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Taking account to the boundedness of f(P) we obtain immediately Birk-
hoff's general
TimE AVERAGE THEOREM. For any bounded and measurable function

f(P) the limit

1 rTlim- /f(Pt)dt
T=o TJo

exists on Q apart from a set of points P of measure zero.
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Suppose that sl, S2, . . ,Sk_ represent a set of distinct operators which obey
the group laws when they are combined and include the product of every
pair thereof, irrespective of the order of the factors, but not necessarily
the square of any operator of the set. It is well known that a necessary
and sufficient condition that such a set constitutes a group is that it contains
also the square of each of its elements. In all cases the set generates a
group G of order g > k. In what follows it will be assumed that g is finite,
and we shall determine all the possible groups of finite order which have the
property that it is possible to find in each of them a set of distinct operators
which generate the group and include the product of every pair of the set,
irrespective of the order of the factors, but not the square of all of them.
In other words, for each of these sets k < g.
When k = 2 the set is obviously composed of an arbitrary operator and

the identity, and a necessary and sufficient condition is that G is cyclic
and this operator is an arbitrary generator of this cyclic group. In this
case k = g when g = 2 and only then. When k = 3 the three oper-
ators s1, s2, s3 must be commutative and if one of them is the iden-
tity, the other two are inverses of each other but are not otherwise
restricted. Hence in this case G must again be cyclic, but its order is
unrestricted except that it must exceed 2. A necessary and sufficient

PROC. N. A. S.100



MA THEMA TICS: G. A. MILLER

condition the g = k in this case is that G is the group of order 3. When
none of the three operators si, S2, S3 iS the identity, then each of them must
be of order 2 and G is the non-cyclic group of order 4, or the trirectangular
group. This is a special case of the following elementary theorem: If a set
of k distinct operators of order 2 has the property that it includes the product of
every pair of them, then these operators generate the abelian group of order
k + 1 = 2m and of type (1,1,1,. . . ), and every such group involves such a set.
Since these cases are very elementary, it may be assumed in what follows
that k > 3, and that the set si, S2,... ,Sk involves operators whose order
exceeds 2.

Suppose that this set involves an operator s and also st # s-. If n = 2
the set involves all the powers of s including the identity. If n 2 but less
than the order of s diminished by unity the set must involve also s'+1,
s.+2 S-l. Hence it involves also sn_', s -2, . .. ,52. That is, when the
set si, s2, .Sk involves an operator s and also a lower positive power of s
than the inverse of s than this set involves also all the powers of s in-
cluding the identity. In particular, when G is a cyclic group and k > 3,
then k = g. It should be noted that whenever the set si, s2, . . .,Sk involves
an operator, s which is not a power of sl, then it includes also s's and ss',
where n is arbitrary. If it involves s but not s2, each of the operators of
the set except possibly the identity must therefore have the property that
it generates S2. Hence there results the following theorem: If a set of dis-
tinct operators has the property that it includes the product of every pair of them
irrespective of the order of the two factors but does not involve the square of some
one of them, then this square must be generated by each of its elements except pos-
sibly the identity.
From this theorem it follows directly that if such a set does not involve

the square of some one of its operators, it also cannot involve the square of
any other one except possibly the identity, for if the square of such a second
operator would then appear in the set, all the powers of this second operator
would also appear therein. This is, however, impossible since such powers
would involve the square of the first operator. It also results from the
theorem noted at the close of the preceding paragraph, that if the square of
an element of such a set does not appear therein, then this square must
appear in the central of G and hence the square of every element of this set
must appear in this central. In particular, when g > k and G is non-abelian
than its central quotient group is the abelian group of order 2m and of type
(1,1,1, .. .. )

It is now easy to prove that when g > k then G cannot be a non-cyclic
abelian group unless it is the abelian group of order 2' and of type (1,1,1,
. . . ). If G were any other non-cyclic abelian group, the set of operators sl,
S2 ... .Sk would involve at least one operator s such that S2 is not generated by
every other operator of the set and hence it would involve all the powers of s.
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In particular, we could take for such an s one of the independent generators
of G of largest order. If an operator of the set which can be used as a second
independent generator of G after s has been chosen as a first independent
generator does not have its square in the set, then this square can be gener-
ated by s. As this second operator can clearly be so selected that either
its square is in the set or that this square is not generated by s, the following
theorem has been proved: If a set of distinct commutative operators contains
the product of every pair of them and generates a non-cyclic group, then this set
involves all the operators of this group unless each of these operators is of order 2.

It remains to consider the case when G is non-abelian and g > k. It may
first be noted that none of the operators of the set sl, s2, . . ., Sk except
possibly the identity can be of odd order since it would then be generated
by its square and hence also by every operator of this set besides possibly
the identity. As it would also generate the square of each of these opera-
tors and be commutative with each of them, it results that an operator of
order 2 would appear in this set. As this is impossible, it results that
besides possibly the identity, each of the operators si, s2, . . ., Sk is of even
order. This order must be the same for all of them and cannot exceed 4.
From this there results the following theorem: If a set of distinct operators
has the property that it involves the product of every pair of them irrespective of
the order of the two factors, and generates a non-abelian group but does not
involve all the operators of this group, then it must be composed of the identity
and the six operators of order 4 of the quaternion group.
Any set of k distinct group operators is said to constitute a group when-

ever it involves the product of every pair of these operators, irrespective of
the order of these two factors, and the square of every one of them. From
what precedes it results that with the exception of a relatively small number
of very elementary groups the latter of these two conditions is implied by
the former. This is always the case when some of the operators of the set
are non-commutative except when they generate the quaternion group but
do not include the operator of order 2 contained in this group. In this case
k = 7 and g = 8. When all the operators of the set are of order 2, they
must be commutative, since the product of two operators of order 2 cannot
be of order 2 unless these two operators are commutative. This is the only
case when g > k and the set of operators sl, S2,. . ., Sk does not include the
identity. In all the possible cases when k < g the value of k must be either
2 or of the form 2'_-1. When k = 2 or 3 the number of distinct groups is
infinite; when m = 3 there are two possible groups, but for every larger
value of m there is one and only one such group.
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