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PREFACE 

TKg p ...... nt •• Iunle i. \.he outgrowth of \.he tequi~_nto 

fo, "tud""to in engin ... ring &lid .. i • ...,., in CO .... ll Uniy.,..i,)', 

for who'D . oo", . .. 4t bri~f but .,Iequato introduetio" \0 \.h. 

CaIc"l"" i. p.-ribed. 
Th. guiding pri""iplo in \.h. oeleetion ... d p"""'ntlotion of 

!.he topi.,. in the follo",illg pageo ha.o been !.he .~. inoraoing 
pr ... u ... ou the p""'enL-day curriCUlUM, eapeeiallt in &pplied 

""i.""", \0 limit tho . too), of nu.!.hemltioo !Q • Minimum of 
tim. and to the topi,," tlui.t .... doomt<! of moot imme<ii&te """ 

to the ptOfe .. ion&! 00II'" fo' which it i. prepantory. 
'fo .. h&t extoonl il i. .. i"" I nd jl1"'ili&ble to yield to thi. 

p.., .. ure it i. not ou, purpooe to di.<m... !Jut tho oonota>otlt 
IIOO,,",ul&l;ing de",il. in e" '1 pu ... and applied .. i • .,... ""kilo 
\.hi ... ttitude & yory natu",1 <m. tm.vdo ma\.hom&tioo, .. _n 

u to""rdo .. . . ra1 other . "bjects .. biob .... Inboidiuy to tI,. 
m.in objoot of the giv. n """"'". 

Tbi. d •• i .. to "urlail mo.th . .. atieoJ t,aining III otrikingll 
eoidenO<l<l by tb. nnmeroua recent I»oko treating of Calculu. 

for ."!Po ..... , for ob ... ieta, o. for nrion. other prof .... ion .. 1 
, Iudento. Sueh booko haYe 00 doub< ..... eeI ....... ful purpooe 

in .... i"" . .. o.yo. !Jut .. e &no of the opiDion \.hat, in "pi'" of 

tbo lnKIueotiooed IM. ntagM of learning. 0. .. method hy 

m"""" of ito applioo.t.ion to a 'pecifio field, • atndoot ...",Id 

onliD ... i1l aoqui ... too '&gIIollld i"""",""''' ""mmlnd of the 

fundalnOntal ideM of lb. Calo"h~ h, thi. ""' .... id..!. p.-nt... 

lion. While .. s"itobl. iUD ..... tion ""I 01 ... , up the dil&ullie • 

• 



of lUI "bIt....,t thf<l'1', too .on.tant .. dwelliog omong appli.,," 

U"". aloo., .. pec;,.)ly I",m 000 point of vi'., i. qn;tAl ... likely 
t.o pr'~"ht lbe I,,,",", f rom ~piDg the "",) .igoifican<:8 of 

a vital p.iociple. 
[n """'Snil;"" of tho demand jU.I referred t.o, . " ha." ... da 

, peciol effort t.o preoont the Calculu. i" .. 'impl" "nd dir~d 
.. lo.m as poII,ible oon.i.\ent with ",,"u"""y &Ild thoronghn .... 

A mOfig tho diffe...,nt I.atu .... of our 1""'II1I"nt, w" n.a,. ' ingl. 

out tb8 follo.ing for noUc". 
Th. deri.ati •• i. p"""'nted rigorou. ly as .. limit.. Thi. d_ 

not _m t.o be .. dinknlt ide. fo. tho . Iodenl to ~p, .. p&­

cioJ],. when intfoduced by it. gf<Imetrical intAlrpre1.ation ... 
Ih. aJapeaf the Ii." Wlgent to Ibe gTaph of tb. gi.en funo­
l iOll . For the .tudent hM already booomo f&miliar .. ith tbi. 

noti"" in An.a.lylic G«>mdry, &Ild _ill .... il,. .... that th. 
M&lytia methOO i. virt .... lly equinl<"nt. to .. po.t1.icul ... co."" of 

the P""""" of differentiation eonpl oyod in tho Calculi .... 
In ord •• to Itirnulal< the .tude,,!', inw",,!, ouyappli""tiono 

of tho Diffe...,nti..! Calcnl". to ...... i,.... and minima, tangent. 

and oormol., inOe.lion., ",",mplate., and ""no I....,inlr hav. 
booln introduoed as 8O(ln .. the fonn,,1 prooe ..... 01 dill'e .. ntia_ 
tion hv. been doveloped. The ... ..,.., follo.ed by .. dioenMion 

of r"nction. of 1 .. 0 0' more independent .ari.N .... bef""" th. 
more diffioult onbj.ct 01 infinite ... ie. i . introduced. 

In th" chapler on upo.noion, no pr<>~i"". knowledgo of ..,rie. 
i ..... Ulned, but oonditiono fo. ,",n'erg"""" ... di .... _ , "",} 

the crilen.. for del<.mining the in"' .. ,.] of """." gen"" of th_ 

oeri", \hat are uouo.lly met .ith in practl"".", deri.td. 
A eb" p\<r on tho ..... Inalioo of indotormi"ato to.m ..... d 

u. .... chaptet. on gf<I",etric .ppli-uon. fumiob .mpl. illu. 



PREFACE 5 

~ion of the uoe. of infinite oeri... in a wide nut!\" of 
problem •. 

Ily rea80n of i\8 . iguifi""""" io appli,,",l.iono, it does not seem 
a.I.i ... ~le to omit the impo.tant pr;neil,16 of ......... Arising 
oul of the familio.r notion of >eloeity, it alI'ord. an early glimpoo 
into application. of the Golou]u. to M~banic. and l'by. ios. 
lVe do nol. P'OjlOM to moko the Calcu luo • I_We on Meehani"", 
"" _mo to 00 tb. tolndeDCY ,.ith .,,,no write'"; but .. final 
ehapler on appli""'tiono to oucb topi.,. of M~bani"" ... '" euy 

t.o compreh~d al. this oIaiI" i. thought. ad vi ... bl. and , "IIl.i.n\" 
],;specioJly in t .. ating of center of ~Tity, the formul ... haTe 
been deriT..!. in detail, first for .. parliel .... and then, by a limi\.-
ing p~ for a wutinuoUII m..... Thi ..... oonoideud the 
mo ... d ... ittlble, AI tutbooU in applied mo.them.tiM frequently 
Jack in rigor in di"""",,ing the transition froln di"" .. ", particle. 
to .. OOIllinuou. m.... Bolido., the deri~tio" of these formu· 
I ... alI'"..u a yo.y good applioation of I.be idea of the d onni'" 

integ,..] .. the limit of" ' u,n. Thi, ida b .. been I",ely &nd 

.0nsistenUy u..,.), in the deriTation of &II .. pplied formul ... in 
U,. Inwgral Cal."I..... Howne" "'" the formula for the length 
of.re in polar roIlroinateo i. especially difficult of d""iTation 

by thi s m. thod, .. e h.e d.o.1uO«i it from the oo"""pooding 

fQrmul. for _tangolar eo(Irdin~teo by a tran%floati"" of the 
.~';o.bl. of ;"te~tion. 

In oro .. to make tbe numoot of uaw idcuu few .. poooibl., 
the nOtion. of infinitesimal. and orde .. of io6nitel!imalo hue 
been pootponed to the l .. t .rtielo on Duhm' ]', prineiple. Thilo 
principle "'ema to flo .... na.\" .. lly and e .. ily from tho Doe<! 6f 
""mpl..ting the proof of tho formul .. for ""ut.or of gra.ity. 
The ",""he . m~y omit tbilo ... iei. , wI. i", preoence .hould at 



• 
........ &be importoAl ood of ..tlios the __ of the 

&1U<kDt 10 lbe _ lhaI. \.be .. i. _ ,thillg JM 10 I» d .... ill 

Older to .... ke u.. dflriyMioIIl C>ODIpJeIa. 

80 ... t.chon .. iIl uDd""bteJ.), p ... fe. w do • IIIinllll"" 

.m'n",~ of work in 10''''&\ ;u!egruioo aDd _ iol<l£ra1 tahl •• In 

lb. oUple ... on !.he oppHcat.loua. "'" ouell \he lint chA"",. of 
\he \P\.egJU Caloulua .. labl ... 1!100 Ill< drill in purA inl.e8:ra1.lon. 
Tbc pn>bIenuI ill lltia eht.pltr,.,. mUlle...,.,., lIUl, 10< \.be .. _ 
J'U", quile -r ....... . IooIIId I"Mli.h ..... o&udent .. rMd, 'lIIi,hl 

into !.be _gal pri~ipl. of i.~ 

TIooo .... =len.u.. 'eN"reo of the boo" .. U>o Caleah .. 
p •• • Iouol, publ.i.oIM>d in III .. MIMI hay" t-u m..iDtd.. Tr.. 
Ide"oi",,,,, of u.- book. by <>the..,and • -.eh! .. , ,.rll 
teat in OUr own duo!'OOlI> "'perie .... con.i""" lLO I.hl ""1 r .... 
...... hIDI olwige oooid nO!. be uDd.,.,.., ... withoul e<>d.o.Drerln. 
the ",.ritl of the book. Tho ohaDgM Lhat have t-D mod ..... 

tllb .. III \bo -... of • oJi,bl _t1'I.1lg -., ."t, '" of the oddi. 
_ of.., .. rn_t.l .. _rial, .,..ucu.wll i. the .ppl~ 

W. wior.h 10 ... _]~ 011' l .... eMd- 10.." ooIl~ 
.. 100 har. Mded .... '1I.1 p1111 qlflOl.loooj 10 l'mf_ I . I ' , 
Cb"""", of Ibe CoIl"", of Ci'fil II:ngi_ring, lo< • Dumbo.. of 
YI/"f .... luI probl ..... iu appli".,r.iaD, of in~i"" (e. E .... 
101- 18, pp. 318-320, ""d I!u. 6-1, pp. 323-32-1), ... d pwt.ieu­
lull to Prof""..,. Jim •• MeV.""", who h ...... full l ...d.1I 

!.he "' ... ....".;.pt, .... iaw.! u.ro...about ill the proof -.di." ond 
made """"'1 ;",p«Ift ..... 1I ill I.bo """t. 
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DI FFEREN'fI AI. CALCULUS 

: . 

CHAPTER I 

'O ftDAJaI'TAL PRIlfClPUS 

1. J:1_taty _ttl..... J.. _~C Dumber i. "". tha~ 

",,~in. th. pmo n.lno ~l"'''"ghool OJ\ in • ."tigation in ... bieb i~ 

"""",.. A ~ n"mhe. i.o "". Ihat obangedrom "" e val"" to 
another du rillg "" iouoligatioll. If Ibe .anation 01 a Dumber 

?"-" boo ... igood al"ill, Ib& • ..,.i~bl. i. oall<d iM"P""w",I; i f 
tbo n.lno of """ oumbo. i. determined when <hat of another is 

k""wn, \he lo.mo. i . oallod a <hpe.d~ . anable. The depend. 

en~ variable io calloo abo a/ •• <t/Ql< of tbe imiep"ndent variabl .. 

Hog, 3>:', .,;;-=), """" .'" .U lunolioao 01 ,. 

Function. of on. uriabl • ., will boo denoted hy ~h. , ),mbol. 

f(z), ;.<,,), ' '', ... hioh or • • .....:1 .. "foh,~";. of ~," el.O.; oimi· 
wly, !"!leUon. of ~"o nriabl .. , r", .. ill boo denoted by . ""b 

up_oioo ... 

I(~, , ) , F(~, y), .. .. 

Whoo .. n.ri .. ble oppruo.ch .... co".~nt in "ucb ..... y tbo.t 
the dilloron"" bet .. """ the ... riabl. and ~h. coutant may be-
COme and ~m.in . m&ller than ""Y h<d oumboor, pr •• i"", ly 
_igood, tho OOIlotO,I\! is oallod 110. 1i .. 11 of tboo yuiobl • . 

" 
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2. Illutratloa : Slopo of a ".i<=D' to a <11..... To obta.in t.h~ 

. lope of tho tangent to a ""TV~ at & l",io l1' "1'.,11 it., ii"t u ke 

th. , \ope of the lill . joiu i"g /' '''' ('''' y,) to 3"oth", l)(); HI (Xb Y.) 
u)XIn the cary! , tben det.e,,"iM the limiting value of the .lope 

.. - "-~' 
~ ~ 

"" \1,. lIOOOnd )XIint appro .. he. to coincideD"" wilh 1106 fifO\, 

al .. ay. remaining on tho eu ..... 

y 

• 
-, ' .. 

, . ", 
.1 U,. )Xli" . (2, () upon iL 

H .... , ., . 2, " . 4. 1.<1 •• ~2-+l. 

,.. _ 4 -+ t, w),.,'" I, t _'" to ",I.t€<! \.h~1 '"" 

poi"1 ( t •• ,..J I .. , 00 lho ." .. ~. 

" 
4-+ ~~(~ + I)', 

t _ U -+ ~'" 

Th. 0101'" to ~ ," -_t, b«o,.... 
z, _ x, 

4-+k _ f • 
~ -+ .I.::-j! - ~' 

0' 

"I.i.h from ( 1) m,y boo "ri''''. ;0 U .. form 

• i=" -t ~· (2) 

Tt .. ra';" t: ~ """""'''''' I"" .101'" of tlo. Ii .. j<>iniog (." "J \0 

«" ,,). Wn.. In. """"nd f"Jint . PI"'oood, •• ,ho f"',, ... lin.;,ips 
pooit ;"n.lh. ft"" mew,,", of "'I".';"n (~) .... ,"" ...... Ind" .. ,. ,; •• 10 

f",m ~,buUbo....,nd momt..r _l'p'o&ch .. , be drinit. limi. 4. In'n 

" tholwo poin ... _h ..,;""ido""., . d<flnl .. ,101'" .. ;ool>\a;.-l, 

... hld, 1. \.hal of the "'"1:"'" to u.. eU"" J * z· .. ,Uto poinl (2. ~ ). 

It may hapl"'" .h.t.l, * _wear ;n both .,.",100 .. of the "'1""00 
whiob &6_ \.h. olopo. .. in tho nul ... ",pi<. 



FUNDAMENTAL PIIIlICII'LIijj 17 

!;I. Z. If ... + i' ~ "", ~od u.. .Iope of .... tan",~t al I.bo polol 

(>" ,,). 

Si"", 

x,- + , ,- ~ 6', (Xl. + A)'+{J, + ~)' ~ G', 

be".. 2.lx, + ~. + 2 tr> + to = 0. 

f""" ... bich ! _ • 
To obWn <h. lim;' " f ~, 1"" 1, t 

...,b "'Iual '" .. '" in .... otoXInd me.,I .. ,\ · 

,. t z, 'm __ _ ~ • 
... l " 

, 

TIlio . tel' io mOr<! foll,. justified iu th8 ""1\ articl ... 
Tbi . r-esull agr_ with that obtoinod b,. elementary !!"'Om ... 

tTy. The olope of th~ ra.diWl \0 the circle ... + yO _ o' th ...... gl, 

the point ("" J,) io ~, and the olo"," of the tangent i. the Mg>.· 

tive ucip~ of tbat of U,. radiuo \0 the point of tIln!!,n",", 

.in"" th6 t wo Ii""" ... ",,<pendieult.r. 

3. J"uad.megW tbeo ....... <0..-, i.IlII..Ita. T he followiug 

thKo,..,1IIlI 8", u",,1,,1 in the vroo m ", of the C.loulUA. 

TmtonM 1. If ~ , ..nabla •• pp .... b .. uro ... a limit, Iben 

k", .. ill aJoo app...,..,h un>, k being all,. finite 00IJ8tanl • 

T hIJ: u., if 

then • 
.. .. 0. 

k.. " 0. 

For, 1<>1. bol a"y ... ignfld numbolT .. n,. hypothooia, '" can he­

<lOmo Ie .. ilio.n ~, bon"" b ca.n herome 1 ... than <; the ubi. • • • 

• ,..,. _"010_ . ... .,..,1>01 .. ... 11 bo _ '" I""''" .... ' 0 .. ""bl • 
........ _ 0 ,.,... .. n' .. 0 U. II; .... ' .... 1"'boIlo kono . ... . 10 ......... 
•• ... ...... ""' •• __ ..... "' ..... , .... lilOIL" 

OJ.. C.LC. _ lI 



t...,.y, ... ig...,j number, ben"" b "pp""",h .. "'1'0 .. .. limit. 
(Definition of.limit. ) 

TKaonlf 2. Giye" Uly finit;e numoor 1\ of .anahl .. 
.., p, y, "', _h of whieb o.pp""""' .... 10 "" .. Iimi~ u",D !.hoir 
eum will app"""'" ul'O U .. limit. 1'"" the oum of the .. 
nri.o.bleo doe. DOt at."y ~ DIlJl)",ieally e • .-d .. tim .. the 
J..rgeot of tMm, .. hieb. by Thoo .. ", 1 approach •• urn. 

1' .......... 3. If _h of two v..w,l .. app""",b .. ...,... .. o. 

limit. t.hei. product will a pproacb " 1'0 as .. limit. M_ ~el>­
enny, if ono yari .. IM o.PPl'OllClwo •• ro a& a limit, then its 
product witb a"y.,u.u yari .. bl. haying .. finite limit .. iII ban> 
tho limit .oro, hy Th""""m L 

TlIE<ll!.OA (. If the . um of a /init;e ""mOOr of nriabl .. i. 
yariabl~. then t.he limit ot their aUIII i . <qUIll to !.he lum ot 
tboir limits; , ... , 

lim ("'+r+ .. -) _ lim'" + lim r+ .... 
For,if z "' a, y _b,"" 

then :z _ a+.., ' .. b+,8. .. .. 
wberein KeO. p"' O,"'; (Def.allimit) 

he..... "'+,+ ... _ (a+b+ ... )+(_+P+ .. . ). 
_+P+'" . 0, (Th. 2) 

be ...... from the definition alo. limit, 

lim (~+ y + ... ) _ a+b+ ... _ Iim"'+ lim y+ .... 

THEOlUI:K 5. If \.he product ot .. finit;e number of nriobl .. 

i. Tariable, 1.1"", !.he limit of th. i. product ia eq,,&\ to Lbe 
prodllOt of their limiy. 

For, Jet 
.. b ... in . "" 

.,_ .. +.... , _ b+p, 

.. ... 0, p ... o, 
li,,,,,, _ a, limy _ 6. 



nJIIDAIIIXJrJ'AL '1U!tC1'" " 
I'_lhe prud_ 

q' - c_ + _)(6+/1)- _+_+ {Jd + ~ 
limq' _Ii .. (ob +-+/14 + A/I} 

_ ob + Ii .. oo!I + li .. /Ja. + lim «/J 
- ~. 

H.""" lilll q' ... lim ,". lim,. 

(Th. Z) 
(Til.. 1) 

In \ba .... of a prudnct of u,,.. .-vl.abIs Z, r, ..... ~ hare 
lim zp _ Ii .. q' • li .. . (Th· O 

_ lim" lim, Ii .. .. 

.. 4.,00, 'Of ""7 tillite Dam"" of .uiabl ... 

Tuo ... &. If u.. qllOtioot of Iwo .. n.bI .. z" ill •• ri­
abl .. U.on th" Ii",it of !hei r qllO$loul I. "l....:J IG the qllO$ifnl 

of th.i. liMite, p..,Yided th_ llmitr. .... DOl 00th infinite or -""'- • a _ _ " , 
Ii .. " ... Ii",! Ii .. r, , 
, • :0 Ii .. ,. , ... --_. 

, I i .. , 

.. Coatlall, 01. ~'l ". mea &II iD<lepeadent •• liable ... 
In rul i"1 f rom .. IG b, _ . lhl"Olli/h •• ~..,. intol"lllod~ 
.oJ~, III ... nod • _1i~M"'" .. riibl.. A fundion/(a) of In 
l"depondeDl nri.hI. " i ... W IG bo oon\.ionOWl at "", nln~ ... , 

or ill. \ba Yicinil7 of ~~ ... be. f(,,) 1 • ...,t1, finite, lind 4-..1-

l>l1e, oM. oudI that i .... _no, "7 ~ "P....-Ion Z\, 

b. /(") _/(~ ... 
, ...... \boo dofioitioa of a l illit il foller ... that .... , .. """","1 

IG • Im • .u 10'OT'UDellt of 1M ...noble. Ih. i""",,,,,ol of d •• 
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function .. &1.., .mall, and lut ro'~p<mding 00 any "umbe, 

<, pre.iously ... igned, anoth., numbo, i """ bo dote.",ined, 

"uch \hat .. beD l remaiD' numori<lallJ 1_ than &, tho di«er_ 

1(", ± .)-/(>1[) 

i. nUlnorkallJ I .... than L 

• , , 
f ----- :--cl' ," 
• - " • ' .. " • r.tl 

~. ~. ~, . 
Th .... the ' uoction ol F'ig. 3 i. ""utinllou, bet .. ",," the .&1",", 

Z, and", +" .. hile th6 fune1.iona of Fig . .( ODd Fig./; u< di .. 
"""tinuo". In tho fOrnI« of th""" tlro the lunctioD becODl"" 
infinite al ... _ ..... bile in the IaU", the diffe",ooe bel .. ",," the 

nluo of the f"M\ion at c+ k and e- k d""" Dot opp"""'h 

.oro with A, but appl"(lllcl>oo the finite Tal"" ..tlJ as h .. p­

p..,..,b ... .. ro. 

WhoD .. function i. """tiD""'" for "~'y nluo of '" bet .... n 
a ODd b, it i. Mid t.<> be ooMinu",," within tho inw,...al f!"(Om a w., 

~. eom __ ... ;c of ollDlll,, ' • iDI;romea. .. of toro ,..\atoll nrl_ 

._ TlwI ill .. tnW<>IllI of A..t. 2 ouggeat the follo .. ing general 

p~u", fo, compuing tho cho.ng<lO of two rel&ted .ariabl .... 

S"l1;ing fro .. any fi~ed pai, of nJ_ '"" If, "'P~"t.od g .... pb. 
;cally hy Ih. &beei_ and o.din ..... of .. eb"""n point" on a 

gi •• n eu ..... .. hooio oqn&l;ion i. giTOD, ... 0 ch""S" tho n Ine" of 
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~ &1Id J by the addition of . moll "",""utll A and k _pectiyely, 

"" chOlen that the ne .. yolo .. z, + ~ and " +k sball boo the 
ooOrdi"a!.<o of • point P, on the 

.u..... Tho amount A added 1.0 '"' 
i . oaIJed the i......-I of ., ... ,,1 ;" 

enti~ly a.bit,..,.,. . Like"ioe, I: ;" 

called tbe increment of J j it ;" not 

arbitrt.ry but del .. nrlo upon tbo 

voJue of Aj itll yol"" ""'" be .al",,_ 

lat.ed ",b"" tho oq'l.a.tion of th~ cu.v. 
i. gi •• n, ... i •• ho .. n by equation (1). 

• 

• 

'" ~. 

Th .... i""rementll are 
not n.., ....... ily pooitiv.. In tbo ...... of """tino"". funoti ..... A 

may a1wayo be take" I'0.iti.... Tb.ign of k ",ill then depend 
" pon the function under oon. id ... tion. Th. I lopo of tb. line 

P,P, ;" then ~ and tbe 0101'" of tho laugen! lin. at P, ;" the • • 

limit of ~ as A and oonsequently k "pl'..,..,h .. "'. 

Th. dete.mi •• tio" of the limit of tho ratio of I: to A "" A and 

t app,."...,b "'"0 i. tb fundamental pl"Obl"m of tbo Differential 
CoJ.ol..... Th. proceo. i. oyotemoti..,.J. in tho following •• _ 

tioJ",. Whil. tho ",Iat.ed nriabl ...... h.,.., rep ...... nted by 

ordin&to and ah<lcillsa. of .. CU,", they may be any t ... reb,t.ed 

magnitude., luch .... opo.co and time, o •• 0luJne , 00 J>1""I'I"'" of 
• gao, ote. 

6 . .DeIialtlo. of. 4ot1"U'" If to • oarlablo •• mall in""" 
",ent il given, and if the eo, ... sponding inc ... ",on! of .. oootin_ 

u"",, foootion of the .a.io.ble i. det.ermi,,""-, then the limit of 

the .... tio of the in ..... m. nt of tho function to tho i"" ,.,o..,' of 
tho Yari~ble, when the IB.tte. in"",ment "pp""",ho. Ute limit 

.. ..., ;" .alled the dm<>«li"" of the functioo ... to tho variable. 



DIFl'EREIO'lAL CALCULUH 

That it, u.., d"rin.tiyeit 0," limit of ~ .. A approach .. zero, 

" ~U:Q(~} 
Yo< !.be purl"*' of obtaining .. derintivo in a !pyen ~ it it 

"""y".iont to ""p ...... u.., p'_ ill term. of tM following ate",,: 
\. Giye a on,all i".,"ldent t.o tho Yariablo. 

2. Compute the reluH.ing inc",ldent of tho function. 

3. J)i'lido the iuc..,mentof tho functioo b, the ino",,,, ent of 
tM y.nab/e. 

4. Obtain tM limit of thio quotient .. tho increment of the 
uriable appro&lllo .. zero. 

7. Pf'X'EP <>t 4_tIatl ••. In tbe pr-.iing Hluotrotions, 
1M fixed. n.l"". of ., .nd of y h •• bt.en ... rit ton ... ith ... 1>­
..,ript.r to .ho ... that only tho inc",menl:l /0, t vary during tho 
al~braio p"""'"" of finding the derinu.e, aloo to .mphaoi •• 
the faet that tho limit of the ratio of th" oi",ultan""". i",,_ 

menta A. t <I"pend. upon tho put;eulo.r ... Iu .. ... hich tho 
.a. i.bl .. ." , hue, ... hen tho, ..... np~ to to,k" th.,.., 'n_ 
e ... mento. With thi. undenltanding tho . ubeeripto ... ill hon_ 
forth bot omitted. M""'".,. ..... the in<>nlmentl ... t will, for 
g_lOr di.tinctnoos, bot denoted by the I,,,,boll &<, 01" ..-J. 

"'''''",ment of .,," "i""",ment of ,." 
It the four otopo of ArL 6 are appliod to th" fu""uno 

, _ .(0), th" ",""Ito tw>oo ... , 
,+~_ .(.,+ 010:). 

"'J - <10 ( .. + 010:) _ • (.,) _ 01. (.,}, 

o1y _ <10(" + 010:) - <10 ("') _ 01. (.,), 
~ ~ ~ 

lim 01, _ lim 1<10 (., + 010:) - <Io~ ) _ Ii", ~(",l. 
~ ~ ~ 



FUIIDAIlE!fTAL PRINCIPLES· 

The operation he..e indie&teu i& for bte.'ty denoted by the 

I)'mbol !, and the ..e.mlting uerioati. e funetion by <jo'(",); thuo 

Tt.. DeW "ymbol ~ i. 0010 (at the p_nt .tage at leut) to 

be lookod upon u .. q uotient of two onmben d" <U, but rather 
.... "ngle .y,nboJ n.oed fo< tb e oaite of b..e,ity in pi..,., of 

tho "%pTMoion "d"ri .. ti.., of J witb regard to z." 

The 1'''''' " of performing tbis indico.ted operation ;. oaIled 
the d{f......tia.lioA of 010("') with regard to ... 

EX~RCI$a 

F ind <he dori ... n ... of tho fOllowing r"~. ";1/0 "'sv<i 10 ~. 

1. zO _ h;h;~;~. 5.1 

• 
• 
•• 

e 
a.·_4 ~ +3. , .. . • Ioo:i",. pooili.., intoi"'"' , .. ,. e 

z+ ! . 
• •• • " - 2+zO' e .. 

9. J " vo. ( .... t i' .. z, .00 apply lbe raJ ... ] 

10., .. z-t. 

8. I»fIo,.."tlIou.. of. huIctI ... 01 .. tu<tlon. Sup~ that y, 

;not<,n. of being !P''''' di_lIy " 8 f""ction of '" ;. Oxp"'...,.J 
.... fllDction of anothe, .. ,iahle ... which is itoelf exp"' .. od 
... function of .. Let it be n'qui,od 10 find th_ deri,.t.i,o 
of, with regard to ti,e independent wariabl. z. 

Mt , _ f(-), in whiob .. i •• function of z. When z changeo 
,to the valu. "'+62, let" pd y, under the gi"n ",lationl, 



2 1 DlFI'l!:lllUfTIAI. C£I.CUW8 

~~aDP til ...... &1 ... II + ~.,' + ~,. T .... 

4.1 oI.J ~ •. --_. - , 
Q ~II .u 

hen .. , "'IU1t.ing limit. (Th. &, Art. 3), 

d, d, If,. If/(II) dol 
'" - h . Ii,. - "'" ,u. 

This ...... l~ mar be "'." ' " foll(>w. : 

n. ak. iEUti ... <if .. f-d. ... <if" ...... ..,..nI /0., 10 "I"'" /0 .... """'rn <if .... ",';""",1 ... <if .... /tuIdioa ... fIo ....,..,., It> II, ..... 

,Ac .... iOClli ... 0/" "':IA I'f9'I"l It> z. 

!lClRCtlEt 

1. (); .... ,= 3.·_1,M . a.·+4; ~1>d2· 

* 
.. 

. . ... ;r.:" '~; 

a. Om., ~ h ' _ 4. + &,,,. t .. -~; ..... *. 
~. Gi ... , _ ~ •• _ &" _ h + 4 ; 'od~ . 

. 1 "3 ~, 
t . G'''~' 2 3 .·+ 31i1'. '' "i +- ''; fi"d <Ii. 



CHAPTER II 

DIFFERENTIATION OF THE ELEMENTARY FORMS 

In recent articles, the meaning of the symbol ~ was ex­

plained and illustrated j and a method of expressing its value, 
as a function of x, was exmp,plified, in cases in which y was a 

simple algebraic ftmction of z, by direct use of the definition. 
This method is not always the most convenient one in the dif­

ferentiation of IDore complicated functions. 

The present chapter will be devoted to tbe establishment of 

some general rules of differentiation which will, in many cases, 
save the trouble of going hack to the definition. , 

'the next five articles treat of the differentiation of algebraic 
functions and of algebraic combinations of other differentiable 

functions. 

9. Di1ferentiatlon of the product of a constant and a variable. 

Let 

Then 

• 

therefore 

Thus 

y=cu, 

1/+ 61/= c(" + 6,,), 

61/ = e(t< + 6,,)- c" = c6", 

61/ 6" -=c­
Ax 4X' 

dy el" 
- =c - · 
dz dz 

d(cu) = cdu. 
dz dx 

26 

• 

(·1) 

• 



CHAPTER II 

DIFnREIflLlTIOI' 0' THE 'lLl:tQlfl&R.Y roRMS 

I~ """'QI Olticl .. , u.. meuin8 of tho l1"'bol '! .... . x_ 

pIai..ed....,. ilJlUlrUod ; and ..... \bod or • • p~a, ito ul ... . 
... f ....... ioo of Z, waa ue ... plilled, i ....... i .... bid., .... . 
" ... pl •• Iltbnio fnnd.iOD of 2, hI 011 ...... _ of Ill. definition,. 
TIIi, mtUod il"'" o.I .... J. \he ...... -. ... ie .. t 00. in !.he di f_ 
r .... tiotiOll of 1110"' oomplieated fundi" ... . 

Th. pMlent eho.p~r will be ~~ .W'~ 10 tbe ... tabliohment of 
""mt II'nonl rul .. of diffe",nti.tion whioh will, io mooy_ • 
.... \he I",.,bl. of going hod< to tht delhiti"". 

'fllt.-.t 6;" artid .. t.....t of the diffemltiatioo of o.Ip.aio 
fuDetiou ...... of o.Ige1>rUe _hiu .... of..u.e. djfl ... ~\iable 

fund-.. 

, .. 
Tho., 

, - ~ 

,+a, _c(w+,h). 
a, _~ ( .. +au)- ... .. <A.., 

a, a .. 
a.,,-cii' 

(n 
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1'11< d<rimli .. of Ill< prodood 01 a ro...ca1Ol ,,/Ill a oorillb/< .. 

tqoaL 10 1M ""~_ ... ..uipiiM IJy !ho deo-iooli"" of 1M ~ 

10. ~of ........ 

in .,.hieh .., ... 10, . ,' .... fonotions of "-

Then , +.1>, .. " +<l.w + ~+ .1> .. _ "'_ 6 .. + ...• 

lion"" 

~_ 6" + 6~_ ol." + "', 

~-~+~-~+ ... 
~uuAz ' 

<:If .. tl .. + d~ _ do. + .. ~ 
do: <tao d;o dz 

d .... ""_ ",y. -t .. _ ... + ... ) m;;;-t ;&; -;;:;- ...... '" 
no <fori",",,,,, of 1M ..... <if ,,}RiI. ".~ of ftodw... i.o 

rq..aIl<> 111< ...... ollMir doriw/iw& 

cw. If r " " + to • being. """tlaut, u."" 

,+ <1., - ,, +<1._+<1 
6), _ .1..., 

<!lr .. Ill< • .. .. 
Thi. Jut ~oatiOD .... rt.a tb.t all funoli""" .h' oh ditre. 

(!'OIlI each other aliI,. by an additive conotant bve the ...... 
de,i .. t; ..... 

GeometricoJll, the oddition or • COIllt..lIt hili the efrom ." 
maying U.e OIl"" J" .("'1 [>ULlle1 to tho )"pi.; thi. ope .. 

tioo will oo.iOll.l IJ not eIl."K" !.he dope al; p<MOtll that uYO 
the ulDe "-

From (t), 
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but f ...... the foul1h ""!D'tion .bo .... .. ". u·.' 
hence, it folio ... tJi..~ • a;; . 0. 

n. .... """ .. 0/ G _ .... , 10 ....... 

I I ......... boo- of hid ..... io ", • ..JM, n , I of An.' .... ,_ 
APP, ; 110 ... 10, .... \n&ilof ........ __ be eq..J "" .......... of 
.... 11 .. 1 ... __ ..... ~_I .. of Ibo _ -, _ be .. -' '" 
.......... of Iloo _.......... on .. &bo cIorl..u.. of .. m..ijoo _ 
_ oM aho.,. be .... owI bJ dill""AIlaIl.J Wlloonl bJ-

11. Dlh-atJatloo. of • prtfIIICt. 

y _ .. ~, .. he ... io w, ~ . ... ~ fuoction. 0/ "" 

~ _ COl +11..)(. +11..) ___ ,,~+. A .. +~ . a~. 
u u a.o~.u 

~oy Jet a:. _...-10 ........ ...tol Art.. 3, n-... I , 5, ud 

noli'" WI If a.. ....... /l"; .. li"'l" u... u.. fua.il ,,/ 11.'(" ) 
w.~ u ~ 

The ... ~lt "'I be .. ri_ in \h. f" ... 

" { ... ) . : ...... + .. " ... 
dol: "'" "'" 

<', 

,"" ....... U"" o/IA. prndlt</ 'if hocJ(I )\0""''''''' i. "'l"o/ I<> III 
.... o/ IM P' "I, "co 0/ fl. '/-rll. /G_.,. lIMo 01.,.. ..... 1 ... o/lAo..,. 

-:.M lAo T·ood~ "" lAo d"iz If ... 'iffloo~. 
Tbw rule f .... diff_tiuiDJ' pooduet oll_ flllldiou .. , 

be . , ..... Ibo. : 0ifl_1*- the prodlOel, ....uq the II ... 

, .. ", . ....... oI.a>l" u.... l& ling lbe 22 . »wI fooetor .. toM ·M" 
. .... todd tI •• t .. o rftlIlla. 



.. 
Cw. "To liDd ..... dori • .u"'of u... prod"uoll.h ... f~ndiooI -. ... 
lJy (I), 

Tbo ...... I~ ... ,. ....... It,,- i,,!he r_ 

" (- ) .. ... ~+ -<!!! + - • . _ _ fIz _ 

'" 
u, induction lobe lollo. ioll' ",\.t I, .t """" deri.od: 

'no .... 10011"" of'''' "...",..-1 of ""J ~" ;t.< •• ab<T "J 1_ .. i. 
oqlUll 10 1M _ Q/.M p!'<></w<1. ,*~I...d by .. 0.1,11'1,1., 1M d .. 

nmll .. 01-'" fad .... ", IIU 1M -.. fadoro. 

111 . ~",,'77 01.. ,.,,'.'1. 
Loo, , _! .... boI.Io being fu ... Uonaol .. 

• 

P ..... Ulr 10 \he l imi., We ""\Ai,, \h~ _ul, 

.. !!!; _ .. tl<! 
! (:)- p .. - . '" 

no. dori"", 'w of .. fred .. ,''' ~ oj '- ft. ••••. ~"~., f. 

""'" 10 ..... <1<, , __ dp"'" ", Ik _oaf/ ... of 1M ... 

• ' ....... ml, ...... n=<, c, . ... /tlpliod ", '" .,..,.. .... 1 .. of'" 
~I_, di.;doo1 /If 11.0 01/'''''' oJ"'" "-,0,1_. 
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13. M_ntl&llon of ............ tabl. _ 01 .. hulctioL 

LeI; r - .·, in ... hich .. i . .. funotion of ... TheD there .", 
th .... oau. to oonoid",: 

1. R" {K>8iti •• iDteg ... 

2. ,. .. neg&l.ive integ<lr. 

3. ... ooUlmenn r.bl" f~iOD. 

1 . .... JXI'liliY<! integ<>r. 
Tbia i • • particul .... 0Me of (t), 

being equal. ThWl 
th" f""to ..... .., ... ... &11 

2. " .. negaliu intege r. 
l .et .. _ _ "', in ... blth". i . .. P""il ive integer. 

Then 

_ _ ..... ~Id ... 
~. 

3 ... ~ oommen"unble frs<,tioD. 

by (6), andC .. " (I) 

Lot .. _ l, ... b.", P, q.", both integers, "hich may be either ., 
pooitiu or oegatire. 

,." • 
, 

II' - "', 



Ul .... l!.I<KNTJAL CALCULUS 

beno" ....!L.·~ .. u· - Ja • . 
~ ~ '" n. <tori_I.,.. oJ .... y """, •• n.nrn.lJl< _ oj a J.- i. 

<qU<Jl /0 lM ~ oj 1M po .... _"lIipIiM ~ 1M )~ 2. co ,.;/4 

iI. -"'" d .... ;·;·."" by MAiIy, , ... ,lIipliod ",IM duitlaIi"" oj 

lMJ-dI-.. 

It ohoold be noti""" tlu.I. ..;; _ "I, 

~-"-" 

"(')- - "'. 
<to.. ..' d" 

Tt- theorem. will be found . ullicient for tbo dill'enonU ... 

Uon of .... y fuooti"" that intoh .. only tho ope .... ti"". of addi· 
tion .• "btracUoo, multipHeation, divioion, and in • .,luU"" in 
wbieb t.he oxponent i. an integer or commen..,rallle fruti"". 

Tho following . ... '"pl •• will .... e to il!u. , .... to tho Ib_ 
"'mo, and will ,bow the combined 'ppli(lllJ:ion of t.h. g .... ral 
fonu (t ) to (I). 

'LLUSTRATIVE ~XA"PLU 

1. ,~I" 2;ftnd !l.. 
~ + 1 d. 

(0-1- 1 ) ~(h' _ 2) _ (30' _ 2) ~ (r+ 1) 

" ------',.'-----""",-----,',.-----h- (z ~ 1)1 (by') 

~ (10' _ 2) ~~ (3 .<') _ ~(2) 
d. dz dz 

(by I) 

_ h. (by I . I) , , . .,... (, . .-1) _ _ _ 1. (by!) 
.. u 
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SUboUl .... U- .... 11. ill u.. up"';"" for~. Tbom 

9 = (~-1- I)h _ (I" _ 2) ~ ... + 6~ -1- 2. 
d~ (,"+1)' (~-1-1)' 

3 . • ~(3"",')vl -1-6.i ; bd ::;. 

d. ~ (S" -1- 2) 1. v'T'T6ii + V"'C.~.,,,, !. (3 .. + 2). (~"I .u d. do 

!.vl + 1I " ~ !.{1 -1- 5.,)i 
~ " 

.. !{I+~o')1~{1 + 5"') (by') 

S"b"iI~'" u.- .01 .... i. u.. M"_.·~" lor ~" . Tbob .• " 

(by 5J 

!. {VI +'" + vi _ ~') ~ !. vi + .. + ~ "1_ .j, (by t) 
~ ~ h 

!. "I + .. .. ~ {I + .. )1 ~ .!{l + z")-I!.(1 + "}. (by I) 
J~d~ 2d~ 

:.y +z.} .. ~ z. (by I and I ) 



" 
2. ·'(1 t- I \. 4. .. vi . ,,) 

. : • . S .,., .... be wortod b)r ft.-I ..tlo><oo.llal .. " ?-_ico.loo'. 

UllIClSEI 

r ind Ibo • ..Iotrl • •• l ... 01 'b. fOllowl"1 r~"",,- : 

1. , _ z", 
:&. . . ..... 

3 , , _ . -li. 
~ .~ ... , --- - . .r. , 

• , .. <I,...., 
• '=«+ ' )' , , ,~ .- .. ' ", 
• , 

' --- ' >I.'. " 
' <-' t . , _ .. +~ . 

10. r - {.+I)~ 

• , v .. t . .. , .. .. 
"'. t .fi 

11.~ _ ~!P. , - , 
u . , - .:r--.. .. 

I t- - .. 

lS., _ . I ' I' 1."'1- ., 

" 
n . 

" " . 
n 
R 

". 
R 

n . 

eTC"­
, .. '1(i""+ ")' 

,,' ,--. , - , , , 
' - (. t- I ) - ' (~+ .).' 

, .. 3.' .'. 
I _ I" .I.'+ I! .- '!. 
, _(I_SW· ..... )(I + 0')'. , .. ... , 
, • •• +3 ... ·.z'. 

" ' - (.-t .)" 

, .. '-
U . GI.om (.+.)· ~ .·+~ ... t lO "'.'+IO . ·"'+ 6."' +" ; 

!oDd (. t- oJ' by dl .... n\ia\iooo. 

:n. -.. ,11M ......... of .... _II"'" ... "'" ""'" , .. .. i • ....-
_pU_ Silo. "'1io<N .... """., \Joo_.,. ..... 7 777 
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'10. Gi,. n _ t my .. a'6'. and ~!: (1) by dill • .-li.l.in&,,, 10 

~; (2) by diff_mlhli"g .. 10 ,; (3) b1 ooI.i,,( for J &nd dHI . .. n. 
1;"liDg"lo '" eo..pt.ro tho ...... 1 .. 01 <h. th,,,, ...,<hod~ 

3L Show lbat form (1), p. 2~ .... ptoeial __ 01 ('). P. 27. 

32. AI " hal poi.to! th<> <"r .. ,·~ ""ulbeoJopeOT _ I I .. 11 

33. Tn<Othoourn,=~ .. a"' .. z_l. 

, _ 8.'t7 .md_ ~ ~"' _ I ;hdd, . 
"'7_' + 6 dz 

35. At .. bat .ngle do lbe 0""'" " _ 12 ~ ,.,.d ,'t'" + G z - G~ ~ 0 

14. Da_t.latlo. of Iapllclt fIUIotl..... Wh. n a funot ional 

",Iation between ~ and ~ cannot hoi r=dily 001 , «1 fo< J, tho 

p,,,,,,,,,ing rules mo.y be a~plied di....,uy 10 tbe IMplioil function. 

The dori_i. e ... ill ""nail, ooolain boUt '" and~. Th..., tho 
de,inti • • or an ~ function, d.£n. d by equatics B poly. 
nomial in '" and J 10 .ero, may be obuIined b, \.he p""",a illu .. 

t ... ted in lhe following oxampl • .: 

E:<. L (;;reo lbe fon.lion, of Z, doflnod b,lho ""no";'" 

"t" - ~·1+!=Q. 
hd .I, . 

" 
bo."" 

SoIYiog for 

f.(" t ,. - ~q+I)-O. 
,I, .I, t n,' ::;- _ 6, - 6z ~ _ 0, 
"z dz 

,q, ... oblain 

" EI. 2 .• ,. + z., _ \. fi.d Jy . 

" 
OL. c u .<O. _ 3 

(oy 11. I) 

fiou\ 4, . 

" 



" D1FFBREIiTIAL CALCULUS 

IS . Elemeotory tru...,,4eo.tal " .. ",tlo .... The following funn­
lio" ..... called /N""""Kdtmal (unotiona , 

Simp/< .~,,:al {u,..lion., oonoi..ting 01 .. ""notanL 
numoo. raioed to .. power wh""", OIp<>1lODI ~ uriable, ... 
4" 0" . • • 
the /og<>riIA .... function., .. log.." log."; 

~ iKrotOO. ......... rnbI. _ . of .. Tariable, .. ""', lOT; 

t b. ~ funolion., .. . in ... coo ,,; 
the iK ..... I~otri< lunetion., &li oin-I .., tan- ',,­

TIter<!.", otill oth •• t,,,,,. ,,,,,,don\ai functi" .. , but they _ill 

D~ be "'noide",.} in this 00011. 
T he nut fOUT utid • • treat of the logarithm;", the t1l'O u· 

ponentioJ {"""Ii""". &lid tbe incom",.nou ... ble powe •. 

16. DiI'""",tlatlo" of Joe;. '" .... lo&- ... 
,~ 

Then 

, _ log. ". 

, + 4!1 - lo:Jg. (" + ~), 

t., _ log,(" + !I."l - log, " 
~ ~ 

_ ~ Jog,,(' +,. ~). 

For oon.""io""" writing A for 01:<, a.nd """"",ging,"" obtain 

• 

, ( 'J' _ ;Iog. 1+; ; 

• 

~ _~_I::O[log.(l +;)'} 
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• 
To ,yalWl'" the up ...... ion (I + ~y wben A.;. 0, expand it 

hJ tbe binomial U."",,"lm, ' "p!"*ing ~ to be .. pooilive inu,. 
ger ,,", 

The ""pan.ion maJ be wrilten 

which caD be pot in the form 

( 
')- /, - ~) ,(, -!;\(, !) 

1+ _ _ 1+1+ _~+_~ + "" 
.. l~ I~ 3 , , 

Now ... '" beeorne. nrr I .. rgo, Ihe terms -, -,'" OOooloe 
•• 

,err .moJI and ... ine ....... ". withou'limil ... II .. PPl'<IOChe .... ..,. 
A. "' .;. 00 th, .. ri ... "'PI'"",c.h .. the limit , , , 

1+1+ _ + _ + _ +'". 
21 31 41 

which will be di3euooed later. 
Tho Dumerieal value of Ihi , limit ear> be r=dil,. caloulated 

• to "",. d""itOO approximation, Thi. nnmw ;. &D impol1&nt 

,,<m.""'t, wbiob i. denoted by the lett .... and i. equal to 

2.7182818 " ,; thus 

• • .. l~"'", (I + !r _. ~ 2,1182818 "" . 

• nolo "",tbooI .1 ",,101".1' 10 .. 1M. too _, ........... ; it ... _ 

1Iu" ~ '" a """II .. I ...... , ... , th., '" ..... oloo' t • .-rIotl" 4>" t<> .. . -_ .. ",10 ... _ .. .". " ....... pl ...... I' ... . _ '" Ii.; .. "" IN> 
....... prod_.f •• I.hl.. ....... . ........ Tbo """,I io _pImd "'" 
p. "'. oJ 1>1<_ .... "'7do~' " 1lI!!...,.",,1 C,,,,.,,,,'' 
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T N aUlllbe< • ;. kn .... n III u.. IWI/ImIl "" 1O"po.ri.,. but ; 
...... kJpriLb .... to lit ..... are ... II"d -=01 .... Naperl ... lOll' 

a.lIb_ Nal~ra.l losar11hro. will be .. ri\~n . itl>o<" • out.­
... ipl., .. log"'; f<>r oth •• bue • • lubi<ript, ... in 1ost. 1, will 

g,,,,erally be,...,J. to d .. ill"""" Ihe b..... The Jog&rithm 01 • to 
... , bo .. oS i. called tb" ... ",hl", uf \he . ,ole,n wbc.oe b ... iI ... 

• 
If th<I .. I ..... U:o( l +~y _. illubotituted in tloe p~ 

11011 f .". :' Lb ....... 1\ ill 

<I, .. ! .! ..... 
~ . 

M,,", £0 ........ 11, by Art.. 8, 

'.... Ioor • • <f .. <Ii .. . --;- Z;; . 

In u.. putionlar taM In .hloh .. _ ' , 

.. 1"'" 
Zi "" .. .. ;; cu' 

,,, 

'" 
:n.. ""oi,lIIl"" <>1 tJw 'oj , , Id", 11/ ,, / 0.«,;" i. t.\o prvd-o! ~I 

lAo ...... '01 .... olIM jw_dl"" .. M 1M _IN 11/ 1M 'Jil l . 01 
... 1111 .... dUdftl 6J 1M J-t.!i<>A. 

11. Dllleroatlatl_ "" .... 01_,10 _1ItIol fII_ 
• 

Lei , .. a·. 

",," 
Uilfel'Ootiating both m.",I .. ,.. of tb u. ;d..,tily .. to., .... oluin 

• 

'" 
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In t.ho part.icul.,. ..... in which a _ ~, . '" ...-- .... = .... . - . ...., d", 
( ill) 

Th <hrion/i ... of a~ ""I""",.';~l f_odio_ ",Ilia a "",OIa.1 b<u>o 
i. <q~~1 '0 lAo pro<l~d of tM f""dio., 1M ""'~,,,I Wgo.rw. ... (If 

tht "'''', _ 1M dm,oaliw ~f ' M """,!WiI. 

18. n _tlatlo:a of aD ioco",,,,,,,, ... r.ble po_. 

in ... hich .. ill an i"""mmonaurablo e<m.t.o.ot. Thou 

logJ _ alog .. , 

ldy .. d .. 
Jdz-;·dz' 

<2"_ ... Ld .. 
d" .. dr ' 

.!!. u- _ u -" dH. 

'" " Tbi. hao tho oamo form .... (I), 00 that tho qualifpng word 

"oo<tlmou. urab16" of Art. 13""" now bo omitted. 

EllERC,SUl 

FiDd lbo % dol"l .. I1 . .. of ,ho> 'ollowi ng I~at!."","" 

,. , _ lof(z .;. o). •• = J _ log "I , . 
a. , - lo!: (n~.;. h). ". , _ ...r; -loc(,h.;. I) . 
3. 'EIog(4" _ h ... 2). 

~ , .. !os.(3-<" _ ..rl.;. r ). 
Iogl ... z t .. , _ __ . 

U. , =1og .. (.· ... 7.). , -. 
•• 

1.;. s. " , - Iosr.~· , - !os- . 
I _.' u . , ~ .... • , - ~loc~· ,. ,-"kIg •. ". ,-"" '. , 

• J .. " lot" 'f"' • u . ,=M 



.. DlFI'I:RI.IITI .. L C.u.cULUll 

". . ' r _ lot: .r. -+- "r,; • ' -I -+- .. -
~ 

..I. _ .,;~ 

~ J."(l - "). ". , 
, 0 --. . " -.-' ", . 

U . ' ~ ." -+- ..... ". J " (log OJ', 

~ , .. q( .. - .... ). .. , - Ios(lo.-.) . , 
•• , - .... (.+ •• ) . :17. , _.Iog_. 

• u . , -..... • , .. ,.>c", 

Tloo ' oU ... , f. rI ..... .,. Moll, dill .... 1iaIed ..,. ... ""lnC 
t ... 1opri1lu. 01 boUo .......... . f Ibo "'I""'Y" 

:a.. , _;1+., . 
"1 _ .. 

II. LlmIt of a: e .. '.PPi P ,be O. Ilefo .. P""" : . ling to 

dete,,_ine th. &.;nti¥. 01 !lie tti~ fW>etw.1 it i& 

.. r r 5 "'/ to piVW w toil_lUi Ie ..... : 

1_ "' .. , I , ... , - . 
• 11 W ith O ......... tor aad OA .. r 

.. rwliu .. ~h6 \he ei .. ul .... 

r.ro AB. Lei th8 Wlk\l'" &I. A 
", .. I OB f'rodn~ In Di draw 

...... T no J""'I"'"dioular to 0..1, ""ttiq 
0..1 iu C. 1.01; the .. ,Ie OAB .. ' ill ndian.......,..., .... 
••• 

O>(l JlB .. .f, 
CB < .... AB < All, 
r ';n' < " < r\aD', 
lill I < , < !.An ,. 
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By di . iding ~h Dlomb.r of the .. inoquaHli. " by .ill " 

l<~.<_'; ,m 
but..., 8 _ 1, .. hen ,-0, 

li"'ld 
H.G ,in ," , an 

u., .in , _ L 
. ... 0 , 

110. JlI& ...... tlatlom of .1.0. u. 

, _OlD"-

~ .. . in ( .. + 'h) - .in •. .lo .. 
.u .lo.. .lo~. 

To ., •• Iu","" tb .. <I1p ...... ion 

.in ( .. + .loK) _ . in ... 

.. " ma1r.e _ of th~ farmulM for th" . iM of th ... "'" and lh • 
• iD~ of the difference of two angle.. Sin .. 

• in (a + b) = .in a ooo b+ ",,"a.in b, 

.in (a - b) .. • in a 00.0 b _ 0,," ... in b, 

be_, by oubt""'ting \he ~'"l "'l 'lati"" (!"(1m the fi .. t, 

.in ( .. +b) _ .in (0 _ b) = 2_ .. .in I>. 

Tili, oqual;ion i. truo for.lI .a.luo. of a and of b. 1m partiou. 
lar, tben, pu tt;hg 

'"' 
thai; Uo, 

. 0 obtain 

. in (oo + .lo.) _ . in .. .. 2 coo ( .. + .lo2") . in ~,. • 



.. 
Tbc u p",'''''· , ... f(W ~ our now boo wri_ in tho f(oO''' 

. ,-.,n_ 
" ( '-) ,,-.u~- ~+T . ~ 6.0:' , 

"""-. by Art.. 19, t,,1A ... .. - .. ::;. (11 ) 

no., dtriHl" oj Iloo ..... oj a f~ u. ~ ,.. I" -'ot« 
oj 1M _ of 1M fit •• diQro dod lAo do,;_i", oj 'M J-<i>oa. 

il. ~tl ... of_ ... 

Lo\ J_""'''_S;R(~ _ .} 

,.~ " -".'(' --) --(-- -)"('--) 
"" "" 2 2 <1>02 ' . .­-_ ... -..... - . - .. ( It) 

7kMri .. ,n.o of .......... <>f .. JttM ..... io oqooaI "" ..... 1M 

1"'D'11Od of 1M _ of"'" jttJl(f'luoo aJIII lAc _""of 111# ,fIo_. 

13. ~tlatlOll of ..... II • 

••• 

- - ~-' -- -- (by II , ttl 

~ ...... .. ..... " ... - - ( II ) 
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~ dtrivali ... of Ik. taMgO"" of a fU<iioto (0 tqt<aI 10 1M 

pl'Odud of lIu """,.. of 1M """"'" of Iq f.octioto """ 1M doTi .... 

Ii"" of 1M ji<.<iw... 

Sine" II," ",maining rlemen,..,.,. lrigonomemo (.nolions 
<>au be exp...,.,..d .. ""Iiona! funOltiOOll of Ib_ a1tNdy COIl­
. id.=!, th.ir deri~&\i~"" .... to. obtained by m •• no of tbe 

p.-!iug "'1.... The ",.ulto are 

_~ ... t1. ~_-, .. d .. . 
~ ~ 

~_ .. ~_ .. ta .. dv . 
~ .. 
~ ... .. = _ ... .. "" .. !.I" . " .. 

E){[RC I$E$ 

( H ) 

( I i ) 

(II) 

Find 11>0 _nUlli_ of u.. £oll""";n\l" fn""'ion" 

•• , = .;07 x . , 
a , = ton";. 

•• ,~",,"5r ... l1 _ oIo .... io·% . 
•• 11_';0" . •• J ~ ";n (. + ~J-{' - ' J. 
•• J _ .i~2%"'u . .on- "" 

, ~ .on'x . 
... , • 

•• --
•• ,=.inh'. ~ . F <+ k>K ooo (, - i). ,. J ~.i.'7x. n . , = ,i" (olD . J. 
• , _ . t&Il' x _ loon •. ~ J r .ID· .... 

• , soi.' x_ •. ... ,roln ... Iog •. ,. ' .. ... n. +"""x. ... , _ ...'ilii? 

>L , . oio'(1 _ 2,,)' . .. , ~ "",'4 x. 
u . , _ 1&0(3 _ 5%')'. ... , _ "",, (4~ _ ~)' . 

a , .. ... " • • - k>K(_ •• ). ... , . _,'+_",i. ... ,~Iog ... ,,(I·+I")· ... , ~ .in ., . 

" ,~\ogoin"". ... '="'.(o+ Jj . 
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30. ~', od :~ (ooo.J d;,·""tl, f",,,, u.. d. S.;.;.", of ."" dori ••• ,..,. 

A..., ~(Iau ~). ,. 
31. Flod t.{«>U) lrom "'. nII""'n . ,,,' . -I- 000' . = 1. 

23. nur-tloUoD of olm- ' u-

Then 

r _ oin -' ... 

.inJ _ ~, 

and, by difl'enmt.io.ting boIh membero 01 ,bio id.ntity, 

"" J~_ d~; 
~ ~ 

'!l! 1 .-1. I -----"" .... J d;o ~-v'1 

(t. 

Tho ombiguity ol oign ,""""nl. "ith the foet WI .in-' .. i • • 

many-n.!ned function of .., .inoe, lor ""1 nln. of .. ""t_n 

_ 1 and 1, tt,.,...;" & ~ri .. 01 angl .. .. h_ .in. i . .. , ond, wh ...... 

....,.;_ an inc_, tom. of tho .. ongl •• in<'- and ..,m. 

d""reue ; hen,,", for oom~ 

lor lOme ""gati... It .. ill ho _n thot., when oin-' ~ Ii .. in 

tho Ii",t or lourth quartor, it iMroaaoo .. ith ... and, when in 
tho """"od or third, it d"",,_ ... ~ inc" , .-, Henoo, lor tb. 

angl .. of U ... first ond lourth ,[oarte"" 

(17) 

Tn th" nth", quarto .. 'h" ,"i"". lign io to ho u..d hoi"", 

the n.dioo.l. 
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The u .. iuti •• " of the <>Lb • • iHe ..... t .igo""",etri. tunotion. 

""" be .... il, abbLinod by the method .1IlpJOJM in tho p .... nt 
arliel. . The moot important of the remainin8 on .. . T<> tau'" ", 

oeo-'''i 
..!!._- I . ~ -..!!.ooI;-l.. I d. (18) 
tU; d« 1 + .. '_ 

( I I ) 

UERCISES 

Find Ioh • ..dt-riftli_ of _b 01 tho fol ..... ;o .. f"""D..,,, 

,. , . oi"-'2~·. ". , • lao ",. u.u-' z.. 

,. , . 001·' ''1 _ z'. ". , _z".·'z. 
•• ,~ ,in -'(3% _ I) • a , E .... -' •• 

•• , _ ';'0" (h _4 .. ) . n . , . _ _ , 1 

1 _.' .- , 
• , .0'.-' __ . , + I' - , - _ . ," + '. 
• , ~ ".m· [~. "-, 
•• , . u. •. '" . n . , . u.n·',fi + ,/ii 

• , .. 000" log I. I - .r.ii 

•• , • ,i.o." {tau oj . - .. -.-. 
" J = """ ' . 

J~""-' 1 . 
0' +.-. ,. 

"l_ii u , _ 1.,,-' (. tan ~) . 

n. , .. "OO-,~. 
• " , . ... -' <0012 I). 

U . , . ..... _,( I )- ". , - "",-I (2 _I). 
• ""- I ~. ,=tan·'("l+i' .J. , 

" . , .. ...,., _. , _ 2 ... ,,_,~1-1 • 
,~';n- I"'iDI. ". " , .. 
, . ... ,,_,~l _ ..... ~. ". I+ ... ~ 

~. ,= ... .,- '~+ ... n_,U_z 
~..f:i "/~ 
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4 (- 1 .. ~"". '" b b 

d d" du ..... 

'" __ (_ + ,, _ ... ) . _ -+ __ E_ 

d>! "'" </'" "'" 

" " <I .. '" .. .. -- +.- ' ,,'" ..., 
• ..... d.. <I. ,,, -- (,,-1 - .... =+-- +--. 

b 
"" 4.£ " '" 

.. 01~ _ .".! 
•• ~ b '" .., -. • ~ 

.!!. ... 
~ 

-....... "", 
~ 

,,, 
1; ...... Itt.. .,," . -• .. '" 
• ~ ... , .. .. -_ . ... '" 
~G" 
b 

. ..., ...... ...... .. '" 
~e-.. .... : ' (I', 

:".1 ... - ...... !!!!. .. ( 11) 

• -_ . .. . " .. 
- - "tJz" 

(It) 

• --. .. .., .. o 0 _ .. o t ) 

• -- ..... "'.!! ( 14 ) --' ~ .. 



DlJITERENTIATION OF TilE ELEMENTARY I'OIiJf.8 <!5 

..1...,.-1 .. _ _ ~_-1 .. _ I "" 
_ d", "'1 _ .. '_ 

~taa- L .. _ _ ~oot-l .. .. 1 d". _ .uo 1 + .. __ 

UERCIS£8 ON CHAPTER II 

1. , ~ h' + ~" _ 7. · . , 2 . , _;:; + .. _ .,. 

3. J ~ (% + 6)"C.,C_',C 

4 . J ~ %"'~' ;<. 

S.,= %k>goin%. 

• Go 1=;"' •• _ .... 

, , - Log _. -
11. J= 1_" 

"1 + .. 
12. ' s" rou. 

13. , - """-'CD. .. 

( I I) 

(11) 

( IS) 

(It) 

• • 7 .• =_ ... , 

9.,= ..... _ log . in • . 

15. ,=(.+.)t."-,~_"",. 

1.6. J=~_Ll + "I+ " 

I~. 1=lon'z _ 2t.n'<+Iog(_%). 

Ul. , = <lop + log (1 _ .). , , 
It. , • ••• , ; 

, 
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U . ' . Ioc.' + .. , . .. ... z. 

"... ,,+ l' - 3 """ m 0. 

25 . ..,'+" + ,. .. 0. 

26. "+z .. ,+,.. 
27 . .,.+..,~z+,. 

as. , D.iD(2~ - 1), ~~I",.'. 

29. II, ""'''''. of .1ifI· .... nt.iaLlo •• limi_ u.o ",,_l p fn",' tho 
.qoa<ioD, ~P'· 

30. AI wh" poiDY io th~ ta~1 to u.."""",,, ~""". p.nll~1 to 
u.o -..ciol 

31. Sh"" ill .. u.o z..dori ... U ... Qr "",_1 

Lloo of •. 

U . Find.1 .. hoi point. of u.. o!);poO .. + i .. Ilh. u.. .... 10 ""\ 
.' V .If oq ... 1 in ...... p>o"" tho "' __ 

33. Hod t.ho pol_II ... wbioh ,be . Iopo .f ,be """" , ~ laD. l.o 
1 .. ;.0 th ••• r ..... Ii .. , .. r. 

:H. Find U .. ongIe .. hOeh tho " ........ , .. oln z .Dd , .. ..,.. ",ok. 
';Ih OIIOh oIh<r .11h~ir poin. of in~n. 



CHAPTER III 

S(fCC"SIVJ: DIFFERllllTlATIOIf 

all. De1iAltw. of .. tII dorln.tlft. When . gi •• n function 
J _ ,,(,,) i. differentia1.ed .ith ""gud to ., by the rule" of 

Chapter I, theD tb" result d, 
dz - "'(,,,) 

;" .. De. funct.iOD of z .hich may iWelf be diffe"",tiat.ed b,. Lb • 

.. "'. rul... ThUJ, !(:!) -! "'(z). 

The left-hand ""''''ber ill usuall,. abb",.iated to ~,.Dd ~ 
right-hand member to ,,"{x); Lb ... i., 

Dille"",ti.t.ing apiD,."d u.ing .. . imiw DOto.tiOo, .... obtain 

!(Z) -z-,,'''(>:), 

and 00 on for an,. number of diff"""ntiation .. Thu. Lb" 'Jm­

OO! ~ ""P""" th.t J i. to be differeutiated .ith ",go.rd to "" 

""d that the ",.ultiag derinti •• i. theu to be differenti.ted. 

Simi.!_rl,.,;2: indio-tea Lbe pedorm'DM of tIte operation ::., 

. '('(")} tit"", !.lm"", <b <b <h In g<DU:a.I, the sy",bol ~ m ... DS 

that J is to be diff."",t;"t.ed .. tim .. in """,,_ion ... ith ",gar<! 
00. 

• 



Ex. 1. If 

DlFFERIU<T1AL CALCULUS 

, .. .... .mh. 

~! ~ I .. +- 2oooh, 

~=12 •• _4oi.h, 

j)R2h _ S"",,2z, 

Z~:M+16 .;nh. 

If .. " implioit "'l"",tion bet", .. n z a",1 , i. !;inn and the 

de,i .. tivo. "f, "iUt rq;.o.r<l to z...., ""Iuire.l. it i. not """"" • 
..... 1 to 001'6 the "'Iuation for .IU,.r nri.Lle oofore perfonn­

jng Ute difforentiAtion. 

EL 2, GI ... "+I' +- la'zy _ O, find Z· 
" ;r,; ( .. +- I' +- h 'ZY) " 0, 

" , _ .... .... 1'+10·_ , . < 
<I. '" </. 

i .. +- I ... ~! +- i .... ~! +- 10" .. 0. 

".. !&at .... atio. io "". to bo ooIYO>d lOT >I" 

" <!1. " .. a" <lz - 1' + ..... 
J);1f .... U .. U .. .pi., • • oblfJ. 

" , ( .. +- .") 
oI<' - -~.I" +<h 

U' +- .",)j.,( .. + a") - ( .. +- d").tU' +- d'.) . ~.=---.:-""--":..;,,.-=-""=-=---' (J" +- ••• ). 

(J" + ••• ) (h' +- ~.~!) -( .. +- • .,>(3,,* +- n) 
- - (J' + .'.)' 

") 



SUCCKSSI VII. I>1PrER&NTIATIO" 

•• l .. of d" ''''''' (I) 

" 'qyali .. n, bd "'" .-.lti"lr .'1""'''';00 oimpli6od . Tbe ftDaI form 

"'0' bo . "ll<n: 

. ' ('" t ,.) - a.'I'(r t tl 
(I' t . ... ). . 

Tn Ii~. m ...... ' bighe, deri ......... may bo f"""d. 

26. Exp. · : :\010 ,., tho ..tit oI<ri,..19, III c:.rtala ........ For """ 
Wn funotion ., ' g.ne ... ! expru.iob for the Mth Jeri.aU," """ 

be "".oli1, obtained in t.oerlll o of ". 

f: •. L IfJ . .. ,<beDd,~ • •• f' . ", "., d', . ,. 
d. .... dfl' -0 . t,. ... n .. 0111 poIIili" ;nleg',.. If, - "', ;J;;. . ~"". 

. . . . . . . . . . . . 
-..(-) _ ~ .. n zt - . 
<I.. ~ 

" 
EXERC:SU O N CHAPTER III 

~. , _ 3z'tbz' t ,'z_9, fiR<! Z. S., ~ lou, flod ~ . 

. -, 
2. ,~2""tht5 ; find .I", ' 

, ... 
3. , - .' Snd hi' , .. 
• " - "- .. ;~"diii· 

z ... c .. .c._' 

, . , _ ,'Log a, ftR<! <I'J. ,,' 
8. , _ _ a, Sod;g: . 
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9. 11 == logsin:t; find ~~. 
. d4y 

10. Y :::: sm % cos x j find dx.· 

1 doy 
18. Y = 1; find d . 

% - %" 

d"y 
19. y::;: cosmxj find dX'" 

x' d'y 
ll. Y = 1 _ %; find d .. • 

1 d"y 
2O.y = . find • 

(a + %)R' dX"' 

d'y 
12. Y = .. log x'; find dx" d"y 

21. Y = log (a + %)R; find . 
d%" 

13. y::;: sinx; find ~~. . 22 y' - 2p%' find d'y. . - , dr 

14. y= log(e" +.-0); find :~. x!l: y'J cJ2g 
23. (ii+ p ::;: 1; find dx'J' 

15. y=(%·-3%+3) ... ; find ~;.. 
d'y 

(/'y 
2 •. r+y' = 3axYi find 2' d% 

16. y::;: z410g x; find d:r!" 25. e+'::;: XV; find d1y. 
dx' 

doy 
17.y=ea· ·find . 

~ dx· 
26. y::;: 1 + xe. j find :;. 

27. 
. d'y dy 

y::;: easlnXj prove dx'l- 2 dx + 2y:::;: O. 
. 

28. y::;: axsinx; prove X'l~;' - 2% ~ +(x2 + 2)y::;: O. 

29. y=ax"~l+bx -j provex'J:~ = n(n+l)Y, 

30. 11 =(siO- 1X)2; prove (1- Xi) ::,- x~!::;: 2. 

~+e-· dy 
31. 11::;: j prove -d = l-y'. e - e- x 

32. 11 :;:::: x-1log x i find :::. 

33. 
day d.-~ d-- 'y 

11 ::;: z!e· j . prove dx-::::: 2 dx--1 - dX"- 1 + 2~. 

34. 11::;: COS2 Xj find :~. 
• 

• 
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1", -.:1;8ndZ· 

and ~. 
'" , ... 

U "u l _ z; fiDd<l .. ' 
, ... 

aD. , _ (a -I- .) ~; dnd _' 

12, , _ "kig"; bd~' 

11. , _ liu; ftnd ~, 

:n. I " log(o + .)"; fiDOl ~.! . 

2:1. ,' _ 21'; and~. 

.. " "", iI:3. ~.'" 6' - I; find .hi ' 14, , _ Ior(" + .-); and ~, 

15, , _ ( .. _ h -l- 3)"'; bd ~' 

16., _ .. kigz; ftnd ~, 
" iU . .. -1-,. _ 3 ... ,; nod hi' 

all ... " ~ ,,1 hd ~. 

17. , . .. " ; 80d ~. . .. 1f6., ~I~, .. ;and~' 

:rI. , _ .. ,in z; pnI"Z-~~!~~, - o. 

H. 

r _ .... u; pro>o"~ _ 2, d~ +{ .. + 2lJ _ O. - .. 
r -...... ,+ -; """",z·Z .. . (~ + I),. 

, _ ("n-' z)'; """'" (I _ zt) ~ _ Z* _ 2. 

33., ~"""'Iogz ; find Z· 
d"J do-', ~ 

33. , _ .... :. pr<m> <I .. .. 2 d.-' - b"-'I + 2 <' • 

.... , _ -"z; nndZ· 



CHAPTER IV 

IIUIII'" AID 1II.11lA 

~7. In<teool ..... 4 ~ ", •• Uen. A faneti"" ,. oaid 
to too ;""""""'''' if it in., ·· ee. aa th~ yarWll. i"",",,_ and 
do<reaooo .. tho y&riab!. d",,_.. A luncti<Hl i . ... <1 10 boo 
"",,".,;,., if it d""" " ... aa tho nriabl. in.,"",..." and in • .-­
.. tho _ari.ble d"",u '" When tbe graph of the f"Doti"" ill 
knowu it will indicat.o whether tho function is inerGlling 01" 

d"",""wng for :on uoiguod nJuo of "; <>;IUn""']J, a knowlodgo 

of tho f""t whotw. function i. in_iog 01" d"",." .. ing it of 
groat .... i.l.o.noo in d,...";ng tho graph. U. uoJl,.. fuottion i, 

int ....... ing for ",,!"tain "oJ .... of rand do<_.ing for o!.he,.. 

28. Teot for det<omlaiq; "' ..... a1a 0:1 ~ and d ... 2 oinl. 
Let, _ .(r) boo .. continu"". funotion hMing. deri .. &l.iYI for 
.n nl .... of ., from .. to b. By thl ~t.> •• dofinil;ion, iI i .... 

...... ing '" d"" ...... iog &t • point"", _ing .. 

hu 01" b .. not thl ...."e lign .... l, whe..., A ill •• ullloilnt!J 
. tnoJl numbo.. H. """ ~",) i. an i"" ..... ing or .. doo""l1Oing 
funotion at tb. valul." aooording ... 

" 
, 
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Tb .. , the function 11 _ '#-{"'l i. ine ..... ing, if 40'(,,) i. pooiti~.; 
if .'(",) i. n.g~tiT'" tb. {""",iOlI i. dee ...... itlg. 

In order that • IUOOtiOD .han change from an j"""" .. ing 

funotioD to .. d .. ", .. ing function or "'''' ,." ... , it i. n~y 
.... d . uJIlcieni thr.t; itll derinti •• oho.ll change oign. If the 
dc,i vati,. i. DOotinuGus, thl. call h .. ppen only when the de. i.a­
ti~ pIIIl_ U"."ugb the voJuo ",ro. The do,iutin may a1"" 
chango "go. .. ben il beoom • • infinite, and, notwitlutanding 
thi. di.oontinnity of the deriv.tin, the original function , ... y 
.till be """tiuuo,,", In tho gnoph of the function thit requires 

that M ouch .. point the bogent to lb. \00'" . hall be parallel to 

\.he ,....i.. The p_ -rill be illuatrat.ed by .. fe .. eun>pl ... 

£1:. HI><! 1M [o"",alJ in .. hk~ u.. lnmeliooo 

.(.)=2"-~"+lh-ft 

i.o """ .... i.g Or d",ruoiog. Th< deri .. li .. it 
ojo"(z) ~ e.· _lh + 12 _ 6(z _ I)(. _ 2); 

boo"" ..... __ fn>m _",10 I, tbe den.ed f"...tiD" .'('l I. pool. 

, • 

Ii .. and .,.(z) ;no .. ...,. from ;.( _ .,) 

10 ~), IA. from .,.=_ .. kI'" ~ _ I; 

.. ~ _I",,,, 1 kl2, .,.'(r) io...ga • 
,,; .... nd "'(0) dec~ f""" <1>(1) kI 

.,.(2), ;, •. lrom _1 kI _ 2; O<Id .. r 
po. __ lrom 2 kI -t." "" (r) io p<>ft. 

,,; . .. .00 .(x) In.,..._ fro'" .,.(2) kI 

<1>(0)), i ... from _ 2 to -t"'. n.. 
Io<wI 01 II>< "'I0a,"on ,~ .;{r) io 01>0 ... 

I. ~·lg.~. At point. whe .. ""(r) = 0. 
tho I."";'" <l>(z) 1. ".Ub., I"" ..... 

ing !!Of ~ing. AL • ..,b poin .. 
tho lanro.' io po.",\lollo u.o uil 01 z_ Th", in "'1. m •• ,,,,,,,,.., ,. 
r _ 1,. _ 2, Lho ... ngout io po.raliol to ,1>0 _~io. 



MAXIIilA AIID IIII111I11A 

UCERCISUI 

L Find Iho 1.""'010 oJ i"""'»in, o.d d"" ...... g lo"bo r~ucuu • 

.;,(.) .... + 2,' +, _ 4. 

';"(~) _ 3 .. + h + I _ (h+ 1)(~ + I ). 

The fUIlCoon inc. = from , __ <0 10 z ~ _ I; dw, from 
% _ _ 1 "'~ _ _ I; i.,_lro",~~ - I "' ~ _ "'. 

2. Fiod i.bo i ....... Ia.f ;..,... ... o! and doe,...i., I., u •• I"oolioo 

, _ "_h·+~_4 . 

• 00.1 01>0,. .. bo .. u... .... "" i. 1'"0 .... 1<1 to \be ~1ia. 

a. AI how "'""Ir->inlo! <.n II!o olope of Ih. "'n~nl to tbo "urn 

,~2" _ h' +1 

1>011 - I I Fi ndthe r->i .... 

4.. eo..p.'" Ih • • • gl • • , wh",h tho followi", <~ .... i .... ......,', 

11 - 3 .. - I, 1 ~ 2.' + 3. 

~. Tuno.bo, ... 1. .. oj a fu"".IoB. It 10110 ... that th~ nlOe!i 

of z at which ';'(:0) ....... to in ......... and begin. to dec ......... 

,.,.., those al wbich .;,'(z) changeo .igo from pooili.~ to O"l!'l­

!.i.e ; and thai th. nlo,," of z .t .. hich .;, (z) ~ to d",,_ 

a"d begins to inc""", . . ... th_ at .. bich .;,'(,,) chaoges ito 

. ign f",m n~glI1i~e to pooili.e. lo the torn", ........ , ';'(z) i . 
oaid to J"'N through a m=i .. u ... , in the laUe', a ... i.i"'~ ... 

.. 10'" 

t:. , I . Fin,l the I"TO;", .. 1<_ of 110. f.o<lion 

.;,(L) _ 2 .. _ h' _12~ + 4, 

.,"1 ""biLi. ,bo ,..,.Je of .",;"Iio" 01 ,10< !ondion hI oltdob i", lbo 

, - .;,(~) . 
• ·(.) m 8.' _ 8~ _ 12 _ 6(. + l ) (~ _ 2), 



DIFFERENTI AL CALCULUS 

""~OO ".'(x) is r><g."" .. h.m z lie& bet . .... _ I &od 

.. 2, aod pooili ... f"" . 11 ......... 1""" of., T h", .(r) 

i"".-- from ~ .. _ '" Ioz=_I;o!.,e. z .-. ltom 

--1" z o< _ L "'Z _ ~io<><liIotl "' f""".~~loz _ .,z 
Ho."" 9>(-1) io • ","",,,,.,,, YO.h .. , of .(. l, ... d 
.('2) ... ID'",.,". 

-.. 
Tho "Deral form 01 11> . .... e ' _ .(0) ( Fig. V) 

.... y bo W",NMf frum tho lui ... to.DlO.o~ .J><! from 

tho fOllo.ing ol!tluJla"""", ul ... of ~ ond , : 

' _ _ "', _2, -1,0, I, 2, 3, .,0>, 
, _ - '" 0, 11,., - ~ - 18, - Ii, 3(1, «0, 

E,., i . E zhibU >ho Uriat.ioD of tho 

f • ..,IIo. .(.) _ (. _1)1 .. 2, 

ooopooeioll, i .. ' .... i a , TaI_ 

Siooo 9>'(0) _ ~ 1 , 
8(._1)1 

heJ>OO .'(.) eboD"" mgn .1 . _ I, 

heine D<pIiVO .. boo • < I, indnl" 
il.zl,andpooiti • • if.>I . Tb", X 
.0)= 2 ia. mi.Im"," """ine .oJ •• . "", ___ L-C--_~-
of 9>(.). Tho I"Ph 01 tho IDnom" ~. 

io ... ho •• iD Fig. 10, wi ....... ~;..J ~DI.L lbo pol., (I, ~). 

E~. 3. E n."l .. f.,.. m"" ...... 0I>d .. ID;ma tho /.aotioD 

.(.) ~ (. _ I)I + 1, 

"' .. 11 

boJ>eo .'(0) __ rollan". iii"" bul ia 01 ... " 

pooiti_ Tbe", is --.lingll on .... miDe 

ul"", Tho e" ... , .. 9>(0)""', .ortiz 

"'I .... " •• o.t'bo poi.! (I, I), . 1 .... <!l 
" isi..a.i"' .. _ .~ I. (FiC.IL) 



MAXillA AND KlN1MA 

30. Crltkal .~ .... of UH un.blo. It has ~" . ho .... that 

tlHo " .......... y llld . ,,/!icient oondltion for .. turning ... 1"" of 
+(.,) i. that ojo'(~l . ball chuge ito oiga. Now .. f" ... tion 

1"''' cba.ng. ito aign <>nI1 ... ben it paeeo. through liMO," in 
EI. 1 (Art. 29), 0 .... ben its reciprocal vu- througb .. n>, 

.. in EI. 2. In the IlOttie. cu< it u. u, u.a.I to ""1 that 1.b .. 

fu~cti"" po.as<" through lnfinity. It u. Il¢ true, oon.eTMl,., 

that .. function 01 ... ,." "" .... ge. it. . iga in puling through 

.. n> 0> infinit,., <". ~ .. oo ~-'. 
N ..... rtbel .... all the run .. of "', .. t which ojo'(:o) PO " ", 

thl"OUgh uro or inliuit1, ....... lIed criIi<aI ruu .. of "" be­
cou"" th. ,. ..... to be further eu.mined to deter .. i". whether 

ojo'(,.) ""luaU,. eh.angn , iga ... ., paoMII 1.brougb eaeh , uch 

.al",,; o.nd wbetber, in """""'Iu"""'" ojo(z) pu ce. thn><tgh .. 

turnin,g rune. 
Yo. i"stan ... , in EL 1, the de,inti ••• '(,,) YaDw. ... wheD 

:0 _ _ t, &lid wben,. _ 2, and it d.- not ~me I"IiDiloo for 

0."1 finiloo rune of ". Thu. tbe eritl .... l Y&l .... Ilf"!I - 1, 2, 
both of .. hicb gh. turning .00u .. to ojo(,.). Ag:Iin, in 

£11. 2, 3, l he eritieal value i ... _ 1, . in,," it m"" .. +'(,,) 

intinitie; it gi ..... turning n.lne to .("'1 in EI. 2, but not 

in Ex. 3. 

31. __ "" ~ .. bother ojo'(z ) ~ Ito olp I _ 

_ Iq <hn>a.h ..... or llllalt, . Let a be. eritiaal n.lue of "; 

in nthe. worn., let ojo'(g) be either "TO Or lnfi"it.e, and l"t ~ 
be .. v.,.,. .moJ I pooiti .. Dumbor, 00 Ihat a _ A and a + ~ are 

Iwo numbe .. nrr .1_ to a, l1ld "" oppooitie oid .. of it. In 

order to determine .. beth .. ojo'(:z) ehang .. . iga .. ., inclft. ... 

through the .olu" ft, it i. n",,"os&I"J only to OOfIlP'"'' tho .ign. 

of .'(a + A) and +'(" - ~). If it il p"'rihl" to ~ A 00 



Dll1'E~r.NTIAL CALCULUS 

omall th&t +'( .. _1) ill pooitiTe o.nd .'(<t + l) negatiu, thon 
+,(.,) cha.ngH . ign ... ., pMOeI Ut...,.,gh Ute •• Iue ~, a.nd 

+(.,) ~. through .. muimum nlue +( .. ). Simila.rly, if 
.'( .. -l) i . n~il"'iT" .oo .'(a + l) posi\.l •• , then .(,,) I"'" o. 
th.roogh. minimum nJue. (u). 

If .'(" _ ~) and +'( .. + ~) hue Ibe RIll" .ign, how.ver 

small ~ may bo, UteD +(,,) iI DOl a lurning value of. ("'j. 

E~. Find .ho ~ ... ini .. I ... of .... fud;oD 

.(.) ~(. _ 1)'(. + I)', 
II.... .·(z) ~ ~(. _ 1)(. + 1)'+ 3(. _ 1)'(. + I)' 

.. (. - 1)(. + 1)'(5. _ I). 

110_ +'(.) beoomoo """ a' . .. _ I, \, . nd 1; il dooo 00\ '-"_ 
i050U.lor"", tol'" .01 .. QF •. 

T .... ilie «i""oI •• I_ ... _ 1, \, I. 

H"'-' 

-. 

Whom z hu 0., .01 ... ~ \b"" _ 1, til. Ut_ faoton 01 +'(z) 

to.h lb. oIg ... _ + _, ho..,. .,(.) ;,; + , .0<1 .hon " h ..... 1"0 



ILU[LIIA AIID IUIIIJIA " 
bo1._ - I .... O""I _ _ +_ . ...... ·(.)100IIII. ;_ 

;.( _ I) . 0 I. _ ........ nh>o 01 t><~). 

W .... . bo ""y .... _ bo1._ Iud I, lboolp • ..., - + + "" 
"(0)" - ; NDoe 4>(1) ;, ....... 101 .... 

Fln.lly. II ..... u, .. I •• _ .. , Ihan 1.1100 .ijrn. "" + + +; 

1_ "(s) ,b.n..,. '"'" !rum ._ '" + .. ,1_ tbroq;h I. IUd 
t>(1) .. 0 .. . mlo""'" .01 ... 01. . (.). 

Tho C ol ... ",10 " I lbo I~ ... ",", -1 bo .Uibilood rnopbleolly 

bJln<l. 11>0 "" .... , .. +I') (FIe . Iii), ..... u.. I ... MaC ....... 
..... ~b ",.l ... "" foIlo-o,i"l ,; .... 1·· , _ .. _of. -...I" 

. .. _ .... _ 2. _ 1 ..... .. 1.2, ... 

, __ m._i ..... I. I .I .. · . .... 'ZI._ 
:D.\ " . • , -M .... of ~I:/:, wlor'btr +'("') .... brotp I:/: 

p'"I.'lb. ..... '_ ...... The followin, ",.Ihod m,y be . mployed 

.h. n ..ru, f.Dotion ""d ito d'ri, ~U •• U<I! _linu.,... in lb • 
• !oio; l), of Ill. oritioal n.Jue .. _ d. 

B<.Ip~ . .. 1>0 .. ~ i~ throu,b \.he nlno ... thai .·(a) 
cloMp' tip f ...... """iii •• III_a" ..... \0 ...,..u... I to 
chup r", .. """,tint '" aM"<> ia . d... .., aod ..... lhoclLu:p 
r ..... MN '" r g Ii .. ; 0. .... '(.) It .......... m,: I ... ",i ... It 
.. _ ... toDd benao ito dui."" ••• ~(2) 10 uptint at ::r _ "-

On the ""hor hand. if .·(a) oh&r:po .~ f ...... D'IMi •• 
lhrouah .... '" 10 pooiti • • • il i. u ;""", .. ing funol.ion and .. "(~) 

to "",,;tl .. . t., _ .. ; hon.., ; 

n./.,ci_ +<,,) ~ ..... _d'-_ 00>1 .. oK .. ). """" .'(0).0 
1UI(t ..... ( . ) ;., ~u; oK.,) .i... . ... -.1 .... eaJoo. ~ .. ), ...w. 
. '(. ) _0 IUI(t .~( .. ) ;., pMiliM. 

It .. a, ha!>pm, bo ........ thai ."( .. ) I, olo<> _ 
To d.It ........ in t loia ""08 .htllle. ~,,) hao • ", .. ina .oJ"" 

;\ ;1 III r . '..,..10 I.... I '" 11M: hlgboe. deri •• u.... If +(z) It 



DlFJl't:R"IITIA1. CA!.CULUB 

• muimum, ,""(~1 a nega~i~. i .... beforo "",idling, and 

n"!!'lliY. iu"t after, for the _ gho,. above I b"t tb. chanl!" 

from negatiu to zero a .t.!' in<ltEA ... and th. ch&llp froll> wro 

to negati n a ad""' ........ ; th"" <jo"("l chMS" from in ....... ing 

to d"" ...... ing .. " pasoo" \hrough n. If.DC. <4,m(~1 ebngel 
sign from pooili~. \h1"OOgh ..,ro to negati~., and it follo .... all 

before,!.h ... it. derint.i~e "~("1 i. DOga.t.i~ ... 
Thu ... (al ill • muimum nlue of "(" l if .. 'Cal _ (), .... ( .. ) .. (), 

.. "'(,,) _ 0, ,,"C"l Degat.i~e.. Similarl,., .. Cal is a miuimum 

nlu. of "C"l if .. '(a) _ O, .... Cal - O, .. '"("1 _ 0. &lid .. "Cal 
pooitiYe. 

If it bp!"'u that .... Ca) _ 0, it a lIWIIMl")' to prooeod to 
. till higb .. deri.atiy .. to to.t for turning nl_. The ..... ult 

ma,. then be genen.li..,d .. folio ... : 

7'1« fo- </>(") AM " """""" .... (Of" _",,~ .. ) ""I~. n! 

., _ " if"'" or '".".. of"" d<n"vat;.,.. .. '(n), ,,"(II), .. "'Cn) "".ioft 

mod """ flr61 OIl< I"'" dot. _ "" ...... pf ftPtOt. ""'"'. aM 
lWJali .. (00" ponIi""l . 

.Ex. Find lito eri.ie&l .. h_ in "'" ex&mplo 01 Art. 31 by tbe 
.. ,,!od "",thod. 

</>"(~) = (H I )'(5 %- 1) +2(. _ 1)(.+ I)(G ~_I) +~~_ 1 )(~+ I)' 

~ f {6,", +3>"-3% - I) • 

.. "(I) = IG. _ .. (I) u • mln;,,,u," .0.1 ... of .. (~), 

""'{ _I) ~ O. 1Hn'" j . j, •• 1l " 'J' to land .. ··{ _ I); 

""'(~) 5 12(6'" + 2,, _ I), 

..... { _ I) ~ 24, 100 ....... ( _ I) io ... illt.".. m ... I .. ~", • .".. ,.Inl,.,.," 

.. I"" of 4>(.). 

Api., ""W = II{I _ I) (I + I)' ;. ..opti . .. ],..,'" .. (I) 10 • mu~ 

"'0" .oJ ... 01 .. (~). 



IU...J:UlA AIIU IUlllMA " 
U . n.e __ a"" _ 1.1 .. "'7 _ JI L'"O,.' n _ 

&lteru1el7' I ~ hat '-. _ thu U. iLUJ.1i,.um ... d mi.ino", • 

• ~_ (If " mH"".! ""'y"",..i.1 """". ~1.fttII.te17 ... he_ the 
.&liabl. I, o<>ut.i.llIIlly ihCroeeil, o. di",inilhed. 

Thl. I"iueip" ia tru. 1110 in ~he .... of ••• .,. COOwnUQUI 

fuoct.;o" of " . i.,l. ~le. For, 1. t .fo(~), oK~) boo two 
",.:tiL.""" .~""" or .fo(~), iu which D ia IUppoo:ed '- th .. 
b. Tkn, w"" z . a+, U. f=c:d .... d ..... ""iDg; wbt. 
O2. b - l,:.I.. fu_Mloi .. i.... ring, A bein, tat ... ",&i ... Ul 

_~I and """ti.... o.t in 1'""1"1 fn::m " dot: ..... iq 1(1 ... 

;.... iI;"I _, ....... in"""" .... nc1i.... ..uti, at _ i Dle .. 

,""ill", m<MI of." ebanp f""", dec .... ,1III' 1(1 i •• rearing, that 
ii, "" .. I 1-611 U...,..gh .. minilDum. lIen.oe, bolw_ tw" ...... im. 
th ... muat bo .. t I_t 00fI minimum. 

It OIJ! be l,mi",,11 pro.ed (lid b&tw .. o two ",inima thore 
JlUlt be" 1_..., mui","",. 

k SiaplIluIl •• 1 Uoot!So _ lit.- <rltlool.-,_ ..,.. ' 0" 

of llodiOC tho erilinal ..1_ of Iho .-ariahI., in the __ of ""I 

r- '."""'''' _Ion..:. be ri .. plillod by 1D"m of 1M l<>Ifo.· 
i"lMlf"'id<o:t pri .. ;ploe. 

I . wr:. ... il indoponde •• of "'''1 .. h •• of. thai Ii ... " 
tundoa .. lUI to «K"'), Ii_ .. tu . ning .al ... to .fo(z) a1.oi .. d 
<>on.e . .. 11. Th_ two 1"11'1110, val" .. .... of the """ o. 
oppool'" kiDd acco.,lillll' ... il pooiti •• or ."pti ... 

" . AnI ... 1"" or z thai. Ii ..... tu",i", ..I"" to e+oKa) Ii ... 
a turning .. I .. of tho:: _ kind to oKa) 01 .. ; and "",,"_11, 

S. WHo:. ill indepodeol (If "' .. , ~ ... of z th&t r ... " 
tu""", nl .. 1(1 [ .fo("»)" Ii_ "tu. .. l"ll' .al ... to oKz) al ... ; 
U>d _._11' Tho .. ttL",i", .al" ... re ." U8 ..... Of 

oppoo;'" kind _di"l .. _(+(z»)"-' i. pooiti ......... pti ••. 



DIFFEREIffIAL CALCU LUS 

[)([RCISES 

Find tboo ori\;""1 HI ... of ~ i. tboo 1011o ... iog I.neiiua" d""',,,,i.e 

u.. 0.0"' .. of . boo luo"lIon .' _b,a.d %<ai. tho iT'ph of \be I.n .. ioo. 

,. ~ _ %(%' _ I). , .=5 + 12~_ 3" _ 2". 

•• • =2" _ lh'+M%_4 . • . _ 3.! . , 
•• • ~ (% _ 1),(% _Il)' . • . E.in'~"""·'" 

•• _ • • i.z+oooz . .' ." 
(. - %)' 

w . . -
•• z' + , _l .. . 

• .. 
_ . (z+3)(z + IL ~ • . ... z{z + 1)' _ 6. (z _ l)(z ') 

12. Show Ih ... ~<>&dratic int.gro.llunelion alwoy. ho.o ...... ""i· 

", ... , ~ 0"" mi.i .. um, but "" .. , bol.h. 

13. Sho ... bat a cubic ;n"',gr~1 Iu"";"n b .. in ~.rol bot.b 0 

muimDm '00 • mi.i ... ", • • 1" • • 00\ n,.y bo.e neil.tt<,. 

14. Show Lbol u.. r.o>oI.ioa (z _ ~)I bao neilboo,. muim.m nor 
• ",inl",.",.-.I ... 

35. Geometric p ... b\emo I. <nU1 ...... nd .. bll.o:>a. The Ihoo.y 

01 \.h. 11".ing .alue. of. lunction "as important appli ... ,; ... 

in "'h;ng problem. """ '>rni ng f._metria on ... i .... o. minima, 
i.e. til. d<M.min.ti"" of the largest or tbe .m .. ll ....... lu ... 

11l2gIIitude m'J loa .. .. bil . ... ti-fyinR oo!1.ain ' '''led 11""",.1';. 
oondition .. 

The fi ... t .tep i. to .Ip ..... the magnitl\d. in qu"","",, 
algobrai""UJ' If the ......,lting eorr-ion contain. rno,"" thn 

on • ...nable, Ute . tated oondili"" . will fu,ni.h enough ,e1'Iio'" 

bet" .. " the"" nri.bleo,lIO 1100.1 all the othera rna,. boo up ..... "'" 
in term. of on... The e.p ..... ;on '" boo mu;mi...,j 01" min;mi...,j, 

being tbu. mad. a function 01 • • inglo vari.hl~, 01D boo_ted 
hJ \.he pree<oding nlleo. 



" 
1; • • 1. f ;...t .... ~ ' ''' Oo·,,"''~ pOri_ 10 100. I ... " 

I oIrn_ II .. . i..,,_ 01 "lot u.. .-..... . _ .-;_ . 10 

100. Tho u p" " i'" to bo ..... \ .. iood 10 1Il00 ...... 

.. = .." 

In .. hkh ... TAri.~ ... .. , _ ""b""" 10 u .. oIalod oondilion 
2,+~, ,. L(IO. 

(') 

; . , .. IJ() - ,; <') 
• ... _ .... f... t! . Z '" be nwrP"'Wd, .... __ ' I .. _ 01 u.. ,u.,10 

•• ..w.1o z. io (.) 

TI>o « i.1eM nl .. of z io 100...1 r_ 1M ..... 1icoD 

"(,) ", ~ _ 2,.' 

10 bo , .. 21). Who-. , 1= HI ""_rh ,bl. nJ ...... ( . ) < __ 

,lin ' rom pOoiti .. to ..go" .. ,.nd 1>0.- .(.) 10 ...... i ..... " ..... 
. .. 25, Equolion (~) aho ... !.II • •• h • ..,......I"'.<l;n~ ... ]"" of, I. 23-
II"", \he m .. lm.", _ .. agle ,,""'" ~ ....... 10 100 i . 1108 ........ 
.. _ oido II 2.1. 

RL I . II. , ...... . oq1>AN ri- of Ii,._ ............ ___ he 
.... ...... _h , ,, .... ,1..1 ................ I<o- ......... i ....... 1.10 .. 

.... re-l ...... _, form • 110. of .... i .. ... 

_ 1'1, .. itIo ...... top. 
, 

,... • ... • oioIo of _h oq ........... L 

TIoon .... _ 0' u.. btl, .. m bo ..... ..... 
.. !._ lido \0 .. _ 2 '. ,nd .... doplll 01 1M b<I>; 

.. ill "".. II, ,,,,,, ,he ..,Iu .... 10 
. - .{.-~ .)., 

"'hi<!' \0 '" be mode, "' .. I ..... b, ,'"'1!., •. 
1· . ( _ _ h)' _ h co _ 1 .) ,. 

"' Co _ 2 ,)(o _ h). 

T1Iio_..u ............ ....... . .. ; , ~ ...... -i· 11 'II'Ilibo 

' o.",d. h, Om'"1 tho o..w ...... WI . .. ! ,i .. . lbo "'\Di ... m , 



DllFEI<EIITLAI. CALCULUS 

n.l .... , .. ..,d th.,. ~ ! !fi- il ' b8 """,imam nlue 2.... 1I0noo . " u.. .id< o{ 1.11. "I ....... '" bo <ul OIlI io 00' iliU, "'" ,k1e of """ !fi'o. 
"I .... "'. 

EL 3. Fi.d ""' .... of u.. ...... ""' ....... "l':1< .hat oon bo i""";bod 

• 
/ 

• 

, 

c 

1,\ 

1/ 

In. (''On _Ih_ 
A. ino<rihed .­

"a~lo ... iII "";d<.II, bo 

"",,,,,,\rio .j,h "'Pro ' 

'" lhe prinolpt.l ..... 
of the 8l1ipoo. 

I ... 0, J d_ .he 

lenr\bo of lhe ""mi· 
. . .. OA ,OB(Fig. B); 

...... " !<th,2,hoU.. di mo.· 
,ion. of &rI iuerlbod _1110. Tb8n , ho ."'. io 

(" 
In .. bloh '""" .. d .. hl .... , . .. , bo "'pnlod .. '""" """'""in .... of "'" 

_ 1', ""d.ro '\oom<>r<> ",oi_ to "'. "I"""" of III •• Ulpoo 

.. ~ .!" = 1. (Il) 
G ' 11'. 

" ;. pom-eb"iooIly .. ;doal <h •• "'.ro i. """'" pooiti .. of P 10< 
"h"h .boo i""",ihed ""' ... ng" ...... Iimu .... 

The ~imin.oo.. of , (rom (1), by """'. of (Il), ~_ tho fu"",ion 

. _ U.v'~' 
• (.) 

By Arl.. M, ,"""oritiool .01_ of .... uot ,,_ il thio foo<lion 

io di.UJod by u, • ..,nolanl U, ... d ""'" "Io .. n>.!. II.., ... l b ... I ... 
• 

of • ",blob ",0><1 .. w • 

I"""...,. 
If ... 

...... imum. il" . 100. muimum .. I ... '" "'" 

fo(» ~ >'(n' - 0') - ~, .. - ,.-. 

fo'{» ~ 2G'. - ... ~ 2>(.' _ 2 ,oj. 



IIIAXIMA AND MINIMA 63 

bon.., b,Iho .. u&! \elto, tho .dl.,.,1 .ol . .. ~ _ ± ~ .. ..do. +<~), 

ODd U-Ofo", Ibo .. _ .......... i .. u"'" Tho eon,,"pOII(i;"g ... 1 .. , 01 

J "'" ri .... bl (2), ,"" <I •• YOO .... I P .... , bo at. ""I .1 u.. I"". poiuta 

do DOI.od bJ .. I 
I ~± V'.l' ,= ± v'i!' 

~.I", in _ .,..., .ho _mO .. ",,"num i .. _ 1:..d ,.."It.u~ ... woo.. 
di ...... _ , .. n''l, ~ .,q, ""d wt.- ..... io 2Gb, o. holl ,''''. of .ho 

" 
1>,. 4. fi"" t.bo a .... - "yUt>do •• ""t ean be oot I...,m a ri". 

,IJM "" ... , .. _ bolghl .. A, ."" tbe n.diuo 01 .1>000 _ 10 •. 

Lei t.bo ...... bo 11" ....... 1.«1 bJ B 

tho ~Iu\ionof lho ...... ngta OAB 

(Fig. 15). ODd 1M i_bod c1Ii •• 
do. be S"0,,",W bl t.bo ... olut.!on 

.. I Yo . ..... langl. AP. 
r... 0.'1 ~ A, A fl = ..... nd 101 \ho 

""""di_ of /' be (', J). The. 

U .. f.<><1.ioo 10 bo mnimi~ ;. 

.. J'(' - oj oobjeel I<> lho rel,,1ion I ~! . . , 
Thia ""-""' booo..,.. 

y _ ""' . "(0 _ ~), 

'" 

, 
• • 

Tho..nu...! n.l ... of ~ i' IA, ... d Y = 4 ;'1 

nERClUI OM CHM'TER IV 

I , What. io t ho ... idU. 01 .h . ...... nglo 01 mmm~1D ._ u.at c •• 

N _bod 1 ... gin" "11M .. mon' 01 .. paro.bot. ! 

I . Dirid. 10 inlo L .... parlo _ h 1b,,1 tho ..,m 01 LMir .... .,... is 

.. minim ...... 

3. Find tho u,,"ho. !ha, u-ru ilo oq ..... bJ lho groo. ... 1 _ 

oiblo qW..tit,. 



DlFFRRENTIAL CALCULUS 

4. Wba' "umbe. added w i .. -:il"""*"l li_ tJ .. I ... , pooolbio 

mm' 

5. (H .. o Lb. ""I beigh! 01 a 'ighl ""DO i find i .. aWI.do ,,""n 
<he ..,Iu"", io a ",,,,im .... 

6. A rtoet.anguI ... p;"'" 01 poa\<boaTd 3Q in. lOOK and B i" .. wido 
h ... "'U .... cu, ... \ ., .ach """'''"'. F;nd <he . ido 01 \h .. oq.a,. 00 
tha, ",. ... "' ... nd .... , .. , larm . 1.00% 01 , ..... i,nu'" OO"",,,to. 

7. Find u.. alli\ud. 01 Lbo righ' OJli""", of ~\oooI'y<>lu""" In­

..".lbod lu a orl-o 01 ~i ... <. 

8, l.Iolormln8 lhe g'''_ """uglo 'ha' <o.n be i""""ibod I • • 
riun 'rian,\<"_ 1.00. .... H ,.oo ... 1_ .It.iwde .. 2a. 

9. A ....,tan",l., "",,<I i> to be builL.., .. to"""ta;n a rinn._ 
.'. ""~ a wall w-I, ..,,,,,,,,0<\.,] ..... ilahlo, Fo' 0 .. 01 ito .idoL 

Find iLo di me"';" ... 00 tt.", Lbo e.pen .. i!lOurred in huil<!ing "'" " . Il. 
for lhe 0"",", oid ...... , be <he I<ut _i101 .. 

1 (1. Tho ..,lu_ 01 • <,Ii"do, 01 ,.m]Dlkon being 00 ........ fiud 
Ih. Telal;"" I,,'_n lLo a](iiUde and tho ,odi"" 01 II. _ ... bon <he 

e.lire .. rfOM;" mi.im ...... 

11. AJ<ouming 'hal the .<illn_ of • ~ .. 01 ...... "g.I., ."""' 
....,. variM dir<ocl!, .. Ihe h.-llh and ... Lh • • ube of <he depth, ... ba, 

m'" be <he b~Lb 01 ''''' o\iW ... Ooata th .. "". be eu' IfOLO a 
Jog II in. In diam""? 

U. A man ,,100 oao ro". mi. I"" h""" ... d .an ... Ik ~ OJ;' pe' 
bon,. to in. boal 3 mi. I",m tho n .. _ poln' on a . ...... ,10' _ h. 
ond "",b",, 10 ..,..,b in tho -. .. mo. pI_ on tho 0100 .. ~ mi. 

lrom thio poinl. W"",. mno' "" land ! 

13. J[ tho "",\ po. hour for ,b~ 1 .. 1 reqnire<\ to non " li.en 
.leamer i.o propoTtk>noJ·to u.. e.be of 10 ... pe<d .nd io ,\10.." """, 
lor • "I""d 01 10 holo, an~ iF oIh .... _ .mounl '" '1M on bo •• , 

bd 'ho IIlool«o!,,,,,,i<al ... te" . h;"h '" "'n bo, 0 . .. a..", ... . . 



" 
U . If tbe_ p"" ............... ID •• boa<;~....w ...... io ... _ . 

........ "'IIIo ... boof • .....,.,"1.ti .. 4 ... _. __ ......... blob 
'" ..... Il1o __ "po' 7 '"' ...... 01 • <~ . ... I of • mlloo (10' L .... 7 

U . A 11_ .1oJo .... ", ...... 1 .... 10",10 .. ", ___ 1lId b, • 

... ,.,1,.10. If t"" porl_ .... , tho wlndo .. io ,10 ... " hlOl muol bo ilO 

""'''''~ ... I. <><do. 10 od .. i ...... "..h IIlh' _ -,ble I 

1 • . 1I'lod tbe __ .. I<al propotu.:-Ior 0 oyLiodrieoll dJppo< 

"hl/dl io .. 1ooId. pi •• 
n . Tbo pIo \a I_ a of .............. 10 to ~ , __ ..... .... 

..... . 11 u.. ......... to ............ . ... L _ Mar _ ..... _ .... 

......... 10 _ , •• _ 10 ...... ' nl .. \be .... oil 11 rio ... _., 

. """" .... hl ... '" pi" 10 ..... 10 .... _ .. _', .. """,bioI 

U. II .... ",,,,,lo _lOr obooili bo ,_eod .. "' • .,.li...J..;..J 1.1. ,Hf'" 

'"'' in onJo. 10 boln, t be .. " ... 01 ..... IL, .. 10 .. do ... .. ~Llof 

[Omll. " I!i oller ..-ling Ad. 1M.) 

1" ,, _ lO lL .igll . .. 1>10 00 • \,,'11" <bot i. i\Q fl" bl, •• 

II ... ' ... ""'hl ......... t.o..,... .... " .. aboo<o l.bo,........:t 10 .... ,d 
I .... IM I 'I-d" u. _ 1lIat . 1oo __ , __ ""' __ 

I II ... ..pl 

20. T bo •• of 1M .. 11_ 01 • """, .. _ . ... boo 10 fi.... II .... 

do Iboi. di-'-o __ ..... "'" ... 01 Iboir rob .... io • 

mini."",! 

n A • • _ lip. 10 10 be rl&oed dl-.J, ...... tho ....... 01. 
oI ... l.v plol of rr- 100 II. I. dla........ A.omiq ,b • •• ho !B ..... 

"'101 llthl .o.rIeo di....u, .. u .. ,I". of ,~ &oi loo onder .. hl<h II 

llri~ ..... 111"",1 .. """ """'_ .",1 In . ... I, ..... "'I1l&t'O of I" dl .. 

"'_ 11'0," 11>0 ... !f_""" ~i1h....",1eI ..... 11&1>< b& h0"C 1.0 <>«lor 
Iha& 1.lo.o _ liclK ~bloo ... 0111011 .... ",.u. 010 ... '" d ..... I ... 
,,_ of 1M plot 1 

D. YilWllloe .~' ."_,0. 1001._ -.... of ............ ..., __ oad'''' 100 
ood ........ u.. .... of • .,I __ oI.J\- .... · ......... 1>0. 

-..l .. .. 
01.. 0 . 0.0. _ 1 



D1I'I'EREII1'I,o.L C .... .cUI,US 

23. 0.. lb. Ii ... joinlu, u.. ........ of nro ....... 111 • • Iemol 

11'''''''''' of radii " R, lIod th. diola ... 01 &b. poio' I""" t.bo ",,01<, 01 
th. ft"uphoro I", .. "bloh tho ",adm""" 01 opbo";"oI , urf ... io .ioib~ 

24. T"" radi .. of ... ir< .. l&, pi_ 01 poper i, r.. ~';"d u.. .", 01 
tIoo _1.0< .blob ..... to..,... I", .. ;1 00 lhal l be .. molowl 00<1.0< 

mal form u.. con .. ... ri ... of" "" .. of InUIIn .. m ... I~ 

25. n. .. ,H, •• ei",10 . ilb Ito _!<o, 00. gi' '''' <1",10 00 ,hal th . 
IenJlb of tho arc iDl<=p\td wi<hi ..... 'Iv •• 01",1. oh..n loa & ", ... i. 

mum. 

Z6. ThrooSh & ~ .... poinl";\hin '"" "olio dra" " ...... igb\ li ... 
• bleh .ho.U oul oft • mi.imum 1ri&lll!"t.. 

27. Wl>at " "'" 1.Dgt.!o 01 "'" ." 0, a.ad t be ..... of !.h. """'mum 
pa .. oo ... hkh """ be .... ITO .. & ri ... righl <i"",l ... eo",", ci.." 
Ih., 1100 ...... of \lo. paroOOl. ia equal to ' ''0 Ihinlo.1 <h. prodMl 01 

ito to..o ..,d oJ.il<od.1 A ~. ia "'" I",,,, lb. ""'. h,. pi .. , . 
parallel to &. ele men' 

28. Tb,,,,,,b tbo ""iu' (u. l ) ~ Ii". I. d .... n .. eb Ibol . ho par< 
w"'''''poed be ....... 1110 .-.eIaogu!o.r 006n!luolo ~ 10 .. ",;.im.m. 
F ind i .. loogLh. 

ag. 'Tho 10 • .,. oomor of • ""'1,.booo .,.!gO" 0, is folded .... 00 
.. Juot to .--b .... in .... ~ of lb. _. V;nd u.. . ldlh of ~ 

pari loided on, . ben.be length 01 tlo • ..-- i, . ",inim"m. 

:10. WbaI; is tho leog<h of tlo • • _ .. Ii". \hoi "". be ~ .. "" "'1>­
JOnl to "'" . mpoo .-.' + 4'1' . ''6' aod hanoI ,La endo ... th. '''" 
""'i_~T 

3L Gi ••• & ",,"'I 00 1100 ""i. aI the puwhol.,,2 2 '" 01 .. d ... _ .1 ..... t.bo • .......,. i/Iao! u.. .1000_ of the ""iul of <h ....... 

DoorNl to i. 

32. A • ..n I I'. blgh 10 pa>"&Il.1 to u.. f",., of .. bouoo a.ad 8 IL 
from iL i"i"" t~ Ioog<h 01 t.bo oho ..... l&<ide, thai "'Ill ..... h lboo 

""- il 0 ... end ........... groubd. ""Wdo t.bo "Ion. 



• 
IfAXIJlA ANI) MIIIl.KA 

_» ] ... ""I.i ........ _.- f""" \.., oi>oc>o\.o.r Iron pi"""' of 

........... '-1 ...... ~'" ..... ""1 .... _ baYi ..... __ ..... 

• hKh .... 11 .... " u.. I i .. rt p<IOOIlblo ...z ..... nod 11M ""'I .. ", 

,-~ 

st. A _lcbl W ..... be ,..;-t by, .. of a ~ "illl r""", I' 

.. .-"""'...! "'" ",""' 01 ~ .... tho"-. If ...... '"P . .. 
_poo.do<l f ...... poOH ••• • diot" , .. r __ poL .. of ... fiIIORoabd 

\/1o ... t;hl .. ! .110 .... II .. """ .... \'0< 11-. I""" ,,1001 aho>o!kI bo 

11>0 loop of lb ...... In ...- ...... <100 !o<oo rooq.11'O<I \0 lif> ,.,. 

~bl ""'l "".ml.I ...... 1 

3011. A Ioo.d .. baoW up an ;""11,,,", pIaao "," " borIao..lOJ ,-.: .. 

I. ",,!ulred \0 ftnd lho 1""lh.o1ioD '01 .1>0 pi,,,,,.., ,110, lbo ..... haoka! 

.Iie': "1 "'1 .... gl ''I'' .... "'iq !.k&1 u.. _10..,.. II oIoIIood bl 
tho ,_.,. 

'" 
.. _ </0" tho on,1o oIIMioR; i ... \a •• _,.,.bo _lIIoieolof In.. 

_ boI._ 11>0 I0o<I o..od "'" pw... 
.. If Ibo pIaDo 10 of ___ III. _ 10 -. and if .... 

(" , ion'" frldiOll bot_._ ...... ' 10 ,. . O.Sl'1, ... ..." 

.. gle f 1, Iho eftIeionq oIlbo i""li .... pta ..... m .. l", ... ! 

n , no.. u.. • _1c&I ". ... of rI'" _IQ " Ill .oquJ .. "'" 
___ I of .... ........ u.. 1ooIP' io '" "- . ........ i .. of 

~-
38. [I rI'o.. eo'""'". a Dd <' rrod­

! ug1il1 pi .. ", r: :\" .... 011.1 \o.a ., ....... 

.. ~i .... . _ -+" - i 
.lL. ... .L-.v'o ,ei /,... 

i}-.fJ --. c" .T-=C . 

• 
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CHAPTER V 

RATES MID UIn&UWTULS 

36. _ . T1.G>e .. ~ .. t ~arW>lo. Suppose a parlitl. 

l'i. moving in any path, . tn.ight 0' "m.OO, al\d let . bo tho 

numbe. of op_ units p""oed ove, in ,...,.,.,do. Then . may 
bo lakel\ ... the depend.nt nrio.bl", a.nd' u th. iudependent 

... riable. The motion of l' i. aaid to be uniform when equal 
' I...,.. ...... p .. ""d o~er in equal l im .... Tb. nmnbe, of ._ 

nnits ~ed o.~r in OlIO ...",.,01 i ••• .nod tho ~ of " , 
The volocity ~;., tho. OOJI"""W with the.pa.oe. and the lim. 
t by tbe formula • ,, - -. , 
The motion of P i . .. id I<> be noo-unifonn ... b"" eqB1.paoeo 

"" not pM&ed 0'" in "'1 .... 1 tim... If. i. \he ""n'oc, of .poc. 
Dnilll p"" ,:1 oyer in I .-.ow, then the a"""'!J< t>tWciIlI during 

tb_ 1 _do i. definod as;' If during the lime fJ the nnm· 

bor of .pa.oe units ~ " ... d_ribod, then the .... "'~.., ,"ol"";ty 

during the tim.':'1 i.~. I The CICIowl "'ocily of }' at any in· 
~ . 

• \ant of tim. , i. the limit ... bieb the ... .-sge ~e1""ity 

.. pproache ... fJ i. mad. to "pp""",h """' ... alimi!.' 

Tbu. 

i. th o ""tl1&! , e\""ity of P at the timo denoted by I. It;" 

. vidently tho numbo. of "_ unilll thai would be 1l6M8d ,,"" • 

• 



" 
1m \he .... , -'" if 1M rel ... i '1 oe ..... ned muf"",, lro .. the 
tl ... I 10 the "11M! I + I. 

It "'01 be oteu.od that If u.. ........ Sft\erSl """'. ~ .. IOI 
'" """"s-." Uolub<otitut.ed r"" the won! " • • locit,t Ih. abo •• 
• w..,meDIII .111 apply to anI qua"U" that ya, '.' .itb ,h. 
tlme, .holbo. it be leng1.li, .00ulUo, 1\,.,lgI.h of "",,,,.t, <>r..,y 

<KI><. lutMlt;"" of tbe ti,,,,," r ".. lD'_,~, \ho quantity 01 
.. , .leet. .... "" ..... nt be () &1 !.lie UIM' I. ""d C + <I.e u tho lI., • 
• + ~. ,,"'. the .... , It.,.,.. '" d ... ,. of ......... , ill 11M in_ 

",n aJ III 10 ~; IJoll iI 1.11 ... "'~ 1 ... _ in .. , ............ i .. 

.... _d. Alld the <Jd..aI ",I. <>/ CM,,,, ol u..· m.t..o t '* 
-..d b" io 1 .. IJ. C dO 

"' '' O;i7 - ~' 

Thil i. \.be •• ",her of cu",,"\.-un;\.I \lilt .ool.d be p.i"~ In 

tit. aUt --' if the """' of ,pin .......... 1'"..... f,- tho ti ... 
I to tho ti ..., ,+ I. Si_bJAr\.1I, 

~-~:~ 
~ .. 

h ..... ~ "'_1_ the ~o 01' t he .. teo of d ll.llge of , UId 

0' • 
1\ fnli nwi tbat the _nIt of d iffel'$Dt.l.a.ling 

"1 
... , 'be .riu.a in eiu... of lII. I_ 

~-r(%), '" 



IH~FER~NTIAL CALCULUS 

The latter form i. ofleD oouvenirn!, and m .. y a.!oo ~ oblained 
directly from (I) ~y differentiating both . id.,. .. itb regard to 

I. It m .. y ~ read: the r:lte of chug.> of, ;" 1'(:) tim"" the 
rate of ch.n~ of z. 

Rotu",ing to the ilIu. tration of a moving point P, let ita 

eoGr<iino.to..t tim.' be " and ,. Theil ': me ... ""," tho rat<> 
of obange of the -oor<ii",,\ •. 

Since .elocitl h .. '-n de6ned .. the rat<> at ",hiob .. point 

i. ,"oviog, tbe rate -:: may 00 .,.Jled the velocitl .. hicb the 

point Ph .. in Ih. di"",tion of tbe :z>&Ii., or, more briefly, tbe 
z.MIDponent of tho ,.locity of P. 

It .... shown on». Ij.8 that the ""Iua.! velocity at ""y i ... lanl 
,i. equal to the apac. tllat would be pooued onr in .. nnil of 

time, provided Ihe .. 100ity we", 

uniform during that nniL Ac­
cordingly, the ~mponent 01 

velocit1 :; may be rep..eM'nloed 

by tbe di.tan". PA (l'ig. 16) 
.. lJioh f' ... .-.uld p""s o,. r in th o 
d)...,tion of the :o-a.xi. during .. 

unil of t.ime if the .elocity remoinrd uniform. 

Similarly:!: i. the ,-<>omflOnent of tbe ve]ooity of P, and 

lnoJ be repn':3eoUJd by tbe di. tao.,. PB. 

The 'elocit, : of P along Ihe COrn...., be repreoented by 

tb. diotu ... PO, ",easured 00 the tan~nt lin. to tb. tun., .. t 
P. It i . ovident from the I*",nelogn.m of velocili ... that PO 

;" tb. diogonal of the _ngl~ P.<t, PlJ. 



RATES AliI) DIJ'J'.RlI:lfTlALII " 
Bia .. /'C' a /'A'+ 1''', it foil .... Uou 

(') 

E •. 1 . II, pmn' "-o-1boo tho 'l>o.lahl1h .. h + 4, .. ~ 'Dd II " 
1 .. _. A "Di" pe' ~nd. ftn<llhoo .. bo. 011 .......... 01,.11<1 of .. 

... 
' · I - I~. 

~. -!~. • •• 
~~ .. • 

E •. ~ . A poi.t deoorlboo"'" 1"" ,,001,,' " I~. l.o .uch . "'J!.hat 
.......... u.. oboe .... i. i""_"II'! ......... of II I~ por ,,-..1: 
.... I>o ....... Io,lbeool_ .1'1' fl <>d . Ioo1.be ,.",ofi_ "of .. . -.... 

hoMO .. hen " .. 3 ODd 

,' .. no . 

9 .! .... ~~: 
dl , II< .rlh II< 

d •• 7. I, 'oHow, ",.1 <1.1 _ ±~. " . 
A~n. {:r .. (~r + (~)' ......... : _ 1 >i1n. "'" LL" 4 

r ... a. A .... ... 10 -:lti,. ............. f_ of • "'- o •• IoarI.. 
-.I pboo .. 1.bo raIe of 6 .. L ..... '-r. A, "'hOl ...... 10 .. &po 

...-bl ...... lop. whJolt. ;, 10 IL hip. _1>000 "" .. l1li It. I ..... lk 

""' ..... , 



" D1HERE"'TlA~ CALCI:LUlS 

\'" r be ,ho dioto_lro"l tho foot Qf ~. " ...... ' t;'n. 4 aad, 

.be diolaooo iroru lbe lop '" \1>0 ... " .. tim .. T~ .. 

~'+M' _ ,'. 

,., 
W"". ~ i. 80 I~. J • 10011_: he"", if ,I. • , _ . 

~ ~" 
<!.l io t IUL per hou.,_ • ,. 
" A.bbre¥Wed DOUtloll •• "~ When ... in ... above 

enmplea,. time deri .. tive i, .. faclor uf ~oh member of an 

rqutotion, i. i. u.ooully ronvenient lio .. ,iI<', in . tea<! of U, • 

• ymbolo :,~, ,h. abbreviation. <h and d" for ,h. T&t.oe. of 

change of 'he •• rI&bt •• ~ and iI. Thus the .. ,uI, of d,lI'ere,,_ 
\io.ting -

m&1 be .. ritun in eitlier of \lie form . 

~-f'(",), 

~ _J'(,,)<Lo, 

" " <iJ - /'(:zij<U.. 

(' ) 

(') 

(') 

(.) 

11 i. <0 be o~ thai tho I ... fonn i. not to be regard«l 

.. derived from oq .... tion (2) by ""puation of <he '7mbolo, dy, 

<h; lot Ih. Mri •• u.e dy hao bee" defined a. the ,,"ull of 

" performing upon J an indicaUld o\"ratioo rel'.-oted by lbe 

.ymho! !, and thus the d, and d< of .he ' 7mW ::: have 

been ginll no oepan.te meaDiog. The dJ and dz of "'1 .... 1;00 

(4) olalld for lb. r.teo, 0' li",e de,i.au_, 'Z . nd :' oceur-



ri08 in (3), .. 1Io'le lbo lauo-r "'I""' ;"" ~ ,'-elf obb.i,.J f .... ~ 
(1) by dill . .... 'i&tioo w id> ...... W> I, by Art. 8. 

In _ lbe dependtDDII cf , "1_ ~ i. not ind~ by .. 

f"~oUo:I&l .p" ... ,;"n/, t<1""llcM (1I), (4) !.at. the [.rm 

dM dM dill 
<II - lij 'ii' 

Iy_::"-
1ft lb. -';.W ""'·"on, "'I .. , ..... (4) of ,"" ~ artie,., 

i •• ' ;'Ien (do)' _ (Ib)'+ (<f,)' c. U _ U +d!/. 

1: • • 1. A p>id_ibi., 1M r-""""'""-'rz i. -v.r" ,lie tl_, "ilk. ,,_, of • II. I"" _I. f i..! ,bo ..... 1 , .. _ 

.1 "' • .omU ...... , on.!., 0111 .. "'n" i""lon\. 
UU!...,,,tioLl,,.!.h. ,lUll "I"at..,. "'lIh topnl \co I. ",. obLt.l. 

"', - [M" 
1I<o\~ .. ~, .... o&LidllM .. 1&U,,,,, 

~.·+d,. .. .. ; 
"""- by ....... C ........ "'.... , . oq.'Ii . ... _ ....... 

~. ,. - .I- .. "' _ ,/.,. .. ,. ......... ! 

';"~1" v. 

1:&. " A ........ 1 ,,!rool 01 .adl", 10 II. ;. mAl<io, ~ .... oI.'k>n. 1'<' 
_OIl ,boo ... bod .. i .. fi"d (I .. horiz,o,LoI,,,d ".,,;'01 T<Iod, !eo 

.f .. pol ........... i"' •• ,' .... _ .I"' .... !:IO" I..,.", \1>. boriwn ... ,. 

111_ , . 10_1. , _ 10.i"i. 
...... d, '" _ 10 .i. H'. ~, .. IG """ (Uf. 

Hu' d"'IO .. _SU ISnol1& .. ................ 
lit.... d.~ _3 IU8 oiR' _ _ ' ~1i11111.pe<_ I, 

.... dy _ SIUe .... ' _ m.oGfI ..... p 1 

r. •. $. or... tiro d. t'" la ..... IooriroDIol .... ftrlI<oJ ... \0<1'1 

I ... -riel< ~ ....... 



1lIlo"ERKIITIAL CALCULI;S 

38. DIII«eatlal&o!teD ...... titute4 far ...... The . ymbolo 4, 
dy hue bMn defined aho." M the rateo of chanS" of ~ and !I 
per _d. 

Somotim .. , bo .. .,..."" they may conveniently boo allowed to 
oland for any two "WDbe .. , llo!1l" or ",un. l.hat .... pn>por· 

tional to tl,_ rateo; tM eq .... li""'. being hOlnoso,,,,,,,,. in 

thorn. will not "" afl'ocW It i ..... ual in ouch ".." to . ""ak 

of the """,ben d;o &tid dy by the mo"" g<n ... l ""me ot djfftr­

. JOtiaI.; thoy mlL1 UteJl be oithor tb. ra~ them""l •• ., o •• hY 
two "umbe .. i ll Ibo gmo >atio. 

Thi. "ill he ""I'""ially IlOnvonicnt in problem. in .. bich tho 
timo ..... io.bI. io nol. explicilly mentionoo. 

39. Tbeo ...... of _0 •• 1.... I ... t f(~) be a "".t;"u00.8 funo· 

ticn of '" .. hicb h ... a derivative. I I """ thon ba rep""""nW! 

" N • 
Poo. If 

by Ibe ordinate. of "CO,," "Who"" 
"'Iuati"" i. r _ I(:s;)· 

In Fig. 17.I"t 

", - ON, z+A . OR, 
1(%) - NU. f(,, +I ) _ HK. 

Thenf(,,+I) - Ii") _ xx, and 

""'c+t;"!=-t""''') _ M K _ tan NH K. 
• EM 

But at ""me point 8 bM .... n H .nd I( tho t&tJgent 10 tho 

"" .. " i. parallel to tho oecant IIK. Sin,," tho .. hoci ... of S i. 
grea~ than" and I •• than ,, + 1 it ""y be ""p"""",,te<i hy 
., +IM. in which 8 i . .. potiti •• n"mba. I ••• than unity. Th" 

olop" of the t&tJg<nt &t S i. Ihon " pl , M b,. f'(,,+6A), heu"" 

Ii" + I)-Ii",) . /(., + 1M) . ' ' 
f,om "Which fi" + I) - Ii") + hI'i" + /I/o). 



The th""""n e~p .. oaed by this fO!'fOul .. i. koo"'n ... the 
I~ 01 __ t<Uu. 

If in Ihi. ""uation ... put 

1(:0 + 1)- /(,,) ... d" 

in ... hiob 1 i. an uhit ... ,y inc",m"nt, It .... the ",\ati"" bet ..... n 
the ino",ment of tbe n,i.o.ble a nd tbe aetna.! illo",mrnt of the 
fu lOcUOu will I><> Mp",ooed by tho "'IOlat;'" 

"'be .... it dJ, <b a", J"q!Oorded ... diff .... nti.o.hl (dg no1; LD 
actual but .. ~irto.a.l ioo""n. "9, then the ... Ia'i"" booomea 

Thi, mo,," dearly illuot,ateo that tho diff.rential d, is d ... 

roaed as \100 change that WO\lld lab pIa"" in tho function y, 

oo,,,,.ponding w tM ""tna! chango <k h, t he indepomdeul ~ari· 

abl e." pro.idec\ tl><> ... ", of ohaoge ",ma.inN """"tom!. 

UEfmlSES 

1. Wh.n x in • ...,...,. fro .. 45' to 4ii" 16', ftnd u,. in.' .. .., of 

log .. oJ. x, .... mi"¥ Uta ' u.. ",Uo of \h. "" '" of .honS" 01 U", fOil.,. 
>koo aDd tho ramble remai .. ""n,u.nt thl"OUjfhoa\ tho ""or< in ....... l. 

dJ _ log" •. out .. Ix ~ .4W1 001 zdt = .i3U u. 
ok _ .0041151 (tho D" .. bel- 01 radi_ In W). d, _ .[l0lep:;, 

"hi<b ;. u.. oppro. ;'.a" ;.''''''''nl of log ... i. ~ 
But 10(0: ... in 4.~' ~ - J Ios,~ .. - .100li1L, 
U .. m_ log" lin 4:;<' Iii' ~ _ .HIl62O. 

3. 61>ow \ho' log .. _ ["ereuM more olo .. 11' Utal\ x. "I,.n 
• > 1"1: .. '. Utat .... > [1.4313. 



DIF'KRE)lTlAL CALCULUS 

3 . A mon 4 W&1~inl" _' u.. .... of ~ lIli. pel" hour 1<> ... .,,<1.0 th. 
f~ of _ to ...... GO K hi,h __ ndinll" <KI _ bori20A .... pia,... A .... 10 •• 

..... is u.. a"~I. of .1t..a.ioD of 1110 top ob''' giol¥ ... bo .... is 8(1 r~ I",on 

lho foul 01 .bo "' .... ! 

t . An.", ligbl io b....., 12 fl. ru...,.l, .boT •• oIraigh. horisonlal 
walk 00 ... hld, • maO ~ I .. I. ""igh. i . .... lki!lJj". Uo ... r .. , 10 u.. "' .... 
"'wo. lenglh.ol"g .bo" ... io .alki", . ... ,I..,., ,"" li,b,., Ibo 

",10 of lilt! 'L I"" ,oind.! 

5. A, .10 .. polo' OR'ho am""" lG"''' g,' = tOO 00., 1 doo_ 

.. t.bo .......... "al z '''''''''''' ' 

6 . A.--I ;., oaIli»g nOf ...... a' th. """ 01 10 mi. pel" boor. 
A' ... h.I .. 1o io oho ,n.king OQlth loI.iLw1oI 

~. In ,"" 1 ...... OO ... 't ~ 12 ~. aM <b. poin' ..... bloh ... oroi .... 
a nd .boo ........ Ino,.,..io, ""uaU,. 

8. A .... h .. poolt .flbe ft ... quadrt.D'dooo lhe .. ,,", ino~ ... "", 
u f .. , .. ita .i ... 1 

9. Flt>d u.. .... of .hon!r'l i~ tho ."'. 01 • "I ........ h.~ ,h •• Id. 
b .. i",,-..in, .,. f~ po. """",,<I. 

10. In u.. I."""on J = 2 '" .. ~ ... h .. I. 1M Y&1 ... of ~ .1 u.. poiol 
... be"" i..,..- 2i \I""", ulM, .. . 1 

ll. A .;",ul., pi"", of melal. up&Dd. by _ .... "' •• i .. di • .".. 
.... 1",_ ~nifo,",I,,, ,be ra"" 012 10.1"" _<I. .1.' ........ 10 
i. ' M .urf_ incr,..i»1 who" ,be d1o_ 10 ~ In. I 

1lI. Whati ....... 1 ... of u"b. poin ... "hlob "' _ 5"' .. 17% .nd 
'" - 3 z d,.~p .. tho .. me .. ""! 

13. Find u.. poiD ....... hkh \1,. ",10 01 e •• 0r" of lho ordi ..... 

, ~ ... - ~ " .. h .. 5 i .. qD.l I<> ,be 1"3"" 01 ohO<lg"of.ho , Iopur .he 

"'''genl 10 .... 0" .... 



RATKS AII D DlFVEI!EIITIALS 

~"'" tho limo of faUl"g, ;.. ~ IGt'. Sho .. thai ....... !oci'1 ;'equ.1 
10 ~ ,. 

Tho n.Io 01 ol>.>n,o 01 .oI<.ooi'1 ;. ""nod ~ aoo \0 de.oIod 

b, d. 

Sho ....... u.. -.\onlion ollbo Ialling body io .""n.....,~ 

U . A bod, "", __ ins to u,. 10 •• ~ _(", + .). Show Lb •• 

ito """,Ie~ io P"'f'Ortio .... '" tho _ ""n".gb .h~ il hao --
10. II 11 1.0 u, •• "'. of ... \,d. of radi ... " ohow Lb.' 'ho .i",orn-

1 ... _ io!'!. In" 'P"'!.hio 1..,1 .-_ ..... ",ll,. 

III. A p,,;n."""'ribing u.. ci,.d. ,.. +,.. m 25 ~ Uu"ogh (~. 4) 

wiU, • yo!oci'l 01 20 K pe' -"'\<1. ""ind H. oomf'O"O'" ~to<;,;.. 

1"""'1101 k'll>o 010 .. 

:10. 1 ... 1 a poinl P "",00 .ilb ooilOl"n, ..,loc\'1 00 ,ci",10 01 rodi ... 
a ";Ih "",,\0, 0; I •• AB be anI dill"",,,,,, . nd Q ........ """",,1 "",je<-
Ilon of l' <III AB. Find ,n np.....ooo I .......... 1ooill of Q in Ie,.,.. 

of tho .ngol" yoto<;l, of P. and ,ho .. how U,i ... loc;'r • .,,.. dnring 
.. .-olollon 01 P. Tho ........... of Lb . poi •• Q .Iong AB i, coiled 

h .. ....Joie. 

n A poi.1 P _ .IOOJI" lbe """" , = .. _ .. 1>0 ",Ie o[ 3 I~ pe' 

-..d AI .hal , .'" ;. u. • • ogl ...... hioh 1110 Ifo.ng<"0'1.o .bee.". 
rn ....... lIb u.. .... d., h'''Il' ' ng ........ P ia _iog Lbrougb . be 

poi.' (I, 1)1 



CHAP'TER VI 
• 

1IIJ'J'&R.E1ITlAL OF U ARIA , ARC, VOLUU. UD 
SUJUIACI 0-' UVOLUTIO. 

". Dibatlal of .. __ I f tluo OOIIn!i..-o el l ' we (s, , ) 

, ud lh_ eI Q("'+A%,,+ AJ), 1Jtea 
/lIN_ I'R .. Az, aDd I'll .. R O_/l.," 
II tM ....... OAP/JI i. demoted by ..... 
llIen .... 10 ~rid ... U., ....... f.utlioco 
of !.be .hoei ... .." aJ.oif ar ... O'(QN 

---~cl---"'- ;. denoW by A + /1.,( Ihn t.h 
11 N . roo. M lfQP i . /1.,( ; il 10 the ioe ... 

IMnt Wok ... by the f"notiOD .d. when 
, " tal .. tbe ;"""' ..... , ~ flut. JI.VQl' 1 ... boo __ u... _,Ie. /JIB, MO; MDtlO 

,.u < /I.'" < ~+ /I.,~ ... ' <~<'+ /I. '" 

Tb.refore, .00 .. 42. /I.~. /1.,( tJl .pp......,h >em, 

'

" /1..11 _A ,'" - -- -, 
~ ~ 

11-. if tIM "",i p'" ud u. ...... we up. T d..,. M. 
fodioo> of Ute ..... i-. tlot deri .. ,i,.., of tluo ..... ' unotio:ln 
wilh nop:d to '~I abaci ... 10 equal to u.. onIiBatAo fllMtl ..... 

• 
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In the IIOCatiOO of dii'fe",ntiab "'. ,,0.,"*,: TIlt diftr<nliaJ 

of IA. al't<l ba __ a ... ..". 0lIi.d 1M az/. of ~ '" _>'«I by 1M 

prod.~<t oftA. <>rd,,,,," ""d 1M diffl!Yt1tlid of:<, 

~ - .... 
Ex. If u,. __ indudO<! be',,_ •• ~ ... , "'" .. io 01 ~, .. d Ibo 

",diaal.o ... _ .. hocio- io .. t'Ki .. ~ by""' ...... """ 

foud tbe ...... "'" of tho <~ ....... 

II . .. 

A = .. , 

, ~!!'! =3". 

" A .. gmeot of ~ Itraight Hoe to 
,no"""red bJ applJing the unit 01 m ..... 11M l ucMNiulJ to tb • 
.. gment to be ....... ur~d. 10 the .... of .. cury. thi. ;., gen • 

.... IlJ impoMible. We deEo& lb. length of .. gi.en C"". 

bet ..... n torn poi"'" npon it .. the Umit of tbe tum <Jf tho 
.hordo joiniug poi.t:! on the CUriO who. tho l~ngth. of tl,e .. 
cbord. app""",h the Hmit ..,ro. W. o4all u,.". _ .... 1JIa1 1M 

ratio of 1M are 10 1M cAonl aJlP'""OlO'la u.. 11 .. (.< 1 ..a.... !"" 
1' ''914 of I"" cAonl app""""kn IA. Ii .. U........ [eompu<> S 19. J 

Lot Pq be t".o poin'" on th" CUrl" (Fig. 19); let~" be tho 
oOOTdi.ateo of P; ~+&:., 1 + 41 

tb"". of Q; • th& length of the &nI 

.APi • + 4. that 01 the are .AQ. 
Dr..., .. the ordi~. MP, NQ; &nd 

draw 1'8 va",)1.1 to M N. Th •• 
PH _ &:., HQ ~ 41; .,.. Pq _ 4 .. 

He",,~ ehord PQ ~v'(42)'+(4J)', 

~- ~I +(:!)'. 

1 

The",fore ~_~.!.'SI_ tu JI +(~.~)'. 
4:0: Pq 4:0: 1'CJ IU 

• 



Dli'FERE!<TIA.L CA.LC1ILI1S 

Taking the limit of both membon &II .1~ app""",h .. .oro 

and putting 11m 0 .1> _ 1. we obtain 
,u _ J'Q 

: .. ~'. 
SimiIMly. d. ~ .11 +("J'. 

dy 'I dy 

Moreo .... r. from. An. 3G. 

(:)' or:;)' +('.l)'. 
Or in the differential notalion. 

d¥ _ dx' + dy'. 

U. Tr\pI. __ IIIrof :,. ~'; . 

Sin<\!! .1" .. .1~ . E9 _ """ IU'Q. ~. 
.1.0 PQ 4.J .1. 

it follo ... by tUing tbe )ill>lt thai; 
~ 
do - ""' •• 

') ) 
<', 

(3) 

,+) 

"h.,..,in •• bo-in~ Ihe li,nit of th e angle RPQ. i. lhe angle 
which the !.II,,!!,,"I'" the louint (z,,) makes wilh the ..... Ii •. 

Similarly. £ _ .i".; 
, 

when"" do _ _ •• d ... ..., .. .. " 
Il, using the idea of a rale 01" 

dilJert'oti&l •• n th."" .. lIItion, may 
be ron.""iontly OIhibitod by Fig. 

w. 
Th ... reIIult. '''y &I.., be de­

~·'t-------~' rivod from "'l.Ila\.ion. (1). (2) of 

Art. ~I, by putting:: _bn •. 
~ .. 
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tl><> curve APQ (fig. 21) ",yolv. 

gen .... 1e a ""rface "f ..,y,," 

lution; let I'" t.. u le .. olume in· 

cludod l>et ... ""n thi. >urface, 

the plane ge,,,, ... W loy Ul6 
fiud onlinate u A, and l he 

I'laue ~ ......... \.OJ by any ordinale 

Xl'. 

Let 4 Y 00 the yolume gener· ...... " 
aW by tbe ....... l'MNQ. ,'h .. , 4V lie. betw""n the yol· 

Ulnes o( \1,. c)" lindero gen<raWod loy the N>Owlgl", l'XNR 

and S MNQ ; that i •• 

l)iyiding by .u an,l ta.Xi"H limito. we obto.ln 

of th ... .,rl .... g<lle ..... te<! by the,..., AI' (fig. 22), and 48 thai 

plN!n.t.ed by lb • • ", I'Q, ,,10_ length i. 4 •. 
Draw PQ'. \Qplpa.nJlel 10 OX , 

, 

Then it may b . .... nmod u an 

:uiom tba.t the ."'" generated by 

PQ lie. l>etwOOll tbe areaA 8'n­

er"ted by PQ' and PQ; i.e. 

2 "0"]'4.0 < 4S < 2 r (J" + 4 J)4.0. 



so Dl FFBHE!<o'TIAL CALCllLUS 

Inviding by I .. and pasoing 10 tho li'nit, 

" ) 
") 

dB dry ...}! + ('!f!.)' J~ 
~, ~r'tSItiaI of on 1m polAr COO1"<Ilo.otet. Lo!t , . 6 be the 

ooI\nlinata of P (Fig. 23); pi """ 8+~ thoo<l of Q;. the 
leng\b "r tho am KP; ~ that of the 

••• 

Q are }'Qi J .... w l'M I-"rp"ndioulu 10 

OQ. Thon 

I'M = p "" 1>.0, 

MQ _ OQ - OM _ I'+ t>p -1'00Il4/J 

.. P (1 - coo .l.8) + 6,0 

_ 2 p . in'jl>.'+ap. 

Henoe Pq .. (p .in MY' + (2, oin' iM + t>p)', 

(!J)' _ ,..("i~~' + (I' . in i 1>.8 . 8;;1,41 + :;)'. 

limit wh. n ol.9 '" 0, .Dd putting 

r . in . "', 1 bla-un li9 _ ,".0 lD 

lim 1'Q ~ 1, •• 

(~)' - I"+(~)" 

n ..... i.o, 

paMing to tho 
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10 the n.to 0' dill. ","ti.1 notation th io fo,mula m~, bI! 

~T.ni.ntIJ written do' _ dp' + p'dl1' 

4S, DUlemlt10l of &r1OO ;" pOw _ .. t... I.et A boo tho 

...... of OKI' (Fig, 2' ) """"rOO from a bed ~iu .. >",,1< .. 

OK to ~nr oil,", radi,," >00-

1.0' '0/'; Id /'I.A bI! tb. :oroao/ 

Ol'Q- D~" .. "'" PM, QN, 
.. ith 0 .... ""nte.. Tb"" the 

a .. 3 PDQ Ii ... betw"," 11," 
areu of \h~ _tors 01','11 and 

ONQ; i ... 
F,n ... - ---"' 

Di,iding by fJJJ and JlII8'Iing to tho limit, .. heD /'1.9 .. 0,". 
obtain 

lien""_ in the diffe",utial nO<ation we "'.y .... ite WI. lotI'll"l. 

dA - l p'<W. 

E)([RCISES 01'1 C"aPTER VI 

I , [0 ,he ",,,,,oola " _ ~ ... , fiod .. _ <1..1 _ <I .~, 
d z _I. <b <lz 

a . • ';00 d • • nd d. for "" oi",I ... +,' ~ ~'. 
<lz d, 

3, ,Fi.d ~ f.,. lobo 0"'" " """ z _ I, 

t , Find !.he z-de,;, . .... 01 U", ..,1"",. of to. 00"" ~""n.to>"l hy 
.. m, . i,,( , ... li .. J = ~, .bout ,i.e .. io of., 

5. Fi"d , ... z -do,i •• Li~ of , he . 0)."''' of tbe .11,_;<1 o( ",.ol~ , 

lio .. fu,,,,hl by ",ml,ing ", + ~ _ I . bout i .. _jo, az'" 
• • 



l>lffl<l<~HTJAL CALCULUS 

$. Jo II>< ,u"" ~ =.' find: 
7. Gi.en ~ = a(1 + OOI! 9); 6nd:!!. 

" 8. I~,. """ 2 9. aDd ~. 
9. Tho po. ... boIl<...., J' _ g ~ O>eUUmll""" Uoo .... 001"" .';'iablo 

poi", r IO ('. J) i , ....... wg abou, ,10< ........ II l' wo..,.along.,M 
,,,h • .. Ih ....... of 2 ift. P"'" _d, .. ba ... Ih ...... 01 j",_ 

;;r;;... ,.rf_ of .. n.Iut", ... hou P i, ..-;"~ Uorougb Ih. I'0i.t 
(4. 6)1 Who, iallo<....., of iox ...... of tho •• lu .... of ... olu'''''! 

10. Tho .-.dlu • ..,.(.or'" tho ".rdioid , = 2(1 _ "",tI) i. "",\ing 

&bool Iho "," i~n "iUo "" . ngula . .. Iooil, 01 18' per...,ODd. .·;00 
Uo. "' ... .. wh.,h tho • • I""';' 1 P oJ '""" .-..Ii", • ..,lOr i'lOO.ing .I""g 
110< OOO"TO. "'\;Di Ih. I<><h .. un;' oJ Iongt.b. A'who' poi,,"'01 th. 

'""" will P too ,..,..iog loolooU &lo" .. '! Hud tho •• k>oi, ju ~I 
th_ po;.to. 

• 

• 



CHAPTER vn 

401. Eq ... tlo. of uo, •• t u4 _lII0.I. Tho fUl><tion ' _/(~) 

may Loo '""pr-nlood b, • pw.. eunll. h will "0. be &bu ... 

00... '" o4>4ala .. nn.! of I.h. l""peo1iM o f uu. cu .... b, .. _ 
of tho! prl""i pl .. Ilru.tl, esu.bii,1roed. Tho taIlpol line.I I 

point ("" r,) 00 the cu,_. 1"' ..... through tho point and hI, 

the II""" !!.!l, u.. .,. ... boI meoni.~ \.hat tho! tX>O<din&1H r .. I, 
b . 

"'* ,u",iwteci in lhe ~ .. I dui •• ti •• ~ ll>t di!l"~",,,li"'i,,,, 

...... be(,n perfol"1lW<l. Iu ~uation IDa, boo writteu ill tho fo.m 

, - Yo - <!!J (:0 - Z\). 

" 
<., 

Th~ -""" eo tho cU . T<.t the polot (%~ Yo) I, the .t ... liht 

liD< through !hill poloL, perp"",]joular '" Woo u0il'"t.. Sin"" 

I.h. alGI'" of lite ....... &1 ill the nepti." .... ip!"'llC&l of that o f 

l he _poL, i\o eqaalioo .... , .... hleD i. lb. f<lrll 

u . ~ oil tall,.. .. IWIIIl. _Mo pe I, .lIu '1 Tbo 

oe;!""..."tI of tho \on",nt and no.~ iDt<""'~ ""'-....en tho 

point of ~",n"J' .."d tho u i. OX 0"" .. lI od, ,"""""ti •• ll, 
the , .. .,..,., '-!;t.\ ODd thoe ... .-777 ., /ofIA, ODd Lhti. proj8et.ioDo 

on OX ..... cal1o<d 1I •• ...w....., ODd tho • .tIo",,,n1. 

• 



.. DlPVKRENTIAL CALCULUS 

, 

• 
• N 

......... ..... .... 
Tho .. in Fig. ZIi, a, b let thet.a:Jg<ntanJ n<>tfuoJ toW-e eut~~ PC 

tot P '"_ the uie OX in T and N, and let MP be tho orui­

na"" of P. Then TP i. tbe tangent length, 

rN the n", mal length, 

TMlhe oubianll"nt, 

.'IfN the l ubnonnal. 

Th.,.., will be denote.1, ... pecti,.ly. by t, N,~, •. 

Let the anglo XTJ'be deQoteJ hy" and '0',;\.6 tao +_ 21. 
~. 

~"- '" ' - J,d.,' 

The I Ubta.nIl""t i. rn ... ured from tho int.e ..... l.ion of doe 
t.angont to tho foot of the ""dinat.e; it is the",!"", I""iti, • 
.. hen lite [oot 01 the ordinate i. to the right of the inte.....,.. 

\.ion of tangent. The .abnormal i . mn.ured from tho 1001. 

of tho ordi"""" "" u... inte...,.,tion of nonnal, and U """itho 
.hen the normal eulll OX t.:> tho right of the foot of the oro;. 



AI'PLICATIOIIlI TO CUR"'. TIlACUIC " 
naloO. "",II ... the~_ poeili"" or DECui", _ .. o!lag .. 

., .. *'I~tt or -. 

Tho .. ~iona for t , • may be ob\.rol...,d abo by finding 

("'III oquali.,... ( I ), (2), An.. 47, the ink_plio ,...!ft by lho 

tangool LDd 00."'", on tho ni. OX. Tho into"'.", of d,. 
I.L!lgo:nl IUbt,*"W lrom ", gi ... " Ind z, oubtn.cteol I ,""", 

tbe lote<OOpt; of the DorID" iii'" t . 

R.. .'1 . ........... .,.. ........ """ .... '" byu.e ... m . ... u.e 
....... (r~J'J OIl 11>0.- ~ + v, . -r.. .... .......... 11>01<_ 
io Icy" 

,)if .. zo.ioli. Ibo 0;-" of ..... __ .. .... ~ .. i . 

II .... U. equation of tho '-"Ir"ot I, 

I - I, . _ \ '!.(E - .,1. 
" 

Tho r i~"'''I'' ;., E, + "r" .. ...., 1M ,. io", ,"pt .. I, + "'4" .............. 
If a _ 01 li_ .. d ...... """" alto . ........ of .ho i ... ,,, .• , .. of 

... h ............ _ ... _'I belD!! ....... of Ibo.;po. tho I", .. 
of.ho fI&"1'bola '" . hicl\ Iho,_ all ... ,,,,,. _ be """il, _n. 

[)tERt'IU 

1 . flod tile oqaoUoua of tho 1&I, .. n' .. 01 I.bo ""nul '" •• ~lIpao 

~+t " '''' _ p>i.t(r",,) , C-,...._p'" .illtthd ... · -. 14o.tod i. _Jlioiw, '')1 to 01,"'11 IM_ ........ 

~. flnd Ibo oq_I'" ..... l6o'~' 10 Ibo ........ • 'E +1) " oa'(z - I) 
•• 1/10 ot\V .. 



as· Dlrr£lt~wnAL CALCIILIJII 

,.. Fino! IIoe eqoat .... "" u.. '"'"J'II'I oed _ , .1 aO. ....... 1.' 
( I ,~),,""euno,. _ t .. . 

t . 1'10<1 u.. equaI;- at I.bo ...., ..... oed -.-I Io"'~ of "'-
follow;"I[ OU,.... ....... ,.,i., lodiow:.J : 

(_), _ 4 ~~ .. ·"'lh.pol.lrOT .. hi<h~ _ 2" 
(/J) ,. .. 2 .. - <', ...... "," ... Ior " b;"h 2 .. I. 

b) "~ 4,.. ••• II .. poi •• ( ... 2,). 

S. ),, 001 ~ ...J ... 01 ,/10 . bl t p'.I"~ , .. _ l i •• ~ .. t . 
c-_ .- ,"' .. ;u. 1M' JI- u. ""'!JIOo ,",,""""1. 

• • Fbod. I.bo ... "" 01 not .... """ '" I. "" ... ,. '" % ~ ... z .. e. 
, . Fiad ~ poi ..... \ .. ~kk ,100 I&~.I .io pat.u..I "" """ .. 10 

of., .,od al"hiol> II La "".,...."'ie.I ..... Ill .. H ;' 10. _. ollhe 101. 

(,,) ... ·+U'J .. bf' _ I. 

'" (7) " .. z'(2 _ _ z). 

.. FIDoiI .... _Itioa .".. Lbo_b 

u'''''' '' I. fl.' .. II,. .. I 
..... CM '" "",I ........ 

I . "001 <lie .... , •• ,,'Iob .. .. ,. • ~ I.w ..... 8 .. -t 18,. .. IU. 
C-po" .. hI> Ex. 8-

lO. Sho .. ,hal I. 1.bo oq.lt..~ h1P"bob. 2'J " g' 11>0 . ... " r 

' he ulooa\o r .. ..ed by •• uIoblo 1&"1"'" Ol>d I.bo <OOn\1 ... " ._ 10 
_tan"od .... 001 ... . •. 

11. A ............ _ .. " S . I __ i • • -+2,..48l 

11. Po_i ....... I,' .' .............. ,. _ ~-."" 

lS, Jilld tho nI._ of . , .... ble~ .... WI ....... _ ....... 

r" = (o_o>I(o _ <) 

10 1"',..101 10 <be aDo of •. 
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u. SI>o ... ",.IIb. ,ubl>.n""nl of 1h. 1'11,",001"J ~ .'" oquol '" 

tho aboo ..... 01' lho poinlof 1>."""""1. bu' oPi""'i .. i" aip. 

..s. Pnmo i.hol f.bo p&r&bola ,. ~ 4 ... 10M a oo"."'nl .. h""",,,I. 

U. 510<> ... naIJU".1I1 <hal in Ih. on ..... . ' +,. = 4' lho \enlflh of 
.be oormol i, """,loan!.. 

n. Sho .. tho, in tho """lri1. .h. ""gUo of \ho "'",o.t .. """. 
,\000,., 'ho oq..ui<H, of ,be ""'(fix bein~ 

. ~ "" I "+~~11' "' ... ,i. 
" 0 + voi ,. 

• 
18. Sh.,.. th., .be eXI"",,,n,;,,1 ,u,... , ~ ... ' b .............. , ui>-

""g. nL 

19. Find v.. poinl <on Ih. twabol.,. = f I".t .. hloh "'" aogie 

1><1._" ,bo "'"""n' aDd f.bo Ii .. joioing \110 poi"' '" the n""" , h>.l! 
bo a ", .. imom. 

49. Co.con<]' opw'''' ""~ d ....... roi. A curTo i, aid to> be 
"""""' .. do"",.,..,..[ 1" 0,. vioinit]' 01 .. point P wh.n, for .. 

finite d"tan"" DO each . ida of 1', th. cUrve ia .ituated belo ... 

•• s 

,h~ t&ng<mt dr:a.n.t t.h ... point, .. in th~ .re. An, FIT. h 
i. """""' ... "JI'IXIrd .. ben t.h. "",Ve lies aoove t.he "'.goDt, a.o 
in th" are. IJP, 11K. 



00 Dl r rKsENTIAL CALCULUS 

Iild ...... ing ... '."'_Il"'ng ... IJ>e eu ...... , .. i. \M iii· 
un, ... e "";11 _ 1.hM i ' lb" ...... ~ of """'_ 0<1._ ... the 
, i,hl, lho langeot. ' ''ingo ill \Joe poolu •• dirmion 01 J'(I\.ot.tio" 
"'h~n me oone&YilJ i. u~.ant, Ind in the '>egat.". diretli"" 

when tI,Q OOIl"".it,y i. d ...... n .. &1'01. Heo"" upward ""''''''';'Y 
'0"1 be called. pooit.i •• bonding of the cune, and do.." ... ant 
wr, •• ily." ....g:aliH bO'od;"Il" 

" poin, at. ... hieh ,Ito di .... ~ of twe.~ing dw.pI ....... 

... ",_IJ 'l'0III politi .. ... nogatin, or ..... _." ~ p or 
&I. I), i, ullod .. poiol 01 iooJ-.... , ud IJ>e ~DI at. .... h .. 

poi.t io cal led."",,"'-'J' 140ft"'. 

Tloe poin\.o of IJ>e ""',. tha, .NI o.i\Ul.ed iu, bel ..... MId juot 

alte. 1M yoint of ioftulOll are II. .. "" opl""'il<l lid ... of \"" 
.lati<nLUY ""'gen!, &lid henoe the langem .""' .... !.he cu r •• ," 
.t I), Y, H . 

50. 1...Ic*&k tat for poooIU ..... Mpu... bnoIlq. r.- u.e 
inoli,...i"", of the llI~nl Ii .... IMHurod r ...... the poo;t; ... efId 
of 1.10 ...... i. _ani U,. forwvd ..,d 01 do. taoogeDl, be denoced 

..,... '"""".,.;,. ... ' ...... ie' .... d .... r ' in&" fuacUon of Ihe 
~_ ..,.",...,,,,01'" bendi., io """ill .. or nos&ti"" ; r"" 
i ............. in the ....., AD, \.he &Dgle .,. dim,.;.'" , ..... + i 
thr"ugh rero to -i; In thl.r<> Dr, " ino,,- fro ... - i 
~h..,u~h zero t.o ~; in the ue FH, .. <100'_ f """ + i throu~h 
zel':l t.o _ i; !ODd;" u.. ~ Jf K, .. i"", from _ ~ ~krou~1t. 

... .., to +~. 

Aa poiutof inDaion ...... "icif!DtI,. .. &oImi .... ~u ... bieh 
; ........ ;, .... or .... io; ... u,u, _ l ing .. 11M! _.itl EOhenp' 

f""" up .. ud t.o dQ""Wud, or 00II ... _1,_ 
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Thu. in Fig. 26,. i •• maximum a t P, and. minimum .1 D 
and.t li. 

Iostead of rewrding Ibo urialioo of 1.ho .ngl<! f>, it i. g<u' 

en.lly .""veniont ... ..,n.ide, tbe van..ti()f1 01 lbe . lo!"" I>.n </>, 

whicb i. _ ily "XV' ?5'~ ,.. a functi()f1 o( '" by 11," "'luauon 

tan+ _ ~ 

Sip .. tan + i. ah ... y. an incJ"N.Iiug I Un<tion 01 +, it loll"". 

that tbe . lo!'" I"nouon ~ i. LD ino,.. ... ing or • d""' .... ing 

(unouo" of >:, """"rdi"K ... th .. ..,n"" .. ity ;, upward or down· 

.... ro, and hen"" that ito ,...Jed.auvo io posiu." Or " egative. 

Thill! tho bending of the ourvo i. in the pooit.i ... or "egali . .. 

directiOl~ of rotatioo, .orording a. lbe lunetion :~ i. poolti .. 
or n<go.I,ve. 

AI " point of ioOe:xioo the slope ~ i , a muimum or a 

minimu"" ,"d th .. ",fo", ito derivativo :;; changes . ig" f",m 

positiv .. to neg"li ve or from neg>.l iTo to positive. Thi . laUe, 
..,,,diu,,,, i , . vidently both n_.y and ",,/licient in order !J>.t 

t.bo point (r,,) ma,. he" point of inflexion 00 the given eUM'e. 

Henre, tb .. oo(irdiou.te. of Lbo poinl.S of ,,,Huion on lbe curve 

rna,. be found to,. oolving the equ.tion. 

1"(",)_ O,1"(x) _ oo, 

and lben teating .. hethe r 1"(~) changes it.. .i.,. as '" pusc. 

Ihrough tho criti ... ! voolu"" thu. cbt"inoo. '1'0 an,. critical 

voolue" Ihal .. tillfi .. the I.e, t .., .... I_d. the poinl of infl .. i"" 

(Ii. 1\a). 



mY' ER"",""" . CALCULUS 

y.~ . .L F ............. , - (" - ')' 
8nd ..... ..,onlo of i~"" Io ..... oJ ."". Ibo IIIoOole of • .n ...... of .... 

• Iope """ 01. .... 0f'Iiiul<. 
II... !! . ~ ~( .. _ .). ,. 

g . ~(3" _ 'l. 

_ ........ iliadnJ .... r ........ _ ..... z _ .t 1_ ..... 11 .... _" 
~ 

... 1 ... iM ' _ ~b _...L. .... '7' ... ' <1m .... ;." ct.o.nr- 'ir. 
~ 

f .... [' w •• 10 ......... ho_ Ihe ... \0 .... [_. lo ..... ~.,h 

..... _oi'1 eM.,,, 1.-. wpward 10 4ow........ 5 i .. lr.rl" .. 

• _ + ~ .... _.i'1 'h,' W. , ... '" do .... 1./'d t.o up-ooorol, n.o 

f<>llvw'''i "._ ....... 10"10 ",III Ioo'p 10 ....... 110. mod. of •• <1.",", of 
u.. , .. );" .... ,ad 01 tho 010"" •• ",1 U .. <l1"""ion 01 ..... inW. 

• • ,. -,. 
- 0 .. -0 -. .. -~ -, • , , . ' • -.. • M 

• , , 
• J.. 

" 
• - -,I.'i • .'" , • • .. '0 .-

aIi ............. oIopo . , " 

'<; .-
• , 
• 
• 
-, 
• • 
- , 

A • • i"" .. .- f.- _ '" 10 

_ ..!. .... booIdi", • !""III ... ...... 

'" .... oIopo ..... Unaalll' i... '" 100" 
_ .. th-.p ..... 10. ,.,,1 ... .. 

.01 ... + 8 . .. hloh .. tIIo ....... of 
.", 

.1= ... liooo.'1 \o.n~1 d r."'" '" 

the poin. ( - :ii' !) . 
A., ...... in_ 10 1_ '''' .. 

_...!... 10 + ~ thoboadinl .. ....,. 

'" '" .-- + ...!.... "'-S!, .. '" 10. ,.i.i ..... ... 
" I .. .=.!. w~ ia"'" o\ot .. of .... ..uooaoy ~D'" ... 

(+ :11' !). 
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1'1,,0111>" % i .... : . ... Imm + _,_ to + .. , tho !:>endio&" 1. ~i'i ... 

'" &old t!:>e ' Iove inc._ I",m ,b, 

.. I"" _ ~ 1.I:roogh ..", to + 00> 

M 
Tho .. I .... ~ - 1.o' +1. 01 

whid, U .. . lopo _. 'hroo.:~h ..,,,,, 

"""""l",nd to lut"h'g .aI.,," ol.ho 
.,mi ...... 

E,. 2. E .... "'!". l.t 1"II.,.io ... 
,be <u," 

, 

, 

10 UIi, e.­

J ~ 2+(. +~)I. 

*=~(z+4)-f> 
!!'.! __ ~(H ~)-I. 

" . --'-'-- -----P-- J lI. n""." ,"" poi"' ( - 4, 2). !! 
" r...... .nd~ .,.. i"~"ile. Wlo ••• < -4. 

~ ;. """i'i.., ond ,, """ ,> _ 4. ~ i •• ",3.1 . .. J" 4" 
ThUlIJoer.e I •• poin' 01 inll •• ion ., ( _ 4,2)," whieh ,bo oIopo 

io i.fini,""..,d ,bo b""ding olo •• goo.lrom Iloe pooiU • • '" ,boo ... pli .. 
<li"",,",oo. 

, - >'. 

~= 4>'. ~ 3 )2 .,. 

AI (0,0).;Et . .. ro, bot ,h. 

0.' ... hu no inllexio<:. f.". ~ ,(z, 
...... d • ..,goooigl> (Fi~. :/II). ... 



DInrERR.'O'lAL CALCULUS 

SI. eo ....... :lt,. ad CO'IInodt,. toward ,Iw &1Ia. A OU ... 8 ;" 

u.id ta ho eoo~.~ ". ""t"." e taward .. Ii"", io the ~icinitJ of 

a given point 01\ tho o"eve, """"M;"g ... ~h6 ,,"ub ... ot at tb. 

point do .. or d""" not H. Mweeh the Cur.S !\nd tbo lin", for 

o. finitoJ di, tan"" 00 each sid. uf the point or ""huct. 

~ .. , :oJ. 

Firat, let the cur.e be ronnx t.owlU'd th~ .,...,~i., ao in the left­

~d figu",. ThDn if J " pooi\i • • , <hG hondi,,~ is positi~ • 

• "d :z i. pOI!iti~" ; bu. if 11 i. nogative, tho b<nding io nes-­

UV" n d ~ io ncgati~", HeIlC<O in either """" u... product 

112 i. positi .... 

X""i., 101. the Cu ..... ho OOn""ye t.o wud th~ -..i., at in the 
right-hand fign",. Then if , i , pooitin, the bending;" nega_ 

tive and 2 i . ""gatiTe ; but if y i . negatin , the bending i. 

pooiti,e and ~ ;" pooili...,. Thu. in ei<her cue the producj; 

r;a: i. ncgll,livo. lienoe' 

I N u.. ui<ixilll oJ a gi_ rmnl ("" 11) Ih ", ..... ;. """""'" (H 

(l()OO(>1~ !p 1M :.-ari., tu:roTd'.g a.I Ih prod"'" 1I:a (0 "".ifi"" or 

wga/'''. 



AI'PLICATlOli' TO CUllY'" TIlACOIG 

0(11(:1"* 

l. .: .. "'Ino .............. J '" 2 _ 3(. _ !)I r ... poi ... of i ............ 

3. 1>110 .. 11> ...... ...,.0 G" " ' (0' _ >") .... poi • • of LoIo • .., • 
.. Iho orIp.. 

I . f ind ..... pointo 01 ;n'I .. ",. 0" ,''' ..... , " 8.'. _ "+ 4.' 
.. I ...... u .... 0' " " , """'" III" I.bo ""-in ... poi •• of I.· 

... 01 .... ,( ............ paoi l.i ... udd I~""" ... 

$, Sioow ................. , ",~.I.! '- ... ioolIillli .. R_ <If 
• 

poI ... of 1-. .... 1';"-011 ....... , ... Ii_ 

t . Sbc>-.Ibo . ........... pC" + .')_ . hoo Ill ..... poi.t.o ol -'Iooo 

.,1 ...... . -..;pI tine; 'Dd ..... "'I .... "'" <If .... li_ 
, . II,. _ / (.) 10 11>0 eq .. l;"" of ........ , ""'" &hoI .... .-.... 

of I .. poi . .. ol lotooIioD .. tiol, ,.,. "lo ..... , 

[f'{')J' - 2Ie~) ·re.)· 

.. I,... .. .... 1-'011100 ...... a" _ i -... + 2 . ' .. or rio poi •• 

of 10 ... 01 ... , ..... &.d. .... "l""- ., of ......... .., "'Il""''" 
• • Slo<>w Ill .... .... """" , _ ... """ ... poi_lool i .... ..... . 1001., 

-1 .... 11 ... 1 .... ,&. 81<_ ..... """"" 
to. &Ioow .-, .......... ( t +"1I - 1- . b .. ~ poi ... of i ... 

............ ,10M u..,-liolm ..... Jch. Ii .... 

32. KnerboU< ODd,.....lIo ~"Da.. Whon .. cum lou. • 

branch ... ","ding \0 infini'y,!.he ""'~"Io dr ... n o.t ou_iye 
point. of Ibi. branch m. y .. nd \0 ooI""id ... ilb. definite hod 
Ii ... ,,. In !.he familiar cue .1 !.he hyP"'"OOIa. OK !.he QUow 
hMd,U.Uri,< ,ri •• tallgetI"_' _ •• luth ... and. ~.""t 
of t~ field, .. iD ,ho.,.. of 1.he puaboIa. on.- twtl Itl...ts 

of ;.fiel .. _10M -1 .. ",ue<! A"",! oUt. and parabolic. 

Th. ehotade. of _h of 'ho i.'.ILIO bran ...... of .u ... ..., 
~""'0 be do", ... i-t .. I",~ u... <quar.ioc: e f \lwo CQue i . k ..... q . 



DlFFERgNTIAL CALCULUS 

53_ Delaitl .. 01 • rtetUioeu "ymptote. If the tangent~ at 
" "", ... in pointo of .. cur .... I'P""",h • tioed .~r&iSht lin .... 

• limiting pooition when the l>oint of """\\aot mo .... f~rtber 
and f&rt.her ..:tong any in6nit.e bra",,)' of the given cu,ve. the" 

the hed lino i. called an oty,ul'OI< of tbe curve. 

'l'hi. delinition may b< . tated !DOre brieRy but I ... p"",i .. ly 

a. folio .... : An ... ymptote to a e" .. e i. a '"""gIlnt wbooe point 

of contact;" o.t infinity. but which i. toot it .. lf elllirel)' .. , 

infinity. 
DF.TE~M[NAT[ON 011 ASYNl"i"OTr.s 

M. Jlethad of [lmltlaa" !n'or<epto. The equation of tho tao­

gIlnt 1.1. &u)' point (z). y.j b<ing 

11 - 11, _ ~(r - '"',), 

the in""""pta. maJ.le hy tbi . line on the ro6rdillate a.e. o.", 

,1· ~ y, - r,~'1 
''l ... ~ .,, _ )'o5. 

'" Sup","", tho On""'. ba." bra.nch on which:z '" '" and 11 ':' "". 
Theil from (I) th0 limi", can be fou",l to which tile in"'><*pt • 

... ,. app""",h .. the oOOrdinateo "' .. y, of the point of OOlltact 
tend to baxomo in6nit..o. If Ih ... limito aM denoted loy a, b, 

the equation of Ihe oo ..... ponding """ymp"''' i. 

!!'+l _ l. 
" . 

Except in 'p""i..:t .,.,..,. thit method i. "sually too oompli . 
.,..ted to be of pBCti,,"1 uoe in determining th. equaliolll 

of tho uymptot .. of .. gIyon eu""- There are two other 
methoda, which togiothe, will a1w,,"yo oulllce t.o det.enmrne tbe 



APPI. ICAT lONS Ttl CURVE TRACING 

u ymplOteo of cu .... wh_ .qu .. tion. iuoln only &!gobraio 

fu",,~io" .. Th .... m~1 be ""UN tho ,.ethod. of inol"'Ctiou 

lind of . ubotitntion. 

U . Netbool of In.~. ldnJ. ... OJ'dl.ao.t., uympt«eo puallol 

to u "'- Wloen an algebraic ~U&tion in two cOOrdi .... t .. ., .. nd 

y i .... \io".oJi2o<1,oIu<ed of f,....\ioo .. ""d arrangod """"rding 

to PO"' " of ot~ of tho cOOrdinate.,"'Y y, it ta.k •• the form 

"YO +("" + <)r- ' + {d;o' +.., + !Jr-' + ... + ~ •. .,. + ... _ 0, 

in .hich ~. i. a polynomi .. \ of the degtOO " in Ibrmo of tho 
othe r ooOnlinate ~ lll<I "._. i . of dog .... M _ l. 

When any .alue i . gi~e!l to ,., the equation d. te,mi .... " 

valn •• for,. 
Let il be required to find to. wlt&t n ine of z the <lOt"J"eOpond. 

ing ordinate r 10 ... an i"fini"" ulue. 
Fo. thi. purl"*' tho following 110"" .. ,. f roOl oJgob,.,. will 

be ...,.,ned: 
GiY.n an .. lgob ... i<> ~natiOD of deg_,., 

..,. + .BY'" + JY"" + ... - 0; 

if « _ 0,""0 1'00\ y booo",eo i06,,;to; if « _ 0 and .B- O, two 
rooU , beeome in6nite; a.nd in gone ... 1 if the _lIIdeoto of 

• ..,10 of tho II: high .. , po .... " of , n oish, tho equation .i11 

ha,-e II: infinite roots. 
Sop_ .. 1 6 .. , that \10" term in r"i. pre .. nt; in othe • 

... onls, that the """!limenl,, i. not ... ro. Thon, when ""1 

fini~ ~aln" i. given to ." an of the M nln •• of , ...... finite, 

and 110 .......... o.ooonlingly no infinite onIi ....... for fini te 

v&lues of the . beoi"L 
Nut . uppooe that" i . .. ,...., Rnd b, <, not ""0. In thi • 

...... 000 ~al"" of r i. in6nite lu r He'1 finite nine of ~,and 

. ... e' <.e.-l 
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heD"" tt.. curve P""""" U1rough the poi"~ at io~n;t, on tll<o 
r aIi ,. 

There i. ono particolar nIne of ." n&:IIloly, r _ b" fo • 

.. hioh o.n ..:IditiOIlol root of U1e "'luation in, beoom .. in~nite. 

1'0', wben:r bas this nIne, tbo ooe1ficiont ""'+ c of thihig/1.­
.. t po.'" 01, remaining in the "'lnation • • ni,h ... 

Geomctrieally, oyo..,. lino I',,, • .1lel to tho 11 ""i. bas on. 

point of into",oetion with tho cU'vo at infinity, ""t I"" lino 

""'+0.0 bas t.o poio'" of inte,...,.,uon "ith the CUrve .t 
infinity_ A liM b ... ing t...., coincident point. 01 inter_tion 

.. ith. CUrf. i •• tangont to tho nune; ... d wbe o the coinci_ 
dent point. at. at infinity, hut the lino itool! Mt oltogether at 

inBnity, the tang<'Ilt" on Mympto...... lIeo •• , an oroi .. t. !.hat 

hero",," inSnite for . definite valu" of:r i. an "'lmptoi.e. 
Ago.in, if not only a, but olIO<> b and • . .... .. ,.", tt •• ,.., ..... 

two ronco of:z that rna.k" 11 infinite; namely, tb""" ..J_ 

of :z u.at mate d:z'+"'+f. o. Tho O<Jual.i"". of the 
infini .. oroin~"'" are fonnd by fa.olorio g !.bi. l .. t "'lnati",,; 

and 00 on. 

Sim.ilarly, hI amwging the oqnation of U.e on,.,.., ...,."."uing 
10 po ...... of ." wo cao ""';ly find what .olu .. of 11 gi.e "" 

inSni te value to "" 

E •. l . In t.bo "",..., 

ftnd tho "'Iu.ol"'" 01 lbo Ln~ni .. _in ..... .., <1 do",""i .. tit< ftni l<l 
poiot ill "hiob til. li"" _ .... OQI"T<. 

Tblo to a oublc"'laatioD in "bioh tit< """I!olcttt 01 t' ia ..,..,. 
A,"u",d 1. pow ... of J 11. 

r'(~ + L)+ , ... +{'l"'-"'+.~) =0. 



API'I.1CATIONS TO ClJRV & TRACIIIG "' 
Wbo~ z _ _ I. Lbo oquotion fo>< 1 beoom .. 

O·,' + , + 2 ~ 1), 

~ ••• rooIa ot.bkb.,..., ' _ "'., _ _ 2: bo_ .... oqoolloo of 
tJoo 1. &01 .. . nlIDo" i. z + \ ~o. Th. infi"ile .,...!i .... io .-.. .... 
co...,"Pi.;" tJoo lnl .. point ( _ \. _ 2). 

8;" <0 Lbo ".m I. z" iI v .... nl, "'""' .... no I.hile ...J .... 01 z 

I .... hi .. T&1_ of ,. 

F:,.2. Sbow ,b,llb. Ii . .. Z =G, a.d J ~ 0 ... " ymP"""' to .... 

OU"* .'. _ ,(. _ oj' ( FiC. 3\). 

, 

x 

~ ... ", 
E •. 3. Fiod .... "y"'pIo'" of lbo co . .. ,'(, _ 0) + "'1"=". 

~6. _ _ of _tlltIoII. ObUq... uym.~. TM .... 

JRl~ .hat aN nOl; ponllel io eilher Uto .... bo round by 
the method of oubot.itotion •• hieh i •• pplioabl. to al l . Igeb,..io 
eunu, &nd i, ol eopeciol .alu __ bon the _qua.tion i. giy"n in 

the implicit form 

Cunoide. tbe 8t"';ght li"" 
1 _ ,",,+6, 

,. ) 
,. 
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and Ict. it be ""'I.ui lflll to deltrmi ........ d It ... Uw. t.h4 II ... 
ahall loa ...... ,,..- "' ..... uno/{ .. , , ) _ 0. 

8i ......... u,mplote ;1 tbe limiting pamtion of .. Ii ... tb., · 

mMtII tbe CUr,," in '''0 poinll lhl' u..d '" coincid. U infinil,. 
then, bJ muiDg (\) and (2) .imultal16OllJ, tb. , ."ulting eqUI_ 

tioa in '" 

if to haft> t.to 01 ill _ iutlllite. Thi. req ui_ Uw. 1.11. 

_lIIoioDU 01 0.. , .... bi,beu po ...... of '" ohal l ... i .... 
TI" • .....me;.,."- ell_led '" wro, furniah , .... equtiOlli 
(fOIl! .. hich Ut. '""lui$! .a1". of .. ODd b .... bio d_ .. I ...... 
TM. • .oI-, l ubool ilulC ill (2), _ill gi •• u.. oquatiOCl of on 

"'y"'ptote. 

Eo. e . fiDd \bO "1"'~ .. u,. "",..,. ,. - >'(2. - ~) . 

h u.. fIR P- ..- ...... kIo:.Ul "" .. ,"'pIo*o ~ ... '" 
0;0- oIlbo _""'_.... To do ...... ;"" 1M ol.liq .. "1"~ 

....... LIoo "'I-~~,.~ of ""' ........ "' ...... II . wiIob. , .. _+1, Mod 
011.1_,.. n... 

, ... 
( I +- ,..o)" +- (3 . .. _ 2~).' t-H .... +- .. . 0. 

,, + 1. 0 " ... a .. '11 _ 2.~o. 

- -- I, __ ¥; 
•• , .- ot- T 

10 u.. .... ·r .. of .. UI&,IOU 

no. \IIi"'! I.... :t' of .... 10 11oo..;u, -Ii- ..... io to. ... 
1_1.bo ................ + "'_0. .. _ . .. 'I;. 
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~. 

1'1010 10 1Iloo "'17 0"1;'1"" ... ,."""", .. u.. ..u- .- 01 11M oq'" rOD 
f ...... I ...... .....,.. 

1( • • " 1'1 ... Lbo...,...~ 10 '"ftroro r(. ' + "'=-'i~ _ .). 
, 

~ .• 
Ulnu.. H ... J _ 0;' . hooi-.lal...,. .. pIoM by"' .... It&. To . .... 

u.. oWIq .. UJ'I'pk . ... put, _ _ + •• 
,-.. ( ... +I)(.· .. .., - .'(. - ~) • 
i ... .... + ..... (_.+ •• ). i ( .... _ .'> ~ O; 

• - 0, 1 .. 0, I .. &II .. ,"',..... 



"" DlH~IlE"T1AL C ALCULU8 

57. !f,,_, 01 toq'1IIptoteo. The i!\u,traJ;i" ... of the I .. t 

artiole ,bo_ that il a ll the term. am present in Ihe general 

"'I""';"" of an .. Ih deg_ oune, theo th. "'Illation for dote .. 

mining .. is of the .. t.h deg .... and the ... att """""'-iogl)' .. 

~&lu .. of...,,..,,..J or imaginary. The IlqnatWn for findina b i. 

u, u&lly of tbe Ii .. t deS""'. hul fOl' oert&iu ." .... une or more 
.... lu"" of .. ",ay ca" .. the "",,1II.loots of %" and :.-' both to 

vaoish, irr""pecti~. of b. 10 ouch.....,. aoyli"o .. b oo. equ.a­
li01I i. uf th. fo.m, _"',% +e .. ill have 1 ... 0 f'Ointo &t infinity 

on tb. cocYO ind~peDdent uf OJ hul by .... [''''UnK Ih. """lIIeienl 

of:r-' 1.0 .. ,.",1100 v.l"e" of b .~n b6 found ",HOb that 1M re-

onlting lines haYo Ih_ point . .. \ infinity in ""mmoo ... ilL th. 
e""'. Tl,_ t .. o lin ....... parallel; .nd it. .... iIl be .... " thl 
in...,h __ in .. hiob this happens the "'l .... tiOD defining .. 

bao .. double root,.., that the toto.l numLer of "'y"'pt.otao i. 
not inc_oed. H enee Ih. tot.l number of ... ympt.ot.eo, real 

&lid imaginary, io in gene"'" oq""l to tb~ d~g, ... of the ",,-""lion 

of Ih6 e~,v .. 

Thio number mu,t be .... h'oeU WhOIl6 ..... <,u .... has .. para-. 

bolio bnuJch, oj""" in tbio caliO .. Tal"" of .... hich .oak .. tb. 

_1110;'"1 of;</' noi.h d_ not oo,_pond t<> &I1y finite .tolU" 
of b. 

EI. G. Flod th • .,ympootoo 01 tbe ou"" (. _ f)' = 2 x. The 

eq .. '''" In .. io ( .. _ I)' ~ 0. T ... roeillcient 01 '" .... ioh .. MIen';" 
.. llJ .. ....., .. ~ I ; that 01 x .. ~( .. _ 'J" _ 2 .hiob oanontbo modo 

to .. nish fot o.y hite .oIu. 01 ~ .. hen .. .. I. Tbo en"" ... DO 

.. ymV_ 

Eo. ~. Find 1.be ""l'm~ of 11>0 eUrT< 

,.~(x _ I)~ x )' . , 
.nd It_ ..... en.... (Fi,.3f.) 
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, 

'"' ''' 
UlACl.U 

Fl04 1M ..,. .. p&moo of .-h of tIoo 1~I ""i.1 ......... : 

, . (· + ·)I' ~ (s ... ·) ... · .. ..,. .. .......... ,. 
'-''''+'', -.'. 

~. -'I' • • '(" - .,.). 

• t . , • • + . 
. {< - <l' 

n , ,, _ ~",,+ ... _ ~ . 

l3 . .. _..,.+ ....... 11' " . 
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POLAR CQURllINATF.6 

~8. Whon the "'1 ..... \00 of " O"'Oe ill "1P,.......t in polar 
ooI>rdinata, the • .,.,tori&1 angle , i. ""nally "1(aI'dod ... Ute 

independenL nriaLle. To d.\~.",i"e _,h. di"",Li"" Qf ,h. 

~un-... t &II)' !'Oint, it i. 'n06t convenient to make U"" of the 

angle bot .. ",," the lang.nt &nd tl,e .-..liuo v8Cl£>r to tlte j .. iut 

, 

Hoo ... · 

of W'g\lncy. 
Let P, Q h<> two point.o on the 

curn (Fig. 36). J oin P, Q .. ith 
tb. pole 0, and d,."p .. perpendic­
ula. I'M fro", P on QQ. l,(,t f', 

6 he tho ootirdi1U.teo of P; p + 1>.", 

I+I>.'tb.- of Q. Then th • ...,SI" 
f'OQ _ M; PM _ p.int>.,; and 

MQ_ OQ_ OX_ p+4p_,_I>.O. 

When Q moY"" to coin"ideno ... ith I', the angle MQJ' 
appr<:acl! .. u .. limit the angle bet ..... D !.he nuliu ......... 

and \l,,, bngent line at Ute point P. Tbi. anglo will be 

d .. ign.ted by +. 

Btl' ,(1 _ """ ~_ 2 p , io' l,u, 

ben"" 
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E,. L A pOlo' d ... ,ibeo • circlo 01 ndi., ,.. 

P ...... ,ho. ••• ""J ins .. o. ,bo.rc ~k;.c;II'" j;m .. 

i .... 

u 

• ... 
• 

Ex. 2. When. polo! d ... riJ,.. o,i • .,. 

0""0, pro .. l ha ... 001 i"",""o, ''' .. 000', 

.u 10 .. 0 nodi •• """'_, <!P. " nd 0 """'"" 

" " pO""o' I"'"...,.d"'o ..... \0 Ibo radl .. ~, 

,~,&Ddbo_ ..... ' 
~. dB ~S """ .. = , ... .. ='_, .. n.; _p_ .. 
d. d, d, 

Thl' l oualoh<O " dl",.ml<ol 1"""( 01 "'Iootiuo (I) . .. ... ~" • RoWioD bet . ... d.. ... 4 • "'-

tbo initial liDO i.o taken .. !.be nu. 01 r, 

,hs taOI!'l"' liDe at l' mako" an ""Sl" .,. 
with this lin • . 

lion.. 8 + .; _ .,.; 

i.,., ~+lan·'(,~ ~ ta.n-t~~} " 
.~. 

60. LoDflII "" .... paL IlO<1Ui, poW" oabtutnL &lid potu oa1>-
1lIInILO.l. The portions 01 tba \.a"l!'lnt and nor",al intercepted 

bot .. ..,n Iho point 01 boDgeno," l' and 1100 lino th"",'gb 110. polo 

]"cpendiou l&r .., 'he ..-..din" vector 01',""" ca.llod tbo polar 



'''' 
"'''fI''" k.ogfo\ .... d tlte JICllIv .......... 1 .. ;Il; their ptOj_iOll. "" 
thil pe.] ... dieular ..... w!ed tlMo ptJ4I., _u1"" ",~L ptIJ4r 
•• ~,d. 

, 

~ .. ....... 
ThUll, lrl lbe tangent and "".,.001 .t. /' (Fi~ .... 3'J Q, 6) m.el.lhe 

1"" I .. ndioula. \0 QPin tbe poinu. N and X .• Then 

P.Viz. u... poll. langen. l~ngtb, 
PM II tho pola. nClfIlW loOjl\h, 
ON. u.. put", IUbtaD~t, 
OM .. the ...... . ..,bnooo"...J.. 

TIIe1 ...... 1 -.. '" 1M tilde"""" .... , of u.. direeti ... or d>e 
i"iUalli-. Tbo JongUolvf ~ Ii_ will "" .. boo d""' ... i....t 

Si_ I'N _ Qp. _ OI'N _ , _II- _ ,~/,!!,\i + 1 
. \iI~J 

•• I, ("')' -'",V' + d' • 

1- p<>Iu lansont itrll'h -':: J"'+(fl 
Apln, O,V. QI' tan 01'.'1_ ,. WI"' . "'::' 

""""'" ,",W ... btanll"nt _ ,..~. 



• 
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PJI _ op ·.,., OPN .. ~_ " - ,I, +a5)'. 
I"'W mormallenglh ... ~"+(~i" 

0 11£_ OP oot OI',V .. ~. 

pow ... bnormol_ :t. 
,.... .ipa of ""0 poW ..... ""'1 Iemglh &lid potu _l1l&I 

leogih ...... bi~ <III _nl of ..,,~ oadi..J.. The diJ.eo. 

Ii.,. uf 1.110 IUb/..&I:Ip:en1 ;. doterml"ed. b,. tho .. po of ,.~. 

WMn : io pooili'''' 1M di.u.""", ON l hould be "' .... o..,.;! to 

the riShl, oDd .. hen nega.ti .. , to \holol' 0( "" oboe' VII. pllll*l 

U 0 W lookiDg al<lllr 0 1'; ro< .. hen j i_ witb 

,., ~ .. pc.iU •• ( Art.. 28). o.nd. " 10 "" ..... toe ""glo ( .. ill 
• M 

ril-3Il6); w"" d " .. ~I~ _ ;. ... p ' i .... 

",,<l " lot ......... (!'"is. 39.). ." 

IXUCIIU 

1. ' "\h ....... ,*~.i.l.lod". 

2. I" tbe .pinl of ""hi __ , .. ... ,bo .. \hoI "n " .. , ..,d 

Ind IIHI pol .... b&o"i"n~ pow " .~ and polar ... booormalo T_ 
abo ",no. 

So Flood f ... Iloo ",,,,,,,,, ,,,'_2' !.be nI_ 01. oil Il00 • .,... .io..... 'd i. I.bio ......... 

.. &bow lbal i. ""' ..... " ... u.e polar _._, 10 01. _ . 
-.. ..... 110. T.- ....... " .. 

to In ..... 0,.., ~~. (1 ~ _I).~"""...d \~ poIat ... ~ .... 



"" 
6. She,.. t.iu.1 i~ u.. onmo , _ h _ .. -. Lb_ ,",011"0' mu.-.. . 00._ 

olaDI onele " w;'h tho .. ,iI;',. _<or, Fo. tM, ........ , \hi> """" io 

0011001 Ill. "'Inianpla •• plr>!. 

7. Fi.d u.. ODg," of i."'''''''''ioo oliO. "" .... 
, ~ 0(1 ... OOI'). , ~ ~(l __ fl. 

e . I. "'. pat"boIo, _ ~ "",~, obow "' .... -I- >t .. ". 

EXERCISES ON CHAPTER vII 

T....,. "'" following ou....... Fi"d u JmplotN, ;."' .... 1. 01 i._ 
....... OJ! ODd .lou "log onlin .... "",iI di .... io" or bobdinl>," ... 11 .. 

Ill"''''*P'' o. <.I .. ...... 

~. ,=~+2" _ 1x+1. 

2. 1' _ "+2"_1% + 1. 

3. , ~ (" _ l)' . 

•. ,,+,._1. 

.5. ,'_x". 
6. ~~' .. r _ lr'. 

7. " - J' .. 2>:. 

I. Ill_ IoUo .. iug .orn. bd >t, do"'""I .... b ....... ,,,.. boro .... 

idnil<, and 001&;0 u.. (oogul • • ) i,,"' ..... of i"" ..... i.g ~ .... 'M 
j",,. 

" ... ~ •• i.3'. 

lO. p_.(l _ oool). 

l.l. p _ ._,~. 



CHAPTER VIII 

Dll'J'lRElfTLlTIOlf 01' I'UlfCTlOlfS 01' TWO VARIABLES 

Thu. fa, onl1 funeti"". of .. o'nsl ..... i&bl. un been oon_ 
. idel'<><!. Tbo preaent oh.o.pte< .. ill bo do._ to tbo olndy of 

functio .. of two independent .anable. ~,g. They will bo 

repreoent«l by tho oymbol 
. -j(~,,). 

If tit. "imulto.noou.o ..111<" of tbo tit,..,., .. riabl ...... " ... re 

~p"-nted ... the J"O<lt&ngular cOOnI.in""'" of .. point in or-, 

the loeu. of all 3u<b pointo. u .. sur!"."., ru.ving tho equation 

. _ j(x, g). 

61. DdlIltI ... ot ... u.oult,.. A f"nolion , of ., and " 
• _ j(z, g), i . ... id to bo conlinuoWl in Ihe vicinity of an1 point 

(~,~) when /(a, b) i. reol, fiDite, and deter minate, .... d au"" , . 
~ ': of(a + A, b +~) -f(a, b), 
~ ... o 

ho",.nr h and .I: .pp......,lL "'1"0-
Wbon" ""i r of valu .. a, b exioto. at .. hich "", ono of tb."" 

propel"t-i .. doe. n()t hold, tbo fuooUoD i .... id to bo eli_utinu· 

oua . t tb. point (a, b). 

Whe •• = 0, lbon ' ":" ~ I f{H" •• .,.,. .oJ .. o[ " ... bo. J " Q thon 

. .. + 1 fo< ''''1 ul"" of z. In ~ ... ral. if , = IItZ, 

.-1 + .. 
- 1 ... ,. 
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a--ricalIJ-,"i .. , ... beD tbo ""M(r,,)_ .. _plo(C,"), 

1100 Ii_ill", ..... 01 \be «<Ii,..,. r de"""", _I"'" Iloo dl>o'" 01 

.-~ . 

.. find valae I, io!livea to I, th"" 

.. a I~nctioa 01" 001" on.! the .. Ie 01 chaap in • .....wd bJ. 
ch&l>ge in:o" "'P" E I '" 

• <to - do otz, (I) 

i ..... bl.h :::;. obI.alm oro tho ouPI""l lioo llou I I.t ..,..to.nt. 

To i .... i..u Ibi. r .. 1 .it"""" Ih ••• "a!if,i •• v...t.l MOot. 

nteGl., equtiOll ( 1) .. iIl be .-ritle_ i. lb. (.,..", 

(~) 

TN .,,,,hol :: ... ,... •• n.'" the -..11 &btaioord '" d il'le...,t.iaI. 

;"8". w;\.h "'Pl"<I t.o ~ tho variabl. , hoi., I_led .... roD' 

ot.&Dlj III. ",,11«1 th0l",rliol d<Til'ldiw of. wilb rego.r<l to "" 
Vr(u" lloa ddi~ilioll of dill."""i.I;""', Art. 6, lb. po.rI.itJ 

de,; y ... i •• illbo ...... 1' 01 tho iodicue<1 opera ..... 

ia_ M • .IJ,,+.u, rl - /{:o, rl. 
dz .... . 0 4.-

Simil.rly, the *ymbol tb '""preMntJ tho ,....1' obtained by 

" difl ...... tiaI.i»g I .ilb ..-pnI to J, 1M nriabla " belaR ueoled 
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M A _.1&111 , il ill ., .. n ... th6 , .. rtOal doorin&i ... of • "it~ 

-~. 
Tho ~ deri ... lin of ."ith .... 1'11 Io,io oecordiD.lylbe 

.... ~II or the indicalfld oporo.tio:o 

ib ... II.. .IV." + oI.Jl- f(~, ,). a, ... .. 0 01., 
~ ... :: "" ill ... lIed I.bo ,.,.rtioJ M~aJ of " and 

Y _ : Q i • ..J.led u.. ,."nW ~ <II. ... 

u.:.ClHI 
~ ~ L GI .... ~ ~ .. ... h 'r" -l .,.._ ' ..... -. ... __ ", to. . ' ~ 

a. Gi .. n • K 1.&tl-,~ .100 .. LUI."" ... ,iIw .. 0. 
• I . at 

. . . .. low ( .. ... .. ), hda . ... . ~. 
~ . 

t . . .. 01. "': ~DPI.:; ... :; 
~ ~ 

I . . .. lor ( .... ..r.o ... ?l . .. 4 • I I ... ,.~ 

.... ,.. \or ( ........ 1aIo, ... 1M I) ; ....... ...... 

.ol. h .... +-_ t ,,,,, . ... 2 . .... ~ 2. 
a. " oJ> Y .... lot: ( .... ,). abo" Ib':: "':; .. ; . 

.. . .. ....!L; ohow u, •• • - ... , ... _0. 0"', .. '" 

.. . .. {to _ .)(. _ .)(. - ,1 ; ,1Io_tbai oh ... oh ... a . .. o. 
~ ~ . 

10. . .. ... ; "_ tloMoh +~ .. ( . ... , _ JI" ..... ,. .,. 
u. . " lot: ( ..... ,.. ..... -*.,.) : ..... 

.i!! ......... ~. s· . 
". h I • •• , ... . 
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63. Total dlSf;,enti&l. If both " .. nd 1 are allowt:d to Yary 
in Ihe f UIlction ' ''/(~ J), lite tim qu .. tioo thal .... lunlJl 

ui&es i. wilh rega.d to II,e ",eaning of tho dilfe .. ntial of •. 

', -/(%0, ,,), 

" + 4 . .. I(z, + 0I.:r, 1, + .:o~) 
boo two .a1ue. of the funcU.,.. oon-eoponding to tbe two pairs 

of nlue. 9f t.he ... riabl .. z" I, and ", + 4;0, 1, +.:0), 
The dille""""" 

t:.. .. I(~, + 4;0, 1, +.1J) -/("" , ,) 

"'''y be regude<! .. oom~ of two parts, the first po.n being 

tt,. ino"'''''mt .. hicb • t.koe .. hen" chang .. from >:, to %, + ~ 
.. bile 1 rem"in. oonataot iJI - Jo), . "d the ,,,,,,,,,d part being 
tho additio .... l inc~ment which. taIL"" .. hen 1 " hanK"" from 

" to I,+.:oy, whila" rem";"" oonolant (" .. ", + 6..<). The 
iuc..emenl t:.. may t.hen M written 

ol.% .. I(e, + ol.:t, 1, + 01.1) - /(", + ol.:t, 1;) 

+ 1(", + ~ f,l - 1(>:" 1;) 

_& + 4;0, y, + 4 y) - I I,z" + ~ y,) 01.1 ., 
+ ItA +.u, ,,) - I(%b >'1) 01.". 

~ 

From the t.h""""" of m .... nlue, Art. .19, the loot oquatiOll 
may be writlen 

4> .. :"/(Z, + 81>", ,0) d:< + :./(>:, + ~ 11 + 8,oI.J).:oJ. (3) 

·It "'p,"II<nto tbe octu&! increment 4> which the del'"Lldenl 

.ari .. bl •• I.It.h . .. hon Ih. indepeudent variabl .. " and , Iak. 
the iDcremenl.O d:< and .:0,. 
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T" Ul ........ loI. Kf(,., ,1 be u.. .......... 010 __ (F\ri. IO). 
IA\ A, _ (.~ "j, A, IIi (z , + ~, ,,). A,. (., -4-~ " + 4 ,). .. Il<00 • 

.1 ,1', - f( ' " ,,). AJ'," f( .. -4- .:l..., "~I, A ,/~ _ f(z, + ~" , + 4,). 
Q,/',_f( .. + 4<, ,,) - /(0" ,,) . 4 ... 

Q,P, _ fC" + ~", + 4,) _ /(z, -4- 4<. "~I _ ~ 
R.P, _ /(_, -4-~, " + 4,) -f('~ ,,) _ 4" + 4 .. .. 4 •. 

A •• 1oot _1"1 poi •• I' _ I,"" I~ 10 

1', oloooc '" 1*- ... ...., 1',1' .. ..... 0tdl ... 10 
..... 1100 ...... _ . 

4 .. _ (t;)~ 

... '-0 ... do,; ....... io Ia1oao •• W "' .... 
_I ... poi~1 . . .... -4- 14<, , ,. ,, ( /u1.. 1111. 
SI,..I""I" .. I' _ I""" 1'. 10 p • ..J .... 
Ih. pt.n. " .... p.p~ lbo oNilIot. 10k .. 1M 
f.,.N< I ....... ~. 

400 .. (~) 4" 
• 

... _ .... cIori .............. 01; lbo I0I0 ..... ,11 ... poimt , .. " + 1,4, . 
. .. . , -4-~. 

T ....... oI_t .. o~1- .=~" cI_Ibo' ... 01'7 ' " " '4>. 
In ~ f ' " 'inc eq1llliov. (3) lei 4'; 4" 4> be "'plaood by 

• . liz, • . d" • . a _peot.iqoly, in .. hic~ dl<, d, &1"<1 ... tire'y 
&l"bitlvy • .After ",",.,.,.iDg th, OOUIm"" fa.o:\o ... 10 •• App,.".ch 
.0.... The "'.01. i. 

<& _ ~~'Jd.o+if~'Jd" (~) 
• 

TIL. dirt ..... tirJ a dPli....t hy tho. equl.iooo .. erJ!od the IDf<>I 
~(ftrnf"'l <>f.. It;" _ ... fdY'l 1-..lOoa' " r ", bul III_ 
iDtNlMul which., would tab if lu ctw.p ..... liD ..... oui'.,..,. 

.. ~iI. " thonseo! r ....... to . , + "" &lid , .boopd r""" " to 
,,+01, . 

. ... c .. .c. _1 
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,,, "tI,,,,,, word .. If< i. U .. note u( cI,""ge of !lIe .... i.hJ... w"" tIM> i.depoeaden!. .... W,l.,. ~ o.,oJ , m....¥'" oI",ul .. -. 

0 ... 11 ... u.. rain 01 U. II, "'"P"'I;.cl,. 
t;quaUOD (~) Ill., be ... ,IIUm in tho form 

«0,,:: dz + Z"'-"" + !I ... 
fro ..... hieh U .. lol1owi"(1 th.."eon .an be .taW; I" 1<>1'" d,ij. 

f ... ~ri,d ofa ft .... /<, . of '- , .. "o:al./a I. ""oa' '" I" ... M oj 114 

,.. .. 101 diftn!<oll<Jl. wu. ril ...,.,nI '" ... "1"'m(, ..,riaiJoo,..., 
(>1" Ule lOla! .aU vf c h ... 1I" o f .. ill "'I .... Ii> Ik MI'D of i'- pu. 
,; . I",te •. 

The ... "'" H\e!h<.l can be .. ppl~1 di_UJ \£I f .. ne~. of 
th_.". ........... riab!.... Th..., if • "' .. f ... ,e;"" of ltoe YAri-

.bIeo ", }. " 

th." 

- " .(:<,J,'}' 

d~ "~'''+~d1+~d'' 
• " Uf'" ...., -+ ,.,. of q. 

'" ~ (o.,. .. ~ lq .. Su'}oj ... (2001, -+ ....... 'loll_ 

m .. ft . .. ... ,:", tho" ' .... 1 d • .. ~I - pl •. , ,'+" 
E • . a. .u. ... I"II ... __ riaio ...... """ 0( .. porlo<t. P"-

., .. 11<. i. "hlclo .. io ...... _, _",,1 .. .,. .. ~ ..." .............. ... 

I/. ........... Up"'. _k '" IlHI .i' .... n ...... II,. II,., <f1, I ....... of 
.bo <><ho. , • •• 

K • • • . A ........ _ .. Ihoo ."brieol....ru... .... t' .. "~.' 
I. " _i<al ....... 11 •• pia... ; ... 1_ .... .0,10 .r ..,. 101M"," 

plo.... il .... .....,.poo>O .. of "" ...... ;., 10 ;:, _ pot " ! "bon 

~ .. i, ftt>d \ho ,....,1111"'"" ••• "d tho '>00I'I'1"'''.' ... IooUMio, 

81_ <.".'_ z' _". 
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II~I ...... J~ = ~. and ,110 ""O'"~:~ .... &i.:~~n.'i<n.n 1'1, .... 

,~zto.OO·.bo"oo41 ~ >"3.1..r ~. _.,nd, __ · n..~ .... 
'" . 

4 J. ..r.i J. ~ __ _ '-" _ ___ In r ... 1 P'" ...",.,d. 
2>"3 ~ IJ • 

)(,.5. A tri'''III. h .. , _ of 10 nni", and ,n ,IIi",,,,, of ~ unito. 
Th. 1_ .. made I<> ino",...," ,110 ... Ie of ~ ~Di" ,nd .... ,llilu"" 

'" """ __ ." Ihoo ... Ie of I uni!.. AI"Io,1 ra"'d_ .... ,"'. eh.oop1 

j,;1.6. ... poi"l "" ,110 hYl",OOIoid ,' - f -~ = I in ,110 pooi..,., 

~ _ 2, , K ~ ."0 . .. .., II,., ~ I""' .... , .. tho .. t. 01 ~ ,,,1,,, p'" OPe­

o"~. whi le , d<e...- M th. "'''' DI 3 uni .. I"" -""d. ~·inol .... 
",Ie of ,u"g< 01 ,. 

)( • . 1. ff tho an.. of • ...., •• "KI. ,I _ q;, ;0..,,..,,1.11 m .... o«d 

ow'''1' (0 • omali . ", ... ~z. J,;n ,boo Ion~ 01 ...,10 ."", bow el_ 

i, ,U _ za, + r/z "' .... ..,("0.1 ...... in ibo",- ' 

64. 1'<ItaI derinti... If in U.e ..,Ialion • _/(~ ,l, the van· 
a ble. "'" a .. Dol inciep""dent. 001 boIh oro I"no<ion. 01 

8noth", ..... ;..bl" . , cJ06 1'''''''''' Qr U.e p..,.,eding a.niele call 
.Iill be applied. The ""Lobi •• i. no .. 0 luncl ion of .. .."d 

its de ri.alive aa to . may be "P" ' ed iD WI" fOTIO 

I n portieuw, if , i. not ind" p'mdeDI, but i. ~ (unolion 01 

", lh~'" may be ob_o • • ., i .... ll, and lbe preootiiHg "'Iou.tiOl' 

1I1h. ("notion.:! rel .. l ion be~w .. n ~ and, i. given, 
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Ih .. u.. __ ..... 1 •• iII to. <>lMined . .. bet .... :: ;. dew .. 

.. inod by .hft pnMnl .MI>od, ... f" ~r", elimillMed f .... u.. 
• _/(z, fj, 

• 
and !.he _ u1tin,g tq,,&don ia dilf~""Dil.ted &I ""... Th • 
.... \hod of Ihi. artiel. f""'l""".ll l bort.oDo the pI" • 

It ia 1Nn .... 1I &0 ...,.. Iht dilf .. "DO bet_ ::, ... ~. 
Tbe fClnllH;' the po.riiaI deri""" .. of u... fa",..;_.1 U,.... 

...... f ..... "iU. ..ep>d to .. on ..... pppooitiooo !.hal , if __ 
gut. n.. lllU. iI u... I<Ul do-riuU.e of •• ilh ~ to 

~ .. 11M _01 i. t.aket\ of It.. f.e. th&t , ill ;""'11 .. foo ... 

doo 01 L 

In tbe forme ....... Ibe dilf. _U •• ion .ntb ~rd I<> ~ i • 
.... rell e><pliei'; in the t.t~r II i. both • • plic" ."d i!llplleiL 

I!.z..l. G_. ~ .ti"+,.. , .. ..... ; 'M :,. 
~ - . .. ' ~. 
h. "iii .. ,. ""+I'u 
~ - !. , .. 

h." .. 

~ •. z. If. ~ 1M"..I.. ....t ~ .... ,. .. 1, ....... thM· " - ~. 
h 4.< , 

15. DII ....... '77 l1li. ",ald' _:1777 II, i. u.. reI&llooo 
'-f( .. , l •• ;._ed 10 be_ ..... ~ tboo 

4/ ... 0; 
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OJ 

I""" .. ";"b '" 
In 0.11 lucll ""'""" eitber •• n..ble ,. an implicit fu ... Uon ef 

the oUter, and. thuo the l .. t ~uo.t'()Jl furni.h", a rnloo fer 

6nd.ing the d.eriYatin. of "" imp!;"'t function. 

EI. 1. GI..., z' +.,. + h., ~ c, 6.d 9 . 
'" 

Sl ... (Sx' + 3..,)+ (3,. + 3 • • ) ~ ~ 0. 9 ~_ "+a,. 
~. ~. ,'+~' 

.: • . 2·f(.' + ~)3<; ~ • • I'(_ + ~); ~ ~ I>f'( .. + ~); - .. 
EI. 3. 

EI. 4, 

" . ~ ---, '" . 
If ",,'+2.1., + ~'+2g.+ 2/1 + < mo. ~Dd >!J. 

'" GI .. ~ .. -J" _ c, aDd<!/.. 

'" 
E •. 5. If. i"",.... ., tho m. or 2 iAoh.,. per -.oDd .. 11 _ 

IhTOUlb <boo .. l ••• • B hocboa, .. . IW ,.. .. m....r. , obanJO .h •• 

~ _ 2,"' _ 3"', 

~ _ 2" _ '." .,. =4.,_ sro. 
~ .. 

~ " ~, a. 2J" - ~.., d, 
~. - - a; = - i., _J"-"''' 

a, ~, 

Si_ . _ 3,, ~ I, u . 2, hoDo. 9 . _ 20 l""boo P'" ....,Dd . .n d' . 



'" 

f.s . • . 

to .. '" "" ..- u. ........... ,. 01 ~H,._.liati"r ""'1 lo" rU. k 
r ... _ 01 .. , by ._ .... _ of "'" __ I .m. .. wlU ......... It~ 

\100 .-.1Iof "iIF ...... ' · " . -d,,,,w 11M .. Iooof ~ I I. 

$II. 0 +bk 1Mo_,",,- 0_' ...... 11. the eq lWion 
• - Jf2.. J ) ",_.\1 .. ".,..,.,. ",., eqB&tion , _" d..ti_ 
& 1'1.". l>1o.-alt.,1 '" lIMo _min .... pl....... The 111'0 eqUII"""" 
'",.I.ed .imoltan-. .ly th,.dQre d.S". tho pu. .... _tiOl. "'"''-
0 " tho .urf""" . - j(~.,I') by Ih. plan",I' _ y," Till ,I~rio.t.ioe 

~ do Hn .. \.he olope of Ih. tanft'1'1 lioo to ,hi. co , " o •• Itt 

" I"'in. (z",~ " ~ 
Similarly, til. pb. ... ., _ 20 ..... \.h • ... rl_ in I """'" 

parall~1 to t.loe,. ·"- dinate plaH. The olop" of IlMllUlp' 

II ... '" \.hi. Nb>Iod c ... "" il defi_1 b, o!!.. ~ eq..wiolliof 
u.- '''0 li_ Ire ~" 

, - ,,, . - ., -~ (z - z,) • . , 
r - z, . • - ., _~ (,- ,,). 

'" 
Til")' h .. " tho ","lit (s .. ' " " ) In ............ ; II ...... 1J, .... 0 11 _ 
... iIl deft .... phnr. n.. "1 '''1.lo:m 01 ... ,. pIu"l ' h .... " h 1M 
5rot li ...... ill .... of .be 1o"", 
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.. wi . , ,.,I .. ly, the ""I .... lion 01 ... y pl ... e Ib"""¥h 1M _ I 
line will "- of u... farm 

• • • - .. _ => (~ - "'l+ ::!L 1Jo - fI)' a", a" 

h" ""nod the '''"9'''' 1.oIa"~ \0 tI,~ . u,I ..... "1(", ~j allh .. 

1,,""1 <",. " •• ,). 
y ...... 'h, MJ_liOD. 

b .. ~.u+~df, ('l 

i' " _. u...1 if "" ...,., •• 1M • • biltvy i __ o .. U, q, 
lhtn 1M i ''''~~''1 <h il dolinod bltho "u"'" of tho producu 0' Ih_ inc,"",,"to bl t lK! OO'''' I"",dinS p&rtill d.n .. '; .... 
'l'bu., i' ,t.. .. :< - 2\, (If '" _ ,,, ,to .. . _ '" it i. _n thot 

lb. 1>OI,nl ( ... ,,'j . I .... yo Ii ... in .h, ""11'''' plano to th~ ou" 
t .... • - J( ... ,j, howe ... 1M ;, ......... mlo d>o ODd a, "'1'..,...,10 

101 0 ........ II", ... uation. 0' th~ I'ne juini..., (r",. " ) to 

:t, + 4¥" , +~, 0, + ~ "" 1M ..,rf_ ... 11 be of Ih. fot .. 
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Now ... ~,11., app..,..,h .... 0, \.he point .h ... ,. remaining 

on tbe aurl_, !.he liDe ~me ... tangent in !.he limit., and ilo 

(') 

",b.",;n <h, dJ depend upon the di"""ti"" of .pp""",h, and "" 

i. defined by (3~ 

But .. \.IIu!:"ot Hne <0 the "uri_ i •• 1"" Wlg<JI)' to any plane 
oeotion _ing t.brough the line, and \.he line (4) il ~ to lie 

in !.be t.o.nge.nt plane, be<>'&: 

Tlc 1aAg<!~1 liu . kI all u.. p/a1Ot .. 01 ...... 0/14.0 .. ,''''-"'' 
• -J(~ Y) """""9 Ih""'!1lolho poi.1 (:" y" ',J jj~ i. loW ta,.",.,t 

pia~ tIj Ilul ".,1>11. 

T he line through ("" '" .. ) pe'pendicular to tbe taDgent 

• • • - I, " ::.:.I (z _ "") + ::.:.I (y _ JJj .., '" 
j. called (I •• _«I to \h •• utf_ &I. the point (:." y" .. ). rto 

"'I,umOOI.'" "-,,, '-"/0 ._s, a., .. &; --=r 

" " 
If the ""ulioD 01 tbe l urf_ i. giun in the impli";t fonn 

F(%, y, .J .. 0, \.hen .in"" 

~l' dz + {JF dy + ali' <fr _ 0, 
a.: OJ ;b 

tho "'luau"" of tbe tao!!"ot pia"" berom.", if F("", ", .. ) .. Fb 

a~j(" _ ... ) + 8F 1 (y _ "J + <JF,(. _ zJ .. 0, 
.n; ity, "", 



nI!IC'I'101I1I or TWO VARIA BI.t:II 121 

lUI!CllU 

1 . &bow 110 ... U>o pI&no • ~ 0 "-=""" Ibo .""_ • c., o.t ( I. 0, 0). 

2. 1'1'" ... ........ of tho 1&0 .... 1 ....... '" u.o penboIolo! 
•• ,~, + I,. ..... poDol (7. I, 12). 

:a. n..d UN e<j.f .01 "'" _ , ., '" ..... ".. ... 1OId 

.. _ 4,.+10' . e .. (J, 1, I). 

t . 8"'"' thaI. .... ......at al"'1 poi"1 (~~".,,) 01 Ibo opIo< .. 

.. -l- ,. -l- .. .. Ie .. ill _ "'''''''" UN _tor. 

S. Find I.bo "'I.o.tiolof·\I1. ""'fOol pi ... II 0.' polo' (." II, " ) 

of'" fOri .... 1 1-.1 -l-.I ", . t &<>01 """ .. lb ..... nm 01 ... "'I ...... 
01 .... ku .. .., ........ "'" I . ......... "" , .. _boa ....... i. """ ....... 

I . Sbow ............ _ of Ibo OlIn' ' GG _ I .... UN __ 

. 1......, pi" • !oJ -1 ...,...,l pIane '" tho __ .... ~ .. ;, ...... 

, . Tbo .. ' , ... 1-J'+ .. .. It"""' .... ollipooid ... 1-'" -I-" "' ~ 

_ I.lItoqh Ibo point (- 1,_ 2. _ a). noo. ... i ... Ibo . ..., .. "' 
.. h;"Io!Mi, IonfOol pla_ o, ",to poi'" Inle....,., 

.. U". lor dl..." from tho orI,IO .. "'" \o.!!,,_' pia .. '" 'ho 
olli.,....d .. + 3,. -l- h"_ G •• u.. poln, (~, _ 1, 1)1 

• . VIoo:I u.. oq ... Uo .. 01 I.bo Ion .. a, plano and of f" """,,oJ.., 

.... __ .. . 2 z"+ " oJ. {o,. I I. ") '" u.o.....tON. Sbow IIw. tho 
pI&no .. 111 01 ... ,. _ u..-.., Lho .. "... of .... -. 

10. flood t.Ioe ...... _ of Iloo ....,.., Ii .......... cin;Io .. +,. -l- .. .. "' 
1+ • • 6, 
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61. s.. ... oaI... port'-l 411lt,.oU,tlo-a. The eI" ...... ;o" . 

in iJz whioh we", deJioeJ in Art. 1)2 U<I fWlCtiOIlO of l>oIh .. ~ 
., and y. , 

If iJz i. dille .. ntided partia lly ... to Z, Ihe , .. ult i ... fitton 

" 
!(~) - :;. 

'fhi. up ...... ioo i. "",ned th, oeo<mJ panial deri vati ve of 

... to ". 
Similarly, the lftu1", of the openlion . jndi<~toJ by 

. ,__ $'r, 0" 11. . , a .. w" ~. _, --, "'-~ ""'f"'Cuv. 1. 
~Ja., a .. ~ ~ 

Il<ginning with the left, "' ••• .11 t b .... -eIpr ... iou o \.ho 

.. oo"d jlUtia t de ri .. I;v. of ... to ., and J, 11,0 oeoooo partial 

deri • • tive of ... to ,"",J ~,a"d the _OIld joo.rtial derin!i •• 

ol .... to'_ 
68. 0._ at d~_Uatlo:D 1.4Ift ...... 

"'" "'I',al for "nJ .0.10'" of ~ and,. in the ..ioinity of ""bieb 
• a,,,1 ita finl and second partial"," .,,<1 ,.Jeri •• tino .,'< 
"'"' t i" IIOU .. 

Th~ t, uth of lhi. li",,,,,"" 'will too .... lllue<L It . 10",,\,11 .. 

v~r ifu...I lQ'- 'l""i~1 " .. eo "" ill the follow ins e~.'uvl"" 



• 

fUIIl.."T\O!lS OF TWO ""Il l""'."" '" 
Cor. I~ foi l .... dir<d.l, . hat .",1000- ...,.. .... , ...... ing ..... IiI;"', • 

• t.. ..... er of di!fe"",tial ioo ;u O.e hl~l"'. parUal ,!erin'i ... i. 

ind; II . ... "~ 
E·II_, 

if> .t'I a-. ... - -_. 
h ~1 h Ih1 G!1 ir 8'" 

HtAelUI 

L VwI'IIl, •• "'" ~ ~ ........ , . .. ",.. 
~itr ~Ih 

a. "<rill ...... ';';. . a::-............. .. . ~ .. ,,,. 
s. \·.ml u."a~ ~:~, """'. "" "(l"~). 
t . 1. I: • . ~ . .. tho .... , .. """' ......... 1_ <>f",.. "OO' .~"'~ II .. 

,.1.\10. 50 "'" ,._ , 

I . UI ...... _ ( ... -I-1"lI ..... \.,Ih. r ......... 
....... -I- ~ z,..£!!.. I ,.i1' •.. O. 

" o)<iJI' ~ 
t . (1;_ .. ~ ( ... -I- .. ) 1, obo>w Ill •• ~ .. Up' _ NO i ...... 101. 

_,.loo. "" .... dit _tOol "'I" '" i. I; " & Io"'lOol .... Sl" 

J . m .... .. .. (""" -1- "j_1; ,..,... ........ :: -1-::: -1-:_11. 
.. (II ... - - -b. ") -+- ... b _ -.oj: ,...,... ....... ih '" .,,,. • . .. ., 
" . 
u . n . .. ~ . ., .. ...... z~·+ J-~ .. 

I +J ir' "r~ 

m _ __ log ( .... ,., ......... ~+ :;: .011. 
, u . 

•• 11 .. .. (.- -I- ,-) ; • .00- ........ 11 .. "I_I;'" of .:S. ~ .. · ' ",W . ... GI.., . . .. ( .. -I- " -I- " * -*).,., ...... r. I ..". -I- ,p" -I- iI'oo .. 0. 
,).0' h ' oli' .... 



• 

CHAPfER IX 

611_ Jnto~ of ~'''' u4 lUope&d .. 1 urlabln. If 

,. i. 0; continuOll.l fURCli"" of 2', d~fined by the ",!utiu" 

f(~, r) _ 0, the 'ymbol ~ "'proaentB the de.ivati ... of y with .-
regard to r. when 0"," ""j, 1.o.. H % is TqI>ortlod .. a fUllc tino of 

. ~ 

y, de6ned hllh. Mrne equation. the . ,mhol d)/ "p""""nto the 

derinti . e of :z with ' oga.N to y, .. he n ODe eI ;'to. It;. '" 

'luind to find the .. latioD bet .. "",, !!l1.Dd rho 
o We dy 

I",. ", Y change from tbe initial •• 1""" 0:"),, to the n./"",, 

... + 4:<, " +~. oubj.." to the ... lati"" f(:., rj .. o. 
Then, oj""" 

it folio ... , by taking the li'nit, tIul 

" , .u,- jb" 

" 
(') 

H. """. if' mod '" "'" "",,~tcUd by "jwrtdi""aJ ~<ltiolo, W 
derloali ... 6/'1 .. ilh "'9"m I<> % i. I~ 'ffdprocal a/1M dtrivali ... 

of'" .. ill ngan'l w ,. 
Thi. P""'''' i. known .. obLDgiDg tbe ind.pendent "-riabl. 

f!'OlD :z to y. The "" ...... pondinS ""I.tion. rOT the high« de­,. 



CH,uIOE Oil VA"IABL~ '" 
riv~li . .. ar$ I .... limpl.. They an! obt.o.inoo in the following 

manner: 

Tn "'1'''''' ' ~! in t.ermA of W:, <P,.'" dift'creIllio.t.o (1) .. to ~; 
'"" <lJ <I 

~, .. , '['I "" <I,:; - - (:;f 
he""" ", 
In a l imi Lor """lner, 

'" 
70. Cbn&t 0:1 tlie depeDoIoat .arlable. If, io • htooiion 01 0, 

I •• it be nquired to 011' ..... ~ ~ .. . in ierm. 01 d., ~ ... .... 
<b? =- d" ..,.-

S"I'~' _ +(.). Then 

<I» <I. <b " ,," ~-~ .u - • d2 



J ~6 

J 1<',1<'" 

I>IFFEREST,},' , C}'LCUl,~~ 

<!]o _ ",,(,)(")' + "'(.) ,1" , 
dr dz <Ix' , " 

"",e I'i gh .. ,....~rio"tio.,. nf .y c""' be .imiJarJy e1p""oed i" 

te .. ". of ,..derintin. of •. 

71 . Chaqe of the I.odepemllOl1' urLt.blo. Let.Y be a (,mction 

~ f 1<, ..,,,1 let boIlI ~ . "d y be f""",in,, ' 01" no'" v8ri.Lle!. It 

i, ~uir<><l to ~1P __ 

"'I a"d <!J!.. 
"~I 'If' 

11)' . ~rt.. 8, 

,. , ". 
=-<- lD krrn . " "-'- , " . 

'" d~ ,I< 
--~ diJ: ,'~ 

• 

,- . 
_'_" 10 ''''!D' of 
~ 

u, 

In practioaJ e:u.mple. i~ i . uoually bett<. to work by the 

",dbooh b.", ill ... U&ted than to "'"" lhe ",.ult;ng formulu. 

.bl .... 
,', -, . . 
'u 

SUP_, for ~'ple, tht an equation in oolvin!!, %, J, 

. io gi.~u,,,,,d it i. ~uiretl to '''''' ' (0,"'' tho "'l""l i,", 

iuto polar _rdina ..... by mea". of Ihe fononl"" ., ~ ~ """ 6, 

J=P , in'. Siooo t .... '''riable. I< "",I 1 are <"",,reled by .. """ 

"q"ft ' ;m, (y boing a fU"cti.A' of ~), w. '''' y "'ga,,1 ", y, p "' 



CJlANGK <W VAI<[AOLK , .. -_. 

[!+WH N o . 

'" 
" ,I. till 

<Ii- ,/~: 

." 
.",1 

• 
Thi. i. in ~'"lO d .. no .. i~de p"nd.nl .A,i.ble'. IV. h~v~ 

110_ to eop ... \bMe f.deri.~ ... of ., u d , i. lot" •• of ~ ..... 
~'",,,, the r";!!&(ion • ., .. ~ 000'. ' .. p oin' or" b ••• 

oI.J: __ p oi" '+000 ,~. til' ~ p _ ' + ,i. '!!. 
tI, ,/I 'II ... 

::;: __ ,_._2o;n, ~+ -';fj. 

d'~ . .... '/p .• ., • . __ p O'" +._ +.", _ . 
,/11' ,I, ,I#' 



"" DIFPEREIITIAL CALCULUS 

Upon .ubolilu~ng tbese n!ues in tho 1 .. 1 up..-ion ror R, 

• 

£~ERC(SES 

~. Change .... iodopono;\ent .. .-I.~10 fro .. z \0, in \~e <q""1>00 

.. ~ + z!.l: +J _ O, . henz=<,. 
~.. Jz 

~ -~.-.. - ~.,-... 
4.. d,' d, 

.. ~ + z ~ -t , ~ O beootn .. ~ +, * (I. 
... ' 4z ~ .. 

:l. In_ •• 1!" tbe t.""""" &nd t.IHt o"';ohle i.lho "'l oa"". 

~+2,(~) · . o. 
d.. d< 

/" (~)." 
, _ ,IL t 

- '& 
". 

s . Chll¥" tbe dependeDl nrlahlo I"'m , to. i" tbe "'I • • lio. 

~_ I + 2(1 t- ll (~)', who. 1 ~ \an .. 
b' 1+,. dz 



ClillIGK 0' VA IiIABLK '29 
.. cu. .... u.. 100000po ....... ' uriablo 1..- z 10 r I .... ~·Ft·_ 

.. Z. z: .. .. o, ,,100_, ~ lor " 

7. If, io. fUI><Uo. of " "nd z" '""0\;"0 01 ",.I~ ',<UI'_ 
II .. , · ' .u-i ....... ofu... · I· ,_ ... ~ __ i" . 

• --
, .. 

I. lbe .bhr .. raW """,lion I .. ,.,10';.011...., 

~_; 01'& + ~("z)'. 
d& " .. 

.. C ...... tho ''''''r.d •• , ... io.blo 1 ...... 10 . I ... ~""'".' .... 

!J+..!..!...1l + ' ", 0, wbe .. .. ... .. 
d" I ... d. (I.")' 

, . C~ ..... u.. 10..101'"'_' _iobIo I""" . "" i. 1M "'I"" ; • 

( I _ ")~ - . !!.! * o, ,,100 .. .. _~ 
d.. dl 

10. Slw>w 1.bt.1 tbo "'Iu"1ion 

.. ~ +.~. , .. o 0(,' d, 

......... u • .....,.... I. f ..... b, 1M _bocl""I000 . .. ! . 
• 

• <. .. .... -. 
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n . '"leT<o..ngo II>< ",i,LIe ,nd lb. fon01.ioo in ,he "'Iuat.i<.n 

"'-(" )' - ,(" )'" d~' d~ d~ 

u. Cb_U,. d'pon<l<n. ' ''''oL .. fmm , ", . in 'bo "'Iu.&Iio" 

~ + ( I _ J)J, + , ' _ 0, "h • • J- ". 
az' dz 



CHAl'TF.R X 

EXPA.IlSl011 or "tVlI'CTIOIIS 

It il _eti"," _"1'" to upud .. Ji ~eD 1""""- in" 

.. n.. 0( p""'- of lhfl i_peowIellt YViabIe. 1"01' iDlta_ 

in OI'der to """pule ud ....... 1Me u.. I''''' li nt m ... .nt.l .-.1_ or Ii .. ~ for dilt:uull .-.1_ of ~ il io """.""i""l 10 

h ••• • in " d ... l"f"'d im ... , ... uf 1"' ..... or s .it.b _III · 

~i."'" indOp"nJent of",. 
SillJpl" 00._ "f .""h deodopn, ont hue been met wilb in 

tolsobn.. 1'0< olUWlpl. , by the binotJI ioJ Ih ....... , 

(<I + 0)" _ .. " + ",,""1 + . {: -:~I) ... ...., + u, i (I ) 

and Api", by oroiDu, d i";.ton, 

-' _ 1+,, + '"' +:0"+ .... (:1) ,-. 
It II 10 be o~r",d, how ••• " that. Ib" ... riM i. " proper 

"'I' ..... nt.ti . .. 01 lb . functiou 0111, for .al" .. of " .. lIhin. 

o. rtaln i .. "' ..... 1. FOT inotaooe, Ihl ideutil, in ( Il hold. 

DO]'. fOf .tolUOl of " between _ ..... d + .. who .. " io not • 

pooi ...... I.W!ge. ; and tbe i<IM .. " iI. (2) ~ol<lo ...,1, I ... ~toln. 
of " bet"""n _ 1 and + 1. 1 .. _ h 01. ............ ple&, it • 
5"1", n1"" .... taide of 1108 l lalM li"';1a io pnm to ... tb8 IU .. 
01. on inft ni le n umber of W ... of Ill •• ,WI will bo iD~n it.a, 

wbik! Ito. !WIIOI;"'n in 'he ~rn _",be •• iIl be 6ni&e. 

'" 
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73. c...Y.,..OD« ud diY"'"iOD'" of -.... tn, infi"i w. .." i .. 

i .... id l(J be _...,...".1 <>r d;,,"?,"1 """-"""<ling .. tho oum 01 the 

fo ro, ,, term s of \116 .. ri .. does or d_ not approach .. finite 
limit when ~ i. inc ....... ed ... ithout limit. 

Thooe value. of '" fo, "hioh .. .. rica of PO"' '" of" is' COl,· 
yorgeu\ eon",itul$ the iol""'" of ro~ ... 'V""", of tb. oerio .. 

.. 
i'o, eUompie, the oum of the fi .. , ~ !.ern •• of the goom" trio 

a+az+az'+az'+ .·. 

a{l - .,..) .. .. - .. ,-. 
Firs' let., be nmoorieall,1 ... than ""i',. Then ... ben ~ ,. 

tah" i utl\cienuy l&<go. the I<>,m z' approacb.,. zero; 

-bence Ii,. • .. - _ . 
~ ", .. ' l _ z 

N011 let", be numoricall, gna'., than un;ly . Then,.. b&­

rom ... infin ite ... hen "i. infinit.; hen""" in thio """" 

,~ .= .... -"'. 
Thu . the gi.en .ori"" i. oonvergent 0' dift'Sen! """"rding 

... " i.o numoriean,l"". m gt"Uot.or th.o.n unity. ·fb. condition 

for Conft rge""" "'''y then be written 

_1<: < 1. 

and th. int.orn.! of ron •• 'S"nC$ i. bet ....... _ t aDd + 1. 

Similarly the geometric .. ,ieo 

1 _ 3 .. + \);z,' _ Z1 r+ ...• 

....... _ ... ,., .... _ _ .i, . ... rl..,--. ' .... '_, or do .. 
... Jo<t. _ p ,,",_ , _', .. I.""""",.,. '" ,.1., .. 80.100" ~" • ..u"d 
Vol.....", P_.IWI). 



.. , 
.. ___ ra!Oo ;' -3~iaOOQ.~t""d;."-t_d. 

inlM 3 .. ;. n.-ri ... Uy Iso .... go '..,. &haD ... i'l. 

Tho • .,,,,IiUoo. for ..... n .g."''''' ill _ 1 <: " .. <: I, aDd b ..... 
Ulo intorYol of ron"'iI""""" holwee .. -l .... d + i. 

74. _oIteot,..._ ... t5,:e 

''''' 9 - -, +",+ ,, + ''' +0. +11.,,+ ... 
bo" .. ri .. of ",,"ili •• loO,nll hn..ing t ho P""jl6l't1 that ..... <: r , 
(~ • fioed .......... fnc\lOll) I.,.. 011 001_ of " t.bu eo< r , I .. clef. 
i.;", inWpr • that <au be uaiped. W ... w. '" pm •• !.hal 

und . , th_ C<II'>Iiitionl 8 i. """"~Dl. Thi. II .-llod 1M ralio 

lui for _"co >", " 

"' .......... , to b'FIh .... we"""" !.he le"'! IW lt;'" 

!!t.ti<., !'ilJ <" !!ti<:., oM. 
>Ii • ",.. " . .. 

Br ""I\l pI, i~g u.. firat 'w .. equl;""" IoreU •• r .. <>bU. •• 
~. <: ,o; u. ... , multiply;",g LIIi. _1\ by ..... lhihl of III_ 
" . 

ginfl i~uoJ iti,," ... ded ooo forth. !..i<,.> ; and"""". Tb_ 
-.Jt.a .... 1 t.. ..,.itlen in 11>0 fOf'lll ... 

.... . < ........ < ........... < ............. < ....... 

lie ...... . hy. t~. ine<J nolity 

B < .i + ... + ... + •• +nr, + ..... + ..... + .. . 
Bd'thoe IIIlrioo in lilt .1,hI _her, .. hi~h -1 be ..... o&ed by 
3', ..... he put in II •• f<>rm 

.,.. .. ... + ... + .r. +"1-> + .. (1 + r + i' +"+ .r.) 

- "' +"' +" ' +"" '+~ ' .-. 



1.II1"~ IIK STIAL C ALCt:LU$ 

T1wo Ie .... " ... tI •••• , _, !lei", .. u_ fioile, it follo ... lhu 
SO i. fin;'" &ad be_ h, .. bk h i, Ita tha>I h', al.., .. fio ile, 

8i_ 8 ill f~ed by \.boI "1(1<,71"" addition of poo;~TO ~ ..... 
il folio ... tbutt.. oerieoo S "o'''.rpo t.CJwudo .. deS"i", ftni~ 

li'ni~ 

H Ih • .."iu S """Iai". an 1.6"11.00 "urubor of n<p~"e, .. 

well .. of pooi~.e, t< . ", .. II "" .... 'll .. _"""".r the .. ,iN 
lO)t~ by lb. pooi ..... Of ~.'" 'ah'M of ito I •• "" .. "~ 
....... The oeri .. i. llM:D IIaId t.o 1M 1Ilo.ol""" _ .... E I 

10 CIf'd<,. to pt'OYD II", Prec:ediol ""'''",0>, w ....... that 
the poo:ili.., ",,,,,.0( S Wen alooo f_ .......... .,p0l -; ... 

wb_ li .. itwill be ~oote<l by J', .. d tbe~ .. 1M"" lakeD 
al"". will fOMtl a _ •• rgi,,! _I .. wh_ li.,it ... ill hIId.~ 

bl _ N. LeI S~ denote II, . 'um ", lb. 6tat to. t<r." "I S ODd 

e"VP"" t.bal th_ 000.1 01 of P ;-ilioe le,,,,o .. h .... ' "m I, 
deO>O\Old by' p. and of ~ "'1IaI;'. IOIrmo wh_ OUIII I, _ N •. 
Tl>eo .. 0 ba •• S . _ J'. _ N.. Now wbet> ... bea.u_ i"hile, 

P .. III " al.., -...0 iDllo'IO, &I>J !.e" ... 

8 .. "." S .. " .• 1',_.".'. N. _ P _ .V. ---- , -.. 
'Mot""f.,.." S ill ..,0'0111'101. 

Wh_ .. ..nM i . """.ette'll, bul tho ..n •• fot1lleoi with 
the .to..,lulOl ... 1_ of ill 101,.,. i. DOt """' OrgeDI, t.b. l i.o • 
... ,i. i .... id to be ..,.dW<*<JUy ""0""'11<>11. ' 

The abool .... ""I .. 01 .. _I "u .. bor .. i. ito uu"".rital .. I"" 

Wen pooilCi •• I,. and i . ... iu.en I_ ~ 
If .. ~ """",Ito 0( Ie .... , lhu ..... ahena.aiel, ~Ii •• 

on.,,, Idol: , .. ",10 ... h ' l u ....... ........... , .... _ .... -.... ~--,-- "' -, , ' .. -........ _ . 
................ ot .... _oI ...... _ 1 .......... "' .... _ ....... _ 
."lr.ollr __ ' __ , .. ........ ,..,.,,_0. 1, ...... ... 



EXPANSION 0 1' tllNCTIOIIS '" 
and nopli-, "nd If, Irk. "nl ,Ioftn ite _ of u... -iM._" 
............ ing _ .. ~ullle..;..Jll J.o Ib_ Ihe ... :.::1;.,_ 
<l.en lit ... Ti ... i. OOIIworgon1. 

For, ' ''1'_ Ihal boginn ing with Lbo ""no .... Ib~ ... 1$1 II 

8' _ •• - .... + ... ,.- .... + .... - "', 
in .. hioh w" _ .. " o\c. relol'UO"t pooiu", "um ..... and ... . , < " .. 
w,,, < N,.,, "·, " •• , < "~ fo • •••• ,. nlu. of '" 8_le. than k. 

"l r<"'piDg u... I.e.",. in pt.i .., (. , _ ..... ),( ..... _ ... ..). ... . Mol> 

01 .. h" ... pooitire, il ;. -.. WI S' hao • pooiti ... nJ .... 
.. hieb ,"',. bo filli~ 0. inSoite. 

lIut 8' '"'Y aIoo bo writ"''' in Lb. 10'''' 

S' _ " 0 - ( ... " - _ .. ,) + ( .... _ w .. ,) + "'j, 

.. " ... i. th. tn .... in bnocko'" ..... all pooitl •• , be ... S' h.ao" 
_oJ U" I ... th •. " ~~ \1 Ih. rolure oon T.~ Io .. w •• d.fll\;~ 
lioilo! 11,"11. 

1\ ...... , ... 10'" thOC Lb. appr<>. i"' ........... 0' IS' otcaiHd by 
,lgebrak:al1,. ,,,hli"B "" " .. b ''', M. di ll.," froon!.b. I.n>e .. I .... 
of thn .. ri ... by .. nll'nber Ie .. Ih~n n . . Th; , facl .... bo 

, hown in V_i .. ll""- ...... _ "'1 II uoat by .. hich S' """ jn.t 
boom • ...,..,. 10 ha ••• n]"" a- thao "O' 

80_ III. I." ........ ,ll<noolo'l pooili .......... ,... ...... d """;, 
n. . 1"'_ ... 01. ,1" 'f ,001 ... il '''''''- ,I _ f_ Iloo 

-.ii"ll' ,oo..agraph LN.. t.bi, . rioo 10 """ .. """I. i i_ill bo '"""" 
~. ,h .. tOo .. I .. " 10K 2. 

E • . 3. Pro.. .... _ ... " '" of Iloo ->00 .... , ... iUo In A ... It, 
, I I I , .. - .. - .. - .... .. - ...... 
~, 11.1 .1 



'" DlI'HRENTIAL CALCULUS 

'
''. I 1" .. ,,1 n ..... _ .. ~~ .... , ~ . en". _ _ • 

• 1 (0 + 1)1 ~. _ + 1 
Tho 

.. .., .. '-!.bon I IOT.II .0.1 .... ~f • s-ler thaD 2, ... d \bo ratio 

oondition lor <lOI1'«r""" io-.lioli<d 

Ex.. 3. Pro .. u.. di_n,," of lbe ""-.. oerioo 

" , 1+ - t - + --_+ _+··· ,. . 
Tho !'&I.io .... ,' ... t-.ruo. g.-to •• han , .. bon • io , lllIolo.otJy 

Iorr- II,. grooping u.. lenD_ U ..... 1 be .ri""" in 1110 10.,. 

1+ t +(/ ... t)+(1 + I + 1 -+-fl + .. .• 
Ibo .. ooeodiD~ ,roup" b .. ing 2',1.", ___ • 2-, ., _ "".",,,,,uti .. 10 • .,. ... 

op><ti.eJ,_ The ,um of Ibo ....... in .." ("O<lP io gruler t.b.o.u j . 

"or, in "'" .tb g""'p lho 100. 'u", ~ baa tho IoMt .&1.., ""d .. t.bo", 

"",:I-' lennI in tbe group u..;, .. m i . gr<:Mu 'ban 2-1 .1_1. 

Ao u-. io ... indoit, of . ""b ""'"""' .... ir ...... ia io.li.aJ... 2" 2 

" , 8 . 1+_+ _ + ... +_+ ... 
2' 3' . ' 

i . ronnrgoDI for ~ > I. 
Lellha 1<"", oj S boo grouped in u.. !oI!owln .... """,: 

5 .1 + (.! +~) .(.!+.! + 1..+.1)+ .'. 
2".Y 4_ r,. S' 7' ' 

Iho nu' gronp berin";",.nth (2-' 'i' .D<! "".lainins :1-' WmL 

Tbo . t.h F""P io ....,nlingly _ I.ban \to ft .. , 1<.", mullipllood by 

lbe numbor 011<",,, La Ibo """'" <hat io, < 2"-' . I .. 1 
" (:Jo-')" (2-'),,-' 

He ........ dod""" .... lOOluam,. 

S< 1 +...!... +_'_._'_+ .. ~ _, 4>'-' lfo-I 

t ho nl[ht "",,,,be, of .. ~ich U a ~rio eo"; .. ha';ng --L. .. u.. .-, 
"""'_ nllo. 1 ... _0 .. ""nyo~ .. and hoooo >I io ""._1., 
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il .; ,< J. Thil 1""'1"a1ill io .. Ii_ lor .,ory , ol ... of ~ K"""" 

(1 .. 0.0 uni'l ' Il~ ... , iI",ao olio",. i~ &1.3 Ihot f"" p ~ 1 Iob . .. n.­
.~ io di,<'l:"0'. Who. l' < I, S io di"'rgetl l y"" In Ih.1 <Me 

!. > !, I io "1 I""'i'i .. in"'r< (e'''''pl 1), OIld .h."""", \I" 
" " 
\< .. "" 01 S.'O r f'Ollt<.thao lho ""' .... poodlug ...... 01 'b. horll>ODi< 
_ leo. 

Ife_. 

T O. --"""'l' ,..-( • • §<i .. , .-J;';_ II ... , lA, ...... 1 +:J-. + ;. + ". 
-, _""Y'" p ;> \ , 

Thio may be pruftd by ""'"po.-;"" "i,b Lh. --. in F .... 4 1m- tho 

T*"l-icul . ..... l' ~ 2 . 

..L< 1,..L<! _,_ < ! "', 1 <!,,,., 
1·2 23 2"3·4 So' 1(1 .. 1) I' 

i, {oH"". \11M U>o oaI"" 01 the fi ..... _ leo io _ lhan <bo. 01 

" , 1+-+- + ,,·+ - + ,,· 
2' S' I' 

.. h"b io hown 10> beoo""'ll'ol 00 ""'unlot tho " .",,'Om ded.-:l in 
'ho~g .... ",p'" 

":0.5. l;; ... mi .. lo.ronoOTg<_ tbe oerie . .. b_ IU. ..... io ~' 
0' .. 1 

[u,,,,. "':1 -.:(n!I·] 
E':.7. Enmi.., for """urge""" tho_ 

! _ ~ + .!: _ ... + {- 1)"-'_+ ... . 
2510.' + 1 

E.... n."nnl . . ..... " ••• tl .. ..- .. ~.th ..... i. ------'-- ;. 
n' + 1 """'"i''''' 00' "".; U>o ... ;." .. booo rno,oJ \<,m io - "- . • ' + 1 



'"' DII'FERE~AL CALCULUS 

n. Interral '" .. murre.... I f U,e term. "" ...... of . given 
.." i ..... '" fu t .... j.i"". of . oaTiabl. x. thon t~ ... i ... will u. "ally 
""D.ergo> for ..,ma nl" .. of % And di.erg~ for all oth.... I" 

ouch a _ ti" Vrob1eln I. l<J det.ermh .. Ih. i~~""" Qf 00''''''' 
g<""', thai is, Ih. ra.nge of nl .. M of'" for .. hich Ihe set;"" i. 
COnYC'lI"nl;. The following •. umpl." "ill illWltrate the method 

01 I''''''''<i.u ... , 

~_ .... _ ~ -l'- ~. 
". {. _ J) ... -I 0 _1 

A«>or<l lng '" u.. r.lio """dB"", 10. ""', .. "'_ it tl "_ '1 
Ill ....... ,....., , han t.. 0""' ...... 111 '- 11 •• " J 10.- 011 ,.1" .. 01 • 

• ~i.g • hed numbo, t. A • • j",, __ tho r.o.ct.ic" ~ . - , 
._ ...... "Uy. 110_ il l' l b .. a ny find .. Ino 10 ........ I, Lho 

,i" , .riM Is .boQI . .. ly "" . ... !;"... Tho ;0 .... .1 of oon<orr_ 

l>dofi •• d by u.. looquam.M.o _ 1 < z < 1. 

11 i, •• id.n~ I""n the p..-Jing .. ampl. that the .... \ ;0 eon­
dil ion 10<' tho .booolute OOnT""S"noo of a .. ,ie. may boo "ril len 

,., 
.. hi.h i. ""l"'oial11 """.enien! for a pplication. 



KXPAIiSJON OJ' j'UNCTJONS '" 
l! ... ,bo .,1, "'m .. i. ":.!"-''''-', on<! \10. (0 + 1jtb .. "" ..... , .. 

(0+1)2-.. , 

(a+l)2s , 
• 

!L follow. t" (3) thai It," ........ alooolulol, """'"'i,.L wh, . 
_ 1 <:2 ~<: I. ""~ Lh.L Lbo i ......... of "".T.'W''''''' i. bet ...... - 1 

.",1 + I. Tbo ........ eoldenily"" O<H1TOT"'L wh< .. ~ hao oj",". 
of tbo ox"""'" ... h,... 

E •. 3. Find \be i" .. , .. 1 of """~""" 01 'ho .. riooa 

..L.. _..L ~_~+ ... + ( -I)·-'~- '+ ... , 
I ·' 3.8·+ ~.3' 7.;<' (~. _1)3 __ ' 

-- -" <: 1, 14., who. 

_ 3 <: ~ <: 3, and u.. in ....... l 01 ""."T"'" I. 1m .. _ I '" + 3_ 
T ..... nrem. yal_ of <, in I .... ~b' ...... , •• do.. u.. "".100 roD­

diLio .. a111 """"T''''' 
Ea . 4. U."nnio .. "'.1n .... 01 01 <Ot'""'!!"."" 01 the_ 

1 _ " +~ _ ~ + .. ,+(_1)' -' zt---< + .... 
21 f l 61 (~._2)1 

Si..", oY<n po"'''' oJ ~ .'" pooitiTO. "'" torm. oJ 1M. ",ri .... ,.. 
oI .. , .... ly pooi" .. .oJ "'ga,I ... TII<"m> "-.\ ia do.i.od fro," ". 

bJ lIlalliplling il by ,.. Fo. oJl •• 1 .... 01 " ... el, 1t,.1 
(2. 1)2.-

Ihi. fMCtioo .. J..\Ioan I, w •• ~.\I h ••• u.. "o,,,tltion I .. " 1 <: I~. I 

, nd lhe ",rio. i . OO."''ll''nl on """",nt of t.h. pr0p'''J 01 ... i." .It~ 
,11.,·" ... 1, poo;';'" ""d __ Ii .... ,""'. 



HO D1rrEREIiTIAL CALCULUS 

}:x. 5. f'r<,.., tho oon"1'Ir"""" 01 ~ ...... 

" _{r' -j)+(" - )- I) _(z' - i -1-1) + -", z'> 1. 

InlJ,io_I ... I_s'_(! + !+ ___ +-..L). NoUooU.., n.", 1_.1 
2 4 2-' a= .. 

;. "'" .. ",. Tbo .,,; .. ;. .... ,,"" .... ""'''''I[O"t. bu, _ .\000101<1)' 

"'"'"l'lI"nl. It ..;.. ~ ..... " , .~~. ' 
E, . 6. 0., ....... , ... tho 1.1<",,1 01 ronTerg<M< lot lho oe";'" 

, .... ..-, -_+ ___ + " " H - l) - ~ "', , . . 
E1.~. Det.,miDOlbo in\erYal of ronTerr""" for "", .. rIM 

I 2 a • - - + + + ... + + .. .. 
~ _ 1 (~ _ 1)' (z - I)' (z _ l)" 

E •. 8. fhd !he ;nlel'T>ll of ron"'II'''''''' for Ibe bioomi ... ",rieo 

i,m -w~)' + w)' - ;.(~)' + ... 

b .. , ... _"'~ in ...... l of eon .. 'P ..... ,.,.. of }: •. 3; bu.. 1.1, •• >he 

utn .. o .01_ of • ",.de. w.. .. rioo obooJ."'i1 00000'11'''1. 

76. R . m.ol.odor at, ... tonIUI. The lao\ ~ic1" t, ... ted of 

tJ>. intervoJ of """'e,lI<''''''' of. given ""ri .. without roforou"" 

to the qn .. tion "'he\he. or not il", .. the denlnpm.lI' of ,."y 

known fnn<:ti nn. On the oIbe. hond, the _ i ... that p", .. nt 

them .. h ... in Ihi. oru.pter .... the d .... elopm.mtl of ginn fu",," 
tiona, and the 6 .. tqll"'lti"" that arill •• i. """corniog th_ .a1ue. 
of" ro. whieh th<I funeiioo i • . e<iui.a1ent to ito de •• lop",. ni. 



EXPANSION or FUNCTIONS ,n 
When .. oeri", ball """h .. ge ... ro.Iing fUT\C\ion, the dilf.""n"" 

betw"". tho nJue of the (onotion and the . UlD of tho Srst ~ lerm. 

of ito doftlopment ;" called tho UlII.OiRder <Vln ~ ""'" Accord­

ingly, if 1(>:) ;" the f.noti".., S.(:zj tbe "u'. of <he fi .. I .. ""ID' 
of tbe .. riM, ""d ll. (:zj tho ....... indor obl.ai.ned by au_ing 

S.(:Zj fro"'/(z), then 

in whloh 8.(z), R.(r) ""e f.""tiono of" •• w.li ... of ... 

tf .ll:. R.(,,) _ o, tben .l~ .... S.("')~/(z); 
thus tha limit of tho "" riM 8.1,#) io the g<>nerat.ing f"ocli"" 
when the limit of tho ""m.o.inder i .... ro. FrequenUylhi. i • 

.. • ul'lloient IMt for 100 ooo¥oJ1!"_ of" .. ri ... 
Il .. ..,rieo ia UP ' . ... in inl.<lgrol f"'w,,, of #-'" tho po&­

ceding oondiUon ....... I<> be ,nudified by .ubotituUng >1_ a for 

"; in other .... poeto each Orito.iOD i . to be .. ppliod u befo .... 

77 . 1IluI000rta', _ .. loa of • InDCtllo. In • "" .... oortoo.. 

It will no ... be . bowo that oJ l tho d(o,dopm.'''''' of fun"""'" 

in po"oNeri ... giren in 3lgob ....... d trigonometry' In bul 

opecial ...... of o>n<i glm .. ol formula. of " pa.noioo. 

II ;" proJX'O"d to 6nol .. formul. for tbo "po.!l,ion, in 
aoeeoding pooiti,e intognl po ...... of .,_ '" of 3ny ..... gDed 

In""li"" whiCh, ... itb ito . """" .. i .. den_i,.., .. contin""". 

in the ,ioioity 01 the voln. '" _ "-

The p",]jmin&ry iur ... tig:o.tion .. ill p~ on tho bypoth ... 

oi. th&l. u... .... igned funeUoo I(z) hu ,,,,,b a d .... elopmenl, 

• Nu..d .1 ... Coli. _, .. ". (_11<6) ... .., ,.bllobod I, r. b • 
.......... .. " .. _ .. (11<2); .." 100 droll..,.,. oop It .... b .... b, 
J . ... S ... '; .. I' ..... '7mI . _ .100 ... " ..... " .. ~ .... 1-" .... Did' .... 
.. ~.,,,,,(,,,,),,,,,, Tao .... (_ ..... 70). 



and tloot ~1rIe IaUoor ..... be I_ted ... hlenticil wi .... u.. r ..... e. 

for all nI ..... of ~ .. ithl •• "Rain inln •• t 01 eq~inl._ u.u 
i,.d",l .. tho n l .... a _ .. t'''''D Ibi. h,~berri. It.. ootlll­

ci~nr.o 01 tI,e dift'eMllt J>Q" •• lcf ., _ u "ill ~J."'rmined. It 

"ill tben ",main to u.st 1M •• Iidily of tI •• ,,,,'''It by ~ndl"g 
tbe ..... diU""" thu IIIu. 1 be ful~llod, in om • • tho, tbe .... ... 

'" obtained -1 be. 1''''''''' "'pI'UOnl&ti<oo of tIM poeroti"B 
fune\i"". 

I .. t-. .. u ...... iorI ... tI"l.oo 

I(~) ", .rI + B(a- 0) + C(~ - o'l+ D(a_o'! 

+J.: (a _ o)"+ ... , ( I) 

In .. Moh .4. B, 0, ........ undete.mined """lIioi.",,", in<kl ...... 
d •• , of~. 

S"""" .. in dill .... ntiltl"" .. Ith ... ""td to '" . uppll .. Ih. 
fullewinll .ddi'iODal id..."itieo, on \be hlpo1.h ... i. Ihot I.h, 
..... inti •• of =b .. r .... . .. I .. obuoi l\ed by dilf.""";.u,,, il 
tenll b1 \<I ..... and \.I>u it hal _. I.""".,.) 01 equi.a1ert .. 

• i'~ I,," _ I ....... i"l: fn ... ' ..... ' 

f {" )- B+ IlO(z_ .. ) + 3 0(% - . )'+ 

'0 +3.~f)(.- ,,) + '.3J.: (%_,,),+ II. 

3.21) +'.3.21?(", _,,) + II. 
. . . . . . . 

If, no .. , tho "I"'"'i.l ,a1u ... i . ",on to '"' tbe follow iug 
eqU&l.ion. wilL be OOo·ined , 

f{o) - ..!t,f(")- 8,1" (" ) _ 2C,!,,'(,,> _3·2 D, .... 

K _ 
.4 _1("), 8_1'(0), c_rl~). D _I"~\"l ..... 



EXPANSION o r rUNCTWNS '" 
The _flio;'nl.s in (I) .... now ,1~te.m;nod,.nd the required 

d".~lopll\ent i. 

/("") _ /( .. ) + nG) (z _ G) + I"(") (z _ .. )0 +r"'a) (z _ a )' 
tIll 

• 

+ ... +~('!l {"' _")R+ . .. (2) ., 
Thi. ;. kno .. n .. J{a</Q~";.'. oeri . .. &lid tho th."",m el' 

pre_ in the fo.mula is .... 1\0<1 M..,l.u,;n'. thN>,..,m. 

Ex. 1. 

II.".,.. 

t:Ip*<,d log g ;n 1"" "'" of z _ .. a b<lug poo;';'" 

f(.) _ log z,/,Vl = !.f"V) = _ 1 ~/"'(') =!...:! "', r • _ 

.f"(zl . ( 1)"'(0 1)1. -1(. ) • Jog a. 1'(.) = !. f'" (.,i = _ 1.1'''(0) ~ !..:.! ...• 
• a' .. 

/,"(0) ~ <""')-'·"(~·~"E" . . -
."d. bJ (~l. tho "",.I,...!. daTolopono.ll. 

log z _ Jog. + !(z _ ~) __ '_(z _ a)' +2-(%_ 0)' _ ... 
• l!a' . 3..-
C 1)0-' + (%- . ).+ .... -

Til< """,HUo. r", u.. oooterg<>n .. of I~i, ...... 10 

i ... 

,,~ I V - a )"" : Co .rl<', 
0='" ( .+1)"" _ 

I%-oi<o. 

. O < 1~?"') 
Thi. om.. m'J bo ",,11od til< ~,HI_ .. , of f"!/ % ... Ii, ....... ~, 0/ 

z = <L Ita do""'P .... ot In !hetie;n;', of z = I hOI Iho . , .. pIer 10 ... 

kog z _ z _ I - I(z - I)' + \(z_ 1)' _ ...• 

wb"b bold. for tal"eo o! % bot . ... 0 aod 2. 



, .. I)II"J'IRIJ<T'A.L CALCULUS 

I ... 1"1 U.io .... /".. ..... """'put.o.\lon of • ",bit 0' I",orith"" • 
... _, .... L I".. .. .. , .... I-"_10«"'''''''' 10 oItM<i, ho",",...t 

foo ~ ""," ... boo- _. i ..... _ I t;" . ~ tod .... t.t:- '" 
koop~ _ ... -n .......... _ ....... i. ~ -. _ bo --l.f 
...... 'PI'\, ""I _,"" •• ~ 10 a. 1;'01\ .. "'p;dl, .... ' .. 1 po"'" '" 
z _ ~ "",,"!he f"".u. 01' IfU. maJN .. , .... IN .i!bou' .~ .. lI'l, 1.)0 • 

.......... d'i ' " 01 ......... ,. 
II.,. bol ... '; __ "" 10 . 2. .... "" ... ...- it io ..... i .... 10_· 

1"' .. \ot'II .... ' 2,·.·.Ioc20. J'o • • _ lo.....az~ II. TboG 

lor 11 - lac 10+ h - i(,'tl'+ 1(,\0)' - 1( M'+ I( {o)'- H h)'" I{ M ' ... 

n.o .. _, ' , .... k .." , boo W>ool.oW I" \bo 1011<>-"',. r.",,: ......... 

II .... 

. ll110000ti 
0003;L'I;!!! 

."'""" 

los 11 _ 2$'1811~ .•.• 

_"' , loot.. pla<wof............ To ... to _of t_oInIo.,..." 
;. _II \0......, "'. _ \0 . ..... GO '''h, l ru- Tbo ........ i .. 
"' ...... 0111>0 ..... &fie< 1( 1t) ' .... n~ . f ood III .. _ul~ 1 " 57 ..... , • 
.... It ..... ho. On 1"~ " I'" doer.ol". _trio """ .... .,.. w_ 
I"' ..... Ia 1(,\)' and ,,_ ",tio Ia ,~. f'ro", \bo I.,. .... . 



• 
14b 

. _Ioprill>m lou _......... Th.., I. _polinC kif: 12 •• .­
_ ........... "'0_ 

"'1~ ~ Ioc 10+ h - I(M'+ I{,.,)' - ...• 

Iofl~ .. 1or U + n - I (M' + 1(0'1)' - "' : 

bulll . \II bo fouO<!",~ ft., to"'" 0/ ~ ... _.d r .... iob .. '*- n 
"P?"'>"lm.alloo ... i .. _ of 11M a,.. Tho ,ondi<aI ...... "'P 
0/ ~ ""","",4Oep _.;]1 <Iopood 0. _ ..... ' of Iloo ia".-I~ 

... nl_ ... ·d_"' ........... I f __ ~ log 10 _w.k to 

_"" ..... I ~ II _,100_ to _ 1 ...... IaU<o- du-J, .. itlo-
_ d, ,*, .. i.;",_ i ... n'p'" . ...... 

f: • • 2. ...... Iop Jt:,,)~ .. _ 2 .. + 52 _ 7 .. 1"' __ 0/ ,, _ I """ 

_ .... _iO "'-'p"Ioo,(I .O'.!)./( I.OI),f{oW),f(.M). 

F. • • 2. 110 .. 101' 3,' _ Ii 1 + 1 in po_" 01, _ 2. 

Jo: • • • • Eo.,..'" li n" i. _" of • _ . 00<1 _ tho _" .. _ 
(>\'10 ,ill 31' , 

1M • • to".,,~'I·. 1.Il001_.10 

.1 •• • Ii •• + _'(0 _ . ) _ 01" (0 _ oJ' _ ..... (. _.y._. 
'1 ; 1 

... ,111"' .. "0 _. ' __ 1· .. 'OO114~ .odw.._ .... · ' ...... 
0/ i .. . .. _ "" ... .. _ oIlh", .. . ; ,1_01 •• _ .5, ..... .. .-0 ..... 

.. .,,\ io ,_ Nd_ to . .... ,1<01 ..... 1.""" i • • hi •• Ib .... ,.""" 
. .. .. 1Io: 1e.,1 '" ....... 1. Iho .... 1. "" Ii'" La .1 . pI_ 01 deoi .. oI.. I. 
i ..... I, ... ... 1<.1.", . in" or _', tolo. 10' • I,," _ .... . ... " lor 
. ~ioII.I •• ,_ ...... k ...... . 

TM ~ ..... .;.", of • funcUooo / (. ) i ll • -;_ '" • ..,..,.J'''' 
po .... of ., eM! be obI.ail*l at _ , ...... ' ornou\o. (2)..,. gi9. 
i"S • til. pu1icubr ul .... .0. T~. -; .. thea t .: OM 

It.,) - It.j+ r (.)Ot-t-t:(!l ...... .. · ... , I,.le.F" .. .... (1) 
II .1 

... 0.",._10 



• 

H" Pl Yf'KRItN'TIA[, CALCL"LU8 

£ 1 . 5. E.po.nd oin. io po ...... ol ~, and 6nd I.ho ,,10 ... 1 of OOD_ 

.~go_ of <h . .. tie<. 

I(L) - --, 
/"(z) ~ _ sin z, 

f"'(~) - -"" ~, 

f"{~)=';~'> 

/'(.)=.00><, 
. . , . . . . . . 

n.""., bl (3), 

/(Q) ~ o, 

/'(0) _ 1, 

J"'{O) _ 0, 

f'''(O) ~- 1 

f"(O)=o, 

1'(Ol a I, 
. . . . . 

"0.=0-11, .+lI." _ ~" + O . ~ + 1. ...... 
31 ~ I ' 

. I ..• I.~ 1_. un. R x _ _ .- + _ r _ _ T + 
31 61 71 

+ J \) .-, _, + ._. 
(l!~ 1)1 

To ~"d Ill. i~~l .1 "" ••• "''''''' 0' tho _100, woo tho ,,,.<hod 
of An. H, Tho .. Ii<> of ~ •• , to~. I. 

.. ,,";"~'" ~' , _. (~~ -t l)1 (2 . 1)1 (2. +1)2. 

Th ......... ar_h<o lb. llmil .. ro, "ben. "-" .... , in~Di"', bow • 

.... lorge n.", bo I'" hod .alD ..... ~"'.. Thialh.i, boi,,!!_ 

thao ~D;'y, .h • ..rio. io ....... <r"' 1M .... ' bilo ,.IL •• of x, ."d 
he_ ,ho ; ... ,..01 of oonotg<""" .. ft.U1 _ .., '" -t «-. 

The ~i", _iot ""'1 be .- \0 """'pule 1M au"",,;""1 WIlO 
of liD' ror .ny ,iun .. I •• 01 2. IIi> ... pldIJ OOJI..~I .. boD' io 

.......u. 1'ak .. for <II&llIple, • ~ .5 TOdiou.. 1'1>0<> 



RXI'ANS10N OF FUNCTIONS 

Sho" .t>., the """"01 ~, 'Q _. i. ,I , ; .nd bon". that ,1.0 .,.,..,. In 

.Iopping at w. i, nu .... "'.lIl 10 .. ,h •• _, [.i, + (,h)' + ,.oJ, lb. , 

i" < ,iT". 
Who" , .. not . mall. II i. h. t .. , t.o u" lbe more ~." .... I ... 1 .. In 

po .... of. _ •. 

L~. 6. 8ho .. 'hOI tho do! .. l<>pmon. 01 """ " ;. 

z, ... . ~ (1)'- ''''- ' 0" .. . 1 __ + __ _ + .. · + _ _ + .. > 
21 fI ~, (2. 2)1 

.00 <ha.lbe ;0 1<",1 01 """" '1""'" io l",m - '" t.o + «0. 

LX. 7. o...lop tho • • pone •• ;"! £u,,",\o .. a' .... 

II.,. 
ft. ) 2 0 ' . 1'(.) 2 ". log ... 1"(.) = "'('-'\: "j', .... /" ' ( z) ~ .. (Iog n)'; 

he."" 
• 

•• 
f(0) ~ 1, 1'(0) _ log a, 1"(0) - (log 0)' •. ..• F"'(O) = (kog "),, 

A •• _ial ..... ""'" .... , •. 
.. , " " .. .. 1+· + 2!+3!+··· + . !+ ···· 

Tboo< .. riel .... o"uT<'g< o' I", ~'1 ti"lt.o ... 10. 01 ... 

F-x . B. C"mruto,o-"ho" • • . I. 

E ... !t. Computo 10- ...... = .. 2.01. 



''" 
EI. 10. Defining 110. h,!"',,,,,];,, "",i ... aDd u.. h1l",.bolie oi"" 

by 11,. oq",I;"". 
"""h • _ He" -I- . -0) , . ;nh, _ 1(<' - ' -'J, 

.... h 0 _ I, , \"h 0 _ 0; ond lion'" upond <:OOh • and .;roh • in po ..... 
<>I.. \'erify Ib .. """I , . -I- ti nt.. ~ <", ~OO """h, _ ,iDh. = ,-", 
Co'"P"''' "",,10 ~ aDd , iDh 2 \0 fco" d",imal pi.".., 81.., .. \hot t ... 

"rot , .. ad. in "oWing , be .. ,iN ,I &nyle • ., .. rnu<h .... than !.he 
I ... '",no.-l. 

78. T.y!<><' ... ,100. If a function of the aum of ,oro num_ 

boo,.. a and ., i. given, I(a -I- "'), i\ i. freq uently d""i,.. 
~ble to eIpand the fUDction in pow.,.. of one of them, -,. 

10, 'b . r".<lion/(o -I- z), p i . t.o ho regard'" ... """.taD!.,"" 
'h~t, oon.ide ... t! .. a funotion of z, it may be e 'paDded by 

formula (3) of Ihe prooeding .. tiel ... 1" th~~ formula, the 
m n. tanl ",.", in \he U!"",-,ion i . tho val"" "'hiob th. func­

tion b ...... ben ., i . mad. equal \0 .. ro, honee tbe fin' !.ern>. 

in the expansion of /(a+ .:) may be written fro). In the 

.a'M "!<ImOr \l," """l'Il o;.,,!/! of \l." """""", i_e power. of " 
a .. the oor ... ponding deriutiYeJl of f(a +",) .. to z, in "hich 

~"' pot <!qoal to zero aflc. ~h<> di/l'e .. n,;"lion h .. been per_ 

fo1'm8ci. The e~po.o.i<>n mo.,. th~ .. ,,,,,, be written 

((a. + x ) _ ((0) + !,(a)", + t'( ,,1 x l + .n + ("lta ) "'" + .... 
II "I 

Thi s ... i ... from U,e name of ito diooo~~"'r, i. 1r.nolm ~ 

Tayfur'6 _i" , and the th.o",m .~pr"lIM by tho formula ;. 

k!O(I"n" T.y)or·. theorem. 



II.J:PANS10N OF FUNCTIONS 

1(4 + ~) ~ . i. (~+~), 
1(.) .. oIn 0, 

f(~) " ""''', ., .. '." 

'" 

. ( ) , .iR. 00 .. .. n .+~ ~ .... + """ ... ~ - --. --- .. + .... 
21 31 

Compo .. lin ~1 ·, by p~t.linlr" _ 00". 

U:ERC I5EB 

L Expand Ian ~ In po ..... of 2. Ob .. i. t.broo .... m .. 

2. Com.,... 11>0 u"",,"'" of "n Z wiUi t.bo qllOtienl<iorind by 

di.iding Iho ... ioo for ,i. z loy I~.I f", "'" z. 

3. Find . limil for t.bo • ...". wb",h """0" in "'pl ... i"J """ . by 
u.. fi .. 1 t ...... term. of i ... """""". in PO'""" of ... hen. - I of ~ 
radian. 

t. Pro .. U..1 \og(.+ ';1 + Z') .. . - ~ + ~ " ", - .... 
2.3 2 _01 

.. 2.- lG .. 272 '-S. PnrnoJog_.~ ___ _ _ _ _ ___ ... 
2 I I 8 1 81 

6. Compolo oin I" "" , ..... 10 II. pa.- of d..,; .... IL 

T. r.,,,,,nd ';1 _ .. in po ..... of 2. , nd "'.'pare wiUo tho . ' pO<>-

ooio. b1 ,he hi""",i.! I"""''''" 

a.. E. pat>d "'" • in PO""''' <01 • - i-
9. E.po.od .... in Po"" oll. 

10. ArRIll[O 3" - h ' + 8. _ 5 in _ _ of ._2. 
ll. f,.p.nd Iog(. + A) in po_' of I. 

U. Amoor" - I lo po_" of. + 1. 
• .1 tr""J! 

13. Pro.., 1100 binomial .b"orem (a + .)" .. d' + ... - ..... . - ':;" . 1 (. r) 1 •• 
Find.be foo-on of the '''"." '0'100 •• i . _.., ; " t.og<T. and """"nl". 

u.. ........ 11 ol "'"""!'g<""'" 



'50 Dli'FERK~M, CALCUI.US 

H . Fh,d ~ K ~123 + I = ~ ~l + , 10 to "' _ pbco. oI doci_ 

mal, bJ I"" binomial ibooro"&c,,., 

15. rind ~llI';:t " /IVI ~' 
16. (:.1<.1.0 .. klg 31. 

17. Who . .. ~ g, ' !'m nh •• of .. \h.t ,.ill ""no" th. IJlI'ruII­

motion (1 + _j' _ I + t .. with on error _ •• " •• ,Hog .001 1 

18. E.xpo.od! in po .... 01 ~ _ I ... 01 hoi the iDIernJ of ron_ 
• 

79, RoUe', tII_ 1\y Art. 76 • "",ie. can be the M'nlCt 

.. p..,,,,,nll.tion of ;lJ! i"""r:a~ing function onll .ben d .. I"&­

lU";nd ... fte • • term . can be ",atte ... mall .. d..,i,..,d hy 

taking ~ lorgr " .oug-h. Fldo,," obw ning the fOTm of thi. 

"'m~ind", ;1 i. u"""" .. ', to introo""," the following 1. mm ... 

Jlr,JU. ,.......... II 1(") o.nd ;lJ! firot derivali . . .. '" continn· 

011 . for all nlue. of '" bet .. ",," It and b, 0.00.1. i r /(0), feb) both 
uni sh, Iben J'(~) .. ill v .. i.\, for oome nJue of '" bet ....... a 

""d b. 
The proor rollow. immed iotely (ro", Ih. tboo",,,, of m..." 

nine (Art. 39). &. . 'igu ... 41. 

80. 1'o<m of ....... 1.11..... In ",Ia...-lO"' oetl... Lot tho ,.... 

"'0_ fl 

m. indOT afte r .. te .. n. be .I ... 
Il(l\ed br R.(z, <I) , which :. 

a fu_i"" of '" and (I .. well 
.. of.... Sin"" • .oh of th~ 

. uoeeeding ~rm' U. di.i. ibla 

br (" - <I)', R. may be wr>­
n.ni~ntl, written in the form 



It.! 

TM probI_ il ...... 10 d_i .... (~ .) ., \.hoi. Ibe 

rtlw.. 

&l /(1) .. /(.)+1'(<1)(1-")+ 21 (1- ")'+ . .• 

+J'"' ~ (a) (" _ ar-' + .(a, a) (t _ fl.'; ( I ) 
( .. _ 1)1 .. I 

.... y boo III ~ id<ont.it)' . I .... hioh \hot right..band "' .... 
be< eO'lIai .. , .... 1)' tM fi .. ~" _, 01. u. ......... .. ilb \he 
.......... w arle . .. _ .. Th"" by lrMuIpo*i .. S .. 

/CI) - f(. ) - 1'(.)C:o _a) _ r (·)CI_ a)' _ .. . 

" 
_~-"(,,)(., - ur' - .(a, al(1 _ cr.f "" o. (2') 

( .. I }I .. I 

Ln. lleW fUI><tion, 1'(1), be doflO>ed .. follow" 

"'.' ' (0)_/ (.,)-/(0) - ]'(IXI - .) -~("- I)'- ... 

_r -"N (,, _ 0)' - '_ t(z, a)(" - If. (3) 
(0 1)1 MI 

T bi. IU!IO\ioD P {I) . ""joh ... whe ... ... " , U U. _" by 
;"' 1*11011, ""d it al., TII."i,h .. wbom " _ ,., oinu it t hen 

"""",,,, .. Ident.ical .. ilb Ibe left-h.od !1Ieu>i>o. of (2) ; he""". 
by .Roll,', 1beore'" il& d..nntln 1"(0) • ..,iah .. for .,"" • 

• lOlue of. below .... " and.., 011... &1 
, 

P'C')- - ]'(0) + 1'(0) - r (IXI -0) + rCI)(1 -.) - .•. 

_ r '(ll(,, _ or-'+ +(,., 0) (,, - .t-'. 
C. _ 1)1 ( .. - 1)1 



DIFFERENTIAL CALCULUS 

Si""" F'(o) ""Dioh .. when. _." it fo!to.1'8 that 

.,t( ... a) =/"'(.,) . (') 

In thi • • ~p ..... ion .. Ii .. bet...,.,n z ""d 0, and may thUll bo 

rep"'''ntM by 
.. ~ a+8(., - a), 

whel"8' iI a pooiU.e P"'p'" fraction. Henoo f,..,,,, (of) 

The oomplate fo.m of Ihe upo.II.ion of/(,,) ;. then 

rr.",) s rr.a) -+ r(a)(", - co) -+ri~) ('" - al" -+ ... 

in which .. i •• ny pooili •• integ<J'. The ...... may bo carrir<l 

10 ""1 d .. i""" nnmbe. of term. by j ......... ing ~,ond Ihe 1 ... 1 

term in (~ giOM the ,..,maindOT (0' em") &fte. !.he lim " 
to..,.. of the .. ri... The oymbol 1"'(a -+ e (z _ G» iodicatoo 
thai /("') i. to be dilf"",ntiat<d .. ti"",. with .. gard to." .. nd 
lhat ., i. tben to be "'plAood by G + 8(., _ a) . 

• no .. ,_ of", .... ' ..... ... , ....... r...o:~ ("""""''''), . ...... 
_ It !.. .... lII.. _.I'A<ado-looioo s._~ Bodl •• 111 .. 



EXPAN~ION 011" II"UNCTIONS 

81. A.DoUter..., .. : " • • lor tile .... ·'· 4.... Instead of putting 

R.(z, <r) in Ute {<>rm (,. - at .. (z, a), 
. R! 

it i. ""meti",..., OODven ient to ... rite it 

J1.(~, a) _ ('" _ a) ,(z, a). 

I'~i"g .. Wore, "e 6<),1 the np.-ion for P(o), 

F '(.) _ _ .f'~.) (z_.)·" +'("''')' 
(.. 1) I 

In onler lot tI,i. to .,..,i , h "hen • ~ '. il ia n_U&:I"J" !.hal 

" .. , _ .f"(z,L,. _ . ,,_, 
,,--. (n _ l )1 " 

in .. hich 

'"' 

.. - a + 6(" - oJ, ., - s, _ ('" - a)(1 _ I) . 

oK", a) =1'"'(" + 6(., - a)) (t _ 8)"«'" _ a)-', 
(.. 1) 1 . 

R.(", a) _ (1 _ ,) .,,f" J(~ + 6(,. - G)) (,. _ al' .-
. (~ 1 )1 

An "Il&lnpl" 01 Ihe 10" of !.hi. fom. of remainde r i. f" .. 
ni,hed b1 the oeries f<>r log '" in PO""" of ," - a, .. h.m ,,_a 
no negalive, and a l.., in the e1po.n';on of (a + zl-. 

E •• l. Find tho in"' .... lof "'l";"'_ for Ill. <Iov.Iop"",,,t 01 

Iog .;n po .... 01 . _ e ... hen ~ to. pooiliV12nu.mbe,. 
JI.",. I..,,~ An.n, ~:, . I. 

f' ~ {'l w (_ 1) _ ,t .. :,1) I. 

and, Ly Art.. so, 

" 
) 

( _ l ) . .... (x _ .). _ ( _ l) • .,~ . _ . ] ' . ' . ~ ~ - . 
.. (~ -I-8I.. ol l ' n + 8(. 01 

' TIl:, t", .. ot "'" ....... _, ... t .. ad ., c._, (11)0).'''7) •• 00:1 8 ... 
... :_ : . . .... ~ ,., .. <aIcaI: .... :'+e1mo,:.: .... 



'" DlI'n:II.KIIT'AL CALC\ILIJ8 

Flnl .... ~ _. 1>0"';1;- ~ ....... ill ... __ I)....! . , ... 
10 ou",,,;..u, 1000 ........ .;. I{6 • • ), Ii .... . io • pooi .... ,"0$'<1' 
' .... 100 1 M_ wt.oc. . .. c 

[ ~- . J· ... O,OIldR.(z •• ) ,;,Q. "+ z . o) 

"'p'n . .. h ... z - a 10 .... 01 .. •• d D .... ,..,.I1, *" <.bon _, .... 
&: d "'"" of u.. -..ioodo ... ~" be .",pIo'-' A . bof.,.. 

..... R. ( .. oJ .. (I _ .,.-' . ( _ 1>-=" . - .1' r. i 1(. - .)l" 

(I I)'. ' - (~ 0) ' 
.. - . (a.'(o oJ] " 

__ [<_ . ') . '(O. O)J-' , &- ' . 
- -1(" . ') _ . 1(_ • • ) 

".. r_.nt.lola tho _h ..... u""" .... n, ... t.I>.n I , ~ 
.... (. - 1)010 _ ..... be ...... "- ~"", ~_ .om ..... by \&11:. 
' ''I • I&<r "n «~. Tbia;' ... 10 • • U •• _ of • bot._ 0 ...... On 

'"'"'*'_.Ioc .ud iu ."'.. o i l . .... ... of._ . _ .... , .• 
1o ... .. H.I>i. oIIoo lo. .... ol of _ .... ' 57 of Ibo ...... u..r. If, ... 011 

.ol_'" • bM ..... " II....! ~ • . 

I:, . ~ . Sbo"Ib.1,100 .... "Ior-'" of ,-I i . "","tift _ ... 1 
• _ .1.01,\10 fo<.11 .. 1 ..... f. OJ.o, ",.k. t,," _ _ "''''''£''''' ' \.bol 
, .. . bon , I;'" bot .... . 0 ...... 20. 

If ,be fu.etioD il .~~ed ;" po ... .. of ~ 1M OO<I1plek 

' 00'110 . ill bo 

l {fI). / (f1J+I'(o)z -4--U11'+ on +.1'-"(0)_ . 
~ t ( 0 _ 1)1 

+ e'(k l ;r ., '" 



EXPANSION uF ~'UNCTIO!<8 '50 

for the lirst form of " mo.indor,...,d 

f(~)_/{lI)+ f'(O)z + £!Ji!l,r + ... + r-'10),.._, 
2! (M_ I)I 

+ r'(h) (1 - 1)"- ' . ". (2) 
(,, -I) ! 

for th~ _d form of ",nWnder. 

8'",il.,ly, th~ 0("'1'1 ... for ln of T .. ylor' ... rie. (Art. 18) 

become. 

I(a + It)_ I(a)+ flaP. + .f'(a) ,r + ... + f'-?("l.,.-, 
21 ( .. _ 1)1 

+ '"'Ca + h)z­., 
for the lirst fo,,. of remainde" &rid 

I(a + It) _ /(aH f'(a)z + LJ!il .,. + ... + .e-"{a) ,..- , 
2! {~ _ I)1 

.) 

+ '''(<I + ''')(I_I)"-' .z- (fl 
(,, _ I)! 

for Ih. """ond (OT Ln of ,..,mainde '. 

T h_ 10''''' "'" of n" voJu. for numorical oomputation 

unl ... '.'(~) can be de~rmined, hut may ""m.tim •• be uoed 

to adnntage t<> obtai n .. m ... im.," e,ror, ";,r",,,pooding to 

sman ,oJ" .. of ". It ohould be oboe .... ed tb.t when. _ 1, 

the ~""rem of mea" .alue _"It.. (Art. 39.) 

r. • . 3. Ol.l.ain tho limit of "",,,;n _ ;"iog bu.. two "" ..... " .. b­
;0' .. ,"'" i. t.I .. upo...w., of log« + .II + ,'J wh~n < ~ 1. 

lo!r(~+vl .. ") ~ ~- ... . [~::. 
2. {l + 1')IJ" 

w .... ;", . " • 

• 



'" DIFFKRENTIAL CALCULUS 

The .. ~. oIOp ;,. '" ob/.oUn u.. lor",,' ,ad 110. om"'", ...... "hi.oh 
\be upr<ooioo i. b.",,~.\.o _om .. f.". .a) ... 01' , .iobin oho i1l."';'a1 

o 10 t- For UW purpooe. 00-.' lbe ,.DOtiooI 
. ~a,(3 - 2t'). 

(I -+- 1')1 

W.lad 111>0. h .. ""';~ .. f.,. olI ....... 01 ,bot . ... , ~ O.Dd, ~ I; 

" benoo .. bull< IargooI. .. I .... boll., - I • ...J 1.bo~., .01 .. 
• 1 \1M 1001 \<"" io .0002&1. 

£1 . ... H"" I0.&Il1 \erm. , bould be UIOd 10 u.. ~ 01' .. ;. 
pow .... f ~ 10 i .. uno • _ II "" .. "'" '" ("." p_ 01 _""'" .h .. 

. -I' 
EL 5. I. til. upenoioD1I.f log,. (l + r) III po-..of. ho. """'1 

Ie""" , boold bo .- ill ord« '" obtai. u.o raJ ... of Log" ( I . 8) 00<. 

~105,,",,im,''1 



CllAM'ER Xl 

llfDJ:TltIl.ltlIUn ro~s 

II, lI iu..rt.o lbe nI_ of -ri"o lu~f(:<),_ I "I""'dini 
", ... igned •• I .... ot\.be ••• io.bI .... ha •• ~. obtained br di~ 

... bMllootion. Tbe fu""""", .... y, ~OW.''''' ;'""L .. I" nriobla 
,n ........... yllou rot --..;. _&1_ 011 \.be ..... u.e_ IHpO&d. 

inr nI ..... of u... r .. _ion ""on~ lit lOUD<! by -... ... botilOl\ioa. 

Yot oa .. mple, \.be f"D<tioa 

<-r 
.. In. ' 

lOt' Uoe .. I ... :< . 0, UIIume. \h. lorm ~ and the """ .... pOIId· 

Lng nI .... of \he I .. ",tioa io Ihut '"'" dinclly d<'lermiaecL 10 
.... h .. CUll Ibe up' ;"D 10. \.be lul>Oti .... io aaioI to __ 

"" .......... 1_ fona f .... ,".,..... nloe of \.be _ariahl ... 

The •• _ple jUli\ gi ..... mOl" .. ,"" the indeter .. i .... ~_ 0( 

.... , freqoaeol """",,e ..... ; n.m~ly, Ihat in .. bi ... Uoo ely. 
f .. D<tlOllIl the quotient of t.o <>'lItr luooliona thai Yuiol> lor 
It.. ... ,n •• &1 ... of \.be n , ;'ble. 

Th\llif 

and- iI, .. be. " 10k .. \.be .pedal _al .. a , u.. fvueti ..... ,,<6) 

..... 1'(:<) both ....... 1>, Uo ... 

!(a).t!!l. ! 
.-to) 0 

io ind .... ' .. inate ift , ...... , and .... 1>OI; be "",dereci d~ ... i.at6 
.ilhOllI lurtlo .. U'anofono.atiOOO. 

'" 



". DIY' U IU<TI .. I, CAU::UWlI 

83.)_ '- -r "" .. _ .. _ A 
_ hal oJ"-,. _ ..oooed ( An.. :I) in whioh lUI .. .,..-;ou 

I~ .... u_ tho form ij fo,. otrtain ",1""of i", ~bl'lak" 
• deAnit<o n luo, d.~lldeDt upon th o I .... of uri.tion o f . tho 

'uno.loo i" the _iei"ll,. of tho ... irntod u1ue of tho .. ,iobl •. 
AI .... <tU>er en.lDplo, """"ider (be f.r>etioa 

" -Go .- . . -. 
If &IIi. ",bt;.,. bM_ ., ... d, ;1 writl". in tho ,_ 

J'(.-")-~- "', (~ -.)U- ,,- .. ) - o, 

it will be _n that 11 ..... be "P"",,DttId gnphioally, &oi o 1"1(. 
42, by tb. pair of lin .. 

," - " ", 0, 
, _ 0 _ 11 _ 0. 

1I_ .. toea '" bat."",.-..I ... of ... Ibore 
ill ... iI.drill", oumbo, of __ po."I(., 

poi.", .. ~ 1_ all .; .... tee! "" 1M 
li..e .. _ .. ; AD<I ..."....ji.K1r lot 'hi. 
oaluo of .. 110, fmw,tlO<l, .. 11 hOi &1>1 

•• Iul .. "",,,, . .. , and i. tb ... for. ind.terminate. 

Who" ., b ... &D)' •• Iue dilferenl from a, tho .." .... pondi"' 
_aloe of, ill dole ... illed f rom lb. <quai;"" , _,, + .... Now, 
o! tho i05nite Dumbo. 01 dillerenl nJ_ of J "".,..,.pondlng 
loa " ... .. ~..., .. """ put.io.lI.. OalU8 .AP wb;"h if; ...... tin ...... 

• ;\11 u. ....... of n l _ '""'.".,.t.e." c.t ......... Mi •• 
• a1_ in u.. ..moily of :o _ a. Thil -1 .... coolled Ute .... 

~""'. MI ... of,.~ " . a. U il ob&aiBOd h,. puUi". 
" .. a 1 .. u.. equal;iOll , .. ~ + ... and 11 Iho",f"", , _, a. 



I1IDETEIUoII1I .. TK rollD 

'fbi, _II .... J be , ,, ... 1 'O'ithoout nor,,_ 10 a I"..... III 

folio ... When., ~ a , , ... f .. ...,u"" 
,.. _ a' 
< _ 0 

i. indel.e,tII; no.IO, and h ... &n i.A.ilO numbe, of dill'e ~"t 

.. ILlM j bu~ amODE th_ .. I .... Lh .... 10 0,.. d_r:DI;nalO •• 1 ... 

... kieh ; • ....,t.i."""" with th. oeriu of nl .... ta,k"" bJ the 

t""","""" ~ i' .... T" th"""h Ihe . aI .... ,,_ uu.~ ... ;,..1.8 
Or .;"",10, .ah", -J \ben be deS .. 1fI<I bJ 

t. J - .... 
2 ,h IIJ _ G 

I" ... Iuat.i"ll thi. Ii .. it Lh. __ rKWr :z _ a .....,. be ... 
,~ •• d r""" n"., ... l<>< ODd d"lOtIIiJ\U(Jf, Ii""" 'hi' I"""", I, 
mot .era "hll" '" il dilf.",,,\ froul " j ~ the del<rminllO 

•• 1 ... of Ihe I .... """ i. 
1'" ,,+.. 2 
.".~_ a. 

wkld., '" \100 ~mi\, IaUo '100 ","",~. 

Thl ••• r ......... ""J be "'''lIon i ..... f ..... 

wh ioh ...t_ ..... tl • . ",1.0 .. , . 1. 111101 ..... ~ _ t. " . 
E . . .. £ .. 1· .. ·\100 ..... h ........... ~ ... 

"t l', .. "'"", 



"" DIFI'BRF.I'TIAL CAI.CULUli 

E~. a. Dot • mi ••• be .. I ... of 

" _ 7"+1<+11 
"+3" 17%+101 

E~. 4. EnJ.w.. "'~"'<';!·CC'" wben z .. 0. 

(Mulliply boob ......... Lor . ... <Io"""'nalo. b1" -+ ",,"C~""'.; 
1M.. 1:._ by 4eftlopmeat. In ""me ..... tho oommon 

Y&niabiag r.oto. """ boo best ,"""ooed .. Iter Mpo.ru.i<>n iD oe:ria. 

E~. 1. Conoidor Ibo I.oc""" ... "'looM In A ... 82, 

. ~~ 

lin z 

W he. nmn,er&\M ODd do"" .. ,_ ... d ... Jopoo:l in po""" or z. 
\bon .. i.on _a .. 

+Z-l- --t _+ ... _ 1_.+ _ _ _ + .. _ , .,- (--) 
21~1 2111 

.. hWl 11M tbe dol<,.",i""te .. 1 ... 2, .. bon z Iak .. u.. nJ ........ 

E1. 2. A •• " ",bor u.o.mpJo, ~.I.~ wh ..... 0, lhol._ 

IlJ <10 • • ",_, il t->me. 

z _ (H~ ' f+ ... ) 
(. - ~ + .. -)' "-t ,.. 

Rem.mo., III. """"1'011 laolor,.,.j 1.11 •• pult'''lI % K 0, ... obtai. 
~, . 



In tb_ t .. o ~umpl ... the UIIigned .. lu. of ", for .. hloh th~ 

inde •• mniu.ten .... """u,.., i. ""',&lid t.b" d.nlopm~ntt ... mode 

in PO".1"0 of ". If tho ... ignod .&lU0 of " i. """. oth~r numbe., 
.. a, then tbe denlopment ohould be 1000. in po".'" of" _ (L 

Ex. 3. E ... loat.o, ..... n ~ ~ ~. Ih. [u1><lion 

1 _,I" ~ 

"h;"h t-.m.. inti"i" "ho" ~ = 0; Ihol to, wh •• ~ _ i' 
11._ Ii .. _~ _ ±'"' 

~"'11 _ .h,~ , 

.....ruing .. ~ .PJ>r<*' ...... ro from Ibo "og .. i .... '" pooUI .. , id .. 

85. Itula.atl ... by DIlIe.-t.l.o\Joll.. Lot tho gi • • n funO!.;OI1 

he of tho; fo.m .l!!l , and OUPIK'O" that 1(0) _0, .(oj_ O. It 
~.) 

i. requi,..d to 600 I~ 1("). 
'-Q <j{") 

W .... ume that/(:r), .... ,,) can he dovelop«! In tbo .. ioinity 

of" _ a, by expanding Ibo", in po.e .. of " _ 0. The" 

/"(0) . /(0) + /'(0)(" - 0)+ ( ,, _a)'+ ... 
.It:r) 21 

.... ,,) - ;'(0) + .'(a)(,,:- aj+ ~(" - «)'+ ... 

f{aX" - a)+.qp<" - u)' + ... 
- ;"(0 ) .'(a)( .. -a)+ (",_u)'+ . .. 

" , ...... e. _ 11 



'" DIF~ERRlITIAL CALC ULUS 

By di,idiog by .. - .. ""d ~hen lotting" ';' a, ". obtai .. 

u .. 1l!2 _l1:!l. 
~ .. ~ .(.,) .'(a) 

1\y hlpoth .. i. the fl.lllctioo. 1'<"), . '(al .. ill both be finite. 

111'( .. ) _ 0, .'(a) .,.0, tho., ~_ o . 
• (a) 

If /,( .. ) .. 0, .'(a) _ 0, th." /J!il _ "' . 
• (aJ 

1f f(a) and ;.'(al are both te.." the limiting nIne of 

is to bo ObtaiDed by ""Trying T&ylor'. de.do"m.,,! On" to"n 

fmiter, fOmo.ing!.be OODlDloll faclOr (.,-aJ', and t.hen lotting 

j"la' "approocll II. The ",",ult i~ ~ . 
</i ' (a) 

Similarly, if I(u). f'(a), f'(a): </>(,,) •• '(a), ."(a) ..n .anioh, 

il io provod in tho RIll. mo.n" .. d ..... 

li .. /Jt) I'''(a) 
Z E . <I>i."l - ,,"'{a)' 

and"" OlI. until .. result i. obtainod!.lt&t ill out ;ndel.e,,,,i,,"" 

in form. 

Hon"" Ibe rule: 

To .... /_. "" ~uion of IA. /0"" ~. d~liaU ... ....,... 
at.". a.d .u..omi=t ... "1"'m~IJ" ... b«ih<k 110. criiiool ""I ... 'if 
z ;,. I""', dooriOX>lI..,.; _~. II .. q""U...t of 11M d<n"voU ... 

/0 """ j..,u,.,...;!WI. /0 ..... 

~;I. L f: ... hata 1 - ;: 9 "bo" ~ _ -{I. 

Put ft'l=l - «d .• (t) ~ ,.. 

f('J _ ,;"8, 

1'(0) K 0, 

,,'(I) - 21-
,,'(0) ~ 0, 



INDETERIiINATE rORIiS 163 

TI" .. , u.. fUII<",,~ ~ io &110 i"""I<,.,I .. 1& •• , .. ~. II io u.. .... 

''''0' f.,," _ .... '" obtai.~· 
. " ."(0) 

Aowrdiugly. !"(II _ ..,. f. 

/,,{O) ~ I . 

Uo. " + '-' + 2 ..,. ~ _ 4 Ii,. .. -.- _ hin ~ 
~ .. O ,.. - • • 0 4 .. 

H.... . -. + hin. E._O 24 • 

.. Ii .... +.-. + 200u 
> « 0 2f , 

.. Ii' 

EL 3. Find II,. • _Ii. ~.""" 
~ ... G .. 

E •. f . Find 11 .. " - 2.r'-:h'+h _ f . 
. ... 1 ,.. ~ .r'. 2. 1 

In Ihio .>amp)., ...... o.b .. . - 1 ;. . fao"'" of boIb ......... ..". oDd 

<Iono .. in,"'" 
o ' , , '"_ . H .. U,n . _ 3. _ .. . 
r ••. . '''''Z '' O .. 

In applying this P'''''''' ' to particulOT problem" th8 .. .".1< 
•• n often be ,horten .. ] by " • • ltoating a non.nni. hing factor 

in "ithor nume,.to, .r denominator beto", I"'rfonniug t.ho 
d i 1f. "",tial.iOD. 



, .. 
fl .. \100 (2 _ . 1· ... ~ 

z .. o ~ 

Tbo si .. D U I" .... -I bo . ,iUooo 
~ (~ _ ').~. 1100 ( . _ .)' lba !!!!..! 

z _ O ~ • • 0 ~ * O. 

_ le · I _ I'!. 

11M liB. tM. 
. .. . f(;r) - " (").'(0) . 

E • • 7. 

E.... Fh.d.~: ," 

1. 1--· w_ .• 1. ... 
I . .. ::::'" -..btl • "' 0. 

I . " _ I .. hom •• 1. .-, .-, t . .. .... m • • O' . -, 
1 ...... . 0. 

• 

.. ..... '!:, .... ...... .. .. 

lL 1&1 .. .: liD ~ . _ • • 0. 

The ........ othe. iad.elermioate for ... Ihan g. . . ,- . . , .. - - , , ,'" 



INDIITER)(IN"TK V(lHMiI '"' 
86. E •• luUo1l 0:1 tlut IDdete,....l ... te fo,....: . 

!"'~ d ie function f(:~ become :- ... be" ", _ ,," I< i . n'>­

qui.....J to find ~ {:"') . 
~ - ~",,~J 

T hill funolion 0 .... be wri\.t.e" , 
f(z) .("'1 
9>(%) - ..,.-' 

IC"') 
... hiob L.ak .. th. form ~ ... h.n ", - u, .."d tan th.,..,ro", be 

. nluat.<d by the preceding rule. 

,,_ [A"]''''' 
- % "'. 1{~i /,(z)· 

,'> 

H bolb m.robe ........ di. ided by u,. 1(') , ... hoo tbillli",it 
• ± - 9>{"') 

ia n .... 0 no. 00, tho equation beoom .. 

th.,do", 

Thi. i. exacdy tho ... ono ... "It .. ...... obtained fo, the fo'm 

~; hen ,," tho prQ()l>(]u,", fo. evalUIling tho indetonni""to form. 

~.:,;. tho .am. in bo1.h moe .. 



'" 1>U'FBI<F."'"I'IAI. CALCULUS 

When th@trnon.lUOl of l~ io 0 0' '" ,8<)u.,;"" (1) i . M\i .. 
~.) 

fied, indel"'udent of the .aluo 01 f.~ ; but (2) I t ill Kjy .. the 

oorrecl uJue. For, "'PI"'"" Ilm M _o. Conoidor \ho 
~"' .. (~) 

function 

.. hicb hu tho form $ when ., ~ '" and h .. tbo determinate 

Tal"" '" .. hiob i. not •• ,,"- H. """ by (2) 

U'" J(%} + C+Cz) ~.r(a) + ~ _t..sEl+ .. 
. .. . .(2) .'(al .'( .. ) 

The""fo.." by l u_ting." 

II .. M_f(QL 
~ .. . .,.(,,) .'Cal 

u .. #,,' 11m J.'z' . 
If ~ i ."-"'l. _ 00, ~hen ~ .. . O:::! = 0, wbioh can be treat",1 

~ ;'(z) /(J!l 
... th pl'8.iou,~. 

Tho form. O· '" and"" _ 00 <Wl ",maUJ be enluat..d by 

putting them in 0'16 0' th6 <>the< of the form • • I",ady di .. 
00...,,;1. I n tho.,..., of the 011, ... , iu which the indot<rmi· 

naleJl_ .pp6torA ie tho e..ponen~ tho logaritbm of tho 

f uootiOJl. """ be ",duDOd to one of We p"""'<ling form •. 

EXlRC'5ES 

E.oI._", "'" 101"'_;01 u_ion&: 

,. lor ,i. ~ ~ wbon z _ 0-
Low lin % ' . 

•• ~ .. ho~. _ o. ' . _. 
!". .hoo z . <0- • • - •• 

""'!.z .. ben • • !. 
tanh , 
oocSz .. h .. z _ .":. 
_6~ ~ 

.... ... bo" z _ o . 
(ooooz)- .hen z _ 0. 



CHAPTER XII 

aJlfTAC1' MID CURVATURE 

87. Ord .. of c .... ot. Th~ poin~ of intenoection of the t..., 
"urvoo 

a", found by making the t .. o O1)"o.\io"" .imultaneoWl; tha< i i , 

loy fin,ling \h""" value, of " for which 

S"P~ ~_a i. "". "blue that ntUfi", thio equation. 
Then the point z ~ n, 11 _ ,,(0) _ II-(a) i. comn,on to the eune,. 

If, mo_.er, the t wo Ourve. havo the lWlle tangent 0.\ this 
point, they are ... id to touch _h other, Or to ba • • """Iacl 

with _h other. The .alu,," of II and of ~ ...., thu. the 

""me for both Cun'" at Ih. point i" quost.ion, .. bieb 'Oqui"" 
that 

If, in addition, th e 

fit the point, th.n 

.(a) _ II-(Q), 
.'(a) - II-'{a) . 

• alu. of ;2 i . the 

oj,"(<<) _ I/""(a), 

... me for • ..,h eun. 

."d. the ,,"nee .'" ... id to h •• e .. ro><tact of 1M _ d <lTd..,. 

",ith .:>eh other, pro.ided .'''( .. ) ". ,,", "(al. 
If .(4) =II-(a) , t.nd all the deri .... ti ... up to the .. th onl .. 

i"cI". i •• ...., equal to each oth", that i ... '(o) - II- ' (Q), 

",·'(a) _ 11-"(,,)' ... , "'· ' (a) ~ ,,",.'(~), but .''''' (") ,,. ,... .. "(a) , 

th" cune, .", oaid to I ..... " oont.o.ot of th~ "th ~rder. ,. 



168 tJI .... ~RENTIAL CALCULUS 

88_ ,,~_ of condIlion. lmjlUod by .... tact. If tbe equation 

of U.e """" J - +{"') i. giY.", aud it i. reoJuil'(l(\ w d6\.e,,,,ine 
u.o <>quation of a IIOOOIld ""rye r .. ot("') tho< ohall bave conu.ct 
of any given order ",itlt J~';'("') at a 'p""ifi.d point, tl,eu, 
f .OIn the de6nil;ion given in t.he P"",edilli article for """....,t 
of u.o "u. ordor, R + 1 conditio"" must be impo>OOd upon u.. 
coefficient. in ot{"'). Th required cun" mUlt lbB<llo,," COD­
tain at lca!lt M + 1 ubitrary """Olanta ill o,d.r to fulfill lb. 

"'"l"iteei ""nditi01'" 
A .traigbt lin .. Iou two ubiLruy eonotan ... which un boo 

dde'mined b,. two ""ndil;ion. ; aooordingly I .traight lino can 
he drl"n .. bieh touch .... giv"" CUrv. at "",. "peeititod poin!.. 
For if u.., equation of .. lino io .ritt.en, _ .... + b, lbon 

dJ .. "., ~_ O; 
~ '" 

hen..., througb an,. ubitrary point., .. .. on a giTen CI"Ye 
, _ ';'(",), • Ii ... CIon be dn."" .. hioh h ... eont3<t of lbc fint 
ord., .. ido the eu .. .., but .hiob bao n<>l. iLl general oon....,t of 
u.. """""d order; for u.. t...-o eonditions for fi .. \.<>rde. oon-

"",+b ~ ~~), 

"' _ ';"(u), 

",hioh ""* in. 1 ""I'IIci""t to de\.ermine '" and b. 
to l;<n.ra1 no tio. oan be draWJI hying rontaot of ..., orde, 

highe, than tbo fifOt .ith .. given outve o.t a gi • .." puiot; but 

tb ........ oort&in opeei&! point.. .t whieb Ihio can be dOlI ... 
For •• ...-.pl .. the &dditional oonditioo 10. oerond...,rder oont.ci 
i. 0 .. ;,"(a), .. bieb i ... ti.Sed ..-hen th. point" _ a i ... 
point. of inflO1i"" on tho gi .... n co",. , _ ~~). (Art. (9.) 

Thu. the to.Dl;<nt .. t I point of inB""ion on a CU"'. h&o oontaot 
of the oeoond ord •• ",ith tbe "" ...... 



001<TAcr A!I'D CUIlVATUBe '" 
T be .... uat.ioo of • oi rcle b,.. th_ independent """"tanto. 

1 t io th<>ref".. ~ible to dete.min •• oirclo> hui"8 OQ~tact -of 
u....,.,oo order with . giVetl. ollne ~ .... 7 .... lfI'eoi poinL 

Tbo "'IWltiQro of 0 puaboIa t... l our """" ...... ~ hea.,. .. 
...,..0010 .... be I ... ud ... hi.h h .. _1.&Ot or lh.o third oN •• 
with tho gi • • n ......... . ,i ..... poinL 

The gen ... l oquat.ion of .. oon.rat oonie hu fi •• in.leJlendent 

_.tanto, Mn(!IIO _to <lOIn be r""nd which hu. """tact o! tho 

I",.~ <><de. with. gift. eo .. " at"'7 .poc;W ""'~L 
A. ia tho ..... of lh.o toall"Dt Ii ... 'peri'" po>ia .. -.1 be 

fouOO rOt whicb U- eo"'" ba •• _taot of blghe. onIer. 

". (;0._ of 044 .... ' of _. oroIor. 

T n llOUK. At. poiot WhOM 'WO "" .... h ..... "",,1aCI; 01 .... 
ood ord .. lhe, d .. noe. ..... _II 0I.he. ; bIOI lh.o1 do ..... 

whe", """ ~ ........ tact.o! an ...... oNet. 
rOt, lol; the ""n .. , _ <1(%). , "' oK"') lI ... e _tact of lho .. ,h 

order . t tho !",In' wh_ .. hoci ... i. ,,; . nd le' '" r. be the 
" •• U,.."", 01 th_ e.o .... at tbe point wb_ ..... i_ io G + ... 

MId br ToJIo". ll ......... 

y, '" <1(")+ .'(0) .• +~(fl .• ' + ... 

+ ~. l ' +....!:.':'" . 11""( .. ) + .... 
• 1 (0+ 1) 1 



1 ~O [}lfYXREN'TIAL CA!.CU~UB 

Sin"'" by hypol haois the two cu. ... h •• e ""oi.act of the lith 

onlet at th6 loo;nt ... booe abocisaa i . a, hen"", 

+(a) _ oKa). ,,'(al _ of a) • ..•• "ia)-'r(a). 

l ' " 
Y, - I. - (,,'''('')+ .. - - or"(a) - ... J' (,.+ 1)1 • 

buI ti,i • •• p ..... ion, when A i •• "/IId",,,]y diminil lwd. h .. the 

lIence. if .. i . odd. I, _ y, d""" not chanp .ign when A i. 

changed inlo _ I. ""d th" , the two CUH" do lOot .,..,.. e.ch 

OIh .. at tbe common point.. On the oth .. hand. if .. i. o.en, 

y, - ." chang ... ign .. ith k i and \h~t"fo,.., whM the OO1l tact 

i . uf eve" o.u... \.h9 CU ..... Oro ...... b other at tb.i. "'m""m 
I",int. 

(J,;ornet.ico.lly. we may ... y that two curv .. h •• ing oontllCt 

of the ~Ih .....de. I ..... through N + I oommon pointa whioh 

apj>O"OOoCh "";ntiJe"",, at th8 poin\ of "onlMt. )'0' let, ~ .("'). 
, _ oK"') too'oh .... h othe r at % _ a. This mean. tba l they h&vI 

t ... o ooincident point. in COmmon .. I (a. +(a». and the roo,li· 

ti""" to "" oali.6ed are 

</o(a) - oKa) •• ·(a) _ .·(aj. 

II the eu._ &110 b.Te .. point in ""mmon for", _ " + A. then 

Expo.nding hy Tay1or' ..... ie .... d making u"" of the p...."..J­

iog oonditimu, we may cance1 tbo oommOD I...,to. A'. If now 

tbi. ronditioD io still ... tisfied WMn A approo.ohea ""ro • .., that 

tho third point 01 in~roection I PProo.o,," Ih' pooiti"" of \b" 

two coincident un ... \.hen wo mu.M have tJo. lurthe. condition 



OOJn'ACT Alii) CU II VATUItI 

.W(I) .. . "( .. ). Th-, t1 ...... t:o:>iocldut poi.~ of in"".-tion 
, .. ply ...... _ of u.e _d oodet. 0, ...,...l.ing u.;. &ttl"" 

or .. nl IIMl.tx>.e u...,.., .. _Iu-

YO. "."'ple, lhe !.&nit"1 lin. n.uall, ll ... enli,..l, On o"e 

lido of the ou r.e, 001 at . point uf inftuioo the l.ani'll' Ol'OQtl 

tlMl "" .... 
Apin, lb. circle of -.1"",",,0. __ <1' tho> ou.<. 

noopi U \Joe lpec:W poi .... _ I I .... , I . ... ioh ..,. eiool. 

hao _*t of .... tIo.ird oNe •. 

UllICta(l 

t . .. lodlho_"'_ ..... "'1100 ....... 4, _ .. oad,_._I. 
~. F ind Iho". ..... of ''''0i00'i o, .boo ,to,..... 

s .. ,..od ~_., ... I _ o. 

:t. Yin<! tho oNer 01_ ..... of 1100 ' .fT •• 
i, ~"_ 4 -' " - ~r .. 3- ,'. 

t . n .... IDIoo .... """"""'" .... i". 110 u;. ~1eI .., "'" ,...d .. 
... 10. h .. "",.. p -,hlo ..... -.d. lph I h .......... ., _ .... abo 

pol~ ( ... . ) . (TM "'10&"'. 01 ................ ,.] .... iIo """ ..... .,"'1 
.., 11>0 ~ . .. ;" of 1M 10rtI> 

, ~ .t "' ... 'b ... C.) 

I . U."'.mi .......... Ighl Ii .... h" h hoo ,,,,,,,i00'i 01 Ibo ...... d """'. 
willt II .. , .,.. • 

.. Flod I"" ""' .. 01 "' .... 1 01 
r _ Joc(.-I) • ...t .. _ 8 • • "+ &_ 0 

..... pol.' (2. 0). 

T. Wloao ...... bo l .... oI ... f .I . ...... ........... ....... 

, ~ .... I ... I {' _ I l ... ", ., - ~ . - I 

... , h .. _ ..... 01 1110 ... , ........ , 



'" I>U'FEkE!<TIAL CALCULUS 

8. Dole_IDol Lbo po...l>ola wh",1t b .. ;10 ni. ~I<l \0 t.h. ,. ..... 
• 1><1 h .. "".t.ol ~r tho -..nd _ ... iUl u.. hJpoTboIa., _ 1 •• "'. poi.' (I, 1). 

9. DdM .. I .. Il1o poin. ODd ord .. of oontod of Ihe 00""" 
(0) J=", ,=Gz'_ P , -l-4j 
(~) , - ", J _ _ h ' _12z_6. 

10. Pe\onojne ,be parabola "blob bat I .. ""io ~...u.1 to tb.)'4l'is. 
_ . U."""h the poinl (0, 3) •• "d ..... ".,...." of , ... & ... om.. 

wi'" tho "U"" I _ ~ z' " .he poio' (I, 2). SimilarlJlor, p&r&bola 

b •• inl i ....... ,," ... no) to lho ,.."",ia. 

ll.. Show t.b .. "'" ...... , ~ .i. ~ b ... oonlacl of ..... muh "ru.. 
",ilb 11>0 eo... .. .. 

, ~ r __ +_ ... 
"Ibe ooisi "- Show lboo, _ . In Z, ' _ .iah.~ .. _1acI of \be 

-.Dd ord<,.t tho orIgio. Dra" ...... c ........ 

12. Find th. OO'do, of oonloc. of ,ho .n .... ' _ _ z , J _ ""'" • 

• t "'" poi., (0. L). Skel<h \h. 0"""'-

13. F ind.ho <>nI ... of ",,_\act •• the .,.;~. of u.. 0 ...... 

J _ '-'. , _ \anh • • <inb" -. 
90. Cln:Le of CIU"OatlU1l. T h" cirelo t.h... hao oontact of ,h" 

el""".' ord •• wilh • given .n ..... at A ."""ifiod poio.;' ... Ued 

11,. _ da'i"f' eim. or <lrd. of ""Tooh .... ' of lbe en"" at th" 

~nn point. The raJiu. of ,hi. o;Ttl. i. ""lied Ib" rodi~. of 

...... "' .... , ""d ito .. ""t<>, ia ",,11M tb8 com.,. of ""rvalv ... a t t.h8 

... iguM point. 

91. Leo.CJt of <041 .. of tu ...... tne 1 .... nIlIIooteo of .... tor of 

eurntllr.. Let 1M . qlmtion of . oirele hol 

(X - _}'+( Y - fJJ' _ R', ,., 
in which R", !.he radiWl, . ",1 «, fJ are the 006rdim .. tea of the 

center, U ... 0 ..... ..,01 """rdinal. " holing denoted by X, Y t.o di. 



COII'TACT AIIII CURVArolUI; 

~~ ..... 
II ill ""'I~Ired I<> """'".i .... H, .. fl, 00 UIaI thi. mId. ma,. 

b ... ootolaOt ef tho ~d ocl., will. \.boo ginn ou, y • • t \lit 

poi"' (z, r). 
I'rom ( I), by ._in diff .... "tIU;on, .co deduoo ",' I (X - .)H Y- (J) "X - O, 

('~' " ' + - + ( Y - (J)--O. 
fiX "X' 

,. 
l! 11000 ,"",10 ( t ) Iwo __ '" the _0<1 ood ••• ~ IhIo pcoift\ 

(2,,) wllh tI,. ginn "" ..... Oten when K .. '" il io n.. lUI ... , 
Yo"~ ) 

dY _'il a .. ~. (3) 
dX dz' d.'<' ..... 

8ubtl.il<lung u.- "....-iOll. III (2), ... oown 

(z_.) +U- (l)2 _0, ) •• 
1 + (~)' + (r - (J);a .. O, 

wbon .. 

, _fl _ _ 1+rc)' , .. _ . .. ~[I~S!)J. 
... ... 

....t Suny, by IUbotitutIDD. in ( I ), 

(0) 

") 

,. 



DlI'J'IlIIIOITlAL CALCl:LUII 

J(~. L ... .,..u.."""", . .... , ...... .-•• =>+ ".h(I ... _'." 
fJ --il _._ •. /( :-(1 ......... )1 ... <- r iDd \ho ~ .. ""';-.I 

•• 1_ of •• 1><1 fJ "J>eoo " .. 0, i. i' ; ... ><I Ioet. .. U>O ......... ""'di'" 

I""'" ( •. fJ) "',. dla"i"I' S~."'b n>U,bIJ II", ~Io of "'10 poln' 
... ,uIooo. Writ< tho "1" • • lon 01 .1,. "",ol.lint rir<l. f.,.\1>0 'polo , 
• _ • • and for. =!. t>r.. U- "".t ... , , 

h . I. ...... . ..... " " , .. ... hoi .. (S. R i ...... of.. Com""", 
Il>0l • • • _,io<aI ..-... .. I •. 7 • .6,..!, &. _ u. .. Rio. IO;";' 

..... . """ . .. - ,- ........ .... _ U>O .01 ... 1 R 11.:11 •.•• 
;t» 

tt. Ualt!Dc lat.-I •• of 7 ." Let P . ( .... ,,) and 
1- . (r. )',) be ~wo voi"t. 011 • 'I . .... ~U". I(~ ,) _ O. Tb. 
oquWo". of !.be DOTm&l ... l h ... poin .. ..... 

U <.I, IT) is u.. poiD~ of iDt~rMCl.iOl\ of ,,,- t. " Ii-, tbem 

(.I - "') + (fJ' -,,)~ _ 0. 

('" - "'» + (,. _ y,)~ _ 0. 
~. 

$i.- ,HzJ-O ..... 'H .. )-O. t.e- by Rolle'. , h Dle .. 

(Art. 79) it foil" ... tit .. 
,I" Ii) .. 0, 



CONTACT AIfD CUKVATU KJ; 

in ,.hich i i. defined by Ute in"'l, ... lilie. 

'"' < i < "t-

Il e""" ~, P' .... y be deterwined by the .ilDultan8OUll 

equalion. ~(,",) - o, ~'(i) _ O. 

Whell /" . ("",,.) ~pp""",h ... ooincidenoe .. i\h \he point. 

P _ (x" , ,), then ~,(.,)":'~'(~.), and \he",fo'" from (4), \he 

poin' (oO', fi') heoom ... the couter of ou" .. l u"" hell"", ' 

The <:ent.er of 0" ... ",,,, aU I",i"\ I' nIl • Our". i. Ihe li'nitin!! 
pooitioo nf tbo point of int",,,,,,,lion nf the no.mal at l' ... ith tho 

normal I t too point 1", "hell r apl,,·oach .. Ute pooition of 1'. 

93.\ Dlt«tlOll ~ lUI ... ~ "" .... tIU'e. Sin"". I t any point / ' 
• • 

on tbe ginn eu ... , the .al"" of dy i. tho ... me fo. \he OUr.e ,. 
Ind tho oo<cutating cirde for thu point., it follo .... \hat they 

h.o.v. d ......... IUg<lIl\ ond no,"".1 oJ; P, ""d OOnee that the 

. -.diu of ourntu .. coi""id" .. ith the Dormal. Again, .i."" 

1be nluo of ~ i , the .. me for both eu""" at I', it follows 

from Art. ro, that they h.o.vo tho .. me di"",tion "f be",Hug 

at that point, and h. nce that tho ""nter of curvaturo Ii .. on 

the """ca . .. l id. of th •. gi."" eUrTe (Fig. 43). 

I\ follo .... {rum thi . fact and Art.. 81 that the ,"""uilting 

eirele i . tho lh"iLing f'O"ition of .. eirel. _ing U"""gh tl""" 
point.. on the "urn> .. hen Ih_ point. ono • • into ooi""iden .... 

Tho """iu" of c~rvatu .. i. "."ally regarded ". pooiti .. o. 

negative ~ing &8 tbe bending of the Curye ill l"",itivo o. 

negati ... (Art.. ~9), that i., acoording .. the .al"e of :s i. 

poolti •• or negati .. ; ben",", in th .. eIp", .. ion 10. R, tho radio 

oa1 in ihe uume.ator is al ... yo to be givM lb. pooitin oign. 



I>I .... P:R~NTIAL CALCCLUS 

Tru. . igo 01 R chang ..... tbo ","nt. J> p ..... through .. point 
of infinioo 00 100 gi.~n curve ( fig. «~ It. i . e.ident from 

!.he 6go re that. in !.hia """" R VU'I"" !.hrougb an infinit. nlue ; 

, 
, 

Y,u . ... 

flo' the ";..,le through tbe point. N, 1', Q ~rl"(""h." coinci­
d ence "ith tho inOexiooal ta,,~, when Nand Q .. pp.....,h 

ool ncid"""" "ith 1',!.lId the <>eD~r of !.hio ci..,l • ..t th$ Ame 

tim. p:IM<' I<> innnit,.. 

94. Tot.tl ",natutt 0:1 • (I ..... a..,; .nra&e ... ,....tlI.... The 
total cu:r..tUf<I of ..., ore l'Q (rig .• 1;) in "biob 1.10. bending 

" OD" ... 

i. in OM direction, i. \h. angle through 
"hieh th. tangent .wings .. the point 

of colOtact moYeO from the initiol poillt, 
P to \h. termiJUJ poin, Q; or, in other 

"0,,1., it i . the angl. betw",'''' thfl tan_ 

gent. at P ami Q, ",,,,,,,"red ff01ll the 

fonn" to tho latter. Thu. \he total 

cu ... t"", 01 .. gi •• n a.., i. pooiti ... or negative aooonling .. 
the bending i. ill th$ pooil i • • ,,,. oegat.i .. di"",tion of rotation. 

The total ""..-...tu,," of an are di.ided by !.he l~gtb of the 
.'" io coiled 1.10. ,,_ ""rn.Wre of the a.te. If the t.ngth of 



OOIlTAC'1' AND CUIiVATUilIC m 
the"'" PQ i. a.. c<ntim.te..., ond if ito t<:><al ,," •• atu~ ;. .1. 
ra<iiOnll, th= i to u.rago cunatu~;' t radian. per ,,"1It.lIll. tor. 

9~. -. ..... of """ ....... n • 11_ poiot. 'rh~ ........ r< of 

tJo. < .. ,."... ..... of ~ ginn cur.e 0.1 & gi •• n point I' i. the limit 

which tho ...... !!" 001 ... 1.0", of the are 1'Q &pp""",h." wben 

the poi.t Q al'Pro&<b ... coincideoco ... ith P. 

8i"". lb.. a."rage cur ... tu ... of ,he....., I'Q i. t, the 
mea.u,," of lb.. oU"ato,," at the point P i. 

ond may l>< ",proed .. the rate of deft"'i"" of the a~ f~ 
lb. t.&ll~"ut e.tiuu.W per unit of length; 0.,'" tbe .... tio of 

Il,. anK"la • • elooi'y of the tangen. 10 ,h. linear •• loci., of lb.. 
point of oontact.. 

To "1""" • in "rm. of r, ", LIId ,~ deri.ati ... of ", "'0 

th.,..,fore [Art. 41. 

... . "'''._liI 



Dl>'FEKEII1' lAL CA1,CULU8 

96, CIU' .. '''''.O/' .... &n:.f. circl., In tbe """" of a oircnlar 

IU'C Lhe normal . .... r"dii; 

and Iberefore 
, 

. " - , • 

1" 

It folio ... th>.1 the ave~ cu",.I" ... of all .. "", of the .....,. 

oircle i. oonotant and equ.al to ! ",dian. per unit of lengtll, 
• 

For enrnl,l", in a oirde uf 2 fet't rndino the total OUrTalll'" 

of .. n aro of :1 feel i. 1= 1.6 ""'ion., <UId .bo avenge oun&­

ture i. ,5 ""'ian I"" foot. 
[L /IJ"" follo .... from (l) that in different mrd .... rca of Il>e 

.. me length 10", ... total ",. .. atu ... invo_l:r proportional to 

II",ir .-...Iii. 

Tt, •• "" • oIrou"I."",,,,, of 1 "' .... •• i[;. ~ ••• '" "I 5 _1"",10 .. 
h ... k>t.oI ..,,,,.w,,, 01 _~ .... i.,., aDd .n ... .ago 0 ....... '" ,,/ .1 

.oil;.n I"" dooim ... ,: bu, 00. el".mf ... "", of half. <n"",," ".li ... 

.... ....". loogth ,,/ oro ..... 1041 'u ........ of I .-dl .. and an 

.... _ ou ... Lu .. of .2 r&dia" 1''' J.ei"","',. 

, 
97. Co. ..... .".. <II __ \atill~ tiTC!e. A cury ..... d ito oocnl .. t­

iog ci..,l. o.t. P h .. tIr . ... "'" we"'u", of ou, • .t,Lu.., at that 

point. 
I'or, let " .' be th. ir _pe<:ti .. m~ .. u ..... of curnolure al 

tho point of oo,,;""t (~r), Then from Art. 96, 



OOIlTACT AIiD C\) RVA'M!lll: 

lIut thi, b th, _ipro(lt,l 01 the .~pr_1oa. for the r&:iiUl of 

.u" .... ",., (Eq, (6), P. li3h be""" , .--. R 

'fh:.l i" I~ ........... of •• MOOoI • • • • <tl "prA_' P i . lA, ' /eipo1>-
<til '!f tAo rod,' •• Of <W, '2"" H ,," , .... po>itol. SiD.,.' curn 

ud ;taI .-..Iall", "'rcl. loa" tM ......... i .. "f ............. '" 
(Art.. 90) d1heir poill.t of 00"1.0<1., it Iollow. flO" \.hi ...... ul\ 

d,," I~ '._u'" of """'''''0;0 i. oJ"" th. ",nA lor botb, . _ .... 
I. u. O!l 0000<,"1 of thi. Pl"O!"'rtr til'" I~ _ul.lioS .;..,1. 

b ooJltd 1he el ide <rI. .u ... tu ..... Th .. it f()OIIoMi .... u"" .. 

the deliDiDI popeot! 01 \he ", Ide of eu.""'1'&. The ..... iu. 
f!l .u ... tu .. · ... P.....,1d \beon bo d<lioed .. the raIIi ... of th. 

oinll'1I'h_ me .. ",.., of cu •• ato ... i. Ih ... ,ne .. tb.t of Ih . 
gi •• n cu," .llhe point 1'. , ..... l,,~ .. Ioond f ro", I . L ~ 

&Dd Art.. to,","""""" .. ill. lhaI. ri- ilL An. 9 1. 

UIRC'SU 

L fi .... u.. ...n .. o! .''''''''''' of u.. .. ,,.... _' '" I ... . Uho orI,l .. 

2. FiIOd .... nodi •• 01 .......... of ,too " .. 0" + .. + .( .. +,.) 
.. .., u. ..... oftJIoo. 

3. f ind .... nodi .. 01 ... ,...", .. 01 tho n ... o • ., _ b' +."., .. 
Il"1o .mii ... 

• ·1 .......... _ .... d .......... , .. 01 .... :.1 ... 'o. _h of llao follo .. '-.: 
........ ol. _ poi .. ( •• ,.) .... Iboi. __ leal .01_ :.11110 ..... 1 

poI .. '-d',.', f Fio.cl ....... . "- .............. ,...._ ..... __ ---t . Rool..,,.l.&r ~n"rbolo ., _ .':.1 ( .... ). 

So . II~~_'_ I .... ( .. O}. 



'" 1l1,VI.RF.)l'nAI. (:ALCt;LUlI 

.. C .. ,,01-""""···', · .... C .. · ) · 

l . 1'voboIo.li ,,".r, _..r. .. Ca, OJ.. 

.. IIn"",,.,loO:!.1 -+-" • • 1 .. Lbo p<>i .... . hlo;k . .. I ' 

I. Ci,.oid!l' = -~ ... .. .. 
20 _ . 

• • lO. CO'*-1,=i(.·.,-·) ... . O' 

11- 1 ... lWpo .. Ia"' ............. ,= ... u.. ............ 'i 10M ' 

• 
... _ dt. h.ttooo OIl lIoo ........ i ... lor • _ a la .... 

«>ir&lMu.. Val mg lhe .. ",.d",,'" AI'\, 68, .... b.a 

t>.'+., 
!!1 (1 :~) d".w dI •• = - ....... -

~ .. (' ) .. .. 
[ An. u . 

. . 

ll-



IXllITA,CT AN I) CURVA'JtIKII: ", 
.hieb, l ubolilule<i in ( I), gi_ 

Si_ . .. !, il followl 111.1 

.. + 

""" ..,..,1111toWd be _pill" . iib We of Art. 72. 

Wh. n .. .. ! il taken as dependenl ..... i&bl., t.h. up .... , 
..... for . .... _ III. si .. ple. r ... ", 

8i_ .... poiDI of l.tk.i"" ~ HIli. h .. and """"P sip, 
h ... oo \he •• ,o>,1l1ioD t ..... point of in lle.i .... , uP' !d i. poll. 

«>ilR!i .......... thai. +::; ohaI l YOllioh &lId.~ . ip. 

lX[~CllU 

nod ~ .... 11. oJ ............. lor _ oJ tlwt follow .. , "',..,": 

:t. ,. 2._' _" 
I. ,000'1' . '. 

1 . ~ • • • 

~ ,,-,. ,,~. 

.., _ 20(1 _ _ '). 



,,, 
~VOLIJT"'" "110 INVQI.!.'TE!I 

lB. DoblUooI 01/ .. noI_ WileD \hoe poin~ P I'l10_ .JODH 

lho Ii ..... cu, .. , \.be <:olD"" of CurT,""", 0 d .... ribeo .n~r 

curvo .hich i ••• .nod Ih. 0Il0l001. of Ih. Ii .. " 
Lel.j(:r,,) ""' O bo. Ihe ... uiOUo>' of 'M ,iwen eon .. Thm 

u.. <q .... iooo 11K doe 100 ... d_ri_ by tloe poi'" 0;' fou!>d hI 

eh .. ;"",iug.,...,d , r",,,, th. Ih .... oquati"". 

J(2, ,)_O, 

~JI ;('!r)] , " .,-.- , 
-' 
~ 

>+(:(!)' ,-/1-- d'1 ' 
~ 

.. ,d Ibtu; obtai.,,,,,, ... 10....., bel ......... fj, !.he 0.>&"1.1 •• ,,,," of 
u.. _Ie. of eurn.l.ore. 

No l"ner:al rroee- 01 eli",;nation can bo gi ••• ; lhe ",.t.bod 

10 be todopted del>Ol>d . .. pOll t.h. 10.., of lb. «i .... eq .... ti"" 
J{z.,)" 0-

1';"., •• bon 1J>e .1i .. inat.ion ean.oot. be p .. forn>ed, the .. OIule 

.. n ho ,....,.,d ftofll poi., 1<1 l .... int bl """'ruliog ""_ •• i •• 

n.1I ... o f (., f/) _poIIdi"8'" I._i •• nlg .. of ( .. ,) 

J(L L I'\od Ibo nol.k 01 Ibo panboJ&,. .. .. ,... 

e ; .. 

, _ 2,1,1, ~_ ".~I, ~ . _!'.I..--I, 
<lz dz':r 

• _ . .. _ ,1.-1(1 ... ,..-')2 .. --1 .. .. _ 2 Co ... ,), 

!I - 1' '' ( . ... ""--')~ , - l.1 .. ~(,-I.I .. "M) ; 



OOll'T .. cr .. 110 cultv .. ruaa 

, 

~. 

n.. _ I, of .Ii .. ; .. " ", z .... _ I'" Loot I .... eq .. u-. .. 
... (o - ',) ' _ Ibl,8)', 

' 83 

wk ...... 1100 "'I ........ 01 <10 • •• 01 ... '" .... puo.bob.. .. II Iooi .. Ill. 

, ..... ' .O'!"H" ....... 
U .. Ill ••• ...-Iono for 0 and IS .., ..,mp.'" ""'i, .oJ""'" .00 10 

1_ .. ,100 pol" .. (<t, IS) ... .. n ~ - o. 7'" 
.:~, z. .'ind ..... ><11.1< 01 tloo ol1;poo 

n ... 

" 

t "' ~a I . .' . . ", ,, .. - + , ..... 0. ___ , 
e' .. ". ". . .0,-

,-.-
.... .. <I. _ .. ( ~ _ ', .... - " :...1 __ ' _ __ '+ _ "'_ .. ... ~ -, __ . ".. .' ,. .. ,. .... ..,. ..... 

( I ) 



,8< DlrI'ERBlfnA I. CALCULUS 

")' « ~+ I - ~) •. . ' .. ~ , .' - ~ ... - .. ... .. . '- ~~ .. .. --;;- . 

(2) 

") 

Qo oIi";"'iD( I, J boI ...... (I), (II) . (~).. Iii< ... ,,,,l1000 <If u.o 
Iuo: ... _bed I:>,- (-. jj);' 

TK, 

100. Piopa ' ie' of .... _l~t.. The .... lul« h ... '''' .. in>. 
1'(I~t P"'P" .... i'" thai . i)l no ... be ,.u.hl ;"bed. 

I. n. -.al to tlt ........ '<lY1OI M /Joe ....... 1<. Tho 
,.tationo _noe'ing u... ooGrdiut.M (_, /1) of lb. c:u"'. or 
""tn."' .. .nth u.. ooo(tnlin."" ( .. , ) of !.be _I-'i", 
po;., .... iii. eoI."e .... , .". loR. ~I. 

s _ .+ C, - /J)~ - o. " ) 
I +(~)' + ~ - ,6)~ _O. '" 

B1 dilr • .,mtiating (1) .... 1<> .., "," .. oid. riog ... fl.' " function. 
of .., .... obtain '+(")' +U_ I1J<!l _d·_~lI .. O. 

<b rIz' <b d% <b 

Subtneti"C (3) r.".. (2), .... obW. 

M+~2_o, 
" ulb 

",bMN !I!. .. _ <b . 

M " 

") 

") 



CONTACT AND CURVATURB '85 

But <Yl i. \.he s1o!", of the tangent to U ... en}!uto .. t (.., fl>, ,. 
0.0<\ _ <b i. the . 1"1'" of the normal to tha given ""He at 

" (:z; f). """,," th""" li"". hue the 
AIDe . lop"; bu. they r- through !.he 

sa"'" f"'int (.., /1), th""""'" they .. '" 
",incident. 

II. '/'II. dlff.......". I>d-.... II"" TOO;; 

of """",I.", of til. gi""~ • • ""', ",A;rh 

1_ 110< troIu.I. <>I lA, pWw C" 0, 

, 

(Fig. (7), I. "l"allo 110< "'"" C,C, of '''' oro/Mlo. 

Sin"" R u. tbe di. _OIl boll " ""n tho f"'in ta (.0; f), (.., fj) , 

('" - "y + (J - /1)' - ll'. (' J 
Wb en the point (:z; J) mono along \.he giun CurT~, U .. 

poiot (_, fj) mOT" along the oTolute, and tho • • , fl, R, f, ore 

all function. of "'" 
Dilrerent.iat.ion of (5) .. to,. si-

hem"" onbtracting (6) from (I), W" olAin 

Again, from (I) and (4), 

M " ~ " - --_ . .,_<t J-fJ 

F) 

(OJ 



'" 

,{i~},::~~;r ~, (0) 

in whleb " io the "'" ot tho •• oluloo. (Co",~ Art. ~ I.) 
Nut, multiply"", num ... \(II' aDd denomiutor of the S .. ~ 

... .. be. of (8) by., _ .. 0Ad ~ of \Joe """""" , ... ",be. b1 
,-fl. UId ... "'binia' ....... u .... O'aWr'I aDd d ........ inawn,.e 
hoi Uoar. _b of tho fnot;"",; .. (S) io "'I...,.) '" 

H" 
.. hioh 1Oq<>al. - -; by (7) &ad. (5). 

I'll COlD",,;., . ,\.11 (9), • • <>bbi. 

~ .. .:tofB. ,. .. 
! (O';t: R) .. o. 

(10) 

wh"",io "Do ", ... u"",, flOm • h"'I I"';"~ A on the •• olul •. 

Now, Iri a" C. be the ...,100 ... of "" ... atu.", for UJ. )'Qjn~ 

1'" P, OD. the ~ ..... n ..... ~ let. I',C, '"' R~ J>,c, .. It, j """ t..t 
the ..... .de" .Ie. bo do",,''''' by .... ~ T ben 

henM, 

O',± R,- "' ± R., by (10), 

., - .,- :t (R, - R,); 

aM c,e._ R, - H,. (II ) 



CONTACT AND CURYATUU 

Thu., in Fig. 48, 

P,C, + C,C. _ P,C. 

P,G, + C,C, - P,C. <to. 

liellCe, if a th ... ad i. "''''ppt<\ 
around the evolu"', and the. i.o un. 

wnund, the f...., euoJ of it can "" 

m-.de to t.raoe out the origino.! our ... 

F""o !.l,i. I""P"'\Y the loou. of d,e 

""'."' ... of CU,vatUl'e of .. gi.e n 

'·u .. 0 i. ,&1I«l the _nit of that ""n'e, &tid the lau •• i, called 

the i~t'OI .... of the fo''''"". 

When Ihe . tring i. u.,,",und, each .point of it d-nbe • .­

tiifferent iuolutoo; he,""" any oune baa all in~nita numbo. 

of invol"too .. lout <>nly <>n" ••• lute. 

ADY t ... o of these inTol""," int._pt .. <on. taot diOl.lUoce 

"" thoir oomm"" !oOr",~I, a.nd aN) ... nod pd.-olW cuna on 

",,,,ount of tbiB property. 

,:~. Find Lh. Jong<h of .ba. p&rt 01 Iho ""'die 01 >boo pouW­
ula ... hic.b H .. i • .,do Lbo """0. 

Fro", I'ig. 48 ..... ""lui..". Ionglh i . t .. ;.. LIoo ditr . .. n"" bo ...... 

tho ""i'nlo c,p,.OO P,C. both of ... bkb .... no.nalo I» ..... -,. 
To hd to. cOO<dio .teo of ,ho point P • ...,.;I0 .... "".ot"", of tho 

tan«<ot ' '" tho ""o1u", u Co •• nd find u.. oIbn point ot wbich it 

i.u, ..... " tho I"'rabol .. 
Tho -..Ji" .... of C . ..... poin t 01 iutor_LIo. 01 ..... 1"" ......... 

""" (8p, .,';2). ODd lho "'I".tion 01 tho ""g<TIl.~ C, io 

2,, _ ,;~, _ 813o. 

Tbio ".go"' iulm...," t.b. pa ... boIa u tho polDl (2,.., _ ~v1p). 
wh",h io P,. 



'" DlHKIIKII'TIAL CALCULUS 

Tho nl .. of ,~. ""h. Qf oo1'TJlI"", ;. 2(~ + ,,)1 , bo"". P,C,_2 p, 

" p.e. = G.I3,.. bnoo \be ... C,C, "' 2 ... (~ ~ _ 1), bd u.. ""loin><! 

length of &b. _'ot.. 10 Ib . .. /_ 41'(3 v'3 _ I). 

IEXERCI SES 

Find lho _;0 .... of th. """..,. ,,{ " ............ lor ...,h 01 lbo 

101"''';''/1 ".rY .. , 
1. x'+J'=". 

2. " . _10;·+';" , 
3. ,. .. . '" . 

• , _ ""I _ r', 

FiD~ Ih. oqu.atio ... 01 ~ .... ..,1 ..... of Ih. loU ... ing 00" .. : 

e. ~"' _ !H'3_'"'' 

8. soo ... ,bal the ""n,t.,," 01 10 . m.,.. 10. m;.;mum aI. t.bo .,oJ 
01 Lbo mi"", &:Iii. .. ,d lhal u.. """01&';", <;",10 • • • h .. polnt b .. ..,,, • 

..." of tho Ibird order with u.. ou ..... 

r ... III 

This ";,d. 01 """.~,.. ",Dol "" ... U",ly o.LoWe tho .1lIpoo 
(Fig. n). r Of, ..... ide. '''0 pmn" P" P" "", 00 ...,h "do of B. 
110. end of \be m;OOf .~;.. ,4,\ U- poio .. Lha •• ,....110 .. 10 gre&t<1" 



OOllTA(;l' AIID CI;I'VATlJRr. '" 
\loaD .. S, ... _ u-o f'OI~" ...... be 1...-. I ..... <100 <&0"", • • t B 
.......... "Imo 01 • .....-............. ......,. ........ _ ........ 

tu~ual& 

e . Sh"IJa,I, •• \oow Ibal lb. eu .... 1.un> at A, II .. end of lbo m.Jor 
&rio, io • onu.; .. . ... Nod Uoa.I "'" e!,do 01 ................. ..t liM eol1tool1 .i_ .... oILi""" <Fill. 4t" 

10. 6 ..... bow \0 . . .. b lbo';"," 01 eo"""'", lor poi ... bot_a 
A ond fl . TI .. ,; .. Ie of ,., .. to ... I", pH" .. bo,_" A ODd R "'" 
,~""" "ol d I ., poiR" 100 ...... _ .11 .. \.100 oill""" «I .... 1111) , __ 
.... .;rd ••• - ....... ~{ ...... ) . 1.o<X, I', L ..... _ ........ 

00 1IM ........ h """ K ioo ""_ A 0D<l L ' .. ,"", B. T1K •• Iet 

of """""' ... lor I' lioo on u.. _ .. 01 \0 1', _ . " It.. _ .. ,1<100 
of \.100........ Tho ...... e_ " I'. 11"', .. \oIdo of ..... m""" ., 
K (~"'" _1o>W&r4o A), _ ..... I . .. m""" '" L ; for tho ....... • 
I. of .... ellipOo \..,, : ... !roD II \0 P _ f ..... P 10 K, ,,"iIo ... 
bendin C (eW"O"" ... ) 01 lb. _oJ""', eir<Jo "m,i ......... nl 
(}·ic. 10). 

ll.. Twe ........ 01 , .,,: ,. 110 _ ..-y ____ elC '- _ 

motri<oJtjo ,ho, ......... ....10 ... <100 ...... ore "'''''''' 10 ,too ._It. 



'"" 
la. s .... th .. 'ho uti .. "'ngth 01 tho .001.\0 01 ,be oll il'"'l ;1 

4 (1 - ~. [.'""" "lo.lion ( II ) .bon, .. k. El' R, .. tbo ....Ji\ 01 

".".t.u", ., !.h, .~t",oi~ .. of Ibo ""'j<>< IWd minor ..... ] 

l3. [I " ... \bo .. ,,\<. 
01 ,,",..,."'" 01 I'" ....... 

A (F ig_ oJ). pro •• ( h •• 

CE _ g,'. In .'hiob • i . 

tho """"nl>i<i1l 01 1100 

. lI i!""'; .Dd be" .. th .. 
CD, CA. CP, eE form 

• geo",.trio _rioo ..-h_ 
oon,,,,,,,, ... tlo io ,. SIlO'" 
.100 II ... D;/., A p, FE 
I"'ill • ';mil.,. .. n... 

H . If 1I1a1'" "n,", 

<If ",,=01 ... 'Of B, >ho .. 
Ih .. u.. 1"'10' II io ~ j.b­

",,\ or "iloin Ibe <lIi l_ 

""'_ . , _i0ll' .. • > '" 
<:: h""1. 0< ..,....di"tl" .... > or <: I. Skol<h lbe e..,l ... "ho. b _ 7

8
". 

U . Sho .. bl in. poclion 01 ,1>0 lli:u" lb •• I,,", ",01 oono.l. eu 
bo J, ..... '" Lbo , m!"", I",m 'n, point "iLl,i. tho • .,,10 .... 

lG. Flod tho "",.mom. ............. 01 tho • .,,1.10 of w.. oyeloid 
~ _ .(, _.in'). , •• (1 _ 000 ' ), 



CnAPTER XIII 

811fGULAR POlIfTS 

101. lIoblUoa ef ollDplu poiDt. If thuquatlon I(~, r) " (I 

i. ~PI'_nto.d by ..... rT<!, tI08 d.n...u •• :' _boD iI. h ... 

<ie(e=inate oalue, "'."...... \l>e .IOpe of the tallS."t It the 

point (z,,). The .... 11 be ... oUin pointa "" ,be """'". ","". 
e .... , It .. hioh the .. p .... iQII for the deri .. tive "'um", an 
;Uu-," Q' indottumi_ form ; -.I. in _"'I ........ , 1M .Iope 

of th. ~S"nt .. t ."ch • l",int .. nnot boo di""'lll doto.,.iOf)d 
I., the , ..... bodof 1...1.5. Stocb uJ ..... of ~, .... eaJlod ..... 

~./ar ......... ond I1Mo "" . .... pondinr polnll "" lbe ,,"'.., .... 
called ""'1 I" pol . ... 

108. ~...... '" o!.,...tu poI&to of <'t,t ... 10 .. ..-. 
·When tbe oquotioo. of the ""ne io ati""oll....J. ond cleuod of 

f.acH"" .. 101 il tab lbe f"""/("', .. o. 

Thlt Ii . .... b, difl' ... ot.i.t.ion .. ith regII"d 10 ,"," in A.rt. 6.'>, 

i!!" + ·!<II .. O 
h ~dz • 

!l 
" h d· " -~Z .. (' ) 

lu oroe. that ~ "'01 ~!IIe illuODrJ , 1110 tb ... fo .. _ 

....,. '" h.... '[_ (I ~' .. 0. (2) 
a.. '" 
'" 



192 l>IHKIIF.NTIAI. CALCULUS 

Thu. , b> <iet<Tmino ... h.tber .. ghen ou,y./(,., ,) _ 0 baa 

. i1ogular l"inta, put II[ and lI[ ..... h "'I.u.aJ to zero &Od 001 •• .. " th""" equati"". for" and y. 

If .... y pair of nJueo of ,,"nd J,"" found, . ati.f, the eq\lllo­
tioll It>; y) = 0, tho l"int dd"rmined by the"' i. ~ lingul .... 
l>oiot on the ou'Y,," 

To determine tho app<'ll1"O.fI<"AO of the nurre in tho yieinity 

of .. l ingula, !'Oint ("0 "J, •• aluate tho indot.ermiuate {,;mn 

'" d.¥ ax 0 
",,= - ;y- ij' 

" loy fl"di"" the limit .. ~~roo.ched eontinu .... ly bJ tho .lop" of 

the tangent ... ben " .. ~" J '" fI ,. 

Hence '. --" 

at the point (.", ,,). 

,q,(1.1 
;;(~ 

[Art& &t, 8.5. 

Tbi. "'luatiOtl cleared of (,,,,,tion. gi .... 10 d<'tettnin. the 

.lope at (.", ,,), tho quadrllic 

"(")' + 2 ~/ ("') + ~ _ O. (3) at dz ii%~ 1& ~ 

Tbi . qUAdrati<: equation h ... in general t .. o T<XI\.I.. n. 
Duly " "copliono ",",Ur ... hen .imultanOOWlI" o.t tb. !'Oint in 

'Iuestioo, 
(.) 
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iD whieb _ ~ ia . till i..!wnDlnaIe iD f_, oOO .. 1lIl. be 
u 

en/_loci .. before. T.Ioe _.11 01 u.e .... 1 ftnlooation I •• 

oubi<> iD *t. whioh ah eo th_ .... Iu~. I<> the , 101><. uol ... all ,. 
Il>ft Il>ird ~ c1e,inti_ .... w. oi .. ~hu"''!,]1 at II .. 
oi lgo>lar poiDt.. 

T he po_ric intetpf'OlaliOll. of tho t .. D ""* 01 «iUII;"" 
(3) .. III Mw be ~ .. n, ' Dd . 10011 .... i'rincipl .. ... m "1'1'11 wh." 
the qu.odratio> ia ",pI..eed "" aD eqoaU<I> <II ~I,""'r ~ ..... 

Th Iwo ro<JIa <II (3).'" _I and dQlin.cl, .... 1 .... ooiOlci. 
dent,.,.. iIOogina:ry, _ding u 

i. """ili.e, .....o, " r ""p'i.... '"'- th __ will bo ....... 
• idft<e<l oopo"",,I, . 

103. _.mple fOIaU. J"in ' leI 11 be pooili.... T hen at ""e 

poit" (~,) for wll ltll ~ .. o, * _ 0, th.", ... 11'0 ... 1 .... "r 
tbe oloro, 000 ""'_ Iw" di oU""1 . ingul .. IIIlgon\.t. II r"l · 

I" ... r ...... I bi. t41 the cune goeo th,"",,&h U .. poiDl iD h'o 

di~ or, iD other ...,hl., I .... I>n,",~" of tho "" .... ~ .... 

II thia polot.. Soeh. poiol I . .. 11..1 • _I doubl. p<>lDI of 

!.be eu .... "" oilllpl1 f ~O><IOl. The ooodltiool, tbeD, I<> boo loUi .. 
Iiod 11.. -.. (rb , .).,. 

f (z""J_O, '!'! .o, ~_O, 
~:z , i'/, 

and H (%o " ) > O. 

rd. I':&a.oi. "" oi.plar "", ... Uoe "" .... 

3" _ " _~"" " _I " ,"L 
' .. 0 .. .0. _ 13 



"I' 

II ... 

Tho ........ _ 0, J _ 0 ,,;n "~1 tIl_ 1.h .... oq"o.""", "",, .. 
(0,0) io .. oiogulor p<ll"~ 

~ _ 6+G. _ 8.'(o,O), 
~ 

:£, __ I, 

~ _ _ 4 _ '8, _ _ , at (0,0), 

, 

~ .. 
1_ .. tho ~""'on d_ ... in;og tho .1Of"';" f,om (~) , 

_ f(*)' _ 2(~) + G E (I, 

0' which tho ""'*.,.., 1 a nd _ I, It lou.,.." th., (0. 0) io . dou.bLo 
poiD. at .. Moh" 111011""" h ... tho .Iopo. I. _ I. 

1'1"" ' M 60\"&. of lb. _I "1"'pWlo,&nd lbo .......w ...... of .... 
ftni\e poln' In .. hlch It. _ u.. " ..... 

1M. c...p.. Ned Ie. II _ O. The .... tangent. Off then 

eoi""ideDt, and the", . .. h r ....... to oon.ideI'. II the ,,0 ' " 
>«ell • • f",111 the tangent in both di rect;., ... f..,m t.h<! point of 

tang_y, tb. oingular point i. ca.lW .. laoood.. Two di.tiDrl 

b.....,hooo of the ""rYe toueb M.C.b. other U thia point (See 

Fig. 1i3.) 



SIIIOULAR !'Ullin '" 
It both branoh .. of \.he """'" recede from tbe tangent in 

only one dir«:f.ion from !.he point of tangenoy, \.he poin~ ;" 
callod ._p. 
H."" ogain!.h~"" tlfO ..... t.a be distinguished. If th. 

bnD<h .. .-I. from !.he point OIl oppooit<o l id .. of the double 
_gent., the ... p il oaid t.a be of the 6 .. t kind ; if \.hey......,J.. 
on tbe .. me sid., it i • .".Jled I eu"p of the -""d kind. 

The metb<><l of iny •• tigltion "';1I be mUlltute<i b) a f ... 
uampl ... 

1( .. ,)= • .,. ~ ..... + .. ~ 0. 

~_ ~ . ""+ 8 " ; *=2 • .,. 
TI.o polot (0, 0) .. ill .. l id,/(z. J) _ 0, ~ ~ 0, ~ _ 0; ........ I< 

io. oi.dguWo poln~ 1'> • 

..J!L.0, &., 
~_2"'. 

Thot ..... 1< ... of * .... lb . .... 

fore ooj"d<lenl,..,<1 _h "'1.1110 , ... A 

ae,..,. r ",,,, u.. lorm of ,h ........... , tb. ""~ io _ 11, "1'"' 
....trlOaI. .. itb ...gar.! 10 bo1.lt "" .. ; Ito""" lito point (0, 0) io alac""';". 

No p&rt uf tho •• "" ean l.oo at I t;f<'at<r <liolo""" f""" tlto )'-Uio 

than ± ~ .• I .. b ich poinla 9. is ioll,,;'" Tho ", .. imom .. I ... 01 J 

" """"opon<b 10 z • ± • .Ii. IIot ...... ~ 0, z _ a Vi lh ..... I poi"l 
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~k.\oh U .. 0,,"" obI.i""" by ci,jog l.arg<r &Ild ia'l'" Tal .... \0 ,he 

PO"'''''''''' 
E • . 2. j(',,) - 1'-'" '" 0, 

iJ[ _ _ 3~" N _ 2" 
a. a, 

He_ u,., pol •• (0, 0) i • • • insul ... poiD1. 

FarUtw, ~=_~=o ot (0,0), 

..i!L. = 0; ifL . 2. 
~h .,. 

Th.",1oTe u.. two root...f tho qUS<l .. '" "'I •• tioo delioiog ~ .... .. 
bolh eq ..... \0 <Oro. So r .... 'hi< co.. i • ... "U, lih th. lMi "."" bUI 
t.<", 00 ..... 01 tho •• ,... lleo \0 tho "'II of ,he nil,. On u.. Tisb' 
oid< •• h. On"" ia .1"' .... 1rio "i<ll ..... ..1 \oth •• -a:>i.. A. z ioc. .o, 
J ine_, til"", or. fiG '"Him •• .". 'n;ni .... ODd no [do,ion. 
(~·ir. 14). 

TI .. poin. (0. 0) ia • li"lluJo. )'Oiol, 00<1 u.. ....,1001 tho quadralio 

dofining!r are boUI ........ \0 "ro, 110""" .... origin io. ""1(',.00 , .,. .. 
,u, p;dal ""'Ir"Dt io lbe ..... Ia. 

To obow!.b. form of tho .~ ...... Deor tho 0"", ..,1 ... u.. oquat.ioo 
,." ,. Tho. 

' - ~(l%..f:). a _ z • 

• 'i ...... _ ....... """iti .... 

When z io !><poi.." io ;"'.gI ... .,., ",hen s .. n" .. 0, .. hen.;, 
poolli.., bu, _ tho D, , ..... t.o pooiti ... .. l .......... 1.'" ,.'0 

h","oboo ore obQ.o \bo z.tI.io. W"". z = a, " ... b,..,..h borotnM i._ 
Hoilo, baT'ol tho ... ,mpto\o z ~ oj u.. .th .. b",,,,,h h ....... n"Iinat. 

I'" T bo origin io thorofor.. <up or t.bo -.nd kin~ (fiC. 1>6) . 

Non oUf'J'<IM u,.., . .. Dog_Ii..,. Wbon' I. pooi'i ... ,;" imag;o 
"''7; whon % ia DOgolI .. , J;' ",al. Tho ....... ,""""iDS" hof"", 



-.IIooI.UIon Io __ olUoo i i d""iBU:o_~dq_,. 

" , .... IIMo_ ... n I" ...... M. 
I:u..l .. Iho v-oi\OooQ _ ioo .. ~Ioh ... 0. 

, , 

x _. --
105. c.ofgcBtt"'i.&. Lull,. It!. II be ... gati..... I. thlt 

.... I"" .. I .. DO _ 1 IaIIpM. i 11<1: .. no poin to in Uwo ':0. 
medi .~ .ieinitJ of the gi .... poI"1 ... UtIJ th" "'tuition of tho 
eu",. 

Snob an i""I.W point it .. lied. "",j. V''" poifIL 

lie.. (Il, 0) i ...... plu poiIIl ol "'" 
100 ... _ .... 10 pol.' _ , ... 

~, .. ~~- '. .. . 
bot!: l"00IO btl.1 imqi""'1 il ."""'. 
II . .. ,h, "m, oip. 

To ohQ".bo fQrm 01 !.boo"",,, 001 .. 

:.ho "_ ",u"tio!o I.,.. ,. 

"". , ,,~ ~..j' -', • 

-'~----1c--'Z 

_ . 
ond ... -. II • _ ..... -,Ii" . ............ ""'" "'*''" _ ... ..... btI._~ =O.noI ~ . ~ "1"11 ... Oio.w .......... poi •• (F'.,. MI). 

£U.,l .. :.ho _ , • • blo~ "Of • II ...-pi; ... 
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Tb_ are the only . logol .. ,i ... ", ~bat t.lgeb""ic "mv,," ean 

h~.e, "though ""'"VHoal.eol oombiDati"". of Ibem m.y "]>p<&" 

,n _h of the !oregoing .'""'1'1 .. , ~be .i"gular point was 
(0,0); but to • • ny other point, the ... me ......aDioS "'ill o.ppl1' 

E._ 2. f("J) ~ "'+""~13" - ~z + 11,-3 _ o, 

~=2x _ ~, !1='r'-251+17. az a, 
AI 11>0 point (2, I l, /p. L) m 0, oj{ _ 0, oj{ ~ 0: "."."" (I!. 1) t • 

.. IIingular poIn.. in I), 

... 1>0&"=2; ~_ u; .<l!>' _ 18 ,_~ __ hl(2, 1). 
iJr' IJz ~ a,· 

JI_ 02 _ ± !; .00 .h .. the "'I."m. of ,"" t"" lang. ... at. ,boo " , 
..00. (1. I) .,.., - I r I{z-2), J- L _ _ j(z_2). 

When J[ io ""gati •• , tbe . iogol ... point i. o_ .. ,ily .. con. 

i"8"t.oo point, but the """u ..... i. Dot .. h ... ,.. tnJe. 

point .. a,. he .. """jugate fl"iDt wben If .. O. 
EL' belo •. ) 

EXER(:ISU ON CHAPTER JlIII 

A , ingul.r 

[Comp&'" 

Komi .. _h 01 t.ho l o' .... ;ag <"<TeO for ",.!Upl. po" and ftnd 

Ibo "'1 .... 110 • • of . ... tangoo," .. ooch ..ok pOIn'; oJ"" find l he 
'''Y'''pk>\eo .oJ ,keloh tho cu"", 

L .'>:' ~ ,.,. + z'r'_ 

2. J' . .. 
2o _ z 

... 1 +,1 ~ 01; 01". in nt;"ool lorm. (~'+,'_ .')'+270" '" '' n . 

•. "("_G')~"', 

5. '_ H~+b",.<..r; "".in nt .. ,.1 lorn,. 
(,_._~ _"")' _ <''' ~ n. 



1!1JI0liLA" POIIiTS '"' 
Whon a 0 ..... hao 10'0 po.nollol ." .. pt.oO<O i. io.aid 10 h .... ".0<1. 

at inBoily in lho di"",lion of . ho po. .... lol uYOlP_ Apply. I<> 

~ .. 
e. (" - 1')' - 41'+,.0 0. 
, .... - ~mr- S...,. _ llm'z' +.' _ 0. 

J. " . z(z-I-m)·; 0>0; ,,<no 

9_ .. _ hz, + 1' _ 0. Find tho uympiMo .... d .... h !boO\) .... 

10. I' E z' -I- ,o. 

l.L Silo .. lhallh ....... 1 ~ z los' h ... ""miflwng poinl allho 
oririu . nod 11> . minimum .. I .. 01, and antch t.he .~ .... 



CHAP'T'ER XlV 

E!fVELOPJ:S 

108. J'amIly of <IlrftO. The equation of .. C",,", 

1(:"1) - 0, 

""u&ll,. inol •• ., be.ideo the nri.bl"" '" aDd y, ""rtain _ 111_ 
cic"u \l,a' .. rYe to h the .i.." , hal"', an,1 pooi.i"" of the 

eu"e. Th. coefficient.. are called WDotanla with ",(ere""" 
to the .Mi .. bl"" :z: and y, but it hao boo>:t ""0 in pre.i""" 
ohap"''' t.luLt they may take differ=t .&!u,," in difte"""t 
pfflbletno, .. btl. the form of the equ •• io" i. I'moe,..,.<d Let 

" be one of .b .... "eo""t.a"ta." Then if .. i . given a .. rico 
of nnlJlerieaJ ... .1...., and if tho I"" .. of the ''In.aliou, corre-

sponding to eoeh 'l""'i .. 1 val"" of. " is IncM, . .. ri .. of "" .... 
i. oot:Unod, ..n haoing the .. me gene"'l ob. "",te. , but diff .... 
inl!" IOlJIewbat froID """,,h other in .i .. , lhap", o. I""'ition. A 

"y"",m of e",... .. "" obudned i. e.a.l1.d .. fa .... U"J of "" ...... 
For e.xample, if., I; ..... hod, and p i •• rbitrary, the equa. 

tion (f - I;)' _ 2p(:z:_A) represent. a f. ",ily of pan.bol .. , 
.ach Our.,.., of whieh hoo the oame Vette. (A, 1;), and th. sam. 
ni. "J _ k, but a difl'erent latu. r.duIlI. Again, if k i. the 
a,hitrary """.!.ant, .hi. equation rep ..... nla a fam il,. of pan.b-

01 ... h.ing pan.llel ~ . .. , the "'on" I .. tll> "'"tum, &Ild haring 
their velti_ "" t he same liM., _ ~. 

Th, p""""n<>o of an . rhitra'y oo" .... lIt " in tho eqnation of 

a corYe i. indioatod in functional Dotation by writing tbe 
~ 
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eq..uo.. in u... 1_ f (z, J, .)_ 0. 'Ibo q..aa>tit,. .. whioll 
;. """ ' ,Pt I .... IhfI ..,"" ..... e bu~ oIi~t fo< . dilfe~.l 

u"", it oatled Lh. PO"'_ of U.t I ... il,.. The eq""lionI 
of ,wo nflill"hburing "" .... ..., Lhtn .. riWoo 

fer, J,.) - 0. f:~, ~, ,,+~) .. 0, 

i. whloh • i.a •• mall iDC1"<!"'e1110r... Th_ oun ..... n I)f 

br'Oqb\ ....... 10 ""iDoid"""" .. d",ind by oIimin;'bi.," 

UI"I" . ... dept "'. f.ally oi coo.-. A poinlof i._I.1 ... 
ot 'wo nei,bbori,,!! ""no "f lht r_il,. l<'IDIlo Iowatd . li., i!­

i"ll" potltlon .. I .... "" .... 'PP"*'b eoincide_ The ........ ot 
.~ch h .. iUng point. of iDt.e..-tioo .. oatled !.he ... .,.,"'" of 
tluo ramil,. 

IAI f(z",.)- O,f(~,',"+') " O (I) 

bi 11'0 .". _ of \he f.."il,. U, 1M !.heo,.. .. "f IJH!II.D ,&I .... 
(AI\. 39) 

f (z, J, " +.l) - f(z",. ) +.~( ... " _+ .. ), (Z) 

wblCh,1>II ......... 1 of '"IUI'lion (1), .... _ to 

~("J,_+M) ... o. 

lie".., il lollo ... tlu.t in Ill. limit., whom ' ':' 0, 

~("'J' _) _0 

i. Lhe equalioot. 01. ""' " puol., Ill_ill !.he li.,iUDr poiut. 
ot i.t.e.-u"" of the ...... f (z, II, .) _ 0 .ith i ... "",,_uU •• 
....... Tb;' dewnoi_ for .... ,. ""8"""" ."1",, of .. dohi ... 

limili., pol.'" of inle,""",i ... OIIlht _p>adi11g ... ,.bo. 01 
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the bmily. The I""." of aU oucb point. io t.h<on to ~ obtained 

by elimi~ing the po.nam<to r ft {rom the eqllation • 

., 
/("", .. ) _ 0, _ (..,y, ,,j_G. 

•• 
• 

The _ulting """"tioo in '" and 11 ""P"'_ta the fi~M env,," 
lope of tho family. 

108. Tbo ""mope teel,...ury ...... of tile famlly. 

I . O"""",1'loal proof Let A, R, (J (Fig. 51) \,., th_ """_ 
ntiTO "m· ... . of the family; l.tA, BiDt.~ in P, ond lJ, Gillie ... 
_ in Q. Whon P, Q approo.ch ooineideaoo, PQ will "" tbe 

di~on of \he \angtlDt to t;ho .... volopo at P; but.moo P, Q 

..... ~wo points on B thai; apJ>lO""h coincidence, hoo.,., PQ i. 
AI.., thol di"""tiOll of the taogent to Bat P, and aoron:lingly B 

and the "n ... l0p" hy" .. """,moo tAngent at 1'. Similarly for 
".0"1 eun .. of tb" family_ 

11. Mort Ti~ """l!#ical pt'OOf • Let _ /("', , •• ) .. 0 •• 
he o.,hood for.., in the form. _ ~", ,l. Thon the equ&tion 

f(z, 1/, 4o(z, J» " 0. 

F.qou.ting the total .... ".i •• tiv. to""', .... ohtaln 



I:IIVIWPElI '" 
but ~ .. ~ _ 0 beuCIO U,8 .10,. of II ••• u_t to u.. t nvo-
~ ~. . -"" 

lope ~ the po;nt (~,) iI Ii". br 

Y+!l~_ o. 
"'" ~, <to 

II"t thio IOq ... Uoo deS_. Ih. dil"OJCC.ioQ of the W1Ir"Dt to u.. 
",,,"'. f(-. " 0) _ 0 lit ..... _. po;n~ ..... u.er.,r"", .. li .. it-
10, point o f iDIe_i ... "" "'1 __ bet of lhe f ..... l, ;. • 
poilll of -.lkt of thio cu .... .,;t.b tho ........ 

E~. Vi"" .... e1ITCIopo ot IIot f ... il, ot n_ 

DHr ............ (I) .. to .. 

, . .... -t-l. , 
• 

0 .. _ _ ;,. 

'" 
,,, 

To ............ DMlCipll <'I lit ....... oq ..... , oq,..,.. (1) ....... 1>-

d TIoo .... 1:; . io lou"" ......... 

""'p. 
Dr .... u.. liou (L) -""'I"""IInc'" 

.. - I . " .1, 1, .. , _ .. - I , - 2, - .. - .... 

108. I:.~ 01. .,, ' '10 01. • 11_ ........ T", .. 01~'" 
(A.rt. 99) ... ~6"oo .. Lb. loouo of the "Dter' of "",.alure. 
Th. "".tH of eu,~""." . h ...... 10 be 1.M ]><'in' of in ... .....,. 
Ii .... of .,n" ''''i .... ___ II ( A rt. 92), ."""- by Art. 101 11M . . 
...... lope of!he.......w. .. tH lIYOIole. 

Ex. Find II" on .. 1opo of 1M """""I. ,. tbo J'&I"Oobola,' .. IJU. 

T» oquatlotl of \b& _onal .. «,.J') if. 

, - J, .. =...!!«-<,), 

" 
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I_I _ K _!l' 
, ~p' ~p 

Tho .n ... lopo of Ihia Huo, wh •• " \l.b. oU ",_ \0 requirod 

DifIe",.tiate .. 10 r" 
-I -~-.£ 

81" 2p' 

11' - ¥('-~p), 

00 , uboiiln\ing t~i. ,,'ue for 1l 1.0 (I), I.bo .. oulL, 

2'1p,'. ,(.-2p)', 

(" 

I. ,110 "lual lo. of tho req";rod .... 1,,10. SI< ..... !>o1 U< .... ",kubi<al 

pAl'&oola hOI 0 c"p 01 (21'. 0). Tnoo 'bo_. 

no. Two __ , ."'" oq ... tl ... of _tloa. In """'Y 
.... eo . ramily of c ..... ""'y havo t.a parunete" .hioh "'" 
""nD"",ted by on "'I .... t1on. I'D. 10_, tbe "'Iual.ioo of tho 

Mrlnal to. given eu •• ~ ""n\.ain. t .. o "".IUIl.I<o" "",,, .hicl> 
...., ODn"""ted bJ' tho "'I".lion of th. Cu·... 10 sDoh _ 
ODe "",'&oIeter ""'1 be eliminated by m"""" of the gi •• o .. 1 ... 
tion, and tb. other t~ u bolore. 

When the elim;natlon ill dil!icult to perfo.m, roth oqnal.ioo l 

may be dil'l'.",ntiated ... to 000 of the parame"' ....... ..,g""<l_ 

ing the oth .. param."'r p .. & function of... Tbi. giv"," fou, 

equation. f rom .Moh ... p, ""d ~ mo., be eliminated, tb • 

.... "lling oqU&tion' being that of tho dain>d ODTe!opo. 

E~. 1. Fin~ the ••• .rope of tho Ii"" 



J.:NVELOH.ll 

Tbo . .... "'Il1&lio ..... 

Dilfe .. n.ialo boIh "'I.olio .... 10 .; 

FJimi.,..\o 

.=...!_L~ _ o, 
D' '" d. 

I+~~ o. ,. 
". .. 

Thon .! = I., .hkh ...... "'" 10 .' . 
~ r ~ +' "'.!l ,-,­
~ ~ i ~ .;-:;:1 = c; .. he""" . = v ox, ~ = w,. 

;, 'boo eql1&'ion 01 Ih. ""'i.....:! <.",Iop<. [Compo. .. r. •. p.. 87.1 
Thio "'I""Lioo .ho ... \io<co.li..,d ;" 

(. _ J) ' - 2«. -t,) + <' = 0. 

20& 

B, \<I."iog lho 006rd i.o"'''''' .brnugh -15", , bo ... ha •• ),;" "'1' .... 

... 10 0 pt.nWo .boo< .... bi"d .• u.. ""g" boo ........ lhe OO"igi"ol 

..... 1Sbo .. . haI Lbo 00'"" 10,,01 ... boI.h _..... n. •• ~i"'e","' 
li _ of lho f&mil,. """""I",,,d;"g ... _ -I, 6 _ I; • _ 5, 6 _ 3, • • ft, 

• ~ 2; Dc7,'= I; 0 = 8,6 =0; eoo. 

:'t~ . I , 

oh _ P. 

F.". .,.... ... ...,., ~.~ • 00<1 ~ .. funeli.o .. of • ling .. pt.n""'''' t, 



m .... KItI.l!TI .. .. C"I.CU .. US 

n-by06. __ ....... 

--
..... +~. _ G, 
. ' .b .. ~, 

............ '1 i io .... poi. 0/ •• ' "1',1 .. I>, .... '.'· :q . ~ I to, 

x 

.... , "" 
11'0 .... , A IaaiIJ oI."w .. , loa ... _ • • Jul'" ; .. ~"' 2 .U .. 

.. ,.... ... , _ ", ... _ 1: .oJ ..... , ... u, 0/ ". ,olrio .,;,.""' .. +t' 
. " . ,bt'bd by Ii.i .. r'" ~blo q,1_ 
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If every cu ... of .. family b .... node, and U.., node b .. 

diff ..... 1 p>titiooo for di/l'ereot ",,, .... of 1M I ..... il', lb. en .... 
lope "ill be ""'D~ of 1_ (or more) .U .... , 0"" of whi.b 

HI the J"""" "f tho nod ... 

E~. Floul \bo .... oIopo of tho .,.10 .. 
I. (,_~)·+"_" ~ O, 

i • • hi<~ ~ 10. ".rlog pon. ......... 

lie .. ~ .. _ 2(j_ .I.) m 0, b, rombiai", .ilb I~ 0 10 e1i",ioalo 

F»>,. ,l.rt. 10311 .. _ u...1 Iho point 

z .. o,,~.1. 

;., .. node "" /, lIMOO"', U .. _ .... CD""'" of tho I ... il' .... ob­

";"od b, """io,,,,, on. of ,b. .. po.noIld 10 t.b. )'-...... Tho li_ 

z _ I _ 0, r + L _ 0 form th. pn>pOr "" .. Ioro. bd z _ 0 L. U .. Ioc .. . ~-
IEXER(lIUS OM CHAPT"R )<IV 

Fiod tho .... topo 01 _h 01 tho 101l0.'uI f,,,,'liN 01 c" .... : 

d",. 10 """ ... rio ....... 100 .. 01 1100 I. 'nil".nd .eril, thai th. "u_ 
.. kopo k .. \000>0 ro .... 111 1 ... 01. 

I _ Tho l,mU, of ..... ighl Ii" ... _ .. + ,ri." m" .1..0 • i •• -,. 
2.. A otnJlhl llo. 01 ftxed Je,'g\h . mo.ing .Ith ;t. ""' .. mi<l<o 

i. I ....... tan,olar_ 

3 . F.lli"",. _bed .I.h "",om"" ... 1On and .... and h •• iog 
Ih< .... 01 lito _'-- oq .. 11o c • 

•. Tho ..... igbl li_ hari,,!!" tho prod .... of Iob.l. In_pIo on 

u.. """""" ......... oqoallo k'. 

5 . n..llo. .. J-II _ _ {r_D)+.v'1+_', _ b<!log, ..... ;.,hl. 

p.""'''". 
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.. A ",.do _ .... i .... I .... 0 ...... ~........,.._ oq.woo 
1.,. . 4-. .......... K u..o.b .......... of ... ,....t>oIa. 

, . A pupoodioe.lar 10 .. ,' DOmIoJ 10 1M 1""""1>010 "~4 ... , 
01, ... ,. U,""'ih'" i._tIon of "'" ..",0. 1 wiUl. <h. ~ ... I .. 

.. ..... f ..... U, of oiJ<oloo .. _ Aja- l iI ............ W. ..... i_ 01 
.... 0111 .... p.o+ •• ,. r~. 

I. 'Tho .1",10. "bioh _ IbfOOrh U .. ""Jc'I •• ..:1 ba •• tMi • 

....... "" Iloo bn .... l.ol .... - r' '' c<. 
10. Tbo I_il, . f olraigb. 11_, ~ , ... + . '," bol. 1 "'" ..... 

• lok l_·· 

11. TO. omf""" ........... ooi""i<Io,.ooI .... h lbo' .1.. diala_ 
bot_ <be •• """'u. ... 01 ..... """jor ..... ",1_.,01 ;. _.t'.',nd 
...... "' t . 

U . ,"roN. ft .. d poio, ....... .. _ .. I ... _of •• if<kct-do .... 

d ......... ..t 0.0 ~ .. oil . ........ ,i .............. ,11>«1. 

1" Wit h U .. poIol (,~ ,,) .... ~_ .111 ...... 000 ....... om""" 

II _bod ""ole;" ito &>< ..... <>&1 ... d -""' I<> .... of ... ,i .... 
ellipoo. LoI. (~ .. ,.) _be .... ~ ..... !Jir-

ltd Sh.,... Ih'l H Ih. _no. of • _agol .. pIoto of "'"I'"' I. 
loldod do ... .. !.Ioal ...... " no . f .boo odru loll ufol<lod 10 "-L 'o"t., 
..... " .. ";lI o ... Iof>. ",,_ 

15. 1. 1100 · .-. I ... il,· (r _ 2.)' _ (0 - 0)' + 1" _ ". ""'"' 
U .. IIh ....... p_ ~_ lor <n'.Iop'" "","poO'" ......... ...ado " I' 

'" , ... " • I, ...... " (all .. ) ..... ""' ....... po....,..... (OIl oUlpoo). 

1 .. Th. ~lI1 of ewo." -r')-t. (. - ,o)~" 
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CHAPTER T 

o:lnlUL PlUICIPUS or llIT:lGltA TIO. 

111. no,." : ...... tt _ Tbo f"Ddame~1al probIo", 

of u.. l)jfle"",t.W CaI ... l..., •• upl.,...,.] i . U .. I'f'""Odlng 
~ 10 \.hi.: 

01 .... G jII~oIiooo J(%) qf "" t ... t.p. 'IN """abl. %, I<> do",,.. 

.. 1M' lit dfri<KJI.i.,. ]'(%). 

II 10 no .. P~ to conoid., Ill. in • • _ prololem, .i .. : 

01 ........ , / .. 01;0" ]'(It), II> dtI ..... I ... ~ J.!UtiDrt J{%) .... 
;.,r{")~ illt _:i .... 

The ooIuU- of llIi. inn_ pT<lbl .... II .- of the objeeu 

of !.he Integral CaI..,I" .. 
The ,i .... fun"'in.I'(%) .. tai led the IJtf~, I"" funo> 

lion /(. ) .. Moh •• lo b. found ,. ""nod th. l»t"'J'"Gl, .Dd th~ 

Pl"OO'" son" through in unl~r 1<> abu,,, t be unkno ... '"""lion 
f(. ) '" allt<lltol<yrnL""'. 

T \>e o:>t: 11;00 o.nd _,,]1 of di ll''''II1.ii&llOll .'" IJ",bolloeJ 

bJIht f_.la 
") 

... , "",IWI in u.. ..... ';.... o f d il .rentlal., 

.... ~, .... - :. ••• 
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The o""raWon of inl.egration i. iudieat..d by preHxing the 

oymbol f to the fu"etioo, or differential, ,.h""" inlo<g ..... 1 it i. 

required to find. 1t;1 ea.lled I"" i~I"'roJ .og~, or II •• .;~~ of 

l.t<gmll"". A.,.ordingly, the funnul. of integration ;.. ... ~it\en 

thul ' 
/(.:) = f I(,:).u. 

"Follo .. ing long ... labH.hed u~, tl.e diff"~ntia!, ralber 

th.t.n tb. deri .... iy., of the uIII",own funotion f(") i .... ritten 

unde, the .iir" 01 inleg""ti"". One 01 tho adnntagu ~f "" 
doing i. that the nri,ble, .. itb ~'p"ct to ... hioh the illtet; ... Uon 

it "".Io.mffi, it e.> plioitly menlioned. Thi, ii, uf """_, no& 
OO""" '"'y ... ben o,,\y one v • • i~hle i. i".olv.d, hut it i ..... nlia! 

wh •• lW~roJ variabl .. 'nle. into the inlegn.nd, or .. hen .. 

ch""ge of ....nabl. "' mad. dming the P'"""'""" of ;nteg ... li,,". 

113. l.ote(l"O.tlAa. by 1_.,..<110... The moot oimQ{lI aid to 
integu.Uon i. ~ knowledge of \Joe rul •• and •••• U .• of differen · 

tiatioo. It lreq""Uy h.o.pfH'n. thol tho required function f(") 

can be determined .t 00""" by ",,"oU octing tho ,,, ... It of "'me 

preyi"". diffe~nti.UOD. 

For eu,np!e, I UPpoo<> it;" .oquired to find 

f coo 2 d:.. 

It .. ill be __ Hod that""".,,!z it the dill'e",nlio.l of .in 2, aDd 

U,,,. 11'8 p1"olpo"",1 in"'Smtion io ;"""edi&tely elTec1.ed; that io, 

f """" a" - .il1 "'" 

Again, , uPI""'" it it =Jnired to integrate 

. f #'w:, 
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in wbioh ~ ia anJ ...... tant ("~~pt ~ I), 'rbi a problotll aug, 

~ta the formula f~r differentiating .. . . ri~ble affeoted hJ a 

","'otant expon."t [ (I), po U). The forlDula refe'ro;! to may 
be .. ,itten 

('" ) " - - - ,"; ... 
and he",," _ """clud., f "'"<t:.:- zo., . • +, 

An uoeption to thiB .... ult ooou", .. he" ~ hM the nIne ~ 1. 

f'>r il1 that....., w. d e,lL><)$ from (8), p . .u, the !""(Data of 

integration 
f ,,-'<I>: -f~- Jogz. 

T he method"""" in U,o .bon illnot .... tion. may bo d .. ignated 

." i.'<!I=Iioo. bJ i".,-i<J~. Thi. is, in {""t, the onlJ proetiea.l 
method .... il ... hle. The object of .the n.:riOllO do.i_ OUb'S"0W 

in u,~ 'Ut-queDt 1>ageI i. to In",.fo"" the gi'l)Jl integrand 

or 10 ... pal"Mil it into .impler e lomenta iD ouch a "'J tbal tho 

method of iIlllpo;etion <:all be a~plied. 

US. Tbe funclo ..... tal f.,.."dN of latecntloL Whon the 
forml1l .. of differentiatio", 1'1'. 4-l--4~, .... borM in mind, the 

method of inoJ>l'lClion referred 10 in the preeeding article lea,l. 

at 01,,,,, t.o tho fol!o.,.h,g fundame"t.al integral •. Upon tbe .. , 

" )OD," or late., .'O'J iotegratioD IOU. ! be~. to dopend. 

f ... " I. ..· ,I .. ~ __ . ... 
II. fd .... . .... .. . 
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". f~·d" ~ "". 

v. f _ .. .t .. . ....... 

v •. f ot ... d .. ~-_ ... 

VII. I _ .. d .. mta. ... 

\'11 1. f ...... " .. --* ... 

". J _ .. "", .. d .. . _1<. 

x. f _ .. ...t .. ~ .. ~-_ ... 
xo. J •• m l lll- I .. , Ie __ - '''' 

"'[ ~ 

X II . f " .. - 1&11-'", ''' - ''' '''' .. ~ 
n. Cert.o.In ",mer&! priaclp1H- In oppiy io g the a boYe lor_ 

mol •• of i"Wgl"l tiOil cottain pr;no;pleo "'hiell follo ... ftom the 

ruleo of differen\iatioD . bOl,ld "" mad. noe of. 

( .. ) n. i.''!1'"aI 0/110 $~" 0/ ".I.'k *.>Mt>- of f~""'i"". i. 
"1""110 1M .. m 'if I'" i.~ of.M p...,.(1" ... /a1«K ..".,rnttly. 

Thi. follow. f",m Art. 10 . 

For eumpl<, 
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(b) ..t ...... ""1 farJ.", _, &o! .....-l fTOM """ oid. of lJIe 

t ip ofi~ '" 1M <>I~". 

it folio ... tbat 

d(e~) _ od., 

f·d .. ~ e"=·fd'" 
To ill"'t ........ , let it be reqnired to iDteg""t.e 

The num~ri"al !actor Il ;" Ii""t placed ""bide Ut~ sign of 
ioteg""tion, .tter whicb formula I i. applied. A"""rdingly, 

Apio, onpp<l<le tbe integral 

f "" ,+, 
i. to be fOWld.. w. Doti"" t.hIt.t if the numerator b&d &n oddi. 
t ional factor Z, it would be Ih. e .... t dilf. rential of the 
denominator, and' foTlunl. II would be applicable. All tbat i. 
""luired, thon, in order to red""" tbe gi~en integral to • known 
form, i . to multiply in.ide the , igo of integratioo by ~ .od 

outside by I. Thi. gi ... 

f :l'd:< _ !f2:1'd:o_ !{"<l(,",+i) _ !l "+,,. 
""+1 U-;O+i 2 .. r"" + 1 2 og 

In·tbi. ocmneetioo it mu. t nol be forgotten that : 

.... " up ..... i"" OOftIRi.I"!/ 1M ..... i<lUe of ,nlegml"'" """lOOt be 
"",wd fr- """ .uk ~f 1M . ig>< of i~"'" /0 lire <>Iiie;-. 

(e) .AN arlJiIT<!T~ "'~tCR'" _, be <1<1<1"" /(} 1M ,.. • • ~ of 

iOlt<gml""'-
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Itor, the dorintiu of .. oon.ta.nt i. "'''' "",d h.""" 

" .. _ <1(0+ 0), 
from ... hioh folIo ... 

J'd .. K fd(" + (OJ ~ .. +,,: 
'fhi , ooo.t&I>~ i.o ""ll<d II •• <»Mlaot ~f 1""'9""1;,,,,_ 
From the p"""'<ling ""nark it follo ... that" tho ,...")t of 

i,,~gratkm i. no< unique, ,but tJutt &IIY n",,,be, of fu,,~tioll' 

(dill'ering from e:>oh otll~r, bowever, only by 0" additive "",n_ 

. tant) CD. be found, each 01 wbich baA tbe laID" gi •• n upre.­

, ion u it.& deri • .,li... [COmp ..... Alt. 10, Cor.] 

Thu .. ,ny on" of the ~nction • .,0-1, "'+1, ",+,.', 
(z_ a)(~ +a) may"""" ..... luti"" of the problem of inle­

~rating f 2 " II%. 

It oft..n .... P!"'". that diffe~nt method. of int.oogrltioD lead 

W difl'enmt ...... Ita. AIl . otcl> dilfereu_, bo ... e~ .. , can OCCIlr 

only in ~ oooot.aot_. 

For uamplo, 

5 3(z+ 1)'''''_3j (''' + \)' d(z + 1) _ ('"+ 1)' 

_ '"'+3 '"' + :'L.+ 1. 

Inteptioo of tho term. oopo.rat<ly gir .. 

f 3rdz+ f 6",p +.f1dz - "o + 3 ""+3", 

.. ~uU tbat IIgTOOO with the preceding """ept ill tb. """.tant .,-
Again, r""" formula III, 

I dr .. tan-' ." o. - eot~' ... , .. 



GENERAL PRINCIPLES or HITEOI!.ATION 215 

It d_ not follo .. from this that tan-' ~ i. ~ua.l to - 00\-1 "­

But they can dilf. , a t looot by an &dditi.~ COllt!l.a.ut. In fact. 

it io known fn= trigonomdry that 

- rot-' ~ _ tan- ' ,"+kY+~. 

in wh i"h k i, any intog". 

10 a .imilar III.&fIn." th<o dii'!e",nt _u1to in formula XI oan 
be ~.pl,.j"od. 

I 01<01:1"&10 .... folJ<>.log : 

L S v'~4z. ll. S·",·zu. . .. 
[/Inn·. For Ih. pa:pooe of in-

S ain zu. \<'graliou Lbio "'1 bo "ritlo.o U. 
I + """ z S·ld •. j 
f.d-f~J , S "...1 •• U 

f!'-· ... S5 ......... , -., 
" S ..... ~4z. " S ... n • .tz[ ~ -S -::::""} •• ., 

, S (.1- ,1)", • . ... S",,' Zd •. 

• S5,o -.h+ t .... " S.-G. 
" , Sz(,o+~').oh.. ,. S .. ·.d~. 

8. · S(~z+6) . Jr. U . S (H.)~t:-oh.. 
•• f " • + a · ~ . Sooo h,u . 
". f" ')"" S'io",,u. 

~u " 
n . 
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" Sooo'zdz[ ~ Sl-+ ";h.u 1 

" S ".'zu. 24. S.i"("+ ~)zU. " S .. In'' d •. 

,. S..,... "',[ = S {1 - .in' .)""". <tzl ". S . io'<u.. 

,. f \alI".t'<[ z S C"",,·. - I )<I'l ". S 1&0 ....... ,1<. 

ao. S"""'(""O}<iz. 

33. S "n,.t;".z [ = f-~:'l 

33. j_zI.&Udz. 

:n. 3.5. f " 
"'~. .. 

In <ho form 

H. S " . [ f .({z _ 2) 1 
" _ 4 .+~ · (. _ 2)' +1 ' 

liS. IDtocnU ... by puto. If .. fond ~.'" fnnction. of., \Joe 

,u1. for differentiating. pnoduct giyo, 

d(n)_ ~d. + .. d., 

wh.,..,., by int.gratiDg and t ... n.opooing t<rm ... e hay. 

f"d~ ~ "~ -f"d'" 
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Thi. tonuula alford. .... _ ....... bIo """"001 of intflSTtiOon. 

b.o ...... I..,."" .... 6t,...- Dy ito .LIO .. ~."" in""tal i. 
, .. de 10 depe1ld on ....,u,..r in\eg .... l, .Joic:b in ... ""1 ...... i. 

0/. .. " .. pler fonn IUId _'" -.lily inle,ro.bIe u...., u •• 
original OM. s q~~, . 

. ... q~. 4 •• 4~ .. .... .. - ... ~ . • 
8, OIIbo&I\ooU.. i .... . __ 1 .... 1 ....... _ ..,. ....... _ abt.ai ... 

J Ioc~u .. ~Ioc' - S &. 

- .Ios, - , - ' (Ioc z- I) 

.. ' {q' - Ior'j - 'Ios !· • 

_. z, u . ~~z. 

4_ . 4. , . _ ~, 

S W'u _ "" - S ,. 4. - <"(. - I}. 

PO"'''I~'''-J 

. '""" Ih. _1<1 ' 0110 .. -d. ", "d~ . • _ ~' 

I,em he " .00I..i.... Ibo ..... Ift ...... 1 Ji~"" ialooo .. ",pit II 

t- ""'" u.. oriciDOl .... , __ ..... po I 01.0"'" 01 • """ u .-.-.... -. 
No o<#'hl •• 10 ... hi Io.Id _. t .. lhe .. ",,' m '" ..... &.. 
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1< 10 10 bo nom.,hd, bow __ , IIIold •• bould bo.., <h<>oo-o Ih'l i14 

inlq;n.l ''''1 bo _ .implo ........ ih!e, "hi., • , ..... k1 bo ., ",""",," 

Lho, iD dl!.",,,ij"in5 il , ",.\erial aimpUft..tioo ;" ,,,,,"ghl .bo ... 

T huo 111. EL I, by .. Ung • K Iog~, \ho ""'_""'Dial f."",,,,. i. 
m.to<\o '" d .... pr-. bI dilf,,,,.,i ... ,o", In .:.,2, tho ""' .. """ 01 ,illl .. 
~ .. ~ ~O'" di ..... In ... gn.tion. Th. 6, .. loe>o, r ea" bo .. :_0<1 
by d16.",.I1 .. ",,", ODd "' .. tho .bo"" K ~ i. ,,.,u .. U, ougJ;oMM. 

Fox, 3. 

From \he rr-ling .. ma,k il 10 •• HIo., \hal tho ""'1 01,0;" ",M.h 
will oimplifl \he i .... ; .. 1 I. 

II.",," 

.. I .. ..., 

""' 

. . "",, ,I. K a'<h . 

f ..... ,I'~ -- ~ -'-J"'d~ ""'a "",. 
~ , 

'" log. - (""'.J" 
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(XEnC'5ES 

~. S . In -' u' •. 

•. S ..... u-'( .. ).,.,. 

3. S •• •• 'udz. 

4 . S " Jo.- xdx. 

, . S """'·'zdz. 

6. S_ ... nzlogooudz. 

~. S~rot·'zd" 

8. S zoiOhdz . 

9. S .. ooudz. 

10. S .. Bin . dx. 

ll. S "","zCOO2zJz. 

liS. htqntl ... by .. '*!tlrti01O. It i. oft.e~ n .... nary to 

siruplifJ & She" dill'.,..nLioJ J'(z)d~ by Ute i"troduoUOtI of • 

.. ew .. riable bofo,.., integr>.tiOll can b< offected. t;~"'pt for 

""rW" .peei'l eh",.". of dilr.renLial. (""', for "lOInl'lfl , Art .. 

121_129) IOu rn.ral nole ca" bollaid 010 .. " for tbo guido"ce of 

thn . Luoient in !.ho ll ... of !.hi . "",!.hod, but 80m" .id may bo 

derived !"'U1!.he hiota oont.eined iD the problom. whieh follow. 

Inlrod".., ......... ri. bl< , by ",eon' of tho .. b.ti'ulio •• ' _ z' . "­

llill .... tlo,. and diy;'1< by _~ . .. b . ... zdz~ _ ~. "'"""rd'.g'" 
-- ~ S z-Idz = - ,I ~ _ .t4' - ... 

Tbo dol.&il • .-qu!td i • ......,.,"~ oot tIli ... botltuoo" .... "'" oi.,pi< 
th .. \ho1 ean bo omilW .nd tbe ",,1 .. io .. of .... p",blotn "ill 'b, . 
take tb< fo'iowing 10,"", 

! z Jz K !(", _ ... )- l zd<=_!! (a' _ z.)- I(_2zJz) 
,/n' _ ii 2 

- - (. , - .. )1. 
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In I~i ....... 01 o"'po Ih. lui inl<gral is obl&ined bJ multiplying 
inoido 1M aip <>f integ .... ' ;.", bJ _ 2 ..,d oolaid< b, -I. the obJocl. 
beln,1o .,ab u,. ...",,,d factor lho dlff.NoLl,! "I ~. _ ... Tbl nk_ 

i", oj u.. latur ... n ... "";01,." \10. in"'rr-OO coo";", Ib .. 

• oriabl< .If""ted bJ an "'p", .. "1 (_ Il .11<1 ... Uipllo!d by tho ~lfI .... 
enll.l of \bo nriabl., in OI hi<b.,... lono .... I can be .1'p1~ 

10:,. 2 . f~ d~. 
A .. "m~ Ios% ~ .· 

" _' . d., , 
d .... d, _ _ _ __ • f '"" f " (10,>: z)' 

, " 
H"", api. " i. _ <>e. '')' 10 ... dle oul u.. dot.Jla of tho • • t>-

.1l1.';.,.., .. I, Lo _, '" tbink of lot: z ........ I.dopo ..... ' •• ,lable 

and '" ptrlono ..... 1 ... 1"'\;"" .. llh ''''I''''I 10 II. II i. ti, •• readil, 
_" \bot tho •• pnoaioa 10 b. i.\egral<d oo .. i ... of ...... ,;"blo 

log Z "'.lI.lpl*l by i to dire",.,i,1 <I., .. ,J th., tho i.lagrat.iou la , 
_1 .... I,...Jot«! 10 on imlMdw. apptio.u.,o of < ... ~ ... lono.l. 
"I In\ePU;O'" Thu, 

f 'OII"' . d(Iof.) = (log.)'. , 
f'--" ~' , ., 

TMnk of ...... - . Z M ..... ud"ble."" 'P1.I, (",,"ula IV. Th io 

Regard oio-' " .. . no .. nriw). ,nd 

of thai n.i.LIo. AWl, f ... mu l, I . " _ _ .. l be dlf .... Dt .. 1 =-
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ELS. S("';'2z +3)(~+I)dz. 

Mullipil"nd dir.do hr2. Tho integral I"". \a .... I"" r",m 

~S ( .. .;. ~%.;. 3). (I! ~ + 2).~. 

O!.on-iug Lhai (I! z';' 2)d. "' .... dille .. nlio.l of .' + 2z ';' 3, .nd 
uolog \bo la .... , ezrt-;' .... De" .ariabl., n _ III~ fo,molo 

I i. di=u,. owl"'ahl., !e>o:lil1ll" \0 I"" .--.1\ 

1(" ';' h H)'. 

h. OJ. S lo!o: """ (".;. I) ,"oC" .;. I) .• h 

MoJr.. tbo .ubo\Uu~o. z'';' 1 ~ <-

Tho gl,on ;n~ ... 1 ............ fo,,,, 

~SIog_·,"n.d •. 
M"~." """""d oh..,go 01 . ";"hl<. 

roo, ~ ,. 

"The ..... uformod i.1<gTlII "' 

- Hlo('''J, 
\0 "h;"b "' ..... un of f,z. I. p. 217, 0..., "" aI """" a pplied. 

It .. iII "" oboor...t Ih'l two ",\>oIilution ... h;"h ""'uran,oOWo\ 
tho"'l"l_ I",,,, tho lorm of tho 1."V"m .,.. mado in __ ;on. 
The I..., I<>g<ther"", 00.;0 ... 1,. oqui .. I<., \0 "'" ono t ra",lonn, 'ion. 

000("+1)=,. 

Ez. 7. f ,. 
,,~. .. 

[litH'. ~ubo"tu ... _ .... J 

Ez. 8. 
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E • . 9. S o!r • 
n 'i' ~ ~. 

~: •. 10. 

[HJ~T. 8.0.11'."'. - ;-] [Ihn. ~"t.li'""z _ '+"'J 

Id.UJp'l &lid di.ide Iho intl!gtalld by <w< • _ ~... It .. m ,h. " 

bo _. <hat tho Inl<gnl h .. tho l",", S:" 
.l.nQ\h .. "",.bod wOIltd be to .... tho "'go"""""" formulo 

, , .. . on • • IOD_OOO _ , , , 

E •. 1:1. S_ .d ... 
"" •• ~ . _~ .nd , ... E • . 11. 

Sol .. "'" "",LI ... &I", b,,,-,, 01 .. boIi",,;"., .ion;'" to t~ 

UO<d in Ih. P~I"gh'"p''' 

E • • 15. f ,. 
"",,'.1 + 2 .. .. z 

1'Il1"' .. . .. 

E • . 11. p...,. •• b&.j ... ~z ",,"boIl.I<S' ".!b' . ... boI.i""ioo, 
(e -t- k)' 

wbon .. io. pOol .... I."g<'. 

H7. Addltloaal oWIdooni fOl1Dl. The integral . iD Ex.. 7, 8, 
11, 12 of \he p.....ed;ng ulw,l. , ""d in En. 15, 16 of Art. 114, 
.... of ouch frequ .. nt ott",,,,,,,,,, that ;\ ;. d ... i",hl. to ool1.d 
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the ""nlto",f integration into &n additional li.t 01 .tandud 

form.. Two o<h<Jr ~erJ lU<Iful form "I .. ...., &100 inoluded, th8 

deri •• tion of .. biob we noW give. 

f 
,. 

v'" + .. 
lrIab the nbotitut.i«, 

.. +v,,'+,, _ •. 

l'rom !.hi . equation, ... obtain, by dilf''''ntiation, 

that it, (v"'+"+ 

wbe"""" 

Tbi. gi ... , on intogr:ating, 

f •. _f<b- _1og • 
v"'+m • 

_ IOS(. + V .. ' + ,,). 

f ,,:'_"t<" 
, ~ , ,-1 • - 0 

Tbe {""'l ion wntten .. ti" ... m of two 

.imple. fraetio,"" 

-'", --' [-' - --'-] "' ..., a' 2" ,.-u .+,, ' 
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"h_ de"omin..w1'O are the factor. of .. ' _ <i'_ H"",,", 

XIII. f of.. ~olo.-,!!. "'...... .. 
XIV. f olIO _ ",,(,,-j-V"'~G). 

"''''-j-,. 
xv r. dOl ~ ! tu-.!! . . J ... -j-"'.. .. 

XVI. r. d .. ~ -L I .. ~. JOOt- ... !,. " +,, 
XVII. f-"d .. .. -Io!!_" . \oos-'" 
XVIU. f ....... , .. .. 1 .... 111 .. . 

XiX. f _ .. d .. - 101 ( .... , + la .. ') ~ ""'I.u. (; +i} 

XX. J _ .. d .. = ""'(_"_"") _ 'IStaooj · 

118. l~leIfaIl of tloo to .... 

f(.('" t B)"'" "". 
J '""'" + "'" + " 

Bncb int<gral. """or"" frequently tbal they dele"''' lpeoial 
mentioo. The integration i. f""ilitat.ed by the .ubotituti"" 

of • no • .arioble t ... bich redu_ the oJI'octod quadrati. 

~ + b:o +. to • P"'" quM.ral.ic of <hI form...:" +... T"" 
mods of p.""oriur. "'ill be ......J.ily lUlde .. tood from the folio.· 
ing illust .. ti", problen.a. 
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S 
.,. 

~"'+22+~· 

Tho fj ...... p 10 to OODIp .... 'h. "'In .... 01 t.ho z 10,.,. 1.0 u.o 
d • ...,m;u.wr. All<, tho lao",," ~ h .. boon plactd ..... ide lbe ;"'"gn.I 

>ill"", tbe ~"odmic .. ~ m>, be w,itt"n 

(z'+z + D + (1 - 1) - (. + 1)' + I· 
1'0'" ,.boU,.," ~ "" .. . ar;oh ... i. p'- of .+ I. Si ..... z ~ • - I,nd 
Jz _ J •• wo obIain r.,. th . .... lono.f ,be gl ... iol<gn.l 

's(' il J'~!S !'"' - !S-"-
2 " + 1 4 ,,+\ l "+1 

. ! ... ( .. +~) __ '_t&n-'.!i 
4 t2~""5 

'I ') I 2 . + I - - loti .. +.+ - - - 110. - > . 
t 2 Zv'l> v't: 

£1. 2. S (h - 1)<1> 
.... 1+~. h'· 

Uivi"" ou' va bom ,be deoomin , ,,,,"; ,inco tho _11010"1 of.' i. 

n .. ~'i ... PO" tho • Iormo in pa ... n"' .... f~_od by tho _.,i • • • ilr" 

.nd o",n,I ... u.. "'Ina.... Tb. in""",1 I"'n ~_. 

;'S 
S"" ""k. til. _,;1<1110 •• -1 - ,. Sf""" J. ~ dt. tbe inloll'"oi 

~-" 
·'·SI!!..::.I)<!! - --' S(~ _ ,,)-I( -2'd')- -'-S .' 
';.J ';1 - " va ~ 3va ';1-" 

- - 2. (! - " ~II _ .J . oin-,{ '!.!) va V 3va \~ 

=_~ f!+~2_" _~ 'in-\(3' - I) 
';J 'I 8 3 3';3 2 

. ... c. ,""._I~ 
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It. i, seen from the I .. " Pree<>d in8 uampl"" Ihal the mfiohod 
he .. uoed """lSin' two _nli ........ po: 

(I) Oo...pl<Ii"'./ 1M ",,"an of II« " /<"' .. i~ az' + I»: + < ; 
(2) Svl>ol;I~.U ..... ., ,,,<ia!ole for II« l'ari i~ paUlO/ ...... 

If the nomer.tor of 1h6 new iou-gral eon"";"" t .. o term •• 

oepa.rate into t .. o inteS",I . and in\<'~r.le .:lOb one """" .. tely_ 

[)(ERCISES 

,. f " ~~'+4~ + 1 

• f" " • 
2, + ~ 

• f " . 
~+ .. .-

•• S ":10 • " ,--;. - ~ 
• S ,~, 

""~:!. +2 

• S .". 
"1 + 2, , 

,. S (h+~)d, . 
,,~ - .. - ... 

. 

• 
!I.N I 'do. 

1 +2. 
[!\a\;., ... l;" tho nomeralo,. J 

S (h+I~. 
" 2 .. h _ 1 

119. l~toef1tlo of tIle_ 
f - "'f ~ (ot",+ II)VcI:ii + "'" +< (ot., + 1I)'v'<Iii' ~ 6X +. 

Int.egral. of Ih .... 111"" "a" be r<>duoeJ <0 lo,nl' giyen in 
lb. p.-ling .n.iol. by mea,, " of the l'fICip""",1 ".botitUtiOll , . .ILt+B _ _ ,d;o _ __ • , .., 
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EXERCISU 

,. $ " I".' _ .. 
$ 

., •• • ,,;:. .. h+' 9.S OS • 
,.<,.. " - ~. 

u . $ 
(~ , 

EXEnCIIU O N CHAPTER I 

, S, ..... .t.. •• S .(a' - .'}f ..... 

, n~~· • S zds 
('" + 1)1 

• S {1 + ~"')"'z . 
h '+'2z+G ,. $ ., 

~+......-=-I 

•• J'+ z~, . s """ 8 z <k. or. W 

• S :ts .. . S ... ~z.t.. .. u . 

• $,. .. S" ·;~"dz. .,' n 
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" 
f ," n,d •. 
."ou+~ ". S ,-

hV' _lOi z ' 

" S ,-
VI _ .. ". S ,~ 

' . ~ 
[I·III.-· ~ ,-) 

" S ,"h . 
v i .. " S 

" S " S ,-" .(Iogz)'+ .. >14"" +il ii 

n . S ,- fl. _. r t" _._ ". ,_. .--
" f r tan-'.h. 

" f " .. 
( z _ _ )u 

f".:'z. .,t(z _ a)' _ (. - .)' ". 
~. S >18 [ ~ r oWn'df} 1+ ';06 _ 8 " S ,-

",""i " +h+ [ 

S, ". Si.rcz +"" i) dz ". . " . _. . _ . -
". S "~ 'd' ~ -t H.n·'· .. S'i. r los \an • • t.. 

" S d. [s tlns,f. 
i+oo\z - .I •• + rou 

[ADOUl •• lMlhod . .. 101 be W ",olijrl1 n • ..."..\o< and <!<nom;DoWr 
by un .(_~ _ rin oj .nd ul"_ i~ \ermsof u.. doable ..,, 10.) 



CIlAl'TER II 

REDUCTION 'OIUlUl.AS 

120. In ArIS. 118. 119 the inLegralion of oortain .imp!. u_ 
p ..... ion. ooolo.ining an i.ro.Iio ..... 1ily of the form v<U'+t<>+ • 
..... nplailloo. A . ..... ahown in Art.. liS. tI,e ra.dioal can 

boo reduO«i to the fo .. n V ± if ± 4' by .. chango of •• ,iable. 

It ",mains to .ho .. bow the intes""ion """ be porlonnod iu 
in ouch • ...,. ..., for eu.m pIe, 

f ,.-v ± if ± 4'<L<, 

.. being any It,~,,. 

Fo, this purl'<'" il io con"Diem to ""noider .. mo ... gon.nI 

tJpo of integ,aJ of .hiob the p~inll a ... opeciAI """"". TiL. 

") 
in ... hicb fR ... , P &J'1l anJ numbe ..... htenr. integral or r....,. 

tiona!. poailiY" 0, negati . ... 

It iI to be ... markOO in tlte fino' place that .. MD ... ithout 

1_ of S"""nolity. be regatded ... pooitin. For. if .. w.", 
.... gati ...... y .. _ _ .... tb. integrand could be .. rilten 

This "~p.-ion ... hieb i. of the ... me typ"" ""(00+ &.0». i • 
• ncb that the nponenl of '" in.ide the po.,enU-. i. pooili.eo 

m 
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It will now be praTed that"" ill.togrol oj tho IJPO (1) ..... f .. 

9""" a/ [,., ",m""d 10 """ 0/ 1M j"., IMt<grol. 

(0) iI. f ~,, + """)'dat, 

(0) A f .,a(a + 600-)0-'<1:., 

(b iI. f .,a<-(a + Irr')'<iz, 

(d)..tf ""(a+Irr' ,' ''<k,' 

pi ... as ~ ....... 0/ u.. j'(J"7IO 

&'('H /rr'}". 

H.,.., A, B, A, I' are ""rlain """.W1ta wbicb will boo dote ... 
mined pr_nUy. 

Obooe ..... that in _h of tbe four.,.... tho ;ntogtal to ... hi~h 
(I) io Nd'-" i. of the ".10, type as (1), but that certain 

cha.nlr"" h ••• taken pw.e ;" tb. e.pon~ta, TiL, 
tho Olf'O',ent _ of the monomiAl {""to. i. iocreued or dim in· 

i, bed by ", 
or, tbe uponen! p of the binomial i. io"",.....:1 or dimin­

iohed by unity. 

Th ... Iu"" of ~ and I' .... determined by the following rule, 

Cbm1">'" 1M ,~.u o/IM _.........: fadOT' ; .. I"" gi,n 

inl.,.,,! <lIOd i~ I~. W'!1'""i 10 did< II U '" Io<! TtdwO!<!. &lod 

... I<a 0/'" I ...... wotkl-. ,,0<1 1_ iI bJ H.lly. n. " ... 11 

I. IU 0<01 ... oj A. fro lik< ""'H_, "".."..,.. u.. "'J'O"ft''' oj ,h. 
Ili_Ioll j<l4<n" II< 1M '''''' ilOJ.'!1'""i .. ~ d. 1<.., aftd ill....., .. 

it bJ .. dly. 7'7';. g;.,.. ~ 

Thn.o, if it i. d .. iNd to Nduoe the gi .. n integral to 

..t f ~"+""")'<k, 
fim ... ntto down the formula 

.r "..(a + b")'dz- ..t f "..-"('" + 600-)"<I.r + 1b'(a + Iozo) •. 



REllU"'TION roll.-"UW.S '" 
The ~~ponento of tn. mooomitJ facto,.. in tho two int<gn.!. 

are .. and M __ r .. J>I!cliffiy, of which .. _ M i. 11,,, I ...... 

Thi .. i"",..,.",w b,. unity, gi."" tbe •• Iuo of A; ,hal i .. 
A _ M_II + I . 

Again, tho .~p<I,,"nl of tho binomial f""l.o. in .... h in~n1 
i. Iho Dme, namoly p, '" ,ha, lh, .. i. 110 .hoi"" ... t u which of 

tbe twu i. \.ho 1..... Inore .. e ,hi. nurubor p 10,. IInily to <>bU.;n 

the n!""o!,.. li.n"" ,. _ p + l . 
Th. above formula may DOW be .. ritten 

f :-(a + bz"')>"d~ 
- Af _ (a + bz"'j'<l.>+ lk"'- . "(" + br'j' ''. (2j 

In <>rde . \.0 do~rmiD' tho ,al" .. of the unk"".." oonotauto 
A and R, .implify tho equation by diffe",ntiating OOI.h roe,n. 

bo... After being di.ideJ b,. ""-{n+,"",,"j' the _ ul ting 

oquation i . redu.,.,j 10 

""' _ A + &( .. - _+ \) + Bb(III+IIP+ 1~. 

By equating _fli.ienta of like po ..... of % in both melnt.. • ., 

we fi"d lhe v.l" ... of .d snd B 10 be 

A _ _ "( .. - K+ l1, lJ _ 1 . 
b(" +"I'+ I ) b("'+"I'+t) 

Wben Ih_ Tslu,," ..... ollbotitul<od in f<>mlllla (2), it ",,",orur. 

f %""{a+l>z"j'<h 

_ :_ "I'" - .. + t ) f ""-(ft + """)"<1>: + ....-"( .. + I>z"j"'. [.] 
1>{"+"I'+I) b("' +"p+l) 

Noti,," tha,t tbe e~i.oten •• of f",mul. (2) Iu.t. been pro."" 
by .bowing tbat n ln ... <&0 be f<>U1ld (or A and 8 whioh lI"lab 

lbe Iwo member. of Ihi. "'1l1olion idontical. 
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The ... i. ".... """', 
;'"1"'"";1.1., vi •. , _hen 

howeveT, in which 'h i' =luction i. 

for in that cwo A .nd B beoom. in6uit.e (Soe Ex. ( , p. 235.] 

In .. 'Lmilar .,...,ner L!.o tb,,,,, follnwiug formubA rna,. be 
derived , 

f "-(a+l#'ytb< 

__ 1>(01+0 + "f'+ l)f.,-•• (a+M)'d,, + , .... ,(" + b"Y", [B] 
.. ~+!) a(m+l) 

J "..(a + br»dz 

_ .. ·r f""(" +br)~~r .. +z-"("+br')·. [C) 
"+ "1' + 1 _+ .. p+ l 

f ';(n+bz")'¢< 

_ .. + . + 01' + I f r"{a + bO<")" "'" _ """(11 + In:"j '" . [ D] 
"~(p+l) _0-+1) 

Th ....... i" .. hiob """ abovo .oouotion. a<e ;m_ihl. are, 

For formul .. [.I. J ond [C), wh~n ... + "I' + I _ 0 ; 

for formula [II] 

f<>t f","mula [ D] 

EI. l. S .. ,ja> - .. d&. 

, whnn 

, .beo 

If lbe ,"o""",io.ll.....,. wwo z lnn.ad 01 .-, I"" in""""",,, """jd 

_i11 bo 011_ b)' u.in~ fo.mul. 1. Si ... iD \be 1""_' ..... 
.. _ 3, • _ 2, {"",,"a ( .I.] •• hLoh rumi.i,h<a .. by ... iU .... ..,. Ih. 

aoo.. ioleJral \Q on ...... . "" boo di""'''-11.oIog1 .... 



BEDL"CTJOII FOIUU l LAB '" 
I .. ·" d 01 .. boUW1.inc ." I ' ] . ... "ISM ",..IiI, lie -. .. . _ .. -wi, .. ~ .. 01: I '. Iloo _ ..-of po' ~~ .. 11<01 w .. 

_ ill "";'i .. .... _ftl ........ 1.. 'l'Iooro .... I ... a.d'''I;Ic'' ' " 
fl';. Fln~ II "w, .. Ibo • ........,1 111<1o ... """nl 01 1100 loo,m . ....... ~ 

_d, Wboh .. vuoJ. nod""Ii., .. 10 ... .. ho "' .... I. I ...... ,... protolo", 
Iho """k .. p;<' .... U, oho:ori<r. ~ )(,. 4.] 

"-_1 ... '1 .... -

SzO(" _ ..,1 tI, = A S,("- .. )1 I, + &4( .. - >")1. 

Ibo ~oJ._o( ~ -.I,. ",vi • • beoII _ , .. ined b,lbo p_._I'II ... . " 
!)i._.lblc, ... d divlolo Ibo .... loJ'" "'I"'''''' t.,. 7(" - ..,1. 

TIl. '; •• 

h.", whlch,'n oquo.lin,_IIIcI<." . f Ilk. 1'0--- of 0, 

• 
2 .' I ,( s"""j" 11 __ 

1
, 

S "vo' _ .. tis ~ 2: S ( .. _ " ).stl, _ 1 " .. ' - .. )1 

= - M~"'·H .. )(.·- .. )I . 

!; • . 2. Sv .. - t. ~ .to . 

II, M'o_lnK II .. 'uggfl&io .. of An. 11 8, 110 .. i.lOg ........ , be .. 
d ",,"", .. I0I0. 10 .... 

10._ .... . ., . _ 1 . . _-
f (oO - 4)1". ~ ,( S ( ... _ 4)-t tI. 4 & ( .. - 4)1. 

I. _ ml. i. ~ __ ~ • • 0 In both i .... o'io. 00 l loot 
.a. . 0 + 1 _ 1 . .1. ..... ,. _ _ 1 + 1_ 1. 
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b. 3. S v'll oz ~ ",u. 

n.. modo 01 prooedn .. of E • • ~ .... 1 bo folio-.:\. A.ol.bo. method 

co.. ,100 be ...,,;I, .. [01 ....... 

On writ.inl i. u.. lorm 

Szl(~. _ ~)ld., 

and oI>oo"i"1l" ~ tbe i ... C"'t.ioo 01 

S.-I(~. ~ ~)---I ... z-S _ "'Z 
v'llu _ .. 

oon he perlonnod (_ ..: • • 10, p. 222), i' .. ill ho _.!haL 1"~Ii<m 
"'" be efl<,oted i. u.. ~.,"_ b, ""'u<in~ eacb ollb< "-"po""n" 
.. , nd , by "ni',. Th io;' _,blo ai""" ~ • I ""d ..... _i"gll 
I .. diminiohod b, I. He _ _ om" 

S ,l (~. ~ z) l ,u _ A'S' -1(2. ~ z)!,u + 8'.I(~. ~ z)'-

Tho • • "'" ..... of .... bi.OmW In th ..... i.~ rna, be ""'uN<! 

in ... ,," ", _umin, 

W ho. th'" •• p ....... 10 •• botllooled lor tbe iD~.t in tho OOOOIId 
mon'""," .1 tho ,,, . ,$11"11 "'1.01,,,,,, the ",.nlt Wok ...... Ion" 

S ¢Joz - iid. _ AS .... + 1I.1(2.~.)I+C.l(h ~.)I, 
,rj .... _ r' 

10 ..,bioh A. B, C ...... ;u..,n f".. b .. ri., ,. tho plooo of A' A ", A' 8"'. 

ff "'ov<cli .. .t,. T "" .... _ of A. II, C .... "''''''lalood i. tho .. u.1 
maono. br dilre"'n .... tinK, " "pm,lng, and "'I.u,ting _"",,,,u', of 

Uk. po ..... I •. 

n.. ... !.bod j ... "' ...... q.i .... I..., ""'""Iiona, and he."" io 1_ 
.. ilable .... n OhM .mplo~ in Ro. 2. "hicb '""'101_ bot""" ""''''''ion. 

Tho rule for determining tbe .. 111<O of }, ODd,. may no .. he 

advantag<'OU.ly abb .. ,ialed. Let ... p be tho "-"poDen," of Ihe 



R~[)t.:CTJON !'OR"' ULAS '" 
t .... ~ '" u... ,; • .,.. iD~. ud .', 1" ~ _.-po. ,ll"g 
""po ... Il. i. d ....... illU'kral. Of u.... , ... pair., -."....t 
. ', ,,', OD. of th. n~",bt .. ill u. ...... pai . ia 1_ than tho-. 
_ pODding nmber in tbe Qt.b •• pt.i., Tb io fOl;)L ... ill be t • • 

,.. , h ..... , by _1i"l1 u... 1Il. _ pAi. II Ie. lluuo tbe 

otIler pai., Wi\h U.io lIlMIenIandi .... tbe p.-di ...... 1 ... ,' 
1:>0 UP' 'u L .. folio •• , 

&-I«t. .... It .. ~I Il<! 1_ poUn qf ""'l"'uW .... P <nOd .', " , 

I .. " H...... : .. '" Il<! I""fr.' . ,I 6t •• IIJ. 1'l1o fi .... 
Il<! ,.,.u .. I ~j ..... 10 .\, "" 

~ ... , , ooiftIJ 

S .... ( .... .. )-t J~ . ,(: S s"(z' -+- .. )-t b . B "{" -+- 0')- 1, 

S .. C .. -+- ... )-1 ", .. ,( " f r'("" 0')-1 J I. ". ....... .0')1, 

n- "'I .... : ' ..... J bo _bi-t I .... Ibo ...... I-..Ja 

lie ... 

f "(I' . 4,) - l h .. A f ( ..... ,)-1 .... ,!W(" •• ,)1 

• Cr'(" •• , )1. D"'''. 0")- 1, 

A _ _ I . ', Il~~ , c .. _.!.,. , , 
, D __ , -

S"<" '" .'1 - 1 J. _ ... 3.', _ ....... (r. " .... 0"1, 
~"...-:; .' 
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In Ill .. oI&mplo tb,..., red .. ,;.,," _'" "-'l'; fi .. ~ .. ,odu,ljoo 

of ',po [lJ], 0<0000, ODd ,bird, .. miuol.iou of on'. (d]' C.., "'­

.od",,"'" be ...... u i .. .." .. d .... t 
T"" din. .. n\ r-'blo &rra.tlIr",,,,,.1a 01 .... or,,", 10 "hieh \beoo 

Ih"", redu<liono .. igbl ~"",.",d _b .,he,...., 
(1) [ .11. ( A ],[D] ; ('ll [A] , [ Il ]. [Aj; (S) [V J, [A). ( AJ, 

of we;.,h """,bo, (3) wo. ,_. in u,., oolulloo of \bo p.obl.m. 01 

the .,hor I..., """'''11'',.,..10, (2) """ he " .. d, but (I) ... ooL t 'ot, 
. fler Il,., opplyiug [-"'J (_b;"b would he do, .. in ";the. ,_), tho . _ 

iul<gtallo 

If [ .OIl w .... "" .. oppliod i. ""old Do _....,. '" _ume 

S "(~' + ,,)-1 d~ ~ A S (~'+ >,) -1 + &(0' + .. r-t 

Tblo equalioo, when dill ..... j..w.i "ad .impll~od. ~..,. 

"zA +Ba', 

.... 1&Ii .. whi<h it i. , .... " i",~b" l<> ">;I""" to on id .. llL, bJ 

.." ... 11,,& _1&0;"0" of 1i~. po . ... 01 z, . i"", Ih . .... II<) .. ".m in 

, ... righl ""obo, 10 "",,"'!'Ond "i.h tho one in 1M \ell m ... ""'. ,. 

will be _.-l that tn .. j. 110. n",~oo.1 cuo meJllionod "" P"i'O 
232, in .. bieh. -t .... + 1 ~(L. 

EX£RCISES ,. S<"'-z"jl,I<. •• f ';.' - "J~. 

,. S ,. •• S ,. 
(z' + 4)' r'./4'_z' 

a S,' 
,. S .. . •• ~ + I)' ("'+0)1 

•• j r'4z 
8. j (4'+z')14z . ./4' _ ... 
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•• S ~'·' + ·d~ , . f " ,/ .. + ... ,. S z"2 .... - .'';'' n . f " (" -I- h -I- ~)' 

~ S '/2<0:' _z· oz. 
" S '/1_2. _ ""dz. 

U . Sho .. 1b,1 

f " , 
( .... + <).- 2« . I) [( .. : <)"_' ... (20 - 3) S ( .... :.<)" ,} 

n . 

~9. S .in'dB . 
( I -1- . ' io'6)l 

(S.boIiwlo ""' , .. .. 1 

30. S,·,;;ot - .. dz. 

• 



CHAPTER III 

lIfTEGRATIQIf OF RATIOIfAL FRACI'IOM 

I:U . lle«Impooltloa 01 ",tIOuI f roctlou. T bo obj_ of the 

p ...... t tbopt<r i. k> .bo. how k> integrote fmen.,... of the 

"'" t(~)' 

.be"'n ojo(zl and t(z) a .. polynomial> in ~. 

Th~ d .. ired _ult i • • """mpli.hed by the method of .. po. . 

... ting the ginn f....,nOll ink> • "urn of term. of a .impler 
kind, . lId integrati., term by ten~ , 

If tb. d"lrf"" of tbe nultloro.to< i. "'111&1 k> Or , ..... \<), thon 

the Jog_ of the Jenominal<>1". ~e ind;"ated di.i.ioD ean 10" 

.,,,i.d OIlt unlil a "'mai ",l~r i. ob\oinod whi.h i. of 10." 

dog,...., Ihan tb. Jen<>rnino.wr. li en"" t ho fraction <WI be r ... 
dnced k> tho form 

iEl _ ""," +/n"-' + ... +fM 
tl:.l t(~)' 

in whioh the clog_ of f(z) i . I . .. than tb. t of t(z) . 

.... k> the "'m.in~r fnetion M, it i. k> be ... marked in 
t("j 

th" fifOt plo"" th.o.t the ,nethod. of tho prtlO>O<ling .";.,1 ... ...., 
ou/llcient I<> elJtICI tbe integration of . uch . impl. fractioTUl ... 

.d .d ' M .. +~ M'.,+ N' 
", - ,,' ('" 0)' · · ·· ; o:'±,," (o:'±D')"···; 

Now the .um of 00Ten.l oucb fraction. i •• fract.iOll of the 

kind under """.;deration, vi .. , """ .h .... Dum. ro.to< i. of 
9 
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low,.. dtogl'8 u..... ito ..... ina"",. T~8 " ..................... n, 
.ri_ .. \.0 wbtltber lba ....... _ ........ ibWo, lhu il : 0.. 

'""'" frGdia. ~ 100 .."..' 01<01 i_II> « ... of Jmd;o .. of .' 
"'(0) 

.I",~ 1117'" "" _ li"'_ I_ (I)' 
T bo. 1.O •• er i., yeo. 
Si_ u. ....... 01 ....... f!'lCC.io"" lou for it. d.,..,...i .... Lor 

\!>o lao. __ ..... t.ipl. 01 t~ .. .., .. 1 d_inaton, il fol· 

10 •• Uoa.\ ir Me" """ be ooopan,ttd I ............ of ", .. pier r ..... , .) 
, ..... , ..... d_i ... ~ of It... r.....,....... ... 01. be diri_ or 
.,(~). No. i' il I:""wo frorn Alpt,n , hal .....,., j.,q:wul.d 

t(o} A"fI'''9 _I _/k.inU (and onll t.h_ baring .......... tII . 
oi.m", U6 \0 be """.id.~ in .. hal folio • • ) i. lAo """I"" 

of fi>tttJ .. of .irkl' I •• .J. ... ",./M -.I :it9-. 11.0 _Jfd_' 
of ... ::A /It."" &6,., n>:d. 

T hO. f_ .ot.u .... n,1u<h to ..... d;_;"" of foo. dift'...,.,1 -I. W .... t (o) ..... be.oparat.od iuto ,..,.,1 r-.. 01 ..... 

fil'Ol. deSh :, .... tw" al;l: .. 
E.,., .,(::r) .. (::r _ oH::r - ~)(::r - 0). 

II. WheD tho .. al r ........... all cr the first d~ """'. 
of which ..... ",_ted. 

E.g.. \>(,,) .. (z - G) (::r - 6)'(_ - <'I. 
Ill ; When..,me of tbe roo ......... no« 'ril,of tho teO> 

ODd d,,:LC, but .... two _b ...... like. 

It.,., ",(,,) .. (:.' + <1')(:.' + " + I Hz - 6Hz - <Yo 
I V. w..... "'" d OSJM ,.,,..-=01' ....... 0' .hi.b .... 

.. peo:IN. E., .. "' (:0)" (:.' + a'J' (:.' - « + 1) (z _ 6). 
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122. c ... ~ r. F.oton of Ute tn. dq<et, Done .--104. 
When 'H;JtJ i. of the fo,,,, 

"'(:0) _ (,. _ a)(:r - bJ(,. - ,,) .. . ('" _ ~), 

M_~+~+ ...Q.. + ... +~, 
<jo("') .,-a ", _ b " _ 0 ", _" 

in .. I,k!...t, H, 0, ''', N are "",,.tanto .. b<.o nluo. &1'$ t.o be 

J eterm ille<l by the ""nditiOil that the .um of t~" til,,". in the 

r ight-ha.od member .ban be ideDlioal with !.he left.-haod 
memLoe •. 

'" f"-~" +s" .• . a~ . 
.. 3. + 2 

,-- • 
(0 1)(. ~) 

, " --. -_ . • _1 ._~ 

By ,learior of It.ot;"".,.e ha .. 

(') 

I" -.ler lhalibe '""" ",em",,,, of W,I. "'luat.on ""'1 be ;.deDI""'1 

j. i. '- '1 lila! lb. _;"olao! like po_" o( • bo .... _me in 
. .. IL 

lie",," 

from .. hi<h 

l ~ " ~Il. 0 _ _ 2~ _ B. 

" _ _ 1,11 . 2. 

f l. + 2...- - .....'L )J. ~ .' + loi: (. - 1) _ 2log(. _ 2) . _ 1 ._2 2 

_~ +k.g ' _1. 
-2 (. _ 2)' 



11iTXGRATlOli 01' RATIONAl, VRAC"rlOliS 2n 

A """rIoT ,.,.u.",;J 01 ""'c.,wni th. _ ..... <an bo ....t 
~i_ "'I""hon (1) '" an kl""lil" i. '" "". Ior ..n .0.1_ of z. II, 
ri.io, z u....:1"" I tho "'Iualion ""'u_ to 1 ~ A( _ I), 01" A ~ _ l. 
Agai .. _"rna z _ 2. Wbonoo 2 _ B. 

UEI«l,SES 

,. h " .' . • S (" _ "')dz 
. (z _ .)(z _ ~)' 

, S' -hdz. ;o_ z S ,', 
8. ii _ h + l. 

, sr _ 12/d,. 
+ 4z + I 

• S ( ,' _ I) Jz 
(zl _ i)(t ii _ i)' 

'S .. - 2 <z + 0< .... "'d 
. (z _ a)(z _ ~)(. _ <) r. 

8. S ,",(r + .)-'(~+ /o)-I d • • 

••• S (3 ... I)dz 
::1 .... .1% 2· U . S "dz 

.. .. 7z+I~· 

'" 
S (.'+.~)d' 

• l (z+~) .,. . " S " .... _i' . 

u S ( z .. 4)dz 
:h ....... " 

S_zdz 
I _ lan"' · 

( Pul 10. .. .. c] 

To j •• tII, !hUt .... mp,lon, obot,..., Ihal : 

(0) Tn addinl tho I.-<i..- i. t ho rirht.band mernbeT. Ih. _ 

",on""", mnltlpl. of tho denom;n, '.'" w;U b. z(z _ 1)1, whioh io 

id. n';"0.1 wi'" ,h. denom;, • ...". i. tho ", .. hond .... w'-. 
... c.LC. _ l~ 



'" I ~"IWR"L CALCU LUS 

(.) .'_ .... u_1oao 0, • _ I, (. _ I) ' , (0 _ I)' .... t~ 
...J, .... .. h;"h _ be ... ____ i_on 01 . ... r-ial 
It ...... ' .... " .... U- oM u.. .... , 41 ..... 01 z(z _ I)' _Ioli", 01 
",,-..0 01 • 1"";- 1",10<. 

« ) Wb •• <q ... ''''' (I) I ...... ~ of f>a<\ion .. .,,4 u.. """"""Ion\o 

. 1 II~. po . ... 01 • Ie bQ\Io uoe",bcn ... "'l ... I«I, f""" "'I •• U .... ... 
_1-1 u ""U, ..... right uo>bor r""" ,, ~i<l>'" ~ .\ •• 1 .. "'" f"", 
~.k_~ .. "_ ..1 , 1J., C, (J. 

''''-d 01 ........... }ooot ''''' ....... I. I_I I ... <*lno1Mmc u.. 
... r\oo' .... _~ I'''L2L .... ldl>e. lollo ..... 

B, ....... of IJaC<ioo ... u.. ...... 1>, I I> .... ' be ._. 

~ .. _ S . -+ I E AI' _ I )' + &(. _ I )' -I- C. (. _ I) -+ rn . 
• '\1,.\., • ~ I ~ .... _ a _ D. 

""boll"''' !Of () ..... .. 1 .. l .. t (""nJ. 000 Inna_ ' N 00 ...... 
'l'0oding "rro, Th io Ki .. . 

~ .. _ h -+ I . A (0 _ 1)' -+ 1# (0 _ 1) ' + Co (. _ I). 

, . ... "" _ bJ I. opoetiooo u..o. u.. rlf:1tI-.... od _'- 01 ..... 

.-1, ... i ........ bJ. _ I. "" IIIIo ..... ~ io ....... 111'. I ..... ""'" 
l ho.l. \be IoII-boo1 ......... It 01 .. <li._ b .. bJ • _ I. W ..... Il0l. 
f ...... 10 ~ f ...... boll> _ .. be ... .... "'1_ , 7 t ,7" 

(0 0 _ 1 . A(o _ I)'" 8«. _1) .. Co. 

N .... ",,1 0 ~ \ , no.. 
/I.b.m . .. ...... 011>0 1000noi 1M C , InDlr-.''''' dj.\do b,. _ 1. 

Tho .. ""II io l _ A Co _ I) .. Rz, 

BI " . 10, ~ ...... ol_ 0 oM 1 1~ .'0 __ 0·.'0,, _ hoi u.at 

A ._ I.B _ I. 
A ........ iJly. __ .. 

f(~ '" h .. l )U f ( 1 1 t .. "~ 
>1~ _ I ), • -; .. ;::) .. ( z I ) ' (z _ I ),r l 

. ...,%_1_ .. _*. 
• 1I(~ _ I )' 
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EXERCISES 

• S."' .. . • .. .. CO .. I)s+",u. 
>"(e +~) 

S ("~. l.L S(" 11 z .. 21}d<. 
9. .. .. I" (z 3)' 

[S.bdilulo z _ I K •• J 
w . 

[SUboU ....... - 4 « '.J 

11K. C~ .. In. Oc:ca. ....... of q"",,notl< facto .. , u' •• _ted. 

);~. I . S- (h' + h .. 4)1 •. 
(" .. 1)(" + 2 ... 2) 

A, .. me 

OJ h' .. ~ .... _ " ... 11 .. Cz .. D 
("+1)(" + 2 ... ~) .... I , ' +2 .+2· 

Th .. 

(~) 4.·+~.+4 ~ ( ...... B)(" .. 2 ... 2)+(C~+ OJ("" I) . 

lIy oqll3lioS ooe/I"I<;o... , 01 \11<0 PO"'" <>I" 

( ... '" whioh 

~ _ 2 " +2B+C, 

4 .. 211 +D, 
,, _ \,11 _2, C _ _ I , O~" 

H~_ Il!o 1[". integral ~m ... 

S{·+~)d.­.' .. 1 



'" INTI:(lItAL CALCULUS 

To mae olearlbo m ·no {",tho .. omplloa .. bloh .... made """. 

< ... Iog'ho fotm.f oqu"". (1)._". Lht. .. io .. tho I..,"',""ol ..,. 
d._,.iaator in ...... It """"bo,- ... • ' ... 1 IU)(I .. + ~. -+ 2, _ 

,"Iut '''' -ily bo tbo MOOIIIi.olon in u.. right m ... ber. "100, 

ol ... ,ho 0"" ..... 10' of Ill_ el". f,...""o iool 10"" doH." ,hon il< 
Mn .... i""l<>r, lb. "um_ of -" J'OI"lol f,.",;oo muo< be of 10 .. .,. 
dOl(''' 'ban ito d."o .. , ... ..".. Aa .... !a_;.o/ u.. _ ~ In 

each -. Ioh<o """, pnono.I f""", IQT. ".n' .... Io' fullllling Ihio .... 
qui "" ,...' (i.." 10 boo .1 10_, <loll"''' u...., ]\0 do"",.ioalor) ia am n· 

p""" ...... <>f ~ ~"" <lei"'" .""h ... h + B. 0< C. + D. 
Noli ... , beoido<, lb •• in .q .... ling <b. _lIIclono. of lik. l"' ..... of • 

in _oito mWlbe,.. of "'I.oI.ion (2), /"'" ""-Doll.",, _ oblaiD<d 

"hlob .,..c\jy ...- '" MlOrmi .... boo fo\!f aok...,,,. """1Ii.io.,,, 
.... B,C.D. 

A. + ----E-. 
"+ l "+2 

for if.o -" 1M ..,b.,lt.ul..". .. _ ~ Ih. (i ... IraoWoo booom .. 

I ,to wbjeh c.... I i . oppli<&blo. 
(.+ 1)('+2) 

EXERCISES 

• f 4d. 
"+ h" 

• I 
•• I .. r+.o· 

, 
• • I (z'+h+2)d. 

. (z 1)( .. +~. -t2 )· 

I ~4. • • (0-1)("+1) 



OITKOII.ATION or RATiONAL rRA(,'TIONS 2-L; 

IU. c ..... IV. !kcarnD .. of qa.adro.tIc Iaeton, _ repeoU4. 

Tlli ' """"" 00an Ihe ""'$ ,..lo.tiOJl. to C ... III that C .... II 

bea .. to Ca.oo I, ond an ~J ana10g0u. mode of prooedu ... i . 

to bo follo.ed. 

A_._ 
2" _ ,,,+S ... 4 .b+lI , C~+D 1?~ +P 

_ T -. • 

(z' +~) ' .. + ~ ("+~)' ~ .t). 

W hoe-. bJ ."",in, of fno.<:;\iom, 

2"_ '" +8"+-1 ~ (1Iz + 1I)("+1)'+ ( C •• D) (.' .2) + E .. F . (1) 

1.,,_ nf oqullnll _ffieionlo of lik. po . .... 01 '," mighO boo 
do~ w. ""'1 oale.l ... u.. val . .. . f A. B, C, ... bl u.. followl"; 
b,io(" """hod. 

Subol.iiulo f ..... 'hoe ... h .. _~. 0'. wbol i. u... .. mo !.biog, 10\ 

• _ .t=2. Th;. "" .... 11 II .. to. "",ol "'. n l hl "",,,,be< 10 drop 
ou .. ~ lho 10. I"D, &nd eqUl."'" (I) nod_ to 

_8~ =Er-2. F. 

_S _ E,O . F. 

s.loot1luto!.he ....... {""old I", E .. d F I. (I), o.d ..... ,_ 'ho 

"""'''poooll''g to,,,,"" Both m.mbo .. "'Ill \bon ",,"w. tIM f_ 
z' + .2. On .... illlo' tbi> {K!I \1," "'l ... ~o. rod ..... 10> 

~ '" -.' + h. ~ .. (A. + 11)("+ 2) + C. + D. 

I'l~ .. beforo bl puttiog .. _ _ 2. Wh .... 

4 = c.t="2 + D. 



UttF.GRAL CALCULUS 

Sut.lilul< t"- •• 1" .. , tn."._, and d;oide by " + 2. Thlo gi ... 

h_I~Ar+lI . .. - . { ~2, lJ ~ _1. 

Th. fint I<nn bwoA"., 

Tho -.O>d, in\<g",t<d bJ" lhe me!hod 01 ~o<Iion (Chap. TI), ..... 
~'i"oIl" b1 .. i., formula I tho la,t ..... iO iul<".."", i," roedi.tol)". 
11 • .-

EXERCISES 

• $(""-')," x' + I •• Si - h + 2/4 ... 
>"«' + I)' 

• Siz+·)·+··b. •• S2"'+2~'x-"J'. 
( ... + " )' (" + u·)· 

• • S .... 
(l + .. ), ' 

rEI. 6 ""~ 0.110 ho i.~~.nd ........ _ ily, "y _ .. of tho 
.. ~;~oo. 1 + .. ~ t.) 

Th prinoipl .. "oed ill \h~ p.-.-!ing .-- in the UOUnlp­

lion of the po.r1;ioJ '_;on, moy be 8lUll",.d up .. follo ... , 

'EaM of tM d .... ""'i.aM .. Qr 'M f"'rfia! .frodio ... """'ai •• 0 .. 

ulld ""I.. ~ •• of the /"i_ fad"". of 'kt ,i". .. <it."",i.iW>r. 



[n'KOILATlOtl' o r RATlOtl'AL rRAcnollll ~1 

Wllolt a pri~ft"1'" "",.ro 16 Ib.1/o rx- I .. ' M _.ator 
of lAo ,1M_ j'r<ufl"", "II of 400 /A1f . ..... _ ... fr<- l.U }, .. '" 

, .. 04 ._ '" ....... 1Ct_'.a'on 01'''' p.u</tJI. fr<u'l. , 
7Ttt .... ..w ... 01 _ ~I lAo ...... a<d I ..... ;,.. i. "I d-vr-0.''''''''' ,~" lilt rkgrw of lAo ""iM< ~ .. ~ __ ""'_ . 

/. ," ........ ., .... d/<og __ .... 

I .. C &I ,.t __ 
I •• 3' kd b)' ft,. ... ",....tl =g I" I f =. '')', in ....... ,1 •• r...,. 
II""" I. -.iaooo .. ;111 """'" ODe nt I.bo _ <on , lde....! 

_00.-" Lho ; "'portan~ """dul loa I •• L OIl .. ded""lblo , 

'""' i"'-, ,,, "'"'"3' , Ho"oIp'" k s k frp4 .. Io aj' 'sa', 
/ . I .... "I .~ ..,..tfdo ..... GIld I.",,,. tn·; oowtt ... 

/OIt<dioM. 



CHAPTER IV 

Il'!TII:GRATIOIf BY RATIOIfA.LlZATIOIf 

At the end of the preoodiug chapter it w .. r"",,,.ked that 

e • • ry ""'iona l alll"braia ("llCIion can be int.egro.t<ld. The 
'1ueolion u \0 the poo, ibi lity of int.cg .... ing i"a,i<mal func­

tion. h ... ned to be conoideTed. Thio h ... I",ooy ~ 

touched upon in Cbapter II .... her . .. ""rtain tn'" of i ..... tional 

funetion ...... t", .. \oed by the m.lbOO of reductiOD. 

In the P"'''Dt ehapt.er it i. l''''f'O"''d 10 """oid.r the . im_ 

pleot cue. of irratiooal function., vi ... th""" "",,\aining 

-\i=+6 and Vai"+b2" + r. and to aho ... bo .... by .. prooeot 

of ... 1.ioD.l iur.tion, OV"ry "uch ("""lion can be inlo>g ... 1tId. 

127. I ntottotloa <It ",.ctlou .... Ulllint tbo lm._my 

v.uo+O. When t.he integrand oonWnl -\i",, + b. that il . 
the _th r<:>01o of an c ' p", .. ion of the first degree in", but "" 

other i .... tionality. it can be ,..,.ju<>e<\ to • r.otioo..t form by 

meall. of tb. ouhlltitution 

EI. 1. f ~ 
VI!~+~ 1 

"_'.'+"'0 _ ~. 

A, ... """ VI! • + 3 _ o, 

\hotio, 2~ + 3 .. . •. 
Then ~~ .. . do, 

""' f ,. _f ..t, • • + k>(r{.-I) 
VI!. + 3 _ 1 . _ 1 

_ ,;~ i+1 + log C vi!. + S _ I). 

"" 



IN'l'~GIIATION 8Y RATIONALIZATION 2t9 

r +·\ _ ~l _ ..r.b. 
~f +~ 

II .""Id &ppe>o' 0\ fi ... _ah\ lh .. !.hI. Int<grand """lain . .. nral 

i~'K>aalit\oo, Tiz.. h. v., {Ii. II io ... &<lily _n, ...".. • .".. 1 .... 1 

""'1 ..... U powen of {Ii, and bon ... lbo , ubol iluoon v.~. _ill 

EXERCISES 

•. S-,_--;""~, 
' . 1)",,_ 2 

S •• , . 
.t.<+v. • SO".-,.-_"~;"C".o=_~. 

a S d~ 
~"~ _ 1+. 

s. S··+..r.~~. 
.' + ,,\I 

Wbon t.o i.",tiODaliti .. of the for", Va:.+b, ..,tu+<l 
roou, in the i"legrand, ,he lint nodi<>&! <an be mild<> to d i ... 

app< ... br !.he l ubotitution "~, 
v<u+Ii _ .. 

The .. coRd nodioal Ih<u Ndu_ to 

..J:<" b)+d, 

and the metbod of the ",x, article CIJl be appli<'d. 

128. Iatqn.tIoa of up> ·1.... .....tal.1lI1 ,.,,"""c., ...... ,., 
E .. ". ""p ...... ion rontai"ing -.,!<U>+b+<, but nO other 

irro.ti6nalitJ, caD be rationalized by a PI"OI"" l ubotituti(Nl. 

Tw-o caoe!l &nl di.linguiabed. 

(a) Whaaz/+bx +<luurmlJod."" . WemaythenWTi ... 

the quadratiQ ".p ..... ;O" i" the f..,wrro form 

WI!' + bz + c_ a(z - .)("'- {fJ, p, 



INTEGRAL CALCULUS 

in which. and fJ ve ""I. Introd""" a ne .. uriab)" I by 
In ...... o{ the {onnul .. 

,(_" ." .. .-;.~~ = I(z _ a) . (l) 

s.q""", both ","mho .. of lobi, equation .... d replace the left 

1ll"",I:... by m...". of (1). Thi. gi ... 

0('" - .)(~ - fJ) _I'(z - .'1. 

On """,, .. ling," _ . &Dd oo)Ii"1I for z we obtain .. tIIo 0<) ..... 

Ii.,.. of t",noformltioo ..t' _ uf! .- . ' -0 
II. Me" ( .... d Ioberefo", tU) i. tati<Mwly up .... ibl. in ""rill, 

or I, whil. tho n.dico.l red"""" 10 

('I 

. hich ill al ... ational in I. T~ l ubstitution of til..., .~p .... 

lion. in the propoMd integlWld gin. a ... t ional fn.ctiOD whicb 

may boo trolled "T tho methodo of th. p.......t.ing chop"". 

(b) WMto 0, / .. ""'ffirial of T, N! ""';liM. 

Make the ouboti1.UU"" 

By oquuing both momhon.."d ool.iug for., w' obWn 

.-• 
, , 

2011' 

while the n.dioo.l i. Mp ..... ibl. in the form 

wI' - bl + -.14< 
,.",.,,_ b • 

'" 
(" 

('I 



INTEORATION BT RATIONALIZATiON 2M 

lad he_ <he intognmd ~rne. rat,j""a1 when •• p"",,,",, in 

t.e:r",. of I. 

Tt.. 0<11, ..... <lw. "' no< included in (a) 0' (~) i. that io 

which tho f .. to .. of nz' + bor + • ....., illlaginur and th. weill· 
eieut ~ i. negative; th. n..di",1 ;" th.n i1llagiu.o..,- for all oal"." 

of... AUhough th. integral .a .. be oIM.h .. d (in an imagin.ry 

form) hy e itber of the p.-..:-eding , .boti"'ti""., ohio ...... d_ 
not .r; ... in praetiea.l application. of the .alcuh •• &od will Dot 

be con.oiderod further . 

.". 1. 

1'",,".1& (8) gi ... 

• "oc.",e.""l _ z .1-1, 

"h ... .,., by .",.Lng f .. t z • • 00010.;" ,,+ 1 
z - 2(1 _ ')' 

"''''t~. 1_ 

Wh<n _ "r«-w.. ..... "" .... litu.d in lho abo ... iolo\l'" It 

f ( - I' +2' tI)4'. 
2(1 + r)' 

The -.rork of inlegral!"Ii ""I he f.eili",1ed bl .".,.'" of 11>. nn .. 
f.,...,...<;". 't' K'. Th ....... ,1-. In 10",,, QI" io 



252 IN'J'EGRAL CALCULUS 

BJ .... 'i"".I;.i.I . ill." """' • ...toT or de ... ",; .. "" ... ob",; • 

.,1\ .... <he radle.J part of ' he iUl<g .... ud, 

"ormul. ( A) iP- "I _ ~i ~ 1(1 _ ~). 

.. hen .. 

• I +. =<". , - . 
• 00 he..,.. by dJll ... . UaUo-a. 

,i"""". ( I z)' 
~ ~IdI, 

(" 

'" 
,>, 

Add I ... ~k ... ",be .. of (~) , 00 ..,mbit .. , be 'IfO ',"Ol' 01 u.. loll 

) 
_~ <" + 1. , -. 

Di.Wi., (3) by (4), ... h • •• 
~~ ~ .. , -_. 

I _ ~ 1 +,· 

No .. multiply (1) and (5) I<ogether a oo iotog>o.l<I, W. obI.&i. 

, ~_f2 <" oI' 
l_~ " +1 

~ 2~i + " _ 2lan- j -'U +', 
1 _0 " l_ z 

EXERCISES 

,. f-"c:-;;:;;'''";n==c.f 
(J z)(1 _"( "J 

'" 
,., 



IIITBGRATIOIi B1" RATIO~AI,.lZATIOIi 2.'>3 

Wo oan ration&li.o 0100 by m""". of. trigono""'trio luboti­

tuti"n. Fi""t redW'<l =' +I>z +< c.o tho fOTID ±!'± k', .. in 
Art. 118, and thon mak. one of the follo.ing u..n.f""m .... iono : 

In k' -I' put I _ k .in 8, 

in I' _ k' puu _ " """ 6, 
in I' + k' pull _ k tao ,. 

Siu,," ";_1' _ Ii';. imaginary, wo . hall enlude thi. ca/JO 'ro",­

""tulid . ..... ;"". 
Tho ",,"uUing trigonom.trio (u"eti""s can then be inugraWd 

by method. to 00 e~plainod in tho ne.1t ohapter. 

129. The,.., ill ""e 0;."" in .. hich 0 difl"e",nt tnn.fOml.tion 
1 .. <10 mo", ro.pidly to tho d •• i,.",] ..... ul ~ If, alter reducing 

tho term> undor tho <adier.! . ign to on" of tho .implD fo" •• 

mentioned in tho preceding pangtapb, tho integr&nd can 00 
eIp"""'od a.. tbe product of Idt &lid. fu_ion "",taming only 

even PO""'" of I, then ... may oubolitute 

V± !'±k'_ ._ 
t' _ ±("±k') 

tdl _ :t<<h, 

a.nd honc. tho integra1 lak ... a rational form in I. 

EXERCIsES ON CHAPTER IV 

1. f< - z' +h14. 
<""Uj"zO _ i . 

[~04i"", thot Art. 1~;. appU""blo.] 

:l. S ..l(x _ Q)L 1]'/< . 

, ~{~ Q)L« _ 4)1 
3 . S...-"Z+l ~ •. 
~+2 



2.11 lNTEGKAL CALCULUS 

• S .. . 
~+~ 

• S .~~ S' + "' ..... •• (.+~i 1 +-\Ii 

•• SC~ ~~1}o'~. w. S "'~~ . 
. _a xl +hl "'.' , 

. S . ~~ S"'·' 'h '. U . {"'+o')",,, .' , 

u. S"'''-''U ". S " , . (,,+ ,,)1· 

" Sz'",:: S "''' + .. >/,. .' " " ... S h . " . S .. 
{z'+o,)1 (u' z')f 

• 



• 

OHAPTER V 

130. l~ ..,g..ro Ii> tile in",¥ratlon of \.r;i/Mo.:u,tri<l I""cliono, 
i\ .. to bt "'''',,...'''' in 1.1>. firs!. pl_ til&/. . ... , n.liOllo.l trip 

1M_ Ollie ru",,~'" Olu be ....... lIy .. '" 'P7 E II i n 1.er .... of .... 

...,d _ihe. 

I~ i, ~rdi"Kll .. ideot thot .""b fu~. ean boo Ihle­
sn.t.ed brill_II ot u .. OIlb.l.ilutioll ......... 

After tho , "boliIUt"'" hall bon "'""ted, the iuwvaDd ""'1 
; ... <>1 •• Ih. i ... ,iuulily 

,"'CCo'(' _ """ '" J. 
This t&tI ...... """,od by ... t""""iAlion, .. eaplai_ i . II .. 

I'~i"g ohpl.<r, V' L~ .. oU,oo of Ted_iotl '"&, he ",."loyal. 
The ... t.li!uti"" ..,." ... ... ill ..... equolly ... "IL 
II i, ... ....JJ,. ....;.r. how_ftr, to iat.egnte Ihe tri; ••• ~_ •••• t.ri. 

rOl'1' ... ilboo1t any loocb pnriou. InwIf.,...,.....". to ... ,.~ 

(,,!>Ctior... Tho l<>llowiug artiel •• treat of the ..... of .. ,,", 

l...:au",,, ...... ,,-. 

131. J-"""'''''', f ...... -. 
In Ihio "*"" • il ""pre-! to h ... pooiti •• Integer. 

If OH?'z"" i. _ riu.., i. tbot fomo 

_-'". -'AU _ (I + ~,,)"-'4(t.n .), 
~ 
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~h" fi .. ~ int.<gral beeomeo 
• 

If (Ian'" + 1)-' i. oxpo.nded by tho binomial formul. ""d 

in"",rat.o>d term by term , tb. "'quired ","ult i.o ,,,,dily 
obtained. 

III like manDer, 

This l .. t fonn , .... 00 i"tesrated, ... in tho p~iDg ~ 

by oxpaDding tb. binomial in tb" integr-and. 

Th ...... e ,""thod will e.ideDl ly apply to int.egral. of u", 

form 

in whicb • io &Oy DU.,be., 

• f " -', 

• f ., . 
• ;n· .... ·' 

[:w:.[~C'SU 

oooz)'.b 
. In'z 

• f ., 
alD'z _'z (_', . in'r)' 

, f . ~z [. f ''''-'z,,'''zdzj . 
.. n'.oou 
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la ,be. ;nlognrub .. ill • poo'Ii •• in~., or zuo, "" 1hot 
~ .. + I i, &01 pooil.i..& odd in\<g<" whil ... ill Dn_meted, 

'fhe fl." in\<grai may he written in tho ror'" 

f __ 'stan"" . _ ., "", ,, ,t.. 

.h ..... tan he iK"'t/ratod &!I<!r e.f*adimg (~~ - 1)0 "1 tho 

binoonl&ll<><mala. 

ijlo"ilarl" 

--f ""'· 'II(-n- l )-.t("''''"). 

.. J ... "001 ....... 

.... <>",,- - 11 

VCERCIIU 



,,. 
TI>e 6rat integl'al eon be " ..... 1 Ibu. : 

Wbeto • i.o .. ",*tiH ;~u.r" u.. ...... k of inlegtati ... ""'1 
be '*l'idl,. earried "'" by •• ilin, I f~ \>reoit,. in p!_ of '-'"" 
and 11, ... ",,«iog t'd" in • diffo..enL 1000m hJ 'nean' of lbe 

follo .. i.~·p"""'... ViTO\., di.ide I" by t' + 1; lhe quotlen\ Ie .. 
poly""",ial of the form "" _ r'-' +r -'_ "', whi!. tho .. 
",al!lde. R i. eitlwl. ± 1 or 1: I -.tins". i ... en or odd. 
T be., lin .. lbe dirid ... d eq,...,. lb. p>OOuci. 01. di.i_ .... d 

quoticll plo. u.. ,...,.·ird ' r, W. M., 

r _(r -' _ r'· ' +" , _ "'Xi' + t )+R. 

Dllt.u- (taD'" + ' )<10:> _ --. <liz ... dC_ "') - .u, 
.. e bu. 

f tan~ .u ... f (I"" - 1"" ' +,. ... - ,.,;,Idl + J R <Lt:. 

For ua"'ple, 



Tho illlepal f ~ liz .... be u< ' ed i_ a ., .. ila.. ........... , 

I~ _. II a pooi\i" in\qO'. 

11(11" &0, .. I ... of,. "on ha" 

f cot· ~ tL< - f cot·· ,,, ~·z do: 

.. f _ · · ·z( .... s- l Jdz 

.. _ _ ___ .,tk _0-'" f .-. 
8' ..... taro z and "'" "' .... ...:iptlltOlo of _h ""'or, tJ.o lhoo, 

",,,,hod II ,. lIIo'on\ \0 inl"@"r&t.e &oTlntogT..! p".~' ,,{ PoD. .. or 

~. 

A_h •• met.bod of proofldu ... w""ld be \0 ... 1<0 Lh8 l ubeli· 
t.u\l"" \all Z_ ', .h...,.,. 

If Ihe UY;:UQ\" il • f....uOll.,., ,, .. I' , tJ.o Iaat "''"C''l • "'" be ",*iooWt-I by the 1~br<iluliOll.''' ''. 
II I . .. idenl fr<>a:> \.hi. tha, 001 n ' i""al po •• r of 10 ..... 1 

or """'1111"'111 Ct.o be integra.le<l. 

I Zt;I' CIIU 

a. f ( .... . - ""h)·~'. 

t . ) (---0 +_"')'''. 
5. J_o ~o. 
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Who. .. ;,. a poolli'" integ'" , bo .. '1>.> • 

•. S ....... .tr_ la ... · '. _ ... " .. -O~+ , .. + ( _ I)'_I(_Z _ oj. 
2 . _ 1 2. _ 1 

S •• ,",",., 7 . 1&""" • .01. _ •• ,. , 
+ , .. + (- 1)·-'(1 ... ··+ ios"oou) . 

1M. f obI- "' ...... '" dz. 

(II) :lltlter ... or ... ",,"Itl ... <>4d flIt_. 

If OM of Ih~ "~pone"ts, for example .... i •• rooi,ive odrl 

inWi"r, the given integnt,l m~r he written 

S.in--' ~ """',, siD ., dz _ - J (I - 008' .,) -; ' 000"" d(_ "'l. 

Si.c<> ... i. odd, .. _ 1 ;" "yen, and th .... f".., "; 1 i •• 

pooit,iy. '"",ger. H ence the binomial can he expand"" '"t<> 
~ Boite nUOIl\l<. of term. , ond !.hUll tho intogration ""'" he 

_ily oompleted. 

E1. S'".'."O<'uoU. 
Aooordlog .. Lbo "",tJ,OO I •• i.dleo.WId ohio 'n\ogrlll ..,. be .... . ~. 
-S ,i.' .,.to;;:< d(_ oj .. - S (1_ ""'" ' l'(_ .)1 .1(_ oj 

_ _ t ooo I. -I- ~""" I. _ tr_'l •. 

U.V<CISES 

1. SolD" d •• 

• • 
•• 
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(~) ... + .. am "'.,. _tift I.~. 

In tt;" """" the inlog,..l may be I'"t in !.he form 

S"in • ., ooo·t· ~ d.< -Stau·" """ ....... , .,.u; 
~'. 

which ca." be in<og,..~\ loy Art. 131, . inee tbe eXp<lhOnt 
_ ( .. + ,,) of ",,0 ., ill aD • • en positiv~ inloeK<lr. 

,. f ..r.li""i", .x. ~. _I _ 

T ho in\ogntio. io .lfoclod '" .... lollowiog .to~: 

• 
•• f ,-

,i,.· • 

•• 

S v'iT.i"X d~ ~ f"'nl~_zd~ 
'" ."u eor • 

_ S1o.DI>(w:.'~+ I )J(tan~) 

_ 2 1&.' z(' +, 1o..'z). 

EXERCISES 

(0) .ultlple &"i"\oe. 
WI,." ... and M a M both e ven posiU •• io<O&" ... , iotog,...tioo 

mar be . If"",-"d by tbe uo< of multiple angl... The tti~"" 

"'.,...;., form olu ""ed t". ,hi. I'"r~.~ 
. I 1 __ 2 ., 

000 "'_ 2 ' 

__ ..I t + """ 2 ., 
""" ., ... 2 ' 

oin ~ "'" ~ .... in 2,. , 

• 



, 
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__ .z+ _ l.f) -""" 4 Z J 1 ' ;''',' ,~. 
2 Ie I 

_ .;. z _ to CD 4 z + t. liD" 2 0:. 

EXERCISES 

,. 

(d) Roc!gct.lO. form.lat. InlOgro.to f , in">:0011·.,<to by pt.",", 

wing .. _ .... -'~, dv _ .in">: .... .,dr • 
. ~ .. 

... he""" d~ _ _ (. _ 1)000'-'" oil) '" <to. v ~ lin • ... 
nd the",,{orfl 

In the I .... term repl_ . in'" by 1_ 00II0., and .. ~ the 

integnJ into tb. two .. 1111.. 

f .in~., .... _ dz - f , in,,>: COO'" do:. 



,.,..,.,. .... 1M ........J ioo"'lraJ .. d lIai'" wilh \ho oj .. i ..... 
'",,",ral ill u.. \en ...... ho.. Alit. di.idiog \ho -ruti •• 

""Iu,"iOll by " + ...... "h&ai. \.he f(>ml.lIl. 01" R<iuoti"" .+< 

by _. of .. bid. \.h •• 'p""".1 of \he _,,,,, bel« "., bo 

di",i.iobod or '_ .... by 2 _ .. Ii..., .. the ioloesnl i" 1M 

lef, _"'boT .... t.hM im u.. rirll' ..... "'ho ... w .... utM " ••• 
iqloesnl. 

I. lib """'_. ftd.oti.on fo . ... l0 ... y ho dod-' .. blob 
dec.illI l' or 1<><01 • lhe uponenl of lhe Ii"" foetor by 2-
Th, detail. _ .lefl to the ""'dent .. .., <nrcioe.. Th, 
","ull i. 

'nI. 1_" .... oodi .. g f ....... 1¥, .. hoe_ .... _ f .... tha i"WfpI1. 

i. Ihe righl .. "",ben, UId .. (or _) i .... " . r :I by 2, 1: r_ 

• 
~_ I.be ~_ o f .. and .. _ ....,J; tb&l ..... 01 lhoe 

111_ ... r limg ... n F Z, (.), (6), (0), .. applinbk, u... i"legIUi"" 
.., ptIOItally be puformod mon quit kly by ..... of W. 
",,,hod .. 
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ElllE~CISES 

,. Sooo'%U. 
,,;n'% 

[ Iu.d. 2 u k< """ ,..,...,Lion,dimini"'i., <1>0 .. _0101 00II zb1 
2. An.. 1:13 '"~1 bo appliod.] 

135. fflt::'.._' f .;-tt.:' • ....,· j .. t" ... ::te_,...,· 
The.., form. ,,"u be in<eg .... WI hy .~p""".ing them in term. 01 

lhe balf angle .nd thon in term. of tan 
.. ., . 

Ex. 1. S ~ . 
~t 00 .. 

• 

which _ .... oin' i t ~ wo· ~ on 0011' ''''01: .... """'. ; "h"""" 



UITWRATlOIi 0 .. TII.IOO)lOM IITIIJC n1NCTlOIl!l 2l>io 

Ib.l· f ,. . 
t ... h+ I .K._ .... ': _in_ I. u.. ,_ 

t .... I~..,. I~ +(0'" . ~ + _'~). 2' r :! 

'n.ea, ...... ,oidi.lootIro 101 ... 01 .... I ... ,;, : bJ _12~' .... " ..... 

Lo".,ollcr : " S -"~!a 
,..,' 3 ~ + ' "", I . + I , , 

II"" .. 011. \he .. boIl .. l;"" tao 3; _ , •• d o.pply ... ~ 118. 

1\ will bt ..., ", .. r""", 1"- two probluta t hai. th. airo i. 

to pu\ the d ....... m.- iD t"- ,_ of. '" .' .. ~rolk 
bpi ::: ' .. in ";lMI aDd <:Ooi ... ''''.cd ..... Tlwm, •• ou both ...... 

of the lno:ti"" .... di .... ed by u.. "'1- of &he <:Ooi"", &he 
<Ien_i.Mar bn>ocaeo qlladr:aLio in ,IMo lanll"n~ fune$iol:. wbile 

lho "" ....... t.ot .... IMo .... ~1 J "lhedil(c ... ntioloflbfl~ ... 

EXf;RO:IU 
1 S 4~ . &+1_2 ~· • f , • 

(_ oI~. + h .... ). · 

. f ,. , . 
a_llba •• f ,. 

.. ..... ~+~- • . 

, I' _'J~d . · ,. I, +:"". 
•• f ,. • ••• +l_.· • SI+ •• ;"+2_.· 
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136. f'- oil. "'" ~ f"... _ ""'" <lo<. 

Int.!gr&te f ... . in "'" <k by po.:b, .... "ming 

II _ .in ...", .. ud dw ..... <to. 
Thi. gi~ ... 

f .... in tlZ,u _ ~ ... .,n "" -;f ... .,.,.""'" (I) 

lotegn.t.e the lI&RIe exp ..... ion again, .... uming this time 

.. .. ... , ,I. ~ .in "",dz.. 
T>" 

f ... • in R~ d"' '' - l''' - ... +:; f '" <.,. ",,<to. (~) 

MulUply (I) by !! and (2) by !! and add. 'rI,e ;',tegral. \D 

• • 
th6 tigl.t membe ... are eliminated, and the .... ult i. 

I - . " ... (".in .. ", _" ",," u) • .,n "'" H~ .. " ,+" 
B1 oublracting (1) fTOm (2). Ihe fonn"l. 

I ... coo "" d" .. "'(oo .in ." + u """ "") 
,,' + .. ' 

i. obtained. 

VCERCISU ON CH~F'TER ... 

1. f)ori ..,!.he .-..:I~im> form.I. 

f "- ".z_-'z· ·-' f ___ •• __ Z_ _ _ _ . h Z. 

• 1 .. _ 1 

[I.t.ogo-&l.o by pario, ..... i.g" _ ...,·-'z, 01. ~ ...,.. dz.] 
a. o.ri ... 

f-->Iz .. _ 00' z Q<"' .-, 
f" \&oIz dz . ,. 

oIn z """ • 



•• s, .. ~,,;; .... •• J';.:~"" 

• f';··~ 01 .. -. w. S ... ·;,,··01·· 
,. J(I _'~I _ "- >L J .. ,,;.11 ui~ .01 • • 

[ I"" . .... ,J- ( 11' .... hi" ~ui •• • _. - .... S •. ] 

• J-i .... j:oI •. 

n --I ...... ...... .,.. ~oIft(. - . "" _ Ilia!. ± lli. 
:t(~ - 'j 2( ..... ) 

u .. u.. 1.<;"'..., ..... ., fQlTll~la 
01" ... in {J ~ 1[000(' - flJ - _(. + /t)). 

n Sho .. th .. 

J ........... o --

". -~ 
I .. 5 ... ·· -0,,01 .. 

,. I U 
... 1._1, 

" 1(...,· + .... ·)·0. 

I •• 
u . (I t _ . )'" 

(H",,.. A __ 

" . I •. .-; ....... _01.· ..... · 
» . I .. _.""". 
" . f'1'" .. 01 r •. 

u . 

..... . ± ._ • • .t (.oiD .... 11_.)+ 8(._--/I ... 0) 

_ Jelo".'''' .t and Il b, ~ .... ' l .. \i'" lor ... -r-I to. jII i. 

Ukot , .... ,o<,.j 

"I-f'" ' 010. _+/1<- H . 



CHAPTER VI 

IlITZGRATIOlf AS A SUXXATIO.. J.REAS 

137. A...... ~ problom of calculating tb$ • ...,., OOUQdod 

by ginn . troight or ouryO<! lineo eao be 001.0<! by mean. of 

t he Integral e a teul"" provided that the equatiOlLl of the boon_ 

dary cu""" a", known and oati. fy certain .....triel;o ... 

Bupl"'"" it i. ",,!uired to dewrn,ine the ...... limiW by • 

.,.""i,w('''' "'" of a aur" , wh"", "'Iu.>tion, in rectaIogular ro()r.. 

dinatoo, 
" 

writ"n 
in the form 

.~ 

" ". , - 1("'), (') 
by tbn two ordin.o..<e& 

., _ " and '" _ b, and 

by the _Ii.; tb .. t 

, , ia, th" ..,..,., APQ/J 
(Fig. 59) . 

E W. ,--, u , A, A, ~.' follow • . " " -~, • ou",od 
" 

'M .. , 
plaoe, for the ... Ite of .implici!.y, that 1("') i •• I ... yo incr .... ing 

(or al .... y. d..,...,..ing) be!. ....... " '" _ " .. nd '" _ b, "" t.h&t .. nri· 
able point om 110" ,,'" PQ i . """tinuaU, rioing (or falling) .. 

ito .. 1»ci.oso. '" incr"-L SnpP'*'. furth"., t h&t enry OI"di" .. too 
bo!.w,,"D '" _ G and '" _ b ""IS the am PQ in but on. roiD\. LeI 

~ 
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th. inloorva[ .1 1.0 R (Fig. ~9) be di.ided ;',to .. equal inloon .. 10 

A.I" A,A, " ', ...t.._, B, each 01 length 4z, 110 IhM 
iownl .AB_ b _ .. _ ... 4:<-

AI each 01 tho poiDlo 01 din.ion A, Ab A~ "', n o"",t ordi· 

n.1eo and .app<»!> thai; th_ ",eol the oun" in the pointe 

1', P" p. "', Q. Th rough the [at .... po;nlo d ....... Ii .... PR" 
1', n.. I',n.. . .. 1'._, R. p"r .. I1,,1 to th. ,",""",io. 

A .. rieo of ""'lang["~ PA" P,A~ •. • i. U>". lOT,ned , _b of 

which Ii ... entirely .. ithin Ihe giren area. Th""" ... ilI be r ... 
ferred to as the ; ... r~" _ .. ;ko. By producing Ih" lin .. 

al",ad,. dnwn," ..,ri.,. of '"""tangl"" SA" .'1,."4, ••• i . fo. moo 

which will be ca lled tho aUT;o, .-.d/,Hglu. It i •• lear that 
the giy . .. .....,.. will alwa.,. be K""'\<l' t1w, 1.10" .um of th" in­

terior ""'tangl ... nd .1 .... , . 1 ... tban the OU""' 01 th •• 'Ierior, 

0 ' , up_oed in. formu!!" 

PA, + P,A. + ••. +1'_ , D < A ...... A l'QB < SA, + B,A, + ... 
+8._, B. (2) 

T he dift'.",,,,,,, bet .. """ tho oom of the ulerio. and tho lum 
of tho interior "",tangl ... i.o 

SR, +8,R,+ . .. + 8._, H._ rectangle 8._, T ... TQ . .u. (3) 

All _ ""PI""'" tbe C"rVo to be OOIII'onool bet ....... I' and Q, 
tbe liDO TQ i. of IIni te long!.h. 

It th. nurober .. of "'lual parts into whieh AB i . di.ided u. 
ioo ...... O<I, the finot oum in (2) inc __ in Yal .~ and tho 

_ ond wm in (2) d""I'F' '' Mo,...,.er, ... th. i. dilfe"",c. 

TQ.4z, giVO" in (3), "ppro&eh ... the limit wro, it foHo ... 
that 1M li ... iI of , ... . ~ .. of 1M _ __ gl ..... "l"Ol '" 1M 

liMit o/IM ..... o/IM iOUrioT """""ng/u ""'"" " _ "", t.\<U ... , 
toll"" 4.., _ 0. 
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8i .... Ibe re<jm ......... oJ.lt- hili .. ~a. intermediu. 
Ion ....... tbe Ilro _ .. it folIo ... \haL 'M ...... i. <90": '" 'M 

Ii .. " 0/._ .... 80 IhM, for ou.mpl<,"" han 

~_ ~:o[PA,+ I"A.+ . .. + P_1H]. (f) 

The _d ",~mhe, Qf !.hi. "'luau"" maJ be upl'f!8Md in 

I<!,,,,, of u.. fu""""" I(~) which .p~ in I.bo oquUiotl (I ) 
of tI ... ri "'" .... ,_ Fo. , 

...... ........ _ AP . N_/(tI)4z, .i_ AP ii the ord''''''' I .. hen. _ ... 
Similarly • 

...... P,A, _ 1I,p"4:I _f(",+ ~) . .u, 
Ir'" P,A., _ JI,!', . A:o - /(" + 2 u ) . .1z, 

. . . . . . . . . . . . . . 

It u... ... p~ODI &f'O ",'-tituted ia (4), il IU .. lb. r ..... 

_ _ ~a:o(f(")+/(a + 62)+ /(a + 2.u) + ••• 

+/(0+" l.u)).!..z. ($) 

A, il DO'" , tand., tb, f(Wmut.. jUllI den.ed i. of !iwe p..­
liO&! .0.1 ... for ""npu1ins -. Thlo i. dne to th, fact Ih&I. 

tbo .. 10 no g.""nIl "'''''lwei for ealcul&1;ing Ihe oum of tho • 
Will. gi .... i" bnoeht.o iu !be _d _bor of ($). 

J'or1.oIn.te11' \.be nlue .. r \.be Ii,.it of !.his ....... heD .. .:. '" 
aIICl .u '" 0 .... be aJeulaled bJ' ialellnti<>a ....... ball ..ow 
(H'" cd. 10 oh<no. 

1:111. II'; ., ....... ~ IattenL De_ u.. 
' undioo .... i.ing ' rom u.. ialeS"Mion of 1(") bJ' '(2), Ihu It, 
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F(~) ~ f I(:z:)d.z, 

dF(Z) ~/(r). 
~ 

Fly definition r.t the derinu.e of F(z) .. e ho..e 

~'::o F(Z+~ F(z) -/("). 

The quotient F(z + .1%) F(.) may be writw. in !.he fo"" 
•• 1(:.) + ., in .. bioh • approo.ch ... U N &t Iho .om. lime •• .u, 

olher .. i.., tb. limit of the quotieDt ,.he" .u ~ 0 """I<I 001; be 

1("). From th;" ",Lo.lion folio .... , on '""\Iiplying by ~, 

F(:z:+ .1%) - Y(:z:) _ I(:z:) . ~ + •. _ (6) 

Neat, io "",U"''''' (6) o"botitnte for", the .u~i..., .alue. 

a, u+ .u. a +2 ~ ... , a +(" _ 1)4z. 

W. IhWl dod",," the following feri .. r.t .. equatioo., in ... hieb 

." '" ••• &re uood. to denote 'he dil'fe",nt ... Iuea .. hiob • may 

tab: 

F(a +2 .1%)-F\u + .1%)_/(u +4:<). 4z + .", . .1%, 

F(a+3 4x)-F(a+ 2 ol.~) _/(a +2 4z). 4z~ . .;., . .u, 
. . . . . . . . . . . . . . . . . . . 

F(u +. _ 1 . 4z) _ F (a +" :£ • 4z)~f(a + ,, _ ~ . ol.:<)ol.:< 

+._,. ol.z, 

P(u + ,. ol.:<) _F(a + ~ _ 1 . 4x) _ I(u + .. _ t . ol.:z:)&< 

+<10 •. 4:<. 

Lot the ... It "",,,,,tion. be . dded; then ,11 but t .. o of tho 

term. in the left member r.t the om canoel eacb other ""d!.be 
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.... "ll .... y be WritleD 

F(b) - F(~)=lJ(")+ I(~ +~) + ... +/(" +" 1· lu:)]lu: 

+[;,+ ... + .. - +;.)lu:, 
in whicb b ;. ..Titlen for a +" ,u, .i""" ~ ~ _ b _ ... 

Now let lu: appl'OIiCh ..,ro. The exp ..... ion 

(" + ~ ...... + ;')lu: 

..,."i. h ... at the ]imiL For, leI $ ,I~noto the pooitiu vol"" of 

the numori""nylarg ... t I<>rLO of I~o oet ." .... "', ; . ; the n,.~ 
ba.~ evidenlly 

1(;" + ;. + ... + • .) lu: I::o (. + •. " (M terms» lu: _ ~$ . .I." 

~ ~lu:. $ _ (h _ a) .$. 

HM"", from tbe fact u...t ~ . _ 0 &Dd tIW. b _ a;' finite, it 

follo .... frOOl ArL .3 that 

=(;. + .. + ... . .) .1,, _ 0; 

.Dd the""fore F(b) - /l'(a) _ !!.:(f(<» + I(a + lu:) + ... 
+/(1.1+ .. _ 1 . .1"l]" (ry 

NOll'tho right member of tlti. "'Illation ;. exactly the ex_ 

p,,, .. i,,,, pre.i"".ly de,i.eel fot the ...... Al'QfJ; benoe, 

ar ... AI'QIJ _ ~'(b) - ~~a). (') 
To ""mpute the nlue of the rigllt member of (8), fir.tabtai" 

F(,,) hy intog'Ui"g /(")"'" H ... ing delermi"oo F(2), . uholi· 

t,,1.e tho •• lu •• b an,1 a whioh" tak ... at tho utre.liti .. of tI,. 
"'" hounding the ginn IL/"e& and tben . ul;ltn.ct tbe """",,d from 
the fi .. L Thi . ..... nlt may oollvenieDtly be rep.-Died by the 
symbol 
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.. hiob indioateo bot.h 'ho integration to boo I"'T/ormed..,.d .b" 

"ubotilution o! \.he ' .. 0 limiting ¥~I"es a ond b fo, "" It i. 
ealled 1M %'I~iu i!Ol<groi of clio JU«i.ox J(~) btl ...... 1M /i .. w 
a and~. 

We U .... obtoin, .... final f""mula for arM, 

&J"M APQR - f.'J{r)","" "J 
139. _U ... Uoo> of the._ 1_....... J .. toad of t&l<ing \.he 

Jimit of the oum of the inte,io, (or exto,io,) "'Otangl .... more , ~ 

---fC------±.~,'".c,-,,".c. -------2L---
..... 00 

g<m'..J. p..-J.Un'I .. ""Id 00 to take .... n .. of ;nlermedi .. \o 

""'!.augl... Let.,. be '''y nIne of ~ be ...... "" and a + M:, Z, 

any · nJue W .. ..,n a + ~ ."'\ a + 2 <U, o\.c. Then J(z;) ~ 
...,nld be tb. &rea of .. _gle KLA,A (Fig. 60) inlermediate 

between PA,..,.d 8A,; !.hat i_, 
l'A, <J(~)~< SA,. 

Like ... ;" 
.... 0 ... 0 . _18 
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Hen.." 

.~m 01 interio< f'Octangl .. < [/(:,) +/(",) + ... ]~ 

< eurn 01 alle';o. ""'tangl .... 
and th. refore (e!. lIig. 59), 

area AI'QB _ ~:::G Cf(" ') + 1("0) + ... + j(". )] ok (10) 

Thi. result oombined wit.h (\I) gin. for th. definite int.<>gro.l 

thO IDO,," \('In" ..... 1 lorll.lul .. : 

i ' II .. • j(z)th _ 4.\:;'0 [J(z,) + /(z,)+ . . . f(x,.)J~· (ll ) 

140. CttUIa ptopottleo of 4efialte l~tee:"'\o. From the defini· 

tion of the definite in tegral i '!(Z)<U • • the limit 01 .. pu­

tioular OUIIl, oeriain imvonant I'roper1.i .. may be deduced. 

(al .r..t.TCA.1I.gi"9 III< li .. iI, " aKO b .... ,,/)0 <Amig •• tkt Ii".. 

0/ 1M ~iU i..ugr<d. 

For, if z.tut.o at t.h. upper limit b ud dimini.t ... by the 

addil;"" of eu"""",,iy. nogati T' increment.<> (_ .a) ... chang<> 
01 oign will """ur in formula (il, g;. ;ng 

F(a)- .... (b) _ .ff(>;) <h. 

I[enee, 

(b) If e"a .. ~..w.r~n,,>ldb,w.. 
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(0) no Meat> Val~. 1'1_. 

Tho area .u>qB (Jtig. 61). ,.hiob rep.-nUl the nUlDerioal 

~:alue of tbo dellnite iutegr .. lrnay bol exp,..,..,oo .. fQllQ ..... 

Let an ordinal« MN be d .. "'n 
in ouch .. (OlOitiQn thai. 

area l'SN _ ._ NRQ. 

If f denote. tho nluo of x 00" 

, 

",,"poncli "l1 to tho point Ii, thM 8 

MN _ /«(j . .. nd p. 

. ..... APQB _ , ootong!o A8HB 
_ NoV· AB ~/(tXb _ a). 

Hen"". 

J '/(X)tU, - /(f) .b - 0), (12) r,o . • , 

in ,.hioh l i • • ,,,n,, U]U6 Qf ., bet",..,,, " "",d b. Thi . """,,It 
i.o know n ,," the MeMl Value TheorelD (oompo. .. Art. 3"9). 

J'.f(><).u 
and the ordin .. w/(f) _ ".- _ i. <o.I1...J tho ....... orui. at. .-" bet .. .,.n x _ a .. nd ,, _ b. Thi. i. aloo ,,",lIod tho meo.n nluo 

of t ho functioo/(z) bolt ..... n t h .... 1iruibl. 

Tbo theorem may bol eIpresood in words ... tollo",. : 

TToe «Ji ... 0/11M <idi"iu i~1<grnl 

i'/(Z)dz 

i. eq>oal '0 'M".oo"'" '" ,~" (UI"'""""" "" ...... 1/ •• Ii"';,. by !h.o 

val ... 0/,/10 luai". 1(") ""'"""'1'<'041"9 l<J a ctr!a; • ..u~. '" - ~ 
bd_. 1110 Ii .. i/o 01 i>tUgrolw... 

(d) It i . frequool.ly cl""i ... blo to make a cbange Qf n,ri .. hl. 
in tbo deS.i", integno,l in ord •• to 'Militate tho. w",k of i nto­

gn.tion. It i. obrion., from the .... turo of t he deSni'" integral.. 
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that t.he limi ... of integnotion mW!' be oh&OgM 00 that in tb. 

n ... integTal tho JitDiu . hall be lohe n1u ... of the De" _io.bl. 

oocre.ponding 10 II>""" of the old nriabl ... 

• :~. En]",,\<; ~' v''' .'dz. 

M,k. "'" .""'go of .. rIabJo. _ • 110'. "be""" liz B Goo.' d8, 
a nd "",roI"", 

H .... tho limilo lor .......... In~cnl .......... .,, """- bl inopocllon 

of u.. "'Ida""" OOOI><lC\iDg z and '. ",,,,,,Iy. Ii" ,=~ . I,!.o _0 Lh.~ • .. • • .no. from 0 \0 ... , I. 9 •• riN from 0 10 I. 'fhi" _pond> \0 

• <ariaoon of B bot ..... tbo Ilmi .. 0 oDd i. Tho I_.llo in"'llnl 

;., by .or<. 1.'11 (0), 

Tho ,Dboti .. """ 01 ..... Umi .. g; . .. ,h . .. I • • c7 
loll . ModaItr\Il'. f,,",,"La. A. OD applioation 01 the m...., 

nine u-,"'m (Art. 140 (e», '" dori •• Macl&urin'. formula 

.. itb the "' ..... ind. r lerm . 

Ia. and I be independent nr;..hl .... Sup",,"," 1(.-1)' to:.­
gether wit.b ito fil"Ot • deri. au ... wilh _peet to I, t.o 1>0 
ooolinnouo wi1-hin tb. ;.terroJ () to t,. Then we 4 •• b1 in .... 

gration J.' ]" • /"(0- 1)<11 - -/(0- 1) • - fl.o) - f{o - t,). 

On the otho. hand if w. inlieg .. w by ~ t&lEibg " - /'(0- 1), 
<flo .. <ii, we obWn 

.r'I'(' -1)<:1: - /,(. -I) . 'I + ,[,J"{' - I) . I dI 

- /,{. -l,). I, + I'r(. - I) . t<ll. 
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integrate !.he last te.1I1 by parU, wing. _ !"(. - I), ,h _ , dI. 

By ."""""oj .... applioati"ld of thi& P""'"'' we dNiuee Ibe 
formula 

j(.) _ fl' - 1,) - 1'(. - 1,)1, +1"( • •. 1,)1,· + /' ''(. _ 1,)11. + ." 
21 31 

+ ( .. 11)!J:"f''''(· -I)r-IdI. 

By the mean n.lne theon", we bave 

i·f'~' - I)r-' dl _ f " '('- 1I,)(81,}-·' . I" 

in .. hich , ill • pooitiT< 1....,lio<> .nd II, ill !.ho .. mo .. ~ of 

(1Z). In""r1;ing thia in 1M preceding equalion ""d . ubolilul ilJ.l; 

' _ "', I, _ a _ a (beDce. _ ', _ a) .. e obtain .... ~DaI fo.m 

f(~) - f(a) + I'(a)(" _ a) +f~(~)( .. _ a)' + ... 

+ (M':":) 1""'(" - 6(" - a»( .. - a)-. 

If ..... pI"",,' by I _ V, the ,..,mainder term tak .. U!o f",m 

gi.e.<> on p. 153, "ith V written ill U!o place of'. 

lU. R .... "" 011 tbo .,... f""",,lo. (a) It ill notiood that 
the formal • .r. f(z).u,_ ~[!(a) + f(a + 4%)+ ... +J(a + .. - I . a~)]az 

indi?"t.eo t .. o .tepo, _ .. . ummalion, ..... d .. P""""'" of p .... ing 
to • limit.. The di/Je .. otial fez) dO< .. bieh aPl"'an under lhe 
integn.l . iga m.y be reglllrded ... ,..,p .... mting the general 

\.ermf( .. ) ~ of lhe .. ri .. to be .ummed, whil. tbe 1''''''''''. of 
taking the li'nit of thi, .um i. indioaled by .. pl""i"~ a .. witb 

tb. di/JoT<:otlal II .. ""d p .. liIing the lign of inlq, ..... tioo. 
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The general t"'m f(~) ~ "'p ... ""nta Ih. ""'. of an lUbitrary 
rectangl. (01 ~" .. t of interior """"ogl .. ) vb_ o.ltitud. i. 
the ordinate """"",J>O.Dding to an ~rbitrary " and wb""" width 
i. lI.;>. 'fhi, io cal led an tIt»o<m 9/ aua. Th. definite integral 
may theu be thougbl of as indiCiloting Ute limit of th . .... of 

0.11 oontiguouo element.. of are>. bet ... ~n z .. " ""d ., .. 6. 

'thu. noti"" of """,mation (followed by p""sing to the limit 
~_ O) io. verr woolul ana in .pp!;ring \he oalculul to prob­

lem. of geomet'l. m~baniOl, and pby.ic.. In each cue an 

applieation of lhi. notion """,;0l.Il ill linding tbe !>"nero.! u _ 
p ..... i"" for an oJ"",.nt of th . giY~D mog»itude (.loo,eol of 
."' .. e lement of mut, element of moment of inertia, etc.) and 

th.u iudi ... ting the \"0 . tepo of ""mmation and lakin" tbe 
limit by chanlPog ~ to <& and pre1hing tb. "mool ' of the 

d~finite integnJ. It't"'" nO< loe forgotten Ulat iu "ye'y"""" 
it io nooeua:ry to prove that the limit of tbe OUlIl gi.es p,e­

cisely the d",i,od _ult.. , Thi, .... ha,ve a1rnady don6 iD case 

01 the ...... fonnul ... 
(6) The ol""'on\ 01 ....... /("). ~ i. pooiti •• when the ""'_ 

""pooding _nglo i. abo .. tho ,"",ui .. . in"" in that _/(>:) 

"' ..,.,ili.e, whil. 4.: ia ..,.,i!.i •• il ~> ... A""ordingly, tU 

f_wJa f'f(#)di< g, .... ",..,.miw vol",/or "" "...., abo .. tU 

_~ ... Ia.b~> ... 
Simil.,. """.ide",tio"" . bow th~t tho ...",. lo,mula gi_. 

DeSalivo .a1"" for a.tJ &r<lII below Ul6,"",; .. 
(e) II the curv. ,_/(,,) .""'"'" Ih. lHlXUo be1;...,.,., the tlO" 

poiobl Jl, n, \.heo tho! ....,., roneiots of :I pooiti •• part APO, 

"no. _boI o.\ci . ...... 10 ....... 0' ,""" 1M ,.11la! 01 Ik ... td _ 
t I. "" __ .... li .. 11 of ....... 10 _ ... _., .... of ... map, .... 

10 q_""' ............. ph. 10 ... ddltJ .... of ... "...u. of .... (A"_ 111'_1 
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"'p..-nt.od by the integ""l f'fl~) <k, and a negoti.~ part CBQ 

rep_lied by tho ilItegnd i'f(Z)d><. The lum of th_ t ... o 

int.egra.l. , ... hith (by Art. HOb)i> T p 

"'tuo.! to i'f(~) dx, would ...,.,.,rd· 

iogly gi~e the o.!gebrnie Bum of tbe 

iX"'ili'. and tho ""go.ti~e a,..,.. 
(d) Som~ of the _ Ir;.,ti"" . 

, X 

plaood upon the function fez) in Arll:r; can be "'moved. In 
tbe 6 .. t pl-, "'p_ that f(:) to DOt ahrayo ilIereuing (or 

dec", .. ing) ... ., ino .. ues from 

" to b. 1..<t ordinat .. be drum 
at Ih. muimulll and minimum 

k ..j0 ..1.-
-{,'-I~'--l-~~~ point. of the gi~en .... PQ (Fig. 

A X 63). Th .... di~id. the f'Oquil"f:d 
r ... "" ""8 into .. ve",1 part. A', ..t", 

II '" fo. each of whioh the ordinate. lati , ly the .,.igino.! cOIIdi· 

l ion of Arl. 1:r;, h"""" ... e wnolude that 

areo._..t' +..t"+ A''' _ I 'f(Z) dz+ J'f(%)dz + f f(z) ·"'" 

_ .f I(z) <10:, by Art. 14() (b). 

A dieeu .. i"" of the method. to be employed in ..... /(z) ~ 
oom<!o di300otinuouo, ,,, ;. Dot singly.o.lued in the auigned 

interu.l, i. pestpon<d to Art. 1(3. 

(0) BilI"' /(.:) _ J, formulo. (9) ma,. be written m.- brie8y 

area ..tPQR - f.'Jdz. (13) 
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(f) By exactJ,!' the Arne P'''''' • U8Ild 

in d~ri.ing (9), '>r (13), it may be . holm 
that th~ area A' I'QB' (Fig. tJ..I) bounw,d by 

•• l::'~-·:·:::!''-- t.h~ eurn 1'Q, U'8 """xi., and tbe t .. " lioeo 
o or , .. ,,', J ~ 6' ia given by Ute formula . 

"''' .. 
........ A'PQIJ' _ .£~ «dr. 

(g) If ;t ill requirM 10 lind \he ....... bounded by ...... raJ 
a .... ouch ... I'Q, QH. RS, 1M. (Fig. 61l), .. e may ealculat8 b:r 

formula. (9) the limp]" areu 

APQB, BQRO, ote., and by 

pro!"" addit;""" and lub- R 

t=tion. OOto.in the d ... i....t 

...... ThWl the area in Fig. 
56 would 110 eq» . ... by roar .. 

f /l(S) <k+ .f'f,(") d,,_ J. fb;)<b-F. J.(zl dz. 

EXER<::ISE5 

1. FiDd lho ..... bouMod 
bl tho c'"'' , ~ lot!" ~, "'­
....... ODd u.. oo:Iin&teo 
$ ~ 2.r ~ 3. 

-f'---T'-~~--'"-£,-L rA",. APQB (F;g. M) 3 

~ . 
i'1os" %d~ 5 %(101'%- L) J:" 
_ I{Log 3 _ I) _ 2(log2 _ I) 

.. Iog¥ _ l. 

• TIoo .... beI ]: Incl ........... ........ 1_ ..... oro In .. . ...... i00i for 

. l>. _~.""" ......................... _ ........ ... -, ............ 
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2. t"lfld "' • ....,. OOufl<tod !.oj "'" .'" of 1100 po. .... bol. ,. _ I p. 

"", .. u.-..d fro,. tho . ... te. too u., poiol .. ~""" .I>ooiloo. II e. t.ho.-&1II 
.. ,d "'. ordinate, = ... 

r", .. tho ",ouIt 0110 .. 11 .. 1 tho ..... of lbo po....ooJ •• ul otI b,. 

Ih", po'l"'"dl<ulaz to 'boo ... 11 gf Iho ' une II "'0 ,h;'·d. t.ho ....... of 

tho ,...,tongl& .l .. u....".;blng Lhll ""I!,,*,L 

no- "'i. ,",.f> bold goo:>d I .. &II panbolM I 

3. rl».l Lb. -. bot ...... tboo _.11 _00 ..... _kodnl __ 01 

,he .ur ... , = ';0 .. 

-t. Find t.ho....,., bouod<>d by tboo .. mloubiool parabol. ,. ~ 1M .. 

• oJ tho li ••• ~ I. 

,. Find tboo . "'. booMed by tbe <un<> "=4(.+~)' .nd "'. ,. .. i .. 

6. Fi"d ,ho ....,. bo .. ded by tho oubiea! p.....boI., _", "'­
,.-10.,.00 \bo Ii .. , ~ I. 

7. Find 1.h ...... oo..ndod by tbo ........ +,. _ 2 .Dd "'" _I· 

n'" "" ... 
a FiDd lbe ""'. hwn~od by tbe paTaOOlo , ~ 2 .... ,d Lhe w.. 

, _ 2,,-

fl. Find""'''''' """..dod by tbo p .... bola , . z'.nd tho twg Ii".. 
I~·ond, _ 2 •. 

JO. F:ind b, iD"""'\;"" "'" .,..,. of "'" oi,"'. " + J' = ... 

ll.. Find tho....,. bot .. ..,D tboo 0"",, , ~ 0(. _ I )(t _ I) ODd tho 
,.. ..... 

l2. Find tho ..... '--..dod b,"", _nli..... ... ... "'" wi"'b .. , 
1 - ,.Dd Iho onli.oto • B". IIJlu""";"g " wlt.b • ..t ll.oti., 

~+h' 
find 1100 __ be ................ uod t.ho ......... 

13. Fi.d lbo ._ of tho &Iil*' .. + l" _ I. 
" . 

1 ... FiDd lbe.,.... iDOI.dod bot ....... tho b,,,,,,bol. q ~ !III and \bo 
l! ... . +,~15. 
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aGo Flud ...... "'" ""'-n ,bo ",,"e ,,(y' _ 2)=s _ 1 _ tho 

000td1"" .. noo. 

:no Find ' bo ..... oommon 10 lbo t .. o .Ui_ . " .. -+ - =1. _ + ..... rl . 
• ' ~ !'.' 

2tL f'lnd tl>< . _ • ..,"-1 by II .. 0.,,"", _ ,.;O~. , _ """. I",· 
t..-- t,.o co-.:uti •• iH........,tion~ 

211. F;nd l bo ..... n oroi .... of Lbo co,n' , _ ..... t>e< .. ",," ~ .. 

1;",;10" _ G .00 • - i (_ p.1I7~). 
30. Vlnd l ho """' ... I .. of Ill. fu""oJo,u ";n. t>e< ..... tJo. limj" 

o aM ji Wo of 1.1 .. 1."""",, .··.i ••. 
:n. Find Ibo ...... of Lh. loop 01 Lbo "",... 

1'= ... -r • ... 
a3. Precalltl ..... to be oboernd ill enlWllilll .... btu illtoaTal .. 

Tho method gi,e" above fOT detoel'1llining pi ..... ueao In Tee-

tAng."" ~in~tu. iuol_ two e_nli.l ."'1'8: 
(I) To find th. integ .... l of the glUD functionf(>:); 

(2) To . ubotitule fOT '" \.he two limiting .aI . .. " and b. a.nd 

.ubi""" the 6 .. , ' .. Dlle from tho ....,.,Dd. 

E,....,n~W1 roDelWlio"" ""'y bo .......,hed. Lo .... e.r. by an in_ 

cauti""" appli""tion of thi. p""'_. The "" ... ""I0iring pa'_ 
ticul ... altention i. that in "bieh /("') beoom ... infinite fOT 

""me n.ioe of '" betw..,n <> and b, or ~I " OT b. When that 

UPP""" •• lpecial i •• ""ligation mu,1 be mod... The method 

01 proeed.u,," will be brought 001 in the follo .. ing ftnInpl ... 

F.L 1 . Find tho . "'. bou.dod by I"" cu," ,(r _1)'_ 0, tho 
OOOtdina\e U<oO. " nJ tho ord;.at.. _ 2. 
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...,.~ C' . d~ ~_ ....!....)· ~ _2., 
J. (~ I)' ~_ l. 

whero \be '1""boI J: io • &if" of .. bot.ilul>OO, Indieo.llol lhal Iho 

.... "" ... 4 .... 10 bo i_~ I.,. ~ in tho ex,. rio. ;"",. 11""1 
~i". Iho .~ .nd tho _d ,....,. ""btnoct.od I", .. u.. fi ..... 

Th" ""~'I io i"""....,l. .. f La_ .t tho ~.w"' •• 1 ..... cu ... 

....... tha. f(')[ . (~ • I)'] beooIDM lnaa.il< fOT ~ . I, II io 

, 

--_ioKly Do. _-y 10 ~"J tho _na OCPA (F~. ~7) boun<l«l hy . n 

on!;, ...... 11 P _p", .. H.g 10 _ ...... z= r ... hi<h .. ... lhao I. 

~''"' thi. pu< o!. .... ...... f(~) So ftnile ond _;1; .... ODd l.,.m.La (~) 
u" bo ;'nmodLal<ly.ppllod, '0';<1>1"" .... 11 

.",. DCPA . C" .h 5_ • ) .. ~ _ ....!..- _<. 
J , {s I)' (~1) , r _ 1 

If ,,",w r .. Ol&do 10 in,"" .... &Od opprooch I ... I;m;~ tbo HI .... 

"f .... urr-Jon for Lbo &I'M. will iDO-..e wilkout li",iL 
.. m" ...... 1. II obtol"od for the lUI 1 .. luded ""1". 0 .... <><oIl-

0_ ~ _ I Ind ~ _ 2. ''''_ tbo "'l~irod __ io ;ndo;\e, 

E •. 3 . F;nd tbo ."'. li",;t.od hy "'" cu ... !!,(z' _ "'}' _ 8"', the 
OO<Irdin ......... WId .... ordi ... ", • _ 3 D. 
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8i_f(~)[ - h ] ~mN inhitefou= .. i' i .. .,. :_" 
(>' - ",)1 

in (I .. fi .. , pt- 10 oo..o.do, "'" ...... OP A ( r is. 06) ..,d dtlamino 

, 

•• • 

!'lG. '" 

"hot limi' i' app..,..,"" .. . iI' "_ .... ""tt.oid<_ wit.h lb. 
ordinate ~ . ... Acoordiogly 

..... O"A _ j; ·· 2zd~ . 3(" - "'>']" 
(>' - Q'j' • 

_ 3( ..... _g·j l+ 3a1, 0< .. <_ 

"h<nco /~'. [.",.. 01' A l = ~ al. 

J. Lbo .. "., m"" .... , "'" area A' J>'qB Iuoo lbo •• 1 .. 

1" 2 • • z . 1.1 _ 3(.-" _ .'j l, 
.- (>' -«')' 

A, .-' dimi.w- Io ... "J ••• Ihe ..... ]"""""",. '" 1M UmiUng •• 1". 
0.1. " """'" b, oddi", Lbo ,..., ,...uU . .,lbo "",,,,rod ....... i . 100M 

lobo hl + G.I =~.I. 

T", _me .....,;, is {oond by • di""" o.pplioatioo of (9), .lz.: 

.r· 2 z dz - 3(>, - .')IJ"~I.I, 
(" _ ,,,)1 • 

'" Ih.1 in this...., aD immedi ...... of the ...... !orlU.la gl_ t.h. 

""""""" ..... Il 



'" s.... of Ule deW:b il> .""h p,oIl'. I." .... ~ pi e lin, 
... r"- ..... iltc>d. 11;'" .. _ "'1 &ratwP"' " '''~' '' .aluo 
'ew Ib.an the crilica1 <mO • ....d, JJto. inl.<glUioB and lubiil ic.u. 

UOtI of lirn;ta, to 10' s' a pl'......ch 11'.8 oritioal nl"o .. to limlL 

Fo. !.hI. i, cl.,.rl, equiulent 10 taking lite orili",,1 •• Iu •• , 

0"",," u.. uppo. limit r", the por\l<>n 01 the ."'. to the I." 
of \be intlniw. onl i .. 14 (or .. lbe 10-.« limit for tbe .... to 

!.I.e ri,M of thu. OTdillAllo). 

'111 .... in CUll of lUI i .. "'ita OI'd imate, the nol. of pl'()Oldu ... 

he."" •• : 
Otkoo/ato WP'" ' t" 6, j\>no.1o (9), 1M ,., ,...,._ of .. - ... 

e<t<A Md. oftJ.. iaplU .,...JI ..... Qo<I od<I .... ,_ P'UIOlIa. If.,.." 
of th_ portion. i. ill~"Il4, It I, """ _ry 1.0 .. loulate tbe 
OIl1,. ; tho T«tuirwl .,..,. ill inAn;WI. 

Th. fonDUl.o. (9) tOT . rea. b .. boon dedu<>ed uDile. tho .... 

lu.-ption tJ\at tbe Iimito .. IUId 6 ... G .. ite. It ..... l happell. 

~"'" u..t. tho ........ '-/(,1.) appoooeh ... tbe ..... .. .. ... 

N,"'p&olo<I. It miJI:ht LIo", bt I'Ioqlinoi "" d,*""i • • tbe luip 
of area u-.l.i.g \0 iohitT bot_ ....... eurw" ud ieo .. , .. ~ 
I<U. Tho noeUood 01 "......do .. for .... h ....... will bt .... 
pluned in tbo lollo .. ing ..... ~I .. 

I-:a . ~ . FIOO "'" ...... h,,"od.od ~, ......... 1('" + t) .. I .l>~ 

III ....... lo. 

~ .• 
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Thl. en .... being .,. ....... ..,.1 .. lUI .... p"". to .bo~;" I. I, 
... me;'nl '" .. .,ul ... the. __ i. ,'''' ~ ... q",""",.~ A. 01" fo","ol. 

o! iut.og .... .,. dooo n"' ..... ~ """,,"n' of 'b~ ..... ~ _ "'," ,nlog"'" 
from 0 to .. ,nd in \he .... 1. c ...... I<> 1 .. _ wi'oo\\, lim;~ 

TO .. U.,;,..ttI k deft'" ...... ~ lk ....... 10«_ ,II< .'" i~ , .. poriI'" 

pod", ... it. "'pp' .. e .• 001 ... ~z... II i, e.idenl lb •• u...., .lOpo '" 
tho .... lu."". '''''''''~. to. dl",,1 opp];.,.";.,ol Ie.. ",'" I.".ul., 
. 00nl <ho limil, 0 ,.d <0. Tho h.JJ .... ;., _",,11. 

Wo ... t.- ooof",,,W .. lib tho dillkol'llh .. the .nl~""geDI "' 
• "'''I· .. lood f.""lioo .nd Ii><", i • • q.-ion M to .. I,kll of ito 

.. lu .. ""ould to. eoo.... I. i. """""'y in . ",,11 • e,.. I<> II<' bo.ek 

.nd . .. mi .. Ibo !lmlt.!nK """""'" J ...... pI.i-.J. Tlle~. OI'QN ;, 

equo! I<> ""-'I _ "n - , 0. If I ' ppro&<l , .. """ , thl • • '1""';"" 

ohoq[d ~Pf""OO"b """'; .",1 ...... I,"' ...... oonU,,""", 11U .. ....... . 1., 
i",,1UOOO "".tio""""I' A_in,ll, "10.0,,,,<. val"" W. '"''''''''' lor 

".-'0. u.. \I",il 01 ~,,-, ... io<;",1d 100 1M .aloe obu.J!I<d b1' ...,;" ... 
.... ioe ..... In th .. fun""tl"" _ .. ioe> .. , ",;Chou. \I,nll The .1,,· 

ploot .aI •• 10.1a,,-'0 laO. II Ia.-" i"co , ,'" oont.inlK>UoI1 f",m 0, 

II ",""boo Woollmi> ~ '0'100." booom .. loB.ito, II • ...., 

Ii." (to.-'I -la"-'O) • .! . .. ~ ., 2 

II ... . _ ".-'O _ ~r, ~ '"J inloi ..... ""'" ~,t~'" _ lan-'" ="r+ ~, 
."d Ii>< dill'."",.,. gi ..... ~ ... b. lo,"" 

F.~; t. 1'100 .......... bound"" hI tho ."' .. ,(" + "')' _ • • nd 

t.bo (MlOitl ....... 10. 

Ex. 5. FI\ld ""' ..... oonnd<d "1110. e ..... 1 = tan- ' •• Ihe oOOrd~ 
nol.o .. .., ",d 'he !j,..,. s I. 

10 thi. pr<ohlom w. b.", to _I with. monl· .. 1...! lu"ctioo "r •. 
10 I", .. '" _II .. I"" of • <:<>rmIpOo<i> ... , ;ofi"i'" "","bo, of .. 1 .... of 

• 
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00,1111'" 

~. Find tho ..... bot...... 1<1 • ." ... ,'(1 _ .. ) _ I aDd il.t 

.. y"'p"' .... 

Ut. Co.lcnlaU .. of uta "ben z u4 , ... upo 27"~le In_ 

of .. third ftriable. When the rectangul., C<.>i),dinat<, of anJ 

point of the b<>unduy "ro Qf the ""Iuire<! ar= are ginm .... 

fuueti""" of .. U,itd v" . iable I, .. e mo., oubotitute in [r<4 

thft e.p,. ... ion. r.,.. r MU (I~ in ......... of , ond integral.<> 1 ... 

t .. ..,n tho =reoponding new li,.ita {or 8 in aooonh.o"" "itb 

Art.. 140(dJ . 
.<I""" oJ 1M <pid. Thi. ourve i. Ir"",d by .. point Pin 

Lhe eircumfe_oe of" 0;",10 of ",dillS r 3. tb. circle rolLo on 

.. . tr.llight line, ,,;thoot , lioling_ 

" 

¥ .. , 'j 
I"'t tbe poi,,] P be in ""DI.e! with Ih. given lin. at 0 when 

t.he circl. begin. 10 roll. Suppoo. thaI a" arbitnzy are PQ 

has ""lied o.e, tho .. gmeD! OQ. f .. 1 ("",) denote tho """" 
taugul., ooolniin&te. of P, and let' .. p ...... nL, in ndi.an m ...... 
u .. , tI,. angle at tho <>enter 0 oubten(ling PQ] 1MB, 

OQ _ aI'C PQ = rf. 

,., c' ''' 7 _ 1~ 
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ONppiugo. perpendicub, Pk on 1.Ite line CQ • .,a b&y" 

PII _ roine. IIV _ rooo' . 

.. .. OM _ OQ- MQ ~ rll _ r . in e_ r {' _ rin I). 

, _ XP _ QC_ RC~r_ r roo 8 _ r(1 _000 I). 

Tbe08 are eal.led tbe two parametric "'Iuo.ti""o or tbe cycloid. 

f ooing • n.ryiug po. .... meto.. One oompleto arob 01 !.ha cy­

cloid i . gooe, .. W ... 8 Ya ,i"" 1M," 0 100 2 .. , that i., as., n,i". 
from 0 to 2 rr. Tho m..o.:ximnm ordin.o.to 10' 1.Iti •• ro ,,",en ," U 

., _ ..... a.nd !.h" uti i. 0YlJlmel.;"o.l with '""po"" to thi. ordin.~ 

The ........ incl.-l by 1.Ite a,c OrA and Ih" ... ui. i. 

j--'1""'-r >"(1 - 000 I) . r(t - 000 I)d8 .. 3 ...... 

T he ""'. is !.hr"" tim.,. that of tha rolling ci ,d .. 

EXE RCISES 

1. Find tho a_ 01 Iol ••• mp'" wbon z ,nd , .... u P' I ! in 

'","" 01 I.bo _,,'" '''gJ., z _ • "'" <10. , _ J an <10. 

W",",;, 'he .. " ninr 01 tho n<w.,i.., ,ign i. <h_ , ,""It? 

2. Find"'" ."'. 01 the h1f>O<1cloid ,1 + ,I ~ of by """"",inc z 
..,d , in tho 10'''' Z ~ 6000". , ~ u in' 8. 

3. Find Ibo are. of I.b. loop of th" folium 01 o..o&riN 
z' + I" _ 3q _ O. 

Thio __ ..... y boo oo.I""lal<ld , it.", by ... p~iDg Z &ltd 1 III ,b. , .. 
Sf 3" ' -- . ,-- . " +1 9'+1 

oblal<*i by putllnc ,~ h . nd ",'neg 10f z and,. '" bl bo.nslo,,,,· 
iog 10 pcoWo .... rdlroatoo •• d .. in, I.bo pol .. furmula'"".r-. Art.. 11[0. 
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• . F,od tho ..... ";thi. tho e", .. "I' _ {l _ "')' hI _",ing 
• • """ 9. ¥ 3 oin". 

5. Find tho ..u of {",,)I+ (bJ)I . {a' _ hI)l, 1110 eooiute 01. tho 

.lli~ (Soo .",. 51, p.10l0.) 1-:.1""" z oDd 1 in 1110 form, 

"" _ (~. - 6') .i.·f, b,_ (~. -hi)"'" 8. 

lU. Ar.- III poW" coCit"41aa.... I.d. PQ boo on .,.., of " eUt •• 

wh""" ",,"li.,ioo ;. give" in l"'IOt 006rdi.·te· (p, I). It io .... 
qui"'" to find the .reo. boundod 

by Ihi. Cu,"" ""d lb. \"0 ... 
• igood n.dii OP ond OQ. 

Lei A and B be "ny 1_ 

l"'int. of th o eu .... with coOrdi. 

no.t.e.o ~,I) and (p + 01,0, 8 + .16) 

respecli .. I" Th_gh A d,.. ... 
"n .m 040 of" cirel ... ith .... diu. 

p .nd oooter O. The . I"",onl "f 
&Jft. 0040 i •• ..,.,..". of. ei",l. Q 

of a..gl • .1'. Tho om A O io, 

D 

the",fo,"", p'!" .nd tb. oectori.l .... i. i p' 41. Th. limit of 
the ou.m of 011 ouoh "Iemonlo <ontained bet ..... OP .. ,d OQ;. 

(l~) 

Th&. thl. is tho ""ual """" -.gb. remaina to be pro .. d bJ" 
. oo .. ing th.t the oum of tho cleme .. '" of ........ h .. Ih" 1""'I.ui"'" 

um:. for ito limit. This ""'"Y be done by ... po ..... ""lly""oIo-
1JOIl' to tb"", ~ in Art. 137, .. hich .. ould """. i,t in 
pro.ing that Ihe .um of.ll i~i<)1" ...to...., oucb .. OAO, h. 
tho oame limit .. the own of all _"""",,",.uch .. ODB. 

The datail. "'" left to the .tQdenl .. on ..... ,,"'i-
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V,lllCIfU 

1. Flood 11M _ of ... ,,,," ~ 01 Iho """" P - .... . .. 

r""" c.bo .1'"-... ..., 01 Iho Gp .. I. io _. lha . ....... o.h of \ioo 

101.&1_ 10" ... ,,11I0Il u. ,.,10. f .... D 10 i. lIe_ ..... .,..,. 

r( rT "' • • • ' 6). 1~·.w·U"' . I .·)o (I _ _ G., '; - T" 

TIoI. .. 01>0 fourtll u.. _ of u.. cln:>o-rtbillC d",1.. 

a. fioodlho_", ............... ". • • • .... 2'. 
a. Fi ..... u.. ..... oI ... otrele, . '._ .. 
<to Flood Ibo ... oJ t.ho ..... liold, '" r( 1 - -I)-
,. .,"" Iho ...... ..rUle 01 .... , _ L~ 01_'. 

.. ..hod .......... bootndod bJ Iho by",,""'I;" opi,.J ,., • • aDd 
radII d",.~ .. . w. 0<b\""'1 poIn .. C ... . ',) a.od (p,. 'J. 6110 •• blOl 
I.bo..- II ,"opo>rUoo&! 10 1lI0dill ...... 1>01...,0 u.. ..,tIL 

, . " lad Lbo 0 .. 0 ... >1'Il00 I"", ~ 01' .... 0 ...... ' '" .. i02 f . 

a. I'h.d ............ 01 Iho 100p In u... .pi,...! 01 Af'<hJDOdoo,. _ ., 

• ' Ibot .. _ ..... Ii .. t .. _ ; ...... j" , ... , . 
.. J1.d ........ """ ...... "" lM IM_"' _ • ___ *""""'1 

..... I~ moolmr ""1100 ........ " .. , ... the ....... am. 
1(1. " rod ..... area 01 _ loop 01 Ibo ..... ,. '" .,. ...... 

11. Tt.. , •• Ii ... ..tor 01 1M IoprlUUII., opi.o.I , . ,,-4 ___ II 
Ih. ""810 , ~ 0 , . 01 ..,.. ... poolll.0I1 .boa. "'. oriJin .... 106010. 

"oml ... 01 <im_ Dow .. l .. Iho __ '''"P' o.er bl Ibo radi .. 

-~. 
U . fiodu.._oIu.. •• "', • • oIo· ' ... 1I. 
l2. ri ............. 1l~1oo tloo ....... , _ -' .. 

n . fi ...... _oI ............ _loopollbo ...... blo ........ , . .. 

''II. Ah idl ... ", 101 . .... _ 'no .... .. It·! rUt. A. 

I~O." m An.. 138, Ihe au ..... lea.l ulm~ of u.. dohile intoS.d 
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J:,' y<h i. the oame .. that of the aNa muDded by tbe ",or" 

r - /(z), the _xis, ""d t.be t..., ordi_ z _ a, ~ _ IJ. 

When a, b, and lhe "",,/liciento in 1("') are namericalJy gi.en, 

the approximate .alue of d, ja ."' .. alld tbenlore of Ihe dofi­

nite illles ... 1. ean be found by addi1ll; the" term.. of the .. rie. 

[I(a)+ 1(" + ,u)+ ... +/(4 + " - 1 . ,u)J,u. Th<> c1~ 

00IIi of 1.11. app..,x;",.!i"" imp.., ... witL in ........ ing n Ines of 

... A moob more ravi,l mothod of a pproximation ;., now to be 
conoiJe.."j. 

Inotoad of forming ""'la1ll;1 ... 
.. in Fig. 1l9. p. 268, dta,. the 
cbord. PP" P,P~ .. . , p._,Q. thu. 

mak ing t"'p"roidal .Iom"',to of 

........ Apl',A" A,I',I',A. etc. 

Denote the ordi .... t.ea .t JI. JI" At. ...• A._" B by .¥to r" Y •.•. , 
r._a Y. reopo<:lively. AI.., for b",.it,. writo ,u _ ~. Theil 

tbo are ... of the .... era.! tl1p"1Oi'I .... 

JlPP,JI, - 1(.11. + Y,)A, 

A,P,P,A, _ Hr, + "lit, 

Hen,,", "y ..J.ding,"o obtain for tho approximale n11l<1 of 

t.be J cS u;to i n\ej;"rtJ tho exp .... ion 

. [r.+,. 1 I +,,+,.+ ···+r .. _, . 
ThiA iA kllOwo at tb.lrapnotd<Jl_.lu for tb"apP"'limate 

.Rlne of !',d;t ."d this method of oo'oputing ito nume",.",,] 

. oJ .... iA .. lied tbe,~ n.k. 
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14.1, SiDlpooa'. N1.. WiUo/k ,... ornh,al"". In.toad or dnw. 
ing th~ .bords l'/'b 1',1', paM .. parabola, ha.ing i.., &rio .cr. 

tical, through the throo points P, i'" I', and determine the 

,.,..,. of the double .trip bounded by the two <mIinaJ;a .1'00 Yto 
the _xi.,...,d tbo pIIrSbolio ""'-

Th. oquatiOl1 of the po.n.bola i. of !.he form 

, _ k + Iz+...r. 

For OOOTe1li.""" tak. th. origin &t the r_ of tbe middl. 

ordinate '" Then the .. beei ..... or the tb .... ordinate. may 
be ... ~",_ted by - 1, 0, + A, and the ,.,..,. onder th o para­
boIic"", i. gi.ell by the formula 

Thio ",ull """ be a.p""'....J. in a . imple form in term. of tb. 
th ..... ordinat-,.I'oo'" y.. For, 

hen"", 

110 - t - IA + """', 
" - k, 
,... _ k + lA + """; 

110 +', _ 2 k +~ >M', 
6k+2 otA" _,. + 4 J, +,~ 

and, ..,..,rdingI1, 

po.n.bolie ....... APi',J'.A, _ ~(1Io + ( 11 + y,). (15) 

Thi, io Simp"",,', paraboli. formula fOT tb_ <mIiD_" 

With,. ordi_. In Uke ID&nner tho .. _ bounded by tho 

h.o ordinate. '" , . .. nd .. parabolic are tbrou.gb p~ p. P, i. 

(16) 
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&lld 00 00, If the Dumber of on;linateo Yo. Yu . ", Y. i. odd, wo 

obtain, b,. adding \;<>g.th .. !.he .xp", .. i"". (15), (16), etc. 

;(If. +4 If' + t II. + , II. +! II. + ... +!II. _1 + , 11._1 + ".J. 
Thi. i. Simpeon'. lormul. for the approximate nlue of f ' ,<J"," 

1"- Tbo limit 01 ...... I. appronm.te 1II~.tlooI. Tb. ap­

Vroxima.te ~alu. obtained lot f'f(z) d", by m"""" of Simpeon'. 

IMlnul .. dill'er. from tho true nlLle h,. "'" amount which doeo 

(b-a)/'"WA'· 

"" ' 
In .. hicbP"(t) i8 tbe ~olu. of tM fourth d •• intl.e of /("') 
when'" i . gi~en a «<tain nlue ~ between .. and b. The limit 
01 error for the t .... p" .... i<b.l rule i.-

_ (b a)r'WA' 

" Sin~ t i. not de6nitel,. known, in appl,.ing th. &bo • • 

formula. to find the limit. 01 .rro. it i. """"',,,y to ch~ f 
.., that P"(t) or f"(t} has ito go t ..... volue in tho intorvoi 

from .. to b. Tho • .,.nlt 50 obtained ...... ,. be """.id .... b1,. 
larger than wOIlld be gi.6n by the forlDula if f ... .., act<IaIl,. 
kno .. n. In oome ........ the runlt will be 00 large .. to gi.e no 
u",rnl infonnatioo in rega.rd to the cl __ 01 our .. pproxi. 

1l11tion.. In otb •• c ..... it will be "",oll wo>ugh to ind[eato 
that tl06 required d<g<ee of approximation bas b<.en .t"'-'ned. 

For eample, suPI""" it;" ",,!uirod. to eval_ 

f. -I"". '" d>:. • • 
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Sio"'/(~) .. .,--' log • ." _ obtain by "',,"' .... \.8 dillerentiation 
/"(fIt) .. .,-"(U log_,, - 50 M), M .. logM ... O.4;S43, 'e'Y n=ly_ 
A. we .... mot ...,Jill' determine by iUpoctiOD the largest n<>­

m"rico.! value of /,,(,,) in ~ intern.l 20 ~ "' :i 30, we obtain 

the noxi deri •• t iTe r{,,) ~ ,,--(27~ M _ 120 l<>g_",>, 

The Ii .. , fo.ctor""" i. poolti," . Th" """"",," f"""", taken . neg ... 

tin nlue fo. ",::,: 20 and henC<J r(fIt> i. """,,<i.e in the gi •• n 

intenal. Tb. refo ..... f"("') is. dec~ing function for alIth" 

•• h",. of " u",le. """"lde, &ti<m. ilul/"(") i. """ilive for 
,, _ 30, and aooordingly ito greo.t .. t nu,..neal volno ,"""Uri for 

" .. 20, "hleb is ,"(20) .. 0.000000. 

The lilnit of ' rl'O, for Simpaon'. {""mula io, the",{"",, 

If .. o WIll 3 ordi~ .. i.hen "'_Ii ond tho . rror do .. not uceed 

_0.0001+; that ia, the error isJ_ th.." I .. " unita in the fourUt 
p ..... of d"";mol .. 

U EIICISES 

In tho followh'g probI_ ... Situp,",o" forn>~1.& .. honOYOT an odd 

number of oN; ..... ia gi..... lM<>n.IDO t.Ito li,"il of error .,.d, 

"ben poooible bI di...,t inlOg"'Ilun, ' '''' ""'''''' error. Aloo •• o.luo.te 

by 0';"1: u.. '''peloidal '010, .Dd oompo. .. 1110 do~ of _~nI<)' 

"'&;"M by <be 1_0 dill"",ul ...,Ibodo. 

1, );nl .... ,,('%' d~ bl <be '"'~ 'i<l.1 nolo, .... ag 5 onti ...... ; 
~ ._oIeo. 

1. It.. ... 01 ~ Of'din-' ~ = 8 &lid 

" - 0)',,, ~ 1, , , =(1)', '''", m (t, 

i _ 4 1 
~~_m_ , 10 - 0, . , 

a. ProT. t.b •• Si",pO<>ao ",10 '-;_''''' nod .01"" of !'z'd~, 

S: .. dz, S:C«Z'+fk' +l"" +i)d., 



IItrIl:(lRAT IOJ< .t.JI " 8U."<ATWJ<. "II&AJI !9j 

.. KQl_ J.' .... . dZ. _"" ~ . .. 11 __ , , __ ; 1 ""'1· 

... 100 ; e ""'........ N ........... an.. .... of or .... wi,h 1 .. _ 1"11 

, 

I 

\:: -----

( ' , 10. F.".J..aIo )0 '-"·~z, ... lnlll <>nI1.o_ 

TIl .. 1"""",1 ( .. lilt ant 'PI""" Ii",!!) I, .. I*' .... 1'0 I I·'~l I ... · 

F'-' ,<- II plaT''' 1.0>..,....., . .... I, .... V. "' of probo.biI.i ...... 

11. Itnlulo it "._ i.io',of .. ~" .. 1 ""'i ...... 

U. E ........ i " "'of. by .... on, tMloI rulo. .io, I I ""' I ......... 

U. CaIoaloIo ..... 01 .. 0{ . 11'0" 1Ito1or ... Io.! ~ .r~, ..... 
II ""'I...... 4 1 + .. 

''''Iormil>e lito or",.. by ,.".p&rl"'" wl>ll .... known • .oJ". 01 •. 

14. E ........ j;1 .;;;:;;Jd" .. kh'J,.1 In _ I~', 10", r. 
Thl .. llb EL 11. \0"", 1>/1;,.;. l""'f'"*l ... <1 ""_ ... ia ..,... .... 

by ~ Ioroo.w. rI- u. .... _1Il,..J_ II....,.,.. ;~ ,!roo ......... 
... 0{ _~ /d .t! i. ............. (800· .: ... -;"1 ),I."'" 
T':I : - by ..... L V, K~uFt"n)p., ,..,. I, ... 1.. WiIoJ. IDl i.) 

U. r..!_ j;,"1or .... dz, ..... 1 . ..... luIeo. 



CHAPTER Vll 

GIOUTIlIc.u. .lPPLICA non 

lU. v ..... _.,. •• 10100 ..... _. The .olu ... of""""l 

... 1id. ma,. .... il, bo..:Joula\ed br" .'~mMiOD Pl'. • ... n l,. 
I, .. il .... to lbt..- in """,,,,.U';Q, arQI. T I>o> loll_i., ~ 
Ie ... . ill ........ \.bo mocl.. ot ,,~"'" .Ieu. 

l :x. L A woodman 101 ........ II II-. I. do.=-. ... , <"OUiof hall." 
Ih",Ofb .n """" , ido. Tho 10 • • • 1_ 01 ...,b .~ .... horioollUil •• 01 

.... uw' f"", ",.k .. ,0 "'l" ~r 
IICI' .i... .... 10_. ,,_ .. ""b 
wood d ... 100 ... _, 

Tioo ptwtIoD _ ... , .. _ .. . 

1..-..... OI __ bJ·.,li ... ... 

~ -- .- "'1_"'" .... , 
100 ...a. .. i ... fun. .. +,' . I, 
....! bJ I .... pIaJ>< •• _ I~I''''' : 

u.. "'., bo .-. I .... Ibo ,.. .... 
l""'I!"iDoo !.bio . ... _ h.pod ..,li~ 

dl.kIod in'" !.boa pI_ bj>_ .. 
...... " of pl __ p&nllol to tho _pI.no 

....! ...... 0&1 I;", , A,. Tloo 
....... 01 _ .. hi...,. pIMo I 'Qllr(l1l' io · jp ... ·'lol, ....... '" 

........ 01 .................. 1_ .... II~ bJ .... Imda A,. 

'" A .... PQJt _ 1111'· PQ - I '" ~T~' 

~ 



fl'1' , It;'t • r' ., 
'fU '" " i "; t'f I 

2. ~ I' ... ~ rf·e. ~ -
='fi,r to ;.", _ I il':& ::fS"i" .o" 

0 

f P' " J 'l h
--. • f- I ~!.i:l f 1:.8 i i ~i~~ 2. 1 1 i"~Ji.l~ f t I a.f~i"~ "I!, i;;[" • 0 0 

s,'i.fi! ~ ~ ! "f rf ~~ •. 'r-! I i"1 ~ ! 
li~ ... s~ i -~ l~2J1~~f ~ ~ ! & • 

t ~ r-rlr- '!.~'!. e. t i ~!j"rliL ~ r: it • 
r..;rl!S l;1"~ f ~. 2.!;i 1ll !i '· I~ t I!· ·I~ t " > 

f" "." l' i "~i~''''' - " 
.3 &'1 ~ 'l.1'I. E :01 !. ~ IS" -- i:r , • > 

f -;'1:; l; I I [~ ~I" ' 5' _i" - I- 1 • -rfl!l.&f"" If:" t r~~i~r ~ i. f t , ~ 
~ . IJ2. (-of t .I:-~8' :-! "'s- • > 
iii.. ~l&< .., r i!!.:1._ ~ • [- I g 
~ I , r r P ~I' i' i t l .,1- ~, ;; 

0' • 

f 
• 

P" i" I! t n _I~~ i pi' • ~fr .. -" 
i"l~~.f I. i'r';1 ~ iP' " , I • r"~1 ,;. -. .. 
1"Jlf~ i. ""r~~, {i.~ if 



r" ... . 
.. 1- .. . ' - .. . 

l>ioldio, bJ , - .... . ... ob<&l. 

" 
bO( I ~~) + ,,( I ~¥.r 1. 

TI>o ... iauo 01 11>0 .Ill,,"," OM 

~1'~1' 1 __ . 1 __ . 
0' 0' 

81_ Iloo ... of ... elll1* It "'" .,....t.< of ... _ .. eo •• 111· 
pI;o.! bl .. ( !;L 1:1, JL .1). it 10110 .. , ............ of .... U;pI.io .... 

I ..... (I_!:). O. ""p.d.,,,, ~1 < ....... 1<., .... of .01~_ .... , 

no. .... 01 all -" ....... 1.0 "'" nJ_ Of ~ ~ bJ *I"'" 
I... .. 6~ _ .... 0 _ • d;'.,. 1'-1 .... YOI ... 01 1M bl1 

oIIl ....... bJ.->eool.~ pool' ••• Ibo ........... of ... 1<10 
10 .... 110 ... <he ......... 01 Iho .... ; .. ~ .. ~ 01 Iho 1,.._ I, 
.... ij,lo1 h •• from <WI , M ...... <oIol ..... _ 01Il00 eI(;~ 10 

XI. 4. Sol .. E~. 3 b, •• ILl", ..... W ... pi ..... pur.lIol <0 III' .... 
pi .... ODd ... "'1.-' di... . 6 1< 

J:il. s . -. EIt. • t., ""' '''I ...... ~ phn .. parallol 10 ..... 

EO-.. r ........ • 01_ 01 lOt ~ W ' . 01. 1M .,J;ptio po"'! ":"" 

r! ~ ~ .. ~ ... 091 bJ "" pI_. ,.. I. 
" . 



G EO lol. E'TII rCAI. .\ P PI.IC.\ T IONS 80' 

" " EI. 7. 1'i»J!.he ~I""", 0( the . 111pl.io con. ... _ ~ (. _ 1)',. ...... 
0' • 

• """ [rom 1110 1'-pl . .... _ .. Ih ........ (1,0, 0). 

K • . a. FI»d tho .01., ... 01 • PJno",k[ 01 olt.iludo ~ and 01 _ 

' '''' A. 
[ lh~T. T,b .b. _ "" Ib<: .,.pl .... !.he .I .. ",do ooineidi"K 

.. i'h ,he .... ;.. C •• • 1>0 oolid i.Io !.hill pl .... bJ pion .. I"'no.lLoI 10 

110< _.J 

EI.9. Gi ..... n "'lIpM '" +~ * I. OD \be ",.p "' .. , pI .... 
0' • 

~"flLo ABeD is roD· 

' 1n><I<Id p<.-p<od;"ul .. '" 

11>0 r~''''' QI tho emr-. 

'l'hrouKo ,nl!",i,,' I' of 
u.. Ii ... CD • plano l.o 

oo,,,<ru<:tood I"'.-p<ndlou. 

I" 10 CD. Tho .wo 
poiDIo R..,d S i" "hiooh 

.bo I ....... plano """'\& tbe 

.HipM .... Joinod 10 /' 

hI .... Igbl lin... Tl .. 

• 

~ 

, . 

vi-\'-
" 

" 
. 

• 
/' 

F .. , .. 

.... Ii.lof ,II "_ .., d.ete".iood form. a ... 1. 01 .nrl_ • .rLod • "",old. 

Gi ... "C * 1'> fiod ,he <01 .... 01 tbo 000-.0 """",d-

Eo.lO. A ....tangle JUO_ f,,,,,,. hod poi •• P [,&<,11<01 10 ilo<1I. 

<>DO oido ."ylog .. !.he dio1.rm", from p, ond th. ou... .. !.he "' •• '" 
Qf 010 .. dlMo""". AI 110< cful,,,,,,o 01 2 fO., u. • ..., .. ngLo btooomeo • 

"l- 0(3 fl. ""...,h 1i,Ie. WO,.;. tho .01 .... i"n • .-I 

E • . 11. TIro oente, of , "I"'" ""' ... olong • dl.omm. of • riYO. 
,"",10 of ,..<Ii ... "ho pion. of ,100 ","'''0 beiDg 1"'lP"»d"'.1&r '" , hoi 

01 ,be';",Io, and ito '"'II"it.od. ""ing! . .... b. "'I lb •• ""0 01'P"· 
,ito .. ..t .... men 00 tlo< ";_ml ... n .. Qf u.. .;.d.. FiDd Iho .01· 

.n" oIlbe ",lid go>ne..w. 



"" '1'IT"'GIIAL CALCULUS 

E x. 12. A ",hi. oI, •• I~f """0 h •• in~ ao anglo 2 8 at 11>0 ...... h .. 
Ito YO. "'" on .... .... r""" of .. oph.", 01 radi .. ~ ODd ita ox;' pt. .. ioK 

u,"'''IIh "' • .,..tor 01 lb • • pIIe.... .'iud tho ",10_ of tho po>rLiO'O of 

tho .plle", ",blob io u ... ;o. .. !be 00_ 

r.~. 13. Find \he mi ..... 011bo J>& ... boloid ~ + ,. = • ".'Q!I "" II>< .' . 
Ex. It. A bo.nloto .. ap II oo""dod by ,." ",,001 <,lino.", 01 ",ro-

10lion of ro.ili ... .. _ ..... in\e.-' .1 right "nglo. i. Ibo pi .. "" <>l 
<h. 1>0.00 of .... ,",po Find u.. mi • ..., olu.. up. 

100. Volome of oolId of ruoll,o_ W tho pl&lJe .rea, 
boundM by an are PQ of .. gheo oune (",ferred to _tangular 

, 

"", .. ) a.rl tho oroiu.too 
a. tho "Immitie. P .IId 
Q, be ""01.00. .bout tbe 

a>ui. . It i. ""'Iuired 10 

find tho \"(llu"," of tho 

oolid "" generaW. 
Le, tbe Sir"'" APQB 

bo diyided into ,. . trip. 
of width Az by .... no 

of tbe ordi..u.. .A'Pb 
A,p. "', A._,p._~ In 
,nol,iug .. bout tbe 

,""""i. , Ihe ....,t&IlSl. APR,A, gooor.t .... cylinder of altitude 

~ tbe ..... of .. ru-. baeo i . ... ff. Hen,," 

oolome of eylinde, _ .. . AI". dr. 

Th ,.Ium" of ,hi. oylind", i. [" .. than t~ gen • ...w by 
t he . trip <lPP,A., by tbe &monDt ooDta.ined in the ring gen· 
eno.ted by th8 tria.ngulor pi_ PR,P,. Imagine thia rioa: 



GWIlSTRIC.U .. APPLICATIONS "" 
pusbed in tho dif'OOti"" of tho.uio until it _upi ... tho pooi_ 

tion of th6 ring g<IIlol1l.ed by ODE. If en.r""J Mho, ,oegl""ted 
portiou (ouoh .. i . generated by 1',. ,1'.£1.) is 1,.....\0<\ in like 

manne', it i •• yident that th •• UIn i. 1_ t.h.o.n \.he yolulDe 

generated by \.h. " rip .A •. ,p •. ,QB, and henoo baa .ero for 
limit .. 4>< .pp",,,,,h ... zero. Therefore th. Oum 01 \.h. " c,lin­
de .. g<IIleratod by Ihe inlorior "",tangl ... of lb. plane, yiz. 

• ( ... i·TI + .A.-;1',' + n . + A.. ,I' •• , 'l ~ 
baa fo, limit the rolum. >«Juired.. Hut \.he limit of thiI oum 

ill tho deSni", integral J. rJ'd~, o.nd benoo 

y"lume - .I ilk. 

The Tolume generated by revolution &boul tb . ,..xio io found 
by • hh P""'''' t<J h<I upreued by the delini" integral 

"i~ .,.dy, 

in wbich II' ond b' or. the .,Iu .. of y at th extremiti ... 01 Ibe 

given arc. 
Wben lhe uio 01 ",Yoluti"" doe. not ooincid. "';th .ithor of 

tbll oo1Irdinate U<IO, a oimila' prooedu .... will u.~ally give ot 

o~ tho .lemont of _olume. ~ 

Enm pl .. 1--3 will ill""t .... te. 

Jod. Fiod u...ol""", of ",,(to 

I.Woo of Ib" Li'''''' 01 11>0 
1",...\>0'" " _ •• ul off 101 .1>0 
Ii .. ,~%, lho .,iII of ",mln· 

lion boiDI tho "00. Ii ... 
Lol OQ be tho .Ii ... miI P 

.... , poiDl of .... pon.bolio __ r ... " 



I~TEaf<AL CALCULUS 

If . Do ...... I.bo P'''p.nd",ow dio",,,,," J'R from 1'10 0<2 ud • It.. 
IongtJ>. of <bo II ... OR, 1.b .. , ,bo elemen' ol.oiume ia 

~,. 

TLo lomLur.. of ... oIJlic S"",ne\'l' lor lbe _ fro ... poinl 

"'. Ii ... ~ ... 

in "bleb (z,,).ro Ihe _rdi",,1<0 of 1'_ Tbo ~d form fo, • i. 

obtAluod by ... boll""i.g for , 1.be up,_ioo, gi'e" by lbe equalioo 
of ,ho .,.. .... i00i •• 

Si".,..l. ......... "'" .. , a Ii". ,,,at;,,, o.n anglo of .~. ,..llb !too 
,-a .... i' follow. lb., <lo. _ V:,l • .l.z. 

II.""" lb. -roi,..j .0Iu_;" 

E:<.ERCISES 

L A q.od"",' of • oi", .. ~I ... oboa' i .. 0_. Find """ 

.olomo of It.. . pi""" '" me ....... 
[1I,n. T.~o '~o eqwolio-o of Ibo oi", .. in u.. f.".,.. -<"+,. ..... 

and Ib.oquallou of IIoo.boN. +' = ',J 

2. Flod "'. ""u"", of o--orolnl;"" of tloo "'I!""'" of u... .i",10 
-<" + r ' _ " =, 011 by 11>& U ... z .. _, .b;' l!roo looiDg lbe u;. of 

", .. I"~ .... 

3. Find ,h • • 010me of lbe 1'0 .... \0<1 <0'"' .... "'i...:l by ... ol.ioS 
.1"'01 Ie.. , ... 1. 1100 &OJ .... I of 1100 Ii .. 3,+, _ 6 ""' .... 0 lb. 
polol& (2, _ I) and ( 1, 2). 

4. Find t.bo ..". ___ by u.. reml.lion of "'" .,!_ 

,. = .. .""'" Ih. Z-&1;" from tho "'gin \0 Iho poi.' (z,. "~I' ,. . 
Wha," t.b. liw;' 01 "'io .00w"" .. z, .p~ .. ~.1 



30' 
S. FiOod tbo ~U"'" o/;IaitH>o:l by ,,,,oI.i,,, \be on,i", o;-,ld obo., 

ilo "1"'P~ l!l<lli ... ~ ~ 2 ... 
[Illn. Thti .",,>0.' <>l .0'., ... i. r(lla _ z)'I>.J. 1'0. ,ho pur. 

_ of Ino.g •• ,;"n .. p.- Z ODd J i. !.or ... 01 " 'hin;! .. ,iablo , bJ 

_ of u.. "'I"'''''''' 

6. Fh.d 11>0 •• 1 .... 01 "'" 001. ", ..,.,.row oblol-'l b, .. TOI.,o," 

,"" .11i""" ~ + l" K 1 . hou' I .. min",. .~ia. ••• 
7. rind , Ito .01.'.0 "f til. aph ... <>btal"tod b, ...... I.i.g .be 

,;",10 .. + u - t)' _ " abou . "'" , .... ... 

& Tho ... of til. h,perbola ~ ~ l" .•• tffidiDg from u.. •• rIo>: 

'" lafini'J ;" .-.1'<11.0<1 . ""., ita .. ,mptoto. Find , Ito ",I.",. 
",,"",>ed . 

........ .. tho .01. ___ hI .. rol.lug til ....... . ..., OOOUI t.ho 

01 .... "1"'ptoOe! 

9. Find 1110 en'h .. YOlu .... obtai .. d br.-toe tho hJPO<1<\oid 

zl + _i ~ "I .bout eilber ui .. 

~(I . Find lbe ooiume _...,;I by tbo "mId",. 01 ,ba. 1'"" of 
11>0 [I&<&00I& Vi + .r, =,f.i inloroop/<d bJ tho '-'oUo ,n, oboo. 
0,," of ,,,,- ...... 

n . ri!>d ,..., .01 ..... """, .. Ood by lbe ,""vol.""" of ,ho .. it.ob 

, E ll..!t... ""' .. , tho ...... 1. , ' +4.' 
1lI. ~' i,><l .t., .01."", g<n<ra><d by the .. ml"Li ... of tho wit.ob 

.boo.,' u.. ,....i ..... ing u.. {IO""'n of ,be eurn from Ih ........ 

(z m 0) I<> tbe poi", (z .. ~,) _ 

Whal la ""' li l'O;t of Ihio rolum . .. ,1>0 po;n' (z" ~J """' .. ", .. N 
Ido1tJ1 

• 



INTEGRA" GA"'-'lILUS 

13. FlDd Iho 'OIUDlO oowned hy .. n>','og ~ oo"'p ..... .."h oJ 
Ih. <,.,loId ~ _ 0(' _ tlo ')., = .(1 _ ""',) OOOu' the :.-aI;" 

Vol .... _ .. ~"'J' J~ .. .... s," (I - """ ,)'<16_ 

It. Find Iho vol"".. oIo1&ined by re.ohiDi \bo cardioid 

p _ ~(l - """) .""" u.. I"''''' ..... 

~­
.. • • in II( - 1 -I- ~ 000 8) <18. 

T<)I ..... ~ • S "J~ .. -",,' ~ . 00.' '(1 - ",,')'(1 - 2 """ 8) d. 

151. LoqtU <If ""~ Roctaaplar coiir<1ju..... Let iI .... 
"",,,;1'<><1. to dete rmine the 1, .gUo o f Q """Ii"ooo. "'" I'Q of a 

"""" whooe equation I. writt.cn in "-'Ct:mgular (l()()n!inat .. 

(z, J)' 
U is Ii .. , ...... ·rr to define wbat. i. m"""t by thQ length 

of .. ""r.e. For th" pur· 

pooe ••• ppooe a .eri"" of 

poiau P" 1'~ •.•• 1'._, taken 

on t.he a.re PQ (Fig. 78). and 

imagiDe the length. of th~ 

cbord.l'l'~ l',I'~.·· to hare 
breD determin<d. The limit 

o f the On'" of tll_ chon! .... 

,L~L_L~_~~-'_x the length of each ehord ap­
o pTOlU:h"" .. ", will .... laken, 

~" in accornanoo with """"plod 
usage. ... tho definition of the length of the an: PQ ; ' tha t i .. 
• .., I'Q _ Lt (chorn PP, + cbon! p,p.+ . .. + .hord p._,Q). (I) 

• no., .. ,.u .. ,,, •• , ...... tho __ DO ............ tho "", •• , p, ""_', 
...... , ........... baa. """'_1 ....... ~ _' ..... , ... 4 __ 



OWIUITR1C~I. ~PPL IC ~TlO"S ""' 
Thi. de6ui\ion i. i"unedia""l,. OODv<lrl.ible into. formula 

.ui~blo for db'eel '"plieui"". 
For, lot tho pointo P b p . ... be 00 cit",",,,, 1.11&1. 

Pll, = P,iIo - '" .. ~ 

lh. lineo PII" fltO. , being drawn par.>llel to Ute .Pi>. 
Denote by "'Y tho inorem()ll.' 11.,1', of y. T ben Ute length 

of \.be "bunl PP, i. 

-v("'~)' + ("'Y)' ~ ~1 +(!;)' ",~ .. ~1 +(!;)' .loy. (2) 

Now ~ i. tbe . lo!'" of PP,. It i., Ihe ref~~, oq u.ol to \.be •• 
810!", of that tangent to Ihe aro PP, which i. jlIIrallel 1.0 the 

chord. If (-"",;; denote Ih e oofudinateo of tho poinl of eon. 

tact of tbio taogent line, then w. hu .. 

H on"" tb .. length of cborn PP, ,nay 1>0 e~pu_d in Ih. torm 
I("') ~, iJi. wbich 

(~ 

Similarly 

in which z, i. the abecisoa of a certain poillion tho &re IV'" 
and '!O fm """ .... When th .... up_oio"" are . ubotituted in 
(1), it become. 

.... PQ .. ,.!': 0 U(;o,) + f(a;) + ... + !(".)] "'1 

,.,_,r, ... all ...... <0 .. 0.1 ........ .. '" ad .... of rico ..... p«><J. no 
_,,,, bo ..... , . ......... 10 ,., .' , , . ...... .,. .... _ . (800 1Ioo.cbO .. 

Coar.... • "Tlal«l "" '-_." .... " I . p. U<I, "",,", U<I1) . 



"'" INTEGRAL CALCULUS 

IIut, b,. (ll), P. :IT4, tbio lim;';' f ',(",}d.L SuiJolituting for 

f(!Z.) {to'" (3), we obtain We formula 

,~ 

..., PQ ';' i' ~1 +(~)' '"' (.) 

in which a &Ild b ant the .b.d ..... of P and Q, reopeot.i.ely. 

Th.ldog for J'P, tho oeoond lorm in (2), n&m.ly, 

~l +(~)' 4 y, 

we deduce in lib manner 

• .., PQ -.r ~1 +('!r dy, 

in which 0' and b' are the onlinateo of /' and Q. 

£~[RC'SU 

L Find , b. Ioogtb of .,., 01 .ho (*",10010 l ' _ t p m_"nod lrooa 

\110 _x .. 0'" ........ mi,y 01 , .,. I .............. 

In 110 .. _ 

\enrhof""' _ ~·..J~+~"z~ ~' z+,. 'h 
Z "''' +P' 

2. Find lbo ... gth of .'" or t.ho "lIlioubi .. 1 po •• bol • • ,. ~ .. 

f .......... orlJln "' ..... poiltl ...... . boo .... io i-
a. FI,.;I "'. IoDgt.b of '"'" of lbo OUI'V1O ,= 1"\1: 000%, meal ..... 

,""" <bo origl. to lbo poin' .. _ .boo;" i.i : _ 

4. f1!>d t.bo on!.ifO Ioogtb of u.. h1P""1"loid ,I + ,1 _ . 1. 

, . Fiod .... JeugIb "I .", of u.. 0;"''' ... + .. ~ .... 



GJ;OIt~TII.ICAL Al'PLICATlOIIS ,os 
.' _. 

6. FlD<l "'" ,"ngll! of ... of u.. ""to n"", J. :i ( .. -1- •• j lrom 

tbo poiD.1 (0 •• ) to .... pol .. , "hooe abo<i_" G. 

~. Fi.d tho 1 ... "" 01 a", 01 u.. ~ ... , _ .. -I- ,J... bo'_n 'he • • H",llo s ~ 1 and • _ 2. 

•. Find \110 1"(lb of \boo logarithm;' <urn J _ kig • 1.0 .. s _ I 

to .~,/j. 

9. ~'iD<l "'" IoDgl.h 01 . r< of 11>0 • • 01 ... "I .... oJll~ 

l~:I1. Leoo~ of (\U'QL Pol&< 006""n.,.. Tho polar 
1000mu .... tor leosth "t o.re may boo derired I<OLD tb_ "I u.. 
l'",riouo aniela by tranaformat.ioo ftOm _\angular to polar 
oOOrdi"..\a. 

Si."" "' _ p ""', , _ p .in', ... obt&iu by dillerenti&t.in\r 

.. ith reJpoe~ to' 
<1<0 _(~ """ ,_ p oin ir9, dy _(~ . in ,+ p eoo 8) d6. 

ben"" 

The .. t""" the length of aro i • 

• r< PQ - f " ~pl +('!ii)' d8, 

tit. Iimi,," of integr&tiotl being the TIIlu.a of , at P ..,d Q. 



·" IJ<'TW .... L CA,.cuLUII 

If, in'''ad of , il u.k ... u !h. l..JepeldeDl nrlable, ... 
<led .... i~ lih 111_ ..... 

are I'Q .. f.. .. ~1 +(,t;'t¥. 
th~ limiu. being tb_ .a1u," of II &t l' I Dd Q. 

UIRCOSIES 

• 1. F\I>d ~ IoqUo 0(.",0( ..... 1opriiIo .. 1c,..;..u,. .. .. bot _ _ 

<be Ow<> poi_ v.,. 1,) _ v.,. '-l.""" ..... ~ .. io ,,,,,,,,,,,I006I 

"' .... dift .... "' .... , ... rod;,"' ..... .... 

I . " ..... Ibo Jeac.h of .", of tho ........ /I .. 2 eoi. ,. 

, . r io.! .. .. , ........ ~ ot ...... rdioloJ /I " -(' _ _ I). 

4. Hid tho In~ of .bo ,," •• w., ... _ ~ l;.e,w_,!.boo 1',,1n .. 

c... ,,) . 1Iod (~ 'IJ· 
I . !'iOO! <bo "'Dt;lb of ..... ",In) of '\'",hlm«loo /I " ~ bet __ 

'wo .rt.i.....,. poi .... 

• • nod ..... ""'&110 0( ... 0/ olio opin.I /I ~ fA _ ,_ 

' _010' ••. 
, . F iD<l ....... _ ... ,.. or u ........ " __ ." 

.. Flad \boo..,lira .. ~ of IM._ /I " ..... : . 

• . ~'l"d .... Ioo!;tb "I .... of.he 0'-'" /I " h 100>, 10,., briw .. ~ 

.... 11m'" 0 ODd ~ . 

(1I1~.. r ... u.. po.,..... of 1 • .."..-. ""_ <bo 'o"'i l.JId '"' 
_"" _, .. Il10 ... "" ..... , ""oblo.) 

1M. _._h 1011 .... "" till olf 01 ,....- up 2 21 pia· 

u... aup~ the ~t..r OQOrd.i_ of • poUot oa I 

';¥" """" .... eIp<PEli i. Ie...,. III • \Lin! Tariablu. The... 



OSOll"TlIICAL APl'Ll(;A'T IONS 

. " . '(~)' (")' .in""in"""tangul~"""rdinal."df - '1 d/; + dt (Arl.U), 

",e h •• o 

&)' (")'. d'+dt ' 

in which. _ .r<> PQ, and t" to are tho ruuO& of' oonuponding 

I<> the poin" /' and Q_ [" I ike In""" •• , if ~h" I",\ar <lOOrdi­

do.te. (.0, 'l 0'" e~p..-l in term" of I, ~he fo.mul. for leagth 

of "'" i • 

• j" .. 

EXERCISES 

L Fiod tho I<nr\h 01 • romp"''' .",h of tho oy<loi<l 

'rum' . O to, _~ . . -, 
3. Find Ill. IenKlh of .'" of ,b. hYJ'O"y,loid ,I + ,1 = 01 by ... 

r,~ .. in& z ""d, in .... fono ~ ~ . ';n". J = Q 000', . 

... Fiod. I.h~ 10"11'" ollho i.><>Iulaol ,ho d.d. 

Z _ 0(""'" + ,ol •• ), , _ 4(. in I _ I"", r) 

from,=OI<>I = I,. 
5. Find ,ho Iongth 01 .ro 0' 110. ou'" ,1 _ JI ~ .I from (e. 0) 

I<> (-v J,) by _uming' _ . _'. J _ . "n', 



'" IJ<TroRAL CALCULliS 

6. Find tho 1 .. 1[lh of "'" of u.. <u..., • ~ .. . In '. , ~ .. _, fro,.. ,_0"" _,,. 
7. ~';"" tho l0ll!tb of ..., of \/'" <uno. _ • + f', , = ~ -+ ", _ 

u .... from Ihe point' ~ 0 to \I .. pmn., ~ '," 

am of .. ""ne ... 1000" equation i . up"' .... l in r«:\angulac _rdi. 

""teo ., and '0 It i . =lui"") l<I 

det.ermine • fOfmula fo< tb .. area 

01 the surf""" b'.m .... 1o<ld b] ..... oh· 

ing tbe aro AQ about tho _1i .. 

It 10 ... been .hown in Art. oW, 

-jl,_~ ____ L _x, p. 81 , tbat if S d,,,oWo' the a_ 
of d,e .url..,., g<non.W by tho 

""" '" rotation of AP (Pbe;"K" Tar;,ble 
I",in' ... ilh ooonlilllt.t .. (:r, y», then 48 ... ,i.li.,. tho condition. 

01 i""'luality 
(') 

I.e' the am A9 be diy;,I<>ol into. equ.l part. of leDgth t .... 

For "010 "gonen , of are tb.", ",ill b8 ... et of ""ndi~O<UI . ooh 

.. (6), the nlu .. 01 ,. 4)" ILS being in generoJ dill.""" tor 
tho different oeglD. n!.o. I.e, th" ~ ""to of inequaliti .. tbLi. 

obtain..! be add.d. In what follo ... , tho . ,.mOOl ! will he 

uoed ... aD abbf(!yi><lioo of tit. Up""";OlI, "The .om of tho 

R Ienn. of ,h6 fo.m." Bin"" Z ~ _ S (in which S no .... 

dellote. the ~nti.o onrl ... o generated by .... A Q), wo 11& •• 

2o-ZJ'~<S <20-Z('+ "'J)h (7) 

Now let .. (llDd b"""" ol.l) .. pp....,b..,..." Tho first. mern. 

ho. of (7) \>«>om ... 2 .. J,<u, ... biob ohabg ... to 



GEOil1IT1UCA L """LIC.t.TLQliII ... 
"" ...... ins~, or" tIM! indopend.nt nriabl... The li",it of tho 
latl ....... 1.00. of (7) m.y bo .. ri .... n 

.~=o I [ro1·+ o1r o1· ] ", f ,d. + lim 'l; 01,010. 

T" I ... "'na is ....... For, In I "p_' u.. ...... ilDu .. 

• &1 .. of 01, i. _1 of tJ.o Ie . ... of 1; 01, o1.L TItea fol .... . 

~o1,o1a:;O I I o1a .. , ..... AQ, 

..-d li_ 'ApP"*'h ........ w. """"I.ode tbat lim 'l; 01, o1a ... 0. 

Hon"" 

&Ild t.he<eforo 

8 .. 2 .. r. ,";1 +(~)' 14 .. 2 .. [ "')1+(Z'f If,. 
In lib mom"', u.. ...... of tha turf ... ohu.i-.J "" .. tod.oing 

ON .... O .!>ou. u..)'Pis is 

IXIRQtSH 

1. r locl tbo .. n..,. of .bo < .... <tid obtai"'" by ....,;t.,", .h. . , 
-!'&'7 , _ ! Co •. j.< . )._ 1100 ,...10, I""" ~ _ 0 '" • • o. , 



'" IIITJ:GRA L CALCULUS 

••• 

2. Vind U .. .,d _ _ 1..<1 bl .... I.jug obo~1 Lbo ,..1;,0 lbo 

q ... "'" of u.. ~..,I ... ~ ,. -I- 2 ~ -I- 2 , -I- 1 • Q ..,.. .. i...d hol_" 

tho poi"" ........ il Io""h ... \be (loo"H~1e ..... 

3 , Find 1.h ... ,t.o. "' ....... t.od by .... "'.lng th~ 1 ..... 00 .. I ' _ i p~ 

_000., tho -..10 f",,,, t.bo CH"igiD \0 ,100 poin, (1', 2 pl. 

o. Find Ih. , orl""" "''''' .... ted by'" ",.oluti<>n .boo.l lbe ,.. ... of 
lbe .. me .rc .. in EL 3. 

5. Fit><! tho • • ,f ... "'1>< .... \00.1 b, lhe Jerolutioo. of !be emp .. 

"+r:' ~ 1 .' ,.. . 
(~) oboo' i .. lOOP- .. i, (Ihe pro~ .pbel'Oi<I); 
(.) .boul ilo miDor uio (the "bl.oLe .pho"';.!). 

G. Find tho ""r(aoo ~,o.tod by 01, . .... oI.tioa of tho .,.nlk>id 

, - .(1 ... _8).00.. ..... 1"1 •• &1;'" 

RoprdlOJ ,1>0 ~gun .. "re rro<! I. the ft ... 1'1"".10 "", .. nrular 
._ """h >bah • l' ""'" ,. 1 ~ po;n 8 ..., h .. ., 

nrl'aoo _ 2 r S ' d. _ 2 "J: l' oin 8~C .. C.C('~".')" ,18, 

oi""" dt _ ~,. ... (~) I <fib, Art. 45. 

7 , Fled \be "'.-t .... of 'h. """. 0/>1&1"0<1 hI ..... Q!Ti n! .... '" I"'r­

Iio~ of ..... Ii .. ~ + I . I . hkb i . i~t.e""'pt<d by , I>< ooordinalo axoo, 
• • 

({J) .bou, 01 .. ,""",io. 

8. Find tho ... ,! ... of tho '1'''''' ""lai""d bI ",.oJ.iog tho <il'd. 
l' ~ 2 0 ooo , obo •• tho poI....... (Cf. &s. ~.l 



llEOll.lITRICA ~ APPI.ICATION8 ." 
9. Fi.6 the , .ri..., ~,u,d bl 'bo -.,1."". of .. """,pIola 

.",b.f lbo el"k>W z c ,,(' _ , in I), J * . (! __ I) ohoa, Lho.-..i ... 

lO. l'i"" ,ho ."ri ... of u.. ri"1 _~ by "",.!";ng ,be 
d ,d. ". + U' - t)' ~ '"', t > _, abool tho z-<;'" AI .. hd It.. ,01-

.,." of thito ,i"". 

z • • (,.,., + ,aI.,). ' 2 1 (11.'-'_1} 

.00..1 <he z.o.;o;;' from' _ 0 to, ~ ' 0' 

155. V.riouo , .. motrtcal proIIleIDo 10.4111&" to Il tecnotloa. 

E~. l. A • ..nog AB 01 I<ngIb" ...... _igbl .. ...,hod •• 8 . TO. 

01100. 01"" .. ;', A ""' .... along .. oIrai¢l' lin. OX, "", .. ing 1/10 . ' !ab< 

, 
P ... oo 

x 

in. "'"ah bM""nlal plano XOY. Tbo l*b tn-I bJI/Io point 8 

ia oalled .1>< ""<I''''. What ito ito "I •• l io. T 
Lo. 0 Y bo \ho ialliol pOOl ..... 01 ' M tI.rIng and A8 '"'" 1.I<'mod~ 

.to pooiti.... m- .. o"'J' In..." \ho 1.1"00 iaOBrled •• I.ho _igb. 



8 16 I!<TIlO .... L C .. LCC LUS 

B 10 .... db ' . ' of tbo oIri .. 1IJ1 , ... _ 01 . ......... _ be 

I ..... __ d" ocr",; loUt io, """ dl. ,..' ... 01 tho IneI:rIs "' II 10 
tho __ .. 110", of tho n ... RA .nd '- lIA .. tr._I"' ..... _ 

• 
Tbo"J"';~ , fOf'''' .... ,... . .... JI.h 10 ( .. n. 48, '" N) 

'~l + (ii )' .:,:c,';"',c!. ./(h)' + • g ", !It - ' ~ \oi, ., ., .. . 
801 ....... - ._ ....... . 

" ~ .. .p- i', " , 
10 ....... .,., ,.;'10 , .. , ' 10>, ri-

f .. f ';O, ,, i' d, .. Vfii .. ,. .. oloc" '" " iI .. " '" C. , , 
T bo ""._., 01, 100,,'*'100 \0 ............. b, ,1Mo _''' I~Io. ,h., 
(0. .) \0 ............ poi_lui .... __ lIooo ... il.o,lIDa' ....... -.l1: 
_ i. tho 000 .. "'1'''10., _ ftnd C .. 0, 

X 

..... , ., 

EL :a. n.. •• " 1'-.,0, 
"" 10 ................ ,., ... ' .. 

• hM tIoe ... 10 bo._ """ ... 
dl ••• "' .... 10 ... , pol_I O:FOd 

........ ""'. "' , 100 __ poInl 
Io""' .... ~ Flodl .. "'I0.uo., 

J:., .. 0.... .. 1 ........ ". 

Jooo,ri ........ 1'",'",00' 1 tIoool .... 
Ii .. dn ... f""" 1110 1001 of 
... , _ .... of tho ...... put 
,... .. _ ... tIoe eM TfO,. .... 
... , ..... 11"' .. of • , .... ..... 

II tIoe .... hlo~ .... 



<'it- al) <bet 

GIOII.KTIlICAt. IorrLlCA '00l1l:I 

~ - !oct, +vj'-e')+ c . 
• 

'" 

Wloooo 1Iloo ' ' 'vl ;. panlloI ........ -..Lo, 1Iloo onIi_ , .... , 10 ,be 
PO'I ... die. h , _. II Ohio .... ,_ 10 "'- .00 ... ,--, u.. ... 1001 

(0. . ) io a poi"'''' 1Iloo "" ..... MId ... _ 
C __ Ioor_· 

T ....... ""10"0 ..... <.<." Ii'I'1 be . ,hloa 

r+ .Ii' - ... .:. 
• 

. ,-",~,~-:.~, . - - -. ' . • 

.' .. ' · i <"+· ,) • 

.. h.ieII io 1Iloo ....... .,D '" <boo """"., • 
-" • 

,» 

'" 

h. " ' ' .... 1Il00 "'Ina' · , "' ..... ...... lor .. ~;.h 1Iloo poIo< ... _ 
.... , \0 ~ ... (io a li_.) \be 01"" of 11oo.~ .... , .. . 



." llrn(IIIAI. CA!.CUW" 

II~. " r;.d .... "'I" ";"" . i. _plat _~ 0( Il00 ... ... 
"".1",'" ......... ,.110 .. l ho .............. ,.,. ""1 poiq. 01 11M ... ~ 
ia ~ to 1 ___ _ 

~:a . ... 1 ~~od tho "'1'*"'" I. pol .. oomIin .... 01. 11.0 "0'" I"" 
wlok i> the ... 100 1:>01.00. Ibo r&dl ..... _.od!he Iaolg<n.",. ~j ,_ 

!hot ... Ia, iol a.g... W .... I0 ..... c .... .. 1M" . .. l ' W ....... .. I ' 

. : • . , . Fi!>d ,100 _labpla. "'I.otJoo. 01. tho 0.' .. I"" .. M"h th. 
~ Ibo ~I._ .. lilt •• ,11 . . .. 01 U .. !'<'io' 01 __ 

a~ 'i Find .......... 'N' 01 tho ... "" r... .. h;'h Uoe,..... .. 1>-

___ "". ~ to ... loft ..... of" ndlao_. 

~1. • . FiN .......... _ it'll"'" h, ... romrI ....... 01 .... "­
IrI.o (_ F. .. 1) _1Il00 pooId ....... 1& 

1', • • 10. F iod .......... oIlho .. rfooo of ....... TQlulio. _ribod 
I •• : •. i. 

F. • • ll. Find 11>0 IeDf'h o. !.ho 0r0cVl. fro .. 1M ... p (Lho roI'" 
(0. 0)1 '" lho po;o, C'. 'oJ . 

.: • . 12. Den" II>. •• _ l .. I ....... '- . ... '""r'b 01. .... of • 

,._ ""no, ;.. ..- '" u._ di ... "", I ... ; .... hI'" "",.oo 
(~ '0. '.J. (zt. ~ ''OJ, Ibo -..""' .. _. ~: 

.-r Af)'+(!)' ~.- r.:';1 +(fr+ (~j#, 

.. r~l +(!;1~ oiL • .eVe;)' <- (~)i +(:)' <II. 

, 1', •• 13. U";ng Iloo F.,.. ...... f 1': •• 12. bd 11>0 I .. gt.b of tilt boll • 

. .. . _~ ' .. ... nt •• ~I<. 

I • • ~;u,. _t .... __ 0lI<l , 10 ••• ri.bIo ~ ... . 
• :S. H . A piu. 01 _ 10 I 10 .... ~d .. d bw u.. ...... of. rIP' 

OOC-. of • ponbo\a. "_lebo 41M) II>. pot .... _ "..:I 1M 
...... , .. Ie.' of a rIM to ill . ............ I. Ia. 10 •. 

Tak. """ "'I .... ioo of """ ~ In """ f .... ,. _ ' ,... 8i .... 
' .. n ..... ~ . 1., • • _lb.t 11>0 .01 ..... , b, ... b •• I1 ...... Ill.-
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Tbo ftm .trip DA ;. f iD. from tbe oririH. Wbat .1I.i_ ,; "' .... 
be ad0p"'d lor <bo tnpesoid in ON.,. lb., "'" >oIaI .olghl 01 .... 
rial<! .,ay be lu " ,h,..,., ou""",,1 

E2. 18. The lru ... m 01 • paraboloid 01 ... 01 • ..,. hao .mkal JW'" 
an<1 _ fi .. ,,,,,boo aparL Tho "'I"";'" of u.. "",rid .. " ourn.,,"t.b 

.... j""h ... 1.0 .h .... moil, ;" J _ h. n,. "-oi"". J i. oo""'-nl 
0 ... & .-i<o.l rla ... ood.io", bat uri .. with r • . ,-din, to th. la'" 

7~ 1).0(1';100 - "11>. "". cuble inob. Vi"" It.. touJ ... ;,bl hom 
' K ho. _ ~. 



CHAJ?TER VIII 

SUOCJ:SSIVJ: urTIGu.TIOW 

15& lIo._. of • 0!1I(1' ~.t\a.!.. Th~. 1o, we haye 00II . 

.,d"red ~ probLe .. " , lI..tia; lha I .... 'i .... ' of ., WMa 2 
onll i. Ki""n. IL i. oow p~ to Hod , "bon Itt .. u. 
d...-iYoWye;r;: il giYo • • 

.",., ........ of "" ·l ~.e it .';<\aIL Pi .. II .... Iho lu,,"",", 

01-1: .. hloh h ... !!:! 1o, ito d.,inti,e. Thou, hI iD\<Og1'allD5 
,~ ~ 

tbe .... 11, deternoi ... ::,1, ..... to on ""til at"" .. . m' ' I .. 

;ntop,i"", tho "",,,ired JUull II 10.11." , AI "" a.rbi~ 

oooot.a.nt Ihould be add.d . Ite, ....ch integra'i"" in oruer I<l 

_ia lbe ....... II"Mrai ooIu!.io:lot, Iho fIJlol!l.lorl , will ..... Loin 

,""' 7"'~I!"'7 of ! willi, I • ' .... 1 .. 

!"J: E _ -'- + C 
~" t.. r 

__ "'d Inl<JrOl;c., Ji .... 
!r .. .! +C .. +C, . 
b ~ ~ 

,ad hall, , _ I k'Ij . + I C"" + C"" + C~ 
" '" o .. ",_ti HI 



." INTEGRAL CALCULUS 

T ho trip!. lologroll"n ""luired in tbi. <ompie will bo '1",bolizled bl 

s s s ~(~z)" 

F!x.~. o.lorm;' .. "'" . ..... h.lD, tho pr<>pOr\llh.' u.., r.,H .. 
olo.,Ta\.,," 01 ""1 poin' P io p"op<>.tKnco' to Lbo •• 1 .. of tho ...,.n' 

ollb. "",10 "hieb Ih.~' at P ",,"ko . .. ilb. 6 .. .1 lin .. 
If a '1otem of ~ncnl .... .. io .h_ ... i .... u.. li .. n H"" for 

z-an., it 1"Ilo, .. from "'l0at;"" (G) , p. 173,..nd f ...... Art. 42, ",.t 

'rom "bkh loll" ... 

r " S S -{o'.,' " .. [~ oj. C,z .. C.} 

C, .nd C. heiDi "'n,t.o.nla of inlegrolion. II • ..,. Lbo ""luiI<d .0 ..... 
... tho PfI""""1aa ba,log "" .. poorollel to u..,...,.ia. 

Tho ...... _ or , too ... ., arbi'.....,. "' .... ..,. .. C" C,I.II 1.h. f"'<'O"dio, 

"'Iu,1ion .. ok .. I< _ibl. \0 imr<-" , ... her oonditioo. Soppooo, 

for .... mp!<, it be ""lui"';! todo>onnl .. It.. cu". h";"r .h. prop­

'""Y >.lreo.d,.p"d~od, ODd ha,lng boold ••• ", .. ,dm ... (0<' mini ... ",) 

p<>inl.t (I, 0). 

S ...... \ ... b • poinl !.! ~ 0. it 10110". t.bo< 

" 
O=o(I+C,) • .. b._ 



SUCCr.ssIVK I"T~ORATlO" 

Ala>, bl""boUluling (I, 0) in 1110 eq"~lion of Il1o ~ 

O=o(I _ I+C.), 

fro", .. h"'h 

323 

E~, 3, f;,,,1 tho "'1 ... >10. (In roo .. "",I ... ........noa ... ) of III. 

"" .... b ... ing <I .. 1""1'""1 .Ila. til. ,adiu" of ....... \0 .. ;. oq."1 '" 
.... co ... of III . .... gon . "'.glh. 

[II"..... T .... r .. I ... i,,,kpondon' .. ,lab ... ) 

.t;L t . A part"',. mo ... oIoltg • j:4III i" • rl .... ,uch III., th. 
oIopo of tho lino " ngoDt "" .1>0 """,log poinl cho_.t. ",to J"I'<>­
pm;"nol '" tho ....,ipmoal of t.bo .. boo .... of Ib.1 poi... find.ho 

"'10"";". of tho Cn"", 

E1.5. A , ... .-1.1010 ... ct.ing ... "'"' lrom. point I' mo..,. .nde, ,110 
"",ion or .. fo",", ..,.h l ha. tIIo aooeler • • ion (of. h. H. r. '17) ~I_~ 

IDot .. 1 0111_ i. proportlo .. \ to (i. t li.-) thc "I."'" root 01 th. 
'imo. liD", r., .. iIl the parl;'10 ruo", ilt th.lime , ! 

E~. 5, In """"""""" .,';,h .. "" ... in """" ... 1' ..... 1 to ....,_'01 .. 

auo, ... kno. i. ad .. """ Oh .. i' 1'fI_ 'h""'ih • poin' A on u.. 
)"00"10 ••• dialaDeo 1.12 in .• bo .. the or;';i.. It .la> _ lllrougb 

.. poinl B of the ani quadran. whioh 10 ... d .... """ of 12 in. fro ... 
"'" ruia, aDd .t.. oIopo of I ... tan"n' to lho cu ....... ,blo poID'1o 
0.011. AI ... b poinl I'of th. c"'" lb. """,nd dori .. lI .. of ,oot;.. 
Iloo .... TOlan"" 

~; = 0.0012 ~_ 

" io ""'Iui~ 10 dt>d lhe 1r""" .. 1 """", .. ion (in ....... of~) of.IIo 
ordi .... o.od lho 01_ of , .. ".8""1 !l"c for anI poi., Pol I ... 
co __ In poct.ic.I.,.. aod I'" ordinato ODd oIopo "I .. " ~ _ 2(1 iD. 



". Un-allL.\!. CAI.(:ULlIS 

r: •. 7 . F .... ....u.._.I01l ........... In .... _ .......... ~ ... 

"""IJI-

TIoo "",n~" h .. lbe ooOrdi ••• (0. Mol) "ad \1>0 obcw. 011) 10 
10). All"" poio! 8 01 tho c . .... , .. hooo &boo. io ~ I"" lIopo Of \1.. 

\'''''''''' li .. 10 0.002. 
A ow! .0,... DC II -po' 10 110. _"" .. \Il00 poi., D. ud "" 

_h ";D' 01 n ... bow u... 
10009-03, _ a ll&. 

, .... 1.100"10'" of""" ........ 

15', l otec.-!' ,. of foatt .... of _ ... ftrlo._ Whe. 
fUn<:'LonO of t1l'0 O. ,".,", .. ,tobl ... "" onder oonlid ... tiol1, 

lb. 1''''''"'' of diffo",",iolion ean in gol .... noJ. boo porf",,".,] 
wilh .... p • .ct to ..,y .... of Ih ........ bl.o, while lbe other • 
... " 55 · ........ Flaml durinl I-It.. dill'."",ti,wOCL A ..,ped. 

I i ... of \II ;' po'OOOIII V'. ria I<> th. DGti"" of ... , pi •• 

pan.ial dill' ...... tialio!> .11.11 rMpect. &0 ........ _ ... nJ of 1.10 • 

• ar\abl .. lnolftld i. u.. gi ... ,..-i..... [cr. A"-- $2, $i.] 
T Iwo __ 1""" reo.dilJ ' ''",,"to i1.&Mllf, and preoeo>l<I 

~ pr<>bl .... : 01_" p"tllol Vnl, or Aiglt<) _""II ... ~ ~ 
food;"'" 0/""', aI ",riab/u ";!A ....,.,..c 10 o~. or ....... 01 _ 
w . I<>bIa, It> j.o.d. ,r.. orlg!""" "''''!I.w~. 

'rhi. prOOlo .. it .ohed by m_ of tho "tdt.....,. p,oeE w E 

of I. ' :i' l ien, hal "" added 0I)i otul oof intogratioa ,... .. 
"" .. _h.g. Th ...... boo .. 1da .1 •• by lUI tunoploe. 

8" ......... ;. ... unk ....... ',-'or> 01 " ...... , ollClo ..... , . 



'" '"t" ... U.iI with -I*l ... " ....... , &0 :Ii", , .. u.. 
am_ Ii_ .. tlM.gh it If ........ 'II&II~ 'noil al-

,, _ .. -+- 2 :I)' + "'" 
;" .hich .,. i. an odde<l """. \.aIlt or In\<option. Hut .1".. 
, iI ~pnJ<KI .. """.~"t du<I"i thl. InLe~",~, lb .... i. 
nothill3 "" p,,"unt .,. from d.pend;". on it. The. depend. 
_ .... , boo , ......... eo.J by If';riO, ~) in /,be pW>o of .. 
lIe_ Ihe _ r;enenol fuac&lo.. ....ri.1!" 211, + 2, f~ ito. 

po.rtlal d"riyUj ••• , .... ... pee< "'" ill 

.. - "'+2qo+..u), 

in which 4t{Jo) I. "" .,.nm, .. roil"",I.",diG. 0/ J . 

Api", ,uPI""'" 

ht.esraU"IIlim ",iUt _poet ... r, " boi", t:u.t.ed .. thour" 
it ..... ~t durini tb;" in~ioa., .. fi .... 

.. be .. oK"> i, on .rbilrarJ , gnoctl .... or ... and ill '" boo n!ptdod 
u an ..t,1td """.<aut fo. tho ;"""irr.l.i<>ll with .... pee, to ,. 

l oW!; ..... tho ",. uU witb .e.pecI. \0 ~ tnatiDg , " con. taui . 

Th,n 
• - l ~+ "'("}+ .u-). 

He .. ~), tho roost.oDt 01 I.~;" with .... fM'C' to,., 
i ..... atbitnuy fumlltiool ol J, .. bile 



1M. 1aU&l_." 01 . ,""",.", .II.! The t.ouJ dillncDtial 

of .. r ...... iooo .. depudior "" two • .n.bI ... hall t-D deti...,.! 

( Al1.. 6.'1) I>J' th~ formw.. 

'
a" ., h _ 11_ uZ+ _ <fJ. 
~" aN 

" ) 

... PI,ia r...., Q ..,. / . "",1,. .. ~ '" ...... J, "'" ~ uitI 

.. fW.-ail>o. .. 0{ Io\c ____ ..... .,. ( I) Jar U. UlIGl 

~!Pr-114I. , , 

11 it _110 _ that tn r-nen.l . ocl1 .. fu""ti"" doel " 01. 

IIISL for, in <>rd •• that <l l , .. , bo .. ."..,1 dilJe=li&l of .. 
fu".tion ... it ia e.idenUI noel"", that p .... d Q 1\1. • • Iho 

'O~ .. .. r _
h

, Q-,,. ") 

What ...btion, thea, ...... u i .. bet_ P ..... q in Old .. 

,10M \he -.w'"'- (2) ... , be ...aw? TIl;' it _il, 
, ..... d. .. folio. .. 1)j1f ...... tialOl Ill, ~ ..... "'1"._ of 2 wil lt 

.... poet 10 1 • .00 t.bo -.t . ;I.h reap!ri to... Tbil ri-

" ) 

'I'll'" i. the ... latioo -*3~L 
Th.-I Mep ill 10 6no! \he f_ ...... by iDI<'lg<UioD. 11 

.. ..... to.all, this p_ elur by &D illuotration, 



(2", + 2, + 2) .... +(~, +:., + 2)df, 

Bud ..... f....u ... _ hayiUI LIIi ... i\l wcal d ifle ..... tial 
Si_ 1' _ 2",+2,+2, Q _ 2,+2 z+ Z, 

il u. found bl diflenmtialion tJoat . :_t.nd ~_2, 
he""" ..... nec 'E • ., rehtion (3) t. Mties.d. 

Jt-.- (l).t 10110_ \.hu 

:: _ h+2,+2-

!n",,",uug lb •• i,"" rnl*t 1.0). Uone fi­

_~"'+h,+h+N)· 

n now ..... &in. to de,"".min~ (be function .IJI)"" tha\ 

~[ .. Ql _ 2'+2.+Z. 

Di .... ulWOul (4) w;\.Io. _poet to , .1_ fi- , 

a __ 2 ,,+.'(r), .. 

327 

(.) 

(') 

whe ..... <:r) de_ u... d • • i •• ti •• of .u) .. \It. rnP"<' to,. 
The oomprori_ ollll.i, _ult"\II. (II) fi r .. 

2,+2 z + 2 .. 2,,+.'1JI), 

.'(,)_ 2, +2, (0, 

1ft wb iell C ill .... Mbilnory _OWII .illl -J*:& to boIJo " ... ,. 
II~ .. • _ ", + l ZJ'+ l,,+ ,.+2,+ O. 



'" INTWnAL CA LCULUS 

UERC'SU 

Do .. ""I .. In ... b of u,., folJo"inK_lhe funo""" ~ h • • ing the 
,i •••• ,_ion I.". 110 ..,... dl!! .... nti.l : 

~ . • In ~ """ J "" + ..,. . ,;n I d,. 

3. ,dz_.<I" 
4. I"z _.i" 

ii, (3"-3ar).u+O,._3.z)d,. 

• ~"""~ • <if • .. +,. 1'+" 
7. (2"+2.,+5)<1.+("""-,)",, 

8. ( .. + l' + .. _ I')d. +(1,.. - ~ ~I +, _,. + 2)<1,. 

1-". MIliUple latectola. The iDtegra.tioo of iJ'~ .... oon­

~" 
oidered in Art.. 167. U 1"I:z, r) ill wriUen fot the si- fUn<>-

lioo, ,he requi.w integ .... ion will "" "'p",*,nte<i by the oymbol 

.. -f f FI;., r)dzrly, 

and ~ function IOUgbl ... ill "" .,.,.)led the dmd>k ''''''JNI of 
1'(%, r) wilb ""peel; to,. and y. 

f f J If(~ y, .)d.4«o 

will bo called u.., triple i..ugroI of 1'( •• y, . J. It "'p", .. nta 

Ihe funetion .. "h_ third paltitJ derinti,. "'" ':; a. ill tbe 

gi.en function F ("" y, oj. It "ill be uoderotood in ... hM fol. 

10 .... th&t the order of integration II (ro'" lolt to right., that i., 



aUCCR8SlVE iIlTF-GRATIOIi ." 
we iotog ...... firM witb ""'1""'1 to \he lefW>nnd nri .. hle Z, tben 

witb _pee' to 1, ""d la.oUy ,.ith ""op<>et to .. 

Su<b i."'grab (double, triple, elie.) .. ill bo .. fereM to in 

gene",1 a. multiple integn.l .. 

160. IldIlU. mulUple I_tetra". The id"" 01 .. multiple 
io legral may bo lurlb .. exlended .., .. to induda ,b. ,,<>tion 

of .. .I_fl.il. ",Klti!''' i..ugral in whiob limit. of i.tegrsloi"" 
=y be .... ign(ld to each .ariable. 

ThUll tbe intfogral f '.f' "'£ .I, dz ... ill m""" tht t!J' i. to 

bo int..g",\ed fi .. t ... ilh ""pee' toy botw ... " th.lim it.o Oaud 2. 

This gi ... 

Tbe ","nit on obtained is to bo inlegn.t.<d .. ith _peet to '" 

bet .... " tho limil.t a and b, "bich lMdI to 

... \.h. raln. of the gi.e" definile double inttgrtJ. 
In general tho up..,."iOll. 

f~ J.'~ F("" y)dy d~ 

.. ill be uood ... tbe .ymbolof • delinile double integr:al. It 

will bo underotood th at. tl," iDlegral .igul witlt ,b.i. attach.,.) 

limit. are alw .. y. to be """,t from rigbt to left, on that in the 

abo .. integral the limits for y are ~ and b', ... hile 1Jl""" for '" 

aro a ""d ,,'. 
Sin.,. ., i . tro&ted .. ron,tanl in tho integr~tion wilh «>­

Ip<>et to t, the limil.t for 1 may be function. of z. C<lnoide r, 



... 1J<T1'.OIlAI. CALCUI.II$ 

J> " -{<l' _ .I~ _")_' _J. 
,r.2J.r. -\ ~ 2 2 

n, inlegn.~ tlti . .... u\~ with ..... '"'" I<> ,. bo' ..... " l i,.;u. 0 
awl I 1.118 gi .... i .. "", ... 1 it ruuod t.. han the n J ... _ if' 

U[IIOIIU 

E..J_1k '01....n.., ..... 1 .. I~: 

,. ~ 1.l'Z_{II)ll4z. • " ,--. ,. ... ,<1,<11. 

,. J:· ~·"d,.tz. •• n " • ,J., _ ,."."t . 

• . r r'''l',~'' ' . f,' ~ ·1...r. . J(~"I • • , .. +,. 
•• J:' f.t -' (") ~I<I • • • f.' r,;; I .. ,t ... ,,, • • 

H,+> 

Ill . PiMI __ .,. '"".~ 1001 .... " .. T .... &I'ft oo.,oohd 
by .. pw.. etI r .... (or by ........ cun .. ) .an be , ... dily ... 

P' 22'?! iu u.. fona (I f .. deht'" double int.gnJ. An ill ... 
,,,,tI .. .... mpl. ' .. ill uplain th. "",U,od. 

r.1. L I'ind b,- """hie InlOgr ...... . IM .... of tho oi",. 

(. - .'/'+0- - ; ) . .. .. . 

I....p..."'*gi __ Ill.\d.od "'''' •• d · " .... by .. __ of lIMo 
pwoJloI ~ Ibo ,-. ... "1-.1 d'''' ~ _ ...... of 1_ 
poraIIoI ... ""'~io .. oquI.H, to,. 

n..."", of ..... 01'- , .. '"",100 io :o, . ~ Thlo 1o ... 1ooI1bo 
"'_I of _ . 'noo ... of 011"", _op. iII_ ... lbo ei1'<lo . 



.n 
.111 ... J.. """" .... __ I""" by .... _D' _, .. ,,_, I ..... 

~ IIII.H~ ...... bood .. '" .j ..... '", - of .... .,; ... 
AU ___ ~ ... _ ..... 001 .. llbi ... ""c boo_ 

1'1 II .. ,1'.0 . i",10 and ... i .... _GIrio .. i .k i~ .. "- racli .. 
10 100" ,loon , hI t.bo 

Ion.'" of di....-J 01 

an .10 ...... , 01 ....., 
u...r. ... ~ !WIi .. 

• - "'(L,'+ ("'r)'. 
i n ...... -..s.. ... 
_I>l ... _ .. 

... 'hMu.. ..... of • 
• l .. ~ ..... rio, ._ 

.. . lIh .. 

'~(L"')''''C{'",)" 

, 
• 

.. ,d ... hlob _or._f''-____ -;:::-;;;-____ ~r'__ 
"fII'<WOb .... '" .",lOl· ..... '" 
... _,";110 ~ at>d to,. 11_"'" _ of Ibo .,;"' .. io lbo l!nolt 

"' .... ..... 0101111>0, · n" ......... i ............ .. illoinit. 

To a... Ibo oal .. of "'" li.it of Ill ....... i ' io _ ..... 
• ,.. WI """ .. ,.11 .. , oil ................ WDod bot_ • __ • 

-..Ii .. po.n.Ilo'" Let I',P, "" OM 01 1M. ~ 10 .. 1 .. Ill, 
di _1oG of .... z-&1ioo. 1'bM, ..... 1. "" .. IAI:II .kilo ~ • .0. 
I...,.. . _ " .. ~ (,_I)· L (<ho ,&I ... of tI ••• boo • • , P,)", 
,,-+ ';" - (r - 1)1 (_ >oj .. . . 1',) . Tbo lImi~ .. f:.~ __ htt 

.. .." 01 ......... of -.gloo lo .... llrip ,""" 1',1', io ... idonU, 
• 

N ........ .... 1I .. il.0I ..... _ 01 .n _k otripo ...... ... wio.bl • 

• _ eI~. Tbio ...... i ........ do ... ,.I"ot .... of ..... Ii." of ...... .. 
of __ .. ( 1) lor Ibo di.on", .01 ... 01 , _ ...... odl ... '" 

lhodl'-n, _po. EM ... r I"';". aI .... 10-"" poi. ' A .. j .. .... 



INTEGRAL CALCULUS 

.al .. 6 - ' . on<! iue.-, '" • +- '. the ...... """bod ~ B. lbe ~"01 

"1""0000.10. ,he . "" i. 

f' .. [i·+" ...... -·~] i "· i ... /~- .. -., dz d, ~ Jzd, . . , __ v~ <>"_.. H ._,,<' ....... 

r:' 2 ,,;> iJ - 'lj41~ (1' - 6)",",- (I' - Aj· + ,.. oin-" ~ 6J:: K ..... 

If 'be , •• ""m,Lion had toogun b1 ooIdlog u.. """"oKI .. in a ."';p 

ponllol '" ,100 , .... i. and tbon ooIding all 01 "'- ..... Ipo, u._ "'P"' _ 
' K>u fOT Oho .... "",,Id tAb ,ho I ...... 

II io ... n from , be I .. , r«ull lha, tb. otd., 01 10"" .... '10-0 In • 

oo...blo in ..... 1 '*" be ohanl!"'! if ,be Ilmito of lot""' .... " &0"0 _II 
m,oiHfiod ...... oamo 14 ..... 

[1.~. nod \be ..... which io ineludoJ beI .... n ,be ' ''0 pK'bolM 

1' _ ~ ~ and l' . 72 _ ~r. 

E~. 3. rind ,be ...... bo,,,._,' _ G. ,<HI , . a. 
EL 4. F;nd by <Io.hlo Integ.alio>n tho . ... of ,100 """"ent of tho 

d"d." +- ,'~ l8 eo' off by t ... lin. % +- , _ f. 

r ..... 

EI.5. nod!.ho ....... t..I ..... Ibo' .. oeu ...... 
,. _ ~Olld, _ ... 

E1. 6. Find tIoe .... bri.w .. n \bo l.oeW"ftO 

" - .. "'" ,. - %. 

EI. , . I'i"d by <Io.bl. In~u ............ 

of """ loop of t.ho pola. 0 ..... , • ~ oI" 2 ,. 

1mo.gl ... u. ...... dl. Wod in'" _011 010_ 



8UOC£8SIVE INTEGRATION 

""",10 by ""' .... 01 """"" •• ric 01",\<0 .h ... radii Yary h, "'1 •• 1 
I""",mcnlo 4,0 ...,d bl .. ""n. of ,od,; d"",," boo" 1.bo <>ri~ln, \bo 

a .gl. 1>0\_" '.0 <<:m"",uli~ radH bol"l fl.8. (!;eo Fill. ~.) 
Tho .... of an .rb, ... .,. .lem •• ' ""1 ho • • po . ...... the dill .... 

""* o:d lwo .i."..]a, _. witb •• """'.,.<> ongJo ~ and wit.b n.di.i 

, ';'4p o.nd ,""I"""',oll. Tbal l~ 

.10 ... 01 of ..... ~ I (,.;. 4,o) • .\tI _ I ,. fl.' 

_ pt>.np oj. 11>.8 (<1,0)'. 

Tho .um.1 all Iho roml'''''' olo rn ..... ithi. 'ho> loop "'11bo. bo 
"'_Dkod b, the 1000ul. 

~P t>.8 <1,0 .;. i "l; fl.9 (t>.p) •• 

Roaoooi", _iN!, .. in f. •. I, ... &nd. lho UOd.!'of \h. tnt oam 

.~ " ,.-.. J. J. ,d,<18. 

Th. -,..d ..... -1 bo wrillon I <l.plfl.'fl.,., """,,.110 limi' io 

FoUowloa: 'bo analogy of Ea. I, w •••• _iI, ... \I,a' .n "'. 
DOgle<kod il>OOOlplot.o .l."",nloof ..... 1; • ."hi . ...... ro. band along 

lboo oo..nda.,. 01 lhe " •• n._ Ih. widLh 01 .hloh hond .PI .. ....,bo. 
0. Thei, au", ...... f."" aw""",,,,," .. ,,, in ~.I '" 'boo lim;L 

[' folio ... I", .. \be ~iog dioc .... io. Ib>.< LI>o 1"". ",,1 lor","[, 
for a_ ill polar -.din,""", io 

\bo limliluf ilIt.opa<ioo hoiog do\ermiDod hI .... bounda.,. 01 lbe 

~i .. " ...... 

K~" Fh,d by doublo j"L<gnl.ioD Lb . .... 01 ,bo ""rdioid 

p _~(I - "",,8). 



'" 1N'T1W1I~t. CALC\:1.1lII 

f.~'. FiDd",,"_~ u.o"'._" s •. _t" 
r ... lo. r ... ...- II,- _\>10 10 ........ Iloo !I. ....... bolo ..... "'" 

.. r<l1oid (EI. !) and Iloo </",Jo , . .. 

Ea. 11. nod by doubJo 1 ...... "'Iio. u.. _ of t.Ioo Ilia", .. w"'* 
.. tllooo h ... u.. ~Iulo:r oI!ordl ..... {~. 2). (_ I, 8), ('1'. e).' 

. ;a . 12. Fi.,.;! tho._ -.""'" 10 u.. I .... ire ... 

.. -, ... ,. - " .. 28 ~ o. 

,,=,>+,. _ 4,+ 1'=0. 

II'll. 1'oI" " P Tho ..,1 ..... boo""'" by OIIU" ...... ..,rt ..... 
e&II bol o,," wei ... l ';pI. i n .... ,.1 Wbe"D \U "'I~(WI' 01 u.. 
boundinl IUrt-...,.. IPyeD. 

Let II be ""1.0'.-..1 to find lb. TOI""", bouDded by Ihe lurl. oe 
AlIO (Yi~. 81) .11_ "'Ipo'iQn ; • • _ /(I, r), and by tbe ......... 
OOIIrdinato plane.. 

1"";011 the fill\lN di. U\ed into .mall equal "'140",.1., 
pIOftllolopiped. hr IB Mn. of Ib_ ,"rieo of pl_ u.e 6,., 
...... panlld t.o .... ppl ...... u oq.w dido._.u, Ill, , 51 led 
loanJlel to tIMI _pi ..... "" eq".l di"",_ 6.J, ..... 1.10. third 
....,...uel to , "" ,,!,-pIuo a' eq...J di,"N'-. &0. n.. .01 ..... 
of ..,.,b • nlCtangnl .. lQIid I, tu 4 J a. ; il io eoJ ltId lbe .1 ... "", 
of oolume. Th. limil of the '.111 of all . ",,11 ol.",utl 00I'I_ 

l&iaed i. OABO i. tt.. .01"",. ""Ioin'l<l, p,.".idod IlIlt the 
boull<iing lurf..,. ABO i . oonli n""".. For t~. oum of the 
~"IIlected inoo"'pl..w ole ..... !.&, .1oi01o bo.<\" U>e .~ .f_ i, 
\eM thaD the yolu .. e 01 .. obeU ..... ""yHle ~ iI 

theeh .... ourf..,., aud ,,,''-t101l:_ is v'(~)'+ (A,)'+ (.»)i, 
tIMt d~ 01 u.. elemu, 01 '1'<>1...... He""" tb8 el'1'Ol' .po 
P"*' .... "'", ..... three i ........... u. dim u.;.to. 

To d · ... ' this ... ,.ma&io.., &dd 6m all t IM. . I ..... au. In .. 



SUOCII8IIIV& INTEGRATION 

~erti""l ""Iomn. Thi. "" ...... pond. to inlegrating 1Iith ,..."",,1 
to • (., and II remaining 001l.ltant) frolll..,rn Lo f(z, II). Then 

add all ""a ~e'licaJ. ""lulIl'" oou1.&ined het ..... n two O<>n_u· 

ti .. pi""." pa"'.ll~l to the 'p-plan~ (" ... maioinll coostant), 
wbicb oorrMpond. to "" in~rati"" witb _peel to II rro .. , 
JI - 0 to t.he value . ttain<d on the boundafJ of Ihe cu:rn AB. 

Thi , ulue of II i. r""ad by onl.jug tbe "'tUItion j(", 11)_0. 
Finally, add all oucb plate. ror valu,," of., ",,.,.ing from <ero 

to i\.o nlue at A. The , •• ",11 i. expreoaeti hy t.he integral 

.f."J."'f."" " .;. dy <U, 



'"" 
in which .;.(.,j i. 100 ,...ult of O<JITing the equation f(z, y) _ O 
1M 1, ond a i . tbe z-«>I'>rdinate of A. 

"' 

':: • . 1 . rind l be Tol.",,, 01 ,t.. .pIle .. of radi .... 

...... eqoal",' of u.. ' pho .. ;. 

z' +r' + .. = .... 
• ~ ,.la' .. ,.. 

Sin"" tho _i._ pl . ... di,;'" tho .01 ..... l.t.o .lgh' oqu>.l 

po""""" il ;. • • m.,iont t.o fi.J ..... oluw. i o u.. ..... , ",,"'nt . ,od 
,,,.iUpI, u.. .-1' b11l 

Tho .olu .... hoio, di.i<lo<l into O<]uol ,...,taciU1ar .,Iid . .. doocrilood 

.bo.~ tho ;hl<gntion "ith "'p"'" W' i, "'Iui..,I ... to Sud,,,, tho 
lim" of o.ho , om of all d ,e ,,\ernen ... oo"lai".d in Onl TorI;",,1 ..,hom", 

'Tho HmlLa 0( lho in .. g .... ' ;oo wilh ""f">cl to , .'" U .. Tal ... 01 , 

""""'"I<'ooinlr 10 tho hoI",,,,..,od , ho "'P 01 ""on . ooIuffiu. ,..",.Iy. 
,= o..nd, _ -.la' .. !J', .I..,..be poh,' " tho Iop !o o. 'bo "". 
I..,.of u..,~ 

T"" limi .. 01 l0\ef" \"'" "i\~ ""r«' 10, ar. {<>and to ho J _ 0 
(Lho .. 1 .. a' lhe ~;') • • oo, ~ -./,.. .. ( t "" n lUD 01 1 at tho .;r_ 

<oml ... ....,. of tho ""d. '" _ .. _ ,. = 0. in _ hie" 110 • • pI> .... ;, <u. 

b,"bo .,.plan.). 
Fin&lly, tho li",itiag •• 1 . .. 1o, . . .. """ ..".. a, , be I, U., beinJ 

.... di,lanoo ltool lb. orig;n '" ..... poi •• I" " hiob .... opbote Into .... 
_to 1M -..io. He""" 

Co C"'0""0' C"''' -o'-o' <hJ <k. 
V( ~ mlu.,. nfophoro 1- 5 J, ) . J, , 

' noegralioo .. !Ih _peel "'. gi." 

V ~ 8 ~o S.";o ""'~"~"' dJ d. ; 
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J,:~. 2. F ind tb .. oJumo of 0 ... of tho ....1_""1(",,,, Lbo .,.Ii..Jo • 

.. + ,. _ G' by "'" plo .... . ~ n '00 , = "",. 

J,:x. 3. Fil>d tho ..,1 .... ""m .. "" t.o b ·O right ct,..,.I>.. erli..Jo •• 

01 ......... .-.i .. a ...... u eo in .. .....,' ••• ilh' .ng .... 

EI. 4. Find Lbo .01""", 01 I'" <,linde, (~_ 1)'+(, _ I)' _ I 
li",ited by u.. pl . .. . _ 0, u,d t ... h,po,l;ooljo po,oboloid. _ ",. 

EI. s . lIirod lb. ",I"m. 01 "'" ollipooid 

" + ~ + !" - I. 
4 ' .... 

Ex." Fil>d u.. 001""", 01 o.h.t -""" 011100 ollipt;o pa.aboloi.d 

, ~ I _ " _i -. 
• hi<h 1>..", 011 by o.h< pl&no • = o. 

' ;1. 7. Find by triplo in ...... .,., .h. wi""", 01 ........ nobodron 
lormod b, u.. th,.,. oOO<di""", p],o, ..... nd .h. pi..,. ~+2, t ~. = I . 

EI . 8. Fl,od tho ... 1",,,. "I ,he e lliptic r-"holoid 2,. + 3 .. _ 8. 
e"t.1I by o.ho pia ... _ 2 . 

. ... c . ",. _ Of 



CRAPTER IX 

SOlD APPUCATIOn OF ll(UGRA1. CALCULUS TO 
P ROBLEMS OF MJ:CHAlHCS 

163. LIquid (»NIIIn .... p ...... . ertlco.l .alL Th. pr •• su", 

~.el'te<l by the liquid upon any point of a pi"". vertical wall 

• 

roo. lIS-

counting from the top, by A,. 

to proportion",l to tho depth 

of that point 1,.1010 Il •• aUT_ 
f""" of the fluid. Td co.lculat.! 

the prOM" '" "pon tbo . nti", 
... ll w. di .id~ it into ur­
ro .. horil.OlltoJ ot r i", of equol 

areu ~ Denote tho breadth 

of tho lrtb amp PQ (Fig. 88), 

Tbe preasu", e1erted on tbe 

klb . trip i . oqui.a1eut to the weight of • 0010"'" of fluid 
.ta.nding on .. hue of tho ... rue ....... .1..1 .nd b .. vi~g .n 

a.ltitud. int.!rmedi.w ootw""" tho l"""t deptb r o.od the 
g .... teot depth'" + A, of poio to on tbe W.en . tri p. Tbi, 

al t itude =J be reprose.nled loy ., + 6 ..... in .. bieb S, hu • 
v.lue bet .... " 0 and 1. If '" d.not .... tho ~igbt of a cubic 

unit of tb~ fluid, tb. p'esou", on PQ i. '0(' + ' ..... ) 4 11.. 
Summing tho P",,",U"'" for &11 the . t.ri", of tb. woll, .. e 

obtain for the t.otal preuoro 



I" OI'<loor 10 enl_ 110;' ...... e take it. lilll;1 .. AA 

.ppo'<*h. OM<>. This gi • ., by ... ~ iM'" 1"0 Ie ... 

and oIlter.u.g u," .. is """01&01, 

.. II .. "' .. All + .. 11m ~6.A. AA. .-... . ... "" 

i~ _bich U d_ .. u.. t.otaI alliUMIe of Ibe...ui n AA ... 0 
thl riIM_mbo. of Ihil i~"'l, .. liI1 opp,...,.t.n..,.". H ...... 

h order to ... h,ate u... ;"Ieg.aI, it to moot """,Mlent to 
........ 1M yori. bl. of intekd-l.kJn. \),,_ by r lbe width 01 

liI. _all at tIM <kpU> L. T1><a 01..<1 _, • .u in .. bi~~ Y. ;' .. 
... nal ....... of , bot,..n' ...... ,+.1.,. (Compan> Art.. _ ) 
o;.WI'''1 by 61 IUId puoi'" '" 1lI. limit _.ohWD, .. _ 

Ii"" . .. 't 

or In tho dilre .. mU.1 notation, dA .. ,dz. The ... t.tiwti"" of 

lhio in th •• boTe integn.l k"" 

prMau>e .. .. f q dJ;, 

the lilllit. of ill' C' tiM bein, t.M n1 .... of % aI; the lOp and 
lM beUI ... of tJoe giY<lIl. wall .. lu.f_ 

If lbe liquid i .... te ...... 0.. Unil of 1~ ;.e '-" tl>en 

III" S2t Ib. 



... , III'T]!;GRAL CAWULUS 

EXEIICISU 

1. Find tho "",0111'" 00 !.he ... d 01 ........ "11.1 .. IaDk full of ....... 

tho' i. lOlL long, 8 fl .. !do,.1td ~ fL doep. 

:l. A ........... in GRin di."", .. , i. ho.lf I.U of ........ Find II>< 
p .... u'" on u.. go .. iha. <."... lb. "",in. 

S. A nrt;U! ........ 'l' dom i. u'e form of • 'rar->id i. 200 IL 
long ... 01,. oon_ 01 ,bo ..... ,. \00 ft, long ... Iho 00110 .. , ""d eo 

It.. bigh. WIW p'-' .... "" .. II! .. ilb ... nd? 

... A .. ,...,.1 "''''' _two 01 ...... gb io • parabola "lib .. ...,. 
do ..... rd .. tl>< 1.1 .. ...,w.", Iyloa; in ..... "f_ ,Dd boi"¥ , II. 

Ion,_ Fi!!d .... rr-"'" On ...... Dd of u.. lrougb .. b •• "10 lull of ....... 
5. O"~ ... ~ of ~n o.finiobo<! ...... ""' ... ,' fL i. di _ . 10 clooM 

by ..... po..,.,. Qnlkh .. d and tbo ....... lot i. from u.. ....... oi •• 

Find t"" _uro 00 Ibo b.Jk~d II I .. con", io 4{1 fl bolo .. .... 

ou,l_ o! ,bo "."" in III< .-noi •. 

llW. Ct1Itet of fruity. (1) Fo. a.,.". 0/ Kpm1klu. Let 
p~ 1', be two partjcle • .ot: mat!<lr of mOM .. (or weighto)..., and 

b 
, , 

f di~ from. cboooll point 0 00 th~ 

...... 89 ol raigbt lin<! 'hrough !.hom. The •• 

"11 . ... point P ouoh thot the "g"""' to P,t> a lll! PP, are io· 

ve"",],. proportion,.] to the m . .... of the t"o point., thai io, 

P,l' _ !!!I. 
l'P, .... (' ) 

Lolt ;; «>p..-,.t the diotaa .. OJ>. Then formula (1), ""p_oed 

;n term. of the abo.liaoaa of t.h<o poin"" io 



.btDof, by ouI-.iag for i, 
- ...... +!!6 .- . 

~+~ '" 
The point P It co.llod II .. _leo' f<f vnw/IJ', or, 1M.,.,.Ieo' ./ 

........ ", \be . , ""'''' IOTmod by \be t .. 11 poi"I'I"l'~ p. If ... ~ 
imagln. Lbo line P,I', to _ lilt'" .. rigid, ... ightl., r-o.l 

with Lbo two ri~eo partiel .. f..-eel at. iu edoemiti..,. "" if 
w ••• ppo. IlI It object. to .- on 1M poi"t 1' .. .. but, it will 

........ . i .... u.ilibri ... , .. i&lloool ""1 -'-1 in either 01 l.I>e 
elld poi .. u to _.e do ... wud ........ Lbo lorno 01 g,· .. iI1. 

In "'bo, .om .. Lbo ~) .... of Iwo parti.] .. it ..... inJ ... t, .. 

I.., .. Ill. lIdi"" of S"'yil1 It """ .. ,M<!. \0. linglo part.i.l., 

of "'"" .. + .... pl.....t II tb. poinl F. 
Lei I', be I tbird point 01 "' .. .... liIU'~ on the .. me Hoe 

.. ,\II. I',...,d I'. Th<m tbe . boci_ ;;; 01 tho ""01",01 B ... ily 

of tho 1, 1"''' 01 \b,..,., "",11111 "'"1 boo r""Dd b1 .. leel.tine \ll.e 

.... ",, 01 , ... iI1 of t.M ~, I', ... d r (!he .... "'. of. roily 
f(# I'~ Pi). the ..... 01 P beioc ..u... .... +_ tboo ...... of 

Ill. m' of 1', ..... 1'. Thil rio" 

( ... + ..... )..,." + an + ..."" 
i .. ...+... .. ..... +-+....,. 

( ... + ... )+... . ...+ ... + ... 

10 Ilk . .... ,,,,. ,. the 011>"" of graoil, fo, an, nu.,bo,. of 
pao)Iolfli .illaal.ed 011.' otn.ipl Ii ... It gi ..... by the lormula 

- -eot..,..t · .. t """ .- . ... + ... + ... +-. ,~ 

If Ihe. paniokoo . ... _ ... ...-.lPI Ii .... bd .... oI'Ol·td 

;.., u... _. plane &I. th. poinu (,.",,), ( ... "J, .. . • ( .... , .J, 



I IlT.f:GIr.AL CALClil.liS 

th.n tho center of gravity of th~ .Jmm bu ita .. bocu.. giTim 

by (3) a.nd ito oniinal.e , i. 

j _ .. '" t """ + n . + "'.Y • 
... , tm,t···+ .... 

If tha .. partid ... .. ..., not . ituated in one pllJ.Je, there ";11 

be .. thi<d .nd .iouila. funnuh fur •. 

(~) FOT a """U .. """, ooild. l ",agin6 the ..,lid diyid<Ki up 

into .""JI elemen", prooioelJ'" in d.termining it3 ToJUIDe, bJ 

means 01 th_ .. ri .. of plan.,. pal"3.lJol to the coIIrdi""te 

pla""" ...,d at d;"t.:u>co • .u, tJ.y, r... It we reg;ud any"","" 

ticula. element ... b>ing TOry n ..... ly of u"ifo ... deu,itJ, then 

the m .... of an •• hitra.y element is .. pp ..... imawly p tJ.z tJ.y~. 

ill which p i. tho .... igbt 01 .. cuhio unit. of hOlllog<neoWl ma(.­

tor having tbe "",ne de". ity "" lb. giT.n e l.",en... This num· 

bor p ;" Wluolly ",,1I.d the denoily. For .. finite number of 

elelDeuto the ....:IObniinat.e of the center of g .... iIJ i. dei.ermi""d 

app.o.;ma.l.ely by (3) in tho lorm 

(e,z, + P.M + ... + p .... ) 4i< £oy r..o , 
(p, + PI+ ... + p.).utJ.y~ 

in ... biob zt. ..... ...... tho ~bociMas for the ditte .. ,,! ,lomenta 

."'\ ,.,.,." .. .• ..., their deDSiti".. The .. bociOM of tbe oonter of 

gravity of the ginn oontiLODOUI ootid io ob\&inod by makiOJj: 
~ £oy, ~ app._h ... .o u a lioni ... • Thio g/yea 



IIOIII'!; AI'PLICATLQII~ TO 1II I:CIlAIIlal M3 

..... lim' .... f iotegn.~ .... bel", tle&oen.inal j.- all i. M1oul ..... 
in, lb .... lu .... 01 lbe d id. If ..... d id i. h_"II"~.,· .. , 
, ,. """"alit .00 uo ... l . .... , 01 au_rator Iud d._in.tor. 
Ollie, .. ;", Iii • • IUOCIIOll ol~,~, .. 

10 prtcl""l,. tbe ... ru. man" • • th. · ... h .... of ii I ud Ii 0, . 
obt.&lned. T ho ooIlnIi .... t .. or tho .. "I.e, 01 ('&.il, .... til". 
lOUlld \.0 bo 

i-1 fff,,"UdJ dt, ,- ! fff" UdJ <b. 

--1 f ff, ·<lzdJb, 

In ... bioh , ii''''' d .... il'o' Ihs polnl (z", OJ Iud IF i. ''''' 
«>Ial mn . 01 the p • ..., ..,Iid, that ii, 

-no. OMnli_ of Ill. ""Dte< "r "nlt1 of .. plano aru ..... 
f ........ in Ii ..... ,no , r 10 bo • 

EXERCIIU 

I •• be lollowl_, pmblo,.., .. """"_ .., bo oonolant "n_ 
......... _1I\00;I. Tho . bI> ... ;...w. C.G. ,,;U be _ lot" ' ,,".Ie' 

of '''. Itl.~ 
1. I'lnd "'" e.G. of . .................. .. too.: r ........ t'>o "'_ 

-.I ...... "' . ... ...... tho plaa . + 2, + h a" 
. :L VI"" 1'" Co G. of ............. """"''''''''' h:r .be ..-i .... "'-­

>h. pl ..... +, _ L, .. <I.ho .ri_. _ q. 



... 
S. n.d .... e.G. 01 ..... 01 _ _ .... I>J ..... 1l"'.-.. 

.. _i _ ~ ~ I MId Lbo pl.&IIou .. 1:, l > .. . -. 
• . 1'1 ..... ,!.o C. G. 01 11>0 .... ltIlIpooId "" .... pooil '" oidt of 11>0 

.,'pla .. , th. oqn,..,. 01 .... 0111"""",01 Inrf ... bo.W~ :. + ~ t $ .. 1. 

5. rind ~h. C. C. of . ... 1. ""mlof"' .... o.l ,boll 01 \1 .... _ .... 
1 .... <10<1 by Iw • ..,....01<10 "-I~ oIl'fIodi; ....... + •• 

.. A ..... ', · ", ' h".,t'o .. loI • • ;,... .. ~_.1o.11od .. k~ 
...... /I .... do""J '" I"", 10 _ . ti_ IbU 01 ........ .... tIoo 
C. G., .. I'!""ing ... ."di .. 01 .... I,,,,,",,, of 1M _ I '" bo •• 

( III.'. F i ... u..G.G. oflboolfOD_l by_ ..... I' .. ... "... 

Lbo C. 0.01 tho _ ...... of .. __ ...... bl .. u.. ... I<-.oI' ...... 

il.l of 1M ..... , .. d ........... b, _ .. 01 (2).] 

f . !lbo .. th" 1110 C. G .• , • 1.ri""~I •• pl ... "". I..t. t.IIl.~ 1.0'" 
h.llioch bo lo .. 11>0 ;01<l'000I1<>0 oI0b0 .. odI .... of t"" opper r_. 
• .. Vi,..! u., C. G. of • T·I __ ioeb tklclt, 1I>o .. .u...J lIN """'C 

.I"" ..... !do _ .lDoboo hl(h, ud ...... boo ;" . oJ t... .. I .......... ...... ........ "'"'" 
.. V;ood .... C. G. of ._ of • 01_ of ..... iu . """ up I. 

JO. Fiad ... G.(l. of 1M 5 ' .... Iof .... oireJe .. + ,' - ...... .. 
hI o.bo u... ~ _ .. G <. < " 

II FI.d 11>0 C. G. of 11>0 qud .... 1 <Ii' .. oIli~. 

n . 1'10,01.1>. e.G. 01 lbo .......... 01 .. . mpoo ..... by lbo 
.t.or<l j!>'oi"g 11>0 ox ...... I .... 0/ lI>o ..... jor ,od ml""" n_ 

U . rood 111>0 c. G. '" Iloo _ boo>o.oIooI ..,. Iho ponbola 

Vi+v, • .r. 

u . Pro... ...... Iloo ..,1 __ '" • "'"" '" ............. 10 "'1 .... '" u.. 
peod .,t of _ ro Mi,. ...... ..,. _Ioac'-hof poLIo _bod ..,.;10 

........ '" ~ . ..,.. 



SOME APPLlCAT!uN~ Tu IolWJIIAHICI> 841'> 

15. Find III~ C. G . 01 on "" .... 1 01 . D .llipooldol ....... 

16. Fin ~ III. C.G. o( III< p",""",iog muo wr.... Lbo "" ..... 1, nri .. 
di,edl, .. Ibe dWa .... (rom ,ho pl .... z _ O. 

17. Fin4 lho C. G. 01 .., ""tant 01 •• phoroo. ."..,." "'10 __ II find 
th. C. Golan oo\oolo( • ..,berloal .boll 01 ",iek_ ~ ... d ion.,. 
.ai[in, .. 

1& Flail lbe C. G. of an .. 13!l1 01 • apt.or. if Lbo d_ll_ 
di_li, .. Ih. d .... ...,. I",," tbt .... ,'" of .... opb ..... 

(H!,.... U;.id. up inlo !.bl" o,,,,,," • .no """nul "'Ioal ,bk\,.... A • 
.... Jen.:l'1 01 • pa.t;<ul .. "",,11 ,be;n, J"Og.rded .. ODo.laot. 1.0<)' 

donO" tho .. ,,1;0' Df on .. hilf....,. ohell.llt.. di ... """ " I I,. C. G. Irnm 
Iho angln • ..,d .. ito ....... C.lool.,.ll. to ..... DI ~ to,. ""' ... 01 
f; •. 17. _orinr it 00 • Ii"" "'J .... u, !oc];ood It> Iho "",.. ax ... 
'Thon"..1lIo dill'. ",nl ni.e. oil i. I>I- 01 '1 ........ I" ... ola (3) . 

""d _10 tho Umil 

1'1. Find lbe C. G. of • righL 'l",~la< ""'"' of .lliIod. A &nd buo. 
radiu ••. 

Th;" pmblol11 00" 1>0 ool,ed bl .!og .. i"tognLiDa if . 0 ... ppooo Lbo 
""lid di._ up i.", Ihln pia"" 01 "'JDoI th.,kD", bl m .... of 
pia'"" paroll<l 10 u.. buo. Th • • fi.d t.ho oJ'l""1lTimat. U P'"""'ioD 

for tho C. G. 01""1 plate, .ppI, (3). aDd 1""' ''' "'" limll 

30. Fiod lb. C. G. of t.ho pori;"" 01 Ih •• mpt.,.1 """" 

~ + ~ _ (0 _ 1)' bo'. oon ...... ""X (0. 0, I) and \be "'.pt .... 

2l. A """" 01 .... ><01 o.gl< 2 8 h .. ito TflI<x DO lito . _ 01 a 

opb"",. 110 ulo _log t.b'Qugk 'be """ .... of ..... ph"",. 
(~) I'iod tho C.O. of IlIo .,... oul.ti.do It.....,. ODd [,,"<do tho 

01'1>0",. 
(6) I'hld III. C. O. of tho ..... i .. ido u.. op/Io ... 0.:1 lnoido lbe 

00_ 



... , 
l U . M:r.l of 1Ie<tiL The .. "",rnt of i",,1'ti& of .. t mall 

puliela of ..aut. of ma- • about ...... 1. is dd.....t .. .... 
ptad.o. 01. th ....... by ,~ oquan of u.. diiJl&~ of tho 

put;"1e from !.be bU.. It '''_,,_ tI,. "";.I,.n08 01 lb. poor_ 

liol, ",..-Liorl lb<;Jut t.h. ail .. 

To b tl u.. _eo' or ;1Ie ...... of .. hOllloe-- ..,lid bod,.. 
i","";'" it di.ided. up intQ .", .. n __ g..l.r bloch (or or ... 
"""'1.&) of di.".,l"" • .1z, />'11, 4%. Then!.ho ,"ome"I of 
i ... l1.i. of. oi..,le el_.." about 1.1 .. .,. ... iI is .Ppro ..... iUell 

H+t')U6,<u, 
i •• hioh, is 1M den.i,,., \hat i., it i. IlIt .. eigh! of .. ~ubic 
UDjt of tbo gi.eo ooIid. Su .. ",in~ up the~ e\em8n1.& (>YO' tho 

.. hoi. bod,. ..... tati"" I.be liIIo i' of !.be ..... , we Bud .... _ell' of iDUl.i& 10 be · 

(. ) 

lll. "';ple ;"t.erra! bel., u~nded ~. lb. entire oolid, joat. 
..... ~ i. hdiJos ,til . 01 ....... 

If II!. oolid , •• '" l>om"l"nflOIa, U.U , ....... b&.. Itr. 

nine at .. """,,Hilld )XIint P of lb. gi."" bod, i. equal to tb. 
_ith, 01. .. ~ oubic unit of ..... tter haYin, 1M 
_ ........ ty ........ boot ....... I*"';cIo of ... _ at u.. point 

1'. It io .. fUM';"" of S, Jo' .. bioh i. I<> be dd.""ined by U •• 

co"djtioo:>. of tbe JiTM problem. 
8imilarl,.. Ill. Ill_I of I ......... of .. pia- ...... .toooJt tho 

...... It b ddiaed .. U. Ii .. " of \be au .. of _ t_od by 

mmlliplJin, _h e1.merlt of.rea by th. -"I ....... of ita diotan .. 
hom lb. ui.. Thi. gin. tho lormuL. 

• 1M ....... , .01I0I0 lot • _..- ...... ,.-. 



SOME APPLICATIO~S TO IoIECllANICS ;H1 

£X£RCI8ES 

10 ,boo follo"iog ptoblemo 11. I . i, """<1 fo< b",.ily ~ d • ..,1e 

"momonlof h •• r\io." Unl_ \be OO1OtraTJ' i , oIated, \be bod, ;. 
boroog<l><Oo, and of de",i'" . 

1. nod tho M.1. of .. _Io.npt .. , p. .... llolopII'M of dim.,..i ........ 

•• • .. boo.. '"" ..Ii" "-
Tok. \10 .... odgM ... ~ < _og;n" •• "',, .. ,," pol., aT u.. ... J. ' 

ou" .... 1"""' •• 11. Tbe .. by 1"""01" (tl tloo M. I. io 

2. Fi M lbe M. I. of .. oj",.I .. o,lind., of radio .... o.nd ",UIIldo A 
.. boo., ito ... is. 

3. Find"'" M. T. of t.ho ",lindo, 01 F. • • 2 .bo ••• lin. po'po..!;oo. 
Lo. to, .. 001 bloOding, u.. niL 

t . Find <I .. 101. I. of • ",""ul." «>n. of o."i .. do • ..,d "-rodiu • 

• • 1.00., i .... i •. 

['lin. If ,100 .. i, of lbe oon. i. to~.n fo. tho ....:J[;".OO lto YO"" • 

• , tho "'\gin, tho "'lotion of t.ho ",.U.aJ ._10 

5. Fiod Ito. M. I. 01 .., olllpt,,,,,1 ,1gb< 011100.. .00... I .. ""'"",, 

'od, ... t ""is. Ibo ..... 01 ,1Mo oWplieoJ lo..- "",og ~a, U &od Lho 

.nn,do !. 

6. F ind ,~. 101.1. of u.. P' "'*""1 ",tid "bo.' tho ml_ u it of 
on .mplkol bo.oe. 

~. Find lbe Mol. of ''''' .. mo bod, .boo.l .. Ii". bioeoli".. lboo 

loog'I.<>di,,'" ""i. ud ponll<l .... Ibo "'''Jo, "" .. of Lbo .mp<ieoJ. 
~ 



"" It<TJt(JKAL CALCULUS 

•. Find lhe M. L of .. . pb ..... haul • dlom.lor. lI.noo fiDd tho 

M.I. of •• pbori<al . ... U 01 .011.". .. Ihiekn_l ..,.",', d;..",.w., 00-
... m;ol tJ.allbo III. I. qf • oolid """"i$I.Ing 01 ,-.. p&rIa is u.. .. m 01 

..... <00Il10010 of ..... "1'&',10 ~Ia. 

9. Find ,be )I. I. of •• I'h .... o.l ...,lid of radl .... boul • dialne\e< 

il ..... do"";'J nr;'" di-UI" u.. nth p<>W*r of th. d'et. ,.... from 

u.. ,",01Or. 

[II,..... Im.gh .. u...pbo«> o:!iridoo:! lolo"""""nlrie ... 0110 '" "'1001 
Ih;.,k ..... .u.md d ....... bll. u.. inlor;.".,..,Hu, of •• 1 .... 11. U.ing 

,.., preoediDI prohlom, .. ri .. do ... 1M ole ..... 1 01 !Ii. T~ Iha' ;., lbe 

M.l. .1 lb. ,boll of ..... i .. l. U>d Ih.,k .... .u. Tok. u.. li",II 01 
lb. aum of .. ll ....,b . 10 .......... .u .. 0. 'The ""'Ion..! M. I. is Um. 
olola.iDOd by_ , i",10 intognt.ioo .] 

:ul. Fiod Lh. M. I. of .. ""be of ~ •• l.o<>al i .. diagonal 

[Ill...... Tok. Ihreef..,.,. of u.., e.bo .. """-'Ilna .. pw-. Oht.o;n 

au u prtMkm rOO" \ be "'10'" 01 .... d\ol.&o,,,. from aD1 poinl (~, " r) 

to 1M dl. goul of 1M •• boo Ih • • .,..... through u.. ",;!tin_ Tb;" 
... ltlpl*' bl :.sb.I~ will be U ... 10"",.1 of M.!. Tbon lob u.. 
lim" of ........ ",.] 

11. Find !.h. M. r. of .. <lliodri"'" """\~ of IoDgI.b .. &boul ilo 
u;., .... ndlWl 01 ,1>0 in"" , u,l..,. bel?1 r """ lha.o>I ,be "",te, 
,.,1_ boing R.. 

1.lI. Find 'be /d. r. 0>1 • ...,"'Dg" of ,Ide . ... ~ .""'" ,ho oid. J . 

l8. Fhld <be N. J. 01.0'-;0"11"10 0/ _ J a nd .hitw;lo ~ abou' OR 
.... lllroogh a vert", """,1101 to U .. oppuollo ,ide. 

14. Find v.. M. I. of a .i ... \o 01 .-..:Ii", •• bo,,' a d ...... te,. 

166. DIIulllOl', Theon",. In ome' to wmplete -the proof 

of !-he I,",mnl .. for ""nt.o>r of lI",vity and moment 01 i"",-ti&, 

w. make u"" 0>1 the following th","",m whlch i. of '0'1 gonenJ 

lin in appli ... uon, 01 the Integral Colo"l" .. 



oo .. ~ APPLICATIONS TO "~CHA"ICII 819 

\)UHA ... ,:. TH&OUK. Lol "" ...... ..... ". ""'"''''' .... i<>bia • 

• """ QJ i<>\ko\ app~. ~ ..... 1_ •• ", "'~ I .... it, QM 

.. _ thai. 14< ........ + .. + ... + ... 1.t.ppro<l.<M. afi~i4 I(",it 

'" .... .,. U fJ" fJr, .. .• fJ. ". ... n:ab/u Ioacl"ll 14< "' .... 111"'1'-

en, <u 14< «'. alOd _ _ ~ & _ 1 J()j" .I: _ 1, 2 . ...... . _. ooa, 
"'" 11.. ~"' ( . (ft.+fJ.+· ·· + {J.) - . *1 + .. + ... +«,.). 

~ w ., ~ _ .. 

Sine<! I~.. & _ I . we may w.ite I!.. in Lhe fOT'" 1 + .. in 
~ - .,... ~ 

which., approacheo """' .... ... "'. ll. nco. 

fJ. - ... +· ..... 
and_onl 

Let • den_ the pooiti,e ~alu. of the num.rically greateot 

te. m of the .. ri .. . " .... ... ' . . Then ... hue the inequaJ.iti .. 

- ... ,,,;:., ... <+ ..... 

- .... :;;; ..... <+ ..... 

""d by . ddi"lj" we obtai n 

- .( .. + ... + ... + ... ) ;:;; ~ •• ", ~ +.(c, + ... + ... + «,.). 

No .. lei II inc"' .... "';th""t limit. Si""" by hypoi.hoois . ... 0 
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