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PREFACE

AFTER some fourteen years of teaching in American colleges

and universities the author finds that the average high school

graduate has not developed in himself a mathematical type of

reasoning. lie therefore hopes that this treatment may in

some measure accomplish this purpose.
The first few chapters are devoted to a thorough review of

high school algebra, for the author is convinced that most

college freshmen need considerable drill on the fundamental

processes of algebra before attempting a very extensive study
of mathematics.

In preparing this book the author has kept in mind two types
of students: first, those who will never take additional work in

mathematics, and second, those* who will continue the work in

science or agriculture for advanced degrees and will doubtless

desire to pursue additional courses in mathematics. He has

therefore attempted to write a book basic in the fundamental

principles of mathematics and at the same time has endeavored

to make practical applications to the fields of science and agri-

culture, wherever possible. He feels that a thorough knowledge
of the material covered in this work will enable the second type
of student to successfully pursue a course in analytical geometry
followed by a course in the calculus.

The author gratefully acknowledges his indebtedness to his

colleagues, Professor Win. Asker for preparing the chapter on

statistics, and Mr. H. B. MacDougal for checking much of the

material, to Professor I. W. Smith of the North Dakota Agri-

cultural College for using the material in mimeographed form

and offering many valuable suggestions, to Dean D. A. Roth-
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rock of Indiana University for reading most of the manuscript
and to Professor Wm. Marshall of Purdue University for

encouraging him in the work.

The author also desires to thank Professor E. S. Crawley of

the University of Pennsylvania for his generous permission to

use the greater part of his Tables of Logarithms as a portion

of this book.

I. L. MILLER
SOUTH DAKOTA STATE COLLEGE
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AN INTRODUCTION TO MATHEMATICS

CHAPTER I

ALGEBRAIC OPERATIONS

1. Four fundamental operations. Tho operations with

numbers are made up of additions, subtractions, multiplica-

tions and divisions. These operations are known as the four

fundamental operations of algebra.

2. Addition and subtraction.

a. Addition is commutative. This means that a -\-b b + a.

b. The sum of two or more numbers is the same, irrespective

of the way in which they are grouped. Thus:

a + b + c = (a + b) + c = a + (b + c).

3. Use of parentheses. Signs of aggregation. The signs

of aggregation are:

Parentheses ( )

Brackets [ ]

Braces { }

Vinculum

Bar
|

Signs of aggregation may be removed with or without change
of sign of each term included within the signs of aggregation,

according as the sign or + precedes the sign of aggregation.
Thus:

1
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x- {%-2[z- (y-3)- (2// + 4

= x - [3y
-

2[z
-

y + 3 - 2y - 4]}

= *- {30
- 2z + G// + 2}

= a;
-

9ij + 2z - 2

Exercises

Add:

1. 3z - 20, 7x + C>y, -5x + 4y.

2. 2x + 3?/
-

7z, 4x - 90 + Cz, 80: + ly + 3z.

3. 4a 26 2 + 5ac 2 - 2c 3
,
7a 26 2 - 2ac 2

,
7ac 2 + 4c 3

.

4. 2.r 2 - 3ax + 3c, 3x 2 + ax - c, z 2 2ax - 5c.

6. 7x 3 - 4x + 2x 2 -
5, -2x + 5x 3 + 1 - 2x 2

,
4 + 3z + 2x 2 + a-

3
.

Subtract the first expression from the second in the following:

6. 3m + 2/i, 4m - 5/i.

7. 2a2 + 3a - 5, 4a 2 - 2a + 4.

8. 3z 2 + 5xy - 4i/
2 -

3x, 4x* - 2xy + y
2 + 2x.

9. 5a 3 + Oa?/
2 + 3a#

- 2a + 3, 2a 3 + ay
-

5a?/
2 + 3a - 7.

10. From the sum of 3a - 4b + 5c and 86 - 2a - 3c, subtract the

sum of 3a 26 + 4c and 46 5a 2c.

Combine coefficients of similar terms:

11. ay + by + cy.

Solution, ay + by + cy = (a + b + c)y.

12. 2ax + tibx - 3cx.

13. 4x - 2abx + lex.

14. am + 6m + an + bn.

Simplify by removing signs of aggregation and combining like terms:

15. 2a - 3 + (x
-

5a)
- 2(3a - 2x).

16. 2(a
-

3)
- 7(a + 2) + 8(0

-
3).

17. 7y - 3[4
-

2(y + 1) + 3(y
-

4)
-

(y
-

7)].

18. 3a - [2a
- b - {3a - 26 - (2a + ^^) + 3a} -

3b].
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19. x - (-2z -
{ -5z + [x

-
JU- - 2J- 3}

-
[to

- 2x + 3]).

20. 7y
-

5[4
-

3fo
- 4 - Z>)

- 4{b - (5y + 6)
-

5}].

21. 42 -
{
-52 + (2z -410- 37+~2) ~

3(2*
- 5w) -

8) .

4. Multiplication.

a. The factors of a product may be taken in any order.

Thus, cd = dc.

b. The factors of a product may be grouped in any manner.

Thus, abc = (ab)c
=

a(bc) b(ac).

c. When m and n are positive integers, a
m
-a

n = am+n .

That is, the exponent of the product of two or more powers
of a number is the sum of the exponents of the powers taken

singly. This is known as the first law of exponents for positive

integers.*

Exercises

Multiply:

1. 2abc, -3a 2bc 2
,
5o6 3

c.

Solution. (2abc) (
- 3a*c) (Sato) r

(fl) ftlld (?;)

n

=
(2-

- 3-,p))(a-a*-a)(fc-6-&
s
)(c-c-c) [ Art. 4 J

^-SOa^c 4
. [(c), Art. 4]

2. 3x, 7a:?/
2 + 3.r 2

?/

3. .fa
2 + 2//

2
,
3a -

4. (jr + y)(jp + ?/)(jr

5. (a
-

?>
-

c)(a +
6. (x + y + 2z)\

8. (x
2 -

7/)
3

.

9. (m 2 w?n + n*)(m
2 + mn + n 2

).

10. (a
-

b)
n
(a
-

&).

* For a complete discussion of exponents see Chapter VIII.
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5. Division. If a and 6 are any given numbers and b is not

zero, there is only one number x such that a = bx. The process

of finding x is the process of dividing a by 6. a is called the

dividend, 6 the divisor and x the quotient.

Example. = am
"~ n

,
where m > n.

That is, the exponent in the quotient of two powers of a

number is the exponent of the dividend minus the exponent of

the divisor.

Note the condition that 6 is not to be zero. This means that

the divisor can not be zero.

6. Division of a polynomial by a polynomial. Before per-

forming the indicated division the dividend and divisor should

be arranged according to ascending or descending powers of

some letter.

Example. Divide 19a - 9a2 + a4 + 3a;* - 6 by 3 + a2 - 2a.

Solution, a4 + 3a3 - 9a2 + 19a - I a2 - 2a + 3

4 - 2a3 + 3a2 a2 + 5a - 2

5a3 - 12a2

5a3 - 10a2 + 15a

- 2a2 + 4a - 6

- 2a2 + 4a - 6

7. Zero in division. Division by zero is excluded from the

operations in algebra. That is to say, the divisor can not be

zero. If the dividend is zero, the quotient is zero. That is,

2-OL
a

Where is the fallacy in the following?

Let x = m. (1)

Multiply both sides by x, x2 = mx. (2)
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Subtract m2 from both sides, x2 - m2 = mx m2
. (3)

Divide both sides by x m, x + m = m. (4)

But by (1) x = m. (5)

By (4) and (5) 2m = m. (6)

Hence 2 = 1. (7)

Exercises

Divide:

2. 20c4d-J

4- 15c 2d 2 - Wed by bed.

3.
x z

M -5?/
3 + 15?/

-
10i/2

-
8x?/

3 + 12x 2
?/
2

4;n/
2

6. x 2
?/

2 -
?/

4 + x 4
by x 2 -

xy + I/
2
.

The solution of this example gives x 2 + xy + y
2 as a quotient and

2i/
4 as a remainder. And as in arithmetic, the complete quotient

may be written.

x 2 + xy + 7/ + ^
x 2

xy + y
2

1. ?/
3 + 27 by y + 3.

8. a 3 - 8 by a - 2.

9. x 3 - 5x - 17z + 6G by x - 6.

10. 2 4 - &c + 7 + 3.r 2 + 10s by 2z 2 - 4x - 7.

11. a4 + a*b* + & 4
by a* + ab + 6 2

.

12. 2z 3 - Oa: 2
?/
-

12?/ + 17x?/
2 by 2x - 3y.

13. 2x 4 -
x*y

- 3^ 2
?/

2 + xy* by x 2 + xy.

14. 4a 3 - 3a - 15a 2 + 4 by a2 - 3a - 3.

15. 8a3 + 276 3 by 2a + 36.



CHAPTER II

FACTORING

8. Important type products. The following type forms have

already been treated in high school algebra. They should be

reviewed here and memorized.

a. Common monomial factor.

ab + ac = n(b + c).

Example. 2ax - Gu'> = 2a(x
- 3a2 .

6. Trinomial square.

a? + 2ab + V* = (a + b)
2

.

Example. 9 + Ga + a2 =
(3 + a)

2
.

c. Difference of two squares.

m2 n2 = (m ii)(m + ri).

Example. (a + 26)
2 - c

2 = (a + 2b - c)(a + 26 + c).

d. Trinomial of the form.

x2 + (m + n)x + tnn = (x + m)(x + /^).

Example. x2 + 5x + 6 =
(x + 2)0 + 3).

e. Difference of two cubes.

m3 n3 = (w ri)(m
2 + mn + n2

).

Example. 8m6 - n3s3 = (2m
2
)
3 -

(ns)
3

= (2m2 -
ns)(4w

4

6
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/. Sum of two cubes.

mz
-f. rf = (m + n)(m

2 r/m + 7t
2
).

Example. 8r'J + 27/y
= (2x)* + (3//

2
)
3

= (2* + 3y
2
)(te

a -
ftr/y

2 + 9//
4
).

0. Trinomial of the form.

ax2 + for + c.

Certain expressions of this form may be factored by inspec-

tion. The factors are two binomials whose first terms are

factors of ax2 and whose last terms are factors of c. Now we

must choose the terms of binomials so that the algebraic sum
of the cross products is bx.

Example. Factor Ox2 x 15.

The first terms of the factors are 3x and 2x or Gx and x
t
and

the last terms of the factors are 3 and T5, or =1=1 and T15.

Choosing the terms so that the algebraic sum of the cross

products is #, we find the factors to be 2x + 3 and 3x 5.

Hence Ox2 - x - 15 = (2x + 3)(&c
-

5).

h. Grouping of terms.

mx + ???/ + nx + ?/?y (in + ii)(x + ?y).

Example.

Uax + 2lbx - 4ay - Gfyy
= 7x(2a + 36)

-
3/y(2a + 36)

= (7x
-

2y)(2a + 36).

Exercises

Factor the following:

1. 2m + 3mn.

2. a 2 - 96 2
.

3. x 2 - 9z + 8.

4. V + 9t - 36.
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6. x 3 -
Sy*.

6. o 2 - c 2 - b* + 2bc.

7. 7mx $ny + lux 9my.

8. x* mx + 2rz# 2mn.

9. SmW + 27p
3

.

10. (m + 2)
2 - 5(m + 2)

- 176.

11. (a
-

6)
3 - 3(a - fc)

2 - 4(a - 6).

12. 2/
2 -

802
- 9a: 2 + IGz 2

.

13. 21a; 2 - 26z - 15.

14. a4 - 166* = (a) -
(46)*.

16. 16a2 + 56a6 + 496 2
.

16. a;
3" -

y*
=

(x
n
)
3 -

?/
3

. (Find two factors only.)

17. (a: + 7/)
3

( ^)
3

.

18. x 4

9. Other important products.

i. Square of a polynomial. The square of a polynomial

equals the sum of the squares of the terms of the polynomial

plus twice the product of each term by every term that follows.

Thus,

(x + y + z + w)
2 = x2 + y

2 + z2 + w2 + 2xy + 2xz + 2xw

+2yz + 2yw + 2zw.

j. Expressions that can be written as the difference of two

squares.

Example. Factor 4a4 + b4 .

By the addition of 4a2b2 and the subtraction of the same term

we have

b4 = 4a4 + 4a262 + 64 - 4a262

= (2a
2 + fc

2
)
2 -

(2a6)
2

= (2a
2 + 62 - 2a6)(2a

2 + b2 + 2o6).
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k. Cube of a binomial. By actual multiplication, we find

that

(a + 6)
= a3 + 3a26 + 3ab2 + 6 ri

and (a
-

6)
3 = a3 - 3a26 + 3a&2 - 6.

NOTE. If a polynomial can be put into the form of the product under

(i), it can be factored.

Example, a2 + Ir + 16c2 + 2ab + Sac + 8bc

=
(<0

2 + G/)
2 + (4c)

2 + 2-a-fr + 2-a-4c + 26-4c

=
(a + 6 + 4r)~.

Exercises

1. x* + 9//
2 + 4z 2 + Gxy - 4zz - I2yz. (Sec 9 ({).)

2. J
2 + 4m 2 - 4/m + 41 - 8m + 4.

3. z 3 - 9sy + 27x?/
2 -

27?/
3

. (See 9 (k).)

4. a 3 + 6a6 + 12a6 2 + 86 3
.

5. z 4 - 6x 2 + 1.

6. a4 - a2 + 1.

7. x* + 47/.

8. z 2 + ?/
2 + 1(>2 2 -

zxy + Sxz - 8^8.

10. Highest common factor. A number or expression

which will divide two or more expressions without a remainder,

is called a common factor of those expressions.

The product of all the common prime factors of two or more

expressions is called their highest common factor (H.C.F.).

To find the H.C.F. of two or more expressions, resolve each

into its prime factors, and then find the product of the common

prime factors.

Example. Find the H.C.F. of a2 - b2 and a2 - 5ab + 4fc
2

.



10 AN INTRODUCTION TO MATHEMATICS [CHAP. II

Solution. a2 b2 = (a b)(a + b),

a2 - Sab + 4b2 = (a
-

6) (a
-

<Jfc).

(a
-

b)
= II.C.F.

Exercises

Find the II.C.F. of the following yets of expressions:

1. ax 2
, 2abx, 3a 2

fc
2

.

2. 52, 117,78.

3. x 2 + 2j?/ -f ?/, .c
2 + JTjf/,

and x 2 -
7.r/y

-
8/y

2
.

4. x 3 -
i, x- + ite - 14, x* - i.

6. x 3 + 3x 2
^ + to//

2 + y, x 3 + 2x2
/y + j-/y

2
,
and o;

2
/y + 2xy* + if.

6. r2 - Or + 9, r 2 + or - 24, and r2 - 9r + 18.

7. (x*y
-

x//
2
)
2
, a-7/(x

2 -
7/

2
).

8. x 2 - 3x - 40, x 2 - x - 30, x2 + 3x - 10.

9. x 2 -
(y + c)

2
, (y

-
x)

2 - z 2
, ?/

2 -
(x
-

z)\

10. (x
2 -

l)(x + 5x + 6), (x
2 + 3j)(x

2 - x - 6).

11. Lowest common multiple. The lowest common multiple

(L.C.M.) of two or more expressions is defined as the product of

all their prime factors, each taken the greatest number of times

that it occurs in any of the cxinrexsions. It is evident that the

L.C.M. of two or more expressions is the expression of lowest

degree which contains each of the given expressions as a factor.

Example. Find the L.C.M. of x2 - x - 2; x2 - 8x + 12;

x2 - 5x - 6.

Solution. x2 - x - 2 =
(x
-

2)(x + 1),

x2 - Sx + 12 = (x
-

2)(x
-

6),

x* - 5x - 6 =
(x
-

6) (3 + 1).

.-. (x
-

2) (a? + l)(x
-

0)
= L.C.M.
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Exercises

Find the L.C.M. of each of the following sets of expressions:

1. 3ax 2
;
a z

bx; 2ab*x.

2. x z + xy, x 3 + ?/

3
;
x* 3xy 4y*.

3v \ 1 T 1 '} ^2 I 'I r -4- *?
tts |^ J.

j
t/ ^^ A

j
U/ ^^ O.O ~| ^.

4. a2 + 7a + 10; a2 + 4a - 5.

6. a3 + 8; a 3 -
8; a 2 - 4.

6. x z x 6; x* - (te + 0; ftc 18.

7. a 2 6 2
;
a 2 2ab 36 2

; (a + 6)
2

.

8. f)^ 2 + 18a; - 60; 3x z + 24x + 45; 8x 2 - 24a; -f 10.



CHAPTER III

LINEAR EQUATIONS IN ONE UNKNOWN

12. Equalities. A statement that two expressions are equal
is called an equality.

There are two kinds of equalities, identical equalities or identities,

and conditional equalities or equations.

In an identity the two members are equal for all values of

the symbols for which the expressions are defined. Thus,

x2 4 =
(a; 2) (x + 2) is an identity.

A conditional equality or an equation is true for only certain

values of the letters involved. Thus, x 3 = 7 is an equation
and is true for the value x = 10 only.

Exercises

Which are the following, equations or identities?

1. (I + m)* = ft + 2lm + m*.

13. Solution or root of an equation. By the solution or root

of an equation in one unknown we mean the value of the unknown

that reduces the equation to an identity. Thus, 6 is a solution of

x 2 = 4, for when x = 6 the equation becomes the identity

4 = 4.

12
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14. Equivalent equations. Two equations having the same

roots are said to be equivalent. Thus the equations x 5 =
and 2x 10 = are equivalent.

15. Operations on equations. The following operations

may be performed on the members of an equation:

(1) Adding the same number to both members.

(2) Subtracting the same number from both members.

(3) Multiplying both members by the same number, zero

excluded.

(4) Dividing both members by the same number, zero

excluded.

16. Type form of the linear equation in one unknown. The
linear equation in a single unknown is of the form:

Ax + B =
0, A 7* 0. (1)

In fact every linear equation in one unknown can be reduced
D

to the form of (1). Its solution is x = -, as may be verified
A.

by substitution.

17. Verification by substitution. The operations of Art. 15

are useful in finding solutions but the solution is not complete

until the values of the unknown are substituted in the equation

to be solved. If such substitution produces an identity the

solution is correct.

Exercises and Problems

Solve the following for x and verify the results:

1. 4s + 5 = 2z - 3.

Solution. 4x + 5 = 2x - 3. (1)

Transpose and collect 2x = - 8. (2)

Divide bv 2 x = - 4. (3)
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Check. Substitute (3) in (1) and

4(-4) + 5 = 2(-4) -
3,

-11 =- 11.

2. 3x + 5 = 7x - 9.

3. 2x(3x + 2) = 6*2 - 8.

4. 4(s + 2) + & = & - 8.

6. (z + l)(z + 2)
= x(x + 4).

6. 2[x + x(x - 1) + 1]
= (x + 2)(2z

-
1).

7. (a + b)x + (a
-

6)z = a&.

9. 1.5* + 3.2x = 2.3z + 12.72.

10. *+* = !.

m n

11. Given 5 = tf, solve for t; and t.

12. Given 5 = igtf
2

,
solve for gf.

13. Given F = |C + 32, solve for (7.

14. A miller has wheat worth $2.20 per bushel and another lot

worth $1.80 per bushel. He wishes to mix these to make 40 bushels

of wheat which shall be worth $2.10 per bushel. How much of each

shall he take?

16. A fanner has a cow whose milk contains 4% of butter fat

(called a 4% milk) and another one which gives 5% milk. How
shall he mix the milks to obtain 40 pounds of a 4?% milk?

16. How much cream that contains 30% butter fat should be added

to 500 pounds of milk that contains 3i% butter fat to produce a stand-

ard milk with 4% of butter fat?

17. The milk from a certain cow contains 3i% butter fat while

that of another cow contains 4f% butter fat. What will be the

percentage of fat in an equal mixture?

18. A man made two investments amounting together to $5,000.

On the first he gained 8%, and on the second he lost 6%. His net

gain on the two was $120. What was the amount of each investment?
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19. How heavy a stone can a man, by exerting a force of 175 pounds,
lift with a crow-bar 6 feet in length if the fulcrum be six inches from the

stone (neglect the weight of the crow-bar)?

Remember that W-w = F-f, where W is the weight to be lifted,

F the force applied, w the distance between weight and fulcrum and

/ the distance between force and fulcrum.

20. A man can do a piece of work in 5 days, another in 6 days, and

a third in 12 days. How many days will it require all to do it when

working together?

21. The milk from a cow that gives 4 gallons of milk containing

3% butter fat is mixed with 9 gallons of milk containing 5% butter

fat. What is the percentage of butter fat in the mixture?



CHAPTER IV

FRACTIONS

18. Algebraic fraction. An algebraic fraction is the indi-

cated quotient of two expressions. Thus, means m divided
n

by n.

19. Operations. The following operations and principles

are used in the treatment of fractions:

I. The value of a fraction is not changed by multiplying or

dividing both numerator and denominator by the same number.

That is,

m
m am m a= and =

.

n an n n

a

II. Changing the sign of either the numerator or denomi-

nator of a fraction is equivalent to changing the sign of the

fraction. That is,

a a a

III. Adding two fractions having a common denominator

gives a fraction whose numerator is the sum of the numerators

and whose denominator is the common denominator. That is,

I .__l + m
n n n

16
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I m I m
Also,

n n n
a

IV. The sum and the difference of any two fractions, 7 and
o

e ad + be ad be
-, are equal to and respectively.
a oa oa

__ a ad _ e be

For, by I,
-~ =

,
and =

TT v TTT a
i

ad + bc a c ad be
Hence by III, 7 + 3

=
73 and - - =

73
o d oa o a ba

V. The product of two or more fractions is a fraction whose

numerator is the product of their numerators and whose

denominator is the product of their denominators. That is,

a e
__

ac

b'd
=

bd

VI. To divide one fraction by another, invert the divisor

and then multiply. That is,

a c ad ad
:- - = =

b d b c be

The reciprocal of a number is 1 divided by the number.

1 m n
Thus the reciprocal of a is -; of is

a n m

20. Reduction of a fraction to its lowest terms. Separate
the numerator and the denominator into their prime factors

and then cancel common factors by division.

Reduce to its lowest terms,
-

QJ4 . x2 + 6x + 9 (x + 8)(s + 3) x + 3
Solution. ;

- =
7 r = -'

x2 - 9 (x
-

3) (a + 3) x - 3
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Exercises

Reduce to lowest terms:

S5y (* + !) + (* + I)
2

a* + ab (s
4 -

'

"

(a c)(c 6)(a 6) m mn + n* n

21. Addition and subtraction. Reduce the fractions to be

added or subtracted to a common denominator and then add

or subtract numerators.

Example. Add IFT +

a2 - afc

'

(a:
3 + y*)(x* + y

2
)

a3 - b 8

8
a 2 - 3a + 2

a 2 - 6 2 a2 + 4a 5

(m + n)*
9

x* + x - 20

w 3 + n s

'

x2 + 4z - 5

(a b)(c d)(6 c) m m* n + mn

Solution.
.

+

a2 + 2a + 1 a2 -

4a

a2 - 1 (a

4a 3(a
-

1)

(a+l)(a- 1) (a+l)(a+l)(a- 1)

4a(a + 1) 4a2 + 7a - 3
+

(a+l)(a + l)(a- 1)

~~

(a + l)(a + l)(a
-

1)'

Exercises

Perform the following additions and subtractions:

"

5 6
'

x x* x*

2 - - a + fe

4
1 L_.

'

x 2x
'

x* - 4 (x
-

2)
2
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_7 2 _ 5 4 _ 3-2 _ 33
*

a + 6 a 6 x + I x9 x x* 1

6
a + b _ a ~ b

10. 5
8

'

a - fc a + 6
*

33 - 3 53-15

_3 x . 1,11,1
7. ; 11. - H

;
h

a+1 a 1 3 y x+y x - y

X X ~T~ oX ~T" To 3 "" 1

B.X+V+--I. 12. r in
- -

^
-

y x* + 7x + 10 x + 2

13.
3 - 2

+
!

14.

15.

2(* + 2) ( + 2)2 2(s
-

2)

a + ^ a ~ ft _ 6a2 - 2b 2

a 6 a + 6 a2 62

a + 4 a2 + 4a-2 -

1-a3

+ a - 20 a2 - 6a - 55 a2 - 15a + 44

17._J,
+ So; + 6 a:

2 + 8x + 12

18. 7
(a
-

fe)(6
-

c) (o
-

c)(c
-

6) (6
-

a)(c
-

a)

22. Multiplication and division. See principles V and VI.

(Art. 19.)

Example (a). Find

x- 1

2
Solution.
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, ^x (<*
-

*>)
2 2 - 6

Example (b). / *

a + b b

Solution.

Exercises

Perform the following multiplications and divisions:

2 s + 1
4

606 ^ 800;

(1 + *)'* -1
'

a-b
'

a + b

-!-/-!___1_V
a - &\y

- a y - b/

m m* + 2mn m 2 4n 2

5. ! ^

m* mn o2 + ab . a + b a2 6 2- 6. --r-
a2 06 m2 + mn c 2c2

a / \a
2

n2 - n - 20 n 2 - 25 n2 + 2n - 8

n2 25 n+l
'

n* n 2

o
9.
o / ^ ab
9. (a +-

\ a - a + b

x* y* x* y
4

(x y)
2

23. Complex fractions. A fraction with a fraction in its

numerator or denominator or in both is called a complex
fraction.

To simplify a complex fraction multiply both the numerator

and the denominator of the complex fraction by the L.C.M.

of the denominators of the simple fractions that make up the

terms.
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Example.

a:
2
) y)

Exercises

Simplify the following fractions:

i + 1
1.

2.

1
~"

y

6.

7.

:- 1

3.
P

1

P+l

1

8.

x y + -
x

9.
m n

+ 1

- 1

m n +
m + n +

10.
(_^__^fll +

_Ji_)

1 +
1 -

1 -r /

\a +
i

a -

24. Fractional equations. To solve an equation that

involves fractionsi clear it of fractions by multiplying each
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member by the lowest common denominator (L.C.D.) of the

fractions. (Sec Art. 23.)

When the unknown occurs in the denominator, multiplying

by the L.C.D. may or may not introduce new roots that do

not satisfy the equation to be solved. Such roots that do not

satisfy the original equation are called extraneous roots.

5 3
Example 1. Solve H

- - = 1.
x 1 x 5

5 3
Solution. H = 1. (1)

x 1 x 5

Multiplying (1) by (x 1)(3 5) gives

5(x
-

5) + 3(s
-

1)
=

(x
-

1)(3
-

5). (2)

Simplifying (2), x2 - 14a? + 33 =
0, (3)

(x
-

11)(3
-

3) = 0. (4)

Hence, x = 11

or x = 3.

The roots of (2) are 11 and 3 and both satisfy (1).

x - 3 1

Example 2. Solve

Solution.

s2 -9 7

x-3 1

g

Multiplying (1) by (x
2

9)7 gives

x2 - 7x + 12 = 0. (2)

or (x
-

3)(z
-

4) = 0.

Hence, 3 =
3, 3 = 4. (3)

The roots of (2) are 3 and 4. Now 3 = 4 satisfies (1), but
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x = 3 does not satisfy (1) since the left hand member has no

meaning when x = 3. Hence the extraneous root x = 3 is

introduced in clearing of fractions.

The above example shows the importance of checking each

solution by substituting the original equation.

Exercises

Solve the following equations and check the results:

4*+ 17 10 - 3*
1 = g"

a; - 2 a; 3 x + 3

5* 2 3 4
,

1 Ao _ _______ = 2 u -- - i Q
"a? + l x - 3

' "

x - 7 s - 8 x - 9

a; 9x 5 - m + x m + n
g _.

-|
.. __ 2. 7.

x 5 z 8 m a: m n

z-2



CHAPTER V

FUNCTIONS

25. Constants and variables. A constant is a symbol
which represents the same number throughout a discussion.

A variable is a symbol which may represent different numbers

in the discussion or problem into which it enters.

Thus, in the formula for the volume V of a sphere of radius r,

V = i?rr
3

,
the symbol T is a constant, whatever values V and r

may have, while V and r are variables.

In most cases the letters a, 6, c, .... from the beginning of

the alphabet are used to denote constants while the letters #,

y, z at the end of the alphabet are used to denote variables.

26. Definition of a Function. When two variables, x and y,

are so related that to definitely assigned values of x there correspond

definite values of y, then y is said to be a function of x.

Thus in the equation, V =
frrr

3
,
volume V is a function of r,

the radius, for to every value of r there corresponds a definite

volume. The expression, x2 + 3x 5 is a function of x, for

to every value of x there corresponds a definite value for the

expression. If we make x = 2, the expression takes the value

5, and when x = 3, the expression equals 13.

27. Functional Notation. When the same function of x

occurs several times in a single algebraic discussion, we may
simplify the work by representing the given function by some

symbol. It is the custom to represent a function of x by the

symbol of f(x) which is read "
/
" function of

" x "
If another

function of x occurs in the same discussion it can be represented
24
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by F(x), which is read "F major function of x" while f(x) is

read "/ minor function of x."

Thus, we may let,

f(x)
= x2 + 3x - 5.

Then, /(2) = 22 + 3.2 - 5 = 5

and /(a) = a2 + 3a - 5.

that is, /(2) and /(a) mean the values of the function when

x = 2 and a, respectively.

Exercises

1. Given /(*) - 2* - 5, find/(l),/(3),/(-2).

2. Given F(x) = a;
3 - s2 + 3, find F(l), F(-a).

3. Given /(n) -
n* + n + 2

fmd/(l),/(2),/(i).
n2 n 1

4. If /(s) = z8 + s and F(z) = 2s2 - 4s - 5, find the quotients

and
F(2)

28. Functional relations. TF/ienet/er ^o variables are so

related that one depends, for its value, on the value of the other

there is said to exist afunctional relationbetween these two variables.

There are many examples of functional relations in most every

line of endeavor. However, it is possible to express only a few

of these relations in the form of an algebraic equation.

Illustration (a). There exists a functional relation between

the area and radius of a circle. The algebraic equation express-

ing this relation is, A = ur2 .

Illustration (6). The temperature of a place depends upon
the time, altitude and latitude of the place. Hence, we have a

functional relation existing, but this relation can not be

expressed by an algebraic equation.
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Exercises

1. Does there exist a, functional relation among the volume, alti-

tude and radius of base of a cylinder? Can this relation be expressed

by an algebraic equation? If so, what is the equation?

2. What functional relation exists between the Fahrenheit and

centigrade temperatures?

29. Formulas taken from geometry. Most of the formulas

of mensuration are algebraic equations expressing functional

relations.

The following is a list of useful common formulas:

1. Area A of a rectangle of ____________
sides a and 6.

A = ab.

2. Area A of a parallelogram

of base 6 and altitude h.

A = bh. (Fig. 1.)

3. Area A of triangle of base 6 and alti-

tude h.

A - }b&. (Fig. 2.)

4. Area 4 of triangle in terms of its sides

a, 6, and c.

A = Vs(s ~ a) (s
-

6)(s
-

c),

FIG. 1.

FIG. 2.

where, (Fig. 3.)

Fia. 3
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5. Area A of a circle of radius r, or diameter D.

A = irr
2

,
or A = frD2

.

6. Circumference (7 of a circle of diameter D or of radius r.

C =
7rZ>, or C = 27rr.

As an approximation which is sufficiently close for our purpose
we may use 3.14159 as the value of TT. For many practical

purposes we may use TT = *f-
= 3.14+.

7. Area A of a trapezoid of

base b and c and altitude h.

A = J(5 + c)ft. (Fig. 4.)

8. Length c of the hypotenuse of a

right triangle of sides a and 6.

(Fig. 5.)

FIG. 4.

FIG. 5.

9. Volume V of a cube of edge a.

F = a3 . (Fig. 6.)

10. Volume V of a rectan-

gular solid of length I, width

wand altitude. A.

V = Iwh. (Fig. 7.)

a

Fio. 6.

FIG. 7.
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11. Volume V of a cylinder of altitude h, and

radius of base r. h

. (Fig. 8.)

FIG. 8.

12. Volume V of a cone of altitude h

and radius of base r.

(Fig, 9.)

FIG. 9.

13. Volume V of a sphere of radius r, or

diameter D.

or V = frD3
. (Fig. 10.) X

FIG. 10.

14. Surface S of a sphere of radius r, or diameter D.

2
,

or 5 =
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Problems

1. The height of a cylinder is 5 feet greater than the radius. Ex-

press the volume as a function of the height; as a function of the

radius.

2. The altitude of a right triangle is k feet less than the base b.

Express the hypotenuse in terms of the base b.

3. How many cubic yards must be excavated in digging a ditch

300 rods long, 18 inches wide at the bottom, 6 feet wide at the top and

5 feet deep? How much water would be discharged by such a ditch

in 3 hours' time if it flows 3 feet deep at the rate of 1.2 feet per

second?

4. How much concrete is there in a circular silo whose walls are

9 inches thick, 14 feet outside diameter and 32 feet high?

5. What is the capacity of a silo of the dimensions of Ex. 4? How
many cows will it maintain for 150 days? (One ton of silage occupies

50 cubic feet, and the daily ration per cow is 35 pounds.)

6. How much concrete will be required to build a water tank 6 feet

long 3 feet wide and 2 feet high (all inside dimensions) if the walls

and bottom are 8 inches thick? The proportions of the mixture are

to be 1 : 2 : 3 (1 sack of cement, 2 cubic feet sand, 3 cubic feet gravel).

It is figured that one cubic yard of concrete of the above proportions

requires 7 sacks cement, 14 cubic feet of sand and 21 cubic feet of

gravel.

What would be the total cost of material, if cement costs 90 cents

per sack and sand and gravel $2.00 each per cubic yard?

30. Graphical representation of functional relations. Func-

tional relations may be represented graphically. This may be

done whether the relation can be expressed by an algebraic

equation or not. (See Art. 28.) Let X'X and Y'Y (Fig. 11)

be two straight lines meeting at right angles. Let them be

considered as two number scales having the point of intersection

as the zero point of each. Let A be any point in the plane.

From A drop perpendiculars to the two lines. Let x represent
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the distance to F'F, and y the distance to X'X. If A lies to

the left of ', x is considered negative and if A lies below

X'X, y is considered negative. It is evident that no matter

where A lies in the plane there corresponds to it two and only
two numbers and those numbers are the perpendiculars to

Y'Y and X'X respectively.

The lines X'X and Y'Y are called the coordinate axes, and

4

0-

-3 -1

FIG. 11.

their point of intersection, 0, is called the origin. The first

line is called the X-axis and the second line is called the F-axis.

The distance from the point to the F-axis is called the abscissa

and the distance to the Jf-axis is called the ordinate. The two

values are called the coordinates of the point. A customary
notation is A(x, y) which means the point A whose coordinates

are x and y.
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If we have any two numbers given it is evident that there is

one and only one point in the plane having these numbers as

its coordinates. The first number is the abscissa and the

second number is the ordinate of the point. If for example
we have the numbers 3 and 4, we measure from the origin

in the positive direction a distance 3 on the X-axis and at this

point we erect a perpendicular and measure downwards a dis-

tance 4. This gives us the point whose x = 3 and whose

y = 4. The point may be represented by the symbol

(3, -4).
When a point is thus located, it is said to be plotted. In

plotting points and representing graphically functional rela-

tions, it will be convenient to use coordinate paper. Then to

represent a number the side of a square may be used as the

unit of length. To plot a point, count off from the origin along

the Jf-axis the number of divisions required to represent

the abscissa and from this point count off the number of

divisions parallel to the 7-axis required to represent the

ordinate.

The change in a function can be represented on coordinate

paper. As an example the change in the area of a square due

to a change in the length of the sides can be represented in the

following way: Let A be the area and I the length of the

side. Now construct a table showing the area for different

values of L

Draw coordinate axes on paper and plot the points (?, |),

(If 1), (f >
2i)> (2) 4) and so on. (Fig. 12.) Connect the points

by a smooth curve. From the table of values we see that the
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area increases more rapidly than the side. This fact is also

v shown by the upward bend-

ing of the curve.

By this method any func-

tion may be represented on

coordinate paper. This repre-

sentation of a function is

called the graph of the func-

tion. The graph of the func-

tion /(#) contains all the

points whose coordinates are

x, /to and no other points.

As an example let us ob-

tain the graph of x + 3 for

values of x between 5 and

+3. Let /GO =z + 3. Any
value of x with the corre-

x
sponding value of /(#) de-

termines a point whose ordi-

nate is /(#). Now, assuming
values of x and computing the corresponding values of /GO,
we obtain the following table of values :

The corresponding points, (-5, -2), (-4, -1), ..., are

plotted in Fig. 13. It is seen that the curve connecting
these points in order is a straight line. This shows that the

function x + 3 increases at a uniform rate as x increases.
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FIG. 13.

Exercises and Problems

1. Plot the points (3, 4), (5, -6), (-2, 3), (-3, -4).

2. Draw the triangle having for vertices the points (0, 0), (3, 2),

(-3, 3).

3. Draw the quadrilateral having for vertices the points (2, 2),

(6,5), (5, -!),(-!, -5).

4. What is the abscissa of a point on the F-axis? The ordinate

of a point on the X-axis?

6. Find the distance between the points (1, 2) and (4, 6).

6. Draw a curve showing the change in the volume of a cube as

the length of the edge 1 changes from to 5.

7. One side of a rectangle is J, the other side is I + 2. Show by a

graph the change in the area as I changes from to 5.

8. Show by a graph the change in volume of a sphere as the diameter

d changes.
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Graph ttie following functions on coordinate paper.

9. 2x + 3. 13. 2x* + x.

10. 3x - 2. 14. x2 + x + 1.

11. x*. 16. x - x*.

12. x* + 1. 16. x\

31. Statistical Data. In Art. 30 it was shown how to graph
a functional relation where the relation can be expressed by an

algebraic equation. As stated before there are many functional

relations that can not be expressed by an algebraic equation.

As an example there is a relation between the weight of a calf

FIG. 14. Time-Temperature Graph.

and its age, but we can not express this relation by an algebraic

equation. Such relations may be exhibited by means of a

graph as will now be shown.

Example. On a winter's day the thermometer was read at

6 a.m. and every hour afterward until 6 p.m. The readings

were -10, -8, -7, -5, -2, 0, 2, 8, 9, 10, 5, 0,
4. Make a graph showing the relation between tempera-

ture and time.

Choose two lines at right angles as axes, Fig. 14. Time in
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hours is measured on the horizontal axis. The temperature
in degrees is measured vertically upward and downward.
Thus for 10 a.m. we count 4 spaces to the right and 2 spaces
down locating a point. In a similar way we locate points for

all of the data. By joining these points in order the graph is

obtained.

From this temperature curve we may obtain much informa-

tion, e.g. : When was the temperature changing most rapidly?
When was it warmest? When coldest? When was the change
a rise? When a fall?

Exercises

1. The daily gain in weight of a calf in pounds for period of one

hundred days is given in the following table:

Draw a curve showing this information. Plot days on the horizontal

scale and pounds on the vertical scale.

2. The Statistical Abstract for 1915 gives the following figures for

the values of exports and imports of merchandise for the years 1900

1915.
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Make a graphical representation of these statistics.

3. The Year Book, Department of Agriculture, gives the following

South Dakota Farm prices of corn and hay for the years 1899-1919:

Make a graph showing the price of corn also a graph showing the

price of hay.

4. Plot a graph of the attendance of students at your college or

university for the years 1910-1930.

6. Using the data below, plot a curve using years as abscissa and

price of corn as ordinates. Do you notice any regularity in the

number of years elapsing between successive high prices? Successive

low prices? Draw like graphs for the other crops listed.
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AVERAGE FARM PRICE DECEMBER FIRST

Data from the Year Book of the Department of Agriculture
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.AVERAGE FARM PRICE DECEMBER FIRST Continued



CHAPTER VI

SYSTEMS OF LINEAR EQUATIONS

32. Graphs of Linear Equations. In Art. 30 the graphical

representation of functional relations was discussed and the

graphs of some functions were given.

Review Questions

1. What is meant by (a) coordinate axes, (b) abscissa, (c) ordinate,

(d) coordinates of a point?

2. What is meant by the origin? What are its coordinates?

3. Locate points represented by (-3, 4), (5, -3), (2, -3), (3, 2).

4. What is the plane figure having the points (3, 2), 3, 2),

(-3, -2), (3, -2) for its vertices?

An equation of the form Ax + By + C =
(1) is called a linear

equation. If B ? 0, this equation may be thrown into the form

Ax C /m,=___-. (2)

In (2) we may assume A, B and C as fixed and assign values to x

and compute the corresponding values of y. This will give any number
of pairs of values which may be plotted as coordinates of points.

Equation (2) expresses y as a function of x, and the graph of this

function is called the graph of equation (1).

It may be easily shown that the graph of all equations of the form
of (1) is a straight line.

It is because of this fact that such equations are called linear equa-
tions. When A or B is zero, the graph is a line parallel to the X-axis

or to the y-aris respectively. Thus, the equation y 3 = gives a

line parallel to the X-axis, and 3 units above it. And the equation
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x 2 = gives a line parallel to the 7-axis, and 2 units to the right

of that axis.

Exercises and Problems

Obtain the graphs of the following equations:

1. x + 2y - 6 = 0.

x
Solution. Solve the equation for y, thus getting y = 3 -. This

expresses y as a function of x. Now, assigning values to x and com-

puting the corresponding values of y, we obtain the following table

of values:

FIG. 15.

Plotting the points (4, 5),

(2, 4), ... we obtain the

graph (Fig. 15), of the above

equation. We might have

plotted only two of the above

points and connected them by
a straight line, thus obtaining

the required graph. Why?
'^ Thus in graphing any other

linear equation, we need only
to locate two points and con-

nect them by a straight line.

6. 4# 5v 10 = 0.2. 2x - 3y - 6 = 0.

3. 4x 6y -f 6 = 0.

4.3* + 2,-4 = 0.
T.*-S-0.

5. 4x - 5t/
= 8. Zx - 4 = 0.

9. Construct the graph of the equation F = fC + 32, taking the

values of C along the horizontal and the corresponding values of F
along the vertical axis.
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10. Where does the graph 3x - 2y - 6 - cut the X-axis? The
7-axis? The abscissa of the point where the line intersects the

X-axis is called the X-intercept and the ordinate of the point where it

cuts the y-axis is called the F-intercept. What is the ordinate for the

X-intercept? The abscissa for the 7-intercept?

11. Find the intercepts of the following:

a. 3x - 2y
- 12 = 0.

b. 5x + 2y - 4 = 0.

c. 2x + 3y = 0.

12. Graph the equations 2x y 4 = and x + y 2 =

using the same coordinate axes for both graphs. Do the two lines

have a point in common? What are its coordinates? Do these coor-

dinates satisfy both equations?

13. Graph x 2y 4 = and x 2y 8 = 0. Do these lines

have a point in common?

14. Graph x 2y 4 = and 2x - 4y 8 = 0. Do these lines

have a point in common?

33. Graphical Solution. In Art. 32 it was stated that the

graph of a linear equation in two unknowns, x and y, is a straight

line. The equation of this line will be satisfied by any number
of pairs of values for x and y and these values will be the coordi-

nates of the points on the graph.

Now assume that we have a second linear equation and that

its graph is drawn using the same coordinate axes. This equa-
tion too will be satisfied by any number of pairs of values for x

and y and these pairs of values will be the coordinates of the

points on its graph.

Further assume that these two graphs intersect in some point
P. Since this point lies on both graphs, its coordinates will

satisfy both equations. In the solution of a system of linear

equations in two unknowns x and y we are seeking a pair of

values for x and y which will satisfy both equations simultane-
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ously. The coordinates of this point then is the solution of the

system.

Example. Solve graphically the system of equations

x - y + 1 = 0; (2) 2x + y - 7 - 0. (I)

The graphs of equations (1) and (2) are numbered (1) and

(2) in Figure 16. They intersect

in the point whose coordinates

are (2, 3), and consequently

x =
2, y = 3 is the solution of

the system.
The graphs of two equations

may be parallel lines. Then the

lines have no point in common
and their equations have no

solution. Such equations are

said to be incompatible or in-

consistent. (See Ex. 13, Art. 32.)

Again the graphs of two equa-
tions may be coincident. Then

the lines have an indefinitely large number of points in

common and their equations do not have a unique solution.

The two equations of the system are in this case equivalent or

dependent. (See Ex. 14, Art. 32.)

Exercises

Find the solutions of the following systems of equations by plotting

their graphs.

1. 2x + y= 4, 4. 4x + 6y = 8,

3x + 2y = 10. 2x + By = 6.

2. 6z - 5y = 14, 6. 3x + y =
19,

7x + 2y = 32. 2x - y = 1.

3. 2z + 3y = 10, 6. 7x - 3y = 26,

5z + 3?/= 7. 2s+ lit/
= 43.

Fio. 16.
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34. Algebraic solution: Two simple equations in two

unknowns may be solved simultaneously for the two values of

the unknowns by the process of elimination as is illustrated

below.

Example. Solve the equations

x - y =
4, (1)

x _ 4y = - 14. (2)

Solution. First Method.

From (1) we have

x = 4 + y. (3)

Substituting this value for x in (2), we find

4 + y - 4y = -
14, (4)

or -3y = - 18, y = 6.

Substituting 6 for y in (1), we find

x - 6 =
4, or x = 10.

Hence the required values for x and y are 10 and 6 respectively.

This method is known as elimination by substitution.

Solution. Second Method.

From (1) subtract (2) and we get

3y = 18, y = 6. (3)

Multiplying (1) by 4 and (2) by 1, the two equations become

4x - 4y =
16, (4)

-s + 4y = 14. (5)

Adding (4) and (5), we get

3x = 30, x = 10.

Hence the required solution is x = 10, y = 6.
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This method is known as elimination by addition and sub-

traction.

Exercises and Problems

1. 3x - 4y = 26, 4 _ 3 = 14

x - Sy - 22 = 0.
5*

x y

~
5

'

2. x + - =
11, 2 5 25

3 _ + _ .

x y o

z + 3y = 21.

s + y a;
- y

a. ------
,

( Hint: Solve first for - and )

\ * y/

6. x + i/
= ?n + n,

= 11. ma; - ny = m 2 - n*.

3 4

4. 2/ + 1 = 3x,
7 ox + by = 2a6,

5x + 9 = 32/. bx + ay = a + 6 2
.

8. A rectangular field is 35 rods longer than it is wide. The

length of the fence around it is 310 rods. Find the dimensions of

the field.

9. A man has $25,000 at interest. For one part he receives 6%
and for the other part 5%. His total income is $1,350. How is the

money divided?

10. What quantities of two liquids, one 95% alcohol and the other

20% alcohol, must be used to give a 20 gallon mixture of 50% alcohol?

35. Solution of three linear equations in three unknowns.

The process of solving three linear equations in three

unknowns may be illustrated by the following example:
xSolve the equations

i 3x + 2y
- z = 4, (1)

&- 3y + 2z =5, (2)

6s - 4y + 82 7, (3)

for x, y, and z.
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Solution. Eliminate z between (1) and (2). This may be

done by multiplying (1) by 2 and adding the result to (2),

we have,

6x + 4y - 2z = 8, (4)

5x - 3y + 2z = 5, (5)

llx+ y = 13. (6)

Now eliminating z between (1) and (3), we have,

9x + 6y - 3z = 12, (7)

6x - 4y + 30 = 7, (8)

+ 2y = 19. (9)

Now solve (6) and (9) for x and y as illustrated in Art. 34.

Multiply (6) by 2 and add the result to (9) and we obtain,

7x =
7,

x = 1.

Substituting x = 1 in (6), we have,

2/
= 2.

Substituting x =
1, y = 2 in (1) and solving for z, we have,

= 3.

Hence the solution of equations (1), (2), and (3) is

3=1, y =
2, 2 = 3.

Exercises

Solve for x, y, and z:

1. 2s - 4y + 5* = 18, 2. x + y = 1,

5x + 3y - 42 = 5, i/ + 2 =
2,

x + 2t/ + 3 = 19. s + z = 4.
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3. Make up 100 pounds of an ice cream mixture which will contain

12% fat and 10% milk solids, not fat. The following ingredients are

used:

Sugar, 14 pounds.

Gelatine, pound.

Flavoring, % pound.
Condensed milk, 8 pounds.

Cream, whole milk and skim milk powder.

The composition of the products are:

Condensed milk, 9% fat and 20% solids.

Cream, 30% fat and 6.3% solids.

Whole milk, 3% fat and 8.73% solids.

Skim milk powder, 100% solids.

Solution.

Let x = no. of pounds of cream,

y = no. of pounds of milk,

z = no. of pounds of skim milk powder.

Then,

0.30z + 0.03*/ +0.09(8) =
12,

0.063s + 0.0873s/ + 0.020(8) + z = 10,

x + y + z + U + 8 + % + $ = 100.

Or

(1) 10* + y = 376,

(2) 630z + S73y + 100002 = 84000,

(3) x + y + z = 77.

(4) 9370z + 91272/ = 686000, (3)
-

(2)

(5) 10s + y = 376.

Multiply (5) by 937 and subtract it from (4).

We have,

(6) 81907/ = 333688,

y = 40.74 pounds of milk.
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(7) 10* - 376 - 40.74 335.26,

x =s 33.53 pounds of cream.

z = 77 _ 40.74 - 33.53,

2 = 2.73 pounds of milk powder.
Check:

Cream, 33.53

Milk, 40.74

Milk powder, 2.73

Sugar, 14.00

Gelatine, .50

Flavor, .50

Condensed milk, 8.00

Total, 100.00 pounds

.3(33.53) + .03(40.74) + .09(8) = 12.0012

.063(33.53 + .0873(40.74) + .2(8) + 2.73 = 9.9990.

Suppose skim milk powder is not added. We will have three equa-
tions in two unknowns which may not be solved. We would have,

(1) 10s + y = 376,

(2) 630z + 873t/ = 84000,

(3) x + y - 77.

Any two of the above equations may be solved for x and y but these

values of x and y will not satisfy the other equation. Hence, the

mixture is impossible, without adding skim milk or some other ingre-

dient to make the balance.

4. Make up 100 pounds of ice cream mixture which will have 12%
fat and 10% milk solids. The following ingredients are used: 14

pounds of sugar, ^ pound of gelatine, pound of flavoring, 16 pounds of

condensed milk, whole milk, cream and skim milk powder. The com-

position of the products are: condensed milk, 9% fat and 20% solids;

cream, 34% fat and 5.95% solids; whole milk, 4% fat and 8.75%

solids; skim milk powder, 100% solids. Find the proper amounts

of cream, whole milk and skim milk powder and check the results.
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*/

36. Slope of a straight line. Given a line A B, Fig. 17.

Take any point P on the line and through P draw a line PQ,
toward the right, parallel to the X-axis and at Q erect a per-

pendicular to PQ intersecting

AB in R. QR is defined as the

rise of the line as the point R
moves along the line from P
toward the right, and PQ is

known as the run. The rise

divided by the corresponding run

is defined as the slope of the line

AB.
It is evident that one line can

have but one slope, for if we

-X take any other point S on AB
and draw through it a line

Fia 17 parallel to the X-axis, say S T,

and erect at T a perpendicular

TV, we get the triangles PQR and STV which are similar.

QR TV
Therefore the slope of AB = =

(a constant vame).

Problem. Given two points P(x\ , y\) and Qfa, 2/2) . Express
the slope of the line joining these points in terms of the coordi-

nates of the points, Fig. 18.

Solution. Drop perpendiculars to the axes as shown. Then,

Slope of PQ
AQ = 7/2

-
y\

PA X2 Xi
(1)

Thus the slope of a line between two points is equal to the

difference of the ordinates of the points divided by the differ-

ence of their abscissas subtracted in the same order.

In Fig, 18 (a), the slope is positive since both AQ and PA
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are positive, but in Fig. 18 (6) the slope is negative for AQ is

negative and PA is positive.

In Fig. 18 (a) AQ is a rise but in Fig. 18 (6) AQ is a fall.

FIG. 18o. Fia. 186

We observe that a rise gives us a positive slope, while a fall

gives us a negative slope.

Exercises

1. Construct a line through (2, 3) whose slope is . (Hint: A slope

f means a rise of 3 and a run of 5. Therefore begin at (2, 3),; rise

3 units and run 5 units to the right. Connect the final point with

(2, 3). The resulting line will have the slope f.)

2. Construct a line through (1, 2) having f for its slope, also,

one having f for its slope.

For each of the following pairs of points:

(a) Plot the points,

(6) Draw the straight line through them,

(c) Find the slope of the line.

3. (1, 2) and (3, 5). 6. (-3, -4) and (-2, -3).

4. (3, 2) and (-3, -5). 7. (6, 7) and (-3, 2).

5. (-2, 3) and (2, -2). 8. (0, 5) and 2, 0).
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37. Distance between two points, P(x\, y\) and Q(xz, 2/2)

in terms of the coordinates of the points. In Fig. 18 we see

that

PQ = V(PA) 2 + (AQ)
2

.

PQ = V(x2
-

*i)
2 + (t/2

-
t/i)

2
, (2)

since PA = X2 x\ and AQ =
(7/2 2/1).

Example. Find the distance between the points (5, 6) and

(1, 3).

'

Solution. PQ = V(5 -
I)

2 + (6
-

3)
2

Exercises

1. Find the distance between the pairs of point in Exercises 3 to 8,

Art. 36.

2. Find the distance from the origin to the point (a, 6).

3. Prove that the triangle having for its vertices the points ( 1, 2),

(4, 3), (5, 3) is an isosceles triangle.

4. Find the lengths of the sides of the triangle having the points

(2, 1), (5, 5) and (-5, 0) for its vertices.

38. Equation of a straight line. Up to this time we have

had certain equations given to find the graphs of these equa-
tions. Our problem now is to find the equation when the graph
is given. We must find an algebraic expression for the relation

existing between the z-distance and the ^-distance of a point

which will hold for all points on the line.

For example, if a point is located anywhere on the y-axis, its

z-coordinate is always zero. The algebraic statement for this

fact is the equation x =
0, hence this is the equation of .the

7-axis, for it is the one statement that is true for all points on

the F-axis, and for no other points.

What is the equation of the X-axis.
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As another example let us find the equation of the line

parallel to the JST-axis and 2 units above it?

In this case y will always be 2, regardless of the value of x.

The algebraic statement of this fact is the equation y =
2, or

y 2 = 0, and this is the required equation.

What is the equation of the line that is always the same

distance from each of the coordinate axes?

39. Problem. To derive the equation of a straight line in

terms of the coordinates of two

given points on the line. Let LM
be the line determined by the two

points P(XI, 2/1) and Q(x2, 2/2) and

let R(x, y) be any other point on

LM. Since JB, P, Q are all on the

same line LM, the slopes of RP and

PQ are equal. Hence by (1) Art.

36, the required equation is

y -

x x\

2/2

which may also be written in the

form
FIG. 19.

y
-

2/1
=

-
2/2,

X'2
(4)

Either (3) or (4) is known as the two-point form of the equation

of the straight line.

If one of the given points, say (x\ 9 yi), is the origin (0, 0)

equation (4) takes the form

2/2

V = -
(5)

which is the equation of the line through the origin and another

given point.



52 AN INTRODUCTION TO MATHEMATICS [CHAP. VI

Exercises

1. Find the equation of the line determined by the points (1, 2)

and (5, 4).

Solution. Construct the line determined by these points and take

v any other point R on the line

having (2, y) for its coordinates.

Then, the slopes of PQ and

QR are equal, and we have,

4 - 2 = y - 4

5-1 x - 5*

or
1

2

y-4
x -5'

from which y = %x + f-. What
is the slope of the straight line?

FIG. 20. Does the equation show this

slope? The equation could be

gotten by substituting the coordinates of the points in equation (4).

This would give us

4 2
y - 4 = -(x -

5),
o i

or y - 4 = i(x - 5),

or y = %x + f,

which is the same result as obtained above.

2. Find the equations of the straight lines determined by the fol-

lowing points. Reduce each equation to the form showing its slope.

(a) (3, 4) and (-2, 2).

(6) (3, 2) and (5, 6).

(c) (2, 3) and (-2, 4).

(d) (-3, 5) and (2, 3).

3. Find the equations of the sides of a triangle whose vertices are

the points (4, 3), (2, -2), (-3, 4).
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40. Problem. To derive the equation of a straight line in

terms of its slope and the coordinates of a given point on the

line. Let P(xi y 2/1) be the given

point and m the given slope.

And let R(x, y) be any other

point on the line. From Fig. 21

we see that the slope of the

But the slope ofline is
x

the line is given as m.

we may write,

Hence

= m,

or

x

y 2/1
= m(x

FIG. 21.

Equation (7) is known as the slope and one-point form of the

equation of the line.

Exercises

1. Find the equation of the line which passes through the point

(3, 2) and has the slope 3.

Solution. Substituting direct in equation (7) (3, 2) for (xi, 2/1) and

3 for m, we get, y 2 = 3(x 3) or y = 3x 7 as the required

equation. Does the equation of this line show its slope?

2. Find the equations of the lines passing through the following

points and having the given slopes.

(a) Through (2, 3) with slope f .

(6) Through (-3, 4) with slope -2.

(c) Through (5, 3) with slope f.

3. What are the slopes of the lines whose equations are:

(a) 2x - Zy + 6 = 0? Ans. m = f .

(6) ax + by + c = 0? Ans. m =
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4. Find the equation of each of the straight lines described

below.

(a) A line whose X-intercept is 3 and whose slope is f .

(6) A line whose 7-intercept is k and whose slope is m.

Answer (6); y = mx + k. This equation is known as the slope

Y-intercept form of the equation of a line.

41. Parallel lines. If two straight lines are parallel, their

slopes are equal.

Draw two parallel lines and select any two points on each

line. (See Fig. 22.) The

slopes are respectively,

and The triangles
Ol 02

ABC and DEF are simi-

lar, since their correspond-

ing sides are parallel.

^ 01 02 , .,

Hence =
,
and the

Ol 02

two slopes are equal.
-X Therefore, if two lines are

parallel, their slopes are

equal.

And conversely, if the

slopes of two lines are
FIG. 22.

equal, the lines are parallel.

Example. Find the equation of the line which passes

through the point (1, 2) and is parallel to the line 3x y

-7 = 0.

Solution. The equation of the given line may be written in

the form, y = 3x 7, which shows that its slope is 3. Since

the line, whose equation we are seeking, is parallel to the given
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line it will likewise have 3 for its slope. Hence, substituting

in equation (7) Art. 40, we get

or

y
- 2 - 3(*

-
1),

3z - y
- 1 = 0.

42. Perpendicular lines. // two straight lines are perpen-

Y

FIG. 23.

dicular to each other, the slope of one is the negative reciprocal of

the slope of the other.

Draw two perpendicular lines as shown in Fig. 23. The

slope of the one line is mi = -rA (Why negative?) The
01

other slope is

a2
7W2 = '
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The triangles ABC and EDF are similar, since their correspond-

ing sides are perpendicular to each other. Hence we have,

1
or wo =

mi

Therefore, if two lines are perpendicular, the slope of one is

the negative reciprocal of the slope of the other.

And conversely, if the slope of one line is the negative reciprocal

of the slope of another, the lines are perpendicular to each other.

Example. Show that the Lnes (1) Sx y + 6 = and

(2) 2x + 6y 5 = are perpendicular to each other.

Writing the above equations in the slope F-intercept form.

(See Ex. 4 (6) Art. 40), we get,

y = 3x + 6, and (1)

-T- + I <2>

We observe that their respective slopes are 3 and . The
lines are therefore perpendicular.

Exercises on Chapter VI

1. Write the equation of the line which shall pass through the inter-

section ofx + y + l=Q and x 3y + 8 =
0, and have a slope

equal to 4.

2. Find the equations of the lines satisfying the following conditions:

(a) Passing through (2, 3) and with slope = 4.

(b) Having the X-intercept = 4, 7-intercept = 5.

(c) Slope - - 3, X-intercept = 8.



ART. 42] SYSTEMS OF LINEAR EQUATIONS 57

3. Prove by means of slopes that (0, -2), (4, 2), (0, 6), (4, 2) are

the vertices of a rectangle.

4. What are the equations of the sides of the figure in example 3?

5. Find the equation of the straight line passing through the point

of intersection of 2x + 5y 8 = and 2x y + 4 = and per-

pendicular to the line 5x lOy = 0.

6. Show that the points (2, 4), (1, 0), (5, 8) are on the same

straight line.

7. Show that the points (-1, 2), (4, -3), (5, 3) are the vertices of

an isosceles triangle.

8. Prove that the diagonals of a square are equal and perpendicular

to each other.

9. Find the equation of the line which passes through (2, 1) and is:

(a) Parallel to 3x + 2y + 3 = 0,

(b) Perpendicular to 3x + 2y + 3 = 0.



CHAPTER VII

QUADRATIC EQUATIONS

43. Typical form. We may regard the equation

Ax2 + Bx + C =
(1)

as the typical form of every quadratic equation in a single

unknown x, for every quadratic equation can be thrown into

the form (1) by the proper rearrangement of its terms. The
coefficients A, By

and C represent numbers which are in no way
dependent upon the unknown number x and A is not zero, for

if it were equation (1) would become Bx + C = which is not

a quadratic equation but a linear equation.

The function Ax2 + Bx + c(A ^ 0) is the typical quadratic

function.

Exercises

Arrange the following equations in the typical form. What are the

values of A, B, and C?

1. xa + (3x
-

5)* + 2x - 5 = 0.

Expanding and collecting terms, we get,

10z' - 2Sx + 20 = 0,

or 5s2 - 14z + 10 = 0,

and A =
5, B = - 14, C = 10.

2. 3x(x - 1) - x* - 2x - 3.

3 _ -_ 2"

X 3 + 1

58
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4. ( + 2)-(-3)+3- (s-2) 2
.

5. (a; + w) 2 + (a;
- w) 2= 4wz + 3z2

.

Solution of Ex. 5: We get,

x* + 2mx + m2 + x2 - 2mx + w 2 4wz 805* =
0,

and combining terms,

-z2 - 4mz + 2m2 =
0,

or x 2 + \mx 2m2 = 0.

This is of form (1) and A. = 1, B = 4m, C = - 2m2
.

6. 4m2z 2 + 3fc 2z 2 - Smx + 3x - m + k = 0.

7. x 2 + (mx + b)
2 = r 2 mx.

44. Solution of the quadratic equation. The quadratic

formula. A quadratic equation may be solved by the process

known as
"
completing the square."

As an example, solve 9z2 + 3# = 2.

Solution. Write the equation in the form,

x2 + \x = |. (1)

Add (*i)
2 =

-fa to both members, and the left hand member
is a perfect square. That is,

*2 + ** + A~t + * = A-i, (2)

or (x + I)
2 =

i. (3)

Extract the square root of both members.

* + i-i (4)

*--*i,
x = i or f.

Both of these values of x satisfy the original equation, as

may be seen by substituting them for x in the original equation.
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Apply the method of "completing the square
"
to the typical

form,

Ax2 + Bx + C = 0. (1)

Transpose C and divide through by A,

D /~f
JD O

A A

(1

B\ 2
-

) to both members,

B B2 B2 C B2 - 4AC

( ,B
(
X +

2A

B* - 4AC

Extracting the square root of both members,

n i

^ = ITT- ^T2A 24

The roots, then, of the typical form (1) are

-5+Vfi2 -

-B -A/52 - 4AC
and 0:2

= >

^A

which could be verified by substitution.
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We may therefore use the expression,

2A

as the formula for the solution of any quadratic equation.

As an example, solve 3x2 + 7x 6 = 0. In this equation,

A =
3, B =

7, C =
6, and substituting these values of A,

B and C in the formula, we get,

-7 V49 - 4.3(-6) -7
x =

2-3

-7 + 11 2
Xl =

6
- =

3

-7-11
and X2 =--- = 3.

Our solutions then are f and 3.

As another example, solve x2 x 1 = 0.

By formula, x\

Here the quantity under the radical is not a perfect square
and we say the solutions are irrational. We will now define

rational and irrational numbers.

A rational number is defined as one that can be expressed as

the quotient of two integers. An irrational number is one that

can not be thus expressed.

Thus 15, |, f are rational numbers; \/2> \/3, \/6, 1 + \/5,

l-\/6 . ,. 7
.

are irrational numbers.
2
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Exercises

Solve the following equations by formula and check the results:

1. 6z* - llx + 4 = 0. x +3 _ 2x - 1 =
2. 5z* - 3x - 14 = 0.

"

2s - 7 x - 3

3. Ux* + llx - 15 = 0. 14. X2 _ 20* + 3z - 6a = 0.

4. 2z2 - 5z +2 = 0.

6. 7y* + Qy 10 = 0.

8. x*+ 2x - 1 = 0.

.a* + to-9-0.
16.*' + fc + m = 0.

10. 7z* - 32 = - 2x. 17- (2*
- 3)

2 = 8s-

11. 2z* - z - 2 = 0.
18

2s s + 2 =
12. 2s* - 3z - 2 = 0.

'

x + 2 2s

45. Classification of numbers. Algebraic numbers are

divided into two classes, real numbers and imaginary numbers.

Real numbers are of two kinds, rational and irrational (see

Art. 44 for definition of rational and irrational numbers).

In order to care for the square root of a negative number, we

introduce the symbol V 1 * and define it as the imaginary

unit just as 1 is defined as the real unit. Then any number of

the form ai, where a is real, is defined as a pure imaginary;

and any number of the form a + hi, where a and 6 are real is

defined as a complex number.

For example, V~ 25

and \/ 37

also, 3 +V- 37 = 3

Imaginary numbers occur in the solution of certain quadratic

equations.
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As an example, solve 2x2 3x + 4 = 0.

By formula:

3 +\/(- 3)
2- 4-2-4 3 +V- 23

and

Here, both roots are of the form a + bi and are complex.
We can interpret the number \/17 as the length of the

hypotenuse of a right triangle whose sides are 4 and 1, but we
can not interpret in an elementary way the number \/ 17 or

A/17i. However, the new number \/ 1 *s f great impor-
tance in studying the physical world, particularly in the theory
of alternating currents in electricity.

Exercises

Solve forx:

1. 2z - 5z + 4 = 0. 3. 3z* - x + 2 = 0.

2. x - z + 1 = 0. 4. 7z* - 3s + 1 = 0.

46. Character of the roots of the quadratic. Discriminant.

We have shown in Art. 44 that the solutions of the quadratic

equation, Ax2 + Bx + C =
0, are given by the formula,

-BVB2 - 4AC
2A

The expression B2 4AC which appears under the radical

sign is called the discriminant of the equation. An inspection

of the value of the discriminant is sufficient to determine the

character of the roots. It is easily observed that the following

statements are true:
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I. When B2 4AC is negative, the roots are imaginary.

II. When B2 - 4AC =
0, the roots are real and equal.

III. When B2 4AC is positive, the roots are real and

unequal.

IV. When B2 4AC is positive and a perfect square, the

roots are real, unequal and rational.

V. When B2 4AC is positive and not a perfect square,

the roots are real and unequal and irrational.

Why is the expression B2 4AC called the discriminant?

Exercises

Without solving, determine the character of the roots of the following

equations:

1. 2x* - 7x + 3 = 0.

Solution of example 1.

Here A =
2,

=-
7, C = 3.

Then B* - 4AC = (-7) 2 - 4-2-3 = 49 - 24 = 25, which is posi-

tive. Therefore by III, the roots are real and unequal.

Also, since 25 is a perfect square, we have from IV that the roots are

rational.

2. 3xa + 2x + I = 0. 6. & + x = - 1.

3. 2s - 4x + 3 = 0. 7. 3z 2 - x - 10 = 0.

4. x^ + fa - 8 = 0. 8. z a + x = 1.

6. 4s + 4s + 1 = 0. 9. 4x + I6x + 7 = 0.

10. For what values of k will the roots of the quadratic k*y*+ 5y + 1

=0, be equal?

Solution of Ex. 10.

HereA = k*,B = 5, (7 = l,and* - 4AC = (5)
- 4fc* = 25 - 4fc*.

According to II, the roots will be equal when k is so determined that

25 - 4fc2 = or 4fc2 = 25, or k = d= f.

11. For what value (or values) of m will the solutions of the following

be equal?
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(a) y
2 + I2y + 8w = 0. (c) (m + l)y* + my + m + 1 - 0.

(6) (2z + w) 2 = Sz. (d) a*(mx + 1) + b*x* = a6*.

47. The stun and product of the roots. The two roots of

the typical quadratic equation are

,

and
2A 2A

n XY

The sum of these roots is -, and their product is -7, which
A A

is easily obtained by adding and multiplying them together,

respectively.

Summing up, we have,

B

and xix2 - T' (2)A

Thus, by means of (1) and (2) above, we can find the sum and

product of the roots without solving the equation. Thus, in

the equation, 2x2 5x + 3 =
0, the sum of the roots is f,

and the product is f .

Exercises

What is the sum and product of the solutions of each of the following

equations?

1. 3z 2 + 6z 1 = 0. 6. w2x2 m(a b)x db = 0.

2. 5a? 2 4z + 2 = 0. 6. acx* bcx + adx bd = 0.

3. x2
-\~ yx -)- y = 0. 7. 4(1 -f- cue2 = 2x -}- 2a2z.

4. x2 - 10s + 13 - 0. 8. z2 - 2650? + a2 + 6 2 0.

48. Graphical solution of a quadratic equation. In order

to solve graphically the equation x2 4x + 3 = 0, we let

y = x2 4x + 3 and compute a table of values as follows:
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Plotting the points (-2, 15), (-1, 8) ... from the table

and drawing a smooth curve through them we get the curve in

Fig. 24. The graph crosses the JC-axis at 1 and 3; hence, for

Y

Fia. 24.

these values of x the function x2 4# + 3 is zero. That is to

say, 1 and 3 are the solutions of the equation x2 4z + 3 = 0.

These solutions are represented graphically by the abscissas

of the points where the graph crosses the X-axis.

Were we to graph the function Ax2 + Bx + C where A is

positive and not zero, we would get a curve having the same

general shape as the curve in Fig. 25. This curve is called a
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parabola. If the graph crosses the X-axis, the X-intercepts

give the real solutions of the equation Ax2 + Bx + C = 0.

If the curve has no point in common with the X"-axis, the roots

are imaginary. If the curve touches the X-axis, the roots are

real and equal.

We have just stated above that the graph of the general

quadratic function, Ax2 + Bx + C, is called a parabola and
is similar in shape to Fig. 25. We note that the parabola is

symmetrical with respect to a certain line. The curve in Fig.

25 is symmetrical with respect to the line AB. This line AB
is called the axis of the parabola. If we draw any line LM
perpendicular to the axis AB intersecting the parabola in L
and M and the axis in N we find that LN = MN. Then,
what do we mean by the parabola being symmetrical with

respect to its axis?

The curve in Fig. 24 is a parabola and we notice that it is

symmetrical with respect to the line parallel to the F-axis and

two units to the right. What are the coordinates of the lowest

point on this curve?

Exercises

Construct the graphs of the functions in the following equations
and determine the roots if they are real. Determine the axis of

symmetry of each of the curves. What are the coordinates of the

lowest point on each curve?

1. x 2 - 2x - 3 = 0. 6. z 2 - 2x - 1 = 0.

2. 4x* - 12x + 9 = 0. 7. x* + 4x + 3 = 0.

3. z 2 - 2x + 5 = 0. 8. s 2 + x + 1 = 0.

4. x* - 9* + 14 = 0. 9. x* + 4x + 6 = 0.

5. x2 + 2x - 1 = 0. 10. x2 + 2x + 2 = 0.

49. Minimum value of a quadratic function. We have just

shown in Art. 48 that the graph of a quadratic function is a

parabola symmetrical with respect to a certain vertical line
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called the axis of the parabola. (See Fig. 25.) We notice that

the axis intersects the parabola in a single point B and that this

point B is the lowest point on the curve. Such a point is called

a minimum point and the ordinate of such a point is defined as

the minimum value of the quadratic function, Ax2
-f- Bx + V-

In figure 24 the coordinates of the lowest point on the graph
are (2, 1) and 1 is the minimum value of the quadratic

function x2 4x + 3.

Consider again the equation, (1) y = x2 4rr + 3. The

graph of this equation is Fig. 24. From the table of values we
see that to a given value of y there corresponds two values of x.

When y =
3, x = and 4. When //

=
0, x ~ \ and 3. When

y = 1, x = 2. We observe, then, that to every value of y

there corresponds two values of x and that as y decreases the

two corresponding values of x approach each other and finally

for a certain value of y the two corresponding values of x are

equal. In the above example the value of y, which causes the

two values of x to be equal, is 1. But this value of y is the

minimum value of the function, x2 4x + 3.

Then, to determine the minimum value of the function,

x2 4z + 3, we must determine tho value of y which will

make equation (1) have equal values for x. Equation (1)

may be written (2) x2 4# + 3 ij
= 0. Now, the roots

of (2) will be equal when the discriminant equals zero.

We have,

(_ 4)
2 __

4(3
_

y/)
=

()j (3)

or ?/=-!, (4)

which is the minimum value of the function.

Example. Find the minimum value of the function,

x2 + 3z + 4.

Solution.

Let y = x2 + 3x + 4. (1)
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Then x2 + 3z + (4
-

y)
= 0.

Sotting the discriminant equal to zero, we get,

9 - 4(4
-

y)
=

0, or

(2)

(3)

(4)

which is the minimum value of x2 + 3# + 4.

Let us now find the minimum value of the typical quadratic

function, Ax2 + Bx + C.

and

Let y = Ax2 + Bx + C.

Then Ax2 + fix + (C
-

ij)
- 0.

Setting the discriminant equal to zero, we get,

B2 - 4A(C -
y)

-
0,

4AC - B2

V =

0)

(2)

(3)

(4)

which is the minimum value of the

quadratic, Ax2 + Bx + C\

Thus far in the discussion of the

quadratic, Ax2 + Bx + (7, we have

assumed that "A" was a positive

number. Now, if "A" were a nega-

tive number, the graph would not be

similar to Fig. 25, but would have the

same general shape as Fig. 26. Fig.

26 is a parabola also, but here the

point B is a maximum and not a mini-

mum as in Fig. 25. The expression,

4AC - B2

,
awes us the minimum or

4A
maximum value of the quadratic according as" A" is positive or

negative.

FIG. 26.
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Thus the maximum value of 2#2 + 3# + 5 is

4(-2)5 - 33 _ -40 - 9 _ 49 _
4(-2)

"
-8

~~

8
~~

*'

Exercises

Find the maximum or minimum values of the following:

1. x* - 6z + 10. 5. x 2 + 2x + 2.

2. 2x 2 - z - 3. 6. 2 -f 2z - x*.

3. -3z 2 + 2z - 10. 7. wz 2 + MX + k.

4. 1 - z - 2z 2
. 8. -5z 2 + x + 1.

Exercises on Chapter VII
1. Solve:

(a) 12*' + x - 1 = 0. (6) .

y + 2

(c) a - 4z + 1 = 0. (d) x* - 5.3x + 2.1 = 0.

2. Find by the graphical method the approximate values of the

roots of the equations

(a) z 2 - 4x - 13 = 0, (fc) z 2 + 2x - 13 = 0.

3. Find the sum and product of the roots of the following equations :

. (a) 3s 2 = 5 - 2x, (6) 2z2 + 5x + 3 =
0,

(c) (mx + 2)
2 = 4s.

4. Determine the character of the roots of the following:

(a) 3x2 + x + i = o, (6) 2x2 - 5x + 1 =
,

(c) 16z 2 + 8z + 1 = 0.

5. Find the number of acres in the largest rectangular field that

can be inclosed by a mile of fence.

Solution.

Let x equal length of the field.
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Then, 160 - x = width of field and A (the area) = s(160 - x)
=

IGOz x* or A = x 2 + 160x. Thus the maximum area is given by

A
.

A =-^ --^-- = --- = 6400 square rods,
4(-l) 4

or 40 acres. When A equals 6400, we find that x equals 80 rods and

the field is in the shape of a square.

6. Divide 20 into two parts such that the sum of their squares

shall be a minimum.

Solution:

Let x = one part.

Then, 20 x = other part and S (the sum of their squares) =
x 2 + (20 x)

z or S = 2x* 40# + 400, and the minimum value of

S is given by

fl _
4.2-4M- (-40)' =m

When S = 200, we have,

200 = 2x* - 40z + 400,

or x2 - 20z + 100 =
0,

x = 10, one part,

and 20 x =
10, other part.

7. A window is to be constructed in the shape of a rectangle sur-

mounted by a semicircle. Find the dimensions that will admit the

maximum amount of light, if its perimeter is to be 48 feet.

8. A rectangular piece of ground is to be fenced off and divided

into four equal parts by fences parallel to one of the sides. What
should the dimensions be in order that as much ground as possible may
be enclosed by 200 rods of fence?

9. A rectangular field is to be fenced off along the bank of a straight

river, using 160 rods of fence. If no fence is needed along the river,

what is the shape of the field in order that the enclosed area shall be

the greatest possible?
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10. A park is 150 rods long and 90 rods wide. It is decided to double

the area of the park, still keeping it rectangular, by adding strips of

equal width to one end and one side. Find the width of the strips.

11. A farmer starts cutting grain around a field 120 rods long and

80 rods wide. How wide a strip must he cut to make 10 acres?

12. A rectangular piece of ground is to be fenced off in the corner of

a rectangular field and divided into four equal lots by fences parallel

to one of the sides. What should the dimensions be in order that as

much ground as possible may be enclosed by 200 rods of fence, the

fences of the given field being used for two sides of the required field?

13. Build a water tank to hold 100 cubic feet. The length of the

base is to be twice the width. Find the dimensions that will make
the cost a minimum.

Solution. The cost will be a minimum when the surface is a mini-

mum.

Let x = width of the base.

Then, 2x = length of the base.

Let y = depth.

Then, 2x*y = 100 (volume),

2x 2 + 6xy = S (surface).

Substituting (1) in (2), we obtain,

S = 2x* H
x

2x 3 + 300

(1)

(2)

(3)

x

Our problem is to determine a value of x that will make S a minimum.

This may be done by giving x values and computing the corresponding
values of S.
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We notice that when x = 4|, S = 106.7 and this value is approxi-

mately the least value S can take. Hence the dimensions are (approx.)

4| feet, 8i feet and 2$ feet.

This problem illustrates another method for obtaining a minimum

value of a function.

14. A covered box is to hold 200 cubic feet. The length of the base

is to be two times the width. Find the dimensions that will make the

cost a minimum.



CHAPTER VIII

EXPONENTS, RADICALS, BINOMIAL EXPANSION
AND LOGARITHMS

50. Definition of a number. Laws of exponents. Any
number N may be defined as some other number a (a fixed number)
raised to the nth power. Thus we may write

N = a". (1)

In (1) N is the number, a is defined as the base of the system
of numbers and n is the exponent or the power to which a, the

base must be raised to produce the number. For example,
1000 = 103 . Here 1000 is the number, 10 is the base and 3 is

the power to which 10 must be raised to produce 1000.

By a", we mean the product of a- a- a ... to n factors,

by a4
,
we mean a-a-a-a.

The laws of exponents are as follows:

I. am -a
n = am+n . To multiply numbers having the same

base, we add their exponents. Thus, 52 -54 = 56 .

II. am -5- an = am
" n

. To divide numbers having the same

base, we subtract the exponent of the divisor from the exponent of

the dividend. Thus, 55 -r- 53 = 55
~3 = 52 .

III. (a
m
)
n = amn. Thus, (5

3
)
2 = 53 ' 2 = 56 .

IV. (ab)
m = ambm . Thus, (3-4)

3 = 33 -43.

/2\ 3 23

y = -

The above formulas apply not only when m and n are positive

integers, but in all cases.

74



ART. 50] EXPONENTS, RADICALS, AND LOGARITHMS 75

For example: 32/6 -5~1/3 = 32/5
- 1/3 = 31/15 .

By a?/q we mean the gth root of ap . That is,

VI. a*/' = v^. Thus, 32/5 =^ and 5 1/3 =

VII. a = 1. For a-an = a +n = an
,
and a = -

n
= 1

an

VIII. <T n =
-^- Fora- n

-a
n = a~n+n = a = l,anda-

tt = i-
an a11

-2/3 -
72/3

Exercises

Simplify the following indicated operations:

1. x*-x*-x1/2 . 6. (a-
1

.

3. a7
-T- a8

.

4. (f)
s H- (I)'. 7. (8a'6)

l/s
.

Write each of the following with a radical sign and simplify:

8. (16)
1/4

. 11. z'

9. (27)
2/3

.

10. (3)
2/3

.

'

\2

Write the following in a form such that negative exponents do not

appear and reduce to simplest form:

13. 12o- 2/3
.

/8o.Y/
3

.
'

276V

/2\-V225\-1/2
.

w IW
(a

16. a

i O1 O-2 o 3

17. _J -.
21' 2 ~ 2 '

<r 2 + fr~
2

22. (a' + 6).
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Change the following into expressions without radical signs or

negative exponents:

Solve the equation:

36. y~
2/z - 9.

Solution.

yV'<

= 9.

or

But 93/2 = \/9 = 27.

Therefore, 2/
= TT-

Solve the following for x:

36. z 1/3 = 2. 38. ic~ 1/3 = 3.

37. a:'
1/3 = 4. 39. x2/B = 4.

Multiply the following:

40. a2/3 - a 1/3^
1/3 + 62/3 by a1/3 + 6

1/3
.

41. Va + V^ by a3/2 - &3/2 .

Divide the following :

42. x3/6 + 6
3/4

by x 1/6 + 61/4.

43. 16x -
81?y

4 by 2x1/2 -
3y.

44. V^
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51. Radicals. Simplification of radicals. An indicated

root of a number is called a radical Thus the expression \Xa is

a radical. The quantity a under the radical sign is known as

the radicand; n the number which indicates the root of the

radicand is known as the index of the root.

For the purpose of computation it is often convenient to be

able to change the form of radicals. A few examples will

illustrate the processes:

Example 1. Simplify \/32-

Solution. V32 = \/16-2 = Vl6 A/2 = 4A/2.

Example 2. Simplify -\/l28.

Solution, v/128 = ^64^2 = ^64 \/2 = 4\/2.

Examples. Simplify
J|?.

C7 ,. /32 V32 4V2
Solution. \\ =

.__ = *

\27 V27 3V3

Example 4. Simplify \/20 + 8V45 -
\/5.

Solution.

V20 + 8\/45 -\/5 = 2V5 + 24-v/S -\/6 =25^5.

In example 4 we reduced each radical to the same radicand

and then added terms.

Example 5. Simplify

Solution. ^27z52/V

3xyz
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Exercises

Simplify the following radicals:

1. A/75.

2. V/Sl.

3. 7A/147.

4,^81.

6. 5AX32.

6. Vw 6 + m 3n 2
.

11. Va3z 3
.

Solution. (a
3x 3

)
1/6

9.

10. A/(s + y)*(x
-

7/)
3

.

19. 3A/6 3 + 4 A/a^? +

1+V2

18. V'SI + SV^ - ^375".

20.

Solution.
l+A/2 _ l+A/2 A/5

Vs
21.

V3 -\/2

Solution.

V3 - V2 V3 -
A/2' A/3 + A/2

3 A/3 + 3 A/2 3 A/3 + 3 A/2

(A/3- 3-2
3 V3 + 3 A/2.

In examples 20 and 21 we have multiplied both the numerator and

the denominator by the same expression. This expression was chosen

so as to free the denominators of radicals. This process is known as

the rationalization of the denominator.
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V3 - V2 26. V80 -^ V5.

V5.

Vac 2
".

Solution. Va 26c 2
-f- Vac2

27.

28.

V2 - V3 \ ac 2

To divide radicals having the same index, divide the radicand of the

numerator by the radicand of the denominator. If the radicals do

not have the same index, reduce them to radicals having the same index

and then divide.

29. V25 ^ \/5.

Solution. (25)
1/3

(25)
2/6 = V(25) 2 = V625,

V625 + Vl25 = V5.

36. V|

36.

and V25 -

30. GVlSO -*- 5V45.

32. (V5 + 2V3) 2

33. V2 -T- V2.

34. V9 -^ V3.

52. Binomial expansion; positive integral exponents. By
multiplication we find:

(a + 6)
2 = a2 + 2ab + 62

,

(a + 6)
3 = a3 + 3a26 + 3a62 +63

,

(a + 6)
4 = a4 + 4a36 + 6a262 64 .

From the above expansion we observe the following proper-

ties:
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(1) The first term of the expansion is the first term of the

binomial raised to the same power as that of the binomial.

(2) The exponents of a decrease by unity from term to term

while the exponents of b increase by unity.

(3) The coefficient of the second term of the expansion is equal

to the exponent of the binomial.

(4) // in any term the coefficient be multiplied by the exponent

of a and divided by the exponent of b increased by unity, we get

the coefficient of the next term.

The question now arises: Do the four properties stated above

hold for the expansion of (a + 6)
n

,
for all positive integral

values of n? By actual multiplication we see that these prop-

erties do hold for all positive integral values of n up to n =
4,

and we assume that they hold for all positive integral values

of n. This gives us the expansion.

(a + 6)
w = aw + na- l

b

n(n - 1) . . . (n
- r + 2)

2-3-4... (r
-

1)

(1)

Expansion (1) is known as the binomial expansion or binomial

theorem. We have assumed that it is true for all positive

integral values of n. This fact may be proven by the process

known as mathematical induction but that is beyond the scope
of this text.

In the expansion of (a + 6), the rth term is

n(n-l)(n-2) ... (n-r + 2) ,.,

2-3.4... (r-1)
a b (2)
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Exercises

Expand:

1. (2-8x).

Solution. Here a = 2, b = 3#, n = 5.

Then, (2
-

3*)' = (2)+ 5(2)(-te) + 10(2)'(-3aO*

=32 - 240s + 720s2 - 1080s3 + 810s4 - 243s*.

2. (a + 6)*.

3. (a
-

6)6.

4* (2 + a)4'

1 i*Tif-r.r.
6. (2s

-
5)

6
.

(Hint
. Consider s + y as re-

6. (2s + y)
4
. presenting one number.)

10. Find the fourth term of (a + 36)
8

.

Solution. The rth term is given by the expression

n(n - i) (n
- 2) . . . (n

- r + 2) +1 t

2-3-4 ... (r-1)

Here, n =
8, r = 4, a = a, 6 = 36, w r + 2 = 6, w r + 1 = 5,

r 1 = 3. Substituting these values in the above expression, we

have, ^^ a*(36) = 1512a6.
2*3

11. Find the 13th term of (2s + y)
1
'.

12. Find the middle term of (s
2 + 2y)*.

13. Find the 9th term of (3
-

2t/)
13

.

14. Use the binomial theorem to find (l.l)
16

,
correct to four signifi-

cant'figures. (Hint: Write (l.l)
16 as (1 + .I)

15
.)

15. find (1.01)
10 correct to 5 significant figures.

53. Logarithms. Definition. In Article 50 a number AT

was defined by the equation, (1) N = an
,
where a was defined
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as the b$se of the system of numbers and n as the power to

which the base must be raised to produce the number N. We
there assumed that the definition held for all positive and

negative values of n both integral and fractional. It could be

shown that it also holds for irrational values of n, and we now
assume this without proof. That is, we now give a meaning
to such numbers as a?*/*, aV ?

where a > 0.

If att = N(a > 0, a 7^ 1) then n is said to be the logarithm

of N to the base a, and this is written n = loga N.

The two equations aa = N (2)

&nd n = loga N (3)

thus mean the same thing; and the terms exponent and

logarithm are equivalent.

We assume that the laws of exponents given in Article 50

which apply to rational exponents are also valid when irrational

exponents are involved.

Exercises

Iog10 100 = ?1. Iog6 25 = ?

2. Iog2 i = ? loga a = ?

3. Fill out the following table:

Iog2 16

log, e 4 =

54. Properties of logarithms.

1. The logarithm of a product equals the sum of the loga-

rithms of its factors.
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Let logN = n and logM = w, then a" = N, am = Af,

(definition of logarithm) and NM = an+w (1. Art. 50).

Hence logaNM = n + m.

That is, log NM = log* JV + log. M .

This property is true for any number of factors in the product.

Example, logio 105 = logio 3 + logic 5 + logio 7.

2. The logarithm of a quotient is equal to the logarithm of

the dividend minus the logarithm of the divisor. The proof

of this property is left as an exercise for the student.

Example, logjoW =
logio 125 - logio 73.

3. The logarithm of AT* equals n times the logarithm of IV.

This property is true for any value of the exponent w, whether

positive or negative, integer or fraction. The proof is left for

the student.

Example, logio (153)
;J = 3 logio 153.

Exercises

1. With 10 as base, log 2 = 0.30103, log 3 = 0.47712, log 5 = 0.69897.

Find log 4, log 6, log 8, log 9, log 12, log 15, log 20.

Ans.: 0.60206, 0.77815, 0.90309, 0.95424, 1.07918, 1.17609, 1.30103.

2. From the results of Ex. 1 above find log (), log (-^), log 144.

55. Common logarithms. Characteristic and mantissa.

Any positive number (except and 1) may be used as a base

for a logarithmic system. Logarithms with 10 as a base are

called common logarithms. This is the system used for all

ordinary calculations.

From the table

103 = 1000 10-1 = .1

102 = 100 lO-2 = .01

101 = 10 10-3 = .001

10 = 1
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it is evident that the logarithm of an integral power of 10 is an

integer,' either positive or negative. The logarithms of numbers

between 1 and 10 are between and 1, logarithms of numbers

between 10 and 100 are between 1 and 2, and so on. For

example, log 7 = 0.84510, log 70 = 1.84510, log 700 = 2.84510,

log 7000 = 3.84510.

The integral part of a logarithm is called the characteristic]

the decimal part is called the mantissa.

(A) Law of the characteristic. From the above examples,

we observe that log 7 has a characteristic 0, log 70 has 1,

log 700 has 2, and log 7000 has 3. From this we see that the

characteristic of a logarithm of a whole number is one less than

the number of digits in the number. We also observe from the

table that the characteristics of the logarithms of numbers less than

1 are negative and equal to the number of places which the first

significant figure occupies to the right of the decimal point. Thus

log 0.00325 = - 3 + .51188

In such cases the characteristic is negative and the mantissa is

positive. It is customary in case of negative characteristics

to write

log 0.00325 = 3.51188

or log 0.00325 = 7.51188-10.

(B) Law of the mantissa. The mantissa is the same for any

sequence of digits and does not depend upon the position of the

decimal point.

For example, log 3256 = 3.51268

log 325.6 = 2.51268

log 32.56 = 1.51268

log 3.256 = 0.51268

56. Use of tables. In Table I in the back of this book five-

place logarithms are given. The mantissas of the logarithms



ART. 56] EXPONENTS, RADICALS, AND LOGARITHMS 85

of all integers from 1 to 9999 are recorded correct to five decimal

places. The methods by which such a table can be made will

not be discussed here as it is beyond the scope of this text. In

order to use the tables intelligently we must know how to read

from the tables the logarithm of a given number, and also the

number having a given logarithm.

Examples

1. Find the logarithm of 2354. Read down the column headed N
for the first three significant figures, then at the top of the table for

the fourth figure. In the row with 235 and the column with 4 is found

37181.

Hence, log 2354 = 3.37181.

2. Find the logarithm of 32.625. This number has more than four

significant figures, so we must obtain its logarithm by the process

known as interpolation. As in example 1, we find that the mantissas

of 32620 and 32630 are 51348 and 51362, respectively. The difference

between these two mantissas is 14. Since 32625 is five tenths of the

interval from 32620 to 32630, we add to 51348

0.5 X 14 = 7.

Hence, log 32.625 = 1.51355.

3. Find the number whose logarithm is 1.78147. The mantissa

78147 is found in the table and is in the column headed by 6 and

opposite the digits 604 in the column headed by N. Thus the digits

corresponding to mantissa 78147 are 6046.

Hence, log 60.46 = 1.78147.

4. Find the number whose logarithm is 2.62029. The mantissa

62029 is not found in the table, but it lies between the two adjacent

mantissas 62024 and 62034. The mantissa 62024 corresponds to the

number 4171 and 62034 corresponds to 4172. The mantissa 62029 is

fy of the interval from 62024 to 62034. Thus the number whose

mantissa is 62029 is 41710 +A X 10 = 41715.
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Hence, log 0.041715 = 2.62029.

e T,- j .u i r AT 3 -26 X 72 '65 i a ... m
6. Find the value of N = to five significant figures.

2.72

Solution.

log N = log 3.26 + log 72.65 - log 2.72

log 3.26= 0.51322

log 72.65 = 1.86124

log (3.26) (72.65) = 2.37446

log 2.72 = 0.43457

log# = 1.93989

N = 87.074.

6. Find the value of

__N
V52.3

Solution.

log N = i log 0.345 + i log 7.5 - i lor- 52.3

log 0.345= 1.53782 = 29.53782-30

log 7.5 = 0.87506

log 52.3 = 1.71850

i log 0.345 = 9.84594 - 10

i log 7.5 = 0.43753

10.28347 - 10

i log 52.3 = 0.85925

log N = 9.42422 - 10

#= 0.26559

Why did we write log 0.345 = 29.53782 - 30?
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7. Find the value of N =

O TV J ^ 1 * AT
8. Find the value of N =

(5.87)
1/2

10. Find the value of S = P(l + t)
n

,
when P = 235, i = .06,

9. Find the value of N

). I

= 7.

- ^. i , , e 0.07
11. Find the value of -.-

-
t ^

8.269

(104.6)
1/2 X (Q.2536)

173



CHAPTER IX

PROGRESSIONS

57. Arithmetical progressions. An arithmetical progres-

sion is a succession of numbers so related that each one is obtained

by adding a fixed number to the preceding number.

The numbers forming the progression are called its terms.

The fixed amount which must be added to any term to get the

next term is called the common difference.

Thus, 1, 3, 5, 7, 9, ... is an arithmetical progression,

having 2 for its common difference.

58* Elements of an arithmetical progression. Let a repre-

sent the first term, d the common difference, n the number of

terms, I the nth or last term, s the sum of the terms. The five

numbers a, d, n, I and s are called elements of the arithmetical

progression.

59. Relations among the elements. If a is the first term

and d the common difference, the progression is a, (a + d),

(a + 2d), (a + 3d), ... (a + (n
-

l)d). It is evident that

the nth or last term is

I = a + (n
-

l)d. (1)

Since s denotes the sum of the progression, we may write,

s = a + (a + d) + (a + 2d) + ... (Z
-

2d)

+ (I
-

d) + I, (2)

88
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or s = I + (I
-

d) + (I
-

2d) + . . . (a + 2d)

+ (a + d) + a. (3)

By adding (2) and (3) we get,

2s= (a + l) + (a + l)+ ... (a + l) + (a + l)

+ (a + = n(a + I).

Hence, s = J(o + 0. (4)
A

Equations (1) and (4) are the two relations among the five

elements that always exist. If we know any three of these

elements, we may find the other two by using (1) and (4).

60. Arithmetic means. The first and last terms of an

arithmetical progression are called the extremes, and the remain-

ing terms in between are called the arithmetical means. By the

aid of (1) any number of means may be inserted between any
two numbers.

Exercises

Find I and s for the following arithmetical progressions:

1. 3, 5, 7, 9, ... to 15 terms.

Solution. I = a + (n l)d.

Here, a = 3, d = 2, n = 15.

Then, Z = 3 + 14-2 = 31.

And s = -(3 + 31) - 15 X 17 - 255.

2.
5ji 2, -1, -4, to 12 terms.

3. I, A, i, to 10 terms.

4. 2, 9, 16, 23, to 9 terms.

5. Given d = 4, n =
15, I = 59; find a and s.

6. Given a 12, 1 = - 64, s = - 520; find n and d.

7. Insert 5 arithmetical means between 2 and 14.

8. Insert 11 arithmetical means between 3 and 7.
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61. Geometrical progression. A geometric progression is a

succession of numbers so related that the ratio of each one to the

preceding one is a fixed number, catted the ratio. Thus 2, 6, 18,

54, ... is a geometrical progression having three for its ratio.

62. Elements of a geometrical progression. Let a repre-

sent the first term, r the ratio, n the number of terms, I the nth,

or last, term and s the sum of the terms. The numbers a, r, nt I,

and s are called the elements of the geometrical progression.

63. Relations among the elements. If a is the first term

and r the ratio, the progression is a, ar, ar2
,
ar3

,
. . . a/*"

1
.

It is evident that the nth or last term is

I = ar*-
1

. (5)

Since s denotes the sum of the progression, we may write,

s = a + ar + ar2 + ar3 + ... + ar""
1

. (6)

Then, sr = ar + ar2 + ar3 + ar4 + . . . ar
n ' 1 + ar". (7)

Subtracting (6) from (7), we have sr s = ar
n - a.

Hence, s = *^~^' (8)

Equations (5) and (8) are the two relations among the five

elements that always exist. If we know any three of these

elements we may find the other two by using (5) and (8).

The first and last term of a geometrical progression are called

the extremes, and the remaining terms in between are called the

geometrical means. By the aid of (5), any number of means

may be inserted between two numbers,
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Exercises

1. Given a = 2, r = 3, n = 8; find I and 8.

2. Given a = 3, r = 2, n = 10; find I and s.

3. Given 5 = 242, a 2, n =
5; find r and Z.

4. Insert 4 geometrical means between 3 and 96.

5. The first term of a geometrical progression is 3, and the last

term 81. If there are four terms in the progression, find the ratio and

the sum of the terms.

6. An employer hires a clerk for five years at a beginning salary of

$500 per year with either a raise of $100 each year after the first, or a

raise of $25 every six months after the first half year. Which is the

better proposition for the clerk?

7. Find the sum of the progression

1 + (1 + t) + (1 + i) + (1 + i)
3 + . . . (1 + i)"-

1
.

AAns.
I

8. Find the sum of the progression

a + i)-
1 + a + 1)-

2 + a + i)-
3 + . . . a + ir

n

Ans. -

9. By the use of logarithms find the value of ~
, when

i = .06 and n = 8.

(1.06)8
- 1

Solution. We have
.06

log (1.06)
= 0.02531

log (1.06)8 = 0.20248

(1.06)8 = 1.59396

(1.06)
8 - 1 = 0.59396

(1.06)8
- 1 = 0.59396

.06

"
.06

= 9.899.

[n

o?^ io il
v^LLl ; .



CHAPTER X

INTEREST, ANNUITIES, SINKING FUND

64. Simple interest. Simple interest at any rate is most

readily computed by the application of the principle of aliquot

parts.

If we consider a year as composed of 12 months of 30 days
each (360 days),

At 6%, the interest on $1 for 1 year is $0.06,

At 6%, the interest on $1 for 2 mo. (60 days) is $0.01,

At 6%, the interest on $1 for 6 days is $0.001.

That is, to find the interest on any sum of money at 6% for

6 days, point off three places in the principal sum; andfor 60 days,

point off two places in the principal sum.

The interest on $1357 for 6 days at 6% is $1.357 and the

interest on $1357 for 60 days is $13.57.

Illustrations:

Find the interest on:

1. $385.60 for 32 days at 6%.

$0.3856 = int. for 6 days

$1.9280 = int. for 30 days (5-6 days)

. 1285 = int. for 2 days (-6 days)

$2.0565 or $2.06 = int. for 32 days.
92
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2. $435.00 for 115 days at 6%.

$4.350 = int. for 60 days

2.175 = int. for 30 days (-60 days)

1.450 = int. for 20 days Q-60 days)

.362 = int. for 5 days (i-20 days)

$8.337 = int. for 115 days.

3. $520.00 for 93 days at 8%.

$5.20 = int. for 60 days at 6%
2.60 = int. for 30 days at 6% (-60 days)

.26 = int. for 3 days at 6% (TV30 days)

$8.06 = int. for 93 days at 6%
2.69 = int. for 93 days at 2% (i-6%)

$10.75 int. for 93 days at 8%.

4. $285.50 for 78 days at 5%.

$2.855 = int. for 60 days at 6%
.714 = int. for 15 days at 6% Q-60 days)

. 143 = int. for 3 days at 6% ( 15 days)

$3.712 = int. for 78 days at 6%.

.619 = int. for 78 days at 1%

$3.093 = int. for 78 days at 5%.
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5. $275 . 00 from March 3, 1928 to January 2, 1929 at 7% .

1929 1 2

1928 3 3

9 mo. 29 days

$ 2.75 = int. for 60 days (2 mo.) at 6%
$11 .00 = int. for 240 days (8 mo.) at 6%

1.375 = int. for 30 days (1 mo.) at 6%
.917 = int. for 20 days at 6% Q-60 days)

.275 = int. for 6 days at 6%

. 137 = int. for 3 days at 6% (-6 days)

$13.704 = int. for 9 mo. 29 days at 6%
2.284 = int. for 9 mo. 29 days at 1%

$15.988 = int. for 9 mo. 29 days at 7%.

Exercises

1. Find the interest at 6% on:

$825 for 50 days, $365.50 for 97 days,

$753.40 for 70 days, $847.60 for 125 days.

2. Solve 1, if the rate is 7%.

3. Find the interest at 8% on:

$425 for 38 days, $750 for 115 days,

$575 for 68 days, $800 for 100 days,

$545 for 90 days, $250 for 83 days.

Find the interest at 6% on the following:

4. $756.50 from Feb. 20, 1928 to Sept. 15, 1928,

6. $3756.40 from March 1, 1927 to July 10, 1928,

6. $5250.00 from April 10, 1928 to March 5, 1929.

7. A note for $350 was given July 7, 1927. What was the interest

at 7% due Sept. 5, 1928? (Ans. $28.45)

8. Find the interest on 4, 5, 6 at 8%.
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65. Compound interest. Simple interest is calculated on

the original principal only, and fa proportional to the time.

// the interest) when due, is added to the principal, and the interest

for the next period is calculated on the principal thus increased

and this process is continued with each succeeding accumulation

of interest, the interest is said to be compound. Interest may be

computed annually, semi-annually, quarterly, or at some other

regular interval. That is, interest is converted into principal

at these regular intervals.

66. Compound interest formulas. Let P be the principal,

i the rate of interest, and S the amount to which P will accumu-

late in n years. The interest for one year will be Pi, and the

amount at the end of the year will be P + Pi = P(l + i).

This is the principal for the second year, and the interest for

the second year will be P(\ + i)i. The amount at the end of

the second year will be

P(l + + P(l + i)i
= P(l + i)

2
.

By similar reasoning we find that the amount at the end of the

third year is P(l + i)
3

,
and in general the amount at the end

of n years is P(l + i)
n

- We thus have the formula

S = P(l + i)
n

. (1)

In equation (1) i is the annual rate of interest and the formula

is used when the interest is converted into principal annually.

If the interest were converted into principal m times per year,

we would replace i in the formula by and n by mn. That ism
i

we would find the compound amount at per cent per periodm
for mn periods.
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Example. Find the compound amount of $100 for 15 years

at 6% converted semi-annually. The amount would be

$100(1.03)
30

.

Then in general, if interest is at rate j converted m times

per year, formula (1) is replaced by

(2)
m/

Exercises

1. Find the amount of $250 at 6% interest converted annually for

5 years.

2. Solve example 1 if the interest is converted semi-annually.

3. How long will it take $100 to double itself at 6% interest con-

verted annually?

Solution. Here P = $100 and S = $200, since it is to be double

the value of P. We then have, 200 = 100(1.06)". Our problem no\v

is to find n. Taking logarithms of both sides of the above equation,

we have,

log 200 = log 100 + n log (1.06),

and solving for n we get,

log 200 - log 100 2.3010 - 2.0000
, ,

.

n ~ = = 11.9 years.
log 1.06 .0253

y

NOTE. This is the time required for any principal to double itself at 6%.

4. How long will it require $75 to double itself at 5% interest con-

verted annually?

5. How long will it take any principal to double itself at i% con-

verted annually?

6. What principal will amount to $1000 in 6 years at 6% converted

annually?

7. A father wishes to have $2000 to give his son on his 21st birthday.

What sum should he deposit at his birth in a savings bank paying 5%
interest converted annually?
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67. Annuities. Any series of equal payments, made at equal

intervals of time, is known as an annuity. The word annuity

implies yearly payments, but in a broader sense the term

annuity is used to describe any series of equal payments made
at equal intervals of time. Unless otherwise designated, the

payments are understood to be made at the end of the interval

of time and to continue for a specified number of periods. The
dividends from an investment, income from rented property,

and insurance premiums are some examples of an annuity.

68. Amount of an annuity. The sum to which the entire

number of payments accumulate is called the amount of the annuity.

We now find the amount of an annuity of one dollar per annum.
The symbol s^-|,

is universally used to represent the amount of

an annuity of 1 per annum, payable annually for n years at

rate i per annum. The first payment made at the end of the

first year will be at interest for n 1 years and its compound
amount will be (1 +i)

n~\ (See (1) Art. 66.) The second

payment made at the end of the second year will accumulate to

(I + i)
n ~ 2 and the third payment made at the end of the third

year will accumulate to (1 + t)*~
3
and so on. The last pay-

ment will be a cash payment of 1 and will draw no interest.

We then have

+ 1 = 1 + (1 + t) + (1 + z)
2 + . . . + (1 +

This is a geometrical progression of n terms, having 1 for first

term and (1 + i) for ratio.

The sum of this series is
-

:

-
. (See ex. 7, Art. 63.)

i

Hence, SJT,
= (1 +

*?"

~ *

(1)
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If the annual payment is R and if K represents the amount,

we have, K = R^ = R (l +
'?"

"" *

(2)

Formulas (1) and (2) are true where the interest is converted

once a year. Now, if the interest is converted m times a year,

/ i\
m

( J\
m

we replace (1 + i) by I 1 + ) and i by I 1 H ) 1 in
\ ml \ ml

(1) and (2) and get,

and K =
Rj
- --

(4)

(
1 + -)

- 1
\ ml

Exercises

1. Find the amount of an annuity of $200 per annum for 15 years

at 5% interest.

Solution. From equation (2) above we have,

(1 05V 5 1K = $200sr
,

=
200^"^

= 4000((1.05)
15 -

1)

log 1.05 = 0.02119

15 log 1.05 = 0.31785

(1.05)
16 = 2.0790

(1.05)
15 -

1 = 1.0790

and K = 4000 X 1.0790 = $4316.00.
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NOTE. If the number of conversions is not specified in a problem, it

will be understood that the interest is converted annually.

2. If in example 1 the interest is converted semi-annually, find the

amount of the annuity.

Solution. From equation (4) above we have,

K = 200
(J.025)

2 -1

log 1.025 = 0.01072

30 log 1.025 = 0.32160

(1.025)
30 = 2.0970

(1.025)
80 - 1 = 1.0970

2 log 1.025 = 0.02144

(1.025)
2 = 1.0506

(1.025)
2 - 1 = 0.0506

200 X 1.0970
and X =

.0506
= $*'888 '

3. The annual rent of a house is $500. Find the amount of this

annuity for 20 years at 5%.

4. A man deposits in a savings bank at the end of each year $400.

What will be the amount of his savings at the end of 16 years, if the

bank pays 4% interest converted semi-annually?

5. What sum must be deposited in a savings bank at the end of each

year to amount to $5000 at the end of 10 years, if the bank pays 4%
interest?

Solution. Here we have the amount of an annuity to find the

annual deposit.

,(1.04)
w - 1

From (2) we have, 5000 = R-
.04
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.04(5000)
Solving for R we get, R =

(1.04)
10 -1

$200

0.4801
$416.58.

6. What sum must be deposited in a savings bank paying 5%
interest, converted semi-annually, to provide for the payment of a

debt of $5000 due in 6 years?

7. A man gives a mortgage on his farm for $3000, which is to be

paid in 5 years. How much money must he deposit at the end of each

year in a savings bank, paying 4% interest, to care for the debt when
due? The interest on the mortgage is 6%. What will be his total

yearly outlay to care for this debt?

69. Amount of an annuity, where the annual payment, R is

payable in p equal installments. The amount of an annuity

of 1 per annum, payable in p equal installments at equal inter-

(p)
vals during the year, will be denoted by the symbol, s

,.
If

n\
(p)

the interest is converted yearly and i is the rate, s
r
can be

n\

expressed in terms of n, i, and p as follows. At the end of the

pth part of a year,
-

is paid. This sum will remain at interest
P

"
(
n ~for

(
n -

) years and will amount to

1

-(1 + i)
71 " 1 p

.

P

The second installment of - will be at interest for
P

years and will amount to -
(1 + i)

n ~ 2/p
,
and so on until np

P
installments are paid. The last installment will be paid at the

H)
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end of n years and will draw no interest. Adding all these

installments beginning with the last one, we have

=
n

I p p

+1(1
P

(1)

This is a geometrical progression of np terms having
- for first

P
term and (1 + i)

l/p as the ratio.

Hence, (2)

and
I

(3)

If the interest is converted m times a year, we substitute

j \
m

L + -
/ for (1 + i) and (3) becomes

= R- (4)

If the number of conversion periods is equal to the number of

installments per year, i.e., m =
p, equation (4) takes a simpler

form. Then,

R
K =

1

'"
- 1

R

P

J

i
p

(5)
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R
Equation '(5) is the same as equation (2) Art. 68, being the

j

periodic payment for up periods at rate -
per period.

P

Exercises and Problems

1. Find the amount of an annuity of $400 per year paid in four

quarterly installments of $100 for 6 years if the rate of interest is 6%.

Solution. Here R = $400, i = .06, p =
4, n =

6, and using (3),

Art. 69, we get,

400[(1.06)6
-

i] (1.06) -1

log 1.06 = 0.02531

log (1.06)
1/4 = 0.00633

(1.06)
1/4 = 1.01467

(1.06)
1/4 - 1 = 0.01467

'

log (1.06)
6 = 0.15186

(1.06)' = 1.41860

(1.06)
6 - 1 = 0.41860

K 100(0.41860)K =
0.01467

2. If in Ex. 1, the interest were converted scmi-annually, what

would be the amount of the annuity?

Solution. Here R = 400, p = 4, n =
6, m = 2 and

.;'
= .06.

Using equation (4), Art. 69, we get,

400[(1.03)-1] a.03j - 1

4[(1.03)
1/2 -

1] (1.03)
1/2 -

log 1.03 - 0.01284

log (1.03)
1/2 = 0.00642
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(1.03)
1/2 = 1.01488

(1.03)
1/2 - 1 = 0.01488

log (1.03)
12 = 0.15408

(1.03)
12 = 1.42587

(1.03)
12 - 1 = 0.42587

rr 100(0.42587) MnM
Hence

'
K = - *2862'

3. What would be the amount of the annuity defined in Ex. 1, if

the interest were converted quarterly?

Solution. Here R = 400, p =
4, n =

6, m =
4, and j = .06.

Since m =
p, we use (5), Art. 69, and

_ 100(1.015)
2 * - 1

.015

log 1.015 - 0.00647

log (1.015)
24 = 0.15528

(1.015)" = 1.42980

(1.015)
24 - 1 = 0.42980

__ 100(0.42980)
Hence, K =-- = $2865.

.015

NOTE. In solving Examples 1, 2, 3 above, 5 place logarithms were

used. Had 7 place interest and annuity tables been used the results would

have been $2852.15, $2859.53 and $2863.35 respectively, which are correct

to the nearest cent. But ordinarily 5 place logarithms will give results

which are accurate enough. Should the student desire complete interest

and annuity tables, he is referred to "Tables of Compound Interest

Functions and Logarithms of Compound Interest Functions," by James

W. Glover and Harry C. Carver, published by George Wahr, Ann Arbor,

Michigan.

4. Find the amount of an annuity of $400 per year, payable in two

semi-annual installments of $200 for 8 years, if the rate of interest is

4% converted quarterly.
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6. A man pays into a Building and Loan Association $25 at the end

of each month for 10 years. If the association pays 6% interest and

computes its interest at the end of each six months, what will he have

to his credit at the end of the 10 years?

6. In purchasing a house priced at $6000, a man pays $3000 down

and gives a five-year mortgage for the balance. In order to meet the

mortgage when due he deposits in a 5% savings bank at the end of

each month a portion of his monthly salary. Find the monthly deposit.
r>

(Hint: Use equation (3), Art. 69 and solve for as R was solved for

in Ex. 5, Art. 68.)

70. Present value. We may need to find the value of a sum
of money at some time before it is due. By the present value

of a sum S, due in n years, we mean the principal that will at a

given rate amount to S in n years. This problem is solved by

equation (1) Art 66. Solving this equation for P, we get

Example. Find the present value of a note of $200 due in 5

years if money is worth .5% interest.

Solution. Here we have,

71. Present value of an annuity. By the present value of an

annuity we mean the sum of the present values of all the payments.
The present value of an annuity of 1 per annum is represented

by the symbol a-^. We now find the present value of an

annuity of 1 per annum for n years at rate i per annum. The

present value of the first payment made at the end of the first

year will be
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The present value of the second payment made at the end of the

second year will be (1 + i)
~2 and the third payment made at

the end of the third year will have for its present value (1 + i)
~3

and so on. The last payment made at the end of n years will

have (1 + i)~
n
for its present value. We have then,

o^,
-

(1 + i)~
l + (1+ 1)-

2 + (1 + 1)~
3 + - (1 + O". (1)

This is a geometrical progression of n terms, having (1 + f)~
l

for first term and (1 +')"' for ratio. The sum of this series is

(i + 3-1 _

(i + 0"" - i

*)

= l ~ (

\
+ "

(2)

If the annual payment is R and A represents the present value,

we have,

A = Ratn = fl
1 ~ (1+ *) "'-

(3)
^

If the interest is converted m times a year, we substitute

/ i\
m

I i\
m

(
1 + -

)
for (1 + i) and

(
1 + -

)
- 1 for i in (3) and get,

\ ml \ ml

. _ m
A = R

72. Present value of an annuity, where the annual payment
R is payable in p equal installments. The present value of an



106 AN INTRODUCTION TO MATHEMATICS [CHAP. X

annuity of 1 per annum payable in p equal installments will be

(p)
denoted by a If the interest is converted yearly and i is

n\

(p)
the rate, a

|

can be expressed in terms of n, i, and p as follows.

n\
The first payment will be made at the end of the pth part of

the year and its present value will be -(1 + i)~
1/p

. Similarly,
P

the present value of the second payment will be -(1 + i)~
2/p

P
and so on. The present value of the last payment will be

-(1 + z)"
n

- Adding the present values of all these payments
P
we get,

c$ = -(1 + i)~
1/P + -(1 + i)~

2/P + -0 + 0-". (1)
n\ p p p

This is a geometrical progression of np terms having -(1 + i)

~~ l/p

P
for first term and (1 + i)~

1/p
for ratio.

If the interest is converted m times per year, (3) becomes
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When m =
p, (see (5) Art. 69), (4) takes the form,

r>

which is similar to (3) Art. 71, being the periodic payment for
P

np periods at rate -
per period.

P

Exercises and Problems

1. What is the present value of an annuity of $200, payable at the

end of each year, for 12 years, if money is worth 6%?

Solution. A = 200
* " C 1 -06)"

1 '

.06

log 1.06 = 0.02531

log (1.06)
- 12 = - (0.30372) = 9.69628 - 10

(1.06)-" = 0.49691

1 - (1.06)
~ 12 = 0.50309

A = 200(

of
09) = $1676.97.

2. Find the cost of an annuity of $500, to run 20 years and payable

at the end of the year if money is worth 6%, converted semi-annually.

3. A man purchased a house, paying $5000 down and $500 at the

end of each year for 8 years. What would be the equivalent price if

he paid all in cash at the time of purchase, money being worth 8%?
4. Find the cost of an annuity of $100 payable at the end of each

month and to run for 10 years, if money is worth 4%. (Hint: Use

equation (3), Art. 72.)
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6. A house is purchased for $10,000 and it is arranged that $5000

cash be paid and the balance in 10 equal annual installments, includ-

ing interest at 6%. Find the annual payment.

Solution. $10,000
- $5000 = $5000, balance to be paid in 10 equal

annual payments including interest. Here we have the present value

of an annuity and are required to find the annual payment. Substi-

tuting in equation (3), Art. 71, we get,

MOO, gl -(")*.
.06

_ .06(5000) .06(5000) ^^ ,Md R =
1 - (1.06)

-.0
- = J679 -34 '

6. A piece of property is offered for sale for $500 cash and $1000,

at the end of each year for 5 years, or for $5000 cash. Which is

the better plan for the buyer if money is worth 5%?
7. A man wishes to provide an income for old age. He assumes that

at the age of 25 years he will have 35 years of productive activity ahead

of him, and that he can save $300 per year during that time. This

accumulation at 5% compound interest at age of 60 will purchase
what annual payments for 20 years, if money is worth 5%?

Ans. $2174.40.

73. Sinking funds. When an obligation becomes due at

some future date, it is usually desirable to provide for the pay-
ments by accumulating a fund by periodic contributions,

together with interest earnings. Such an accumulated fund is

called a sinking fund.

Example. A debt of $8000, bearing 8% interest is due in

4 years. A sinking fund is to be accumulated at 6%. What
sum must be deposited in the sinking fund at the end of each

year to care for the principal when due? Ans. $1828.73.

The amount in the sinking fund at any particular time may
be shown by the following schedule known as an accumulation

schedule:
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ACCUMULATION SCHEDULE

We notice that at the end of the fourth year the value of the

fund is $7999.99 or one cent less than the amount of the debt.

This would have been avoided had we used the nearest mill

instead of the nearest cent in our computations.

DEPRECIATION SCHEDULE

Example. A farmer pays $235 for a binder. The best

estimates show that it will have a life of 8 years and a scrap

value of $10. He wishes to create a sinking fund to provide
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for its depreciation. Assuming money worth 5%, what is the

annual depreciation charge? Make a schedule showing the

book value of the machine at the end of each year and the total

amount in the sinking fund at any time.

Solution. The annual depreciation charge will equal the

annual deposit required to accumulate in 8 years at 5% to

$225 ($235
-

$10).

Using (2) Art. 68, we find the annual charge to be $23.56.

We notice that the book value of the machine at the end of

any year equals the original cost less the total amount in the

sinking fund at that time.

74. Amortization. Instead of leaving the entire principal

of a debt standing until the end to be cancelled by a sinking

fund, we may consider any payment over what is needed to

pay interest on the principal to be applied at once toward

liquidation of the debt. As the debt is being paid off, a less

and less amount goes towards the payment of interest, so that

with a uniform payment per year, a greater amount goes towards

the payment of principal. This method of extinguishing a debt

is called the method of amortization of principal.

75. Amortization schedules.

Consider a debt of $2000 bearing 6% interest. Suppose that

it i desired to repay this in 8 equal annual installments, includ-

ing interest.

Substituting in equation (3) Art 71, we get,

-

"
The interest for the first year will be $120; hence $202.07 of

first payment would be used for the reduction of principal,
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leaving $1797.93 due on principal at the beginning of the

second year. The interest on this amount is $107.88; hence,

the principal is reduced by $214.19, leaving $1583.74 due on

principal at the beginning of the third year, and so on. This

process may be continued by means of the following schedule

known as an amortization schedule:

Such a schedule gives us the amount remaining due on the

principal at the beginning of any year during the amortization

period. The principal at the beginning of the last year should

equal the last principal repaid and the sum of the principals

repaid should equal the original principal. You will notice

that there is a discrepancy in the above example of only one

cent. This would have been avoided had we used the nearest

mill instead of the nearest cent in our computations. As a

further check we notice that the interest on the sum of all the

principals outstanding is equal to the sum of all the interest

paid. In the above example we see that the sum of the prin-

cipals outstanding is $9609.63 and that the interest on this sum
at 6% is $576.57.
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The Federal Farm Loan Act provides for the lending of money
to farmers at a reasonable rate of interest, with the privilege

of amortizing the principal by equal annual payments over a

long period of time. The maximum loan on a farm is for 40%
of the appraised value. The rate is 5% and the usual time

allowed is 30 years.

Example. A farmer buys a farm for $10,000. He has $6000

to pay down and secures a Federal farm loan for the balance

to be amortized in 30 years at 5%.
Using equation (3), Art. 71 we find the annual payment to

be $260.206 or $260.21.

The following table shows the progress of this loan for the

first five years:

76. Interest and annuity tables. In the note of Art. 69

we referred to certain interest and annuity tables. Tables

giving the values of (1 + i)
n

(1 + t)-",
(1 + *>*

~
*,

i

: ,
and other interest functions for all integral

i

values of n up to 200 and for different values of i have been

computed accurately to seven decimal places. Time and space
do not permit of the inclusion of such complete tables in this

text. However, it seems advisable to spend a little time here
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in pointing out the use of such tables and their value as time

saving devices. For this reason brief tables for (1 + i)
n

,

/I
I "\n ___ i 1 _ fl I j\~ n

(1 + i)~
n

j 7 and : have been included.
i i

In solving Ex. (1), Art. 68, we would have,

K= 2005771 at 5%.

Here, n = 15, i = .05 and the tabular value of s^\ at 5% is

21.5785636.

Hence, K - 200 X 21.5785636 = $4315.71.

It would be interesting to discuss the methods used in con-

structing such tables but time and space do not permit of this

discussion.

The student may now solve by tables, exercises 1, 2, 6, 7,

Art. 66; exercises 1, 3, 4, 5, 6, 7, Art. 68; exercises 1, 2, 5, 6, 7,

Art. 72.

Exercises and Problems

1. Find the annual payment that will be necessary to amortize

in 10 years a debt of $2000, bearing interest at 8%. Construct a

schedule.

2. The Federal Farm Loan Bank loaned a farmer $5000 at 5%
interest, convertible semi-annually. The agreement was that the

farmer should repay principal and interest in equal semi-annual install-

ments covering a period of 15 years. Find the amount of each semi-

annual payment.

3. At the age of 25 a young man resolves that, when he is 60 years
of age, he will have $40,000 saved. If he invests his savings semi-

annually at 6% interest, convertible semi-annually, what amount
must he save semi-annually? If at age 60 he desired to have it paid
back to him as an annual annuity payable at the end of each year,

what would be his annual income over a period of 25 years if money
at that time were worth 5% interest?

4. The beneficiary of a policy of insurance is offered a cash payment
of $20,000 or an annuity of $1500 for 20 years certain, the first pay-
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ment to be made one year hence. Allowing interest at 4% per annum,
which is the better option, and how much better per annum?

5. A house is purchased for $15,000 and it is arranged that $5000

cash be paid, and the balance in 10 equal annual installments, includ-

ing interest at 6%. Find the annual payment and construct a schedule.

6. Complete the farm loan schedule in Art. 75.

7. What would have been the equal payment if made semi-annually
with interest at 5% semi-annually?

8. A tractor costs $1200. It is estimated that with proper care it

will have a life of 8 years with a scrap value of $50 at the end of this

time. Construct a depreciation schedule on a 4% interest basis.



CHAPTER XI

TRIGONOMETRIC FUNCTIONS

77. Meaning of trigonometry. The word trigonometry
comes from two Greek words meaning triangle and measure-

ment. This would suggest that the subject deals with the

solution of the triangle. This is one of the important appli-

cations of trigonometry, but the subject is much broader than

this for it is the basis of many important topics.

The development of trigonometry depends entirely upon six

fundamental definitions whichare called the trigonometric functions.

These are sine, cosine, tangent, cotangent, secant and cosecant

and will be defined in Art. 78.

Any triangle is composed of six parts, three sides and three

angles. If any three parts are given, provided at least one of

them is a side, geometry enables us to construct the triangle,

and trigonometry enables us to compute the unknown parts
from the numerical values of the B
known parts.

78. Trigonometric definitions.

Consider the right-angled tri-

angle ABC (Fig. 27). A and B
are acute angles, C is the right

angle, and a, 6, c, are the

sides opposite the respective

angles. The six different ratios among the three sides are

-, -, 7, -, 7, and -, and these are defined as the six trigonometric
c c o a o a

functions of the angle A. Thus we have,

115
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a _ side opposite A
c hypotenuse

6 _ side adjacent A
c hypotenuse

a _ side opposite A
b side adjacent A
b _ side adjacent A
a side opposite A
c hypotenuse

b side adjacent A
c hypotenuse

a

= sine of A, written sin A.

= cosine of A, written cos A.

= tangent of A, written tan A.

= cotangent of A, written cot A.

= secant of A, written sec A.

= cosecant of A, written esc A.
side opposite A

Since the trigonometric functions of the angle A are ratios

of the sides of a right triangle, it is evident that they are con-

stant for any fixed angle and do not change value for different

lengths of the sides of the triangle. (This follows from the

definition of similar triangles.)

Applying the definitions to angle J8, we may write

sin B = -
c

^ a
cos B = -

c

b
tan B = -

a

cot B -

cos A,

sec B
c

a

esc B = -

sn

cot

tan

esc

sec A.

(2)
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79. Co-functions and complementary angles. The cosine,

cotangent and cosecant of an angle are co-functions of the sine,

tangent and secant, respectively. Since in Fig. 27, A and B
are complementary angles, A + B = 90, it follows from (2)

that any function of an angle equals the co-function of the comple-

ment of that angle. For example,

sin 25 = cos 65, tan 29 = cot 61.

Exercises

Fill the blanks in the following with the proper co-function:

1. sin 75 = ? 6. esc 47 29' = ?

2. tan 18 20' = ? 6. sec (90
- A) = ?

3. cot 75 18' = ? 7. tan 38 15' = ?

4. sec 19 37' = ? 8. cos 72 18' = ?

9. Construct an acute angle A such that tan A =
-f and write the

other trigonometric functions of the angle.

Solution. From the definition of the tangent, we know that A is

an angle of a triangle having 3 for oppo-

site side and 4 for adjacent side. The

hypotenuse then is 5 (8, Art. 29).

functions are,

f ,
cot A =

,

i, sec A =
,

esc A = f .

The

sin A
cos A
tan A f,

Construct the angle A in the following

and write the other functions:

Fia. 28.

10. sin A A.
11. cos A = f .

12. cot A =f.
If in Fig. 27,

16. sin A =
i,

17. tan A =
,

18. cos A =
0.325,

13. sec A = 3.

14. esc A = 2.

16. tan A = $.

c = 15, find a and 6.

6 = 24, find a and c.

6 10, find c f
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80. Relations among the functions. From Fig. 27 we

have,

a2 + 62 = c2 (8, Art. 29) (3)

~ + ^ = 1 (dividing (3) by c2) (4)
c c

^ .
. a . 6

But, sin A =
-, cos A =
c c

Hence, sin2 A* + cos2 A = 1. (A)

~ + 1 = ~ (dividing (3) by 62) (5)

But, tan A =
7 and sec A = -
6 6

Hence, tan2 A + 1 = sec2 A, (5)

It is left for the student to show that,

cot2 A + 1 = esc2 A. (C)

1 sin A ,^ x

tan A = = -
(D)

cot A cos A

. - 1 cos A
cot A =

j
= - -

(E)
tan A sin A

1
sec A

cos A

esc A = - -
(G)

sin A

The above relations are important and should be learned.

They are known as fundamental identities.

*
sin8 A, means (sin A)

2
.
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Exercises

Making use of the fundamental identities verify the following

identities:

tan A 1 _ 1 cot A
tan A + 1 1 + cot A

Verification: An identity may be verified by reducing the left-hand

member to the form of the right, the right-hand member to the form

of the left or both members to a common form. Thus,

- 1
tan A 1 cot A , /TVk= - by(Z))

cot A

1 cot A

_ cot A
1 + cot A

cot A

__
1 cot A
1 + cot A

an A + cot A = sec A esc A.

3. tan A cos A = sin A.

sin A cos A
4. H = 1.

esc A sec A

_
.

.
,

sin A .

6. cot A H = esc A.
1 + cos A

. 1 + cot2 A
6. = cot 2 A.

1 + tan 2 A

7. sin A sec A cot A = 1.

8. sec A cos A = sin A tan A.
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81. Functions of 30, 45, 60. From Fig. 29, we have,

i i

an 45 =

cos 45 -
-j*

= -

tan 45 =
1, esc 45 = -=-=

cot 45 =
1, sec 45 = -^= =

From Fig. 30, we have,

sin 30 = - = cos 60,

Fia. 29.

cos 30 = -^ = sin 60,
2

tan 30 = ;= = - \/3 = cot 60,
V3 3

v

cot 30 = ^-
= tan 60,

2 2
sec 30 = 7~ = - \/3 = esc 60,v 3 o

esc 30 = 2 = sec 60.

Exercises

Making use of the results of Art. 81, find the numerical values of the

following:

1. 7 cos 60 - 2 sin 30 + 3 cot 45. Ans. 5i.

2. 6 sin 60 (sin 30 tan 60 - cot 60). Ans. f.

/sin 2 60 - cos* 60 \ /cot 2 45 + tan2 45\

\ tan' 30 A cot2 30 /'

Ans. 1.

4. tan 45 cot 30 + sec 30 cos 45. . Ans \/3 + iA/6.
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82. Line values of the functions. Fig. 31 is a circle having

unity for its radius. DB and EC are perpendicular to AC and

FG is perpendicular to AF. Then we may write,

sin A = - = BD.AD
sin .

since, AD is the unit.

C08A =^
CE

tanA = = CE.
AC

AE
sec A = = AE.

FG
cot A = cot G = = FG.

esc A = esc G = = AG.
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83. Variations of the functions. As A increases from

to 90, it is easily seen from Fig. 31 that

sin A varies from to 1,

cos A varies from 1 to 0,

tan A varies from to oo
,

cot A varies from oo to 0,

sec A varies from 1 to oo
,

esc A varies from oo * to 1.

84. Natural trigonometric functions and logarithms of the

trigonometric functions. In Table III in the back of this text,

the values of the sine, cosine, tangent and cotangent are given

correct to five decimal places, and in Table II, the logarithms

of these functions are given. The method of using these tables

differs very little from that employed in the use of Table I.

A few exercises will illustrate the process.

Exercises

1. Find the value of sin 14 35'. This value as found in the table

is 0.25179.

2. Find the value of tan 35 47'. This value is not given in the

tables, but we find the values of tan 35 45' and tan 35 50' to be

0.71990 and 0.72211, respectively. The difference between these two

values is 0.00221. Since 35 47' is two-fifths of the way from 35 45'

to 35 50', we add to 0.71990

0.00211 = 0.00084.

Hence, tan 35 47' = 0.72074.

* oo is the symbol for infinity. It is evident that as A increases CE
increases and when A becomes 90, CE becomes larger than any finite value.

We say then that tan 90 = oo .
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3. Find the value of cot 66 38'. When the angle is greater than

45 we must read up the page, reading the function at the bottom of

the page and the angle on the right. We find the values of cot 66 35'

and cot 66 40' to be 0.43308 and 0.43136, respectively. The differ-

ence between these two values is 0.00172. Since 66 38' is three-

fifths of the way from 66 35' to 66 40', we subtract from 0.43308

1-0.00172 = 0.00103.

Hence, cot 66 38' = 0.43205.

4. Find the angle whose tangent is 0.41856. The angle is not found

in these tables, but it lies between the angles 22 40' and 22 45', the

values of whose tangents are 0.41763 and 0.41933, respectively. Now,
0.41856 is T

9
TV of the way from 0.41763 to 0.41933. Thus the angle,

whose tangent is 0.41856, is

22 40' + 1^-5' - 22 43'.

Hence, tan 22 43' = 0.41856.

6. Find log sin 43 29' 45". We find log sin 43 29' and log sin

43 30' to be 9.83768 - 10 and 9.83781 -
10, respectively. The

difference between these two values is 0.00013. Since 43 29' 45" is

three fourths of the way from 43 29' to 43 30', we add to 9.83768 - 10

f -0.00013 = 0.00010.

Hence, log sin 43 29' 45" = 9.83778 - 10.

6. Find the angle the logarithm of whose cosine is 9.90504 10.

The angle lies between 36 31' and 36 32', the logarithms of whose

cosines are 9.90509 - 10 and 9.90499 - 10, respectively. Now,
9.90504 - 10 is T

5
y of the way from 9.90509 - 10 to 9.90499 - 10.

Thus the angle, the logarithm of whose cosine is 9.90504 10, is

36 31' + A -60" = 36 31' 30".

Hence, log cos 36 31' 30" = 9.90504 - 10.

7. Find the following:

(a) tan 38 27', (6) sin 75 18', (c) cot 5 29'.

Ans. (a) 0.79421, (6) 0.96727, (c) 10.417.
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8. Find the angle A when:

(a) sin A = 0.37820, (6) cot A = 2.3424.

Ans. (a) A = 22 13', (6) A = 23 7'.

9. Find the following:

(a) log cos 41 28', (fc) log tan 76 18' 40".

Ans. (a) 9.87468 - 10, (6) 0.61333.

10. Find the angle A when:

(a) log sin A = 9.32860 - 10, (6) log cot A = 9.36200 - 10.

Ans. (a) A = 12 18' 17", (6) A = 77 2' 22".



CHAPTER XII

SOLUTION OF THE RIGHT ANGLE TRIANGLE

85. Formulas for the solution of a rigit triangle. If any
two parts of a right triangle (at least one side) are known the

following formulas are employed to obtain the other parts:

a2 + 62 C2
f

A + B = 90,

a
sin A = - = cos B t

c

cos A = - = sin B,
c

tan A = - = cot B.
b

86. Applying the Formulas. Before attempting to solve

any problem, a careful drawing should be made of the required

triangle (enough parts will be given to completely construct

it). The proper formulas should be chosen and an outline

for the solution be made before making use of the tables.

This will usually save much time. An exercise will illustrate

the plan.

Illustrated Problem I. In a right triangle A = 37 50',

b = 15.6. Find a and c.

125
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Solution. Approximate construction,

(a) By trigonometric functions:

tan A =
7>
o

a = b tan

a= 15.6X0.77661, c =
0.78980

B = 90 - A = 52 10'.

a <= 12.115, c = 19.75.

(b) By logarithms:

a = fe tan -4., c =

B = 90 - A.

DATA AND RESULTS

cos A

LOGS

Illustrated Problem II. In a right triangle a = 25.6,

c = 31.3. Find A, B and 6.



ART. SOLUTION OP THE BIGHT ANGLE TRIANGLE 127

Solution. Figure

31.3

sin A = 0.81789, b = 31.3 X 0.57548. A

A = 54 52', 6 = 18.012,

B = 90 - A = 35 8'.

FlG - 34 -

Exercises

Solve the first five exercises making use of the trigonometric func-

tions. Use logarithms on the next three.

1. Given, a = 17.5,

2. Given, a = 13.7,

3. Given, c = 340,

4. Given, 6 = 275,

6. Given, a =
37.5,

6. Given, a =
25.62,

7. Given, c = 67.7,

8. Given, a =
32.56,

A = 47 10';

6 = 35.3;

B = 29 30';

A = 52 25';

b = 122;

A =33 20';

A = 23 30';

Find 6, c, and B.

Find A, B, and c.

Find A, 6, and a.

Find a, B, and c.

Find -A, B, and c.

Find 5, b
y
and c.

Find a, 6, and 5.

Find A, B, and 6.c = 42.82;

9. In measuring the width of a river, a line AB is measured 500 feet

along one bank. A perpendicular to AB at A is erected which locates

a point C upon the opposite bank, and the angle ABC is found to be

38 10'. Find the width of the stream. Ans. 393 feet.

10. Find the height of a tree which casts a horizontal shadow of

75.5 feet when the sun's angle of elevation is 57 50'. Ans. 120 feet.

NOTE. The angle which the line of sight to an object makes with a

horizontal line in the same vertical plane is called an angle of devotion
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when the object is above the eye of the observer and an angle of depression

when the object is below the eye of the observer.

horizontal

horizontal

FIG. 35.

11. A building 30 feet wide and 50 feet long has a gable roof with a

pitch (angle of elevation) of 35. The rafters project 16 inches

beyond the walls and the roof projects 16 inches beyond the ends.

Find the length of the rafters and the number of squares of roofing

required. (A square is 100 sq. ft.)

12. A line segment AB, has an angle of elevation of 0.* Find its

horizontal and vertical projections.

Solution. The horizontal and vertical projections of AB are gotten

by dropping the perpendiculars AC, BD, and AE, BF to the horizontal

and vertical lines respec-

tively. CD and EF are the

required projections. We see

then that the horizontal and

vertical projections of a line

segment are equal to the base

and altitude of a right tri-

angle of which the line seg-

D

FIG. 36.

ment is

Hence,

the hypotenuse.

CD = AG = AB cos 6,

and

EF = GB = AB sin 6.

13. Find the projection of a line 560 feet long running N. 35 20' E.

upon a line running East and West.

* 6 is the Greek letter theta. Some of the other Greek letters that we
shall use to denote angles are a, alpha; ft beta; 7, gamma; </>, phi.



ART. 86] SOLUTION OF THE RIGHT ANGLE TRIANGLE 129

14. A force of 250 Ibs. making an angle of 36 10' with the horizontal

acts upon a heavy body. Find the forces which tend to move the

body horizontally and vertically. (These horizontal and vertical

forces are called the horizontal and vertical components.)

16. Horizontal and vertical forces of 150 Ibs. and 80 Ibs., respec-

tively, act upon a body. What is the resultant of these forces and

what angle does the line of this resultant force make with the hori-

zontal?

16. A flag pole 75 ft. high casts a shadow 122 ft. long. What is the

angle of elevation of the sun at that time?

17. A telephone post is anchored to a stone buried in the ground by
a stay wire which makes an angle of 63 with the horizontal. The

tension in the wire is 500 Ibs. Find the horizontal and vertical pull

on the stone.

18. From a point A in a level plain the angle of elevation of the top

of a hill is 38. From a point B, 750 ft. closer to the hill the angle of

elevation is 70. How high is the top of the hill above the plain?

Ans. 818.9 ft.



CHAPTER XIII

TRIGONOMETRIC FUNCTIONS OF ANY ANGLE
SOLUTION OF THE OBLIQUE TRIANGLE

87. Trigonometric definitions. In Art. 78 the trigonometric

functions for an acute angle were given. We shall now extend

these definitions to include any angle. Coordinate axes

(Art. 30, Fig. 11) will be employed in the location of the angle.

Starting with the positive extremity of the X-axis and going in

a counter-clockwise direction the coordinate axes divide the

plane into four quadrants numbered I, II, III, IV (Fig. 37).

A positive angle is described when a radius OP is rotated

about Oj counter clockwise, from the initial position OX into a

terminal position OP.

Denoting this angle by 0,

the coordinates of P by

II i (x, y), and OP by r we
have from Fig. 34 the

following definitions:

V T
X sin 6 = -> esc = -,

r y

or T
cos = -> sec 6 = -

r x

P(x,u)

III IV

FIG. 37. tan0
?/ x
-> cot e = -
x y

These definitions hold for an angle whose terminal side lies

in any one of the four quadrants.

130
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88. Laws of signs. The algebraic signs of the trigonometric

functions for angles terminating in the respective quadrants are

determined by the signs of x and y for that quadrant. The

student may show that these signs are as indicated by the fol-

lowing diagram:

89. Functions of negative angles. A negative angle is

described when a radius, OP is rotated about 0, clockwise,

from the initial position OX.
In Fig. 38 angle AOP2 is equal to 0, angle AOP\ is equal to 6.

T2 = n, x2 = x\, 2/2 =-2/i.

We may write,

sin (-0) =-
7*2

COS (-0)=-
7*2

7*1

cot (-0) = -

= COS 0,

= tan 0,

= cot 0.

2/2

(1)
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Y

FIG. 38.

The above relations hold for angles whose terminal sides lie

in any one of the four quadrants.

90. Functions of 180 0. Supplementary angles. In

Fig. 39 triangle 042^2 equals triangle OAiPi, and X2 **
a?i,

2/2
= yi t rz ~ TI. Hence,

Y

A2



ART. 90] TRIGONOMETRIC FUNCTIONS OP ANY ANGLE 133

l/o y\
sin (180

-
0)
- - = sin 6,

(2)

cos (180
-

8)
- - - = - cos 0,

r2 ri

tan (180
-

0)
= ^ = = - tan 0,

cot (180
-

0)
= - = = - cot 9.

2/2 2/i

The student may show that the above relations hold when 6

is an angle of the second quadrant.

Exercises

1. Show that the fundamental identities (Art. 80) hold for angles

in any quadrant.

2. Writing 180 + as (180
- (-6)) and making use of relations

(2), Art. 90, and (1), Art. 89 show that

sin (180 + 6)
= ~ sin 0,

cos (180 + e)
= - cos 8,

tan (180 + e)
= tan 0,

cot (180 + e)
= cot 0.

(3)

3. Make the proper drawings and show that the functions of 90 - e

are equal to the co-functions of 0.

4. Write 90 + 9 as (90
- (-0)) and making use of (1), Art. 89

show that

sin (90 + 0)
= cos 0,

cos (90 + 0)
= - sin e,

tan (90 + 0)
= - cot 0,

cot (90 + 0)
= - tan 0.

(4)
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6. Fill the blanks with the proper function of the supplement of

each angle:

(a) sin 110 = sin 70

(6) tan 99 18' =

(c) tan (90 + 0)
=

(d) sin 175 =

6. Draw figures and show:

(a) sin 70 = cos 20 =

(6) sin 130 = sin 50,

(c) sin 220 = - sin 40,

(d) cos 190 = - cos 10.

(e) cot 109 15' -

(/) cos 135 =

(0) cos (90
-

a) -

(A) cot 120 =

sin 110,

Solntim(a). In Fig. 40

sin 70 - cos 20, (Art. 79)

sin 70 = cos 20 = sin 110.
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91. Functions of the sum of two angles. In Fig. 41, SR
is perpendicular to OR and SN is perpendicular to OM, and

A STR is similar to A OMfl.

We may write,

,
NS MR + TS

sin (0 + 0)

But

and

OS OS

MR = OR sin 6 = OS cos < sin 6,

TS = SR cos = OS sin <f> cos 0.

FIG. 41.

Hence, sin (0 + <) = sin cos < + sin < cos 0.

/ , x
ON OM - T

7

/?

Also, cos (0 + 0) = =
C/o L/o

But OM = OR cos = OS cos cos 0,

and TR = S# sin 6 = OS sin < sin 0.

Hence, cos (0 + <) = cos cos ^ sin sin 0.

From (5) and (6) we have,

sin (0 + </>) sin cos + sin cos

(5)

(6)

tan (0 +
cos (0 + </>) cos cos <t> sin sin
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If we divide both numerator and denominator of the above

expression by cos cos <, we get,

sin sin <

, x
COS0 COS0

tan (0 + <t>)
=

sin sin
i ""~~

COS0 COS<

TT X //, I ^ e + tai1 * /^
Hence, tan (* + ,)- '

(7)

In Fig. 41, and are acute angles and their sum is also

acute. However, relations (5), (6), and (7) hold for all angles

of any magnitude, and we assume this without proof.

92. Functions of the difference of two angles. If we
write sin (0 0) as sin (0 + ( <)) and substitute in (5),

Art. 91, we get,

sin (0 0) = sin cos ( <) + cos sin (0).

But cos (-<) = cos 0, sin (-0) = - sin 0. ((1), Art. 89.)

Hence,

sin (0 0) sin cos
<f> cos sin <j>. (8)

The student may show that,

cos (0 0) = cos cos + sin sin <, (9)

tan tan , v

and tan (0
-

0) = (10)v
1 + tan tan

y

93. Functions of twice an angle. If we make 4>
= 8 and

substitute in (5), Art. 91, we get,

sin 20 * 2 sin cos 0. (11)



ART. 94] TRIGONOMETRIC FUNCTIONS OF ANY ANGLE 137

When =
(6) becomes,

cos 20 = cos2 - sin2 6, (12)

= 1-2 sin2 ((A), Art. 80.)

= 2 cos2 9-1. ((A), Art. 80.)

The student may show that,

94. Half-angle formulas. In (11), (12), (13), Art. 93, let

X
-, and we get,

sin x = 2 sin - cos - (14)

y /*

cos x = cos2 - sin2 - (15)
2 a

= 1 -2sin2

|

= 2 cos2 ^
- 1.

2

2 tan

tan re =-- (16)

Solving the second, and third forms of (15) respectively for

X J X
4.

sin - and cos -, we get,
2 2

I cos x
' (17)
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and
X

COS - db
+

(18)

95. Sum and difference formulas. If we add (5) and (8),

subtract (8) from (5), add (6) and (9), and subtract (9) from

(6), respectively, we get,

sin (6 + 0) + sin (0
-

0)
= 2 sin cos

sin (6 + <t>)
- sin (0

-
<t>)

= 2 cos sin

cos (0 + <) + cos (0 <) = 2 cos cos

cos (0 + </>)
- cos (6

-
<t>)

= 2 sin sin

Let + =
#, /, then,

(19)

x - y

2

Making these substitutions in (19), we have,

. . .
x + y x-y

sin x + sin ?/
= 2 sin - cos -

2 2
(20)

n/* \ it fp |y

sin x sin y = 2 cos - sin -
(21)

x + y x y
cos x + cos y = 2 cos ~ cos -

(22)
2 2

cos x cos y = 2 sin - sin -
(23)
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Exercises

1. Show that cos 75 = J(V6 -
A/2).

Solution, cos 75 cos (45 + 30)

= cos 45 cos 30 - sin 45 sin 30, ((6), Art. 91)

- i VS-t A/8 - i -V/2-i, (Art. 81)

- J Ve -
j Viz .

2. Show that cos 15 = sin 75 = |(\/6 + \/2J.

3. Show that tan 15 = tan (45
- 30) = 2 -\/3.

4. Draw a figure and show that (5) and (6) hold when (0 + #) lies in

the second quadrant.

5. If sin Z =
,
find sin 2z, also cos 2x, and tan 2x.

Solution. By the method of exercise 9, Art. 79, we find that if

sin x = J, cos x = f v2, and tan = | V2.
Then by (11), Art. 93, we have,

sin 2x = 2- -f V2 = \/2. cos 2z = ? tan 2a; = ?

6. Find tan 43 36', if tan 21 48' = .4.

V3
7. Find sin 15, knowing cos 30 =

2

8. Show that sin 30 = 3 sin 6 - 4 sin3 8.

Hint: Write sin 30 as sin (26 + 0), and expand by (5), Art. 91,

and apply (11), (12), Art. 93, and (A), Art. 80.)

9. Show that cos 30 = 4 cos 3 - 3 cos 6.

10. Show that sin 40 + sin 10 = 2 sin 25 cos 15.

11. Show that sin 70 - sin 40 = 2 cos 56 sin 15.

in au *u A
s*n 5oj + sin a;

12. Show that = tan 3x.
cos ox + cos x
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13. Show that
sin x + sin y

sin x sin y

tan

tan
x - y

96. Theorem of sines. The lettering in figures 42 and 43 is

similar to that in figure 27. Draw a perpendicular p from

b K

FIG. 42.

vertex B to opposite side 6 (opposite side produced in Fig. 43).

Then, from the right triangles AKB and CKB, we get,

P P
sin A =

-, sin C = -
c a

Dividing sin A by sin C, we have

sin A _ a

sin C c
(a)

This is true for both Figures 42 and 43, for in Fig. 43, we
have

sin (180
-

C) = sin C.

Drawing a perpendicular from vertex C to side c, we would

get, similarly,

sin A
__

a

sin B b
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Also, drawing a perpendicular from vertex A to side a, we
would have,

sin C _ c

sin B~b

The above results may be written in the form,

sin A sin B sin C
(24)

Theorem. In any triangle the sines of the angles are pro-

portional to the opposite sides.

By observing (a), (6) and (c) it is easily seen that the

Theorem of Sines may be used to solve a triangle when two

sides and an angle opposite one of the sides are given, or when
the angles and a side are given.

Example I. Given a =

5.63, 6 = 42.3 and A = 25

10'; find B, C, and c.

A

Solution. Construction, Formulas,

_ 6 sin A
sin B = 9

a

C = 180 - (A + B),

a sin C
c = *

sin A
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DATA AND RESULTS Loos

This example admits of two solutions which is evident from

the above construction, i.e., both triangles ABC and AB'C are

solutions.

Second solution (AB'C):

B' - 180 - B = 149 39',

C - 180 - (A + B') = 5 11',

a sin C
c = 7.567.

sin A
As a matter of fact, when two sides and an angle opposite one

of the sides are given, the data may admit of two solutions, one

solution or no solution, but these facts will come out in the

solution and we need not generalize on them.

C

Example II. Given a = 45.6,

A = 35 15', B 76 10'; find

b, c, and C.



ART. TRIGONOMETRIC FUNCTIONS OF ANY ANGLE 143

Solution. Construction, Formulas,

C - 180 - (A + B),

_ a sin B
sin A

a sin C
sin A

DATA AND RESULTS LOGS

Exercises

1. Make drawings to show that when two sides of a triangle and an

angle opposite one of these sides are given there may be two solutions,

one solution or no solution.

2. Given a =
48.3, A = 48 30', B

3. Given a = 149.5, 6 = 115.6, A
4. Given a = 23.1, c = 16.5, C
5. Given 6 -

125.6, B - 39 45', C

75 15'; find 6, c.

71 20'; findB,C,c.

33 10'; find A, B, 6.

105 15'; find A, a, c.
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97. Theorem of cosines. In triangle ABC drop a per-

pendicular h from B to side 6. From the right triangle BHC,
we get,

(a) a2 = A2 + HV2

- h2 + (b
- AH)*

= ft
2 + 3?/2 + 62 - 2637?.

But from the right triangle ABH, we have,

(6) h2 + 3#2 = c2
,

and AH = c cos A.

B
B

iC AH
FIG. 46.

Substituting (6) in (a) we get,

a2 = 62 + c2 - 2 6c cos A.

It may also be shown that,

52 = a2 + C2 _ 2 ac cos JS,

and c2 - a2 + fc
2 - 2 a&cos C.

(25)

(26)

(27)

Theorem. In any triangle the square on any side is equal to

the sum of the squares on the other two sides minus twice the

product of the other two sides and the cosine of the included angle.

It is evident that the Theorem of Cosines may be used to find

the third side of a triangle when two sides and the included angle
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are given. It may also be used to find the angles of a triangle

when the three sides are given.

Example I. Given a =
37.5, 6 = 18.5 and C = 39 45';

find c.

Solution. From (27) we have,

C2 = (37.5)2 + (18 .5)2
_

2(37.5)(18.5)(0.7688)

= 681.79.

c = 26.11.

Example II. Given a =
42, 6 = 17, c 53; find the angles.

Solution. Solving (25) for cos A, we get,

6a + c2 - a2
cos A =

2bc

and substituting for a, 6, and c their values, we have,

A = 42 15'.

And by using (26) and (27) we could get angles B and C.

Exercises

1. In example II, find angles

B and C.

2. Show that the Theorem of

Pythagoras is a special case of

the Cosine Theorem.

3. Making use of the Theorem

of Sines, find angles A and B of

Example I.

4. Given b = 52.5, c = 43.4,

A =45 20'; find B, C, and a.
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Solution. Construct the triangle and drop perpendicular h from B
to side b. This gives us two right triangles, ABH and CBH. Let AH
be represented by m and HC by n.

Formulas:

(1) h = c sin A, (4) tan C =
-,

(2) m = c cos A,

'3) n = b - m,

DATA AND RESULTS

(5) B = 180 - (A + C),

c sin A h

Check: a sin B = 6 sin A.
sin A sin ti

log a = 1.57862 log b = 1.72016

log sin B = 9.99353 - 10 log sin A = 9.85200 - 10

1.57215 1.57216
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6. Given a = 296, c = 236, b = 75 20'; find A, C, and b. (Solve

similar to exercise 4.)

6. Given a = 385, b = 476, c = 225; find angles A, B and C and

check by the Sine Theorem.

98. Theorem of tangents.* From the Theorem of Sines,

we have
a sin A

a + b _ sin A + sin B
(6) ~T~

~
ti^B

'

adding 1 to both members of (a).

a b sin A sin B. .

(c)

ctinsubtracting 1 from both members of (a).

a + b sin A + sin B
a b sin A sin B

dividing (6) by (c).

From (20) and (21), Art. 95, we have,

o A+B A ~
. .

, . _ 2 sin r COS--
sin A + sin B 2 2

sin A - sin B
~

A + B A-J
2cos__ sm _

A
A + B .A- B= tan - cot - 9

2 2

A + B

*tan -5-
* Art. 98 may be omitted from this course.
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Combining (d) and (e), we get,

A + B

tan

We may show in a similar manner,

B + C

b + c =
tan

2

6 - c

~
B - C

tan~
2~~

-C

(29)^ '

tan
a + c

and ^ =--^-v (30)
a c A C

tan
^

Theorem, /n cw^/ triangle the sum of two sides divided by

their difference, is equal to the tangent of half the sum of the opposite

angles divided by the tangent of half the difference of these angles.

The Theorem of Tangents may be used to solve a triangle

when two sides and the included angle are given. This will be

illustrated by an example.

Example I. Given a = 255, 6 = 182, C = 48 20'; find A,
B and c.

Solution. Construction, Formulas,

tan i(A + B).

a sin C

FIG. 49. sin A
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Check: 6 sin A = a sin B.

log 6 = 2.26007 log a = 2.40654

log sin A = 9.99907 - 10 log sin B = 9.85262 - 10

2.25914 2.25916

99. Area of a triangle. We know that the area of any

triangle is equal to one half of any side multiplied by the altitude

to that side (Formula 3, Art. 29). Also, 4, Art. 29 gives us the

area of a triangle when the three sides are given.

Formulas expressing the area of a triangle in terms of any
three of its parts (not all three angles and no side) might be

derived, but we prefer to have the student remember the above

principle and work out each problem separately. A problem
or two will illustrate the method of procedure.

Example I. Given a

the area of the triangle.

25.6, 6 - 37.5, C - 42 20'; find



150 AN INTRODUCTION TO MATHEMATICS [CHAP. XIII

Solution. Construction,

Formulas,

(a) Area =
%bh,

(6) h = a sin C,

(c) Area = |a& sin C

= i X 25.6 X 37.5 sin 42 20'

= 1 X 25.6 X 37.5 X 0.67344 = 323.25.

Example II. Given a =
225, A = 45 30',

B = 75 10'; find the area.

Solution. Construction, Formulas,

(a) Area = %ah,

(6) C = 180 - (A + J5),

asinC

sin A FIG. 51.

a sin B sin C

c =

(d) h = c sin
sin
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1 _2 sin B sin C
Area *= -a

;

-

2 sm A

1 (225)
2 sin 59 20' sin 75 10'

~2 sin 45 30'

= 29508.

Exercises

1. Given a = 75, b = 38, A = 37; find the area of the triangle.

2. Given a =
65, 6 = 75, c = 92; find the area of the triangle.

'3. Given c = 492, a = 525, A = 76 40'; find the area of the tri-

angle.

4. Given A = 47 20', B = 75 25', c = 75.2; find the area of the

triangle.

100. Summary of methods of solving any triangle. We
will divide the discussion up into four cases.

Case I. Given two angles and a side. The Sine Theorem will

be applied in this case.

Case II. Given two sides and an angle opposite one of the sides.

The Sine Theorem will be applied here.

Case III. Given two sides and the included angle. If only the

third side is required, it may be obtained directly by using the

Cosine Theorem. But if the other angles are also required,

one of two methods may be used; ,we may apply the method of

example 4, Art. 97, or we may use the Theorem of Tangents,

Art. 98.

Case IV. Given the three sides to find the angles. The Cosine

Theorem may be used in this case as illustrated in Example II,

Art. 97,
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Examples on Chapter XIII

1. Solve the following triangles for the unknown parts:

(1) a = 372, 6 = 450, c = 525; find the angles and the area.

(2) a = 52, b = 75, C = 37 10'; find c, A, and B and area.

(3) 6 = 62.8, a = 73.7, A = 35 45'; find c, B and C and the

area.

(4) Given A = 75 25', B = 37 45', c = 455; find a, 6, C
and the area.

2. Given b = 875, c = 458, A = 72 20'; find B, C and a, using

the theorem of tangents.

3. Given a, 6, 4; write down the proper equations for obtaining

the unknown parts, including the area.

4. In order to find the distance between two points, A and J5,

separated by a high hill, a point C was taken where both A and B
could be seen. CA, CB and angle ACS were measured and found to

be 2521 feet, 3623 feet and 70 45' respectively. Find the distance

from A to B.

5. To determine the distance of a point A across a lake from a point

B on the near shore, a line BC and the angles ABC and BCA were

measured and found to be 2562 yd. 75, and 62 20', respectively.

Find the distance AB.

6. Two streets meet at an angle of 80 10'. How much land is

there in the triangular corner lot which fronts 425 feet on one street

and 315 feet on the other?

7. From the top of a hill 650 feet high the angles of depression of the

top and bottom of a tower are 52 and 65 respectively, what is the

height of the tower?

8. Two forces of 200 Ibs. and 175 Ibs. act at an angle of 50 with

each other. Find the resultant force and also the angle that the

resultant makes with the 200 Ib. force.



CHAPTER XIV

THE DERIVATIVE AND SOME APPLICATIONS

101. The meaning of a tangent to a curve. In Fig. 52 we
have a curve C cut by a line I

in the two points P and Q.

Now assume that P is a fixed

point and that Q moves along
the curve towards P. As Q
moves towards P the line I

turns about P and approaches,
in general, a limiting position

(P!Pin the figure), and at the

instant when Q coincides with

P the line / coincides with

PT. The line PT is catted the

tangent to the curve C at the

point P.

102. The derivative. Let us consider the curve, Fig. 53,

whose equation is y =
/(x). Take any point P(x, y) on the

curve and increase the abscissa of the point by an amount Ax

(read delta x, and not delta times x) and let Ay denote the cor-

responding increase of y. We notice that this gives us a second

point Q(x + Ax, y + Ay) on the curve. We note that y has

changed by an amount Ay while x was changing by an amount

Ay
Ax. The ratio is the average rate of change in y with respectAx
to x within the interval Ax. We also observe that this ratio is

153
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the slope of the chord PQ. (See Art. 36.) If we now let Ax

Ay
approach 0, the ratio generally approaches a fixed value

Ax
which is defined as the rate of change of y with respect to x at

the point P. It is also evident that as Ax approaches 0, the

FIG. 63.

point Q approaches the point P, the chord PQ approaches the

Ay
tangent t. and the ratio approaches as its value the slope

Ax

Ay
of the tangent at the point P. The limiting value of as Ax

Ax

approaches is defined as the derivative of y with respect to x at

any point P(x, y). The derivative is designated by the symbol

,
and we write,

ax

Lim Ay

Ax >0 Ax dx
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We shall now find for y = x2
. We have,

ax

y - x. (l)

y + by = (x + Ax)
2 = x2 + 2xAx + Ax2

. (2)

Subtracting (1) from (2) we have,

AT/ = 2xAx + Ax2
. (3)

Dividing (3) by Ax,

and r-AnAndx Ax - Ax Ax >

Exercises

1. Find the slope of the curve y = 3x2 5x + 2 at the point (2, 4).

2/
= 3z 2 - 60; + 2. (1)

y + Ay = 3(s + As)
2 -

5(x + Ax) + 2. (2)

Ay = 6xAx + 3Ax 2 - 5Ax. (3)

= 6x + 3Ax - 5. (4)
AX

^ = 6*-5. (5)
ax

The slope at any point (x, y) is (6x 5).

The slope at the point (2, 4) is obtained by substituting 2 for x in (5),

which gives us 7. Hence the tangent to the curve, y 3x2 5x + 2,

at the point (2, 4) has 7 for its slope.

2. Find the derivative of y =
x
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Solution.
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<J>

X

1

y + Ay

.!

X + AX

1 1 =
X + AX X X(x

Ay - 1

Ay
- Ax

AX x(x + Ax)

<fy = -1
da; 2

3. Find the derivative of y = Vx.

SoWion.

y =

y+ Ay =

Ay =

V a? + Ax.

Vx + AX Vx.

(Vx + Ax - Vx)(Vx + Ax+ Vs)

(Vx + AX + \/x)

(See Ex. 21, page 78)

(x + Ax) X _ AX

+ Vx

(2)

(3)

(4)

(5)

(1)

(2)

(3)

Ay

AX

dy.
dx

(4)

(5)

Find the slopes of the following curves at the points indicated.

4. y = a?
2 3x + 2, at the point where x = 3. Trace the curve.

5. y 2x* + x* + x, at x = 2.
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6. y = at x = 1."
x* + l'

7. At what point does the curve y = x2 + 3x + 5 have the slope 5?

Ans. (1, 9).

8. At what point does the curve y = x2 4# + 10 have the slope

0? Trace the curve and notice carefully its shape at the point where

the slope is 0. (See Art. 48.) Ans. (2, 6).

9. If I is the length of the side of a square, the area A is given by
A = i

2
. If I is changing, find the rate at which A is changing when

I - 4 ft.

Solution.

A - l\ (1)

A + AA =
(I + A*)'. (2)

AA = 2UI + AZ2
. (3)

^ = 21 + A*. (4)

s-*
When Z = 4, the rate of change is =8. That is to say,

dl Jf-4
the rate of change of A with respect to I when I = 4, is 8 times the rate

at which / is changing.

10. If the radius of a circle is changing, what is the rate of change

of the area A when the radius is 3 feet? (See 5, Art. 29.)

103. Derivative of a constant. If y =
c, then it does not

matter what the values of x and Aa; are; y will remain

unchanged, and A?/
= 0.

Hence, -
0, and ^ = 0.

' Ax dx

Thus, = 0. (I)
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104. Derivative of a sum. If u and v are functions of x,

then,

dx dx dx

Proof. Let y = u + v.

y + by = u + Au + v + Av. (1)

Ay = Aw + At;. (2)

^ = ^ + A?. (3)
Ax Ax Ax

dy du dv .

T"
=

1 ' T" W
ax ax ax

106. Derivative of a product. If u and t; are functions of x,

then

Proof. Let y = u-v.

y + by=(u + Au)(t> + A) (1)

= iw + wAv + vAu + AuAv.

Ai/
= ukv + vLu + AwAu. (2)

Ay Ay Aw Av
f

.= u + v + Au (3)
Ax Ax Ax Ax

dy dv du ...= u -

ax ax

Lim / AtA . dv
since, A^ _^ n l Aw- -

/
= 0- = 0.

1 Ax 0\ fa/ dx

If u = c (constant), we have from (III),
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106. Derivative of a quotient. If u and v are functions of x,

then,

du dv

dx\v 2 V '

Proof. Let y =
v

M + Aw /1N
y + AT/ = (I)

v + At;

. w + Au u
(2)

t; + Av t;

wt; + t;Aw wt;

wAv

t;(t; + At;)

A?^ At;

Ay = ^
"^

(3)
Ax v(v + Av)

dw dt;

dy dx dx

dx v2

If u = c (constant), we have from (IV),

<fo

(4)
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107. Formulas stated in words.

I. The derivative of a constant is 0.

II. The derivative of the sum of two functions is equal to the

sum of their derivatives.

III. The derivative of the product of two functions is equal to

the first function times the derivative of the second plus the second

times the derivative of the first.

III'. The derivative of a constant times a variable is equal to

the constant times the derivative of the variable.

IV. The derivative of the quotient of two functions is equal to

the denominator times the derivative of the numerator minus the

numerator times the derivative of the denominator, divided by the

square of the denominator.

IV. The derivative of a constant divided by a function is equal

to minus the constant times the derivative of the function divided

by the square of the function.

108. Derivative of un
. If y = un

,
where u is a function of x

and n is a positive integer, then,

-*- oo
dx dx

Proof:

y + Ay = (u + Aw)
n

. . . + Aun
. (1)

(See Art. 52.)

-...+Au". (2)

= nun l

H un 2Au + . . .+ Awn l
-

(3)
Ax Ax 2! Ax Ax

dy n-idu , Nf = nun l
> (4)

dx dx
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*

Lim / ..AtA du
since

If y = x*(u =
x), (V) takes the particular form,

dy . ,,.
/-

= nxn l - (V)
do;

Although the above proof is valid only for positive integral

values of n, formulas (V) and (V) are true for all values of the

exponent. This we shall assume without proof.

Exercises

Find the derivative of the following functions:

1. y = 3s 3 - 5z 2 + 2x + 4.

Solution. ^ = 3 (x*)
- 5 (*

2
) + 2 (x). (See (II) and (IIF).)

dx dx dx dx

= 9x2 - 10z + 2. (See (V).)

Hence, (3z
3 5z 2 + 2x + 4)

= 9# 2 lOa; + 2.

2. y = (a;
2 + 2) (3a;

3 + 4a;).

Solution. =
(a;

2 + 2) (3z
3 + 4a:) + (3a;

3 + 4x)(x* + 2).
<r dx dx

(See (III).)

=
(a?

2 + 2) (9z
2 + 4) + (3z' + 4a:) 2a:.

= 15s4 + 30z2 + 8.

Hence, (x
2 + 2) (3z

8 + 4x) = 15x 4 + 30x2 + 8.
dx
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(x
-

2)--(s
2 + 3*)

-
(s

2 + 3ss -
2)

, A . dy ax ax
Solution. =---

>

dx (x
-

2)
2

(See (IV).)

(x- 2) (2s + 3)
-

fa
2 + 3s)

x* - 4x - 6

3s\ s 2 - 4s - 6

4. y = (2s
3 + 3s + 2)

3
.

Solution. This function is of the form un
,
where u = 2s 3 + 3s + 2

and n = 3.

Hence, using (F) we obtain,

~ = 3(2s
3 + 3s + 2)

2
(6s

2 + 3).
dx

6. y = -VSs 2 + 2s + 5.

Solution, y = (3s
2 + 2s + 5)

1/3
.

^ = -(3s
2 + 2s + 5)

- 2/3
(6s + 2). (See (V).)

ax 3

Hence, 3s 2 + 2s + 5 = ^dx 3(3s
2 + 2s +

6. y = 1 3s - 5s 2 - s 3
.

7. y = s - 3s 3 - 2s 5
.

8. = ! - ! + 1 (Use (IV).)
s s 2 s 3

2 - 2s

10. y = (4s
3 -

5s)(s
2 - 5s + 2).

11. y = (s
2 + 3s)

3
(s

3 + 5s + 2).
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12. y = Vx* - 9z2 + 4.

13. , = a+'Hl-").

Find the slope of each of the following curves at the point indicated:

14. y = 3z 2 + 2x + 5, where x = - 1.

dy
Solution. The slope at any point (x, y) is = 6# + 2. (See Ex. 1,

a

page 155.)

The slope at the point where x = 1 is therefore 4.

/

15. y =
7, where x = 3.

x + 3

16. y = (x + 2) (x
2 + 1), where z - - 1.

Find the equation of the tangent to each of the following curves at

the points indicated:

17. y = 2x* + 3x + 1, where x = - 2.

Solution. At the point where x = -
2, ?/

= 2(- 2)
2 + 3( 2) +

1 = 3. The slope of the tangent at the point ( 2, 3) is 5.

Hence, the equation of the tangent is

y
- 3 = -

5(z + 2). (See equation (7), page 53), or,

5x + y + 7 = 0.

18. y = x 3 - 3x z
-f 4x + 5, where x = 2.

19. y = 2x 3
rr

2
4, where x = 1.

20. Find the tangent to the curve y = 3z 2 x which shall have 5

for its slope. Ans. 5x y 3 = 0.

109. Increasing and decreasing functions. A function,

y ==
/(#)> is said t be increasing when it increases as x increases

and is said to be decreasing when it decreases as x increases.

Assume that figure 54 is the graph of y =
/(?). Going from

left to right, we notice that the curve is rising between the

points Pi and Pi, falling between the points Pi and Pa, and

rising to the right of PS. In other words, the function f(x) is
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increasing as x increases from xi to #2, decreasing as x increases

from X2 to 3, and increasing as x increases from 23 to x, and

so on. We notice also that the slope of the tangent is positive

when the curve is rising and negative when the curve is falling.

(See Figs. 18a and 186.) That is, the derivative of f(x)

FIG. 54.

is positive when f(x) is increasing and negative when f(x) is

decreasing.

Hence, we conclude,

If > 0, y =
f(x) increases.

ax

dy
If --- < 0, y =

f(x) decreases.
ax

Example. Show that y = x2 + 4# + 3 is decreasing when
x = 4 and increasing when x = 0. Graph the function.
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Solution.

y = x2 + 4z + 3.

= 2x + 4.

When x =
4,

= 4.
dx

Hence, y is decreasing.

When x =
0,

= 4.

Hence, T/ is increasing.

110. Maxima and minima. Maxima and minima values of

quadratic functions were discussed in Art. 49. Maxima and

minima values in general will now be discussed. A maximum
value of a function is that value where the function ceases to

increase and begins to decrease. A minimum value of a function

is that value where the function ceases to decrease and begins to

increase. A maximum point is that point on the graph of a

function where the graph ceases to rise and begins to fall. A
minimum point is that point where the graph ceases to fall and

begins to rise.

Observing Fig. 54, we notice that P% is a maximum point

and PS is a minimum point. It is evident that at such points

the tangent is parallel to the X-axis; that is,

dx
0.

However, the vanishing of the derivative does not mean that

the function necessarily has a maximum or a minimum. The

tangent is parallel to the X-axis at the point P*, but the function
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has neither a maximum nor a minimum there. It appears

from the figure that the test is as follows:

dy dy
At a point where =

0, if changes from positive to nega-
dx ax

dy
live (as x increases), y is a maximum] if changes from nega-

dx

dy
live to positive, y is a minimum] if does not change sign, y

dx

is neither a maximum nor a minimum.

Example. Find the maximum and minimum values of the

x3 x2

function, y = - - &x + 5. Graph the function.
j 2i

Solution.

BsX2_3_6 = (s + 2)(x
-

3). (2)
dx

When T =
0, x = -

2, 3.
dx

When x = -
2, y

When x =
3, y = - 8|.

When x < 2, we notice that > and when x > 2
dx

dy
we find that < 0. Hence, the point (2, 12|) is a maximum

dx

point on the graph of the function and 12 is a maximum
value of the function.



ART. 110] THE DERIVATIVE AND SOME APPLICATIONS 167

When x < 3, -p < 0; and when x > 3, ~r > 0. Hence,
dx dx

the point (3, 8J) is a minimum point on the graph and 8?
is a minimum value of the function. (See Fig. 56.)

Exercises

dy
In the following exercises determine the value of x for which = 0.

dx

Determine the corresponding values of y and show whether these

values are a maximum or a minimum.

1. y = x 2 4z + 5. Minimum at (2, 1).

2. y = z2 + 6z + 7. Maximum at (3, 16).

3. y = x 3 + 3s2 9# 27. Maximum at ( 3, 0), minimum at

(1,
-

32).

4. y = 3z 3 9s2 27s + 30. x = 1, gives y =
45, maximum.

x = 3, gives y = 51, minimum.
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6. y = x 3
8, x =

0, gives neither a maximum nor a minimum.

6. y = x 3 3z2 + 6x + 10. Neither maximum nor minimum.

1 - x + x*
j

. 3 . .

7. y
J

glves y
_ j. minimum.

1 + x x2

z2 - 7z + 6 . . . .
,

.

8. t/
= a: = 4, gives maximun; x =

16, gives mmi-
x 10

mum.

111. Applications of the theory of maxima and minima.

It was shown in Art. 110 that, at a point where the first deriva-

tive is 0, a function has either a maximum or a minimum value

(provided the derivative changes sign at the point). This

theory will now be applied to some practical problems.

Example. A box is to be made of a piece of card board 8

inches square by cutting equal squares out of the corners and

turning up the sides. Find the volume of the largest box that

can be made in this way.

Solution. Let x = the length of the side of each of the

squares cut out. Then the volume of the box is

V = z(8
-

2z)
2

. (1)

^ =
(8
-

2x)(8
-

6x). (2)
dx

dV
Making -7-

=
0, we find,

ax

x =
4, i

When x =
4, 7=0. Hence, the value x = 4 can not be

used.

When x =
,
V = ^Jf1,

and this is a maximum value.
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Problems

1. Solve problems 5, 6, 7, 8, and 9, pages 70 and 71, making use of

the derivative.

2. A box with a square base and open top is to hold 108 cubic feet.

Find the dimensions that will make its construction most economical.

Solution. Let us assume one side of the base to be x and the alti-

tude to be y. It is evident here that the thing desired is to minimize

the surface. Now the surface consists of the four sides and the base.

Hence, we may write:

tf = 4xy + x\ (1)

Since the volume is to be 108 cubic feet, we may write

108
x*y =

108, or?/ = (2)
x'2

Substituting the above value of y in (1) we obtain,

429
r*. (3)

X

dS - 432=
dx x 2

When ? =
0,

dx

,+ 2x. (4)

2x* = 432, x = 6. (5)

Making x = 6 in (2), we see that y = 3. Hence, the dimensions

of the box are 6 X 6 X 3.

3. A silo is made in the form of a cylinder, with a hemispherical roof;

there is a floor of the same thickness as the wall and roof. Find the

most economical shape. Ans. Diameter = total height.

Silos are not built this way. Why not?

4. A watering trough is to hold 500 gallons. Find the dimensions

that will make its construction most economical if its base is to be a

rectangle with one side three times the other. (There are 231 cubic

inches in one gallon.) Ans. Base 3.1 feet by 9.3 feet.

Altitude 2.32 feet.



CHAPTER XV

STATISTICS AND APPLICATIONS

112. Introduction. In Chapter V it was pointed out that

many functional relations that can not be expressed by an

algebraic equation may be exhibited by means of a graph.

The graph usually gives a better view of a numerical situation

than a table. By letting the eye follow the graph we get at

once an approximate picture of fluctuations in the series of

values. If we want to study such variations more closely or

make comparisons between two or more sets of data, numerical

methods are usually clearer and more convenient. The branch

of mathematics that deals with quantitative data affected to a

marked extent by a multiplicity of causes is called statistics.

113. Frequency tables. The simplest way of presenting a

series of numerical values is simply to list the values in their

natural order in a table. As for instance Average Farm Prices

December First on pages 37 and 38. We may, however, group
the values and get what we call a frequency table. The price of

corn in the table referred to varies from 21.5
jf
in 1896 to 136.5^

in 1918. We divide the total range into classes, for instance

20 i but less than 30
jz!,

30 but less than 40 ff, and so on, and

count the number of cases in each group. We find 5 cases

between 20 i and 29.9
,

16 cases between 30 and 39.9
jzf,

15 cases between 40 i and 49.9^, 5 cases between 50
j
and 59.9 i,

10 cases between 60 i and 69.9 f*,
1 case between 70 jf and 79.9

,

1 case between 80 ff and 89.9^, 1 case between 90^ and 99.9 jf,

case between 100 ji and 109.9 j, case between 110 i and

170
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119.9jzf, 1 case between 120
j*f
and 129.9

jzf,
and 2 cases between

130 and 139.9^. These facts are recorded in a frequency
table as follows:

The size of tbo class, or the class interval, is arbitrary, but

should be governed by the total range and the number of cases.

Exercises

Construct similar frequency tables for prices on the other farm

products listed, using the following class intervals:

1. Wheat, lOjzf.

2. Oats, 5jS.

3. Barley, 5jzf.

4. Rye, 10j.

5. Potatoes,

6. Hay, 50^.

114. Measures of Central Tendency. If we study, for

instance, two tables giving prices for a certain grade of hogs

day by day for two years, we will find that there is much over-

lapping in prices. The question in which year were hog prices

higher could not be answered directly from such tables. To
make a comparison we must have a single price that is in some

measure representative of the prices for the year, or what we
call a measure of central tendency. We shall consider three

such measures: arithmetic mean, median, and mode.

Arithmetic mean (or what is commonly called the average)
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is simply the sum of the measures divided by their number. Or,

expressed in a formula,

M -f ft)

Median is the middlemost measure, when the measures have

been arranged in order of magnitude. For example, in the

series

1, 3, 5, 9, 10, 12, 15, 19, 24, 30, 35

12 is the median, for there are five measures smaller than 12

and five measures larger than 12.

If the series has an even number of terms there is no middle-

most measure, and we define the median as a measure halfway
between the two middle measures. For example in the series

1, 3, 5, 9, 10, 12, 15, 19, 24, 30

11 is the median, because it is halfway between 10, the fifth

measure, and 12, the sixth measure.

Mode is the measure that occurs most frequently in the series.

Consider for example the following table of representative hog
sales at Sioux City Stock Yard, January 4, 1926 :

$11.25 is the mode, because the greatest number of hogs, or

8, were sold at this price. In market reports a modification of
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the mode is often used, namely the bulk of sales. For instance

in the above report, bulk of sales is $10.95 to $11.25.

115. Determination of the arithmetic mean from a frequency
table. We here make the assumption that the measures within

the class are all concentrated at the midpoint of the class interval.

For example, in the frequency table of prices of corn (Art. 113)

there were 5 cases where the price was between 20.0 ff and

29.9 fa We here assume the price for all five cases within this

class to be 25^, the price for all 16 cases within the next class to

be 35 fa and so on. We then obtain the following table

(/ stands for frequency, or number of cases in the class) :

-

This value of the arithmetic mean is only approximate and

usually differs somewhat from the value obtained from the

summation of the original values divided by their number.

In our example we would have found 51.9jzf from the original
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data. The values computed by the two methods become more

nearly equal as the number of cases increases and the size of

the class interval decreases.

Example. Compute the average prices of wheat, oats,

barley, rye, potatoes, and hay for the years 1870 to 1926 from

the original data and from the frequency tables.

116. Determination cf the median from a frequency table.

If the values are arranged in a frequency table we make
the assumption, when computing the median, that the values

within an interval are uniformly distributed in the interval.

For example take the frequency table showing the price of corn.

There are 57 cases and according to the definition -V- or 28.5

measures must be below and 28.5 measures above the median.

If we start at the lower end we find that there are 21 cases

below 40c and 15 cases in the class 40 49.9j?f. The median

must therefore be somewhere in this interval. Subtracting 21

from 28.5 we obtain 7.5, and the median must be the 7.5th

measure in the class 40 49.9^. As there are 15 measures in

7 5
this class the 7.5th measure must be ~- - 10 or 5. Add this

15

value to 40 and we get 45^ as the median. The same value

would be obtained if we started at the higher end. In the

groups above 50 there are 21 measures, and the median must be

the (28.5
-

21) or 7.5th measure in the interval 40 - 49.9^S

7 ^

counting from the top. -7- 10 =
5, which value should be sub-

15

tracted from 50j which again gives us 45?f.

117. Variability. It is often desirable to have some measure

of the variability of a series of values; for instance, prices of

some farm product during a year. We have several such

values of variability. Those considered here are the range,
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the mean deviation, the quartile deviation, and the standard

deviation.

The range. Take the two series

(1) 5, 9, 10, 14, 16, 16, 18, 24, 31.

(2) 9, 12, 14, 15, 16, 17, 19, 20, 22.

Both have a mean of 16 and a median of 16; hence they are

alike as far as central tendency is concerned. Yet, they are

rather different. Series (1) includes measures from 5 to 31,

while (2) varies only from 9 to 22. The difference between the

highest and the lowest value in a series of measures is called the

range. Series (1) has a range of 26, while series (2) has a range
of only 13. The range is a measure of variability but gives a

very incomplete picture of a series, being dependent only upon
the highest and lowest measures.

The mean deviation. If we determine the amount that

each of the terms in series (1) varies from the mean, we get the

series

11, 7, 6, 2, 0, 1, 2, 8, 15.

the mean of which is 78. This value is called the mean
deviation. For series (2) we get a mean deviation of 3.11.

The mean deviation is a measure of the tendency of the individual

measures in a series to scatter. The mean deviation may be

calculated from any measures of central tendency, the mean,
median or mode. It should, therefore, always be indicated

from which measure of central tendency the mean deviation

is calculated.

Exercise

Calculate the mean deviation from the mean for prices of corn,

wheat, oats, barley, rye, potatoes, and hay for the years 1870-1926.

Try to do this with prices arranged in frequency tables and compare
the value so determined for one of the products with the value obtained

from the use of the original tabulation.
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The quartile deviation or semi-interquartile range. As we

determined the median as a point on a scale of values below

which half of the number of cases are found and above which the

other half are found, so we may determine two other points

such that one-fourth of the number of values are found below

and three-fourths above one of these points, and three-fourths

below and one-fourth above the other point. Half of the

difference between these two measures is called the semi-inter-

quartile range and is a measure of the spread or variability of the

series.

If the series of values are given in order of their magnitude
we may simply count off one-fourth of the number of cases from

the top and one-fourth from the bottom of the series and take

the mean of the values so obtained. If the series is given as a

frequency table the work is done practically the same way as in

calculating the median. In our previous example on prices of

corn we have 57 cases or 14.25 in each quartile. The first

^4 25 5
quartile point is at 30 H

'

X 10 or 35.8^ and the third
16

quartile point (first from the top) at 70 X 10 or

/~t Q Of? O

61.8jz!. The semi-interquartile range is therefore '-

2t

or 13^.

Exercise

Calculate the semi-interquartile ranges for prices of wheat, oats,

barley, rye, potatoes and hay for the years 1870-1916.

The standard deviation. The most generally used measure

of variability is the standard deviation, obtained in the following

way: Calculate the deviations from the mean, square these devia-

tions, add the squares, divide by the number of cases, and extract the

square root of the quotient. The standard deviation is usually
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designated by the Greek letter a (sigma) and may be expressed

by the following formula,

(2)

where d represents deviations from the mean, and N the number

of cases.

As the deviations are usually rather awkward numbers to

handle the formula may be expressed in the original measures X.

By substituting d = X - M; M =
;
d = X - in (2)

i .V ^V
we have

N

* - V N
"

N + N~'

a =

since, S(ZSX) =

and =
J\ TV

Although formula (3) looks more formidable than (2), it is

in reality much simpler. Expressed in words, the operations

are as follows: Square the original measures, add the squares,

and divide by the number of cases. This gives . Next,
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add the original measures, divide the sum by N, and square the

, i*X\ 2
a , /2X\2 , 2X2

,

quotient. This gives 1 }
Subtract ( r ) from and\N / \N / N

extract the square root of the difference. This gives <r.

If the series of values is given in the form of a frequency table,

we must multiply each value by its frequency, and our formulas

become

The chief objection to the range as a measure of variability

has already been illustrated. The addition of one or two ex-

treme cases may increase the range to several times its former

value without actually causing any great change in the tend-

ency of the cases to group themselves about some central value.

The quartile deviation almost entirely eliminates the effect of

extreme cases, a condition which is not always wholly desirable.

It is also unreliable in those instances in which the distribution

of the items under discussion departs decidedly from symmetry.
In such situations the mean deviation is much more useful.

The standard deviation, making use, as it docs, of the squares

of the deviations of all items from the mean, is affected strongly

by extreme cases but reduces the effect somewhat by taking the

square root of the sum. The greatest advantage of this measure

is the ease with which it lends itself to algebraic manipulation.

In making use of any of these measures of variability to com-

pare distributions, the size of the objects involved must be kept
in mind. As an example, suppose we consider the physical

measurements of a group of men. A range of two inches in their

heights would be almost negligible, while a range of two inches

in the lengths of their feet would indicate a wide variety of sizes.
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If we divide the quartile measure by the sum of the two values

which were used in its computation, and divide each of the

other measures by the arithmetic mean of the distribution to

which they are applied, our measures become coefficients and

allow us to compare more conveniently distributions of items of

widely different magnitudes.

Example. Calculate the standard deviation of prices of

corn for 1870-1926.

<T -

Exercises

1. Calculate the standard deviation of prices of wheat, oats, barley,

rye, potatoes, and hay during the years 1870-1926.

2. Show that formula (3) follows from (2).

118. Correlation. In the physical sciences the value of a

variable is usually dependent upon, or, as we say, is a function
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of a single variable or at least very few other variables, and one

or more -constants. For example, the electric current that flows

through a conductor depends upon the electromotive force and

the resistance of the conductor. Expressed as a functional

relationship we may write

C=f(E,R).

In the laboratory we are usually able to keep all of the inde-

pendent variables except one constant and allow this one to

vary at will, thus arriving at a mathematical formula for the

relationship. We may for instance keep the electromotive

force constant and vary the resistance; we than find that the

current varies inversely as the resistance. Again we may keep
the resistance constant and vary the electromotive force, thus

finding that the current varies directly as the electromotive

force. By properly selecting the units in which we measure we

may reduce all the constants to the value 1 and establish the

formula,

where C = the current in amperes, E = electromotive force in

volts, and R = resistance in ohms.

In the biological and still more so in the social sciences the

number of variables is usually large and it is difficult or in many
cases impossible to keep certain variables constant while vary-

ing others in the course of an experiment. We often have to

measure the various factors of a phenomenon as it occurs with-

out our controlling influence and by means of statistical analy-

sis of the observed values draw conclusions regarding their

interdependence. We may be able to establish a degree of rela-

tionship even if we are unable to determine the nature of this

relationship.
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The degree of relationship between two series of values of

two variables is usually measured by the coefficient of correlation.

This coefficient may have values from +1 through to 1.

If there is a perfect agreement between the variation of the two

variables so that both increase or decrease together the correla-

tion is said to be perfect and positive. Such a correlation exists

between the values of current and electromotive force if the

resistance is kept constant. The coefficient of correlation

would in this case be +1. If on the other hand an increase in

one variable always is accompanied by a decrease in the other

variable the correlation is perfect and negative, = 1. Such

would be the relationship between current and resistance if

voltage is kept constant. If there is no relationship between

the variables but an increase in one is just as likely to be accom-

panied by a decrease as by an increase in the other variable,

the coefficient of correlation is 0.

There may, however, be a tendency for one variable to

increase or decrease as the other variable increases or decreases,

although the correspondence is not perfect. In such a case we

get a coefficient of correlation between and +! If, on the

other hand one variable tends to increase as the other variable

decreases although imperfectly, we get values of the coefficient

of correlation between and 1.

After this description of the meaning of the term coefficient

of correlation we shall give the two most commonly used

methods of computing said coefficient, omitting the rather com-

plicated mathematical theory on which they are based.

119. The rank method of correlation. This coefficient is

usually designated by p (rho, Greek letter) and differs slightly

from the coefficient r determined by the product-moment
formula as described below.

Let the following two series of values be the mean prices of

wheat and corn for ten weeks:
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Rank the prices of each, assigning to the lowest price the rank

1 and to highest price the rank 10. We then get

The coefficient of rank correlation, C, is then obtained by the

formula,
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where AT is the number of cases and d is the differences in rank.

10(10
2 -

1)

1 - |04 = i _ o 206 = 0.794.

The coefficient of rank correlation takes into account the ranks

of the variables only, but not their magnitude. If two or more

terms are equal they are given the same rank. For instance,

if the 12th and 13th terms are equal, they are both given the

rank 12.5. If the 12th, 13th, and 14th are alike, all three are

given the rank 13, etc.

Exercise

Determine by the rank method the correlations between prices of

wheat on the one hand and prices of (a) corn, (6) oats, (c) barley, (d)

rye, (e) potatoes, (/) hay, on the other hand, as given on pp. 37ff.

120. The product moment formula or the Pearson cor-

relation coefficient. This formula is

(7)N -<rx -<rv

where x are the deviations of the terms in the X-series from their

mean (with proper signs), y the variations of the terms in the

F-series from their mean, N the number of cases, a-x the stand-

ard deviation of the -Y-series, and crv the standard deviation of

the 7-series.

Recalling that ax = V~T7 and <TU
= \r~I7 we may substitute

* N * N
these values in (7) and get
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or

Example

(8)

SX=1340 23x2=240

^rr = 134 ^ = 72

= +152

Zxy + 152

-v/240 X 134

= 0.847.

If the means of the X- and F-series come out with decimals,

this method involves considerable numerical work. We may
then employ to advantage a modification of the formula that

uses the original X- and F-values.

Recalling that

X-MX = X-^-

y = Y-Mv
= Y-
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and substituting these values in (8), we get,

2X2Y

(9)

The work can be further reduced due to the fact that the sub-

traction of a constant term from either series does not affect

the coefficient of correlation. We could, for instance, in our

example subtract 124 from all the X-values and 64 from all the

F-values, thus materially reducing the size of the figures with

which we have to operate.

Exercise

Determine by the product moment formula the correlations between

prices of wheat, on the one hand, and prices of (a) corn, (6) oats,

(c) barley, (d) rye, (e) potatoes, (/) hay, on the other hand, as given on

pp. 37ff.



CHAPTER XVI

PROBABILITY

121. Meaning of probability. A box contains four white

and five black balls. One ball is drawn at random and then

replaced and this process is continued indefinitely. What
proportion of the balls drawn will be black? Here there are

nine balls to be drawn or we may say there are nine possibilities,

and either of the nine balls is equally likely to be drawn or any
one of the nine possibilities is equally likely to happen. Of the

nine possibilities, any one of four would result in drawing a

white ball and any one of five would result in drawing a black

ball. We would say, then, that four possibilities of the nine

are favorable to drawing a white ball and the other five possibili-

ties are favorable to drawing a black ball. We put the above

statement in another way by saying that in a single draw the

probability of drawing a white ball is f and the probability of

drawing a black ball is f . This does not mean that out of only
nine draws, exactly four would be white and five black. But it

does mean that, if a single ball were drawn at random and were

replaced and this process continued indefinitely, of the balls

drawn would be white and f would be black. Or the ratio of

the number of white balls drawn to the number of black balls

drawn would be as 4 to 5.

Reasoning similar to the above led LaPlace to formulate the

following definition of probability: // h is the number of pos-

sible ways that an event will happen and f is the number of possible

ways that it will fail and all of the possibilities are equally likely,

186
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the probability that the event will happen is and the prob-
n +f

ability that it will fail is -

h +f
It is evident, then, that the sum of the probability that an

event will happen and the probability that it will fail is 1, the

symbol for certainty.

In analyzing a number of possibilities we must be sure that

each of them is equally likely to happen before we attempt to

apply the above definition of probability.

Example. What is the probability that a man, age 30 and in

good health, will die before age 35? In this case we might
reason thus: The event can happen in only one way and fail in

only one way, and consequently, the probability that he will

die before age 35 is ^. But this reasoning is false for we are

assuming that living five years and dying within five years are

equally likely for a man now 30 years old. But this is not the

actual experience. This example will be discussed in Art. 122.

122. Probability based upon observation or experience.

There are many events in which it is impossible to enumerate

all the equally likely ways in which the event can happen or

fail. Yet by means of experience we may determine to a fair

degree of accuracy the probability that a future event will

happen at a certain time. If we have observed that an event

has happened h times out of n possible ways, where n is a large

number, we conclude that h/n is a fair estimate of the prob-

ability that the event will again happen and our confidence in

this estimate increases as the number of possibilities, n,

increases.

We are now ready to solve the problem which was stated in

Art. 121. The American Experience Table of Mortality shows

that out of 85,441 men living at age 30, the number of living

at age 35 will be 81,822. Then the number dying before age
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35 is 85,441
-

81,822 or 3619. Hence the probability that a
Q/

-| Q
man aged 30 will die before age 35 is == .04235. In this

problem n = 85,441 and h = 3619.

We have previously stated that the value hfn is only an

estimate, but it is accurate enough (when n is large enough)
for many practical purposes.

123. Meaning of mortality table. If it were possible to

trace a large number of persons, say 100,000, living at age 10

until the death of each occurred, and a record kept of the number

living at each age x and the number dying between the ages x

and x + 1, we would have a mortality table.

However, mortality tables are not constructed by observ-

ing a large number of individuals living at a certain age until

the death of each, for it is evident that this method would not

be practicable, but would be next to impossible, if not impos-

sible. Mechanical methods have been devised for the con-

struction of such tables, but the scope of this text does not

permit of the discussion of these methods.

Table IV (back of book) is known as the American Experi-

ence Table of Mortality and is based upon the records of the

Mutual Life Insurance Company of New York. It was first

published in 1868 and is used by life insurance companies in

America to determine the premium to charge for their policies.

It will be used in this book as a basis for all computations

dealing with mortality statistics. It consists of five columns

as follows: The first gives the ages running from 10 to 95, the

different ages being denoted by x\ the second gives the number

living at the beginning of each age x and is denoted by lx \ the

third gives the number dying between ages x and x + 1 and is

denoted by dx ;
the fourth gives the probability of dying in the

year from age x to age x + 1 and is denoted by qx ; and the

fifth gives the probability of living a year from age x to age
x + 1 and is denoted by px .
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Exercises

1. What is the probability that a man aged 40 will live to be 65?

What is the probability that a man of the same age will die before

reaching age 65? What is the sum of the two probabilities? (See

solution of problem in art. 122.)

2. Suppose 100,000 lives age 10 were insured for one year, by a com-

pany for $1000 each. Using the American Experience Table as a

basis and not figuring interest, what would be the cost to each indi-

vidual? Ans. $7.49.

3. What would be the cost of $1000 insurance for one year on the

life of an individual 30 years old? (Assume for convenience that 85,441

individuals are insured by the same company.) Ans. $8.43.

124. Permutations. Number of permutations of things

all different. Before discussing permutations we state the

following principle, which is fundamental: // one thing may be

done in p ways and after it has been done in one of these ways,
another thing may be done in q ways, then the two things together

may be done in the order named in pq ways.

It is evident that for each of the p ways of doing the first

thing there are q ways of doing the second thing and the total

number of ways of doing the two in succession is pq.

This principle may be extended to three or more things.

Example. A man may go from A to B over any one of 4

routes and from B to C over any one of 7 routes. In how many
ways may he go from A to C through Bl Ans. 28.

Each of the different ways that a number of things may be

arranged is known as a permutation of those things. For example
the different arrangements of the letters abc are abc, acb, bac,

bca, cab, cba. There are 3 different ways of selecting the first

letter and after it has been selected in one of these ways there

remain 2 ways of selecting the second letter. Then the first

two letters may be selected in 3 X 2 or 6 ways. It is clesr
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that we have no choice in the selection of the third letter and

consequently the total number of permutations (or arrange-

ments) of the three letters is 6.

Now suppose there are n things all different and we wish to

find the number of permutations of these things taken r at a

time, n > r.

Since only r of the n things are to be used at a time, there

are only r places to be filled. The first place may be filled

by any one of the n things and the second place by any one of

the n 1 remaining things. Then, the first and second places

together may be filled in n(n 1) ways. The third place may
be filled by any one of the n 2 remaining things. Hence the

first three places may be filled in n(n l)(n 2) ways.

Reasoning in a similar way we see that after r 1 places have

been filled, there remain n (r 1) things from which to fill

the rth place. Applying the fundamental principle stated

above we have

nPf
= n(n - l)(n

-
2) . . . (n

- r + 1) (1)

When r = n, (1) becomes,

nPn = n(n - l)(n
-

2) ... 3-2-1 = n\ (2)

NOTE. The symbol n*'r is used to denote the number of permutations
of n things taken r at a time. n\ is a symbol which stands for the product
of all the integers from 1 up to and including n, and is read "factorial" n.

Exercises

1. A man has two suits of clothes, three shirts, four ties and two

hats. In how many ways may he dress by changing suits, shirts, ties

and hats?

2. How many arrangements of the letters in the word "Vermont"
can be made, using in each arrangement

(a) 4 letters? (6) all the letters?

3. How many signals could be made from 4 different flags?
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4. Four persons enter a street car in which there are 7 vacant seats.

In how many ways may they be seated?

125. Combinations. Number of combinations of things all

different. By a combination we mean a group of things without

any regard for order of arrangement of the individuals within

the group. For example abc, acb, bac, bca, cab, cba are the same
combination of the letters abc, but each arrangement is a differ-

ent permutation.

By the number of combinations of n things taken r at a time

is meant the number of different groups that may be formed

from n individuals when r individuals are placed in each group.

For example ab, ac, be are the different combinations of the

letters abc when two letters are used at a time.

The symbol nCr is used to stand for the number of combina-

tions of n things taken r at a time. We will now derive an

expression for nCr . For each one of the nCr combinations there

are r\ different permutations. And for all of the nCV combina-

tions there are nCrrl permutations, which is the number of

permutations of n things taken r at a time. Hence,

nCrrl = nPr ,

and nCr
= !LTr-

r!

Since, nPr
= n(n - l)(n -2) ... (n

- r + 1),

n(n
-

l)(n
-

2) . . . (n
- r + 1)

we have nCr
=

: (3)
r\

Exercises

1. Find the number of combinations of 8 things taken 5 at a time.

Solution. Here n = 8 and r = 5.
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2. How many committees of 5 men can be selected from a group of

12 men? '

3. Out of 7 Englishmen and 6 Americans, how many committees of

3 Englishmen and 2 Americans can be chosen? Ans. 525.

4. How many different sums can be made up from a cent, a nickel,

a dime, a quarter, and a dollar? Ans. 31.

6. An urn contains 4 white and 9 black balls. If 5 balls are drawn

at random, what is the probability that (a) all are black, (b) 2 white

and 3 black?

Solution, (a) The total number of ways that 5 balls may be drawn

from 13 balls is i 3C6 or 1287 ways. And the number of ways that 5

black balls may be drawn is 9<75 or 126 ways. Hence, the probability

of drawing 5 black balls is yWr or TW
(6) 2 white balls may be drawn in 4C2 ways or 6 ways. And for

each one of these 6 ways of drawing 2 white balls, 3 black balls may
be drawn in 9(73 or 84 ways. Then 2 white balls and 3 black balls

may be drawn together in 6 84 or 504 ways (see fundamental principle,

art. 124). Hence, the probability of drawing 2 white and 3 black balls

is xWy or T%.
6. A bag contains 5 white, 6 black and 8 red balls. If 4 balls are

drawn at random, what is the probability that (a) all are black, (6) 2

white and 2 red, (c) 2 black and 2 white, (d) 1 white, 1 black and 2 red?

126. Compound events. We may think of an event as

composed of two or more simpler events. These component

simpler events may be independent, dependent or exclusive.

Two or more events are said to be independent or dependent when

the occurrence of any one of them at a given trial does not or does

affect the occurrence of the others. Two or more events are said

to be exclusive when the occurrence of any one of them on a par-

ticular occasion excludes the occurrence of another on that occasion.

We give now three theorems without proof.

Theorem I. If pi, p2 . Pr are the separate probabilities

of r independent events, the probability that all of these events will
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happen together at a given trial is the product of their separate

probabilities, that is,

P = P1'P2-P3 Pr. (4)

Theorem II. Let p\ be the probability of a first event] let p2

be the probability of a second event after the first has happened;
let pa be the probability of a third event after the first two have

happened; and so on. Then the probability that all of these

events will occur in order is

p = pi-p2-p3 ... pr. (5)

Theorem III. //pi, P2, . . . pr are the separate probabilities

of r mutually exclusive events, the probability that one of these events

will happen on a particular occasion when all of them are in ques-

tion is

P = Pl + P2 + P3 ... + Pr- (6)

Exercises

1. The probability that A will live 15 years is y, the probability that

B will live 15 years is ^, and the probability that C will live 15 years
is y. What is the probability that all three will live 15 years?

Solution. We have here three independent events, where p\ = y>

p2
=

i, p 3
= i.

Hence, P = = ^.
2. Find the probability of drawing 2 white balls in succession from

a bag containing 5 white and 6 black balls, if the first ball drawn is not

replaced before the second drawing is made.

Solution. We have here two dependent events. The probability

that the first draw will be white is = the probability that
5 ~r 6 1142 5

the second draw will be white is
;
= Then p\ = and p2

4 + 65 11

2
Hence,

5

.

((5) Art. 126)
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3. Five coins are tossed at once. What is the probability that all

will be heads?

4. A bag contains 3 white, 4 black, and 6 red balls. One ball is

drawn and not replaced, then a second ball is drawn and not replaced

and then a third ball is drawn. What is the probability (a) that a ball

of each color will be drawn, (fc) that 2 blacks and 1 red will be drawn,

(c) that all will be red?

6. Suppose that in example 4 the balls were replaced after each draw.

Then answer (a), (6), and (c).

6. Three men of ages 25, 30, 32 respectively form a partnership.

What is the probability (a) that all three will be living at the end of

8 years, (b) that the first two will be living, (c) that one only of the

three will be living? Use the American Experience Table of Mor-

tality.

7. A man and wife are 24 and 23 when they marry. What is the

probability that they will both live to celebrate their Golden Wedding?



CHAPTER XVII

ANNUITIES AND INSURANCE

127. Meaning of life annuity. In Chapter X annuities

certain (those that continue a certain time regardless of any
future happening) were discussed. By a life annuity we mean
a succession of periodical payments which continue only during
the life of the individual concerned. It is clear then that the cost

of such an annuity will depend upon the probability of living as

well as upon the rate of interest. Before computing the cost

of a life annuity we will discuss pure endowments.

128. Pure endowments. A pure endowment is a sum of

money payable to a person aged x, at a specified future date
f

provided the person survives until that date. We will now find

the cost of an endowment of 1 to be paid at the end of n years
to a person whose present age is x. The symbol, nEx, will

stand for the cost of such an endowment.

Suppose lf individuals, all of age x, agree to contribute

equally to a fund that will assure the payment of one dollar to

each of the survivors at the end of n years. From the mor-

tality table we see that out of the lx individuals entering this

agreement, lx+n of them would be living at the end of n years.

Consequently, it would require lx+ n dollars at that time. But
the present value of this sum is

tf-lx+n (Equation (1), Art. 70)

and since lx persons are contributing equally to this fund, the

share of each will be

v
n
lx+ n -*- lx .

195
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Hence, nEx = (1)
&z

If the numerator and the denominator of (1) be multiplied

by vxt it becomes

v*lx

and if we agree that the product v
x
lx shall be denoted by DX)

then (1) becomes,

nS, = %=' (2)
DX

Dx is one of four symbols, called commutation symbols,

that are used to facilitate insurance computations. See

Table V in the back of this book. This table is based on the

American Experience Table of Mortality and a 3|% interest

rate is used. There are other commutation tables based upon
different tables of mortality and different rates of interest are

used.

129. Present value (cost) of a life annuity. We now pro-

pose to find the present value of a life annuity of one dollar per

annum payable to an individual, now aged x. The symbol,
ax,

is used to denote such an annuity. We sec that the present

value of this annuity is merely the sum of pure endowments,

payable at the end of one, two, three and so on years. Con-

sequently,

ax = iEx + 2EX + 3EX + ... to end of table.

+... to end of table.Dx Dx Dx

DI+ i + Dx+2 + Dx+3 + ... ((2), Art. 128.) (3)
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where

*Nx+i = Dx+i + Dx+2 + Dx+3 + ... to end of table. (5)

130. Life annuity due. When the first payment under an

annuity is made immediately, we have what is called an annuity

due. The present value of an annuity due of 1 per annum to a

person aged x is denoted by ax . An annuity due differs from an

ordinary annuity (Art. 129) only by an immediate payment.

Consequently v/c have

ax ,

Nt+i Dx + Nx+ i

Dx D,

_ D* + Dx+ 1 + Dx+ 2 + D*+* + ... to end of table. (6)

Dx

-

v/hcre

Nx = D* + Dx+ i + Dx+2 + ... to end of table. (8)

131. Temporary annuity. When the payments under a life

annuity stop after a certain time although the individual be still

living, we have what is called a temporary annuity. Such an

annuity which ceases after n years is denoted by the symbol
a* si-

It is clear that the present value of a temporary annuity is

equal to the sum of present values of pure endowments payable
at end of 1, 2, 3, . . .

,
n years. Thus,

* See Table V.
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c+i + Ar+2 + ... to end of table

MA
(9)

Dx

*+nf i + Dz+n+2 + ... to end of table

Dx

If the first of the n payments be made immediately and the

last payment be made at the end of n I years, we then have

a temporary annuity due. Letting ax ;rj represent such an

annuity, we get,

-JS fl
f^

LU fii-l' (n)

AT" AT"

= "' /I+ "-
(12)

Exercises

1. Find the cost of a pure endowment of $5000 due in 15 years and

purchased at age 25, interest at 3|%.

Solution. Here x = 25, n = 15, and

< 19727.4
i* .

I>j5 d7o7o.6

Hence, 5000 15^25 = $2618.20.

.523639.
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2. What is the cost of a life annuity of $500 per annum for a person

aged 50, interest at 3^%?

Solution. From (4) Art. 129,

= Nu ^ 1691650
050 ~~

D 60

"""

12498.6

= 13.534716.

The annuity of $500 has a cost of

500a50
= 500(13.534716) = $6767.36.

3. A man aged 60 has $10,000 with which to buy a life annuity.

What will be his annual income on a 3^% basis?

Solution. Here we have the cost of an annuity and are required

to find the annual rent. Hence, from (4) Art. 129, we have,

Ra60
= $10,000,

$10,000
t\,

--

CJeo

_ 10.000 ,
10.032401

4. An heir, aged 14, is to receive $30,000 when he becomes 21.

What is the present value of his estate on a 3^% basis?

5. What would be the present value of the estate in Ex. 4 on a 4%
basis? Ans. $21,597.30.

6. According to the terms of a will a person aged 30 is to receive a

life income of $6000, first payment at once An inheritance tax of

3% on the present value of the income must be paid immediately.
Find the present value of the income and the amount of the tax.

Ans. $117,632.40, $3,528.97.

7. A man carrying a $10,000 life insurance policy arranges it so that

the proceeds at his death shall be payable to his wife in annual install-
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ments for 20 years certain, first payment upon due proof of death.

What would be the annual installment?

8. What would bo tho annual installment in Ex. 7, if payments were

to be made throughout the life of his wife, assuming that she was 55

years of age at his death?

9. What would be the annual installment in Ex. 8, if the wife took a

twenty-year temporary annuity?

132. Life insurance definitions. Life insurance is funda-

mentally sound only when a largo group of individuals is con-

sidered. Each person contributes to a general fund from which

the losses sustained by individuals of the group are paid. The

organization that takes care of this fund and settles the claim

for all losses is known as an insurance company. The deposit

made to this fund by the individuals is called a premium.

Since, the payment of this premium by the individuals insures a

certain sum or benefit at his death, he is spoken of as the insured

and the person to whom the benefit is paid at the death of the

insured is called the beneficiary. The agreement made between

the insured and the company is called a policy and the insured

is sometimes spoken of as the policy holder. If all of those

insured were of the same age all premiums would be the same,
but since the policy holders are of different ages it is evident

that the premiums vary. One of the main problems is to

determine the premium to be paid for a certain benefit. It is

clear that the premium will depend upon the probability of

dying and also upon the rate of interest to be paid on funds

left with the company. The premium based upon these two

things only is known as a net premium. However, the insur-

ance company has many expenses, in connection with the

securing of policy holders, such as advertising, commissions,

salaries, office supplies, et cetera, and consequently, must

make a charge in addition to the net premium. The net

premium plus this additional charge is called the gross or

office premium. The premium may be single, or it may be
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paid annually, and this annual premium may sometimes be

paid in semiannual, quarterly or even monthly installments.

All premiums are paid in advance.

133. Ordinary life policy. An ordinary life policy is one

wherein the benefit is payable at death and at death only. The
net single premium on an ordinary life policy is the present

value of this benefit. The symbol Ax will stand for the net

single premium of a benefit of 1.

Let us assume that each of l persons all of age x, buys an

ordinary life policy of 1. During the first year there will be

dx deaths, and consequently, at the end of the first year
* the

company will have to pay dx in benefits. Hence, the present

value of these benefits will be vdx . There will be dx+i deaths

during the second year and the present value of these benefits

will be v2dx i, and so on. The sum of the present values of all

future benefits will be given by the expression,

vdx + v2dx+ i + v'*dx+2 + ... to end of table.

Since lx persons buy benefits of 1 each, we will obtain the

present value of each person's benefit by dividing the above

expression by lx . Therefore,

_ v^x ^~ ^j+i + ^j+a + to end of table. (13)
-"a?

= :

LX

If both numerator and denominator of (9) be multiplied by
v
x
,
we get,

_ y*+
l

d, + v*
+2dx+l + ... to end of table,A* ~

flx

Cx + Cx+ i + Cx+ 2 + ... to end of table.

D.

A, - , (14)
MX

* In reality claims are paid upon due proof of the death of the insured,

but we here assume that they are not paid until the end of the year.
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where,

Cx
* = v*+

ldx ,
Cx+l = tf

+2dx +i, and so on,

and Mx
* = CX + Cx+l + Cx+a + . . . to end of table.

Life insurance policies are seldom bought by a single premium.
The common plan is to pay a fixed annual premium throughout

the life of the policy. We denote the annual premium of an

ordinary life policy of 1 by the symbol Px . The payment of

PXJ at the beginning of each year, for life forms a life annuity

due and the present value of this annuity must be equivalent

to the net single premium. Thus we have,

JP,ax = A x . (15)

Solving for Px ,
we get,

P, - -* -
f> d6)

a* Nx

Mx , N,
since, Ax = and ax =

JJX L/x

Exercises

1. What is the net single premium for an ordinary life policy for

$10,000 on a person aged 25?

2. What is the annual premium on the policy of Ex. 1?

3. Compare annual premiums on ordinary life policies of $10,000

for ages 20 and 21 and for ages 50 and 51. Note the annual change in

cost for the two periods of life.

134. Limited payment life policy. The limited payment

life policy is like the ordinary life policy f in that the benefit is

payable at death and death only, but differs from it in that the

* See Table V.

t The ordinary life policy and the limited payment life policy, are often

spoken of as whole life policies in that the benefit of either is not payable
until death.
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equivalent of the net single premium is arranged to be paid in n

annual payments. Here n is the number of annual payments
that are to be made unless death should occur earlier. The
standard forms of limited payment policies are usually for ten,

fifteen, twenty or thirty payments but other forms may be

written.

It is evident that the n annual premiums on the limited

payment life policy form a temporary life annuity due. It is

also evident that this annuity is equivalent to the net single

premium A x . Hence, if the net annual premium for a benefit

of 1 be denoted by nPx,
we may write,

nPx ax;n = A x . ((11), Art. 131.) (17)

Solving for nPx and substituting for
a*;;-]

and A XJ we get,

(18)n. Ar ^_Nx Nx + n

Exercises

1. Find the net annual premium on a twenty-payment life policy

for $2500 on a person aged 30.

Solution. Using (18), Art. 131, we have,

* 10,259
20 3

~
AU - #60 596,804

-
181,663

415,141

250020P3 o
= $61.78.

2. Find the net annual premium for a fifteen-payment life policy of

$10,000 issued at age 45.

3. Find the net annual premium on a twenty-payment life policy of

$5000 for your age at nearest birthday.

4. Compare annual premiums on twenty-payment life policies of

$20,000 for ages 25 and 26 and for ages 50 and 51. Note the annual

change in cost for the two periods of life.
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135. Term insurance. Term insurance is temporary insur-

ance as it provides far the payment of the benefit only in case death

occurs within a certain period of n years. After n years the

policy becomes void. The stated period may be any number

of years, but usually term policies are for five years, ten years,

fifteen years and twenty years.

The symbol A i
x^~i is used to denote the net single premium on

a n-year term policy of benefit 1, bought at age x.

If we assume that each of lx persons all of age x, buys a term

policy for n years, the present value of the payments made by
the company will be given by

vdx + v2dx+1 + v*dx+2 + . . . fdt+n-i. (19)

Since each of lx persons buys a benefit of 1, the present value

of the benefit of each person will be gotten by dividing expres-

sion (19) by lx, Hence,

A l

xZ~\
=

;

If both the numerator and the denominator of (20) be multi-

plied by tr*, we get,

v
x
lx

(if
+ ldx + if

+>
ckn + ... to end of table)

v
x
lx

+ n + v*+n+2dx+n+l + to end of table)

,
Art. 133.) (21)

When the term insurance is for one year only, the net pre-
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mium is called the natural premium. It is given by making
n = 1 in (21) Thus,

_ Mx -Mx+l __
C,

Dx

~
Dx

(22)

The net annual premium for a term policy of 1 for n years

will be denoted by the symbol P l

xir\-
I* is evident that the

annual premiums for a term policy constitute a temporary

annuity due. This annuity is equivalent to the net single

premium. Thus,

P l

*n*,W] =
^.Jfj. (23)

Solving for P l

xn -]
and substituting for ax^[ and A 1^, we get,

Mx
- Mx+n ((12), Art. 131 and^i -

Nz - Nx+n (21), Art. 135.)

Exercises

1. Find the net single premium for a term insurance of $1000 for 15

years for a man aged 30.

Solution. From (21), Art. 135, we have,

4, _ = M" " M" = 1Q259 - 7192.81
3 15 ' D AQ 30,440.8

- 3006,19 _
20440.8

and 1000 A 1M iri
= $100.72.

2. Find the net single premium for a term insurance of $25,000 for

5 years for a man aged 50.

3. What is the net annual premium for the insurance described in

Ex.2?

4. What are the natural premiums for ages 20, 30, 40, and 50 for

an insurance of $1000?

5. A person aged 35 buys a $10,000 term policy which will terminate

at age 65. Find the net annual premium.
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136. Endowment insurance. In an endowment policy the

company agrees to pay a certain sum in event of the death of the

insured within a specified period, known as the endowment period,

and also agrees to pay this sum at the end of the endowment period,

provided the insured be living to receive it. From the above

definition it is evident that an endowment insurance of 1 for n

years may be considered as a term insurance of 1 for n years

plus an n-year pure endowment of 1. (See Art. 128 and Art.

135.)

Thus, if we let the symbol Ax ^-\
stand for the net single

premium for an endowment of 1 for n years we have,

Mx
- Mx+ n Dx+n~~ +~* (25)

(26)

We shall now find the net annual premium for an endowment
of 1 for n years, the premiums to be payable for k years. The

symbol kPx ^~\
will stand for the annual premium of such an

endowment. It is clear that these premiums constitute a

temporary annuity due that is equivalent to the net single

premium. Hence,

A x^. (27)

Solving for ^Px?^ and substituting for
a**-, and Ax^]j we get,

_ Mx
- Mx+n + Dx+n

kPxn i

=-
.

--
(28)

1\ x M x+k

If the number of annual payments are to be equal to the
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number of years in the endowment period, then k = w, and

(28) becomes,

Exercises

1. Find the net annual premium on a $10,000 20-payment, 30-year

endowment policy taken at age 25.

Solution. From (28), we have,

= 11,631.1
- 5510.54 + 9733.40

770,113
-

253,745

= 15
'
853 -96 = 0.0307028.

516,368

10,000 20P26 3in
= $307.03.

2. Find the net single premium on a $1000 20-year endowment

policy for a person aged 35.

3. Find the net annual premium for a $10,000 20-payment endow-

ment policy maturing at age 60, taken at age 25.

4. Find the net annual premium on a $20,000 15-year endowment

policy taken at age 55.

137. Meaning of reserves. By observing the table of

mortality, we see that the probability of dying within any one

year increases each year after the tenth year of age. Conse-

quently, the natural premium will increase with each year's

increase of age. The net annual premium will be much larger

than the natural premium
*

during the earlier years of the

policy, but finally for the later years the natural premium will

become larger than the net annual premium.
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During the earlier years the difference between the net

annual premium and the natural premium is set aside at

interest annually. This fund grows from year to year and is

held intact to meet the heavier mortality of the later years.

This amount so held by the company is known as the reserve *

or the value of its policies. This is unlike the reserve of a bank

for it is not held to meet some unexpected emergency but it is a

real liability of the company to be used to settle the claims of

its policy-holders.

The above remarks may be illustrated as follows: Suppose
a man aged 35 takes out a $1000 ordinary life policy. His net

annual premium for that age on a 83-% basis would be $19.91.

The natural premium for that year would be $8.65, leaving a

difference of $11.26 f to be placed in the reserve. However,
at age 60 the natural premium would be $25.79, which is $5.88

larger than the net annual premium, this deficiency being
cared for by the reserve.

Let us assume that each of 81,822 persons, all aged 25, buy
an ordinary life policy of $1000. The total net annual pre-

miums would amount to $1,629,076.02. This amount would

accumulate to $1,686,093.68 by the end of the first year.

According to the table of mortality the death losses to be paid
at the end of the first year would amount to $732,000.00,

leaving $954,093.68 in the reserve. This would leave a terminal

reserve of $11.77 to each of the 81,090 survivors. The pre-

miums received at the beginning of the second year amount to

$1,614,501.90, which, when added to $954,093.68, makes a

total of $2,568,595.58, and so on. The following table is self

explanatory.

Table showing terminal reserves on an ordinary life policy

for $1000 on the life of an individual aged 35 years.

* The reserve on any one policy at the end of any policy year is known
as the terminal reserve for that year, or the policy value,

t This is the initial reserve for the first year.
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The above table illustrates what we mean by a reserve.

Reserves, however, are not figured in this way. Formulas for

finding the reserves on different kinds of policies and for any

year may be derived but we shall not attempt this discussion

here.
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Cotangent, defined.

for acute angle, 116.

for any angle, 130.

Decreasing functions, 163.

Dependent events, 192.

Depreciation schedule, 109.

Depression, angle of, 128.

Derivative, definition, 153.

of a constant, 157.
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Derivative, definition Con tinned.

of a product, 158.

of a quotient, 159.

of a sum, 158.

of u\ 160.

Deviation, 176.

mean deviation, 176.

quartile deviation, 176.

standard deviation, 176.

Difference, trigonometric functions

of, 136.

Discriminant of a quadratic equa-

tion, 63.

Distance between two points, 50.

Division, 4.

Division by zero, 4.

Elevation, angle of, 128.

Endowment insurance, 206.

Equalities, 12.

Equation of a line, 50.

slope and point form, 53.

two point form, 51.

Equations, 12.

equivalent, 13.

extraneous roots of, 22.

fractional, 21.

linear, 12.

quadratic, 58.

simultaneous, 39.

solution or root of, 12.

Exclusive events, 193.

Exponents, laws of, 74.

Extremes

of arithmetical progression, 89.

of geometrical progression, 90.

Factorial, 190.

Factoring, 6-11.

Formulas taken from geometry, 26.

Fractions, 16-23.

addition and subtraction of, 18.

complex, 20.

multiplication and division of, 19.

operations of, 16.

Frequency tables, 170.

Function, 24-38.

definition of, 24.

graph of a, 29.

trigonometric, 115.

Functional notation, 24.

Functional relations, 25-

Geometric mean, 90.

Geometrical progression, 90.

elements of, 90.

nth term of, 90.

ratio of, 90.

sum of, 90.

Graphical solution

of a quadratic equation, 65.

of simultaneous linear equations,

41.

Half angle formulas, 137.

Highest Common factor, 9.

Identities, 12.

Imaginary numbers, 62.

Inconsistent equations, 42.

Increasing functions, 163.

Independent events, 192.

Infinity, meaning of, 122.

Insurance, definitions, 200.

endowment, 206.

limited payment life, 202.

ordinary life, 201.

term, 204.

Intercepts on the axes, 41.

Interest, 92-96.

compound, 95.
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Interest, simple, 92.

Interpolation, 85.

Irrational numbers, 61.

Irrational roots of a quadratic equa-

tion, 01.

Law of cosines, 144.

Law of sines, 140.

Law of tangents, 147.

Life annuity, 195-200.

due, 197.

meaning of, 195.

present value of, 196.

temporary, 197.

Life insurance definitions, 200.

Limited payment life policy, 202.

Linear equations, 12.

Line representation of trigonometric

functions, 121.

Logarithms, 81-87.

characteristic, 83.

common, 83.

definition of, 81.

mantissa, 83.

properties of, 82.

Lowest common multiple, 10.

Mantissa, 83.

Maxima, 67, 165.

Mean deviation, 175.

Means, 89, 90, 171.

arithmetical, 89.

geometrical, 90.

Measures of central tendency, 171.

Median, determination of, from a

frequency table, 174.

Minima, 67, 165.

Mode, 172.

Mortality table, 188.

Multiplication

of fractions, 19.

of polynomials, 3.

Natural premium, 205.

Negative angles, 131.

Net premium, 200.

annual, 201.

single, 201.

Numbers

complex, 62.

imaginary, 62.

irrational, 61.

rational, 61,

real, 62.

Office premium, 200.

Ordinary life policy, 201.

Ordinate, 30.

Origin of coordinates, 30.

Parallel lines, 54.

Parentheses, 1.

Pearson correlation coefficient, 183.

Permutations, 189-190.

definition of, 189.

of n things r at a time, 190.

Perpendicular lines, 55.

Policy, 200.

endowment, 206.

limited payment life, 202.

ordinary life, 201.

term, 204.

Policy holder, 200.

Premium, 200.

annual, 201.

gross, 200.

natural, 205.

net, 200.

net annual, 201.

net single, 201.

office, 200.

Present value, 104.

of an annuity, 104, 105.

of a life annuity, 196.
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Principal

amortization of, 110.

Probability, 186-194.

based upon observation or ex-

perience, 187.

definition of La Place, 186.

meaning of, 186.

Product moment formula, 183.

Product of the roots of a quadratic,

65.

Progressions, 88-91.

arithmetical, 88.

elements of, 88, 90.

geometrical, 90.

Pure endowment, 195.

Quadrants, 130.

Quadratic equations, 58-73.

solution of, 59.

typical form of, 58.

Quadratic function, 58.

Quartile deviation, 176.

Radicals, 77.

Radicand, 77.

Rank method of correlation, 181.

Rational numbers, 61.

Real numbers, 62.

Reserve, 207-209.

Right triangles, solution of, 125-

129.

Roots, 12.

imaginary, 63.

nature of, 63.

of an equation, 12.

of a quadratic equation, 59.

product of, 65.

rational, 64.

real, 64. .

sum of, 65*

Secant, defined

for acute angle, 116.

for any angle, 130.

Signs of agregation, 1.

Simple interest, 92.

Sine, defined

for acute angle, 116.

for any angle, 130.

Sine of a sum, 135.

Sines, law of, 140.

Sinking fund, 108.

Slope of a line, 48.

Solution

of an equation, 12.

of an oblique triangle, 141-151.

of a quadratic equation, 59.

of a right triangle, 125-129.

of simultaneous linear equations,

43, 44.

Standard deviation, 176.

Statistics, definition of, 170.

Straight line, equation of, 50.

in point slope form, 3.

through two points, 51.

Subtraction

of fractions, 18.

of polynomials, 1.

Sum and difference formulas, 138.

Sum, trigonometric functions of,

135.

Tangent, defined

for acute angle, 116.

for any angle, 130.

Tangents, law of, J.47.

Tangent of a sum, 135.

Tangent to a curve, 153.

definition of, 153.

equation of, 163.

slope of, 154.
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Temporary.annuity, 197.

Term insurance, 204.

Terminal reserve, 208.

Triangle, area of, 26, 149.

Trigonometric functions, 115-123.

defined, 115.

of complementary angles, 117.

of difference, 136.

of half an angle, 137.

of sum, 135.

of supplementary angles, 132.

of twice an angle, 136.

Twice an angle, functions of, 136.

Typical form

of linear equation, 13.

of quadratic equation, 58.

Variable, definition of, 24.

Variations of the trigonometric

functions, 122.

Zero, division by, 4.
















