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Hamamu moet mamepu

BBEJEHUE

B kiaccrmueckux MoJiesisIx 3a/1ad ONTUMU3AINKA KPUTEpUil Ka-
gecTBa (HOPMAIU3YETCS B BHUJE BEIIECTBEHHO3HAYHON (DYHKIINHU, OIpe-
JIEJICHHON Ha MHOYKECTBE JOIIYCTUMBIX PEINeHUil, IPU 3TOM IEIb OITHU-
MUBAIUN OHO3HAYHO CBA3BIBAETCS ¢ MUHUMU3AIUEH T MAKCUMU3aIH-
eit mannoit dyuknuu. [lo Mepe yCI0KHEHNST TEXHUIECKUX U COITUATBHO-
9KOHOMUYECKUX CHCTEM, BOBJIEKAEMbIX B cdepy MPUIOKEHUN MareMa-
TUYECKOH TEOPUN ONTUMU3AINH, BbIABUIACH HEAIEKBATHOCTD TAKOH MO-
JIeJI PsIy peasibHbIX 3aJ1a4d PAIMOHAJIBHOrO Bbibopa. OjHa u3 mpudnH
HECOOTBETCTBUsI — MHOTOLEJEBOH (MHOrOKPUTEPUAJILHBIN) XapakTep
GOJIBIMMHCTBA PEAJHHBIX 3324 PAlMOHAJBHOrO BbiOOpa. Hampumep, B
CONUAJTBHO-9KOHOMUIECKUAX CHCTEMaX MHOTOKPHUTEPUATIBHOCTD MOXKET
OBITH 00YCJIOBJIEHA IEJIEHAIIPABICHHBIMU JIECTBUSIMU B CHUCTEME TDyII-
bl UHMBHUJIYYMOB, KaXKJIbIH 13 KOTOPBIX IPECIEAyeT CBOM COOCTBEHHBIE
MHTEPECH. BBIPa3uTh CTENEHb YI0BJIETBOPEHHOCTH BCEH MPYIIILI IPU Pe-
AJTU3AIIN TOTO WJIK WHOTO KOHKPETHOTO PENTeHNsT OJTHUM BEIeCTBEHHBIM
YUCJIOM BECHbMa TPYJIHO, & WHOTJA U HEBO3MOYKHO. AHAJOTHYIHBIE TPY/I-
HOCTH BO3HUKAIOT W IPU OIEHKE CJIOXKHBIX TEXHUIECKUX CHCTEM.

HauaJio cucreMaTndecKoMy M3yYEHUIO 33189 MHOTOKPUTEPUATHHOTO
PpaIMOHAILHOTO BBIOOpa ObL10 mosiokeno JIxk. por Heiimarnom u O. Mop-
rerinrepaoM B Monorpaduu [182], B Koropoii 6bLiu paspaboTaHbl OCHOBBI
HOBOI MaTeMaTU9IeCKOil Teopuu — Teopun urp. Juciio pabor, MOCBAIIEH-
HBIX TEOPETHKE-UI'POBBIM IIPOGJeMaM, OrpOMHO (CM. AHHOTHPOBAHHbBIE
ykasaresnn [45, 46]). PeTpocnekTuBHBIN 0630p W aHAIM3 COBPEMEHHBIX
TeHJeHIUi pasBUTUs Teopun urp jad B padorax H.H.BopoGbesa [47,
48]. Pe3ynbrarhl 0O OTJAEJbHLIM HAIIPABICHUIM TEOPUU WD JETAJTHHO
upejicraBiensl B MoHorpadusax [49, 142, 144, 189-192, 229].

Hpyrast npuanHa HEAIEKBATHOCTH KJIACCHYECKUX MOJIeJIel 3a/1a49 Om-
TUMH3AIAN PeabHBIM 33/1a9aM BBIOOPa 00YCJIOBJIEHA TEM, 9TO BO MHO-
IUX TAKUX 38J1a9aX BHIOOP ONTUMAJIHLHOTO PEIIeHUs] BOOOIIE HE MOXKET
ObITH OCHOBAH HA YHCJIOBBIX OIEHKAX JIOIYCTUMBIX PENICHUii, a Olupa-
eTcsl JIMIIb Ha DPE3yJIbTaThl IIApHBIX (WiIu 7 -apHbX, ¢M. [8]) cpaBHe-
HUil JomyCcTUMBIX periennit. EcrecTBerno, aTo Hanboee MOIXOISAIIAMA
dopMaTbHBIME 0ObEKTaAMU J[JIsi OMMCAHUST PE3yJIbTATOB MAPHBIX CpaB-
HeHUil fBJIsA0TCs GuHapHble orHomeHus (cM. §1). Io-Bupmmomy, Bep-



BbIe (bOpMaJIbHBbIE MATEMATHIECKHAE MOIEHN 33/1a9 PAIMOHAIBHOIO BbI-
6opa, B KOTOPBIX MMOKA3aTe/ b KA4eCTBa 3aJaH B BHJIe OMHAPHOTO OTHO-
IMeHnsI, TaK¥Ke OBLIN MPEeJICTaBICHBl U IIEPBOHAYAILHO UCCJIEI0BAHBI B
monorpadun [182, r. 12]. B mocieaytomem paspaboTKa TEOpUH JIIsl Ta-
KX MOjejieil BBIOOpa IIPOMCXO/IN/IA B OCHOBHOM B PAMKaX SKOHOMUKO-
MaTeMaTHIecKnX uccienopanuit [128, 137, 157, 168, 184, 221].

B mocaemnme rompl mHTEpeCc K mpobseMaM parroHAJIBHOTO BBHIOOPA
3HAYUTEIHLHO BO3POC B CBSI3U C CO3JIAHMEM CHCTEM aBTOMATHU3AIINU B Ta-
KUX chepax MHTE/IEKTYAJIBHON JIeITeIbHOCTH YeJIOBeKa, KaK yIIpaBJie-
HUe, TPOEKTUPOBAHUE U T. JI. SHAYNTEIbHbIE YCUJIUs UCCJIeI0BaTe e Ha-
MPABJIAIOTCS KaK HA PEIeHne KOHKPETHBIX 33729, TaK U Ha BLISBJICHNE
00ImuUX uJieil U MPUHITUIIOB, JIEXKAIIX B OCHOBE PAIMOHAJIBHOTO BBIOODA,
ux GOPMATU3AIMIO U CO3JaHIe B UTOTe ODIeil MaTeMaTHIeCcKOil Teopun
npuHsiTust pemennii [20, 134, 158, 169, 178, 187, 219, 220, 225, 234, 235,
241].

Hacrosimast moHorpadmst mocBsimneHa 3aa4aM BEKTOPHONW OITHMIU-
ganuu. JacTo B JuTepaType 1o BeKTOPHON ONTUMI3AIMeN TOHUMAeTCsT
BeCh KpYI IPO0JieM, CBSI3aHHBIX ¢ MHOTOKPUTEPHAJIBHOCTBIO B 3aJ[a9aX
[IPUHSITHUS PEIIeHUs], ITPU STOM T€PMUHBI BEKTOPHAST ONITUMU3AIINAS T MHO-
roKpuTepuabHas (MHOIOLE/EBas) ONTUMU3AIUS UCIIOIb3YIOTC KaK CU-
HoHUMBI. Takoe MMPOKOe TOJKOBAHUE BEKTOPHON ONTHUMU3AIINN OCOOEH-
HO OBLIO TIPUCYIIE HAYAIBHOMY MepHoLy uccyeaoBanwmii. [lo Mmepe pa3su-
THSI MaTeMaTHIeCKOll TEOPUU IPUHSTHS PelleHuil 6oJjiee orpeeeHHon
CTAHOBWJIACH U TOYKA 3PEHUsS Ha MPOOJIEMATHKY TEOPUU BEKTOPHOI OII-
TUMU3BAIUH.

[IpuBesem 31ech KpaTKuit O9€pK OCHOBHBIX el M MOHSTHI oOIeit
TeOpUU MPUHSITHS PENIeHUI U OIPeIeJIMM MECTO 3312 BEKTOPHOI OITH-
MU3aIUU B paMKaX 3TON TEOPUH.

DopMasIbHOE OTIpe/IesieHne JTII000N 3aa9y ONTUMI3AIMA U U
(M., Hanpumep, [41, 43, 48, 49, 176]) sIBHO WK HESIBHO COAEPIKUT CJIETY-
foIUe JIBe KOMIIOHEHTBI: HEKOTOPOe MHOYKEeCTBO X, HMHTEPIIPETUPYEMOe
KaK MHOXKECTBO BO3MOXKHBIX HCXOIOB, U ceMeiictso G C 2X*X Gunap-
HBIX OTHOIeHnH Ha X, KaxKJ10€ U3 KOTOPBIX MHTEPIPETUPYETCS KAK 10~
Kaz3arejb KadeCcTBa, COOTBETCTBYIOMUN OT/IEJbHOMY WHIUBUILYYMY WA
xXapakTepusyromuii otuenbHoe cBoiictso nexona. Cucremy I := (X, G),
00pa30BaHHYI0 STHMU JIBYMsI KOMIIOHEHTaMHU, HA30BEM IIPOCTPAHCTBOM
peleHunii.

MuoxkectBo X Oy/ieM Ha3bIBATH HOCUTEIEM ITPOCTPAHCTBA PEIIeHMIH,
s7eMeHThl ¢ U3 X — pelleHusiMu, a bunapuble orHomernss G u3 G —
[TOKa3aTe/sSIMA WX KPUTEPUSIMU KaIeCTBA.

ITpocrpancrso perenuii I' := (X, G) HazoBeM OIHOKpPUTEPUAIILHBIM,
eciim Ha X 3aJ]aH €IUHCTBEHHBIH KPUTEPUil KAIeCTBa, T. €. €CJIH
G = {G}. Ecumn xe cemeiictBo G comepRuT Gojiee OIHOTO KPUTEPHsI



Ka4yecTBa, TO MPOCTPAHCTBO PENICHU HA30BEM MHOIOKPHUTEPHAHLHBIM.

Sadurcupyem MHOXKeCTBO X U PACCMOTPUM KJIACC §x, COCTOSIITAI
U3 BCEBO3MOXKHBIX IpocTpancTs pemternit I' := (X, G), y KOTOPBIX HOCH-
TeJIb TPOCTPAHCTBA, €CTh MHOXKECTBO X.

[Tos NpUHIMIIOM ONTUMAJIBHOCTH, 33/IAHHBIM Ha KJIACCe IPOCTPAHCTE
periennii §x, Oyaem monumars (cp. ¢ [41, 43, 48, 176]) coorsercrBue
C MeXIy KIacCoM §x M COBOKYIHOCTBIO oTobpazkenmit C : 2% — 2%
CONOCTABJIAIONAX KasKJIOMy HerycTomy MHOXkKecTBy 2 C X HekoTopoe
ero nopmuoxkectso C(2) C Q (rakue orobparkeHus HasbiBaOTCA [43,
169, 176, 178] dyHkuusMEI BBIGODA).

[Mpuanun ontumansHocTr C HA30BEM OJHOZHAMHBIM, €CJI COOTBET-
crBue C sBJIsIETCsT OTOOPasKEHUEM, T. €. €CJIU KayKJIOMY MPOCTPAHCTBY
pemenuit I' € Fx coorBercrBue C comocrasiisier He OoJiee OHOI DyHK-
nuu Beibopa Cr.

OnucaHHbIli yPOBEHDb (DOPMATUBAIAY IPUHIUIIA ONITUMAJIbHOCTH He
OXBATBIBAET BCE Te COJEPKATEIbHBIE TIPEJICTABJIEHNsS O HanboJiee Crpa-
BeJJIMBOM WJIN HamboJiee PaImOHAIBLHOM BBIOODE, KOTOpPBIE OOBIYHO WH-
TYUTUBHO BKJIAJBIBAIOTCS B IIOHATHE onTUMAa bHOCTH. Jlanpueiimas dop-
MAaJIM3aIAs TAKUX COJEPIKATEIBHBIX MPEICTABIEHUN W COCTABJISAET CO-
JIEpKaHNe OJHOI M3 OCHOBHBIX ITPOBJIEM TEOPUH NPUHATUS PEIIEHUH —
poGJIEMBI ONIPEIeJIEHUs IIPUHITAIA, ONITUMAJIBLHOCTH. BriepBble 9Ta mpoo-
JeMa Oblila OCO3HAHA B paMKax Teopuu urp [39, 41, 43, 48, 49]. Xors
UTPOBBIE MIPOCTPAHCTBA PEIeHUl MMEIOT CBOU CIenuduIecKre 0coOeH-
HOCTH, KOTOPBIE HAXOJSAT OTPayKeHWE W B NPHUHIUIIAX ONTHUMAJLHOCTH,
pasBUTAas B TEOPUU UT'P METOJIOJIOT U UCCIIEOBAHUS IOHATHS O THMAJIb-
HOCTH UMeeT BayKHOe 3HAYEHUe U JIjis OOIIel TeOpUY IIPUHSTHS PEIIEHII.

Cpeam BCex MOJXO/I0B K MOHSATHIO ONITAMAJIBHOCTH HAMOOJIEE eCTECT-
BEHHBIM IPEJICTABJISIETCS aKCUOMATHIECKUH METOJI OlPeJIeIeHUsT IPUH-
AT ONTUMAJHLHOCTH, HAnbOJ/Iee CYIIECTBEHHBINH BKJIAJ B PA3BUTHE KO-
roporo saecsu H.H. Bopo6ses [48, 49] u 9. W. Buukac [39 — 41, 225].
CyTb 9TOT0 METO/Ia COCTOUT B TOM, UTO cooTBercTBre C 3ajaeTcst mocpe-
JICTBOM Habopa aKCHOM, OIPEEeNAIONNX ero CBOWCTBa Ha HEKOTOPOM
KJIACCE MTPOCTPAHCTB PENIeHn#. AKCHOMATHIECKHE OIIPEIEIeHUsT TPUHITI-
[IOB ONITUMAJILHOCTH HA MHOIOKPUTEPHUAJIBHBIX IPOCTPAHCTBaX 6€3 UIPO-
BOil cTpyKTyphI pacemorpenbl D. Y. Buskacom B padore [40)].

®yuxmmo seibopa C @ 2X — 2% paspBalor mOpMabHOI, ecin
cymecrByer 6unapaoe ornomenne Go C X X X takoe, uro C(§2) =
= Min (Q|G¢) mas Becex Q@ C X, tae Min (Q|Ge) — noaMHOXKECTBO
MUHUMAJIBHBIX 10 OTHOIEHUIO (G 3JIEMEHTOB MHOXKecTBa, ().

Hamomunwm 10, 22, 29] (cm. § 1), uto 2 € Min (|G ¢) Torma u Toapko
Torga, Korjga x € ) u gus jmoboro y € Q us ycnosusa (y,x) € Ge
crnenyer (z,y) € Ge.

Kpurepuii HopMaabHOCTH (DYHKIUU BBIOOpPA NPEJCTABJICH, HAIPH-



Mep, B MoHOrpadun [176].

[Mpuanyn ontumaasaocTn C Ha §x OyZeM HA3BIBATH HOPMAJIBHBIM,
ecim jutst gmioboro I' € §x coorBercrByromas Gyuknusa Bbibopa Cr
ABJIAETCA HOPMAaJIbHON.

C HOpMAJIbHBIMY IIPHHIUIIAMA OUTUMAJIBHOCTH TECHO CBI3AHBI IPUH-
IUIIBI CONIACOBaHMUs Kpurepues Kadectsa [176]. [Tog npuHnmmom cormaco-
BaHNs KPUTEPHEB KadeCTBa IOHMMaeTcs cooTserctue R @ (X;G) —
(X;R(G)), tne R(G) C X x X -GunapHoe OTHOIIEHHE Ha X, MeXJIy

1
KJIACCOM §x W €Tr0 MOJIKJIACCOM ]—")((), COCTOSAIMUAM N3 OJHOKPUTEPUAJIH-
HBIX IIPOCTPAHCTB PEIICHUNA.

BesikoMy HOpMaIbHOMY NPUHIMITY onTuManabHOCTH C  MOXKHO CO-
nocraBuTh npuHImn cortacosannsds Re @ (X;G) — (X;Rc(G)), mo-
noxus Ro(G) = Gery O6parno, ecu 3ajian NPUHIMIT COTJIACOBA-
Hust R, To, onpenenus g xkaxkgoro I' := (X;G) dynkuuo BbIGOpa
Q — Min(QR(G)), MBI 33Ja1uM TeM CaMbIM HOPMAJIbHBIA [PUHIHI
ONTUMAJIBHOCTH Ha §x. BeCiemcTBre 3TO# ¢BA3M MOIXOABI K IMpobeme
dopmaIM3anIn IPUHIMIIOB ONTHMAILHOCTH U IIPHHIMUIIOB COIVIACOBAHUSL
B IJIEHHOM IUIAHE BO MHOTOM COBIQJIAIOT.

Kpowme ob1mmx coobparkeHuit ipu Onpe/ieIeHIH TPUHITIIIA OIITHMAJTb-
HocTH (MM IPUHIAIA COTTIACOBaHNUS) 3(DMEKTUBHO MOKET ObITh MCIIOIb-
30BaHa MHMOpPMAINA O TAKUX KAYECTBEHHDBIX OTHOIICHUAX MEXKJIy KPH-
TepusiMU, KaK OTHOCUTEJbHAS BAYKHOCTH W PABHOIEHHOCTH KPUTEPHUEB.
Akcuomaruieckue crocoObl 3aJlaHusi TAKOH WHMOPMAIIUN UCCIIEI0BAHBI
B. B. Iogunrosckum [196, 197, 199] (em. Taxxke [43, 225]). B wactHOM
caydae, KOrjla KpHUTepun KadecTBa n3 § 3aJaHbl (DYyHKIUIMHI OJIE3-
HocTHu (BemecTBeHHO3HauHas GyHKnus ¢ : X — R HasbBaercs [41,
240] dbyukuueit nonesnoctu Gunapuoro ornomenus G C X X X, ec-
g st nobeix z,y € X yenoBue (x,y) € G uMeer MeCTO TOrJA U
ToJIbKO TOra, Korpa ¢(x) < ¢(y)), rakas uHdOpMaImsa MOXKeT ObITb
IIpUBHECEHA B IIPOCTPAHCTBO PEIEeHMl MO0 B BUJIe BECOBBIX KO3pdU-
IIUEHTOB C MTOCJIEIYIONIIM COTJIACOBAHIEM KPUTEPUEB B BUJIE & [TATHBHO-
B3BelIeHHON cBepTKU Kpurepues (28, 170, 178, 199, 200, 234, 235, 241],
Jbo B BUJIE YPOBHEH YCTYIIOK 110 KaxKJA0My Kpurepuio [44], mubo B Buje
UJIEATbHOM TOYKHM W HEKOTODOI Mepbl nmpubimkenust K Hei [224, 318].
B peanpubix Monesnsax nudopMaIys 0 CPABHUMOCTH KPUTEPUEB MOXKET
OBITH TOJIyU€Ha, HAIIPUMED, HA OCHOBE PA3JIMIHBIX SKCIIEPTHBIX OIEHOK
[21, 63, 64, 241].

Ecnn ke HUKaKO# JIONMOJHUTENbHON HHMOPMAINN O CPABHUMOCTH
KPUTEPUEB KAIECTBA HET, TO OMPABIAHHBIMU MIPEICTABIISIIOTCS JIUIIb Ta-
Kr€ IPUHIUIBI COTJIACOBAHUS U MPUHIIAIGI ONTHUMAJIBHOCTH, PEe3yJIbTa-
TBHI KOTOPBIX HE OY/IyT IPOTUBOPEYNUTH PE3YJIbTATAM, HOJIYIEHHBIM DU
[OsiBJIeHUH JII000I BO3MOXKHO# mHoOpMamnuu. CyliecTByer HapaJijieib



MEXK/Iy OIMCAHHBIM “OCTOPOXKHBIM IIOIAXOJ0M K OIPEIEIeHUI0 TPUHITI-
1a ONTUMAJIHFHOCTH WJIN MIPWHIIAIIA, COTJIACOBAHWS W PEIIeHNEeM 3a71a9 B
ycaoBusax meonpeenerroctn 148, 178, 234], ocHOBaHHBIM Ha TIPUHITATIE
rapaHTHPOBAHHOTO pesyJibrata [62, 65, 143, 148, 225, 238]. O6menpusna-
HO, 9YTO TAaKOW mjiee “OCTOPOXKHOCTH B IOJHOM Mepe YyIO0BJIETBOPSIOT
[PUHIUIBL, HOCSIIME MMsl UTaJbsHCKOTO sKoHoMucTa B. ITapero [333]:
npuHnun ontTuMagbHocTH [Tapero

Pr(£2) = Min(Q] ﬂ G) mus Beex 2 C X,
Geg

a TaKKe COOTBETCTBYIONINII eMy IpUHITUT coryiacoBanus [lapero

Rp: (X;0) = (X; [ G).
Geg

Ha stoMm 3aBepiuM o0Cy»K 1eHre IpobJIeM ONTUMAJIBHOCTH U COTJIACcO-
BaHMsI KPUTEPUEB Ha MPOCTPAHCTBAX PEIICHU U mepeiieM K ompeese-
HUIO ODOIIel 38891 OINTUMU3AIIHH.

I[Iycts C — omHO3HAYHBIN MPUHITAIT ONTUMAJILHOCTH Ha §x, | =
= (X;G) — dukcupoBaHHOE POCTPAHCTBO pemlenuii, {} — HEKOTOPOe
HOJMHOXKecTBO 13 X.

ITox obrmeit 3ama4eil ONITUMHU3AINY, ONPEIEJEHHON Ha MPOCTPAHCTBE

pemenuii I' := (X;G) 1o npunnuny ontumanbaoctu C, OyjeMm moHu-
MaTh 3aJIa9y HAXOXKJIEHWs JJisi 3aJanHoro MuoxkecrBa () C X coor-
BercrBylomero emy nogmuoxecrtsa Cr(f2), rme Cr — dyHKIus BbI-

6opa, corocTaBiIsieMast IIPOCTPAHCTBY perteHuit I’ B cuury npuHIUIA OI-
tumasabHocTu C.

TakuM ob6pa3oM, obImas 3aJada OUTUMU3ANUN MOXKET ObITH 33JIaHA
B Buje cucrembl {€;T,C}. MHoxkectBo §) Ha3bIBAETCH MHOXKECTBOM

JIOIYCTUMBIX pelennii 3aga4qu ontuMusanuu, a Cr(§)) — MHOXKeCTBOM
ONITUMAJIbHBIX PEINTeHMIA.
Kaxnoe npocrpancrso pemennit I' := (X;G) u npuamun onrn-

masbHOocTH C Ha §x ompenessor Kiaace 3aaad onrtuMusanun {I', C'}.
YT06bI BBIAEIUTH U3 3TOrO KJIACCa HEKOTOPYIO KOHKPETHYIO 3318y OIl-
TUMU3AINN, HEOOXOIUMO 33/[aTh MOAMHOXKeCTBO () m3 X, IOJIOKUB €ro
MHOKECTBOM JIOILYCTUMBIX DEIeHHiA.

Ecmu npunmun ontumansaoctn C Ha §x SBIAETCS HOPMAJBHBIM,
To 3amaqy ontumusanuu {; T, C'} rtakke GyjeM Ha3bIBATH HOPMAJIb-
HOIA.

ITycrs {I',C} — wiacc HOPMAJILHBIX 33Ja9 ONTUMU3AIUA U HYCTh
6unapuoe ornomenne Gpr C X x X takoso, yro Cr(£?) = Min(Q2|Gr)
ans seex 0 C X. ObGpasyeM OJHOKPUTEPUATBHOE MTPOCTPAHCTBO 17 1=
= (X;Gr). Jlerko BUAETh, YTO UCXOJHBIA KJIACC 33Ja9 ONTUMU3AIIN



coBnaJaer ¢ kiaccoM 3azad onrumuzanun {I’; P}, rne P — npusnun
ontumagbaocTu [lapero Ha §x. CraemoBarenbHO, JI00as HOPMAJIbHAS
zagaya onrumudanuu {; ', C'} moxer 6biTh nepedopMyIMpOBaHa Kak
sagada ontumusanuu {; TV, P} Ha 0HOKpUTEPHAIHLHOM IIPOCTPAHCTEE
pemennii IV mo npunmuiy onrtumasabHoctu Ilapero P. Yciosumcs B
JmasbHeleM (GopMyJInpoOBaTh HOPMAJBHBIE 38891 ONTHMAJIBHOCTH HC-
KJIIOUATETHHO KaK 331891 ONTAMU3AIAN Ha OJHOKPATEPUATBHBIX TPOCT-
pancTBax perrenuii. [I0CKONIBKY TP 9TOM COTJIANIEHWM TTPUHIIAI OIITH-
MaJIbHOCTU (PUKCHPOBAH, TO JI00ast HOpMAaJbHAs 33J1a49a ONTHUMU3AIUN
nosHOCTBIO onpejiesisiercs: cucremoit {Q; T}, tne T := (X;G) — onHo-
KpHUTepUATbLHOE TIPOCTPAHCTBO pemnennii, a ) C X — MmoIMHOXKECTBO U3
X. Bouee Toro, Tak Kak st goboro 2 C X muoxkecrso Min(Q|G) on-
HO3BHAYHO olpejiesisiercd cyxenueM G Ha ) (OGMHAPHBIM OTHOIIEHHEM
GN(Q2xK)), To 0bast HOpMAJbHA 33/]a49a OITHMUAZAINNA MOXKET OBITH
OIIpeJIeIeHa MHOYKECTBOM JIOIYCTUMBIX pelneHnii () u 3aJaHHBIM Ha HEM
OuHApPHBIM OTHOIIeHneM (G W, CJIeJIOBaTeIbHO, (POPMAJIBLHO MOYXKET OBIThH
oroxkaecTBIeHa ¢ cucreMoil {Q; G}.

O6mas Teopusi HOPMAJIBHBIX 3a/a9 ONTUMH3AIUH, PACCMATPUBAE-
MBIX B Bujie cucteMbl {2, G}, rae @ — nponssosbHOe abCTPaKTHOE MHO-
2KeCTBO, a (G — MpOoU3BOJIHLHOE GUHAPHOE OTHOIIEHNE HA HEM, pa3pabaThl-
Basnace eme JIx. don Heiimanom u O. Moprenmreprom B [182, rir. 12].
OCHOBHBIE PE3YJILTATHI, TTOJIy9IEHHBIE WMH, CBA3BIBAIOT CBOWCTBA MHO-
JKECTBa ONTUMAJbHBIX pemtenuit Min(Q|G) ¢ takumu cBoiicTBamMu 6u-
HApHOro OoTHOMmEHusT (7, KakK alUKJIMIHOCTD, IIOJHOTA U Jp. KcrecTBeH-
HBIIi TIyTh JATBHENIIIEro pa3BUTUsI TEOPUH COCTOUT B U3YUYEHUU OTJIE/b-
HBIX KJIACCOB 38714 ONTUMU3AIAY, JJIsl BBIJIEJEHNUs] KOTOPBIX BOCIIOJIb-
3yeMcsl IOHSITHEM TTPOCTPAHCTBA OIEHOK.

Byunewm rosopurs, uro I'y := (X7, G1) saBisiercs IpocTpaHCTBOM OLie-
HOK Jiu1s IpocTpancTia pemennit I := (X, G), ecou cymectByeT oroGpa-
xenne F @ X — X Takoe, u4To s JIOOBIX T,y € X BKJIOYEHUE
(x,y) € G mMeeT MecTO TOrza M TOJLKO Torga, korma (F(z), F(y)) €
€ (G1. Bunapnoe ornomenune G Oy/ieM HA3BIBATH IPH 3TOM OTHOIIEHH-
€M IIPeJIIIOYTEeHNs OIEHOK, a 3HadeHune F'(x) — oleHKOl pemieHus .

Ecau Ty := (X1, G) siBiIsieTcst MPOCTPAHCTBOM OIIEHOK JIJIsl IIPOCT-
pancrsa pemennit I' := (X, G), 1o s moboro Q C X wumeer mecto
pasencteo Min(Q|G) = {z € X|F(z) € Min(F(Q)|G1)} n, cremosa-
TEIBHO, JI06ast HOpMAIbHASA 3818498 ONTUMAZAIANA Ha TPOCTPAHCTBE pe-
menuit ' := (X,G) Moxker GbITH pacCMOTpEHa Kak Ipoodpa3 3a/adu
ONTUMU3AIUY Ha npocTpaHcTse permennii 'y := (X1, G1).

MHOKeCTBO IeHCTBUTENBHBIX Yncesl R ¢ eCTeCTBEHHBIM OTHOIIIEHHEM
nopsiika < Ha HEM SBJISIeTCsl HamboJiee N3y IeHHBIM ¢ MATEMATHIECKON
TOYKM 3PEHUs IPOCTPAHCTBOM perteruii (R, <).

ITpocrpancTBa pemnteHnii, st KOTOpbIx (R, <) siBJIsieTCs] HPOCTPAH-



CTBOM OIIEHOK, HA30BEM CKaJIIPHBIMU IIPOCTPAHCTBAMU PEIIeHuii, a Hop-
MAJIbHBIE 331491 ONITHUMU3AIAN Ha CKAJISPHBIX MPOCTPAHCTBAX PEITCHUN
— 3a/1a9aMu CKaJIIpHOH onTumu3almn. JIpyrumu ciioBaMu, IpOCTPAHCTBO
perennit (X;G) SBIAETCS CKAJISPHBIM, €CJIM CYIIECTBYET BEIECTBEH-
HosHauHasi pyHkiust f : X — R Takas, 94ro s J0ObIX x,y € X
BKJIIOUeHne (x,y) € G MMeeT MeCTO TOIrJIa U TOJBKO Torja, Korja f(z) <
< f(y). Kak yxe ormeuasocn Boiue, dbyokimua f : X — R, obia-
JTAIOIIAsT YKA3aHHBIME CBOMCTBAMY, HA3BIBAETCS (DYHKIMEH TIOJIE3HOCTH.
UccnenoBannst yeIoBuiA CyIecTBOBaHUsT (DYHKIUI MTOJIE3HOCTH Ha, TIPO-
CTPAHCTBAX PEIICHU, T. €. YCJIOBHil, KOTJIa IPOCTPAHCTBO PEIICHUI B~
JIAETCS CKAJIAPHBIM, COCTABJISIOT OCHOBHOE COIEPIKAHME TEOPUH I10JIE3-
nocrn [42, 137, 240).

CoBpeMeHHasT MaTeMaTHYeCKasd TEOPHS ONTUMHU3AIMU B OCHOBHOM
uMeeT JeI0 ¢ 3aJ@uaMy CKassipHoil ontuMusarnuu [11, 15, 16, 23 — 25,
34, 36 — 38, 56, 58, 91, 115, 122 — 125, 129, 132, 136, 146, 163, 167, 171,
202, 245]. Hapsay ¢ s1uM HaduHas ¢ 60-X rofoB UHTEHCUBHO PAa3BUBA-
€TCsl TeopHs BEKTOPHOI onrrumusanuu (6ubauorpadudeckue yKa3aTesun
[249, 325] comepxxkar Gosee 2000 HaMMeHOBaHMIH).

OCHOBONOIATAIONIAM JIJTsSI ONIPE/IEIEHIS 3a/1a9 BEKTOPHON ONTAMA3a-
[UY SABJISIETCSI TOHSITUE MIPELYTIOPSIIOIEHHOIO BEKTOPHOI'O IIPOCTPAHCTBA
— cucrembl (X, 3), cocrosimeil n3 BEKTOPHOTO MPOCTpaHcTBa X U 3a-
JIAHHOTO HA HEM OTHOIICHHs HPEINOPSAJIKa S, COIVIACOBAHHOIO C BEK-
TopHO#t crpykTypoit X (Tounoe onpezenenue cm. B § 2 1. 1).

C TOYKM 3pEHUs] TEOPUU MPUHATHUS PENIeHnil JII6oe Mperyopsiio-
YEHHOE BEKTOPHOE IPOCTPAHCTBO, pACCMATPUBAEMOE KAK CUCTEMa
(X, 3), sABIsETCs MPOCTPAHCTBOM DeIIeHUi.

Bysem pasmuuars jase hOpMyJIMPOBKA 3349 BEKTOPHON OINTHMU-
3aIMU: KAHOHUYECKYIO U OOIILYIO.

KanonngeckuMu 3a7a9aMu BEKTOPHON ONTUMHU3AIUU Oy/1€M HA3BI-
BaTh HOPMAJILHBIE 3aJIa9K ONTUMUABAINN, OIPEJIeJIEHHbIE HA TPELYIIOPs-
JIOUEHHBIX BEKTOPHBIX IIPOCTPAHCTBAX.

Takum obpaszom, Ay TOro 9robbl cHOPMYJINPOBATH KAHOHUIECKYTO
3a/1a9y BEKTOPHON ONTUMU3AIAY, HEOOXOIUMO 33JIaTh HEKOTOPOE IIPeIy-
HOPsIIOYEHHOE BEKTOPHOE IPOCTPAHCTBO (X, 3) U MOAMHOXKeCTBO () u3
X. MHOXKeCTBO ONTHMAJbHBIX PENIeHni KAHOHUYIECKO 3aJa9l BeKTOP-
HOJi ONTUMU3AIMH OTOXKJIECTBIIsieTcs ¢ mojMHoxkectBoM Min(Q]3) mMu-
HUMAJBHBIX BEKTOPOB MHOMKECTBa §).

ITpocrpancrso pemennit I' ;= (X; G) Ha30BEM BEKTOPHBIM, €CJIU JJIsT
HEro CyIIEeCTBYET PELyHOPAI0UeHHOE BEKTOPHOE IPOCTPAHCTBO OICHOK,
T. €. €C/IU CYIECTBYIOT NPEIyNOPAZ0IeHHOE BEKTOPHOE IIPOCTPAHCTBO
(Y, Z) u orobpaxkenne F : X — Y rakue, 9ro Jyist 00bIX x1,x2 € X

)~
BKJIIOUYCHUE ($1,{IJ2) S G nMeeTr MeCTo TOorJa M TOJIBKO TOI'/la, KOor/la



Pasywmeercst, aTo j11060e mpeynopsiIoueHHOe BEKTOPHOE IIPOCTPAH-
CTBO SIBJISIETCS BEKTOPHBIM IIPOCTPAHCTBOM PEIIEeHU. Y CJIOBUMCS CUH-
TaTh [IPUA STOM, YTO IPOCTPAHCTBO OIEHOK COBIIAIAET C CAMIM IIPOCTPAH-
CTBOM DeIIIeHHI1, & COOTBETCTBHE MEXK Iy HUMHU 33/1a€TCs TOXKJIECTBEHHBIM
0TOOpaskKeHneM.

O6rmmuMmu 3a1a9aMu BEKTOPHOM ONTUMU3AINN HA3BIBAIOTCS HOPMAJTh-
HbIE 331291 OITUMUZAIIIH, OIIPE/IEJIEHHbBIE HA BEKTOPHBIX IPOCTPAHCTBAX
pelieHuii.

Matemarmdeckas: (pOpMyIUPOBKa 0Dl 3a]a11 BEKTOPHON OIITUMU-
3aIy BKJIIOYAET TPU O0bEKTA: MHOXKECTBO (), MPEIyHOpsiIOUeHHOE BEK-
ropHoe npocrpancTBo (Y, 3) u orobpaxenne F : Q — Y. Muoxecrso
ONITUMAJIBHBIX PeIIeHuil 00Iel 3a/1a91 BEKTOPHON ONMTUMUBAIIN OIIpe-
JeJISeTCs KaK MHOYKECTBO JIOIyCTUMBIX pemtenuii ¥ € ), 1y1s KoTophbIX
BhinosiHeno sryodenune F(x0) € Min(F(Q2)]3).

Herpyamo BumeTsh, 9T0 Mpon3BOJIbHAS 00IIAs 3a/1a9a BEKTOPHOMI Ol
THUMU3AINN SIBJISIETCS IPOOOPA30M COOTBETCTBYIONIEN KAHOHUIECKON 3a-
JIa9 BEKTOPHOMN ONITHMU3AIINHY, OIIPE/IEJIEHHO Ha IIPOCTPAHCTBE OIEHOK.

Urak, B pamkrax o0Ieil TeoOpun MPUHSITUST PEIeHUil 3a[a9i BEKTOD-
HO# onTuMu3anuu 0OpPa3yIOT CIENUAIbHBINA KJIACC HOPMAJBHBIX 3aatd
onTuMu3sanuu. VccaenoBanus 3Toro Kiaacca 3a1ad ObLIA CTUMYJINPOBa-
HBI B 3HAYNTEHHON! MEpe TE€M, UTO B IPUJIOKEHUSIX HAMOOJIbIIIEE UCIIOb-
30BaHU€E HAILIN TaKHe MOJIEJIN MHOI'OKPUTEPHUAIbHBIX 33J1a9 IPUHATUS
pelleHwuii, y KOTOPBIX MOKA3aTe I KAYeCTBa 3aJaHbl (DYHKITUSIMU TI0J1€3-
uocru (cM., Hanpumep, [44, 65, 112, 114, 134, 170, 178, 187, 192, 214, 219,
220]). Ilpumenenue B 9TUX CIy4asx NPUHIUIA ONTHMajabHOCTH Ilape-
TO OJHO3HAYHO IIPUBOAUT K 33Ja4aM BEKTOPHOIl onrumusaruu. [Ipuito-
JKEHHUsI TEOPUU BEKTOPHON ONTUMU3AIMN He OIPDAHMYMBAIOTCS 33/1a9aMu
[IPUHSTHS PelleHnil. 3a1a4u MUHIMU3AIUN BEKTOPHBIX OTOOPaKeHui, a
TaK>Ke 3aJ[a91 HAXOXKJEHNS MUHUMAJbHBIX JIEMEHTOB IIOIMHOXKECTB B
[IPEIyIOPSIOYEHHBIX BEKTOPHBIX TPOCTPAHCTBAX BOZHUKAIOT BO MHOTHX
paszesax maremaruku [17, 31, 50, 96, 130, 140, 145]. ITepexozm oT cKassp-
HO OIITUMU3AIUU K BEKTOPHOU SIBJISIETCH TaKXKe aKTyaJbHBIM U C TOYKU
3pEeHUs] BHYTPEHHEI'O PA3BUTUsI MATEMATHYECKON TEOPUU OINTHUMUIAIINAN.
Tennenus K 0000IIEHNSIM TAKOTO PO HAXO/INJIA CBOE BhIPAYKEHNE B Ta-
KUX [OHATHSIX, KAK KPUTHIECKas TouKa orobpaxkenus [60, 61], sxcrpe-
MaJbHOCTD cucreMbl dyuknuit 1o Hofimraary [326] , s-HeobxomumocTsb
[159 — 162], KoTOpBIE OBLTH MONOKEHBI B OCHOBY PA3JIMYHBIX OOIIAX CXEM
UCCJIEOBAHUS CKAJIAPHBIX 3329 ONTUMU3AIINH.

B Hacrositiee BpeMmst MaTeMaTndeckasi T€OpUsi BEKTOPHOU OIITHMU3a-
UM UHTEHCUBHO Pa3BUBAETCHA KakK y HAC B crpane [5 — 7, 35, 92 — 94, 116
— 119, 150 — 154, 156, 170, 179, 200, 238, 241] , Tak u 3a py6e:kom [263 —
268, 272, 273, 277, 278, 297, 298, 306 — 309, 324, 325, 346 — 348, 352, 353,
358 — 360]. OcHOBHBIE yCHIIMsI YIEHBIX KOHIEHTPUPYIOTCS Ha pa3pabor-
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K€ TAKUX TPAIANAOHHBIX JIJIsi TEOPUU ONTUMUBAINYA HAIPABJICHUHN, KaK
TeOpeMbI CYIIECTBOBAHUS ONTHUMAJIbHBIX pertennii [269, 298, 309, 328] ,
ycaosus ontumasbroctn (90, 92 — 94, 150 — 154, 156, 250, 255, 258, 273,
274, 277, 278, 313, 317, 324, 343, 1BOHCTBEHHOCTD B 3a/1a9aX BEKTOPHOI
ontumuzanuu [5 — 7, 199, 252, 272, 308, 348|, ycTOHUINBOCTD ONTHMAIH-
HBIX perternit [179] u T.;1. BHAUNTENBHAS J0JIsT UCCIIeJOBAHUI TOCBSIIEHA,
upobiieme ckasgpusamuu [28, 63, 90, 114, 134, 169, 173, 178, 187, 192,
199, 241, 288, 291, 306, 313, 342, 356, 359, 360|, HOBBIIIEHHBIN KHTEPEC K
KOTOPO# 00bACHSIETCSI IIPEZK/IE€ BCET'O TE€M, YTO PEIYKITHS 3394l BEKTOP-
HOHM ONTHUMU3AINN K 3aJlade WU CeMeNCTBY 3a/a4 CKaJISIPHOM OITHMU-
3aliy OTKPBIBAET IIYTh JJIsl UCIIOJIHb30BAHUs B BEKTOPHON ONTHUMU3AIUN
OTPOMHOTO apCeHaJIa XOPOIIO pa3pabOTAHHBIX METOJIOB CKAJIAPHON OII-
TUMU3AIAN.

B kHure pasBuBaeTcs MaTeMaTHUIECKAsS TEOPUsS ONTHMAJIBHBIX PeIlre-
HUOU BBIMTYKJIBIX U HETVIAJKUX 3319 BEKTOPHOM ONTUMUBAINY, BKIIOYAs
3a/1a9¥ ONTUMAJIBLHOIO YIIPABJIEHUS C HEIVIAJKUM BEKTOPHBIM IIOKa3aTe-
JIeM Ka4ecTBa.

InaBa 1 mocBsIena MCCIIEIOBAHAIO CyOJIMHENHBIX OTHOIIEHUN TIPET-
[IOPSIKA, IIOCPEJICTBOM KOTOPBIX B (POPMAJIBHBIX MOJIEJIAX 3329 BEKTOP-
HOI ONITHMU3AIUHU 33JIaI0TCsI TOKa3aTeu KadecTsa. B § 1 npescraBiieHbr
OCHOBHBIE CBEJIEHUSI, OTHOCAIINECS K OmHapHbIM oTHOmeHusM. CyOiiu-
HeIHbIEe OTHOIIEHUS MPEIIOPSIKA U CBI3aHHOE ¢ HUMU TOHSITHE MIPETy-
MOPSITOYEHHOI0 BEKTOPHOIO TIPOCTPAHCTBA BBOJATCS B § 2. V3ydenuio
BHYTPEHHETO CTPOEHMs CYOJIMHENHBIX OTHOIIEHUN IIPEAIIOPSIKa ITOCBSI-
e § 3. 3/1ech yCTAHOBJIEHO, YTO IIPOM3BOJIBHOE CYOJIMHETHOE OTHOIIIE-
uue npemopsiika G C X x X (X — BekTOpHOE MPOCTPAHCTBO) 06-
JaJlaeT CTPYKTYpPOil BepxHell peleTKu, 3jIeMeHTaMUA KOTOPOX ABJIAIOTCA
[IOTIAPHO HEIIEPECEKAIOIINECsT OTHOCUTEHHO OTKPBITHIE CYO/IMHEHbIE OT-
HOIIIEHWST TIPE/IIOPsiKa, obpasyiorniue pazbuenne G. 10T HaKT UCIOIb-
3yercst B § 4 IpU IOCTPOEHUU JJIsi CYOJIMHENHBIX OTHOIIEHUI cj1aboro
MTOPSIIKa, JIBOMCTBEHHBIX OObEKTOB — KOPTeXKeil JIMHEWHBIX (DyHKIMOHA~
Ji0B. IloHsiTHE KOpTEXkKA JIUHEHHBIX (DYHKIIMOHAJIOB O3BOJISIET 33/[aBaTh
cyOJsinHeiHbIE OTHOIIEHUS CJIa00r0 MOPsiIKa (MOYHKIIMOHAJIHHO, YTO OT-
KPBIBAET BO3MOXKHOCTD JIJII AHAJIUTUIECKOTO MCCJIEIOBAHUS 33129 BEK-
TOPHOH OIITUMU3AIINN.

OCHOBHO#1 TEMOI TIABBI 2 SIBJISIETCS TTPODIIEMA CKAJISIPU3AIIH BBIITYK-
JIBIX 3319 BEeKTOPHOII onTuMusaruu. B nepsoM naparpade 3Toii riiaBbl
(§ 5) npeCTABIEHBI ONPEIEIEHNs] OCHOBHBIX OHITH /17151 KAHOHMYECKUX
3a7a4 BeKTOpHOI onTuMusanuu. Cremyromuii maparpad (§ 6) nocesamen
MeTony JuHelHoi ckassipu3anun. OCHOBHBIE YTBEDXKICHUS, JIEXKAIINAE
B OCHOBE JIMHEIHON CKaJIsipU3allnd, BIEPBbIe ObLIN [IOJIyYeHbl B pabore
[247] nyst mpocTpancTBa R™ €O CTAHAAPTHBIM OTHOIIEHUEM YACTUTHOTO
MTOPSIJIKa, 33 [aHHBIM HEOTPUIIATEIbHBIM OpTaHTOM. JIJIst yIIOpsiIoYeHHBIX
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TOIOJIOTMIECKUX BEKTOPHBIX MPOCTPAHCTB AHAJOTUYHBIE YTBEPIKJICHUS
Obun fgoKaszanbl B crarbe [90]. Pasimdmnbie BOIPOCH, OTHOCSIIUECS K JIU-
HEWHOW CKaJISIPU3AINN, PACCMATPUBAJINCEH TTO3/HEE BO MHOIMX paboTax,
B ToM unmcie B [131, 199, 264, 273, 295, 306, 356, 358 — 360|. Vcuepmbr-
BAIOIIYIO XaPAKTEPUCTUKY MHOXKECTBA ONTUMAJIBHBIX penteHnii (Heo6xo-
JIUMbIE U JOCTATOYHBIE YCIOBUs ONTUMAJIBHOCTH) METO JIMHEHHON CKa-
JISPUBAIAN TAET JIWIID JJIs 337129 CPABHUTEJBHO Y3KOrO KJIacca: KAaHO-
HUYIECKUX 3aJ1a9 BEKTOPHON ONTUMHU3AIINN C BBIMYKIBIM MHOTOTPAHHBIM
MHOXKECTBOM JIOIIyCTUMBIX PellleHuil (BeKTOPHBIX 33124 JMHEHHOIO I1PO-
rpammuposanust [360]). [l mpon3BOJBHBIX BBIIYKJIBIX 337149 BEKTOD-
HOW ONTUMHU3alU METOJ JUHENHON CKaJIdpU3allud MO3BOJIAET OXapaK-
TEPU30BATL TOJBKO COOCTBEHHO MuHMMAaJbHBIE pemmenus [90, 199, 256,
263, 282, 295, 297, 307, 327], s OCTANBHBIX K€ MUHUMAJBHBIX DeIle-
HUI OH JaeT JIUIIb HeOOXO0IMMOe yCAOBIUE MUHUMAJTHLHOCTH.

EcrectBen caemayiomnmuit BOIpoc: KAKUMHA JOTOJTHUTETLHBIMA YCIOBU-
MU CJIEJIYeT TOTOJHUTH 9TO HEOOXOIUMOE yCJOBUE, ITOOBI B COBOKYII-
HOCTHU OHU ObLIM HEOOXOJMMBIMU U JOCTATOYHBIMU JjIsi MUHUMAJIbHOCTH
peIleHnit, KOTOPhbIe HE SIBJIAIOTCS COOCTBEHHO MuHUMAJbHbIMEH! OTBET
Ha 3ToT Bompoc AaH B § 7, 8. B § 7 misa koprexeit nHEHHBIX DYHKITH-
OHAJIOB, 33IAHHBIX Ha MPEIYIOPSIOUEHHOM BEKTOPHOM ITPOCTPAHCTBE,
BBOJISAITCS U UCCTETYIOTCS TMOHATHUS TTOJIOXKUTETBHOCTH, CYIECTBEHHON U
CUJIBHOI TIOJIOZKUTEJIBHOCTH. DTU HOHSATHS 0000IIAI0T aHAJOTUIHBIE 110~
HSITHS JJIsl IMHEHHBIX DYHKIMOHAIOB. O IHAKO €CJn JJIsI CyIIeCTBOBAHUST
CYIIECTBEHHO MTOJIOKUTEIBHBIX U T€M D0JIee CHIIBHO TTOJIOKUTETbHBIX JTH-
HEWHBIX (PYHKITMOHAJIOB HEOOXOIUMO HAJIAraTh JOMOJHATEILHBIE TPEOO-
BaHWS Ha TPEAYIOPSII0UEHHOE BEKTOPHOE MPOCTPAHCTBO, HAa KOTOPOM
OHU 3aJIAHBI, TO CUJIBLHO IMOJIOXKUTEIbHBIE, & 3HAYHUT, U CYIIECTBEHHO IT0-
JIOXKUTEIbHBIE KOPTEXKU JIMHEHHBIX (DYHKITMOHAJIOB CYIIECTBYIOT Ha, JIFO-
6OM TIPeIyIIOPSIOIYEHHOM BEKTOPHOM IpocTpaHcTBe. B § 8 mpencrasiien
HOBBIM METOJ CKAJAPU3AINNA 3371a9 BEKTOPHON ONTHMU3AIAN, Ha3BaH-
HBI METOJOM yCJIOBHO JIMHEHHOM CKaJIsIpU3alUUd. DTOT METOJ, PeiryIlu-
pyeT UCXOAHYIO 33Ja4y BEeKTOPHOHU ONITUMU3AINN K CEMEUCTBY 33124 MU-
HUMM3AIUU KOpTeXKel JIMHeHHbIX (DYHKIMOHAIOB. [loHsaTHE MUHMMYMA
JIJIs KOPTEXKa JINHEHHBIX (DYHKIIMOHAJIOB BBOIUTCS B JJAHHOM maparpade.
TeopeTnKO-MHOKECTBEHHBIM SKBUBAJEHTOM TAKOTO IMOHSTHS SIBJISETCS
MIOHSITHE MUHUMYMa JJIsi CyOJIMHEHHOTO OTHOIMEHUs CIab0TO MTOPSIIKA,
JIYaJIbHOTO PAaCCMATPUBAEMOMY KOPTEXKY JTUHEHHBIX (PYHKITHOHAIOB. B
CIJIy OCHOBHOTO pe3yJibTara JAHHOIO maparpada, J0Ka3aHHOrO B Teope-
Me 8.2, JIOyCTUMOE PeIleHre MTPONU3BOIbHON BBIMYKJION 338J]a9l BEKTOPD-
HOIl onTuMu3anuu sABJgeTcd (€aab0) < -MUHUMAJBHBIM TOTJA U TOJIb-
KO TOTJIa, KOTJIa OHO MIUHUMU3UPYET HA MHOYKECTBE JOMYCTUMBIX peIle-
HUII HEKOTOPBIH (CYIIeCTBEHHO HOJIOXKHUTEIbHBI) CTPOro MOJIOXKUTEI b
HBI KOPTEXK JIMHEHHBIX (PbyHKIMOHAJIOB. TakuM obpaszoMm, Teopema, 8.2
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JaeT HUCUEPIbIBAIONINN OTBET Ha IMOCTABJIEHHLINA BbINNIe BONpOc. B ka-
9ecTBe MPUJIOKEHUs TeopeMbl 8.2 B § 9 moJsiyueH KpuTepuil /i ONTH-
MaJIbHBIX PEIeHUIl CKAJSIPHBIX 33129 BBIIYKJION0 IIPOrPAMMUPOBAHUS,
obobmaromnuit Kyraccuueckyio reopemy Kyna—Takkepa 1 BBITIOJTHATOITAH-
¢ 6e3 KaKUX-1u00 IPENOJI0KEeHU T PEryIapHOCTH (B KJIACCUHIECKOH Teo-
peme Kyna-Takkepa, kak nssectro [115, 131, 132, 202, 213, 218], npe-
[I0JIATAeTCsl BBIOJHEHHBIM yejioBue peryispaoctu Coefirepa).

HVcenenoBanue oOMMX 3a,/1a49 BEKTOPHOI ONITUMU3AIN TpeOyeT MpuB-
JIeYeHHUs CPeJICTB aHaIn3a PYHKIUI 1 oToGpazkeHuii. XapakTepHas dep-
T8, COBPEMEHHOI'O 3Talla PA3BUTUSA MATEMATHYECKOH TEOPUH OINTHME3a-
1y — OGypHOE pa3BUTHUE B €€ PAMKAX HErJIaJIKOTO aHAJIU3a, T. €. AHAJIU-
3a Hend PepeHIpPyeMbIX B KJIACCHIECKOM cMbIcyie PbyHKIUI 1 oTobpa-
>kennii. IlepsbiM 0600mennemM Kiaaccuaeckoro auddepeHpaia SBrIoCh
nongarue cyoauddepennuaia 1 BILyKILIX DYHKIUN (CM., HAIIpUMED,
[11, 126, 212, 218]). Pacupocrpanenue 31oro moHaTus Ha 60J1ee MUPOKIe
KJIacChl (QYyHKIMA TPUBEJIO K BO3HUKHOBEHUIO PA3JIMYHBIX TE€OPHil Cy6-
muddepentmpoarus (A, II. Modbde u B. M. Tuxomwmpor [126],
B. H. Tmennunsiii [211, 212], ©.Knapk [270, 271], P. Pokadesnap [340,
341], 2K.~II. Tleno [334]), a TakKe TaKuX IOHSATHUIl, KAK [IPOU3BO/HBIE
muoxkectBa ([Ixx. Bapra [34]) ksasumuddepennuanst (B. ®. dembsnos
u A. M. Py6unos [100, 101, 105, 106, 276, 336]), Beepnr (X. Xasaxun
[293], A. . Nodde [303]), BepxHUE BBIMYKJIbIE ANTIPOKCUMAIAN W
JIMO-anmnpokcnmanun ([159-162]) u psixy npyrux [120, 147, 152, 180,
181, 201, 245, 299, 305, 319].

OcranoBumcst 60jiee 10IPOOHO HA OOIIMX WIEdAX, JIEXKAIIUX B OCHO-
Be pa3jInvHbIX Teopuil cyomuddepenimpoanusi. C 3TOM 1eJIbI0 PACCMO-
TPUM BEIIECTBEHHO3HAYHYIO (DYHKIWIO f, ONpENe/IEHHYI0 Ha KOHEYHO-
MEPHOM €BKJINJIOBOM MpocTpancTBe X. OOmuM jijisi BceX Teopuil cyo-
mudepeHnupoBanns ABISIETCA TO, 9TO B HUX B KadecTBe 00OOOIIEH-
HbIX JuddepennnanoB dyakiun f, HazblBaeMbIX cyOmuddepeninana-
MM, PACCMATPUBAIOTCS 3aMKHYThIE BBIILYKJIbIE MHOXKECTBA U3 COIPSIZKEH-
HOrO TpocTpaHcTBa X™, 0Opasylomue IOJyJMHEHHOe MIPOCTPAHCTBO
V(X*). Tak kak B cuity asoiicrBenHocTr MuukoBckoro [155] mpocr-
PAHCTBO 17(X *) m30MOPMhHO MOy JIUHEHHOMY IPOCTPAHCTBY }3(X ) cy6-
quHeiHbX Gyurmuit Ha X, TO ompemenenune cyomuddepenmana s
dyuxuunn f B Touke 2° DPABHOCHIIBLHO OIIpeJIEIEHHIO HEKOTODPOil Cy6-
JINHEHHO JIOKAJIbHON AIMPOKCUMAIIAN JIJIsT 9TON (PYHKIUU B TOYKE 20,
st BBITYKJTBIX (DYHKIIUN POJIb TAKOU JIOKAJTHHOM aIIPOKCAMAIIMN UTPa~
er 0ObIYHAS IIPOU3BOJHAs 0 HampasjeHuaM (cm. [11, 218]). g cy6-
maddepennnanos Kiaapka BBoaUTCS creruabHas TPOU3BOSHA IO Ha-
[IpaBJIEHUSIM, Ha3bIBaeMas [Ipon3Bo/iHoH Kitapka, 3aMevyaTesbHbIM CBOfI-
CTBOM KOTOPO# siBjisteTcst cyOsmHeitHocTh. Cy6muddepennnainr [ime-
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HugHOro [211, 212| siByistfoTCsi JBOHCTBEHHBIMH OOBEKTAMH JJIsi BEPX-
HUX BBITYKJIBIX AIIPOKCAMAIIU, ONPEIeIsieMbIX KaK CyO/IMHeHbIe Ma~
JKOpPAaHTHI BepxHeil mpomssomuoit uam [305, 334|. Heckombko apyroit
HOJXO7, peaan3oBad B MoHOrpadusx [126, 213|, B KOTOPBIX B KadecTBe
JIOKAJIbHBIX AIIPOKCUMAIMIA HUCIIOJIb30BAHbl TPAJMIIMOHHBIE TPOU3BOJI-
HBIE TI0 HAIIPABJIEHUSIM, & UX IPUHAJIEXKHOCTb IPOCTPAHCTBY CyOInHE -
HBIX (QYHKIUI [OCTYJIMPOBaHA KaK ycjoBue CyOomuddepeHInpoBanms.
OTrMerrM, YTO TAKOHN MTOIXOJT, AHAJIOTUYIEH KIACCHIECKUM TeOPUIM JTud-
depennmposanus [1, 2, 357] u OTIIMIAETCST OT HUX JIMIIB TEM, YTO BMECTO
[IPOCTPAHCTBA JINHEHHBIX (DYHKIMII B KadecTBE IIPOCTPAHCTBA, JIOKAJIb-
HBIX AIMIPOKCUMAIINN pacCMaTpUBaeTcsi 0oJiee IMHUPOKOE IIPOCTPAHCTBO
cyOsmHeHbIX DYHKITHIA.

Teopust kBasuauddepennupoBanusi, paspaborannas B.®. /lembsiHo-
BoiM 1 A.M. Py6unosbim [99 - 101, 103 - 107, 275, 276], — ecrecTBenHOE
pasButTue 3Toro moaxo/a. CyIecTBeHHO HOBBIM B JIAHHON TeOpHUH sIBJIs-
€TCsl UCHOJIb30BaHUE B KadecTBe 0000ImeHHbIX duddepennuasios (KBa-
suud HepeHnnanos) 3JIeMeHTOB BEKTOPHOTO MIPOCTPAHCTBA BBINTYKJIBIX
mHOXKecTB  V(X™*) [155, 193, 253, 337] (ssileMeHTAMH TPOCTPAHCTBA
V(X*) 9BIMIOTCS KJIACCHI IKBUBAJEHTHOCTH HAP BBILYKJIBIX MHOXKECTB
u3 X*). Ioxpobuee npocrpancrso V(X*) Gyner oxapakTepu3oBaHO
B § 6. I[TockoapKy moJTy/IHHENHOE TPOCTPAHCTBO ‘A/(X *) BRJIAJBIBACTCS
B BEKTOpHOE IpocTpancTBo V(X*) Kak BOCHPOM3BOAAIIUIL BBIIYKJIbLT
KOHYC, TO Tiepexon oT cybauddepennuaioB kK kBasuanddepeHIimagam
o3HavYaeT PaKTUIECKHU MepexXo K 0oJiee IMUPOKOMY IIPOCTPAHCTBY 0000-
meHHbIX JuddepennnanoB. COOTBETCTBYIONIMM PACIIUPEHIEM IIPOCTPAH-
CTBa JIOKAJIbHBIX AMMPOKCUMAINN SBJISETCS BEKTOPHOE MPOCTPAHCTBO
pasHocTHO-cybmHelnbix dyukiuit P(X), T. e. npocrpanctBo dbyHK-
uii, Tpesi CTABUMBIX B BUJE PA3HOCTH JABYX CYOJTUHEHHDBIX (DYHKIIHIA,
[IPU 9TOM JIBOMCTBEHHOCTH MIHKOBCKOTO ITPOJIOJIZKAETCS J10 M30MOP(DU3-
Mma Mexxiay V(X*) m P(X). B xauecTBe JIOKaJIbHOM alpoKcUManuy
dbynkmu f B Touke 2° B Teopum xBasmmmdbdepennuposanus [105 —
107] ucnosbayercst obblaHast npousBoaHast mo Hampasiaenusm f’(z0)-).
B tom cayuae, korma f(2°|-) mpumamexut npocrpamctsy P(X), et
cooTBercTByeT Guaromapst usomopbusmy mexay P(X) u V(X*) ame-
ment u3 V(X™), xoropelil u HasbiBaercs, coryacHo [105 — 107], xksa3u-
muddepennuanoMm Gy f B Touke 0. OCHOBHBIC HOJIOXKEHUS TEO-
pun kBazuaudbepeHIMpOBaHus U3JI0KeHbl B MoHorpadusax [100, 101,
276] u cbopuuke [336]. Tam ke umeercs 6ubnuorpadudeckuil epeyeHnb
paboT 110 3TOit TeMaTHKe.

B riaBe 3 macrosimeit Monorpadun pa3BuTa TEOPUST AIMTPOKCHMATHB-
HOTO KBa3u u(HePEeHITNPOBAHNS BEIIECTBEHHO3HAYHBIX (DYHKITH, 0000~
AKoIIast Teopuio KBasuauddepeHnupoBanus. [IpocTpaHcTBO pa3HOCTHO-
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cyOsimHeHbIX (DYHKIUI U JBONCTBEHHOE €My IIPOCTPAHCTBO BBITYKJIBIX
MHOKECTB, UT'PAIOIIHE KIIOYEBYIO POJIb B 9TUX TEOPUAX, OIMCAHBI B TIe-
pBoMm naparpade riasst (§ 10). Kpome roro, B § 10 1pezcraBieHsl 0CHOB-
HbIe Pe3yJIbTAThI KBa3uanddepeHITnaIbHOr0 aHAJIN3a PA3HOCTHO-CYOIU-
HeHHBbIX (PYHKIINN: OlIpeJIesIeH OlepaTop KBas3u i depeHIupoOBaHUs pa3-
HOCTHO-CYOJIMHEHBIX (DyHKITHIT; TOCTPOEHO NCYUCTIeHNE KBas3u i depeH-
[MAJIOB; [PEJCTABIEHbl JBONCTBEHHbIE KpuTepuu (B T€PMUHAX KBA3HU-
nudbepeHIMaoB) HEOTPUIATEILHOCTH PA3HOCTHO-CYOIMHERHBIX (DYHK-
Ui, a TaK»Ke PasHOCTHO-CYOJIMHeHbIN araJor jeMMbl Papkara. B § 11
pa3BUBaETCsI TEOPHS AINMIPOKCUMATHBHOTO KBa3uIudepeHImpoBaHusl [10-
JIOXKUTEIBHO OJHOPOAHBIX (DYHKIML. OCHOBHBIM IMOHSITUEM ITON TEOPUU
sIBJIIeTCH TOHATHE ¢ —KBasumauddepennuaia. ¢ -Kpazuauddepennna-
JIOM TIOJIOXKUTEJbHO OomHOpoaHoit dyukmuu p : X — R nHaswBaercs
9JIEMEHT IIPOCTPAHCTBA BBIIYKJIBIX MHOXKecTB V (X™), KOTOpOMY COOT-
BETCTBYET B CHJIy JBOMCTBEHHOCTH MUHKOBCKOTO Pa3HOCTHO-CYOJIMHEl-
Has (PYHKIIMS, PABHOMEPHO AallllPOKCUMUPYIOIIAsl Ha €IMHUIHOM Iape
dyaRIMIO p ¢ TouHOCTRIO €. Ko € -kBazuaud pepeHnual cymecrsyer
npu JIIOOOM TIOJIOXKUTEbHOM €, TO (DYHKIMSA P HA3BIBAETCS AIIPO-
KCUMATHUBHO KBasuudepeHmupyeMoii, a anmpoKCUMATHBHBIA KBa3W-
muddepennuman onpenensiercst kak cemeiicteo Dp := {D.p | ¢ > 0},
riae D.p — nommuOKecTBO 13 V(X'), 31eMeHTaMI KOTOPOTO SIBJISIFOTCS
€ —kBasuguddepennuaibl Gyaknun p. U3 teopembr Beitepmrpacca—
CroyHa BBIBOJUTCS, UTO MPOCTPAHCTBO AMMPOKCUMATUBHO KBa3uIud-
depeHIIpyeMbIX TOJIOKUTETHHO OJJHOPOIHBIX (DYHKIHH COBIAIAET C TIPO-
CTPAHCTBOM HEIPEPBIBHBIX MOJIOKUTEIHHO OJTHOPOIHBIX hyHKIHi. [IBOii-
CTBEHHOE €My [IPOCTPAHCTBO — IIPOCTPAHCTBO allIPOKCUMATUBHBIX KBa-
suauddepeHnnanos — siBiseTCs IONOJHeHHeM npocrpancTBa V(X*),
peaJm30BaHHBIM B BUAe MUHUMAJIbHBIX (bumibrpoB Kormu. Crpourcs uc-
quciieHne € —KBas3uandepeHInaioB; yCTAHABINBAIOTCS HEOOXOINMbIE,
a TaKKe JOCTATOYHbIE YCJIOBUS HEOTPHUIATEIbHOCTH (II0JIOXKUTEIbHOCTH )
€ —kBa3u Qg HepeHnnpyeMbIX MOJOKUTETHHO OTHOPOIHBIX (DYHKIINIHA; JT0-
Ka3bIBaeTCsl € —KBazuaudpepeHnuaIbHblil BapuaHT JjeMMbl PapKaia.
B § 12 monstus ¢ —xBasuaudepeHImpyeMOCTH U AIIPOKCHMATHB-
HO KBazuaudHEePEeHIupPyeMOCTH PACIIPOCTPAHSIOTCS HA ITPOU3BOJIbHBIE
BellecTBeHHO3HAYHbIe byHKIH. CXeMa pacnpoCTpaHeHUsl CJIETYIOIAst:
bYHKIMS —  [OJIOXKUTETBHO OJHOPOJIHAS JIOKAJIbHAST AIIPOKCAMATIHST
9710l pyHKIUN B TOuke — & —KBasuauddepenimal (anupoKCHMaTuB-
HBI KBasuauddepeHnua) JOKaJIbHOM AlIPOKCUMAIA KaK & —KBa3u-
nuddepenimal (ammrpoKCUMaTUBHBIA KBazuuddEPeHIIan) UCXOMHON
dyukIuE B Touke. Vcnoan3yst pa3andHble TOJOKUTEIHHO OHOPOTHBIE
JIOKAJIbHBIE AIITPOKCUMAIIIH, 110 YKA3AHHON cXeMe MOrYT OBITH MOCTPO-
€HBbl Pa3JINYHble TEOPHUH AIIPOKCUMATUBHOIO KBasuauddepeHmpoBa-
Husi. [lepBeIil BapuaHT TAKO#l TEOPUU CTPOUTCS B paboTe Ha OCHOBAHUU
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OOBIYHOI PON3BO/IHOM 110 HampaBeHusiM. [10/100HbBIi BHIOOD JIOKAJIBHON
ANMIPOKCUMAINY OOYCJIOBJIEH ABYyMsI IpUYINHAMEA. BO-TIepBBIX, TPON3BOI-
Has [0 HAIPABJIEHUSAM $ABJISeTCS HanboJiee IPOCTOI U HamboJsiee pac-
IIPOCTPAHEHHON ITOJIO2KUTEIbHO OJHOPOAHOM JIOKAJIBbHOI allllPOKCUMAIIN-
eit. Bo-BTOpBIX, BEIOOP TOI1 2Ke JIOKAJBHON AIIPOKCUMAIMH, 9TO U B T€O-
pun kBasumuddepennupoBanns /lembsHoBa—PybuHoBa, mozBoauT 60-
Jiee OTYETJINBO BBISIBUTH 0COOEHHOCTH HOBOI Teopuu. OTMernm, 4TO Cy-
[IIECTBOBAHIE DPABHOMEDPHOI MPOM3BOHON IO HAIPABIECHUSIM ODECIIETH-
BaeT allPOKCUMATUBHYIO KBa3undPEepeHITIPYEMOCTb UCXOTHON Dy HK-
nuu. BTopoil BapuaHT Teopuu annpoKCUMaTHUBHON KBasuauddepeHim-
PyeMOCTH CTPOUTCsI B paboTe HA OCHOBAHUU HUXKHEH U BEpXHEl mpomns3-
BomHbIX Juau. OCHOBHBIMU MOHSTHUSIMUA 3TOTO BaPUAHTA TEOPUU SIBJISI-
I0TCS HUKHUE U BepXHUE € -—KBas3uanddepeHInasibl, a TaKKe HIKHIEe
U BEpXHHUE alMpOKCHMAaTHBHBbIE KBasuauddepennuanbl. Oba BapuanTa
TEOPUHU COBIIAJAIOT JJIs PaBHOMEDPHO JuddepeHnupyeMbIX 10 HAIPaB-
JlenusiM (pyHKIMit. B gacTHOCTH, TakKoe COBIAJIEHUE UMEET MECTO JJIsi
JIOKAJILHO JIUIIIIUIEBBIX DYHKINH, TuddepeHnnpyeMbIX 0 HAIIPABICHH-
siM. [IpomsBosibHAST JIOKAJIBHO JIAMIIAIEBA (DYHKIIUAST AIIPOKCAMATABHO
KBasuud GepeHnupyeMa Kak CHu3y, TaK U CBepxy. B Kak1oM u3 Bapu-
AHTOB TEOPHUH PA3BUTHI IIPOCTEMIIIE IPABUIA UCIUCIEHNSI COOTBETCTBY-
orux € —kpasuanddepenimaaos. B mepBoM BapuaHTe TaKoe UCUUCTIE-
Hue 6orade, YeM BO BTOPOM, UTO OOYCJIOBJIEHO HOjiee OGOraThiM UCUUCTIE-
HUEM OOBIYHBIX ITPOM3BOIHBIX IO HAIIPABJIEHUIO [0 CPABHEHUIO C UCIUC-
JIeHreM Tpou3BoAHbIX uHu. 3aBepimaercs: maparpad JT0Ka3aTebCTBOM
HEOOXOMMBIX, & TaKKe JOCTATOYHBIX YCJIOBUI JIOKAJIBHOI'O MUHIMYMA
(MakcuMyMa) JJIsl BEIECTBEHHOZHAYHBIX (DYHKIW, GOPMYIMPYEMBbIX B
TEePMUHAX HUKHUX (BEepXHUX) € —KBasuaubdepeHuaios.

B § 13 unen xkBasuaudpepeHImpyeMoCTH PACIPOCTPAHSAIOTCS Ha JIO-
KaJIbHBI aHam3 MHOXKecTB. C 9TOil 1eJIbI0 BBOISTCS IOHSITHS KBa3W-
HOpMaJIeli U € —KBasuHOpMaJieli (BHYTPEHHUX U BHENTHUX ) K MHOXKECTBAM
B 33/IaHHOI TOYKe, CBA3AHHBIE C TAKUMU JIOKAJIHHBIMHU AIITPOKCAMAITISI-
MU MHOKECTB, KAK BHYTPEHHUI 1 KacaTe/IbHbIH (KOHTUHI€HTHBIN) KOHY-
Ccbl. YCTaHABJIMBAIOTCS YCJIOBHUS CYIIECTBOBaHHS KBa3sMHOpMaJseil u
€ “KBa3WHOPMaJIeil U IpejIaraloTCs MeTO/Ibl UX HAXOXKJIEHUS JJIsl HEKO-
TOPBIX YACTHBIX CJIyYaeB.

BriBojty yesoBuii JIOKAJIbHOIO MUHUMYMA, JIJTsl BEIECTBEHHO3HAYHBIX
dyHKUMI Tpy HAJIMYWY orpaHuveHuit mocssieH § 14. PaccmarpuBarorcst
KaK HedyHKIIMOHAIbHBIE OTPAHNYICHNS, 33/ [aHHbIe B BUJie aDCTPAKTHOIO
MHO>KECTBA, TaK U (DYHKIMOHAJILHBIE OTPDAHNIEHNS TUIA HEPABEHCTBA U
paBencTBa. [IpeicTaBieHble yCI0BUSA ONTUMATIBHOCTH (DOPMYJIUPYIOTCS
B TepMHUHAX € —KBa3uIud@EPEeHIMaIoB U € —“KBaA3MHOPMAJIEIi.

SakJounTeabHbl naparpad Tperbeii riiassl (§ 15) mocssiiien uccie-
JIOBaHUIO (DYHKITMH CUMMETPH30BAHHOI'O PACCTOSHUS JIO MHOYKECTBA. DTa
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dyHKIMS UCTIOJIB30BAIACh B § 13 1Ipu paccMOTPEHUHT BOIIPOCA O CYIIECTBO-
BaHUU KBAa3WHOPMAJIEN 1 € —~KBa3mHOpMaJIeil K MHOXkecTBaMm u B § 19, 20
st QYHKITMOHAJIBHOTO IPECTABIIEHNs CyOJINHENHBIX OTHOIIEHII TP
IOPSIKA.

I'naBa 4 mocssiteHa pacIpoOCTPAHEHUIO TEOPUHU AIMTPOKCHMATHBHOTO
KBas3u U HepeHInpoBanns Ha BEKTOPHBIE 0TOOparKeHUs U BLIBOIY VC-
JIOBUI ONITUMAJIBHOCTH JIJIsE PEIIeHuil 001IIeil 3a,/1a91 BEKTOPHOI OIITUMHU-
zanuu. B nepsom naparpade s1oii riaset ( § 16) BBoauTCsi IpOCTPAHCTBO
pasnocTHO-cybmHeinbix orobpaxenuit P(X,Y) (X u Y — koneuno-
MepHbIe €BKJIMJIOBBI [IPOCTPAHCTBA), PACCMATPUBAEMOE B TEOPHH KBa-
sumnddepeHIpoBaHns 0OTOOPaXKEeHNH KaK ITPOCTPAHCTBO OCHOBHBIX JIO-
KAJIbHBIX allIPOKCUMAIUil. Y CTaHABIUBAETCS JIBONCTBEHHOCTb MEXKILY
npocrpancreom P(X,Y) u npocrpancreom L(Y*,V(X*)) smneitHbIX
orobpazkenuit u3 Y* B IPOCTPAHCTBO BBIMYKJBIX MHOXKeCTB V (X™*).
Coorsercrsue gpoiictBennoct Mexty P(X,Y) u L(Y*, V(X*)) zazna-
€TCs OIEePATOPOM COIPSPKEHUsI, UTPAIOIINM B Teopun KBasuauddepen-
IUPOBAHMS OTOOPAXKEHUI Ty Ke POJib, ITO U ollepaTop KBasuauddepen-
[IUPOBaHUS PA3HOCTHO-CYO/IMHENHBIX (DYHKIMI B Teopuu Kpasuaudde-
PEHIIUPOBaHUs BeIeCTBeHHO3HAYHBIX GyHKmmit. B.D. [lembsHOB u
A. M. Py6unos [100, 107, 275, 276] ucrop30Baau 0pu OIPEIeJICHAN KBa~
suuddepennnana st 0ToOpaykeHnit HeCKOJIbKO Apyroii momxon. Oc-
HOBHBIM IIOHSITHEM B UX TEOPHUH SABJISETCS NOHATHE KBA3HOIOPHI PA3HOCT-
HocybsimHeitHOTO oTOOpakenus. B pabore ycTaHaBInBaeTCs CBA3b MEXK-
JIy COIPSI?>KEHHBIM OTOOPazKeHNEM M KBA3UOIOPOH PA3HOCTHO-CYOInHE -
HOT'O OTOOPAKEHUsI, YTO ITO3BOJISIET BBISICHUTH COOTHOIIIEHUEM ITPUHSITOTO
B MOHOTpadum moaxoaa ¢ moaxonom JlembarnoBa—Pyoumnosa.

B § 17 manmer ompenesenust kBasuandGepeHTUPYEMOCTH, € —KBa3U-
g HEepeHITnpPyEeMOCTH 1 alllTPOKCUMATHBHON KBa3uaAnMPEpEHITIPYEMO-
CTU BEKTOPHBIX 0TOOpazkeHwit. CxeMa, 1Mo KOTOPOil BBOJSTCS TU IOHSI-
THsI, aHAJIOTUYHA, CXEMe OIIPeJIeJIEHUs] COOTBETCTBYIOIIMX HOHSTHHA JJIst
BeIleCTBEHHO3HAYHBIX (yHKIMA. Hampumep, ompejesienne MMOHSTHsT
€ —kBasuauddepeHuaia 0ToOPaKeHsT COCTOUT U3 CJAEIYIOMINX STAIOB:
oToOpaxkeHne — MPOU3BOIHAS 110 HAIPABICHUSM — PA3HOCTHO-CYO-
JInHelHAs € —allIPOKCUMAIINs IIPOU3BOIHOI 10 HAIIPABJIEHUSAM — OTOD-
paXkeHue, COIPSKEHHOE PA3HOCTHO-CYOIMHENHON € -alllIPOKCUMAIINN KaK
€ —kBas3u M epeHIuagl UCXoaHOro orobparkenus. /lokazaHna Teopema
00 € —kBazuaudHEPEHIUPYEMOCTH KOMITO3UIIMKA OTODparkKeHmii, Ha OC-
HOBE KOTOPOI MOXKET OBITH MOCTPOEHO UCUUC/IeHnEe € —KBasuauddepen-
UAJIOB OTOOpaKEHHIA.

OCHOBHBIE OTIPEJIEIeHUs] TMOHATHI JIOKAJBHOTO S —MUHUMYMa JJTst
BEKTOPHO3HAYHBIX O0TOOpaykeHwit Janbl B § 18. 3jech ke ucciieoBana
CBI3b 9THUX MOHATUN C IPUHIUIIAME ONTUMAJBHOCTU PsJIa PACIPOCTPa-
HEHHBIX 33149 CKAJISPHON ONTHMU3AIUY (38789 HEJMHEHHOrO IPOrpam-
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MUPOBaHUS, MUHUMAKCHBIX 381a9).

JaspHeiimas 9acTh JAHHON IJIABBI TOCBSIIIEHA YCIOBUSM JIOKAJIBHO-
ro = -MUHUMYyMa JIJIsi BEKTOPHBIX OTOOparkenuii. Teopuss HEOOXOMMMbIX
U JOCTATOYHBIX YCJIOBUI ONTUMAJIBHOCTU 3aHUMAET [IEHTPAJILHOE MECTO
B MaTE€MaTHYECKOI TEOPUU ONTUMUBAINHN, TOCKOJIBKY OOJIBITMHCTBO JIPY-
IUX pa3/esoB (HAIpPUMED, YCTOHIMBOCTD ONTHMAJBHBIX DelleHnil, Juc-
JICHHBIE METOJIBL U JIP.) CYIIECTBEHHBIM 00Pa30M OCHOBBIBAIOTCS Ha yCJIO-
BHUSX ONTUMAJBbHOCTU. 3HAYUTE/BHBII BKJIAJ B PA3pabOTKYy yCJIOBUil OII-
TUMAJIBLHOCTH U METOJOB UX BBIBO/A B OOIIUX IKCTPEMAJIBHBIX 3a/1a-
vgax sHecsu P. B. Tamkpenumze (60, 61], B.I. Boarstackuiit [24 — 27],
A. 4. Hy6opunkuit u A. A. Muwmorun [113, 159 — 162, 174, 175],
A . Modde u B.M. Tuxomupos [126], B. H. ITmenwnunsrii [211 — 213],
JI. B.Hoiturragar [326], X. Xankun [292, 293| u ap. Oquoii u3 renpennuii
COBPEMEHHOI'O 3Talla PAa3BUTHSA ITOrO HANPABJIEHUS WMCCJIEIOBAHUN SB-
JII€TCs CO3/IaHMe TeOpUil HEOOXOIUMBIX U JOCTATOYHBIX YCJIOBHIl OITH-
MAaJIbHOCTH, 0a3UPYIOMIUXCs Ha CPeCTBAX HerJIaJKoro anaausa [23, 120,
147, 148, 215, 216, 230, 257, 258, 286, 300]. B ckaispHBIX 33/a9aX OLTH-
MU3AIIU OCHOBHBIE TPYIHOCTH IIPU Pa3pabOTKe yCJIOBUIl OMITUMAIBHOCTH
BBICOKOT'O MTOPS/IKA BO3HUKAIOT [IPU HAJMINH OIPAHUYIEHUN, B YJACTHOCTH
[Ipy HAJUYIUU DYHKITMOHAJIBHBIX OFPAHUYEHNN THUIIA HEPABEHCTBA U pPa-
BEHCTBa. BIlepBble 3TH TPYAHOCTH OBUINM TIPEOJIOJIeHBl B paborax [159
— 162, 175] (HecKoNBKO Ipyroil BapHaHT UX TEOPHU ObLI IIPEJJIOKEH B
[302]). Pa3BuTue TeXHUKU HEMJIAIKOIO aHAJU3a CHOCOOCTBOBAJIO HOSAB/IE-
HUIO U Apyrux noaxoxos [13, 14, 152, 215, 216, 233, 267, 283, 304, 314,
315, 354, 355]. YcaoBusiM ONTUMATIBHOCTH B 337[a9aX BEKTOPHOI OITH-
MU3aIuK TOCBAIEHbl paboTs [92 - 94, 150 - 154, 156, 250, 255, 258, 273,
274, 277, 278, 313, 317, 324, 343].

B § 19, 20 monorpacun mpeicTaB/ieHbl YCIOBUS ONTUMAILHOCTH I1€-
PBOTO U BTOPOrO MOPSJIKOB JJIsl 3aJIa9d S -MUHUMUABAIUN BEKTOPHOIO
0TOOpaXKEHUsl, ONPEIEJIEHHOIO HA KOHEYHOMEDHOM €BKJIUIOBOM IIPOCT-
panctBe. KioueByio posib B IpejjiaraeMoM METO/Ie BBIBOJIA YCJIOBUI OII-
TUMAaJIbHOCTHU UTPAET CKAJIPU3AINs UCXOTHOM 331241 BEKTOPHOI OITH-
MU3aIH, OCYIIeCTBIIsieMasl Ha IepBOM 3Tale uccjiegoBanus. OrmernmM,
YTO TAKOH! 2Ke 3Tall XapaKTepeH U JJId UCCJICJOBAHUN 3a1a4 CKaJIAPHON
ONTHUMU3BAINY [IPY HAJUYIAN OrpaHuIeHnii. JJoCcTaTOIHO BCIIOMHUTD TEO-
pembI 0 penyKimn (eM., HapuMep, [271, 302]), pasnmuarbie Bus! mrpad-
ubix dysxmit [38, 132, 202|, npoussoagmue dbyuxmuu B JIMO-reopun
[159 — 162]. OHaK0 BO BCEX ITHX IOAXOJAX BBIOOD PELyIMPOBAHHON 3a-
Ja4IU HOCUT B 3HAYUTEIBLHON Mepe MCKYCCTBEHHBIN XapaKTep U 3aBUCHT
CKOpee OT WCIIOJIb3yeMON TEXHUKU HCCJIEIOBAHUS, a HE OT CTPYKTYPHI
[IPEIITOYTEHNS NCXOIHON ONTUMU3AIINOHHON 3a1a4u. B otyimdane ot 3T0ro
[Ipe/iyIaraeMblit B paboTe MEeTO/I PeIyKIIUU 33149 BEKTOPHON ONTUMU3a-
MY K CKAJIIPHBIM 33JIa9aM UMEET COBEPIIEHHO OPEJIEIEHHYIO OCHOBY —
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GYHKIMOHAJIBHOE TIPEICTABIEHAE OTHOIIEHNS IPEITOPSI KA, 3a,Ja0IIEr0
B 3aJlave ONTUMUIAINN CTPYKTYPY HTPEeIMOUTEHNSI.

B § 19 dyukimonaapnoe npejicraBienne CyOJIMHERHOIO OTHOIIEHUS
MPEeTOPSIKa S OCYIIECTBISETCs IPU TIOMOIIN HEITPEPBIBHON CybInHe -
Hoit pyHKIum s< : X — R, KOTOpast MOXKeT OBITh IOCTPOEHA 1O OTHO-
mennio S (Hanpumep, 1mo (YHKIUM CHMMETPU30BAHHOIO PACCTOSTHUSI
JI0 KOHYCa [OJIO?KUTEIHHBIX BEKTOPOB OTHOIIEeHus 3 ). Takoe mpeacras-
JIEHUE TI03BOJISIET PEIYIUPOBATH MCXOJIHYIO 3aJa4dy = -MUHUMU3AIUN
BeKTOpHOTO oToOpaxkenust F : X — Y K 3a/ade MUHUMUBAIMY CKAJISIP-
noit bynkuun © — s<(F(z) — F(2°)). Hanbueiimit anams xkoMuosu-
nnn s<(F(z)—F(zY)) nossossieT noyquTs JOCTATOYHbIE, & €CJIH KOHYC
[10JI0KUTEIbHBIX BEKTOPOB TEJIECEH, TO U HEOOXOIMMBIE YCIOBHS OIITH-
MabHOCTH T permenns 0. 3aMeTHM, 9TO Jayke B TOM CJIyHae, KOTJIa
F - rmazixoe orobpazxenne, komnosumus s<(F(z)—F(2°)) moxer Gprrs
B 0b1IIeM citydae HeaudHepeHnpyeMoil B KJIaCCUIeCKOM CMBICIE B TOUKE
20, D10 Tpebyer MpUBIEUEHHs T UCCIIEIOBAHNSA CPEJCTB HETJIaIKOTO
aHaJIN3a.

Heobxomumble u qocTaTOYHbIE YCIOBUS OINTUMAJIBHOCTH IIEPBOIO II0-
pA/iKa JIOKa3aHbl COOTBETCTBEHHO B TeopeMax 19.2 m 19.1. Ucxomabie
TpeboBaHusi, Kacawommecs nuddepeHITnaIbHbIX CBOIICTB MUHIMU3UPYe-
MOr0O 0TOOPAaXKEHUsI, OTPAHUINBAIOTCSH B JIAHHBIX T€OPEMax JIUIIb TPeOOo-
BaHUeM CYIIeCTBOBaHUs (PABHOMEPHOI) IIPOM3BOIHON 10 HAIDPABJICHU-
aMm. B teopemax 19.4 u 19.3 stu ycmoBust mepedopMyTUPOBAHBI B TBO-
CTBEHHOU (popMe B TepMuHax & -kBaszuiauddepennuaos. Janbaeiimast
qacThb § 19 mocssitnera HeOOXOIUMBIM YCJIOBUSIM ONTUMAJIBHOCTH BTOPO-
ro nopsiaka. B Teopeme 19.5 moka3aHO OCHOBHOE HEOOXOIMMOE yCJIOBUE
ONTUMAJIBHOCTH BTOPOrO MOpsAnaKa. Kro crnpaBeaInBOCTb yCTAHOBIIEHA
B IPEIIOJIOKEHNN, ITO oToOpaxkenue F obsamgaer BTOpOit ITPOU3BO/I-
HOIl TI0 HAIIPaBJIEHUSIM C OTKJIOHEHHAMHU. B KadecTBe CJI€/ICTBUM ITOTO
pe3yJibTara MOoJIyYeHbl elle Ba HeOOXOIUMBIX YCJIOBHUS OINTUMAJIBHOCTH
BTOPOrO TOPsIKa, Oojiee pocThie 0 hopMe, IeM OCHOBHOE YTBEPIKIE-
uue. Ilepsoe ciencrsue (Teopema 19.6) m0Ka3aHO IPU BBHILIOJIHEHAN [0
[TOJTHUTEJIBHOT'O YCJIOBUsI, HA3BAHHOTO BTOPBHIM YCJIOBAEM DETYJISPHOCTH
orobpaxenusi F' ornocurenpro 3. JlasbHeiiee yupoieHne (hopMbl
HEOOXOIMMOTO YCJIOBUST ONTUMAIBLHOCTA BTOPOTO TOPSIKA JOCTUTHYTO
BO BTOpOM cjieictBun (Teopema 19.7) 3a cuer yxkecrodenus: TpeGoBaHuUil
oTHOCHUTEILHO F': cripaBejImBOCTh TeopeMbl 19.7 mokazana 1y orobpa-
xennit F, 0bJagaiomux CTPOroil mpon3BOIHON TIEPBOTO MTOPSIIKA.

B § 20 dyuknmonanbHOe mpefcTaBieHne CyOJIUHEHHOTO OTHOIIEHUS
MIPeIoPs/IKa S OCYIIECTBIISIETCSI IPY IIOMOIIN HEITPEPBIBHON Cy O TMHE -
HOit GYyHKIIMM o< U oneparopa mpoekTupoBanus P<. Takoe mpemcras-
JleHne 103BOJIsIeT [OJIYYNTh HEOOXOMMBbIE yCJIOBI/IﬂN ONTUMAJIBHOCTH U
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JUIsL CJTydast, KOTJa KOHYC IIOJOXKUTebHBIX BEKTOPOB OTHOIIEHHUsT 3 He
sABJIsieTCs TejecHbIM. Mexonnas 3aj1a9a BEKTOPHON ONTUMUBAIMNA PEILy-
mUpyercss HpU 9TOM K 3ajade MUHUMU3AIUN CKAJAPHON hyHKIuu
x — 0<(F(z) — F(2°)) upn orpanudenny tuna pasencrsa P<(F(x)—
—F(2%) = 0. Hanbneitmas crpykrypa § 20 aHAJOTHYHA CTPYKType
upeapiaymero maparpada, I03ToMy IOAPOOHYIO €ro XapaKTePUCTHUKY
upoBoauThb He Byaem. OTMETHM JIUIIb TO, YTO AHAIM3 OIPAHUYIEHUS TU-
na pasencrBa P<(F(x) — F(2°)) = 0 npoBojuTCsi B IPEIOIOKEHMH,
YTO BBIIOJHEHO IEPBOE YCJIOBHUE DETYJISIPHOCTH JJisi oToOparkeHusi F.
B wacTHOCTH, BBINOJHEHHE KJIACCHYECKOro yCJoBHs JIIocTepHUKa st
orobpakenuss P<oF 10CTaTOYHO Jjisl BBIIOJIHEHUs 3Toro yeaosus. Oco-
GeHHOCTBIO § 20 SABISETCS TAKIKE JOCTATOUHOE YCIOBHE ONTHMAILHOCTH
BTOPOI'O IOPsiJKa, JokKa3anHoe B Teopeme 20.6 myst aBakanl auddepen-
nupyembix 1o @perre orodbpazkenuit F.

B zakimounrensaom naparpade ( § 21) ruiaBbl B Ka4ecTBe CJIeICTBUI
pesysabraroB u3 § 19, 20 mosry4eHbl HEOOXOIUMBIE, 8 TAKYKE JOCTATOYHBIE
YCJIOBUS ONTUMAJIBLHOCTH JIJIsT CKAJISTPHOM 33/1a91 HEJTUHEHHOTO ITPOrpaM-
MHUPOBAHUS.

[napa 5 mocesimeHa 3a1a9aM ONTHUMAJIBHOTO YIIPABJIEHNS] CHCTEMAM,
JMHAMUKA KOTOPBIX OIUCHIBAETCS OOBIKHOBEHHBIMU (D DEPEHITUATBHBI-
Mu ypaBHeHusiMu. Jluteparypa 1mo JaHHOI 1pobieMaTnKe CTOb OOITIp-
HA, 9TO MPUBECTHU 3JIECh CKOJIb-HUOY/Ib TOJHBINH ee 0030p He IPEeICTaB-
JisieTcst BO3MOXKHBIM. OCHOBOTIOIATAIONIN BKJIAJT B PA3BUTHE TEOPUH OII-
THUMAJIBHOIO yIipaBjieHusi BHecu coerckue Maremaruku JI. C. IlorTpsi-
run [207, 209, 210], H. H. Kpacosckuit [141 — 144], B. I. Boarstackuii
[24, 25, 210], P. B. Tamkpenunze [60, 61, 210], B.1. 3y6os [122 — 125],
H.H. Moucees [177, 178] u muorue apyrue [11 — 16, 23, 36, 37, 51 — 59,
121, 127, 136, 146, 148, 194, 195, 226 — 228, 242, 248|.

Hesib r1aBel — Pa3BUTH TEOPUIO HEOOXOINMBIX YCJIOBUIl ONTUMAJIb-
HOCTH JIJId 3aJlad OITHUMAaJIbHOI'O yIIpaBJIEHHUs C BEKTOPHBIM IIOKa3aTe-
JIEM KadecTBa TEPMUHAJIBHOIO THIIA, 33/ JaHHBIM aIllIPOKCUMATHBHO KBa-
suuddeperiumpyeMbiM oTobpazkerreM. OTHOCUTEILHO CUCTEMbI YIIPAB-
JIEHUsI COXPAHSIIOTCS TPAIUIINOHHBIE TTPEIIOJIOXKEHUST TJIAJKOCTH. 3aMe-
THM, YTO TaKWe IIPEJIIOJIOKEHNS ABJIAI0TCA HOBBIMU U JIJIA 33/1a4 CO CKa-
JISPHBIM [TOKa3aresieM KadecTBa. DoOpMyMpoBKa 3aja4u jana B § 22.
B zajauax onrumasibHOrO ympaBiieHHsl C BEKTODHBIM IIOKa3aTeseM Ka-
YecTBa aHAJIOraMU ODIIMX IOHSTUNH MUHUMAJBHOCTH U CJIaDON MUHU-
MAaJIbHOCTH SBJISTIOTCSI COOTBETCTBEHHO MTOHSATHS onTuMaJibHocTH 110 [lape-
1o u onrumasibHOCcTH 0 Cretitepy. [lockosibKy B 3aa9ax TepMUHAIb-
HOI'O YHIpaBJIEHUA 1IeJIb YIIPABJIEHUd OIIpeJlesIsdeTcs JIUIIb COCTOAHUEM
CHCTEMBI B KOHEYHBII MOMEHT BDEMEHHU, TO HCXO/IHAs OECKOHEYHOMED-
Has 3aJ@a9a ONTUMHU3AINU MOYXKET ObITh MHTEPIPETUPOBAHA KaK 3aJia-
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Ja 3 -MUHAMHA3AIUA OTOOparkKeHWsI Ha, TIOJMHOYXKECTBE KOHETHOMEPHO-
IO IPOCTPAHCTBA (MHOXKECTBE JIOCTUXKUMOCTU CHCTEMBI YUDABJICHUS B
KOHEYHBI MOMeHT BpemeHnu). Takasi MHTepIpeTalys I03BOJISIET, BOC-
[TOJI30BABIINCH PE3YJILTATAME IIPEJIBIIYINEH IIaBbl, ¢hOPMYyIUPOBATH
KaK HeOOXOUMBbIe, TaK U JIOCTATOYHBIE YCJIOBUsI OITUMAJIbLHOCTH B PACC-
MaTpUBaeMoil 3a/1ade TepMUHAIBLHOTO yipasieHus. OqHAKO OTCYTCTBUE
B O0IIEM CJTy4ae CTaHIaPTHBIX METOI0B IIOCTPOEHUS KACATEILHOTO KOHY-
ca K MHOXKECTBY JOCTUKUMOCTU CHCTEMBI UCKJIIOYAET BOZMOKHOCTD 3b-
BEKTUBHOTO HCITOJIH30BAHUSI JIOCTATOYHBIX YCJIOBHUIl MPEJbIIYIIel Tiia-
Bbl. UTO Ke KacaeTcss HEeOOXOJMMbBIX YCJIOBUI ONTUMAbHOCTH, TO WX
MOXKHO IPUMEHUTH B OCJIA0JIEHHOM BUJIE, 3aMEHUB KACATEeJbHBIN KOHYC
KaKNM-JTI0O €ro MOIMHOXKECTBOM, JIOILY CKAIOIIAM KOHCTPYKTHUBHOE ITOCT-
poenne. C MOMOIIBIO TAKOTO MpUeMa JJIsl 33/1a91 TEPMUHAJIBHOTO YIIPaB-
JIEHUSI C BEKTOPHBIM ITOKA3aTesIeM KAadeCTBa, YJIOBJIETBOPSIIONINM JIUAIIH
TPeOOBAHUIO ANMIPOKCUMATUBHON KBa3u UM HEPEHITNPYEMOCTH, PA3BUTA,
( § 23 — 25) nosHast Teopus HEOOXOAUMBIX YCJIOBUH ONTUMAILHOCTH 10
Caeitrepy. [lonHOTA TEOpUU MOHUMAETCST B TOM CMBICJIE, ITO, 3AMEHUB BC-
10/ly BEKTOPHBIN MOKA3aTE/Ih KAYECTBA CKAJISIPHBIM, & TPeDOBAHUE ATIITPO-
KCUMATUBHON KBa3uaudHepeHnnpyeMoCTn KIaCCHIeCKoi anddepeHI-
PYEMOCTBIO, MBI MOJIyIMM BCE U3BECTHBIE HEOOXOMMBIE YCJIOBUS OITH-
MaJIbHOCTH JIJIs 3819/ TEPMUHAJIBHOTO YIIPABJIEHUSI CO CKAJISIPHBIM I10-
KazarejeM KadecTBa.

Koporko o pacupenesiennn pesysbraToB mo maparpadam. O6o61me-
HUIO KJIACCHIECKUX YCJIOBUI ONTUMAJILHOCTH TOCBsITieH § 23. 371ech mpe/i-
cTaBJieHbl € —KBasuIud GepeHnuaibHble BADUAHTHI YCJIOBU Difjepa u
Jlarpanxka. B § 24 nmonyden & -—xkBasunuddepeHuabHbIi TPUHITAI Mar-
kcumyMa [loHTpsirMHA 1, KpOMe TOTO, B IIPEJIIIOJIOKEHIH, YTO 0TODpaske-
HEe, 33aI0Iee BEKTOPHBIN ITOKa3aTe/ b KauecTBa, ABaXKIbl auddepeH-
nUpyeMo, Jijist onTuMajibabix 1o CreliTepy yIpaBjieHU JOKA3aHO MHO-
TOTOYEYHOE YCJIOBHE B MATPUUYHBIX UMILyJbcaX. llocaennuit pe3ynbrar
SIBJISIETCST HOBBIM (HECMOTDSI HA TJIAJIKOCTH TIOKA3ATEsI KAUeCTBa) U JIJIsT
3aJ1a9 ONTUMAJILHOI'O YIIPABJIEHUsI CO CKAJISIPHBIM II0KA3aTeJIeM KaueCTBa
[IpY HAJIMYWUY OTPAHUIEHUI THUIT, HEPABEHCTBA U PABEHCTBA. Briepsble yc-
JIOBUE B MATPUYHBIX UMILYJIbcax Obuio nosydeno P. TabacosbiM [51, 52,
55| (em. Takke [228]) Juist 381891 CO CKAJISPHBIM ITOKA3aTE/IEM KadeCTBa.

Heobxomnmbie ycitoBust onruMasibHOCTH 110 CieiiTepy, KOTOpbIE Ipeji-
CTaBJIEHBI B § 25, 110 CBOEIl CyTH SIBJISIIOTCST 0DOOIIEHNEM KJIACCHIECKOTO
ycaosust Jlexannpa—Kaebma [57, 95, 126]. Buepsbie 06061eHHbIE yCI10-
Bus Jlexxangpa—Kirebma ObLIM TOJyYeHB JJI 3319l YIIPABJIEHUs CO
CKaJISIPHBIM ~ TOKa3aTejeM KadectBa B paborax [. JIx. Kesn,
P. E. Komna u X. I Moitepa [133, 139, 310] (mist CKaJIsIpDHBIX ylpaB-
neHnit), a rakzke B paborax 1. B. Baunapckoro [33] u B. C. T'oxa [284,
285] (a1t BeKTOpHBIX yrpasiernii). CylecTBeHHBIN BKJIaJ[ B DA3BUTHE
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METOJMKHU BBbIBO/A 0000IeHHbIX ycjaoBmit Jlexanapa—Kiebma BHecn
P. Tabacos u ®.M. Kupusutosa [55], B. A. Cpouko [226, 227|. ITozguee
pacupocTpanennio 0000IIeHHbIX yeaosuii Jlexkanapa—Kaebma Ha 3a1auu
YIPaBJIEHUST CO CKAJISPHBIM OKA3aTeJIeM KadecTBa MPU HAJIUIUHA OTPa-
HUYEHUN Ha IIPaBblii KOHEI[ TPAEKTOPHUH ObLI IOCBSAIIEH IEJIblil Psijl pa-
Gor [3, 4, 18, 109, 110, 127, 314, 315]. O606meHHbIe yeaoBust JleskaHapa—
Knebma nys onrumanbubix o Crieiirepy mpoIeccoB B 3a/ia9ax yIpaByie-
HUsI ¢ BEKTOPHBIM [TOKA3aTEIEM Ka4eCTBa ObLIH IIPEJICTABIEHBI B pabOTax
(68, 74, 76, 280]. C menpio YIPOIIEHNsT U3JIOKEHUs B § 25 TIPU BBIBOJIE
06061ennbIx yesopuit Jlexkanapa — Kiebira rnpemosaraercst, 9To moKa-
3aTejib KadecTBa SABJIsSIeTCs KBas3uauddepeHImpyeMbIM, & KOHYC I0JIO-
JKATEJIbHBIX BEKTOPOB OTHOIICHUS IMPEIIOUTEHNS OIEHOK — TEJIECHBIM.

Cunraro CBOMM MPUSITHBIM JIOJITOM BBIPA3UTh IVIyOOKYyIO OJaromap-
nocth P. T'abacoBy n @. M. Kupuamosoii, mog pyKOBOJCTBOM KOTOPBIX
OBLIIN [TOJIYYEHBI OCHOBHBIE PE3YJILTATHI, COCTABUBIIIHE COJIEPYKAHIE HACTO-
siineit kuuru. Vickpenne 6yaromapio Takxke B. @. Jlembsinoa u B. B. Ajib-
CceBMYa 3a IEHHBIE KPUTUYECKUE 3aMEeYaHUsi M COBETHI, BBICKA3AHHBIE
[P pereH3npPOBaHNy KHUTH. [10163yCh BO3MOXKHOCTBIO, B1ar01apio Mo-
UX KOJUJIET, COTPYIHUKOB JIADOPATOPUH TEOPUU IIPOIECCOB YIIPABJICHUS
Mucruryra maremaruku AH BCCP, uckpeHHsisl TIOMOIIb U HOIIEPIKKA
KOTOPBIX Beerjia Oblla cBOeBpeMeHHa 1 Heobxoauma. A. V. AcTpoBckoro
n T. B. Koneiikuny 6s1aroiapio 3a GOJIBIIYIO TOMOIb, OKA3aHHYIO IIPU
0OPMJICHUN PYKOIIUCH.
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I'nasa 1

CYBJIMHEMHBIE OTHOINEHUS ITPEAIIOPSIKA

B dopMaibHbIX MOIE/ISIX 33189 BEKTOPHOI ONITUMU3AIIAN, PACCMATPH-
BaeMbIX B JaHHON MOHOrpaduu, OTHOIIEHUS IPEIOYTeHNs] (BEKTOPHbBIE
[OKA3aTeJI KAIeCTBa) 3aJAI0TCs IIOCPEJCTBOM CYOJIMHEHHBIX OTHOIIE-
HOl Tpeanopsiaka. V3y4ennio HEKOTOPBIX CBOMCTB 9TOr0 KJIACCA OTHOIIIE-
HUU ¥ [OCBSAIEHA HACTOAMAs TJIaBa. B yacTHOCTH, 3/1€Ch TIOKA3aHO, YTO
cyO/nHeHbIe OTHOIIEHUST [IPEIIOPsIIKA OBJIAIAI0T eCTeCTBEHHBIM (BbI-
TEKAIOIIAM U3 AIrebparndecKux CBOUCTB OTHOINEHUS) BHY TPEHHUM CTPO-
€HHeM, XapaKTEePU3YIOMNM Pa3/ndusd B MHTEHCUBHOCTHU IIPEJIIOYTEHUST
CpPaBHUBaeMbIX I1ap penreHuil. BoisiBienHass BHyTPEHHsIs CTPYKTypPa UC-
[I0JIb30BAHA Jlajiee [IPU ITOCTPOEHUN JJIsd CYOIMHEHBIX OTHOIIEHH cJa-
060oro TMopsijika, T. €. HMOJHBIX CyOJMHEHHBIX OTHOIIEHUN IIPEIITOPSIKA,
JIBOVMCTBEHHBIX OOBEKTOB, HA3BAHHBIX KOPTEXKAMU JIMHEHHBIX (DYHKIINO-
HAJIOB.

§ 1. BUHAPHBIE OTHOIIIEHU S

1.1. ITycte X — mpom3BOIbHOE HEIIYCTOE MHOXKECTBO, KOTOPOE
He TIPeJIIIoJIaraeTcs Ha JleJIEHHBIM KaKOi-In00 CTPYKTYPOIt.

Bunapnovim omuowenuem Ha MHOXKecTBe X Ha3bIBAETCs JIIOOOE MMO/I-
MmHOKecTBO (G mekaprToBoro kBagpara X X X, T. e. g000e OIMHO-
JKECTBO YIOPSIOYEHHBIX nap sjementoB u3 X. Ecm (z,y) € G, 1o
TOBOPSAT, UTO JIEMEHT I HAXOJUTCS B OTHOIIeHUH (G K IJIEMEHTY Y U
3aIUCHIBAIOT 3TO Yepe3 xGy. ClemnoBaTesbHO, JIJIs JIIOOBIX JBYX JIEMEH-
ToB z,y € X coorHoleHne x(GYy PaBHOCHIBHO BKJOUeHHO (x,y) € G.

[TonsiTie GMHAPHOTO OTHOINEHUSI Ha MHOYXKeCTBe X 9KBUBAJECHTHO
HIOHSITUIO MHOTO3HAYHOro orobpazkennss u3 X B X. DTa 9KBUBAJIEHT-
HOCTh YCTAHABJIMBACTCS B3AWMHO OJIHO3HAYHBIM COOTBETCTBHEM MEYK-
JIy MHOTO3HATIHBIMU OTODpakKeHnsiMU U ux rpaduramu. [lostomy mmxe
qacTo O6y/1eM OTOXKIECTBIISITE ONpeeeHHoe Ha X OWHApPHOE OTHOIICHUE
G ¢ mHOrO3HAYHBIM oroOpaxkenueM = = G(z) = {y € X| (z,y) € G}.
Obaacmuvio onpedeaerus, GAUHAPHOTO OTHOIIEHUS (MHOIO3HAYHOTO OTOOpa-
xkenus) G Hazosem nogmuoxkectso domG = {z € X| G(x) # J}.

OTHOIIEHHE PABEHCTBA JIEMEHTOB MHOXKECTBA X sIBJIsSIeTCs OMHAP-
HBIM OTHOIllEHHeM Ha X, KoTopoe 3ajaercs auaroHanbio A = {(z,y) €
€ X x X| = y}. CoorBercTByoliee eMy MHOTO3HATHOE OTOOparKeHne
€CTb TOXKJIECTBEHHOE OTOOpakeHne MHOXKecTBa X Ha cebdsl.
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Eciim Y — Hekoropoe momamHOXKeCTBO m3 X, TO cyoicenuem OMHAD-
Horo otHomenust G Ha Y Ha3bIBaeTCs ODMHAPHOE OTHOIIEHWE, ONpesie-
astlemoe Ha Y, mopmuOxkectBoM G N (Y x Y). B srom ciydae rakxe
UCIIOJIB3YETCsl CJIEJYIONIasi TePMUHOJIOTHs. [0BOpST, IYTO OGUHAPHOE OT-
somenne GN(Y xXY) undyyuposarno na Y 6unapubiM oTHOmEHHEM G,
3aJaHHBIM Ha X.

Ha i GuHapHBIME OTHONIEHUSAMU KAK HaJI TIOJAMHOXKECTBAMHU JIEKAPTO-
BOT'O KBaJIpaTa MOTYT ObITh OCYIIECTBJIEHBI JIFOObIE TEOPETUKO-MHOYKECT-
BEHHBIE OIepalni. B 9acTHOCTH, MOXKHO PacCMATPUBATBL 006e0uHEHUA
U nepecevenus, OMHAPHBIX OTHOIIEHUIT; donoanenue K G, T. €. MOIMHO-
xectBo G = (X x X)\ G, 3amaer 6unaproe otHomenne (7, Ha3bIBaeMoe
ompuyanuem 6unaproro oruomenus G. Eciu s OuHapHbIX OTHOIIE-
mmit G u G uMeer MecTo Brmovenne G C G, T0 roBopart, 4To GuHApHOE
oruomenne G domurupyem OGIHAPHOE OTHOIIEHUE G.

CreruduaHoCTh OMHAPHBIX OTHONIEHUN KAK MOAMHOXKECTB YIIOPSIIO-
YEHHBIX Iap [MO3BOJISET ONMPEJIE/IUTh U JIPYTUe OEePAIlnN HaJl OMHAPHBIMA
OTHOIIIEHUSIMU, OTJINYHBIE OT TEOPETUKEe-MHOYKECTBEHHBIX. B gacTHOCTH,
nonarag G~1 = {(z,y)| (y,2) € G} ans nm06oro GHHAPHOTO OTHONTEHUS
G, onpenenum orHomenne G, obpamnoe k G.

Komnosuyueti bunapubix orHomenuii G u G, 3ajaHHbIX Ha X,
Ha3bIBaeTCst OGuHapHoe oTHOmeHne G o G; Ha X Ttakoe, uro (z,y) €
€ Gy 0 G1 TOrjia M TOJILKO TOIJIa, KOTJIa CyIIecTByeT z € X, yJoBjle-
TBopsiomuil ycaosusam (x,z) € G1 u (2,y) € Ga.

ToBopsrt, uro 6Gunapuoe orHomienne G, ONpeIe/IeHHOE Ha MHOXKECTBE
X, aBisercs

pedaerxcusrvim, ecmn G TOMUHUPYET OTHOIIEHUE paBeHCTBa A, T. e.
ectu A CG;

anmupegdaexcuetvim, ecmn G He TEPeceKaeTcst ¢ OTHOMIEHUEM pa-
BeactBa A, T.e. ANG =,

cummempuurvim, ectn G = G

anmucummempuurolm, ectt GN G~ C D

acummempuuroim, ecttu GNG™ 1 =T ;

mpanzumueroim, ecin G o G C G

noarvim, ecmt GUG ™' = X x X, 1. e. aas mobex x,y € X uMeeT
MeCTO XOTsI ObI 0/1HO u3 cooTHomenuit Gy n yGex.

Bce cBoiicTBa GuHAPHBIX OTHOIIEHUI MOTYT OBITH 0Oe3 TpyJla Imepe-
dopMyIMpOBaHbl B TEPMUHAX MHOTO3HAYHBIX OTOOPAYKEHMUIA.

Bosee monpobHO co cBoOlicTBAMU OMHAPHBIX OTHOIIEHUN, a TaK¥Ke C
CYIIECTBYIOMIUMHI B3aNMO3aBUCUMOCTSIMUA MEKJLY HUMU MOYKHO TIO3HAKO-
MUTBCSI, HAIpEMED, 1o MoHorpadmsim [9, 22, 29, 50, 137, 240].

[Iycte G — mposBosibHOE GUHADHOE OTHOIIEHHE Ha MHOXKeCTBe X.
Cummempuunas 1 acumMmempuuras wacmy G OIPeIeNsIoTCs: COOTBET-
cTBeHHO Kak orHomenus Sg = GNG~! u Pg = G\ G~!. Ouenuno,
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aro G = Sg U Pg, upuyem Sg N Pg = .

Bynem rosoputh, uro bmHapuoe otHomeHune G NPasuUALHO 0OMU-
Hupyem bunapuoe ornomieane Go, ecau G1 gomuaupyer G U OTHO-
[IeHre JIOMIUHUPOBAHUSI COXPAHSETCS MIPU ME€PEX0JIaX K CUMMETPUTHON
u acumMMeTpuuHOil yactaM G, T. e. ecmu Sg, O Sa, 4 Pg, D Pa,.

JIjis CUMMETPUYHBIX U aCUMMETPUYHBIX OWHAPHBIX OTHOINEHUH T10-
HATHUs TOMUHUDYEMOCTH W MPABUJIHLHON JIOMUHUDYEMOCTH COBIIAJIAIOT.

Munumanrvrvim saemermom oaMuokecTBa () C X OTHOCUTETHHO
3asianHoro Ha X OuHApHOrO oTHONIEHUsT (G HA3BIBAETCS TAKON 3JIEMEHT
20 € Q NdomG, st KOTOPOro He CyIIeCTBYyeT T € (, YIOBIETBOPSIIO-
it coornomennto (7, 2°) € Po = G\ G™L.

Ecim acummerpuanas gacth Pg = G\ G~! 6unapnoro oTHomenust
G mycra, T. e. ecsiu (G CHMMETPUIHO, TO YCJIOBUMCS JIFOOOI 9JIEMEHT U3
@ NdomG cuuTaTh MUHUMAJIBHBIM B () oTHOCHTETHHO G.

MHO>KeCTBO BCeX MUHUMAJIBHBIX 3JIEMEHTOB MMOIMHOXKecTBa () C X
OTHOCHUTEJILHO 33JaHHOTO Ha X OumHapHOro oTHOIeHus G OyjeM 060-
3Havarh cuMBojaoM Min(Q|G).

TIPEAIOKEHUE 1.1. a) Ecau G1 u Go — Gunaprvie omuowenus
na X, npuvwem G1 mpasuavno domunupyem Gg, mo dan £106020 1n00-
Mmmooicecmea @ u3z X umeem mecmo 6KA0NeHUE

Min(Q|G1) € Min(Q|G). (1.1)

6) Ecau G — 6unapnoe omuowenue na X, a Q1 u Q2 — nodmmo-
arcecmea 6 X maxue, umo Q2 C @1, mo

Q2 N Min(Q4|G) C Min(Q2|G). (1.2)

st mosiHbIX OMHAPHBIX OTHOIEHUH (G yCI0BHE MUHUMAJIHHOCTH
snementa ¥ € () 9KBHBaJIEHTHO BBIOMHEeHMO BKovenns (20, z) € G
st Bcex x € Q. IlocrynupoBanue 3TOro CBoOiicTBa B ODIIEM Clyyae
NIPUBOJUT K MOHSTUIO HAMMEHBIIIEIO 3JIEMEHTa MHOYKECTBA.

Haumenvwum asemernmom moaMuokectsa () C X OTHOCUTEHHO
6unapHoro orHomenus (@ HasbBaeTca Takoi axement ¥ € (Q, [TO
(2°,2) € G nna Beex z € Q.

Taxum 06pazoMm, /It OJTHBIX OMHAPHBIX OTHOIIEHUH TOHATHS MUHN-
MaJIbHBIX U HAUMEHBIINAX 3JIEMEHTOB COBIIQIAIOT.

Eciu B X cymecrsyer anement z € X Ttakoii, uro (z,z) € G s
Beex ¢ € Q C X, TO MOJAMHOMKECTBO () HA3BIBAEGTCS 02PAHUYEHHDILM
chusy B X OTHOCHTENIbHO OGMHAPHOTO OoTHOIMIeHus G.

OueBnIHO, YTO €CJIU TIOAMHOXKECTBO () MMeEeT HAMMEHbINNI JIEMEHT,
TO () SABJISETCSI OTPAHUYCHHBIM CHUSY.
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1.2. TpansuruBHoe OuHapHOe OTHOIIeHHEe (G, OIpese/IeHHOe
Ha MHOXKecTBe X, HasbiBaercs (cp. ¢ [137,240])

npednopadkom, eciu G pedIeKCUBHO;

cmpoaum npednopadrom, ecim G aHTUPEDIEKCUBHO;

yacmuuHsm nopadkom, ecan G pedIIEKCUBHO U aHTUCUMMETPUYIHO;

caabvim nopadkom, ecamn G pedIIEKCUBHO U TIOJTHO;

cosepuernvim nopadkom, ecin G pedIIeKCUBHO, aHTHCHMMETPUIHO
U TIOJTHO;

axeusasenmmocmsvio, ecin G pedIeKCUBHO U CUMMETPUIHO.

ITycts S — orHomenue sKkBuBasienTHOCTH Ha X. Benencrsue cum-
MeTPUIHOCTH 0o6paTHOe eMy oTHomrernme S~ ! cosmamaer ¢ S. OrTHome-
HUe 9KBUBAJEHTHOCTH 33JiaeT pas3dueHne MHOXKecTBa X Ha Herepece-
KAIOMINECs KJIACCHI CMEKHOCTU WJIH, B JPYTOfl TEPMHHOJIOTHUH, KJIACCHI
skBuBajieHTHOCTH. COBOKYITHOCTh BCEX KJIACCOB SKBUBAJIEHTHOCTH MHO-
»)kectBa X 110 OTHOIIEHWIO KBHBaJeHTHOCTH S o6o3Havdaercs X/S.
O6partHo, 11060€e pazbrueHne MHOXKecTBa, X Ha CeMeHCTBO HEIIEPeCeKaro-
X CsT TOJMHOXKECTB 3a1aeT Ha X OTHOIIEHUE SKBUBAJEHTHOCTH, KJIACCHI
9KBUBAJIEHTHOCTH KOTOPOT'O COBIAJAIOT € IMOJIMHOXKECTBAMU Pa30UeHNsI.
Muoroszuadnoe 0ToOpaykeHne, COOTBETCTBYIOIIEE OTHOIIEHUIO SKBUBAJIEHT-
HocT S Ha X, coBHAzaer ¢ KaHOHHYeCKuM orobpaxkenuem X B X/S.
CumMBoJI ~ OyII€M UCIIOJIH30BAThH KaK CTAHJIaPTHOE 0O03HAYEHEE JIJIsI OT-
HOIICHWI SKBUBAJIEHTHOCTH.

[Ipeamnonoxum Ternepb, 9To OMHAPHOE OTHOIIeHnEe P aBJISeTCs] OTHO-
[IeHNEeM CTPOroro mpeamnopsiaka Ha X. Jlerko mposepsiercs, 9To obpat-
HOe eMy OTHOIIeHme P~ ! Takike ecTh OTHOIIEHHE CTPOTOro IPeIIops-
Ka, npuaeM PNP~! = &, 1 e. P acummerpuuno. CHUMBOJI < SBJISETCA
CTaHJAPTHBIM O0O3HAYEHUEM JIJIsI OTHOIIEHUI CTPOTOro IPeJInopsiIKa,
IPH 3TOM /151 0603HAYEHNsI 0OPATHOI'O OTHONIEHUS] BMECTO < | HCIIOJb-
3yeTcst CUMBOJI > .

Paccmorpum manee Ha X TPOU3BOJBHOE OTHOIIEHUE IIPEIIOPSIKA
G. Ob6patroe emy orHomrenne G~ obiamaer cpoiicTBaMu pedIIeKCHB-
HOCTH ¥ TPAH3UTUBHOCTU W, CJIEJIOBATEIHLHO, TAKXKE SIBJISIETCS OTHOIIE-
HEeM Hpeanopsaka. Bunapuoe ormomenue G N G~!, macmenys y G
u G~! cpoiicrBa pedIeKCHBHOCTH M TPAH3UTUBHOCTH, 00/IaIaeT, KPO-
Me TOro, cBoiicTBoM cuMmMerpuunoctu. CremoBaresnbHo, ecim G — OT-
HOIIIEHNUE IPEIOPAIKA, TO ero CHMMeTpHUHas JacTb Sg = G N G1
€CTb OTHOIIEHUE SKBUBAJIEHTHOCTH. HeTpyiHo yOeauThest TakKe B TOM,
4TO acuMMerpudHas dactb Pg = G\ G~! orHomenns mpeamopsika
SIBJISIETCSI OTHOIIIEHUEM CTPOTOTO MpPeAnopsijika. V13 BBIMIEn310:KEHHOrO
CJIEJIYET, ITO BCSKOE OTHOIIEHHUE TIpeInopsiaka (G ecTb 00beIMHeHne OT-
HOLICHUS SKBUBAJEHTHOCTH S ¥ OTHOIIEHHs] CTPOrOro IPeropsika
Ps: G=ScUPg, npusrom SgNPg=O.

O6parHo, eciin Ha, X 3aJ1aHbI OTHOIIEHNE SKBUBAJIEHTHOCTH S U OT-
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HOITIIEHHEe CTPOroro mpeamnopsiaka P takwe, aro SN P = &, 10 nx 06b-
enuaenne P U S ecrh OTHOIEHME TIPEANOpsiaKa Ha X B TOM U TOJHKO
B TOM ciy4ae, Korma S o P = Po S = P. B cuny sroro Gymem uc-
[I0JIB30BATH B JIAJIbHENINEM B KadeCTBEe CTAHJIAPTHOTO OOO3HAYEHUsI JIJIsT
OTHOTIEHUH MPe/NopsAIKa CUMBOJI <, 0OpaTHOe OTHOMeHne = 1 Gyzjem
0bo3HaYaTh 7 .

3amMerumM, UTO €CJU OTHOINeHWe mpeanopsinka (G o0iajaer CBOii-
CTBOM AHTHCUMMETPUIHOCTH, T. €. (DAKTUIECKHU SIBJISIETCS OTHOIEHUEM
YAaCTUYHOTO HOPSIIKA, TO COOTBETCTBYIOIIEE €My OTHOIIEHNE SKBUBAJIEHT-
HOCTU S €CcThb OTHOIeHrne paBeHcTBa Ha X. OCHOBBIBasiCh Ha TOM 3a-
MEJYaHWH, BBEIEM JJIsi CTAHJIAPTHOTO ODO3HAYEHUs] OTHOIIEHUN YaCTHI-
HOTO TIOpAIKA CIMBOJI <, obpaTHOEe OTHOIIeHHe < ' 00O3HAMHM > .

[Iycts G — oTHOIIeHne TipeAnopsiika Ha X. BunapHoe oTHOIIEHNE
G', onpenenennoe Ha dbakTop-MHOXKecTBe X /S cremyromum o6pa3oM:
G ={(U,V) e X/ScxX/S¢| (z,y) € G nna Becex x € U n Beex y € V',
SIBJISIETCSL OTHOIIIEHUEM JACTHIHOIO MTOPSIIKA 1 HA3BIBAETCS OTHOIIEHUEM
YACTUYHOIO MOPSIIKA, aCCOIMUPOBAHHBIM C OTHOIIECHUEM IIPEITOPSIKA
G.

Ecau Ha MHOXKecTBe X 3aJ]aHO OTHOIIEHWE HPEANopsaKa (CTPOro-
ro IIPeJIOPSIKA, JACTHIHOrO, CIab0ro WM COBEPIIEHHOTO MOPSIIKA),
TO IOBOPAT, YTO MHOMXKECTBO X $BJIFETCs IIPEJIyTIOPSIOYEHHBIM (CTPO-
ro MPEJyHOPSIOIEeHHBIM, YACTUIHO, CJ1ab0 M COBEPIIEHHO YIIOPSI0-
4yeHHbiM). COBEPIIEHHO YHOPsIJIOYEHHOE MHOMXKECTBO X, KaxKi0e IOl
MHOKECTBO KOTOPOTO 00JIa/IaeT HAMMEHDBIINM 3JIEMEHTOM, Ha3bIBAETCS
8N0AHE YNOPACOUEHHbIM. TACTHIHO yIOPsIIOUeHHOe MHOXKeCcTBO X Ha-
3BIBAETCS UHOYKMUBHO YNOPAJOUEHHBLM, €CIIT JII000E COBEPIIEHHO YIOPSI-
JIOUEHHOE TIOJIMHOXKECTBO U3 X SIBJISIETCS OPPAHUYEHHBIM CHU3Y.

Culenyromiee yrBepKuenue HasbBaioT seMmoit opua [10, 138,
246.

Ecau mnooicecmeo X undykmueho ynopadoverno ommoueruem npeo-
nopadka 3, mo das a0boz0 aaemenma x € X mmuooicecmeo X obaa-

~)

daem munumanvrom saemernmom 0 € X maxum, wmo 0 3 x.

8§ 2. CYBJIMHEMHBIE OTHOIIIEHUSA IIPEAIIOPSIOIKA

2.1. [Iycre X — BelecTBEHHOE BEKTOPHOE IIPOCTPAHCTBO. JTO
[IPEJIIOTIOXKEHUE OTHOCUTEJIBHO X OYJET COXPAHATHCS Jlajiee Ha IPOTsI-
JKEHNU BCeil TJIABBI, JayKe €CJIM 3TO He OIOBOPEHO CIIEIUAJIBHO.

TpansuruBHoe OunapuOoe oTHOmeHHe (G, ONpEIEEHHOE HA BEKTOD-
HOM TIPOCTpaHCTBe X, HA30BEM CYOAUHETHDIM, €CITHI
Al) pns mobbix z,y,z € X u3 ycuosus (x,y) € G cuemyer
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(x+z,y+2) € G;

A2) s m0bpix z,y € X u 060ro BErecTBEHHOTO MOJI0KUTEIbHO-
ro gnciaa « >0 u3 ycaosus (z,y) € G caenyer (ax,ay) € G.

Yenopust A 1), A 2) sIBASIFOTCS] TAITXYHBIMY YCJIOBUSIMA COTTIACOBAHUS
OGUHADPHBLIX OTHOIIEHUIl CO CTPYKTYPOHl BEKTOPHOI'O HMPOCTPAHCTBA (CM.,
uanpumep, [9, 31, 50, 130 u ap.]).

[TPEMIOKEHUE 2.1. Tpansumuenoe bunapnoe omuowernue G Ha
BEXMOPHOM Npocmpancmee X  ABAAEMCA CYOAUHETHDLM M020a4 U MOAL-
K0 moeada, K020a

a) domG = X;

6) G(0) Asanemca BUNYKADM KOHYCOM;

B) G(z) = {z} + G(0) dan scex x € X.

3decv G(z) = {y € X|(z,y) € G}.

I3 7aHHOIrO YTBEPKICHUS CJIEYET, YTO B 3aBUCUMOCTHU OT TOT'O SIBJIsI-
ercst yin koryc G(0), HA3BIBAEMBII KOHYCOM NOAOAHCUMENLHBIT BEKMOPOS
orHomennst (G, 3a0CTPEHHBIM WJIM HET, T. €. B 3aBUCUMOCTH OT TOT'O, Ka-
koe u3 coornomennit 0 € G(0) nim 0 ¢ G(0) BbImOIHEHO, CyOINHEHOE
TPAH3UTUBHOE OTHOWIeHNEe G SABJIAETCHA JUOO OTHOIIEHUEM IIPEIIOPS/I-
Ka, JOO0 OTHOIIEHUEM CTPOIOrO IPEIIIOPsIIKA.

BekTopnoe mpocrpancteo X ¢ 3aJaHHBIM Ha HEM CyOJUHEHHBIM OT-
HOIIIEHUEM TIPEANIOPAIKA = OyJieM HA3BIBATH NpedynopadouerHvLm 6€k-
mopruim npocmpancmeom u Oyiem obosHadaTh uepes (X, 3)

Teopusi IPEAYIOPSTOUEHHBIX BEKTOPHBIX IPOCTPAHCTB XOPOIIO Pa3-
BUTA JJId CJIydas, KOrJa OTHOIICHHWE NPEANOPSIKa ABJIeTCA (haKTh-
YeCKU OTHONIEHNEM JaCTHIHOrO Mopsiaka. COOTBETCTBYIOIINE STOMY CJTy-
Yal0 MMPOCTPAHCTEA HA3BIBAIOTCH YIOPSIOIYEHHBIMA BEKTOPHBIME MTPOCT-
panctBamu |9, 22, 31, 130, 244, 246]. BoapmuHCTBO TOHATHIE, a Tak-
JK€ PEe3yJITATOB M METOJI0B TEOPHHU YIIOPSJIOYEHHBIX BEKTOPHBIX IIPOCT-
PAHCTB MOXKET OBbITH UCIIOJIb30BAHO, BO3MOXKHO ¢ HEKOTOPBIMU U3MEHEHHU-
AMEA WM MOJU(PUKAIISAMHA, U TIPA PACCMOTPEHUH TIPELYIOPSIOIEHHBIX
BEKTOPHBIX MPOCTPAHCTB.

2.2. Ilycre (X, 3) — 3aJaHHOE NPEIYIOPsIIOUEHHOE BEKTOD-
HOE TIPOCTPAHCTBO W IYCTh < W ~ SBJSIOTCS COOTBETCTBEHHO ACHM-
METPUYHON U CHMMETPUYHON YACTAMU 3aJAHHOIO OTHOIIEHHS IIPEIIo-
panka. Takum 06pasoM, T < Yy O3Ha4aeT, 910 T S Y, HO Yy 2B x;
COOTHOIIIEHUE X ~ Y PABHOCHJIBLHO TOMY, UYTO T Sy U Yy 3 .

Bekrop x € X OyzeM Ha3bIBATD NOAOKHCUMENLHBIM, ecir 0 3 X ; cy-
ULECTNBEHHO NOAOAHCUMEADHBIM, €CTE 0 < T ; IKGUBAACHIMHBIM HYACEOMY
6€KMOPY WU TIPOCTO HYAb-6eKmMopom, ecma 0 ~ x.

Muoxecteo X+ :== (0) = {z € X |0 3 x} HaspiBaercs Konycom
NOAOHCUMENOHDIT SEKMOPOE TPEILYIIOPSIOUYEHHOI0 BEKTOPHOTO IIPOCT-
parcrBa X. s o603HAYEHHS] MHOXKECTBA CYIIECTBEHHO IOJIOXKUTE b
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HBIX BEKTOPOB OyJeM WCIOIb30BaTh cumBosi X~ =< (0) =
= {z € X|0 < z}, a MHOXKECTBO HYyJib-BEKTOPOB OyJjieM 0003HAYATH
gepes X~ =~ (0) = {x € X|0 ~ z}. U3 naunoil BblIe Xapak-
TEPUCTUKU CYyOJIMHENHBIX TPAH3UTHBHBIX OMHAPHBIX OTHOIIEHUI CIIe/IyeT,
gro X1 ecTh 3a0CTpeHHBIH BBITYK/bIE Konye, X~ = X N (=X1) —
MaKCHMaJIbHOE BEKTOPHOE MOJIIPOCTPAHCTBO, cojepkarmeect B X1, a
X7 — He330CTPEHHBIN BBIIYKJIbI KOHYC.

Bekrop x u3 UpemynopsiOYEHHOTO BEKTOPHOTO IPOCTPAHCTBA
(X, 3Z) HA30BEM CMPO20 NOAOHCUMEADHBIM, ECIH JJIsT JTFOOOTO MOIOXKHA-
TeJILHOTO BeKTOpa 4y € X CyMecTByeT MoJIo¥KUTebHOe BeleCTBeHHOe
qucio p > 0 Takoe, 9TO Uy 3 T.

To, 9TO BEKTOp I SIBJIAETCS CTPOTO IMOJOKUTEILHBIM, OyIeM 000-
3HavaTh Yepe3 0 << & mwim x > 0, a MHOYXKECTBO BCEX CTPOTO TOJIOXKH-
TeJIbHBIX BEKTOPOB ODO3HAMUM CHMBOJIOM X ™.

U3 ompeiesiennst cTporoil MoJIOKUTETLHOCTH CJIEYET, YTO BEKTOP &
u3 X SBJISIETCsl CTPOTO IMOJIOXKUTEJbHBIM TOTJIA W TOJBKO TOIJA, KO-
ria Xt = conel0,z], tme [0,z] == {y € X|0 2 y 2 &} — nops-
KOBBIIl mHTEpBaJ B X, a coneM — KOHMUYecKas 000JOYKA MHOYKECTBA
M n3 X.

Tak kax € X7, To U3 onpeeneHns HOJIydaeM, YTO JioOOi CTPOro
HOJIO?KUTEIbHBIN BEKTOD SABJISETCS MOJIOKUTEIbHLIM, T. €. X C X T,
ITokazkeMm, uTo Ha camoM geste X~ C X7 . Bymem paccy>kiaThb oT Ipo-
tugHOTO. [lyets X~ N X # . Torma mis moboro x € X~ NX™ u
JII00OTO CYINECTBEHHO IIOJIOXKATEILHOIO BeKTopa y € X~ Haiimercd Be-
IIIECTBEHHOE TIOJIOKUTENbHOE ancao (4 > 0 Takoe, uro puy Jx. OTciona
B cuity Al) nonmyuaem —z 3 — py. Tak kak z € X™, 10 03 — 2 wu,
cremoBarenbao, 03 —y, uro Bieder y € X~ Iocientee HEBOZMOXKHO
mz-3a X~ N X~ =. Takum obpasom, X C X"

Cureyromuii IpuMep IOKa3bIBaeT, 9T0 X ™ ABJAETCH, BOOOIIE TO-
BOP#, COOCTBEHHBIM MOJMHOMKECTBOM X .

ITpuMEP 2.1. Hyers X = R?, XT = @i = {(z1,22) | 11 > 0,
zy > 0}. Torma X~ = XT\ {0}, a X7 =R2 = {(21,22) | 21 > 0,
x9 > 0}. Cremosarensho, Bekropsl Buna (0,z) u (x,0), toe = > 0,
CYIIECTBEHHO MOJIOXKUTEJbHBI, HO HE CTPOrO HOJIOKUTEIHHBL.

Aunzebpauueckols (omnocumenavnol aszebpaudeckoli) GHYMPEHHO-
cmvio mHodicecmea () W3 BEMIECTBEHHOIO BEKTOPHOTO IMPOCTPAHCTBA
X maseBaerca [138,217,312] obosnadaemoe uepes cr@ (icr@Q) mHO-
JKeCTBO, COCTOsSIIIEe U3 TAKUX BEKTOPOB € (), |To Jjist oboro y € X
(y € affQ — x ) cymecTByer MoI0KUTEIHLHOE BEIECTBEHHOE IUcI0 & > 0
Takoe, 4To T + Ay € Q g Bcex A € (—0,0). 3necy aff) — naumenn-
mee adpduHHOE MHOTOOOpa3ne B X, comep:kariee Q.

MHoxkecTBO () HA3BIBAETCSI AA2e0DPAUYECKY (OMHOCUMEALHO GA2E0-
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paunecku) omrpumoim, ecan Q = cr@ (Q = icrQ).

Eciin () — BBIIIYKJIOE MHOXKECTBO, TO icr() COCTOUT M3 BCEX BEKTOPOB
T € ) Takux, 9To miist Jioboro y € @ cymecrsyer § > 0 Takoe, 9TO
r+ My —2x) € Q muaseex A € (—4,0).

TIPEMUIOXKEHUE 2.2. Jlas mo2o wmobvt 6 npedynopadoternHom Gek-
moprom npocmparcmee X CYuLecmeosan cmpozo nosoHCUmMesvhvlll 6ex-
mop, HeobLodumo u Jdocmamouro, 4mobv, OMHOCUMENLHAA AAZEOPa-
NECKAA SHYMPEHHOCTID KOHYCA NOAONCUMEALHOLT 6ekmopos icrX T Gl
A0 Henyema, npu amom T € X ABAAELMCA CMPO20 NOAOHCUMEADHDIM
mozda u moavko mozda, kozda x € icrX T, m. e. X7 =icrXT.

JIOKABATEJILCTBO. Ecm © € X # &, To mas moboro y € X+
CYIIECTBYeT TMOJIOXKUTEHHOE BENECTBEHHOE YUCI0 fig > 0 Takoe, 91O
x—py € Xt g seex p € [0, o). Tak xax pr € X+, pu >0, To us
HOC/IEHEr0 BKJIOYEHHA M TOro, 9T0 X T BLITYKJbI KOHYC, HOJIydaeM
x—ply—z) € XT mus seex p € [0, puo]. Kpome Toro, B cuity BbIyk-
noctn Xt mmeem z + p(y —x) € Xt g seex p € [0,1]. Homoxus
§ = min{1, po}, momyqaem z + u(y —x) € X+ mua scex p € (—4,9),
yTO BIedeT z € icrXT.

Jns jjokasaTesibecTBa OOPATHOTO BKJIIOUEHUS IIPEIIIOJIOKUM, YTO
icrXT # &. Jna npoussosibioro y € X ykaxkem ¢ > 0 Takoe, 4TO

1 y e
1+ |l
€ X ana moboro g € (—§,0), 9TO O3HAYAET CTPOTYIO HOJIOXKUTEIb-
HocTh . Ilpenjioxkenue Jo0Ka3aHo.

CHEACTBUE 2.1. Mnoocecmeo cmpozo nosoACUMessHuT 6EKMOPos
X7 npedynopadouenmnozo 6eKmMopHo20 npocmpancmea X AGAACTNCA
OMHOCUMENBHO AALECPAUNECKY OMKPDIMBIM BUNYKAbIM KOHYcoM 6 X.

W3 npesgioxkenust 2.2 cjeayer, 9To J000e KOHEYHOMEPHOE IIPEeILy-
MOPSIJIOUEHHOE BEKTOPHOE IIPOCTPAHCTBO 0OJIAJIAET CTPOrO MOJIOKUTE b=
HBIMI BeKTOpamu. B 10 ke BpeMst Ha JTI000M OECKOHETHOMEPHOM BEKTOD-
HOM TIpOCTpPaHCTBe X CYIIECTBYET TAKOE CyOIMHEHOE OTHOIIEHHE TIPET-
MOPSIJIKA, OTHOCUTEIBLHO KOTOPOro B X He CYIIECTBYIOT CTPOIO IOJIOKH-
TeJIbHBIE BEKTOPBI. UTOOBI II0Ka3aTh 3TO, BOCIIOIL3YEeMCs KOHCTPYKITHEH
u3 [217]. Bagamum B X 6asuc Pamens: (a;);c; u paccMoTpuM CyOanHei-
HOE OTHOIIEHUE MPEIOPSIIKA, KOHYC MTOJIOXKUTETBHBIX BEKTOPOB JIJIsT KO-
TOPOTO €CTh BHITYKJIBIA KOHYC K, COCTOAIMIN U3 BEKTOPOB X, MMEIOITAX
B 3aJIaHHOM 0a3uce TOJBKO HEOTPHUIATE/bHbIE KOOPJUHATHL T, § € I.
Tak kak 6a3uc GecKoHeUeH, TO KaxK/Iblit BEKTOP « € K uMeeT HYJIEBYIO
koopauaary. IlycTe nis onpenenennoctn z; = 0. Torma x — Aa; He
cojepxkuTcst B K HU mpu KakoM moJiokureabHoM . ITockonbky Bce
BEKTOPBI 6asmca MpUHAIeRAT K, TO 9TO O3HAYAET, YTO X HE SABJIS-
€TCsI CTPOTO TIOJIOXKUTEBHBIM BEKTOPOM.

3AMEYAHUE 2.1. Bruepsble NOHSTHE CTPOTO MOJIOXKUATEJIbHBIX BEK-

r+ply—x) € Xt s moboro p € (—4§,0). Dro Brever —
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ropos 6b110 BBEegeHO M. I. Kpeitnom u M. A. Pyrmanom [145] auist HOp-
MUPOBAHHBIX YIOPSIOYEHHBIX MPOCTPAHCTB € TEJIECHBIM KOHYCOM IOJIO-
JKUTEJILHBIX BeKTOPoB X T U ONpeesisioch KaK IIPHHAJIJIe;KHOCTD BEeK-
Topa BHyTpenHocT Konyca X . IToCKOJILKY IIpH BBLINOJHEHUN YCJIOBUS
intXt # & umeer mecro pasercrso crX ' = intX', To uz mpemio-
xxenus 1.1 cjemyer, 9TO JaHHOE 3/1€CH OIPEJIEIEHUE CTPOrOM MOJIOXKU-
TesibHOCTH 0000ITIaeT onpenesienne Kpeiitna - Pyrvana Ha mpon3BosibHBIE
IPEIYIIOPSIIOUEHHBIE BEK- TOPHBIE TIPOCTPAHCTBA.

C apyroii CTOPOHLI, eC/I KOHYC HOJIOKATEIbHLIX BEKTOpoB X T Boc-
mponsBoaAmit, T. . ecin Xt — XT = X, To mOHATHE CTPOTO IO-
JIO)KUTEJILHOTO BEKTOPA COBIAJAET C MMOHATHEM IIOPSIKOBOI €MHUIIbL.
(BekTop & "3 yHOPSIIOYEHHOTO BEKTOPHOTO MPOCTPAHCTBA HA3BIBAETCS
nopadkosot edunuyed [9, 22, 244] , eciin TOPSIIKOBLIA MHTEpBA [—T, ]
sIBJIIeTCs morJiomaronmuM B X, T. e. s Jjiroboro y € X Hadinercs Be-
niecrBeHHoe duciao A > 0 rakoe, uro —Ar 3y 3 Az,

3AMEYAHUE 2.2. B mocienyromem MHOTIA Ha OHOM U TOM K€ BEK-
TopHOM mpocTpancrBe X OyIyT pacCMaTPUBATHCS PA3JIMIHBIE CYOJIIH-
HelfHble oTHOIIEHNsT Tpeanopsika G. s oTinvust MOHSITU, COOTBET-
CTBYIOIIUX NPEIYTIOPsI0OUeHHBIM BEKTOPHBIM npocTtpancTteam (X, G),
Pa3/IMIAONUMCs TOJIBKO OTHOIeHWeM mpeimopsiaka G, ymobHee CBsi-
3aThb 9TU MOHSATUS U MX O0DO3HAYEHUS HE C BEKTOPHBIM ITPOCTPAHCTBOM
X, a c ornomennem G. Ilosromy Oyzem TrOBOPUTH O KOHYCAX ITOJIOXKU-
TEJIbHBIX, CYIIEeCTBEHHO TOJIOKUTETHHBIX U CTPOTO TOJIOKUTEHHBIX BEK-
TOPOB CyOJIMHEHHOTO OTHOIEHUs pearnopsijika (G, a He IpeIyrnopsiio-
YEHHOI'O BEKTOPHOI'O IIpocTpancTBa X u 0003HAYATH UX COOTBETCTBEHHO
gepes G(0), G7(0) u G (0) Bmecro X+, X~ X~~. Ilo Tem xe
npuanHaM OyJieM ucrnosb3oBaTh obosHadenne G~ (0) Bmecro X~ s
IO/ITPOCTPAHCTBA, HYJTb-BEKTOPOB.

§ 3. BHYTPEHHEE CTPOEHUE CYBJIMHEMHBIX
OTHOIIEHU IIPEOIIOPSIAKA

3.1. Ilycre (X, 3) — mpeaynopsijiloueHHOe BEKTOPHOE IIPOCT-
PaAHCTEO.
Cy6mHeiiHoe OTHOIIEHNE [IPEIOpsiIKa S, Onpee/enHoe Ha X, Ha-
30BEM OMMHOCUMENLHO OMKEPbIMbIM, eciid X~ # & n X~ = X7
OKa3bIBaeTCs, 9TO MPOU3BOJILHBIE CYOJUHEHHbIE OTHOIIEHUS HPEI-
opsiIKa 00/IaIAI0T BHYTPEHHEH CTPYKTYPOii, B KOTOPOi B KAYECTBE dJIe-
MEHTAPHBIX COCTABJSAIOIIUX BBICTYIAIOT OTHOCHTEIHLHO OTKPBITHIE Cy0O-
JINHEHBIE OTHOINEHUs MPEANOpsiKa. UTOObI BBISIBUTH 3TO, 3aMETUM,
YTO IOHATHUE CTPOrOHl MOJOXKUTEJHLHOCTH BEKTOPA & OTPAarXKAeT HEKO-
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TOpOE CBOMCTBO “OMUHNPOBAHUST TOJIO2KUTETLHOTO BEKTOPa, T HAJl BCe-
MM OCTAJIbHBIMA TOJIOKHUTETbHBIMI BeKTOpamu. Cy2Kast TAHHOe CBOHCTBO
Ha IIPOM3BOJILHYIO IIapy HOJIOKUTEJbHLIX BEKTOpoB T,y € X, BBe-
JleM Ha Konyce X T OTHOIIEHUe IpeopsIKa, KOTopoe 6y 1eM Ha3biBaTh
omHoweRuEM 2pareso2o nodwunerus (cM. 3amedanue 3.1).

Bytem roeoputsb, 4TO noaostcumenvniti 6exmop x € X nazodumcs
6 2PAHE6OM NOOMUHEHUY K NoAOHCUMeAvHoMmYy sexmopy y € X1, ecim
CYIIECTBYET ITOJIOXKUTEIBHOE BeInecTBeHHoe vucjo p > 0 Takoe, 9TO
px 3y

O6o3HauUM OTHOIIEHHE I'PAHEBOTO HOJYMHEHUs cuMmBojioM < . Pe-
GbIIEKCHBHOCTD U TPAH3UTUBHOCTD OTHOIIEHUST < YCTAHABIUBAIOTCS dJIe-
menrapHo. (CjiesoBaTeIbHO, OTHOIIEHWE TPAHEBOTO ITO[IYNHEHUs SBJIS-
eTcsl OTHOIICHHeM Hpejanopsaka Ha X .

CumBosioMm <> 0003HAYMM OTHOIIEHUE SKBUBAJICHTHOCTH, TOPOXK 1A~
emoe Ha X1 OTHOIIEHHEM IpaHEBOro NOAYUHEHHd, T. €. T <> 3 TOIIa
u ToJbKO Torja, Kkorma ¢ Jy u y J x. Jlerko mosyuuTs, 94To <>y
B TOM H TOJIBKO B TOM CJIydae, KOTJ[a CYIIECTBYIOT BEIECTBEHHBIE TUCIIA
w>0 u v>0 rakue, aro pr Iy I v

[Mycts M(XT) -muOMKECTBO, mosydennoe dbakTopusamueil KOHyca
HOJIOYKUTEHLHBIX BEKTOPOE X T 110 OTHOIMIEHUIO SKBUBAJCHTHOCTH <>,
u nycre M, = {y € X | y <> 2} — Kjacc SKBUBAJIEHTHOCTH U3
M(X™T), conepxamuii BEKTOp .

[TPEAJIOKEHUE 3.1. Kaorcdwii xaace sxeusanenmmuocmu us M(XT)
ABAAEMCA OMHOCUMENDHO AA2EOPAUMECKU OMKPBINBIM BBINYKAIM KOHY-
com. B wacmmocmu, xaacc sxeusanernmmuocmu My, codepotcawyuti nyae-
601 8eKMOp, cosnadaem ¢ nodnPoCMPAHCMBOM HYAb-6eKmMopos X ™.

JIOKA3ATEJJILCTBO. Ilokakem cHadasa, 9To J1I0O0# KIacc SKBUBa-
nearHoctu M, € M(X™T) saBisiercs BBITYKJIBIM KOHycoM. PaccMoTpum
muoxectBo M, = {y € XT|y < x}. Tak kak y < T SKBUBAJICHTHO Bbi-

]
[IOJIHEHUIO COOTHOIEHUS [y 5 & i Hekoroporo u > 0, o —(ay) Jx
!

ayist gioboro o > 0 Bieder ay € M, mas Bcex Yy € M, u a > 0.
IIycrs y1,ys € M,. U3 coorHomennit (iy; 3 & U fioys = 2 mOIydaeMm
w(yr +y2) 2 @ mpu p = min{u, po}, 9r0 BIEdeT Y1 +Y2 € M,. Taxum
06pazoM, MHOZKECTBO M, SBJISETCA BBIIYKJIBIM KOHYCOM. AHAIOTHYHO
JokasbiBaercst, 1ro MHozkectBo M, = {y € X | x < y} Taxxe aB-
JisteTcst BBITYKJTBIM KoHycoM. [lockombky M, = M, N M,, to M, —
BBIILYKJIBI KOHYC.

I[Iycre L, — Hammenbinee adduHHOE MHOTOOOpA3UE, COMEPIKAIIEE
M,. Tak xak M, — BBIIyKJbIH KOHYC, TO L, = M, — M, «aBigercs
BEKTOPHBIM ITofripocTpancTsoM. s nokazaresabcrsa Toro, ¥ro M, #aB-
JIsI€TCsl OTHOCHUTEJIBHO ajreOpandecKu OTKPBITHIM, HAJO MOKA3aTh, UTO
Jtst Jiroboro y € L, Haiimercs dumcio ¢ > 0, y/I0BJIETBOPSIOINIEE YCJIO-
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Buto x +ty € M, nusa Beex t € (—6,0). Iycrs y1,y2 € M, TakoBbI,
9TO Y = Y1 — Y2, TAE Y — IPOU3BOJILHO BBHIOPAHHBIA BEKTOD U3 L.
Hna y; m ys cymecrByior unciaa v; > 0 pup > 0 u ve > 0,pue > 0
Takue, 9T0 T 3 Y1 S x U vex I Yy 3 usx. Iomoxkus v =
= min{vy, 0} u p = max{p, po}, moayunm va I y; 3 px, i = 1,2.
He orpannuwmBasi oOmiHOCTH, MOXKHO MOJararh, 9ro v < (. Tak Kak
—(p—v)x Zy1 —y2 S (u—v)x, TO Ay AHOOGOrO BEIMIECTBEHHOIO YUC/IA
t umeem (1—|t|(u—v))z Zx+tlyr —y2) 3 (1+|t|(n—v))x. onoxus
1

§ = ——, noumyuum 1—|t|(p—v) >0 mus seex t € (—6,6). Cnenoa-
w—v

TenbHO, T + t(y1 — y2) € M, mus Beex t € (—4,0), 9ro u TpeGOBAIOCH
JIOKa3aTh.

PaccmorpuMm Teneph Kitace sxBuBasieHTHOCTH My, 3amermm, d9TO
My = X*. Cnenosarenvno, My = My = {y € X | y < x}. Tax kak
yenosue y < 0 sxsusanentHo y 3 0, To Mo = XTN(=X+) = X~.
IIpenmoxkenne moKa3aHo.

Duements! cemeiicrea M (X™T) Gysem HasbBATL 0MKPLIMBIMU 2DPa-
HAMU KOHYCA, TOJOXKUTETBHBIX BeKTOPOB X T.

MHoKecTBO Beex OTKPBITHIX rpaneit M(X ™) konyca X1 ynopsiio-
9UM, IoJiarasi, Kak OOBIYHO B IOJOOHBIX CJIyYasx, YTO JJIsl TPOU3BOJIb-
veix My, My € M(X+) oruorienne My, < M, wmmeer MecTo B TOM U
TOJILKO B TOM CJyd4ae, Korjga x <y s Bcex © € My u Bcex y € M.
Ha M(X™) ornomenne < sBjseTcst OTHOIIEHUEM YaCTUIHOTO TOPSI-
Ka.

Tak kax mis joboro y € X~ u gwoboro x € X+ umMmeer mecTo
cooromenne y < z, o X~ < M g Bcex M € M(XT), © e.
OTKpBITast rpaib X~ — Haumenbinuii sjiement 8 M (X T). Kpome Toro,
UMEET MECTO CJIe/IYIONIee YTBEPIKICHIE.

TIPE/IVIOXKEHUE 3.2. Mrosicecmeo 6cex, omxpuimo, epanet M(XT)
KOHYCA NOAOHCUMENLHILT 6exmopos X T aeaaemca eeprreti pewemxol
N0 OMHOULEHUIO 2DPaHEe8020 NodvuHeHus <, M. e. MHOIHCECTNBO BEPTHUL
epanuy, 1106020 deyrasemenmiozo mroocecmea {My, Ms} C M(XT)
nenycmo u obaadaem naumenvwum aaemenmom MiVMy € M(XT),
npu amom onepavus NV na M(XT) asasemcsa daxmopusavueti sadan-
noti wa X1 aneebpauneckoti onepayuu caovicenus, m. e. My V M, =
Myyy Oan moboz x,y € X

HOKA3ATEJBCTBO. [Iycts M7y, My — mpou3BOIbHBIE OTKPBITHIE IPa-
on u3 M(XT) unyers « € My, y € My, ©.e. My = My, My = M,,.
Takkak ¢ <24y u y < x4y msmobeix z,y € X1, o M, < My,
n M, {4 M4, CrenoBaTesbHO, MHOXKECTBO BEPXHUX TDAHHI[ MHO-
xkecrBa {Mj, My} memycro.

ITpeanonoxkum ganee, uro M, < M, M, < M nns HEKOTOPO# OT-
kpbiToit rpanun M € M(X ™). Ilycts 2z € M, torma = < z,y < z um
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9KBUBAJIEHTHO AT 3 2,0y 3 z JJIs HEKOTOpbLIX 4dmcesr A > 0,p > 0.
U3 nocsennux cooTHOIIeHUH HeTPyAHO notyuuth v(r + y) 3 z, rae
v = min{\, p}, aro Baeser x +y < z u, cmenosarensro, My, I M.
Taxum obpasom, My, dBIgeTCA TOYHON BepxHe# rpanuneil maus M,
u M,. Ilpennoxenue J10Ka3aHo.

CneactBUE 3.1. Ilyemv M — mpousdsoavHas OMKPLIMGA 2PAHD
xonyca noaoscumervhuis sexmopos X, Ly =M — M — naumens-
wee gexmoproe nodnpocmpancmso, codepotcautee M. Tozda

Xt NLy=U{M|MeM(X*t), M<dN}.

JIOKABATEILCTBO. Iyers M € M(X1), M < M. Jlns mobbix
ze€MuzeM uMeeM w = = +z € M. 3naunr, z = w — z, TJe
w,z € M. D10 Brewer M C Ly u, cremoBarensuo, U{M | M €
€ M(X+),M 9 M} C XTNLy. O6parno, nycts x € (X )N Ly Us
[pEeJICTABICHUST & = w — 2, W,z € M, nojaydaeM w = x + z. 3HAYUT,
M,NVM = M, aro Baeuer M, < M u TeMm caMbIM JOKa3bIBAET OOpaTHOE
Bruntouenue. Ciie/IcTBrE TOKA3aHO.

CHEJICTBUE 3.2. Ecau cemeticmeo omxpwmoix epanett M(X™T) as-
AAEMCA COBEPUWEHHO YNOPAdowerHbiMm (omHocumesvrno < ), mo das ato-
6ot omxpwmoti eparu M € M(XT), M # X~ wmnooscecmeo
M’ = U{M € M(XH)|M < M} makoice A6AAMCA GONYKABLM KOHYCOM
u Ly =M — M’ (naumenvuiee 6exmoproe npocmpancmeo, codepica-
wee M’ ) ne nepecexaemes ¢ M.

JIOKABATEJBCTBO. Tak kak M (X ™) siBiisiercst COBEpIIEHHO yIOPsi-
JIOUEHHBIM, TO JJIs JI00bIX T,y € M’ umeem 6o Mgty = M, mabdo
Mgy = M,. Crenoarensno, My, <M n x+y € M’'. Tlogoxures-
Has OJHOPOJHOCTL MHOXKecTBa M’ odesmmana.

[pennonoxum, aro M N Ly # 0 unycrs z € M N Ly U3 Brito-
uennsa z € Ly mosaygaem z = u — v, rae u,v € M'. Orcioma cienyer,
gto 2z +v =u € M'. C apyroii CTOpOHBI, B CAJIy NPEIJIOKEHAA 3.2 U3
coorHoltennss v < z nonydaeM 2z + v € M, = M. Iloxyunnmu nporu-
Bopeune Tomy, uto M N M’ # &. 3uaunt, Ly N M # .

HeTpyiHO npuBecTu mpuMepsbl, NoKasbiBatornye, uto ecau M(XT)
HE SIBJISIETCSI COBEPIIEHHO yIIOPSAI09eHHbIM, TO M’ MoXKeT He OBITH BbI-
MyKJIbIM, & M MOXKeT mpuHa IeRaTh L.

Ciieyioree yTBEpK/I€HUE CBSI3bIBAET CYIIECTBOBAHUE CTPOTO IOJIO-
JKUATEJIbHBIX BEKTOPOB C I'PAHEBBIM CTPOEHUEM KOHYCA IOJIOYKUTEIbHBIX
BEKTOPOB.

TEOPEMA 3.1. Zlas mo2o wmobvl MHOIHCECTNE0 CMPO20 NOAOHCUTNEAD-
Ol 6exmopos X nped ynopadouennozo 6eKXmopHo20 npocmparcmea
X 6vr0 wenycmo, 1Heobxodumo u docmamowro, 4mobv, cemeticmeo om-
kpomoir epanetc M(X1) xonyca noaosicumenvnviz eexmopos X
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YNOPAIOUEHHOE OMHOULEHUEM 2DAHEB020 MOOUUHEHUA, UMENO HAUOONL-
wudi anemenm Mp € M(XT), m. e. umenro maxyo omxpumyo 2pars
Mp, wmo M < Mp das scex M € M(X™), npu smom Mp = X .

JloKa3aTeabcTBO TEOPEMBI CJIEIyeT HENOCPEJCTBEHHO W3 OIpejeJie-
HUS CTPOTOH IOJIOXKUTEIHLHOCTH BEKTOPA, KOTOPOE B TEPMUHAX OTHOIIIE-
HUS IPAHEBOrO MOJYUHEHUS] MOXKET ObITh nepedOpMyIUPOBAHO CJIELYIO-
muM 06pa30M: HOJIOKUTEIbHLIN BekTop * € X gBiagerca cTporo mo-
JIO?KHTEeJILHBIM TOTa B TOJBLKO TOraa, Korna z < x g Beex z € X T.

W3 nmamHOM TeopeMbl CjeayeT, ITO CyOJmHEeHoe OTHOIIEHHE IPe/i-
NOPSAJKA S ABJIAETCS OTHOCUTEIBHO OTKPBITBIM B TOM M TOJBKO B TOM
cllydae, KOIjla CeMeiCTBO OTKPBITHIX I'paHell KOHyCa MOJOKUTEIbHBIX
BEKTOPOB ABJIAETCH JBYX3JIeMeHTHbIM, T. e. M(X 1) = {X~ X7}

[Iycts =3 — mpousBosibHOE CyOJIMHEHHOE OTHOINEHNE MTPEIOPSIKA.
C kazk10it oTKpbITOl Tpanbio M € M(X ™) cBsizkeM OTHOCATEJIBHO OT-
KpPBITOE CyOJIMHEHOE OTHOIIEHUE INPEANOPSIIKA a7, KOHYC IIOJIOKU-
TeJIbHBIX BEKTOPOB KoTOporo ectb Spr (0) = M U X™. B cuiy mpen-
noxenns 3.2 cemeiicrso P(3) = {Zm| M € M(XT)}, cocrogmee n3
OTHOCHUTEIBHO OTKPBITBIX CyOJMHEHHBIX OTHOIIECHWN IIPEIIOPAIKA, SB-
JISIETCsl BEPXHEN PEIIeTKON 110 OTHONIEHHUIO I'PAHEBOrO IIOJ4YuHeHus (OT-
HOIIIEHNE TPAHEBOrO TIOIYMHEHUsS] eCTECTBEHHBIM O0OpPA30M IIEPEHOCUTCS
na P(Z) ¢ cemeiicTBa OTKpHITHIX rpaneii M(X 1)), npu sTom umeer
MECTO PABEHCTBO

<= U{ZS| M e M(XH)}.

Takum o6pa3oM, BHYTpEHHEE CTPOEHHE TPOU3BOIHLHOIO CyOINHEHHO-
IO OTHOIIEHUsI TIPEJNIOPSIIKA 5 TOJHOCTBIO XapaKTepU3yeTCcsl BEPXHen
pemerkoii P(3), ecam paccMaTpuBaTh B KadeCTBE 3JIEMEHTAPHBIX OT-
HOCHTEJILHO OTKPBITHIE CYyOIMHENHbIE OTHONIEHHS IPE/IIIOPSI/IKA.

SAMEYAHUE 3.1. OTHOIIEHNE TPAHEBOIO MIOIYMHEHNS Ha KOHYCE I10-
JIO)KUTETLHBIX BEKTOPOB CYOJIMHEHHOIO OTHOIIEHUS PEIOPSAIKa ObLIO
BBEJICHO KaK CyKEHHEe CBOICTBA CTPOrOHl IOJIOXKUTEJIBHOCTH HA Mapbl
BeKTOPOB. I10/106HBIM 06pa30M B IPOU3BOJIBHOM (HEYIIOPSIIOIEHHOM ) BEK-
TOPHOM IIPOCTPAHCTBE X MOXKHO PACCMOTPETH CBOWCTBO BEKTOPa OBITH
OTHOCHTEJIbHO aJiredpandecKn BHYTPEHHUM JIJIsl 33JIAHHOTO MHOYKECTBa
Q C X Kaxk HEeKOTOpOe CBOMCTBO JOMUHHPOBAHUS ITOI'O BEKTOpa HaJl
BceMu BeKTOpamu u3 (). Ecim cy3uthb 310 CBOHCTBO Ha Haphl BEKTOPOB
u3 (), TO aHAJIOTUYHO BBIMIEN3JI0KEHHOMY MPHUIEM K OTHONIEHWIO I'Da-
HEBOTO IOJMAHEHUS JIJIsI 33/]AaHHOTO BBIITYKJIOIO MHOYXKECTBa, (), KOTOpOe
BIIEPBbIe OBLIO BBEJIEHO U UCCJIEI0BAHO B cTaThe [223] .
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§ 4. CYBJIMHEMHBIE OTHOIIIEHUA CJIABOT'O ITOPAIKA
1 KOPTEXKU JIMHENHBIX ®YHKIIMOHAJIOB

Ilens macrosmero maparpadga — yCTaHOBUTH XapaKTE€PUCTHU-
YecKne CBOWCTBa CyOJIMHENHBIX OTHOIIEHUH C1aboro mopsiaka (TOJHBIX
OTHOIIIEHUI TIPEJIIOPSIIKA), OIPEeJeHHBIX Ha BEIECTBEHHOM BEKTOD-
HOM HpOCTpaHcTBe X, U IOCTPOUTH JJIsl HUX JBONCTBEHHBIE OOBEKTHI
B mpocTpancTee X'.

4.1. O6o3HaunmM yepe3 G ceMeiicTBO BcexX CyOIMHENHBIX OTHO-
MEeHNH IPENOPSIIKA, 3aJaHHBIX Ha BEIECTBEHHOM BEKTOPHOM ITPOCTPAH-
cree X. Cumposiom € Oynem 0003HAYATDH MOJICEMENCTBO U3 G, COCTOsI-
1iee u3 CyOJMHERHBIX OTHOIIEHU SKBUBAJIEHTHOCTU. 3aDUKCUPYEM HEKO-
TOpoe CyOIMHEHHOe OTHOIIEHNE SKBHBAJEHTHOCTH S € & | paccMo-
TpuM nogcemeiicrBo G(S) Bcex cybMHERHBIX OTHOLIEHUH IPEIIOPSIKA
G u3 G, ynoeaersopsomux yerosmo G NG~ = 5. OueBnaHo, uTO
G=U{G(S)|Se&} u {S}=G(S)NE.

TEOPEMA 4.1. Cybaunetinoe omnowenue npednopadka G, onpede-
AEHHOE HA GEKMOPHOM npocmparcmee X, ABAACMCA CAGOBIM NOPAO-
xom na X mozda u moavko moezda, xk02da G ABAAEMCA MAKCUMAND-
HOM 1O OMHOWEHUN JOMUHUPOSAHUA dnemermom cemeticmea G(S),
2de S = GNG™, m. e xo2da na X me cywecmsyem cybaunetino-

~

20 omnowenus npednopadka G, Y0o6AEMBOPAIOWEL0 YCAOBUAM

GcG G+£GuGnNG'=GnG . (4.1)

JOKABATEJIBLCTBO. Heobrodumocmo. Ilycrs G — ciiabblii IOpsiI0K
ma X mnyers Gy w3 G(S), rme S = GNG™!, ynosnersopsier BKode-
uuio G C Gy. Benencrsue nonnorsl G npoussosbHas mapa (z,y) € Gy
npuraexuT oo G, oo G~'. Ommako ecmu (z,y) € G™1, To B
cury G71 C G' umeem (z,y) € GT' u, cremosarensuo, (r,y) €
€ Gy ﬂGfl =S C G. Takum obpasom, G; C G, 9TO BjIeYET PABEHCTBO
G1 = (G, KOTOpOe BCJIEICTBIE IPOU3BOJILHOTO Bhibopa (G o3HadaeT Ma-
kenmasbHOCTh G B G(S). HeobxommmocTh joKka3aHa.

Locmamounocmo. [penmonoxkum, aro G ABJIsIETCS MAKCUMAJIbHBIM
aemenToM B G(S) © Iycrb B HPOTHBOIOJIOXKHOCTD yTBEDIKIEHUIO
GUG™ ! # X x X. Ilyers (a,b) ¢ GUG™!. B cuny cybuneiinoctn
G nonydaem, uro Bekrop ¢ = — a € G(0) U (—G(0)). Paccmorpum B
X cybnmueiinoe oTHomenue npeanopsaaka G, KOHYC IIOJOKATEILHBIX
BeKTOPOB KoToporo ectb G1(0) = {z+ac | z € G(0),« > 0}. Ouesuzmuo,
aro G C G1,G # G1. Tlokaxkewm, aro Gy ﬂGfl = GNG~!. Brmouenne
GNG~ ' Cc GiNG™! crenyer us G C Gy. Jokaxkem obpaTHOe BKIIIOUE-
mue. Iycrs (z,y) € GiNGTY. Torma y—x € G1(0) u z—y € G1(0).
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D10 03HAUAET, YTO CYIECTBYIOT 21,22 € G(0) u oy > 0,as > 0, yzao-
BJIETBOPSIONTNE PABEHCTBAM Yy —1T = 21+a1¢ = —z29—agc. OTcrona mosry-
qaeM 21 + 22 = —(o + az)c. Tlockombky 21 + 22 € G(0), a —c & G(0),
TO MOCJIe/IHEE PABEHCTBO BO3MOXKHO JIMIIB IPpU (v; = aip = 0, 9TO BJeuer
y—x=2€—-G0) u y—x = —20 € —G(0), 1. e. (z,y) € GNG~L. Ta-
KM 00pa30oM, TIOCTPOEHHOE CyOJIMHeHOe OTHOIeHne npeanopsaaka G
yaoBJieTBopsier ycaoBugM (4.1), aro nporuBopednT Makcumaibuoctu G
B G(S5). Teopema jokazaHa.

IMockonbky mobas nens {G;,¢ € I} u3 cemeiicta G(S), rme S —
NIPOU3BOJIbHOE CYOJIMHEHHOE OTHONIEHNE SKBUBAJIEHTHOCTH U3 &, Orpa-
HUYeHa CBepXy CyOJIMHEHHBIM OTHOIIeHneM npenopsiaka | J G, To, uc-

iel
nosb3ys gemMy Lopra [10,138,246], mosyuaem

CHEJICTBUE 4.1. Jlasa 4106020 cybaunetinozo ommouerus npednopao-
wa G, onpedeaenrozo na eexmoprom npocmpancmee X, cywecmeyem
cybaunetinoe ommowenue caabozo nopadka G na X, npasuavno domu-
nupyrowee G, m. e. maxoe, wmo G C G u G\G1 Cc G\ G

Crieryroiee yTBEpKJIEHUE XapaKTepU3yeT CyOJIMHEAHbIE OTHONIEHU S
¢aboro MOPsIIKa Iepe3 CBOMCTBA COOTBETCTBYIONMX MM KOHYCOB IIOJIO-
JKUTEJIbHBIX BEKTOPOB.

TEOPEMA 4.2. I[Iycmv G — cybaunetinoe omuowerue npednopsoxa,
3adannoe va sexmoprom npocmparncmee X. Tozda caedyroujue ymseporc-
0EHUA IKBUBAAEHTTVHDL:

a) G asasemces cCYOAUHETHbIM OMHOWEHUEM CAGO020 NOPAIKA HG
X

6) Konyc noaosrcumenvhvir eexmopos G(0) ydosaemsopsem ycao-
suro G(0)U (—G(0)) = X;

B) Konyc noaosicumenvrur sexmopos G(0) sAsasemes MAKCUMANL-
HOLM N0 GKAIOUEHUIO INEMEHTNOM CEMETICNEA, COCTNOAUWELO U3 GOINYKADLE
xonycos K us X maxuz, wmo KN (—K)=G(0)N(—G(0)).

Jloka3aTenbCTBO 9KBUBAJIEHTHOCTH a) <= 0) TPUBHAJIBLHO, & YKBU-
BAJIEHTHOCTD 4) <= B) JIOKA3BIBAETCS AHAJIOTMIHO JOKA3ATEIbCTBY TEO-
pewmbr 4.1.

CHEACTBUE 4.2. Cybaunetinoe omuowenue npednopsadka G, onpe-
desennoe na 6eKmMopHoM npocmpancmee X, ABAACMCA OMHOULEHUEM
COBEPUWEHH020 NOPAJKA MO20a U MOALKO M020a, K020a

G(0) U (—G(0)) = X u G(0) N (—G(0)) = {0}.

SAMEYAHUE 4.1. B paGorax [294, 311] mms mpowmsBosbHOro (6e3
HOPSAKOBOH CTPYKTYDPbI) BEKTOPHOI'O IIPOCTPAHCTBA X OBLIO BBEIEHO
HOHSATHE HOJIYIPOCTPAHCTBA — MAKCHMAJIBLHOIO BBIIYKJIOIO MHOXKECTBA,
comepxaierocst 8 X \ {0}. U3 caexcrust 4.2 3akiouaeM, 9T0 KOHYC
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CYIIECTEEHHO TIOJIOKUTEILHBIX BeKTopoB G (0) cybmmueiiHoro oTHOIE-
Hus npemnopsinka G, onpenesaeHHOro Ha X, SBISETCS MOJIYIPOCTPAH-
ctBoM B X TOIJa M TOJIBKO TOTJIA, KOrja (G — COBEPIIEHHBIH MOPSIIOK

Ha X.

4.2. Hamra panbHefiImas 1megb — MOCTPOUTH JBOWCTBEHHbBIE
00BEKTHI It CyOJIMHEHHBIX OTHOIIEHUH cjaboro mopsiaka. Haunem c
paccMoTpeHust CyOIMHEHHBIX OTHOIIEHUH CJIA00r0 TOPSIIKA YACTHOTO BH-
Jla, HA3BAHHBIX HUKE THIIEPIOPSIIKAMU.

Cyb6imHeiHOe OTHOIIEHNE SKBUBAJIEHTHOCTH S Ha BEKTOPHOM ITPOCT-
paHcTBe X HA30BEM 2UNEpIK6USAAEHMHOCTIbI0, €C B £ He CYNIeCTByeT
cyOJIMHEAHOTO OTHONIEHHSl SKBUBAJICHTHOCTH S Takoro, uro S C S u
S # S S # X x X, 1. e. ecu S sBJIS€TCS MAKCUMAJBHBIM 10 OTHO-
IIeHnto ToMUHUpoBaHust 3eMeHToM B &€ \ {X X X }.

Herpyamo yoeaurbcest, 4To cyOanHeiHOE OTHOIIIEHNE SKBUBAJIEHTHOCTH
S sBJISIETCST TUIEPIKBUBAJIEHTHOCTHIO B TOM W TOJBKO TOM CJIydae, KO-
ria S(0) = {x € X | (0,z) € S} aBigeTCS TUNEPIOANPOCTPAHCTBOM B
X. U3 31010 3akodaeM, 9To J0bdasi TUIEPIKBUBAJIEHTHOCTD S MOXKET
ObiTh mpejicraBieHa B Buge S = {(z,y) € X x X | I(z) = l(y)}, tne
l: X - R — jguneitusrit byaknuonas xa X.

Cyb6nuneiinoe oTHorenue cjaaboro nopsizika G Ha X Ha30BEM 2unep-
NOPAOKOM, €CJIN TOPOKICHHOE UM OTHOIIeHne SKBuBagenTHocTn GNG ™1
SIBJISIETCSI TUIIEPIKBUBAJIEHTHOCTHIO.

TEOPEMA 4.3. Jlaa n0601 2unepaksusasenmmuocmu S, onpedeneH-
HOTL HG BEXMOPHOM npocmpancmee X, CYuLecmeyom posHo 06a 63auUM-
HoobpammLr Mesicdy coboti ommowenus 2unepnopadke G u G~1 ma-
xue, wmo GNG™1 =S, npu smom

G={(z,y) € X x X [I(z) <I(y)},

2de | : X — R — auneltinorl dynxyuonan na X, 00nosnauno onpede-
AfeMbil o eubpanromy eunepnopsdky G ¢ mownocmovio 9o NOA0IHCU-
MEABHOZ0 BEULECTNBEHHO20 MHONHCUTNEAS.

JIOKA3ATE/IBCTBO. Ilycts [ : X — R — npousBoJIbHBIN JIMHEHHBIT
dyukimonan Ha X Ttakoit, uro S = {(z,y) € X x X | I(x) = l(y)}.
Jlerko mposeputsh, urto orHomenne G; = {(z,y) € X x X | I(z) <Il(y)}
ABJIfeTcd runepnopsaakoM Ha X, npuaem GiNG; = S.

Paccmorpum mipounsBoibHBIN Tuneprnopsaok G Ha X Takoii, 4To
GNG™ ! =8 Tak xak G7(0)NS(0) =@ u S(0) saBrsercsa rumnepn-
JIOCKOCTBIO, TO UMEeeT MECTO OHO 3 BKjnodenuii: oo G(0) C Gi(0) =
{z € X | l(x) > 0}, mmbo G(0) C —G;(0) = {z € X | i(zx) < 0}.
Bocmosp30BaBIIuch Jajiee MaKCHMAIbHOCTBI0 KoHyca G(0) (cM. Teope-
My 4.2. B)), nomydaem, uro 6o G(0) = G1(0), smbo G(0) = —G1(0).
Teopema jokazaHa.

38



TEOPEMA 4.4. Cybaunetinoe ommouwerue caabozo nopsadxa G, onpe-
deaennoe 1a 6exkmoprom npocmpancmee X, AGAALTNCA 2UNEPNOPAOKOM
mozda u moavko moz2da, K020a 0HO AGAACTNCA OMHOCUMENLHO OMKDbL-
muwm, m. e. kozda G~ (0) = G™(0).

HOKABATEJIBLCTBO. Heobxodumocmy. Tak Kak jjisi TUIEPIOPSIIKA
G KOHyC CyIECTBEHHO TOJIOKUTENbHBIX BeKTOpoB G~ (0) wmmeer Bum
G7(0) ={z e X | l(z) >0}, tue I : X — R — HeKOTOpLI# Ju-
Heitabilt pyaknuonaa Ha X, To ajrebpamteckasi BHyTPEHHOCTh KOHYCa,
G(0) coeunagaer ¢ G7(0). D10 BiaeYeT B CHIY NPeJIOKeHUs 2.2 pa-
Berncreo G~ (0) = G (0). HeobxomumocTs moKa3ana.

Hocmamounocms. Ecm G~ (0) = G (0), To G~ (0) siBasercs a-
reOpanIecKu OTKPBITHIM KOHYCOM B X (3/1€Ch UCIIOJIb30BAHA TAKIKE T10JI-
uora G ). Tax kak nomupocrpanctso S(0) = G(0)N(—G(0)) ue nepece-
kaercst ¢ G7(0), TO B CHITy TEOMETPUIECKIX T€OPEM TPOJOJIZKEHUS (CM.,
Hanpumep, [217], c. 127, teopema 3) HaiijeTcsi MUIEPIOAIIPOCTPAHCTBO
L C X Takoe, yuto LNG7(0) = & u S(0) C L. TlockoabKy, Kpome
Toro, LN (=G7(0)) =< u X = G"(0) US(0) U (—G7(0)), 0 mme-
et mecto u obparnoe Briodenne L C S(0). Cuemosarensuo, S(0) —
runeprojinpoctpancTteo B X. Teopema jgokazaHa.

SAMEYAHUE 4.2. B KOHTEKCTE TEOPUU NIPUHSITUS PEIIEHUs] PE3YJIb-
TAThl HACTOSIIErO IIYHKTa MOTYT ObITh HHTEPIPETUPOBAHBI CJIELYIOIIIM
06pa30oM: Jijisi TOrO YTOOBI Jjisk OTHONIEHNs peIopsiaka G, onpee/ieH-
HOTO Ha BEKTOPHOM IIPOCTPaHCTBe X, CYIIECTBOBAJIA JUHEHHas (DyHK-
U MOJIE3HOCTH, HEOOXOIUMO U JOCTATOYHO, 9TO0BI (G ABJIAIOCH OTHO-
meHneM runepnopsiika (cp. ¢ [42, 182, 240]).

4.3. PaccMOTpuM BEKTOPHOE IpOCTpaHCTBO X', cocTosiee
13 BCEX JIMHEMHBIX (PYHKIINOHAJIOB, OIIPEIEJICHHBIX HA BEKTOPHOM IIPOCT-
panctee X (mpoctpanctBo X' HasbIBaeTCs anreOpamIecKn COMPSIZKEeH-
HBIM BEKTODHOMY IIPOCTPAHCTBY X ).

JluneitHo HezaBUCHMOE ceMelicTBO F JIMHEHHBIX (DYHKIIMOHAJOB U3
X' mazosem xopmesicem Ha, X, ecmu F ABISETCS COBEPIIEHHO YIIOPSI-
JIOYEHHBIM 1 ist moboro x € X mogcemeiicrso F, = {l € F | I(z) # 0}
Jbo 1ycro, MO0 UMeeT HAMMEHBIIH djieMeHT (Oy1eM 0003HaYaTh TOT
9JIeMeHT uepes [, ).

OueBuHO, YTO JIIOOO0E BIIOJIHE YIOPSIOYECHHOE JTHHEHHO HE3aBUCHMOE
cemelicTBo F JMHEHHBIX (DYHKIMOHAJIOB u3 X' ABJIAETCH KOPTEXKEM Ha
X. B uacrHOCTH, J1I060€ KOHEYHOE COBEPIIIEHHO YIIOPSI0YEHHOE JINHEITHO
HezaBucumoe cemeiicrso F = {l1,l2,...,ln} ecTb KOprexk.

JIEMMA 4.1. /Tas ecaxozo xopmesca F € X' umerom mecmo caedy-
0wUe YMBEEPHCOeHUA:

1. Fp = Forg Oan ecer x € X u scex sewecmeennvir wucea A # 0.

2. Bcau x € X u Fp # D, mo Iy =l 0aa 8cer sewecmeerHbis
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wucen .

3. IIycmo z,y € X,

a) ecau Fp=0,F, =, mo Fpyy =,

6) ecau Fp =, Fy # D, mo Fppy D U lyyy =1y,

B) ecau Fp # D, Fy # D u lx(x)ly(y) >0, mo Fpyy # L.

Kpome moeo, ecau npu omom ly =1, usu l, npedwecmsyem I, 6
ynopadovernuu Kopmesica, mo lypy = ly.

Hokazaresbcrsa yrBepkaeHuii 1, 2, 3 a) u 3 6) sJleMeHTAPHO CJIe/Ty-
10T U3 OIPEJIeJIEHUsT KOPTEXKa U JIMHEHHOCTH (DYHKIMOHAJIOB, BXO/ISIINX
B KOPTEXK.

Hoxaxem yrsepxkaenne 3 B). Ilycrn F, # &, F, # & m
lx(2)ly(y) > 0. IIpeamomoxum, uro I, =1, u Fpyy = &. U3 ycmous
l(x+y) =0 nns Beex | € F nomydaem l(x) = —l;(y) = —ly(y), 1aT0
IPOTUBOPEYUT HPEIONOKEHHIO [ (2) 1, (y) > 0. Bnaunt, Frpi,y # J.
Ecmu xe [, mpemmecrsyer [, B ymopsimodenuu Koprexa, To I (y) = 0.
CremoBarernsuo, l(x +y) = lx(x) # &, uro Baeder Fuiy # .

Tax kax ang Bcex [, mpenmecTsyionwx I, wn l,, mMeeT MecTo pa-
BercTBO [(z+vy) =l(x) +1(y) =0, T0 l;4, He MOXKET IIPEAIIECTBOBATE
Iy u . Ilpeamomnozkum, uro I, = l,. Torma I, (z+y) = lo(z)+,(y) # 0,
HOCKOIBKY ()1, (y) > 0 u, crenoBarensro, lyi, = l,. Ecim xe [
npenuiectsyeT ly, 10 ly(r 4+ y) = l;(z) # 0. 3uauur, u B 5TOM Ciydae
logy = lz. Jlemma Jmokaszana.

3AMEYAHUE 4.3. TepMuH KopTeK JUHEHHBIX (DYHKIIMOHAJIOB BIIEp-
Bble OB BBEJICH aBTOPOM B paborax |75, 288| il KOHEUHBIX MOJIOXKU-
TEJIbHBIX (CYIIECTBEHHO MOJIOKUTENBHBIX, CUIBHO MOJI0KUTEIBHBIX ) KOP-
Texkell Ha IPEeJIyNOPsII0UeHHOM BEKTOPHOM IIPOCTPAHCTBE (CM. CJIEIYIO-
mumit naparpad). CemelicTBa JMHEAHBIX (DYHKIMOHAJIOB, aHAJIOIMYHBIE
KOPTEXKaM CIENUAILHOrO BUJIA, PACCMATPUBAJINCH B craThax [311, 312]
B CBSI3W C U3YYEHUEM CTPYKTYPBI MOJYIPOCTPAHCTB.

3nauenuem xopmeoca F 6 mouxke x € X Ha30BEM BeIIECTBEHHOE
qucio JF(x), OUpeie/IeHHoe CJIeIyIONIM 00pasoM:

0, ecmn Fp, =,
Flz) = { lo(x), ecmn Fy # .

Tem cambIM Ha BEKTOPHOM IpocTpaHcTBe X ompejeseH (pyHKITHO-
Hat cr:x — F(z).

JIEMMA 4.2. Qynxyuonan cr, coomsemcmeyrowul xopmeocy F,
asaaemces 00nopoonvim (cx(Ar) = Aeg(x) das mobozo x € X u 4106020
BEWLCTNBENHOZ0  WUCAG N ) U MAKUM, MO  MHOICECMBEO
{r € X | cr(z) > 0} sasasemes svunykivm konycom 6 X.

JIOKA3ATEJILCTBO. OMHOPOAHOCTH (DYHKIMOHATA Cx CJIEIyeT W3
yTBepxKIeHnii 1 um 2 Jemmbl 4.1, a BBIIYKJIOCTH MHOMKECTBA
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{zr € X | cr(x) > 0} HerpyIHO NOIYyYATH U3 YTBEPKIEHUS 3 JIeM-
Mol 4.1.

TEOPEMA 4.5. ITycmv F C X' ecmv xopmesic Ha 6eKMOPHOM NPOCTN-
pancmee X. Toeda bunaproe omuowerue

Gr = {(x.y) € X x X | cx(y—a) > 0}

ABAACTNCHA CYOAUNETHBIM OMHOWENUEM CAAG020 NOPAIKG.

JOKA3BATENBCTBO. Tak kak B cuiny jemmel 4.2 G(0) = = {z €
X | ¢x > 0} ectp Bbmykasiii kouyc u 0 € Gx(0), to Gx cyGauHeii-
HOE OTHOILIeHUE npeanopsaka sa X. Kpome TOro, u3 0IHOPOIHOCTH CF
caentyer, uro joboit x € X npunagexur auoo Gz (0), mbo —Gx(0).
CanenoBarenbro, G#(0) U (—G£(0)) = X. U3 reopemsr 4.2 3akiodaeM,
aro Gy — cybJuHeliHOe OTHOIIEHHE CJ1aboro mopsiyika. Teopema jmoka-
3aHa.

Jlis nokazaTesbeTBa 0OPATHOIO YTBEPYKIAEHUS PACCMOTPUM TDAHE-
BOE CTPOEHUE CYOJMHEHHBIX OTHOMIEHUI CIa00ro MOpsIKa.

[Iycte G - nmpom3BosibHOE CyOIMHEIHOE OTHOIIEHNE CIaD0r0 TOPSII-
ka Ha X ; <G — OTHOIIEHHE I'DAHEBOrO IIO[YMHEHHUs Ha KOHYCe II0-
noxuTebHbx BekTopoB G(0); M(G(0)) — cemeficTBO OTKPBITBHIX I'pa-
Heit koryca G(0), ynopsijouenHoe haKTOP-OTHOIIEHNEM IPAHEBOTO 10T
YUHEHUs, KOTOpoe Takxke obozHadaerca cuMBosioM <g . TToCKOIbKy
G sBJIFETCH TOJHBIM OTHOLIEHUEM, TO OTHOIICHUE I'PAHEBOrO HOJIYUHE-
ausg <o Ha M(G(0)) Takwke mosHoe. Taknm o6pasoM, ceMeicTBO Beex
oTkpbIThIX rpaneil M(G(0)) xonyca nosoxureabHbX BeKTOpoB G(0)
[IPOM3BOJIBHOIO CyOJIMHEAHOrO OTHOMIEHUs CJ1a6Or0 MOPSAIKA COBEPIIECH-
HO YIIOPSIOYEHO 110 OTHONIEHUIO TPAHEBOro nogunnenus <g .

ITycts M — npousBosibHas OTKpbITas rpanb konyca G(0), e cos-
nagamomas ¢ G~(0), unycrs Ly = M — M — HaumeHblllee BEKTOPHOE
MIOIIPOCTPAHCTBO, cosepxkKariee M. B npemsiaymem maparpade 66110
nokasano (cM. ciaeactsme  3.2), 49ro MHOXKecTBO M’ =
= U{M € M(G(0)) | M <dg M} sBiseTcss BBIIyKIbIM KOHYCOM H
OPUHAAJICKUT ITOAIIPOCTPAHCTBY _[/]\47 npuvieM HauMeHbIIee BEKTOPpHOe
noanpoctpanctso Ly = M’ — M’ conepxxamee M’', ne mepecekaercsa
c M.

JIEMMA 4.3. Ecau G asasemca CYOAUHEUHBM OMHOUEHUEM CAG-
6020 nopsdka, mo Ly = M'U(=M'), Lyy = MU Ly U(=M) wu
M+ Ly =M.

JIOKA3ATE/IBCTBO. Tak kak G sBisiercst CyOJUHEHHBIM OTHOIIE-
HEeM cJ1aboro nopsijika, To u3 reopembl 4.2 uveem X = G(0) U (—G(0)).
9ro Biever Ly = (G(0)NLy)U(—(G(0)NLys)). B caencrsunm 3.1 moka-
zano, uto G(0)NLy = MUM’. Bnaunt, Ly = MUM'U(—M")U(—M).
Tak xak Ly "M # & u Ly C Ly, TO U3 IOC/IEIHETO PABEHCTBA
caenyer Ly =M U(=M') u Lyy =MUL,, U (—M).
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Joxazkem pasencrso M+L), = M. Bxmogenne M C M+Ly ode-
BumHO. [Ipeamosnoxkum, aT0 0OpaTHOE €My BKJIIOUEHHE HE MMEET MECTA.
Torpa cymecrsyer z =z +y, © € M, y € L), Takoit, uro z ¢ M. B
cuiy pasencrBa Ly = M U Ly U (—=M) nonyuaem z € Ly U (—M).
Bxuinouenne z € L, HEBO3MOXKHO, U060 BiiedeT * = 2 —y € Ly u, cie-
JIoBaTeIbHO, TpoTuBOpeunt ycioButo M N Ly, = . Ecom xe z € —M,
T0 y =2z —x € —M, a 310 uporusopeunt yciaosuio (—M)N Ly = .
Suaunr, M + Ly C M. Jlemma mokasana.

TEOPEMA 4.6. Jlaa 106020 cybaunelinozo omHOweHUs CAGO020

nopadka G na eexmoprom npocmpancmee X Ccyuecmeyem kopmesic
F maxotd, wmo G = Gg.

JOKABATENBCTBO. Ilycte M — mpousBoJibHAsi OTKPBITas I'DAHb
KOHyca HOJIoKUTEIbHbIX BekTopoB G(0), He comamaiomasa ¢ G™(0).
Ha BexTopnom nmomnpocrpanctse Ly paccMOTpuM CyOImMHERHOE OTHO-
menne mpeanopsaaka Gy, KOHYC HOJTOKUTETHHBIX BEKTOPOB KOTOPOTO
ects Ly U M. U3 aemmbr 4.3 caenyer, uto qyst Gr(0) umeror mecto

coornomennst G (0) N (=G (0)) = Ly u Gpr(0) U (=G(0)) = L.
B cuny Teopembr 4.2 G M sABJIFeTcd CyOIMHeRHbIM OTHOIIeHHEM ¢1aboro
nopsizika Ha Lyr. Kpome toro, nmeem G™(0) = M, npudem MHOXKECTBO
M anrebpandecku OTKPBITO B Ljs. DTO Beder é]@ (0) = G (0) = M.
B cuny teopemsr 4.4 G M dBJsgeTrcd runepropsiakoMm na Lpys. U3 Teo-
pembl 4.3 3ak/modaeM, 9ro Ha_Ljps cymecrsyer Jmmelnblii byHKIu-
oman Iy Takoit, uro M = G7,(0) = {& € Ly | ly(z) > 0} u
Ly = {z € Ly | Iy(z) = 0}. Hpomomkernne Iy, Ha BCe BeKTOp-
Hoe mpoctpancTBo X obo3nadnMm depe3 [jr. PacemoTpum cemeiicTBO
suHelinpix dyukmuonanos F = {ly | M € M(G(0)),M # G™~(0)},
KOTOPOE YIOPSIJIOUYUM OTHOIIEHHEM, OOPATHBIM OTHOIIEHUIO I'DAHEBOrO
nogunuenus na M(G(0)) : Ip, mpemmectsyer ljg, TOLIA U TOILKO TO-
raa, korga My dg M. Tak kak M(G(0)) coBepIIEHHO YIOPSIIOYEHO,
TO F TakyKe COBEPIIEHHO YIOPSI0YEHO.

[Tokazkem, aTo cemeiicTBO F siBJIsi€TCs JIMHEWHO He3aBuCHMBIM. [Ipe-
MOJIOKUM  TpOTUBHOE. IlycTh CymecTByer KOHEYHOE II0/ICeMEHCTBO

{lays Ity - -+ I, } w3 F ¥ BellleCTBEHHBIE, HE DaBHBbIE HYJIIO YUHCIA
n
1,0, ..., 0 Takue, 910y o;lp, = 0. He orpanmumsas obmiHocTH,
i=1
OyJieM cunTaTh, YTO MYHKIUOHAIBL [pf, Ins,, - .., 0, 33HYMEpOBaHBI B
COOTBeTCTBUM ¢ yrnopsiodenuveM B F. Paccmorpum T € M;. Torma
g— ’ . g—
Ip, (T) >0, urak kak M; C M, miasseex §=2,3,...,n, 10 I, (T) =
0
n
It Bcex ¢ = 2,3,...,n. B cumiay storo paseHcTBO Y. aylpg, (T) =

i=1
= aqlpy, () = 0 Breuer oy = 0, uro mporusopednt BHIGOPY 1. Cute-
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JIOBATEJIBHO, ceMeiicTBO F JIMHEHHO HE3aBUCUMO.

Jl1s1 3aBepIIeHnst TOKA3aTeIbCTBA TOTO, UTO F ABJISETCS KOPTEKEM
Ha X, Bocnosb3yemcs paseacrBom X = G (0)UG™(0)U(—G7(0)). Ec-
m z € X\ G~(0), o cymecrsyer M € M(G(0)), M # G~ (0), Taxoi,
aro 6o x € M, imbo —x € M. 3uaunt, Iy (x) # 0, garo Breder F, #
. Ecm xe x € G~(0) u nockosnbky G~ (0) C Ly must Bcex M €
M(G(0)), M + G~(0), mo Ily(x) = 0 g Beex
Iy € F, re. Fp, =. Takum obpazom, F ectb KOpTex HA X, IPUIEM
G~(0) ={z € X | cr(z) = 0}. Hua aoboro = € M umeem lﬁ(x) =0
st Beex M € M(G(0)) rakux, aro M <g M, T. e. JJid Beex Iy, Ko-
TOpBIE IPEIIIECTBYIOT [y B KOpTexke F, u Iy (x) > 0. Buauur, I, = Iy
s Beex « € M, uro Baeder cx(z) > 0 mig Bcex x € M u, cienosa-
renbHo, M C G#(0). Takum obpazom, G(0) C G£(0), orkyzna B cuiry
MaKCHMAaJIbHOCTH BhIIykjoro kouyca G(0) momyuaem G(0) = G#(0).
Teopema jr0Ka3aHa.

CHnEACTBUE 4.3. IIyemv G — cybaunetinoe omuowerue caabozo
nopadka na eexmoprom npocmpancmee X, F C X' — coomsememey-
rouwut emy xopmeotc na X. Tozda cemeticmeo mmoocecma

M = {Ml,l e F; MQ},
2de
M; ={zx € X |l(z) >0,l(x) =0 daa ecex |, npedwecmeyrowuz | 6 F},;

My={z € X |l(x) =0 dan 6cex | € F},

cosnadaem ¢ cemeticmeom OMEPLIMBIT 2PaHEt KOHYCA NONOHCUMENDHDIT
sexmopos G(0) omnowenusa G.

IIpu amom, nosooicuse My nepsvim ssemenmom ¢ M, a ocmanv-
Hole anemenmv, M ynopadouus ommowenuem, o6paMHbLM Ynopadove-
Huro F, noaywum na M ommowenue, cosnadarowee ¢ OMHOUEHUEM
2paneso20 NOOYUHENUA.

N3 cneacrBus 3akirovaeM, 9TO JIBa KOpTexka F1 u Fo ONPEIETIIOT
wa X OJHO U TO XKe CyOnHEeiHOe OTHOIIeHEe ¢J1aboro mopsaka G B TOM
7 TOJIBKO B TOM CjIydae, Korjga Ji u JF HMEOT KaK yIOPsTIOYEHHbIE
MHOXKECTBA OJMH M TOT Ke nopaaxosbii tum [10, 29], a coorsercrsy-
folue JIpyr JApyry (pYHKIMOHAJLI B KOpTeXax JFi W JFo OTJIMYAIOTCS
[OJIOYKUTE/IHHBIM BEIIECTBEHHBIM MHOKUTEIEeM (BOOBIE rOBOPS, CBOUM
JIJISL KAZKJION Mapbl COOTBETCTBYIONUX (DYHKIMOHATIOB ).

3AMEYAHUE 4.4. B monorpadun [137] mis quciaenHoro mpeacras-
JieHusi OMHAPHBIX OTHONIEHUN HAPsAILY ¢ DYHKIHEH MOJI€3HOCTU UCIOJIb-
3yercs DYHKIWS WHTEHCUBHOCTH NpearnovyTenns. He3naunrenbHO n3me-
Hslsl OpPUIHMHAJBHOE omnpejieerne u3 [137], dynKimell mHTEHCHBHOCTH
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npemodTenust i ouaapaoro orHomeHns G C X X X Ha30BeM Takymo
KOCOCHMMETPHIHYIO BEIEeCTBEHHO3HAYHY0 pyHKmmio 7 : X X X — R,
910

(z,y) € G <= i(z,y) <0

(kococummMeTpudHOCTh O3Hauaer, uro i(x,y) = —i(y,x) Ui BCex
z,y e X).

[Iycte G — cybuinneiinoe oTHOIIEHUE CJIA00TO MOPSIKA HA BEKTOD-
HoMm nipocrparcree X, F — coorBercrByomuii G KOPTEXK JIMHEHHBIX
dynknnonaios, cr : X — R — BemecrBenHo3HauHas HYHKIN, OIpe-
JeneHHas mo koprexy F. Torma HeTpPyaHO MPOBEPUTDH, UTO (DYHKITUS
(x,y) — cr(r —y) saBiasgercst GyHKIMEH HHTEHCHBHOCTU IPEIIOUTEHNUS
g G

3AMEYAHUE 4.5. B cBs3u ¢ pesysbraramMyu HACTOSIIETO Haparpa-
da mpencrasisier maTEpec pabora [296] , B KOTOPOI JJIsi BEKTOPHOTO
[IPOCTPAHCTBA, YIIOPSIOY€HHOIO CYOJINHEHHBIM OTHOIIIEHUEM COBEPIIIeH-
HOTO TIOPSIIKA, CTPOUTCS TIOPSIAKOBO U ajaredpandecku n3oMopdHOe eMy
IPOCTPAHCTBO, HA3BAHHOE JIEKCUKOTPADUIECKUM ITPOCTPAHCTBOM (DyHK-
Ui,

SAMEYAHUE 4.6. I3 Teopem 4.5 u 4.6 caemyer, 910 cybInHETHBIE OT-
HOIIIE€HU A C.Ha601"0 TMOpsAJKa ABJIAIOTCHA (baKTI/ILIeCKI/I OTHOIIIEHUAMUA JIEKCU-
Korpaduueckoro ynopsizouenus (10 NOBOLY JIEKCUKOrpadUIECKUX OTHO-
IeHuii mopsizika cM. 063op [279]).
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T'maBa 2

CKAJIAPN3AIIN A BBITIYKJIBIX SAJAY
BEKTOPHOI OIITUMU3AITN

IIpenverom u3ydeHus: TaHHON IIABBI ABJISIOTCH ONTUMAJIbHBIE
pellleHus BBITYKJIbIX 33,129 BEKTOPHON ontuMusaruu. VccieoBanus mpo-
BOJSITCS B pAMKaX aDCTPAKTHBIX ITPELYIIOPSI0IEHHBIX BEKTOPHBIX ITPOCT-
PAHCTB, UYTO 00ECIEINBACT YTBEPKICHUSIM MAKCUMAJIBHYIO CTEIIeHb O0IIT-
Hoctu. OCHOBHOM pe3yJIbTaT [VIABbl — JIBONCTBEHHDIH KpuTepuii (ciaaboii)
MUHUMAJBHOCTH JJISl PEIICHUN BBIITYKJIbIX 3a/1a4 BEKTOPHONH ONTUMU3a-
mu, chOPMYJTUPOBAHHBIN B TEPMUHAX KOPTEXKEi JTUHEHHBIX (DYHKIINO-
HaJ10B. MeTo1 yCJIOBHO JIMHENHHON CKAJISpU3AIii, OCHOBAHHBIN Ha, JIaH-
HOM KPUTEPUHU, PACIPOCTPAHAECT U3BECTHBLIA METO/[ JIMHCHHON CKaJIdApU-
3alUy B TAKOW CTEIEHU, CKOJIb ITO HEOOXOIUMO [IJIsi TOTO, YTOOBI IIOJTy-
YATH UCYEPIIBIBAIONIEE DENIeHne IIPOOJIEMbl CKAJISPU3AINN JJI KJIacca
BBIIIYKJIBIX 33129 BEKTOPHON ONTHMHU3aIUU. B KadecTBe cJeacTBUs OC-
HOBHOI'O pe3yJbTaTa IIOJIy4YeH KPUTEPUN ONTUMAJIbHOCTH JJjId PEelICHUNR
CKaJISIPHOM 33191 BBIILYKJIOIO IIPOrPAMMUPOBaHMsT, OOOOIIAIONTIIT K1ac-
cuuaeckyo teopemy Kyna — Takkepa.

§ 5. MUHUMAJIBHOCTbB U CJIABAYd MUHUMAJILHOCTD
B IMTPEAYIIOPAJOYEHHBIX BEKTOPHBIX IITIPOCTPAHCTBAX

5.1. ITycrs (X, Z) — Upeiynopsiio9eHHOe BEKTOPHOE IIPOCT-
paHcTBO, () — 3aJ]AHHOE MHOXKECTBO B X.

Kak 06bIYHO, aCHMMETPUYHYIO YaCTh OTHOIINEHUs TPEINOPsIKa S
6y7eM 0603HAYATH CHMBOJOM =, & CHUMMETPHYHYIO 9acTh =5 — CHM-
BOJIOM ~ . JIjs cyOMMHEAHOTO OTHOIEHUSI MPEANOPSIKA S €ro achuM-
METPHUYHAS YACTh < OIPEIEIAETCA KOHYCOM CYIIECTBEHHO TOJIOXKUTE b=
HBIX BEKTOpOB X~ : 2 < 4 TOIJA W TOJBKO TOTJa, Korja y —x € X 7.

Bektop z° € Q HasBIBAaeTCA X —MUHUMAALHOM 6 Q  (MUNUMAAD-
HoM 6 Q) ommocumenvho cybaunelinozo omnowerus npednopsadka 3 ),
eci B () He cymectsyer T € () Taxoro, uro T < x0.

MHOKeCTBO BCeX = —MUHMMAJIbHBIX BEKTOPOB MHOXKecTBa () Oyem
ob6o3Havarh cuMBoiaoM Min(Q |3).

ITpeanonoKumM, 9T0 MHOXKECTBO CTPOTO TOJIOXKUTEHHBIX BEKTODPOB
X" npocrpancrsa X memycro. HezaocTpenHslil BLITy Kbl KoHyc X ™7~
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onpeiesiger Ha X OTHOIIEHHE CTPOrOro IMPEANOPAIKa << : L=<y TOrIa
U TOJILKO TOIJIa, Korda iy — T € X 7.

Bekrop 2° € Q HazmiBaercst caabo =3 —munumaivhom 6 Q (caabo
MUHUMAALHOM 6 Q)  0mHOCUMeAbHO CYbAuRelin20 omHoweHus npeod-
nopadka = ), ecrm B Q) He cymecTByeT T € (Q Taxoro, uto T—<<z'.

MHuozkecTBO Beex ¢1abo = —MUHUMAJLHBIX BEKTOPOB MHOXKECTBA ()
Oymem obozaadarh depes w-Min(Q| 3).

Brmouerne X~ C X~ Bieder, 4ro Jr000H S —MUHUMAJBHBIN
BEKTOp BJISETCS W CIabo S —MUHUMAJbHBIM, T. e. Min(Q| J) C
C w-Min(Q| 3). Obparnoe BKIOUeHHEe, BOOOIIE TOBOPSI, HEBEPHO.

ITpuMEP 5.1. Iycrp X = R%2, X+ = Ri = {(z1,22) | &1 > 0,
xe > 0},Q = {(x1,22) | max|x;| < 1}. Bekrop (—1,-1) sasasercs

3

€JIMHCTBEHHBIM S —MUHHMAJIbHBIM BEKTOPOM B (, Torjga Kak
MHOXKECTBO cJ1ab0 I —MHHHMAJIbHBIX BEKTOPDOB €CTb MHOXKECTBO
{(z1,z2) | miinxi =—1}.

IIPuMEP 5.2. ITycts X u @ Te xe, 9yTo u B upuMepe 5.1, a X T =
={(z1,22) | 21 > 0} U{(x1,22) | 1 = 0,22 > 0}. Torma Min(Q| 3) =
={(-1,-1)}, a w-Min(Q| 3) = {(z1,22) | 21 = —1,-1 < 29 < 1}

IMocnenunii npuMep HOKa3bIBAET, UTO JaiKe B TeX CJIydasx, KOIJ@a
cybauHeiiHoe OTHOMIEHNE TPENOPSIIKA S SABJISIETCS TOJTHBIM, BKJIIOTE-
are Min(Q | 3) C w-Min(Q | ) moxer 6bITh cobcrBeHHBIM. [I71s1 TOTO,
9TOOBI €Ille pa3 MOAUEPKHYTh PA3Inine MeXKJIy MUHUMAJbHBIMA U CJIa-
60 MUHUMAJIbHBIMUA BEKTOPAMU, PACCMOTPUM B KadecTBe MHOXKeCTBa ()
KOHYC TIOJIO>KUTEIbHBIX BekTopos X 7. Torma Min(X | X) = X~, a
w-Min(X* | 2) = X+ \ X . Ecrecrsenno, 4ro pagectso X~ = X
obecnieunsaer coprajenne MaozkectsB Min(Q | 3) u w-Min(Q| X) upu
aobom @ C X.

SAMEYAHUE 5.1. Ilorstre 3 —MUHHMAIBLHOCTH OTHOCHTEIBHO CYO-
JIMHEITHOTO OTHOIIEHWs! PEATIOPSIIKA S SIBJISIETCS, TI0 CYIIECTBY, TIepe-
GOPMYIMPOBKOI KITACCHIECKOTO OPEIESIEHNUST TOHSITHS] MUHAMATBHOCTH
OTHOCHUTEHHO MPOU3BOJIBHOIO OMHAPHOTO OTHOIIEHUSI (CP. C ONpEIese-
HueM u3 § 1). Yro ke Kacaercsi MOHATUsS CJIabofl S —MHUHUMAJIBHOCTH,
TO €ro BO3HUKHOBEHHE CBSI3aHO C PA3BUTHEM TEOPHH BEKTOPHOI OITH-
muzaiuu [75, 273, 306, 324, 325| . Takue noHATHS, KAK ONTUMAJILHOCTD
no Cretitepy [90, 119, 199], cnabas sadbdexrusrocts [67, 68, 72|, mpea-
IIECTBOBAJIN TIOSIBJIEHAIO OOIIEro TOHATUS CJIa00i S —MUHUMAIBHOCTH.
IMockonbky w-Min(Q| 3) = Min(Q | <<), TO ¢ KOHIENTYaJIbHO! TOYKU
3peHus MOHATHE CJIabOoil 5 —MUHHUMAIBHOCTH TOXKJIECTBEHHO IIOHSITHUIO
= —MmHEMATBLHOCTH. BhIgenenne cnaboit S ~MUHIMATBHOCTH B CAMOCTO-
ATETBHOE MOHATHE 00YCIOBJIEHO TITABHBIM 00PA30M HCIIOJB3YEMBIMHA TTPH
UCCIIEIOBAHUA CPEJICTBAME AHAJN3a M MOXKET OBITh WHTEPIPETHPOBAHO
KaK PeryJsipu3alisi HCXO[HOIO OTHOIIEHNUS IPEJIIOPSIIKA.
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SAMEYAHUE 5.2. Jly1s1 MHOXKeCTB ¢1a60 = —~MUHUMAJIbHBIX BEKTOPOB
CIIpaBeJIJIUBLI YTBEPKICHUA, aHAJJOTHIHBIE TeM, KOTOPBble chOPMYIIPO-
BaHBI B IpeioykeHnnu 1.1 /ISt MHOXKECTB MUHIMAJIBHBIX BEKTOPOB.

5.2. MuoxectBo (), TpHHAJJIE)KAIIEE TPELYIOPSIIOICHHO-
My BEKTOPHOMY IPOCTPAHCTBY (X, 3), HA30BEM GULNYKAbIM CHU3Y, €C-
JIA I JIIOOBIX BEKTOPOB X1,Ts € () U JIFOOOrO BEIECTBEHHOTO YUCTIA
a, 0 < a <1, cymecrsyer z € Q Takoif, uro z 3 ax; + (1 — a)xs.
JlyabHbIM 00Pa30M OIPEJIEISETCs MOHSATHE BBIITYKJIOCTH CBEPXY.
IIPuMEP 5.3. I'padux Jiroboit BbiyKjoh dyukiuu f: R® — R sas-
JIIeTCS BBITYKJIBIM CHU3Y MHOYKECTBOM B TpocTpancTse R™TL ymops-
JTOYEHHBIM OTHOIIIEHUEM ITPE/IIOPSI/IKA, KOHYC ITOJOKUTETHLHBIX BEKTOPOB

koToporo ecth {(x,£) € R"T! |z e R", £ € R,z =0,¢ > 0}.
[TpuMeP 5.4. Hyers X = RZ X+ = @i = {(z1,22) |21 > 0,

x> 0}. Muoxectso Q={(z1,2z2)|zi+23 <1, (z1—1)*+(z2—1)? > 1}
BBINYKJIO CHE3Y, 8 MHOXKeCTBO Qo = {(z1,22) |2} + 23 < 1,(z; — 1)+
(w2 +1)2 > 1, (21 +1)2 + (22 — 1) > 1} BBIIYKJIO CHU3Y U CBEPXY.

JIt060e BeKTOpHOE MPOCTPAHCTBO X, CTPYKTypa HPeIIopsiKa Ha
KOTOPOM He 3aJIaHa, MOYXKHO PACCMATPUBATH KaK IPEIyHOPSIOIEHHOE
BEKTOPHOE ITPOCTPAHCTBO C KOHYCOM TIOJIOXKUTEJbHBIX BEKTOPOB, COCTO-
SIIIAM JIMIITB U3 HYJIEBOTO BEKTOpa. KC/M MPUHSATH 9TO COIJIAIeHUe, TO
[IOHSITHE BBIMYKJIOCTH CHU3Y U BBIIYKJIOCTH CBEPXY B TAKOM IIPEYIIOPSs-
JIOY€HHOM BEKTOPHOM IPOCTPAHCTBE COBIAIAIOT C OOBIYHBIM TIOHSITHEM
BBIITYKJIOCTH B BEKTOPHOM ITPOCTPAHCTBE.

[MTPEJMIOKEHUE 5.1. Mnooicecmso @ u3 npedynopadouennoz2o eex-
moprozo npocmpancemea (X, 3) ABAAEMCA BUNYKALM CHUZY M020a U
moavko mozda, xo020a mnoscecmeo Q@+ X evmnyrao.

3AMEYAHUE 5.3. Kak cienyer u3 mpemjioxkenust 5.1, moHsTHE BBI-
MyKJIOCTU CHU3Y MHOXKECTB IIPEJLyOPSI0YEHHOr0 BEKTOPHOTO MPOCTPAH-
CTBA SKBUBAJIEHTHO [OHATUIO KOHYCHOI BhiyKjoctu [199, 295, 358].

(Kanonuueckyro) 3adawy 6exmopnot onmumusayuy, T. €. 3aJady
HAXOXKJIEHUsT MHOXKECTBA MUHUMAJIBHBIX BeKTopoB Min(Q| ), (wmm MHO-
J)KecTBa ¢1a00 MUHUMAJBHBIX BeKTOpoB w-Min(Q| 3)) 3amanHOrO M0/~
MHOXKECTBa () W3 MPEIyNOPsIOIEHHOTO BEKTOPHOTO IIPOCTPAHCTBA
(X,3) 6ydem nasvieamsd 6binykA0l, €CiM MHOXKECTBO () SABJISETCS BbI-
nykibM causy B (X, 3).
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§ 6. IMHEMHAS CKAJIAPU3AIINSA BBIMTYKJIBIX 3ATAY
BEKTOPHOM OIITUMMU3ALIN

6.1. [Iycrs X - BemecTBEHHOE BEKTOPHOE IPOCTPAHCTBO, = —
bukcrpoBaHHOe CyOJUHENHOE OTHOIIIEHNE Mpeanopsaaka Ha X. B mamb-
HeHIIeM, TOBOPsI O IPEYIOPsI0YeHHOM BEKTOPHOM IPOCTPAaHCTBE X,
GyeM nornmaTh napy (X, 3).

Oyukmuonan f: X — R (ue obsg3aresbHO JIMHEHHDII), OIpeIeIeH-
HBIIl HA MPEIYIHOPSAI0OYeHHOM BEKTOPHOM IPOCTPAaHCTBEe X, HA3BIBAIOT
noaosrcumenviom, ec f(x) > 0 mast Beex x € X+, TlomokurenbHslit
byHKIHOHAT f HA30BEM CYUECMBEHHO NOAOHCUMENDHBIM, €CITH OH OT-
JINYIEH OT TOXKJECTBEHHOI'O HYJIsI HA KOHYCE IOJIOXKUTEJIHHBIX BEKTOPOB
XT; cuavno noroscumenvivim, ecm f(z) >0 aus seex © € X7, T e.
f mojoxkuresieH Ha BCeX CYIIECTBEHHO IOJOKATEIHHBIX BEKTOpax n3 X.

IIycrs X' — BeKTOpHOE MPOCTPAHCTBO, airebpaudecKn CONpPSKeH-
Hoe X, T. €. BEKTOPHOE IIPOCTPAHCTBO JINHEHHBIX PyHKIMOHAIOB Ha X .
MmuoskectBo (X')T BCex MONONKUTENBHBIX JUHEHHBIX (DYHKIMOHAJIOB Ha
X ofOpa3syer 3a0CTPEHHBIA BBIMYKJBIH KOHYC B X' U, CJI€JOBATENLHO,
onpegensder Ha X' cyGamHeliHOe OTHONICHHE TIpeanopsanka = . Ilapy
(X', 3) GymeM Ha3BIBATH IYAITBHBIM IIPEIYIOPSIOIEHHBIM BEKTOPHBIM
IPOCTPAHCTBOM IO OTHOIIEHUIO K pocTpaHcTBy (X, 3).

Beenenne na X' cTpyKTyphl Ipeiyliopsj09eHHOr0 BEKTOPHOTO ITPO-
CTPAHCTBA WHAYIUPYET JJIsl JIUHEHHBIX (DYHKIIMOHAIOB HAPSITY C MOJIO-
JKUTEJILHOCTHIO MOHATHS CYIIECTBEHHOW W CTPOrOH MOJOKUTETHHOCTH.
3amMeTuM, YTO WH/IYIUPOBAHHOE MOHSITHE CYIIECTBEHHOU IMOJIOKUTEb-
HOCTH JIMHEHHBIX (DYHKIIMOHAJIOB COBIAJIAET C JAHHBIM BBIIIE OOIINM
OIIpeJIeJIEHUEM COOTBETCTBYIOIIEro MOHATHS. dTO KacaeTcsl MOHSITUSI CTPO-
PO MOJIOKUTETLHOCTU JIMHEHHBIX (DYHKIIMOHAJIOB B CMBICJIE JIyaIbHOrO
IPEIyHOPsI0UeHHOr0 BeKTopHOro npocrpaucrsa (X', 3') u nongarus
CUJTHHOU TIOJIOKUTETHHOCTHU JIMHEHHBIX (DYHKITMOHAJIOB Ha, TIPEJTYIOPSII0-
YEeHHOM BEKTOPHOM TpoctpancTBe (X, 3), TO B 0fImeM ciaydae 9TH mO-
HATHUS SIBIAIOTCS PA3JIUIHBIMUA. FCiin, 0JJHAKO, BEKTOPHOE IPOCTPAHCTBO
X KOHEYHOMEPHO, & OTHOIIIEHNE 3 TAKOBO, YTO KOHYC TOJIOKUTEbHBIX
BekTOopoB X T 3aMKHYT B eBKJIMIOBOI TOINOJIOIHH IIPOCTPAHCTBa X, TO
MIOHSITHE CUJILHON M CTPOTOMH MOJIOKATEIHHOCTH JTUHEHHBIX (PYHKITHOHA~
JIOB COBITAIAIOT.

OCHOBHBIE PE3yJIBTATHI, KACAIOIINECs CYIIECTBOBAHUSI MOJIOXKUTE b
HBIX JIMHEHHBIX (DYHKIMOHAJIOB, ObLIN ycTaHOBJEHB B pabore [145]. U3
9TUX PE3yJbTaroB ciexyer (cM. takxke [50]), 4ro cymiecTBoBamue Cy-
MECTBEHHO TIOJIOKUTENBHBIX JIMHEHHBIX (PyHKIMOHATIOB 00ECIIEINBAETCS
yenosueM X7 # . Ecom xe X gaBiagerca cenapabebHBIM HOD-
MHUPOBAHHBIM ITPOCTPAHCTBOM, & KOHYC MOJIOKUTEeJbHBIX BeKTOpoB X+
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3aMKHYT, TO TapaHTUPYETCs CyIECTBOBAHUE CHJLHO IIOJIOKUTEILHBIX
JuHelHbIx yHKImoHagoB (cM. Teopemy 2.1 uz [145] u gemmy 5.2.2 u3
[90, c. 136]).

6.2. Byem npesmosaraTh, 9T0 CBOMCTBA CyOJIMHEAHOIO OTHO-
IIIEHNUST TIPEJIIOPSIIKA S 00ECIeINBAIOT CYMECTBOBAHIE CUITBLHO ITOJIOK-
TEJIbHBIX JIMHEHHBIX (DYHKIIMOHAJIOB Ha TPEJLYTIOPSI0IEHHOM BEKTOPHOM
upocrpancrse (X, 3), ¥ paccMOTPUM NPOU3BOJIbHOE (HE 00sI3aTEIHHO
BBIIIYKJIOE CHU3Y) MHOX)KecTBO ) C X.

TEOPEMA 6.1. a) Ecau eexmop z° € Q docmasasem na Q muru-
MYM CUABHO NOAOHCUMENLHOMY Aunetinomy Pynrxyuonanry | € X', mo
2’ € Min(Q| 3);

6) ecau sexmop x° € Q docmasasem na Q MUHUMYM CYULCNEEH-
HO nosodcumenvromy aunetinomy gynryuonary | € X', mo 2% €
ew—Min(Q| 3).

JIOKA3ATEJIbCTBO. JlokaxkeM yTBep:KaeHue a). [IpesnonoKus mpo-
THBHOE, PACCMOTPHM BeKTOp T € @ Takoif, uto z° — % € X”. Tax Kax
dyukumonan [ € X' apnsercsa cuibHO nosiozkureabubiM Ha (X, 3), TO
[(z°~7) > 0, T e. {(z%) > I(Z). Iomyunm npoTuBopeune Tomy, urto x°
JlocTaBjisieT MUHUMYM (byHKInoHay | Ha (. Jloka3arejbCTBO yTBEPK-
JieHust 6) IPOBOJMTCs aHAIOrMYHO. Teopema J0Ka3aHa .

[IpomemMoHCTpUPYeM Ha IpUMepax, 9TO TPeOOBaHUS CHJILHOHN IMOJIO-
)kureabHocTH dyHKIHOHaNa | € X' B yTBEPXKJEHHUU a) U CYIIECTBEH-
HOH IOJIOKUTENHLHOCTU B yTBEepzKaeHun 6) Teopembl 6.1 He MOryT ObITH
ocJ1abJIeHBI.

MeuMep 6.1, Tlyers X = R2, X+ = RS = {(z1,22) |21 > 0,
x2 > 0}, Q = {(x1,22) | max|z;| < 1} (cm. mpumep 5.1). Jluneitasrii

K3

dyukimonan [(x) = x; sBJISETCS CYIIECTBEHHO MOJIOKUTEIHHBIM, HO He
CHJILHO TIOJIOKUTEJIbHBIM. J11060# BekTop (—1, 1), —1 < p < 1, mocras-
ager Ha @ MuHuMyM GyHKIHOHALY [(T) = X1, OJHAKO HU OJUH U3 HUX
He MpHUHA/IEKUT MHOXkecTBy Min(Q | 3).

I[TPuMEP 6.2. Ilyets X = R3, X+ = {(x1,29,23) |21 > 0,79 > 0,
3 =0}, Q = {(z1,22,23) |22 > —\/1 — 23, —1 < 23 < 1}. Jluneituprii
dyukuponasn [(x) = x3 sBIgeTCH MOJOXKUTEJBHBIM Ha X U JIOCTUrAET
Ha ) muHmMyMma B Touke (1,1,—1). Oxnako sektop (0,0,—1) Takxe
npunagiexar @ u (0,0, —1)=<<(1,1,—1), m e. Bekrop (1,1,—1) He
SIBJISIETCS CJIa00 S —“MUHAMAJIBHBIM B ().

O6o3nagum cumBosiom Min(Q | 1) MHOXKeCTBO BEKTOPOB U3 (), A0CTaB-
JISTIOTIAX HA, MHOXKECTBE () MUHUMYyM JHuHEHHOMY byHkmmonary [ € X'.
ITycts, xpome Toro, (X')® o6o3HAMAET MHOXKECTBO CHJIBHO MOJIOXKH-
TeNbHBIX JMHEHHBIX dbyHKImoHaM0B Ha (X, 3). Vcmoas3ys st 0603Ha-
JeHUsl, YTBEPKJIeHUsI TeopeMbl 6.1 MOryT ObIThH IIpeJICTaBJIEHbI B BUJE
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BKJIIOUCHUIT

U Min(@|1) c Min(Q| 3), (6.1)
le(x”)s

U Min(@]1) c w-Min(Q| 3), (6.2)
le(X")~

CIPaBeIMBLIX IS TPOM3BOJBHOTO MHOKeCTBa @ C X.

B obmem ciyuae Brmodenns (6.1) u (6.2) gBasioTCs COGCTBEHHBIM,
B TOM YHCJIe U JIJIsI BBIMYKJIBIX CHU3Y MHOXKECTB (). JIUIb Jijist BBIIyK-
JIBIX MHOTOIDAHHUKOB (J, 33J@HHBIX HA KOHEYHOMEPHOM IIPEJLYIOPSI0-
YEeHHOM BEKTOPHOM npocrpancrse (X, 3), Britouenus (6.1) u (6.2) BbI-
HOJIHAIOTCS KaK paBeHcTBa (CM., Hapumep, [199, 282, 295, 360]). Husa
IPOU3BOJIBHBIX BBIMYKJIBIX CHU3Yy MHOXKecTB () C X Teopema 6.1 momyc-
KaeT obpallieHre JINIb B OCJTa0JIeHHOM BapHUAHTE.

TEOPEMA 6.2. Ecau mrootcecmeo Q ABAAEMCHA SONYKADIM CHUSY U
maxo6o, wmo mmoscecmso Q + X obaadaem nenycmoti ommocumens-
Hoti anzebpauneckoti snympennocmuio, mo daa amoboeo ¥ € Min(Q| =)
(2° e w-Min(Q| 2)) cywecmeyem nenyaesoti noroscumensoul auneli-
noti pynxuuonan 1 € (X)H 1 #£ 0, maxot, wmo

1(2°) = mini(x). (6.3)

zEQ

JIOKABATEJIBCTBO. Ecim Bexktop 20 € Min(Q | 2) (20 €
w-Min(Q | 3)), to 2° ¢ icr(Q+XT), rae icr(Q+XT) — ornocuren-
Has asrebpandecKas BHyTPEHHOCTL MHOzKecTBa (Q-+X 1. B cury Teopem
O CYIIECTBOBAHUM OIOPHBIX JIMHEHHBIX (DYHKIMOHAJIOB (CM., HAIIDUMED,
[217]) saksOUaeM, 9TO CYIECTBYET HEHYJIEBON JUHEHHBIH DyHKITMOHAIT
1€ X'l #0, yIOoBIeTBOPAIONIHN YCIOBUIO

1(2°) < l(x) mast Beex . € Q + X T,

U3 KOTOPOro ciiejyer coorHomenue (6.3) 1 IOI0KUTENbHOCT (DYHKIH-
onana | Ha (X,3). Teopema jokasaHa.

3ameruM, 4To Teopema 6.2 rapaHTUpPYeET CyIIECTBOBAHUE JIMIIb I10-
JIOKUTEbHOTO JiuHelinoro dyuxnuonana | € (X')T,1 # 0, Torja kax
JTOCTATOTHBIE YCJIOBUS T€OPEMBI 6.1 TpeGYIOT CHIILHON MOIOKATETHHOCTH
| 11 MEHIMATBHOCTH o ¥ CYIECTBEHHOM MOOKUTETLHOCTH JIs Clla-
6oit murnMasibroctn V. TIpuBeeM mpuMephl, HOKa3hIBAIOIIHE, YTO TPe-
GoBaHUE MOJIOKATEILHOCTH JuHelHoro ¢gynknuonanta | € X' B Teope-
Me 6.2 Helb3sT yCUIIATH 70 TPeGOBAHUS CUIILHON MM CYIIECTBEHHON MO-
JIOYKUTETbHOCTH.

IIPUMEP 6.3. Ilycte X = R%, X+ = {(z1,22) |21 > 0,29 > 0},Q =
= {(x1,22)|w2 > —+/1 — 22, -1 < 21 <0} U {(21,72)|x1 >0,20 > —1}.
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Tax kak MHOKeCTBO () BBIIYKJO, a X KOHEYHOMEDPHO, TO YCJIOBHUS TE€O-
pempr 6.2 Bomommenst. s sextopa ¥ = (—1,0) € Min(Q| 3) cy-
MIECTBYET €MHCTBEHHBIN (¢ TOTHOCTHIO JI0 TOJIOKATENTHLHOTO BEIECTBEH-
HOIO MHOXKUTeJIsI) JUHeHHbl dyukimonan [(x) = x1, s KOTOPOro
BBINIOJIHSIETCsT coOTHOIIeHue (6.3). 3amernm, 9To JIMHEHHBIH (byHKINO-
Hasl [(z) = @1 siBJIsieTCsl CYIIECTBEHHO TIOJIOXKHUTEIbHBIM Ha (X, 3), HO
HE CHUJIBHO IIOJIO?KHATEILHBIM.

[TPUMEP 6.4. ITycts X = R%, X+ = {(z1,22) |21 = 0,20 > 0},Q =

={(z1,22)| —1 <z <123 > —y/1 —2?}. Tak KaKk B 9TOM IpUMepe
X7 = X7, o Min(Q| 2) = w-Min(Q| 3). Jluneitnsiit byHkun-
oHas [(r) = —x; ABAAETCH €JIUHCTBEHHBIM (C TOYHOCTDBIO JIO MOJIOKH-

TETLHOTO BENECTEEHHOTO MHOYKHUTEJIS ), KOTOPOMY MUHUMAJBLHBIH BEKTOD
2% = (1,0) € Min(Q| 3) mocTaBiger MUHEMYM Ha MHOXKECTBe (), TpH
3TOM JIMHEHHBIN byHKIMoHAN [(T) = —X] ABIAETCS TOJIOKUTETHHBIM,
HO He CYIIECTBEHHO MOJIOKUTENbHBIM Ha (X, 3).

SAMEYAHHUE 6.1. Pazmuunble HOHATHS COOCTBEHHOM MIHIMAILHOCTI
[90, 199, 256, 263, 282, 295, 297, 307, 327] BBLAEJISIOT U3 MHOXKECTB MHU-
HUMAJILHBIX BEKTOPOB BBLITYKJILIX CHU3Y IoamMHoxkecTs (Q C X Takue n
TOJILKO TaKHe MUHUMAJIbHBIE BEKTOPHI, JJI KOTOPLIX B TeopeMe 6.2 MOK-
HO TapaHTHPOBATh CyIECTBOBAHUE CUJILHO IIOJIOXKUTEeJILHOrO JTUHEITHO-
ro dyukiponasna ! € (X')*, ymosnersopsiomero (6.3). Tosopst Hedop-
MAaJIbHO, COOCTBEHHO MUHUMAJILHBIMEA HA3BIBAIOTCA TAKAE MIHUMAJILHBIE
BEKTOPLI, KOTOPBIE YAOBJICTBOPSIOT HEKOTOPOMY JIOHNOTHATEILHOMY yC-
JoBuio peryagpaocta. CyIecTByIompe B HACTOAINEE BPEMS Pa3/IMIHBIE
olpejie/ieHusl COBCTBeHHON MUHUMAJILHOCTH OTJIMYAIOTCA BEIOOPOM KOH-
KPEeTHOr'O YCJIOBUSI PeryJIsipHOCTH.

VTBep:kaeHns TeopeMbl 6.2 MOIyT OBbITH IPEICTABICHBI B BUIE BKJIIO-
YeHuu

Min(Q 3¢ |J  Min(Q]), (6.4)
le(X")*, 1#£0

wMn@Q[ 3 (J M@, (6:5)
le(X)*+, 1#£0

CIIpaBeIJINBBIX M1l IIPOU3BOJIBHBIX BLITYK/IBIX CHU3Y MHOXKecTB @ C X
rakux, uro icr(Q + XT) # .

Ecom ipu smobom 1 € (X/)F\ (X')S, 1 # 0, muomxectso Min(Q| 3)
SIBJISIETCSI OJTHOJIEMEHTHBIM (B UACTHOCTH, 9TO MMEET MECTO JJIsl CTPOTO
BBIIIYKJIBIX MHOXKeCTB () ), To BKitodeHus (6.4) u (6.5) BBIIOJHSIIOTCS
kak paseHcrsa [90, 295]. B ofimeM BBIIYKJIOM CIyYae, OJHAKO, BKIIIO-
genus (6.4) u (6.5), Tak ke Kak u Briovyenus (6.1) n (6.2), apisorcs
COOCTBEHHBIMU.

Takum 06pa3oM, B KJiacce BBIMYKJIBIX CHU3Y HOAMHOXKeCTB ) C X
CPEJICTBA JIMHEHHON CKAJIPU3AIINY TO3BOJIAIOT Oy IUTh JIUIIb BHY TPEH-
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HIOIO ¥ BHEIIIHIOK OIIEHKY MHOXKECTB MHUHUMAJBHBIX U CJ1a00 MHHUMAIIb-
HBIX BEKTODPOB, IPUYEM BHENIHsS OIEHKA CYIIECTBYET TOJBKO HPH JI0-
noyiHuTebHOM Tpebosanun icr(Q + XT) # .

§ 7. KOPTE>KU JIMHENHBIX ®YHKIIMOHAJIOB
HA IIPEAYIIOPSIIOYEHHBIX BEKTOPHBIX IIPOCTPAHCTBAX

7.1. OcHoBHas 11e/1b HacTOMAIIEr0 Haparpada — pacipocTpa-
HUTD TOHSITHS MOJIOXKATEJBHOCTH, CYIIECTBEHHON U CHJILHOM IOJIOXKH-
TEJIbHOCTH HA KOPTEXKU JIMHEHHBIX (DYHKIITMOHAJIOB.
IIycrs (X,3) - UpeaylnopsiOY4eHHOe BEKTOPHOE IPOCTPAHCTBO,
F C X' — npousBobHDI (DUKCAPOBAHHBIN KOPTEXK JTMHEHHBIX (DyHK-
muonasioB Ha X. Kaxkmomy xoprexxy F C X' coorsercryer (cM. § 4)
o/tHOpOHBIH dyHKIMOHANT cr @ X — R, omnpesieseHnblii paBeHCTBOM

0, ecn Fp = I,
cr(z) = { l.(x), ecmn F, #J, (7.1)
e Fp = {l € Fli(x) # 0}, l, — nauMenbmuii siement u3 JF.

Bocmoab3yemcst Tenepb OINpeesIeHneM OJOKATEIBHOCTH (CYIEeCTBeH-
HOIi TI0JIOXKUTEIBHOCTH, CHIILHOMN TTOJIOXKUTEIbHOCTH ) IPOU3BOJIBHOIO Be-
[IECTBEHHO3HAYHOrO (DYHKIUOHAJIA, 33JAHHOIO HA IIPEYOPI0YEHHOM
BEKTOPHOM ITPOCTPAHCTEE, KOTOPOe OBLIO JaHo B paszene 6.1 mpeasiry-
mero maparpada.

Koprexx F C X', 3aJaHHbIi Ha IIPEIyNOPAI0YEHHOM BEKTOPHOM
npocTpascTe X, HA30BEM NOAOHCUMEALHUM (CYULLCTNEEHHO NOAOHCU-
MEALHBIM, CUABHO NOAOAHCUMEABHBIM), €CJIT COOTBETCTBYIOMIUI eMy OJI-
Hopouublil dhyHKImonaa cx : X — R gaBjsgercs m0J0KUTeJIbHBIM (Cy-
[IECTBEHHO IIOJIOKUTEJIbHBIM, CUJILHO [OJOXKUTEJNbHBIM) Ha X.

OrmernM, 9T0 ecam Koprex F mnosoxurened Ha X, 1o c¢r(x) =0
g Beex & € X™. OMHAKO MOJIOKUTEIHLHOCTh KOPTEXKa, HE UCKJII0UAET
U Taxoii ciydaii, korna cr(x) = 0 s Beex x € X T,

Kaxmomy koprexy F C X' OIHO3HAYHO COOTBETCTBYET CyOJIMHEIH-
Hoe oTHOIIeHne ciaaboro mopsaka Gr = {(z,y) € X x X |cr(y—x) > 0}
Ha X (cMm. Teopemy 4.5). B repmunax ornorrenusst Gx wiu B T€pMu-
HAX COOTBETCTBYIONIEIO eMy KOHYCa IOJIOKUTEIbHLIX BeKTopoB Gz(0)
YCJIOBUSA TIOJIOKUTEIBHOCTH, & TAKKE yCJIOBUS CYIIECTBEHHON U CHIILHOM
MOJIO?KATEHLHOCTH KOPTEXKeil MOTYT ObITh Meped>OpMyJIMPOBAHbI CJIETy-
TOIIITM 00Pa30M.

I[IPEJIJIOXKEHUE 7.1. Kopmeowe F C X', zadamnviti na npedynops-
douenrom sexmoprom npocmpancmee (X, 3), Asasemcs

nOAOIHCUMENLHBIM To2da U Moavko mozda, kozda X C Gx(0);
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CYWLCMBENHO NOAOAHCUMEALHUIM MO206 U MOALKO Mo2da, K020
Xt CGr(0) v XTNGZ(0) # O

CUNBHO  TONOAHCUMEALHDIM — M020a U MOABKO mozda, Koz2da
Xt CGr(0) u X~ C G%(0).

Hpyrumu cinosamu, koprexxk F C X', sagauneii Ha (X, 3), moso-
JKHTEJIEH B TOM U TOJLKO TOM CIydae, Korda G TOMUHHpYeT cyOamHei-
HOE OTHOIICHNE MPEIIOPAIKa S, & CyIIeCTBeHHAA MOJOKATEIbHOCTD JF
IPE/IIOJIAraeT, KPOME TOTO, 9TO S HE JIOMUHUPYETCS IPH STOM OTHOIIE-
HueM SKBuBaJieHTHOCTH G N G}l. CuibHas 1TOJIOXKUTEJIBHOCTE F Ha
(X,3) sxBuBasieHTHa TOMY, 9T0 (GF TpPAaBUILHO JOMUHHUDYET S, T. €.
2CGr u <CGr \ G;—l.

B ciygae, eciim KOHYC CTPOTO MOJIOXKATEIBLHBIX BEKTOPOB X ™ IPOCT-
pancTBa (X, 3) HeIycT, yCJIOBHE CYMECTBEHHON MOJIO0KUTENTLHOCTH KOP-
TEXKA UMEET CJICAYIONLYIO SKBUBAJCHTHYIO XapAKTEePUCTHKY.

IIPEAIOXKEHUE 7.2. Ecau X™ # &, mo xopmeoc F C X' ac-
AAECMCA CYULLCTNEEHHO NOAONCUMEALHDIM 0204 U MOALKO Mo20a, K020a
X+t CGr(0) u X7 C G%(0), m. e. ko2da 3C GF u =< C Gr\GZ.

JOKA3BATEJJIBCTBO. /locTaTouHOCTD yTBEpKACHUs odeBu iHA. JloKa-
xkeM Heobxomumocts. Ilycrs z € X N GZ(0). dus moGoro z € X
cymectsyer A > 0 Takoe, uto Ar — 2z € X7T. B cmiy BKmodenus
Xt C Gr(0) umeem Az — z € G#(0), a Tak xKak z € GZ(0) u
Gr(0)+G7(0) = GZ(0), To Az € G’#(0). Beaeacrsue HomoKuTeIbHOMN
omopoanoctn G'#(0) momywaem z € G’#(0). IIpeioxkenne ToKa3aHo.

BAMEYAHUE 7.1. Yemosue X C G7(0) u gaxe X~ C G%(0)
He BJICKYT, BOOOIIE TOBOPs, IOJOKNATEILHOCTH KopTexka JF. IleiicTBu-
tempro, mycthb X = R2F = {l;,lx}, roe Iy = (1,0),lx = (0,1);
Xt = {(x1,22) |21 > 0}. Torma X~ = X7 = {(a1,22) |21 > 0},
G7(0) = {(21,22) |21 > 0} U {(21,22) |21 = 0,22 > 0}. Ouesuano,
aro X7 = X7 C G’2(0), ommako G£(0) = G7Z(0) U{(0,0)} C X™.
Crnenorarenbro, KOpTesK F He SBJISETCS MOJOKATebHBM Ha (X, 3).

Cy1ecTBoBaHTE MOJOXKUTEIBLHBIX KOPTEXKE 06eceanBaeTcs JeMMON
Ilopua. B wactnoctu, u3 ciemacrsusd 4.1 u npeyioxenus 7.1 ciaeayer, 910
g JII000r0  IPEAYTIOPSIOYEHHOTO  BEKTOPHOIO — MPOCTPAHCTBA
(X,3) COBOKYIHOCTDH CUJIBHO HOJIOKUTEIBHDBIX, & 3HAYUT, U CyIIECTBEH-
HO TIOJIOXKUTEIbHBIX Ha HEM KOPTerKell Helrycra.

7.2. TlycTh Ha IPEIYTIOPSIOYEHHOM BEKTOPHOM IPOCTPAHCTBE
(X, 3) saman koprexx F C X' u nycTh < - OTHOIIEHHE COBEPIIEHHOTO
nopsiaka Ha JF : st a00eiX U1, lo € F coorHomenue l; < lo € F o3Ha-
qaeT, 94TO l; mpemmectByer lo B Koprexke F. Kaxkaomy sjuaeitHOMy
dyuknuonasy | un3 Kopreka JF IOCTABUM B COOTBETCTBUE BBIIYKJIBII
noskonyc X,' Komyca mosozkuTe bHbIX BekTOpos Xt onpesesenubiit
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CJIETYFOIIMM 00pa30M:
X" ={z e X" |l(z) =0 ana secex | € F Takux, uto | <l}.

Ecimun F umeer naumensimii s;mement [0, To Xfo' = X*. Ouesuzno,
aro X~ C XZJr st Becex | € F.

TEOPEMA 7.1. Kopmeowe F C X', sadannwiii, na npedynopadover-
Hom sexmoprom npocmpancmee (X, 3), Asasemcs

a) MOAOAHCUMENbHBIM M0o20a U TOoAbKO Mo2da, K02da 0ad 106020
l e F svinoaneno ycaosue

l(z) >0 dan ecex x € X[ (7.2)

6) CYWECmEeHHo NOAOAHCUMEADHBIM MO020a U MOABKO Mo20a, K020a
oas amobozo | € F ewnoaneno ycaosue (7.2) u cywecmeyem lerF
marot, wmo 1(x) >0 zoms 6o, das 0dnozo = us X, ;

B) CUABHO NOAOHCUMENDHBIM TO020a U TOALKO M0o20a, K020a 0Af A10-
6020 | € F swvinoaneno yeaosue (7.2) u umeem mecmo pasencmso

X~ ={z e XT|l(z) =0 daa scex | € F}. (7.3)

Hoxkazarenbcrso, a) Heobrodumocmo. Iycts T € X l+ . Ecm Fz =
= J, 1o pasencrBo [(T) = 0 BemonHsteTcs 1is Bcex | € F B cuity
onpejienenus Fz. Ecmuxe Fz # I, o T € X l+ TOT/[a U TOJBKO TOLJIA,
korya | < lz win | = lz. 3naunt, mmbo [(T) = 0, mubo [(T) = Iz(T).
Ecim koprexk F HOJOXKUTEIEH, TO BO BTOPOM ciyudae umeem [(T) > 0.
Boinosinenue coornommenus (7.2) J0OKa3aHo.

Jocmamownocmo. yers y € Xt u F, # . Hockoneky I(y) =0
aaa Beex | <1y, 10 y € XZTJ. W3 ycnosuit (7.2) momydaem [,(y) > 0.
CuretoBaresibHO, KOPTEXK JF IIOJIOKUTEJIEH. Y TBEPXKICHUE a) JOKA3AHO.

6) Ecim xopre:xk F CyHIIECTBEHHO IIOJIOXKUTEJIEH, TO CYIIECTBYET
y € X1 rakoit, uto F, # &. Kak GbuI0 IOKa3aHO BBIIIE, B 9TOM CJIyvae
ye X f; u B cuity (7.2) mmeer Mecto [y (y) > 0. D10, H0KA3BIBAET HEOOXO-
IuMOCTh yrBepKienus 6). O6parHoe yTBEpKIeHNEe OUEBUIHO, TaK KAaK
Xt C Xt i seex | € F.

B) Pasencrso (7.3) daxrtndecku sKBUBaJEHTHO ycioBHiO F, # &
g Beex v € X7,

Teopema jioka3aHa.

Ecin koprexx F  aBISETCs BIOJIHE YIIOPSJIOYEHHBIM, TO CEMEHCTBO
konycos {X l+ |l € F} moxer 6bITh HOCTPOEHO MHIYKTUBHO. st nByx
dyuknmonasos [, I’ € F GymeM roBopuThb, 9To dyHKIuoHasg I’ nenoc-
pedcmeenno npedwecmeyem dyurnmonaay | B koprexe F, ecim He cy-
mectByer | € F takoro, uro ! <l <. Ecim qyst | € F He cymiecTByeT
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HEIIOCPE/ICTBEHHO IIPE/IIIECTBYIONIEro eMy B Koprexke F dyHKImonasma,
o | OyzeMm HasbBaTh npedeavrvim B F. (DTa T€PMUHOIOrUS IPUHSITA
B Teopuu ynopsimodeHHbx MHOKecTB [10].) IlepBblii mim HAMMEHBbIIHIT
3JIeMeHT Koprexka JF obozmaunm gepes [0

[Mocrpoenue cemeiicrea {X l+ |l € F} ocymecrBuM cienyronmm obpa-
30M:

1) mytst IepBoro ssemMenTa Koprexka [0 momommm X ;5 =XT;

2) ecs it | CylIeCTBYeT HEIOCPEICTBEHHO IIPEIIECTBYIONIMN eMy
B Koprexke F dynximonan I/, o nonoxum X, = {€ X, |I'(z) = 0};

3) eciu | sIBiIsSIeTCS IpeesIbHBIM B F, TO X;':ﬂ{X;'ﬂ € F, l<l}.

SAMEYAHUE 7.2. BriepBbie MOHATHUS TOJIOXKUATEIHHBIX, CYIIIECTBEHHO
MOJIOYKUTEBHBIX U CUJIBHO MOJIOXKUTEBHBIX KOPTeXKeil ObLIN BBEIEHBI B

paborax |75, 288] .

§ 8. YCJIOBHO JIMHEMHA S CKAJIAPU3AITUS
BBIMIYKJIBIX 3AJAY BEKTOPHOU ONITUMMW3AIIN

8.1. Ilyctp X - BeIlecTBEHHOE BEKTOPHOE IPOCTPAHCTBO,
F — npousBoJIbHBINA (BDUKCHPOBAHHBIA KOpTexK Ha X, () — 3aJaHHoe
MHOXKeCTBO 3 X.

Bynem rosoputn, uto Bektop ¥ € Q docmasasem MuMuMyM Kop-
meorcy F C X' na mmooicecmee Q, ecm cr(rx — 2°) > 0 ama Beex
z € Q. 3aecy dyukumonan cr: X — R oupenesen pasencrsom (7.1).

MHOKeCTBO BEKTOPOB U3 (), JOCTABJSIONUX MUHUMYM KOPTEXKYy F
Ha MHOX)KecTBe (), GymeM oGo3Hadarh cumsosom Min(Q | F).

N3 coorBercTBUs TBONCTBEHHOCTH, CYIIECTBYIOIIEIO MEXKJy KOPTe-
JKAMU U CyOJMHEHHBIME OTHONIEHUSIMU CJIA0OT0 MOPSIIKA, CJIEYET, ITO
Min(Q | F) = Min(Q | Gx), toe Gr = {(z,y) € x X |er(z—y) <0} —
cyOnuHeiHOe OTHOIIEHNE CJIab0ro MopsjIKa, JiyajabHoe Koprexy F. Ta-
KUM 00pa30M, HOHSTHE MUHUMYMa, JIJIsi KOpTeKa F IKBUBAJIEHTHO ITOHSI-
THI0O MUHUMAJIBHOCTH JIJIsT AyAJIHHOIO €My OTHOIIEHUsI CJIab0To MopsiiKa
Gr. Herpysno BujieTh TakxKe, 9TO MOHITAE MUHUMYMA JIJIsT OJHODJIE-
MeHTHOrO Koprexka F = {l} coBuazaer ¢ OObIYHBIM IOHATHEM MUHUMY-
Ma JJIsT JIMHEHHOTo (byHKIMOHAIA .

SAMEYAHUE 8.1. MoxHO ObLIO OBl OIpPEIE/INTh IIOHSTHE CJIA0Or0
MUHHAMYMa JIJIsI KOpTeKa JF, OTOXKJECTBUB €0 ¢ HOHATHEM CJ1aboro Mu-
HUMYyMa JIjIs CyOJIuHEHOro OTHOIIEeHus cj1adoro mopsiaka Gr. OmHako
moHsiTre c1aboro MuHUMYMa, Jijist (G MMeeT CMBICII JIUIIb B TOM CJIy4ae,
KOIJIa KOHYC CTPOrO HOJIOXKUTeIbHBIX BekTopos G (0) memycr. Pasuo-
CUJIbHOE JIyaJIbHOEe TpebOBAaHUE COCTOMT B TOM, 4TO KOpTex JF wumeer
nanmenbmmii  smement [0, ITockosibKy TIpum  3TOM GF(0) =
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= {z € X|1%2) > 0} (cnencreue 4.3), To Bekrop 2° € Q) jgocrasiser
koprexxy F C X’ cnabblif MUHIMYM Ha MHOXKECTBE () TOTIa U TOJILKO
torga, korma [°(x — %) > 0 ana Beex x € Q. CremopaTebHO, TOHS-
Tre c1aboil MUHUMAJIBHOCTH JIJIsi KOPTEXKEH 10 CYIecTBY SKBUBAJIEHTHO
MOHATHIO MUHUMYMAa JJIsl JIMHEHHBIX (PyHKIIMOHAJIOB.

IIycts z° - puxrcupoBaHHEBII BeKTOp U3 MHOXKecTBa Q. Kasxxmomy
JguHelinoMy (dyHKIMoOHATYy | € F TOCTaBUM B COOTBETCTBHUE IMOIMHO-
xeetrBo Qp(2°) mmoxkectBa (), ompenenennoe pasenctom (Q(zY) =
={r € Q|l(z) = 1(2°) nna Becex | < I, | € F}, rae < — OTHOITeHNUe
COBEPIIIEHHOTO TOPsIIKA Ha KopTexe JF : i Jio0biX li,lo € F cooT-
HomieHue [ < lo O3HadaeT, 94To [ mpesinecTByer l, B Koprexe F.

Eciu B F cymecTByeT HamMeHLIIHH 37aeMeHT [, TO IIOJIOMKIM
Qu(2°) = Q.

[IPEAIOKEHUE 8.1. Bexmop 2° € @Q docmasasem wopmesicy
F C X' munumym wa muoscecmee @ moeda u moavko mozda, xoeda
oasn mobozo | € F umeem mecmo

I(z) > 1(2°) dnsa ecer x € Qi(z?). (8.1)

JIOKA3ATEJILCTBO. Heobzodumocmov. Sadukcupyem | € F u BbI-
GepeM TIpou3BObHBI BekTop 2 € Q;(2°). U3 onpesienenus MHOKeCTBa
Qi(2°) momyuaem, uro mibo [(z — 2°) = 0, mbo I(z — 2°) = cr(z —
2%). Ecim Bexktop 2° € Min(Q|F), to cx(z — 2°) > 0. Cuemnosa-
temwro, [(z — 2°) > 0 ama moboro x € Qi(2°) mpwm ycmosmm, [aTO
2% € Min(Q | F).

Jocmamounocmy. IIpennonozxkum, 9ro coorHomenus (8.1) BbIIOJIHSI-
I0TCS M BMECTe € TeM cyIecTsyeT T € @, s kotoporo cx (T —ax0) < 0.
Torma niust Bektopa y = T — ¥ umeem Fy, # @ u 1, (y] = cx(y) < 0.
Hockonbky T € @, (z"), To mociennee HEPABEHCTBO HPOTHBOPEUHT
(8.1). Teopema mokazaHa.

Eciu xoprexk F sBJIsieTCsl BIIOJIHE YIIOPSIIOYEHHBIM, TO MHOYKECTBO
BekTOopoB Min(Q | F), DOCTABISIONMX MUHUMYM KOPTeXY JF Ha IPOU3-
BOJILHOM BBIIIYKJIOM CHU3Y MHOXKECTBE (), MOXKeT ObITh IIOCTPOEHO HH-
MyKTUBHO. [[j1s1 9TOTO MOCTpOMM CcemeficTBo mommuokecTs {Q; |1 € F},
3aBHUCAIIEE TOJLKO OT BEIGPAHHOIO 3JIEMEHTa KOPTEeXKa:

1) ny1st mammenbiero snementa [0 xkoprexka F momoxum Qo = Q;

2) ecsu it | CyNIECTBYET HEIOCPEICTBEHHO IIPEIIIECTBYIONMI eMy
B Koprexke F dynknmonasa ', To

Qi ={z € Qv |l'(x) = min I'(z)};

ZEQLI

3) ecain [ siBJIsIeTCs NpENIEJIbHBIM 3j1eMeHToM F, TO

Q=n{Q;|le F,l<1}.
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IIPEATOXKEHME 8.2. Ecau xkopmeoic F  Asasemcs 6noane ynopado-
YEHHBIM U
a) 6 F cyuwecmeyem HAuO0ALWUT SAEMEHM, Ly, MO

Min(Q|F) ={z € Qi,, | lm(x) = min [,,(2)};

6) 6 F me cywecmsyem Haubosbue20 INeMEHMa, Mo

Min(Q | F) =n{Q: |l € F}.

CHEACTBUE 8.1. Ecau xopmeote F = {l1,la,...,l;n} Koneuen, mo
sexmop z¥ € Q docmasasem munumym vopmescy F mozda u MoAvKo
mozda, x020a

1;(z°) = min [;(z 8.2
i(x7) xEIQi i(z), (8.2)

2de Q1 =Q,Qit1={z€Qi[li(z) = Hellél li(z)}, i=1,2,....m—1
2€Q;
I/IS nocJjIeIHEero 1IpeasjozKeHnd U CJAeJCTBUA U3 HEer'o 3aKJjovaeM, 9TO

[TOHSITHE MUHUMYMA, J[JIsi KOPTEXKa SBJISIeTCS 110 CyIIecTBY 00O0DIeHneM
HOHSITHs JIeKCUKOrpaduieckoro MuHIMyMa, [198, 279].

8.2. BepHuemcs K UCCIEIOBAHUIO 33,19 BEKTOPHON ONTUMA3a-~
AW, ONPEIEIEHHBIX HA MPELYNOPSIOIEHHOM BEKTOPHOM ITPOCTPAHCTBE
(X,3). Ilyers () — IPOM3BOJIBHOE 33JJAHHOE MHOXKECTBO 13 X.

Hermocpencreenabiv 06061eHneM reopemsr 6.1 siBIsieTcst ey rorast

TEOPEMA 8.1. a) Ecau eexmop z° € Q docmasasem Mmurumym
cuavno noaoscumenvromy xopmesicy F, mo x° € Min(Q| 3).

6) Ecau eexmop z° € Q docmasasem MuHUMYM CYUW,LCMEEHHO No-
nosicumenvromy xkopmesicy F, mo x° € w-Min(Q| ).

JIOKA3ATEJIBCTBO. a) Tak Kak KopTexX F CHIBHO IOJIOXKUTEJIEH,
to cr(z) < 0 mna Beex z € (—X7). Yenosue 2° € Min(Q | F) pas-
HOCHJILHO BuITOsTHEHMO HepasencTsa cx(z — 2°) > 0 s Beex z € Q.
CpaBHuBas 9TH JiBa HepaBeHCTBa, 3aKmodaeM, 9to (—X )N (Q —a°) =
= . Takum obpasom, z° € Min(Q| 3).

JlokazaTeabCTBO yTBepzKAeHus 6) npoBoauTcs anajgorunguo. Jleiicrsu-
TEIBHO, CyNECTBEHHAS MOJIOKUTETHHOCTh KOPTEXkKa JF BIEYET B CUIY
IpeIozKeHnst 7.2 BbIIOJHeHHEe HepaseHcTBa cr(z) < 0 g Beex
x € (—X"). CpaBnuBast 9T0 HepaBeHCTBO ¢ yciosuem cx(x — x°) >0
st Beex @ € @, moamyuaem (—X ) N (Q — {z2°}) = &, uro sKxBuBaA-
nentno Brmouennio ¥ € w-Min(Q | 3). Teopema jokazana.

Cumpoamu F* u F” 06O3HQYMM COOTBETCTBEHHO COBOKYITHOCTH
CHJIbHO TOJIOKUTE/IBHBIX U CYIMIECTBEHHO MOJIOKUTEIBHBIX KOPTEXKeil Ha
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[IpeIyIOPsiIOYEeHHOM BeKTOpHOM 1pocTpancTBe X. Vcrmosb3yst amu 060-
3HAYEHUs], yTBEPXKJIEHUS TeopeMbl 8.1 MOYXKHO TIPEICTABUTH B BU/JIE BKJIIO-
qeHuit

U Min(@|F) c Min(@]| ). (8.3)

FeFs

U Min(@|F) € w-Min(@| 3). (84)
FeF~

CIPaBeJINBBIX /IS IIPOM3BOJIBHOIO MHOXKeCTBa @ C X.

ITockonbKy Kaskaplil JmHelnbi dyrkmuonan | € X' MoKHO pac-
CMaTPUBATh KaK OJHOYJIeMEeHTHbBII Koprexk JF = {l}, nupu srom nongarue
MHHEMyMa JiIs Koprexka F = {l} coBmamaer ¢ OOLIYHBIM HOHSITHEM
MUHUMYMa, Jijis JinHeliHoro dyakmmonana | € X', To sriovuenus (8.3)
u (8.4) obobmaror eraoverust (6.1) u (6.2) cooTBeTCTBEHHO.

OKa3blBaeTCs, 9TO B BBILYKJIOM CJIydae TeopeMa 6.2 JI0myCKaeT moJ-
HOe obpaleHue.

TEOPEMA 8.2. Ecau mnooicecmeo Q@ C X 6unykao cnusy, mo

a) dasa mozo wmobu, x° € Min(Q| 3), neobrodumo u docmamou-
HO, w4mobbL Ha X CYWEeCmeosan CusbHo nosoxHcumesvrul xKopmesc F
maxoti, wmo cr(x —2°) >0 daa ecer v € Q;

6) daa mozo wmobr x° € w-Min(Q| 3), meobzodumo u docmamo-
1o, wmobv, Ha X CYWECTNEO6aAA CYULECTNEEHHO NOAONHCUMEALHBIT KOD-
meoic F maxoti, wmo cr(x —z%) >0 das ecer = € Q.

JIOKA3ATEJILCTBO. JlocTaTOYHOCTh yTBEP:KIeHU! a) u 6) mokasza-
na B Teopeme 8.1. JlokaxkeM HEOOXOAMMOCTH yTBEpxKIeHus a). Ilycrb
2 € Min(Q| 3) u nyerb K = cone[(Q + XT) — {2°}] ecrb konu-
geckas obonouka muoxectsa (Q + XT) — {29}, Jlerko Bmmers, uto
X+ c K. Kpowme Toro, uz muanmassaoctu 20 cienyer X~ N (—K) =
= . JleHcTBUTEIHHO, €CJIU TPEAIONOKATh, uro X~ N (—K) # &, 1o
gz € X7 N (—K) cymecrsytor ¢ € Q,x" € X1 u Bemecrsen-
Hoe umcimo A > 0 Takme, uto —Az = ¢ + 2 — 2%, Orcioma momyuaem
20 —qg=X+zt € X™, 7. e. ¢ < 2% wuro mporumsopeunT MHHE-
maspaocTn 20, Komyc K, ompenmenser Ha X HeKOTOpoe CyO/IMHEHHOe
orHomenue npeanopsaika G. B cuny ciepcrsuga 4.1 na X cymecrsyer
cybauneiinoe oTHomenue ciaboro nopgaika (G, MpaBUILHO JOMUHHDPYIO-
mee G. Tak kak XT C K C G(0) u K\(—K) C G7(0) To u3 yciosus
X" N(-K) =@ caegyer, uro X~ C G~ (0). B cuy npeayosxenns 7.1
Koprex F, cooTsercTByommii G, ABJIAETCH CUIIBHO TIOJIOZKUTE/TbHBIM
na X u, kpome toro, Q—{z} C K C G(0). U3 nocse/ero BKIoIeHns
3aKJII0YAEM, 9TO BEKTOp # JOCTaB/IgeT MUHUMYM KOPTexKy JF Ha MHO-
xxectBe (. Takum o6pasom, TpebyeMblii B TeOpeMe KOPTe:K ITOCTPOEH.
VrBepKieHne a) J0Ka3aHO.
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Jist jokazaresibcTBa HEOOXOIUMON YaCTH YyTBEPXKJECHUS 6) aHAJIO-
TUYHO MPEJBLIYIIEMY OCYIIECTBIM, UCXOJs U3 MPOU3BOJIHLHOIO BEKTOPA
2% € w-Min(Q| 3), mocrpoenme xomyca K = cone[(Q + X 1) — {2°}]
1 CyOJMHEAHOrO OTHONIEHUs! CJabOro MOpSAJIKa G ma X TaKOro, 9ITO
Xt c K ¢ G7(0). U3 caaboit munmmambioctu ¥ momyaum X 7N
N(—K) = &, uaro Brever X C G~ (0). Bocno/Ib3oBaBImich mpe/io-
JKeHreM 7.2, 3aKJII09aeM, 9T0 KopTexk J, COOTBETCTBYIOIIUH G, asna-
ercsl CyMECTBEHHO MOJOKHUTEIbHEIM Ha X. Briowenme @ — {20} C
C K C @(O) O3HAYAET, UYTO BEKTOD & JOCTABJISET MUHUMYM KOPTEXKY
F ua muoxkectBe (). Teopema mokazana.

Takum 06pa3om, ecjii MHOYXKECTBO () BBIIYKJIO CHHU3Y, TO

Min(Q| 3)= |J Min(Q|5), (8.5)
FeFs

w-Min(Q| 3) = J Min(Q|F). (8.6)
FeF~

Bamernm, 4ro B oTimuue or BKioueHuii (6.4) u (6.5), 06oOIeHn-
eM KOTODBIX sIBJISIIOTCsI paBeHCTBa (8.5) m (8.6), mocsieHue HOJTyYeHBI
6e3 Kaknx-au0b0 MPEIOJIOKEHII O HEIlyCTOTe ajaredpandecKoil BHY TPEH-
HoCcTH MHOXKecTBa @ + X T.

CHEOCTBUE 8.2. ITycmob npedynopsadouerntoe 8eKmopHoe npocmpaH-
cmeo (X, 3) makoeo, wmo codimX™~ = k < +oo. Toeda, dasa mo-
20 umobv, eexmop 0 € Q 6vLA MUNUMAALHOLM (CAGOO MUHUMANL-
HbLM) 8 MHodicecnge () OMHOCUMEAbHO T, JOCAMOUHo, a4 eCAl MHO-
HCECTNBO BVINYKAO CHUSY, O U HEOGLOOUMO, 4MOObL CYWECTNEO6AN KO-
HEUHBI CUABHO TNOAOHCUMENbHBOI (CYUECTNBEHHO TNOAOHCUMEALHVLT)
kopmeote F = {l1,la,...,lm}, m <k, maxod, umo

Mﬂﬁ:g&h@%i:Lluwm, (8.7)

ede Q1 =Q,Qit1={z € Qi[li(z) = mgl Li(z)}i=12,....m—1
z€Q);

IIPUMEP 8.1. Bepmemca x mpumepy 6.3: X = R2, X+ = Ri_ =

{(z1,22) |z1 > 0,220 > 0}, Q@ = {(z1,22)|z2 > —y/1—2af,
-1 < a1 <0} U{(xy,22)|z1 > 0,29 > —1}. Bouio nokazano, 4to
sektop ¥ = (—1,0) € Min(Q | 3) He MEHIMU3HMDyeT HUKAKO} CHJIHLHO
MTOJTOKUTE/THHBIN JTUHEHHDBIN (DyHKITHOHAI. BMecTe ¢ TeM HETPYIHO Ipo-
BepuTh, uro Koprexx F = {l1(z) = x1,la(x) = a2} siBAsIeTCS CHIBHO
nostoxutenbubiM 1 20 = (—1,0) € Min(Q | F).

V3 naHHOTO IpUMEpa CIEYeT TaKyKe, ITO JIaskKe B MPOCTEHIINX CIIy-
yagx (HaIpumep, JUisd IpocTpaHcTBa R™) yHoOpsiIOYeHHOrO0 HEOTPUIA-
TeJIbHBIM OPTAaHTOM) TeopeMbl 8.1 u 8.2 ycuiauBaioT yTBEDPXKIEHUS TEO-
peMm 6.1 1 6.2.

99



Bemecreennniit dynkmmonas ¢ : X — R, omnpeneneHHbIil Ha Bek-
TOPHOM TIPOCTPAHCTBE X, HAZ0BEM YCAOBHO AUHETUMHBIM, €CJIU JJIS HETO
MOYKHO yKa3aTh TaKOH KOpTeXK JmHeHHbIX dynknuonansos F C X', «aro
c(x) = cr(x) ansa Beex x € X.

OueBnHO, 4TO0 TeopeMbl 8.1 n 8.2 MOXKHO 1epedOPMYJIUPOBATH B
TepMHUHAX YCJIOBHO JIMHEHHBIX (DYHKIMOHAJIOB. Hanpumep, Teopema 8.2
YTBEPXKIAET, YTO MUHUMAJLHBIMA BEKTOPAMH BBIMYKJIOTO CHU3Y IOJI-
muoxkecTBa () C X SBIAIOTCS Te W TONLKO Te BekTophl x° m3 (),
JUIS KaXKIOr0 M3 KOTODPBIX CYIIECTBYET YCJOBHO JIMHEHHBIN (byHKIINO-
nan ¢: X — R rakoit, uro c(z —2°) > 0 a4 Beex x € Q. Benencrsue
3TOro Oy/IeM Ha3bIBATH METOJ, CKaJIsIpU3aIinn, 0OOCHOBAHHBIN B TeOpeMax
8.1 u 8.2, memodom ycao6Hno aunetinoti crarapusayuu. 1locKoIbKY BeK-
TOPHOE MPOCTPAHCTEO JIMHEHHBIX (QyHKIMOHAIOB X' NPUHAJIEKAT CO-
BOKYIIHOCTH YCJIOBHO JINHEHHBIX (DYHKIIMOHAJOB, a Teopembl 6.1 u 6.2 —
citeicTBus TeopeM 8.1 u 8.2, ToO METOJ| yCIOBHO JTUHENHON CKAJISIPU3AIIT
COJIEPKUT B cebe KaK YaCTHBIN Caydail MeTOJ JUHEHHON CKAITPU3AIIINT
U, CJIeJIOBATEJILHO, ABJISIETCS €0 €CTECTBEHHBIM PACIIPOCTPAHEHHUEM.

§ 9. KPUTEPUM OIITUMAJIBHOCTU OJIA CKAJIAPHOMN
3AJAYN BBIIIYKJIOI'O IIPOTPAMMMPOBAHMSA

9.1. [IpumeHuM pe3yJIbTAT TEOPEMBI 8.2, & TOYHee, CJIEJICTBUS
8.2 K MCCAeOBAHTIO ONTUMAIBLHBIX PENEHNH CKAJIAPHON 33T BBITYK-
JIOTO TIPOI'PAMMUPOBAHUS:

f(](iﬂ) — il’lf, (9 1)

z€eQ, fi(r) <0,i=1,2,...,m, ’
rne f; : X — R, ¢ =0,1,...,m, — BelleCTBeHHbIE BBHIMYKJIbIE (DyHK-
11U, OlpeJiejieHHble Ha BEKTOPHOM mIpocTpaHcTBe X; ) — BBIIYKJIOE

MHOXKeCTBO u3 X.

C 9T0it IeJIBIO YCTAHOBUM CBSI3b MEXK/Iy ITOHSITHEM S —MUHHMAJIBHO-
CTH ¥ HOHATHEM onTHMaJjbHOCTH B 3amade (9.1). Beegem orobparkenne
F: X — RY™ onpenenns ero paBeHCTBOM

F(LL') = (f0($>7f1(x)7 e ’fm(x))

IPEAIOXKEHUE 9.1. Bexmop x° € Q, ydosaemeopsrouuti 02pari-
wenuam fi(x°) < 0,i € I = {1,2,...,m}, asiraemca onmumaivonvm
pewenuem 3a0auu 8bnYKA020 npozpammuposanus (9.1) moeda u moaw-
%0 moada, Koeda eexmop F(x°) aeasemes Zo -MUHUMAALHOM 6 MHO-

oiceemee F(Q) = {F(z) € R |z € Q} omnocumenvno cybaunetinozo
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ommowenua npednopadka o, 3adarnozo na RYF™ xonycom noaosicu-
MENLHDIT BEKMOPOG:

Yoh = {y e R"™|yo > 0,y; > 0,i € I,(«°)} U {0}, (9.2)

ede I,(z°) = {i € I|fi(2") = 0} — wmmoorcecmeo undexcos, coom-
6EMCMEYIOULUT AKMUGHBM 6 MOodKe T° 02PaHUNEeHUAM.

JIOKABATEIBCTBO. Heobxommmocts. Ilycts 20 € Q asnserca on-
TUMAJIbHBIM PENIEHAEM 3aJIa9U BBIMYKJIOro nporpamMupoBanus (9.1) n
MycTh CymecTByeT BekTop Z € §) Ttaxoit, aro F(Z) <o (F(z°). Ioc-
JIeJiHee  COOTHONIEHWE — 9KBUBAJICHTHO — BBIIOJIHEHHUIO — HEPABEHCTB
fo(Z) < fo(z%), fi(@) < fi(x°),i € I(2°). Buibepem semecTsennoe Huc-
10 ag € (0,1) Takum obpazom, utober HepasencTso fi(x0+a(T—2%)) <
< fi(2®) + a(fi(@) — fi(2°)) < 0 BpImONHEANOCH HpU Beex a € (0, )
uBcex ¢ = 1,2,...,m. Beaencreue BoimykaocTr MEOKeCTBa ) U DyHK-
mm  fy Gyzem mmerh, kpome toro, ¥ + a(T — 2°) € Q wm
fo(2% + a(T — 20)) — fo(2°)) < 0 npm Beex a € (0, ). Ilomydennbie
COOTHOIIEHHUsI TPOTUBOPEYAT TOMY, uTo ' fBjIfeTCs peleHneM 3aJ1aun
(9.1).

HocraToanast 9acTh MpeJIIoKEeHNsT TOKA3bIBACTCS AHAJOTHIHBIM 00pa-
30M.

TEOPEMA 9.1. Bexmop x° € Q, ydosaemeopsrowyuti oeparurenuim
fi(2%) <0, iel={1,2,...,m}, A6AAEMCA ONNMUMAALHBIM DEULEHUEM
3adanu 6vinyKA020 npozpammuposanus (9.1) moeda u moavko moada,
Kkozda 6 R™ cywecmesyem makoti nabop sexmopos A, ... NF) \(E+1)
0 <k < |L(2%)] (|1.(z%)] — uucao anemenmos mmooceemea I,(z0) =
= {i € I| fi(2®) = 0}), wmo evinoarenv caedyrowue ycaosua:

a) ecau k > 0, mo nepswie k eexmopos NP ... AF) aeimomean
AUHETHO HE3ABUCUMBLMU;

6) ycaosue donoansouets HeAHCECmKOCuU:

)\Es)fi(ato) =00dnnscericl,s=1,2,....k+1,;
B) YCAOGUE NEOTMPULAMEABHOCTI:
/\Z(-S) >00nneceriely, s=1,2,...,k+1,
20e Iy = I,(2°), o1 = {i € I, | A\ = 0},s =1,2,.. . k;

) YCAOBUS MUHUMYMA:

TEN 4

DNTA@") = min 3 AT fi@) s =12k,
i=1 i=1
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Fola®) + 3" AV 1% = min (fo(x) + YAV fi(),
=1

IGQ)H,l =1

e O = Q0 = {2 € QY A file) = min A9 f2)),
i=1 FeRe

s=1,2,...,k.

JIOKABATEJILCTBO. B cmry npemoxenns 9.1 sexrop z° € Q, ymio-
BrieTBopstomuii orpanmdenusm fi(2°) < 0,i € I, aBIgeTcss ONTHMAITb-
HbIM perrerreM 3amadn (9.1) Torga u TONBKO TOrJA, KOIVIA BEKTOD
F(2°) = (fo(z2), fi(2Y),..., fm(2?)) € R™ apngerca Zo-Munumain-
HBIM B MHOYKECTBE

F(Q) = {F(z) = (fo(@), fi(2), ..., fm(2)) €R7™ |2 € Q}

OTHOCHTEJIBHO CYOIMHEHHOr0 OTHOINEHUS NPEANIOPAIKa g, 3aJaHHOTO
na R xomycom mostozkuTebHBIX BeKTOpoB Y, (M. (9.2)).

Pacemorpum cefiuac yeaoBust a) - T') JOKA3BIBAEMON TEOPEMBIL. ¥ CJI0-
BHe a) obecreumBaeT JMHEHHyIo HesaBucHMocTh BektTopos (0, A(V) ...
(0,000 (1, AB+D) B mpoctpancree RYF™. U3 sroro caemyer, aTo
YIIOPSIOYEHHOE CeMECTBO JIMHEHHBIX (DYHKITMOHAIOB

{00, D), (0, AR, (1, A+ (9.3)

obpazyer na R!T™ koprex, cumibHas IOJIOXKHUTEILHOCTL KOTOPOIO OT-
HOCHUTEJIbHO CyOJIMHEHOrO OTHOIIEHUST MIPEJIIOPSIKA S0 PABHOCHJIBHA
ycaoBusiM 6), B). YCJIOBHsT MUHHUMYMA T) SIBJISIFOTCSL (PAKTUIECKH KOH-
KpeTHOI dopmoit yeaosust (8.7), 3anucanroro Jyist kKoprexka (9.3) u MHO-
xkecrea F(92).

Takum obpazoM, cripaBeIuBOCTb TeopeMbl 9.1 ciemxyer u3 mpemio-
kenusd 9.1 u ciaencrsus 8.2.

SAMEYAHUE 9.1. Ecsu BoinoJineno ycjosue Cieiitepa: CylecTByer
T € Q makoit, uro f;(T) < 0,4 = 1,2,...,m, 1o B Teopeme 9.1 MOXK-
HO TapaHTHPOBATH CYIIECTBOBAHME eIuHCTBeHHOro BekTopa A1) € R™,
obpasytorero Tpebyembrii Habop, T. €. MOXKHO rapanTupoBars k = 0. B
9TOM cirydae TeopeMa 9.1, KaK HETPY/IHO BUJIETH, IPEBPATUTCS B KJIACCH-
veckyto Teopemy Kyna - Takkepa (cm., Hampumep, [115, 132, 202, 213,
218)).

ITpuMEP 9.1. PaccMoTpuM 3a/1a49y BBILYKJIOIO ITPOrPAMMUPOBAHUSL:

)
({E ,.’ﬂg,xg) € RS)
z) =22+ 23 -2<0, (9.4)
):—$1—$2+2§0,

)



Touka x° = (1,1,0) ymoBiersopsier orpanmdenusM 3agaqn (9.4),
mpu srom I, (%) = {1,2,3}. Herpysno npoBeputsb, 9T0 HabOP, COCTOS-
it w3 asyx Bextopos A = (1,2,0), A®) = (0,0,1), ymosrersops-
er ycnopuam a) — 1) B Touke 2V = (1,1,0). CremoBaTeibHo, TOYKA
o (1,1,0) siBsstercst onTUMAJBHBIM pemnieHreM 3azaadn (9.4). 3ame-
Tum, uro ycuosue Crelirepa mis 3agaun (9.4) me Buimosagercs. Cieno-
BaTeNbHO, KJaaccnieckas Teopema Kyna - Takkepa 37eCh HeIpUMEHUMA.
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T'maBa 3

AIIITPOKCNIMATUBHAA
KBASNIN®PEPEHIIMPYEMOCTD
BEIIIECTBEHHO3HAYHbLIX ®YHKITAN

n yCcJioBud OIITUMAJIbBHOCTU

B BATAYAX CKAJIIPHOM OIITUMU3AITAN

UccretoBannst 00mux 3a1a9 BEKTOPHOM ONTUMUBAIAN TPEOYIOT
[IPUBJIEYEHUS CPEJICTB aHam3a hyHKINN 1 oToOpakenuii. B mannoii rira-
Be Da3BUBAETCS TEOPHUs AIMPOKCUMATUBHOIO KBasuauddepeHnupoBa-
HUSI BEIECTBEHHO3HAYHBIX (PYHKITUI, 0000IatoIas Teopuio KBa3uand-
depennuposanust Tempsinopa—Py6unosa [103 — 107]. OcHOBHBIME 11O-
HSITUSIMU PA3BUBAEMOI TEOPUU SIBJIAIOTCS MOHATHS € —KBasuauddepen-
yaJja U ampoKCUMATHBHOTO KBas3uauddepeHuaia. DTU TOHATHS BBO-
JATCS CHAYAJNA JJIs TOJIOXKUTEIBHO OJHOPOIHBIX (DYHKITHI, a 3aTeM IIe-
peHOCATCs Ha IIPOU3BOJIbHBIE BeIlleCTBeHHO3HAaUHbIe DyHKIMN. Pa3BuBa-
ercsi ucyucjenune ¢ —kpasuauddepennnaos. OUpenesoTcs MOHITUS
KBa3uHOpMAJIEN U € —KBa3WHOPMAJIEll, pACIIPOCTPaHSIIOIINE UIeH KBa3H-
b depeHImpyeMOCTH Ha, JIOKAJTBHBIN aHaIn3 MHOXKECTB. J{oKa3hIBatoT-
Csl yCJIOBUS JIOKAJBHOIO SKCTPEMYyMa, BBIPDAXKEHHBIE B TEPMUHAX
€ —kBa3uanMO@PEPEHITNAIOB UCCIenyeMO (DYHKIINAU.

§ 10. PA3HOCTHO-CYBJIMHEMHBIE ®YHKIINU
N NX KBASNJNP®PEPEHIINAJIBI

10.1. IIyctp X — KoHeYHOMEpPHOE €BKJINJ/IOBO ITPOCTPAHCTBO
u myctb P(X) — BEKTOPHOE NPOCTPAHCTBO BEMIECTBEHHOZHAYHBIX MO-
JIOKUTENIbHO OfHOPOAHBIX (p(Ax) = Ap(x),A > 0,2 € X) HenpepbiB-
HBIX (PYHKIMIH, ompeneseHHbIX Ha X. Tak KakK KaxKJas (QYHKIUS U3
P(X) omHO3HAYHO OLPEIEJISETCH ee CY:KEHHEM Ha eJUHUYHYIO0 chepy
S={zeX||z| =1}, rme ||-|| —ropmaB X, TO P(X) MOXKHO OTOXK-
JecTBUTh ¢ poctpancTBoM C(S) BeIeCTBEHHO3HAYHBIX HENPEPhIBHBIX
dyukImit, 3a1aHHbX Ha KoMmakTe S. Takoe 0TOXKJeCTBJIEHIE TI03BOJIs-
er nepenectu ua P(X) Bce crpykrypnl npocrpancrea C(S). B uacr-

HoctH, onpezenuns Ha P(X) Hopmy |p|| = HmHax |p(x)] u 3amas or-
=1

HOIIIEHNEe YACTUIHOIO HOPSiJIKA HOCPEICTBOM Koﬁ{yca HeOTPHIATETHHBIX

dbyakmmit PH(X) = {p € P(X)|p(z) > 0, 2 € X}, cnabmum P(X)

CTPYKTYpO#t Ganaxosoit pemerku |9, 22, 50, 130].

10.2. CumBosiom P(X) 0603HAYNM COBOKYIIHOCTH BCEX HeIpe-
PBIBHBIX CYyOJMHEHHBIX (DYHKIINH, onpenesieHHbix Ha X. Hamomunm, aTo
dyskmua p: X — R HaspBaercs cybaunetinoti, €CIu OHa ITOJI0KUTEI b
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HO onHoponHa u cybasuurusna (p(z +y) < p(z) + p(y), z,y € X) Ha
X. Bcerogy B masnbHelimieM paccMaTpuBaeMble B 9TOH TUiaBe CyOmHeii-
Hble QYHKIMU OyIyT MPEOIaraTbCs HEMPEPBIBHBIMU, [TOITOMY YCJIO-
BUMCsI, HE OTOBApPUBAs 9TO KAXKJIbIIT pa3 CIEIUaIbHO, O/ CyOImHeHOM
dyHKIIEe TOHUMAaTh HEIPEPLIBHYIO cyOsnHeinyo dyuknuo. Kak mo-
MHOXKECTBO BEKTOPHOrO mpocTpancTBa P(X) CcOBOKyHHOCTH CyOmHei-
HBIX (DYHKIHIA IS(X ) ecTb BBIMYKJIbI Konyc. Kpome Toro, coBoKynHocTh
]3(X ) 3aMKHyTa OTHOCUTEIHHO Ollepaiuu cynpemyma B pemerke P(X)
U, CJIEIOBATELHO, SBJIIeTCs BepXHeil mosyperierkoi [22, 130].

IIycte X™ — BEKTOpHOE NMPOCTPAHCTBO, TOIIOJIOTUYECKH COIPSI2KEH-
HOe X, T. e. IPOCTPAHCTBO JIMHEWHBIX HEIPEPBIBHBIX (DYHKIMOHAJIOB
ma X. Tak kak X — KOHEYHOMEpPHOE EBKJIMJOBO MPOCTPAHCTBO, TO
X* coBmajaer ¢ ajareOpandecKu COINPSZKEHHBIM IIPOCTPAHCTBOM, T. €.
IIPOCTPAHCTBOM BCEX JIMHEWHBIX (DYHKIMOHAJIOB Ha X, M, KPOME TO-
ro, MOYXKeT OBITh OTOXKJIECTBIEHO ¢ X. 3ech, OJHAKO, TaKOEe OTOXK-
JIECTBJIEHUE OCYIIIECTBIISATH HE Oy 1eM, ITO ITO3BOJIUT BCETIA I€TKO PA3JIU-
9aTh, UJET JIK PeYb O BEKTOPaX MpOCTpaHcTBa X WIIH K€ O JIMHEeINHBIX
dynknpmonanax na X. Ouesnjno, uto X* ABIAETCA BEKTOPHBIM IOJ-
upocrpancrsoM B P(X).

Kax ot cybauneiinoit dpyuknuu p € ﬁ(X ) OJIHO3HAUHO COOTBET-
CTByeT B mpocTpaHcTBe X * BBIIMYKJIOE KOMIIAKTHOE ITOJMHOMXKECTBO

Oop={a" € X*|(x,2") <p(z),z € X}, (10.1)
Ha3bIBaeMoe cybduddepenyuarom GyHKIMU p, TpUIEM

p(z) = max (x,z%), x € X (10.2)
z*€p

3aecy {(x,r*) obo3HAUAET KAHOHMYECKYIO OmsuHeiinyio dbopma JIBOii-
crBennocru (X, X*).

U3 onpenenenus cyomuddepenimaia cieayer, 9ro CyOJuHeiHas

dbyaKIMA p HeoTpunaTeabHa Ha X TOTJA W TOJIHKO TOTIA, KOTJA BbI-
noJstasieTcst BJodenne 0 € Jp.
_ O6ozHAYIM COBOKYITHOCTD BCEX BLIMYKJIBIX KOMITAKTOB 13 X * 1epes
V(X*). Ha V(X™*) ecrecTBeHHBIM 06pa30M OIpE/IEJIEHBI AaredpaniecKue
OIIEPAINN CJIOYKEHUS U YMHOXKEHUsI HA HEOTPHUIATEIHLHOE BEIIECTBEHHOE
YUCIIO:

A+ As ={a" € X" 2" =a] +a5,2] € Ay, 25 € Ao},
M= {z" € X" |z = \y*,y" € A}

Juia gobeix A, Ay, Ay € I7(X*)
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Ornomenne BoYenus 3ajaet Ha V (X™) gacTudublii nopganok, oT-
HOCHTEeJIbHO KoToporo V (X™*) saBigercss BepxHeil HOJIYyPEIIETKON, npu
sTOM yIst JiIoboro Komednoro cemeiicrsa {A;,¢ € I} uz V(X*) umeem

rage \/ — rounas Bepxuss rpanb {A;,i € I} B V(X*), convM —
iel
BBIIIYKJIast 060JI09Ka MHOXKeCTBa M.
QOyukuus pg : V(X* x V(X*) — R, 3amaHHasi COOTHOIIECHIEM

pH(Al,AQ) = inf{a >0 | Ay C Ay + CVB*, Ay C A+ OZB*} (103)

rae B* — enuHu4HbBIN map B IpocTpaHcTBe X ¥, OIpeesseT Ha Y7(X )
MeTDPHKY, Ha3blBaeMyo MeTpukoil Xaycaopda [155]. Oneparop cy6maud-
depennupopanust 0 : P(X) — V(X*), cormacHO KOTOPOMY KaxKJOi

cybauneiinoit dyukiyu p € P(X) coorBercrByer ee cybauddepernua
Op € V(X*), GueKTHBEH U yIOBJIETBOPSET CJEIYIONUM PABEHCTBAM:

9(p1 + p2) = Op1 + Op2 (10.4)
JIJIsI JTIOOBIX P1, P2 € ﬁ(X);
9(Ap) = Adp (10.5)

st Jiroboro p € ﬁ(X ) ¥ J1060r0 BEIIECTBEHHOINO HEOTPHUIATEIHLHOIO

qucaa \;
) ) — ) .
(I?ealxp,) conv U Op; (10.6)
iel

JIJIsT JII00OTr0 KOHEYHOro cemeiicrBa {p;,i € I} cybauueitnbix GyHKImit
uz P(X);

le —PZHP(X) = pH(apNaPz) (107)

IJIS JIIOOBIX p1, P2 € ]3(X)

CirenmoBaresbao, oneparop cydauddepennupoBanus 0 SBISETCS U30-
MOPGhU3MOM a/IrebpauvecKnX, MOPSAJIKOBBIX U METPUIECKHX CTPYKTYD,
saganabix Ha P(X) u V(X*). D10 cBoficTBo oneparopa cy6auddepen-
[[MPOBAHUST HA3BIBAETCS JBOCTBEHHOCTHIO MuHKOBCKOrO [155].

10.3. @yukuuio p € P(X) nazoseM pagnocmmo-cybaunetinod,
€c/IM OHa MOKeT OBbITh NpeJIcTaB/eHa KakK Pa3HOCTD JBYX CyOIMHEHHbIX
dyukuuii, 1. e. ecsiu cymecrByor dyukuuun p u p uz P(X) rakue, uro
p(z) = p(z)—p(z), € X. COBOKYMHOCTH BCEX PASHOCTHO-CYOIMHEHHBIX
byHKIWIT 0603HAMNM Tepe3 P(X).
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Herpynuo Buzgers, uyro P(X) siBisiercsi HAUMEHBIIUM BEKTOPHBIM
nozipocrpanctBoM B P (X)), KOTOPOe COIEPKUT BBIMYKJIbIi KOHYC IS(X ).
Hpyrumu ciosamu, P(X) ecth BekTOpHOE momanpocrpadctso B P(X),
TOPOXKJIEHHOE BBIILYKJIBIM KOHYCOM CyOIUHEHHBIX DYHKITAT P (X).

Paccmorpum KoHedHOE ceMENRCTBO PA3HOCTHO-CYOJIMHEHHBIX (DyHK-
unit {p;,i € I} C P(X) u npeanonoxum, urto p;i(z) = p,(z) — p;(2),
r€X,i€1, rne p,p;,i €1 — cybnuneiinble Gynkun us ﬁ(X) s
DABEHCTB

max p; (z) = max pi(x)-i-‘;#‘pj(m) —;ﬁj(x),xeX (10.8)
el g7 1

min p; (z) Zp — max | p;(x) + > p,(x) ], zeX, (10.9)
jel JELj#i

3aKJII0YaeM, 4TO (DYHKIUU malxpi(x) u mi?pi(x) TaK¥Ke SBJISTIOTCS
i€ ie

pasuoctHO-cyOmueiiHbpIME. Crie[0BaTeIbHO, BEKTOPHOE ITPOCTPAHCTBO
pasHocTHO-cyOnuHeliHbix dyuKkimit P(X) sBisiercst HOpMUPOBAHHOM
nogpererkoii [22, 130] B 6anaxooit pemerke P(X). Bouee Toro, B cuiry
uzomopduzma P(X) u C(S) u3 reopembr Croyna - Beiiepmirpacca [32,
244] cqieyer, 9TO HODMUPOBAHHAS TTOAPETIETKA PA3HOCTHO-CY OIMHEHHBIX
dynkmmit P(X) mrorHa B 6aHAXOBOI peIeTKe MOJIOKUTETBHO OJIHO-
ponHbIX HenpepbiBHbIX byHkuit P(X). Takum obpaszom, jobas mo-
JIOXKUTEILHO OJTHOPOJHAsi HempepbiBHAast MyHKIms p : X — R moxer
OBITH PABHOMEPHO AaMIPOKCUMUPOBaHA Ha eIuHUIHOM mape S C X
Pa3HOCTHO-CYOINHEHHBIMU (DYHKITHSIMI.

10.4. PaccMoTpuM MPOM3BOBHYIO PA3HOCTHO-CYOJIMHEHHYTO
dyukrmo p € P(X) unycrs p(x) = p(z) —p(x),x € X, — npon3sossb-
HOE ee TIPEJICTaB/IEHNE B BUJIE PA3HOCTU JIBYX CyOJMHEHHBIX DYHKINH P
u P uz P(X). Ucnonb3ys 9T0 NpeicTaBIeHNe, TIOCTABUM B COOTBETCTBUE
GYHKIMKE P YHOPSIOYEHHYIO [Mapy BBILYKJ/IBIX KOMIAKTHBIX MHOYKECTB
(Op, 05) m3 X*, cocrapnennyto us cybmuddepennmnanos bynkmmit p u
D coorBeTCcTBeHHO. B cmty mBoiicrBenHOCTH MUHKOBCKOTO (hyHKIUS P
U COOTBETCTBYIOINAs eii yropsiaodeHnas napa (Op,0p) CBI3aHBI COOTHO-
IIeHreM

* *
p(z) = max (x,2") — max (z,z"),z € X.
(z) m*€8B< ) $*€8ﬁ< 27,
Bocmosnb3yemest JaHHBIM COOTBETCTBUEM JIJIsi TOTO, YTOOBI TMOCTPOUTH
JI7IST Pa3HOCTHO-CYOMHENHBIX (DYHKIWI JBOMNCTBEHHBIE OOBLEKTHI, AHA-
JioruaHble cybauddepennuanam cydmHeHbx GyHKIumi. C 9T0i 1e/1bI0
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oupee Iy Ha upsMoM npoussenenmn V(X *) x V(X*) oroGpasxenne
¢:V(X*) x V(X*) - P(X), nonoxus

#(A, A)(z) = max (z,2*) — max (r,2*),r € X, (10.10)

T*€A z*€A

nist 0601t yropsaodenHoi mapsl (A, A) BBITYK/ILIX KOMIAKTOB 13 X *.
OrobpazkeHrne ¢ CIOPBHEKTUBHO, HO HE SIBJISIETCSI MHbEKTHUBHBIM. Jleii-
cTBUTENBHO, econ napbl (A, A1) u (A,, A2) yI0BIETBOPSAIOT PABEHCTBY

A+ Ay = A + A, (10.11)

o (A, A1) (x) = ¢(Ay, As)(x),x € X. HeTpyaHo IpOBEPHUTH, UTO pa-
BercTBo (10.11) 3amaer Ha V(X*) X V(X*) OTHOIIIEHNE KBUBAJIEHT-
Hoctu. O6osHadwmm cumBosiom V(X™*) MHOXKeCTBO, mosydeHHOe bak-
Topusamueit V(X*) x V(X*) no ornomenmo sxsusanentaoctn (10.11).
Kuacc skpuBasentrocru u3 V(X*), cogep:kamuil yuopsio9eHHY0 Hapy

(A, A) Bomyxierx kKommakTo A n A m3 X*, 6yaeM 0603Ha4ATh CHMBO-
oM [A, A]. Otobparkenue ¢ KOPPEKTHO oIpejesseT OHeKTHBHOE 0T0o0-
paxenne V(X*) ma P(X), koropoe Takxke Oy/ieM 0003HAYATH CHMBO-
JIOM .

Ucnonbays 6ueknmio ¢ : V(X*) — P(X), nepenecem vHa V(X*) an-
re6PanIecKyio, MOPSAIKOBYIO U METPUIECKYIO CTPYKTYPBI IPOCTPAHCTBA
P(X), 1 e. oupemesium Ha V(X™*) 9ru cTpyKTyphl Tak, 9T06bI OGHEK-
mus ¢ : V(X*) — P(X) aBrsnach n3oMOphU3MOM COOTBETCTBYIOIINX
CTPYKTYD.

Haunem ¢ onpenesenns na V(X*) anrebpandeckoii CTpyKTypbI BEK-
TopHoTro TIpoctpanctsa. Ilycts [A,, A1] n [A,, As] — mpomsBoibHBIE
smementsl 13 V(X™*). Tak Kak

A([Ar, A1) (@) + H([Ay, A2])(2) = P, (z,2%)—

— max (z,2%) = ¢([4; + Ay, A1 + As])(2), = € X,
Ar1+As

TO CJIO’KEHHE 3JIEMEHTOB B V(X *) OIpPEee/INM CJIEYIOIIM 00Pa30M:
[A;, A1) + [Ay, Ao] = [4; + Ay, Ay + As). (10.12)
AHAIOTUYIHO, UCITOJIb3YsI PABEHCTBA

Mo([A A (x) = max (@.0") — max (w2") =

= ¢([MA,  \A])(z),z € X, pu A >0,
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(A A (@) = max_(r,0%) — max (z,2") =
z*€|A[A z*EAA

= ¢([IN[A, [N A])(2), € X, npu A <0,

OIIPE/IEJINM YMHOXKEHHE 3JIeMeHTOB 13 V (X™*) Ha BelleCTBEHHOE YHCIIO:

_ { [[)\A, M] - mpn A >0, (10.13)

Ald, 4] = A4, [A[A]  mpum A < 0.

OrHocuTesnbHO BBeieHHbIX onepanuii (10.12) u (10.13) V(X™*) siBas-
€TCsl BEKTOPHBIM [IPOCTPAHCTBOM, IIPHM STOM HEHTPAJbHBIM 3JIEMEHTOM B

V(X*) sBasercs knacc sksuBajentnocrn [M, M], rne M — mpous-
BOJIbHBI BBIIYKJ/IBLA KOMIAKT U3 X *; IPOTUBONOJIOXKHBIM 3JIEMEHTOM
st kimacea [A, A] siBasiercst kiace [A, A).

IMopsakosyto crpykrypy Ha V(X*) onpezmenum, HCXO/s U3 OTHOIIE-
HUsI YACTUTHOTO TIOPSJIKA, 3a0aHHOr0 Ha, P(X) KOHyCcOM HeOTpHIATe b
upix gynkmit. ockombky s mobbix [A, A1] u [Ay, As] uz V(X*)
HEPAaBEHCTBO

(b([Alel])(x) < ¢([A27Z2)(m)’ r € X, (10'14)
AMEeT MECTO TOIJa M TOJBKO TOIJa, KOIJa max__ (z,z*) <
z*€A +A2

< max (x,z*), x € X, 4r0, B CBOIO 0YepE/lb, IKBUBAJIECHTHO BKJIIO-
z*CA1+A,
gemmo A, + Ay C Ay + A,, To, onpenemus wa V(X*) orHomrenme
gqactuaHoro nopsyka [A,, A;] < [A,, As] Torma m ToabKO TOTIA, KO-
ra A, + Ay C Ay + A,, npesparum V(X*) B BEKTOPHYIO DeTIeTKY,
n30MopdHYIO BEKTOpHOH pererke P(X).
Ucnous3ys pasencrsa (10.8) u (10.9), HeTpyJHO HOIYYIUTH, YTO pe-
meTouHble oneparuu Ha V(X *) sazaforcest cieryommM o6pa3om:

VAL A= [conv{{ JA,+ Y Ap}h > 4, (10.15)

iel iel JEI,j#i iel

N4 Al =D A, convf{ JAi+ > A}, (10.16)
i€l i€l i€l JELj#i
e V[A;, 4] u A[A,, 4] 06o3HAYAIOT COOTBETCTBEHHO CYIIPEMyM H
i€l iel
nndumym Konednoro cemeiicrsa {[A;, A;], i € I} s1emMeHTOB B BEKTOD-
Hoit pemerke V(X*).
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s onpenesienust Hopmbl Ha V(X™*) BOCIOIB3yeMCsl CJIELy IOMIAME

cooTHommerusaMu. st mroboro kimacca [A4, A] € V(X™*) umeem

16([4, ADllpx) = max [6([4, A])(2)] =

llzllx=

=inf{a > 0]|¢([4, 4])(z)| < a||z|x nna Beex z € X }.

Tak kak ||z|x = max (x,2*), rme B* — eAMHWYHBIN AP B IIPOCT-
e

panctee X*, 1o |z[[x = ¢([B*,{0}])(x),r € X. Cremosarenbmo,
16(4, Allpx) = inf{a > 0] — ad((B* {0})(x) < 64, A)(x) <
< a¢([B*,{0}])(x), z € X}. Ucnonbsyst aqrebpanveckuit U MOPSIIKO-
BbIit m30Mopdu3M npocrparcts V(X™*) u P(X), u3 nocsienHero papes-
CTBa T0JIy4YaeM

|64 A lpx) = inffa > 0| AC A+ aB" AC A+aB*} = pu(4, ),

rue pg(A, A) — paccrosuue Xaycuopda Ha COBOKYNHOCTH BBIIYKJIBIX
KOMIIAKTOB 13 X *. DTO MO3BOJISIET CJIEJATh 3aK/I0YEHNE, YTO (PYHKIIUS

[A,A] - |[A,4]] :=inf{a >0|AC A+aB* AC A+aB*} (10.17)

siBJIsleTCsl HOpMO#t Ha V (X™*).

Asnrebpandeckasi, MOPsIKOBas M METPUYECKAsI CTPYKTYPBI, 38 aHHbIE
Ha V(X*) coornomenusivm (10.12) - (10.17), coriacoBaHbl U B COBO-
KynHocTu oupeensaior Ha V(X*) crpykrypy HOPMUPOBAHHON pemnier-
ku, uzomopduyio P(X). Hopmuposannas permerka V (X*) nasbiBaercs
NPOCMPAHCMBOM  SUNYKAWT MHoxHcecms. V3oMopdU3M MPOCTPAHCTB
V(X*) u P(X) zamaercs orobpaxkenueMm ¢ : V(X*) — P(X). Cie-
JloBaTe/IbHO, ¢ U obpaTHOe emy orTobpaxkenume ¢ 1 : P(X) — V(X*)
SIBJISIOTCS JIMHEHHBIMY, M30TOHHBIMU U HEIPEPHIBHBIMU OIEPATOPAMHU,
MIEPECTAHOBOYHBIMU € PEINETOTHBIMU OTEPATIASIMHE.

Kaxaomy BbImyK/IOMYy KOMOAKTY A 13 ‘7(X *) mocraBUM B COOT-
BeTCTBHE KJace skBuBaneHTHOCTH [A,{0}] m3 V(X*). Herpyano yGe-
nuTbest, yro coorBercrBue A — [A,{0}] uHbEKTHUBHO M, KpOME TOrO,
UMEIOT MECTO CJIEJIYIOIINE COOTHOIIEHUSI:

[A1,{0}] + [A2, {0}] = [A1 + 42, {0}],
alA, {0}] = [aA, {0}] nast aro6oro « > 0,
[A1,{0}] < [A2,{0}] & A1 C Ay,

A1, {0}] = [A2, {0}][] = [[A1, As]|| = pr (Ar, A2).
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Crenosarennuo, coorsercrsue A — [A,{0}] ocymecrsiser BroXKeHme
V(X*) B nopmuposannyio pemerky V(X*) ¢ coxpasenuem areGpai-
YeCKOl, MOPANKOBOA U METPUYECKON CTPYKTYD, LIPA 3TOM ‘A/(X *) pea-
szyerca B V(X*) Kak BOCHPOU3BOMSIIINIA BBILYKJIbIH KOHYC, 3AMKHY ThIit
OTHOCHUTEJIbHO BepXHell pereToyHoii onepanuu (Olepaiyuu CyupemMyMa,).

Takum obpazom, uzomopdusm npocrpancrs P(X) u V(X™*) asis-
eTCcsl pacnpoCTpAHEHUEM JIBORCTBEHHOCTH MUWHKOBCKOTO MEXKLY 13(X )
u V(X*). B cuy sroro msomopdusm mexay P(X) u V(X*) maxeke
HA3BIBAETCSl IBOHCTBEHHOCTHIO MUHKOBCKOTO.

3AMEYAHUE 10.1. Coornomenust (10.12) — (10.17), onpeesnsontue
aarebpanyecKylo, MOPSAIKOBYIO U METPUYECKYIO CTPYKTYphl Ha V (X™*),
bopMyaUPYIOTCS B TEpMHUHAX OIeparuii, 3aJaHHBIX HA X, U MOTYT
ObiTh BBeZeHbl Ha V(X*) HemocpencTBeHHO Ge3 HCIOJIL30BAHUS OUEK-
m ¢ : V(X*) — P(X). B uacrHocrn, nocrpoenne V(X*) moxer
OBITH OCYIIECTBJIEHO, UCXOs U3 ‘A/(X *) IOCPEJICTBOM CTAHIAPTHON aJl-
rebpanaecKoi MpoIeyphl HOMPYKEeHUsI TOJyTPYIIBL ¢ COKPAIIEHUSIMU B
rpynny (o aromy noBoxy cM. [149]).

Obmast Teopust IBOHCTBEHHOCTH MUHKOBCKOTO, OCHOBAHHAS Ha I10-
uarun H -BbiyksocTu, qeraibHo paspaborana B MoHorpadun [155].

10.5. OnPEAEJEHUE 10.1. Omobpaswcenue D : P(X) —
— V(X*), obpamnoe omobpascenuro ¢ : V(X*) — P(X) wnasvsa-
EMCA ONePamopom Kea3uduPPepenyupo8anun padrnocmmo-cyoiuHeiHbiT
PYHKUUT, NPU IMOM 3HAYEHUE ONEPAMOPA KEA3UIUPPEPEHUUPOBAHUA
Ha PYHKUUL P HA3BLEAEMCA KE8A3UIUPPEPEHUUANOM DAZHOCTHO-CYONU-
Hnetnoll yrnxyuu p u obosnauaemcs Dp.

Ecmm ynopsmodennas mapa (Op, Jp) BBIIYKIBIX KOMITAKTHBIX MHO-
xeets Op m Op w3 X* Taxosa, aro Dp = [Op,dp] To Op masbIBa-
ercs cybouddepenyuarom byuximu p, a Op — cynepduddepenyuanom
byukmun p. s KaxK a0t pa3HOCTHO-CYOIUHEHHOM (DyHKIIHN mTapa cyo-
nuddepeniman — cynepaudepeHImall onpeIessieTcsi HeOJHOZHATHO.
OzHaKko eciau OlHa U3 KOMIIOHEHT Iapbl (ckaxkeM, cynepiuddepenim-
aJ1) 3aJlaHa, TO JIpyras KOMIoHeHTa napbl (cybuuddepeniman) naxomu-
TCs €IMHCTBEHHBIM 00Opa30M. Y CJIOBUMCS JJIs CYOJIMHEHHBIX (DyHKIUT
Bcerya B KadecTBe cynepnddepeHIaia pacCMaTPUBATh MHOXKECTBO
dp = {0}. Torma coorsercTByrOmMil Cy6mucbdepenITuan oTHOZHATHO
HAXOJUTCs B cooTBercTBuu ¢ coornomenuem (10.1). Aunajoruaso mis
cynepsuHednbix GyHkiwmii (byHKIMs p HA3BIBAETCS CyNEPJIUHEHHOI, ec-
Ju —p saBigercd cybuHelHOl QyHKIMel) yCI0BUMCS PacCMaTPUBATD
B KauecTse cyOmddepennunana MaOKkecTBo Op = {0},

U3 cpoiicts orobpaxkenus ¢ : V(X*) — P(X) caenyer, uyro ounepa-
rop kBasupuddepennuposanuss D : P(X) — V(X*) aBnsiercs juHeil-
HBIM, M30TOHHBIM, COXPAHSET HOPMY U KOMMYTHUPYET C PEIIeTOYHBIMU
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omeparusMi. JTO TO3BOJISET MOJYYUTh CJIEeIYIONue mpocTeiinme Ghop-
MYJIbl HCYHCJIEHUsT KBAa3u 1 HepeHITnaIoB:

D(Mip1 + A2p2) = M Dpy + A2 Dpa (10.18)

JTst JIOOBIX p1,p2 € P(X) u sr06bIX BEIECTBEHHBIX YUCENT A1, Ag;

D(maxp;)=\/ Dpi= |conv{J@pi+ > Ip)}.D>_ 0pi|, (10.19)

iel iel JEI j#i iel

mmpi /\Dpzf Z l,conv{U (Op;i+ Z (10.20)

i€l el el Jel,j#i

It J11060ro KOHEeIHOro cemeiictBa {p;,i € I} pasHOCTHO-CyOIMHEHHBIX
DyHKITHIL.

Hpyrue dpopmyJibl ncaucaeHus: KBa3uanddepeHIimaioB MOTYT ObITD
[TOJIYYEeHBI TIPU UCIOJB30BAHUE CJIEIYIOMEr0 Pe3yJIbTara, XapaKTepusy-
IOIIEro KOMIO3UIMIO PA3HOCTHO-CYOJINHEHTHBIX (DYHKITHIA.

ITPEMIOXKEHUE 10.1. ITycmo p1,p2,...,Pm — PA3HOCMMHO-CYOAU-
netinoie pyuxyuy u3 X 6 R u nyemv q : R™ — R — pasnocmno-
cybaunetinan Pynkyus uz R™ 6 R. Toeda caoochas Pynryus
p:ax — qp(x),...,pm(x)) asasemca pasnocmmo-cybaunetinot. Fe-
aw Dp; = [0pi,Opi),i = 1,2,...,m, u Dq = [0q,0q] — xeasudug-
pepenyuanve GyHKUUT P1,D2, ..., Dm U ¢ COOMBEMCMEEHRHO, G 6EK-
mopot v = (V1,...,VUm) U = (U1, fm) YOOBAEMEOPAIOM HEPA-
BEHCTNBY

v <N < g, i=1,2,...,m, npu mobom X € JqU dq, (10.21)

mo Dp = [0p,p|, 2de

9p = Lg D _Vi)Qpi+§(ﬂi_)\i)5pi}, (10.22)

op=J {}m( 8])14—2 ;— Xi)Opi}, (10.23)

ABNAETNCH xeasudupgeperyuanom CAOHCHOT PyrryUY

p(x) = q(p1(x), ..., pm(x)).

JIOKABATEJILCTBO. 3aMeTuM, IIpexKJjie BCero, YTo

= max( )\ — max A reX
Nz zpz NeBa ; zpz ))7 s

i=1
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Jyist Jiroboit cybumaeiinoit dyrkuu ¢ : X — R. Onpemenum dyHKIMO
c: X - R BBume

m

= > b ([Opi, {0}])(x) = > vid([@ps, {0}) (), @ € X,
i=1

i=1

e v = (v1,...,Vm) 4 = (p1,...,Un) — HEKOTOpPbIE BeKTOPLI 13 R™.
Ipeamonoxum, uro v u p ymaosiersopsitor yeaosuto (10.21). Torua,
ucnousb3yst npejcrapiaenne Gyskmit p;,i = 1,2,...,m, B Buge p;(x) =

= (10 pi {0}]) () — &([9pi; {0}])(w), = € X, yGexnaemcs, aro ynxmms

= (3 )+ ol =
= max (;uww([am, (O R (1= 2)0(p: {0}><x>)7:c X,

p(z) := max Z)"pl (x)) =

A€dq i—

—nuax (30000, D)3 s~ M), () 0) ). € X,

AE€Dq =1

ABJIAIOTCS CyGIMHEHHBIMY, a uX cybmuddepenrmansr Op u Op onpese-
nstiorcst coornomtennsMu (10.22) u (10.23). Ilpeiokenne g0Ka3aHO.

SAMEYAHUE 10.2. BeckoHEYHOMEDHBIl BapUaHT 3TOI0 YTBEPKJIE-
Hust, ycTaHoBjeHHbIH A. Z. 3aciaBckuM, a Tak»Ke pas3/IMIHbIe CJIeICTBUSI
U3 HEro npejcTaBjieHsl B padorax [100, 107].

10.6. IIycts p — pasHocTHO-cybOsMHElHAS (DYHKINS U IIyCTh
Dp = [0p,0p] — ee xpasmuudbepennua.

[TPEMIOKEHUE 10.2. /lasa moz2o wmobve pasdhocmruo-cybsuretinas
Pynryus p Oviaa Heompuyamesvhol (Henosorcumenvrot) na X, m. e.
p(z) > 0 (p(x) < 0) dan scex © € X, neobrodumo u 0ocmMamoyro,
YmoboL

dp C dp (Op C Ip). (10.24)

Pasrocmmo-cybaunetinas GyHKGUL D CMPo2o nosocumesvha (cmpo-
20 ompuyamenvra) na X, m. e. p(x) >0 (p(x) < 0) daa scex x € X,
x # 0, moada u moavko moeda, xoz2da

Op C intdp (Op C intdp). (10.25)
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JOKABATEJILCTBO. llepBas yacTb peijIoKeHus CaeayeT HEoCpe -
CTBEHHO W3 JBONCTBEHHOCTH MWHKOBCKOTO U OIIPEJIEJIEHUs] OTHOIIECHUST
HOPSAKA HA IPOCTPAHCTBE BBIMYKJIBIX MHOXKecTB V (X*).

Ecmu p(x) > 0 mnsascex x € X, z # 0, To 0 = thin p(z) > 0.
z||=1
CnenoBarenbro, p(z) > 0|z|| musa Becex z € X. Tak rak |jz|| =

= max (x,z*), TO mOCJeHee HEPABEHCTBO SKBUBAJIEHTHO TOMY, YTO
r*eB*

max (r,z*) > max (x,z*) g Bcex € X, a 9T0, B CBOIO

z*€dp x*€0p+6B*

ovepe/ib, PABHOCH/IBHO BKJOUeHHI0 Op + 6B* C Op. Taxkum obpazom,
dp C intd p.

O6parTHO, eciu UMeeT MecTo BKodenue Op C intdp, To Haiimercs
§ > 0 raxoe, uro Jp + dB* C Jp. Paccyxmag B obpaTHOM HOpSIKeE,
upuzeM K yeaosuio p(z) > dljz||, x € X. Ilpenioxkenue okazano.

ITPEA/IOKEHUE 10.3. Jlaa mozo 4mobv. padnocmmo-cybaunetinas
Pynruyus p 6oLAa HEOMPUUAMEALHOT (HENOAONHCUMEALHOT) HA BLINYK-
aom kowyce K, mneobrodumo u docmamouno, 4mobove

OpCOp+K* (OpCdp+ K"), (10.26)

2de K* = {z* € X*|(x,2*) < 0 dasn ecerx € K} — xonyc, conpa-
orcennvtti konycy K.
JTOKABATEIBCTBO. Tak Kak

sup (z,a") =

{ 0, «xe€clK,
z*eK*

400, x ¢ clK,
TO yCJIOBUE

p(z) + sup (x,x*) >0 s seex x € X (10.27)
T*eK*
3KBUBAJIECHTHO HEOTPHIATEILHOCTH PYHKIME p Ha Konyce K. Bocmosn-
30BABIICH TEM, 9TO

p(z) = sup {(x,2*) — sup (x,2"), x € X,
z*€dp z*€dp

npescrasum yeaosue (10.27) B Buze

sup  (x,x*) > sup (x,z"), = € X,
z*€dp+K* z*€dp

OTKYJIa OYEBHIHA €ro PABHOCHILHOCTDL BKJouenuio (10.26). Ipenoxke-
HUEe JOKa3aHO.

[TPEJUIOXKEHUE 10.4. (semma Papkaina 1j1st pa3HOCTHO-CYOJIMHEHHBIX
byukuuit). ITycmo p u ¢ — pasnocmmo-cybaunetinoe Gynryun u nycms
Dp = [0p,0p] v Dq=1[0q,0q] — uz xeasudubdepervyuan.
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Hepasencmeso p(x) > 0 swnoansemes oan 6cex x € X makux, wmo
q(z) <0 6 Mom U MOALKO MOM CAYUGE, ECAU BBINOAHACTNCS BKAOUEHUE

dpc () [@p+cone(@q — {w*})]. (10.28)

w*egq

3decvy coneM — zamvikanue xKonuueckot 06oiouky mHootcecmea M.
JOKA3BATENIBCTBO. Muoxecrso @ = {z € X |q¢(z) < 0} saBis-
ercsi KOHYCOM, OJHAKO, BO3MOXKHO, HEBBIIYKJIBIM. 3a(UKCUPYyeM IPO-
U3BOJIbHBIN JIMHEHHBIN (yHKIMOHAT w* € 5q 1 PacCMOTPUM BBIIYK-
JblE KOHYC Qe+ = {7 € X | chleaé{q (x,x*) — (z,w*) < 0}. Benencreue

HepaBeHcTBa ¢(x) < max (x,2*) — (x,w*),z € X, ¥ KOMIAKTHOCTH
x*€0q

dq meem Q = |J Qu-. CresoBaTesbHO, BBINOTHEHEE HEPABEHCTBA
w*E€Dq

p(z) > 0 mus Becex x € () SKBUBAJEHTHO HEOTPUIATETHHOCTH (DYHKIAN

p Ha MOOOM BBITYKJIOM KOHyce Q.+ m3 cemeiicTBa {Q.- |w* € Jq}.

Tak kak Q. = cone(dq — {w*}), TO U3 HPENBIIYIIEro NpeIIoKEHUSsT

HOJIy9aeM, YTO 9TO BBIIOJIHACTCS TOTAA U TOJLKO TOTJA, KOTJa

dp C Op + cone(dq — {w*})

st Beex w* € Jq. Ilpesioxkenne 10Ka3aHo.
3AMEYAHUE 10.3. To, aro B npeoxenun 10.4 paccMarpuBaercs
quib onHo orpanmdenue ¢(x) < 0, me cyxkaer obmraoctu. Jleiicrsu-
TeJIbHO, KOHEYHOe uuciao orpanmuennit ¢;(x) < 0,i = 1,2,...,m, ¢
PA3HOCTHO-CYOJUHEHHBIMU PYHKIUAMA 5,7 = 1,2, ..., M, SKBUBAJICHT-
HO ofHOMY orpanudennio max ¢;(z) < 0, upu sroMm GyHKIUS Mmax ¢,
1<i<m 1<i<m

TaK>Ke IIPUHAJJIC;KAT IPOCTPAHCTBY PA3HOCTHO-CyOIMHEHBIX (DYHKIHIA,
a ee kBasuauddepenmal Jerko Berauciserca no dpopmyie (10.19).

SAMEYAHUE 10.4. Vcmonb3ys OTMEYEeHHBI B MPEIBLIYIIEM 3aMe-
YaHWU PHEM 3aMEHbI KOHEUHOTO YHCJIa, OTPAHMYEHUI OJHUM OIPaHUIC-
HueM, u3 npeyiokenus 10.4 JIETKO MOMYYUTh KJIACCUYECKUI Pe3yJIbTaT
Dapkama: HepaseHCTBO (x,z*) < 0 BBIIOJHsIETCS 1A BeeX x € X Ta-
kux, uro (z,zf) < 0, ¢ = 1,2,...,m, B TOM U TOJBKO TOM CJIydae,
KOTJIa

0 € {«*} + cone(conv{z],i =1,2,...,m}),

9TO  JKBUBAJIEHTHO  CYIIECTBOBAHHUIO  HEOTPHIATE/bHBIX  YHCE
*x * *
A >0,..., Ay >0 takux, aro —z* = Mz] 4+ -+ Apx,.
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§ 11. :-KBASUONP®PEPEHIIVAJIBI
1 ATITPOKCUMATUBHA S KBASUIN®PEPEHIIMPYEMOCTD
IOJIO>KUTEJIBHO OJHOPOJHBIX ®YHKIINI

11.1. IIyctp p : X — R — mpou3BOJIbHASA IOJIOXKUTETHLHO
onuopoznnas dyukuug u3 X B R (X, Kak u panee, — KOHEYHOMEPHOE
€BKJIMJIOBO TIPOCTPAHCTBO, R — BeIlleCcTBEHHAS MpsiMasi) W MyCTh £ —

3aJIaHHOE HEOTPUIATE/IbHOE JHCIIO.

ONPEAENEHUE 11.1. Daemenm [A, Z] NPOCMPAHCMBA B6BINYKADIT
muooicecrns V(X™*) nasosem € —xsasududdepernyuanom Pynryuy p,
ecau

[p(x) — max (@,27) + max (z,a")] < eljo] (11.1)
T*EA z*€A

onn ecer T € X.

st obozHavyeHust € —kBaszuauddepeHnuaia moJOKATETHHO OIHO-
ponuoit dyaKIME p OygeM UCIOIb30BaTh cuMBOJI Dep. Boimykiibie kom-
nakTHbIe MHOKecTBA O _p u O.p uz X* Ttakue, ato D.p = [0 .p, D.p],
OyeM Ha3bIBATH COOTBETCTBEHHO ¢ -CyOanddepeHImagoMm U £ -Cynep-
nuddepeHuagioM QyHKIIN p.

Ormernm, aro B onpenenernn 11.1 dyarnus p, BooOIEe roBopsi, HE
MIpeJIIIoJIaraeTcsl HelpePbIBHOM.

I[TpuMEP 11.1. IIycts X = R™ u mycTh MOJI0KATETHHO OTHOPOIHAST
byukmnsg p: R” — R ompeenena ycioBusaMu

lof,  mpna e R,

plx) =9 .
§an||7 mpu z € R"\ R,

rie Rf:{meﬂ%”\mizo, i=1,2,...,n}.

3
DiemeHT [4]&2, {O}] € V(R™) saBasiercsa € —kpasuauddepeHnnasiom

dyukIME p 1pH Jgobom € > —. 3nieck B* — epunngnbiii map B R™.

OueBnHO, UTO 10601 € —KBaszuauddepenriman D.p TOJOKUTE b
HO OJIHOPOJHON (hYyHKIMHM p sIBJIseTcsa Takke & —kpasuauddepenma-
JoM st p npm JnoboM € > . B wactnocTn, ecomm byHKIms p pasHoc-
THO-CyO/ImHeHa, TO ee KBasuauddepenruans Dp sABAsSeTCS € —KBa3H-
b epeHIuaioM Iy p IIPU JII0O0M I0JI0KuTebHOM £. OJIHaKO KJrace
[TOJIOYKUTEJIBHO OJITHOPOIHBIX (PYHKIIUI, KOTOPhIE 0DJIAIAI0T € —~KBa3UUd-
depeHnmaIoM Ipu JIFOOOM MTOJIOKUTETLHOM €, HE HCUEPIIBIBAETCS PA3HO-
CTHO-CyO/IMHEHHBIMU (DYHKITASIMUA.

TEOPEMA 11.1. Ioaooicumenvro odnopodnas dymnryus p @ X —
— R obnadaem e —xsaszudugpeperyuarom npu A1060M NOAOAHCUMEND-
HOM € M020a U MOALKO Mmoeda, Kozda p Henpepuera Ha X.
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HOKABATEJIBLCTBO. CripaBe[JInBOCTb TEOPEMBI CJIEIyeT U3 ILIOTHOC-
TU IPOCTPAHCTBA PA3HOCTHO-CyOmHelinbix dyukuuit P(X) B upocrpan-
crBe P(X) 1OJIOKUTEJIBHO OHOPOIHBIX HEIPEPLIBHBIX (BbyHKIMI Ha X.

OMNPEJAEJEHUE 11.2. Annpokcumamuervim Keasududdeperyuanom
NOAOHCUMENLHO 00HOPOOHOUT Henpepbierol dynkuyuu p @ X — R naso-
sem cemeticmeo Dp = {D.ple > 0}, 2de D.p — nodmnosicecmeo us
V(X*), asaemenmamu xomopozo sagasomes & —keazududpeperyuanvy
PyrruuYy p.

B cuity Teopemsbr 11.1 mogmuokecTtBO Dop HEycTO IpH JIFOOOM ITOJI0-
JKUTEJIBHOM € |, Kpome Toro, D.p C D.p, ecim € < &'. Tlepeceuenne
() D.p HemycTo TOrIa M TONBKO TOTAA, KOrJa (DYHKIMST P PA3HOCTHO-
e>0
cybsuneiina, npuuem [\ D.p = {Dp}.

e>0

AnnpokcumaruBHbIi KBasuuddeperiuags Dp jir000ii TOJI0KUTE b=
HO OJHOPOIHO HenpepbiBHON dyukimu p obpasyer B V(X*) 6Gasuc
HekoToporo Munumajbaoro duisrpa Komm [30]. TockoabKy KazxmaoMmy
munumasbaoMy duisrpy Komm B V(X*) ogHo3HauHO cooTBeTCTByET
Hekoropas byskiusa u3 P(X), To cymecTByeT B3aMMHO OJHO3HAYHOE
COOTBETCTBHE MEXK/Iy IIPOCTPAHCTBOM ITOJIOXKUTEIBHO OJHOPOJIHBIX HEIl-
pepbiBEbIX OyHKImi P(X) n nononnennem V(X™), peajn3oBaHHBIM B
BH/JI€ COBOKYITHOCTH MUHUMAJILHBIX (husabTpos Kommu. Pakrudecku nme-
€T MeCTO u3oMeTpuyecKuit uzoMopdusm npocrpancrsa P(X) u momnos-

nernst V/(X*).

SAMEYAHUE 11.1. Ecau npociequTh J0Ka3aTeIbCTBO IMOPSIKOBOIO
BapuanTa TeopeMbl Croyna—Beitepirpacca, 1anHoe, HAIPUMEDP, B MOHO-
rpadun (244, c. 307] , TO MOXKHO ClIeJIaTh BBIBOJ, YTO Ji00asi HEIPEPHIB-
Hasl TOJIOXKUTEILHO OfHOpoAHas GyHKIusa p : X — R Moxker ObITH C
JIFO0OH TOYHOCTHIO PABHOMEDHO AIlIIPOKCUMUPOBAaHA Ha €JIUHUYIHOI chepe

GYHKIMAME BAa T — maxmin (x,x%), a TakxkKe (YHKIMIMEU BHJIA
i€l jeJ
x — minmax (z, ;;) ¢ KOHCIHBIME MHOXKECTBAMU HHIEKCOB [ u J.
icl jeJ

11.2. OcHoBoOmIOJIATAIOIIM PE3YJIBTATOM JJIsl [TOCTPOEHUS UC-
qucieHns € —KBasuanddepeHnaioB IBJISIETCs CIEIYIONas TeopemMa O
BBIUHCIEHNN € —KBasuauddepeHuaia KOMIO3UINN Oy HKITHH.

TEOPEMA 11.2. ITycmdv p1,...,Pm — NOAOHCUMEALHO 0OHOPOOHDLE
dpynxyuu uz X 6 R, xaowcdas us xomopwvir 0obaadaem coomsememeerHo
g; —keasudugpPeperyuarom Dg,p; = [0 Eipi,gsipi}, u nycmv q : R™ —
— R — nonoorcumenvro odnopodnas dyrkuus us R™ 6 R, obaada-

owan € —keasudugddepenyuarom D.q = [0 .q,0:q]. Tozda caoorcrasn
dynruyus w2 X — q(p1(x),...,pm(x)) obradaem & —xeasudugdpepen-
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UYUAAOM NPU

£ = max Z|)\ le; + max Z|)\ le; +&( Z”Ds pill + i),

€D,
= 0eq i=1

npu IMoM ecau 8exmopvl V= (V1,... Vi) U pt = (1, .., bym) yooae-
MEOPAIOTN. HEPAGEHCTNEAM

vi <N <pi,i=1,2,...,m, das ecex A € 9 .qU D.q,
mo Dew = [0 yw, dpw)], 2de

U {Z)\ — Vi), p1+z i — i) spi}, (11.2)

A€D .q =1

o= 1 (> v -2 pﬁz epih,  (113)

A€d.q =1

asasemes € —xeasududdepenyuanom Gyrryuy w.
JIOKA3ATEJILCTBO. OmnpesesinM pa3HOCTHO-CyOauHelHbIe (hyHKIMN

pﬁi(x):¢(D€ipi)($)7x€X7i:172"' m, I/qu( ) ¢(DEQ>( ).Q?EX,

n 3amernM, 4to Dp., = D, p;,i=1,2,...,m, u Dqg. = D.q.

B cuny npemmoxenns 10.1 cioxkuas dyHKINS wp T —
— qe(pe, (), ..., pe,, (z)) pasmocTHO-cybmuHeiHa 1 [) w, Dpw], Te MHO-
wecTBa 0 yw U Opw ompejenenst cooromennsvu (11.2) u (11.3), sab-
Jistercst KBasuaud GepeHImagoM wy, T. €.

wp(r) = max (z,z") — max (z,z*),z € X.
T* €0 pw I*Egbq

15 noKa3aTeabCcTBa TE€OPEMbI BOCIOIb3YeMCsl HEPABEHCTBOM
[w(z) —we(@)| < [w(z) = ge(pr(2), - -, pm(2))[+

+‘q5(p1($),...,pm(l‘))*w5($)|,f£€X, (114>

U OIEHUM CBEpXy 00a cjiaraeMble B €ro IPaBOil JaCTH.
U3 onpenenenns ¢ —kBazumuddepennuaia GyHKIUT ¢ TMEEM

[w(@) = qe(p1(x), - -+, pm ()| = |a(p1(2), - . ., P (7))~

—4e(p1(2), -+, P (2))] S ellpr(@)er + - A pm(@)en|, x € X,
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rame e; = (1,0,...,0),e2 = (0,1,...,0),...,¢e, = (0,0,...,1) — xamno-
Hudecknit 6asuc B R™. Tak kak ||p;|| < ||De,pill +€i,i = 1,2,...,m,
TO

m
Ipr(z)er + ...+ pm(@)em < lez W< pillllzll <
=1

<Y (IDopill +ei)zll, = € X.
i=1

CrenoBaresibHO,

m

w(@) = g-(p1(2), ;o (@)] < e (I1Depill +e))lll| - (11.5)

i=1

st Bcex T € X.
ITepeiinem ceifgac K oneHKe Broporo ciaraemoro u3 (11.4). Tak kak
JI7IsT JTIOOBIX BEIIECTBEHHBIX A1, A2, ..., A\; HWMEIOT MECTO HEPaBEHCTBA

D dipe(x) = O ledlall < Y Aipia) <
i=1 i=1 i=1
<D dipe (@) + Qe @ € X,
i=1 i=1

TO, BOCIOJIb30BABIINCH HU3BECTHBIMU HEPABEHCTBAMU /I MAaKCHMYMOB
CYMMBI U Pa3HOCTH, IOJIYYUM

m m m
Jmax 1 Aipe, () — Argg):q(z; INiles)llz| < A@gfngkipi(x) <
1= 1= 1=

m m

)\rélgxq )\,pgl )+ nax Z [Ailed) x|, z € X

— max ZAJ)& - max ZM le)||z]] < — max Z)\,pz

A€eq 5T €9:9 301 €9:930

m m

< — max Z)\lpgl )) + max (Z |Ailed) x|, = € X.

)\Easq i=1 €0:q i=1

CKJIa,HbIBaH JBe IIocjieJHue IMEeI0YKN HEPpaBeHCTB, IPUXOJUM K COOT-
HOIIIEHUIO

19:(p1(2), -+, P () — we ()| < €z, = € X, (11.6)
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rae
€= maxz |Aile: + max Z |Xiles
a 0eq i=1

U3 nepasencts (11.4) — (11.6) HOJIy 9aeM
w(z) — we(z)| < Elz]], € X,

rue € = e+¢( Z | De,pill +:), oTKyza ciaeiyeTr yTBepKI€HAE TEOPEMBIL.

CJIE/:LCTBI/IE 11.1. ITycmv moaoostcumenvro 00HopodHbIE GYHKUUL
pi: X =R, i=1,2,...,m, ydosiemeopaom npeonosoHCceHUuAM mMeo-
pemw, 11.2. Tozda

m

a) dynruyus x — Y Nipi(x)),z € X, 20e A\, Aay..., A — npo-
i=1

UBBONLHDBIE BEULECTNBEHHVIE YUCAA, 00aadaem € —Kea3ududdeperyuanom

m
npu € =Y |\iles, npunem
i=1

<O Nip) = AiDe,pi; (11.7)
1=1 1=1

6) Pynruus xr — lr<n:ix pi(x) obaadaem e —xsasududdepenvyuanom
m

npu € = max &;, Npuuem
p 1958m B p

D.( max p;) conv{U 9.,pi+ Z 9:,p)}, Za&pz (11.8)

1<i<m
Jj=1,j#i

B) dynruus x — min p;(x) obaadaem e —xeaszududpepernyuanom
1<i<m
npu € = max &;, NPUHEM
P 1S5 B P

D.( min p;) ZG pz,COHV{U (Oc,pi + Z d.,p)}.  (11.9)

1<i<m
Jj=1,j#i

st moxasareabCcTBa yTBep K aennii caeactsust 11.1 moctaTodHo BOC-
MOJIb30BaThCs Teopemoit 11.2, momaras dyrkimo ¢ : R™ — R pasmHoit

a) q(y) :; Aiyi; 6) qly) = nax yi; B) q(y) = lgn<n Yi-

11.3. 3aBeprmmM JaHHBIH Taparpad JI0Ka3aTeIbCTBOM yTBEPK-
JIeHUIT, XaPaKTEePU3YIONNX B TEDMUHAX € —KBa3uAnuddepennnaaos HeoT-
PHIATEIBHOCTD  (HEIIOJIOKUTEIBHOCTD)  IIOJIOXKUTEJILHO  OJIHOPOJIHBIX

byHKIII.
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TEOPEMA 11.3. IIycmo p: X — R — nosoorcumenwvro odrnopodnas
Pynryua, obaadarowan & —xeasudugddepernyuarom D.p = [0 _p, Oep)].

s mozo wmobv, fynruyus p Oviaa HeOMPUBAMEALHOT (HENOA0IICU-
meavrol) na X, m. e. p(x) € Q dan ecer x € X, 1eobrodumo 6vinoi-

HEHUE BRANOYUEHUA
0.pCO.p+eB* (0.pCd.p+eB¥) (11.10)
U dOCMAMOUHO BBINOAHEHUSA BKAIOUEHUSA

O.p+eB*CO.p (0.p+eB* CI.p). (11.11)

JIOKABATEJILCTBO. U3 oupenesnenuss 11.1 u pasencrsa |z| =
= max (z,z*) cremyer

r*eB*
max (x,z") — max (x,z") <p(zr) <
z*€d .p z* €. p+eB*
< - * e X. 11.12
- w*EQHiE;EiEB* <x,$ > I{‘ré%}:p <$7x >’x ( )

Ecin dbyHKIns p HeorpunareabHa Ha X, TO U3 IPABOIl YacTH Hepa-
BercTBa (11.12) mosyvaem cooTHOIIEHHE

A * eX
I*EQHiaP}iEB* <$,5L' > - x?é%}:p <x’x >7x 7

SKBUBaJIeHTHOe BKJoYeHuio (11.10). Ecsm e BBINOJHEHO BKIIIOUEHHE

(11.11), 1o

max (zr,z")> max (z,z"),x € X,
z*€d .p z*EDepteB*

U, CJIeIOBATENLHO, JieBas 4acTh HepasencTs (11.12) Bieder meorpuia-
TEJILHOCTD P.

VeaoBre HEMOJOKUTEIBHOCTH P TOKA3BIBAETCS AHAJIOTUIHO. Teope-
Ma JIOKa3aHa.

TEOPEMA 11.4. IIycmo p: X — R — nosoorcumenwvro odrnopodnas
Pynryua u nycmo Dep = [0 .p,0:-p] — ee weazududdpepenyuan.

Jlas mozo umobv, Pynryua P  YI0BAEMBOPANG HEPABEHCMEY

p(z) >0 (p(z) < 0) das ecex x € X,x # 0, neobrodumo, wmobo

Oep Cint(Q .p+eB*) (Q,.p C int(dep +eB™)), (11.13)
u docmamowno, Mmool

O.p+eB* Cintd .p (9 .p+eB* C intd.p). (11.14)
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HoxkazarenbcrBo ciemyer us Hepasencts (11.12) u Bropoit yactu npe-
sgoxkernsa 10.4.

Ciemyrolee yTBep:KIeHUE sIBJIsieTCsi 00obIenneM jeMMbl Papraiia
Ha ciaydail & —Kpasuaud@epeHIupyEMbIX OJOXKUTETBHO OHOPOIHBIX
dyHKIWMIA.

TEOPEMA 11.5. Ecau mnoaoosicumenvrno 00Hopodnvie PGynryuy
p: X —- R uq: X — R obaadarom coomeemcmsenno €1 —k6a3u-

dugpeperyuarom Dep = [0 . p,0:p] u e2 —Keasududpeperyuarom
D.,q=10 E2q,552q], Mo 0AA BLINOAHEHUA HEDPABEHCMEA

p(x) >0 dan scex x € X maxuzx, wmo q(z) < 0, (11.5)

1eobL00uUMO, UMbl

dopC () [@,p+eB +eone(d,,q+eB" —{w'})], (11.16)
w*€552q

u d0CmamouHo, 4mobuvi

deypt+e1B” C N [@,p+eome@.,q—{w})]. (11.17)

w* 6552 q+eaB*

JIOKABATEJIBCTBO. U3 onpenenenus 11.1 caeayer, uro (11.15) Bite-
ver BeinosiHeHue yeaosust (a): ¢(De,p)(x)+e1]|z]] > 0 mas Beex x € X
rakux, 910 @(De,q)(x) + e2lz]] < 0. B cBoo ouepenp, BBIIOJHEHHE
yeaosus (6): ¢(De,p)(z) — e1]lz|| > 0 anst Bcex x € X rtakux, 4To
¢(De,q)(z) — e2llz|| < 0, Bimeder (11.15). B cumy npemnoxenns 10.4
ycaosus (a) n (6) 9KBHBaJEHTHBI COOTBETCTBEHHO BKodeHnsiM (11.16)
u (11.17). Teopema nokazaHa.

SAMEYAHME 11.2. Teopemnr 11.3 u 11.4 mocTaBiasioT (haKTUIECKH
HeoOXO/IMbIe, & TaK¥Ke JOCTATOYHBbIE YCIOBHUs TOro, 4T0 (YHKIUS D
jJocruraer B Touke © = 0 MUHEUMYM (MAKCHMyM) ¥ CTPOIHil MHHUMYM
(cTpormit MakcuMyM). C aHAJIOTHIHO TOYKH 3PEHIS MOXKHO PACCMAaTPH-
Bath u Teopemy 11.5. Ormernm, 4ro B Touke = ( JIOKAJBHBIA Mu-
HUMYM (MAKCHMYM) IOJIOKUTEJIHHO OJHOPOIHON (DYHKIMU COBIIaIaeT ¢
IVI00AJIBHBIM.
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§ 12. ¢ -KBABUINP®PEPEHIIMPYEMOCTD
n AIITIPOKCUMATHVBHASYA KBASNANP®PEPEHIIMNPYEMOCTD
BEILIECTBEHHO3HAYHBIX ®YHKIIUI

B nmacrosimem naparpade monstus € —kpazuauddepeHnupye-
MOCTH W aIllPOKCUMATHBHON KBazmanddepeHmpyeMocTn OyayT pac-
[IPOCTPAHEHBI Ha TPOU3BOJIbHDIE BelecTBeHHO3Ha Hbe dyHKimn. OpHa-
KO €CJIH JIJIsI TTOJIOZKUTEIHHO OJTHOPOIHBIX PYHKINH € —KBasumuddepeH-
nuaj U alIpOKCUMATUBHBIN KBa3uuMdepeHnnaj sBstOTCs TI00ab-
HBIMU XaPaKTEPUCTUKAMHU, TO COOTBETCTBYIOIINE TOHSITUS JIJIS IIPOU3-
BOJIBHBIX BEIECTBEHHO3HAYHBIX (DYHKIUH OyayT HMETb JIOKAJIbHBIN
XapakTep.

12.1. IIycte X — KOHEYHOMEPHOE €BKJIUIOBO IIPOCTPAHCTBO

u nycTh f — BelmecTBeHHO3HAYHAs (DYHKIUSI, OIpejeeHHasT Ha HEKO-
TOpPOM OTKpBITOM MHOXkKecTBe U C X, comepkamieM Touky V.

Corutacuo B. @. Jembsnosy u A. M. Py6usosy [105, 106], dyHKImst

f maspBaeTca weasududdeperyupyemoti 6 mouke x°, ecom:

a) f nuddepennupyema 10 HAIPABICHAAM B TOYKe U, T. €. JIs

Bcex h € X cymecTByer mpeesn

o @0+ th) — (%)
t—+0 t

= f(2°|h);

6) npoussognast no nanpasjienusm f'(z°) : X — R augerca
pa3HOCTHO-CyOIMHEHOM DYHKIIHEH.

Keasudugpgepenyuarom dpynxyuu f 6 mouke x° Ha3bIBaETCS Ta-
koit simement D f(2°) = [0f(2°),0f(2°)] npocTpancTBa BBITYKIBIX MHO-
xkecrs V(X*), uro

0

f'(2°n) = max (h,z") — max (h,2"),h € X,
z* €0 f(x0) z*€df(x0)

npu srom MuOkectBa Of (1°) m Of(2°) maspIBaIOTCS COOTBETCTBEHHO

cybdugdeperyuanom u cynepouddepenyuarom dyruruuy f 6 mouxe xV.

TakuM o6pasoM, KBasumuddepennuan GyEknmn f B Touke ¥ —
s10 KBasumudbepenman mponssoHoit o nanpasyenusy [ (2°]-) : X —
— R (ecom, koneuno, f'(x°]-) cymecTByer m aBISETCA PA3ZHOCTHO-CY6-
JIMHEHHOM ).

O6006111ast 9TH MOHSATHUSI, BBEJEM CJIEIYIOIINE OIIPeJIeJIEHUSI.

ONPEJAEJNEHUE 12.1. Qynkuyuro f Haszosem € —keasudugdeperyu-
pyemoti (e > 0) 6 mouxe x°, ecau f Juddeperyupyema no nanpas-
nenuam 6 mouve x° u ee npouseodnus no nanpasaenuam f'(x°]-)
X — R, paccmampusaemasn xax nosoHCUMEALHO 00HOPOOHAA HYHKGUA,

Asasemcs € —keazududdepenuupyemot.
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[Ipu sToM € —kBazuHDbDEpEeHTIA TOJIOKUTETBHO OJIHOPOIHON (DyHK-
m f/(2°)) : X — R 6ymem nasesath ¢ -keasududdepenyuarom Oynk-
mm f B Touke 2’ wm Gymem obosmadarh cumsosom D, (20) =
— [0, 7(a®), 9. £ ("))

OIPEAEJIEHUE 12.2. Qynkuuto f 6ydem Ha3vieamsd annpokcuma-
mueno Keasududdepenyupyemoti 6 mouke x°, ecau f asagemca
e ~xeasududPepenyupyemoti 6 mouxe £’ NP A1060M NOAONHCUMENLHOM €.

Annpoxcumamusnowm keasududdepenyuanom dyrrxuyuu f 6 mouke
2% mazomem cemeiictso Df(z°) = {D.f(2°)|e > 0}, rae D.f(z°) —
noxMHOKecTBO B V/(X™), sjeMeHTaMH KOTOPOrO SABJISAIOTCS € —KBasd-
muddepentmansl GysKima f B Touke .

W3 npempiayinero maparpada ciemyer, dro jrobas KBasumuddepeH-
nupyemasi (DYHKITUS sIBJITETCST TAKXKe AIPOKCUMATHBHO KBazuaudde-
penrmpyemoii. Teopema 11.1 Bieder ciremyomuii KpUTEpHUil alTPOKCH-
MaTUBHON KBa3uanddepeHImpyeMOCTH.

TEOPEMA 12.1. @ynryus f, onpedescHnas Ha KOHEUHOMEPHOM €6-
KAudogom npocmpancmee X, ABAAEMCA ANNPOKCUMAMUBHO KEA3UOUP-
pepernyupyemoti 6 mouxe x° mozda u moavko mozda, xoeda ona Judg-
depernyupyema no nanpasaenuam 6 mourke x° U ee npoussodnas no
nanpasaeruam f'(x°]-) 1 X — R nenpepuiena.

CHEACTBUE 12.1. FEcau gynxuua [ pashomephno dugdepenuyupye-
M@, No Hanpasaenuam 6 mouke x°, mo f AGAAECMCA ANNPOKCUMAMUEHO
reasududdepernyupyemoti 6 mouxe .

Kaxk wussectHo [108, 113, 126], dyukims f HasblBaeTcss paBHOMEp-
HO auddepeHnupyeMoil 0 HAIpaBIeHIIM B Touke z¥, ecam oHa aud-
depenIEpyeMa Mo HAIPABJIECHUSAM B 3TON TOYKE U JIJIsl MPOU3BOJIHLHOIO
h € X mo grobomy 3amannomy A > 0 maiigyres § >0 u v > 0 Takue,
9TO

[t (f(2° +t2) = f(2°) = F(2°[h)] < A

st Beex ¢ € (0,7) uBcex z € Bs(h) ={y € X| |ly — bl <}

Beskas GyHKIuUA f, VIOBIETBOPSIONAs B ToUuke x° YCJIOBUIO JIui-
muta u guddepeHnupyeMast 0 HAPABJIEHUSIM B 3TON TOUKE, SIBJISIETCS
paBHOMepHO muddepennupyemoit mo HampasiaerusM. Ciie0BaTEBHO,
Jrr00ast JIOKAJIbHO JmminieBa GyHKnus, muddepennupyemast 1o Harrpas-
JIEHUSIM, SIBJISIETCS AlllIPOKCUMATUBHO KBa3uuddepeHmpyemMoi.

TEOPEMA 12.2. Ilycms U — omxpumoe noOMHOHCECTNEO NPOCM-
parncmea X, V — omxpoumoe muoorcecmso 6 R™. IIpednonoscum, wmo
sadamvt pynkyuu f; U - Ri=1,2,....n, u g:V — R u 3adana
mouka x° € U maxaa, wmo y° = (f;(2°),..., fu(z%)) € V. IIpednoao-
atcum, dasee, wmo dynwkyuy f;, A6AMOMCA €; —K6a3uIUPPEPEHUUPYEMBIMU
(e; > 0) 6 moure 2°, a dynxyus g pasromepro Juddeperyupyema
no nanpasaenusm 6 mouve y°, u nyemv D, f;i(x°),i =1,2,... n,
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npou3soavhvie £; —keaszudugpgepernyuanv, pynruut f;,i=1,2,....n, 6

mouxe x°, a D.g(y") — nmpouseosvrwiii € —xeasudugdeperyuan (e >
0) dymxuuu g 6 mouxe y°.
Tozda caoorcnan Pynruua S : X — g(f1(x),..., fu(x)) sAsasemes

£ —xsasududpeperyupyemoti 6 moure x° npu

n

£= max Ailei +  max \ile; +¢ D, fil te )
’\EQgg(yo);| | Z| | <Z” e fila )H >

Aea()

u ecau gexkmopvl V= (Vi,...,Vp) U = (l1,...,,) ydosaemsopsom
HEPAGEHCTEAM

v; S )\z S i, 1= 1,2,...,”, A EQEg(yO)Ua&‘g(yo)?

mo DpS(2°) = [0 xS (2°), 0 S(z)], 2de

250 = U {5200 02 569+ 30 - 00500}

o5 = | {Z 0. file Z MDA},
A€d:g(y°)

aeaaemcesa & —ksasududdeperyuanom caoocrot pynryun S 6 mouxe z°.

HOKABATEJBLCTBO. Tak kak dbyHKIusa ¢ paBHOMepHO Auddepen-
[UpyeMa 110 HallpasieHusM B Touke y°, a dyuxmmm fi,i = 1,2,...,n,

mdbdepeHTpyeMBl TI0 HampapaeHnsM B Touke 10, To [126] cioxmast

dyuxmus S(x) = g(f1(x),. .., fo(x)) asasercs quddepernupyemoii mo
nanpasyiesusm B Touke 20, npu srom S'(2°|h) = ¢ (y°|f' (z°|h)), THe
' (@°h) = (f1(2°h),..., fi(z°|h)). B cuny caencreus 12.1 byuxius
¢ AIIPOKCUMATUBHO KBa3uubdepeHIupyeMa, I03TOMY HOJI0KUTEIHHO
ommoponas bynknus ¢’ (y°|) : R® — R obmamaer ¢ —kpasumuddepen-
[MaJIoM IIPH JII0OOM I0JI0KuTesbHOM €. IIpumenss jgasee reopemy 11.2
k kommosumun g (y°|f/(«°]-), npuxoauM K yTBEPIKIEHUIO TEOPEMBI.
SAMEYAHUE 12.1. Eciu B yciaoBusax TeopeMbl 12.2 J1OMOIHUTEIHHO

[IPEITONIOKUTD, 4To dbyukuu f; : U — R,¢ =1,2,... n, gBasorcsa ai-
HPOKCHMATUBHO KBasuauddepeHmpyeMbiMu B Touke 20, TO CloyKHas
dyukmus ¢ — S(z) = g(fi(z),..., fo(z)) Takxke sBIsIeTCS annpoKcH-

MaTHUBHO KBasuauddepeHnupyemoii B Touxke V.
CHEACTBUE 12.2. [Tycmob seusecmeennodnavwroe gynrxuyun f; : X —

—R,i=1,2,...,m, asaaomca coomsemcmeernto £; —Kkeasuduggpeper-
yupyemvimu 6 mouve 0 u nycmv D, f;i(2°),i =1,2,...,m, — npous-
soavHbie €; —Keasududdepenyuann, pyrwkuyud fi,i=1,2,...,m, 6 mou-

xe xV. Tozda
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m

a) gynkuyua T — », N fi(x), 2de Aq,.
i=1

WLECTNBEHHBIE HUCAA, ABAAECMCA € —Keasududpepenyupyemoti 6 mouxe

m
20 npu e =Y |Niles, npuvem

) (ZMZ) Z/\D fil(2®);

m
6) gynkyus x — [] fi(x) asasemesn e —xeasududpeperyupyemoti

i=1

cey >\m — NPOU3BONADBHBIE BE-

m m
6 mouxe 20 npu e =Y [[ f;(z%)e;, npuuem
i=1j=1

D <Hfi> Z II 7G"D, fi=");
i=1 i=1 j=1,j#i

B) ecau sewecmeennosnaunan Pynkyus f 0 X — R asasemcsa
£ —weasududpeperyupyemoti 6 mouve z° u f(x°) # 0, mo dynryua
m

— 7f( ) H fi(x) asanemces e —xeasududpepenyupyemoti 8 mowke 20
npu =

f2(1x0) Yo I #@)rEe - T £E%E
i=1 j=1,j#1 =1
npuvem
1 2 . 1‘0 _
D, (f}:[lfl>( )
_f2(1x0) Yo I #@)fE)D: fi(®) = T £i(=*)Dof () | ;
i=1 j=1,j#i e

r) pynryua T — 1I<n_aéx fi(x) asasemcs e —xeasududdepenyupyemots

6 moyke 1’0 npu ¢ = max iy NPUYEM

i€l(x0)

De( max fi)(z %) =

1<i< -

comv( | (0., fie®)+ D 0, 5E")), D0 O£

i€l (") JEI(x0),5#i JEI(20)
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e 1%) = {j € {L.2.....m} | £;(a%) = max fi(a®));
n) pynryus T — 12111<n fi(x) ABAAEMCA € —Kkeasududpepenyupyemots

6 mouxe z° nmpu € = max €;, npuuem

i€l (20)

D.( min f;)(z°) =

1<i<m

= Z ng fj(xo),conv U (éeLf(xo) + Z Qsj f](‘mo))

j€I (x0) i€l (x0) JEI(20),5#1
2e L") = {j € {1,2,...,m}| () = min fi(a®)}.
U3 3amevanusa 12.1 ciemyer, 9To ecyim (1’)}7HKH,I/II/I fi,i=1,2,....,m,

ABJIAIOTCA aIlllIPOKCUMATUBHO KBaSI/I,HI/Id)(l)epeHHI/IpyeMbIMI/I B TO4YKE .’I,‘O,

TO CJIOKHBIE (DYHKIUY, PACCMOTPEHHbIE B IIYHKTAX &) — 1), TAKXKe all-
HOPOKCHMATHBHO KBasuauddepenmupyemsr B zV.

12.2. Ilousrus ¢ -kBasuaudOEPEHITMPYEMOCTH U AIIPOKCHU-
MATHUBHON KBa3uanddepeHInpyeMoCcTd MOTYT ObITh BBEJAEHBI HA OCHO-
Be JIOOBIX JPYIUX MOJIOKUTEIHHO OJHOPOJHBIX JIOKAJHHBIX AMIPOKCH-
MaIuil BEIeCTBEHHOZHAYHON (DYHKIWMYU f, OTJIUYHBIX OT ITPOU3BOIHOMN
no nanpasaenusam f(z%]-). Beejenue Takux monsaTuii Moxker ObITh Tie-
JIECOODPA3HBIM HE TOJIHKO I HeanddepeHITnpPYEeMbIX 0 HATTPABICHUSTM
dbyHKIMi, HO U TOr/A, KOIr/la IIPOU3BOIHON 110 HAIIPABJIEHUSIM HEJOCTa-
TOYHO JIJIsi XapPaKTEPUCTUKU TeX WJIM WHBIX CBOWCTB (byHKIuu. B Teo-
pUM SKCTPEMAJIbHBIX 33Ja4 [MIMPOKOE HCHOJIb30BaHue (CM., HAIPpUMED,
[147, 305, 334]) HaxomaT HUKHSAS ¥ BepXHss IpousBoaabie Jlunu 110 Ha-
MIPABJIEHUSIM. DTU JIOKAJIbHBIE AIITPOKCUMAIIIN HE TOJBKO JAI0T XOPOoIIiee
npubImKenre 1eieBoit MGYHKINY, HO U IHO3BOJISIOT JOCTATOYHO TOYHO
OIMCATH KACATEIbHBIN U BHYTPEHHUI KOHYChI K OrpaHndeHnsM (cu. [251,

334]).
I[Iycre f: X — R - nmpousBoJibHAs BeIleCTBEHHO3HAYHAS (DYHKIUS
u mycts ¥ — 3amamHas Touka B X.
DyHKIAN
d=f(@°]-): h— liminf ¢ '(f(2°+tz) — f(2°))
z—h,t—+0
u

dtf(2z°|) : h— limsup t7'(f(z° +tz) — f(z?))
z—h,t—40

HA3BIBAIOTCSI COOTBETCTBEHHO HUdICHET U 8ePTHET NPoudsodnvimu, Junu
(o nanpasyenusm) byukimun f B rouke 0 [305, 334].
OueBnjHO, 9TO IpH JIO60M h € X HMeeT MeCTO HEPaBEHCTBO

d”f(z°|h) < d*f(2°]h),
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[IpUYeM BBITIOJIHEHUE TIOCTIETHEr0 COOTHOIIEHUsT KAK PABEHCTBA, [P HEKO-
TopoMm h € X SKBHBAJIEHTHO pAaBHOMEDPHOI muddepeHIupyeMocTn Dy HK-
mm f B Touke z° mo manpasnenmio h. Ecm d~ f(aC|h) = d* f(2°|h)
Jns Bcex h € X, To ux obiree 3nadenue OyeM 0003HAYMATDL B JAJTbHEH-
utem uepes df (z°|h). @ynkuus

df () :h— lim 7Y f(2® +tz) — f(2?))

t—+0,z—h

SIBJISIETCSI TIPH 9TOM PABHOMEPHOH [TPOU3BO/IHOM 110 HAITPABJICHUAM (DYHK-
mm f B Touke 0.

3AMEYAHUE 12.2. [IpousBoanbie JluHn HA3BIBAIOT TAKXKE JTyAJTHHbBI-
MU [IOJIyIPOU3BOAHBIME [326], KOHTHMHIEHTHBIMH IPOU3BOAHBIMEU [251].
Ipocreitmue cpoiicTBa npousBoaHbix JuHu ommcansl B craThax [305,
334].

Cpasuum npousBojiable JluHN ¢ pajuaabHBIME OIYIIPOU3BOIHBIMU
10 HanpasyeHusM [334], 0] KOTOPBIMY ITIOHUMAIOTCS (DYHKIUN

F7 @) b — Timinf ¢ (f (2 + th) — £(2%),

@) h— lims%pt_l(f(x0 +th) — f(z%)).
t—+

Herpyano Busers, 1To
d”f(a°|h) < f~(@°|h) < fH(°|h) < dF f(2°|h)

st Bcex h € X.

Eciu GbyHknus f yaoBIeTBOPSET B OKPECTHOCTU TOUKH L YCIIOBHIO
Jlmmmuna, To ais Beex h € X umeror mecto pasenctsa d- f(z0)h) =
= f~(2°h) u dtf(2°|h) = f(2°|h). Crnenosarenbro, Mis JOKATHHO
JINIIIANEBLIX QYHKIWI f uMeem

Af(alh) = Jim £ (/@ +th) - f(a°),

T. e. CyllecTBOBaHMe (PaJMabHOl) NPOU3BOJHON [0 HAIPABJIEHHUSIM
f(2°]) sxBEBAIEHTHO CYTTECTBOBAHNIO PABHOMEPHOIT TPOU3BOIHOI, TTPH
srom df(z°|h) = f'(2°|h), h € X. B obmewm ciydae (eciu f me aB-
JIAETCS JIOKAJIBHO JIUIIIKUIEBOH) [ MOXKET MMEeTh IPOU3BOIHYIO 10 Ha-
[IpaBJIEHUSIM ¥ HE UMeTh PaBHOMEPHO mpoussoHoit. Haobopot, paBHO-
MepHast uddepeHImpyeMoCcTb Beerja Biaeder quddepeHnpyeMocTh 1o
HAIPABJICHUSIM.

TIPEAJIOXKEHUE 12.1 (ucumcsienne nmpousBojHbix JIuan):

a) nyemsv A — sewecmeennoe wucao. Tozda

A f(z0|h), A>0,

di()‘f)(xo |h) = { )\d+f(x0 ‘ h), <0,
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+ £ (0
(A | ) —{ iii—jf%ioﬁﬁi A=0

oas ecex h € X;

6)
Zd filalh) < <Z
Zm:d+f( O1h) >d+(zm:

i=1

> (z°|h), h € X,

) (z°|h), h e X,

npuvem ecau 6ce dyuxkuuu f1, fa,. .., fm, 30 uckaroweruem, moorcem
ovmob, KaKoU-AUbO0 00HOT U3 HUT, PABHOMEPHO Juddepenyupyemv, 1o
HANPABAEHUAM, O MOCACOHUE COOTMHOWLEHUA GHINOAHAIOMCA KAK Pa-
6eHCMEa;

B) nyemov f(x) = sup fo(x), 2de A — mexomopoe nenycmoe mHo-
acA
atcecmaeo undexcos. Tozda

“f(z%h) > sup d” fo(2°|R),h € X,
acA(z0)

dtf(z°|h) > sup dtf.(z"|h),h € X,
acA(x0)

2de A(x°) :={a € A| fo(2°) = f(29)}.

JIOKABATEJILCTBO. CrpaBeyiuBoCTh yTBEPKICHUH a) u 6) ciemyer
U3 CBOUCTB HWKHUX W BEPXHUX MPEJENOB. It TOKA3aTeIbCTRA B) 3aMe-
TuM, uTO 715t ymoboro « € A(zY) mepasemncTso

T (f(@” +t2) = f(2°) 2 7 (faa® + t2) = fa(a?))
BepHoO Jyist Beex t >0 u z € X. CremoBaresibHO,
d™f(@°|h) > d” fo(2°|h) mw dT f(2°|h) > dT fo(2°]h),

st Beex o € A(zY), aTO BIEUeT CIPaBETMBOCTD JOKA3HIBAEMbIX Hepa-
BEHCTB.

OIMPEJAEJIEHUE 12.3. Bydem 2060pums, wmo dynruus [ xeasudug-
Ppepernyupyema cnusy (ceepry) 6 mouxe 20, ecau ee nuoicnan (eeprnan)
npouzeodnas  Juwu  no  manpasaenusm  d- f(x|:) (dT f(2°]-))
ABAAEMCA PAZHOCMHO—CYOAUNHETHOT PynKyuetd, npu 2mom Kea3udug-
dpeperyuan gyrwyuu d- f(20|-) (dFf(2°]) 6ydem nazvisamv nuoic-
num (seprrum) xeasududdpeperyuanom ynryuu f 6 mouxe 10 u 6y-
dem obosnanamyv cumeosom D~ f(x20) = [0 f(2°),0 f(z)](D* f(2°) =

= [0F f(a),0 " f(2°))).
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ONPEAENEHUE 12.4. ITycmov € — 3a0anHoe NOAOHCUMENBHOE HUC-
s0. Qynryuro f nazosem € —ksasududdepenyupyemots cnusdy (ceepry) 6
mouxe 10, ecau ee nustcnas (6eprma) npouscodnas Juru no Hanpas-
aernuam d-f(@°]) (dT f(z°]-)) obaadaem (kax norostcumenvmno odro-
podnaa Pyrruyus) € —keasududdeperuuaiom.

e -Keasudugpepenyuanr wnuosrcnetds (seprretd) npouseodnot Jlunu
d=f(@°|)(d f(2°]")) masosem nuscnum (seprnum) & —veasududdpe-
penyuasom gynryuu f 6 moure x° u obosnavum cumeorom D f(x0) =
= (07 £(2°),0. f(a)] (D f(z°) = (9 f(=°), 8. F(=))).

ONPEJEJEHUE 12.5. Qynkyuro f nazo8em annpokcumamuéHo K6a-
sudugpepenyupyemoti cnusy (ceepry) 6 mouxe x°, ecau nwusicnan (6epr-
nas) npoussoonas Jurwu d~ f(20]-) (dTf(2°]")) aeasemca annpoxcu-
MAMUBHO K6a3udUPPEPeHUUPYEMOT. KK MONOHCUMEALHO O0OHOPOOHAA
PYHKUUA, NPU IMOM ANNPOKCUMATMUBHT Kea3ududdeperuuan noso-
srcumenvro odnopodnoti dynwuuu d- f(x0]) (dF f(2°]-)) 6ydem ma-
3bIBATNL HUMCHUM (BEPTHUM,) ANNPOKCUMAMUBHLM Keasududdepenyua-
aom dymxuun f 6 mouxe x° u 6ydem obosznanams cumeosom D~ f(z0)
(D* f(?)).

OTmeTnM, 9TO OXHOBpeMeHHas KBasuauddepeHnupyeMocTsb (CooT-
BETCTBEHHO, &— KBa3uInMEepeHInpyeMOCTh UM AllllPOKCUMATHBHAS
kBasuubdepeHIupyeMocTh) CHU3y U cBepxy GyHKIuu f B TOYKe
2% me Brewer ee xkBasmaubdeEpeHTIPyeMOCTh  (COOTBETCTBEHHO
€ —kBa3uAnMOPEPEHIINPYEMOCTh WK ANIPOKCUMATUBHYIO KBasuaudde-
PEHIMPYEMOCTD ).

ITpuMEP 12.1. Paccmorpum dyskmuio f : R — R, omnpeenennyo
COOTHOIIIEHUEM

1
flz) = xsing pu x # 0,
0 npu z = 0,

IIpousBosnas mo HanpassenusiM B Touke * = (0 jyia dyukiuu f He cy-
miectByer. CireoBaresibHO, MyHKIMA [ He sBjsieTcs KBasuauddepen-
nupyemoii B Touke x = 0. Herpyaao ybemurTbest, oHAKO, B TOM, 9YTO
d=f(z°|h) = —|h| u dtf(2°|h) = |h|. 3uaunr, bynxkuus f Ksazu-
auddepeHnupyemMa CHU3y W CBepxy B Touke x = 0, mpu 3TOM
D= f(0) = [{0},[-1,1]] u D*£(0) = [[-1,1], {0}].

[TPEAJIOKEHUE 12.2. Ecau dynkuus [ Aeasemcs sunwuyesot 6

mouke ¥, mo f annpoxcumamueno xsazududdeperyupyema cHu3y u

ceepry 6 mouxe x°.
JOKABATEJIBLCTBO. HerpyiHO yOemuThCst, YTO JIMIIIUIIEBOCTD (DY HK-

mun f B Touke x’ BJIEUET HepABEHCTBA

—kl|h|l < d” f(2°h) < d* f(2°h) < Kl|R], b€ X,

90



rae k — xoncranrta Jlummuna. CremnoBaTesbHO, KaK HUXKHsSI, TaK U
BepXHASA MPoN3BoHbIe JluHn 1o Hanpasaeanay dbynkmun f B Touke 1’
SIBJISIIOTCSI HEIIPEPbIBHBIMU (DYHKIUSIME Halnpassiennit. [Ipumensis Teope-
My 11.1, mpuxoaum K TpebyeMOMy YTBEPKIECHUIO.

SAMEYAHUE 12.3. Mcuncienne HU>KHAX U BEPXHUX KBasupuddepeH-
IHAJIOB U € —KBa3uinddEpEeHINAIOB OIIPEEIISAETCS NCIUCTCHIEM HIK-
Heil 1 BepxHeil IPOU3BOAHBIX JInHHU, a Tak»Ke UCUHCIeHHeM KBas3uaud-
depennmanos u € —kBazuAudGGEPEHIINATIOB TOI0KUTEIHHO OTHOPOIHBIX
byHKIHI.

SAMEYAHUE 12.4. ITonarus kBazuguddepeHnnpyeMocTs ( € —~KBa3u-
b epeHIUpyeMOCTH) CHU3Y U CBEPXY JJlsl TOJIOXKUTEIBHO OJTHOPOJI-
HOM (PYHKIMKM P B HyJIe COBIAJAET C COOTBETCTBYIONUMH MTOHATHAMU
JIJIsl TIOJIYHEIPEPhIBHBIX 3aMbIKAHUN (DYHKIMH P CHU3Y U CBEPXY. DTO
crenyer u3 pasencts d-p(0lh) = ligni}rllfp(z) = p'(h) m dTp(0lh) =
= limsupp(z) = p' (h).

z—

12.3. [Iyctp 2 - OTKPBITOE MHOYKECTBO B KOHETHOMEPHOM €B-
KoBoM mpocrpanctse X, f: Q — R — dyuxnus ma  co 3naveHns-
MU B PaCIIIPeHHO} BeImecTBeHHOi TpsMoif R = [—00, +00|, mpuHEMaio-
Iast KoHewHoe 3Hadenne B Touke 10 € (). Byjem npejmnosiarath, 9To Mpu
HekoTtopoM € > 0 dyukiua f apisiercs € —KBazumauddepeHimpyemoi
cuuzy (cepxy) B Touke V.

TEOPEMA 12.3. Ecau dynxuyus f umeem 6 mouke x° A0KGALHOU
MUHUMYM — (Makcumym), mo das 106020 HudkcHezo  (6epxrezo)

e —keasuduppepenyuara D f(2°) = [07 f(2°),0, f(z°)] (DT f(2°) =
= [Qtf(xo),gjf(xo)]) pynxyuu f 6 mouxe x° umeem mecmo exaro-
weHue

0

9. f(a°) c 0 f(a") +eB* (9Lf(a") C ALf(a%) +eB").  (12.1)

JIOKABATEJIBCTBO. Eciin f umeer B Touxe 2 JIOKa/IbHBIN MUHH-
mym (maxcumym), o d~ f(2°|h) >0 (dF f(2°|h) < 0) mnsaseex h € X.
IIpumenus natee HEOOXOMUMYTO YaCTh TeopeMbl 11.3, MPUXOAUM K BKJIIO-
genusM (12.1). Teopema mokasana.

TEOPEMA 12.4. FEcau das nexkomopozo wudichezo (geprnezo)
e —xeasudugpgpepenyuara DI f(x°) = [07f(2°),0, f(z°)] (D f(z¥) =
=07 f(2%),0, f(z9)]) dynxyuu f 6 mouxe x° cywecmeyem eewecm-
BEHHOE YUCAO O > € MAKOE, YMO

9. f(a%) +6B* C 07 f(a°) (0%f(a%) +6B* C . f(z),  (12.2)

mo mouka z° docmasasem dynruuu [ U30AUPOSAHHVLT NOKANDHVLT
MUHUMYM (MAKCUMYM,).
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HOKABATEJIBLCTBO. OrpaHndynMcs JI0Ka3aTeIbCTBOM JIOCTATOYHOC-
T ycaosust (12.2) 1jisi M30JUPOBAHHOIO JIOKAJILHOIO MuHHUMyMa. Hc-
[IOJIB3Y S JOCTATOYHYIO YaCTh TeopeMbl 11.3 u onpenesienne € —KBa3uaud-
depennmaa, us yeaosust (12.2) mosyanm

d=f(z°|h) > (6 — €)||h||, h € X. (12.3)

B IpPOTHBONO/IOKHOCTL YTBEPYKICHAIO TeOPEMBI IIPE/IIOIOMKHEM, 9T0 L

HE JIOCTABJIAET U30TMPOBAHHBII JIOKAIBHbIN MuanMyM Gyakmua f. To-
Ijla CyIIeCTByeT IIocjeloBaTelbHoCTh Tk, k = 1,2,..., cxXopdmascsa B
touke x°, maxas, uro f(x) < f(2°) mas Becex k = 1,2,... Ilycrs
tr = ||xp — 2|71,k = 1,2,..., n mycrs BekTop h € X sBIseTcs mpe-
JIeJIbHBIM JIJIS TIOCIEI0BATEILHOCTH t;l(xk —2%),k=1,2,... Toraa

)

_ _ £(0
d- f(207) < limint L) =@
k— o0 tr
gyro nporuBopeunt (12.3). Teopema jokazana.
CHEACTBUE 12.3. IIpednonootcum, wmo dyrxuusa [ asasemces kea-
suduepenyupyemoti cnusy (ceepry) 6 mouxe x°. Tozda ecau f

docmuzaem 6 movxe JJO A0KANADHO20 MUHUMYMA (MO,%C’U/M:[/MCL), mo

9 f(@®) co (=) @Ff(®) c D f).

Ecau orce umeem mecmo exaovenue
9 f(=°) Cintd f(«°) (@ f(a°) Cintd' f(a2)),
mo f docmuzaem 6 mouxe x°
(maxcumyma).

I[TpuMEP 12.2. Paccmorpum dyukmuio f : R — R u3 npumepa 12.1.
Bamerum, uTo B Touke 2° = () /171 Hee BLINOIHSIOTCH YCJIOBHS JIOKAJIh-
HOT'O MUHUMYMa, OCHOBaHHbIE Ha BEPXHUX BBIIIYKJIBIX AIIlIPOKCUMAITUAX
[211, 212]|. B To ke Bpems npuMeHeHue TeopeMbl 12.3 (cuencreus 12.3)
MTOKA3BIBAET, UTO B ITOU TOUKe PyHKIUs f HE UMeeT SKCTPEMyMA.

SAMEYAHUE 12.5. Teopemsbr 12.3 u 12.4 u cinencrsue 12.3 06061maior
yCJAOBUsS JIOKaJIbHOrO MuHuMyMa, nosydenubie JI. H. IlomskoBoit mrst
kBasunnddepenupyembix dbyrknuii [105, 106, 203].

3AMEYAHUE 12.6. Ecju cpaBHUBaTH € pe3yJibraTaMi KJIaCCUIECKO-
ro aHajansa, To Teopema 12.3 siBasiercst obobiennem TeopeMbl Pepma 0
CTAIMOHAPHOCTH TOYEK JIOKAJIBHOrO 9kcTpemyMa [11, 57, 138]. Yro kaca-
eTcsi TeopeMbl 12.4, TO OHA HEe UMeET aHAJIONOB B KJIACCUYECKOM aHAJII3e
(mst iudbdepertupyembix GyHKIWMt yeaosus (12.2) HUKOTIA He BBIIOJ-
HSIFOTCS).

U30AUPO6AHHO20 NO0KANDHO20 MUHUMYMA
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§ 13. BHEIITHUE 1 BHYTPEHHUE
£ -KBABMHOPMAJIN K MHO2KECTBAM

Tlongarus kBazuanddepeHITnPyEeMOCTH /ST BENECTBEHHO3ZHAT-
HbIX (DYHKIWI OCHOBAHBI HA WX JIOKAJBHOM MPHUOIMKEHUH ITPOU3BOJI-
aeivu (uan) no HampasieHusiM. [Tog06HBIM 06PA30M, UCXOIS U3 JIO-
KAJIbHBIX aIllPOKCAMAIIII MHOXKECTB, BBeJIEM IIOHSITHS KBA3WHOPMAJIE
U €—KBasuHOpMaJiell (BHEIIHUX U BHYTPEHHUX) K MHOXKECTBAM.

13.1. Ilycre 2 — memycroe MHOXKeCTBO B X U IYCTh TOYKA
20 npunasexuT sambkanuio €.

Toopsit [113, 166], uro BekTop h € X oupeleisier B TOYKE
20 € clQ, enympennee nanpasaenue oas mmosicecmea ), ecim cy-
mectByeT okpecTHOocTh O(h) BeKTOpa h U MOJOKUTETBHOE BEIECTBEH-
noe uucio § > 0 rakue, uro x° +th' € Q, nnst seex h' € O(h) u Beex
t € (0,90).

BeKTophI, onpeiesstionue B Touke ¥ BHyTpeHHHe HAPABICHHS JIs
MHOXKecTBa ), 00pa3yiorT B X OTKDPBITHIA KOHYC (BO3MOXKHO, ILYCTOI),
KOTODBIil HA3BIBACTCSI GHYMPEHHUM KOHYCOM K MHOdICECMEY () 6 mouke
2% u obosnauaerca I(z°|Q).

Taxkum obpaszom,

1(2°19) = Jint[ (] 7' (Q—2°)] (13.1)

6>0 0<t<é

Tosopsir [108, 113, 166], uro BekTOp h € X onpeneisieT B TOUKE
20 € clQ xacameavnoe (wnm, B apyroit Tepmunosoruun [251], xormun-
2enmmuoe) manpasaenue K muodicecmsy ), ecanm Jyuist 000 OKpecT-
Hoctu O(h) BekTOpa h U I060TO0 MOJOXKHUTETHHOTO BEMIECTBEHHOIO THC-
na § > 0 cymectsyior takue h' € O(h) u t' € (0,4), uro 2°+t'h’ € Q.

BexTopsbl, onpejiensiomue B Touke 20 KacaTeslbHBIE HAIPAB/ICHUS
JuIst MHOXKecTBa (), 00Opazyior B X HEIYCTOIl 3aMKHYTBI KOHYC, KO-
TOPLIN HA3BIBACTCS KACAMEALHOIM (I KOHMUHZEHMHbIM) KOHYCOM K
mnoorcecmey 2 6 mouxe z° u obosnagaercst cumposom T'(x0(Q).

Nnmeer MecTO paBEeHCTBO

T = (el | Q-2 (13.2)

0>0 0<t<d

W3 pasencrs (13.1) u (13.2) coeyer cooTHOIIEHHE
T(z°1Q) = X \ I(z°|X \ Q), (13.3)

rae X \ M — reopeTnKo-MHOXKECTBEHHOE JIO0JIHeHne MHOKecTBa M B
mpocTpaHcTee X.
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JleTaabHO N3/I02KEHIe CBONCTB BHYTPEHHErO U KacaTeIbHOI'O KOHYCOB
MOKeT ObITh Haiizeno B paborax [108, 166, 251]. Casb nousaruii Bepxueit
U HUZKHel pon3BoIHbIX JluHY 110 HApaBIeHusIM Jj1st (DYHKIUH C TTOHSI-
THSIMUA BHYTPEHHET'O W KacaTeJIbHOI'0 KOHYCOB JJIsI MHOYKECTB U3Y4YeHa B
crarbe [334].

13.2. Ilyctep € — BelmecTBEHHOE HEOTPUIIATEJHHOE UUCIO U

nycrs 2 € bdQ), tie bdf) := clQ\ intQ) — rpamuna MuokecTBa €.
ONPEJAENEHUE 13.1. Oaemenm A = [A, A] € V(X*) npocmpancmea
BHINYKADLE MHONHCECTNG HA08EM BHEUHET € —KBA3UHOPMANDIO K MHOHCE-

cmey 0 6 mouxe ¥ € clQ), ecau
O(A+cE) C T(2°|Q) Cc ®(A —<cE), (13.4)

2de E = [B*,{0}] — nopadkosas edunuya npocmpancmea V(X*), a
mnoocecmeo ®(B) onpedeasemen daa aobozo B € V(X™*) pasencmeom

(B) = {h € X|p(B)(h) < 0}. (13.5)

Bysiem 0603HaYaTh BHEIIHIOK & -KBa3MHOPMAJb K MHOXKECTBY §) B
touke z° € bdQ) cumpsosom N7 (2°|Q) = [n7(2°|Q2), 7 = (2°]Q)].

ONPEAEIAEHUE 13.2. ITyemv mouxa 20 € bdQ) makosa, wmo
I(z°Q) # D u I(2°Q) # X. aemenm A = [A, Al € V(X*) npocm-
PAHCMBA BHINYKABIL MHOHCECTNE HA306EM SHYMPEHHET € ~K6aA3UHOPMA-

AV K MHOHCECTNEBY Q 6 mouxe 1‘0, ecau

YA +eE) C I(z°Q) C ®°(A —€E), (13.6)

2de mmnoorcecmeo P°(B) onpedeasemes das moboeo B € V(X*) coom-
HOWEHUEM

®(B) = {h € X|¢(B)(h) < 0}. (13.7)

st obo3HaveHus BHyTPEHHEH € —KBAa3HHOPMAJIN K MHOXKeCTBY ) B

touke z° € clQ OGygem wucnombzosarh cumson NI (z0)Q) =

= [nF(°Q),7 I (2°1Q)].

N3 pasencrsa (13.3) u coornomennit (13.4) — (13.7) caemyer, uto
ecsim A € V(X*) gaBisercsa BHEIIHEH € -KBAa3MHOPMAJIBIO K MHOXKECTBY
Q B rouke 2%, T0o —A € V(X*) ecTb BHyTpeHHsIA € —KBa3HHOPMATb K
vuokecty O := X \ Q (nonosmmenmo x MuoxkectBy () B Touke V.

Jpyrumu cioBaMu, UMEET MECTO PABEHCTBO

N (2°|9Q) = =N (2°|0Q). (13.8)
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Eciin coornomenue (13.4) soinosnsercs nupu € = 0, T. e. eciu umeer
MECTO PABEHCTBO

T(2°]0) = (4),

TO BMecTO BHemHsIs () —KBa3WHOPMAJb K MHOKeCTBY §) B Touke z° Gy-
JieM HasbBaTh neMeHT A € V(X™) snewneld ¥68a3uHOPMAALIO K MHO-

ocecmey ) 6 mouxe ¥ um OyZeM WCIONIL30BATL OOO3HANCHHE

N=(2°Q) = [n~ («°]2), 7~ (2°]92).
AHaJOrnaHBIM 06pPa30M BHYMPEHHION KEASUHOPMAAL K MHOHCECTNEY
Q 6 moure 2° € clQ) onpenemum Kax Takoit snement A € V(X*), uro

I(2°]Q) = 0°(A).

Bynem 0603Ha9aTh BHYTPEHHIOIO KBA3MHOPMAJIb K MHOXKECTBY {) B TOU-
ke 20 cumsosom N1 (2°)Q) = [0+ (2°|Q), 7 T(2°]Q2)].

Quement A = [A, A] € V(X*), KOTODBIiI OJJHOBPEMEHHO SABJIAETCS
KaK BHYTPEHHel, TaK U BHEIIHel & —KBa3MHOPMAJbIO (KBA3HHOPMAJIBIO)
K MHOKecTBY ) BTouxe x° € bd(), 6yeM HA3LIBATE € —K6A3UHOPMAADLIO
(v6asunopmanvio) x mnosiceemsy ) 6 mouke x° € bdQ) m obozHauaT
N.(2%]) = [n . (°]2), 7 - (2" )] (N(2°]92) = [n(a]2), P(2°|2)).

3AMEYAHUE 13.1. B pa6ore [345] KBa3HHOPMAJIBIO K MHOKECTBY )
B Touke 7’ HaszBam Taxoit ssement A = [A, A] € V(X*), aus kotopo-
ro crpasepmso Brmouenne P(A) C T(z2°|Q). Omnpenenennas Bbime
COBOKYIIHOCTD IOHSATHI (BHENTHUX U BHYTPEHHUX) € —KBasMHOpMaJieli u
KBa3MHOPMaJIeli 1103BoJIsieT 6oJiee TOYHO OXAPAKTEPU30BATH JIOKAIBHYIO
CTPYKTYDY MHOYKECTBA.

TEOPEMA 13.1. a) Kakue 6v Hu 6vuau wenyemoe muodcecmeo §) u
mouxa ¥ € cl), enewnas & —xeasurnopmary N (z°|Q) cywecmeyem
A5t M06020 BEULECTNBEHHO20 NONOAHCUNEADHOZ0 HUCAL €.

6) Ecau mnoorcecmeo Q umouka x° € clQ maxoswv,, wmo I(x°|Q2) #
# @ u I(2°Q) # X, mo enympennan € —xeasunopmars N (x0]Q)
cywecmayem 0as 4106020 8EULECMBEHH020 TOAOHCUTNEABHOZO YUCAL E.

JokazarenbcTso, a) Tak kak Kacarenbubiii konye T'(z°|Q) memycr
IUIs TI0OOr0 HEIyCTOro MHOXKecTBa () u soboil Toukn zU € clf), To
cIMMeTpu30BanHoe paccroanme 10 kKoryca T(z°|Q), ompemensemoe pa-
BEHCTBOM

R) =  inf —h|— inf —hll, heX
s7(z0(0) (1) we;?xom)llw [ Ueclﬁrom)”” I, heX,

SIBJISIETCST HEIIPEPBIBHOM IMOJIOYKUTEIBHO OJTHOPOIHON (DYHKIINEH, TPUIEM
0

T(2°1Q) = {h € X|s7 (010 (h) < 0}. (13.9)

(ITogpobHO CBOMCTBA CHMMETPH30BAHHOIO DACCTOSAHUSI O MHOMKECTBA

npeJicTaBiensl Hike B § 15.)
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B cmmy reopempr 11.1  dynxkmua h —  spoj)(h) obmazaer
€ —kBas3uauMPEPEeHuaAJIOM Ipu JIOO0M mojoxkureabHoM . Ilycrs
Dcspo10) — UpousBoibHBI € —KBasuuddepennuan  bynKun
sT@olQ) : X — R. Tak xax

A(Desrao)0))(h) —ellh]| < sp@oja)(h) <

< ¢(DSST(IO‘Q))(}L) + €||h||7 h e )(7

TO, UCHOJb3ysd paseHcTBO (13.9), HerpyaHO YOEIUTHCS B TOM, HTO
D sr(y0)q) ABTSIETCS BHEIIHel € ~KBa3WHOPMANBIO K MHOXKECTBY () B
touke x0. Taxkum 06pa3oM, BHENIHAS & -KBA3UHOPMAJIb K MHOYKECTBY
Q B 1ouke 20 € clQ cymecrsyer npn mobom & > 0.

6) CymiecTBoBaHNe BHYTPEHHUX € —KBa3WHOpMAaJeil [pu Jro6GoM
€ > 0 mokaspiBaeTcs momo0HBIM 0OpasoM. s sToro cieayer paccMo-
TPeTh CHMMETPU30BaHHOE PACCTOSHIE S1(z0|0)(h) K BHyTpeHHeMYy KOHy-
cy I(z°|©2) u BOCTIOMb30BATBCS PABEHCTBOM

I(Z‘O|Q) = {h € X|SI(wO|Q)(h) < 0}

Teopema joxasama.

TEOPEMA 13.2. Ecau muootcecmeo 2 uau ezo donoanenue CC a6-
afgemca pezyaapnolm 6 mouke ¥ € clQ, m. e. ecau umeem mecmo
pasencmeo T(x°|Q) = cl(I(2°|Q)) wau owce pasencmeo T(x°|CQ) =
= cl(I(z°|CQ)), mo daa a106020 ceusecMEENH020 NOAOHCUMEALHORO “UC-
NG E CYWECMEYem € —K6a3unOpMais Kk mHodcecmsy Q 6 mouke V.

JIOKABATE/IBCTBO. Benencrsue pasencrsa T'(2°|Q2) = cl(1(2°|92))
MeeM 57 (z010)(h) = Sp(zojq)(h) mrs Becex h € X. Taxkum obpasowm,
MIPOCJIEXKUBasT JIOKA3ATEIHCTBO MPEIbIIYINEl TeopeMbl, yOexKIaeMcs B
TOM, uTo € —KBasuauddepenrman Despo)q) GYyHKIIN S7(p010) @ X —
— R aBasleTcst KaK BHEIIHEH, TaK W BHyTPEHHEH & —KBa3WHOPMAJBIO K
MHOKecTBY ) B Touke .

B cayqae T(z°|CQ) = cl(I(2z°|CQ)) yTBepxkuenne cienyer us pa-
BEHCTB ST(mo‘Q)(h) = = —81($0|CQ)(h),h € X, un SI(wO\Q)(h) =
= —s7@o|ce)(h),h € X. Teopema jokazana.

O4eBnIHO, YTO JIOCTATOYHBLIM YCJIOBHEM CYIIECTBOBAHMs BHEIIHEi
I BHYTpPEHHel KBA3HHOPMAJIN K MHOXKecTBy (2 B Touke x0 € clQ) sap-
JIfIeTCs IPUHAIEXKHOCTD DYHKIHI h — S7(z0)0)(h) WIH cOOTBETCTBEH-
no dbyukmun h — s7(;0)0)(h) mpocrpancrsy P(X) pasnocrHO-cy6m-
HeliHbIX dyHKImit. Ecau npu 3T7oM MHOXKEeCTBO ) DEryJIsipHO B TOUYKe
20, To xBasmmudbdepennuan GyEKIEH h — 57@010) (h) = S1(20j0)(h)
ABJIfETCA KBa3HHOPMAJIBIO K MHOKecTBY {1 B Touke 20 € cl(.

BAMEYAHUE 13.2. Yesnosue perynspuoctu T(z0|Q) = cl(I(z°]Q))

He dBJIdeTCd H€O6XO‘HI/IIVIBIM JJId CynieCTBOBaHU A E*KB&SI/IHOpMaJIeI‘/JI K
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—2
muoxkectBy ) B Touxe x°. Paccmorpmm mpmmep. Ilyers 2 = R L UH,

rae Ri = {(£1,8) & > 0,6 > 0}, H = {(&1,&) & = &,6 <0,
& <0}, mwnyers 2° = (0,0) € Q. Tak xKax §) ecTb 3aMKHYTbIH KOHYC,
o T(2°|Q) = Q, a I(2°Q) = intQ = R% = {(&,&)[& > 0,& > 0}.
Cnenosarensuo, cl(I(z°Q)) = @i # T(2°Q), T. e. yciosue pery-
JISPHOCTH HE BHITIOJHEHO. BMECTe ¢ TéM CHMMETPH30BAHHOE PACCTOSTHUE
10 MHOXKecTBa () yJOBJIETBOPAET PABEHCTBAM Sp(zo(0)(h) = sq(h) =
= min{s@i(h), sg(h)} mua Becex h € X, orKyza cCileayer, HTO
sT(zom)(h) SIBJISIETCST PA3HOCTHO-CyO/nHeliHON (dyHKIMel (Kak MUHU-
MyM  JaByx — cyGiummeiinbix  bynkmmit), upuuem  T(2°]Q) =
={h € X|ST(wOIQ)(h) <0} n I(xO|Q) ={h € X|5T(m°\ﬂ)(h) < 0}.
Snavnt, xBasuaudbepenman GYHEKIIT S7(y0|0)(h) ABIgeTca KBasu-
HOPMaJIbIo K paccMaTpubaeMoMy MHOxkecTBY §2 B Touke 20 = (0,0).

3AMEYAHUE 13.3. B pabore [345, Teopema 2, c. 61] yreepxkaercs,
9TO It JI060r0 3aMKHyTOro Kouyca K C X CyInecTByeT pasHOCTHO-
cybnnueiinas byukuus p € P(X) rakas, uro K = {h € X |p(h) < 0}.
3 3TOro yTBep:KIeHHs CleIyeT cymecrtBoBamme B Touke z° C clf)
BHEITHNX ¥ BHY TPEHHUX KBa3WMHOPMAJIeii 1iist o6oro MHOKecTBa ) C X
U CyIIeCTBOBaHMEe KBasMHOPMAaJeil st siroboro 2 C X, yA0BJIETBODSIIO-
mero B Touke ¥ yCIOBHIO PEryJspHOCTH.

13.3. IlpuBesem mpocTeiiime reoMeTpUtIecKne KPUTEPUN Cy-
IIECTBOBAHMSI BHEITHAX ¥ BHYTPEHHAX KBa3MHOPMAaJell K MHOKECTBAM U
yKazKeM CIOCOObI X HOCTPOEHUSL.

BeesieM coreyrornnue MOHATHS.

ONPEAENEHUE 13.3. Muootcecmso ) nasosem

a) A0KaALHO evmyKAvM usene (ushympu) 6 mouke 0 € clQ) ecau
xacamenvnoi konyc T(z°]Q) (enympennuti xonye I(x°|Q)) % mmoorce-
cmey Q0 6 mouxe 0 AcaseMCA GUNYKABIM;

6) sokaavno coenymuim uzene (usnympu) 6 mouxe z° € cl), ec-
au wacamenvroiti xonye T(20|Q)  (enympernuti konye 1(x°]Q) ) x mro-
orcecmey , 6 mouxe x° A6aAEMCA GOZHYMBIM.

Mnooicecmeo M C X na306em 802HYMbIM 6 BEKMOPHOM NPOCTNPAH-
cmee X, ecau e2o donosnenue CM := X \ M aesaemca soinykivim.

ITpeanonoKum, 9T0 MHOXKECTBO ) JIOKAJBHO BBINYKJO U3HYTDH B
touke z°. Torga conpsizennbiit konye (I(x°Q))* = {z* € X* | (z,2*) <
< 0 mnsa seex x € I1(2°|Q)} obmagaer koMIaKTHOf BBITYKJIOH Gazoit
B c X*, mpmaem [(2°|Q) = {h € X| max (h,z*) < 0}. (Hamowm-
HEUM, 9TO MHOXKecTBO B C X* Ha3biBaeTcs 6a30il BBIILYKJIONO KOHyCA
K C X*, ecom myist snioboro x* € K, x* # 0, cymecrByiOT eJMHCTBEH-
HBIM 00pa30M orpejieyieHHble y* € B 1 BeleCTBEHHOE II0JI0KUTEIHHOEe
qucsio A > 0 rakwe, uto z* = Ay*. ) Takum o6paszom, smement [B, {0}]
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IPOCTPAHCTBA BBILYKJIBIX MHOXKecTB V (X™) siBisiercss BHyTpeHHell KBa-
3UHOPMATBIO K MHOKecTBY ) B Touxe x0. CdopMymupyeM oIy TenHbIit
pe3yJIbTaT B BUJE CJIEJLYIONIEr0 YTBEPIKICHUS.

IIPENJIOXKEHUE 13.1. Ecau muoocecmeo §2 asasemcs A0OKAGANGHO
evmykavim ushympu 6 mouke =0 € cll, mo moboti snemernm npocmpan-
cmea sunykavie muoocecms V(X*) euda [B,{0}], 2de B — npous-
60ABNAA GYNYKAQA KOMNAKMHAA basa conpasicentozo xonyca (I(x0|Q))*,
ABAACTNCA GHYMPeNnet] K6a3uROPManv1o K mnodicecmsy 2 6 mouke V.

AnajiornaHbpM 06pa3oM, BoCToMb3oBasimchk paserctsom T'(20|Q) =
= X\ I(z°|CQ) npuxomum K cieyoneMy yTBep:K,IeHHIO.

TIPENJIOXKEHUE 13.2. Ecau mmoorcecmso §) ABAAEMCHA AOKAALHO
soenymuLm usene 6 mouke x° € cld, mo w060t snemenm npocmparcmea
soinykavie muoocecms V(X*) euda [{0}, B], 2de B — npoussosvras
evnykaas Komnaxmnas 6aza conpascennozo xonyca (I(z°)/CQ))*, se-
AfemeA enewnetl K6azunopmavio k mmodcecmey 6 mouxe V.

ITpeosIoKumM Tenepb, 9T0 MHOXKECTBO ) JIOKAJIBHO BBIITYKJIO U3BHE
B Touke z°. Ilycts L — jumeiinas wactb xonyca 1*(z°|Q), comps-
»enHoro Kacareabaomy kouycy T'(z°|Q). Hpencrasum T*(2°]Q) B Bu-
e npsivoit cymmber T*(2°]Q) = L& T, rae T — BbicTynatonii 3a-
MKHYTBI# BBITYKJIbIH KoHyc B X ™. BpiGpas 1Ipou3Bo/IbHYI0 KOMIAKTHYIO
BBINTYKJIY10 6asy By komyca T u npoussosbHbii 6asuc {xf,...,z5} B
HOJIIPOCTPAHCTBE L, MOJIydnM IIpeJICTaBIIeHne

T(z°|Q) = {h € X | max( max (hy ™y, [{h, )], - .., [{hy 2 )]) <0}
r*€Bo
IIycrs B; = [—xf, 2], i=1,2,...,m, toraa |(h,z})| = max (h, z*),
z*€B;
h e X, nnascex ¢ =1,2,...,m. Vcnons3ys npaBuiia NCIUCIEHUST KBa-

suanddepeHnnaaTos, oIy IaeM

T(z°Q) ={h e X| max_ (h,z*) <0}.

z* € conv( B;)
i=0

Taxum 06pa3oM, HOJydaeM CJe/LyIolIee yTBEepKICHIE.

IIPEMVIOXKEHUE 13.3. ITycms mmooicecmeo ) AsaAeMCA AOKAADHO
svinyKAbLM usehe 6 mouxe T € cl) u nycmo evmykavie Komnarm-
nole mHoorcecmsea By, By, ..., By, u3 npocmparncmea X*  onpedeservt
caedyrouum 06pazom: mnodicecmeo By — npouseosvHas 8bNYKAGA KOM-
naxmuaa 6436 GUCMYNAOW,L20  3AMKNYMOZ0  GHINYKAO20 KOHYCA

T C X* maxoezo, wmo T*(2°| Q) = L& T, 2de L — aunetinas wacmo
wonyca T*(2°] Q), a cumeon © osHamaem NPAMYIO CYMMY MHONHCECS;
B, = [—zf,xf],i = 1,2,...,m, ede {zf,...,z5,} — npoussorvrwii ba-

auc 6 noonpocmparcmee L. Tozda saemenm npocmparcmed SunyKkibls
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m
mnoocecms V(X*) euda [conv( | B;),{0}] aeasemca enewned kea-
i=0
3unopMasvio k mroscecmsy 6 mouxe V.
IIPEMIOXKEHUE 13.4. Ilycmo mmooicecmeo () AsasemMCA AOKAND-
1o 6oznymuLm usnympu 6 mouxe ¥ € cl u nycmv evnykavie Kom-
naxmmwie mrootcecmsa Bg, By, ..., By, u3 npocmpancmea X* onpede-
AEHDL CACOYIOULUM 06PA3OM: MHOMHCECTNBO By — npoussosvhas evinyk-
AAA KOMNAKMHKAA 630 6HICMYNAIOULE20 SAMKEHYMO20 6HINYKA020 KOHYCA
T C X* maxozo, wmo T*(z°|CQ) = L® T, 20e L — aunetinas wacmo
xonyca T*(2°)|CQ); B; = [—af,2f],i = 1,2,...,m, 2de {x},...,z%}
— mpouseosvhbili 6asuc 6 L. Tozda ssemenm npocmpancmea 6vinyk-

sz mmootceems V(X*) euda [{0},conv( | B;)] asasemea enympen-
i=0

Het KBA3UHOPMAADIO K MHOHCECTNBY Q 6 mouxe 1’0.

Ucnonn3ys pesyabraTs mpegmoxkennit 13.1 — 13.4, a Takke anredbpa-
MYeCKHe U pellleTOYHbIe OIIePallii B IIPOCTPAHCTBE BBITYKJILIX MHOYKECTB
V(X™*), MOXXHO HAXOJIUTH BHEIIIHNE U BHYTPEHHHIE KBA3UHOPMAJIU K MHO-
JKECTBaM, JIOKAJbHAs CTPYKTYPa KOTOPBIX CJIOXKHEE, 9eM B PACCMOTPEH-
HBIX BBINIE CIIyIasiX.

I[lycts, manpumep, KacatenbHbii xKomye T(z°|Q)) x mmokectBy (2
B Touke 20 ecTh O6bLEIUHEHHE KOHEUHOTO YHCJIA 3aMKHYTBIX KOHYCOB

T;, i=1,2,...,m, KaXXJblil U3 KOTOPBIX ABJISIETCSI JIMOO BBITYKJIBIM, JIH-
m

60 BOTHYTBIM, U TAKUX, ITO m T; = {0}. Torma muoxkectso 2 06saIA-
i=1

eT B TOUKe T° BHEIIHell KBA3WHOPMAJIBIO, KOTOPasi MOXKET OBITH TIOCTPO-

ena ciemytomumM obpaszom. Cremyst cxeme mpesioyxkenns 13.2 win mpe-

Jgoxkerus 13.3, moctponM Jura Kaxkzjoro 1;,¢ = 1,2,...,m, BHEIIHIOIO

kBasuaopmaiab N (0,7;),i = 1,2,...,m, B Touke 0. lasee, BOCIIOIB-

0

m
3oBaBImCch Gopmydoii (10.16), Berancaum HmkHo rpasb A\ N~ (0,T;)
i=1
anementos N~(0,7;),i = 1,2,...,m, upocrpancrsa V(X*). Tak kak
m m

@(Z\lzvf(o,:n)) = Jew-01) = UL = T69).

m
A\ N7(0,T;) sBisiercss BHeNIHell KBA3MHOPMAJBIO K MHOXKECTBY ) B
i=1

TOYKE .2?0 .
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§ 14. YCJIOBUSA JIOKAJIBHOTO MUHVUMYMA
JJId BEINIECTBEHHO3HAYHBIX ®YHKIIUN
IIPU HAJINYNN OTPAHUYEHUIA

14.1. ITyctp X — KOHEYHOMEPHOE E€BKJIUIOBO ITPOCTPAHCTBO,
f X — R — BemecrBenHo3naunas (hyHKIUs, onpejeentnas Ha X,
) — 3a/1aHHOE MHOXKECTBO B X.
Paccmorpum 3amaay

f(z) = inf, z € Q, (14.1)

cocTosnIyio B MuUHUMu3aluu ¢pyukiun f Ha MHokecTBe (). Ilesb HacTo-
AIero maparpada — IPeACTaBUTh B KBa3uauddepeHuaabHoi popme
HEOOXOIUMbIE, a TaKKe JIOCTATOYHBIE YCJIOBUS JIJIsi TOYEK, JTOCTABJISIO-
mux byHKIMH f JIOKAJbHBII MUHUMYM Ha MHOXKecTBe (). Ilpm BbIBO-
Jie 9TUX yCJIOBUIl Oy/1eM UCXOJUTH U3 CJIEJIYIONUX YCIOBUI JIOKATIHHOTO
MHUHUMyMa, ¢OPMYJIMPOBAHHBIX B TEPMUHAX NPOU3BOAHBIX luHu (110
HanpasjienuaM) GYHKIME f U KacaTeJbHOrO M BHYTDPEHHErO KOHYCOB
MHOXKecTBa ).

[TPEJUIOXKEHUE 14.1 (HeoGxomuMoe ycJoBUe JIOKAJIBHOIO MUHHUMY-
ma). Eeau mouka 20 € Q docmasasem na muooicecmee ) aokanvroil
MUHUMYM Pyrryuy f, mo

d™ f(z°|h) > 0 most Beex h € 1(2°]Q), (14.2)
d* f(2°|h) > 0 nst Beex h € T(2°|Q). (14.3)
JloKazaTeabCTBO ITOTO IPEIJIOXKEHNsT MOXKET ObITh HAM/IEHO B CTAThe
[334].
TIPEJIVIOXKEHUE 14.2. (HocTaTogHoe yeJoBUe JIOKAIBHOTO U30JIUPO-
BaHHOrO MUHUMYMA). Feau npu nexomopom § > 0 nepaserncmso

d” f(«°|h) > 6]|]| (14.4)

evmoansemca daa ecex h € T(x°Q), mo mouxa 2° € Q docmasasem
AOKANDHOIT UB0AUPOBAHHBL MUunUuMYM Gyrrkyuy [ Ha muoocecmese §Q.
HOKABATEJLCTBO. IIpenonokum npoTuBHOoe, T. €. OyIeM CINTATD,
gro 2V € Q ynosrersopser ycnopuio (14.4), HO He IOCTABJIAET JOKATb-
HBII M30IMpOBaHHbIil MuHUMYM byukiun f wa mHOXKecTBe (). Torma
CYIIECTBYET IHOCIIEI0BATEILHOCTh TOUEK T, € ,x, # 2%n = 1,2,...,
cxongmasics K Touke x°, u Takas, uro f(z,) < f(zV). Ecmm
_ .0
Ty — X
h € X sgaBisercs npeieIbHBIM BEKTOPOM ITOCIEI0BATETHHOCTH W,
Ty — X

n=1,2,..., 10 heT(x°|Q) u

d~ f(z°h) < liminfM <0

n—oolag —zf| T
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Tocnennee, ogHako, npoTuBopeduT ycaosuio (14.4), 9To u pokasbiBaer
IIpeIJIOXKEHHE.

3AMEYAHUE 14.1. BeencrBre KOHETUHOMEPHOCTH IMIPOCTPAHCTBa, X
ycaosue (14.4) SKBUBAJIEHTHO yCJIOBUIO

d~ f(«°|h) > 0 must Beex h € T(2°|Q), h # 0.

Ucnons3ys npeiiozkenns 14.1 u 14.2, momyauM caeayionue yCaoBust
JIOKQJIbHOTO MUHUMYMA.

TEOPEMA 14.1. Ecau pynxuyus [ aeasemcea €1 —keasududdepeniu-
pyemoti cnuay 6 mowke x° € Q, mo das mozo, wmobv. mouka x° docmas-
AN NOKANOHOT MUHUMYM Pynryuy [ Ha mHoocecmee 2, Heobxodu-
MO,  uwmobv,  Oas  A00020  HudcHE20 €1 —Keadududdeperyuana

DZ f(2%) = [07, f(2°),0,, f(z°)] dymeyuu f 6 mowxe 3° u awbot

enympennels ez —keasunopmary N1 (2°|Q) = [nf (2°Q),n ] (2% Q)]
0

K MHooicecmey 1 6 mouke T® UMENO MECTNO BKANOUENUE
0. f(@")+nZ(2°Q) C conv{(d_, f(z°)+
+ﬁj2(:1:°| Q)+e1B*)U (g;f(xo) + Q;;(zo\ Q) +e2B*)}. (14.5)
JOKA3ATENBLCTBO. Brimouenne (14.5) sBisercs ciiejcTBIEM HEOOXO-
qumvoro yesoust (14.2). JleficTBUTeNBHO, MOCKOJIBKY B CHJIY OIIpeJese-
Huit HuXKHero &1 —kKpBasuauddepennuana Dg f (2°) u BHyTpenueit
g9 —kBasunopmaiu N7 (2°] ) umeror mecto nepasencrso
¢(DZ, f(2°) + e1E)(h) > d~ f(2°|h) ans Beex h € X,
U BKJIIOUEHUE
{h € X|p(NX(2°|Q) + e2E)(h) < 0} C I(z°|Q2),
1o u3 (14.2) ciemyer, 4To cuCTEMA CTPOIMX HEPABEHCTB
o(DZ, f(2°) + e1E)(h) <0, ¢(NZ ("] Q) + e2E)(h) <0
HecoBMecTHa Ha X orHOcuTe/bHO h. 3Hauwt, 1jist Bcex h € X
max{¢(D_, f(2°) +e1E)(h), o(NL (2°|Q) + e2B)(h)} 2 0. (14.6)
Bocnob3oBaBImmcs Tereph MpaBuIaMu HCIUCTEHNsT KBa3uanddepen-

IIAJI0B Pa3HOCTHO-CyOIMHEAHBIX (DYHKIIHIA, OJIyYNM, YTO HEPABEHCTBO
(14.6) sxBuBasenTHO BKtodenuio (14.5). Teopema fokazana.
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TEOPEMA 14.2. Fcau ¢pynxuyusa f asaaemcs €1 —ksazudupgeperyu-
pyemoti ceepry 6 mouke ¥ € Q, mo daa mozo, wmobv. z° docmas-
AANA AOKANOHOT MUHUMYM Pynryuy [ Ha mHoocecmee 2, Heobxodu-
MO, 4mobbL Daz 1106020 6eprhezo €1 —keasududpepenyuana DT f(20) =

= [Q'glf(:z:o),gif( N pynxyuu f 6 mouxe ¥ u a0boti enewnet
g9 —xeasunopmaru N (2°|Q) = [n - (2°1Q), 1, (2°| Q)] & mnoocecmey

Q 6 mouxke .’EO UMENO MECTMO BKANUEHUE

I () REfE%) +eB+

w*EM o, (x0|Q2)

+eone(n_, (2°|Q) + e2B* — {w*})]. (14.7)

3decvy comeM — samvikanue Konuueckol 060a0uKy mrodicecmea M.

HOKABATEJLCTBO. Vcnosb3ys omnpejesieHne HUXKHETO €] —KBa3W-
muddepennmana D, f(2°) u snemmeii 5 —ksasunopmamn N, (2°|Q),
u3 ycnosust (14.3) momyuaem ¢(DF f(a°) + e E)(h) > 0 s Beex
h € ®(N_, (2°/) + e2F). Ipumenus naee npepoxenue 10.4, mpuxo-
JIIM K (14 7). Teopema JoKa3aHa.

TEOPEMA 14.3. Ecau cywecmsyrom wustcHull €1 —keasududpepen-
yuan Dz f(z°) = [0, f(a°),0 ., f(2°)] dymwyuu f 6 moure a° € Q,
enewnan £ —keasurnopmanv Nz, (z°|Q) mnoocecmsa Q 6 moure z°
u ewecmeennoe Yucao § > €1 MaKue, ¥mo

0., f(x°) +6B* C N [0 f=")+

w*en o, (20|Q)+e2B*

+eone(n , («°]Q) — {w})], (14.8)

mo mouxa ¥ docmasasem AOKANLHDLG US0AUPOSAHHBIL MUHUMYM YHK-
uuu f na mroorcecmse €.

HOKABATEJBLCTBO. U3 npemioxkenns 10.4 3akaiouaeM, 9TO BKJIIIO-
4enne (14.8) 9KBUBAJIEHTHO BBINOIHEHUIO HEPABEHCTBA

¢(DZ f(2") — 6E)(h) > 0 anst Beex h € ®(N_ (2°|Q) — e2E),

OTKY/Ia, UCIOJIb3ys ONpejieieHne HIDKHEro €1 —Kpasuauddepenimaia
— (70 " — (0
Dz, f(2”) u Buemmeit €3 —xBasunopmasu N (x”[(2), momrydaem

d™ f(x°|h) > (6 — &1)||h|| arst Beex h € T(2°|Q).

Tax kak § > &, To m3 npemoxkenns 14.2 ciemyer, uro Touxka x°
JIOCTaBJISIeT Ha MHOXKECTBE () JIOKAJIbHBIN M30JIMPOBAHHBIA MIHUMYM

dbyukiun f. Teopema jjokazana.

102



14.2. Haubostee yacTo OorpaHnveHust B 3aJadaX MUHIMA3AIIII
3a/1aI0TCS B BUJIE MHOXKECTB ypPOBHsI (OrpaHUYeHUs TUIA HEPABEHCTBA)
UJIM [IOBEPXHOCTel YPOBHsI (OrpaHUYeHMs TUIIA PABEHCTBA) HEKOTOPBIX
BEIECTBEHHO3HAYHBIX (hyHKImit. s Taknx 3a/1ad eCTeCTBEHHO IOJIY-
YUTH yCJIOBUS ONTHMAJBLHOCTH B TEPMUHAX & —KBasuauddepeHnuaios
dyHKIWMI, 380X OrPAHUICHUS .

Paccymorpum 3agaay munnvumzanun yakmun f © X — R ma MHO-
xectBe = {z € X|g(z) < 0}, tie g : X — R — 3anannas Be-
ecTBeHHO3HAYHAsT (pyHKIsT Ha X.

TEOPEMA 14.4. IIycmo 2° € Q u nyemo f sAessemca €1 —Kkeasu-
Judepernyupyemoti ceepry 6 mouxe =0, a Pynruyus g — 9 ~x6a3udup-
dpepenyupyemoti cnusy 6 mouxe x°.

Ecau mowka x° docmasasem na muoscecmese € AOKAAOHDIE MUNHU-
mym pynvuuu fou g(ax®) =0, mo daa aoboeo eeprrezo €1 —Keasududp-
pepenyuana DT f(20) = [Q'glf(xo),gif(xo)] dyrnryuu f 6 mouxe
20w mobozo nmusichezo €9 —xeasududdeperyuana DE;g(xO) =

=[02,9(2°),0.,9(z")] dymryuu g 6 mouxe x° umeem mecmo ex.no-

HeHUE

3. f(@®) +0_,9(x°%) C conv{(@ 7 f(z°) + 3 _g(z°) + &1 B)U

U@L 1(2°) +8-,9(a°) + e2B™)}. (14.9)

JOKA3BATE/IBCTBO. IToCKOIbKY /1711 MHOXKECTBA,

Q= {zeX|g(x) <0}

u toukn 2, yrosmersopsiomeit pasencry g(2°) = 0, mmerorT mecTo

BKJIIOUeHNs [334]
{he X|d g(=°|h) <0} c T(z°|) C

c{he X|d g(z°h) <0}, (14.10)

To u3 (14.5) 3aK/II09aeM, ITO CHCTEMa HEPABEHCTB
d* f(2°|n) <0, d”g(2°|n) < 0

HecoBMmecTHa HA X oTHOcuTesbHO h. Kpome Toro, B cuity ompejiesienmit
HIDKHUX U BEPXHUX € —KBas3suIuM(PEPEHITNAIOB IPH JTIOOBIX D;q f(z%) mn
Dz, g(2°) umeror mecTo HepaseHcTBa

2

dt f(2°|h) < ¢(DZ, f(a°) + e1 E)(h),

d=g(2°|h) < ¢(DZ,g(z°) + e2E)(h), h € X.
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CormocraBiisisi 00a 3t dakra, NPUXOAUM K TOMY, UTO IPHU JIOOBIX
Dt f(z°) n D_,g(2°) cucrema nepasencrs

¢(DZ f(2°) + e1E)(h) <0, $(D,g(z°) +e2B)(h) <0

TakK>Ke HECOBMeCTHA Ha X OTHOCHUTEIHHO h.

Paccyxknas naabine aHaJormaHo JOKa3aTeIbCTBY TeopeMbl 14.1, mory-
quMm Briodenne (14.9). Teopema nokazaHa.

ByileM TOBOPHTB, 9TO B ToUKe ' BBLIOTHSETCH YCAOGUE PE2YNAD-
Hocmu 0aa oepanuvenus muna nepasencmea 0 = {x € X |g(z) < 0},
ecu g(2°) = 0 u bynxkmua d-g(z°]-) : X — R He umeer Touex Jo-
KaJIbHOIO MUHUMyMa Ha X.

Tak xak dynkmus d-g(a®|-) mnonoxurensHo oaHOpPOAHA, TO
d=g(z°|h’) = 0 ana moboro sekropa h' € X, mocrasnsomero Jio-
KaJbHBI MuHIMYM (mmm makcmmym) dyakmum d-g(x0 |-). eitcTsu-
tenwro, ecma d—g(z°|hY) # 0, To ma mayue {th°|t > 0} byuxmua
d=g(z°[th®) = td—g(2°|h°) npunumaer mpm t, GIUZKMX K eJMHMIE,
3HaveHus: Kak Menbinue, Tak u Gombmue d-g(x°|h%). YVuurbsas sro,
HETPYIHO BUJIETh, YTO ¢(POPMYJINPOBAHHOE BBIIIE YCJIOBUE PETyIAPHOCTH
JIIST OTPAHUYEHNS TUIIA HEPABEHCTBA 3KBUBAJICHTHO CJICAYIOMEMY Tpeho-
panmio: g goboro  h? € X,  yIOBIETBOPSIONIETO  YCIOBUIO
d=g(z°|h’) = 0, um mOGOro BENECTBEHHOTO TOJOKUTEHHOIO HHCTIA
v >0 cymecrsyer h € X Taxoit, uto d~g(x°|h) <0 u ||h° — Al < v.
(Buepsble B Takoil (opme ycaoBusi peryagpHocTu Obuin chopMyJIupo-
BaHbl B padore [108].)

Eciin pyaknust g : X — R JIOKaJbHO BBINYKJIA CHU3Y, T. €. €CJIU
ee HUKHASA npousBojHag Jlunu o nanpasaenusm d-g(z°|-) asnserca
BBLIIYKJIOH (PyHKIHEH, TO yCJIOBUE PEryISpHOCTH JIJIs OTPAHMYECHUS TUIIA
HEpaBEHCTBA SKBUBAJIEHTHO BhIMOMHeRnio Hepasenctsa d- g(x°[h) < 0
1uIst HeKoToporo h € X, clIel0BaTeIbHO, TPHHIMAET (bOPMY XOPOIIO
U3BECTHOTO B MATEMATUIECKOM IIPOIPAMMUPOBAHUU YCJIOBUs PEryJIfp-
soctu Ciefirepa [132, 202].

B ofmem ciaydae, olHAKO, Haamdme BeKTopa h € X Takoro, 4To
d=g(z°|h) < 0, me Baeuer BumONHeHHE B TouKe x0 YCIOBHS PEryssap-
HOCTH JijIsl OTpaHudeHnsl Tura HepasencTBa ) = {z € X |g(x) < 0}.
Paccmorpum dynkmuio ¢ : R? — R, HIDKHAS paBHOMEpHAs IIOJIYIIPO-
U3BOTHAS TIO0 HANPABIeHHAM KoTopoit B Touke z° € R? mmeer Bz
d=g(z°|h) = min{|hM|, -} h = (A 1)) € R2. Herpymmo upo-
BepuTh, uTo B Touke h = (0,1) dbynkmma d-g(z°|-) yrosrersopser
yeosmio perynaproctu Ciefitepa, T. e. d~g(x°|h) < 0, u BMecTe ¢ Tem
d=g(z"|-) nocruraer jokanbHOro MuHEMyMa B Touke ho = (0, —1).

[IPEAJIOKEHUE 14.3. Ecau 6 mouke x° € X 6vinoaneno yciosue
PELYAAPHOCTIU ons 02PAHUNMEHUS muna HEPAGEHCTNGA
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O ={zx e X|g(x) <0}, mo

T(z°|Q) ={h € X |d g(z°|h) <0}. (14.11)

JOKABATEJILCTBO. YcCjOBUE PEryaspHOCTA T'apaHTUPYET IJIs JIIO-
Goro BekTopa h € X, ymowaersopstiomero ycaosmio d-g(z°|h) = 0,
CyIIeCTBOBAHUE IOCJIeI0BATCILHOCTH BEKTOPOB N; — h,i — 00, TaKoii,
aro d~g(a°|h;) <0 mns Beex i = 1,2,... W3 3TOr0 CllejiyeT PaBeHCTBO

c{h € X |d g(2"|h) <0} = {h € X |d g(z°|h) < 0},

koropoe BMecre ¢ (14.10) maer (14.11). Ilpegnoxkenue jokazano. Jlerko
BUJIETH, UTO €CJIU UMeeT MecTo paseHCTBO (14.11), To JroGoit HUKHMIA
¢ —kpasuudbepennuan D g(z") spisercsa BHemuell & —KpazsuHOpPMa-
b0 K MHOKecTBY () B Touke z'. U3 3TOro 3aMedanms, MCHOIb3ysd
TeopeMmy 14.2, mosrydaeM cJIeIyIolniee yTBEPKICHUE.

TEOPEMA 14.5. ITycmo svinoaners, npednoaosicerus meopemuvl 14.4
u nycmo, Kpome mozo, 6 mouxe r° GHINOAHEHO YCAOBUE PERYAAPHOCTIU
Oasn oepanuvenus muna wepasencmea = {x € X|g(x) < 0}. To-
20a ecau mouka =° docmaeasem Pynruuu f  AOKGALHOLIT MUHUMYM
Hna muoorcecmee 2, mo dasa 1106020 seprrezo €1 —keazudupdepenyuana
Df f(a°) = [Q:lf(mo),g;:f(xo)] dynryuu f 6 mouxe x° u 06020
nuotcrnezo € —keasududdepenyuara D g(z°) = [0 g(2°),0 _, g(z°)]

ﬁyumt,uu g 6 mo4xe {L‘O UMEEM, MECTO BKANUEHUE

5:lf(ifo) C ﬂ 07 f(2") + e B +

w*€d £, 9(2)

+eone(d ., g(z°) + e2B* — {w*})]. (14.12)

AmnasornaapiM 06pazom, nepedopmyupys Teopemy 14.3, Ipuxoum
K CJIEJIYOIIUM JIOCTATOYHBIM YCJIOBUSIM JIOKAJIBHOINO MUHUMYMAa HA MHO-
xecrBe ) juisa dyukiun f.

TEOPEMA 14.6. Ecau cywecmsyrom wusichutl €1 —keasududpgepernyuan
D_ f(2%) = [Q;f(xo),g;f(:ro)] dynxuvu f 6 mouxe x°, seprrui
€9 —Keasudugdepenyuan De;g(xo) = [Q;Qg(xo),g;g(xo)] dynryuu g
6 mouke =V u eewecmeentoe wucao 6 > £, MaKue, Mo

9., f(a") +0B* C N 02 fa®)+

w*€H e 9(a0)+e2 B~

+eone(d -, (") — {w*})],
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mo mouxa x° docmasasem AOKAALHBIT USOAUPOSAHNBIT MUNUMYM PYHTK-
yuu f na mnoorcecmee Q = {x € X |g(x) < 0}.

SAMEYAHUE 14.2. Ycanosue (14.12) aHAJOIHYIHO YCIIOBHUIO, ITOJIY I€H-
HOMy B paborax [203, 205| nst kBasunuddepenupyembix GyHKIMN |
ug.

SAMEYAHUE 14.3. VYciosue (14.9) sBistercst CIeACTBHEM YCJIOBHS
(14.12).

JeftcTBUTENIbHO, TaK KaK IPU JIIOOOM KOMIIAKTHOM BBIITYKJIOM MHO-
xkectee M C X* kiacc sksuBasienTHocT [M, M| siBisiercst HyJieBbIM
9JIEMEHTOM [POCTPAHCTBA BBITYKJIBLIX MHOXKecTB V (X™*), TO

DX f(a%) = [0F f(2°) + D g(z°),d . f(@°) + D _,g(«°)]

DZ9(a°) = [22,9(a°) + 8, f(2°), _,9(a°) + 3, f(z°)].

Bamumewm ycsosue (10.12) g srux npencrasureseil € —kpazuauddepen-
nuajoB. B pesyabrare mosyanm

TP +0 g% ol f(a°) + 0 g(a°) + &1 B +

B)
~+comne(d ;g(xo) —|—5:1f(x0) +eaB* — {w*}) (14.13)

anst Beex w* € 0, g(z0) —&—5:1f(m0).
PaccmoTpum mpousBosibHbIE ¥ € gjlf(;vo) u z* €0_,9(z). Bos-
MOXKHBI JBa coydas: a) z* + z* € 9_ g(z%) + E;f(xo) + eB* un

6) =" +z* € 9_,9(2°) + 5:1]”(3:0) + eoB*. B ciiyuae a) BBITIOJHEHHE
BKJIIOYEHUS

z* + 2" € conv[(d _,g(2°) + 5;]‘(:130) +e2B*)U

_ =+ *
U@z f(z%) +9_,9(z° +e1B) (14.14)
OY€EBUJTHO.

Tak Kak Jij1s1 JIF000ro BBITYK/IOI0 KOMIIAKTHOIO MHOXKECTBa M, y10-
BJieTBOpsitoniero yeiaosuio 0 ¢ M, umeer mMecto paBeHcTBO coneM =
= coneM, To B cayuae 6) u3 (14.13) cremyer

¥ +2" € Q:lf(xo) + g;g(xo) +e1B*+
— at * * *
+cone(d 2, g(2°) + 0. f(2°) + e2B* — {2* + 2*}).
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Buaunt, cymecrsytor vf € 971 f(2°)40 , g(z)+e1B*, vj € éjlf(xo)—i—
40 _,9(2°) + e2B* u BemecrBennoe wncio A > 0 takue, 9ro r* 4 2* =
= v} + A(vs — (z* + 2*)), orkyna moyuaeMm

1 A

42 = 1+)\v1‘+mvg.

Taxkum obpasom, Brjtouenue (14.14) umeer mecto u B ciydae 6). Tax
KaK PacCMaTPUBAJIUCh IIPOU3BOJIbHBIE ¥ € gjlf(xo) u 2*€d_g(a),
TO BbIIOJHEHNe yeaosust (14.9) mokaszaHo.

CpasuauM HeoOxomuMble yesosus (14.9) u (14.12) ¢ gpyruvu ussect-
HBIMHA B MATEMaTHIECKOM MPOTPAMMUPOBAHUN HEOOXOIMMBIME YCIOBH-
ssmu ontuMaabHOCTH. C 3TOH 1esIbIo pACCMOTPHUM CJIEYIOIIA I

ITpuMEP 14.1. Ilpemmosnozkum, 9ro GyHKIU [ SABJISETCS PEryJisip-
HO JIOKAJIbHO BBITYKJIoH B Touke ¥ [126], T. e. B Touke 20 cymecrsyer
paBHOMepHast Mpon3BoHast 1o Hanpasaeanam df (x° |-) u, kpome Toro,
3Ta MPOU3BOHAA ABJISIETCS BBINYKJIOH. Byaem nmpemmosarats Takxke, 9To

dyukuua g umeer Bug g(x) = max g;(x), rae byukouu g; : X — R,
1<i<m
t = 1,2,...,m, SBJIAIOTCA PETYJSPHO JIOKAJHHO BBIIYKJIBIMA B TOYKE

20 g i€ I(2%) = {i € {1,2,...,m}| gi(2°) = g(z*)}.

[ycrs Of(z%) u 9g;(2°), i € I(2°), — cy6auddepennnann bynk-
mmit f u g;, i € I(29), coorsercrsenno B Touke x°. Torma Df(zV) =
= [0f(2°),{0}] m Dg(2°) = [conv{dg;(x°),i € I(z")},{0}] sBasmoTCA
COOTBeTCTBeHHO KBasuauddepennnamsamu GyHKmit f u g B Touke 20,
CrnenoBaTesbHO, U pACCMATPUBAEMOTO ciydas yciosue (14.9) mmeer
BIJT

0 € conv{df(x°),dg:(x°),i € I(2°)},
4TO SKBUBAJIGHTHO CyIecTBoBanuio Bektopos x* € df(x°), zF € dg;(x°),
i € I(2Y), m BemectBennbx wmcen g > 0, \; > 0,i € I(zY),
A+ Y. Ai=1, Takux, uro
ieI(2)
Aozt 4+ Y Nap =0.

i€I(a0)
Tax xak bynxmas dg(x°|h) = mgug)dgi(xo\h), h € X, BbInyKJIa, TO

i€l(x
YCJIOBHE  DEryJSIPHOCTH  JJisl  OTDAHWYEHWS] THUMA  HEPABEHCTBA

Q={r e X| max g;(z) <0} B rouke z° sSKBEBaJeHTHO CymIeCTBOBA-
1<i<m

muto Bektopa h € X rakoro, uro dg;(z°|h) < 0 mua i € I(aP).
Heo6xomumoe yciosue (14.12) dopMyupyercst B JAHHOM CIIydae CIIeiy-
IOIIIM 00Pa30M:

0 € df(2") 4 cone(conv{dg;(z°),i € I(z")}).
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DT0 SKBUBAJIEHTHO CyIlecTBoBaHmio BeKTopos x* € df (z°), z; € g (x°),
i € I(z°), u Bemecrsennbix uncen \; > 0,1 € I(zY), raxux, urto

x* + Z Aixz} = 0.

i€l(z0)

Takum obpazom, Heobxoumble yciaoust (14.9) u (14.12) obobmra-
IOT COOTBETCTBEHHO U3BECTHDIE B HEJIMHEHHOM MPOrPAMMUPOBAHUAH Y CJIO-
Busi ontuMmasbHoctn Kapyma—/[xxona [202] u yCIoBUsT ONTHMAIBHOCTH
Kyna—Takkepa [132, 202, 316].

SAMEYAHUE 14.4. To, uTo 37ech ObLIa PACCMOTPEHA 331498, MITHU-
MU3BAIUHA TOJLKO C OJHUM OIPAHUYCHHEM THIIA HEPABEHCTBA, HA CAMOM
JleJie He Cy»KaeT OOIIHOCTH, MOCKOJIbKY KOHEYHOE UHCJIO OrPAHUICHMI
gi(x) <0,i=1,2,...,m, MOXKHO 3aMEHUTH OJHUM max gi(x) <0, He

BBIXOJIA U3 KJiacca ¢ —kBasumuddepennupyemMbrx GyHKITHIA.

14.3. PaccmorpuM Tenephb 3ajady MUHAMEAZAIUA DyHKIMA [
npu orpanudennn tuna pasencrsa ) = {x € X |g(z) = 0}.

Byniem rosoputh, uto B Touke x° € () 6vinoanaemea ycaosue pezy-
aaprocmu das ozparunerus muna pasencmea ) = {xr € X | g(x) = 0},
ecym

a) byskuus g : X — R pasHoMepHO auddepeHupyeMa mo Ha-
npaBaeHAM B Touke TV ;

b) ee paBHoMmepnas npoussoanasa dg(z®|-) : X — R He umeer Touek
JIOKQJILHOT'O 9KCTpeMyMa (MUHUMYMa UJjId MakcuMyMma) Ha X.

PaccyKast aHAJIOTUMHO CJIyYalo YCJIOBHMHA DPETyJISSPHOCTH sl Orpa-
HUYEHUsI TUIA HEPABEHCTBA, JIEKO YOeIUThCs, ITO ycjoBue 6) sKBUBa-
JIGHTHO CJIeayiomeMy yciaosuio (cum. [108]):

) anms moboro h € X, yIOBIETBOPSIOIIETO PABEHCTBY
dg(«°|h) = 0, u moboro BemecTBenHOro umcaa y > 0 CyIECTBYIOT
BeKTOpBl hi,hy € X takme, uro dg(xz°|h1) < 0,||hy — h|| < v =
dg(x°|ha) >0, ||ha — | < 7.

OrmMeTnM, 9TO U3 PABHOMEPHOI JinddepeHIpyeMoeMOoCTd (DYHKITUN
g B Touke z' cieayer ee anmmpokcuMaTHBHas KBasuaudbdepennupye-
mocThb B Touke z°. Taxum o6pasom, eciiu B Touke 1’ BBITOJHEHO yCJIO-
BUE PeryJIsipHOCTI L1t OrpaHUIeHUsI THIIA pPaBEHCTBA
Q={z e X|g(x) =0}, ro dyukuusa g obnanaer €—-kpazumubdepen-
mranavu D.g(x°) B Touxke 2° npu mo6GOM MOTOKHUTETHLHOM €.

TEOPEMA 14.7. Ilpednoaoocum, umo Pywkuus [ asasemcs
¢ ~xeasududdeperyupyemoti ceepry 6 mouke x° € Q u, Kpome mozo,
6 mouxe 0 6LINOAHEHO YCAOBUE PERYAAPHOCTIU OAA 02PAHUMEHUSA MAU-
na pasencmea ) = {x € X |g(2) = 0}.

Ecaumouka x° € Q docmasasem aokarvrow murumym dynxuun f
Ha mHoorcecmee ), mo das 1106020 eeprHezo €1 —keasududdepenuuana
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Df f(a°) = [Q;f(xo),gjlf(xo)] dynxuuu f 6 mouke x° u ar06020
s woasudufepernuara Deyg(s®) = [8.,9(%), Depg(a®)] Pymwuun
g 6 mouxe z° (npu smom eewecmeennoe wucao g9 > 0 maxoice npo-
UBBOABHO) UMEEM MECTO BKAIOUEHUE

9., f(=) c N {0 f(°) + 1 B*+

w*€d ¢, 9(20), v<€d _,g(z°)

5o [(2,9(2°)+£2B" —{w"}) U (B, g(a®) +e2B"—{v' )] } (14.15)

JIOKA3ATENBCTBO. Kak ciemyer n3 paborst [108], npu BbIIOIHEHAN
YCJIOBUST  PEryJSPHOCTH  JIIs  OlDAHMYEHHsI  THIIA  DaBEHCTBA
Q= {r € X|g(z) = 0} B Touxe 2° € ) WMeeT MeCTO PaBEHCTBO
T(2°Q) = {h € X | dg(«°|h) = 0}.

IMokaxkeM, 9T0 TIpH JH060M 2* € 5:_1 f(2%) mmbo cucrema

max  (h,z*) — (h,z*) +e1]|h]| <0, dg(z°|h) < 0, 14.16
w*eQ;W)< ) — (h,2") +e||R] g(z”|h) ( )

JubOo cucTeMa

max  (h,2*) — (h,z*) +e1||h| <0, —dg(z°|h) <0  (14.17)

z*€d ¥ f(x0)

ABJISI€TCA HECOBMECTHOIA.

Paccyzkast 0T NPOTUBHOrO, IIPEANOJIOXKHUM, 9TO 00€ CUCTEMbI COB-
MECTHBI U IycTh hy — pemenue cucrembl (14.16), a hy — perenne
cucrembr (14.17). Tlockonbky dbyuxmus h — dg(x°|h) menpepbisra 1O
h, To cymectsyer « € (0,1) takoe, uro dg(z°lh,) = 0, e ho =
ahy +(1—a)hg, u, crenosarensuo, h, € T(z°|Q). Tak xkax mpu J060M

* 5t 0
z* € 0. f(x”) mmeer mMecTo menouKa HePaBEHCTH

-+ 0 *\ *
@I < | m  (hase) = (e 7) + enlhel <

<o max  (hy,x") = (hy,2") +er]lh])+

e €d 7 f(a0)

+(1 -« max ho,x*) — (he, 2") + e1]|hs||) <O,
(L) s (ha,3) = (b, ) el
TO MPUILIK K IPOTUBOpeunio ¢ yciaopueM (14.3).

Taxum obpazoM, npu oboM z* € 0 ; f(2°) xora 6B oA W3 cECTEM
(14.16) wum (14.17) sBasgercs HECOBMECTHOH, T. e. QyHKIus
o([0F, f(2°) + e1B*,{z*}])(h) HeorpuuaTenbHa XOTs GBI Ha OIHOM U3
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muoxects {h € X |dg(z°|h) < 0} wm {h € X| — dg(2°|h) < 0}.
Ucnons3ysa manee npeamoxenne 10.4, mosydaem, 910 OO

z* €0t f(2°) +e1B* +cone(d ., g(z°) + 2B* — {w*})

nutst Beex w* € 0., g(xY),

mbo
z* €0t f(2°) +e1B* + cone(0.,9(z") + e2B* — {v*})

na Beex v € 9, g(2°).

Orcrona 6e3 Tpyma npuxoaum K Bkjodenuto (14.15). Teopema mokazana.

SAMEYAHUE 14.5. Ilo-Buammomy, BIEpBBIE IIPU JOKA3ATEIHCTBE
HEOOXOJIUMBIX YCJIOBUII MUHMMYMAa JJTsl 38J]a9i ¢ OTPAHWYEHUEM THIa
PABEHCTBa AJIBTEPHATHBA O HECOBMECTHOCTH JIBYX CHCTEM HEPABEHCTB
(tuma (14.16) u (14.17)) 6b1a paceMoTpeHa B cTaThsx [215, 216].

SAMEYAHUE 14.6. s kBazuguddepennupyembix GyHKINNA 3818~
vya MuauMmuzanun dbysknun f npu orpanmdenun ¢(x) = 0 paccmarpu-
BaJsiach B paborax [100, 204|. Herpyauo ybeaurbes, uro g f u g, aud-
depennupyembix mo Ppee, yciaosue (10.14) npespamaercs B Kiaccu-
qeckoe ycioBue Jlarpamxka.

SAMEYAHUE 14.7. Tak kak mist jro6oil Touku ¥ MHOXKeCTBa
O ={z € X|g(xr) =0} umeer MeCcTo BKJIIOUEHHE

T(z°|Q) c {he X |d g(2°|h) <0} n{h € X |dTg(z°|h) > 0},

TO U3 IpeJIoKeHus 14.2 caemayeT, 9To KaxKI0€e U3 YCJIOBHIL:

a) d~ f(2°h) > 0 mnsa Beex h # 0 Takux, aro d~g(xz°|h) < 0;

6) d=f(2°lh) > 0 ana Beex h # 0 Takux, uro dtg(x°|h) <0
ABJIACTCS JOCTATOYHBIM JIJTsl TOTO, 9T06bI 1’ JI0CTABAANA JTOKATHHBIN
U30/IUPOBaHHLI MuHUMYM (yHknuu [ upu orpanudenun g(x) = 0
(BBIIIOJIHEHUE KAKUX-JIUOO YCJIOBUI PEryJISIDHOCTH He HPEIOJIAraeTcs ).
Ucnonb3ys reopemy 11.5, ycinoBus a) u 6) MOXKHO 3allMCATh B TEPMUHAX
¢ —xBasumuddepentmatos Gysxuuit f u g B Touxke 0.

§ 15. CUMMETPU30BAHHOE PACCTOSdHUE
0 MHOKECTBA

15.1. IIyctp {2 — HemrycToe MHOYXKECTBO B KOHEUHOMEDHOM €B-
kimoBoM npocrpancree X (2 # X).
Paccmoanuem om mouku x € X do mmoocecmea ) HA3BIBAETCSI
HEOTPHIATEIHHOE BEMIECTBEHHOE TUCI0 po(x) := ;relifl lly — |-
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Cummempuaosarnovim paccmosnuem om mouky x € X 0o MHO-
orcecmea ) GyleM Ha3bIBATH BEIIECTBEHHOE YHUCIO So(X), ompejess-
€MO€e PaBEeHCTBOM

sa(e) = inf ly — o] inf |}z ], (15.1)

e CQ=X\Q.

Takum obpasom, sq(z) = pa(z) — pca(z) mis Beex z € X.

Buepssle, no-suaumomy, dbyHKius ¥ — So() paccMarpuBaiach B
pab6ote [299] (cm. Takke [300]).

HenocpeacrseHno u3 ompeeeHnsl CIeLyIOT IpocTeiiine CBOHCTBA
CHMMETPH30BAHHOTO DACCTOSHMS:

sca(z) = —sq(x) st Beex x € X (15.2)

= {z € X |sq(z) <0} (15.3)

intQ) = {x € X |sq(xz) <0} (15.4)

ecin 1 C Qo, 10 S0, () < sq, (x) ans Beex x € X. (15.5)

IIPEMIOKEHUE 15.1. Qyuxuyua © — $q(X) ABAACTCA NOAOIHCU-
meavHo 00HOPodHOU mozda U moavko mozada, kozda 2 — xonyc 6 X.

JlokazaTebCTBO yTBEPXKJIEHUsS Cjeayer u3 paBeHCTB af) = (),
a(CQ) = CO, tae o — UPOU3BOJIBHOE MOJIOKUTEIHHOE BEIECTBEHHOE
TUCITO.

IIPEMJIOXKEHUE 15.2. Qynxyus © — sq(x) asasemces addunnot
(aunetnot) na X moeda u moavko moeda, koeda clQ sasasemcs
3aMEHRYMBIM noAynpocmparcmeom 6 X (yoosAEMEOPAOULUM YCAOBUIO
0 € bdQ).

JIOKABATEJILCTBO. HeobxomumocTs cienyer u3 csoiicrsa (15.3).
JlokaxkeM JOCTATOYHOCTH  yTBepXKaeHHs. Hcmm ¢l asngerca
3aMKHYTBIM TIOJIyIIPOCTPAHCTBOM, TO CYIIECTBYIOT €JWHUYIHBIA JIMHET-
HbI dyHKIMoHAT e* € X* u BemecTBeHHOe Yncio  Takue, 9o cl{) =
={zeX|{(x,e*y+ <0} (8=0, eciiu 0 € bdQ). Ucnonbsys manee

= inf |ly— 10 =— inf —
TO, 4TO S () ylerémHy x| s x & cl, u sq(x) nglIECQ) ly—z]|

s x € clQ), nonmyanm sq(x) = (x,e*) + [ s Becex © € X. Ipeo-
JKeHHUe J0Ka3aHo.

TIPEAIOKEHUE 15.3. Qynxuus © — So(x) Aeasemca 6oinyriol
na X moeda u moavko moada, xozda muootcecmeo clf) swvimyr.ao.

JIOKABATEJILCTBO. Heobxoaumocts caemyer u3 (15.3). s gokaza-
TEJIbLCTBA, JOCTATOTHOCTH TPeOyeTcs MoKa3aTh, ITO, KAKOBLI ObI HU OBLITH
BEKTODBI Z1,x2 € X u BemecrBennoe uncio « € (0,1), dyurnus sq(z)
YJOBJIETBOPSIET HEPABEHCTBY

sa(rq) < salx1) + (1 — a)sq(x2), (15.6)
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rae T, = ary + (1 —a)xs.

Bo03MOXKHBI TPH CYIIECTBEHHO PA3JIMYHBIX caydas: 1.21, 29 € cl(CQ);
2. z1, 22 € cl(CN); n 3. 21 € cl(CN),x2 & cl(CQ).

1. Hyere 21,22 € cl(C). Ecau npu stom z, € ), TO cupases-
JmBOCTh HepaseHncTBa (15.6) caemyer uz Toro, uro sq(x) < 0 misg Bcex
x € Q n sq(r) >0 mia seex z € cl(CQ). Ecnu xe z, € CQ, 1O B
cuiy paBeHcTBa Sq(x) = pa(r) ms Bcex x € CQ coornommenue (15.6)
CJIEJTyeT U3 BBITYKJIOCTH (DYHKIUMHU PACCTOSIHAS o (Z) 1PU BBITYKIOM §)
(M., HampuMep, [212, 218]).

2. llycts 21,29 & cl(CN), Torma x1,ze € ) U BCIAEJICTBHE BBIILYK-
goctn  §) wWMeeM Takke I, € (). Pacemorpmm MmHoXkecTBO
Qo = conv(B(x1;71) U B(zg;72)), tne B(x;r) — 3aMKHYTHI map pa-
Jyca T € IEHTPOM B TOUKe I, 71 := peo(x1), 2 i= poa(ze). Herpyano
BUJIETH, 4YTO Jys Jiroboro « € [0,1] cupaBeqymBo BKIIKOUEHHE
B(azy + (1 — a)xe; ary + (1 — a)ry) C Qo. Kpome Toro, 3 BEIIyKIOCTH
mHO)KecTBa ) caemyer Briouenne g C cl{). ComocTaBiisist 3TH BKJIIO-
4yeHus, 3akiodaeM, 4to ar;+(l—a)ry < poo(azi+(1—a)zs). Tak kak
sa(z) = —pea(z) mas x € Q, TO U3 MOCIEIHETO HEPABEHCTBA CJIEITYET
crpaBeInBOCTD yciaoBust (15.6) st MpousBOJIBHBIX X1, T2 € (2.

3. Ipennomnoxum, aro z1 € cl(CN),zy ¢ cl(CQ). Bo3amoxkubl jBa
crydast: T, € cl(CQ) n z, € cl(CQ). Ilycrs uMeer MecTO BKIIIOUE-
Hre T, € cl(CQ) u nycrs sq(zq) = —pea(®e) = —||2a — Yall, Toe
Yo € bdQ). Cumsonom H, 00603HAYUM THUIEPILIOCKOCTH, OIOPHYIO K
MHOKeCTBY () B TOUKe ¥q. IlycTh H, — 3aMKHYTOE TIOJTyIPOCTPAHCTEO,
OrpaHUIEeHHOE TUIIEPILIOCKOCTRI0 H,, u comeprKkamee MHOKecTBO ). Tak
kax Q C H,, To B cuny (15.5) mmeem

s (x) < sq(x) ms Beex x € X (15.7)

1, KpOMe TOTO,
sg. (Ta) = sa(Ta)- (15.8)

ITocsietHEE PABEHCTBO MMEET MECTO BCJIEACTBUE TOTO, ITO TUIEPILIOCKOCTD
H, siBjisieTcsi ONIOPHOI B TOUKE Y, KaK K MHOXKeCTBY §), Tak W K Iapy
B(za; pea(za)). Taxk xax si (v) apiagerca adbdunnoit dynknmedt (cu.
npesioxenne 15.2), To sz (vo) = asg_(v1) + (1 — a)si_(22). Boc-
HOJIB30BABIIHCH cooTHOIeHnsAME (15.7) n (15.8), mosyvyaem u3 mocses-
HEro papeHcTBa Tpebyemoe HepaseHCTBO (15.6).

Ecau umeer Mmecto cnyuait z, € cl(CQ), To BBIGEpEM B KadecTBe
Yo TAKOM 371eMeHT rpanunpl bd(Y, uro sq(z.) = ||Ta — Yall. Paccyx-
Jlasi JaJiblile aHAJIOMMYHO IPEAbIAYIIeMy, IpuieM K HepaBeHcTBy (15.6).
[Ipenmoxkenne moKa3aHO.

O0ObeiuHssT Pe3yJ IbTaThl peyiozkenuit 15.2 u 15.3, mosyuaem
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CHEACTBUE 15.1. @ynxuyusa x — sq(x) sasasemcs cybauneldnot
mozda u moavko moeada, xo2da ) ABAACMCA GHINYKABIM KOHYCOM.

15.2. PaccmoTrpum sajiee TomoJiorndeckue u audpepeHImaih-

HbIE CBOMCTBA (DYHKIIMH CUMMETPU30BAHHOTO PACCTOSTHAS JIO MHOYKECTBA.
IIPEMVIOKEHUE 15.4. Qynxuus © — sqo(r) nenpepwsna u ydosae-
meopaem na X yeaosuro Junwuua ¢ xoncmanmot, pachoti edunuye.
JIOKABATEJIBCTBO. HenpepoiBHocts dyukimu sq(x) ciaemyer us
roxaecTBa Sq(x) = pa(r) — peal(z),z € ), n HenpepwsiBHOCTH bYHK-
[[MU PACCTOsIHUSI JI0 MHOXKecTBa (cM., Hampumep, [101, 213]). dust jgo-
Ka3aTeJIbCTBA JIAIIIIHUIEBOCTA CHOBA PACCMOTPUM TPH CYIIECTBEHHO Pa3-
JMYHBIX caydas: 1) z1,29 € Q, 2) z1,29 € CQ u 3) x1 € Q, 29 € CA.
Ecim uMeroT MecTo mepBble JBa Ciydasd, TO TpefyeMoe yTBEpKJICHUE
BBITEKAET M3 JIMMIMUIEBOCTH (¢ KOHCTaHTOH 1) dyHKIuM paccrosHus
1o MHOXKecTBa [213] u Toxkmects sq(z) = pa(z),z € CQ, u sq(x) =
= —pca(z),z € Q. Ecau umeer mMecro ciydaii 3), o |sq(z1)—sq(xs)| =
=|—pcalz1) —palx2)| = pea(z1)+pa(z2)]. Hycrs zo € bdQN [z, x2].

Tak kak |lz1 — @] = [|21 — 20| + [|l20 — @2, T0 pealz1) + palz2) <
< |lz1 — 20|l + |lz0 — @2|| = ||z1 — x2||, 9TO 3aBepmIAET JOKAZATEIBCTBO
NPEJIOKEHUS.

Tak kax GyHKIUA T — Sq(T) ABAIETCA TUMMHATEBO (C KOHCTAHTOMH
1), To npoussomubie Junn no nanpasienusm d-sq(x°|-) u dtsq(z?]-)
TAKIKe SIBJISTIOTCS JIATIIIUIEBBIMA (C TOH 7Ke KOHCTAHTOH). DTO Bieder
wenpepbiBHOCTh dynkmuit d~sq(2’|-) m dTsq(2?|-). Kpome Toro,
BCJIENCTBHE JnmunesocTd  pyHkuun  sq(z) mpoussojgHble  JluHn
d=sq(x|) u d¥sq(z®]-) coBmagalOT COOTBETCTBEHHO ¢ PaIUATBLHBIME
TOJTYIPOU3BOIHBIME TT0 HampasierusM sq (v ]) u s&(2°]:) u, cre-
JIOBATE/IHHO, PABHOMEPHAs ITPOU3BOAHAA M0 HampasiennaM dsq(zC |-),
€CJIM OHa CYIIECTBYET, COBMAIAET ¢ OOBIMHON TIPOM3BOMHON TI0 HATIPABJIE-
uuam s (20 ).

IPEMAIOXKEHUE 15.5. Ecau mouxa x° ¢ bdQ, mo dynxyusa
x — sq(x) asasemcea pasromepro Juddepenyupyemots no Hanpase-

HUAM 6 TMOYKE .TO, npu1em

1 .
—— —  min
sa(20) yeMa(20)

2de Mgq(2°) = {y € bdQ | ||2° — y|| = |s(z)|}, a (h,2° —y) nonuma-
emca kaxk crarapnoe npoussederue eexmopos h u x°—y 6 esxaudosom
npocmparcmee X.

JIOKABATEIBLCTBO. Tax xak z' ¢ bdf), To B HeKOTOpPOil OKpecT-
Hoctn Toukn ¥ byHknus so(r) coBmamaeT ¢ onHoi u3 byHKIHit po ()
um —peo(x). Bocnosnb3osasmmcs nasnee pesyiasrarom B. H. Tlmenuny-
HOorO [212, TmaBa V, Teopema 2.7], orHOcsmmmest k guddepeHnupye-
MOCTH TI0 HallpaBJieHUAM (PYHKIIUU PACCTOSHUS 10 MHOXKECTBa B TOUKE,

dsq(z°|h) = (h,a° —y),h € X, (15.9)
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Jiekalreil BHe 3aMBIKaHUsT TON0 MHOXKECTBA, a TAKKE 3aMEeUaHNEM, TIPE]l-
IECTBYIONUM (hOPMYJTHPOBKE JTOKAZBIBAEMOTO TIPE/IJIOKEHNUS, YOexkK Tae-
MCs B CIIPABE/JINBOCTU yTBEPIKIEHUSI.

IIpex e, gem paccMOTpeTh CBOiCTBA JuddepeHITupyeMoCcTr (HhyHK-
mn sq(2) B TOUKAX, MPUHAJJIEXKAINUX TPAHUIE MHOXKecTBa (2, JO0Ka-
JKeM CJIeJIyIOINee IIPeJIOKEHE.

IIPEMVIOXKEHUE 15.6. ITycmv € — nenycmoe mmooicecmso 6 X u
nyemo 20 € clQ. Tozda

a)

d* pa(2°|h) < prezojay(h),z € X; (15.10)

6)

A~ pa(2°|h) = pr(ojn)(h), z € X; (15.11)

B) ecau MmHoocecmeo S PE2YAAPHO 6 TMMoYKe .230, m. €. ecau

T(2°)1Q) = c(I(2°|2)), mo $ynxyus x — pa(r) pasrnomepro Judg-
Ppepenyupyema no nanpasaenuam 6 mouxe =0 u

dpa(2°|h) = preoja)(h) = pr@oja)(h),h € X. (15.12)

JIOKABATEJIBCTBO. Tax kak dfpq(2lz) = 0 mia moboro
z € I(z°|2), o, Bocmosmb3oBaBMIICE JIUTTIHIIEBOCTLIO d T po(2°]), momy-
qaem dT pq(z°|h) < ||h — z|| ans mobbix h € X u mobbix z € 1(x°]Q),

dr YRy < inf ||h—z| = h
gro Breder dtpqo(z|h) < zeII(IalcO\Q)H 2| Przo)0)(h) mms Beex

h € X. Taxkum obpasom, HepaseHcTBo (15.10) q0Ka3aHo.
AnanormanbiM o6pasom u3 pasenctsa d - po(z°|2) = 0 ana moboro
z € T(2°|Q) nosyuaem

d_pQ(CCO|h) < pT(xom)(h), h e X. (15.13)

s nokazaresbersa (15.11) Heo6x0auMO yOeAUTHCS B CIPABEIJIUBO-
cTu HEpaBeHCTBa, obparHoro (15.13). Buibepem h € X u nocsiegoBaresin-
HocTh t — +0, kK — 0o, Takyio, 9To

d~ pa(2°h) = khﬁn;o ty  pa(2° +tih).

Iycts po(x®+tph) = ||(2°+tih)—yi|, tae yr € cdQ, k =1,2,... Toraa
d~pa(2°|h) = klim [lh — t,:l(yk —2%)||. B cuny unmmumnesoctu GyHK-

unn po(z) umeer mecto Hepasernctso d - po(x°|h) < ||h|. Crenosaremns-

Ho, mocesosarenbaocTs {t; ' (yr — 2°)}%S, orpanmuena. Boiiemmm u3

Hee CXOJAILYIOCs IOAIOCIIEI0BATEIBHOCTE, 0003HAUCHIE KOTOPOH OTOXK-

JIeCTBHM c HCXOTHOMN HOCJIEIOBATETBHOCTHIO. Iycrp

w = klim o (yr — 20), Torma w € T(2°|Q) m d~pQ(z°|h) = ||h — w].
—00
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Buauut, pr(zoj0)(h) < |h—wll = d~pa(z°h). Berescrsue npoussoiis-
HOTO BBIOOPa BeKTOpa h € X 9TO 3aBepImaeT JIOKa3aTeabCTBO PABEHCTBA
(15.11).

CupaBeyIMBOCTD YTBEPZKICHUs B) OUEBUIHBIM 0OPA30M CIIELyeT u3
nepasenctsa d- po(2°|h) < d*pa(z°|h), h € X, ycaosus perynsprocTn
u coornomenuii (15.10) u (15.11). IIpeayioxkenne JoKa3aHo.

TPEIIOXKEHUE 15.7. ITyemov x° € bd). Tozda

a) UMEEM MECMO CACOYIOUAA UENOUWKA HEPABEHCNE:

s o) (h) < d"sa(x°h) < proje)(h) = preojca) (h) <
< dtsq(a|h) < spoj0)(h),h € X; (15.14)

6) ecau mmooicecneo Q uau e2o donoanenue CSL asasemces peay-

AAPHBIM 6 TNOYKE QZ‘O, m. €. eCAU GbINOAHEHO TOMA Obl 00HO U3 paserncme

T(2°1Q) = c(I(z°Q)) wau T(2°|CQ) = cl(I(z°|CQ)), mo Pynryus

x — sq(x) asasemes pasromepro duddeperuupyemots no HanPasseHU-

AM 6 TMoYKe ZL’O u

dSQ(xOVL) = ST(20|Q) = —ST(IO‘CQ)(h)7 heX. (15.15)

JIOKABATEJIbCTBO. &) Bocnob30BaBIucy npaBuiaMu UCIUCIEHUS
npousBoaubix JIuHu 1o HanpasieHusM (npegiozkenue 12.1), u3 paBeHCTB
sa(x) = pa(z) — pca(z), z € X, u pa(x) = sa(x) + pcalx),z € X,
TIOJTY UM

d”sq(2%|h) > d” pa(z°|h) — d¥pca(2®|h),z € X, (15.16)

d”pa(2°|h) > d”sq("|h) + d~ poa(a’|h), h € X.
U3 noc/ie/IHero HEpaBEHCTBA CJIEJLyeT
d~sq(z°|h) < d”pa(x°|h) —d” pca(z®|h),h € X. (15.17)

O6bemumss (15.16) u (15.17), a TakxKe UCIOIB3Ys PE3YJIBTATHI IIPEJITIO-
KeHus 15.6, mosydaeM

pr(zoj0) (h) = przojcay(h) < d”sq(x°|h) <

< proj)(h) = pr@ojca)(h), h € X, (15.18)

4To sKBUBajenTHO Beseactsue pasencrsa CT(z0|Q) = I(2°|CQ) nep-
BBIM JIBYM HepapeHcTBaM u3 (15.14).
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Tak kak HepaseHCcTBa (15.18) MMEOT MECTO J1JIsl TPOU3BOJILHOTO MHO-
skectBa ) u Toukn z° € bd(), To mepenmumem ero g MuOKecTBa, Cf)

u yuarem, 4r0 Sco(r) = —sq(x),z € X. IlockoubKy mnociennee TOXK-
nectso Biaeder d-scq(x’|h) = —dTsq(z°|h), h € X, To B pesymbrare
HOTY9uM

pr(z010)(h) = prezojcay(h) < dtsq(a|h) <
< praoje)(h) — projcay(h), h € X.

Benenersue pasencrsa T(2°|CQ) = CI(2°|Q) sTo paBHOCHILHO TIOCTE -
HUM JBYM paBeHcTBaM u3 (15. 14). Takum o6pazoM, IIenovIKa HepaBeHCTB
(15.14) moxasaHa IIOJIHOCTBIO.

6) Ipemonoxum, uro umeer mecto paserctso T(x°|Q) = cl(1(2°]Q)).
Torma spoj)(h) = sieoje)(h),h € X, u, creposaremsno, (15.14)
BCIOJLy BBINOJIHAETCH KaK PABEHCTBO. JTO BJIEYET DABHOMEDHYIO Aud-
depeHnupyeMocTh 0 HalpasieHHsAM (GYHKIUH & — So(%) B TOUKe
2% u pasencrso (15.15). Bamerum, 9t0 S7(y0)0)(h) = —scr(aojo)(h) =
= _ST(IO‘CQ)(h), heX.

Ecm e nmeer mecto pasetnctso T(2°]CQ) = cl(1(2°|CQ)), 1o B cu-
JIy TOJIBKO 4TO jiokasaHHoro (15.15) semosmsercs st MuokectBa CS).
3alnceIBas 9TO PABEHCTBO, HOJIydaeM

dSCQ(xOVL) = —dSQ($O|h) = ST(I()lCQ)(h) = —ST(xom)(h), h € )(7

oTKyza 3akidaeM, 910 (15.15) BbimosHsieTcst U JIs MHOXKecTBa, ).
DTHM 3aBepINAETCS JOKA3ATEIHLCTBO NPEJJIOYKEHH.
[IPEAJIOKEHUE 15.8. ITycmoy x° € bdQ. Tozda

T(z°|Q) = {h € X|d"sq(z°|h) <0}, (15.19)

I1(z°|Q) = {h € X|dTsq(2°|h) < 0}. (15.20)

JOKA3ATEJ/IbCTBO. Briouenns

T(z°|Q) D {h € X|d sq(z°|h) <0}

I(2°|Q) = {h € X|dTsq(z"|h) < 0}

crenyior u3 HepaBeHcTB (15.14) u cBoiicts (15.3) u (15.4). IIpeamoso-
wum, uro h € T(2°Q2). Torma ams moboit oxpectnoctn O(h) Bek-
Topa h u mo6oro BemecrsenHoro uuciaa § > 0 Haiiayres Z € O(h) u
t € (0,6) rakme, uro sq(x? +1z) < 0. Tak kak sq(z) =0, To

d~sq(z°|h) =  sup inf t7lsq(z" +t2) <0.
O(h), 6>0 2€0(h), t€(0,6)
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Cnenosarennno, T(z°|Q) C {h € X|d~sq(2°|h) < 0}, uro 3aBepmraer
JIOKa3aTeIbCTBO paBeHcTBa (15.19).

Pagencrso (15.20) asistercs cieacrsueM (15.19), ecom paccMoTpeTh
ero jyst maoxkectBa C§Q. IlpemjioxkeHue jgoKa3aHO.

BAMEYAHUE 15.1. Tak xax dbynxuun d-sq(z°|-) u dTsq(a®|-)
SIBJISTFOTCS TIOJIOXKUTEJIBHO OJTHOPOJIHBIMY U HENPEPBIBHBIMHU, TO U3 TIPE/I-
crasienuit (15.19) u (15.20) cieayror yrBepxKJeHusi Teopembl 13.1
(a TakKe yTBepXKJeHUs TeopeMbl 13.2) O CyIIeCTBOBAHUM BHEIIHUX U
BHYTPEHHUX € —~KBa3UHOpMaJIell K MHOXKECTBY IIPH JIIOOOM IOJIOKATEb-
HOM €.
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I'maBa 4

ATIIIPOKCUMATUBHA 51
KBA3UIN®PEPEHIIMPYEMOCTbD
OTOBPAKEHUM

" YCJIOBUSI OIITUMAJIBHOCTN

B BAIAYAX BEKTOPHOM OIITUMU3AIIUN

B 3T0ii ritaBe Teopus anmpokcuMaTUBHOTO KBasuauddepenm-
POBaHMs BEMECTBEHHO3HAYHBIX (DYHKIWI, paspaboTaHHAs B TPEJIBITY-
mieit riiase, pacupocrpansiercs ( § 16, 17) Ha BeKTOpHBIE OTOOPAYKEHUSL.
B § 18 npejicraBiieHbl OCHOBHBIE OIIPEJIEJIEHNsI, OTHOCAIINECS K TOHATHIO
< —MUHUMYyMa JIJIsI BEKTOPHBIX oToOpazkenuii. Jaiee B §§ 19, 20 passusa-
€TCsl TeOpUsl YCJIOBUHA ONTUMAJIBLHOCTH IEPBOTO W BTOPOTO TIOPSJIKOB JIJIst
peIleHnii 331891 S ~MIHAMEA3AIUN HETJIAJKOTO BEKTOPHOTO OTOOparKe-
Hust. B kadecTBe nmpusioxkeHuit 9toit Teopun B § 21 mOIyIEHBI HEOOXO-
JIUMBIE, & TAKXKE JOCTATOYHBIE yCJIOBHsI ONTUMAJBHOCTHA JJIS PEIeHui
CKaJIAPHON 38091 HEJTMHEHHOrO IIPOrPaMMUPOBAHNS.

§ 16. PA3HOCTHO-CYBJIMHEMHBIE OTOBPAXKEHU
1 M COITPAKEHHBIE

16.1. IIyctb X mw Y — KOHEYHOMEpPHBIE €BKJIUIOBBI IIPOCT-
pancrsa. CumBosiom P(X,Y) oboznaunm 6aHAXOBO IPOCTPAHCTBO [10JIO-
JKUTEJHLHO OJTHOPOJIHBIX HEPEPBIBHBIX oToOpaxkenuit u3 X B Y, HOpMa
Ha KOTOPOM OIIPE/IeJIEHa PABEHCTBOM

1Qllpx,y) = max [Q)lly,

llzllx=

rae @ : X — Y — upoussosibhoe orobpaxkenue uz P(X,Y).

[Tockonbky Y He SBJIsIETCS APUOPH YIOPSIOIEHHBIM, TO B OTJININE
or P(X) = P(X,R) B obmem caygae npocrparctso P(X,Y) rakxe
He SIBJISETCS YIOPSI0YEHHBIM.

Bouenium B P(X,Y) Bekropnoe momupocrpancrso P(X,Y), aie-
MEHTaMHU KOTOPOTO SIBJISAIOTCST OTOOpaxKenus nu3 X B Y, IpeICTaBUMBIE
B BHUJE JIMHEHHBIX KOMOWHAIINI PA3HOCTHO-CYyOJMHEHHBIX (DYHKINNR U3
P(X) ¢ xkosddummentavn u3 Y, T. e. oTobpaxKeHHs BHJIA

I
x — Y. qi(x)a;, tne ¢ € P(X), a; € Y,i = 1,2,...,u. Ilo anajuo-
i=1

[HU C OZHOMEPHBIM ciryyaeM OyjeM Ha3bBaTh orobpazkenus uz P(X,Y)
PA3ZHOCMHO-CYOAUHETHBIMUYU omobdpasicenuamu. TTockombky X KOHETHO-
MepHO, TO u3 Teopembl CroyHa—Beitepmrpacca ciemyer (eMm. [32], mpes-
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Joxkenue 5, ¢. 245), 4To0 HPOCTPAHCTBO PA3HOCTHO-CYOIMHERHBIX 0TOOpa-
xennit P(X,Y) mnorno B 6anaxosoM npocrpasctee P(X,Y).
3AMEYAHUE 16.1. 3adukcupyem B Y [IPOU3BOJIBHBIN 6a3uc
€1,€2,...,€En. Jlioboe orobpaxkenune Q uz P(X,Y) moxer ObITb Ipe-
CTaBJIEHO B JJAHHOM Da3uce. DTO O3HAIAET, 9TO s JIIOOOro 0TOOpaXKEeHUsT
Q € P(X,Y) moryT ObITb HaliJleHbl PA3HOCTHO-CyOInHEHbIE (DYHKIIN

gi € P(X),i=1,2,...,m, Takue, uto Q(z) = >_ qi(x)e;.
i=1

ITPEA/IOKEHUE 16.1. Ilyemv X, Y u Z — xoneurnomepuovie es-
xaudoev, npocmpancmea. FEcau omobpasicenus @ : X — Y w
H:Y — Z asasomesa pasHocmHo-cybAUHETHOMU, O UL KOMNO3UUULA
HoQ: X — Z maxoce asasemces pasnocmuo-cybiunetinom omobpa-
IHCEHUEM.

CrpaBeImBOCTh 3TOI0 yTBEPXKIeHUsI CjieryeT u3 nperoxkenus 10.1.

IIycts Y* — mpocTpaHCTBO JMUHEHHBIX DYHKITHOHAIOB, OIPEIETCH-
HbIX Ha Y. U3 upemjoxenus: 16.1 ciemyer, yro ecmu @ : X — Y —
pa3HOCTHO-CyOJInHEliHOEe OTOOpaykeHue, TO npu JiroboMm y* € Y™* kowm-
mosunus y* o () sBJseTcs Pa3HOCTHO-cyO/mHelHOH dyHkiueit Ha X.
Herpynno ybenurhes, aTo cpaBemyinBo U 00paTHOE: €CJIH JJIsT HEKOTOPO-
ro orobpaxkenns @ : X — Y kommosunuss y* o () sBJIg€TCH Pa3HOCTHO-
cybunneiinoit dyukimeit npu gobom y* € Y*, 1o Q € P(X,Y). Takum
00pa3oM, IMeeT MEeCTO CJIeJIYIONIee

[TPENJIOKEHUE 16.2. Jlas mozo umobv, omobpasicenue @ : X — Y
NPUHGONEHCANO NPOCTPAHCINGEY PAZHOCMHO-CYOAURETHVIT 0MOOPaHCERUT
P(X,Y), weobzrodumo u docmamourno, wmobv npu awbom y* € Y*
BEULCMBENHOZHAYHAA PYNKUUA Gy @ T — (Q(x),y™) npunadaesicasa
NPOCMPARCMEY PasHocmmo-cybaunetno, gynwyui P(X).

3decv (-,+) — buaunetinas gopma, npusodswan Y u Y* 6 deot-
CMBEHHOCTND.

Ucnosib30BaHne OJHOTO W TOTO YK€ CHMBOJIA JIJIsi ODO3HAYEHUST Ka-
HOHUYECKUX OMJIMHEHHBIX (POPM, COOTBETCTBYIOIINX PA3JIUYHBIM JIBOIi-
CTBEHHOCTSIM, He IIPUBEET K HeJI0Pa3yMEHHUSIM, IIOCKOJIbKY U3 KOHTEKCTA,
BCerja {CHO, O KaKOil ABOMCTBEHHOCTHU UJET PeYb.

16.2. IIycts @ : X — Y — pasnocTtHO-CyOmHEiTHOE 0TOODA-
xenme w3 X B Y. Tak kak npu KaxaoMm y* € Y* coorBercTByIOIas
emy dyHRmus ¢y : ¢ — (Q(x),y*) npunamaexur P(X), To B cmiy
JBoiicTBeHHOCTH MUHKOBCKOTO €ii COOTBETCTBYET OJHO3HAYHO OIpe/ie-
nenmbiit snement Q*(y*) = [Q*(y*), @ (y*)] UPOCTPAHCTBA BHIIYKIbIX
muoxkecTs V(X *) rTakoit, aTo

¢y~ () = max (z,z")— max (z,z2%),zeX.
z*€Q " (y*) e €Q " (y*)
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CirenoBaTesibHO, PA3HOCTHO-CYO/IMHETHOE oTOOpakeHne () MOPOXK-
naer orobpaxkenne @Q* : Y* — V(X*), onpeneisemoe paBeHCTBOM

Q"(y") = D(y" o Q) mrsa Beex y* € Y™,

rne D — omeparop kBasuauddepeHImpoBaHusl PA3HOCTHO-CYOInHE -
ubix yuknuit uz P(X).

Tak kak omeparop D sIBIsETCS JUHEHHBIM W HENPEPBIBHBIM HA
P(X), To orobpaykeHne (Q* TakKe JMHEHHO U HENPEPBIBHO, T. e. (Q*
IPUHAJJIEXKAT HOPMHUpOBaHHOMY npoctpadctBy L(Y* V(X*)) nuneii-
HBIX HENPEPBIBHBIX OoToOpaxkenuit uz Y* B V(X*).

Orobpaxenue @Q* € L(Y* V(X*)), oupeiesienHoe 1o 3aJaHHOMY
pasHocTHO-cyOsmHeliHoMy oTobpaxkenuto () € P(X,Y) onucanubM Bbl-
e 06paszoM, Oy 1eM Ha3bIBATD * - CONPAHCEHHbIM OTOOparKeHnto (). Bbi-
GOp TAKOr0 TEPMUHA OIIPAB/ILIBAECTCSA TEM, UTO B CJIydae, Korjga ( — Jjm-
HelHbIT oneparop, Q* COBIAIAET C CONMPSKEHHBIM ONEPATOPOM B CMbI-
cJie OlpeJIeJIeHNsl, IPUHATOTO B T€OPUH JMHEHHBIX oriepaTopos [96, 138,
246].

O6parHo, mycrs 3aaaio orobpaxenne G € L(Y*, V(X*)). Ilonoxus

m

G2 (z) = Zq&(G(ef))(m)ei,x € X,

i=1

rme {ej,ea,...,€,} — HEKOTOPBIH (NPOM3BOJBHBIN) Gasuc B Y,
{ei,es,...,e5} — nyanbHbIi emy 6asuc B Y™, onpemesumM pasHOCTHO-
cybamneiinoe orobpaxkenne G2 : X — Y, koropoe GyjeM Ha3bIBaThb
A\ -conpasicennvim oTobpazkerunio G.

Ecmm G € L(Y*, X*), T e. ecsiu G — suHelinbiit onepaTop u3 Y™
B X*, To A -compsikennoe emy orobpazkenme G Takike SIBISICTCS
JMHEeHHBIM orepaTopoM u3 X B Y, npmuem G2 cOBIajaer ¢ omepa-
TOPOM, COTIPsI?KEHHBIM (G B CMBICJIE OIIPE/JIEJIEHNsT TEOPUH JINHEHHBIX Olle-
pPATOpOB.

Hast mobeix Q € P(X,Y) u G € L(Y*,V(X™)) umeror mMecTo co-
OTHOIIEHUSI

(@)% =Qu (G4) =G,

To, uTo omeparum *- u /\ -CONPSPKEHUsT YCTAHABIUBAIOT aJredpamde-
ckmit mzomopdusm npocrpancrs P(X,Y) u L(Y*,V(X*)), mocrarouno
oueBniHO. [loKazkeM, 4TO, KpOME TOrO, 3TH COOTBETCTBUSI COXPAHSIOT
HopMmy. JleiicTBUTEHHO,

1@llpx.y) = max [Q)y =
el x =1
= max max_ [(Q(z),y"| = max = max [¢(Q"(y"))(x) =
lellx=1 ly=lly~=1 Iy lly==1 |z x=1
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= max [|Q"(¥)(@)|lvx) = Q" lcev-vix+)-
lly*lly==1

Takum o6paszom, mpocrpancrsa P(X,Y) n L(Y*, V(X*)) usomerpn-
9eCKH U30MOPQHLI.

Ecm Y =R, 1o P(X,R) = P(X) wu, clIe10BATEIBHO, * -COIPsI-
JKEHHBIMU OTODODaKEHUsIMU JIJIsi PA3HOCTHO-CYOIMHEHHBIX (DYyHKIWA 13
P(X) saBnsorca smveiinble orobpaxkenns u3 L(R, V(X™*)). Tak kax
moboe orobpaxkenne n3 L(R,V(X*)) onHO3HAYHO OIpeJEsAeTcss €ro
3HAYEHNEM B IIPOU3BOJIBHOM (PUKCUPOBAHHON HEHYJIEBO TOUKe (CKazKeM,
B Touke y* = 1), ro L(R,V(X™*)) Mmoxker GbITb OTOXKIECTBICHO C
V(X*). Takum obpa3oM, mjig PasHOCTHO-CyOsmHeHHbIX DyHKIWMI U3
P(X) unonsitue * -CONPSI?KEHHOIO OTOODPAYKEHUsI U IOHATUE KBA3UAUD-
depenImaga MOTyT OBITH OTOXKJIECTBJIEHBI. JTO MOKA3BIBAET, UTO COOT-
BETCTBHE * -COIPSI?KEHNUsI, 3aJ[aHHOE Ha [TPOCTPAHCTBE PA3HOCTHO-CYOIIH-
HEIHBIX OTOOPaKEHUil, CJeyeT PacCMATPUBATL KaK aHAJOr OIEpPAIin
kBazuudHEepeHIMPOBaHNs PA3HOCTHO-CYOInHeHbIX QyHKImil. Onepa-
st /A -CONpPSI’KEHNUs eCTh aHajor coorsercreus ¢ : V(X*) — P(X),
obpaTHOro KBas3uaInddepeHIImPOBAHMIO.

IIycre @ : X — Y — pasHocTHO-CyO/IMHEHOe oToOpakeHnue. B cu-
ay npejgioxkenus 16.1 npu mobom A € V(X*) komnosunus ¢(A) o Q
SIBJISIETCS PA3HOCTHO-CyOmHeitHOl dyHKueil Ha X U, CJI€I0BATE/BHO,
eit ogHO3HAYHO coorBeTcTBYeT KBasunuddepeniman D(¢p(A)oQ), upu-
nagyrexkamuit V(X™*). 3uauur, pasHocrHO-cyOsnHEiHOE OTOOparKeHue
Q : X — Y ompenensier *-conpsizkenHoe orobpaxkenne (Q* dakru-
gecku Ha BeeM npocrpanctse V (Y*) mpu stom Q* € L(V(Y™*), V(X™H)).
OHaKO MOYXKHO OTPAHMYHUTBCST PACCMOTPEHNEM (Q* Kax 31eMeHTa ITPOCT-
pauncrBa  L(Y*,V(X*)), mockosbKy Joboe orobpaxkeHue — u3
L(V(Y*),V(X™)) 0QHO3HAYHO ONPEETIAECTCS CBOUM CyXKeHHeM Ha Y ™.
Yr06bI yOEIUTHCS B 3TOM, PACCMOTPUM KOMITO3HUIIMIO P O () pa3sHOCTHO-
cybamneiinoro orobpaxenust ) € P(X,Y) u pasHocTHO-CyGIMHEHHOM
dbyukuun p € P(Y) u maiimem Gopmysibl, MO3BOJILAIOIME BLIYUCIATH
kBasuuddepennuan D(po()) 110 3HAYEHUIM * -COUPIKEHHOI'O 0TOOpa-
xenaust Q* Ha Y™ u kBazsumudepennmany Dp.

3aja/uM B IPOCTPAHCTBE Y IPOU3BOJIBHBIN 0A3UC €1, ...,€, U
LIyCcTb €7,...,e), — IyasbHbId eMy Oa3uc B Y*. BribepeM JsnHeinble
dbyarmmonaser z*,Z* € Y Tak, 9ro

*

m
*

Z

2* Zx- y* k- ZF ana seex y* € Op U Op, (16.1)

e K* = coconv{ej,es, ...,  } — BblIykiass KoHHYeCKash 000OJIOUKA
TMHEHHbIX PYHKIMOHATOB €5, e5,....%  Dp = [Op,0p] — xsasumud-
depenrnman dyuknun p. Jas Toro 4rodbl yoeauThcs B CYIIECTBOBa-
HUN JIMHEHHBIX GYHKIMOHANOB z* um Z*, yaosiaersopsionux (16.1),
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paccMOTpUM JIMHEHHBIN (DYHKIMOHA W™, ONpeJeIeHHbIl PABEHCTBAMUI
(e;,w*y = 1 ama Beex ¢ = 1,2, ... m. Ilopankosbiii uHTEpBa
[—w*,w*] = {y* € Y*| —w* Zx~ y* Sk~ w*} sABIAETCSH BBIIYKJION
OKPECTHOCTBIO  HYyJId U, CJIEJIOBATEJIBHO, IOIVIONIAET  KOMIIAKT
OpUdp, . e. mis nekoroporo A > 0 mmeer MecTo BKoudenue OpUdp C
C [—Aw*, Aw*]. Buauur, byHKIMOHAIBI 2* = —Aw* u Z* = Aw* yuo-
BJIeTBOPSAIOT yesosuio (16.1).

3ameTnm, 9TO

(poQ)(x) = max ((Q(x),y") + q(x)) — max ((Q(x),y") + q(z)) (16.2)
y*€p y*€0p

A ioboit pyukmuu g @ X — R.

BeiGepem ¢(z) Tax, 9To6bI 00a WieHa (YMEHBIIAEMOE U BBIYUTAEMOE)
B pasHoctu (16.2) siBasuncek cybuunelinbivu dysKimsavu. st sToro

m
BocmoJb3yeMcst npezcraBienneM Q(z) = Y qi(z)e;, tne ¢ € P(X),

t=1,2,...,m, unycrs g¢;(x) = gi(x) —g,(x), toe q,,q; € P(X),
1=1,2,...,m. B coornomennu (16.2) nojoxxum

m m
() =q(x) =Y (enz") Gile) =Y (ei2") q,(x),x € X.
i=1 i=1
Benenersue yesosust (16.1) dbyaxms
m
(Qx),y") +dlx) =) (eny" —27) ¢ ,(2)+
i=1
m
+3 ez —y") 4,(2), (16.3)
i=1
SIBJIsIETCS CyONmMHeiHON npu jroboM y* € Jp U 5p, a IIOCKOJIbKY MaKCH-
MYM II0 CeMeHCTBY CyOInHeRnbIX MYHKINN eCTh CyOmHeiinas QyHKIms,
TO

r(z) = max ((Q(z),y") + ¢())

7(x) = max ((Q(z),y") + q(x))

y*€0p
Tak)Ke SIBJISIIOTCS  CyO/iMHeiHbIMH — (QyHKIUsMUA. I3  paBeHCTBa
(p o Q)(x) = r(x) —T(x),x € X, u coornomenus (16.3), ucronnzys
npasBwia ucuuciaenus cyouuddepennuanos 212, 218|, merpyaHo 1M0JIY-
9UTH HPOPMYJIBI

apoQ)=J {D_(eiy YQ7(e)+D (e —y")Q (e})} (16.4)

y*€edp =1 =1
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m m
*

3po)= | > leny =)@ (€)+D_ (enz =y Q" (e])} (165)

yredp =1 i=1

At Beramcerns kpasuanddepernmanta D(po Q) = [0(po Q),d(po Q)]
KOMITO3HUITUN P © ().

16.3. [Iycte @Q : X — Y — mpousBojibHOE Pa3HOCTHO-CYOJIU-
HeliHoe oroOparkenune. SadurcupyeM B Y  IIPOU3BOJIBHBIN 6asuc
{e1,€2,...,em} unpeacraBuM ) BITOM Gaswuce, T. . HANIEM PA3HOCTHO-
cybuuneiinbie dyukuun ¢; € P(X),i=1,2,...,m, Takue, uro Q(x) =

m

= Z g:(x)e;. B cBoro ouepens, juobas uz dyukuuit ¢;(z),i =1,2,...,m,

upeacrasuva B sute ¢i(z) = ¢ (¥) — q;(z),z € X,i = 1,2,.
rje gi,qi,z’ =1,2,...,m, — cybiuneiHbIe HereprBHbIe (byHKLLI/II/I u3

m

P(X). Honoxus Qz) = ; q,(x)e; u Qz) = ;qi(ﬁf)ei’ HIOJTY “IHM,
aro Q(z) = Q(x) — Qz),z € X.

Sagaaum Terepb B Y BblIyKJblil konye K = coconv{er,es, ..., emn},
SABJISTIONACS BBIMYKJIOM KOHUIECKOH 000JI0UKOM BEKTOPOB (PUKCUPOBAH-
HOoro B Y Gasuca {ej,es,...,€,}, U ONPENETUM ITOCPECTBOM HETO OT-
HOITIEHNE YACTUIHOTO TOpsijiKa < Ha Y, NPEBPATUB T€M CaMbiM Y
B BeKTOpHYIO pemierky. [locrpoennbie orobpaxkenuss @Q : X — Y u

Q: X — Y apnsmorca K -cybiuHeifHbIME, T. €.
QA7) = AQ(x),Q(Ax) = AQ(x),x € X, A > 0;
Q1 +22) <k Q1) + Qx 2), Q(z1 + 22) <k Q(z1) + Q(z2)

IJIst BceX x1,To € X.

Taxkum obpasomM, J06oe orobpazkenue uz P(X,Y) upencrasumo B
Bugie pasnoctu jaByX K -cybauneiinbix orobpaxenuii uz3 X B Y (910
elle pa3 OlPaBIbIBAET TEPMUH PA3HOCTHO-CYOIMHEHHbIe OTOOPAYKEHNUS ).
3aMeTuM, 9TO TAKOe IIPEJICTABJIEHNE HEOHO3HAYHO M 3aBUCHT KaK OT
BeIOOpa Gasuca {ej,es,...,€,} B Y, 9KBUBAJIEHTHOrO BBIOODY CTPYK-
TYpbl BEKTOPHOI pelierku Ha Y, Tak W OT IMpeJcTaBjieHus (QpyHKIUH
gi(x),i=1,2,...,m, B BUZe PA3HOCTHU JABYX CyOIMHEHHBIX (DYHKIIMIA.

OueBuHO, 4TO BepHO U obOparHoe. Eciu orobpaxkenune @ : X — Y
[IPEJICTABUMO OTHOCUTEJIBHO KAKOI0-JINO0 MUHHM3JIPAJIBHOINO KOHyca K
B BHUje pasHocTu jByX K -cyO/mHeHbIX oTOOparkeHuit, To () sBJIs-
eTCsl PA3HOCTHO-CYOIMHEHHBIM OoTOOparkenneM. HamoMHuM, ITO BBITYK-
abiit kouye K C Y Ha3bBaeTcss MUHUIIPAILHBIM, €CJIA OTHOCUTETHLHO
YACTUYHOIO TOPSIKA < f, OIPEJIEJISIeMOro STUM KOHYCOM, IPOCTPAHCTBO
Y saBisieTcst BEKTOPHOM PEIIETKOI.
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Takum 06pazoM, UMeeT MECTO CJIEIYIONee YTBEPKXICHIE

IIPEMVIOXKEHUE 16.3. Omobpasicenue @ : X — Y asasemca pas-
HOCTHO-CYOAUHETHDLM TMO020a U MOALKO o2da, Ko2da das aobozo (docma-
MouHO, 4Mobbl 0Af HEKOMOP020) MUuHUIOPaAbLHO20 Konyca K CY nat-
dymes Henpepvishoe K -cybaunetinoie omobpascenus Q 1 X — Y wu

Q: X =Y makue, wmo Q(z) = Q(z) — Q(z),z € X.

[Iycte @ : X — Y — pasnocrHO-CyOmHETHOE 0TOOparXKEHUE U IIYCTh
Q(r) = Q(z) — Q(r),r € X, — npexcrasienue () BUIE PA3HOCTH JBYX
K -cybnmHeiinbx oTroopakenunii, rie K — Mpou3BOJILHDIN 38 TAHHBIH MU-

HUdApaJibHBI Konyc B Y. Ilycrs
0Q ={Ac LIX,Y)|Azx <k Q(z),r € X}

— onopnoe MHOxkecTBO K -cyGymneiinoro orobpazxkenust @ : X — Y
0Q={AcL(X,)Y)|Ar <k Q(x),z € X}

— omopHoe MHOXKecTBO K -cybsmmueitHOro orobpaxkenns ) : X — Y.
Yuopsnouennyio napy (0Q,0()), KoTopasi COCTaBJIEHA COOTBETCTBEH-

HO M3 OIIOPHBIX MHOYKECTB CyOInHEHbIX oTOOpaxkeHuit () u (), yIoBe-

rTBopsiiomux pasenctBy Q(x) = Q(z) — Q(z),z € X, wnazosem
K — xeasuonopoti pasHocTHO-Cy6mHeiinoro orobpazkenns Q : X — Y.

Tak Kak B paccMaTpUBaeMOM 3/1eCh ciiydae X KOHETHOMEPHO, T Q)
u 0Q Bcerma memycTsl (cM. [222, 239]) u, ciemoBaTenbio, K — KBa3nomo-
pa CyLIECTBYET JJIs JIFOOOr0 Pa3sHOCTHO-CYOJIMHEHHOIO 0TOOpaskeHust ()
1 J1060ro MEUHISPaIbHOTO KoHyca K. 3amernM, 4To BCjIeJCTBIE HEOTHO-
3HAYHOCTHU IpeJcTaBlIeHus () B Buje pasHocTH AByX K — cyGamHeiHbIx
orobpazkenuit K — KBa3noIopa TakzKe OlpPeIeJIsieTCsl HeOAHO3HATHO. Ta-
KO HEOJHOZHAMHOCTH MOYKHO M30€2KATH, UCIIONb3Y s TOJXOIAIIEE OTHO-
IIeHUe SKBUBAJEHTHOCTH W PACCMATPUBAs B KadecTBe K — KBA3UOIOPHI
KJTacC 9KBUBAICHTHOCTH, cojlepxkanmit (9Q, 0Q).

Caasp Mmexty K — xBasuonopoit (0Q, Q) pasHOCTHO-CYOIHHEHHOTO
oTobpazkeruss () U % -CONPSKEeHHBIM oToGpaskenueM Q : Y* — V(X*)
34/12€TCS COOTHOIIEHUSIMU

Q (y) ={A"y; + A7y  [A€0Q A€ IQ}, (16.6)

Q () ={A"y +A "y, | A€ dQ, A € 0Q}, (16.7)

e A* w A" — omepaTopbl, CONpsIKEHHbIE B CMBICIIE TEOPUH JIHHEH-
HBIX oneparopos oneparopam A u A coorsercrsenno; y% = sup{y*,0}
n y* = inf{y*,0}, npm sTom cynpemMmy™m m mHOGUMYM TOHUMAIOTCS B
CMBICJIE YACTUYHOI'O IIOPSJIKA, 3aJaBaeMoOro Ha Y™  KOHYCOM
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K* ={y* € Y*|(y,y* > 0 s Bcex y € K}. Tak kak xKouyc K wmu-
HUdpaJieH, To KoHyc K™ Takke MUHUdIpaJieH, mpudeM B Y u Y * cy-

HIECTBYIOT B3aMMHO JlyajbHble 6a3ucel {e,eq, ..., e} u {ej,e5, ... e"}
rakume, uto K = coconv{ey,es, ..., e,} u K* = coconv{e}, e}, ... ek
Ecm y* € K*, mo y} = y*,y* = 0. 3maunr, msg oboro

y* € K* mmeior mecto pasenctBa Q*(y*) = {A"y*|A € 0Q} n

Q (y*) = {A"y* |4 € OQ}, orkyna 3aKmouaem, 9o

(Q(z),y*) = sup (Ax,y*) — sup (Az,y"),z € X,
AedQ AcoQ

I Beex Yyt € K*.

SAMEYAHUE 16.2. [Iycts K -3aMKHYTBI BBITYKJIbIIT KOHYC B Y Ta-
koit, uro K N (=K) = {0}. Hua K -cy6auHelHbIX OlI€paToOpOB
Q : X — Y cyxenue x-coupsikenHoro omneparopa Q* : Y* — V(X*)
Ha KoHyc K* | paccmarpuBaemoe Kak oroOpaxkenue uz K* B V/(X*),
COBIIQJIAET C CONPSIXKEHHBIM OIIEPATOPOM, HMOHSITHE KOTOPOrO ObLIO BBE-
JIEHO 1115t CyOIMHEeRHBIX OIlepaTopoB B paborax [164, 165, 232].

16.4. O6¢cy M BO3MOXKHBIE ODOOITIEHUSI TTOHSITUST PA3HOCTHO-
CyOTMHENHBIX 0TOOparKeHul Ha OECKOHEIHOMEPHDBIE TTPOCTPAHCTBA.

IIpeamonoxum, uro X n Y — GeCKOHEYHOMEpPHBbIE HOPMUPOBAHHDIE
npocrpancTBa. IIpocTpancTBO pasHOCTHO-CyOnHeiHbIX dynkmmit P(X)
OIIPENIeJISIeTCsT TAK K€, KaK ITO OBbLIO CIEJIaHO JJisi KOHEIHOMEPHOI'O
X. EcrecrBenno, uro HeKoTOpbIe cBoiicTBa npocrpancta P(X) 6ymyr
OCJIabJIeHbI MK JTayKe YyTePsHbI. B 1acTHOCTH, B OECKOHETHOMEPHOM CJTY-
gae P(X) me Gyzer, BOOOIIE TOBODSI, IUIOTHBIM B IIPOCTPAHCTBE II0JIO-
JKUTEJILHO OJJHOPOJHBIX HenpepblBHbIX GyHKimiA P(z). IIpocrpaHcTso
BBILYKJIBIX MHOXKeCTB V (X™) Takke CTPOUTCS AHAJOTUIHBIM 00DPA30M
KaK HaMMeHbIIee BEKTOPHOE IPOCTPAHCTBO, COJepPZKallee IOy TuHeinoe
upocrpascTBo V(X™) BBIOYKIIBIX ciaabbix KOMIAKTOB 13 X* (nompob-
Hee 06 9TOM MOXKHO HalTu B [155]).

ITycrs P(X,Y) — mpOCTPAHCTBO IMOJIOKUTEIHHO OJHOPOJHBIX Hel-
pepbiBHBIX yHKIWMI 13 X B Y.

A. Orobpaxkenne @ : X — Y, npunajjexariee TPOCTPAHCTBY
P(X,Y), HazoBeM pasHoOCMHO-CYOAUHETHbIM OMOBPANCEHUEM KOHEUHO-
20 panea, ecau () TPEJICTABUMO B BU/IE TMHEHHOW KOMOMHAIINN PA3HOCTHO-
cybamueiinbix dynkmit us P(z) c¢ koabdunuentavu u3z Y, T. e. ecan
cymecrsyior byukmuun ¢; € P(X), a; € Y,i = 1,2,..., u, Takue, 4ro

“w

Qz) = Zqi(m)ai mig Beex € X (HATypasbHOE YMCJIO [, BOOOIIE
i=1

FOBODsI, CBOE JIIST KaXKI0ro Q).
B. Orobpaxenne ) € P(X,Y) nazoBeM paznocmmo-cybaunetinvim
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6 caabom cmwicae, ecau i jroboro y* € Y kommosunust y* o () mpu-
HAJJIEXKUT [IPOCTPAHCTBY PA3HOCTHO-CyOmHelnbix dbyukimii P(X).

B. JlonomHuTebHO TPEAOI0KAM, ITO ITPOCTPAHCTBO Y  SIBJISIETCST
HOPMHWPOBAHHON PEIIEeTKON ¥, KPOMe TOro, 4To JiIoOOf HempepbIBHBIHI
cybuinHeiinbIil onepaTop @ : X — Y o00jajaer HerycToii OIopoii, T. e.
MHOXKECTBO

0Q = {A € L(X,Y)| Az < Q(z),z € X}

HEITyCTO U
Q(x) = sup Auz.
AedqQ
B wactHOCTH, 9TN TpeOOBaHMS BBITIOJHIIOTCS, €CJU Y ABJISETCS ITPOCT-
pancrBoM Kanroposnua [130, 239].

Pasnocmmo-cybaunetinomu omobpasicenuamu HA30BEM TaKue 0TOOpa-
xkerus u3 P(X,Y), KoTOpbIe IpeicTaBUMbl B BUJIE PA3HOCTH JBYX Cy6-
JIMHEHHBIX OTOOPaAXKEHUIA.

Kaxk cnemyer uz npenjioxkennit 16.2 u 16.3, B KOHEYHOMEPHOM CJIyIae
BCE TPU OIPEJIEJCHUsT TPUBOJIAT K OJTHOMY U TOMY K€ TIOHSATHIO.

§ 17. c-KBABUANP®PEPEHIIMPYEMOCTb
U ATITPOKCUMATUBHASI KBASUIN®PEPEHIIUPYEMOCTD
OTOBPAXKEHUN

17.1. Ilycts X m Y — KoHEYHOMEpPHBIE €BKINIOBHI IIPOCTPAH-
crBa, F: Q — Y — orobpaxkeHue, OlpeieJIEHHOE Ha HEKOTOPOM OTKPbI-
ToM mEOKecTBe §) m3 X, cozepxKameM Touky z° € ) U mpUHEMAIOIIEe
3HadeHud u3 Y.

OMNPEJEJEHUE 17.1. Omobpaoicenue F : Q) — Y nazwsaemca xea-
sudugpepernyupyemvim 6 mouxe x° € Q, ecau

a) F duddepenyupyemo no Hanpasienuim 6 mouke T
ecer h € X cywecmeyem npedea

0 m. e. dan

F @h) = lim F(2% + th) — F(zo);
t—+0 t
6) npoussodnas no nanpasaeruam F'(x°|-) : h — F'(2°h) seaa-
EMCA PAZHOCTNHO-CYOAUNETHDIM OTOOPAHCEHUEM.
[Ipu stom orobpazxkenne F'(z0:) : X — Y m *-compsikennoe emy
orobpaxkenne DF[zY]: Y* — V(X*) 6ymeMm Ha3BIBATD COOTBETCTBEHHO
KBa3UNPOU3B0IHOT 1 Keasdududdepenyuarom omobdpasrcenus F 6 mou-

xe V.

126



3AMEYAHUE 17.1. B paborax B. ®. /lembsinosa u A. M. Py6bunosa
[107, 275] kBasumuddepenmanom otobpaskenus F B Touke ¥ Haspa-
nma K —xBasmonopa orobpaxenua F'(2°]) : X — Y, tne K — duk-
CAPOBAHHBI MUHHUIPAJLHBI KOHYC B Y, 3ajafonuit B Y CTPYKTYPY
BekTopHoil pererku. CoorHomenust (16.6), (16.7) mossossiror ycraHo-
BUTH CBSI3b MEXKJIy KBa3uAUMMEPEHIINATIOM B CMBIC/IE onpeaenenns 17.1
u kBasuauddepenimaniom lembsaoBa—PyouHoBa.

ONPEAEJNEHUE 17.2. Ilycmb € — sewecmeennoe Heompuyamenb-
Hnoe wucao. Omobpascenue F : Q) — Y nazosem e —ksazudugdeperyu-
pyemwvim 6 mouke x°, ecau

a) F dufdepenuyupyemo no Hanpasienuim 6 mouke x

6) cywecmeyem paznocmmo-cybauneinoe omobpasicenue

F!(2°]): X — Y maxoe, wmo

0.
)

|F" (2°|R) = Fl(2|R)|| < e||n] (17.1)

ons ecex h € X.

Orobpakenne F/(x°|-): X — Y u *-conpsukeHHOe eMy 0ToOpaske-
nne D F[z°] : Y* — V(X*) HazsoBeM COOTBETCTBEHHO & —KG6A3UNPOUS-
6000t U € —Kkeasududpepenyuarom omobpascenua F e mouxe x°.

Bamernm, 9To cooTHOIIeHNE (17.1) SKBUBAIEHTHO BBIIIOJHEHHIO Hepa-
BEHCTBA

(F'(2°[h),y™) < (FLlh),y") + el - [ly*|l (17.2)

qutst Bcex h € X m Beex y* € Y™

OMNPEJOEJIEHUE 17.3. Omobpasicenue F : Q — Y nazosem annpo-
Keumamueno keasudugddepenyupyemoim 6 moure x° € Q, ecau F se-
asemes € —keasududdepenyupyemvim 6 mouxe 0 npu ar060m M0AO-
AHCUMEALHOM, E.

U3 onpenenennit 17.1 — 17.3 caemyer, aro joboe orobpakenue F),

kBasuauddepennupyeMoe B Touke r°, ABJIAETCS TAKXKe AIPOKCHMA-

THBHO KBazuanddQepeHIupyeMbIM B TouKe 2.

TEOPEMA 17.1. Omobpasicenue F : Q — Y sasasemca annpoxcu-
mamueno xeasudugddeperyupyemvim 6 mouke 0 mozda u moavko mo-
20a, xo02da ono duddeperyupyemo no nanpasaeruim 6 mouke r° u ezo
npouseodnas no nanpasaenusm F'(z%]-): X —Y mnenpepuicna.

CHEJACTBUE 17.1. Ecau omobpasicenue F : Q — Y pasnomepro
Jueperyupyemo no wanpassenuam 6 mowxe x°, m. e. ecau 0af A0-

6020 h € X umeem mecmo pasencmeo

F(2® + tz) — F(a®
F(Oh) = lm L@ )P
t—+0,z—h t

mo omobpascenue I asasemca annpoxcumamueno keazuduggdeperyu-

PYEMDBIM 6 MOYUKE ZCO.
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17.2. Ilycte X, Y u Z — KOHEYHOMEPHBIE €BKIUIOBBI ITPOCT-
pancTBa u mycTh dx u {Jy — OTKPBITHIE MHOYXKECTBA B MPOCTPAHCTBAX
X wm Y, coorBercTBeHHO. PaccMOTpUM HENPEPBIBHBIE OTOOPAYKEHIUST
F:Qx - Y u G:Qy — Z urouxy z° € Qx. Ipemmomoxum,
gro Touka y° = F(2°) npunamtesxxur nogmuoxkectsy y. Torma mHo-
xectBo F~1(Qy) NQx orkpuito 8 X u comepxkur Touky x’. B srom
OTKPBITOM MHOXKecTBe (0603HaUNM €ro depe3 (Y ) OlpenesuM CIOKHOe
orobpaxkeane W = Go F : Q, — Z u Boiacuum ero (¢ -) kBasuaud-
bepennuaabHbie cBoiicTBa B Touke ¥ IIPH YCIOBUM, 9TO COCTABIISIONINE
orobpaxkenust F' u G momuMHEHBI HEKOTOPBIM TpebGoBaHUsAM (£ -) KBa-
suaubdepenmupyemoctr B Toukax x’ u 3.

Bcee mpengioxkenust o (£-) KBasuauddepeHIupyeMoCTH CJI0XKHOTO
0oTOOpaXkeHusi, KOTOpbIe OYIyT yCTaHOBJIEHBI HUXKE, OA3UPYIOTCs Ha, CJie-
JytorieM yrBepxaenun [126].

TIPEJVIOXKEHUE 17.1. Ecau omobpasicenue F : Qx — Y (pasro-
mepho) dugddeperyupyemo no nanpasaernuam 6 mowke x°, a omobpa-
arcenue G : Qy — Z pasnomepro dudiepenuupyemo no HanpasAeHUAM
6 moure y° = F(2°), mo caoocnoe omobpasicenue W = GoF : Q/X — Z
(pasromepro) dubdeperyupyemo no nanpasaenuam ¢ mouke x°, npu
amom

W'(2°|h) = G'(F(2°)| F'(2°|h)) 0an ecex h € X. (17.3)

Ucxost m3 METOINIECKUX COOOpazKeHUil, TOKA3aTeIbCTBO OCHOBHO-
ro pesyJibrata pa3obbeM Ha Psii STAIOB, KOTOPbLIE MPEJICTABUM 3J€Ch
B BHJIE CAMOCTOSITEJIbHBIX YTBEPXKJIEHUH 0 KBasuauddepeHnpyeMocTu
CJIOYKHOTO OTOOPArKEeHUsI B HEKOTOPBIX YACTHBIX CIIyJasiX.

TEOPEMA 17.2. Ecau omobpasicenue F : Qx — Y xeasududgepen-
yupyemo 6 mouxe 0, a omobpasicernue G : Qy — Z pasromepro dug-
Ppeperyupyemo no nanpasaenuam 6 mouke y° = F(x°), mo caoorcnoe
omobpasicenue W = Go F : Q;( — 7 annpoxcumMamusHo Keas3udup-
depenyupyemo 6 mouke x°, npu smom das aobozo € > 0 caogichoe
omobpasicenue h — GL(F(z°) | F'(2°|h)), 2de 0 <e < ||F'(2°|)||7}, a
G;(yo |):Y — Z — npouseoavnas & —k6asunpouseodnan omobpasice-
nusa G 6 mouke Y0, asasemcea € -x6asunpoussodnoti omobpasicenus
W =GoF 6 mouxe z°.

JOKABATEIBCTBO. B cuny mnpemnoxkenuss 17.1 orobpazkenue
W = G o F saBnsercs nuddepeHImpyeMbIM 10 HAIIPABJIEHUSM B TOYKE
y? u mveer mecto paserctso (17.3). Bamamum npomssosbHoe £ > 0 1
BoiGepem ¢ : 0 < e < £[|F'(2°))]| 7. Tak xak orobpaenne G ammpo-
KenMaTuBHO KBasuuddepenmupyemo B Touxe y° (cm. crencrsue 17.1),
TO  Jyisi  BBIOPAHHOTO € Haiiercst € —~KBa3UIPOU3BO/THASI
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G.(y°|-): Y — Z orobpaxenus G B touxe y°. Fcnonsays oupeseie-
HUe € —KBasunpoussoauoii (17.1) u pasencrso (17.3), noayduMm 1enouxy
HEPaBEHCTB

W @%lh) - GL(°1F @)l < el F' O [m)lly <
< P @) pox Il x s seex h € X,

OTKy I3 3aK/II0YaeM, 4To Kommosumust b — G (y°|F'(z°|h)) smasercs
€ ~KBa3UIIPOU3BOTHOMN CI0KHOro oTobpazkerna W = G o F B Touke 2V.
Teopema joKazaHa.

st bopMyJIMPOBKY CJIEAYIONIErO YTBEPIK/IEHUsI BBEJIEM HA IIPOCT-
paHCTBe pasHOCTHO-cyOsuuelinbix Gynkimmit P(Y) BeriecTBeHHO3HAY-
HyI0 HeoTpunareapHyto GyHkimo () : p — ((p)), onpeieseHHyo pa-
BEHCTBOM

(p) = nt{llpler) + Bllp) | (2, P) € M(D)},

rae M(p) ={(p,p) € P(Y) x P(Y)|p=p—D}.

IMokaxkeM, uaro dyHKIWsT p — ((p)) yIOBIETBOPsiET Ha MPOCTPAHCTBE
P(Y) akcuomam HOpPMBI.

1. Oyere p € P(Y) u uyers ((p)) = 0. Do Bieder CyIiecTBoBa-

Hie nocieposarensuoctu (p,,py) € M(p),k = 1,2,..., Takoii, uro
klim (lp,lpevy + [Pkllp(vy) = 0. M3 nocnennero pasencrsa cieiyer
— 00 -

lim [[p,[lpvy = 0 m lim ||pflpyy = 0, orkysa mnomyuaem
k'—>oo k—oo

khn;o ”Bk — Drllpeyy = 0. C apyroit croponsr, p, — Pr = P A BCeX
k = 1,2,... CunenoBarejbHo, kli_)n;@ ”Bk — illpevy = Ipllpeyy B cuny

€JIMHCTBEHHOCTH IIpeJiesia mosydaeM ||p||pyy = 0, uro Biaeger p = 0.

Ob6parso, eciiz p = 0, o (0,0) € M(Y) u, ciegosarensro, ((p))=0.
Takum obpasom, ((p)) =0 Torga u ToABKO TOrAa, Korga p = 0.

2. Ilyere p € P(Y) u mycrb A — NPOM3BOJIBHOE HEHYJIEBOE Be-
miecrBennoe uucyio. Ecmu (p,p) € M(p), o (Ap,\Dp) € M(Ap) upum
A>0 1 (A, ]Ap) € M(Xp) mpu A < 0, mosromy {(Ap) < M|{).
Bepro n o6parnoe nepasencrso. /leitcrsurensho, e (p,,Py) € M(Ap),

1 1_ 1 1_
TO (APA’AP)\> € M(p) upu A>0u (|)\|p>\7|Ap)\> € M(p) upu

A > 0. CaenoBarensho, ((p)) < m«/\p» Takum obpazom, (Ap) =
= |M{p) maa mobex p € P(Y) w A € R (upu A = 0 paseHCTBO
OYEBHTHO).

3. Tak xax {(p+¢,p+9)|(p,P) € M(p),(g,9) € M(q)} C M(p+q)

{(p+q) = mf{ls|| + (|5 | (5,5) € M(p+q)} <
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<inf{llp+qll + P +qll| (p.P) € M(p),(¢,7) € M(q)} <
< inf{([[pll + IBIl) + (lgll + Ilgl}) | (p, B) € M(p), (¢,7) € M(q)} =
= (o) + (a)-

Urak, byuxuust p — ((p)) gBJisieTcss HOPMO#i Ha BEKTOPHOM [IPOCTPAH-
CTBE Pa3HOCTHO-CyOsnHeinbx dyunkmuit P(Y).

Tak xkak g Joboit dysknun p € P(Y) u smoGoit napb
(p,D) € M(p) uMeeT MECTO COOTHOIIEHHE

lp(z)| = |p(x) —P(z)| < |p(z)| + [P(z)], 2 € X,

Ipll < {(p)) mrst Beex p € P(Y).

Eciu xxe p € P(Y), To napa (p,0) € M(p) u, cieoBaTesbHO, MOCIE-
Hee COOTHOIIICHHE BBIIOJIHACTCS KaK PABEHCTBO, T. €.

Ipll = (p)) mns Beex p € P(Y).

PaccmoTrpum ceffuac pazHOCTHO-CyOIMHETHBIE OTOOPAYKEHUST U3 TTPOC-
rpacrBa P(Y,Z) u oupeienum s HUX AHAJOIHIHYIO (DYHKIIUIO
(- : P(Y,Z) — R. Hua sroro 3acdbukcupyeMm B IPOCTPAHCTBE Z IIPO-
U3BOJILHDIN 6a3uc by, ba,...,b,, COCTABIEHHDBI! U3 BEKTOPOB €IMHUIHOMN
HODPMBI, U Jyist Jiro6oro orobpaxkenust @ € P(Y, Z) nonoxum

(@) = max {(g:),

1<i<n

e ¢ € PY),i = 1,2,...,n, takoebl, uro Q(y) = > ¢(y)b;,
i=1

y € Y. Herpyauo ybemurnes, uro dynkius @ — (@) rakxke sBis-
ercs nopmoii na P(Y, Z).

TEOPEMA 17.3. Ecau omobpasicenue F : Qx — Y sasasemca
¢ —weasududpepenyupyemum 6 mouxe r’ € Slx, a omobpasicerue
G : Qy — Z pasnomepro xeazudupdeperyupyemo 6 mouxe 3° =
= F(2°), mo caoorcroe omobpasicerue W = GoF : Q,X — Z ABAAEMCA
£ —weasududpepenyupyemoim 6 mouke r° npu mobom & > (G (y°|-)),
npu IMOM, KaKaA bl HU OBLAG € ~K8A3UNPOUIEOOHAA FEI (2°]): X —Y
omobpasicenua F 6 moure 2°, xomnosuyua h — G (y° | F.(2°|h)) ae-
AAEMCA E —K8a3unpoudsoonoti caocnozo omobpascerus W =GoF 6
mouxe zV.

HOKABATEJLCTBO. CgoiictBa oTtobpaxkenuit F k G obecreuanmBa-
0T audPepeHnpyeMOCTh 0 HAIIPABICHUSIM CJI0KHOTO OTOOPAYKEHUS
W = GoF B rouke 2 (ciemyer Bocnosb3osaThes npeioxennenm 17.1),

npu stom W' (2°|h) = G'(y° | F'(2°|h)).

130



Hambhefimee J0Ka3aTebcTBO Pa3obbeM Ha TPH JTalla.

Llyers Z=R,G:=g:Qy =R u ¢'(4°|-) € P(Y) . e. byuxuus
g:Qy — R sBigerca paBHOMEPHO JIOKAIBHO BBIIYKJION B Touke 1°, n
nycrts 9g(y°) — cybnuddepennuan bynknmm g B Touke y°.

Torma

g'(y°|F'(2°h) = max (F'(z°|h).y").
y*€0g(y°)

Benencrsue e —kpazuuddepennupyemoctu orobpaxkenusi F' B To4-

ke 2V u3 coornomennus (17.2) mosydaeMm HepaBeHCTBA

—ellRl Iy [l + (F2(a°lh), y*) < (F'(a°Ih), y*) <

< (Fe(2lh),y*) + ellhll 1y I,

cupaBeJuBble st Bcex h € X um Becex y* € Y*. Orcioga B cuity
HEPABEHCTB
t)—v(t) > t t
max(y(t) — v(t) 2 max~(t) — maxv(t),
t t) < t t
max(y(t) + v(t) < max~(t) + maxwv(t)
nMeeM

9'(°FL(a"|h)) — €] max vl < g'(W°|F'(2°n)) <

y*€dg(
< g'(y°|F-(2°[h)) + 7] o ly7ll b€ X (17.4)
Taxk xak B paccmarpusaemom ciydae (g'(y°])) = |lg'(W° )|l
= max |jy*]|, To uz (17.3) saxmouaem, uro h — ¢'(y°|F.(2°|h))

y*€dg(y?)

SBJIFIETCA € —KB a3I/IHpOI/13BO,Z[HOI/I orobpazkenus g o F' B Touxke z¥ mpm
mobom € > (g’ (y°]-)). Hna cayaas 1 yTBepskaenne Teopembl oKa3a-
HO.

IL Ilyets Z =R,G:=g:Qy — R u ¢(4°) € P(Y). Paccmo-
TPHUM IIPOM3BOJILHOE IPEJICTABIEHNE PA3HOCTHO-CYOInHENHOI (’pyHKuHH
gW°1) seuze ¢'(y°)) = g W) =g 1), vre g'(¥°1),71°) €
€ P(Y). Bocuonp3osaBmuch pesyibraroM stama 1, ais xasiof us
dbynxmmit ¢’ (y°|) n §'(y°]) momyumm B cumy (17.4) cremyiomue Hepa-
BeHCTBA:

9 (W°|FL(a°|h)) — en] o [l < g’ (| F'(2°]R)) <

< g Fl(x °|h))+8||h|| Jmax vl b€ X
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—7 (4" | FL(2"|)) — el|n] max |yl < -9 (O F (2°[h) <
S?’(yOIFg/(wOIh))JrEHhII max vl b€ X,

re 8g(y0) u 9g(y°) amasrorcs coorBercTBeRHO CyOMM bepennuaTaMu
bynxmmit ¢'(y°|) u 7' (4°]).
CkJiaJipiBasi 06€e IeII0YKU HEPaBEHCTB, IIPUJIEM K COOTHOIIEHUSIM

9' W IFL @) = e(llg (0 1) + 17 (6 ) IDIIRI <

< ¢/ (5| Fe(2|h)) <
< g W IFL@" ) + (g 1) + 1T @ IDIAIL € X (17.5)
[Mockompky st smoboro 6 > 0 MOXKHO yKasaTh Takue GbyHKIMH
g ) u g ) w PY), uro ¢'(4°) = ¢ °1) — 7 1°)
lg' WO 1+ 119" (0 I < (9" (v° 1)) + 6, o m3 (17.5) crenyer
19/ (5 |FL(2°|1) = ¢/ (4° | F' (2" )] <
<e({g' W1 +o)lnll,h e X.

B cuiy npousBosibnoctr § > 0 U3 HOCTIEHETO COOTHOIIEHUST 3aKIIIO-
aaem, uto byukmus b — ¢'(y°| F.(z°|h)) sBasercs &-Kpasunpouspoi-
Hoit kommosumun goF B touxe z° mpu mobom £ > (g’ (y°|-)). Taxum
06pa3oM, CIIpaBeJInBOCTL TeopeMbl /it caytas 11 mokasana.

III. Paccmorpum, nakowner, oOmmuit ciaydait, chopMyIUPOBAHHDLIN B
yenosusx teopembr 17.3. Tak xak G'(y°|-) € P(Y, Z), TO HaNIyTCsI

¢(:) € P(Y),i = 1,2,...,n, rakue, uro G'(y°|h) = qu b;, rue

b1,bs,...,b, — Gazuc B Z, 0 KOTOpOM IILIa pedb HpI/I onpe;LeJIeHHH
dyuximn Q — (Q)) wa npocrpancree P(Y, Z). CienosarensHo,

(G'(y°|F" (1), Z(b (F'(2°[))(bi, =) (17.6)

st Bcex h € X m Beex z* € Z%.
Paccyxnas anamoruano cay«4aro 11, s moboro 1 = 1,2, ..., n momy-
qUM

|a:(F'(a°[R)) = gi(FL(2°|1))] < &R, b € X,

e & > e(q)-
IMockoabky (b;, 2*) < ||z*||,4=1,2,...,n, To u3 (17.6) moaygaem

(G (| F" (), ") < (G'(y°|FL(a® ), %) + €|l ="
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st Bcex h € X, 2z € Z* u npou3BOJIBHOIO BEIECTBEHHOTO YUC/IA
E>¢ max {q:) = e(G(y°]-))). Teopema 17.3 nokazaHa MOJIHOCTHIO.

TEOPEMA 17.4. Ilycmv omobpasicenue F : Qx — X sasasemca
¢ —xeasududdeperyupyemom 6 mouke ¥ € Qx, a omobpasicerue
G : Qy — Z pasnomepro duddepenyupyemo no nanpasiAeHuAM 6 MmoykKe
¥ = F@® wu nyem» F.(2°|) : X — Y — npouseoavras
€ —Keasunpouzeodnas  omobpadicenus F 6 mouve 20, a
G;l W1 : Y — Z — npouseoavnas €1 —K6a3unpou3coonas omobpa-
orcenus G 6 mouke y° (&1 — moboe norosicumesvHoe GeULECTNEENHOE
wucao). Tozda caooicnoe omobpasicenue W = G o F : Q'X — 7 A8AA-
emes, € neaau@ugﬁgﬁepenuupyemmm 6 mouke z° npu  wobom
g > E<< (y | ))) + |20 )| + eer, npu omom womnosuyua
h — G, (y° |FL(20]h)) aeasemes € —keazunpoussodnoti omobpaicenus
W 6 mouxe z°.

JOKABATEJLCTBO. U3 ompejsenenns €7 —KBa3UIPOU3BOIHON JJIst

orobpaxkenns G B Touke y° (Toumee, m3 coornomenus (17.2)) mmeem
(G (5| F" («°1h), =) < (G, (8 |F' (2°|)), =)+

+e1|[F' (R 1|27 (17.7)

st Bcex h € X m Beex z* € Z%.
BocnosibzoBasiiucs jajee € —kpazuauddepennupyemMocTbio 0Toopa-

xennst F B Touke 20, u3 coornomenust (17.1) momyanm

IE" (2°[0)|| < | FE2°1R)]| + ellhll < (IFZ 0] -)l| + )|l h € X.

Kpowme Toro, anasorunduo (17.6) MOXKHO 110KA3aTh, YTO HEPABEHCTBO

(G2, (8°1F (2°Ih), 2%) < (G, () FL, (2°1)), =) + €Al |1

nMeeT MecTo Jisd Tio0bix h € X, 2* € Z* u npoun3BOILHOTO BEIIECTBEH-
~ —~ ’
HOTO |mCyIa €, yJIOBIeTBopsomero orpanmdennio & > (G, (y° ).
Takum obpazom, u3 (17.7) cemyer, 9TO €CJM BEIECTBEHHOE THCIIO
o~ o~ ’ ’
£ nogumneno yeaosuo € > (G, (y° ) +er (| F (2] )| +¢€), To nepa-
BEHCTBO

(G'(W°|F (a°[R)), 2%) < (G, (1| FL(2" 1)), 2*) + Ell Rl |27

nMeeT MecTo Jiist Jio0bix h € X u z* € Z*. Teopema joka3aHa.
Ucnonn3yst Teopembr 17.2 — 17.4, MOKHO pa3BUTH OOTaTOE MUCUUCIIE-
HUE I € —KBa3suIUQOEPEeHIInaIoB 0TOOparKeHMIA.
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§ 18. OBIITAA 3AJJAYA BEKTOPHOU OIITUMUSAIIUMN.
OCHOBHULBIE OIIPEJAEJIEHUS]

18.1. Ilycrs X — Tonosioruueckoe npocrpanctso, (Y, 3) —
[IpeIyIOPsiIOYEHHOE BEKTOPHOEe pocTtpaHcTBo, F' : X — Y — orobpa-
xenne u3 X B Y, ) — moaMHOXKECTBO B X.

Bynem rosoputhb, uto Touka z' € ) gocrapiser Ha MHOMKeCTBe ()
AOKANDHOIT S —MUHUMYM omobpascenuto F, ecou cyriecTByeT Takast
oxpecrroctb N (2°) Touxu 20, uro F(2°) asngerca 3 —MunmMaibHbIM
BekTOpoM B MHOkecTBe F(AN(2°)NQ), T. e. ecotu He cymmecTsyeT ToUKn
7z € N(2°) N Q raxoit, uro F(T) < F(zY).

Ecmm ke ny1st mexoropoit okpectnoctn N (z°) toukn 20 € Q Bexrop
F(2°) sBngerca cinabo 3 —MurEMatbHbIM B MHOXKecTBe F(N(29)NQ),
T. e. He cymectsyer Toukn T € N (z9)NQ raxoit, uto F(T)<<F(z°), To
6y/1eM rOBOPUTD, YTO TOYKa # JOCTABJSET HA MHOMKECTBE ) A0KAAbL-
Houll caaborli 3 —munumym omobpasceruro .

Ornpeenienne ciaboro = —MUHUMYyMa JIJist OTOOpaKeHust ' KoppekT-
HO JIUINb B TOM CJIy9ae, KOIJia MHOYKECTBO CTPOTO MOJIOKUTETHLHBIX BEK-
TOpoB Y™ mpocrpaHcTBa Y HelycTo. B IPOTUBHOM cilydae OTHOIIe-
HUe << Ha Y sBJISIeTCS IIyCTBHIM U, CJIEJIOBATE/IHLHO, JI0bast TouKa u3 §)
Y/IOBJIETBOPSIET TPEDOBAHUSIM OIIPE/IEICHUsI. 3aMETUM, ITO JJIsi 0TOOpa-
xkenust F': X — Y, npuHUMAIOINEro 3Ha4eHus B KOHEYHOMEPHOM TIpeTy-
HOPAJOYEHHOM BEKTOPHOM IpocTpancTse (Y, X)) oupeseienue ciaaboro
JIOKAJIbHOTO S —MUHUMYMA BCETJIa KOPPEKTHO.

Hakomer, 6y1eM roBOpuTh, 9To Touka x € () 10CTaBIAeT Ha MHO-
KecTBe ) N0KAALHLIT UB0AUPOBAHHBT S —MUHUMYM omobpascenuto I,
ecm B HekoTopoit okpectHoctn N (2%) Toukn x° me cymectsyer Touxku
e N2 NQ,7T # 20, rakoit, uro F(7) 3 F(20).

Ec/iu B JaHHBIX BBIITIE ONpe/ie/eHusx B KadecTse okpectroctn N (20)
MOKHO BBIOpaTh BCE MPOCTPAHCTBO X, TO OyeM TOBOPUTDH, YTO BEKTOD
2% gocraBnser ma  Q  enobasvhwili  (caabuill, U30AUPOGANHLLL)
= —munumym omobpasicenuro F. Tlorsarue riiobabHONO MUHUMYMAa HMe-
€T CMBICJI U B TOM CJydae, KOrja X He SBJISETCS TOMOJOTHIECKUM
[IPOCTPAHCTBOM, MTOCKOJIBKY OTHOCHTEIBLHO JII0OOr0 MHOXKeCTBa X MOXK-
HO CYUTATh, YTO Ha HEM 33JaHa TpUBHabHast Tonojorust {5, X }.

B caydae, ecit Y = R — mpocTpaHCTBO BENMIECTBEHHBIX UUCEJI,
Yt =R, ={a € R|la > 0} — HOJMHOXKECTBO HEOTPHUIATEILHBIX Be-
IIECTBEHHBIX YHces, TO orobpakenune F' : X — Y gBisercsa BelecTBeH-
HO3HAYHON (DYHKIMEH, & MOHATHS JIOKAJTBHOTO S —MHUHUMYMA U JIOKAJTb-
HOTO ¢1a60ro = —MUHUMYyMa COBIAJIAIOT MEXK Ly COOOI M CBOIATCS K U3-
BECTHOMY B MaTEMATHYIECKOM AHAJIN3E OMPEIEICHIIO JOKAILHOTO MUHY-
MyMa JIJIs BENeCTBEHHO3HAYHBIX (yHKIWii. [loHsATHE JIOKATBHOTO U30-
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JIUPOBAHHOTO 5 —MHHUMyMa Jjisi F' Tak:Ke IPEBPAIaeTCsi B 9TOM CJIy-
Jae B OOLIECHPUHSTOE IIOHATUE JOKAJIHHOIO N30/IMPOBAHHOIO MUHIMYMA,
JIJIsI BEIIECTBEHHO3HAYHBIX (DYHKIIUIA.

B cuny Bkmouenuit Y C Y™ C YT, cBA3bIBAIOMIUX MHOMKECTBA,
MIOJIOKUTEIBHBIX, CYIIECTBEHHO MOJOKUTEIBHBIX U CTPOTO IOJIOXKUATE b=
HBIX BEKTOPOB MPEIYIOPSIOUYCHHOIO BEKTOPHOT'O IIPOCTPAHCTBA Y, JII0-
Gast JIOKAJIbHO = —MUHUMAJIbHAS TOYKA OTOOpaykeHuss F sBJIsleTCs Tak-
JKe JIOKAJIBHO ¢J1abo = —MuHuMasbHON st F. B cBoro odepenn Touka,
JIOCTABJIAIONIAsT ~ OTOOpakeHWIo  F JIOKaJIbHBI — U30JIMPOBAHHbIM
< —MUHUMYM, SIBJISIETCSI TaKyKe TOUKOHN JIOKAJBHOIO =X —MUHMMYyMa, JIJIsi
F. CrenoBaresnibHo, Jitob0e HEOOXOIUMOE YCJIOBHE JIOKAJBHOIO CJIabOro
< —MUHUMYMa JIjisi OTOOpaxkeHust F' sBJisieTcst TakyKe HEeOOXOIUMBIM 1
JIJIsT TOYEK, JTOCTABJIAIONINX JIOKAJBHBI = —MUHUMYM WU JIOKAJHHBIN
M30JIMPOBaHHbIH = —MuHUMYM oToGpakenmio F. Amnanorumdno Jso6oe
JIOCTATOYHOE YCJIOBHUE JIOKAJTHHOTO M30JUPOBAHHOTO S —MUHUMYMAa JIJIsI
oTobpazkenust F' aBiigercs JTOCTATOYHLIM JIJIs 0OeCIIeUeHNs JIOKAJILHOIO
< ~MHHUMYyMa U JIOKAJIBHOTO CJIa60ro X —~MUHHMYMA.

18.2. PaccmoTpuM OBIILyO 38/[a1y HEJIMHEHHOTO IIPOrPAMMUPO-
Banust (3anaay HJIIII):
fo(z) — min,

reQ, filx)<0,i=1,2,...,m, (18.1)
fl($) :O?i:m/+17"'7m7

rne f; : X — R,i = 0,1,...,m, — BelleCTBEHHO3HAYHbIE HEIIPEPHIB-
Hble (DYHKIMH, OIpEJIeJIEHHbIEe Ha TOIOJOIMYECKOM IIPOCTpaHCcTBe X,
) — zajanHoe MHOXKeCTBO u3 X.

MHokecTBO

Qo={zecQ|f(x)<0,i=1,2,...,m", fi(z) =0,i=m' +1,...,m}

HA3BIBAETCS MHOHCECMBOM donycmumvlr pewenud 3amaan HIIIT.

Jomnyctumoe pemenne 10 € Qg HazpiBaercst (U30AUPOSAHHYILM) NO-
KGABHO OMMUMANLHOM DEWEHUEM 38JIa90 HEJTMHETHOTO TPOrPaMMUPO-
panus (18.1), ecrm auist mekoropoit okpecrroctn N (2°) Toukn x° mepa-
Berctso  fo(2°) < fo(z) (fo(2°) < fo(x)) Bemommsercs mns Beex
x € Qo NN (20),x # 2°.

TIPEAIOKEHUE 18.1. Jlonycmumoe pewenue x° € Qy sasasemcs
AOKAABHO ONMUMAADHbM Peweruem 3adavwu HIIT (18.1) 6 mom u moav-
K0 mom cayuae, kozda T° docmasasem ma mroscecmee 0 AOKANLHBT
21 —munumym omobpasicenuro F oo x — (fo(x), fr(2),. .., fm(z)) €
€ RY™ no cybaunetinomy ommnowenuro npednopadka =1, 3adannomy
na RY™ xonycom noroscumenvruiz sexmopos

Vit ={y e R ™y > 0,y;

0

>0,i € I,(2%)5y; = 0,4 = m'+1,...,m}u{0},
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ede 1,(2°) = {i € {1,2,...,m'}]| fi(z") = 0} — mmoorcecmeo undexcos,
COOMEEMCMEYIOULUT AKMUSHOM 6 MouKe T° 02PAHUNEHUAM MUNG HePa-
6eHCMEA.

JOKABATEJIbCTBO. 3aMeTHM, 4TO BCJIEJICTBIAE HEITPEPBIBHOCTU (DYHK-
it f; : X - R,i=0,1,...,m, MHOXKeCTBO

QO ={reX|fi(r)<0,ic{l,2,....,m'}\ L(z")}

SIBJISIETCS OTKPBITBIM B X j1st JTFOOOTO JOIYCTUMOIO PEINeHUs 3aadn
HJIIT 2° € Q.

IIycts 20 € Qg aABasercs JOKAIBHO ONTHMATLHBIM PEITeHHeM 3a-
npaan HJIIT (18.1) u mycrs N(2Y) — okpecTHOCTB, 0 KOTOpOii HJIET
pedb B OIIpejie/IeHNH JIOKAJIbHO ONTUMAaJIbHBIX pertenuit 3agaun HJIIL. B
[IPOTUBOIIOJIO?KHOCTDh HEOOXOMMMON YaCTH YTBEPZKIEHUST TIPEJIIIOIOKUM,
gro 2z He oCTAaBIAET Ha MHOMKECTBE () JIOKAJIBHBIH =1 —MHHEMYM
orobpazkennio F. V3 3Toro npemamnoioyKeHus CJIeIyeT, ITO B OKPECTHOCTH
N1 (20) = Q' NN (29) maitnercs Touka T € N;(2°) N€Y, yaosiersopsio-
mas coornomenusm  fo(ZT) < fo(2°); fi(®) < fi(a?),i € I (a);

fi@ = fi(a®),i = m + 1,...,m. IlockoibKy, Kpome TOrO,
fi(x%) = 0 ama seex i € I,(x°)U{m' +1,....m} u fi(T) < 0 mua
i€{1,2,...,m'N\I,(x°), To mocmemnme COOTHONEHNS TTPOTHBOPEYAT TO-

My, uto 20 gBiIgerca JOKaIbHO ONTHMAJIBHBIM perenueM 3amaqan HIITT.
TTosryyerHoe TpoTUBOpPEYNE JIOKA3BIBAET CIIPABEIJINBOCTH HEOOXOIMMOMN
YaCTHU TIPEJJIOXKEHUSI.

O6partHO, IyCcTh X" SIBJISI€TCsI JOITyCTUMBIM perteranem 3agaau HIITT,
T. e. 2 € Qp, u nycrs z¥ focTaBiIseT JIOKAIBHBIH <1 - MHHEMYM

orobpaxenuto F. Torma mis mekoropoit oxpecroctu N (20) rtouxu
20 cucrema
fo(z) < fo(z°);
filx) < fi(20), i€ I,(2%); (18.2)
filz) = fi(2%), di=m'+1,...,m,

necosmecTHa 1y x € QNN (20).
[ockombKy atst iroboro @ € Qo NN (2°) BITIOIHEHBI COOTHOTITEHUST

0

fi(x) <0 = fi(2%), i€ (a);
fix) =0= fi(a®), i=m'+1,...,m;
x € €,

TO U3 HecoBMecTHOCTH cucTembl (18.2) sakmouaem, uro fo(x) > fo(a)
s Beex x € Qo NN (2°). Taxum obpasom, x° sBigerca JToKaJIbHO
ontumaJbimmM perteaunem 3amaan HJIIIL. JTokaszarenbcTBO mpemioKeHust
3aBEPIIIEHO.

[TPEVIOKEHUE 18.2. Jlonycmumoe pewenue x° € o asasemcsa
U3ONUPOBAHHBIM  AOKAABHO ONMUMANDHbLM  peuweruem 3adavu HJIIIT

0
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(18.1) 6 mom u moavko mom cayuae, xozda z° docmasasem na mHo-
orcecmee ) AOKAALHOI USOAUPOBAHNLIT Jo —MUHUMYM 0MOGPAANCEHUIO
F:x— (fox), fi(x),..., fm(z)) € R™™ no cybaunetinomy ommowe-
nuwo npednopadka 3o, 3adannomy na RYT™ xonycom noaoscumenvivir
6eKMOPO6

Yyt ={y € R |yo > 0,4, > 0,0 € I,(2°);95 =0,i =m’ +1,...,m}.

JloKa3aTeIbCTBO aHAJIOTMIHO JOKA3ATEIbCTBY MPEIBIILYINETO TPe-
JIO?KEHHUS].

18.3. PaccmoTpum stasee 3a1avMy MUHUMA3AIAA HA MHOXKECTBE
QC X dbysknun x — max fi(x), toe fi: X — R,i € I, — Berecrsen-
1€

MMO3HAYHBIE HEIPEPbIBHbIE (DYHKIIUHU, OIPEJICJEHHBIE HA TOIOJOITIECKOM
npocrpancTBe X; I — KOHEIHOE MHOXKECTBO MHIEKCOB, KOTOPOE OTOXK-
nmectBuM ¢ ogmuOKecTBoM {0,1,...,m} MHOXKeCTBa IEJIBIX IHUCEI.
TIPEIIOXKEHUE 18.3. JTaa mozo wmobo, mouka z° € £ docmase-
AAAA HG ) AOKAADHBITL MUHUMYM PYHKUUY T — max fi(x), meobzo-

dumo, a, ecau fi(z°) = 0 dan ecex i € I, mo u docmamouno, wmo-
6w 20 docmasasna aokasvHbLl cAabLTE X3 —MUHUMYM 0MOBPANCEHUIO
F:x— (fo@), fi(x),..., fm(z)) € RM™™ no cybaunetinomy ommrowe-
nuto npednopadka Sz, sadannomy na R7T™ xonycom nososicumenviivix
8EKMOPOB

Yt ={y e R [y 2 0,i € 1(2°)},

ede I(x)={iell|fi(x)= malei(x)}.
1€
JIOKA3ATEJILCTBO. Besencrsue nenpepoiaoctu hyurmmii f;,1 € I,
nuist ioboit Toukn 2 € X MoxkHO ykazaTh okpectrocth N (20) Taxyto,
uro I(x) C I(2°) mnaseex x € N(2°). Ecim touxa 20 € Q nocrasiser
Ha ) JIOKQJIbHBIA MUHUMYM (QYHKIUA T — max fi(x), To cymecrByeT
ic
okpecruocts N (z°) C N(2°) roukn 20 rakas, uro
max fi(z%) < max fi(z) mst Beex & € QNN (2Y). (18.3)
ic ic
[Ipemonozkum, aro z° He ABjIsgeTCa ciabo =<3 ~MHUHUMAJIBHOH TOYKOM
nst orobpaskennst F. Torma mitst mexotopoit Toukn T € QNN (2°) Boi-
nosmsiorcss nepasencrsa  f;(Z) < fi(20),i € I(2°). Ilockombky
I(Z) C I(z°), To W3 MOC/IEHNX HEPABEHCTB TOJIydaeM max fi(@) <
ic
< max fi(2®), aro mporusopeunt (18.3).
ic
O6patno, ecm 2° € Q aBagercsa cnabo =3 —“MEHAMAJIBHOH TOU-
Koit oTobpaxkenus F, To cucrema nepasencts f;(z) < fi(zY),i € I(20),
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HEeCOBMECTHa B HeKOTOpOfI OKPECTHOCTHU TOYKHN Z‘O, YTO paBHOCUJIBHO BbBI-

MOJIHEHUIO B 9TOH OKPECTHOCTH HEPABEHCTBA max )( fi(x) = fi(z°)) > 0.
icl(x

[Ipu Beimosnenun pasencts f;(z%) = 0,7 € I, U3 noc/eHero paBeHCTBA
nosryaaem max f;(z) > max f;(z°) = 0. Ipeoxenue mpokazano.
i€l icl

TIPEIIOXKEHUE 18.4. /laa mozo wmobwv, mouka x° € Q docmasasia
Ha 0 A0KAABHOIL U30AUPOBANHBLT MURUMYM Pyrkyuy © — max f;(x),
iel

neobzodumo, a ecau f;(x°)=0 daa ecex i € I, mo u docmamoumo, wmo-
6o ¥ docmasaana na Q AOKAALHGIT USOAUPOSAHHBIT 3 ~MUHUMYM
omobpasicenuro F :x — (fo(z), f1(z),..., fm(x)) € € RM™,

JloKa3aTenbCTBO AHAJIOTMYHO JOKA3ATENBLCTBY MPEIbIIyIIEro MpeI-
JIOYKEHUS.

3AMEYAHUE 18.1. Ipennoxkenus 18.1 — 18.4 packpbiBaioT 00III-
HOCTb IOHATHH (€1a60T0, H30JIMPOBAHHOIO) = —MHHUMYyMA Jisi 0ToOpa-
JKEHHUH 10 OTHOIIEHWIO K MPUHIUIIAM ONTUMAJBHOCTH PACIPOCTPAHEH-
HBIX 9KCTPEeMaJIbHBIX 3aja49. OHU MO3BOJISIIOT PACCMATPUBATH MMOHATHE
< —MEUHUMYyMa JJIsI 0TOOparkeHuit Kak o0Iiee CBOMCTBO MPUHITUIOB OIl-
THMAJLHOCTA YACTHBIX 3KCTPEMAJBHBIX 34749, 4 METOJUKY BBIBOZA yC-
JIOBUT MUHMMYMa, JJIs1 OTOOPasKeHUii Kak ODILYIO CXeMy, IIPUMEHUMYIO K
IIIMPOKOMY KPYTY 3a7a9 ONTUMU3AIIH.

§ 19. YCJIOBUSA JIOKAJIBHOTO X-MUHUMYMA

~

J1 BEKTOPHBIX OTOBPAXKEHWIA. I

B mammom maparpade Oyzer mcciie1oBaH 9acTHBIN Cirydail 3a-
JlaYn S —MUHUMM3AIUA BEKTOPHOTO OTOOPasKEeHUsT, KOTOPBIH (hakKTHIeCKu
nMeeT MeCcTO JIMINb IIPpU JOIIOJIHUTE/JIbHOM IIPEAIIOJIO2KEHU O TOM, YTO
KOHYC ITIOJIO2KUTEJIbHBIX BEKTOPOB Cy6JII/IHeI>'IHOFO OTHOIIIEHU S ITPEAIIOPAI-
Ka 3 00JIaJIaeT HeIyCTOl BHYTpeHHOCTHI0. O6mmumii cirydaii OymeT pacc-
MOTpEH B cjemyromeM maparpade.

19.1. IIycts X m Y — KoHEYHOMEpPHBIE €BKINIOBLI IIPOCTPAH-
CTBa M IyCTh Ha Y 3ajaHO cybauHEHOe OTHOINEHUE MPENopsika =,
KOHYC IIOJIOXKUTEILHBIX BEKTOPOB KoToporo ects Y 7. Ilycrs, Kpome
Toro, 3ajgaHbl orobpaxkenne F : X — Y u muHOX)ectBo 2 C X B
mpocTpancTee X.

B srom maparpade Oygem BoiOUpaTh GyHKINOHAJBHOE IIPEICTaBIIe-
HUe JJis CyOJMHEHHOT0 OTHOIIEHUs TPEIMOPSIKa S U MPOU3BOIHOIO
OT HErO OTHOINEHWS —< B IPOCTPAHCTBE CYOJIMHEWHDBIX HEIPEPBIBHBIX
dyukimit. CyiecTBoBaHHEe TAKOTO MPEJCTABICHNUST yCTAHABINBAECTCI B
CJIEJTIYIOIEM YTBEPKIeHUH.
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TIPEMIOXKEHUE 19.1. Jlas 4106020 cybaunetinozo ommowerus npeod-
nopadka 3 wma Y, cywecmeyem cybaunelinan HEnpepueHas PyHKUuUA
s<:Y =R (||s<]| =1) maxan, wmo

a) das mozo umobv. das y1,Ys € Y  GUNOAHAAOCH COOMHOWEHUE
Y1 3 Y2, HE0OTOOUMO, G €CAU KOHYC NOAOHCUMEALHBIT 6eKmopos Y T
3AMKHYM, MO U JOCMAMOYHO GHINOAHEHUE HEPABEHCMEA

s<(y1 — y2) < 0;

6) ecau KOHYC NOAOHCUMENLHULT 6exmopos Y T menecen, mo oas
Mo6uiT Y1,Y2 €Y coommowenue Yy—<<ys UMEEM MECMO Mmo20a U moib-
®0 moeada, K020a

s<(y1 —y2) <O0.

HOKABATEJILCTBO. IIycTs

s(y) = lz+yl = _inf llz+yl, (19.1)

inf inf
zeY+ Y\y+
T. e. $<(y) PaBHO CHMMETPH3OBAHHOMY DACCTOSHMIO OT BEKTOpa —Y
J10 KOHyCa TIOJOXKATENILHEIX BeKTopos Y . HMenmonn3ys cBoiicTBa hyHK-
[[MU CUMMETPU30BAHHOTO paccrosiaust (cM. § 15), HETPYIHO IPOBEPHUTH
BLITIOJTHEHHE yTBepxKIenuit a) u 6) mia dbyskmm y — s<(y), onpene-
sennoit paseacreom (19.1). Ilpeaoxkenne qoKazaHo.

SAMEYAHUE 19.1. Ecim KOHyC HOI0KATEIBHLIX BEKTOPOB Y T MHO-
TOT'PAHHBIN, T. €. eCJn

Yt={yeY|(y,a)) >0,icI={1,2,...,m}}

(aj € Y7, [laj]] = 1,i € 1),

To B upemioxkennu 19.1 B kauectBe PyHKuuu y — S$<(y) MONKHO BbI-
6paTh GyHKIHUIO Yy — max (y,al).
1€

B strom maparpade 6y1eM mpeamnosaraTs, 9To CyoInHeiHAsT HeITPEePhIB-
Hag GyHKIuA s< Y — R, o cymecrBoBaHME KOTOPOi# yTBEPKIAeTCs
B mpejtoxkenunn 19.1, BoiOpana u 3aduKcupoBaHa.

Bocrosib30BaBIImcs XxapakKTepUCTHKON CyOJIMHEHOTO OTHONIEHUS TTPE/I-
mopsijika S, JaHHOW B IpeJTozkeHnn 19.1, Oy IuM CJIeIyIoNIne yTBePK-
JIEHUSI O PEIyKINN 3319 S —MUHUMU3AIUN BEKTOPHOTO OTOOPAYKEHMST
F: X —Y K cramsgpHOMY HEPABEHCTBY.

TIPEMIIOXKEHUE 19.2. ITyemov z° € Q. Yeaosue

s<(F(z) — F(z%) > 0 dan ecex v € QNN (2°),z # 20, (19.2)

~
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ede N(2°) — nexomopas oxpecmmocmnv eexmopa x° 6 X, asaaemca

QOCAMOUHBIM, G 8 CAYHAE 3AMKEHYMO20 KOHYCA MOAOAHCUMEALHIL GCK-
mopos Y u neobrodumvim dan moeo, wmobw eexmop z° docmas-
aan omobpascenuro F na muooicecmee ) A0kasbHbd U30AUPOGAHHDIT
X —MUHUMYM.

[IPEOJIOXKEHUE 19.3. Ecau xonyc noaosicumenshus 6exmopos Y
cybauretino2o omHoweHus NPednopadra = menecen, mo 0Aa mo20, wmo-
6w sexkmop 20 docmaeasn ma mmosicecmee € aoKaALHBIL CAAODL
X —munumym omobpascenuto F, neobrodumo u docmamourno, 4mobul
ons nexomopoti oxpecrmmocmu N (z¥) sexmopa 0 evnoananocy ycao-
sue

s<(F(z) — F(z%) > 0 das ecex x € QNN (). (19.3)

~

BAMEYAHUE 19.2. Oynxmuio © — s<(F(x) — F(2%)) moxno pacc-
MATPHBATH KAK 0GOOIIEHHE KIACCHIECKOiT dyukipm Jlarpamxka, Imupoko
HCIOJIB3yeMOil 1pu (GOPMYIUPOBKE HEOOXOJIMMBIX, & TaKKe JOCTaTOY-
HBIX YCJIOBHIl JIJIsi PEIIeHuil 3a/1a9 MaTeMaTHIeCKOro IIPOrpaMMHpPOBa-
nns. PakrTudeckn Kjaaccudeckas Gyukius Jlarpamka sBjIseTCs KOMIIO-
3uipeil HeKOTOporo cyOrpajuenta CyOuHeHol hyHKIM § — S< (y) B
HyJie u orobpaxenus xr — F(x) — F(z29).

SAMEYAHUE 19.3. ITocKoIbKY BCSIKUil JIOKAJIbHBIN U30JIMPOBAHHBIN
< —MUHUMYM OTOOpakeHust F' sIBJISIeTCsI B TO K€ BPeMsl U JIOKAJIbHBIM
< —muHEMyMOM oToOpazkenust F, To yciaosue (19.2) mocrarodno st
JIOKAJBPHOTO 3 —~MUHUMYMAa. AHAJOTMYHO W3 TOTO, UTO JIIOOOH BEKTOP,
JIOCTABJISIONIMI JIOKAIBHDI S —MuHuMyM F), J0CTaBJsieT TakzXkKe U JIo-
KaJIbHBIN €J1a0blil S —MHHUMYM, cjeiyer, 410 yciaosue (19.3) neobxomu-
MO JIJIsl JIOKAJTBHOTO S —MUHUMYMA.

Pa3zpbis Mexxy gocrarodubiM ycjosueM (19.2) u HeoOXomuMbIM yC-
qoBueM (19.3) g TOYEK JIOKAJIBLHOIO 3 —-MHHEMyMa OTOOpaykeHnst F
BbI3BAaH TeM, 4T0 (PyHKuus Yy — S<(y) He sBJLETCd TOYHON Xapak-
TEPHUCTHUKOI KOHYCa CYIIECTBEHHO T0JI07KHTEIbHBIX BEKTOPOB Y ™ OTHO-
IIIeHNUsT TIPEJIIOPSIIKA S : MMEIOT MECTO JIUIIb BKJIFOUEHUsI

{fyeY|s<(y) <0} Y  Cc{yeY|s< <0}

ITocKOJIbKY TOYHYIO XapaKTepPUCTUKY st Y~ BOOOIIe HeJlb3sl II0JLy-
YUTh, WCIOJIB3Ys TOJBKO HeIpepbIBHbIE (DYHKIUU, TO Pa3PhIB MEXKILY
HEOOXOIMMBIMU U JIOCTATOYHBIMU YCJIOBUSIMHU JIOKATHHOTO S —MUHUMYMA
OyIeT MMeTh MECTO BCAKHUI pa3, Koraa Mpu 00pa3oBaHUU OOOOIIEHHOM
dyuknun Jlarpamxka B kadecTBe “MmHOXKUTEJEH Jlarpanka’ BoIONpAOTCs
HernpepbIBHbIe DYyHKIUH. VIMEHHO 110 9TOI IpUYnHe aHAJOTUIHAS CUTYa~
sl TUIAYHA U JIJIS HEJIMHEHHOro IpPOrpaMMUPOBAHUS, TI€ “MHOXKHTE-
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ssimu Jlarpamka” mpu obpa3oBaHuU Kiiaccuieckoi pyHKIwY Jlarpamnxka
SIBJIATOTCS JINHEHHDBIE (DYHKITHH.

19.2. OcymiecTBUM ceifdac JIOKAJILHBI aHAJIN3 HEPABEHCTB
(19.2) u (19.3), ucronb3ys B Ka4eCTBE AlIPOKCUMAIIHI IEPBOTO HOPSIKa
JUTst OTOOpaXkeHus F' paBHOMEPHYIO ITPOU3BOJHYIO 110 HAIIPABJIEHUSIM, &
JTst MHO2KeCTBa ) — KacaTeJIbHBI KOHYC.
TEOPEMA 19.1. ITycmov omobpasicenue F : X — Y asasemca pas-
nomepro Juddeperyupyemoim no nanpasaeruam 6 mouke 0 € €.
Veaosue

s<(F'(2°h)) > 0 dan ecex h € T(a° ), h # 0, (19.4)

ABAALTCA 00CTNAMOWHVLM 0AA Mo20, wmobu, sexmop x° € Q docmasaan

Ha mrodcecmee ) A0KANOHOIT USOAUPOBAHHbIT S —MUHUMYM 0MOODa-
orcenuro F.

3decvy T(2°|Q) — xacameavrwidi xonyc x mmoscecmey 2 6 mouke

0

x.

HOKABATEJILCTBO. Ilpexme Bcero ormerum, dUTO QYHKIUST

y — s<(y) pasnomepno ;jubdepennupyemMa 10 HAPABICHASIM B TOU-
ke y =0 u s (0ly) = s<(y) ns Beex y € Y. Crenosarensuo, B cu-
Iy HpeﬂﬂOH{eHEH 17.1 u npeanosioxkenuit orHocuressbHo F KOMIo3uImst
r— s<(F(z)-F (2°)) pasHOMepHO mEbdeEpeHITIPYeMa 0 HATTPABICHH-
am B Touke ¥ ¥ ee TPOM3BOHAS 10 HATIPABJIEHUAM B Touke ¥ coBla-
naer ¢ komnosuuueii h — s<(F'(z°|h)). Bocuomssyemcs nanee npemro-
skenneM 14.2, u3 KOTOpOro 3ak/odaeM, 910 ycyuosue (19.4) mocrarodno
nuist Toro, uTobbr BekTop ¥ € ) JocTaBiIAT Ha MHOMKECTBE ) JIOKab-
HbIfl M30/IMpoBaHHbI MuHUMYM dynkumn x — s<(F(z) — F(z%)), a
9TO, B CBOIO OYEPE/lb, SKBUBAJEHTHO YCJIOBUIO (19.2~). Ipumensia masee
npetokenne 19.2, mpuxoanM K TpedyeMoMy yTBEPXKIEHHUIO. Teopema
JIOKA3aHa.
Bsenem B paccmorpenne KoHyc

Kp(2°) = {h € X|F'(2°|h) 3 0},

KOTOPBI OyjIeM Ha3BIBATD KOHYCOM HANPABAEHUT = —ybueanus omobpa-
orcenun F' 6 mouxe 0.

Jlerko BUETH, 9TO YCIOBUE (19.4) 9KBUBaJIECHTHO PaBEHCTBY
Kr(z%) nT(2°|Q) = {0}. (19.5)

TEOPEMA 19.2. ITycmos wonyc nososcumenviolx 6exmopos Y+ cyb-
AUHETH020 OMHOWEHUA NPEINOPAdKa = menecen U nycmos omobpastce-
nue F: X — Y pasnomepro duddeperyupyemo no HanpasieHusM 6

moywke ZCO .
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Ecau eexmop z° € Q docmasasem na mmosicecmee Q A0KaNDHDT
caaboili S —munumym omobpasicenuro F, mo

s<(F'(z°|h)) > 0 dan ecex h € T(a°|). (19.6)

JOKABATEJIBLCTBO. W3 npemtoxxenns 19.3 ciemayer, uro dpyHKIUs
r — s<(F(z) — F(2°)) nveer B touke ¥ € € JOKATBHBIT MIHEMYM
na MHOxkecTBe ). Bocrosnb3oBaBuiucs najee npesgioxkennem 14.1 (tou-
Hee, ycioBueM (14.3)) u paBrHOMepHO# uddepeHIupyeMoCcTbio 0 Ha-
npaBjieRnsM oTobpazkenus r — s<(F(z) — F(2°)) B touke 20 (cm.
JIOKA3aTeIbCTBO IPEIBIAYINEH TeopeMbl), moayunM HepaseHcTso (19.6).
Teopema jJokazaHa.

Bsenem komyc

SKp(z?) = {h € X | F'(2°|h)=<0},

KOTOPBI HA30BEM KOHYCOM HANPABAEHUT CMP02020 =5 ~YObi6aHus 0mobpa-
orcenus F 6 mouxe x°.
Hepasencrso (19.6) 95KBHBaJIEHTHO YCJIOBUIO

SKp(z®)nT(z°|Q) = @, (19.7)

KOTOPOE, CJIeI0OBATEJILHO, TAKXKE SABJISIETCS HEOOXOIUMBIM yCJIOBUEM JIO-
KAJIbHOrO ¢J1aboro S —MUHHUMyMa Jjis oTobpazkenusi [’ Ha MHOXKecTBe
Q.

SAMEYAHUE 19.4. Eciu B Teopeme 19.2 TpeboBanmne paBHOMEPHOI
T DepeHIIpPYEMOCTH TI0 HAIIPaBJIEHUSIM O0TObpakenuss F B Touke x°
0CJIADUTD, 3aMEHUB €0 Ha MPEIIIOI0KeHNE 0 UMD PEePeHITnPYEeMOCTH IO
Hampas/eHnsaM otobpazkennss F' B Touke 1, To BMecto ycrosus (19.6)
MOXKHO JOKa3aTh HEOOXOMMMOCTD BBIMOJTHEHUS HEPABEHCTBA

s<(F'(2°|h)) > 0 nast Beex h € A(z°|€), (19.8)

rie A(z°|Q) — wonyc donycmumvir nanpasaeruti mnoscecmea §) 6
mouxe x° [108, 166].
B npyroii dbopme yerosue (19.8) umeer Bu

SKp(x®)NnA(z°|Q) = @. (19.9)

19.3. Yeaosus (19.4), (19.6) u (19.8) siBisifoTCSI TPSIMBIME
YCJIOBUSIME JIOKAJIHOTO N30JMPOBAHHOIO U CJ1a00r0 S —~MUHUMYMa 0TO6-
paxenust F' wa muoxecrBe (2. Iloaydnmm cOOTBETCTBYIONIHE MM JIyailb-
HBIE YCJIOBHS, BBIPA’KEHHBIE B TEDMUHAX € —KBa3uAud depeHInaioB KoM-
nosunun © — s<(F(z) — F(2°)) u BHemuux e -xkpasmnopmasieii MHO-
xecTBa 2. -
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Broiscuum caavasa kBazuauddepeHuaibabe CBOfCTBA KOMIOZUINI
r — s<(F(x)—F(«°)). Tpeamonoxmm, 4to oToGpazkenne F sapisercs
¢ —xBasumuddepenmupyeMeiM B Touke z° mpu HekoropoM & > 0. Tax
KaK Hst =1, To B cuiy TeopeMmbl 17.3 KOMIIO3UIUA T — sj(F(x)—
—F(2%)) Takxe sBnserca ¢ —xpasuauddepennupyemoit B Touke 20 mpu
TOM K€ 3HAYEHWU [apamerpa €, HpUYIeM eCJIu Fsl(mo) X - Y —
HPOU3BOJIbHAS € —KBA3UIIPO3BOIHAs oTobpaykeHnss F B Touxke 20, TO
xpasnmbdepenmman D(s< o FL(x°)) = [0(s< o F.(2°)),d(s< o F.(2°))]
KOMIIOSUIH S < O F(2°) sBnsiercs e —xpasuapdepennmanom (yHKIum
. — s<(F(z) — F(z°) B mouke 2% Ksasumuddepenmman
D(s< o F.(2°)) mowker GpiTh Bhramcien mo dbopmyam (16.4) u (16.5),
ucxonsa w3 cybmuddepennpana  ds<  u £ -xpasuauddepennuana
D.F[z"] : Y* — V(X*) orobpaxkenuss F B Touke x°, cooTBeTcTBY-
omero F.(2°) (mamommi, uro D, F[z°] onpegensiercs Kak oroGpazke-
HHe, * -CONpSUKEHHOe € ~KBasunpousponnoit F.(z°)).

TEOPEMA 19.3. Ilycmv omobpasicenue F asasemcs pasHomepHo
duppepenyupyemvim no nanpasaenuam 6 mouxe r’ u nyemo ¥ € Q.

Ecau das nexomopwr €1 > 0 u 2 > 0 cywecmsyrom €1 —k6a3u-
npPouU3cooHan Fél(xo) : X =Y omobpasicenus F 6 mouxe x0,
nan €3 —keasunopmanv NZ (z°|Q) = [n_ (2°1Q),n, (2°|Q)] % mno-
orcecmey 0 6 mouxe 20 u sewecmeentoe wucao § > €, makue, ¥mo

GHEWL-

g(si o Fe/l(mo)) +0B* C

- N [0(s<0F, () +eome(n -, (2°]2) — {w"})], (19.10)

~

w*€en g, (2°|Q)+e2B*

mo eexkmop z° docmaeasem wa mmoorcecmse € A0KAALHUIT US0AUPO-
sanHolll 3 —munumym omobpasicenuro F.

3decv D(s< o F;l(mo)) = [d(s< o F;l(mo)),g(sj o F;l(xo))} — Kea-
sududiepeniyuan Komnosuyuy s< o F;l(aco).

JOKA3BATEJILCTBO. B cuny mocraTodnoit vactu TeopeMbr 11.5 yeio-
Bue (19.10) BJjieueT BBHINOJHEHHE HEPABEHCTBA

s<(FL(@"h)) - o]In] = 0 (19.11)
Jns Bcex h € X Takux, 9To
O(NZ, (2°])) (h) — e2| ]| < 0.

U3 onpesiestennst BHEIHel &5 —kBasunopmam N (2°/)) u nepasencrsa
(19.11) crenmyer

s<(F'(a°|h)) > (6 — e1)||hl| st Beex h € T(2°]92).
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Tak kak § > €1, To BereacTaue TeopeMsl 19.1 Bekrop ¥ mocTasiser Ha
MHOXKeCTBe ) JIOKAJBHBIM N30JUPOBAHHBIN < —MUHUMYM OTOOPasKeHUIO
F. Teopema nokaszama.

CHEACTBUE 19.1. I[Tycmv omobpascenue F pasromepro dudgeper-
uupyemo no nanpasaernuam ¢ mowke x°. Ecau das nexomopozo £ > 0
cywecmsyom € —K6a3unpou3sodnas F;(xo) : X — Y omobpasicenun

F 6 mouxe 20 u BEWLLCMBENHOE HUCAO ) > € MaAKUE, 4Mo
d(s< 0 F.(z°)) + 6B* C (s< o F.(a")), (19.12)

mo eexmop x° docmasasem na npocmparcmee X A0KAAGHDU U30OAUPO-
sanHolll 3 —munumym omobpasicenuro F.

TEOPEMA 19.4. IIycmo intYt # & u nycmo omobpasicenue F
pasnomepho duddepenyupyemo no nanpasieruam 6 movuxe V.

Ecau sexmop x° € Q docmasasem ma mmoscecmee Q aokann-
HoLl caabvill S —munumym omobpasicenuro F, mo das mobwx 1 > 0,
g9 > 0, w0601 £1 —K6a3UNPOU3EOOHOT F;l(xo) : X =Y omobpasicenusn
F 6 mouxe 1° u 060l enewnet o —xsasurnopmaru NZ,(2°]Q) =
= [n; Q)1 2°Q)] & muoocecmsy Q 6 moure x° evnosna-
EMCA BKAIOUEHUE

s<oF. (a"))c () [8(s<0oF. (z) +e1 B+

w*en 2, (z°]Q)

+eone(n -, (2°|Q) + e2B* — {w*})]. (19.13)

HOKABATEJBLCTBO. Tak Kak BBIIIOJIHEHBI BCE YCIOBUS TeOpeMbl 19.2,
TO MMeeT MecTO HepaseHCTBO (19.6), U3 KOTOPOro moJyyaeMm

s<(FL(2[h)) +e1|[h]| 2 0
ayist Becex h € X rakwux, 910
G(NZ, (2°])) (h) + 2| ]| < 0.

W3 nupeanoxenus 10.4 caenyeTr SKBUBAJIEHTHOCTD MTOCIEIHEIO HEPABEHCTBA
srioueHnio (19.13). Teopema jokazaHa.
CHEACTBUE 19.2. I[Tycmov omobpasicenue F asasemea € —xkeasudugh-
Ppeperyupyemvim (€ >0 ) 6 mouxe 20 € X u nycmo intQ) # .
Ecaumouka x° € X docmasasem na npocmparcmee X A0kaN0Hb
cnaboili S —munumym omobpasicenuro F, mo das 110601 € —Kkeaszunpous-

~

6800101 0m06pa9fcenuﬂ F 6 mouxe Z‘O UMEeEM MECMO 6KANUEHUE

d(s< o F.(2°) C Jd(s<o F.(2°)) 4+ ¢B*. (19.14)
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JOKA3ATENBLCTBO. Bocnonbzosasncs 3amedannem 19.4, u3 (19.8)
[OJIyIaeM HEPABEHCTBO

s<(F'(2°|h)) > 0 nost Beex h € X,

U3 KOTOpOro B cuiy TeopemMbl 11.3 caenyer (19.14).

19.4. Ilpexnonoxuy, uTo B mccremyemoit Touke x° € ), BB
nosiHeHO HeoOxommmMoe ycosre (19.6), a mocrarounoe yciaosue (19.4)
He BBITOJIHsIETCs. [JIs XapaKTePUCTUKH TAKUX TOYEK IOJIYIUM YCIOBUS
= -JIOKAJILHOIO MUHUMYMA JJIst oToOpaxkerusi F': X — Y, BbIpaskeHHbIE
gepe3 BTOPbIE TPOU3BO/IHbIE 0TOOpaykeHust F.

Bynem rosoputsh, uro orobpaxkenume F : X — Y samuasercs dea-
orcov, dugppepenyupyemoim 6 moure x° € X no manpassenuro h € X
¢ omxaonenuem w € X, ecmn F muddepenmupyemo B Touke 20 1m0
HAIPABJIEHUIO h 1, KPOME TOr0, CYIIECTBYeT IIpeest

1 (,.0 : -2 0 t2 0 /(.0

F'(z°|h,w) = lim 2t7*(F(z°+th+—w)—F(z°)—=tF'(z"|h)). (19.15)
t——+40 2

Bekrop F"(2°|h,w) mazoseM emopoti npoussodnoti omobpasicenus
F 6 mouxe x° no nanpasaenuto h c omxaonernuem w.

Ecsu orobpaskenue F nazkael nuddeperiupyemo B Touke z¥ 110
Jirobomy HampasiieHnto h € X ¢ g100biM OTKJIOHEHHEM w € X, TO OHO
onpeenger na X X X orobpaxenne F”(z°-,-): (h,w) — F"(2°h,w),
KOTOpOE Oy1eM HA3BIBATD 8MOPOTL NPOU3EOOHOT N0 HANPABACHUAM C OM-
KAOHenuAMU OTOOpakenus F B Touke .

[TousiTre BTOPOil MPOM3BOIHOM OTOOPAKEHUST 110 HAIIPABJIEHUSIM C OT-
KJIOHEHWSIMU BBEJIEHO CPABHHUTEJLHO HeJaBHO [258, 259], X0oTsi HesiBHO
OHO WCIOJIB30BAJIOCh B YACTHBIX CJIydasX U paHee MPHU BBIBOJE HEOOXO-
JIMMBIX YCJIOBUIT OIITUMAJIBHOCTH BTOPOTO TOPsiiKa. BoJiee mmpokoe pac-
[IPOCTPAHEHUE B JINTEPATYPE ITOJIYUUIO HOHSITHE BTOPO MTPOU3BOIHON
oToGpazkeHUsI 110 HAalpaBieHusiM (cM., Harpumep, [98, c. 95]), koropoe
cosnazaer ¢ cyxenuem F(20)-) : XxX — Y nma X x{0}. Benencrsue
sroro nuxe Bmecto F”(z°|h,0) GyneM ucHOMb30BATH TpaJUIHOHHOE
It BTOPOii IPOU3BOiHOil 1o Hanpasenusam obosnadenue F” (x0|h). Uc-
0JIb30BaHue 0oJjiee Y3KOro MOHSITHsI BTOPO# MPOU3BOJIHON MO HAIPAB-
JIEHUSIM OO'bSICHSIETCSI, BO3MOXKHO, T€M, UTO B IVIAJKOM CJydae BTOpas
[IPOU3BO/IHAS 110 HAIPABJIEHUSIM C OTKJIOHEHUSIMH BBIPAYKAETCSI depe3 Te-
PBYIO U BTOPYIO IIPOM3BOIHBIE IO HATIPABJICHUSIM.

JIEMMA 19.1. Ecau omobpasicenue F cmpozo dupdepenyupyemo 6
mouxe 20 u obaadaem 6 smoti mouke emopoti npoussodnoti F"(x°|h)
no wanpasaseruro h, mo npu mobom w € X omobpasrcenue F aeas-
emca dsaotcov, duddeperyupyemom 6 mouxe x° no nanpasaernuo b c
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OMKAOHENUEM W, NPU IMOM
F"(2°|h,w) = F'(2%)w + F"(2°|h),w € X. (19.16)

3decy F'(2°) : X — Y — cmpozaa npouseodnas omobpasicenus F 6
mouxe zV.

Orobpazkenne F' : X — Y wHaseiBaeTcss cmpozo dugdepenyupye-
moim 6 mouke 0 € X [11], ecom cymecTByeT JMHEHHBIH OMepaTop
A X — Y, obmagaromuii CJIeIyIOmuM CBORCTBOM: I JIHOO0OTO Be-
mecTBenHoro Wncaa y > 0 cymecrsyer okpectrocTh N (x°) Toukm 29

B X Takasi, 9TO
[F(z1) = F(22) = A(z1 — 32)|| < 7[ler — 22 (19.17)

st Beex x1, w2 € N ().

Jluneitnpiii oneparop A : X — Y, yuosiaersopsiomuii (19.17), ma-
3BIBAETCSH CMpPo2oti Npoussodnoti omobpasicenus F 6 mouxe zV.

Jlerko y6emuThcst, 4To cTporo nuddepeHiupyemoe B Touke ¥ orobpa-
kenue F sBisierca Takxke nudpdepenimpyeMbiM 1o @peme B 3T0i TOU-
Ke, TIPH 9TOM CTporas Ipou3Bo/Has u mpoussoanas Opeme F’(z°) cos-
TIAJIAIOT.

JOKABATEJLCTBO aemmbl 19.1. Ilycrs

0 £ 0 )
G(t;h,w) = 2(F(z” + th + 0l ) — F(2”) — tF'(z"|h)).

Banumem G(t;h,w) B BHIE

2
G(t; h,w) = 2(F(z° 4 th + %w) — F(2° + th))+

F2(F(2° + th) — F(2°) — tF(z°]h)).

Benencrsue crporoit quddepennupyemoctu orobpaxkenusi F' B To4-

ke 9 mMmeem

t2
thrfo 2t 2(F (2 4 th + 0 ) — F(2° +th)) = F'(2")w.

0

Kpowme Toro, Tak kak F' obyiagaer B TOUKe ° BTOPOI MPOU3BOIHON IO

HaIpaB/JeHuo h, TO

Jim 2t72(F(2° + th) — F(z°) — tF'(2°|n)) = F" (2°|h).

W3 sroro ciiegyer cymiecTBOBAHUE TIPEIETa tlimo t=2G(t; h,w) m crpa-
—+

BEJUIMBOCTH paseHcTsa (19.16). Jlemma nokasana.
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SAMEYAHUE 19.5. Ecin orobpazkenne F aBaxkabl auddepeHIm-
pyemo no ®peme B Touke ¥, To coorHomenue (19.16) mveer mecto 6e3
TpeboBammst crporoit muddepennupyemocta F B Touke V.

HerpyiH0 yOoeauThCcsi B TOM, 9TO CyKE€HHE BTOPOIl IPOU3BOHOMN 110
nanpasyiesusM ¢ orkiaonerusmu F”(20%]-) : X x X — Y ma {0} x X
COBIIQJIAET C TIEPBOil POU3BOAHON 110 HAIIPABJIECHUSIM, T. €. UMEET MECTO
PaBEHCTBO

F"(]0,w) = F'(2°|w) arst Beex w € X. (19.18)

OTMeTuM TakzKe CJIeYIoIee CBONCTBO MTOJIOXKUTEIBHON OIHOPOIHO-
CTH:

F"(z°|7h, 7*w) = 72 F" (2% h, w) (19.19)

st Bcex h, w € X mBcex 7> 0.

Bysiem rosoputh, uto Bropas npoussopnas F”(x°|h,w) orobpake-
mug F B Touke 2° mo mampasiaeHmio h C OTKJIOHEHWEM w SBJSETCS
pasromeproti (0 OTKJIOHEHUIO), eCJIn

2
1,0 _ : -2 0 —
F"(2°h,w) = tHJPOI,Izlaw 207°(F(z” + th+ 5 )
—F(2°) — tF'(2°|n)). (19.20)

TEOPEMA 19.5. (0CHOBHOE HEOGXOIUMOE YCIIOBHE BTOPOTO MOPSIIIKA).
ITycmwv xonyc nososcumenvror sexkmopos Y T cybaunetinozo ommoue-
HuA npednopadka X mesecen u nycmyv omobpascenue F i X — Y
obaadaem 6 mouke x° emopoti NPousEOOHOTI NO HANPABAEHUAM C OM-
KAOHEHUAMU.

Ecau eexmop z° € X docmasaaem na npocmparcmse X ao0kanb-
Houl caaboli 3 —munumym omobpascenuro F, mo nepasencmeo

max F"(z°|h,w),y*) >0 19.21
y*easi(p(mo‘h»< (@”|h,w),y") = ( )

evmoansemes ons 6cex h € Kp(x®) u ecez w € X.
Bdect Ds<(F'(x°h)) = {y* € ds< | (F'(«°|h),y*) = 0}.
JIOKABATEJBCTBO. 3adbukcupyem h € Kr(2?) u w € X. U3 npej-
Joxkenus 19.3 ciaemyer, 9To

2

s<(F(a°+th + %w) — F(2°)) > 0. (19.22)

Tak kak orobpaxkenne F obnamaer B Touke 1’ BTOpPOIl IPOU3BOIHOM 1O

HAIIPABJICHASIM C OTKJIOHeHUsIMH, TO u3 (19.15) u coorHomeHus (19.22)
HOJTy 9aeM

M)) >0 (19.23)

4
s3(F(@lh) + S (F" (@b, w) + 220 )) >
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re t720p 4 (t?) — 0 mpu ¢t — 0.

B cuny meobxoaumoro yeiosus (19.6) u skmouennss h € Kp ()
umeem s (F (2°]h)) = 0. TockombKy byHKIHA $< paBHOMEpHO Jud-
depennupyema 1o HanpasieHusM (KaK HellpepblBHAs cybsnHeliHast HyHK-
nus [126, c. 209]), u3 ycnosus (19.23) nosygaem

s'S(F' (z°|h)|F" (2°|h, w)) > 0.

Us pasencrsa ds<(y°) = {y* € 9s<| (4%, y*) = s<(y*)}, rme 9s<(y°)
— cyOmuddepeniman GyHKIUI S< B TOUKe y°, ciemyer, uTo mocseHee
HepaBeHCTBO coBraaer ¢ (19.21). Teopema nokasaHa.
3AMEYAHUE 19.6. Yeaosue (19.21) comepKut B cebe 1 HEOGXOINMOE
ycroBre nepsoro nopsiaka. Jeiicrsurensao, mockoisky ds<(F'(2°]0)) =
=0s<, F'(z°]0,w) = F'(2°|w), ro, nonoxus B (19.21) h =0, moy-
9UM yCJIOBUE
s<(F'(2°|w)) > 0 mst Beex w € X, (19.24)

KOTOpOe coBraaer ¢ yeaosueM (19.6) 1ist paccMaTpuBaeMoro cirydast
(Q=X).

BAMEYAHUE 19.7. Tak kak Os<(F'(2°|h)) C 9s< mms moGoro
h € X, 1o u3 ycaosusg (19.21) ciemyer HepaBeHCTBO -

s<(F"(z"|h,w)) > 0 (19.25)

s Beex h € Kp(zY) u Becex w € X, KOTOpoe TakyKe MOKHO HCIIOMb-
30BaTh KaK HEOOXOIUMOE YCJIOBHE JIOKAJIBHOIO CJaboro = —MHUHHMYyMA.
OrmernM, uTo nposepka ycaobust (19.25) MoxKeT ObITH IPOIIE, IeM IIPO-
Bepka yeaoBug (19.21); Tak kKak He TpeOyeT HaXOXKICHUS It KaKIOr0
h € X wmmoxecrsa Os<(F'(x°|h)).
B ofImeM ciydae, OIHAKO, YCJIOBHE (19.25) rpyGee ycsosug (19.21).
Beenem muozkecTso

dos=< = {y* € s< | (F'(2°|h),y*) = 0 st Beex h € Kp(a°)}.

Ouesuzpo, uro Jys< C ds<(F'(x°h)) nnst moGoro h € Kp(xP). Momy-
YUM JIOCTATOYHOE YCJOBHE HEIyCTOTHI MHOXKecTBa Jps<. [ist sToro
PaCCMOTPHUM MHOYKECTBO

Q") = {y = F'(2"|h) | h € Kp(a")}.

TIPEAJIOXKEHUE 19.4. Ecau evnoaneno ycaosue (19.24) u wouyc
Q(zY) Asasemca 6vinyKABIM, O MHOIICECTNEO Oos< menycmo u
mobozo h € Kr(x%) maxozo, wmo F'(x°|h) € 1iQ(x°), umeem mecmo
pPaseHcmso

dos< = 0s<(F'(z°|n)). (19.26)
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JTOKABATEMBCTBO. Tax kax (x°) aBIsieTcs BLITYKIIBIM MOAMHO-
JKECTBOM ~ KOHEYHOMEDHOI'O  €BKJIMJIOBOIO  INpOCTpaHcTBa Y, TO
1iQ(2°) # & wu, crenosarenbno, MHOKecTBO BekTOpoB h € Kp(20),
yaosnersopstiomux yeosuto F'(2°]h) € riQ(z), Takske memycro. Ilo-
TOMY ISl JIOKA3ATEbCTBA MPEJIOKEHHs] JOCTATOYHO YCTAHOBUTDL Pa-
BercTBo (19.26), 13 KOTOPOroO Gy/IET CJIEJIOBATH U HEIYCTOTa MHOYKECTBA
808’-5.

Oycte h € Kp(2°) u nyers 5 = F'(2°h) € 1iQ(2°). B cuny
[OCJIeTHEr0 BKJIIOYEHUs i Jjioboro h € K F(xo) cymecreyer § > 0
takoe, uro Y + tF'(z|h) € Q(2°) mas Bcex t € (—4,0). Ilockosn-
Ky Q(z°) C =Y, 1o (g +tF'(2°|h),y*) mns Becex y* € Os< m Beex
t € (=0,6). Ecm xe y* € ds<(F'(z°|h)), 1o (7,y*) = 0. Cneno-
sarensuo, t(F'(z°|h),y*) < 0 mns Beex y* € ds<(F'(2°|h)) n Beex
t € (—6,0). Takum obpasom, npu Jobom y* € Js<(F'(x°|h)) pa-
sercteo (F'(z°|h),y*) = 0 umeer mecro nys Beex h € Kp(20). 3na-
anr, ds<(F'(2°h)) C ps<. Hockoabky o6paTHOE BKIOYEHHE OYEBH-
HO, TO paseHcTBO (19.26) NOKa3aHO. DTUM 3aBEPIIACTCS U JOKA3ATEJ b
CTBO TIPEJJIOYKEHUS B IIEIOM.

Bynem roBoputhb, uro orobpaxkenune F : X — Y ymnosierBopsieT B
touke 10 € X 6mM0OpoMy YCAOGUIO PERYAAPHOCTIU OMHOCUMEADHO OMHO-
wenua npednopadka S, ecin

a) xouyc Q(z°) aBIFETCS BBITYKIBIM;

6) aa moboro h € Kp(x°) rakoro, uro F'(2°|h) & 1iQ(2°), cy-
mecTByeT cxoismasca K h mociegoBatenbHocts h; € Kp(x0),
i=1,2,... takag, aro F'(z°|h;) € riQ(2°),i =1,2,...;

B) oTobpaxenue F obnasaer B Touke ¥ BTODOi MPOM3BOIHOMN 1O
HaIlpaBJICHUSAM C OTK/JIOHeHHsMHU, mpudem ortobpaxenue F (20|, w)
h — F"(2°|h,w) aBisercs HenpepbIBHLIM 1pH J060M w € X.

Herpyauo ybenurbest B TOM, 9TO TpeGoBaHUs &) U 6) BBIIOJHEHBI,
ecim oTo6pazkenue F muddepenmupyemo mo Ppeme 5 Touke zV. Ecan
ke F gpazkasl muddepentmpyenmo mo ®Ppermre B Touke x¥, TO BBIION-
HEHO W YCJIOBUE B).

TEOPEMA 19.6. IIycmov konyc nososicumensvuviz 6exkmopos Y T cyb-
AUHETHO020 OMHOWEHUA NPEONOPAJKG S MEAECEH U NYCMb 0Modpatce-
nue F: X =Y ydosaemeopaem s mouxe x0 emopomy ycaosuro pezy-
AAPHOCTIU OMHOCUMEADHO S .

Ecau eexmop z° € X docmasasem na npocmparcmee X A0kab-
Houll caabuill S —munumym omobpasiceruro F, mo nepasercmaeo

max (F"(z°|h,w),y*) >0 (19.27)

y*€dos<
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evmoansemca ons 6cex h € Kp(x®) u ecez w € X.

JOKABATEJILCTBO. B cumny mnpemoxenunss 19.4 s BeKTOpPOB
h € Kr(z°), ynosnersopstonux yenosmo F'(x0|h) € 1iQ(z2?), mmeem
dos< = Os<(F'(2°|h)). Crnenoparennro, B 9ToM ciyudae (19.27) cosua-
naet ¢ (19.21). Pacemorpum Bektop h € Kp(2°) Takoit, utro F'(z°|h) ¢
Z 1iQ(2Y). Tax xak orobpaxkerne F ysoBieTBopsieT B Touke z° BTOpO-
MY YCJIOBUIO DETYJAPHOCTH OTHOCHTEIBHO 5, TO B CHIy TpeGOBAHUS
6) cymecTByeT cxofgmasca K h mociegosarenbHocts h; € Kp(x0)
takag, uro F'(z|h;) € 1iQ(2°),i = 1,2,... IToCKOIbKY /Il KasKJ0ro
¢ =1,2,... BBIIOJHEHO HEPABEHCTBO

max (F"(2°hi, w),y*) >0,
y*€dos=

TO BCJIEJCTBHME YCJIOBHs B) HOJIy4dM B Opejieie nepasexctso (19.27).
Teopema joKazaHa.

[Ipu noka3aTesibCTBE CJEAYIONIErO HEOOXOIMMOIO YCJIOBHS HCIIOIb-
3yeTcsl CJIeJyIollee BCIIOMOraTe/ IbHOE YTBEPKIEHIHE.

JIEMMA 19.2. Ilyemov s : Y — R — mnenpepuwsnas cybaunetHas
Ppynxyua nva YA X — Y — aunetnoid onepamop usa X 6 Y,b
Purcuposannnili sexkmop us Y. Hepasencmeo

s(Az +0) >0 dan scex x € X (19.28)

UMEEM MECO Mmo2da u Moavko mozda, Kozda

Oas={y* €0s|A*y* =0} # (19.29)
max (b,y*) > 0. (19.30)
Y*€0AS
3decvr A* :Y* — X* — aunetinoid onepamop, COnpAHCeHHbl one-

pamopy A.

JlokazareabeTBO TOM JIeMMBbI MOXKHO MOJIYYUTh U3 PE3YJILTATOB BbI-
myKJoro anaiausa [160].

TEOPEMA 19.7. ITycmwv wonyc nososcumensvuox eexmopos Y+ cyb-
AURETIHO20 OMHOWEHUA NPEONOPAJKa = MeAecer U NYcmv 6 movke
20 € X omobpasicernue F cmpozo duddepenyupyemo u obradaem smopot
npouseodnoti no nanpasaenuam F'(x0|-) : h — F"(20|h).

Ecau sexkmop 2° € X docmaesasem na npocmparcmee X a0KaAb-
Houll caaboili 3 —munumym omobpasicenuro F, mo mmoocecmeo

Opr(z0)53 = {y" € Ds<|(F'(2”))"y" = 0}
HENYemo u

max  (F"(z°|h),y*) >0 (19.31)

Y* €05/ (,0)8<
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onsn ecex h € Kp(z0).

30ecy F'(2°) : X — Y — cmpozas npoussodnas omobpadicernus F
6 mouxe zV.

JJOKA3ATENBLCTBO. Bocnonb3osapmuck npejcrasiaenuem (19.16) u3
sgeMMbl 19.1, moryduM m3 OCHOBHOTO HEOOXOAMMOIO YCJIOBUSI BTOPOIO
nopsizka (19.21) (a Tounee, u3 coornomenus (19.25)), 9To HepaBeHCTBO

s<(F'(«°)w + F"(z°|n)) > 0

crpaseymBo aa Beex h € Kp(zY) n Beex w € X. Ilpumenus na-
nee mevmy 19.2 (s xaxxmoro h € Kp(z')) npumem K yTBep:KIeHUIO
TEOPEMBI.

3AMEYAHUE 19.8. Hemycrora MmHOXKECTBaA 8F/(IU)S’5 ABJIAE€TCH JIBOY-
CTBEHHBIM KBUBAJIEHTOM HEPABEHCTBA

s<(F'(2°|h)) > 0 nost Beex h € X,

BBIIIOJIHEHUE KOTOPOT'O SIBJISI€TCsT HEOOXOIUMBIM Y CJIOBUEM IIEPBOTO TOPS/I-
Ka JJIsl TOUeK JIOKAJIHHOTO C1aboro S —MUHUMYMa oTo0pakeHus: F - (cM.
reopemy 19.2). Ormerum, uro B Teopeme 19.7 3TO yC/I0BHE JOKA3aHO
BHOBb HE3aBUCUMO OT IIPEJIBIIYINNX PE3YJIBTaTOB.

3AMEYAHUE 19.9. YTBepxkaenue TeopeMbl 19.7 ocranercst cripaBe/i-
JIUBBIM, €CJIU IIPEIIIOJIOKEHIS OTHOCUTEIBPHO F' 3aMeHUTH TpeOOBaHUEM,
aro F' gaBaxnpr nuddepennupyemo mo Ppere. B cienyromem mapa-
rpade OylieT MOKa3aHO, YTO IIPHU BBIMOJHEHUN TOr0 TpebOBaHUs “yCH-
nennoe” HepaBeHCTBO (19.31) (ycuieHue COCTOMT B 3aMeHE 3HaKa > Ha
CTPOroe HEPaBEHCTBO > iyt h # () sABJeTCs JOCTATOYHBIM YCJIOBUEM
JIOKAJIBHOTO U30JIMPOBAHHOIO S —“MUHUMYMA.

§ 20. YCJIOBUA JIOKAJIBHOTO <X-MUHUMYMA
OJ1 BEKTOPHBIX OTOBPAXKEHUI. 1T

IIpomosmkuM BBIBOJ, yCJIOBUH JIOKAJIBHOTO S —MUHUMYMa JIJIsT
orobpaxkenuss I': X — Y nawmuoxkecrse 2 C X. Kak u B npespirymem
maparpade, Oyaem npeimoiaratb, 9to X u Y — KOHEYHOMEPHBIE €B-
KJIAJIOBBI ITPOCTPAHCTBA, IIpUYeM Ha Y 3aJ[aHO CyOJIMHEIHOe OTHOIIEHTE
npeanopsyika S . OCHOBHas TIeJIb HACTOSIIIEro naparpada — Moy IuTh
YCJIOBUSI JIOKAJIHLHOTO S —MUHUMYyMa 0e3 MPEIIOI0KEHUsT O TeJIECHOCTH
KOHYyCa II0JIO¥KUTEIbHBIX BeKTOpoB Y T OTHOIIeHus npeanopsaika = .

20.1. ITosyunm Takoe GpyHKITMOHAIHLHOE MPEICTABICHUE JJIs
CyOJIMHEHHOrO OTHOINEHUSI IPEJIIOPSJIKA =, KOTOPOE XapaKTepU30BAJIO

~)
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OBl IIPOU3BOJ/IHOE OTHOIIEHNE —< ¥ B TOM CJIydae, KOTJa KOHYC IIOJI0XKH-
TEeJILHBIX BEKTOPOB Y T He ABJIAETCH TEJECHBIM.

[MTPEMIOKEHUE 20.1. Jlas 4106020 cybaunetinozo omHoweHus npeo-
nopadka 3 wa Y, cywecmseyom cybauHelHas HENPEPLIGHAA PYHKUUA
o:Y — R ([lox|| = 1) u onepamop npoexmuposarnus P< :Y — Y
maxue, “wmo

a) das mozo wmobv. das Y1,Y2 € Y 6BNOAHAAOCH COOMHOWEHUE
Y1 3 Y2, HE0bTOOUMO, G, €CAU KOHYC NOAOHCUTNEALHBIT 6exmopos Y T
3AMKEHYM, MO U JOCMATNOYHO BBINOAHEHUE COOTHOWEHUT

o<(y1 —y2) <0, P<(y1 — y2) = 0; (20.1)

6) das a06wT Y1,y2 € Y coomnowenue yi1—<<ys uUMeEEmM MECMO Mo-
2da u moavko moada, xoz2da

o<(y1 —y2) = 0, P<(y1 —y2) = 0. (20.2)

JIOKABATEJLCTBO. Ilyers M = Y+ — YT — jmneiinag obosouka
KOHyCa TOJOKHTEIbHLIX BeKTopos Y T. Ecmm intY 't = &, 7o
codimM =m > 0 u, ciie1oBaTeIbHO, B Y CYIIECTBYET HETPUBUAJIHHOE
BEKTOPHOE ITIOJIIPOCTPAHCTBO L, sBJIsAIONIeecs OPTOrOHAILHBIM JOIIOJI-
wenneMm M. Anrebpamveckas cymma YV + L ={y+v|yeY T ve L}
ABJIAETCS TEJECHBIM BBITYKJIBLIM KOHYCOM, IIPAYEM

YT =c(YT+L)NM, riY"T =int(Y" + L) N M. (20.3)
Bsenem dyukimo

y—oxl) = if =4yl ekl
CTaBSIIIYI0O B COOTBETCTBHUE KAaXKJIOMY BEKTOPY Yy € Y CHMMETPH30BaH-
HOE PacCTOAHHE OT BEKTOpa —j¥ J0 MHOXKecTBa Y T 4 L, U JMHeHHbIi
onepatop P~ :Y — Y, asidgromuiica ormepaTopoM OpTOrOHAIBLHOTO IIPO-
eKTHpOBaHH; Ha BEKTOPHOE IMIOJAIPOCTPAHCTBO L.
Hockomexy M = {y € Y|[P<y = 0}, 10 u3 pasencts (20.3) u csoiicts
(15.3), (15.4) cummerpusoBanHOrO paccrosiaus (§ 15) ciemyer

VT ={y € Y]og(-y) <0,Px(y) =0},

Y™ ={y eYl|os(~y) <0,P<(y) = 0}.

Wcnonb3ysa st paBeHCTBa, HETPYIHO IIPOBEPUTH BHIIIOJTHEHHUE YTBEPK-
nennit a) u 6) upemoxkenust 20.1 Jyist TakuM 06pa30M BBEIEHHBIX (DYHK-
mun o< : Y — R uoneparopa P<:Y — Y.
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XapakTepucTuka CyOJIMHEHOTO OTHOIIEHNs PEAMopsIKa S, JaH-
Hag B npejgoxkennn 20.1, MO3BOJISIET MOJYUATD CJIEAYIONINE YTBEPIKIe-
HUST O PEAYKIUM 33Ja9M S —MUHUMU3AIUU BEKTOPHOTO OTOOPAKEHUS
F:X-Y.

[IPEAJIOKEHUE 20.2. Jlas mozo wmobw, eexkmop z° € Q docmae-
aan Ha mroocecmee ) C X A0KGALHOIT UBOAUPOBAHHBIT = —MUHUMYM
omobpascenuro F : X —Y, docmamouno, a ecau xKowyc nososcumens-
noir eexmopos Y ¥ cybaunetinozo ommowenus npednopadka 3 sam-
KHym, mo u neobrodumo, wmobv, das nexomopoti oxpecmmocmu N (x0)

sexmopa ZL'O BN ONHANOCY YCAOBUE

o<(F(z) — F(z%) > 0 oas ecer x € N(2°) N Q(2°),z # 2%, (20.4)

2de
Q%) ={z € Q| Ps(F(x) - F(2%)) = 0}. (20.5)

IPEAIOXKEHUE 20.3. Jaa mozo wmobu eexmop ¥ € Q docmasasn
na mroocecmee Q C X pokasonorl caaborli 3 —munumym omobpasice-
nurw F : X — Y, neobrodumo u docmamourno, wmobv, das Hexomopot

oKxpecmHocmu N(Z‘O) GEKIMOPaQ ZCO 6UINMOAHANOCDY YCAOBUE

o<(F(z) — F(z%) > 0 dan ecex x € N(2°) N Q). (20.6)

~

Venosua (20.5) u (20.6) cosunagator mo dopme ¢ yenaousmu (19.2)
u (19.3). Paccyxnag jasee mo cxeme npejabliynero naparpada, mosy-
YUM YCJIOBUSI TIEPBOTO TOPSIIKA JJIS TOYEK JIOKAJIBHOIO =S —MHUHUMYMa
orobpaxkenust F' Ha MHOXKecTBe ().

TEOPEMA 20.1. IIycmv omobpasicernue F asasemca pasHoOMEPHO
Jueperyupyemoim no nanpassenuam 6 mowke x° :

a) ycaosue

o< (F'(2°|h)) > 0 0 ecex h € T(a°|Q(z")), h # 0, (20.7)

A6AsemcA docmamounvim Oas moezo, wmobv, 6exmop ¥ € Q docmasaan
Ha mHootcecmae  A0KaALHVIT USOAUPOBAHHBIT S —MUHUMYM 0MOobpa-
orcenuro F

6) ecau eexmop x° € Q docmasasem na mnoscecmee 0 AOKAALHDLT
caaborli S —munumym omobpasicenuro F, mo

o<(F'(2°|h)) > 0 dan ecez h € T (x| Q(x?)). (20.8)
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20.2. Ucnosib3oBanue yCaoBuii JOKAJIBHOTO X —~MUHUMYMa, JaH-
HBIX B TeopeMe 20.1, 3aTPyTHEHO OTCYTCTBUEM CTAHJAPTHBIX METOIOB
Haxoaenus Kacareabroro komyca T(x? | Q(x0)) (maxe npu m3secTHOM
T(2°]€)). TlosToMy BBIICHUM, KaKHe CJIeJICTBHs MOYKHO TIOJYIUThH W3
9TOM TEOPEMBI, €CJIM BOCHIOJIb30BATHCSI TEM, UTO B OIIPE/IETICHNE MOKECTBA
Q(°) Bxomur oneparoproe orpammaenue P<(F(x) — F(z°)) = 0.
Tak xak Q(z°) = QN E(2°), mue E(2°) = {2 € X|P<(F(x)—
—F(2")) = 0}, To u3 06MUX CBOICTB KacaTeJ bHLIX KOHYCOB (CM., Ha-
npumep, [166]) cienyer BKiItOUeHHE

T(z°|Q(2°)) € T(2°|1Q) N T (2°|E(2°)). (20.9)

Kpowme Toro, nmeer MeCTo CiieJyiomast

JIEMMA 20.1. ITycmv omobpasicenue G : X — 'Y obaadaem 6 mouxe
20 € X pasnomepnoti npouseodnoti no HAnNpasAEHUAM U NYCMD 3a0aH0
MHOIHCECTNEO

Eq(z®) = {z € X|G(z) = G(2°)}.

Toz0a
T(z°|Eq(z®)) ¢ {h € X|G'(2°|n) = 0}.

JTOKABATEILCTBO. Iyers h € T(2°|Eq(2°)). Us pasmomepmoit
T dDePeHIIPYEMOCTH TI0 HAIIpaBJIeHUsM 0Tobpakenuss G B Touke °
caeyer, 9To jis Joboro € > 0 cymectsytor okpectHocTh N (h) Bek-
Topa h u uucnao d(e) > 0 Takme, ITO

[t7HG (20 + t2) — G(a%)) — G'(2°|h)|| < & (20.10)

st Beex z € Ne(h) n ¢ € (0,4(¢)).

[Mockombky h € T(z°|Eg(z?)), To maitimyrcs z(e) € N.(h) m
t(e) € (0,6(¢)), ynosnersopsiomue pasenctsy G(z'+t(e)z(e)) = G(a0).
CnenoBaresnbro, moaoxkus B (20.10) ¢t = t(e),z = z(e), momyumm
|G'(2°]h)|| < &, uTO paBHOCWILHO BCJECTBHE MPOU3BOJILHOIO BHIGOPA
e > 0 pasencrBy G'(x°|h) = 0. Jlemma joKazana.

Takum obpasom, u3 BriroueHusi (20.9) n semmbr 20.1 3akiouae,
910 ecyin oToOpakenne I siBjisiercss paBHOMEPHO JIuddOEPEHITNPYEMbIM

IO HaIIpaBJICHUAM B TOYKE .’ﬂo, TO

T(2°|(2%) c T(2° Q) Nn{h € X|P(F'(z°|h)) =0}.  (20.11)

DTO BKJIOYEHHE MOXKHO HCIOJIB30BATH JUI TOTO, YTOOBI MOJYINTH
CJIEJICTBHE U3 JOCTATOMHOTO YCIIOBUsL, COPMYIMPOBAHHOIO B yTBEPIK /e~
aun a) rteopembr 20.1. [eiicrsurensro, ecaum B (20.7) MHOXKeCTBO
T(2°|Q(z%))  samenmTp  Ha  comepiKamiee  ero  MHOMKECTBO
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Tz Q) N{h e X|P<(F'(2°h)) = 0}, To mosryueHHoe Ip1 3TOM YCJI0-
BUE TAakke OyIeT IOCTATOYHBIM IS JIOKAJLHOTO H30JHPOBAHHOIO
3 —muHEMyMa. HerpynHo yGemurhes, 910 9T0 yCJI0BHE COAEPKATETHHO
COBIIAJIAET C yCJIOBHEM TeopeMbl 19.1.

B camom gsene, zamenus B (20.7) T(z°|Q(2)) ma nepeceuenme
T(z"|Q) N {h e X |P<(F'(z°|h)) = 0}, npuem K TOMy, 4TO CHCTEMA

o<(F'(2°|h)) < 0, P<(F'(«°|h)) = 0,h € T(2°|Q2) (20.12)

MeeT JIMINb HyJjeBoe pertenue. B cuny upemioxkenus 20.1 mepsble /18a
yenosus B cucteme (20.12) pasrocusibhbl coornomtenuto F'(xz°|h) =0,
[09TOMY OTCYTCTBUE HEHyJIeBbIX pemenuil y cucrembl (20.12) sxBuba-
nertro pasenctsy Kp(z%) N T(z°|Q) = {0}, nocrarounocts xoToporo
JUUIsI JIOKAJIBHOTO U30JIMPOBAHHOIO X —MUHMMYMa U COCTABJISIET COIEP-
»KaHue TeopeMbl 19.1.

ITockoubKy BrItouerue (20.9) MoxkeT GbITh COBCTBEHHBIM, TO 000~
HYIO 3aMEHY HEJIb3si OCYIIECTBUTH [JIsT HEOOXOAMMOTO YCJIOBUS JIOKAJb-
Horo ciaaboro 3 —munumyMa (20.8), chopMyIupoBaHHOIO B yTBEPIKIe-
Huu 6) Teopemsr 20.1.

Bynem rosoputh, uro orobpaxkenue F : X — Y yaosmerBopsieT Ha
muozkecte §2 C X B Toure ¥ € Q nepsomy ycaosuro pesyaapnocmu
OTHOCHUTEJILHO OTHOIIEHUsI PEIIopsiaka S, ecau I gpisercs paBHO-
MepHO MuddepeHIIpyeMbIM 110 HAIPABJICHAAM B TOUKe = 1

T(2°|Q(2")) = T(2°12) N {h € X | P<(F'(2°|h)) = 0}. (20.13)

Ecmu mmokectBo () 3aaHO TOCPEACTBEOM (DYHKIMOHATLHBIX WA
OTIEPATOPHBIX OIPAHUYICHHI, TO MOYKHO HMOJYIUTH JOCTATOYHBIC YCIOBUS
JIIST BBIIIOJIHEHHUSA IIEPBOTO yCIOBUSA PEryJISPHOCTH B TEPMHHAX OTOODa-
xKenusg F' v GyHKIIMOHAJIOB WX ONIepaTOpOB-orpanndenuit. Taxkue gocTa-
TOYHBIE YCJIOBUs OyJIEM TAK¥Ke HA3BIBATH YCJIOBUIMHU PEryJISIPHOCTH.

Orpanuvaumcst 3/1eChb JIAIb (HGOPMYJIUPOBKOI CIIEIYIOMNX JIBYX YCJIO-
BUIl PEryJIsSpHOCTH, COOTBETCTBYIOMUX caydain = X.

[TPE/UIOXKEHUE 20.4. (ycuosue peryssipuoctu (A)). Ecau

a) codim(kerP<) = 1;

6) omobpasicerue F  pasrnomepno duddepenyupyemo no nanpasae-
nuam 6 mouxe r° € X;

B) das aunetinozo gymnryuonasa e* € Y* |le*|| = 1, maxoezo, wmo
kerPx = {y € Y|[(y,e*) = 0}, sewecmeennosnaunas dynxyua
h — (F'(z°|h),e*) ne umeem mouex aokarvrozo sxempemyma na X,
mo omobpasicenue F ydosaemeopaem na X 6 mouke x° € X nepsomy
YCAOBUIO PERYAAPHOCTU OTVHOCUMEALHO OMMHOUEHUA NPEONOPAIKE = .

JIOKABATE/MBCTBO. Tak xak Q = X u codim(kerP<) = 1, To
Q%) ={h e X|(F(z) — F(2"),e*) = 0}. Us ycnosuit 6) u B) cieiyer,
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Y9TO B TOYKE Z‘O BBITIOJIHACTCA YCJIOBUE PEryJIAIPHOCTU JJIsd OTPaHUYICHU A

THIA PAaBEHCTBA .0 o+ (T) = (F(z) — F(2°),e*) (cm. § 14). Kak 6b110
nokazano ( § 14), ato yciosue obecrieunsaer pasenctso 1'(x0(Q(zY)) =
= {h € X|(F'(2°|h),e*) = 0}, 3KkBUBaJEHTHOE B PACCMATPHBAECMOM
ciyuae (20.13). Ilpemioxkenne J0Ka3aHO.

TIPEAJIOXKEHUE 20.5. (yeaosue perynsiproctu (B)). Ecau

a) codim(kerP<) =m > 1;

6) omobpasicerue F  pasnomepno duddepenyupyemo no nanpasae-
nuam 6 mouxe 0 € X u, Kpome mozo, KOMNOZULUL P< o F cmpozo
Judepernyupyema 6 moure z°;

6) Im(P< o F)'(2°) = ImPx,

mo omobpasicenue F ydosaemeopsem na X 6 mouxe =¥ nepsomy
YCAOBUIO PERYAAPHOCTIY OTRHOCUMENLHO OTVHOWEHUA Npednopadka = .

Herpyauo Bugers, uro yciosue peryssapaoctu (B) ciemyer uz teo-
pembrl Jliocrepuuka [11, ¢. 173].

[MepeiieM K HECOOXOTUMBIM YCJIOBHUSAM CJIaO0T0 JIOKAJTBHOTO S —MUHU-
MyMa st orobpaxkenust F. U3 yreepxkuenus 6) Teopemsl 20.1 ciemyer

TEOPEMA 20.2. ITycmo omobpasicenue F - ydosaemesopsem wa mro-
srcecmee ) 6 mouxe ¥ € 0 nePeOMY YCAOGUIO PE2YAAPHOCTIU OMHOCU-
meavHo omnowenus npednopadka = . Ecau eexmop 20 € Q docmas-
asem na mrootcecmse £ A0KaALHOIL CAGOBIT S —MUHUMYM 0MOOpatce-
nuro F, mo

o< (F'(z°|h)) > 0 das ecex h € T(2°|€), (20.14)
YJ0BAEMBOPAIOUUT PAGEHCTEY

P<(F'(2°[h)) = 0. (20.15)

Herpynno y6emnrhest, uro yeaosust (20.14), (20.15) sKBuBaJIeHTHBI
tomy, uro SKp(2?) NT(2°|Q) = &. Taxum obpazom, HeobGXoMuMOE Y-
JioBue TeopeMbl 2(.2 aHAJOTTIHO HEOOXOMMMOMY Y CJIOBUIO TeopeMbr 19.2,
OJIHAKO €r'0 CIPABEJIMBOCT PAPAHTHPOBAHA JIUIID [IPU BBIIOIHEHUH I1€D-
BOT'O yCJIOBUS PETYJISPHOCTH.

20.3. B sToM pa3zjese moayaInM HeOOXOIUMbIE YCIOBUST JIOKATb-
HOro ciaboro 3 —MUHUMYMa Jyisi orobpaxenuss F : X — Y Ha BceM
npoctpancTBe X, BbIpaKeHHbIE B TEDMUHAX & —KBa3uIudOepeHInaios.
Jns ciydast codim(Y T — Y1) = 0 rakue pesyibTaThl ObLIH IPEJICTAB-
JieHbI B ciresicTBusx 19.1 u 19.2, mosromy 3/1eCh COCPEIOTOYNM BHUMAHHIE
Ha caydaax codim(Y T —YT)=m > 0.
TEOPEMA 20.3. ITycmwv das omobpasicenus F 6 mouke 2° € X
evimoaneno yeaosue peayasprocmu (A). Ecau eexkmop 20 € X docmas-
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anem na npocmparcmee X A0KAALHOWL CAGOBITL T ~MUHUMYM 0OMOOPa-

orcenuro F, mo daa aobozo seuwecmeenmnozo vucaa € > 0 u 410601
’

€ —xeazunpouseodnoti F.(x°) omobpasicenus F 6 mouxe x° umeem

MECTMO B8KANOUEHUE

dosoF ) C () {2lo<oF.(a%) +eB"+

w*€d(e*oF. (x0))
v*€d(e* oF, (x9))

+cone|(d(e* o F.(2°)) +eB* — {w*})U

U(@(e* o F.(z°)) + eB* — {v*})]}. (20.16)

3decv D(o< o F.(z°)) = [9(0< o F.(2°)),0(0< o F.(2°)] wu
D(e*oF.(z0)) = [8(e* o F. (2°)),8(e* o F. (0))] — weasudugpeperayuance
KOMNO3uyull, o< 0 FE/ (%) u e*o F;(wo) €00meemcmeeHHo.

JOKABATEJILCTBO. Bsemem BemecTtBenHO3HAUHBIE — (DYHKIUU
2= fro(@) = 05 (F(2)~ F(a%)) 1 & — gyo - () i= (F(z) — F(a%), ).

0 SABJIIETCSA TOYKON JIOKAJIbHO-

Wz nmpeioxkennst 20.3 3aKkodaeM, 9T0 T
ro MuHUMYMa GYHKIAA fp,o TpU OTPAHUYEHUU THUIA PABEHCTBA
920 e« () = 0. IlockombKy ycioBus TeOpeMbl 00eCIeInBaIOT PABHOMED-
Hy10 quddepennupyeMocTh 0 HalpaBJeHusaM QYHKIUHR fro B g0 o-
B Touke z' U BBINOJHEHHEe B TOUKe 2 YCIIOBHS PEryJISPHOCTH JIJIs
OrpaHWYeHMsl THUIA PABEHCTBA ¢g0,e*(x) = 0, TO MOMKHO BOCIIOJIB30-
BaThCs pe3yJsibTaroM TeopeMbl 14.7. C 9T0il 1esbio 3a1auM TPOU3BOJIb-

HOE BeIecTBeHHOe 4ucyio € > ( u BbIOepeM IPOM3BOJIBHYIO € —KBa3U-

npomssomyio F.(z°) oroGpaxkennst F B rouxe ¥, Tak Kak lo<l| =1
u [le] = 1, mo B cmiy Teopempl 17.2 xsasmauddepennua
D(o< o F.(2°)) = [d(0< o F.(2)),0(0< o F.(2°))] xommosmuun

’

o< o F.(29) siBjisiercst € —KBasuauddepennuaioM  QYHKIUNA

fro B Touke ¥, a xBasmwauddepenuman D(e* o F; (2%) =
= [9(e* o F.(2°)),d(e* o F.(2°))] xommosurmuu e* o F.(z°) spasercs
€ —KBasnauddepennnagoM QYHKIAT 0 .« B TOUKe 20, Tlonoxus B
reopeMe 14.7 g1 = €9 = € 3amumem yciosue (14.14) mia € —xBazunudde-
pennuanos QyHKIUH fO U g0 .r, COOTBETCTBYIONHUX BBIOPAHHOI
€ —“KBA3UIIPOU3BOIHOMN FE' (2°) orobpaxenua F B Touke x°. B pesymn-
tare noiay4nM Briiodenue (20.16). Teopema gokazana.

CneactBue 20.1. Ilyemov das omobpasicenus F 6 mouke
20 € X ewmmoaneno ycaosue peeyasprocmu (A) u, kxpome mozo, omobpa-
orcenue F xsasududdepenyupyemo 6 mouxe x°. Toeda ecau sexmop x°
docmasasem Ha npocmpancmee X AOKAALHOL CAGOWT S —MUHUMYM
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omobpasicenuro F, mo

o5 o F (2°) C N [0(0< 0 F'(2))+

w*ed(e*oF (z0))
v*ed(e*oF (20))

+eone((9(e” o F' () = {w*}) U (@(e” o F'(a")) = {v*})],  (20.17)
20e D(ajOF’(xO)) = [Q(UjoFl(xo)),g(ajoF/(aco))] U D(e*OF/(a:O)) =
= [0(e* o F'(29)),0(e* o F'(2°))] — weasudugddepenyuanse xomnosuuui
o<o0 F'(2°) u e* o F'(z°) coomeemcmeenno.

TEOPEMA 20.4. ITycmwv das omobpasicenus F 6 mouke 2° € X
evmoaneno yeaosue peeyaapnocmu (B). Tozda ecau mouxa z° € X
docmasasem na npocmpancmee X A0KAAGHOT CAGOUT T —MUHUMYM
omobpasicenuro F, mo daa moboeo seujecmeeniozo wucaa € > 0 u aio-
60t € —K6a3UNPOU3BOOHOY FEI (2°) omobpascerus F 6 mouxe x° ume-
em Mecmo 6KAI0EHUe

905 0 FL(a°)) C (05 0 F.(a)) +eB* + (ImP%) o F' (2°),  (20.18)

2de (ImP%) o F'(20) := {2* € X*|2* = y* o F/(2"),y* € ImP%},
D(0<0F. (1)) = [8(0<0FL(2%)), Do <0 F. (a°))] — reasudugiepenyuar
Komnosuyuu o< o F.(x0).

JIOKABATEJIbCTBO. Bocuosbsyemcst yciosuem (20.8) u3z Teope-
mbt 20.1 6). BazaauM TPOU3BOJIBHOE BEIEeCTBEHHOe unciao & > 0 u
POU3BOJIBLHYIO € —KBazunpoussojnyio F.(z°) orobpaskenus: F' B Touke
20, Tlockosbky kBasumuddepennuan kommnosuruu o< o F.(20) asna-
ercs € —kBasuauddepeHImanoM s o< oFE/ (%), To u3 ycnosus (20.8)
CJIEJIYET, ITO

o<(FL(2°|R)) + €l|hl] > 0 st Beex h € T(2°]Q(z°)). (20.19)

B cuity npepgioxkenus 20.5 upu BeinosHeHnn ycsosus peryssipaoctu (B)
KacaTebHbIH Konyc K MHoxkectBy §2(20) B Touke 20 ompenensercs pa-
BEHCTBOM

T(2°|Q(a°)) = {h € X | P<(F'(z°|h)) = 0}.
Tak kak komnosumust P<o F'(z") sBisiercs muHefiHbIM OIEPATOPOM, TO
T(2°|Q2(2")) — BexkropHoe moampocTpancTBo B X, MpUYEM aHHYJIATOD
T(2°)Q(20)) COBIIAJIAET  C  BEKTOPHBIM  HOJIIPOCTPAHCTBOM
(ImP%) o F'(2°). Ilpumenus HeobxoaumMyto YacTh npejjoxenus 10.3,
3 ycIIoBus (20.19) nomyuanm Brimovenne (20.18). Teopema goka3aHa.

CHEACTBUE 20.2. ITycmo das omobpasicernus F 6 mouke x° € X
BLINOAHERO Ycaosue peaysaprocmu (B) u, xpome moeo, omobpasicerue
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F xeasuduggpepenyupyemo 6 moure x°. Ecau sexmop z° docmasasem
Hna npocmparcmee X A0KAAbHBL CAGOBIT S —MUHUMYM 0MOOPAHCEHUIO
F, mo

o< 0 F'(2°)) C d(o< 0 F'(2°)) + (ImP%) o F'(°). (20.20)

3deco D(o< o F'(2°)) = [0(0< o F'(2°)),d(0< o F'(z°))] — xeasu-
dupeperyuan xomnosuyuu o< o F'(x0).

CHEACTBUE 20.3. ITycmo das omobpasicernus F 6 mouke x° € X
BLINOAHERO Ycaosue peaysaprocmu (B) u, xpome moezo, omobpasicerue
F ougpeperyupyemo no @pewe 6 mouxe x°. Ecau sexmop x° docmas-
asem na npocmpancmee X A0KAAOHOY CAGOT S —MUHUMYM 0mMobpa-
orcenuro F, mo cywecmeyrom aunetinve dynryuonasv, v* € Jo< u
w* € ImP* maxue, wmo

(F'(z)*(v* +w*) = 0, (20.21)

ede (F'(z9))* : Y* — X* — aunetinwidi onepamop, conpasceniviti one-
pamopy F'(2°): X — Y.

JIOKABATEIBCTBO. Tak xak F'(2°) : X — Y — juneitubrii onepa-
TOp, TO KOMTO3UIMA o< o F’ (z°) sBngerca cybammeitnoit bynkmeit Ha
X, mpudem ee cybanddepeHnualt 3a1aeTcs paBeHCTBOM

o< o F'(z")) ={z* € X*|z* = y" o F'(2"),y" € o<},

rie do< — cybmuddepennman Gynkuun o-<.
Caenosaresnbro, yenosue (20.20) B pacCMaTpHUBAEMOM CJIyUae MMEeT
BU/L
0€ d(og o F'(a°)) + (ImP%) o F'(2°),

OTKy/la 3aKJIIOYaeM, 4TO CyIecTsyoT v* € do< u w* € ImPZ, yo-

BJieTBopsitonue pasenctsy (20.21). CiiencrBue 10Ka3aHO.

Cyb6mHeiiHOe OTHOIIEHNE MTPEJIOPSIKa S, 3aJaHHOe HA Y, WHIyIH-
pyer (cM. § 6) HA CONPSZKEHHOM IIPOCTPAHCTBE Y * JyasbHOe cyOsmHei-
HOE OTHOINEHWE TIPENIOPSAIKA °, KOHYC TOJIOXKUTETHHBIX 3JIEMEHTOB

(Y*)*™ koroporo ectb
(V) = (" € ¥* | (y") > 0 s meex y € ¥,

Cumposiom (Y*)™ obosHauaeTcs MAaKCUMAJIbHOE BEKTOPHOE TIOJIIPO-
cTpaHcTBO, comepxameeca B (Y*)T: (Y*)~ = (Y*)T\ (Y*)~ — komyc
CYIIECTBEHHO TIOJIOXKUTETHHBIX (DYHKIIMOHAJIOB.

Ecam ucxosmoe OTHOIIEHNE MPEANOPsIKa S 3aJaH0 Ha Y IOCPeI-

crBOM yHKIMH o< uupoekropa P~ (upemmoxenue 20.1), T0o, BOCIOJIb-
30BaBIINCh MX JBONCTBEHHBLIMH XapaKTEPUCTHKAMH, MOXKHO IOJIYYUTh
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JUTsI JTyaJIbHOTO OTHOIIEHUsI TIPEOPSIKa 3* CJIeIyIolue IpeicTaBIIe-
HUST:

(YT ={y* =" +w* |\ >0,v" € Jdo<,w* € ImP%},

(Y*)” ={y" = +w" | A>0,v" € o<, w" € ImPZ},

(Y*)~ = ImP%.

ODTU COOTHOIIEHUsI MO3BOJIAIOT TepedOPMYIUPOBATL PE3YIBTUPYIONLY IO
qacTh caeficTBud 20.3 KaK yTBepKJIeHNE O CYIIeCTBOBAHNN CYIIIECTBEHHO
HOJIOKUTENBHOTO JnHeltHoro dhyHkmonana y* € (Y*)™, ymosiersopsi-
tomero pasencty (F’(z%))*y* = 0.

Bamerum, uro yemous Im(P< o F/(zY)) = ImP< u ker(F'(z°))*nN
NImP% = {0} sKBUBAJIECHTHBI. HogTOMy ecu B caencrsun 20.3 He Tpebo-
BATD BLITOJTHEHTS ycaoBus perynsipaoctu (B), To MOXKHO rapanTUpoBaTh
JINIIH CYIIECTBOBAHUE HEHYJIEBOIO IOJIOKUTEIHHOIO JIMHEHHOrO (hyHK-
mionana y* € (Y*)*, ynosnersopstomero (F'(z°))*y* = 0. Tounee,
nMeeT MeCTO

CneacTBUE 20.4. ITycms omobpasicenue F - dudgepernuyupyemo no
Dpewe 6 moure x° € X, a xomnosuyus P< o F cmpozo dugipeperiu-
pyema 6 mouke x°.

Ecau eexmop x° docmasasem ma npocmpancmee X A0kaAoHbU
caaboili S —munumym omobpasicenuro F, mo

A<(F'(%)) = ker(F'(2°))* 0 (Y*)* # {0}. (20.22)

Crenyst rtpamgunusiM, OyjgeM Ha3bIBATH JJEMEHTHI MHOYKECTBaA
A< (F'(2)) nosoocumenvrowmu (muaeitasim) dynmyuonanamu Jazpan-
otca s orobpazkenuss F B Touke ¥ 1O OTHONIGHHIO TPEIIOPAIKA < .
Ouesnno, uto A<(F'(2°)) aBasgerTcs BLITYKIBIM 3aMKHYTBIM KOHYCOM
B Y™ -

20.4. PacnpocrpanuMm Teopemy 19.7 Ha ciaydail HETEJIECHOTO
KOHYyCa II0JIOXKATEILHEIX BeKTopos Y 7. Haumem ¢ momudukammm Bemo-
MOraTeJbHOIO YTBEPIK/IeHNsI, COOPMYJIUPOBAHHOIO B jJemme 19.2.

JIEMMA 20.1. ITyecmv A : X — Y — aunetinoili onepamop, b
Purcuposanmvl sexmop u3 Y.

s mozo wmobwv, cucmema

Az + b=<0 (20.23)

6viaa necosmecmua wa X, docmamouno, a ecau Im(P< o A) = ImP<,
Mo U MeobTouUMO, 4WMOBGYL CYULLCTNBOBAN CYULLCTNEEHHO TOAOAHCUNEND-
Houl Aunetinud gynwyuonaas y* € (Y*)™ maxot, wmo

A*y* =0, (b,y*) > 0. (20.24)
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JLOKA3ATEJ/IBCTBO. JlocTaTOYHOCTD YTBEPAKACHUST JIEMMBI JIETKO yC-
TAHABJIMBAETCH, €CJIH IIPEJIIIOJIOKUTH IIPOTUBHOE M BOCIIOJIb30BATHCS TEM,
aro (y,y*) < 0 s 106010 CyIeCTBEHHO TI0JIOXKUTEIBHOIO JINHEHHOTO
dynxmmonana y* € (Y*)~ u moboro y—=<0.

Heobrodumocmo. Hecomectnocts cucrembl (20.23) 9KBHBaJICHTHA
tomy, uro 1i¥Yt N{y € Y|y = —Azx — bz € X} = &. U3 Teopem
oraeumoctu (cM., Hapumep, [218,; teopema 11.2]) cienyer cymecrso-
BaHue JuHeiHoro ¢gpyHkimnoHaga y* € Y U BemecTBEHHOrO YnCia «
TAKUX, ITO

(— Az —b,y") = o st Beex z € X,
(y,y*) > o a1z Beex y € 1iY T

U3 nepsoro coornomienus noaydaem A*y* = 0 u (b,y*) = «, a u3s
Broporo o < 0 u y* € (Y*)". Takum obpasom, cyliecTBOBaHHE T10-
JIoxKUTebHOrO JmHeltHoro dbynkunonana y* € (Y*)*, ynosnaersopsio-
niero coornomenusm (20.24), nokazano. ITokazkem, 4TO IIpU BBINOJIHE-
HAN yCJ’IOBI/IH Irn(P.< 0A) = ImP< BeiOpanHbLi JTUHEAHbIH DyHKIIOHAT
€ (Y*)* na camom jiesie sIBJISI€TCS CYIIECTBEHHO MOJIOYKUTEILHBIM.
Hpe;monoxq/n\{ IPOTUBHOE, T. €. HyCTb (y,y ) =0 g Becex y € YT
Tak kak Y=Y = kerP<, 1o y* € (kerP<)* = = ImPZ% u, caresosares-
Ho, Y* P<y Hosromy u3 A*y* = 0 cieayer paBeHCTBo A*OP<y
= 0, paBHOCHJIBHOE TOMY, 4TO (y,y*) = 0 1t BCEX y € Im(P< o A).
Hockoneky Im(P< 0 A) = ImPx, ro (Pxy,y*) = (y, PXy") = 0 s
Bcex y €Y, T e y* € kerP Takum obpaszom, y* € ImP* N ker P%
u, suaunt, y* = 0. OJHAKO B CHJIy TeOpeM OTICANMOCTH (DyHKIHOHAT
y* ObLI BBHIOpaH HEHYJIEBLIM. 110JIy9eHHOE NPOTHBOPEYHE JOKA3BIBAET
CYIIECTBEHHYIO ITOJIOXKUTEIbHOCTD y*. Jlemma mokazana.

SAMEYAHUE 20.1. 13 nokazaresbcrBa iemmbr 20.1 ciiemyer, 9To npu
Im(P< o A) # ImP< mecosmecTHOCTH cucTembl (20.23) rapaHTHpyeT
JIIIb CYIIECTBOBAHIE HEHyJIEBOTO MOJOKHTEIBHOTO JIHHEHHOr0 (yHK-
muonana y* € (Y*)*, ynosnersopsiommero ycaousm (20.24).

TEOPEMA 20.5. ITycmv omobpasicenue F : X — Y cmpozo dug-
dpepenyupyemo 6 mouxe x° € X u obradaem 6 smoti mouxe pasHomep-
HOt 6MOPOTi NPOU3EOIHOT NO HANPABAEHUAM C OMKAOHEHUAMU.

Ecau sexkmop 2° € X docmaesasem na npocmparcmee X a0KaAb-
Houll caaboili 3 —munumym omobpasicenuro F, mo

max F"(z°|h),y*) >0 20.25
e B8 ) (F @) (20.25)

dan ecex h € Kp(aV).
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3decw
AL(F'(2°)) = {y" € A<(F'(«") [ [ly*]| = 1},

F"(2°|h) = tlirJIrlO 2t~ 2(F(2° +th) — F(2°) —tF'(2°|h)) — emopas npo-

u3600HaA N0 HanpasAeHUAM 0m06pa9fcemm F 6 mouxe SCO.

JIOKA3BATEJILCTBO. Ilpexe Bcero 3amMeruMm, UTO B CHJIY CJIEJICT-
sus 20.4 muoxkecrso A% (F'(z°)) memycro. Kpome Toro, Beseacrsue
KOMITAKTHOCTH e;[HHHqHNOﬁ cdepbl TpocTpaHCTBa Y *  MHOXKECTBO
A% (F'(2%)) raxske kommaxTHO. ClleoBaTeIbHO, OMEpPAIS MAKCHMYMA

~

B (20.25) KOppeKTHa.

IMepeiigem k gokazaresabcrBy HepasencrBa (20.25). Ecim xomyc
A<(F'(2°)) ne sIBIsIeTCA BHICTYTAIONIHAM, T. €. COJEPKHUT HEHYJIeBOe BeK-
TOPHOE TOMIPOCTPAHCTBO, TO YTBEPIKICHHE TEOPEMbI TPHBHAILHO.

Iycts komyc A<(F’(x")) Bpicrynaoommii (5T0 BiedYeT PaBEHCTBO
Im(P3 o F'(z")) = ImP< ) u 1ycTh yTBEPXKJEHHE TEOPEMbI HEBEPHO.
Torna naiierca h € Kp(x°) Taxoit, uro

(F"(2°h),y*) <0 (20.26)

st Beex HemynebiX y* u3 A< (F'(x0)).

Tax kax Jr000#1 CYIIECTBEHHO TIOJIOKUATEIBHBIN JTHHEHHBIH (DYHKITHO-
wan y* € (Y*)~, ynosnersopsommuit pasenctsy (F'(z%))*y* =0, npn-
magexkur A<(F'(2°)), 1o B cumy nemmbr 20.1 u3 (20.26) saxmodaen,
910 cymecTByer z € X, Il KOTOPOTO

F'(2%)z + F" (2°|h)=<0.

Bsenem orobpazkenne ¢ : R x X — ImP<, KoTopoe oIpeenm
CJIEJYFOIIMM 00pa30M:

(r,h) = (7, h) := Pj(F(xO +7h + %7’234— h) — F(z%)).

Ouesunno, uro ¢(0,0) = 0. Herpyano ybeaurbes TakKe B TOM, 9TO Clie-
JIAHHBIE TIPEJIIOJIOKEHNST OTHOCUTEIBLHO OTOOpaXkeHust F obecrieanBaioT
BBIIIOJIHEHHE CJIE/IYIOIINX CBOWMCTB:

1) orobpaxenue T — (7,0) HeupepbBHO B Touke T = 0;

2) mis Jo6oro BemecTBeHHoro duciaa y > 0 Haiigyres uuciaa 6 > 0
u A > 0 rakue, 9t0o U3 ycaosuit T € (—0,9) u ||hi| = A, ||h2]] < A
cJIeJlyeT HEPABEHCTBO

(T, h1) = (7, ha) — (P30 F'(2°))(h1 — ha)|| < ]lha — hal.
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Kpowme Toro, u3 npesnosoxkenus, aro Konyc A<(F'(z°)) seicrymnaio-
mmit, sakmodaem, uro ker(F’(z9))* NImP% = {0}. 3nadur, nmeem pa-
BEHCTBO -

3) Im(P< o F'(2°)) = ImP<.

TakiM 0Opa3soM, BBIIOJTHEHBI BCE YCJIOBUSI TEOPEMBI O CYIIECTBOBa-
nun HegBHON dyukiuu [11, c. 161]. D10 mo3BOsAET YyTBEPKIATH, UTO
Haiimyres auciaa k > 0,00 > 0 u orobpaxenue h : (—dg,dp) — X,
YIOBJIETBOPSIIONTHE COOTHOIIEHUSIM

a) o(r,h(r)) =0,7 € (=dp,0p);

6) [[(7)Il < Klle(r, 0)]l, 7 € (=do, do)-

Tak kak orobpazkenne F crporo muddepeniupyeMo B Touke ¥ u
obJialaeT B 9TON TOYKE PABHOMEPHOU BTOPOI IPOMU3BOIHON IO HAIIPAB-
JIEHHSIM C OTKJIOHEHHSAMH, TO m3 coorHomenns (19.15) u gemmer 19.1
oJIy YaeM

)

72 -
P(7,0) = PL(TF'(z%)h + - (F'(2%)Z + F"(2"[h) + 05, 2(7%)),

re 7-—20372(7-2) — 0 mpu 7 — 0.
Mockombky F'(2%)h 30 u F'(2°)z+F" (2°[h)<<0, To P<(F'(z")h) =
=0 u P<(F'(z°)z + F"(2°h)) = 0. Bmaunr, ¢(7,0) = P< (o5 2(12))-

U3 nepasencrsa 6) cieyer
IRl < Kllog z(7)]I- (20.27)

PaccMoTpuM KpuByio
z(t) =2+ 7h + ?E—l— h(7), T € (=00, 00).

BesteicTBre TOXKIECTBA &) U ONPEJIEIEHAs] OTODPArYKeHUsl ¢ UMeeM
P<(F(x(7)) — F(2°)) = 0,7 € (=0, do)- (20.28)
Bocnoabzosasmuck  coorHomenusivu (19.16) u (19.20), upeacrasum
F(z(1)) B BUZE
2

Fla(r)) = Fa®) + 7F (@) + 5 (F/(2°) + F"(2°[R)) + o(7%),
rae 77%0(1%) — 0 mpu T — +0.

Tak xax o< (F'(2°)z 4+ F”(z°[h)) < 0, T0 BCIEACTBHE HEIPEPHIBHO-
cru byukmn o< mveem o< (F'(2°)Z 4 F"(2°[h) +27720(7%)) < 0 upn

7 € (0, 66), rme 0 < (56 < d0g. ITosTOoMy M3 JAHHOIO BBIIIE [IPEICTABIEHUS
mast F(z(7)) u cybmuneliHOCTH o< MOTydaeM

o< (F(x) - F(2%)) < Tai(F’(a:O)E)—l—
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2
+%Uj(F/(.Z‘O)E+ F"(2°h) + 277 %0(7?)) < 0

upu 7 € (0,56). Yuursas Toxkaectso (20.28), NpUXOJUM K COOTHO-
menmo F(x(7))=<<F(z°) upu 7 € (0,8,), KOTOPOe HEBO3MOMKHO, €C/IH
BeKTOp Z° jocTaBiisieT Ha X JIOKAJbHBIN caabbiii S —MUHAMYM 0TOOpa-
xkeunio F. Taxum o6pazom, HepaseHcTBO (20.26) He MOXKET BBIIOIHATH-
cst st Beex y* € A<(F'(2)),y* # 0, a 970 u O3HAYAET BHINOJIHEHHE
ycaobust (20.25). Teopema mokazaHa.

BAMEYAHUE 20.2. B ycnosun (20.25) A% (F/(2%)) moxkHo 3amenuth
JIIOOBIM JIPYTUM KOMIIAKTHBIM HO,H‘MHO}KeCTI;:)M u3 Y*, Koropoe He CO-
JIepKuT HyJaeBoit dbyHKImMoHAM U Topokaaer kKonyc A< F'(x2°)). Pac-
CMOTPHUM MHOYKECTBO -

AZ(F'(2°)) = {y" = v" +w" | (F'(«°))"'y" =0,
v* € do<,w* € ImPZ}.

Bemykiocte u  3amMHyTOCTH A2 (F (%)) cmenyer wu3  ceoiicTs
ker(F'(z°))*, do< m ImP%, a orpaHquHHOCTb A%, (F’( %)) sxBuBa-
JICHTHA, y CJIOBHIO Im(PjoF’( %)) = ImP<. Kpowme TOI‘O 0¢& A7 (F’( %)
u A<(F'(2%) = {y* = " | A >0, v* € A% (F'(29))}. Takmu c obpaszoMm,
e B IIDEITIOIOPKEHHSX TOPEMBI JOIOMHITEILHO TIOTPEGOBATE BBITIOJ-
wenust yeiaosus Im(P< o F'(2°)) = ImP<, 1o B (20.25) BMecTO MHO-
JKECTBA A%(F’(wo)) MOSKHO HCIIOJIB30BATE A%(F’(xo)). Bamernm, uTO

JUTsT TEJIECHOTO KOHYCa MOJIOXKHUTEBHBIX BEKTOPoB Y T (B 9TOM Cilyuae
o< = s<,P< = 0) mmeer mecto pasercTso AZ (F’( ) = Opr(a0)5<-
3Ha‘{I/IT B 3TOM YaCTHOM CJlydae yTBepKICHUd TeopeM 19.7 m 20.5 cos-
aJIaT0T.

TEOPEMA 20.6. ITycmwv wonyc nososcumensvuolx eexmopos Y+ cyb-
AURETHO20 OMHOWEHUA NPEINOpAdKa S 3amrHym u omobpascenue F
6 mouxe ¥ € X saeasemca dsasicov dudpepenyupyemvim no Dpewe.

Ecau Kp(2%) # {0} u A<(F'(z%)) # {0}, mo ewnoanenue nepa-
6eHCMBA -

1.0 *
y*GAroil(a}?E(zo)) ((F"(z")h)h,y™) > 0 (20.29)
ons ecex h € Kp(2®),h # 0, asaaemca docmamounvim 044 mo2o, “wmo-
6w, sexmop ¥ docmasaan wa npocmparcmee X A0KAALHOLT U30AUPO-
sanHoill 3 —munumym omobpasicenuro F.

JTOKABATEIBLCTBO. IIpeamonoxkum, uro sekrop x° € X me jocras-
Jster Ha X JIOKAJIbHBIA W30JIMPOBAHHBI S —MHHUMYM OTOODarKEHUIO
F. Torma cymecTByer HOCAe10BaTEIbHOCTD {2, }52 ; C X Takasi, 4To

lim z, = 2% 2, # 2° u F(z,) 2 F(2°). Iocrenosarensuocts {z,,}
n—oo
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MOXKeT OBbITh BbIOpaHa TaK, 9TO COOTBETCTBYIOINAsl €l IOCIeI0BATE b
wocts {hy,}, tae hy, = ||z, — 2% (2, — 2%), cxomures x HeKOTOpPOMY
sextopy h € Kp(2°),||h|| = 1. Beenem oboznadenme t, := ||z, — 2°||,
rorna T, = % + tphy.

Taxk kak orobpaxkenne F' aBaxkiawl auddepenimpyemo mo Pperre B

Touxe x°, TO

2
F(2° 4 tohn) = F(2°) + £, F' (%) hy + %"(F”(xo)hn)hn +o(t2),

rie 772(7?) — 0 upu 7 — 0.

Bocnonb3zosaprmucs  tem, uro (F(z,) — F(z%),y*) < 0 u
(F'(2°))*y* = 0 mma Beex y* € A<(F'(2z°)), us npempiaymero pa-
BEHCTBA TIOJLY TUM

1 _
3 {(F @) ha)hn, y*) + (8, 0(87),y") <0
aist Beex y* € A<(F'(2%)) mBcex n=1,2,...

ITepexo/st B IOCTIETHEM HEPABEHCTBE K MPEIEILY, TOLYIIM

1

SUF )RR, < 0 s mces y* € A (F'(a?),

4o nporusopednt yesaosuio (20.29). Teopema nokazaHa.

§ 21. IPMJIO>KEHUS K CKAJISIPHO 3AJIAYE
HEJIMHEMHOI'O IIPOTPAMMUPOBAHUS

VciioBus ONTAMAIBLHOCTH LIS PEIeHnil 3aauu HeJIMHERHOTO
[IPOTPAMMUPOBAHUS MOT'YT OBITH HOJYyYeHbI KAK CJIEJICTBHS YCJIOBUI JIO-
KaJbHOTO = —MUHHMMYMa, JJIsi BEKTOPHBIX OTOOpakeHuil. BosmoxkHOCTH
TaKUX CJIEJCTBUI 00eCIeunBaeTCsl YTBEPKIeHUsIMU Tpejioxennit 18.1
u 18.2. Urobbl HE meperpyKaTh HU3JI0KeHNe Hen30€KHBIM IIPU BBIBOJIE
CJIeJICTBHI JyOJIMPOBAHUEM OCHOBHBIX PE3YJIHTATOB, HUZKE OIPAHUIIMCS
bOPMYJIIMPOBKOIL JIUINTb HEKOTOPBIX U3 TAKUX CJIEJICTBHIA.

21.1. PaccmoTpuM 33J1a9y HEJTMHEHHOTO MPOrPAMMUPOBAHUS
(HJIII):
fo(z) — min;

fi(z) <0,i=1,2,...,m; (21.1)
filz)=0,i=m'+1,...,m,
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rne f;: X = R,i=0,1,...,m, — BellecTBeHHbIE HEIIPEPBIBHBIE (DYHK-
1AW, OIIPE/IeJIEHHbIE HA KOHETHOMEPHOM €BKJIMIOBOM IIpOCcTpancTBe X.
BekTopsr € X, yI0BI€TBOPSIONNE OIPAHUIECHUSIM

fz(x) §O,i:1,2,...,m';fi(x):0,i:m'+1,...,m,

HA3BIBAIOTC JONYCMUMbBLMY PEUWEHUAMU 38,1891 HEJIMHEHHOIO IPOrpaM-
mupoBanus (21.1).

MHozkecTBO BCex A0mycTHMBIX perenuii 3aqaan HJIIT (21.1) o6osna-
quM yepes ).

Honycrumoe pemenne z? € ) HasbiBaeTcss (M30JMPOBAHHBIM) JIO-
KaJIbHO ONTUMAJIbHBIM pernenueM 3agaau HJITT (21.1), ecau cymecrByer
okpecrocts N (2%) Bekropa z¥ raxas, uro fo(z°) < fo(x) (fo(z?) <
< fo(z)) mns Beex z € N(2°) N Q,z # 20,

Bamaue HJII (21.1) u dbuKcMpoBaHHOMY €€ JIOIMYCTUMOMY DETIeHHO
2% € Q mocraBuM B COOTBETCTBHE OTOGPaKEHHE

0

X 52— Fa) = (fole), i(@)..... fm(a) eRY™  (212)

u cybsimneiiHoe oTHOMmeHue mpeaopgaKka < Ha R1T™ komyc momoxkn-
TeJIbHBIX BEKTOPoB Y T KOTOpOro ecrhb

Y= {y e R"™ |yy > 0,y; > 0,i € I,(2°),

yi=0,i=m'+1,...,m}. (21.3)

B srom maparpade, ropopst 06 orobpazkennn I u OTHOIIEHUN TIPEI-
nopsiyika 3, OyJieM UMeTh B BUJLY, YTO OHU ONIPEJIEIEHBI COOTHOIIIEHUSIMU
(21.2) u (21.3). JIxoGoit mpyroii ciydaii GyjeT OrOBOPEH CIENHAILHO.

B cuny npemioxkennst 18.1 moboe JIOKAJIbHOE ONTUMAJILHOE DeIrie-
Hue 3aaau HIITI (21.1) nocrasisier oroGpaxkeHuto F JoKaIbHBI cia-
Obrit S —MuHEUMYM Ha mpocTpaHcTBe X. CleoBaTesbHO, O JIIOOOMY
HEOOXOIMMOMY YCJIOBUIO JIOKAJIBHOTO CJIA0OTO = —MUHUMYyMA JIJIsl BEK-
TOPHBIX OTODparKeHWil, YCTAHOBJIEHHOMY B NPEIbLIyIINX Taparpadax,
MOXKeT OBITh CHOPMYJIUPOBAHO HEODOXOJMMOE YCJIOBUE JIOKAJIHHON OIl-
TUMAJIBHOCTH JOIlycTUMOro perteans B 3amade HJIIT (21.1). B csero
odepenip IpeiozKeHne 18.2 yTBEepKIaeT, YTO JII0DOEe JIOIMyCTUMOE pe-
menve 3azadn HJIIT (21.1), pocraBisiolnee JIOKaJIbHBI H30JMPOBAH-
HBIE X —MuUHMMYM oToOpaxkeHumto F Ha BceM mpocTpaHcTBe X, sB-
JISIeTCsI M30JIMPOBAHHBIM JIOKAJIBHO OITHMAJBHBIM PEIICHHEM B 33j1a4e
HJIII. DTo mo3BoJisieT UCHOJIB30BATh JOCTATOYHBIE YCJIOBUS JIOKAJIBHO-
IO U30JMPOBAHHOIO S —MUHUMYMa JIJIsi BEKTOPHBIX OTOOpayKeHUit, KO-
TOpBIe OBLIN JIOKA3aHbBI BBIIIE, JJIS TOTO, YTOOBI TOIYIUTh JOCTATOIHBIE
YCJIOBUSI JIJIsT H30JIMPOBAHHBIX JIOKAJIHHO OIITHMAJILHBIX PEIeHIil 3a/1a9u

HUIII (21.1).
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OcoBeHHOCTBIO PACCMATPUBAEMOTO OTHOIIEHNUSI [IPEIIOPSIIKA, S5 sIB-
JISIETCSI TO, YTO COOTBETCTBYIONINI €My KOHYC IIOJIOKUTEIHHBIX BEKTOPOB
Y+ (21.3) muororpaunbiii. Bjiarojaps 3ToMy B YCJIOBHSAX JIOKAJILHO-
ro 3 -MUHHMyMa JJIi BEKTOPHBIX OTOOpaykeHuil B KauecTBe (DYHKIMN
o< (wm s<, eciu Komyc YT Tenecen) MOXKHO paccMaTpuBaTh (DyHK-
oy — Z‘g}?ﬁ)yi’ rae I(20) := {0} U I,(2"). Bynem yunrbiBaTh o1y

0cobeHHOCTD TIpH 1epedopMyInpoBKe ycyioBuit s 3agagau HJIITL. Tlpu-
BeJleM JIUIIb 9aCTh U3 BO3MOXKHBIX pe3ysbTaros. Ilpm meobxommmocTn,
JeficTBy I TOIO00HBIM 06pa30M, MOXKHO ITepedOopMyIUPOBATH BCE YCIOBUST
IIPEJBIIYINIAX ABYX maparpados.

21.2. PaccmoTpum cHagasIa crydail, KOraa KOHYC TOJTOXKUTE b
HBIX BeKTOpoB Y T Tesecen. Dror ciyuail peagusyerca npu m' = m,
T. e. KOTJla OTpaHWYeHusl TUNa paBeHcTBa B (21.1) orcyTeTByioT u, cie-
nosaresbHo, 3ataua HJIII umeer Bu

Z) (21.1a)

S, M.

folz
fi(z) <0,

Ucxomst u3 pesysbraros § 19, B cuty npemyoxennit 18.1 u 18.2 moury-
YUM CJIEJYIOIIUE YCJIOBUsl onTuMaJbHOCTH s 3anaau HJIIT (21.1a).

TeOPEMA 21.1. Ecau ¢pynrwyuu f; : X - R, i=0,1,...,m, pasno-
mepro dugdepenyupyemvt no nanpasienuam ¢ mouxe 0 C X, xomopas
asasemces donycmumoim pewenuem dadawu HJIIT (21.1 a), mo ycaosue

max f'(2°|h) > 0 daa ecex h € X,h # 0, (21.4)
iel(x

ABAAEMCA DOCTAMONHOM 048 MO020, wmobv, donycmumoe pewenue T°
OBLAO U3OAUPOBAHHBIM AOKAALHO ONTMUMAALHUM peweruem 3adavwy HIIIT
(21.1a).

Hanmoe yTBep:KJIeHIe — CJIeJIcCTBIE TeopeMbl 19.1.

Bsenem konyc

K(2°) :={h € X|f/(z°h) < 0,i € I(2")},

KOTODBIii, cienys paboram [159 — 162], OyaeM HA3BIBATD KOHYCOM KpU-
museckur wanpasaenud 1t 3agadun HIIIT (21.1a), coorBercrByomumm
nomycrumomy permennto 20, Ouesngno, uro K (zY) = Kp(zY), T e.
K(2°) cosnasiaer ¢ KoHycoMm Hampap/eHuil = -yObiBaHUS Jjis OTOGPa-
Kenust F.

VYenosue (21.4) Teopemsr 21.1 pasnocuibho pasenctsy K (2°) = {0}.

Ucnonpsys teopemy 19.2 u 3amevanue 19.4, npugem K ciemyiomnemy
HEOOXOMMOMY YCJIOBHUIO IIEPBOI'O MOPSIIKA JJIsl JIOKAJIHHO ONTHMAJIHHBIX
perennii 3agaaun HJIIIT (21.1a).
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TEOPEMA 21.2. Feau dpynkuyuu f; : X - R, i =0,1,...,m, aeaa-
1omea Juddeperyupyemovimu no nanpasaenuam 6 0 € X, mo das moezo,

umobwv donyemumoe pewenue r° € ) 6bLA0 A0KAALHO ONMUMANLHBLM 6
sadavwe HJIIT (21.1a), neobxodumo, wmobo

max f;(2°|h) > 0 das ecex h € X. (21.5)
i€l(x0)

[epeitziem K ycoBusiM BTOporo mnopsiaka. U3 reopemsr 19.5 u 3ame-
qanus 19.5 cienyer

TEOPEMA 21.3. ITyemv 2° € X asaaemca donycmumvim pewenu-
em 3adawu HJIIT (21.1a) u nyemo gynrxyuu f;: X - R, i=0,1,...,m,
obaadarom 6 mouxe x° emopoti npouseodHoti NO HANPAGAEHUAM C OM-
KAOHEHUAMU.

s mozo umobw, donycmumoe pewenue ¥ € 0 AGAANOCH AOKAALHO
onmumarvhvim 6 sadawe HJIIT (21.1a), neobrodumo, wmobo.

' III(laXh) f"(@°|h,w) >0 daa scex h € K(2%) v ecerw € X.  (21.6)
i€l (x9,
Bdecv I1(z° h) = {i € I(z°)| f'(«°|h) = 0}.

Beenem MHOX)KeECTBO

L% = () I(°h).

heKp(x0)

W3 pesynbraros § 19 ciemxyer, uro ecim orobpazkerune F' yI0BaeTBOPSsI-
€T BTOPOMY YCJIOBHIO PETYJISPHOCTH OTHOCHTEIHHO =, TO MHOMKECTBO
Io(z°) memycro u, Gomee Toro, muoxectso I(z° h) B yemosun (21.6)
MoxkeT ObITh 3ameneno Ha Io(x”). Tlpubesem 3/ech HECKOMbKO Gosee
c1abblii pe3yJIbTAT, UCIOJIB30BaB JJIsl 9TOTO CJEAYIOINIEe JOCTATOUYHOE YC-
JoBHe HermycToThl MEOKecTBa Io(zY).

JIEMMA 21.1. IIyemo 20 € X asasemcs 0onycmumvim peuieruem
sadawu HJIIT (21.1a) u nycmo gynkyuu f; : X — R, i = 0,1,..,m,
dudeperyupyemo, no Ppewe 6 mouke x°.

Ecau donycmumoe pewernue x° € 0 ydosaemeopaem ycaosuro (21.5),
MO MHOMHCECTNEO

In(2%) = {i € I(2°) | f{(2°)h = 0 dns ecex h € Kp(2°)}

HENYCMO.

(YMecTHO CpaBHUTH yTBEPKIEHUE JIEMMBI ¢ IpejyioxkenueM 19.4.)

Ucnonpays aemmy 21.1 u Teopemy 19.6, momydaem cieyroriee HeoO-
XOJIUMO€E yCJIOBHE ONTHMAJIHLHOCTH.

TEOPEMA 21.4. ITycmv 20 € X ssasemesa donycmumvlm peue-
nuemsadawu HJIT (21.1a) u dynruyun f; + X — Rji = 0,1,...,m,
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dudepernyupyemo. no DPpewe 6 mouke x° u obaadarom 6 amoti mou-

Ke 8mopoti NPou3eodHOT NO HANPABACHUAM € OMKAOHEHUAMU, NPUHEM
npu mobom w € X omobpasicenus f; (z°)-,w) : h — f; (2°|h,w),
1 =0,1,...,m, Henpepv.eHoL.

Jlas mozo wmobv, donycmumoe pewenue ¥ 6vi0 A0KAALHO ONMU-
manvhvm 6 3adave HJIT (21.1a), neobxodumo, wmobo

max_f; (z°/h,w) >0 (21.7)
i€lg(x0)

ons 6cer h € Kp(2®) u w e X.

21.3. PaccmoTpum 06111y 10 38081y HEJTMHEHHOTO TPOTrPAMMEIPO-
Banus (21.1). ITockosbKy Ipu HAMMYUKM OrDAHMYEHUIl TUIIA DPABEHCTBA
KOHYC HOJIOXKHTEJIBHBIX BeKTopos Y T (cM. (21.3)), coorBercTByromuii
sagade HIII (21.1), He sIBJIsileTCsl TEJIECHBIM, TO OOPATUMCS K Pe3yJIbTa-
tam § 20. B wacTHOCTH, paccMOTpUM CJIEICTBUsI, KOTOPBIE MOTYT OBITH
mosry4aensl u3 reopem 20.5 u 20.6. Haanem ¢ npumenenns k 3amgage HJIIT
(21.1) cmepcrBus 20.4. B pesysbrare mosyunm cieiyoniee HeOOXOH-
MO€ yCJIOBHE JIOKAJIBHON ONTUMabHOCTH pernennii 3amaan HIIIT (21.1),
u3BecTHoe Kak yciosue Kapyma — JIxkona [202].

TEOPEMA 21.5. Ecau ¢ynxuyuu f;, i = 0,1,...,m', asasomcsa
Judpeperyupyemoimu no Ppewe 6 mouxe z° € X, a dynwyuu f;,
i=m'+1,...,m, cmpoeo dudPepenyupyems. 6 mowke xz°, mo das

moeo, YMobwvL 00nycmuMoe pewerue 1’0 € Q ABAANOCH NOKANOHO ON-

mumasvhom 6 3adave HJIT (21.1), neobrodumo, wmobov: cyuecmeosan
nenyae6oti 6exmop o = (g, A, ..., 0y) € RYT™ makot, wmo

a; >0,i=0,1,...,m; a;fi(z°)=0,i=1,2,...,m/; (21.8)
> aifi (@) =0. (21.9)
=0

3deco fz/ (%), i =0,1,...,m, — npouszeodnvie Ppewe dynryuu f;,
i=0,1,...,m, 6 mouxe V.

Bektop a = (ag,a,...,qy,) € RY™ yiosnersopsiomuii ycIoBmio
(21.9), HassiBator sexmopom Jazpanorca nyst 3anaan HIIIT (21.1) B Touke
20,

Yenosue (21.8) siBiisieTcsi yCJIOBHEM IIOJOXKUTEIBHOCTH JIMHEHHOTO
byHKIIMOHAA, COOTBETCTBYIONIErO BEKTOPY @ = (g, . - ., Q) € RIF™M,
OTHOCHTE/THHO OTHOIIEHUS TIPE/IIopsIKa =, 3ajaHHoro Ha RT™ komy-
com (21.3). Takum 06pa3oM, MOJOKUTENbHBIN BeKTOp Jlarpamxka — 310
BeKTOp « = (Qp, 1, ..., Q) € RY™ yropmersopsmommuil yciosusam
(21.8) u (21.9). MHO)KeCTBO BCEX IIOJIOKUTEILHBIX BEKTOPOB Jlarpamxka
qutst 3agaan HIIIT (21.1) B Touke 20 06o3HAMNM Uepes A(Q?O).
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Ucnonw3ys npemioxkenne 18.1 u Treopemy 20.5, MOIyIUM CJeIyIoniee
HEOOXOIUMOE YCJIOBHAE BTOPOT'O MOPSJIKA IS JIOKATBHOM ONTUMATEHOCTH
pemenwuit 3agaqu HJIITL.

TEOPEMA 21.6. ITycmo ¢dynxuyuu f;,i = 0,1,...,m, cmpozo dug-
dpepenyupyemv. 6 mowke x° € X u obaadarom 6 smoti mowke pasromep-
HOT 8MOPOT NPOU3BOOHOT NO HANPABAEHUAM C OMKAOHEHUAMU.

Jlas mozo wmobu, donycmumoe pewenue ¥ € Q 6bLA0 A0KAALHO
onmumasonvim 6 3adave HJIT (21.1), neobrodumo, 4mobo

m

max a;fi (z°/h) > 0 dan ecex h € K (2°). (21.10)
a€NO(z0) P

3decv AO(zY) := {a € A(2?) | é lo;| = 1}.

OTMeTnM Tak¥e, 9TO KOHyC KpuTHdeckux Hanpasaennit K (x0) ms
sagaun HJIII (21.1) ¢ orpannveHusiMu THUIA HEPABEHCTBA U PABEHCTBA
UMeeT BUJ

K(z%) = {h € X | fo(z°)h <0, f;(a°)h < 0,i € I,(«°);

fi@h=0i=m'+1,...,m},

e I,(z°) ={ie{l,...,m'} | fi(2®) = 0}.

Kak cieyer uz pesyibratos § 20, yenosue K(z°) = {0} apia-
€TCA ZOCTATOYHBIM JJIS TOI'O, 9TOOBI JOIyCTUMOE PelIeHre =~ OBLIO U30-
JIIPOBAHHBIM JIOKAJILHO ONTHUMAJIBHBIM perrenneM 3amaqn HJIIT (21.1). B
CJIEYIOIIEM YTBEPXKICHNU IIPEJCTABUM JIOCTATOYHBIE YCJIOBUS BTOPOTO
MopsiIKa, BeITeKatomnme u3 TeopeMbl 20.6.

TEOPEMA 21.9. ITyemv 2° € X — donycmumoe pewenue 3adaqu
neaunelinoeo  npozpammuposanus  (21.1) u  nyemo  dynryuu  f;,
1=0,1,...,m, asasomecs dsascow dupdepernyupyemvimu no Ppewe 6

mouxe x°. Ecau K (2°) # {0}, mo ewnoanenue ycaosus A(z°) # {0}

U HeEpaserHcmea

m
"

I}’\lél(xo) (f; (x®)h)h > 0 das ecex h € K(2°),h # 0, (21.11)
ac x

7=

AGAACMCA JOCTATOUHBLM 0As M020, wmobv, 20 6bA0 U0AUPOGAMHBIM
AOKAABHO ONMUMANLHBM Dewenuem 3adawu HIITT (21.1).

SAMEYAHUE 21.1. Ycnosus (21.10) u (21.11) u3BeCTHBI KaK yCJIOBHS
Jlesuruna-Munmoruna-Ocmosockoro. Buepssre jyist 3aqaau HIIIT (21.1)
oHn ObLmu npeacrasieHsl B paborax [159, 160] (cm. taxxke [161, 162,
302]).
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IIPuMEP 21.1 [258]. PacemorpuM 3aiady MUHEMU3AIUE DYHKIIH
fo() = (21 = 1)* + a3

IIpU OTPAHMYCHUH THIIA HEPABEHCTBA,
1 2
fi(z) = |@1| - 7% <0,

rie k — IMOJIOXKUTEJNbHBIA mapamMerp.

Uccremyem Ha ONTEMATbHOCTH jomyctumoe permenue x° = (0,0).
Boruucaunm npoussosabie o HanpasiaeHusaM GyHknmit fo w f; B Touke
20

fo(@®|R) = —2hy, fo (2°|h, w) = —2w; + 2(h? + h2);
2

Fi(@®lm) = ], £ (b w) = ] = 253,

[Tockombky

max fll (x0|h) = max{—2hy, |h|} =

—2hy, ecam hy <0,
i€{0,1}

hl, ecJjin hl Z O7

TO HeOOXOAMMOE YCJIOBHUE TIE€PBOro mopsizika (21.5) BBIOJHEHO PU JIFO-
Oom 3HaveHun napamerpa k. Bmecrte ¢ Tem

K(2°) = {(hy, ha) € R? | hy = 0} # {0}.

Cure1oBaTeIbHO, JOCTATOYHOE yCJIOBUE 1epBoro nopsjaka (21.4) me BbI-
nosmaserca. Jla nambreimrero ncerenosanus Toukn 20 = (0,0) mpusie-
1eM HeoOXOMMOe yCI0Bre BTOpOoro nopsaka (21.6). Tak kak st 060ro
h € K(2°) umeror mecto pasencrsa I(z° h) = {0,1} u

1" 2
iegr(lggfh) f; (2°|h, w) = max {—2w1 + 203, |wy| — khg} ,

TO HETPyIHO ybenuThes, 4ro yciaosue (21.6) BblosHeHo st Bcex h €
K(2°) u Bcex w € R? rtombko mpu k > 2. JleficTBUTEILHO, eCiH
2

“h2 > 0.
k
Taxum obpazom, yciioBue k > 2 HEOOXOIUMO it ONTUMAJIBHOCTU J10-
myctumoro pemrerus ¥ = (0,0). MoykHO TOKa3aTh, 9TO 3TO YCIOBHE
SABJISIETCS TAKKE U JTOCTATOTHBIM.

2
—2w; + 2h3 < 0, To mpu k > 2 mmeem |w;| — %hg = w; —
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I'maBa 5

HEOBXOIMNMBIE YCJIOBA
OIITUMAJIBHOCTU B 3AJAYAX
TEPMUWHAJIBHOT O YIIPABJIEHU A

C BEKTOPHBIM ITOKA3ATEJIEM KAYECTBA

OcHOBHAasI T1eJIb HACTOSIIEH IJIaBbl — PA3BUTh TEOPHIO HEOOXO-
JIMIMBIX YCJIOBUN OINTHMAJIBHOCTH JjIsI 33/1a9 ONTUMAJIBLHOIO yIIPABJICHUS
C BEKTODHBIM IIOKA3aTeJIeM KadeCTBa TEePMUHAJBHOIO THUIIA, 33 aHHBIM
ANMIPOKCUMATUBHO KBasuauddepennupyemMmbim oTodpazkeauem. OTHOCH-
TeJIbHO M DEPEHITNATBHBIX CBOMCTB CUCTEMBI yIIPABJICHUs, TUHAMUKA
KOTOPO# OIUCHIBAETCSA OOBIKHOBEHHBIM M depeHITnaIbHBIM YPaBHEHN-
€M, COXPaHSIIOTCS TPaIUIIMOHHBIE IIPEJIIIOJIOKEHNS TJIAIKOCTHU.

§ 22. BAZTAYA OIITUMAJIBHOTO YIIPABJIEHUA
C BEKTOPHBIM ITOKA3SATEJIEM
KAYECTBA TEPMMWHAJIBHOT'O TUITA

22.1.Ilycte X m V — KOHeUHOMEPHBIE €BKJINIOBBI IPOCTPAH-

CTBa, PA3MEPHOCTH KOTOPBIX PABHBI COOTBETCTBEHHO 70 U T

T := [to,t1] — 3a7aHHBIA OTPE30K MHOXKECTBA JefCTBUTEIbHBIX YU~
cen R, koTopwlit 6yjieM HHTEPIPETUPOBATH KAk OTPE30K BPEMEHW;

AC(T;X) — BEKTOpPHOE IPOCTPAHCTBO abGCOJIOTHO HEIPEPBIBHBIX
dyuxmmit x(-) : T — X, onpejeseHHbIX Ha T U NPUHAMAOIIMX 3HAUE-
HUsS B X

KC(T; V) — BEKTOpHOE IPOCTPAHCTBO Ky COYHO-HENPEPHIBHBIX (DyHK-
it w(-): T —V us T B V.

IIycrs 3aganbt orobpaxkenne f: RxV x X — X, muoxecrso U C V
u Bextop 20 € X.

Paccmorpum cucremy yupasienus Sy C KC(T;V) x AC(T; X),
3aJaHHYIO Ha OTpe3Ke BpeMeHn 1 OOBIKHOBEHHBIM I depeHITnATLHBIM
ypaBHEHHEM

a(t) = f(t,u(t), z(t)), 2(tg) = 2°, (22.1)

u OrpaHUICeHUEM
u(t) e Ut eT. (22.2)
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Cuaenyst MoHorpaduu [172], 6yieM HHTEPIPETHPOBATH CUCTEMY YIPAB-
neawst Sy KaK COOTBETCTBHE MEXKJY IPOCTPAHCTBOM YyIIPABJICHUIT
KC(T;V) u npocrpancrsom Boixono AC(T; X).

Mapa (u(-),z(:)) € KC(T;V) x AC(T;X) Ha3bIBaeTCsi JIOIyCTH-
MBIM mporieccoM cucreMbl Sy, ecan (u(-),z(+)) € Sy, T. e. ecam mapa
s1ux GYHKIUHA yIoBaeTBopser coorHoinenusm (22.1) u (22.2). Dyuk-
g u(-) € KC(T;V) na3bBaercst JonycmumoviM YnpasACHUEM CUC-
memv, Sy, ecnn cymecrsyer dyakuusa x(-) € AC(T;X) rtakasi, uro
u(-),z(+)) € Sy. Anamormuno z(-) € AC(T; X) HaswiBaercst donycmus-
MOT, mpaexmopueti CACTEeMBI yIIpaBjieHnsa Sy, €C/IU CyMecTByeT (hyHK-
mast u(-) € KC(T;V) rakaga, aro (u(-),z(-)) € Sy. Muoxkecrso Beex
JIOIyCTUMBIX yTIpaBJIeHuit cucrembl Sy OyeM 0603HAYATH CHMBOJIOM
D(Sy), a MHOXKeCTBO BCEX JIOIyCTUMBIX TpaekTopuii — R(Sy).

3amaun ONTIMUZAINN, Y KOTOPHIX B KAYECTBE MHOXKECTBA JOILYCTH-
MBIX DEIEeHnl PACCMATPUBAETCS] MHOYKECTBO JIOTTY CTUMBIX TTPOTIECCOB CUC-
TeMbl Sy, HA3BIBAIOTCH 300a4AMU ONMUMAALHOZO YNPABACHUA CUCTNE-
Mot Sy

B ofmem Busie mokazaTe b KAuecTBa B 33a9e ONMTUMAJIBHOTO yIIPAB-
JleHWsI cucTeMoit Sy 3a/1aeTCsl HEKOTOPBIM GUHAPHBIM OTHOIIeHneM G C
C Sy X Sy. OrpanmvmMcst MCCIIEIOBAHUEM 33/1a4 ONTUMAJILHOTO yIIPAB-
JIEHUS CUCTEMOI Sy 110 BEKTOPHOMY TTOKA3aTe o KadecTBa (7, KOTODBIi
GyJIleM OTOXKIECTBJIATH ¢ HEKOTOPBIM €T0 BEKTOPHBIM TPEICTABJICHUEM,
COCTOSIMIAM W3 BEKTOPHOTO MPOCTpaHcTBa Y (MPOCTPAHCTBA OIEHOK),
CyOAMHEHOTO OTHOIEHUsT MpeAnopsiika S Ha Y (mokasaress mpes-
HOYTeHUs] OIEHOK) m orobpaxkenust G : KC(T;V) x AC(T; X) — Y,
(G(u(-),z(-)) — BexTOpHAast oreHKa jonycrumoro npornecca (u(-), z(+))).

Honycrumprit nponiece (u®(+),2%(+)) € Sy mazoseM onmumanvrvLm
no Ilapemo B 3aJla4e ONTUMAJILHOTO yIIPABJICHUS CUCTEMOIT Sy 1O BeK-
TopHOMY TmoOKazaremo KadectBa G, ecmu (u’(-),z%(:)) mocrasiser
< —vuHIMyM orobpaxenuto G : KC(T;V) x AC(T; X) — Y wua MmHO-
JKECTBE JIOMYCTUMBIX TTPOIIECCOB Sy .

[Iycrhb cyGamHeiiHOE OTHOIEHHE MPEANOPAIKA S, 33JaHHOE Ha IPO-
CTPAHCTBE ONEHOK Y, TAKOBO, YTO KOHYC CTPOrO MOJIOKHTEJIBHBIX BEK-
TopoB Y™ HemycT. BeemeM cienyroniee IOHATHE.

Honycrumprit nporece (u®(+),z2%(+)) € Sy nasoseM onmumanvrvLm
no Caelimepy B 3a/1a9€ ONTUMAJIBLHOTO YIPABICHASA CHCTEMOH Sy 1O
BEKTOPHOMY TIOKazaresmio kadecta G, ecim (u(+),z°(-)) mocrasnser
cnaberit 3 —muHEMYM orobpazkenuio G : (u(:),z()) — G(u(-),z(-)) na
MHOYKECTBE JIONMYCTUMBIX IIPOIECCoB Sy .

U3 cooTHOMEHNT, CBA3LIBAIONIX CJAAOBIT < —MUHAMYM W S —MUHHA-
MYM, CJIEJIYeT, ITO BCAKUIT JOMYCTUMBII IIPOTIECC, ONTUMAJILHBIH 110 [Tape-
TO, SIBJISETCS TaKzKe onTuMaabHbIM 110 Cuteiitepy. OGpaTHOE, BOOOIIE To-
BOpsl, HE UMEET MECTa.
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22.2. TTokazarenp kadecrBa G (He 00s3aTe/IHHO BEKTOPHBII )
B 3a/lave OUTHMAJILHOI'O yIDPABJIEHHUS CUCTeMON Sy Ha3BIBAETCS NOKA-
3aMmesem Kauecmea mepmunaavhozo muna (uam nokazamenem Mai-
epa), ecyu [IPU CPABHEHUH JIOIIyCTUMBIX IIPOLECCOB cucreMbl Sy no G
YYUTBIBAETCS JIAIIb COCTOSAHHE COOTBETCTBYIOIIUX JIOIYCTUMBIX TPaeK-
Topuil B KOHEUHBIN (T€pMUHAJBHBIN) MOMEHT t = 1. BeKTOpHbBIi 1m0-
Kazarespb KadecrBa (G SBIISETCS HIOKa3aTeJeM KadeCTBa TEPMUHAIHLHOIO
tuma, ecin orobpaxenue G : (u(:),z(-)) — G(u(-),z(-)) B ero BekTOp-
HOM IIPEJICTaBJICHIN UMeeT BUL

Gu(-),2() = g(x(tr)), (22.3)

rme g : X — Y — HekoTopoe orobpazkenme 3 X B Y.

B naspreiimem 3a1a9y onTUMaIbHOIO yIIPABJIEHUS CUCTEMON Sy 110
BEKTOPHOMY TOKAa3aTesi0 KadecTBa (G TEPMHHAJIBHOIO THIIA OyleM 3a-
[IUCBIBATD CJIEIYIOIUM 0OPA30M:

z = f(t7u7x)’x(t0) = Zo,
u(t) e Ut eT, (VPSy)
G(u(-),z()) = g(x(t1)) » T —min

Bcerony nuxe, paccmarpusas 3amady (V PSy), OyleMm caurarb, 4T
BEKTOPHOE MPOCTPAHCTBO OIEHOK Y sBJIsIeTCsl KOHEYHOMEPHBIM U €B-
KJIUJIOBBIM.

Bgesem muozkecTBo

Qtr) = A{z = z(t2)|2(-) € R(Sv)},

HA3BLIBAEMOE MHONCECTNEOM 00CTUNCUMOCTU CUCTeMbI Sy K MOMEHTY
t=11.

Jlerxo y6emrhest B ToM, aTo fomycrumbiit mporece (ul(+),z0(+)) sB-
JsIeTCs onTUMAaJIbHBIM 1o [lapero (omrumasnbabiM 1o Corelitepy) B 3a-
nave (V PSy) Torma m ToabKo Tora, Korja sekTop xl(tp) joctapiis-
er X -MuHUMyM (caabbii X -MuHMMYyM) oToOpaxkennmio g : X — Y
na muoxkecrBe 2(t;) C X. CiemoBarenbHO, BEKTOPHYIO 33Jady Tep-
MuHaJIBHOrO yupasienus (VPSy) MOXKHO paccMarpuBaTh Kak 3aady
= —MuHEME3anuKA oTobpaxkenus ¢ : X — Y ma muoxecrBe (t1) C X
(3amMeTHM, UTO MOCJEMHss 3a/a9a ABJISETCS KOHEUHOMEDPHO), BIOXKNUB
ee, TaKUM 00pa30M, B KJIACC 3a/1aM, UCCIIEI0BAHNIO KOTOPBIX ObLIa MOCBSI-
MeHa IpeablIyInas Tasa. Takas HHTEPIpeTanus ITO3BOJIAET, BOCIIOb-
30BABIINCH PE3YJILTATAMHI NIPEIbLIyINel IIaBbl, cPOPMYJIUPOBATL KaK
HeoOXOIUMbBIC, TaK M JOCTATOYHbIE YCJIOBUS ONTUMAJILHOCTH JJI JI0-
IIyCTUMBIX IIPOIECCOB B BEKTOPHOM 3a/1ade TepMUHAILHOIO yIIPaBJICHHIS
cucremoit Sy (B 3amade (VPSy)) uepes paBHOMEPHYIO IIPOM3BOIHYIO

174



no nmanpasiaenusm ¢’ (z%(t1)] -) : X — Y orobpazkenus g B TouKe
2%(t1) u kacarembubiit konyc T'(z%(t1) | Q(t1)) K MHOXKECTBY JTOCTHKH-
moctu Q(t) cucrembr Sy B Touke x°(t1). K coxanennio, orcyTerBue B
of1eM cirydae CTaHAAPTHBIX METO0B IOCTPOEHHST KACATEILHOIO KOHYCa
T(z°(t1)|Q(t1)) K MHOXKeCTBY JOCTUKUMOCTH CHCTeMbI Sy HCKJIOYa-
€T BO3MOKHOCTH 3(P(HEKTUBHOTO UCIIOIB30BAHUS JOCTATOIHBIX yCIOBUI
ONTUMAIBHOCTH TAKOTO THUIA. ITO K€ KACAeTCst HeOOXOMMMBIX yCIOBHUI
OUTUMAJIBHOCTH, TO UX MOYKHO HCIIOJIBb30BATH B OCJIA0ICHHOM BaPUAHTE,
samenns kouyc T'(z0(t1)|2(t1)) KakuM-H6O €ro MOMHOKECTBOM, JI0-
MyCKAIOMUM KOHCTPYKTUBHOE TtocTpoerne. C MOMOIIBIO TAKOTO TIPHEMa,
HUKE TIOJTyHeH psiji HEOOXOAMMBIX ycJ10Buit ontumanbrocTn 1o Coiefirepy
mig 3anaun (V PSy). WcciemoBanne orpaHunIuBaeTCs HEOOXOIMMBIMU
ycnoBusiMu ontuMmaabaoctu 10 Corefitepy 1mo Toii npuauHe, 9T 11060€
TAKOe yCJIOBHE HEOOXOMMO M il OTHMAaIbHBIX 110 [Tapero mporeccos.

SAMEYAHUE 22.1. B monorpadun [192] BBeieHO MOHATHE JTHHAMIE-
9ECKO! yCTONYMBOCTI IPHHIMIIOB ONTHMAJBLHOCTH B MHOTOKPHTEPHAIb-
HBIX 3a/1a9aX ONTHMAJILHOIO yIpaBieHus. JJuHaMudeckas yCTORINBOCTD
NPUHIIAIA ONTHMAJIBHOCTH O3HAYAET, ITO MPU JBUKEHUH 10 OIMTHMAIb-
HOU TPAEKTOPHMHU IPHHIUII ONTHMAJLHOCTH OCTAETC CIIPABEJJIUBBIM B
mo60it TEKYIUi MOMEHT BPEMEHH JIJTsl OCTABIIErOCs KYCKa TPACKTOPHUH.
Tam ke IOKa3aHO, ITO IPHHIUI ONTHMAaJbHOCTH [lapero m mpmHImn
onrumanbaoctn CrieliTepa sABISIOTCS [IMHAMIYECKH YCTOYMBBIMU B 3a-
Jlade TEPMUHAJIBHOTO yIPABJICHUS.

§ 23. HEOBXOAVMBIE YCJIOBUS OIITUMAJIBHOCTU
I10 CJIEMTEPY KJIACCUYECKOI'O TUIIA

OJHUM U3 OCHOBHBIX METOJIOB KA9eCTBEHHOI'O WCCJIEIOBAHUS
CBOMCTB JOIYCTUMBIX IIPOIIECCOB CHUCTEM YIPABJICHUA SIBJISCTCS METOJ,
Bapuanuii, 6epymuii cBoe Ha4YaJl0 B KJIACCHYECKOM AaHAJN3e U Bapua-
UOHHOM ucuucaernu. Hanbosibitee pacpocTpaHeHne B TEOPUH YIIPAB-
JIEHUsI CHCTEMaMU, [OBEIEHNE KOTOPBIX OIMCHIBAETCSI OOBIKHOBEHHBIMU
uddepeHInaTbHBIMI YPABHEHUSMHA, TIOJTY IU/IH KJIACCHIECKNAE U UTOJIb-
qaTble BO3MYIIEHUS JOIYCTUMBIX yupasienuii. Haunem wucciiemoBanue
ONITUMAJIBHBIX TIPOIECCOB 33189 TEPMUHAJIBHOTO YIIPABJIEHUS C BEKTOP-
HBIM II0Ka3aTeJIeM KadyeCTBa

= f(t,u,x),x(ty) = o,
u(t) e Ut €T, (VPSy)
G(u(-), () = g((t1)) — min,

HCIIOJIB3Yyd KJIaCCUYIeCKHne MeTO/Ibl BOSMYIIIEHUA.
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23.1. Iycrs (u(+),2°(-)) — momycTumbIii 1porecc cucTembl
Sy, TOIJIeXKAIMNii NCCIeIOBAHUIO.
3ajauM KoHeIHbI Habop GyHKIMA 0uy(+),. . ., Uy, (+) U3 npocrpan-
crea KC(T;V), xoropsie Oy/ieM HA3BIBATD 6APUAUUAMU YNPAEAEHU.
Kaaccuneckum  6osmywenuem nomycrumoro yupasienus  ul(t),
t € T, cucrembr Sy OyJieM Ha3BIBATH CEMENCTBO yIIPABJIEHUH

u(e) :=u® + ay(e)dur + ... + @ (€)Sum, (23.1)
rue aq(g€),...,am,(€) — IOCTATOYHO IIAJKUE B HEKOTOPOIl OKPECTHOCTH
HyJISl BEIIECTBEHHBIE (DYHKINU BEIIECTBEHHOI'O apryMeHTa €, YJIOBJe-
teopstomue yeaosuo «;(0) =0, i =0,1,...,m.

B nmammom maparpade Oymem mnpemmosiaratb, uro intU # & wu
u?(t) € intU nos Beex t € T. Torma nmpu MoObIX BapUAIHSX yIIPaB-
JeHus ouq,...,0u, u3 KC(T;V) Bo3MyuleHnuble yupasienus u(€) u3
cemeiictBa (23.1) ABIISIOTCS JIOIYCTUMBIME IIPU JIOCTATOYHO OJIM3KUX K
HYJIIO SBHaYEHUAX IIapaMeTpa &.

[Ipocrefimmm KJIaCCHYECKUM BO3MYIIEHUEM SIBJISIETCSI BO3MYIIEHUE
BHUIA

u(e) := u’ + edu, du € KCO(T;V),|e| < o (23.2)

rjie € — 33JIaHHOe MOJIOKUTETHLHOE TUCIIO.

ITycrb @404 c64(t),t € T, — TpaeKTOpHsi CHCTEMBI yIpaBieHus Sy,
COOTBETCTBYIOIIAA Bo3MyIenHoMy yrpasiaernio u’ +edu. Ecam oro6pa-
xernne f:R XV x X — X menpepoiBHO auddepeHImpyemMo, TO BCaeI-
CTBHE TJIQJIKOCTH CUCTEMBI yIIpaBIeHus Sy HUMeeT MECTO COOTHOIIEHUE

Iu0+56u(t1) = zo(tl) + 6511'“0 (t1|5u) + 0(5)a (233>

rae € to(e) — 0 npu £ — +0.
JIj1s1 COKpaIeHns 3acu HUzKe OyJIeM UCIOIb30BaTh CJIEAYIOIue 060-
3HAYCHUAD:

2(t) == fu(t, u(t), 2°(t)) € L(X, X), Lt €T,

FOU) i= fult, uO(t), 2°(t)) € L(V, X), t € T.

Kak usBectno (cwm. [11, 55, 124, 143|), nepsaa sapuavus 5 o (t|du),
t € T, mpaexmopuu z°(t),t € T, ectsb pemenne mudbdepeHIIATBHOrO
yPaBHEHUST

§iyo (t|0u) = f7(8)0 wyo (tu) + £, (t)du(t)
C HAYAJILHBIM YCJIOBHEM

8 a0 (tolou) = 0
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U MOXKeT OBITH npeacTraB/I€eHa B BUJIC

t

50 (t]6u) = / F(t, 7) £ (r)ou(r)dr, (23.4)

to

rue oneparopuosuadnasn Gyukuua F: T xT — L(X, X) oupenensiercs
COOTHOTIIEHUSIMI

%F(t,r) = A F(t, 1), F(r,7) = E
( E — TOXKJeCTBEHHBII O1IepaTop).

U3 pasencrsa (23.3) ciemayer, 9To Kakas Obl HU ObLIa BapUAIMsi
yupasnenns du € KC(T;V), Bekrop 6 x,o(t1|6u), cooTBercTByIOMmmit
TEPMHUHAJIBHOMY COCTOAHUIO IIEPBOY Baprhallii TPACKTOPUHA :co(t), telT,
SIBJISIETCSI KACATEIbHBIM K MHOXKeCTBY JocrTimkumoct §)(t1) cucreMsbl
Sy B Touke 20(t1), T e.

St o (ty]ou) € T(x°(t1)|Q(t1)) mst Beex du € KC(T; V).
MHuozKkecTBO 1epBbIX (KJIACCHYECKUX) BapUAIUil TPACKTOPUH
E(2%(t)|Q(t1)) := {0 o (t1]0u) | du € KC(T;V)}
SIBJISIETCS BEKTOPHBIM HOJIIPOCTPAHCTBOM B X, IpUYeM
B(2°(t1) | Q(t1)) € T(2°(t2)|2(t)).

CrneiosarenbHo, BekTOpHOEe Tompoctpanctso F(x(t1)|Q(t1)) Moo
PacCCMaTPHUBATH KaK JIOKAJIBHYIO AIIPOKCUMAINIO MHOXKECTBA JIOCTUKHA-
moctu §2(t1) cucrempr Sy B Touke z¥(t1). Hazosem E(z9(t1)|Q(t1))
KACAMEALHOIM NOONPOCMPaHCMEom JUsepa K MHOKECTBY JTOCTHKAMOC-
™ Q(t;) cucrempr Sy B Touxe x°(t1).

Hopmaavrovwm noonpocmparcmeom Diaepa K MHOXKECTBY JTOCTUIKH-
moctu Q(t;) cucrembr Sy B Touke z%(t]) HazsoBeM BEKTOpHOE MOJI-
npocrpancteo E*(20(t1)|Q(t1)) B X*, aBnsiomeecs aHHyISTOPOM Kaca-
TesibHOTO nojnpocTpancTsa Ditnepa E(z%(t1)|Q(t1)). Jluneitnbe dynk-
monamsl ¥, punamiexkamue E*(x0(t1)[Q(t1)), Gyaem HazuBaTh HOp-
MANOHOMY PYHKUUOHAAAMY DTUNAEPA WA TTPOCTO HOPMAAAMY DUAEPG K
MHOKeCTBY jocTimzkuMoctu §2(t1) B Touke z°(t;).

TIPEMIOXKEHUE 23.1. Jlunetinoili pynkyuonans * € X* asasemca
HOPMANLHOM PYHKUUOHAAOM DUAEPE K MHOAHCECTNEY JOCTIUAHCUMOCTIAU
Q(t1) 6 mouxe x°(t1) mozda u moavko moeda, K020a 6vINOAHEHO YCAO-
sue Jdirepa

Y(t; ") f2(t) =0,t €T, (23.5)
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2de Y(t;x*),t € T, — pewenue conpasicennoti cucmemv, duddepeniyu-
ANOHBLT YpasHeHUll

b= =0 fo(t), (23.6)

y()OS./L@m@OprOW@@ YCAOBUNO MPAHCEEPCANOHOCTNU

Pty 2") = z*. (23.7)

JloKazaTebCTBO 9TOI0 YTBEPXKIEHUS TPOBOIUTCS TPaIUIINOHHBIMA
MEeTOJaMI BapUAIMOHHOTO UCUIUCTICHMUS.

KacarenpHoe 1 HOpMa/IbHOE TTOANIPOCTPAHCTBA Jitepa MOTYT ObITh
oxapaKTepU30BaHbI IIPU HOMOIIM JInHeHoro oneparopa W (tg,t1) : X* —
— X, OIpeJIeIEHHOI0 COOTHONTEHIEM

Wtg, 1) == /F(tl,t)fS(t)(fS)*(t)F*(tl,t)dt. (23.8)

Umetor Mecto cremytormue pasencrsa (cp. ¢ [12, ¢. 216, Teopema 5)):
E(a°(t1)[2(t1)) = ImW (to, 1), (23.9)
E*(2°(t)|Q(t1)) = KerW (to, t1). (23.10)

SAMEYAHUME 23.1. KacareabHoe IOAIPOCTPAHCTBO — Dilepa
E(2°(t1)|Q(t1)) xax joKa/bHAs ATIPOKCUMAIHS MHOMKECTBA JTOCTUKH-
moctu Q(t1) B rouke z°(t1) B ObIIEM ciyuae MOXKET GBITH HAMHOTO IDy-
6ee kacaremproro konyca T'(z0(t1)|(t1)). Ommaxo ecm E(x°(t1)|Q(t1))
COBTIAIACT CO BCeM MpocTpancTBoM X, To, ouesuano, T(x0(t1)|Q(t1)) =
= E(2°(t1)|Q(t1)) = X. Vcnonb3ys Teopemy O JIOKAJILHOM OOpAIIeHuH
orobpazenuit knacca C1 [11], MOxHO TI0Ka3aTh, YTO NMPH BBLITIOJTHEHUH
yenosus E(x°(t1)|Q(t1)) = X mmoxectso goctmkumoct §(t) mmeer
HemycTyio BayTperrocth 1 20 (t1) € intQ(#1). DTo yTBepK IeHIe H3BECT-
HO KaK yCJIOBHE JIOKAJILHON yIPABIISIEMOCTH II0 IIEPBOMY [IPUO/IMKEHUIO
[54, 141]. I3 upemnoxkenns 23.1 ciexyer, 9T0 ABOHCTBEHHBIM SKBUBAJIEH-
tom yenosust E(x0(t1)|Q(t1)) = X sapasercss oTCyTCTBIE HETPUBUAITb-
HbIX pemennii ¥(t),t € T, conpszkeHnuoii cucreMbl audepeHnuaIbHbIX
ypasuenuii (23.6), yI0BIeTBOPSIOMUX YCIOBUIO Ditsiepa (23.5).

23.2. Hcnosib3ysi KacaTeJbHOE MOAIIPOCTPAHCTBO Diljepa Kak
JIOKAJIbHYIO aIllIPOKCAMAIINI0 MHOYXKECTBA JOCTHKUMOCTH CUCTEMBI S/,
mepeiiileM K BBIBOY HEOOXOIMMBIX yCIOBUil onrumasbHocTu 1o Coefi-
Tepy sl JOILYCTHMBIX IporeccoB B 3agade (VPSy). B arom pasnese
pPaccMOTPHM CJIydail, KOrja KOHYC IOJOKHTeJbHBIX BeKTOpoB Y T, co-
OTBETCTBYIONMWI 33JITAHHOMY Ha, IIPOCTPAHCTBE OIEHOK Y OTHOIIEHUIO
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IPEIIOPS/IKA S, ABJISIETCS TEJECHBIM. ByJieM IpeoiaraTh IIpu 3TOM,
9YTO Ha MPOCTPAHCTBE Y 3aJaHa CyOJuHEHAd HEeNpepbIBHASA (DYHKITAS
§< Y — R Takasi, 9TO s JIOOBIX Y1,Y2 € Y COOTHOIIEHUE YY1 —<<1Y2
UMeeT MEeCTO TOIJ@ U TOJBKO TOrJa, Korja s<(y; — y2) < 0 (cymecTso-
BaHUe Takoil (bYHKIIHH 1 OJIHA U3 BO3MOYKHDBIX 6e Peasli3alliil IPUBe eHbI
B § 19).

Iycrs (u’(+),2°(-)) — mcememyeMblit JOMyCTUMBIH TPOIECC CHCTe-
™Mbl yupasseHust Sy. OCHOBHBIM IPEJIIIONOKEHNEM OTHOCUTEIHHO Jindb-
depeHnuaIbHBIX CBOMCTB MMOKa3aTeslsd KadecTBa sABJISEeTCS TpeOoBaHHEe
paBHOMEpPHOIT nuddepPeHITUPYEMOCTH 10 HAIIPABJIEHUSIM OTOODPaYKEHUsT
g: X —Y Brouke x°(t;). Beiomy mmxe Gymem cauTaTh 3T0 TpeboBa-
HUE BBIITOJTHEHHBIM.

[Ipeanonoxxum, aro momycrumbiii mporece (u’(-),z°(+)) apasercs
ontumasbieiM 110 Creiitepy B 3amade (VPSy). Tak Kak 9T0 9KBUBa-
JIeHTHO TOMY, uTO BekTop 2°(t;) moctaBmser oTrobpaxenuio g: X — Y
ci1abblii X —-MUHUMYM Ha MHOXKecTBe gocruxkumoctu §)(t1) cucremsr Sy
B MOMEHT t = t1, To u3 Teopembl 19.2 u skmouenns E(z°(t1)|Q(t1)) C
C T(2°(t1)|Q(t1)) mosyuaem HepaBeHCTBO

sj(g/(xo(t1)|h)) > 0 ms Beex h € E(x°(t1)|Q(t1)). (23.11)

Taxum obpaszom, ycaosue (23.11) siBasiercss HEOOXOAUMBIM JIJIsI OIITH-
massaoct 110 Creiirepy mponecca (u’(+),2%(+)) B zamaue (VPSy).
Hockonbky dymkmms h — s<(g'(z°(t1)|h)) nonoxurensro ogHOPOHA
u HenpephIBHa, a MHokecTBo E(20(t1)|Q(t1)) — BeKTOpPHOE HPOCTPAHCT-
Bo B X, TO, HCnosb3ys pesysabrarsl raassl 3 (§ 10 — 12), moxkHO TIEpe-
dopmysmposars  yciosue (23.11) B mBoiictBenHOl dopme uepes
€ —kBasuauddepeHnuabl KOMIIO3UIUA S< 0g. B urore morydnm ciemy-
foree HeoOXOIUMOE YCJIOBUE OITUMAJIBLHOCTH 110 Caeitrepy.

TEOPEMA 23.1. Iyemw (u°(),2°(")) — donyemumwiii npoyece cuc-
memwve Sy maxoti, wmo u°(t) € intU dan ecex t € T.

IIpednonoorcum, wmo

a) omobpaoicenue f: RxVxX — X nenpepuero duddepenyupyemo
6  Hexkomopoli  omxkpwmol  obaacmu,  codeporcauielt  KpUBYO
{(t, u0(), 20 (8)) £ € T

6) omobpasicenue g : X — Y pasnomepno duddepenyupyemo no
nanpasaeruam 6 mouxe r0(ty);

B) KOHYC NOA0HCUMEALHILT 6exmopos Y | coomeemcemeyrouyuti om-
Howeruto npednopadka = Ha Y, menecen.

Toz0a ecau donycmumviti npouecc (u°(-),x°(-)) aeasemes onmu-
Mmanvhvm no Caedmepy 6 aadave (VPSy), mo das amobozo € > 0 u ato-
6ozo € —xeasududipepenyuana D.(s<50g)(z°(t1)) = [ (s< 0 g)(x(t1)),
0:(s<09)(2°(t1))] womnosuyuu s<og 6 mouwre x°(ty) umeem mecmo
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sKAIOUENUE

0e(5409)(a"(t1)) C 0 (s<09)(x° (1)) +eB* +E*(«°(t1)|Q(t1)), (23.12)
ede E*(2°(t1)|Qt1)) — nopmarvrwidi konye dliaepa x mrostcecmey doc-
mustcumocmu Q(t1) cucmemve Sy 6 mouxe x°(ty).

CHEACTBUE 23.1. I[Tycms donoanumesvro & npednosorcenuim meo-
pemwt 25.1 omobpasicenue g weazududdepenyupyemo 6 mouke ¥(t1).

Tozda, ecau donycmumwiti npovece (u(+),x°(-)) asasemca onmu-
manvrvm no Caetdmepy 6 sadave (VPSy), mo

A(s<09)(a’(tr)) C As< 0 9)(2°(t1)) + E*(2°(1)|2(t1)),  (23.13)
2de D(s< 0 )(x0(tr) = [B(s 0 )(2°(11)), D5 0 g) (a°(1))] — weasu-
dugepenyuan xomnosuyuu (s<og) 6 mouke 20(ty).

CJIEJACTBUE 23.2. Fcau donoanumenvHo x npednosorceHusm meo-
pemwvr 23.1 omobpasicenue g Jdudpdeperyupyemo no Ppewe 6 mouke
20(t1), mo das moeo wmobwv, donycmummiti npouecc (u’(-),2°(+)) 6via
onmumasvrvim no Caetimepy 6 3adave (VPSy), neobrodumo, wmobo
CYULECMBOBANA CYUWLCTNBEHHO NONOAHCUMENLHOLT AUHETHBIT PYHKUUOHAA
y* € (Y*)” maxot, wmo

—(g'(@°(t1))"y" € E*(2°(t1)[2(t1))- (23.14)

3decvy ¢'(2°(t1)) : X — Y — npouseodnas @pewe omobpasicenus g 6
mouxe x°(ty).

B rpamunmonnoit dpopme yrBepKaeHue caeacTBust 23.2 MOXKeT ObITh
repedOpMyITMPOBAHO CJIEAYIOMIAM 00PA30M.

Jlas moeo wmobu donycmumnidi npouece (ul(+),x°(-)) 6via onmu-
Mmanvhom no Caetimepy 6 sadawe (VPSy), mneobrodumo, wmobv, 0asn
HEKOMOPO20 CYULECTNEEHHO TONONCUMENLHO20 AUHETH020 PYHKUUOHAAG
y* € (Y*)™ pewenue ¥(t),t €T, conpsoicennol cucmemo

¢ = —¢f£(t)at eT,

NOOYUHEHHOE mepmurasoHomMy Ycao6uro

U(t) = —y"g'(2°(t)), (23.15)

Y0d0684EMB0PANO YCA0BUIW IDUAEPa
(1) fo(t) = 0,t € T.

Takum obpazoMm, HeobxomuMOe yciaoBue ontumasiabnoctu 1o Creii-
Tepy, danHoe B Teopeme 23.1 u ciencrBun 23.1, obobimaeT Ha cirydait
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HEIVIAJKOrO MOKa3aTe sl KA4eCTBa KJIaCCHIeCKOe HEOOXOIUMOE YCJIOBUE
Sitnepa. HermaakocThb moKa3aTe s Ka4eCTBa MPOABISETC IPH 9TOM JIHIIb
B YCJIOBHHU TPAHCBEPCAJILHOCTH, KOTOPOe npuHuMaer (popmy (23.12) (uiau
23.13), camo ke ycoBre Disiepa COXPaHseT TPAJIUINOHHY0 GopMy (cM.
(23.5)).

23.3. PaccmoTpum ceifvac ciydail, Korja KOHYC [OJIOKUTEb-
HBIX BEKTOPOB Y T, COOTBETCTBYIOMMii 33 JaHHOMY Ha IIPOCTPAHCTBE OIle-
HOK Y OTHOIIEHMIO NPEANOPSIKA S, UMEET IIyCTYI0 BHYTPEHHOCTD.
Amnasornano § 20 3amaaum Ha Y cyO/IMHERHYIO HEPEPBIBHYIO (DYHKIIAIO
o< :Y — R u onepaTop opTOroHAJIBLHOTO IpoekTupoBanusg P< :Y — Y
TaKKe, UTO JIsl JOObIX ¥1,Y2 € Y COOTHOIIEHHE Y1 ~<<ys MMEeT MeCTO
TOrJIa U TOJBKO Torjia, Korja o< (y1 —y2) <0 u P<(y1 —y2) =0 (oM.
npeioxkenne 20.1). - -

I[Tycts gomycrumbii mporece (ul(+), z0(-)) sBIsgeTCA ONTEMATBLHBIM
no Crneiitepy B 3agade (VPSy). Tak xak sektop z°(t1) sgocrasiser
orobpaxenuto ¢ : X — Y ciaabblit S —MHHUMYM Ha MHOXKECTBE JIOCTH-
skumoctu §2(t1) cucrembl Sy, TO, BOCHOJIB30BABIINCH HA STOT Pa3 TEO-
pemoit 20.1 6), nowyaum

Uj(g'(xo(t1)|h)) > 0 gyt Beex h € T(2°(t)[Q(t1)), (23.16)

rie Q1) = {z € Qt1) | Pz(g(z) — g(z°(t1))) = 0}

Bynem rosoputs, uro gomycrumbiii nporece (u’(+),z%(1)) yuosie-
rBopsier B 3agade (VPSy) ycnosuio perynsprocru (£'), eciu

(51) orobpaxkenune f:R XV x X — X menpepsiBHO muddepennn-
pyemo o @perire B HEKOTOPOit OTKPBITOM 00JaCTH, COIEPIKAIIEi KPUBYIO

{(t, (1), a0 (D) € T):

(&) xommozuiust P<og: X — Y HenpepbiBHO quddepeHnupyema
no @permme B okpectHoctH Toukn 20 (t1);
(€3) mMeer MeCTO PaBEHCTBO

(P50 9)'(«°(1)) E(2°(1)|2(11)) = ImPx. (23.17)
ITockosbKy mMeeT MecTO BKJIIOUeHUE
(P3 09) (2°(t1)) E(z(t1)|(t1)) C Im P4
TO paBeHCTBO (23.17) SKBUBAJIEHTHO BKJIOUEHUIO
ImP C (Px 0g) (2°(t1)) E(z°(t1)|2(t)),
KOTOPOE B CBOIO OYePe/Ib SKBUBAJIEHTHO JBOUCTBEHHOMY BKJIIOUEHUIO

{y" € ImPX|y" o g (2°(t1)) € B*(2°(t)|t1))} C KerP%.
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Tak kak ImP*% N KerP% = {0}, To mociennee BKIIIOUeHNE, a CIIEI0BA-

TesibHO, U (23.17) paBHOCHIILHBI PABEHCTBY
[(ImP%) 0 g'(«°(t1))] N E*(2°(t1)|92(t1)) = {0},

rie (ImP%)og (2°(t1)) := {a* € X* | 2* = y* o g'(2°(t1)),y* € ImP%}.

TaKHI\;O6pa301\l, HEOOXOUMBIM U JOCTATOYHBIM YCIOBUEM BBILIOJIHE-
Hus paBeHcTBa (23.17) sBiiseTcs OTCYTCTBHE HETPUBUAJBHBIX DEIIEHUiT
Y(t),t € T, coupsizKEHHOil CUCTEMBI

7/.} = 7¢fg(t)7t € Ta

YJIOBJIETBOPSIONTAX yCI0BIIO Ditepa (23.5) 1 TepMUHATBHOMY yCIOBUIO
¥(tr) € (ImP%) o g'(2°(t1)).

JIEMMA 23.1. Ecau donycmumwidi npoyece (u®(+),z°(+)) ydosaemeo-
paem 6 3adaue (VPSy) ycaosur pezyaaprocmu (E), mo

Ker[(P5 0 g)'(2°(t:))] N E(2’(t1)[Q(t1)) € T(«°(t1)[Q(1)).  (23.18)

JIOKA3BATEJILCTBO. Ilycrs Bapuanus yupasienus ou € KC(T;V)
Takosa, uro 6'w,o(t1|du) € Ker[(Ps o g)/(z°(t1))]. Tlokaxem, uro
S0 (ty|0u) € T(xo(tl)@(tl)). Jlsist 9TOTO 3aa1MM BapHAIINH yIIPABJIe-
Hust Ouy, ..., 0uy TaKme, 9To BeKTOphI i = (P<0g) (x0(t1))0" @yo (t1]0us),
i=1,2,...,k, obpasyror bazuc B ImPﬁ. CylimecTBOBaHIE TAKUX BapU-
Ayl yrpasJjieHus cieryer u3 pasencrsa (23.17) ycioBug peryJisipHocTu
(&)

PaccmoTpum cemeiicTBo yrpaBieHmit
u(e, @) s u(tye, ) = u®(t) +edu(t) + ardus (t) + ... ... + agdug(t),t € T,
e ¢ € R,a = (a,as,...,a;) € RF.

IMockosbKy obsiacthb onpenenenust D(S) cucremsr S, onpenessieMoit
b depeHInaIbHBIM Y PaBHEHTEM

T = f(t,u,x),x(ty) = xo,t € T,

SIBJISIETCsI OTKPBITON B KOHEeYHOH Tomnosoruu npocrparcrea KC(Y;T)
[60, 61], TO B HEKOTOPOI OKPECTHOCTH HYJIsI IPOCTPAHCTBA R'** moxmo
OIIPEJIC/INTH OTOOPaKEHIe

w: (g,0) = P<(g(ye,a)(t1)) — g(z°(t1))).
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Ormerum, uro w(0,0) = 0. Kpome Toro, us csoiicts peruennii nud-
depeHnIaTBHBIX ypaBHEHH T I CBOHCTE g m P< ciiefyet, 9to oTobpake-
HUE W SBJISETCS HEMPEPBIBHO M hepPeHIIMpPYEMbIM B HEKOTOPO# OKPECT-
HOCTH, IpUYEeM w;i(0,0) = y;,t = 1,2,..., k. Tlocaennue paBeHCTBa
03HAYAIOT HEBBIPOXKIEHHOCTH Hpon3Boauoii w, (0,0). Takum oGpasom,
BBITIOJTHEHBI BCE YCJIOBUS KJIACCHYECKON TEOPEMBI O HESIBHOW (DYHKIMN
[11]. CnenoBarenbho, ypasaenue w(e, o) = 0 oupeessier B HEKOTOPOI
OKPECTHOCTH HyJsl || < g9 HeupepsiBHO uddepennupyemyo byHK-
mnio ¢ — a(e) € RF Taxyio, uro «(0) = 0 n w(e,a(e)) = 0 npn
e € (—&p,&0). Tak kak

w(0,0) = (P 0 g)' (x°(t1))8 2o (t1]6u) = 0,

TO, TpoAudHEPEHITNPOBAB ITOCTIETHEE TOKIECTBO, IOy INM, KPOME TOTO,
pasercrso o' (0) = 0.
’ ’
Wrak, mrsa mexkoToporo &, 0 < g5 < €p, yHUpaBjeHUs! OJHOIApA-
METPHUYECKOI'O ceMefcTBa

u(e) s u(tye, a(e)) = u®(t) + edu(t) + oy (e)duy (t) + . .. + ar(e)dun(t),

t 6 T,€ E (_50750),

SIBJIAIOTCS JIOIMYyCTUMBIMHE, 8 COOTBETCTBYIONIME MM JIOINYCTHMBIC TPaeK-
ropuu z(t), t € T, cucrembl Sy yIOBIETBOPSIOT PABEHCTBY

P<(g(z:(t1)) — g(2°(t1))) = 0 s Beex € € (—56,56).

’ !
Dr1o o3HaUaeT, UTO KpuBas Te(t1),e € (—€g,&,) NPUHAIJIEIKUT MHO-
xkectBy )(t1). Ucnoas3ys ceoiicra dyskuuit a;(e), i =1,...,k, mer-
PY/IHO MOJIyYUTh

i Te(t1) = 2°(t1)

_ sl
lim . = § xy0(t1|0uw)

U, cJIeI0BaTeNbHo, 0 @ ,0(t1|du) € T(xo(tl)@(tl)). Jlemma nokazana.

TEOPEMA 23.2. ITyemv donycmumwiti npouece (u®(-),x°(+)) ydo-
saemeopsem 6 sadave (VPSy) ycaosuro pezyaaprocmu (') u nyemo
omobpasicenue g: X — Y asasemcea pasHomepro duddepeHuupyemoim
no nanpasaenuam a mouxe 9(t1).

Ecau npoyece (u°(+),2°(-)) asasemea onmumarvrvim no Caetimepy
6 3adave (VPSy), mo das aobozo € > 0 u w6020 € —keasudugdpepen-
wuaaa D.(0<09)(x"(t1) = [0.,(0300)(z°(1)), De(0<0g)(x0(t1))] won-
nosuyuu, o< og 6 mouke x°(t1) umeem mecmo exmovenue

D=(0<09)(a"(t1)) C (05 09)(a"(tr)) + B +
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+(ImP%) o ¢’ (a°(t1)) + E* (2°(t1)[Q(t1)).- (23.19)

JIOKA3ATEJLCTBO. U3 Hepasencrsa (23.16) u Brutouenust (23.18)
ClIeJlyer, 9To

oj(g’(xo(t1)|h)) > 0 st Bcex h € Ker[(Pjog)'(xO(t1))]ﬂE(:vo(tl)\Q(tl)).

Tax xak anmyaTop nepecevenns Ker|[(P< 0g)" (z°(t1))NE(x°(t1)|(t1))
paser (ImP%)o g (2°(t1)) + E*(2°(¢1)|Q(t1)), To B ABoiicTBenHO# dbop-
Me HOCJIG,ILHEE HEPaBEHCTBO SKBUBAJIEHTHO BK/IoYeHHIO (23.19). Teopema
JIOKa3aHA.

CHEAOCTBUE 23.3. I[Tycmb donoarumenvHo k npednosorcerusm meo-
pemvr 23.2 omobpascenue g: X — Y asasemca keasududdepenyupye-
mvim 6 mouke x°(ty).

Tozda ecau donycmumoiti npouece (u(-),z°(-)) aeasemes onmu-
manvroim no Caedmepy 6 3adave (VPSy), mo

d(o< 0 9)(2°(t1)) C (o5 0 g)(2°(t1))+
+(ImP%) o g'(2°(t)) + E*(«°(t1)[Q(t1)), (23.20)

2de D(0409)(z°(t1)) = [0 (05 09)(2°(t1)), D= (05 0 9)(a°(t1))] — wea-
sudugpepenyuan KOMnO3UYUYL 0< 0 g 6 TouKe 20(ty).

CHEJACTBUE 23.4. ITycmv omobpasicenue g @ X — Y Jdudgepen-
yupyemo no @pewe 6 mouxe x°(t1). Tozda ecau donycmumviii npoyece
(u®(-),2°(+)) asaaemes onmumarvrvim no Caetimepy 6 sadaue (VPSy)
u ydosaemsopsem ycaosuio peeyasprocmu (E'), mo cywecmsyem cy-
ULECTNEEHHO NOA0IHCUMENLHBIT Aunetinol Pyrkuuonas y* € (Y*)™ ma-
K01, 4mo

(g @ (1)y" € B (@ (0)](t): (23.21)

HOKABATEJLCTBO. [Ipegnosoxenns cieacreus 23.4 obecueanBaroT
BBINIOJIHEHNE TpeboBauuil cieactus 23.3. Ilosromy mMeer mecTo coot-
Homenue (23.20), KOTOpoe B JJAHHOM CJIy9ae IPUHUMAET BUJL

0€ (g’(xo(tl)))*(805 +ImP3) + E*(2°(t1)|92(t1)).

Tak kax Jo< +ImP% C (Y*)”, To u3 nocjeHero BKIIOYEHUS CAeLyeT
crpaBeIuBOCTG (23.21) ¢ HEKOTOPBIM CYIIECTBEHHO IIOJIOXKHTEILHLIM
dyarmmonasiom y*. CreacTBue J0Ka3aHO.

23.4. Ecrm  E(2°(t)|Q(t1)) # X, To BKIIOYeHEE
E(x°(t)|Q(t1)) € T(z°(t1)|2(t1)) Moxker 6bITH cobeTBeHHBIM. B 3TOM
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caydae, moctpous 6osee mmpoxkoe, deM F(x(t1)|Q(t1)), momxmHOKecTBO
kacaresbroro kouyca T'(x(t1)[Q(t1)), MOXKHO HOSyIUTH HOBbIE HEOOXO-
Jmble yeaosus ontumastbaocT o Coreitrepy aais (u®(+), z9(+)). Hoctpo-
UM TaKoe MOJMHOMKECTBO, UCHONB3Ysl BTOPBIE BAPHAIMN TPAEKTODUM,
COOTBETCTBYIOIINE BBIPOXK/IEHHBIM BAPHAIMSIM YIIPABJIEHUSI.

Bynem rosoputh, uto Bapuanus yupasienusa ou € KC(T;V) aBis-
ercs eupooicdennoti nis porycrumoro nporecca (u'(+), z%(+)) cucremp
Sy, ecma 0ta,o(ty|du) = 0.

MHOKeCcTBO Beex BapUAIUii YIIPABIEHNUST, BBIPOKIEHHBIX JIJIS JIOILY CTH-
moro miporiecca (u(+),z°(+)), 6ymem obosnagats uepes W(ul, x0).

Jlerko Bugieth, uro W(u®, x20) sBisercs BBITYK/IbIM KOHYCOM B IIPOCT-
paHcTBe KycouHo-HenpepbiBHbIX (yukuuit KC(T;V).

[Ipenmonoxum, uro orobpaxkenme f : R x V x X — X naBaxie
HEMpepbIBHO uddepeHmpyeMo B HEKOTOPO OTKPBITOM 00J1acTH, CO-
nepaameit kpusyio {(t,u’(t),z°(t))| t € T}. Torma i1 BEIPOK IEHHBIX
papuamuit ynpasienus du € W(u®, x°) cnpasenmiso npesicrasienue

1
Tyopesu(ty) = 20(t1) + 5525230“0 (t1|6u, du) + o(g?), (23.22)
rie € 20(e) — 0 mpu € — 0.

Bmopas eapuayusa  62x,o(t|du,du),t € T, mpaexmopuu z°(t),
t € T, sasiercs perieaneM audEPEHIIATBHOTO YPABHEHUS

%0 = f(£)0%x + (f2a (1) wuo (|0u) + fila (1)0u(t))8" 2 (t]6u)+
H(fau ()8 @0 (t10u) + f2, (£)0u(t))du(t)
C HAYAJIBHBIM yCIOBUEM
8220 (to|ou, 6u) = 0
1 MOXKeT OBITh NPEJICTABJICHA B MHTErPAIbHON (hopme
6220 (t|0u, 6u) =

t

= /F(t, T2 (T)0 2o (T10w) + £2,(7)6u(T)]6 @ 40 (7] 6u)dT+
+/F(t,7)[ 0 (1)6 2o (T|6u) + 2, (7)0u(T)]du(T)dT. (23.23)

U3 pasencrsa (23.22) ciexyer, 9410

6220 (110w, 6u) € T(x°(t1)|Q(t1)) ms moboit du € W(ul, 2°).
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BaMeTnM, YTO Hapsgy C BEKTOPOM  02T,0(t1|du,du), e
du € W 2Y), xomyc T(2°(t1)|Q(t1)) comepxur Bech myu
{ad?z 0 (t1|0u, Su)|a > 0}. Bomee Toro,

50 (t1]00) 4 620 (t1]0u, du) € T(x°(t1)|Q(t1)) (23.24)

st mobeix dv € KC(T, V) n mobeix du € W(ul, 29).
JleficTBUTEIHO, PACCMOTPUM KJIACCHMYECKOE BO3MYIIEHHUE JOILYCTHU-
moro yrpasyenns u(t),t € T, cieayromero Bua:

1
u(e) == u’ + edu + 55261}, e du € W(u®, z%), 6v € KC(T,V).

TepMmuHabHOE 3HAYEHUE COOTBETCTBYIONIEH BO3MYIICHHON TPAaeKTOPHUHI
Ty 4 esu+t L 225, (t1) MOXKeT OBITH IPEJICTABIEHO B BUJIE

1
L0 4 esut be2on(tl) = xo(t1)+§€2((51xuo (t1|60) +0% 20 (t1]6u, u)) +o(e?),

OTKy/la cJleJyer BKJtodeHue (23.24).
Jy1st Kask10#t BBIPOYKienHoft Bapuamun ynpasiaenus du € W(u x0)
OIIPEJIE/IM BBLITYKJIBI KOHYC

Lsu(a°(t1)1Q(t1)) ==
= {6 20 (t1|00) 4 pd? 20 (t1|0u, Su) | > 0,6v € KC(T;V)},

KOTOPBIi By/1eM HA3BIBATE dU -KaAcameabhvim Korycom Jlazpanoica K MHO-
xecTBy jgoctmzkumoctu ()(t) cucrempr Sy B Touxe x°(ty).

[ycts du € W(u®,z%). Ouesumno, uro Lg,(z°(t1)|(t1)) cosna-
naer ¢ E(z%(t1)|Qt1)), ecimn §2z,0(t1|6u, 6u) € E(x(t1)|Qt1)), wu,
CJIEJIOBATENILHO, B 9TOM CJIydae Ou -KaCcaTeslbHbIN KOHyC Jlarpamka Kak
JIOKAJIbHAS AIIPOKCAMAIIUA MHOKECTBa AOCTHAKUMOCTH (2(f1) B TOUKe
20(t1) He Hecer jOTIONHUTETHLHOIN HHGMOPMAIINN MO CPABHEHHIO C Kaca-
TeJbHBIM TIofmpocTpancToM  Ditepa  E(z%(t1)|Q(t1)). Ecim ke
0% wy0 (t1|0u, 6u) & E(x°(t1)|Q(t1)), To Lau(x%(t1)|Q(t1)) — momymoc-
KOCTb, Pa3MEPHOCTb KOTOPOi Ha eJMHHUILY GOJIbIIe PA3MEPHOCTH Kaca-
temproro mommpoctpanctea E(x0(t)|Q(t1)), mpmaem E(x0(t1)|Q(t1))
apyigercst kpaeM qas L, (20(t1)|Q(t1)).

Jluneitupnit dyukiuonan x* € X Ha30BeM 0U -HOPMAALHbIM HYHK-
yuonasom Jlazparnowca K MHOXKeCTBY noctmxkumoctn §2(t1) B TOUKe
20(t1), ecrm

(z,2*) <0 s Beex z € Ley (2°(41)]|Q(t1)).

Beiryxaniit konye L, (2°(t1)|Q(t1)) € X*, cocrogmuii u3 du -HopMastb-
HbIX (byHKIIMoHa 0B Jlarpanka, Ha30BeM 0U ~HOPMAALHBIM KoHYcom Jla-
epanoica K MHOXKeCTBY joctuxkumoctu ((t;) B Touke 20(t1).
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Tax xkak E(z%(t1)|Q(t1)) C Lsu(2°(1)|Q(t1)) ana moboit Bapuarmu
yupasaenns du € W(u",2°), o L%, (z°(t1)|t1)) C E* (2% (t1)|Q(¢1)).
U3 onpenenenns xKomyca Lg, (2°(t1)|Q(t1)) cremyer, aro HOpMaTbHBI
dyukrmonan Ditnepa z* € E*(2%(t1)|Q(¢1)) asnsercs du-HOpMATBHBIM
dyukumonasom  Jlarpamxka ~ TOorja M TOJBKO ~ TOMJA,  KOT/IA
(6220 (t1|0u, 6u), x*) < 0.

Tak ®ax  Lg,(20(t1)|Q(t1)) < T(2°(t1)|Q(t1)) s Beex
du € W(u,z°), To u xomyc

Lot = U L)) (23.25)
SueW (ul,z0)

raxske npuaajeskut T(z0(t1)|Q(t1)).

Bynem nasbisats kouye L(z%(t1)|Q(t1)), onpesenennbiii paBeHCTBOM
(23.25), kacameavroim Konycom Jlazpanotca K MHOXKECTBY JOCTHIKIUMOCTI
Q(t1) cucrembt Sy B Touke z°(t1).

Kacarenbnbiit konyc Jlarpamka L(x(t1)|Q(t1)) sBasercst ceaskoit
nostymiockocreit L, (2°(21)|Q(t1)) ¢ obmmam kpaem E(x°(t1)|Q(¢1)). Ta-
KuM o0pa3oMm, B OOIIeM ciydae KacaTeJbHbI KOHyC Jlarpamxka
L(2°(t1)|2(t1)) MoKeT GLITH HEBBITYKJTBIM.

Bynem rosoputh, uto momyctumbrii mporece (u’(-),z%(1)) ymome-
teopsier B 3anaue (VPSy) yeaosuio perymsipaoctu (), ecan

(81/) orobpazkenne f:RxV x X — X nBaxkiapl HEIPEPBHIBHO Jud-
depenrupyemo o Ppeirie B HEKOTOPOI OTKPBITOI 0071aCTH, COIepKaIeit
xpumyio {(t, u0(t), 2°(1)) | ¢ € T

(5;) KOMITO3UITHST Pj og : X — Y nBaxkJbl HEIPEPBHIBHO Tu-
dbepennupyenma o Operre B HeKOTOPoit okpecTHOCTH Toukn (11 );

(£5) mmeer mecto pasencrso (23.17).

JIEMMA 23.2. Ecau donycmumwiti npoyece (u®(-),z°(+)) ydosaem-
sopsem 6 3adave (VPSy) ycaosuio pezyaapnocmu ”), mo das A10-
6oti 6viposicdennoti eapuayuu ynpasaenus du € W(u,2°) umeem
MECTO 6KAMOUECHUE

D,
(

Ker[(P 0 ) (a%(60)] N Lau (22(0)[011)) € T(O()IQA(t)).  (23.26)
JIOKABATEJILCTBO. Ilycth Bapuaruu ynpasiaenus ou € W(u®, x0)
u dv € KC(T;V) TakoBsl, 9T0
'@y (t1|00) + 6720 (t1|6u, 6u) € Ker[(P< o g)'(2°(t1))]-

Sadukcupyem Bapualuu yrnpasBiaeHust 0y, ..., 0uUy TaKue, ITO BEKTOPbI
yi == (P50 9) (2°(t1))0 w0 (t1|6u;), i@ =1,2,...,k, obpasyror 6asuc B
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ImP< 1 paccMOTpUM CeMEHCTBO ylpaB/IeHHi
0 L,
u(e, @) u(t;e,a) = u”(t) + du(t) + € dv(t)+

+adur(t) + ... + agdug(t),t € T,

e € €R,a = (ag,as,...,q;) € RE.

AHATIOTMYHO TOKA3aTENBCTBY JIEMMBI 23.1 MOYKHO JOKA3aTh CYIIECTBO-
panme bynkman £ — a(e) € RF) apaxaer nempepsisro mmddepentn-
pyeMoil Ha HEKOTOPOM uHTepBaje (—&g,€p),0 > 0, yIa0BIeTBODSIONIEil
TOXKJIECTBY

Pj(g(xu(e,a(s))(tl)) - g('ro(tl))) = 075 € (750750%

u takoii, uro «(0) = &/(0) = a’(0) = 0.

Baech Ty(c,a(e))(t),t € T, — Tpaexropus cucTemsr Sy, COOTBETCTBY-
omas yupasjeranio u(t; e, a(e)),t € T.

Kpome Toro, MoKHO y6eIUThCs, 4TO UMEIOT MECTO PABEHCTBA

lim e (T (e a(e)) (t1) — 2°(t1)) = 6 a0 (t1|6u) = 0,

e—0

i & (e e (12) — 2°(0)) = 5 (8% (1160) + 520 (125, ),

U3 KOTOPBIX CJIEIyeT YTBEPKICHUE JIeMMBbI.

TEOPEMA 23.3. ITycmo donycmumwidi npoyece (u®(-),2%(")) ydosae-
meopsiem 6 3adave (VPSy) yecaosuro pezyasprocmu (E") w omobpa-
orcenue g2 X — Y pasromepro duddepenuupyemo no HanpasAeHUuAM
6 mouxe x°(t1).

Ecau npouece (u°(+),z°(+)) asasemes onmumarvrvim, no Caetimepy
6 3adaue (VPSy), mo daa a06020 € >0 u mobozo € —keasududgpepen-
yuaaa Do(o509)(%(1)) = [0 (02 09)(a(11)), Beolo309) (2°(11))] w0
nosuyuu o< og 6 mowse x°(t1) exauenue

9:(0509)(a"(t1)) C (05 09)(a"(t)) +eB"+

+(ImPL) o g'(x°(tr)) + L, (x° (1) |2(t1)) (23.27)
umeem  mecmo  Oasn  a0000  6uPOHCOEHHOT  BAPUAUUL  YNPABAEHUS
Su € W(ul, zY).

JIOKA3ATEJIbCTBO. U3 Hepasencrsa (23.16) u Bruroyenust (23.26)
CHIEJIyeT, YTO TpH JIOOOI BBIPOXKJIEHHONH BapUAIMM  YIIPABJICHUS
du € W(u®,z°) mepasencrso o<(g'(z°(t1)|h)) > 0 Boimosmsercs s
seex h € Ker[(P< o g)'(z°(1))] N Lsy(2°(t1)|Q(t1)). D70 nepasencrso
SKBUBAJIECHTHO BKJIIOYEHHIO (23.27), HOCKOJIbKY aHHYJISTOD TIEPECEICHUs
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Ker[(P< o 9) (2°(t1))] N Lsy (2°(t1)|2(t1)) pasen (ImPg) og'(z%(ty))+
+L},2°(t1)|Q(t1)). Teopema jokasana.

CNEOCTBUE 23.5. ITycmb donoarumenvHo K npednosorcerusm meo-
pemvr 28.83 omobpasicenue g : X — Y sasaseca xkeasududdepernyupye-
mvim 6 mouke x0(ty).

Ecau donyemumwiii npouece (u®(+),2°(+)) asasemesa onmumanvrom
no Caetimepy 6 sadavwe (VPSy), mo das 410600 vipostcdernotli sapua-
yuu ynpasaenua du € W(ul, 2°) umeem mecmo exarouenue

d(o<0g)(a°(t1)) C Ao 0 g)(a°(t1))+
+(ImP%) o g'(x°(t1)) + L, (2°(t2)|2(t1)), (23.28)

20¢ D{o< 0 g)(a%(t1)) = [Blo< 0 9)(2°(t1)), Bo< 0 9)(a®(11))] — weasu-
dugpeperyuan Komnosuyuu o< 0 g 6 mouke 20(ty).

CHEAOCTBUE 23.6. ITycmv omobpasicenue g: X — Y Juddepenyu-
pyemo no @pewe 6 mouxe x°(t1). Ecau donycmumwiii npouecc
(u®(),2°(")) asasemea onmumanvrom no Caetimepy 6 sadave (V PSy)
u ydosaemsopsaem ycaosuro pezyasprocmu (E"), mo daa aobol ewvi-
pooicdennoti eapuavuu ynpasaerua ou € W(u®, x°) natidemes cywecm-
BEHHO NOAOHCUMEAHYT Auneldnvl Pynrkyuonanr y* € (Y*)™ makod,
wMo euinoAnero exatoverue (23.21) u

(g (2°(t1)) 6% 40 (t1 |6u, du), y*) < 0. (23.29)

ITpuMEP 23.1. PaccmoTpuM 3a7ady MuHAMEA3AANA QyHKIIHOHATA
G(u(-),2()) = g(x(1)) = 22(1) — min{(z2(1) + 1), (z1(1) = 1)*} + 1,
3aJJAHHOT'O Ha MHOXKECTBE JIOIYCTUMBIX ITPOIECCOB CUCTEMBI
&1 = ug, &y = 23 + 4w1u; + uf, x1(0) = 22(0) = 0,

U= {(ul,u2)|\ui\ S 1, 1= 1,2},T = [O, 1].

Uccreayem Ha onTHMAIbHOCTE joiycrumbiii nporece (u®(t), 20(t)) =
= (0,0). Tak Kax TepMUHAJILHOE 3HAYEHHUE IEPBOIl BapUAIMU TPAEK-
TOPUH 3a/14€TCs COOTHOIICHIEM

1
§tay (1)0u) = /5uz(7)d7',
0

§tao(1]6u) = 0,
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TO KaCaTeJbHOE ¥ HOPMAJILHOE TIOAIMPOCTPAHCTBA JUJIepa UMEIOT BH/T
B(z°(1)|2(1)) = {(a, 0)|a € R},
E*(2°(1)|2(1)) = {(0, )| X € R}.

Oynkus g(x1,rs) = vo—min{(z1+1)%, (z1—1)?}+1, samaomas noka-

3aTeh KAYeCTBA, HABIAETCS KBasuaAn(p(PEpPEHIpyeMOil B TOUKe
= (0,0), upu srom ee kBasuaubdepeHIuaL ecTh

Dg(2°) = [{(, 1)|p € [-2,2]}, {0}]-
Heobxomumoe yceaosue Diiiepa (23.20) uMeer B JaHHOM CJIydae BULL
0 € {(p, Dlp € [-2,2]} + {(0, \)|X € R}

U, OYEBH/THO, BBIIIOJIHSIETCS.

Hanee nyis uccnenosanus nponecca (u(+),z%(+)) npumenum neobxo-
numoe yesiobre (23.28). TepMunasibHOe 3HAYEHUE BTOPOIl BApUAIMU TPa-
€KTOPUHN OLPEJIEIIAeTCs COOTHOMIEHUSIME

8221 (1|0, du) = 0,

1 t 2 t
5225 (1|6, o) — / [2( O/ 5U2(7)d7) +85us (1) O/ Sus (7)dr+-2502 (1) | dt

0

Bapuarus yrnpasiaenust

1
t 1, 0<t< =
8Ty (t) = — =, 6Ta(t) = 1 2’
2 -1, ~<t<l,
2~
2 e 2 e 1
BBIpOKeHa, npudeM 0°21(1]0w,0u) = 0,0%x2(1]6T, 0u) = s Coot-

BETCTBYIOIYE 9TON Bapualiny yIPaBJIeHNA KacaTeJIbHbI 1 HOPMaJIbHBII
KoHychI Jlarpamnxa ecTtb

L(;E(IL‘O(l)‘Q(l)) = {(0417042)|051 ER,ay < 0},

Liz(2°(1)[22(1)) = {(0, ))]A > 0}.

Tak kak 0 ¢ {(p,1)|p € [=2,2]} + {(0,\)|A > 0}, T0o HeobGxOmMMOE
ycaosue (23.28) He BbinosiHeHo. Ciie[oBaTeIbHO, JOILYCTUMBII IIPOIECC
(u®(-),2°(-)) = (0,0) He sBIAETCSA ONTUMATLHBIM.
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§ 24. MIPUHIIUII MAKCUMYMA IIOHTPATUHA
1 YCJIOBUE B MATPNYHBIX NMIIVJIbBCAX
JJIs OIITUMAJIBHBIX IIO CJIEUTEPY IMPOIIECCOB

IIpumenenne KIacCUIECKNX BO3MYIIEHUIT HE BBIBOJIUT UCCIIE/Lye-
moe sorryctumoe ynpassenne vl (t),t € T, w3 Kacca JOMYCTAMbIX JIHTITH
npu yesosun, uro u’(t) € int U, t € T. Omuaxo jyis 3a/1a4 ONTUMATBHO-
ro yIpaBjeHus HanOOJIee TUIUYIHBI CJIy9dan, KOT/Ia 3HAYEHNUST ONTHMAJ b
HOTO yIpaBJIEHWS IPUHAJIEXKAT Ipanuie MHOKecTBa U. MHO2XKECTBO
U BoODIIIe MOXKET He MMeTh BHYTPEHHUX TOYEK WH, Oojiee TOro, ObITH
JIUCKPETHBIM, T. €. COCTOSITh U3 U30JIMPOBAHHBIX TOUeK. [ToaTomy mckiio-
YUTEIbHYIO BaXKHOCTH JIJIsI MCCJETOBAHUS 3a/1a9 ONTHMAIBLHOTO YIIPaB-
JIEHUSI UMEIOT BO3MYIIEHUS UIOJILIATOrO THIIA, KOTOPbIE 00eCIednBaloT
IPUHAJIEXKHOCTDb BO3MYIIIEHHBIX YIIPABJICHUIT KJIACCY JOMYCTUMBIX He3a-
BHCHMO OT CBOiicTB MHOXKecTBa U.

Buepebie nrosibuareie Bapuaiyn seet E. JIxk. Makmeitn [322]. Onna-
KO IOJIJINHHOE WX 3HAYEHUE JJIs 3aJ1a9 ONTHMAJILHOTO YIIPABJIEHUST Obl-
JIO PACKPBITO JIUIIb IIOCJE JOKA3aTe]bCTBA [IPUHITUIIA MAKCUMyMa JIJIs
HesmHeHbIX cucreM [24, 207, 210]. BeegeM 0CHOBHbBIE IOHATHSI, CBI3aH-
HbIE C UTOJIGIATHIME BO3MYIIEHUSAMHE JIOILY CTUMBIX IIPOIIECCOB.

Bynewm npesmnosniararh, 9TO CHCTEMA YIIPAaBJIEHUS

E(t) = f(t,u(t), z(t), z(to) = 2,
u(t) eU,t €T := [to,otl]’ (SU)

VIOBJIETBOPSIET CJIEYIONIUM TPEOOBAHUSAM IJIAJKOCTU: OTODparkeHue
f:RxV xX — X HelpepbIBHO II0 COBOKYITHOCTHU [TEPEMEHHBIX U U]~
depeHIIIpyeMO 0  I[I€PEMEHHOI T, T[pH 3TOM  IIPOU3BOHASI
fo :RxV x X — L£(X,X) rakkKe HeIpPEPbIBHA 110 COBOKYIHOCTH IIEpe-
MEHHBIX.

24.1. Ilycrs 3agan gonycrumbiit nponece (u’(-),2%(+)) cucre-
Mbl Sy, 3adukcupyem moment Bpemenu 6 € (tg,t1), Bekrop v € U
U BEIeCTBEHHYIO HEOTPUIATeJbHYI0 dyHKIMIO p(£) CKaJSPHOrO mapa-
MeTpa &€, OIPEJIEIeHHYIO U HEIIPEPHIBHYIO B HEKOTOPOI IIPABOCTOPOHHEH
OKPECTHOCTU HYyJId U YJOBJETBOPSIONLYIO, KDPOME TOrO, YCJOBHUIO
p(0) =0.
Hzonvuamoti sapuanueti JOMyCTHMOTO YIIPABICHUST uo(t), teT, na-
3BIBAETCH ceMeiicTBO (110 napamerpy € ) dbyHKIMi

v—u'(t), telh,0+p(e)),

ou(tl|f,v, p(e)) := { 0, te T\ (0,04 p(e)). (24.1)

OTMeTnM, 9TO B MIOJIBYATHIX BapUAIUsIX, KOTOPHIE HCIIOJIb30BAJINCH B
) )
pabore [210], paccmarpuBasuch JmHefiHble dyHKIME p(e), T. e.
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p(e) = le, I > 0. Kak Mbl yBUIUM HUKE, TAKOIO Kjiacca DyHKIuUit BIiojHe
JIOCTATOYHO JIJIsT BBIBOJA HEOOXOUMBIX YCJIOBUN ONTUMAJTBHOCTH TIEPBO-
T'0 TIOPSIJIKA B IPOCTEHIINX 3a/a9aX ONTUMAIHLHOIO YIIPABJICHUS.

Ha MHO>)KeCTBe BCeX MIOJIBIATHIX BAPUAIUN JIOIYCTUMOTO YIIPaBJIe-
musa u’(t), t € T, BBeJeM Olepaluio TAKeTHOTO CYyMMHPOBAHHS, I03-
BOJISIONLYI0 KOHCTPYUPOBATH U3 UTOJIBIATHIX Bapualuil 6oJiee CI0KHbIE
BO3BMYIIEHUsI JIOMYCTUMOTO YIIPABJICHHUSI.

Paccyvorpum Komeunbrit HaOOp UTOIBIATHIX BapHaIdit

ou(t|f1,v1,p1(€)), ..., 0u(t|f,, vy, pu(€)), (24.2)

nomyctumoro ynpasnerus u’(t),t € T.

ITocko/IbKy BCe paccMaTpuBaeMble HUXKE UTOJBUATHIE BAPUAIUN SIB-
JISTIOTCsT BAPUAIMAMHE OJTHOTO H TOTO ¥Ke JIOMyCTuMOro yrpasienns u(t),
t € T, TO yCJIOBUMCSI HE YKA3bIBATH KaXKJIBI pa3, 0 BAPUAIIAIX KAKOrO
JIOILYCTUMOTO YIIPABJICHUS] UJIET PEUb.

OrpejiesieHne olepalyy MaKeTHOr0 CyMMUPOBAHUS [IPOBEJIEM B J1Ba
srarna. CHavgaa clieaeM 5TO JIst CIydasi, KOUJa BO BCEX BapHAIUSX
Habopa (24.2) MOMEHT BApbUPOBAHUS OJIMH U TOT XKe, T. €. 6 =6y = ...

.=0,:=0.
Iaxemnoli cymmoti (MM TPOCTO NAKEMOM) UIOJBIATHIX BAPHAIAI
ou(t|0,v1, p1(€)), ..., 0u(t|d,v,, p,(c)) naswiBaercs cemelicTBo dyHKIMI

@M(t\@,vi,m(e)) =

j—1 J
v; —ul(t), teld+ > pi(e),0+ > pi(e)),i=1,2,...,v,
3 =1

— =1

v
0, teT\[0,0+ 3 pi(e)).
i=1
(24.3)

i—1

3/1eCh 1 HIZKE IPEIoNaraeTest, 9to y . as = 0 npu mobeix ¢ = 1,2,...,v
s=1

U JIIOOBIX CJIATAeMbBIX (1,02, - - -, (y.

Jlerko BUAETH, YTO MAKETHAS CYMMa WUTOJBLIATHIX BapHUAIUi, Ompe-
JleJieHHas cooTHOIeHreM (24.3), 3aBUCHT OT IOPs/IKa CYMMUPOBAHUS
BapUaInii.

PaccmoTrpum obmiuit ciry4aii, Korjaa cpeu MOMEHTOB BAaDbUPOBAHUSA Y
UTOJBIATHIX Bapuarnumit u3 Habopa (24.2) MoryT GbITh KaK COBIA/IAMOIINE
MOMEHTBI, TaK U pa3jaundnble. [Ipexxie Bcero 3a/1a/IuM Ha MHOYXKECTBE WH-
nmexcoB J := {1,2,... v} OTHOIIEHNE IKBUBAJEHTHOCTH, IIOJIOKUB WH-
JIeKChI § M j SKBUBAJICHTHbIMH, ecii 0; = 0, u nycrs Jy,Jo,...,J,
— pas3bueHne MHOXKeCTBa .J, COOTBETCTBYIOIEE STOMY OTHOIIEHUIO K-
BUBAJIEHTHOCTH.

192



Haxemmnoti  cymmoii  (naxemom) — UrOJLYATBIX  Bapuarmit
du(t)br,v1,p1(€)), ..., 0u(t|b,,v,, pu(¢)) HasbBaeTCH ceMelcTBO BYyHK-

it

@5’”(“0“ Vi Pz(5)) =
i=1

“w
=" EPou(tlbi,vi, pi(e)),t € T, (24.4)
s=1ieJ,
roe P ou(t|0;,vi, pi(e)),t € T, ompemenenst B coorBercTBHU C (24.3),
i€
a CUMBOJI » , 0003HAYaET OOBIYHOE AJIrebpParmIecKOe CYMMUPOBAHKE JIe-
MeHTOB BekTopHOro npocrpaucresa KC(T;V).

3aMeruM, YTO eCJIi MOMEHTHI BapbupoBaHust 61,6s,... 6, mnomap-
HO PAa3JINYHBI, TO MAKETHAsl CyMMa HUTOJIBYATBIX BapHUAIUil CBOIUTCS K
OOBITHOI arebpanveckoil cymme.

[TakeT uroILYATHIX BApUAIINY BBEJIEH B TEOPHIO OMTUMAJILHOTO yIIPaB-
aenung P. Tabacosbim u @.M. Kupwiosoit [55, 58, 59| . Hauuoe 3mech
OIIpeJIeTIeHNE TIAKETA OTJIMIAETCS OT OPUTMHAJIBHOIO OIIPEIEJIEHNS] CIIOCO-
6OM CyMMUPOBAaHHS WIOJIBIATHIX BapHUaldii B IaKeTe.

Hzonvuamoim 6osmyueruem aorycrumoro yrpasyienus u'(t),t € T,
Oy/leM Ha3bIBATH CEeMENCTBO yIpPaBIeHNN

u(e) s u(t]e) == u'(t) + @5U(t| 0;,vi, pi(e)),t €T. (24.5)

i=1

Tax kak dyukuuu pi(€),..., p,(¢) HeupepbiBHbI cupasa B Touke & = 0,
TO JIsl JIOCTATOUHO MaJibix & > 0 Bo3MyIleHHOe yupasieHue u(t|e),
t € T, ynosnersopsier orpanndennto u(t|e) € U,t € T. Kpowme Toro, n3
001X TeopeM TeopuH OOBIKHOBEHHBIX M epPeH- MUATBHBIX Y PABHEHU T
[183, 208] MOXKHO 1OJIYUUTH, 4TO IpU MaJbIX € > 0 auddepennnanabuoe
ypasuenne & = f(t,u(t|e),z) u nagampHoe yciosue x(tg) = T oupe-
JIEJISTIOT Ha BCeM TIPOMEXyTKe T eJIMHCTBEHHYIO TPAeKTOpui Z.(t),
t € T, upuaeMm z.(t) — x,0(t) npu € — 0 paBHOMEPHO Ha IIPOMEXKYTKe
T. Takum 06pa30M, HTOTBIATOE BO3MYIIEHUE JIOIYy CTHMOTO yIIPABJICHHS
u(t),t € T, onpenenennoe cooTHomenneM (24.5), aBjigerca IpH JOCTa-
TOYHO MAJBIX € > () JIONMYyCTUMBIM yIIPABJIEHUEM CUCTEMBI Sy .

SAMEYAHUE 24.1. [TakerHasi cymMMa KOHEYHOI'O JHCJIA [TAKETOB UI'O-
MbaaThix Bapuarmit ynpasaerns ul(t),t € T, onpejensercs Kak MakeT-
Has CyMMa COCTABJISIONIMX WX HMIOJBIATHIX BapUAIWiil, IPH 3TOM CyM-
MUPOBaHUE BBITIOJTHAETCS B COOTBETCTBAU C MOPSIKOM ITAKETOB, & TAKIKe
MOPSIIKOM UTOJIBYATBIX BAPUAIMI B IakeTax-ciaaraeMbix. st obosHade-
HUSI TTAKETHOTO CYMMUPOBAHMSI JIBYX MAKeTOB 6y 1eM UCIIOIb30BaATH CHUM-
BOJI .
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24.2. Urak, nycrs u(t|e),t € T, — npou3BOJBHOE HIOJIBIATOE
BosMymenne jomyctumoro yrpasienus u’(t),t € T, a x.(t),t € T,
— COOTBETCTBYIOIAsS TPACKTOPHA CHCTEMBbI ynpabjenus Sy. Tak kak
x:(t1) € Q(t1) mas e € (0,ep), Tme g > 0 — HEKOTOpOe 3aJaHHOE
quciio, a §2(f1) — MHOXKECTBO JOCTUKMMOCTH CUCTEMBI yIIpaBjieHus: Sy
K MOMeHTY t1, U Z.(t1) — xyo(t1) upm ¢ — 0, To mpemen (eciu,
KOHEYHO, OH CYIIECTBYET)

tayo(ty) == lim e (z.(t1) — 2°(t1)) (24.6)

e—+

SIBJISIETCST KACATEJIBHBIM BEKTOPOM K MHOXKeCTBY jocTizkuMocTa (1)
B Touke z9(t1), T. e. dtw,o(ty) € T(x0(t1)|Q(t1)).

BekTtop &'z,0(t1), ompenesnennbii pasencTtsoMm (24.6), HasbBaeTCs
nepeoti (ueoavuamoti) eapuayueti donycmumoti mpaexmopuu  x°(t),
t € T, BBIYUCJIEHHON B MOMEHT t = t1.

Ecin dyuknuu p;(€),...,p,(¢) nuddepeniupyeMbl cripaBa B TOUKE
€ = 0, To u3 Teopem o muddepeniupyemoctu perieHuil auddepeHiu-
AJIbHBIX YPABHEHWH 110 HAYaJIbHBIM JaHHBbIM [183, 208] moayumm (cp. ¢
[24, 56, 210])

6 a0 (t1) Z p; (0)F(t1,0;) Ay, f0(6;), (24.7)

e A, fOt) = f(t,v,20() — F(tu(), 200),¢ € T; p(0) — mpa-
BOCTOPOHHsIs Ipon3BoAHast GyHkumu p;(e) B Touke € = 0.

U3 pasencrsa (24.7) caemyer, 4ro nepBag (UrojbaaTas) BapUAIMst
TPAEKTOPUH HE 3aBUCHT OT IIOPSAIKA CYyMMUPOBAHUST UTOJBIATHIX BAPH-
alnuii B IIakeTe.

N3 npezcrapienust (24.7) moaydaem, 9To Jyisi JIHOGOTO JIMHEHHOTO
dbyarmmonasia ¥ € X* crupaBeainBo paBeHCTBO

(6 0 (1), Zpl D05 ) A, £0(6:), (24.8)

rie dyukiys Y(t; *) = x*F(t1,t),t € T, MoxKer ObITH OIpejieieHa KaK
pellIeHue CONPSKEHHOH CHCTeMBI

b=—0f(t)teT, (24.9)
INOMMHEHHOE€ TePMHNHAJIbBHOMY YCJIOBUIO

Pty a*) = x*. (24.10)
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[Mpeauosoxum, aro dyukuuu pi(e), ..., p,(€) UMEIOT B HyJIe BTOPYIO
IPaBOCTOPOHHIOI TPOW3BOIHYIO, T. €. Ipu Jiobom ¢ = 1,2, ... . v cy-
MIECTBYET TPEE

pi (0) = 51—1}202 g2 ’

Eciin, kpome Toro, orobpazxkerne f : R x V x X — X aBaxkiabl
HepepbIBHO /g depPEHIPYeMO 110 IEPEMEHHO T, TO CYIIECTBYET Ipe-
Jien

_ .0 51
S2a0(ty) = 2 lim Zel) =2 () Z €0 2w (t)

lim = (24.11)

BekTop 622,0(t1) HasbIBaeTCH 6mopoti (uzoavuamoti) eapuavueti do-
nYcmumot mpaexmopuu, xo(t),t € T, BBIYUCJIEHHON B MOMEHT t1.

Sagaaum JuHEHHbIH dyHKmonan ¥ € X* u JimHeHHbI omepaTop
B € L(X,X*) wu muaiimeMm 1peiCcTaBJeHUE s BBIPAXKEHUS
(82240 (t1), %) + (6 200 (t1), B8 20 (t1)). Bysem camraTsh mpm 9TOM, 9TO
B COOTBETCTBYIOIEM ITAKETe BAPUAIINI YIIPABIEHUsT MOMEHTHI BAPbUPO-
Bauusi 61,0s,... 0, yHOpsJIOYEHBI 110 BO3PACTAHUIO B COOTBETCTBHUM C
ux Hymeparueii, T. e. #; < 0y < ... < 60,. HerpynHo Bujersb, 9T0 TaKoe
[IPETIOJIOKEHNE He OTPAHUIUBAET ODIIHOCTH PACCMOTPEHMUS.

Aprymentupys anasorudno [55, 228|, npuueMm K CJeAyONIEMY pa-
BEHCTBY:

(62xy0(t1), ) + (8 g0 (t1), B8 2o (1)) =

_sz D033 %) Ay, f(0:)+

LS RO 2 T A0) L ()20 L) o
i=1 s=u(i)
+ZP;(O> (¥(035 %) (A, £)2(0:)+
i=1
\Iv(ez»;xiB)Amf‘)(ei))(p;<0>Amf°<ai)>+
—|—22ps F(0;,05)A,, 1°(05)). (24.12)
3Baecy v(i) = min{s € {1,2,...,v}0; = 0s}; dbyuxkuusa (- z*) : T —

— X* ompezensiercss coorHomenusmu (24.9) u (24.10), a dyHKIws
V(2% B): T — L(X,X") 3amaercss paBEHCTBOM

\I/(t;gc*, B) = F*(tl,t)BF(tl,t)+
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ty

+ / F* (s, )b (55 %) 2, ()| F (5, s

WM Kak perrerune guddepeHnnaabHOoro ypaBHeHUs
U= W) — (S () — (") [, (1), (24.13)
YOBJIETBOPSIIONIEE TEPMUHATIBLHOMY YCJIOBUIO
U(ty;2*, B) = B. (24.14)

Brepeele B TEOpUIO  ONTUMAJIBHOTO  yIpaBjieHus  (DyHKIUS
U(;2*,B): T — L(X,X*) 6buta Beenena P. T'abacosbiv [51, 52, 55] u
ObLIa HaszBaHa (DYHKIMENd MATPUYHBIX UMITYJILCOB. TaM Ke ObLIO MOJLIy-
4eHo Boipazkenue (24.12); cooTBETCTBYIOIIEE BO3MYIIEHUIO JOILy CTUMOIO
yIpaBJIeHus eIMHCTBEHHON urosibuaroii Bapuarumeit du(t|d,v,e),t € T.

24.3. Paccmorpum muoxkectso B(x0(t1)[Q(t1)), smementavu
KOTOPOTO ABJIAIOTCS IepBble Bapuanuu 0'z,0(t;) Tpaextopuu zV(t),
t € T, COOTBETCTBYIOIINE BCEBO3MOXKHBIM HMIOJIBYATHIM BO3MYIIEHUSIM
ponycrumoro yupasienns ul(t),t € T. Bamernm, uro ecmn p;(0) =
= p5(0), 0 uromsuaTev Bapuarmsm ou(-0, v, p1(e)) u du(-6, v, pi(€))
COOTBETCTBYET OJIHA W Ta XKe IepBas Bapuarus Tpaekropun. CiieoBa-
TeJILHO, It TOro 4Tobbl nostyanTh MHOoxkecTBo B(x0(t1)|Q(t1)), nocra-
TOYHO PACCMOTPETh UIOJIBYATHIE BADHAIMN YIIPABJICHUSI C JIMHEHHBIMU
byukuuamu p(e) = le,l > 0.

Muozxkectso B(z9(t1)|Q(t1)) — Boimykibiit konyc [24, 210], npuuem
ero 06pasyIONUMHE ABJISIOTCS IePBble Bapuauu 12,0 (t1), cOOTBETCTBY-
IOIIIe UTOJIBYATHIM BapuarusaM suga ou(t|d,v,le), 0 € (to,t1),v € U,
I > 0. B cuny Teopembr Kapareomopu u3 BeIIyKJIOro anaimsa [218]
3aKJI0uaeM, 4o Jioboii snement xouyca B(x(t1)|Q(t1)) moxker GbITh
HOJlyYeH B  pe3yJbraTe BO3MYIIEHHsl JONYCTHMOIO  yIIPAaBJICHUS
uo(t), t € T, makeTHOI CyMMO# 7 WrOJBYATHIX BapHAIdil ¢ TUHEHHBIMU
dyukmuamu p(e) (n = dimX ) Takum o6paszom,

B(a’(t1)|Q(t)) =
= {6"w0(t1) = > LF(t1,0:) A, £2(0)] 0: € (to,t1),v; € U,l; > 0},
=1

Tak xak B(2(t1)|Q(t1)) C T(x°(¢1)|2(t1)), To MoxkHO paccMaTpuBaTh
B(2°(t1)|Q(t1)) Kax JOKaIbHYIO alllTPOKCHMAITIIO MHOYKECTBA JTOCTHAKH-
moctu €(t1) cucrembr Sy B Touke x°(ty).
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Bynem naspisath konye B(z%(t1)|Q(t1)) xacameavnvim xonycom Boa-
MANCKO20 K MHOXKeCTBY moctmkumoctu §2(¢1) cmcrembr Sy B TOUKe
CL’O(tl).

Hopmanrvnvim konycom Boamsanckozo K MHOXKECTBY JOCTHIKUMOCTI
Q1) B mouke 2°(t;) Ha30BeM BBIIYK/IbI 3aMKHYTBIH KOHYC
B*(2%(t1)|Q(t1)) C X*, conpsizenubrit (B CMBIC/Te BBITYKJIOTO aHAJIH-
3a) KacarejbHOMy Konycy Bomrsckoro B(z%(t1)|Q(t1)).

Taxum obpazom,

B*(2°(t1)|Q(t1)) == {z* € X*|(h, 2*) < 0 aast seex h € B(a(t1)|Q(t1)}.

Jluneitnbre dynkiumonansr x*, npunasyexamme B*(z0(t1)[Q(t1)), 6y-
JIEM HAa3bIBATb HOPMAALHUMY PYHKUUOHGAGMY Boamsawnckozo (wmm
apocTo Hopmasamu Boamanckozo) Kk MHOXKecTBY jocTrkumocT (1)
B Touxe (7).

[MTPEMIOKEHUE 24.1. Jlunetinut dynxyuonan x* € X* asasemces
HOPMAAOHOM GYHKUUORAAOM BoAmARCcKko20 K MHoMcecmsy Jdocmurcu-
mocmu QUty) cucmemv, ynpasaenus Sy 6 mouke x°(t1) moada u moaw-
KO Mo20a, %0200 6LINOAHEHO YCAOBUE MAKCUMYMA

V(s 2*) f(ul (1), 27 () = maxp(62) (1w, 2"(1),t € T, (24.15)
2de Y(t;x*),t € T, — pewenue conpasicennoti cucmemv, dugddepeniyu-
ANOHDIT YPaBHEHUT

QL = —¢f£(t)’t eT,

YOOBAEBOPAIOULEE YCAOBUIO MPAHCEEPCAALHOCTIUY

Y(ty;x*) = .

[Ipeamonoxum, uyro orobpaxkenue f:R XV x X — X muddepen-
IUPyeMo 10 TiepeMeHHOH u ¥ BbiojHseTcs BKiatodenue u'(t) € intU,
t € T. Torga u3s ycnoBus makcumyma (24.15) ciaenyer ToXKIecTBO

Yt ") f2(t) =0,t € T.

SuagunT, Jr00asi HOPMAaJb BOJITSHCKOIO K MHOXKECTBY JIOCTUKAMOCTHU
Q(t1) B mouke 2°(t;) sBAserca Taxske HOpMmaTbio Jiinepa, T. e.
B*(2%(t1)|Q(t1)) € E*(2°(t1)|Q(t1)). U3 cooTHOmenust 1BOHCTEEHHOCTH
sakmouaem, uro E(x0(t1)|Q(t1)) € B(x%(t1)|Q(t1)). Taxum obpaszom,
0O CPaBHEHHMIO €  KacaTeJbHBIM  I[IOJIIPOCTPAHCTBOM  Dilsiepa
E(2°(t1)|Q(t1)) xacarenbubrit konyc Bonrsckoro B(z%(t1)|Q(t1)) aB-
JsieTcss 6ojiee TOHKOW JIOKAJIBHON almmpoKCHMAaIleil MHOXKECTBa JOCTHU-
wumoctu §U(t;) cuerempr Sy B Touxe x°(t1). Bmecre ¢ Tem B 06-
mem caydae B(z0(t1)|Q(t1)) Moxker 6bITh rpyGee KacaTebHOTO KOHyca
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T(2°(t1)|Q(t1)). Ecm xe B(z'(t1)|Q(t1)) = X, To, pasymeercd,
T()I0(R)) = BE(0)9(h)) = X.

24.4. TlepeiigeM K BBIBOLY HEOOXOANMBIX YCJIOBUII ONTHMAJIb-
uocru 1o Cuielitepy B 3amaue (V PSy), UCHoIb3ysl B KAYECTBE JIOKAJIb-
HOI aIpPOKCHMAIIT MHOYXKECTBA JOCTHXKUMOCTH CUCTEMBI Sy KacaTe b=
HBI KOoHyCc BosTsamckoro.

Bynem rosoputs, uro gomyctumbrii nporece (u’(-),z%(1)) ymosie-
teopsier B 3anade (VPSy) ycaosuro peeysaprocmu (B), ecan

(By) orobpaxenue f : R xV x X — X HenpepblBHO u 0012~
er HenpepbiBHON npousBoaHoii Ppeme f, : R x V x X — L(X,X)
B HEKOTOPOIt OTKPBITOM obracTw, coziepzKanieit KPUBYIO
{(ta°(t), 22t € T):

(B2) koMmmo3mImst P<og: X —Y neupepsisro nuddepennupyema
o ®perre B HEKOTOPOit okpecTHOCTH Toukn (11 );

(B3) uMeeT MeCTO pABEHCTBO

(P<0g) (2°(t1))B(2%(t1)|(t1)) = ImP<. (24.16)

Mo»kHO nOKa3aTh, 4T0 paBeHCTBO (24.16) SKBUBAJIEHTHO JBOMCTBEH-
HOMY yCJIOBUIO

[(ImP%) 0 ¢/ (2°(t1))] N B*(2°(t1)|2(t1)) = {0}

Taxum 06pazom, HEOOXOIUMBIM U JOCTATOYHBIM YCJIOBUEM BBIIIOJHEHUST
paBeHcTBa (24.16) sIBIASIETCS OTCYTCTBHE HETPUBUAJBHBIX DPEIIEHUI
P(t),t € T, CONpsIZKEHHO CHCTEMBI

fl/) = _wfmo(t)vt € Tv

YJIOBJIETBOPSIONIUX IIPUHIKIY MakcuMyMa (24.15) u TepMUHATIBHOMY yC-
JIOBHIO

¥(t1) € (ImP3) o g'(a%(t1)).

BAMEYAHUE 24.2. Hockombky E(z°(t1)|Q(t1)) C B(z°(t1)|2(t1)),
to pomycrumbii mponiece (u’(+),z%(+)), yaoBaeTBopsonIil YCIOBIIO pe-
ryagpaoctu (E'), yIoBIeTBOPSET Tak¥kKe YCIoBHIO peryispHocta (B).

JIEMMA 24.1. Ecau donycmumwiti npoyece (u®(-),2°(+)) ydosaem-
sopsem 6 sadavwe (VPSy) ycaosuro pezyasprocmu (B), mo

Ker[(P5 o g)' («(t1))] N B2 (1)|2(t1)) € T(@"(6)[Q(k),  (24.17)
2de Q1) = {x € Q1) P<(9(x) — g(2°)(t1))) = O}

JOKA3ATEJ/ICTBO. B moanpocrpancrse ImP< 3a71auM Tpon3BOIH-
HBIi ~ MaKCHUMaJibHBI  HabOp  adPUHHO-HE3ABHUCHMBIX  TOYEK
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{v0,y1,---,yk} (k= dimImP<) Takoii, 9T0 HyJIEBOH BEKTOD [IPUHA IJIE-
JKAT OTHOCHUTEJILHOM BHyTpeHHNOCTI/I cummiekca S = conv{yo, Y1, .., Yk }-
st mioboro Bekropa y € S cumBosioM A(y) := (Ao(y), A1(y), - - -, Ak(y))
OyeM 0603HATATh BEKTOP OAPUIIEHTPUIECKUX KOOPJNHAT JJIsT Y B CHM-
k k
wiekce S. Torma mmeem y = Y Ni(y)yi, Mi(y) > 0,3 Ni(y) = 1. B
i=1 i=0
cuiry yesosust (24.16) cymecTByoT KacaTeJbHbIe BEKTOPBI BOITSIHCKOTO
h; € B(2°(t1)|Q(t1)),i = 0,1, .., k, Taxue, uto y; = (P<o 9) (2°(t1))hi,
i=0,1,..., k. Bymem caurars, 9T0 KacaTebHbIE BEKTOPHI BOITSIHCKOTO
hi,i=0,1,...,k, TOPOXKIEHBI COOTBETCTBEHHO CJICAYIOMNMY ITaKeTaMU
WUTOJIBIATHIX BapUAILNAN yIIPABJICHUSA.

Sui(e) : duy(t]e) @m t6,5,vij, lije),i = 0,1,... K,

rae 9” S (to,tl),vij e U, lij >0,:=0,1,.. .,k‘,j =1,2,...,n. Cormac-
0 (24.7), nmeem

hi =Y LiiF(t1,05) Ay, f2(055),i = 0,1,... k.

j=1
PaccMOTpIM TPOM3BOIBHBIN KACATETBHBIH BeKTOp Bosranckoro h €
€ B(z°(t1)1Q(t1)), npunanexampuii sapy oneparopa (P o g)'(x%(t1)).
Iokazewm, aro b € T(a°(t1)|Q(t1)). C s10it nembio as Kaxaoro y € S
obpasyeM CJIeIyIONuil MaKeT BAPUAII YIPABICHUS:

ou ( ) 5’LL t|y, @@(Su t|01j7v’bj7 ( )1]5)69

=0 j=1

n
& P su(t(d;.7;,1;¢), (24.18)
j=1
n
rae maKeT @(M(t@j,@jjs) HOpOXKIAET KacaTeIbHbIi BEKTOp h. 3a-
j=1

. n

mermm, aro b= Y [;F(t1,0;)A,, f°(6;).
=1

J

Ilycte 2y .(t),t € T, — TpaeKTOpUS CHCTEMBI yIpaBjeHus Sy, CO-
oTBeTcTBYyIOmas BosMymennomy yrpasiaermo u’(t) + du(t|y,e),t € T.
Pacemorpum cemeiicto orobpazkennit Q1(¢) : S — ImP<, onpejesnes-
HOE€ COOTHOIICHUSIMHE -

P<(g(zyc(t1)) — g(2°(t1)))

Q1(e):Q1(y,e) = - » mpue >0, (94 19)
Y, npue = 0.
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Ormerum, 9To orobpazkenue (Q1(y, &) HEIPEPBIBHO M0 KAXKJION epeMeH-
noit na S x [0,€°], tme €° — nmocraTouHO MasOe MONOKATETHHOE TUCIIO.
Bamamum samkmyTeiit map R, = {y € ImP< [[jy|| < v}, mpunagrexa-
muit cuMIutekey S, u oupegennM GyHKINIO

N(e) = max Q1 (5,0) — Q1 (0.

@Oyukuuss N (¢) HempepbIBHA B HEKOTOPO# MPABOCTOPOHHEN OKPECTHOCTH
ayag u N(0) = 0. B cuuy menpepsisaocru N (eg) cymecrByer € > 0
takoe, 410 N(e) < v mus Bcex 0 < ¢ < & Bamamum ma R, X [0,E]
oTobpazkeHne

(y7‘€) - F(y,E) = Ql(y70) - Q1(y,€).

Herpyano y6eaurbes, uro npu kaxkiom € € (0,) orobpaxkenue I'(y,e)
orobpakaer map Ry) = {y € ImP<| [ly|| < N(¢)} B ceba. Ilo Teopeme
Bpayspa [96] o menoxsuzkuoii Touke I'(y,e) umeer upu obom € € (0,¢€)
HEIOJIBUZKHYIO TOUKY B Ry(c), T. e. juisa jmoboro € € (0,¢) cymecrsyer
BeKTOp Y(€) € Ry(e) Taxoif, uro I'(y(e),e) = y(e). Iocnemmee osnaya-
er, uto Jyig Joboro € € (0,e) cymecrByer y(g) st KazKI0ro

Q1(y(e),e) =0 [ly(e)|| < N(e). (24.20)
Tax kaxk N(¢) — 0 upu € — 40, 1o y(¢) — 0 mpu ¢ — +0. U3 sToro
caenyer, uro bynknun pi;(e) = lijeli(y(e)) umeror B Hylsle IepByiO

IIPOU3BOIHYIO p;j (0) = l;;eXi(0) (3mech mCHOIB3yETCS TO, YTO BEKTOP
GapUIEHTPUIECKUX KOOPAUHAT A(Yy) HENPepHIBHO 3aBUCHUT OT Y ).
PaccMoTprM BO3MYIIEHHOE yIIpaBJIeHne

u(t] €) :=u®(t) + du(t|y(e),e),t € T,

rae du(t| y,e),t € T, oupeznensercsa pasencrBoMm (24.18), u mycrb
z:(t),t € T, — COOTBETCTBYIOIIAsI €My TPAEKTODUs CUCTEMBI YIIpaBJIe-
uust Sy. U3 coornomennit (24.19) u (24.20) 3akmaovaem, 9To

P<(g(z<(t1)) — g(x°(t1))) = 0 sz € € (0,8).

CrnenoBaresbho, Te(t1) € (Al(tl) st Beex € € [0,2). Herpyamo upo-
BEPUTH TaK¥Ke, UTO

. (tl }n:
61_13_10 _— E )\ ) 2 lijF(t17 9ij>AUij fowij)"’
j=

# 3G 0) 80,170 <
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Taxum obpazom, h € T(x°(t1)|Q(t1)). Jlemma moxaszama.

SAMEYAHUE 24.3. Ecim KoHyC HOJI0KHNTEeILHBIX BEKTOpoB Y T oT-
HOIIeHNMsI MPEJIOps/Ka 3 TejleceH, To omeparop P< pasen HyJeso-
my. Herpysso Buzmets, uro B sToM cityuae tpebosanus (Ba) u (Bs) us
YCJIOBUSI PEryAspHOCTH (/) BBINOJIHSIIOTCST TPUBHAIBHO. TPUBHAIBHBIM
CTAHOBHUTCS W yTBepXKJeHHe JieMMbl 24.1, TOCKOIBKY OHO CBOAUTCS K
nokazarenbersy Briovenus B(z0(t1)|Q(t1)) € T(a°(¢1)|Q(t1)), cupa-
BEJIJIMBOCTH KOTOPOTO ObLIA yCTAHOBJIEHA DAHEE.

SAMEYAHUE 24.4. Ucnosib3yst Teopemy bpayspa o HenomasuKHOMI
TOYKe, MOYKHO ITOKa3aTh aHAJOTMYIHO JOKA3ATENbCTBY JeMMbl 24.1, uro
yenosue B(z0(t1)|Q(t1)) = X sB/sieTcs JOCTATOUHBIM Jis JIOKATBLHOR
YIIPaBJISEMOCTH CUCTEMBI Syy B TEPMUHAIBHBIA MOMEHT 1 OTHOCHTEIIb-
o gomycrmvoro mporiecca (u’(+),2°(+)), T. e. Ay BBITOTHEHNSA yeTOBTIt
intQ(t;) =# @ u 2°(t1) € intQ(t1). Pamnee 310 yTBEepKIAeHHE OLITO
JIOKA3aHO JIPYTUMHA MeTosaMu B pabore [3] .

TEOPEMA 24.1. ITyemv donycmumwiti npouece (u®(-),x°(+)) ydo-
saemesopsem ¢ sadaue (VPSy) ycaosuwio peeyasprocmu (B) u nycmo
omobpaoicenue g: X — 'Y sasasemca pasnomepro duggepenuupyemoim
no nanpasaenuam 6 mouxe x°(t1).

Ecau npouece (u®(-),2°(")) asasemea onmumanvivwm no Caetimepy
6 sadavwe (VPSy), mo dasn aobozo € >0 u aobozo € —keasudugddepen-
yuaao D(0509)(°(t1)) = [0 (0 09) (2°(t1)), D=(0309) (2 (t1))] wom-
nosuyuu o< og 6 mowse x°(t) umeem mecmo exa0uEHUE

0=(0<09)(a°(t1)) € 2 (o< 0g)(a"(t1)) +eB*+

+(ImP%) o g (2%(tr)) + B*(2°(t1)[Q(t)), (24.21)

ede B*(2°(t1)(2t1)) — nopmarvrwidi xonyce Boamanckozo x muootcecm-
6y docmuoicumocmu U(t1) cucmemv, Sy 6 mouxe x°(t1).

JOKA3ATENBLCTBO. 13 Hepasencrsa (23.16) u Biodenus (24.17)
caeLyer

o1(g (2 (t1)[h)) > 0
JUTST BCEX
h € Ker[(P< o g) (2°(t1)] N B(x°(t1)|92(t1)). (24.22)

Tax kak
(Ker[(P5 0 g)'(2°(t2))] N B(2°(t1)|2(t1)))" =
= (ImP%) 0 g'(2°(t1)) + B* (2" (t1)[Q(t1)),
To BKioueHme (24.21) sBisieTCsT NBONCTBEHHBIM KBUBAJEHTOM Hepa-

BeHcTBa (24.22). Teopema rokazaHa.
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3AMEYAHUE 24.5. HepaseHcTso (24.22) 5KBUBAJIEHTHO YCJIOBUIO
B(2°(t1)|Q(t1)) N SK,(2°(t1)) = &, (24.23)

e SK,(2%(t1)) = {h € X|¢'(2°(t1)|h)=<0} — xomyc mampasie-
Huit cTpororo X -yObiBanus orobpaykennsi g B Touke x°(t1). Taxum
00pa30M, €CJIU BBITIOJTHEHBI TIPEIIIOJIOKEHNsT TeopeMbl 24.1, TO 1j1st TOro,
9T06b1 gomyctumbrit mporiece (u’(+), 20(+)) 6BLT ONTUMATBHBIM B 3a/1ate
(VPSy), HeobxomnMo, 9TOOBI BBIIOIHSIIOCH yemosue (24.23).
CNEAOCTBUE 24.1. I[Tycmb donoarumenvHo K npednosorHcenusm meo-
pemui 24.1 omobpasicenue g xeasududdepernyupyemo 6 mouke x°(ty).
Jlas mozo wmobw, donycmumuiti npouece (ul(-),z°(+)) 6via onmu-
Mmanvhvm no Caetimepy 6 3adavwe (VPSy), neobrodumo, wmobo

d(o<0g)(a°(t1)) C B(o< 0 g)(x"(t1))+
+(ImP%) 0 g (2°(t1)) + B (2°(t1)|Q(t1)), (24.24)

20 D(0<09)(@"(t1)) = [D(o< 0 ) (#(t1)), Do« 0 9)(a°(t1))] — woasu-
duepenyuan xomnosuyuu o< og 6 mouke z°(t1).

SAMEYAHUE 24.6. Ecin KgHyC HOJIOKUTETLHBIX BEKTOpoB Y or-
HOIIIEHWST TIPEJIIOPSIIIKA S TEeJIECEH, TO HEODXOIUMOE YCIOBUAE OIITUMAJ b=
Hoctu (24.24) u3 cuencrBus 24.1 Moxer ObITh 1epeOPMYIMPOBAHO B
npsiMoit hopme B BUjIE

max AyH(22(t), ¥t ), ul(¢), 1) >
€d(0109)(a0(t1) (@), plts7), u'() ) 2

> max  AH((0), v(t;x*),u’(t), t)
B(0409) (20 (t1))

mast Beex t € T,v € UL (24.25)

Baecn H({E, ¥, u, t) = <f(t7 u, l’), ’ll)>, AUH(xv ¥, u, t) = H(xa ¥, v, t)_
—H(x,9,u,t).

Jist 331041 TEPMUHAJIBLHOTO YIIPABJIEHUSA CO CKAJISPHBIM ITOKA3ATE-
JIeM KadecTBa HeoOXO/MMOe yCJIoBIe OlTUMasbHocTH Tuma (24.25) 66110
upejcrasieno B paborax [100, 103].

CHEJCTBUE 24.2. [Tycms donoanumesvro x npednosorcenuim meo-
pemvr 24.1 omobpascenue g : X — Y asasemcs duddeperyupyemvim
no ®@pewe 6 mouke 1z°(t1). Tozda ecau donycmumwdi npoyece
(u®(-),2°(+)) asasemes onmumanvnvm no Caetimepy 6 sadave (VPSy),
MO CYWECTNEYEM, CYULLCTNEEHHO NOAOAHCUMENLHVIT AUuHelinbill PyHKULO-
naa y* € (Y*)™ maxod, wmo

—(g'(2%(tr)))"y" € B*(2°(t:112(t1)). (24.26)
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HOKABATEJBLCTBO. Tak kak orobpaxkenune ¢ sBisiercs auddepen-
mupyembiM 110 Ppere, To B cuity ciencrsus 24.1 ycnosue (24.24) Bbl-
[IOJTHSIETCS U UMEET BU/T

0e (g’(wo(tl)))*(aoj +ImP%) + B*(z°(t1)|Q(t1)).

Orcrona nomy4aem, 4ro cymectsytor v* € o< n w* € ImPZ, yjosie-
teopatone Brmouermio —(g'(xz0(t1)))* (v* + w*) € B*(z%(t1)|Q(t1)).
Tax kak do< +ImP% C (Y*)”, To, nonoxus y* = v* + w*, Haiizem
TpedyeMblii (byHKuHoﬁaﬂ. CrencrBre JTOKa3aHO.

SAMEYAHUE 24.7. YTBepxKIaeHue cieactBust 24.2 MOXKHO mepedop-
MYJIMPOBATH CJIeyIomuM obpasoM: cymectsyer y* € (Y*)™ rtakoit, ato
pemtenue ¥(t),t € T, COUPSIKEHHON CHCTEMBI

¢ = —1/ff£(t)at eT,

NOYMHEHHOE€ TePMHUHAJIBHOMY YCJIOBUIO

P(t1) = —(g'(°(t1))) "y,

YJIOBJIETBODsieT yCIOBHUIO MakcumyMma (24.15).

B raxkom Buje HEobxoMMOe yestoBue ontuMmasbHocTn 110 Crefitepy n3
caescTBUS 24.2 TPUHSIO TPAJUIMOHHYO (DOPMY IMPUHITUAIIA MAKCUMYMA
TloaTpsruna. Takum o6pa3oM, yTBEp:KIeHUE TeopeMbl 24.1 1 cieacTBusT
24.1 MOXKHO pacCcMaTpPUBATh KaK HPUHIUI MAKCUMyMa [JIsi BEKTOPHOMI
331891 OITUMAJILHOTO YIIPABJIEHHS C HETJIAJIKAM IIOKa3aTeIeM KadeCTBa.

BAMEYAHUE 24.8. Ecym gonycrumbtit iporiece (u’(+), 2%(+)) me yo-
BJeTBopsier TpeboBanuio (B3) u3 yciosus perymaspuoctu (B), To yc-
JsoBue (24.26) BBIIOJIHSIETCS JJisi HEKOTOPOTO HEHYJIEBOrO (DYHKIIMOHATIA
y* € ImP% C (Y*)*.

24.5. Byaewm npearosarars, 9ro orobpaxkenue f: RxV x X —
— X HempepbIBHO 1 00J1a/1a€T HEIPEPLIBHBIME IPOU3BOAHBIMU Pperire
fo 1 RXxV XX - LX;X) u for : RxV XX - B(X x X;X)
B HEKOTOPO OTKPBITO obJracTu, cozepzKalein KPUBYIO
{(t,u°(t),2°(t))|t € T}. Orobpamerme g : X — Y Gyzem cuurtaTth
JIBaXKJIbl HenpepbiBHO auddepennupyembiM 1o Pperte B OKPECTHOCTH
rouku x°(t1). 3pmecn (u®(:),2°(-)) — ucememyemprit mormycTuMBIi IPO-
1ecc cucreMbl Sy .

[Ipu caenaHHBIX MPEANONIOKEHUAX OyJaeM TOBOPHUTH, YTO JJIs J10-
mycrmvoro nporiecca (ul(+),2°(+)) samaua (VPSy) ssnserca aBaskini
HEMpPePBIBHO TudHepEeHINPyEeMOit.

Bgesem muozkecTBO

P(u’,2°%) = {y" € (Y*)"| =y og'(2°(t1)) € B*(2°(t)I(t1))}.
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Jlerko Bugets, uro P(u’, 2°) — Buimyxiibiit 3aMKHYTHI KOHyC B X *.

Honycrumprit nportece (u®(+),2%(+)) cucrembr yupasnenuss Sy 6y-
JleM Ha3blBaTh akcmpemaavio Honwmpseuna B 3amade (VPSy), ecin
kornyc P(u’,z%), coorsercreyrommit (u(-),z°(-)), merpusmasen, T. e.
ecm P(u®,z%) £ {0}.

B cuiny coencrus 24.2 n 3amevanust 24.10 11000 ONTUMAJIBHBII 110
Cureiitepy nporiecc siBygeTca sKcrpemalbio Ilonrpsaruna. Ogaaxko cpeau
skcrpemaseit [IoHTpAruHa BO3MOXKHBI U TaKHUe JIOILyCTHMBIE IIPOIECCHI,
KOTOpBIe He ontuMaabHb! 1o Creiirepy. [losTomy a71s maspHeiiero ana-
nu3a sxcTpemadiei [IonTpsruna ¢ Mebi0 BHIACHEHUS X ONTHMAJIBHOCTA
TpeOYIOTCsST HOBbIE HEOOXOINMBIE yCIOBUSI.

BSxcrpemans [onrparuna (u(-),2%(+)) mazoBem ocoboti na oTpeske
To C T, ecim cymectsyer noamuoxectso Uy C U,Up \ {u°(t)} # &,
t € Ty, Takoe, 4TO JJIst I06oro v € Uy mMeeT MeCTO BKJIIOUYEHHE

F(t1,0)A,f°(0) € K, (z°(t1)) s Beex 6 € intTy. (24.27)

Buech Ky(2°(t1)) := {h € X |¢'(2°(t1)|h) 2 0} — komyc nanpas/eHuit
=< -ybBiBanusa oTobpazkenns g B Touke x°(ty).

Bamernm, 4to eciun sxerpemadts Honrpsaruna (u®(-), 20(+)) asngerca
ocoboit, To ms moboro y* € P(u’,2°) u moboro v € Uy umeer mecTo
Toxkgectso H(t)A, fO(t) =0, t € Ty, tue ¥(t),t € T, — pemenue co-
HPSIYKEHHOM CHCTEMBI (24.9), [OAIUHEHHOE YCJIOBHIO
tr) = —y* o g/ (20(11)).

[Ipu mokazaTenbcTBE HEOOXOIUMOTO yCI0BHA OonTuMaibHOCTH 110 Coreli-
Tepy Uit 0COOBIX IKcTpeMaseit [lonTpsruHa HaM MOHAI00UTCsT BCIIOMO-
raTeJbHOE yTBepKaeHnue, obodbimaroriee semmy 20.1.

JIEMMA 24.2. Ilyemv A : X — Y — aunetnoid onepamop, b —
Purcuposannnli eexkmop u3 Y, C — swnyravid konyc u3 X.

Jlas mozo umobwv, cucmema,

Az +b=<0,z € C, (24.28)

6viaa necosmecmua, docmamouno, a ecau cone(P<(AC + b)) = ImP<,
mo u 1eobToduMo, 4Mobvl CYWECTNBOBAL CYULLCTNEEHHO NOAONHCUMENb-
Houl Aunelinud gyrnkyuonas y* € (Y*)™ makot, wmo

(Az,y*) > 0 dan ecex x € C, (b,y") > 0. (24.29)

HOKABATEJILCTBO. /loCcTaTOYIHOCTD JIETKO IIPOBEPSIETCS OT MIPOTUB-
Horo. Jloraxkem Heobxomumocts. HecoBmecTHOCTH crcreMbr (24.28) 9k-
BUBaJjienTHa ToMmy, uto TiY T N{y € Y|y = —Az —b,x € C} = J. U3
TeopeMbl 00 oresmmoctu (cM., Hanpumep, [218] Teopembr 11.3 u 11.7)
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CJIeJTy€eT, YTO CYIIECTBYET OJHOPOIHAS THITEPILIOCKOCTD, COOCTBEHHO pa3-
genstomag YT u {y € Yy = —Ax — b,x € C}. Taxum obpasom,
CyIIeCTBYeT HEHyJIeBON JuHeiHbll dyHKImonas y* € Y™ rakoii, 4ro
(— Az —b,y*) <0 s seex z € C u (y,y*) >0 s Becex y € Y.
Ilepsoe u3 stux coorTHommenuii Biaever (Az,y*) > 0 s Beex x € C
u (b,y*) > 0, T e. coorHomenusi (24.29), a U3 BTOPOro CJEIYET, UTO
y* e (Y*)T.

okazkem, 4o npu Buimosenny yciosus cone(P<(AC+b)) = ImP<
pazensomuit TuHeHHbI (PYHKITHOHAT Y* SBJISETCS Ha CAMOM Jejie Cy-
MIECTBEHHO  HOJIOKUTEIbHBIM.  [IPEJIIoIoKUM — [POTUBHOE,  TOTJA
y* € ImP% wu, cienosarensHo, y* = PXy*. IlostomMy n3 paseHCTB
(Az + b, yA’;> = (Ax + b, Pxy*) = (NPj(Ax + b),y*), ycaoBus
cone(P<(AC + b)) =ImP< u HEPBOTO HEPABEHCTBA, 113 (24.29) caenyer,
aro (P<y,y*) = = (y,PXy*) = (y,y") > 0 mua seex y € Y. Orc-
ofa 3akmodaeM, uto y* —= 0. OHAKO B CHJIy TEOPEM OTIeIHMOCTH
dyukmonaa y* ObLT BLIOpaH HEHYJIEBbIM. lloyueHHoe TpoTUBOpETIne
JokaspiBaer, 4to y* € (Y*)7. Jlemma mokasana.

Oycrs Po(u®,2%) = {y* € P’ 2%]|y*]| = 1}. Kaxunomy
y* € Py(u®,2°) mocrasum B coorserctsue napy (¢, ¥) € AC(T; X*)x
xAC(T; L(X,X™)), uepsblil ssiement koropoii ¥(t),t € T, asisercs
PEIEHNEM CONPSAYKEHHON CHCTEMBI

b= L1, Y(t) =~y o g (a(tr)),

a cooTBeTCTByMOIUil eMy Bropoii snement ¥(t),t € T, ecTb peleHue
orepaTopHOro JauddepeHInaIbHOIO YPaBHEHUsT

U= —WL) — (F) ()0 — (1) (1),

IIOJYNHEHHOE TepMI/IHaJIbHOMy yC.HOBI/IIO
W(t) =~y og (2°(t)).

MuozKecTBO Beex Takux map oboznauum cumposiom Po(ul, z0).

TEOPEMA 24.2. ITycmv das donycmumozo npovecca (u®(-),z°(+))
sadaua (VPSy) seasemcsa deasicdv. nenpepovisho duddepenyupyemoti.
Ecau npovece (u°(-),2°(")) asasemca ocoboti sxempemanvio Ilowmpa-
2una, mo das ezo onmumasvrhocmu no Caetmepy 6 sadawe (V PSy)
1e00Lo0UMO, YMOoObL HEPABEHCTNEO

1 - ) . 0 ) ) 0/p. ) 0/p
w,w)gﬁ{ﬁuw);u (w(az)(Amfz)(ez)wwzmmf (@)) (levi F00:)+
i—1
+2) LF (9i79s)Avsfo(95)) <0 (24.30)

s=1
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BHLINOAHAAOCL NPU  A0OOM HAMYPAALHOM U U Awbwxr 0; € intTy,
v; €Uy l; >0,9=1,2,...,v.

JOKABATEJBbCTBO. 3a1ajuM HaTypaJibHOE YHCJIO U, MOMEHTHI
0; € intTp, i = 1,2,...,v, BexkTopel v; € U,i = 1,2,...,v, u Be-
mecTBeHnble uncaa l; > 0, ¢ =1,2,...,v. PaccmoTpum makeT urojbaa-

1%
ThIX Bapuaimii du(t|e) = @6u(t |6;,v;,lie) sxcrpemasu IoHTpsirnna
i=1
ul(t),t € T, unyers 8'wyo(t),t € T, u 62x,0(t),t € T, — cooTBeTCTBY-
IOITIIe eMy TepBas U BTopast Bapuanuu tpaektopun z°(t),t € T. Bremem
BEKTOP

b= g (2%(t1))0%xu0 (t1) + (¢ (2°(t1))8 w0 (t1)) 5 0 (1)

Hepasencrso (24.30) nyist BeiGpannoro vabopa {0;,v;,0;,i =1,2,...,v}
SKBHUBAJEHTHO HEPABEHCTBY

max  (b,y*) > 0. (24.31)

y*€Po(ud a)

Bameruwm, uto muoxkecTBo Po(u’, 2°) KOMIAKTHO, TO3TOMY HCIOIL30BA-
HUE OIepalui MaKCUMyMa B TIOCJIEJHEM HEPABEHCTBE, a CJIEJOBATEILHO,
u onepanuy MuHUMyMa B (24.30) siBisiercsi 0G0CHOBAHHBIM.

s nokasarenbcra (24.31) H0CTATOYHO HOKA3aTh CYIIECTBOBAHUE
nenysesoro dynkmmonana y* € P(u’,z%) rakoro, uro (b,y*) > 0.

Ecmu xonye P(u®,2°) me aBisercss BBICTYIAIONEM, TO BBITOJHE-
nue nepasenctsa (b,y*) > 0 mia mexoroporo y* € P(u’,z%),y* # 0,
TPUBHAJILHO CJIEIYET U3 CYNIECTBOBAHMS HEHYJIEBOTO IMOIIPOCTPAHCTBA
B P(u°,2%). Ilpexmomoxmm, aro koryc P(u’,z%) asisercs soicTymma-
IOIINM, U IIyCTh B IPOTUBOIOJIOKHOCTb YTBEPKJIEHUIO TEOPEMBI

(byy*) < 0 s seex y* € P(u,z2%),y* # 0. (24.32)

[Mockoseky P(u’,2Y) me comep:KUT HETPUBHATLHBLIX TOJIIPOCTPAHCTE,

10 Konyc P<(g'(x%(t1))B(2%(t1)|Q(t1))) obnamaer BHYyTPEHHOCTBIO OT-
HOCHTEJIbHO nojnpocrpancTsa ImP<. Kpowme Toro, n3 ycinosus (24.32)
CJIEJIYET, UTO CIIPABEJINBO BKJIIOUCHIE

—Psb € iP5 (g (2 (t1)) B(2" (11)2(t))),
OTKY/Ia TIOJIydaeM

0 €riPg (g'(xo(tl))B(xo(tl)|Q(t1)) +0b)
1, TaKUM 00pa3oM, IPUXOUM K PABEHCTBY

coneP< (¢ (2°(t1))B(2°(t1)|Q(t1))) = ImPs. (24.33)
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B cuty nemmbl 24.2 u3 yenosuit (24.32) u (24.33) cieayer cyuecTso-
BaHMe TAKOTO KacaTeJbHOro BekTopa Bonraunckoro z € B(x(t1)|Q(t1)),
910

g'(a°(t1))7 + b=<0. (24.34)

ITokaxkem, 9T0 31O TPOTUBOPEUNT ONTUMAIBHOCTH 110 Citeiirepy 9KCTpe-
mas (ul(+), z°(+)).

B P<(¢'(2°(t1))B(2°(t1)|2(t1)) + b) paccmorpum  k -MepHbIii
(k = dimImP<) cumiuieke S, naraayTbiili Ha adGUHHO-HE3aBUCHMbIE
TOYKA Yo, Y1,---, Yk U COIAEPIKAIIMIT HAYAIO KOOPAUHAT B OTHOCUTEJIb-
woit BuyTpennoctu. llycts z;,¢ = 0,1,...,k, — Takue BEKTODHI U3
B(z°(t1)|Q(t1)), uro y; = g;(z°(t1))zi,i = 0,1,...,k. Byuem cun-
Tarh, 4ro z;,1 = 0,1,...,k, TOPOXKJICHBI COOTBeTCTBeHHo CJIeTY IO~

MU IIaKeTaMu Bapualmii yupasienus: ou;(tle) = @CM t10:5,vij, lije),

i = 0,1,...,k. g xaxmgoro Bekropa y € S 06pa3yeM CJIE Ty TOTIIHIT
[IAKET BAPUAIUN YIIPABJICHUS:

du(y,e) : du(tly,e) —@@(M t10:5,vij, Ni(y)li;e2) D

=0 j=0

n n
o @ du(tlf;,;,1;6%) © @D du(tlf;, v;, Le), (24.35)
j=1 j=1
n
[Ie TaKeT @Ju(t@j,@jje) OPOZKIAET KACATEJBHBIA BEKTOp BoJ-
j=1
rarckoro z, a A(y) = (Ao(y), M (¥), ..., \(y)) — Bekrop GapuuenTpu-
YECKHX KOODJMHAT BEKTOPa I B CHMILIEKCE S.
IIycte 2y .(t),t € T, — TpaeKTOpUS CHCTEMBI yIpaBJeHus Sy, CO-
oTBeTcTBYyIOmas BosMymennomy yrpasiaermo u’(t) + du(t|y,e),t € T.
PaccMoTpuM ceMeficTBO 0TOGpazKeHuit

P<(g(aye(t1)) — g(2°(t1))) 0
Q2(5) : QZ(:‘J’@) = £2 , €>U,
Y, e=0.

IloBTOpsisi 7ajiee COOTBETCTBYIOIINE PACCYXKIECHUS U3 JTOKA3ATETHLCTBA,
aemmbl 24.1, nokaxkeMm cymecrsoBanue Gyukimu y : (0,) — S,2 > 0,
Takoii, uro y(e) — 0 npu € — +0 u

Q2(y(e),e) =0 npu € € (0,8). (24.36)

N3 cpoiicTB BeKTOpa GAPUIEHTPUIECKUX KOOpAMHAT A(y) ciemyer,
aro dyukmuu p;j(e) = Ai(y(e))l;je* umeorT B HyJe IEpBYIO U BTOPYIO
[IPaBOCTOPOHHUE IIPOU3BOHbIE, IIPUYEM p;j (0) =0, p;lj (0) = Ai(0)155.
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PaccMOTpUM BO3MYIIEHHOE YIPABJICHHIE
u(tle) = uo(t) + du(tly(e),e),t € T,

e du(tly,e),t € T, oupenensiercsi paseHcTBoM (24.35), u mycTb
z:(t),t € T, — COOTBETCTBYIOIIAsl €My TPAEKTODHsI CUCTEMBI yTIPABJIE-
uus Sy. Uz roxuecrsa (24.36) u oupesienenus orobparkenus (Qo MOJIy-
qaeM

P<(g(ze(t1)) — g(z°(t1)) = 0 mna € € (0,2). (24.37)

,ILTIH JlaJIbHENIero aHajamnsa BOCIIOJIB3yEeMCH MpeJCTaB/JICHUEM

g(ﬂ?s(tl)) tl +€Zg tlv )Avlfo( )

+%52 (¢’ (2°(t1))Z + b) + o(£?).

Tax xax skcrpemanb (u’(+),z°(-)) aBngercs ocoboit, TO

o< (Zg F(t1,0;)A,,f°(6 )) <0.

Kpome Toro, u3z (24.34) mmeem o<(g'(z%(t1))z + b) < 0. Beneacrsue
HENpPEepLIBHOCTH (DYHKIUA 0< U3 MOCTEIHET0 HEPABEHCTBA MOJIyTaeM

o<(g'(2°(t1))Z+b+2e20(e?)) <0 upn € € (0,8),0 <& < e. Hosromy
U3 JIAHHOTO BBIIE npecTasienus 1t g(v.(t1)) u cybmmeitnoctn o<

nmMeem
o5 (9(z=(tr)) — ' («°(tr))) <
<eox (ZQ F(t1,0:)A,, (0 ))
2

+%aj (¢'(z°(t1))Z + b+ 2 %0(?)) < 0 mpu £ € (0,&).

YuanreBasg — ToxkgecTBo  (24.36), OPHXOAMM K COOTHOIIEHUIO
g(ze(t1))=<g(z°(t1)), € € (0,&"), KOTOpPOE MPOTHEOPEYUT ONTUMATHLHO-
cru 1o Crreiirepy sxcerpemamm Hortparuna (ul(-), 2°(-)). Takum obpa-
30M, mpeanosoxkenne (24.32) IPUBOAUT K IPOTHUBOPEUHIO. JTO U 3aBEp-
IIaeT J0Ka3aTeJbCTBO HepaBeHCTBa (24.31) u Beeil TeOpeMbl B 11€JIOM.

SAMEYAHUE 24.9. /g 3a7a9u ONTUMAJIBHOTO YIPABJIEHUS CHCTE-
MO#t Sy MO CKAJSPHOMY IOKa3aTeI0 KadecTBA TEPMHHAJIHHOTO THUIIA,
T. e. B caydae, eciim B 3agade (V PSy) IPOCTPAHCTBO OLEHOK COBIIA-

. . =t .
JIaeT ¢ BellecTBeHHOH mpsiMoit ¥ = R n YT = R, omsHoroueuHsbIit
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(v = 1) Bapuanr ycuosusi (24.30) coBnajiaeT ¢ OPUIHHAJBHBIM YCJIO-
BHEM ONTHMAJIHHOCTH B MATPHUIHBIX MMITYJIbCAX, BIEPBBIEC JOKA3AHHBIM
P. T'abacosbim [51, 52|. Muororoueunstii Bapuant ycaosus (24.30) npu
PACCMOTPEHHHU €ro ISl CKaJIsIPHOM 3a/ady YIPABJIECHUS JaeT yCJIOBHE,
nostyuentoe suepebie B. A. Cpouko [228]. MznoxkeHne HACTOSIIErO pas-
JleJla, OCHOBAHO Ha pesyJibrarax pabor [72, 76, 80, 289].

[TPuMEP 24.1. PaccMmoTpuM 3a71a9y ONTHMU3AINN BEKTOPHOTO TTOKa~
3aTelist KavuecTBa

Gu(),z(-) = (;EQ(SQ—(I:zl(l))

3a/IaHHOI'O Ha MHO2KEeCTBE JJOITYyCTUMBIX IIPOIECCOB CUCTEMbI YIIDAaBJICHN A
i =u, iy = —a1, 2(0)=0; U={u|0<u<1}, T=10,1].

IIpeanonaraercs, 4To CyOJMHEHOE OTHOINEHHE NPEIIIOpAAKa = Ha
HPOCTPAHCTBE OIEHOK IR?  3a/JaHO  IIOJIOYKHTEIbHBIM — OPTAHTOM
@i = {(a1,as)|a; >0, ag > 0}. Jomycrumbrii nporece (u’(+),2%(+)) =
= (0,0) aBusercs 0coboii sxcTpeMaiibio [Hoarparuna, npu srom Uy = U,
To = T. Bocnouabsyemcsa ycnosuem (24.30). Ilpu v =1 u 13 = 1 ono
npurnmaet Bz (1 —t)v? < 0 n, caemoBaTeIbHO, HAPYIIACTCA TIPH BCexX
v Takux, 9ro 0 < v < 1 mBeex t € [0,1). 3HAUUT, JOITYCTUMBII IPOIECC
(u®(-),2°(:)) = (0,0) e ontumasnen o Creiirepy.

I[TPuMEP 24.2. Ha MHOXKECTBE JOMYCTUMBIX ITPOIECCOB CUCTEMBI yII-
paBJieHus

1 =wu, &g =1 + o, T3 = —uxe, x(0) =0, |u| <1, T =10,1],
TpebyeTcss MUHIMU3NPOBaTh (PYHKIMOHA

Gu(-),2(-) = 23(1).

Tonycrumprii iporiece (u®(+),2%(+)) = (0,0) aBasercs ocoboit sKcTpe-
magpio [louTparuna, npu stom Uy = U,Ty = T. Heobxomumoe yciio-
pue (24.30) somommserca g (u’(-),2%(1)) mpu v = 1. Oxmako npu
v=2mul =1l =1 yciosue (24.30) npuHUMaeT BUJ HEPABEHCTBA
201v9(e%27% —1) < 0, KoTopoe Hapymaercs npu Oy > 01 1 vive > 0. U3
3TOTO CJlejlyeT HeoNTHMAILHOCTD fomyctumoro nporecca (ul(+), z0(+)).
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§ 25. OBOBIIIEHHLBIE YCJIOBUS JIE2KAHIPA — KJIEBIITA
JJIg OIITUMAJIBHBIX IO CJIEUTEPY IPOIIECCOB

25.1. ITycrs Z u W -npou3sBO/IbHBIE HOPMUAPOBAHHBIE ITPOCT-
pancrBa. Cumsosiom Bg(Z, W) 6ynem o603HaYaTH IPOCTPAHCTBO k pas
HenpepbIBHO uddepeHmpyeMbix oTobpaxkenuit g : Z — W.

Ckobxoti JIu HasbiBaeTCs oTOOpaXkenue [gi, go] € Br—1(Z, Z), oupe-
JieJIsieMOe COOTHOIIEHUEM

[91,92](2) = g2(2)g1(2) — g1 (2)g2(2), 2 € Z,

rie g;(z) u gy(z) — npomssommbie Pperme orobpaxkennii g1 u gy co-
OTBETCTBEHHO.

ITpoussoabHoe orobpaxkenne g € B1(Z,7) oupenenser JuHeHHBIN
oneparop adg : B1(Z,Z) — Bo(Z,Z), neficrByionmit 1o Ipasury

adg 19— [gvg]a g€ Bl(Z,Z)

Ecmu g € By(Z,Z), To nns cyxeunst adg Ha By(Z,Z) crasmapTHbIM
obpaszom onpepensiercss k-s crenens: ad®g = adg(ad® 'g). Kak o6bru-
o, ad’g — TOXKIECTBEHHBIH OIEpaToOp.

Paccmorpum  HecranmoHapHoe OOBIKHOBEHHOE I depeHInaIbHOe
ypaBHEHHUE

i = f(t,), (25.1)

rne f:Rx X — X — nmenpepsiBHO muddepeHninpyemoe oTobparKenne
m RxX B X, rne. feB(RxX,X).

Jlisi  KaKJI0r0 HempepbiBHO udDepeHImpyeMoro  oToopakeHust
h:Rx X — X npoussodnoti Jlu, renepupyemoii ypasuenuem (25.1),
HazoBeM oTobpazkenme D;h: R x X — X, ompesensemoe COOTHOIICHN-
eM ,

o~

ft.2) = (f(tl, w)) foltr) = (hﬁgx)) '

Herpyano ybeanthest, aro mpu i00bix f m h TepBast KOMIIOHEHTa B
upaBoii yactu coorHouienus (25.2) pasua myso. CiezoBaTesbHO, OLpe-
JleJieHre TIPOU3BOIHON JIu KOpPpPeKTHO.

[IpousBonnas Jlu sgBjseTCS JTUHEHHBIM OIIEPATOPOM, JTEHCTBYIONIM
m3 Bi(Rx X, X) B By(R x X, X).

CrangapTHEIM 06pa3oM ompemenserca Bropas D2, TpeTbhd Df’c u

rie

T. J. Ipou3BojHbIe JIu (Dg’c — TOXKJIeCTBeHHBIH onepaTop). OueBnHO,
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q9To
0 ~
(D,;(t x)) = (ad"fho(t,z), k =1,2,3,...

HeHOCpe,ZLCTBeHHO BbBIYUC/IAA, IIOJIyIaeM
Dyh(t,x) = ha(t, 2) f(t, 2) — fo(t, 2)h(t, 2) + he(t, 7),

—fex(t,)h(t, ) — fo(t, )y (t, @) + Ay (t, ).
[ycts 2%(-) : T — X — abCo/oTHO HenpepbiBHAs (QYHKIHUA, V10~
BJIeTBOpsitoniag jguddepennuaibaomy ypasaenuio (25.1), . e.

#0(t) = f(t,2°(t)),t e T.

W3 mpeapraynux coorHomenuit mpu Becex k= 0,1,2,... moaydaemM TOX-

JeCTBa,
D h(t, (1)) = — () Dfh(t, 2° () +

+% (D%h(t,a%(t))), t € T, (25.3)
(D5 R, (1,2°(t)) = %((D’;h)x(t,xo(t)))—
— [ () (DR)(t, 2°(8)) + (D5h). (¢, 2°(t)) £3(t)—
—f2(t) (D)o (t,2°(t)), t € T, (25.4)

KOTOpbIE MOT'yT OBITh HCIOJIL30BaHbI KaK PEKYPpPEHTHbBIE COOTHOIIIEHUA
JJId IIOCTPOEHU A HOC.He,HOBaTe.HBHOCTeIU/I

h(t,a°(t)), Dsh(t, a°(t)), D3h(t, a°(t)), ..., Dh(t,2%(t)), ...
he(t,2°(t)), (Dyh)a(t, 2°(t)), (D)o (t,2°(1)), . .., (D§h)a(t, 2°(t), . ..

N3 (25.3) coieyer BasKHOE TOXKIECTBO

d (F(t1,t)Dh(t,2°(1))) =

F(ty,t) Dy h(t, 2°(t)) = -

= d—;(F(tl,t)h(t,xo(t))),t eT, (25.5)

CBS3BIBAIOIIEE MTPOU3BOJIHBIE JI ¢ OOBIYHBIMHU HIPOM3BOJIHBIMHU IO Bpe-
MeHH, BLIMUCJIEHHBIME BJIOJIb bukcuposannoro pemenust 2°0(t),t € T,
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nuddepenuaibHoro ypasuenus (25.1) U COOTBETCTBYIONIErO eMy pe-
NICHUS CHCTEMBI

dF(t,T)

pr fo(t)F(t,T),F('r, 7)=FE.

x
B cooTBeTCTBUM ¢ COOTHOMEHUAMI
(D¢H(t,x))v = Dy¢(H(t,z)v) st Becex v €V,

(D¢B(t,x))[v,w] = Ds(B(t,x)[v, w]) aus Beex v,w €V,

oneparus guddepenimposanus Jlu pacnpocrpansiercs Ha 0TOOparKeHUst
H:RxV =LV, X) u B:RxV - BV xV,X), tne L(V,X) —
IPOCTPAHCTBO JInHEHHBIX oTobpaxkennit u3 V B X, a B(V xV, X) —
MIPOCTPAHCTBO OMJIMHEHAHBIX oToOpakennii u3 V x V B X.

25.2. Ilycrs (u®(+),2°%(-)) — momycTuMbIit TIpoTIeCC CHCTEMbI
yTIpaBJIEHUsT
i = f(t,u(t),z),z(ty) = 2°, g
u(t) e Ut €T. (Su)

ITpoussonnyio JIu, renepupyemyo quddepeHInaabHbBIM YPABHEHIEM
z = f(t, uo(t), x),

yCJIOBUMCST 0003HAYATH C IEJIBI0 YIPOINEHUsT 3amuceii mMpocTo CHMBO-
gom D. EcrecTBeHHO, YTO /I CYITECTBOBaHUS mpou3poanoit Jlu D
cJIeJlyeT IPEIIIOIOKATh HENPePBIBHYIO auddepeHnnpyeMocTs oTobpa-
xenust (t,x) — f(t,u’(t),x). He oropapupas crienuaabHO, BCIOILY HIKe
6ymem cuntarh, 9T0 f : R XV X X — X u u: T — R HeupepbiBHO
nuddepeHImpyeMbl TOCTATOYHO OOJIBIIOE YHCIO pa3. B Kaxkmoit KOH-
KpeTHOH cuTyarmu TpedyeMblit MOpsiaoK anddepeHInpyeMOCTH JIETKO
OTIPEJIEIISETCS UCXOJIsT M3 BBIIOTHSIEMBIX OITepAITUii.
[Mosmoxxum

Fot,z) = (f(tug(t)ax)) ) = (ff(t,u%(t),x))

7 BBEIEM IIOCIEI0BATEIHHOCTL OTOOparKeH!it
R :RxX—-BVxV,X)i=1,2,...,

OonpeaejimB uX COOTHOMIECHUAMMA

(m,f)[v,w}) -
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= [(ad"2 FO(t,2)) £.2(t, x)v, (ad "D/ A FO(t, 2)) F.O (¢, )]

rue [v] — nesas 9acThb JEeHCTBUTEILHOIO YHUCIA V.
MozkHo moKa3aTh, 9T0 R; BBIPAXKAIOTCS CJIEIYIOMIM 00pa30M:

Ri(t,z)[v,w] = (DD 10t ) [DVA £0(t, 2)v, w]

(DU £t 2)) (DI 0t wyw, o], i = 1,23, (25.6)

TTocsegane coorHomeHust BMecte ¢ (25.3) u (25.4) MOryT 6BITH HCIIOIB30-
BaHbl I  PEKYPPEHTHOIO  ONPEACICHHSA  IIOCIEI0BATEIHHOCTH
R;i(t,2°(t)),i = 1,2,3,... Chemyer 3aMeTUTh, 9TO GIM3KHE PEKyPPEHT-
Hble (bOPMYJIBI HCTIOIB30BAINCH B paboTax [284, 285].

Tak kax [51] = [4] nust HeweTHBIX @, TO B CHJIy KOCOCHMMETpHY-
HOocTH CKOGOK JIu GusmHeiiHble orobpaxkennst Rosi1(t,z),s =0,1,2,...
TaKyKe SBJIAIOTCS  KOCOCUMMETPHYHBIMH. (OTHOCUTENLHO CBOWCTB
Ros(t,x),s = 1,2,... MOXKHO clesarh cieayiomee 3amedanne. VI3 Tox-
gectB Zkobu st cKobok JIu

(adg)[g1, g2] = [(adg)g1, g2] + [91, (adg)g2]

TIOJTy UM PABEHCTBO
Ros(t, z)[v, w] — Ros(t, z)[w,v] = DRas_1(t, z)[v, w],
U3 KOTOPOro u ToxKaecTBa (25.5) ciemyer
F(t1,t)(Ras(t, 2°(t))[v,w] — Ros(t, x)[w,v]) =

d
= %(
3HAYUT, eCJIu I HEKOTOPOTo HaTypajabHoro s = 1,23, ... OuiunHeiiHoe
orobpaxenue F(t1,t)Ras_1(t,2°(t)) Toxmecrsenno (o t € T') pasus-
ercs HyJIEBOMY OTOOpaKeHHuio Ha nomrnpocrpancrse Vo C V, To Oumiu-
neitnoe orobpazenne F(t1,t)Ryy(t, 2°(t)) cuvmerpuano ma Vj.

F(t1,) Rag-1(t,2°(0) v, w]), ¢ € T.

25.3. B npocrpancree KC(T;V) paccMOTpUM MOIIIPOCTPAH-
cTBO U) as1eMeHTaMu KOTOPOro siBidorcsa dynkuuun ou € KC(T;V),
YIOBJIETBOPSIONTHE PABEHCTBAM

ty
/Tséu(T)dT20,820,17...,k—1.

to

OueBngHO, 9T0 Uk 4y C Uy J17IsT JTIOOBIX HATYPAJIBHBIX K U M.
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AJIbTepHATHBHBIM CITIOCOOOM IIPOCTPAHCTBO U), MOXKHO 33J1aTh CJIEITY-
fommmm o6pason. Iyers U*) — monmpocrpancrso w3 KC(T; V), cocro-
siee u3 Takux Gyskuuii 0v € KC(T;V), mis KOTOPbIX IPOU3BOHbBIE
511(3)(t), teT,s=0,...,k—1, cylecTByIOT U HEIIPEPLIBHBI HA OTPE3KE
T, a npoussomuas 6v¥)(t),t € T, cymecTByeT n KycodHO-HENPEPBIBHA
na T. CumBoJioMm L[ék) 0003HAYNM TMOJITPOCTPAHCTBO B U (’“), orpeJie-
JISTEMO€ yCJIOBUASIMU

u},’“) ={0ucU® |5u®(ty) = 6u® (t}) =0,s=0,1,...,k —1}.

JIerko mpoBepUTDH, YTO COOTHOIICHIE

t

/(t — 7)1 5u(r)dr

to

1
ov(t) = =
YCTaHABJIMBAET B3aMMOOHOZHAYHOE COOTBETCTBHE MEXKIY (PYHKIMAMU
du m3 mogaupocTpancTBa U, u GyHKIUIMU Ov U3 Z/l(gk). ObparHoe co-
OTBETCTBUE 33/IA€TCS ONEPATOPOM k -KpaTHOTO AudOepeHIMPOBAHMSI.

Taxkum obpaszom, BEIOOP MYHKIMKU Ou U3 HMOAIPOCTPAHCTBA U) paB-
HOCHJICH BBIOOPY (DYHKIMH 0V W3 L{ék) Takoit, aro du = dvk),

[MPEMIOKEHUE  25.1.  Ilpednosoorcum, wmo  omobpasicerue
[ RXV XX — X sasasemea (k+2) pasa nenpepwvisno dudgepeniu-
pyemvim, a donycmumviti npovece (ul(-),z°(-)) maxos, wmo dynryua
ul(t),t € T, npunadaesrcum UK. Tozda dns no0bot sapuayuu ynpas-
aenua du € Uy umerom mecmo pagencmea

0L yo(t1|6u) = (=1)* / F(ty,t)DF £O(t, 2°(t)) duy (t)dt, (25.7)

520 (11|61, 61) = (—1)k/{5Fk(t1,t)D’“f3(t,x0(t))+

FE (b1, 6)(DF £0) (8, 20(1)) S (1) Yo (8)di +

2kt
+Z/F(tl,t)Ri(t,xO(t))[éu[i/g] (t), dug(it1)/2)(t)]dt, (25.8)
20e

du,(t) = /(t(j_j)lj)_!éu(r)dﬂj =1,2,...k,
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dug(t) = du(t),t € T,
Sz (t) = (—1)’“/F(t V(D O (1, 2° (7)) du (7)dr,

O0F(t,7) = /F(t $) [ £, (5,2°(s))0mk(s)+

T

—i—(—lk)(Dka)a:(s, xo(s))éuk(s)] F(s,7)ds.

JOKA3BATELCTBO. IlocimemoBaresbno mpuMensss GOpMyJIy HUHTE-
TPUPOBAHUS 110 YaCTAM, IIOJIYYUM PABEHCTBO

ty

St yo(ty|0u) = /F(tl,t)f{j(t,xo(t))éu(t)dt =

to

k
= (-1t / S (F (10,0720, (6)) e (1)

u3 Kotoporo 6aronaps (25.5) ciemyer (25.7).

HoxkazarenbcrBo npejcrasienus (25.8) nmposeaem 1o unykimu. [Ipu
k = 0 copasegusocts (25.8) caenyer u3 (23.23). IlpeamosnoxuM, 4T0
(25.8) mmeer mecto pu k = p, u myctb ou € Up,yq.

Nurerpupyst mo 4actsM, MOy M

- [ 1oE 0002 200,00+

+F(t1,t)(D? £2)0(t, 2° ()0, (t) } Su, (t)

t1

:/%{5Fp(t1,t)D”f3(t,xo(f)H

to

FE (11, 0)(DP F) (1,2 (0)52, (1) St (1)t =

ty

= [{orne e e

to

(D2 7200, 20(0) S 1)+
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#0020 (0). Bty (0)
120 (1,30 B, (1), D £t () By ()
DLt 2 O) 2t ()3, (0), Sup (1))
£ 20D 200, 0) o, (0 B (1)) ) +
FF (0 (D7 £2)a (b, ()0 St 2060y (), Gty ()] -
(D £ (12O D 200,02 (1) G, (1) .

Bocnosnp3osasiucsk paBeHcTBamu (25.3), (25.4) u (25.7), nonyaum
ty
—/{5Fp(t1,t)D”f3(t7x0(t))+

+F(t1,t)(D? £2) . (t, 2°(t)) )0z, (t }6up

t1

= [ {05,000 £t )oupa (04

to

HF (1, ) (D f) 2 (8, 20 (1)) [0, (8), dupea ()] +
+F(t1,t)Ropyi(t, xo(t))[éup(t), Supt1(t)] }dt. (25.9)
MozkHO 1TOKa3aTh, 9TO
0,(t) = 01 () + (=1)PD? f (1, 2°(1))dup41 (1),

5F,(t1,1) = 6F it (t,8) — (~1)PF (11, 6)(D” £2), (1, 2°(6)) Sy (8).

IToxcrasus a1 BbIpazkenust 1yt 0z ,(t) u 0F,(t1,t) B (25.9), mpumem
DaBEHCTBY

- [ (Rt 0D 1200, )+
HF (1, 8)(D? ) (1,20 (1)) 81, (t) }ou, (1)
B / {0F, 11 (81, ) D £, 2°(1))+

(12, 0)(DPF£0). (8, 20(0)82 1 (1) S (1)t
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(1) / F(t1, ) Ropia(t, 2(0)) (S (£), 611 (D)t +

t1

1) [ Pt )Rz (6.2°(0) Buy(t). G (),

U3 KOTOPOTro cJjiejyer cupaseiyuBocth (25.3) upu k = p + 1. Ilpemio-
JKEHUe JJOKA3aHO.

Ha sToM mogroroBureibHast 4aCTh HACTOSIIErO ITaparpada 3apepiie-
na. [lepeiiem ceifuac K BBIBOY HEOOXOMMMBIX YCJIOBUN OIMITUMAIBHOCTH
no Cueiirepy B 3anaue (VPSy).

25.4. IIycts (u®(-),2°(")) — mcememyenmbrit JOMy CTHMBII TTPO-
[IECC CHCTEMBI yIpaBJyieHust Sy .

OCHOBHBIE TIPEJIIIOJIOXKEHNsI, TIPY KOTOPBIX 3eCh OYIyT IOJIYYeHbI
YCJIOBUSI ONITUMAJILHOCTH, CJIEJYIOIIHe:

a) intU # < u uO(t) € intlU, t € T;

6) orobpaxenue f:R xV x X — X gaBisercsd He MeHee 4eM JBa-
JKJThI HETIPEPBIBHO M HepeHnnpyeMbIM B HEKOTOPO# OTKPBITOH 06/1aCcTH
npocrpanctea RxV x X, conepxaeit kpusyio {(t,u’(t),2°(t)) |t € T}
(Tounbie TpeboBaHus K NOPAAKy auddepenuposanus 6y 1y T chopmy-
JINPOBAHBI B yTBEPKICHUAX );

B) orobpaxenue ¢ : X — Y pasaomepro auddepeHiupyemMo mno
HampasjieHnaM B Touke 0 (t;).

Kpowme Toro, jjisi yuporrenusi U3JI0KEHUsT BBEJIEM JIOTIOJTHUTEIHHO
elre JIBa, IIPE/INOJIOYKeHNsI. BO-1IepBhIX, 6yIeEM CUUTATh, YTO OTOOparKeHre
g: X — Y xsasumucddepeniupyemo B Touke x°(t1). Bo-BTOpbix, Konyc
HOJIOKUTEIbHLIX BEKTOPOB Y T, COOTBETCTBYIOMMII OTHONICHUIO IIPE-
mopsiyika S, OyJIeM IPEeJoJaraTh TeJIECHBIM U OYJIeM CYUTATh, 9TO 3a-
NaHa cyOimneiinas HenpepbiBHag GyHknus s< :Y — R, ynoeiaersops-
OIIAsl YCJIOBUIO Y1 <<¥2 TOIJA U TOJBKO TOIJA, KOIJa si(yl —1y2) < 0.

SagaauM  Ha OpocTpaHcTBe X MHOrO3HAYHOE OTOOparKeHue
L:v* — L[v*], nonoxus

L[v*] := (8(s5 0 9)(2°(t1)) — {v*}) N E*(2°(t1)|Q(t1)).
Herpyamo ybeaurhest, 9T0
domL = 9(s< 0 g)(2°(t1)) + E* (2 (t1) |2(t1))-

W3 apyrux CBOHRCTB MHOTO3HAYHOI'O OTOOparkeHust £ OTMETUM JIMIIb
ero HempepbiBHOCTH 1o Xaycmopdy [168] m To, uro mms mo6oro
v* € domL mHOXKecTBO L[v*] ABJIsIETCS BBITYKJIBIM KOMIAKTOM.
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B nessix coxkpainenust 3armmceii Huxke O0y1eM HCIIOIb30BATH TaK)Ke 000~
snagenne A := 9(s< o g)(z°(t1)).

TEOPEMA 25.1. Ecau donycmumoviti npovece (ul(-),z°(-)) seaa-
emea onmumanviom no Caetimepy 6 zadave (VPSy), mo A C domL
u daa 110601 eviposicdenoti sapuavuu ynpasaenua du € W(ul, x%) eu-
NOAHACTNCA HEPAGEHCMEO

min  max (62,0 (t1|6u, ou), z*) > 0. (25.10)
v*eA T*EL[V*]

JIOKA3ATEJILCTBO. B cuiy (23.24) must m1060ii BBIPOK IeHHON Bapu-
amym yrpasierus du € W(u, 2%) mmeer mecto BrmIOUEHME

820 (t1]0u, 6u) + E(z0(£1)|Qt1)) © T(2°(t1)|Q(t1)).-

Tak kak onTuMagpHOCTb 10 CulefiTepy JOMyCTHMOro Imponecca
(u®(-),2°(:)) B paccmarpusaemoit 3aiaue (V PSy) paBHOCHIBHA TOMY,
uyro BekTop z°(t1) JocTaBisger ciabblif S —MUHUMYM OTOGDAXKEHHIO
g : X — Y Ha mHOo)ectBe )(f1), TO u3 TeopeMbl 19.2 M mocseHETO
BKJIIOYEHHUS CJIEJLYET CIPABEJIABOCTD HEPABEHCTBA

s<(g'(2°(t)[h + 1)) > 0 s Beex b € B(2%(41)|Q(t)).  (25.11)

Brech b := §%w,0(t1|6u, Su).

Bocnonb3osasiuck paserctsom E(z9(t1)|Q(t1)) = W (to, t1) X* (cm.
(23.9)), rae smumeinsi omeparop W(to,t1) : X* — X omupenenen mo
(23.8), upencrasum (25.11) B BuIe

sj(g’(xo(t1)|W(t0,t1)x* +b)) >0 mas Beex z° € X7,

st moboro v* € A := (s< o g)(2°(t1)) u3 nocieaHero HEpaBeHCTBA
oIy 9aeM
* * * *
Y €0(s <0g) (8 (1))~ {v*} (Wto,fa)a” +,y7) > 0 amat meex o™ € X7
(25.12)
Iockosbky oneparop W (tg,t1) SABISETCS CAMOCOIDSIKEHHBIM, T. €.
W*(to,t1) = W(to,t1), u B cuiry (23.10) cupaBeyinBO PaBEHCTBO

E*(2%(t)|QUt1)) = {z* € X |W*(to, t1)z* = 0},
ro Liv*] = {a* € Dls< 0 g)(a%()) — {v*} | W* (to, 1) = O},

ITpumensis siemmy 19.2) nosryuaem, uro HepaBeHcTBO (25.12) nmeer
MeCTO TOrJIa W TOJBKO TOTJA, KOrja MHOXKecTBo L[v*] Hemycro, T. e.
v* € domL, ¥ BBIIOJHEHO HEPABEHCTBO

max (b,z*) > 0. (25.13)
z*€L[v]
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Tak kak oroOpaxkenue v* — ma[x ]<b7 y*) HenpepbiBHO (BCJIEICT-
y*EeL[v*

BH€ HeIpepbIBHOCTU 10 Xaycaopdy MHOIOZHAYHOro orobpaskenus L
[168]), To u3 (25.13) coenyer HepaBercTBO (25.10). Teopema JokasaHa.

Bamernm, uto ycimopue A C domL skBuBasenTHO ycaosmio (23.13),
HEOOXOIMMOCTE KOTOPOro Jisi onTuMasbHbix 1o Crefitepy mporeccos
ObLa ycraHoBJieHa B ciaeacTsuu 23.1. Takum o6pa3oM, 3/1eCh JaHO eIre
OJTHO JIOKA3aTe/IbCTBO 9TOr0 HEOOXOIUMOTO yCIOBUL.

B cuenyromem pazzene ycaosue (25.10) Gyaer ucnoanb30BaThCs Kak
6a30Boe pu BBIBOJIE 0000ITEeHHBIX yesroBuit Jlexkamnapa-Kiebrra.

25.5. Haunewm ¢ pacupocrpanenus na 3agady (V PSy) kiaccu-
qeckoro ycyosus Jlexanapa-Kieorra.
TEOPEMA 25.2 (ycsiosue Jlexannpa-Kuebma). Jas mozo wmobv, do-
nyemumwid npoyece (u®(+),2°(+)) cucmemvr Sy 6via onmumanvrvIM NO
Cuaetimepy 6 sadane (VPSy), neobrodumo, wmobv, A C domL wu

min mg[x Y(t; %) fO, (120 (1)) [v,v] > 0,t € T, dan scex v € V.
v*EAT*E
(25.14)

3decv Y(t;x*),t € T, — pewenue conpartcennoti cucmemoe
7/) = *Q;Z)fn(c)(t)vt € Ta

y()OS./L@m@OprOW@@ mepmuraNsvHoOMYy YCA06UNO

Y(ty;a*) = .

JTOKA3ATEJILCTBO. Yenosue A C domL jokasaHo B Teopeme 25.1.
Hoxaxem mepasencrso (25.14). B nporusomnosoxuocts (25.14) mpesro-
JIOXKUM, 4TO cyiecTByor 6 € (tg,t1),w € V u v* € A takue, 9r0o

V(0;2%) £2,(0,2°(0)) [w, w] < 0 mst Beex x* € L[T*]. (25.15)
PaccMOTpuM MrOJIBIATYIO BAPUAIMIO YIIPABJICHHST

du(r) : du(t; ) = { 16]” i Z %323132

rme T7:0<7<¢t —40.

Boo6mie rosopsi, du(r) moxker ne mpunaiexars W(ul, z0), T e.
MozKeT He ObITh BuIpOXKIeHHOf s mponecca (u’(+),2%(+)). Pacemo-
rpum dyakmma dvy(+),...,0vx() u3 KC(T;V) rtakue, 9T0 BEKTODBLI
yi = 0wy (t1|0v;),i = 1,2,...,m, 06pas3yioT 6asmuc B KacCaTeTbHOM MOJI-
npocrpanctse Dittepa F(x°(t1)|Q(t1)). Obpasyem 8 KC(T;V) caemy-
fo1ree ceMeicTBO DyHKIHI:

ow(r) : dw(t, 7) = du(t; T) +Zﬁz Vov;(t),t € T,

=1
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rae koabdunumentsr 3;(7),i = 1,2,...,m, ONHO3HAYHO OIPEIEJISIOTCS
N3 COOTHOIIIECHUA

_61$u0 (t1|5u(7—)) = 51@/1 + 52?/2 +...+ ﬁmynr

Herpyno y6eaurbes, ato §lz,o(t|dw(r)) = 0,0 < 7 < ¢ — 6. Cie-
JoBaresbho, cemeiictBo dw(7),0 < 7 < t; — 0, cocrour u3 Bapuanmit
ynpasnenns, npunajeskammx W (ul, x0).

Bropast Bapuaiusi TpaekTopuu Ha cemeiicrBe Jw(T) MOxkKeT ObITh
MIpe/ICTaBIeHa B BU/JIE

0%z, (11 |0w(7), Sw(T)) = TF(t1,6)) fu., (6, 2°(8))[v, 0] + o(7),

rie 7 lo(r) — 0 npu T — +0.
U3 nocaeauero paBencrsa u upeinooxenus (25.15) noxydaem
max (62,0 (t|0w(T), Sw(T)),z*) <0
zreL]e]
[IpU JOCTATOYHO OJIM3KUX K HYJIIO 3HAYEHUSX napamerpa 7. lIpumim k
nporusopeunto ¢ yciosueM (25.10). Teopema jokasaHa.

SAMEYAHUE 25.1. Ecm orobparkenne g siBJisieTCsl BEIIeCTBEHHO3HAY-
ueiM 1 guddepennupyembiM 110 Ppere, To yeaosue (25.14) coBnagaer
¢ KiaccudeckuM yciosueM Jlexamapa — Kiebma [57, 95, 126].

SAMEYAHUE 25.2. Vcrosib3yst MaKeThl HMOJIBIATHIX BapUAIHil, MOXK-
HO JI0Ka3aTh Oojiee CUIIbHBIN pedyJbrat. [lycrh

Lg" (2" (t1)[Q(t1)) =
= {a* € E*(2"(t)|Q(t)) [ (t; 2*) fu, (. 2°(t))[v, 0] < 0
s Becex v € Vit € T}

Torpa mna onruMasibHocTH 10 CrreliTepy  JOIyCTEMOIO IIPOLIECCA
(u®(-),2°(-)) Bzamave (VPSy) HeobXoammo, 9To6bI

(55 0 9)(a*(11) € As< 0 )(a"(t)) + L (@ (02)]2(t1))-

D10 yciaoBue clieflyer Tak:Ke U3 IpUHImNa MakcumyMa [lonrpsruna (yc-

joBue (24.24)).

25.6. Huxe jtst ogHO0Opasus OyeM UCIoJib30BaTh 0003HATE-
me Ro(t,x) := fuu(t,u’(t),z).

Byaem rosoputs, uto sexmopnoe nodnpocmparcmeo Vo C V'  agas-
emcsa 0cobvim nopadka k 6 mouke 6 € (to,t1) JyIst IOIMYyCTUMOrO IIPO-
necca (u°(+),2°(+)) cucrembr Sy, ecim cymectyer okpectHOCThH O
ToukM 0 Takas, UTO

F(t1,t)Rs(t, 2°(t))[v,w] = 0,1 € Oy (25.16)
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s Beex v,w € Vo mBeex s =0,1,2,...,2(k—1).

Eciin B nanuom soite onpenenenun Vo = {av|a € R} — oxsomepnoe
BEKTOPHOE TOANPOCTPAHCTBO, MTOPOXKICHHOE BEKTOPOM U, TO OYJeM ro-
BOPUTB, YTO HaIpasiieHne v € V sgBiisieTcst 0COOBIM MOPsIAKa Kk B TOUKE
0 € (to,t1) nus ponycerumoro nporecca (u®(+),z%(+)). HockoabKy 6u-
nuHefibie otobpazkenus Rg(t,2°(t)) KoCOCHMMETPUYHBI P HEYETHbIX
S, TO IIpH HIPOBEPKe, ABJsIETCS JIA HAIpaBjIeHne v € V' 0coObIM HOPI-
ka k B Touxe 0 € (to,t1) ama (u’(-),z%()), mocrarouno ybemmrhes B
CIIPABEIJIMBOCTH TOXKJICCTB

F(t1,t)Ros(t,2°(t))[v,v] = 0,t € Op,

mst Beex s =0,1,...,k—1.

TEOPEMA 25.3. Ecau nodnpocmpancmeo Vo C V' asasemes oco-
6um nopadka k e mouke 0 € (to,t1) das donycmumozo npouecca
(W®(-),2°(:)), mo daa onmumarvnocmu mno Caetimepy npouecca
(u(+),2°(")) 6 sadane (VPSy) mneobrodumo, 4wmobvl 6bin0AHAMUCH:

a) yeaosue Bannsperozo-Toxa

min max (t;2*)Rar_1(0,2°(0))[v,w] >0 (25.17)
v*eA z*€L[v]

ona ecex v,w € VO
6) ycaosue Kearu-Konna-Motiepa

min  max (¢t 2*) Ray (6, 2°(0))[v,v] > 0 (25.18)
vreA T EL[VY]
ons ecex v € V.
JOKA3BATE/IBCTBO. Jlaa kKaxKgoro HATypaabHOro k u JIIOOBIX

v eV, 0 € (to,t1) OymeMm paccMaTpUBATh B MOJIIPOCTPAHCTBE L{ék) ce-
MefCTBO PYHKIAI CACTYIONErO BUIA:

k
v (t|0,v, 1) = Z)\ik’yk(tw,ir)v, (25.19)
i=1
e
t—0 k
ﬂ7 te [e_lu79]a
k!
o, p) = —1)kE(t -0 — p)*
’-Yk(| 7.U’) ( ) (k' M) ’ tE[G,G—F/.L],
Oa te[e_u79+u]’
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a KO3 PUIMEHTBI Aig, ..., Apkp OINPEIEISTIOTCA KaK PEIIeHHUs] CHCTEMbI
JINHEWHBIX aJIredpanIecKux ypaBHEHMH

k

S Agt' =0, v=1,2,...,k—1,
*

Z)\ikik=1

i=1

BocnosbzoBaBmucs aeMMoii, gokasanuoit B pabore [315] (memma 4.1,
c. 272), MOXKHO TOKa3aTh, UTO

) 1
o (_1\k+i
Ak = (=1) ik +0)

JokazkeM cripaBeiIMBOCTh HepaBeHcTBa (25.17). [lj1si 9TOro paccMOTpUM
cemeiicTBo OyHKIHUT

0k (T, v,w, 0) : Uk (t|T, v, w, 0) = Svi(t|0,v, T)+

d
+ 6vk+1(t|9 w, T +Zﬁ“€ Youk(t),t € T,

=1
rae dyukuun  duig(-), ..., Ougk(c) u3 L{ék) TAKOBBI, YTO BEKTOPbI
k

d
Yik 1= 0 @0 ( ’ dtkéulk) , ©=1,2,...,my, obpa3ytor basuc B IMOI-

[IPOCTPAHCTBE

Bu(a(0)] 2(0)) = {r € X = 8o (12] o) w2},

a koaddunuentor Bik(7),i = 1,2,...,Mp, ONHOZHAYHO OIPEIEJIAIOTCS
M3 COOTHOIIEHUST

k+1

d* d
—6ty, (tl ’ ﬁév (-10,v,7)+ g ——vg1 (- 9,w,7)) =

= Biryik + Boryor + - - - + Bk Ymek-
Onpenenum cemeitcTBO dyHKIHIA
dk
owg (1) : dwg (¢, v,w,0) = %5ﬁk(t|7',v,w,9).

Herpymo yo6emutbest, urto dwy (1) € Uy, u §tayo(t1]|dwi(T)) =0, T e.

ceMeficTBO 0wy (T) COCTOMT U3 BBIPOXKJICHHBIX BAPHAIMA yIIPABJICHUSI.
Pasnaras 1o creneHsM T W yudThIBas TOXKJeCTBa (25.16) mosry<anm

8220 (11| 0wy (), dwy (1)) = 72k02k32k(97$0(9)>[%w] + 0(7%)7

222



rie s to(s) — 0 mpu s — +0, cop — HOJOKHUTENbHAS KOHCTAH-
ta. [Ipeanosnoxkus, 4ro yciaosue (25.16) He BBIIOJHSAETCS JJI KAKUX-TO
0 € (to,t1) m v,w € V, U3 NOCJIEIHEr0 PABEHCTBA MOJIYIUM, PACCYK-
Jiasi Tak Ke, KaK P JI0Ka3aTeabcTBe yeaoBus Jlexkanapa-Kieba, mpo-
TuBopeune ¢ ycaoueM (25.10). Dro g0Ka3bIBAET HEOOXOIMMOCTD Hepa-
BeHcTBa (25.17).

Jast nokazarenbcrTBa HepaBeHCTBa (25.18) mosiokuM B ceMeiicTBe
dwy (|7, v,w,0) Bexkrop w HyneseiM (w = 0). BerencrBue Kococnm-
MeTPUYHOCTH GHIMHeHHbIX oTobparxenuit Rosii(t,z°0(t)),s = 0,1,...

.,k — 1, Toxkmecrsa (25.16) MO3BOJISIIOT MOJIYIUTH B 3TOM CIyIae
peJcTaB/IeHIe

8220 (t1|(5w2(7'), (5w2(7)) = T2k+162k+1R2k+1(9, ;160(9))[1)7 v] + 0(7'2k+l)7

e Swl(:|r,v,0) = dwi(-|,v,0,0), s7lo(s) — 0 mpm s — +0,
Cok+1 — LOJIOXKUTEJbHAs KoHCTaHTa. Mcnonb3ys nasee ycmosue (25.10),
npuzeM K (25.18). Teopema mokazana.

3AMEYAHUE 25.3. Cemeiicteo dbyukmmit dvg(-|0,v,7), ucnonbsye-
MO€ IIPH JI0Ka3aTebCTBE TeopeMbl 25.3, sBJsieTcss 00600IIeHneM Bapua-
uwii Kesum-Komnma-Moiiepa {133, 139, 310]. Herpyauo y6eaurbes, 4ro

d

aévl(-w,vm) coBnajaeT ¢ apyurossuaroli sapuanmeii Kemm [133],
d2

@&Ug(w, v,7) — ¢ Bapuanueii Komma-Moitepa [139].

SAMEYAHUE 25.4. Eciu nokazarejib Ka9eCTBa SIBJISIETCS] CKAJISPHBIM
7 TJIAJKUM, T. €. eCJid (DYHKIUS ¢ BeIeCTBeHHO3HAYHA U JuddepeHIiu-
pyema 110 Ppemte, To ycaosue (25.18) npespaiaercs B U3BECTHOE yCJIO-
Bue ontuManbHocTH Kemmm-Konma-Moitepa (133, 139, 310], a ycmosue
(25.17) — B ycsi0BHe ONTUMAJIBHOCTH THNIA paBeHCTBa [33, 284, 285]. Ba-
METHM, 9TO JJIsl CUCTEM CO CKAJISIPHBIM yIIpaBjenueM yciaosus (25.17)
BBIMIOJTHSIIOTCST TPUBHUAJIHHO.

S3AMEYAHUE 25.5. Eciu Bocnoss3oBarhes Merogaukoit A. Kperepa
[315], To mus ontumasnbubx no Coefitepy nponeccos B 3anade (VPSy)
MOYKHO TIOJIYIUThH 00OOIIEeHNEe TTPUHITAIIA MAKCAMYMa, BHICOKOTO ITOPSIKA,
U3 KOTOPOI'O B CBOIO 0Y€pPEIb MOI'YT ObITH BHIBEJICHBI OOOOIIEHHDBIE YCJIO-
Bus Jlexxanapa-Kiebma B hopme, aHAJIOTUYHON YCIOBUIO U3 3aMedaHUsT
25.2 (ma mare k xomyc Lg* Oymer 3aMeHATHCS HA MEHBITHUIT BBITYKJIBII
KoHyC Lg} ). DTOT pe3ysbTaT MOXKHO YCTAHOBATH TAKIKE, UCTIOJIB3Y s All-
[IPOKCUMAIIMOHHYIO JIEMMY BTOPOIO IOPsJiKa, HokasaHHyoo A. A. Arpa-
gesbiM u P. B. Tamkpesnnzze [3, 4].
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Penakrop O. M. Mapwax

Xynoxuauk B. A. Koswupkxo
XynoxkecrBenublit pegakrop B. A. 2Kazosey
Texunueckuit pegakrop A. B. Crakyn
Koppekrop 3. 4. I'ybawura

B Ne 3271
Tleuaraercs no nocranossenutro PUCO AH BCCP.
Cpnano B HaGop 28.08.89. Iloamucano B medyars 18.05.90. AT 04685.
Dopmar 60 X 901/16. Bywm. kH. >)kypH. Yca. kp-orT. 15,0. VYu.-usg. J.
14,08. Tapuurypa aureparypHas. Odcernas nedarb. Yciu. ned. Jj. 15,0.
Tupazk 970 sk3. Sak. Ne1327. Ilena 2 p. 60 k.

MNsnarenscrBo <KHasyka i Taxuika® Axkanemun nHayk BCCP u Tocy-

napcrBentoro komurera BCCP mno mewaru. 220600. Munck.

2Kopunckasi, 18. Tunorpadusi um. @pannnucka CKOPUHBI U3aTEIbCTBA
&KHasyxka i Taxuika> . 220600. Munck. 2Koauuckas, 18.



