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ans les Provinces Occidentales de

ommunicated by the A stro-

s de C alcul et d' Observation.

 mesuré  en R ussie*  avec toute la

 moyens d' observation, il é tait

ments qu' é prouvent l' intensité  de la pesan-

a marche de ces changements avec

s directions de la pesanteur, dé ter-

ervations astronomiques et par les

ce qui a engagé  l' A cadé mie des Sciences

é tend de Tornea en F inlande j usqu' à

tations dont les positions gé ogra-

u niveau de la mer sont connues par les

gré s du mé ridien. M. R . Lenz et moi

t l' é té  de l' anné e 186 5 entre Tornea et

saison des anné es 186 6  et 186 8 les

s par M. Smyslof et moi, de St. Pé tersbourg

 à  reversion,— instrument qui a

par les savants anglais. Deux  pendules

 H ambourg, é taient mis à  notre

tre le Danube et la mer Glaciale, ouvrage composé  sur

par F . G. W. Stbdve.

X . e
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esanteur

anglais par leurs dimensions et

rties. I ls ne battent qu' à -peu-prè s

t ne portent pas le curseur, ou

gales entre elles les duré es d' oscil-

s de rotation. E n se conformant à

ule de telle sorte que sa figure est

rt à  un plan horizontal passant par

ent;  mais les masses sont distri-

insi le pendule a deux  lentilles, des mê mes

et pleine, l' autre lé gè re et inté rieure-

s couteaux  ou les tranchants de

e est aussi en acier. Pendant les

ed é taient renfermé s dans une cage ou

air n' eussent pas d' influence sur les

 aussi par M. R epsold, servaient

 couteaux  du pendule;  M. Smyslof a

 l' é talon normal, ex é cuté  à  Londres par

 l' Observatoire de Poulkova et qui

ersbourg, M. B ratj er, nous a fourni

de l' instrument. L' un sert à  la dé ter-

le, et l' autre est un niveau sur un

r le couteau infé rieur quand l' autre

orizontal du support;  il est destiné  à

couteaux .

ails, nous sommes heureux  de dire

oyé s dans l' I nde et mis à  la disposition de

scientifiques;  ils ne pouvaient pas

es.

du pendule, nous avons em-

consiste à  noter les temps des coin-

al Society, V ol. ix ., " R eport of the N ew Standard
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mpire R usse. 21

une horloge, dont la marche diurne

oge aux  chronomè tres ;  la marche de

n a é té  vé rifié e par les observations

ument des passages é tabli sur une colonne

pé ratures de l' instrument ainsi

nné es pour les 3 ou 4 premiè res oscil-

erniè res oscillations de chaque

té rieur de la cage du pendule il y avait trois

 vers le bout supé rieur, l' autre vers le

e. L' é chelle de ces thermomè tres

es thermomè tres ont é té  vé rifié s à  l' Observa-

nous a paru suffisant d' inscrire les

ment et à  la fin de chaque sé rie

tions observé es à  celles qui cor-

petite peuvent ê tre calculé es par la

 que les amplitudes dé croissent en

ombre d' oscillations s' augmente en pro-

 cette supposition, on peut facile-

thode des quadratures.

 oscillations quelconques du

, les angles d' ex cursion du pendule au

e l' intervalle 2 t;  «  le nombre

intervalle, et no le nombre corre-

es. Prenant t pour l' unité  de temps

 de temps, on peut ex primer na par

riques: —

n8 « "  =  U" , 1 +  -^  sin«  « " '  =  U' " ,
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anteur

er aussi l' inté grale logarithmique,

endules ont é té  ré duites à  ce

tait constante et é gale à  +  200 centi-

e la dilatation des pendules par la

pé riences sur la duré e des oscillations

les que +  2° ' 5 et +  20° , +  n° 7, +  200,

 les nombres d' oscillations infiniment

valle de temps et aux  tempé ratures

ent liné aire de la dilatation;  on a alors

» )-....y

es pour les ré ductions au niveau de

oscillations du pendule pendant le

la mer et à  une é lé vation h audessus

be terrestre, on peut admettre

raction qu' ex ercent les couches

observateur et le niveau de la

nous admettons, avec Poisson,

ns sont pour la plupart trè s petites, il

sie pour calculer les ré ductions au
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rtout remarquable par rapport aux

vide. La perte que le poids du

uvement d' une certaine masse d' air,

une influence sensible sur la dé ter-

ssel, Poisson, et M. Stokes, ont

on au vide, que M. B aily a vé rifié s par

t voir dans l' ouvrage de M. B essel*

construit comme notre pendule à

nt é liminer les incertitudes dans la

on du pendule soient dé j à  ré duites

ure constante et aux  ex cursions

out lourd du pendule est en-bas:

centre de gravité  du pendule;

riences qui dé terminent A .

out leger est en-bas;  b, la distance

vité  du pendule;  (3, la

riences qui donnent B .

» , le poids d' un volume d' air

sse aé rienne entraî né e en

d' inertie du pendule à . cause

ar l' oscillation du pendule;  K

e;  il ne depend que

er.

le simple, dont la longueur est

el, on parvient facilement à  ex -

einfachen Secnndenpendels, von F . W. B kssel,

dlungen der A kademie zu B erlin fur 1826 . B erlin,
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anteur

--B --| .(« A --/î B -)î

e la densité  de l' air, qui servait à  dé ter-

 se suivent les unes aprè s les

ure;  ainsi les densité s e et p ne

ernier terme de l' é quation pré cé dente,

e dé truit à  trè s peu prè s. On peut mê me

lus satisfaisante: pour cela on n' a qu' à

. dé terminer par ex . A ;  2. immé -

t 3. de nouveau dé terminer A ;  ou, au

, et enfin B . Le tout n' ex igera que

es changements de la densité  de

part presque uniformes et pro-

insi la densité  de l' air lors de la

à -peu-prè s é gale à  la moyenne des densité s

me series. Donc en combinant B  avec

ons A , et A M correspondantes de A ,

d' une maniè re presqu' indé pendante

ans ce cas A  =  {  (A , +  A M) et en

tats moyens des thermomè tres et du

d' ex pé riences qui donnent A ,, B  et A n,

-> .

es dans l' ordre que nous venons d' ex pliquer,

cé dente pour calculer r. C omme

ent de B , on pouvait mê me admettre saus

mative

(.

et è , M. B raueb a gravé  sur
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 coté s du centre de gravité ,

tre eux  et é loigné s l' un de l' autre

u catbé tomè tre on peut dé terminer les

en;  un appareil, construit aussi

on du centre de gravité  du pendule

des pesé es immé diates sur une

le nous avons mesuré  les dimensions

 leurs volumes se dé duisent alors

es mots sur l' influence de la

de la longueur du pendule simple,

pendule à  ré version. Pour é liminer

les ex pé riences sur la duré e des

de ces deux  ax es de rotation,

 ainsi que la position du centre

rations de transposer les couteaux .

e au bout leger le couteau qui se

lace l' autre couteau au bout

s les opé rations qui ont é té  faites avant

n ait trouvé : t, la duré e d' une

la tempé rature +  200 centigrades et

es du centre de gravité  du pendule

uteau qui est au bout lé ger.

mes choses trouvé es aprè s la transposition des

ndule simple à  seconde, et par x  la cor-

eaux . Les valeurs numé riques

uations

e M. R ikatschef et de M. Gko-

ourg les ré cherches né cessaires pour

g
g

p
g

_
p

g
g



esanteur

b' , a +  b et a'  +  V  relatifs à  chacun de nos

12 lieux  diffé rents, situé s entre 6 o°  51'

gueur du pendule à  seconde a é té

 440* 958 lignes de Paris, sous la. latitude

her la longueur absolue du pendule

es sur les variations de la pesanteur

ouvé  dans les autres ré gions de la

es la longueur du pendule simple

ec une grande pré cision par M. le C apitaine

 les mesures ex é cuté es par M. B iot

nts anglais en F rance s' accordent

e qui a é té  obtenu par les savants

sultats de M. B iot. A  ces travaux

ts des dé parts, les observations entre-

dans les diffé rentes parties du

es dans le systè me de ces recherches,

rons à  notre dé termination directe de

urg celle qui se dé duit des oscillations

rvé es par M. le C omte Luetke *  à

de Greenwich;  la diffé rence entre les

eenwich et à  Londres a é té  ex acte-

. A insi la longueur du pendule simple à

peut calculer sa longueur à  St. Pé ters-

s des nombres d' oscillations infiniment

duit au mê me tempé rature et au

n un j our moyen. De cette maniè re

dule simple à  seconde à  St.

ais ou 441* 0319 lignes de Paris. A dmet-

de nos ex pé riences les ré sultats

Sciences de St. Pé tersbourg, tome 3m< J, iin et 2de livraisons.

le par M. le C ontre-A miral Luetke, p. 5 i.
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mpire R usse.

ule à  seconde sous la latitude

r et par y un coefficient constant;  la

quation

rs de A  et autant d' é quations de

rentes. Pour calculer z et y nous

thode des moindres carré s, et nous

ut l' aplatissement de l' ellipsoï de terrestre

s de 3/ et de z, cet aplatissement est
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r

avec les observations de M.

orvè ge, l' illustre physicien franç ais

efficient { y) du carré  du sinus de

e. E n mê me temps les longueurs

es au moyen de la formule analogue à  la

en plus, et par consé quent l' aplatissement

ultats semblent prouver, comme le remarque

teur sur le continent de l' E urope

elles devraient suivre sur la surface d' un

cause de cette circonstance que l' on

terminations, selon les contré es où

riences du pendule entre l' é quateur et

aplatissement é gal à  — 70-, tandis qu' il

et 900 de latitude.

culs nous avons comparé  la longueur

 ce qui donne la formule

longueur observé e— longueur calculé e

é carts pour nos 12 stations:

0440

0423

es 12 é quations de condition.

g
g

p
g

_
p

g
g



mpire R usse. 29

pendent des erreurs d' observations et

pesanteur terrestre;  mais il serait

es traces certaines de ces anomalies

mesures de degré s du mé ridien

des latitudes des points principaux

rences en latitude, trouvé s directe-

ne s' é cartent des diffé rences en

rations gé odé siques que de +  i" 75.

cidé ment les erreurs d' observation,

encontre dans les travaux  relatifs à

t dans le voisinage des points discuté s

grandes plaines de la R ussie

s de la pesanteur ne sont pas suj ettes

ment d' une de nos stations à  une
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llipsoid.

he geodesic lines on an ellipsoid,

ing by a, b, c, the squares of the

be

ptic co-ordinates h, k, and write

differential equation of a geodesic

z-—  rx  +  I dk* f —

)(/3 +  A ) J V  (a

A
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n an E llipsoid.

y arc of the curve is given by

elope the theory to the ex tent

irst of these equations, ex plain

r given numerical values of a, b, c,

awing the course of these lines:

of geodesic lines through an

he opposite umbilicus), and to

cted by the equation ac —  b1 —  o, a

se of the Lines.

into the formulae symme-

between these co-ordinates by

e values — a, —  b;  and k as ex tending

 (or minor-mean section), k =  —  6 ,

maining portions of the umbilicar section

g
g

p
g

_
p

g
g



n E llipsoid. 33

, there correspond eight

surface respectively;  but, unless

that the co-ordinates x , y, z, are

e octant A B C .

from +  a to +  c;  viz., if it has a

as an A -value, then the geodesic

curve of curvature h =  —  (3

curve touching each oval an

 has any value between b and c,

eodesic line lies wholly between

 —  (Z  (being in general an inde-

an indefinite number of times).

r say when — /3 has the umbilicar

al an indefinite undulating curve

gh the opposite umbilici U, U" , or

hrough U, U" .

tioned case, and thus write

at pleasure a limit of each integral;

 * )'
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n an E llipsoid.

se integrals, that writing

c

ue of the integral may be

mula gives the integral for any

d by the method of quadratures.

 b: suppose that we have by

— m (m small) then to calculate it

to —  6 , we have

 7—

e value thus increases slowly with

 m or h =  —  b.

g k =  —  c —  v, we have

d, the symbol " log"  denotes throughout the hyperbolic
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n E llipsoid. 35

the calculation by quadratures.

ed the integral up to h —  — b +  n

alue — b +  n—  v nearer to —  b,

—  n +  v)

e value thus increases slowly with

 n, or k —  — J).

/) and ^  (k) respectively the

each case the same value

tial terms > Ju and s/v, the coeffi-

pectively, which are equal if

 *

s I I  (A ) +  ¥  { k) =  const.;

ough the point P, co-ordinates

ellipsoid;  then for one of them we have

and for the other of them we have

ko) : I  attend first to the former of these,

I  (A J - Y  (A ? o) );  and I  say that

t, by reason of the equation I I  (h) and

X . g
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s on an E llipsoid.

minish;  they both increase as h passes

to —  b: we may have h =  —  b +  w,

ndefinitely small, the functions I I  and

 —  " ¥  =  C ;  and we have thus a series

us U;  that is, we have the portion

pposite direction, or con-

d k as passing from ko to —  c, then if

c, before h attains the value —  o, say

 —  c;  the equation is I I  (/i,) —

,) =  C ;  and the geodesic line then arrives at a

ean principal section. The function

g it as always positive, the equation

, k passing from the value —  c towards —  b, that

e I I  (A ) diminishing, or h passing from

 say .for k =  k% , we have h —  —  a,

), or C  =  Y  (A ; J;  the geodesic line here

 of the maj or mean priucipal section.

, viz., I I  denoting a positive function' as

^ r (k) =  C ;  h passes from —  a towards

erefore " ^  (k) must also increase, or A : pass

h h =  —  b —  u, k =  —  b +  v,

nd therefore I I  and ^ r each indefi-

);  that is, we arrive at the umbilicus U" ,

 =  — , every tiling is similar, but the

ection U P will first cut the arc

point P,;  then the arc B  C  of the

d, finally, arrive as before at the

 o, viz., we have here

esic line here passes from U in the direction

s, h =  —  a, k =  —  c);  I I  and • * . then

ng them as positive, the equation

geodesic line at last arrives at the
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n E llipsoid. 37

erstood how in the like manner

e line U'  P U" ' .

) —  ^  (k) =  C , or as I  will now

odesic line U P U' ' , we require

+  v (u and v indefinitely small) to know

ct serves to determine the direc-

given point (ha, kj .

—  u, we find

b)(b-c)\

)(b- c)i +  V  (fl - b) (6  - r) " " ' -'  »

 is indefinitely small

 (a-b)(b-c)l +  V  (a-b)(b-c)° e v
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n an E llipsoid.

sion —  \  in a, 6 , c, and the

nted by

- -\ .

 b —  c u)

 u) * (a-b)(b-c)\

)(b —  c)f'

y the indefinitely small

and for the variable in the second

- V  (a^ fiH * ^ 7^ )] '

 1 to u =  +  1 are omitted from

+ ~ u) ~  *  (a ^ bj j b~ ^ -~ c) ° S t

al;  or if 1'  —  g, then

-Mj (6 -c+ « ) 7 — «  b+ hS (a +  n) (c
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n E llipsoid.

 e to tt =  +  e;  that is (in the lan-

al its principal value. A nd hence

 log 1}

(A 0) —  " ir (ko);  or if we write simply

the geodesic line UP, which

, k), to the umbilicus U, the co-

mbilicus are —  b —  u, —  b +  v,

tioned equation, in which M'  is

a, b, c) but independent of the par-

e point B , or say for the

 log —  , and we have in general

sform as follows:

then considering first the con-

rdinates —  b —  u, —  b +  v) and

mbilical*  section, we have for these
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n an E llipsoid.

and then

a-c)} -^ U-v)1+ (a-b)(b-c)

 . h

y* ^  .i(M +  " )6  . ,

*  • « * + > " + ? *  = tTT^ '  that 1S>  cos C | 8oP-* (-r+ ^

tive point —  b —  u, —  b +  « ,

ncipal section, p =  z. P U Q ,

-geodesic we have

.

 ^  (A ; ) now becomes

5 .

.

-geodesic at the umbilicus, a mere
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n E llipsoid. 41

muth at the umbilicus, of the

we may consider the geodesic line

p as its parameter.

.

n in regard to the case

 x ) (c +  * )

f —  x  (a —  b) (b —  c) +  V —  b (a +  x ) (c +  x )

-Q  , we have

 —  c) +  6  (a +  x ) [ c +  x )
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on an E llipsoid.

b - c) x * -ac

> x  +  ac)(b +  x )

b +  x ) bx  +  aci

W we have

 h) (c +  A )

 b) (b —  c) —  V ' —  b\ a +  A ) (c +  A )

n(A ))'

b)(b-c) +  v/-6 (g +  /,)(

-6 ) (A -c) ° S t/-A  (0-6 ) (ft-c) - t/-A (^ + A ) (.

,

v (a - A ) (A  - c) ° i-H

more simple integral
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n E llipsoid. 43

k)

b (a+ A ) (c +  A )

 (a-b)(b-c) ° g ^ — A (a-

A ) (c +  A )

A

a - A ) (6  - c) 6  1 -

e simple integral,

where u and v are indefinitely small, then

c +  A ) +  l* Tfi= b) (I , - ,• ) " ' *  , - V  . +  V

X .
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on an E llipsoid.

(attending to a c =  /02),

-log"

i -

for the general case the two

as its principal value: a result

 6 * .

or E llipsoid a:b:c =  4:2:1.

we may, on a given ellipsoid,

 take the semiax es to be as

0, b =  500, c —  250;  and, considering

 calculate by quadratures the

 +  h)
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n E llipsoid.

racy: I  have not attempted

oned by the intervals (10 units)

y be accidental errors.
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n an E llipsoid.

the Umbilicar Plane.

tion of the geodesic lines is

lly on the umbilicar plane: the

section, or ellipse —  +  —  =  1;

 are proj ected into elliptic arcs

e set cutting at right angles the

ght angles the ax es C  C ;  the equations of

'  =  °

e, a drawing of this kind for the

ngths v a andvc being taken to be

e process consists in taking from

S^  (say I I  =  V f =  rooo, =  2000 & c),

h values the elliptic arcs which

pectively, thus dividing the

r rectangles, and then obtaining

ls of these rectangles, and of

rm continuous curves. The

f the drawing as is comprised

(viz. it is a representation of an

ned from the use of elliptie

 kL sin'  < p of the radical of an elliptic

to the present question.
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n E llipsoid. 49

tioned case ac —  bl —  0, where the

any ex terior factor b +  h in the

ssible easily and elegantly by elliptic

transformation. R everting to the

z. when ac —  b1 =  o), give the

riting therein h =  —  a +  (a —  c) sin1 < p,

a —  (a —  c) sin*  p V a

)Sm* ^ -7il'  (" .* )/.

=

p passes from p =  o to sin1 < p =  — l-—

 log L± | ,

sses from - to sin1 -^  =  — — , and
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n an E llipsoid.

on

 7A (a +  A )(c+ T)

nto

p

the principal value of the integral

e have

that n, (—  -r^ J,in fact, represents

fore cos1 6  =  — — > , or tan1 6  =  * ' ,

,,
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n E llipsoid. 51

ing therein to 6  the foregoing value,

(8)| .

the function F „  viz., we have

rvn , =  ^ _ -—

 A )

X .
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n an E llipsoid.

c at the umbilicus).

quadratures as being a method

 o is not satisfied;  but in the present

table might have been calculated

ntegrals. Observe that a =  1000,

or angle of modulus =  6 o° . A s an instance

800, then sin1 < p =  —  =  — , log sin < p

 =  7416

0316 3 h. 1. 6 -7582

otes an ordinary logarithm, the hyperbolic logarithm
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n E llipsoid. 53

ed into my Table) tbis is

 786 4 given by my Table agrees

e.

e have

F , (6 o° ). Leg. V ol. iii. Table viii.'

ilicus the tangent plane is at

the B -geodesic should in the drawing

ense U C , touching the bounding
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Development of the Disturbing

eories. B y Prof. C ayley.

my paper, " The F irst Part of

urbing F unction in the Lunar

.S., vol. x x viii. (1859), pp. 187-215,

e, but it, in fact, relates only to the

 gave in effect, but not ex plicitly,

nt D (j ,f) in terms of the co-effi-

ex pansions of the several powers

 +  a! 1 —  2 ad cos 6 )~ 1~ i;  viz., at the

volving cos (JJJ + /U' ) as having

tion is D (/,/) cos (JU +  j ' W);

/,/) is

1«  S M* B * ;

e, inasmuch as this ex pression for

my formulae with Leverrier' s

Paris, t. I . (1855), PP- 275— 330 and

the purpose of supplying it.

 (J, /).

distance of the two planets, or

+  sin U sin U'  cos * )} " " *
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of the Disturbing

es of U, U' , the general term

er value from —  qo to +  oo (zero

aneously even or simultaneously

, j ) =  D (/, f);  and it

es of the co-efficient may be

ative, and as regards absolute

ch values of/,/ we have the above-

M?  R f,

ope.

a positive integer) denote respectively

\  in particular for x  =  o, the value of

tiple cosines in certain develop-

- I T)} -x -*  =  S R l cos i (U - U' ),

o oo and R ~ '  =  R x . Writing with

 J 2 A '  cos t H ,

)~  5 =  } SB '  cos t H ,

*  =  \  2 C '  cos t H ,

H )~ ?  =  \  2 D'  cos t H ,

' 3, are the same functions of r, r' , that A ' , B ' ,

+ / +  * ) n i (* -/+ » ) n J (* + /-* )5

# has every integer value from
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eories. 57

 ex tends by steps of two units from

perior value x  —  j .

 /) +  s;  we have then S ex tending

, or writing a =  - £  (J -/) +  0,

 4, . . . —  s, viz. for *  =  2 j s +  1 the

, and for s =  2p, they are 0, +  2,

s}  1 SM* 0+ /)+ . R 4i;  +  /) +  .'

L- 5.{ 4 0'  +  /) + _£ > __

 y + /+ « -M) n i («  +  0) n 4 0'  + /+  *  - » )

o binomial co-efficients, each belong-

, being those required in the

 f =  0, 2, 4, 6 , we have, first,

-> )

-1)

0D-J+ 1 4-oD-i-i +  D-J-J,

, B , C ,,D, are used to denote
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the Disturbing

n i («  +  e) +  i

 ^ B -j  +  >

-' ),

 9 D-j  + ' +  3 D-' -' ) ] •

 \  n i («  - 0) ii i (s +  0) +  2

«  J'

 ; < )-' • .•

 n i (« - 0) n i (» +  0) +  3

 I '

.j D-^ + i.

d on the supposition j  =  o, or

ase j  =  negative, and the entire

g 6  as regards j j  may be written,

 +  2) U' )

 +  4) U' )

+  6 ) U' ),

00 to +  00 .
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eories. 59

ssion becomes on putting therein

Leverrier having defined his

writes further

),

 1),

+  9 D'  +  '  +  D<  +  J),

D<  +  « ),

;  =  G\  H -'  =  H ' , L~ i +  1 =  L\  S~ i +  l =  S' ,

stion, putting in the coefficients

2o)V }  oos(tr-tX ),

221)' 7J6 }  C os [ t7' - (i - 2)X  - I T' ] ,

s[ ,7' -(? -4)X -4T' ] ,

)X - 6 /] ,

c, their values, the coefficients are

-j j S-H ' ,

i+ .) +  v4- K  (& -1+  4C +  C ;  +  = )

 9Di+ , +  D, +  J^ ;

X . k
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n of the Disturbing

 C O +  n6 . ^ (D' -!  +  3Di-I  +  Di+ ' );

 D> -);

j , B j -' , & c, the equal values A -' ,

ly the foregoing coefficients D(; , — /),

cal of the distance is obtained from

(-/ +  2) U' )

 +  4) U' )

+ 6 ) U' ),

of the circular, the elliptic values,

a' (i+  ^ ),

 e + /,

), =  n' - e' + /' ;

ongitude of perihelion in orbit, and

, I I ' , 0' ;  " elqr"  =  elliptic quotient

y;  or what is the same thing, if we
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eories. 6 1

 eltt (e, L - I I ), and the like for

 G +  y,

 L' - G'  +  y-

irst Part, pp. 205-207, viz.,

 .r' ), and restoring f instead of its value

se may be), we have a general term

.• > " ( . * " * ' " ' cos c/c"  - e + /) + /(* -* + /(!

ned by writing a, a'  in place

ta (e, L —  I I ) and elta (< ? ' , 1/ —  I I ).

'  into the cosine, is given as a series

cos] ' '  +  [ sin] ' ' ) cos [ t (L —  n) +  » '  (1/ —  I T) +  j  (n - e) —  /(I T*  - e' )] ,

ons of e, [ cos] * ' , [ sin] ' '  functions of e.

" '  into the cosine may be written

+  f (1/ —  &  +  7/)] , and the ex pansion then is

cos] ' '  +  [ sin] ' ) cos [ i(L-n) +  f(L' -W) + j (L-0) +  j ' (L' -e' )l

 are functions oft' , [ cos] ' , [ sin] ; ' , are the same

those given in the two " datum-

°  . . . x 7) sin j y, taken from Levkrhier,

the Developments of F unctions in the

.A .S. vol. x x ix . (186 1), pp. 191-306 .

ymbols referred to, we may, instead

sj y~ \ \  & c, the formula will then be

+  f (1/ - G'  +  y' )]  =

B inj yJ) ([ af'  cos/y] ' ' +  [ > ' " '  sin//] ' ' )

I ' ) + j (L - 0)* +  / (L' - e' )] .

g
g

p
g

_
p

g
g



of the Disturbing

ues, that is, attend to any particular

(L-e)+  f (1/ - e' )] ,

1*  )* /) . (C » "  cosiy] '  +  l> "  sin> y] ' ) flV ' cos/yT +  [ * " ' 8in/y] * ),

infinity, but to obtain the ex pression

nly the values up to a +  a!  =  p.

) -./' (I /- 0' )]  the terms inde-

0sin./> ] ° }  ,

yj  +  [ x ' siniy] 0} ,

^ cos> y] °  +  [ ^ sinj y] 0}  ,

the sine terms vanish, is
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eories.

(_/, —  J) =  £  A --* , the term in e1 is

script notation
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of the Disturbing

 (f V  A ' , & c,

J

r' } .

as (^  e)1 (2)* , =  e\  |  (2), /( =  i

i1 A '  +  A ,'  +  A ^ ), which agrees.

 ( } l ~  g6 Ji ( )2 +  M4 ( )a +  ' 44 ( } 4}  2 A — j '

-'  - 96 /A 2-'  +  H +  A ,-1 +  l44 A 4-' } -

rrier as (-« )'  (4)'  =  e4. -7 (4),

)A ' -? * A ,' - 2t* A % ' + 3A ,' +  3 A 4' } ,

mparison of any more terms.

rms of the A rguments,

uments are /' , K , a, zc-' , and r.

e of the planet m, its perihelion and

nd similarly L' , I I ' , 0' , are the
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eories.

perihelion and of the mutual node,

e foregoing values of /' , X , & c,

arguments are all of them linear

0' , L —  0, I I  —  0;  or, if we please, of L'  —  & ,

is of the distances of each planet from its own

t is, I  think, convenient to use

gly I  wrote in Leverrier' s argu-

t were an I ndex  to his result as

, having the same arguments.
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e Disturbing

rs 3, 5, -, having the same arguments.
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6 , having the same arguments.
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ng the same arguments.
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e Disturbing

several integer values t =  —  10

I I . { N umerical Tables for the

Development of the Disturbing F unc-

ontains also, indicated by the letters

of the terms which ex perience an

nt of the reciprocal of the dis-

m upon m, and m upon m

given, Leverrier, pp. 272 and 274.

ng arguments 1/ —  0' , & c, and in

ese are as follows:—
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f Observations, and on the Method

r, B .A ., F .R .A .S., F .C .P.S.,

ge. ,„

rts for June 1871 contains a his-

be, the obj ect of which is to point

ew B runswick, published the

been independently led to its

have been given of the method

some points of difficulty, and on

result is necessarily a matter of

vestigations of the law of facility

s not one that is not of some

n the properties of this law;  so

ver, by which the law. not pre-

ed, might be ex pected to be a

on of, the known processes.

o me much inferior, both in point of

sual investigations;  but, for the

hile to notice the reasoning by which

st proposed by Legendre and

ations given, some of which have

facility, while in others it was only

linear equations, known as that

X . m
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of E rrors of Observations,

s were carefully analysed and

the eighth volume of the C am-

h no special reference to the law

ritten on the subj ect by H erschel,

pose, therefore, after noticing Prof.

the manner in which the law e-* 1x 1

at have been made with respect

mine how far these assumptions are

be necessary to notice the manner

sson, E llis, Donkin, & c, have

at some length the d priori evidence

metic mean is the most probable

good discordant observations.

chiefly with reference to its

but in treating of Laplace' s

as much in the analysis as in the

mine the mathematical part of the

few remarks as to the most

known to be e-m« ' *  a form,

was, in fact, the one assumed

in' s proof as briefly as possible

n, and then to notice the points of

l be thought that the comments on

r length than the importance of the

ts suggested seem of sufficient

y of the proof under consideration.

, " Supposing A  B  to be the

easure by observation or ex peri-

hat is the ex pression of the probability

 A  B ? "  The investigation is then

, be successive distances of which the values

error being C  c;  now, supposing the

the whole error C c, we assume as a

ble distances A  B , B  C , are pro-

efore the errors belonging to A B ,
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or to the measured values K b, be.

f A  B , B  C , or of their measures A  b,

 and the errors of the measures A b,

obability have the equation - =  | ."

hat an error x  occurs in mea-

occurrence of errors x , y, in

) . < p (b,y). " I f now we were to determine

s x  + y =  E  and < p (a,x ) . < p (b, y)

rive at the equations - =  K ;  and

he simplest order possible of a, b,

n - =  f without the intervention of

ons;  or, which amounts to the same

f < p (a, x ), and < p (b, y), that will

se the simplest possible, as having

y."

imum subj ect to the condition x + y =  E ,

dy =  o, dx + dy =  o, whence

alent to - = ? ;  and this circum-

possible, by assuming ^  ' . =  —

ny fix ed number which the question may

,x ) =  e TZ . Dr. A drain notices

e probability that the errors x ,y,z...

0 + c +  •  •  +  ts" 1"  h>  + tt+  •  •  •  & c"  and

rk that " we have, on choosing the

e equation of the curve of probability,

The notation is changed.

g
g

p
g

_
p

g
g



of E rrors of Observations,

hich is the simplest form of the equation ex -

bility."  Prof. A bbe ex tracts the

en above from the A nalyst, an

that the general solution is followed

enunciations only are given.

y Dr. A drain, in the Transactions of

817, which Prof. A bbe states were

ssible to me, but, on referring to

s, vol. i., new series, 1817, p. 119,*

f the method of least squares, and, as

is to be inferred that he dis-

ations, in ignorance of Legendre' s

pplication is as follows:—  H aving

brating seconds in different

orem, to have the equation

y, r being the length of the pendulum, X  the

t being the case, Dr. A drain de-

y sin2 a, —  r,)*  +  (x + y sin*  \  —  r% )2 +  . . .

, the assumption at the beginning

es a and b, and know from other

ommitted, then the most probable

surements is when - =  ~ , x  and y

 y =  E . This seems very far from

ng true, generally: it seems

ectly proportional to the distance

asurement is effected, one would

distance. I f the distances were

se line, the error ought certainly to

measured, to allow for the neu-

and —  =  — , would seem a more

the E arth and of the Gravity in different Latitudes."

d of least squares is given by Puissant, Traite de
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 were angular distances in a horizontal

uld be no reason to anticipate a

ater distance, and we should

dependent of the distance measured.

tion assumed in the question:

d B  were observed, and then travelling

nd A , the whole error would then

00 and the sum of the observed

, as seems likely by one of the ex amples

drain had in his mind the

ssumed relation might be as likely

eodolite reading might be

ight in general be supposed to

ority of observations, however,

readings of an instrument. On the

must for the greatest probability

arbitrary, whether it is intended as a

evident a priori. The only sort of

uld be j ustified would be some-

moderately clear that in general the

ngth measured, so that we have

we see that - =  ? , -^ - =  -4r, & c, would give

or our j udgment would lead us

e to assign any one form to/" as

something of the manner in

, therefore, nothing at all about f,

m which will be most simple in

o, the succeeding analysis will be

er, to be remarked that, in the

braical formulae seem in rerum

ly doing rather more than merely

er of ex perience that, as ex -

d formulae occur more frequently

simple equations are more common
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f E rrors of Observations,

etical case, where no reason of any

or preferring one form to another,

he Theory of Probability (regarded

in taking the simplest algebraical

slight, as we are thrown on all

ect of probability, viz., from what

ed, so as to apply to the class

d only be admitted in the total

cate a likely form for the ex pres-

itrary is the assumption of - =  ? ,

h is of more importance in inquiries

 the ex act natiire of the assump-

t probable errors are proportional

tice. A s positive and negative

d) equally likely, we might take

— y =  E ;  this would, however, require

when x  +  y =  E ;  and as the proba-

de increases, the former case is

r further on, that the truth of the

or Dr. A draln' s subsequent meaning,

g upon a statement in the proof,

ained.

on we have to determine the form

(a, x ) . < p (b,y), subj ect to the condition

when - =  | : the condition for the

uivalent to

d from this is the manner in which

e a function of-;  therefore,
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} ' ,

t is important to observe that what

hich x  and a enter into the

ion < p (x );  and, by taking % // (x ),

s required to find is assumed.

 is dependent simply on the propor-

would have been the same if the

ad of - =  % . I t is needless to comment

e form e 1< •  to v£  (-J j  ;  it cannot

usly mentioned), as the simplest

to < p?  I f anything, the simplest

 1%  (-)}  >  and we have no

would apply with equal force if

een measured subj ect to

ous to note that the author of the investi-

t the probability of the occurrence

 he continually speaks of the

to e° ' + ^ " . The same mistake has

This may ex plain why the relation

by integration between +  oo, so as

ty.

Dr. A drain' s reasoning would

the convenience of treating

 and subsequently endeavoured to

eory of Probabilities. Whatever

g, we must in Prof. A bbe' s words,

nt invention and application of the

as been invoked to aid the progress

f the law of facility and the

iven. The method, as is well
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f E rrors of Observations,

endre, in his N ouvelles Mithodes

ometes (Paris, 1806 ), as a conve-

t reference to the Theory of

marks, " La m^ thode qui me paroit la

rendre minimum la somme des

pelle m^ thode des moindres quarres .. ."

e application of the method is ex plained,

principes qu' on peut proposer pour cet

as de plus general, de plus ex act, ni d' une

avons fait usage dans les re-

endre minimum la somme des

d that Legendre recommends the

oo much from the results obtained by

method of least squares was

 as early as 1795, and the method is

or the first. time found in the

amburg, 1809): this is the first

ped from the principles of Pro-

have been given, it will be con-

ng E ncke' s, De Morgan' s, and

A rithmetic Mean.

s and E llis' s simplifications, and

ts connex ion with Laplace' s.

lis' s and B oole' s criticisms

s have been given by I vory in

.f (1825 and 1826 ) of the Philosophical

ve received quite as much atten-

.

l. Trans., vol. viii. p. 217.

g
g

p
g

_
p

g
g



s, who has pointed out very clearly

deavoured to establish the principle

ity, and, as a consequence, his

od depends on an analogy with

d the other two apparently in-

m to have been sufficiently dis-

n will be made of them in this Paper,

lly. Demonstrations have also

c, to which reference is made on

assumption, that if apparently

. . x n are made of a certain quantity, then

s the arithmetic mean' of the

ose a is the true value of the quantity,

errors, and if < p { x ) be the law of facility

roportional to < p (x l —  a)

 whence it follows that, after the observations

as the true value is proportional

efore, in order to find the most probable

Differentiating with regard to a,

? (* „ - a)

a =  - (x , +  x %  +  . . . x n), whatever

r brevity, -^  (x ) for ^ -j —  , % // is to

—  x % —  . . . =  x n —  x ,—  nu, there-

=  o

y be,

nd < p (x " ) =  A  e •  we must have m

X . n
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f E rrors of Observations,

ay give a max imum;  and since

p(x )dx =  i, and therefore, since

an is only the most probable

2), so that if it could be generally

d this property, we should have

of facility.

iom that the arithmetic mean

of direct observations (presumed

s quite clear;  and if it were not

h shows that this supposition

of facility proves that it cannot be

to conceive observations subj ect

is reasoning is effective as showing

very*  series of observations the

ult, and that certainly this is not

of all the methods that could be

one will not in the long run

te this point more fully: suppose

e made, it certainly will not follow

the best method of combining

sets of observations of different

ould on the whole be nearer to

ypothesis that no assumption whatever is made

se who have asserted that the arithmetic mean is

a basis for the treatment of observations, have done

g whatever of an error ex cept that it is as likely to

knowledge assumed in the tex t I t will appear

anner in which an error no doubt does arise leads

ustify the above assumption that the arithmetic mean is

ctly that this cannot be evident per se independently
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obtained by a uniform system

ions themselves.

makes no attempt to prove the

ords are, "  Q usb quoniam a priori

ientes inquiremus, cuinam func-

ie innix um sit principium trivium,

r. A x iomatis scilicet loco haberi

res observationes immediatas,

e cura institutes, determinata fuerit,

s observatos ex hibere valorem

gore, tamen prox ime saltern, ita ut

 Gauss' s view of the subj ect seems

he best method of combining

ing of the relative precision of the

the equations are of the form

the arithmetic mean and write

ult, and we shall be contented if

g x , y, z . . . from equations of

from equations of the form x  —  V .

of facility (2) which makes the

of a series of direct observations,

probable values of x , y, z. . . .

lows from (2), taken in connex ion

shed, that for the most probable

,)« - * (« ,*  +  » ,j r +  ...-V ,)' -...

 +  b2y +  . . . - V if +  ...

egendre' s.

(p. 212 of the Original E dition).
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y of E rrors of Observations,

rbuch*  for 1834, E ncke has at-

n of a series of direct observations

observed: the method, briefly

rmine x  from two observations,

ble value x  —  \  (a +  b), as there is

have a value nearer to the result

er, positive and negative errors

ee observations a, b, c are made,

function of a, b, c. t The first two,—

red alone would have given, accord-

results to be chosen

. N ow we shall no longer be

antities in any single arrangement,

the other on one. B ut there must

nex ion of both, which would also

 three observations, and this

must be the same for all three. There-

$  (s —  c), c\  =  -^  (s, c), & c, but -v| / (s, c),

unless x  =  -^  (s) simply;  then, putting

 =  ^  (a +  b +  c). The method is ex tended

observations.

vious. Why should the most

n Q uadrate."

welve lines contain the critical portion of the proof they
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of the most probable result from

ought of tbe assumption that the

e points A , B , C , depended only

m A  and B , and on the position

nt as the assertion made in the proof.

by C hauvenet in his A ppendix  on the

ence;  he concludes with the

re demonstrated, that the arith-

d observations is the most probable

ch has been universally adopted

t well be received as ax iomatic

ble as ex hibiting somewhat more

underlies the principle, which is

positive and negative errors of

obable."

f the arithmetic mean may

ematical demonstration, or by

g simple observations has been

 but it is almost needless to

wn that the principle gives very good

at it gives the best possible, for

thod has been alone tried ;  while

t probable it would be necessary

dly, and even then the decision

auss' s view, viz., that the

de of combining simple obser-

ified its adoption by the accuracy of

atisfied with an equally good

quite reasonable and consistent,

esult deduced from the Theory

the most probable value of the

e arithmetic mean gives a

cal A stronomy, vol. ii. p. 475.
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f E rrors of Observations,

rue value when the number of

a be the true value, x  the

manent cause tending to make the

of the negative errors, 2 t =  o.*

llis proceeds, would show that

at we should have 2/(a:-a) =  o.

sults;  both are true at the

no satisfactory reason can be

ence, the rule of the arithmetic

r rules which are included in the

he error was very small, the two

e) =  A  t +  B  t%  +  . . . of which the

 the case of A  =  o we should have

 o, & c, or we might even have fractional

.

zero when n is infinite, but it is clearly true that

o that - S £  is zero. This is all that is required

the general case 2 t can be neglected, when n is in-

n 2/(x  —  a).

. p. 207) to show that it does not follow that,

probable value when n is infinite, therefore it is so

e tex t, as the conclusion seems sufficiently evident

rder to correct a misprint. The sentence " where ft

m observations of ak "  should be " where kr is that

vations of a,"
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of the errors ex cept the first,

s the equations would not admit

given an ex cellent illustration

plicity may amount to, in his

 mean has been adopted from a

t suppose a calculator to insist on

ead of the inverse square on the

s would then become as simple and

omplicated and at best only approx -

monstrations of the Method of

the reasoning of the secondt one,

llis may have passed it over inten-

arded it as a demonstration. I t

owing, and would be scarcely

uding sentence ex presses I vory' s

. I f a number of observations

ach zero, but the mean of the

early to a determinate value as

this limit may be taken as a mea-

f, then, several sets of obser-

preference, the mean of the squares

n solving a system of equations

errors will acquire different mag-

 of observations of unequal degrees

herefore to be preferred

rrors is the least,"  whence the

might as well assume the whole

n of the sum of the squares is the

wledge that everything which has

ht have been said of any even

h he j ustifies his choice of the

e stated thus. F or (x , —  a)3"

iv. p. 140.

v. (1824), pp. 6  and 7.

g
g

p
g

_
p

g
g



f E rrors of Observations.

um, we must have

series of observations made in

errors is equal to zero, and not

any other of their odd powers."

s certainly not true.

hat has been made to the

d in a Paper by De Morgan On

t is there pointed out that the

the mean supposition of all

btaining value. The investi-

sult may be stated thus. I f

probable result of the discordant observations,

--- +  x "  +  Q St< 1+ R St,t,+  SS£ l>

R , S . . . dependent on < p;  " hence

mented by terms of which we have no know-

 and no means of getting any:

r supposing that the value of

rage rather than the other, and must

lue a priori."

at its true value the above result;

is the mean value of different forms of

able value. F or instance, to recur

 a) =  21, and if we know nothing

reason why 2 (x  —  a) should

ns, vol. x . pp. 416 , & c.
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er, therefore we must take

ng would lead us take 2 (x  —  a)"  —  o & c

ing more about 2 e, viz., that it is

shown that the most probable value of this

e values of the errors being equally

Morgan (denoting all the terms

t A  =  o is the most probable value of

ll to take the ex treme case and

know nothing about A  and have no

e we have not the slightest reason

her than less tban p, it does not at

ble value of x , any more than it

somewhere on the line between

oint of a. (3 is a more probable posi-

cy does not, I  think, enter into

ght it certainly seems to do so.

hmetic mean, a remark of E ncke' s,*

uld be noticed. I f we regard the

and circumscribed polygons of n

the perimeter of the circle, the

value, as it is a better approx i-

ribed figure the third part of the

ubj ect to the condition 6 !  +  t2 . . . +  tn >  / and

nstant) is a max imum when / =  o;  if the errors are sub-

hat < p (t) decreases with increase of t, the probability of the

neral grounds: it follows analytically from the con-

by if- (Z ), then $  (I ) =  ^  (—  /), so that -^  (o) must

d as it cannot be the latter, it must be the former;

. . {  / < 1,n(t)cosi:8dt:\  cob I  Odd

od more rapidly as / increases, the positive and negative

more nearly as / increases, and -^  (' ) is a max imum

ag., March, 1872.

834, p. 26 3.

X . o
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f E rrors of Observations,

s obvious, viz., that the lengths

vations ; *  other reasons could also

arithmetic mean is, as is evident

bable value;  this also follows

being the law of facility,

 q .

 is an odd one, therefore .? - is an odd func-

mean regarded as a postulate

will not be considered again in

le to the method of least squares

se of that general rule.

the method by which Gauss

of the law of facility e~ h,x \  it is

observations by the method of

e determination of the mean

hilosophical basis the subj ect has

d the usual theorems for the

umerous) without assuming any

servations.

ifficult, partly by want of full-

eculiar character of the notation

ch, though great ex amples of analy-

e way in which it is natural to

to feel any great confidence at first

fficulty has produced com-

m the discussion of the nature of an error on pp.
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Laplace' s work far easier to

Treatise on Probability"  in the

ed and adapted from Laplace,

ich Laplace' s principles lead

re are more than two unknowns,

monstration to Laplace' s occupy a

ready referred to, and a commentary

er' s H istory of the Theory of

5).

quares in the case where

e determined, and remarks that

ver be the number. The neces-

e by E llis, who, however, showed

s those found by making the sum

, only by an d posteriori verifica-

oved by the aid of determinants,

ce' s principles for the treatment

ally, but making this alteration,

he analysis on which the law of

ends.

 —  V , =  £ , j

 t2 [

 =  t„

. ., (n being >  p). ai,b> . . . aM

y for each observation, and cal-

ns are made;  V , V , . . . are

on;  and e, e,. . . are the errors

nd are of course unknown.

, fb% . . . fLn and add, thus

 /i„  a„ ) x  4 (Mi * ,... +  /« „ * „ ) y +  •  •  •

1...+  fl, O;
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of E rrors of Observations,

we then have

observations V ,, V 1 . . . were

alculate the chance that pi e, +  f^  E 2 •  •  •  +  [ t> n in

s, of course, cannot in general

given;  but it is foundj  that if the

the probability in question will take

s < f> ,, $ 1 . . . may be, and when n

es between —  I  and / is equal to

n quantities ^ , ^ 2 . . . pn: let

we may still subj ect them be used

all have the greatest probability

e between / and —  /.

; 1] , must be a minimum, viz., k1 p

a minimum, this and the equations (5) give

1 fin dfin =  o'

 o

, +  /Uj  V a . . . +  j u„  V „ , a notation introduced by Gauss, and

rs. [ _a b~ \  is clearer than 2 (a b).

x , and the chance of an error between t and

) will be called indifferently the law of facility of the obser-

t is only the form of ip with which we are concerned,

l be called the law of facility indifferently with < p (x );  the

e condition A  / < j i (x ) dx  =  1

ft (x ) da; .
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 i, and the second, third, & c, by

refore

and adding

ving for X  ,

a,, a% , & c

 -t- ...
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of E rrors of Observations,

-

 from the system of equations

es,

ng a minimum the sum of the

ights r-j , t-j  & c, viz.

-g (a, x  +  biV  +  . .. - V f)«  +  . . .

ead to the same result, whence the

—  $ % =  & c (as Laplace supposes

however, as previously

he process when there were but

on to any number is due to E llis. I

he determination of the proba-

ween ±  I . This Laplace effects by

the ex pansion of

 " wOs*

n„ )e I

pp. 333, & c A ll the references will be made to

uvres de Laplace), 1847.
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ell-known theorem for approx i-

quantities raised to high powers.

c determination of this coefficient

by means of the double integral

gates several different causes, viz.,

nt, so that errors of all amounts

aw of facility at each observation

s being equally likely;  and lastly, when

bservations, but positive and

or have the same ranges. Poisson,

s, 1827 (p. 284 et seq.), has proved

these;  the investigation is repro-

 of his H istory of Probability. The

respect, viz., that the errors are

uantity u which is ultimately

omplicate the matter, as it

aluation of a multiple integral,

ophical Magazine, for March,

 analysis by replacing F ourier' s double

e of for the evaluation of definite

now propose to prove Poisson' s

rinciple.

d« „  . (8)

subj ect to the condition that

n hes between c —  ri and c +  q. The facility functions

inuous to any ex tent ;  (to take a case that

cal fact, p{  (e; ) may be equal to

and to F {  (e; ) from e; =  0 to t( —  —  bi, aud vanish

b{ . This corresponds to the case when

ly probable and nave not equal

or each observation.)

e of is
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f E rrors of Observations,

 and =  o if y transcends these

d by assuming 6  —  r\  ^ , by

 —  c) 0 d 0,

mits +  go , as this factor will leave

 c transcends the limits ± ? i, when it

ut„ -c)d -^ -dddt,. . d(„

—  dt)dt,...dt„  (9)

=  p„  cos r„  / 0 (tm) ^ t nd s„  =  p„

)— j j —  rf»
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e of his investigation. The proof,

tly as he has given it;  that is to

n the above integral may be ex pressed

. . rn by I d, x  standing for [ j ^ A 1]  and /

ertain constants, depending on the laws of

e— ,fi d

tive and negative errors are

he quantity previously denoted by /,

rees with (6 ).

quares, when (11) instead of

The result is somewhat different,

A )1]  instead of [ ^ ]  must be a mini-

quations, by rendering a minimum

notation has been followed, with only trivial ex cep-

re convenient to write pM & c, for p(, & c, as i was

1. Todhunter uses y, for /z,. F rom (10) we see at

riV  ~ °  ' —  E rfc'  ~ c~ r,' f (Phil. Mag. Dec.

entical with (11).

least squares not included in the scope of this

upplement. Laplace' s method, as there described,

. x i. of the C ambridge Transactions.

X . p ../.•
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f E rrors of Observations,

ot only assumes equal weights for

d negative errors are equally-

odhunter that Laplace' s

quares to give the most probable

This Laplace himself draws

hod as the most advantageous.

er of the Theorie A nalytique des

. . . donne . . . les corrections les plus pre-

oyer que des equations finales qui

orsqu' on considere a la fois un

ment l' & imination des inconnues et leur

ce' s investigation tacitly as-

e-h1^ , and that, " whatever merit it may

nor less general than the other

on the subj ect of this paper, and has

ary to ex amine it here, although

t feel perfectly certain that no

r) is either openly or tacitly made.

ere in Laplace' s work the alleged

mine the analysis of the latter at all,

estigation the obj ect of which is to

ults that the arithmetic mean is the

e this is only true when the law of

lace must have implicitly assumed this

he observed values of a quantity x , and

and add, ft1fb% . . . being chosen so

vol. lx v. (1825), p. 16 5.
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chance that [ j ^ e] , n being very

egard a quantity as accurately

and a fix ed infinitesimal quantity

em of factors pi \ tt% . . . the cor-

ders the probability of the

than the probability of a result

f factors is that given by making

n together with [ f* ]  =  1, leads to

al mean is the most probable value

by Laplace himself, the

e result if the law of facility for

follows that Laplace must have im-

that, because Laplace' s

inear combination of the equa-

ult of all. I t is necessary that

rithmetic mean is the most probable

arithmetic mean to be the most

s of different systems of factors.

place' s analysis requires n to be

e is made in the above reasoning.

s remark " that it [ Laplace' s inves-
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of E rrors of Observations,

eat number of errors, in order to

 That is to say, that

dt,-' dtn

ies between x  and x  +  dx  is always

er n may be, although, owing to the imper-

e of proof when n is great:

n were equal to 2 or 3.

ct sense in which Laplace' s factors,

uares, give the most probable or

ave the chance of obtaining the correct

. . . given by (13). I f, therefore, we

ble by the use of which the

 obtained, then Laplace' s is the

ong linear combinations the arith-

that, even among linear combi-

mably equal good observations

le result;  for since a —  V ,, a —  V % , ... are

servation for which this difference

as larger, so that the result

servations were equally good. I n

for a second we ought to weight the

of a —  V u a —  V % , . . .;  and so on.

ults is apparent on considera-

me law of facility for each obser-

is known to be < p (x ), and that

ation), then, whatever form < p (x )

mean is the most probable value.

hink, that I vory failed to understand properly

ppears from it not only that A e dx  is the

is very great, but also that this is not generally
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s known to be p, (x ) for the first

d so on, then it follows from E llis' s

factors are p, -j * , . . . where

: n observations are made,

ere is no information given as to

h as the observations themselves afford. Thus

t supposed in the analytical

y to determine the most pro-

probable values of h, h% . . . or,

st probable weights. I f there

on to another, we assume, by way

ll the observations follow the same

different thing from knowing

on to make an approx imate estimate

De Morgan has described such

nearly as they can be found, ascer-

ch find the weights of the equations.

t the process is finished;  if not, re-

d so on, until a result is obtained

hts of the equations are sufficiently

 Theory of Probability,"  p. 456 .)

tion were given, the method

ost probable results, but, practi-

he weights also, the result is only

ses, viz. (1) when the law of

observation, and (2) when such is

we have no d priori reason to

it must have been clearly appre-

hod of situation,'  described in his

ble to find stated ex plicitly anywhere.

n his illustration to show "  that the
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of E rrors of Observations,

most advantageous system of

probable of all possible results; "

m of factors ^ i/j b1 . . . are indepen-

wholly irrespective of the value of

ely one of methods ;  while when

esults*  I f by the values Laplace assigns

es which Laplace absolutely did assign to

gh hardly worth stating, as others more

ms more probable,t E llis meant

tending Laplace' s principle to the

nt, the matter seems not quite

p{  (x ), for all knowledge of which we

hod does give the best results if we

but unfortunately kl k%  . . . in any

t best only admit of probable

Given ki k% . . . find p( p2.. ., but,

d k,k%  . . . The usual practice is to take

ssigns an arbitrary weight to an obser-

the result is not the best obtainable. J

has assumed, ex cept by way of

gle error is e-' ' " 1' ;  he proves

 p%  x %  +  . . . f* „  x n (n very great) must be

 laws of x .a^ . . . , if positive and negative

e does he assume that if one obser-

h' ^ .

once that the law of facility of

) mean of any large number of

 so that, if we were to regard any given

ean (or the result of the linear

ations, we should be j ustified in

in the same law e~ h' z'  if we

reater length by E llis.

efects he had remedied himself.

antity only is supposed to be determined from the

ral application.
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linear combination of a large

dent sources. This latter point

ost natural and true. I n any

that no large errors can occur,

by a great many circumstances

causes;  the state of the observer' s

eral, the state of the atmosphere,

c, evidently depend on a great

 to the actual error. The above

ne, but also to include all that

g to certainty of the nature of an

ollows, whether the errors from

provided that the actual error

, being an elementary error supposed subj ect

errors il e% .. . are very small, we are not

ppears to be a true conception

 of facility, and the great accuracy

ons made apparently under

strongly confirms the hypothesis.*

wing to the indeterminateness of h,

imately to any other law, but the

seems to negative such a conclusion,

ce it beyond doubt that this

he law of facility;  and then, of

ows. The difficulty of the deter-

ble for the observer to say

ations are the same or no. A s a

assumed to be so, if there appears

generally j ustifies the supposition

the numbers in so many statistical tables follow this

eing due to the combined action of a very great number
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y of E rrors of Observations,

imation, we should deduce values of the

oes not even follow that h need be the

e time, as the physical state of the

s before remarked, Laplace does

s light, although one would have

d it to him;  it has sometimes been

ving the rule of least squares

 one very important property of

reproduction of itself, follows as a conse-

he law of facility of X  be e-* ' x 2,

 +  Y  will be e~  * »  +  * 3 which is of the

aplace' s Theorem, for if the

combination of m observations,*

he error, pl i, +  p%  e%  . . . +  pn tn

\  and the error of Y , viz., /* ,' « ,' ... +  f* „ ' en'

hen the error of X  +  Y , viz., f* l « x ... +  (» /« /...,

.\  A nd, since from (6 ),

 +  j um1 / x 1< p„ (x )dx

f f x 1^  (x )dx

.. +  fi?  f * 1* , (« )* «  +  ...

9*  for a single observation

r combination of observations, has

f an error which has j ust been described, and

o the discussion of a case, when "  the method of

which reasoning of the same kind as the above is made use
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s truth, and the above reasoning

es, a complete ex planation of this

m, that, if one law is to be

the necessity of combining results

he law.

g equations, described on pp. 93-96 ,

different light;  we have for the

=  u, say. R egarding this as a loss, the

pposite to advantage) is

quantity is equal to twice what

ended (I ' erreur moyenne d

a minimum when [ f* * A 2]  is so, and leads

r, remarked that it involved the

error [ ^  e]  gave rise, was pro-

aking, the detriment does not admit of

j ust as well suppose it repre-

ment is represented by a function of

er, one supposition is not more arbitrary

[ j u. if, then the mean value

s second demonstration, which was published in the

rroribus minimis obnox ia (1823), I  have followed

slightly from Gauss' s own.

X . q
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of E rrors of Observations,

nce the positive and negative

the result is the same as Laplace' s.

thing can be simpler or more

is free from all analytical difficulty,

of observations, whereas that of

rge.' '  With this remark, I

difference in principle be-

 ii . .. +  fiH en)2 must be a min-

t once in the shape of making

 V 2)" +  .. a minimum. To take the square of

as arbitrary as to take the sum of

the precision of the observations.

uth, but nothing further can be

reating the subj ect appears far

o clear analytically, for, making use

rst method, the same result, viz.

um, will follow, if we assume the detriment

even as A  1p +  B  1q +  C er +  . . .., the

, while m, p,q,r... may be integral or

t condition of course we should

nish for an increasing error. To

" '  d «
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um when [ f* 2 A ; 2]  is so. Similarly,

adopted by Laplace and

ntegrals, which it is of some im-

d all doubt the identity of the

„  (l5)

s„ > «  and <  u +  d u be denoted by

 •  •  J" „  * „ )M 0i (O •  •  .t> n(tn)dtl. . .dln (l6 )

e, integral or fractional, and < \ > L < p%

16 ) can always be performed

2 [ /* 1 & * ] , if m =  4, it =  2 [ p4 x * ]

1> ] ] >  & c To prove the above proportion, write, for brevity,

hen, since

en ±  u, when it =  1

 cos u 6  d 0 =  o, unless /?  lies be-

and —  (m +  du), when it is equal

 sin p 0 sin u 6  d 6  =  0, unless ; >

, or p lies between —  u and —  (u +  d //),

cos (p —  u) dd6 *  =  o, unless

u I  cos p d cos uddO is that the latter =  1 both

u, and —  u and —  (w +  < /« ), while we are in search

termediate to «  and u +  du.
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f E rrors of Observations,

i. This same result may also be

now that

(p —  u) d

s found by ex panding the first of

d u and retaining the first term.

n) cos (p —  « ) 6 d« ,... d£ „ d£ >

os(p-u)ddddu (17)

e of (16 ), and the proportion is

nature of the proof that the theorem

) were written for um andj > m.

f a kind that ex perience has

mined similar investigations would feel
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of course open to obj ection;  as

st be indeterminate, and the integral

ve) and having infinite limits

mon in investigations relating to

als, & c;  some of the present defects

out a factor e - k'  so that we have

u +  du, when it =  1, k being

mit of the integral is of a higher

s

ourier' s Theorem.f The matter is

hich, however, this is not the proper

dly true. E llis, on pp. 212, 216 ,

icular case of the above theorem,

es some slight ambiguities which

s great Gauss' s results agree

4;  then Gauss' s method gives

 24 [ [ > .« /* «  A ?  * ,« ] ]  (19)

before

12 { [ > « * « ] } «  (20)

71, pp. 239, 242. The ex ponential factor renders

sible, i.e., j ustifies the neglect of (d « )1 & c.

124.
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f E rrors of Observations,

e n in number, while those in the second

cting therefore the former term com-

comes =  24 [ [ f* i* f* / k*  A :/] ]  which

rms in 12 [ p> 4A :4]  are neglected for

ncidence of the results for any

anner.

 that given by Sir John

or July, 1850, in a notice of Q ue-

bilites. I t depends on the indepen-

deviation of a stone let fall on a plane.

what popular form, but was translated

per in the Philosophical Magazine,

own that it is unnecessary to repro-

out in detail the unwarrantable

obable x  and y deflections, as this

remarked that unless it can be

ame comparative frequency when

r, we are not entitled to say that the

tions, x  and y, is the product of

that the ax es of x  and y are any

ersecting at the point vertically

opped. H erschel in the R eview

r on a wall, and the wafer was

ity of the shot-marks would be

llis, near the conclusion of his

umption of independent x  and y

e substance of his reasoning is,

dx  dy is the chance of hitting the area dx  dy, there-

ill lie between r and r +  dr (i.e.,

the Method of Least Squares, contained in a late num-

etter addressed to Professor J. D. F orbes."  The proof is

actions, vol. x x i. p. 6 z8, F inite Differences (C ambridge,

ul des E rreurs, p. 43, by Thomson and Tait, N atural

n of as "  simple and apparently satisfactory."  F rom the

tracted by Schlomilcii, who regards it as " einfache

iir Mathemntik und Physik, vol. x vii. p. 89 (Jan. 1872).
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 dr' ) is zh" e -' ' trdr and then

is not the most probable position

e chance of hitting dx  dy is

nitesimal area a distant r

e of hitting this area is —  e~  a;

ent, radii r and r +  dr is

hots have been fired and the wafer

arks, to find the most probable

uppose there are three shot-marks

make the problem as follows: suppose

rit O B  =  r% , 0 C  =  rJ, then the a

tances r and r +  d r from 0

bility of the observed event is

of 0 a posteriori is that which

certainly is: Trace round A , B , C ,

s when a is indefinitely diminished

iori chance of the observed event

e point, A , B , C  having been hit,

.' ) which is a max imum when r"  +  r"  +  ? y

of gravity of the points A , B , C .

riori question, 1. Given the

the target will be struck in

, 2. Given that the shots have struck

tion of the wafer. B ut in E llis' s mode

he position of the wafer, find

t any point on the circumferences
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y of E rrors of Observations,

 but there is no corresponding inverse

t probable position of O is un-

' r,r gives the facility of errors,

radii k, 2 k . . . (k infinitesimal)

ing the rth ring so formed is pro-

as should clearly be the case the innermost ring

ng to its small size;  the ring

beyond which the smallness of

m O more than counterbalances

points being of course infi-

most likely to be hit;  but among

th) it is the least likely. A nother

n investigation, the deduction

tten, that I  found that in the nex t number of the

, E llis had himself stated that his solution was

f the shot-marks was the most probable position of

proof, and as the matter is of interest for its own

the tex t. E llis adds to his correction the remark, "  I

viewer' s conclusion would not follow from his own

o introduce an error of my own."  This does not

ent that the centre of gravity was the most probable

proof (ex cepting alone the assumption of independent

rect. On p. 21, however, a confusion between the laws

r of the shot-marks in the rings (107, 213, & c) are

ident from an inspection of E ncke' s table of

e shot striking the annulus, radii r and

s is the only error connected with this part of the subj ect

. I t should be stated, however, that he clearly was

es;  he speaks, for ex ample, in two places (pp. 18, 30),

 analysis' " stripped of all superfluous difficulties and

ry form."  I t is true that the problem given by Q ue-

d in Laplace (pp. 301-304), but no use of it is

e Theory of E rrors. I t is the same as that subse-

pp. 116 -118 of this Paper.
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determining the form of f results

tion, so that the statement that

struck is/(x 8)/(3/* ) dx dy, involves

ncipii."  E llis' s analysis does not

quite evident from general con-

 rests on a tacit predetermination

any hypothesis involves the

bove case, however, the assump-

ed, that one would ex pect the one

r. R eversing then the question,

of facility, and in this case the

, and this alone would suggest the

ry nature of which is apparent on

e that the independence of the x

ngular) ax es, is a most remarkable

.

x i. pp. 6 28, & c), B oole has

de some remarks on E llis' s Letter.

have/*  (x 2) =  A e-* 2x 3, and since the

 lies between 4 ° °  , / A e~ * ,x ' =  1,

at the probability of its falling on dx dy is

eeds, " This result admits of a re-

t that the probability that the

nces x  and x  +  < 5 x  from the ax is

ression integrated with respect to y

ut that probability has been determined

ought therefore to have

X . r
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ty of E rrors of Observations,

dy =  J-e-» * ix

is of x  to be fix * ), the

dx  —  i, it can then scarcely be

d a b =  b, deduced from it, is called a

hat H erschel' s principle involved a

that consistency of results can

e it offers no adequate ground for

course, is true, and, as before

perfluous;  but the proof involves no

horised assumption, viz., assumes

of as is the ultimate result itself.

obj ects to H erschel' s

h " is nothing more than the ex pression of

rror and their mode of action,"  I

rror, we can prove nothing;  but,

an error, viz. that it is the accu-

knowledge is sufficient to

h is actually verified by observation. I t is

ortant a theorem should follow

rding the matter in a purely ana-

gral on page 97, should have a

p2, & c is certainly a striking

of F requency of E rror,"  is printed

actions. The principle on which the

rror arising from any source may

ost probable result of the number

number of drawings from a bag

n ratio. Suppose a bag to
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bers are as p to y, where p +  q =  1,

de (the balls being replaced), the most

te and £ 3 black balls drawn

3 =  q n. N ow regard a —  p n, the

s measuring the error, so that

 then it can be shown that x  being very

rtional to e 1p« n, or e-* x ' . I f,

n the result of a cause producing an

of an error from one cause is

/" * 3, & c so that the actual error follows the

s process, and the result

similarity between an error due to

st probable value of the result of

white balls. This analogy, how-

e no j ustification for assimilating two

Mr. C rofton' s remarks,*  I  infer

logy;  he points out also that " the

number of elementary errors,

quite certain that many simple

method is altogether deficient in

ortant: it seems quite clear that we

source follows one law.

nor is its application to the theory

tion of Laplace' s third chapter,f

opedia Metropolitana;  but,

s the method of least squares is

it as suggestive or confirmatory of

ms to show plainly that in their opinion it

in effect the same reasoning is

in Professor Tait' s memoir, in the

c), in Liagre' s C alcul des Probabilites

runo' s C alcul des E rreurs (p. 42).

s of Observation."  Phil. Trans. 1870.. p. 177.

301, & c.
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y of E rrors of Observations,

r Tait' s paper, there are some

pression of the nature of Laplace' s

d in this paper of the researches

to one sentence, viz. that in

umes at starting, that these

of one magnitude as auother,"  & c,

nt of fact, Laplace made no such

ribution"  to be subj ect to the law of

e all his deductions rest;  the parti-

only proved before the general theorem, I

mple case, the nature of the

eneral theorem, Professor Tait

origin of the form e-* ' x '  in the

imating to the values of integrals

ponents by the assumptiony —  Y  e~ *

+  i) —  y/2 irx  of e~ x  (1 4 h ... )

d to is that given by Donkin,

nal of Mathematics. Donkin

nknown quantity x  give x  =  a and

ing more confidence in one than the

 is ^  (a +  b), but that we cannot,

ex tend this to the case of three

he first observation < p (x  —  a) dx

 is between x  and x  +  dx , then

 is the probability arising from both observations

e other hand, since the most

mbined observations must be

ous assumption (though I  do not

the probability that x  is between

ble in thej orm
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- C LLl\  »  ..

lx  +  bx ' '  then follows by the solution of this

f has pointed out the assumption

stified rigorously or even rendered

conviction of the validity of the

s from which to derive the law ot

nd H ekschel' s seem out of the

ng properties of the law, and

atural. I t may be mentioned

ucing a law of facility) the usual

ons, by means of the analogy

pressed by the equilibrium of belief

nth volume of Liouville' s

Q uarterly Journal, vol. i. p. 16 0)

his own assumption, he says

can pretend to establish is not

ex pressed by a function of this

d preteusion), but that the taw

s to be obtained by proceeding

in question."  I t does not seem to me

ns, the principles of which it

amine and compare. I t ought to be

ontaining different investigations

s "  Untersuchungen iiber die Wahrschein-

ch occupies numbers 358 and 359 (1838)

d Mr. C rofton' s paper, in the Phi-

Proof of the Law of E rrors of

error as formed of smaller errors

i1-" ? ^  Dut the analysis is quite

he introductory remarks prefix ed to

rs appear very true and valuable.

chkeitsrechnung I  have not seen.t

alcul des E rreurs there is a list of writers on the
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of E rrors of Observations,

the proofs described in this paper

ophical basis on which the law of

sition that an actual error is formed by the

errors due to different independent

ws of facility < pi (x ), p, (x )..;  and as

which an error really does arise,

or, is, in my opinion, proved by

be noticed : (i) that the law is a

ber of sources is absolutely

.. are such that< p, (x ) —  tp1( — x ),...

right to assume it to be so), the

x cept for this second obj ection (which

< p (x ) dx  | * , and will be very small,

bservation being made the ob-

the quantity), the method of least

s method (p. 85). Grant-

ons linearly, Laplace' s analysis

east squares when the number of

ed on pp. 103-104, of returning to

ost probable result by the rule

he process being repeated as often

proper and philosophical method

sequence, Professor Pierce' s crite-

vations seems to me to be destitute

has been made as carefully as the

ed entirely. I t may be, and no

er to rej ect it than to retain it,

servation, but the true principle

s of their works, which is ex tremely imperfect. The

s, E ncke, H erschel, I vory, Legendhe, Tait, and

lished prior to 186 9, the date of the work), do not

s Theoria Molus.

m, p. 99.

ical Journal, vol. ii. p. 16 1. The criterion is also

s words in C hauvenet' s A stronomy, vol. ii. p. 558.
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d itself indicates, when an abnor-

ll weight. I t appears quite

 we a right to say an observation

give it none than to give it as

rion having been proposed is a

y of the completion of the method

to this necessity was first insisted

supposed the law of facility to

ch he j ustifies this assumption is of the

tremely natural one, and is of

ut the aid of analysis, would be

est way the condition of rapidly

aving the ax is of x  as an asymptote.f

stigate briefly one or two results

en —  x  is written for x , it is conve-

. (Some writers have assumed that

), < p(x ) denoting the law of facility, therefore we

(x 1), and have evidently not regarded ^ /x 1 as being

quantity, and that the values a

is the real value of the quantity, is

sique. .. par divers Savans, t. vi. 1774. Todhunter

y slight."  (H istory 0/Probability, p. 46 9.)

s of y at an angle tan- -, and, therefore, slopes

curve y =  e-* ' ^  cuts it at right angles (and is of

while such a curve as y =  e~ m^ x  has a cusp at its highest

facility y =  e~ h1x "  better agrees with what we should

that any value differing slightly from that observed is

the observed value itself;  so that (restricting our-

h * '  contains the lowest power dfx  in its ex ponent that
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of E rrors of Observations,

ich makes this a max imum, viz.

 —  b1) a minimum. The form of the

1 is shown in figure (i), in which

posed greater than a;  that is to say,

f

- c)L is drawn in F ig. 2, in which

, c,

 b —  c;

b —  o;

+  c —  a,

 c

are made of

ne)

are

 and V n +  , (the two middle ones) has

ble value of x .

g
g

p
g

_
p

g
g



moir of 1774 (in which only

ade) is in effect as follows. Draw

 - * )'  +  k/x  —  c)1}

ean value of x  from a, b, c, the

, which divides the area of the

chance of an error greater than

than x .

the Theory of E rrors by no

1757 and Lagrange in 1773

el B ernoulli assumed the law of

rve of facility was a circle. The

cribed by Todhunter on pp. 211,

e Theory of Probability, the work to

hem.

X .
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of E rrors of Observations, fyc.

arithmetic mean, a reference

r of B oole contained in V ol. X X I .

he same memoir as that which

he investigation in question is given

the part noticed in this Paper

The result of B oole' s investi-

, . . . pn be made of the same quantity,

ntity is a certain linear function

ole demonstrates by his C alculus of Logic, and

that although I  have devoted some

ified to ex press a decided opinion

re that the coefficients of p,,p% , •  . . pn

tants a,, a2, . . . a„ and ci, c% . .. c„ ,

the observations are made that

the latter the d posteriori pro-

ct;  and that when a„  a% , . . . aH

s3 c,. c% , . . . c„ , the result takes

p%  •  •  . .+  pn)-
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