbi a,, @,, @,, . . . 

e npocmpaHcmee H malcoebl, qmo npu nm60.~ h E H Yucnooaa nocne- 
dosamenbnocmb ( @, ( h )  1," ozpailuueHa, mo u nocnedoeamenb~ocmb HOPM 

( l i  Dk 11 ); pacc,ttampuoaeMbLx Cpynuyuo~anos ozpaHuueila. 
4 0 K a 3 a T e JI b C T B 0. ~ O C T ~ T O ~ H O  3 a M e T I I T b ,  9 T O  

Pk(h)  = ( h ) !  ( k =  1 ,  2, 3, . . .) 

~ H ~ W T ,  npu HeKOTOpOM .% < co 0 JIIO~OM h E K ( 1 ,  0) 

sup I @n (h )  I < .%, 
n 

O T K y A a  C J I e A y e T  

~ ~ A M M  A B a  npOCTbIX npl lMeHeH11R AOKa3aHHbIX npeAJI0 lKeHPif i .  Ha 
OCHOBaHIlH T e O p e M b I  a. P H C C ~  MbI 3 H a e M ,  q T O  B C R K H ~ ~  J I H ~ e f i ~ b l f i  

@ ~ H K u H o H ~ J I  L2 (a ,  b) MMeeT B11A 

b 

@ ( h )  = J h ( f ) c p ( f ) d t ,  ( 1 )  
a 

r A e  cp ( t )  e c T b  @YHKQHR 113 L2 ( a ,  b), n o p o x A a I o u a R  (P~HKUHO- 
H a n  (h).  

Tenepb Mbl M O X e M  A O K a s a T b ,  q T O  eCAU He~omopb~u' @!lHlcy~oHa/l 
@ ( h )  onpedene~ scmdy e L2 ( a ,  b) npu noMouiu @op~ynbi  ( l ) ,  zde 

cp ( t )  - uauaa-mo lpu l ccupooa~~a~  (PYHKL~LR, o uomopoii u36ecrn~o n u m ,  
umo oHa u s ~ t e p u ~ a ,  mo cp ( t )  E L2 (a ,  b), a cnedosamenbno, ( 1 )  ecmb 
nuneli~biii @ y u ~ y u o ~ a n  s L2 ( a ,  b). 
3* 



*OT  KT RBAReTCR WCTHbIM C J I y q a e M  6onee o614eii TeOpeMbI 
@. Puccal. 

Ann AOKa3aTeJIbCTBa 0 6 0 3 H a q ~ M  q e p e 3  8, MHOXeCTBO T O s e K  t 
E [a,  b] 11 (-n, n ) ,  B KOTOP~IX I q~ ( f )  1 g n ,  u n o a O X n M  

4 (h) = j h (1)  Y ( f )  dt. 
8, 

a0 JIUHefiHb16 @ ~ H K ~ U O H ~ J I  B L2 (a ,  b) C H O P M O ~ ~  

, T ~ K  KaK I IpH  ~ 1 0 6 0 ~  h E H qI lCJOBaR IIOCJeAOBaTeJIbHOCTb { ak (h)  }; 
CXOAUTCR u I I O ~ T O M ~  orpaauseaa, TO, B cuny c n e A c T s u R  2, orpa- 
H H q e H a  IIOCJIeAOBaTeJIbHOCTb HOPM ( 11 ak 11 I f ,  a OTCIoAa BbITeKaeT 

(B CUJIy  JIeMMbI @~TY), q T 0  

f , q I ( t ) , a d f  4 < a. 

A H ~ J I O ~ U ~ H O ~  I I p e A J I O X e H U e  C n p a B e A ~ u B O  OTHoCUTeJIbHO IIpOCTpaH- 
CTBa  12. O ~ P ~ H U ~ U M C R  er0 @ O p ~ y J I U p 0 ~ ~ 0 f i .  

Uycmb ~etcomopbid @yiltcyuoilan Q, ( x )  onpedeneil ecmdy e l a  c no- 
M O q b l O  @0pMy~bl 

OD 

b k X k  ( ~ = { x k ) I m ) t  k= 1 
(2) 

zde { a, ) f ecmb tcatcax-mo @utccupoeaililan nocnedoeamenb~ocmb. 
B matcoa cnyqae { ak ); € 12, U ,  cnedoeamenb~o, Q, (x )  ecmb nuiled- 
m i d  @y~tcyuoilan e la. 

*OT  K KT RBJIReTCR qaCTHbIM CJ IyqaeM 60~1ee o6uefi TeOpeMbl  
3. JIaanaya 

22. O r p a ~ ~ q e I i H b l f i  JIHHefiHblfi  O n e p a T O p .  O I I e p a ~ 0 p  T Ha3bIBaeTCR 
n u ~ e u ' ~ b i ~ ,  ecnu ero 06nac~b o n p e A e n e a n R  D e c T b  n u ~ e f i ~ o e  MHOTO- 

1 OT.nocrrqekcrr K npocTpancTBy LP npw J I ~ ~ o M  p> 1 w rnaceqei: ecnw 
wHTerpan (1) cyqecTByeT npw nm6ok @YHKUWW h ( t )  E LP (a, b) ,  TO 9 (1) E L 4  (a, b), 

I 1  
me  - + - = I .  

P q 
a OTnoceqeGcu K npocTpaHcTBy l p  npu ~ i m 6 0 ~  p > 1 w rnaceqek: ecnu pea 

(2) CXOHHTCR nne nm6oii nocnenosaTenbnocTw { xk )r E l p ,  TO ( ak  ) ?  E L q .  rne 
I 1  

P + Q = ~ .  



n o ~ s e p ~ ~ e ~ ,   TO B o T n u Y u e  OT O n p e A e n e H n R  n u ~ e f i ~ o r o  (PYHK- 
q u o H a n a   TO O n p e A e n e H u e  H e  c o A e p x u T  ~ p e 6 o ~ a ~ u ~  06 o r p a H u s e H -  

HOCTH O n e p a T O p a .  P a 3 J I l l Y u e  BbI3BaHO TeM, YTO M H O r N e  B a X H b I e  O n e -  
paquu asanma, H a n p s r d e p ,  o n e p a u w c l  ~ n @ @ e p e ~ u a p o s a ~ u c l ,  n o p o x A a I o T  
O n e p a T O p b I  H e O r p a H H s e H H b I e ,  HO OAHOPOAHbIe II a ~ N T U B H b I e ,  T. e. 
JI l iHef iHble  B CMbICJIe A a H H O r O  3 A e C b  O n p e A e J l e H H c l .  

B COOTBeTCTBUU C O ~ L U M M  O n p e A e J I e H H e M  0rpaHMYeHHOCTI. I  O n e p a -  
T O p a  (CM. no 17) JIFiHefiHblfi O l I e p a T O p  T H a 3 b s e M  O r P a H M q e H H b I M ,  e C J U  

sup II Tf II <a. 
[ED. IIltll < I  

C ~ o c l l r ~ y r o  B ne~0f i  s a C T b i  3 T O r O  H e P a B e H C T B a  B e J l U s U H Y  Ha3bIBaIOT 
~ 0 p f i 0 Z  OnepUmOpU T B D li 0 6 0 3 H a q a I O ~  ClrMBOnOM ( 1  T llD N n U  ( 1  T ;I. 

A ~ ~ K o  B U A e T b ,  YTO H a  O r p a H U Y e H H b I e  n ~ H e f i H b 1 e  O n e p a T O p b I  nepe- 
HOCRTCcl nOJIOXeHMR no 18, OTHOCRWUeCR K J ~ N H ~ ~ ~ H ~ I M  ( P ~ H K u U O H ~ J I ~ M :  

1. H o p ~ a  o r p a H u s e H H o r o  n u ~ e f i ~ o r o  o n e p a T o p a  T M o x e T  6b1~b 
o n p e A e J l e H a  p a s e H c m a M u  

II T f  II I1  T II = SUP 11 Tf 11 = sup- 
!ED, / l f l l = l  f c ~  IIfl l ' 

2. O r p a H U Y e H ~ b ~ f i  JIPiHefiHbIfi O n e p a T O p  H e n p e p b I B e H .  
3. Ecnu J ' I u ~ e f i ~ b I f i  O n e p a T O p  H e n p e p b I B e H  B O A H O ~ ~  TOYKe, TO OH 

o r p a H u s e H .  
4. Pacu~upe~ue no H e n p e p b I B H o c T u  o r p a H u s e H H o r o  n u ~ e f i ~ o r o  

o n e p a T o p a  T n p u a o A a T  K n a ~ e f i ~ o ~ y  o n e p a T o p y  c ~ o i i  x e  H O P M O ~ ~ ,  
YTO N y u c x o A H o r o  o n e p a T o p a .  

5. Ecnu S u T - n n ~ e i i ~ b ~ e  o n e p a T o p b r ,  TO US $- PT, r A e  a,  P - 
KOMnJleKCHbIe YNCJIa, RBJIReTCR J I u H ~ ~ ~ H ~ I M  O n e p a T O p O M  C 0 6 J I a c ~ b I O  O n -  
p e n e n e H u R  Ds n DT. J I E I H ~ ~ ~ H ~ I M  o n e p a T o p o M  R s n R e T c R  T a m e  K a x A o e  
n3 n p o u 3 ~ e ~ e ~ u f i  ST, TS (CM. no 17). 

Ecnu S, T - o r p a H u s e H H b I e  n u ~ e f i ~ b ~ e  o n e p a T o p b r ,  o n p e A e n e H H b r e  
B C I o A y  B H, TO O n e p a T O P b I  ST, TS T a K X e  RBJIRIOTCR O r P a H H 9 e H H b I M U  
n l i ~ e f i ~ b ~ ~ l l  O n e p a T O p a M P i ,  O n p e A e J I e H H b I M U  BCIOAy B H. n p ~  3TOM 

II ST I 4 II S II II T II , II TS II 4 II T II . II S II . 



T~KMM 06pa30~, a k  RBJIRWTCR J I k i ~ e f i ~ b ~ ~ k i  @ Y H K ~ U O H ~ J I ~ M B  OT f H, CJIe- 

AOBaTeJIbHO, no TeOpeMe 0. P U C C ~  H ~ ~ ~ A Y T C R  3JIeMeHTbI gk (k = 
= 1, 2, . . . , n), 9epe3 KOTOPbIe a k  IIpeACTaBkiMbI B BnAe  

23. ~ H J I H H ~ ~ ~ H M ~ ~  @ ~ H K ~ H o H ~ J ~ .  B Y A ~ M  rOBOPATb, 9TO B H OIIpeAeJIeH 
6 ~ / 1 ~ H e ~ ~ b l i i  @ Y N I C ~ U O N ~ R  a, eCJIn ~ a X ~ 0 f i  nape 3JIeMeHTOB f ,  g € H 
OTBe9aeT 0 n p e ~ e J k H H O e  (~oo6we rOBOPR, K O M I I J I ~ K C H O ~ )  9MCJIO Q (f, g), 
n p u s e M  

a) a (a41 + a2f2, g) = a1a (f,, g)+ a2a (f2, g), 
b) Q (f, Plgl + Pzgz) = LQ (f 5 g1) + FZQ (f gz ) ,  

c sup I Q(f ,  g)I < 
U I l l ~ l ~ I I B I I  41 



r I p k i M e p 0 M  6 u J I U ~ e f i ~ O r 0  @ ~ H K U H O H ~ J I ~  RBJIReTCR CKaJIRpHOe H p O -  

umeneaae (f, g). 
B e J I i % q U H a  

sup I Q (f, g) I 
nrn41911gs 4 1  

6aJIuHef iHb1f i  @ ~ H K U U O H ~ J I  e C T b  H e n p e p b I B H a R  @ Y H K U U R  OT CBOUX 

a p r y M e H T O B .  a e f i ~ T ~ U T e J l b H 0 ,  

1 Q (f, g)-Q (fop g o )  I -  
= IQ(f - f o ,  g - g o )  + Q(f - f o ,  g o )  + Q u o 9  g - g 0 ) I  < 

6 11 5211 ( I i f  -foil IIg-go 11 + II f - f o  II . II g o  I I  + II folI .lIg--go(I). 

- q a c ~ o  Bbrsae~ nonesso cneAyIowee n p o c T o e  n p e A n o x e H u e .  
Teope~a. E C R U  KOMtlfleKCHUR C K U R R P H U R  ( P Y N K ~ u R  O (f ,  g) yd06- 

n e r n s o p R e m  y c n o s u ~ ~  

Pat? C-KOHCtTlUHtTlU, f ,  fl, f a ,  g, gl, g 2 - n P O U 3 8 O R b H b l e  3ReMeHfTlbl H ,  
U a,, U2, PI, p2- nPOU3BORbNble  qUCRU, tTlO o e C m b  6 u n u ~ e t ? H b l t ?  (PYNK- 
q u o H u n  c HOPMO~? I1 o II 4 C .  a O K  a 3 a T e Jl b C T B 0. H ~ I I O C ~ ~ A C T B ~ H H O  I I p O B e p R e T C H ,  q T O  

B cuny a) u b)l 
1 ( f ,  h) + o(h ,  f )  = - , (o  (f + h ,  I :+h)--o(f  -h, f -h ) ) .  

i 
w ( f ,  h) - w(h,  f )  = - { w ( f  + ih, f + ih) - w ( f  - ih, f - ih)  ] 2 



J lyc~b 11 f 1 4 1 I1 h 11 < 1 M h = hg, rAe h - noea HeonpeAeneH- 
H ~ I R  napaMeTp n I h 1 = 1; TorAa (1) AaeT 

I Wf, g) + h o  (g1 f) I 4 2C. (2) 

l l p e ~ n o n o x ~ ~ ,   TO o (f, g) r;t: 0, M nycm B cornacua c d) 

o (f, g) = l "I .(f 9 g) I eial "I (g1 f) = 1 "I (f 9 g) I ei@. 

Torna B cnny (2) 
1 o (f, g) I 1 Xiia + hei" < 2C. 

llonaran 
. a-P 
1- 

2 
h = e  , 

H ~ G A ~ M ,  9TO 

9TO M AOKa3bIBaeT TeOpeMy, TaK KaK npM "I (f, g) = 0 3TO COOTHOUt+ 
Hue TOXe BepHO. 

C n e A c T B n e. Ecnu Bunurceii~b~li @ y ~ ~ c y u o ~ a n  C? ydosnemeop~em 
ycnoeum 

lQ(f, g) I = IQ(g9 f)I 

I1 Q I1 = sup l Q ( f *  f )  I 
~ E H  ( f ' f )  ' 



24. 064iiii BHA ~ H J I H H ~ ~ ~ H O ~ O  ( P Y H K ~ H O H ~ J I ~ .  
Teope~a. B C R I C U ~ ~  6unuueu'ublli @yurcyuouan Q (f, g) s H uveem 

eud 
Q (f, g) = (Af, g), ( 1 )  

zae A ecmb ozpauureuub~6 nuueriNb~u' onepamop s H, rcomopb~li o d ~ o -  
3uaruo onpeden~lernc~l 6unuueli~blv @yurcyuouanov u d n ~  rcomopozo 

A o K a 3 a T e n b c T B o. To,  TO noanexawee ~ o ~ a s a ~ e n b c ~ ~ y  
IIPeACTaBJleHIie  M O X e T  6 b 1 ~ b  T O J b K O  eAUHCTBeHHbIM, AOKa3MBaeTCSl 
COBCeM npOCT0 .  ~ ~ ~ ~ c T B u T ~ J ~ H o ,  e C n U  6b1  AJIR JI106brx f ,  g 6 H 

TO npki n m 6 b 1 x  f ,  g E H Mbl NMeJlU 6b1  COOTHOIlleHUe 

(A'f - A"f, g) = 0, 
oT K yAa 

A'f - A"f = 0 ,  
T. e. A' = A". 

D J l R  AOKa3aTeJIbCTBa npeACTaBJIeHUR ( 1 )  ~ ~ @ H K C U ~ Y ~ M  f .  T o r ~ a  
BeJlki'lkiHa 51 (f, g) 6 y ~ e ~  J l t i H e f i H b l ~  @YHKIU~OH~JIOM OT g, O n p e A e J I e H -  
HMM B C I O A ~  B H. C n e ~ o ~ a ~ e n b ~ o ,  no T e o p e M e  @. Pucca (no 19) cy. 
W e C T B y e T  3JIeMeHT h, OAHO3HaqHO o I I ~ ~ A ~ J I R ~ M M ~  3JIeMeHTOM f ,  AJlR 
KOTOpOrO 

Q (f 9 g) = (g, h) 

TO npu JIIO~OM g E H 

O~cmna  B cuny ~ ~ O U ~ B O J I ~ H O C T U  s n e ~ e ~ ~ a  g c H 



0 6 ~ 1 a C ~ b  o n p e A e n e H m  o n e p a T o p a  A e c T b  B c e  n p o c T p a H c T B o .  

L Z a J l e e ,  T a K  K a K  

1 (Af,  g) I 6 !I Af 11  11 &! 11, 
T O  

~ T U  COOTHOUIeHHR n O K a 3 b I B a I O T ,  9 T O  O n e p a T O p  A O r p a H U q e H  U 9 T o  

I1 Q I 1  = I1 A 11. 
25. C ~ t l p S l ~ e ~ ~ b l f i  O n e p a T O p .  ~ Y C T ~  A - 0 r p a H U s e H H b 1 f i  JIUHefiHbIfi 

o n e p a T o p ,  o n p e n e n e ~ ~ b r f i  B C I O A ~  B H. B b 1 p a X e H U e  (f, Ag) ecm, 
OqeBUfiHO, 6UJIUHef iHbrf i  # J ~ H K ~ U O H ~ J I  OT f ,  g .C H O P M O ~ ~  ) I  A I(. no AO- 
K a 3 a H H o f i  B I l p e A b I A Y U e M  I l y H K T e  T e O p e M e  O A H 0 3 H a q H O  H ~ ~ ~ A ~ T C R  
~ I ' p a H U s e H H b ~ f i  J I U H e f i ~ b ~ f i  O I I e p a T O p  A*, ~ I l p e ~ e J I e H H b ~ f i  BCIOAy B H, 
AJlR KOTOPOI'O 

(f, Ag) = (A*f, g), (1) 
K a K O B b I  6b1 H U  6b1n~  f ,  g E H; n p U  3TOM 1 )  A* )I = IIA I\. 

M T ~ K ,  K a X A O M Y  O r p a H U ~ e H H O M y  J I U H e f i H 0 M y  O n e p a T O p y  A, O n p e -  

A e n e H H o M y  B C I O A ~  B H, O T B e s a e T  a ~ a n o r ~ q ~ b ~ f i  o n e p a T o p  A*, c TOB 
Xe H O P M O ~ ~  U T ~ K O ~ ,  q T O  AJIR J I ~ ~ ~ I X  f ,  g € H U M e e T  M e C T O ,  (1). 
3 r 0 ~  o n e p a T o p  A* HOCUT ~ a 3 ~ a ~ u e  o n e p a T o p a ,  c o n p m e H H o r o  c A.  
J ~ ~ K O  BUAeTb,  9 T O  (A*)* = A** e C T b  U C X O A H ~ I ~  O n e p a T O p  A. 

Ecnu A* = A,  T O  O n e p a T O p  A H a 3 b I B a e T C R  CaMOCOnpRNeHHblM 
o n e p a T o p o M  u T o r a a  c K a n R p H o e  n p o ~ 3 ~ e ~ e ~ u e  (Af ,  f )  npu n1060~ 
f E H B e w e C T B e H H O .  

O r p a H k i ~ e H ~ b ~ f i  JIHHefiHb1fi O n e p a T O p  A,  0 n p e ~ e n e H H b 1 f i  BCIoAy B H, 
H ~ ~ ~ I B ~ ~ T C R  HopmanbHbLfi, e c n M  OH n e p e c T a H o B o y e H  co CBOUM c o n p H -  

X e H H b I M ,  T.  e. e C n U  

, A*A = AA*. 

~ Y C T ~  A ,  B - A B a  O r p a H U Y e H H b I X  JIUHefiHbIx O n e p a T O p a ,  O n p e a e -  
JIeHHbIX BCIoAY B H. B T a K O M  C J I y Y a e  

(ABf, g) = (Bf, A*g) = (f. B*A*g), 

I ~ O ~ T O M Y  npou36ede~ue dsyx o z p a ~ u u e ~ ~ b r x  camoconpmceHiibrx one- 
pamopos ecmb c a w o c o n p ~ x e ~ ~ b n i  onepamop s mow u monbtco mox  
cnyqae, ~ o z d a  3mu onepamopbr nepecmarzooowibr. 



Teope~a. Ecnu A - ozparzuve~~bfC canoconpfiwe~~b~G onepamop, 
mo 

N ~ w n u  cnosanu, d n ~  OZpUHUlieHHOZO CaMoconpmtceHHozo onepa- 
mopa A 

0 A I1 = Inax ( I  A I 9  lh I}, 
zde 

A = sup ( A f ,  f ) ,  h = inf ( A f ,  f ) .  
Ilfll=l Ilfll=1 

Y A O B J e T B O p R e T  COOTHOLUeHUIo 

IQ(f9 dl= IQk, f ) l .  
~ O ~ T O M Y  n P U M e H U M 0  C n e A C T B U e  n023 U T e O p e M a  A O K a 3 a H a .  

Ecnu h > 0, T.  e. nPEi ~ 1 0 6 0 ~  f E H U M e e T  M e C T O  H e p a B e H C T B O  
(Af ,  f )  > 0, T O  o r p a ~ ~ q e ~ ~ b ~ f i  c ~ M o c o ~ ~ H X ~ H H ~ I ~ ~  O I I e p a T O p  A H a 3 b l -  

B a e T C R  tlOA03/CUmeAbHbLl; 06b1q~0 3 T 0  3 a n U C b I B a e T C R  B BUAe H e p a -  
BeHCTBa 

A > 0 .  

 TO n O H R T U e  n 0 3 B O J R e T  BBOAEiTb H e p a B e H C T B a  M e X A Y  O r p a H U q e H -  
HbIMU C a M O C O n P R X e H H b I M U  O I I e p a T O p a M U  a, B qaCTHOCTU,  P a C C M a T p U -  
B a T b  noHomoHHb@ nocnedo~anzenb~ocmu T a K u x  o n e p a T o p o B .  

OTM~TUM,  TO ecnu A - nono~umenb~b~ri  onepamop, mo dnfi nm- 
6wx f ,  g E H 

I'(Af9 g )  I" ( A f  f )  (Ag ,  g).  

U H a n U C a H H O e  H e p a B e H C T B O  e C T b  n P O C T O  H e p a B e H C T B O  I(oIL~u-E~HR- 
KOBCKOrO. 

Cne~ytouee n p o c T o e  n p e A n o x e H u e  ( n e ~ ~ a  I),  o c H o s a H H o e  H a  
p a C C M 0 T p e H U H X  H a C T O H u e r O  I I y H K T a ,  y C T a H a B J I U B a e T  06uuif BEiA 
o r p a H u s e H H o r o  n u ~ e f i ~ o r o  o n e p a T o p a ,  o n p e A e n e H H o r o  BCIOAY . B  La. 

JTe~,ua I .  Kaxdony n u n e i ~ o n y  ozpaHuueHHony onepamop y T 
s L 2 ( - a ,  w )  omsevaem ( ~ ~ Y H K Y U . ~  G ( s ,  t ) ,  n p u ~ a d n e ~ a t q a f i  d n ~  
nm6ozo s E (-03, w )  npocmpa~cmsy L2 ( - a ,  a )  no nepene~~ori:  t 
u 06nadamqafi cneaymqunu csou'cmsanu: 



28e M - rtopfia onepamopa T; 
3' d n ~  nm6oC i . $ y ~ ~ y u u  f (t)  E L2 noqmu ecmay Ha ocu s 

A o K a 3 a T e n b c T B o. 0 6 0 3 H a 9 ~ M  sepes e, (t) ( P Y H K U ~ H ) ,  p a b  
HYIO signs, ecnu t n e x u T  M e x A y  0 u s, u p a B H y I o  0, ecnu t H e  

I I p H H a A f l e X U T  3TOMY U H T e p B a J I y .  B T a K O M  C J I y g a e  Ann nm60ii (PYHK- 
uuu f (t) E L2 

( ( ~ f )  (I) dt = ( ~ f ,  es) = (f, r*ee,), 
0 

" .  
~ ~ H K U H R  G(s, f),' KB; 3 ~ d  B ~ I T ~ K ~ ~ T  U 3  (POPMY~~UPOBKM JIeMMbI 1, 

M O X e T  6b1~b  ~ 3 M e H e ~ a  I I p U  n m 6 0 ~  S H a  M H O X e C T B e  M e p b I  H y n b  OCU t. 
O K ~ ~ ~ I B ~ ~ T C H ,  9 T O  C I I O M O q b I O  T a K O r O  U3MeHeHMR MOXHO I I O n y 9 U T b  
(P~HKUUIO,  USMePUMYIO H a  IIJIOCKOCTU.  TO Y T B e P X A e H M e  IIOAy'-IaeTCR 
K a K  ~ ~ C T H ~ I R  cnygaji u3 cneAyIoqero n p e A n o x e H m .  

Jexxa 2. l7ycmb G (s, t) = G, (t) Kart i . $ y ~ ~ y u n  om t npu~aa-  
newum La npu nm6ofi s E (--a, co) u nycmb d n ~  nm6oi @ y ~ ~ y u u  
f (t) E .La u~me2pan 

m 

npedcmaenxem u3fiepufiym i . $ y ~ ~ y u m  om S. B matcofi cnyyae, u3fie- 
HRR G(s, t) npu Kaxdofi s Ha fitiowecmee fiepbr ~ y n b  ocu t, fiowtio 
nonyyumb @ ~ H K ~ u K ) ,  u3fiepufiym Ha nnocKocmu S, t. 

~ o J I H o I ?  AOKa3aTeJIbCTBO  TO$ JIeMMbI B H ~ C T O R U ~ R  K H U r e  H e  M O X e T  6 b 1 ~ b  
H3JIOXeHO.  MH IlpUBeAeM JIULUb CXeMy J(OKa3aTenbCTBa,  OTCblJIaR YHTaTeJIR 3a 060- 
CHOBaHUeM O T A e n b H H X  nYHKTOB AOKa3aTeJIbCTBa K K H U R  X U n n e  W @UnJIWnca 
u @ y ~ ~ q u o ~ a n b ~ ~ i i  aeanu3 u n o n y r p y n n b l ,  (MJI, M., 1962). npexne B c e r o  s a ~ e -  
TAM, q T O  Gs (f) RBnReTCR B € ! K T O P - @ Y H K ~ W ~ ~ ~  C K a n R p H O r O  a p r y M e l l T a  S E (-CU, CU). 

Y c J I o B U ~  06 U3MepUMOCTU @ ~ H K U W U  (2), KaKOBa 6 b 1  HU 6 ~ n a  ( P Y H K I ~ A R  f (f) E La, 
o 3 ~ a u a e ~  TaK H a s b r e a e M y m  cnabyro u3aepuaocmbl e e ~ ~ o p - @ y ~ ~ u u u  G, ( t ) .  T ~ K  K a K  

1 CM. 3.  Xunne u P. Qunnunc, o n p e n e n e H u e  3.5.4 ( I )  



06nac~b  3~aqe~Pifi  B ~ K T O ~ - @ ~ H K U H M  COnepXNTCfl - B  npOCTpaHCTBe L2, a nOTOMY Ce- 
napabenbsa, TO H3 cna6oii U3MepNMOCTEi B ~ K T O ~ - @ ~ H K U U ~ ~  Gs ( f )  CnenyeT ee CUflbfiaR 
t l 3 ~ e p ~ ~ O c m b ~ .  nocnen~ee 0 3 ~ a q a e ~ ' ,  qTO CYUeCTBYeT nOCnen0BaTenbHOCTb CqeTHO- 

3~aqHblx~ B ~ K T O P - @ Y H K U W ~ ~  {gr) (1 ) ) ;  N TaKOe MHOXeCTBO e MepH HyJIb, qT0 

paBHoMepHo npn s E ( - C O ,  w)\e. 3 a ~ e ~ n ~  Tenepb, s ~ o  KawnaR n3 ~ ~ H K U H A  
gF) (t)  = g(n) ( S ,  t )  N3MepHMa no ( S ,  . .t), W B03bMeM npOW3BOnbHOe MHOXeCTBO E c 
C ( ; -m,  m)\e, NMelOIUee KOHeqHYH) MePY. T o r ~ a  N3 PaBHOMePHOCTB n0 S COOT- 
HOUleHWR (3) 6yne~  CCnAOBaTb, qT0 

C 2 I G ( s .  t )  - gm) (a, () Iz d t  + 2 S 1 g(n)(s ,  t )  - g (s ,  f) 1% dt, -- -OD 

1 CM. 3. Xnnne n P. Qnnnunc, TeopeMa 3.5.3, cneacTBue 2, 
T ~ M  xe, TeopeMa 3.5.3, cnencTsue 1. , 

B~KTOP-@YHKUWR gs ( f )  E L: Ha3blBaeTCfl ~'femfi0-3~a'lfiOti ,  ecnn OHa npHHN- 

3~aqeHNe Ha N3MePHMOM MHOXeCTBe OCN S .  CM. RAT. KHWry, OnpeAeneHNe 3.5.2 (3 ) .  
B CHnY U3MePUMOCTW HOPMbl N ~ M ~ ~ N M O ~  B ~ K T O P - @ Y H K U N W  C cenapa6enbeofi 

o6nac~bm ~ H ~ Y ~ H N G .  CM. UUT. K H N ~ Y ,  TeopeMa 3.5.2.  . 



w 

l G (s, t )  - g (s, t )  la dt = 0. 
- 00 

U ,  3HaYRT,  &'I? nO'lTU BCeX t n p U  KaXAOM U 3  nOqTU BCeX S $IYHKUUR G (s, t )  COB- 
n a A a e T  C U S M ~ P U M O ~ ~  IT0 (s, t )  $ I ~ H K u u ~ ~ ~  g (s, t ) .  O T C I O A ~  U BblTeKaeT Y T B e p X A e  
HUe JIeMMbI. 

26. CaaGan CXOAHMOCTb B H. 6 y ~ e M  r O B O P H T b ,  9 T O  nOCJIeAOBaTe<b-  

HOCTb BeKTOPOB f k  E H (k = 1 ,  2, 3, . . .) cna60 C X O ~ U ~ C R  K BeKTO- 

py f U ~ Y A ~ M  n H C a T b  fkz f ,  ecna AJIH n1060ro h E H 

lim (fk,  h) = (f, h). 
k-. 00 

A H a n o r a 9 ~ 0  BBOARTCR IIOHRTHR 0 IIOCJleAOBaTeJ'IbHOCTRX, ( P Y H A ~ M ~ H -  
T a J I b H b l X  B c n a 6 0 ~  CMblCJIe (T. e. B C M b I C n e  cna6oR T O ~ O J I O ~ H H )  H 0 
cna6oR nonao~e'. 

Ecna IIOCneAOBaTeJIbHOCTb {fk)r CXOAHTCR K f B 0 6 b 1 9 ~ 0 ~  CMbIC- 

ne (HJIH, K a K  MbI T e n e p b  6 y ~ e ~  rOBOpIITb,  oxodumc~ CUA~HO), T. e. 
ecnu 

lim Il f k - f  ll = 0 
k-c m 

 TO MbI ~ Y A ~ M  n o - I I p e X H e M y  3 a n H C b I B a T b  B BHAe f k  -+ f), TO O H a  

CXoAHTCR H cna6o K f ,  HO O ~ ~ ~ T H O ~ O  3 a K J I l o q e H H R  CAeJlaTb H e n b 3 R .  

(CM. no a), TO npa n m 6 0 ~  h E H 

lim (e,, h) = 0. 
k-c 00 



Teope~a 1. Ecnu nocnedosamenb~ocmb selcmopos { f k )  ," cna6o cxo- 
dumcx lc sercmopy f u ecnu 

m. e. nocnedosamenb~ocmb If,)," cxodumcx u cunbHo lc selcmopy f ,  
0 K a 3 a T A b C T B 0 B b I T e K a e T  113 P a B e H C T B a  

B O ~ H H K ~ ~ T  B O n p O C ,  HBJlRel'CR JIN I ' N J l b 6 e p ~ 0 ~ 0  n p O C T p a H C T B 0 ,  KO- 
T O p O e  no O n p e A e J I e H N l o  n O J I H 0  B CMbICJIe C M J ~ H O ~ ~  CXOANMOCTN, T a K X e  
n o A H b I M  N B CMbICne  cna603 CXOflIIMOCTII. n 0 J I 0 X N ~ e J I b ~ b l f i  O T B e T  H a  
 TOT B o n p o c  n a e T  B T o p o e  y T B e p x A e H u e  cnenylourero n p e u n o x e H u R .  

Teope~a 2. Bcxrcan nocnedosamenb~ocmb (f,}," , (byudaMeHrnanbHax 
s cfiblcne cna60fi cxodu,vtocmu, 

1 ) o?parzuue~a 
U 

2) cna60 cxodumc~ K HetcomopoMy seLmopy f E H .  
n o  K a 3 a T e n c T B o. Kaxnb~fi B e m o p  f k  1 r o p o x n a e - r  (PYHKL[MO- 

H a J I  ak (h) = (h, fk).  Y U C J I O B ~ R  IIOCJIeAOBaTeJIbHOCTb {ak (h)}; n P N  
nro6o~ h E H B CMJIY YCJIOBIIR T e O p e M b l  CXOAkiTCR, a n 0 3 T O M y  O r p a -  
.HWfeHa. Tenepb AJIR A O K a 3 a T e J I b C T B a  y T B e p X A e H P i H  I )  AOCTaTO9HO n p U -  
h l e H U T b  CJIeACTBHe 2 n021, nP11HRB BO BHMMaHHe, 9 T O  ( 1  Dk / (  = I( f k  11. 

T ~ K  K a K  B CHJY yXe A O K a 3 a H H O r O  y T B e p X A e H 1 1 R  1) 11MeeTCR T a -  
K o e  "4% < co, 9 T O  

11 f k  1 1  < .hf (k  = 2, 39 . . a ) ,  

lim Dk (h) 
k* ca 

e c T b  nn~ei i~~br i i  @ ~ H K U U O H ~ J I  @ (h) c H O P M O ~  <.&. no T e o p e M e  Puc- 
ca @ (h) = (h, f), me f - H ~ K O T O P ~ I ~ ~  3 A e M e H T  n P O C T P a H C T B a  H.  TOT 
3 A e M e H T  N RBAReTCR ~ n a 6 b 1 ~  I l p e A e A O M  IIOCJIeAOBaTeJIbHOCTN (f,),". 

T ~ K H M  06pa30~ ,  Y T B e p X A e H H e  2) T a K X e  A O K a 3 a H O .  
Teope~a 3. Am cna6oc cxodu~ocmu nocnedosamenb~ocmu sercmo- 

pos (gk}f ~eo6xodu~o u aocmamou~o, ymo6b1 



TO M AJIH ~1m6oro h E H 
!im (h, gk'- gm) = 0, 

k .  me- 

T. e. I IOCJIeAOBaTeJIbHOCTb ( g k ) r  ~ Y H A ~ M ~ H T ~ J I ~ H ~  B CMbICJIe cna6oA 
CXOANMOCTN. O C T ~ ~ T C H  B O C n O J I b 3 0 B a T b C R  cna6oii ~OJIHOTOF? H. 

27. K O M ~ ~ K T H O C T ~ .  Toge9~0e M H O X e C T B O  H a 3 b I B a e T C R  K 0 M n a K T -  
H bI  MI, eCJIU N 3  B C H K O ~  n p U ~ a ~ J I e > ~ a u I e f i  e M y  nOCJIeAOBaTeJIbHOCTU 

M O X H O  BbIAeJ'lUTb CXOARI~~YIOCR nOAnOCJIeAOBaTeJIbHOCTb. B COOTBeTCT- 
BUU C A B y M R  T U n a M N  CXOAUMOCTU ( c u ~ ~ H o ~ ~  U cna6oii) M O X H O  rOBO- 
P N T b  0 KONnUKmNOCmU C U A ~ N O B  (UJIU n P O C T O  K O M ~ ~ K T H O C T N )  M 0 KOM- 
rtatcmiiocmu cna6oB. 

Becb~a  B a x H a H  T e o p e M a  a~anu3a  - T e o p e M a  Eonbua~o - Beiiep- 
I I l T p a C C a  - y C T a H a B J I U B a e T ,  r IT0  B KOHe9HOMePHOM n P O C T P B H C T B e  
HBJIHeTCR KOMnaKTHbIM BCHKOe ~ W K O H ~ ~ H O ~  O r P a H N 9 e H H O e  MHOXeCTBO 
T O q e K .  3 ~ a  T e 0 p e M a  O K a 3 b I B a e T C R  H ~ c ~ ~ ~ B ~ A J I U B O ~ ~  AJIH I I p O C T p a H C T B a  
r U J I b 6 e p ~ a ,  eCJIH UMeeTCR B B U A y  CMJIbHaR CXOAUMOCTb. q ~ O 6 b I  B 3TOM 

Y ~ ~ A U T ~ C R ,  AOCTaTO9HO B 3 H T b  ~ ~ C K O H ~ ~ H Y B  OPTOHOPMNPOBaHHYIO 

I IOCJIeAOBaTeJIbHOCTb BeKTOPOB ( ek )  T. &O M H O X e C T B O  O r P a H U 9 e H 0 ,  
HO H N K a K a H  er0 nOCJIeAOBaTeJIbHOCTb H e  RBJIHeTCR CLiJIbHO C X O A H U ~ ~ C H .  

B CBH3W CO C K a 3 a H H b I M  B e C b M a  3 a M e 9 a T e J I b H O .  9 T O  NMeeT MeCTO 
c n e A y m r U a H  

Teopema 1. Bomoe o e p a ~ u r l e ~ ~ o e  movevMoe ~ ~ o w e c m e o  6 H cna- 
60 KOMnUKmNO. 



A o K a 3 a T e Ji b c T B o. B b 1 6 e p e ~  K ~ K ~ K I - H H ~ ~ A ~  n o c n e n o s a T e n b -  

HoCTb (gk)f TOVeK, npHHaAJleXaILWX 3aAaHHOhly OrPaHHqeHHOMy TO- 

seVHoMy MHOXeCTBY ( \  gk (1  < C < 03 (k = 1, 2, 3, . ; .), 0 6 0 3 ~ a V ~ ~  

sepe3 L J l U ~ e f i ~ y m  0 6 o n o q ~ y  MHOXeCTBa (gk]T. 
B 0 3 b ~ e ~  T e n e p b  qUCJIOB y10 nOCJlen0BaTeJlbHOCTb 

(g1, gk) (k = 1, 2, 3, . . .). (1) 

3aKJIIOsaeM, VTO nOCJIeAOBaTeJlbHOCTb {glk);-I COAePXHT nOAnOCJle- 

AOBaTeJlbHOCTb {gZk};-l, AJlR K O T O P O ~ ~  C y W e C T B y e T  



( f ,  g k k )  = O  ( k =  1, 2, 3, -.. ). 

rne h = f + g ( f c F ,  g ~ z ) .  
~ O C J I ~ A O B ~ T ~ J I ~ H O C T ~  {gkk]f, TaKNR.1 06pa30~, @ Y H A ~ M ~ H T ~ J ~ H ~  

B CMbICJIe cna6oG CXOANMOCTN. B C11JIy cna6ofi IIOJIHOTbl IIpOCTpaHCT- 
B a  3Ta IIOCJIeAOBaTeJIbHOCTb cna6o CXOQNTCR K HeKOTOPOMY 3JIeMeHTy 

IIpOCTpaHCTBa H, qT0 N AOKa3blBaeT HaIIIy TeOpeMy. 
Cne~ymqee npennoxeme naeT OAMH npoc~oG n p u 3 ~ a ~  c ~ n b ~ o G  

KOMIIaKTHOCTB. 

Teope~a 2. 17ycmb H - ~en~pa6eflbtioe npocmpaHcrneo u {ek)f - 
iletcomopblu" opmoilop~~~poeaililb~u" 6asuc e H e a .  Uycrnb, danee, M - 
tietcomopoe ozpaHuveilHoe atiowecmeo sne~ te~moe  f us H u nycrnb, 
Hatcoiley, npu nm60hi E > 0 cy&ecmsyem marc06 iloAtep n = n ( E ) ,  vrno 
d n ~  rcawdo20 f E M 

n 

!If-x (f, ek)ek!I  < 0 '  
k=l 

B rnatcoa cnyvae aHoxecrneo M tco~tnatcrn~o. 
A o K a 3 a T e n c T B o. B o ~ ~ M ~ M  I I P O M ~ B O J I ~ H ~ I O  nocnenosaTe.m- 

HOCTb {fi)r c M. B C N J I y  OrPaHUZIeHHOCT11 M 113 3~0fi IIOCJIefiOBaTe.ilb- 
HOCTB MOXHO ~ b 1 6 p a ~ b  cna6o CXOfiRluyIoCR IIOAIIOCJIenOBaTeJIbHOCTb. 

AJIR IIpOCTOTbI 6ynenl CqBTaTb, 4TO C a M a  IIOCJIeAOBaTeJIbHOCTb {fi)f 
cna6o CXOANTCR, N n y c m  f E H - ee cna6b1fi npenen: f iZ f .  M ~ I  AO- 
KaxeM, 9TO f i  CTpeMNTCR K f U B CBJlbHOM CMbICJIe: f t - +  f ,  a IIOTOMy 
M KOMIIaKTHO. 

AJIR nm6oro h E H 0603~a411~ 

hen) = x (h, e,) ek. 
k= 1 

no YCJIOBNIo TeOpeMbI, AnH nlo6aro E > 0 MOXHO yKa3aTb TaKOe 
n = n (E),  TO npu Bcex j 

11 fy -- f ,  11 < E .  



30 BO3MOXHO 6 n a r o ~ a p ~  cna6ofi CXOAHMOCTH f l  K f. 
B CUny HanHCaHHbIX HepaBeHCTB, npH > j(C) 

28. OAHH KPHT€!PH~~ OrpaHHSeHHOCTH OllepaTOpa. 
Teope~a. Ilycmb nu~eli~blli  onepamop A onpedemti 80 eceM npo- 

c m p a ~ c m e  u nycmb cyqecmsyem emopoli' ~ u ~ e i ~ b ~ i  onepamop (060- 
sHauuM e2o A*), marcwe onpedene~~bni so e c e ~  npocmpartcmee, dnx 
uomop020 

(Af 9 g) = (f 9 A*g) 
npu nm6blx f ,  g E H. B maicofi cnyuae onepamop A ozpaHulieH u, 
c&?doeamenbHo, A* ecmb conpxwe~~b~li '  c HUM onepamop. 

A o K a 3 a T e n b c T B O. a o n y c ~ u ~  npmumoe u npennonoxuM, 
rITO CYUeCTBYeT TaKaR IIOCJIeAOBaTeJIbHOCTb BeKTOPOB { fk}; , qTO 

I I fk ( )= l r  l I A f k ( l > k  ( k = l ,  2, 3, ..*). 
B ~ J H W ~ H ~ I  

(g, A f k )  = @k (g) (k = 1, 2, 3, .) 
RBJREOTCR J ~ N H ~ ~ ~ H ~ I M N  @ ~ H . K u H o H ~ . J I ~ M u  B H. T ~ K  KaK 

@k (g) = (A*& fk) (JZ = 1, 2, 3, . . .), 
TO IIPH ~ K ) ~ o M  g E H rIUCJIOBaR nOCJe,I(OBaTeJIbHOCTb {mk (g)}; Orpa- 
HHqeHa. Ha WHOBaHHN CJIeACTBHR 2 n021 n0CJIeAOBaTeJIbHOCTb HOPM 

11 (k = 1, 2, 3, . . .), T. e. nOCJleAOBaTeJIbHOCTb YUCen 1 )  Afk 11, 
Tame orpaauqesa,  TO npoTuBopewT npeAnonoxeHum. 

T ~ K H M  oBpa30~, TeopeMa AoKasaHa. 

29. n n ~ e i i ~ b r i i  onepaTop a cenapa6enb~o~  npocTpaHcTse. B  TOM 
l7yHKTe Mbl ~ Y A ~ M  PaCCMaTpHBaTb JIli~efi~ble OnepaTOpbI B cenapa6enb- 
HOM ~ H J ~ ~ ~ ~ T o B o M  nPOCTPaHCTBe H B ~ Y A ~ M  npeAnOAaraTb, YTO 
06Jac~bEO OnpeAeJleHHR OnepaTOpa RBJIReTCR BCe' npOCTpaHCTB0. M ~ I  
noKaxeM, YTO OrpaHuqeHHbIe OnepaTopbr ~ T O ~ O  poAa AonycKamT &am- 
puwoe npedcmacne~ue, KoTopoe BnonHe aHanoruqHo U ~ B ~ C T H O M Y  ~3 
3JIeMeHTOB J l H ~ e f i ~ ~ f i  anre6pb1 MaTpHYHOMy nPeACTaBneHHI0 OnepaTO- 
POB B KOHeYHOMepHblX npOCTpaHCTBaX. 



~ ~ M ~ T H M ,  ¶TO ecnw o n e p a T o p  A o n p e n e n e H  H e  B C K I ~ ~  B H ,  a Ha n n o T H o M  B H 
M H O X e C T B e  D, T O  U T o r @  B H C y U e C T B y e T  O ~ T ~ H O P M N ~ O B ~ H H ~ ~ ~ ~  6 a a c  { e k ) ; ,  9ne- 
MeHTbl K O T O p O r O  n p U H a ] l i 7 e X a T  D. 

3JIeMeHTaMU k-r0 c~OJ6ua K O T O P O ~ ~  R B J I R D T C R  KOMnOHeHThI B e K T O p a ,  
B K O T O P ~ I ~ ~  o n e p a T o p  A n e p e B 0 A n - r  k-ii s n e M e H T  6asnca. 

Ecnu o n e p a T o p  A o r p a H w s e H ,  TO H a n u c a m a n  6 e c ~ o ~ e s ~ a ~  MaT- 
puua (aik) B n o n H e  ero o n p e A e n R e T .  ~ o ~ a 3 a ~ e n b c ~ ~ a  H ~ X H O  n o K a -  

3 a T b ,  K a K  lI0 M a T p H U e  (ajk) U OPTOHOPMWpOBaHHOMY 6asucy {ek] ;  BOC- 
CTaHOBUTb O n e p a T O p .  npe>r<~e B C e r O  MbI A O J X H b I  n O J I O X H T b  

T ~ K  K a K  O l I e p a T O p  A J I H H e e H ,  T O  no 3 H a Y e H U R M  H a  3 n e M e H T a X  6asnca 
MbI M O X e M  er0 BOCCTaHOBUTb H a  J I U ~ e f i ~ o f i  O ~ O ~ O Y K ~  6a3nca, T. e. H a  
BCeX @ H H H T H ~ I X  B e K T O p a X  B P a C C M a T p H B a e M O M  6asnce. 3 ~ a Y e ~ U e  O n e -  
P a T O p a  A H a  n P O U 3 B O n b H O M  B e K T O p e  f 6 H H ~ ~ ~ A ~ T C R  B C U n y  H e n p e -  
P~IBHIXTU O n e p a T o p a  n y T e M  n p e A e n b H o r o  nepexoaa. 

H ~ T ~ Y A H O  H a n U C a T b  OKOHYaTeJIbHbIe  @ 0 p ~ y J I b 1  A n R  KOMnOHeHT 

B e K T O p a  Af Y e p e 3  KOMnOHeHTbI B e K T O p a  f ;  a UMeHHO, e C n H  



0 n p e n e n  e H ue. Ecnu oneparnop A onpedene~ ectody 6 H u 
ecnu e2o 3 ~ a u e ~ u e  Ha n t 0 6 0 ~  setcmope (2)  daerncx @op~ynamu (3)  
u (4) ,  rno zosop~rn, Ymo oneparnop A donyctcaern MampurlHoe nped- 
cmaene~ue 8 opmotiopmupoeatt~oM 6a3uce ( ek]y .  

T ~ K U M  06pa30~,  MbI YCTaHOBUJIU, 9 T O  8~11tcuB O P P ~ H U Y ~ H H ~ ~ ~ ~  nu- 
tieB~bili onepamop, onpedene~nb~li eo ecem npocmpa~cmee, donyc~aem Ra- 
rnpuwoe npedcrnaane~ue a n t 0 6 o ~  o p m o ~ o p ~ u p o s a ~ ~ o ~  6a3uce, u B  TOM 
COCTOUT Y n O M R H y T a R  B CaMOM H a q a J I e  H a C T O R U e r O  I I y H K T a  a H a J I O r U R  
Me>KAy c e I I a p a 6 e J I b ~ b I ~  I IPoCTPaHCTBOM r U J I b 6 e p ~ a  U KOHeqHOMePHbIM 
I IpoCTPaHCTBOM IIO OTHOIIIeHUfO K O r P a H U q e H H b I M  J I H H ~ A H ~ I M  O n e p a -  
TOpaM. 

Teope~a 1. ECRU onpedeneii~b~li: eci@ e cenapa6enb~o~ npo- 
cmpa~cmee H oneparnop A donyctcaem Marnpuwoe npedcmaene~ue 
e tcatco~-~u6ydb OPt? l .ONOPMUPO8~HHOM 6a3uce, mo OH 02paizuile&. 

~ o K ~ ~ ~ T ~ J I ~ c T B o .  P R ~ ~ I  



@k ( f )  = ak,xl (k = 1, 2, 3, . . .) 
/=I 

TO pn ( f )  - BbInYKJIbIe A He I lPePb lBHbIe  @ Y H K U A O H ~ J I ~ I  OT f .  ~ O C K O A ~ -  
~y x e  

I @ k ( f ) I a =  k I ( A f ~ e & ) l a <  IIAf]12* . 
k- 1 k=l 



~ O K ~ ~ ~ H H ~ R  TeOpeMa MOXeT 6b1~b C $ O P M ~ J I W P O B ~ H ~  TaKXe Cne- 
~ ~ ~ I O I L I ~ M  o6pa30~: ecnu d m  n106blx xk (k = 1, 2, 3, . . .), ydosnem- 
eop~toqux iiepaeeilcmsy 

3 0  - 06061qe~ue H a  M ~ T ~ U ~ H ~ I G  cfiyqal? TeOpeMbI ~ a t r ~ a y  AnH p = 2 
(CM. no 21); nocneAHm nonyqaeTcR, ecnu ak, = 0 npu k > 1. 

YCJIOBHMCR nNCaTb - (ski), 

ecnu orpaHuseHHoMy n n ~ e f i ~ o ~ y  onepaTopy A,  onpeAeJIeHHoMy ~croxy 
B H, 0Tsesae.r cornacwo (1) MaTpMua (ajk). Ilpu  TOM O ~ T O H O ~ M H ~ O -  

I3aHHb1fi 6amc (ek); CqMTaeTCR @ U K C U P O B ~ H H ~ I M .  ECJIU 

TO, KaK JLerKO IIpOBepkiTb, 

AB -- (~jk),  

r ~e 

u, onpeAenm npu noMowu 3~01-o paBencTBa yMrIoxeHae MaTpuu, MO- 

XeM HanUCaTb, YTO 

AB -- (up) (brk). 

Aanee, ecnu 

A -- (ajk) 

u 
A" -- (ai'k), 

TO 
- 

a , k = a k ,  (j, k = l ,  2, 3, . . .  1. 



rne 
m m 

B H ~ ~ N c ~ H H o ~ ~  A B O ~ ~ H O ~ ~  CyMMe M O X H O  U3MeHNTb nOpHAOK CyMMM- 
POBaHUH, u60 PaBeIjCTBO 

T e o p e ~ a  2. .&k mozo qmo6bl Mampuya (afk) npeacmas~~na  
ozpa~uremb~u' n u ~ e u ' ~ b ~ 6  onepamop, onpedene~~blli scioay B H ,  He- 
o6xodu~o u docmamor~o s b ~ n o n ~ e ~ u e  npu nm6brx iCoHewblx p, q 
u n106bfx X I ,  x2, . . . , x,; yl, y2, . . . , yq ~epase~ crnsa  (8), zde &- 
@u~cuposai l~oe r u e ~ ~ .  

o K a 3 a T e n b c T B o. Ecnu onepaTop A orpaHNseH u 

aik = (Ae,, ei) ( j ,  k = 1, 2, 3, . . .), 
TO (8) cnenyer cl3 (7). 

H y c ~ b  Tenepb naHa MaTpuua (afk), ynosneTBopHrouaH ycnoauro 
(8). H o ~ a x e ~ ,   TO MaTpuua (aik) OnpenenHeT o r p a ~ u s e ~ ~ ~ i i  onepa- 
TOP A. 



29. n ~ ~ e f i ~ b l f i  0nepaTop B ~ e n a p a 6 e n b ~ o ~  IlpOCTpaHCTBe 89 

l lpexne Bcero, a s  (8) nps 

T ~ K  KaK 3 T 0  BepH0 flpU JIlo60~ p, TO MbI MOXeM OnpeneJIHTb Onepa- 
TOP do Ha 3JIeMeHTax 6asuca @OPMYJIBMM 

00 

doek = alkel (k = 1, 2, 3. . . .I, 

u orpaHuqeHHocTb OnepaTopa A, n o ~ a s a ~ a .  
P ~ C U ~ M P R R  A. IIO HeflpepbIBHOCTU Ha BCe npOCTpaHCTB0 H MbI 

nyqaeM o r p a ~ u s e ~ ~ b ~ i i  onepaTop A s A - (aik). 
Teopehta n o ~ a 3 a ~ a .  
3 a h f e ~ ~ ~ ,  4TO eCJU MaTpU4a (a;k) 3PMUTOBa, T. e. aik = Zkl, TO - 

yCJl0BMe (8) MOXHO 3aMeHUTb ( c ~ I .  11'25) Ha 



30. ~ O H R T H ~  0 BnOJlHe H e n p e p b I B H O M  O n e p a T O p e .  B a ~ ~ b ~ f i  KJIaCC O n e -  

P a T O p O B  COCTaBJIRH3T T a K '  H a 3 b I B a e M b I e  8nOnHe Henpepbl8Hble Onepa- 
m o p u .  O T K P ~ I T U ~  u n e p B o e  n syse~ue    TO TO K n a c c a  n p a H a A n e x a T  
runb6ep~y.  

0 n p e A e n e H u e. 3 a d a ~ ~ b l C  eclody s H nutiel i~b~li  onepamop A 
~ a 3 b ~ s a e m c n  anontie tienpepwsHbm, ecnu OH nepesodum scfiicoe ozpa- 
HuYewoe ~ ~ o x e c m s o  moqeic so m i o x e c m s o  tco&naicmHoe 8 c m c n e  
cunb~oC cxodufiocmu. 
, B n o n ~ e  H e n p e p b l ~ H b I f i  O n e p a T O p  O r p a H H s e H .  A e f i c ~ ~ k i ~ e J I b H ~ ,  B np0- 

THBHOM C J I y Y a e  C y u e C T B O B a J I a  6b1 IIOCJIeAQBaTeJIbHOCTb T O s e K  fk 
(k = 1; 2, 3, . . .), AJIH KOTOPOA 

HO M H O X e C T B O  TOYeK {Afk}T A O J I X H O  6 b 1 ~ b  KOMnaKTHbIM, 9 T O  HBHO 
HeBOSMOXHO.  

B n o n ~ e  ~ e n p e p b ~ ~ ~ b ~ e  o n e p a T o p b 1  A o n y c K a m T  A p y r o e  onpeneneane: 
3 a ~ a H H b 1 f i  BCWAY B H J I u H e f i H b ~ f i  O I I e p a T O p  A H a 3 b I B a e T C H  B n O J I H e  He-  
I I p e p b I B H b I M ,  eC3Ici OH D e p e B O A I l T  BCHKYH) cna6o -CXOAHIl ly loCR IIOCJIe- 

A O B a T e n b H O C T b  B I IOCJIeAOBaTeJIbHOCTb CHJIbHO CXOAHIllylOCH. 

A o K ~ ~ ~ T ~ J I ~ c T B o  3KBIlBaneHTHOCTci  3THX 0 n p e ~ e J I e H H f i  I IpeAOCTaB-  
n H e M  s n T a T e n m .  

P ~ B H ~ I M  06pa30~  IIpeAOCTaBJIHeM '4I lTaTeJIW AOKa3aTeJIbCTBO CJIe- 

AyIo lUciX n p O C T b I X  @KTOB: 
1. Ecnu o n e p a T o p  A B n o n H e  H e n p e p b r s e H ,  a o n e p a T o p  B onpene- 

n e H  ~ c m n y  B H n orpaansea, TO O n e p a T o p b r  AB u BA B n o n H e  H e -  

n p e p b I B I f b 1 .  

2. Ecnn A,, A, - B n O n H e  H e n p e p b I B H b I e  O n e p a T O p b I ,  TO a,A, + + a,A, T a K X e  B n O J I H e  H e n p e p b I ~ ~ b l f i  O n e p a T O p .  

Teope~a  1. Ecnu  A ecmb o z p a ~ u q e w b ~ C  nuf ieu~bf l i  onepamop, 
o n p e d e n e ~ ~ b ~ l i  sctody s H, u ecnu onepamop A*A snonrie HenpepbLseH, 
m o  u onepamop A enontie Henpepbleea. a 0 K a 3 a T e JI b C T B 0. ~ Y C T ~  M - K ~ K O ~ - H H ~ Y A ~  ~ ~ C K O H ~ Y H O ~  

O r p a H I l s e H H O e  (11 f 11  < C) M H O X e C T B O  TO'4eK f .  ~ Y C T ~  { f k ) f  - H ~ K O T O -  
p a H  n O C n e A 0 B a T e n b H O C T b  3 J I e M e H T O B  3 T O r 0  M H O X e C T B a ,  KOTOPaR O n e -  

p a T o p o M  A*A n e p e B o n a T c H  B c x o n ~ q y m c ~  (cnnb~o) n o c n e n o s a T e n b -  
HOCTb.  

~ O C K O J ~ K Y  

lirn 1) A*Afn.- A*Afm ) /  = 0, 
m, n+m 4 

ll f ,  - f m  I I  4 2C, 



lim ( 1  Af, - Af, ( I  = 0, 
rn, n-c m 

T. e. llOCJIeAOBaTeJIbHOCTb {A  f,): CXOAUTCR, q e M  T e O p e M a  U AOKa3aHa .  

C n e A C  T B n e. Ecnu onepamop A snonue uenpepblseu, mo m e t  
x e  csodcmsot o6nadaem u onepamop A*. 

J l , e f i c ~ ~ u ~ e n b ~ o ,  ecnu o n e p a T o p  A B n o n H e  H e n p e p b l s e H ,  TO B n o n H e  
H e n p e p b I B e H  u O n e p a T o p  AA* = (A*)*A*; OCTaeTCR n p U M e H U T b  Tof ibKO 

qTO AOKa3aHHYIO TeOpeMy.  
YCTaHOBneHHR B n O n H e  Henpepb IBHOCTU O l l e p a T O p a  q a C T 0  OKa- 

s b ~ ~ a e ~ c ~  n o n e ~ ~ o i i  cneaymwae . 

Teope~a 2. Ecnu d n ~  nm6ozo E > 0 cyqecmsyein snon~e uenpe- 
pb~eub~d onepantop A,, icomopbui ydo8nemsop~em ~epaseucmay 

mo u onepamop A 8nonue uenpepbreeul. 
- 0 K a 3 a T e JI b C T B 0. B 0 3 b ~ e M  nOCJIeAOBaTeJIbHOCTb IIOJIOXUTeJIb- 

H ~ I X  ween el > e, > . . . (lim E, = 0) u P a c c M o T p m  O T B e q a m q y m  e i  
n - m  

B C U n y  YCnOBUR TeOpeMbI  nOCJIeAOBaTenbHOCTb BnOJ lHe  H e n p e p b I B H b I X  
o n e p a T o p o B  A,,, A,,, . . . l l y c ~ b  M - npous~onb~oe  o r p a H u s e H H o e  
MHOXeCTBO TOqeK f (11 f 11 4 C) H a U l e r O  nPOCTPaHCTBa  H. B 0 3 b M e M  

KoTopa r r  o n e p a T o p o M  A,, n e p e a o n u T c r r  B c x o ~ ~ u y ~ ~ c ~  n o c n e A o s a T e n b -  

HOCTb. M3 IIOCJIeAOBaTeJIbHOCTU ( I )  BbIAeJIUM nOAnOCJIeAOBaTeJIbHOCTb 

KOTOPaR nepeBOAUTCR B C X O A F I ~ y I o C R  nOCJIeAOBaTeJlbHOCTb O n e p a T O p O M  
A,,. I l p o ~ o n x a ~   TOT npouecc, n o n y q u M  B e c ~ o ~ e q ~ b ~ i i  PRA n o c n e A o -  

B ~ T ~ J ~ H O C T ~ ~  

f l ~ t  f l a t  fls, . . , 
f a i r  f a a t  fzs ,  . , 
f s ~ t  f ~ ~ r  f389 9 . . . . . . . . 



lim ( 1  Af, - Af,, (1 = 0. 
m. n+ m 

M ~ I  I lMeeM HepaBeHCTBO 

II Afm - A f m m  I1 4 I1 (A - f nn  I1 + I1 (A - A,,) fmm I1 + 
+ II A e J m  - AEkfmm I1 G 2 C ~ k  + I1 AEJnn AaJmm 11. 

6epg AOCTaTOrHO 6onbruoe k, MbI MOXeM CAeJIaTb CKOJlb y r O A H 0  Ma- 
AbIM nepBb1f i  q J I eH  n p a B 0 f i  qaCTH. ~ o c J I ~  3 T O r 0  MbI MOXeM B3RTb  CTOJIb 

6onbruoe x, 9 ~ 0 6 ~  B T O P O ~  4J I eH  npa~0fi  qaCTki  CAeJ I ancR  CKOJIb y r O A H 0  
MaJIbIM n p H  m > J ,  f2 > N, M COOTHOLUeHUe (3) AOKa3aHO. 

31. A~COJIIOTHIR HOpMa. C H O B ~  IIpeAnOJlOXHM, qTO nPOCTPaHCTB0 H 
cenapa6enb~0, ki B03bMeM 0 r p a ~ U q e ~ ~ b 1 f i  J I U ~ e f i ~ b I f i  O n e p a T O p  A, 
o n p e ~ e n e ~ ~ b ~ f i   crony B  TOM n p o c T p a H c T B e .  I I y c ~ b  {fk]y n {el]; - 
A B a  npOH3BOJIbHbIX OPTOHOpMHPOBaHHbIX 6a3nca B H. Hac 6 y ~ e ~  MHTe- 

PeCOBaTb  TOT ~ J I y s a f i ,  K O r A a  
m 

H e  3aBIlCkiT OT ~b160pa 6a3nco~ {fk]T U {el);, a 3aBHCUT JIHLUb OT 

o n e p a T o p a  A. 31-y seammy H ~ S ~ I B ~ I ~ T  a6conmm~oli: ~opdiori onepa- 
T O p a  A. M3 HaIIIIlX P ~ C C M O T P ~ H M ~ ~  CJ IeAyeT ,   TO 

N (A*) = N (A). (3) 



- - - -  

T ~ K  KaK B K a q e C T B e  f l  MOXHO B3RTb  n ~ 0 A 3 ~ 0 J I b ~ b 1 f i  e ~ k l H I l q H b 1 f i  BeK- 

TOP, a B c ~ n y  (1) 

I1 4 1  I1 N (A), 
TO 

I I  A Il 4 N (A), 

T. e. o 6 b r w a ~  H o p & a  onepamopa tie n p e t ? o c x o d u m  e2o a6conlom~olZ 
KOPMbL. 

~ ~ I ' K o  BUAeTb T a K X e ,  YTO eCJIA C - n p 0 ~ 3 ~ 0 J I b H b I f i  0 l ' ~ a H A q e ~ H b I f i  
o n e p a T o p ,  TO 

N(CA) ,< (ICII N(A), 

A~COJIIOTH~R HOPMa o6nanae~ OCHOBHbIMA C B O ~ ~ C T B ~ M A  HOPMbI, A, B 9 a C T -  
HOCTW, AJIR H e e  BblnOJIHReTCR HePaBeHCTBO TpeyI 'OJIbHNKa 

N(A + B ) <  N(A)+N(B) .  

N (A + B) = 1/ I /  Aft 4- Bfi 11' 4 
/=1 

Tae KaK N(A) H e  3aBIlCHT OT ~ b l 6 o p a  OPTOHOPMHpOBaHHbIX 6 a 3 ~ -  
COB Ifk}," A (el},", TO MbI MOrJIN 6 b 1  AX B3RTb  OAIIBaKOBbIMA, A T O r n a  

B O n p e n e n e H m  ~ ~ c o J I K I T H o ~ ~  H O P M ~ I  @ ~ r y p u p o ~ a n u  6b1  q a c n a  

(Aek, ei)  = a j k  ( j ,  k = 1, 2, 3, . . .), 
KOTOPbIe RBJIRSOTCR 3JIeMeHTaMA MaTPAQbl, ~ T ~ ~ A c T ~ B J I R I O ~ ~ ~ ~  O n e p a -  

TOP A (CM. no 29) B 6a3nce (e,}:. 
M ~ I  BUHUM, TaKHM 06pa30~, q T O  O n e p a T O p b I  C K O H ~ ~ H O ~ ~  ~ ~ C O J I I O T -  

HOG H O ~ M O R  06pa3ym~ AOBOJIbHO j ' 3 ~ H f i  KnaCC -3TO O n e p a T O p b I ,  no- 
nyceamque M a T p a s H o e  n p e A c T a B n e H u e ,  A n R  K o T o p o r o  



Teope~a. ECRU N (A) < a,, mo onepamop A enoRHe HenpepbleeH. 
a0 K a 3 a T e JI b C T B 0. ~ Y C T ~  { g k ) r  - K ~ K O ~ ~ - H M ~ Y A ~  . OPTOHOP- 

M M P O B ~ H H ~ I ~ ~  6amc B H'. T ~ K  KaK 

Tenepb BBeAeM O n e p a T O p  A, C nOMOUbI0  @ 0 p ~ y J I b 1  

f l .  

%OT O n e p a T o p  o n p e n e n e H  B C I O A ~  B H. OH nepeBoAMT nm60e orpa- 
HNqeHHOe MHOXeCTBO BeKTOPOB f 6 H B OrpaHMgeHHOe MHOXeCTBO 
BeKTOPOB KOHeqHOMepHOrO IIpOCTpaHCTBa ( P ~ ~ M ~ P H O C T U  n,). %O no- 
CJ IeAHee  MHOXeCTBO KOMnaKTHO B CNJIy K J I ~ C C H ~ ~ C K O ~ ~  TeOpeMbl  E0J Ib -  
UaHO - Befiepru~pacca. ~ O ~ T O M Y  O n c p a T O P  A, BnOJIHe H e n p e p b l B e H .  

A TaK KaK n p M  n1o60~ f E H 
m m 

FIBJIReTCR TOJIbKO AOCTaTOqHbIM, HO H e  H ~ O ~ X O A U M ~ ~ M  YCJIOBUeM AJIH 
BnOJIHe HenpepbIBHOCTH MaTpHqHOrO OI IepaTOpa .  B WCTHOM CJIyqae,  

K O r A a  qkiCJIa ajk yAOBJIeTBOpHIOT COOTHOUleHuRM 

a,k=O npn l j - k l > r  ( j ,  k =  I ,  2, 3, ...), 

r A e  r  @ H K C H ~ O B ~ H O ,  MOHHO - y K a 3 a T b  H ~ O ~ X O A ~ ~ M O ~  ki AOCTaTOqHOE! 
YCJIOBne BnOJIHe HenpepbIBHOCTH. OHO COCTOMT B TOM, qTO 



Ann IIpOCTOTbI IlpOBeAeM AOKa3aTeJbCTBO B IIpeAIIOJIOXeHMn, ' rT0  

r = 1. B  TOM cnysae o n p e n e n f l m u a f l  o n e p a T o p  M a T p M u a  m e e T  snn 

M HOCMT Ha3BaHMe MUmpUybL 9 ~ 0 6 ~  MJIM 111~06ueeofi MUmpUybL.  npu  
r > 1 MaTpMIQ' Ha3bIBaIOT 0 6 0 6 q e i . 1 ~ 0 ~ ?  111~06ueeo8 ~ampuyeb.  

n y c ~ b  O n e p a T o p  A,  nopox~ae~br i i  ~ a ~ p ~ u e i  (4), snonwe H e n p e -  

PbIBeH. ~ O C J I ~ A O B ~ T ~ J I ~ H O C T ~  BeKTOPOB 

qTO IIPOTMBOPe~IMT c M J I ~ H o ~ ~  CXOAMMOCTM IIOCJIeAOBaTeJIbHOCTU (Ae,},". 
A O K ~ X ~ M  BTOPYW YaCTb YTBePXAeHMfl ( A O C T ~ T O ~ H O C T ~ ) .  ~ Y C T ~  

l a k [ + I p k l + l r k l + O  nPM k + ~ ,  T a K  "TO nPM J I W ~ O M  € > 0  CY- 

UeCTByeT  HaTypaJ IbHOe  q, AJIfl KOTOPOTO 

T e n e p b  npeACTaBMM O n e p a T O p  A B BUAe CYMMbI ABYX OnepaTOpOB:  

A - A' + A", me 



T ~ K U M  06pa30~,  npu n106o~ a > 0 cymecTsyeT BnonHe Henpepm- 
~ b ~ f i  onepa~op A' = A, T~KOR, 'ITO 1 1  A - A ,  I (  < a. n o  TeopeMe 2 no 30 
onepaTop A BnonHe Henpepma. 

T ~ K M M  06pa30~, HaUe YTBepXAeHUe AOKa3aHO. 

m 

8 = K f  = ( K  (s, t) f (t) dl. 

Ecnu 

TO RAP0 K  (s, f) Ha3bIBaIOT R ~ P O M  rll~b6epma - u . ~ ~ d m a ,  a nOpOX- 
~ a e ~ b ~ f i  MM onepaTop K  - uHmeepanmblM onepamopofi runb6epma - 
LII~udma. 

~ ~ P M M ~ M ,  'ITO ycnoBNe (1) BbInonHeHo, u noKaxeM, npencne Bcero, 
 TO onepaTop K  RsnReTcR B  TOM cnysae onpeAeneHHbIM B C I O A ~  
B L2 (- 03, 03) OrPaHUlIeHHbIM OnepaTOpOM. A ~ ~ ~ c T B U T ~ J I ~ H O ,  B CUny 
TeOpeMbI Q Y ~ N H N  M HepaBeHCTBa K0mW - ~ ~ H H K O B C K O ~ O ,  Ann nO9TU 
BCeX S 

I &! ( 4  I2 < I l  f ll' j. I K  t) I2 d f .  
- w  



- 
@ik (s, t) = 'PI (4 'Pk (0. 

9TO N ~ p e 6 0 ~ a J I o c b  A O K a 3 a T b .  
O K ~ ~ ~ I B ~ ~ T C R ,  q T O  UHmeZpURbHblMU OnepUmOpUMU r ~ ~ b 6 e p m a  - 

Maudma ucllepnblenemcn cecb tcnaco onepamop08 8 La(- 03, co), 
uaem y u x  icorieurigro a6conmm~ym riopay. 

A ~ ~ ~ c T B u T ~ J I ~ H o ,  n y C T b  A - n p 0 ~ 3 ~ 0 J l b ~ b l f i  J I k i ~ e f i ~ b ~ G  O I I e p a T O p  
c K O H ~ ~ H O ~ ~  ~ ~ c o J I K I T H o ~ ~  HOPMOB B I I p O c T p a H C T B e  L2(- 03, 03). 

B 0 3 b M e ~  O P T O H O P M I ~ P O B ~ H H ~ I ~ ~  6a3uc (4) B La X L2 U IIOJlOXUM 

T a K  q T O  f( (s, f )  RBJlReTCR RAPOM r U J I b 6 e p ~ a  - ~ M N A T ~ .  O C T ~ ~ T C R  
n o ~ a ~ a ~ b ,   TO Af c o B n a a a e T  npu J K I ~ O M  f E L2(- 03, 03) o 

K f  = 5 K(s, t )  f (t) dt. 
-0. 



Ho  TO c n e A y e T  143 T O ~ O ,   TO npu J I I O ~ ~ I X  h, j ( =  1, 2, 3, . . .) 

33. C X O ~ R ~ H ~ C S ~  IIOCJlenOBaTeJlbHOCTH O r P a H H q e H H W X  J H H ~ ~ H ~ I X  O n e -  
P a T O p O B .  Pa3JIusa IOT TPU BUAa CXOANMOCTU nOCJIeAOBaTeJIbHOCTII 

(A,}," OrPaHUseHHbIX J U H ~ ~ ~ H ~ I X  OnepaTOpOB,  OnpeAeJIeHHbIX BCIOA!] B H: 

cna6o c x o ~ ~ w e f i c ~  K onepa~opy  A ecnu ~ n n  nro6oro f E H 

(A,  3 A)  A,f 3 Af 
CHJIbHO C X O A H ~ ~ ~ ~ C H  ecnu A ~ R  nro6oro f E H 
K O n e p a T o p y  A 

(A, + A) A n f + A f  
PaBHOMepHO CXOAH- e m u  
w e f i c z l  K O n e p a T o p y  A 

(A,, =: A) l lA,-Al+0. 
Ecnu nOCJlenOBaTeJbHOCTb OlIepaTOpOB CXOAIlTCR PaBHOMepHO, TO 

OHa Pi  TeM 6 o ~ e e  CXOnPiTCR CuJIbHO; C!CJIII OHa CXOflIlTCR CUJlbHO, TO 

I4 n O A a B H 0  CXOAUTCR cna6o. 
M 3  cna608 c x o ~ u n ~ o c ~ u  A, K A u B, K B c n e A y e T  cna6an cxo- 

A ~ M O C T ~  A, r f  B, K A + B, HO H e c n e y e T c n a 6 a ~  C X O A N M O C T ~  

npOPi3BeAeHHH A,,B,. 
M 3  ~ ~ B H O M ~ P H O ~ ~  ( c n a 6 o f i )  CXOnkiMOCTM A,, K A C n e A y e T  PaBHO- 

MepHaR ( C O O T B ~ T C T B ~ H H O  c n a 6 a ~ )  CXOnNMOCTb A,* K A"; AJIR C ~ I J I ~ H O B  
CXOAMMOCTM 3 T 0  Y X e  HeBepHO. , 

Teope~a 1 .  Ecnu nocnedosamenbtiocmb (A,)," ozpai.luuetitibLx 
nutielitiblx onepamopos, onpedcncti~b~x scmdy s H ,  cna6o cxodutncn, 
mo  nocnedosarnenbtiocmb ( ( 1  A,  1 1 ) ;  HOPN 3mux onepamopos ozpatiuqetia. 

f l e f i ~ T ~ P i T e J I b ~ 0 ,  p,, (h) = /I A,h I (  eCTb  ~ ~ 1 n y K J I b 1 f i  ~ e r l p e p b I B H b 1 f i  

@ ~ H K U M O H ~ J I .  B K a X f l o f i  T O s K e  h E H rIOCJeAOBaTeJIbFIOCTb (P,, (h)  1," 
O r p a H H s e H a  B CMJ?y TTOpeMbl  2 no 26, TaK KaK rlOC.rleflOBaTeJ1bHOcTb 

3JIeMeHTOB {A,,h}," cna6o CXOAHrrC51. ~ O ~ T O M Y  6 ~ 1 a r o f l a ~ R  CJeflCTBHIO 

In" 21 
sup 1 1  A,h I (  - p ( h )  

r l  



a c n e A o s a T e n b a o ,  npu n1o60~ n 

T e o p e ~ a  2. Ecnu nocnedosamenb~ocmb 6 u n u ~ e Z ~ b ~ x  $ Y N K ~ U O N ~ -  
nos {Qn(f ,  g)); ma~osa ,  ymo npu nto6b~x f ,  g cyqecmoyem I C O N ~ ~ H M ~  

npeden 

mo smom npeden ecmb 6 u n u ~ e i ~ b ~ Z  $ytitcquo~an. 
K ~ K  JIerKO BIIAeTb,  AOCTaTOqHO A O K a s a T b ,  9 T O  I I p H  J I I ~ ~ ~ I X  f ,  g E H 

K a ~ n b 1 3  61m~~ef i~b l f i  @ ~ H K U H O H ~ J I  8, ( f ,  g) I I O p O X A a e T C R  HeKO- 

TOPbIM O r P a H I I 9 e H H b I M  J l ~ ~ e f i ~ b l ~  O n e p a T O p O M :  

B a a ~ n ~ o s e e ~ l e  A o K a x e M  eue OAHO n p o c T o e  npennoxeewe, KOTO- 

p O e  B ~ a J I b ~ e f i U l € ! ~  H ~ E A ~ T  B a X H O e  n p F i M e H e H I l e .  

T e o p e ~ a  3. BCRKU>L MoNomonHo y66loatoqan nocnedosamen~~ocrnb 
OZP~HU~leHHblX 110flONUmeAbHblX OY1CPUmOPO8 CURbtiO C X O ~ U I ~ Z C X .  

A o rt a 3 a T e n  c T B o. ~ ~ C T I ,  A a e b I  o r p a H M s e H e L I e  c a M o c o n p R -  
X e H H b I e  O n e p a T O p b I  A, (k = 1 ,  2, . . .), y A O B J I e T B O p R I o u N e  COOT- 

HOlUeHliRM 

Ak > 07 Ak+1< Ak. 
T ~ K  K a K  

A,--An>O ( n > m ) ,  
4* 



TO npu nm6blx f ,  g 

T ~ K  KBK 9UCJIOBaR IIOCJIeAOBaTeJIbHOCTb 

(Anf, f )  ( n =  1, 2 .) 
MOHOTOHHO ~ 6 b l ~ a e ~  w orpaHwYeHa C H U ~ Y  ( ~ ~ C J I O M  0), TO, 

lim ) (  ('A, - A,) f 1 )  = 0. 
n > m  

 TO PaBeHCTBO lIOKa3bIBa€!T,  TO lIpW n m 6 0 ~  f E H CweCTByeT B CUJIb- 
HOM CMbICJIe 

lim AJ = h. 
n+ m 

n o n a r a ~  h = Af, 6e3 TpyAa ycTaHoBm, YTO n p e ~ e n b ~ b ~ f i  onepaTop 
A nuHeeH u orpaausea. - 

T e o p e ~ a  ~ o ~ a s a ~ a .  
3aNeWZilue. BM~CTO IIOJIOXUT€!JlbHOCTU OlIepaTOpOB AOCTaTOYHO 

IIoTpe60~aTb PaBHOMepHylO OrPaHNYeHHOCTb UX CHW3Y. Teope~a O W -  

BWAHbIM 06pa30~  @~pMyJItipyeT~R AnR MOHOTOHHO BO3paCTa~WUX 
n o c n e ~ o ~ a ~ e n b ~ o c ~ e i i .  
34. M H O X ~ C T B ~  OrPaHHWHHblX n ~ ~ e f i ~ b l x  OllepaTOpOB B cenapa6enb- 
HOM IIpOCTpaHCTBe rHnb6ep~a. 

T e o p e ~ a  1. B cenapa6enbilou npocmpailcmse H nt06oe Miloxecmso 
nuileu"ilb1x onepamopos, H O P U ~ ~  lcomopblx OPpailuYeilbt, cna60 ICON- 
nalcmilo (m. e. codepxunz cna6o cxod~qytoc11 nocnedosamenbilocmb). 

~ Y C T ~  (A,): - IIOCneAOBaTeJIbHOCTb OnepaTOpOB C HOPMaMU IA,II< 
< C, a if,)," - nocneAosaTenbHocTb s n e ~ e ~ ~ o ~ ,  nnoTHaR B H. 
n0JIb3yR~b T ~ O P ~ M O ~ ~  1 no 27, ~ b l 6 e p e ~  W 3  IIOCJIeAOBaTeJlbHOCTU 
(A,,); YacTb (Alk);-lr cna6o c x o ~ ~ ~ y m c ~  Ha s n e ~ e ~ ~ e l  f,, s a ~ e ~  
u3 Hee (Aak);-,, cna6o c x o ~ ~ ~ y m c r l  Ha s n e ~ e ~ ~ e  f2, u T. A. 
Aanee IIOCTPOWM AUarOHaJIbHykO IIOCJIeAOBaTeJIbHOCTb (Akk); N AOKa- 

' 3'0 3HaYHT, 9 T O  c~1a60 CXOAWTCR IlOCJIeAOBaTenbHOCTb BeKTOPOB (Afkfl):-l. 



XeM, 9TO 3Ta nOCJIeAOBaTeJIbHOCTb cna6o CXOAHTCR Ha ~ 1 0 6 0 ~  33e- 
MeHTe f E H. C 3~0fi UeJIbFO AJIFI nPOU3BOJIbHO B3RTOrO 3AeMeHTa f 
U IIpOkl3BOJIbHO B ~ I ~ P ~ H H O ~ O  qHCJIa € > 0 B03bMeM TaKOe x, 9~06b1- 

\If-fJZrIl < e .  
T o r ~ a  npu n t o 6 0 ~  g E H 

- - 

-Ann Slf; Af. 
T ~ K  KaK npu n m 6 o ~  f l  

TO 
I(Annf* g)l C I I f  I 1  IlglI* 

I (Af, g) I C I I  f II . llg I19 

OTKyAa CJIeAyeT, 9TO 

Teope~a ~ o ~ a s a ~ a .  
I I  A I1 4 C. 

l l p e x ~ e  seM uATa Banme, 0 6 0 3 ~ a s a ~  sepes (e,); nonayto OPTO- 

HOpMHPOBaHHyto CUCTeMY BeKTOPOB B H. KaX~b~f i  0 r p a ~ ~ s e ~ ~ b l ;  One- 
paTop A s a n a ~ ~ b ~ i i  ~ c t o ~ y  B H, BnonHe. onpeAemeTcR ~ a ~ p a u e t i  
(aPq): ,=,, rAe a,, = (Ae,, e,). E Y A ~ M  0603~aqa~b  ~ Y K B O ~  R B C R K H ~ I  

T~KO;  OnepaTOp, AJIR KOTOpOrO rpq = (Re,, eP) eCTb KOMnJIeKCHOe 
qUCJIO C Pa~UOHaJIbHbIMU KOMnOHeHTaMU U IIPUTOM PaBHOe HyJIm, 
KOrAa no ~ p a f i ~ e f i  Mepe OAUH H 3  UHAeKCOB P, q npeBOCXOAHT HeKO- 
Topoe sucno, cBoe KaxAoro onepaTopa. MHOX~CTBO Bcex TaKux 
onepaTopoB csemo. l l e p e ~ y ~ e p y e ~  HX: R1, Rz, Rs, , . , , H no.nowihl 

lim I J  Rikem - Ae, J (  = lim I( R* em - A*em I (  = 0 
k-+ - k * m  'k 

(m=l, 2, 3, ...). 



1 r J k  - a 1 
P4 P , q l < k  ( P ,  q = l ,  2, 3, . . a  k )  

W 

r!$ = 0 npe max { p ,  q j  > k .  

T o r ~ a  

ecne m 9 k .  T ~ K  KaK p H A  

ki aHaJIOrU9HO AOKa3bIBaeTCH BTOpOe Y T B e P X f i e H P i e  JIeMMbI. 

Teope~a 2. Yaxdoe 6 e c ~ o u e r l u o e  , w i o x e c m 8 o  % o n p e d e n e w b ~ x  

scmdy 8 H o z p a r c u v e r c H b i x  o n e p a m o p 0 8  codepxum n o c n e d o s a m e n b -  

H o c m b  {A,),", n n o m H y m  8 % 8 m o f i  c f i b l c n e ,  Y m o  d n ~  nm6ozo one- 
pamopa* A E %, ecnu OH c a f i  H e  npu~adnexum {A,);, c y q e c m 8 y e m  

n o c n e d o ~ a m e n b n o c m b  { A k q ) k l ,  y d 0 6 n e m e o p ~ m q a ~  npu n m 6 0 ~  f f H 
$ o o m t t o u e H u m  

lim IIAk,f - Af 11  = lim 11  A: f - A*f 11  - 0. 
q+- q+m 4 

A 0 K a 3 a T e JI b C T B 0. M H O X ~ C T B O  % MOXHO n p e A C T a B I l T b  B BI lAe  

CYMMbl MHOXeCTB %,, TaKI IX ,  9TO HOpMa KaXAOI'O Pi3 OnepaTOpOB,  

np I IHaAJIeXa l4P iX  an, H e  IIpeBOCXOAKT 9PiCJla n. T ~ K  KaK T e O p e M y  

AOCTaTOqHO AOKa3aTb  AJIR KaXAOI'O an, TO MbI MOXehl  DPMHHTb, 9TO 
IlCXOAHOe MHOXeCTBO %! e C T b  HeKOTOpOe an, T .  e., 9TO n p I l  HeKOTC- 

POM @ M K C I I P O B ~ H H O M  18 HepaBeHCTBO ( 1  A 11  ,< 8 BbIIlOJIHeHO AJIR 

nm6oro A E %. 
B 0 3 b ~ e ~  T e n e p b  npOPi3BOJIbHykO I I a p y  HaTypaJIbHbIX 9IlCeJl p ,  q 

ki u c c n e A y e M ,  c y u e c T B y m T  na B Sm o n e p a T o p H  B, AnH K O T O P ~ I X  



Ecnu ~ p e 6 y e M b 1 e  O I l e p a T O p b I  B C y U e C T B y W T ,  B b 1 6 e p e ~  OnMH 113 IlUX 

u 0 6 0 3 ~ a Y ~ M  ero Bps,, a napy p, q B  TOM cnyqae H ~ ~ O B ~ M  nony- 
CTUMOR. M3 JIeMMbI BbITeKaeT,  YTO n p U  ~ 1 0 6 0 ~  q H ~ ~ ~ A ~ T C H  6ecsucne~- 
H o e  M H o i i e c T B o  3 ~ a s e ~ u R  p, npu KOTOP~IX napa p, q a o n y c T m a .  

~ O ~ T O M Y  MHOXeCTBO O n e p a T O p O B  BPPq H e  n y C T 0 .   TO MHOXeCTBO,  

OqeBUAHO, CYeTHOe. ~ O K ~ X ~ M ,  q T 0  er0 M O X H O  n P U H R T b  B K a g e C T B e  
llOCJIeADBaTeJIbHOCTFi {AR),". 

C  TOR 4eJIbIO B03bMeM K ~ K O ~ ~ - H U ~ Y A ~  O n e p a T O p  A E a, A ?  {Ak),". 
'Ha  OCHOBaHtlU J e M M b I  C y m e C T B y e T  T a K a R  nOCJIeAOBaTeJIbHOCTb 

{Rnq\;=l' ' I T 0  
1 

I l o s ~ o ~ y  npu ~ 1 0 6 0 ~  q napa n,, q R s n R e T c r l  ~ o n y c ~ u ~ o B ,  a ~ H ~ Y U T ,  

C y ~ e C T B y e T  O n e p a T O p  BnqVq = Akq, AJIR KOTOPOrO 

(g = el, es. . . . , 8J. 

C n e ~ o ~ a ~ e n b ~ o ,  npu q = 1, 2, . . . 
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CIPOEKTHPYHILUHE H YHHTAPHME OnEPATOPbl 

35. O n p e ~ e ~ l e ~ u e  npoeKTupymqero onepaTopa. l l y c ~ b  B H B ~ R T O  non- 
npOCTpaHCTB0 G N nyCTb 

F = H @ G ,  
TaK YTO 

H = G @ F ,  

r,L(e g f G A f E F. B no ? BeKTOp g 6b1n Ha3BaH npoe'~&+iefi BeKTOpa 
h Ha G. O n p e n e n e ~ ~ b ~ f i  BO BceM npocTpaHcTse H onepaTop, ~ o ~ o p b ~ i i  
KaXAOMJ' h E H OTHOCNT er0 IIpOeKUNIO Ha IIOAflpOCTpaHCTBO G, Ha- 
~ H B ~ I O T  npoetcmupyloyuill onepamopoill, onepamopoiu npoetcmupoelzHux 
( ~ a  G) NJIN npOelfmOpOilll N 0603~aWIO~ CNMBOJIOM P M J I M  PG, TaK YTO 

- g =  Ph = PGh. 
l 7 p o e ~ ~ a p y r o q ~ i i  onepaTop, osesunHo, nuaeea. Kpohfe Toro, OH orpa- 
HN9eH N er0 HOpMa PaBHa eAMHki&e. A ~ ~ ~ c T B N T ~ J I ~ H o ,  TaK KaK 

B ~aJIbIiefilIleM Mbl BBeAeM TaKXe ((KOCOe)) npOeKTMpOBaHAe, A TOI'Aa AJIR 
onepaTopa, KOTOP~IB 3,qecb ~ a 3 ~ a ~  npoeKTopoM, MM 6 y ~ e ~  nHoraa, BO n 3 6 e ~ m n e  
~e&opa3)1~e~nf i ,  npHMeHRTb Ha3BaHHe OpmOnpOeK/7lOp. 



flefiCTBPiTeJIb~0, npki nro60~ h E H BeKTOp g = Ph yXe npHH8A- 
nexuT G u ~ O ~ T O M ~  Pg = g, T. e. P2h = Ph; HO s ~ o  H omasaeT, 
9TO P2 = P. 

B 0 3 b ~ e ~  Tenepb ABa IIPOU3BOJIbHbIX BeKTOpa hl, ha E H. ~ Y C T ~  

AnH nro6b1x hl, h2 E H. Ho  TO u o s ~ a q a e ~ ,   TO P* = P. 
M3 AOKa3aHHbIX C B O ~ ~ C T B  BbITeKaeT, qTO I I P O ~ K T U P Y K ) ~ U ~ ~  Onepa 

TOP P IIOJIOXNTeJIeH, T .  e. (CM. no. 25) 

(Ph, h) > 0. 

\ 
(Ph, h) = (P2h, h) = (Ph, P*h) = (Ph, Ph) > 0, 

Tenepb MbI AOKalKeM, qTO C B O ~ ~ C T B ~  I ) ,  2) XapaKTepHbI AJIR np0- 
eeTupyroaero onepaTopa. 

Teope~a. Ecnu P ecmb ~ n ~ e d e ~ e ~ u b i c i  sciody 8 H onepamop, ~ A R  

icomopozo npu nio6brx hl, h2 E H 
1) (P2h,, hz) = i P h ~ ,  hz), 
2) (Phl, h2) = (hl, Phz), 

mo cyqecmeyem nodnpocmpa ficmso G 5 H, onepamopofi npoexmupo- 
8axufi tia Komopoe fie~fiemcfi P. 

A o K a 3 a T e n b c T B O. Onepa~op P orpaaasee. h o  BbrTeKaeT ~3 

TeOpeMbI no. 28, TaK KaK 

(Phi, ha) = (hl, Phn), 

J J  Ph 1 1 2  = (Ph, Ph) = (p2h, h) = (Ph, h), 

T. e. onepaTop P orpaHuseH u ero HopMa He 60JIbUIe 1. 
0 6 0 3 ~ a q P i ~  qepe3 G MIIOXeCTBO BCeX BeKTOPOB g E H, AJIR KOTO- 

PbIX 
Pg = g. 



K ~ K  BkiAkiM, t I 3  g,, .,-t g C n e A y e T ,  q T 0  Pg = g, q e M  ki A O K a 3 a H 0 ,  q T 0  G 
3aMKHYTO.  

0 6 0 3 ~ a q k i ~  qepe3 PG O I I e p a T O p  n p 0 e K T M p O B a H M R  H a  G. M b l  AOJIXHbI  
& O K a 3 a T b ,  9 T O  PG = P. n p M  JI IO~OM h F H B e K T O P  Ph = g IIpMHaA- 
J I e X M T  G, T a K  K a K  P (Ph) = Ph. ~ O A I I ~ O C T ~ ~ H C T B ~  G I I p M H a A n e X H T  

T a K X e  P G ~ .  ~ O ~ T O M ~  H a M  AOCTaTOqHO A O K a s a T b ,  q T 0  

(Ph - Pah, g ')  = 0 
WJlW 

(Ph, g ' )  = (PGh, g ')  

npa JIIO~OM g' E G. HO  TO c n e A y e T  a3 

(Ph, . g ' )  = (h ,  Pg') = (h ,  g ' ) ,  
( P G ~ ,  g ')  -- (h,  P G ~ ' )  = (h ,  g'). 

37. A ~ ~ ~ C T B H R  H a n  I I p O e K T H p y m ~ H M H  O n e p a T O p a M H .  B H a C T O R U e M  
I I y H K T e  MbI A O K a X e M  H e C K O n b K O  IIpOCTbIX n p e ~ J I 0 X e ~ M f i  OTHOCMTenbHO 
Y M H O X e H M R ,  CJIOXeHMR M BbI9MTaHMR I I P O e K T k i P Y I O ~ k i X  O n e p a T O P O B .  

lo. l7poussede~ue asyx npoelcmupyroqux onepamopoe Pa,, PG, 
rzenxemcx npoelcmupyroquill: onepamopoill: e mou u monblco mofi cny- 
Yae, tco2da ONU nepecma~oeo~t~b~:  

u ecnu smo ycnoeue ebmonHeHo, mo 

PalPciI = PG, 
sae G = G, G,. 

A 0 K a 3 a T  e J b C T B 0. E c n k i  I IPOM3BeAeHkie  PG, PG, e C T b  IIpOeKTM- 

p y m u k i i i  o n e p a T o p ,  TO 



M ~ I  BBAEIM, q T O  O n e p a T O p  PG,PG~ Y A O B J I ~ T B O ~ R ~ T  y ~ J f 0 B M R h l  T e O -  
P e M b I  no 36 Pi n 0 3 T O M Y  RBJIReTCR ~ P O e K T E I P Y I O ~ E I M  O n e p a T O P O M .  

T a ~ u k l  o6pa30~, n O C T a T 0 q H O C T b  YCJIOBBR T a K X e  A O K a 3 a H a .  

Ecnu YCJIOBMe (1) BbItIOJIHeHO, 'TO npki n106o~ h E H B e K T O p  

O ~ P ~ T H O ~  B K J I I o q e H N e  O q e B U n H O .  

B~opoe  Y T B e p X A e H E I e ,  C J I e n O B a T e n b H O ,  T a K X e  A O K e 3 a H O .  
Oco6o BbIAeJIFiM W C T H ~ I ~ ~  cnyqaB. 
2". Asa npocmpaHcmea GI, G, opmozoHanbm s mou u monbico 

mou cnyflae, icozda 
Po, pa, = 0. 

3". C y u ~ a  npoeicmupgioyux onepamopos 

Po, + Po, + . . + Pa, -- Q ( n  < a) 
ecmb npoeicmupyroyud onepamop s mou u momco mou cnyqae, icozda 

m. e. rhozda u monbico mozda, icoz3a nodnpocmpa~cmsa G, (i -- 1, 
2, . . . , n )  nonapHo opmozotianbfibl, u s smou cngwe Q r-- Pa, 23e 
G = G 1 @ G 2 @ . i .  @Gn. 

o K a 3 a T e n b c T B O. Ecnu nonn OCT a H c T B a  a, n o n a p H o  o p ~ o -  B P  
rOHaJIbHb1,  TO, B C H n Y  n p e A J I O X e H E I R  2 , C n p a B e A J I H B b I  P a B e H C T B a  (2) 
N n 0 3 T O M Y  QQ = Q. T ~ K  K a K ,  KpOMe T O r O ,  Q* -- Q, T O  Q e C T b  np0- 
~ K T M P Y K ) ~ M ~ ~  O n e p a T O p .  nocnt3fi~ee )'TBepXt<neHHe OSeBMAHO. 

~ O ~ T O M Y  A O K a X e M  H ~ O ~ X O A B M O C T ~  YCJIOBMR. n y ~ ~ b  Q e C T b  np0- 
~ K T N ~ ~ K X U H ~ ~  O n e p a T O p .  ~ H E ~ S U T ,  



T .  e. OpTOrOHaJtbHOCTb IIOAnpOCTpaHCTB Gj, Gk. 
4". Paailocmb dsyx npoelcmupgroqux onepamopos 

PG, - PGa (3) 
ecmb npoelcmupyroquri onepamop mozda u mofilco mozda, lcoi?da 
G z s G l ,  u s s m a ~  cflyrae (3) ecmb onepamop npoetcmupoeaHux ila 
GI@ (32. 

~ o K ~ ~ ~ T ~ J I ~ c T B o .  ~ Y C T ~  

PG, - Pa, = Pa (4) 
ecTb n p o e ~ ~ n p y ~ o u u i  onepaTop. T o r ~ a  cyMMa 

PG + Pa, = PG, (6) 
TaKXe RBJIReTCII IIpOeKTMpyIoI4AM OIIepaTOpOM A, 3Ha9AT, B CAJIy 
npeAnoxeHnR 3' 

G l Q ,  A G$G2=Q1, (6) 
OTKyAa CJIeAyeT, 9TO 

G 2 c G l  A G=G1@G2.  (7) 

M3 (7) CAeAyeT (6), a n03TOMy (5) A, 3HaWiT, (4). ' 
M3 ~ ~ B A A o x ~ H A ~ ~  la,  2", 4" BbITeKaeT 
5". l7epecmailosorilocmb onepamopoe PG, u PGa 3~sueanetim~a 

opmozoHanbilocmu nodnpocmpa ticme 

GI e (G, n G,), cia e (G, n 02).  

( a m  nro6ozo h E H), a marcxe Hepaseticmsy 

Pa. < Pa,. 



a 0 K a 3 a T e JI b C T B 0. npeX~<ne B C e r O  3 a M e T U M ,  9 T 0  3 K B H B a J I e H T -  
HOCTb H e p a B e H C T B  ( 8 )  I1 (9) RBJIReTCR CJIeACTBIleM 3KBMBaJIeHTHOCTU 

K a X A O r O  N 3  HNX H e P a B e H C T B Y  

( P G , ~ ,  h)  ,< ( P G , ~ ,  h) .  

TO I13 BKJIIO'IeHNR f E F1 C J I e A y e T  B K J I I o ' I e H N e  f Fa. HO 9 T 0  0 3 H a -  

q a e T ,  'ITO F1 5 F,, a ~ O ~ T O M Y  

G2= H @ F z ~ H @ F 1  = GI, 

38. I l o c n e ~ o s a ~ e n b ~ o c ~ ~  npoeKTmpymqnx onepaTopoe. 
Teope~a 1 .  Ecnu {P,}," - 6 e c ~ o ~ e r ~ a ~  xoHomomaR nocneao8a- 

menmocmb npoeKmupymqux onepamopoa, mo Pk npu k + co cunbtio 
C X O ~ U ~ C R  K HeKomopoMy npoeumupywqeMy onepamopy P. 

a 0 K a 3 a T e Jl  b C T B 0. ~ Y C T ~ ,  H a n p N M e p ,  I I O C J l e A O B a T e J I b H O C T b  

( P k ) r  - ~ e y 6 h l ~ a m u a ~ :  Pk Pk+l (k 1, 2 ,  3, . . .). T ~ K  K a K  O H a  
o r p a a u s e H a ,  1460  Pk ,< I npu n Io6o~  k, TO no T e o p e M e  3 no 33 11 no 
3 a M e 9 a H M I o  K 9~0f i  T e O p e M e  C y U e C T B y e T  B CMblCJ le  c I 1 J I b ~ o f i  CXOAU- 

MOCTU 
lim Pk ZE P. 
k+- 

K p 0 M e  TOrO,  npu ~ ~ 0 6 0 ~  k I1 n 1 o 6 b r x  f ,  g E H 

(Pkf,  P d )  = (Pkf ,  g) = ( f r  Pkg). 

1 B STOM MOXHO T a K X e  Y ~ ~ A U T ~ C R ,  H e  n p l r 6 e r a ~  K YnOMRHYTbIM n p e n J I 0 X e -  
HHIIM no 33, C n O M O U b l 0  COOTHOUeHUR 

I I  P n f  - P m f  1 1 2  = ( [ P n  -Pm1 f ,  f l  = I I  Pnf  ( Ia-  I I P m f  (la. 



9 e M  M A O K a s a H O ,  9 T O  P e C T b  ~ P O ~ K T M P ~ ~ O U M ~  O n e p a T O p .  

C J I e ~ y l 0 ~ a H  T e O p e h I a  OTHOCNTCH K nOCJIeAOBaTeJIbHOCTRhI  n p O e K T 0 -  
POB 6e3 n p e A n o n o x e H n n  06 ux MOHOTOHHOCTII. 

Teope~a  2. Ecnu nocneaoearnenbttocmo npoeK/nflpytou(ux oneparno- 
poe (P,)," cna6o cxoaurncsi R tteKornopofig npoerc/nupg/oyefiy onepa- 
rnopg P, rno otta C X O ~ U ~ ~ H  R HeMy u cunbtto. 

A O K ~ ~ ~ T ~ J I ~ C T B O .  B C M J y  YCJIOBMH n p N  ~ 1 0 6 0 ~  ~ E H  

( P k h ,  h) 4 (Ph, h). 
~ H ~ ~ I I T ,  

1 1  p& 1 1  + 1 1  p h  11, 
a T a K  K a K  n O C J I e A O B a T e J I b H O C T b  BeKTOPOB (Pkh)T cnabo CXOAMTCR 

K B e K T O P Y  Ph, TO, B CNJIy T e O p e M b I  1 no 26, O H a  CXOAMTCR U CUJIbHO, 

9 T O  N ~pe6o~anocb  A O K a 3 a T b .  

39. P ~ C T B O ~  A B y X  J I k f H e f i ~ b l x  M H O T O O ~ P ~ ~ H ~ ~  '. 
0 n p e A e  e H n e. Pacrneopofi asgx nutteGttb~x fittoeoo6pa3uli e H 

ttasb~eaemcx Hopfia pamocmu oneparnopoe, npoercnlupgwqux Ha 3a- 
MbLlCaHUR 3mUX / I U H ~ ~ ? H ~ L X  f i~0z006pa~uf i .  ' 

P ~ C T B O ~  J I M H ~ ~ ~ H ~ I x  ~ ~ 0 r 0 0 6 p a 3 N f i  MI, M2 0 6 0 3 ~ a 9 a f O ~  CHMBOJIOM 
0 (MI, M2). ~ O ~ T O M Y  

0 (Mi, M,) = 0 (xi, K )  = 0 (H Mi, HeM,) .  

O T K y A a  B C U n y  OpTOrOHaJIbHOCTM BeKTOpOB P2 (I- Pi) h, (I - P2) Plh 
c n e A y e T ,   TO 

1 B.  Sz. -Nagy (Comment. Math. tiel. 1947, NG 19, c. 347-366). 
M. r, K p e i i ~  Fi M. A. K p a c ~ o c e J I b c ~ P i f i  (YMH, 1947, T. 111, Bbln. 3, 
e. 60-107). 



 TO HepaBeFICTBO IIOKa3bIBaeT,  YTO P a C T B O p  A B y X  JINHefiHb1x MHOrO- 

o6paaufi H e  npeBOCXOAI.IT 1: 

0 (MI, Mz) 4 1 

Mano TOTO, MbI BNAMM, YTO P a C T B O p  0 6 R 3 a ~ e J I b ~ 0  paBHReTC5l  1, 
e c n N  OAHO Pi3 M H 0 r 0 0 6 p a 3 N f i  COAepHlNT O T J I U Y H ~ I ~ ~  OT H y n R  BeKTOp,  

o ~ T o ~ o H ~ J I ~ H ~ I ~ ?  A p y r O M y  ~ ~ o r o o 6 p a s ~ i r o .    TO 3 a M e s a H N e  IIO3BOJIReT 

YCTaHOBUTb c J I e ~ y I O I 4 P i f i  ~ p N ~ e p N f i  P a B e H C T B a  p a 3 M e p H o c ~ e f i  A B y X  MHO- 

roo6pa3~fi. 
Teope~a. Ecnu pacmsop n u ~ e f i ~ h i x  fi~ozoo6pa3uu' MI. M, fiefibme 1,  

mo pa3,uep~ocmu smux nu~e!;i~hlx fi~ozoo6pa3uu" odutia~oehi: 
dim MI = dim M,. 

A 0 K a 3 a T e Jl b C T B 0. A O C T ~ T O ~ H O  H O K a 3 a T b ,  s T 0  Pi3 H e p a B e H C T B a  

dim M, > dim MI 

, IIpeACTaBJIReT PaCCTORHNe TOYKN f OT M H O ~ O O ~ ~ ~ ~ N R  Ml. ~ O ~ T O M Y  

@0p~yJia  (2) MOHleT 6 b 1 ~ b  I I e p e n N C a H a  B B!4Ae1 

9 (MI, M,) = max { sup D I f ,  MI], sup D [g ,  i4,1). 
f € M , .  l l f l l= l  g € M , .  11g11=1 

3traye~ne 3 ~ 0 8  a o p ~ y n b ~  COCTOMT B TOM, YTO oHa I I O ~ B O J I R ~ T  OnpeAennTb 
paCTBOp AByX nu~e811blx ~t1or006pa3nR He T O J b K O  B IIpOCTpaHCTBe rwnb6ep~a, 
HO U B ~ 1 0 6 0 ~  IIpOCTpaHCTBe 6 a ~ a x a .  n o  3TOMY IIOBOAY CM.  M. r. k( p e 8 a, 
M. A. K p a c H ~ ~ e J I b ~ K u f i ,  A n. MkiJIbMaH. 0 A ~ @ ~ K T H ~ I X  WiCnaX 
ns~e8111,1x onepaTopon B 6 a ~ a x o s o ~  npocTpaHcTse u o HeKoTopbrx reoMeTpuqecKnx 
Bonpocax. C6. Tp)'AOR M H - ~ a  MaTeMaTUKU AH YCCP, NO 11  (1948). 



T ~ K H M  06pa30~,  y x e  n o ~ a s a ~ o ,   TO 

0 (MI, M2) > r-nax (p1, p,}, 



40. YH~~tlpHblfi OllepaTOp. 
0 n p e A e n e H a e. Onepamop U, aadaclclbfli: 60 sceB npocmpacl- 

cmse (Du = H) u omo6pawamquli: eeo Ha sce npocmpaclcmso (Au = H ) ,  
claab~eaemc~ yclumapclbm, ecnu d n ~  ~m6b1x f ,  g E H meem Aecmo 
paseclcmso 

(Uf 9 Ug) = (f 9 g). (1) 

M AOKa3aTenbCTBO YHMTaPHOCTM OnepaTOpa I/-' 3aKOHYeH0, TaK K a K  
f r ,  gr MOrYT 6b1~b  JIIO~~IMN 3JleMeHTaMM npOCTpaHCTBa H. 

M3 AOKa3aHHOrO CneAyeT, 9TO npa n m 6 ~ x  f ,  g E H 

(Uf, g) = (f I u-lg). (2) 
, & ~ ~ ~ c T B M T ~ ~ ~ H o ,  nyCTb U-'g = g', TaK YTO g = Ug". B TaKOM 

cn ysae 
(Ufl Ug') = (f, gr)l 

u*u = uu* = I. 



Y a c ~ o  nones~o  cnenymuee npocToe npennoxeHMe: ecnu onepa- 
mop T nuneen, gdosnemsop~em ycnosuro 

( T f ,  T f )  = ( f ,  f )  (3)  
u DT = AT. = H ,  mo onepamop T gnumapen. 

~ o K ~ ~ ~ T ~ J ~ ~ c T B o .  B CMJIy yCJlOBHR (3)  

( T  ( f  + a g ) ,  T ( f  + a g ) )  -- ( f  + ag, f + ag). 

a (Tg,  T f )  + a ( ~ f ,  T g )  = a ( g ,  f )  + a ( f ,  g). 



IIpMBeAeM, O n y C K a n  T e  113 AOI<a3aTeJIbCTB, KOTOPbIe HMqeM H e  OTJIM- 

WIOTCR OT AOKa3aTeJIbCTB COOTBeTCTBYIOUBX C B O ~ ~ C T B  YHMTaPHbIX 

o n e p a T o p o B .  
1 ". f l  sohiempuuecicuu' onepamop uMeem 06pamtiblu' onepamop, 

icomopblli maicnlce uso~empuueti. 
2". Ecnu onepamop V nutieeti u omo6pa3tcaem sce npocmpaticmao 

H1 Ha ace npocmpaticmso H, u ecnu dnx nto6ozo f E H1 

(Vf, Vf)z = (f ,  f ) l ,  
mo V - uso~empuuecicuu' orzepamop. 

3". BCRKUC uso~iernpuuec~~u~? orzepamop nutieeti. 
f l e i c ~ ~ ~ ~ e n b ~ o ,  n y c ~ b  f ' ,  f" E H1 M f == a'/' + ar'fn. B TaKoM 

c n y q a e  npM JI IO~OM g E H1 

(vf, Vg)z = (f, g)1 = a' (f', g), + a" (f", g)i = 

= a' (Vf', Vg)z + a" (Vf", Vg), = (arVf' + a"Vf", vg),. 

T. e. n u ~ e i i ~ o c ~ b  o n e p a T o p a  V. 
B HeRBHOM BMAe M ~ o M ~ T P M ~ ~ c K N ~ ~  O I l e p a T O p  yXe BCTpeqaJICR y HaC 

B no 10, K O r A a  MbI BBeJIM nOHRTMe 06 1130~0p@i3Me ABYX T N J I ~ ~ ~ P T O B ~ I X  
IIpOCTpaHCTB. 

M H O ~ A ~  IIPMXOAMTCR PaCCMaTPNBaTb T a K  ~ a 3 b I B a e ~ b 1 f i  YUCmUWO 
uso~tempureciculi: o n e p a T o p .  T ~ K  H ~ ~ ~ I B ~ I O T  n u ~ e i ~ ~ ~ f i  o n e p a T o p  U,  
A ~ ~ ~ c T B Y I O ~ ~ M ~ ~  B T N J I ~ ~ ~ P T O B O M  IIPOCTPaHCTBe H ,  K O T O P ~ I ~ ~  H a  HeKO- 

TOPOM IlOAflpOCTpaHCTBe Dv C H COBIlaAaeT C I130MeTPMqeCKMM O n e p a -  
TOPOM V, a H a  OpTOrOHaJIbHOM AOIIOJIHeHMPi H @ Dv o 6 p a ~ a e ~ c ~  
B HYJIb. ~ O A ~ P O C T P ~ H C T B O  Dv Ha3bIBaeTCR tiallanbti~li, a IlOAIIpOCTpaH- 

CTBO A" 3 AV - icotieq~oli o6nac~bro s a c T M s a o  ~ 3 o ~ e ~ p ~ q e c ~ o r o  one- 
p a T o p a  U. 

J ~ ~ K O  IlpOBepMTb,  q T O  BMeCTe C u RBnReTCR qaCTM9HO M30MeTPB- 

qeCKMM T a K X e  OI IepaTOp  u*. n p M  3TOM AJIR u* H a q a J I b ~ ~ f i  06nac~b10 
RBJIReTCR Av, a K O H ~ ~ H O ~ ~  - DV, M OCYUeCTBJIReMbIe OIIePaTOPaMM u, 
u* 0 ~ 0 6 p a X e ~ r i R  3TNX o6nac~efi B3aMMHO O ~ P ~ T H ~ I .  %O 3HaqMT,  q T O  

u*u = P, uu* = Q, (2 

me P M Q - O n e p a T O p b I  IIpOeKTMpOBaHMR H a  Dv Pi hv COOTBeTCTBeHHO. 
B TOM WCTHOM C J I y q a e ,  K O r A a  OAHO M3 IlOAnPOCTPaHCTB DV, AV 
COBIlaAaeT C H, WCTNqHO 1 1 3 0 M e ~ ~ M q ~ b I f i  O n e p a T O p  u Ha3bIBaeTCR 
nonyytiunzaptiblu. 

3 a ~ a ~ q M ~ a R  H ~ C T O R U M ~ ~  IIYHKT, BBi?AeM OAHO B a X H O e  IlOHRTMe, 
KOTOpOe 6 y ~ e ~  HaMH HeOAHOKpaTHO MCnOJIb3OBaHO B ~ a J I b ~ e f i I l t e ~ .  

0 n p e A e n e H A e. n y c ~ b  T1 M T, - n ~ ~ e i i ~ b ~ e  o n e p a T o p b r ,  ~e f i -  
CTByIOUNe B nPOCTpaHCTBaX H1 M Ha, T a K  9 T O  DT, 5 HI, AT, C _  HI, 



42. Onepa~op cPypbe - rlnaeuepens. n p e ~ ~ e ~ o ~  HacToRllrero nyHKTa 
RBJIReTCR AOKa3aTeflbCTBO TeOpeMbI nJIaHUIepe.7~: KUKO6a 661 HU 6blna 
~ ~ ~ H K Y U R  g ( t )  E L2 (-a, a )  dnx novrnu scex t (-- a c t c w),  
cyqecmsyern u marcwe npu~adnexurn  L2 (-a, a )  ~ ~ # H K Y U R  

1 
-is &! (s) ds -- h  (0; 

onpedenxe~blii smog qbopwynoli: onepamop 8, ~ornopblli: Qby~~quto  g ( t )  
nepesodum s h  ( t ) ,  ytiurnapeti; 06parn~biii oneparnop m e e m  ~ u d  

&J ( t )  " ( V h )  ( t )  = - 
1 / 2 x  ' f t  J ei",  h  (s) ds. 

Onepa~op 8 HOCUT ~ a 3 ~ a ~ n e  oneparnopa @ypbe - Una~ruepensz. 
E c n ~  npennonoxmb,  TO @YHKUHR g ( t )  ~ ~ C O J I I O T H O  NHTerpMpyeMa 
H a  ~ce f i  s~ l cno~of i  OCN, TO a o p ~ y n a  ( 1 )  MoxeT 6b1~b nepenNcaHa 
B BUAe 

m 

h  ( t )  -- - ' 1 8-lStg ( s )  ds, 1/%i 

T. e. B  TOM cnyqae h ( t )  R s n R e T c R  utimeapanoa @ypbe B sneMeH- 
TapHOM CMbICJIe. A~COJI~OTHO NHTerPNpYeMbIe H a  Bcefi OCN N IIpUHaA- 
JleXaqHe L2 (- a ,  a)  @YHKUIII? IIpeACTBBJlTIRIOT HeKOTOpOe IIJlOTHOe 
B L ( 2 ) ( - a ,  a )  J I N H ~ ~ ~ H O ~  M~or006pa3Ne L,  N a ~ a s e ~ ~ e  TeopeMM 
n n a ~ u l e p e n ~  COCTOHT B TOM,  TO c ee noMoqbm PacILIMpReTcR H a  Bce 
IIPOCTPaHCTBO La (--a, a )  ~ J I ~ M ~ H T ~ P H ~ I ~ ?  OnepaTOp @ypbe, ,uo~opb~fi  
H a  L  s a ~ a e ~ c ~  @op~ynofi  (2).  

 TOT noAxoA K OnepaTopy @ypbe - n n a ~ u r e p e n ~  ~ O ~ B O J I R ~ T  AaTb 

eMy Apyroe onpeAeneHne. n y c ~ b  g ( t )  - I I P O H S B O ~ ~ H ~ R  @YHKUHR ~3 
L a  (-m, 03) I1 nYCTb 

g ( t )  ( - N < t < N ) ,  
g A t ) =  ( 0  ( , f , >  N) .  



e-istgN ( s )  ds = - 
1/27; 1/ 2; 

- w  -N 

h ( t )  = (Bg)  ( t )  = 1.i.m. - 
N + m  1/% ( 3 )  

 TO u e C T b  B b I T e K a l o u e e  ~3 (1) B T o p o e  o n p e A e n e H u e  o n e p a T o p a  
Qypbe - n n a ~ r u e p e n ~ .  

JWKO BIIAeTb,  'ITO, B CBOH) O ' I e p e A b ,  O I l p e A e J I e H N e  (1) B b I T e K a e T  

u3 O n p e A e n e H u R  (3). , Q e i i c ~ ~ u ~ e n b ~ o ,  npa n H ) 6 0 ~  s n e M e H T e  f ( t )  c 
E L2(-03, a) 

B e p s l  

1,  ecnu t  n e x w  M e x n y  0 M 2, 

B ~ P O T U B H O M  cnysae, 

S 1 i im dt .m 1 e-lStg ( s )  ds = ( 8 g )  ( t )  dt ,  
N +  w 

0 -N 
S 
0 

- 1 
-is g ( s )  ds -- S (Bg) (4  dt.  

M M ~ H ) T C H  pa3JIH'IHbIe A O K a 3 a T e J I b C T B a  T e O p e M b I  n J I a ~ W e p e J I s l ,  OAHaKO 
CJWeCTBeHHbIM 3JIeMeHTOM ~ O J I ~ W N H C T B ~  N 3  HHX R B J s l e T C R  A O K a 3 a -  

TeJIbCTBO TOTO, q T O  0 I I p e ~ e J I R e M b 1 f i  PaBeHCTBOM (2) H a  M H O X e C T B e  

L C L2 (- 03, CO) O n e p a T O p  '3, H e  M e H R e T  HOPM BeKTOPOB, a T a K X e ,  

q T O  OH IlepeBOfiEiT M H O X e C T B O  L B MHOXeCTBO,  IIJIOTHOe B L2 (--a, a). 
nocne xoi-o, pacruapm o n e p a T o p  8, no H e n p e p b I B H o c T M  H a  B c e  npo- 
CTPaHCTBO L2 (-03, C O ) ,  MbI IIOJIY'IHM O n e p a T O p  8, o I I ~ ~ A ~ J I ~ H H ~ I G  



118 rn. 11 I. n p o e ~ ~ N p y l ~ l I ( ~ e  U Y H N T a p H b l e  O n e P a T O p b l  

qop~ynoR (3). 0 6 f i a c ~ b l 0  o n p e n e J l e H H n    TO TO O n e p a T o p a  6 y n e ~  B c e  
npOCTpaHCTB0  L2 (-a, a). A TaK KaK OI IepaTOp  8 H e  MeHIleT HOPM 
BeKTOPOB M er0 O ~ J I ~ C T ~  3 H a q e H H f i  nJIOTHa B L2( - -a ,  a), TO er0 
0 6 ~ 1 a c ~ b n 3  3 H a q e ~ M f i ,  OseBHnI IO  l, T a r i X e  6 y n e ~  BCe npOCTpaHCTB0.  

3aBepI l leHHR nOKa3aTeJ IbCTBa  OCTaIIeTCR n p B e p M T b ,  qTO 0 6 p a ~ ~ b l f i  
o n e p a T o p  8-I n o n y q a e T c R  sa~ewoti i H a  -i. 

Y ~ O M F I H Y T O ~  nOKa3aTenbCTBO AOCTaTOqHO npOBeCTU nJIR KaKOrO- 
H H 6 y n b  MHOXeCTBa  Lo C L, JIMIUb G ~ I  O H 0  6b1n0 nJIOTHO B L2 (-a, a); 
HaIIPMMeP,  O H 0  IlPOXOnHT, e C n H  B KaZIeCTBe L o  B3RTb  COBOKYnHOCTb 
B c e x  K Y C O ~ H O - ~ O C T O R H H ~ I X  QMHMTH~IX (PYHKUMA. 

C TOsKU 3peHMR r e o M e T p U H  IIpOCTpaHCTBa r ~ n b 6 e p ~ a  O C O ~ ~ H H O  

n O y s U T e J I b H 0  I IPHHRTb  B K a W C T B e  Lo nJIOTHOe B L 2 ( - a ,  a) MHO- 
X e C T B O  BCeX @ Y H K ~ H ~  

f* -- 
f ( t )  = P( t )e  a ,  (5) 

e(t) npo6erae~ COBOKyIIHOCTb BCeX MHOrOsJIeHOB. B C R K ~ R  @YHK- 
UMR (5) M O X e T  6 b 1 ~ b  ~ ~ ~ J ( c T ~ B J I ~ H ~  B B H n e  

f (t) = ~ O T O  (t) + a191 ( t )  + . . + a n T n  ( f ) ,  ( 6 )  
me 9, (t) (k = 0, 1, 2, ...) - @ ~ H K U M H  qe6b1mesa - 3 p ~ u ~ a .  B cuny 
OpTOrOHaJIbHOCTA 3TNX @ Y H K ~ U ~ ~  (no 12) 

- 5 i f ( t ) ] ' d t = 1 / ~ i  2kk!1ak,'. 
-OD k=O 

Tenepb nPUMeHMM K @ ~ H K ~ U U  f (t) O n e p a T O p  go. C 3~0fi 4eJ Ibn3  BOC- 
IIOJIb3yeMCR COOTHOIIIeHHeM ( K O T O ~ O ~  6 y n e ~  nOKa3aHO HHXe) :  

8 0 T k  = (-i)k Tk (k = 0, 1,  2, ...). 

Ha OCHOBaHNM 3 T O r O  COOTHOUleHUR 

h (0 S= (80f) (t) = ~ O Y O  (0 + (-0' a ~ q ~  (t) + . . + (--On anTn (t) (8) 
H, 3 H a 4 N T ,  

00 5 I h (0 l'dt - , f (0 l a  dt. 
- 0 0  -00  

A ~ ~ ~ c T B H T ~ ~ ~ H o ,  A O n y C K a H  IlpOTNBMOe a paCLUUpUB no HeIIpepbIBHOCTH 06pa.r- 
H ~ I H  O I I e p a T O p  8-I Ha B C e  n p O C T p a H C T B 0  La (-m, m), Mbl n O J l y Y N n N  6~ H3OMeT- 



T a ~ n d  06pa30~, O n e p a T O p  8, H e  MeHReT HOPMbI 3neMeHTOB MHO- 

XeCTBa  Lo. K p o ~ e  TOrO, U3 HaUlUX ~ ~ C C M O T ~ ~ H M ~  C n e A y e T ,  q T 0  0 6 n a c ~ b  

s ~ a s e ~ u i i  o n e p a T o p a  8, c o A e p x u T  Lo M ,  ~ H ~ ~ I I T ,  n n o T H a  B L2(-co, 
a). C ~ ~ B H ~ H U ~  (6) U (8) IIOKa3bIBaeT T a K X e ,  q T 0  A n R  IIepeXOAa OT 

$'jO K 8;' HaAneXMT JIMUlb M3MeHUTb i H a  -i. 
T ~ K M M  06pa30~, BCe CBOAUTCR K flOKa3aTenbCTBy TOXAeCTBa (7). 
BOT 3 T 0  AOK83aTeJIbCTBO I: 

m 

2 d 1 - cos st 
(%g)(t) = I / T B S  s g (s) ds = I/f 1.i.m. N + w  lg (s) sin st ds. 

0 0 



r J 7 A B A  IV 

HEKOTOPblE 0 6 q H E  UOHflTHfl 
H IlPEJlJlOMEHHfl TEOPHH 
J ~ H H E ~ H ~ I X  OllEPATOPOB 

43. ~ O H R T H ~  0 3aMKHYTOM O l l e p a T O p e .  
B ~ a c ~ o ~ u e i i  rnase M ~ I  n p M c T y n a e M  K u3yqe~um n ~ ~ ~ e i i ~ b ~ x  onepa- 

TOPOB, H e  I I p e A n O J a r a R  MX HeIIPePbIBHbIMM. BM~CTO HenpepbIBHOCTM 

BO MHOrUX C J I y q a R X  OKa3bIBaeTCR BIIOJIHe AOCTaTOsHbIM HaJIMqMe POA- 
CTBeHHOTO, HO M e H e e  O r p a H M q U T e J I b H O r O  C B O ~ C T B ~ ,  T a K  ~ a 3 b 1 B a e ~ o f i  
3aMKHYTOCTM. 

O n p e A e n e H u e. Onepamop T (3dec6 H e  0 6 ~ 3 a m e n b ~ o  n u ~ e i i ~ b l C )  
HU3518aemCR S U M K H y m b l M ,  eCRll U3 0 d H 0 8 p e M e H H 0 2 0  BblnO/lHeHUR COOm- 
H o U L ~ H U ~ ~  

f , ~  DT, l imf,  = f ,  lirnTf,=g 
n+ m n+ - 

cnedyem, q m o  

f E DT, g== Tf 

T ~ K M M  06pa30~,  OTJIMqMe 3aMKHyTOCTM OT HenPePbIBHOCTE.1 COCTOUT 
B c n e A y m u e M :  e c n M  o n e p a T o p  T H e n p e p b I s e H ,  TO a3 c y u r e c T B o s a H u R  

l i t n  f, (f, E DT) 0 6 ~ 3 a ~ e J I b ~ 0  C J I e A y e T  C y u e C T B O B a H I 4 e  l im Tfn; eCJIM 
n-  rn n+m 
Xe O I I e p a T O p  T TOJIbKO 3aMKHYT,  TO ~3 CXOAMMOCTM IIOCJIeAOBaTeJIb- 

HOCTM 

fi, f z ,  fs, . (f, E DT) (1) 

B b I T e K a T b  H e  0 6 ~ 3 a ~ a ,  H e  A03BOJIReTCR JIMUIb AByM IIOCJIeAOBaTeJIbHO- 

CTRM T u n a  (2) CXOAMTbCR K Pa3JMqHbIM I I p e A e J a M ,  e C J M  CqOTBeTCTBym- 

wue n o c n e A o s a T e n b H o c T u  (1) CXOARTCR K O A H O M ~  M T O M ~  x e  npeneny, 
3-o n o c n e A H e e  ycnome H e  o 3 ~ a q a e ~  ewe, s ~ o  o n e p a T o p  T S~MKHYT,  

o A H a K o  OHO r a p a H T u p y e T  c y w e c T B o s a H u e  3 a ~ ~ ~ y r n b i x  pacutupe~uii one- 
pampa T, ecnu c a M  o n e p a T o p  T o K a x e T c R  H e  ~ ~ M K H ~ T ~ I M .  C p e ~ u   TUX 
p a c U I M p e ~ M f i  BbIJ(€!JIReTCR T a K  H a 3 b I B a e M O e  MUHUMU/lbHOe 3 U M K H y m O e  

PUCULUpeHUe, KOTOpOe C O A e p X U T C R  BO BCRKOM 3aMKHyTOM paCUIMpe-  
HMM O n e p a T O p a  T. M U H U M ~ J ~ H O ~  3 a M K H y T O e  P a C W M p e H M e  O A H 0 3 H a 9 H O  

o n p e A e n R e T c R  o n e p a T o p o M  T; ero 0603~aqa10~ T M H ~ ~ ~ I B ~ I O T  s a ~ b l -  

KUHUeM T. Y T O ~ ~ I  I I O J I y W i T b  T ,  H O C T a T O ~ I J O  npMCOeAMHMTb K DT BCe 



T e  3JIeMeHTbI f C D T ,  AJIR K a X A O r O  M3 KOTOPbIX H ~ G J ~ T C R  XOTR 6b1 
O&Ha CXOARUaRCR K HeMY nOCJIeAOBaTeJIbHOCTb ( I ) ,  n O p O X A a I o l 4 a R  
CXOARlrIyIoCR IIOCJIeAOBaTeJIbHOCTL (2), M nOJIO>r<MTb 

- 
Tf = lim Tf,. 

I /+ - 

Ha BCeX HelIpepbtBHblX B [O, I ]  @ ~ I ~ K U U R X  f(.X). T ~ K U M  06pa30~,  06JIacTb DT nJlOTHa 

B L2 (0, 1). Onepa~0p T H e  3PMKHYT U H e  A01TyCKaeT 3aMblKaHLiR. , ? $ ~ ~ ~ c T B H T ~ J ~ ~ H o ,  

MOXHO IIOCTPOHTL ABe IIOCJIefiOBaTeJlbHOCTU HenpepblBHblX @ Y H K U U ~ ~  {In ( x ) ) , ~  

H (hn ( x ) ) ; ;  cxonnaneca a L~ (0, I )  H o 6 a e ~ y  npeaeny, ofinaro ranue, rro 
f n  ( I )  = 1, hn ( I )  = 0 (12  = 1, 2, . . .). T o r ~ a  T f ,  = X ,  Tho = 0, Li, BHB'IUT, ripe- 
nenbl n o c n e n o ~ a ~ e n b ~ o c ~ e i i  {Tf,) f , {Th,) ;O CyuecTByloT n Pa3JIUYHbI. 

6 e p ~  I I ~ o w ~ B o J I ~ H ~ I ~ ~  O n e p a T O p  T ,  Mbl  CHOBa ~ Y A ~ M  P a C C M a T P A B a T b  
c K a n R p H o e  n p o ~ 3 s e ~ e ~ ~ e  

( T f ,  g), ( 1 )  

rAe f npo6erae.r DT. Tenepb y x e  ~ e n b s ~  y T s e p x A a T b ,  YTO npu nw- 
 do^ S n e M e H T e  g B b I p a x e H u e  ( I ) ,  K a K  @ ~ H K ~ A R  OT npoberaronero DT 
B e K T O p a  f ,  n p e A C T a B k i M 0  B BMAe 

(f, g*); 
OAHaKO ~006IUe ~ a f i n y ~ c f i  n a p L 1  g, g*, AJIH KOTOpbIX 

(Tf, g) = (f 9 &!*I (2) 

Hanpa~ep ,  MOXHO B3ffTb 



npll n m 6 o ~  f € DT. & ~ R C T B ~ ~ T ~ A ~ I I O ,  3 T 0  PaBeHCTBO PIMeeT MeCTO BO 
BCRKOM cnyqae n p E  g = g* = 0. 

H a n n s k i e  nap g, g*, AJIR KOTOpbIX PaBeHCTBO (2) CnpaBeAJI l lBO n p t i  
J I Io60M f DT, erne H e  nO3BOJIReT BBeCTIi OI I epaTOp  T*, C O ~ ~ H X ~ H H ~ I ~ ~  
C T. Heo6xonu~o erne, 9 ~ 0 6 b 1  3JIeMeHT g* OAH03Ha4110 OnpeAeJIRJICR 
3neMeHTOM g. %O IIOCJIeAHee T ~ € ! ~ o B ~ H H ~  6 y ~ e ~  BbInOJIAeHO B TOM 
ki TOJIbKO TOM C J I y q a e ,  eCJI l i  DT IIJIOTHO B H. ~ ~ ~ ~ ~ c T B H T ~ J I ~ H o ,  eCnM Dr 
H e  IIJIOTHO B Id ki, C K a X e M ,  3JIeMeHT h OpTOrOHaJIeH K DT, TO H a p R a y  

C PaBeHCTBOM (2) I l p U  ~ 1 0 6 0 ~  f E DT 6 y A e ~  MMeTb MeCTO paBeHCTBO 

(Tf, g) = (f, g* -t h). 

HaoBopo~, e c n k i  DT n n o T H o  B H M ecnu npa n1060h i  f E DT 

* * 
q T O  H e B 0 3 M O X H 0 ,  e C n H  g, f g,. 

T ~ K M M  o6pa30~,  eCJIE DT IIJIOTHO B H, TO O n e p a T o p  T IIMeeT 
c o n p ~ x e ~ ~ b ~ i i  o n e p a T o p  T*; ero O ~ J I ~ C T ~ H ,  o n p e n e n e H u R  D T *  Rsns I -  
eTCR COBOKYnHoCTb BCeX TeX g, AJIR KOTOPbIX CYUleCTBYH)T g]r, YAOB- 

J I eTBopRIou rk i e  (2) n p M  ~ 1 0 6 0 ~  f € DT, M 

T*g = g*. 

n p a ~ e a e ~  T e n e p b  pna n p o c T b 1 x  n p e ~ n o x e ~ u f i  o T H o c u T e n b H o  c o n p H -  
X e H H O T O  O n e p a T O p a ,  AOKa3aTeJIbCTBO KOTOPbIX HenOCpeACTBeHHO CJIe- 

A y e T  a3 o n p e A e n e H n R :  
lo. Onepa~op- T* nuaeea. 
2". E c n ~  S c T, TO S* 2 T*. 
3". Onepa~op T* 3aMKHYT, XOTR O n e p a T O p  T M O X e T  6 b l ~ b  He3aM- 

4'. E c n ~  O n e p a T O p  T UMeeT 3aMblKaHMe T, TO 

(T)* = T*. 

~ o c J I ~ A H ~ ~  IIpeAJIOXeHMe nOKa3bIBaeT ,  YTO H ~ O ~ X O A N M ~ I M  YCJIOBMeM 

AJIR CYueCTBOBaHMR O r i e p a T O p a  T** RBJIReTCR B03MOXHOCTb 3aMKHYTb 
O I I e p a T O p  T. Bonpoc 0 TOM, RBJlReTCR JIM 3 T 0  YCJIOBHe AOCTaTOqHblM 

AJIR CytQeCTBOBaHER T**, Mbl OCTaBJIReM OTKPbITbIM A 0  no 51. Tab!  Xe 
6 y ~ e ~  PaCCMOTpeH BOnpOC 0 B03MOXHOCTII 0 6 0 6 q e 1 f ~ ~  H a  c J I ~ 4 a f i  
llpOki3BOJIbHbIX OnepaTOpOB PaBeHCTBa  T** = T, AOKa3aHHOrO B no 25 
&AH OrpaHNYeHHbIX OnepaTOpOB,  OnpeAeJIeHHbIX BCIoAy B H. 



17yc~b T e n e p b  T - npon3~0nb~b1ii n n ~ e i i r ~ b ~ i i  o n e p a T o p  c n n o ~ ~ o i i  
B H 06JIacTbIO OnpeAeJIeHIlH DT, a G - MHOXeCTBO BCeX g E DT, a H -  
HyJIMpyIOwHX O n e p a T O p  T, T.  e. TaKnX,  q T 0  Tg= 0. O ~ ~ B M A H O ,  MHO- 
XeCTBO G J ~ A H ~ ~ ~ H o  (a B C J I y q a e  3aMKHyTOCTM T O H 0  T a K X e  M 3aMK- 
HYTO); ero H ~ ~ ~ I B ~ I O T  Hynesbm /~~ozoo6pa3ue~  o n e p a T o p a  T, a B cny- 
sae ~ ~ M K H Y T O C T M  - fiyneebm nodnpocmpa~cmso~. n p e ~ o c ~ a ~ n n e ~  
s n T a T e n m  ~ o ~ a s a ~ b  c n e A y I o m e e  n p o c T o e ,  HO B a x H o e  n p e A n o x e H n e .  

Teope~a 1. Hynesoe nodnpocmpa~cmso G* onepamopa T*, conps- 
W C H H O 2 O  C T, U 06nacmb 3HaWHUA h r  OnepUmOpa T OpmO2OHUAbHbl 
apg2 apy2.y. npu  smohi - 

G" = H @AT.  

~ ~ I ~ ~ H W I B ~ R  I I ~ C T O R ~ ~ ~ U ~ ~  IIYHKT, AOKaXeM CJIeAyIOUyIO TeOpeMy.  
Teope~a 2. Ii'gcmb nu~eB~bl6 onepamop T ufieem 06pam~blB 

onepamop T-I u ngcmb D T  I DT-I nnomHbl e H, matc Y ~ O  cgqe- 
cmsytom onepamopbl T* u (T-I)*. 

Tozaa T* malcxe uhieem 06parnnblr"l onepamop u 

(T*)-l = (T-I)*. (3) 

45. C O ~ C T B ~ H H ~ ~ ~  BCKTOPb1, HHBapHaHTHble  nOAnpOCTpaHCTBa  H n p H -  

BOAHMOCTb J I N H ~ ~ ~ H ~ ~ X  OnepaTOPOB. ~ H C J I O  h Ha3bIBaWT ~06~m8eHHblAl 
3HU~eHUehi J ~ M H ~ ~ ~ H o  O n e p a T O p a  T, eCJIM CyII&?CTByeT T ~ K O ~  BeKTOP 

f # 0, 9TO 

Tf = Af. ( 1 )  



n p I l  3TOM BeKTOP f H a 3 b I B a I O T  ~ 0 6 ~ m ~ e ~ t t b l A  6etcmOPOA O n e p a T O p a  T 
(TO~H€!~ ,  C O ~ C T B ~ H H ~ I M  BeKTOPOM, I I P U H a A J I e X a 4 I l M  C O ~ C T B ~ H H O M Y  3 H a -  
q e H N I o  A ) .  

Ecnu O I I e p a T O p  T 3 a M K H y T ,  T O  IIOIIOJlHeHHOe HyJIeBbIM BeKTOPOM 

MHOXeCTBO BCeX er0 C O ~ C T B ~ H H ~ I X  BeKTOPOB, I IpNHaAJIeXaULIlX AaHHOMY 

C O ~ C T B ~ H H O M ~  3HaZleHMIo h, RBJlReTCR I IOHnPOCTPaHCTBOM ( K O H ~ ~ H O -  
u n I l  ~ ~ C K O H ~ ~ H O M ~ P H ~ I M ) .   TO IIOAIIPOCTPaHCTBO Ha3bIBaeTCR c06cm- 
seHHbiM nodnpocmpa~cmso~ o n e p a T o p a  T ,  a ero p a 3 ~ e p ~ o c ~ b  - 
tcpamHocmbm co6cmse~~ozo a~ave~usl  h. 

Bonee O ~ U H M ,  q e M  I IOHRTNe 0 C O ~ C T B ~ H H O M  n O & n p O C T p a H C T W ,  
RBJIReTCR IIOHRTUe 06 U H B a p B a H T H O M  M H O ~ O O ~ P ~ ~ N N .  

& i H e 6 ~ 0 e  M ~ o r 0 0 6 p a 3 1 l e  L 5 H H a 3 b I B a e T C R  UH8apUaHmHbM A H O -  
zoo6pasue~ o n e p a T o p a  T, e c n U  L ~ D T  ~l u3 f E L c n e n y e T ,   TO 

T f  E L. 
M O X ~ T  C J I y q N T b C R ,  9 T O  FIBJIFIeTCR I IOHnPOCTpaHCTBOM: L = H1 5 

c H. B  TOM cnyqae L 6 y n e ~  uiisapuaHmHbi,v nodnpocmpa~cmso~ 
G e p a ~ o p a  T. 

Kaxnoe K O H e q H O M e p H O e  U H B a p N a H T H O e  ~ ~ 0 r 0 0 6 p a 3 U e  RBJIReTCR 

N H B a P N a H T H b I M  nOAnPOCTPaHCTBOM N IIO N ~ B ~ C T H O ~ ~  T e O p e M e  anre6pb1 
C O A e P X I l T ,  no K p a f i ~ e f i  M e p e ,  O n I l H  C O ~ C T B ~ H H ~ I ~ ?  B e K T O P  O I I e p a T O p a .  

Onepa~op T I I O p O X n a e T  H a  I l H B a P I l a H T H O M  ~ ~ 0 ~ 0 0 6 p a 3 1 1 1 1  ( n 0 n I I p 0 -  
C T ~ ~ H C T B ~ )  H O B ~ I ~  O n e p a T O p ,  K O T O P ~ I W  H a 3 b I B a e T C R  q a C T b I o  O n e p a T O p a  

T H a  3TOM M H O ~ O O ~ ~ ~ ~ I I N  ( C O O T B ~ T C T B ~ H H O  B I I o ~ I I ~ o c T ~ ~ H c T B ~ ) .  

E c n ~  H1 e C T b  I l H B a p I l a H T H O e  I I O n n p O C T p a H C T B O  O n e p a T O p a  TI TO 

O p T O r O H a J I b H O e  nOIIOJIHeHIle  H 0 M O X e T  Il H e  6 b 1 ~ b  IIHBaPNaHT-  
HbIM n O n I I P O C T P a H C T B O M  P a C C M a T p M B a e M O r O  O I I e p a T O p a .  HO nOnYCTUM, 

q T O  06a n o n n p o c T p a H c T B a  Hi, Hz = H @ H1 RBJIRIoTCR N H B a P N a H T -  
HbIMN I IOHnPOCTpaHCTBaMIl  O n e p a T O p a  T. ~ ~ M ~ T N M ,  q T O  B CI lJ Iy  H a W e r O  

O n p e n e n e H m   TO B O ~ M O X H O  n m l b  B TOM cnyqae, K o r n a  o n e p a T o p  T 
o n p e n e n e H  B c I o n y  B H. n y c ~ b  T1, T 2 - q a c ~ ~  O n e p a T o p a  T B non- 
I I p O C T p a H C T B a X  HI, Hz. n e r K 0  B N n e T b ,  q T 0  8 3 y q e H H e  0nepa~0pa T 
C B o n I l T c R  K H ~ Y ~ ~ H E I I O  o n e p a T o p o B  T1, Tz. 

~ ~ ~ c T B N T ~ J I ~ H o ,  6 e p ~  n1o6ofi 3 J I e M e H T  h E H, MbI M O X e M  n O J I O X N T b  

h = hl  + hz, 

me h1 E HI, hz E Hz, nocne sero n o n y s a e M  

Th = Tlhl +-Tzhz. 

M ~ I  T e n e p b  0 6 0 6 ~ 1 1 ~   TOT r~poc~ofi  ( P ~ K T  H a  TOT cnyqaii, K o r n a  

o n e p a T o p  T o n p e n e n e H  H e  B c I o n y  B H. D , n R    TO TO B B e n e M  cne- 
AyIouee 

0 n p e n e n e 13 PI e 1 .  Llycmb G - Hetcomopoe nodnpocmpa~cmso 
s H, a P - onepamop npoetcmuposaHua Ha G. Ecnu dna Hetcomopozo 
onepamopa T s H 

1) m f - ~  DT cneayem, ltmo Pf E DT (m. e. npoetcmuposaiiue Ha.G 
He sbieodum sneueHmos u3 DT); 



2) u3 h E DT n G cnedyem, umo Th E G, mo onepamop S ,  dnx 
KOmOp020 Ds = DT fl G U Sh = Th npU h E Ds' Ha3b18UemC~ uUCtTlbl0 
oneparnopa T, nexaqeu'  c G. 

Teope~a 1.  Ecnu d n ~  ~efcomopozo onepamopa T 8 H o6a nodnpo- 
cmpaflcmsa H, _c H u H, = H e HI ydoanemcop~~om ycnosuxa onpe- 
dene~u.2 1, mo dnx  nm602o f E DS 

zde f,, f a  - npoelcyuu f, Ha H,, c o o m s e m c m s e ~ ~ o  Hz, a T,, T2 - 
racmu onepamopa T, n e x a q u e  coomsemcmse~~o  c H, u Hz. 

~ o K ~ ~ ~ T ~ J I ~ c T B o  T a K  Xe IIPOCTO, K a K  II B PaCCMOTpeHHOM 
B ~ I U I ~  cnysae, K o r n a  T e c T b  o n e p a T o p ,  o n p e ~ e n e ~ ~ b i i i  B C I ~ A ~  B H. 

0 n p e A e n e H n e 2. Ecnu nodnpocmpa~cmso H, ydosnemsopxem 
ycnosuxw meopewbi 1, mo zoeopam, umo OHO npusodum onepamop T. 

J ~ K O  BUAeTb, 9 T O  eCJU IIOAIIpOCTpaHCTBO HI IIpUBOnUT O n e p a -  
TOP T, TO O p T O r O H a n b H O e  AOnOJIHeHIIe  Hz T a K X e  IIpUBOnUT T. T ~ u -  
BHaJIbHbIMU IIOAIIPOCTPaHCTBaMU, IIPUBOAFIUZUMU T, FIBJIRIOTCR H y n e B O e  

IIOftIIpOCTpaHCTBO Pi CaMO H. Ecna O I I e p a T O p  T H e  UMeeT  A p y r U X  

IIPUBOARUZUX IIOAIIpOCTpaHCTB, TO W O  H a 3 b I B a B T  Henp~t30d~~blm.  
Teope~a 2. Ii'ycmb P ecmb onepamop npoe!mupoeaHurz Ha nod- 

npocmpa~cmeo G. B mafcoM cnyuae dnx npusoduwocmu onepamopa 
T noanpocmpa~cmaow G tieo6xodu.~o u docmamou~o, um06bl u3 f € DT 
cnedoeano 

1) Pf 6 DT u 2) PTf = TPf, 

uflare eoaopx, rmo6bi onepamop T 6b1n nepecmaHO8oueH c onepa- 
fflOpOM P. 

,&o K a 3 a T e n b C T B 0. ~ O K ~ X ~ M  H ~ O ~ X O ~ ~ I I M O C T ~  YCJIOBPIR TeOpeMbl .  
Ecnu nOAnpOCTpaHCTB0  G IIpUB?AUT T, TO U 3  f E DT CJIeAyeT,  s T 0  

Pf E DT, U, 3 H a s U T ,  YCJIOBUe 1) AOKa3aHO. Y T O ~ ~ I  A O K a 3 a T b  YCJIOBHe 
2), n o n o x u M  

f = g + h ,  
r A e  

g =  Pf. 
T ~ K  KaK G npUB0,QUT T, TO 

Tf = Tg + Th, 

PTf = PTg = Tg, 

PTf = TPf. 



~ O B O P R T ,   TO n p o e ~ ~ a p y r o ~ ~ ~ ~ l i i  O n e p a T o p  P npueodum T ,  ecnn npn- 
BOAMT T I lOAnpOCTpaHCTBO G, H a  KOTOpOe P I IpOeKTMpyeT.  

C B ~ A ~ H H ~  M ~ Y ~ ~ H M R  C T P ~ K T Y P ~ I  O n e p a T o p a  T K M c c n e A o B a H u r o  npM- 
B O A R ~ M X  ero n o A n p o c T p a H c T B  a nexauax B HMX s a c ~ e ~  o n e p a T o p a  T 
o c H o s a H o  H a  c n e A y m u e M  n p e A n o x e H M a .  

Teope~a 3. Ilycmb nodnpocmpa~cmea H k  ( k  = 1 ,  2, . . . , n; 
n 4 a)  nOnapH0 OpmOZOHUnbHbl U 

Ilycmb T -- nu~eli~blli onepamop, tcomopblli npueodumc~ ~awabm 
u3 nodnpocmpa~cme H k  u icornopb~li MIL 6ydefi npednonaeamb 3anic~t.j- 
~ L ~ L M ,  ecnu n - co. Ilycrnb, HatcoHey, Pk - onepamop npoetcmupoea- 
H U R  Ha Hk, a Tk -~acrnb T ,  newaqan e Hk. 

B matcon 'cnyvae dnfi npu~adne3tc~octnu s n e ~ e ~ m a  f K DT ~ e o 6 -  
xodu~o  u docmamo~tno, vmo6b1 

npu emoN 

~ P M M ~ M  T e I I e p b ,  s T 0  yCJIOBMH (2) BbIIIOJIHeHbI. Ecna n < co, TO 

I IpHHaAJIeXHOCTb  f K DT M PaBeHCTBO (3) CJIeAyIoT M3 J I M H ~ ~ ~ H o c T J ~  DT. 

E c n ~  x e  n = co, TO 113  MI-I~~~HOCTII DT c n e A y e T  masane n p u a a A -  

J I eXHOCTb  K DT CYMM 



3auelia~ue. Teope~a  o c T a e T c R  B c M n e  n A n R  T o r o  c n y v a f i ,  K o r A a  

I lpOCTpaHCTBO H PaCIQeIIJIeHO H a  H e C q e T H O e  M H O X e C T B O  I I O n n p O C T p a M c T B  

Ha.  TO C J I e n y e T  N 3  T O r O ,  9 T O  K a ~ ~ b ~ f i  M3 BeKTOPOB f ,  Tf M M ~ ~ T  

H e  6onee CVeTHOrO M H O X e C T B a  OTJIN'rHbIX OT HYJIR n p 0 e K ~ M f i  H a  n O A -  

n p O C T p a H C T B a  Ha (CM. no 10). 
~ ~ K ~ H Y M B ~ R  H~CTORL&. I IYHKT,  PaCCMOTPNM OAMH x a p a ~ T e p H b 1 f i  

npmep. 
~ Y C T ~  I IPOCTPaHCTBO H cenapa6enbao N { e k ] r . - ,  - OPTOHOPMM- 

P O B ~ H H ~ I ~ ~  6 a 3 ~ c  B HeM. P~CCMOTPHM JINHef iHbl f i  O n e p a T O p  I/,, KOTO- 

p b l f i  H a  O P T a X  3 a n a e T C R  P a B e H C T B a M H  

a 3 a T e M  PaCIllMpReTCR no H e n p e p b I B H O C T I i .  uo e C T b  Y H U T ~ P H ~ I ~ ~  O n e p a -  

TOP. ~ ~ M K H Y T ~ R  J I M H e f i ~ a f i  060n09~a G COBOKYIIHOCTM BeKTOPOB 

(ek)km,q n p N  K ~ K O M - H k i 6 y ~ b  Q > -a RBJIReTCR U H B a P H a H T H b l M  nOA- 

IlpOCTpaHCTBOM O n e p a T O p a  u,,, OAHaKO G H e  IlpMBOAHT U,. A ~ ~ ~ c T B H -  
TeJIbHO, eCJIN P - O n e p a T O p  I I p O e K T H p O B a H U R  H a  G,  TO 

UoPe,-l - 0, PUoe,-l = Pe, = e,, 
T. e. 

UoP + P U B .  



T ~ K  K a K  Uo H e  A M e e T  C O ~ C T B ~ H H ~ I X  BeKTOPOB, TO, 09CBMAH0,  H e  

C y U e C T B y e T  K O H e s H O M e P H b I X  n O A n  POCTpaHCTB,  I I P A B O A R U A X  Uo. B A a n b -  

H ~ C U ~ M  (CM. no 54) MbI YCTaHOBAM C Y U e C T B O B a H M e  ~ ~ C K O H ~ ~ H O M ~ P H ~ I X  
I I o J ( I I ~ o c T ~ ~ H c T B ,  I I p A B O A f l ~ A X  Uo. 

M3 O n p e A e n e H u f l  c n e A y e T ,   TO C K a n R p H o e  n p 0 1 1 3 ~ e ~ e ~ ~ e  (Af, f )  
I I p K  n1o60~ f E DA B e U e C T B e H H O .  M o x e ~  C n y s H T b C R ,  q T 0  n p A  HeKOTO- 
POM B e U e C T B e H H O M  7 

(4, f )  7 (f l  f )  
Ann nm6oro f € DA. B 3TOM C J I y q a e  C I I M M ~ T P U ~ ~ C K M ~ ~  O I I e p a T O p  A 
I t r a s M s a I o T  n o i a y o z p a H u u e H t i m  C C H U ~ ~ ,  a ~a~donbruee  u3 B c e x  s ~ a s e ~ u W ,  
7, I I p A  KOToPbIX BbIIIOJIHfleTCfl 3 T 0  H e p a B e H C T B O ,  H a 3 b I B a I O T  N U W H ~ ~  
~ p r s ~ b m '  O n e p a T o p a  A ( a ~ a f i o r ~ s ~ o  o n p e A e n R e T c R  o n e p a T o p ,  nony- 
o z p a ~ u u e ~ ~ b l l u l  csepxy, u ero sepxum z p a ~ b ) .  Ecnu, B s a c T H o c T u ,  

(Af ,  f )  > 0 (f E DA), 

TO O n e p a T o p  A H ~ ~ ~ I B ~ I O T  n o n o x u m e n b m u .  

Ecnu C I ~ M M ~ T P I ~ ~ ~ C K N C  O n e p a T o p  o r p a H u s e H ,  TO ero p a c u r u p e H A e  
- no  H e n p e p b I B H O C T I l  O n p e A e J I e H O  BCIOAy B H flBJIfleTCR, OseBAAHO,  

O r p a H A q e H H b I M  C a M O C O I l P f l X e H H b I M  O n e P a T O P O M  (CM. no 25). 
E c n ~  x e  c ~ l ~ ~ e ~ p ~ l s e c ~ ~ f i  o n e p a T o p  H e  orpaeasea, T O  B cuny , 

T e O p e M b I  no 28 er0 0 6 J I a c ~ b  O n p e A e n e H M f l  H e  M O X e T  C O B I I a A a T b  CO BCeM 

I lPOCTPaHCTBOM. 



Ann Y & O ~ C T B ~  npIl &aJIb~efiLUkix CCbIJIKaX c@opMyJIPipyeM 3TOT 

pe3y~TbTaT B mine cnenywmero npennoxeam. 
Teope~a  1. Ecnu cuwfiempuriec~uu" onepamop A onpedeneti ecmdy 

e H, mo A ecmb caiuoconpx~etitib~C oepatiuuetitib~C onepamop. 
Ecnu A - C U M M ~ T ~ U Y ~ C K U ~ ~  OnepaTOp, TO, OYeBUAHO, A* 2 A,  a TaK 

KaK C O I I ~ R X ~ H H ~ I ~ ~  OlIepaTOp SZIMKHYT, TO 3T0 COOTHOUIeHUe nOKa3bI- 

BaeT, qTO C W M M ~ T P N Y ~ C K A ~ ~  OIlepaTOp BCerAa AOnyCKaeT 3aMbIKaHlie. 
Ecnu B- cmMeTpusecKoe pacrulipeHue onepaTopa A,  TO B_c A*, 

T. e. eniicoe cuntiuempuvecicoe pacuupetiue onepamopa A coaep31cumc~ 
B conpnxe~tioiu onepamope A*. 

A ~ ~ ~ c T B u T ~ ~ ~ H o ,  li3 B CJeAyeT, YTO B* A*, Pi OCTaeTCR IIpli- 
HRTb BO BHBMaHMe, 9TO B s  B*. 

Orrepa~op, cosnanamu~lfi co CBOUM ConpRxeHHm (A = A*), Ha- 
3bIBaeTCH C~fiOCO~P113ICeHtibIM; OH H e  MMeeT CliMMeTPPiYeCKUX PaCUIli- 

pe~uii.  
C U M M ~ T ~ U Y ~ C K U ~ ~  OnepaTOp, He H M ~ I O U H ~ ~  CHMMeTPUYeCKBX PaCUIB- 

pe~kffi, HO He ~0Bna~alO~Bfi  CO CBOliM COnpRXeRHbIM (A C A*), Ha3bI- 
BaeTCR iuUKCUMRAhf lb l f i  CNMMeTPPiqeCKPiM OIIepaTOPOM. 

Teope~a  2. Cuiu,~empuueciculi onepamop A, 06ila~mb 3tiauetiuli 
icomopoeo A cosnadaem co eceiu npocmpaticmeoiu, ecmb onepamop 
C U A O C O ~ ~ ~ ; ~ ~ / C ~ ~ ~ H ~ L .  

A 0 K a 3 a T e n b C T B 0. H a ~ n e x u ~  npOBepPiTb, qT0 nm608 3JIeMeHT 

g U s  DA* npHHaAnexuT DA. M T ~ K ,  IIyCTb g € DA* ti A*g = g*. T ~ K  
KaK,  IIO yCJIOBBIO TeOpeMbI, AA = H, TO C p e C T B Y e T  ~ a ~ 0 f i  3JIeMeHT 
h € DA,  TO Ah = g*. C n e ~ o s a ~ e n b ~ o ,  npli ~ 1 0 6 0 ~  f € DA 

(Af, g) = (f, g*) = (f, Ah) = (Af, h), 

oTKyAa, caoBa ucnonbsy~ cosnaAeHlie AA c H, s a ~ n m q a e ~ ,   TO g=h,  
T. e. g E DA, a  TO ~pe6osanocb ~ o ~ a s a ~ b .  

Teope~a 3. Ecnu ca~oconp~xetitibrli onepamop uxeem 06pamtibrli 
onepamop, mo 3mom '06parntib~li onepamop nennemcn onepamopofi 
caAoconpa3tcetiHbm (oepatiurietitib~iu unu tieozpa~uveti~briu). 

A o ~ a s a ~ e n b c ~ s o .  no  TeopeMe 1 n."44 HyneBoe noAnpocT- 
PaHCTBO G OnepaTOpa A eCTb 

a B CliJLY YCJIOBBR TeOpeMbI 3 G = 0. ~ O ~ T O M Y  6~ = H, T. e. - 
DA-I = H, B OCTaeTCR IlpUMeHliTb TeOpeMy 2 n." 44. 

Teope~a 4. Co6cmee~tible s~avet iuz  cumempuuec~coeo onepamopa 
seujecmse~tibr. Co6cmee~tibre setcmopbr f,, f2, nputiadne3.tca y ue d e y ~  
pa3nuvtib~iu. C06~m8eHHbliu stiauetiuniu A,, A 2  cu,Miuempuuectcoeo onepa- 
tilopa, OpmO2OHUAbtibl. 

~ ~ ~ ~ ~ c T B M T ~ J I ~ H o ,  eCnM 



130 h. IV. 0 6 u a e  ~ O H R T M R  ~eopnw nneekab~x onepa~opo~ 

U T a K  K a K  AJIR CMMA4eTpN9eCKOrO O n e p a T O p a  (Af, f )  B e U e C T B e H H O ,  a 
(f,  f )  > 0, TO 9NCJIO 1 BeIUeCTBeHHO.  

M T ~ K ,  n e p B O e  Y T B e p X n e H N e  A O K a 3 a H O .  

A n R  A O K a 3 a T e J I b C T B a  BTOpOrO y T B e p X A e H 1 4 n  nOJIOXtUM 

Teope~a 5. E c ~ u  G ecmb u ~ s a p u a ~ m ~ o e  nodnpocmpa~crnao cuu- 
uernpuuecuozo onepamopa A u emu npoetcmuposaHue Ha G ue 861- 

sodum sneue~mos u3 DA, mo nodnpocmpancmso G npusodum one- 
pamop A. 

A 0 K a 3 a T e JI b C T B 0. Ha OCHOBaHNN T e O p e M b I  1 no 45 BCe CBO- 

ANTCR K A O K a 3 a T e j l b C T B Y  TOTO, 9 T O  I I O A n p O C T p a H C T B O  H @ G RBJIReTCR 
NHBaPMaHTHbIM n O f l n P O C T p a H C T B O M  O n e p a T O p a  A. 

6 e p ~  I I P O N ~ B O J I ~ H  b1fi 3 J I e M e H T  

P A e  P - O n e p a T O p  n p O e K T k i p O B a H N R  H a  G. M T ~ K ,  n p M  n m 6 o ~  g N 3  DA 
(Af, Pg) = 0 

NJIU 

(PAf, g) -- 0. 

B C U J I y  nJIOTHOCTN DA B H 3 T 0  3 H a 9 N T ,  9 T O  

PAf = 0, 
T. e. 

Af E H e 0 ,  
a T e o p e M a  ~ o ~ a 3 a ~ a .  

B a a ~ n m s e ~ a e  n p m e A e M  OAHO n p o c T o e  n p e A n o x e H N e ,  KOTOP~IM 
H a M  U p N A e T C R  B O C n O J I b 3 O B a T b C R  n O S A H e e .  



Je,u,ua. Ann mozo ~mo6bc ntrfleti~oe ~ ~ o z o o 6 p a 3 u e  D (DA c 
c D c DA*) ~cennnocb 06nacmbm onpedeneHu,q c a ~ o c o n p r ~ w e ~ ~ o z o  
paculupewn c u ~ ~ e m p u ~ i e c u o z o  orzepamopa A, ~eo6xoduuo u docmn- 
mowo, urn0661 C O ~ O U ~ ~ H O C I I Z ~  ccex snenzetimoe f us DA*, ydoonemeo- 
pntotqux npu n t o 6 o ~  g c D ycnoeum 

(A*/, g) = (f, 
coenadana c D. 

A o K ~ ~ ~ T ~ J I ~ c T B o  3~0fi JIeMMbI HenOCpeAQTBeHHO CJIeAyeT U3 paC- 
c ~ o ~ p e ~ u i i  HacToRuero naparpaQa. 
47. C H O B ~  06 H30MeTPHYeCKUX H YHUTaPHbIX OnepaTOpaX. M ~ I  ~ Y A ~ M  
PaCCMaTpMBaTb B HaCTORUeM nyHKTe M3OMeTpUqeCKMe OnepaTOpbl 

B Y3KOM CMbICJIe, T. e. 06Jac~bKl OnpeAeJIeHMR DV I4 06JIa~Tb10 3Ha- 

qeHUfi bv OnepaTOpa V 6 y ~ y T  HeKOTOpble IIOAnpOCTpaHCTBa OAHOrO 
Fi Tor0 Xe IIPOCTPaHCTBa H. M ~ O M ~ T P M ~ ~ C K N ~ ~  OIIepaTOp Ha3blBaIoT 
MaUCUMaAbHblM, eCJIM OH H e  MMeeT M30MeTPMqeCKMX pacIIlMpe~Mfi. 

Teope~a  1. C06~fneeHHbl~ 3fiaue~un u3o~empuuecuozo onepamopa 
no ModLjAto paem 1 .  

A 0 K a 3 a T e JI b C T B 0. Aefic~~M~eJIbkIo, IIYCTb 

Vf = hf. 

OTKyAa 1 h 1 = 1 ,  TaK K a K  (f, f )  # 0. 
Teope~a '  2. Co6crnee~~ble eeumopbl f i ,  f2, npu~adnewaque  d e y ~  

p a 3 n u w b ~ ~  co6cmee~tib~u s ~ a v e ~ u n u  h i ,  A, u3o~empuuecuozo onepa- 
mopa, opmozo~anb~b~ .  

A o K ~ ~ ~ T ~ J I ~ c T B o .  ~ Y C T ~  

Vfl = hlfl, Vfz = bfz. 
B TaKOM CJyqae 

(fi, fz) = (vfi, Vfz) = ihlfi, hfz) = G z  (fi, fz), 
OTKyAa 

(1 - ~1Lz) (fl, f z )  = I0 
U, 3Ha9UT, 

(fi, fz) = 0, 
TaK KaK 1 - hlG # 0. 

Teope~a  3. Anx  ,mozo ~ m o 6 b ~  nodnlpocmpa~cmeo G npuebduno 
y ~ u m a p ~ b l l i  onepanlop U, ~eo6xoduuo u docmamou~o, ~ m o 6 6 ~  nod- 
npocmpaticmco G 6o~no uileapua~milb~u nodnpocmpailcmeo~ dnn uaw- 
dozo u3 onepamopoe U, U-l. 

A o K ~ ~ ~ T ~ J I ~ c T B o .  ~ Y C T ~  G IIPMBOAUT t'. T o r ~ a  H e G  
eCTb MHBapMaHTHOe nOAIIpOCTpaHCTB0 OnepaTOpa U, T. €2. IJpM nIo60~ 
f c H @ G  w n m 6 0 ~ g c G  

(Uf, g) = 0, 
6' 



M C C ~ ~ A O B ~ H M ~  3TOTO Y p a B H e H I l R  CBOAHTCR K HCCJIeAOBaHUIO J I u H ~ ~ ~ H o ~ o  

M H O ~ O O ~ ~ ~ ~ H F I  AT (A) ,  npo6erae~oro BeKTOPOM (T - h/ )  f ,  I t O r A a  f 
npo6erae~ Dr. KOPOTKO AT (h) M O X H O  3 a n M C a T b  t! BMAe AT (I.) = 
= (T - h / )  Dr. O I I e p a ~ o p  T - h /  = Ti OCyUIeCTBjIReT COOTBeTCTBHe 

( H e  0 6 R 3 a ~ e J I b H 0  B3aHMHO O A H O ~ H ~ ~ H O ~ )  M e X A Y  DT H A T  (A).  Ecnu 
3 T 0  COOTBeTCTBMe B3aMMHO O A H 0 3 H a q H 0 ,  TO O n e p a T O p  T - >i/ MMeeT 

0 6 p a ~ H b I i  O n e p a T O p  (T - A()-' C 06nac~bK) O n p e A e J I e H I f R  A T  (h)  I4 

o6nac~bm 3 H a q e H H f i  Dr. 
0 n p e A e .T e H H e 1. Stiavetiun napaMempa I,, dnjl uomopblx 

06pnmtiblri: onepamop (T-- cyqecmeyem, onpedeneti ectody e 
H (AT ( I . )  = H) u ozpa~uveti, tiasb~~alomcx pe2ynnp~b~uu stiave~unwu 
(unu p e 2 y n n p ~ b ~ ~ u  m o v u a ~ u )  onepamopa T. Bce ocrnanmble movuu 
uofinneuc~oG n,locuocmu o6pasytom cneump onepatnopa T. 

B YnOMFlHYTbIX BbIUle  C J I y q a R X ,  KOTOPbIe OTHOCRTCR K J I M H ~ ~ ~ H o ~ ~  

anre6pe H TeOplr I l  M H T e r p a J I b H b I X  y p a ~ H e H P i f i ,  C n e K T p  O n e p a T O p a  COCTOHT 

I13 BCeX er0 C O ~ C T B ~ H H ~ I X  3HaqeH11fi1. Boo6ue Xe COBOKYnHOCTb ~ 0 6 -  



CTBeHHbIX 3HaqeHNfi H e  MCqepIIbIBaeT CIIeKTp, ,L(efic~~ki~eJIbHo, npkiB0- 
A m a R  Aanee TeopeMa 1 x a p a ~ ~ e p ~ s y e ~  C O ~ C T B ~ H H ~ I ~  s ~ a q e ~ ~ ~  one- 
paTopa, KaK Tame s ~ a s e ~ m  napaMeTpa h ,  A n R  KOTOP~IX oneppop 
T -- h /  He lrMeeT O ~ ~ ~ T H O ~ O ,  a MeXAy TeM MOXeT IIPeACTaBNTbCR eUe 
N TOT cnyqafi, KOrAa IIpN PaCCMaTpNBaeMOM 3HaqeHNN IIapaMeTpa h 
06pa~~b1ii  onepaTop (T - h/)-l cyqecTsyeT, HO onpeAeneH H e   crony 
B H HeorpaHnseH. 

Teope~a 1. Ocyyecmenfie~oe onepamopoM T - h /  coomeerncrneue 
~ e ~ d y  DT U 8 3 U U M H O  O ~ N O ~ H U Y N O  8 mOM U mOnbICO mOM CAJI- 

rue, ecnu h He ecmb co6cmee~~oe  3 ~ a r e ~ u e  onepamopa T. 
,L( o K a 3 a T e n c T B o. E c m  onepaTop T - )\I H e  ocymecTsnReT 

B3aNMHO OAH03Ha9HOrO COOTBeTCTBNR MeXAY Dr N AT (A) ,  TO CyUeCT- 

BYmT TaKMe fi, f 2  E Dr (fl + fa) ,  qTo 

me f - fl - f e  + 0, T, e h ecTb C O ~ C T B ~ H H O ~  aHaseHNe onepaTopa T. 
~ o K ~ ~ ~ T ~ J I ~ c T B o  O ~ ~ ~ T H O ~ O  YTBepXAeHNR TaK Xe IIPOCTO. 
He OCTaHaBJINBaRCb B 0 d U e ~  CJlyWie H a  AeTaJIbHOM anpN0pHOM 

pasdope Bcex BO~MOXHHX npe~no.r~oxe~nti  OTHocwenbHo OnepaTopa 
(T - A/)-' N O ~ J I ~ C T N  Ar (h), OrPaHNqNMCR 3AeCb TeM O C O ~ ~ H H O  BaX- 

H ~ I M  cnysaeM, KorAa p a c c ~ a ~ p ~ s a e ~ b ~ i i  onepaTop c a ~ o c o n p ~ x e ~ ~ b r i i  
(kb1 G Y A ~ M  er0 0603Haqa~b HC T, a A). 

n p e l ~ ~ e  BCerO B$eAeM 0 6 ~ 3 ~ a q e H ~ e  GA AJlH HyJIeBOrO IIOAnpOCT- 
paHc'fBa OhepaTOpa A - h/ .  Ha OCHOBaHNN TeOpeMbI 1 no 44 

B TOM N TOJIbKO TOM CJlyYae, KOrAa h HI3 RBJlReTCR C O ~ C T B ~ H H H M  

s ~ a s e ~ ~ e ~  onepaTopa A .  H ~ M  y.Jio6~0 c @ 6 p ~ y n ~ p o s a ~ b  ~ T N  B ~ I B O A H  
B B N , T ~  CneuNanbHoro npejnoxeHm. 

Teope~a 2. Yucno h Renxemcfi co6cmeehcfib~,~ 3uarewew cawo- 
conpltwewozo onepamopa A e mow u monbicd &OM cnyrae, icoeda 



Ecnu smo ycnosue ebuzontietio, mo 3A = 0 u H @ A A  (A)  fienxemcx 
C 0 6 ~ ~ 8 e ~ H b l ~  nodnpocmpa~cmeow onepamopa A, npuiladdexaquw 
c o 6 c m e e ~ ~ o ~ y  s ~ a v e ~ u m  A .  

Tt?ope~a 3. Heeetqecmee~~tde movtcu icownneicc~ou' ndocicocmu A 
IE8flRfOmCR PeZgdIEPHblMU mOYKUMU C~MOCOnPR3fCeHHOPO OnepUtTlOp~ A. 

A o K ~ ~ ~ T ~ J I ~ c T B o .  Y N C J I O  A = € +  i ' q ( ' q # O )  H ~ M O X ~ T ~ ~ I T ~  
C O ~ C T B ~ H H ~ I M  3 H a q e H M e M  O n e p a T O p a  A. C J I ~ A O B ~ T ~ J I ~ H O ,  H a  OCHOBaHNM 

T e O p e M b I  1 O n e p a T O p  A - AI O C y q e C T B n R e T  B3aUMHO O A H 0 3 H a q H O e  

COOTBeTCTBNe M e X A y  DA U AA(A). A n R  IIpOU3BOJlbHO B 3 R T O r O  g € A A ( A )  
lT03TOMY O A H 0 3 H a q H O  HaXOAMTCR T a K O e  f ,  q T 0  ( A  - AI) f = g, U Mbl 
M O X e M  H a n U C a T b  P a B e H C T B O  

I I g ! ! 2 = ( ( A - E I ) f - i ' q f ,  ( A - E I ) f - i ' q f ) =  

= \ I  (A - El) f ) I 2  + i'q ((A - €1) f ,  f )  - i'q (f,  (A - &I) f )  + 'q2 11 f [ I 2 =  
= I I  (A - €1) f ) I 2  + "r1 2 1  f 1 1 2 ,  

O T K y A a  

1 
I 1  f l l  4 iq l l  g l l ,  

T. e. 

1 

~ H ~ W T ,  O n e p a T o p  (A - A I)-' orpaansea. 
~ O C K O J I ~ K Y  H e  RBJIReTCR C O ~ C T B ~ H H ~ I M  3 H a q e H U e M  O n e p a T O p a ,  

T O  B C U n y  T e O p e M b I  2 

AA (A) = H. 

O C T ~ ~ T C ~ ~  A O K a s a T b ,  9 T O  ~ ~ 0 r 0 0 6 p a 3 U e  AA (A) 3aMKHYTO. Aonyc~arr, 
9 T O  A 4 (A) # 8 . 4  (A), MbI ~ a f i ~ e ~ ,  9 T O  (A - AI)-l, K a K  O n e p a T O p  O r p a -  

H M Y ~ H H ~ I ~ ~ ,  M O X H O  p a C I U A p N T b  H a  AA (A). %O paClI IMpeHMe C O B n a A e T  

C 3 a M b I K a H U e M  O n e p a T O p a  ( A  - AI)-l, ~ 0 ~ 0 p b l f i  IIOBTOMY H e  3 a M K H y T .  
HO 3 T 0  H e B O 3 M O X H 0 ,  T a K  K a K  3aMKHYTOCTb O n e p a T O p a  A B J l e q e T  3aMK- 
H Y T O C T ~  O n e p a T o p a  (A - AI)-l. 

C n e A c T B 11 e 1. Cneicmp cawoconpxxerztioo onepamopa nexum 
Ha eeqecmeeti HOG ocu. 

C n e a c T B u e 2. P e z g n z p ~ a ~  movtca cawoconpxxeHHoz0 onepa- 
mopa A Mowem 6b1mb onpedene~a icatc matcoe s ~ a v e ~ u e  napawempa A, 
d n ~  tcomopozo A A (A) = H. 

0 K a 3 a T e Jl b C T B 0. Ecnu )% - H e B e q e C T B e H H a R  T O q K a ,  T O  ee 
P e r Y J l R p H O C T b  YCTaHOBJIeHa ~ e o p e ~ o f i  3. E c n ~  A B e q e C T B e H H O  K AA(A)= 
= H, TO, B c U n y  T e O p e M b l  2, He' e C T b  C O ~ C T B ~ H H O ~  3 H a q e H N e  O n e -  
p a T O p a  A. ~ O ~ T O M ~ ,  B C U n y  T e O p e M b l  1 ,  L y q e C T B y e T  0 ~ p e ~ e n e ~ ~ b l r " l  
~ c l o ~ y  B H 06pa~~b1r"l O n e p a T o p  (A -)\I)-'.   TOT o n e p a T o p  c a M o c o -  
I I ~ R X ~ H H ~ I L ?  U, C J I ~ A O B ~ T ~ J I ~ H O  (CM. H a g a n 0  no 46), OH O r p a H U 9 e H ,  TaK 

q T O  IIPMMeHUMOCTb OIIpeAeJleHUR 1 A O K a 3 a H a .  



M ~ I  M o x e M  T e n e p b ,  H e  B c T y n a R  B n p o T u B o p e s u e  c o n p e n e n e a u e M  I ,  
n p u H R T b  cneayroqee 

0 n p e A e n e H u e 2. Ecnu A - caluoconp~xe H onepamop, 
mo morrca A ~asblsaemcn pesynilp~ot? ezo morrcori npu AA (A) =. H u 
moumt? cnercmpa npu AA (A) + H .  . 

I < n a c c ~ ? @ u ~ a q ~ l r o  T o s e K  c n e K T p a  c a M o c o n p R x e H  H o r o  O n e p a T o p a  

A a e T  cnenyromee 
0 n p e A e n e H A e 3. 3 ~ a u e ~ u e  A npu~adnexum morewoluy 

cnercmpy caluoconp~xe~~ozo onepamopa A, ecnu AA (A)  7h H ,  u npu- 
~ladnexurn ~enpepbls~oluy cnercmpy, ecnu AA (A) + AA (A) unu ecnu A 
ecmb co6cmee~~oe s ~ a r e ~ u e  Gecrco~er~ot? rcparnHocmu. 

~ ~ M ~ T A M ,   TO  TAM O n p e A e n e H M e M  H e  !-icKnrosaeTcR n p a a a A n e x -  
HOCTb TOqKU A OAHOBpeMeHHO 06eki~ s a C T R M  C I l e K T p a  A U e  B TOM CAY- 

sac, K O r A a  A H e  e C T b  C O ~ C T B ~ H H O ~  3 H a s e H A e  ~ ~ C K O H ~ ~ H O ~ ?  KPaTHOCTA. 
Ha OCHOBaHkiA T e O p e M b I  2 ~ 0 s e s H b 1 6  C n e K T P  O n e p a T O p a  C O B n a A a e T  

C COBOKYnHOCTbH3 er0 C O ~ C T B ~ H H ~ I X  3~ase~Jif i .  MHOX~CTBO B C e X  A 3 0 -  
JIAPOBaHHbIX T O s e K  C n e K T p a ,  323 UCKJUOseHAeM C O ~ C T B ~ H H ~ I X  3 H a s e H A f i  

6 e C ~ o ~ e s H o f i  KpaTHOCTU, Ha3bIBaIOT A H O r A a  d~CfCpemHbllu C n e ~ l p o M ~ .  
3 a ~ a H s u ~ a H  H ~ C T O R ~ A ~ ~  I I y H K T ,  AOKa>KeM C J I e A y r o m e e  I I p e A J I O X e H A e .  
Teope~a (4. Cnercm p caluoconpxmeHfiozo onepamopa salurc~ym~. 
a 0 K a 3 a T e Jl b C T B 0. ~ ~ O C T ~ T O ~ H O  A O K a s a T b ,  s T 0  M H O X e C T B O  

p e r y n R p H b I x  T o s e K  c a M o c o n p R x e H H o r o  o n e p a T o p a  A OTKP~ITO.  
~ Y C T ~  ko - P e r y J I R p H a R  T O s K a .  B TaKOM C J I y W e  C y m e C T B y e T  l a K O e  

rucno k > 0,  TO npu J I K I ~ O M  f 6 D A  

I 1  A f  - Aof I 1  h k I 1  f 1 1 -  
1 Ecnw O < 8 4 a k ,  TO npn I ) . - A o I < 6  A n ro6o~ f f  D A  

O T K y A a  BAAHO, BO-IIepBbIX, s T 0  A H e  e C T b  C O ~ C T B ~ H H O ~  3 H a s e H N e  O n e -  - 
P a T O p a  A ,  T a K  s T 0  AA (A) = H ,  A, BO-BTOPbIX, 9 T O  0 6 p a ~ H b I f i  O n e p a T O p  

(A - A])-' O r p a H U s e H .  P ~ B ~ H C T B O  AA (A)  = AA (A) RBJIReTCR CJleA- 

CTBAeM 3aMKHyTOCTU O n e p a T O p a  A .  T ~ K I ~ M  06pa30~,  B C e  T O s K U  A 
U 3  OKPeCTHOCTIl I A - k0 1 < 6 P e r Y J I H P H b I ,  A T e O p e M a  A O K a 3 a H a .  

49. Pesoabee~~a.  I < ~ K  u B n p e A b I A y m e M  n y H K T e ,  H a s H e M  c npom- 
BOJIbHOrO 3aMKHYTOI'O J IuH~~?HoI 'o  O n e p a T O p a  T ,  06nac~b O I I p e A e J I e H A H  

KOTOpOI'O IIJIOTHa B H ,  a 3 a T e M  O ~ ~ ~ T U M C H  K C a M O C O n p H X e H H O M y  
o n e p a T o p y  A .  



p a ~ ~ ~ a T p I l ~ a e ~ b 1 f i  H a  MHOXeCTBe  BCeX TeX 3 ~ a q e H E i f i  A ,  AJIH KOTOPbIX 

OH C y u t e c T B y e T  n Anx KOTOP~IX ero o6nac~b o n p e A e n e H m ,  T. e. AT (A), . 
n n o T H a  B H. 

B K ~ X A O ~ ?  p e r y n ~ p ~ o f i  TO9Ke  O n e p a T O p a  T p e 3 0 J b B e H T a  Rl eCTb  

0 I I p e ~ e J l e H H b I f i  BO BCeM I lPOCTPaHCTBe 0 ~ ~ a H I l 4 e ~ ~ b l f i  OIIepaTOp.  
Onepa~op Rk O C y ~ e C T B n H e T  B3aUMHO OAH03HaqHOe  COOTBeTCTBIle 

M e X A y  AT (A) ki DT. OTCDA~,  B ZIaCTHOCTU, BbITeKaeT,  9TO eCJIU AJIR 
K ~ K o ~ ? - H u ~ ~ A ~  p e r y n ~ p ~ o f i  TOYKM A O n e p a T o p a  T n M e e T  M e c T o  panea- 
CTBO &h = 0, TO h =O. 

Teope~a 1 .  Anx nm6blx deyx pezynxpnbrx snauenufi A, IJ. one- 
pamopa T uMeem xecmo paeencmeo ( m a ~  nasbreae~oe coomnoutenue 
f unb6epma) 

Rp - Ri = (p - A) RpRi. 

A o K a 3 a T e n  b c T B o. T a K  KaK A, p - p e r y n R p H b I e  TOYKU one- 
pa-ropa T, TO A n n  nm6oro h € H 

%O e C T b  qacTHb1f i  ~ J I y q a f i  C J I e A y I O q e r O  o6qero ~ p e A J I O X e H M H .  
Teope~a 2. Anx nepecmanoeounocmu onepamopa T c ozpanuuen- 

n b r ~  Onepamop0,n S, onpedenennblw ecrody 8 H, neoCixodu~o, um06bl 
enepamop S 6bln nepecmanoeouen c pe3onbeenmoli Ri = (T - AI)-l 
dnlz nm6020 pCZyRffpnOZO 3NaYeHUR A, U docmamowo, umo6b1 S U Ri 
6 ~ n u  nepecmanoeounbr xomx 661 dnx odnoeo peeynxpnoco 3nauenux A. 

A o K a 3 a T e n b c T B o. Ecnu onepa - ropb r  T n S n e p e c T a H o B o q H b r ,  

TO ITPIl ~ D ~ o M  f € DT I lMeeT MeCTO PaBeHCTBO 



T ~ K U M  06pa30~, H ~ O ~ X O A U M O C T ~  AOKa3aHa. 
O ~ ~ ~ T H O ,  e C J U  PaBeHCTBO (1) BepH0 (npU K ~ K O M - H U ~ Y A ~  perynflp- 

HOM h) A n H  BCeX h E H, TO npU nro6o~ f E DT CnpaBeAJIUBO paBeHCTB0 

SRx (T - 11) f = RAS (T - h l )  f ,  

a 3HaWiT U PaBeHCTBO 

(T-Al)SRx(T-hI) f = (T-- A l )  RS(T-XI) f, 

oTKyAa yxe cneAyeT, qn, 

TSf = STf . 
T ~ M  CaMbIM AOKa3aHa U AOCTaTOsHOCTb. 

06pa~kiMcFI Tenepb K CaMOCOnpFIXeHHOMy OnepaTOpy A C TeM, 
sT06b1 OnpeAeJIUTb er0 pe30nbBeHTy Rx TaKXe Pi AnH C O ~ C T B ~ H H H X  
s ~ a s e ~ u i i ,  nocne s e r o p e 3 o n b ~ e ~ ~ a  caMoconpRxeHHoro o n e p a ~ o p a 6 y ~ e ~  
onpeAeneHa A n H  Bcex ToseK nnocKocTs h. 

C 3T0fi 4enbW n p U M e M ,  sT0 h '  eCTb C O ~ C T B ~ H H O ~  3HaseHkie one- 
PaTOpa A ki 0603Ha9ki~ sepe3 Gx, C O ~ C T B ~ H H O ~  nOAnpOCTpaHCTB0 One- 
paTopa A,  i lpmaanexaqee A'. K ~ K  M ~ I  3 ~ a e ~ ,  Gx* npnBoAm onepa- 
TOP A. n y c ~ b  A' - YacTb OnepaTopa A,  nexauasl B H @ GAT = H'. 
& ~ K O  BUAeTb, YTO A' eCTb C ~ M O C O ~ ~ R X ~ H H ~ I ~ ~  OnepaTOp B H', A n R  
KOTOpOrO h' He eCTb C O ~ C T B ~ H H O ~  3HaYeHkie. M ~ I  OnpeAeJIMM RAP, 
nonarafl 

R A n  = (A' - 1'1)-l. 

'OBnac~bro onpeAeneHuH onepaTopa RA. RsnReTcH nnowoe B H' MHO- 
roo6paakie AAf (1'). Ero OnHCbIBaeT TOqKa 

(A' - A'/) f '  = (A - h ' l )  f ' ,  



e C f l I l  T O n b K O  h H e  n p U H a A J I e X N T  T O 9 e 9 H O M y  C n e K T p y  O n e p a T O p a  

(B n o c n e A H e M  cnysae o n e p a T o p  R h  ~006ue  H e  m e e T  CO~PRX~HHOI 'O)~ 
A ~ ~ ~ c T B u T ~ J I ~ H o ,  B CMJIY T e O P e M b I  2 no 44 UMeeM 

(Rh)*  = [(A - hI)-l]* = [(A - hI)*]-l - (A -  XI)-^ = R, 

1) (Jf, Jg) -- (f,, 
2) J2f = f 

AJIR J I l o 6 b 1 ~  f ,  g E H. 
M3 2) C J I e A y e T ,  9 T O  0 6 J l a ~ ~ b 1 0  3 H a 9 e H U f i  O n e p a T O p a  J T a K X e  RBJlReTCR 

B C e  n p O C T p a H C T B 0 .  f i e f i C ~ B U ~ e J I b H 0 ,  ~110608 BeKTOp h E H M O X H O  npea- 
C T a B I l T b  B B U A e  h = Jg, CTOUT JIUUlb B 3 R T b  g = Jh. 

Onepa~op J BMeCTO 06b19~0fi J I H H ~ ~ ~ H O C T M  06JIa~ae~ CJIeAyIOlUUM 
CBOACTBOM: , - 

- 
J (af + pg) " aJf + PJg. 

g = Jh,  \ 

U Y T B e p X A e H H e  AOKa3aHO. 
ITpmepo~ o n e p a T o p a  c o n p m e H m  B L2 R B n R e T c R  onepaqm nepe- 

XOAa K K O M I I J I ~ K C H O - C O ~ ~ R X ~ H H O ~ ~  @YHKLI,UU 



Anx scxtcoeo onepamopa conpmveHux 8 cenapa6enb~o~ npocm- 

A o K a 3 a T e n b c T B o. Kalnnbra 3neMeH-r h E H MOXHO I l p e a c T a -  
1 

 BUT^ B ~ n n e  .h = h' f ih", rae h' = (Jh + h), h = $ (Jh - h). 
~ J I ~ M ~ H T ~ I  h', h ,  0 9 e B N A H 0 ,  YnOBJIeTBOPRIOT COOTHOUIeHNIO Jh = h. 
C O B O K Y ~ H O C T ~  BCeX TaKHX 3JIeMeHTOB g 0 6 0 3 ~ a 9 ~ ~  G. Tenepb B03b-  

MeM B H K ~ K o € ! - H N ~ Y ~ ~  IInOTHOe C9eTHOe  MHOXeCTBO (hk); N C er0 
nOMOI4bK) o6pa3ye~ C s e T H O e  MHOXeCTBO { g m ) r ,  r A e  g2k-1 = hi ,  g2k= 
= hi;. T ~ K  KaK MHOXeCTBO {g2k-, f ig2k)lm IIJIOTHO B H ,  TO OPTOTO- 

H a n N 3 y R  IIOCneAOBaTeJIbHOCTb {g,) T, Mbl n O n y 9 N M  OPTOHOPMHPOBaH- 
H ~ I R  6asnc B H .  3 a ~ e s a ~ ,   TO B c e  g, n p n H a n n e x a T  G,  a T a K x e ,  

9 T O  CKaJIRpHOe npOH3BeAeHNe  n106brx A B y X  3neMeHTOB N3  G B e U e C T -  
BeHHO, N BCnOMNHaR MeTOA OPTOTOHaJIll3aIlNN ~ M H ~ ~ T ~ - ~ O H H H ~  (no 8). 
3 a K n B q a e M ,  9 T O  ~ O C T P O ~ H H ~ I ~ ~  O P T O H O P M N P O B ~ H H ~ I ~ ~  6asnc npHHaAJIe -  

)KUT G. 30 N e C T b  ~pe6ye~b1fi  6a3nc {ek);. 
0 n p e A e n e H w e. Cu~fiempuuecuuu" onepamop A ~asb~eamn se- 

yecmseHHblfi no omtiotueHum u da~tioay onepamopy conpmreHuR J, 
ecnu onepamopbl A u J nepecmaHosouHbl, m. e. ecnu us f E DA cne- 
ayem, m o  Jf E DA u JAf = AJf. 

Teope~a. Ecnu A - ca~oconp~weilftbIli onepamop, seqecmse~~btfi 
omHocumenbHo ~ U H H O P O  onepamopa conpnweHuR J, mo pesonbse~ma 
onepamopa A npu scex Heseqecmsemblx A ydosnemsop~em coomilotueHum 

A o K a 3 a T e n b c T B o. ~ P U M ~ H H M  o n e p a T o p  c o n p m u e H m  K o 6 e n ~  
9aCTRM P aBeHCTBa  

( A  - AI) R* = r.  
n o n y r n ~  

J ( A  - AI) Rx = J .  

O T c B a a ,  B C H n Y  BeI4eCTBeHHOCTEi OI I epaTOpa  A no OTHOLUeHHIO K O n e -  
P a T O p y  J, HaXOAHM 

(A -XI) J R k =  J .  



T e n e p b  I IpUMeHUM K o 6 e u ~  W C T R M  O n e p a T O p  JRT. 30 .AaCT T p e -  

6 y e ~ o e  p a B e H C T B 0 ,  TaK K a K  R,- = R:. 
Ecnu T - J I ~ ~ e f i ~ b ~ f i  O n e p a T O p  C I I J IoTHo~ B H O ~ J I ~ C T ~ K I  O n p e A e -  

neaug, a J - s a ~ a ~ ~ b ~ i i  o n e p a T o p  c o n p R x e H u R ,  TO, no a H a n o r M u  

C T ~ ~ M M H o J I o ~ u ~ ~ ~  TeOpMH MaTPMU, O n e p a T O p  JT*J M O X H O  H a 3 B a T b  
mpUilCtZOilUpO8UilHblnz C T U 0 6 0 3 ~ a 9 ~ ~ b  T'. f l o ~ a 3 a ~ ~ o e  TOJIbKO 9 T O  
COOTHOUeHUe (1) MOXHO, CJleAOBaTeJIbHO, 3aI IMCaTb B B U A e  

R h .  

51. Me~ofl  rpaakl~a. P ~ C C M O T ~ U M  MHOXeCTBO nap ( f ,  g}, I'Ae a6cqucca 
f U O p A H H a T a  g npo6eram~ H. 6 y ~ e M  C 9 M T a T b  3'6U n a p b I  3JIeMeHTaMU 
A e K a p T O B a  npOM3BeACHMSI H = H X H MJIM (CM. II .  7) 3JIeMeHTaMH OP- 

~ 0 r o ~ a J I b ~ O f i  CYMMbI (H, 0) $ (0, H).  
~ Y C T ~  T - K ~ K O ~ ~ - H U ~ Y A ~  O I I e p a T O p  B H. B TaKOM C J I y q a e  COBO- 

KYnHOCTb M (T) BCeX T O 9 e K  BMAa ( f ,  Tf} H a 3 b I B a m T  L'~U@UKOM O n e -  
p a T o p a  T. 

Bce T O ~ K ~  M H O X e C T B a  M (T) O A H 0 3 H a q H O  OnpeAeJlRIOTCR CBOMMU 

~ ~ C U M C C ~ M M ,  O ~ ~ ~ T H O ,  e C n M  B C e  TOqKU HeKOTOPOrO MHOXeCTBa M 
R 3  H O A H 0 3 H a 9 H O  OnpeAeJIRIOTCR CBOMMU ~ ~ C ~ U C C ~ M U ,  TO B H C y m e -  
C T B y e T  O I I e p a T O p  T, ~ ~ ~ ~ E I K O M  KOTOPOrO RBJIReTCR MHOXeCTBO M. 

B e c b ~ a  IIpOCTO O T p a X a e T C R  H a  rpaaki~e, 3aMKHYT MJIU H e  3aMKHYT 
O l l e p a T O p  T, a MMeHHO, AJIR 3aMKHYTOCTU O n e p a T O p a  T H ~ O ~ X O A M M O  
H AOCTaTOqHO, 9~0661 6b1n0 3aMKHYTO B H T O q e 9 H O e  MHOXeCTBO M (T). 
T ~ K  K a K  nm6oe M H O X e C T B O  B H MOXHO 3 a M K H y T b ,  TO H a  OCHOBaHUU 

CKa3aHHOTO M O X e T  I IOKa3aTbCR,  9 T O  ~11060fi O n e p a T O p  T B H A O n y C K a e T  

3aMbIKaHUe.  HO A e n O  B TOM, q T O  3aMbIKaHMe r p a a ~ ~ a  M (T) O n e p a -  

T O p a  T M O X e T  I IpUBeCTl i  K MHOXeCTBY M(T), TO9KU KOTOPOrO 

H e  OIIpeAeJIRIOTCR O A H 0 3 H a 9 H O  CBOUMU ~ ~ C ~ U C C ~ M M ,  U B 3TOM C J I y 9 a e  - 
M H O X e C T B O  M (T) H e  6 y ~ e ~  ~ ~ ~ @ u K o M ,  T. e. H e  TIOPOXAaeTCR HUKaKMM 

OllepaTOpOM. Ecnu Xe MHOXeCTBO M (T) H e  COWePXUT A B y X  Pa3JIM9HbIX 

T O W K  C PaBHbIMU ~ ~ C U U C C ~ M M ,  TO O n e p a T O p  T A O n y C K a e T  3aMbIKaHMe T 
u MV) = M(T). 

J I e r ~ o  B u A e T b ,   TO ecnu o n e p a T o p  T nuaeea, TO M H o x e c T B o  M (T) 
6 y ~ e ~  J I u H ~ ~ ~ H ~ I M  M H O ~ O O ~ ~ ~ ~ U ~ M  B H. 

O n p e ~ e n ~ ~  T e n e p b  B C I O A ~  B H onepamp U, n o n a r a R  



B e p t l o e  A n R  nm6oro f E Dr M nm6ofi n a p b I  ~ J I ~ M ~ H T O B  g, g* ~3 H. 
M3 H a n U C a H H O r O  P a B e H C T B a  B b l T e K a e T  p H A  c J I ~ A c T B M ~ ~ :  

lo. Ann T o r 0  9~06b1 3JIeMeIITbI  g, g* E H YAOBJIeTBOPRJIH COOT- 

H O U I ~ H H )  

(Tf, g) = (f, g*) 

n p M  n m 6 o ~  f E Dr. H ~ O ~ X O A P ~ M O  H AOCTaTOZIHO, 9 ~ 0 6 b 1 3 n e M e H T  {g, g*) 
IJpOCTpaHCTBa H 6 ~ 1 n  O p T O r O H a J I e H  M H O X e C T B Y  UM (T), B K O T O p O e  

o n e p a T o p  U n e p e B o A M T  r p a @ u ~  o n e p a T o p a  T, 
2". E c n ~  O I I e p a T O p  T* C y W e C T B y e T ,  TO er0 ~ ~ ~ @ H K O M  R B n R e T C R  

M (T*) = H e UM (T). 

O A H 0 3 H a q H O  OnpeAeJIRJIMCb CBOMMH a6cuucca~u.  
C J I ~ ~ ~ C T B M ~  3" e C T b  ~py ro f i  K p P i ~ e p M f i  C y a e C T B O B a H U R  C O n p R X e H H O I ' O  

O n e p a T o p a  (nep~blfi K p M ~ e p P i f i  - nJIOTHOCTb M H o I ' o o ~ ~ ~ ~ M R  DT B H - 
6b1n yCTaHOBJIeH B f1° 44). 

Teopema 1 .  ECRU ~u~etl~bllYl onepamop T c n ~ o m ~ o d  s H o 6 ~ a -  
cmbto onpede~e~u,z donyclcaem sa~blica~ue, mo onepamop T** cyqe- 
cmsyem u nsmemcR 3 a ~ b l l c a ~ u e ~ ~  onepamopa T: 

(B qaCTHOCTPi, e C n N  O n e p a T O p  T 3 a M K H Y T  H Dr = H, TO T = T**.) 
A o K a 3 a T e n b c T B O. AO~YCTUM B H a q a n e ,   TO O n e p a T o p  T 

38MKHYT. B TaKOM C J I y q a e  3 a M K H Y T O  M H O X e C T B O  M (T), a 3HaqPiT,  

U MHOXeCTBO UM (T). ~ O ~ T O M Y  Y C T a H a B J I H B a e M O e  CJIeACTBMeM 2 COOT- 
HoureHEie  MOXHO n e p e n M c a T b  B mine 

H = UM IT) $ M (T*). 

O T C I O A ~ ,  npPiMeHRR O n e p a T O p  U M YrIUTbIBaR, ZIT0 UaM (T) = M (T), 
n o n y r I w M  

H -- M (T) $ UM (T*). (1) 



M ~ a s e  r O B O p R ,  

H 0 U M  (T*) = M (T) .  q2) 

A T a K  K a K  TO9KM M H O X e C T R a  M(T) ,  K a K  rpaf$MKa, OAHO3Ha9HO O n p e -  

AeJRIOTCR CBOHMM ~ ~ C L ~ N C C ~ M M ,  TO, B CMJIy CJIeACTBMR 3, O I l e p a T O p  T** 
CyUeCTBJ'eT, a H a  OCHOBaHMII (2) H CJIeACTBUR 2' OH C O R n a A a e T  C T.  
M T ~ K ,  ecm o n e p a T o p  T ~ ~ M K H Y T ,  T e o p e M a  n o ~ a 3 a ~ a .  

~ P H M ~ M  T e n e p b ,  9 T O  O n e p a T O p  T H e  3aMKHYT,  HO AOIIyCKaeT 3aMbI- 

KaHMe. B TaKOM C J I y q a e ,  no AOKa3aHHOMy,  
- (TI** = T .  

Ho 
('T)** = [(T)*]* = (T*)* = T** 

9 T O  M T ~ ~ ~ O B ~ J O C ~  A O K a 3 a T b .  
A o ~ a z e ~  M e T o A o M ,  r p a f $ ~ ~ a  eue  OAHO 3 a ~ e q a ~ e n b ~ o e  n p e A n o x e H u e .  
Teopema 2. Ecnu T  - 3a~trc~ytnb~2i nu~eu"~br6 oncpamop c nnorn~oli 

8 H 06nacmbro onpedene~u~z, nzo npoussedc~ue T*T ecrnb caMoconpx- 
x e ~ ~ b l i i  (u npumoM nonoxumenb~b~8) onepamop. 

A o K a 3 a T e n b c T B o. n p e x ~ e  B c e r o  oTMeTMM,  TO n p M  nm6b1x 
f ,  g E DT*r MMeeT MeCTO COOTHOlUeHMe 

T a K  9 T O  nOJIOXMTeJIbHOCTb O n e p a T O p a  T*T yXe A O K a 3 a H a .  

~ Y C T ~  h - n p 0 ~ 3 ~ 0 J I b ~ b 1 f i  3 J I e M e H T  H. B CMJIy 3aMKHYTOCTM O n e -  

P a T O p a  T C I I p a B e A n M B O  COOTHOUIeHMe ( I ) ,  a II03TOMY 3JIeMeHT {h, 0) € H 
O A H 0 3 H a 9 H O  npeACTaBMM B BMAe 



p a 3 p e U P i M d  ( O A H O ~ H ~ ~ H O ) .  O ~ c l o ~ a  BbITeKaeT, s T 0  DT*T IIJIOTHO B H. 
B CaMOM &en€!, AOIIyCTHM, 9 T O  CyWeCTByeT  BeKTOp h # 0, OpTOrOHaJIb-  

Hblfi D T * ~ .   TOT BeKTOp h IIpeACTaBkiM B BHAe (3). C J I ~ A O B ~ T ~ J I ~ H O ,  
n p I l  nro60~ g € DT*T 

0 = (h, g)'= ((1 + T*T) f ,  g) = (f, (I + T*T) g) 

ti, 6 e p ~  g = f ,  IIOJIysMM 

0 = (f, f )  + (f, T*Tf) = (f, f )  + (Tf, Tf), 

OTKYAa f = 0 U, 3HaqPiT,  h C= 0, 9,TO llPOTHBOpe9PiT I IpeAI IOJ IO)KeHN~.  

M T ~ K ,  DT*T IIJIOTHO B H. 3 H a s c 1 ~ ,  T*T Pi, CJIeAOBaTeJIbHO, / + 
+ T*T - C I I M M ~ T P P ~ ~ ~ C K I I ~  OI I epaTOp .  HO 0 6 J I a c ~ b  3 ~ a s e ~ ~ S  O I I e p a T O p a  
/ -/- T*T, no AOKa3aHHOMY, C O B n a A a e T  CO BCeM ITpOCTpaHCTBOM H. 
~ O ~ T O M Y  (CM. no 46) 1 + T*T eCTb  c ~ M o c o I I ~ R > K ~ H H ~ I ~ ~  OI I epaTOp  Pi 

TaKOBbIM RBJIReTCR T a K X e  

T*T = (I + T*T) - I. 

~ ~ o K ~ ~ ~ T ~ J I ~ c T B o  3aKOHseHO.  
C O B ~ ~ U ~ H H O  a H a J I O r H s H 0  AOKa3bIBaeTCR,  q T O  IIpPi yCJIOBliRX TeO- 

PeMbI RBJIReTCR IIOJIOXIITeJIbHbIM CaMOCOnpRXeHHEilM OIIepaTOpOM IIpO- 
u s ~ e ~ e ~ a e  TT*. 

Pe3yJIb~a~, IZoJIy' ieHHb~fi B HaCTORrUeM IIyHKTe,  IIO3BOJIfleT 0606- 
WMTb TeOpeMy 1 no 46 H a  ~JIysaa IIpOki3BOJIbHOrO 3aMKHYTOrO O n e p a -  
T o p a ,  a " M e m o ,  c n p a B e A n m a  

Teope~a 3. Ecnu sa~tcf tymbl6 nu~e i I~b l t2  onepamop T onpedenefi 
sctodg s H, m o  OH oepailuueH. 

0 K a 3 a T e JI b C T B 0. YCT~HOBHM B H a q a J I e  OrpaHPigeHHOCTb CO- 

n p f l X e H H O r 0  O n e p a T O p a  T*. C 3 ~ 0 a  UeJIbH3 AOIIYCTPiM IIpOTHBHOe. 

B TaKOM CJIy We C y U e C T B y e T  IIOCJIeAOBaTeJIbHOCTb { g k )  C DT* 
( I /  gk ( 1  I ) ,  A n n  ~ 0 ~ 0 p o f i  

lim 11 T*gk / /  = a. 
k+ rn 

(4) 

T ~ K  KaK IIpU KaXAOM f E H WiCJIOBaR IIOCJIeAOBaTeJIbHOCTb (Qk (f))r 
orpasaseaa, TO no T e o p e M e  2 no 26 ~ a i i n e ~ c ~  T a K o e  , ld < a, s ~ o  

11  @k'l( < .k6 (k = 1,  2, 3, ...), 



T a K  LIT0 K a X A bI fi 3JIeMeHT h E H O A H 0 3 H a s H O  IIpeACTaBUM B BMAe 

h = g + f ,  
me ~ E G  u ~ E F .  

O n p e ~ e n e ~ ~ b r f i  ~ c ~ o n y  B H o n e p a T o p  P, ~ o ~ o p ~ f i  K a x A o M y  BeK- 
T O p y  h OTHOCMT er0 KOMIIOHeHTY g E G, Ha3bIBaeTCR OIIepaTOpOM IIpOeK- 

T P i p o s a H u R  ( ~ a  G n a p a n n e n b H o  F) una, K o p o s e ,  npoemopoat. 
B qaCTHOCTU, eCJIH nOAIIpOCTpaHCTBa G Pi F OpTOrOHaJIbHbI ,  O n e -  

P a T O p  P FIBJIReTCR OpTOIIpOeKTOpOM (CM. no 35). 
P ~ B ~ H C T B O  ( 1  P 1 1  = 1, ' UMeEOUee MeCTO AJIR OpTOIIpOeKTOpOB, H e  

COXpaHReTCR I IpU I I e p e X O A e  K IIPOH3BOJIbHbIM IIpOeKTOpaM,  T a K  KaK 
yXe B KOHeqHOMePHOM n p O C T p a H C T B e  HOpMa n p O e K T O p a  M O X e T  6b1~b 
CKOJIb y r O A H 0  6 o n b u r o i i .  B CBR3U C 3TUM B 0 3 H H K a e T  BOIIPOC 0 TOM, 
FlBnReTCR JIM I I p 0 ~ 3 ~ 0 J I b ~ b l f i  I I p O e K T O p  B H O r P a H P i s e H H b I M  OIIepaTOpOM. 
~ o J I o X U T ~ J I ~ H ~ I ~  OTBeT H a  3TOT BOIIPOC BbITeKaeT Pi3 TeOpeMbI 3 ripe- 
A b I A y U e r O  I IyHKTa.  q ~ 0 6 b 1  y 6 e @ 4 ~ b c R  B 3TOM, H Y X H O  JIMLUb A O K a s a T b ,  
q T O  B C R K M ~ ~  IIPOeKTOP P RBJIReTCR 3aMKHYTbIM OIIepaTOpOM. 

~ o I I ~ c K ~ R  npOTUBHOe,  MbI nPHXOAPiM K BbIBOAY, q T O  CYUeCTBYeT 

IIOCJIeAOBaTeJIbHOCTb (h,) ;* , AJIR K O T O P O ~ ~  

hn + h, Ph,, + g' # Ph. (1) 
T ~ K  K a K  

h,, = P h n  + f L ,  
me f l: E F, TO B c H n y  (1) f k  + f" E F, A, 3 H a q U T ,  C n p a B e A n u B o  cne- 
A y E O U e e  p a 3 J I O X e H P i e  h H a  A B e  KOMnOHeHTbI: 

Ho, c ~ p y r o G  CTOPOH~I ,  HFv1ee-r M e c T o  B T o p o e  n p e A c T a s n e H u e  

1 B a~ a x C. Kypc cpya~uioaanbaoro aaanisy. KN'I'B, 1948, c. 35. 



T e n e p b  HeTpyAHO ( M ~ I  IIpeAOCTaBJIReM 3 T 0  ~ U T ~ T ~ J K ) )  nepeHeCTU 

H a  IIpOeKTOpbI OCHOBHbIe C B O ~ C T B ~  OPTOnPOeKTOPOB, U3nOXeHHbIe  

B no 36 U 37. B WICTHOCTU, 
lo. Onepa~op P,  o n p e ~ e n e ~ ~ b ~ i i  ~ c ~ o ~ y  B H, R s n R e T c R  n p o e ~ ~ o -  

pOM B TOM Ii TOJIbKO TOM C n y s a e ,  KOrAa  OH O r p a H u 9 e H  Il YAOBJIeTBO- 

P R e T  COOTHOUIeHMK) P2 = P. 
2". Ecnu P e C T b  npO€!KTOp H a  G n a p a J I J I e J I b H 0  F, TO 1 - P  e C T b  

n p o e K T o p  H a  F napannenmo G. 
3". E c n ~  npOeKTOpb1 PI Il  Pz IIepeCTaHOBO'iHbI,  TO UX npOU3BeAe-  

HI le  P = PIP2 T a K X e  RBnReTCR npOeKTOpOM. 

~ ~ M ~ T I I M ,  OAHaKO, 9 T 0 ,  B OTJIIlWie OT OPTOnPOeKTOPOB,  K O C O ~ ~  

IIpOeKTOp H e  RBJlReTCR CaMOCOnPRXeHHbIM OnepaTOpOM. 

B 3aKnIOqeHI l e  PaCCMOTpUM ~ J I y s a f i ,  K O r A a  I IpRMaR ( ~ e  OpTOrO- 

H ~ J I ~ H ~ R )  CyMMa ABYX nOAnpOCTPaHCTB G U F I InOTHa  B H, HO H e  

cosna8ae-r co BceM H. B  TOM cnygae MOXHO O n p e A e n u T b  o n e p a T o p  P 
H a  IIJIOTHOM B H M H O ~ O O ~ ~ ~ ~ U U  Dp = G $ F @ o p ~ y J I o f i  

OAHBKO, B OTJlMWe OT IIPOeKTOPOB, OnpeAeJ IeHHbIX BO BCeM H, O n e p a -  

TOP P H e o r p a H m e H .  

MH C o x p a H u M  ~ a 3 ~ a ~ u e  n p o e K T o p  n M w b  3a o n e p a T o p a M u ,  onpe- 
AeJIeHHblMH BO BCeM H. O n e p a ~ o p b 1 ,  0 6 ~ 1 a ~ a ~ o ~ u u e  C B O ~ ~ T B O M  (4), 
B TOM swne B c e  npoeKTopb1 ,  H ~ ~ ~ I B ~ I O T C R  udeanomefim~bluu onepa- 
TOpaMU. 



OAHaKO HU OAHa H 3  3TWX CYMM H e  C y U e C T B Y e T .  J I ~ ~ K o  BUAFXb,qTO A A ~ M ~ O T ~ H T H H ~ ~  
o n e p a T o p  P, o n p e a e n e ~ ~ b ~ t i  @ o p ~ y n a ~ u  (2), (3) H a  M H O ~ O O ~ ~ ~ ~ H H  D p  = G $ F, 
H e  orpaeesee. 
63. M ~ T ~ u ~ H o ~  IIpeACTaBJleHUe HeOI'paHHqeHHbIX CHMMeTPHqeCKHX One' 
PaTOpOB. H a c ~ o ~ u n f i  n Y H K T  n P I I M b I K a e T  n0 CBOeMy COAepXaHHIO 
K no 29. M ~ I  c H o B a  n p e A n o n o x a M  n p o c T p a H c T B o  H c e n a p a 6 e n b ~ ~ ~  
U CHOBa 3 a f i ~ e ~ c R  BOnpOCOM 0 MaTPM9HOM IlpeACTaBJIeHNM O n e p a T O p a  A, 
H a  ceii pa3 y x e  ~ e o r p a ~ n s e ~ ~ o r o ,  HO 3 a ~ 0  C n M M e T p n r I e c K o r o  n 3 a ~ -  
KHYTOTO. 

R ~ K  M B no 29, B 0 3 b V e M  B H O P T O H O P M I ~ P O B ~ H H ~ I ~ ~  6amc {ek);, 
~ o ~ o p b ~ f i  T e n e p b  H e  M O X e T  6 b l ~ b  nPOU3BOJIbHbIM, HO A O J I X e H  n p M H a A -  

J I e X a T b  ( ~ J O T H O M Y  B H) MHOXCCTBY DA. 3 a ~ e ~  IIOJIOXIIM 

A e k = g k  ( k X 1 ,  2, 3, ...) 
n 

(1) 

( A e k ,  el) = a r k  (i, k = 1, 2, 3, . . .) (2) 

n c A e n a e M  nonw~ey.  B o c c T a H o s n T b  O n e p a T o p  A no ero ~ H ~ ~ ~ H M F I M  
H a  o p T a x  e k  nne, r T o  T O . X ~ ,  no M a T p n u e  (a ik) .  C ~ T O B  uenblo B s e A e M  
n n ~ e f i ~ y l o  06onosey L = L (el, e,, . . .) C o B o K y n H o c T M  B c e x  OPTOB 
e k  (k = 1, 2, . . .) N nOCTpOMM J I E i ~ e i i ~ b l f i  O I I e p a T O p  B C 0 6 n a c ~ b ~  
O n p e A e J I e H H R  De = L, ~ 0 ~ 0 p b l f i  Y A O B n e T B O p R e T  COOTHOIJIeHRRM 

B e k  r-.: g k  (k = 1, 2, 3, . . .). (3) - 

Onepa~op B BTMMM yCjIOBIlRMN O n p e A e J l R e T C R  O A H 0 3 H a Y H O  N B c A. - 
T ~ K  K a K  B - C H M M ~ T P W ~ ~ C K N ~ ~  O n e p a T O p  ( ~ O C K O ~ ~ K ~  a r k  = ski), 
TO OH A O n y C K a e T  3 a M b I K a H M e  3, KOTOpOe O A H 0 3 H a 9 H O  O n P e A e n R e T C R  

o n e p a T o p o M  B, T. e. ycnosnmn (3), n 

B ~ A .  

B e C T b  M M H M M ~ J I ~ H ~ I ~ ~  ~ ~ M K H Y T ~ I ~ ~  J I ~ ~ e f i ~ b I i i  O n e p a T O p ,  YAOBneTBO- 

p~loulifi  YCnOBNRM ( I ) ,  M e C n I I  MaTPI l f lY (aik) MbI XOTMM PaCCMaTPM- 

B a n  K a K  n p e A c T a s n e H u e  B 6a3nce ( e k )  ;" H e K o T o p o r o  n n ~ e l i ~ o r o  3 a ~ -  
KHYTOTO O n e p a T O p  a ,  T O  3TNM O n e p a T O p O M ,  0 9 e B H A H 0 ,  C ~ ~ A Y ~ T  CqMTaTb 

NMeHHO O I I e p a T O p  El a H e  K ~ K o ~ - H N ~ > ' A ~  e T 0  P a C W M p e H M e ,  KOTOpOe, 
K O H e 9 H 0 ,  T a K X e  YAOBJleTBOPReT COOTHOIUeHMRM ( I ) ,  (2). M O X ~ T  OKa-  

3 a T b C R ,  9 T O  B = A. B 3TOM C.Jly9ae MOiKHO C K a 3 a T b ,  9 T O  O n e p a T O p  A 
~ P ~ A C T ~ B ~ M  M a ~ p E i ~ e f i  (aik) B 6a3nce (ek] T. n p n  M3MeHeHliH 6asnca 
(ek]lm MeHReTCR M a T p N g a  (aik), a T a K X e  O n e p a T O p  B. ~ O ~ T O M ~  B03- 
HMKaeT BOnpOC:  H e n b 3 R  JIM AJlH A a H H O T O  3aMKHyTOTO CMMMeTPU9e- 



CKOrO O I I e p a T O p a  A H a f i ~ M  T ~ K O ~  O P T O H O ~ M M ~ O B ~ H H ~ I ~ ~  6 a 3 ~  (ek};, 
9~06b1 B 3TOM 6a3nce B = A, T.  e. 9~0661 B 3TOM 6a3~ce O n e p a T O p  A 
A o n y c K a n  M a T p w r H o e  n p e ~ c ~ a ~ n e ~ ~ e ?  Hexe ( ~ e o p e ~ a  3) M ~ I  A a A m  
H a  3TOT BOIIPOC I I o J I o x M T ~ J I ~ H ~ I ~ ~  OTBeT. 

0 n p e A e JI e H W e. OPTOHOPMUPOB~HH~I~  6amc (ek} ;a Ha3bI.  
BaeTCR 6~3uCoM MampUWlOZO npedCmaf3ileH~~ AJIR 3aMKHYTOI'O CWMMe- 
T p a q e c K o r o  o n e p a T o p a  A, ecne 

1)  sneMeHTbl  3~01-o 6a3uca n p m i a A n e x a T  DA u 
2) A eCTb  ~ W ~ ~ l ~ a n b H b I f i  ~ ~ M K H Y T ~ I ~  JIWHefiHblfi O l l e p a T O p ,  npW- 

H H M a t o r ~ s l f i  H a  O p T a X  ek 3HaWHWR Aek. 
B OT.JlWqMe OT no 29, MbI n O K a  H e  KaCaJIMCb BOnpOCa 0 HaXOXAeHWM 

KOMnOHeHT BeKTOpa Af no KOMIIOHeHTaM B e K T O p a  f .  C J I e ~ e ~ y 1 0 ~ 1 l e  A B e  
TeOpeMbI IIOCBnIUeHbI 3TOMY BOIIPOCY. 

Teope~a 1. Ilycmb A - safiu~ymbui cufifiempu~ectcu~i onepa- 
mop, nyCmb {ek} lm - tlp0~360ilbHb~6 O ~ ~ O H O P M U P O B ~ H H ~ ~ ~  6a3uc, Silt'- 
UeHmbl tcomopozo npu~adne$cam DA, u nycmb, Hatcoiley, 

(Aek, el) = aik (i, k = 1 ,  2, 3, . . .). 
B matconz cilyliae 3 ~ a w u e  onepamopa A Ha i caxdo~  sAe,weHme f E DA 
~ a x o d u m c ~  no @op~ynaf i  

rn 

DO 

Y1 = (A f ,  el) = (f, Aei) = x ( f ,  ek) (ek, Aei) = k= 1 

Teope~a 2. Ilycmb A - saatc~ymb~u" cu~Mempurectcurr onepa- 
mop, nycmb (ek} - e2o 6a3uc Mampuwozo npedcmatue~ux u 

alk = (Aek, el) (i, k -- 1, 2, 3, . . .). 
llycmb, HatcoHey, onepamop T onpedene~ coomHouleHumu 

Tg = E zie~, zi = x aikxk 
I-I k-1 



148 h. IV. 06que ~ O H R T U H  ~eopnn nnnel t~b~x o~:epa.ropon 

Ha cosoxyn~ocmu DT scex sexmopos 
m 

B maxoM cnyvae T = A*, m. e. T ecmb onepamop, conprtxe~~tbid c A. 
~ ~ o K ~ ~ ~ T ~ J I ~ c T B o .  A O K ~ X ~ M  B H a q a J l e ,  s T 0  

A*c_T. (6' ) 

TO B e m o p  g npmaanexm DT M Tg = g*. 
COOTHOLU~HM~ (6' ) ,  CJIeAOBaTeJIbHO, A O K a 3 a H 0 ,  n p M s e M  A a X e  H e  

M C n O J l b 3 0 B a H 0 ,  9 T O  {eh}lm e C T b  6amc MaTPM9HOI'O npeACTaBJIeHM5l.  ~. 
Tenepb A O K a X e M ,  s T 0  

T g A*, 

nocne sero T e o p e M a  6 y ~ e ~  ~ o ~ a s a ~ a  n o n H o c T b m .  

~ Y C T ~  g E DT M 
m 

(Act, g) - 2 Zk ( A e t ,  e k )  = f: akizk- 
k-l k-I 



c n p a s e A n u B o  npu f = ei (i = 1,  2, . . .). C n e ~ o ~ a ~ e n b ~ o ,   TO pasew 
CTBO CIIpaBeAJIUBO T a K X e  r I p U  n m 6 o ~  f Pi3 J I U ~ e f i ~ o f i  06onos~u OpTOB 
ei ( i  - 1,  2, . . .). A T a K  K a K  (ek)," e C T b  6 a 3 ~ c  M a T P U q H O r O  I I p e A -  

CTaBJIeHUR O I I e p a T O p a  A, T O  P a B e H C T B O  (7) CIIpaBeAJINBO IIpM ~ ~ 3 6 0 ~  
f E DA: O T C H ~ A ~  B b I T e K a e T ,  9 T O  g E D A *  M A*g = Tg. T ~ K A M  o6pa- 
30M,  COOTHOUIeHUe (6") A O K a 3 a H O .  

~ ~ M ~ T M M ,  9 T O  B CUJIy T e O p e M b I  2 U M e e T  MeCTO P a B e H C T B O  

P ~ B ~ H C T B O  (8) M O X H O  I I P e A i ~ a ~ N ~ b  B B U A e  

Ecnu 3 T a  I I e p e C T a H O B K a  n O p R A K a  CYMMUPOBaHUH A O n y C T N M a  AJIH 
nm6brx BeKTOpOB 113 D A * ,  T O  O n e p a T O p  A* RBJIReTCH CNMMeTpMqeCKHM. 

B 3TOM N TOJIbKO B 3TOM C J I y 9 a e  A e C T b  O I I e p a T O p  c ~ M o c o I I ~ R x ~ H H ~ ~ ~ ~ .  

A o K ~ ~ ~ H H ~ I ~  T e O p e M b l  IIORCHRIoT, nOZIeMY AJIR H e O r p a H U 9 e H H b I X  

CNAlMeTPN9eCKUX O I I e P a T O P O B  H e J b 3 R  O I I p e A e n R T b  M a T P M q H y I o  I I p e A -  
CTaBNMOCTb OJHllM JINlIib H a J I U 9 N e M  @ o ~ M ~ J I  B N A a  (4'), (4'0, ( 5 ) ,  K a K  3 T 0  

A e J r a n o c b  o no 29 A n R  o r p a H M s e s H b r x  o n e p a T o p o B .  
T e o p e ~ a  3. An51 nro6ozo sanz~~ymozo cuwtempuuecicozo onepa- 

mopa A cyqecmsyem 6asuc Nampuutiozo npedcmasne~ux. 
a 0 K a 3 a T e JI b C T B 0. M ~ I  A O K a X e M ,  q T 0  C N e C T B J ' e T  IIOCJIe- 

AOBaTeJIbHOCTb ( f k ) T  C DA, 0 6 J I a ~ a I o 1 4 a R  T e M  CBOWCTBOM, ZIT0 IIpM 

J I I ~ ~ o M  f E DA H ~ ~ ~ A ~ T c H  nOAIIOCJIeAOBaTeJIbHOCTb ( f  .) Y" AJIR KOTOPOH 
c 1=11 

!imfkl * f ,  lim Afki = Af. 
I + -  i-+ m 



150 r n .  I V .  Obune. ~ O H R T H R  reopnn n n i i e l i ~ ~ x  o n e p a ~ o p o ~  

T O  O T H ~ C B M  3 ~ 0 6  ~ p 0 f i K e  OAMH I13 T a K U X  3JIeMeHTOB f EI H a 3 0 B e M  er0 
fm,  ,,, p. T ~ K I ~ M  0 6 p a 3 0 ~ ,  Mbl n O J I y q I l M  n0CJIeAOBaTeJIbHOCTb {f,, ,, ,). 
TO O ~ C T O R T ~ J I ~ C T B O ,  9 T O  H e  K a X A 0 f i  T P O ~ ~ K ~  m, n, P OTHOCUTCR T p e -  
6ye~b1fi 3 J I e M e H T ,  a T a K X e ,  YTO pa3JI I19I Ib lM T P O ~ ~ K ~ M  M O X e T  6 b l ~ b  
O T H e C e H  OAMH U TOT Xe 3 J I e M e H T ,  H N K ~ K O ~ ~  POJIli  B ~ a J I b ~ e f i l I I e ~  

I l r p a T b  H e  6 y ~ e ~ .  n e p e ~ y ~ e p o ~ a ~  I I O C J I e ~ O B a T e J I b H O C T b  if,, ., ,) C no- 
M O u b m  O A H O r O  U H A e K C a ,  ' M ~ I  U nOJIY9I lM ~ p e 6 y e ~ y 1 0  nOCJIeAOBaTeJIb- 
HOCTb { f k ) r .  n J I R  A O K a 3 a T e J l b C T B a  B 0 3 b M e M  n p 0 1 1 3 ~ 0 J I b ~ b 1 f i  3J IeMeHT 

f E DA U ~ ~ o U ~ B O J I ~ H O ~  I lOJIOXHTeJIbHOe 9IlCJIO E, 3 a T e M  B 0 3 b M e M  H a -  

3 ~ k l  H e p a B e H C T B a  C B U A e T e J I b C T B y m T  0 TOM, 9 T O  n p I 1  nOCTpOeHMU no- 
CJIeAOBaTeJIbHOCTU Ifrn, ,,, ,) ~ p 0 f i K e  m', n', p' 6b1n OTHeCeH ~ e K O T 0 p b I f i  
3 J I e M e H T  fm<,  nni p r ,  n P U 9 e M  

T ~ K  K a K  e > 0 n p O U 3 B O J l b H 0 ,  T O  C y W e C T B O B a H U e  ~pe6ye~of i  nOAnOCJIe- 

AOBaTeJ lbHOCTU (fki)T==l A O K a 3 a H O .  T ~ M  CaMbIM A O K a 3 a H a  T e O p e M a .  

M ~ I  AOKa3aJII1,  YTO BCRKOMY 3aMKHYTOMY CMMMeTPU9eCKOMY O n e -  

p a T o p y  o T s e s a e T  M a T p u u a  ( ~ P M M T O B ~ ) ,  n p e A c T a s n R m m a R  o n e p a T o p  
B O n P e A e J I e H H O M  6asuce. O A H ~ K O  H e  BCRKaR 3PMUTOBa M a T p U U a  n p e A -  
C T a B J I R e T  C H M M ~ T ~ U ~ ~ C K U ~ ~  O n e p a T O p .  

Teope~a 4. Ecnu spMumoea Mampuqa (a,,) y dosnemeopxem coom- 
HOUleHUIlM 

mo npu 3a d a t i ~ o ~  opmoHopMupomHHoM 6muce otia npedcmaenzem 
3 a ~ ~ ~ y m b i f i  cu~wempuuec~uii onepamop. 

0 K a 3 a T e JI b C  T B 0. ~ O C T ~ T O Y H O  n O J l O X I 1 T b  



Ecnn COOTBeTCTBj'EOqIIe 6 e c ~ o H e q H b 1 e  PRAbI CXOARTCR II, CJIeAOBaTeJIb- 
HO, TaKOe  n p e 0 6 p a 3 0 ~ a H I I e  $ 0 p ~ a J I b H 0  A O n y C T I I ~ O ,  TO M O X e T  C n y -  

~ W T ~ C R ,   TO n p e o 6 p a 3 o ~ a ~ ~ a ~  3 p M u T o B a  M a T p W u a  

yXe H e  6 y ~ e ~  YAOBJIeTBOPRTb YCJIOBNRM (10) W ,  CJIe,4OBaTeJIbHO, BOBCe 
H e  o n p e n e n ~ e ~  o n e p a T o p a  B H. Eonee T o r o ,  ecnw Aaxe npeo6paao- 
BaHHaR MaTpWQa YAOBJIeTBOpReT yCJIOBIII0 (lo), TO 0 I I p e ~ e J I R e ~ b I f i  eIo 

54. Onepa~op 'YMHOXeHNR H a  He3aBNCWMYH) nepeMeHHYH). Ecnli 
(a,.b) - K O H ~ ~ H ~ I ~  WHTepBaJI,  TO O n e p a T O p  a YMHOXeHWR H a  H e 3 a -  

BWCUMYEO n e p e M e H H y I o  o n p e n e n n e T c R  H a  B c e x  $ Y H K ~ W R X  (P = (P (t)  E 
E L2 (a, 6) PaBeHCTBOM 

aq -- tcp (t). (1) 

a eCTb  0 r p a ~ N q e H H b I f i  C ~ M O C O I ~ P R X ~ H H ~ I ~ ~  O n e p a T O p ,  HOpMa KOTOpOrO 

P a B H a  6 0 ~ 1 b ~ e ~ y  H3 qWCeJI 1 a !, I b 1. B C J I y s a e  ~ ~ C K O H ~ ~ H O ~ O  NHTeP-  
BaJ I a  (a, 6) Mbl CqNTaeM O n e p a T O p  YMHOXeBWR @ OnpeAeJ IeHHbIM 

$ o p ~ y J I o f i  ( I )  H a  M H O ~ O O ~ ~ ~ ~ I I I I  D@ (PYHKUWW (P (f) E La (a, b), A n R  

KOTOP~IX T a K x e  t ( ~  (t) E L2 (a, b). 
B cnysae 6 e c ~ o ~ e s ~ o r o  H m e p B a n a  o n e p a T o p  y M H o x e H m  6 onpe- 

AeJ IeH  H a  BCIoAY nnOTHOM ~ ~ o r 0 0 6 p a 3 1 1 ~  ( T ~ K  KaK OH O n p e A e J I e H ,  
HaIIpUMep,  H a  MHOXeCTBe  D C Dg BCeX $WHNTHMX $ Y H K ~ I I R ,  npW- 

Ha ,4 J I eXaqWX L2 (a, 6)) W k ~ n ~ e ~ c ~ ,  OqeBWAHO, HeOrPaHWqeHHbIM CWM- 

M e T p w s e c K m  o n e p a T o p o M .  I T o ~ a x e ~ ,  4 T o  II B  TOM cnyqae o n e p a T o p  Q 
C ~ M O C O ~ ~ R X ~ ~ H H H ~ ~ .  

I - IYCT~ + E D&* +* = a*+. n p ~  B c e x  q E D@ 

* J. v o  n N e u m a n  n, l u r  ~ h e & i e  der unbeschrlnkten Matrizen, J. f. 
reine und angew. Math. 161 (1929), S. 208-236. 



unu 
b S rp (t) (t(0 -(.o} d t  = 0. 

a 

nocnen~ee p a B e s c T g o  c n p a s e A n u B o ,  B s a c T s o c T u ,  A n R  n1060li @UHIIT= 
~ o i i  @ ~ H K U M I I  (P (t), npu~a~nexauref i  L2 (a, b), T. e. 

0 

npll n ~ 3 6 b 1 ~  U I1 P 113 I lHTepBaJIa  (a, b), O T K y A a  C J I e A y e T  IIOqTN BCIOAY 

B (a, b) P a B e H C T B O  

+* (t) = tqJ (t) 
Pi, 3 H a W i T ,  B K J I l 0 9 e H l l e  

tqJ (t) E L2 (a, b), 
T a K  4 T O  

qJ E Dg, qJ* = a+. 
n p l l ~ e ~ e ~ ~ b l e  P a C C y X A e H H R  n O K a 3 b I B a I O T ,  q T O  a* 5 a, a T a K  K a K  

@ 5 a* B C H n y  CUMMeTPU4HOCTM O n e p a T O p a  a, T O  = a*. 
M3 p a B e H C T B a  @ = a* C A e A y e T ,  B qaCTHOCTI1, 3aMKHYTOCTb a. 
Ecnu 6b1 ~ b l  O r p a H u s u n a  06~1ac~b  O n p e A e n e H N R  O r I e p a T o p a  YMHO- 

X e H I l R  JIAIlIb @ U H U T H ~ I M H  C ~ ~ Y H K U I I R M I I  I13 L2, IlO.IIOXNB 

TO, IIOBTOPRR I I p I l B e A e H H b l e  Bbl lUe  P a C C y X A e H H R ,  IIOJly4HJlH 6 b 1  

a, 

T. e. p a H e e  o n p e n e n e ~ ~ b ~ i i  o n e p a T o p  (42 R s n R e T c R  ~ ~ M ~ I K ~ H U ~ M  one- 
p a T o p a  GI. 

O I I e p a ~ o p  Y M H O X e H l l R  H a  He3aBIICMMyl0  rlC'peMeHHyE0 H e  NMeeT 

C O ~ C T B ~ H H ~ I X  @ Y H K U H ~ ~ ,  T a K  K a K  I IPeAII0J lO)KeHMe 

@rp = hrp 
o s ~ a q a e ~ ,   TO 

0 S It-11" rp(t))ladt = 0 ,  
a 



OTl<yAa cp ( t )  = 0 BCmAy,  3a MCKflK)qeHMeM MHOXeCTBa  MepbI  H y f l b ,  

T. e. cp = 0. 
Bce T O ~ K M  M H T e p s a n a  (a, b) n p m a A n e x a T  H e n p e p b r e H o M y  c n e K T p y  

o n e p a T o p a  a, n60 ~ ~ o r o o 6 p a s u e  

A )  = ( I )  ( a <  A < b) 

COCTOM'T ~3 @ Y H K U M ~ ~  + ( t ) ,  O c T a m q M x c R  B L2 (a, b) nocne , q e n e H m  

H a  t -h, T. e. 
9 ( t )  E L2 (a, b) 

M 

+ ( t )  - E L2 (a, b). t - A  

O ~ ~ B M A H O ,  Ag (A) n n o T H o  B L2 (a, b), HO H e  c o B n a A a e T  c L2 (a, b), 
TaK KaK,  HanpMMep ,  H e  COAepXMT $YHKL~MM, P ~ B H O ~ ~  e AllHPiue  B OKpeCT- 

HOCTM TOqKll t -- h. 
~ O ~ ~ ~ ~ O C T ~ ~ I I C T B O  M = Me @ Y H K Q I . I ~  M3 L2 (a, b), KOTOpble  P a B H b l  

HYflW B H e  IleKOTOPOrO TOqeqHOTO MHOXeCTBa  f? C (a, b), 04eBMAH0,  

n p M B o A m  O n e p a T o p  (3.2. 
C npyroii c ~ o p o ~ b ~ ,  ecna 13 -a ,( E, TO o n e p a T o p  @ B L2 (a, B) 

yAOBJIeTBOpReT COOTHOLUeHWI 

npM npOU3BOflbIIO B ~ I ~ ~ ~ H I I O M  @ I I K C M P O B ~ H H O M  ho 113 MHTepBaf l a  [a, PI, 
T. e. o n e p a T o p  6 B 3i-OM n p o c T p a H c T B e  o T n M 4 a e T c H  H e  6onee s e M  

H a  E OT n p e 0 6 p a 3 0 ~ a 1 1 ~ ~  ~ O A O ~ M R  X,I. 
T ~ K H M  06pa30~, p a 3 6 t r a a ~  H H T e p B a n  (a, b) H a  4 a C T H  AOCTaTOqHO 

~anof i  AJIMHM, M ~ I  n o n y q a e M  pa3noxe~ae n p o c T p a H c T s a  LZ(a, b) 
H a  CYeTHyW CYMMY nPMBOAHUII?X @ IlOAIIpOCTpaHCTB, B KaXAOM M 3  

KOTOPbIX M H A Y U M P O B ~ H H ~ ~ ~ ~  O n e p a T O p  M a n o  OTnMqaeTCR OT O I I e p a T O p a  

n o ~ o 6 a ~  l. 
MOXHO 6b1.110 6 b 1  P a C C M O T p e T b  O n e p a T O p  YMHOXeHUR H e  H a  He3aBUCWMyH) 

n e p e M e t i H y m ,  a H a  ( P Y H K ~ U M  OT H e e .  MIJ o r p a H a r n M c R  s ~ e c b  ORHUM r a c T H b I M  

cny r a e h i .  
~ Y C T L  O n e p a T o p  U o n p e A e n e H  H a  B c e x  ( P ~ H K U N R X  cp ( t )  n3 L2 (0, 2rr) pa- 

BeHCTBOM 

Ucp = e"cp ( t ) .  



M3 BTOX'O ~ ~ C T O R T ~ J I ~ C T B ~  Cne&YeT, YTO OnepaTOp u YHRTapHO 3XBUBaneHTeH PaC- 
CMOTPeHHOMY HaMU B no 45 OIleFaTOpy (/, B ~enapa6enbH0~ H. fleficT~kiTeJIb~0, 
ecnu onpeAennTb n s o ~ e ~ p n s e c ~ u f i  onepaTop V ,  npeo6pasytoqnll H .B LB(O, 2 4 ,  
DaBeHCTBaMH 

Peannsaun~ U onepaTopa U, n o s ~ o n ~ i e ~  06~apyXnTb n p n ~ o ~ ~ q u e  u, (6ec~o-  
~ e ~ ~ o ~ e y ~ b ~ e )  nonnpocTpaHcTsa 1. l7pn 3TOM M ~ I  6 y n e ~  onupaTbcR ~i cnenymqee 
o6qee npeAnoxeHne ( n o ~ a s a ~ e n b c ~ s o  KoToporo npenocTasnReM q n ~ a ~ e n t o )  : ecnu 
nodnpocmpa~ctnso G npocmpaticmsa H npusodunz nLLHt?~Hbid onepamop T ,  a one- . . .  
pamop T; , de~lcmsymu(uli e npocmpa~cmse HI,  ynumaptto slrcsusane~rne~ onepa- 
mopy T (T, = VTV-I) ,  mo nodnpocmpa~cmso G ,  = VG npocmpaHcrnaa H ,  npu- 

me cp ( t )  = 0 BHe npOU3BOJbHO B3RTOT0, HO @ U K C U P O B ~ H H O T O  UBMePIIMOTO MHO- 
XecTsa e E (0, 2x), a onepaTop V onpenenelf @ o p ~ y n a ~ u  (2). 

B 3 a K J I I o q e H H e  OTMeTNM, YTO BMeCTO O n e p a T O p a  YMHOXeHHR @ 
B n P O C T P a H C T B e  La(a, b) M O X H O  6b1Ao 6b1 P a C C M O T p e T b  O n e p a T O p  

Y M H O X e H I I H  @, H a  He3aBNCUMYIO n e p e M e H H y I o  B n p O C T p a H C T B e  

Li (a, b). 
H e ~ p y ~ ~ o  n p O B e p H T b ,  q T 0  @, - C ~ M O C O ~ ~ R X ~ H H ~ I  O n e p a T O p .  

M ~ I  n p e A n a r a e M  s a - r a T e n I o  B K a s e c T s e  nones~oro y n p a x H e H n H  

~ o ~ a s a ~ b  cnenymqne n p e A n o x e H n H :  
a) B e U e C T B e H H b I e  TOqKIl  P e r Y J I R P H O C T H  O n e p a T O p a  @, C O B n a A a I o T  

C T 0 9 K a M I I  nOCTORHCTBa @ Y H K ~ I I I I  u (f);  . 

b) C O ~ C T B ~ H H ~ I ~  3 H a q e H U R  O n e p a T O p a  @, C O B n a A a I o T  C T 0 9 K a M H  
pa3pb1~a @YHKUHW u (t); 

C) ~ e I I p e p b 1 B ~ b I f i  C n e K T p  O n e p a T O p a  @, C O B n a A a e T  C MHOXeCTBOM 
HeM3OJI l lpOBaHHbIX T O q e K  P O C T a  @YHKUIIM U (f). 

O n e p a ~ o p b 1  @, M r p a I o T  aco6ym P O J b  B TeOpRM C a M O C O n p H X e H H b I X  
o n e p a T o p o B :  B rnaae VI M ~ I  YBNAHM,  TO ~ 3 y q e ~ ~ e  nro6oro C a M o c o -  
n p H X e H H O r 0  O n e p a T O p a  M O X e T  6 b 1 ~ b  C B e A e H O  K H 3 Y q e H H I o  O n e p a T O -  

POB a,. 
55. Onepa~op ~ t i@@epe~qt ipoea~ t i~ .  Onepa~op 9 B L2 (a, b) c on- 
p e ~ e n ~ e ~ o f i  H n x e  06nac~bm D9, KOTOP~IR  @YHKUUII (P (t) OTHOCNT 

@YHKUHD 
dcp 

9 9 7 ~ ~ 9  

H ~ ~ ~ I B ~ ~ T C R  onepamopofi du@@epe~yupoea~ufi. 
H ~ O ~ X O A I I M ~ I M  AJIR IIpHHa,&7eXHOCTH @YHKI~NII  (P (f) K O ~ J - I ~ C T W  D9 

R s n R e T c R  cnegyroqee ycnosne: 

' CM. KOH49 no 46. 



(A) @YHKUI?R (P (t) A O J I X H a  6 b I ~ b  ~ ~ C O J I D T H O  H e n p e p b ~ ~ H ~ f i  B K a X -  
~ o i i  ~ o ~ e s ~ o i i  s a c T n  E i H T e p B a n a  (a, b) n A o n x H a  n p a H a A n e x a T b  
La (a, 6) BMeCTe C (P' (t). 

M ~ I  OTAeJIbHO PaCCMOTPPiM CJ Iysa I ?  K ~ H ~ ~ H O ~ O  PiHTepBaJIa  (a, b), 
nonyocn I? ~ce t i  OCM. B n e p B b I x  A B ~ X  cnysanx 06~1ac~b  o n p e A e n e H n R  
O n e p a T O p a  6 y ~ e ~  COCTORTb Pi3 (PyH~LtP i f i ,  KOTOPbIe, KPOMe yCJI0BPiR (A), 
YAOBJIeTBOpRIOT ewe HeKOTOPOMY KPaeBOMY YCJIOBUlO (B). 

lo. K o H e s H I,I ii n H T e p B a JI. B cnysae K o H e s H o r o  P i H T e p B a n a ,  

B K a W C T B e  KOTOPOrO MbI IIpNMeM (0, 2n), K p a e B O e  YCJIOBPie HMeeT 

B n A  

(B) ( ~ ( 0 )  = cp(2n) = 0. 

COBOKY~HOCT~ D9 (PYIIKUUW, Y A O B J I e T B O P R D ~ k i X  YCJIOBPiRM (A), 
(B), OseBPiAHO, IIJIOTHa B L2(0, 2n). n p P i  3TOM 9 e C T b  CMMMeTPI19e- 
C K M ~  ( ~ e 0 r p a ~ P i s e ~ ~ b I f i )  O n e p a T O p ,  T a K  KaK AJIR J I ~ ~ ~ I X  (P, $ E D9 

IIOCKOJIbKy BHeP iHTerpaJ IbHOe  B b I p a X e H M e  PaBHReTCR HyJIkO.  TO B H e -  
P i H T e r p a n b H o e  B b I p a x e a u e  p a B H R e T c R  H y n m  T a K x e  n B TOM cnysae, 
KOrAa  TOnbKO (P I IpMHaAJIeXMT Dg, a (I, yAOBJIeTBOpReT .0AHOMy JIPiILIb 

yCJIOBUlO (A). C J I ~ A O B ~ T ~ J I ~ H O ,  BCRKaR (PYHKQNR $ (t), YAOBJIeTBOPRlO- 
yCJIOBHI0 (A), -npHHaAJIeXMT Dg*, PI n p P i  3TOM 

9 
9*$ = i$' ( t ) .  

2x 

(9% (I,) = (0, $*) = J (P ( f ) p n d t  = 
0 



N, 3 H a 9 I I T ,  n 0 9 T I I  BCIOAY 

i$' ( t )  = $* (t). 

M ~ I  ~ o ~ a s a n ~ ,    TO 0 6 J I a c ~ b H )  o n p e a e n e H m  o n e p a T o p a  5* R s n R e T c R  
COBOKYnHOCTb BCeX @ Y H K U H ~ ~  $ ( f ) ,  YAOBJIeTBOPRIOUlIIX YCJIOBNIO (A), 
N q T 0  

5*$ = i$' (t). 

M3 A O K a 3 a H H O r 0  @ a K ~ a  CJIeAj 'eT, q T 0  c I I M M ~ T ~ I I ~ ~ c K N R  O n e p a T O p  9 
H e  RBJIReTCR C a M O C O I l P R X e H H b I M  O n e p a T O p O h l ;  A ~ ~ ~ c T B N T ~ J I ~ H o ,  ~ Y H K -  

QMN NS Dp yAOBAeTBOpRIOT A B y M  YCJIOBIIRM (A) II (B), a ~ Y H K W U  

a3 D p + - O A H O M Y  JINILIb YCJIOBIIIO (A).  
A O K ~ X ~ M  T e n e p b ,  q T O  O n e p a T O p  5 3 a M K R Y T .  BM~CTO T O r O ,  9 ~ 0 6 6 ~  

H e n O C p e A C T B e H H O  I l p O B e p R T b  3TOT @KT, H O K a X e M ,  q T O  (chi, no 51) 
9'** = 5. 



~ O ~ T O M Y  @YHKQIIN X (f) A3 D9++ yAOBJIeTBOpRIOT YCJIOBNIO (A) ki 

P**x = ix' (t), 

B CUJIJ' nPOki3BOJIbHOCTU 3 H a ~ l e H A f i  $ (o), $ (2TC), 3 T 0  P a B e H C T B O  B 0 3 -  

MOXHO u ~ ~ ~ ~ b  npn 
x (0) = x (2n) = 0, 

Pi  3 8 M K H y T O C T b  O n e p a T O p a  5 A O K a 3 a H a .  
Ecna 6b1 Mbl 3aMeHNJI l l  YCJIOBIIR (A) A (B ) 6onee XeCTKHMki ,  no- 

T P ~ ~ O B ~ B ,  H a n p a M e p ,  OT @ ~ H K U U W  ~8 O ~ J I ~ C T N  O n p e A e n e H a R  o n e p a T o p a  

M H O ~ O K P ~ T H O ~ ~  (HAM AaXe ~ ~ C K O H C ~ H O K P ~ T H O ~ ~ )  A H @ @ ~ ~ ~ H L @ ~ P Y ~ M O C T A  

A o 6 p a w e ~ u ~  B H y J I b  npll t = 0 A t = 2TC n P O S 3 B O A H b I X  BCeX n O p R A -  

KOB, TO IlOCJIe 3 a M b I K a H N R  T a K O r O  O n e p a T O p a  MIA CHOBa n 0 J r y q H J I A  6b1 
O n e p a T O p  9. 4~06b1 Y ~ ~ A I ~ T ~ C R  B 3TOM, C J l e A y e T  n p O B e p H T b ,  q T 0  H O B ~ I ~ ~  
o n e p a T o p  c A B ~ M R  s ~ e s ~ o s ~ a ~ a  c 0 s n a A a e - r  c 5. 

MOXIIO, KOHeqHO,  T a K  YCNJINTb YCJIOBUR (A) N (B), YITO ~ O J I Y ~ ~ H H ~ I ~ ~  
o n e p a T o p  nocne ~ ~ M ~ I K ~ H H R  yxe  H e  c o B n a A a e T  c o n e p a T o p o M  5. 

Ecna, H a n p A M e p ,  O C T a B I l T b  YCJlOBNe (A) 6e3 U3MeHeHNR,  a YCSTIO- 

B N e  (B) 3 a M e H U T b  H a  

cp (0) -- cp (n) -; cp (2n) =.O, 

TO n 0 J I y q e H ~ b I f i  O n e p a T o p '  Po OKaXH<eTCR ~ ~ M K H J ' T ~ I M ,  HO Po # 5 ((pa- 

3 y M e e T C H ,  5 0  C s). 
K C T ~ T N ,  3aMH<eTIIM, q T O  n O A n P O C T p a H C T B 0  P a B H b I X  HYJIIO n p r ?  n < 

< t < 2TC @ y ~ ~ u a i i  N 3  L2 (0, 2 ~ ) ,  MbI MOXBM 3 T 0  I lOAnPOCTPaHCTBO 
O T O X A e C T B N T b  C L2(0, TC), n p N B O A I l T  O n e p a T O p  Po, HO H e  n p N B O A l l T  

o n e p a T o p a  9'. 



158 h. IV. 0 6 ~ 1 i e  n o e s ~ s s  ~eopue n e ~ e i i ~ s l x  onepa~opo~ 

n e p e f i ~ e ~  K. OTbICKaHHIO CHMMeTPH9eC_KHX pacruupe~ufi O n e p a T o p a  

9. ~ Y C T ~  5 - OAHO H 3  HHX. T ~ K  KaK 9 C P*, TO @YHKUUK 113 DB 
Y~~OBJIeTBOpRIOT YCJIOBHIO (A). 

C n e ~ o ~ a ~ e n b ~ o ,  AJIR J I I O ~ ~ I X  ABYX @ Y H K U U ~ ~  (P, $ E D$ ~ Y A ~ M  

v 

(B); ITyCTb, AJIR OnpeAeJIeHHOCTH, $JO(2n) # 0. n 0 J I a r a R  B (3) $ (t)= 
z $0 ( t ) ,  MbI ~ a f i ~ e ~  AJIR n10608 @YHKUMH (P (t) 6 D3 COOTHOUIeHHe 

I I 

Haru p e 3 y J I b T a T  rJIaCHT: BCe @ ~ H K U H M  (P ( t )  H 3  D-$ AOJIXHbI YAO- - 
BJIeTBOpRTb YCJIOBHIO (A) H YCJIOBHK) (6) n p U  @HKCNPOBIHHOM AJIR 

AaHHOrO PaCIUHpeHHR 3 H a q e H H H  ITOCTORHHO~~ 9, p a ~ H 0 f i  no MOAyJIIO 

eAHHHUe. 
~ ~ o K Z ~ X ~ M ,  9 T O  CnpaBeAJIHBO H 0 6 p a ~ ~ o e ,  T. - e. q T 0  BCRKaR @YHK- 

UUR $ (t), yAOBJIeTBOpRIO~aF l  YCJIOBHRM (A), (B), npHHaAJIeXHT D5. 



~ W K O  BUAeTb, 4TO (P (t) YAOBJIeTBOPFJeT YCnOBBRM (A), (B) Pi, CJIeAO- 
BaTeJIbHO, IIpHHaAJIeXUT D9. A TaK K a K  D9 C D g ,  TO (P (t) E D g ,  
11, CJeAOBaTeJIbHO, npUHaAJIeXHT D - TaKXe U @ Y H K ~ U R  

9 

4' (4 . (P (t) + aqo (t). 

M T ~ K ,  nm6oe cuMMeTpu4ecKoe pacmupeHue 9 OnepaTopa 9 xapas- 
~ e p a s y e ~ c ~  ~ C J I ~ B I I R M U  (A) u (g). P a c m u p e ~ ~ e  onepaTopa 9 cBenocb 
K o c n a 6 n e ~ ~ m  ycnoBm (B). 

n o c ~ o n b ~ y  KaxAoe pacrrrHpeHHe onpeAenReTcR rIncnoM 9 (I 9 1 = I ) ,  - 
@ H ~ Y P U P Y ~ ~ I I M  B (B'), TO MbI ~ Y A ~ M  BMeCTO 9 IIHCaTb 9 0 .  

H ~ T ~ ~ A H o '  IIpOBepUTb, 4TO Dg2 COAepXUT Te U TOnbKO T e  @YHKUNM 

O T C I ~ A ~  BbITeKaeT, 4TO D9g II D9; COBnaAaIoT Pi, CneAOBaTeJlbHO, KaX- 

noe pacrrIMpeHue 9 9  onepaTopa 9 RsnReTcR onepaTopoM caMoconpR- 
XeHHbIM. 

npmepa ~ a f i ~ e ~  cneKTp onepaTopa 8 8  npn 9 = 1. P ~ B ~ H -  
CTBO 

9l(P = AT 
03Ha9aeT, 9TO 

icp' (t) = h(P (4, 
(P ( 2 ~ )  = (P (0). 

OTCIOA~ 
h - - h , = k ,  ( * k = O ,  1, 2, ...) 

(P (t) = cp, (t) = e-'kt. 

H ~ T ~ Y A H O  IIpOBepEiTb, 9TO IIpM 1 # 1, YpaBHeHkie 

(81-hI)f = $  
wnzi 

if' (t) - hf (t) = go). [f (27~) = f (0)l 
paspeurn~o npn nm608 (P~HKUIIU g (t) E L2 (0, 27~). C n e ~ o ~ a ~ e n b ~ o ,  
~ e n p e p b ~ ~ ~ b l f i  CneKTp y 8, OTCyTCTBYeT. 

2". n o n y o c b (0, a). Ecnu @YHKUUR (P (t) YAOBJIeTBOPReT 
Y C ~ O B N H )  (A) AnR cnysaR nonyocn, TO H a  ~ c e f i  nonyocH ~ ~ C O ~ I ~ T H O  

- .  
RHTerpupyeMo n p o k i 3 ~ e ~ e ~ u e  cp (t) cp' (t). 

9 o p ~ y n a  
t 



I 60 Tn. IV. 06qtie n o ~ n r e ~  reopaa n a ~ e 8 ~ ~ x  oneparopoa 

n O K a 3 b I B a e T  IIO3TOMy, 9 T O  I (P ( t )  I MMeeT I I p e A e J I  n p P i  t -+ a. A T a K  

K a K  (P (t) E L2 (0, a), T O  

lirncp (t) = 0. 
f - c  m 

C n e ~ o ~ a ~ e n b ~ o ,  9 e c T b  O n e p a T o p  C U M M ~ T P H ~ ~ C K H ~ ~ .  
K ~ K  Pi B C J I y q a e  K O H e q H O r O  H H T e p B a n a ,  H e T P Y A H O  A O K a s a T b ,  q T O  

D9* e C T b  COBOKYnHOCTb B C e X  @ Y H K U M ~ ~ ,  YAOBJleTBOPRIOUMX OAHOMY 

nMUIb YCJIOBMIO (A), Pi qTO. 

9*$ a iql. 

9 T O  H e B 0 3 M O X H O .  

T ~ K H M  o6pa30~,  o n e p a T o p  ~ ~ @ @ e p e ~ u P i p o ~ a ~ u ~  H a  nonyocii e c T b  

M a ~ c M ~ a J I b ~ b l f i  ~ E i ~ ~ e ~ p P i q e c ~ P i f i  O n e p a q O p .  n 0 3 ~ e  (CM, no 104) MbI 

n O K a X e M ,  9 T O  OH HeIIPUBOAHM. 

3". n 0 JI H a R 0 C b. A m  B C R K O ~ ~  @YHKUMII (P (t), YAOBJIeTBOPHIO- 

qefi y c n o B m o  (A), K p a e m e  ycnosm 
limcp (t) --: lim (P ( t )  -- 0 
t - c m  t - c - m  , 

BbInOJIHRIOTCR aBTOMaTHqeCKH.  ~ O ~ T O M Y  0 6 f i a ~ ~ b  D9 OIIpeAeJIReTCR 

OAHHM JIMLLlb T ~ ~ ~ O B ~ H M ~ M  (A) H Ge3 T p y A a  A O K a 3 b I B a e T C R ,  q T 0  9 
e c T r ,  c a i v o c o n p ~ ~ e s ~ r ~ r 8  o n e p a T o p .  



He MMeeT HeTpkiBkiaJlbHblX pe~ue~kifi B La (-03, 03). 

M b l  YCTaHOBkiM CBR3b M e X A y  OflepaTOpOM a ( ~ M H O X ~ H ~ ~ F I  H a  He- 
3aBMCkiMyIo ~ ~ P ~ M ~ H H Y D )  M OflePaTOPOM 9. M3 3~0fi CBRSM, M e X A y  

npOrkiM, 6 y ~ e ~  CJIeAOBaTb, LIT0 n1o6a~1 T O r K a  B ~ ~ I ~ C T B ~ ~ H H O ~ ~  OCM npM- 
HaAJleXkiT H e n p e p b l B H O M y  C n e K T p y  O n e p a T O p a  9. 

Ha MblCJlb 0 HaAI19kiB Y ~ O M H H Y T O ~ ~  CBF13R, TOqHee ,  06 Y H M T B P H O ~ ~  
~ K B M B ~ J ~ ~ H T H O C T M '  OflepaTOpOB ~ ~ @ e p e H ~ M p 0 B a H k i F I  M YMHOXeHkiR H a  
~ e s a s a c k i ~ y ~ o  n e p e M e H H y I o  (B cnyrae non~ofi om), H a B o A m  @op~an6- 
HbIe  COOTHOUleHEiR 

w 

I 
i+' (t) = mn S(P (s) e-'"ds, 

2de $3 - onepamop Qypbe - n n a ~ l u e p e n ~ .  
A o K a 3 a T e n  b c T B o p a c n a A a e T c 2  H a  A s e  qacTki.  ~ o - k e ~ ~ b l x ,  

HaAJleXMT AOKasaTb,  LIT0 N3 h E DQ C n e A y e T  



H COOTHOUIeHMe (4) MOXHO IIpeACTaBMTb B BMAe 

dt 1/25 
ig' (s) ds = 

-01 

d I cistist -:;!st - I )  =-- 
dt 

g (s)  ds = 
- m 

m 

d t  
g (s) ds  = 

dt 1/55 . 

T ~ K  KaK n e B a R  sacm n p M H a A n e x s T  L' (-a, a), TO n p a B a H  T o x e  
IIpMHaAJIe,XHT L2 (- a, a), CJIeAOBaTeJIbHO, BKJIIOgeHMe 3-'g E D@ 
AOKa3aHO. P ~ B H ~ I M  0 6 ~ ~ 1 3 0 ~  AOKa3aHO M COOTHOIUeHlie 

8-lPg = @8-'g. 



56. Ass BcnoMoraTenbHblx npeAnoxeHun. H a c ~ n r l q a ~  rnasa n o c s r l -  

W e H a  c I I ~ K T ~ ~ J I ~ H o ~ ~  T e O p A A  HeKOTOPbIX KJIaCCOB BIIOJIHe H e I I p e p b I B H b I X  
O n e p a T O p O B .  ~ ~ B J I R R c ~  I IPRMblM A J I e r K O  0 6 0 3 ~ U M b 1 ~  0 6 0 6 1 4 e ~ A e ~  COOT- 
BeTCTBYIOUMX p a 3 A e J I O B  J I U ~ e f i ~ o f i  anre6pb1 U 3 J I e M e ~ ~ a p ~ o f i  T e O p U l i  

U H T e r p a J I b H b I X  y p a ~ ~ e ~ u f i ,  C n e K T p a J I b H a R  T e O p A R  B n O J I H e  H e n p e p b I B H b I X  
o n e p a T o p o B  n p e A c T a s n R e T  ~ a l r 6 o n e e  e c T e c T s e H H o e  B s e A e H H e  B 0614y10 
C n e K T p a J I b H y I O  TeOpUIO O n e p a T O p O B  B I I p O C T p a H C T B e  r A J I b 6 e p ~ a .  

~ P H  IIOCTpOeHUU ~ 1 1 e ~ ~ p a J I b H 0 f i  T e O p A U  B n O J I H e  H e n p e p b I B H b I X  O n e -  

P a T O p O B  IIOJIHOTa n p O C T p a H C T B a ,  K a K  MbI H M X e  YBAAAM, H C I I O J I b 3 y e T C R  

H e  BCIOAyl .  C ~pyr0f i  CTOPOHbI,  I I p U  O T K a 3 e  OT T ~ ~ ~ O B ~ H N H  IIOJIHOTbI 
d n a ~ ~ b  npw~1oxe~u8 T e O p I l l i  P a C U I U p R e T C R .  ~ O ~ T O M Y  B H ~ C T O R U ~ ~ ~  

rnase H a p n a y  c n p e n n o x e H m M u ,  OTHOCRUIHMACR K O n e p a T o p a M  B npo- 
C T p a H C T B e  r U J I b 6 e p ~ a  H, 6 j ' ~ e ~  y C T a H 0 B J I e H  p R A  I I p e ~ J I o l K e ~ k I f i  OTHO- 
CUTeJIbHO O n e p a T O p O B  B I I ~ o U ~ B O J I ~ H O ~ ~  J IAHef iHof i  M ~ T ~ N ~ O B ~ H H O ~ ~  CU- 

C T e M e  R. K q A C J I y  3TAX n p e n J I 0 l K e ~ U f i  OTHOCRTCR T a K X e  A B e  JIeMMbI,  
KOTOPblM I l O C B R W e H  H ~ C T O R U H ~ ~  I I Y ~ K T .  

Jeww a I .  Ecnu ( g k ) ;  ecmb 6ecrcotie~tia~ opmotiopfiuposatitiax 
nocne~osamenbtiocmb sercmopos s R u ecnu 

A g k =  p k 0 g 0 - t  p k l g l  + " '  + pkkgk ( k =  11 21 39 . 
. ) i  

ede A-enontie ~enpepbrs~brli: onepamop s I?, mo 

lirn pkk = 0. 
k- - 



Pi, 3 H a q N T ,  ~ ~ C K O I ~ ~ ~ H ~ F I  I IOCJIeAOBaTeJIbHOCTb BeKTOPOB {Agni),yl 
H e  C O A e p X H T  HN D A H O ~ ~  C X O A R ~ ~ ~ ~ C R  IIOAIIOCJIeAOBaTeJIbHOCTM, q T O  
ITPOTNBOPeqHT KOMnaKTHOCTN M H O X e C T B a  BeKTOPOB {Agk)r, B b l T e K a -  

Iouefi N 3  BIIOJIHe H e n p e p b I B H O C T N  O I I e p a T O p a  A.  
Jewwa 2. Ecnu A # 0, A -enontie ~ e n p e p o i a ~ b ~ l i  onepamop 

s R H Ifk); - 6 e c l c o t i e ~ t i a ~  n ~ c n e ~ ~ c a m e i l b t i ~ c m b  s e l c r n o p o s  s R 
u ecnu 

Afo-  Afo = 0 
Af, - Afn = fn-1 (n = 1,  2, 3, . . .), 

mo f o = O  (a stiauum, u f n =  0 npu n =  1,  2, ...). 
A o K a 3 a T e n b c T B o. A o ~ a x e ~  B H a q a n e ,  YTO ecm f o  + 0, TO 

C p e A U  BeKTOpOB f k  (k = 0, 1, 2, ...) H e T  J I N H ~ ~ ~ H o  3aBUCNMbIX. nei-  
CTBHTeJIbHO, eCJIN MbI I IpUMeM, .YTO B P R A Y  ReKTOPOB 

fo ,  f l r  f2, . . , fk,  ... 
H ~ ~ ~ A Y T C H  3JIeMeHTb1, R B J I R I o u N e C R  J I N H ~ ~ H ~ I M N  K O M ~ H H ~ ~ N R M U  IIpeAbI-  
A y u U X ,  I.r IIep~blfi C p e A H  HUX e C T b  B e K T O P  fn ,  T a K  q T O  

fn = a o f o  + alfl + . + an- l fn-1 ,  (1) 
TO, I I p N M e H R R  K o 6 e ~ ~  q a C T R M  3 T O r 0  COOTHOIIIeHNR O I I e p a T O p  A ,  IIO- 
J l y s N M  P a B e H C T B O  

i fn  + fn-i = a o l f o  + a1 ( A f i  + fo) + . . . + an- ,  (ifn-i + fn-n), 

O T K y A a  B CHJIY (1) ~ Y A ~ T  C J I e A O B a T b  I I p O T N B O p e q a U e e  H a U I e M y  I I p e A -  
I IOJIOXeHNIo COOTHOUIeHNe 

fn-1 = a1f0 + a 2 f 1  + . . . + an-1fn-2. 

A o I I Y c K ~ R ,  q T O  JIeMMa H e B e P H a ,  MbI A O J I X H b I ,  CJIeAOBaTeJIb t lO,  CrlN- 

T a T b  BeKTOPbI  f O ,  fl, f2, ... J I N H ~ ~ ~ H o  He3aBHCNMbIMH N II03TOMY MOWeM 
3 T Y  I IOCJIeAOBaTeJIbHOCTb O p T O r O H a J I N 3 0 B a T b .  ~ Y C T ~  

g o  = a o o f o ,  

gl = %of0 + a1419 
. . . . . . . . .  

g k  = ~ k O f 0  $. ~ k l f l  $. ' ' ' $. ~ k k f k ,  
. . . . . . . . . . . . . . .  

e C T b  I I O J I y q e H H a R  T a K U M  o 6 p a s o ~  OPTOHOPMNPOBaHHaR IIOCJIeAOBaTeJIb- 

HOCTb.  ~ ~ M ~ T U M  T e n e p b ,  YTO 

A g k  = akOAf~ $. $. f0) $. ' ' $. ( l f k  $. fk-1) = 
= a k l f o  + a k z f l  + . . + akkfk-1  -I- h g k  = 

= f k o g o  + f k l g l  + ' ' $ pk,  k - ~ g k - 1  $ A g k  (k = l l  2, 31 ..,). - 
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O A H ~ K O  3 T A  COOTHOLLIeHAR I I P O T A B O P e 9 a T  J IeMMe 1, q T 0  U A O K a 3 b I B a e T  

HeB03MOXHOCTb H e p a B e H C T B a  fo # 0. 

57. 0 C O ~ C T B ~ H H ~ I X  3HaWHWflX BnOJlHe H e n p e p b l B H b l X  O n e p a T O p O B  B R. 
Teope~a 1 .  Bcxtcucil enontie ~enpepbletib~cil onepamop A e R Mowem 

u,uemb npu nro6o~ p  > 0  monbtco tcotdeqtioe qucno nutieciltio tiesaeucu- 
M ~ L X  ~06~meetdtdblx eetcrnopoe, nputdadnexaqux co6crneeti~bl~ stiaqe- 
HUH&, tcomopble no ,uodynm npesocxod~m p. 

a 0 K a 3 a T e Jl b C T B 0. ~ O I I Y C K ~ R  IIpOTABHOe, I IpeAIIOJIOXAM, 9 T O  

C y u e C T B y e T  ~ ~ c ~ I ~ c J I ~ H H o ~  M H O X e C T B O  J I A H ~ ~ H o  He3aBUCMMbIX BeKTO- 

POB f, ( 1 ~  = 1, 2, 3, . . .), A n R  KOTOPbIX 

A f n =  )infn, I)in > p  > O  ( n =  1, 2, 3, ., -1. 

B c m y  neiMMb1 1 no 56  TO n p o T A B o p e q u T  n p e A n o n o x e H A m  1 )ikl > 
>p>O ( k =  1, 2, 3, ...). 

C n e A c T B M e 1. Edutdcrnsetdtdo6 npedenbtiocil moqtcocil co6cmeetd- 
N ~ L X  3tia~etiucil enontde tdenpepbletdoao onepamopa e R Mowem 6blmb 
moqtca 0. 

C n e A c T B A e 2. K a x d o ~ y  omnuqtdofiy om HYAH C O ~ C ~ B ~ N N O M ~  
3tdaqetium enontie Henpepbletdozo onepamopa e R nputiadnewum tconeq- 
Hoe YUCAO A U H C ~ N O  Ne3aBUCUNblX ~06Cm8etd~bl~ 8etcmOpO8. M H ~ W  POBOPR, 

tcpamtdocnzb tcawdoao omnuqtdozo om tdynn co6cmeetdtdozo 3tiaqetiu1~ enonfie 
~enpepbletdoao oneprzmopa e R tcotdeqtda. 

C n  e C T  B ~e 3. Bcntcucil enontie tdenpepb~etdb~cil onepamop e R 
uxeem tde 6onee cqerntiozo ,utio3tcecmea nutdelitdo kte3aeucu~blx co6cm- 
eetdHblx eetcrnopoe, nputdadnexaqux ornnuqtdblnz om ~ y n n  co6cmeetdtibl~ 
3HUYeHUflM. 

T e o p e M a  2. Ecnu A ecmb enontie tdenpepbl8tdbld onepamop e R 
u ecnu ypaetie~ue 

Af -.)if = h (1) 



tzpu tiercomopou A # 0 paspeuluuo dnx nm6ow h E R ,  mo ypaouetiue 
A f - A f = O  (2) 

uueem eduticmseti~oe peuletiue f = 0, m .  e. A tie ecmb C06Cm8e~Hoe 
s~aretiue onepamopa A. 

A 0 K a 3 a T e b C T B 0. E c n ~  YpaBHeHMIO (2) )AOBJIeTBOpReT BeK- 

TOP  fo #Z 0, TO, P e U l a R  YpaBHeHMe ( I )  n p M  h = fo, MbI H a f i ~ e M  BeKTOp 

fl, AJIR KOTOpOrO 

Af l  --'Afl = fo. 

M, n p o A o n x a R   TOT nposecc, nonysm 6 e c ~ o ~ e s ~ y r o  n o c n e A o s a T e n b  

HOCTb BeKTOPOB (fk}r TaKMX, q T O  

HO 3TM COOTHOUleHMR n p O T l l B O p e ~ a T  neMMe 2 n p e A b I A Y U e r 0  nyHKTa .  
T ~ K M M  06pa30~ ,  T e o p e M a  ~ o ~ a 3 a ~ a .  . 

C n e ~ c  T B M e 4. Ecnu npu tieicornopou A f 0 .ypastieHue ( I )  
paspeuluuo npu nm60u h E R ,  mo 3mo ypastiekue npu nm60u h E 
paspeuluuo o d ~ 0 3 H a ~ ~ 0 ,  u . cnedosamenb~o, onepamop A - A /  uueem 
06pam~blli onepamop (A -A/)-' (so sce& R). 

Teopewa 3. Cyqecmsyem marcax rcoucmaHma 2?, sasucxyax 
monbico om onepamopa A ( snon~e  tienpephlctiozo c R) u om yucna 
A + 0, wno scxiculi pas, rcozda ypasHeHue 

Af-Af=h  (1) 

pmpeuluuo, no rcpali~eli uepe an~l odtiozo ezo peuleuux. f sbmonm- 
emcR tiepaseticmso 

II f I1 2? llh II. 

rAe a,, a,, . . . , a, - n p o ~ 3 ~ o n b ~ b 1 e  sucna. ~ T M  wcna n o ~ b e p e ~  
TaK,  9~06b1 HOpMa BeKTOpa ( 1  f (i 6 b ~ a  M M H M M ~ ~ ~ H O ~ ~ .  ~ O ~ Y V ~ H H O ~  



pememe H ~ ~ O B ~ M  f ;  OHO c 0 B n a A a e - r  c f*, ecnri k = 0. n y c ~ b  h npo6e- 
r a e T  COBOKYnHOCTb M = AA (A) BCeX T e X  BeKTOpOB, AJIH KOTOpbIX 
YPaBHeHUe (1) p a 3 p e m M M O .  K~XAOMY B e K T O p y  h E M O T B e q a e T  HeKOTO- 
p b 1 i  BeKTOP f ,  M HaM H ~ A J I ~ X M T  A O K a s a T b ,  q T 0  

Il f l l  sup < 03. 
h c M I l  1 1  

P a 3 ~ e J I k i ~  06e qaCTM P a B e H C T B a  

Af, - hf, = h, (k = 1, 2, 3, . . .) 
H a  1 1  f, 11 .  n o n y s u ~  

Af; - hf; = h; (k = 1,  2, 3, . . .), 
r A e  

~ P M  3TOM eAMHMqa e C T b  MAHUMYM HOPMbI PeI I IeHUH YpaBHeHMH ( I ) ,  
e c n M  n p a B a s r  s a c T b  p a m a  h;. T ~ K  K a K  o n e p a T o p  A B n o n H e  H e n p e p b I -  
B ~ H ;  TO ~ a 6 f l e ~ c S l  IlOAIIOCneAOBaTeJIbHOCTb (fAi):i)im=l, A n H  K O T O P O ~ ~  CY- 

U e C T B y e T  

lirn Afi,. 
i-r m 

~ O C K O J I ~ K Y ,  K ~ O M ~  T O r O ,  

h; +- 0 
TO CYUeCTBYeT T a K X e  

lim fii = g 
i-r m 



C n e A c T B M e 5. Ecnu A + 0 u A - enontie tienpepb~etiblli one- 
pamop e H, mo 

rn = A.4 (A). 

58. Teope~bl  @pe~roJIbMa AJIH BnOJIHe HenpepbIBHbIX OnepaTOpOB. 
Teope~a 1. Ecnu A # 0 ecmb co6cmeetitioe 3tiavetiue enontie tte- 

npepbletiozo onepamopa A 8 npocmpaticmee H, mo ecmb co6cmeeti- 
tioe stiavetiue onepamopa A*. 

A o K a 3 a T e n b c T B O. l 7yc~b  A + 0 - C O ~ C T B ~ H H O ~  3 ~ a ~ e ~ ~ e  one- 
paTopa A. Torna no TeopeMe 2 no 57 

AA (A) = AA (A). 



Teope~a 2. nycmb A  -8non~e ~enpepb~am~li onepamop e H .  
B maicofi cnyrae dnx paspeuiufiocmu y p a e ~ e ~ u ~  

A f - A f = h  (1) 

~eo6xodufio u docmamowo, rm06bl sexmop h  6an opmozoHaneH co6- 
cmsetuiofiy nodnpocmpa~cmsy G: onepamopa A*, npuNadne31~aLqefiy 
Yucny h. 

0 K a 3 a T JI b C T B 0 BbITeKaeT H 3  TeOpeMbI 1 no 44, B CHJIy KO- - 
TOPOW HyJIeBOe nOAnpOCTpaHCTB0  O l l e p a T O p a  A* - h l  e C T b  

G;" = H @AA (1). 
O T C I O A ~  CJIeAyeT, 9 T O  

A,(h) = HeG;, 

Ecnu h H e  RBJlReTCR C O ~ C T B ~ H H ~ I M  3HaqeHMeM O l I e p a T O p a  A, TO 1 
H e  6yne~  C O ~ C T B ~ H H ~ I M  3HaqeHIIeM O n e p a T O p a  A* H n03TOMY AA (h) = 
= H. 

~ H T ~ T ~ J I ~ ,  3 H a ~ 0 M b l f i  C ~eopkiefi HHTerpaJIbHbIX ypaBHeHkif i ,  3aMe- 

THJI, 9 T O  AOKa3aHHbIe HaMM nPeAJIOXeHMR RBJIRIOTCR 0 6 0 6 1 4 e H H e ~  
~ ~ y x  T e o p e M  Openronb~a l. 

CnpaBeAJIHB0  T a K X e  060614e~~e ~ p e ~ b e f i  TeOpeMbI O p e A r o J I b M a .  
M M ~ ~ T  MeCTO 

Teope~a 3. Pasfiep~ocmu ~06Cm8eHHbl~ nodnpocmpa~cms snonHe 
flenpepblsNblx onepamopos A  u A* 8 H, npu~adnexaLqux co6cmse~- 
NblM 3NUY!?HURfi h U 1, 0d~N~ic08b1.  

O K  a 3 a T e JI b C T B 0 '. ~ Y C T ~  C O ~ C T B ~ H H O ~  nOAnPOCTPaHCTB0 O n e -  

P a T O p a  A, O T B e q a I o U W  C O ~ C T B ~ H H ~ M ~  3HaqeHMIO h ,  HMeeT Pa3MePHOCTb  P 
II O ~ T O H O ~ M U ~ O B ~ H H ~ I ~ ~  6a311c (e,)!. ~ Y C T ~ ,  ~ O A O ~ H ~ I M  06pa30~, one- 

n e p ~ o e  0606qe~ue Teopuu Q p e ~ r o n b ~ a  Ha n u ~ e i t ~ ~ e  ypaBHenun B npowr- 
FJIbHblX @YHKUWOH~JI~HNX nPOCTPaHCTB8X npHHaAJI€!XUT 0. PUCCy.  Ero CTaTbn 

Uber lineare Functionalglei chungen HanesaTaHa B xypHane Acta Mathernatica, 
1918, 41, C. 71-98. n e p e ~ 0 ~  STOB CTaTbU Ha  ~ Y C C K W B  H3NK COAePXWTCR B Rep. 
BOM BblnyCKe HcypHaJIa ~ Y c ~ ~ x H  MaTeMaTUseCKHX HayK)) (M., 1936). B CaMOM 
Hasane CB0efi CTaTbW 0. PHCC ITHUIeT: cB  TOR pa6o~e He TaK BaXHbl HOBble pe- 
aynbTaTb1, K a K  npwMeueHwe spe~a~ra i t ao  s n e ~ e ~ ~ a p ~ o r o  MeTonaD. B cnenyroqeM 
11' MH u3narae~ 3 a ~ e q a ~ e n b ~ b l i t  MeToA 0. Pucca H a  cnysae runb6ep~osa npo- 
CTpaHCTBa. 

~ P W B O A W M O ~  3AeCb AOKa3aTeJIbCTBO TeOpeMbl 3 npHHaaJIeHcHT Ulay~epy 
(CM. C. 6 a H a X.  KYPC @ Y H K U ~ O H ~ J I ~ H O ~ O  aHaJIi3y. K w i ' ~ ,  1948, C 132-134): 



P 

Bh = Ah + r; (h, e,) f,. 
i = l  

(2) 

(g, ei)=O ( I= 1, 2, 3, . . . , P). 

I IO~TOMY 143 (2) c n e A y e T  

Bg = Ag, 
a 143 (3) 

Ag = hg. 

T a ~ m  o6pa30~, g e C T b  C O ~ C T B ~ H H ~ I ~ ~  B e K T O p  O I I e p a T O p a  A KOTO- 
pb~fi, B CAJIY (4), H e  RBJIReTCR J I H H e f i H 0 f i  ~ 0 ~ 6 k i ~ a ~ A e f i  C O ~ C T B ~ H H ~ I X  
B e K T O p O B  ei (i = 1, 2, . . . , p), 9 T O  a 6 C y p ~ H 0 .  C J I ~ A O B ~ T ~ J I ~ H O ,  ( 3 )  
H e B 0 3 M O X H 0 ,  T. e. h H e  RBJIReTCR C O ~ C T B ~ H H ~ I M  3 H a r I e H H e M  O I I e p a T O p a  

B. ~ O ~ T O M Y  CYUleCTBYeT B e K T O p  h, AJIR K O T O P O r O  

(B- h l )  h = f,+i. 

A T a K  K a K ,  B CHJIY (2), 

K ~ K  sunm, npennonoxewie q > p n p m o A u T  K a6cyp~y .  
~ O C K O J I ~ K Y  A = (A*)*, TO O I I e p a T O p b I  A A A* M O X H O  I IOMeHRTb 

MeCTaMA. CJ I~AOB~T~JI~HO,  B CMJY YXe A O K a 3 a H H O r 0 ,  H e p a B e H C T B O  
p > 4 T a K x e  H ~ B O ~ M O X H O ,  B T e o p e M a  n o ~ a 3 a ~ a .  



M3 P ~ C C M O T P ~ H M ~  HaCTORWerO no M no 57 BbITeKaeT 3aKOHWHHOe 

onpicaHMe cneKTpa BnonHe HenpepbIBHoro onepaTopa B H. M ~ I  npMse- 
AeM ero B BIlAe c n e u a a n b ~ o r o  npeAnoxeHm. 

Teope~a 4. Llycmb A -6non~e  ~ e n p e p b ~ e ~ b ~ r i  onepamop e H. 
B matcoM cnyqae 

1) icaxdax omnuwax om 0 moutca cneicmpa oneparnopa A Rsnx- 
emcsl co6crnse~t ib~~ ~ ~ a u e t i u e ~  3mozo onepamopa; 

2) movica A - 0 npunadnewum cneicmpy onepamopa A (u  xsnx- 
emcx e d u ~ c m s e ~ ~ o l i  npedenb~oli mouicori utiowecmsa co6cmse~~b lx  
3~aqe~ur i ,  ecnu nocned~ux  ~ ~ ? C K O H ~ ? ~ H O  MHOZO). 

.U, o K a 3 a T e n b c T B o. Y ~ ~ e p x ~ e ~ k ~ e ,  B ~ R T O ~  B CKOBKM, yxe  6b1no 
AOKa3aHO PaHee (CM. CJIeACTBMe 1 no 57). 

Y~06b1 AOKa3aTb YTBepZAeHMe 2, npkiMeM, qTO BOnpeKM 3TOMY 

yTBepxAeHMm A = 0 RsnrreTcn p e r y n ~ p ~ o f i  ~ o q ~ o i i  OnepaTopa A ,  T. e. 
OnepaTOp A-l CyWeCTByeT M OrpaHMqeH BCIOAy B H. HO B TaKOM 

Cnyqae (CM. HaqaJIO no 30) AOJIXeH 6b1~b  BnOJIHe HenPePbIBHbIM One- 

PaToP 
A-lA = I, 

 TO a 6 c y p ~ ~ 0 .  
AnR AOKa3aTenbCTBa YTBepXAeHMR 1 B03bMeM TOqKY A # 0, KO- 

TopaR He' r r ~ n r l e ~ c ~  C O ~ C T E ~ H H ~ I M  3 ~ a q e ~ ~ e ~  OnepaTopa A .  T o r ~ a  no 
TeOpeMe 1 TOqKa H e  RBJIReTCR C O ~ C T B ~ H H ~ I M  3HaqeHl.eM OnepaTOpa 
A*. C . ~ e n o s a ~ e n b ~ o ,  no TeopeMe 2 ypaBHeHue (1) pasperuu~o npu 
~110608 npa~ofi qacm h M 3 e a q u ~  ( cne~c ' r~ne  4 no 57) onepaTop 
(A - AI)-l onpeneneH BcroAy B H u ( ~ e o p e ~ a  3 no 57) orpaeuqes.  

Ho B TaKoM cnyqae A ecTb perynRpHaR Tows OnepaTopa n nosToMy 

CneKTpy OnepaTOpa H e  npMHaASIe>KMT. 

59. M ~ T O A  0. P H C C ~  B TeOpHR JIHHe~Hblx @ Y H K ~ H O H ~ J I ~ H ~ I X  ypaB- 
~ e ~ l l f i .  

~ Y C T ~  A - BnOJIHe Henpepb~~Hb~fi OnepaTOp B H l4 A - KaKOe-HM- 
6 y ~ b  oTnusHoe OT 0 C O O C T B ~ H H O ~  B ~ a q e ~ k ~ e  3~01-o onepaTopa. n p u  
JIZO~OM HaTypanbHOM n 6 y ~ e ~  PaCCMaTpMBaTb JIFiHefiHoe MH0r006pa3Me 

A (A!) ( r ~ e  Ah = A - A / )  BCeX BeKTOPOB g, npeACTaBUMbIX B BNAe 
- 

g = ( A  --A/)' X .  

Ecnn IIOnOXnTb 
(1) 

A n  1 = - ( A  - AI)̂  = B -+ (-A)'/ = B- PI, , 
(2) 

TO B, K a K  CJIeAyeT I53 6~~0hl~aJ lbH0i i  ( P O ~ M Y J I ~ I ,  ~ Y A ~ T  BnOJIHe He- 
IIPePbIBHbIM OnepaTOPOM, U n03TOMY B CMny CneACTBMR 5 llo 57 JIM- 

~el"lH0e ~~0r006pa3kie  (A;) = A (&) RBnReTCR. IIOAnpOCTpaHCTBOM. 
3 a ~ e ~ u ~  Aanee,  TO 

A ( ~ l f + ' ) s ~ ( A ; 1 )  (n=O,  1, 2, ...). (3) 
npl4 3TOM A (A:) = H U A (A:) H. Xapa~~epHbIM H CYUIeCTBeHHbIM 
AJIR MeTOAa @. PMcc~ flBJIHeTCR ~JIeAyIOulLiif @KT. 



O~ctona yxe c n e A y e T ,   TO B c e  A (A:) npu n = k, k + 1, k + 2, ... 
c 0 s n a A a m - r .  I IO~TOMY nuilediloe lutioeoo6pa3ue KA scex 3nelueilmo6 g, 
icomopbre npedcmasulubr s sude ( 1 )  dnq nto6ozo Hamypanbilozo n ,  ecmb 
tie limo uiloe, mic nodnpocmpa~cmso A (A;). 

A 0 K a 3 a T e JI b C T  B 0. AOIIYCTP~M BOIIpeKM yTBeplU!JeHIlm, 9TO Tpe.  

6ye~oro k HeT Pi II03TOMY A (A:'') # A (A:) IIpH nro6o~ UeJIOM YZ > 0. 
M3 3 T O r 0  IIpeAnOJIOXeHMH BbITeKBeT CyrUecTBOBaHPie IlOCJIeAOBaTeJIb- 

HOCTPi {gi)r T ~ K O ~ ,  9 T O  

- 
g = (A* - AI)" X .  

Tenepb 0 6 0 3 ~ a 9 N M  9epe3 N A  J I N H ~ ~ H o ~  M ~ o r 0 0 6 p a 3 P i e  BCeX BeKTO- 
POB f ,  KOTOpbIe IIpU K ~ K o M - H P ~ ~ Y ~ ~ ~  HaTypaJIbHOM m (Pi, CJIenOBaTeJIb- 

HO, I l pU  BCeX 6 0 J I b ~ u P i x  ~ H ~ ~ ~ H N R X )  YAOBJIeTBOPRlOT COOTHOUIeHNlO 

(A - A/)" f = 0. (5) 
C n p a ~ e ~ n P i ~ o  cnenymuee y T s e p x A e H P i e .  

2". Ecnu f C NA, mo paeeticmso (5) sblnonilxemcR ywe npu m = k, 
zde ciucno k onpedeneilo 8 npednoweiluu lo. Omctoda l u e ~ d y  npoliuM 
cnedyem, limo NA 3 a ~ ~ i l y r n 0 ,  m .  e .  xsnxemcx flod~~pocmpa~ctnsolu. 
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k go ( A -  AI)~- '  f E KA = A ( A A ) .  (6) 

M3 (5) B b I T e K a e T ,  YTO 

(A - AI) go = 0, 

l7po~o.axan  TO p a c c y x A e H H e ,  n o n y s a e M  B ~ C K O H ~ Y H ~ ~ I  n o c n e A o s a T e n b -  
HOCTb P a B e H C T B  

A g o  - A g o  = 0. 
Agn-Agn=g,,-i ( n = l ,  2, 3, ...). 

O ~ c m ~ a ,  6 n a r o n a p R  neme 2 no 56, s a w n m y a e ~ ,   TO go = 0, T. e. 
W3 (5) U m > k CneAye?., YTO 

T ~ M  CaMbIM Y T B e p X A e H M e  2' A O K a 3 a H O .  .L 

~ ~ M ~ T M M ,  9 T O  IIOIIYTHO MbI A O K a 3 a J I U  ~ J I e ~ y K l r U a f i  @ ~ I < T .  

3". Ecnu g E KA u Ag = hg, mo g = 0. 
T e n e p b  A o y a x e M  eue TPU n p o c T b I x  n p e A n o x e H m ,  rrs K O T O P ~ I X  

B T O p O e  SlBJIHeTCsl AOnOJIHeHMeM K I IpeAJIOXeHPiK,  2'. 
4". ~odnpocmpaticmso NA tcotiemoueptio. 
5". Paeeticmeo (5), tcomopoMy ydoenemeop~em f E NA, u o x e m  tie 

uMemb Mecma npu m = k - 1. 
6". Ilpocmpaticmeo H Asnxemcg n p x n o i  c y ~ ~ o r i  ceoux nodtlpo- 

cmpaticms KA u N A .  

Y T O ~ M  A O K a 3 a T b  y T B e p X A e H a e  4", AOCTaTO9HO B b I n O J I H a T b  p a 3 J I O -  

X e H W e  (2) ( n p U  n = k), U 3  K O T O P O r O  C J I e A y e T ,  9 T O  NA e C T b  C O ~ C T B ~ H -  

H o e  n O A I I p O C T p a H C T B 0  B n O j I H e  H e n p e p b I B H O r O  O I I e p a T O p a  B, n p U H a A -  
JIeXawee C O ~ C T B ~ H H O M ~  3 H a W H H K l  hk # 0. 

~ ~ o K ~ ~ ~ T ~ J I ~ c T B o  n p e ~ J I 0 ~ e H ~ f i  5" U 6" O C H O B a H O  H a  OAHOM U TOM 

Xe n O C T p O e H H H .  ~ Y C T ~  h - I I ~ O U ~ B O J ~ H ~ I ~ ~  3 J I e M e H T  H. 
B ~ K T O ~  

hi  = (A- AI)kh (7i) 



I I P H H a A J I e X U T  K h  = A ( A Y )  (m >, k )  Li II03TOMY IIpeACTaBIlM B BIlAe 

hl = ( A  - hI)2kho = ( A  - h I ) k g ,  (72) 
r A e  

g = ( A  -- A.I)",, € Kx. 

6' ~ Y A ~ T  A O K a 3 a H 0 ,  e C n H  Mbl n O K a X e M ,  q T O  3 T 0  I IpeACTaBJIeHMe eAUH- 
CTBeHHO. A O ~ ~ C K ~ R  IIpOTUBHOe,  F I ~ B A ~ M ,  9 T O  I I O A n p O C T p a H C T B a  N h ,  

Kx I lMeIoT O ~ U N B  3 n e M e H T  f # 0 .  M3 f E N h  B b I T e K a e T ,  q T O  n p c I  HeKO- 
TOPOM P k -' 

. ( A - h l ) P f = O ,  ( A - A . I ) P - l f + O .  

Ta~oi i  ~b160p BOSMOXeH,  T a K  K a K  A (A!-')  # A (A!).  
& T ~ M  IIOCTpOllM BeKTOPbI  g U f h -g  C IIOMOUbIO @ 0 p ~ y n  (Y1), 

(72) U B 0 3 b M e M  P a B e H C T B O  

(A,  - A. f = ( A  - h h - ( A  - A . I ) ~ - '  g, 

J ~ B ~ R  9 a C T b  H e  M O X e T  P a B H R T b C R  0 ,  T a K  K a K  I I e p B O e  C n a r a e M O e  
npa~oi i  s a c T n  H e .  n p u H a A n e x m ,  a B T o p o e  n p u H a A n e x n T  n o A n p o c T p a H -  

CTBY A (A!) .  
~ C H O ,  9 T O  Y T B e P X A e H U R  4", 5', 6' OCTaIOTCR B CAJIe npll 3 a M e H e  

K h ,  N h  H a  I<?, NX. 
7'. N ~ e t o m  Mecmo coomftotueftux 

Nf = H e K h ,  N A =  HeK: .  

A o K a 3 a T e n b c 1, B o. C H O B ~  B O ~ ~ M ~ M  n p e A c T a B n e H n e  (2) npn 
n = k .  M3 H e r 0  CJIeAyeT, 9 T O  N: e C T b  C O ~ C T B ~ H H O ~  ~ O A ~ ~ ) O C T P ~ H C T B O  - 
o n e p a T o p a  B*, n p u ~ a ~ n e x a u e e  C O ~ C T B ~ H H O M ~  ~ H ~ ~ ~ H N I O  p = 



, 
= (-1)~-'1" c ~pyrdii  CTOpOHbI,  KA = A (A:) = A (&). HO B T a K O M  

cJlyqae n e p B o e  cocuraorrreaue e c T b '  c n e n c T m e  T e o p e M b I  I no 44. 3To x e  
OTHOCUTCH II. KO BTOPOMY COOTHOLLIeIIUIO. 

8". Pasuepuocmu nodnpocmpaucme N A  u NT oduuarcoob~. 
a0 K a 3 a T e Jl  b C T B 0. B 0 3 b M e M  ~ a K 0 f i - H I I . 6 y ~ b  6a3uc (fi): B NA. 

0 6 0 3 ~ a V k i ~  qepe3 g l  O p T O r O H a J I b H y I O  n p O e K U U I O  f[ H a  Kx Pi I I O n O X U M  

f f  =fr-gf ( i=  1, 2, ... , n). 

~ O C K O ~ ~ K Y  f f  1 I(l, TO fr  E N:. B ~ K T O P ~ I  f f  J I u H ~ ~ ~ H o  He3aBUCUMbIl 

T a K  K a K  B IIPOTUBHOM C n y q a e  ' M ~ I  MMenU 661 P a B e H C T B O  

alfl + . + anfn = aig1-k . . . + a n g n ,  

r A e  H e  BCe ai P a B H b I  0. HO JIeBaH q a ~ ~ b  =#= 0 If n P N H a A J I e X A T  NA, 
a n p a s a R  n p a H a A n e x w  Kx.   TO H ~ B O ~ M O X H O  B c ~ n y  n p e A n 0 r n e H I I . R  6'. 
O T C I O A ~  BUAHO, 9 T O  P a 3 M e P H O C T b  ?!% H e  MeHbLUB, q e M  p a 3 M e P H O C T b  

NA. HO O n e p a T O p b I  A Pi A* M O X H O  n O M e H R T b  MeCTaMN. C ~ ~ A O B ~ T ~ ~ ~ H O ,  
p a 3 M e p H O C T b  NA H e  MeHblI Ie  q e M  P a 3 M e P H O C T b  N; . 

T ~ K M M  06pa30~. Y T B e P X A e H U e  A O K a 3 a H O .  

ZIricno n s ~ e p e ~ u i i  C O ~ C T B ~ H H O ~ O  n o n n p o c T p a H c T s a ,  npaaannexa- 
UI.er0 C O ~ C T B ~ H H O M ~  3 H  aqeHPik0  A, H a 3 b l B a l o T  KpUmHOCmbIO, a qII.CJI0 

ki3MepeHII.fi I l O A n p O C T p a H C T B a  N A  Ha3bIBaIOT PUHZOM 3 T O r 0  C O ~ C T B ~ H -  
H O r O  3 H a q e H N H .  n e r K 0  ~ k i ~ e ~ b , '  q T O  P a H r  6onbrue UJIU P a B e H  K p a T -  

HOCTU. C ~ M O  n O A l l p O C T p a H C T B 0  N A  H a 3 b I B a e T C R  KOpHeBbLM nodnpocm- 
paticmsou o n e p a T o p a  A,  n p P i H a A n e x a m u M  C O ~ C T B ~ H H O G ~  3 ~ a q e ~ u m  A ,  
a K a ~ ~ b l i i  OTJIUqHb1G OT 0 BeKTOp f E NA H a 3 b I B a e T C R  K O p H C B M M  BeK- 

' mopou. 
M ~ J I o x ~ H H ~ H  T e O p U H  @. P U C C ~  I I p e A C T a B A H e T  6onbruoii CaMOCTOR- 

~ e n b ~ ~ f i  u a T e p e c .  I l o ~ a x e ~  T e n e p b ,  K a K  c ee n o M o m b r o  n o n y q a e T c R  

T P e T b H  T e O P e M a  @ p e A r o J I b M a ,  OAHO A O K ~ ~ ~ T ~ ~ I ~ C T B O  K O T O P O ~ ~  YXe 6b1n0 
n p U B e A e H 0  B KOHLIe no 58. 

C 3~0fi Uej IbIO 3aMeTUM, q T O  K a ~ ~ b I f i  C O ~ C T B ~ H H ~ I ~ ~  B e K T O P  e O n e -  
p a T o p a  A,  n p u ~ a ~ n e x a u u 8  C O ~ C T B ~ H H O M ~  s ~ a q e ~ u ~  h # 0, MOXHO' 
n p e A C T a B U T b  B B B A e  

e = Elf1 + E d 2  + . + Snfn, 

me ( f i ) ~ - ~ a K o f i - ~ I I . 6 y ~ b  6asec B Nx. JJnx O n p e A e n e H U R  ~ 0 3 @ @ U ~ k i e H -  

TOB (Ei): U M W M  Y p a B H e H A e  

(A - AI) e = €1 141-  h f l l +  €2 1 4 2  - hf2l-t- + En [Af, - hf,l = 0. 

T ~ K  K a K  BeKTOp,  n p e ~ c ~ a ~ J l S l I O ~ P i 8  J IeByIO q a C T b  3 T O r O  Y p a B H e H U R  

( a a s o ~ e ~  ero h), n p a H a n n e x U T  NA, TO B CNJIY 7 O  OH O p T o r o H a n e H  

KX, a B cnny 6'- 



(h, h) = (h, g + f )  = (h, f). 

~ O ~ T O M Y  AJIR ~ ~ B ~ H C T B ~  h = 0 AOCTaTOYHO, Y ~ 0 6 b 1  h N;. HO 3 T 0  

YCnOBUe O s e B U A H O  M H ~ O ~ X O A U M O .  M T ~ K ,  &JIR O n p e A e J I e H A R  K O ~ ~ U -  

UUeHTOB Ek (k = 1, 2, . . . , n )  MbI A O J I X H H  I I o T ~ ~ ~ o B ~ T ~ ,  9~0661 BeK- 
T O P  h 6 b 1 ~  O p T O r O H a J l e H  K a X A O M y  U 3  n U H e f i ~ 0  He3aBUCUMbIX BeKTOPOB 

fi, n O p O X A a I O I 4 U X  N;. T ~ K  K a K  B C U n y  8" Y U W O  3TUX BeKTOPOB 

e C T b  n, MbI I l O n y ~ B M  C U C T e M y  

El i f , ,  fT) + Ez (Afz - Af,, fT)  + . . . + En (Af, - hf,,'i;) = 0 
( i =  1, 2, ... , n). (8) 

i1(Af,--hf,, f 3 + 9 2 ( A f r - h f r ,  f z ) +  + $ ( A f t - A f / *  f , * ) = O  
( i =  1 ,  2, ... , n). (9) 

C U C T ~ M ~ I  (8) U (9) RBJIRIOTCFI TPaHCnOHMPOBaHHblMU OAHa OTHOCUTeJlb- 

HO. ~pyrofi.  ~ O ~ T O M Y  y HAX OAUHaKOBOe YUCJIO J I A H ~ ~ ~ H o  He3aBUCAMhIX 
peLUeHUfi.  T ~ K A M  06pasowl K P a T t I o C T b  C O ~ C T B ~ H H O T O  3 H a Y e H U R  h O n e -  

p a T O p a  A P a B H a  KPaTHOCTM C O ~ C T B ~ H H O ~ O  3 H a q e H A R  j; O n e p a T O p a  A*. 
B  TOM M COCTOAT T p e T b R  T e o p e M a  Openronb~a. 
60. B n o ~ l ~ e  H e n p e p b l m b l e  c a M o c o n p n m e H H b r e  onepa~opbr B R. 

OCHOBH~IM o p e A n o n o x e H a e M    TO TO no R D n R e T c R .  
Teope~a 1. ~ C R K U ~ ~  6nOAtie tiellp~pbl6~bll~ C ~ M O C O ~ P R ~ I C E H H ~ ~ ~ ~  O W -  

pamop A + 0 a t~po~ssonb~oli nu~elitioli ~empusosati~oli cucmeup R 
uueem no icpaliuefi Mepe oduti co6crnsetitiblli seicmop el nputiadne~a- 
quli omnulatiouy om HynR co6cmeetitiouy stiauetium h. 

~ o K ~ ~ ~ T ~ ~ ~ c T B o .  ~ Y C T ~  
, 

46 = sup I (Ag, g) I = sup /I Ag (1. 
Il&?ll--l 11811"~ 



lim Agn, = h, 
i- m 

(1) 

 TO BO~MOXHO no onpeAeneHaro snonHe HenpepbIBHoro onepaTopa 
~ O C K O J I ~ K ~  

II Agn, - Agn, [I2  = 1 )  Agn, IIa - 2h (Ag, gn,) + Aa, 
TO 

lim ( 1  Agni - Agni [I2 = 11 h \ l a  - 2A2 + ha = ( 1  h 112 - Aa. 
i- - (2) 

Ho 
II Agn, I1 3 IIgq I I  = .X = 1 A 1. 

C n e ~ o ~ a ~ e n b ~ o ,  
llhll 4 l A l .  



Teope~a 2. Onepamop A meem tcotiewym unu 6ec~otiertiym 
n0~ned08ameAbti0~mb nonaptio opmozotianbtiblx u tiopuuposai-mlx coo'- 
cmeewblx setcmopos .. 

el, ez, e3, . . . , 

mmopas s o6nacmu atiauetiufi A, onepamopa A nontia, m. e. dns 
~c~tcoao setcmopa f suda f = Ah uueem uecmo ypastietiue S ~ A K H Y -  
mocm 

11  f 11" 2 1  (f, eh) 1'- 
k 

A m  y n o 6 c ~ ~ a '  0603HasH~ HaUy JIMHefiHyKl C ~ C T ~ M ~  R sepe3 R1, 
a onepaTop A -  sepes A,. I I o n o x ~ ~  . 

Ra = R i  8 {el). 

RCHO, 9TO R z  TaKXe RBnReTCR J I H H ~ ~ ~ H o ~ ?  M ~ T P U ~ O B ~ H H O ~ ?  C H C T ~ M O ~ .  

npw 3TOM ecnn f E R,, To Alf E Ra. ~ ~ ~ ~ c T B H T ~ J I ~ H o ,  113 (f, el) = 0 
cnenyeT,  TO 

(A1f, el) = ( f ,  A ~ I )  = (f, Ale,) = 0. 

Hanee, sacTb A, onepa-ropa Al, nexauaR B R,, RsnReTcR Tame  
OnepaTOpOM BnOJIHe HenpepbIBHbIM Pi CaMOCOnpRXeHHblM. E c n ~  Onepa- 
TOP A2 He PaBeH HyJIlo TOXAeCTBeHHO, TO K HeMy M O X H O  nPMMeHMTb 
TeOpeMy 1. Ha OCHOBaHHll 3~0l? TeOpeMbI CyUeCTByeT BeKTOp ez, AJIR 
KOTOpOrO 

Aaez = Azez ( I )  ez 1 )  = 1). 

T ~ K  KaK e, E Ra, TO (e,, el) = 0. npn   TOM 

/ lZ I = sup ( (Af, f )  I 4 SUP 1 (A&, g) 1 h 1 -  
Ilfll=1 llgll = I  
fcRs 

Tenepb nponoaxaeM npouecc nanee. CTPOHM n k ~ ~ e j i ~ y m  CHcTeMy 

R, = Rz 8 {e,) 

ki OnpeAeJIReM C O ~ C T B ~ H H ~ I ~ ?  BeKTOp e3 ki C O ~ C T B ~ H H O ~  3HaseHIIe A3 
a T. A.  TOT npouecc 0 6 0 p s e ~ c ~  TOJI~KO B TOM cnysae, ecnn npn 



HeKOTOPOM tt W C T b  An O n e p a T O p a  A,, JIeXal&3R B Rn, O K a X e T C H  T O X -  

AeCTBeHHO P ~ B H O ~  HyJIlO. B 3TOM C J I y q a e  MbI I IOJIyqAM K O H e Y H O e , ~ A C J I O  

I I O n a p H O  OPTOrOHaJIbHbIX A HOPMMPOBaHHblX BeKTOPOB el, e2, ... , en-1, 

I I p A H a A J I e X a U U X  H e  P a B H b I M  HyJIfO C O ~ C T B ~ H H ~ I M  3 H a q e H A R M  A1, kz, ... , 
An-,, n p w e M  

111 1 1 1 2  I > . ' ( An-, 1 ,  1 Ak 1 = SUP I (A1.f f )  1 (I\ f 11 = 1, f E R k ) .  

C J l e ~ y e ~  OTllleTMTb, 9 T O  B 3 ~ 0 i  @ o p ~ y J I e  CAMBOJI S U P  M O ~ H O  3 a M e H A T b  
H a  max. 

Ecnu nposecc H e  0 6 0 p s e ~ c ; f f ,  M ~ I  n O n y Y A M  6 e c ~ o ~ e s ~ y f O  OPTOHOP- 
MMpOBaHHYfO IIOCJIeAOBaTeJIbHOCTb ( e k ) ; ,  n p A q e M  lim Ak = 0 B C A q  

k+ ce 
CJIeACTBUR 1 no 57. 

B 0 3 b ~ f - 2 ~  T e n e p b  K ~ K O ~ ~ - H A ~ Y A ~  B e K T O P  f = Ah A nOJIOXMM 

rAe m p a B H 0  q A C J I y  3JIeMeHTOB nOCJIeAOBaTeJIbHOCTA (ek], eCJIA 3 T 0  

'IUCJIO KOHeYHO, M m P a B H R e T C R  nPOA3BOJIbHOMY H a T y p a J I b H O M y  YUCJIy 
B IIPOTUBHOM CJIYYae. 

T ~ K  K a K  

(g, ek) - 0 (k = 1, 2, . . . , m), 

3 a ~ e q a ~ ,  YTO 

' (h, ek) Aek = (h, ek) Akek - (h, Aek) ek = (Ah, ek) e,, 

a T a m e ,    TO 

llgll 6 l l h l ! *  

EI YqATbIBaR,  YTO f t= Ah, I I e p e I l M l U e M  (4) B B A A e  



Ecnu Xe AOCJIeAOBaTeJ lbHOCTb {ek) 6 e C K o ~ e q ~ a ,  TO Pi3 (5) C J l e A y e T ,  
=IT0 

m 

1 1  f - 2 Cf, ek)  e k  1 1 2  4 1 1  h 11'  
k = l  

M n u  
m 

0411fllLx l ( f , e k ) 1 2 6 ~ ~ t ~ I l h i l a .  
k = l  - 

u T e o p e M a  ~ o ~ a s a ~ a .  
3afieva~ue. B H a r u u x  n o c T p o e H m x  A n R  o n p e A e n e H u R  n-ro co6- 

C T B e H H O r O  3 H a q e H I I R  An (n > 2) I4 C'OOTBeTC~ByIC)I4erO C O ~ C T B ~ H H O ~ O  

B e K T O p a  en ~pe6o~anocb 3 H a H M e  IIpeAbIAyIlLPiX C O ~ C T B ~ H H ~ I X  BeKTOPOB 

el, e,, . . . , en-,. O A H ~ K O  n-e C O ~ C T B ~ H H O ~  3 H a q e H l l e  M O X e T  6 b l ~ b  
O n p e A e J I e H O  He3aBACEiMbIM 3KCTPeMaJlbHbIM CBO~~CTBOM. 3 ~ 0  0 6 ~ ~ 0 R ~ e J l b -  
CTBO 6b1n0 B n e p B b I e  y K a 3 a H O  @ H U I ~ ~ O M  AJlR K O H e q H O M e p H O r O  C J I y q a R ,  

a 3 a T e M  A a n e K O  0606ue~o K Y ~ ~ H T O M .  n p k i ~ e ~ e ~  O T H O C R I ~ ~ ~ ~ C R  C l o A a  

P e 3 y J I b T a T  I Ip l lMeHMTeJIbHO K C J I y q a I O  nO3HTHBHOrO B n O J l H e  H e n p e p b I B -  
H o r o  o n e p a T o p a .  

I l y c m b  A - n o s u m u s ~ b l i i  s n o n H e  ~ e n p e p b i s ~ b i r i  onepamop s R, 
r n a l c  vmo scezda (Af, f )  > 0. B m a l c o f i  c c i l y v a e  npu nro6ofi n > 2 

A , )  min max ( A f , f )  ( I \ f ( ( =  1 , i =  l , 2 ,  ..., n--1) 
g icK ( f v  Ki )=O  

OqeBMAHO, B 9 e M  M O X H O  Y ~ ~ A I I T ~ C R ,  6 e p ~  gi = ei (i = 1, 2, . . . , n - I), 
T a K  K a K  

A n =  max (Af ,  f) ( ( I f  ] I =  1, i =  1, 2, . . .  , n-1). 
( f p  f i ) = O  



n 

(Af, f )  .= h1 ( c 1  1" +hz  ( cz 1' f ' f An I C, I 2  >, I,, 2 I Ck I 2  = h,,. 
k = l  

~ H ~ W T ,  

max (Af, f )  > hn ( ( 1  f 1 1  = 1, i = 1, 2, . . . , n - I ) ,  
(F. B [ ) = o  

61. Bnm~e HeIlpepbIBHbIe HOpMaJlbHbIe 0Ilepa~opbl. ~ Y C T ~  B J IHHef iHof i  

M ~ T P I ~ ~ O B ~ H H O ~ ~  CPiCTeMe R A a I I  B n O n H e  H e n p e p $ ~ ~ ~ b I W  O I I e p a T O p  S, 
0 6 J I a ~ a I 0 U P i 8  OIIPeAeJIeHHbIM B C D A y  R R C O n P R X e H H b I M  O n e P a T O P O M  S*; 
IIyCTb,  KpOMe T O r O ,  S*S = SS*. 

KOPOTKO C K a X e M ,  q T O  S e C T b  BIIOJIHe ~ e I I p e p b I B ~ b 1 f i  H 0 p ~ a A b H b l 6  
o n e p a T o p  B R. P a c c h r o ~ p k i ~  onepa~op A = Sd'S. 3 ~ o  - snome H e n p e -  

p b 1 ~ 1 l b I f i  C ~ M O C O I I P R X ~ H H ~ I ~ ~  O n e p a T O p ,  AJIR KOTOpOrO AS  = S A ,  AS*= 
= S*A H (Af, f)  > 0 n p P i  ~ 1 0 6 0 ~  f C R. r k X J I e ~ ~ e e  B b I T e K a e T  Pi3 T O r O ,  

=IT0 

(4, f)  = (S*Sf, f )  = (Sf, Sf). 

OPTOHOPMMPOBaHHbIe C O ~ C T B ~ H H ~ I ~  BeKTOPbI  O n e p a T O p a  A, npPi I laAJIe-  

XaUee 3 T O M y  C O ~ C T B ~ H H O M Y  3 H a q e H P i I 0 ,  a H a T R H Y T O e  H a  HUX I IOAnpO-  

CTPaHCTBO 0 6 0 3 H a q P i h l  sepe3 G. ~ O K ~ X ~ M ,  YTO G R B J R e T C R  kiI3BapPi- 

aHTHbIM nOAIIPOCTPaHCTBOM AJIR S M AJIR S*. 
n y c ~ b  g E G. T o r ~ a  

ASg = SAg = p2Sg 



(Sg, Sh) = (S*Sg, h) = (Ag, h) = p2 (g, h). 

T ~ K .  KaK U g c i )  E G, TO MOXHO IIOJIOXUTb 

U g ( l )  = a l i g ( I )  + a2ig(2)  + . . . + ar igcr)  (i - 1, 2, . . . , r). 
G y n e ~  8 C K a T b  C O ~ C T B ~ H H ~ I ~  BeKTOPbI O I I e p a T O p a  U. Ecm f OAMH 83 

HMX A 

, 
f = x l g ( ' )  + x 2 g ( 2 )  + . . . + xrgcr),  

I(~XAOMY KOPHIO 3TOI'O YPaBHeHAR OTBerIaeT C O ~ C T B ~ H H ~ ~ ~  BeKTOP . 
o n e p a T o p a  U; I IO~TOMY B c e  KOPHH H a u e r o  y p a B H e H m  no MOAYJIO 
PaBHbl  1. ~ Y C T ~  eel) - OAAH M3 3TNX ~ o p ~ e f i ,  a fc ')  - C O O T B ~ T C T B ~ I ~ ~ M ~ ~  
e M y  C O ~ C T B ~ H H ~ I ~  BeKTOp.  B 0 3 b ~ e ~  COBOKyrIHOCTb BCeX BeKTOPOB np0- 
CTpaHCTBa G r GI, KOTOPbIe OPTOI'OHaJIbHbI /(I). 3 ~ a  COBOKYnHOCTb 
BeKTOpOB e C T b  HeKOTOpOe IIpOCTpaHCTBO G2, 8 U RBJIReTCR YHMTaP- 

HbIM OIIePaTOPOM B G2. . ~ O ~ T O M Y ,  IIOBTOPRR IIpOBeAeHHbIe PaCCyXf i e -  
HHR, MbI ~ a f i ~ e ~ ,  9 T O  OI IepaTOp  U AMeeT C O ~ C T B ~ H H ~ I ~ ~  BeKTOP B GZ 
( H ~ ~ O B ~ M  3TOT BeKTOP f(')), a COOTBeTCTByIoU.ee C O ~ C T B ~ H H O ~  3 H a q e -  
H u e  - 0(2). 

~ P N M ~ H H R  3TOT l IPOueCC OTU.en.?eHHH, nOCTpO8M CACTeMY 83 r 
OPTOI'OHaJIbHblX 8 HOPMUPOBaHHbIX BeKTOPOB 

/(I) ,  f@), . . .  , f(r) ,  

AJIR KOTOPbIX 

U f ( n  = e(fif(n ( j  = 1, 2, . . . , r). 



Ho 
s f ( / )  = p U f ( l )  = pO(l)f(l) ( j  = 1, 2, . . . , r ) .  

~ O ~ T O M Y  f( l )  e C T b  C O ~ C T B ~ H H ~ I ~ ~  BeKTOP O I I e p a T O p a  S, I I ~ I I H ~ A J I ~ X ~ U M G  
C O ~ C T B ~ H H O M ~  3HaqeHMIO pe( j ) .  A H ~ J I O ~ I I ~ H O  A O K a 3 b I B a e T C R ,  9 T O  f ( i )  e C T b  

C O & T B ~ H H ~ I &  B e K T O P  Ol lepaTQpa S*, I I ~ U H ~ A J I ~ X ~ ~ I I ~ ~  C O ~ C T B ~ H H O M ~  

3~ase~11m @i). ~ ~ M ~ H F I R  B CI lCTeMe C O ~ C T B ~ H H ~ I X  BeKTOPOB 

g1, gz, gs, a . 
o n e p a T o p a  A B e K T o p b I  

g ( l ) ,  g ( 2 ' ,  . . . , g ( r )  

B e K ' r o p a m  

/ ( I ) ,  f(?) ,  . . . , f ( r )  

M n O C T y n a R  T a K  C K a X A b I M  IIOJIOXIITeJIbHbIM C O ~ C T B ~ H H ~ I M  3 H a q e H I I e M  
O n e p a T O p a  A, KPaTHOCTb KOTOPOI'O 60~1b~ue 1, MbI I I O J I y q a e M  A O K a 3 a -  

T ~ J I ~ C T B O  nep~ofi sacm cne~ymqeii  T e o p e M b r .  

Teope~a. Bc~tcouy snonHe tienpepblsfionzg NopnzanbNonzg onepamopy 
S # 0 s R omserlaem opmotiopnzuposatitiaA cucmenza setcmopos {ek )  u 
cucmenza t ie pastiblx ~ y m o  (tconznne~cc~blx) rlucen { A , ) ,  dn.g tcomopblx 

3ma cucmenza setcmopos ~sn~zemcz nontiot.? s monz cnzblcne, rlmo ntoo'o~i 
. I  snenzetim f ,  unzeroquu" sud Sh  unu S*h, npedcmasunz pxdou 

f '  = S*f = S*Sh = Ah. 

Ha OCHOBaHMU T e O p e M b I  2 n060 0 C a M O C O n p H X e H H O M  BIIOJIHe H e n P e p b ! B -  

HOM O n e p a T O p e  M TOrO,  LIT0 B ~ K T O P ~ I '  ek 06pa3y10~ IIOJIHYIO B CMbIC.ne 
Y K ~ ~ ~ H H O G  T e O p e M b l  OPTOHOPMIlPOBaHHyIo  CMCTeMY B ~ K T O P O B  O n e p a T O p a  

A, I lMeeT MeCTO Y p a B H e H M e  3aMKHyTOCTM 



~ O ~ T O M Y  
ca 

(fl.'h) = lim e ( f f  , ek)  (ek,  h) = 2 ( f t ,  ek) (a, h). 
n+m k=l k-I 

A T a K  K a K  

( f ' ,  11) = P*f, h) = (f, Sh) = (f, f), 
(fl,  e k )  = (s*f, ek) = (f, S e k )  = h k  (f,  ek), 

1 1 1 
(ek, h) = -- (S*ek, h) = (ek, Sh) = =- (ek, f),  

A, k 

T O  I l O J I y q e H H O e  HaMIl  COOTHOUIeHkie M O X H O  I l p e A C T a B U T b  B BMAe 

62. Ilpwnowe~ne K Teopnn ~ O S T H - n e p n o ~ n ~ e c ~ n x  $ y ~ ~ q ~ i i .  K ~ K  yxe  
6b1noy~a3a~o B no 15, H e I I p e p b I B H a R  K O M I ~ ~ ~ K C H ~ R @ ~ H K Q U R  f (t) (- a < 
< t < CO) H a 3 b I B a e T C H  ~ O ~ T H - I ~ ~ ~ P ~ O ~ W I ~ C K O ~ ~ ,  e C n H  K a X A O M y  E > 0 
M O X H O  COnOCTaBkiTb T a K O e  1 = 1 (e) > 0, s T 0  B nIo60~ I l H T e p B a J e  

AnkiHbI  1 C o A e p x u T c R  no ~ p a i i ~ e f i  M e p e  OAHO s k i c n o  T (sucno c M e u l e -  
HUH), A J H  K O T O p O r O  

If (f + T ) - f  ( t ) l < E  
npu  B c e x  t .  

O T I T ~ ~ B J I R R C ~  OT 3 T O r O  O n p e A e n e H H H ,  H e T P Y A H O '  YCTaHOBHTb p H &  
ITpOCTbIX C B O ~ ~ C T B  l I09TU-I IePI IOAUrIeCKUX @YHKQIIR, MbI I I p H B e A e M  3Tki 
C B O ~ ~ C T B ~  6e3 A O K ~ ~ ~ T ~ J ~ ~ C T B ~ ' .  

I. B C R K ~ R  n o s ~ u - n e p u o ~ u s e c ~ < a ~  @YMKUUR O r p a H k i s e H a  ki pamo- 
M e p H 0  H e n p e p b I B H a  H a  B c e i  OCH. 

11. . Q ~ R  B C R K O ~  I T O ~ T U - I I ~ P U O A U ~ I ~ C K O ~ ~  @YHKQIIU f (t) C y U e C T B y e T  
M ITPMTOM P a B H O M e P H O  IIO a T a K  H a 3 b I B a e M O e  cped~ee 3 H a q e H U e  

T 

M (f  (t)} = lim - f (t) dt = Iim - f (t) dt. 
T +  m  :T T + m  2T 

-T -T+a T' 

111. npou3sene~ue u c y M M a  asyx nos~u-nepuoausec~ux @YHKUUR 
RBnHIoTCH @ ~ H K Q I I R M U  nOrITki-IIePkiOA119eCKUMU. 

IV. Ecnu f (t) e c T b  n o s ~ k i - n e p u o ~ a s e c ~ a ~  @ ~ H K U M H  u ecnu 

M (I f (0 1 2 }  = 09 
ro f (t) r 0. 

q u ~ a ~ e n s  H ~ G A ~ T  nonpodaoe w3noxe~we B ~ o ~ o r p a @ u u  b. M Jleslr~a~a 
:noq~a-nepaopuqec~ue @YHKUNIID, M., ~ O C T ~ X H ~ A ~ T ,  1953. 396 c. 



TO, 9 T O  N 3  (f, f )  = 0 c J l 6 f l y e ~  f  e 0, COCTaBJlReT C O A e p X a H I l e  C B O ~  

CTBa IV. 
B no 15 C K a J I R p H O e  I I p O l i 3 B e A e H k i e  ( 1 )  6b1~10 B B e A e H O  A n R  BCeX MHOTO- 

LIJleHOB BNAa 

2 dketht. 
k 

(2) 

efM (- co < h c a), 

06pa3ymLQkif i  0 TOHOPhINPOBaHHYH) CIICTeMY. ~ O ~ T O M Y ,  n o ~ o 6 ~ 0  yn0- 
MRHYTOMY B Ilg 15 I I p O C T p a H C T B y  BZ, J I k i ~ e f i H a R  CPiCTeMa R H e C e I I a p a -  
6 e n b H a .  ~ ~ M ~ T A M  T a K X e ,  9 T O  R H e  0 6 J l a ~ a e ~  IIoJIHoTo~~. 

& H ~ p a J I b H o e  MeCTO B TeOpkiki  n0qTki - ITepI lOAHqeCKkiX @ Y H K U N ~  3aHII -  
M a e T  ~ ~ 0 e 0 6 p a 3 H b l f i  T ~ ~ M o H H ~ € ! c K H ~ ~  a H a n n 3 .  

BM~CTO 0 6 b l q H b l x  KOHCTaHT @ypbe ~ ~ C T O - ~ ~ ~ H O A H ~ ~ C K O  @YHKUIIII, 
npu r a p M o H n q e c K o M  a~ann3e nos~n-nepao~usec~oii  @YHKUIIU f ( t )  BBO- 
AWTCR B e n u s n H a  

T 

f ( t )  e-lu dt = M (f ( t )  e-iAt) = (f, eli t) ,  

-T 

n H ~ ~ O B ~ M  nx n o ~ a 3 a m e n x ~ u  @ y p b e  @ y ~ ~ u n u  f (t). O~sesarour~e NM 
qncna 

C k =  a&) ( k =  1, 2, 3, ...) 

~ a s o ~ e ~  K o H c r n a H m a i n u  @ y p b e  @YHKUIIM f ( t )  E R. 
T a K n M  06pa30~, K a X f l o f i  @YHKUUU f (t) € R I IPNHaAJleXNT p ~ a  @yps~r 

f ( t )  -- 2 c k e i A k f  
k 



T a K o B  BHA llpEIHPiMaeT 3 A e C b  HepaBeHCTBO Geccen~.  
OCHOBHO~~ T ~ O P ~ M O ~ ~  T€!OpHM, Bopa RBnReTCR TeOpeMa 0 TOM, qTO ' 

e nepasencmee (3) ecezda u M e e r n  M e c m o  3 n a i c  paeencmea. M ~ I  npme- 
AeM I I p P i H a A J l e X a U e e  r. BeRnm AOKa3aTeJIbCTBO B T O ~  TeOpeMbI, OCHO- 
BaHHOe H a  TeOpPiH B l fOnHe  HenpepbIBI-1bIX OnepaTOpOB. 

C B T O ~ ~  qenbm ~ O ~ O X M M  

\ 

*a a o p ~ y n a  O T H O C ~ T  ~axAoR Q ~ H K U U I I  u (t) E R H e K o T o p y m  @ ~ H K -  
UHIO V (t), KOTOPaR, OqeBPiAHO, T a K X e  I IpHHaAneXPiT  R .  T ~ K H M  o6pa- 
30M, MbI PiMeeM H ~ K ~ O P ~ I ~  JIEIHefiHb18 OnepaTOp ,  K O T O P ~ I ~  170POXAaeTCR 

@ Y H K u E I ~ ~  f (t) Pi I lepeBOAMT U (t) B V (t).  TOT OnCpaTOp MbI 0603~a- 
~ E I M  q e p e a  A. 

~ O K ~ X ~ M  B I l e p B y H ,  O s e p e A b ,  s T 0  A e C T b  O n e p a T O p  H O P M ~ J ~ H ~ I ~ ~ .  
C 3~08  qenbm BBeAeM ~ ~ o p o i i  o n e p a T o p ,  nonararr- w = Bu, ecnn 

EI A o K a X e M ,  qTO: 

a) (Au,, u,) = (ul, Bu2) Anr r  n 1 0 6 b 1 ~  ul (t), u2 ( t )  E R ,  
b) AB = BA. 
CBO~CTBO a) AOKa3bIBaeTCR C nOMOUbF0 CJteAYH)uPiX nPOCTbIX ripe- 

06pa30~a~ki6, CnpaBeAJIMBOCTb KOTOPbIX BbITeKaeT Pi3 PaBHOMePHOCTEI 
CyUeCTBOBaHPiFl CpeAHEIX: 

a o ~ a x e ~  CBOBCTBO b). npexae B c e r o  ~ ~ M ~ T H M ,   TO 

ABu ='M ( f  (s - t) M [ f  (r - t) u (r)l) = M (u  (.r) M [f (s - I)-f (r - t ) I ) .  
t 7 7 t 



non y s a e ~  
r C s C 7  

1 
= lirn -1 f ( 0 - z ) f ( o - s ) d r ~ =  M i f  ( 0 - T ) ~ ( I J - s ) ] .  

T+, 2T a 
-T 

~ J ~ ~ A o B ~ T ~ J ~ H o ,  
. . - 

ABu = M { U  (T) M [ f  (o - 2) f (a  -- s ) ] }  
t u 

= M { f  (a-  s)M / / ( a - T ) u ( T ) ] }  = BAu, 
a t 

M ~ I  AOJIXHbI AOKasaTb,  qTO 3 T 0  MHOXeCTBO COJePXUT IIOCneAOBa-  

TeJIbHOCTb (U,(t)];, KOTOPaH OIlepaTOpOM A  nepeBOANTCR B n O C n e -  

JOBaTenbHOCTb (v,( t)}; ,  CXOJHmyKlCH B MeTPUKe  K H ~ K O T O ~ O ~ ~  

@YHKWU V ( t )  E R. @ Y H K ~ N R  u ( t )  OIIepaTOpOM A IIepeBOANTCR B @YHK&NH) 

v ( s )  = lim - f (s  - t )  u  ( t )  dt. 
T - r m  2T ' 1  

-T 

1 v ( s )  1 ,< lim 
T+ m 

T. e. n p e o 6 p a 3 0 s a ~ ~ b 1 e  a y ~ ~ u n e  v (s) p a B H o M e p H o  orpaauseaH. 
Aanee u3 @OPMYJI~ I  (4)  c n e A y e T ,   TO 

T 



 TO H e p a B e H C T B O  n O K a 3 b I B a e T ,  q T O  @YHKUMII V (s) P a B H O C T e n e H H O  He-  

n p e p b I B H b 1 .  B CaMOM A e J e ,  f ( t )  P a B H O M e p H O  H e n p e p b I B H a .  ~ O ~ T O M Y  
I I p N  ( S' - S" I 4 6 = 6 ( E )  MMeeT MeCTO H e p a B e H C T B O  

i f ( s l - t ) - f ( s " - t ) ( < ~  (-a < t < ,  CO) 

C n o M o q b m  T e o p e M b r  A p u e n ~  H A N a r o H a n b H o r o  npouecca ~3 MHO- 

X e C T B a  Q y ~ ~ f i N f i  V ( t )  M O X H O  BbIAeJINTb IIOCJIeAOBaTeJIbHOCTb {v,, ( t ) } ; ,  
P a B H O M e p H O  C X O A H u y W C H  B I<a>KAOM KOHeqHOM N H T e p B a J I e  ~ N c . ' ~ o B o ~ ~  

OCN. ~ Y C T ~  I I p e A e J I b H a H  @YHKUIIR e C T b  v ( t ) .   OH^ T a K X e  YAOBJIeTBO- 

P R e T  H e p a B e H C T B  y 

I V ( s t )  -V (S" )  ( < VM { I f  ( s t - t ) - f  (s"- t )  1 2 ] .  
t 

~ O ~ T O M Y ,  B O - n e p B b I X ,  I /  ( t )  P a B H O M e p H O  H e n p e p b I B H a  H a  ~cef i  q H c J I 0 ~ 0 f i  

OCN, BO-BTOPbIX, eCJIM 'C e C T b  9NCJIO CMeUleHHR @ ~ H K ~ N N  f ( t ) ,  HpN- 
H a A n e x a u e e  E H S' -- S" = 'c, TO 

~ O K ~ X ~ M ,  q T O  B C H J I y  3TNX ABYX @ ~ K T O B  IIOCJIeAOBaTeJIbHOCTb {v,, ( t ) }  f 
CXOAHTCH K v (t). P a B H O M e p H O  H a  ~ce f i  OCH. ~ ~ ~ ~ ~ c T B N T ~ J I ~ H o ,  3aAaANMCR 

q H c n o M  E > 0 N n p e x A e  B c e r o  ~ a f i ~ e ~  A n n  @ ~ H K U N H  f ( t )  q N c n o  . . 
, K o T o p o e  BXOAHT B o n p e ~ e n e k ~ e  n o s ~ ~ - n e p ~ o ~ ~ q e c ~ o i i  @ ~ H K -  

. UNH. 30 qHCJIO 1 n P H H a A J I e l K H T  B IIOHHTHOM CMbICJIe K ~ X A O ~ ~  QYHK- 

UHN v,, ( t ) ,  a T a m e  QYHKUHH V ( t ) .  3 a ~ e ~  onpeaenm H o M e p  N = N(E)  
T a K ,  q~06b1 IIpH n > JI' NMeJIO MeCTO H e p a B e H C T B O  

9 T O  B 0 3 M O X H 0 ,  T a K  K a K  B K a X A O M  KOHeqHOM N H T e p B a J I e  CXOANMOCTb 

nOCJIeAOBaTeJIbHOCTH {v,, (t)}," P a B H O M e p H a .  Tenepb B 0 3 b M e M  J I K I ~ ~ K I  
TO9KY X ~ H c J I o B o ~ ~  OCH, 3aKJIKIqHM ee B H H T e p B a J I  AJINHbI 1 N ~ a f i f i e ~  

B 3TOM N H T e p B a J I e  T O q K y  T ,  n p e A C T a B J I H I O U I y I 0  q N c J I 0  C M ~ U ~ H N ~ ,  n p N -  



1 / ~  ( 1  W, (t) - w2 (t) 12 )  G SUP I WI (0 - W2 (t) 1, 
- m < t < -  

T O  n O C J I e A O B a T e n b H O C T b  (v, (t)): CXOAUTCH H e  TOJIbKO P a B H O M e P H O  ITa 
O X ,  HO A IIOAaBHO B M e T p U K e  R .  T ~ K H M  o6pa30~, BIIOJIHe H e n p e p b I B -  

H W T ~  O n e p a T o p a  A ~ o ~ a s a ~ a .  
~ Y C T ~  p - K ~ K O ~ - H N ~ Y A ~  OTnUYHOe OT H y n R  C O ~ C T B ~ H H O ~  3 H a q e H U e  

o n e p a T o p a  A u n y c n  

gl ( 4 9  g2 (t), . . 9 gn (t) (5) 

e C T b  K ~ I < ~ H - H M ~ Y A ~  n O J I H a R  OPTOHOPMUPOBaHHaR CHCTeMa C O ~ C T B ~ H H ~ I X  
3 n e M e I I T O B  O I I e p a T O p a  A ,  I I p H H a A J I e X a a H X  C O ~ C T B ~ H H O M ~  3 H a Y e H U I O  p. 
Ecnu g (f) - OAAH A 3  3THX C O ~ C T B ~ H H ~ I X  3JIeMeHTOB,  TO 

T 

lim L f (s- t) g (t) dt = pg (s). 
~ + m  2T 

-T 

O T C ~ O A ~  BPIAHO, YTO n P H  J I I O ~ O M  ( B ~ L U ~ C T B ~ H H O M )  U @ Y H K ~ M R  g (f $- U) 
T a K X e  6 y A e ~  C O ~ C T B ~ H H ~ ~ M  3JfeMeHTOM, n p U H a A J I e X a q H M  sucny p. 
B C H n y  3TOTO O ~ C T O R T ~ J ~ C T B ~  A O J I X H M  UMeTb MeCTO COOTHOILTeHHH 

T ~ K N M  o6pa30~, I I O A a p H O  O p T O r O H a n b H b I e  A HOPMUPOBaHHbIe  n 0 9 T U -  

n e p P I 0 ~ A q e c K A e ~  QYHKUMH (5) YAOBJIeTBOPHIOT @ J ' H K ~ U O H ~ J ~ ~ H ~ I M  Y P a B -  

HeHNHM (6). O T C I O A ~  Pa3JIAqHbIMA C ~ O C O ~ ~ M A *  M O X H O  YCTaHOBWTb, 9 T O  
KiUKAaR Pi3 Q y ~ ~ u ~ i i  g, (t) AMeeT BAA 

* M3 OPTOHOPMUPOBaHHOCTU @YHKUUB (5) B b l T e K a e T ,  q T O  det (gk  (ti)):, 1=, 

H e  M O X e T  TOXAeCTBeHHO P a B H R T b C R  H y n I O .  B3~8  ~ a 6 0 p  { t i ) ;  T a K ,  q ~ 0 6 b 1  @TOT 

AeTepMNHaHT 6 b 1 n  O T n U q e H  OT H y n f l ,  H ~ % A ~ M  AOCTaTOqHO MaJIOe E >  0, n p U  KOTO- 

POM TeM me CBO~~CTBOM ~ Y A ~ T  0 6 . n a ~ a ~ b  det (yki);  i=l, r A e  

[ g, ( t )  dt = C crk (0) j' gk ( t )  dt (i = 1. 2, . . . . n) 
 ti-e k=l  t i -e  



r A e  ~(,k)  - KOHCTaHTbI. BBOAR, eCJIM 3TO HYXHO, BMeCTO IIepBOHasaJIb- 

HbIX C O ~ C T B ~ H H ~ I X  3JIeMeI-ITOB gr (t) MX H a ~ J I e X a q M e  J I I l ~ e f i ~ b ~ e  K O M ~ N -  
Hau l in ,  MOXHO B KaqeCTBe C O ~ C T B ~ H H ~ I X  3JIeMeHTOB IIPMHRTb ( P Y H K ~ U H  

eiAlt, elhat, . . . , eiA,,t. 

T a ~ m  06pa30~,  MbI HalLlJIN 0 6 ~ ~ i i  BUA C O ~ C T B ~ H H ~ I X  BeKTOpOB 

OIIepaTOpa  A M YCTaHOBMJIM, .rlTO C O ~ C T B ~ H H O M Y  BeKTOPY eiA' B Ka9e-  
CTBe CO~CTB~HHOI 'O 3HaWHMR OTBeqaeT KOHCTaHTa O y p b e  . 

a (Ar) = M { f  (t) e-iArt), 
~ Y C T ~  

eiA,t, eiAnt, eihst, . , 
eCTb IIOCJIeAOBaTeJIbHOCTb BCeX C O ~ C T B ~ H H ~ I X  BeKTOPOB OIIepaTOpa A, 
KOTOPbIM OTBeqamT OTJIMqHbIe OT HYJIR C O ~ C T B ~ H H ~ I ~  3HaqeHMR 

C1 = a (A,), C, = a (A,), C, = a (A,), . . . 
B03bMeM PRA 

n 

g: ( t )  = c;k (0) gk (t) tr = 1; 2, . .; , n). 
k= 1 

P e U I e ~ k i H ~ k l  9 ~ 0 f i  ~ H @ @ e p e ~ ~ l l a J I b H ~ f i  CUCTeMbl HBJlHkOTCH J I u H ~ R H ~ I ~  K O M ~ H H ~ U U U  
@ ~ H K U U ~ ~  BUAa 

( ao  + a,t + . . + amlm) ep'. 

3 a T e ~  OCTaeTCR n P U H R T b  BO BHUMaHUe,  q T O  @YHKUHU gk (f)  n O J I X H b l  6 6 1 ~ 6  O r p a H H -  

W H b I  H a  ~cefi  OCH. B CKJly 3 T O r 0  O ~ C T O H T ~ J I ~ C T B ~  AOJIXHO 6 b l T h  'IBCJIO MHUMHM, 



TO PRA (7) CXOAMTCR PaBHOMePHO n O  t .  Tenepb PaCCMOTpUM $IYHK~UIO 

M ( f  ( t - s ) f  ( -d l ,  

w e m u y m  BUA Ag, me g ( t )  E I?. no T e o p e M e  no 61 3 ~ a  $IYHKUUR 
B MeTPUKe R IIPeACTaBUMa PRAOM 

. . 

m 

M { f  ( t  - s) f (- s ) )  = C f l  ( f  (-- s) e-lAk" el"', 
s k=l 

Ce 

M ( I f  (- S )  1 2 }  = C ~ M  { f  (- S )  e-ihks] 
k= l 

u o c H o B H a R  T e o p e M a  Bopa ~ o ~ a 3 a ~ a .  

0 6 0 6 u r e ~ 1 l e ~  3~01-o s n e M e H T a p H o r o  $ I ~ K T ~  RBnReTcR.  
Teope~a 1 .  17ycmb T - npou3sonbtib~ii montie tienpepbrstibci onepa- 

mop s H ,  a Ho - ezo uynesoe nodnpocmpaticmso. B mauofi cnyvae 
cyqectnsywm dse opmotiopfiuposaHtible cucmefibl setcmopos (ek},", ( g k }  

u fiotiomomo y6bisamqaz nocnedoeamenb~ocmb nonommenbtiblx Yucen 

-. 
l Ponl, c p y t i ~ q a n  @ (t) nrpaeT f (- t). 

%. . 



( pkJlm, pk  + 0 ,  06nadatoyue cnedy toyu~  csolicmso~: d n ~  nto6020 sere- 
mopa h E H uMetom Mecmo p a 3 n o ~ c e ~ u ~  

h = ho + (h,  el) el + (h, e2) e2 + 
Th = p i  (h, el) g1 + p2 (h, ez) gz + 

8 CMblCfle c~flbfioli C X O ~ U M O C ~ U .  
no ~a 3a  en ~ C T  B O .  HaqHeM c Toro,  TO B cnyqae, Koraa 

OI IepaTOp  T c ~ M o c o I I ~ R x ~ H H ~ I ~ ~ ,  Hama T e O p e M a  RBJIReTCR CJleACTBMeM 

TeOpeMbI 2 no 60. nefiC~~kf~eJIbH0, IIOJIaraR B 3TOM CJIyqae T = A 
(q~06bl He OTKJIOHRTbCR OT 0603~aqe~ti f i  no 60) N 6 e p ~  C O ~ C T B ~ H H ~ I ~  

BeKTopbI el, e,, e,, . . . onepaTopa A ,  npuaannexauue oTnMqHbIM OT 

H y n R  C O ~ C T B ~ H H ~ I M  3HaqeHMRM hl ,  h2 ,  ha, . . . ( h k  + O ) ,  Mbl IIOJIyqNM 

cornacHo no' 60 nnR nm6oro BeKTopa  BMAa f = Ah npeAcTaBneHMe 

rAe 

( f ,  e k )  = (Ah, e k )  = (h ,  Aek) = hk (h,  ek). 

m 

Ah = r, hk (h, e k )  ek. 
k=l 

DO 

Ah0 = Ah - 2 (h, ek) Aek = 0. 
k= I 



2 
C n e ~ o ~ a ~ e n b ~ o ,  MOXHO nonoxmb Ak = pk, rAe pk > 0, p1 > pa > ... . 
no  AOKa3aHHOMY, nm60fi 3neMeHT h E H MOXHO npeACTZiBHTb B BMAe 

m 

T h  = (h, ek) Tek. 
k= 1 

TO Haua TeopeMa nonHocTbm ~ o ~ a 3 a ~ a .  
M3 A O K ~ ~ ~ H H O ~ ~  TeOpeMbI U TeOpeMbI 2 no 30 BbITeKaeT cJIe&yIo~ufi 

~a )~Hbl f i  Pe3ynbTaT. 
Teope~a 2. Anx enontie tienpepbfeHocmu onpedenetirtozo e c d y  8 

H nutielitiozo onepamopa T N ~ O ~ X O ~ U M O  u docmamoqtio, qm06bl npu 
nm6o~t E > 0 cyqecmeosan ~otiewoAteptibni nutiefitibifi onepamop T, ,  
ydoenemeopxmquli ~epaeeticmey 

A o K a 3 a T e n b c T B o H ~ O ~ X O A H M O C T ~ .  l 7 y c ~ b  OnepaTop T BnonHe 
HenpepbIBeH. B TaKOM CJIyqae OH AOnyCKaeT npeACTaBJIeHHe (2) A, 
s ~ a s u ~ ,  npu f l m 6 0 ~  E > 0 K O H ~ ~ H O M ~ P H H A  onepa-rop, o n p e ~ e n ~ e ~ b r f i  

@0p~ynofi 



inf 1 1  T - T' 1 1  < pn+l. 
T' E K(n) 

O ~ a s b ~ ~ a e ~ c ~ ,  r l ~ o  cnpaBeAnPiBa cneAyrouaR 
Teope~a 3'. Uycmb T - snontie ~enpepbletibrli onepamop 8 H, a 

2 2 2 
p1 > p 2  . . . > pn >, . . . - ~06~m~eti t ible  3HaYeHUR CUwOCOnpR3xeti- 
HOZO onepamopa T*T. B malcow cnyrae 

m. e. paccmomue om snontie ~enpepb~etiozo onepamopa T do nutied- 
HOZO ~ t i 0 2 0 0 6 p a 3 ~ ~  onepamopoe pa3weptiocmu 4 n s mortiocmu pas- 

pn+l. 
o K a 3 a T e n b c T B o. B o ~ ~ M ~ M  nt i~ei i~b~ii  onepaTop T' pas~ep- 

HOCTI1 k < n .  O ~ T O ~ O H ~ J I ~ H O ~  AOIIOJIHeHPie K er0 HyJIeBOMy IIOAIIPO- 
CTPaHCTBY PiMeeT pa3MePHOCTb k. ~ Y C T ~  gl, gz, . . . , g k  - 6amc 3TOr0 

IIOAIIpOCTpaHCTBa. T o r ~ a  B CPiny 3aMerlaHPiR no 60 (CM. @0pMyJIy (6)) 

M3 com~oIUe~I1ii (f, gi) = 0 (i = 1, 2, . . . , k) CneAyeT, sT0 

(T*Tf, f )  = I I  Tf 1 ) '  = I /  (T - T') f ( I 2  4 I 1  T- T' ( I 2 -  
~ O ~ T O M Y  

pn+l<  p k + ~  4 I) T - T' I( 
ti, 3HaqI1T, 

inf 1 1  T - T' 11 > P~+I .  
T'E K(n) 



H e n p e p m H b I x  o n e p a T o p o B ,  ewe donee c n e u H a n b H o M y ,  s e M  K n a c c  one- 
paTOpOB r H J I b 6 € ! p ~ a - ~ M k i ~ ~ a .  

H a q ~ e M  C TOrO,  9 T O  npil PaCCMOTpeHNH npOH3BOJIbHOrO BnOJIHe  
H e n p e p b I B H O r O . O n e p a T O p a  T nOJIe3HO BBOAHTb, K a K  3 T 0  YXe 6 b 1 n o  
CAeJIaHO B no 36, ~ o J I o x u T ~ J I ~ H ~ I ~  B n O n H e  ~ e n p e p b l ~ ~ b l f i  O n e p a T O p  

A = T*T. Ero OTJINqHbIe OT HyJIR C O ~ C T B ~ H H ~ I ~  3 H a q e H H R  nono>r tHTenb-  
Hbl. ~ Y C T ~  

I.:> I.", PI.",> ... ( + k > O )  

n p l r ~ e n e ~  A B a  C B O ~ ~ C T B ~  S-qMCeJI, KOTOPbIe RBJIRfOTCR ~ P o C T ~ I M N  CJIeA- 
CTBURMN TeOpeMbI 3 no -63. 

C B O fi C T B O I .  Ecnu T I  U T2 - 5nonHe Henpepbl5Hbfe onepamopbf, 
rno npu nn26o~ uamypanbuoht N cnpaeednueo ~epaee~cmeol 

2N N N 

2 Sn (Ti + T2) 4 2 Z s n  (Ti) + 2 C s n  (7'2).  
n=l n= l n= l 

- (T ;  + T;)  I1 < il T I  - T ;  11 + [i T 2  - T ;  11. 

CM. MOHL)I-~B@HH) 1' o x 6 e p r M. H K p e'fi H M. Bsene~ue B TeopsiH) nnneiinblx 
HecaMoconpnHteHHux onepaTopos, M . ,  1965, c .  70, n e m a  4.2. ( X o p ~ ,  Oa~b-urn#). 
7' 



O C T ~ ~ T C R  IIpOCyMMkipOBaTb nOJIyqeHH-bIe HepaBeHCTBa OT n =  1 A0 
n = N .  

C B o fi c T B o 2. l7ycmb T - enontie tienpepbletiblii, a B - ozpatiuueti- 
wll onepatnop, mozda 

~ o K ~ ~ ~ T ~ J I ~ c T B o .  Ecnu T'C K(n -  I), TO U BTteK(n - -  I) 
a TaKxe T'B E K (n - I). I I O ~ T O M ~  

s n  (BT) < 1 )  BT - BT' ( 1  < I( B 1 1  . (IT - T' 1 ) .  

T ~ K H M  o6pa30~, OnepaTOp T RBJIReTCR OnepaTOpOM runb6ep~a - L ~ M U I U A T ~  
B TOM U TOJIbKO TOM Cnyqae, KOrAa 

Tenepb npuMeM cneaymuee 
0 n p e A e n e H u e. Bnontie ~enpepbletiblii onepamop T tiasbieaemc~ 

~ d e p t i b l ~ ,  eCRU 

M3 nPUBeAeHHbIX BbIUe C B O ~ ~ C T B  S-9UCen BbITeKaeT, qTO CYMMa ABYX 
rrAepHbIx onepaTopon, a TaKxe npou3se~e~ue  RAepHoro onepa-ropa Ha 
0rpaHkiqeHHb1fi OnepaTOp CHOBa 6j '~yT RAepHbIMki OnepaTOpaMH. 

Aanee, nocKonbKy us (2) cnenyeT (I), TO B C R K U ~ ~  ~ ~ e p ~ b ~ f i  onepa- 
TOP RBJIReTCR OnepaTOpOM r ~ J I b 6 e p ~ a  - LUM~AT~.  



Teope~a 1 .  l7ycmb T - xdepusld onepamop. B maKoM cnyyae npu 
A ~ O M  8bl50pe 8 H OpmOUOpMUpO8~HUOZO 6asuca {fk),- 

cxodurnc~ a6contomu0, ezo cywwa He 3a8ucum om 8bd0pa 6a3uca u 
uweem wecmo uepa8eucm8o 

A o K a 3 a T e n b c T B o. Cornac~o  TeopeMe 1 no 63, AnR nm6oro 
BeKTOpa h E H MOXHO HanUCaTb CJIeAYEOUUe pa3JlOXeHUH: 



M3 TeOpeMbI 1 BbITeKaeT 

C n e A c T B A e. Ecnu T  - sldepriblo onepamop, a B  - ozpaHu- 
u e ~ ~ b l l i  onepamop, mo 

Sp ( B T )  = Sp (TB) .  

- 
TBh = pk (h,  B*ck) gk. 

k= l 

a Sp ( T B )  - no, a o p ~ y n e  

Teope~a 1 YTBepXAaeT 3HaqNTeJIbHO MeHbUIe, 9eM COOTBeTCTBYKl- 
uafi TeopeMa anre6pb1. O A H ~ K O  u B mTepecyroueM Hac Bonpoce 
nMeroTcH nanb~ei iuue  BaxHbIe npeAnoxeHuFi II B nepBym oqepeab 

cneaymu a H  
Teope~a 2. Ecnu T  - ozpaizuue~~bld onepamop, onpedene~~bl; 

ecrody 6 H u ecnu dnrr nro6ozo opmoHopMupoeaHHozo 6asuca ( f k } ;  
P R ~  

m 

cxodumc~,  mo T  - ~ d e p ~ b l l i  onepamop. 
~ o K ~ ~ ~ T ~ J I ~ c T B o  3 ~ 0 g  TeOpeMbI qUTaTenb ~ a f i ~ e ~  B U U T H P O B ~ H H O ~ ~  

H a  C. 195 K H H r e  M. u. rox6epra n M. r. Kpeii~a. 
M ~ I  OI'PaHUqkIMCH 3AeCb AOKasaTeJlbCTBOM 6onee npOCTQr0 IIpeA- 

JIOXeHnH. 

Teope~a 2'. Ecnu T  - ozpa~uueu~blli nonoxumenb~blri: onepamop, 
onpedene~~blri scrody s H ,  u ecnu prrd (6) cxodumcrr xomx 661 dizx - 
od~o2o o p m o ~ o p ~ u p o s a ~ ~ o 2 0  6asuca (f ,} ," ,  mo T  -~dep~b l l i  one- 
pamop. a o K a 3 a T e n b c T B O. paccMaTpnsaeMoro B TeopeMe 2' 
OIIepaTOpa T ,  OqeBHAHO, CnpaBeAJlHBbI COOTHOllleHHR 

' ( T f i ,  f k )  I" (T f i ,  f i )  (Tfk* f k ) .  



TD B cuny c x o ~ n ~ o c ~ u  p H A a  (6 )  

3 ~ e c b  OAMH I U a r  H y X A a e T C R  B IIORCHeHHH. Aeno B TOM, q T O  OPTO- 
H O p M l l P O B a H H a R  IIOCfleAOBaTeJIbHOCTb (ek)  H e  R B J R e T C f l  6 8 3 ~ ~ 0 ~  B H, 
OAHaKO eCJIH 6b1 MbI ee AOnO~THUlIM A 0  6asuca C IIOMOrrIbKl H ~ K O T O ~ ~  
nOCJlenOBaTeJIbHOCTM BeKTOpOB (e;), TO K ~ X A ~ I ~  M3 BeKTOpOB e; 
npuaaanexan 6b1 H y n e B o M y  n o n n p o c T p a H c T B y  O n e p a T o p a  T, u M M  
UMeJIM 6b1 P a B e H C T B a  



B K H U R  M. 4. rox6epra U M. r. Kpe f i~a  I I P ~ ~ O ~ ~ ~ ~ k  T a m e  

A O K a 3 a T e J I b C T B O  ~ J I e ~ y l O U e f i  B ~ X H O ~  T e O p e M b I  B. 6. ~ ~ ~ A C K O ~ O ,  
0606uaro~efi U 3 B e C T H O e  n p e A J I O X e H A e  TeOpMU M a T p U U .  

Teope~a 3. Ecnu oneparnop T ndeptiblli u ( A k }  - coeo~yntiocrnb 
ecex e2o c06crneeti~b~x 3tia~etiud, rno 

65. Teope~a  mayfiepa 0 H ~ ~ O A B H X H O ~  T O s K e .  B 3TOM no HaUlAM 

O n O P H b l M  I IyHKTOM ~ Y A ~ T  3 H a M e H M T a R  

Teope~a  6pay3pa l. l7ycrnb Q - oepa~u~etit ioe saurctiyrnoe ebmyrc- 
noe rnovevttoe utioxecrneo e rcotievtioueptiou eercnudoeou npocrnpati- 
crnee. B marcom cnyvae dnx rcaxdozo tienpepbletiozo omo6paxetiun f 
utioxecrnea Q e c e 6 ~  cyl,qecrneyern no ~pau"tieli uepe odtia tienodeux- 
Nan movrca, nz. e. nzarcan molirca x E Q, limo f ( x )  = x. 

MH BOCnOJIb3YeMCR 3 ~ 0 g  qACTO T O ~ O J I O ~ A ~ ~ C K O ~  T e 0 p e M 0 f i  AJIR 

A O K a 3 a T e J I b C T B a  0 ~ ~ 0 f i  T e O P e M b I  0 C Y U e C T B O B a H A U  H ~ I ~ O A B A ? U H O ~ ~  TOqKM 
B ~ ~ C K O H ~ ~ H O M ~ P H O M  I I p O C T p a H C T B e .  O A H ~ K O  A O K a 3 a T e J I b C T B O  a c a M 0 f i  

T e O p e M b l  6pay3pa BbIXOAUT 3a P a M K U  H a c T O R u e f i  KHUrU.  

Ecnu 06 0 ~ 0 6 p a X e H ~ A  f n p e A n 0 n a r a T b  JIUlUb n p O C T y F 0  H e n p e p b I B -  
H O C T ~ ,  TO H a  ~ ~ C K O H ~ ~ H O M ~ P B ~ I ~ ~  cnyqaA T e o p e M a  6payspa H e  nepe- 
HOCUTCR. O q e H b  I I P O C T O ~ ~  APWMeP, A O K ~ ~ ~ I B ~ I O U ~ M ~ ~  3 T 0 ,  I I p U H a A J e X U T  

K ~ K Y T ~ H U  '. 
II p M ~e p K a K y T a H u. n y c ~ b  H - cenapa6enb~oe r ~ n b 6 e p ~ o ~ o  

n p O C T p a H C T B 0  C OPTOHOPMIlPOBaHHbIM 6a3uco~  ( e k ) I m  A n Y C T b  Q - 3 a M -  

~ ~ y ~ b l f i  LUap ) I  X ) (  < 1. 0 6 0 3 ~ a q ~ ~  qepe3 U Y H U T ~ P H ~ I ~ ~  O I I e p a T O p ,  KOTO- 

pb~fi H a  O P T a X  3 a A a e T C R  P a B e H C T B a M U  

Ue, = e,,,, (-ln = 0, I ,  2, . . .). 
B npmepe K a ~ y ~ a ~ u  p a c c M a T p u B a e T c R  o n e p a T o p  f ,  o n p e ~ e n ~ e ~ b ~ #  

P a B e H C T B O M  
1 

f (4 = 2 ( 1 -  lIXll)eo + U x .  

. 1 B r o u w e r L. E. ~ b e r  eineindeutige stetige Transformationen von 
Flachen in sich, Math. Ann., 1910, 69, S. 176-180. 

a C AOKaBaTeJIbCTBOM qHTaTeJIb MOXeT n03HaKOMHTbCfl, HanPHMeP, nO CJIeAyIO- 
4 H M  KHWTaM: X Y C bI - U 3  fl H. Teopnfl ~ O M O T O ~ H ~ ~ .  M., <Map>, 1964, C. 12; 
H. A a H @ o p 4, AX. UI B a p u. JIuaefia~e onepaTopbr. 1962, T. I, c. 506-508; 
J a n e C r o n  i n, Fixed Points and Topological Degree in Nonlinear Analysis, 
Math. Surv. Amer. Math. Soc. 1964, N 11, p. 76-83. 

K a k u t a n i S. Topological Properties of the Unit Sphere in Hilbert 
Space, Proc. Imp. Acad. Tokyo, 1943, 19. CM. TaKme Cronin J .  (loc. cit.), 
p. 125-127. 



J I e r ~ o  B u A e T b ,  S TO S TOT O n e p a T o p  H e n p e p b I s e H .  B Q 1.1 0 ~ 0 6 p a x a e ~  
Q B c e 6 ~ .  Mano TOTO, T TO 0 ~ 0 6 p a x e ~ u e  n p e A c T a B n R e T  r o M e o M o p -  

a I .13~ l. 
M e x ~ y  T e M  O n e p a T O p  f H e  U M e e T  HI.1 0 ~ ~ 0 f i  H ~ ~ O A B U X H O ~ ~  TOqKI.1. 

 TO MbI I.1 I I O K a X e M .  C 3~0fi U e J l b t o  AOIIyCTI.1M npOTI.1BHOe I.1 0 6 0 3 H a q I . 1 ~  

HenOABI.12KHyto TOqKY qepe3 X.  Torna 

TO MbI ~ a f i ~ e ~ ,  q T O  

H ~ O ~ X O A H M O ,  q~06b1 BCe ak 6b1~1.1  P a B H b I  0, HO T O r A a  X = 0, a 3 T 0  

HeCOBMeCTWMO C P a B e H C T B O M  (2). 
T ~ K H M  06pa30~, I I p H M e p  IIOCTpOeH. 
XOTR H a U I a  K H W r a  I l O C B R U e H a  T I ~ J ~ ~ ~ ~ T O B O M ~  n p O C T p a H C T B y ,  Mbl ' 

6 y ~ e ~  B   TOM w c n e A y I o u e M  no n p e A n o n a r a T b ,   TO m e e M  A e n o  c npo- 
C T P ~ ~ C T R O M  6 a H a x a  E ( K O M ~ J ~ K C H ~ I M  MJII.1 B ~ U ~ C T B ~ H H ~ I M ) .  H a m  
PaCCMOTPPHHR 6 y ~ y ~  H U q Y T b  H e  C J I O X H e e 2 ,  q e M  B I T p O C T p a H C T B e  H .  
H ~ ~ H C M  C nOHRTUR 06 E-CetTlU, KOTOPOe y H a C  P a H e e  H e  B C T p e L I a J O C b .  

Ha A O K a 3 a T e J b C T B e  3 T O r 0  C B O ~ ~ C T B ~  Mbl H e  OCTBHOBUMCR. ~ ~ M ~ T U M  JIwIIIb,  q T 0  
ecnw 6b1 B npa~ot i  v a c T w  @ o p ~ y n n ,  onpenenammeti f ( x ) ,  n e p ~ b ~ f i  s n e H  6b1n 
(1 - Ji X Il)e,,, TO o ~ o 6 p a m e ~ u e  Q B Q H e  6b1no 6 b 1  B3aHMHO O A H 0 3 H a q H b l M .  

T a ~ u e  nOHRTWR K a K  K O M n a K T H O C T b  M H O X e C T B a  ( C ~ K B ~ H U H ~ ~ ~ H ~ R ,  CM. no 27), 
a T a K X e  H e n P e P b l B H O C T b  U B n O n H e  H e n p e p b l B H O C T b  O n e p a T O p a  ( ~ e n U H e f i H 0 r 0 )  n p H  
n e p e X O n e  O T  H K E B A O ~ O ~ H H T ~ ~ ~ H ~ I X  IIORCHeHURX H e  H y X n W T C R  H 6 y n y ~  HC- 
n O J l b 3 0 B a H b I  B 3TOM H C J e B Y m m e M  no 6 ~ 3  K ~ K H X - n U 6 0  O r O B O p O K  n U I I l b  A n R  O n H O r O  
n p e n n o x e H w R  M ~ I  n p u B e n e M  B K o H q e  H a c T o n u e r o  n y H K T a  T e  U ~ M ~ H ~ H U R  B nocpoe- 
HWRX, KOTOPble  H ~ O ~ X O A H M ~ I  B n O K a 3 a T e n b C T B a X  n p U  n e p e X O A e  O T  H K E 



0 n p e A e n e H n e.  I 7 y c m b  M - i c a i c o e - u u 6 y a b  morertioe M t i o x e -  

cmso s E. Ecnu anx t i e i c o m o p o z o  E > 0 s M u f i e e m c x  i co t i e r t i oe  wcno 
m a i c u x  3 n e f i e t i m o s  v,, v2, . . . , v,, q m o  n t o 6 o f i y  x E M M O X H O  omtiecmu 
x o m R  661 0 8 ~ 0  vi (i = 1 ,  2 ,  . . . , n)  m a K ,  q m o 6 6 1  ) I  x -vi ) (  < E ,  mo 
zoeop~m,  rmo 3mu 3 n e f i e ~ m b ~  vl,  v2, . . . , v,, 06pa3ytom e M KOWY- 

uyio E - c e m b .  
T e o p e ~ a  1. Anrz i c o f i n a ~ m ~ o c m u  s a w i c t i y m o z o  f i t i o x e c m e a  K c  E 

~ 0 6 x o d u ~ t o  u ~ocmamortio, r m o 6 b l  npu n m 6 o f i  e > 0 8 K cyyecm- 
8 0 8 a R U  K O t i e W a R  5-Cemb.  

A o K ~ ~ ~ T ~ J I ~ c T B o  H ~ O ~ X O A U M O C T H .  
~ Y C T ~  3aMKHYTOe  MHOXeCTBO K C E KOMIIaKTHO. AO~YCTUM, qTO 

BOnpeKM Y T B e p X A e H U I O  AJIR HeKOTOpOrO E > 0 B K H e  C Y U e C T B Y e T  

K O H ~ ~ H O ~ ~  8-CeTU. B TaKOM C J I y q a e  B K H ~ ~ ~ A ~ T C R  naps 3JleMeHTOB 

XI, Xa,  AJIR KOTOPbIX 

I1 x 2  - X l  I1  > s. 

Tenepb n o n o X u M ,  '-IT0 y X e  ~ a f i ~ e ~ b 1  3JIeMeHTbI X I ,  X2, . . . , Xk E u, 
AJlH KOTOPbIX 

I1 xi - xi II > (i + 1) - (3) 

npu i, 1 = 1 ,  2 ,  . . . , k .  T ~ K  KaK {xi): He RBJlReTCR E-CeTbIO, TO 

H ~ ~ ~ A ~ T C R  3 n e M e H T  Xk+1 E K ,  A n R  KOTOpOrO 

( i = 1 , ' 2 ,  . . . , k  ), 

U 3HarIUT (3) B e p H 0  n p U  i ,  j = 1 ,  2 ,  . . . , k + 1 .  T ~ K H M  o 6 p a 3 0 ~ ,  

MbI MOXeM IIOCTPOUTb IIO UHAYKUIlU ~ ~ C K O H ~ ~ H Y I O  nOCJleAOBaTeJIbHOCTb 

( x ~ ] ;  C K ,  AJIR K O T O P O ~ ~  B e p H 0  (3). H O  3 T a  IIOCJIeAOBaTeJIbHOCTb 

BOnpeKH I IpeAnOJIOXeHUto  0 KOMnaKTHOCTki K H e  COAePXUT HU O A H O ~  

C X O A R ~ ~ ? ~ C H  IIOAIIOCJleAOBaTeJlbHOCTH, TaK KaK HUKaKaR TaKaR IIOA- 
IIOCJIeAOBaTeJIbHOCTb H e  RBJIReTCR,  B CUJIY (3), @ y H ~ a ~ e H ~ a J l b H ~ f i .  a 0 K a 3 a T e Jl b C T B 0 AOCTaTOqHOCTU. ~ Y C T ~  B 3aMKHYTOM MHO- 

X e C T B e  K C y W e C T B y e T  KOHeqHaR E-CeTb IIpU n r O 6 0 ~  E > 0. ~ O J ~ O X U M  
1 

Ek = 1 (k = 2, 3, . . . U I I y C T b  nOCTpOeHa  Ek-CeTb n p k i  ~ ~ 3 6 0 ~  

k - 1, 2, . . . . ~ Y C T ~  {xi): - nPOH3BOJlbHaR IIOCJleAOBaTeJlbHOCTb 

B K. T o r ~ a  B OAHOM 113 I I tapOB,  O n p e A e J I R I O q U X  El-CeTb ( H ~ ~ O B ~ M  3TOT 

map Q1), J¶e>KUT ~ ~ C K O H ~ ~ H ~ H  q a C T b  U1 = {xli]i"_, IIOCJleAOBaTeJlbHOCTU 

a- {+)re 3 a ~ e ~  B HeKOTOpOM I I tape  Q2 U 3  T e X ,  KOTOPbIe COOTBeTCT- 

BYDT an-CtTM, BeKHT ~ ~ C K O H ~ ~ H ~ R  W C T b  U2 = { X ~ ~ ] ~ L ,  IIOCJIeAOBa- 

TM~HOCTH q, w raw Aanee. ~ O C T ~ O U M  A u a r o H a n b H y m  n o A n o c n e A o B a -  
'IPJIbHOCTb {xl i ) ; ,  no 3THM IIOAnOCJIeAOBaTeJIbHOCTRM U1 3 U2 3 . . . . 
T o r ~ a  BCe 3AeMeHTbI  yi = Xii,  HaqHHaR C HeKOTOpOrO, J I e X a T  BHYTPIl 



O T C I ~ A ~  BNAHO, q T O  (lji]; e C T b  @ ~ H A ~ M ~ H T ~ J ~ H ~ H  n O C J I e A O B a T e J b H O C T b ,  

c o n e p x a u r a c l c c l  B (x i ]  f. 
O C T ~ ~ T C R  KlPUHRTb B O  B H l i M a H N e  nO.lHOTY E M 3ZiMKHYTOCTb K. 

I IOMOUbW T e O p e M b I  I A O K a 3 b I B a e T C R  C J e R y I 0 U e e  06061ue~kie 
T e O p e M b l  reiiae-Eopene l. 

Teope~a 2. Ecnu 6ecico~evtioe ~tiow~cccmso omicpblmblx 06nacmeli 
(G,) norcpb~saem aa~icuymoe icoMnaicmtioe Mtioxecmso K c E ,  m. e. 
icaxdblli eneMeHm K nputiadnewum odtiou" us emux omicpblmblx 06- 
nacme~i, mo 113 (G,) ~owt io  uaenevb icotiewoe nod~tiowecmco, icomopoe 
maicxe noicpbleaem K. 

B c n o ~ o r a ~ e n b ~ o e  n o c T p o e H u e .  n y c ~ b  K - K O M ~ ~ K T H O ~  
M H O X e C T B O  B E N n Y C T b  {Vi]:-- H e K O T O p a H  E-CeTb B I(. B TaKOM 

C J l y q a e  n O A  F ,  Mbl ~ Y A ~ M  n O H N M a T b  O n e p a T O p  ( H e J l N H e f i H b ~ f i )  N 3  

B E, o n p e ~ e n ~ e ~ b r i i  A n c l  nro601-o x E R @ o p M y n o f i  

Je,u,ua. Uycmb s ~eicomopou" ozpatiu~etitiofi o6nacmu M c E 
onpedene~ enontie tienpepb~etiblli (uenutie~itib~li) onepamop T u nycmb 
TM c K 5 K, zde ii - sa~ictiymoe Ko.wzaicmHoe ~ ~ o x e c m e o .  B maicom 
cnyvae dnz nro606 movicu x E M 

' nofipo6~oe AOKa3aTeJlbCTBO H 0606ue~ue 'IATaTeJIb HagAe~ B U A T U ~ O B ~ H H O ~ ~  
BblLUe KHAre Kon~oropoea U @ O M U H ~  (CM. C .  80-85, 97-102). 

2 ( w } +  0 3 ~ a q a e ~  W, ecnu 0 > 0, A 0 - B npoTuBHoM cnyqae 



A O K ~ ~ ~ T ~ A ~ C T B O .  T ~ K  KaK y z z ~ x c R n ~ n  nro6o~ X E M ,  
TO B cnny Hauler0 nocTpoeHnR 

n n 

Tx- FeTx = y-  FEy = y-  2 hi (y) vi = 2 hi (y) (y-vi), 
i= l i=I 

) (  Tx - F,T, (1 < E 2 hi (y) = E. 
i=l 

Teope~a Ulaynepa. nycmb Q - ozpaHuveHtioe s a ~ t c ~ y r n o e  sb~nyrcnoi 
~~oncecmeo  e E u T - e n o n ~ e  ~enpepb~enblc (~enu~er i~br l i )  onepamop. 
nepeeodquu" Q e ce6x (TQ 5 Q). B rnarcoM cnyrtae T meem He- 
nodeuw~yro mourcy, m. e. marcyro rnorrcy x € Q, rtmo Tx = x. 

A 0 K a 3 a T e JI b C T B 0. MHOX~CTBO TQ = K KOMnaKTHO, Pi TaK 
KaK TQ 5 Q, TO n T a m e  npnHaAnexnT Q. 

~ ~ J ( ~ A H M C H  9IlCJlOhl E > 0 II B03bMeM B R E-CeTb {vi):. ~ Z T ~ M  
0603~a911~  9epe3 Qn BbIIIyKJlyro 060JI09~y 3 ~ 0 i  E-CeTM. ~ P I I  3TOM, 
OqeBkiAHO, Q ,CQ.  Tenepb paCCMOTpHM OnepaTop T, = F,T; OH 

OnpefieJIeH H Henpepb1Be.H Ha n-MepHOM OrpaHllseHHOM 3aMKHYTOM 
BHnyKnoM MHoxecTse Q,, npnseM TnQn C_ Qn. n o  TeopeMe ljpayepa 
onepaTop Tn B Qn aMeeT no ~ p a f i ~ e f i  Mepe O A H ~  HenoABuxHyro 
TOqKy Xn: 

Tnxn = x,. 
Ha OCHOBaHHU JIeMMbI 

I I  Txn- Tnxn (I < E, 

nO3TOMY 
l l T x n - x n l \ < e .  (4) 

Tenepb B03bMeM MOHOTOHHO Y ~ ~ I B ~ K I ~ Y K I  K 0 nOCjleAOBaTeJIbHOCTb 
{E~}:, nOCTPONM COOTBeTCTBYKl~IIe E-CeTII, BbInYKJIbIe 060~09~11  QR1 
(Pix pa3MepHOCTM ni), 3aTeM OnepaTOpbI Tni = F,,T ki kiX HenOABUX- 
HbIe TO9Klr Xni E Qni; TOrAa Ha OCHOBaHNH (4) 

B cnny BnwrHe HenpepbIBHocTH onepaTopa T na6o caMa nocneaoBa- 
TeJIbHOCTb { T x ~ ~ ) ~ = ~ ,  nu60 ee nOAIIOCJIeAOBaTeJIbHOCTb IlMeeT IIpeAeJl X, 
KOTO~MR, 09eBkiAH0, IIpHHaAJIeXkiT Q. ~ P I ~ M ~ M  IIl)OCTOTbI, 9TO 

pMeeT Memo nepBoe. Torna npn ~ 1 0 6 0 ~  6 > 0 n i > J l r s  

II Txn, - x 1 1  < 6, (6 )  



O ~ c r o ~ a  cneAyeT,  TO npu i + co 

Tenepb O ~ P ~ T U M C R  K IIpeAJIOXeHUH), YnOMRHYTOMY B IIOACTPOqHOM 

npmeqaaeu (c. 201). 
Teope~a. Bcsrtculi ~~HeliHblli 8nOnile Henpepbl8Hblli O~epamOp A 

s E Moxern u,uernb npu n m 6 0 ~  p > 0 rnonbtco tcoHevHoe vucno n u ~ e l i ~ o  
~esaeucu~bix  co6crnee~tibrx setcrnopoe, npu~adnexaryux c o 6 c r n e e ~ ~ b ~ ~  

~ H ~ Y ~ H U R M ,  tcornopble no ~ o d y n m  npeeocxod~rn p. 
3 T a  TeOpeMa AJIR IIpOCTpaHCTBa H ( ~ a X e  AJIR ~1106ofi J I U H e f i ~ o f i  

M ~ T P A ~ O B ~ H H O ~ ~  CHCTeMbI R) AOKa3aHa B no 57 ( T ~ O P ~ M ~  1 ) .  
A 0 K a a a T e J bC T B 0. A O ~ Y C K ~ R  lIpOTUBHOe,  I I p U M e M ,  9TO CyUe- 

CTByeT ~ ~ C K O H ~ ~ H ~ H  nOCJIeAOBaTeJIbHOCTb J I U H ~ ~ H O  He3aBUCUMbIX B e K -  
TOPOB X k  ( k  = 1 ,  2 ,  3, . . .) T a K U X ,  qTO 

Ax, = isk, ( 1, 1 > p ( k  = 1 ,  2, 3, . . .). 
B CJIyqae IIpOCTpaHCTBa H (no 57) MbI MOrJIU OPTOrOHaJIU30BaTb 

nOCJIeAOBaTeJIbHOCTb (Xk) , "  U IIOJyrIUTb ~ ~ c K o H ~ ~ H ~ I O  C U C T e M y  pa- 
BeHCTB 

Ayk=~kyk+Zk- l  (zo=O, k =  1 ,  2 ,  3, ...), 



. ..,- 
3 T 0  ~ ~ C Y ~ A H O ,  TaK KaK 6JIal"oAapR HepaBeHCTBy (8) HN CaMa 3 T a  n0- 
CJIeAOBaTeJIbHOCTb, HA ~ a ~ a k - n u 6 0  ee ITOAnOCJIeAOBaTeJIbHOCTb He  RB- 
JIReTCR @ ~ H A ~ M ~ H T ~ J I ~ H o ~ ~ .  

O C T ~ ~ T C R  nOKa3aTb,  KaK nOCTpOATb ITOCJIeAOBaTeJIbHOCTb ( y k )  r. 
B K a s e c T s e  y, Bo3bMeM - ' x,, a npu ~ ~ 1 6 0 ~  n > 1 nonoxm 0 X 1  I1 

. . inf I lxn-z l l  =a, 
LEE,-1 

(a,, OqeBAAHO, > 0) N 3aTeM B03bMeM ~a~ofi-nEi60 BeKTOp Zn,, E En,, 
TaK, 9~06b1 

I 1  xn - zn-1 11 < 2an. 

n 0 c J I e  ? T o r 0  MOXHO IIOJIOXUTb 



K ~ K  U B na 57, H3 3 ~ 0 a  T e O p e M b 1  B b I T e K a e T  

C n e A c T B n e. Ecnu A enonHe ~enpepbie~bili onepamop e E, mo 
pa3,uep~ocmb e2o co6cmee~~ozo nodnpocmpa~cmea, npu~adne3ucaqe2o 
omnuwoay om 0 co6cmee~~oay 3~aue~u10, KoHeuHa. 
66. Teope~a 0 CyqeCTBOBaHUH UHBapUaHTHOrO nOAnpOCTpaHCTBa 
y nm6oro BnoJrHe HenpepblsHoro onepaTopa w ee 0606qe~ne.  H a n n s ~ e  
y o n e p a T o p a  C O ~ C T B ~ H H O ~ O  B e K T o p a  o 3 ~ a s a e ~ ,  s T o o n e p a T o p  o 6 n a ~ a e ~  
OAHOMepHbIM MHBaPMaHTHbIM IIOAIIPOCTPaHCTBOM. K ~ K  6b1no O T M e 9 e H O  

B KOHQe no 60, A a X e  BIIOJIHe ~ e I I p e p b I ~ ~ b 1 f i  O I I e p a T o p  M O X e T  H e  MMeTb 

HU OAHOrO C O ~ C T B ~ H H O T O  B e K T O p a .  k i ~ a s e  TOBOPR, OH M O X e T  H e  MMeTb 

HU OAHOrO OAHOMepHOrO k i H B a p U a H T H O r 0  I IOAIIpOCTpaHCTBa.  HO OTCIoAa 

BOBCe H e  C J I e A y e T ,  9 T O  Y 3TOTO O I I e p a T O p a  ~ o o 6 q e  H e T  U H B a P U a H T H b I X  
IIOAIIpOCTpaHCTB. H p k i ~ e ~ e ~ ~ b I f i  B no 60 U ~ ~ e r p a J I b ~ b I f i  O I I e p a T O p  

x 

( T f )  (4 = 1 K (*, t) f (4 dt, f € L2 (0, 1). 
0 

y KOTOpOrO H e T  HU OAHOrO C O ~ C T B ~ H H O T O  B e K T O p a ,  06nanae~ UeJIbIM 

MHOXeCTBOM UHBaPMaHTHbIX IIOAIIPOCTPaHCTB. B CaMOM A e J I e ,  I I p U  

~ 1 0 6 0 ~  a (0 < a < 1) COBOKYIIHOCTb BCeX @ Y H K ~ U ~ ~  f (t) E L2 (0, I ) ,  
KOToPbIe  P a B H b I  HYJIIO B U H T e p B a J I e  (0, a) ,  I I p e A C T a B J I R e T  T a K O e  UH- 

B a p H a H T H O e  IIOAIIpOCTpaHCTBO. 
Ha OCHOBaHUU C K a 3 a H H O r O  B 0 3 H U K a e T  BOIIPOC, H e  U M e e T  JIU K a X S ~ b l f i  

o r p a ~ U 9 e ~ ~ b I f i  O I I e p a T O p  H e T p U B U a J I b H O r O  U H B a p M a H T H O r O  nOAIIpOCT- 

P a H C T B a .  B 0 6 q e M  C J I y 9 a e  O T B e T  H a  3TOT BOIIPOC H e  U 3 B e C T e H .  O A H ~ K O  
eqe B 1935 r O A Y  H e i i ~ a ~  AOKa3aJI ,  9 T O  nrodofi BIIOJIHe ~ e I I p e p b I ~ ~ b 1 f i  

O I I e p a T O p  B H o 6 n a ~ a e ~  HeTpUBUaJIbHbIM U H B a P U a H T H b I M  I IOAIIpOCTpaH-  

CTBOM. P e s y n b ~ a ~  H e f i ~ a ~ a  B n e p m e  O I I ~ ~ J I U K O B ~ J I U  H. A p o ~ U I a f i ~  

Pi K. &UT' B C T a T b e ,  I I o c B R ~ ~ H H o ~ ~  0606qe~uro T e O p e M b I  H e f i M a ~ a  

H a  ~ ~ H ~ X O B ~ I  I I p O C T p a H C T B a .  3 a ~ e M  A. k p ~ U I ~ e f i ~  U A. PO~UHCOH 
AOKa3aJIU, 9 T O  O I I e p a T O p  U M e e T  U H B a p U a H T H O e  IIOAIIpOCTpaHCTBO, e C n U  

H ~ K O T O P ~ I ~ ~  MHOrOqJIeH OT 3 T O r 0  O I I e p a T O p a  BIIOJIHe ~ e I I p e p b i B e H .  
H ~ K o H ~ ~ ,  B 1973 r O A y  B. ki. ~ O M O H O C O B  I IOJIy9UJI  3 a M e 9 a T e J I b H y I o  

T e O p e M y ,  0606qa1oqym B C e  3 T U  p e 3 y J I b T a T b I .  

Teope~a ~ o m o s o c o ~ a .  Uycmb A ~empueuanb~biB (m. e. omnucl~bili 
om ~yneeozo) enonHe ~enpepb~e~biri onepamop e ~ ~ C K O H ~ ~ H O M ~ ~ H O M  
KoMnneKcHoM (unu e e q e c m e e ~ ~ o ~ )  6 a ~ a x o e o ~  npocmpaticmee E. 
Tozda e E cyqecmeyem HempueuanbHoe nodnpocmpa~cmeo, uma- 

1 A r o  n s z a i n N., S rn i t  h K. T. Invariant subspaces of completely 
continuous operators, Ann. Math., 1954, vol. 60, p. 345-350. ( E c T ~  pycc~Hii 
nepeBon B c6. nepeBoAoB aMa~eMaTHKa8, 2 : 1 (1968). c. 97-102). 

Be r n s t e i n A. R o b i n s o  n A. Solutions of an invariant subspace 
problem of K. Smith and P. Halrnos, Pacific J .  Math., 1966, vol. 16, p. 421-431. 

JI 0 M 0 H 0 C 0 B B. kf. 0 6  HHBapWaHTHblX nOfinpOCTPaHCTBaX C ~ M ~ ~ ? C T B ~  
oneparopos, KOMMYTHPYM~QHX c BnonHe HenpepmHbrM.- ( ( ~ Y H K U .  a ~ a n ~ 3  H ero 
npnMeHeHwm, L973, T. 7, sbln. 3, c. 55-56. 



p u a H m H o e  d ~ r r  ~ a x d o 2 o  o t p a ~ u u e ~ ~ o z o  onepamopa, tcornopol l i  nepe- 
c m a ~ o s o v e ~  c A. 

A o K a 3 a T e JI b c T B O. ~ ~ M ~ T U M  C H a s a n a ,   TO 113 YCJIOBUSI A f 0 
BbITeKaeT CylrleCTBOBaHHe TaKOrO X o  E E, 9 T O  

inf 1 1  Ax ) I  > 0. 
llx-xoll < I  

B CaMOM A e n e ,  MOXHO ~ J d 6 p a ~ b  Xo E E TBK, 9 ~ 0 6 ~  1 1  Axo ) I  = 2 ( 1  A 1 1 .  
T o r ~ a  B wape 1 )  x  - x0 1 )  1 ( H ~ ~ O B ~ M  ero Q) 

B B ~ A ~ M  KOMnaKTHOe MHOXeCTBO AQ = K H er0 3aMbIKaHHe R. 
Aanee 0 6 0 3 H a s k i M  Y e p e 3  v COBOKYnHOCTb BCeX OrPaHHqeHHbIX 

O n e p a T o p O B  B E, IIepeCTaHOBOqHb1.X C A. &TKO BkiAeTb, q T 0  H 3  B1, 
Bz E v CJIeAyeT BIBz E v k i  alB, + uZB~ E v npu nm6b1x KOMnJIeKCHbIX 
( C O ~ T B ~ T C T B ~ H H O  B ~ ~ ~ C T B ~ H H ~ I X )  U1, U2; KpOMe TOTO, I E 9. 

P ~ C C M O T ~ H M  B OTAeJIbHOCTH ABa  CJ IyqaR ,  KOTOPbIe 3AeCb  MOrYT 

IIpeACTaBHTbCR: 

a) AJIR HeKOTOPOTG V E npki n m 6 0 ~  B E v BbInOJIHReTCR H e p a -  

BeHCTBO 

l l B v - x o ) \ s  1; 

l l y c ~ b  n M e e T  M e m o  cnyqafi a). 3 a c ~ a ~ u ~  B npo6era~b Y. Torna 
3aMbIKaHHe & J I u H e f i H o r 0  M H O ~ O O ~ ~ ~ ~ H R  BV 6 y ~ e ~  HeKOTOpbIM nOA- 

IIPOCTPaHCTBOM El 5 E. O H 0  0 6 J I a a a e T  CJIeAyIOmkiMH C B O ~ ~ C T B ~ M H :  BO- 
IlepBbIX, El # E, TaK KaK X o E  El; BO-BTOPbIX, El f O, TaK KaK 

BV f 0, H a n p H M e p ,  I IpH B = I .  H ~ K o H ~ ~ ,  El HHBapHaHTHO AJIR .~m6oro 
onepa-ropa C E v, T. e. us z E El c n e A y e T  Cz E El. B caMoM nene, 
z E El o s ~ a s a e ~ ,   TO z = limz, = lirn B,p; HO T o r n a  Cz = lim Cz, = 

n-t - n-c m n-r m 

= lirnCB,z = lim BLv, me Bi = CB,. 
n-c rn n-c- 

T ~ K H M  o6pa30~, El e C T b  HeTpHBHaJIbHOe HHBapHaHTHOe nO.l(IIpO- 
CTPaHCTBO AJIR nm60ro C E v. C J I ~ A O B ~ T ~ J I ~ H O ,  .B C J I y Y a e  a) TeOpeMa  

A o K a 3 a H a .  
P a c c ~ o ~ p u ~  T e n e p b  cnysafi b), T. e. n p u M e M ,  YTO A n R  nm60ro 

y E R ~ a f i n e ~ c ~  ~ a ~ o f i  onepa-rop T E Y, s ~ o  

I 1  TY -no I1 < 1. 

~ C H O ,  9 T O  3 T 0  HePaBeHCTBO 6 y ~ e T  UMeTb MeCTO AJIR JIIO~OI-0 9' E R, 
e C n H  TOJIbKO 1 )  y' - Y ( 1  < E ,  r A e  E AoCTaTOqHO MaJIO. T ~ K H M  o6pa30~, 



A n R  nro6oro y' E QY. M ~ I  MMeeM, C n e A O B a T e n b H O ,  H e K O T O p O e  n 0 K p b I T N e  

M H O X e C T B a  C H C T ~ M O ~ ~  O T K ~ ~ I T ~ I X  IUapOB.  T ~ K  K a K  R - 3 a M K H Y T O e  
KOMnaKTHOe MHOXeCTBO,  T O  U 3  3 T O r 0  nOKPbITUR M O X H O  H a  OCHOBaHNN 
T e O p e M h l  r e f i H e - 6 0 p e n ~  BbIAeJ lUTb K O H e s H O e  n 0 K p b I T n e .  M H ~ Y ~  r O B O P R ,  

C y u e C T B y e T  K O H e q H a R  CUCTeMa T O g e K  { y i ) :  C K, C O O T B e T C T B Y I O u a R  

6 y n e ~  BbInOJIHeHO no K p a k H e f i  M e p e  npli QAHOM 3HaqeHMM i (i = 1, 
2, . . . , n) .  Tenepb nOCTpOUM @ Y H K ~ H U  

mi ( y )  = { I  - J J  T i y  - xO )I]+ (i = 1, 2, . . . , n ) .  

3 ~ e c b  s ~ a ~ e ~ a ~ e n b  B 0 H e  o 6 p a u a e ~ c ~  n B c e  @YHKUUN Al ( y )  H e n p e -  

PbIBHbI H a  R. 
H ~ K o H ~ ~ ,  B B e A e M  B P a C C M O T p e H N e  ~ e J l n ~ e f i ~ b 1 f i  O l l e p a T O p  F ,  

o n p e ~ e n e ~ ~ ~ f i  ~a R @op~ynoR I 

n 

n 

FAX = E A, ( A x )  T,Ax 
i= I 

1 Cp. aHanornsHoe (Bcno~ora~enb~oe  nocTpoeHwe npenblnyuero no) 



n 

2 hi (Ax*) TiAx* = x*. 
i= 1 

n 

Alx = 2 h i  (Ax*) T iAx.  
i= I 

 TOT O I I e p a T O p  I I p N H a A J I e X U T  q, N M e e T  C O ~ C T B ~ H H O ~  3 H a q e H N e  1 
(C C O ~ C T B ~ H H ~ I M  BeKTOPOM x*).  C O ~ C T B ~ H H O ~  IIOAIIPOCTpaHCTBO G C E 
O n e p a T O p a  A,, O T B e 9 a I o L U e e  C O ~ C T B ~ H H O M ~  3 H a q e H N I o  1, KOHeqHOMepHO,  

T a K  K a K  A1 - O I I e p a T O p  BIIOJIHe H e I I p e p b I B H b ~ f i .  ~ O ~ T O M Y  G e C T b  H e -  

TpPiBNaJIbHOe I I O ~ I ~ ~ O C T ~ ~ H C T B O  B E. Ecnw X € G, TO N AX € G. nefi- 
CTBNTeJIbHO,  N 3  X E G C J I e A y e T  

AX = AAlx = AIAx. 

hBx = BAx = ABx: 



nOflllpOCTpaHCTB Hk, U 3  KOTOPbIX B C e  KPOMe Ho, KOHeqHOhlePHbI ,  a Ho 
MOXeT 6 h 1 ~ b  AaXe ~ e ~ e n a p a 6 e J l b ~ b 1 ~ .  K ~ X A O M Y  nOAnpOCTpaHCTBy  H, 
o T s e y a e T  B e r q e c T s e H H o e  q u c n o  A,, n p u r e M  A, = 0 u A, # AI, ecnw 
k .f. i.  TO P a C W e n J I e H H e  npOCTpaHCTBa  H TaKOBO, YTO B KaXAOM 
N 3  ~ O A ~ P O C T P ~ H C T B  Hk ,L(eficTBlle O n e p a T O p a  A CBOAUTCR K YMHOXe-  
HUIO 3JIeMeHTa H a  COOTBeTCTBYIOUee qUCJlO Ak, T. e. 

HUM @YHKUWRM CaMOCOnpRXeHHblX OnepaTOPOB.  H a y ~ o ~ a  AyMKa,  Knee, 1965. 



%icJIa hk  ~ A N H C T B ~ H H O ~ ~  n p e ~ e J I b H 0 f i  T O ~ K O ~ ~  M O r Y T  UMeTb TOJIbKO 
T O q K y  0. C UeJIbIO ~ a J I b ~ e f i U I k i X  0 6 0 6 q e ~ k 1 R  ~ ~ 0 6 ~ 0  3 a n n c a ~ b  npea- 
C T a B n e H n R  ( I ) ,  (2) c n o M o q b m  n H T e r p a n a  C ~ n n ~ b e c a .  

Ann 3 T O r 0  B B e A e M  npki n ro60~  B e m e C T B e H H O M  t n O A n p O C T p a H C T B 0  
Gt, n O p O X A a e M O e  BCeMH C O ~ C T B ~ H H ~ I M U  BeKTOpaMH, npAHaAJIeXaIQkiMH 
C O ~ C T B ~ H H ~ I M  3HaqeHUFIM,  MeHbLUAM, 9 e M  f. ~ P N  3TOM WiCJlO 0 T a K X e  
PaCCMaTPABaeTCR K a K  C O ~ C T B ~ H H O ~  3 H a s e H M e ,  OTHOCRIQeeCR K C O ~ C T B ~ H -  
HOMY n O A n P O C T p a H C T B y  Ho. ~ Y C T ~  Et e C T b  O n e p a T O p  npOeKTkipOBaHHR 

H a  G,. Onepa~op E, MMeeT npenen K a K  npu B O ~ ~ ~ C T ~ H A H ,  T a K  u n p M  
y6b1~aann f .  ~ O ~ T O M Y  CYUIeCTBYIOT Et -0  U E t + o .  J ~ ~ K o  BUAeTb,  q T 0  
Et e C T b  H e n p e p b I B H a R  CJIeBa O n e p a T O p H a R  @ Y H K ~ N H  OT t .  Ecnn Ak 
e C T b  C O ~ C T B ~ H H O ~  3 H a s e H n e ,  T O  P a 3 H O C T b  

Eik+o - Eik = Pk 

e C T b  O n e p a T O p  n p O e K T N p O B a H A R  H a  C O ~ C T B ~ H H O ~  nOAIIpOCTpaHCTB0 Hk. 
Tenepb @ 0 p ~ y J I b 1  ( I ) ,  (2) M O X H O  n P e A C T a B n T b  B BAJt' 

0 

r A e  n H T e r p a n b 1  6 e p y ~ c ~  no n H T e p s a n y  [a, P I ,  c o A e p x a q e M y  B c e  co6- 
CTBeHHbIe  3 H a q e H H R  O n e p a T O p a .  

~ T u  ' P i H ~ e r p a J I b 1  RBJIRIOTCR H e  q e M  HHbIM, K a K  CYMMaMU HeKOTOpblX 

PRAOB, n ecnu M ~ I  AX H a n n c a n n ,  TO n o T o M y ,   TO w , t e H H o  @OPMYJI~I 
( I f ) ,  (2') AOnyCKaIOT,  K a K  Mbl A a J I b U I e  YBUAAM, 0606qe~ne H a  n p O U 3 -  
B O n b H b I e  ( ~ e  O ~ R ~ ~ T ~ J I ~ H O  B n O J I H e  ~ e I I p e p b l ~ ~ b 1 e )  C a M O C O n p R X e H H b I e  
o n e p a T o p b 1  B H. M M ~ H  B B U A ~   TOT 06qnii cnysaR, n p m e M  cne- 
A y w e e  

0 n p e A e n e H u e. Pasnowetiue~ edutiuybl ~ a s b l ~ a e ~ c ~  ofiaonapa- 
M e T p n s e c K o e  c e ~ e f i c ~ ~ o  n p o e K T n p y r o m n x  o n e p a T o p o B  E,, s a n a ~ ~ o e  
B KOHeqHOM UJlU ~ ~ C K O H ~ ~ H O M  H H T e p B a J I e 1  [a, P] H y A O B J I e T B O p F I I O ~ E !  

C J I e A y I O q A M  yCJIOBMRM: 

1 E c n w  n H T e p s a n  la. f] ~ ~ C K O H ~ Y ~ H ,  TO, no o n p e n e n e s w m ,  n p u H w M a e T c n  

E-- = l im Et. E _ = l i m E t  
t - c - m  t-c - 



a) E,E, = E, (s = min (u, v ) ) ,  
b) B CMbICJIe C U J I ~ H O ~  CXOAUMOCTU 

E t - o = E ,  (a<t<(1), 

A e f i c ~ ~ k i ~ e J I b H o ,  npu S < t 
(Esf, f )  = I1 Ed /I2= 11 E s E t f  \la< I1 E t f  ! l a =  ( E t f ,  f). 

M M ~ H  UHTepBaJI A = I t ' ,  t") C [a, P], Mbl 6 y ~ e M  p 3 H O C T b  Ete - 
- E,, 0 6 0 3 H a q a ~ b  E (A). 

B 0 3 b M e M  A B a  MHTepBaJIa  A1, A,; B TaKOM C J l y q a e  U 3  a) CJIeAyeT,  

=IT0 

E (A,) E (A,) = E (A), 

T. e. n O A n P O C T p a H C T B a ,  H a  I iOTOpbIe  E (A1) U E (A2) IIPOeKTkiPYIOT, 
OPTOrOHaJIbHbI .  Ha OCHOBaHIlU C K a 3 a H H O r O  CBOACTBO a) Ha3bIBaIOT 
CBORCTBOM o p m o z o H a ~ b ~ o c m u  p a j n o x e H n n  e A u H u u b I .  

P~CCMOTP~HMR, KOTOPbIe MbI npeAnOCJIaJIk i  H a U I e M y  0 6 U e M y  O n p e A e -  
JIeHMIO; nOKa3hlBalOT,  4 T O  B C R K M ~ ~  B n O J I H e  ~ e n p e p b 1 ~ H b I f i  CaMOCOnpf l -  
X e ~ ~ b 1 f i  O n e p a T O p  I I O p O X A a e T  HeKOTOpOe p a 3 J I O X e H U e  eAMHMUb1 U CaM 
IIpeACTaBUM qepe3 H e r o .  B H ~ C T O R ~ ~ ~ ~  r J I a B e  3 T U  p e 3 Y J I b T a T b I  6 y ~ y ~  
paCnpOCTpaH'?HbI H a  YHMTapHbIe  O n e p a T O p b I  u U npOM3BOJIbHbIe  CaMO- 
C O n p R X e H H b I e  O n e p a T O p b I  A . B H, a MMeHHO, ~ Y A ~ T  n O K a 3 a H 0 ,  q T 0  
~ a x ~ b ~ i i  ~ a ~ o i i  O n e p a T o p  o 6 n a ~ a e ~  B n o n H e  o n p e A e n e H H b I M  p a 3 n o x e ~ u e ~  
~ A I ~ H A U ~ I  E, U I lpeACTaBUM Wpe3 H e r 0  B BMAe M H T e r P a J I a  C T U ~ I T ~ ~ C ~ :  

2a m 

u = [ P ~ E , ,  A =  C t d ~ , .  
0 - 00 

T o s ~ b ~ i i  CMbICJI 3TMX ~ ~ ~ A c T ~ B J I ~ H M ~ ~  6 y ~ e ~  BbIRCHeH H U X e ,  B COOTBeT- 
CTBYIOWUX n y H K T a X .  

~ ~ I O T C R  p a 3 J I M q H b I e  n y T M  AJIR n O J I y q e H U R  MHTepeCYIOL&UX H a C  
O ~ U U X  p e 3 y J I b T a T O B .  X ~ O H O J I O ~ M ~ ~ C K M  I I e p ~ b l f i  U 3  HMX CBR3aH C TBK 
H a 3 b I ~ a e M o f i  npo6ne~ofi MOMeHTOB.  EM^ I I O C B R ~ e H b I  n0n0 7 1-75, 
KOTOP~IM n p e A n o c b I n a e T c R  (CM. n0n0 68-70) u s n o x e H n e  B c e x  H ~ O ~ X O -  



68. T ~ H ~ O H O M ~ T ~ U ~ ~ C K ~ R  np06~1e~a  MOMeHTOB. B o 6 m e ~  BNAe npo6- 
JIeMa MOMeHTOB M O X e T  6 b 1 ~ b  C @ O P M Y J I N ~ O B ~ H ~  CJIeAYDmHM 06pa30~:  
A a H O  HeKOTOpOe MHOXeCTBO QYHKUNW U a  ( t )  (a t b), K a X ~ 0 f i  N3  

KOTOpbIX COIIOCTaBJIeHO HeKOTOpOe sMCJI0 C,; T ~ ~ ~ Y ~ T C R  H a f i ~ M  Hey6b1- 

BaWLUyD @YHKUMD OI 'paHNgeHHOrO A3MeHeHAR U ( t )  (a < t < b), YAOB- 

J I eTBOpRD!UyD CNCTeMe y p a ~ H e H M f i  

1 u. ( t )  do ( t )  = c,. ( 1 )  

3 ~ a  n p o 6 n e ~ a  p a c n a A a e . r c R  H a  H e c K o n b K o  npo6ne~,  143 K O ? ; ~ P ~ I X  
n e p B a R  COCTOMT B O n p e A e n e H N M  y c n o ~ ~ t i  p a 3 p e m 1 4 ~ o c ~ a  ~ a n e c a ~ ~ o f i  
CMCTeMbI Y ~ ~ B H ~ H M ~  B y K a 3 a H t l O M  KJIaCCe (PYHKUMW (3 ( t ) .  

B HaCTORWeM n y H K T e  MbI PaCCMOTpMM TPNrOHOMeTPN9eCKYD npo6- 
JIeMy MOMeHTOB. n J I R  H e e  CACTeMa ( 1 )  MMeeT B u l l  

' 2t 

ck = 1 d k f  do ( t )  ( f k = 0 ,  1 ,  2, . . . ; 6 = c-k). 
0 

(2) 

Teope~a 1. Llnx cyqecmsoeanu,q ~ey6bleatoqeli @yf i~quu u ( t ) ,  
ydosnemeopxtoqeli y p a s n e ~ u ~ ~  (2), ~ e o 6 x o d u ~ 0 ,  urn0661 us Heompu- 
yamenbHocmu mpuzo~o~empuuectcoli C ~ M N ~ L  

u aocmamowo, umo6bl dnx nto6ozo seqecmseHHozo uucna v 6bmu He- 
om pu yamenbnbl sblpawenux 



TBKUM o6paso~,  MbI MMeeM IIOCJIeAOBaTenbHOCTb H ~ Y ~ ~ I B ~ K ) U I . U X  

B HHTepBaJIe  [O, 2n] (PYHKUU~ an ( t ) ,  YAOBJIeTBOPRIOLUIIX HePaBeHCTBY 

Cornac~o nep~oi i  T e o p e M e  Xenne n o s ~ o ~ y  c y u e c T s y e T  T a K a n  ~ e y 6 b 1 -  

BaIoLUaR (PYHKUUR ~ ( t )  M T a K a R  IIOAIIOCJeAOBaTeJIbHOCTb (an ((t)im_,, 
I 

9TO BO BCeX T09KaX HeIIPepbIBHOCTU @YHKUUU U(t)  
lirn a,, , ( t )  = a ( t ) .  
j * m  I 

= lirn 1 - - 
j-+ m ( In?. ) ck = ck9 

u H a u l e  n p e A n o x e H a e  n o n H o c T b r o  ~ o ~ a s a ~ o .  
O ~ ~ ~ T E I M C R  T e I I e p b  K BOIIpOCy 0 9 U C n e  p e l l l e ~ u f i  CUCTeMbI (2). 

C 3 ~ 0 a  UeJIbIO AOIIYCTMM, 4TO CBCTeMa (2) BMeeT A B a  pa3JIMqHbIX pe- 
IUeFIHR 0 ( t )  M U* ( t ) .  MX pa3HOCTb  

w ( t )  = a ( t )  - a* ( t )  



Teope~a 2. Ecnu @yi l~quf i  ozpailu~eililozo u3meile~ufi o (t)  (se- 
qecmeewafi unu d a x e  ~omnneiccilafi) ydosnemsop~em coomiloweilufim 
(3), mo oila paeila nocmoaililou' so scex csoux mowax uenpepbls- 
Nocmu. 

0 K a 3 a T e JI b c T B 0. B 0 3 b ~ e ~  B ~ P H O ~  n p I l  J I D ~ O M  UeJrOM k =# 0 
PaBeHCTBO 

n o  T e O p e M e  eAIlHCTBeHH0CTW TeOPMM PRAOB Q y p b e  U 3  nOCJIeAHIlX 

PaBeHCTB BbITeKaeT, q T O  BO BCeX TOqKaX HetIPePbIBHOCTU @YHKUUW 
W (t) UMeeT MeCTO PaBeHCTBO 

w (t) - C = 0. 

M3 A O K a 3 a H H O r 0 ,  B qaCTHOCTki, CJIeAyeT,  q T 0  eCJIIl U (t), U* (t) - 
A B a  pa3JIMqHbIX PeLIIeHHR CIlCTeMbI (2). TO UX pa3HOCTb e C T b  IIOCTORH- 
H a R  BO BCeX TOqKaX,  I'Ae 3 T a  pa3fJOCTb H e n p e p b I B H a .  %OT @KT 
KOPOTKO B b I p a X a l O T  CJIOBaMU: PeTNeHEIe CIlCTeMbI (2) 8 Cy~eCm6eililOM 
eAHHCTBeHH0.  

EAHHCTB~HHOCT~ p e u I e H U R  6 y ~ e ~  06ecnese~a nOJIHOCTb10, a H e  

TOJIbKO B CYUeCTBeHHOM, eCJIM UCKOMYlO @)IHK~~IIIO (3 (t)  IIOAqMHNTb 

AOnOJIHUTeJIbHO CJIeAylOUUM ABYM YCJIOBHRM HOPMIIPOBKII: 

1) H e l l p e p b l ~ ~ ~ C ~ b  CJIeBa,  T. e. u ( t )  = U (t  - 0) (0 < t 4 2n), 
2) a (0) = 0. I 



q ~ 0 6 b I  I I e p e f i ~ l l  O T  H e K O T O p O r O  P e I l I e H U R  U1 ( t )  CUCTeMbI (2 )  K HOP- 

MHPOBaHHOMY P e U l e H U l O  U ( t ) ,  C J I e A y e T  I IOJIOXkiTb 

, & ~ ~ c T B u T ~ J I ~ H o ,  
2 x  2x-o ax-o 

j f ( t )  do ( t )  - f ( t )  dol ( t )  = j f (0  do (0 - [ f ( f )  do, (0 + 
0 +o +o + f (0 )  a (+O) - f (0)  [a1 (+0) - Q(0) l -  f ( 2n )  [a1 (2n)  - 

- a1 (2n - 0)1= f (0)  ( a  (+O) - 101 (+O) - 01 @ ) I -  
- [q (2n)  - Dl (2n - 0)1), 

a 3 T 0 ,  B C U n Y  (4), p a B H 0  0. 
B ~ a n b H e f i U l e ~  MbI B C e r A a  6 y A e M  I I p e A I I O J I a r a T b  BbIIIOjIHeHHbIMU 

y c n o s u R  HOPMUPOBKU A n f i  B c e x  p a c c ~ a ~ p u s a e ~ ~ x .  peue~u i i  T p u r o H e  
M ~ T ~ U W ? C K O ~ ~  n p o 6 n e ~ ~  MOMeHTOB. 

69. A H ~ J ~ H T H Y ~ C K H ~  ( P Y H K ~ H H  CO 3HaqeHHSlMH,  J l e X a U H M H  B IlOJly- 
IlJIOCKOCTH. B 3TOM I l y H K T e  MbI ~ Y A ~ M  P a C C M a T P U B a T b  aHajIUTUW?CKUe 

@YHKUUU, p e r y n R p H b I e  BHYTPU K p y r a  unu n o n y n n o c K o c T u  u npuau- 
M a I o r q u e  s ~ a s e ~ u ~ ,  K o T o p b I e  T a K x e  n p u H a A n e x a T  ~ e ~ o ~ o p o f i  nony- 
IIJIOCKOCTU. 

Teope~a 1. AAR mozo rmo6b1 sadailtiax u Kotiecwax s ~ p y z e  
( T 1 < 1 @ytircqux f ( C )  d o n y e ~ a ~ a  npedemas~e~ue  

2% 

2de p - se tqecmse~~ax  noemoxtitiax, a o ( t )  - ~ey6brsamLqax @YHK- 
qux l, ~eo6xodu~to  u doemamor~o, rmo6bl f ( C )  s rcpyze I C I < 1 6 m a  
p e z y ~ ~ p ~ a  u uAteAa HeompuqameAbtiym setqeemeetitiym wcrnb. 

n p e ~ ~ a p u ~ e n b ~ o e  s a ~ e s a ~ u e .  M ~ I  u M e e M  3~ecb  H e K m e  
pyI0 I I p 0 6 J I e ~ y  MOMeHTOB, r A e  MOMeHTHbIe @YHKUHU P a B H b I  

eit + t, uc ( t )  = - , kt-t ,  

1 O r p a ~ u s e ~ ~ o c ~ b  H J M ~ H ~ H H I ~  @YHKUHW u (t) nonygaeTcn aeToMaTnrecxn B cwny 
KOHesHOCTH 3HaqeHHR f (0). 



2 18 rn. VI.  C n e ~ ~ p a n b ~ k ~ l f i  a ~ a n u 3  C ~ M O C O ~ ~ R X ~ H H ~ I X  O ~ ~ P ~ T O P O B  

n p u q e M  n a p a M e T p  C npo6erae~ yxe H e  n o c n e A o s a T e n b H o c T b ,  a ABY- 
M ~ P H ~ I ~  KOHTEIHYYM 1 { I  < 1. 

~ ~ M ~ T E I M  T a K X e ,  9TO P = 3f (0). 
a 0 K a 3 a T e JI b C T B 0. H ~ O ~ X O A I I M O C T ~  YCnOBMR TeOpeMbI OW- 

BEIAHa, T a K  KaK I'IpaBaR 9 a C T b  @ 0 p ~ y n b 1  (1)  B o6~1ac~u  1 { 1 < 1 p e w  
m p n a  n 

2% 2% 

eit + 5 1 - r2 
do(t) > 0, 

D 0 

me r = I C I < l  H rp=argC. 
~ @ M ~ M C H  AOKa3aTeJIbCTBOM AOCTaTO9HOCTki. Ecnu f (C) p e r y n R p H a  

B K p y r e  / 1 ( < 1, TO, KaK H3BeCTHO H3 TeOpllH ( P Y H K U H ~ ,  npll 1 11 < 
< R < 1 uMeeT M e m o  n p e A c T a s n e H u e  

2 x  

T ~ K  K a K  no YCnOBHm, u (Re'" ) 0, TO OR (f) - ~ e y 6 b 1 B a ~ ) U a R  (PYHK- 
UHR OT f H AnR nm601-o f H3  10, 2711 

0 ,< 0, (t) =G 0, (271) = sf (01, 



T .  e. MHOXeCTBO ( P Y A K U U ~  OR (t) (0 < R < 1) P a B H O M e P H O  O r p a H H W H O .  

no T e o p e M e  Xennn, c n e A o s a T e n b H o ,  c y q e c T B y e T  ~ e y 6 b 1 ~ a t o m a ~  ( P ~ H K -  
UUR U (t) U T a K a R  IIOCJIeAOBaTeJIbHOCTb 

4 T O  BO BCeX T 0 4 K a X  H e I I p e p b I B H O C T U  (PYHKIV~U a (t) 

lim a (t) = a (t) . 
j + -  R i  

Teope~a ~ o ~ a 3 a ~ a .  
Ecnu f (0 p a 3 J I O X P i T b  B P R A  M a K J I o p e H a  

f (C)  = c + 2c-,C + 2c-,C2 + . . . 
c + c  

M IIOJIOXkITb .- = Go, T O  B C U J Y  (3), Mbl IIOJIY4UM AJIR K O ~ @ ~ $ H U U ~ H -  2 
TOB C J I e A y t o q U e  B ~ I P ~ X ~ H U R :  

2x 2x 

c, = S do (t), c-k = S e-ikf do (t) (k = 1, 2, 3, . . .I. 
0 0 

BBOAR eue r I U C J a  Ck = C-k (k = 1, 2, 3, . . .), MbI IIPUXOAUM K T e M  
y p a B H e H H H M ,  KOTOPbIe  B b I P a X a D T  T P U r O H O M e T P U 4 e C K Y H )  npo6ne~y 
MOMeHTOB. 1 7 0 3 ~ 0 ~ ~  I I p U  YCJOBURX HOPMUPOBKM no 68 @YHKUUR ~ ( t )  
B IIPeACTaBJIeHUM (3) O A H 0 3 H a 4 H O  OIIpeAeJlReTCR (PyHKUUef i  f (C) .  

B CIIpaBefinEiBOCTIl 3 T O r 0  ( P ~ K T ~  M O X H O  Y ~ ~ A U T ~ C R  T a K X e  n p M  
IIOMOmM CJIefiytoLUe8, U ~ B ~ C T H O ~ ~  U 3  TeOpUPi PRAOB @ypbe, @op~y.JIbl 

o6paure~u~ 
t 

Teope~a 2. Ann m o p 0  q m 0 6 b 1  sadail~ax u l c o i l e w a x  e nony- 
n n o c l c o c m u  3 z  > o " @ ~ H K ~ u ~  (P (2) d o n y c l c a n a  npedcmaeneilue 

ede p>O u eeqecmee~~ax  a - nocmommre, a o (t) - ~ e t J 6 b l 8 ~ l 0 u ( a . ~ ~ @ t J i l ~ -  



XVX x3WaVWnHOU 
nwvvaeadu nw19whawon3ag 3 v~a9wvnur3 vvdzawwn wows nd,y 

'9w3vh olhrnww olfiw9va~vf1ndwoaw vuawn n vwdwfizad 0 < zg 
nw~on~ovufivou 8 vvi9g (2) ch 19gowh 'owhowvw3oe n' owneoxgoaw ', xnh 

eodo~edauo x~s~~amtrduosouues EHU~H~ 41q~qued~xau3 '1~ 'UJ OZZ 



unu 
S 

z ctg - I 
(P (4 = -P + p.? + 2*f S dp (4. 

+, c t g ~ + z  

Ecnu IIOJIOXkiTb 
S --P = a, -ctg = t, p (s) = u (t), 

TO MbI I I p U A e M  A n R  (P (2) K n p e A C T a B J I e H u l 0  (4). 
n 0 J I y q e ~ ~ b l f i  HaMU I I e p e X O A  OT (5) K (4), OqeBUAHO,  B e p e H  ki B 06- 

P a T H y D  CTOPOHY, 9 T O  II I I 0 3 B O A R e T  C q U T a T b  T e O p e M y  2 A O K ~ ~ ~ H H O ~ ~ ,  
B K J I D q a R  ee Y T B e p X A e r l U e  0 eAHHCTBeHHOCTU (PYHKUUB u ( f ) .  B n p o q e ~  
eAUHCTBeHH0CTb U ( f )  M O X e T  6 b l ~ b  Y C T a H O B J I e H a  H H e I I O C p e A C T B e H H O  
c n o M o u b m  @ o p ~ y n b ~  0 6 p a ~ ~ e ~ u H  C~un~beca -neppo~a  A n H  M H T e r p a J l a  

r A e  9 ( f )  U M e e T  O r p a H U q e H H O e  M 3 M e H e H U e  B K a X A O M  K O H e s H O M  UH- 
T e p s a n e  u 

rAe C, f - I IpOU3BOJIbHbIe  B e u e C T B e H H b l e  9 U C n a .  

Teope~a  3. An2 modo, ~mo6b1 ( P ~ H K ~ U R  (P (2) donycicana 8 nony- 
n~zocicocmu 32 > 0 npedcmaene~ue 

~ ~ O K ~ ~ ~ T ~ J ~ C T B O  C M . ,  H a I I P H M e p ,  B K H H R  H. kf. A X U  '2 3 e p. I < J I ~ c c H ~ ~ c K ~ R  
n p 0 6 n e M a  M O M e H T O B .  @ H 3 M a ~ r u 3 .  1961, C. 155-156. 



c ~ey6bleatoqefi @y~tcyuefi ozpailulietitiozo u 3 ~ t e ~ e ~ u . q  w ( t ) ,  ~eo6xodunzo 
u docmamowo, mo6bl cp (z) 8 nonynnoctcocmu ?jz > 0 6bma pezynrrpHa 
u ufiena Heompuyamenbriyto M H U M ~ H )  Yacmb, u ~ m o 6 b ~  

sup \ ~ c p  ( i y )  I <  
y', 0 

Llpu srno~t @y~tcyux o ( t )  O ~ H O ~ H ~ W O  onpedenxemcx @y~tcyuefi cp (z), 
ecnu nompe608amb, rtm06b1 

w (- a) = lim w ( A )  = 0 ,  w ( t  - 0 )  = w ( t) .  (- co < t  < a). 
A+-m 

A 0 K a 3 a T e JI b C T B 0. H ~ O ~ X O J H M O C T ~  YCJIOBUR I I p O B e p R e T C R  O Y e H b  

IIPOCTO. ~ O ~ T O M Y  Mbl 3 a f i ~ e ~ c R  AOKa3aTeJIbCTBOM AOCTaTOrlHOCTU. 

Ecnn @ Y H K ~ U R  (P (2) B nOJIYIIJIOCKOCTA ?jZ > 0 P e r y J l R p H a  N U M W T  

I i e O T p H U a T e J I b H y I o  M H U M y I o  q a C T b ,  T O  O H a  BO BCRKOM C J I y q a e  A O n y C K a e T  

n p e n c T a o n e H n e  
0 



TaK 9 T O  

t 

"I (0 = ( ( 1  + t 2 ) d o ( f ) ,  
- m 

AJIR KOTOPOG, OYeBNAHO, 

lim o (t) = 0, 
t + -m 

U KOTOPaR H e n P e P b I B H a  C J I e B a  B M e C T e  C ~ ( f ) .  
n e p ~ 0 e  N 3  C O O T H O U ~ ~ H ~ ~ ~  (6) I I O K a 3 b I B a e T ,  YTO 

(y"- I ) t a = lim [ _li?;?_ do ( t )  = iim [I - w] do(t) 
y-'- - D O  y-'m - m  

W, CJeAOBaTeJIbHO,  

a = 5 t du(t), 
-OD 

a60 B cuny (7) 

w 

I + t z  
T(Z)'= j. f do(f) + S -do(t) 

- w  
t - z  

- m 

- D O  

YTO W ~pe60~anocb  A O K a 3 a T b  



224 h. VI. C n e ~ ~ p a n b ~ ~ R  asanws c a ~ o c o n p n x e ~ ~ ~ x  onepa~opos 

EAHHCTB~HHOCT~ 3~01-o n p e A c T a B n e H n R  (npu H a m u x  y c n o B u n x  HOP- 
MNPOBKH) B b I T e K a e T  I13 eAMHCTBeHIiOCTH @YHKUMU U (t) B T e O p e M e  2, 
K a K   TO c n e A y e T  113 p a s e H c T s a  

70. f e o p e ~ a  6ox~epa - X U H ~ U H ~ .  B H a C T O R U e M  I I y H K T e  MM P a C -  

CMOTPHM K O H T U H Y ~ J I ~ H ~ I ~ ~  a H a J I O r  T P H ~ O H O M ~ T P ~ ~ ~ ~ C K O ~ ~  n p o 6 n e ~ k . 1  

MOMeHTOB. 3 a ~ a q a  COCTOHT B H a X O X A e H I I H  Y C J I O B H ~ ~ ,  KOTOPblM A O J I X H a  

YAOBJIeTBOpRTb 3 a A a H H a R  K O H e q H a R  H a  ~ c e f i  OCH -a < t < a @YHK- 
UHR F (t) AJIR TOrO,  9~06b1 HMeJIO MeCTO n p e A C T a B J I e H H e  

DD 

F ( t )  = 1 e M d s  (s), 
-m 

(1) 

rAe w (s) - ~ e y 6 b l ~ a m ~ a ~  @YHKUHR I. C. Eiox~ep H A. FI. X H H ~ H H  
~ o ~ a s a n n ,   TO y ica3a~~oe  npedcmasne~ue npu ~adne3tcaujeu' ~opwu-  
posice2 edu~cmae~wo u cyu4ecrnsyem s mofi u monbtco mofi cnyuae, 
ic02da ~ ~ ~ H J C L + ~ R  F ( f )  Heflpepbl8HU u dnn nm6ozo Hamljp~ilbHOZO n ,  
nm6blx seujecmeeHHblx tl, tz, . . . , tn U nto6brx IcONnneKCHblX p i ,  
P2, Pn 

i; F ( t u  - t p )  p a 6  > 0. 
a ,  p=l 

(2) 



~ o ~ a s a . r e n b c ~ n 3 0  noc,sa,rosHoc.rll, I< I < O . ~ O P O R ~ Y  MLI Penepb r~epe i~ehl ,  
yxc  I-le T'aK npocTo. 

M T ~ K ,  nj'CTb F ( t )  eCTb IIeflpepLIk3HaR ~ Y H K Q U R ,  Y,ILOBJIeTBOpFIIOrU,an 

ycnosmo (2). ~ ~ M F T I ~ M ,  s r o  B cMny (2) M ~ I  meeM l Ann nm60ro 
t (--a < t < 02) pnBellCTB0 

- 
F ( t )  - F (-t) 

A RepaBCIICTBO 

I F ( t )  \ ,( F (0). 
' ~ o J I o x P ~ M  

ce 

0 (2)  = S eifzF ( t )  dt .  
0 

B cuny ( 3 )  @YHKQI~FI  (2)  peryJlRpHa B 06nac~l i  3 z  > 0. K p o ~ e  Toro, 
nrodoro y > 0 

n o ~ a x e ~  Tenepb,  TO 80 ( z )  0 npIj ZJ > 0 (z = x + iy). C 3 ~ o i  

QeJIbIO B03bMeM TOXAeCTBO 

. 1  " 
- - 2y - i eLz~e-i~t3du, 

0 
MhleeM Aanee 

m m 

0 ( 2 )  4- = e ( u )  d - e-iGF (-u) du, 
0 0 

1. n o c ~ a ~ o r r n o  nono,ttnTb n = 2, t ,  = t ,  t ,  = 0 .  M ~ I  r~aEinen~,  TO npn n m 6 ~ 1 x  
PI? P z :  

F (0) I PI 1"- I: ( t )  P ~ P ~  -I- F (-t) &pz -F- F (0) I P, 13 0 ,  
0 3T0 3HaqnTI YTO 

F (0) 3 0, F (-t) = F(t) 
I1 



[ eitzF ( t )  d t  = 1 dw ( s )  1 d(s+z)tdt =; 1 eitzdt 1 ekfdw (s ) ,  
0 -m 0 0 - w  

e-tyF ( t )  , e-tY 1 eistd c o  (s)  
- m 

m 

F ( t )  = 1 efitdw (s )  
-OD 



( c ~ a ~ a n a  npw t >O, a s a ~ e ~  u H a  ~ c e f i  ~ u c n o ~ o f i  ocu -a < t c m ) .  
T ~ K M M  o6pa30~, npeACTaBneHue (1) IIOnyYeHO, A er0 eAAHCTBeHHOCTb 
~ o ~ a s a ~ a .  

M3 eAAHCTBeHHOCTA 3TOr0 IIpeACTaBJIeHAH BbITeKaeT CJIeAyIoUee 
donee o614ee npeAJIOXeHLie: eCJIA W l  (s), W z  (s) -ABe KOMIIJIeKCHbIe 
( P Y H K ~ N N  OrpaHHqeHHOrO U3MeHeHU53, nPAHRTbIM 06pa30~ HOPMAPOBaH- 
m e ,  A ecm npH --a < f < co 

(9 DD 

1 e f d d u l  (s) = ( e b f d u 2  (s), - m - m 

C 

w (s) = 01 (s) - 0 2  (s), 
TO 

5 eistd; (s) - 0 (--a < f < a). - m 

l 7 m a r a ~  

G (s) = p  (s) + i+ (s), 

rAe cp (s) Fl 9 (s) - BeWeCTBeHHbI, IIOJIyY&iM, YTO 

m 

5 cos st d p  (s) = ( sin st d p  (s), 
-m - m  

00 00 

( sin sf d p  (s) = - S coast d p  (s). 
C O D  -00 . 

1 cos st d p  (s) = S sin st d p  (s) =- 
-m - m 

= S cos st (s) = sin st d p  (s) = 0. 
- m  -m 



71. Cne~~panbl~oe par;noxe~ne yHnTapHoro onepaTopa. H ~ C T L  U - 
y ~ k i ' r a p ~ ~ l f i  O I I e p a T O p  B H. B 3 n ~  n p 0 ~ 3 ~ 0 J l b ~ b l ~  3 J l e M e H T  f  E H, 1 1 0  

J lOXIlhI  

(Ukff, f )  = c k ( f )  - c ,  ( & k E 0 ,  1,  2, .. .), ( 1 )  
T a K  9 T O  - 

c-,, = ( W k f .  f )  = ( f ,  U") = c,. 

q,,, ( f )  C ( I  - q) cke-ikt 23 0. 

( t )  = (1 - $1) r i k t  (Uk/ ,  f ) .  

n- 1 

(T f ,  T f )  = 2 eicS--r)' (Urf, Us / )  = 

q e M  A H O K a 3 a H a  CnPaDeAJlEIBOCTb H ~ ~ ~ B ~ H C T B ~  (2). 
I < ~ K  BEIAIIM, nOCJleAOBaTeJ lbFIOCTb (ck)o), yAOBJleTBOPHeT YCJOBUH) 

T e O p e M b I  1 no 68. n 0 3 ~ 0 M y  OAH03HaYHO O n p e A e J H e T C R  MOp~IEIpOBaHHaH 

~ e y 6 b 1 ~ a r o w a ~  @ ~ F I K L I U R  (S ( t ) ,  AJIR I < O T O P O ~ ~  

Ck = 1 C ' " ~ ~ ( S  ( f )  ( &  k = 0, 1, 2,  . . .). 
0 



71. Cne~~panbnoe pa3noxen~e yaa~apeoro oneparopa 229 

~ Y H K ~ H H  0 (t) n p H  K a X A O M  t RBJIReTCR HeKOTOPbIM ( P ~ H K ~ U O H ~ J I O M  OT f: 
o ( t )=  o(t;  f). 

n e p e ~ e ~ ~ a ~  t 3 A e C b ,  K a K  H BbIIUe, H3MeHReTCR B H H T e p B a J I e  [0,2 n]. 
Y ~ U T ~ I B ~ R ,  9 T O  b 

ei12tdu (t; h) = (Ukh, h) (&& = 0, 1, 2, . . .I, 
0 

u 6 e p ~  n o c n e ~ o ~ a ~ e n b ~ o  

. h = f + g ,  f-g, f+ig,  f-ig, 

Mbl H a f i ~ e ~  6e3 T p y A a ,  9 T O  

2 K 

TaKkiM o6pa30~,  MbI nOJIyqPifiM i I p e A C T a B J I e H M e  B B H A e  TPPirOHOMeTPH- 

YeCKUX PiHTerpaf iOB C T H J I T ~ ~ C ~  H e  TOJIbKO BeJlHrIMH (Ukf, f) ,  HO H BeJIU- 
~ I U H  (Ukf, g).  TO n p e A c T a B n e H H e  e A H H c T B e H H o  (B cuny ycno~afi HOP- 
MHPOBKH ( P Y H K ~ u ~ ~  U (t; f ,  %)) H a  OCHOBaHHU T e O p e M b I  2 no 68. ~ O ~ T O M Y  

00; f ,  %) = u(t ;  g, f). 

Pi, CJIeAOBaTeJIbHO, 

2r 2+ 1 efktdu (t; f ,  g) = a, P t d o  ( t ;  fl, g) + a2 ?j efktdo (t; f,, g) = 
0 0 0 



23 0 h. VI. C n e ~ ~ p a n b a b l a  aaanus c a ~ o c o n p ~ x e ~ n b ~ x  onepa~opoe 

TO N 3  y K a 3 a ~ H o f i  TeOpeMbI N CJIeAyeT, qTO U ( t ;  f ,  g) eCTb 6 w n t r ~ e k -  

H ~ I A  @YHKUNOH~JI  OT f ,  g C HOPMOR, H e  ~ P ~ B O C X O A R U ~ ~ ~  eAHHH4bI. 
Ha OCHOBaHNN TeOpeMbI 06 o 6 m e ~  BNAe ~ H ~ H H ~ ~ H O ~ O  @YHKUHO- 

H a n a  c y m e c T B y e T  T a K o e  s a ~ n c ~ m e e  OT n a p a M e T p a  t (0 4 t 4 2n) ce~efi- 
CTBO O n e p a T o p o B  E t ,   TO 

u( t ;  f ,  g) = ( E l f ,  g). 

Tenepb MbI AOKaXeM,  9 T O  Et e C T b  p a 3 J I O X e H N e  eAUHIIUb1. 

n p e ~ e  BCerO 113 CnpaBeAJlIIBOCTII PaBeHCTBa 

(t; f ,  g) = 0 (t; g, f )  
~ ~ K J I K I ~ ~ ~ M ,   TO 

(g, Etf) = ( E t g ,  f),  

M ~ I  ITOJIyqNhI T o r @  PaBeHCTBO 

2% 

(Ukf, U-'h) = ea td  ( E t f ,  Li-'h), 
0 

Han 
2 x  

(Uk+?, h) = e"d (LirEtf, h). 
0 



A TaK KaK 
2 x  

(UrEtf, h)  = l eirsds (EJt f ,  h ) ,  
0 

TO 
2x 2?t 

(Llk+rf, h )  - l eikfdt {l eirsds (EsEtf ,  h ) )  . 
0 0 

2% 2 x  t 

(Uk+f, h)  = l ei(k+rrd (Elf,  h)  = i eadt {l eirsd (E f ,  h) )  . (5) 
0 0 0 

M 3  C n p a B e A m B o c T w  n p e ~ c ~ a ~ n e ~ ~ i i  (4), (5)  npw J I W ~ O M  s e n o M  k H 
H a n u s m  y I $ ~ H K U H ~  OT t 

2x t 

l eirsds (E,Etf, h) ,  l eirsd (E,f, h )  
0 0 

30 COOTHOUIeHMe BbInOJIHReTCR IIpU n m 6 o ~  UeJIOM f .  ~ O ~ T O M Y  CHOBa 
B CAJI)' eAIlHCTBeHIIOCTIl IIpeACTaBJIeHMR CnPaBeAJIMBO PaBeHCTBO 

(EsEtf,  h)  = (E,f,  h )  

IIpH n r o 6 b l x  f, h € H, eCJIM TOJIbKO S ,< t. 
M H ~ I M B  CnoBaMM, M ~ I  ~ o ~ a s a n a ,  s ~ o  

EsEt = E, (s ,< t ) .  
O T C D A ~  BbITeKaeT,  9TO 

E; = Et, 

T. e. Et eCTb  OIIepaTOp npOeKTMpOBaHUR,  a T a K X e ,  l I T 0  BMeCTO (6)  
MOXHO HanMCaTb 6onee o6uee COOTHOLLleHHe 

I 

ELLEU = E, (s-= min (u ,  v]). 
T e n e p b  MbI A O K a X e M ,  s T O  Ef-0 = Et (0 < f < 2n). T ~ K  KaK Eo = o,, 

EZx = 1, TO TeM CaMbIM 6 y ~ e ~  ~ O K a 3 a H 0 ,  9 T O  Et e C T b  pa3J IO lKeHl fe  
eAHHHUb1. 

C 3~0r"l UeJIbIO BOCIIOJIb3yeMCR YCJIOBMRMM HOPMNPOBKM, KOTOPbIe 

IIOKa3bIBaWT, s T O  

lim (Ed,  g )  = (Ed,  g )  - 
s+t 



AOKa3aHO.  HO O H 0  U M e e T  MeCTO N B CMbICJIe C A J I ~ H O ~ ~  CXOANMOCTN, 

T a K  K a K  I I p N  t > S 

n o n y s e ~ ~ b ~ e  a o p ~ y n b l  (3') N (3)  A a m T  n p H  k = 1 H c K o M o e  cnes- 
T p a J I b H O e  p Z i 3 J I O X e H N e  YHNTaPHOI'O O I I e p a T O p a  u .  n p N  n P O N 3 B O J b H O M  
u e n o M  k OHM n p e A C T a B n R m T  c n e K T p a n b H o e  pa3noxe~ue y H m a p H o r o  

o n e p a T o p a  Uk.  
M ~ I  n o K a x e M  T e n e p b ,   TO m T e r p a n  B n p a ~ o i i  sacm (3") c y m e c T -  

B y e T  K a K  n p e A e J I  O I I e p a T O p H b I X  N H T e r p a n b H b I X  CYMM P N M a H a  --CTNJI- 

T b e C a  T n  B CMbICJIe p a ~ ~ 0 M e p ~ 0 f i  o I I ~ ~ ~ T o ~ H o ~ ~  CXOAAMOCTN, a IIOTOMY 
P a B e H C T B a  (3") M O X H O  ~ O H N M ~ T ~  H e n O C p e A C T B e H H O ,  a H e  J I N m b  KaK 

CNMBOJINqeCKyfO 3 a n N C b  I I p e A C T a B J I e H N R  (3'). 
B o ~ ~ M ~ M ,  K a K  3 T 0  AeJIaeTCR B 3 J I e M e H T a X  NHTeI'paJIbHOI'O PICskiC- 

neam, H e K o T o p o e  n o ~ p a z ~ ~ e n e ~ u e  u a T e p B a n a  [0,2n]: 

-Tn = P I E  (AI) +'ldktx~ (A2) + . . . + e f k t n ~  (A,), 



He M e U a e T  3aMeTkiTb, q T O  B C U n y  HauINX ~ ~ C C M O T ~ ~ H H ~  pa3JIO-  
X e H t I e  eAMHUUb1 E t  (0 ,< t < 2n) H e  TOJIbKO BnOJlHe OIIpeAeJIFleTCR 
o n e p a T o p o M  U, HO B CBOKI o s e p e n b  B n o n H e  o n p e A e n R e T   TOT o n e p a T o p .  

3 a r i a ~ q u s a ~ l  s a c ~ o ~ u u i i  no, n o K a x e M  em,   TO O n e p a T o p  Et npu 
JIKI~OM (PHKCIIPOB~HHOM t IIPMBOAMT O n e p a T O p  U, a T a K X e  JI lO6yW 
uenyw c T e n e H b  o n e p a T o p a  U. Haure y T s e p x A e H n e  c B o A a T c s l  K TOMY, 

4TO OIIepaTOpbl  Uk N E t  IIepeCTaHOBOYHbI. ~ ~ O K ~ ~ ~ T ~ J ~ C T B O  HeMe&JleHHO 
CJIeAyeT ki3 @OpMyJI Ilpe,QCTaBJIeHMR (3'); A ~ B c T B ~ ~ T ~ J I ~ H o ,  

2x t 

( U k E t  f , g) = l e W S  (ESEt f ,  g) = l e*U (E J ,  g), 
0 0 

t 

= l eikSd (Ej, g). 
0 

C OAHOR CTOPOHbt, KaK H ~ K O T O P ~ I R  CUMBOJI, C B R ~ ~ H H ~ I ~  C 6 k i ~ l ~ H e f i H b l ~  

(PYH KUUOH~JIOM 

q eiktd (&f , g), 
0 



a C ~ p y r 0 f i  CTOPOHbI, HeI IOCpeACTBeHHO,  K a K  I I p e A e J I  B CMblCJIe PaBHO- 
M e p H o f i  CXOAMMOCTli O I I e p a T O p H b I X  CyMM 

e 'k t lE  (A,) + &ktzE (A,) + . . . + e ik tnE (A,), 

lIOCTpOeHHblX no o6pasuy I I H ~ e r p a J I b H 0 f i  CYMMbI C T I I J I T ~ ~ C ~ .  % C T H ~ I ~  
BNA I I o A ~ I H T ~ ~ ~ ~ J I ~ H o ~ ~  @YHKUIIII eikt 3 A e C b ,  OqeBNAHO,  H e  C y U e C T B e H .  
B H a C T O R W e M  I I y H K T e  MbI I I O K a X e M ,  K a K  HaUIM IIOCTPOeHMR IIpOBO- 

ARTCR B 06ue~1 BIIAe. 
B 0 3 b ~ e ~  K ~ K O ~ - H N ~ Y A ~  p a 3 n O W e H k i e  eAIIHMULI E t  B K O H ~ ~ ~ O M  IIJIII 

~ ~ C K O H ~ ~ H O M  I I H T e p B a J I e  [a, PI .  C IIOMOUbIO 3 T O r 0  p a 3 J I O W e H I I H  €!AM- 
HNqbI  COIIOCTaBIIM n106o~y B e K T O p y  f € H @YHKUH~O p a C I I p e A e J I e H I l R  

~ ( t )  = (Etf, f )  (a < t < P), a 3 H a q H T ,  II  U-MePY, KOTOPaR II03BOJIReT 

CTPOIITb M H T e r p a J I b I  ne6era - C T I I J I T ~ ~ C ~ .  
E c n ~  K ~ K o ~ - H I I ~ ~ A ~  YCJIOBMe BbIIIOJIHReTCR OTHOCIITeJIbHO BCeX 

U-Mep,  I I O p O X A a e M b I X  Pa3JIW'4HbIMM 3JIeMeHTaMM f € H, T O  6 y A e ~  
rOBOPMTb,  q T O  O H 0  BbInOJIHReTCR OTHOCNTeJIbHO O n e p a m O p ~ ~ f i  M e p b l  

Et. He M e r u a e T  ~ ~ M ~ T I I T ~ ,   TO B c9yqae cenapa6enb~oro n p o c T p a H c T s a  
3 ~ e c b  n o H s n R q r c H  c n n b H o e  ynpowewne. Hanpn~ep ,  B  TOM cnysae 
M O X H O  H a f i ~ M  OAIIH 3 J I e M e H T  g H T a K ,  q T O  ((IIOqTII BCIOAY)) OTHO- 

CIITeJIbHO M e p b I  ( E t g ,  g) 0 3 H a q a e T  TO W e  CaMOe,  q T O  II ((II09TM BCIOAY)) 
o T H o c u T e n b H o  o n e p a ~ o p ~ o i  M e p b r  E t .  3 ~ a  T e o p e M a  6 y ~ e ~  ~ o ~ a 3 a ~ a  
E l a x e  (CM. no 76). 

I l e p e x o ~ ~  T e n e p b  K @YHKUIIFIM cp (t) (a ,( t ,( P),  H a  KOTOP~IX M ~ I  
XOTUM o n p e A e n m b  o n e p a T o p H b l e  M H T e r p a n b I ,  YCJIOBliMCR pa3 H a B c e r j a , .  

q T O  3TII  @YHKUIIII ( K ~ K  B e U e C T B e H H b I e ,  T a K  M H ~ B ~ I ~ ~ c T B ~ H H ~ I ~ )  
A O J I X H b I  6 b 1 ~ b  OIIpeAeJIeHHbIMN II KOHeqHblMW IIOqTM BClOAY OTHOCII- 

T e n b H O  0 I I e p a ~ o p H o f i  M e p b I  E t  II, K p O M e  TOrO,  OTHOCEiTeJIbHO Et R 3 M e -  
PIIMblMN. O T C I O A ~ ,  B qaCTHOCTN,  CJIef lyeT,  q T O  @ Y H K ~ I I H  cp (t) H e  M O W e T  

0 6 p a ~ a ~ b C R  B B T O s K e  to (a ,( t ,( P), eCJIH B 3~0fi T O q K e  XOTR 

6b1 H P I I  OAHOM 3 A e M e H T e  f 6 H @ Y H K ~ I I R  ( E t f ,  f )  I IMeeT CKaqOK.  
~ ~ o c T ~ ~ L U U M  C J y q a e M ,  HeCOMHeHHO, RBJIReTCR TOT, K O r A a  @YHKUNZI 

cp:(t) o r p a a u q e H a .  B  TOM cnyqae npn JI IO~OM f c H m e e T  c M b I c n  

U H T e r p a n  ne6era - C ~ a n ~ b e c a ,  

'1 
( E t f ,  h ) = + t ( f + h ) ,  f + h ) - ( E t ( f - h ) ,  f - h ) +  

+ i ( E t  (f + ih), f + i h ) - i ( E t ( f  -ih), f -ih)),  
TO, O q e B N A H o ,  npn n106b1x f ,  h E H H M e e T  c M b l c n  M H T e r p a n  Je6era- 
C T M J I T ~ ~ C ~  

0 



b a r 0 ~ a p R   TOM^ paBeHcTBy @op~yna  (1) npa h = T f  npaHuMaeT BUA 

D t 0 

sbrpaxamrqee,  TO OnepaTop T orpaHmeH. 
@OpMyfiy (1) MOXHO UpeACTaBHTb B BUAe 



B C J I ~ ~ O M  CMbICne, T. e. K a K  O I I e p a T O p b I ,  , O T B e r I a l O q L i e  ~ N J I M F I ~ ~ ~ H ~ I M  
$ ~ H K u H o H ~ J I ~ M  (1 )  N (3), r A e  f ,  h - n1o6b1e 3JIeMeHTb1 M. E c n ~  n p e A -  
nonoxmb, YTO ~ Y H K U H R  y (t) H e  T O J I ~ K O  orpaanqeaa, HO H H e n p e -  

P b I B H a ,  T O  N H T e r p a n b I  (4), K a K  A e r K O  I I O K a 3 a T b ,  nOBTOPRR PaCCMOT- 

PeHMR no 71, OIIpeAeJIRmTCR H HeIIOCpeACTBeHHO,  K a K  P a B H O M e p H b I e  
I l p e f i e n b I  O n e p a T O p H b I X  N H T e r p a J I b H b I X  CYMM P H M ~ H ~  -- C T H J ' I T ~ ~ C ~ .  

C n e ~ y r o q H R  mar C o c T o n T  B 0 ~ ~ a 3 e  OT n p e A n o n o x e H m  06 orpa- 
HNqeHHOCTki @YHKUNN Cp (f). BM~CTO 3 T O r O  I I p e A I I O n O X e H H R  npHMeM, 

q T O  M H O X e C T B O  D 3 n e M e H T O B  f ,  A n R  KOTOpbIX 

HaXOANM, YTO 

( E t  (f + g), f + g) 4 2 ( E t f l  f )  + 2 ( E t g ,  g). 

~ O ~ T O M Y  COOTHOUreHUR 

T,, = S ipn ( f )  d E t .  
a 



TO SG T*. H O K ~ X ~ M  TCnepb, qTO DT* D, OT'KyAa  ACT CJeAOBaTb, 
qTO T* = S. C 3 ~ 0 2  UeJbIO ~ ' ~ H M C M ,  qTO AJIH H ~ K O T O P O ~ ~  IIapbI 3nCMeH- 
TOB h, h* E H 

(Tf, h) - (f, h*) (6) 

npM nI060M f E D. 3 a ~ e ~  onpenenrm onepaTop S, no (PYI-IKIIMM (Po, 
nono6ao ~ohry KaI< (Pop~ynoii (4') BLIJI OnpeAeneH onepaTop T, no 
(PYHI<UFIM (P ( t ) .  Talc Kai< 



C n e ~ o ~ a ~ e n b ~ o ,  n p s  ~ 1 0 6 0 ~  h E H s n e M e H T a  f, = S,h 6 y ~ e ~  
H M m b  H e p a B e H C T B O  

T. e. f, E D, U Mbl MOXeM B @ o p ~ y n e  (6) IIOJlOXHTb f = f,. 3 n e c b  

MbI YqJIH, q T O  (P (t) (P, (t) = (p: (t). C H O B ~  n O J I b 3 y H C b  TOXAeCTBOM (7), 
yXt? n p H  g = h, ~ a f i ~ e ~ ,  q T O  

Ha OCHOBaHHIl @ 0 p ~ y n b 1  (6) npu f = f, n o J I y q a e M  OTcWAa,  qTO 

B 

( 1  cp (t) 12d ( E t h ,  h) < Ilk* 1129 

e. h € D. T ~ M  CaMbIM BKJIFOqeHNe Dr* & D A O K a 3 a H 0 ,  a BMeCTt? 
HHM yCTaHOBJIeH0 H c @ o ~ M ~ J I I ~ ~ o B ~ H H o ~  B b I m e  Y T B e p X A e H H e :  S - T*. 

~ ~ M ~ T M M ,  q T O  T a K  K a K  n e p e X O A  OT T K T* nOJIyqaeTCR 3 a M e H o f i  

M3 ~ ~ C C M O T ~ ~ H M ~ ~ .  H a C T O H U e r O  n y H K T a  BbITeKaeT,  K a K  ~ a c ~ l ~ b l f i ,  

HO 0~060 ~ a X ~ b 1 f i  ~ J I y q a f i ,  C A e A y I 0 q a H  

Teope~a. BCAKOMY pasnoxe~u~o eedu~uljoi Et (-a < t ,( a )  onzse- 
raetn snonrie onpedeneriribid ca~oconp~xer i~oid  onepanzop 



06nacmoro onpedene~un Dg 3moz0 oneparnopa ncnnernca cosorcyn~ocmb 
scex sercmopos f ,  dn~l Icomopb1.t sblnonHxemcx HepaseHcmso 

73. W~~erpanb~oe npeRcTaeneHae rpynnbl yHnTapHbrx onepaTopoB. 
M e ~ o j ,  K O T O P ~ I ~  M b I ,  n p J i M e H H J I H  B no 71 n p H  P a C C M O T P e H H H  Y H H T a P -  

H O r O  O I l e p a T O p a ,  n p l i M e H H M  H B HeKOTOPbIX J P Y r H X  CJIYZIaRX. M ~ I  no- 
J l y s l i M  C er0 IIOMOULK) M H T e T P a J I b P O e  n p e A C T a B J I e H R e  ZpLjnnbl y&UmUp- 
H ~ L X  onepamopos ( H ~ C T O R U H ~  ~ Y H K T )  H pe3onoee~mb~ ca.wocortprrwefi- 
~ o z o  onepamopa (no 74). 

~ Y C T ~  A a H O  C ~ M ~ ~ C T B O  Y H M T a P H b I X  O n e p a T O p O B  Us, 3 a B l l C R U N X  
OT OAHOrO I I a p a M e T p a  S (- co < S < CO), Y,!JOBJIeTBOPRZOUl€!e C J I e A y l U  
W R M  YCJIOBIIRM: 

I )  u s u t  = U s + t ,  
2) uo =- r ,  
3) (Utf, g) e C T b  H e n p e p b I B H a R  @yHKIl r?R O T  t I I p H  J I I o 6 b l x  f ,  g E H. * 
M3 1) I1 2) B b I T e K a e T ,  q T O  U;' = u - t .  A T a K  K a K  ut = ur', TO, * 

CJIeAOBaTeJIbHO,  ut = ULt. 
P a c c ~ a ~ p r i ~ a e ~ o e  c e ~ e f i c ~ ~ o  o n e p a T o p o B  n p e A c T a s n R e T  Henpepblotiyro 

n6eneey zpynny. 
B ~ R B  I I ~ o M ~ B o J I ~ H ~ I ~  3J IeMeHT f E H, PaCCMOTPHM @YHKQNIO 

F (t) = ( U t f ,  f) .  

,,,(--a) = l i m w ( s )  -- 0, w (s-0) = o (s) (-w < s <  a)', 
F*-CO 



-(J '9 ts) cn = (9 '1 !s) a) -- 
:INO~L~QOC~J rvamaAUav;, ~aeUevgo 

~I~~OLOW M 1qtlm111Ua ~1fUox30aadu an o~odo~oa eIUd0~ '8 'J LO veeoml 
-?IIzL@ IJI9HkjaHIIU'&i9 qL3.3 (8 '4 IS) cn Olh '~{~~~~FJI~EI?)IoU 'a1lll9€l II XeH 
'ri~no~~r~aa~sr~rr~a !!OLE IIII~I~~OI-IXI eH .o~rran~s~Il~Ua aki~arras~.juadu OLE 

OPZ 



E,E, = E, (s = min {u, v ) ) .  . 

flanee, IIa OCHOBaHMU YC.?OBN~~ HOPMMPOBKM @ ) ' H K ~ ~ u N  w AOKa3bl- 
BaeTCR CHasaJIa B CMbICJIe cna6oii CXOAMMOCTM, a 3aTeM I1 B CMbICJIe 
C M J ~ H O ~ ~ ,   TO 

ESMo = Es, E-, = 0, Em = I. 

, Tarcki~ 06pa30~ ,  n o ~ a 3 a ~ 0 ,  YTO paccMaTpr.rsaer\.lazI apynna p u m a p -  
HM?C onepamopos donyc~aem uHmeapilnbHoe npedcmao.zeuue 

m 

Komopoe, tca~c neztco sudemb, ctipasednuso s ccitjlcne c u n b ~ o c  C X O ~ U -  

M O C ~ U  H ~ C O ~ C N Z ~ ~ H U O ~ O  uumezpaiza, a ue ecmb A U L U ~  CuUsonuYecKax 
3anucb paseucmsa 

l l p e a o c ~ a ~ n r l e ~  sMTaTenm npoaepKy Toro, s ~ o  onepaTop E, npM- 
BOAMT onepaTop Ur. 

B ~ ~ K J I ~ Y ~ H M ~  OTMeTMM, YTO noJIyyeHHoe npeAcTaBjleHMe ( I ) ,  I<aK 
M ~ I  YBUAUM w x e ,  nocne BseAeFIriR +YHKUHB OT caivoconpRwenHoro 
OnepaTOpa (no 88), MOXeT 6biTb 3anMCaHO B BMAe 

Uff = eiBff, 

74. M~~erpaJIb~oe npeACTaBJleHHe pe30JlbBeHTbl CaMOCOnpRXeHHOrO 

onepaTopa. n y c ~ b  A  - c a i v o c o n p ~ ~ x e ~ ~ b ~ i i  onepaTop a R,= ( A  - 21)-'- 
er0 pe30JILBeHTa, KOTOPYW MbI 6 y a e ~  PaCCMaTpMBaTb JlllUb npU 32 + 



Ha OCHOBaHMM COOTHOLUeHUR rMJIb6ep~a 

RZ, - R z  = (2' - 2) R z *  Rz 
nonys aeM 

q(") - q(') = (Rz,Rzf, f), 
2' - 2  

1 
OTKyAa, 6 ~ 1 a r o ~ a p ~  HepaBeHCTBy 1 )  Rz ( 1  -- ( c ~ .  no 45) CneAyeT, qTo 

I Y I  
IIpU 2' -+ Z CyweCTByeT 

l irnq(2')-q(2)  = ( R z R z f  f). 
2' - 2  

1 !I Rzf I1 9 y II f II 



B ~ ~ O M H M M  T e n e p b  TeOpeM)' 3 no 69. B CaJ Iy  B T O ~  TeOpeMbI C y u e -  
CTByeT ~ e y 6 b l ~ a 1 o U L a R  ( P Y H K ~ M R  O r p a H N q e H H O r O  lr3MeHeHNR W (t) = 
= Ul ( t i  f),  KOTOPaR OAH03HaqHO OnpeAeJIReTCR H O P M M P O B K O ~  

w ( - a ) = l i m w ( t ) = O ,  o ( t - 0 )=  w ( t )  (-a <t , (  a), 
t + - m  

do (f; D ( R j ,  f )  = 1 - a  

-m 
t - z  

E c n l r  Z J I e X H T  B B ~ P X H ~ ~  IIOJIyIIJIOCKOCTlr, TO JIeXMT B H M X H ~ ~ ~ .  no- 
 TOM^ ~3 a o p ~ y n  (1) N (2) c n e A y e T ,  s ~ o  n p e A c T a e n e H u e  

t-z 

1 1 ( f ;  f ,  g ) = - w ( t ;  f + g ) - q w ( f ;  f-g1-I- 
4 



S i91'--o 
- w 

t - z  

w 

[ 5%jxo. 
b t - z  

-m 

C ~ ~ B H ~ H E I ~  (4) C (4') nOKa3bIBaeT ,  YTO npll nro6ou H e B e q e C T B e H -  

HOM Z 

- 
(4 - 1 4 (2 - 0. -- .. t - z  

-m .  - w 
t - z  

HO B CMJIY TeOPeMbI 3 no 69 EI ~ ' c J I o B H ~  H0PMEIPOBKI.I OTCIOAa BbITeKaeT,  

Y TO 

a (I) = (t) = 0. 

(I; f ,  g) = rn g, f) ,  (5) 
a T a K x e ,   TO 

(ti + a 2 f 2 ,  g) = a i w  (ti f i ,  g) + (ti f a ,  g). 

T o r ~ a  113 TeOpeMbI n023 6 y ~ e ~  CJleAOBaTb, '4TO OI (ti f ,  g)  e C T b  ~ H J I K -  
~ e f i ~ b t f i  $ ~ H K U M O H ~ J I  OT f ,  g C H O P M O ~ ~ ,  H e  I I P ~ B O C X O A R W ~ ~ ~  eAkiIIML(b1. 

M ~ I  yxe  o ~ n l e q a n u ,   TO 

Y I f f I 4 f fi (Y > 0). 



HO w ( f ;  f ,  f )  e C T b  ~ e y 6 b l ~ a l o ~ l a R  @ Y H K ~ W R  OT f ;  l l 0 3 T O M y  H e p a B e H -  

CTBO 

f ,  f )  4 ( f ,  f )  

1 
( R f ,  R2g) = 1 - t - 2  d ( E , f ,  R2g), - m 

(6)  



- 
1 1 I =- S (--- 1 

Z I - 2  t - ~ '  t--z ) d(Ed, g) = 1 ( t -  I )  (t-l.)d(Etf, &I)- 
-m -- 

M T ~ K ,  I<pOMe IIpeACTaBJIeHUH (6) ,  MbI UMeeM I I p e A C T a B J I e H U e  

-m 

UJIU 

' O T C I ~ A ~  CJIeAyeT, 9TO 

E g ,  = E, (s = min {u, v ) )  
U, 3HaYUT,  

E,  ,< E, (s g t). 
M 3  ~ c J I o B U ~ ~  HOPMHPOBKU @ Y H K U U M  OI (f; f ,  g) B ~ I T ~ K ~ ~ T  CHarlaJIa 

B CMbICJIe c n a d o f i  CXOAUMOCTU, a 3aTeM U B CMbICJIe c U J I b ~ o f i ,  9TO 

Aanee, CyueCTByeT ~ U J I b ~ b 1 f i  IlpeAeJI 
lim Et = E,. 
t+ m 

A o K ~ ) K ~ M ,  9TO 
E, = I, 

FEt= (I- E,)Et = Et-limE,Et= Et-E,=0. 
S - c  ar 



C n e ~ o s a ~ e n b ~ o ,  npki nm6b1x f ,  g E H 
LO 

1 
(R,Fi, g)  = 1 - t - z  d (EtFf, g)  = 0. 

- m 

I l p e ~ n a r a e ~  s u T a T e n m  n p o s e p m b  c n e ~ y m u ~ i i  @ ~ K T :  ecnu S - npo- 
u3sonbnbrc o z p a ~ u ~ e ~ n b r ~  onepamop, onpedenennbrc eclody s H , u ecnu 

S R, =: R2S , 
npu nlo6ont nese~ecmsennon 4 mo 

SEt = EtS 

npu nlo6ont t E [-a, co]. 

75. C n e ~ ~ p a n b ~ o e  pasnowe~ee caMoconpsmeHHblx onepaTopos. B K o H u e  
no 72 6brno YCTaHOBJIeHO, 9 T O  K a X A b I M  p a 3 J I O X e H H e M  eAMHM4bI 

Et (- ,< t ,< a) n O p O X A a e T C 5 I  H ~ K O T O P ~ I ~ ~  C ~ M O C O ~ ~ R X ~ H H ~ I ~ ~  O n e -  
p a T o p  B. OCHOBHO~~ sa~asei i  H a c T o R u e r o  n y H K T a  R s n R e T c R  ~ o ~ a s a -  
TeJIbCTBO O ~ ~ ~ T H O ~ O  I I p e A J I O X e H N R ,  MMeHHO, LIT0 K a X A O M y  CaMOCOnpR- 
X e H H O M Y  O n e p a T O p y  S I IpMHaAJIeXHT HeKOTOpOe p a 3 J I O X e H N e  eAMHNUb1, 
KOTOpOe I I O p O X A a e T  er0 B CMbICJIe Y ~ O M R H Y T O ~  T e O p e M b I  no 72. E 0 J I e e  

TOrO, M U  A O K a X e M ,  q T O  3THM p a 3 J I O X e H H e M  eANHNUbI  HBJIReTCR pas- 
J I O X e H H e  eAMHHUbI p e 3 0 J I b B e H T b I  O n e p a T O p a  A. n e p B b 1 ~  LUarOM H a  
n y T H  K 3TOMY A O K a 3 a T e J I b C T B y  RBJIReTCR C J I e A y I O U a R  

Jle,u,ua. Ecnu Et(-co < t co) ecmb pasnowenue edunuybr, 
npunadnexaqee pesonbeenme R, cafioconpxwennozo onepamopa A, 
mo cosoicynnocmb scex eeicmopoe f E H ,  dnx icornopbrx unteem fiecmo 
nepaeencmso 

5 t 2 d ( E t f ,  f )  < 
c m 

cosnadaem c o6nacmbm onpedenenu,~ DA onepamopa A .  



A o K a 3 a T e n b c T B O. M ~ I  3 ~ a e ~ ,   TO BeKTop f = R,h npoberae~ 
DA, KOrAa BeKTOP h npo6erae.r H, a .Z eCTb K ~ K O ~ - H M ~ Y A ~  @UKCUPO- 

BaHHOe  HeBeqeCTBeHHOe qHCn0. M ~ I  IIpMMeM .Z = i U AJIH KpaTKOCTM 

6yneM nUCaTb 

R1 = R, R-r = R*. 

Haule npennoxealie 6 y n e ~  n o ~ a s a ~ o ,  ecnli M ~ I  npoBepm ~ K B M B ~ -  
JIeHTHOCTb CJIeflYIOUlMX ABYX ~ T B ~ ~ X A ~ H H ~ :  

a. ~ J I ~ M ~ H T  f T ~ K O B ,  9TO 

- . f = Rh. 

f = Rh. 
B TaKOM CJIyqae 

(E*f, f )  = (EtRh, Rh) = (REfh, Rh) = (R*RE,h, h) = 

1 1 I - - 5  ( ( R  - R*} Ep, h) = 5 1 (, - & I d ,  ( ~ & t h ,  h) = 
- m  

T. e. ' y ~ s e p x n e ~ ~ e  a n o ~ a 3 a ~ o .  

Tenepb AOKaXeM, sT0 ti3 U CJIeAyeT @. ~ Y C T ~  U MMeeT MeCTO. *d 
3Ha9MT, 9TO BeKTOP f lTPHHaAJIeXEIT O ~ J I ~ C T U  OIIpeAeJIeHMR OIIepaTOpa B, 
o KOTOPOM ulna pesb B TeopeMe no 72. 

1- OJIOXHM 
- h = (B - iI) f. 



m 

( ~ ( ~ - - i l ) f ,  g ) =  -OD { = . d ( ~ , f ,  , g )=( f ,  g). 

B CMny IlpOU3BOJIbHOCTki g  3 T 0  ki  0 3 H a q a e T ,  4TO 

R ( B  - il) f = f .  (1) 
Teope~a 1. Pasnowe~ue e d u ~ u y b l  E, (-w 4 t 4 w) p e 3 o n b e e ~ m b t  

R, caaoconpmicew-ioeo onepamopa A xenxemcx p a 3 n o 3 t c e ~ u e ~ i  edu- 
HU+L onepamopa A, m. e., s o - n e p s b l x ,  DA e c m b  C O ~ O K ~ ~ H O C ~ ~  ecex 
e e l c m o p o e  f ,  dnx t c o m o p b l x  . 

u, s o - s m o p b l x ,  dnx A K J ~ O P O  f E DA 

A o K a 3 a T e n b c T B O. ~ O C T P O H M  onepa-rop B, m ~ e q a m m k i f i  
B CMblCJIe TeOpeMbI no 72 pa3JIOXeHkiKI eAkiHkiubI E, Pe30JIbBeHTbl  R, 
OtIepaTOpa A. Ha OCHOBaHHM JIeMMbI DB = DA, CJleAOBaTeJIbHO, 
OCTaeTCR AOKasaTb,  4TO AJIR nm6oro f c DA HMeeT MeCTO paBeHCTBO 

Bf = Af .  (2) 

npk i  K ~ K O M - ~ ~ 6 y ~ b  HeBeULeCTBeIlllOM Z p e a n H 3 y e T C R  JMmb B TOM CJIY- 
Yae, K O r p  g  = 0. 1 1 0 3 ~ 0 ~ ~  BMeCTO (2) AOCTaT04HO AOKa3aTb, 4TO 

RBI = RAf 



250 h. VI. Cne~~panbnblfi  a ~ a n n 3  c a ~ o c o n p n x e ~ ~ b i x  o n e p a ~ o p o ~  

90 PaBeHCTBO, HeCOMHeHHO, MMeeT MeCTO, TaK KaK JIeBaR U C T b  paBHa  

f B cnay (I) ,  a n p a s a R  pama f,no o n p e A e n e H u r o  ~ ~ ~ O J I ~ B ~ H T ~ I .  

M ~ ~ e r p a J I b ~ 0 e  npeACTaBJIeHIle  OIIepaX'Opa A ,  YCTaHOBJIeHHOe TeO- 
pe~oi i  1, ~ a s b r s a e ~ c ~  cnercmpanbtiblat pasnoxenue~ 3~01-o o n e p a T o p a .  
C n e ~ ~ p a n b ~ o e  pasnoxeeae o r p a H n q e H w o r o  c a M o c o n p R x e H H o r o  onepa- 
TOpa  6b1no B n e p B b I e  n O J I y q e H 0  ~ A J I ~ ~ ~ ~ T o M ,  a o606we~~e  H a  H e o r p a -  
HIlqeHHbIe  CaMOCOIIPRXeHHbIe OnepaTOpbI  l lpUHaAJleXHT H e i i M a ~ y .  

Teope~a 2. Pasnoxe~ue edu~urjbl E, (- co ,( t c co) npunadne- 
wum cahioconpmeHriouy oncpamopy A s moil( u monbrco moa cny- 
me ,  ecnu: lo E (A)  npueodum A npu nm60ht A c [--a, a]; 2' u3 
BK4MYeHUR 

f€(E,--F,)H ( - c o < s < t < c o )  

BepHOrO,  eCJIM f E (E, - E,) H. 
O ~ P ~ T M M C R  K AOKa3aTeJIbCTBy AOCTaTOqHOCTM yKa3aHHbIX YcJIoBM~. 

U T ~ K ,  n y C T b  YCJIOBWR lo, 2' BbIIIOJLHeHbI. B03bMeM K ~ K O G - H N ~ Y A ~  3JIe- 
MeHT f DA. B CMJIy yCJIOBMR 1' 06nac~a D A  nPHHaAJIeXMT (Ep - 
- E,) f ,  KaKoBbI  6b1 HH 6b1~1n wcaa a, p. I l p o n 3 ~ e ~ ~  p a 3 6 n e ~ n e  ( M ~ I  
CqMTaeM U ,  K O H ~ ~ H ~ I M H )  

HO M3 YCJIOBAR 2' BbITeKaeT, 9TO IIpM f E (E, -- E,) H 
f -s t - s  



75. C n e ~ ~ p m b ~ o e  pa3noxenue ca~oconp~xenn~x  oneparopos 251 . 

t - s  nemlum B (Et - EJ H ,  uMeeT HOPMY 9 T. ~ I O ~ T O M Y ,  nepenncaB 



252 rn. VI. C n e ~ r p a n b ~ b ~ i l  asanus c a ~ o c o n p ~ n e ~ ~ b ~ x  o n e p a ~ o p o ~  

npn  BbIBOAe I lHTerpaJ IbHOrO IIpeACTaBJIeHNR pe3OJIbBeHTbI CaMO- 
c o n p R x e H H o r o  o n e p a T o p a  (no 74) 6 b 1 ~ 0  u c n o n b s o ~ a ~ o  numb,  TO 

R, (32 # 0) e C T b  C ~ M ~ ~ ~ C T B O  OnpeAeJ IeHHbIX BCIoAY B H OnepaTOpOB,  

y A O B J I e T B O p R I 0 ~ P i X  CJ IeAyIoUNM YCJIOBURM: 

1 
1 "  I R, I I f  I 0 = 32). 

2". R; = R,-. 
3". Rz, - R, = (2' - Z) Rz*Rz' 
4". Ecnu R,f = 0 I IpH K ~ K O M - H ~ 6 y f l b  2, TO f = 0. 
T e n e p b  MbI MOXeM Y T B e P W a T b ,  9 T O  BCRKOe C ~ M ~ ~ ~ C T B O  OIIepaTO- 

POB, Y A O B J I e T B O P R I O ~ e e  3THM YCJIOBNRM, n eACTaBJIReT pe30J IbBeHTy  P HeKOTOpOrO CaMOCOnpHXeHHOrO O n e p a T O p a  . A e f i c ~ ~ k i ~ e J I b H o ,  MMeR 
TaKOe C ~ M ~ ~ C T B O  OnepaTOpOB,  Mbl MOXeM ~ a f i ~ k l  er0 MHTerpaJIbHOe 

npeAcTaB.?eHHe sepea H e K o T o p o e  pa3nome~ue eAuHM4bI  Ei, a 3 a ~ e ~  
noCTPOMTb C a h l 0 ~ 0 I I p R X e ~ H b 1 f i  OIIepaTOp A C 3TNM pa3J lOXeHHeM eAH- 
HkiQbI. P e 3 0 J I b ~ e ~ ~ 0 f i  3 T O r 0  OI I epaTOpa  A H RBJIReTCR C ~ M ~ ~ ~ C T B O  R,. 

3 a K a ~ q k i ~ a R  H ~ C T O R ~ H ~ ~  no, IIpUBeAeM HeCKOJIbKO npOCTbIX Q ~ K T O B  
OTHOCUTeJIbHO CaMOCOnpRXeHHbIX OnepaTOpOB,  KOTOPbIe RBJIRIOTCR He- 
IIOCpeACTBeHHbIMN C.JIeACTBARMM MHTerPaJIbHOrO npeACTaBJIeHAR 3TMX 
o n e p a T o p o B :  

1). Ecnw A - C ~ M O C O ~ ~ H X ~ H H ~ I ~ ~  O n e p a T O p ,  AJlH KOTOpOrO 

- 
TO c n e K T p a n b H o e  p a 3 n o x e ~ ~ e  o n e p a T o p a  A m e e T  BHA 

B 
A =  S t d ~ , ,  

a 

T. e. 
E,=O (npu t ,(a), 
E, == I (npu t a p). 

Akf = A (-A*'/) (k = I ,  2, . . . , n), 

CnenyeT 3aMeTHTb, 4TO 3TOT @BKT MOXeT 6b1Tb YCTaHOBneH 6 e 3  UCnOnL30BaHUR 
uHTerpanbHoro npencTasneHuR c e ~ e i i c ~ s a  onepaTopos R,. Ecnn onKpaTbcn nurub 
Ha C B O ~ C T B ~  2O, 3O, 4", TO nerKo ~ O K ~ S ~ T L ,  YTO OnepaTop A ,  onpenene~w~lii pa- 



3). C y m e c ~ ~ y e ~ r  n n o T H o e  B H n ~ ~ e f i ~ o e  ~~orooGpa31ie, H a  KOTO- 
POM O n p e A e n e H b I  B c e  H a T y p a n b H b I e  c T e n e H M  c a M o c o n p R , x e H H o r o  onepa- 
T O p a  A.  B K a q e C T B e  T a K O r O  m o r 0 0 6 p a 3 ~ ~  MOIKHO B 3 R T b  COBOKYnHOCTb 

B~KTOPOB BMAa E (A) h ,  r A e  / I  npo6erae~ H, a A npo6erae~ M H O X e C T B O  
BCeX KOHeqHLIX MHTePBaJIOB ~ M c J I o B o ~ ~  OCM. 

~ O K ~ ~ ~ T ~ J ~ C T B O  3TIIX Y T B ~ ~ X A ~ H R ;  I IpeAOCTaBJIReM q I i T a T e J I I 0 .  

76. 0 MHomecTsax ~ynesoii onepa~opuoii Mepbl B cnyrae cenapakienb- 

HOI'O npOCTpaHCTBa. B 3TOM I I y H K T e  MM AOKaiKeM I I p e A J I O X e H M e ,  KOTO- 

poe 6 ~ 1 ~ 1 0  ~ I I O M R H ~ T O  B no 72. BOT OHO: 
Te0pe~a 1. Ecnu H - cenapa6enblioe npocrnpailc17zco runb6epma 

u E, - ilelcornopoe pasno;7lceilue eduilutpl Ha tcoileviloM unu 6ectcoileu- 
iloa uilmepcane, nzo ~ o x i l o  ytcasamb eneMeilrn g E H matc, vrno6bl 
ailoxecrnso aepbl ilynb ornilocumen6ilo @yiltcyuu pacnpedeneilu~z (E,g, 
g) uMeno ntepy ilynb omHocurnenbilo (E1/z, h) npu n r o 6 o ~  h E H .  

A o K a 3 a T e n b c T B o. I I p e x ~ e  B c e r o  ~ ~ M ~ T M M ,   TO n o c T a T o q H o  
P a C C M O T p e T b  ~ J I y q a f i  p a 3 J I O X e I M R  eAMHMULI H a  KOHeqHOM MFITepBaJIe.  

A e f i c T B ~ i T e J I b ~ o ,  eCJIM E, e C T b  p a 3 J I O X e H M e  efiMHMub1 H a  OCM {-03, 

w], TO F, = El, rae t = fgs, 6 y ~ e ~  pa3JIOiKeIIMeM eAMHIiUbI H a  MHTeP- 
a-l 

B a n e  [-- H ,  51. n p ~  STOM, KaKOB 6 b 1  H I  6 b 1 n  3 J I e M e H T  h 8 H, Jim- 
L J 

~ O M Y  TOqerIHOMY MHOXeCTBY OCM - W ,< t ,< W ,  MMelOUeMY - H y J I e B y l O  

q - M e p y ,  me 01 (t) = (Eth, h), B CMJIy COOTBeTCTBMR f = f g S  O T B e q a e T  

0 2  (s) = (F&, h) M H ~ O ~ O ~ O T :  ~ O B T O M Y  Mbl M O X e M  C p a 3 y  IIpeflIIOJIO- 

X N T ~ ,  ~ I T O  p a 3 n o x e ~ 1 f e  eAMHMuM E, 3 a ~ a ~ 0  H a  K o H e q I I o M  M H T e p s a n e .  
0 6 0 3 ~ a q M M  qepe3 A 0 r p a ~ u q e ~ H b 1 6  c ~ M o c o I I ~ R X ~ H H ~ I ~ ~  O n e p a T O p ,  n p M -  

~ a ~ n e x a u u f i  pa3noxe~um e n u H u u b r  E,. 
T ~ K  KaK n p O C T p a H C T B 0  H c e n a p a 6 e ~ I b H 0 ,  TO C y U e C T B y e T  C q e T H O e  

MHOXeCTBO {g(i)];, IIJlOTHOe B H. ~ J I O I K M M  gl = g ( l )  N BBeAeM nOA- 
n p O C T p a H C T B 0  

G1 = {gl, Ag1, A2g1, . .), 



254 h. VI. Cne~~panbabltl  aaanus c a ~ o c o n p ~ x e ~ ~ b ~ x  onepa~opo~ 

B B e A e M  G, H P3 I4 T. A. T ~ K M M  o6pa30~, MbI lTOJlYqMM ~ ~ C K O H ~ ~ H Y ~  

nOCJIeAOBaTeJIbHOCTb BeKTOPOB {gk):, COOTBeTCTByIOUUX n O A n p 0 -  

C T P a H C T B  {Gk); U OPTOnPOeKTOPOB {Pk)r. 
~ ~ M ~ T M M ,  q T O  n O A n p O C T p a H C T B a  Gh (a 3 H a q U T ,  CI BeKTOPbI gk) no- 

n a p H 0  OPTOTOHaJIbHbI,  a K a X ~ b 1 f i  M3 OPTOnPOeKTOPOB Pk n e p e C T a H 0 -  
B O s e H  C O n e p a T O p O M  A.  n p I 4  A O K a 3 a T e n b C T B e  BTOpOrO H 3  3 T u X  Y T B e p X -  

~ e ~ k i f i  uCnOJIb3yrOTCR T e O p e M b I  1 M 2 no 45. 
Tenepb B03bMeM nOCJIeAOBaTeJIbHOCTb nOJIOXHTenbHbIX qUCeJl  y k  

T a K ,  U T O ~ ~ I  

N A O K a X e M ,  9 T O  B K a q e C T B e  T P ~ ~ Y ~ M O ~ O  B e K T O p a  g MOXHO B 3 R T b  

A o K ~ ~ ~ T ~ J I ~ c T B o  OCHOBaHO H a CJIeAyIOLUkiX JIeMMaX: 
1". Ecnu T O r e q H O e  MHOXeCTBO % CiMeeT M e P Y  H y n b  OTHOCHTeJIbHO 

(E,f, f) ,  TO O H 0  UMeeT M e P Y  H y n b  OTHOCllTeJIbHO (EtCf, cf), r A e  C - 
n1060fi o r p a ~ u q e ~ ~ b ~ f i  C ~ M O C O ~ ~ H X ~ H H ~ I ~ ~  O n e p a T O p ,  ~ ~ P ~ C T ~ H O B O ~ H ~ I ~ ~  

c o n e p a T o p o M  A ,  a n o T o M y  (CM. K o H e u  n074) u c E,. 
2". Ecnu MHOXeCTBO % CiMeeT MePY H y n b  OTHOCPiTenbHO (Etf1, f ')  

M OTHOCKTeJIbHO (Etf", fN) ,  TO O H 0  0 6 n a ~ a e ~  TeM Xe CBO~~CTBOM OTHO- 

CMTeJlbHO (Etf, f), r A e  f = f '  + f". 
3". Ecnu MHOXeCTBO % UMeeT M e P Y  H Y n b  O T H O C H T W ~ ~ ~ O  K ~ X A O ~ ~  

143 ~ Y H K U M ~ ~  (Etf,, f,) (n == 1, 2, 3, . . .) u ecnu J j  h-f, I( + 0 
(n + a), TO HMeeT M e p Y  H y n b  OTHOCHTeJIbHO (E,h, h).  

Y T O ~ ~ I  A O K a 3 a T b  JIeMMbI l o  11 2', nOJ'IOXUM F = E, - EA (p > 1). 
T o r ~ a  

(F (f' + f"), (f '  + f " )  = (F(f' + f"), F(f' + f " ) )< 
1 1 

{(Ff', Ff')Y + (Ff", ~ f " ) ~ ) ~  < 2 (Ff', f ')  + 2 (Ff", f"). 



A ~ H  A O K a 3 a T e J I b C T B a  JIeMMbI 3" 3aMeTBM, q T O  @ Y H K ~ H R  $, ( t )  = 
= (Et (h -- f,), h - f,) n p P i  B 0 3 p a C T a H N A  t H e  y 6 b 1 ~ a e ~  Pi B C e r A a  

< 1 h - f ( 1 .  B 0 3 b ~ e ~  n CTOdlb ~ o J I ~ I u U M ,  9~06b1 1 1  h - f, ! I 2  4 $ , 

4 U B  (Etf,, f,) MeHbIUe,  9 e M  z. T o r f i a  H a  3 ~ 0 6  CWCTeMe N H T e P B a J I O B  
4 

B3MeHeHMe @ Y H K ~ A I I  (E2h, h) ~ Y A ~ T  M e H b I U e  E.  T ~ M  CaMLIM JIeMMii 3" 
T a K x e  f i o ~ a s a ~ a .  

Tenepb O ~ P ~ T I I M C R  K A O K a 3 a T e J I b C T B y  TeOpeMbI .  

~ Y C T ~  H e K O T O p O e  MHOXeCTBO NMeeT M e p y  HYJIb OTHOCllTeJIbHO 

( P Y H K ~ N N  (Etg, g), r A e  g- I ~ O C T ~ O ~ H H ~ I ~ ~  I I a M N  B e K T O P  ( I ) .  ~ Y C T ~ ,  
A a J I e e ,  h - n p 0 ~ 3 ~ 0 J I b ~ b I f i  BeKTOp PI3 H. M b l  XOTUM A O K a s a T b ,  9 T O  

% B v e e T  M e p y  H y J I b  OTHOCMTeJILHO (Eth, hf .  C 3~0f i  UeJIblO 3aMeTNM, 
d 

9 T O  3JIeMeHT h M O X H O  l I p e A C T a B l l T b  B BUAe 

a K a X ~ b 1 6  U 3  BeKTOpOB g ( k )  (k = 1, 2, . . . , n) n p U H a f i J I e X k i T  3TOMY 
n O A l I p O C T p a H C T B y .  ~ O ~ T O M Y  

( ( h - h l - h 2 - . . . - h , ( I < ) ( h - g ( k ) j l  ( k = 1 ,  2, . . . ,  n). 

A T a K  K a K  MHOXeCTBO { g ( k ) ) y  IIJIOTHO B H U, 3 H a q I l T ,  I I p U  nro6o~ E > 0 
M O X H O  ~ a f i ~ l l  T a K O e  k = k,, 9 T O  I !  h - g ( k )  /I < E ,  TO npll n >, k, 

( I h -h i -h2 - - . . - h , / /<  E .  

C n e ~ o ~ a ~ e n b ~ o ,  n p e A c T a B n e H N e  (2) ~ o ~ a s a ~ o .  
Ha OCHOBaHUU JIeMM 2" Li 3" n 0 3 T O M Y  AOCTaTO9HO A O K a s a T b ,  9 T O  

MHOXeCTBO UMeeT M e p y  H y J I b  OTHOCIlTeJIbHO (PYHKUEIM (Efhk, hk) 
n p U  J I ~ ~ O M  H a T y p a J I b H O M  k.  TO MbI Pi A O K a X e M .  A m  3 T O r 0  npeXAe 
BCWO B03bMeM P a B e H C T B a  

1 
g n = f ; p n g ,  AP, = P,A, 

Pi3 KOTOPbIX IIO AeMMe 1" CJIeAyeT,  9 T O  MHOXeCTBO 'M NMeeT M e P Y  HYJIb  

OTHOCUTeJIbHO (PYHKUNH (Etgfl, grl), Pi H a  OCHOBaIfPill TOG Xe JIeMMbI 1" 
MHOX~CTBO % UMeeT M e p y  H y J I b  OTHOCllTeJIbHO ~ a X ~ 0 f i  A 3  ( p y ~ ~ ~ k i f i  
(EtArgn, Arg,) ,(r = 0, 1 ,  2, . . .). ~ O ~ T O M ~  B C B A y  JIeMM 2" U 3" 
MHOXeCTBO % I iMeeT M e p y  H y J I b  OTHOCUTeJIbHO @ ~ ' H K ~ H M  (Etf, f),  



K a K O B  6 b 1  HM ~ ~ I J I  3J IeMeHT 1 G,,. HO B TaKOM C J I y q a e  MHOXeCTBO %! 
l iMeeT M e p y  HyJIb  OTHOCIlTeJIbHO (Ethk, hk) (k = 1,  2, . . . , n) ,  I1 AOKa-  - 
3aTeJIbCTBO 3 a K O H q e H 0 ,  T a K  K a K  n MOXHO B 3 R T b  CKOJIb YrOAHO 

~ o J I ~ u H M .  

Cne~yroqee n p e A n o x e H M e ,  K o T o p o e  6 y ~ e ~  ~ ~ c n o n b s o ~ a ~ n  A a n e e  

B llo 9 1, I IpI lMbIKaeT I< T e O p e M e  1. 
Teope~a  2. nycnlo H - cenapa6enbttoe npocmpanc/nao Tunb- 

Geptna, E, - tteKomopoe pasnowetiue edutturlb~ Ha K O H C Y N O ~ ~  uuwnep- 
sane u A - nputiadne3tca~r(u12 eniy ca~oconprrwe~~io~C onepamop. Ecnu 
T - nutieil-~b~i~ sa~~tiyrnbui  onepamop c nnomtiori e H o6nacmbm onpe- 
denetiux DT, nepecmatiosoutt~~ri c ~a3tcdbLfi ozpa~u~tefitib~fi caluoconpx- 
3tcetitibLfi onepamopoa, ~ o m o p b ~ ~ i  caiu nepecmatiosorleti c onepamopoiu 
A,  mo M O X H O  y~asamb sne~ettm g E DT maK, rlmo6b~ fitioxecmso ~ttepbl 
tiynb omtiocumenbfio @ Y N K ~ U U  pacnpedene~ux (Etg, g) u~tcno xepy 
tiynb omtiocutnenbtio (E,h, h) npu nm6oiu h E H. a 0 K a 3 a T e JI b C T B 0 np0BOAMTCR ~ H ~ J I o I ' ~ ~ H O  AOKa3aTeJIbCTBy 

TeOpeMbI  1. OTM~TMM JIMU6,  q T O  T e n e p b  nJIOTI3Oe B H CqeTIIOe MHOXe-  

CTBO BeKTOPOB ( g ( i ) ) T  H Y X H O  ~ b 1 6 p a ~ b  I13 3JIeMeHTOB, I I P I I H a A J I e X a ~ I I X  

D T .  T o r ~ a  B e K T o p b l  gk (k = 1,  2, 3, . . .), o n p e A e n R e M b r e ,  IcaK ~i B npe- 
f i b I A Y q e M  AOKa3aTeJIbCTBe,  no O n e p a T O p y  A ,  BCe 6 y ~ y ~  IIl lMHaAJIe>KaTb 

D T ,  T a K  K a K  M3 nePeCTaHOBOqIIOCTN O n e p a T O p O B  P, H A CJIeAyeT . . 
I IepeCTaHOBOqHOCTb P j  H T I1 BKJIIOqeHNe DT ( j  < i; 1 ,  = 
-- 1,  2, 3, . . .). ~ O ~ T O M Y  BeKTOp 

77. @ Y H K ~ ( M U  OT Y H U T a P H O r O  O I l e p a T O p a .  O T I I ~ Z ~ B J I R R C ~  OT I I p o c ~ e f i -  

WIlX I I o H R T M ~ ~  M ~ n p e ~ e J I e ~ r i f i ,  MbI MOIKeM, T a K  Xe K a K  I1 B J I P i ~ e f i ~ ~ f i  

anre6pe, BBeCTll BCeB03MOXHbIe  MHOrOqJIeHbI  OT O n e p a T O p a ,  3 a A a H H O r O  

BO BCeM ~ M J I ~ ~ ~ P T O B O M  IIpOCTpaHCTBe. H a 1 1 6 0 n b u l e e  3 H a q e H I I e  AJIR H a C  

MMeIQT CJIy'Iari, K O r A a  B K a q e C T B e  MCXOAIIOrO O n e p a T O p a  B3RT O r p a H M -  

q e ~ l ~ b ~ f i  C ~ M O C O ~ ~ R X < ~ H H ~ I ~ ~  O n e p a T O p  A MJII1 Y H I ~ T ~ P H ~ I ~ ~  O I I e p a T O p  u. 
B 3TOM nOCJIeAHeM C J I y q a e ,  KOTOPOMY' R O C B R q e H  H ~ C T O R ~ & ~  nYHKT,  

MHOrOqJIeHbI  M O r Y T  C O A e p X a T b  T a K X e  kl OTpMUaTeJIbHbIe  CTeneHM O n e -  

p a T o p a .  

' C n O M O U b I 0  n p l l M e H R e M O r 0  3 A e C b  M e T O A a ,  n p l l  B e C b M a  He3Ha'4UTe.rlbHblX 

H 3 M e H e H t i r l X ,  T p a K T Y e T C R  H T O T  ~ J I y ' l a f i ,  K O r A a  IICXOAHhlM RBJIReTCR 0 ~ p a ~ N q e ~ ~ b l k  
C ~ M O C O ~ ~ R X ~ H H ~ I ~  O n e p a T O p ,  a H e  y ~ l l ~ a p ~ b l f i .  



- n p 0 ~ 3 ~ 0 J b t l b 1 8  ((KBa3UnOJUHOM)) OT eii, .TO Mbl IIOJlaraeM 

YCTaHaBJUBaR,  TaKUM 0 6 p a 3 0 ~ ,  HeKOTOpOe COOTBeTCTBMe M e X A Y  TPW- 
rOHOMeTpUs€!CKUMU CYMMaMU OT t U @ Y H K ~ U R M U  OT O n e p a T O p a  u. %'o 
COOTBeTCTBUe o 6 n a ~ a e ~  CneaylOlUUMU C B O ~ ~ C T B ~ M U :  

lo .  ECJIU 
P3 ( e l f )  = PI ( e l f )  + P2 (e"), P, (e") = P, ( e l f )  P2 ( e l f ) ,  ' 

TO 

p 3  ( U )  = P l ( U )  + pz ( U ) ,  P, (U)  = P l ( U )  pz (U). 
2'. E C J I I ~  

n 

P (e") = x ckeiki 
k--m 

(1) 
u T = P ( U ) ,  TO 

n 

T* = x 2,~ '~  = P ( U - I ) ,  
k--m 

TaK 9 T O  O n e p a T O p  P (U) 6 y n e ~  CaMOCOnpRXeHHblM B TOM U TOnbKO TOM - 
cnysae, K o r n a  m = n u a,, = ck, T. e. K o r n a  K B a s u n o n u H o M  ( 1 )  seue- 
CTBeH. 

3". E c n ~  KBa3UnOnUHOM (1) YAOBneTBOpReT  HepaBeHCTBy  

P ( e i f ) > O  (O<t<2n) ,  . (2 )  
TO npw ~ 1 0 6 0 ~  f 6 H 

(P  ( U )  f ,  f )  > 0, 
T.  e. o n e p a T o p  P (U)  ~ O ~ U T H B ~ H .  

B AOKa3aTeJIbCTBe H y X A a e T C R  JUUIb  n O C n e A H e e  Y T B e p X a e H U e .  npu- 
BeAeM er0. C 3 ~ 0 f i  U e J b l O  BOCIIOJlb3YeMCR T e M ,  9 T O  KBa3UIIOnUHOM 
P (el t ) ,  ~ ~ ~ o B ~ ~ T B o ~ R I O U U ~ ~  FePaBeHCTBy  (21, MOXHO IIpeACTaBUTb B BMA~'  



P ( U )  = T*T, 

-T = Q (U). 

C n e n o ~ a ~ e n b ~ o ,  npn nro60~. f E kl 

( P  (L') f ,  f )  = (T*Tf ,  f )  = ( T f ,  T f )  > 0. 

3 a f i ~ e ~ c ~  Tenepb pacnpocTpaHeHueM, paccMaTpusaeMoro cooTseTcT- 
BMR H a  @ Y H K U U W ,  OTJIMsHble OT K B ~ ~ M ~ O J ~ M H O M O B . '  B HaCTORUeM nyHKTe 
3T0 6 y A e ~  CAeJIaHO AJIR @ Y H K U U ~ ~  AOBOJlbHO y3KOr0 KJIaCCa.  0 6 u e f i x e  
nOCTaHOBKe BOnpOCa ~ Y A ~ T  nOCBRweH O a n H  H 3  ~aJlb~efi~LIFix nYHKTOB. 

0603~asUM ~ Y K B O ~  I< KJIaCC, K O T O P ~ I H  COCTOUT 113 BCeX HenpepbIB- 

HbIX H a  ~ A B H B ~  HOG OKPYXHOCTW BeueCTBeHHbIX @YHKUMA - MbI ~ Y A ~ M  
M X  0603~asa~b rp (eit), a TaKXe U3 BCeX KYCOsHO-HenpepbIBHbIX @)'HK- 
~ M f i  9 (eit) (0 < t < 2n), KOTOpbIe  RBJIRIOTCR npeAeJIaMM MOHOTOHHO y6b1- 

samunx, c x o ~ ~ u w x c ~  B ~ a x ~ o f i  Towe  n o c n e ~ o ~ a ~ e n b ~ o c ~ e i i  (rp, (e f t )  ,". 
Jlexxa. Aria s c ~ ~ o i i  ( P ~ H K Y U U  9 (eit) E l< M O ~ O  nocmpoumb 

~ ~ C K O H ~ ~ H L ~ I O  noc~edoeame~b~ocmb icsasunonu~o~oo (P ,  (elt));, ~o t t o -  
moHtto y6breamqym u cxod~qymcn s ~ a x d o i i  movrce K @ y ~ ~ y u u  $ (eit). 

A o K a 3 a T e n b c T a o. no onpeAeneHnro Knacca I( cyuecTByeT 
MOHOTOHHO y6b1samqa~ nOCJIa0BaTeJIbHOCTb HenpepbIBHbIX @YHKUMR 
( r p n  (e i t ) )r  c K ,  cxoARuaRcR B ~ a x ~ o f i  TosKe K @YHKUUM 9 (eit). l lpu 
KaXAOM Ha~ypaJIbftoM nOCTpOMM B COrJIaCMM C T ~ O P ~ M O ~ ~  Befiep- 
ruTpacca seuec~sea~brfi  ~ ~ a s u n o ~ ~ n a o ~  P, (eit), y n o a n e ~ ~ o p ~ m u n f i  AJIR 
BCeX t HepaBeHCTBy  



77. @VHKUUU or v ~ t i r a p ~ o r o  onepalopa 259 

Tenepb nOCTpOUM O n e p a T O p b I  P, (u). OHM C a M O C O I l P H X e H H b I e ,  

AMeIOT 06uy10 AAXHIOIO r p a H b  
-- 

inf cp (eif) 

W 06pasy10~ MOHOTOHHO y b b I ~ a I o I 4 ~ I 0  IIOCJIeAOBaTeJIbHOCTb. C O ~ J I ~ C H O  
T e O p e M e  3 no 33 3 T a  nOCJIeAOBaTeJIbHOCTb CUJIbHO CXOAUTCH K HeKOTO- 

p o ~ y  o n e p a T o p y  S, KOTOP~IR, no o n p e A e n e H u I o ,  n p u M e M  3a $ (U). 
H y x ~ o  TOJIbKO A O K a s a T b ,  q T 0  O n e p a T O p  S H e  3 a B U C U T  OT ~b16opa 
IIOCJIeAOBaTeJIbHOCTU KBa3UnOJIUHOMOB, a n n P O K C U M U P Y I O I 4 U X  y K a 3 a H -  

HbIM-B J leMMe C ~ O C O ~ O M  ( P Y H K ~ U I O  $(eft), a 3aBUCUT JIULLIb O T  3~0fi 
(PYHKUUU. n J I H  A O K a 3 a T e J I b C T B a  AOnyCTUM, q T 0 ,  K p O M e  n 0 C J I e A O B a -  

TeJIbHOCTW {P, (elt)),", e C T b  B T O p a H  MOHOTOHHO y 6 b l ~ a r o u a ~  nOCJIeA0-  

BaTeJIbHOCTb KBa3WITOJIIIHOMOB (Q, (elt)),", CXOAHI4aHCH B ~ a X ~ 0 f i  T O q K e  

K ( P ~ H K U U W  ri, (eif). 
B 0 3 b ~ e ~  nPOU3BOJIbHOe H a T y P a J I b H O p  m W PaCCMOTpWM CYMMY 

B cuny H e n p e p b I B H o c T u  o6eux . ( P ~ H K u H ~  P, (eit) ,  QN (elt)   TO H e p a -  

BeHCTBO ~ Y H ~ T  UMeTb MeCTO H e  T O n b K O  . B  T O 9 K e  eft, HO U B H ~ K O T O P O ~ ~  
~ y r 0 ~ 0 f i  OKpeCTHOCTU 3~0fi  T 0 9 K U .  ~ C H O ,  9 T O  BO ~ce f i  3~0fi OKpeCT- 

HOCTW ~ Y A ~ T  U IIOAaBHO BbInOJIHeHO H e p a B e H C T B O  

IIpW ~ 1 0 6 0 ~  n 3 N .  no JIeMMe Bopenn, O K P Y X H O C T b  M O X H O  IIOKPblTb = 
KOHegHbIM qWCJIOM T a K U X  O K ~ ~ C T H O C T ~ ~  U T O r A a ,  6epn ~ a U 6 0 J I b L U e e  

n3 O T B e q a I o u n x  UM ween N, M ~ I  H ~ B A ~ M ,  s ~ o  A m  B c e x  n, npeaocxo- 
AHI4UX W O ,  H e p a B e H C T B O  (5) 6 y ~ e ~  B b I n O J H e H O  BO BCeX T O q K a X  O K P Y X -  
HOCTW. A H ~ J I o ~ w ~ H O  ~ a f i ~ e ~ ,  q T O  I I p U  J I I O ~ O M  H a T Y P a J b H O M  m BCIOAY 

H a  OKPYXHOCTU ~ Y A ~ T  MMeTb MeCTO , H e P a B e H C T B O  

I 
Q;(U) < P, (U) + $ I ,  . P n  (u) < Qm (U) f I*  (6) 

n o n a r a ~  
1 Q (U) = T lirn P, (U) = S 
n+ m n+ rn 

'lp 9 6.448 



O T K y A a  U C J I e A y e T  FIaLUe Y T B e p X A e H M e .  

T ~ K N M  06pa30~,  COOTBeTCTBNe M e X A y  @ Y I I K ~ M R M I ~  N O n e p a T o p a M w  

p a C n p O C T p a H e H 0  I l a  B e C b  KJIaCC I(. n e r K 0  B U A e T b ,  s T O  O T h l e q e H H b I e  

BbILUe AJIH KBa3NIIOJIMIIOMOB C B O ~ ~ C T R ~  3 T O r 0  COOTBeTCTBIiR I lepeHOCRTCR 

l l a  B e C b  KJIaCC K. A MhleHHO, e C n N  $1 (eit), $2 (eit) E K M 

qJ3 (eit) = q1 (el7) + qJ2 (eit), qJ4 ( e L t )  = ( e i t )  q2 (eit), 

TO 

$3 (U) = $1 (U) + $ 2  (U), $4 (U) = qJl (U) $2 (U), 
M ecnu 

$I e i t  z e i *  (0 ,( t ,( 2 4 ,  
TO 

qJ1 (U) $2 (U). 

Tenepb B B e A e M  J I M H ~ ~ H ~ K J  06onoq~y C( M H O X e C T B a  K N pacnpo- 
C T P a H B M  COOTBeTCTBMe H a  H e e ,  I I O J l a r a R  

ecnu 

K a K O B b I  6b1 HN 6b1n11 @YHKUUW d,Jk(eit) E K M K O M I I J e K C H b I e  qNCJIa  Ck. 

O A H ~ K O  3 A e C b  H Y W H O  Y ~ ~ A I I T ~ C R  B TOM, q T O  O n e p a T O p  $ (U) n p l r  3TOM 

O I I p e A e J R e T C R  IIO @ Y H K ~ N U  $ (eit) O A H O 3 H a S H O .  ~ o c J I ~ A F I N ~   KT AOCTa-  

T 0 4 H O  YCTaHOBMTb AJIR C J I y s a R  U e ~ e C T B e H H L I X  K O ~ @ @ N U N ~ H T O B  Ck, T a l c  

K a K  o 6 q ~ i  ~ J I y q a f i  CBOAUTCR K 3TOMY I I y T e M  BbIAeJIeHMR C a M O C O n ~ H -  

x e ~ ~ o i i  s a c T u  O n e p a T o p a  9 (U) N ~ e q e c ~ ~ e ~ ~ o i i  sacm @ ~ H K U N P I  $ (cit). 
( H ~ ~ O M H H M ,  q T O  @ Y H K ~ N N  qk (eit) B e q e C T B e H H b I ,  a n O T O M y  O n e p a T O p b l  

qk(l /)  C ~ M O C O I I ~ H X ~ H ~ I ) .  M T ~ K ,  I I y C T b  Ck B e U e C T B e H H b I .  r p y I I I I N p y R  

O T A e J I b H O  C J I a r a e M b I e  C IIOJIOXNTeJIbHbIMN Ck U OTAeJIbHO C O T p N 4 a -  

TeJIbHblMN,  Ck, Mbl CBeAeM BOIIpOC K C J I e A y l O ~ e M y :  I I y C T b  @ Y H K ~ N R  W (eit) 
I l p e A C T a B J I e H a  ABYMR cnoco6a~u B BMAe pa3HOCTU A B y X  @ y H K w f i  M3 K, 
a U M e H H O  

o (eit) = (eit) - qJz (ei t) ,  o (eit) = qJ3 (eft)  - 9, (eit); 



M:3 3 T O r 0  PaBeHCTBa  YXt<e CzIeAyeT PaBeHCTBO (7). 
A H ~ J I o ~ u ~ H ~ I M  nYTeM AOKasbIBaeTCH,  q T 0  C B O ~ ~ C T B O  MOHOTOHHOCTM 

IIOCTPOeHHOrO COOTBeTCTBBH CnPaBeAJIUBO H e  TOJIbKO B I<, a U B 2. 
non ~ T U M  MM n o H m a e M ,   TO ecnu wl  jeit), w,(eit) E R u 

3 a m e q a ~ u c .  Y ~ ~ ~ ~ a p ~ b l f i  O n e p a T o p  U n e p e c T a l l o B o q e a  co B c e w  

@YHKUNRMII. $ (u), rAe (eit) E I?. n e f i c ~ ~ P i ~ e J I b ~ 0 ,  PaBeHCTBO U$ (U) -= 
= $ (u) u HBJIHeTCR nPRMbIM CJIeACTBMeM TOXAeCTBa 

z$ (z) = (z) z (Z = eit). 

x (eit)  = ( 1, e c n U  t E G (mod 2n) 
8 0, ecnu t 7 G (mod 2n), 

me 8 c [0, 2n]. Ecnu 0 < ), < 2n, TO 

eit -- 1,  e c n U  t = 

1 ( ) - ( 0, ecnu t + (0 4 t 2n), 
I 

npu h = 0 (mu h = 2n) 3 ~ a  @YHKUI.IH pama 1 B ~ a y x  T o w a x :  t = 0, 
t = 22% N P a B H a  HynIO  t? OCTaJIbHbIX TOqKaX ,NHTepFaJ I a  [@, 2n1. ~ W K O  

B n n e T b ,   TO n p i  ~ 1 0 6 0 ~  h E 10, 2n] @YHKUMH Y,[k1 (e") n p u F I a n n e x u T  

K p a C C y  K no 77. ~ O A O ~ H ~ I M  06pa30~ n p M H a A J I e X H T  KJJaCcy K @YI-IKUMR 
Y. (elt), KaKOB 6 6 1  HM 6 b 1 n  MHTepBaJI [a, P I  5 [o, 2n]. HO @YHKUI~FI  l a ,  PI 
Xra, ,, (eit) npu [a, P.) # [0, 2n) K n a c c y  K yxe n p u H a n n e x a T b  H e  

6 y ~ e ~ .  O A H ~ K O  M3 PaReHCTBa 
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T ~ K U M  06pa30~. + A  (eit) n p U  J I IO~OM h E [O, 2n] IIpUHaAJIeXHT KJIaCCy 6. 
~ O ~ T O M Y  Mbl MOXeM COnOCTaBUTb @YHKUMM gA (e") OIIepaTOp 

Ex = SA (U) (E, = 0, Ezx = I). 

T ~ K  KaK E ~ - C ~ M O C O ~ ~ H X ~ H H ~ I  O n e p a T o p  ki E: = Ex, TO 3TO np0- 
e ~ ~ u p y m r u u t i  o n e p a T o p .  Ecnu 0 < h < p g 251, TO 

gp (el t )  > $A (e") (0 < t < 2n); 

T. e. MbI MMeeM MOHOTOHHYIO ( ~ e ~ 6 b l B a I O q y I O )  nOCJIeAOBaTeJIbHOCTb 
OpTOnpOeKTOpOB. A O K ~ X ~ M  T e n e p b ,  ' I T 0  

EL-0 = EL (0 < h ,( 2n). (2) 

EA -EL-, = (U) - g~,, (U) = X[A-~,  A) (U), 



Ecnu t = 2n, TO neBaR qacTb (3) 0 6 p a q a e ~ c ~  B 0; nomoMy Hepa- - 
BeHCTBO (3) BepHO. ki IIpH t = 27C. 

Ecnu no~pa3aene~ue  uMeeT AocTaTosHo ~ a n b ~ f i  AuaMeTp, TO M ~ I  
nOJIyquM, 9TO BCDAY B AHTepBaJIe 40, 2n]  

- eirtk-l 
k-1 (Etk - Eth-J 1 =G c21  

unu _ 

a  TO npu r = 1 u ecTb cneKTpanbHoe pasnoxesue onepaTopa U. 
T ~ K  K a K  EA = +A (U), TO u3 3 a ~ e q a ~ u ~  B KoHue no 77 cneayel. 

IlepeCTaHOBOqHOCTb OnepaTOpa (/ CO CBOHM pa3nOXeHHeM eAUHAWI. 
~ ~ M ~ T U M ,  qTO aHaJIOrU9HbIM MeTOAOM MOXHO 6b1n0 6b1 BbIBeCTU 

cneKTpanbHoe pa3noxe~ue orpaHuqeHHoro caMoconpmeHHoro onepa- 
Topa. O A H ~ K O  B 3TOM HeT H ~ A O ~ H O C T M ,  TaK K a K ,  BMen CneKTpanbHOe 
pa3noxe~ue yHuTapHoro onepaTopa, MOXHO nonysuTb cneKTpanbHoe 



- p a 3 n o x e ~ ~ e  nm6oro c a M o c o n p n x e H H o r o  o n e p a T o p a  c n o M o q b m  T a K  H a -  

3brsae~oro npeo6pa30san~n K ~ M ,   TO u 6 y n e ~  H a M a  c A e n a H o  B no 79. 
B K a q e C T B e  npMJlOXeHMFl H a W l I X  ~ O C T ~ O ~ H M ~ ~  A O K a X e M  CJleAyioUlylO 

T e o p e M y :  nycrnb rzocneaosarnenbtiocrnb ytiurnaptiblx oneparnopos {U,]," 
cunh~o cxoaurncn tc ytiurnaptioilzy onepamopy U ,  an,? icom6pozo rnorica 1 
tie xsnxerncx co6crnsetitibrilz stiauenueilz; s rnatcoM cilyuae npu ~ 1 0 6 0 ~  
h (0 < h < 2n), anx tcornopozo e i h e  ecrnb co6crnsetitioe stiauetiue one- 
parnopn U ,  u ~ e ~ r n  Mecrno s cunbt io~ cilzbrcne coorntiouetiue 

\ 

zae E)"' -- cnetcrnpanbtiax I;bytitcyu,n oneparnopa U,, a Et - cnetcrnpanb- 
tiax I;bytitc~u..~ oneparnopa U .  

B CaVOM A e J I e ,  PaCCMOTPMM H e I l p e p b l B H Y H )  H a  ~ A M H M ~ H O ~ ~  O K P Y X -  

HOCTM C = eit, 0 < t < 2n, i py f r~uum 

w (elf)  $A (eft)  (eit - ei" (elf - I ) .  
n o n o x a ~  

B,, = (U,, - eiA1) (U,, - I ) ,  
B = (U - e ix l )  (U - I) .  

T ~ K  K a K  no yCJlOBMD TeOpeklbI  HMeIOT MeCTO B CMJlbHOM CMbICJle CO- 

OTHOl! le l IM~ 

lirn w (U,) - UI ( U )  I.T lim B,, = B 
n- m n-roo 

I I  T a K  K a K  

.+A (u) = EA, +A (Ur2) -- Ein', 

TO n p M  n m 6 o ~  f fE H ' 

iim E:"'B,,~ = EAB[. 
n+ w 

C npyroii C T O ~ O I I ~ I ,  

lim E?'B~ = EABf. 
n+ m 

lim E ? ' ~  = lim E?'BB-'~ = EkBB-lg = E A ~ .  
n+ m n-+w 



B ~ K T O ~  f ~ J ' A C T  np06era~b  H e K O T O p O e  J I H H ~ G H O ~  h 1 ~ o r o o 6 p a 3 k i e  F, 
a B e K T O p  g - H e K O T O p O e  J IPIHef iHoe  ~ ~ 0 r 0 0 6 p a 3 N e  G. A O K ~ X ~ M ,  s 7 0  

F El G 3 a M K H y T b I  U, C . l e n O B a T e J I b H 0 ,  RBJIRIOTCR n O A n P O C T P a H C T B a h l l i  

B H. C  TOG U e J I b I O  IIO.rlOXMM, rITO 

/ ,=(A-2I)h,, ( n=  1 ,  2, 3 ,  . ..) 
M 

f,, -* f .  (3) 
E c n ~  z = x  + iy ,  y  # 0, TO 

f, -- ( A  - X I )  12, + iyh, 
H ,  3 H a 9 M T ,  

il fn  - fm ii2 - I1 ( A  - - X I )  (12, - l l , , )  1 1 '  4- y2 /I h, - t ~ , ,  (I3. 
n 0 3 ~ 0 h l y  H 3  (3) C J I e A y e T ,  q T O  C Y U e C T B Y H 3 T  

lirn ( A  - X I )  h, M l i rn  h,. 
n- m n+ m 

0 6 0 3 H a s a R  BTOPOG ~3 ~ T M X  n p e A e n o B  sepes h ,  M ~ I  3 a ~ ~ 1 m q a e ~  ~a 
OCHOBaHMM 3aMKHYTOCTU O I I e p a T O p a  A, q T O  

f = ( A - x l ) h + i y h =  ( A - d ) h .  

C T J ~ A O B ~ T ~ J I ~ H O ,  f E F, T. e. ~ H o r 0 0 6 p a 3 M e  F 3 a M K H Y T O .  A ~ a J I o r ~ l s ~ o  

AOKa3blBaeTCR 3 a M K H Y T O C T b  G. 
C n O M O I 4 b I o  COOTHOIUeI-IMR (1) M H 0 r 0 0 6 p a 3 U e  DA O T O ~ ~ ~ X ~ ~ T C R  

B3aNMI40 O A H 0 3 M a q H O  H a  F, a C I lOMOUlblO (2) I I a  G. ~ O ~ T O M ~  AJIR 

nm6oro f E F H a f i f l e ~ c ~  OAMH M TOJIbKO OAMH 3 J I e M e H T  h  E DA, YAOBJIeT- 

B O P R F O ~ C I W  C O O T I I O U I e H U ~  (1). H a f i ~ ~  3 T O T  3 n e M e H T  h, O I l p e A e J I M M  

no @ 0 p M y J I e  (2) 3 J I e M e H T  g. T ~ K H M  o6pa30~,  K a X J O M Y  3 J I e M e H T y  f E F 
OAH0311aqHO COIIOCTaBJIReTCR 3 J I e M e H T  g E G, T. e. Mbl  MMeeM H e K O T O -  
pb~fi O n e p a T o p  V c 06nac~bm o n p e A e j l e I I i i R  Dv L- F M 06nac~bm 3 ~ a -  
q e ~ ~ f i  AV = G: 

g = V f .  

n e r K 0  DMAeTb, q T O  V  e C T b  O n e p a T O p  H . ? O ~ ~ ~ T ~ ? ~ ~ ~ C K M B .  A ~ ~ c T B u T ~ J I ~ H o ,  

OII n N H e e H  M 

I i  f 1 1 2  = I1 (A -4 h  1 1 2  t y2 II h  112  = l l  g 11'. 



' Mb1 6y~eM nOJIaraTb Z = i. T o r ~ a  YpaBHeHUR ( 1 )  U (2)  npkiMyT BUA 

( A  + i I )  h  = f ,  ( 1 ' )  
( A - i I )  h  = g =  Vf .  (2') 

T ~ K  sbrpaxae-rcrr c u ~ ~ e ~ p u s e c ~ u i i  onepa-rop A  qepes ero npedpaso- 
saHue K3nu V .  

~ ~ M ~ T U M ,   TO npedpa30sa~ue  K3nu caMoconpRxeHHoro mepa-ropa 
ecTb onepaTop y ~ u ~ a p ~ b r i i .  C n e ~ y m m a ~  TeopeMa no~a31,1~ae~,   TO , 
cnpaaeAnuBo u d p a ~ ~ o e .  n o n y ~ ~ o  nonysaeTcR H O B M ~ ~  B ~ I B O A  cnm- 
TpanbHoro p a 3 n o x e ~ u ~  caMoconprrxeHHoro onepa-ropa, ycTaHoBneH- 
HOrO B no 75. 

Teope~a 1 .  nycmb npeo6pa3oeawue KBAU CuMMempuc(eCrco20 onepa- 
mopa A  ecmb y~umap~b~,lli onepamop U c pmnoweHueM edu~uqb~ 
F ,  (0 4 s 4 27~). B marcoM cnyrae onepamop A  caMoconpnxeu, u FMY 

S npuwadnexum pa3noxe~ue edurruybl- E, = F,, t == - ctg p .3mo swa- 
u r n ,  rmo o6nacmb onpedeneuu~ DA onepamopa A  ecmb coeorcynrrocmb 
ecex mex eercmopos h ,  d m  rcomopax 

m 

u onepamop A  donycrcaem npedcrnasne~ue 

A 0 K a 3 a T e A b C T BO. ~ Y C T ~  h  6 DA, a f - TOT '3neMeHT, ~0~0pbl f i  
m s e s a e ~  3 n e ~ e ~ ~ y  h  B cuny 0 ~ 0 6 p a ~ e ~ ~ R  ( l ' ) ,  T. e. 

I 
h - - ( I - U ) f .  2i 

B TaKOM CJIyqae 



M 
1 I 

(F&, h)  = ;i- ( { I  - U\ FJy { I  - U\ f )  = ;i- ( { I  - U - l )  { I  - U\ F J ,  f )  = 

2% 
1 

= (121 - u - U - 1 )  F J ,  1) = f l ( 2  - elr- e-IT) d, (FTf  J,  1) = 
I 1  

C ~ p y r 0 f i  CTOPOHbl, 
2n 

I A ~ = ~ ( I + U ) / =  Il(1 2 + e [ ' ) d ~ ~  ( 7 )  
0 

U 

I 
II 11' = ( { I  + U )  I ,  { I  + U I  n = ; e 2 1 +  u + u-1) r, r )  = 

= fLos2; d ( F J ,  f ) .  (8) 
0 

11 Ah I/' = l ctga ; sina ; d ( F s f .  f l  = l riga ; d h ) .  
0 0 

2% 

(Ah, h') = - l ctg ; d (Fsh, h'). 
U 

Ecnw MbI A O K a X e M ,  9 T O  E, FIBflfIeTCFI p a 3 J I O X e H U e M  eAUHUUb1 H a  B C ~ G  
OCU [- 03, 031, TO n o J I y 9 e ~ ~ h t i  H I M U  p e 3 y J l b T a T  C B e a e T C R  K TOMY, 
9 T O  U 3  BKJIm9eHUfI  h E DA C J I e A y e T  H e p a B e H C T B O  
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 TO K a c a e T c R  ycno~uii a ,  b a3 o n p e n e J I e H u R  p a 3 n o x e ~ u ~  eL!IHUJJbI 
(CM. no 67), TO OHU, O q e B U A H O ,  T a K X e  BbIIIOJIHeHbI. 
Tenepb n O K a X e M ,  q T O  e C n U  U M e e T  hieCTO H e p a B e H C T B O  

Torna npu ~ 1 0 6 0 ~  h'€ H 

d (F,h, h f )  = ( f ,  h'), 

U 



2x - 2 
1 e 2  = - j7 (1 - els) d ( ~ ~ h ,  f') = (F$, f') = (h, r ) .  

sin - 
0 

B cuny n p o u 3 ~ o n b ~ o c ~ u  sneMeHTa f'  TO o s ~ a s a e ~ ,   TO 

UHbIMU CJIOBBMU, 3JIeMeHT h AOnyCKaeT IIpeACTaBneHUe, U 3  KOTOpOI'O 
cneAyeT,   TO OH npuHaAnexuT DA. 

T ~ K U M  o6pa30~, cneKTpanbHoe p a 3 n o x e ~ ~ e  onepaTopa A H o6nac~b 
onpeneJreHun DA OnpeAenRIoTcH P ~ ~ J I O X ~ H H ~ M  ~ A U H U U ~ I  Et no (Pop- 
MyJIaM (10) (9), a IIOTOMy B CHny TeOpeMbI KOHUa no 72 OnepaTOp A 
caMoconpRxeH. 

Teope~a  1 IIOJIHOCTbIo AOKa3aHa. 
Teope~a 2 .  I7ycrnb (A,); - nocnedoearnenbiioc~nb npou3eonbiiblx 

caMoconpzxetiiiblx oneparnopoe, dnz  ~ornopoli tia HeKornopoN nnorniioM 
moxecrnee cyqecrneyern a cunb t io~  cMbLcne limA,, u santblrcaiiue 

n-c - 
3rnozo npedenbH0~0 oneparnopa ecrnb c a ~ o c o n p z x e ~ ~ b l r i  oneparnop A 
c pmnoxercuefi eduiiuybl Et. B rnatco,u cnyvae s rcaxdod rnovrce p, 
Kornopaz He zenzerncz ~06~fnee~HblM 3 u a v e ~ u e ~  oneparnopa A, meern  
Mecrno 8 C U A ~ H O M  c,ublcne coorniiotueiiue 

lim EF' = E,, 
n-c m 

zde E:' - pa3noxe~ue edutiuybl oneparnopa A, ( n  = I ,  2,  . . .). 
A o K a 3 a T e ~l b c T B o. n e p e i i ~ e ~  OT paccMaTpuBaeMbIx caMocon- 

PS1XeHHblX OnepaTOpOB K UX npe06pa30Ba~~R~  K ~ J I U  - YHATaPHbIM 
onepampm 

p - i  T o s ~ a  eih -- a B CUJIY yCJIOBUH TeOpeMbI He 6 y ~ e ~  C O ~ C T B ~ H H ~ I M  

3HaseHHeM 0 h e b a ~ 0 ~ a  u ,  a TOsKa 1 He RBJIHeTCH C O ~ C T B ~ H H ~ I M  3Ha- 
seHueM ~ u " o n ~ o r o  83 OnepaTopoB U,, U no c ~ o i i c ~ s y  npeo6pasoaa- 
HUH Ksnu. ~ O ~ T O M Y  npuMeHma TeopeMa KoHua no 78, B cuny KOTO- 
p0fi B CUJlbHOM CMbICne 

lim F:"' = FA, 
n-c - 



h. VI. C n e ~ ~ p a n b n u R  ananus caMoconpuxeHHblx onepaTopoe 

a 3 H a q H T ,  B TOM Xe CMbICJIe 

lim E$' = E,. 
n+ ro 

Teope~a ~ o ~ a s a ~ a .  
80. 0 nepecTaHoeowblx onepaTopax. B no 17 6 b 1 n o  A a H o  o n p e A e n e H n e  
nepeCTaHOBOqHOCTH ABYX OIIepaTOpOB S H T ,  H 3  KOTOPbIX no ~ p a f i ~ e f i  
M e p e  OAHH ( I I y c T b  3TO 6 y ~ e ~  S )  3afiaH BCIoAY B H. B CNJIy 3 T O r 0  
OnpeAeJreHHFl  I IepeCTaHOBOqHOCTb 0 3 H a q a e T ,  qTO H 3  BKJIIOqeHUR f E DT 
C J I e A y e T  B K J I o q e H k i e  S f  E DT W PaBeHCTBO 

STf = T S f .  

Tenepb MbI npNMeM B K a s e C T B e  O n e p a T O p a  T H ~ K O T O P ~ I ~ ~  CaMOCO- 
n p ~ x e ~ ~ b r f i  O n e p a T o p  A.  Onepa~op we S n o - n p e w ~ e ~ y  ~ Y A ~ T  npons- 
BWIbHbIM, OIIpeAeJIeHHbIM B C I o A y  B H OrpaHWqeHHbIM OnepaTOpOM. 

Teope~a. I;lepecmatiosocitiocmb onepamopos S u A siceueanetimtia 
nepecmatiosocitiocmu onepamopa S c pasnowetiuem edutiuybl E ,  one- 
pamopa A npu A I O ~ O M  t. 

A0 K a 3 a T e JI b C T BO. ~ Y C T ~  O n e p a T O p b l  S W A IIepeCTaHOBOqHbI. 
T o r ~ a  npki ~11o6ow HeBeLUeCTBeHHOM 2 ki n1o60~  f E DA 

S (A - 21) f = (A - 21) Sf. 

B ~ K T O ~  f npo6erae~ DA, ecnn OH n M e e T  BUA R#I, r A e  h npo6erae.r H, 
a R, e C T b  p e 3 0 J I b B e H T a  O n e p a T O p a  A.  T a ~ k i M  o6pa30~,  AJIR n1060r0 
h E H  

B cnny u H T e r p a n b H o r o  n p e A c T a s n e H w R  p e 3 0 ~ 1 b ~ e ~ ~ b r  n3 3~01-o H e p a -  
BeHCTBa  B b l T e K a e T  n p H  n m 6 o ~  g E H CJleAyIoLUee COOTHOmeHUe: 

T ~ K  K a K  S T 0  OTHOUIeHkie NMeeT MeCTO AJIH nro60ro HeBeUeCTBeHHOrO 
z, TO B cwny ywe n p w ~ e ~ ~ ~ u ~ e f i c ~  a p r y M e H T a u w u  (CM. no 7 4 )  npw 
n1o6o~ t 

EtS = SEt. 



81. Cne~~panbeoe pasnoxeetie nop~anbnux onepa~opo~  27 1 

1 1 A = (T + T*), B = -(T-T*), 2i 

- A H T e r p a J I b H b I e  I l p e A C T a B J I e H U R  O n e p a T O p O B  A,  B. C O ~ J I ~ C H O  YCJIOBRD 

EsFt = F,E, (a 4 s 4 6, c ,( t 4 d). 

 TO COOTHOUleHUe n O K a 3 b I B a e T ,  YTO ~ ~ B W C R U ~ M ~ ~  O T  A B y X  n a p a M e T p O B  
o n e p a T o p  

as, = EsF, 
RBJIReTCR (CM. T e O p e M y  1 no 37) npGf?KTUpyIoI4UM O n e p a T O p O M  ( O ~ T O -  
~ ~ O ~ K T O ~ O M ) .  KaXf io~y  npRMOYrOJIbHUKY Q = A '  X A", r A e  A ' C  
C [a, b], A" C [c, dl, MbI M O X e M  COnOCTaBUTb O n e p a T O p  

E (A') F (A") = 8 (Q), 
K O T O P ~ ~ ~ ~ ,  OYeBUAHO, T a K X e  RBJIReTCR OPTOIlPOeKTOPOM. ECJIU MbI 

0603~aqki~  6 ~ ~ ~ 0 2  R IlpRMOYI'OJIbHNK, 0 l l p e ~ e J I R e M b 1 f i  H e p a B e H C T B a M U  

a 4 S 4 6, C < t d, T O  n p M  J I I ~ ~ O M  f E H CMOXeM H a n M C a T b  CJIeAylO- 
UAe IlpeACTaBJIeHUR: 

~ O A C T ~ B J I R R  3 T U  B b l P a X e H U R  B ( I ) ,  I l O J I y q a e M  CJIeAyIoIUW UHTe- 
r p a n b H o e  n p e n c T a s n e H u e  A n n  Tf: 

Tf = Sl (S + it) dgd. 
R 

(2) 



C e ~ e i i c ~ ~ o  onepaTopoB 8,,, npeAcTasnRmutee A B Y M ~ P H ~ I B  aHanor 
p a 3 n o x e ~ u ~  eAuHaUb1, o 6 n a ~ a e ~  no mHomeHum K OnepaTopy T 
PRAOM CBO~~CTB,  aHaJIOrR9HbIX TeM, KOTOPbIe OTHOLLIeHHfO K CaMO- 
COIIPRXeHHOMY OnepaTOpy MMeWT OAHOMepHOe pa3nOXeHne eAUHIIUbI. 
B 4aCTHOCTU, 

1". n p n  n m 6 o ~  Q -- [S', s") X [t', t") C R nOAnpOCTpaHCTB0 
8 (Q) H npIlBOAIIT OnepaTOp T. 

2". Ecnn f E 8 (Q) H, TO 

5' < (Tf, f )  4 f, t' ,< 3 (Tf, f )  6 t". 

82. C f l e ~ ~ p  C ~ M O C O ~ ~ ~ S ~ ~ ~ H H O I ' O  H YHHTaPHOrO Oflepi3TOpOB. ~ Y C T ~  Et -- 
HeKOTOpOe pa3JIOXeHne eAHHnUb1. M ~ I  6 y ~ e ~  CWTaTb, 9TO PiHTeP- 

- B a n O M  I13MeHeHNR t RBJIReTCR BCR 9UCnOBaR OCb. A ~ ~ ~ C T B I I T ~ J I ~ H O ,  
eCnH t W3MeHReTCR B NHTepBaJIe [a, p], OTJIIl9HOM OT Bcefi OW, TO 
M ~ I  MoxeM npoAonxnTb E, 3a npeAenb1 3 ~ 0 r o  uHTepBana, nonaraR 
E, = I npu t > p n Et = 0 npn t < a. 

6 y ~ e ~  H ~ S ~ I B ~ T ~  T O ~ K Y  t moqtcoa nocmomcmea p a 3 n o x e ~ n ~  eAH- 
HkiUbI, eCJlIl CyqecTByeT TaKW E > 0, s ~ b  Et+ - Et-r = 0, U mOY- 
KO$ POCma B IIPOTIlBHOM CJIy9ae. ECT~CTB~HHO, AaJ'IW, TO9KY t t9UTaTh 
mortcoii pa3pblea ( c ~ a r ~ ~ a ) ,  ecnw Et+o-f # 0, n mortcoci: tienpepble- 
tiocmu, ecnu Et+0- E t  = 0. ( H ~ ~ O M I - I H M ,   TO no onpeaeneaum, 
Et-o - Et = 0 ~ c e r ~ a ) .  



' 82. Cne~rp c a ~ o c o n p ~ x e ~ ~ o r o  w ynwrapnoro oneparopos 273 

Je,u,ua. ECAU E, ecmb pa3nowe~ue edu~uqbl c a ~ o c o n p R 3 ~ : e ~ ~ o z o  
onepamopa A, moz 

a )  8eqecrnseHHoe rucno A ~ s n ~ e m c ~  p e 2 y n ~ p ~ o l i  morrcod onepa- 
mopa A s mofi u monbrco moM cnyrae, ~ o z d a  ecmb morm nocmo- 
RNCm8U fit; 

b) YUCAO 1 RBARemCR ~06~tn8e~HbllU 3HUYeHUeM OnepUtnOpU d 8 m0M 

u monbrco mofi cnyrae, rcozda h ecmb moluca crcarrca E,. 
~ T O B ~ I  AOKa3aTb YTBepXAeHUe a ,  HanUUIeM PaBeHCTBO 

C a  

I I ( A - ~ J I ~ =  S ( t - ~ ) ~ d ( ~ ~ f ,  n, 
- w  

( 1 )  

B e p H o e  AnH nro6oro f E DA. 
Ecnu h - TO9Ka n0CTORHCTBa pa3JIOXeHUR eAAHM4L1, TO @ Y H K ~ A F I  

(Et f ,  f )  nOCTORHHa B H ~ K O T O P O G  OKPeCTHOCTU TO9KU h. ~ Y C T ~  t -  
PaAMyC 9~Clfi OKpeCTHOCTM. T o r ~ a  H3 ( 1 )  BbITeKaeT HepaBeHCTBO 

X i f (t - h)'d (Elk?, g)  > e2 Xr d (Etg,  g) ,  
?-, I-, 

HeB03MOXHOCTb KOTOPOrO nOKa3bIBaeT, Y M  YTBePXAeHUe a )  BepHO. 
nepefir[e~ K r[OKa3aTeJIbCTBy JJTBepXr[eHMH b). 



274 rn. VI. C n e ~ ~ p a n b e ~ i r  aeanns c a ~ o c o n p a x e ~ ~ ~ x  onepa~opo~  

H, 3 H a q H T  # Eh.  O ~ ~ ~ T H O ,  n y C T b  TOqKa h TaKOBa,  4TO EA+o#Ex. 
 TO 3HaqAT, 9TO AJIH HeKOTOPOrO BeKTOpa g 

(Eh+0 - E h )  g = f # 0. 

B ~ K T O ~  f n p a H a n n e x n T  DA u 
, - 

II (A - A 4  f 112 = (t- AIad ( E t f *  f)-  
_ O D  

Ho @;VHKUUR; 

(Eff 9 f )  = (Et,(Eh+o - Eh}  g, f)  
pamo H y n m  npa t c A u H e  ~ ~ B N C U T  OT t npa t > A ; ' C n e n o ~ a ~ e n b ~ o ,  

,I1 (A - A 4  f II = 0, 

T. e. A e c T b  C O ~ C T B ~ H H O ~  s ~ a s e ~ u e  o n e p a T o p a  A. 
J l e ~ ~ a  ~ o ~ a s a ~ a .  
T ~ H B H ~ J I ~ H ~ I M  CJIeACTBIleM HaIUUX p a c c M 0 ~ p e H F i f i  HBJIReTCH TO, s T 0  

CneKTp BCRKOrO CaMOCOnPH)t<eHHO~O O n e p a T O p a  eCTb MHOXeCTBO HenyCTOe. 

M3 ~ T P W B ~ ~ ~ H H ~ I X  BbIuIe ~ ~ C C ~ X A ~ H U ~  T a K X e  BbITeKaeT, q T 0  eCnU 

;h eCTb C O ~ C T B ~ H H O ~  3HaseHkie  O n e p a T O p a  A, TO (Eh+o - E h )  H eCTb 
COOTBeTCTByIoI4ee C O ~ C T B ~ H H O ~  nOAnpOCTpaHCTB0. 

MclloJIb3yR @ 0 p ~ y J I y  ( I ) ,  MOXHO I IOJIysaTb  CJ Ieny loqyfO TeOpeMy, 
KOTOPaR COAePXIIT B KaseCTBe  WICTHOI'O Cny&3R AOKa3aHHOe BbIuIe 
YTBepXneHPie a) .  B @o~! !~J IH~oBK~ 3 ~ 0 a  TeOpeMbI KaXAOe C O ~ C T B ~ H H O ~  
3 H a 9 e H H e  IIpA IIOACseTe KOJIHseCTBa TOWK C n e K T p a  ysHTbIBaeTCR CTOJIbKO 
pas, KaKOBa er0 KpaTHOCTb. 

Teope~a 1. I(onuclecrnt30 r  (r  G co) rnofieic cneicrnpa cailloconpsmelz- 
NOEO oneparnopa A ,  newaqux  t3 ulzrnepsane A = [A, - 6, A, + 6), 



paeuo waiccu~tanb~oli pa3uepuocmu s ( s  co) nuueiiublx ~tuoaoo6pa- 
3uli G c DA, ua mmopbrx ebmonueuo uepaeeucrneo 

g) 6 (At?- h o g ,  g) < B(g, g). (3) 

0 K a 3 a ~e b c  T B 0. T ~ K  KaK B KaWCTBe G MOXHO, B 9aCT- 
HOCTU, B3RTb nOAnPOCTpaHCTB0 (A) H, pa3MePHOCTb KOTOPOrO 
pama r, TO AOJIXHO 6 b 1 ~ b  r 4 s. n p e ~ n o n o x u ~ ,  s ~ o  r < s, n e r K o  
IIpUAeM K llPOTUBOPe9UIO. , & ~ ~ ~ C T B U T ~ J I ~ H O ,  B 3TOM C n y Y a e  Cy l4eCTByeT 
~ ~ 0 r 0 0 6 p a 3 ~ e  G C DA, H a  KOTOPOM BbInOnHeHO HepaBeHCTBO . (3) 
U pa3MePHOCTb KOTOPOrO 6 0 J I b m e  r = dimE (A) H. ~ O ~ T O M Y  B G ~ a g -  
AeTCfl BeKTOp g 0, O P T O ~ O H ~ J I ~ H H ~ ~  K E (A) H. HO A n R  TaKOrO BeKTOpa 

6 y n e ~  BbIIIOnHflTbCR OAHO U 3  HepaBeHCTB (dg - hog, g) > 6 (g, g), 
(dg - log, g) < - 6 (g, g), a K a X n O e  U3 HUX HeCOBMeCTfiMO C (3). 

C O B ~ ~ U ~ ~ H H O  aHaJIOrUqH0 YCTaHaBnUBaeTCfl.  
Teope~a 2. Konuuecmeo moueic cneicmpa caMoconpmetiuozo one- 

pamopa A,  nexaqux  neeee dauuo6 mouicu lo, paeuo ~aiccuAtanbuo6 ' 

pa3~epuocmu nuue6ublx ~uozoo6pa3u6 G c DA, ua icomopblx ebmon- 
ueuo HepaeeHcmeo 

( A f - h , f , f ) < O .  

nepexon~ OT C a M o c o n p R x e H H o r o  O n e p a T o p a  K y H u T a p H o M y  onepa- 
TOP)', npUnOMHUM, s T 0  BCflKOe C O ~ C T B ~ H H O ~  3 H a 9 e H U e  YHHTaPHOI'O One-  
p a T o p a  no MoAynro  p a B H o  e A u H u u e ,  T. e. uMeeT sun eiA, r A e  )i ~a3b1- 
B a m T  co6cmeeuuod uacmomou' y H u T a p H o r o  o n e p a T o p a .  n p u   TOM n n ~  
J I I O h r 0  UeJIOrO k 6yne~  UMeTb MeCTO PaBeHCTBO 

eCnU f eCTb C O ~ C T B ~ H H ~ I ~ ~  BeKTOP, n p ~ ~ a ~ J I e ~ a 4 ~ f i  C O ~ C T B ~ H H O ~ ~  sac- 
TOTe h. 

B KOHTUHYaJIbHOM C n y s a e ,  KOrAa PaCCMaTPUBaeTCfl Hel lpepbIBHaR 
rpynna y H u T a p H b r x  O n e p a T o p o B  Us (-co < s < a), sucno h ~a3b1- 
BamT C O ~ C T B ~ H H O ~ ~  ~ ~ C T O T O ~ ~  3~0fi rPYnnb1 ,  eCnU CYUI,eCTBYeT ~ a ~ 0 f i  
3neMeHT f # 0 ( C O ~ C T B ~ H H ~ I ~ ~  B ~ K T O ~ ) ,  9 T O  n p U  n106o~ BeUeCTBeHHOM .S 

U$ = e'SAf.  

A O K ~ X ~ M ,   TO eeqecmeeuuoe uucno h ~ e n ~ e m c ~  co6crneeuuo6 rac- 
mom06 ytiumapuozo onepamopa U (cborneemcmee~uo uenpepb~euoli 
zpynnu yuumapublx onepamopoe Us)  e moM u monbico moM cnyuae, 
emu l ecmb morm cicaum pasnoxeuui=i eduuuybl. 

,&JIR OnpeAeneHHocTu  p a c c M o T p u M  cnysaii r p y n n b l  y H u T a p H b I x  
OnepaTOpOB. ~ Y C T ~  h eCTb  ee C O ~ C T B ~ H H ~ R  'JaCTOTa, a f - C O ~ C T B ~ H -  
~ b 1 f i  BeKTOP, TaK 9TO n p U  JI IO~OM BeqeCTBeHHOM S 

U$ - efsAf = 0. 



M b 1  3 a M e q a e M ,  '-IT0 P O J I b  H e O T p N U a T e J I b H O r O  MHOXMTeJIR (h  - t)2 
s (A - f) 

(B  cnyqae c a M o c o n p R x e H H o r o  onepa~opa) T e n e p b  M r p a e T  4 sin2 T .  

B OCTaJIbHOM H e T  P a 3 H H U b I  B A O K a 3 a T e J I b C T B e .   TO OTHOCNTCR M K A@ 
K a s a T e J I b C T B y  B T O P O ~  W C T N  YTBePXAeHIZR.  

T ~ K  K a K  p a 3 J I O X e H N e  eAMHI4qbI C a M O C O n P R X e H H O r O  MJIM YHMTaPHOrO 

o n e p a T o p a  B n o n H e  o n p e A e n R e T  cnewp 3~01-o o n e p a T o p a ,  TO pasnoxe- 
HMe eAHHMUbI q a C T O  H a 3 b I B a I O T  Cile~mpaAbtl~a @yHicyueri. 

0 I I p H H a A J I e X H O C T U  A ~ H H O ~ ~  TOqKM h K C I l e K T P Y  C a M O C O ~ P R X e H H O ~ O  
'onepa~opa A MOXHO T a K x e  c y p i ~ b  no ~ o B ~ A ~ H M I O  ero ~ ~ ~ O J I ~ B ~ H T ~ I  

R, B OKPeCTHOCTM TOgKI4 h. 
BOT O T H o c R u e e c R  cmna n p e n n o x e H H e :  eeqecmeemafl mo tm h He 

n p u ~ a d n e ~ u m  cneicmpy caAoconpxxemozo onepamopa A u, cnedo- 
eamenbHo, RsnRemcx pezyn~p~ori  mortcod smozo onepamopa e mo& 
u monbtco mo& cnyrae, tcozaa anx nlo6ozo snefie~ma f E H (PYHKYUR 
(RJ, f ) ,  60-nepeb~x, pezyuptia e ~eicomopori oicpecmHocmu morw h 
U ,  so-smopb~~, npuHuAaem . eeqecmseHHbLe sHarercuR e Heicomopom 
uHmepsam h - 6 < t < h + 6. 

H ~ O ~ X O ~ I I M O C T ~  3TMX Y C J ~ O B N ~ ~  BbITeKaeT '  N 3  N H T e r p a J I b H O r O  IIpeA- 
CTaBJIeHMR p e 3 0 J I b B e H T h l  1I M3 YCJIOBIiR a). ~ O C T ~ T O ~ H O C T ~  C J I e n y e T  N 3  

@ O P M Y J ~ ~ I  0 6 p a u e ~ M R  C T M J I T ~ ~ C ~  (CM. no 69) M I43 YCJIOBNR a). 
B no 83 Mhl II03HaKOMMMCR C KJIaCCOM O n e p a T O p O B ,  AJIR KOTOPbIX 

y K a 3 a H H b l e  yCJI0BMn AOCTaTOqHO I l p O B e p N T b  JIMuIb AJIR OAHOrO ( c I I ~ u N -  

aJ IbHbIM o6pa30~ B ~ I ~ ~ ~ H I < o ~ o )  3 J I e M e H T a  f .  



83. ~ ~ O C T O ~  CneKTp.  B J'IH~efi~ofi ahre6pe H TeOpHH HHTerPaJIbHbIX 
y p a ~ ~ e ~ ~ f i  CneKTp OnepaTOpa Ha3bIBamT npOCmblAt, eCnH KPaTHOCTh 
KaXAOrO C O ~ C T B ~ H H O ~ O  3HaqeHHH 3TOr0 OnepaTOpa PaBHa eAHHHUe. 
3ro onpenenewie He nepeHocnTcR Ha npoa3~onb~bre onepaTopb1 B npo- 
CTpaHCTBe rnJ'Ib6ep~a, TaK KaK, ~oo614e FOBOPR, COBOKYnHOCTb ~ 0 6 -  
CTseHHbIx s ~ a s e ~ n f i  onepmopa He ncsepnbrsaeT ero cnemp. Ecne 
pacCMaTpHBa€!TCR cnysafi C ~ I I ~ P ~ ~ ~ J I ~ H O I - 0  npOCTpaHCTBa, TO B IIOJIHOM 
COrAaCNH C 3JIeMeHTapHbIM OnpeAeJIeHHeM, IlPUHRTbIM B J'lHHefi~~n 
anrebpe, HaxoAnTc R cnenymulee 

0 n p e A e n e H n e. Cneicmp cafioconpmcettttozo (coomsemcmse~tto 
y~umapttoeo) onepamopa ttmbleaemcs npocmblAt, ecnu cyqecmeyem 
maicoii seicmop g E H (nopowHcdaloqul"l eeicmop), rmo nnomtta s H 
nutie6ttax o6onorm ~ ~ o w e c m e a  eeicmopoe E (A) g ,  d e  A npo6eeaem 
coeoicyntiocmb ecex utimepsanos rucnoeoli ocu (coomeemcmsetttto, om- 
pe3m [0,2TC]). 

B cnny 3 ~ 0 r o  OnpeAeneHm cneKTpb1 caMoconpRxeHHoro onepaTopa 
Pi er0 npe06pa30Ba~HR Ksnn OaHOBpeMeHHO IIpOCTbI Hnkl HenpOCTbI. 

B ~ e c e n a p a 6 e n b ~ o ~  npocTpaHcTse nopox~amr~af i  BeKTop He MoxeT 
cywecTBosaTb, TaK  TO npn ritpexo~e K ~ e c e n a p a 6 e n b ~ o ~ y  npocT- 
PaHCTBY IIOHRTHe 0 IlPOCTOM CneKTpe IlOAJeXNT ~aJ'IbHefi1~1eMy 0606- 
I4eHem.  TO 0606ue~kie BblXOANT 3a PaMKH H ~ c T o R I Q ~ ~ ~  KHHrH l: 
~ O ~ T O M Y  BO BCeM ~aJ'IbHefimeM, KOrAa pesb HAeT 06 OnepaTOpe C np0- 
C T ~ I M  cneKTpoM, npocTpaHcTBo npeAnonaraeTcR cenapa6enb~b1~ n  TO 
cnewanmo He orosapHsaeTcR. K p o ~ e  Toro, n3 AaHHoro onpeAeneHnR 
cneAyeT,  TO B ~ e c e n a p a 6 e n b ~ o ~  npocTpaHcTse c a ~ o c o n p ~ x e ~ ~ b ~ i i  
(yHn~apHb1fi 0nepa~0p) He hlOXeT HMeTb ~ I P O C T O ~ ~  CneKTp. 

DJIR onepaTopa, c KOTOP~IM nMeeT Aeno n n ~ e i i ~ a ~  anredpa n Te- 
OpHR NHTerpaJIbHbIX ypaB~e~Hfi,  XapaKTepHO, q T 0  JIHHefiHaR o6onos~a  
COBOKY~HOCTA BCeX er0 C O ~ C T B ~ H H ~ I X  BeKTOPOB COBnaAaeT C IIpOCT- 
PaHCTBOM kine, BO BCRKOM CJ'lyqae, IlJIOTHa B HeM. H ~ T ~ Y A H O  nOKa- 
3aTb, 9TO AnR npOH3BOJIbHOrO CaMOCOnpRXeHHOrO (HJH Y H H T ~ ~ H O ~ O )  
onepaTopa B H, obnanamuero ~ T U M  CBO~~CTBOM, npmmoe Ham Tenepb 
HoBoe onpeneneHne npocToTbI cneKTpa HaxofiuTcR B nonHoM cornacun 
C YnOMRHYTbIM B Haqane HaCTORUlerO IlyHKTa 3neMeHTapHbIM OnpeAe- 
J'leHHeM. 3TO O ~ C T O R T ~ J I ~ C T B O  MOXHO PaCCMaTPUBaTb KaK OnpaBAaHAe 
AaHHoro HaMu o6uero onpeAeneHnH. 

P~CCMOTPAM B KaqeCTBe IlPklMePa OnepaTOp YMHOXeHHR @ 
B L: (-03, 03) (CM. no 54). Cne~~paJlbHaR @YHKUUR El 3TOr0 Onepa- 
TOpa OnpeAenReTCR PaBeHCTBOM 

rAe X A  (f) ecTb xapaKTepncTnsecKaH @YHKUHR uHTepBana A. Y~06bl 
B 3TOM Y ~ € ? A U T ~ C R  AOCTaTOsHO BCnOMHBTb TeOpeMy 2 no 75. Onepa~op@ 

Mbl MOXeM no STOMY nOBOAY OTOCJlaTb WiTaTeJIU K K H U R :  n fi e C H e p A. M. 
C n e ~ ~ p a n b ~ a u  T e o p n u  J I U H ~ ~ H ~ I X  o n e p a T o p o B .  M., a H a y ~ a x ,  1965. 



3 ~ a  @YHKUUR RBJIReTCR n o p 0 X ~ a f O ~ e f i  @ Y H K U M ~ %  AJIR O n e p a T O p a  
B CMbICJIe H a u l e r 0  O I I p e A e J I e H H R .  f l e f i ~ ~ ~ H ~ e J I b H 0 ,  JIMHefiHaR O ~ O J I O Y K ~  
M H O X e C T B a  @ Y H K U H ~  E (A) g (t) C O B n a A a e T  C COBOKynHOCTbIO BCeX @H- 
HMTHbIX KYC04HO-nOCTORHHbIX @ y H K U ~ l f i ,  a 3 T a  COBOKynHOCTb n J I O T H a  

B L:(-a, 'a) (CM. no 14). 
O ~ ~ B M A H O ,  @YHKUWR, P a B H a R  H y J I l o  H a  M H O X e C T B e  I I O J I O X H T ~ J I ~ H O ~ ~  

0 - M e p b I ,  H e  M O X e T  6 b 1 ~ b  llopoX~amI4efi AJIR O n e p a T O p a  @. 
HaoBopo~, B K a s e c T s e  nopoxaamuero s n e M e H T a  MOXHO B S R T ~  

nm6ym @YHKUIIH) g(l) E L: (-a, a), OTJIH4HYIO O T  HYJIR BCIOAy, 3a 
8 0 3 M O X H b I M  HCKJII04eHHeM M H O X e C T B a  H y J I e ~ o f i  U2Mepb1. 

f l n ~  A O K a 3 a T e J I b C T B a  3 T O r 0  Y T B e P X A e H I I R  AOCTaTOYHO YCTaHOBUTb, 

 TO n106ym @YHKUHH) f (t) u3 L;(a, '6) MOXHO c nm6ofi c~erieabm 
TOsHOCTH a n n P O K C I l M I l P O B a T b  nPOII3BeAeHWRMII BHAa g (t) q (t), r A e  
4 (t) - KYCOrIHO-nOCTORHHaR @YHKUIIR: 

b 

f (t) OYHKUHR - n p H H a A n e x u T  L; (a, b); IIO~TOMY c y u e c T B y e T  T a K a R  
g (f) 

KYC04HO-nOCTORHHaR @ ~ H K U I I R  q (t), 4 T O  

b ' 

O ~ c m ~ a  nocne 3 a ~ e ~ b 1  p ( t )  no @ o p ~ y n e  (2) u n o n y 4 a e M  (1). 
Teope~a 1. ECRU c n e t c m p  y H u m a p H o z o  onepamopa U npocm u g 

e C m b  t c a ~ 0 6 - ~ ~ 6 f j d b  t 2 0 ~ 0 3 1 ~ d a i o q ~ d  3AeMt?Hm, m0 A U H ~ ~ H ~ R  o 6 o ~ o u ~ a  
e e t c m o p o e  Ukg(& k -1 0, 1, 2, . . .) n n o m H n  e H. 

Odpam~o, ecnu cyqecmeyem malcoii e e t c m o p  g, umo ~u~e lv l~a r r  
o d o n o u t c a  e e t c m o p o e  Ukg (f k = 0, 1, 2, . . .) n A o m H a  e H, mo c n e t c m p  
onepamopa U npocm u e e t c m o p  g ~ e n ~ e r n c ~  nopoxdaioqu~ sne- 
M e H m O M .  



hi 3TUX PaBeHCTB H a  OCHOBaHHli TeOpeMbl  eAUHCTBeHHOCTU BbITeKaeT ,  
9 TO 

(Etg, h)  = O  (0 6 t < 2 ~ )  

Pi, 3Ha9UT,  BeKTOp  h OpTorOHaJ l eH  KaXAOMy BeKTOpy  BUAa E (A) g, 
a 3 T 0  nPOTUBOPe9UT TOMY, 9 T O  g - n 0 p 0 X ~ a H ) L U U f i  3JIeMeHT. T ~ K H M  
06pa30~, l l e p B O e  Y T B e p X n e H U e  TeOpeMbI  AOKa3aHO.  

B~opoe Y T B e p X A e H U e  AOKa3bIBaeTCR T a K  Xe npOCT0 .  
Teope~a 2 ( ~ a ~ o ~ u s e c ~ a ~  a o p ~ a  c a M o c o n p m e H H o r o  o n e p a T o p a  

c npocTbrM c n e ~ ~ p o ~ ) .  Uycmb A - c a f i o c o n p x ~ e ~ ~ b ~ C  onepamop 
c npocmblfi cnetcmpofi, g - tcatcoC-~u6ydb nopo3/cdatoquii snefie~m 
u a(t) = (E,g, .g).  B maicofi cnyuae @opfiyna 

0 

f = 1 f (t)dE*g 
- 00 

(3) 

omHocum icaxdoii @ ~ H K ~ U U  f (t)  E L:(-co, m) seicmop f E H, u 8mo 
coomsemcmeue xsnxemcx u3ofiempuuecicufi omo6paxe~uefi L;(-m, a) 
Ha H. 

OHO nepesodum o6nacmb onpedene~ux Dg onepamopa yfitioweHux 6 
s L: (-m, m) e o6nacmb onpedene~ux DA onepamopa A, u ecnu 
3nefie~my f E DA omseuaem @y~icqux f (t) E L: (-a, m), 'mo 3ne- ' 
fietimy Af omseqaem @y~icqux f f  (t). a 0 K a 3 a T e JI b C T B 0. 0 6 0 3 ~ a 9 ~ ~  9epe3 G COBOKYnHOCTb BCeX 
BeKTOPOB U 3  H, AOnYCKalOUHX n p e A C T a B J l e H U e  (3). G eCTb  J I H H ~ R H O ~  
~ ~ o r o d p a s u e ,  conepxauee B c e  B e K T o p b l  BUAa 



280 h. VI. Cne~~panbnb~fi ananus c a ~ o c o n y i x e ~ ~ b ~ x  onepa~opoe - 
M n O 3 T O M y  G IIJIOTHO B H. Ecnu f (t) I IPMHaAJIeXMT 'BBeAeHHOMy 
B n072 M H o x e c T s y  @ ~ H K U M ~ ~  ( ~ a n p ~ ~ e p ,  ~ e n p e p ~ ~ ~ a ) ,  TO . 

m t 

T ~ K A M  06pa30~, n u ~ e f i ~ o e  ~ ~ o r o o 6 p a s a e  @J 'HKUU~,  n n o T H o e  B 

L: (-03, a), @ O P M Y J I O ~ ~  (3) M30MeTPM9eCKU n e p e B O A U T C R  B HeKOTOpOe 

J ' I U ~ e f i H o e  M H O ~ O O ~ ~ ~ ~ N ~ ,  IlJIOTHOe B G. M3 IIOJIHOTbl ~:(-03, 03) 

II03TOMY B b I T e K a e T  3aMKHYTOCTb G N, CJIeAOBaTenbHO,  G COBIIaAaeT 
c H, T. e. n e p s a R  sacm T e o p e M b I  ~ o ~ a s a ~ a .  

Y T O ~ ~ I  A O K a 3 a T b  BTOPYIO Y a C T b  T e O p e M b l ,  3aCTaBMM f (t) np06era~b 
COBOKYnHOCTb BCeX @MHUTH~IX H e n p e p b I B H b I X  @ Y H K U M ~ ~ .  Ecnu f (t) - 
T a K a R  @ ~ H K ~ M R  M f - 0 ~ ~ e ~ a I o ~ M f i  efi B e K T O p  M3 H, TO f E DA N B 
. c M n y  (3) npu n1o60~ h E H 

m m 

(Af, h) = td (Etf, h) = Id (f. E,h) = 
-m -DO 

a nonaran B (4) I 

h = Af, 
non y s u ~  I 

I l p ~ l n o ~ u ~ a ~  o n p e A e n e H u e  o n e p a T o p H o r o  M H T e r p a n a  (no 72), M ~ I  
3 a K J I I o q a e M  H a  OCHOBaHUM @opMJ'n (5) M (6), q T 0  I IpMHaAJIeXHOCTb 

K o 6 n a c ~ ~  D@ I I P o u ~ B o J I ~ H o ~ ~  @J'HKUMM f (t) E D:(-03, 03) UMeeT 

MeCTO B TOM M TOJIbKO TOM C n y Y a e ,  K O r A a  f E DA, a T a m e  9 ~ 0 ' n p U -  
MeHeHMH) O I I e P a T O p a  A K B e K T O p y  f OTBeYaeT Y M H O X e H s e  @ ~ H K U M M  
f ( t)  H a  t. 



CHasaJIa AJIR @ B H U T H ~ ~ X  HenpepbIBHbIX @ Y H K U U ~ ~  f ( t ) ,  a 3aTeM AJIR 

nto6b1~ f ( f )  E Lt (--a, co). 
E;ep~ B (3) pa3JIU9HbIe nOpOXAalo~Ue 3neMeHTbI g, Mbl nOJIy9HM 

s e n ~ f i  Knacc onepaTopoB yMHoxeHm,  W ~ O M O P @ H ~ ~ X  A. X a p a ~ ~ e p n -  
C T H K O ~ ~  Bcex @YHKUIIR  pacnpeAeneHnR a(f) = (Etg, g )  M ~ I  a a i i ~ e ~ c ~  
B no 84. 

3 ~ € ! ~ b  Xe OTMeTUM OAHO 06uee C B O ~ ~ C T B O  BCeX nOPOXAalOLuNX 3ne- 
MeHTOB g: KaXAaR TOqKa POCTa cneK~paJIbH0fi @ Y H K ~ U N  El RBnReTCR 
T O ~ K O ~  POCTa (PYHKWU (Etg, g) .  C ~ ~ ~ ~ B ~ A ~ H B O C T ~  3TWO yTBepXAeHUR 
CJleAyt'T U3 TOI'O, 9TO eCJIU A. -UHTepBan  IIOCTORHCTBa @ Y H K ~ H H  

(E&, g) ,  TO JlU~efi~aR o60nos~a MHOXeCTBa BeKTOPOB E ( A )  g, I'Ae h 
np06erae~ COBOKYIIHOCTb BCeX UHTePBaJIOE3 ~ H C J I O B O ~ ~  OCU, OPTOrO- 

HaJIbHa K nOAnpOCTpaHCTBy E (A,) H. 
O T C K ) A ~ ,  MMAy npOWiM, U BHTeKaeT ,  9TO yKa3a~Hb1fi B KOHUe 

no 82 K p U ~ e p W f i  npUHaAJleXHOCTW A ~ H H O ~  TO9KU )i K C n e K T p y  CaMO- 
conpmeHHoro onepaTopa A B cnyqae npocTcrrb1 c n e K T p a  s ~ o r o  one- 
pampa nocTaTOqH0 np0MpkiTb AWUb AJIR K ~ K O ~ O - H N ~ Y A ~  OAHOrO 
nopomamuero s n e ~ e ~ ~ a .  

~ ~ K O H ~ W M  H ~ C T O R ~ M ~ ~  I I y H K T  OAHWM npeAn0XeHUeM OTHOCUTeJIbHO 

CaMOCOnpRXeHHbIX OnepaTOpOB,  KOTOpOe aHaJIOI'U9HO TeOpeMe 1. 
Teope~a 3. Ecnu cmoconp~we i i~b~ i i  onepamop A umem npocmori 

cneKmp, mo cyyecmayem sercmop h, Ha Komopoa uMelom c,ubLcn sce 
HamypanbHbLe cmeneHu onepamopa A, marcotl, vmo nune&a.q 060- 

novrca fiHomecmsa seicmopos Akh ( k  = 0, 1, 2, . . ,) nnomtia s I-I. 
06pamti0, ecnu Ha HeKornopoM seicmope h uilzelom cwb~cn sce 

Hamypanbtibre cmenetiu onepamopa A, u ecnu nuaelitia~ o6onov~a 
atiowecmsa sercmopos ~~h (k  = 0,  1 ,  2 ,  . . .) nnomtia s H ,  mo cnercmp 
onepamopa A npocmoc, a sercmop h RsnRemcx n o p o x d a m q u ~ .  

A 0 K a 3 a T e Jl b C T B 0 B T O P O ~ ~  qaCTW OrIeHb npOCT0. A ~ ~ C T B U -  
TeJlbHO, llYCTb JIkiHefiHaR 0 6 o n o ~ ~ a  MHOXeCTBa Akh (k = 0, 1, 2, . . .) 
nnoTHa B H .  M ~ ~ e r p a n b ~ o e  n p e ~ c i a ~ n e ~ n e  

m 

( A k  f = [ tk d (Eth, f )  
-a 



282 rn. VI. Cne~~panh~bi ir  a~ann3 ca~oconpsxe~nb~x  oneparopo~ 
, . 

nOKa3bIBaeT, YTO H e  Cj'UleCTBYeT BeKTOpa f =# 0, OpTOrOHaJIbHOrO Eth 
n p U  J I W ~ O M  t. C J I ~ A O B ~ T ~ J I ~ H O ,  J I H H ~ R H ~ R  0 6 0 J I o q ~ a  MHOXeCTBa J!? ( A )  h 
nJIOTHa B H, T. e. C n e K T p  O n e p a T O p a  d n p 0 C T  U h eCTb IIOpOXAa- 

I O 4 ~ f i  3JIeMeHT. 
n e p e x o ~ s l  K nep~0fi  YaCTU TeOpeMbi, AOKaXeM, YTO B KaYeCTBe 

BeKTOpa h MOXHO B3RTb 
01 

r A e  g - ~ a ~ 0 f i - H M 6 y ~ b  ~ O P O X A ~ I O L U N ~ ~  3JIeMeHT O n e p a T O p a  A. AeR 
CTBU TenbHO, 

\ 

D. 

I? eCJIN 6b1 CyUl,eCTBOBaJI BeKTOp f f 0, o ~ T o ~ o H ~ J I ~ H ~ I ~ ~  BCeM BeKTC- 
paM AhR, TO MbI MMenU 6b1 PaBeHCTBa 

5 t k r t a f  (t) do(a = 0 (k = 0, 1, 2, . . .), 
-OD 

m e  o (t) = (E,g, g), a f (t) o n p e a e n e H a  @op~ynofi (3), n 

-00 

OTCWA~,  n o n a r a s l  

Y (1) = 5 f (s) do(s) - C, 

O ~ T O ~ O H ~ J I U ~ ~ R  nOCneAOBaTenbHOCTb BeKTOpOB {Akh):, MbI n 0 J I F  

9NM O P T O H O P M N P O B ~ H H ~ ~ ~ ~  6a3uc (ek),", BCe 9JIeMeHTbI KOTOpOrO npU- 
H a A n e x a T  DA. O ~ ~ B U A H O ,  npu i > k + 1 

(Ae,, e,) = 0, 



a T a K  K a K  O I I e p a T O p  A C H M M e T p H s e H ,  T O  3 T 0  P a B e H C T B O  H M e e T  M e C T O  

n npn i < k - 1. C n e ~ o ~ a ~ e n b ~ o ,  M a T p n u a  ((Ae,, e l ) ) c k = o ,  o n e p a T o p a  

A B 6a3nce {ek)om RBnReTCR R K O ~ B ~ B O ~ ~  ~ a ~ p n 4 e f i .  ~ P U  3TOM n O C T p O e H -  

Hblfi  HaMN 6a3nc e C T b  6a3nc M a T P U r I H O r O  n p e A C T a B J I e H H R  O n e p a T O p a  A 
B CMbICJIe no 53. 
84. 0 C n e K T p a J l b H b l X  T H n a X .  H ~ ~ O M H H M ,  s T 0  'MbI H a 3 b I B a e M  @ Y H K U U ~ ~ ~  
p a c n p e n e J r e H n R  nm6ym H e n p e p h I B H y m  cnesa, H ~ ~ ~ ~ I B ~ I O U ~ H ,  @YHKUHI~  
O r p a H H 9 e H H O r O  N3MeHeHNR,  3 a A a H H y m  H a  B C ~ R  ~ H c J ' I o B O ~ ~  OCH. . 

Ecnn a (t) - T a K a f l  @ Y H K ~ H R ,  TO a (A) = a (tN) - a (t'), rAe A = 
= [t', t") RBnReTCR addumu8~od @jtiICy~t?d UHt?lept?aAa ( M ~ I  COXpaHHM 

T a K x e  A n R  o (A) ~ a a ~ a ~ n e  @YHKUUU p a c n p e ~ e n e ~ n ~ ) .  
Y c n o ~ n ~ c ~  r o m p n T b ,   TO @YHKUUR p a c n p e A e n e H n R  a (t) nodruue~a 

@YHKUUU p a c n p e A e J I e H n R  p (t) , n nucam 

a (4 -3 P (0, (1) 

e C n H  0 (t) ~ ~ C O J I I ~ T H O  H e n p e p b I B H a  no O T H O m e H H I o  K p (t), T. e. e C n B  
npn n m 6 0 ~  b c (-a, a) 

.rAe 9 (t) - P - N ~ M ~ ~ N M ~ R  H e O T P U U a T e J I b H a R  @YHKUUR. 
Ecnn OfiHOBpeMeHHO C (1) 

TO @YHKUUU p a c n p e A e n e H n R  a (t) u p (t) c Y u T a I c v r c R  memumn OAN- 
H ~ K O B ~ I B  cne~rnpanb~b~d mun. 

Ecnn H M e e T  MeCTO ( I ) ,  HO H e  NMWT M e C T a  (2), T O  Mhl 6 y ~ e ~  
~ O B O ~ H T ~ ,  9 T O  ~ I I e K ~ p a n b H b ~ f i  T u n  0 (t) M e H W  C n e K T p a n b H O r O  T u n a  p (t). 

~ Y C T ~  T e I I e p b  A - n p 0 ~ 3 ~ 0 J I b ~ b 1 f i  C ~ M O C O ~ P R X ~ H H ~ I ~ ~  O n e p a T O p  

n E, - ero c n e K T p a n b n a R  @YHKUIIR. 
@YHKUHR (Etf, f )  n P I l  n m 6 0 ~  f 6 H R B n R e T C R ,  OYeBnAHO, @YHK- 

u~e i i  p a c n p e A e n e H n R .  

C n e K ~ p a J I b H b I f i  T u n  @YHKUIIH (Etf, f )  MbI 6 y ~ e ~  H a 3 b I B a T b .  CneKm- 
PanmbLat munoat sneatetima f ( o ~ ~ o c n ~ e n b ~ o  o n e p a T o p a  A),  a o c n e e T -  
P a J I b H b u t  T H n a X  3JIeMeHTOB f MbI ~ Y A ~ M  r O B O p U T b ,  9 T O  OHH n p H H a A J I e -  
X a T  A. Ecnn Cpefilr 3J leMeHTOB f 6 H C y u e C T B y e T  3 A e M e H T  MaKCUMaAbN020 
CrfeKmpa~bH020 mUna OTHOCHTenbHO A (T. e. ~ a K 0 f i  3J IeMeHT g, YTO 

(Etf, f )  -3 (E&, g) I I P H  n m 6 o ~  f € HI T O  3 T O T  c n e K ~ p a J I b H b 1 f i  T H n  
n p n n A c m a e T c R  o n e p a T o p y  A. 

Ecnu A - C ~ M O C O ~ ~ R X ~ H H H ~ ~  O n e p a T o p  C nPOCTbIM C n e K T p O M ,  T O  
C y U e C T B Y m T  3JIeMeHTbI  MaKCNMaJIbHOrO C n e K T p a J I b H O r O  T A n a  OTHOCII- 
TeJIbHO A.  TO B b I T e K a e T  113 ~ J l e ~ y 1 0 ~ e f i  T e O p e M b I ,  K O T O p a R  BMeCTe 
C TeM A a e T  O T B e T  H a  B O n p O C  - n p e A b I A y U e r O  n y H K T a  0 X a p a K T e p n C T H K e  
MHOXeCTBa IIOpOXfiafOLWiX 3JIeMeHTOB O n e p a T o p a  C n p 0 C T N M  C n e K T p o M .  



Teope~a 1. nycmb -4 - c a ~ o c o n p ~ x e r c ~ ~ i i  onepamop c n p o c m b l w  
c n e t c m p o M .  AAR m o z o  qm06bl s n e M e r c m  g 6bu n o p o x c f c d a r o ~ u w ,  ~eo6-  
x o a u w o  u a o c m a m o c l r z o ,  qm06bl OH o6nadan M ~ I C C U M ~ R ~ H ~ L M  cnerc-  
m p a n m b r w  m u n o w  o m r c o c u m e n b r c o  A. 

A 0 K a 3 a T e JI b C T B 0. ~ Y C T ~  g eCTb I IoPoxA~K)L~H~~ 3JreMeHT, 
a f - ~ ~ O U ~ B O J I ~ H ~ I ~ ~  BeKTOp 113 H. B TaKOM CJIyrIae 

T ~ K U M '  o 6 p a 3 0 ~ ,  n p U  paCCMaTp11BaeMOM 0~06pa>r<e~un H Ha 
~f (- a, a )  BeKTOpaM f ,  E (A) f OTBesaIOT @YHKUUII f ( t ) ,  XA ( t )  f (t). 

CUny 1130MeTP119HOCTU O T O ~ P ~ X ~ H I I R  

B qaCTHOCT11, 3TO COOTHOUIeHIle UMeeT MeCTO U AAR IIOPOXAalOIUe~O 
sneMeHTa g O ( ~ o ~ o p b l ~  O n e p a T o p  A o 6 n a ~ a e ~  B c u n y  npocToTbr  cBoero 
c n e ~ ~ p a ) ,  T. e. 

( E t g o ,  go )  3 (Eig, g ) .  

.C ~ p y r o f i  CTOPOHbI, B CUny yXe A O K ~ ~ ~ H H O ~ ~  n e p ~ 0 f i  W C T A  TeOpeMbl, 

( E t g ,  g )  3 ( E t g o ,  go). 

T ~ K U M  o6pa30~, 3JIeMeHTbI g U g o  UMeIOT OAUH 11 TOT Xe c n e ~ ~ p a n b ~ b l f i  
T U n  U, 3HaqUT, 

'J (A) = ( E  (A)  g, g) = 1 P' ( 0  do0 ( 4 ,  

0 A )  = g o  go)  = j p:(f) d o ( f ) ,  
A 



j g ( t )  h-duo ( t )  = 0 
A 

- - 
r A e  ho ( t )  o n p e A e n e H a  p a a e H c T B o M  g ( t)  h ( t )  = p (t) ho (t).  3 ~ o  ~ e ~ o 3 -  
MOXHO,  T a K  K a K  JIkiHefiHaR 060~109~a CYBOKynHOCTU ( P Y H K U I I ~ ~  XA ( t )  P ( t ) ,  
KaK M ~ I  ~ O K ~ ~ ~ J I U  B no 83, nonoma B ~ , 2 ,  (- a ,  a) ,  n o c K o n b K y  (PYHKUUR 
p ( 1 )  >, 0 ki 0 6 p a u a e ~ c f l  B H y J I b  JIAlUb H a  M H O X e C T B e  H y J I e ~ o f i  00-MepbI.  

B CBfl3U C J ( o K ~ ~ ~ H H o ~  ~eope~of i  B03HkiKaeT BOIIPOC: M O X H O  JIA 
n106ym (PYHKUUKI p a c n p e A e n e H n R  c T n n o M ,  H e  n p e B o c x o A R u a M  c n e K -  

T p a J I b H O r O  T u n a  A, n p e A C T a B M T b  B BUAe (Etf ,  f ) .  Y ~ ~ e p ~ k i ~ e J I b H b ~ f i  
o T s e T  H a   TOT B o n p o c  A a e T  c n e A y m u a R  

Teope~a 2. Uycmb A-  ca~oconp~xe~ tdb~t i  onepamop a npo- 
cmbr,+t cnempoM, a a ( 1 )  - 3ada~tdax @ytdicqux pacnpedenetdux c muno&, 
He npeeocxodxrllyu~ cneicmpanbtdozo muna A. Upu 3mux ycnoeuxx cylye- 
cmeyem eeumop f E H ,  nopolxcdarolyuli: 3my @ Y H K ~ U K )  pacnpedenetdu~, 
m. e. maicoii, %mu 

a (4 = (Et f ,  f). 
11 6.448 



-0~ arreada~~n a uL3o~Leda oJa ~uVox3oa 
-adu aH IV arreada~au a v edo~edauo ed~nau3 s~3o~~eda OV 2 TV 
ndu Lwo~so~ .v (1~) 2 edo~edauo woa~3~ed~3oduVou wumaeVxodou 
H~.L~I~V~B 9 (1~) ZJ oa~3~ed~3oduVou "V 3 IV udu 01 'v (OV) 3 edo~ed 
-auo oawaedwoduVou aamaeVxodou - 9 urrsa OL~ 'q~aEna on-rar 

'H (OV) 2 a8ur3wvdur3odueou 8 v (OV) 3 
vdowvdauo vdwuau3 9w3owurwdn zmk~go U~W~D~I~EVW OV avvo 
-dawwn 0 v vdowvdauo wdwnaug 019w30NwvdX ')lo~ha~on3ag ~3wavur 

' -nh3 vdowvdauo ozonvw odwnau3 9~3oww6dn OW 'ow3wvdw3odueou 
xnhavpxodou x19wdawowhawon wafiOw3ainfi3 aw v vdow~dauo fi nvq 
-vdowudauo ozowe D~W~HV~W~O~U~OU ozainaaexodou 9~30~d~wE~d 
gww9vvwnwnw ~3U/aZ)019EDW v D~OWD~~UO ~020~~a~~d~030wv3 vdwnau3 
(a9w3mwvdn pingo nvn) a~~130~wwd)I a n H a rr a V a d u 0 
-r~30 ~oaorr311h aorreada~au xa3a s~3o~u~noao3 ~ae~agodu v aVJ 
'(9 (v) ZJ} ea~3a~to~w unho~ogo UoHeaHuV auHenIqws H 3 LaeVeuaos 
uv3a 'k~ gauha~A@ !o~srred~aau3 03 v edo~edauo o~o~~a~trtduo3owe3 
~OQ~~NW~W~O~U~OU wnhawexodou rt3~aea1ssea 9 oa~3~ed~3oduVo~ 

~aa~3~ed~3oduV~u ~amaeVHtodou o wauLuH 
-ou ~~waKss~ousoa ed~nau3 u~3o~~eda Bki~arraVaduo ~vV u eaused 
-L30d~ o~o~srragedeua3 1ya~hkf3 (18 .U 'd3) q3aVE B~Y~H~UH~~JO Iqw 
'e~dagsrruj aa.~3~ed~3odu a ~sdo~edauo a~sssrroasuodu eH rts~u3o~adau 
aH 'OHVUH~~O 'au~~arraVaduo OLE '&jkiHahEHF XIqHHaBL3903 OJa qL30H 
-ads seasrrewu3aew aea rt3~artrraVaduo edo~edauo ed~aau3 ~L~OHL~~B 
Bemgo ea~3~ed~3odu OJOH~~~OH~~HOX aehiCV3 fl .d~nau3 ).114~~1?d)I '93 

~LMHOVOU aaedua ~sw n '0 /< (J) ch e '~aawauarrs !umaenwodou -2 ~VJ 



Mu B n p a B e ,  C J l e ~ O B a T ~ J I b H O ,  IIPllHRTh T a m e  
0 n p e A  e n e H w e 2. ~pamHocmbKI cnercm pa caMoconp,vxetiHozo 

onepamopa A 6 mowe X fiasb~saemcx npeden (~ot iomot i~o y6blsato- 
q e d )  nocnedosamenb~ocmu rcpam~acmet cnercmpa smoeo onepamopa 

1 
s lwnepsanax [A- ,, i + $) npu n 4  m. 

B s a ~ n m q e ~ u e  J O K a X e M  JIeMMy,  K O T O P a R  ~ Y A ~ T  n c n o n b 3 o B a ~ a  B no 86. 
Jlemma. nycmb ca~oconp~wetl t lbui  onepamop A unreem nopoxaatou(ee noa- 

npocmpatlcnteo G. Ecnu onepamop A, c A onpeaenetl nuwb tta nuttelitloli 060- 
nO4Ke nrtloxecmea E ( A )  G, sae A  npodezaem coeorcyntlocrnb ecex Kotleutlbu 
utlmepsanoe, mo onepamop A ecmb sanrb~~atlue onepamopa A,. 

A 0 K a 3 a T e Jl b C T B 0. T ~ K  K a K  BKJlKJWHHe & 5 A O q e B U g H O ,  TO H a M  

H a n J I e X U T  n u m b  A O K a s a T b ,  YTO A 5 z o .  C STOR IleJIbKJ B 0 3 b M e M  n p 0 ~ 3 ~ 0 J I b H b 1 ~  
BeKTOp f DA U nOJIOXUM fk = E ( A k )  f (k  = 1, 2, 3, . . .), r A e  Ak = I-k, k ) .  
T ~ K  K a K  G e C T b  n O p O X A a l o U ( e e  n O J n p O C T p a H C T B 0 ,  T O  3 a M K H Y T a f l  J I u H ~ R H ~ R  060- 
JIOYKa M H O X e C T B a  E ( A ' )  G, me A' npo6erae~ BCe JIOAblHTepBaJIbI K O H e q H O r O  UHTep-  
D a n a  A, c0anaaae.r c E ( A )  H. ~ O ~ T O M Y  B e K T o p H  fk n p w H a n a e x a T  06nac~u onpe- 
n e n e H u a  o n e p a T o p a  A, w 

Aofk = AE ( A d  f = E ( A k b A f .  
npw k 4 oo M ~ I  u M e e M  

E ( A k )  f -+ f ,  E ( A k )  Af -+ A f .  

86. Kanon~secwan aopma camoconpnnennoro oneparopa c ~ o ~ e r ~ o ~ p a r ~ u m  
C ~ ~ X T ~ O M ~ .  B HaCTORUrfM no MbI HaMeTUM 0 6 0 6 q e ~ n ~  T e O p e M b l  2n0 83 H a  cnysaB 
O n e P a T O p O B  CO C n e K T p O h l  K O H ~ Y H O ~ ~  KPBTHOCTU. C  TOR UeJIbH)  BBeAeM C H a q a n a  

n p O C T p a H C T B 0  B~KTOP-@YHKUUR Li (- W , CU), R B J I R K J q e e C R  0 6 0 6 q e ~ u e ~  n p O C T -  

W.ilH TOJIbKO t' < t".  
zo. s (- 00) =O, S ( t  - 0 )  = S  ( t ) .  
B T a K o M  c n y q a e  6 y n e ~  ~ a s b ~ ~ a ~ b  S ( t )  mampurriou' 4yt l~yuel i  pacnpeaenetlus 

U 6 y ~ e ~  I lUCaTb S ( A )  BMeCTO S ( f " )  - S ( f ' ) ,  e C n U  A  = [ f ' ,  t") .  

1 Kax u B n p e n b l n y u x e M  no n p o c T p a H c T B o  H n p e n n o n a r a e T c a  c e n a p a 6 e n b ~ b i ~ .  

11. 



M3 ~ C J I O B W R  lo n e r K o  ~ ~ K J I I O ~ H T ~ ,   TO @ ~ H K U W W  uii (t) (i = I ,  2, . . . , m) 
H e  y 6 b t s a e . r  u q T O  @YHKUNW U i k  ( f )  (i, k = 1, 2, . . . , m) LiMeH)T B K a X A O M  
K O H e q H O M  U H T e p B a J I e  O r p a H H Y e H H O e  H 3 M e H e H H e .  

no M ~ T ~ U I ~ ~ - @ ~ H K U H U  S (t) Mbl  B H a q a n e  n O C T P O H M  H e K O T O P y H )  J I I iHef iHyH)  
M e T P U 3 0 B a H H Y I O  C A C T e M y  R .  C 3~0fi LIeJIbH) n p U M e M  B K a q e C T B e  O T n p a B H O r O  
n y H K T a  C O B O K y n H O C T b  BCeX B ~ K T o ~ - @ ~ H K u ~ ~ R  B H A a  , 

+ -C 

alx(l)  (t) ( t )  = { a1Xi1) ( t )  +- a,(?) ( t ) ,  (t)  + a&) (t),  . . . ,), 

+ 
~ ( l )  ( t )  = ( 0 ,  . . . , 0, 1) I )  ( 4 ,  0, . . . , 01, 
+ 
~ ( 2 )  ( t )  = (0, . . . , 0, ( t ) ,  0, . . * , 0) 

no @ o p M y n e  

+ + 
( ~ ( 1 )  (t) , ~ ( 2 )  ( t ) )  = U i k  (A'jl) rJ AS)) ,  

K a K  p e 3 y J l b T a T  n O n 0 J l H e H L i R  J I H H ~ ~ ~ H o L ?  M ~ T P ~ ~ O B ~ H H O ~ ~  C ~ C T ~ M ~ I  R .  
 TO K a C a e T C R  T ~ O P ~ T W K O - @ Y H K U H O H ~ ~ ~ H O ~ ~  X a P a K T e P W C T U K k i  S n e M e H T O B  np0- 

C T p a H C T B a  L: (- 0 ,  0 ) ,  Tp, B B O n f l  CKBJIRPHYH)  $YHKUWH) P a C n p e A e J i e H l i f l  

TAB 

f ( t ) ,  ecnu g n R  p a c c ~ a ~ p w e a e ~ o r o  a w a r e ~ w ~  t: max 1 f i  ( t )  ] < N ,  

T N  (t) 
I ~ i 6 r n  

0, ecnw nna p a c c M a T p u a a e M o r o  S H ~ ~ ~ H H R  f :  max I f i  ( t )  1 > N.  
I h i h m  



JIUUIb, YTO U 3  HaUIeI-0 nOCTPOeHUR n p O C T p a H C T B a  L: (- CO, m )  60 BCRKOM C J l y Y a e  

3 a M b l K a H U e  @' 3 T O r 0  CUMMeTPUYeCKOrO O n e p a T O p a  Mbl W H a 3 0 B e M  Ont?p~f?lOpOfi 

YMN03tCeHUR Ha t  63 npOCfflpaNCt7l8e L; (- m ,  m) .  H e ~ p y f i H 0  n O K a 3 a T b ,  YTO @ 
e C T b  ~ a h f 0 ~ 0 n p R X e ~ H b l f i  O n e p a T O p .  A ~ R c T B u T ~ J I ~ H o ,  B 0 3 b M e M  npeo6pa3o~a~we K 3 J I U  
o n e p a T o p a  Q: 

rne lA ( t )  - X a p a K T e p H c T u q e c K a R  (PYHKUHR w H T e p B a n a  A .  O~cmna B N ~ H O ,  YTO 

K p a T H o c T b  c n e K T p a  onepa~bpa a B L; (- m ,  m )  H e  n p e B o c x o R u T  n o p R A K a  rn 
M ~ T ~ U U ~ I - @ ~ H K U M U  S ( f ) ,  T a K  K a K  nJIR M O X H O  y K a 3 a T b  r n - M e p H b I e  nOpOXtcpaI0-  
Uee nOAIIpOCTpaHCTB0,  H a T R H Y T O e  H a  BJIeMeHTbl 

+ 
gl ( t )  = {g ( 4 ,  0, 0, . . ., 01, 
+ 
gs (4  = {O, g ( t ) ,  0, . . ., 0 1, 
. . . . . . . . . . . . . .  

> 0 n o c T p o e H a  no secy o ( t )  T a K  xe,  K a K  H a  c. 278 ona 

~ Y C T ~  T e n e p b  A - C ~ M O C O ~ ~ R X ~ H H ~ I ~ ~  O n e p a T O p  CO C n e K T p O M  KPaTHOCTW 
- n (n  < m )  H c n e K ~ p a J I b H 0 i i  @ ~ H K u H ~ R  Et .  

Y c n o s u ~ c ~  ~ a a n s a ~ b  BCRKUR 6a3uc nm6or0 n o p o x A a m q e r o  n o A n p o c T p a H c T B a  

o n e p a T o p a  A n o p o x d a l o u , ~ ~  6 a 3 u c o ~  3~01-o o n e p a T o p a .  n y c ~ b  gl, g2, . . ., gm- 
K ~ K O ~ ~ - H W ~ Y A ~  ~ O P O X ~ ~ ~ E O Q U ~ ~  6asuc O n e p a T O p a  A. O ~ O ~ H ~ Y U M  Y e p e 3  Gi ? a M b I K a H U e  
JIHHefiHofi 0 6 o n o Y ~ u  M H O X e C T B a  BCeX BeK'COpOB E (A) gl n p H  p a C C M a T p H B a e M O M  i. 
M ~ I  ~ Y A ~ M  n p e A n O J I a r a T b  n o p o x ~ a l o L u u H  6asuc gl, g2, . . ., gm ~ b l 6 p a H H b l ~  
B c e r A a  T a K ,  YTO C0OTBeTCTBYH)lUUe n O A n p O C T p a H C T B a  GI, G2, . . . , Gm J I u H e f i H 0  
HeJaBUCUMbl. ~ O K ~ X ~ M ,  YTO T B K O ~ ~  ~ b l 6 0 p  6a3~ca  BOBMOXeH,  n0 K p a f i H e f i  M e p e  
npu f f l  = n ,  T. e. B C J l y Y a e ,  K O r n a  OH RBJIReTCR MUNUHa4bNblM ~ 0 p 0 3 t C ~ ~ ~ ~ ~ l  



6a3uconr. ~ ~ ~ ~ C T B U T ~ J I ~ H O ,  I l y C T b  hl ,  ha, . . . , hn - K ~ K O R - H H ~ Y A ~  M ~ H ~ h i a J b H b l f i  
n ~ p ~ ~ ~ ( ~ k i f i  6a351c. ~ O J I O X U M  gi = hl U o6pasye~  n O A n p O C T p a H C T B 0  G I .  RCHO, 
' I T 0  hZ E G I ,  T a K  K a K  B IIPOTUBHOM C J y q a e  yXe CUCTeMa B e K T O p O B  h,, h3,  h4, . . . 
. . ., hn I lpeACTaBJlRJIa  6 6 1  I l 0 ~ 0 X n a I O u ~ f i  6a3uc 8, C J e A O B a T e J I b H O ,  KPaTHOCTb 
C n e K T p a  6 b l n a  6b1 <n. M3 CKa3aHHOTO B b l T e K a e T ,  ' I T 0  g2 = (1 - PG,) h2 # 0. 
0 6 p a 3 y e M  n O A n p O C T p a H C T B 0  G2, KOTOpOe,  K a K  J e r K O  B U A e T b ,  O p T O r O H a n b H O  G I .  
RCHO, K a K  c n e n y e T  3 ~ y  npoueaypy n p o A o n x a T b  A a n e e .  B p e 3 y n b ~ a ~ e  M ~ I  nony- 
'IWM n o p o ~ ~ a m u u f i  6a3uc g l ,  g,, . . . , gn, A n R  KOTOPOrO IIOAIIPOCTpaHCTBa G I ,  
G,, . . . , G ,  n o n a p H o  o p T o r o a a n b e N ,  a c n e n o e a r e n b a o ,  w n u ~ e f i ~ o  ~ e s a ~ u c u k s ~ .  

Y a z n o ~ y  n o p o x n a r o u e M y  6aswcy g,, g,, . . . , gm ( n  < m < w )  MU M o x e h i  
OTHeCTW M a T p U U y  

s ( t )  = ((Etgr* gk))? ,=, , 
K O T O P I R ,  O ' IeBNnHO,  RBJlReTCR M ~ T P W ~ H O ~ ~  @yu~uuefi  p a c n p e A e n e H u R .  

Teopema. Rycmb A - camoconp~we~~uc i  onepamop c n-KpamHb1~ cneK- 
mponr, g,, g,, . . . , g ,  (n  < m <co) - ~ a ~ o L i - ~ u 6 y d b  nopo~damquci 6a3uc 
(1 s ( t )  = ((Etgr,  gkMm 1 k-I '  

B maKonr cryqae cyqecmeyem u3onrempuuec~oe omo6pawetrtte npocrnpaficmsa 
H Ha Li (- w, co), npu Komoponr 06nacmu 0npedeRe~~R DA onepamopa A 
0 H u D@ onepamopa ynrHoxeHuR 6i 8 L: (- co, co) nepexoa~m apyt s dpyza 

-f 

u arenre~my Af coomsemcmsyem s e ~ r n o p - $ y ~ ~ q u ~  Qf ( t ) ,  e c ~ u  srenre~my f E H 
+ 

coomeemcmsyem e e ~ r n o p - $ y ~ ~ l t u ~  f ( t )  E L: (- m ,  w ) .  
8 0 K a 3 a T e JI b C T B 0. O T H ~ C ~ M  B e K T O p y  

f = E ( A l ) g , + E ( A , ) g a + . . .  + E(Am)grn 

nl'r~0 T R K X e  n p O B e p U T b ,  ' I T 0  O P T O r O H a n b H b l M  B e K T O p a M  B U n a  (2)  COOTBeT- 
CTBYIOT 0 p ~ 0 r b H a J I b ~ b l e  B ~ K T O ~ - @ ~ H K U U U  BU&a ((3. O T C ~ A ~  C n e n y e T ,  qTO, pat- 
IJJUpRR no J I U H ~ ~ ~ H O C T U  U HenpepbIBHOCTU YCTaHOBJIeHHOe COOTBeTCTBUe H a  BCe 
n p O C T p a H C T B 0  H, Mbl n o n y s w M  U30MeTpU'IeCKOe 0 ~ 0 6 p a ~ e ~ u e  ~ P ~ C T P ~ H C T B ~  H 



Ecnw y9eCTb Cn0~06 IlOCTpOeHUR OnepaTOpa YMHOXeHtiR @ U JeMMy npe- 
ablnyqero nyHKTa, TO TeopeMa o ~ a ~ o ~ w v e c ~ o i i  @ o p ~ e  AoKasaHa. 

B no 83 M ~ I  I T O K ~ ~ ~ ~ H ,   TO Ane BceKoro caMoconpemeHHoro onepaTopa 
C npOCThlM CneKTpOM MOXHO Bb16paTb O P T O ~ O H ~ ~ ~ H ~ I ~ ~  6 a 3 ~ ~ ,  B KOTOpOM MaTpWUa 
onepaTopa 6yneT rr~o6weeofi. 

Tenepb MU nortameM, s ~ o  %TOT p e 3 y n b ~ a ~  0606qae~ca Ha caMoconpames- 
Hhle OnepaTOpbI C KOHe9HOKPaTHbIM CneKTpOM. ~ Y C T ~  A - Ta~0fi OnepaTOp. 
Bhl6epe~ nopoxnamq~fi  6a3uc gl ,  g,, . . ., gn TaK, 9~06b1 

Ecnw ~b16paTb Tenepb B H e n w ~ ~ f i  O ~ T O H O ~ M W ~ O B ~ H H ~ ~ ~ ~  6a3wc eS (S = 
= 1, 2, 3, . . .), HYMePYR OPTbl. erk ( r  = 1, 2, 3, . . ., n, k = 1, 2,, 3, . . .) 
CHasana B nOPRAKe B03PaCTaHWR IlepBbIX WHAeKCOB, a 3aTeM B IIOpRAKe 803- 
pacTaHae BTOPHX wHAeKcoB, T. e. nonarae 

%a 6 y n e ~  cneuuanb~oro ewna, TaK KaK ee s ~ a s a q w e  sneMeHTM 6 y n p  pacnona- 
ramen nuwb Ha, r n a ~ ~ o f i  u neyx n-x nwarosanex. 

87. I I o ~ n r ~ e  06 ynnTapnblx HHBapHanrax cauoconpamennbl.x oneparopQB. 
OnepaTophl Al U A,, ~efic~ayloqwe COOTBeTCTBeHHO B ~ u J I ~ ~ ~ ~ T o B H x  JIpOCTpaH- 
CTBaX HI U Hz, ~a3hlBaK)Tc~' ~ 3 0 A f 0 p @ f i ~ ~ l l  (link4 YHUmUpHO 9~6~~lUetimHblAf~),  
ecnu CyqeCTByeT TaKOe U30MeTpM9eCKOe O T O ~ ~ ~ X ~ H U ~  V IIpOCTpaHCTBa HI Ha Hz, 
9TO 

D A ~  = "DA, (1) 

Ecnw onepaTop Ai - c u ~ ~ e ~ p u s e c ~ u f i  (Ca~oconpaxe~~brf i ) ,  TO U ~ O M O P + -  
nbrc eMy OnepaTop A, TaKXe C U M M ~ T ~ U ~ ~ C K U ~ ~  ( ~ a ~ o ~ o n p ~ ~ e ~ ~ b r f i ) ,  KaK 3 T 0  
HenOCpeACTBeHHO CJenyeT U 3  (1) H (2). 

C n e ~ ~ p b r  WSOMOP@HNX caMoconpexenHh~x OnepaTopoB cosnanam, a60 
U 3  (1) W (2) BhlTeKaeT, 9TO 

AA,-XI = (A2 - A I )  DAp = (VAIV-1 - hVV-l) DAt = V (Ai - hl) DA1 = VAA1-Al. 

(3) 



292 h. VI. C n e ~ ~ p a n b ~ w f i  aaanus c a ~ o c o n p ~ x e ~ ~ ~ x  o n e p a ~ o p o ~  

6onee TOTO, U 3  3TMX ' p a ~ e ~ ~ r ~  C J I e A y e T ,  q T O  H e  ~ 0 n b K 0  B e C b  C n e K T p ,  HO I( K a X -  
B a R  A 3  eI-0 ~ a c ~ e f i  ( J M C K ~ ~ T H ~ R  U ~ e n p e p b 1 ~ ~ a R )  T a K X e  RBJlRIoTCR yHUlfUpHblMU 
uueaprlarrrnafiu, T.  e. H e  M e H n w r c R  npu nepexone OT A, K U B O M O P @ H O M ~  one- 
P a T o P Y  A,. 

M b l  OTPBHMYHMCR 3 A e C b  H ~ K O T O P ~ I M A  3aMeqaHURMU OTHOCATenbHO Y H U T B P H O ~ ~  
3KBMBaJleHTHOCTA CaMOCQnPRXeHHblX O I l e p a T O p O B .  

n y c ~ b  Elt  - pasnoxe~ne  e A n H n q b l  O n e p a T o p a  A,. no no mu^ 

r A e  s = min ( n, v ) . & ~ ~ C T B M T ~ ~ ~ H O ,  

q T O  A RBJIReTCR OCHOBHbiM MOMeHTOM B I l O A J l e X a U e M  J ( 0 K a S a T e n b C T B y  Y T B e p X -  
XeHHH. 

&iJIb~ef iUIHe 3 a ~ e g a ~ ~ ~  OTHOCRTCR K cnysalo, K O r A a  n p o c T p a H c T B o  cenapa- 
6 e J l b ~ 0 .  B 3TOM C J l y q a e  Mbl MOXeM TOBOPMTb 0 KpaTHOCTH C n e K T p a  A BHAMM 

. 113 ( 4 ) ,  q T O  K p a T H O C T b  C n e K T p a  ( 0 6 w a ~  K P a T H O C T b  A K P a T H O C T b  B ~ a X ~ 0 f i  T O Y K ~ )  
T a K X e  RBJIReTCR YHHTapHMM HHBapHaHTOhl  C a M O C O n p R X e H H O T O  O n e p a T O p a .  

Ecnn J I k i ~ e f i ~ a R  o 6 o n o q ~ a  COBOKynHOCTU BCeX C O ~ C T B ~ H H ~ I X  B e K T O p O B  CaMO- 
C O n p R X e H H O T O  O n e p a T O p a  nJIOTHa B H,  TO COBOKYnHOCTb BCeX C O ~ C T B ~ H H ~ I X  3 H a q e -  
~ M f i  U K P a T H O C T b  K a X A O T O  U 3  HMX IIpeACTaBJlRlOT I lOJIHyIo  CMCTeMY YHHTaPHblX 
H H B a p U a H T O B  O n e p a T O p a ,  T .  e. BCe T a K U e  O n e p a T O p b I  C OAMHaKOBblMU C O ~ C T B ~ B -  
HblMH 3HaqeHARMH A O ~ ~ U H B K O B O ~ ~  K p a T H O C T b l o  K a m A O T O  A3 HAX RBJIRloTCR 
H ~ O M O P @ H ~ I M U .  

B C J l y q a e  CaMOCOnp9lWeHHbIX O n e p a T O p O B  C IlPOR3BOJlbHblM nPOCTblM CneKTpOM 
T a K X e  H e T p y n H O  y K a 3 a T b  I IOJIHyIo  CUCTeMy YHHTaPHblX UHBaPUaHTOB. 



nOKa3blBaH)T,  YTO C n e K T p a J I b H b l e  T H n b l  3 J I e M e H T a  fl  OTHOCkiTeJlbHO A1 U W I e M e H T a  

f, = Vfl OTHOCUTeJIbHO A, c o n n a f i a m - r .  O ~ c m n a  c n e A y e T  c o a n a n e H u e  c n e K T p a n b H b I x  

T n n o B  o n e p a r o p o B  A, n A,. 
M 3  3 T O r 0  B b l T e K a e T ,  YTO C n e K T p  U K P a T H O C T b  C n e K T p a  B ~ a X n 0 k  TOYKe,  

~ o o 6 q e  ~ o B o ~ R ,  H e  I IpeACTaBJlRloT ~ O J H O ~  CUCTeMJd YHHTaPHJdX HHBaPUaHTOB. 

T ~ K .  H a n p n M e p ,  o n e p a T o p M  Y M H o x e H n R :  aal B ~i~ (0 ,  1 )  n dj,,, B L:, (0 ,  I )  npn 

o, ( t )  = t n 

HMeloT 06qnA C n e K T p  KpaTHOCTU eALiHkiUa, HO OHM H e  U ~ O M O P @ H M ,  T a K  K a K  
c n e K T p a n b u b l e  T n n b l  @ Y H K ~ U ~  p a c n p e A e n e H n R  ol ( t ) ,  o, ( t )  H e  c o s n a A a m T .  

C ~ p y r o k  CTOPOHbl, A B a  O f i e p a T O p a  C IlpOCTbIM C n e K T p O M  n OAkiHaKOBblMH 
C n e K T p a n b H b l M H  TkiFIaMn ~ 3 0 ~ 0 p ( P ~ b l ,  T a K  K V  COrJIaCHO nnO 83 n 84 06a OHM 
U ~ O M O P @ H ~ I  OAHOMY R TOMY Xe O F I e p a T O p y  YMHOXeHkiR. 

T ~ K H M  0 6 p a 3 0 ~ ,  RMeeT MeCTO CJlenyIOLI&3ff 
Teope~a. Anrr rnoeo qmo6b1 dea oneparnopa c npocrnblw cnetcrnpow 6b~nu 

USOMOP@H~~,  ~eo6xoduwo u dorntamou~o, ~rno6br us cneKtppanbtmernunbr coanadanu. 
n p n  nepexone OT c n y y a u  n p o c T o r o  c r l e K T p a  K o 6 q e ~ y  cnysam K p a T H o r o  

c n e ~ ~ p a  O T L I C K ~ H H ~  n o n ~ o B  C M C T ~ M ~ I  YHRTaPHbfX R H B ~ P H ~ H T O B  CYIII,~CTB~HHO 
YCJIOXHReTCR. Bonpoc 0 ~ o J I H o ~  CHCTeMe YHRTaPHblX U H B a P R a H T O B  C a M O C O n p R X e H -  

HOT0 O n e p a T O p a  C KPaTHblM C n e K T p O M  H e  M O X e T  6 b l ~ b  p e U e H  npOCTblM p a 3 n 0 1 K e -  
H n e M  T a K O r O  O n e p a T O p a  B O P T O ~ O H a J f b H y H )  CYMMy O n e p a T O p O B  CnpOC'DblM CneKTpOM, 
n60 T a K o e  p a 3 n o x e ~ n e  H e  o n p e n e n R e r c R  O A H O ~ H ~ Y H O .  Ann p e u e H n R  s a ~ a s n  
B 0 6 u e ~  c n y y a e  c n e n y e T  c n e U n a n b H b l M  0 6 p a 3 0 ~  ~ b 1 6 p a ~ b  p a s n o ~ e ~ l n e  o n e p a T o p a  

B O p T C r O n a J I b H y I O  CYMMY, YTO ~ p e 6 y e ~  BBeAeHRR ITOHRTRR 0 T a K  Ha3bIBaeMblX He3U- 
BUCUNblX CneKmpMbHblX mUnaX. 

T e o p n ~  YHUTaPHbfX RHBaPWaHTOB C a M O C O n P R X e l l H b l X  O n e p a T O p O B  6 ~ n a  pas- 
p a 6 0 ~ a ~ a  X e n n n ~ r e p o ~  AJIR cnysan c e n a p a 6 e n b ~ o r o  n p o c T p a H c T s a  n p a s ~ n ~ a  
A a n e e  A. M. n n e c ~ e p o ~  A n R  cnysan ~ e c e n a p a 6 e n b ~ o r o  n p o c T p a H c T s a .  

P a c c ~ o ~ p e ~ n e  o r ~ o c ~ q n x c ~  cmna B o n p o c o B  H e  B X O A ~ T  B s a ~ a s y  H ~ C T O R ~ ~ ~  
~ ~ n r n l .  

OTnpaBAHRCb OT 3aAaHHOrO pa3JIOXeHkiH eAUHkIUbI E t .  ~ P U  3TOM MbI 

npeanonaranu,  TO QYHKUUH (P (t) O n p e A e n e H a  I I  K o H e s H a  n o s T u  
BCIOAy OTHOCHTenbHO onepa~op~of i  MepbI  Ei U OTHOCUTeJbHO 3~0fi 
Mepbr u 3 ~ e p u ~ a .  C o x p a ~ ~ r r  BO BceM ~ a n b ~ e f i l r r e ~   TO n p e A n o n o x e H n e  

o QYHKUAU ( ~ ( f ) ,  M ~ I  BBeAeM T e n e p b  B p a c c M o T p e H u e  eue TOT cmo- 
C O ~ ~ R X ~ H H ~ I ~ ~  Ol' lepaTOp A, KOTOPOMY I lPIIHaAJIeXUT p a 3 A O X e H H e  eAU- 



u n p n M e M  cneayrouee 
0 n p e A e n e H ue. Qyn~quetI cp (A) nasbieaemc~ onepamop, onpe- 

d e n ~ e ~ w a  @op&ynori: 
00 

P (A) f = j cp (0 dEd 
-m 

na ucex mex eeKmopax f E H, dnx Komopwx ewnonneno coomnotue- 
nue ( 1 ) .  . 

Heo6xonu~o OTMeTUTb, 1 T O  AJIR H ~ K O T O P O ~ ~  W C T N  PaCCMaTPHBae- 
M O r O  3 ~ e c b  K n a c c a  ( P ~ H K u I . ~ ~ ~  M ~ I  yxe  p a H e e  onpenenunu n o H R T u e  
@YHKUUU OT o n e p a T o p a .  A a ~ ~ o e  p a H e e  o n p e A e n e H n e  c o r n a c y e T c R  
C O n p e A e n e H H e M  3 T 0 r 0  nYHKTa.  Aanee 3aMeTHM, s T 0  HeKOTOpbIe 
c ~ o f i c ~ ~ a  o n e p a T o p a  cp (A), B b I T e K a r o u n e  w 3  n p u s e A e H H o r o  onpeae- 
n e H u R ,  @ ~ K T M ~ ~ C K N  yXe 6b1nw YCTaHOBneHbI B no 72. T ~ K ,  B 11' 72 
6b1~0 A O K a 3 a H 0 ,  9 T O  0 6 n a ~ ~ b  OIIpeAeJIeHHFi D = DV(,q e C T b  J I H H ~ ~ H o ~  

~ ~ o r o o ~ p a s n e ,  a T a m e ,  s ~ o  [cp (A)]* = (A). 3 a ~ e ~ u ~  eue, s ~ o  
AJIR C y u e C T B O B a H H R  O I I e p a T O p a ,  O ~ ~ ~ T H O ~ O  no OTHOUI~HMIO K P(A), 

I [cp (A)]-I = - dEl. 
cP (4 

H a ~ o ~ e u ,  OTMeTUM, 9 T O  P a B e H C T B O  19 (t) ( = 1 ( ~ O ~ T N  BCWAY OTHO- ' 

CNTeJIbHO 0 n e p a ~ 0 p H 0 f i  M e p b I  El) H ~ O ~ X O A H M O  ki AOCTaTOqHO, q ~ 0 6 b 1  
O n e p a T o p  rp (A) 6 b 1 n  YHWTaPHbIM.  TO YCJIOBkie, H a n p H M e p ,  BbInOJIHeHO 

B cnyqae 

~ o ~ o p b ~ f i  n p n B Q A n T  K npeo6pa30~a~nro K s n ~ ,  n B cnysae 

cp (t) = el" (- < s < a), 
~ o ~ o p b ~ f i  n p n B o A n T  K a6ene~ofi rpynne y H n T a p H b I x  O n e p a T o p o B .  T O ~ H O  
T a m e ,  A n R  T o r 0  9 ~ 0 6 b 1  O n e p a T O p  P (A) 6 b 1 n  OpTOnpOeKTOpOM, ~ e o 6 -  
XOAHMO Pi AOCTaTOsHO, q ~ d b 1  @YHKUUR T (t) npHHUMaJIa  numb A B a  



3 H a q e H M R :  0 MJIM 1, eCnM U 3  OCM - < f < a UCKJIlOqMTb MHO- 
X e C T B O  H y J I e ~ o f i  onepa~op~ofi  M e p b I  OTHOCliTeJIbHO Et. 

P ~ C C M ~ P H M  T e n e p b ,  K a m e  y n p o u e H n H  BHOCUT B T e o p u m  n p e A -  
nonomeeae,  TO cnemp O n e p a T o p a  A FIPOCT. IIPNM~M  TO npenno- 
JIOWeHMe U 0 6 0 3 ~ a 9 k i M  9epe3 g K a K 0 f i - H M 6 y ~ b  n 0 ~ 0 X ~ a I O u l i f i  3 n e M e H T  
onepampa A ,  a sepes u (t) - @ Y H K U H ~  p a c n p e A e n e H u H  (Etg, g). 
~ O K ~ X ~ M ,  9 T O  AOCTaTO9HO I I P O B e P M T b  H a J I a r a e M b I e  H a  (P (f) T P ~ ~ O B ~ H M R  
H a  ~ A M H C T B ~ H H O ~ ~  M e p e  ~ ( f )  = (Etg, g), BMeCTO BCeX M e p  (Eif, f )  
B o 6 u e ~  C J I j W l e .  ~ ~ ~ ~ c T B u T ~ J I ~ H o ,  n y C T b  H e K O T O p O e  M H O X e C T B O  e c 

(- a, a) MMWT K O H e 9 H y I O  U - M e p y .  3 ~ a  M e p a  P a B H a  

r A e  X, (I) - x a p a K T e p u c T n q e c K a R  @ ~ H K U U R  M H o x e c T B a  e. Ecnu f - 
n p 0 ~ 3 ~ 0 J I b ~ b I f i  BeKTOP,  T O  n p H  n lo60~ A c (- m, a) 

me p (f) - HeKOTOpaH H e O T p H U a T e J I b H a H  U - U H T e r p U p y e M a H  @ Y H K ~ I I H .  
C O ~ ~ C T ~ B J I R R  (2) U (3), nOJIy'XieM, '-IT0 M e p a  M H O X e C T B a  e OTHOCN- 
T e n b H o  @YHKUHM p a c n p e A e n e H u H  (E,f, f )  pama 

T ~ K U M  06pa30~, n p M  U~OMOP@HOM 0~06paXe~kifi H H a  L: (- CO, 

03) C IIOMOWbIO COOTHOUleHMR (4) O n e p a T O p y  (P (A) B H O T B e s a e T  O n e -  

pZiTOp YMHOXeHHR H a  (P (f) B L: (- a, 03). 



B L2 (- w, w) H o n e p a T o p a  y M H o x e H u R  H a  ~ e s a s u c u ~ y m  nepe- 
M e H H Y I o  B TOM Xe IIPOCTPaHCTBe.  06a O n e p a T O p a  RBJIRIoTCR CaMOCO- 
n P R X e H H b 1 M H .  n p H  3TOM OHU Y H U T a P H O  3KBUBaJIeHTHb1,  a NMeHHO, 

9 = Bacf*, 

r A e  X A  (t) - x a p a K T e p u c T u s e c K a R  ( P Y H K ~ N R  w H T e p B a n a  A,  a h = 
= h (t) -- n p 0 1 1 3 ~ 0 J I b ~ b 1 f i  3 J I e M e H T  n p O C T p a H C T B a  1.' (- 03, W) I4 T a K  
K a K  (CM. n087) 

me f = f (t) - n p 0 ~ 3 ~ 0 J I b ~ b l f i  3 n e M e H T  L2 (- a, 03). 

B. ~ P U ~ O M H N M  T e O p e M y  2 n083. B CNJIY 3~0fi  T e O p e M b I ,  ecJIU g 
e C T b  K ~ K O ~ ~ - H H ~ Y A ~  I I O P O X A ~ I O ~ I I ~ ?  3 J I e M e H T  O n e p a T O p a  a, TO @p- 
M y n a  

K O T O P a R  3 n e M e H T y  f = f (t) E L2 (- 03, 03) OTHOCHT 3 J I e M e H T  (P (t) E 
E L: (- w , a), me 0 (t) = (EJ@ g, g), Y C T a H a B J I U B a e T  U 3 0 M e T p H s e C K O e  

0 ~ 0 6 p a ~ e ~ H e  L2 (- w ,  a) H a  L: (- w ,  03). T ~ K  K a K  U C X O A H ~ I ~ ~  

o n e p a T o p  e c T b  yxe c a M  o n e p a T o p  y M H o x e H u R  B L2 (- w, a), TO 
e C T e C T B e H H 0  B 0 3 H H K a e T  B O n p O C  0 T a K O M  s b 1 6 0 p e  IlOpO>r<naIOLUerO 3 J I e -  

M e m a  go, n p H  K O T O ~ O M  y ~ a 3 a ~ ~ o e  u 3 o ~ e ~ p n s e c ~ o e  o ~ o 6 p a x e ~ ~ e  npespa- 
THJIOCb 661 B T O X A e C T B e H H O e  npeo6pa30~a~ae 

m 

f (4 = S f (0 d ~ l @ ) g o *  - D. 



r A e  A - I I p 0 ~ 3 ~ 0 J I b ~ b I f i  ~ 0 ~ e s H b 1 f i  N H T e p B a J I ,  a X'(t)-er0 X a p a K T e -  
P N C T N s e C K a R  @YHKUNR. HO IIPI l  A -+ [- CO, CO] @YHKILIIR XA (t) 
H e  U M e e T  I I p e A e J I a  D L2 (- a, CO). C J I ~ A O B ~ T ~ J I ~ H O ,  ~pe6J'eMbIa B e K T O P  
go H e  C y w e C T B y e T .  E c n ~  MbI B C e  Xe X e J I a e M ,  9~06b1 O T B e T  H a  IIO- 
C T ~ B J I ~ H H ~ I ~  BbII I le  BOIIPOC 6b1n IIOJIOXUTeJIeH,  T O  MbI AOJIXHbI  IIOIIOJIH N T b  

IIPOCTPaHCTBO L2 (- CO , a) ~ e ~ 0 6 ~ m 8 e ~ N b l U  3 A e U e H m O U  go, IIPOeKUNR 

KOTOpOrO H a  IIOAIIpOCTpaHCTBO L2(a, b) I I p I l  nm6b1x K O H e s H b I X  a, b 
e C T b  @YHKUNR, p a B H a R  T O X A e C T B e H H O  e A N H N U e .   TOT 3 J I e M e H T  go e C T b ,  
TaKUM 06pa30~,  H e  I I p U H a A J I e X a w a R  I I p O C T p a H C T B y  L2(- CO, CO) 

e d u ~ u w a ~  (P YHICYUR, go (t) - 1. 
C. O ~ P ~ T N M C R  T e I I e p b  K O I I e p a T O p y  9. ~ Y C T ~  h = h ( t )  - K ~ K O ~ -  

~ 1 1 6 y ~ b  I I o ~ o X A ~ I O ~ U ~ ~  3 J I e M e H T  3 T O r 0  O n e p a T o p a .  T o r ~ a  AJIR nm60ro 
f E L2 (- CO, 03) C y w e C T B y e T  T~KOI?  3 J I e M e H T  $' (t) E L? (- 03, 03), 

me a(t) = (E($)h ,  h), s ~ o  
m 

f (s) = l + (t) d E j b ) h .  
-OD 

3 ~ e ~ b  e C T e C T B e H H 0  I IOCTaBNTb BOIIPOC 0 TaKOM ~b160pe I I O p O X A a I o -  
uero s n e ~ e ~ ~ a  ho, n p H  KOTOPOM + (t) e c T b  n p e o 6 p a 3 0 ~ a ~ ~ e  Qypbe - 
n n a ~ m e p e n ~  @YHKUNN f (t) (NJIN e M y  o 6 p a ~ ~ o e ) .  M ~ I  I I O T ~ ~ ~ Y ~ M ,  
9'1'0661 

9 (4 = (8*f) (4. 

1 ,-iPt - ,-iat 
~ ( 9 )  (A) ho I= - 1/% -it ' 

KaKOB 6 6 1  HN 6 b 1 n  ~ 0 ~ e s ~ b 1 f i  I l H T e p B a J I  A = [a,  p). T ~ K N M  o6pa3o~,  
~ p e 6 y e ~ ~ t i  B e K T O p  ho A O J I X e H  YAOBJIeTBOPRTb COOTHOUeHNRM 

~ ( $ 1  (A) ho = 8EQ(A)go, (1) 



I'Ae go e C T b  eAMHMqHaR @ ~ H K U U R .  T a ~ o r o  B e K T O p a  ho B n p O C T p a H C T B e  
L2,(- a,  03) H e  CYUeCTBYeT.  M ~ I  BBeAeM ho K a K  B T O P O ~ ~  H ~ C O ~ C T B ~ H -  
Hbl f i  3 J I e M e H T  l l p O C T p a H C T B a  L2 (- 03, a). P ~ B ~ H C T B O  (1) n O K a 3 b I B a e T ,  

9 T O  3 J I e M e H T  ho H a A J I e X H T  p a C C M a T p I l . B a T b  K a K  npeo6pa30~a~ue 
Oypbe - n J I a H L U e p e J I R  H ~ C O ~ C T B ~ H H O ~ O  3 J I e M e H T a  go E 1,  KOTOPblM, 

K a K  I13BeCTH0, OKa3bIBaeTCFl  ho = 1/G6 (t), me -6 (t) e C T b  ~-(PYHKUIIR 
A ~ p a K a .  

D. O y ~ ~ u u u  (P OT O n e p a T o p a  9, K KOTOP~IM M ~ I  T e n e p b  o6pa- 
TIIMCR, A O J l X H b I  YAOBJIeTBOPRTb npe>t<Ae B C W O  ~ p e 6 0 ~ a ~ u l O  Pi3MepU- 
MOCTM. Ecnu MbI XOTIIM, q~06b1 @YHKUNR (P (t) n o p o X A a n a  O r p a H u s e H -  
~ b ~ f i  o n e p a T o p ,  o n p e ~ e n e ~ ~ b r f i  ~ c m ~ y  B La (- a, a), TO M ~ I  AOJIXH~I 
I T O T P ~ ~ O B ~ T ~ ,  9~06b1 O H a  6b1na 0 r p a H ~ s e H H 0 f i .  

~ Y C T ~  (P (t) - T a K a R  (PYHKI~MR.  Ecnu f = f (t) - npOki3BOJIbHaR 

@ ~ H K U U R  113 L2 (- a, a), a g = g (t) - ee 0 6 p a ~ H o e  npeo6pasoaa- 
H u e  Oypbe - nnasruepen~,  TO 

( P ( P ) f =  tv {cp(t)g(t)) (2) 
O C O ~ ~ H H O  n p O C T 0  O ~ C T O M T  A e n O  B TOM cnysae, K O r A a  (PYHKUMR (P (t) 
H e  TOJIbKO O r p a H H s e H a . ,  HO Pi llpMHaAJIe>KHT L2 (- a, a). A ~ ~ ~ c T B H -  
TeJ lbHO,  B 3TOM C J I y g a e  CyLI leCTByeT 

9 (t) = ( E d  (4, 

T ~ K U M  06pa30~,  B  TOM cnysae 

M T ~ K ,  ecnu cp (t) orpamsesa w n p u H a A n e x u T  L2 (- a, a), TO A o c T a -  

T O s H O  H a f i ~ M  (P (9) hot A O n p e A e J I e H I l e  (P (9) f CBeAeTCR K H a X O X A e H H t o  
H ~ K O T O P O ~ ~  CBePTKM no @ 0 p M y J I e  (3). 

AO~YCTMM T e n e p b ,  s ~ o  @ ~ H K U I I R  (P (t) orpaausesa, so H e  npuaap  
J I e X M T  L2 (- a, a). T o r ~ a  e C T e C T B e H H 0  n p e A C T a B P i T b  (PYHKUH~O (P(t) 
B CJIeAYK3UeM BUAe: 

cp(t) = (t + i) rpl (t), 



y x e  npuHaAnexuT L2 (- a, a). I I y c ~ b  

rPl(9) ho = + l ( t ) .  
T o r ~ a  

m 

1 sin vS;(t - s) 
~ x f = ;  j' r - r  f (4 ds, 

me h - H ~ o T ~ I I ~ ~ T ~ J I ~ H ~ I ~ ~  B e ~ e c ~ B e ~ ~ b l f i  IIapaMeTp.  TOT OIIepaTOp 

uFpaeT aaxaym ponb B T ~ O ~ I I I I  nHTerpana Gypbe. Ann Hac 3 ~ e c b  
npeAcTasnRer MHTepec TO,  TO DA ecTb pa3noxe~ue  eAIIHuubr. 3ror 
 KT BbITeKaeT ~3 CJIeAYIOWerO 06uero IIOJIOXeHIIR: eCAU El eCmb 
pa3noxetiue eduuuqb~ caluoconp~~eti t io20 onepamopa A, mo 

Evi- - E- vc+o (A > 0) 

ecmb pa3no~etiue eauti~ybl onepamopa A2.  . HO nerKo BHAeTb,   TO 

.Ha Bcex (PYHKUIIRX f ( t )  u3 L2 (- a, a), nMemuIIx ~ ~ C O ~ K ) T H O  Henpe- 
PbIBHYK) nPOII3BOAHYIO f '  ( f )  U nROII3BOAHYH) fn ( t ) ,  IIPIIHaAJleXaIQ'IO 

L a ( -  a,  a).. 



Tn. VI. Cne~~panbnblR a ~ a n n 3  caMoconpsxeHHarx onepaTopoa 

A o n y c ~ a H ,    TO f' ( t )  H e  n p w s a A n e x w T  La (0, w) u, ~ H ~ Z I U T ,  n p m m a n ,  
'I TO 

8 

lirn [ [ f '  ( t) la d t  = m, 
s-c- 0 

lirn f ( s )  f' ( s )  = w.  
S+ m 

lirn [ f  (t)12 = a, 
t - c m  

A O K ~ X ~ M  T e n e p b ,  ~ I T O  c n e K T p  o n e p a T o p a  L a ~ y ~ p a ~ ~ b r i i .  npexae 
BCerO  Y ~ ~ , L ( M M C R  B TOM, ' IT0  3TOT C n e K T p  H e  MOXeT ~ ~ I T L  IIPOCTbIM. 



D o n y c K a R  npOTPiBHOe, B 0 3 b M e M  K ~ K O ~ ~ - H I I ~ Y A ~  IToPoXA~~L&~ 3 J I e M e H T  
g O n e p a T O p a  L, T a K  9 T O  J I k i ~ e f i ~ a R  0 6 0 J I 0 Y K a  MHWKeCTBa BeKTOPOB 
Dkg (1 > 0) IIJIOTHa B L2 (- o3, a). c J I e ~ 0 ~ a ~ e J I b 1 1 0 ,  3 J l e M e H T  g 
U IlOAaBHO RBJlReTCR I lOPOKAalOl4AM AJIR O n e p a T O p a  9. A T a K  K a K  
c r r e K T p  o n e p a T o p a  9 s a n o n ~ ~ e ~  ~ c m  Y P i c n o B y m  ocb, TO HA A m  I c a K o r o  

KOHeqHOrO M H T e P B a J l a  A B e K T O P  E ( ~ )  (A) g H e  M O X e T  P a B H R T b C R  HYJIH). 

B 0 3 b M e ~  K ~ K O G - H M ~ Y A ~  K ~ H e q H b l f i  M H T e p B a J  A - [a ,  p), r A e  

> a > 0, A IIpeACTaBPiM B e K T O p  E($)  (A) g B BMAe 

q T O  HeB03MOXHO.  
M T ~ K ,  C I I e K T p  O I I e p a T O p a  L H e  ~ P o c T o ~ ~ .  q~06b1 A O K a 3 a T b ,  4 T O  OH 

~ ~ B Y K P ~ T H ~ I ~ ~ ,  H a A J I e X A T  n O K a 3 a T b ,  YTO O I I e p a T O p  L M M e e T  nOpO>KHaH)- 
~ M G  6a3~c,  COCMRL~AB A 3  ABYX.BeKTOPOB. B 0 3 b M e M  A B a  I IOPOXAaH)UMX 
s n e M e H T a  hl.= hl (t), h, = h, (t) o n e p a T o p a  9, 1.13 K O T O P ~ I X  n e p ~ b ~ i i  
npeACTaBJlR€!T H e q e T H y H ) ,  a B T O P O ~ ~  - qeTHYH) @YHKUIIH). n p 0 ~ 3 ~ 0 J I h -  
HYH3 Q ~ H K ~ M ~  f ( f )  Pi3 L2 (- o3, a) IIpeACTaBUM B BUAe CYMMbI 



h ( t )  - .pl (-s) d ( E L $ )  -EL9)) hl. 

C J I ~ A O B ~ T ~ J I ~ H O ,  BeKTOPbI hl, hg 06pa3ym~ I I o P o x A ~ K ) ~ ~ ~ ~ ~  6amc 
AJIH O I I e p a T O p a  L. He M e I I I a e T  3 a M e T U T b ,  ' I T 0  3TOT 6amc O P T O ~ O H ~ J I ~ H ~ I ~ ~ .  , 

F. ~ P O C T P ~ H C T B O  L2 (- a, a) IIpeACTaBIlMO B BMAe OpTOrOHaJIb- 

H O ~  CYMMbI IIOAIIpOCTpaHCTB, COCTaBJIeHHbIX TOJIbKO U 3  'IeTHbIX MJIU . 
TOJIbKO U 3  He ' IeTHblX @ Y H K U H ~ ~ .  I (aX~0e U 3  3TUX IIOAIIpOCTpaHCTB IIpU- 
BOAUT O I I e p a T O p  L = .p2. Y ' I U T ~ I B ~ R  ' IeTHOCTb (UJIU H ~ ~ ~ T H O C T ~ )  ' 3 J I e -  
MeHTOB U 3  A a H H b I X  I IpI IBOAH4IIX IIOAIIpOCTpaHCTB, J I e r K O  BkiAeTb, ' I T 0  

p a 3 J I O X e H U e  eAIlHI1UbI O I I e p a T O p a  L H a  K a X A O M  I13 3TUX IIOAIIpOCTpaHCTB. 

e C T b  k i ~ ~ e r p a J I b H b 1 c  O I I e p a T O p ,  B K a ' I e C T B e  H A p a  KOTQpOrO MOXHO B 3 R T b  
'I eTHyH) UJIII, COOTBeTCTBeH HO, He ' IeTHyH) ' I a C T b  H A p a  



?fc - 
- s )  sin I / r ( t  + s) 1 1 cos pi . cos ps . dp = -- 

n -t- t + s  
0 

?fr 1 sin pt sin ps dp  -- - s i n r r ( t - s )  s i n I / r ( t + s )  ( t - s  
- 

n n . t + s  
0 

(B o6eux a o p ~ y n a x  h > 0). 
T ~ K H M  o6pa30~, cneicmp icawdozo us onepamopos LC a L, Henpe- 

pb18eH U COCmOUm U 3  nOnYOCU 0 < ,( < a. J I e r~o  BHAeTb,  9 T O  3TOT 
C n e K T p  n p o c T .  
90. K o ~ r b q a  orpanurmnblx c a M o c o n p R m e n n b l x  o n e p a T o p o B .  

0 n p e n  e n  e H a e. Coeoicyn~ocmb % o2paHuwHHblx caMoconpsz- 
NeHHblx onepamopos ~asb~tzamm Konbyou, ecnu us sicnmve~uii A E 8, 
B E 8 ebuneicarom eicnmqeHux AB E DZ u a A  + (3B E a, zde a, (3 - 
npou3eonbHble e e y e c m e e ~ ~ b ~ e  ~ucna  . 

K o n b u o  % Ha3bIBaeTCR cna6o 3UMKHYmblM, eCJIN N 3  A, E %(n= 1, 
cn 

2, 3, . . .) N A,+ A c n e n y e T ,   TO A E DZ. 
T ~ K  KaK npOFi3BeAeHHe n B y X  OrpaHNqeHHbIX CaMOCOnpHXeHHbIX O n e -  

PaTOpOB RBnEeTCH CaMOCOnpHXeHHbIM OnepaTOpOM B TOM N TOJIbKO 
TQM caysae, K o r A a  ~ T H  O n e p a T o p b I  n e p e c T a H o B o s H b 1 ,  TO B c e  o n e p a T o p b r  
o6pa3ymuue KOJIbUO, AOJIXHbI 6 b 1 ~ b  n O n a p H O  nepeCTaHOBOqHbIMN. 

O ~ ~ ~ T H O ,  BCRKOe MHOXeCTBO 8 = ( A, B, C, . . . ] n O n a p H 0  nepe- 
CTaHOBOgHbIX O r p a H U 9 e H H b l X  CaMOCOnPRXeHHbIX OllePaTOPOB B n O n H e  
O n p e n e J I R e T  HeKOTOpOe cna6o 3aMKHYTOe KOJIbUO, a HMeHHO MNHUMaJIb- 
H o e  cna6o 3aMKHYTOe KOJIbU0, C O A e p X a U e e  a.  TO KOnbUO MbI 060- 
3HaqHM % (8) NJIH 8 (A,  B, C, . . .). OHO M O X e T  6 b 1 ~ b  Onpef ieJIeHO 
KaK nepeceqesue B c e x  cna6o ~ ~ M K H Y T ~ I X  K o n e u ,  C o A e p x a u n x  8.  

H e f i M a ~ y  n p H H a n n e x n T  cnenymuan 
Teope~a. Ecnu npocmpwcmso H cenapa6enb~0, mo ~ C R K O M ~  

cna6o sau~tiymouy iconbqy % npu~adnewum matcori 02pa~uue~~bnd 
c a u o c o n p ~ w e ~ ~ b ~ l i  onepamop A, ymo 3, = % ( A ) .  

Hacm~~uufi nYHKT nOCBHUeH AOKa3aTeJIbCTBY 3~0fi TeOpeMbI.  AJIR 
6 o n b r u e f i  HCHOCTU BbIAeJlHM B BNAe JIeMM ABa  nPOMeXYTO9HblX Y T B e P X -  
AeHllH, KOTOPbIe B 3TOM AOKasaTeJlbCTBe UCnOJIb3YIOTCR. 



Je,u,ua I .  Ozpalzuw~~biu" cauoconpnwe~~biu" onepamop A 
c pasnowe~ueu edu~uybi Et npu~adnewum cna6o sa~tc t iyrno~ y tconbyy 
% 8 mou u rnonbtco mOM CnyYae, tcozda smouy tconbyy npu~adnexum EL 
npu nto6ou h ,( 0 M I - El, npu n t o 6 o ~  y > 0. ( n p ~   TOM cenapa- 
6 e J I b ~ o c ~ b  n p O C T p a H C T B a  H H e  n p e & n o J I a r a e ~ c R . )  

0 K a 3 a T e JI b C T B 0. q~06b1 A O K a 3 a T b  AOCTaTOYHOCTb YCJIOBMR, 
IIpMMeM, 4 T O  C n e K T p  O n e p a T O p a  A J I e X P i T  B H H T e p B a J I e  (-C, c), 
H B 0 3 b M e M  TOYKN 

CpeAM KOTOpbIX COAePXNTCR T a K X e  TOYKa 0 ( C K ~ X ~ M ,  f ,  - 0). Bse- 
A e M  o n e p a T o p  

n 

A, = 2 tk-l ( E t k  - Etk -1 )  = 
k= 1 

~ O ~ T O M Y ,  B CMJIY cna6oii 3aMKHYTOCTM KOJIbUa,  A E 8, M 3HaYMT, 
A O C T a T 0 4 H O C T b  A O K a 3 a H a .  

Hpki A O K a 3 a T e J I b C T B e  H~O~XOAHMOCTI I  ~ Y A ~ M  O n N p a T b C R  H a  TO, 4 T O  
BhleCTe C A K O J I b u y  8 n p N H a A J l e X N T  nm6oB M H O r O 4 J I e H  OT A 6e3 CBO- 
6 0 ~ ~ 0 r o  Y J I e H a  (C BeQeCTBBHHbIMM K O ~ @ @ M I I N ~ H T ~ M M ) .  ~ O C T P O M M  IIpM 
JI IO~OM h ,( 0 @YHKUMH) 

( 1 (t < A - E ) ,  

~ ~ ~ ~ C T B O B ~ H H ~  T a K O r O  M H O r O W I e H a  AOKa3bIBaeTCR C n O M O Q b I O  T e o p e -  
MbI BeBepm~pacca. Tenepb I I p H  JIIO6b1x f ,  g E H MOXHO H a n M C a T b  



T. e. 3, T a K X e  CTPeMkiTCR K HYJIH) n p k i  6 + 0. T ~ K M M  06pa30~, n p k i -  

~ a ~ n e x a q u f i  % o n e p a T o p  p, (A) c n a b  (H Aaxe c u n b ~ o )  CXOAMTCR 
K O n e p a T o p y  El, K O T O ~ ~ I ~ ~  ~ O ~ M M Y  A o a x e H  n p u H a A n e x a T b  8.  AH^- 
JIOrki9HO AOKa3bIBaeTCR,  9 T O  K O J I b U y  % I I p H H a A J I e X k i T  I - E ,  I I p H  

p > 0. 3 ~ e ~ b  H Y X H O  JIHUlb B 3 R T b  $ J Y H K U ~ ~ H )  

O (t c p- 4, 

ha (5; p) = (p-e c tc p), 

Jevva 2. Ecnu npocmpa~cmso H cenapa6enb~0, in0 dn~ l  nlo- 
6020 cna6o s a ~ u  ~ymozo  uonbqa 8 M O X H O  yuasamb nocnedosamenb- 
Hocmb nonapHo nepecmanosovnb~x opmonpoeumopos P I ,  P,, P,, . . . . 
mauylo, wno 

8 = % (PI, P,, P3, . . .). 

rAe p I I p 0 6 e r a e ~  B C e B 0 3 M O X H b I e  I IOJIOXHTeJlbHbIe ,  a h - B C e B 0 3 M O X -  

H b I e  H e ~ O J l O ~ H T e ~ b H b I e  3HaYeHHR.  T ~ K A M  06pa30~, MbI M O X e M  C K a 3 a T b ,  
9 TO 

% = 8 (81, 
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rAe % 03HasaeT H ~ K O T O P ~ I ~ ~  KOHTHHYYM IIOnapHO Il epeCTaHOBO~HbIX 
npoeKTnpymUnx onepaTopoB. OAH~KO,  no TeopeMe 2 no 34  TOT KOH- 
THHYYM COAePXIIT ~JIoTH~IO B H e M  B CMbICJIe ~ 1 l n b ~ 0 f i  CXOAHMOCTM 
nOCJIeAOBaTeJIbHOCTb PI, P,, P3, . . . . Ecnw MbI IIOJIOXUM 

%(PI,  P2r Ps, . . ) = % I  

TO, 09eBHAH0, A TaK K a K  AJIR nm6oro P 8 H ~ ~ ~ A ~ T C R  

nOA~OCJIeAOBaTeJlbHOCTb { Pnk );=1, CUnbHO CXOARUaRCR K P, TO PE 
Pi, 3HaqUT, 31, OTKYAa CneAyeT, 'IT0 Pi %)Zc 3,. ~ O ~ T O M Y  
9Il = 3, n n e m a  2 ~ o ~ a s a ~ a .  

Tenepb MbI MOXeM IIPUCTYnUTb K AOKa3aTeJIbCTBy TeOpeMbI Hefi- 
MaHa. 

M T ~ K ,  nyCTb AaHO cna6o 3aMKHYTOe KOJIbUO %. C O ~ J I ~ C H O  JIeMMe 2 
OHO nopoxAaeTcrr K ~ K O ~ T O  nocne~o~aTenb~ocTbH) nonapHo nepecTa- 
H O B O ~ H ~ I X  npoeKTupymLqnx onepaTopoB: 

% = (PI, P2, P,,, * a .). 

3 a i i ~ e ~ c ~  npexAe Bcero ~ e ~ o ~ o p o i i  ccnepec~poii~ofi~ s~aii nopoxnam- 
Uefi nOCJIeAOBaTeJIbHOCTU { Pk 1,". Tosnee, W a r  3a IIJarOM nOCTpOUM 

APYryIO nOCJIeAOBaTeJIbHOCTb { Qk 1," nOnapH0 nepeCTaHOBOsHbIX np0- 
eKTkipyIOUUX OnepaTOpOB, KOTOPaR IIOpOXAaeT TO Xe KOJIbUO %, 

n p e x ~ e  Bcero nonaraeM 

Q1= p1. (1) 

Onepa~op Q3 MOXHO ewe IIpeACTaBUTb B BHAe CYMMbI 

Qs = Q1+ P2 (1 - Q1). 

AByX OpTOnpOeKTOpOB, IIpOeKTUpyIOUHX Ha B3aUMHO OpTOI'OHaJlbHbIe 
n o ~ n p o c ~ p a ~ c ~ s a .  O~cmna u us suns onepaTopa Q,, ~0~0pbl f i  npoeK- 
TupyeT Ha nepeceseHue ABYX noAnpocTpaHcTB, s a ~ n m s a e ~ ,  s ~ o  

Q2 < Q1 9 Q3. (2") 

Ha ~ a ~ b ~ e f i m l i x  3TanaX MbI ~ Y A ~ M  no yXe nOCTPOeHHhlM HOBbIM 
onepaTopaM Qi u O A H O M ~  cTapoMy P, nonyqaTb uenym cucTeMy HO- 
B ~ I X  OnepaTopoB, a m e m o ,  Ha n-M mare M ~ I  BBeAeM 2"-1 OnepaTopoB, 
KOTOPbIe ~ Y A Y T  UnepeMeXaTbCRD C yXe nOCTPOeHHblMU A0 3TOr0 2n-1-1 



OnepaTOpaMll B TOM CMbICJIe, 4TO 6 y ~ e ~  IlMeTb MeCTO HepaBeHCTBO, aHa- 
nornsaoe HepaseHcTsy (2"). npn   TOM onepaTop P, 6 y n e ~  npencTaB- 
nRTbcR sepes onepa~opb1-Q, no a o p ~ y n e ,  a ~ a n o r n s ~ o i i  paaeHcTsy (2'). 
Tpe~nii  mar TaKoB: 6 e p e ~  onepaTop P, n no onepaTopaM Q,, Q,, Q3 
CTPOUM 

npn ~ T O M  

P3 =; 44 + Qr, + Q6 + Q7 - (Qi + Qz + Q3) (3') 
W 

Q4 < Qz < Qr, < Qi < Q6 < Qs < 4 7 -  (3") - 
O~cmna yxe s n n ~ o ,  K a K  sTa npouenypa npononxaeTcH nanee; B pesynb- 
TaTe MbI U nOJIyqNM IICKOMYIO nOCJIeAOBaTenbHOCTb IIpOeKTOpOB Q1, 
KOTOPaR IIOPOXH<AaeT KOJIb40 8 S i  KOTOPYIO MbI npIlMeM BMeCTO nepB0- 
~aqaJIb~0ii .  

Tenepb 3afi~e~CR IIOCTpOeHHeM HeKOTOpOrO pa3JlOXeHIlR eAMHIIL(b1. 
C  TO# ueJlbIO B03bMeM IIHTepBaJI [-I, 01, pa3nenlrM er0 H a  TpM PaBHbIe 
qaCTki Pi 0 6 0 3 H a 9 ~ ~  O T K P ~ I T ~ I ~ ~  c p e ~ ~ ~ l f i  AHTepBaJI 3,. KaX~bIfi M3 
AByX OCTaBUMXCR MHTepBanOB TaKXe pa3neJlkiM Ha TPN PaBHbIe saCTN 
n 0603Haqki~ nsa OTKPHT~IX cpenHnx mrepsana B nopRAKe cneaa 
HanpaBo sepes 3, n 3,. H ~ O ~ ~ ~ H H ~ ~ H H O  npononxaR  TOT npouecc, 
nonysnM 6ec~oHe.1~~10 nocnenosaTenbHocTb O T K P ~ I T ~ I X  sHTepsanoB, 
~ o f o p b ~ e  npeACTaBnHIOT co6oii H e  sT0 NHOe, K a K  CMeXHbIe IIHTepBanbI 

KaHTOpOBa COBepLUeHHOrO MHOXeCTBa. n0cJIe IIOCTpOeHnR nOCJIeA0- 

BaTeJIbHOCTW HHTepBaJIOB ( 3k}," nOJlOXRM 

Et = Qk, ecnn t E . 

t, E 3, t, < t,+l n lim f, = t (-1 < t ,< O), 
n-b m 

(4) 

wMeeT npenen, ~ o ~ o p b ~ l i  no TeopeMe 1 no 38 RsnReTcR opTonpoeKTopoM. 
Ecnn M ~ I  Y ~ ~ A H M C H  B TOM,  TO   TOT npenen H e  s a i n c u ~  OT noc-ne~o~a-  
TenbHocTn ( t,};, a namb OT t, nocne sero 0 6 0 3 ~ a s n ~  ero El, TO, 
AononHnB AaHHoe onpeAeneHne cornameHnRMn 

E-1 = 0 ,  E,, = I ,  



M ~ I  N n o n y s n M  pasnoxeawe e A a H n u b I  B M H T e p B a n e  [-I, 01, K o T o p o e  
n p e ~ c ~ a ~ n  R ~ T  uenb H a u I e r o  n o c T p o e H n R .  Y ~ O M H H Y T ~ R  H ~ ~ ~ B N C M M O C T ~  
RBJIReTCR CJleACTBNeM TOTO, YTO M3 ABYX P a 3 J I N q H b I X  IIOCJleAOBaTeJlb- 
H o c T e f i ,  y A O B n e T B O p R m U N X  YCnOBMRM (4) N NMeH3UUX 0 6 4 ~ f i  n p e A e J I ,  

M O X H O  COCTaBNTb eAkiHyH) n O C J I e A O B a T e n b H O C T b  T o r 0  Xe T N n a  N C T e M  
x e  n p e A e n o M .  

~ O C T ~ O ~ H H O ~  p a 3 n O X e H N e  eANHNUbI  O n p e A e J l F l e T  H ~ K O T O P ~ I ~ ~  O r -  

p a H k i ~ e H H b 1 f i  C ~ M O C O ~ ~ H X € ! H H ~ I ~ ~  O n e p a T O p  A, N 3TOT O n e p a T O p ,  K a K  

n W K 0  B N A e T b ,  I I O p O X A a e T  K O n b U O  8. A e f i C ~ ~ k i ~ e J l b ~ 0 ,  no J l e M M e  1 

8 (A) -- %(Ex); 

rAe A npo6erae~ N H T e p B a J I  [-I, 01. C apyr0fi Xe CTOPOHbl, B CNJIY 
H a r n e r o  n o c T p o e H w R ,  

8 (Ex) = 8. 

T ~ K U M  o 6 p a a o ~ ~  T e o p e M a  H e f i M a H a  ~ o ~ a a a ~ a .  
91. X ~ ~ ~ K T ~ ~ H C T H Y ~ C K O ~  CBO~~CTBO ( P Y H K ~ A ~  OT C a M O C O l l P R X e H H O r O  

o n e p a T o p a .  ~ Y C T ~  T -- n n ~ e f i ~ b ~ f i  S ~ M K H ~ T ~ I ~ ~  onepa-rop c nno~aofi 
B H 06nac~bm O n P e A e J I e H N R ,  a A - H ~ K O T O ~ ~ I ~ ~  ~ a M 0 ~ 0 n p R X e ~ ~ b l f i  

O n e p a T O p  B TOM Xe n p O C T p a H C T B e .  ~ P W  KaKNX YCnOBNRX T RBnReTCR 

( P y ~ ~ u n e f i  OT A? Heo6xo~ki~oe ycnosne 6e3 T p y n a  n o n y y a e T c R  n3 
~ ~ C C M O T ~ ~ H N ~ ~  no 90 I? COCTONT B n e P e C T a H O B O q H O C T N  O n e p a T O p a  T 
CO BCRKNM CaMOCOIlPRXeHHbIM O n e P a T O P O M ,  K O T O P ~ I ~ ~  CaM n e p e C T a H 0 -  
B o q e H  c A.  O ~ a s b ~ ~ a e ~ c ~ ,   TO B cnyyae cenapa6enbao1-o n p o c T p a H c T s a  

3 T 0  YCJIOBMe RBJIReTCR M AOCTaTOqHbIM. O T H O C R I Q ~ R C H  CIOAa T e O p e M a  

B H ~ R B H O G  ( P o ~ M ~  COAepXNTCR B pa6o~ax H e i i M a H a ,  OTHOCRqNXCR 
K 193 1-1932 r. r .   OH^ n 0 J I y q a e T C R  N 3  COnOCTaBJIeHHR p e 3 y J I b T a T O B  

ABYX C ~ a T e f i  3 T O r 0  Z ~ B T O ~ ~ ) ' .  n e p ~ a R  RBHaR (POPMYJINPOBK~ I? n P R M O e  
A O K a 3 a T e J I b C T B O  I l p P i H a A n e X a T  @. P N c c y 2  (1935 r.). B f i a J I b ~ e f i L I I e ~  

A O K a 3 a T e J I b C T B O  @. P N c C a  y n p O C T N J I  6. C. -Hanb3 (1942 r.). B K H M r e  
no ( P ~ H K ~ N o H ~ J I ~ H o M Y  a H a n N 3 y  @. P N C C ~  I? 5. C. -Haiv4 Y N T a T e J I b  

H a f i ~ e T  3 T 0  Y n P O ~ e H H O e  A O K a 3 a T e J I b C T B O  BMeCTe C HeKOTOPbIMN A a J I b -  

H e f i u I N M N  J l N T e p a T y p H b I M k i  YKa3aHNRMN. 3 ~ e C b  Xe MbI N3JIOXNM H e K O -  
T0pb1fi  6J IN3KNfi  K H e M Y  B a p N a H T  A O K a 3 a T e J I b C T B a .  

n e p e x o ~ ~ l  K no~nexaqef i  ~ o ~ a s a ~ e n b c ~ ~ y  T e o p e M e ,  ~ ~ M ~ T N M ,   TO 
O I l e p a T O p  A M O X H O  n p e A n O J I O X N T b  O T P a H N q  eHHbIM.  A ~ ~ ~ C T B M T ~ J I ~ H O ,  

N e u m a  n n J. ~ b e r  Funktionen von Funktiona1operatoren.- ,,Ann. of 
Math.", 1931, 32, s. 191-226; ~ b e r  einen Satz von Herrn M. Stone.-,,Ann. 
of Math.", 1932, 33, s. 567,573. 

R i e s  z F.  Sur les fonctions des transformations hermitiennes dans 
I'espace de Hilbert .--  ,,Acta Sci. Math. Szeged", 1935, 7, s. 147-159. 

S z. - Na g y B. Spektraldarstellung linearer Transformationen des Hil- 
bertschen Raumes.- ,,Erg. d, Math .,,, Berlin, 1942. 

R i e s z  F. e t S z - N  a g y B., L e ~ o n s  d'analyse fonctionelle, 
Budapest, 1953. ( E c T ~  PYCCKNR nepenon: @. P n c c n 6. C.-H a A b, n e ~ u u n  
no @ y e ~ u n o e a n b e o ~ y  aeanuay , MA. 1954.) 



onepa-rop A' = arctgA B c e r n a  o r p a H w e H ,  a e c n M  M ~ I  A o K a w e M ,  ~ T O  

H ~ K O T O P ~ I ~  O n e p a T O p  T e C T b  @YHKUAR OT O n e p a T O p a  A' ,  TO T e M  CaMbIM . 
6 y ~ e ~  A O K a 3 a H 0 ,  q T 0  OH RBJIReTCR T a K X e  @ y ~ K L l U e f i  OT O n e p a T O p a  A .  

YCJIOBHMCR B ~ a J I b ~ e f i L l I e ~  0 6 0 3 ~ a Z I a ~ b  CUMBOJIOM % ( A )  COBOKYn- 

HOCTb BCeX O r P a H M 9 e H I I b I X  C a M O C O n P R X e H H b I X  O n e p a T O P O B ,  n e p e C T a H O -  
BOZIHbIX C CaMOCOIlPRXeHHbIM O n e p a T O p O M  A .  

Teopema. nycmb npocmpaticmso H cenapa6enbn0, a A -  
tieicomopblci ozpatiulietitiblli caxoconpxwctitib~~i onepamop s tiex. Ecnu 
sa&ictiyrnblli nutieu'tibrli onepamop T c nnomtiou' 8 H 06nacmbto onpe- 
denetiux nepecmatiosolieti c icawablx u3 onepamopos cosolcyntiocmu 
% (A), mo T ecmb @ytiicqux om onepamopa A. 

,I( o K a 3 a T e n c T B o. n y c ~ b  E, - pasnoxe~se  e A H H u u b I  one- 
p a T o p a  A ,  a g € DT - c y u e c ~ ~ y m u l ? a  c o r n a c H o  T e o p e M e  2 no 76 
3 J I e M e H T ,  ~ a ~ o f i ,  ZIT0 BCRKOe MHOXeCTBO M e P M  I I y J I b  OTHOCUTeJIbHO 

@ ~ H K U H U  P a C n P e A e J I e H U R  (Etg, g) U M e e T  M e p y  H y J I b  OTHOCUTeJIbHO 
(E,h, h) I IpU n m 6 0 ~  h E H. ~ T U M  9JIeMeHTOM g MbI BOCnOJIb3YeMCR 

m x e ,  a masane A o K a X e M  OAHO B c n o M o r a T e n b H o e  n p e ~ n o k e ~ u e .  
J e a a a .  Ang nto6ozo f E Dr MOWHO yicasamb nocneaocamenb~ocmb 

M t i O Z O Y R ~ H O ~  9, (f)  maic, limo661 

l i m p ,  (A) f = Tf. 
n+ rn 

F = {f, Af ,  A2f ,  . . .] . 

u n y c T b  P-onepa~op n p o e K T n p o s a H m  H a  F.  TOT c a ~ o c o n p i x e ~ -  
~ b ~ f i  o n e p a T o p  n e p e c T a H o B o z I e H  c A u, ~ H ~ Y U T ,  BXOAUT B % (A). C n e ~ o -  
s a T e n b H o ,  o n e p a T o p  T n e p e c T a H o B o s e H  c P,  a n o T o M y  

Tf = TPf = PTf E F. 

B H @ H. Onepa~opy A B H 6 y ~ e ~  COOTBeTCTBOBaTb 0 r p a ~ U s e ~ ~ b I f i  
c a ~ o c o n p n x e ~ ~ b ~ i i  o n e p a T o p  A B H @ H, a o n e p a T o p y  T - nurub 
~ ~ M K H Y T ~ I ~  J I U ~ e f i H b I f i  O n e p a T O p  T C ~ J I o T H o ~ ~  B H e  H 0 6 J I a c ~ b ~  
o n p e A e n e H m .  RCHO, ~ I T O  o n e p a T o p  T n e p e c T a H o B o s e H  c K a x A b I M  

N 3  O n e P a T O P O B  COBOKYnHOCTU %(A).  ~ O ~ T O M Y  MbI M O X e M  K O n e p a T O -  

p a M  T U A n P H M e H U T b  TOJIbKO rITO AOKa3aHHYIO JIeMMy.  M ~ I  IIPUMeHAM 
ee K 3 J I e M e H T y  {g, f ) ,  me f - n p 0 U 3 ~ 0 J I b ~ b l f i  B e K T O P  U 3  DT, a g- 
TOT ~ I l e u U a J I b ~ b ~ f i  B e K T O P ,  K O T O P ~ I ~ ~  6 6 1 ~ 1  B B e A e H  B CaMOM H a r I a J I e  
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lim 9, (A) g = Tg, 
l imp ,  (A) f = Tf, 

c T p e M u T c R  I< ~ y n m  npu m, n -t co . O~cmna c n e A y e T ,   TO nocneaosa- 
T e n b H O C T b  19, (t) }: CXOAUTCR B l l p ~ ~ ~ p a ~ ~ ~ ~ e  L?, I'Ae ~ ( t )  = (Etg, g) 
K H ~ K O T O P O ~ ~  @YHKUUU (P (t). Ha OCHOBaHUU U ~ B ~ C T H O ~ ~  TeOpeMbI  
T e O p U U  ( P Y H K U U ~  (CP. no 1 I),  H ~ ~ ~ A ~ T c R  nOAnOCJleAOBaTeJlbHOCTb 

{ 9 n i  (t) }'Ll, KOTOPaR CXOAUTCR K (P ( t )  BCIOAJ', K P O M e  HeKOTOpOrO MHO- 
X e C T B a  ~ y n e ~ o f i  0 - M e p b I ,  H a  KOTOPOM MbI M O X e M  llOJIOXCITb (P (f) = 0. 

Ecnu 6b1 MbI B 3 R n U  APYI'YH) nOCJIeAOBaTeJIbHOCTb IIOJIUHOMOB 
< 

{ an (A) } , A ~ R  K O T O P O ~ ~  

lim a,, (A) g = Tg, 
n+ - 

T. e. @ Y H K ~ H R ,  K KOTOPOA B L: CXOAUTCR n O C n e A O B a T e n b H O C T b  {aa ( t ) ;  
C O B n a A a e T  C (P (t) nOYTU BCIoAY OTHOCUTenbHO ~ ( f ) .  

T ~ K U M  06pa30~, MM nonygunu B n o n H e  o n p e A e n e H H y m  @~HKUUKI  
(P (t), KOTOPaR B C U n y  C B O ~ ~ C T B ~  3 n e M e H T a  g U3MepUMa U n O s T U  BCIoAy 
K O H e 9 H a  OTHOCUTen b H 0  on e p a ~ o p ~ o f i  M e p b I  Et. I ( p 0 ~ e  TOI'O, 6 J ' I a r o ~ a p ~  
COOTHOlUeHUH, (3), @YHKUUR (P (t) ~ P ~ H ~ A ~ W U T  T a K X e  nPOCTPslHCTBY 

L: npu 7 (t) = (Etf, f) ,  r A e  f -nH)60f i  3 J I e M e H T  A 3  DT. O T C K ) A ~  BUAHO, 



J l e r K O  3aKJII0YMTb, YTO 

cp(A) f  = Tf 

AJIR n106oro f E D;I. 3 ~ 0  o s ~ a s a e ~ ,  YTO rp ( A )  2 T. T e n e p b  A o K a x e M ,  
YTO T > (p ( A ) ,  OTKyAa  yXe 6 y ~ e ~  CneAOBaTb ,  YTO T = rp ( A ) .  C 3 ~ 0 i  
u e n b m  O ~ O ~ H B Y N M  Y epes X, ( t )  x a p a K T e p u c T u s e c K y m  @ ~ H K U N I O  M H O X ~  
CTBa ,  H a  KOTOPOM 1 (P ( t )  1 ,( n ,  ki BBeAeM I I p o e ~ ~ u p y I O ~ k i f i  O n e p a T O p  
x n  ( A ) ,  ~ o ~ o p b ~ i i ,  O q e B u A H o ,  n p n H a A n e x u T  ( A ) .  ~ O ~ T O M Y  O n e p a T o p  T 
nepeCTaHOBOYeH C Xn ( A )  ki,  C d e A O B a T e n b H O ,  AJIH n106oro f E DT BeKTOp 
xn ( A )  h n p u H a A n e x u T  DT, a ~ H ~ Y U T ,  u D P ( ~ ) ,  T a K  YTO 

T x n  ( A )  h = cp ( A )  Xn ( A )  h. 

~ O K ~ X ~ M ,  9 T O  3 T 0  PaBeHCTBO CnpaBeAnMBO H e  TOJIbKO IIPH h E DT, 
HO M npk l  n106o~ h E H. Ann 3TOrO nOCTpOkiM nOCJIeAOBaTeJIbHOCTb 

hl E DT, hi -f h, r A e  h-  l I p 0 ~ 3 ~ 0 J I b H b 1 f i  BeKTOP H 3  H. T ~ K  K a K  
o n e p a T o p  cp ( A )  2, ( A )  o r p a H u s e H ,  TO npu i + co 

T X n  (A )  hi = T ( A )  X n  ( A )  hi + T ( A )  X n  ( A )  ha 

M3 3aMKHYTOCTIl O I I e p a T O p a  Tx, ( A )  C n e A y e T ,  YTO h E DTX"(A) I1 

T x ~  ( A )  h = 9 ( A )  ~n ( A )  he (4 )  

T e h e p b  npHMeM, YTO h mQc~,. T o r ~ a  3 T 0  PaBeHCTBO MOlKHO npen- 
CTaBUTb B BNAe 

T x ~  ( A )  h = X n  ( A )  9 ( A )  h. 

HO BeKTOp Xn (A)  h CTPeMNTCR K h n p H  n + a. T ~ K  K a K  n p a B a R  
YaCTb  (4 )  n p H  n + co CTpeMUTCR K ( A )  h, TO BeKTOp Txn ( A )  h I I pH  
n -+ co a M e e T  npenen. B cuny ~ ~ M K H ~ T O C T U  O n e p a T o p a  T  TO 0 3 ~ a -  
YaeT ,  YTO h E DT, YeM II AOKa3aHO BKJIIOY e H U e  D Q ( ~ )  DT. 
92. Teope~a o nopomnaloqew onepa-ropc. H e i i ~ a H y  n p u H a A n e x u T  
T a K x e  cneayrouarr 

Teope~a. J A R  nto60z0 NHowecmsa { C, ) nonupH0 nepecmaHosou- 
H M X  cafioconpawetitiblx onepaniopos C, s c e n a p a 6 e ~ b ~ o f i  npocmpaHcmse 
hiOXH0 yica3amb o ~ p a ~ u ~ ~ ~ b l u *  C a A t ~ c ~ n p R ~ e ~ ~ b l u *  OnepUmOp A  maicou*, 
ccmo sce onepamopa C, HBARtomCR $ ~ H I C ~ U R ~ ~ U  om Hezo. 

A 0 K a 3 a T e Jl b C T B 0. AOCT~TO~HO PaCCMOTpeTb C A ~ Y  afi, K O r A a  
ece o n e p a T o p b r  C, orpaauseabx. C ~ e n a ~   TO npeanonoxeme, me- 
AeM MUHIlManbHOe cna6o 3aMKHyTOe  KOJIbUO %, C O A e p X a L U e e  BCe 



o n e p a T o p b 1  C , . n o  T e o p e M e  n 9 0   TO KOJI~UO 9t n o p o w A a e T c R  K ~ K H M - T O  

OAHBM O r p a H B q e H H b I M  CaMOCOIIPFlWeHHbIM O n e p a T O p O M  A: 
3 = w (A). 

Tenepb B B ~ & M  K O J I b u O  8 (A) B c e x  O r p a H E l s e H H b I X  CaMOCOllpRKeHHbIX 
o n e p a T o p o B ,  R B n R I o W u x c H  ~ Y H K Q H R M I I  OT O n e p a T o p a  A .  0 r p a ~ ~ s e ~ -  

c a ~ o c o n p ~ x e ~ ~ b ~ i i  O n e p a T o p  B n p a H a A n e x a T  8 (A) B TOM H T O J I ~ K O  
TOM cnysae, K o r A a  OH n e p e c - r a H o B o s e H  c K a w A b I M  ~3 o n e p a T o p o B ,  

BXOAHIIpiX B !8 (A). O T C I ~ ~ ~  CJIeAyeT,  q T O  KOJIbIIO 8 (A) cna6o 3aMKHyTO.  
A T a K  K a K  3 T 0  KOJIbQO C O A e p X E l T  O n e p a T O p  A ,  TO O H 0  COAePHcHT KOjIbQo 
% (A), n o p o x A a e M o e  o n e p a T o p o M  A. ~ H ~ W T ,  

3 5 B (4, 
9 T O  B A O K a 3 b I B a e T  T e O p e M y .  
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