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Teopen n e ~ e i i ~ u x  oneparopos B r w n b 6 e p r o e o ~  npocrpae- 
CTBe. T. 11. 

A x  w e s e p  H. M., r n  a 3  M ~ H  ki. M. X a p b ~ o ~ ,  Mwa- 
TeJIbCKOe 0 6 % e ~ k i H e ~ H e  ((Bwqa UlKOJIa)), 1978, 288 C. 

B~opoii  TOM M O H O T P ~ @ H N  IIOCBRUleH CneI lHaJIbHbIM BOnpOCaM 
T e o p w w  o n e p a T o p o a ,  a T a K m e  n p w n o m e H u x M  ee K T e o p w w  
EiHTerpL37bHblX H A H @ @ ? ~ ~ H I ~ H ~ J I ~ H ~ I x  ~ ~ ~ B H ~ H H R .  B ~ e f i  PaC-  
CMOTPeHM O n e K T p  El  B03MYUleHUR CaMOCOnpFIXCeHHblX O n e p a -  
TOPOB, T e O p H R  PaClI lHpeHUR H 0 6 0 6 q e ~ ~ b 1 e  C n e K T p a J I b H b I e  
@YHKUWU CUMMeTPWYeCKHX O n e p a T O p O B .  

n e p ~ 0 e  U B T O p O e  H3AaHWR BbIUlJIW B W3AaTeJIbCTBe ( (Hay~ar  
(MOCKB~,  1 9 5 0 ,  1966 rr.), 

n p e ~ H a 3 H a ~ e k l  AJIR CneqWaJIWCTOB-MaTeMaTWKOB W ( P w ~ w -  
KOB-TeOpeTHKOB. 



f J A B A  V I I  

93. H e I l p e p b l ~ ~ b l f i  C I l e K T p  C a M Q C Q I l p R X e H H Q r Q  Q I l e p a T Q p a .  H ~ ~ O M H H M ,  
 TO K J ~ C C I I @ N K ~ U ~ R  T o q e K  c n e K T p a  c a M o c o n p R x e H H o r o  o n e p a T o p a  
6 b 1 n a  A a H a  B n' 48, a 3 a T e M  B no 82 6 b 1 n o  YCTaHOBJIeHO, YTO n 0 J I ~ b 1 f i  
c n e K T p  6 (A) c a M o c o n p R x e H H o r o  o n e p a T o p a  A c o s n a n a e T  c ~ ~ o x e -  
CTBOM TOYeK POCTa er0 c n e K ~ p a J I b ~ 0 f i  @YHKUUU Et U rIT0 MHOXeCTBO 
TOseK p a 3 p b I B a  @YHKUMU Et C O B n a A a e T  C COBOKynHOCTbIO BCeX COB- 
CTBeHHbIX 3 ~ a q e H N B  O n e p a T O p a  A, T. e. C eI'0 TOYeqHbIM CneKTpOM 
9 (A) .  Y ~ 0 6 b 1  ~ e I I p e p b I ~ H b 1 f i  C n e K T P  C a M O C O n P R X e H H O r O  O n e p a T O p a  A 
T a K X e  O X a p a K T e p U 3 0 B a T b  B T e p M U H a X  c n e ~ ~ p a J I b ~ 0 8  ( P Y H K ~ U U ,  n p U -  
MeM A n R  H e r o  ceiisac H o B o e  o n p e A e n e H u e ,  a s a ~ e ~  n o K a x e M  * ero 
9KBUBaJIeHTHOCTb OI IpeAeJ IeHPim no 48. 

0 n p e A e n e H u e. HenpepbleKblG cnercmp 8 ( A )  c a M o c o n p R x e H -  
H o r o  O n e p a T o p a  A ( ~ a s b ~ ~ a e ~ b ~ i i  T a m e  npedenb~bln cnercmpou N n t i  
CneKt7lpOM ~i?ljll+?Ku~) e C T b  COBOKynHOCTb BCeX HeM3OJINpOBaHHblX 
T o s e K  p o c T a  npuaannexawero o n e p a T o p y  A p a 3 n o x e ~ m  ~ A I I H H U ~ I  Et, 
a T a K X e  C O ~ C T B ~ H H ~ I X  3 H a q e H l l f i  ~ ~ C K O H ~ Y H O ~ ~  KPaTHOCTN. 

~ ~ M ~ T M M  C p a 3 y  Xe, s T 0  Pi3 3 T O r O  OnpeA@JIeHMR CJIeA)'eT 3aMKHY- 
TOCTb MHOXeCTBa  % (A). 

TOYKU H e n P e P b I B H O r O  C n e K T p a ,  ~ O A O ~ H O  C O ~ C T B ~ H H ~ I M  3HaYeHI IRM 
O n e p a T O p a  A, MOrYT 6 b 1 ~ b  O n N C a H b I  C IlOMOUbKl OAHOPOAHOrO Y p a B H e -  

H MR 

OAH~KO, B OTJIULIUe OT T O g e K  h E a(A), AJIR KOTOPbIX Y p a B H e H M e  (1) 
NMeeT TOqHbIe  HeTPMBHaJ IbHbIe  P e U e H M R ,  TOYKM h E % (A) XapaKT@pM-  
Sj'IOTCR ~ ~ H ~ J I N X ~ H H O ~ ~  H ~ T ~ M B H ~ J I ~ H o ~ ~  pa3peWkiMOCTbIo  3 T O r O  Y p a B -  
HeHMR. T o s ~ b ~ i i  CMbICJl 3 T O r 0  YTBePXAeHMFI B b I p a X a e T  C J I e A y I O U a H  

T e o p e ~ a  1. Torrca h n p u ~ a d n e x u m  Kenpepbletiouy cnercmpy % ( A )  
oneparnopa A s mo,n u monbico mo,v cnyqae, rcozaa 13 DA cyujecrnt3yem 
6ecicofieu~a~ opmofiopuuposafi~an nocnedoeamenb~ocmb sneuefimos f,, 
an.$  orn no pod 

lim (Afn - ifn) = 0. 
n+ - (2) 



~ ~ o K ~ ~ ~ T ~ J I ~ c T B o .  E c m  h c % ( A ) ,  T o  h - - n ~ 6 o  C O ~ C T B ~ H -  

H o e  3 E a s e H N e  ~ ~ C K O H ~ ~ H O ~  KPaTHOCTM O n e p a T O p a  A, ~11160 HeN30JIM- 

P O B a H H a R  T O s K a  POCTa @YHKU.MN Et. B IIepBOM C J I y s a e  B K a s e C T B e  

(f,)," MOXHO B 3 R T b  ~ 1 1 0 6 ~ 1 0  ~ ~ C K O H ~ ~ H Y H )  OPTOHOPMNPOB~HHYIO nOCJIe- 

AOBaTeJIbHOCTb 3J I eMeHTOB U3 n p k i H a A J I e l n a W e r 0  h C O ~ C T B ~ H H O ~ O  IIOA- 

n p O C T p a H C T B a .  BO BTOPOM C J I y r I a e  I l p U  n106o~ 6 > 0 C y W e C T B y e T  

T a K O e  n O J I 0 X N T e J I b H O e  6' < b, r IT0 nOAnPOCTpaHCTB0  (E;I+F? -E;I-F,*) H 
COCTaBJIReT I IpaBUJIbHyIO  %CTb nOAnpOCTpaHCTBa  (E;i+6 - Eh-8) H. 
~ O ~ T O M Y  B (Eh+& - EL-8) H H ~ ~ ~ A ~ T C R  H O P M N P O B ~ H H ~ I ~ ~  BeKTOp f, 
O P T O ~ O H ~ J I ~ H ~ I ~ ~  K (Eh+8# - EL-8,) H. B b l 6 e p e ~  H e O r p a f l N s e H H O  y6b1-  

B a I o W y D  nOCJIeA0BaTeJ lbHOCTb  IIOJIOXNTeJIbHbIX sUCeJ I  6, T a K ,  '1~0661 

KaXAb1fi  pa3 n p O C T p a H C T B 0  (E;i+sn - Eh-8,) H 6 b 1 n o  I I p a ~ N J l b H o f i  

W C T b I O  I IpOCTpaHCTBa  (E~+F,,-~ - Eh-an-l) H, U nOCTpOUM 6ec~or - I~Y-  
H Y D  nOCJIeAOBaTeJIbHOCTb 3JIeMeHTOB fn  6 (E).+E, EX-8,) H ,  AJIR 

~ o ~ o p o f i  
( 1  fn  / I  = 1 N fn  I (Eh+&,-] - E1-6n-1) H. 



lim (Ag,  -kg,,) = 0, 
n+ m 

~IOSTOMY npu n m b o ~  n > r 

T ~ K  KaK COOTHOLUeHNR (2') I1 (3") HeCOBMeCTAMbI, TO AOKa3aTeJIbCTBO 
TeOpeMbI  1 3aKOHseHO.  

C J I e ~ y f 0 ~ P i e  A B e  T e O p e M b I  AOIIOJIHRKIT p e 3 y J I b T a T b I  nono 48 I4 49. 
n p u   TOM, K a K  u B no 49, A' 0 3 ~ a s a e ~  sacm O n e p a T o p a  A, ~ e i i -  
CTBYIOIUYH) B NHBaPUaHTHOM I IOAnPOCTpaHCTBe  H' = H 0 Gh, e C J H  

k E % (A)  Pi Gh - COOTBeTCTByIoWee  C O ~ C T B ~ H H O ~  nOAIIpOCTpaHCTB0 

o n e p a T o p a  A, u A' = A, ecnu k ? % ( A ) .  
Teope~a  2. lo. Ecnu k ? % ( A ) ,  mo onepnmop (A' --kl)-l ozpa- 

HureH. 2". Ecnu k € (e (A) u He IlcnRemcx c o 6 c m s e ~ ~ b l ~  3 ~ a r e ~ u e ~  
Geclco~er~od rcpamllocrnu onepamopa A, mo onepamop ( A 1 -  kI)'l 
tieozpatiurefi. 

~ ~ o K ~ ~ ~ T ~ J I ~ c T B o .  Ecnu k ? ( e ( ~ ) ,  TO B c e X  f E D A ~  npa 
HeKOTOPOM 8 > 0 B M e e T  MeCTO H e P a B e H C T B O  (3'), T. e. 

u y T s e p x n e H u e  lo A o K a s a H o .  
~ Y C T ~  BbInOJlHeHO YCJIOBUe BTOpOrO Y T B e p X A e H u R .  T o r ~ a  h OKa-  

3bIBaeTCR H ~ N ~ o J I P ~ ~ o B ~ H H o ~ ~  T O ~ K O I ?  POCTa AJIH p a 3 J I O X e H N R  eAHHNubI  

E; o n e p a T o p a  A' B H', T. e. k E 5% (A ' ) ,  n p w s e M  k:%(Af) .  n o  
TeOpeMe  1 H ~ ~ ~ A ~ T C R  ~ ~ C K O H ~ ~ H ~ H  OpTOHOpMNpOBaHHaR IIOCJIeAOBa- 
TeJIbHOCTb BeKTOPOB f ,  E H' ( n  = I ,  2, 3, . . .), ZJIH K O T O P O ~ ~  

lim (A' f ,  - kf,) = 0, 
n-c m 0 

a  TO ~ H ~ W T ,   TO O n e p a T o p  (A' - H e o r p a H u s e H .  



C n e ~ y l O I 4 a R  T e O p e M a  n O K a 3 b I B a e T  B s a C T H O C T U  (CM. Y T B e p W e -  
HHR 3" H 4"), 9 T O  n p U H R T O e  B STOM n y H K T e  O n p e A e J I e H U e  H e n p e p b I B -  
H o r o  c n e K T p a  s K s H s a n e H T H o  o n p e A e n e H u I o  no 48. 

T e 0 p e M a  3. I". Coom~oule~ue h E G (A) pasHocunbHo paseHcmey 
g4 (h) - H. 2". Coom~oule~ue h E a) (A) pasHocunbHo HepaseHcmey 
AA (h) + H .  3". Ecnu h %(A), mo AA (h) = AA (A). 4". Ecnu A E % (A) 
U H e  R6RRetltCR ~06~m8eHHbl~ 3HaYeHUeM ~ ~ C K O N ~ Y N O ~ ~  KDatnHOCmU, m0 

B ch iY  O n p e A e n e H u R  2 H T ~ O ~ ~ M ~ I  in" 48. 
Ecnu h ?  8 (A), TO no T e o p e M e  2 H a c T o R u e r o  n y H K T a  o n e p a T o p  

(A' - hl)-l orpaausea. O~cIona u us ~ ~ M K H Y T O C T U  O n e p a T o p a  A' ' 

C J I e A y e T  3 a M K H Y T O C T b  M H O ~ O O ~ ~ ~ ~ H R  A A ~  (A). A T a K  K a K ,  C O r n a C H O  
no 49, AA* (h) -- AA (A), T O  Y T B e p X A e H U e  3" T a K X e  A O K a 3 a H O .  

Ecnu, H a K O H e U ,  B b I n O J I H e H O  y C J I O B H e  y T B e p X A e H U R  4", T O  CUM- 
~ e ~ p u s e c ~ u f i  o n e p a T o p  (A' - hl)-l H e o r p a H u s e H ,  c H o s a  no T e o p e M e  2 
H a c T o m u e r o  n y H K T a .  I ~ O ~ T O M Y  (CM. no 25) ero 0 6 n a c T b  o n p e A e n e H u R  
AA, (h)  = AA (h) H e  M O X e T  C O B n a A a T b  CO BCeM n O A n p 0 C T p a H C T B O M  

AA ( A ) ,  u T e o p e M a  ~ o ~ a s a ~ a .  
Kpu~epaii  OTCYTCTBHR B A a H H o M  u H T e p B a n e  T o s e K  H e n p e p b I B H o r o  

cnewpa c a M o c o n p m e H H o r o  o n e p a T o p a  A A a e T  
T e o p e ~ a  4. Ecnu 3a~tc~ymb~ii  uHmepsan [ A 0  - p, h, + pl  H e  codep- 

x u m  mouetc % (A), mo cyqecmsyem tcoHeuHoMepHoe nodnp.ocmpa~- 
cmeo G c H matcoe, umo dnx nro6ozo setcmopa f # 0 u3 D A  n ( H  @ G) 
uMeem Mecmo HepaseHcmso 

I I  (A - A0l) f  I1 3 P /If Il. (4) 
C dpyzoii cmopom, emu cyqecmsyem KoHeuHoMepHoe nodnpo- 

cmpaHcmso G c H matcoe, umo dnx scex f E D A  n ( H  G) cnpased- 
nuso HepaseHcmso 

I I  EA - h o l )  f I 1  2 P I I  f I I ,  (4') 

'a o K a 3 a T e n b c T B O. E c n ~  8 (A) H e  u M e e T  T o s e K  B H H T e p B a n e  

[Ao - p, A, 4- p], TO w i c ~ b  3' (A), n e x a u a R  B  TOM u a T e p a a n e ,  ucsep- 
n b I B a e T C R  K O H e s H b I M  g H C n O M  C O ~ C T B ~ H H ~ I X  3 ~ a s e ~ ~ f i  K O H ~ ~ H O ~ ~  K p a T -  
HOCTH. 0 6 0 3 ~ a s a ~  sepes G n H ~ e f i ~ y K I  o6onos~y B c e x  o T s e s a m u H x  
3TNM C O ~ C T B ~ H H ~ I M  3 H a Y e H H R M  C O ~ C T B ~ H H ~ I X  BeKTOPOB,  n O J I y s H M  n p U  

HeKOTOPOM 8 > P H e p a B e H C T B O  



94. Teope~hl: r. BeRnn n H e t i ~ a ~ a  o snonne nenpep~snarx B O B M Y U ~ H H R X  7 

AO~YCTNM T e n e p b ,  9TO YCJIOBUe (4') BbInOnHeHO,  HO,; B O n p e K U  

BTOPOMY Y T B e p W e H N D ,  MHOXeCTBO (ho - p, Jo + p) n % (A) H e  nYCT0 .  
 TO 3HaqUT,  9 T O  nOAnPOCTPaHCTB0  EX,+^ - EA,-~+~) H ~ ~ C K O H ~ ~ H O -  
MepHO. C J I ~ ~ O B ~ T ~ ~ ~ H O ,  B 3TOM nOAnpOCTpaHCTBe  H a f i f l e ~ c R  BeKTOp 

f # 0, O ~ T O ~ O H ~ ~ ~ H ~ I ~  (Ex,+, -EA,-~+~) G. *OT BeKTOP f ,  OqeBNAHO, 

npUHaAJIeXNT DA U O p T O r O H a n e H  G. ~ O ~ T O M Y  AJIR H e r 0  A O n X H O  6 b 1 ~ b  
B M n o n H e H o  (4'). A c npyrofi CTOPOH~I ,  A n R  H e r o  

r I p o ~ u ~ o p e s ~ e  nonyseao; S H ~ ~ N T ,  T e o p e M a  n o ~ a 3 g ~ a .  
B 3aKJIloW!HUe OTMeTUM, 9 T O  B C J l y g a e  npOU3BOJIbHOrO 3aMKHY- 

TOrO, HO H e  CaMOCO~PRXeHHOI 'O  O n e p a T O p a  T ~ 0 ~ 1 e ~ H b l f i  C n e K T p  9 (T)  
OnpeAeJIReTCR K a K  MHOXeCTBO C O ~ C T B ~ H H ~ I X  3 H a s e H N 8 ,  a H e n p e p b I B -  
~ b 1 f i  C n e K T p  % (T)  K a K  MHOXeCTBO TeX h ,  AJIR KOTOPbIX CYWeCTBYeT 

OrpaHUseHHaFI  H ~ K O M ~ ~ K T H ~ R  HOCJIeAOBaTeJIbHOCTb u,)," BeKTOpOB, 

~ ~ o B J I ~ T B o ~ R F O ~ U X  YCJIOBUK) (2). n p N  3TOM C n e K T p  S"(T),  ~ o o 6 u e  
TOBOPR, H e  UCYepnbIBaeTCR TOsKaMU MHOXeCTB g ( T )  N %? (T) ,  a B03-  

MOXeH cue T a K  H a 3 b l B a e ~ b l f i  0Cmam0Wlblc CneKmp, COCTOR~YUB U 3  

~ H a s e H ~ f i  h ,  n p U  KOTOPbIX AT(A) H e  nJIOTHO B H U KOTOPbIe n P U  3TOM 
H e  RBJIRIOTCR C O ~ C T B ~ H H ~ I M N  3Ha9eHURMU O n e p a T O p a  T .  

94. T ~ o ~ ~ M M  r. B e f i ~ l R  H H e i i ~ a ~ a  0 B n O J l H e  H e n p e p M B H b l X  BO3My- 
veaanx. r. Beiinm * n p u H a A n e x u T  c n e A y m u a R  s a ~ e s a ~ e n b ~ a ~  

Teope~a 1. Ecnu K cauoconpxxeHHouy onepamopy A npu6a- 
sumb snon~e tienpepbls~blii cauoconpxxe~~b~d onepamop i(, mo 
~enpepble~blfi cnetctnp onepamopa A He u3ue~umcx, m. e. 

% ( A  + K )  - % (A). 

A O K  a 3 a T e n b c T B o. Mj c n e K T p a n b H o r o  p a 3 n o x e ~ u ~  B n o n H e  
HenpepbIBHbIX CaMOCOnpRXeHHbIX O n e p a T O p O B  C n e A y e T ,  s T 0  n p U  

~ 0 6 0 ~  e > 0 O l l e p a T O p  I( MOXHO n p e A C T a B U T b  B BUAe 

I ( = R + B ,  

I'Ae R - K O H ~ ~ H O M ~ ~ H ~ I ~ ~  C ~ M O C O ~ ~ H X ~ H H ~ I ~ ~  O l l e p a T O p ,  a B  - CaMO- 
C O ~ P R H ~ ~ H H ~ I ~ ~  O l l e p a T O p ,  AJIR KOTOpOrO 1 1  B  1 1  < E .  ~ O S T O M Y  T e O p e M a  1 
6 y A e ~  ~ o ~ a s a ~ a ,  ecnu 6 y ~ y ~  A O K ~ ~ ~ H ~ I  cneaymuue 6onee n p o c T b I e  
n p e A n o x e H u s I .  

* CM. W e  y 1 H. ijber beschrankte quadratische Formen, deren Diffetena 
vollstetig ist, Rend. Clrcolo mat. Palermo, 27, 1909, p. 373-392. 



J e M M a  1. ECAU A - n~0~380AbHbl6 ~ ~ ~ 0 ~ 0 t l p f i 3 t ~ e H H b l ~  Onepa- 
mop, a R-  ico~ewo~ep~bdi:  ca~oconpfiwe~~blli: onepamop, mo 

8 ( A  + R) = 53 (A)  

J e M M a  2. Ecnu A - n~0~380/lbHbll? ~ ~ ~ 0 ~ 0 t l ~ f i 3 t ~ e H H b l 6  Onepa- 
mop, a B - o e p a ~ u r e ~ ~ b ~ 6  caMoconpfiweHtib1 onepamop, mo % (A+ B),  
m. e. ~enpepbls~bl6 cneicmp s o s ~ y q e ~ ~ o e o  onepamopa, newum 
s sa~ ic~ymo6 I B 1 1  -oicpecm~ocmu ~ ~ o w e c m s a  8 (A).  

06e JIeMMbI AOKa3bIBaIOTCR C I IOMOUbIO T e O p e M b I  4 11" 93. 
A ~ ~ C T B M T ~ J I ~ H O ,  B B e a e M  I l O A n p O C T p a H C T B O  G = AR.  T ~ K  K a K  H a  

H 9 G o n e p a T o p  R p a s e H  0, TO npa n m 6 0 ~  E, a n m 6 0 ~  f E DA n (H 9 G) 
U M e e T  MeCTO P a B e H C T B O  

O T C I ~ A ~  H a  OCHOBaHIlU T e O p e M b I  4 no 93, K O T O p a n  3 A e C b  n p M M e H k i M a ,  
T a K  K a K  n O A n p O C T p a H C T B 0  A R  K O H e q H O M e P H O ,  3 a K J I I o 9 a e M ,  9 T O  eCJl I l  
H ~ K O T O P ~ I ~  ~ ~ M K H Y T ~ I ~  HFITepBaJI  [ a ,  p] H e  C O A e p X k i T  T O q e K  OAHOrO 

I13 M H O X e C T B  8 (A) ,  8 ( A  f R) ,  TO O T K P ~ I T ~ I G  I l H T e p B a J I  ( a ,  p) H e  
C O A e p X I 1 T  T a K X e  T O 9 e K  B T O p O r O  M H O X e C T B a .  A T a K  K a K  06a M H O X e -  

C T B a  % ( A ) ,  % ( A +  R)  3aMKHYTb1,  TO OHM C O B n a A a I o T .  A ~ M M ~  1 
A o K a 3 a H a .  

4~06b1  A O K a 3 a T b  J I e M M y  2, 3 a M e T I I M ,  9 T O  B @OPMYJIIIPOBK~ 3 ~ 0 6  
JIeMMbl M O X H O  n O M e H R T b  M e C T a M U  O n e P a T O P b I  A I4 A $ B. ~ O ~ T O M Y  

AOCTaTO9HO A O K a s a T b ,  9 T O  3 a M K H Y T a R  ( 1  B 1 1 - O K P ~ C T H O C T ~  K ~ X A O ~  ' 
T O 9 K H  M H O X e C T B a  @ ( A )  C O A e p X I 1 T  no K p a f i ~ e f i  M e p e  O A H y  TOrIKY 

M H O X ~ C T B ~  % ( A  $ B). C 3~0f i  UeJIbIO AOnYCTIlM I IPOTIlBHOe I4 I I p H M e M ,  

9 T O  B ~ ~ M K H Y T O ~  ( 1  B 1 1 - O K P ~ C T H O C T U  H ~ K O T O P O ~  TO9KH E, 8 (A)  H e T  
T O 9 e K  M H O X e C T B a  % ( A  $ B). O ~ c m ~ a  B CIlJIY T e O P e M b I  4 no 93 B LITe-  

K a e T  C y U e C T B O B a H k i e  K O H e 9 H O M e p I - i O r O  n O A n p O C T p a H C T B a  G I1 T a K O r O  

p > ] I  B 1 1 ,   TO A n R  nm601-o s n e M e H T a  f + 0 a3 DA (H G) m e e T  

MeCTO H e p a B e H C T B O  

I I  ( A  + B - f 0 > P I 1  f I l .  
HO T O r A a  AJIR T e X  Xe f n o J I y 9 1 l ~  H e p a B e H C T B O  

I 1  ( A  - f I 1  > I 1  ( A  + B - f I 1  I 1  Bf I 1  > ( P  - I 1  B 1 1 )  I 1  f 1 1 ,  
c T K y n a  no ~ o f i  me T e o p e M e  4 no 93 c n e A y e T ,   TO E, ;8 (A), B o n p e m  

H a m e M y  npennonoxeaam. 
T ~ K H M  06pa30~,  J I e M M a  2, a B M e C T e  C H e m  U T e O p e M a  1 ,  A O K a 3 a H b l .  
~ ~ M ~ T U M ,  9 T O  T e O p e M a  be fin^ 0 6 0 6 u a e ~ c ~  H a  c J I y 9 a f i  npOki3BOJIb-  

H o r o  n a ~ e f i ~ o r o  S ~ M K H Y T O ~ O  O n e p a T o p a  A a nm6oro B n o n H e  H e n p e -  

P b I B H O r O  O n e p a T O p a  K ,  T. e. T P ~ ~ O B ~ H I ~ ~  0 C a M O C O n p R X e H H O C T I l  3THX 
O n e p a T O p O B  M O X H O  O T ~ P O C I I T ~  ". 



Y c ~ a ~ a ~ n u ~ a ~ ,  r i ~ o  B n o j I H e  F I e n p e p b l B H o e  B O ~ M ~ U T ~ H K ~  K  onepa- 
T o p a  A  H e  L5eHRe-r ero H e n p e p b r B H o r o  cnempa, T e o p e M a  1 H u s e r o  
H e  Y T B e p X A a e T  0 X a p a K T e p e  U 3 M e H e H H R  T O q e g H O r O  C I l e K T p a  3 ( A ) .  

0 TOM, HaCKOJIbKO C Y U e C T B e H H b I M  M O X e T  6 b 1 ~ b  3 T O  I l 3 M e H e H M e ,  
r o B o p n T  C n e A y m u a n ,  I I p u H a A n e x a u a H  H e f i ~ a ~ y ,  

T e o p e ~ a  2. K nro6ony cauoconpmcetitiofiy onepamopy A,  aeri- 
cmsymqeiuy s cenaua6enbH~~ su.nb6epmosow npocmpaticmse, rf:owilo 
npu6aeumb caworonp.qxeil~bu? onepamop K ,  tie monbKo snontie tienpe- 
p b ~ ~ ~ b l i i ,  HO 8uxe 11wetoqu6 C K O ~ ~  ~ Z O ~ H O  ,ua.aym a6conmm~yro 
rtopny, u maicoli, ltmo cucmewa ccex co6cmcetitib~x se~mopos onepa- 
mopa A  + K Gydem nontioli * 8 H. 

,U, O K  a 3 a T e n b c T B o A o c T a T o q H o  n p o s e c T H  c n y s a R ,  K o r A a  
o n e p a T o p  A orpaeuses. I l e i c ~ s n ~ e n b ~ o ,  ~ e o r p a ~ u s e ~ ~ ~ ~ i i  onepa- 
TOP A  M O X H O  n p e J C T a B H T b  B BMAe CYMMbI O r P a H U q e H H b I X  C a M O C O n p H -  
X e H H M X  O n e p a T o p o B  A, = E ( A j )  A ,  me Aj = [ j  - 1, j )  (- oo < 
< j < m). ECJIM AJIR O n e p a T o p o B  A j  T e o p e M a  n o ~ a s a ~ a ,  TO MOXHO 
IlOCTPOUTb B n O J I H e  H e n p e P b I B H b I e  O l I e p a T O p b I  K j ,  A ~ ~ ~ c T B ~ I ~ I U U ~  B OpTO- 

8 
rOHaJIbHL1X I IOAIIpOCTpaHCTBaX E ( A j )  H, T a K M e ,  q T O  N (Kj) < T-- 12+ 1 '  
rJe 6 - n p O P i 3 B O J b H O  B ~ I ~ P ~ H H O ~  n O J I O X k i T e J I b H O e  skiCJI0.  HO T O r A a  

- 
O n e p a T o p  f( = . $ Kj 6 y n e ~  "" IlCKOhlbIM B 0 3 M Y U e H P i e M  AJIR 

I=-. .  

H e o r p a m q e H H o r o  o r r e p a T o p a  A.  
M T ~ K ,  O n e p a T o p  A  6 y ~ e ~  C r I I l T a T b  O r P a H N q e H H b I M .  
~ ~ I I B O J ( H M O ~  H H X e  A O K a 3 a T e J I b C T B O  H e f i ~ a ~ a  *** OCHOBaHO H a  

OAHOM BCnOMOraTeJIbHOM I I p e A J I O X e H H U ,  KOTOPOe Mbl C H a q a J I a  JIIIIIIb 
c @ o p ~ y n u p y e b l ,  a nosxe A o K a x e M .  

Jeawa 3. I7ycnzb A  - oapatiulteiltib~b cauoconp~xetitib~11 onepa- 
mop, a g # 0 - tzpou36onbrtb~lZ 3newetim npocmpailcmsa H. B maKoM 
cnyltae an2 nro6ozo 6 > 0 cyqecmsyem Kotieltrioweptioe nodnpocmpati- 
Cm80 G C H U ~0tiel t t i0~ep~bl6 ~ a ~ 0 ~ 0 n p ~ 3 . l ~ e ~ r t b l l ~  OnepamOp R mUKUe, 
ltmo 

I", g E G. 
2". G npusoaum A - j R. 
3". N (R) < 8. 

* T ~ K U M  o6pa3o~,  MHOXeCTBO (A -/- K) 6 y n e ~  Bcmny nnOTH0 B % (A)  = 
= % (A $ K), XOTR MHOXeCTBO 9 (A) Morn0 6blTb nyCTblM. 

**  npu  TOM, 6 n a r o ~ a p ~  uepaseHcTBy TpeyronbHuKa nnln a 6 c o n m ~ ~ o t i  H O P M ~ I  

(CM. n031) :  N ( K ) <  N (Kj) < 46. 
j=- rn 

***  CM. J .  v o n N e u m a n  n .  Charakterisierung des Spektrums eines 
Integraloperators (Act. sc. et ind.), Paris, 1935. 

A H ~ J I o ~ u ~ H O ~  TeopeMe 2 npennoxeHue 6bmo paHee ycTaHosneHo r .  be fine^, 
HO 6e3 YTBePXAeHUR 0 BO3MOHiHOCTH OrPaHNYUTbCR BnOJIHe HenPepblBHblMH BO3MY- 
LUeHURMiI N 3  KJaCCa r ~ J l b 6 e p ~ a  - U M H A T ~ .  



C IIOMOUbH) 3~0fi JleMMbI I IYTeM C'IeTHOTO 9 B C J I a  U I a r O B  MbI 

IlOCTpOkiM B n O J I H e  ~ e n p e p b l ~ ~ b l f i  C ~ M O C O ~ ~ R > ~ ~ ~ H H ~ I ~  O n e p a T O p  I( 
Pi n O J I H y H )  O P T O I ' O H ~ J I ~ H Y H )  CBCTeMY K O H e 9 H O M e P H b I X  n O A n P O C T P a H C T B ,  

B H B a P N a H T H b I X  OTHOCNTeJlbHO A + K.  O I I e p a ~ 0 p  A + I(, 0 9 e B N A H 0 ,  
6 y n e ~  0 6 J I a n a ~ b  n 0 J I H 0 f i  B H C H C T ~ M O ~ ~  C O ~ C T B ~ H H ~ I X  BeKTOPOB. 

n e p e x 0 A R  K 3TOMY TIOCTPOeHNH), 3 a A a A I l M C R  BCH)AY I I J I o T H o ~ ~  B H 
IIOCJIeAOBaTeJIbHOCTbH)  {Ik): li HeKOTOPbIM 9UCJIOM E > 0. 

3TOM O I l e p a T O P  A + K1 IIPNBOAMTCR IIOAIIPOCTPaHCTBOM GI, 3 H a q N l ' ,  

Pi I IOf inpOCTpaHCTBOM H 9 GI. T ~ K  K a K  I IOCJlenOBaTeJ lbHOCTb {fk)f 
n J I O T H a  B H, TO B C e  3 J I e M e H T b l  fk  H e  M O r Y T  J I e X a T b  B GI. M ~ I  M O X e M ,  

H e  H a p y u r a R  O~UHOCTII ,  ~ P U H R T ~ ,   TO yxe  f, H e  n e x m  B G,. 
B TaKOM C J I y q a e  H a 3 0 B e M  g2 I I p O e K U B I o  f 2  H a  H 9 GI .Pi ITpBMeHNM 

N A H a  A f K1. M ~ I  nOJly9BM K O H e 9 H O M e p H O e  I I O n n p O C T p a H C T B O  

G, c H 9 G, a o n e p a T o p  K, B H 9 G,. n p u   TOM O n e p a T o p  A 4- 
+ K1 f I(, B H nPl iBOAUTCR n O A n P O C T P a H C T B O M  G, M N (I(,) < 

- 

HBTCR,  a O I I e p a T O p  A+ I(, + K, B H T a K X e  6 y ~ e ~  n p B B 0 A U T b C R  

I l O n n p O C T p a H C T B O M  G,. n p ~ , l ( ~ J l l K a R  ~ a 9 a ~ b l f i  n p O I l e C C ,  M b l  I lpMAeM 
K ~ I ? C K O H ~ ~ H O ~ ~  I IOCJleAOBaTeJIbHOCTB I I O I I a p H O  O P T O r O H a J I b H b I X  IIOA- 

I I p O C T p a H C T B  Gj B nOCJlef lOBaTeJIbHOCTB K O H e 9 H O M e P H b I X  O I I e P a T O P O B  K1 
C ~ ~ C O J I K ~ T H ~ I M B  H O w a M M  N (I(,) < ,<TaKAX, 9 T O  IIPN K a X A O M  O n e -  

21 
p a T O p  A 4- K1 I(, + . . + I(! I I p l l ~ O ~ B ~ ~ R  K a X A b I M  113 IIOAnpO- 

C T p a H C T B  GI, G2, . . . , Gj. 
m 

O n p e ~ e n w ~  T e n e p b  o n e p a T o p  I( $op~ynofi I( -- I(!. Onepa- 
!=I 

T O P H ~ I ~ ~  P R A  CXOANTCR P a B H O M e P H O ,  a H e p a B e H C T B O  N(K) 4 E n o f l y -  

9 a e T C R  K a K  N B b I U e .  
O ~ ~ B H ~ H O ,  O n e p a T O p  A +  I( IIPBBOAATCR K a X A b I M  NS IIOnIIpO- 

C T p a H C T B  Gj ( j  = 1, 2, 3, . . .) B O C T a e T C R  YCTBHOBNTb, 9 T O  IIOAnpOJ 

C T P a H C T B O  

G=G,$G,$ .  . .$G,$* 



~ N M  sepes a u HNXHIOH) u B e p x H m m  i - p a ~ u  o n e p a T o p a  A u pas- 
AeJIUM UHTepBaJ l  [a ,  @] H a  n PaBHbIX q a c ~ e f i  TOYKaMIl yk(k = 
= 1 ,  2, . . . , n - 1 ) .  Cnoco6 B b 1 6 0 p a  sucna n = n ( 6 )  6 y ~ e ~  y K a 3 a H  
nome. 

l l o n o x u ~  A , =  [y,-,,  7,) ( k =  1 ,  2, . . . , n -  1; 7 ,  = a )  u A, = 
- - 7 - 1  I ( 7 n  = P), BBeAeM n B e K T o p o B  hk = E (Ak) g (k = 
= 1 ,  2, . . . , n) Pi 0 6 0 3 ~ a ~ ~  MX J I u H ~ ~ ~ H Y H )  O ~ O ~ O ~ K Y  sepe3 G, 
a O l l e p a T O p  OpTOrOHaJIbHOrO npOeKTUpOBaHMR H a  G - sepe3 P. HOP- 
MUPYR BeKTOPbI hk, IIOJIyqIlM O P T O H O P M E I P O B ~ H H ~ I ~ ~  6a3uc (gk):  n O n -  
I lpOCTpaHCTBa G. Ecnu HeKOTOpbIe  U 3  BeKTOPOB hk P a B H b I  HyJlIO, TO 
Pa3MePHOCTb G ~ Y A ~ T  M e I l b U e  n, HO 3 T 0  HNKaK H e  OTPa3NTCR H a  
a a n b ~ e i r u l i x  p a c c y x A e H u R x ,  N M ~ I  B n p a B e  A n R  y ~ o 6 c ~ s a  C s w r a T b  
dimG = n.  l-lonoxu~, A a n e e ,  

Rl = -(I - P) AP, 

R = R~ + R;. 
T o r ~ a  

A + R = (I - P) A (I - P) + PAP, 

T a K   TO O n e p a T o p  A + R n e p e c T a H o B o s e H  c P u, c f i e A o B a T e n b e o ,  
IIpMBOAMTCR IIOAnpOCTpaHCTBOM G. 

O C T ~ ~ T C R  OUeHNTb  ~ ~ C O ~ I O T H Y I O  HOPMY N (R). ~ O ~ O ~ H R R  nocne- 
AOBaTeJIbHOCTb {gk): A 0  OpTOHOpMEipOBaHHOrO 6aauca {g,)," B H, 
6 y ~ e M  UMeTb 

T ~ K  KaK gj E E ( A ] )  H, TO 



~ ~ M ~ H R R  B I IOJIYqeHHOM P a ~ e i ~ ~ ~ e  g] H a  P g j  - -g j  M IIPMMeHRR 

K 06e11~ ero s a c T R M  O n e p a T o p  (P - I ) ,  n o n y s a e M  c o o T H o r u e H m  

Rlgi = (P - I) APg] (P - I) /I 
M H e p a B e H C T B O  

B-a 
< I 1  Rlglll G \If1 I 1  G y .  

Tenepb o u e H K a  (1) A a e T  

I?, C J I e A O B a T e J l b R O ,  

B b 1 6 1 ? p a ~  q U C J I 0  AOCTaTOYHO ~ O J I ~ U I M M ,  n O J I y Y H M  T P ~ ~ Y ~ M O ~  H e p a -  

B e H C T B O  N (R) 4 8, I? J I e M M a  A O K a 3 a H a .  

B CBRSI? C T ~ O P ~ M O ~ ~  1 B O 3 H M K a e T  c J l e ~ y I O I 4 M f i  BOnpOC: q T O  M O X H O  
C K a 3 a T b  0 ( ( ~ J I u ~ o c T M ) )  ABYX O r P a H I ? q e H H b I X  C a M O C O I l P R X e H H b I X  O n e p a -  
TOPOB A M B, eCJII? MX H e n p e p b I B H b I e  C n e K T p b I  C O B ~ ~ A ~ I O T ?  n e r K 0  

Y ' ~ ~ A I ? T ~ C R  H a  n P O C T b I X  n p I ? M e p a X  B TOM, q T O  P a 3 H O C T b  A -B TaKMX 
O n e p a T O p O B  M O X e T  H e  6 b 1 ~ b  B n O J I H e  H e n p e p b I B H b I M  O n e p a T O p O M .  

T ~ K M M  06pa30~, H e n O C p e A C T B e H H O e  o 6 p a u e ~ u e  T e O p e M b I  1 H e B 0 3 -  
MOXHO.  O A H ~ K O  C I I p a B e A J I M B a  C J I e A y I O I 4 a H ,  Y C T a H O B J I e H H a R  He f i~a -  
HOM *, 

Teope~a 3. Ecnu npocmpammeo H C e n a p ~ 6 e A b f i 0  u A,  B- 
0 2 P U H U l t e H H b l e  C a M O C O n P R X e H H b l e  O n e p a m O p b l  6 H e &  C O ~ H U M  U me& W e  
t i e n p e p b L e H b l . r z  cnercmpow, mo ~ a l i d e m c ~  y ~ u m a p ~ b l i i  onepamop U 
marcoli, l t m o  onepamop 

I(= B-UAU-I (2) 
6ydem enon ~e H e n p g p b l e H b l M .  

A 0 K a 3 a T e JI b C T B 0. B CMJIy T e O p e M b I  2 M O X H O  C Y N T a T b ,  9 T O  

K ~ X A ~ I R  I?3 O n e p a T O p O B  A, B U M e e T  IIOJIHyIO B H OPTOHOPMI?POBaH- 
H Y W  CMCTeMY C O ~ C T B ~ H H ~ I X  BeKTOPOB. ~ Y C T ~  9TUMM CMCTeMaMM 

R B J I ~ T C R  (ek); AJIR O n e p a T o p a  A I? (fk}; AJIR O n e p a T o p a  B. COOT- 
B ~ T c T B ~ W ~ ~ M ~  IIOCJIeAOBaTeJIbHOCTM C O ~ C T B ~ H H ~ I X  3 ~ a 9 e ~ M f i  n y C T b  

6 y ~ y ~  {kk}T M ( t ~ ~ ) ; .  ECJIH npe ~ e ~ o ~ o p o i i  n e p e c ~ a ~ o ~ ~ e  (pk}; 
H a T y p a J I b H b I X  q M C e J I  O K a X e T C R ,  YTO 

TO, O n p e A e J I R R  Y H U T ~ P H ~ I ~ ~  O n e p a T O p  u COOTHOKIeHMRMB 

Uek=fpk ( k = 1 , 2 ,  ...) 



a  TO 0 3 ~ a s a e ~  B c M n y  (3) ,  s ~ o  o n e p a T o p  K B n o n H e  H e n p e p b r s e H .  

Tenepb n o ~ a s a ~ e n b c ~ ~ o  T e o p e M L I  CBOHMTCR K n o c T p o e w i m  nepe- 
CTaHOBKW {pk} ; ,  AZIR K O T O P O ~ ~  6 y n e ~  BbInOJIHHTbCR COOTHOLLIeHUe (3). 
B O ~ M O X H O C T ~  3 T O r 0  I IOCTPOeHUR O C H O B a H a  H a  C O B n a A e H U M  M H O X e C T B a  

%? (A) I I p e A e J I b H b I X  T O q e K  I IOCJIeAOBaTeJIbHOCTU CO MHOWeCTBOM 

% (B) n p e A e n b H b I X  T O q e K  nOCJIef lOBaTeJIbHOCTU {pk);. O T H O C Z I ~ ~ ~ C R  
c m A a  n p e n n o m e H H e  143 T e o p u N  n p e n e j I o B  s M c n o s b r x  n o c n e n o s a T e n b -  

H O C T ~ ~  @ o p M y n U p y e ~ c R  C J I e H y I o U I I M  06pa30~: 
nycrnb ~ ~ o x e c m e o  M npedznb~b~r morerc ozpa~uve~~olYl seqe- 

cmsetitiolYl nocnedosamenb~ocmu {A,}," cosnadaem co nwoxecmsojv 
npedznbHb1.c moverc a~anozur~ol i  nocnedo~amenb~ocmu ( p,),". B maKou 
cnyvae cyqecmoyem t i z a ~ a ~  nepecmatiosrca {p,}," Harnypanmblx vucen, 
d n ~  ~omopolYl lirn ( A k  - ppk)  = 0. 

k* rn 

n O K a 3 a T e J I b C T B a  * O n p e n e J I I l M  n p U  J I ~ ~ O M  H a T y p a n b H O M  k 
wcna 

T a K  K a K  n p U  n m 6 o ~  6 > 0  JIUIIIb K O H e q H O e  sUCJIO T O s e K  hi, pj 
J I e X M T  OT M H a  PaCCTORHMM > 8 ,  TO l im E k  = lim qk = 0. 

k-c m k* a, 

M3 O n p e A e n e H u R  ; I~cen  E~ C J I e A y e T ,   TO n p H  n m 6 o ~  k U H T e p s a n  

( A k  - Ek,  hk f ek)  C O A e p X U T  TOsKM M3 M ;  n 0 3 T O M Y  3 T O T  M H T e p B a J I  

C O A e P X N T  6 e c K o ~ e s ~ o e  s N C J I O  T O q e K  pi. 0 6 0 3 H a q M M  sepe3 rk H a U -  

M e ~ b r ~ U f i  MHAeKC r,  n P U  KOTOPOM p, E ( A k  - Ek, h f E ~ )  U K O T O P ~ I ~ ~  

Y n O B J I e T B O p R e T  H e p a B e H C T B a M  / > ri ( j  = 1 ,  2, . . . , k - I),,  r > 2k. 
A ~ a n o r U s ~ o ,  O T n p a B J I R R C b  OT M H T e p B a J I a  ( p k  - qk,  p k  + qk) ,  O n p e -  

HeJIUM s U C J l 0  Sk. Bce MHneKCbI  rk, K a K  U UHHeKCbI  Sk, M e X J Y  co6om 
p a 3 J l U q H b I  U 

lim (ik - prk) = lim ( p k  -- Ask) = 0. 
k*m k* m 

(4) 

E c n ~  661 no ~ p a i i ~ e f i  M e p e  o A H a  143 n o c n e n o ~ a ~ e n b ~ o c ~ e i i  {rk);, 
{sk\; C O A e P X a J I a  B C e  H a T y p a J I b H b I e  q U C J I a ,  T e O p e M a  6bma 661 n O K a -  

3 a H a .  O ~ H ~ K O  3 T 0  YCJIOBUe 3 H e C b  H e  BbInOJIHeHO.  HO~TOMY npOAOJI-  

muu n o c T p o e H M e ,  a m e m o ,  onpenenm MHAYKTUBHO rise nocnenosa- 
TeJIbHOCTU, {uk); M {vk);, H a T y p a J I b H b I X  s H C e J I  C J l e A y I o U H M  06pa30~: 

u ,  = '1, v, = r,; 

* CM. CTaTbK) H e i i ~ a ~ a ,  UHTFipOBaHHyFO Ha C. 9. 



V z k  e C T b -  HaI IMeHbUlee  I I B T y p a J I b H O e  qHCJI0, OTJII19HOe OT V l  (i = 1, 
2,  . . . , 2k - I ) ,  U2k = SUE,; U2h+l e C T b  HaAMeHbLUee H a T y p a f i b H O e  

qNCJIO, OTJIMqHOe OT U j  ( j  = 1 ,  2 ,  . . . , 2k),  V2k+1 = Tu*~+,. 

l l o ~ a x e ~ ,  YTO K a x , g a R  113 n o c T p o e H H b I x  n o c n e ~ o ~ a ~ e n b ~ o c ~ e j i  

( u ~ ) : ,  (vk): RBJIReTCR n e p e c ~ a ~ 0 ~ ~ 0 f i  H a T y p a J I b H O r O  pH&a Y K C e n .  

A n R  3 ~ 0 r o  y c T a H o B n M ,   TO K a x , g a H  ~3 ~ T M X  n o c n e ~ o ~ a ~ e n b ~ o c ~ e 6  
COAepXPiT BCe  H a T y p a J I b H b l e  qlrCJIa ki IIpIlTOM no OflHOMy p a 3 y .  Ecna 
sucna 1 ,  2 ,  . . . , k - 1 c o n e p m a T c R  B n o c n e n o s a T e n b H o c T H  { u ~ ) : ~ - ~ ,  
TO ~11160 9MCJIO k T a K X e  C O A e P X K T C R  B 3 ~ 0 6  I I O C J I ~ A O B ~ T ~ U T ~ H O C T I I ,  

na6o U2,-, = k.  B o6oux C J I y q a R X  IIOCJleAOBaTeJIbHOCTb {u/\;~ COAep-  

X I I T  YIlCJIa 1 ,  2 ,  . . . , k. T ~ K  KaK nOCJIeAOBaTenbHOCTb  {u j )?  COAepXMT 

lIACJI0 1 ,  TO no IIHAyKUkiII I IOJIy9aeTCH, q T 0  nOCneAOriaTeJIbHOCTb 

{ u ~ } ;  COAePXMT BCe  H a T y p a J I b H b I e  YIICJIa. T ~ M  X e  C B O ~ C T B O M  o6na- 
A a e T  I1 nOCJIeAOBaTeJIbHOCTb ( V j ) f .  - 

Tenepb OCTaeTCR YCTaHOBIITb ,  9 T O  B K ~ X A O G  I13 IIOCJIeAOBaTeJlb- 

H O C T ~ ~  ( u ~ ) : ,  (v/): HeT  OflllHaKOBbIX 9IICeJI. 

H a q ~ e ~  C nOCJIeAOBaTeJIbHOCTI1 {uj),". T ~ K  KaK IIO IIOCTpOeHAto 

U2k-l # u 1 ,  u27 . . . 9 U2k-2, TO H Y X H O  JIIlUlb I IOKa3aTb ,  9 T O  U2k # U1, 
u2, . . . , U 2 k - l  no o n p e a e n e H m o ,  u,, = su2, 11 s,,, # s,, s,, . . . , su2,-,. 
~ O ~ T O M Y ,  B qaCTHOCTI1, Sue, : . .  , S U ~ ~ - ~ ,  a60 v2 < v4 < 
< < V2k-2, a IIOCJIeAOBaTeJIbHOCTb isk): MOHOTOHHO BO3paCTaeT .  
n o n y s e ~ ~ o e  H e p a s e H c T B o  M O X H O  n e p e n u c a T b  B sme U 2 h #  uz7 
U 4 ,  , . . , U2k-2 K OCTaeTCR I IOKa3aTb ,  q T O  U2k  # U1,  U 3 ,  . . . U2k-1* 

HO IIO IIOCTpOeHHto U z k  S U , ~  2 2 u 2 k  2 2k I1 Ulr  U 3 ,  . . . , U2k-i 

< 2k - 1 ,  T a K  9 T O  U2k > UZk- ,  ki, C n e A O B a T e J I b H O ,  u 2 k  # u1, u3, . . . 
U2k-1. 

n e p e x o n ~  K n o c n e , x o B a T e n b H o c T u  ( vk }T ,  OTMeTaM B n e p B y t o  o q e -  

PeAb, 9 T O  IIO I IOCTpOeHll lo  V2k-l = ru2k-l # rl, r2, . . . , r~2k -3  11, 

SHaqI IT ,  B 9aCTHOCTI1, VZk- ,  # V1,  V g ,  . . . V 2 k P 3  Aanee, vZk-, = - - ru2k-1 2 2u2k-1  2 2k I1 T a K  KaK V z ,  V 4 ,  . . . , V,,-, < 2k -- 2,  TO 

v2k-1 # V I ,  V2 ,  . I v2k-2. H ~ K O H ~ U ,  IIO IIOCTpOeHIlto V Z k  # V l ,  

0 2 9  . . . v2k-1. 
A n R  3 a B e p U l e H I l R  AOKa3aTeJ IbCTBa  flOCTaTOqH0 y 6 e n a ~ b c ~  B TOM, 



05. A 6 c o n m ~ ~ o  H e n p e p b l m a a  a c H H r y n a p n a a  s a c T a  cnempa. B C B R ~ C I  

C T a K  H a 3 b I B a e M b I M N  O n e p a T O p a M I l  P a C C e R H M R  NJIM BOJIHOBbIMM O n e p a -  
T O p a M I l  (CM. A a J I e e  no 97), BO3HMKLIIMMM B @ I ~ ~ N ~ ~ c K N x  NCCJIeAOBaHNRX, 

B IIOCJIeAHNe rOAbI  IIORBNJIaCb H ~ O ~ X O A I I M O C T ~  E3 K J I ~ c c N @ N K ~ ~ M N  
T o g e K  c n e K T p a  6onee T O H K O ~ ~ ,  9 e M  T a ,  KOTOPYIO M ~ I  n p N H R m  
B n0n0 82, 93. 

n y c ~ b  A - c a ~ o c o n p ~ x e ~ ~ b ~ i i  onepa-rop, a E, - ero cnempanb- 
H a R  @YHKUUR. 

~ J I ~ M ~ H T  f C H H a 3 O B e M  PeZyRRpHblM OTHOCMTeJIbHO A, eCJIN 
@ Y H K ~ N R  a ( f ;  f) s (Etf, f )  ~ ~ C O J I H ~ T H O  H e n p e p b I B H a ,  Pi CUHZYnRpHblM, 
eCJIN ~ ~ c o J I I O T H O  H e n p e p b I B H a R  9 a C T b  @YHKJ&NN a ( f ;  f )  P a B H a  HyJIIO. 

MHOX~CTBO BCeX P e r y J I R p H b I X  OTHOCNTeJIbHO A 3 J I e M e H T O B  o603~a-  
9 N M  Ha, a M H O X e C T B O  BCeX C N H r Y J I R P H b l X  3 J I e M e H T O B  0 6 0 3 H a 9 ~ ~  H,. 

Teope~a  1. M ~ o x e c m e a  Ha u H, ~ e n ~ l o n z c n  nodnpocmpati- 
CMBUMU H, OHU 83aUMHO OPmOZOHU~bHbl 11 

I S g) (a C S d (Ed, f)  d (Etg, g), 
8 8 8 

* CM., HaIIpWMep, C M U p H O  B B. M.. KYPC Bbl~UIefi MaTeMaTIiKW, T. V, 
O U ~ M ~ T ~ W ~ ,  1959, unn LU n n o B r. E. ,  T y p e B u r 6. A. k i ~ ~ e r p a n ,  Mepa 
H IIpOW3BOAHaR. M., ~ H a y ~ a ) ) ,  1964. 



N, 3HaYHT,  Ha I H,. 
B 0 3 b ~ e ~  T e n e p b  I I p 0 ~ 3 ~ 0 J I b H b 1 f i  O T J I W Y H ~ I R  OT 0 BeKTOP h H. 

EMY npuaannexwr H e y 6 b 1 ~ a l o ~ a F I  QYHKUNFI a ( t ;  h) =: (Eth, h), ~3 
KOTOPOL? MbI BbIAeJIHM a6conm~ao H e n p e p b I B H y l o  Y a C T b  a, (f ; h): 

a ( t ;  h) a, ( t ;  h) + as ( t ;  h). 

T a K  YTO 

h = f + g .  

t t 

(Etg, g) = i Ye (u) d (E&, h) = da, (u;  h), 
- m -(D 

me Xe, Xce - x a p a ~ ~ e p ~ c ~ ~ ~ e c ~ ~ e  QYHKUHN M H o x e c T B  0 N CO. M3 
3THX ~ P ~ A C T ~ B J I ~ H N ~ ~  BbITeKaeT ,  YTO (PYHKLU~R (Etf,  f )  ~ ~ C O J I I O T H O  
H e n p e p b I B H a  H YTO ~ ~ C O J I ~ ~ T H O  H e I I p e p b l B H a R  W C T b  @YHKUMM (Etg, g) 
e C T b  HyJ Ib .  ~ O ~ T O M Y  3J I eMeHTbI  f N g B IIpeACTaBJIeHNN (4) n F N -  
H a A J I e X a T  COOTBeTCTBeHHO Ha N H,. M3 pa3J IOXeHNFI  n1060ro 3 J I e M e H T a  

h € H B OPTOrOHaJIbHYIO CYMMY (4) 3JIeMeHTOB f € Ha N g € H, BblTe-  

K a e T  J I N H ~ ~ H O C T ~  N 3aMKHYTOCTb MHOXeCTB Ha N H, T ~ M  CaMblM 
L(OKa3aTeJIbCTBO T e O p e M b I  3aKOHYeHO. 

Teope~a 2. LIodnpocrnpa~crnaa Ha u H, npueodxrn onepamop A. 
a 0 K a 3 a T e JI b C T B 0. ~ O C T ~ T O Y H O  YCTaHOBNTb, YTO n p l l  n lo60~  

n O A n p O C T p a H C T B 0  Ha IIpNBOAHT Ei. E c n ~  f 6 Ha, TO (PYHKUNR 0 ( t ;  f )  
~ ~ C O J I ~ ~ T H O  H e n p e p b r B H a ,  HO T o r n a  QYHKUHFI 

T a K X e  ~ ~ c o J I ~ ~ T H o  H e I I p e p b I B H a  H n03TOMY Eif € Ha. A H ~ J I o ~ N Y H O  
AOKa3blBaeTCFI, YTO eCJIM f C H,, TO M Eif € H,. 



~ T M M  T e o p e M a  n o ~ a 3 a ~ a .  
% C T ~  A, O n e p a T O p a  A, , L ( e f i c ~ ~ y @ L U a H  B n O A n p O C T p a H C T B e  H, 

p e r y J T H p H b I X  3 J I e M e H T O B ,  H a 3 b I B a e T C R  U ~ C O A H ~ ~ H O  H e n p e p b l 8 ~ 0 c  ' la-  

cmom onepamopa A, a c n e K T p  Y(A,) 3 ~ 0 r o  O n e p a T o p a  A, H ~ ~ ~ I B ~ ~ T C R  

d ~ 0 A l O i T l ~ 0  ~ e f l p e p b l 8 ~ 0 6  'lUCmbHl CneKmpU O n e p a T O p a  A. O ~ ~ B A A H O ,  
9 (A,) o6pa3ye~ 3 a M K H Y T O e  M H O X e C T B O  6e3 N 3 0 J I B P O B a H H b I X  TOYeK 
(T. e. c o s e p r u e H H o e  MHOX~CTBO),  n p m e M  3' (A,) 5 % (A). '4ac~b A, 
O I I e p a T O p a  A,  A ~ ~ ~ C T B ~ I O U L ~ R  B n O A I I p O C T p a H C T B e  H, C N H r Y J R P H b I X  
3JleMeHTOB, H a 3 b I B a e T C R  C U H Z Y A R P H O ~  YUCmbK) OnepUmOpU A, a ee 
cnemp Sd(A,) - C U H ~ Y A R P H O L ~  tiacmbm cnetcmpa o n e p a T o p a  A. Oqe- 
BNAHO, 9 (A) 5 c!f (A,). 

C O ~ C T B ~ H H ~ I ~  3 H a Y e H M R ,  KOTOPbIe  BCe BXOART B 9 (A,), 06pa3y10~ 
ducrcpem~ym rcounoHeHmy C M H ~ Y J I R P H O W  9acTI.I  c n e K T p a  O n e p a T o p a  A. 
~ ~ o ~ O J L H ~ H N ~  3 ~ 0 8  KOMnOHeHTbl  A 0  B C e r O  Sd (A,) H a 3 b I B a e T C R  Henpe- 
p b r s ~ o d  ~ o u n o ~ e ~ r n o L i  c ~ l ~ r y n ~ p ~ o t i  Y a c T M  c n e K T p a  o n e p a T o p a  A. 

96. U H B ~ P H ~ H T H O C T ~  ~ ~ C O J I H ) T H O  H ~ ~ P ~ P ~ I B H O ~ ?  W C T H  C n e K T p a  O T H O -  
C R T e J l b H O  K O H e q H O W e P H b l X  B O ~ M Y W ~ H U ~ ~ .  M3 ~ C T ~ H O B J I ~ H H O ~ ~  B no 94 
TeOpeMbI  2 CJIe,L(yeT, q T O  n p N  npON3BOJIbHbIX BIIOJIHe H e I I p e p b I B H b I X  

B O ~ M Y U I ~ H N R X  c a M o c o n p n x e H H o r o  o n e p a T o p a  a 6 c o n I o ~ ~ o  H e n p e p b r B H a R  
Y a C T b  er0 C n e K T p a ,  B OTJINZINe OT H e n p e p b 1 ~ ~ 0 ~  U C T N ,  M O X e T  H e  

COXpaHRTbCR. O A H ~ K O  n p U  6onee cna6b1x BO3MYUIeHNRX N, B '  ZIaCT- 
HOCTN, n p U  BO3MYUIeHURX K O H e 9 H O M e p H b I X ,  ~ ~ C O J I I O T H O  H e n p e p b I B H a R  

W C T b  C n e K T p a  H e  M3MeHReTCR.  TOT p e 3 y n b T a T ,  a T a K X e  e r O  0 6 0 6 u e ~ ~ e  
H a  ~ J I y q a f i  n1o6b1x Rf lepHbIX B O ~ M Y U ~ H N ~ ~ ,  n p N H a A J I e X N T  1\/1. P O ~ ~ H ~ J I M M Y  
U T. K a ~ o * .  

~ Y C T ~  A - n p 0 ~ 3 ~ 0 J I b H b 1 f i  C ~ M O C O ~ ~ H X ~ H H ~ I ~ ~  O n e p a T O p  B np0- 
c T p c T s e  H, cenapa6enb~oc~b  K o T o p o r o  M ~ I  a ~ e c b  n p e A n o n a r a T b  H e  
6 y n e ~ .  ~ Y C T ~ ,  A a J I e e ,  K - O A H O M ~ ~ H ~ I ~  C ~ M O C O ~ P R X ~ H H ~ I ~ ~  O n e p a T O p ,  

K O T O P ~ I ~  n 0 p O X A a e T C R  HeKOTOPbIM OPTOM g N HeKOTOPbIM B e W e C T B e H -  
HbIM YUCJIOM 7 B TOM CMbICJIe, YTO AJIR ~11060r0 f E H 

Kf = r (f, 8) 8. ( 1 )  
O ~ O ~ H ~ Z I N M  Et u Ft c n e K T p a n b I i b I e  Q Y H K ~ U N  O n e p a T o p o B  A u COOT- 
BeTCTBeHHO B = A + I( Pi 3 a C T a B U M  [a, P) np06era~b M H O X e C T B O  BCeX 
3aMKHYTbIX C J l e B a  NHTepBaJIOB Y U C J I O B O ~  OCU.   TO MY MHOXPCTBY 

UHTepBaJIOB O T B e Y a e T  MHOXeCTBO 3JIeMeHTOB (Ep -I!?,) 8, 3aMKHYTYIO 

JINHefiHy20 o60nos~y KOTOpbIX 0 6 0 3 H a Y N ~  GA, A M H O X e C T B O  3 J I e M e H T O B  
(Fp -Fe) g, a H a J I O r N q H y I o  O ~ O J I O Y K ~  KOTOPbIX H a 3 0 B e M  Gg. RCHO, q T O  

* Ii o se  n b l u m M. Perturbation of the continuous spectrum and uni- 
tary equivalence. Pacif. Journ. Math. 7, N 1 ,  1957; CM. TaKxe C ~ O P H U K  nepeao- 
~ O B  ( ( M ~ T ~ M ~ T U K ~ ) ) ,  3 : 3, 1959.  K a t o T. On finite-demensional prrturbations 
of selfadjoint operators. J .  of the Math. Soc. Jap. 9, N 2, 1957;  Perturbation of 
Continuous Spectra by Trace Class Operators, Proc. of the Jap. Ac. XXXIII, 
N 5, 1957. 

B HarueM U ~ J I O ~ ~ H A H  M ~ I  cneAyeM T. K ~ T o .  



18 h. vI I.' C I ~ ~ K T ~  U B 0 3 M Y U e H A R  CaM0COITPR)KeHHblX OIYepaTOpOB 

U 60npOC 0 8nURHUU O ~ H O M ~ ~ H O Z O  603MYlL#?HUR I( Ha a6C0ntOmH0 
~enpepb i s~y t~  rmmb cnelcmpa oneparnopa A  docrnamor~o paccnom- 
pemb s nodnpocmpa~cmse* H,. ~ T M M  M ~ I  c e f i r l a c  M s a i i ~ e ~ c ~ .  

T ~ K  K a K  I I O A n p O C T p a H C T B O  H, RBJIReTCR 3aMbIKaHMeM K a K  J I w ~ e f i -  
~ 0 f i  O ~ O ~ ~ O Z I K M  3 J I e M e H T O B  (Ep --E,)g, T a K  J I M ~ e f i ~ o f i  O ~ O J I O Y K N  

~ J I ~ M ~ H T O B  IFp - F,) g, TO YacTM O n e p a T o p o B  A  M B, nexaune B Hg, 
HMeIOT I I p 0 ~ ~ 0 f i  CIIeKTp.  ~ ~ O ~ T O M Y  (CM. n083) n p M  J I K I ~ O M  f C Hg 

m m 

f = S 'P (f) dE,g, f = S qJ (t) dF,g 
-m - m  

me P (t) = (Etg, g), a (0 = (Ftg, g). 
C npyrofi CTOPOH~I ,  npu 3C f 0 

( [ B  - Cll-lf, g) - ( [ A  - CI]-lf, g) = 
= -r ( [ B  - T/ I - l f ,  g) ( [ A  - UI-lg, g). (3) 

MJIM 

* ~ ~ M ~ T I I M ,  YTO I IOAIIpOCTpaHCTBO Hg c e n a p a 6 e n b ~ o .  



E c n ~  6 6 1  MbI n p e A B a p H T e J b H 0  npMHH3IH . B (3) f = g,  TO n o n y q H n H  6 b 1  

~ ~ B ~ A C T B O  

~IOJIOXHB 3 ~ e c b  C = 5 + iy, 9 = JC, u A e n a R  n p e ~ e ~ b ~ b r i i  n e p e x o A  

3 0, B C H J Y  H ~ B ~ C T H O ~ ~  T e O p e M b I  T e O p H n  ~ Y H K U U ~ ~  * H a f i ~ e M ,  q T 0  

1) n O s T N  B C I o A y  H a  B ~ I U ~ C T B ~ H H O ~ ~  OCH (PYHKUUR 

n - ( p '  (E) = 30 ( E  + LO), 
1 

nya' (E) = -3 - -- 3 w  (E +'iO) 
o (E + iO) I w (E+ iO) 1 2 '  

T a K  9 T O  IIO'ITU B C m U Y  

p' (E) - I w (E -t- LO) i2a' (E) (6) 
H, 3 H a q H T ,  n O q T N  B C m A Y  

30 ( E  4- iO)  = ny 1 w (E $ iO) I2a' (E). (6') 
M3 COOTHOUleHHR (6) N C K a 3 a H H O r O  BbIUle OTHOCNTeJIbHO @YHKUBH 

(E $ LO) 3aKJIK)saeM,  9 T O  ~ ~ C O J H ) T H O  H e n p e p b I B H b I e  q a C T H  C n e K T p O B  

O n e p a T O p O B  A 11 B C O B I I a A a l o T  C T 0 9 H O C T b l o  A 0  M H O X e C T B a  M e P b I  

H y J b .  O A H ~ K O  HeTPYAHO A O K a s a T b ,  q T O  e C J H  n e p e C e q e H N e  ~ ~ C O ~ K ) T H O  

H e n p e p b I B H O r O  C n e K T p a  C K ~ K H M - H U ~ Y A ~  OTKPbITbIM H H T e P B a J O M  H M e e T  

ne6ero~y M e p y  H y n h ,  TO  TO n e p e c e s e H n e  n y c T o .  I l o s ~ o ~ y  a 6 c o n l o ~ ~ o  
H e n p e p h l B H b I e  q a C T H  C n e K T p O B  O n e p a T O p O B  A U B C O B n a A a M T  n O J H 0 -  

CTbK). 60nee TOrO,  113 T e O p e M b I  no 87 B b I T e K a e T  Y H M T a P H a R  3 K B H B a -  

JIeHTHOCTb ~ ~ C O J K ) T H O  H e n p e p b I B H b I X  9ac~efi A, H B, O n e p a T O p O B  

A w B. 
M ~ J I o X ~ H H L I ~  P a C C M O T p e H H R  nO3BOJIHloT c @ o ~ M ~ J I H ~ o B ~ T ~  C J I e A y l o -  

wee n p e A n o x e H H e .  

* CM. n p n B a Jl 0 B M. M. r p a ~ n q ~ b l e  C B O ~ ~ C T B ~  aHaJlMTHqeCKI.lX @ Y H K ~ H ~ ~ .  

M., ~ O C T ~ X K ~ A ~ T ,  1950, c. 183-194. 



Teope~a.  nycmb A-npoussonb~b~li c a ~ o c o n p ~ 3 / c e ~ ~ b ~ f i  onepa- 
mop e 2~Ab6ep1?2080~ npocmpaticmee I-I, a K-npouseonbtib~tl K O N ~ Y -  
N0Me~tibld C ~ Y O C O ~ P I E ~ I C ~ N H ~ ~ ~  Onepamop 8 HeM. T o d a  a6contom~~ 
NenpepbleNble qacmu A, u B, onepamopoa A u B = A + K ytiurxaptio 
3~eueanetim~bl, matc qmo, e qacmHocmu, 

,Q o K a 3 a T e n b c T B o nnrr c n y s a r r ,  K o r A a  o n e p a T o p  Y o A H o M e -  
p e H ,  MbI IIOJIHOCTbW npOBeJIP1. T ~ K  KaK m - M e p H O e  B03MYWeHMe e e T b  
CyMMa OAHOMePHbIX B O ~ M Y ~ ~ H I I ~ ~ ,  a nOHFlTUe Y H U T ~ P H O ~ ~  3KBMBaneH'F- 

HOCTII TPaH3MTUBH0, TO OTCloAa BbITeKaeT CnpaBeAnUBOCTb TeOpeMbI 

AJIB n m 6 b 1 x  KOHesHOMePHbIX B O ~ M Y U ~ ~ H I I ~ .  
Y ~ O M R H ~ T O ~  B H a s a n e  H a C T O B w e r O  n y H K T a  0606we~ae 3 ~ 0 i  TeO- 

PeMbI H a  cnysafi n m b b l x  CaMOCOnpRXeHHbIX RAepHbIX B O ~ M Y L I ~ ~ H U ~  
6 y ~ e ~  A a H O  J A W b  B no%, TaK K a K  &JIR 3 T 0 r 0  0 6 0 6 u e ~ a ~  IIOHa- 

~ 0 6 1 4 ~ ~ ~  annapa-r B o n H o s b I x  onepa-ropoa, KOTOP~IM ~ O C B F I W ~ H ~ I  n0n0 97 
a 98. 

B 3 a K J I l o q e H N e  YCTaHOBMM H ~ K O T O < ~ I ~  BCnOMOTaTeJIbHbIe @ a ~ T b l ,  

KOTOpbIe ~ Y A Y T  I ICnOnb30BaHbI  B no 98. 
npexne B c e r o  n o n y s u M  y p a B H e H a e ,  c ~ r r 3 b 1 s a l o w e e  ( P ~ H K U U U  cp ( t ) ,  

$ ( t )  a3 n p e ~ c ~ a ~ n e ~ n i  (2). 
M3 (4) a (5) c . l e n y e T ,   TO 

j, , ( r )do( ,  -T j, ~ ( J ( P ) ]  j. cp(L)dp (h) 
P - ' i  P - c  h - ' i  ' 

- m  - m  - m  

(4') 

Benarr s n e c b  n p e n e n b ~ b ~ i j  nepexon, n o n y s u M ,  s ~ o  nowu n c ~ n y  
ca ca 



f IOsTU BCloAY H a  M H O X e C T B e ,  r A e  '3' (E) f 0. 
H a M  ~ O H ~ A O ~ H T C R  T a K X e  C J I e A y I o U a H  

J l e ~ ~ a .  Ecnu f (A) E L2 (- m, m), mo 

~ Y C T ~  F (x) - npeo6pa3o~a~ue  oypbe (PYHKUHH f ( A ) ,  T a K  9 T O  

- A  

w 

f ( p )  = 1. i. rn. - F ( x )  sign x e l ~ ~ d m  
~ - t m  v5i -A 

* T u T s M a p m E. B s e ~ e a w e  B Teopwm mwerpanon Qypbe, nepen. c aHm. 
M., ~ O C T ~ X N ~ A ~ T ,  1948, c. 159-166. 



m 

eit - s ,-A f ( h )  d h  = 

m 

- -- ' 1 F ( x )  eipx d x  1 sin (yx) - sin y (x - t )  d y  = 
n 1/23 

- m  0 
Y 

97. O n p e ~ e ~ l e H U e  U @ o p M a J l b H b l e  C B O ~ C T B ~  BOJlHOBblX O n e p a T O p O B .  
~ Y C T ~  A M B - C a M O C O n p R X e H H b I e  O I I e p a T O p b I  B H, RA U RB - IIOA- 

I IpOCTpaHCTBa,  0 6 p a 3 0 ~ a ~ H b l e  p e r y J I R p H b I M U  3JleMeHTaMM O n e p a T O p a  A,  
COOTBeTCTBeHHO B M PA, PB - 0 n e p a T O p b I  OpTO~OHaJlbHOF'O IIpOeKTU- 

W B a H M H  H a  R A  U RB. ~ P M M ~ M  C J I e A y I o U e e  
0 n p e A e n e H u e. Ecnu c y q e c T s y e T  c u n b ~ b ~ f i  n p e A e n  

TO FOBOPHT, q T O  Y I I O p R A O g e H H a R  naps O I I e p a T O p O B  A, B U M e e T  OOA- 

ttosoti onepanlop U +  {B, A).  
A ~ a n o r u q ~ o  o n p e A e n H e T c R  ~ o n ~ o ~ o f i  O n e p a T o p  * 

U -  {B, A )  = lim eitBe-ifAPA. 
t-+-m 

B 3TOM I I y H K T e  MbI YCTaHOBMM P R A  C B O ~ ~ C T B  BOJlHOBbIX O n e p a T O -  

' ~ O B  B n p e A n o n o x e H M u ,  s ~ o  O H M  C y q e c T B y I o T .   TO K a c a e T c R  ~ 0 ~ a 3 a -  
TeJIbCTB CyU&eCTBOBaHUR, TO OHM ~ Y A Y T  IIpUBeAeHbI  B l1°98. n p ~  3TOM 

MbI ~ Y A ~ M  P a C C M a T p U B a T b  J I M U b  O n e p a T O p  ( I ) ,  T a K  K a K  @ o ~ M ~ J I u ~ o B K ~  

M AOKa3aTeJIbCTBO COOTBeTCTBYIoqMX C B O ~ ~ C T B  AJIR O n e p a T O p a  (2)  
COBePUIeHHO aHaJIOrM9HbI .  

Teope~a 1. n p u  ~ 1 0 6 0 ~  seqecm~ettt tou T 

eiTBU+ {B, A )  U +  {B, A )  (3) 

* ~ O H R T M ~  0 BOJIHOBblX O I I e p a T O p a X  6 b m o  B I I e p B b l e  BBeAeHO K. Mennepo~  
C I IOMOUblO B b l p a X e H l i R  

li, ,itBe-itA 

+ i + m  

CM. M o 1 1  e r C. Dan.  id: Selsk -fys. Medd, 23, no 1 (1945). 



zde EA - cnetcmpanbtias @yt i~quf l  onepamopn A,  a FA - cnetcmpanb- 
tiaA @ ~ N K ~ U R  onepamopa B. 

~ ~ ~ ~ c T B H T ~ J I ~ H o ,  113 (3) c n e a y e T ,  q T O  npu n1o6b lx  f, g € H 

OTKyAa,  B CMJIY TeOPeMbI eAMHCTBeHHOCTU AJIFI UHTerpaJ IOB @ ~ ~ b e  - 
C T M J I T ~ ~ C ~ ,  M nOJlyYaeTCR COOTHOLUeHMe (4). 

Teope~a 3. Onepamop U+ { B ,  A) rlacmuwo ~ 3 0 ~ e m p u ~ e t i .  EZO 
tiaqanbtiaR o6nacmb ecmb RA, a Kotiewax 06nacmb nexum s RB. 

A o ~ a s a ~ e n b c ~ ~ o .  n p u  n1o60~ f E H  . 
( I u +  {B ,  A} f ( 1  = lim ((eitBe-i*AP~f I 1  = ( 1  PA\ I I r  

t + m  
(5) 

(FAU+ {B,  A )  f ,  u+ ( B ,  A}  f )  == ( 1  FA[/+ {B, A} f ) I 2  - 
= ( 1  U+  {B,  A )  E A ~  ( I 2  = ( 1  P A E I ~  ( I 2  = ( 1  E A P A ~  ( I 2  = (Eih, h ) ,  (5') 

me h = PAf E RA. T ~ K  KaK IIpaBaFI W C T L  e C T b  ~ ~ C O J I I O T H O  H e l I p e p b l B -  
Ha54 @YHKUUR,  TO TeM XIte CBO~~CTBOM 0 6 n a ~ a e ~  JIeBaR.  C J I ~ A O B ~ T W I ~ H O ,  
BeKTOp u+ { B ,  A} f RBJIReTCR P e r y J I R p H b I M  3JIeMeHTOM O I I e p a T O p a  B, 
T. e. U+ {B ,  A} f c RB. 

Teope~a 4. Ecnu uouevtiaR 06Aamb onepamopa U+. ( B ,  A }  COBna- 
daem c RB, mo onepamopw A, u B, ytiumapuo erccucaneNmHbL u npu 
nto60.~ f E RA n DA 

U T  B,u+~ = ~ , f ,  (6) 

2de U+ = U ,  { B ,  A). 
fi 0 K a 3 a T JI  b C T B 0. n e p B 0 e  Y T B e p X n e H M e  BbITeKaeT  M3 npeAb1-  

nyuefi TeOpeMbI, eCJIH AOKa3aHO COOTHOIlleHMe (6). ~ O ~ T O M Y  AOKa- 
WeM (6).  A ~ H  3 T O r 0  3aMeTMh1, q T O  M3 @ O P M Y ~ ~ I  (5 ' )  CJIeAyeT  An54 , 

~11o60i-0 f t RA paBeHCTBO 



rAe 06a UHTerpaJI2 CXOARTCR UJIM PaCXOARTCR OAHOBpeMeHHO. M T ~ K ,  
ecnu f E DA n RA, TO U+f E DB, a ecnu U+f c DB npu f E RA, TO 
f E D i .  Aanee, B cMny TeopeMbr 2 npu J I K I ~ O M  g E H 

T. e. PaBeHCTBO (6). 
T e o p e ~ a  5*. Ecnu cyqecmsytom sonHosble onepamopbl I /+  {B, A}, 

U+ {C, B), mo cyqecmsyem son~osou" onepamop U+ \C, A} u 

u +  {c, A) = u +  {C, B} u +  {BY A}. (7) 

U+ {B, A} = lim eitBe-itAPA, 
t-c m 

U+ {C, B} = lim eitCe-itBPB. 
t-c m 

U+ {C, B) U+ {B, A) = lim eifce-itBPB~itBe-itAPA. 
t-c rn 

nepBb1fi 9neH npa~of i  WCTU eCTb u+ {C, A}. O C T ~ ~ T C R  AOKa3aTb, sT0 
s~opofi 9neH ecTb Hynb. Ho onepaTop 

npu t + oa CTpeMuTcR K H Y ~ I O ,  a onepaTop 

npU nro6o~ t YHMTapeH, OTKyAa U CJIeAyeT, 9TO UX npOM3BeJ@HUe - CTPeMMTCR K HYAKI. 
Teope~a  6. A n x  C O ~ ~ U ~ ~ H U R  c RB ~ o ~ e r l ~ o u "  ~Gnacmu oneparnopa 

I/+ {B, A} ~ e o G x o d u ~ o  u docmamou~o, ~m0661 cyqecmsosan onepa- 
mop U+ {A, B}. 



A o K a 3 a T e n  b c T B O. Ecnu o6a onepa~opa, U+ ( B ,  A )  u U+ ( A ,  B )  
c y u r e c T e y r o T ,  TO no T e o p e M e  5 npa n m 6 o ~  f E RB 

me g = U+ {A,  B )  f n p M H a n n e x m  RA, a ~ H ~ ~ I I T ,  f n p s H a A n e x m  

K O H ~ ~ H O ~ ~  O ~ J I ~ C T N  O n e p a T O p a  U+ (B, A).  
~ ~ O C T ~ T O Y H O C T ~  YCJIOBNR TeOpeMbl AOKa3aHa.  

~ Y C T ~  T e n e p L  U3BeCTH0, YTO KOHe9HaR O ~ J I ~ C T ~  O n e p a T O p a  

u+ {B ,  A )  eCTb RE; ~ p e 6 y e ~ c f l  AOKasaTb ,  9TO AJlR nro6oro f E RB 
CyLUeCTByeT 

lim eitAe-itB 
t* rn 

f .  

f = U+(B,  A ]  g. 
~ O ~ T O M Y  

f - eitBe-itA f = lim ft, - 
f*m 

g. 

CJIeAyeT, YTO 
g = ]im eitAe-itBf. 

i* m 

T ~ K H M  o6pa30~, O n e p a T O p  U+ ( A ,  B )  C y U e C T B y e T  ki g = U+ { A ,  B )  f .  
O n e p a ~ o p b l  U+ { A ,  B) ,  u+ {B, A ) ,  OqeBHAHO, B3aMMHO O ~ P ~ T H ~ I  H a  

COOTBeTCTByfOurNX O ~ J I ~ C T H X ,  TaK 9TO 

U+ { B ,  A )  = U: { A ,  B). (8) 

B r r p e A n o n o x e H u u ,   TO B c e  q e T b l p e  B o n H o u b I x  O n e p a T o p a  U* (B ,  A ) ,  
U k  {A ,  B) CyUeCTByIOT. 

Teope~a  7. Onepamop paccemux S { B ,  A] o npocmpaHcmse RA 
yHumapeH u tco,twymupyern c onepamopofi A. 

A 0 K a 3 a T e b C T B 0. n e p ~ 0 e  YTBepXAeHkie BblTeKaeT 113 TeO- 

PeMbI 6. 
Aanee n o K a x e M ,   TO S {B ,  A) n e p e c T a H o B o s e H  c p a 3 n o ~ e ~ ~ e ~  

eAkiH114bI EL O n e p a T O p a  A n p N  n ro6o~  1 E (- W, 00). 0 6 0 3 ~ a 9 1 1 ~  



KOPOTKO U* ( B ,  A )  sepes U*. T o r ~ a  143 (9),  nBamb1 ~ c n m b s y ~  
TeOpeMy 2, MMeeM 

s ( B ,  A )  EX = U ~ U - E ~  = U ~ F ~ U -  = (F~u+)*u- = 

- (u+E~)*u- = E~U;U- = E ~ S  ( B ,  A ) .  

S  ( B ,  A)  A  5 AS (B,  A ) ,  

rAe S  = S  ( B ,  A ) ,  a 3HaqHT, f ( ~ 3  RA) A Sf OAHOBP~M~HHO nu60 
npMHaAnexaT nu60 He npuHannexaT RA n DA. ~ O ~ T O M Y  Ha RA 

A,S ( B ,  A)  = S  (B,  A)  A, 
A J A  BO BCeM H 

AS (B ,  A )  = S  ( B ,  A )  APA. 

Cnpase~nusa TaKxe cnenymwazl TeopeMa yMHoxeHuH AnH onepa- 
TOPOB paccemm. 

T e o p e ~ a  8. Ecnu cyqecmeyrorn onepamopbl paccemux S  ( B ,  A )  
u S  (C,  B ] ,  mo cyu~ecmsyem onepamop.paccemux S  (C ,  A ]  u tzpumoM 

S (C,  A)  = S+ (C, B) S  ( B ,  A ] ,  
2de 

S+ (C,  B )  = U+ ( A ,  B ]  S  {C,  B )  U+ (B,  A ) .  

A o K a 3 a T e n c T B o. C y u e c ~ ~ o s a ~ u e  onepaTopa S  (C,  A )  BbrTe- 
KaeT 143 TeopeMLI 5. Aanee uMeeM 

S  (C, A )  = U ;  (c, A }  U-  (C,  A ]  = 

= U ;  ( B ,  A )  U: (C,  B )  U-  (C,  B) U-  ( B ,  A ]  = 

= u: ( B ,  A )  u; (C,  B )  U-  ( C ,  B)  U+ ( B ,  A )  u*, ( B ,  A ]  U-  ( B ,  A )  
= u+ ( A ,  B )  S  (C ,  B )  U+ ( B ,  A )  S  ( B ,  A ) ,  

( n o c n e ~ ~ e e  paBeHcTBo cnpaseanmo B cuny (8)). T e o p e ~ a  n o ~ a 3 a ~ a .  

98. C Y ~ ~ C T B O B ~ H U ~  BOJIHOBblX O n e p a T O p O B  B CJly' iae KOHe'iHOMePHblX 
B O ~ M Y ~ ~ H H ~ .   TOT nYHKT HenOCpeACTBeHHO nPMMbIKaeT K no 96, 060- 
3HaseHAfi KOTOpOrO MbI 3AeCb ~ Y A ~ M  npMAepXABaTbCR. ~ O J I O X M M  

masane, KaK A B n096, M TO OnepaTop K o n ~ o ~ e p ~ b l f i  A s ~ o  ero 
o6nac~b  3Ha4eHAfi nOp0XAaeTCR 3JeMeHTOM g, no KOTOPOMY CTPOBTCR 
cenapabenb~oe npocTpaHcTBo runb6ep~a  Hg. n p e ~ n o n o x ~ ~  TaKxe, 



98. Cyqecreoea~ue eonHosbrx oneparopon 27 

~ ~ M ~ T E I M ,  ' IT0 3TO COOTHOIIIefiMe AOCTaTO'IHO AOKa3aTb JIMLUb AJIH 

f E RA, TaK KaK utf = 0 M V+f = 0, eCJlM f I Rn. n 0 c n e n H e e  BblTe- 

KaeT  ~3 T O ~ O ,  'ITO B cuny ( I )  u (POPMYJI~I (6) no 96 npu n m 6 o ~  f E H 
MMeeM 

r A e  6, ( A )  = ( F ~ P B ~ ,  g) - ~ ~ C O J I H ) T H O  HenpepbIBHaR 'IaCTb (PYHKUUU 
0 (A)  = ( F h g ,  g), a pa (A) = (Exp~g, g) - ~ ~ C O J I H ) T H O  HenpepbIBHaR 

'IaCTb (PYHKUUU p (A) = (Exg, g). 
T ~ K U M  o6pa30~, 

V + P A  = V+, U t P ~  = Ut. (3") 

~ ~ ~ ~ X O A U M  K AOKa3aTeJIbCTBy COOTHOIUeHUH (2) IlpU f E RA. 
3 T O r 0  BOCIIOJIb3J'eMCR PaBeHCTBOM 



Ecnu 

TO COOTHOUIeHIle (4) MOXHO I l e p e n I l C a T b  B BI lAe  

( u t f ,  h) - ( f ,  h )  = i'r 1 [ ( e-l'" ( A )  d p  ((h] [ e iq lx( l l )  do ( p ) ]  d r ,  
0 -m - m 

me, K a K  J I e rKO BMAeTb, MOXHO I13MeHNTb FIOPHAOK MHTerP I lPOBaHNR 
T a K  q T O  

m 

K ~ o M ~  yCn0BklH f E RA I IpNMeM T e n e p b ,  qTO hE Ro. B TaKOM 
C J I y q a e  B HaFIIlCaHHOM A B O ~ ~ H O M  U H T e r p a J I e  MOXHO 3 a M e H U T b  d p  ( A ) ,  
d o  ( p )  COOTBeTCTBeHHO H a  p' (1) d h  N 0' ( p )  d p .  ~ O ~ ~ C T H M  B H a q a J I e ,  

qTO C B e p X  T o r 0  

Torna H a  OCHOBaHNM JIeMMbI n096 
m 

li m ( ~ t f ,  h )  = ( f  , h)- + 7 S S ~ ~ ~ p P ~ ( : ~ ~  T) 0' ( P )  d )  d p ?  
t-r m 

lim ( U t f ,  h)  = ( V + f ,  h ) .  
t-r m 

T. e. K o r n a  

cp ( A )  E L;, (- m ,  m) ,  x ( p )  E L:,(- w t ' m ) f  (5") 



T a K  K a K  TOJlbKO B 3TOM C J y q a e  COQTHOmeHMe (6)  6 y ~ e ~  A O K a 3 a H O  

AJIR n r o 6 b 1 x  f E RA M h E RB. O A H ~ K O  3 A e C b  AOCTaTOqHO 3 a M e T U T b ,  
q T O  e c n M  52 ( A )  npo6erae~ MHO2KeCTBO BCeX @ U H U T H ~ I X  C T y n e H Y a T b l X  

Q Y H K U U ~ ~ ,  TO M H O X e C T B O  @ Y H K U U ~ ~  * 

' 
pt (A) '#  0, 

rp ( A )  = 
0 , p' ( A )  = 0 

lirn PBU~ - V+. 
t-c m 

T e n e p b  Mbl A O K a X e M ,  q T O  3 T 0  P a B e H C T B O  C n p a B e A J I M B O  M B CMbICJle 
C M J I ~ H O ~ ~  CXOANMOCTM, a T a K X e ,  q T O  M H O X M T e n b  PB B H e M  M O X H O  
O T ~ P O C N T ~ .  ~ ~ ~ ~ c T B U T ~ J I ~ H O ,  M3 cna6ofi CXOAUMOCTU C J I e A y e T ,  q T O  

11 V+f JIG lirn (P~L i t f ,  V+f: 4 l im I/ V+f 1 1  ( 1  1 1 ,  
t-c m t= 

OTKyAa 
- 

I (  V+f ( 1  4 lim - ) I  P B ~ ~ ~ ~ ~ - ~ ~ ~ P A ~  1 )  < lim I /  P B ~ ~ ~ ~ ~ - ~ ~ ~ P A ~  ) /  < ( 1  PAf I ] .  
t-c m t-c m 

Ho B cuny (3) 

11 v+f 11 = 1 1  PAf 1 1 ,  

1 )  V+f 11 = lim 1 1  P ~ e ~ f ~ e - ~ ~ P ~ f  ( 1  = 1 1   PA^ 1 1 ,  
t-c m 

O T K y A a  C J I e A y e T ,  q T O  (7) CIIPaBeAJIHBO B CMbICJIe c N J I ~ H o ~ ~  CXOAUMOCTU. 
A T a K  K a K  

( 1  PAf 1 1 2  = 1 )  PBeitBe-itAPAf ( I 2  -t 1 1  ( I  - PB) eitBe-itAP~f 1 1 2 ,  
TO, B CMbICJIe c U J I b ~ 0 f i  CXOAUMOCTM, 



lim Utf = V+f, 
I+ m 

T. e. C O O T H O m e H A e  (2) AOKa3aHO.  

Teope~a .  Ecnu A  - 1tp0~380~bi lb l~  C U M O C O ~ ~ P R W ~ H H ~ ~ ~ ~  Onepamop 
s H,  I( - rco~evilofiepilb~ri ca~oconpxxeililb~ti onepamop u B = A + + K, mo eoniioeble onepamopbl U* {B ,  A )  u U ,  { A ,  B )  cyqecmeylom 
u ocyt.qecmenmom uao uempuvecrcoe coomeemcmeue ~ e x d y  a6conlomilo 
ilenpepbleilblwu vacmxfiu onepamopoe A  u B. 

. A o K a 3 a T e n b c T B o A o c T a T o s H o  nposecm A n R  o n e p a T o p a  
I/+ { B ,  A ) .  E c n ~  O n e p a T O p  I( O A H O M e p e H  A H = H g ,  TO A O K a 3 a T e J I b -  
CTBO YXe n p O B e A e H 0  B b l m e .  B o 6 u e ~  C J I y s a e  OAHOMepHOrO O n e p a -  

T O p a  K, K O r A a  Hg # H, B O ~ H O B O ~ ~  O n e p a T O p  

U+ {B,  A )  = lim enBe-[tAP A 
t+m 

T a K X e  C y u e C T B y e . I ' ,  I I p M q e M  H a  I I O A n p O C T p a H C T B e  H RA OH, O W -  

BAAHO, P a B e H  H y J I l o ;  H a  I I O A n p O C T p a H C T B e  RA n (H 9 H g )  OH RBJIReT- 
CR e A N H N s H b I M  O n e P a T O P O M ,  A, H a K O H e u ,  H a  n O A n P O C T P a H C T B e  Hg 
OH M O X e T  6 b 1 ~ b  O n p e f l e n e H ,  B COOTBeTCTBAA C (1) M (2), PaBeHCTBOM 

m 

u+f  = S a (A t lo) v (A) ~ F A P ( R B  n 
-m 

ecnu 
m 

f = S P (1) d E ~ g .  
-m 

99. n e p e x 0 ~  K o6qewy CJlyqalO HnepHblX B O ~ M Y ~ ~ H H ~  
Jewwa*. 17ycmb ,A  - c a ~ o c o n p ~ x e i l ~ b l t i  onepamop.e H u EA- 

ezo cnercmpanbilaa @ Y H K ~ U R .  Ecnu snefieilm f E H pezynxpeil omHo- 
cumenbilo A  u ecnu novmu eclody 

dh (1) 

mo dnrr nlo6020 onepamopa runb6epma - Lll~udma T c a6conlomiloti 
~opf io t i  N (T) tifieem Mecmo Hepaeeilcmeo 



Q ~ ~ H H M  BXOARWHe B (3) A H T e r p a J I b I .  3 T O r 0  A O K a X e M ,  YTO B C N n y  

(1) n p l l  f l I 0 6 0 ~  h e  H, B YaCTHOCTN n p N  h = T*g,, @YHKUHR (Eif, h) 
~ ~ C O J I I ~ T H O  H e n p e p b l B H a ,  a ee npOA3BOAHaR 

~ ~ ~ c T B M T ~ J I ~ H o ,  FIyCTb Hr - I IOAnpOCTpaHCTBO, n O p O X A a e M O e  

COBOKynHOCTblO BeKTOPOB E (A) f ,  KOrAa  A npo6erae~ MHOXeCTBO BCeX 

MHTepBaJIOB Y N C J I O B O ~ ~  OCA. T o r ~ a  MoXHO nOJIOXMTb h = hl + h2, r A e  

h,  E H f ,  h2 I H f .  Aanee (CM. no 83), H ~ ~ ~ A ~ T C R  T a K a R  @YHKUAR (P (p), 
9TO 

OTKyAa A B b I T e K a e T  H a l l I e  y T B e p X A e H A e .  

 TOT p e 3 y n b l ' a T  n O K a 3 b I B a e T ,  YTO H H T e r p a J l  



m m m 
2 1 1 j e-ltAd ( E A ~ ,  ~ * g , )  1 dt G 2 n . n ~ ~  112 

--n=l -m t l= l  

,( 2n: If2N2 (T*) = 2nJf2N2 (T). 

P [ 2 I f e-lt" (Ei f .  T*L) I 2  dt = 1 TepitA/ / I 2  dt c 2nB2N2 (T), 
a n = l  -m a 

oTKyAa ( n o n a r a ~  a -+ - oo, p--t oo) M ~ I  II nonygaeM (2). 
Tenepb MbI  MOXeM IIepefi~H K 0606~ea11ro pe3yJIbTaTOB nono 96 11 98 

Ha ~JIyqafi lIPON3BOJIbHbIX HAePHbIX B O ~ M Y U ~ H N ~ ~  K. BOT lIOJIHaH @OP- 
MyJIIIpOBKa 3TOr0 O ~ O ~ U ~ H M R ,  BKJIIOqaIOUeTO PaHee nOJlyqeHHble 
npeAnoxeHm. 

Teope~a .  nycmb A - np0~360nbHbla C ~ M O C O ~ P R X ~ ? N H ~ ~ ~  Onepa- 
mop s H ,  a ~-ca~oconpR3fce~Hoe ndep~oe  s o 3 ~ y y e ~ u e ,  marc qmo 
6 HeicOmOp0A.l OpmOHOpMUpO8~HHOM 6asuce ( g j } T  

B marcon cnyqae 
1. Bontiosoli onepamop 

I /+ = I /+ { B ,  A)  = l im eitBe-'fAPA, 
t+ m, 

zde B  = A  + K ,  cyu(ecm6 yem. 
2. On qacmUclHo ~ 3 0 ~ e m p u ~ e ~ :  c ~ a ~ a n b ~ o l Y l  06nacmbro R A  u 

K O H ~ ~ H O L ?  06nacmbro RB. 
3. A6conrom~o HenpepblOHblt? VaCmu A, u Ba onepamopos A u B 

ymmaprto 3 ~ s u s a n e ~ m ~ b ~ ,  a ufiertno 



4. Ocmanb~b~e sonHosble onepamopbl U- ( B ,  A )  H U + ( A ,  B }  = 

= U: ( B ,  A}  maKxe cyqecmsytom u odnadatom aHanozuvHblfiu csoc- 
CmBUMU. 

A 0 K a 3 a T e JI b C T B 0. h I a r 0 J J a p f l  p e 3 y J I b T a T a M  I IpeAbIAyUHX 
IIYHKTOB JJOCTaTOgHO AOKa3arI'b TOnbKO n e p B O e  Y T B e p X A e H H e .  C 9~0f i  
q e n b l t l  n o n o X H M  n p H  n m 6 o ~  KOHe9HOM m: 

i 
(,'Jjm' - ~ ! ~ ) ) f  = i l el'BmKms- i sA  f dz. 

S 

T a K  K ~ K  lluy'f 1 1  = l l f  l l  Ilu!")f II = Ilf I I ,  TO 

1 1  (LIT' -uBm)) f 1l2 = 2% ((LIT) -ulm)) f ,  ~ $ ! ) f ) .  

OD 

1 1  (uy) -u!")) f J 1 2  = 2%i l (Kme-i7Af, ~ T ' e - ~ ~ ~ f )  dz. (6) 

T e n e p b  npeACTaBUM B O 3 M y U e H H e  K m  B BNAe 



H e p a B e H C T B O  (9) M O X H O  n p e A C T a B N T b  B BNAe 

~ O K ~ X ~ M ,  9 T O  B  nOJIY9eHHOM H e p a B e H C T B e  BO3MOXeH n p e ~ e J I b ~ b l f i  

n e p e x o A  n p u  r n 4  m. ~ e f i c ~ ~ u ~ e J I b ~ 0 ,  C  o ~ ~ o f i  CTOpOHbI, npu  J I k 0 6 0 ~  rn 

Ujn"h - tush (h i H ) ,  



 TO C J I e A y e T  A3 TOrO,  4 T O  B K a X ~ 0 f i  T O 4 K e  H e n p e p b I B H O C T M  C ~ ~ K T -  

panb~ofi  @ Y H K U N N  FA, n p ~ ~ a n n e x i a q e f i  o n e p a T o p y  B, B c m y  T e o p e -  

M ~ I  2 n079 m e e T  M e m o  npenenb~oe  c o o T l l o r u e a a e  - 
lim F:"' = FA 

m-c - 
(B CMbICJle c A J I b ~ 0 f i  C X O ~ ~ A M O C T N ) ,  me F : ~ '  - p a 3 J I O X e H A e  eAUHMUb1 

one p a ~ o p a  B,. 
T ~ K M M  06pa30~ ,  I I p A  m + O O  HaXOAAM A 3  (10): 

M3 n O n y q e H H O r 0  H ~ ~ ~ B ~ H C T B ~  B b I T e K a e T  C y U e C T B O B a H A e  lim utf 
t*- 

AJIR BCeX 3 J I e M e H T O B  f E RA, y n 0 B J I e T B O p R K ) U A X  H e p a B e H C T B y  (8). 
HO MHOXeCTBO BCeX T a K N X  3 J e M e H T O B  f n p A  B C e B 0 3 M O X H b l X  .If nJIOTHO 

B RA, a o n e p a T o p  Ut p a B H o M e p H o  o r p a H N s e H  no t. ~ O ~ T O M ~  limUtf 
t*.. 

c y q e c T B y e T  npu  B c e x  f E RA, a  TO A o s ~ a q a e ~ ,   TO B O ~ H O B O ~ ~  onepa- 
T O P  u+ {B, A )  C y U e C T B Y e T .  T ~ K N M  o6paso~,  T e O p e M a  n o ~ a 3 a ~ a .  

B ~ ~ K J I K ) ~ ~ H A ~  o T M e T A M ,    TO B o n H o B b I e  O n e p a T o p b I  M onepa~opb~  
paccemm n n R  s a n a ~ ~ o f i  n a p b I  c a M o c o n p m e H H b I x  o n e p a T o p o B  ( A ,  B }  
C y U e C T B y I O T  H e  TOJIbKO B C J I y q a e  R n e P H h I X  B O ~ M Y U ~ H M ~ ,  T .  e. K O r n a  

p a 3 H O C T b  B-A R n e p H a ,  HO T a K X e  I4 T O r n a ,  K O r n a  O K a 3 b I B a e T C R  

R n e p H o f i  p a 3 H O C T b  HeKOTOPbIX H a T Y P a J I b H b l X  c ~ e n e ~ e f i  p p e 3 0 n b B e H T  

wax o n e p a T o p o B :  

RP, (A)  - R! CB) (yz # O), 

* E n p M a H M. LLI. n K p e R H M. r., AAH CCCP, 144, No 3, 1962; 
M. UI. E n p ~a H. AAH CCCP, 143, No 3, 1962, 159, No 3, 1964; I( a t o T. 
Wave operators and unitary equivalence. n p e n p a s ~ ,  1963, (CM. .rqKxe KHNrY 
Karo T. Teopnfl ~03MylUeHn~ nn~elhblx oneparopos. M., ((Map)), 1972). 



100. H~AeKcbl ~e@eK~a .  ~ Y C T ~  T - ~ P O M ~ B O J I ~ H ~ I R  J I H H e f i ~ b I f i  O n e p a -  

TOP, 06nac~b  O n p e A e n e H u R  ~ o ~ o p o r o  M ~ I  Aaxe H e  n p e A n o n a r a e M  n o K a  
~ J I O T H O ~ ~  B H. 

H a 3 o ~ e ~  sxcno h ( ~ e u e c ~ ~ e ~ ~ o e  unu ~ e ~ e u e c ~ ~ e ~ ~ o e )  m0fftC0d 
pezynxpwozo muna o n e p a T o p a  T, ecnu c y u e c T B y e T  T a K o e  k = k (1) >0, . 
 TO npu B c e x  f E DT 

I 1  ( T - h I ~ f l l > k l l f l l .  
~ O ~ T O M ~  C O ~ C T B ~ H H ~ I ~  3 H a 9 e H U R  O I I e p a T O p a  T H e  VBJIRIOTCR HJIR H e m  

T o s K a M x  p e r y n R p H o r o  T u n a .  Aanee, e c n M  h e c T b  T o s K a  p e r y n R p H o r o  
~ ~ n a  onepa~opa T, TO on$pa~op (T - c y u e c ~ s y e ~  u orpaawes, 
XOTR er0 06nac~b O n p e A e J I e H H R  M O X e T  O K a 3 a T b C R  H e  ~ J I O T H O ~ ~  B H, 
EI O ~ ~ ~ T H O ,  ecnu o n e p a T o p  (T - hl)- l  c y u e c T s y e T  u o r p a H E i s e H ,  TO 
h e c T b  T o s K a  p e r y n R p H o r o  T u n a .  

E c n ~  ho e c T b  T o s K a  p e r y n R p H o r o  T u n a ,  TO npu 1 h - ho 1 ,< 6 s; 
1 

- j - k  (Lo) H n106o~ f E DT EiMeeT MeCTO H e p a B e H C T B O  

Il(T-Wf l l 2 l l ~ ~ - ~ o ~ ~ f l l  - / A - 1 0 1  llfll2 

O T K y A a  BHAHO, 4 T O  B e P X H R R  Pi H U X H R R  IIOJIOBUHbI Z-IIJIOCKOCTU RBJIRIOT- 
CR CBR3HbIMH K O M n O H e H T a M U  nOJIR P e r y J I R p H O C T ~  ~1106oro C U M M e T p H 4 e -  

c K o r o  o n e p a T o p a .  
n 0 J I e  P e r y J I R p H O C T U  U 3 0 M e T P H 4 e C K O r O  O n e p a T O p a  v " ra~Xe  C 0 A e p X N . T  

& B e  C B R 3 H b I e  K O M n O H e H T b I :  06nac~b  B H y T P H  H 0 6 n a ~ ~ b  B H e  eAUHU9-  
H O r O  K p y r a .  A ~ ~ ~ c T B U T ~ J I ~ H O ,  I I p H  / c 1 < 1 

I I ( V - C ~ ) f I l ~ I I V f 1 1 - I ~ I * I I f I I = ( l - I ~ I ) l I f I l  



U, a H a n o r u q H o ,  npu 1 C I > 1, 

II(V-CI)fII>III . l I f l I - - ~ ~ ~ f l l = ( l ~ l - ~ ) I I f I I .  
Teope~a. Ecnu I' ecmb c e m a f f  rco.l.moHeHma nonz pezynapHo- 

'cmu nu~eci~ozo onepamopa T ,  mo pa3~ep~ocmb nodnpocmpaucmea 
H 9 AT ( A )  oduua~oea dnff ecex A E I'. 

A o K a 3 a r  e n b c T B o. 0 6 0 3 ~ a q u ~  qepes PA O n e p a T o p  o p T o r o -  

HaJIbHOI'O I I p O e K T U p O B a H U R  H a  I I O A n p O C T p a H C T B O  

Ecnu MbI I I O K a X e M ,  q T O  AJIR n106oro h, 6 I' H ~ ~ ~ A ~ T C R  T a K O e  6 = 6 (A,)>(), 
 TO u3 I A - AO1 < 6 c n e A y e T  

11 PX -PA, 11 < 1, ( I )  

TO U 3  T e O p e M b I  n039 6 y ~ e ~  B b I T e K a T b  P a B e H C T B O  p a 3 ~ e p ~ o c ~ e f i  IIOA- 
I I p O C T p a H C T B  mi ,  mi,. Y ~ U T ~ I B ~ R  3 a T e M ,  q T O  n106b1e A B e  T O q K U  hi ,  
A, 6 I' M O X H O  COeAUHUTb I I y T e M ,  K O T O P ~ I ~ ~  B C N n Y  JIeMMbI r e f i ~ e  - 
bop en^ I I O K p b I B a e T C R  K O H e q H b l M  q U C J I O M  IIOCTPOeHHbIX 6-OKP~CTHO- 
CT&, MbI N IIOJIyqUM, q T 0  p a 3 M e p H O C T N  I I O A I I p O C T p a H C T B  mi,, mi, 

OANHaKOBbI.  
M T ~ K ,  I I y C T b  ho - H e K O T O p a R  @ U K C U P O B ~ H H ~ R  T O q K a  O ~ J I ~ C T U  I' 

U n Y C T b  

TO npu ( A - A o ( < 6  

- sup I (h, {T - f t (a - LQ) f )  I 
SUP 

f E D T  11 (T - a04 f i l  f e D ~  (2) 



38 Tn. VI I I .  T e o p u ~  pacmnp-HMR C ~ M M ~ T ~ U ~ ~ C K U X  o n e p a ~ o p o ~  

lim ( 1  PA - PA, 1 1  = 0 (h,  h,, E I'). 
h+h, 

 TO C O O T H O U l e H U e  B b I p a X a e T ,  s T 0  I I O A n p O C T p a H C T B O  %A U e n p e p b l t 3 H O  
B p a U a e T C R  B O K P Y r  TOZIKU f = 0 n p M  A B U X e H U U  T O s K U  h n0 O ~ J B C T U  r. 

~ C J I O B U M C R  H a 3 b I B a T b  d e @ e ~ m H b l ~  Y U C R O U  J I u H ~ ~ ~ H o I ' o  ~ ~ o r o o 6 p a -  
3MR 9 P a 3 M e P H O C T b  er0 O p T O r O H a J I b H O r O  A O n O J I H e H U R  3 = H @a 
U 6 y n e ~  n U C a T b  

def 9 = dim 3 .  

~ @ ~ K T H O ~  s U C J I 0  M O X e T  6 b 1 ~ b  K a K  KOHeZIHbIM, T a K  U ~ ~ C K O H ~ ~ H ~ I M .  

a O K a 3 a H H a ~  TOJIbKO 9 T O  T e O p e M a  A a e T  n p a B O  BBeCTM C J I e A y F O U e e  
0 n p e n  e n  e H u e. a e @ e ~ ~ ~ o e  sucno n u ~ e f i ~ o r o  M H O ~ O O ~ ~ ~ ~ U R  

%A = AT (A) AJIR T O s e K  h ,  I I p U H a A J I e X a ~ U X  A ~ H H O ~ ~  CBRBHOW KOMnO- 
H e H T e  n 0 n R  P e r y J I R p H O C T U '  O l l e p a T O p a  T ,  H a 3 b I B a e T C R  d e @ e l c m H b ~ ~  
YUCAOM O n e p a T O p a  T B s ~ o R  K O M n O H e H T e  IIOJIFl P e r y J I R p H O C T M .  ~ P M  
3TOM %A = H @ %?A H a 3 b I B a e T C F I  d e @ e ~ m H b l u  nodnpocmpa~cmeou 
O n e p a T O p a  T AJIR T O s K U  h, a ~11060fi O T J I M ~ H ~ I ~ ~  OT HYJIR 3 J I e M e H T  

A ~ @ ~ K - T H O ~ O  I I O A n P O C T p a H C T B a  H a 3 b I B a e T C R  d e @ e l c m H b l u  3 R e M e H m O M .  
I ( a > ~ n b I f i  C M M M ~ T P M Z I ~ C K U ~ ~  O n e p a T O p  A N M e e T  A B a  A € ! @ ~ K T H ~ I X  

q l l c n a ,  a u M e H H o  OAHO (m) B H U X H ~ S ,  npyroe (n) B ~ e p x ~ e f i  nony- . 
IIJIOCKOCTN: 

a e o e ~ ~ ~ b l e  s U C J a  CMMMeTpU'4eCKOrO ( C O O T B ~ T C T B ~ H H O  N 3 0 M e T P M 9 e -  

c ~ o r o )  o n e p a T o p a  o6pa3ym~ y n o p R n o s e H H y m  napy (m, n), KOTOPYIO 
~a31 , r sam~ u ~ d e l c c o f i  d e @ e l c m a  p a c c M a T p u s a e M o r o  onepa-ropa. 



B T e X  C J I y q a r l X ,  K0TJ.a 6 y n e ~  H a n e p e f l  M 3 B e C T H a  K O H e q H O C T b  He- 
$ ~ I $ T H ~ I x  ZINCeJI, MbI 6 y A e M  0 6 0 3 ~ a q a T b  NX JIaTNHCKUMN ~ Y K B ~ M I I .  

, M3 f l 0 ~ a 3 a H H 0 f i  HaMM T e O p e M b I  H e I I O C p e J C T B e H H O  B b l T e K a W T  CJIe- 

' nymwie  TPU n p e A n o x e H m .  

1". Ecnu c u ~  czempuueclcui onepamop uueem seqecmsemyto momy 
pezyn,zpHozo muna, mo ezo ae@etcri;~bie vucna pasm:  m - a. To xe 
cnpaseanuso omllocumenbtio u30~4empu~ectcozo oneparnopa, ecnu OH 

uueem movtcy pezynnpHozo tnutza Ha ~ ~ U H U ~ H O U  otcpyxtcllocmu. 
2". Ecnu A - cuuuempuvec~uli onepamop, mo nm6oe Heseqe- 

cm6eHNoe wcno z Rsnfiemcfi dnn conpnxemozo onepamopa A" co6- 
CmseHHblM 3NUY<HUeM: KpUmHOCfllU m, eCAU 3.2 > 0 ,  U KpamHOCtlZU a ,  
ecnu 3 z  < 0. 

A e f i c ~ ~ ~ ~ e n b ~ o ,  e cm f npo6erae~ DA, a g npo6erae~ !Xi, TO 

(g, ( A  - T I }  f )  = 0,  
OTK y A a  

(A*g - zg, f )  = 0 
NJIN 

A*g = zg. 

T ~ K M M  o6paso~,  Z e C T b  C O ~ C T B ~ H H O ~  3 H a s e H P i e  O n e p a T o p a  A* 
N nPMTOM KPaTHOCTM dim %> 

3". Ae@etcm~ble wcna u30~empuuectcozo otzepamopa V fiozym 6blrnb 
onpedenellbl c nouou4bto cnedytou4ux paseHcms: 

m = def Dv, 
a = def A,. 

H y m a e ~ c ~  B f l O K a 3 a T e J I b C T B e  TOJlbKO n e p B O e  P a B e H C T B O .  Ero C I l p a -  

BeAJINBOCTb C J l e A y e T  N 3  TOTO, 9 T O  I l p U  n m 6 0 ~  # 0 

m = def Av (t) = def  A,-I -- = def A,-I (0)  = def = def Dv. ( 3  
C n p a ~ e n n ~ ~ o  T a K x e  cnenymuee n p e n n o x e H N e .  

4". ECRU A - n~0~360flbllbld C U M M ~ ~ ~ P U Y ~ C K U ~  OneparnOp 8 H, 
u B - o z p a ~ u r e ~ ~ b l b  c a ~ o c o n p f i ~ e ~ ~ b i b  onepamop s H, n ~ o  u~detccbl 
de@e~ma onepamopos A u A + B odu t ia~o~b~ .  

Ann & O K a 3 a T e J I b C T B a  n O C T a T O r I H 0  B 3 R T b  I I p N  $ J N K C N P O B ~ H H O M  H e B e -  

U e C T B e H H O M  h, C ~ M ~ ~ ~ C T B O  O n e p a T O p O B  A -A,/ f t B  (0  < f < 1) 



( A  -21) h = f, 
( A  - zI)  h = Vf, 1 

rAe Z - K ~ K O ~ - H A ~ Y A ~  HeBeUeCTBeHHOe sACJI0, a h npo6erae~  DA. 
M ~ I  ~ Y A ~ M  npeAnonaraTb B HacTomqeM nyHKTe, sn, 3 2  > 0. Onepa- 
TOP V BbIpaxaeTcR sepes onepaTop A @op~yJIofi 

Vf = ( A  - zI)  ( A  - ZI)-l f;  

A ~ R  ~ a n b ~ e R r u e r o  BecbMa aaxao,   TO u ~ d e ~ c  de@etcma (m, n) onepa- 
mopa A cosnadaern c u~detccom de@etcrna oneparnopa V. A ~ ~ ~ c T B H -  
TenbHo, no onpeAeneHuIo, 

m = def A A  (2). 
Ho 

AA (2) = Dv, 
CJIeAOBaTeJIbHO, 

def DV = rn. 
C npyro# CTOPOH~I, cHoBa no onpeAeneHuIo, 

n = def AA ( 2 )  

U 

LA ( 2 )  = Av, 
TaK 9TO 

def AV = n. 



O C T ~ ~ T C I I  IIPUHRTb BO BHUMaHUe I I p e A J I O f e H U e  3' no 100. 
Teope~a 1 : Ecnu V - u3o~empurlec~uli: onepamop u ecnu ~ ~ 0 2 0 -  

o6pa3ue Av ( 1 )  nnomHo s H, mo onpedenzemb~tl @opmynoli: (2') one- 
pamop A - cum,uempurlec~uC, a onepamop V ecmb eto npeo6pasosa- 
Hue KBAU. 

~ ~ o K ~ ~ ~ T ~ J I ~ c T B o .  T a K  KaK hv (1) ~ J I O T H O B  H, TO 0 6 p a T ~ b t f i  
O l l epaTOp (V -I)" C y U e C T B y e T .  A ~ ~ ~ c T B u T ~ J I ~ H o ,  HeCyUeCTBOBaHUe 
s ~ o r o  o n e p a T o p a  o 3 ~ a s a e ~ ,  s ~ o  e A u H u u a  e c T b  C O ~ C T B ~ H H O ~  s ~ a s e ~ u e  
o n e p a T o p a  V. Ho ecnu 

TO npu n m 6 0 ~  f € DV 

uMeeT clvrbrcn, a ero 0 6 ~ f a c T b  o n p e n e n e H a R  n n o T H a  B H. A O K ~ X ~ M ,  
9TO 3TOT O n e p a T O p  - C U M M ~ T ~ U ~ ~ C K U ~ ~ .  

~ Y C T ~  f ,  g -npOU3BOJIbHbIe 3JIeMeHTbI U3 DA = A V  (1): 

~ O ~ T O M Y  

(Af, g) = ( 3 9  -zcp, vg - 9) = (z + 2) (cp, +) -I(Vcp, +) -2 (cp, V+) 

H e  npeACTaBJIXeT HUKaKOrO TPYAa. T a ~ m  06pa30~, O n e p a T O p  V 
R s n R e r c R  n p e o 6 p a 3 o ~ a ~ a e ~  Kana o n e p a T o p a  A. 

B ~ a n b ~ e f i r u e ~  M ~ I  ~ Y A ~ M  n p m i e H R T b  ~ a 3 ~ a ~ a e  unpeo6pa3osa~ue - - 
I(3Jlki~ K K a W O M Y  U3 OnepaTOpOB V, A, CBR3aHHblX COOTHOUIeHHIIMI! 



42 fi. VI I I .  T e o p n ~  p a c u r w p e ~ n ~  c n ~ ~ e ~ p u ~ e c ~ n x  onep a ~ o p o a  

(1) N (2), T. e. MbI H e  TOJIbKO ~ Y A ~ M  H a 3 b I B a T b  O n e p a T O p  V npeo6pa- 
~ O B ~ H N ~ M  K3.n~ o n e p a T o p a  A, HO N o n e p a T o p  A - npeo6pa3osa~kie~ 
K s n ~  o n e p a T o p a  V. 
' M3 A O K a 3 a H H b I X  H a M N  n p e ~ J I 0 ~ e H A f i  H e n O C p e A C T B e H M O  C J I e A y e T  

T e o p e ~ a  2. nycmb Al u A, - cumtempuvecKue onepamopbl, 
a V, u V, - ux npeo6pa3oea~u~ Ksnu. Anx mozo rmo6oi unepamop 
A, 6bln pacuupeHueM onepamopa A,, ~eo6xoduuo u docmamorno, 
rmo6bl onepamop V, 6bw p a c u u p e ~ u e ~  onepamopa V,. 

Teope~ofi 2 B O n p O C  0 C N M M e T P M q e C K N X  P a C U I N P e H N R X  3aAaHHOI 'O 

O l I e p a T O p a  A CBOANTCR K B O n p O C y  06 M 3 0 M e T P N q e C K N X  P a C U I N P e H l I R X  

ero n p e o 6 p a 3 o ~ a ~ u ~  Ksnu V. 
T ~ K  K a K  3 a M y F r y T b I e  J I l i H e f i H b I e  M H O ~ O O ~ ~ ~ ~ I I R  F N G MOI'YT CJIy-  

W N T b  C O O T B e T C T B e H H O  O ~ J I ~ C T ~ H )  O n p e A e J I e H N R  N N 3 M e H e H N R  N 3 0 M e T -  

p N q e C K O r 0  O n e p a T O p a  T O r A a  A T o J I b K O  T O r A a ,  K O r A a  P a B H b I  NX pas- 
M e P H O C T N  (CM. no lo), TO N 3 0 M e T p l I q e C K N e  P a C U N p e H N R  O n e p a T o p a  V 
M O r Y T  6 6 1 ~ 6  l I O J I y q e H b 1  C J I e A y I o U I l M  06pa30~.  

Bb16epe~ B A ~ @ ~ K T H ~ I X  n O A n p O C T p a H C T B a X  H Dv, H @ A V  A B a  

n O A I I p O C T p a H C T B a ,  F N G ,  P a B H b i X  p a 3 ~ e p H 0 ~ ~ e f i  N IIOCTPONM np0- 
s 3 ~ 0 J I b H b 1 6  N ~ O M ~ T P N ~ ~ C K N ~ ~  O n e p a T O p  Vl C O ~ J I ~ C T ~ K I  O n p e A e J I e H N R  F 
A 0 6 J I a c ~ b H )  3 H a s e H N f i  G. 

on pen en^^, name, n ~ l ~ e f i ~ b ~ f i  o n e p a T o p  D c 06nac~blo onpene- 
J I e H A R  DF = Dv $ F N 0 6 J I a c ~ b H )  3 H a q e H k i f i  A, = A v  $ G @ o ~ M Y J I ~ M N  

1/f n p H  f i DV 
= {v,f n p s  / i F. 

O ~ ~ B H A H O ,  e C T b  N . 3 0 M e T p N q e C K O e  p a C U I N p e H N e  V N npli B C e B 0 3 -  

M O X H b I X  N 3 M e H e H N R X  F, G ,  V1 MbI n O J I y q N M  B C e  M 3 O M e T p N q e C K N e  P a C -  

r u n p e a n ~  IV onepa~opa V N ~ a x ~ o e  no O A H O M ~  pasy. - 
Y~06b1  H a f i ~ l l  H e K O T O p O e  C N M M e T p M q e C K O e  p a C I I I N p e H M e  A O n e p a -  

T o p a  A, c n e A y e T  n e p e f i ~ ~  K npeo6pa3o~a~llm K s n ~ l  o n e p a T o p a  A, 
H a f i ~ N  I t 0  O n N C a H H O M y  BbIIIIe M e T o n y  H e K O T O p O e  P a C U I I l p e H N e  O n e -  

P a T O p a  V Pi, H a K O H e I I ,  B e P H Y T b C R  K d, BbInOJIHlIB n p e 0 6 p a 3 0 ~ a H N e  

K s m *  H a A  v. C O O T B ~ T C T B ~ D ~ ~ R  3TOMY n p O U e C C y  @ 0 p ~ y J I a  6 y ~ e ~  
A a H a  B no 102. 

M3 I I p l I B e A e H H b I X  B b I U I e  p a ~ ~ y X ~ e ~ N f i  C J I e A y e T ,  B q a C T H O C T l I ,  9 T O  

O n e p a T O p  A R B J I R e T C R  MaKCNMaJIbHbIM CNMMeTPMlIeCKMM ( c ~ M o c o I I ~ R -  

X ~ H H ~ I M )  T O r A a  I4 TOJIbKO TOTAa,  K O r A a  er0 n p e o 6 p a 3 o ~ a ~ ~ e  K s n ~  
V R B J I R e T C R  M a K C N M a J I b H b I M  M 3 0 M e T P N 9 e C K M M  ( C O O T B ~ T C T B ~ H H O  YHN- 

T ~ P H ~ I M )  O I I e p a T O P O M .  

- 
* ~ H C J I O  1 He BBJIReTCR C O ~ C T _ B ~ H H ~ I M  3HaYeHWeM OnepaTOpa v. TaK K a K  M 3  

PaBeHCTBa fg = g BbITeKaeT, YTO (Vg, V f )  = (g, V f )  npll BCeX f E Dv, T. e. (g, f )  = 

= (g,Vf) nnw (g, f - V f )  = 0. Mnoroo6pasne (I - V )  Dv = D, nnoTllo n H ;  cne- 
AOBaTeJIbHO, g = 0. 



~ O ~ T O M Y  MMeeT MeCTO 

T e o p e ~ a  3. Anx mozo rlm06bl c u ~ ~ e m p ~ i u e c ~ u i  onepamop 6b1n 
MaKcuwanbttblM, ~eo6xoduuo u docmamou~o, rmo6bl o d ~ o  u3 ezo de- 
@ e ~ m ~ b ~ x  uucen paeilxnorb ~ynlo .  Anx nzozo 1lm06bl c u ~ ~ e ~ n p u u e c ~ u C ~  
onepamop 6bln CUMOCO/LpR3fCeHHblM, N C O ~ X O ~ U M O  U docmamou~o, m06b1 - 
o6a e2o de@eKlnHblx lcucna pasHxnucb Hynto. 

M3 O I I M C ~ H H O ~ O  paHee npouecca pacurapeHrrR cneAyeT T a K x e  
T e o p e ~ a  4. l7ycmb A - npou3sonb~b~!~ C U M M ~ I ~ ~ U ~ ~ C K U ~  onepa- 

mop c u ~ d z ~ c o ~ ,  dt@eKlna (m, n). Otzepamop A scezda M O X H O  pac- 
urupumb do MaKcuuanbHozo. Ecnu m # n. mo cpedu nLaKux pucluupe- 
wi tiem caMoconpxwetiHblx; ecnu m - n u m, n K O H C Y H ~ L ,  mo nto6oe 
MaKcuuanbHoe pacurupeHue onepamopa A xsnxemcx caMoconpxxeH- 
H M M ;  ecnu we de@eKmnble uucna m, n 6 e ~ ~ 0 H e ~ b l  u paotm, mo cpedu 
itlaKcuManbH6l.x pacluupe~uli uMetomcx KaK ca.Moconpxwetmble, maK 
u HecaHoconpxxeHtme. 

102. @0pMyJIbl t i e i i ~ a ~ a .  
Teope~a. l7ycmb A - npou3eonb~b~Zi C U U M ~ ~ ~ ~ U Y ~ C K U U  onepamop 

c 06nacmbro onpedene~ux DA, a 8; u 8, @z  > 0 )  - 1ca~ax-~u5ydb 
napa e2o delpe~rn~btx nodnpocmpa~cms. An.rl o6nacmu onpedene~ux 
DA* onepamopa A* u ~ e e l n  Mecmo cnedytoqee npedcmaene~ue s sudd 
n p x ~ o i  C Y M M ~ L  mpex nutleC~btx .u~ozoo6pasuC: 

DA* == DA $ 8 ;  $ 8,. 

A 0 K a 3 a T (2 JI b C T B 0. ~ O K ~ X ~ M ,  gTO ~ 1 ~ 6 0 2  3JIeMeHT f M3 DA. 
npeACTaBMM B BMAe 

f = f o  + gz + g;. ( 1 )  
r ~ e *  fo  E DA, g~ E 8;) g; E 8 2 ,  IIpM 3TOM CJIeAyeT 3aMeTHTb, 'IT0 

BMeCTe C (1) 6 y ~ e ~  HMeTb MeCTO a 0 p ~ y J I a  

A*f = Afo + zg, + zg;. . (1')  

~ Y C T ~  f E DA*. P~~JIoxMM 3JIeMeHT A*f -2f H a  COCTaBJIRIoUHe B OpTO- 
rOHaJIbHblX I I O ~ n p O C T p a H C T B a X  %!, M 8,: 

A*f -zf = (Af ,  -zf,)-+ (Z - 2 )  gj. 

HO A*g; = tg;; II03TOMY 

A*(f - f o  -g i )  = z ( f  - f o  --g$ 
oTKy,qa s a ~ n ~ s a e ~ ,  YTO 

f - f o  -g; E 8;'  

" H a n o M H u M  (CM. n p e A j l 0 l K e H U e  2' no loo), 4 T O  8 ;  e C T b  C O ~ C T B ~ H H O ~  n0A- 
I lpOCTpaHCTBO O I l e p a T O p a  A*,  I IpUklaAJ leXaLLLee  C O ~ C T B ~ H H O M ~  3 H a ' X e H L i D  2. ~ O ~ T O M Y  

3 J l e M e H T b l  U 3  8; 0 6 0 3 1 l a s e 1 i ~ 1  g,. 



44 rn. VIII. Teopua pacmepenua C U M M ~ T ~ H ~ ~ C K H X  onepa-iopo~ 

~ P M M ~ H R R  K 0 6 e U M  9aCTRM 3 T O r 0  P a B e H C T B a  O n e p a T O p  A*, n O J I y 9 a e M  

A f o  + zg, + Zg; = 0. (2') 

r A e  B KBaAPaTHblX  C K O ~ K ~ X  CHOBa CTOMT B e U e C T B e H H a R  BeJINqHHa, .  
a lTOTOMy OKOH9aTeJ IbHO HaXOAkfM 

3 (A*f, f )  = 32 ( I 1  g, I l2 - 1 1  gill2). (3) 

B COOTBeTCTBNN C. @opMyJIOfi (3) 06nac~b DA* COCTOUT N3  T p e X  
( H ~ J I U H ~ ~ ~ H ~ I X )  ~~0r006pa3kifi: rf ( C O B O K ~ ~ H O C T ~  3JIeMeHTOB f ,  AJIR 
KOTOPbIX 3 (A*f, f )  > o), r- ( C O B O K Y ~ I H O C T ~  3JIeMeHTOB f ,  AJIR KOTOPbIX 
3 (A*f, f )  < 0) A r0 ( C O B O K Y ~ H O C T ~  3JIeMeHTOB f ,  AJIR KOTOPLIX (A*f, f )  
B ~ U ~ C T B ~ H H O ) .  ~ J I ~ M ~ H T  



unu, nonarafi V, = - V', 

D i  = DA@ (V' + I)FZ. 

M3 A * 3  A" cnenyeT, s ~ o  npn 

dim DA*IDA = dim '92; + dim 3,. (5) 
OTM~TAM, qTO, UCilOJIb3YR nepBYlO (POPMYJIY H e f i ~ a ~ a  li BBeaeHHbIe BbIUIe 

~~oroo6pa3sa r+, r-, To, HeTpYaHO nOJIyqNTb TeOpeMy 0 nOCTORHCTBe A ~ @ ~ K T H ~ J X  

rncen cwMMeTpnqecKoro onepaTopa B ~axnof i  n3 nonynnoc~oc~efi 32 o (T. e. 
ITpeAJIOXeHMe 2' no -100) 6e3 liCIIOJIb3OBaHUR o6uefi TeOpeMbl no 100. B qaCTHOCTU, 
B CJIyqae PaBHblX ~ ~ @ ~ K T H M X  qHCen Ha3BaHHOe YTBepXAeHUe BbITeKaeT li3 o n ~ o k  
JlHlUb (POPMYJI~I ( 5 ) ,  TaK KaK JIeBaR ee qaCTb, OqeBUAHO, He 3aBUCliT OT 2. 

B T O ~ ~ R  $0p~yJIa HefiMaaa BMeCTe C PaBeHCTBOM (4') OnACbIBaeT 
sce CriMMeTpuqecKrie pacurApeHaH A aanaaaoro onepaTopa A. Ecnri, 
B WCTHOCTM, OnepaTOp A  AMeeT PaBHbIe A ~ @ ~ K T H ~ I ~  qACJIa A A eCTb 
ero caMoconpHxeaaoe pacurupealie, TO B @ o p ~ y n e  (4) sneMeHT g, 
6 y n e ~  npobera~b BCe IlO~npOCTpaHCTBO %;, a V'g, -Bee 3,. O ~ ~ ~ T H O ,  

- ecnu B (4) sneMeHT g, npoberae~ Bce a;, a V'g, - Bce 3,, TO one- 
PaTOp 2 6 y n e ~  CaMOCOnPfiXeHHbIM PaCIIIMpeHMeM OnepaTOpa A. Ecnu 

, * J. von N e u m a  n n. Allgemeine Eigenwerttheorie Hermitescher Funk- 
tional Operatoren, Math. Ann. I02 (1929), 49-131. B n0n0 102-104 M ~ I  cne- 
AyeM STOP CTaTbe H e i i ~ a ~ a .  



MHAeKCbI , I (e@eK~a O n e p a T O p a  A N er0 C N M M e T p N q e C K O r O  P a C I I I H p e H N H  - 
A c y ~ b  (m ,  n) N ( m  - p, n - p), r A e  m ,  n < oo, TO a3 B T O P O ~  . 
@ 0 p M y J I b 1  H e f i M a H a  B b l T e K a e T  C O O T H O U e H P i e  

dim DzIDA = p. 

~ O R C H H M  M ~ J I O X ~ H H ~ I O  T e o p N r o  H a  n p a M e p e  o n e p a T o p a  na@@epea- 
U N p O B a H N R  9, K O T O P ~ I ~  MbI  B B e J I N  B no 55. 

Y p a ~ H e H P i e  

3S"g = zg 
N M e e T  BNA 

9 + izg = 0. 
d t  

Ero @ O P M ~ J ~ H ~ I M  P e I I I e H M e M  R B J I R e T C R  @ Y H K U U R  

g ( t )  = Ce-lZt. 
B cnyqae non~ofi oc14 (-oo < t < + m)  3 ~ a  (PYHKUMR npuaan- 

J I e X N T  L2 TOJIbKO n p N  C=O.  C J I ~ A O B ~ T ~ J I ~ H O ,  NHAeKC ,I(e@eK~a 

O n e p a T O p a  , L ( N @ @ ~ ~ ~ H u N ~ o B ~ H N R  H a  ~ c e f i  OCM e C T b  (0,  0) .  B C J I y q a e  

IIOJIyOCki (0 ,< t < m)  MHneKCOM ,I(e@eK~a R B J I q e T C R  (0 ,  I ) ,  T a K  K a K  

(PYHKUMR (6) n p N H a A J I e X N T  L2 (0 ,  00) n p I I  3Z < 0 N H e  n p N H a A J I e X N T  

L2 (0 ,  m )  n p N  3~ > 0. H ~ K O H ~ U ,  B C J I y q a e  N H T e p B a J I a  (0 ,< t 6; 2n) 
NHAeKC ~ e @ e K ~ a  e C T b  ( 1 ,  I ) ,  T a K  K a K  @ Y H K U N R  (6) n p M H a A J I e X N T  

L2 (0 ,  2n)  n p M  J I I O ~ O M  z. 
n o n a r a ~  B Q o p i i y n e  ( 4) 

z = i ,  g ,==et  
N 

V'g ,  - Bg,, 

r A e  g-, = e2"-t, a 8 ( 1  8 1 = 1 )  e C T b  I IOCTORHHaR,  N M e H R R  arg8 - 
B M H T e p B a z l e  [o,  2n) ,  n O J I y q N M  B C e  C a M O C O I T p R X e H H b I e  P a C I I I N p e H M R  9 
o n e p a T o p a  5"' ( H a  r 4 a ~ e p ~ a n e  [ O ,  2nl) B c n e A y m u e M  B N A ~ :  

q ( t )  - y o  ( t )  4- a (et + 8e2"-t), - 
3Scp ( t )  = icpi (:) + nl (et --8e2"-t); 

N M e e T  BMA 



MHAyUMpOBaJI 6 b 1  C ~ M O C O ~ ~ R X ~ H H ~ I ~ ~  ( C O O T B ~ T C T B ~ H H O  y H M ~ a p H b l f i )  

onepa-rop. 
npOCTOTb1 CMMMeTPMYeCKOrO O n e p a T O p a  A H ~ O ~ X O A U M O  M AOCTa-  

TOYHO, ~ ~ 0 6 6 1  6 6 1 ~ 0  IIpOCTbIM ero n p e o 6 p a 3 o ~ a ~ ~ e  K3.m V. 
C ~ ~ ~ B ~ A J I U B O C T ~  3TOTO Y T B e p X n e H M R  B b I T e K a e T  Pf!3 C J I e A y I O I U e r O  

n p e n n o x e H u R .  
Teope~a  1 .  Ilodnpocmpaucmeo G npueodum cuu~empurec~u8 

onepanlop A e mou u rnonbtco mont cnyqae, K O Z ~ U  ouo npueodum 
npeoGpa3oaauue KSAU V onepatnopa A. 

~ o K ~ ~ ~ T ~ J ~ ~ c T B o .  ~ Y C T ~  ~ E D A .  T a K  YTO 

~ P U H I I M ~ H ,  YTO IIOAIIPOCTPaHCTBO G n P M B O A i T  V, M 0 6 0 3 H a ~ a R  sepe3 P 
O n e p a T O p  IIpOeKTMpOBaHMR I l a  G,  6 y A e M  MMeTb 

Pf E D v ,  VPf = PVf. 
~ O ~ T O M ) '  

Ph = (V - I) Pf E DA 
M 

APh = A (V - I) Pf = (.iV -- 2 1 )  Pf = P (3 - zI) f = PAh. 

~ P N H N M B R ,  YTO IIOAnPOCTPaHCTBO G IIl;MBOAMT O n e p a T O p  A ,  6 y ~ f ~  

MMeTb 

Pf = (A -21) Ph E Dv. 
O : T ~ ~ T C R  n p O B e p M T b ,  YTO 

VPf = PVf. 
Ho 

VPf ==V(A--2I)Ph = ( A - z I ) P h z  P ( A - 2 I ) h  = PVf,  

M T e o p e M a  ~ o ~ a s a ~ a .  
E c n ~  N ~ O M ~ T P N Y ~ C K M ~ ~  O I I e p a T O p  V H e  np0.c~ofi M, 3 H a q M T ,  MMeeT 

y PITapHbIe YaCTM, TO CPeAM 3TMX YHMTaPHbIX sac~efi  CyLUeCTByeT 

M U l C C U M U A b U ~ R  (B TOM CMbICJIe, YTO O H a  RBJIReTCR PaCLUMPeHMeM n ~ 6 0 f i  
Apyrofi Y H N T ~ P H O ~ ~  YaCTM O n e p a T O p a  V). n e f i c ~ ~ l i ~ e J l b H 0 ,  MaKCMMaJIb- 

l l c h  Y H N T B P H O ~  YaCTbIO O n e p a T O p a  V RBJIzleTCR Y a C T b  V, J I e X a L U a 9  
B ~ ~ M K H ) T O ~ ~  J I M ~ e f i ~ o h  06onos~e  Go BCeX TeX npMBOARUMX V n O A n p 0 -  

CTPaHCTB, B KOTOPbIX V MHAYUMpYeT YHMTaPHbIe  OIIepaTOpbI .  

~ O A O ~ H ~ I M  o 6 p a 3 o ~  M O X e T  6 b 1 ~ b  O n p e A e J l e H a  AlaKCUMaAbHaR CUMO-  

conp.wtceuuax racmb H e n p o c T o r o  CHMMeTpMYeCKOrO o n e p a T o p a .  



JIw,ua. 17ycrnb V-u3o~ernpwleciculi oneparnop c p a s ~ b l m  
de@eicrnriwMu YucnaMu, U o  - ezo ~ a i c c u ~ a n b ~ m  yriurnapriaR rlacrnb 
u U - icaicoe-riu6ydb yriurnaprioe pacuupeHue oneparnopa V .  

B mUicOM CAyrlUi? Duo RBARemCR OptiT020HUAbHblM - ~ O ~ O A H ~ H U ~ . M  

nuried~oli o6o~orlicu L nodnpocrnpamrns Uk (H 9 Dv) (* k = 0,  1, 
2, . . .). 

A 0 K a 3 a T e JI b C T B 0. B B ~ A ~ M  IIOAIIPOCTPIHCTBO 

G = HQL. 

C ~ ~ B H ~ H U ~  (1) C (2) U A O K a 3 b I B a e T  J IeMMy.  

B n a J I b ~ e f i I U e ~  H a M  ~ O H ~ A O ~ ~ ~ T C R  H e n O C p e A C T B e H H O  BbITeKaIoQee  

' H 3  A O K ~ ~ ~ H H O ~  JIeMMbI 
C n e A c T B u e. B ~ e c e n a p a 6 e n b ~ o ~  npocrnpaHcrnse rie cyqecrnsyern 

npocrnblx cuMMempurecicux onepamopos c paeHblMu u icoilewblMu 
de@eicrnHblMu rucnaflu. 

A a J I b ~ e f i I U k i ~  CJIeACTBUeM JIeMMbI RBJIReTCR 

Teope~a 2. AnR npocrnornbl u3o~ernpurec~ozo onepamopa V . 
C PasHbLMU de@eicmHblM~ yuCnaMu ~ e o 6 x o d u ~ 0 ,  rrno6br npu nro6o~. 
U docrnarnor~o, rmo6b1 npu ic~ic0+-~~6ydb ezo yHUmUpHOM pacuupe- 
HUU ' U  A U H ~ ~ H ~ R  060nor~a nodnpocrnpa~crns uk (H 9 DV) (k k = 
= 0,  1, 2, . . .) 6blna nnorn~oli e H. 

M3 3~0fi TeOPeMbI  U T e O p e M b I  1 no 83 C J I e A y e T ,  q T O  ~11o6oe YHliTap-  

H o e  ( c a ~ o c o n p ~ x e ~ ~ o e )  p a c n w p e H w e  npocwro u3o~e~pwsec~oro  ( c ~ M -  



M ~ T ~ P ~ Y ~ c K o K ~ )  O I I e p a T O p a  C PiHAeKCOM ~ e @ e K ~ a  (1, 1) N M W T  I I ~ O C T O ~ ~  

CTIeKTp. 
A H ~ J I o ~ P ~ Y H O  AOKa3bIBaeTCH o61qa~ 
Teope~a 3. KparntioCmb cnercmpa n106020 ytiumaptiozo (cauo- 

conpfiwe~tiozo) paculupetiufi npocmozo usouempu~ecrcozo (cuuuempu- 
qecrcozo) onepamopa c ut ide~cou de@e~ma (m, m). tie npesocxodum 
wcna m. 

OY~BNAHO, V+ U V ,  - M30MeTPUYeCKPiC O I I e p ~ T O p b l  C U H A e K C a M U  
n e a e ~ ~ a  (0, 1) M (1, 0). 

X ~ J I ~ R  n e p e R ~ P i  K n p e o 6 p a 3 o ~ a ~ ~ i ~ ~  Ksnu A+ ~i A- o n e p a T o p o B  

V+ Pi V-, IIPOBePMM, YTO ~ ~ 0 ~ 0 0 6 p a 3 P i R  hV+ (1) Pi hv- (1) IIJlOTHbl B H. 
YCT~HOBNM 3 T 0 ,  H a n P P i M e P ,  AJlR n e p B O r 0  M H O ~ O O ~ ~ ~ ~ H H .  b p R  

O T K y A a  3aKJIIoYaeM,  YTO OPTbI ek (k = 1, 2, 3, . . .) RBJIRIOTCR I I P e A e J I b -  
HbIMM AJIR B e K T O p B  Pi3 hv+ (1) U, -  CJIeAOBaTeJIbHO, ~ ~ o r 0 0 6 p a s P i e  

hV+ (1) IIJIOTHO B H. 
C P ~ M M ~ T ~ P ~ Y ~ C K U ~  O n e p a T O p b l  A+ Pi A- RBJlRIoTCR MaKCPiMaJIbHblMU 

C UHHeKCaMA ~ e @ e K ~ a  (0, 1) U (1, 0). 
Teope~a 1. Onepamopb~ A+- u A- ~enpusoduub~. 
A m  n O K a 3 a T e J I b C T B a  Y T B e p X A e H P i R  OTHOCUTeJIbHO A+ AOCTaTOYHO 

YCTaHOBPiTb (CM, no 103), YTO O I I e p a T O p  V+ HeIIpUBOAPiM. 

AOIIYCTNM, YTO IIOHlJpOCTpaHCTBO F (Pi, CJ leAOBaTeJ lbHO,  er0 OpTO- 
rOHaJIbHOe AOlTOJIHeHMe G) lTpPiBOANT V+, U IIOJIOXUM V+F = F+, 
V+G = G+. 



M3 (1) c n e A y e T  f I e k  (k = 2, 3, . . .), T. e. f = ue, (a # 0), o T K y A a  
el F F+ U, CTaJlO 6 b 1 ~ b ,  el E F. 

T a K  KaK F npUBO&UT V+, TO BMeCTe C el IIOJJIlpOCTpaHCTBO F COAep- - 
HUT B c e  e k  (k = 2, 3, . . .), T. e. F = H, u T e o p e M a  n o ~ a s a ~ a  OTHO- 
CUTeJlbHO A+. B T O ~ ~ R  W C T b  AOKa3bIBaeTCR aHaAOrU. lH0.  

M T ~ K ,  M ~ I  no~a3anu,   TO o n e p a T o p b 1  A+, A- H e n p u B o A u M b I  M, cne- 
&OBaTeJbHO,  RBJlRIOTCR nPOCTbIMU CUMMeTPUqeCKUMU OnepaTOpaMU.~  

B a x ~ o e  n p u H u u n u a n b H o e  s ~ a s e ~ u e   TUX o n e p a T o p o B  B b r w K a e T  
u3 cneayrouero n p e A n o x e H u R .  

Teope~a 2. Ecnu npocmod c u ~ ~ e m p u c l e c ~ u d  onepamop A e npo- 
cmpaiicmse H uxeem u ~ d e ~ c  deqbercma (0, 1) (coomeemcmse~~o (1, O)), 
mo npocmpa~cmso H c e n a p a 6 e n b ~ 0 ,  a onepamop A uso~opqbeli one- 
pamopy A+ (coomsemcmee~~o A_). 

A o K a 3 a T e n b c T B o. n p u ~ e ~  l l n R  o n p e A e n e H H o c T u ,  sm uHAeK- 
COM n e a e ~ ~ a  o n e p a T o p a  A R s n R e T c R  (0, 1). I l y c ~ b  V - npeo6pa30~a- 
H u e  Ksnu o n e p a T o p a  A u n y c T b  el I A" (lie, ) I  = 1). 0 6 p a s y e ~  3 a ~ ~ -  
HYTYH) 0 6 0 ~ 1 0 9 ~ ~  M BeKTOPOB Vkel = ek+l (k = 0, 1, 2, . . .). M e C T b  

nOAnpOCTpaHCTB0 ,  U (ek)," RBJlfleTCR OpTOHOpMHpOBaHHbIM 6a3uc0~ 
B HeM. 

T ~ K  K a K  M UHBapUaHTHO OTHOCUTeJlbHO V U V-', T O M  IIPIIBOAMT 
V U, CJle&OBaTeJlbHO, H @ M  T a K X e  npUBOAUT V. % C T ~  V, JleXaLl&3R 
B M, OseBU&HO, U S O M O ~ ~ H ~  V+ U, 3HaqUT,  UMeeT BHAeKC A @ ~ K T ~  

(0, 1). a C T b  V, J I e X a U a R  B H e  M, A O J l X H a  6 b 1 ~ b  Y I ~ U T ~ P H O ~ ~ ,  T a K  
KaK B IIPOTUBHOM C J y q a e  no K p a a ~ e f i  M e p e  OAHO M3 A @ ~ K T H ~ I X  rIMCeJl 
O n e p a T O p a  V IIpeBOCXOAUJlO 6 b 1  COOTBeTCTByIOUee A ~ ~ ~ K T H O ~  YHCJIO 

o n e p a T o p a  V+ u, s ~ a s u ~ ,  onepampa A. 
C J(pyr0f i  CTOPOHbI, ~ P O C T O ~ ~  O n e p a T o p  V H e  UMeeT YHM'lapHbIX 

sacwfi. T ~ K U M  06pa30~, H 8 M = (0) U O n e p a T O p  V H ~ O M O & ~ ~ H  V+, 
a c n e n o s a T e n b H o ,  ero npeo6pa30~a~kie Ksnu A U ~ O M O ~ @ H O  A+, s ~ o .  
U ~ p e 6 0 ~ a n o c b  AOKa3aTb.  

C nOMOWbI0  O n e p a T O p a  A+ (A ) MOXHO IlOCTPOMTb M a K ~ M M a J l b ~ b l f i  
o n e p a T o p  c UI IA~KCOM n e a e s ~ a  (6 n) ( C O O T B ~ T C T B ~ H H O  (m, 0)). c ~ T O H  , 
UeJlbIO AOCTaTOsHO nOCTpOUTb O p T O r O H a n b H y I O  CYMMY c e n a p a 6 e n b ~  b1x 
~ u J I ~ ~ ~ ~ T o B ~ I x  npOCTpaHCTB Ha, r e  U np06erae~ MHOXeCTBO MOUHO- 



CTU n (COOTB~TCTB~HHO m), M B KLkXAOM M3 HMX p e a J I I I 3 O B a T b  O n e p a -  

T O P '  A+ (COOTB~TCTB~HHO A_). 
R ~ K  n O K a 3 a J I  B n e p B b l e  H e f i ~ a ~ ,  T a K I I M  I l y T e M  M O X e T  6 b 1 ~ b  I l O J I y q e H  

~110608 I ~ ~ o c T o ~ ~  M ~ K c I I M ~ J I ~ H ~ I ~ ~  O n e p a T O p ,  T. e. A M e e T  M e C T O  
Teope~a 3. Upocmoli c u m ~ e m p u v e c ~ u r i  onepamop A c U H ~ ~ K C O M  

az#e~ma (0, n) (unu (m, 0)) pacnadaemc~l 8 o p m o z o H a n b t i y m  cywmy 
onepamopos A, (coorn8erncmse~~o A_)  : 

o K a 3 a  en b c T B o. l l y c ~ b  V e c T b  npeo6pa30sa~ue Rsnu 
o n e p a T o p a  A u Dv = H, H 9 Av = MI (dim MI = n). 

~ o J I o x I I M  

VkMl = M k + l  (k = 0, 1, 2, . . .). 
T ~ K  xe  K a K  B T e o p e M e  2, n o n y q u M ,  %TO 

M r L M k  ( i # k ;  i, k =  1, 2, 3, ...), 

u q T O  3 a M b I K a H M e  J I I I ~ e f i ~ o f i  06onoq~u I l O A n p O C T p a H C T B  Mk (k = 
= 1, 2, . . .) c o B n a A a e T  c H. 

~ Y C T ~  ( e f ) ] a E M  - O P T O H O P M U P O B ~ H H ~ I ~ ~  , 6 a 3 M c  B MI, a Ha-- 
S a M b I K a H I I e  J l u H e f i ~ o f i  06onoq~u BeKTOPOB { e ~ ) ~ ~ = ~ ,  r A e  e'k"S1 = v k e ? ) .  
~ ~ A ~ ~ O C T ~ ~ H C T B ~  H ( " )  U H(" ')  O P T O r O H a J I b H b l  n p I 4  U #a'  II O p T O r O -  

H a J I b H a R  C y M M a  BCeX T ~ K H X  I l O A n p O C T p a H C T B  P a B H a  H, T a K  K a K  n p U  

K a X A O M  k COBOKYnHOCTb { e r ) } a E M  o6pa3ye~ O P T O H O P M E ~ P O B ~ H H ~ I ~ ~  

6 a 3 ~ c  B M k .  
O ~ ~ B U A H O ,  K a X A O e  U 3  I I O A n p O C T p a H C T B  H ( a )  nPI IBOAMT v, II W C T b  v, 

n e x a w a f i  B H("), M ~ O M O P ~ H ~  V+. l l e p e x o ~ ~  K n p e o 6 p a 3 0 s a ~ 1 1 ~ ~  Rsm,  
3 a B e p I H a e M  nOKa3aT€!!bCTBO T e O p e M b I .  

Teope~a 3 U C q e p n b I B a e T  B O n p O C  0 C T p y K T y p e  n p O C T b I X  M a K C U M a J I b -  

H ~ I X  O n e p a T o p o B .  
O n e p a ~ o p b l  A+ U A- ( C O O T B ~ T C T B ~ H H O  I/+ II I/-) 6 y ~ e ~  H a 3 b I B a T b  

3 n e n i e ~ r n a p ~ b ~ n t u  M a K c u w a n b H b L w u  onepamopawu. 
C n O M O U b I 0  3JIt'MeHTapHbIX MaKCUMaJIbHbIX O n e p a T O p O B  M O X H O  

nOCTPOMTb O n e p a T O p  C 3 a q a H H h I M  UHAeKCOM A ~ @ K T ~  (m, a). A n r l  
9 T O r 0  C J I e A y e T  no O I l H C a l ~ H O M y  B b I U e  cnoco6y n O C T p O U T b  O I J e p a T O p b I  
C UHAeKCaMII  A ~ @ K T ~  (m, 0) II (0, n), a 3 a T e M  0 6 p a 3 0 ~ a ~ b  IIX O p T O r O -  

H a J I b H y I 0  CYMMY. O A H ~ K O  n p 0 1 1 3 ~ 0 ~ l b H b 1 f i  n p 0 ~ ~ 0 f i  O n e p a T O p  C I I H A e K -  

COM A ~ @ K T ~  (m, a), ~ o o 6 q e  r O B O p R ,  H e  M O X e T  6 b 1 ~ b  CKOHCTPYIIPOBal-I  
U 3  3 J l e M e H T a p H b I X  MaKCIIMaJIbHMX O n e p a T O p O B .  



B KaqecTse HnnmcTpaum n p e ~ n o x e ~ ~ ~ i i  HacTomuero n y H K T a  

paccMoTpuM cnoaa onepa~op A M @ @ ~ ~ ~ H U M ~ O B ~ H H H  P H a  noJlyocM (0,  co). 
 TOT O n e p a T O p  RMeeT M H A e K C  ,I(e@eK~a (0 ,  1 ) .  AAH 3TOTO ~ T O ~ L I  BLI- 

R C H M T ~  c ~ p y ~ ~ y p y  OnepaTopa P, nepeiine~ K ero n p e o 6 p a 3 o ~ a ~ ~ m  

I(3JIu 

*V = (9 - il) (P  + il)-l 

q k ( 2 t )  = i f l ( t )  + if ( t )  r (P+ i l)  f ;  

t 

f ( t )  = - ie-t ( ( a  (2s) esds. 
b 

t 

V $ k  (2t) = (P - il) f '= $a (2t) - 2e-' S $k (2s) es ds. 
0 

T ~ K M M  06pa30~,  BCe CBOAHTCR K AOKa3aTeJIbCTBY T O W e C T B a  

t 

(2t)  = (2t) - 2e-t S h (2s) e ds. 
0 

 TO AOKa3aTe.JIbCTBO H N K a K O r O  TpyAa He npt?ACTaB.JIHeT. 

T ~ K  K a K  @ Y H K U M I I  JIareppa 06pa3ym~ nO.JIHyIo OPTOHOPMHpOBaH- 
H Y I O  C N C T e M Y  B L2 (0, m),  TO O n e p a T O p  V N ~ O M O ~ ~ ~ H  V+ H ,  C.JIeA0- 

BaTeJIbHO, P N ~ O M O ~ @ ~ H  A+. 
T ~ K H M  06pa30~,  MLI A O K ~ ~ ~ J I H ,   TO nt06oC npocmoc onepamop 

c u~llerccoli delpercma (0, 1 )  unu ( 1 ,  0 )  u s o ~ o p l p e ~  onepamopy dulplpe- 
peHyupoeaHuR P Ha nonyocu (0, oo) unu coomeerncmseHHo (-co, 0). 

Onepa~op P n a @ @ e p e ~ u ~ p o ~ a ~ n ~  .Ha O C N  (-co, w )  M B O M O ~ ~ ~ H  
HeKOTOPOMY C ~ M O C O ~ ~ R X ~ H H O M Y  P a C U I N P e H N H )  OnepaTOpa A + $ A - .  
O T C ~ A ~  ( C M .  no 89) MOXHO BLIBeCTH Y H U T a P H Y H )  3KBHBa.JI€?HTHOCTb 
onepaTopa P H onepaTopa yMHoxeHm H a  H ~ ~ ~ B H C H M ~ I O  nepeMeHHym, 
 TO y x e  6~1.~10 ycTaHosneHo ilenocpencTseHHo B no 55. 



105. C n e ~ ~ p b l  CaMOCOnpHXeHHblX pacLUHpe~Hfi 3aAaHHOrO CHMMeTpH- 
qecKoro onepa-ropa. C n e ~ ~ p  cuMMeTpusecKoro, HO He caMoconpmeH- 
Horo onepaTopa, B cooTseTcTsuu c 0 6 4 ~ ~  onpeneneHueM no 48, conep- 
XUT AononHeHue MHoxecTBa ToseK perynRpHoro Tuna paccMaTpusae- 
MOrO OnepaTOpa. XOTR CneKTp I4 He IlCsepnbIBaeTCR 3TMM AOnOJ- 
HeHIleM ( T ~ K ,  HanpUMep, no ~ p a f i ~ e f i  Mepe OnHa I43 OTKpbITbIX 
nonynnoc~oc~efi 32 > 0, 32 < 0 npusannexur ocTaTosHoMy c n e ~ ~ p y ) ,  
OHO, TeM He MeHee, 3 a ~ u ~ a e ~  B cnempe onepaTopa oco6oe Memo. 

0 n p e A e n  e H u e. A o n o n ~ e ~ u e  MHoxecTsa ToseK perynRpHoro 
Tuna CkiMMeTpUqeCKOrO OnepaTOpa Ha3bIBaeTCR f ldp0~ CneKmpU 3TOr0 
onepaTopa. 

K e n a ~  AaTb ~naccu@u~auum ToseK, 06pa3ymuux mpo cneKTpa 
CkiMMeTpuseCKOrO OnepaTOpa A, yCJlOBkiMCR, KaK ki npexne, 0 6 0 3 ~ a s a ~ b  
sepes Ai = A' sacTb OnepaTopa A, nexauym B nonnpocTpaHcTse 
H Q G i ,  Gi eCTb C O ~ C T B ~ H H O ~  nOnnpOCTpaHCTB0 OnepaTOpa A, 
npuaannexaqee sucny A ,  ecnu A ecTb C O ~ C T B ~ H H O ~  s ~ a s e ~ u e  onepa- 
TOpa A, I4 Gi eCTb HyneBOe nOAnpOCTpaHCTB0 B n!3OTIlBHOM CJysae. 

npexne Bcero B Rape cnewpa BbrAenReTcR moYeYHax uacmb; 
3TO-COBOKYnHOCTb BCeX C O ~ C T B ~ H H ~ I X  3HaqeHkifi OnepaTOpa  OH^ 
OTCYTCTBYeT, eCJU OnepaTOp np0~~0f i ) .  

n e p e x o ~ ~  K xapaKTepucTuKe oc~anbr~oii sacTu Rnpa cneKTpa onepa- 
Topa A, 3aMeTUM, s T 0  OnepaTOp A' - h l  UMeeT 06pa~HbIfi AJIR nm6o- 
r0 h. C O B O K Y ~ H O C T ~  TeX 3HaqeHufi A, AJIR KOTOPbIX OnepaTOp (A' - 
- hl)-l He orpaauseli, osesunHo, npusannexuT Rnpy cnempa; 3 ~ y  
COBOKynHOCTb MbI Ha30BeM H e n p e p b 1 8 ~ 0 ~  YaCmbH) RApa CneKTpa *. 
T ~ K N M  06pa30~, BCRKaR TOsKa RHpa CneKTpa npkiHanJleXkiT nu60 
~ o s e s ~ o f i  WCTki, nu60 HenpepblBH~fi saCTl4, nu60 HM o 6 e u ~ .  

caMoconpRxeHHoro onepaTopa noHRTuR p e r y n ~ p ~ o f i  T O ~ K U  
u T O ~ K U  PerynRpHoro Tuna CoBnanamT. ~ ~ O ~ T O M Y  RHPO cnempa caMo- 
conpRxeHHoro onepaTopa cosnanaeT co cneKTpoM 3 ~ 0 r o  onepaTopa. 
C n e ~ o s a ~ e n b ~ o ,  ~ n p o  CneKTpa CaMoconpRxeHHoro OnepaTopa He MoxeT 
6bl~b nYCTbIM MHOXeCTBOM. npOki3BOJIbHOrO CkiMMeTpUseCKOrO 
OnepaTOpa-TaKOe yTBep>nneHkie 6b1n0 6b1 HenpaBuJbHbIM **. 

Ecnu A eCTb CkiMMeTpIlqeCKOe (B qaCTHOCTU, MaKCUMaJbHOe UnM 
c a ~ o c o n p ~ x e ~ ~ o e )  pacruupeHue onepaTopa A, TO, KaK nerKo supem, 
RAP cnempa onepampa A" conepxuT Rnpo cneKTpa onepaTopa A. 

OTM~TUM OAUH X ~ C T H ~ I ~ ~  cnyqafi, KOrHa HCYIpepbIBHaR %CTb Rnpa 
cneKTpa onepaTopa A He MeHReTcR npu cuMMeTpusecKux pacruupe- 
HNRX 3TOr0 OnepaTOpa. ~ T U M  CJIyqaeM RBJIReTCR TOT, KOrna ne@e~~Hble 
YUCna OnepaTOpa A K O H W H b I .  A ~ ~ ~ C T B N T ~ J ~ H O ,  B 3TOM CJlysae B CAJy 
~ ~ o p o f i  @op~ynbl  H e f i ~ a ~ a  (CM. no 102) ~ ~ o r o o 6 p a 3 u e  g' - A]) D;;, 

* flerK0 BUAeTb, YTO HenpepblBHaR qaCTb RApa CneKTpa CNMMeTpNqeCKOrO 
onepaTopa A npuHaAnexriT ero HenpepblBHoMy cnempy % (A), onpe~knehHo~y 
B KOHUe no 93. 

** CM. npmep B noAcTpoqmM npuMeyaHnn H a  C. 61. 



- 
rAl: A - K ~ K O ~ - H U ~ ~ A ~  CIiMMeTpHqeCKOe paCIIIUpeHHe OnepaTOpa A, 
UHpe M H O ~ O O ~ ~ ~ ~ M H  (A' - A/) DA pa3Be JIUIIIb H a  KOHeqHOe qUCJI0 
w3~epe~wii  (B CMLICJI~  wcna a 3 ~ e p e ~ a i i  no MOA~JIIO)  U, cneAoBaTenb- 

HO, onepa-rop (A"' - A / ) - ~  orpaHuseH BMecTe c onepaTopoM (A'-- ~/)- l .  

M3 CKa3aHHOrO BbITeKaeT CJleAyIoI4aH ITpOCTaR 
Teope~a 1 .  Bce ca,uoconpzxeililble pactuupeHu8 onepamopa 

c pasilblMu u uoilerlilblMu de@eum~blm rucnaMu ummm O ~ U N  u monz x e  
ilenpepblsilblli cneump. 

OTHOCUT~JI~HO ~0qeqHofi qaCTH HApa CneKTpa MMeeT MeCTO 
Teope~a 2. h'pu npoussonbilo~ pactuupeiluu onepamopa c uildeuco~ 

deq5euma * (m, m)  do cafiocongffxeililozo onepamopa upamtiocmb 
c06crnse~~b~x 3 ~ a r e ~ u C  noobltuaemcx ile 6onee rleM Ha m eduiluy 
(s  rlacmilocmu, ilosble co6cmse~ilble ailareilu~ ummm upamilocmb, tie 
npesocxodq ym m). - 

A o K a 3 a T e n  b c T B o. n y c ~ b  A - caMoconpRxeHHoe pacuupeHue 
onepaTopa A M h - C O ~ C T B ~ H H O ~  s ~ a s e ~ u e  KpaTHocTu p onepaTopa A. 
~ ~ ~ A ~ o J I o x u M ,  qTO KPaTHOCTb qMCJIa A ,  K a K  C O ~ C T B ~ H H O ~ O  3HaqeHUR 

onepa-ropa 2, pama p + q u, BonpeKu yTsepxAeHuIo Teopem, q>m. 
Bb16epe~ J I M H ~ ~ ~ H o  He3aBUCUMyIo .CHCTeMy peUeHkifi f l ,  f 2 ,  . . . , fp, 

fp+l, . . . , fp+, YpaBHeHUR Af - hf = 0 TaK, 9~06b1 fk  E DA H p U  k<p. 
T ~ K  K a K  qucno ki3~epeHlifl D i  no MOAyJIIo DA PaBHO m, TO CyUe- 

CTBYIoT KOHCTaHTbI Uk TaKNe, 9TO 

n0cJIenHee 03HaqaeT, 9TO KPaTHOCTL h, K a K  C O ~ C T B ~ H H O ~ O  3HaqeHNR 

onepa-ropa A, ~ b ~ r n e  p ,  BonpeKu npennonoxeHuIo. 
Cne~yIoI4aH TeOpeMa HBJlHeTCH B HeKOTOPOM CMbICJle 06paI4eHUeM 

TeOFeMbI 2. .- 
Teope~a 3. Ecnu h - setqecmseililaa morua pezynzpilozo muna 

cu~~ernpurec~ozo  onepamopa A c uilaeuco~~ _de@euma (m, m), mo 
cytqecmsyem caMoconprrxeililoe pactuupeilue A onepamopa A ,  d n ~  
uomopozo rucno h RsnRemcR co6crizseililbl~ silure~ueht upamilocmu m. 

,Lt, o K a 3 a T e n b c T B o. I I y c ~ b  Wi 0 3 ~ a q a e ~  n ~ ~ e i i ~ o e  ~ ~ o r o o 6 p a -  
sae Bcex perrre~afi ypaBHeHaH 



dim D-, = m (mod DA). 

- 
(f7 Ag) = (fl, Ag1) + (fl, A* g,) + (f,, Ag,) + (f,, A*&) = 

< .  
= (flj Ag,) + (fl, g,) + (f,, g,) + (f,, g,), 

OTKyAa CJIeAyeT CUMMeTPM9HOCTb OllepaTOpa 2. .  
B s a ~ n r o s e ~ ~ e  oTMeTuM e u e  o n ~ y  TeopeMy, O T H O C R ~ Y ~ C R  K wcny  

p e ~ e ~ k i f i  YpaBHeHUR 

npU BeueCTBeHHbIX h. 
Teope~a  4. Ecnu A - c u ~ ~ e m p u r e c r c u i i  onepamop c u ~ d e r c c o ~  

de@ercma (m, m) u h - s e q e c m s e ~ ~ o e  rucno, He npu~adnexaujee  
mouernofiy cnercmpy onepamopa A, mo rucno m (A) perue~uri ypas- 
IzeHuR 

A*g-hg= 0 (2) 

Ize npesocxodum de@ercm~ozo rucna m. 
~ J I R  nOKa3aTeJIbCTBa nOCTaT09HO IlOCTpOUTb C IIOMOubK) MHOTO- 

06pa3NR m i  peI.IIeH~fl YpaBHeHUR (2) 0 6 J I a ~ ~ b  Dl n0 @OFMYJI~ ( I ) ,  
me CHOBa A" A*. 

M3 nOKa3aTeJIbCTBa l l p e ~ b ~ ~ y ~ e f i  TeOpeMbI CJIenyeT, 9 T O  OnepaTOp 2 
R B ~ R ~ T C R  CuMMeTpkisecKkiM pacuIupeHueM onepaTopa A u, cneno~a-  
TeJIbHO, 

m (1) = dim D; < m (mbd DA). 



106. @ o p ~ y J I a  M. r. I ( p e f f ~ a  AJIR p e 3 0 J I b B e H T  C a M O C O n p R X e H H b l X  P a C -  
~ U H P ~ H H ~ ~  3 a A a H H O r O  C H M M e T p H q e C K O r O  O n e p a T O p a .  B 3TOM n y H K T e  
MbI ~ Y H ~ M  P a C C M a T P I I B a T b  CNMMeTPNW?CKMe O n e p a T O p b I  C PaBHbIMA 
II KOHerIHbIMII A ~ @ ~ K T H ~ I M N  rIIICJIaMM. 

~ Y C T ~  A1 ki A, - A B ~  ~ C a M O C O I I p R X e H H b I X  P a C U k i p e H A R  T a K O r O  

O n e p a T o p a  A, M M e I o u e r o  n H n e K c  ~ e @ e ~ ~ a  (m, m). T ~ K N M  d p a 3 0 ~ ,  

A, 3 A, A , 3  A. 

B C R K N ~ ~  O n e p a T O p  C, ~ ~ o B J I ~ T B o ~ R I ~ ~ H ~ ~  yCJIOBHRM 

A 1 3  C, A 2 3  C, (1) 
e C T e C T B e H H 0  H a 3 b I B a T b  06qet.Z q a C m b I 0  O n e p a T O p O B  A, II A,. 

. CpeaFi O n e p a T O p O B  C, y f l O B J I e T B O p R D u I I X  YCJIOBMRM ( I ) ,  C Y U e C T B y e T ,  

O ~ ~ B H ~ H O ,  ~ a ~ o f i ,  K O T O P ~ I ~ ~  RBJIReTCR PaCulMpeHMeM ~11o60ii o6ueii 
sacm o n e p a T o p o B  A, II A,; ~ a ~ o i i  o n e p a T o p  H ~ ~ O B ~ M  n a l c c u n a ~ b ~ o l " l  
o6qeB q a c r n b m  o n e p a T o p o B  A, n A,. M ~ K c ~ I M ~ J I ~ H ~ R  o 6 u a ~  s a c T b  
a1160 R s n z I e T c R  p a c r u n p e H M e M  o n e p a T o p a  A, n1160 c o B n a n a e T  c A; 
B n O C n e A H e M  cnysae p a c U n p e H I I R  A, II A, 6 y n e ~  H a 3 b I B a T b  8 3 a U h f H O  

n p o c m b l n u .  
T o r 0  r 1 ~ 0 6 b 1  P a C U I I P e H N R  A1 II A, 6 b 1 n I I  B3aIIMHO nPOCTbIMN, 

H ~ O ~ X O A N M O  N H O C T a T 0 9 H 0 ,  r 1 ~ 0 6 b 1  O A H O B P ~ M ~ H H O ~  BbInOJIHeHIIe  ~ c J I o R M ~ ~  

h E DA,, h E D A ~ ,  Alh = Azh (2) 

B n e K n o  n p m a n n e x H o c T b  h K DA. 
Ecnn M ~ K c I I M ~ J I ~ H o ~  s A C J I 0  J I A H ~ ~ ~ H o  He3aBIICIIMbIX no MOHyJlIo DA 

BeKTOPOB, YAOBJIeTBOPRIouNX YCJIOBIIRM (2), P a B H O  P (0 ,< p ,< m), 
TO MZtKCIIMaJIbHaR 0 6 u a ~  r I a C T b  A, O n e P a T O P O B  A1 Pi A2 NMeeT IIHAeKC 

ne@ee~a (m - p, m- p). B  TOM cnysae o n e p a T o p b I  A, n A, M o r y T  
P a C C M a T p I I B a T b C R  K a K  B3aNMHO n p O C T b I e  C a M O C O n p R X e H H b I e  P a C U H p e -  

HUH O n e p a T o p a  A,. - 
3 a ~ a q e i  HaCTORLL(er0 n y H K T a  RBJIReTCR BbIBOA @ 0 p ~ y J I b 1 ,  ' C B R ~ ~ I -  

~aIouefi p e 3 0 J l b B e H T b I  A B y X  CaMOCOIIpRXeHHbIX p a c U I I p e ~ ~ f i  O n e p a T O p a  A, 
~ Y C T ~  h - @ I I K C I I P O B ~ H H O ~  C a M O C O I I P R X e H H O e  P a C U N p e H I I e ,  B - n p O -  

0 

I I ~ B O J I ~ H O ~  c a M o c o n p m u e H H o e  p a c m n p e H n e ,  a R, II R,- IIX p e s a n b -  

BeHTbI. ~ Y C T ~ ,  A a J I e e ,  h - n1o6a~ o 6 u a ~  T O q K a  PerYJIRPHOCTN O n e p a -  

TOPOB H B (B qaCTHOCTN,  h M O X e T  6 b 1 ~ b  lTPON3BOJlbHbIM H e B e u e -  

CTBeHHbIM ~ M C J O M ) .  - 
q ~ 0 6 b 1  H e  BbIAeJIRTb C J l y q a R ,  K O r A a  B II B H e  RBJIRIoTCR B3aMMHO 

npOCTbIMII  P a C U I l P e H N R M I I  O n e p a T O p a  A,  6 y n e ~  P a C C M a T p I l B a T b  MX KaK 
B3aIIMHO IIPOCTbIe PaCLUNPeHNR IIX M ~ K C M M ~ ~ ~ H O ~ ~  06uefi q a C T N  Ao, 
~ ~ e m u e f i  I l H a e K c  ~ e @ e ~ ~ a  (r, r), rae 0 < r ,< m. 

~ O J I O X I I M  %A = AA, (h) II = H 9 %A. Pa3HOCTII  p e 3 O J I b -  
B e H T  6 v n e ~  I I M e T b  



n o c n e ~ ~ e e  B b l T e K a e T  143 TOI-O, ~ I T O  npu nro6o~ h E 

c{R* - RA) f ,  h) = ( f ,  (R; - Ri)* h) = ( f ,  {I f ; ; -  R:) h)  = (f, 0 )  = 0. 

B b 1 6 e p e ~  K ~ K - H H ~ Y A ~  f J I N H ~ ~ ~ H o  Hf?3aBUCUMbIX BeKTOPOB gl (x), 
g, (q, . . . , gr (q N3 M r J I z l H e f i ~ 0  He3aBMCNMbIX BeKTOPOB gl ( A ) ,  
g, ( I . ) ,  . . . , gr ( A )  ~3 illi. M3 (3) AJIR ~ 1 ~ 6 o r o  f E H c n e n y e T  

C O ~ J I ~ C H O  (4) KOHCTaHTbI  Ck RBJIRmTCR J I U H ~ ~ ~ H ~ I M U  @ Y H K ~ M O H ~ J I ~ M N  
O T  f ,  4 MbI MOHCeM 170JIOXUTb 

T ~ K  K a K ,  B CUJIY (3) N n U H e f i H 0 f i  He3aBUCHMOCTU BeKTOPOB gl ( A ) ,  
g, ( A ) ,  . . . , gr ( A ) ,  npll nro6o~ f ,  O P T O r O H a J I b H O M  K %A, A O J I X H O  6 b l ~ b  

r 

( # A  - R$ f = x Plk ( A )  ( f ,  g l ( x ) )  gk ( A ) .  
i, k=l 

~ ~ M ~ T H M ,  q T O  MaTPNZIHaR @YHKUUR (pik ( A ) )  = $ (A), Onpe,4eJIeH-  

H a R  H a  M H O X e C T B e  O ~ I U N X  T O q e K  PeI 'YJIRpHOCTN O I I e p a T O p O B  N B, 
RBJIReTCR E I ~ O C O ~ ~ H H O ~ .  

A e i i c ~ ~ ~ ~ e n b ~ o ,  npennonoxeaue det (p,, ( A , ) )  = B n e q e T  B c m y  
(5) JIUHef iHylO 3aBUCUMOCTb BeKTOPOB hk ( A 0 )  (k = 1,  2, . . . , f ) ,  q T O  
0 3 H a q a e T  C y U e C T B O B a H N e  B e K T O p a  h # 0, yAOBneTBOpHIoII&?rO YCJIOBMRM 

h~ h, (A, ) ,  ~ E ~ I A ,  (k = 1, 2, . . . , r) .  

a 3 T 0  n P O T N B O P e q N T  ~ 3 a I 4 ~ ~ 0 f i  IIPOCTOTe O I I e P a T O P O B  b U B, K a K  pat- 
urupe~rrii o n e p a T o p a  A,. 

O n y c ~ a ~  B (6) s n e M e H T  f u p a c c M a T p a s a R  ( . , gi (h)) gk ( A )  (i, k = 
=: 1 ,  2, 3, . . . , r) K a K  O n e p a T o p b r ,  n o n y q a e h f  A n H  nro6oro 3 ~ a w  



A0 CNX n O p  Bb160p B ~ K T O P - @ Y H K U U ~ ~  gk (A) N gl p) (i, k-= 1, 2, . . 
. . . , r )  OCTaBaJJCR nPON3BOJIbHbIM. B M ~ C T ~  C TeM JIeBaR,  a 3HaskiT,  
H I I p a B a R  'IaCTIl @0pb lyJ Ib1  (6) RBJIRIOTCR PerYJIRPHbIMM aHaJIUTM9e- 

CKUMU B ~ K T O P - @ Y H K ~ N R M U  OT 1. Tenepb MbI nOKaWtceM, UmO gk (A) 
(k = 1, 2, . . . , r )  Nozym. 6b1mb onpedenellbl KaK pezynRpHble aHa- 
numuqecrcue seicmop-@y ~ ~ y u u  om A ,  u nonyYuM coomaemcmsymqyn 
smoMy eb~Fiopy @op~yny  ~ R R  ~ a m p u ~ ~ o f i  @ ~ H K ~ U U  (A). 

C 3 T 0 a  UeJIbIO B03bMeM ~ a k o e - H U 6 y ~ b  @ H K C U P O B ~ H H O ~  3 H a q e H H e  A. 
N BBeAeM O n e p a T O p  

133 K O T O P ~ I X  c n e a y e T ,  '170 o c y u e c T s n 5 i e M o e  HM o~o6pame~we H H a  H 
B3aUMHO OAH03HaqHO.  

B q a c T H o M  cnyqae, npw A = & o n e p a T o p  UAA, n p u B o n u T c R  K npe- 
c 6 p a 3 o ~ a ~ u m  Ksnu o n e p a T o p a  w o ~ o 6 p a x a e ~ ,  n e @ e ~ ~ ~ o e  noanpo- 
CTPaHCTBO %;o O n e p a T O p a  do B er0 A ~ @ ~ K T H O ~  IIOAnpOCTpaHCTBO a~,.  
n o ~ a x e ~ ,   TO ~0061qe 

UAA,%, = 'if$. 



T. e. U * k 0 g k  (A,) E mi ( k  1, 2, . . . , r ) .  n p ~ i  3 T O M  B CWJIY B ~ ~ H M H O ~  

OAHO3HaqHOCTH O T O ~ ~ ~ X ~ H U R ,  O C y ~ e c T B J I R e M O ~ O  O n e p a T O p O M  U h h , ,  

BeKTOPbI U h k O g k  ( A o )  06pa3ym~ 6a3nc B a;, U Mbl M O X e M  I I P U H R T b ,  9 T O  

g k  ( A )  = U k ~ o g k  ( l o )  = g k  ( 1 0 )  + ( 1  - 1 0 )  g h . k  ( 1 0 )  
( k  = 1, 2, 3, . . . , r ) ,  

g k  (P) = U p k g k  ( A )  = g k  ( A )  f ( P  - 1 )  k p g k  @I 
Tenepb s ~ a s e ~ u e  ~ a ~ p n s ~ o i i  @YHKUUH '$ ( A )  npn  n m 6 o ~  A (pery- 

n R p H o M  A n n  i u B) o n p e A e n R e T c R  no ee 3 H a s e H w m  Y (A,);  A n n  H a x o x -  
@HUH C O C Y T B ~ T C T B ~ F O ~ ~ ~ ~  @ 0 p M y J I b 1  BOCIIOJIb3yeMCR @ Y H K ~ M O H ~ J I ~ H ~ I M  
Y p m H e H H e M  p e 3 0 J I b B e H T b I  -- 

RA = R h o  + ( A  - Ao) R h R h , .  (9) 



- Pik ( l o )  + Pik ( A )  + ( A  - 1 0 )  2 p i s  ( L o )  ( g s  ( l o ) ,  gj 6)) pj& ( A )  = 0 
i, s=l 

9 ( A )  - 9 ( A o )  + ( 1  - l o )  9 ( 1 0 )  ( ( g s  ( A o ) ,  gj (?))I;. i=,Q ( 1 )  = 0. 

Y M H O X ~ ,  n o c n e n H e e  p a s e H c T B o  c n p a B a  H a  9-I ( A )  M c n e B a  H a  
9-I ( A o ) ,  n O J I y q a e M ,  H a K O H e U ,  HCKOMOe COOTHOIJleHPIe - 

9-I ( A )  = 9-I ( A o )  + ( 1  - l o )  ( ( g s  ( A o ) ,  gj (A))): ,  /=I-  ( 1 2 )  



107, 0 c a M o c o n p R m e H H b l x  p a c m n p e H m R x  n o n y o r p a H m r e H H b I x  onepa- 
TOpOB. He C H I i X a R  O~UHOCTII ,  ~ Y A ~ M  C 9 U T a T b  n 0 n y 0 r p a ~ ~ 9 e ~ ~ b 1 f i  O n e -  
P a T O p  I lOJIOXIiTeJIbHbIM.  Torna O T p I i U a T e J I b H a R  n O J I y  O C b  n p U  H a A J I e -  
X I I T  er0 IlOJIkO P e r y J I R p H O C T P i ,  ~ 6 0  I i 3  H e p a B e H C T B a  

(Af 9 f )  2 0 

npPi  OTpkiUaTeJIbHbIX A C n e A Y e T  

II (A- AI)f 1 1 2  = llAf /I2-21 (Af,  f )  4- 1211f 1I2Z 1211 f l l a ,  

M3 3 T O r 0  O ~ C T O R T ~ A ~ C T B ~  R a  OCHOBaHIi I i  I l p e A J I O X e H P i R  l o  no 100 
B b I T e K a e T ,  9 T O  A ~ @ K T H ~ I ~  9 I l C J I a  n O J I y O r p a H M 9 e H H O r O  O I I e p a T O p a  P a B H b I  
M e m y  ~ 0 6 0 ~ )  I i ,  CJIeAOBaTeAbHO,  n 0 J I y 0 r p a ~ P i 9 e ~ ~ b 1 f i  O l I e p a T O p  A O n y -  

C K a e T  C ~ M O ~ O ~ ~ H X ~ H H ~ I ~  PaCIUPipeHPiR. 
OTM~THM, 9 T O  I i 3  I IpPiHaAJIeXHOCTIi  O T p I i U a r e J I b H o f i  IIOJIyOCPi IlOJIlO 

P e r y A R p H O C T P i  CPiMMeTpH9eCKOrO O n e p a T O p a  A H e J I b 3 R  C A e J I a T b  BbIBOA 

o n o n o x I i T e n b H o c T I i  3~01-o O n e p a T o p a  *, K p o M e  c n y s a R ,  K o r A a  onepa- 
T O P  A C ~ M O C O I I ~ R X ~ H H ~ I ~ ~ .  B 3TOM HOCJIeAHeM C J I y 9 a e  I I p H  n m 6 o ~  f 6 DA 

-I-@ m 

(Af 9 f)  = [ td ( E l f .  f )  = [ td ( E l f ,  f )  2 0. 
-a 0 

K B ~ A ~ ~ T  n p O P i 3 B O J I b H O r O  C a M O C O n p R X e H H O r O  0nepa~opa RBJIReTCR 
n 0 J I O X I i T e J I b H b I M  O n e p a T O p O M .  O ~ ~ ~ T H O ,  nm6ofi ~ o J I o X N T ~ J I ~ H ~ ~ ~ ~  CaMO- 

~ 0 l l p R X e ~ H b 1 f i  O n e p a T O p  A M O X H O  I l p e A C T a B I l T b  B B H A e  K B a A p a T a  HeKO- 

T o p o r o  c a M o c o n p R x e H H o r o  o n e p a T o p a  B. B c a M o M  Aene, ecnu 

ECJM ~ o J I ~ o ~ ~ ~ H M ~ ~ H H ~ I ~  O r I e p a T O p  I l M e e T  K O H e 9 H b I e  A ~ @ ! K T H ~ I ~  
wcna, TO nm6oe ero c a M o c o n p R x e H H o e  p a c r u u p e H I i e  T a K x e  nony- 
orpasuseao. E j o n e e  T o r o ,  I i M e e T  M e c T o  c n e A y m u a R  . 

T e o p e ~ a  1. Ecnu A - nonoxumenb~blii onepamop c u~derccow de- 
4 e ~ m a  (m, m), mo nm6oe ezo ca,Moconpxxei-ti-toe pacluupeHue ufieem 



KoHeuHoe vucno onzpuyamenbtiblx C O ~ C ~ ~ ~ H H M X  3 ~ a r e ~ u f i ,  cywua uparn- 
tiocrnefi uomopblx He npesocxodum m. 

A o K a 3 a T e n b c T B o. n y c ~ b  2- H e K o T o p o e  c a M o c o n p R m e H H a e  
p a c r u u p e H u e  o n e p a T o p a  A u 

T I Y C T ~ ,  Aanee, A' o 3 ~ a q z e ~  u H T e p s a n  1- N, - E). 

Ann A O K a 3 a T e J b C T B a  T e O p e M b I  AOCTaTOqHO YCTaHOBMTb,  9 T O  qNCJIO 
~ 3 ~ e p e ~ F i f i  I I O A n p O C T p a H C T B a  E (A) H I I p H  nm6b1x N > E > 0 H e  ripe- 
BOCXOAHT , L ( ~ $ ~ K T H o ~ o  q H C J I a  m. 

~ ~ ~ A I I o J I o x H M ,  9 T O  n p H  HeKOTOPbIX N > E  > 0 

dim E (A) H > m. (1) 

T ~ K  K a K  E (A) H Di M 

dim D;; = m (mod DA); 

TO, B CMJIY ( I ) ,  B l l 0 ~ n p O C T p a H C T B e  E.(h) H C y u e C T B y e T  B e K T O p  f o  # 0 
n p n ~ a ~ n e x a u u f i  DA. A n R  f o  6yAe~ 

'-IT0 n P O T N B O P e q Z l T  IlOJIOXHTeJIbHOCTZI O n e p a T O p a  A. 
T e o p e ~ a  ~ o ~ a s a ~ a .  

I I O M O U b l O  I lpMBeAeHHbIX ~ ~ C C Y X A ~ H H ~ ~  J Ie rKO T a K X e  YCTaHOBHTb 
cnenymuee npeanomeaue, a H a n o r m H o e  T e o p e M e  1 no 105. 

T e o p e ~ a  2. Ecnu ompul(amen6Hax vacrnb cneumpa od~ozo us caMo- 
conpxxemblx paculupe~ufi onepamopa c u~deucou de4euma (m,  m)  
UCYepnblBaemCR KOHeYHblU YUCAOM C O ~ C ~ B ~ H H ~ L X  3HaYetiufi ~0HeriH0fi 
uparnilocmu, mo 3muu ceoficm6ou o6nadaem u nm6oe dpycoe &ahto- 
conpxxeHHoe paculupeHue ~ ~ H H O Z O  onepamopa. 

~ ~ M ~ T M M ,  q T O  T e O p e M a  2, K a K  U T e O P M a  1 no 105, RBJIRWTCR T a K -  
me H e n O C p e A C T B e H H b l M H  CJIeACTBURMH T e O P M  1 H 2 no 82 COOTBeT- 

CTBeNHO.  
C n p a ~ e ~ n w ~ a  ~ a ~ k e  c n e A y m u a R  T e o p e M a  o c a M o c o n p R x e H H b I x  pac- 

UJUpeHHRX I IOJIyOrpZlHHqeHHbIX O n e p a T O p O B  C nPON3BOJIbH bIMW HHAeKCa-  

MZI a e a e ~ ~ a .  
T e o p e ~ a  3.e ~ O R ~ O Z ~ ~ H U Y ~ H H  61 f i  CHU3y Onepamop A AtOXem 6bmb 

paculupeH do cafioconp~xeH~ozo onepamopa ii c rnofi we ~uwtieti 
2pUltblo. 



3 ~ a  TeopeMa 6b1na ~ b 1 c ~ a 3 a ~ a  B B w e  npeAnonoxeHm H e i i ~ a k r o ~  
M 3aTeM. Pa3nW9HbIMU MeTOAaMH 6b1na AOKa3aHa APYrUMli aBTOpaMH *. 

I( AOKa3aTeJIbCTBy TeOpeMbI 3 MbI BepHeMCR HUXe, a cefl9ac AOKa-  
XeM donee npOCTyIo 'IeOpeMy, KOTOpaR 6b1na yCTaHOBJleHa, H e f i ~ a ~ o ~ .  

Teope~a 3'. L 'onyozpa~uqe~~b~ii  oneparnop A c ~ u w ~ e t i  zpa~bto 
P MOWHcern. 6 b m b  PaCUlUpeH do CaMOCOnpRXeHHOZO OnepUrnOpa A 
c ~ u w ~ e i i  zpa~bto, H e  ~ e ~ b u t e i i ,  rieM npou3eonb~o e3moe YUCAO 

P' < P. a 0 K a 3 a T e Jl b C T B 0. YCT~HOBNM CHa9aJIa CnPaBeAJIHBOCTb 

TeOpeMbI npU y = 1 ,  y' = 0. 
M M ~ ~ M  r 

(fvf) (AfI f )  4 I I  Af II.llf 11, 
T. e. 

I 1  Afll > l l f l l 7  

ecTb C O ~ C T B ~ H H O ~  nonnpocTpaHcTBo onepaTopa A*, npuaaanexaruee 
C O ~ C T B ~ H H O M ~  3HaWHNIo h = 0. npU 3TOM nOAnPOCTpaHCTB0 no 
U ~~0r006pa3Ue DA J ~ W H ~ ~ ~ H O  He3aBUCWMb1, TaK K a K  eCJlU 3JIeMeHT g 
u3 no npwHaAnexwr DA, TO Ag = 0,  TO B O ~ M O X H O  J N U I ~  npw 
g = 0. 

O n p e ~ e n u ~  pacruupeHwe A" onepaTopa A H a  06nac~b 

M. CTOHOM, K. @ ~ U A ~ U X C O M ,  r. Q p e A n e ~ ~ a n e ~ .  CM. M. S t o n e .  Linear 
Transformations in  Hilbert Spaces, New-York, 1932; K. F r i e d r i c h s. Spek- 
traltheorie halbbeschrankten Operatoren und Anwendung aui die Spektralzerlegung 
von Differential Operatoren, Math. Ann. 109 (1934); H. F r e u d e n t a 1, ~ b e r  
die Friedrichsche Fortsetzung halbbeschrankter Operatoren, Akad. van Wetenschap- 
pen te Amsterdam, XXXIX, N 7 (1936). 

C ~ ~ B H B T ~ J I ~ H O  HenaBHO Kwnbnu npenJlOXUJl HOBOe AOKa3aTenbCTBO TeOpeMbI 3, 
KOTOpOe, B OTJIUYUe OT ~ O C T ~ O ~ H U ~  IIepeYUCJIeHHblX 3AeCb aBTOpOB, OCTaeTCR B PaM- 
Kax Teopwn pac~upeswfi H e i i ~ a ~ a .  CM. Y. K i 1 p i .  ~ b e r  selbstadjungierte Fortset- 
zungen symmetrischer Translormationen im Hilbertschen Raum, Ann. Acad. 
Fennicae, 1959. 

Hawdonee noman Teopun caMoconpSixeaHblx pacruupe~wfi nonyorpa~ureanb~x 
onepaTopos c coxpaHeHueM rpaHU 6 w a  nocTpoeHa M. r. K p e i i ~ o ~ .  CM. pa6o~y 
sToro asropa: Teopun caMoconpnxeHHHx pacruupe~ufi nonyorpaHwseHHMx ~ P M U T O -  
sblx oneparopoe n ee npwnoxeaun: (sacrb I - c M a ~ .  c6.)), T. 20 (62): 3 (1947), 
C. 431-495; YaCTb 11 - ( (Ma .  ~ 6 . ) ) ,  T. 21 (63): 3, (1947), C. 366-404). 



- 
(Ah, h 2 )  = (Afl ,  f 2  4- g 2 ,  = (At',, fJ .= 

= (fl, 4 2 )  = (f, 4- g1, A f 2 )  = (hl, Ah,). 
Hanee O W B l i n H O ,  910 I I O A n p O C T p a H C T B O  3, I lpRBOAMT 2, 1460 3, 'Z Di 
Pi i h  - 0 n p M  h E 3,. B M ~ C T ~  C 3, IlpMBOfiMT 2 er0 O p T O r O H a J l b H O e  - 
AOIIOJIHeHMe LA. ~ Y C T ~  2' M 2 - ' ~ ~ C T N A , J I ~ X ~ W € !  COOTBeTCTBeHHO 
B A A  N m,. 

? 

O ~ J I ~ C T ~  3 H a 9 e H N f i  O n e p a T O p a  A' 3 a n O J I H R e T  I lOAnpOCTpaHCTBO AA 
N, C J I e A O B a T e J I b H O  (CM. no 46), O n e p a T O p  2' - C ~ M O C O ~ ~ H X ~ H H ~ I ~ ~ .  - 
T ~ K  K a K  A" = 0, TO o n e p a T o p  

T a K X e  C ~ M O C O ~ ~ ~ ~ X ~ H H ~ I ~ .  

Hanee, npu 

(Ah? h) = (Af, f 4- g) = (Af, f )  > I1 f / I 2  > 01 - 
T. e. H N r n H m  rpam o n e p a T o p a  A H e  M e H e e  H y n R .  

T ~ K N M  06pa30~,  A n R  c n y s a R  y = I ,  y' = 0 T e o p e M a  ~ o ~ a s a ~ a ,  
a 0 6 4 N f i  cJly9afi CBOANTCR K PaCCMOTPeHHOMY C I I o M O ~ ~ ~ O  J I M I ~ ~ ~ ~ H o ~ o  
n p e o 6 p a 3 o ~ a ~ u ~  

B ~ ~ H ~ M C R  T e n e p b  K T e O p e M e  3.  OH^ A e r K O  f iOKa3bIBaeTCH B 
cnyqae, K o r n a  n e @ e ~ ~ ~ b ~ e  wcna  o n e p a T o p a  A K o H e w b I .  

H ~ ~ ~ c T B N T ~ J I ~ H o ,  n y C T b  A - C N M M ~ T P M ~ ~ C K N I ?  O I I e p a T O p  C H M X H e f i  

r p a H b H )  p > - oo N KOHe9HbIMM A ~ @ ~ K T H ~ I M M  9NC.JIaMN, T a K  9 T O  
dim 8; =dim 3, < oo. B cwny T e o p e M b I  3' A n R  K a x A o r o  p, < y 
c y q e c T B y e T  c a M o c o n p R x e H H o e  p a c r u H p e H M e  A", o n e p a T o p a  A c ~ ~ x ~ e f i  
TPaHbH)  > P,. K B X ~ ~ O M Y  TaKOMY PaCUIMpeHMH) no @0pMyJIa$l H e f i ~ a ~ a  
(4) N (4') no 102 6 y n e ~  COOTBeTCTBOBaTb M 3 0 M e T p M 9 e C K O e  0 ~ 0 6 p a ~ e H P i e  
V, B C e r O  3; H a  BCe 3,. n p N  y, -t y B CNJIY KOMnaKTHOCTM nOCJIe- 

& O B ~ T ~ J ~ H O C T H  (V1,) f KOHe9HOMePHLIX M30MeTPM9eCKMX O n e P a T O P O B  

H ~ I ? A ~ T C R  nOAIIOCJIefiOBaTeJlbHOCTb v;, -t V', rfie V' - HeKOTOpOe N30-  



M e T p u s e c K o e  o ~ o 6 p a x e ~ w e  B c e r o  3; H a  B c e  9?=. OZI~BUAHO, n o J I y -  
s e ~ ~ b r f i  O n e p a T o p  V' no TeM x e  a o p ~ y n a ~  (4) N (4') no 102 onpe- 
A e n u T  N c K o M o e  c a M o c o n p R x e H H o e  p a c r u u p e H M e  A" o n e p a T o p a  A c coxpa- 
H e H N e M  er0 H N X H e f i  r p a H U .  

O 6 U e M y  CJIy9aH)  TeOpeMbI  3 6 y ~ e ~  I I O C B R U e H  no 109, C O A e p -  

XalQNfi N 3 J I O X e H U e  OCHOBHbIX p e 3 y J I b T a T O B  M. r. K p e f i ~ a  no T e O p N N  
P a C I U N p e H N R  I l O J I y O r p a H N 9 e H H b I X  C I l U 3 y  CNMMeTPU9eCKNX O I I e p a T O p O B  

C C O X p a H e H H e M  UX H U X K ~ ~ ~  r p a H N .  3 ~ e c b  Xe MbI K P a T K O  OCTaHOBNMCR 
H a  o614e~ OIINCaHNN MeTOAa M. r. Kpefi~a. 

npe>r<Ae B C e r O  ~ ~ M ~ T N M , '  9M AJIR A O K a 3 a T e J I b C T B a  T e O p e M b I  3 
AOCTaTO9HO YCTaHOBNTh, 9 T O  ~1m60fi ~ o J I o X N T ~ J I ~ H ~ I ~ ~  C N M M ~ T P U Y ~ C K N ~ ~  
o n e p a T o p  A o n y c K a e T  n o n o x u T e n b H o e  c a M o c o n p R x e H H o e  p a c w N p e H N e .  

 TO B b I T e K a e T  N 3  TOrO,  9 T O  H N X H R R  r p a H b  O I I e p a T O p a  A - pI P a B H a  

H y J I W ,  eCJIU H N X H R R  r p a H b  A e C T b  p, U H ~ O ~ O ~ O T .  E c m  T e n e p b  
O I I e p a T O p  A ~ o J I o X U T ~ J I ~ H ~ I ~ ,  TO T O 9 K a  1 = - 1 RBJIReTCR er0 ~ 0 9 ~ 0 f i  

P e r Y J I R P H O r O  T N n a  N, CJIeAOBaTeJIbHO, N M e e T  CMbICJI A ~ o ~ H o - J I ~ H ~ ~ ~ H o ~  

npeo6pa30~a~ue 
s = (I - A )  (I + A)-l. 

N, K a K  J I e r K O  n O K a 3 a T b ,  er0 H O p M a  H e  LTpeBOCXOANT e A N H N U b l .  ~ P N  
 TOM O K ~ ~ ~ I B ~ ~ T C R ,   TO s a ~ a s a  c a M o c o n p R x e H H o r o  pacruupemn onepa- 
T O p a  A C C O X p a H e H U e M  nOJIOXNTeJIbHOCTN 3 K B N B a J I e H T H a  I IOCTpOeHUH) 

c a M o c o n p R x e H H o r o  p a c r u N p e a a n  5 o n e p a T o p a  S,  y A o s n e T B o p m u e r o  

YCJIOBNH) IIL!?~~ 9 1. C O O T B ~ T C T B ~ H ) ~ ~ ~ ~  I I O C T p O e H N e  M. r. I ( p e 8 H a  
N HeKOTOPbIe  er0 B C n O M O r a T e J I b H b I e  I I p e A J I O X e H N R ,  H ~ O ~ X O A N M ~ I ~  AJIR 

O n N C a H N R  B C e B 0 3 M O X H b l X  p a C I U N p e H N f i ,  YnOMRHYTbIX B T e O p e M e  3, 
IIPUBOARTCR B no 108. 

108. C ~ M O C O ~ ~ R X ~ H H ~ I ~  PaClllHpeHHR OrpaHHqeHHOrO CHMMeTPHSe- 
cKoro onepa~opa' c ~ e n ~ o ~ ~ o i i  B H 06JlacTb10 ' onpeAeJleHm, coxpa- 
HRlOqHe er0 HOPMY. ~ Y C T ~  S e C T b  I I P o N ~ B o J I ~ H ~ I ~ ~  J I N ~ e f i ~ b l f i  O n e p a -  

TOP, 0 I I p e ~ e J I e H H b l f i  H a  H ~ I I J I o T H o ~ ~  B H 0 6 n a c ~ ~  Ds N YAOBJIeTBO- 

p5IH)lQNfi AJIR nm6b1x f ,  g 6 Ds COOTHOUeHNH) CUMMeTpNN 

(Sf7 g) = ( f ,  Sg). 

* 0 6 q a ~  T e o p l l R  pacurupe~aii T a K n x  O n e p a T o p o B ,  a H a n o r u r l H a R  H ~ J I O X ~ H H O ~ ~  

HaMA T e O p A A  p a ~ I l l ~ l p e ~ 1 4 f i  H e i i ~ a ~ a ,  6 ~ 1 n a  n O C ' l p O e H a  M. A.  K ~ ~ c H o c ~ J I ~ c K A M  (CM. 
er0 pa6ory ((0 C a M O C O n p n X e H H b l X  p a C I l l A p e H A R X  3pMATOBblX OIIepaTOpOBD.  Y K ~ .  
MATeM. X. N2 1 (1949)). 
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Teope~a  1. Jllo6od o zpa~uue~~ ib l i i  cu,ufitempurec~uii onep31nop S  
c ~ e n n o m ~ o d  s H o6nacmbro onpedene~uz Ds c H M O X H O  pacuupunlb 
do ca~oconpx3icen~ozo. onepamopa S" (D; = H) c coxpaHeHue,M ezo 
HOpMbL (113 I /  = I (S I ( ) .  

a 0 K a 3 a T e JI b C T B 0. He O r p a H M Y N B a R  O ~ W H O C T H ,  6 y ~ e ~  C q M T a T b  

11s ( 1  = 1. O ~ J I ~ C T L  Ds 6y ,qe~  CYMTaTb ~ ~ M K H Y T O L ? ,  T a K  K a K  B n p ~ i i ~ -  
HOM C J I y q a e  O n e p a T O p  S M O X H O  PaCUIkipMTb no H e n p e p b I B H O C T M  H a  
3 a M b I K a H N e  Ds. 0 6 0 3 H a q k i M  Y e p e 3  P O n e p a T O p  O p T O r O H a J I b H O r O  I I p O e K -  

_ T M p O B a H N R  H a  DS M IIOCTPONM O n e p a T O p b I  

S ,  = PS, S ,  = ( I  - P) S ,  

Srp = Slrp + Szcp. ( 1 )  
B Y A ~ M  P a C U I M p R T b  H a  H K B X A ~ I ~  N 3  O I I e P a T O P O B  S1 N Sz  B OTAeJIb- 

HOCTM. 
q ~ 0 6 b 1  PaCUIUPMTb S1, HaIIMUIeM AJIR J I ~ ~ ~ I X  f, g  E DS PaBeHCTBO 

(sf 9 g) = ( f  * S g )  = ( P f  9 Sg)  = ( f ,  S,g). (2) 
n e ~ a R  W C T b  M M e e T  CMbICJI n p M  n m 6 o ~  g E H a ,  I I p e A C T a B J I R e T  AJIR 
BCRKOrO T a K O r O  g J l P i ~ e f i H b ~ L ?  @ ~ H K u M o H ~ J I  O T  f € Ds, C H O P M O ~  < 1 1  g l / .  
T ~ K  K a K  Ds e C T b  ~ M J I ~ ~ ~ ~ T O B O  n p O C T p a H C T B 0 ,  T O  no T e O p e M e  a. P N C C ~  
O A H 0 3 H a q H O  O n p e A e J I M T C R  3 J I e M e H T  h E Ds, AJIR K O T O p O r O  (S f ,  g) = 
= ( f ,  h)  n p N  n m 6 o ~  f E Ds M npu   TOM I (  h  11 ,< ( 1  g ( 1 .  n o a a r a ~  

~ b ~ ~ e ~ a m ~ e e  AJIR f E Ds ~3 ( I ) ,  M M ~ J I O  M ~ C T O  nm60ro f E H. 
C 3~0fi U W b m  O n p e A e J I l l M  B H 6 u n a l l e f i ~ b r i i  @ ~ H K U M O H ~ J I  [ f ,  g ]  no 
@ ~ P M Y J I ~  

(5) 



/ 
HO 3 ~ e c b  p a s e H c T B o  H ~ J D  lie U c r < n m s e H o  npn f #O.  C n e n o ~ a ~ e n b ~ o ,  
6 ~ n ~ H e f i ~ b I f i  @ ~ H K U U O H ~ J I  (5) RBnRCTCR KBa3UCKa.i7RPHbIM n p O H 3 B e A e -  

HI leM B C M b I C n e  no 3. f l ~ l l ~ e f i ~ o e  ~ ~ o r o o 6 p a 3 u e  % BCeX T e X  f E H, 
a m  K O T O ~ I X  [f ,  f ]  = 0, ~ ~ M K H Y T O ,  T a K  r<aK O n e p a T o p  Sl H e n p e p b r s e H .  

~ ~ ~ ' C X O A H  OT 14 K @ ~ K T O P - ~ P O C T P ~ A C T B Y ,  hlbI n O J y ' 4  UM J I l i H e f i H y ~  

M e T p U 3 O B a H H y l O  C I l C T e M y  HI%. Ecnn 3 T a  CUCTeMa H e  n O J I H a ,  T? n 0 n O J I -  

H M W  ee O ~ ~ I Z I H ~ I M  C ~ O C O ~ O M  (CM. no 4). B p e s y n b ~ a ~  e M ~ I  n o n y s a e M  

r u n b 6 e p ~ o ~ o  IIpOCTpaHCTBO H. 
M3 H e p a B e H C T B a  (4), KOTOpOe T e n e p b  MOWHO I I e p e n M C a T b  B B U A e  

a ero o6nac~b  3 H a s e H U f i  J I e W U T  B H e  Ds. 
Aanee, a3 (6) c n e n y e T  B O ~ M O W H O C T ~  A o o n p e n e n e H n R  no H e n p e p b r B -  

AOCTU B H C n e p a T O p a  S2 H a  3 a M b I K a H U M  M H O T O O ~ ~ ~ ~ H H  F B H. 
Ho npn 3~01~1, o s e s n n H o ,  ~ H ~ ~ ~ H M S I  O n e p a T o p a  S2 n o - n p e x ~ e ~ y  6 y n y ~  
I I p P i H a A J I e W a T b  H @ Ds Ii C O X I l ~ H l i T C R  H e p a B e H C T B O  (6). 

0 6 0 3 ~ a 9 U M  T e n e p b  sepe3 P O n e p a T O p  O p T O T O H a J I b H O r O  I I p O e K T U p O -  

B a H u z l  H H a  F u pacrunpm S,  H a  H, n o n o x w B  - 
S,f = S,Pf (f € H). 

1 1  5,f ) I 2  = 1 1  SzPf ( l a  ,c [Pf, Pfl ,( [f, f]. (7) - 
~ O C T ~ O ~ H H O ~  P a C U l I l p e H N e  S2 MOWHO p a C C M a T p M B a T b  K a K  O n e p a T O p  

B UCXOAHOM I I p O C T p a H C T B e ,  eCJIM AJIH nm6oro f 6 H n O n O X U T b  . 
* 

S2f = S2f, 

me f e C T b  TOT U 3  3 J I e M e H T O B  H, KOTOPOMY B H OTBega .eT IIOAMHO- 

x e c T B o ,  conepxauee f .  n p n  Z TOM B cuny (5): 



d 

Tcp = S,cp + i 2 c p  -- S1cp + S,cp = Scp. 

T ~ K I ~ M  o6pa30~,  OnepaTOp T RBnReTCR paCIlIkipeHMeM ( ~ o o 6 q e  
rOBOPR, I ~ ~ C ~ M O C O ~ ~ R X ~ H H ~ I M )  OnepaTOpa S Ha BCe npOCTpaHCTB0 H 
c coxpaHeHneM ero H O P M ~ I .  l 7 0 ~ a x e ~ ,   TO OnepaTop T* O ~ J I ~ A ~ ~ T  ' 

3TWMW Xe CBO~?CTB~MU. 
l7pa nm6b1x cp € Ds, g c H nMeeM, y s a ~ b ~ ~ a ~  (2'), s ~ o  

w 

(T*cp, g) = (9, Tg) = (cp, S1g + Szg) = (9, SIg) = (Scp, g), 

1 S = 3 (T + T*), 

nonyJaeM NcKoMoe caMoconpRxeHHoe pacmMpeHNe 5 onepaTopa s 
c coxpaHeHHeM ero HOPMEI. 

T e o p e ~ a  ~ o ~ a s a ~ a .  
A ~ H  OnMCaHUR BCeX CaMOCOnpRXeHHbIX pa~IlIkipeHkifi OnepaTOpa S 

c coxpat~eaae~ ero H O P M ~ I  n o ~ p e 6 y e ~ c ~  cneAymqaR 
Jewwa. I7ycmb B - ozpailureililbai nocnoxumecnbilb~ri onepamop 

e H, a G -ilercomopoe nodnpocmpailcmeo H. Ilycmb, dacnee, 6 osila- 
raem Miloxecmeo ecex caMoconpzxeililblx onepamopoe C, ydoecnemeo- 
PRlOlljUX YCAOBURA 

C ,( B, (9) 
C g =  0 (gcG) .  (10) 

B marcox ccnyrae e 6 cywecmeyem xarccullzacnbilb~~ oneparnop C 
(T. e. onepaTop, K O T O P ~ I ~ ?  > nm601-o ~3 OnepaTopoB MHoxecTsa 6 )  
u smom onepamop npedcmaeu~ e eude 

zde Q - onepamop opmozoilacnbilozo , npoercmupoeailuR ila H @F, 
a F - ~~0r006pa3kie BCeX BeKTOPOB B112g (g  € G.). 

~ ~ o K ~ ~ ~ T ~ J I ~ c T B o * .  E c n ~  C E ~ ,  To B cuny (10) npa nm6blx 
h E H, g E G UMeeT MeCTO paBeHCTB0 (Ch, g) = 0 U n03TOMY 

(Ch, h) = (C [h -gl, h -g). 
O T C ~ A ~  B CNny (9) U (10) 

(Ch, h) g (B [h - gl, h - g) = )I  B1lzh - B1lzg I(= 

* ~ ~ H B O A H M O ~  AOKaBaTeJIbCTBO npHHaAJIeXUT M. M. r e J I b @ a ~ ~ y .  CY. pa6o~y  
M .  r. Kpefi~a,  UHTUpOBaHHYKl Ha  C. 63. 



(Ch, h) < inf 1 1  B1lah - B112g 1 1 2 .  
8 E G  

(Ch, h) < / (  QB1lzh 1 1 2  = (B112QB11zh, h) = (Ch, h) (h E H ) ,  
KOTOpOe U ~ p e 6 0 B a n o c b  YCTaHOBUTb.  A ~ M M ~  n O K a 3 a H a .  

Tenepb n y C T b  So e C T b  @ H K C U ~ O B ~ H H O ~ ,  a " S ~ O U 3 B O J l b H O e  C a -  
M O C O ~ ~ R ~ ~ H H O I  p a c r u u p e H u e  o n e p a T o p a  S ( I  I S 1 1  = 1 )  c c o x p a H e H u e M  
ero H O P M ~ I .  T o r ~ a  o n e p a T o p  C, o n p e n e n ~ e i v b r i i  p a s e H c T B o M  - - 

.? = So + C, (12) 

-(1+30) 4 c 4  ( I  -Z0),  (13) 
Cf = 0 npu f E Ds. (14) 

O ~ ~ B H A H O  T a K X e ,  9 T O  e C n U  C ~ M O C O I I ~ R ~ ~ H H ~ I U  O n e p a T O p  C o 6 n a ~ a e ~  
c ~ o i i c ~ s a ~ u  (13) u (14), TO o n e p a T o p  3, o n p e n e n ~ e ~ b ~ i i  p a B e H c T B o i v  
(12), 6 y n e ~  C a i v o c o n p R x e H H b I i v  p a c m u p e a u e i v  o n e p a T o p a  S c coxpa- 
H e H U e M  er0 HOPMbI.  

OTCBA~ n O J l b 3 y R C b  J I ~ M M o ~ ~ ,  yXe H e T P Y A H O  n O n y 9 U T b  O n U C a H U e  
B c e x  c a M o c o n p R x e H H b I x  pacruupe~uii o n e p a T o p a  S c c o x p a H e H u e M  

ero H O P M ~ I .  
Ang 3 T O r 0  0 6 0 3 H a 9 ~ ~  9epe3 Ql U Q2 O p T O n p O e K T O p b I  H a  O p T O r O -  

H a J l b H b I e  AOnOJlHeHUR K M H O T O O ~ P ~ ~ U R M  ( I  $ $ ) 1 1 2 ~ ~  U (1 - $ ) 1 / 2 ~ S  

COOTBeTCTBeHHO. Aanee nOCTpOUM O n e p a T O p b I  

Teope~a 2. ARR m020 ltm06bl C ~ M O C O ~ ~ R X ~ M M ~ ~ ~  Onepamop T 
Renxncx paculupetiuehi onepamopa S c coxpatietiuehi ezo U O P M M ,  
tieo6xoduhio u docmamortio, 1tmo6b1 OH ydosnemsop~n d601U1tiohiy tie- 
paseticmsy 

S t  4 T 4 S". (18) 
o K a 3 a T e n  b c T B 0. Ecnu T e c T b  C a M o c o n p s r x e H H o e  pacruu- 

p e H u e  o n e p a T o p a  S c c o x p a ~ e ~ u e ~ '  ero H O P M ~ I ,  TO (18) H e n o c p e A -  
CTBeHHO B b I T e K a e T  U 3  (13), (14) U JIeMMbI.  
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N, lTOCKOJIbKY Sf 3 S, S f ' 3  S ,  T O  AJIR ~ 1 ~ 6 o r o  f  E DS N M e e M  

0 & (Wf ,  f )  & (Isff - S f ]  f ,  f )  = 0, 
O T K y  A a  

(Wf, f ) = O  (f E W .  

M3 3 T O r 0  P a B e H C T B a  N HeOTpMUaTeJIbHOCTU O n e p a T O p a  W BbITeKaeT,  - 
 TO Wf = 0 npu f  E Ds, T. e. Tf = Sff  npu f  E Ds u, ~ H ~ ~ I I T ,  T =SA 
T t o p e ~ a  A O K a 3 a H a .  K a x n o ~ y  CaMOCOnpR>KeHHOMy p a C I H N p e H I l D  S - 
O I I e p a T O p a  S ( 1 1  S 11 = 1 )  C C O X p a H e H N e M  er0 HOPMbI OTHeCeM S- 

1 
c K a n R p H o e  n p o ~ 3 ~ e n e ~ u e ,  N " S H O ~ M ~  no @ o p ~ y f i a ~  

N 

Il f 11s" = V ( r n  
me f ,  g c  H. 

T e o p e ~ a  3. nycmb T ecmb caiuoconpA3tceHitoe pacluupeHue onepa- 
mopa S c coxpaHeHueiu HOP ~ b l  1 1  T ( 1  = I I  S 1 1  = 1 .  Tozda d n ~  co6na- 
~ Z H U R  onepamopa T c ~u3tc~ei i  zpaitbm Sf 6 Gopiuyne (18), ~eo6xo- 
duiuo u docmamorito, rmo6bl u~ozoo6pa3ue DS 6bwo nnomHo 6 H no 
T - ~ o p x e .  

A o K a 3 a T e n  b c T B o . ~ P M H A M ~ R  T B K a q e c T B e  O n e p a T o p a  So . - 
n p H  n O C T p O e H N I l  @OPMYJ (17), BNAIIM, q T O  P a B e H C T B O  T So = Sf 
3KBABaJIeHTHO P a B e H C T B y  = 0. C f l p y r o f i  CTOPOKbI,  B C A J Y  (15) 

( ~ 4 ~ n = r r ~ ~ ( 1 + " S ) ~ ~ f 1 1 = ~  ( ~ E H ) .  
n p a ~ a ~  Y a c T b  n o n y q e H H o r o  p a s e ~ c ~ ~ a  B cuny o n p e n e n e H m  Q, e c T b  - 2 inf jlI + 3)ll.f - ( 1  + S0)'hg 11" inf 1 f  -g l lg  

gEDs gEDs 



B 3 a K J I o Y e H A e  3aMeTHM,  YTO XOTR AJIH n O C T ~ O e H M R  O n e p a T O p O B  S' 
M SN no $opMyJIaM (15) - (17) H ~ O ~ X O ~ A M O  3 a A a T b C R  HeKOTOPbIM PaC-  

UlAPeHAeM &, H a  AeJIe,  K a K  3 T 0  BbITeKaeT  U 3  C ~ M O ~  T e O p e M b I  2, - 
OHM H e  3aBUCRT OT ~ b 1 6 0 p a  So, a RBJIRmTCR eAUHCTBeHHbIMU 3KCTPe-  

MaJIbHbIMM (T. t'. HaMMeHbUlAM A H ~ M ~ o , ~ I ~ L L I M M )  3J I eMeHTaMA M H O X e -  

c T s a  B c e x  c a M o c o n p m e r l H b I x  p a c m ~ p e ~ ~ i i  o n e p _ a T o p a  S c coxpaae- - 
HMeM er0 IIOPMbI. ~ O ~ T O M ) '  MbI IIOilOWUM St = Smi" ,  Sn=  S m a x  U B 

A ~ J I ~ H ~ ~ ~ L L I ~ M  BMeCTO (18) ~ Y A ~ M  n U C a T b  . 

109. C ~ M O C O ~ ~ ~ R X ~ H H ~ I ~  PaCIUHpeHHR nOJIyOrpaHHlreHHOr0 CHMMeTPH- 
lrecKoro onepaTopa c coxpaeeeaeiv ero enmeet3 rpaea. K ~ K  yxe 
yJIOMMHaJIOCb B no 107, IIOJfyYeHHbIe  B no 108 Pe3YJ IbTaTbI  n03BOJIRFOT 

A O K a 3 a T b  T e O p e M y  3 no 107, e C n A  BOCnOJIb3OBaTbCR n p e 0 6 p a 3 0 ~ a H A e M  

(2) no 107. M b 1  HaYAHaeM H ~ C T O R ~ H ~ ~  IIYHKT C A3YYeHAR 3 T O r O  ~ p o 6 -  
H O J I U H ~ ~ ~ H O ~ O  n p e o 6 p a 3 0 ~ a ~ ~ ~ .  

~ Y C T ~  A - ~ ~ M K H Y T ~ I ~ ~  C A M M ~ T P U Y ~ C K M ~ ~  n 0 J I 0 ~ A ~ e J I b H b l f i  onepa- 
TOP C I I J ~ O T H O ~ ~  B 14 O ~ J I ~ C T ~ I O  Onpe f l e J I eHAR DA. T ~ K  KaK TOYKa h= 
= -1 m n R e T c R  TOYKOH P e r y n R p H o r o  T u n a  onepa-ropa A, TO MHOI-O- 

o6pa3~e (1 + A) DA e C T b  IIOAnpOCTpaHCTBO U npki n m 6 o ~  g gE (1 + 
f A) DA YPaBHeHUe  Af + f = g U M e e T  eHAHCTBeHH0e  PeUleHAe  f E DA. 
~ O ~ T O M Y  MbI MOWeM OJIpeAeJIATb H a  IIOAI'lpOCTpaHCTBe Ds S= (1 + + A) DA onepa-rop S $ o p ~ y n a ~ ~  

H ~ T ~ Y A H O  UpOBepATb ,  YTO ~ O C T P O ~ H H ~ I ~ ~  O n e p a T O p  S RBnReTCR 

CKMMeTPUYeCKAM ( ~ 0 0 6 u e  I-OBOPR, C H ~ I I J I O T H O ~ ~  O ~ J I ~ C T ~ I O  O n p e A e J I e -  

HAR) A ero H o p M a  H e  n p e B o : x o n e T  e n u l I a u b I .  

A e i i c ~ ~ A ~ e n b r i o ,  n p A  n106b1x g, = f l  + Af, E Ds n g2 = f 2  + + Afz E Ds: 
(Sg,, g 2 )  = ( f l  - 4 1 ,  f 2  + 4 2 )  = (fl, f2) - (Afl ,  AfZ), 
(g11 S g 2 )  = ( f l  + 4 1 7  f 2  -A!,) = ( f l y  f,) - ( 4 1 ,  Af2 ) .  

Aanee, npu n m 6 o ~  g = f + Af E DS 

1 1 %  1 1 2  = (f -4, f -4) = I I  f 1 1 2  -2 (Af, f )  + II Af 1 1 2  < 
6 1 1  f 1 1 '  + 2 (Af,  f )  f 1 1  Af 11' - (f Af, f Af) = 1 1  g 1129 

T a K  YTO 

IISII 4 1. (3) 
C ~ e p x  o T M e q e H H b r x  CBOHCTB, O n e p a T o p  S 06nanae~ eue O A H O ~  

O C O ~ ~ H H O C T ~ ~ :  qACJI0 p =  -1 H e  RBJIReTCR eI-0 C O ~ C T B ~ H H ~ I M  3 H a -  

WHKeM.  A e f i c T ~ l i T e J I b ~ 0 ,  

Sg + g # 0 (npn g St 0 ) s  (4) 



T a K  K a K  n p U  g # 0 113 (1)  CJIeAJJeT, YTO f # 0, a T O r A a  1.13 (1)  Pi (2) 
B b I T e K a e T ,  YTO* Sg $ g = 2f # 0. 

~ Y C T ~ ,  O ~ ~ ~ T H O ,  S e C T b  C I ~ M M ~ T P N Y ~ C K W ~ ~  O I I e p a T O p  B H, O n p e -  
A ~ J I ~ H H ~ I G  H a  n O A I I p O C T p a H C T B e  Ds C H Pi 06nanamuuC'i CBORCT- 
BaMU (3) 11 (4). 

B C U n y  (4) MbI M O X e M  O I I p e A e J l U T b  H a  J I N I I ~ ~ ~ H O M  M H O ~ O O ~ ~ ~ ~ N U  
DA = (I + S) DS o n e p a T o p  A @ o p ~ y n a ~ u  . 

H ~ T ~ Y A H O  I I p O B e p H T b ,  YTO I I O C T P O ~ H H ~ I ~ ~  O n e p a T O p  A HBJIReTCH 
CUMMeTPUYeCKNM 11 IIOJIOXUTeJIbHbIM. 

1 Aanee, n p r ?  n m 6 o ~  f = (g + Sg) c DA 

~ ~ M ~ T E I M ,  YTO O ~ J I ~ C T ~  O n p e A e J I e H N H  DA O n e p a T O p a  A M O X e T  6 b 1 ~ b  
H ~ I I J I o T H o ~ ~  B H. 

OY~BUAHO, U 3  @OPMYJI (1) 11 (2) CJIeAyIOT @ 0 p M y J I b 1  (5) 11 (6), 
u ~ a o 6 o p o ~ .  O n p e ~ e n ~ e ~ o e  ~ T U M U  @ o p ~ y n a ~ ~  n p e 0 6 p a 3 0 ~ a H ~ e  MOXHO 

T a K X e  I I p e A C T a B U T b  B BUAe 

MJIU 

~ W K O  I I p O B e p U T b ,  YTO 113 C a M O C O n P H X e H H O C T U  OAHOrO U 3  A B y X  
O n e p a T O p O B  (7) U (8) B b I T e K a e T  CaMOCOIIpHXeHHOCTb A p y r O r O .  

I < ~ K  yXe y K a 3 b l B a J I O C b  B K O H Q e  no 107, AJIH AOKa3aTeJIbCTBa 
T e O p e M b I  3 no 107 AOCTaTOYHO YCTaHOBIlTb C J I e A y K l W e e  I I p e A J I O X e H U e .  

Teope~a 1. JIm50d non03lcurnenb~blC cu~nernpuuecrcud oneparnop 
A, o6nacrnb onpedenenux Komopozo DA nnornfia 8 H, o6nadaem 
no ~paiif ied Mepe odfiufi nono3lcumenbfiblfi canoconpx3lcefifiblfi pacuu- 
pefiuefi. 

He MemaeT S ~ M ~ T U T ~ ,  YTO npw Bareone CBORCTB onepampa S Mn H e  ac- 
nosbgoaaau R ~ O T H O C T ~  DA B H. 



A o K a 3 a T e JI b c T B O. 0 6 0 3 ~ a s u ~  sepes S onepa-rop, onpene- 
JIReMblfi @ o p M y J l o f i  (7) U, I I o J I ~ ~ ~ R c ~ _ T ~ o ~ ~ M o ~ ~  1 no 108, nOCTPOMM 

ero c a ~ o c o n p ~ x e ~ ~ o e  pacruupe~we w S c ~ o p ~ o f i  = IISII (4 1). 
f l e r ~ 0  BHAeTb, 9 T O  O n e p a T O p  S YAOBAeTBOpReT yCJlOBUIO (4), T. e. 

sg + g # 0 IIpM g # 0. A ~ ~ ~ c T B M T ~ ~ ~ H o ,  e C n M  ' 6 b 1  I I p H  HeKOTOPOM 

g#O 6 b 1 n o  Sg + g = 0, TO 6 b 1 n o  661 T a K x e  A n R  n106oro h E H 

(g, h + Sh) = (g + Sg, h) = 0 
Pi, B WCTHOCTM (g, h + Sh) 0 n p U  J I D ~ O M  h E Ds, HO (I + S) DS = - DA, U P a B e H C T B O  HYJIIO I IOCJIeAHerO C K a J l R p H O r O  n p O H 3 B e A e H U R  
IIpOTUBOpesMT IIAOTHOCTU DA B H. 

T ~ K  K a K  O n e p a ~ o p _ S "  yAOBJIeTBOpReT YCJIOBURM (3) U (4), TO C y -  

U e C T B y e T  O n e p a T O p  A = (I - s) (I + K O T O P ~ I R ,  0 9 e B H A H 0 ,  RB- 

JlReTCR IIOJIOXMTeJIbHbIM P a C W H P e H M e M  O n e p a T O p a  A. T ~ K  K a K ,  

H a K O H e u ,  O I I e p a T O p  5 C ~ M O C O I I ~ R X ~ H H ~ I ~ ~ ,  TO O n e p a T O p  2 T a K X e  

RBJIReTCR CaMOCOnPRWeHHbIM.  T ~ K U M  o6pa30~,  T e O p e M a  A O K a 3 a H a .  
0 6 0 3 ~ a s u ~  sepe3 3 (A) M H O X e C T B O  BCeX I I O n O X H T e J I b H b I X  CaMO- 

C O I I P R X e H H b I X  ~ ~ c I I I M ~ ~ H A ~  O I I e p a T O p a  A,  a sepe3 @ (S) - M H O X e -  

CTBO BCeX C a M O C O n P R X e H I l b I X  P ~ C U ~ U P ~ H U ~ ~  O n e p a T O p a  S, C B R 3 a H H O r O  
C A COOTHOUeHUeM (7), MMeIOwUX H e  I I p e B O C X O A R w y I O  eAMHUUbI 

HOPMY. M3 A O K a 3 a T e J I b C T B a  T e O p e M b I  1 B b I T e K a e T ,  s T 0  B @ 0 p M y J I e  

- 
A =  (1-3) (I+%)-1, 

r ~e 
S E  B(S), S = (I- A) (I + A)-l, 

o n e p a T o p  2 npo6erae~ B c e  3 (A), e c n U  o n e p a T o p  npo6erae.r 
B c e  B (S). 

M3 T e o p e M b I  2 no 108 cnenye-r, s T o  o6w~fi BUA o n e p a T o p o B  2 E . 
E % (A) A a e T C R  @opMyJIof i  

'2 = (I - T) (I + T)-l, 

r A e  T - n106ofi C ~ M O C O ~ ~ H X ~ H H ~ I ~ ~  O I I e p a T O p ,  ~ A O B J I ~ T B O ~ R I O U U ~ ~  
d 

A B O ~ ~ H O M Y  H e P a B e H C T B Y  (19) no 108. I ( P ~ ~ ~ H M M  s J l e H a M  S m l n  Pi S m a r  

3 T O r 0  H e p a B e H C T B a  O T B e s a I O T  O n e p a T O p b I  

A, = (I - S m i n )  (I + S m i n ) - l  
u 

AM = (I - S m a x )  (I + gmax)- l .  

H p ~ l  A, = AM, M T o n b K o  B  TOM cnysae, o n e p a T o p  A u M e e T  e A m -  

C T B e H H O e  IIOJlOXMTeJIbHOe C a M O C O I l P R X e H H O e  P a C U H p e H M e .  

B o 6 u e ~  cnysae A,# AM. Hpu   TOM 06a o n e p a T o p a  A, u AM 
o 6 n a ~ a m ~  HeKOTOPblMW SKCTPeMaJIbHbIMU C B O ~ ~ C T B ~ M N .  M3 3TUX ABYX 



74 rn. VI I I .  Teopaa pacruupeHwa cnMMeTpnsecKax o n e p a ~ o p o ~  

o n e p a ~ b p o ~  ~ a k i 6 0 J I b U I U i i  U H T e p e c  n p e n c T a B n g e T  o n e p a T o p  A,, KOTO- 
p b l f i  H a 3 b I B a e T C R  XCCmUUM PaCulUpel-lUeM I IOJIOXUTeJIbHOrO O n e p a -  
T O p a  A. M M ~ H H O  3 T 0  p a C u I U p e H U e  U 661~10 I I O J I y s e H O  UHbIM IIj'TeM 

K. @ ~ U A ~ U X C O M  n p U  A O K a 3 a T e J I b C T B e  C I I P ~ B ~ A J I U B O C T U  I I p e A n O J I O X e -  
HUH H ~ G M ~ H ~ .  O C T ~ B I I I ~ ' H ) C R  W C T b  3 T O r 0  IIj 'HKTa Mbl IIOCBRTUM U3j'- 

M 

9 e H u m  X ~ C T K O ~ O  c a M o c o n p H x e H H o r o  p a c u r u p e H m  A, n o n o H c U T e J I b H o r o  
C U M M e T p U s e C K O r O  O I I e p a T O p a  A. 

0 n p e ~ e J I U M  H a  M H O ~ O O ~ ~ ~ ~ H W  DA CXOAUMOCTb 3 J I e M e H T O B  CJIeAYH)- 
U U M  06pa30~. ~ O C J I ~ A O B ~ T ~ J I ~ H O C T ~  3 J I e M e H T O B  f ,  € DA 6 y ~ e ~  H a 3 b I -  

B a T b  A - C X O ~ X ~ ~ ~ C R ,  OCJIU O H a  CXOAUTCH B H U, C B e P X  TOrO,  

l im ( A  [ f n  - f m l ,  fn f rn)  = 0. 
rn, n+ 

(9) 

J e x x a  *. Ecnu u { f n  1: - uauue-l-lu6ydb dee nocnedo- 
earnenbl-locrnu u3 DA, A-cxod~quecx u g E D [ A ]  u f E D [ A ]  coon- 
eemcmeel-ll-lo, mo cyqecmeyem 

- lim(Ag,, fn). 
n+ O0 

( 1  0 )  

n p u  3moM eenuru~a (10) He saeucum om obl6opa nocnedoeamenb- 
~ o c m e 6  (gn): u {f ,) ,",  u dnx nto6ozo A E 94 (A)  uMetorn Mecmo coom- 
HOULeHUR 

D [ A ]  c D;11/29 
lim(Ag,, fn)=(Ac'/2g,A"1/2f) ( g , f c D [ A I ) .  

n+ O0 

'a 0 K a 3 2  T e JI b C T B 0. M3 C I I e K T p a J I b H O r O  n p e A C T a B J I e H U R  

C a M O C O n P H X e H H O r O  I I O J I O X U T e J I b H O r O  O n e p a T O p a  A" n k r ~ o  CJIeAj 'eT 

B K J I I o s e H U e  Dl C Dl1/'. ~ O ~ T O M Y  COOTHOUIeHMe (9) M O X H O  I I p e A C T a -  

B U T b  B B U A e  

Iim llA'/2f,l -"A/2.frn 1 1  = 0 ,  
rn. n+ - 

' O T K y n a  B CUJIy  CXOAUMOCTU f ,  K f U 3aMKHj 'TOCTU O n e p a T O p a  A"'/' 
I I O J I y s a e M  B K J I W 9 e H U e  f E Dl112 U COOTHOUIeHUe 



M3 IIOJIYYeHHbIX C O O T H O U ~ H A ~ ~  H e I I O C p e A C T B e H H O  c n e A y e T  C n p a B e A -  

JIHBOCTb C ~ O P ~ X  yT~ep>rc~€!HHfi  JIeMMbI. 

C n e ~ y m q a ~  T e o p e M a  M. T. Kpef l~a  A a e T  x a p a K T e p H c T m y  x i e c T -  

K o r o  p a c r u a p e H u R  A,  n o n o x n T e n b H o r o  o n e p a T o p a  A. 
Teope~a  2. C p e d ~  8Cef303MOXtiblX CaMOCOnPRXeNtiblX nOflyOZ- 

paHureHHblx C N U ~ Y  pactuupetiua nonoxumenbtioeo cufifiempuuecicozo 
onepamopa A cgqecmeyem eduticmeetitioe pactuupe3ue 2, dnrz 
rco,nopoeo D X  D [A]. 3 m u ~  pactuupetiuefi nenszemcR onepamop A, 
u d n ~  tiezo 

- D  [A,] = D [A]. (1 1) 
.lJ. o K a 3 a T e n c T B o. O r p a ~ P i q ~ ~ c d  c H a r I a n a  p a c m u p e H m M u  

2 E '% (A), T a K ,  q T O  

me ~ E @ ( S )  H 

S = (I -A) (I + A)-'. 
Ecnu 

D-, c D [A], - 
TO, OqeBUAHO,  ~ ~ o r o o 6 p a 3 u e  DA ~ Y A ~ T  nJ lOTHbIM no A - H O ~ M ~  B DA. 

C ~pyrofl  CTOPOH~I ,  e c n H  f E D,-, TO 

2 [ ( / I f )  + (A"/, 3 1  = (g, g) + @g, g), 



76 Tn. VIII. T e o p u ~  pac lunpe~u~ c u ~ ~ e ~ p u s e c ~ n x  o n e p a ~ o p o ~  

~ ~ 0 r 0 0 6 p a 3 M e  DA 6 y n e ~  IIJIOTHbIM B D; no Z - H O ~ M ~ .  A T a K  K a K  D [A] 
e C T b  3 a M b I K a H M e  DA no 2 - H o p M e ,  T O  D i  C D [A]. 

C ~pyr0 f i  CTOpOHbI,  D;i 3 DA. ~ O ~ T O M Y  3 a M b I K a H H e  D i  n0 2 - H O p M e  

c o s n a A a e T  c D [A], T. e. 

D [ A ]  = D [A"]], 
LITO C o B n a A a e T  c ( I  I ) .  

4 

Tenepb O C T a e T C R  n 0 K a 3 a T b l  s T 0  M3 COOTHOUleHMR (12) C J I e A y e T  
w 

P a B e H C T B O  A = A, H e  TOJIbKO B TOM C J I y s a e ,  K O r A a  E 8 (A), HO 

M B donee o6rrre~ C J I y s a e ,  K O r A a  A e C T b  npOki3BOJIbHOe n o n y o r p a H u s e H -  
H o e  C H M ~ ~  C a M o c o n p R x e H H o e  p a c u M p e H u e  o n e p a T o p a  A. 

C 3~0fi U e J I b W  A a H H O M y  2 AOCTaTOLIHO n 0 ~ 0 6 p a ~ b  LIMCJIO a > 0 
T a K O e ,  9~06b1 6b1~10 A + a1 > 0. T o r ~ a  M3 (12) B b I T e K a e T  COOTHOUleHIle  

DA+=, = D j c D  [A] = D [ A +  all 

T ~ K  K a K ,  B YaCTHOCTM, C O O T H O U e H M e  (12) N M e e T  MeCTO n p M  A = A,, 
T O  6 y ~ e ~  

A, + a1 = (A + a[),, - 
o T K y A a  n o n y s a e M  A = A,, u T e o p e M a  ~ o ~ a s a ~ a  nonaocmo. 



CHMMETPH'IECHHX OIEPATOPOB 

1 10. 0606qe~noe  pa3nome~ue e~unuqbl. Teope~a  M. A. Haii~apwa*. 
M ~ I  6 y ~ e ~  H a 3 b I B a T b  0 6 0 6 q e ~ ~ b i n z  pa3RO3tceHUeA' e d u ~ u g b l  BCRKOe 

O n H o n a p a M e T p r i s e c K o e  c e ~ e i i c ~ ~ o  o n e p a T o p o B  F,, y n o s n e T B o p R m u e e  
cnenyroqm ycnoaum: 

(A) 1-IpI1 t, > tl p a 3 H O C T b  Ft, - Ft, R B J R e T C R  O r P a H N s e H H b I M  
n O n O X M T e A b H b I M  O n e p a T O p O M ,  

(B) FL,, = F,. . . .-" 
(C) F-, = 0,' F ,  = I .  
B O T J l I l s I l e  OT O n p e A e n e H I l R  0 6 b 1 s H o r 0  p a 3 J O X e H I 1 R  e A N H N 4 b I  (CM. 

n067), 3 A e C b  y x e  H e  T ~ ~ ~ Y ~ T C H ;  9~06b1 O n e p a T O p  Ft 6b1n n p O e K T N -  
P Y H ) q N M ;  B COOTBeTCTBIlN C 3THM O T n a A a e T  ~ p e 6 0 ~ a H N e  O p T O r O H a J I b -  
HOCTH 

F,F,= F, (s = m i n ( u ,  v)) ,  ( I )  
~ 6 0  I13 ( I ) ,  (A), (B), (C) I 3 b I T e K a J O  6b1, 9 T O  O n e p a T O p  Ft - n p O e K T N -  
p y m u I 1 i i .  

M3 T e O p e M b I  3 no 33 0 MOHoTOHHbIX n O C J e A O B a T e J b H O C T R X  O n e p a -  
TOpOB (Pi  3 a M e q a H A R  K 3 ~ 0 c  T ~ O P ~ M ~ )  C J I e A y e T ,  s T 0  n p I 1  H a n I l s I l M  
c ~ o i i c ~ ~ a  (A) B c e r A a  MOXHO ~ a ~ n e w a q e i i  H O P M N P O B K O ~ ~  o n e p a ~ o p ~ o i i  
@ Y H K ~ N I I  Ft A O ~ A T ~ C R  B ~ I ~ ~ O J I H ~ H A R  Y C J O B H R  (B). 

0 6 b 1 s ~ o e  P a 3 J I O X e H N e  eAAHAUb1 RBJlReTCFf s a C T H b I M  C J y q a e M  0606- 
U e H H O r O .  M 1 1 o r ~ a  0 6 0 6 q e ~ ~ o e  p a 3 J l O H t e H N e  eAIIHI14bI  H a 3 b I B a m T '  

n p o c T o  p a 3 n o ~ e ~ ~ e ~  e n m N u b 1 ,  a 06b1s~oe p a 3 n o x e ~ ~ e  ~ A M H M U ~ I  H a -  
3bIBalOT OPm020HaRbHblilZ. 

B M ~ C T ~  C Ft B B e A e M  T a K X e  n O J I O X k i T e n b H y H ,  a R q I l T I l B H Y I 0  O n e p a -  
TOPHYIO @YHKUIIIO M H T e p B a n a  F(A) m u  FA, n o n a r a R  

F (A) = FA = F,, - Ft,, 
r A e  A = [t,, t,). 

n p o c ~ e f i I I I I 1 f i  n p M M e p  0 6 0 6 q e ~ ~ o r o  p a 3 J O X e H I I R  eAIIHI14bI  A a e T  

o n e p a T o p H a R  @YHKUMR Ft, O n p e A e n e H H a R  p a s e H c T B o M  

Ft = plEJ1) + p2E( t2) ,  

* CM. H a fi hi a p K M. A. CneK~paJIb~ble @ Y H K ~ M ~ I  CWMMeTpNYeCKOrO Onepa- 
Topa. - ((M~B. AH CCCP)), T. 4, Ng 3, 1940, c. 277-318. H a fi M a p K M. A. 
0 6  OAHOM IlpeACTaBJIeHHH aRqUTUBHbIX OnepaTOpHblX @ y ~ ~ q a f i  MHOXCCTB, - AAH 
CCCP, T. XLI,  1943, c. 373, - 375. 



rAe E;'' M ~ 1 ~ )  - I I P O U 3 B O J I b H b l e  O P T O r O H a J I b H b I e  p a 3 J I O X e H U R  eAUHU- 

UbI,  a U P2--nOJIOXUTeJIbHbIe 9 U C J I a ,  C y M M a  KOTOPbIX P a B H a  e A U H U u e .  
Bonee n o y 9 k i ~ e J I b ~ ~ f i  n p U M e p  I I p e A C T a B n R e T  O n e p a T O p H a R  @ ~ H K -  

UAR Ft,  n O J I y 9 a e M a R  H U X e C J I e A y l O U U M  n O C T p O e H U e M .  
~ Y C T ~  E t  - O p T O r O H a J I b H O e  p Z l 3 n O X e H U e  eAUHUUb1 I I P O C T P a H C T B a  

H, G - H e K O T O p O e  I I O A n p O C T p a H C T B O  I I p O C T p a H C T B a  H II P - O n e p a -  
T O P  O P T O r O H a J b H O T O  n P O e K T U P O B a H U R  H a  G. ~ O J I O X U M  

U 6 y ~ e ~  P a C C M a T p U B a T b  Ft K a K  O n e p a T O p ,  ~ e f i c ~ ~ y m u l ~ f i  B I I p O C T p a H -  
c T s e  G J I e r ~ o  B U M T ~ ,  YTO O n e p a T o p H a R  (PYHKUUR Ft YAOBJI~TBOPR- 
e T  YCJIOBURM (A), (B), (C) U RBJIReTCR,  C J I e A O B a T e J I b H O ,  P a 3 J I O X e H N e M  

~ A U H U U ~ I  ( ~ 0 0 6 q e  r O B O P R ,  H e  O P T O ~ O H ~ J I ~ H ~ I M )  n p O C T p a H C T B a  G. 
M. A. H a f i ~ a p ~  YCTaHOBUJI,  9 T O  nm6oe 0 6 0 6 u l e ~ ~ o e  p a 3 n o 8 c ~ u e  

e A U H U u b 1  n p O C T p a H C T B a  H M O X e T  6 b 1 ~ b  n O J I y 9 e H O  TOJIbKO 9 T O  O n U -  
C a H H  bIM n p I l e M O M  n O C J I e  B J I O X e H A H  n p O C T p a H C T B a  H B H e K O T O p O e  

n p O C T p a H C T B 0  H'. 
~ P U  A O K ~ ~ ~ T ~ J ~ ~ C T B ~  T e O p e M b I  M. A. ~ a f i ~ g p ~ a  H a M  I IpHAeTCR 

U C n O J I b 3 0 B a T b  OAUH ~ a X ~ b 1 f i  n p U e M  I IOCTpOeHUR ~ u J I ~ ~ ~ ~ T o B ~ I x  np0- 
C T P a H C T B ;  U 3 J I O X e H U e M  3 T O r 0  I I p U e M a  MbI II 3 a f i M e M c R  B n e . p B y l o  

O s e p e A b .  

C 3~0fi  U e J I b m  B B e A e M  I I O H R T U e  06 ~ ~ M H T O B O - ~ o J I o X U T ~ J I ~ H ~  

( P ~ H K U M U .  
Y u c n o ~ a ~  ( P ~ H K U H H  @ ( f ,  gj, onpeneneman H a  nm60fi nape f, g 

3 J I e M e H T O B  H e K O T O p O r O  M H O X e C T B a  a, H a 3 b I B a e T C R  3pNUmO80-TlOAO- 

x u r n e n b ~ o l i ,  ecnu npu  nm6brx f, g u3 Q, 

n ecnu npu n m 6 o ~  n < 00 ki J I I O ~ ~ ~ X  fl, f2, . . ., fn  U 3  $ 3PMUTOBbI 

( P O P M ~ I  
n 

Ecnu, H ~ O ~ O ~ O T ,  3 a A a H a  3 p M U T O B O - n O n O X U T e J b H a R  @YHKUHR OT 

n a p b 1  3 J I e M e H T O B  I IpOU3BOJIbHOrO M H O X e C T B a  Q, T O  3 T 0  M H O X e C T B O  



M O X H O  O ~ P ~ T N T ~  B r ~ J I b 6 e p ~ 0 ~ 0  n p O C T p a H C T B 0 .  T o s ~ e e  TOBOPR, M O X H O  
B J I O X N T b  $ B H e K O T O p O e  runb6ep~ono I I p O C T p a H C T B O  H+ T a K ,  9 ~ 0 6 6 1  
H a  s n e M e H T a x  f ,  g  ~3 $ c K a n R p H o e  npow3se~e~we o n p e A e n R n o c b  
@0p~ynofi  

( f ,  g )  = 0 ( ( 9  !3). 

Mbl $, BBeAR @ 0 p M a J I b ~ 0  K O H e s H b l e  CYMMbI 

npw n1.060~ n < oo, nm6brx f; € $ n nm6b1x sucnax Ei (i = 1, 2, . . ., 
. . ., n). 

A 

Aanee o n p e A e n w M  B $ ~ s a s u c ~ a n ~ p ~ o e  n p o ~ 3 ~ e ~ e ~ n e  (CM. no 3), 
n o n a r a R  

ecnw 
P 9 

f = 11 Eifi, = 11 l k g k ,  n = rnin {p, q } .  
i=I k=1 

A A A 

0 6 0 3 H a 9 U M  sepe3 9 J i U ~ e f i ~ o e  ~ ~ o r o o 6 p a 3 u e  BCeX T e X  f E $,-AJIR 

KOTOpbIX ( f ,  0 = 0, I! n e p e i i ~ e ~  K @ ~ K T O ~ - M H O ~ O O ~ ~ ~ ~ H K I  

n 0 c J I e  I I O n O J I H e H U R  J I U H e f i H o f i  M ~ T P U ~ O B ~ H H O ~ ~  CNCTeMbI  R +  Mbl 
I l O ~ y W i M  H e K O T O p O e  ~ u J I ~ ~ ~ ~ T o B o  I l p O C T p a H C T B O ,  K O T O p O e  0 6 0 3 H a s N ~  
sepe3 H'. 3 0  n p O C T p a H C T B 0  HS. N RBJIReTCH NCKOMbIM. 

Tenepb M ~ I  M o x e M  nepef i~u K T e o p e M e  M. A. H a f i ~ a p ~ a .  
Teope~a.  nycmb F, - 0 6 0 6 q e ~ ~ o e  pasnowe~ue e d ~ ~ ~ y b l  npo- 

cmpa~cmsa H. 
B maKo,u cnyrae cyqecmsyem zunb5epmoso npocmpa~cmso H+, 

code,cwaqee H 8 Karecmse nodn,cocmpa~cmsa, u cyqecmsyem maKoe 
opmozoNanbNoe pasnowe~ue edu~uybl E$ npocmpawmsa H+, rmo 
npu nto60,u f E H 

F$ = P+E;~, 

zde P+ - onepamop opmozoNanbHozo n , c o e ~ m u p o s a ~ u ~ " ~ a  H. 
a 0 K a 3 a T e JI b C T B 0 .  B B ~ A ~ M  B P a C C M O T p e H M e  M H O X e C T B O  $ 

nap p BMAa 

P = (A7 f ) ,  
T A e  A - I I P O U ~ B O J ~ H ~ I ~ ~  3 a M K H y ~ b l f i  C J l e B a  I I O A b I H T e p B a J l  N H T e p B a J a  
Q =  [-00, OO), a f - - I Ip0~3~0JIbHblf i  BeKTOP W3 H. 



Ecnn n H T e p s a n b 1  Ai (i = 1, 2 ,  . . ., n) n o n a p H o  H e  n e p e c e K a m c R ,  
TO 

n n 

E (Fbi.Akfi, f k ) ~ J k =  E (Fbifi, f i )  (Ei12),0.  
i,  k=l i= 1 

(3) 

E c n ~  x e  l i H T e p B a n b 1  (i = 2,  3, . . ., n) n o n a p ~ o  H e  n e p e c e K a -  
IOTCR, a I 1 H T e p B a J b I  A1 I1 A,  COBnaAaIOT, TO CYMMa B n p a ~ 0 8  9aCTI1 
( 2 )  p a c n a n a e T c R  H a  A s e :  s a c T b ,  conepxalqarr MHneKcbI OT 3 AO n, 
6 y n e ~  B n n a  (3) ,  a s a c T b ,  c o A e p x a u a R  A H A ~ K C ~ I  1 11 2,  6 y n e ~  

06wsii cnysaa p a c n o n o x e H m  n H T e p s a n o B  Ai (i = 1, 2,  . . ., n) 
CBOAIlTCR K PaCCMOTPeHHbIM, €!CAM C IIOMOUbIO AOnOJIHNTeJbHOrO pa3- 
6 1 1 e ~ n ~  npMBeCTM 3 a A a H H y I O  CHCTeMy MHTepBanOB K CHCTeMe H e n e p e -  
CeKaIOUPiXCR HJIH COBIIaAaIOUHX HHTepBaJIOB I1 BOCnOJb3OBaTbCR B e p -  
HbIM IIpM A ,  A ,  = 0 COOTHOLUeHM€!M 

T ~ K H M  o6pa30~, ( P Y H K ~ A R  @ ( p i ,  p z )  3pMkiTOBO-nOJIOXUTen6Ha H a  fS1. 
n 0 J I b 3 y R ~ b  OnMCaHHblM p a H e e  IIpHeMOM, BJIOXHM fS1 B r I 1 ~ 1 b 6 e p ~ 0 -  

BO IIPOCTPaHCTBO Hf. 
He X e J I a R ,  BBOAIlTb HOBblX 0603~a9e~kifi AJIR T e X  3JIeMeHTOB - 

I IpOCTpaHCTBa Hf, KOTOPbIe RBJIRIOTCR IIOAMHOXeCTBaMki I13 fS1, T. e. 
AJIR 3JIeMeHTOB I13 Rf ,  MbI YCJIOBNMCR B CJIe,I(yIOUeM: ecJII1, H ~ K O T O ~ ~ I ~  



n 

c 3neMeHTOM Edk npOCTpaHCTBa H. T ~ K M M  o6pa30~, H M O X H O  PaC- 
k=l 

CMaTpIlBaTb KaK nOAnpOCTpaHCTB0 IIpOCTpaHCTBa H'. 
Pe ruu~  cnenymuym s a ~ a s y :  ~ a i i ~ u  npoeKuum sneMeHTa {A, f )  

npOCTpaHCTBa H" Ha nOAnpOCTpaHCTB0 H. 0603~asaR NCKOMYH) np0- 
eKuum sepes {Q, g ) ,  M ~ I  A O ~ X H ~ I  meTb npu n m 6 o ~  h 113 H paseH- 
CTBO 

({A, f l  - {Q, gl7 ( a ,  hl)+ = 0 
unu 1 

( ( 4  f ) ,  {Q, h})+ --((a, g},  (51,  h})+ = 
 FA^, h)-(g, h ) = ( F ~ f - - g ,  h)=O; ' 

OTKyAa 
g = FAf, 

T. e. 
P+ (A, f )  = (Q, FAf}. (4) + O n p e ~ e n u ~  Tenepb onepaTopeym @YHKUHH) E A Ha n m 6 0 ~  3 n e ~ e ~ -  

Te BUAa {A', f }  E HS. PaBeHCTBOM 

E: (A', f }  = ( A  A', f}. (5) 
Y ~ I I T ~ I B ~ R ,  9TO J I I ~ H ~ ~ ~ H ~ R  060nos~a 3JIeMeHTOB BUAa (A', f }  nnOTHa 
B H+, pacmupuM onepaTop E: no n a ~ e i i ~ o c ~ u ,  a s a ~ e ~  no Henpe- 
PbIBHOCTU Ha BCe IIPOCTPaHCTBO H'. 

Teope~a 6 y ~ e ~  AoKa3aHa, ecnu 6 y ~ e ~  YCTaHOBJIeHO, sTo onepa- + TOPHaR @YHKUHR EA RBnReTCR OPTOrOHaJIbHbIM pa3JIOXeHHeM eAHHH- 
4bI npOCTpaHCTBa H', 1160 TOrAa (4) M O X H O  ~ Y A ~ T  IIpeACTaBHTb B 

BHAe 
P+E:f = P + E i  (Q, f}  = P+ ( A  52, f )  = P+ (A, f}  = (52, FAf} = FAf 

npu n m 6 o ~  f E H. 
Osesnn~o,  E: - aAquTuBHaR onepaTopHaR @YHKUHR umepsana. 

Aanee U 3  AByX PaBeHCTB 
(A', f} = E ~ ( A  . A', f }  = ( A  . A . A', f )  = E;{A', 
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W 

(Ez {A', f),  {A",  g})+ = ({A . A' ,  f}, {A", &!I)+ = 

= ( F ~ . ~ * . h m f ,  g) = ({A1, f) ,  'Ez {A", g})+ 

c g e n y e T ,   TO Ez - npoe~~wpymmwfi o n e p a T o p .  

H ~ K O H ~ U ,  O W B W A H O ,  9 T O  { A 1 ,  f )  = {A1, f ] .  
? r s u ~ b r ~ a ~  c ~ o f i c ~ s a  (B) u (C) c e ~ e i i c ~ s a  F,, n o n y s a e M ,  sm Ez 

e C T b  0 p m r O H a J I b H O f 2  p a 3 J I O X e H H e  e n I l H M 4 b I  I I p O C T p a H C T B a  H+. Teope- 
M a  A o K a 3 a H a .  

w e m p u c t e c l c u i u  (B ~ ~ C T H O C T U ,  c a ~ o c o n p ~ 3 1 ~ e ~ ~ b ~ ~ )  p a c u L u p e H u e i u  one- 
P a T O p a  A m608 C I ~ M M ~ T ~ U ~ ~ C K I ~ ~ ~  (B s a C T H O C T k i ,  C ~ M O C O ~ ~ R X ~ H H ~ I ~ ~ )  . 

o n e p a T o p  B+, n e f i c ~ ~ y m q w i i  B H+ u R B J I R ~ ~ I I ~ C R  p a c u I H p e H u e M  
O n e p a T O p a  A. (npu  3TOM C q I I T a e M ,  9 T O  0 6 n a ~ T b  DA n J I O T H a  B H, 
a 0 6 n a c T b  D,, n n o T H a  B H+). - 

~ ~ a n o r w w o  06061uae~cn n O H R T H e  06 u s o ~ e m p u c t e c l c u x  (B s a C T H 0 -  

CTM, Y H U ~ ~ ~ U P H ~ L X )  P U C U U p e H U R X  I 1 3 0 M e T P U 9 e C K O r O  O n e p a T O p a .  
Osesun~o,  npeo6pa30sa~~e Ksnu c u M M e T p u s e c K o r o  ! c a~oconp~-  

' X ~ H H O T O )  PaCLUIlPeHUR B+ O n e p a m p a  A RBJIReTCR W30MeTPU9eCKUM 
( C O O T B ~ T C T B ~ H H O  Y H I I T ~ P H M M )  PaCLUl ipeHMeM npeo6pa30sa~u~ Ksnu 
o n e p a T o p a  A. 

O ~ ~ ~ T H O ,  npeo6pa30sa~ue Ksnu E i 3 0 M e T p H s e C K O r O  ( ~ ' H u T ~ ~ H o ~ o )  
P a C I I I H p e H k i R  H e K O T O p O r O  H 3 0 M e T p U s e C K O r O  O n e p a T O p a  RBJIReTCR CHM- 

M e T p U ~ e C K W M  ( C O O T B ~ T C T B ~ H H O  C ~ M O C O ~ P R X ~ H H ~ I M )  P a c I I I H p e H H e M  ripe- 
0 6 p a 3 0 B a H u R  Ksnu s ~ o r o  o n e p a T o p a .  

npki H+ = H I I O J I y s a e M  p a C C M a T p k i B a B I I I U e C R  A 0  CHX n O p  06b1s~b1e ." 
C k i M M e T p U s e C K U e  U k i 3 0 M e T p H W C K H e  p a C I I I U p e H H R .  



TO Y A O ~ H O  K J I ~ C C U @ W ~ H P O B ~ T ~  C U M M e T P H Y e C K H e  P a C I I I H p e H U R  Bf O n e -  
pampa A no cne~ymueii  c x e M e .  

I. P a c r u u p e ~ ~ l ~  I poAa - n p H  DA + DB+ n H - DB+; ~ T H  pacwu- 
p e H H R  CoBnaJJaIoT C O ~ ~ I ~ H ~ I M M ,  ~ 6 0  B 3Tb~  C J I y q a e  Hf = H. 

2. Pacruupe~un I I pona - npu DA = DB+ n H # DB+. 
3. P a c r u ~ p e ~ ~ l ~  I I I pona - npu DA # DB+ n H # D,,. 
T ~ K H M  o6pa30~, O ~ ~ I Y H ~ I ~  C H M M e T P U q e C K H e  PaCII IUPeHHR (T. e. 

~ ~ c I I I u ~ ~ H H R  6e3 BbIXOAa U 3  ~ ~ O C T ~ ~ H C T B ~ )  C O B I I a A a I o T  C FaCII IHpe-  

,HURMH 1 P O A a ,  a C H M M e T p U q e C K H e  P a C I I I U p e H U R  C BbIXOAOM N 3  np0- 
C T p a H C T B a  M O r Y T  6b1~b 11 UJIU 111 POAa.  

O ~ ~ B H A H O ,  M ~ K C M M ~ J I ~ H ~ I ~ ~  O I I e p a T O p  M O X e T  A O n y C K a T b  JIHIUb 

C H M M e T p U q e C K H e  P a C I I I H p e H H R  11 POAa,  T a K  K a K  eCJIH 6 b 1  B' 6b1no 
PaCII IHpeHHeM 111 POAa,  T O  PfB' O K a 3 a J I O C b  661 B H H e T p U B U a J I b H b I M  

CHMMeTPHqeCKI/M P a C u l U p e H H e M  M a K C H M a J I b H O r O  OIlepZfTOpa, YTO H e -  

BOSMOXHO. ' 

Ecna CHMMeTpHYeCKOe P a C I I I H p e H H e  B' O I I e p a T O p a  A npHBOAUTCR 
HeKOTOPbIM IIOAIIPOCTpaHCTBOM Gf C H' B H ,  TO S T 0  n O A I I p O C T p a H -  
CTBO Gf M b I  YCJIOBUMCR H C K J I m 9 a T b  H 3  Hf (T. e. ~ Y A ~ M  3 a M e H R T b  

n p O C T p a H C T B 0  HS IlPOCTPaHCTBOM Hf 0 Gf U O n e p a T O p  Bf - er0 
Y a C T b I o  B H + 9 Gf) . 

B c m y  s T o r o  c o r n a r u e H m  c a ~ o c o n p ~ x e ~ ~ b r i i  o n e p a T o p  H'e nony- 
- C K a e T  CHMM e T p U 9 e C K U X  pacwwpe~uk. 

M ~ I  M o x e M  T e n e p b  nepeii~u K O C H O B H O ~ ~  T e o p e M e  H a c T o s I u e r o  
I I y H K T a .  

T e o p e ~ a  1. Aelicmeyioujuli 8 zunb6eprnoeofl npoctnpaflcmee H 
cu~nempucleclculi onepamop A c ~ P O U ~ B O A ~ H ~ L M  U N ~ ~ K C O M  de@elcma 
(at, n) Moxem 6blmb pacluupeii do c a ~ o c o n p ~ x e ~ ~ o z o  onepamopa 
Bf, delicmeyioujezo e npocmpaflcmee Hf  2 H. 

A 0 K a 3 a T e Jl  b C T B 0. ~ O C T P O M M  B HeKOTOPOM I I p O C T p a H C T B e  H' 
AOCTaTOqHO 6 0 ~ 1 b I U 0 i i  P a 3 M e P H O C T U  K ~ K O ~ ~ - H H ~ Y A ~  C W M M ~ T P H ~ ~ C K M ~ ~  
O n e p a T O p  A' C HHAeKCOM A ~ @ ~ K T E I  (8, m) (MOXHO, H a I I p H M e p ,  B 3 R T b  
H' H S O M O ~ @ H ~ I M  H H A' -NSOMOP@H~IM (-1) A). 

~ O C T P O U M  T e l T e p b  I IpOCTpaHCTBO.  

H + = H $ H '  
H BBeAeM B 9TOM n p O C T p a H C T B e  C U M M ~ T ~ U ~ ~ C K H ~ ~  dnepa~op 

Af = A@ A'. 
OY~BUAHO, O I I e p a T O p  A-t. RBJIReTCR C H M M e T P U q e C K H M  P a C I U l i p e H U e M  

11 p O A a  O n e p a T O p a  A U AJIR A O K a 3 a T e J I b C T B a  T e O p e M b I A O C T a T O 9 H O  YCTa-  

HOBHTb, 9 T O  Ol ' IepaTOp A+ M O X H O  P a C I U H P U T b  A 0  C ~ M O C O ~ P R X ~ H H O I ' O  



%f = (A+ - 21") D,+ = (A+ - 21 +) (DA $ DA*) = 
- = (A - 21) DA $ (A' - 21') DA* = 3, @ 

o T K y n a  c n e n y e T ,   TO u H n e K c  n e @ e ~ ~ a  o n e p a T o p a  A +  e c T b  (rn + n, 
m + n). 

T e o p e ~ a  n o ~ a 3 a H a .  
B b 1 6 ~ i p a ~  pa3JIPiqHbIT 06pa30~ IIpOCTpaHCTBO H' Pi OIIepaTOp A', 

MbI ~ Y A ~ M  IIOJIyqaTb pa3JIPiqHbIe CaMOCOIIpRXeHHbIe PaCIlIPiPeHHR One-  

p a T o p a  A. 
~ O C T P O C H H H ~ ~  I I p U  A O K a 3 a T e J l b C T B e  T e O p e M b I  1 O n e p a T O p  B+ 6 y ~ e ~ ,  ~ o o 6 ~ e  

r O B O p R ,  P a C u I U p e H U e M  111 P O A a  HCXOAHOrO CHMMCTpU9eCKOrO O I I e p a T O p a  A. O A H ~ K O  
U C e r A a  M O X H O  A O ~ H T ~ C I I  TOrO,  9 ~ 0 6 b 1  O I I e p a T O p  B+ R B n R n C R  p a C u I H p e H U e M  II  p O A a  
O n e p a T O p a  A. A n f i  3 T O r 0  AOCTaTO'IHO nOCTPOHTb Y H U T ~ P H ~ I ~ ~  O n e p a T O p  u+, npeo6- 
p a 3 0 B a H E e M  Ksnu K O T O p O r O  RBNTCR H C K O M ~ I ~ ~  O n e p a T O p  B+ T a K ,  9~06b1 

O I I U ~ ~ R C ~  H a  AOKa3aHHytO TeOpeMy,  MbI I IOKaXeM TeIIepb,  q T 0  

IIpOPi3BOJIbHbIe CUMMeTpPiseCKPie OlIepaTOpbI AOIIyCKatOT UHTerpaJIbHbIe 
IIpeACTaBJIeHPiR, I I O A O ~ H ~ I ~  CIIeKTpaJIbHOMy p b 3 J I o X e ~ P i t O  CaMOCOIIpH- 

XeHHbIX OITepaTOpOB, KOTOPbIe MbI U3yqaJIPi B m. VI. 
M T ~ K ,  I IyCTb  B H A a H  C U M M ~ T P U ~ ~ C K P ~ ~ ~  OIIepaTOp A. P ~ C U I U ~ U M  

ero* no c a M o c o n p m e H H o r o  o n e p a T o p a  B+, B ~ I ~ A R ,  ecm H ~ X H O ,  u3 
IIpOCTpaHCTBa H B IIpOCTpaHCTBO H+. ~ Y C T ~  Ef (A) - pa3JioXe~~e 
eAUHUUb1 O I I e p a T O p a  B", a P" - OIIepaTOp IIpOeKTHpOBaHUR H" H a  H. 
~ Y C T ~ ,  HaKOHeII, 

F (A)  = P-1-E-t. (h). 

* M ~ I  3 ~ e c b  H e  n p e f i n o n a r a e v ,  r T o  p a c u n p e H u e  n p o u 3 ~ o ~ u ~ c ~  T e M  cnequanb- 
H U M  CIIOCO~OM, KOTOPUC I I O C J I y X H n  AnJ? A O K a 3 a T e J I b C T B a  T e O p e M b l  1. 



Ecna, B YaCTHOCTN, f E DA M g E H, TO 3TM (Pop~ynb1 MOrYT 6b1~b 
3 a n ~ c a ~ ~  B Bune 

ce 

( 4 .  9) = S Id (FB, g). 
- m  

(1) 

DJ 

TI Af 1 1 2  = S t2d (Ftf. f). 
- m  

(2) 

M ~ I  nonysum, TaKm otipa30~, uHTerpanbHoe npeAcTasneHue npo- 
N3BOJIbHOrO CIIMMeTPU9eCKOTO OnepaTOpa, KOTOpOe HanOMNHaeT CneK- 
TpanbHoe p a s n o ~ e ~ u e  caMoconpHxeHHoro onepaTopa. 

Onupa~cb Ha  TO CXOACTBO, npmeM cnenymwee onpeneneaue, 
0606wamwee IIOHRTNe cIIeK~paJIb~0fi ( P Y H K ~ M I I  CaMOCO~PHXeHHOTO 
onepaTopa. 

0 n p e A e n e H N e . E c n ~  A - c ~ ~ ~ ~ e ~ p u s e c ~ ~ ~ f i  onepaTop, a F, - 
0 6 0 6 w e ~ ~ o e  ph3Jl0Xe~Ne eAMHNUb1, TaKOe, 9TO nppi n m 6 o ~  f E DA N 

n m 6 0 ~  g € H NMeIoT MeCTO @0pMyJlb1 (1) Pi (2), TO pa3JOXeHNe €!AN- 
H N U ~ I  F, H ~ ~ ~ I B ~ ~ T C R  cnercmpanbfiob i,hyfircyueii onepaTopa A. 

/ n p e X ~ e  9eM COnOCTaBNTb (POPMYJI~I ( I )  N (2) C nOJy9eHHbIM pa- 
Hee cneKTpanbHbIM p a 3 n o ~ e ~ u e ~  caMoconpHxeHHoro onepaTopa, M ~ I  

ITOKaXeM, 9TO MeTOA, C IIOMOUbm KOTOpOrO MbI  IIPUUlJlN K 3TNM 
(POPMYJ~~M, HBJIReTCR O ~ ~ I I M ,  a NMeHHO, NMeeT MeCTO 

Teope~a  2. Bcxrcax cnercmpanbfiax i ,hyf i~yux cuMMempu~ecrcOzO 
onepamopa A,  deGcmeytoqezo e npocmpawmee H,  uMeem sud 

F, = P+Et ,  

zde E t  ecmb pa3nowefiue edufiuybl fiercomopozo caMoconpxwefiuozo 
pacuupefim B f  oneparnopa A ,  nonyllefifiozo c noAoqbio eblxoda us  
npocmpaficmsa H 6 npocmpaficmso H+ 2 H, a Pt  - onepamop npo- 
ercmupoeafiux H+ fia H. 

JI, o K a 3 a T e n  b c T B o. ~ O C T P O I ~ M  no TeopeMe M. A. HafiMapKa 
IIpOCTpaHCTBO H+ Pi B HeM o ~ T O T O H ~ J I ~ H O ~  pa3JIOXeHUe eANHNUb1 E t  
TaK, 9~06b1] 

F, = P ' tE t .  (3) 



C a ~ o c o n p ~ x e ~ ~ o c ~ b  o n e p a T o p a  B+ c n e n y e T  u3 TeopeMt.1 no 72. 
Ecnu f E DA, TO f E DB+, u60 

Aanee, npu f E DA u g E H M3 p a B e H C T B  

m m 

n p u  3TOM M O X H O  C q U T a T b ,  9 T O  O n e p a T O p  B' H e  npUBOAklTCR 

HUKaKUM IIOAIIPOCTPaHCTBOM X 3  H' 9 H. 
A ~ ~ ~ c T B u T ~ J I ~ H o ,  eCJIH n O A n p O C T p a H C T B 0  G U 3  H I - 9  H npUBOAHT 

o n e p a T o p  B+, TO OHO npuaoam pa3noxe~ue e n u H u s b r  E,f n ucenro- 
s e H u e  G u3  H+ c B e A e T c R  K t i c K n r o s e H n r o  s a c T n  o n e p a T o p a  ET, nexa- 
~ e f i  B G, 9 T O  H e  O K a X e T  BJIURHUR H a  (POPMYJY (3). 

T e o p e ~ a  n o ~ a 3 a ~ a .  
Ecnu C n e K T p a J I b H a R  (PYHKUHR Ft C U M M e T P U W C K O r O  O n e p a T O p a  

n p e a c T a s n e H a  B B u A e  (3), r A e  E t  - pasnoxe~ue  e A u H u s b r  c a M o c o -  

n p R x e H H o r o  p a c u r u p e H u R  B+ o n e p a T o p a  A, TO M ~ I  ~ Y A ~ M  r o B o p u T b ,  
9 T O  C n e K T p a J I b H a R  (PYHKL(UR Ft I I O P O X A a e T C R  C a M O C O n P R X e H H b I M  PaC-  

u I u p e H u e M  B+. 
T ~ K U M  o6pa30~,   axd doe cauoconpmiennoe pacurupenue otzepamo- 

pa A nopoxdaem nelcomopyto ctzelcmpanbnyto @yti~quto 3mozo one- 
pamopa U ,  o6pamn0, K U X ~ ~ R  CneKmpanbHaR @YHKYUR Onepamopa d 
nopo~dizemc~ HeKOmOpblM eZ0 CaMOCOnpRxeHHblM paC~UpeHUeM. 

~ P U B ~ A ~ M  T e n e p b  P R A  (P~KTOB,  BbIRCHRIOlUUX, HaCKOJIbKO AaJIeKO 
n p o c T u p a e T c R  a H a n o r u R  M e x n y  n p e a c T a B n e H u e M  (1) u (2) n - c n e ~ ~ p a n b -  
H ~ I M  n p e A c T a s n e H u e M  c a M o c o n p R x e H H o r o  o n e p a T o p a .  

lo. Onpenene~~oe  B m. V I  pa3noxe~ue e n u H u s b r  c a M o c o n p R x e H -  
H O r O  O n e p a T O p a  R B n R e T C R  er0 ~ A H H C T B ~ H H O ~ ~  c n e K ~ p a J I b ~ 0 f l  ( P y H K s ~ e f l  
B CMbICJIe O n p e A e J I e H I I R  H a C T O R l U e r O  n y H K T a .  Apyrux C n e K T p a J l b H b I X  
( P Y H K ~ H ~  C ~ M O C O ~ P R X ~ H H ~ I ~ ~  O n e p a T O p  H e  U M e e T ,  T a K  K a K  K a X A a H  

T a K a R  C n e K T p a J I b H a R  @YHKL(HR A O J I X H B  B CUJIY T ~ O P ~ M ~ I  I IOPOXAaTbCR 



T a K  9 T O  B e K T O P  f n p U H a A J I e X M T  ~aoroo6pasu1o DB+ n H, I i O T O p O e  

C O B n a A a e T  C DA T O r A a  U TOJIbKO T O r A a ,  K O r A a  B* e C T b  p a C U U p e l l M e  

I1 pona o n e p a T o p a  A. 
T ~ K M M  06pa30~,  me u monbtco me cnetcmpanbtible qbyti~quu one- 

parnopa A,  Komopble nopoxdarornc~ caMoconpIExeHtiblMu pacurupetiu- 
IEMU 11 poda oneparnopa A,  xapa~mepusyrorn o6nacmb onpedenetiux 
DA KaK Mtioxecmeo sercmopos, dnx tcornopblx c x d u m c ~  utimezpan (6). 

B 9aCTHOCTM, 3TMM C B O ~ ~ C T B O M  0 6 n a ~ a m ~  C n e K T p a J I b H b I e  @ Y H K ~ U U  

MaKCUMaJIbHbIX O n e p a T O p O B ,  ~ 6 0  T a K U e  O n e p a T O p b l  A O n y C K a I o T  J M U b  

p a c m u p e I I M c I  I I pona. 
B o614e~  . cnyqae c n e K r p a n b a a R  @YHKUMR Ft O n e p a T o p a  A, no- 

p o x A e H a a R  ero c a M o c o n p R x e a H b I M  p a c m p e H u e M  B*, x a p a ~ ~ e p m y e ~  
06~1ac~b  onpeaeneam o n e p a T o p a  C = PfB+, p a c c M a T p u s a e M o r o  K a K  

A ~ ~ ~ C T B Y I ~ N U ~  B H, K O T O P ~ I ~ ~  RBJlReTCR AJIR A . CNMMeTPM9eCKUM 
p a c m M p e a u e M  I p o A a  c ~ a ~ c ~ ~ a n b ~ o f i  06nac~bIo onpeneneam Dc, 
~ A O B J I ~ T B O ~ R ~ O ~ ~ ~ ~  yCJIOBUIo 

DA c DC cDB*, (8) 
a UMeHHO, 

D~ = DB* n H. 



B 9 a C T H O C T U ,  C n e K T p a J l b H a R  ~ Y H K ~ M R  H e K O T O P O r O  C a M O C O n p R X e H -  

H O r O  P a C U l M P e H U R  1 P O A a  B 3 a A a H H O r O  O n e p a T O p a  A C PaBHblMPi  fie- 

~ ~ K T H ~ I M  u 9 U C n a M l l  B CUJI y O I I p e A e J I e H l l R  R B n R e T C R  c I I ~ K T ~ ~ J I ~ H o ~ ~  

a y ~ ~ s u e f i  c a M o r o  o n e p a T o p a  A u nm0oro o n e p a T o p a  C, y n o s n e T B o -  

p f i l o w e r o  ycnosulo C 5 B. 
3'. M3 n p e A b I A y u I e r 0  C n e A y e T ,  9 T O  K a X A O M y  CMMMe'IPI19eCKOMY 

O I I e p a T O p y  n p U H a A J I e X I l T  H e K O T O p O e  M H O X e C T B O  C n e K T p a J l b H b l X  ~ Y H K -  

4uii w  TO o A H a  H T a  He c n e K T p a n b H a R  @YHKUUR n p u H a n n e m u T  H e K o -  

TOPOMY M H O X e C T B Y  CMMMeTPU9eCKMX O n e p a T O p O B .  

B CBR3U C 3TMM B 0 3 H M K a e T  B O n P O C  0 TOM, BCRKOe JIU A a H H O e  

H a n e p e A  0606uIe~~oe p a 3 n O X e H H e  eAHHUUbl  R B n R e T C R  C t I e ~ ~ p a J I b ~ o f i  

~ Y H K I I I ~ ~ ~ ~  H e K O T O p O r O  C E i M M e T p R s e C K O r O  O I I e p a T O p a .  

B cnysae o p T o r o H a n b H o r o  p a 3 n o ~ e ~ u ~  enuauubr nonoxn~enb~brfi 
O T B e T  H a  3 T O T  B O n P O C  6b1n A a H  T ~ O P ~ M O ~ ~  no72. 

Ecnu Xe F t  - H e O p T O r O H a n b H O e  p a 3 J I O X e H U e  eHMHI14b1, T O  3 a p a H e e  

H e n b 3 R  Y T B e p X A a T b ,  9 T O  M H O X e C T B O  B e K T O P O B ,  n J I R  KOTOPbIX C y U e C T -  

B y e T  A H T e r p a n  (6), 6 y ~ e ~  n n O T H 0  B n p O C T p a H C T B e  H. 

B A ~ ~ ~ c T B ~ T ~ J I ~ H o c T W ,  KaK 3aMeTUJI M. A. H a h ~ a p ~ ,  C ~ U ~ C T B ~ ~ O T  TaKMe pas- 
J I O X e H W R  enWHUUb1, qTO WHTerpaJI  ( 6 )  He CXOAATCR HW npW KaKOM B e K T O p e  f # O  A3 H .  

B K a q e c T s e  npw~epa* T a K o r o  poAa paccMoTpkiM o n e p a T o p H y m  ( P Y H K U U I O ,  onpe- 
AeJIeHHylO B IlpOCTpaHCTBe H PaBeHCTBaMW 

OY~BUAHO,  O n e p a T O p H a R  ( P Y W K U U R  Ft YAOB.'leTBOpReT YCJIOBWRM (A), (B), (C) 
no 110 ki, CJleAOBaTeJlbHO,  RBJIReTCR p a 3 J I O X e H A e M  eAAHWUb1. O A H ~ K O  3 T 0  p a 3 J l O X e -  
HHe e&HHHUbl He RBJIReTCR c I ~ ~ K T ~ ~ J I ~ H o R  ( P y ~ K I l W e f i  K ~ K o ~ o - J I W ~ O  CUMMeTpWYeCKOrO 
onepa-ropa, u60 w H T e r p a n  

~ € ! o c y ~ e C T B n M ,  M MbI ~ Y A ~ M  P a C C M a T P H B a T b  P a B e H C T B O  (9) J I H U b  K a K  

c n M s o n M s e c K y l o  aanncb a o p ~ y n  (1) n (2). 
BooGwe, I I O H R T I l e  06 A H T e r p a J I e  B CRJIbHOM CMbICJIe B C J I y W l e  

H e O p T O r O H a J I b H b I X  p a 3 J I 0 X e ~ P i f i  eAUHAUb1 H e  BBOAMTCR. 



c5". M3 C B O ~ ~ C T B ~  OpTOrOHanbHOCTU c n e ~ ~ p a f l b ~ ~ f i  @YHKUIIU El 
caMoconpRxeHaoro onepaTopa A BblTeKaeT, s ~ o  AnR n1c6oro KoHes- 
HOrO UHTePBana A ' ~ M C ~ O B O ~ ~  OCU BeKTOP E (A) f (f E H) nPUHaAAeXUT 

DA U 

IIpU n m 6 o ~  g E H.  TOT BaX~blfi ( P ~ K T ,  KOTOPblM MbI H e q H O K p a T H O  
nOnb30BanUCb B rJI. VI, yXe He UMeeT MeCTa AnR PaCCMaTpUBaeMbIX 

Teneph uHTerpanbablx . npe~c~asneaufi  cuMMeTpusecKax onepaTopoB 
(&axe eCAU 6b1 MbI OrpaHU'4UnUCb AUmb CneKTpaJIbHblMU @YHKUIIRMU, 
IIOPOXAaeMblMU paCmUpeHURMM 11 po~a).  

O A H ~ K O  cnpasennmo cneAymuee npeAnoxeHiie: ecAu A - C U M -  
fiempureclcuu" onepamop, F, - ezo cnelcrnpaflbtiax @ L ~ H I C ~ U R ,  A - 
tcotiertiblu" utimepsa~ ocu u g -  npou~eo~btiblc eelcmop us  H, mo 
ufieem fiecmo etcnmretiue 

F (A) g E DA* 
u paeeticmso 

npu R H ) ~ O M  h E H. 
n e i i c ~ ~ ~ ~ e n b a o ,  ecnu B+- pacruupeaue, nopoxnamuee F,, u P+- 

OnepaTOp npOeKTUpOBaHUR H,+ Ha H, TO npU ~ 1 0 6 0 ~  f € DA, g € H 

(Af, F(A) g) = (B+f, P+E+ (A) g) = (Btf, E+ (A) g) = 

eCTb 6 U ~ ~ ~ e f i ~ b l f i  @ ~ H K U H O H ~ A  OT h, g B H U IlO3TOMy AOnyCKaeT 
npencTasneaue (h, Cg), me C - H ~ K O T O ~ ~ I ~ ~  o r p a ~ u q e ~ ~ b ~ i i  onepaTop. 

O T C I ~ A ~  BblTeKaeT, . '4TO 

(Af 9 F (A) g) = (f g*) 
U, 3HaYUT, 

F (A)  g E DA*. 

~ O ~ T O M Y  u3 (10) cneAyeT 



a T a K  K a K  DA nJIOTHO B H, T O  BMeCTO f E DA W e C b  M O X H O  B3SITb 
n p 0 ~ 3 ~ 0 J I b ~ b 1 f i  B e K T O P  h E H. 

OTM~TWM B 3 a K J I l O 4 e H H e ,  4 T O  C y U e C T B Y e T  T a K X e  T e O P H H  P a C u l U -  
P e H H R  O r P a H U 4 e H H b I X  HeCUMMeTPWYHbIX O n e P a T O P O B  A 0  HOPMaJIbHbIX,  

C BbIXOAOM I13 n P O C T P a H C T B a  ( T ~ K U ~  f)acul!-ipe~&iSI BO3MOX-HbI J I U u l b  

npki BbInOJIHeHHH pma y c J I 0 ~ U f i ) .  Y K a 3 a ~ ~ o f i  ' I e O p n U  ti CBH3aHHbIM 

C H e l o  B O n p O C a M  n O C B H U e H b I  pa60~b1 6. C.-Hafib ki er0 ~ I K o J I ~ I * ,  

B K O T O P O ~ ~  H a u l e n  o T p a x e H u e  pm n o n y s e H H b r x  B  TOG O ~ J I ~ C T U  

p e 3 y n b T a T O B .  

112. Cne~~paJlb~ble @ ~ H K ~ H H  CHMMeTPHSeCKOrO OnepaTOpa H 0606- 
qeHHHe pe30nbee~~br. B B ~ A ~ M  T e n e p b  B p a c c M o T p e H n e  o n e p a T o p H y m  . 
@ Y H K ~ U H >  R,, KOTOPaSI no O T H O u l e H H l o  K c ~ ~ K T ~ ~ J I ~ H o R  @ Y H K ~ U M  
CHMMeTPI l4eCKOrO O n e p a T O p a  6 y a e ~  E I r P a T b  POJIb ,  a H a J I O r M 4 H y t o  POJIki 
~ ~ ~ O J I ~ B ~ H T ~ I  c a M o c o n p s I x e H H o r o  o n e p a T o p a  no O T H o u I e H n l o  K ero 
p a 3 J I O X e H H l O  eAHHMUb1. 

0 II p e A e JI e H n e. ~ Y C T ~  A - H ~ K O T O P ~ I ~ ~  C U M M ~ T P M ~ ~ C K H ~ ~  (HO 

H e  C ~ M O C O ~ ~ ~ I X € ! H H ~ I ~ ~ )  O n e p a T O p ,  Bt- - K ~ K O ~ - H U ~ ~ A ~  C a M O C O n p H X e H -  
H o e  p a c u l u p e H n e  s ~ o r o  o n e p a T o p a  c B ~ I X O A O M  n3 n p o c T p a H c T B a  H 
B Hf (H C Hf) U p e 3 0 J I b ~ e ~ ~ o f i  Rz Pi, H a K O H e s ,  pf - O n e p a T O p  

n p o e ~ ~ n p o ~ a ~ a ~  Hf H a  H. Onepa~op R,, onpenene~~b~f i  npn n d o ~  
H e B e U e C T B e H H O M  3 H a 4 e H N M  Z @op~ynofi 

BO B C e M  n p O C T p a H C T B e  H, H a 3 b I B a e T C H  0606yey~oii pe30nb8eHm0d 
. O n e p a T O p a  A, ~ O ~ O X A ~ H H O ~ ~  C a M O C O n P H X e H H b I M  P a C u I U p e H B e M  Bf. 

0 6 0 6 1 4 e ~ ~ b I e  p e 3 0 J I b B e H T b I  O n e p a T O p a  A (C P a B H b I M U  A~@!KTH~IMII 
s n c n a ~ a ) ,  n o p o x a e H H b r e  ero C a M o c o n p H m e H H b I M u  P a c w n p e H n m u  I p o A a ,  

Ha3bIBalOTCSI OpmOZONaflbHblMU; 3 T U  06064e~~b1e  p e 3 0 J I b B e H T b I  O n e -  

P a T O p a  A HBJIsIloTCH OAHOBpeMeHHO O ~ ~ I ~ H ~ I M M  p e 3 0 J I b B e H T a M H  TeX 

C a M O C O n p H X e H H b I X  p a c U I P i p e ~ P i f i ,  KOTOPbIMU O H H  n O p X A a l O T C H .  
C n e ~ y l O ~ a H  T e O p e M a  Y C T a H a B J I U B a e T  AJIH 0 6 0 6 4 e ~ ~ b 1 ~  p e 3 0 J I b B e H T  

H H T e r p a n b H o e  n p e n c T a B n e H n e ,  a H a n o r n s H o e  n o n y s e H H o M y  B m . VI 
AJIH 0 6 b 1 4 ~ b 1 ~  p e 3 0 J I b B e H T  C a M O C O n p H X e H H b I X  Q n e p a T O p O B .  

T e o p e ~ a  I .  moeo vmo6b1 onepamopHaR ( P Y H K Y U I E  R, ( 3 2  +0) 
6blna 0 6 0 6 y e ~ ~ o t i  pesonbee~moti cuM,uempuuectcozo unepamopa A,  
~eo6xodu~o  u docmamov~o, vmo6b1 oiia donyctcana npgdcma8ne~ue 

zde F ,  - HetcomopaR cneKmpanbHaR ( P ~ H K ~ U R  onepamopa A. 

* C M .  C.  -H a n b u @ o R. m. r a p ~ o ~ u r l e c ~ u i i  aeanu3 onepaTopoe B runb6ep~o- 
BOM npocTpaHcTse. M., ctMlipr, 1970. 



AJIR A O K a 3 a T e J I b C T B a  H ~ O ~ X O A U M O C T U  n p e A C T a B J I e H U R  (1) C n e A y e T  
B 3 R T b  C n e K T P a n b H Y W  @ Y H K ~ U H ~  F t ,  n p U H a A A e X a u Y H 3  TOMY C a M O C O n p R -  
X e H H O M Y  PaCUIHPeHUK) B f ,  KOTOPOe I l O p O X A a e T  0 6 0 6 u e ~ ~ y m  p e 3 O J I b -  

B e H T y  R,. 
Ann A O K a 3 a T e J I b C T B a  AOCTaTOqHOCTU I I p e A C T a B n e H U R  ( 1 )  C J I e A y e T  

B 3 R T b  0 6 0 6 u e ~ ~ y K 1  p e 3 0 n b B e H T Y  R,, n O P O X A e H H Y H 3  T e M  CaMOCOnpR-  
' X e H H b I M  PaCLUUpeHUeM B+, K O T O p M Y  n p U H a A J I e X U T  C n e K T p a J I b H a R  

@YHKUUR F t .  
Ecnu 0 6 0 6 u e ~ ~ a ~  p e 3 0 J I b B e H T a  R, U C n e K T p a J I b H a R  @ Y H K ~ U R  Ft  

CBR3aHbI  @ o p M y J I o f i  ( I ) ,  TO TOBOPRT, q T O  OHU n p U H a A J I e X a T  A p y r  A p y T y .  

B CUJIy @ 0 p ~ y J I b 1  o 6 p a u e ~ u ~  C T U J I T ~ ~ C ~  (n069) M e X A y  M H O X e C T -  
BOM C n e K T p a J I b H b I X  ( P Y H K ~ u ~ ~  3 a A a H H O T O  C U M M e T P U q e C K O r O  0nepa~0pa 
U MHOXeCTBOM er0 0606ue~~b1x p e 3 0 J I b B e H T  C y I U e C T B y e T  B 3 a U M H O  
O A H 0 3 H a q H O e  COOTBeTCTBUe. 

~ ~ M ~ T U M ,  9 T O  H a  K a X A O M  B e K T O p e  U 3  n O A I I p O C T p a H C T B a  

*, = Ad (2)  ( 3 2  + 0) 

4 (A - zOf  = g, (2) 
TO 

R,g = R, ( A  - 21) f = Pf R t  (B+ - zI+) f = P+f = f. (3) . 
Ecnu o606ue~  H ~ H  p e 3 0 n b ~ e ~ ~ a  R, nopoxaeaa p a c w u p e H u e M  B+ 

C p e 3 0 J I b ~ e ~ ~ o f l  R:, TO I I p U  f, g € H 

(Rf  l g) = (P+R;f,g) = (Rzf ,  g) = ( f ,  R f g ) = ( f ,  p+Rfg) = ( f ,  R;g), 

Ecnu A - M ~ K C U M ~ J ~ H ~ I ~  C U M M ~ T P U Y ~ C K U ~  O n e p a T O p  U, H a n p U M e p ,  

npa 3z>O 
%, = H, 

TO e T 0  0606ure~~b1e p e 3 0 J I b B e H T b I  AOJIXHbI C O B n a A a T b  npa 32 > 0, 
T a K  K a K  B CUJIY (2) U (3) l l p U  32 > 0 AJIR nro6oro g E H 

Rzg = ( A  - 21) -lg. 

Ho c o r n a c H o  (4) u3 c o B n a A e H u R  o n e p a T o p o B  R, npu 32 > 0 
c n e A y e T  ax c o s n a A e H u e  npu 3 2  < 0. 

T ~ K U M  o6pa30~, M ~ K c u M ~ J T ~ H ~ I ~ ~  O n e p a T O p  U M e e T  e A U H C T B e H H y I o  
0606ure~~yro pe30J l  b B e H T y  U, C n e A O B a T e J r b H O ,  0 6 J I a ~ a e ~  ~ A U H C T B ~ H H O $  
c I I ~ K T ~ ~ J I ~ H o $  @ Y H K U U ~ ~ .  

C ~ p y r 0 f i  C T O p H b I ,  0 6 0 6 u e ~ ~ a ~  p e 3 0 ~ 1 b B e H T a  H e M a K C U M a n b H O r o  
CUMMeTpMqeCKOTO O n e p a T O p a  A H e  OlIpeAeJIReTCR OAH03HaYHO.  



92 r n .  IX. 0 6 0 6 u e ~ ~ b 1 e  p a c w n p e ~ n ~  H 0 6 0 6 ~ e ~ ~ b l e  c n e ~ ~ p a n b ~ ~ e  ~ Y B K U H H  

Y T O B ~ I  B BTOM Y ~ ~ A U T ~ C R ,  AOCTaTOqHO B 3 R T b  A B a  pa3JIUqHbIX 

MaKCUMaJIbHbIX CUMMeTPU9eCKUX PaCILIkipeHUR 1 POAa C' U C" O n e p a -  
TOpa  A U 3aTeM PaCIIIUpUTb UX A0 CaMOCOnpRXeHHbIX 0nepalbp0~ B'+ 
U B"+. O ~ ~ B U A H O ,  06064e~ab1e pe30JIbBeHTbI R; U fli OnepaTOpa  A, 
IIOpOXAeHHbIe paCIllUpeHURMU B'+ U B"+, He 6 y ~ y ~  COBnaAaTb.  

~ O C K O J I ~ K Y  H e ~ a K c k i ~ a J I b ~ b l f i  C U M M ~ T ~ U ~ ~ C K U ~ ?  O n e p a T O p  UMeeT 
pa3JIUqHbIe 0 6 0 6 4 e ~ ~ b r e  pe30JIbBeHTb1, TO ero CneKTpaJIbHaR @ Y H K ~ ~ ~ R  
He o n p e A e n R e T c R  O A H O ~ H ~ ~ H O .  

Ecnu Y q e C T b  CKa3aHHOe PaHee (no 1 1  1, 1") 0 c n e K ~ p a J I b ~ 0 f i  @ Y H K -  
UUU C ~ M O C O I I ~ R X ~ H H O ~ O  O n e p a T O p a ,  TO MOXHO CqUTaTb  AOKa3aHHbIM 
c.neAymqee npennoxeaue: 

Teope~a  2. Cu.+t.+tempurec~uB onepamop uMeem eduHcmseHHym 
cnetcmpanbivyto @ ~ H K Y U ~  e MOM u monbico 6 m0.u cnywe, ~oada O H  
MUKCUMUAeH. 

3ma ehu~cmsemaz cnetcmpanmaz @ ~ H K Y U R  zenzemcz opmoao- 
~anb~o l i  s moM u monbico s moM cnyrae, ~ozda onepamop cafio- 
conpzxe~~b1B. 

n e r K 0  BUAeTb,  ' I T 0  MHOXeCTBO BCeX CIIeKTpaJIbHbIX @ Y H K U U ~ ~  
( 0 6 0 6 4 e ~ ~ b 1 x  p e 3 0 J I b B e H ~ )  3aAaHHOrO CHMMeTpUqt2CKOrO OIIepaTOpa A 
RBJIReTCR BblnYKAblM. 

 TO 0 3 H a ' I a e T ,  9TO eCJIU F; U F; (R; U R,") - A B e  CIIeKTpaJIbHbIe 

@ Y H K U U U  ( C O O T B ~ T C T B ~ H H O  0 6 0 6 4 e ~ ~ b l e  p e 3 0 J I b B e H ~ b 1 )  O n e p a T O p a  A, 
TO npu a' f a" = 1 ,  a" > 0, a" > 0 o n e p a T o p H a R  QYHKUUR a'F; f 
f anF; ( C O O T B ~ T C T B ~ H H O  afR; f anR,") T a K X e  e C T b  CneKTpaJIbHaR - 
@ ~ H K U U R  ( C O O T B ~ T C T B ~ H H O  o 6 0 6 ~ u e ~ ~ a ~  p e 3 0 J I b B e H ~ a )  3TOTO OIIepaTOpa. 

B CBR3U C 3TUM Y K a X e M  OAuH n p u e M  nOCTpOeHUR 0 6 0 6 4 e H ~ b l ~  
pe30JlbBeHT ( c n e K ~ p a J I b H b 1 ~  @ Y H K U U ~ ~ )  U IIPUTOM IIOPOXAeHHbIX CaMO- 

COIIPRXeHHbIMU paCIIIUpeHURMU 11 pOAa C IIOMOWbIO 0 I I e p a L I ~ f i  B ripe- 
AeJIaX IIpOCTpaHCTBa H. 

~ Y C T ~  A - C U M M ~ T P U ~ ~ C K U ~ ~  O n e p a T O p ,  ~ e f i c ~ B y I O L u u f i  B IIpOCTpaH- 
CTBe  H, a A' U A" - K a K k i e - H k i 6 y ~ b  A B a  er0 MaKCUMaJIbHbIX CUMMeT- 
p u s e c K u x  p a c u u p e H u R  I poAa. 

n p e ~ n o n o x u ~ ,  A m  o n p e A e n e H H o c T u ,   TO npu 3 2  > 0 

(A' - zI)'~ ( 3 2  > O ) ,  
Ri = { (RJ* ( 3 2  < o), 

(A" -,: / ) - I  ( 3 2  > 0),  * 
( 3 2  < 0). 

, Onepa~opb1 R; U fli RBJIRIOTCR O ~ O ~ U I ~ H H ~ I M U  pe30JIbBeHTaMU 
MaKCUMaJIbHbIX CHMMeTPUqeCKUX OnePaTOPOB A' U A" COOTBeTCTBeHHO. 



no 0 6 0 6 ~ e H ~ b 1 ~  p e 3 0 J I b B e H T a M  RL U R'L H a f i ~ e M  C n e K T p a J I b H b I e  
@ ~ H K U U U  F; u F; o n e p a T o p o B  At u A" u o6pa3ye~ o n e p a T o p H y m  

@ Y H K U W ~  

Ft = a'F; + a"F; (a' + a" = 1, a t  > 0, at' > 0). 

B CUJIy B b I n y K n O C T U ,  M H O X e C T B a  C n e K T p a J I b H b I X  @ y H K U U f i  O n e p a -  

TOpHaH @ Y H K ~ I I R  Ft RBj lReTCR c n e K ~ p a J I b H 0 f i  @ y H K U U e f i  O n e p a T O p a  A. 
~ O K ~ X ~ M  T e n e p b ,  K a K  B b 1 6 p a ~ b  M a K C U M a J I b H b I e  P a C U U P e H U R  A' 

U A", 9~06b1 C n e K T p a J I b H a R  @ Y H K ~ U R  Ft O K a 3 a J I a C b  ~ O ~ O X A ~ H H O ~ ~  

p a c u u p e H u e M  I1 p o A a  unu, u H a s e  r o B o p R ,  9~06b1 c n e K T p a n b f I a R  @YHK- 
UUH Ft aa~asana  o6nac~b o n p e A e n e H m  DA onepampa A c n o M o u r b I o  
H e p a s e H c T s a  

5 Pd(Ftf, f)< m. 
- w  

(5) 

H ~ M  OCTaeTCR A O K a 3 a T b ,  YTO M a K C I I M a J I b H b I e  P a C I I J U p e H I I R  A', A" 
o n e p a T o p a  A MOXHO ~ b 1 6 p a ~ b  T a K ,  9~06b1 n e p e c e s e H u e M  06nac~efi 
DA,, D A ~  6b1na O ~ J I ~ C T ~  DA. 

Ha OCHOBaHMII ~ ~ o p o f i  @ p M y n b 1  H e f i M a H a .  (no 102) 

DA' ;--- DA + I", DAw = DA + I"'. 

r A e  U' - H ~ K O T O ~ ~ I ~ ~  U ~ O M ~ T ~ I I Y ~ C K U ~ ~  onepamp, n e p e ~ o ~ ~ w u i i  8, 
B U 1 8 ; ~  ( 3 ~  < 0, ecnu A n R  o n p e A e n e H H o c T y  npeanonoxu-rb, 
r I T 0  tll> lt). ~ O A O ~ H ~ I M  o6pa30~ O n p e A e J I H e T C H  r". 

n p U  3TOM DA* n D A * s D A .  ~ P H M ~ M ,  9 T O  DA e C T b  M C T U H H a R  
sacm n e p e c e s e H u R  DA* n DA* II n y c T b  B e m o p  h? DA n p u H a A n e x u T  
K a K  DA', T a K  I? DA*. C J I ~ A O B B T ~ J I ~ H O ,  

I'Ae f " ,  f N  E DA; gz, f € mi. M3 H a n I I C a H H b I X  ~ ~ ~ A c T ~ B J I ~ H u ~ ~  BbITe- 
K a e T i  ~ I T O  

(f" - f') + (g" - g') + (U"gW -U'g') = 0. 

f' = f", g' = g" = g, U'g - U"p. ('3 



HYXHO ~ b 1 6 p a ~ b  U ~ O M ~ T P U Y ~ C K W ~  o n e p a m p b l  U' u U", onpenenmuwe 
P a C W U p e H W R  A' ki A", T a K ,  Y T O ~ ~ I  P a B e H C T B O  (6) H e  U M m O  M e C T a  

HW AJIR K a K O r O  OTJIULIHOrO OT Hj'JIR B e K T O p a  W3 8;. 
3 ~ o r o  B c e r A a  MOXHO A o c T U r H y T b ,  ~ h 1 6 U p a 5 1 ,  H a n p u M e p ,  U' npows- 

B o n b H o  w n o n a r a R  U" = - U' .  
T ~ K H M  06pa30~,  n O C T p O e H H b I e  O n e p a T O p H b I e  @ ~ ' H K U U M  - 

n p U  n P O N 3 B O J I b H b I X  a' ,  aN (a' + aN = 1, a' 1 0, aN 1 0) RBJlRIOTCR 
C n e K T p a J I b H b I M W  @ ~ ' H K U W R M U  U, COOTBeTCTBeHHO, O ~ O ~ U ~ H H ~ I M U  pe3OJIb-  

BeHTaMM O n e p a T O p a  A, n O P O X A e H H b I M U  B CMblCJIe no 1 11 HeKOTOPbIMU 

C a M O C O n p R X e H H b I M U  PaCWWpeHWRMW 11 p O A a  B" O n e p a T O p a  A. 
Henbm, OAHaKO, j ' T B e p X A a T b ,  LIT0 ~ O A O ~ H ~ ~ M  n p U e M O M  M O X H O  

WCLIepnaTb B C e  C n e K T p a J I b H b I e  @ ~ ' H K U N N  C U M M e T P U W C K O r O  O n e p a -  
~opa*.  

M3 j ' K a 3 a H H O r O  n p W e M a  n O C T p o e H U R  C n e K T p a J I b H b I X  @j'HKuUfi C n e -  

A L ~ T ,  M e w A y  nposm,  YTO T e o p e M a  2 o c T a H e T c R  c n p a ~ e ~ n u ~ o i i ,  ecnu 
A a X e  O r p a H U r U T b C R  , n U W b  CIIeKTpaJIbHbIMU @ Y H K ~ U R M U ,  n O P O X A e H -  

HbIMW C a M O C O n P R X e H H b l M U  P a C U U P e H U R M W  11 pOAa.  . 
Y ~ 0 6 b 1  3 T 0  YCTaHOBWTb, H a A O  n O K a 3 a T b ,  YTO H ~ M ~ K c u M ~ J I ~ H ~ I ~ ~  

. C U M M ~ T ~ U L I ~ C K U ~ ~  O n e p a T O p  A U M e e T  p a 3 J I U Y H b l e  C n e K T p a n b H b I e  @YHK- 
UUU, n O p o X A e H H b I e  C a M O C O n p R X e H H b I M W  P a C U W p e H U R M N  11 P O A a  O n e -  

pampa A. 
HO 3 T 0 ,  A ~ ~ ~ C T B U T ~ J I ~ H O ,  U M e e T  MeCTO, T a K  K a K  0 6 0 6 u e ~ ~ b 1 e  

p e 3 0 J I b B e H T b I  

a R l + P R :  . 



f l a n b ~ e f i r r r e e  p 9 3 B U T U e  T e O p U R  0 6 0 6 U e H H b l x  p e 3 0 n b B e H T  n O J I y s U J I a  
B P ~ ~ O T ~ X  A. B. LU~payca*. JIM, B s a c T H o c T M ,  nonyseaa @ o p ~ y n a ,  
O n U C b I B a I o U a R  B C e B O 3 M O X H b I e  0606Ue~~b1e p e 3 0 J I b B e H T b I  B T e p M N H a X  

I IpOCTpaHCTBa H. 
B 3 a ~ n m s e ~ u e  n p o u n n l o c T p u p y e M  u 3 n o ~ e ~ ~ b 1 e  B  TOM M n p e ~ b l -  

A y U e M  IIyHKTaX @ ~ K T ~ I  M MeTOAbI H a  n p M M e p  O n e p a T O p a  AM@@epeH- 
qUpOBaHUR.  

~ Y C T ~  ,To - O n e p a T O p  A M @ @ ~ ~ ~ H u u ~ o B ~ H u R ,  A e f i c ~ ~ y l o Q u f i  B L2 
(0, a). M H A ~ K C  A e @ e K ~ a  O n e p a T O p a  Po e C T b  (0, 1). 

f l n ~  n o n y s e H M R  0 6 0 6 u e ~ ~ o r o  C a M O C O n p R X e H H o l . 0  P a C U M p e H U R  

O n e p a T O p a  9, no M e T O A y  T e O p e M b I  1 no 11 1 nOCTpOUM O n e p a T O p  9; 
~ u @ @ e p e ~ u u p o ~ a ~ u ~  B L2 (- 00, O), O n p e A e n m  ero @op~ynofi 

H a  @ ~ H K ~ U R X  (P (t), KOTOPbIe ~ ~ C O . E H ) T H O  H e n p e p b I B H b I  B UHTepBaJIaX 
(- 00, 0) B (0, 00), n p M H a A n e X L T  BMeCTe CO CBOAMN nPOU3BOAHbIMU 

(P'(t) K L2(-00, 00) M YAOBJIeTBOPRloT r P a H N s H O M Y  YCJIOBUH) 

(P (0) = 0. 
J I e r ~ o  B u A e T b ,   TO 06nac~b O n p e A e n e H m  c o n p R x e H  H oro onepa- 

T O p a  D + n 0 n y s U T C R  U 3  D +, eCJIM OnYCTMTb r p a H U s H O e  YCJIOBUe 
(9" )* 90 

* CM. T p a y C A. B. 06061qe~~ble pe30JIbBeHTbl CHMMeTpHYeCKHX Onepa- 
TOPOR. -XMBB. AH CCCP, cep. MaT.)), 18, 1954, c. 51-86; 0 pacruwpeHwRx CUM. 
MeTpwrecKoro onepaTopa, saswcRqwx w napawe-rpa, TaMxe, 29, 1965, c. 1389-1416a 



T ~ K U M  06pa30~,  MHAeKC f l e @ e K ~ a  O n e p a T O p a  9; e C T b  (1, 1). 
P ~ C C M O T P ~ H H ~ I ~ ~  B no 55 o n e p a T o p  9 n ~ @ @ e p e ~ u ~ p o ~ a ~ u ~  H a  oca 

(-m, m) RBJIReTCR, OqeBUAHO,  HeKOTOPblM C a M O C O n P R X e H H b I M  p a C -  
u r w p e H u e M  o n e p a T o p a  9;. 

M ~ I  nonysunu, T a K H M  06pa30~,  B K a q e C T B e  0606rne~~oro CaMOcO- 
n p m e H H o r o  p a c u r u p e H u R  o n e p a T o p a  n u $ @ e p e ~ u u p o ~ a ~ u ~  H a  nonyocu 
o n e p a T o p  n u $ @ e p e ~ u u p o ~ a ~ u ~  H a  ocu. 

113. Qop~yna M. r. Kpefi~a nafl 0606qe~~blx  pe30abBeHT. B CBR3M 

C p e 3 y J I b T a T a M U  I T p e f l b I n y U U X  ITYHKTOB B 0 3 H U K a e T  BOnPOC 06 OITUCa- 
HUH COBOKYITHOCTU BCeX CITeKTpaJIbHbIX @ Y H K U U ~ ~  3 a A a H H O r O  CMMMeTPU- 

q e C K O r 0  OITepaTOpa.  T a K  K a K  M e X a y  MHOHteCTBOM BCeX C n e K T p a J I b H b I X  

@ Y H K ~ M R  U M H O X e C T B O M  BCeX p e 3 0 J I b B e H T  CUMMeTpMqeCKOrO O n e p a T O p a  

UMeeTCR B3aMMHO O A H 0 3 & 3 9 H O e  COOTBeTCTBUe, B b 1 T e K a K ) U e e  U 3  @ 0 p ~ y J I b 1  

T O  y K a 3 a H ~ b I f i  BOITPOC CBOAUTCR K B O n p O C y  06 O n U C a H U U  BCeX pe3OJIb- 
BeHT.   TOT BOITPOC n J I R  C J I y q a R  P a B H M X  U K O H e q H b l X  A ~ @ ~ K T H ~ I X  qUCeJI  

peurun M. r. K p e f i ~  *. M ~ I  n p u B e n e M  mecb p e 3 y n b ~ a ~  M. T. Kpefi~a 
A n R  c n y r a R  u H n e K c a  ne@ee~a (1, 1). 

~ Y C T ~  A - C U M M ~ T P U ~ ~ C K U ~ ~  O n e p a T O p  C UHneKCOM fltY$eI<'Ia (1, 1); - 

* CM. I-( p e R H M. 0 p e 3 o m n e ~ ~ a x  spMuToaa onepaTo a c wHneKcoM 
n e @ e ~ ~ a  (m', m). - & A H  CCCP, T. LII, N. 8, 1916, c. 657-669 B H H O ~  a o p ~ e  
a o p ~ y n a  nnn 0606Ue~~blX p e 3 0 n b a e ~ ~  onepaTopa c wHneKcaMw n e a e ~ ~ a  (1, 1) 
6 m a  IIOJIyYeHa M. A. H a  M a p K 0 M; CM. er0 CTaTblo 'do CIIeKT aJIbHbIX 
~ ~ H K u H S I X  CHMMeTpHYeCKOrO oneparopal. -kiss. <AH CCCP., T. 7, N2 g 1943, 
C. 286-296. 



(4 - ~ 1 )  ( = 0 npu f E %A, 
E n, npu f E 8,. 

n o c n e ~ ~ e e  BbITeKaeT u3 T O ~ O ,  YTO npu f E 9 l x  u n m 6 0 ~  h E 92,- 
B CUnY @OPMYJI~I  (4) no 112 

0 0 

( (RA - Rx) f ,  h) = ( f ,  (R, - Ri) h) = ( f ,  0) = 0. 

a g (a,) - BeKTOp U 3  8,  C p a ~ H 0 f i  e n U H U u e  H O P M O ~ ~ .  ~ P U  3TOM Mbl 

npUMeM nJIR OnpeAeJleHHOCTU, Y M  @ U K C U P O B ~ H H ~ R  T O s K a  ho J I e X U T  

B ~ e p x ~ e f i  n o n y n n o c K o c T n  (MOXHO 6b1n0 6b1 nOJIOXUTb  hO = i). O A H ~ K O  
@YHKUUR Q (h) p-' ( A ) ,  ~ o o 6 4 e  rOBOPR, YXe H e  YAOBJIeTBOPReT 
COOTHOUIeH U m  

Q (1) = Q (A,) + - Lo) (g g @)), (3) 

K o T o p o e  M ~ I  n o n y y m u  B no 106 (@op~yna  (12)) mysae opmro- 
HaJIbHbIX p e 3 0 n b B e H T .  

3a f iMeMcR BbIRcHeHUeM npUPOAbl  @YHKUUU P (h). npeXne BCerO  
~ a f i n e ~  p (A,), p n R  q e r o  n m o x u M  B (2) h = h, u nepefine~ OT pesonb- 
BeHT K n p e o 6 p a 3 o ~ a ~ u ~ ~  Ksnu: 



me Q = Q (A,) - ~ e ~ o ~ o p b r i i  n a p a M e T p ,  no M O A Y J I ~  H e  n p e B o c x o m -  
uuii 1, onpenen~e~bra  p a c u r u p e H u e M  A+ u p : ~ ~ b r i i  no M O A Y J I ~  1 B TOM 
r r  T O J I ~ K O  B TOM cnysae, K o r n a  A+ e c T b  p a c u r u p e H u e  I pona. 

M3 H a U U X  ~ ~ C C M O T ~ ~ H U ~ ~  B b I T e K a e T  B a W H O e  CJIeACTBUe: fZyCmb 
paseHcmso 

0 

R h  = R h ,  

UAU daxe moAblco 

uMeem ntecmo xomx 661 npu o d ~ o ~  HeseqecmseHHoM: sHareHuu A = A,, 
mozda OHO uMeem Mecmo npu scex wseqecmseHHblx A. 

A ~ ~ ~ . c T B u T ~ J I ~ H o ,  n p U  A = U 3  @0pMyJIb1  (2) HaXOflUM, q T O  
p (A1) = 0, a s a ~ e ~ ,  n o n a r a f i  A, = A, B (Pop~ynax (4) u (5), n o n y q a e M ,  

q T O  M H O W U T e J I b  8 = 8 (A1) B ( P o P M Y J I ~  (5) P a B e H  ef lUHUUe.  ~ O ~ T O M Y  R h  

e C T b  OPTOTOHaJIbHaR p e 3 0 J I b B e H T a ,  a f lBe  O p T o r O H a J I b H b I e  p e 3 0 J l b B e H T b I  
o A H o r o  u T o r o  x e  onepampa, cosnanamuue B o n ~ o i i  T o m e ,  o q e s u n H o ,  
TOWAeCTBeHHbI .  C o n o C ~ a B J I f i f i  (4) U (5), HaXOflUM, qT0 

1 - 8  
unu Q (A,) r p-l (A,) = irk, f T, (6) 

o~o6paxamueR ~ A U H U ~ H ~ I ~ ~  K P Y r  ~ - ~ J I O C K O C T H  H a  B e p X H m m  nOJIOBUHy 

T-IIJIOCKOCTU. 
Ecnu R h  npo6erae~ COBOKYnHOCTb OPTOrOHaJIbHbIX P e 3 0 J I b B e H T ,  

TO 6naronap~ CnpaBeAJlUBOCTU B 3TOM C J I y q a e  @ 0 p M y J I b 1  (3) @ o p ~ y J I a  (2) 
n p U H U M a e T  B u n  

( f ,  &? (XI) &? (A) 
R h f  = R h f  - 

% + Q l ( A )  ' 

a n a p a M e T p  T npo6erae~ B e u e c T s e H H y m  ocb (-00 < T ,< m). Onpe- 
n e J l R e M O e  @0pMyJl08  (7) COOTBeTCTBUe M e X n y  COBOKynHOCTblO BCeX 
O P T O T O H ~ ~ ~ H ~ I X  pe30JlbBC!IT kl 3lIE1Yt.HkifihlM I I a p a M e T p a  T B3aUMHO 

OAI103HaYHO. 



( f ,  g g ( A )  R" = Rhf - 
7 (h )  + Ql (h)  . 

T ~ K  I t a K  3 A e C b  Ql (h)  N n p a B a R  W C T b  ~ O J I O M O P @ H ~ I ,  n p N q e M  n p a B a R  

U C T b  O T J I M ~ H ~  O T  H y J I R ,  TO ~ O J I O M O ~ H O C T ~  (PYHKUMN T (h) n p M  n lo6o~ 
HeBeUI.eCTBeHHOM 3 H a q e H M M  h n O K a 3 a H a .  A T e n e p b  A O K a X e M ,  q T O  P a B e H -  

CTBO 39 (1') = 0 XOTR 6 b 1  B O A H O ~ ~  T O q K e  ~ e p ~ ~ e f i  nOJIYnJIOCKOCTCi 
BOSMOXHO J iUUlb  n p M  T (1) = const. O~clofla, M e X A j '  n p O q M M ,  6 y ~ e ~  
CJIeAOf%lTb, 9 T O  H e p a B e H C T B O  37 (h) < 0 H e B 0 3 M O X H O .  HN B O A H O ~ ~  
T O q K e  ~ e p x ~ e f i  nOJIynJI0CKOCTM. M T ~ K ,  n y C T b  3 T  (1') = 0 (31' > 0). 
B 0 3 b M e ~  h = hf  B 06eux @ O P M Y J I ~ X  (7) N (a),  ~ b l 6 p a ~  B ( P O P M Y J ~ ~  (7) 
B K a Y e C T B e  KOHCTaHThl T qNCJIO T (1'). T o r ~ a  n p a b b l e  W C T M  3TMX (POPMYJI 

6 y ~ y ~  T O X A e C T B e H H b 1  n p N  ~ 1 0 6 0 ~  f .  C J I ~ A O B ~ T ~ J I ~ H O ,  B T O q K e  h = 1' 
0 6 0 6 u e ~ ~ a ~  p e 3 0 J I b ~ e H ~ a  R h  C O B ~ ~ A ~ ~ T  C H C ' K O T O P O ~ ~  0 p ~ O r O ~ a J I b ~ 0 f i  

p e 3 0 J I b ~ e H ~ O f i  Rh, a OTCIOAa, K a K  Mbl BbIIIIe I lOKa3aJIW,  YXe B b l T e K a e T  

C O B l I a n e H M e  3TMX p e 3 0 J i b B e H T .  

YMHOXZ~R CKaJIRPHO 06e q a C T N  P a B e H C T B a  (8) H a  f M IlpMBOAR 

K o 6 u e ~ y  s ~ a ~ e ~ a ~ e n l o ,  M ~ I  n o n y q a e M  @ o p ~ y n y  B N n a  

Po ( J " )  i- Pl ( h )  7 ( A )  
(Rhf' f, = Ql ( h )  + 7 (h )  

n p M  @ R K C N P O B ~ H H O M  f (PYHKUNN Po (A), pl (A), Ql (1) H e  3 a B N C R T  O T  
sb160pa p e 3 0 J I b B e H T b I  R h ,  O n p e A e J I R I O L U e r O  (PYHKUNH) 7 (1). T ~ K  K a K  

O p T o r O H a J I b H b I e  p e 3 0 J I b B e H T b I  n O J I y q a l o T C R ,  K O r A a  T (A) e C T b  B C ' u e C T -  

B e H H a R  K O H C T a H T a ,  a OCTaJIbHbIe ,  K O r A a  T (h) npo6erae~ HeKOTOpYIO 

COBOKYnHOCTb T O J I O M O P @ I ~ ~ I X  ( P Y H K u M ~ ~  C H ~ o T P M ~ ~ T ~ J I ~ H o ~ ~  M H N M O ~ ~  
qaCTbIO,  TO TOIIK3 W = (Rhf, f )  I lFMIlaAJlCXMT H ~ K O T O F O ~ ~  K P Y ~ O B O ~ ~  



K O r A a  T npo6erae~ B e q e C T B e H H y I o  OCb. 

T ~ K  K a K  M H O X e C T B O  BCeX p e 3 0 J l b B e H T  3 a A a H H O r O  OTiCPLlTOP3 B L I ~ Y K :  

no, TO Tows w = ( R k f ,  f )  npo6erae.r K p y r  K (f; A) c rpa~uueii C (f; A), 
K O r A a  RE. npo6erae~ COBOKYnHOCTb BCeX p e 3 0 J I b B e H T  O n e p a T o p a  A. 

~ ~ ~ A L U ~ C T B ~ I ~ ~ A M I ~  P a C C y X A e H k i R M H  YCTaHOBJIeHO, s T 0  8CAKaJZ 
pesonbeenma RE. cu u~empurecrcoeo onepamopa A c undercco~ de@ercma 
(1,  1) npearmasu~a e sude 

2de z (A)  npunadnexum unaccy N @y~rcquli, onpedenenub~x u 2 0 ~ 0 -  
MOP@HMX s nonynnocrcocmu 51 > 0 u u ~ e m q u x  s smoli nonynnocrcocmu 
Heompu qamenbH ym NHu~'4ym racmb. 

Tenepb A O K a X e M ,  s T 0  CIIpaBeAJIMBO A 0 6 p a ~ ~ o e  IIPeAJIOXeHMe,  
a UMeHHO: BCRlCU.8 @ ~ ~ H I C ~ U R  2. (A)  lCAaCCa N n ~ p ~ ~ d a k ? m  C nONO&blO 
@ o p ~ y n b ~  (9) Hercomopym pe30nb6e~my onepamopa A. 

M T ~ K ,  H y C T b  T (A) E N ki H y C T b  SE. - O n e p a T O p ,  0 n p e ~ e J I J I e M b I f i  
DaBeFICTBOM 

T ~ K  K a K  O K P y X H O C T b  C (f; A) J I e X A T  B ~ e p x ~ e f i  IIOJIyIIJIOCKOCTki, 

a T o s K a  (SE.~, f )  nexm B K p y r e  K( f ;  A) ,  TO c K a n R p H o e  n p o k i 3 n e ~ e ~ k i e .  
( S k f ,  f ) ,  RBJIRRCb B nOJIynJIOCKOCTA 31 > 0 ~ o J I o M o ~ @ H o ~ ~  @ Y H K ~ M ~ ~ ,  
O s e B k i A H O ,  H p k i H a A J I e X A T  KJIaCCy N .  

T ~ K  KaK,  AaJIef?, AJIR OpTOrOHaJIbHbIX p e 3 0 J I b B e H T  RE. CKaJIRpHOe 

n p O I 4 3 B e A e H k i e  (&f, f)  YAOBJIeTBOpReT H e p a B e H C T B y  

T O  A n R  C K a J I R P H O r O  npOI43BeAeHWR (SE.~, f), J I e X a q e r O  B K P Y r e  K (f; 1) 
T a K X e  6 y ~ e ~  U M e T b  MeCTO H e p a B e H C T B O  

n o J I b 3 y R c b  STHM Ht3paBeHCTBOM I4 l7OBTOPRR P a C C y X n e H H R  no 74, 
M ~ I  HpkiAeM K n p e A C T a B J I e H I 4 I o  C K a J I R p H O r O  n p O I 4 3 B e A e H U R  ( S k f ,  f )  
B B H A e  



r A e  w ( t ;  f )  = w ( t )  - ~ e y 6 b 1 s a m u a ~  H e n p e p b I s H a R  cnesa ~ Y H K U U R ,  
CTPeMRuaR_CR K HYJIIO n p U  t - t  - ~20 U YAOBJIeTBOPRlorrIaR y C J I O B U D  

w ( t ;  f )  < ( f ,  f )  (-" < 4 oo). 

me F ,  - ~ e y 6 b 1 B a ~ ~ a f i  H e n p e p b r B H a f i  cnesa o n e p a T o p H a R  (PYHKUUR, 
CTpeMRLLlanCR K HYJIm n p U  f -f -OO II Y A O B J I e T B O P R m U a R  YCJIOBUlO 

Ho T e n e p b ,  B o T n u 9 n e  OT no 7 4 ,  o n e p a T o p H a R  @YHKUIIR SL yxe 
H e  YAOBJIeTBOpReT ( P Y H K ~ U O H ~ J ~ ~ H O M Y  Y p a B H e H U t O  r u n b 6 e p ~ a  U, CJIe- 

AOBaTeJlbHO,  H e J I b 3 R  BhIBeCTU AJIR F f  C B O ~ C T B O  OPTOrOHaJlbHOCTU 

F,F, = F ,  ( s  = min (u ,  v)). (12) 

lim F,f = f ( f  E H), 
t-c m 

(13) 

n p U B e A e H H O e  B KOHUe no 7 4 .  
q ~ 0 6 b 1  n O K a 3 a T b ,  9 T O  O n e p a T o p H a R  (PYHKUUR Ft RBJIReTCR 0606- 

U e H H b I M  p a 3 J I O X e H U e M  eAUHUUbI ,  H a M  H&AJIeXUT, 0 6 0 6 ~ ~  COOTHO- 

I I I ~ H u ~  (12) ,  A O K a 3 a T b  C B O ~ ~ C T B O  (13) .  
T ~ K  K a K  c o r n a c H o  T e o p e M e  o MOHOTOHHO sospac~aroueii nocnenosa- 

T e n b H o c T u  O n e p a T o p o s  (no 33) npenen B ne~o i i  sacm p a s e H c T s a  (13)  
C y U e C T B y e T ,  TO AOCTaTO9HO YCTaHOBUTb, 9 T O  n P k I  f ~20 O n e p a T O p  Ft 
C T p e M u T c R  K I cna60, T. e.  TO npn n m 6 b 1 x  f n g 113 H 

 TO COOTHOUIeHUe, 0 9 e B U A H 0 ,  ~ Y A ~ T  BbInOJIHRTbCR, eCJIki AJIR ~1106oro 
f E H 6 y A e ~  

lim (F t f ,  f )  = (fd).  
t+ OD 

(14)  

' Ho B cuny ( 1 1 )  H o p M a  o n e p a ~ o p ~ o f i  (PYHKQUU F,  O r p a H n g e H a  
( ( 1  Ft ( 1  < 1 )  ki n 0 3 T O M Y  AOCTaTOgHO n P O B e P I l T b  PaBeHCTBO (14)  AJIR 

HeKOTOPOrO n J I O T H O r 0  B H M H O X e C T B a  BeKTOPOB. B K a g e C T B e  T a K O r O  
M H o x e c T s a  M ~ I  n p n M e M  o6nac~b o n p e A e n e H n R  DA O n e p a T o p a  A. - 



B CUJIy  (10') I IOAJIeXaLUee A O K a 3 a T e J I b C T B y  P a B e H C T B O  (14) 3KBM- 

BaJIeHTHO P a B e H C T B y  

, lim i7j  ( S i q f ,  f )  = - (f, f). . 
'I-'- 

(15) 

T ~ K  K a K  TOYKa (Si,f, f )  n p U H a A J I e X U T  K p y r y  K ( f ;  i7j) ,  TO, O q e -  

BUAHO, 

me qepes R; 0 6 0 3 ~ a q e ~ a  p e 3 o n b ~ e ~ ~ a  I p o A a ,  o T s e q a m u a R  napa- 
M e T p y  r, Pi H a M  OCTaeTCR YCTaHOBUTb,  9 T O  I I p U  7j-CQ BeJIU9UHa 

r ~ 6  R,f - F e 3 O J I b B e H T a  O n e p a T O p a  A', N AJIR 3 a B e p W e H M R  A O K a 3 a T e j l b -  

C T B a  T e O p e M b I  O C T a e T C R  n&a3a~b, q T O  O n e p a T O p  Af RBJIReTCR PaC-  

r u H p e H l i e M  o n e p a T o p a  A: 
A+ 3 A, 

MJIN 9 T O  ~ r f  = Rlf 
n p H  f E %A. 



M3 @ o p ~ y n ~  (9') c n e n y e T ,  s ~ o  npu f E %A 

me h I H. n o ~ a x e ~ ,   TO h = 0. M M ~ ~ M  npu f E %A 

ARif = f + ARif, 
A+ (Rif + h) = f + ARif 4- Ah, 

1 14. Kea3wca~oconp~nce~~b1e p a c L u n p e H n s  n X a p a K T e p n c T n s e c K a s  
@ Y H K ~ W R  C H M M e T P H q e C K O r O  O f l e p a T O p a .  B H ~ C T O H W ~ M  n y H K T e  M b l  PaC-  
CMOTPHM ewe OAHH BHA p a c ~ u u p e ~ u f i  C u M M e T p n s e c K u x  O n e p a T o p o s  

C KOHesHbIMki  U P a B H b I M U  A ~ @ ~ K T H ~ I M I I  9UCAaMl4,  B B ~ A ~ H H ~ I ~ ~  M. C. &B- 
W u u e M  *. 

~ s a 3 u c a # o c o n p ~ ~ e ~ m ~  paculupeHueM c m M e T p u s e c K o r o  onepa- 
T O p a  A C HHneKCOM n e @ e ~ ~ a  (m, m) M b I  6 y n e ~  H a 3 b I B a T b  nm6ofi 
J I t i H e f I ~ b l f i  O n e p a T O p  B, K O T O P ~ I ~ ~  YAOBJleTBOPReT YCnOBZlRM 

A c B c A * ,  
dim De = m (mod DA), 

HO H e  RBJIReTCR C a M 0 C O n P R ) K e H H b l M  P a C W l l p e H l l e M  O n e p a T O p a  A. 
~ J R  n P o C T O T b l  II3JIO)KeHUR M b l  O r P a H H W i M C R  U I y 9 a e M  O n e p a T O p O B  

c u H n e K c o M  n e @ e ~ ~ a  ( 1 ,  I ) .  B  TOM cnyqae ycnosue (2) R s n R e T c R  
M e A C T B W M  YcJIOBIlR ( 1 )  H M0)KeT 6 b 1 ~ b  O n y w e H O .  

M b l  6 y n e ~  npennonaram, s ~ o  o n e p a T o p  A n p o c T  (no 103). 

npn~eneht npnMep ~ ~ a 3 n c a ~ o c o n p s m e ~ ~ o r o  paclunpeHnrr cnhthteTpusecKoro one. 
paTopa. l l y c ~ b  9 ecTb onepaTop nn@@epe~unposa~ufl  R npocTpaHcTne La (0, a) npn 
Kpaeac,Ix YcnoBnflx 

cp (0) = cp (a) = 0. 

B rnaae IV MU YCTaHOBAnN,  TO 06nac~b onpeneneHHs n106oro cahtoco- 
npnxeHHoro pacluupeHne onepaTopa 9 sanae~crr Kpaesm ycnoaueht 

n n B LU 13 u M. C. 0 6  OAHOM ~nacce '  n u ~ e i i ~ b l x  onepaTopon B ranb6ep~o- 
BOM n p o c ~ p a l ~ r ~ ~ e .  - ((M~T. c6.n, T. 19 (61): 2 1946, c. 239-260: JI a B lu a u M. C. 
K TeO kill W30MeTPUqeCKWX OnePaTOPOB C PaBHblMU ~ ~ @ ~ K T H ~ I M N  9WCnaMW. - 
.L(AH {CCP , T. L V I I I ,  Nc I, 1947, c. 13-15. 



u, o 6 p a ~ ~ 0 ,  Kaxnoe TaKoe ycnoeiie npn ( 0  1 = 1 3anae-r odrrac~b onpeneaeHuR 
HeKo-roporo caMoconpaxeHHoro pacruupeHuR onepa-ropa 9. 

E c n ~  Tenepb B3RTb B PaEeHCTBe (3) BMeCTO 0 nm6oe KOMnJleKCHOe YUUIO p, 
He pamoe no Monynm ennerlue, TO onepa-rop Pp (bp c 9*), o n p e n e a e ~ ~ ~ f t  Ha 
$JYHKUHRX Q) (f), YAOBJIeTUOPRIOUUX YCTIORWH) 

6 y n e ~  K R ~ ~ _ H C ~ M O C O ~ ~ R X ~ H H H M  pacruupeHneM onepa-ropa 9. Osesun~o, Kaxnoe 
KsasncaMoconpRxeHHoe pacrunpeHHe onepa-ropa 9 sanaeTcR ycnoRneM (4) (on110 
n3 HUX - npw p = 00). 

A n R  K B a 3 U C a M O C O n p R X e H H b I X  p a c I J J U p e H U f i  B O n e p a T O p a  A M O X H O  
B s e c T H  npeoBpa30~a~ne K s n ~  S, o n p e n e n R e M o e  H a  ~~or006pa311n 

Ds = AB (I) 
QOPM y d ~  n 

 TO O n p e n e J I e H U e  T e p R e T  CMbICn JIUIIlb T O r A a ,  K O r A a  BeKTOp f O n p e -  

AeJIReTCR BeKTOPOM H e  O J l H 0 3 H a q H 0 ,  T. e. K O r n a  % e C T b  C O ~ C T B ~ H H O ~  

s ~ a s e ~ u e  o n e p a T o p a  B. Ho ecnu X e c T b  C O ~ C T B ~ H H O ~  a ~ a q e ~ u e  onepa- 
T O p a  B, TO h TaKOBbIM H e  RBJIReTCR, 1160 B nPOTMBHOM C J I y Y a e  UMeJIM 6b1 
MeCTO B K J I D W H U R  

a B M e C T e  C HUMM P a B e H C T B O  

B = A*, 
n p o T s B o p e s a u e e  y c n o B w m  (1). 

M ~ I  M O X e M  n 0 3 T O M y  C ¶ U T a T b ,  ¶TO B @ o P M ~ ' J I ~  (5) 7 H e  e C T b  C O ~ C T B ~ H -  
H o e  s ~ a s e ~ u e  onepampa B. I ~ P U H R B  Ann o n p e A e n e H H o c T n  A =  i, 
SanMLUeM @ 0 p ~ y J I b l  (5) u (6) B BMAe 

O¶~BHAHO, O n e p a T O p  S OlTpeAeJIeH BO BCeM lTpOCTpaHCTBe U RBnReTCR 

p a c r u u p e H H e M  n p e o 6 p a 3 o ~ a ~ ~ ~  K s n ~ l  V o n e p a T o p a  A. O A H ~ K O  T e n e p b ,  
B o T n w n i e  OT c n y y a R  c a M o c o n p R x e H H b r x  pacruspeasii, o n e p a T o p  S 
yXe H e  ~ Y A ~ T  YHWTaPHbIM. 

~ o K E K ~ M ,  YTO O P T O r O H a J l b H O e  AOlTOJIHeHUe M H O ~ O O ~ ~ ~ ~ I I R  
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g  l %--I, 

TO, IIOJISl a R  B COOTBeTCTBIlB C (5') 

g  = ( B  + i I )  h  i h  c DB), 

C ~pyro f i  CTOPOHbI, n p B  n m 6 o ~  f fE DA, H C n O J I b 3 y H  B K J I I o W H H e  
B c A*, n o n y s a e M  

(Sg,  ( A  -iI) f )  = ( (B  - i f )  h, ( A  - i f )  f )  = 

= (Bh, A f )  - i (h, Af )  + i  (Bh, f )  + (h, f )  = (Bh, A f )  - i (Bh, f )  + 
+ i (h, A f )  + (h, f )  = ( (B  + i f )  h ,  ( A  -t- i f )  f )  = 0,  

T a K  q T O  Sg 1 %, (B qaCTHOCTA,  M O X e T  6 b 1 ~ b  Sg = 0).  
Ecnn g* 0 3 H a q a e T  B e K T O p ,  0 p ~ 0 r 0 H a J l b H b l f i  K M H O T O O ~ ~ ~ ~ U K I  

N ~ a ~ o i i ,  q T O  1 1  g* 1 1  = 11 g  11, TO H a  OCHOBaHBN A O K a 3 a H H O T O  

Sg  = xg". (7) 

n p n  3TOM qBCJlO % H e  P a B H O  no M O A y J l m  eAkiHHUe,  ~ 6 0  B IIPOTHBHOM 

cnysae o n e p a T o p  B, K O T O ~ ~ I ~ ~ ,  o q e B n A H o ,  B b I p a x a e T c R  sepe3 S  c HOMO- 

Ubm @ O P M Y ~  
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A ~ H  CJIyYaR MHAeKCa ~e@eKTa (1,  1) CyUeCTByeT B3aMMHO OAHO- 
3HaqHOe COOTBeTCTBHe Memay COBOKYnHOCTbIo BCeX KBa3MCaMOCOnPH- 

XeHHbIX pacLLlClpe~Clfi B OnepaTOpa A (COOTB~TCTB~HHO KBa3ClyHClTap- 

HbIX pa~LLlClpe~Clfi 'S OnepaTOpa I/) M MHOXeCTBOM BCC'X KOMnneKCHbIX 

quCeJI %, H e  PaBHbIX eAMHMUe TI0 MOAyJlo. O T M ~ ~ ~ R  3T0 COOTBeTCTBCle, 
MbI 6 y ~ e ~  0603~aqaTb PaCcMaTpMBaeMbIe paCmUpeHMH Bx (COOTB~T- 
CTBeHHO S,). 

nepefine~ Tenepb K M ~ ~ Y ~ H M I O  cneKTpa KsagMcaMoconpHxeHHoro 
pacmupeam B onepa-ropa A c MHneKcoM ~ e @ e ~ ~ a  (1, 1). 

H ~ ~ o M H ~ M ,   TO CornacHo o 6 u e ~ y  onpenenesm no 48 wcno h 
H ~ ~ ~ I B ~ ~ T C H  p e r y n ~ p ~ o f i  T O ~ K O ~  n ~ l ~ e f i ~ o r o  onepaTopa T, ecnM onepa- 
TOP (T - h l ) - l  C Y U ~ C T B Y ~ T ,  orpaHMseH M onpeAeneH BO BceM npocT- 
PaHCTBe H. C ~ ~ K T Q O M  OnepaTOpa T Ha3bIBaeTCH AOnOJIHeHAe MHOXeCTBa 

er0 PerynRpHbIX TOqeK. 

Teope~a  1. C n e ~ m p  n106020 ~ s a 3 u c a ~ o c o n p ~ x e ~ ~ o z o  pacuiupeHux 
B npocmoao onepamopa A c U H ~ ~ K C O M  de@etcma (1, 1) cocmoum us 
Rdpa cnetcmpa (CM. no 105) onepamopa A u co6crnse~~brx s ~ a u e ~ u u ' .  
M~oxecmco co6cm8e~~blx s ~ a u e ~ u r i  yenuKO& nexum nu60 8 eepx~eu' 
nonynnoctcocmu, nu60 8 H U X H ~ B .  Ecnu ocmasumb 8 cmopoHe o d u ~  uctc- 
nmuurnenb~blli cnyuaB*, tcozda s c ~  nonynnoctcocmb ( ~ ~ P X N R R  U A U  

HUXHRR)  cocmoum u3 co6cmce~~blx s ~ a u e ~ u t i ,  mo ~ ~ o x e c r n s o  co6- 
c m e e ~ ~ b ~ x  s ~ a u e ~ u u '  ,+foxem uMemb nutub seqecrnseni-me npedenb~ble 
moutcu. 

A o K a 3 a T e n b c T B o. 0 6 0 3 ~ a q k i ~  HAPO cneKTpa onepa-ropa A 
qepes A. n p ~ l  n m 6 o ~  h OnepaTop (A- h l ) - l  HeorpaHMseH M no- 
3TOMy H e  MOmeT 6b1~b OrpaHClqeHHbIM OnepaTOp (B - A[)-'. CJIeA0- 

BaTenbao, A B X O A ~ T  B cne~~p-onepa~opa  B. 
n o n o x u ~  Tenepb,  TO h E A. E c n ~  onepaTop (B - hI)'l H e  

CyUeCTByeT, TO h.  eCTb C O ~ C T B ~ H H O ~  3HaYeHMe OnepaTOI% B. 
E c n ~  me onepaTop (B- hl)- l  c y u e c ~ ~ y e ~ ,  TO h ecTb perynsrpHaR 

Tows onepa-ropa B. 
AeficTBClTeJIb~o, OnepaTOp (B - hl)-' H e  MOXeT 6b1Tb HeOrpaHMseH- 

HbIM, T a K  K a K  OrpaHMqeH OIIepaTOp (A- A/)-', a A B ( ~ )  OTJIMqaeTCH 

OT AA (1) H e  6onee seM H a  OAHO u 3 ~ e p e ~ ~ e .  O c ~ a e ~ c ~  n o ~ a 3 a ~ b ,    TO 
AB ( h )  = H. A o I I ~ c K ~ R  npOTMBHOe, ~ a h e ~ ,  qT0 AB (1) = AA (A). 
E c n ~  Tenepb B3RTb BeKTOp f M3 DB, K O T O P ~ I ~ ~  H e  IIPMHaAJIeXMT DA, 
TO BeKTOP 

(B- h l )  f = f*, 

IIpki~a~JIeXaIUkifi A D  (1) = AA (h) ,  IIpeACTaBMM B BMAe 

f* = (A - h l )  f '  = (B - h l )  f '  (f' E DA). 

C n e ~ o ~ a ~ e n b ~ o ,  
(B - hl) (f - f') * 0, 



' I T 0  IIPOTMBOpe'IAT CYUeCTBOBaHUkO O I I e p a T O p a  (B - A/)-', a 3HaZIUT, 

P e r y J I R p H O C T b  TO'IKU A O K a 3 a H a .  

T a K u M  06pa30~,  c n e K T p  o n e p a T o p a  B COCTOAT 113 H A p a  c n e K T p a  A 
O I I e p a T O p a  A Pi C O ~ C T B ~ H H ~ I X  3HaZIeHkifi. 

B B ~ A R  npeo6pa30sa~ue R s n ~  S, o n e p a T o p a  B = B,, M ~ I  6e3 T p y A a  

s a ~ e s a e ~ ,  'ITO Tows A npo6erae~ c n e K T p  o n e p a T o p a  B, K o r n a  Tows 

h - i  C = -  
h + i  

npo6erae~ c n e K T p  o n e p a T o p a  s,, u, H ~ O ~ O ~ O T ,  n p u l r e M  a o p ~ y n a  (10) 
Y C T a H a B J U B a e T  B3aMMHO O A H 0 3 H a 9 H O e  COOTBeTCTBUe T a K X e  M e X A y  

C O ~ C T B ~ H H ~ I M E . ~  3HarIeHHHMII  O I l e P a T O P O B  B I4 S,. 
Ha OCHOBaHHPi C K a 3 a H H O r O  JOCTaTO'IHO H a f i ~ 1 . 1  P a C I I O n O X e H H e  co6- 

CTBeHHbIX 3 H a s e H u f i  O l I e p a T O p a  S,. 
T a K  K a K  o n e p a T o p  A n p o c T ,  TO ero npeo6pa30~a~ue  Ksnu V H e  

H M e e T  C O ~ C T B ~ H H ~ I X  3 H a ' I e H u f i ,  a I IOTOMy,  K a K  J I e r K O  BkiAeTb,  I I p H  

( % 1 < 1 M O A y J M  C O ~ C T B ~ H H ~ I X  3Ha ' IeHki f i  O I I e p a T O p a  S, M e H b W e  eANHM- 

UbI, a n p I l  I % 1 > 1 OHU 6onbrue eAHHHUb1, n 0 3 T O M Y  BCe ' C O ~ C T B ~ H H ~ I ~  
s ~ a l r e ~ u ~  o n e p a T o p a  B n e m a T  B sepx~efi n o n y n n o c K o c T u  (ecnw ( x I < 1) 
unu B ~ u m ~ e f i  n o n y n n o c K o c T H  (ecnu I x ( > 1). 

M ~ I  6 y n e ~  n p e A n o n a r a T b ,  'ITO 1 x I < 1. Y c n o s l r ~ c ~  ~ c r o j y  B A a n b -  

~ e f i ~ e ~  0 6 0 3 ~ a s a ~ b  Z I e p e 3  g BeKTOp,  O P T O ~ O H ~ ~ ~ H ~ I ~ %  K M H O ~ O O ~ P > ~ E I ~  
0 

m-, l4 p a ~ H b I f i  no H O p M e  eAHHMUe,  Z I e p e 3  u - HeKOTOpOe y H H T a p H 0 e  

pacruupeaue o n e p a T o p a  V, l r e p e s  g*- B e m o p ,  o n p e ~ e n e ~ ~ b ~ i i  p a s e H -  

CTBOM 
0 

g* = ug, 

u l r e p e s  S, - ~ s a s u y ~ u ~ a p ~ o e  p a c r u n p e H u e  o n e p a T o p a  V, onpenenea- 
H o e  P h B e H c T B O M  

Sxg = xg*. 

I I p e n c ~ a ~ n ~  o~seqamunii sncny C C O ~ C T B ~ H H ~ I ~ ~  B e K T o p  O n e p a T o p a  

S, B B u n e  (P $ ag (cp € Dv). T ~ K H M  06pa30~ ,  

0 

Ucp - Ccp = a (Cg - xg*), 
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O 6 p a u a ~  XOA BbIKJIaAOK, IIOJlyWiM, s T 0  ~ a X ~ b 1 f i  KOPeHb  Y p a B H e -  
HHR (12) e C T b  C O ~ C T B ~ H H O ~  gNCJlO O I I e p a T O p a  S,. 

T ~ K  K a K  JIeBaR s a C T b  YPaBHeHNR (12) e C T b  PeI 'yJIRpHaR ~ Y H K U U R  
I IpH  1 1 # 1, TO Y T B e P X A e H N e  TeOpeMbI  OTHOCHTeJIbHO IIpeAeJlbHbIX 

T O s e K  AHCKpeTHOrO CI I eKTpa  O n e p a T O p a  B AOKa3aH0 ,  3a HCKJIIoseHHeM 
C J I y s a R ,  KOrAa  JIeBaR W C T b  P ~ B ~ H & B ~  (12) 06paurae~c~  TOXAeCTBeHHO 

B H y J I b  n p H  I t (<  1. 
B 3TOM IIOCJIeAHeM C J I y s a e  n1o6a~ T O s K a  C BHYTPeHHOCTH e A H H W -  

H o r o  lcpyra e c T b  C O ~ C T B ~ H H O ~  s ~ a s e ~ ~ e  o n e p a T o p a  S,. 

~ O K ~ X ~ M ,  YTO 3 T O T  Y ~ O M R H Y T ~ ~ ~ ~  B @ O ~ M ~ J ~ I ~ O B K ~  T e O p e M b I  H C K J I I ~ Y U T ~ J I ~ H ~ I ~ ~  
cnyrafi A ~ ~ ~ C T B I ~ T ~ ~ ~ H O  M O X e T  U M e T h  MeCTO. 

~ Y C T ~  H - c e n a p a 6 e n b ~ o e  r w n b 6 e p ~ o B 0  n p O C T p a H C T B 0  C OpTOHOPMAPOBaHHbIM 

6aswco~ { ek j ; ,  M fi - y H L i ~ a p H b I f i  o n e p a T o p ,  onpenene~~nf i  Q o p ~ y n a ~ n  
,.# 

Uek = ek-1. 

R B J I R e T C R  C O ~ C T B ~ H H ~ I M  E e K T O P O M  O n e p a T O p a  So, O T B e W I o U H M  Y&Jly C. 
H ~ i x e  Mbl YBWAWM, YTO BTOT W C K J I I ~ Y W T ~ ~ ~ ~ H ~ I ~ ~  cny'lai RDJIReTCR eAHHCTBeHHbIM ' 

B TOM CMbICJIe, YTO eCJIU H ~ K O T O P ~ I ~  ~ ~ O C T O R  C H M M ~ T ~ H W C K I ~ ~ ~  O n e p a T O p  C HH- 
A e K C a M R  ~ e @ e K ~ a  (1, 1) A O I I y C K a e T  K B a 3 H C a M O C O n p R X e H H O e  p a c l r r U p e H U e  C TOYeYHblM 
CIIeKTpOM, 3aI IOJIHRIOWUM _nOfiyIIJIOCKOCTb, TO BTOT O n e p a T O p  HSOMOP@~H npeo6pa- 
s o ~ a ~ n t o  Ksnw o n e p a T o p a  V. 



M3 n o c n e ~ ~ e t i  ( P o p ~ y J I b 1  CJIeAyeT,  B qaCTHOCT11, qTO CKaJIRpHOe 

n p o m B e A e H A e  (fi - ~1j-l g*, g) H e  0 6 p a u a e ~ c ~  B H y n b  npM c I < 1 
11, CJIeAOBaTenbHO, YpaBHeHAe  (12) MOXHO HpeACTaBkiTb B BMAe 

.' w ( C ) - x = o ,  
r A e  

Ha OCHOBaHAIl (POPMYJI (13) 11 (14) ( P Y H K ~ I I H ~  W (C) MOXHO npeA- 
CTaBMTb B BAAe 

@ ( L )  - 1 w (C) = - @(Q+ 1 '  

M3 3THX ~ ~ ~ A c T ~ B J I ~ H N ~ ~  CJIeAyeT (no 69), s T 0  (PYHKUIIR W (C) perL- 
n R p H a  B eANH11qHOM K P Y r e ,  0 ~ 0 6 p a ~ a e ~  er0 B CBOm s a C T b  11 YAOBJIeT- 

BOpReT YCnOBllIO HOPM ApOBK11 W (0) = 0. 
C J I e n y R  M. C, ~ H B ~ I M U Y ,  MbI 6 y ~ e ~  H a 3 b I B a l b  (PYHKUAIO W (C)' 

xapa~mepucmurectcod 4y~tcyued u3o~empurectco~o onepamopa V, 
a @ y l - l ~ r r a m  

(1 5;) 

- xapatcmepucmurectcod 4 y ~ ~  y ued cu~~empuuectco20 one pamo pa A. 
QYHKUAR o (A) p e r y n R p H a  B ~ e p x ~ e f i  n o n y n n o c e o c T a ,  0 ~ 0 6 p a ~ a e ~  

ee B W C T b  eAIlH11gHOrO K P Y r a  A YAOBJIeTBOPReT YCJIOBMIO HOPMMPOBKM 
o (i) = 0. 

~ T O ~ I , I  O n p a B A a T b  n p a s e A e H H o e  onpeAeaesae, c n e A y e T  n o ~ a 3 a ~ b ,  
S T 0  (PYHKUMR W (C) B CYUeCTBeHHOM OnPeLleJIReTCR OIIepaTOpOM V, XOTR 

no BAA)' (CM. (Po~MYJI)' (15)) OHa  3aBMCPiT OT ~ b 1 6 o p a  YHMTaPHOrO PaC- 
0 

rUAPeHAR I/. 

C B T O ~  U ~ J I ~ I O  ~bipa3m B (Pop~yne (15) o n e p a T o p  6 sepes ero 
n p e 0 6 p a 3 0 ~ a ~ ~ e  Ksnu: 



n0c.W 3 ~ e M e H ~ a p H 0 f i  BbIKJIaAKM n O J I y q a e M  A n R  X a p a K T e p M C T M s e -  

CKOG @YHKUMM w (A)  @ 0 p ~ y J I y  
0 

h - i ( ( 1  + ( h - i ) R ~ )  f i ,  g*) 
o (A)  = - " " 1  + (1 -i)ROx) g , g )  ' 

(16) 

HUH A 3TOT B e K T O P  YMHOXMTCR H a  C K a J I R p ,  '-IT0 H e  O K a X e T  BJIMRHMR 

H a  w (A).  TO K a c a e l c R  B e K T o p a  g*, TO OH npu  TOM YMHOXBTCR H a  

sacno, p a B a o e  no M o n y n I o  e A u H M u e .  

T ~ K U M  06pa30~,  X a p a K T e p M C T M s e C K a R  @YHKUUR CMMMeTPUrIeCKOTO 

( ~ s o ~ e ~ p u s e c ~ o r o )  o n e p a T o p a  o n p e A e n R e T c R  ~ T M M  O n e p a T o p o M  c TOW 

HOCTbIo  A 0  ~ P o M ~ B o J I ~ H O ~ ~  M ~ J I ~ T M ~ J I M K ~ T u B H o ~ ~  ~ O C T O R H H O ~ ~ ,  p a B H 0 f i  

no M o n y n I o  enuauue. Ase X a p a K T e p M c T u s e c K u e  @ ~ H K U U U ,  O T J I M ~ ~ I O -  

U U e C R  A p y r  OT A p y r a  T a K U M  MHOXMTeJIeM,  MbI  H e  6 y ~ e M  Cq-HTaTb 

pa3JIMsHbIM U. 

Tenepb @ o p ~ y n y  (16) MOXHO 3 a n u c a ~ b  B sme 

h - i (6, g*) 
o (A)  = -- 

A + i ( g k ,  g )  ' 

B b r s u c n M ~ ,  H a n p u M e p ,  x a p a K T e p M c T u s c y I o  @ ~ H K U U I ~  c n e p a T o p a  

n u @ @ e p e ~ r r ~ p o ~ a ~ m  9 H a  M H T e p B a n e  [0, a] npu K p a e s o M  ycnomu 

y (0) = rp (a) = 0. 

a c o r n a c H o  @ o p ~ y n e  (17) 
pa - e- iak 

w (A)  = - eae- iak .  

K p o ~ t  @ ) ' H K u M ~ ~  W ( 5 )  M w ( A ) ,  MbI BBeAeM @)'HKUNN 

u1 (C) - x w ( A )  - Y. w(r;  X )  = X w  ( r )  - 1 ,  UJ ( A ;  4 = - 
x u  (A)  - 1 



N 6 y A e M  NX H a 3 b I B a T b  X~p~KrnepUCmUYeCKUhfU @ Y N K Y U R A ~ U  K B a 3 N Y H N -  
T a p H O r O  P a C I l J N p e H N R  S,  O n e p a T O p a  V N COOTBeTCTBeHHO KBa3NCaMOCO- 
n p H x e H H o r o  p a c r u H p e H m  B, o n e p a T o p a  A. 

X a p a ~ ~ e p ~ c ~ ~ q e c ~ ~ e  @YHKUNN w (C; x)  u w (A;  x )  H o p M l i p o s a H b l  

yCJIOBkiRM U 
w (0, x)  = x ,  w (i; x) = x.  

C I IOMOWbKl  X ~ ~ ~ K T ~ ~ H C T M ~ ~ C K O ~ ~  @YHKUIIII w (A)  O n p e A e J I R e T C R  

T a m e  ~ n p o  c n e K T p a  o n e p a T o p a  A, K a K  n o ~ a 3 b r s a e ~  c n e n y l o r u a R  

Teope~a 2. A n x  n~ozo Ymoebl seqecmsetiiloe Yucno 1, 661~0 m0W0u" 
pezyn~ptiozo muna npocrnozo cuAt,wempuueclcozo oneparnopa A c uti- 
 KCOM OM de@etcma (1, l), H ~ O ~ X O ~ U A O  u docmamoll~o odi locpe~e~i loe 
sblnontietiue dsyx cnedyroqux ycnoeuu": 

lo. @ Y N K Y U R  o (A )  pezyn~pila 6 otcpecmtiocmu A,, 
2". @ Y W K ~ U R  w (A) no ~ o d y n t o  p a m a  e d u ~ u y e  8 HeKomopont uti 

mepeane 1,- E <  A <  lo+ E. 

A o K a 3 a T e n b c T B O. n y c ~ b  A,, - Tows P e r y n R p H o r o  T u n a  

o n e p a T o p a  A u I/ - ero npeo6pa30sa~ne I ( s n N .  

Osesm~o,  c y r u e c T B y e r  c a M o c o n p n x e H H o e  p a c u u p e H s e  2 3 A ,  
An53 K O T O p O r O  W Y K a  RBJIReTCR P ~ ~ Y J I R P H O ~ ~ ,  T a K  K a K  e C J l N  A B a  

0 0 

C a M O C O n p R X e H H b I X  p a c r u N p e H N R  A1 ki A, MMeloT 06ruee C O ~ C T B ~ H H O ~  
wcno AO, TO 



peryJIRpHa B OKpeCTHOCTU TO9KU CO = Piso, a TaKXe, 9TO H a  H ~ K O T O P O ~ ~  

Ayre eAuHEIqAOr0 Kpyra, ~0~epXaIUefi TOYKY (0, AMeeT MeCTO PaBeH- 
CTBO %@ (C) = 0. 

M3 3TOr0 nOCne npuMeHeHBR (Pop~yJIb1 06paue~ufl no 69 K npeA- 
CTaBJIeHUFO (15b) CneAyeT, 9TO So eCTb TO9Ka IIOCTORHCTBa ( P Y H K ~ A E I  

0 

TaKki~ o6pa3o~,  ho ecTb perynRpsaR Tows OnepaTopa A el cne- 
AosaTenbHo, He n p u ~ a a n e x e ~ .  ~ A p y  c n e ~ ~ p a  onepa~opa A .  

M3 A O K ~ ~ ~ H H O ~ ~  TeOPeMbl 2 Mbl nOny9aeM CJIeAyloLLIee yTO9HeHue 

Teope~bl 1: 'KOHerHble npedenb~ble ~ O & U  MHOXeCm8U C O & ~ O P H H ~ I X  

3Ha~eilud nro6ozo ~ s a s u c a n i o c o n p ~ w e ~ ~ o ~ o  pactuupeilufi B, s a d a ~ -  
iloeo onepamopa A npu~adncwam (sa uclcnrowHue,v cnyrm,  yno,vAily- 
mozo s meopeue 1) ~ d p y  cnelcmpa onepamopa A. 

Ecnu Ck (k = 1,2, 3, . . .) - KOPHB x a p a ~ ~ e p u c ~ u ~ e c ~ o i i  (P~HKUEIA 
w (C, x) K B ~ ~ U Y H M T ~ P H O ~ O  PacmepeHm Sx OnepaTopa V npu x + 0, 
TO W (C; x) MOXHO IIpeACTaBEiTb B B U n e  npOH3BeAeHUH B J R W K ~  

rAe G (C) - perynRpHaR npe 15 1 < 1 (PYHKUIIR c ~ e o ~ p u u a ~ e n b ~ o f l  
B ~ I U ~ C T B ~ H H O ~ ~  9aCTbIO. 

l l p e ~ c ~ a ~ n ~ ~  ( P ~ H K U N I O  G (C) B BeAe (no 69) 
2% 

m 7 - d p ( s )  I - -  c 
w (C; X) = Ce O 

k=1 



Ecnu 5IAp  C n e K T p a  O n e p a T O p a  d n y C T 0 ,  TO C O ~ C T B ~ H H ~ I ~  3 H a s e H U R  
nro6oro K B a 3 U C a M O C O n p R X e H H O r O  p a C U U p e H U R  B, O n e p a T O p a  d M o r Y T  
C r Y U a T b C R  JIUUIb H a  ~ ~ C K O H ~ ~ H O C T U .  

B qaCTHOCTU, M O X e T  CJIY9UTbCR, q T O  C n e K T P  HeKOTOPOrO K B a 3 U -  
c a M o c o n p R x e H H o r o  p a c r u u p e H u R  o n e p a T o p a  A ecra nycToe M H o x e c T B o .  
T ~ K U M  IIpUMepOM R B n R e T C R  K B a 3 U C a M O C O n p R X e H H O e  P a C U W p e H U e  
o n e p a T o p a  ~ u @ @ e p e ~ u u p o ~ a ~ u ~  9, onpenenemoe K p a e s b I M  y c r r o s u e M  

'P (0) - 0. 

Huxe (CM. T e O p M Y  4) MbI YBUAUM, 9 T O  3 T O T  U C K J I I O ~ U T ~ J I ~ H ~ I ~ ~  
mysafi A B J I R ~ T C R  eAUHCTBeHHbIM,  e C n U  H e  P a C C M a T p U B a T b  U ~ O M O @ H ~ I ~  

o n e p a T o p b 1  K a K  pa3nuq~b1e. 
A o K ~ ~ ~ M  064~10 T e O p e M y ,  n O K a 3 b I B a l O U y I 0 ,  q T 0  X a p a K T e p A C T U q e -  

c K a R  @YHKUNR O n p e A e n R e T  o n e p a T o p  c TO~HTRT~KJ AO U ~ O M O ~ @ W ~ M ~ .  
Teope~a 3. Anx mo?o rtmo6b1 npocmble cunnempurtecrcue (uso- 

~rnpuctecrcue) onepamopbl c utiaerccon de@e~ma ( 1 ,  I )  6b1nu ytiumapuo 
3rceueanetim~b~, tieo6xoduuo u docmamorl~o, rtmo6b1 ux xaparcmepucmu- 
wcrcue q5gtircquu coenadanu. 

A 0 K a 3 a T e JI b C l B 0. ~ P U B ~ A ~ M  A O K a 3 a T e J I b C T B O  AJIR U3OMeTPU- 

qec~ux  onepan>pd~. .+ 

~ Y C T ~  O n e p a T O p b I  I/ U V, A ~ ~ ~ c T B ~ ~ O U U ~  COOTBeTCTBeHHO B n p -  
CTpaHCTBaX H U fir Y H U T a P H O  SKBWBaJIeHTHbI,  T. e. n y C T b  - 

v = uvu-I, 
me U - M ~ O M ~ T P H ~ ~ C K U ~ ~  O I I e p a T O p ,  O T O ~ P ~ X ~ I O U U ~ ~  H I f a  fi. B ~ R B  
HeKOTOpOe Y H U T a p H O e  P a C U U p e H H e  U O n e p a T O p a  V, IIOCTpOUM Y H U T a p -  

H o e  pacmupemie 0 o n e p a T o p a  Q no a o p ~ y n e  

rT = uuu-l. 

- 
g = Ug. 



n y c ~ b ,  o 6 p a ~ ~ 0 ,  X a p a K T e p u c T M s e c K u e  (PYHKUUN z i  (c) u w ( c )  one- 
P a T O p O B  U V ,  O n p e A e J I H e M b I e  @opMyJIaMki  (20) N (21), COBIIaAalOT. 
n o n a r a ~  - 

+ 1 + . (t) , qj (C) = - 1 + . (S) (C) = - 
1 - G (C) 1 - w (C) 

c npyrofi CTOPOH~I,  133 n p o c T o T b 1  O n e p a T o p O B  V N v c n e n y e T  npo- 
CTOTa C n e K T p O B  UX Y H N T a P H b I X  p a ~ I H N p e ~ N f i  fi U U ;  n p k i  3TOM A ~ @ ~ K T -  

H b I e  BeKTOPbl  g U g HBJIHIOTCH I I O P O X A a l O W N M N  AJIH U" U c!J (dl0 103). 
T ~ K M M  06pa30~, O n e p a T O p b I  U" U U IIpNBOAHTCH K 0 ~ ~ 0 f i  N TO; Xe 

K ~ H O H M ~ ~ C K O ~ ~  a 0 p M e -  K O n e p a T O p y  Y M H O X e H U H  H a  elt B I IpOCTpaH-  

- c T s e  L: c a y ~ ~ u ~ e i i  p a c n p e A e n e H u H  

C Jl f2 A C T B li e. JIm6ofi npoc~ofi C I I M M ~ T ~ U Y ~ C K M ~ ~  OnepaTOp C UHAeKCOM fle- 
$eK~a  (1, I) ,  fl0IIy~KaH)~Afi KBa3HCaMOCOnpRXeHHOe PaCIIIUpeHAe C T O ~ ~ Y H ~ I M  
CneKTpOM, 3_anOJIHRH)UHM BCH) nOJIYnJIOCKOCTb, N ~ O M O P $ ~ H  npeo6pa30~a~um K ~ J I N  
onepaTopa F, onpeneneHHoro H a  c. 108. 

~ ~ ~ ~ ~ c T B A T ~ J I ~ H o ,  XapaKTepHCTNYeCKUe ( P ~ H K U N H  TaKNX OnepaTOpOB flOJIXHbl 
TOXAeCTBeHHO PaBHRTbCR HYJIH), TBK YTO BCe 3TA OnepaTOpbl l430~0p$~bl. 

sane. 
Teope~a 4. JTm60li npocmoli cu~atempuuec~ul i  onepamop c U H ~ Z K C O N  

ae@exma (1, I) ,  donycxamyuli xsa3uca~oconp~xet i t ioe  pactuupetiue 
6e3 cnexmpa, usomp@eti onepamopy du@@epetil(uposatiux tia xotieu- 
tion utimepsa~e. 

,Q o K a s a  en b c T B o. n y c ~ b  A - o n e p a T o p ,  0 6 n a ~ a 1 0 ~ ~ i i  c~oii-  
CTBOM, y K a 3 a H H b I M  B @OPMYJIUPOBK~ T e O p e M b I ,  Bx - er0 KBa3kiCaMO- 

* B CBR3U C ~ a J I b ~ e f i b I 1 ~ ~  O ~ O ~ ~ ~ H H R M U  nOHRTAR X ~ P ~ K T ~ P N C T N Y ~ C K O ~ ~  
. @ Y H K U H U  H @ O P M ~ J I W P O B K O ~ ~  B ce TepMllHaX yCJI0~llfi y~A~ap110fi 3KBUBaJleHTHOC'TU, 

KpOMe p a 6 0 ~ ,  Ha3BaHHblX B nOACTPOYHOM npllMeYaHUA H a  C. 112, CM. TaKXe 
LU T p a y c A. B. X a p a ~ ~ e p ~ l c ~ ~ ~ e c ~ u e  (PYHKUAU n u ~ e f i ~ b l x  onepaTopoa. -c(Mps. 
AH CCCP, cep. MaT.D, 24, 1960 C. 43-74. 6 p 0 A C K U fi M. C. Tpeyronb~ble 
H mopAaHosb1 npeAcTasneHnR nu~efigblx onepaTopoB. M., ccHay~a)), 1969. H a n b - Q o ~ u ,  

. loc. cit., c. 90. 



conpmeH tIoe pacmupeme 6e3 cneKTpa u o (A; x) - xapaKTepwcTwrecKaR 
(PYHKUUR onepampa B,. 

n y c ~ b ,  Aanee, V -npeo6pa30sa~ue Ksny onepampa A w w (C; x)- 
XapaKTepucTwvecKaR @YHKUNR npe06pa30~aHuR Ksnu S, onepaTopa B,. 

TaK KaK OnepaTOp B, H e  UMeeT C O ~ C T B ~ H H ~ I X  3HaqeHIifi, TO (PYHK- 
UIlR QY(C; x), 0~06~aXaIoUaR ~ A U H U ~ H ~ I ~ ~  KPYr B CBOIo qaCTb, H e  HMeeT 
HyneI?, a n03TOMY npeACTaBUMa B BUAe 

w (C; x) = e-G(C), 

nonysaeM 
. o (A; X) = elH(X), 

o (t) = const 

T ~ K H M  o6pa30~,  eUIU O T ~ P O C U T ~  ~ O C T O R H H ~ ~ I ?  MHOXIITeJlb, p a ~ ~ b l f i  

no MoAynIo enueuue, TO 

o (A; X)  = elpi, 

OTKyAa 
x  - elpi x - w ( h ; x )  - o (A) = 

1 - xw ( A ;  x )  1 -xeb' ' 
a TaK KaK AOnXHO 6b1~b 

o (i) = 0, 
TO 



C ~ ~ B H H B ~ R  n O J y q e H H y K )  @ 0 p M y J I y  c @ o p M y J I o f i  (18), Mbl BHaNM, 

 TO x a p a K T e p u c T m e c K a R  @YHKUHR O n e p a T o p a  A c o s n a A a e T  c x a p a K -  
~epwc~wsecso6 ( P Y H K Q M ~ R  onepa-ropa ~ n @ @ e p e ~ u ~ p o ~ a ~ ~ ~  H a  wrepsane 
[o, p] n p k i  HyJIeBbIX yCJIOBURX H a  KOHQaX. 

Cornac~o T e o p e M e  3 o n e p a T o p  A y H m a p H o  ~ K B N B ~ J ~ H T ~ H  onepa- 
T O p y  ~ k i @ @ e p e H U k i p ~ ~ a H k i R ,  s T 0  ki T p e 6 o B a J I o c b  A O K a 3 a T b .  

B CBR3U C ~ e 0 p e ~ 0 f i  3 BO3FlUKaPT B O n p O C  0 CyI4eCTBOBaHUH CAMMeTpUqeCKOrO 
(n13o~e~pusec~oro) o n e p a T o p a  c s a n a ~ ~ o l i  xapa~~epwc~wsec~o t i  a y ~ ~ u u e t i .  
, A n R  U30MeTpHYeCKWX O n e p a T O p O B  3 T O T  B O n p O C  P c I I I a e T C R  B n O J I 0 X U T e J I b H O M  
CMblCTle, a UMeHHO, WMeeT MeCTO 

- Teope~a 5. n o  nro600 saaannoa @YHKYUU w (t), petynspno6 e ~ ? ~ U H U Y H O M  
fcpyte, ornodpaxamqed ezo 8 ce6s, y~oenernsops~oqeli ycnoeuro HOpMUpOeKU 
w (0) = 0, Y O ~ H O  nocrnpournb uso,+ternpurec~uli oneparnop V ,  ans KOmOp020 w (l;) 
Renserncs xapa~rnepucrnuclec~oli @ytiKyUeli. 

A 0 K a 3 a T e n b C T B 0. B B ~ A ~ M  @YHKUWH) @ (t) paBeHCTBOM 

j.. + do (s), @ ('1 = . e's--r; 
0 

HB eft: 

iif (t) = eft /  (t). 
0 

n y c ~ b  V - I ~ ~ O M ~ T P I ~ Y ~ C K N ~ ~  o n e p a T o p ,  c o ~ n a ~ a m q n i i  c o n e p a T o p o M  U H a  r H -  

n e p n J I 0 C K O C T U  DV, O P T O ~ O H ~ J I ~ H O ~ ~  K @YHKUWH g ( f )  1. 
n e r K 0  B A A e T b ,  YTO O n e p a T O p  V U e C T b  W C K O M ~ I ~  

0 

A ~ ~ ~ c T B ~ T ~ J I ~ H o ,  T a K  K a K  pa3noxe~ne  e A n H n u N  E t  o n e p a T o p a  U o n p e n e n R e T c R  

P a B e H C T B a M H  

T O  
2 x  

0 



Ecnw NR O n e p a T o p a  V ,  n o c T p o e H H o r o  no 3 a ~ a H H o f i  x a p a ~ ~ e p e c ~ w s e c ~ o t i  
$ ~ H K U M M  W (c), M ~ o r 0 0 6 p a 3 w e  A" ( 1 )  H e  n J O T H 0  B H, TO H e J h 3 R  nepefi~e O T  V 
K ero n p e o 6 p a 3 0 ~ a ~ w ~  Ksnw A, T ~ K  YTO B  TOM c n y y a e  H e  c y q e c T B y e T  c e M M e T p n -  
s e c K o r o  o n e p a T o p a ,  x a p a K T e p w c . r n s e c K a R  @YHKUWR KOTOPO~O pama  

T o r 0  9 ~ 0 6 ~  ~~0r006pa3we Av ( I )  6 ~ n o  n n O T H 0  B H, H a  @YHKUAH) (22) 
H ~ O ~ X O ~ M M O  H a n O X N T b  A O n O n H H T e n b H O e  o r p a e l l s e a w e .  

O TOT n o c n e ~ ~ u f i  B o n p o c  w c s e p n b l s a e T  
Teope~a 6. An.% mozo u m o 6 ~  aaaanna~ ~ ! I Y H K ~ U R  o ( h ) ,  pezynxpnax e sepx- 

neli nonynnocxocmu, o m o 6 p a x a ~ w , a ~  ee snympb eaunuunozo Kpyza u yaosnemeo- 
pRMU(UR YCROBUM HOPMUPOBKU O (i) = c, ~ M R U  X ~ P ~ K ~ ~ ~ U C ~ U Y ~ C K O ~ ~  @ Y H K ~ U C ~  
npocmozo cuwwempuuec~ozo onepamopa c u n d e ~ c o ~  aeq!Ie~rna ( 1 ,  I ) ,  neo6xoduwo 
u aocnzamouno eanonnenue coomnotuenufi 

npu h 6 0 ~  a (0 < a < 22n) u n ~ 6 o w  e > 0. a 0 K a 3 a T e b C T B 0. ~ O K ~ X ~ M ,  YTO H ~ O ~ X D ~ N M ~ ~ M  H nOCTaTO'IHblM YCJlORWeM 
&IIR HeCOBnaAeHWR 3 a M b l K a H H R  M H O T O O ~ P ~ ~ W I I  AV ( I )  C H RBJIRe'TCR HanWYWe YHW- 

T a p H o r o  p a c m e p e H w R  onepampa V c C G ~ C T B ~ H H ~ I M  s e c n o M ,  p a n H b I M  e n w H n q e .  

~ O C T ~ T O Y H O C T ~  YCJIOBUR O s e n H n H a ,  T a K  K a K  eCJlU u - y H H r a p H 3 e  PaCII Ik lpeHAe 

o n e p a T c p a  I.' w u+ = + (+ + 0). TP npe ~ 1 1 0 6 0 ~  q E DV 

( (S ,  - I )  f ,  +) = ( V q  - q + yxg* - Tg, +) = ( x  (g*, $1 - ( g ~  +)I. (23) 

~ ~ M ~ T H M ,  YTO (g*,  +) + 0, ~ 6 0  B ,DpO7ABHOM C J I y Y a e  B e K T O p  # a o n y c K a J 1  ~ L I  

n p e n c T a s n e H n e  + = Vql  (ql  E Dv, I j  q1 1 1  = I ) ,  T a K  YTO 

((V - 1) cpl, Vv1) = 0 ,  
T. e. 

( ' P I ,  Vq1) = 1 .  

HO 3 T 0  PaBeHCTBO B O 3 M O X H O  J I U m b  n p U  V q l  = T I ,  YTO n p O T w B O p e W T  ITpOCTOTe 
oneptiropa V .  

T ~ K U M  06pa30~ ,  (g*, +) =+ 0, w Mbl B n p a B e  ~ O J I O X N T ~  B (23) ' . 

nocne sero A n a  n10601~0 f E H n a n y s a e M  

((3, - 1) f .  $1 = 0 



= ( X. I = 1, T a K  YTO Sz = ST W e C T b  WCKOMOe Y H U T a p H O e  PaCUIWpeHWe O I I e p a T O p a  V ,  
u M e r o q e e  C O ~ C T B ~ H H O ~  s ~ a r e ~ n e ,  p a s H o e  e n u H u u e .  

T e n e p b  n o ~ a 3 a ~ e n b c ~ s o  l e o p e M L 1  c s e n e H o  K O T b I c K a H n r o  H ~ O ~ X O A U M ~ , I X  w no- 
CTaTOYHblX Y C J O B W ~ ~ ,  KOTOpblM A O J I X H B  Y A O B J I e T B O P R r b  XapaKTepWCTUYeCKaR ~ Y H K U H R  
U 3 0 M e T p W Y e C K O r O  O I I e p a T O p a  V ,  ~ ~ 0 6 6 1  HW OAHO U 3  er0 YHUTaPHbIX p a c U I H p e ~ U f i  H e  
WMe.'lO C O ~ C T ~ ~ H H O ~ O  3HaYeHWR,  P a B H O r O  eAUHUUe. 

n y c ~ b  fi - Y H u T a p H o e  p a c m u p e H u e  oneparopa V, awrypupyrouee B @ p ~ y n e  
(15), a u?) - n p o u 3 u o n b ~ o e  Y H U T a p H O e  p a c r u w p e H w e  T o r o  x e  onepampa, T a K  sro 
u ( ~ ) ~  = elag*. T ~ K  K a K  n e a e e r ~ b l i i  s n e M e w  g R n n s e T c R  n o p o x n a r o u u M  nnrr K a x -  

noro ~3 onepa-ropon ~ ( ' 1 ,  TO o T c y T c T B u e  y o n e p a T o p o B  u(') ( O  < a < 2x) C O ~ C T -  

B e H H O r O  3 H a q e H W R ,  p a B H O r O  e n U H W U e ,  3KBWBaJIeHTHO OTCySCrBUIO CKaYKa n p U  t = 0 
y ~ Y H K U U W  p a c n p e n e n e H w R  (F$"), g,  g) ,  me F J ~ )  - c n e K T p a n b H a R  ~ Y H K U W R  o nepa- 
T o p a  u(') (0 < a < 2n). 

C npyroii CTOPOHH, ecnw wa ( C )  - x a p a K T e p u c T u s e c K a R  ~ Y H K U W R ,  n o c T p o e H H a s  

( 1  - 6 )  eia 
u = lim 

Y C + I  eia - w (t) ' 

115. 0 T p e y r O J I b H O M  p a 3 J l O X e H H H  H e K O T O P b l X  H e C a M O C O n P R X e H H b I X  
o n e p a T o p o s .  I70 a H a n o r A a  c x a p a ~ ~ e p w c ~ ~ l s e c ~ o t i  @ y ~ ~ u ~ e f i  K B ~ ~ N -  
c a M o c o n p R x e H H o r o  p a c r u u p e H a R  c a M M e T p u s e c K o r o  o n e p a T o p a  c NHAeK-  

c a m  n e @ e ~ ~ a  ( 1 , l )  M. C. JIusruuu n o c T p o u n  X a p a K T e p u c T u s e c K u e  

M ~ T P N L ( ~ I - @ ~ H K ~ U N  AJIR LLIUpOKOrO K.JIaCCa H e C a M O C O n p R X e H H b I X  O n e -  
PaTOpOB.  X a p a K ~ e p  o r p a ~ N s e ~ N f i ,  H a K J I a A b I B a e M b I X  H a  3 T N  OIIepaTOpbI ,  
3 a K J I I 0 9 a e T C R  B TOM, 9 T O  OHN B N3BeCTHOM CMbICJIe AOJIXHbI  M a n o  

O T J l N g a T b C R  O T  C a M O C O I l P R X e H H b I X  O I I e p a T O p O B ,  T ~ K ,  H a n p N M e p ,  B C J I y 9 a e  
o n p e A e n e H H o r o  B C I O A ~  B H O r p a H m e H H o r o  o r ; e , ) a m p a  T ~ p e 6 y e ~ c ~ ,  

1 
9~0661 er0 M H N M a R  W C T b  -z;; (T - T*) 6b1na B n O n H e  ~ e n p e p b 1 ~ ~ 0 f i .  
C IIOMOLUbIO T a K  ~ a 3 b I ~ a e ~ o f i  T e O p e M b I  Y M H O X e H N R  AJIR X a p a K T e p U -  
CTM'4eCKMX M ~ T P I I ~ - @ Y H K ~ N ~ ~  ~ ~ I J I I I  I IOJ lyYeHbI  (CM. IIOACTpOYHOe n p U -  



M e y a H u e  H a  c. 114) n e p s b l e  T p e y r o n m b r e  p a 3 n o x e ~ u ~  A n R  H e c a M o -  
C O n p R X e H H b I X  O n e p a T O p O B  B H. ~ T A  p a 3 J I O X e H A R  I IpeACTaBJIRIoT co6oii 
6 e c ~ o ~ e s ~ o ~ e p ~ b r i i  a H a n o r  anre6paasec~oii T e o p e M h l  LUypa o n p u s e f i e -  

HMU K O H ~ Y H O ~ ~  M a T P N U b I  K T P e Y r O J I b I I O M Y  BUAY C n O M O U b H 3  Y H I i T a P H O r O  
n p e o 6 p a 3 o ~ a ~ u ~ .  ,QnR HeKOTOPbIX KJIaCCOB H e C a M O C O I l P R X e H H b I X  
O n e p a T O p O B  T p e y r O J I b H O e  p a 3 J I O X e H A e  M O X e T  6 b 1 ~ b  B b I B e A e H O  H e n o -  
CpeACTBeHHO A 3  T e O p e M b I  H e f i ~ a ~ a  (CM. no 66) 0 C y U e C T B O B a H A A  

H e T p U B A a J I b H O r O  H H B a p A a H T H O r O  I I O A n p O C T p a I l C T B a  y nm6oro B n O J I H e  

H e n p e p h I B H O r O  O n e p a T O p a .  B H a C T O R W e M  n y H K T e  MbI, C j l e A y R  
M. C. ~ P O A C K O M Y  *, n p O B e A e M  T ~ K O ~  BbIBOA f lnR 60RbmeppO6blX One- 
pamOpO6, T. e. AJIsl B n O J I H e  H e n p e p b I B H b I X  O n e p a T O p O B  C ~ ~ ~ A H C T B ~ H H O ~  

T O Y K O ~ ~  C n e K T p a  h = 0.  TOT BbIBOA @ ~ K T U Y ~ C K W  I I C n O J I b 3 Y e T  J IAUlb  
p e 3 y J I b T a T b I  M. V H IIOHRTMe p a 3 J I O X e H M R  eAAHI1UbI  (no 67). 

H ~ Y H ~ M  C K O H e Y H O M e p H O r O  C n y Y a s l .  ~ Y C T ~  T e C T b  B O n b T e P P O B  

O n e p a T O p  B eBKJIHAOBOM I I p O C T p a H C T B e  E. T o r ~ a  no T e O p e M e  mypa 
C j ' U e C T B y e T  T~KOI? O P T O H O P M M ~ O B ~ H H ~ I ~ ~  6a3nc {ek):=1 HPOCTPaH-  

CTBa E, YTO 

Te, = 0, ] (1) Tek = tk, lei + tk,  2e2 + + tk,  k-lek-1 (k > 1) . 
Ecnu Pk e C T b  O P T O n P O e K T O P  H a  OAHOMePHOe n O A n p O C T p a H C ? B O ,  COAep-  

x auee  ek, TO 
PkTPj=O (k>  j), 

PkT*Pi = 0 (k < j), 
T a K  YTO 

n n n 
T - T *  

T = C P,TP~ = x C P,TP~ = Pi C x P, -r PI. ( 2 )  
I, k=l i=2 k k t i  1=2 I < k < i  

B B ~ A ~ M  T e n e p b  M H O X e C T B O  .%, C O C T O R U e e  A 3  (n + 1) TOYeK 0 = 
= yo < p1 < . . < pn = 1, A s a ~ a ~ a ~  H a  J4 O n e p a T o p H y m  @ y ~ ~ ~ u l a  
E (y), n o n a r a R  

Eo=O, E (pk )=P ,+P2+  . . . + P k  ( k = 1 ,  2 ,..., n). 
Torna P a B e H C T B O  (2) M ~ ~ H O  I I p e A C T a B A T b  B BMAe 

* 6 p o n c K u fi M .  C. 0 TpeyronbHoM npenc.raeneauu snonHe HenpepnBHLlx 
onepaTopoB C OAHOR T O ~ K O R  c ~ ~ K T P ~ . - Y M H ,  T .  XVI,  BbIn. 1 (97), 1961, C .  135- 
141. Bonee nonede w3noxe~we w nanb~ehmee pa3au~ue CM. B KHure r o x 6 e p r H. 4.. 
K p e H M. r. T e o p u ~  BOJIbTeppODblX OnepaTOpOD B n i J I b 6 e p ~ 0 ~ 0 ~  npOCTpaHCTBe 
U ee npUMeHeHUR. M., c t H a y ~ a ~ ,  1967. 



120 h. IX. 0 6 0 6 q e ~ ~ b l e  pacurspeHssr s 0 6 0 6 q e ~ ~ b 1 e  cnewpanbwe @YHKIIWW 

Ll,enbm B c e r o  nanb~efimero M ~ J I O X ~ H M R  R B n R e T c R  0606we~ue 
T p e y r O J I b H O r O  CIIeKTpaJTbHOrO p a 3 J l O X e H U R  (3) H a  npOki3BOJIbHbIe 
B O n b T e p p O B b I  O n e p a T o p b I  B c e n a p a 6 e J I b ~ o M  T M J I ~ ~ ~ P T O B O M  n p O C T p a H -  
cme H. n p u   TOM M ~ I  6 y n e ~  o n u p a T b c R  H a  cnenymwee o n p e n e n e H u e  

M H T e r p a J I a  O T  O n e p a T O p H b I X  @ Y H K U M ~ ,  ~ Y C T ~  ,If" e C T b  n P O U 3 B M b H O e  

3 a M K H Y T O e  M H O X e C T B O  T 0 9 e K  O T p e 3 K a  [o, 11, C O A e p X a w e e  er0 KOHUbI. 

C o e o ~ y n ~ o c ~ b  n p w H a A n e x a w w x  JU ween 0 = p, < pl< < pm = 1 
H a 3 O B e M  6 - p a 3 6 k i e ~ ~ e M  M H O X e C T B a  A, eCJIll TO9KM pk-1 kI p k  (k = 
= 1, 2, . . . , m) n ~ 6 0 '  RBJIRlOTCSI KOHUaMU AOIIOJIHMTeJlbHOrO NISI  .!I 
M H T e p B a n a ,  na6o YnOBJIeTBOPSIIOT YCJIOBUIO Elk - pk-1< 6. Ecnu H a  

3 a n a H b I  O ~ ~ ~ ~ T O ~ - @ ~ H K U H U  F (p) U G (p), T O  n O A  U H T e r p a J I O M  

B C M b I c n e  onepa~op~o i i  H O P M ~ I ,  emu   TOT npeaen c y w e c T s y e T .  
Tenepb M b I  HeCKOJIbKO CneUMaJIM3UPYeM IIOHRTMe O p T O r O H a n b I i O r O  

p a 3 n O X e H M R  e n M H M 4 b I  E (p), OTHOCSI er0 H e  KO B C e M y  O T p e 3 K Y  [O, 11, 
a JtkiIUb K M H O X e C T B Y  ,M. T ~ K B M  06pa30~ ,  MbI  6 y ~ e ~  C q U T a T b  @YHK- 
u u b  E (p) onpenene~~of i  nurub H a  ,A(, T a K  sm E (p') < E (pn) npw 
p' < p" (p', p" € a), E (0) = 0, E (1) = I .  K P O M ~  TOrO,  6 y n e ~  n F e A -  
n O A a r a T b  @YHKUMIO E (p) ~ e n p e p b 1 ~ ~ 0 f i  H a  ./( ki ewe ynOBJIeTBOpR-  
~owefi C J I e f l y m q e M Y  YCAOBUK, A: e C n H  (a, P) e C T b  ~ ~ o ~ o J I H H T ~ J I ~ H ~ I ~ ~  

I l H T e p B a J I  M H O X e C T B a  .M, TO E (P) - E (a) e C T b  O A H O M ~ P H ~ I ~ ~  O n e p a -  
TOP. Ecnu o n e p a ~ o p - @ y ~ ~ u k i R  E (p), 06nanamwa~ BCeMki j 'Ka3aHHbIMU 
C B O ~ ~ C T B ~ M U ,  T a K O B a ,  9 T O  n p H  n m 6 o ~  p E .Ak n O A n p O C T p a I I C T B 0  E (p) H 
I l H B a p U a H T H O  OTHOCIlTeJIbHO B O J I b T e P P O B a  On€JlaTOpa T, TO MbI 6 y ~ e ~  
~ a 3 b 1 ~ a ~ b  E (p) c n e ~ m p a n b ~ o t l  @ y ~ ~ y u e f i  3 ~ 0 r o  onepampa. Cnenye~ 
O ~ P ~ T U T ~  B H N M a H N e  H a  TO, 9 T O  3 A e C b  p H e  RBJISIeTCSI ~ I I e ~ ~ p a ~ r b ~ o f i  

n e p e ~ e ~ ~ o f i ,  K a K  3 T 0  6b1n0 B C J I y 9 a e  OPTOCOHaJIbHbIX C n e K T p a J I b H b I X  

@ Y H K U U ~ ~  C a M O C O n P R X e H H b I X  O n e p a T O p O B .  C ~ ~ K T P  BOJIbTeppOBa O n e -  

p a T o p a  COCTOHT n3 O A H O ~ ~  numb ~ y n e ~ o i l  T O ~ K N ,  a n e p e M e H H a R  p 
H r p a e T  ponb, a H a n o r u s H y m  ponu n H n e K c a  k B @ o p ~ y n a x  (1). - n o ~ a x e ~ ,   TO n1060d e o n b m e p p o e  onepamop T 6 H o6nadaem 
c n e ~ m p a n b ~ o i i  @ y ~ ~ y u e d .  

B y n e ~  H a 3 b l B a T b  HeKOTOPYIO COBOKYnHOCTb d NHBaPWaHTHblX 
n O n n p O C T p a H C T B  G O I I e p a T O p a  T y e n o l l i c o d ,  eCJIU BbIIIOJIHeHbI CJIenyIO-  

q u e  y c n o B w R :  1) ecnu G, E d u G, E b, TO nw6o GI c G,, na6o 
G, t GI, 2) Hj'JIeBOe IIOAIIpOCTpaHCTBO ki BCe H I I p k i H a n J I e X a T  b 



MHOX~CTBO B c e x  u e n o s e K  I' {T)! n p u H a A L e x l u u x  O n e p a T o p y  T, 
M O X H O  rlaCTEigHO YIIOPRAOrIHTb, e C n M  CqEiTaTb 8' < 8", K O r A a  K a X -  
A O e  E i H B a p H a H T H O e  I IOAnpOCTpaHCTBO G ti3 8' I l p l i H a A J I e X l i T  T a K X e  
8". U,enos~y 8 H ~ ~ O B ~ M  ~ a ~ c u ~ a n b ~ o i i ,  ecnu o H a  c n e A y e T  3a n106ofi 
C P ~ B H E ~ M O ~ ~  C ~ e f i  Q e n o s K o f i  113 r {T). Ecnn y e C T b  H e K O T O p a R  MOHO- 
TOHHO B 0 3 P a C T a K ) u a R  nOCJleAOBaTeJIbHOCTb Il.enOseK I13 I? {T), . T O  
T e O p e T H K O - M H O X e C T B e H H a R  C y M M a  BCeX H H B a P M a H T H b l X  IIOAIIPOCTPaHCTB 
Pi3 3TEIX Q e I I 0 9 e K  RBJIReTCR, OrIeBUAHO, M ~ K c N M ~ J I ~ H o ~ ~  OTHOCUTeJIbHO 

COBOKynHOCTu 7 M T a K X e  n p M H a A J l e X E i T  r {T). B CMJIy H ~ B ~ C T H O ~ ~  
J E M M ~ I  U O ~ H ~  K a X A a R  U e I I O s K a  Pi3 r {T) COAePXEITCR B H ~ K O T O P O ~ ~  
~ a ~ c u ~ a n b ~ o f i  uenosee, n p u ~ a ~ n e x a u e i i  I' {T).  

1-IYCT~ T e I I e p b  8 e C T b  H e K O T O p a R  M a K C U M a J I b H a R  U e n O s K a  113 r {T) 
Ff {gk)k",l - K ~ K O R - H U ~ Y A ~  O P T O H O P M U P O B ~ H H ~ I ~ ~  6a3uc IIPOCTPaHCTBa 
H. H ~ ~ o E ~ M  oecolu n106oro n o A n p o c T p a H c T B a  F c H sucno 

me P ec.rb o p r o n p o e K T o p  H a  F. O ~ ~ B N A H O ,  pa3nus~b1e n o A n p o c i p a a -  

cma u3 H, n p u H a A n e x a u u e  o ~ ~ o i i  u ~ o f i  x e  uenosee, H e  M o r y T  
U M e T b  O A H H ~ K O B ~ I ~ ~  BeC. 0 6 0 3 ~ a r 1 N ~  qepe3 d COBOKYIIHOCTb BeCOB 
BCeX I IOAnpOCTpaHCTB H ~ K O T O P O ~ ~  M ~ K C I ~ M  a J I b ~ 0 f i  UenOqKFf  8, a 9epe3 
E (p) - O P T O n P O e K T O P  H a  n O A n P O C T P a H C T B 0  U 3  d, B e C  KOTOPOrO P a B e H  p. 
n e r K 0  n p O B e p H T b ,  9 T O  M H O X e C T B O  .ld 3 8 M K H Y T 0 ,  a o n e p a ~ o p - @ y ~ K -  
UAR E (p) o 6 n a ~ a e ~  BCeMH C B O ~ ~ C T B ~ M N  c n e ~ ~ p a J I b ~ 0 f i  @ Y H K ~ H H  O n e -  
P a T O p a  T, 3a HCKJIIoYeHHeM, 6 b l ~ b  M O X e T ,  C B O ~ ~ C T B ~  A, ~ P O B ~ P K ~  
3 ~ 0 r o  nocnemero c ~ o f i c ~ ~ a  o c H o s a H a  H a  T e o p e M e  H e f i ~ a ~ a  u3 no 65. 

~ ~ A I I o J I o X H M ,  9 T O  YCJIOBUe A H e  BbInOJlHReTCR.  TO 0 3 H a q a e T ,  
9 T O  AJIR HeKOTOPOrO AOnOJIHEITe?lbHO~O EiHTepBaJIa  (a, p) M H O X e C T B a  .!I 
6 y n e ~  dim {GB Ga) > 1, We Ga Ei Gp - I l O A n p O C T p a H C T B a ,  H a  KOTO- 
p b l e  I IpOeKTEipyIoT E (a) &i E (p). B CHJry  T e O p e M b I  I n065" O n e p a T O p  
PTP, me P = E (p) - E (a), kiMeeT B Ga G, N H B a p u a H T H O e  n O A -  
n p O C T p a H C T B 0  F (F {o), F # Gp 9 G,). HO T O r A a  n O A n p O C T p a H C T B 0  
G, $ F N H B a P I l a H T H O  O T H O C U T e n b H O  T Pi 3aKJI IO9eHO C T P O r O  M e X A y  

G, Pi Gp, rITO n p O T I l B O P e W i T  M a K C H M a n b H O C T U  L t e n 0 9 K N  @. M T ~ K ,  E (p) 
RBJIReTCR c n e K ~ p a J I b ~ 0 f i  @ y ~ K ~ P i e f i  O n e p a T O p a  T. 

M ~ K c H M ~ J I ~ H ~ I ~  U e n O 9 K y  d E r {T), AJIR KOTOPO~~ no @ 0 p M y J I e  (5) 
B B e A e H b I  B e C a  B X O A R u H X  B ee COCTaB n O A n p O C T p a H C T B ,  n O C T p O e H 0  
M H O X e C T B O  .Ad U O n p e A e j I e H a  C n e K T p a J I b H a R  @YHKUBR E (p) (p E .M), 
Ha3OBeM H O P M U P O ~ ~ N H O ~ N ~ ~ C C U ~ ~ ~ ~ ~ H O ~  31{en~WC~6. 

JTeaaa. A ~ R  nm6ozo ~ o n o n ~ u m e n b ~ o e o  uHmepsma (a, p) M H O -  
wecmsa .Ad, noctnpoelulozo ~ A R  ~ o p ~ u p o s a ~ ~ o l i  ~ a ~ c u ~ a n b ~ o l i  ye- 
noqKu 8 c r {TI, 



0 K a 3 a T e Jl b C T B 0. ~ O ~ ~ ~ ~ O C T ~ ~ H C T B O  Ga I lHBapI laHTHO OTHO- 

CUTeJlbHO WlCTIl Tp O n e p a T O p a  T B Gp. ~ O ~ T O M ~  OAHOMePHOe HOB- 

npOCTpaHCTB0 ,  Gp @ G, I lHBapUaHTHO OTIIOCIlTeJlbHO O n e p a T O p a  G. 
HO T a K  K a K  BMeCTe  C T BOJlbTeppOBbIM RBJlReTCR O n e p a T O p  Tp, 
a CJleAOBaTeJlbHO, U T;, TO Gp 9 G, e C T b  HyJleBOe nOnnpOCTpaHCTB0  

oneparopa T;. n o s ~ o ~ y  ~ ~ o m o 6 p a 3 u e   AT^ 3 ~ a q e ~ u f i  onelarapa ~p 

OpTOrOHaJlbHO K Gp 9 &, OTKyAa  Il  Bb lTeKaeT  COOTHOWeHIle (6). 
Tenepb M ~ I  M o x e M  nepeji~u K T e o p e M e  M. C. Eponc~oro, RsnRIo -  

I I l e f i cR  K O H ~ ~ H O ~ ~  UeJlbKl  3 T O r 0  I IyHKTa .  
Teope~a. &602i sonbmeppos onepamop T donyctcaem mpeyzonb- 

Hoe npedcmasne~ue 

ede K - ezo MtiuMaR rlacmb (4, a E (p) - ezo n p o u 3 s o n b ~ m  cnetcm- 
paA6HU.X ( ~ Y N K Y U R .  ~HmeZpaAbHble CyMMb6 u ~ m e 2 p a n a  (7) C X O ~ R ~ C R  . 
K onepamopy T pasnoAteptio. 

~ o K ~ ~ ~ T ~ J I ~ c T B o .  ~ Y C T ~  O = p O <  PI< ... < pm-- 1 e C T b  
HeKOTOpOe 6-pa36ue~ue Ml IOXeCTBa  &. BBOAR 0 6 0 3 ~ a q e ~ ~ e  AE (pk) =. 
= E (pk) - E (pk-l) u s a ~ e q a n ,   TO AE (pi() TAE (pi) = 0 npu k > j ,  
n o n y s a e M  - 

T = C AE (pk) TAE (pi) = AE (pa) TAE (pi) = 
i, k=l I = l  l<k<l 

m m 

= k = ~  C AE (P,) TAE (PJ + 2i .C E (pi-,) KAE (pi). 
I=1 



Tenepb OCTaeTCR A O K a s a T b ,  q T O  n p M  6 -+ 0 CTPeMMTCR K HYJIIO 
H o p M a  o n e p a T o p a  

rn 

Ss = AE (pk) TAE (pk) .  
k=l 

( 8 )  

~ Y C T ~  (ej)y=l e C T b  O P T O H O P M I ~ P O B ~ H H ~ I ~ ~  6 a 3 ~ c  C O ~ C T B ~ H H ~ I X  B e K T O p O B  

o n e p a T o p a  K B ero 06nac~w s ~ a q e ~ n f i ,  a { A I ) ~ = ~ - C O O T B ~ T C T B ~ ~ U ~ ~  
nOCJIeAOBaTeJIbHOCTb C O ~ C T B ~ H H ~ I X  3 H a q e H N f i .  T o r ~ a  AJIR ~1106oro f E H 

3 ~ e c b  B T o p o e  c r r a r a e M o e  B + n i - y p ~ b ~ x  C K O B K ~ X  MOXHO c A e n a T b  c K o n b  
y r o A H o  M a n b I M  3a c q e T  ~b16opa n. B n e p B o M  x e  c n a r a e M o M  c n e A y e T  

Y q U T b I B a T b  JIAUIb T e  3 H a q e H I I R  B H A e K C a  k, AJIR KOTOPbIX pR -pk-l < 
< 6, T a K  K a K  AJIR OCTaJIbHbIX 3 H a s e ~ F i f i  k COOTBeTCTByIOIIlee C J I a r a e - -  

MOe B ( 8 )  B b I n a A a e T  B C N J Y  (6). ~ O ~ T O M Y ,  MCnOJIb3yR P a B H O M e P H Y I O  

H e n p e p b I B H O C T b  ~ Y H K U M ~ ~  E ( p )  el H a  3 a M K H Y T O M  M H O X e C T B e  ./(,' 
MOXHO u n e p B o e  c n a r a e M o e  B + N ~ Y P H ~ I X  C K O ~ K ~ X  T a m e  c A e n a T b  

CKOJlb y r O A H 0  MaJIbIM, eCJIFi npFi +NKCIIPOB~HHOM n Y M e H b L U a T b  6. * T ~ K M M  06pa30~,  lim 1 )  S6 -Sa ( 1  = 0 N c o s e p r u e H H o  a H a n m n s H o  
6+0 

lim 11 Ss + S? 11 = 0. T ~ M  CaMbIM T e O p e M a  A O K a 3 a H a  nOJIHOCTbIO. 
6+0 



116. O f l p e ~ e J l e ~ H ~ l  H BCflOMOraTeJlbHble ~ I K T M .  C ~ ~ A U  JIFiHefi~b~x 

aHTerpanbHbrx onepaTopoB n p o c ~ e i i r n w ~ ~  RBJIRIOTCR OnepaTopbr rum- 
6 e p ~ a  -LLl~un~a  (CM. no 32). FInpa K (s, t )  BTUX OnepaTopoB xapae- 
TePU3YIOTCR HepaBeHCTBOM. 

5 ds( 5 K (s, t) f (t) dt l2  < M2 5 ( f (t) 12dt. 

me M - HeKOTOpaR KOHCTaHTa. B 3TqM CJIyWie RAP0 K (S, t) nOp0- 
XAaeT 0rpaHllseHHb1fi H~~erpaJIbHbiii OnepaTOp. 

Eue 6onee 0 6 4 ~ ~  RsnReTcR TOT cnysaii, ,KorAa npeAnonaraeTcR 
numb,  TO AnR nosTu Bcex s E (-a, co) 

M3yseHue UHTerpaJIbHblX OnepaTOpOB C C U M M e T P U s e C K U M U  RApaMU, 
yAOBJIeTBOp~I4lrM U 3TOM Y YCJIOBUIO, RBJIReTCR IlpeAMeTOM HaCTOR- 
uero ~ 0 6 a a n e ~ u ~ .  Teopu~ TaKux onepa~opoa, a Tame  u onepa-ropoa 
c R A p a M H  6onee o6uero xapamepa, npuHaAnexm K a p n e ~ a ~ y * * .  

* CM. H i 1 b e  r t. Grundziige einer allgemeinen Theorie der linearen Inte- 
gralgleichungen, Berlin, 1912. 

** l loc~poeene s ~ o h  Teopnn OTHOCWTCR K 1920-1923 roaanr. llepsoe cnc-re- 
MarnqecKoe uanome~ue AaHo B mure:  C a r 1 e m a n T. Sur les Cquations intC- 
grales singuliSres, Uppsala, 1923. H ~ C K O ~ ~ K O  OT.QUYHOe OT nepaoHasaJlbHoro 
esnomeeue paHn R ~ o ~ o r p a @ u u .  S t  o n e  M. Linear Transformations in Hilbert 
Space. New-Yofk, 1932. 

B - ~ a u r e ~  R3nomeHRw M ~ I  B OCHOBHOM cneAyeM c r a n e :  A x  w e 3 e p H. M. 
MHTerpaJIbHble onepaTopb1 C RApaMU -Kapne~aHa.-YMH, T. 11, Bbln. 5 (21), 1947. 



B0 BCeM n a J I b H e f i I U e M  M b I  ~ Y A ~ M  M M e T b  AeJIO C I IpOCTpaHCTBOM L2 
@ y H ~ ~ l l f i  [ l a  ~cefi  ~ U C J I O B O ~ ~  OCM, XOTR T e O P U R  O C T a e T C R  B CllJIe Pi AJIR 
@ Y H K U H ~  OT M H O r l l X  I I e p e M e H H b I X ,  a T a K X e  B C n y q a e ,  K O r A a  BMeCTO 

B C e r O  (OAHO- AJlU M H O ~ O M ~ P H O ~ O )  e B K n M A O B a  n p O C T p a H C T B a  B3RTO 

n p u H a n n e x a r u e e  e M y  npou3~onb~oe  u 3 ~ e p a ~ o e  B c M b I c n e  JIe6era 
T O q e q H O e  M H O X e C T B O  ~ o J I o x I I T ~ J I ~ H o ~ ~  M e p b I .  

0 n p e A e n  e H u e. f l d p o ~  Kapne~arza  ~ a s b ~ ~ a e ~ c ~  B c m a s r  m ~ e -  
P U M a H  ( K O M I I J I ~ K C H O ~ H ~ ~ H ~ R )  @YHKUUR K (s, t) (-03 < < m), A J R  
~ o ~ o p o f i  

a) I I O q T l l  BCloAY B IIJIOCKOCTU S,  f 

b) n o s T u  B C W A ~  H a  ocu s 

f 1 K (t, i) Iadt = K 2  (s). 

fl. I K (s, t) - K (t, s) Iz ds dt = 0, 

a o T c l o A a  no T e o p e M e  Q > y 6 w ~ a  c n e A y e T ,  s ~ o  npw nowu  B c e x  s 

- m  

HO  TO o 3 ~ a s a e ~ ,  s ~ o  npw nosm B c e x  s 



Tenepb BBeAeM ~H~erpaJIb~blf i  OnepaTOp, IIopo>r<naeMbIfi HAPOM 

K a p n e ~ a ~ a .  Ecnn f (t) E L2, TO am noqTu Bcex s cyruecmye-r 

h (3 = K (s, t) f (t) dt, (3) 

OnHaKO @YHKUUR h (s) MOXeT U H e  l7pHHafiJIeXaTb L2. ~ O S T O M Y  Bblne- 

nnM npexne Bcero MHoxecTBo D* Bcex Tex @ Y H K U U ~ ~  f (t) E L2, nnR 
KOTOP~IX h (s) E L2. Ha  TOM MHoxecTBe @ o p ~ y n a  (3) onpenenHeT 
n!-i~efiHblfi OnepaTOp, ~ 0 ~ 0 p b I f i  MbI 0603Haq~M A*. B c ~ ~ n f i  ~pyr0fi 

PiH~erpaJIbHblfi OIIepaTOp B l7pOCTpaHCTBe L2 C HAPOM K(s, t) 6 y n e ~  
sacTbm onepaTopa A*. 

O n n ~  ~ a ~ o i i  onepaTop M ~ I  Tenepb onpenenuM. npensapu~enb~o  

YCJIOBMMCH 06 OAHOM 0603~aqe~nl l ,  a IIMeHHO: e C n N  P (s) (-a < 
< S < W )  - @ U K C ~ ~ ~ O B ~ H H ~ H ,  M3MePEIMaH, BeQeCTBeHHaH, HeOTpHUa- 
TeJIbHaH @YHKIIMR, TO IIOn [L2]p MbI 6 y ~ e ~  nOHUMaTb COBOKYnHOCTb 

~ c e x  @ y ~ ~ u n f i  tp (s) E L2 (-a, w), AJIH K O T O P ~ I X  

YcJIoB~~McH JIeBym WCTb 3TOr0 HepaBeHCTBa 0 6 0 3 ~ a q a ~ b  CNMBO- 

noM I I tp lip. 
H o ~ a A i e ~ .  Tenepb,  TO [LYK 5 D*, rne K (s) onpeneneHa nown 

BCIony @0pMyJlofi (1). B C a M O M  AeJIe, nyCTb f ( f )  E [L2IK, T. e. 
f ( t ) E L 2 ,  



J l e ~ ~ a .  nycmb u 3 ~ e p u ~ a f i  ( P Y H K ~ U R  P (s)  > O ( - m < s < w )  
novmu ectody KoHewia, a ( P Y H K ~ U R  h (s) u 3 ~ e p u ~ a  u maKoea, vmo 

5 f (s) h (s) ds = 0 
- m 

d n ~  nm60Li ( P Y H K ~ U U  f (s) c [L2]p. Tozda novmu ectody 

h (s) = 0. (6) 

U n y C T b  e - npOEI3EOJlbHOe n O A M H O X e C T E 0  M H O X e C T B a  e (a) ,  P i ~ e I o ~ e e *  
K o H e s H y I o  M e p y .  Ero X a p a K T e p u c T E i s e c K a R  @YHKUEIR X e  (s) ,  OWBUAHO, 
n p u H a n n e x E i T  [L2]p. IIO~TOMY 

T a K  K a K  e IIpOH3BOJIbH0, T O  P a B e H C T B O  (6) B e p H 0  n O s T M  B C I o A y  B e (a) ,  
a B C U n y  I I p O E I 3 B O ~ b H O C T U  a O H 0  E e P H O  ROsTM BCIoAY H a  BC& 

OCEI. 
C n e n c T B u e. M ~ o x e c m e o  [L2]p nnomtio e C2. 
Teope~a.  Onepamop A, cuMMempuqeH, a onepamop A* ~ e n ~ e m c ~  

d n ~  A, ConpRweHHbLfi onepamopofi. 



A o K ~ ~ ~ T ~ ~ ~ c T B o .  ~ Y C T ~  f ( t)  E DA,, g ( t )  €La. B T3KOM 
cnysae n o m n  B C I O A ~  

Ecnn n p e A n o n o x n T b ,   TO H e  T o n b K o  f ( t) ,  HO n g ( t )  E DA,, TO nony- 
t l e ~ H O e  COOTHOUleHUe 3anHIUeTCR B BHAe 

T. e. lTepBOe Y T B e P X A e H H e  AOKa3aHO 

A o ~ a x e ~  B T o p o e  y ~ s e p a e ~ n e .  ~ ~ M ~ T H M  npeme B c e r o ,  s ~ o  npa 
f ( t)  E DA, Pi g (t) E D* COOTHOUIeHkle (7) M O X H O  IIpeACTaBUTb B BUAe 

Tenepb H$'XHO A O K a 3 a T b  o 6 p a ~ ~ o e  BKJIWqeHHe. A n f i  3TOTO npHMeM, 

q T o  g (t)  f DAF 3 ~ 0  3 H a q H T ,  q T 0  C y U e C T B y e T  @YHKUHH g* (t) f La. 

S { S K (s, t )  f (t) dt] s d s  = l f ( t)  g v d t .  



B cuny' (7) $TO MOXHO r16penuca~b B sune 

a TaK KaK @YHKUUR g* (t) lIPUHaAneXUT L2, TO g (s) E D* U A*g = 
=g*(t) .  T ~ K U M  o6pa30~,  MbI AOKa3anU, YTO D * s D  *. T ~ M  CaMbrM 

A0 

o n p e A e n e H u e. k!HVZe2pa~bHblN onepamopoM f ( a p n e ~ a ~ a  
C HAPOM K (s, t) Ha3blBalOT OnepaTOp A = A*,*, T. e. 3aMblKaHUe One- 
paTopa A,. 

M ~ I  COXPaHUM 0603Ha9eHUe D* AnH DA. U, KPOMe TOrO, 6 y ~ e ~  
nuCaTb D BMeCTO DA. 

. Cneny~  K a p n e ~ a ~ y ,  ~ a s o s e ~  K (s, t) ~ d p o ~  neps020 poda, ecnu 
A-onepa~op c a ~ o c o n p ~ m e ~ ~ b 1 8 ,  a ~ d p o m  smopozo puda-B npo- 
TWBHOM cnysae. 

T ~ K  KaK AJlH BCHKOrO S E [O, 1) C Y U ~ C T B Y ~ T  TaKOe ps, LIT0 qp (s) = 0 
npw p 2 p,, TO P H A ~ I  



pasMaAacb tiynto noltmu sciody 6 uiimepeane 0 g s < 1, ueo6xodu~o 
u docmarnolt~o s b i n o n ~ e ~ u e  scex pase~cms 

- 0 (s) = co -cl 

1 2 n-2 - n z  

0 (s) = c0 + c1 + 2Tc2 + aye3 + . + 2 2 en-, - 2 ? c,, 

TO, q~06b1  @YHKUUR 0 (S) P a B H R n a C b  H y J I W ,  IIO K p a Z H e f l  M e p e ,  B O A H O ~  

T O q K e  KalKAOTO I13 U H T e p B a J I O B  (d,) (n = 1, 2, 3, . . .), H ~ O ~ X O ~ ~ U M O  

B b I n O J I H e H U e  BCeX P a B e H C T B  

Ecnn B C e  3TM P a B e H C T B a  B b I n O J I H e H b I ,  T O  @YHKUUR (s) P a B H a  
H y n W  BCWAY B , U H T e p B a J I e  0 9 S < 1. OTCWA~ U B b I T e K a e T  Y T B e p X Q e -  

H u e  J e M M b I  1. 
Huxe  HaM n o ~ a ~ o 6 ~ ~ c a  @YHKUUH 



T ~ K U M  06pa30~,  @ Y H K U N R  xn (s)  (n = 1 ,  2 ,  . . .) N M e e T  IIOCTORH- 
H o e ,  o T n a s H o e  OT H y n R  3 ~ a q . e ~ ~ e  B awepsane (d,) N p a m a  H y n m  
m e  3~01-o u a T e p B a n a .  

Je,w,wa 2. BCRKYH) @ Y N K ~ U H )  p (s)  E L2 (0,  1 )  MOWNO npedcma- 
eumb e oude c x o d ~ q e 2 o c ~  p ~ d a  

ede 

CXOANTCR B M e T p B K e  L2 (0,  1 )  K H ~ K O T O P O ~ ~  $YHKUIIN: 0 (s)  E L2. 
~ O ~ T O M ~  (CM. no 1 1 )  C y l u e C T B y e T  H e K O T O p a R  IIOAIIOCJIeAOBaTeJlbHOCTb 
{en,  ( S ) ] k m _ , ,  K O T O P a R  CXOANTCR K e ( S )  I I O s T N  ECIoAy.  A T a K  K a K  p R A  



C B O ~ ~ C T B ~  R A p a  K ( s ,  f),  e C T e C T B e H H 0 ,  3 a B N C R T  O T  TOTO, K a K  ~ b 1 6 p a ~ b 1  . 
qncna a,. 

n o ~ a x e ~  B I I e p B Y I O  O g e p e A b ,  9 T O  K (S, t )  ~ Y A ~ T  B TOM N TOJIbKO 
B T O M  C J I y z l a e  W P O M  r N J I b 6 e p ~ a  - UMHAT~, K O r A a  P R A  



n o ~ a x e ~ ,  YTO B cnyqae (9) Y (s, t)  R s n R e T c R  ~ n p o ~  n e p B o r o  p o a a ,  

a B cnyqae (%)'RAPOM B T O P O ~ O  pofla. 
POA Rflpa  3 a E H C H T  O T  I lHAeKCa A € ! @ ~ K T ~  I l H T e r p a J I b H O r O  O n e p a -  

T o p a  A, n o p o x A a e M o r o  RAPOM Y(s, t). A e @ e K ~ ~ b l e  q a c n a  q e c b  

OflHHaKOBbI, T a K  K a K  R A P 0  K(s, t )  E e U e C T B e H H O .  Ann IlX H a X O W e -  
HHR hlbI  A O J I X H b 1  H C K a T b  C O ~ C T B ~ H H ~ I ~  @YHKUIIU G n e p a T O p a  A*, 
O T B e Y a l O U H e  I I ~ O H ~ B O J ' I ~ H O  B3RTOMY H e B e U e C T B e H H O M y  g I l C J I y  1, 
C K a X e h f ,  = i. I I C K O M ) ~  C O ~ C T B ~ H H Y H )  @YHKUII~O H a  OCHOBaHHIl  
J e M M b I  2 M O X H O  I I p e A C T a B H T b  B BHAe 

cp (4 = r, cpqp (s) + a (s), 
p= 0 

r'Ae YHCJIa C p  H @ ~ H K U H R  W (s) f l 0 ~ 7 X H b I  Yf lOBJleTBOPRTb BCeM YCJIO- 
BHRM n e M M b I  2. K p o ~ e  TOTO, @YHKUHR cp (s) f l O J I X H a  Y f l O B J e T B O p a T b  

Y p a B H e H H l O  

A*cp = icp. (4) 

B 0 3 b ~ e h i  H H T e p B a J I  (d,). B H e M  IIOYTH BCI0,Il.j' J I e B a R  1 f a C T b  Y p a B H e -  

HHR (4) pama 

T ~ K H M  06pa30~, IIOYTH BClOfly B H H T e p B a n e  (d,) 

 TO P a B e H C T B O  n O K a 3 b I B a e T ,  YTO O (s) B K a X f l O M  H H T e p B a J I e  (d,) 
IIGCTORHHa. ~ Y C T ~  

T ~ K  K a K  O (s) O p T O r O H a J l b H a  K O  BCeM @ Y H K ~ I I H M  qp (s), TO, I I p H n O -  

MHHaR C B O ~ T B O  @ Y H K U N ~  %, (s), HaXOAHM, q T O  



ca 

C (1 4- iap) cPqp (s) = 0.- 
. P=O 

Ha OCHOBaHUki J e M M b I  1 3 T 0  P a B e H C T B O  N M e e T  MeCTO B TOM N TOJIbKO 

TOM cnysae, K o r n a  * 
P- 1 

(1 4- iap)cp = 22 (1 4- iao)co (p = 1, 2, 3, . . .) 

n o n y s e ~ ~ b ~ e  @ o p ~ y n b ~  no~a3b1sam~ ,   TO B cnyqae (9) ~ o q s a  i H e  

RBJIReTCR C O ~ C T B ~ H H ~ I M  3 H a 9 e H N e M  O n e p a T O p a  A*, a B C J I y Y a e  (%) 
C H a  6 y ~ e T  er0 C O ~ C T B ~ H H ~ I M  3 H a 9 e H N e M  U UPMTOM KPaTHOCTN 1. T ~ M  
c a M b I M  H a m e  Y T B e p w e H u e  A O K ~ ~ ~ H O ,  n p u q e M  M ~ I  n o ~ a 3 a ~ u ,  YTO 
B cnyyae (8) a H n e K c  ne@ee~a onepampa A e c T b  (1, 1). 

118. C n e ~ ~ p a n b ~ b ~ e  ( P Y H K ~ H H  n t i T e r p a n b H o r o  O n e p a T o p a  c RAPOM 
Kapne~ana. ~ Y C T ~  A - N ~ T e r p a J I b H b 1 $  O n e p a T O p  C RAPOM K a p J I e ~ a ~ a  
I( (S, t ) ,  a E k  (-W < h < W) - K ~ K ~ R - H U ~ Y A ~  N 3  n p N H a A n e X a I 4 N X  

3TOMY O n e p a T O p y  C n e K T p a J l b H b I X  @YHKUU$. ~ O J I O X U M  

( A  = O), 
EA-I (A >0), 

T a K  YTO FA sign h  e C T b  O T ~ N . I ~ ~ T ~ J I ~ H ~ I ~ ~  C ~ M O C O I I ~ R X ~ H H ~ I $  O n e p a T O p  

c HUXH~R rpaabm 2 -1. M3 STNX CBORCTB O n e p a T o p a  F k  c n e A y e T ,  
'  TO o n e p a T o p  F: 4- FA sign h  o T p u u a T e n e H .  I ~ O ~ T O M Y  npu n m 6 o ~  
f E L2 U M e e T  M e C T O  H e p a B e H C T B O  

(FAf, FAf) I (FAf, f )  1. (I 
H ~ M  ~ O H ~ A O ~ U T C R  T a K X e  H e p a B e H C T B O  

B e p H o e  npu n m 6 o ~  f E [L2IK. A O K ~ X ~ M  ero, H a n p u M e p ,  npu h > 0. 
C 3~0fi  U e J I b m  A O C T a T O 9 H O  3 a M e T M T b ,  9 T O  A n R  JKI~OI-0 f E [L2]l( = DA, 



Teope~a 1. FA ~ s n ~ e m c x  uHme2panbHbrM onepamopoM c R ~ P O M  
K a p n e ~ a ~ a  F (t, s; A), icomopoe npu ~ a x y d o ~  A # 0 yydoenemeopxem 
noclmu ecfody Ha ocu t HepaeeNcmey 

me 
K ,  (t) = max (1, K (t)}. 

A 0 K a 3 a T e n b C T B 0 y n o 6 c ~ ~ a  pa366be~ Ha HeCKOJlbKO 
Y ac~efi. 

lo. n p e w e  BCerO 3aMeTUM, YTO Ha OCHOBaHUU JleMMbI 1 no 25 
cyqecTByeT QYHKUIIR G (s, t; A), npuHannexaqaR L2 no t npu 
KaXAOM S, npU9eM G (0, t; A) = 0 TaKaH, YTO AJlR JlI060# @YHKUUB 

f (t) E La 
OD 

(FA!) (s) = G (s, x; A) f (x) dx 
-(D 

(4) 

noww Bcmny* no s. 
A O K ~ X ~ M ,  9TO @ Y H K U W I ~  G (s, t; A) M O X H O  TaK I13MeHIITb npli 

KaXAOM S Ha HeKOTOPOM MHOXeCTBe MePbI HYnb OCM t, YTO N3MeHeHHaR 
@YHKUUH 6 y ~ e ~  UMeTb npu KaXnOM t IIOYTU ECIoAy no S nPOI13BOAHYIO 

a 
F (s, t; A) = &G (s, t; A), 

npuHannexauym La (no s). 
C s ~ o i i  uenbm nonoxuM 

ecnu K (s) 2 I ,  

1, ecnu K ( s ) < I ,  

*) MHOX~CTBO Mepbl HYJIb, t l a  KOTOPOM (4) Ht: DblIIOJIHeHO, 3aBUCWT OT f ( t ) ,  
a T a K X e  OT h.  TO O ~ C T O I I T ~ J I ~ C T B O  H Y X H O  B n a J I b ~ e f i U I e ~  UMeTb B BHAY. Bnpo- 
qeM, B HaCTOffUeM paCCMOTpeHUU MOXHO CPWTaTb 3Ha9eHWe h 0 @ U K C R P O B ~ H H ~ ~ M .  



K O T O F a R  n p N  n r o 6 o ~  h > 0 n p N H a A n e X N T  [L2IK. M b l  I I O n y q N M ,  q T O  
n o q ~ n  ECIOAY no s 

t- th 

(Fhft, h)  ( s )  = 5 x d $ G(s ,  x; U k ( x ) d ~ = ~ G , , ( s ,  f ;  A) ,  
t 

rAe 

1 tr 
G,(s, t ;  A)  = G (s,  x;  A)  k ( x )  dx. 

t 

w a l (2 ' f l  ( ~ 1  A )  I ds = (Fift, hr, h f t ,  h) < 
. -m 

O T C I O A ~  C J e A y e T  C ~ U ~ ~ C T B O B ~ H N ~  3 a ~ N C H U l e f i  OT t  I IOCJeAOBaTenbHOCTN 

h, -t 0 (hi > 0)  H + Y H K U N N  (OT S )  g (s ,  t ;  h) ,  n p n ~ a ~ ~ l e m a u e f i  L2, 
A n H  KOTOP~IX npn n -+ oo 

d cn. 
--Gh (s ,  f ;  A )  1, g ( s ,  t ;  A). d s  n 

~ H ~ I ~ N T ,  

8 

lim ~h~ (s, t ;  4 = S g (x ,  t ;  A)  dx 
n-c m 0 

lim Gh (s, t ;  h)  = G (s, f ;  A )  k (0. 
h+O 

s 

G (s,  t ;  1) k ( t )  = 1 g ( x ,  f ;  4 dx. 
0 

M S M ~ H R R  ~ Y H K U H I O  G (s ,  f ;  h)  lTPN Ka)KAOM S H a  HeKOTOPOM M H O X e C T B e  

M e p b I  H y n b  OCM f ,  ~ 0 6 b e ~ c H  TOTO, q T O  (7)  ~ Y A ~ T  N M e T b  M e C T O  AJJi ECeX 

S N f .  T ~ K  K a K  k ( f )  # 0 ,  .TO N 3 M e H e H H a H  Q Y H K U N R  G (s ,  f ;  h)  ~ Y A ~ T  
N M e T b  I l p N  K a X A O M  f n O q T W  BCIOAY no S n p O N 3 B O A H y I O  
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1 npu s E [a, B), 
XP. P (s) = { (-J PU STPX, B), 

a 3 H a q U T .  U A n R  ~ ~ 6 0 8  @UHUTHOR C T ~ I I ~ H ~ ~ T O ~ ~  @YHKUBA. B CaMOM 

A e n e ,  npu ~ r m 6 o i i  (PYHKUUM h (t) E La 

= (Fxh, x., p) = (h, p). 

. . H n R  I I ~ o U ~ B O J ~ ~ H O ~  @YHKUUA f € La M O X H O  H a f i ~ U  CUJIbHO CXOAR- 
U y W C R  K H e 8  IlOCJIeAOBaTeJIbHOCTb @ A H A T H ~ I X  C T y n e H q a T b l X  @YHK- 

u U ~  (f,);. T o r ~ a  I I O C J I e A O B a T e n b H O C T b  (Fxf,); 6 y ~ e ~  C U J I b H W  CXO- 
AUTbCR. K @J'HKUUU Fxf U, MeH<Ay n p O s U M ,  H ~ ~ ~ A ~ T C R  n O C J I e A O B a T e J I b -  

HOCTb UHAeKCOB (nr)F==l ' I a K a R ,  q T 0  AJIR n O q T U  BCeX t 

lim (Fxfni) (t) = (Fxf) (t). 
i* - (9) 

C ~ p y r 0 f i  CTOPOHbI, M O X H O  Y K a 3 a T b  M H O X e C T B O  M e P b I  H y J I b  T a K ,  

9 1 0 6 6 1  B K a X ~ 0 f i  H e  I l p ~ H a ~ J I e X a l Q e f i  e M y  T O q K e  f UMeJ'lU M e C T O  
O A H O B p e M e H H O  B C e  P a B e H C T B a  



- a B cnny (9)  TOT npeaen p a s e H  (FA!) (t). 
M T ~ K ,  y T s e p x A e H u e  2" A O K ~ ~ ~ H O .  
3". Tenepb A O K a X e M  C O O T H O U ~ H H ~  (3). Ann 3 T O r 0  B03bMeM CO- 

A e p X a L q e e c n  B (6) HepaBeHCTBO 

r A e  e e C T b  npOH3BOJIbHOe nOAMHOXeCTB0 K O H ~ ~ H O ~ ~  MePbI MHOXeCTBa 
e (a) B c e x  T e x  t ,  A n n  KOTOPMX 

1 1  1 F ( t ,  s; 1) lads g -- h2 kZ ( t)  ' 

OTKyAa U BbITeKaeT HepaBeHCTBO (3). 
C O O T H O U ~ H U ~  (3) ki $ Iop~yna  (8), Barnwan n p e A c T a B n e H a e  one- 

p a T o p a  FA, H e  n p e n n T c T B y r n T  n 3 ~ e ~ e ~ m  $IYHKUHM F ( t ,  s; A )  npu 
KaXAOM Pi3 IIOsTki BCeX t H a  MHOXeCTBe MepbI H y n b  OCki S. 
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B o c I I o J I ~ ~ ~ ~ M c R  3TUM, 9 1 0 6 6 1  B COrJIaCUU C J I ~ M M o ~ ~  2 no 25 
c n e n a T b  I$YHKUUIO F (t, S; 1) H ~ M ~ P H M O R  B n n o c K o c T n  S, t. 

4'. O C T ~ ~ T C R  n O K a 3 a T b ,  9 T O  IIO'ITU BCIOAY B IIJIOCKOCTH S, t 
UMWT MeCTO PaBeHCTBO 

F (s, t; 1) = F (t, s; 1). 

3 T O r 0  B03bMeM I $ Y H K ~ H W  f E La H g l L 2 ] ~ ,  U 3aIIHILIeM A n R  

HHX PaBeHCTBO 

(Fig, f l  = (g, Fif) 
B Brine 

T ~ K  KaK B cuny (3) 

5 dt 1 I g (t) l . 1 f (s) I - I F (t, S; 1) l ds < 
- m  - m  

OD m m 

j g (t) dt j F (I, S; 4) fx ds = 5 g (f)  dt F (s, t; 1) fq ds, 
- m  -00  - m - m 

ede f, g c La, u nycmb A -npoussonb~blii u ~ m e p s a n  ocu h ,  yda- 
n e ~ ~ b l i i  Ha paccmoswue 6 > 0 om mortcu h -- 0. T o ~ d a  

V a r ~ Q  ,< 11 f 11 ' 1 1  g I!. ( I  I) 
Ecnu, rcpome moeo, g c [ L 2 ] K ,  mo 

u ecnu f ,  g E [L21u, mo 

V a r ~ Q ( h )  & 11 f 1 I K l(g 1 1 ~ .  (I31 



~ O C K O ~ ~ K Y  [IF611 4.1, TO OTCIOAa BbITeKaeT CnPaBeAJIUBOCTb 
OUeHKH ( 1  1 ) .  ~ P H M ~ H R R  K (Fsg, g) npU g € rLKlK OUeHKy (2), y6ex- 
AaeMCR B CnPaBeAJIIlBOCTIi OUeHKU (12) U ,  HaKOHeU, eCJH f ,  g € [L2],y, 
TO c noMoqbm TOG me O U ~ H K H  (2) ycTaHasnmaeM cnpaseAnnBocTb (13). 

J I ~ M M ~  AoKasaHa. 
Teope~a .2. B lcavecmee ffdpa onepamopa FA uowtio sbl6pamb 

(u3 coeolcynuocmu 3lceueane~rn~b~x no (s, t )  npu ~ a x d o u  h) 
malcyro @ ~ H I C ~ U H )  FO (s ,  t ;  A), vmo, 3a uc~cnrove~ue~  He 3aeuc~qe20 
om h u ~ o x e c m e a  uepbl Hynb e (s ,  t )-nno~lco~mu, 3ma Q ~ ~ H K ~ U R  
uueem 0 2 p a n u v e ~ ~ y t o  eapuayufo no h 6 nro6ou lcoHevrcou unu 
6 e c l c o ~ e v ~ o u  urcmepeane A ocu h ,  Ha.xodffqe~cff  Ha nonowumenb- 
H O N  paccmomuu om movlcu h = 0. I7pu smou uueem uecmo 
oyeHlca 

LTar~FO (s, t ;  1) < i5 K (s) K ( t) ,  

ecnu y l c a 3 a ~ ~ o e  paccmomue ecmb 8, u oyetilca 

npu h f 0. Halcotiey, npu lcawdou h # 0 novmu ecrody 8 (s ,  
t)-nnoclcocmu 

FO (s, t ;  h - 0)  = F0 (s, t ;  1). 

f l  o K a 3 a T e n b c T B o. n y c ~ b  F (s ,  t ;  h)  - HeKoTopoe RAPO one- 
PaTOpa FA. M ~ I  nOCTPOEIM no HeMy 3KBMBaJIeHTHOe eMy B ( S ,  f ) -  
nnocKocTw npa KamAoM h RAPO FO(s, t ;  A) ,  yAosne~BopRmuee ycno- 
BHRM TeOpeMbI. 
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1 T ,  ecna I S - - U ~ < ~ ,  
9, (s; u) = I 

0, ecnu Is -u j  >--, 
N n Y C T b  

9, (s; u), ecnu u E e (a), $2' (s; u) = ( 0, ecnu u7e(a ) ,  

~ ~ M ~ T U M ,  9 T O  3TOT U H T e r p a n  C y U e C T B y e T  6 n a r o ~ a p ~  O u e H K e  (3) K a K  

A B O ~ H O ~  B C M b I C n e  a6conIo~~ofi CXOAUMOCTU, a H e  T O n b K O  K a K  no- 
B T O P H ~ I ~ .  

B cuny (13) 
eo 

I 
~ a r A 0 ; )  (s, t ;  A) 4 , JJ K (u) K (v) 9;) (s; u) 9:) (t; v) du dv 4 $. (15) 

-01 

T ~ K U M  06pa30~,  B c e  @YHKUUU @:)(s, f ;  A )  (n = 1, 2, 3, . . .) 
UMeIoT P a B H O M e p H O  O r p a H U 9 e H H y K )  B a p U a Q M I o  no k B U H T e p B a A e  A.  
C n e ~ o ~ a ~ e n b ~ o ,  n p u M e H u M a  T e o p e M a  Xenns, K O M ~ U H U P ~ R  KOTOPYK) 

C nOBTOPHhIM A U a r O H a n b H b l M  I IPOueCCOM, H a f i A e M  nOCJIeJ l0BaTenbHOCTb 

{nk];==,, 3 a B U C H U y l o  OT n P O U 3 B O n b H O  ~ b 1 6 p a ~ ~ o f i  TOYKU (s, f ) ,  T a K y I o ,  
YTO n p U  BCeX # 0 C y q e C T B y e T  

lim (s, t; A) = @(" (s, t; A), 
k-r m 

n p u   TOM B cuny (15) npu n1o6b1x s, t 
aa 

V a r A @ ( " )  (s, t; A) 4 .@. (16) 

n o c n e ~ ~ e e  H e p a B e H c T B o  A o n y c K a e T  cneAymqee Y T O Y H e H a e .  n y c ~ b  
el  (a) - M H O X ~ C T B O  B c e x  T e x  T o q e K  (s, t) E i (a) x e (a) E e, (a), B KO- 
TOPbIX 
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n p a  (s, t )  E e: (a) M O X H O  n e p e i ~ a  npa n -t m K npeneny B cpen- 
HeM 9JIeHe HepaBeHCTBa (15), O T K y n a  CJleAj'eT, sT0 

1 
V a r ~ o ( ~ ) ( s ,  t ;  k ) < @ K ( s ) K ( t ) ,  (s, t ) ~ e t ( a ) .  (17) 

lim 0;' (s, t ;  A )  = F (s, t ;  A ) ,  . 
fl+ m 

ki, 3 H a W T ,  npki K a X A O M  h # 0 noqTH BcmAy B e2 (a) 
O(a) (s,  t ;  A )  = F (s ,  t ;  A ) .  (18) 

n p e n c ~ a s a ~  Tenepb (s ,  t ) - n n o c ~ o c ~ b  E, B Bane C Y M M ~ I  Henepe- 
m 

CeKamukIxcn MHOXeCTB: E2 = U E2 (a) ,  W e  E2 ( l)=e,  ( I ) ,  E2 (a+ 1 )  = 
a=1 

= e2 (a + 1 )  \ e, (a),  a onpenenm ( P Y H K U I I H )  F0 (s ,  t ;  A ) ,  nonaran 

FO (s, t ;  A )  = (s,  t ;  1)  npa (s,  t )  E E2 (a). 

O ~ ~ B H A H O ,  npki KaXnOM A n09Tki BClOny  B (s,  ~ ) - I I J I O C K O C T H  ~ Y A ~ T  
B c m y  (18) 

FO (s, t ;  A )  = F (s, t ;  A ) ,  

1 
VarAFO (s ,  t ;  1 )  < xsK (s) K (t).  

1 
I Fo (s ,  t ;  1 )  1 < p K  (s) K ( t) .  

n o e a x e ~  Tenepb,  TO npa Ka>rcnoM A + 0 nowa B C I O A ~  B (s,  
~ ) - I I J I O C K O C T H  

FO (s ,  t ;  A - 0)  = F0 (s ,  t ;  A) .  (19) 



AJIR 3TOr0 AOC'hTOYHO 3aMeTUTb, Y T O ,  BO-HepBbIX, I lpU (S, t )  C E: 
c y q e c ~ ~ y e ~  npenen FO (s, t ;  A - 0)  npn n m 6 o ~  A ,  a B O - B T O ~ I X ,  

Y T O  IIpu nm6b1x f ,  g € [L2],y 

me  npasaR sacTb uHTerpApyeMa BO ~ c e i i  (s,  t ) - n n o c ~ o c ~ a ,  II ~ O ~ T O M Y  
IlpU A =# 0 B03MOXeH Ilpe~eJlb~blfi IlepeXOn I lOn  3HaKOM UHTeI'paJa 
B CJIeAYIOUIeM PaBeHCTBe: 

({ F0 (s ,  1; A )  f ( t )  g (s) ds dt = (Fi f ,  g) = (FA-of, g) = 
- m  

O T C M ~ ~ ~  U BbITeKaeT (19). Teope~a  ~ O J I H O C T ~ ~  AOKa3aHa. 
Bo BceM nanb~eiirue~ non RAPOM F (s, t ;  A )  onepa-ropa FA M ~ I  

6 y n e ~  i-1onpa3y~e~a~b ~ n p o  F0 (s ,  t ;  A) .  
3 a M e Y a H n e. C noMoqbm aHanornqHbIx paccyxne~uii, Acnonb- 

3 Y R  BMeCTO OqeHKU (13) OqeHKy (12), JIeI'KO HOKasaTb, YTO,  KaKOBa 6b1 
H A  6b1na ~ Y H K U A R  f E L2, 

1 19. C n e ~ ~ p a n b ~ o e  npeAcTaBneHne aApa K a p n e ~ a ~ a .  
T e o p e ~ a  1.  nycmb A = [ a ,  p ) - t c o ~ e r t i b  utimepsan, Haxo- 

dxquUYcx tia nonoxumenbtiou paccmoxtiuu om mortcu A = 0 ,  u 

F (s, t ;  A) = F (s,  t ;  fJ) - F (s, t ;  a). 

B matcou cnyrae normu s c ~ a y  s (s,  t)-nnoc~ocmu 
m B 

f K (s, U )  F (u, t ;  A) du = AdrF (s ,  t ;  A) J 
-OD 

(1) 
a 

(uctcnrorumenbtioe utioxecmso uepu tiynb s (s. t)-nnoctcocmu, tia 
tcomopou ( 1 )  tie uueem uecma, sasucum, aoo6qe zosopx, om a 
u el. 



T e o p e ~ a  o s ~ a s a e ~ ,  Y T O  ( 1 )  cnpasennuBo npu ' KaxnoM s Ce,, p 
AJIfl n0YTll BCeX f (ea,p - HeKOTOpOe MHOXeCTBO MepbI HYoJlb H a  
ocu s). 

a 0  K a 3 a T e JI  b  c T B 0. n p ~  Jllo6b1~ f ,  g c L2 U M e e M  PaBeHCTBO 

P 
(A*E (A)  f ,  g) = j I d i  ( E d ,  g). 

u 

KOTOPOe, OrIeBUAHO,  MOXHO nepenUCaTb B BUAe 

P m OD 

= 5 I d {  S g o d s  F (s, t ;  I ) f ( t ) d f ] .  
a - m  -02  

I ~ O J I O X U M ,   TO f ,  g E [L2IK, Torna B cuny ~ e o p e ~ b r  2 no 118 npa- 
B a f l  YaCTb PaBHa 

rne 6 - p a c c ~ o ~ ~ u e  uHTepsana [ a ,  $) OT T O ~ I K U  i = 0. ~ ~ O ~ T O M Y  
B JIe~0fi qaCTU TOXe MOXHO U3MeHUTb n O p f l n O K  U H T e r p U p O B a H U f l ,  

a 3HarIUT, 

m P 
= J S  f ( t )  go {S AdiF (s, f ;  I ) ]  df 
- m '  a 

npu nlo6blx f ,  g € [ L 2 ] ~ , .  T ~ K  K a K  [ L 2 ] ~ , n J 1 0 ~ ~ 0  B L2, TO OTClOAa 
cnenyeT, YTO 

P 5 K (s, U )  F (u, t ;  A) du = S IdiF (s,  t ;  I )  
- O D  u 

nowu ~c lony  B (s ,  t ) - ~ ~ O C K O C T U .  T e o p e ~ a  n o ~ a s a ~ a .  
Teope~a  2. Anfi novmu scex s qbop~gna 

OD P 

S Kis ,  U )  F (u, t ;  A) du = { ldiF (s ,  t ;  i) 
c m  u 



cnpasednusa marcwe npu p = C O ,  a > 0 (coomsemcmsenno npu ' 
a = --a, p < 0),  ecnu npasyro ltacmb pacc,uampusamb rcdrc 1. i .  m. 
no f ,  rcotda p - t  co (a+  -03) n0 npOU360AbHO sb16pannoii n0Cne- 
dosamenbnocmu. 

A o K a 3 a ~ e n b c ~ ~ o .  l l p e ~ n o n a r a ~ ,   TO a > 0 ,  a p - K O H ~ ~ H O ,  
IlepeIIIlUeM PaBeHCTBO ( 1 )  B BNne 

P m S 1diF (s, t; 1) = S K (s, u)  F (u,  t ;  A) du = 
a -m 

m 

= S F (t ,  u ;  A) K (u, S )  du = (Fp - F a )  Ks, 
-m 

(2) 

rne AJIR nowu Bcex s ~ Y H K U E I R  K, ( t )  = K ( t ,  S )  UpmannexnT L2. 
B03bMe~ CTPeMRqYmCR K ~ ~ C K O H ~ ~ H O C T U  IIOCJIeAOBaTeJIbHOCTb 3Ha- 
Ye~l i f i  pk. Torna B CUnY TeOpeMbI 1 M O X H O  yKa3aTb MHOXeCTBO ea 
MepbI HyJIb, 3aBliCRqee TOnbKO OT a U TaKOe, qTO npli n m 6 0 ~  
S?ea 6 y n y ~  IlMeTb MeCTO IIOYTU BCIOAY Ha OCU f OAHOBPeMeHHO 
BCe PaBeHCTBa (2) C p = pk (k  = 1 ,  2, 3, . . .). O T C ~ ~ A ~  CJreAYeT, 9 T O  - 
npu s e e a  u k =  1 ,  2, ... 

n p a ~ a ~  W C T b  CTpeMUTCR K Hynm npU k - t  a. TaKuM 06pa30~, nnH - 
Bcex s E e, 

oTKyna u cnenyeT TeopeMa. 
Teope~a 3. A ~ R  noltmu scex s 



zde n p a s a ~  rlacmb ecmb 1. i. m. no t ~ e c o 6 c m s e ~ ~ o z o  uHmezpana 
C O C O ~ ~ L M U  morllCaMU 1 = --a, 0,  co; U H ~ L U U  C~Ot?a.WU, di2R nOrlmU 
scex s 

~ ~ z d a  E, E'  --f 0 ,  N ,  N ' 3 co no npoussonbtio s b ~ 6 p a ~ ~ b ~ u  nocne- 
dosamenb~ocm~u nonoxumenbHblx queen. 

B m o u  x e  cubicne npu norlmu scex s 

JJ o K a 3 a T e n b c T B O. R b 1 6 e p e ~  ~ P O M ~ B O J I ~ H O  n o c n e A o s a T e n b -  

HOCTM ITOJIOXMTeJIbHbIX rIMCen Ei ,  e;--tO (EL, Ef < 1) M Nk, Nd-t CO 

(Nk. 'Nhi > 1). T o r ~ a ,  K a K  ki npM AOKa3aTeJIbCTBe n p e ~ b m y ~ e s  TeO- 
peMb1, HaMAeTCR MHOXeCTBO e M e p b l  H y J I b  TaKOe ,  YTO n p M  KaXAOM 

S T  e 6 y ~ y ~  kiMeTb MeCTO ITOYTU BCIOAY H a  OCM t OAHOBPeMeHHO AJIR 
BCeX i, k ,  f, 171 PaBeHCTBa  

-E Nm ( S + 1 ) id# (t, s; i) = (F-.ni - F-N*~) KS + ( F ~ m  - FEJ K s  
-Ni  

O C T ~ ~ T C R  npOBepEiTb,  YTO 11 (E+, - Eo) Ks 1 1  = 0 &JIH ITOrlTEi BCeX S. 
Ho npu n106o~ f c L2 



120. 0 6 0 6 q e ~ n e  Oopmynb~ rnnb6ep~a - Ulmnn~a. 
Teope~a.  Kalcosa 661 N U  6bma ( P Y H K Y U R  f c L2, d n ~  novmu 

ecex s 
00 OI 5 K ( s ,  t )  f ( t )  dt  = l Adi { l F (s.  t :  1) f (0 d t ) ,  

- m -00 m - - 

l K (s.  t )  f (t) dt = { f ( t )  dt  l AdiF ( s ,  t ;  

. \ .  J I 
AdxF ( s ,  t ;  A) .  

e j ,  e -0 1 '-hi 
Nd. N,-r - el  

H ~ M  H Y W H O  JIWUlb H O K a S a T b ,  9 T O  B n p a ~ 0 h  Y a C T H  3 T O r 0  P a B e H C T B a  
M O X H O  M ~ M ~ H U T ~  n O p R H O K  H H T e r p n p O B a H H l i .  a J I R  3 T O r 0  3 a M e T W M ,  
9 T O  

1 
V a r ~  '1 F ( s ,  t; A ) f ( t ) d t - ~ ~ K ( s )  I I ~  11, 

- O D  

B CBJIY 3 a M e W H M R  B KOHLIe no 118, n U O 3 T O M y  HJlR n O 9 T H  ~ B C e X  S 
npn a$ > 0 ($ > a) n H T e r p a n  C T H J T ~ ~ C ~  

[ i d i  1 F ( s ,  t ;  A)  ( t )  dt  

B 1 f ( t )  dt  S AdiF ( s ,  t ;  1 )  
- m  a 

P 

l Ad# (s ,  t ;  1) c L: (-a, a). 
a 

B cnny ( P o p ~ y n b ~  (2 )  no 119. 
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Kapneva~a s mov u monbico mont cnyyae, K0zda cyqecmeyem KO- 

HellHaR u3MepuMUR @ Y N K Y U R  P (s) > 0, yd06flem60pR~)~aR cnedymquv 
ycnosu?zw: 

A 0 K a 3 a T e JI  b C T B 0 H ~ O ~ X O A U M O C T I ~  y c J I 0 ~ 1 l f i  O q e H b  n p O C T 0 .  
A ~ ~ ~ c T B U T ~ J I ~ H O ,  n y C T b  T e C T b  U H ~ e r p a n d H b ~ f i  O n e p a T O p  C R a p O M  

K a p n e ~ a ~ a  K (s, f).  l l o ~ a x e ~ ,   TO B T ~ K O M  cnysae ycnosun 1"-3" 
6 y n y ~  B b I n O n H e H b I  n p U  P (s) = K (s). 3 T O r 0  BBeAeM O n e p a T O p b I  

A, 5 A 5 A*, n p u H a n n e x a q u e  n ~ p y  K (s, t) c o r n a c H o  no 1 16. B C R K U ~ ~  
U H ~ e r p a ~ ~ b H b ~ f i  O n e p a T O p  C RAPOM /( (s, f )  R B n R e T C R  q a C T b l o  O n e p a -  

T o p a  A*. Cnenosa~enb~o,  T 5 A*. ~ O ~ T O M Y  T* 2 A** = A u, 3 ~ a -  
W T ,  [ L 2 ] ~ s  DT*, T. e. YCJIOBUe 1" AOKa3aHO.  P ~ B H ~ I M  o6pa30~ AOKa-  
3 a H O  y C n O B U e  3", T a K  K a K  n p U  f ,  g C [L2IK 

H a K o H e q ,  y c n o s H e  2" c n e n y e T  u3 T o r o ,   TO npu ~1106brx f ,  g E [L2IK' 

n e p e x 0 ~ R  K A O K a 3 a T e J b C T B Y  AOCTaT09HOCTU,  n p U M e M ,  ' q T 0  ~pe6ye-  
M a n  ~ e o p e M 0 f i  @ Y H K ~ I I R  P (s) C Y U e C T B Y e T .  Aanee B 0 3 b M e M  K a K 0 f i  - 
H N ~ Y A ~  3 n e M e H T  f C DT N I I p 0 ~ 3 ~ 0 J I b H b l f i  3 n e M e H T  g C [L2]p. C K a n ~ p -  
H o e  n p O H 3 B e A e H k i e  (g, Tf) = (T*g, f )  RBJIReTCR B C I l n y  1" U 2" J I M H ~ ~ ~ H ~ I M  

@ Y H K ~ N O H ~ ~ O M  OT g B [L2]pc  Lp C H O P M O ~ ~  < 1 1  f 1 1 .   TOT @ Y H K ~ I I O -  

H a n  MOXHO PaCLIIUPIlTb no H e n p e p b I B H O C T I l  H a  B C e  n p O C T p a H C T B 0  Lp. 
~ H Q ~ U T ,  C y q e C T B Y e T  T a K a R  U 3 M e p U M a R  @ Y H K ~ H R  a (s), 9 T O  

l a (4 I vrai max- ,< 1 1  f 11. 
p (s) 



 TO HePaBeHCTBO,  T a K U M  o6pa3o~, HMeeT MeCTO AJIH B ~ I ~ P ~ H H O ~ ~  ~ Y H K -  

quu f E DT npu n m 6 0 ~  ST ef, me ef - 3 a ~ u c ~ q e e  OT f M H o x e c T B o  

M e p b I  H y J l b .  B 0 3 b ~ e ~  T e n e p b  K ~ K O ~ - H H ~ ~ A ~  C q e T H O e  M H O X e C T B O ,  

~ c m n y  n n o T H o e  B DT. O p ~ o r o ~ a n u 3 u p y ~  31-0 M H o x e c T B o ,  n o n y q u M  
HeKOTOPYH) OpTOHOpMUpOBaHHYH) nOCJleAOBaTeJ lbHOCTb {hk); C DT 
H B 0 3 b M e M  MHOWeCTBO 8 3 n e M e H T O B  BUAa 

me n npo6erae~ H a ~ y p a n b ~ b i f i  PHA,  a n p U  K a X A O M  n KO~@$UUU~HTM 
C1, C2, . . . , C, nPUHUMaH)T B c e B 0 3 M O X H b l e  KOMnJIeKCHbIe 3 H a W H U H  

C p a q U O H a n b H b I M U  KOMnOHeHTaMU.  MHOX~CTBO 8 CqeTHO.  K~XAOMY 
3 J I e M e H T y  fn E 8 O T B e q a e T  CBOe UCKJIEOqUTeJIbHOe MHOXeCTBO ef, M e p b I  

H y n b  H a  OCU S. C O ~ A U H ~ H H ~  B c e X  3TUX M H O X e C T B  ern 0 6 0 3 ~ a 9 ~ ~  e. 

 TO H e p a B e H C T B O  ~ Y A ~ T  U M e T b  MeCTO 'npu S F e  AJIH J I k O 6 0 r 0  3 n e M e H T a  
f*, n p u H a n n e x a u I e r o  nu~eCi~of i  o6onos~e 9? M H o x e c T s a  (hk):. B ca- 

Toraa 

I (Tf*) (s) - ( T f n )  (s) 1 4 n max I y k  - ~k I max I ( T h i )  (s) 1 < 
1 6 k 4 n  1 4 i o  

pi, 3 H a q U T ,  npu H a A n e X a ~ e M  ~b160pe s H C e n  C1, C2, . . . , Cn MbI 6 y ~ e ~  
U M e T b  H e p a B e H C T B O  

~ T c H ) A ~  c n e n y e T ,   TO 

I (Tf*) (s) 1 < I ( T f n )  (s) 1 + EP (s) 4 P ('1 II ftz I I EP (s) 6 
< P (s) I1 f* I1 + 2EP (s), 



l l  T a K  K a K  E > 0 I lPOU3BOJlbH0,  TO HaLUe Y ~ ~ e ~ ~ ~ e ~ ~ e  A O K a 3 a H 0 ,  T. e. 
H e p a B e H C T B o  (1) BbIIIOJIHeHO I I p H  SFe A J R  nm60ro 3 J e M e H T a  f € %. 
HO B TaKOM C J y Y a e  ( T f )  (s) RBJIReTCR I l p U  ~ 1 0 6 0 ~  S ?e JIkiHefiHbIM 
@ ~ H K ~ U O H ~ J ~ O M  B c La C H O P M O ~ ~  < P (s).  TOT J I ~ i H e f i H b I f i  @J'HK- 
QMOHaJl M O X H O  P a C U l N P N T b  H a  B C e  I IPOCTPaHCTBO L2 6e3 YBeJlIlYeHUR 
HOPMbl. ~ H ~ Y U T ,  CYLUeCTBYeT @ Y H K I ~ U R  K ,  ( t )  K (s ,  t ) ,  ki3MepUMaR 

no t npu K ~ X A O M  s Ee a ~ a ~ a n ,  s ro  A ~ H  nlohro f em u s 7 e  a 

00 

K (s, t )  h (t) dt (s? e)  

CyLUeCTByeT I l p U  nro6ofi @ ~ H K Q H U  h ( t )  E L2. A T a K  K a K  BCRKaR @YHK- 

QUR h ( t )  c L2 RBJlReTCR I IpeAeJIOM IlOCJIeAOBaTeJlbHOCTU ( P Y H K Q u ~ ~  
f ( f )  a, AJIR KOTOPbIX p a c c ~ a ~ p ~ ~ a e ~ b ~ f i  U H T e r p a J I  e C T b  U 3 M e p U M a R  
( P ~ H K U U H  O T  S ,  T O  3 T O T  N H T e r p a n  RBJIReTCR U3hlepUM0fi @ Y H K U N ~ ~ ~  O T  S 

n p U  nm6ofi @YHKUAB h (t) c L2. O T C H ) A ~  H a  OCHOBaHUU JleMMbI 2 no 25 
C J e A y e T ,  YTO (PYHKUUH~ K (s,  f) M O X H O  C Y l l T a T b  U ~ M ~ P U M O ~ ~  B IIJIOC- 
KOCTU S ,  t .  

H O K ~ X ~ M ,  qT3 T e C T b  P i H ~ e r ~ a J b H b l f i  O n e p a T O p  C RAPOM K (s,  t ) .  
ITyc~b f E a, g E [Lzlp. B cuny (2) 

- 
(f. T*g) = ( T f ,  g) = 1 g (4 ds 1 K ts, t )  f (4 dl. (4) 

C ~pyro f i  CTOPOHbI, AJIR nlo6oro 3 J I e M e H T a  f € L2 I I p U  g c  [L2Ip 
.B C U a Y  (3) 

00 00 m - 1 f i  ds K (s, t )  f ( f )  dt = 1 f ( f )  df 1 K (s, f )  g (s) ds. (5) - m - m  - 00 - 0 0  



Ecnw f E Sm, TO B c N n y  (4) n e s a R ,  a n o T o M y  N n p a B a R  q a c T u  (5) paB-  
HbI (f, T*g). OTCIOA~ 6 n a r o ~ a p ~  IIJIOTHOCTN % B La 3 a K A D 9 a e M ,  9 T O  
IIO9TN BCK)dY 

m 

(T*g) (0 = J rn) g (4 ds (g € [LZ1f). 
-m 

~ O ~ T O M Y  n p a B a R  s a c T b  (5) pama (f, T*g) A m  nm6oro f E L2, a cne- 
AOBaTeJIbHO, PaBeHCTBO (4) N BMeCTe C HNM IIpeACTaBJIeHUe (2) CIIpa- 
BeAnNBbI A n R  n ~ 6 o r o  f E DT. T ~ K M M  06pa30~,  AOKa3aH0 ,  9 T O  T e C T b  
N ~ ~ e r p a J I b ~ b l I ?  0fiepa~op C RAPOM I( (s, t). 

O C T ~ ~ T C R  AOKa3aTb ,  9 T O  IIOqTN BCDAY B IIJIOCKOCTA S, f 

K (s, t) = K (t, s). 

= (f, T*g) = (T*f, g) (g, T*f) = 

I K (s, t) l < P (s) P (0. 
n p w ~ e p o ~  T a K u x  o n e p a T o p o B  RBJIRDTCR O n e p a T o p b I  F A  ( h  # 0), 
B s e n e H H b I e  B no 118 n p o u 3 ~ o n b ~ o r o  o n e p a T o p a  K a p n e ~ a ~ a .  

122. T e o p e ~ a  HeiiMa~a. E C T ~ C T B ~ H H O  B03HMKaeT BOIIPOC 0 TOM, 
HaCKOJIbKO UIUPOK KJIaCC CaMOCOIIPRXeHHbIX OnePaTOPOB B L2, KOTO- 
p b r e  RBJIRDTCR N H T e r p a n b H b r M N  O n e p a T o p a M U  K a p n e ~ a ~ a  I,inI,i YHM- 



T a p H O  3 K B N B a J e H T H b l  NM. O T B ~ T  H a  3 T O T  B O n p O C  A a H  H ~ ~ ~ M ~ H o M * .  
Ero T e o p e M a  macur  

Ca~oconpxwetitibuZ otzepamop B s L2 ytiumapHo 3rceusaneHrnei-t 
utimezpanbtiouy onepamopy c x d p o ~  Kapfleua~a s mou u monbrco 
mou cnyrae, rcozda tienpepbletib~l'i cnercmp onepamopa B codepwum 
morrcy A = 0. 

A 0 K a 3 a T e .Jl b C T B 0. H a q ~ e ~  C A O K a 3 a T e J I b C T B a  AOCTaTOYHOCTU 

YCJIOBUR. ~ P U  3TOM MbI M O X e M  n p e A n O J l O X U T b ,  q T O  C n e K T p  O n e p a -  
T O p a  B q A C T 0  ~ 0 ~ e q H b l f i .  A e f i ~ T ~ k i ~ e . n b H 0 ,  T ~ K O G  C n e K T p  ( C O ~ J I ~ C H O  
T e o p e M e  no 94) 6 y n e ~  BO BCRKOM cnygae y o n e p a T o p a  C = B -t R 
npn ~ a h n e x a w e ~  ~b160pe c a M o c o n p R x e H H o r o  o n e p a T o p a  R c K o H e q -  

~ o i i  @axe c K o n b  y r o n H o  ~ a n o i i )  a6conm~~oi i  HOPVOW, a O n e p a T o p  R 
3 T O r 0  F O A a ,  P a B H O ,  K a K  N B C R K U ~ ~  e M y  Y H U T a P H O  ~ K B N B ~ J I ~ H T H ~ I ~ ~  

O n e p a T O p ,  RBJIReTCR N H T e r P a J l b H b l M  O n e p a T O p O M  r U n b 6 e p ~ a  - ~ I ~ M N A T ~ .  
T a K n M  06pa30~ ,  MbI M O X e M  I I P N H R T b ,  q T O  O n e p a T O p  B M M e e T  

W C T O  ~ 0 q e q H b l f i  C n e K T p .  ~ Y C T ~  {hi ) :  e C T b  noL oJIeAOBaTeJ lbHOCTb BCeX 

er0 C O ~ C T B ~ H H ~ I X  3 H a q e H N 6 .  ~ O J I O X U M ,  9 T O  T O q K a  A = 0 RBJlReTCR 
I I p e ~ e J I b H o f i  T O ~ K O ~ ~  C n e K T p a ,  T a K  q T 0  C y w e C T B y e T  ~ ~ c K o H ~ ~ H ~ R  no- 
CJIeAOBaTeJIbHOCTb MHAeKCOB mq (* q = 1, 2, 3, . . .), AJIR K O T O P O ~ ~  

MHOX~CTBO OCTaJIbHbIX NHAeKCOB I IYCTb 6 y ~ e ~  { ~ l p ] ~ - ,  n p e ~ c ~ a -  
BUM COBOKYnHOCTb BCeX H a T y p a n b H b l X  W C e n  B B N n e  C q e T H O r O  MHO- 

xecma n o c n e ~ o ~ a ~ e n b ~ o c ~ e f i  

{ l ~ k l k - m  (k = 1, 2, . . .I, 
rae 

lpl = np, lpk = m2k-2(2P-1) (k = 2, 3, . . .). 
Torna 

H a n p ~ ~ e p ,  M O X I ~ O  B S R T ~  q k  (s) = vrZsin (kxs). Aanee n o n o x n M  

* J. von N e u m a n n .  Charakterisierung des Spektrums eines Integralope- 
rators (Act. sc. e t  ind.), Paris, 1935. 



TO npu i# j B c e  s n e H b I  p a B H b I  H y n r o ,  a npa i = j 

T ~ K  K a K  { cpp ,k  ( t )}  e C T b  IIOJIHaR O P T O H O P M N P O B a H H a R  IIOCJIeAOBaTeJIb- 

HOCTb, T O  C I I e K T p  I I O C T p O e H H O r O  H H T e r p a J I b H O r O  O I I e p a T O p a  W C T O  
~ 0 q e q ~ b l f i  Pi I IOCJIeAOBaTeJIbHOCTb T O X K  Alph,  r A e  f p = 0, 1 ,  2 ,  . . ., 
k = 1 ,  2 ,  3, . . . , o6pa3ye~ IIOJIHyfO CllCTeM y er0 C O ~ C T B ~ H H ~ I X  
s ~ a s e ~ a i i .  

A o K ~ ~ ~ T ~ J I ~ c T B o  A O C T a T O q H O C T a  3 a K O H q e H O .  
Y T O ~ ~ I  a O K a 3 a T b  H ~ O ~ X O A U M O C T ~ ,  I IOJIOXBM, 9 T O  H a M  A a H  CaMO- 

C O I I P R X ~ H H ~ I ~ ~  F i ~ ~ e r p a J I b ~ b I f i  O I I e p a T O p  

m 



lim J J  A y k  J J  = 0. 
k-c m 

B O ~ M O X H O C T ~  3 T O r 0  I IOCTpeHUR,  a BMeCTe C TeM U H ~ O ~ X O A U M O C T ~  
yCJr0BUR B TeOpeMe H e i i M a H a  BbITeKaIoT HenOCPeACTBeHHO U3 CJle- 
~ y m ~ u e r o  B c n o M o r a T e n b H o r o  npennowesm, K a o ~ a 3 a ~ e n b c ~ ~ y  KOTO- 
p r o ,  TaKaM 06pa30~ ,  CBOAUTCR H a m a  s a A a q a .  

JIe,u,ua. Katcoea 661 HU 6bina KoHewax cucrneMa q b y ~ ~ y u i i  
( y k  (t)}? c La (-m, m) u tcaKoeo 661 NU 6b1~0 ~ U C A O  c 5 0, cyqecrn- 
syern @ ~ H K Y U R  + (t)  c La, ydosnernsopx~oyax ycnooux~ 

I 1  +\I = 1, I 1  A+ I 1  < € 7  ( ( ~ k ,  +) = O ( k =  1, 2 , .  . , m), 
zde A - u~rnei?panb~blii oneparnop c x d p o ~  K a p n e ~ a ~ a  (tie 0 6 x 3 ~ -  
menbno c a ~ o c o n p x x e ~ ~ b ~ u ' ) .  

A o K a 3 a T e n  b c T B o n e M M br. no  C B O ~ ~ C T B Y  m p a  K a p n e ~ a ~ a  
MOXHO y K a 3 a T b  HeKOTOpOe qUCJI0 N > 0 U MHOXeCTBO E c [O, l ]  
I T O J I O X U T ~ J I ~ H O ~ ~  ne6ero~ofi MepbI  TaKHM o6pa30~,  qT06b1  3 T 0  R A P  

K (S ,  f) yAOBJIeTBOpRJI0 HepaBeHCTBy 



C J I e ~ y m ~ E i f i  Uar ~ O C T ~ O ~ H N ~ ~  COCTOMT B ~ b 1 6 0 p e  K ~ K O T O - H U ~ Y A ~  
O p T O H O p M U p o B a H H O r O  6 a 3 ~ i c a  {gk ( t ) ) ~  C L2. C n O M O U b t 0  3 T O r 0  6a3nca 
IIOCTpOHM 6 e c ~ o ~ e 4 ~ y t 0  nOCJIeAOBaTeJIbHOCTb @ y H ~ u M f i  Qk (s) = 
= (w,, gk) (k = 1, 2 . . .); B C e  OHM OTJIM4HbI O T  HYJIR J I M U b  npki 
S E E. no  T e O p e M e  A y 3 n H a  Pi3 E M O X H O  y A a J I H T b  HeKOTOpOe MHO- 

X e C T B O  CKOJIb Y r O A H O  ~ a J I 0 f i  W - M e p b l g  y Mbl npnMeM y <  

1 
W - M e p b I  y T a K ,  4~0661 H a  HOBOM M H O X e C T B e  6b1na H e n P e P b I B H a  

T a K X e  @YHKUIIR (s). ~ P O A O J I X ~ R  H e O r p a H I l Y e H H O  3 T O T  I IpoUeCC,  
MbI  n p N A e M  K M H O X e C T B y  F C E, A O n O J I H e H N e  KOTOpOrO A 0  E MMeeT 

W - M e p y  ,( 2 ~ .  MHOX~CTBO F M O X H O ,  OrIeBEiAHO, CYEiTaTb 3 a M K H Y T b I Y ,  
T a K  K a K  3 a M K H Y T O C T b  B C e r A a  M O X e T  6 b 1 ~ b  A O C T I l r H Y T a  YAaJIeHI leM 
eUe O n H O r O  O T K P b l T O r O  M H O X ~ C T B ~  CKOJIb YrOAHO M ~ J I o G  W-MepbI .  

Ha M H O X e C T B e  F B C e  @ ~ H K ~ H M  Qk (s) (k = 0, 1, 2, . . .) H e n p e p b I B -  

HbI. ~ O ~ T O M Y ,  eCJIH S E F, So E F Ei S -t So, TO 

lim 11 w, -wso (I = 0. 
s-tso 

Bonee T O r O ,  B CEiJIY O r P a H I l 4 e H H O C T E i  N 3aMKHYTOCTII  M H O X e C T B a  F, 
3 A e C b  N M e e T  MeCTO P a B H O M e p H O C T b ,  a UMeHHO: n p U  J I IO~OM 8 > 0 
M O X H O  y K a 3 a T b  T a K O e  8 > 0, 9 T O  n p N  I S" - S' 1 < 8, S" E F, S' E F 
BbInOJIHHeTCH H e p a B e H C T B O  ' 

( 1  wsm - w s t  1 1 2  < 0. 

~ O ~ T O M Y  n P I l  ~ ~ 3 6 0 ~  8 > 0 Mbl IIpEiMeM 8 < M O X H O  ~ a f i ~ E i  TOY- ( 
KU S1, S2,  . . . , Sp F F, r A e  p = p (8), T a K N M  06paso~, 4~06b1 AJIR 

~110608 TO4KEi S E F npn K ~ K O M - H I ~ ~ Y , Q ~  j ( 1  < j < P) IlMeJIO M ~ C T O  ~ e -  
P a B e H C T B O  

l l w s - ~ s , l 1 2  < 8. 

Tenepb B 0 3 b M e M  lJPOU3BOJIbHYIO @ Y H K U I I ~ ~  $ (t) E L2, ( 1  9 1 )  ='I, OPTO- 

r O H a J I b H y t 0  K @YHKJJURM Wsk (t) (k = 1, 2, . . . , d, Ei I I O K a X e M ,  4 T O  

5 1 ( u s ,  $1 12ds < c2. 
-DD 



F E-F 

= 1 w w ) Ids + 5 1 (ws, $)IZds G 0 + 27 < e2. 
P E-F 

m 

= 5 ds I ws (t) mdtr = S 1 (ws, $J) l 2  ds < E ~ .  
- m  E - m  

M b l  BHAHM, 4 T O  eCJII1 6 6 1  @ Y H K ~ I . I R  $ (f) eUe 6bma O p T O r O H a J I b H a  

K a X f i 0 f i  I13 @ y H K U M f i  cpk (f) (k = 1, 2, . . . , m), TO O H a  YAOBJIeTBO- 

P R J I a  6 6 1  BCeM YCJIOBMRM JIeMMbI,  .Pi 3 T a  J e M M a  6b1na 6b1 A O K a 3 a H a .  

M T ~ K ,  O C T ~ ~ T C &  I T O K a 3 a T b ,  K a K  T a K y I O  @ Y H K ~ I . I I O  ITOCTPOkiTb. C 3~0fi 
UeJIbIO B 0 3 b M e M  m + p + 1 J I l r ~ e f i H 0  H e 3 a B A C H M b I X  @YHKUUR $k (f) E 
E L2, P a B H b I X  HYJIIO B H e  E. T ~ K M ~  ( P Y H K ~ M M  C Y ~ ~ C T B Y I O T * ,  T a K  K a K  

M e p a  E n 0 J I O X M T e J I b H a .  n0cJIe T o r 0  K a K  ( P Y H K ~ ~ H M  q k ( f )  ~ b 1 6 p a H b 1 ,  
M O X H O  ITOJIOXMTb 

r n + ~ + l  

11 + i l  = 1, (cp,, +) = 0 ( r  = 1, 2, . . . , m), (wsk$) = 0 ( k = l ,  2,. . . , P). 
3 ~ a  CI lCTeMa y p a ~ H e H I 1 f i  p a 3 p e I l I H M a  OTHOCIlTeJ IbHO Tk ( I T p I 1 4 e ~  C ITO- 
M O U b I O  3 T H X  y p a ~ H e ~ M f i  K O ~ @ ( P I I U M ~ H T ~ ~  Tk O n p e A e J I R I O T C R  B C y U e C T -  

BeHHOM O A H 0 3 H a 4 H 0 ,  T .  e. C T O g H O C T b I O  A 0  ITOCTORHHOPO M H O X H T e J I R ,  

P a B H O P O  1 no M O A ~ J I I O ) .  

T ~ K H M  o6pa30~,  J I e M M a  A O K a 3 a H a  I1 T e M  CaMbIM A O K a 3 a T e J I b C T B O  

T e O p e M b I  H e f i ~ a ~ a  3 a K O H W H O .  

* Hanpmep, MOXHO B E Bbl6pa~b fT2 $ p $ 1 HenepeCeKaK)UUXCR IIOAMHOXeCTB 

nonoxu~enbnofi Mepr~r u B ~ R T ~  B KaqecTBe QYHKUHR $k ( t )  xapaKTepucTuqecKue 
Q ~ H K U H E I  3TUX nOAMHOXeCTB. 



 l sly 'o~~aa~3rad3oua~ ~~a~daaodu yodo~on ~L~oHH~H(L~~uo~ow~~ 
'aahedauo aLHq~ekih~ada@@~r aL~h1qg0 wuhLvou I~W OL '(u ' ' 
... I 1 '0 = pl) ~ed g waLdwh~ada@@ar (7) q-~d* ~~awha@r$soa avx~ 

aa~amedlsa aahedauo EoaeL 1swdo@ 
yoa3aha~o~ea aa~3ahea a s3ars wawadu   sly 'u~ ear~dou w~ahed 
-auo wm~sveah~ada@r$aV w1s~~amrrduo3owe3 a sdaua;~ ~3wa~edgo 

'o~a~sdadua~ o~LaCo3ge ,hod aaaaraasaodu xwdo~oa H~V '(7) h 
IYHM~XHL@ w~swaLdwh~ada@@~~r waaeL a smwv s~~sawudu ~3~ar 
-N~U aahedauo O~LHH~~LVOU NO16 N~U '(7) Od IIN~XHL@ 11~0waLdah 
-~ada@@aV o Ha~amovouradu Eag aahedauo aL~goVou q~eaad~ewr, 
-3ed oamow onear0 'tlaha~L@ ~ewaLdwh~ada@@aV s~3a (7) Od s3ab'E 
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OAHaKO, H e  6 y ~ e ~  npe+ ' l l IOJIaraTb + ' l P i @ @ e p e H I l k i p y e M ~ ~ ~ b  KOS@$AUM~H - 
TOB pn-k (t), c o x p a H R R  npn  TOM 3a onepauneii (1) ~ a 3 ~ a ~ u e  ~n@$e-  
p e H u ~ a J I b H 0 f i .  0 6 0 3 ~ a s a ~  Xpe3 (a, 6) T O T  H ~ ~ ~ M K H Y T ~ I ~ ~ ,  K O H € ! ~ H ~ I ~ ~  
nnn d e c ~ o ~ e s ~ b r f i  n H T e p B a n ,  B KOTOPOM ~ n @ @ e p e ~ ~ n a ~ l b ~ a ~  onepa- 
UMR (1) P a C C M a T P U B a e T C R ,  M b I  ~ Y A ~ M  I I p e A n O J I a r a T b ,  s T 0  K O ~ @ @ A U M -  
e H T b I  Pk (t) B 3TOM N H T e p B a J I e  k i3MePAMbI  U B K ~ X A O ~ ~  ~ ~ M K H Y T O R  
U C T H  [a, p] 3 T O r 0  I l H T e p B a n a  (a, 6) y A 0 B J e T B O p R I O T  YCJIOBNRM 

Ecnn I l H T e p B a J l  (a, 6) K O H e q e H  N e C J R  YCJIOBMR (2) BbInOJIHRIOTCR 
n p k i  a = a, p = 6, T O  O I I e p a U H t o  (1) . H a 3 b I B a I O T  P ~ Z ~ J A R P H O G .  Ecnn Xe 
MHTepBaJI (a, 6) ~ ~ C K O H ~ Y ~ H  I m H  eCJIki OH K O H e q e H ,  HO YCJIOBUR (2) H e  

BbInOJIHRIOTCR I I p H  a = a MJIA p = 6, T O  O n e p a U k i I O  (1) H a 3 b I B a I O T  

C U N ~ ~ J R R P H O ~ .  n p ~ l  3TOM J I e ~ b I f i  KOHeII  a H a 3 b I B a e T C R  CUH2YARpHblM,  

ecJ IA a = --oo IlJIli a > -m, HO B (2) H e J I b 3 R  I IOJIOWATb a = a. 
A H ~ J I O ~ N Y H O  O n p e A e J I R e T C R  CUHrYJIRPHOCTb I I p a B O r O  KOHUa b. EUM 
KOHeU H e  RBJIReTCR CIIHTYJIRPHbIM, T O  er0 H a 3 b I B a I O T  PeZlJAffpHblM.  

C I ~ H ~ Y J I R P H ~ I ~  O I I e p a U H A  C OAHMM CUHrYJlRPHbIM KOHUOM MbI  ~ Y A ~ M  
P a C C M a T p k i B a T b ,  H e  H a p y U a R  O ~ U H O C T U ,  H a  IIOJIYOCM (0, m), a C A B y -  
M R  - H a  ~ c e f i  OCIl (f m, m). npki 3TOM AJIR ~ A O ~ C T B ~  BBefieM 

BMeCTO npON3BOAHbIX Dky -; cp(k) T a K  H a 3 b I B a e M b I e  K B a 3 n n p O U 3 B O A H b I e  

Drklcp = cprkl, KOTOPbIe  OnPeAeJIRlOTCR CJIeAYIOUIIMN @ o p M y J I a M k i :  

DWI = ~k ( k = O ,  I ,  2, . . . ,  n-I) ,  , 

D [ n l  = p o D n ,  

D [ n + k l =  p k D n - k  - DD[n+k--11 (k = 1, 2, . . . , n). 

n y c ~ b  D* 0 3 ~ a q a e ~  K n a c c  B c e x  T e x  @ Y H K U H ~ ~  cp (f) E L2 (a, b), 
AJIR KOTOPbIX KBa3UIIPOI13BOAHbIe (pIk] (f) (k = 0, 1, . . . , 2n- 1) 
~ ~ C O J I K I T H O  H e n p e p b I B H b I ,  a K B a 3 k i n p O k i 3 B O A H a R  pr2n1 (f) l lPI IHaAJIeWkiT 

L2 (a, 6). OY~BMAHO, D* e C T b  H a ~ 6 0 ~ 1 b U e e  J IP iHef iH0e  ~ ~ 0 r 0 0 6 p a 3 k i e  
B L2 (a, b), H a  KOTOPOM O n e p a U A R  1 U M e e T  ~ C T ~ C T B ~ H H ~ I ~ ~  CMbICJI I4 

M O W e T  P a C C M a T P k i B a T b C R  K a K  O I I e p a T O p  B L2 (a, 6). M ~ I  0 6 0 3 ~ a q n ~  
 TOT O n e p a T o p  L*, T a K   TO D* = DL*. Hwke M ~ I  0 6 ~ a p y x k i ~  uene- 
C O O ~ ~ ~ ~ H O C T ~  3 T O r 0  0 6 0 3 H a Y e H ~ R .  

M3 IIPeACTaBJIeHUR (1) J I e r K O  I IOJIyYI lTb A n R  nm6b1x A n y x  @ y ~ ~ u n i i  
cp, rjr E D* T a K  ~ a s ~ ~ a e ~ o e  rnoxaecmso J a z p a ~ x a  
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me [cp, $It - c n e A y m q a R  6 ~ n u ~ e i i ~ a ~  @ o p ~ a :  

.- 
[Y ,  $1, = r, {y'*-l' (t) $[2n-k1 (0 - 9 Pn-kl  (t) $[k-'I (t)}. 

k=l 

r A e  [a, p] --n106a~ ~ ~ M K H Y T ~ R  u H T e p B a n a  (a, b) ii 

c y q e c T B y e T  npu a = a, P = b, TO 6 u n u ~ e u " ~ a ~  @ o p ~ a  [cp, $1, uueem 
K o N e Y H o e  3 ~ a ~ e ~ u e  u N a  K o H q a x  u~mepsana (a, b), ~ e s a s u c u ~ o  om 
m O Z 0 ,  R8f lRtOmCR A U  3 m U  K O H q b l  p e 2 Y A R P N b l M U  UflU CUN2l jARPMblMU.  
n p H  3TOM n O A  3 H a Y e H l r e M  6 l l J I H ~ e f i ~ o f i  $ 0 ~ ~ 6 1  H a  Cl lHrYJIRPHOM KOH- 
qe M M  n o ~ u M a e M  n p e A e n  19, $1, npu n p u 6 n l r x e ~ u ~  t K   TO MY KOHUY. 

~ Y C T ~  I - ~ l l @ @ e p e ~ ~ N a J I b ~ a R  O n e p a u k i H ,  P e r y J I R p H a R  IIJIH CHH- 

r y J I R p H a R  H a  M H T e p B a J I e  (a, b), a g (t) - K O M n J I e K C H a R  @ Y H K ~ U R ,  
I l 3 M e p k i M a R  N J IOKaJIbHO C Y M M I l P Y e M a R  B 3TOM MHTepBaJIe .  P e u l e N u e M  

Y P a B H e H M R  

[YI - h Y  = g(t) (3) 

I I p u  HeKOTOPOM KOMnJIeKCHOM 3 H a q e h M M  n a p a M e T p a  h e C T e C T B e H H 0  

H a 3 b I B a T b  BCRKYIO @YHKUMIO cp (t), KOTOPaR ~ ~ C O J I I O T H O  H e n p e p b I B H a  
B M e C T e  CO CBOMMN KBa3AnPOki3BOAHbIMII  A 0  (2n - I)-r0 n O p R A I < a  Id KO- 

T O p a R  o 6 p a q a e ~  3 T 0  Y P a B H e H I l e  B T O X A e C T B O  n O Y T U  BCIOAY B (a, b), 
A n R  Y p a B H e H k i R  (3) N M e e T  M e C T O  C J I e A y I O q a R  T e O p e M a  C y q e C T B O -  

BaHMR, A O K a 3 a T e J I b C T B O  K O T O P O ~  H e T P Y A H O  n O n y q H T b ,  n O A b 3 y H C b  M e -  

TOAOM IIOCJIeAOBaTeJIbHbIX n p u 6 n u x e ~ u i  n ~ ~ a p a .  
Teope~a.  Y p a s ~ e ~ u e  (3) u M e e m  p e u l e H u e  cp (t), u npumoN m o n b K o  

O ~ N O ,  t j d 0 8 n e m 8 0 p R t O & ~ e  YCAOBURM m U n a  K o u l l L :  

zde to  - - n p o u 3 s o n b ~ a ~  s ~ y m p e ~ ~ ~ x  mowa u~mepsana (a, b) unu ezo 
p e z y n ~ ~ p i l b l d  K O H e q .  

~ ~ M ~ T H M ,  YTO e c n N  O n e p a u l r R  I p e r y n R p H a  H a  u H T e p s a n e  (a, b), 
N g (t) E L2 (a, b), TO B. c N n y  c a M o r o  y p a B H e H u R  (3)  TO peueme 
6 y ~ e ~  n p w H a A n e x a T b  D*. 



zn 
W [ U I ,  u2, . . . , uZnl = det (uIk-'] (t))i, k=l 

f l m 6 a ~  CMCTeMa 2n J I l l ~ e f i H 0  He3aBkiCHMbIX p e I U e ~ N f i  Y p a B H e H U R  (4) 
H a 3 b I B a e T C R  @ ~ H ~ u M ~ H ~ u R ~ H o ~ ~ .  

Ecna @YHKUNH 

ul (0, u2 ( t ) ,  . . . , u,, (t) (5) 

o6pa3ym~ @ Y H A ~ M ~ H T ~ J ~ H Y ~  C l l C T e M y  p e I U e ~ P i f i  Y p a B H e H k i R  (4),  T O  

nm60e P e I U e H l l e  HeOAHOpOAHOrO Y p a B H e H k i R  (3) M O X H O  I I p e A C T a B M T b  

B B U A e  
2n t 2n 

T a K X e  o6pa3ym~ @ ~ H A ~ M ~ H T ~ J I ~ H ~ ~ O  C I l C T e M y  p e ~ e ~ ~ f i  Y p a B H e H M R  (4),  
T a K  H a 3 b I B a e M y W  COnpRXeHHytO IIO O T H O I U e H I I D  K (5) CkiCTeMY. 

DJR. nanb~efiurero H a M  eue n o ~ a n o 6 a ~ c ~  c n e n y I o m a R  n p o c T a f l  

JIeAtAta. Ecnu onepayux I pezynRpHa Ha u~mepsane (a,  b ) ,  mo 
~ R R  pU3peluUMOCmU ypU8HeHUR (3) npU 2pUHUltHblX YCROBURX 

~ e o 6 x o d u ~ o  u dOCm~m0v~0, vmo661 npaeax rlacmb g ( t )  661na opmo- 
2OHURbHU ic 2n -~epH0~9  ~~02006pa3~tO p e u l e ~ ~ f i  ~ ~ H O ~ O ~ H O ~ O  ypU8- 
HeHUR - 

I[u]--XU = 0. (4:) 



[2n-k ]  2 (uy-ll (a) ( P ~ 2 n - k ~  (a) - ui (aj c+dk-ll ( a ) )  = 
k=l 

nonyquM 
b - 

U ~ n - r ( s ) g ( s ) d s  ( r = O ,  1 ,  .. .  , n - l ) ,  
c p L r ]  (a)  = (8) 

uzn-r (s)  a ds (r = n, n +' 1, . . . , 2n - l ) ,  

n o  csx nop B  TOM no M ~ I  p a c c M a T p s B a a u  c a M o c o n p R x e H H b l e  ~ s @ @ e p e ~ u n a n b -  

H b l e  O n e p a U l l I i  C 6't'll4t'Cf?l6't'NNbl~ll K O ~ @ @ W U U ~ H T ~ M H .  T a K N e  O n e p a U W U  0 6 R 3 a T e J I b H 0  
kiMeloT q e T H b I f i  IIOpRfiOK ( p e ~ b  U J e T  0 CKaJlHpHblX O n e p a U U R X ,  a H e  0 CUCTeMaX AM@- 
@ f ? p e H u ~ a J l b H b l ~  y p a ~ ~ e ~ l i f i ) .  B o6qev C J l y Y a e  C a M O C O n p R X e H H b I e  Onf'paUFTk4 C KOM- 

nJleKCHblMIi ~ O ~ @ @ H U I I ~ H T ~ M W  MOrYT U M e T b  I I p 0 ~ 3 ~ 0 J l b ~ b l f i  YeTHblfi  (2fl) UJlW HeYeT- 

H ~ I R  ( 2 f l +  1) IIOPRAOK f >, 1. n p u  A O C T ~ T O Y H O ~ ~  r J l a A K O f T H  K O ~ @ @ K L ( U ~ H T O B  OHIT MO- 
r y T  6 b l T b  3 a I I U C a H b l  B B U A e  

r 
1 = C i k l k ,  

k=O 
r A e  , 

I 12/ = D P , - ~ D I ,  

n p W q e M  fl  = [GI , a @YHKUHW pk (i) B e q e C T B e H H b l .  B b l p a X e H I i e  1 MOXHO n p e A C T a -  

* CM. no 3TOMY IIOBOnY 0. C. P 0 @ e-6 e K e T 0 B. C ~ M O C O ~ ~ R X ~ H H ~ I ~  PaCIUU- 

P e H H R  ~ k i @ @ e p e ~ U W a J l b H b l ~  O n e p a T O p O R  B I I ~ o c T ~ ~ H c T ~ ~  B ~ K T O P - @ Y H K U W ~ ~ ,  n A H  
CCCP, 1969, 184, N9 5. ~ ~ @ @ e p e H u l l a J l b ~ b l ~  onepauufi YeTHOrO I IOpRfiKa C 
KOMnJleKCHblMH K O ~ @ @ H U U ~ H T ~ M N  B b l P a X e H H R  AJlR KBa3HnPOH3BOAHblX UMeIOTCR B 
K H H R  0. X a p T M a H a. ~ ~ ~ I K H O R ~ H H ~ I ~  ~ F i @ @ e p e ~ ~ F i a J l b ~ b l e  YpaBHeHkIR,  r J l a B a  XI, 
$. 11. M., ((Mrip)),  1970 (nep. c a ~ r n . ) .  



~ ~ M ~ T I I M ,  YTO BClOAY B OCHOBHOM T e K C T e  3~0fi r J I a B b I  K O ~ @ @ A U N ~ H T ~ I  

~ r l @ c ) e p e t ~ u ~ l a n b ~ b r x  onepau~fi n p e n n o n a r a I o T c R  B e u e c T B e H H b I M n .  

124. Peryn~pnb~e  ~u@@epenqtianbnb~e onepaTopb1. n y c ~ b  1 - K ~ K ~ H -  
H H ~ Y A ~  c a M o c o n p R x e I t H a R  p e r y n R p H a R  n u @ @ e p e ~ u u a n b ~ a ~  onepaum, 
3 a A a H H a R  H a  M H T e p B a J I e  (a, b). Ecm (P, $ - nPOM3BOJIbHO B 3 R T b l e  

@yHKuMPi  I13 D*, TO P a 3 H O C T b  

~ c o 6 u e  rOBOpR,  H e  P a B H a  H y J I I o  M, Cnef lOBaTeJIbHO,  L* HFf RBJIReTCR 

CMMMeTPAqeCKIlM OIIepaTOPOM. y~06b1 I I p a B a R  q a C T b  H a n A C a H H O r O  CO- 

OTHOUIeHMR P a B H R J I a C b  H y J I I o ,  ~ e o 6 x o n ~ ~ o  H a J I O X M T b  KaKMe-TO AOIIOJI- 

HMTeJIbHbIe YCJIOBMR H a  @)'HKUIIH (P, $ I1 T e M  CaMblM n e p e f i ~ I 1  O T  06- 
JIaCTM D* K H ~ K O T O P O ~  ee YaCTI1. BO BCRKOM C J I y Y a e  AOCTaTOYHO no- 
T ~ C ~ O B ~ T ~ ,  Y T O ~ ~ I  K a X A a R  M3 (PYHKUUA (P, $ Y A O B J e T B O P R J I a  COOTHO- 

LUeHIlRM 

y[kl (a) = y[kl (b) = 0 (k = 0, 1 ,  . . . , 2n -- I ) .  (1)  
O ~ O ~ H ~ Y I I M  Y e P C 3  D COBOKYnHOCTb BCeX T e X  @ Y H K U W ~ ~  113 D*, KOTO- 

P b I e  ynOBJIeTBOpHIoT 4n YCJIOBMRM (1). E C T ~ C T B ~ H H O  O X M n a T b ,  YTO 

o n e p a T o p  L, 0 6 n a c ~ b 1 o  onpenmeam K o T o p o r o  H s n R e T c R  DL = D 
A K O T O P ~ I ~ ~  B 3~0fi  O ~ J I ~ C T U  C O B I I a A a e T  C L*, yXe 6 y n e ~  CMMMeTPA- 

WCKHM O n e p a T O p O M .  T ~ K  K a K  n n R  nm6b1x ( P Y H K U M ~ ~  (P, $ E D 

TO H ~ O ~ X O A M M O  JIAUlb  YCTaHOBUTb IIJIOTHOCTb B L2 (a, b) ~ ~ 0 r 0 0 6 p a -  
~ U R  D.   TO n o c n e n H e e  o q e s c r n H o  B TOM cnysae, K o r n a  onepaum I 
RBJIReTCR f l ~ @ @ e p e ~ I l M a . V b H o f i  B O ~ ~ I Y H O M  CMbICJIe, T a K  K a K  B 3TOM 

cnyqae ~ ~ 0 r 0 0 6 p a 3 M e  D c o n e p x u T ,  I I a n p u M e p ,  sce M H o r o s n e H b I ,  YAOB- 
J I e T B O p R I o 4 M e  YCJIOBMRM (1). AJIR H O K a 3 a T e J I b C T B a  IIJIOTHOCTA D B L2 
(a, b) B 0 6 u e ~  C J I y q a e  3 a M e T H M ,  YTO H a  OCHOBaHNI1 JIeMMbl no 123 
B M e e T  MeCTO p a 3 J I O X e H U e  B O p T O r O H a J I b H y I o  CYMMY 

me go e C T b  ~ ~ Z - M ~ P H O ~  ~ ~ 0 r 0 0 6 p a 3 M e  p e ~ e ~ ~ f i  O A H O p O q H O r O  Y p a B H e -  

HMR 

1 (u) = 0. 

~ P M M ~ M  T e n e p b ,  YTO (h, (P) = 0 AJIR HeKOTOpOrO h E L2 (a, b)  IIpM 

BCeX (P D. M ~ I  A O J I X H b I  n O K a 3 a T b ,  q T O  h = 0. C 3~0fi LIeJIbIo 060- 
3 H a q U M  qepe3 d,, K ~ K O ~ - H M ~ Y A ~  P e U I e H U e  Y p a B H e H U R  

2 [$I = h. 



T ~ K  KaK I [cp] = L*cp = Lcp E AL, TO B CMJI)' (2) $ E S O ,  T. e. 

Torna B cMny ToxnecTBa J l a r p a ~ x a  npu nm6ow rp E D 

M T ~ K ,  M ~ I  ~ O K ~ ~ ~ J I M ,   TO 

M c L * .  . 

Ho, c npyrofi CTOPOH~I, npu n m 6 0 ~  cp E,D u n m 6 0 ~  $ € D* 

Cnenosa~enb~o ,  
L* M. 

3Ha9uT7 
M = L*, 

u Hame yTsepxneHue n o ~ a 3 a ~ o .  
Y u ~ a ~ e n b  nerKo nposepuT,  TO L** cosnaAaeT c L, oTKyAa cne- 

AyeT 3aMKHYTOCTb OIIepaTOpa L. 



K ~ K  y>r<e O T M e q a J I O C b  B no 123, 0 6 J I a c ~ b  DL* RBJIReTCR ~an60nee 
U l H p K I l M  J I F i H e f i H b 1 ~  M H O T O O ~ P ~ ~ R ~ M ,  H a  KOTOPOM O I I e P a u A R  1 I I O p O X -  

A a e T  O I I e p a T O p  B L2 (a, b). JI~060fi 3 a ~ K H j ' ~ b I f i  C I ~ M M ~ T P M ~ ~ C K I ~ ~ ~  O n e -  

p a T O p ,  ~ I O ~ O X A ~ H H ~ I ~ ~  onepauxefi 1, AJIR K O T O p O r O  06nac~b  O n p e A e J I e -  

HWR c o n p R x e H H o r o  o n e p a T o p a  BXOAWT B DL*,  R B J I R e T c R  p a c u l H p e H n e M  

O n e p a T O p a  L. ~ O ~ T O M Y  MbI 6 y ~ e ~  H a 3 b I B a T b  O n e p a T O p  L P e r y J I R p H b I M  

~ P i @ @ e p e H ~ P i a J I b H b r M  O n e p a T O p O M  C & U H U M ~ R ~ H O ~ ~  o6nacm6m onpede- 
ReHUR BJIH, KOPOZIC?, MUHUMUR6H6ldZ ~ P i @ @ e ~ e H ~ l l a J I b ~ b 1 ~  O I I e P a T O P O M  

( ~ O ~ X A ~ H H ~ I M  0 n e p a U H e f i  1). 
T ~ K  K a K  Y p a B H e H I l e  L*$ - h$ = (3 M M e e T  ( n p M  ~ 1 0 6 0 ~  A) 2n JIM- 

H e f i H 0  He3aBWCUMbIX p e U e l I k i f i ,  TO UHAeKC A e @ e K ~ a  O I I e p a T O p a  L e C T b  

(2n, 2n). o n n c a H P i n  B c e x  c a M o c o n p R x e H H b I x  p a c r u a p e ~ ~ i f i  onepa- 
T O p a  L AOCTaTOLIHO y K a 3 a T b  B C e  o6nac~a  O I I p e A e J I e H H R  3 T H X  P a C U P i -  
p e ~ ~ f i * .  M ~ I  n o K a x e M ,   TO C ~ J I ~ C T ~  O n p e A e n e t I m  n106oro c a M o c o n p R -  

X e H H O r O  PaCUlApeHPiR O I I e p a T O p a  L M O X e T  6 b 1 ~ b  3 a A a H a  C I I O M O U b H ,  

HeKOTOPbIX r P a H N q H b I X  JJcJJoBW~~,  Pi A a A H M  X a p a K T e p A C T P i K y  BCeX T a K H X  

y c J I 0 ~ P i f i .  
n p e ~ ~ e  E C e r O  3 a M e T H M ,  9 T O  Pi3 T O X A e C T E a  J I a r p a ~ X C a  Pi J IeMMbI ,  

I ~ ~ A B ~ A ~ H H o ~ ~  B K O H U e  no 46, B b I T e K a e T  ~ J I e ~ y I O t u F i f i  

K p a ~ e p u f i  c a M o c o n p R a c e x H o c T H .  ECRU onepamop Z 
ecmb pactuupeHue onepalnopa L, mo dnfi caMoconpxxeHHocmu onepa- 
mopa Z tieo6xodu~o u aocmamolt~o o 6 ~ n o n ~ e ~ u e  dsyx ycnosuii: 

- 1) zc L*; 
2) stcnmue~ue cp E D: stcsusane~m~o cnpaeednusocmu paseHcmsa 

[cp, $1; = 0 (3) 

npu scex $ E DZ. 
E j ~ ~ n x a f i w e f i  ~ a m e f i  3ana.reii 6 y n e ~  npeo6pa30~a~ae    TO TO K p P i T e -  

PUR K 6onee y A o 6 ~ o f i  a o p ~ e .  
M ~ I  n o c B R T E i M  e M y  cnenymmsfi no, ~ o ~ o p b ~ f i  H a n a c a H  H a  o c H o B e  

O A H O ~  c T a T m  P o ; P e - E j e ~ e ~ o ~ a * * .  

125. C ~ M O C O I I ~ R I K ~ H H ~ ~ ~  PaCll lHpeHHR PeryJrRpHOI'O . ~ H @ @ e p e ~ q H a J r b -  
HOrO OnepaTOpa. Ecna K ~ X A O ~ ~  @ Y H K U U H  (P E DL* C O n O C T a B A T b  

* 3 ~ e c b  U A a J I e e ,  rOBOPR 0 CaMOCOIIPRXeHHblX PaCUIUPeANRX,  Mbl NMeeM B B N A y  
CaMOCOnpRXeHHble  P a C m H p e H U R  IIepBOrO POAa.  

O T H O C U T ~ ~ ~ H O  o6qero  BUAa rPaHUYHblX ~ C J I O B H H ,  X a p a K T e p U 3 y K 3 l q U X  c a M 0 c o n -  

P R X e H H b l e  P a C u l n p e H H R  f l ~ @ @ e p e ~ ~ l l a J I b ~ b l ~  o I I ~ ~ ~ T ~ o B ,  CM. K p e f i  H M.  r. Teo- 
P U R  C a M o c o n p R x e H H b i x  p a c m n p e ~ n f i  n o n y o r p a H u q e H H b I x  ~ P M N T O B M X  O n e p a T o p o B  

n ee n p u n o x e H u H ,  11.- ( ( M ~ T .  c6.r. 1947, T.  63, a T a w e  T p  a @ @ A. A. K T e o -  



A 

ynopRnoqeHHyIo napy  { c p ,  cp'} , B e K T o p o B  2 n - ~ e p ~ o r o  ItomneKcHoro 

eBKnuj(oBa IIpOCTpaHCTEa ( C M .  no 5) E2n = E no npaBIlny 

$ = { c p  ( a ) ,  c p f  (a) ,  . . . , cpcn- l )  (a),  cp (61, cp l  (b) ,  . . . , P-I) (6) ) ( 1 )  
cp' = {cp[2n-'l (a) ,  . . . , cpLnl (a ) ,  - cp[2n-11 ( 6 ) ,  . . . , - y ~ n ~  (611, ( 1 ' )  

T O  npu nm6brx c p ,  rj, E DL* 
A h 

[ c p ,  91: = icp', $)E - (0,  r j , ' ) ~ ~  

rAe CuMBonoM (. , . )E 0 6 0 3 : ~ a ~ e ~ o  cKannprjoe npo113neae~11e B E. 
B cuny 3~01-o 3 a ~ e ~ a ~ 1 1 ~  ~ C J I O E M H  l ) ,  2) B KpliTepwi npedbray- 

4erO no MOXHO 3aMeHUTb CJIeAYtOUUMI1: 

1 )  1L ( L*; 
2) sicnmrleHue cp E DZ 3KsuaaneHmHo cnpasednusocmu pase~ctnsa 

A A 

( $ 9  4 ) E  = (09 $ ' ) E  (2) 

npu scex rj, E DZ. 
 TOT pe3ynbTaT ~ ~ 0 6 ~ 0  C @ O ~ M ~ ~ U ~ O B ~ T ~  C nOMOUbtO IIOHRTUR 

0 611~1apnb1x OTHOLUeHURX.  ORC CHUM 3T0 IIOHRTMe B eTO 06uefi @0p- 

Me ~ Y C T ~  AaHO HeKOTOpOe  MHOWeCTBO %? U ,!la11 3aKOH, II0 KOTO- 

P O M Y  B %? B ~ I ~ U ~ ~ I O T C F I  Y~OPR&OYeHHbIe nap51 3neMeHTOB X ,  y. 
6~HapHblM 0mHOU:leHUeM B %? Ha3bIBaeTCR 3TOT 3aKOH, U n U ,  qTO TO 
x e  caMoe, nonysaewoe B %? x %? ~ O A M H O X ~ C T B O *  nap {x ,  y) .  3 ~ o  
nOAMHOXeCTB0 I1 Y I IO,MRHYT~I~~ 3aKOH 0 6 0 3 ~ a s I 1 ~  O A H O ~ ~  6 ~ ~ ~ 0 6 ,  

CKaXeM f ,  &I HapRay  C {x ,  y }  E f 6 y ~ e ~  TaKXe nOJIb30BaTbCR 3anUCbW 

xP y. 
B uHTepecyIoweM Hac Bonpoce @op~ynbr ( I ) ,  ( 1 ' )  onpeaenmm 

OTHOLUeHkie B E ,  3JIeMeHTaMli KOTOpOrO RBJIRIoTCR napid [cp, $'), 06- 
naaamrrlne CBORCTBOM (2).  

0 n p e ir e n e H u e. 3 a d a ~ ~ o e  a E 6 u ~ a p ~ o e  omHolu?Hue f ~ ~ 3 6 1 -  

BClt.?mCR 3PMUm08blM OmHOlueHUeM, eCnU 
1" 113 xfx ' ,  yfy' sceada cnedyem pase~cmeo 

(x' Y ) E  = (x ,  Y ' ) E ;  (3) 
2" U3 BbltlOnHeHUR pU8eHCmeU (3) ~ A R  HeKOmOPblX 3fleMHm08 

x, x' E E npu scex { y ,  y ')  E P cnedyem, rlmo { x ,  x ')  E f .  
H ~ T ~ ~ A H O  , nOKa3aTb, 9TO 3PMUTOBO OTHOUIeHMe J M H ~ ~ ~ H O ,  TO eCTb 

113 xfx ' ,  yfy '  cnenyeT, s ~ o  

( a x  + P Y )  f (ax' + P Y ' )  

* CM., HanpuMep, M a K n e ti H C. r o ~ o n o r u ~ ,  M., ctMupn, 1966. B  TOR Knwe 
%! eCTb BeKTopHoe npocTpaacTBo, a oTnoruenue npeAnonaraeTcs no onpe~enenrim 



125. C a ~ o c o n p a x e ~ ~ b r e  p a c u r w p e H w a  p e r y n a p H o r o  ~ u @ @ e p e ~ u w a n b ~ o r o  oneparopa 167 

Tenepb n a n u M  K o M n a K T H y m  @ O P M ~ J I N P D B K Y  n p m e n e H H o r o  B H a -  

q a J I e  3 T O r 0  no K p N T e p N R .  

T e o p e ~ a  I. munec~oe u~ozoo6pa3ue tj( DL* RenRemcR rnozaa 
u monbtco rnozda 06flmrnbro onpedene~urz D'i Hetcomopoao cauocon- 
pxwetmozo pmurupeHun oneparnopa L, tcozda cyqecrneyem rnatcoe 
3p.11umoso omtiourefiue E e 2 n - u e p ~ o ~  eetcnudoeo~ npocmpamrnee E ,  
urn0 

'P E b+=+ +fir, (4) 

TIpu s m o ~  +, 4' E E C B R ~ U H ~ L  c y E DL* +opneynauu ( I ) ,  ( I r ) * .  
~ ~ M ~ T H M ,  YTO e C n N  VEU' N V' = iv, T O  V = 0. ~ ~ ~ ~ ~ c T B N T ~ J I ~ H o ,  

B CNJIy O n p e A e , ? e I I N R  3 P M U T O B a  OTHOUleHNR 

HO B P a C C M a T p N B a e M O M  C J I y q a e  J I e B a R  q a C T b  e C T b  - - i ( V ,  V)E. a 
n p a B a a  i (v, v ) ~ .  

M3 3 T O r 0  3 a M e Y a H N R  B b I T e K a I O T  C J l e n y I O U N e  Y T B e R X A e H N R :  

A. naps ( X I  X'} E f O n H O 3 H a q H O  O n p e A e J I R e T C R  K a X A b I M  N 3  E e K -  

TOPOB 

X+ = x $ ix4, X- = x - ix'. 

U (x $ ix') = x - ix<, 

T a K  K a K  N 3  COOTHOlLIeHNR (3) nPIi ( X I  x') E: (9 ,  y'} E f C J l e n y e T ,  YTO 

.. - 
O W B A ~ I H O ,  '4TO H e  TOJIbKO K a X A O M Y  g) DL* O T B e 9 a e T  g), a)', HO U n p H  , 

nlodblx 6, c' E H a f i j I e ~ c f l  (A, KOHeqHO, H e  ~ A U H C T B ~ H H ~ R )  @YHKUBR (P DL*, AJIR 
KOTOPOR BblnOi lHeHbl  (I), ( I r ) &  



T e o ~ e ~ a  2. KatcotJbl 6bl N U  6 6 1 ~ ~  C C I M O C O ~ P R X ~ H H ~ ~ ~ ~  O n e p a T O p  A 
u ytiumaptib~~i onepamop U s npocmpaticmse E ,  omtiouletiue, onpe- 
d e n ~ e ~ o e  n106blu u3 y p a s ~ e ~ u r i  

(cos A) x - (sin A) x' = 0,  (5)  
( U - / ) x +  i (U  + I ) x ' = O ,  (6)  

IlBflRemCIl 3PMUm0661fi OtTlHOUleHUeM, U 06pam~0 ,  8CRKOe 3pNUnt080 

otnr;outeriue t npedcmasufio 8 @opfiax (5) ,  (6) .  h'pu smoN onepa- 
rnopbl -e2iA u u a coomHouleHuRx (5 ) ,  . (6 )  onpedenxtomcx orntioute- 

Hue& t odn03tiarltio u ntwmrncx ezo npeo6pa3osatiue~1 Ksnu. 
o K a 3 a T e n  b c T B o. l lpexne  Bcero ~ ~ M ~ T P I M ,  Y T O  OTIloueHHe 

t ,  s a ~ a ~ ~ o e  ypaBHeHueM (5 ) ,  M O X H O  sanuca~b s Bwne 
x s (sin A) v ,  x' = (cos A) v. (5') 

l l p ~   TOM W I ~ M ~ H T  v E E no nape xtx' onpeaenReTcR O A H O ~ H ~ Y H O  
T a K  K a K  113 (5') CJe f i y eT ,  YTO 

v = (sin A) x + (cos A) x'. 

M O ~ ~ ~ T H O ,  E C e  3JleMeHTbI x ~ x ' ,  OIIpeJeJlReMble Y p a B H e H N e M  (5),  
MoryT 6 b 1 ~ b  noJyqeHb1 c n o ~ o q b m  napaMeTpwIecKoro npeAcTaBne- 
HnR ( 5 7 ,  KorAa v upoBerae~ E. 

C ~ a s a ~ ~ o e  ~ O ~ B O J R ~ T  npoEepwTb, Y T O  O T H o u e H W e  t ,  s a ~ a ~ ~ o e  
Y p a B H e H N e M  (5), eCTb 3PMMTOBO OTHOLUeHNe. ~ ~ ~ B C T B M T ~ ~ ~ ~ H O ,  eCnN 
X ,  X' W 9, 9' ).'GOBJeTBOPRIOT (5 ) ,  T O  K p O M e  npe&CTaBJIeHNR (5') M M  

6 y a e ~  nMeTb e q e  npencTasneHMe 
y = (sin A) w,  y' = (cos A) w,  (5") 

me W - K ~ K O G - T O  9JeMeHT E. H O  TOrAa 

(x, y ' ) ~  = ((sin A) v, (cos A) W ) E  = (v ,  (sin A cos A) w ) ~ ,  
(x', y ) ~  = ( (COS A) v, (sin A)  W ) E  = (v. (cos A sin A )  W ) E  = 

= (v ,  sin A cos A) W ) E ,  

T .  e. (x ,  y ' ) ~  = (x ' ,  y ) ~  M ,  ~ H ~ Y N T ,  npoBepeHo ycnome l o  onpeaene- 
HNR 3PMNTOBa OTHOLUeHNR. Y T O ~ ~ I  IIpOBePWTb Y C J I O B N e  2", B03bMeM 

a B a  s n e ~ e ~ ~ a  x, x' t E N npurvlervl, YTO AnR nm6oG napbr yty' 

( x ,  Y ' ) E  = (x', Y ) E .  

 TO 3HaYMT, YTO npll n m 6 0 ~  W € E 
(x, (COS A) W ) E  = (x', (sin A) W ) E  

NJl N 

((cos A) x - (sin A) x', W ) E  = 0, 
OTKyAa H BbITeKaeT, Y T O  . 

(cos A) x - (sin A) x' = 0, 
T .  e. xl'x'. 



O ~ ~ o ~ n e ~ u e  P, 3ana~ae:vroe y p a s H e H u e M  (6), CBOAUTCR K p a c c M o T -  
P e H H O h l y ,  e C J n  I l O J l O X U T b  U = -eZiA. 

~ O ~ T O M Y  O a H a  Y a C T b  T e O p e M b I  2 A O K a 3 a H a . .  
 TO K a c a e T c R  ~ ~ o p o f i  g a c T M ,  T o  ee n o c T a T o w o  A h a s a T b  n p w M e -  

HIITeJIbHO K Y p a B H e H l i t O  (6). Ecnu f - 3 a A a H H O e  3 P M U T O B O  OTHOUle-  
H u e ,  T O  U 3  Y C T a H O B J I e H H O r O  B b l U l e  Y T B e P X A e H U R  C C.Ue,QyeT, LIT0 
ypameeue (6) u M e e T  M e m o  BO BCRKOM cnysae n p H  U = U f ,  me 

Y T B ~ ~ X L L ~ H U ~  A U B 3 T 0  Y P a B H e H U e  ~ Y A ~ T  U M e T b  M e C T O  TOJIbKO 
npu U = UP. 

M3 T e O p e M b l  1 U 2 B h I T e K a e T  OCHOBHaR 

T e o p e ~ a  3. Bcx~oe caMoconpxxeHHoe pacwupewe L Builuwanb- 
HOZO onepamopa L onpeden~emc~ icpaesbmu ycnosumu nro6ozo us 
sudos 

(cos A) 4 - (sin A) 6' = 0 (7) 
UJIU 

( U - / ) b + i ( U  + / ) & ' = o ,  (8) 

zde A, U -sp~umosa, coomsemcmse~~o, yi-iumapHaa 2n x 2n Mum- ,. - 
puqb~, a seicmopb~ y, y' onpeden~mmc~ no cp ( t )  E DL* q b o p ~ y n a ~  
( I ) ,  ( 1 ' ) .  06pam~0,  nfo6b~,~ us rcpaesbix ycnoeuli suda (7), (8) no- 
po~daemcx tieicomopoe cafloconpmcetii-ioe pacluupeHue onepa- 
mopa L. 

r p a ~ u s ~ b r e  ycnoaacr, nopoxnaroruue c a M o c o n p R x e H H o e  pacruupe- 
H U e  , Q u ~ ~ $ ~ P ~ H u N ~ ~ ~ H o ~ o  O n e p a T O p a ,  H a 3 b I B a W T C R  C ~ M O ~ O ~ ~ R N ~ H -  
HbLMU. 

npnwepbr. 1 )  Pacna~arouuec~  c a M o c o n p n x e H H b I e  K p a e s b r e  ycno- 
BUR A ~ R  O n e p a T o p a  n o p R n K a  2n n p u B o a R T c R  I{ ~ u a y  

(COS Aa) 6. - (sin A,) = 0, 
(cos A,) 6 ,  + (sin A,) cpi = 0,  

me A,, Ab - n P O U 3 B O n b H b l e  3PMHTOBbI  fl X fl M a T P U U b I ,  a B e K T O P b I  ,. A 

y t ,  ( t  = a, b) o n p e n e n e ~ b l  a o p ~ y n a ~ u  

if = ( Y  (0, cp' (0, . . ., cp"-" ( t ) } ,  
+; = (y[2n-1' ( t ) ,  cp[2n-21 ( t ) ,  . . ., ylnl ( t)}.  



B ZIaCTHOCTN, e C n N  A - - A N a r O H a . r l b H a R  M a T p N U a ,  T b  MbI ~ o J I ~ Z I U M  

C a M O C O n p R X e H H b I e  yCJIO5NR E N A a  

sin akcp[2n-kl (a)  - cos akcp(k-l) (a) = 0 
sin Pkcp[2n-kl (b) + cos Pk(p(k-l) (b) = 0 ( k  = 1 ,  2, . . ., n) ,  

r A e  a,, Pk - I I p O N 3 5 O J I b H b l e  E e U e C T B e H H b I e  n a p a M e T p 5 1 .  
2) 0 6 0 6 U e ~ ~ b 1 e  n e p u o ~ u ~ ~ e c K u e  yCJIO5MR 

eiaky[2fl-kl (b) = p n - k l  (a) 
(k  = I ,  2, . . . , n) ,  

H a 6 ~ e H H b I e  K p a e B b I e  yCJIOBNR n e p e 6 ~ y T  B ~ K B N B ~ J I ~ H T H ~ I ~  NM 
y c n o s u H ,  ecnu p a n e H c T s a  (7) MnH (8) Y M H O X N T ~  c n e B a  H a  npous- 
BOJIbHYW HeBbIP0)KAeHHYIO 2fl X 2n M a T p U u y .  ~ O ~ T O M Y  B 0 3 H M K a e T  

B O n p O C ,  B K a K O M  CJIyZIae  6 y ~ e ~  C a M O C O n P R X e H H b I M  YCJIOBUe BMAa 
A A 

By - Cy' = 0 ,  (9) 
r A e  B, C - H e K O T O p b I e  2n X 2n M a T P U U b I .  

O T B ~ T  H a   TOT B o n p o c  A a e T  c n e A y I o u a R  
Teopema 4. r p a ~ u m o e  ycnoeue (9) mozda u monbico mozda no- 

poxdaem ca&oconpzxetmoe pactuupeue onepamopa L, icozda 

det (BB* + CC*) # 0 
N 

(10) 

.BC* = CB*. ( 1 1 )  

Y p a B H e H l i e  (9) C OAHNM J N U I b  YCJIOBkieM (10) O n p e A e f l N T  KBa3M- 

c a M o c o n p R x e H H o e  p a c u r u p e H u e  onepa-ropa L B c M b I c n e  no 114. 
A o K ~ ~ ~ T ~ J I ~ c T B o  3 ~ 0 2  T e O p e M b I ,  a T a K X e  A p y r N e  U H T e p e C H b I e  

( P ~ K T ~ I  Y M T a T e J I b  H a f i ~ e T  B U H T U P O B ~ H H O ~ ~  H a  C. 165 pa60l.e @. C. PO- 
@ e - E e ~ e ~ o s a .  

~ O B T O P R R  A 3 B e C T H b I e  BbIKJIaAKN, J I e r K O  n O C T P O N T b  ~ Y H K U U ~ ~  ~ P N H ~  

6 ( t ,  s) J I ~ ~ O I - o  T a K o r o  c a M o c o n p y x e H H o r o  p a c m w p e H N R  L"onepa~opa 
L, AJIR K O T O p O r O  )i = 0 H e  RBJIReTCR C O ~ C T B ~ H H ~ I M  ZINCJIOM. @ ~ H K -  

# 

LINR G ( t ,  S )  e C T b  R A P 0  r N n b 6 e p T a  - ~ ~ M I I A T ~ ,  a N H T ~ T P ~ J I ~ H ~ I ~ ~  O n e -  

pa-rop I(c, o n p e ~ e n ~ e ~ b ~ t i  s T a M  RAPOM, C B R ~ ~ H  c O n e p a T o p o M  I. (POP- 
~ y J I 0 f i  

= 2-1. 



O ~ c m ~ a  c - e a y e T ,   TO cneicmp onepamopa .L cocmou~n nucub us co6- 
cmaeHtiblx s~acle~uli, ~ornopble uMeIorn e d u ~ c m s e ~ ~ y r o  npede~bHyt0 
rnoclicy u npumou Ha Gec~owcl~ocmu. - 

T ~ K A M  ~ ) J A ~ T  C I I e K T p  L H B TOM C J I y q a e ,  K O r A a  A = ' O  O K a 3 b I B a -  

e T C R  C O ~ C T E ~ H H ~ ~ ~ I  qHC.1IOM. A ~ L ? c T B I I T ~ J I ~ H o ,  M e H R R  I I a P a M e T P L I  B K p a -  

e o b I x  ycnomns, eceraa MOXHO ~ a i i ~ ~  T a K o e  c a M o c o n p m u e H H o e  pac- 
LUApeHAe Ll O I I e p a T O p a  L,  AJIR K O T O p O r O  0 H e  RBJlReTCR C O ~ C T B ~ H -  - 
HbIM YACJOM, H n O T O M y  C n e K T p  Ll ~ Y A ~ T  o 6 n a ~ a ~ s  ~ 0 ~ a 3 Z l H ~ b i l . 1 ~  

C B O ~ ~ C T R ~ \ . ~ H  HO T O r A a  3 T N  Xe C D O W C T E ~  COXPaHRIOTCR AIIR C I I e K T p a  

nmboro c a M o c o n p R m e H R o r o  p a c u r u p e H m  L o n e p a T o p a  L ( T ~ K  K a K  

P a C L U l r p e H H e  K O H ~ ~ H O M ~ ~ H O ) .  

126. C H H ~ Y J I R P H ~ ~ ~  ~ H @ @ e p e H q H a J I b H b l e  0 n e p a ~ 0 p b l " .  M ~ I  H a ' l H e M  
CO C J I y q a R ,  K O r A a  H H T e p B a J l O M  RBJIReTCR (0, a), T. e. I I p a B b I f i  KO- 

H e u  H H T e p B a n a  c w H r y n R p e H .  JIesbrW K o H e u  ~ ~ ~ e p o a n a  n p e A n o n o x t c E i M  

P e r y J R P H b I M .  

rp (0) - y r l ~  (0) = . . . = 'P[2n-l~ (0) = 0. (1) 
T ~ K  K a K  O n e p a T O p  Lo, OqeBAAHO,  c H M M ~ T P N ~ ~ c K N ~ ,  TO OH Bony- 

C K a e T  S a M b I K a H N e ,  K O T O p O e  M b I  0 6 0 3 ~ a q 1 1 ~  q e p e 3  L H 6 y ~ e ~  H a 3 b I -  

B a T b  (CM: lTO 124) CHHrYJlRPHbIM A N $ ~ @ ~ P ~ H ~ N ~ , T ~ H ~ I M  O l T e P a T O P O M  C 

X U H U X ~ A ~ H O ~  06~i/lacmbtO 0npedefleH~~ ( K O P O ~ ~ :  MUHUXaAbHblM AH@- 
~ e p e ~ u H a n b ~ b 1 ~  o I I ~ ~ ~ T o ~ o M ) .  

Teope~a 1. Onepamop L* xsnxemcx ConpxweHHbLu dnx onepa- 
mopa L. 

A o K a 3 a T e n b c T B o. K ~ K  H B no 124,0603~aqr i~  qepes M one- 
P a T O p ,  C O I I ~ R X ~ H H ~ I ~ ~  C L. T ~ K  K a K  B K J I m s e H N e  

DL* 5 DM 
N p a B e H c T B 0  

MqJ = I [+I  



Aanee 0 6 0 3 ~ a q H ~  sepe3 q0 K ~ K o ~ - I : M ~ ~ A ~  P e I U e H H e  Y P a B H e H H R  

r [YI = X. 

Tenepb H a M  O C T a e T C R  A O K a s a T b ,  s T 0  

$ (0 = $0 (t) + u (0. 
rAe U (t) e C T b  H r K O T O p O e  P e I U e H H e  Y p a B H e H H R  

r [y] = 0. (2) 

C ~ T O C  U e J b I O  B 0 3 b M e M  @YHKUNIO g (t) E L2 (0, a), P a B H y I o  H y J l I o  

n p H  t >  a H O p T O r O H a n b H y I o  K ~ ~ Z - M ~ ~ H O M Y  M H O T O O ~ P ~ ~ N I O  p e ~ l e ~ l i f i  
Y p a B H e H H R  (2) B H H T e p B Q J I e  0 ,( t ,( a. Torna C O r J a C H O  no 123 ~ a f i -  
A e T C R  (PYHKUNR cf (t), P a B H a R  H y J I o  n p H  t >  a H y A O B J I e T B O p H I o U a R  

Y p a B H e H H I o  

r [(PI = g, 

a T a K X e  ~ C J I O B M H )  (1). O ~ ~ B H A H O ,  y E DL C DL H, CJIeAOBaTeJIbHO,  

(g, $) = (4, c / r )  = (cf, MlJ) = (cf,  X). 
Ho, C ,I(pyroC C T O ~ O H ~ I * ,  

(g, $0) = (I [ T I ,  $0) = (If, 1 [lJoI) = ((P, X). 
~ O ~ T O M Y  

(g, $ - $0) = 0. 

O T C I ~ A ~ ,  YqPiTbIBaR C T e n e H b  n p O H 3 B O J a  B ~b160pe @YHKUIIII g (t), MbI  

n o n y s m ,   TO 

9 (0 - $0 (0. = u (0, 
rAe u (t) - p e w e H u e  y p a B H e H H R  (2). 

n p H M e q a H H e .  OTI\?~TIIM, ' I T 0  B C e  @ Y H K ~ I I I I  H 3  DL YAOBneT-  
BOPRIoT )'CJIOBHIo (I). ~ ~ ~ ~ ~ c T E M T ~ ~ ~ L H o ,  T1)'CTb c/r (t) e C T b  n p O H 3 B O n b -  

H a R  @ Y H K U H R  213 DL., paman H y n I o  n p H  t 2 a. Toraa npu cf E Dr. 
I13 P a B e H C T B  

(Lcf, $) = ('PI L*$)* . 
(I [?I, $) = [cf, $1; + (y, [$I) 

c n e A y e T ,   TO 

[cf, $1: = 0, 



a B C N J Y  IIP3N3B0, 'IbHOCTU 3 H a ' i e H N i  qrk-'l (0) (k = 1, 2, . . . , 2n) 
3 T 0  0 3 H a Y a e T ,  LIT0 @YHKUHR y (t) YAOBJIeTBOPReT YCJIOBNm (1). 

I l e p e x o ~ ~ ~  K B o n p o c y  o A ~ ~ ~ K T H ~ I X  swnax  O n e p a T o p a  L, KOTO- 

P b I e  OANtraKOBbI B C N n Y  BeLIleCTBeHHOCTN K O ~ @ @ H U U ~ H T O B  O I I e p a U U N I .  
T e o p e ~ a  2. fle@elcrnNoe [lucno nt d U @ @ e p ~ ~ ~ U ~ f l b ~ 0 2 0  onepa- 

rnopa 2n-zo nopxdlca Ha uNrnepeane c O ~ N U M  C U N Z ~ ~ R P N ~ L M  K O N ~ O M  

ydosnerneop~ern Nepaeeticrney 
n 4 rn < 2n. (3) 

dim D L *  2 2n (mod DL). 

C 3~0fi UeJIbKI  A O K a X e M  C y U e C T B O B a H N e  2n J I N H ~ ~ H o  H e 3 a B N C N M b I X  
@YHKUUW,  ~ P N H a A J I e X a L U N X  D L * ,  H N K a K a R  H e T p N B N a J I b H a R  J INHef iHaFI  

K O M ~ N H ~ U H R  KOTOPbIX H e  I I p N H a A J I e X N T  DL.  H ~ T ~ Y A H O  B N A e T b ,  q T O  

B K a q e C T B e  Tal<NX @ Y H K U N ~ ~  M O X H O  B 3 R T b  nm6b1e J I N H ~ ~ ~ H o  H e 3 a B N -  
CNMhIe @ Y H K U N N  $, ( t ) ,  . . . , $2, (t) N 3  DL*;  ) l A O B J I e T B O P R I O ~ N e  YCJIO- 

BNKI 

det ($P-I1 (o));$#=I + 0, 

%ir~r!? rn B HepaBeHCTBe (3) MOXeT IlpUHUMaTb nro6~1e 3HaYeHUR MeXAy 
n u 2n. Jlrokmbrreo oTMern.r.b, YTO npu II = - i ( 1  + t )  D (1 + t ) ,  I ,  = Da - 1 



onepa-rop Pn-ro nopaAKa c M U H W M ~ ~ ~ M O R  O ~ J I ~ C T ~ K )  onpeAeneHnH, n n p o x ~ e ~ ~ 5 1 R  one- 
pasueti 

1 = p - n  2n-m m n , l 2  1 , -  ( n g m g 2 n )  

Ha nHTepeane (0, m), nMeer WHAeKC ~ e @ e ~ , r a  (m, m). n p o e e p ~ a  ?)Tor0 @ a ~ ~ a  npe- 
n o c ~  aenseTcs s n ~ a ~ e n m * .  

cnysae onpeAenReTcR KaK 3a~b lKa~we  onepaTopa L, KO ycnoeMe (1) 
cnenyeT OnycTuTb. Te0peMa 1, x a p a ~ ~ e p ~ 3 y m r u a ~  onepaTop L*, 
COXpaHReTCR. T e o p e ~ y  2 3aMeHReT CJIeAyIoWaR 

Teope~a  3. nycmb L(-) u L(+) - cuHeynxpHble du@@zpeH yuanb- 
Hble Onep~mOpbl C M U H U M U A b N b l M U  O ~ A ~ C ~ R M U  onpedene~ux, nopox- 
deHHble onepayuerYl 1 a UHmepaanax (-03, 0)  u (0, 03) coomaemcm- 
seHHo. n p u  smux ycnoauxx de@etcm~oe rucno m onepamopa L on- 
pedenxemcx @op~ynoli  

ede m(-I u m(+) - de@etcmHble rucna onepamopoe L(-1 u L(+) coom- 
6etTlClTl8eHHO. 

A o K a 3 a T e n  b c T B o. C Y ~ U M  06~1a~Tb onpeAeneHuR onepaTo- 

sepes Do, a onepaTop, co~na~amruu i i  c 0nepaTopo.M L Ha Do u on- 

peAeJIe~Hblfi JIMLLtb Ha Do, 0 6 0 3 ~ a s k i ~  sepe3 Lo. ~ Y C T ~  Lo eCTb 3a- 

dim DL = 2n (mod DL,). 

Ho B cuny s a u e ~ a ~ u ~  no 102 (c. 46) dim DL (mod DL,) paBHR- 
eTCR M ~ ~ ~ I T K Y  A ~ @ ~ K T H O ~ O  YMCJIa OnepaTOpa Lo HaA A ~ @ ~ K T H L I M  rIMC- 
noM onepaTopa L. C n e n o ~ a ~ e n b ~ r o ,  ~ ~ ( P ~ K T H o ~  sucno onepaTopa Lo 
paBHo 

mo = m + 2n. 

': B CRR3M C' 3TWM CM. r Jl a 3 M a H M. M. 0 6  WHAeKCe ~e@eKTa ~W@@epe~qW- 
anbeb:x onepa-ropoe. - AAH CCCP, 1949, T. LXIV, N? 2. 



YTO M T ~ ~ ~ o B ~ J I o c ~  A O K a 3 a T b .  

B OTJIMqUe O T  CMMMeTPMYeCKMX A M @ @ ~ ~ ~ H Q M ~ J I ~ H ~ I X  O n e p a T O p O B  

C e e I 4 e C T B e F i H b I M M  K O ~ @ @ E I ~ U ~ I ~ T ~ M E I ,  A ~ $ ~ K T H ~ I ~  YMCJIa CMHI'YJIRP- 

H O r O  CMMMeTPMYeCKOrO A M @ @ ~ P ~ H ~ M ~ J I ~ H O T O  O n e p a T O p a  C K O M n J I e K -  

CHbIMM K O ~ @ I $ M Q U ~ H T ~ M U  M O r y T  U H e  6 b l ~ b  P a B H b l M M  M e X A Y  ~060ii, 

Teope~a 4*. Ae@eKmHble qUCAa ( m ,  S) MUHUMaAbH020 CUMMempU'iH020 d ~ @ -  
cfiepe~yuanbrtozo onepamopa L npoussonbrtoso n0pRdKa r = 2n unu r = 2n f 1 c 
KOMnAeKCHblMU ~03@cfilLylleHma~~ Ha n0AyOCU [O, W )  ydoenemeop~mm HepaseHCm- 
8aM 

( n o c n e ~ ~ e e  HepaseHcrBo n o ~ a 3 1 , 1 ~ a e ~ ,  YTO ecnu OAHO u3 ~ e @ e ~ ~ ~ h r x  lrucen onepa- 
TOpa IIOpRAKa r = 2n f 1 eCTb n ,  TO BTOpOe He MeHbwe, YeM n f I ) .  

Teope~a 5**. Ecnu o d ~ o  u s  de@e~mHblx uucen ( m ,  s) cuxwempuurtozo du@- 
@epertyuanbrtoso onepamopa L n o p ~ d ~ a  r > 1 paerto r ,  mo u smopoe m o x e  paefio 

d onepamopa i -- Ha nonyocu). 
dt 

MOXHO n0Ka3a~b***, YTO AnR CUMMeTpUYeCKUX OnepaTOpOB C KOMnneKCHblMN 
K O ~ @ @ H ~ ( U ~ H T ~ M U  peaJIH3YFOTCR ~ 1 ~ 6 b l e  3HaYeHUR A ~ @ ~ K T H ~ I X  YHCeA m ,  S, COBMeCTU- 
Mble C TeOpeMaMu 4 k i  5 H yAOBneTBOpRFO~Ue AOnOJIHkiTeJIbHOMy OTpaHUYemH) 
( m - s l <  I .  

* E v e r i t t W. N. Integrable-square solutions of ordinary differential 
equations.--,,J. Quart. Math. Oxtord", 1959, 1 ( 2 ) ,  10, p. 145-155. 

**  AJIR OnePaTOPOB C BeqeC7BeHHUMN K O ~ @ @ N L ( U ~ H T ~ M H  3Ta TeOpeMa Tpu- 
euanbaa. onepaTopoB YeTHoro nopnnKa c KoMnneKcr:blMu ~oe@@uuuea~aMu ee 
ycTaHonun W. N. E v e r i t t Singular differential equations: 1, the even order 
case.- ,,Math. Ann.", 1964, Vol. 156, p. 9-24. Ann onepaTopoa HeverHoro no- 
DRnKa V. I. Kogan. F. s .  Rofe-Beketov. On sauare - integrable solutions of 
symmetric s y s t ~ m s ' o f  differ. equations of a rb i t r i ry  order.: ,,Proc. Roy. SOC. 
Ei~lburgh'~,  1975, p. 5-40. 

*** V. I. Kogan, F. S. Rofe - Beketov. On the question of deficiency 
indices of different. operators with complex coeffic.- ,,Proc. Roy. Soc. Edin- 
burgh", 1974, p. 281-298. 



127. C a M 0 ~ 0 n p R X e ~ ~ b l e  P a C U I l i p e H l i R  C H H r Y J I R P H O ~ O  & l i @ @ e ~ e ~ q l i a ~ l b -  

H o r o  o n e p a T o p a .  C ~ M  o c o n p R x e H H b I e  p a c r u n p e H u R  C u H r y n R p H o r o  one- 
P a T O p a ,  n o ~ o 6 ~ o  C a M O C O n P R X e H H b I M  PaCUlUpeHMRM P e r y J I R p H O r O  O n e -  

P a T O p a ,  M O X H O  X a P a K T e P M 3 0 B a T b  C n O M O U l b m  CBCTeMbI TpaHBYHbIX 
ycno~ni i ,  u M e m u n x ,  o A H a K o ,  6onee cnoxaym c ~ p y ~ ~ y p y ,  s e M  COOT- 
B e T C T B y m U L i e  YCJIOBAR no 125. 3 a f i M e ~ c R  C J l y q a e M ,  K O r A a  B C e r O  OAUH 
K o H e u  n H T e p s a n a  c n H r y n R p e H .  M3 o6uei T e o p n u  p a c w n p e ~ ~ i  (CM. 
no 10 1) c n e A y e T  

Teope~a 1. nycmb utidetcc de#etcma onepamopa (L)  ecmb (m, 
m) (n  g m g 2n) u nycmb #ytiicyuu 

uk ( t ;  h)  E L2 (0, 00) (k = 1 ,  2, . . . , m) 

npu tietcomopoM #utccupoeatitio~ tieeeqecmeetitioM atiaretiuu h. 
nycmb, danee, I's ecmb nutiedtias 06onortca #gtiicyud 

ede 4 = (4,J - gtiumaptias uampu ya m-eo nopsdtca. 
B maicou cnyrae # o p ~ y n a  

onpeaensem e3au~tio odtio3tiautioe coomeemcmeue ~ e x d g  tcnaccoM 
ecex ca~oconp~%ieutib~x pacurupetiud LB onepamopa L u icnaccoM 
ecex gtiumaptiblx tn x m uampuy 4. 

A 0 K a 3 a T e Jl b C T B 0. A O C T ~ T O ~ H O  3 a M e T A T b ,  q T O  @YHKUAA 

Uk ( t ;  h)  (k = 1, 2, . . . , m) o6pa3ym~ OpTOHOPMApOBaHHYH) CACTeMY 

p e U l e ~ A i  Y p a B H e H A R  
- 

L*q - hq = 0. 

3 a f i ~ e ~ c R  BbIRCHeHAeM T e X  r P a H A q H b I X  Y c J I o B A ~ ,  KOTOPbIe X a p a K -  

T e p I 4 3 Y m T  @YHKUUU A 3  DL$. 
Teope~a  2. ngcmb Ls- CaMoconpsxetitioe pacurupetiue onepa- 

mopa L c utideicco~ de#etcma (m, m) ,  onpeden~e~oe e CMbLcne meo- 
p e m  I gtiumaptioli mmpuyed B. h c m b ,  aanee, #g~tcyuu wf')(t; 
h)  (i = 1 ,  2, . . . , rn) uuerom mom we cublcn, qmo u e tneopeMe I .  

B matcou cngqae o6nacmb onpedenetiu~ DL+, onepamopa Ls cocmoum 
u3 ecex #gtiicyud (P ( t )  E DL., icomopble gdoenemeop~rom m ycnoeuxni 



AJlR BCeX 9 ( t )  M3 DLS Tenepb O C T a e T C R  n O K a 3 a T b ,  q T O  C N C T e M a  y C -  

no~1l.6 (3), c o n e p x a w a R  : ( ~ ~ O N ~ B O J I ~ H ~ I O ) )  $YHKUMIO $ ( t ) ,  CBOANTCR 
(npa cp (t)  E DL*) K c N c T e : a e  m y c n o ~ ~ i i  (2). 

C o r n a c ~ o  $ o p ~ y n e  (1) C+YHKUNR 9 ( t )  A o n y c K a e T  n p e A c T a s n e H u e  

IIpM (P ( I )  DL*,  N B C H n y  ~ p O N 3 B O J I b H O C T U  IIOCTORHHbIX Ci (i = 1, 
2, . . , m) 3KEMBaJIeHTHOCTb ~ ' C J ~ O B N ~ ~  (3) N (2) Y C T a H O B J I e H a .  

M ~ I  c o Y p a H H e M  3a p a r e H c T s a M H  (2), c o A e p x a u M M M  n p e ~ e n b ~ b ~ i i  
I IepeXOA,  H a 3 B a H M e  r P a H N q H b I X  Y C J I O B A ~ ~ .  H N X ~ C J I ~ A ~ I O I & ~ R  T e O p e M a  

y K a 3 b I B a e T  ~ J I y t I a f i ,  K O r A a  r p a H l i q H b I e  yCJIO3Mfl H e  C O A e p X a T  ripe- 
A e n b H o r o  nepexoaa. 

Teope~a 3. Ecnu u~dek-c- deijeicma onepamopa L ecms ( n ,  n),  
mo cucmem ZpUHUtliibLX ycnosui& onpedennmque caluoconpxxeHtibLe 
paculupeHux Lg onepamopa L, uMemm sud 

[(T, wj''~~ = o (i = I, 2, . . , n). (4) 

a 0 K a 3 a T e JI b C T B 0. A ~ H  A O K a 3 a T e J l b C T E a  AOCTaTO-IHO y C T a -  
H O : H T ~ ,  H TO n p H  ycnosua T e o p e M L I  n106b1e f i e  @YHKUNN y  ( t )  N 9 ( t )  
H3 DL* YAOBJIeTBOPRIOT COOTHOUIeHNH) . 

[ y ,  91, = 0. 
C 3~0fi IieJILIO ~ b 1 6 e p e ~  B DL* $YHKUMII 

qi(f)  (i -- 1 ,  2, . . . , 2n), +l  ( t )  = 0 npki t > a > 0,  
T a K ,  q ~ 0 6 b 1  

rh-11 [k-1] 

npki T a i i O M  sb160pe ( P Y H K I I U ~ ~  qi ( t )  MX J I M H ~ ~ ~ H ~ R  o6onoq~a H e  
Mh:eeT C Dr. o614ax - 3 J I e M e H T O B ,  O T n H q H b l X  OT HyJIH.  C ~ p y r 0 f i  CTO. 

P O H ~ I ,  B cuny n p e A n o n o x e H m  06 M H A e K c e  ~ e r $ e ~ ~ a  o n e p a T o p a  L, 
dim DL* = 2n (mod DL) 



u, c n e A o B a T e n b H o ,  A n R  nm6oii ( P ~ H K U N U  y (t) E DL* C y q e c T B y m T  T a m e  

KOHCTaHTbI al, a29 . . . , a z n ,  YTO 

Jl, CJIeAOBaTeJIhHO,  H e  M O r Y T  6 b 1 ~ b  3 a n I I C a H b 1 ,  n O K a  H e  3 a A a H  one- 
p a T O p  I!,. O A H ~ K O  eCJIIl HHAeKC A ~ I ~ K T ~  O I I e p a T O p a  L e C T b  (n, t t ) ,  TO 
r p a H M z I H b I e  )'~:lOBPiH (4) M O r Y T  6 b 1 ~ b  IIO MeTOfiy no 125 O C B O ~ O H < ~ ~ H ~ I  

OT IIPIlCYTCTBMR @ Y H K L I N ~ ~  w ! ~ '  ( t i  h )  U, CTaJIO ~ L I T L ,  H e  3aBHCRT OT L. 
B C J I y s a e  HHAeKCa A ~ @ K T ~  (2n, 2n) s u C J I 0  r P a H M q H b I X  Y C J O B U ~ ~ ,  

o n p e A e n R m u r u x  c a M o c o n p m e H H o e  pacruupeaue c u H r y n R p H o r o  one- 
pa-ropa, pamo 2n, K a K  u B cnysae perympaoro o n e p a T o p a .  B cuny 
3TOI'O O ~ C T O H T ~ ~ ~ C T B ~  I4 HeKOTOPblS fip)'rUX cooGpa~e~~uf i  (CM. TeO-  

p e M y  2 CJIeAyIoLLlerO no) MbI 6 y A e ~  H a 3 b I B a T b  c u ~ r y n ~ p ~ b ~ i i  onepa- 
T O P  C UIIAeKCOM A~C!I~KT~ (2n, 2n) K 6 U 3 U p e Z y A R p H b l N .  

n n ~  ~ u @ @ e p e ~ u u a n b ~ o r o  o n e p a T o p a  B T o p o r o  n o p s l A K a  B O ~ V O X H ~ I  
nki I l Ib  C n y s a P i  m - 2 HAM m = 1, rITO B n e p B b I e  66130 O T M e s e H O  r. Beii- 
n e M ,  H ~ ~ B ~ B U I ~ M  cnysafi m 1- 2 c n y s a e M  npedenotiozo K p y e a ,  a cny- 
~ l a f i  tTl = 1 C J I y q a e M  t l p e d e ~ b ~ o d  tTlOrk-U. CMbIcJI  3~0f i  TePMNHOJIOrNU 

MbI IIORCHUM B no 129. 
n o c ~ p o e ~ u e  r p a H u s H b I x  Y C J I O B U ~  a n R  c n y y a R  u H T e p B a n a  c ABYMR 

CAHrYJIRPHbIMN KOHUaMU IIPOBOAIlTCR 6'e3 T P Y A a  UCIIOJlb30BaHHbIMM 

B H a C T O R q e M  I I y H K T e  I I p H e M a M H ,  Pi MbI M O X e h l  e T O  OIIYCTUTb. 
B 3aKJIlOr1ekkie OCTaHOBUMCH K P a T K O  H a  BOIIpOCe 0 C a V O C O n p R X e H -  

HbIX p a C I l I u p e H u R X  Lq, B e U e C T B e H H b l X  no OTHOlUeHHIO K O I I e p a T O p y  

K O M n J l e K C H O r O  C O I I p H X e H H R  B L2 (0, 00) (CV. no 50). 
T ~ K  K a K  O I I e p a T O p  L* BCJIeACTBkie BeI4eCTBeHtfOCTN. K O ~ @ @ N U U ~ H -  ' 

TOB I I o p o X ~ a I O ~ e f i  ~ k i @ @ e p e ~ I ~ u a J I b ~ o f i  O n e p a U H l r  R B J R e T C R  B e u e C T -  

E e H H b I M  IIO OTHOUIeHNIo K O I I e p a T O p y  KOMnJleKCHOrO C O n p R X e H H R ,  TO 

AJIR BeII leCTBeHHOCTH Lq H ~ O ~ X O A U M O  Pi AOCTaTOrIHO, ~ T O G ~ I  MHOI-006- 
pasue D L ~  B M e c T e  c @ y ~ ~ u u e i i  y (t) c o A e p x a n o  e c e r A a  @YHKUNIO 

cP (f). 
M c n o n b s y ~  3 T 0  O ~ C T O F I T ~ ~ ~ C T B O  U @OPMYJIY ( I ) ,  J l e r K O  YCTaHOBUTb, 

YTO dnx seqecrnsetitiocmu oneparnopa Lq tie06xodu~o u docrnarno~tio, 



'L??loo'bl yNUfTlUpHU,Q Marnpul(a 9 = (aik) 6b1n3 C~Mint'mp~Wioc OmHO- 
cumenbNo rnpaNcnoHupoeaHuR, rn. e. 'Lm06b1 6b1no 

B n p o ~ e ~ ,  B no 128 H a M  npMAeTCR U C n O J I b 3 0 B a T b  J11LLIb C y q e C T B O -  

BaH11e XOTR 6b1 OAHOrO BeLUeCTEeHHOI'O PaCLLIMpeHMR, a 3 T O T  ( P ~ K T  
HeIIOCpeACTEeHHO B l l T e K a e T  113 $ O P M Y J I ~ I  ( I ) ,  eCJlM B K a X C T B e  8 B 3 R T b  

eA11HMYHjW MaTp11Ilj'. 

128. P e 3 0 J l b ~ e ~ ~ b l  C a M O C O n p R X e H H b l X  p a ~ L l I & i p e ~ & i f i .  B H a C T O H U e M  

no MbI n O K a X e M ,  [ I T 0  P e 3 0 j l b E e H T L I  C a M O C O n P R X e H H b I X  p a ~ I I I k i ~ e ~ 1 1 ~  

, g ~ q l @ e p e ~ u ~ a , ~ r b ~ o r o  o n e p a T o p a  L R B J R ~ T C R  M H T e r p a n b H b I M M  onepa- 
TOPahlM, 11 Y K ' S I X ~ M  KJIaCCLI, KOTOPbIM I I P M H a A J I e X a T  R A p a  3TMY U H T e -  

r p a n h m r x  o n e p a T o p o B  n p M  p a s n u q ~ b ~ x  H H n e K c a x  f i e @ e ~ ~ a  o n e p a T o p a  

L. H a q ~ e ~  C A E y X  E C n O M O r a T e J I h H b I X  n p e ~ J I 0 ~ e ~ P i f i .  

JIein~a I .  l7ycrnb pesonbee~rna NeKornopozo cainoconpsmetitiozo 
onepamopa, der"lcmeyroqeeo e L2 (0, m )  u setqecmeemoeo no orntio- 
tuetiuro K onepaquu KoinnneKcNozo ConpsmeHux, uMeern Ha scex @u- 
NUtTlHblX @YNKI(URX g ( f )  E L2 (0,  03) B11A 

ede ~ d p o  K ( t ,  s ;  A)  tienpepbletio no s u no f npu 

,Q o K a 3 a T e n b c T B o H e n o c p e n c T a e H H o  c n e n y e T  113 C o o T H o m e -  

HMR R: = JRiJ (CM. no 50) M IlpO113EOJIhHOCT11 B ~b16ope (PYHKUMM g (f). 
J ~ M M ~  2. Bcx~uii  od~opod~blt.? u addurnue~bl~. ( N O ,  e006qe 

zoeopx, ~ e o z p a ~ u ' L e ~ n b ~ i i )  @ y t i ~ q u o ~ a n  L ,  onpedene~~bld  Ha ecex 
@ U H U ~ H ~ ~ X  @ Y N K ~ U A X  g ( t )  U 3  L2 (0,  m) L4 0 2 ~ ~ N ~ ~ i e N t i b l ~  6 L2 (0,  a) 
npu K U W ~ O M  KOHe'LHOin a > 0 ,  donyc~aern npedcrnaene~ue 

zde h ( f )  - @ Y H K ~ U R ,  0dN03~~llN0 onpedenneina~ @yN~quofianom L 
u n p u ~ a d n e w a q a ~  L2 (0,  a) npu nmi5oin KoNeqtioin a > 0. 



- n o K a 3  a T  e n  b c  T B O  C n e A y e T  M3 T e O p e M b l  P A C C ~  06 o 6 u e ~  
BMAe n ~ ~ e f i ~ o r o  ( P y ~ ~ q ~ o ~ a n a  (CM. no 19), c o r n a c H o  ~ o ~ o p o i i  H a  

(PYHKUMRX g (f) 113 L2 (0, aj MMeeT. M e c T o  n p e r L c T a s n e m e  

BXOARU~H B 3 T 0  n l ) e A C T a B J e H M e  ( P Y H K ~ U R  ha (f) n p M  B03PaCTaHMM 

a ((IIpOflOJIXaeTCR)) B TOM CMbICJIe, YTO H e p a B e H C T B O  a, < a, B J l e q e T  

P a B e H C T B O  

ha, (f) = ha, (f) 

a1 a2 a1 - 
L (g) = 1 g (s) hu.) ds. L (g) = 1 g (s) h.,ds = g (s) ha, (s) ds. 

0 0 0 

n o K a 3 a H ~ o e  O ~ C T O R T ~ A ~ C T B O  II03BOJIReT 3 a n M C a T b  ( P o p ~ y J I y  (2) 
B BMAe (1). - 

T e o p e ~ a  1 .  P e s o f l ~ e ~ m a  RA ~m6ozo CaMoconpxxeHi-iozo pnc- 
ulupei-iuR L" du@@epenyuanbnozo onepamopa L c u ~ d e ~ c o a  de@e~ma 
(m,  m)  s pezyflxpi-iblx mowax A xsnxemm ui-imezpa~o~b~nz onepamopoa. 

o K a 3 a T e n b c T B o. MLI n p o B e A e M  c H a q a n a  ~ o ~ a s a ~ e n b c ~ ~ o  
A n R  K ~ K O ~ O - ~ I 4 6 y ~ b  B e U e C T B e H H O r O  C a M O C O n P R X e H H O T O  PaCUIPiPeHMR, 
a a a ~ e ~  n o e a x e M ,   TO e c n M  T e o p e M a  B e p H a  A n R  o A H o r o  143 C a M o c o -  

n p R x e H H b r x  p a c r u ~ p e ~ ~ i f i ,  TO o H a  B e p t I a  B c e x  c a b f o c o n p m e H H b 1 x  

p a c ~ P i p e 1 - 1 P i i i .  

n y c ~ b  L " , - - B ~ U ~ C T B ~ H I - ~ O ~  c a M o c o n p R x e a H o e  P ~ C U I I I P ~ H P ~ ~  O n e p a T o p a  
"0 L M Rh - C O O T B ~ T C T B Y D ~ ~ R  - p e 3 0 J I b B e H T a  (1 - ( P M K c I ~ ~ o B ~ H H ~ H  per)'- 

J I R p H a R  T O q K a  O I l e p a T O p a  f.). 
n peXfl€l B C e r O  3aMeTPiM,  q T O  3 J I e M e H T  #:g (g (f) C L2 (0, 00)) C n e -  

A y e T  MCKaTb B M H O ~ O O ~ P ~ ~ P ~ E I  p e U I e H I 4 f i  H e O A H O p O A H O r O  Y P a B H e H M R  

1 [ y ]  -- Ag = g. (3) 

1 [u] - Au = 0 (4) 



T a K ,  q~06b1  p e r n e a r i n  u ,  (t; A) ,  u,  (t; A) ,  . . . , um (t;. A) n p m a A n e x a n M  

L2 (0, oo) ( ~ o r ~ a  p e r n e H m  u,,, (t; A) ,  . . . , u,, ft; A) B M e c T e  c MX 
HeTPMBMaJIbHbIMM J I M H ~ ~ A ~ I M H  K O M ~ U H ~ ~ N R M N  ~ Y A Y T  HaXOAMThCR B H e  

L2(0, oo); n p H   TOM M ~ I  H e  n p e a n o n a r a e M ,  K a K  B n p e ~ b ~ ~ y m e ~  no, 
q T O  P e U e H A R  Ui (t; A )  (i = 1, 2, . . . , m) O P T O H O P M M P O B ~ H ~ I ) .  

Cornac~o no 123 o61qee p e r n e H x e  y p a B H e H m  (3) m e e T  BMLT 

c u t; A) ,  y ( 1  = 2 k ( A )  1 Vk (s; A )  g (4 ds + 2 k k ( 
k=l 0 k=l 

(5) 

r A e  v k ( t ;  A) (k = 1, 2, . . . , 2n) - c o n p R x e H H a R  no O T H o m e H I i m  

K U~ (ti A) (k = 1, 2, . . . , 2n) $ J ~ H A ~ M ~ H T ~ J I ~ H ~ R  C I l C T e M a  p e I U e H U f i  
Y p a B H e H M R  (4). B $JopMyJIe (5) n O C T O R H H b I e  Ok (k = 1, ' 2, . . . , 2n) 
OAH03Ha11H0 O I I p e A e J I R T C R ,  e C J H  TOJIbKO n o ~ p e 6 0 B a ~ b ,  q~06b1  y ( f )  = 

= #hOg. 3 a f i ~ e ~ c ~  o n p e A e n e H x e M  3 ~ a q e ~ x f i  ~ O C T O R H H ~ I X ,  npx  K O T O P ~ I X  

BbInOJIHReTCR 3 T 0  YCJIOBIle B I I p e A I I O J I O X e H U M ,  q T O  g (t) $JUHIITHB. 

n p e ~ ~ e  B C e r O  H Y X H O  o 6 e c n e q ~ ~ b  I I p P i H a A J I e X H O C T b  cp (t) K L2 
(0, oo). HO eCJIM g (t) = 0 npli f a, T O  n p M  A O C T a T O q H O  6 o ~ r n a x  t 

c u t; A) ,  ( 1  = k k ( S  1) g (s) ds + 2 k k ( 
k=1 i k=l 

B b 1 6 u p a ~  T a K U M  0 6 p a 3 0 ~  3 T U  I IOCTORHHbIe ,  MbI  n O J I y q a e M  AJlH R: 
n p e A c T a s n e H M e  



m 

&?== f K ( t ,  s ;  1) g ( s )  ds + X C ~ U ~ ( ~ ;  1). 
0 k=l 

m / 2 u, ( t ;  1) 4 (s;  h )  is  1: 0,  
K ( t ,  s ;  1) = 1 - U &  (ti 1) vk (s; .  ' )  (S > ' ) .  

[ k=mf l 

B n p e A c T a s n e H m  (6) g ( t )  - n 1 o 6 a ~  p a m a n  H y n I o  B H e  H e K o T o -  

poro K o H e s H o r o  N H T e p B a n a  @ Y H K U U R  143 L2 (0, m)  M C, (k = 1 ,  2, 
. . . , m) - C O O T B e T C T B y I o u U e  e f i  nOCTORHHbIe .  M3 3 T O r 0  I I p e A C T a B J I e -  

HUH H e I l O C P e A C T B e H H O  C J I e A y e T ,  q T 0  IIOCTORHHbIe Ck ( k  1 ,  2 ,  . . . , m) 
RBJIRIoTCR OAHOPOAHbIMM N  a ~ N T M B H b I M U  @ Y H K U M O H ~ J I ~ M B ,  O I I p e A e J I e H -  
H ~ I M N  ka B c e x  T a m x  @ Y H K ~ M R X  u 3  L2 (0, m). n o e a x e ~ ,   TO ~ T U  

@ ~ H K ~ N o H ~ J I ~ I  Ck = Ck (g) ( k  = 1 ,  2 ,  . . . , m) y A 0 B J I e T B O p R I o T  YCJIO- 

BURM JIeMMbI 2 ,  T .  e. RBJIRIoTCR O r p a H U q e H H b I M U  B  La (0 ,  a) IIpU 

K a X A O M  U < a. ~ P U M ~ H R F I  C  3 ~ 0 f i  U e J I b I o  K  o6e.u~ rIaCTRhl P a B e H -  
C T B a  (6)  O n e p a T O p  Pa I I p O e K T M p O B a H U R  H a  I IOAnpOCTpaHCTBO L2 (0, a) 
M Y M H O X a R  MX C K a J I R p H O  H a  U i  (ti h )  (i a 1, 2,  . . . , m), IIOAyqUM 

B C M C T e M e  m y p a ~ ~ e ~ ~ f i  (7) C  'm  HeM3BeCTHbIMM Ck (k 1 ,  2, 
. . . , m) I l o p M a  o n e p a T o p a  paI?hO o r p a H m e H a  npu ncex n o n o x u T e n b -  

HbIX U < CCI ( ~ u c J I o M ,  H e  3 a B M C R w U M  OT a) ,  a HOPMa U H T e r p a J I b H O r O  

o n e p a T o p a  Ka B L2 (0 ,  a) c RAPOM r U J I b 6 e p ~ a  - U I M U A T ~  o r p a H a s e H a  

n p U  K a X A O M  a < m ( ~ u c J I o M ,  3 a B M C R W U M  OT a) U ,  H a K O H e U ,  O n p e -  

A e J I U T e J I b  r p a ~ a  



ck (g)  = I g (4 sk (s;  A)  ds (k = 1 ,  2, . . . . m) ,  
0 

me @YHKUNM sk (s; A)  (k = 1 ,  2, . . . , m) n p E i H a A n e x a T  L2 (0, a) 
n p N  JII060M a < oo. Tenepb n p e A c T a B n e H N e  (6) n p ~ o 6 p e ~ a e ~  BUA 

RYg = [ KO ( t ,  s, A)  g  (s) ds, 
0 

M3 OJHOrO 3 T O r 0  O ~ C T O R T ~ J I ~ C T B ~  ellie He C J I ~ A ~ ~ T ,  YTO Rf e C T b  

O n e p a T O p  N H ~ e I ' p a J I b ~ b l f i .  B C N J I y  OI 'PaHUYeHHOCTN O l l e p Z l T O p a  R!, 
a3 @ o p ~ j n b ~  (8) c n e A y e T  JIKIIIb, 9 T O  AJIR ~110608 @ Y H K U N N  I13 L2 (0,  00) 

KO ( t ,  S ;  A )  = 

Uk(t ;  A ) [ V k ( ~ ;  ' ) + $ k ( s ;  ' 1 1  ( ~ < t ) ,  
k=l 

2n 
(9) 

2 U k  (ti A)  Bk ( s ;  A )  - U k  (I!; A )  vk (s.  1) ( S  > t ) .  
, k=l k=rn+I 



npu n~oGofi @YHKURH g(tj E L2 (0, mj, a UJIR 3 ~ 0 r o  B CBOKI osepenb 
AOCTaTOYHO CYWeCTBOBaHMR N H T e r p a J I a  

T. e. I IpMHa&JIeXHOCTb R A p a  KO (t, S ;  h) Ii L2 (0, 00) K a K  @YHKUMM 
OT S I I p H  K a X U O M  t. 'q 

O 6 p a ~ a ~ c b  K @ o p ~ y J I a k l  @), M ~ I  s a ~ e s a e ~ ,   TO RAPO KO (t, s; h) 
npPiHa&JIeXHT L2 (0, 00) K a K  @ Y H K U I I ~ ~  OT t npki K a X A O M  S (1460 

Uk (t; h)  L2 (0, a) I I P N  k = 1, 2, . . . , m), HO T a K  K a K  COrJIaCHO 
JIeMMe 1 @ Y H K U N R  KO (t, S; h) ,  C0OTEeTCTD)'KIWaFI p e 3 0 J I b B e H T e  B e U e -  
C T B e H H O r O  C a M O C O n P R X e H H O I ' O  PaCUIMPeHMR, C N M M e T P N 9 I I a  OTHOCH- 

T e J I b H O  Z l p r y M e H T O B  t k i  S,  TO C y W e C T B O B a H M e  H H T e r P a J I a  (12) YCTa- 
H o s n e H o  u n p e A c T a s n e H u e  (1 1) ~ o ~ a s a ~ o .  

A H ~ J I o I ' I ~ ~ H ~ I M  06pa30~  T e O p e M a  A O K a 3 b I B a e T C R  AJIH p e 3 0 J I b B e H T b I  &, 
nlo60ro c a M o c o n p m e H H o r o  ( ~ e  O ~ H ~ ~ T ~ J I ~ H O  B ~ W ~ C T B ~ H H O ~ O )  pac- 
UIMPeHUR n p I l  J I K I ~ O M  B e W e C T B e H H O M  P e r y J I R p H O M  3 H a s e H l i l l  k ,  eCJIIl  
BMeCTO P a B e H C T B a  KO(s, f ;  h )  = KO (3, S;  h) BOCnOJIb3OBaTbCH COOT- 

HOUIeHHeM K" (s, f ;  h) = K" (/, S; h), r A e  (S, t; h) - HApO pe30JIb- 

B e H T b I  j ? ~  *. 
3 a B e p L U e H l i R  & O K a 3 a T e J I b C T B a  T e O p e M b I  OCTaeTCR nOJTysI4Tb 

n p e n c T a s n e H u e  A n R  RA npu 31 # 0. 
T ~ K  K a K  3 J I e M e H T  R k g  (g (t) i L2 (0, 00)) nPIIHaAJIf2XIIT ~ ~ o r o o 6 p a -  

3NKI peule~kia Y P a B H e H N R  (3), TO OH n p e A C T a B k i M  B BMAe . 

"0 
r A e  RA - p e 3 0 J I b B e H T a  K ~ K O ~ O - H N ~ Y A ~  BeWeCTBeHHOI 'O CaMOCOIIPRXeH-  
H O r O  P a C U I I I P e H H R .  M3 3 T O r 0  I I p e A C T a B J I e H N R ,  B COOTEeTCTBNN C ~ b 1 6 0 -  
POM @ ~ H A ~ M ~ H T ~ J I ~ H o ~  CI lCTeMbI  Uk (t; A) (k = 1, 2, . . . , 2n), C J I e A y e T ,  
YTO IIOCTORHHbIe Ck n p I l  k > m P a B H b I  HyJIKI,  a n p I l  k < m RBJIRKITCR 

J I ~ ~ H ~ ~ ~ H ~ I M A  (T. e. OAHOPOAHbIMN, aAqI lTNBHbIMN H O ~ P ~ H H ~ ~ H H ~ I M A )  
@ ~ H K U H O H ~ J I ~ M H  B L2 (0, m) 14, CJIeAOBaTeJIbHO,  A O n y C K a K I T  n p e p  
C T a B n e H u e  

01 

c k  = c k ( g )  = {g(s) Xk (s; A ) &  (k 1, 2, .. - 1 m), (14) 
0 

* C Y U ~ C T B ~ H H H M  B n P H B e A e H H b I X  BblUle  P a C C y X A e H H R X  RBJIReTCR TO 0 6 ~ ~ 0 ~ -  
T e n b C T B O ,  YTO n e p e X O A  O T  (10) K ( 1 1 )  n p O H 3 B e A e H  H a  OCHOBaHHH CHMMeTpHU 

@YHKuuU K O ( t ,  S; h ) ,  6 n a r o n a p R  r e M y  ynanocb O ~ O # T H  nonpuc o n o B e A e H u t r  

(PYHKUHR uk ( s ;  h )  (k = m + 1 ,  m + 2 ,  . . . , 2n) H JCk (s ;  h )  (k = 1 ,  2 ,  . . . , m) 
n p H  S B  00. Eonee TOTO, CHMMeTpHR R A p a  KO ( f ,  S ;  h )  n 0 3 B O n R e T  YCTaHOBHTb 

H e K O T O p b l e  C B O ~ ~ C T B ~  3 T H X  @ Y H K U H ~ ~  H a  ~ ~ C K O H ~ ~ H O C T H  (CM. H H X e  T e O p e M y  3). 



e, 

k g  = [ l ( t ,  s. 1)  g (s) ds (g ( t )  F L2 (0, m)). 
6 

T ~ K I T M  06pa30~, TeOpeMa 1 IIOJIHOCTbW AOKa3aHa *. 
T e o p e ~ a  2. Pdpo ( t ,  s; A )  pesonoseiimb~ 3~ nm6ozo ca&o- 

conpmtceiiiiozo paculupeiiux t onepamopa L c ~ilde~c0.M aetpetcma 
(m,  m )  s pezynffpnblx movKax ydosnemsop~em ycnosum 

a s cnyqae tcbasupezgn~p~ozo onepamopa (m = 2n) - ycnooum 

0 K a 3 a T e JI b C T B 0. C ~ o i i c ~ n o  (16) HeIIOCpeACTBeHHO CJIeAyeT 
143 npnHaanexHocTM K L2 (0, m) $ Y H K U M U  KO ( t ,  S ;  A )  (no ~ a x a o i i  
N 3  n e p e ~ e ~ ~ b r x )  11 $ Y H K U H ~ ~  xk (s;  A )  (k = 1, 2, . . . , m), a T a m e  
@0pMyJIb1 (15). 

ngpex0AR K AOKa3aTeJIbCTBY C B O ~ ~ C T B ~  (17), YCTaHOBNM CHaqaJIa, 
 TO npM J I W ~ O M  nHaeKce &e$eK~a (nl, m) (n ,< m ,< 2n) onepaTopa L - 
$ Y H K I I N N  qk ( t;  A )  (k = 1, 2, . . . , m) M vk ( t;  A)  (k  = m + 1 ,  . . . 
. . . , 2n), @ u r y p a p y ~ w ~ e  B $ o p ~ y n e  (9) Ann Yo ( t ,  s ;  A ) ,  npusaane- 
XaT IIpOCTpaHCTBy La (0, m). C  TOG UeJIbK) CHCBa BOCIIOJIb3YeMCR 
C B O ~ ~ C T B O M  CMMMeTPHqHOCTN @ Y H K I I N H  KO ( t ,  S ;  A).  TO C B O ~ ~ C T B O  

o s ~ a q a e ~ ,   TO npx s ,< t 
-' 2n 



( 3 ~ 0  BO3MOXHO B CHJIy  J Ik iHef iHof i  He3aBIlCUMOCTki ( P Y H K ~ A ~ ~  U k  (s, A)),  
ki  IIOJIOXHM B P a B e H C T B e  (18) S = Si (i = 1, 2, . . . , 2n). 

P a 3 p e ~ a R  I I O n y q e H H y m  C l i C T e M y  2n y p a B ~ e H P i f i  OTHOCHTeJIbHO 2n 
( P y ~ ~ v 1 4 i i  cjrk  (t; A)  ( k  = 1, 2, . . . , m )  u vk (t; h )  (k  = m + 1 ,  . . . 
. . . , 2n), nOJIYq14Mt 9 T O  K a X A a R  I43 3THX ( P Y H K ~ u ~ ~  RBJIReTCR HeKO- 
T O ~ O ~  J I n H e f i H o f i  ~ 0 ~ 6 u ~ a ~ P i e f i  (PYHKUIIR U l ( t ;  A) ,  . . . , U m ( t ;  A) 
H, CJIeAOBaTeJIbHO, n p I 4 H a A J I e X H T  I I p O C T p a H C T B y  L2 (0, m). 

n e p e i i ~ e ~  K A O K ~ ~ ~ T ~ J I ~ C T B Y  c ~ o i i c ~ s a  (17). B cnysae ~sasupery-  
n R p H o r o  o n e p a T o p a  ( m  - 2n) B c e  c n a r a e M b l e  B npa~oi i  q a c T u  (Pop. 
MyJIbI (9) I I p H H a A J I e X a T  I I p O C T p a H C T B y  La (PyHKukif i  A B y X  I IepeMeHHbIX 
B K B a A P a H T e  t > 0, S > 0 Pi, CJIeAOBaTeJIbHO, 

m D1 

S 5 I KO (t. s; A)  1' ds dl < o ~ .  
0 0 

(19) 

CBO~~CTBO (17) B b I T e K a e T  I43 (19) H a  OCHOBaHWW (15). 
M3 A O K ~ ~ ~ H H O ~ ~  T e o p e M b r  c n e A y e T ,   TO B cnyqae ~ s a a w p e r y n ~ p ~ o r o  

O n e p a T O p a  P e 3 0 n b B e H T a  nm6oro C a M O C O n p R X e H H O r O  PaCIIIFipeHMR 1 
o n e p a T o p a  L o n p e A e n R e - r c R  RAPOM r k i n b 6 e p ~ a  - IUM u ~ ~ a  n R s n R e - r c R  
I I03TOMY BIIOJIHe H e n p e p b I B H b I M  O n e p a T O p o M .  

M3 T e O p e M b I  2 C J I e A y e T ,  9 T O  R A p a  B ~ ~ ~ C T B ~ H H O ~ ~  I4 M H W M O ~ ~  W C T A  

pe30nbse~~b1  nm6oro c a M o c o n p m e H H o r o  p a c m n p e H u n  o n e p a T o p a  
RBJIRK)TCR B P e r y J I R p H b I X  T O s K a X  h R A P a M I l  I < a p J I e ~ a H a .  

~ ~ M ~ T H M  eUe, 9 T O  I43 p a ~ ~ y X ~ e H P i f i ,  I I p A B e A e H H b I X  npu A O K a 3 a -  

T e n b C T B e  T e O p e M  bl 2, C J I e A y e T  
Teope~a  3. nycmb m 03tialtaem inaiCCuManbtioe Ltucno nutieUvtio 

t iesasucu~b~x peluetiud y p a s ~ e ~ u x  (4),. nputiadnexaqux L2 (0, m): 
Ecnu nepsble m c;bytifcyuC ~ytidaine~manbtioli: cucnzeinbl peluetiuu 
ypaotietiux (4) npu~adnexarn L2 (0. m), mo no tcpa6tiel"l Mepe nocned- 
Hue 2n - m peluetiud conpxxetitiod c;bytidaMe~rnanb~o~ cucrnenbl 
smozo ypastietiux t;laiixe nputiadnexam L2 (0, 00). 

C n e ~ y m q a  1 T e o p e M a  n o c B R q e H a  cnysam, K o r A a  06 M H A e K c a x  
& e ( P e ~ ~ a  onepxropa L MOXHO c y ~ n ~ b  no wcny peme~nfi  ypaaae- 
HHR (9, n p u H a A n e x a q u x  L2 (0, m) npu n p o 1 4 3 s a r r b ~ o ~  H, B sac-r- 
HOCTA, I I p H  B e q e C T B e H H O b l  A .  

T e o p e ~ a  4. mozo ltm0661 onepamop L nop~dtca 2n m e n  
utidetcc dec;betcma (2n, 2n), tieo6xodufi0, urn0661 ypastietiue 

1 [u]  - X U  = 0 

npu ,21060~ atiauetiuu A uineno 2n pelue~uC u3 Le (0, oo), u docma- 
rnowo, urn0661 smo ypastietiue m e n o  2n pewetiud u3 L2 (0, m) 
xomx 661 npu o d t i o ~  atiauetiuu A.  

A 0 K a 3 a T e b C T B 0. A ~ H  AOKa3aTeJIbCTBa H ~ O ~ X O A I ~ M O C T ~ ~  
c ( P o ~ M ~ J I P ~ ~ o B ~ H H o ~ o  B T e O p e M e  yCJIOBI4R BCIIOMHIIM, rITO B C J I y W l e  K B a -  

a u p e r y n ~ p ~ o r o  onepa-ropa pe30nbse~~a  ero c a M o c o n p m e H H o r o  pacmn- 
P e H I l R  L" RBJIReTCR B n O J I H e  H e I I p e p b I B H b I M  O n e p a T O p O M  ki, CJIeAOBaTeJIbHO, 



C n e K T p  O I I e p a T O p a  COCTOUT JlllILIb U 3  C O ~ C T B ~ H H ~ I X  3 H a q e H u f i  
h, (r = 1, 2, 3, . . .) C ~ A U H C T B ~ H H O ~  I l p e ~ e n b H o f i  T O ~ K O ~ ~  h = W. 

O~crona c n e n y e T ,   TO A n R  o n e p a T o p a  L B c e  T O ~ K I ~  IIJIOCKOCTU, 3a ~ 0 3 -  

MOXHblM IICKJIfOqeHIleM T O q e K  hr (r = 1, 2, 3, . . . ), C y T b  TOqKU P e r y n R P -  

H O r O  T N n a .  Ha CaMOM A e J I e  T O q K a  hr (r = 1, 2 3, . . .) T a K X e  RBJIReTCR 
T O ~ K O ~ ~  PeI 'YJIRpHOrO T l l n a ,  ~ 6 0  B lIpOTNBHOM C J I y q a e  k, 6b1no 6b1 
C O ~ C T B ~ H H ~ I M  3 ~ a q e ~ u e ~  O n e p a T o p a  L, a y p a B a e y u e  

Ly - k,cp = 0, 
3 K B U B a n e H T H O e  Y p a B H e H N m  

1 [(PI - h r y  = 0 
npu ycnosusx 

y(0)  = c p r l l ( 0 )  = . . . = cp[2fl-11(0) ---- 0, 

B C N J Y  T e O P e M b l  CYII leCTBOBaHUR U eANHCTBeHHOCTU no 123 U M e e T  
n m b  p e u I e H N e  cp (t) G 0. 

T a K N M  06pa30~,  B cnyqae u H n e K c a  n e @ e ~ ~ a  ( 2 4  2n) BCR h-nno- 
C K O C T ~  R B n R e T c R  n o n e M  p e r y n R p H o c T u  o n e p a T o p a  L, u no T e o p e M e  
06 UHBaPUaHTHOCTN NHAeKCa ~ e @ e K ~ a  (no 100) BCe PeILIeHNR Y p a B H e -  
HllR (4) n p M  n t060~  3 H a q e H N N  k ( H ~ B ~ W ~ C T B ~ H H O M  N J U  B e U e C T B e H -  

ROM) n p u H a A n e x a T  L2 (0, m). 
A o c ~ a ~ o s ~ o c ~ q  c @ o p ~ y n n p o s a ~ ~ o r o  B T e o p e H e  y c n o s u f i  H e n o -  

C p e n C T B e H H O  C J I e n y e T  U 3  T e O p e M b I  4 no 105. 
H ~ T ~ Y A H O  n e p e r 1 e c T u  pe3ynb~a~b1 ,  n o n y q e H H b I e  B H a c T o w e M  no, 

H a  ~Jlyqafi U H T e p B a J l a  C ABYMR CUHrYJIRPHbIMU KOHUaMll .  H ~ M ~ T M M  
AOKa3aTeJ lbCTBO O C H O B H O ~ ~  T e O p e M b l  1 A n R  3 T O r 0  C J I y q a H .  n p ~  3TOM, 
KaK U B C J I y Y a e  OJHOrO CHHl'yJIRpHOrO KOHUa,  AOCTaTOYHO PaCCMOT- 
p e T b  p e 3 0 J I b B e H ~ y  K ~ K O ~ O - H U ~ Y A ~  B e U e C T B e H H O r O  C a M O C O n p R X e H H O r O  

p2lCILIMpeHNR. ~ Y C T ~  (CM. AOKa3aTe.rIbCTBO T e O p e M b I  3 no 126) A ~ @ ~ K T -  
H b I e  qucna o n e p a T o p o B  L, L(-) ,  L ( + )  C Y T ~  m, m(-), m ( + )  c0oTBe-r-  

CTBeHHO. Ha OCHOBaHUU T e O p e M b I  3 no 126 

Bb16epe~ @ y ~ A a M e ~ ~ a n b ~ y f O  CkiCTeMy peILIeHl i f i  Y p a B H e H U R  (4) T a K ,  
q ~ 0 6 b 1  n e p B b I e  m peure~ufi uh (t; h) n p u H a A n e x a n u  L2 (-00, a). 
B (2n - m ) - M e p H ~ f i  JIkiHefiHofi  060nos~e O C T a n b H b I X  p e I I I e H l l f i  3~0f i  
CNCTeMbI CYUIeCTBYeT n + p - m J I M H ~ ~ ~ H o  H e 3 a B M C N M b l X  p e u l e ~ ~ f i  
N 3  L2 (-00, 0) ( O ~ O ~ H ~ Y U M  1IX Um+l (t; h), . . . , U n + p ( t ;  h)) U n - p  
J INHef iH0 He3aBUCNMbIX p e I I I e H ~ f i  N 3  La (0, a) ( O ~ O ~ H ~ Y U M  NX 
Un+p+l (t; h), . . . , U2,, ( f ;  1)). ~ ~ M ~ T U M ,  q T O  @YHKUIIU 

u,+i ( t i  h), . . . , un+, (t; A), un+,+i ( t i  A),  . . . , u,, (ti A) 



sano 6b1, g ~ b ,  BonpeKu npeAnonozeHum, A ~ ~ ~ K T H O ~  qwno onepa- 
TOpa L 6 0 n b ~ e  m. C I l O h 4 O ~ b f O  Bbl6paHHofi @ y H ~ a ~ e ~ T a J I b ~ o f i  CHCTeMbI 
uk (t: A). (k  = 1, 2, . . . , 2n) nro6oe perueHue ypaBHeHuR 

M npu HaAnezaqeM ~h16ope nocToRHHbrx ck 3 ~ a  ~ Y H K U M R  CoBnaAaeT 
c jihog. 

IIPOBOAR, AaJlee, paccyxAeHuH, a ~ a n o r u s ~ b r e  npmeneHHblM nnsr 
cnyqaH onHoro CuHrynRpHoro KoIIua, nonysm nozlHoe n o ~ a 3 a ~ e n b -  
CTBO TeOpeM 1 Pi 2 &JIR CJIyqaR AByX CMHrYJRPHblX KOHUOB. 

Teope~a  5. Ecnu q ( x )  q, > -co, m o  u n a e ~ c  derbeicrna Munufianbtioeo 
o n e p a m o p a  c O ~ H U M  c u n e y n x p m l a  K O H ~ O M ,  nop031~r3ennoeo s u p a w e t i u e M  (20) 
13 L2 (0 ,  co), ecrnb (1,1), a M U H U M ~ ~ ~ H ~ ~ ~ S .  o n e p a m o p ,  nopo3/caennuti meM we 
eblpaxenueM s LZ (-co, co), m e e r n  u n a e ~ c  d e @ e ~ m a  (0 ,  0) ,  m .  e. o~asbrsaenicrr  
CaMOCOnPRXeHHblM. 

A o K a 3 a T e n b c T B O. ByneM cqeTaTb q ( x )  > 0. Torna npeMeHeHue 
MeTOAa IIOCJIenOBaTeJIbHbIX n p u b ~ ~ u x e ~ w i i  K YpaBHeHUIo 

U" = q ( t )  U (0 t < 00) 

nOKa3bIBaeT, YTO pelLleHUe U ( t ) ,  AJlR KOTOpOrO U (0) = 1 ,  U' (0)  = 0 ,  YAOBJIeTBO- 
pneT npe Bcex t > 0 HepaseHcTBy u ( t )  > 1 A ,  cnenoBaTenbao, He npa~annexeT 
L2 (0,  00) .  

T ~ K H M  06pa30~ ,  ypasHeHue 

-uu + q ( t)  u - hu = 0 

npe h = 0 uMeeT pemeaue, He  npuHaAnexauee L2 (0,  m ) ,  U ,  CornacHo TeopeMe 4 
HaCTORIQerO IIyHKTa, OnepaTOp C M U H A M ~ ~ ~ H O U  06JIa~TbI0 OnpeAeJIeHUR, IIOpOXAeH- 
H ~ I R  onepaueefi (20) Ha  nonyocu (0,  co), uMeeT UHAeKcM n e a e ~ ~ a  (1 , l ) .  T a ~ o f i  x e  
UHAeKC Ae$eK~a UMeeT, OYeBUAHO, OnepaTOp C M ~ H ~ M ~ J I L I ~ o ~ ~  06~1acTbI0 OnpeAeJle- 
HAR,  I I O ~ O X A ~ H H ~ I ~ ~  onepautieR (20) H a  ~ ~ p k l u a ~ e ~ h ~ ~ f i  nOJIyOCU.  ~ P U M ~ H R R  TeO- 
peMy 3 no 126, M ~ I  nonysaeM, YTO uHAeKcb1 n e @ e ~ ~ a  onepaTopa c M W H W M ~ ~ ~ H O B  
o6nac~b1o onpeneneHwn, nopoxneHHoro onepaqueii (20) s a  ~ c e f i  ocw, ecTb (0,  0) .  

OY~BUAHO, M ~ I  npemnu 6b1 K BTOMY me p e 3 y n b ~ a ~ y ,  ecne 6b1 s a ~ e ~ u n w  Tpe- 
6 o ~ a ~ w e  HeOTpUUaTenbHOCTA @ ~ H K U U H  9 ( t )  T ~ ~ ~ O B ~ H U ~ M  ee IIOJIyOrpaHUYeHHOCTU 
CHA3Y. 



C T p a A c T B o  ~ 2 , .  n p ~ i   TOM O T O ~ P ~ X ~ ~ H I I I I  O n e p a T o p  A n e p e x o A u T  B one- 
p a T o p  ~ M ~ ~ O X ~ H H R  H a  ~ e s a n r r c u ~ y m  n e p e M e H H y m .  

Ecnu Ex - pa3JIOXeEIMe eAIIHMKbI,  a g - K ~ K O ~ ~ - H M ~ Y A ~  nOpO>rc- 

~ a m u a i i  s n e M e H T  o n e p a T o p a  A, TO o(A) = (Exg, g), u y ~ a 3 a ~ ~ o e  
U 3 0 ~ T p I I s e C K O e  COOTBeTCTBl ie  O n p e A e n R e T C R  @ o ~ M ~ J I ~ M u  

(D ( A )  = Vf 9 (1) 

f = V1@ (A)  = j (A)  dEg, 
- m  

m 

Af = 1' A @  (A)  dExg. 
- m  

@0pMyJIb1  (1) Pi (2) MbI ~ Y A ~ M  H ~ ~ ~ I B ~ T L  @ o p A f y n a i l z u  0 6 p a q e ~ u ~ ~  
CBR3a118bIMB C C a M O C O n P f l X e H H b I M  0 n e p a T O p O h . r  A. 

B n y H K T e  C no 89 MbI  nOJIYIIkiflC1 B K a q e C T B e  @OPMYJI 06paue- 
HIIR, CBR3aHIIbIX C O n e p a T O p O M  A ~ @ @ ~ ~ ~ H Q M ~ O B ~ H U R  H a  OCH, B3aMMHO 

0 6 p a ~ ~ b 1 e  n p e o 6 p a 3 o ~ a ~ u ~  Qypbe - nnaaruepen~ n p o c T p a H c T s a  

L2 (-a, 00) H a  c e 6 ~ :  
N 

(3 (A)  - 1. i. m. 
N - t m  1/2n 

1 '. 
f i t )  = 1. '  1. rn. - 0 ( A )  e-ixt dA. 

N + m  1/z j 
- N  

n p P i  3TOM B K a s e C T B e  n o p o x f i a k o q e r o  6b1n B3RT H ~ K O T O P ~ I ~ ~  ~ec06- ,  
C T B ~ H F I ~ I ~ ~  3JTeMeHT. 

Onepa~0pb1 C K P a T H b I M  C n e K T p O M  T a K X e  n O p O X A a I o T  @ 0 p ~ y J I b 1  

oGpaure11u.9 ,  a r l a n o r A s H b r e  @ o p ~ y n a ~  (1) u (2). 
3 a , l a s y  HaCTORU[erO II C . n e f i y I O ~ e r 0  KYHKTOB COCTaBJIReT n O J I y -  

s e H k i e  @ o ~ M ~ J I  0 6 p a q e ~ u ~ ,  CBfl3aHHbIX C CUIITYJIRPHbIMM ~ u @ @ e p e ~ -  
I l P i a n b H b I M a  o n e p a T o p a M u  H a  nonyoca. 3 r a  sanasa A.WI o n e p a T o p o B  

B T O p o r O  n O p R A K a  6b1na peureria B n e p B b I e  r. Be i ine~  *. M ~ I  T a K X e  

* W e  y 1 H. d b e r  gewiihnliche Difierentialgleichungen mit  SingularitZten. . . . 
Math. Annalen, 68, IgIO, C. 220-269. A p y r a ~  MeTOAOM pe3yJlbTaTbl BeAm nony- 
qun 6. M. J I enu~a~r ;  CM, ero K H W ~ Y  ~Pa3~10xenne no C O ~ C T B ~ H H ~ ~ M  @ Y H K ~ W R M ) ) .  
~0CTe~u3naT, 1950. 
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r A e  ' 

u ('t; A )  = u, ( t ;  h) + Ou, ( t ;  A ) .  

C J I e f l y R  M. r. I ( p e G H y ,  6 y n e ~  H a 3 b I B a T b  ( P Y H K U M O H ~ J  (1; h) 
H a n p a s , z x t o q u f i  # Y H K ~ U O H ~ A O M .  

H a n p a ~ n R m u u f i  ( P ~ H K ~ H O H ~ J  @ ( f ;  A )  o 6 n a ~ a e ~  CJleAyIQLU11M11 

T P e M R  C B O ~ ~ C T B ~ M I I ,  KOTOPbIe  C Y U e C T B e H H b l  AJIR ~ a J I b ~ e f i I U e r 0 .  

lo. ( f ;  h) e c T b  a H a n u T l r q e c K a R  (PYHKUUR OT h (-co < h < co) 
npu n1o60fi ( P ~ H K U H N  f E D. 

2". Ecnu AJIR H ~ K O T O P O ~ ~  ( P Y H K ~ I ~ U  f € 9 A H e K O T O P O r O  B e U e -  

CTBeHHOrO 3 H a q e H U R  h U M e e T  M e C T O  p a B e H C T B 0  

e ( f ;  h) = 0, 
T O  Y p a B H e H M e  

(L- hl) y  = f 

u M e e T  p e u e H M e  B K n a c c e  (PI IHNTH~IX ( P Y H K U M ~ ~ .  
3". Ecnu f - (PUHIITH~R (PYHKUHR 113 DL, T O  n p I l  n m 6 o ~  B e U e -  

CTBeHHOM h 

0 (zf; h) = A@ ( f ;  A). 

~ o A J I ~ X ~ T  A O K a s a T e J l b C T B y  JlHIUb C B O ~ ~ C T B ~  2' 11 3'. 
YCT~HOBMM c H a q a n a  C B O ~ ~ C T B O  2'. n y c ~ b  f ( t )  = 0 npu t  > a u 

@ ( f :  h,) = 0. (3) 

(npu 3TOM B CI lJ Iy  T e O p e M b I  eAMHCTBeHHOCTIl y  ( f )  = 0 A n R  t  2 a). 
n 0 J l b 3 y R c b  TOXAeCTBOM J a r p a H ~ a ,  I I O J I y q a e M  

OJ 

e ( / ;  A,) = j' j l [  yl - i o y )  u ( t ;  1,) dt = y, iil; = - [ y ,  iilo = 
0 

= p u - - du)] = [ p  ( t )  y' ( t )  - Bp (t,lt=o, [ ( 2 d l  *=o 



P ( t )  (9' (t)  It=o = Oy (O) ,  
T a K  9 T O  (9 ( f )  E DL, M C B O ~ ~ C T B O  2" YCTaHOBJIeHO. 

C n p a B e f i J I N B 0 ~ ~ b  Y T B e p X A e H N H  3" C J I e A y e T  113 P a B e H C T B  

m DD 

(9; h) = { 1 [ f ]  u ( t ;  A )  d t  = [ f ,  i i~ ;  + A 'j (t)  u ( I ;  A )  dt  = ( f ;  i). 
0 0 

Hanpa~n~mrukiii  ( P ~ H K U H O H ~ J  @ ( f ;  h )  n o p o x A a e T  o~c6paxe11~e 
n ~ ~ e i i ~ o r o  ~ ~ o r o o 6 p a 3 ~ ~  9 ( P Y H K U N W  f ( t )  H a  H e K o T o p o e  n a ~ e f i ~ o e  
~ H o r o o 6 p a s ~ e  9' ( P ~ H K U H $  @ ( h )  = @ ( f ;  h).  E c n ~  n p N  3TOM (PYHK- 
UAH f ( t )  n p m a n n e x m  DL, TO, C o r n a c H o  C B O ~ ~ C T B Y  3", (PYHKUMN L"f 
B Y K a 3 a H H O M  0 ~ 0 6 p a x e ~ u u  COOTBeTCTBYeT (PYHKUMR h@ (h) .   TO - 
O ~ C T O R T ~ J I ~ C T B O  n 0 3 E 0 . 1 R e T  n P e A n O J I O X N T b ,  rITO C I l e K T P  O n e p a T O p a  L 
n p o c T  M  TO n p H  H a A n e x a r u e M  sb160pe nopox~amrueii (PYHKUNN g= 
= g ( t )  o ~ o S p a x e ~ ~ e ,  o c y r u e c T s n H e M o e  o n e p a T o p o M  V   pop^ y n b ~  ( I ) ,  
H B n R e T C H  P a C W M p e H N e M  O T O ~ P ~ H ( ~ H N R ,  0CYUeCTB.AHeMOTO (PYHKULIO- 
H a c o M  @ ( f ,  A ) .    TO npeanonoxemre o s ~ a s a e ~ ,  ~ I T O  n p H  H a A n e x a u e M  

s b 1 6 0 p e  n o p o k ~ a m ~ e i i  (PYHKLIMN n e p B a R  ~3 ( P o p ~ y n  o S p a u e ~ ~ ~ ,  
C B H 3 a H k b I X  C O n e P a T O F O M  z, ~ Y A ~ T  ( n p N  f ( t )  E 9) N M e T b  BHA 

rn 

@ ( h )  = [ f ( t )  u (t: h )d t .  
0 

3 r a    pop^ yna aaanoruqaa ( P o p ~ y i ~ e  Qypbe - l l n a ~ m e p e n ~ .  
O C T Z ~ B N M  T e n e p b  B C T G P O H e  HaEOJaHU\He c o 0 6 p a x e ~ ~ ~  N n P N C T Y n M M  

K FeUleHMIO ~ O C T ~ B J I ~ H H O ~ ~  3 a A a q u .  n p N  3 T O M  H a M  ~ Y A Y T  H ~ O ~ X O A H M ~ I  

rrsa n p e A n o x e H m  31. r. Kpe i i~a  *. 
Jewwa. ARR nto5ozo Kotievtiozo utimepaana A, ocu h  cyqgcmsyern 

&HICYUR $ ( t )  E 9 maKax, vmo @ytitcqu~ cI) ( A )  = @ ($; A )  tie o6pa- 
qaemcfi s tiynb s utimepoane A,. 

A 0 K a 3 a T e Jl b C T B 0. ~ Y C T ~  ho - ( P I I K C M ~ O D ~ H H ~ R  TOrIKa 

N H T e p B a . A a  A. N X 0  (t) - T a K a H  (PYHKUNR Pi3 9, rITO 

@ ( x o ;  L o )  # 0. 

TO,  H a  OCHOBaHMM C B O ~ ~ C T B ~  2", C y U e C T B y e T  $ M H N T A ~ R  @ Y H K U I ~ I I  C DZ 



T a K u M  o6pa30u, 3 a M e H H H  @ Y H K ~ U I O  X o  @ y H K u A e f i  XI, M b I  BUAUM, 

YTO @ Y H K ~ I I H  (x l ;  A )  H e  0 6 p a m a e ~ c ~  B H y n b  n p A  A = A,, a npu 
= A ,  A M e e T  K O P e H b  KPaTHOCTN H a  e A N H N q Y  MeHbLLlefi, q e M  @ Y H K -  

~ N W  (x,; A). T ~ K  P a K  a H a n a T m e c K a H  @YHKUAH (x,; A )  B K o H e r I -  

HOM N H T e p B a J I e  A, MMeeT JtALLlb KOHeYHOe YACnO ~rynefi, K a X ~ b I f i  - 
K O H ~ Y H O ~ ~  KPaTHOCTA,  TO, n p O A O J I X a H  B C J y Y a e  H ~ ~ O ~ H O C T M  y K a 3 a H -  

~ b r f i  npouecc, n p H n e M  K @ Y H K ~ N I I  E 9, am ~ o ~ o p o i i  @ ~ H K ~ A O H ~ ~  

( q J ;  A )  H e  0 6 g a m a e ~ c H  B H y n b  n p A  A E A,. 
T e o p e ~ a  1 .  flycmb A o - ~ ~ ~ e ~ ~ b ~ U v  3aAtKHymbld UHT?lepeafl 

U $ € 9 - mUKUR @YHICYUR, YmO 
@ ( q J ;  A ) # O  

npu A E A,. nycmb, danee, EL - pa3nowe~ue e d ~ ~ u y b l  onepamopa Z u 
P 1 

flpu smux ~ C A O B U R X  dnx nto6oUv (PYHKYUU f E 9 u nto6020 uHmep- 
eajla A A, cnpaeednuca (PopAtyna 

A o K a 3 a T e n b c T B O. Ecna B s e c T N  B M e c T o  H a n p a B n m m e r o  

@ ~ H K ~ A o H ~ J I ~  ( f ;  1) @ Y H K L [ N O H ~ J I  F ( f ;  A )  COOTHOUIeHAeM 

@ ( f .  A )  F ( f ;  A )  =-- 
@ c+; A)  ' 

(5) 
A 

~ ~ A C T Y ~ M M  K H O K a 3 a T e i r b C T B Y  3 T O r 0  P a B e H C T B a .  ~ ~ ~ ~ ~ O J I O X U M ,  

YTO J e B b I e  K O H q b I  U H T e P E a J t O B  A. A A COBna&3IOT, N n y C T b  T O Y K a  a 
e C T b  o6m~fi  J leBbrf i  K O H e U  3TAX A H T e p B a J I O B .  B y n e ~  p a C C l . l a T p U B a T b  

3 n e w e ~ ~  w, = w, ( t )  n p o c T p a H c T B a  L2 (0 ,  oo), o n p e n e n e ~ ~ b ~ f i  pa- 
BeHCTBOM , P 

w, = 1 d E ~ f  - 1 F ( f ;  A )  dEiqJ, 
a a 

K a K  (PYHKUUW n a p a M e T p a  p B a a T e p B a n e  A,. 



A n R  A O K a 3 a T e J l b C T B a  P a B e H C T B a  (5) C J l e A y e T  YCTaH03UTI , ,  q T O  

W ,  = 0  n p U  p f Aol a AJIR 3TOTO AOCTaTOqHO,  0 9 e B U A H 0 ,  n O K a 3 a T b l  
rITO B U H T e p B a J I e  A. 3 J l e M e H T  W ,  e C T b  H e n p e p b I B H a R  (PYHKUUR OT p 
U 3 a T e M ,  YTO 

BCIOAY B AO. n 0 C J I e ~ ~ e e  P a B e H C T B O  C J I e A y e T  n O H U M a T b  B CMbICJIe 

C U J I ~ H O R  CXOAUMOCTU B L2 (0,  OO),  T .  e. B TOM C M b I C J e ,  q T O  

1 
lim bT 1 1  ~ , + 6  - w, j I 2  = l im I wp+6 ( t)  - w, (t)  l 2  dt =O. 
6-0 6+0 

0 

f - F  ( f ;  P) 9 B B n A e  

(7) 
B B ~ A ~ M  T e n e p b  I I ~ o ~ K T U ~ ~ I O I ~ U R  O n e p a T o p  

E  (A,, 6 )  = Ep+6 - Ep (8 2 0).  

Benwsu~a  E  (A,, o )  cp e C T b  nu60 0 ,  an60 C O ~ C T B ~ H H ~ I ~ ~  B e K T O p  O n e -  - 
P a T O p a  L, C O O T B ~ T C T B ~ I O I ~ U ~  C O ~ C T B ~ H H O M ~  3 H a q e H U I O  p. B o6oux 
cn y q a R x  

E  (A,, 0 )  (L"I - pep) = "L (A,, 0 )  ( p  - PE (A,, 0 )  cp = 0  
U, CJIeAOBaTeJIbHO,  

- - 
E ( A , . o ) f - F ( f ;  ~ ) E ( A p , 0 ) + = 0 .  

M3 IIOJIYYeHHOTO P a B e H C T B a  C J I e A y e T  H e n p e p b I B H O C T b  W ,  B U H T e p -  

B a n e  Ao. 
+ 

Am A O K a 3 a T e n b C T B a  P a B e H C T B a  (6) O u e H I l M  ( 1  W,+s - W ,  (I. n y ~ ~ b ,  
H a n p u M e p ,  6 > 0. (Cnyqa; 6 < 0  p a c c M a T p u s a e T c R  aaanoruwo. 
B C U n y  A O K ~ ~ ~ H H O ~  H e I I p e p b I B H O C T U  W ,  U M e e M  W,+o = W,. ~ O ~ T O M Y  

l l t s  

11 w ~ + a  - wrll = 11 w ~ + s  -wp+oll = 1 1  E  ( A ~ + ~ .  6 )  f - A )  dE).$ 
P+O . < I1 E(A,+o, 8 )  [ f  - F  ( I ;  P )  P l l l  + 

pt;8 
+ 11 ( A ~ + o .  6) ( f ;  P )  - F  ( f ;  A )  dE).+ 11. 

P+O 
(8) 



P ~ C C ~ ~ O T P U M  OTAenbHo cHayana nepBoe, a s a ~ e ~  BTopoe cnaraeMoe 
B npaooii qacTu 3~0i-o HepaseHcTsa. A m  n e p ~ o r o  cnaraeMoro cne- 
AyeT ~3 (7) oueHKa: 

Ban.e A,. 
M3 HepaBeHCTBa (10) CneAyeT, YTO 

. M3 (9) U ( 1 1 )  Ha OCHOBaHUU (8) 3aKJIWiaeM 0 CnpaBeAJIIIBOCTM 
PaBeHCTBa (6). 3 ~ a q U ~ ,  Wp = 0, a OTCIoAa CJeAyeT PaBeHCTBO (5), 
9TO U ~pe60~a.JIocb AOKa3aTb. 

Tenepb MOXHO nepeii~u K O C H O B H O ~ ~  TeopeMe HacToRqero nyHKTa: 
T e o p e ~ a  2. Ecnu L, u u (t;  A)  uhtemm yrca3a~~b~8 6 Havane 

Hacmoqezo nymma chtblcn, mo @ o p ~ y n b ~  0 6 p a u j e ~ u ~ ,  C ~ R ~ U H H ~ L ~  

c onspanropofi L, uhtetom eud 

@ ( A )  = 5 f (t)  u (t;  l) dl, 
0 

f ( t )  = l @ ( h )  u (t; A)  da ( A ) .  
- m 



3decb a (A) - tieuomopax tie ~ 6 b l 6 ~ t G ~ ~ ~  @gti~(qux, unpeden~le~ax one- 
pamopoiu L (11 ~ a s ~ ~ s a e ~ a ~  cneumpanbnob 4ytiuyued n o r 0  onepa- 
~ o p a ) ,  a 0 (A) u f ( t )  npo6eaa1om npocrnpaticnzsa L: ( -a, c ~ )  u cuonl- 
serncmaenno L"' (0 ,  a).  flpu 3rnoiu ecnu odna ua @yti~qud 9 (A),  f ( t )  
pastia tignto swe Koneutiozo unmepsana, ttzo ulirnezpa,z n rzpasod Yacrnu 
coornsemcmsgtoryeu" @opiuynb~ cnedyem nonuhtarnb s O ~ ~ ~ L Y H O U  chtblcne, 
a s cnyuae npou3sonotib~x @ Y H K ~ U C  CD (X), f ( t )  utirnezpanbl cneagem 
nonuhtainb KaK npedenbl a hternpurce L: u coomserncrnsentio L2 (0, a )  
co6cmse~nblx unmeapanos 

A o K a 3 a T e n b c T B O. n p e m ~ e  ncero s a n l e ~ ~ p ,    TO B @op- 
MyJIe (4) BMeCTO 3JIeMeHTa g, O~IeBPiAHO, MOXHO ~ 3 f i ~ b "  SJIeMeHT 

g o  = E ( 4 )  g. 
P a 3 0 6 b e ~  TelIepb A-0cb H a  KOHerJHbIe MHTepGaJIbI A k  ( k k  = 

= 0, 1, 2, . . . ) M Bbl6epeM AJIR Ka XAOrO kiHTepRa.?a A k  3JIeMeHT g k ,  
TaK Xe, K a K  Mbl Bb16paJII1 A J R  MHTepBaila A. 3JleMeHT go. 

nonoxaht 
m 

N 
n-l 

E (A)  f = E (A:) f -t 2 E (Ak) f -t E (A*,) f .  
k=m+l 

* B aaHHoM cnysae OHU name connaaamr. 
**  B A ~ ~ ~ C T R U T ~ J I ~ H O C T U  3neMeHT g ECeraa OKa3blBaeTCfl H ~ C O ~ C T B ~ H H ~ ~ M  U Beaer 

c e G ~  KaK ~-#JYHKQMR A ~ p a K a  B TOM CMblCele, YTO (E  (A) h, g) = ( E  (A) h) (0) nPU 
.7m63~ h E L 9 0 ,  co) u ~ 1 0 6 0 ~  KOHeYHOM uHTepBane A. (310 a a ~ e s a ~ u e  npueanne- 
XUT Q. C. Po@e-6e~e~ony) .  



T ~ K  K a K  ~ H o r 0 0 6 p a 3 A e  9 I I n O T H O  B L2 (0, O O ) ,  T O  A 3  3~0f i  QOP- 
w 

M y n b r  c n e n y e T ,   TO o n e p a T o p  L m e e T  npoc~ofi  c n e K T p  A @YHKUUR 
g = g (f) e C T b  n o p o X ~ a l O I 4 A f i  3 J e M e H T .  

M3 T e o p e m I  no 83 o K a H o H u s e c K o M  n p e A c T a B n e a m  c a M o c o n p R -  
X e H H O r O  O n e p a T O p a  C n P O C T b I M  C I I e K T p O M  C J l e A y e T ,  l I T 0  C y u e C T B y e T  

u 3 o ~ e ~ p e s e c ~ o e  o ~ o f i p a x e ~ a e  
m 

f (t) = - ( A )  d E ~ g  

I I p O C T p a H C T B a  L:, me U (A)  = (Eig, g) H a  I I p O C T p a H C T B O  L2 (0, a). 
npPi 3 T O M  A 3 0 M e T P A 9 e C K O M  COOTBeTCTBAA @YHI<'.IEIRM f (t) A 3  9 O T B e -  

s a w  r I a n  annmouwe 4 y ~ ~ u ~ o ~ a n b 1  (f; A; = a (A) .  Onepa~op L, B T a K A h l  0 p a 3 O h 1 ,  A ~ o M o ~ @ ~ H  O n e p a T O p y  Y M H O X e H A R  H a  A B np0- 
C T p a H C T B e  L:, T a K  q T O  I I p A  f (f).E DZ 

3 a f i ~ e ~ c ~  T e n e p b  B ~ I B O A O M  @ o p ~ y n  (12) A (13). E c n ~  f (t) - 
I I p O U 3 B O J b H a R  @YHKUUR A 3  L2 (0, a) A 



M e X A y  I I p O C T p a H C T B a M U  La (0, 03) U L: I I O C J I e i l O B a T e J b H O C T b  an (A) 
' CXOnIlTCR B M e T P U K e  L: K H ~ K O T O P O ~ ~  @ ~ H K U U M  @ (A). n e p e h R  K I I p e -  

A e J I y  no Y K a 3 a H H b l M  M e T p U K a M  B P a B e H C T B a X  (15) U (16), I I O J I y s a e M  

@ O ~ M  y n b 1  

OD 

Q (A) = [ f (t) u (t; A) dt. 
0 

B T O ~ ~ R  U 3  3TMX @ O P M Y ~  C O B n a A a e T  C (12), U I I 0 3 T O M y  OCTaeTCR 

A O K a 3 a T b  @ 0 p M y J I y  (13). 
O ~ ~ B U ~ H O ,  .AOCTaTOsHO n O K a 3 a T b ,  s T 0  @ 0 p ~ y J I a  (13) RBJlHeTCR 

0 6 p a U l e H ~ e M  @ 0 p M y J I b 1  (12), eCAM @ (A) npo6erae~ ~ ~ 0 r 0 0 6 p a 3 U e  % 
@ U H M T H ~ ~ X  @YHKUM~? M3 L!. 

M T ~ K ,  I I y C T b  @ ~ H K U M R  @ ( A )  T I p U H a A A e X U T  %, a f (t) e C T b  COOT- 

B e T c T B y I o w a R  efi @ ~ H K U U R  ~3 L2 (0, a), O n p e A e n R e M a R  @ o p M y J I o f i  (17). 
B B ~ A ~ M  @YHKUUW 

I* tS) = [l ts 0 9  

0 (s > t). 
Torna B CUJIY H 3 0 M e T P U 9 H O C T U  COOTBeTCTBUR M e X H Y  Le (0, a) U L: 
U M e e T  M e C T O  P a B e H C T B O  

[ f (s) ds = [ Q (A) { $ u (s; A) ds) do ( I ) .  
0 - m  

J ~ B ~ R  W C T b  U M e e T  I I O s T U  B C I o n y  I I p O U 3 B O A H y I o  f (t), a 'cnpa~a 
M H T e r p a J I  IIO ~ ~ P ~ T C R  B K O H e s H b I X  I IpeAezIaX,  T a K  K a K  (A) € a. 
~ O ~ T O M Y  I I p O U 3 B O A H a H  IIO t OT I I p a ~ o f i  s a C T U  P a B H a  

Q (A) u (t;  A) do(A), - m 

N A O K a 3 a T e J l b C T B O  3 a K O H q e H O .  
~ O K ~ X ~ M  T e n e p b ,  K a K  @ ~ K T U ~ ~ C K U  HaXOAUTCR O n e K T p a J l b H a R  

@YHKUUR u(A). C 3~0f i  uenbIo O ~ O ~ H ~ ~ U M  sepes u (t; A) TO p e r u e H u e  

Y p a B H e H U R  

1 !!+I - Au = 0, 



K O T O P X  I I p U  t = 0 y J 0 B J I e T B O p R e T  r P a H I 1 s H O M Y  YCJIOBIIIO, X a p a K T e p P i -  

a ) l m r r l e M y  p a c c M a T p w n a e M o e  pacruspeme " L n e p a ~ o p a  L. K ~ K  6b1no 
y K a 3 a H O  BbIUle,  3 T 0  YC,TOBI?e H M e e T  BHA 

P (t) Q' (t) I r=o == OQ (0). 

B ~ W ~ C T B ~ H H ~ I ~ ~  n a p a M e T p  0 6 y ~ e ~  C s H T a T b  K O H e q H b l M ,  T a K  LIT0 
U (0;  h )  # O ,  MbI M O W e M ,  CJLeAOBaTeJIbHO, n P N H R T b ,  9 T O  

Hanee O ~ O ~ H ~ ~ U M  qepe3 V (ti h )  B T O p O e  P e L U e H M e  O A H O p O A H O r O  Y p a B -  
HeHMR, KOTOPOe H O p M U P O B a H O  C n O M O U b I O  P a B e H C T B  

v.(0; A)  = 0, p (t) v' ( t ;  h )  If=0 = -1. 

n p u   TOM RAPO I( ( t ,  S ;  h )  u ~ ~ e r p a ~ ~ b n o r o  o n e p a T o p a ,  ~ B ' n R m r r I e r o c ~  

p e 3 0 J I b ~ e ~ T o f i  O l T e p a T O p a  z, T. e. @YHKUUR r p H H a ,  ~ Y A ~ T  W M e T b  BUA 

K (t ,  s; 2) = 
u ( s ;  z ) [ v ( t ;  z ) + m ( z ) u ( f ;  41 ( ~ 4 f ) Y  (32>(,), (18) ( u (t; 2) [v (s; 2) + m ( 2 )  u (s; 2)1 (s > t ) .  

r A e  @YKKUHR m (2) O A H O ~ H ~ ~ H O  O n p e A e n R e T c R  T e M ,   TO 

v (t; z )  + m (2 )  u (t; z )  E L2 (0, 00). 

(L- zI) cp = f ,  

l T p H q e M  2 (32 > 0) @ H K C U ~ O B ~ H O .  MHOX~CTBO , npo6erae~oe 
@ Y H K U U ~ ~ ~  f (f), n J I O T H 0  B L2 (0, 00), T a K  K a K  I lHAeKC ~ e @ e K ~ a  MUHII- 

M a J I b H O r O  O n e p a T O p a  L,  no yCJlOBUlo, e C T b  ( 1 ,  1 ) .  Ecnu g ( t)  --np0- 
I 1 3 B O n b H a R  @YHKUIIR I13 D, T O  

OD m 

Slp(t)g-dt= S Q ( Q ;  A ) Q ( ~ ;   do(^). 
0 -OD 

A T a K  K a K  

@ ( f ;  a) @ ( y i  A )  =- a - z  ' 

I( ( t ,  s: 2) f, (s) 3 ds dt - ' (f '  a) ' (g' a) do (h).  a - z  
-a 



npu 0 ,< t 4 6, 
f (t) = g(t) = 

0 npu t > 6. 

6 6 m 

do (A) K (t, s; I) dtds = j. o, 
- m 

a 
*i (1) = [+ [I( (1; 1) dt] . 

0 

J I e s a ~  sacm (19) uMeeT npu 6 -t 0 npeAen 

K (0, 0; z) = m (2). 
H ~ ~ T O M ~  

m 

OTCIOA~ JIerKO 3aKnD9HTb, YTO IlHTerpaJl 

1 $ hz do (A) m (z) = Bm (i) + f -- 
L - z  h" 1 - m 

~ P W M ~ H R R  @oPMYJIY O ~ ~ ~ U ~ H M R  CTHJITbeca - n e p p o ~ a  (CM. no 69), 
non y s a e ~  

' h - O 1 - k  ( h i - 0 )  _ const + lim; S* 
2 

(J+O 
3m (x + iy) dx. 

8 



M o x ~ o  n o ~ a s a ~ b ,   TO 3 ~ a  (Pop~yna  c n p a B e A n u B a  u B TOM cnysae, 
K O r A a  r p a H l l q H O e  y C n O B H e  I l M e e T  BkiA (fj (0) = 0. 

C ~ e n a e ~  T e n e p b  psrn s a ~ e s a ~ u f i ,  o ~ ~ o c ~ r u a x c ~  K cnysaro, K o r n a  

u H A e K c  A @ ~ K T ~  O n e p a T o p a  L e C T b  (2, 2). Pesb 6 y ~ g ~  H A T u  06 OAHOM 

K n a c c e  c a M o c o n p R x e H H L r x  pacmupe~ufi  T a K o r o  o n e p a T o p a ,  snepsbre 
U 3 y q e H H O M  r. B e f i J I e ~  B C T a T b e ,  U U T A P O B ~ H H O ~ ~  H a  C. 189. 

n y c ~ b  LO o 3 ~ a s a e ~  p a c u r r , i p e H A e  o n e p a T o p a  L (c u H n e K c o M  ~ e @ e ~ ~ a  
(1, 1) u n A  (2, 2)), o n p e n e n e H H o e  r p a H u s H b I M  y c n o B u e M  

P (f) 9' (4 )t=o = (0) 9 (21) 

T a K  9 T O  D L ~  COCTOAT U 3  BCeX T e X  Q , Y H K U U ~ ~  (e (t) DL*, KOTOPbIe 

y A o B n e T B 0 p R F O T  yCJIOBAF0 (2 1). O ~ ~ B U A H O ,  Lo e C T b  CHMMeTpHVeCKOe 

p a c u r u p e H A e  o n e p a T o p a  L. Ecnu u H n e K c  n e @ e ~ ~ a  o n e p a T o p a  L e c T b  
(1, I ) ,  TO O n e p a T O p  LO O K a X e T C R  C a M O C O n P R X e H H b I M  H,  M e H R R  0 
B n p e A e n a X  O T  -co A 0  CO, MbI  IIOJIyrIIIM BCe C a M O C O n P R X e H H b I e  
p a c u A p e H u R  o n e p a T o p a  L. Ecnu x e  u H n e K c  ~ e @ e ~ ~ a  o n e p a T o p a  L 
e c T b  (2, 2), T O  UHAeKC A e @ e ~ T a  O n e p a T O p a  Lo 6 y A e ~  (1, 1). Jlm6oe 
CaMOCOITpRlKeHHOe P a C l u H p e H A e  lo O n e p a T O p a  LO RBJIReTCR HeKOTOPbTM 
p a c r u u p e H k i e i M  O n e p a T o p a  L. M ~ I I R R  0 B H H T e p B a n e  (-a, co) u 6 e p ~  

w 

n p A  K a X A O M  3 H a s e H U k i  6 B C e B 0 3 M O X H b l e  PaCUlUPeHUFI LO, MbI nOJIy9PiM 
H ~ K O T O P ~ I ~ ~  KJIaCC C a M O C O n P F I X e H H b I X  p a c L L I ~ p e ~ u f i  O n e p a T O p a  L.  TOT 
KJIaCC X a p a K T e p M 3 y e T C R  T e M ,  YTO OAHO M3 A B y X  r P a H I l q H b I X  y ~ J I 0 B l l f i  
(2) no 127, onpenenmoruux c a M o c o n p R x e H H o e  pacruupeaue, u M e e T  BMA 
(21); n p A  3TOM, OrIeBUAHO, R T O p O e  U 3  3 T H X  ~ c J I o B u ~ ~  6 y n e ~  OTHOCUTbCR 

J H I I I b  K CAHrYJIFlpHOMY K O H 4 Y  t = a. T ~ K M M  o6paso~,  n ~ n y r ~ e ~ ~ b ~ f i  
K n a c c  c a M o c o n p R x e H H b l x  p a c u ~ p e ~ u f i  x a p a ~ ~ e p u 3 y e ~ c ~  pacnadamyu- 
&UCR ljCflOf3URMU. 

~ P A I - I H T O ~  masane H a c T o R r u e r o  n y H K T a  npennoaoxeaue o TOM, 
rITO AHAeKC A e @ e ~ T a  O n e p a T O p a  L e C T b  (1, I ) ,  6b1no N C n O ~ b 3 O B a H O  

JIl iIIIb OAHH pa3, a I l M e H H O  npki n O K a 3 a T e n b C T B e  C B O ~ ~ C T B ~  2' H a n p a B -  
J I R D W e r O  @ ~ H K U H O H ~ ~ ~ .  O A H ~ K O  J l e r K O  B U A e T b ,  9 T O  3 T 0  CBORCTBO 2' 
c o x p a H R e T c R  u B cnysae i i ~ ~ e ~ c a  a e @ e ~ ~ a  (2,2), ecnu T o n b K o  B K a s e -  

CTBe CaMOCOnpRlKeHHbIX p a c I I I u p e ~ k i f i  6 p a ~ b  PaCIIIMpeHUFI,  X a p a K T e p U -  
3 y r o ~ 1 u e c ~  P a c n a A a r o r u A M u c R  ~CJIOBIIRMB. P a c u ~ p e ~ u ~  T a K o r o  p o A a  

6 y n e ~  0 6 0 3 ~ a s a ~ b  sepe3 Lo. 
T ~ K E I M  06pa30~ ,  BCe Y C T a H O B J e H H b l e  BbILLle ~ F ~ A J I O X ~ H A R  O C T a D T C R  - 

CnpaBeAJrABbIMII  AJIR ~ ~ c U I A ~ ~ H N ~  LO O I l e p a T O p a  L C HHAeKCOM 

n e @ e ~ ~ a  (2, 2 ) .  B s a c T H o c T A ,  ~3 T e o p e M b I  2 c n e A y e T ,  s ~ o  c a M o c o n p r r -  

X e H H b I e  PaCLLIApeHUR 20 HMeFOT n p 0 ~ ~ 0 f i  CI leKTp.  
H ~ T ~ ~ A H O  B A A e T b ,  qTO, K a K  U B C J I y g a e  H H A e K C a  ~ e @ e ~ T a  (1, I ) ,  

F I A ~ O  pe30nbse~~b1 I?, o n e p a T o p a  L"e (npu 0 + w) o n p e n e J I R e T c R  
@ 0 p M y n a M A  (18), r/ie (PYHK~IIFI  m (2) O A H 0 3 H a q H O  O n p e A e n R e T C R  B ~ I ~ O -  

POM C a M O C O n P R X e H H O T O  P a C I U U p e H U R  10 O n e p a T O p a  Le. B s a C T H O C T U ,  

K (0, 0; z) = m (2). Paccyxqa~,  qanee, K a K  B cnysae u H A e K c a  ~ e $ e ~ -  



T a  (1, I ) ,  n p a n e M  K '$op~yne  (20). T ~ K  K a K  o n e p a T o p  Lo corJacyo 
T e O p e M e  2 no 128, U M e e T  W C T O  ' I ~ q e q H b I f i  C I I e K T p  C ~ A U H C T B ~ H H O ~ ~  
I I p e ~ e J I b H o f i  T O ~ K O ~ ~  B ~ ~ C K O H ~ ~ H O C T U ,  T O  @ Y H K ~ H R  0 (h) RBJIPeTCR 

K Y C O ' ~ H O - ~ O C T O H H H O ~ ~ ,  A @ 0 p ~ y J I a  (20) n O K a 3 b I B a e T ,  q T 0  m (2) e C T b  .- 
M ~ ~ O M O ~ @ H ~ R  @YHKUNR OT Z. 

B COOTBeTCTBAU C p e 3 y J I b T a T a M U  no 113 CKaJIRpHOe n p O P i 3 B e A e H A e  

(3, f ,  f )  I I p A  @ A K C U ~ O B ~ H H ~ I X  

f (tl E L2 (0, 00) 4% > 0) 
npo6erae~ H e K o T o p y m  OKPYXHOCT~ c (f; z), K o r A a  Rz npo6erae~ 
COBOKYnHOCTb BCeX O p T O r O H a J I b H b I X  p e 3 0 J l b B e H T  O I I e p a T O p a  Le. HO A 3  

@ o p M y J I  (1 8) C J I e A y e T ,  YTO CKaJIRpHOe I I p O U 3 B e A e H A e  (Pz f ,  f )  A M e e T  

BAA U $ fh (2). We IIOCTORHHbIe a, P H e  3 a B U C R T  OT ~b16opa pe30Jb- 

BeHTbI .  ~ O ~ T O M Y ,  eCJIA T O q K a  (Rz f ,  f )  npo6erae~ O K P Y X H O C T b  C ( f ;  z), 
T O q K a  W = m (2) T a K X e  npo6erae~ HeKOTOpYIO O K p Y X H O C T b ,  KOTOpaR 

H a 3 b I B a e T C R  npedeAbH06 OKpY3tCHOCmbtO Bebnx. B C J I y q a e  AHAeKCa 

~ e @ e ~ ~ a  ( I ,  1) (U TOJIbKO B 3TOM ~JIyqae) I I p e A e J l b H a R  O K P y X H O C T b  
B e h ~  B b I p O X A a e T C R  B TOqKY. Tenepb CTaHOBHTCR RCHbIM CMbICJl 
T e P M H H O B  ((ltpedeAbHblL KPYZ)) U ( ( l t p e d e A b ~ a ~  mOYICa)) YnOMRHYTbIX 

B K O H U e  no 127. Ha A 3 J I O X e H A A  M e T O A a ,  C I I O M O U b I O  KOTOpOrO 
r. Befinb IIpAILIeJI K n p e A e J I b H 0 f i  OKPYXHOCTU,  MbI  3 A e C b  H e  OCTaHOBAMCR. 

~ ~ M ~ T A M ,  9 T O  XOTR O K P Y X H O C T b  C (f; 2) 3 a B A C A T  OT ~b160pa f A Z, 
COOTBeTCTBYIOUaR I I p e A e J I b H a R  O K P Y X H O C T b  C 3 a B U C U T  JIAUlb OT Z, 

H O  H e  3 a B A C U T  OT f ,  T a K  K a K  H e  3 a B A C A T  OT f @YHKUNH m (2). Haiine~ 
y p a B H e H U e  npenenb~oii OKPYXHOCTA. C 3~013 U ~ J I ~ I O ,  c n e A y R  M. T. Kpefi- 
H Y ,  MCIIOJIb3yeM @ Y H K U U O H ~ J I ~ H O ~  COOTHOLUeHHe r A J I b 6 e p ~ a  AJIR pe3OJIb- 

B e H T b I  O n e p a T O p a  ,fee,. U 3  K O T O p O r O  6e3 T p y A a  I I O J I y q a e M :  
- 

PI 

K (t, s. I) - K  (t, s; I )  = (z -2) 1 K (t; E; I) K (E; s; 2) dt. 
0 

n 0 J I a r a R  3 A e C b  t = S = 0 M n O J I b 3 Y R C b  @ O P M Y J O ~ ~  (18), IIOJIyLIUM 

m - 
m (z) - m  (z) = (z -4 \ 1 v (5; z) $ m (z) u (6; z) l2 dk, 

6 

T a K  9 T O  Y p a B H e H U e  I I p e ~ e J I b H o h  O K P Y X H O C T U  B K O M ~ J I ~ K C H O ~ ~  W - n J I 0 -  
CKOCTU U M e e T  BAA 

m 
n 

w - w  5 1 v (E; I) $ wu (11: I) I 2  dt = -- . 
0 

2 - 2  

B C J I y 9 a e  e = H e K O T O p a R  M O A A @ A K ~ U H R  I I p H B e A e H H b I X  P a C C y X n e -  

~ U f i  I IPABOAUT K a H a J I O r A q H O M y  p e 3 y J J b T a T y ,  H a  s e M  MbI H e  OCTa- 

HOBAMCR. 



B 3aKJI lOYeHUe KOCHeMCR T a K  H ~ ~ ~ I B ~ ~ M o I ?  0 6 p a ~ H o i i  3 a A a s U  C n e K T -  

P ~ J ~ ~ H O ~ O  aaanusa. 
K ~ K  ~ C T ~ H O B J I ~ H O  T ~ O P ~ M O ~ ~  2, K a X A O M Y  C a M O C O n P R X e H H O M Y  O n e -  

p a T O p y ,  I IOpOXAeHHOM y B b I p a X e H H e M  

-Y" + q ( x ) y  
B L2 (0, OO), O T B e s a e T  C I I e K T p a J I b H a R  (PYHKIIAR Cl (h), ITOPOXfiaIOUlaR 

@ o p ~ y J I b l  0 6 p a u e ~ u ~  U P a B e H C T B O  n a p c e ~ a J I R .  B e c b ~ a  3 a M e Y a T e J I b -  

HbIM OKa3bIBaeTCR TOT @KT, q T O ,  U O ~ ~ ~ T H O ,  fiH@@epe~I&iaJIbHaR 
O n e p a U H R  B H n a  -- y" + q (x) y B M e C T e  C r P a H U Y H b I M  YCJIOBUeM OAHO- 

3 H a Y H O  BOCCTaHaBJIUBamTCR no ~ ~ 0 e f i  c n e ~ ~ p a J I b H 0 f i  @ Y H K ~ U U  0 (A). 
n p o 6 n e ~ a  B o c c T a H o s n e H m  nu@@epeauwanbsoro o n e p a T o p a  no ero 

~ I l e ~ ~ p a J I b H o f i  @YHKUUU U C B R 3 a H H b I e  C H e m  B O n P O C b l  IIOJIYYUJIU 
~ a 3 ~ a ~ u e  o 6 p a ~ ~ o A  3anasu c n e K T p a n b H o r o  asanuaa. 

0 6 p a ~ H a R  3anasa c n e K T p a n b H o r o  aaanusa n u @ @ e p e ~ u ~ a n b ~ b ~ x  
O I I e p a T O p O B  6mOp020 nop~drca * M O X e T  P a C C M a T P U B a T b C R  K a K  KOHTU- 

H y a J I b H b ~ f i  a H a J I O r  I IOCTpOeHHR O P T O r O H a J I b H b I X  MHOT09JIeHOB.  ~ O R C H B M  

P e I L I e H U e  3TOTO Y p a B H e H U R  cp (x; h), cp (0; h) = 1, e C T b  U e J I a R  @YHK- 

UHR OT h I IpH K a X A O M  X >  0. M3 Y p a B H e H N R  (22) U K p a e B O r O  yU0-  
BHR (23) BbITeKaeT,  s T 0  

- - sin (x vx) 
cp (x; A) = cos (X l / h )  - h vz . +  

+ 1 sin ( x  - E) vK 
vx q (0 cp (E; A) dE. 

0 

- - 
* n o n ~ o e  pemesne 3~0fi 3aAaqr.i. a TaKxe pa3nnq~b1e ee 0606qesurr 6 m w  

AaHbl B pa6o~ax ki. M. renb@aaAa H 6. M. n e e w ~ a s a ,  M. r. Kpefi~a,  B. A. Map- 
YeHKO. Msnoxe~Ne pemeHNR 06paT~ol"l3aAaqH, IlpLiHaAJIeHtaQerO Ha3BaHHblM aBTOpaM, 
BMeCTe C ~ O ~ P O ~ H ~ I M M  JlUTepaTYpHblMW YKa3aHWRMW YWTaTejlb ~ a f i n e ~  B O ~ ~ O P H O B  
mame n e ~ n r a s a  E. M., r a c b ~ ~ o s a  M. r. Onpe~enesne  ~ n @ @ e p e ~ q n a n b ~ o r o  y p a ~ -  
H ~ H H H  no ABYM cnes.rpaM.-- YMH, 1964, 19, NG 2, c. 3-63. 



X 

B e p H y m  n p  1 s > Q (x), me Q (x) = J' 1 q (E) 1 di. 3 ~ a  o u e H K a  nona- 
0 

3b IBaeT ,  9 T O  (P (x; A ) ,  KaK U COS   XI/^) e C T b  g e T H a R  QeJIaR @ Y H K ~ M H  

OT S 3 K C n O H e H q I l a n b H O r O  T U n a  X, a pa3HOCTb  (P (x; A) -- COS ( x ~ / ) I )  
n P M H a A J I e X I I T  L2 (- 00, a) H a  B ~ W ~ C T B ~ H H O ~ ~  OCU S .  ~ O ~ T O M Y  K 3~0fi 
Pa3HOCTIl  npMMeHUMa I l3BeCTHaR T e O p e M a  ~38n11-Bki~epa *, B CIlJIy 
K O T O P O ~ ~  C Y U e C T B Y e T  T a K a R  @ J J H K ~ H R  I( (x, E), 9 T O  

Tpeyronb~oe ~ ~ p o  K (x, E) (0 < E < x), no3~0~1~1owee npeo6paso- 
B a T b  C ~ M ~ ~ C T B O  @ Y H K Q I I ~ ~  (COS (X Vh)] B C ~ M ~ ~ ~ C T B O  (cp (Xi A ) )  ( r ~ e  
x 2 0 - n a p a ~ e ~ p ) ,  a H a n o r A s H o  ~pey ronb~of i  M a T p M s e ,  c n o M o w b m  

K O T O P O ~ ~  nOCJIeAOBaTeJIbHOCTb ( A k }  ," n p e o 6 p a 3 y e ~ c ~  B C ~ M ~ ~ C T B O  

MHOT09JIeHOB, OPTOrOHaJTbHbIX OTHOCIlTeJIbHO 3 a A a H H O r O  BeCa, a COOT- 
HOIIIeHIle  OPTOrOHaJIbHOCTA B KOHTIIHYaJIbHOM CJIy9ae  B b I p a X a e T C R  
PaBeHCTBOM n a p c e ~ a J I R .  Ha OCHOBaHIlIl  3 ~ 0 6  aHaJIOrUM eCTeCTBeIlH0 
H a 3 B a T b  K (x, E) O p m O Z O H U A U 3 U p L j l o ~ U  R ~ P O A .  n p a ~ a R  s a C T b  COOT- 

HOIIIeHIlR (24), n e p e B O A R W a R  C ~ M ~ ~ ~ C T B O  {COS (X VX)) B C ~ M ~ ~ ~ C T B O  
(cp  (x; A ) } ,  RBJIReTCR 9aCTHbIM C J I y g a e M  TaK Ha3bIBaeMOrO O n e p U m O p U  
n p e o 6 p a 3 o s a ~ u x .  0 6 w a ~  T e o p u R  ~ T I I X  O n e p a T o p o B  n o c T p o e H a  B pa6o~e 
B. A. M ~ ~ Y ~ H K o * * .  

@ Y H K ~ I I I O  q (x) B Y P ~ B H ~ H M U  (22) s a C T 0  Ha3bIBa IoT  n O m e H y U U f l O A ,  
a CaMO YpaBHeHMe (22) Ha3bIBa IoT  YpaBHeHI IeM I I l p e ~ I l H r e p a .  OCHO- 
BaHMeM RBMJIaCb TePMNHOJIOI'IlR K B ~ H T O B O ~ ~  MeXaHUKH. B CBR3Il C He -  
K O T O P ~ I M U  s a ~ a s a ~ ~ l  @MBUKU E a p r ~ a ~  I l c c n e A o B a j l  B b r p o x A e H H b I e  

o p ~ o r o ~ a ~ 1 ~ 3 ~ p y m ~ ~ e  R A p a  

~ o T ~ H u u ~ J I ~ I ,  OTKPbITbIe H a  3TOM n Y T U  E ~ ~ ~ M ~ H o M ,  HOCRT er0 MMR. 
OHM IlPUMeHRH3TCR *** B K B ~ H T O B O ~ ~  TeOpHII  PaCCeRHMR. 

* CM. P a  1 e y-W i e n e r. Fourier Transf. in the complex Domain, 1934. 
**  M a p V e H K 0 B. A. H e ~ 0 ~ 0 p b l e  BOIIpOCbI TeOpUU OAHOMepHblX J ~ U H ~ ~ H ~ I X  

nu@@epe~uuanb~hrx onepaTopoB BToporo nopmKa.- ctTp. MOCK. MaT. 0-~a)), I ,  * 

1952, C. 327-420; 2, 1953, C. 3-82. 
*** CM. N e w t o n  R. C. Scattering Theory of Waves and Particles, rn. IV, 

§ 7. 



130. 0606qe~we H a  , q u @ @ e p e H q s a n b ~ b I e  o n e p a ' r o p b l  nw6oro n o p s n K a .  

B n086 MbI BNAeJIM, 4 T O  K a ~ A b 1 f i  C ~ M O C O ~ ~ H X ~ H H I ~ I ~ ~  O l I e p a T O p  A 
CO C n e K T p O M  I<paTHOCTM r < n O p O X A a e T  N 3 O M e T p N q e C K M e  o~o6paxe-  
IIMFI H H a  IIpOCTpaFICTBa B ~ K T O P - @ Y H K ~ ~ I I ~ ~  Lg. ~ P N  3TNX o ~ o 6 p a x e ~ ~ ~ x  
o n e p a T o p  A nepexonm n o I I e p a T o p  y M H o x e H m  H a  H ~ ~ ~ B M C U M ~ H )  nepe- 
MeHHYH). H ~ ~ O M H H M ,  UTO M a T p M s H a R  @ Y H K ~ C I R  P a C n p e A e n e -  

H U H  S (h)  O n p e A e n R e T c R  p a 3 n o x e ~ u e ~  enr, iHuUbI E h  O n e p a T o p a  A, 
e C n I l  ~ b 1 6 p a ~ b  K ~ K O ~ ~ - H N ~ Y A ~  n 0 p O X ~ a I O ~ l l l f i  6a3~1c gl, gz, . . . , g~ 
(r ,< p < co) ~ r ~ r o  O n e p a T o p a  u n o n o x r r T b  

P s (1) = ( ( E h g j ,  g k ) l j ,  k=I .  

n p ~ l   TOM y ~ a 3 a ~ ~ o e  l i ~ o ~ e ~ p u q e c ~ o e  o ~ o 6 p a x e ~ u e  o n p e n e n R e T c R  

@ o p M y J I a M u  
-F 

@ (1) = VI, 
N n 

(1) 

-F 

r A e  3 J e M e H T  f I4 B~KTOP-@YHKIU~R @ (h)  {al (h), . . . , Qp ( A ) }  np0- 
6e1-~IOT n p O C T p a H C T B a  H N L; COOTBeTCTBeHHO.  

@0pMyJIb1  (1) ki (2) MbI ~ Y A ~ M  H a 3 b I B a T b  @ O P U Y A ~ U U  0 6 p a q e ~ u ~ ,  
CBR3aHI16IMCI C CaMOCOITPRXeHH bIM O n e p a T O p O M  A. 

~ ~ M ~ T M M ,   TO   TO O n p e A e n e H c i e  u I H p e  A a H H o r o  B no 129 onpeaene- 
HNR AJIR C J y q a R  O n e p a T O p O B  C IIPOCTbIM C n e K T p O M ,  T a K  K a K  O H 0  H e  

~ p e 6 y e ~ ,  q ~ 0 6 b 1  6a3uc, n 0 ~ 0 ~ ~ a I O I L L k i f i  @YHKWCIIO p a C n p e A e J I e H c i R  S (h) ,  
6b1n MNHMMaJIbHbIM. B qaCTHOCTM, B CNJIY O n p e A e J I e H N R  H a C T O R r r I e r O  

n y H K T a ,  C O I I e p a T O p a M N ,  0 6 n a ~ a 1 0 u u ~ ~  nPOCTbIM C n e K T p O M ,  CBR3bI- 

BaIOTCR @0pMyJIb1  O ~ ~ ~ I L L ~ H N R ,  0 C y Q e C T B n R H ) Q N . e  N 3 O M e T p M s e C K O e  CO- 

OTBeTCTBkie M e X ; [ y  H ki L:, me n O p R A O K  M a T P N U b I  S (1) 6onbu1e 
eAUHMUbI. 

H~MFTBM T e n e p b  BbIBOA @ 0 p M y J I  O ~ ~ ~ Q ~ H N R ,  C B R 3 a H H b I X  C AN@- 
@ e p e ~ s u a n b ~ b ~ ~ u  o n e p a T o p a M a  nm60ro n o p R A K a .  

~ Y C T ~  L - ~ M @ e p e ~ ~ c i a J I b ~ b ~ f i  O l I e p a T O p  C M N H N M ~ J I ~ H O ~ ~  o6na- 
C T ~ I O  o n p e A e n e H u R ,  n o p o x ~ e ~ ~ b 1 8  onepau~efi 2n-ro n o p R A K a  1 H a  

MHTepBaJIe  (0, 00) C OAHUM CUHrYJIRPHbIM KOHUOM, a - n p O N 3 B O J I b -  

H o e  c a M o c o n p R x e H H o e  p a c u I a p e H u e  o n e p a T o p a  L. 
M ~ I  H e  6 y n e ~  T e n e p b  j e n a T b  ~ a ~ o r o - n u 6 0  n p e n n o n o x e e u f l  06 

u H A e K c e  ~ e @ e ~ ~ a  o n e p a T o p a  L. 
B B ~ A ~ M  H a  ~ ~ o r o o 6 p a 3 ~ ~  @ U H I I T H ~ I X  @ Y H K U N ~ ~  I I P O C T P a H C T B a  

L2 (0, 00) 2n H a n P a B J I R I o U u X  @ ~ H K U ~ O H ~ J O B  

(I; 1) = S I (t) uj (t; 1) dt ( j  = 1,2, . . . , 2 4 ,  
0 

(3) 

r A e  {ui (t; h)},?21 - @ ~ ' H A ~ M ~ H T ~ J ~ H ~ R  C u C T e M a  p e ~ e ~ k i f i  Y p a B H e H u R  

1 [ u ]  - hu = 0, 



n e r K 0  n p O B e p H T b ,  q T O  K a ~ ~ b ~ f i  M3 @ Y H K U M O H ~ J I O B  ai ( f ;  A )  o6na- 
A a e T  c ~ o i i c ~ ~ a ~ w  lo ,  3? no 129. ZITO x e  K a c a e T c R  c ~ o i i c ~ ~ a  2", TO 

O H 0  T e n e p b  @ o ~ M ~ J I H ~ ~ ~ T c R  CJIeAyIoQHM 06pa30~:  
2". Ecnw AJIR H ~ K O T O P O ~ ?  @ ~ H K U N N  f € a M HeKOTOPOrO BeUle-  

C T B e H H O r O  3 H a 9 e H W R  h MMeloT MeCTO 2n P a B e H C T B  

( f ;  A )  '= 0 ( j  = I ,  2, . . . , %), 

MMeeT p e r u e H w e  B K n a c c e  @ I I H H T H ~ I X  @ Y H K U H ~ ~ .  
J l e ~ ~ a .  1 *. a n 8  nto6oz0 .KoHerlHozo utimepema A, ocu A cyqe- 

cmeyem matcasz cuctlzefia q b y ~ ~ y u c  ql ( t ) ,  q2 ( t ) ,  . . . , qpn (t) u3 D, 
rlmo onpedenumenb 

D ( A )  = det (@, ( q k ;  A));,nk=I 

He 06paqaemcsz 6 Hynb 8 UHmepeane A,. 
,U. o K a 3 a T e n b c T B o B T O ~ ~  n e M M b 1  n e r K o  n p 0 B e c - m  no o6pasuy 

A O K a 3 a T e J I b C T B a  C O O T B ~ T C T B ~ I ~ U ~ ~  JIeMMbI no. 129, O n H p a R C b  H a  a H a -  

n w T w s H o c T b  O n p e A e n z l T e n R  D ( A ) .  
Teope~a 1 .  nycmb A,- ~orierl~bllYI utimepean, u cucmefia qby~tc- 

~ u C  q l ,  q2,  . . . , $'pn M3 9 T a K O B a ,  q T O  

nycmb, aanee, El - p a 3 ~ o x e ~ u e  edutiu ybl onepamopa T_ ug,, g,, ... 
... , g2,, - cucmeiMa qb Y H K ~ u ~ Y I ,  onpedene~~asz paeeHcmsafiu 

gi ( f )  = S 2 Qik ( A )  dEAqk, 
A, k=l 

zde Qik ( A )  - 3nefie~rnb~ Mampuybl, 06pam~olYI no omHouleHuto tc 

n p u  emux ycnoeuszx dnsz nto606 q b y ~ ~ y u u  f E 9 u nro6ozo utimep- 
sana A _c A, cnpasednusa qbop~yna 

2n 

E (A) f = S 2 @j ( f ;  A )  dEkgl. 
A j=I - 



B BBOABM 3 J I e M e H T  

C J I a r a e ~ b I e  B I I p a ~ ~ f i  s a C T U  3TOI-0 H e p a B e H C T B a  O U e H U B a I o T C R  

T a K  Xe. K a K  U B no 129, O T K y A a  Pi C J I e A y e T  CIIpaBeAJIPiBOCTb T e O p e M b I .  

Teope~a 2. Ecnu L, u uj ( t ;  A) ( j  = 1, 2, . . . , 2n) uluelom 
ytca3a~~blli 8 Harane Hacmo%qezo nyHKma C M ~ L C A ,  mo cyqecmsyem 
uampuwax 4 y ~ h - q ~ ~  ,xzcnpedeneHu% S (A)  = (o ik  (A))?, k = I  ( ~ a s b l ~ a e ~ a ~  

cneh-mpanb~oli luampuqeii), npu ~omopoii @opluynbl 

ycmaHacnusalorn usoluempurech-oe omo6pawe~ue npocrnpaticmsa 
L2 (0, 00) Ha npocmpaHcmso seh-mop-@y~uqud L:. 

~ ~ o K ~ ~ ~ T ~ J I ~ c T B o .  ~ o J I o X U M  B @ o ~ M ~ J I ~  (4) A = A O P i 3 a ~ e ~ U M  

CACTeMY 3 J I e M e H T O B  {gj)fLl C A C T ~ M O ~ ~  g p )  = E (AO) g j  ( j  = 1,2, ... ,2n), 
a 3 a T e M  pa306be~ h - O C ~  H a  K O H e g H b I e  N H T e p B a J I b I  A h ( *  k = 0, 1, 2, ...) 

( k )  2n 
X4 ~ b 1 6 e p e ~  AJIH K a X A O r O  B 3  HUX C N C T e M Y  3 J I e M e H T O B  {g, jlsl T a K  Xe, 

(0) 2n 
K a K  6b1na ~ b 1 6 p a ~ a  AJIH A H T e p B a n a  A, c U c T e M a  {gi ]/=I. 



Bce f l a J I b H e f i ~ E i e  BbIKJIaAKM, n p M B e A e H H b I e  B K O H U e  no 129, 6e3 
T p y A a  n e p e H 0 C R T C R  H a  p a c c ~ a ~ p ~ ~ a e ~ b ~ f i  T e n e p b  ~ J I y s a f i ,  W M  Ei YCTa-  

HaBJIMBaeTCR C n p a B e A J I U B O C T b  T e O p e M b I  2. 
~ ~ M ~ T M M ,  ~ T J  B caysae pacnanamm~xcn r p a H n s H b I x  y c n o ~ ~ l i  

(B 9aCTHOCTEi,  n p U  U H A e K C e  A ~ Q ~ K T ~  MEiHMMaJIbHOrO O n e p a T O p a  (n, n) 
B C e r A a ,  T a K  K a K  B 3 T O M  C J I y W e  BCe I ' p a H M s H b l e  YCJIOBEiR COCpeAOTO- 

s e H b I  B H y J I e )  M O X H O  nOCTPOEiTb ( P O P M Y J I ~ I  0 6 p a 4 e ~ I I R  C n O M O U h H )  

c n e ~ ~ p a J I b H 0 f i  M a T P M U b I  I I O p R A K a  n (a H e  2n). A m  3 T O r 0  C J I e A y e T  

BMeCTO 2n ( P Y H K ~ E ~ ~ ~  Ui (t, h)  B 3 R T b  n EiX JIMHefiHb1x K O M ~ M H ~ U H ~ ~  

iik (t, h) ,  J IEiHef iH0 He3aBEiCEiMhIX M e X A y  ~06010 Ei yAOBJIeTBOpRlOI4I IXn 

K p a e B b I M  YCJIOBURM B H y J I e ,  Ei P a c C M O T p e T b  CEiCTeMy Ei3 n HanpaBJIRIO-  

U E i X  @ ~ H K U U O H ~ J I O B  

- - 
(f; A) = [ f (t) i i k  (t, A) dt, (k = 1, . . . , n). 

0 



131. Mcc~leao~a~ne, x a p a K T e p a  c n e K T p a  ~ a @ $ e p e ~ q a a n b ~ b ~ x  onepa- 
TOPOB MeTOAOM P a C ~ e I l J l e H U S I .  B T e X  C J I y s a H X ,  K O r A a  Y A a e T C R  3@@eK-  

TUBHO IIOCTPOUTb @ O P M Y J I ~ I  O ~ ~ ~ W ~ H U R ,  Y C T a H O B J l e H H b I e  B n0 129 
N 130, c n e K T p  n ~ ~ e t ~ e ~ u ~ a n b ~ o r o  o n e p a T o p a  IL H a x o n u T c r r ,  K a K  

M H O X e C T B O  TOrIeK P O C T a  ~ l l e ~ ~ p a J I b H 0 f i  (PYHKUUU U ( h )  U 3  no 129 
(MJIU M ~ T P A ~ H O ~ ~  c n e K ~ p a J I b H 0 f i  @ Y H K U N U  S ( h )  I43 no 130). O A H ~ K O  
n o ~ o 6 a b 1 e  C J I y s a U  (npM~€!pbl K O T O P ~ I X  ~ Y L I Y T  I IPNBeLIeHbI  B no 132) 
B c T p e s a I o T c z r  peneo. ~ O ~ T O M Y  n p e A c T a B n R e T  u H T e p e c  u c c n e n o s a H N e  

p a 3 J I U q H b l X  C B O ~ ~ C T B  C n e K T p a  9 (L"), O C H O B a H H O e  H a  3 a ~ a H H o f i  NH@OP- 

MaUUM 0 nOBeL(eHUM K O ~ @ @ U U U ~ H T O B  L I U @ @ ~ P ~ H U N ~ J I ~ H O ~ ~  O I l e P a U N U  1, 
HO H e  ~pe6ymuee 3 H a H U R  c n e K ~ p a J I b H 0 f i  @YHKUUU M (POPMYJI 06pa- 
q e H U R .  OTHOCRIQU~~CFI C m A a  K P Y r  BOIIPOCOB COCTaBJIReT I I p e A M e T  T a K  

H a 3 b I B a e M O r O  K a q e C T B e H H O r O  C n e K T p a J I b H O r O  a H a J I U 3 a  C U H r Y J I R P H b l X  

n u @ @ e p e n ~ u a n b ~ b ~ x  o n e p a T o p o B .  
B H a C T O R W e M  n y H K T e ,  n O J I b 3 y R C b  M e T O n O M  P a C U e n J I e H U R * ,  M b l  

PaCCMOTPMM H e K O T O p b I e  n p U M e p b 1  3 a n a l I  K a s e C T B e H H O r O  C n e K T p a J I b H O r O  

a H a J I U 3 a .  n p U  3TOM Mbl UJIR K P a T K O C T U  O r P a H N g U M C R  IIp~c~efiuIefi 
a u @ @ e p e ~ u u a ~ ~ b ~ o f i  onepauueii (LUpenu~repa) 

l [ y l =  - y " + q ( x ) y  (1) 
H a  n O J I y O C U  X > 0 C O n H U M  C U H r Y J I R P H b l M  KOHUOM X =PO. 

C I I e K T p b l  pa3JIUYHblX C a M O C O n p R X e H H b I X  p a ~ I I l U p e H U f i  O n e p a -  

T o p a  L c M U H U M ~ J ~ H O ~ ~  0 6 ~ 1 a c ~ b m  onpeneneswrr, n o p o x n a e h l o r o  onepa- 
U U e f i  ( I ) ,  pa3JIMsHb1,  H O  T e  HX C B O ~ ~ C T B ~ ,  K O T O P b I e  Mbl  ~ Y A ~ M  3 A e C b  

P a C C M a T p M B a T b ,  H e  3 a B U C R T  O T  s b 1 6 0 p a  paCLUUpeHUzl.  K T a K U M  C B O ~ ~ -  
CTBaM OTHOCRTCR: 

lo) n p u H a n n e x t l o c T b  nasaoti T O ~ K U  h K % (L" ) ,  
2") C y U t . C T B O B a H U e  ~ ~ C K O H ~ ~ H O ~ O  M H O X e C T B a  T O s P K  C n e K T p a  B CKOJIb  

y r O n H 0  ~ a I I 0 f i  O ~ H O C T O ~ O H H ~ ~ ~  - OKPPCTHOCTU T O s K U  k U 

3") cryqeaue ' c n e ~ ~ p a  Y (L). K T o w e  h = -00. 

H e 3 a ~ u c u ~ o c ~ b  n e p e s u c r r e H H b I x  CBORCTB OT ~b16opa p a c r u u p e H u z r  

c n e n y e T  143 T e o p e M  1 no 105, 1 n082 u 2 no 107. Y ~ a s a ~ ~ b ~ e  caoii- 
CTBa C n e K T p a  Y (z) 6 y a e ~  H a 3 b l B a T b  C U H Z Y R R P H b l M U ,  nOCKOJIbKY UMU 

s a ~ e n o ~ o  H e  M o x e T  0 6 n a n a ~ b  c n e K T p  p e r y n r r p H o r o  nu@@epeauuanb- 
H o r o  onepa-ropa. 

nepexoarr K o n W c a H u m  M e T o a a  pacwenneaurr, 0 6 0 3 ~ a s u ~  sepes 
Lo o n e p a T o p ,  o n p e n e n ~ e ~ b ~ f i  p a s e H c T B o M  



o n e p a T o p o B  L r  N L,, n o p o x A e H H b I x  -roc x e  o n e ' p a u ~ l e c  (1) B LZ ( 0 , ~ )  
I l  LZ (7, 00) COOTBeTCTBeHHO. P~CUIIIPRR 3 T I l  O n e P a T O P b I  A 0  CaMOCOnpR-  

X e H H b I X  Zr I l  L",, FIOCTpOIlM O n e p a T O p  

M = L;@i,. 
Tenepb A ~ H H ~ I ~  O n e p a T O p  L" Pi ~ O C T ~ O ~ H H ~ I ~  O n e p a T O p  M OKa3bI-  

BaIOTCR p a 3 J I I l q H b I M I l  C a M O C O n P R X e H H b I M N  P a C U I I l P e H N R M I l  OAHOrO N T o r 0  

x e  ccpacqenne~~o?~) )  o n e p a T o p a  Lo. T ~ K  K a K  O s e B N A H o ,   TO O n e p a T o p  

Lo B L2 (0, oo) I l M e e T  K O H e s H b I e  A ~ @ ~ K T H ~ I ~  s I l C J I a ,  a O n e p a T O p  Z r  
perympea, TO B c m y  T e o p e M b I  1 no 105 

% @) = % (M) = '8 ( L r )  U 5$ (L,) = % (E , ) .  
E C T ~ C T B ~ H H O  O X I l A a T b ,  q T O  I l  O C T a J I b H b I e  CI lHTYJIRPHbIe  C B O ~ C T B ~  

C n e K T p O B  O n e p a T O p O B  L". I l  E1 OAIlHaKOBbI.   TO A ~ ~ ~ C T B M T ~ ~ ~ H O  H M e e T  

MeCTO I l  M O X e T  6 b 1 ~ b  A O K a 3 a H O  C n O M O W b I O  c J I e ~ y I O W e f i  JIeMMbI,  

B y c n o B m  K O T O P O ~  n (a, P; A) o3~a11ae~  q M c n o  T o s e K  c n e K T p a  B MHTep-  

sane (a, p) c a M o c o n p R x e H H o r o  o n e p a T o p a  A. 
J t ? M M a .  Upu nro6blx a u P (-oo < a < P < oo) eenuvutibl 

n (a, p;  Lj EI n (a, P ,  L,) oatioepe~etitio icotievtibi UAU 6 e ~ ~ 0 t i e ~ ~ b l .  

A o K ~ ~ ~ T ~ ~ ~ c T B o .  E c n ~  n ( a ,  (3 ;  L")< < ((IIJIII = m), TO no 
T e O p e M e  1 no 82 6 y ~ e ~  n (a, P, d"f) < m IlJIIl, COOTBeTCTBeHHO, = m 
( W J I I l  a = - oo, T O  BMeCTO T e O p e M b I  1 no 82 C J I e A y e T  I l C n O J I b 3 O B a T b  

T e o p e M y  2 n082). Hanee m e e M  

r A e  s M c n o  T o q e K  M H o x e c T B a  9 ( L r ) ,  nexawix  B M H T e p B a n e  (a, pj, 
B C e r A a  K O H W H O ,  T a K  K a K  C n e K T p  P e r y J I R p H O r O  O n e p a T O p a  A I l C K p e T e H  

(CM. no 125) ~l o r p a H M s e H  C H H ~ Y  *. ~ O ~ T O M Y  ecm n (a, P; M) < m 

* nocJIe~k1ee AOCTaTOYHO nPOBePIiTb B CJIyYae rpaHIiYHbIX ~ c J I o B I ~ ~  y  (0) = 
X 

d  
= I I Y I  I I z - ~ ' Q ( x ) ~ l ~ j ~ d x s  1 1 ~ ~  ~ ~ 2 - 2 ~ ~ ~ ~ f  11. ~ ~ Y ~ ~ ~ - ~ ~ ~ ~ Y ~ ~ ~ ~  

0 

B 9T0 w n 3 ~ a ~ a e ~  noJlyorpaHn~eHHocTb cm3y onepaTopa i,. 



w 

(nu60 = 00), TO U n (a, LT) < 00 ( C O O T B ~ T C T B ~ H H O ,  = 00). n e ~ h . a  

AoKa3aHa .  

Teope~a 1. Cufizyn~pfib~e csoficmsa cnercmpos 3 (Z) u 3 (LT) 
O ~ U H ~ K O ~ ~ L .  

A o K a 3 a T e n b c T B o. CBO~~CTBO % (I) -- (lT) y x e  A O K ~ ~ ~ H O  
BbIUe.  C U H r y n R p H b ~ e  C B O ~ ~ C T B ~  2") U 3") BbITeKaIoT U3 JIeMMbI, e C n U  
IIOJIOXUTb COOTBeTCTBeHHO U = A - E, p = A (E 4 0) U U = -00, 

P < O ( I  BI -+00) .  
M ~ T O A  p a c u e n n e H n R  o n u p a e T c n  H a  n o ~ a 3 a ~ ~ y m  T e o p e M y  1, 

a T a K X e  H a  TeOpeMbI 1 U 2 no 82, T e O p e M y  4 no 93 U J IeMMy 2 no 94. 
n p U  UCnOJIb30BaHAA TeOpeM U 3  no 82 JI%iHefiHoe ~ ~ O r 0 0 6 p a 3 U e  G o6pa- 
3YeTCR KaK JIkiHefiHaR 060~109~~1 IIOCJIeAOBaTeJIbHOCTU @AHIITHMX 
@ y ~ ~ q a i i  c H e n e p e c e K a m u n M n c R  H o c a T e m M a  *. 

Ecnu A E % (I), TO n ~ 6 0  TO9Ka  A RBJIReTCR A B Y C T O P O H H ~ ~ ~  ripe- 

~ e J I b H 0 f i  T O ~ K O ~ ~  MHOXeCTBa  3 (I),  n ~ 6 0  O A H O C T O P O H H ~ ~ ~  J I e ~ 0 f i  (npa- 
BOG) I I p e ~ e J I b H o f i  T O ~ K O ~ ~  3 T O r 0  MHOXeCTBa.  B 3aBUCAMOCTU OT TOrO,  

KaKOfi ~ J I y q a f i  UMeeT MeCTO, yCJI0BUMCR OTHOCUTb TOqKY A E % ( I )  
K OAHOMY 113 T p e X  BO3MOXHbIX mUnO8. 

M3 TeOpeMbI 1 HenOCpeACTBeHHO BbITeKaeT  C J I e A y I O U e e  npeAJIOXe2  

Hne ,  K O T O P O ~  6e3 T p y A a  0 6 0 6 u a e ~ c ~  H a  nm6ym onepaqnm BUAa ( I )  
no 123. 

Teope~a 2. Henpepbl8lchR racmb cnercmpa 8 (L"), mun rcaxaoli 
morrcu u3 % (0, a marcxe ozpalcuuefifiocmb (unu fieozpafiurefifiocmb) 
cmrcmpa 3 ( L )  C H U ~ Y  fie 3asuc~m om noseaefiu~ nomefiyuana q (x) 
Ha K O H ~ Y H O M  paccmoRfiuu. 

T ~ K U M  06pa30~,  BCe CAHrYnRpHbIe  C B O ~ ~ C T B ~  C n e K T p a  O n e p a T O p a  
OIIPeAeJIRIoTCR IIOBeAeHAeM I IOTeHqUaJ Ia  q (X) B ~ ~ C K O H ~ ~ H O C T I I .  B T e p -  
MUHaX B O ~ M Y ~ ~ H U ~  T e O p e M a  2 0 3 H a q a e T ,  qTO nm6oe @ U H A T H O ~  B03-  
M y W e H U e  (X) n O T e : ~ ~ U a J I a  q (X) H e  MeHReT CAHrYJIRPHbIX C B O ~ ~ C T B  
cnempa **. E c n ~  n o s ~ y u e ~ ~ e  r̂7 (x) H e  @AHUTHO, HO r̂7 (x) --t 0 n p H  

X + 00, TO T U n  TOqeK A3 % (1) M O X e T  MeHRTbCR (CM. A a J I e e  TeO- 
P e M y  5), HO, KaK J I e rKO BUAeTb, CBO~~CTBO 3" COXPaHReTCR. C J I e A y m -  
U a R  T e O p e M a  IIOKa3bIBaeT,  q T O  U C B O ~ ~ C T B O  lo COXPaHReTCR. 

Teope~a 3. ~ c n u  Z' ecmb c a ~ o c o n p ~ x e f i f i b ~ f i  au@@epefiyuanb~b~fi 
ompamop, n o p o x a a e ~ b ~ d  s L2 (0, 00) ompayuefi 

U 
-Y"  + q (x) Y + +q (x) y ,  

g, 

l i m ~  (x) = 0, 
X+ la 

(2) 

* H o c u m e n e ~  (PYHKUWW Ha3blBaf3TCR 3aMbIKaHWe MHOXeCTBa TOWK, rAe 
@y~~uwrr # 0. 

** B o s ~ y q e ~ w e  7 ( x )  s ~ e c b  w Aanee npennoaaraeTcrr a6~0~~~~0WHTerpWpYeMblM 
Ha n m 6 o ~  KoHesHoM wmepsaae, KaK w noTeHuuaa q ( x ) .  



Bb16upa~ r T a K ,  ~ T O S ~ I  npu x > 7 6 6 1 ~ 1 0  1 (x) 1 < 6 ki I IOJ lb3yHCb 
n e M ~ 0 f i  2 no 94, 3 a K n I O q a e M ,  YTO B 8-OKP~CTHOCTU K ~ X A O R  TOYKM 

h E 8 (L,) C O A e p X a T C R  TOUKM I13 '6 &;) W 0 6 p a ~ ~ 0 ,  B ~ - O K ~ ~ C T H O C T H  

K ~ X A O ~ ~  TOYKM h € % (L";) C O L I e P X a T C R  TOqKM H 3  (R (&). T ~ K  K a K  
Y u c n o  6 > 0 M O X e T  6 b l ~ b  ~ b 1 6 p a H 0  n P O M 3 B O n b H O  M a n b I M ,  T O  W3 (4) 
c n e n y e T  (3). 

'I ( x )  B 0 3 M Y U e H W R ,  K O r A a  BMeCTO ( 2 )  T P ~ ~ ~ ~ T C R  -JIAILIb l im - = 0.  TOT pe3YJlbTaT 
" x- - 4 (4 

n p n a a n n e m w T  M .  LU. 6 n p ~ a ~ y .  
K a K  q a ~ T ' H b 1 f i  ~ J I y q a f i ,  n p M  q ( x )  = 0 U 3  T e O p e M b I  3 M p e 3 y n b T a -  

TOB no 89, c n e n y e T  - 
Teope~a  4. Ecnu lim q ( x )  = 0, tno (R (L)  = [0, oo). 

X+ m - 
M 3  6onee o6qnx n p H 3 H a K O B ,  obecnesn~aro~nx  C O O T H O I I I ~ H A ~  8 ( L )  = [ O ,  w), 

OTMeTWM Y C n O B A e  

X+ m 

npw H e K o T o p o M  (a  c n e A o s a T e n b H o ,  n npn nro6o~j  o > 0. 3 ~ o  ycnoane B u n o n -  
HReTCR,  B WCTHOCTW, A n R  IIOTeHUHanOB q ( x )  E L (0 ,  w). 

3 a f i ~ e ~ c R  T e n e p b  kiCCJIeAOBaHMeM T u n a  TOqKM h = 0 B YCnOBMRX 

T e O p e M b I  4. Ecnu q (x)  >, 0 n p M  6onbuwx X, T O  M3 n e M M b l  3 T O r O  

n y H K T a  C J e A y e T ,  9 T O  O T P M U a T e n b H a R  q a C T b  C n e K T p a  9 @) H C q e p n b I -  
B a e T C R  K O H e q H b I M  YUCJOM C O ~ C T B ~ H H ~ I X  3 H a q e H k i f i ,  a 3 H a q U T ,  T O q K a  

1 = 0 H e  R s n R e T c R  npa~ofi  npenenb~ofi ~ o q ~ o f i  C n e K T p a  Y (L). 
C A p y r o f i  CTOPOH~I ,  ecnu 661 npn 6 0 n b u ~ x  x n o ~ e ~ u ~ a n  6bm n o c T o -  - 
RHHbIM: q (x) -E, T O  6bmo 661 (R ( L )  = I-€, 00) M, CJIeAOBaTe.'lbHO, 

I IpA CKOJlb Y r O A H O  MaJIOM E > 0 T O q K a  h = 0 6b1na 661 n p a ~ ~ f i  I I p e -  

~ e J I b H 0 a  AJIR y ( L ) .  ~ O ~ T O M Y  e C T e C T B e H H 0  O X M A a T b ,  YTO B YCJOBARX 
T e O p e M b I  4 T l i n  TOqKM h = 0 3aBMCMT OT ( ( C T e n e H U  O T P M 4 a T e J l b H O C T H > '  

n o T e H u u a n a  q ( x )  npa 12-t oo. ccrpa~uua)) M e x n y  n o T e H u u a n a M n ,  
O n p e A e J I R D L U U M U  A B a  pa3JlcIqHLIX TMIIa  TOVKM h = 0, Y C T a H a B J l A B a e T -  
CR ~ J l e ~ y D I U e f i  T ~ O P ~ M O ~ ~ .  B YCJIOBMA  TOG T e O p e M b I  CyIUeCTBOBaHMe 

lim q (x )  H e  n p e A n o n a r a e T c s r .  
X+ m 



Teope~a 5. Ecnu npu 6onm.~ux x 
1 

q(x)>-=.  

mo ompuyamenmax racmb Y(L) ucrepnbloaemcx K O H ~ Y N B I ~ ~  rucnofi 
co6cmoe~~blx siiare~t~li.  Ecnu x e  dnx Hefconzopozo 6 > 0 npu 6onb- 
U U X  X 

1 + 6 
9 ( x )  < -F' (6) 

mo OmpuyamenbHaR nonyocb codepwum 6 e c ~ o ~ e r ~ o e  fconurecmoo morefc 
cneKmpa 3' (z). 

~ ~ o K ~ ~ ~ T ~ J I ~ c T B o .  E C ~ M  (5) BM€eT MeCTO n p l l  ~ 2 7 ,  TOAJIR 

~110608 @ H I I B T H O ~ ~  @ ~ H K U M C I  fj E Di, HOCPITeJTb K O T O ~ O ~ ~  P a C n o J I O x e H  

npasee TOYKB 7 ,  ~ Y A ~ T  



O T C ~ A ~  BUAHO, q T O  e C n N  l l O n O X U T b  

2 (s)  = yN ( S  --a), 

rAe 
n ( sin's npu 0 4 s < ?i, 

I 1  
n n 

npu T < s < T + N ,  

P N ( S )  sinz(s--Nj n p s  ; + N c s C n + N ,  

1 0  npu s<O unu s > n + N  

U a > a - J Im60e ,  T O  AJIR C O O T B ~ T C T B ~ I ~ I ~ ~ ~ ~  @ ~ H K U U U  lj ( X )  n p U  

A O C T a T O q H O  6 0 n b U I 0 ~  N ( H e  3 a B I Z C R 4 e M  O T  a) 6 y ~ e ~  ( l y ,  y) < 0. 
Bb16pa~ T a K o e  N u n p u n a s a R  a n o c n e f i o B a T e n b s o  3 ~ a q e ~ u ~  

a k = a +  (N + 2 n ) k ,  k =  1 ,  2, ... , 
l T O n y s U M  lTOCJIeAOBaTeJIbHOCTb @ Y H K ~ U ~  

KOTOPbIM O T B e q a e T  UCKOMaR n O C n e . T O B a T e n b H O C T b  YL (x) .  Teope~a  
A o K a 3 a H a .  

H ~ ~ ~ B ~ H c T B ~  (5) U (6) C O B n a A a I o T  C KJIaCCUqeCKUMM yCnOBIlRMPi 

K H e 3 e p a  HeOCUUJInRUUOHHOCTU ki OCUUJJIRql iOHHOCTU p e U I e H ~ f i  AH@- 
@ e p e ~ u u a n b ~ o r o  y p a B H e H u R  

yrr - q  (x)  y = 0. (8) 

Mbr 6 y ~ e ~  H ~ S ~ I B ~ T ~  onepauum (I) ocyunnsmoptioC, ecnu p e m e H u e  
Y p a B H e H U R  (8) U M e e T  ~ ~ C K O H ~ ~ H O ~  ~ u c n o  ~ y J I e f i  H a  nOJIyOCU X > 0 
U t i t ? ~ ~ y ~ A A ~ m ~ p t i ~ C  - B l l P O T U B H O M  C n y q a e .  H ~ ~ O M H M M ,  q T O  HYJIIl 
nm6b1x A B y X  JIPiHef iH0 He3aBUCPiMbIX p e U I @ H ~ f i  Y p a B H e H I l R  (8) nepe- 
M e X a I o T C R  U l T 0 3 T O M y .  eCJI I l  OAHO U 3  p e U I e H P i f i  U M e e T  ~ ~ C K O H ~ ~ H O ~  
qucno ~ y n e f i ,  TO u nm6oe A p y r o e  p e r r r e H u e  T a K x e  u M e e T  6ec~oaeq- 
H o e  sucno Hynefi. 

Cne~y1o4ee o64ee n p e A J I O X e H l i e  y C T a H a B J I U B a e T  C B R 3 b  M e X A Y  

o ~ p ~ l ~ a ~ e n b ~ o f i  s a C T b I 0  C n e K T p a  9 (L) I4 O C U I l J J R T O P H O C T b m  O n e -  

pauuu ( 1 ) .  
T e o p e ~ a  6. A n s  mozo 1tmo6br onepayus ( 1 )  6bina ocyunnxmop- 

HOG, N ~ O ~ X O ~ U N O  u docmamo~t~o, 1cmo6br ompuyamenbtiax racmb 
cnelcmpa onepamopa 6bina 6eclcotiertibin.t utioxecmeou. 

a 0 K a 3 a T e Jl b C T B 0. ~ Y C T ~  P e U I e H H e  fJ ( X )  Y p a B H e H H R  (8)  
U M e e T  ~ ~ C K O H ~ ~ H O ~  s u C n 0  H y n e f i  a, < p, < a, < $,< . . ., T a K  q T O  



B I I M T e p B a J I e  ( a k ,  Pk)  @YHKUUK) Y (x) M O X H O  P a C C M a T P N B a T b  K a K  

C O ~ C T B ~ I I H ~ K )  @ Y H K U I I ~  3 a A a q M  f [y] = hy C K p a e B b I M  YCJIOBUeM (g), 
O T B e q a l O U y K )  C O ~ C T B ~ H H O M Y  3 H a W H N K )  h = 0. M3 B a p N a U U O H H b I X  

n p u I l u u n o B  c n e a y e T ,   TO s a ~ a q a  1 [yl = hy c K p a e s b r M  y c J o m e M  

r A e  0; > pk,  A O J I X H a  N M e T b  O T p U L I a T e J I b H O e  C O ~ C T B ~ H H O ~  3 H q q e I I M e  hk. 
C O O T B ~ T C T B ~ K ) U ~ K )  C O ~ C T B ~ H H ~ K )  @YHKUAH) O ~ O ~ H ~ ~ N M  qepe3 y k  (X), 
T a K  q T O  

~ ~ o A o J I X U M  T e n e p b  cpk (x) H a  BCK) I IOJIyOCb X > 0 T O X A e C T B e H H b I M  

H y J I e M  , 11 CrJIaAHM ee B OKPeCTHOCTM KOHUQB Uk N B; T a K ,  q ~ 0 6 b 1  

n o n y s e H H a R  (PYHKUNR Gk (x) B o m n a  B D ~ .   TO C ~ J I ~ X N B ~ H N ~  L e r K o  

n p o B e c T a  c c o x p a a e H u e M  umepsana [ a k ,  P i ]  B K a q e c T E e  H o c w r e ~ m  

@ U H M T H O ~ ~  @ Y H K U U N  Gk ((X N C C O X p a H e H N e M  H e p a B e H C T B a  (lo), KOTO- 
p O e  T e I I e p b  M O X H O  I I P e A C T a B N T b  B B N A e  

T ~ K  K a K  HOCBTeJlN nOCTpOeHHb1X @ y H K U N f i  H e  I I e p e C e K a K ) T C R ,  T O  AJIR 

n106oR @ Y H K U A N  (P (x) N 3  ~ ~ C K O H ~ ~ H O M ~ P H O ~ ~  JIUHefii10fi  06onoq~u G 
@yHKUPifi  Gk (k = 1, 2, . . .) T a K X e  ~ Y A ~ T  ("Ly, cp) < 0, O T K y A a  B CUJIy  
T e O p e M b I  2 no 82 C J I e A y e T  ~ ~ c K o H ~ ~ H U C T ~  M H O X e C T B a  T O q e K  O T P N U a -  - 
~ e n b ~ o f i  q a c T u  c n e K T p a  o n e p a T o p a  L. 

~ Y C T ~ ,  O ~ ~ ~ T H O ,  M H O X e C T B O  3 (L)  n (-00, 0) ~ ~ C K O H ~ ~ H O  A 
I I y C T b  y (X) e C T b  H e I t O T O p O e  P e u I e H U e  Y P a B H e H U R  (8), a N - I IpON3-  

BOJIbHO 3 a A a H H O e  I IOJIOXNTeJIbHOe 9kiCJIO. T p e 6 y e ~ c ~  A O K a s a T b ,  9 T O  

@YHKUAR Y (x) I l M e e T  K O P e H b ,  60~1bmkifi N .  
* M3 ~ ~ C K O H ~ ~ H O C T I I  M H O X e C T B a  3 (L)  n (-00, 0) TI0 J I e M M e  3aKJlK)- 

Y a e M  0 ~ ~ C K O H ~ Y H O C T A  M H O X e C T B a  3 (4) n (-00, 0) .PA ~ 1 0 6 0 ~  r. 
no T e O p e M e  2 n082 C y U e C T B y e T  ~ ~ C K O H ~ ~ H O M ~ ~ H O ~  ~ ~ 0 r 0 0 6 p a -  

3 N e  (PYHKUNB ? (x) U 3  Dz", AJIR KOTOPbIX (&, cp) < 0. Tax K a K  L, 
ecm K o H e s H o M e p H o e  p a c d a p e H a e  ~ ~ a @ e p e ~ u w a n b ~ o r o  o n e p a T o p a  L., 
C M U H M M ~ J I ~ H O ~ ~  0 6 J I a c ~ b K )  O I I p e A e J l e H A R ,  T O  I4 ~ ~ o r o o 6 p a 3 ~ e  @ y H ~ u U f i  

(P E DL.,, AJIR KOTOPbIX (I!,.,?, (P) < 0, T O X e  ~ ~ C K O H ~ ~ H O M ~ ~ H O  (AJIR H a C  

B ~ X H O  J I N m b ,  9 T O  O H 0  H e I I y C T O  H N  n p N .  KaKOM 7 > 0). 



ecm 3a~bIKaHue oneparopa E,, coenanamqero c L, H a  ~ U H H T H H X  

~ Y C T ~  @ N H U T H ~ H  @YHKUUFI (x )  PaBHa 14yJIW B H e  MHTepBaJIa (a,  b). 
T o r ~ a  M3, 14epaBetICTBa (1 1 )  BbITeKaeT, qTO peryJIRpHb1fi A U $ @ ~ P ~ H -  
uuanb~brfi onepalop, nopomae~brf i  onepauueii ( 1 )  c KpaenbIMu ycno- 
BURMU y (a)  = y (b) = 0, uMeeT no ~ p a i i ~ e i i  Mepe OAHO o ~ p u u a ~ e n b -  
Hoe C O ~ C T B ~ H H O ~  3~aqeaue  h. n p u  tlenpepbrBHoM Y ~ ~ I B ~ H U U  b 3TO 
C O ~ C T B ~ H H O ~  3HaqeHUe h = h (b) ,  U3MeHRRCb HenPePbIBHO, npki b - + a  
HeOrpaHNqeHHO B03PaCTaeT. ~ O ~ T O M Y  CyUeCTByeT TaKOe 3HaqeHUe 

b* ( a  < b* < b) ,  npU KOTOPOM h (b*) = 0. COOTB~TCTBYIOU~R C O ~ C T B ~ H -  
H a H  Q Y H K U U R  (P* ( x )  YAOBJleTBOPReT HePaBeHCTBY ( 1  1 )  U yCJOBURM 

cp* (a) = cp* (b*) = 0.  
Ho TorAa nm6oe perueHne y (x)  AonxHo nMeTb KopeHb B utnepsane 
[a ,  bl. T ~ K  K a K  MOXHO B ~ R T ~  7 > N, a a >  7, TO TeopeMa n o ~ a s a ~ a .  

M3 JIPYrUX nPR3HaKOB HeOC~UJlJlSITOPHOCTU R OCLlUnJlRTOPHOCTU OTMeTWM 
cnenyrouyro T e o p e M y ,  B ycnoswa ~ o ~ o p o i i  n o T e H u w a n  q  ( x )  npw Bonbruux x n p e A -  
IlOJlaraeTCR H e ~ O J l O X R T e n b H b l M .  

Ecnu 
m I 

lim s u p x J  l q ( t ) / d t >  1, 
x-r m 

' x 

O c ~ a ~ o a u ~ c ~  Tenepb Ha n p s 3 ~ a ~ a x  nonyorpaHuqeHHocTu u nu- 
CKpeTHocTu Bcero cneKTpa SP (L). - 

Teope~a 7 .  Ecnu lim q (x)  = + w, mo cnek-mp oneparnopa L 
x-t m 

o z p a ~ u r i e ~  cHU3Y u duck-peme~. 
A o K a 3 a T e n  I, c T B o, O r p a ~ u q e ~ ~ o c ~ b  C H U ~ Y  OnepaTopa L, 

a CJIeAOBaTeJIbHO, PI er0 CneKTpa, OqeBHAHa. AnR ,QOKa3aTeJlbCTBa 

AUCKPeTHOCTN (L) n0 3aAaHI4OMy N > 0 sb16epe~ TOqKy PaCUen- 
n e H U R  7 TaK, 9~06b1 npn x >  7 6b1no q ( x )  > N .  Torna AJR nm60ii 

@RHNTHOR @ Y H K U U N  Y i D- 
L~ 



Eonee 06~1pifi n p n 3 ~ a ~ ,  n p n ~ a ~ n e x a u n f i  A. M. Mnnsa~osy ,  c0cTon.r B cne- 
AyroueM. Ecnw noTeHqnan q ( x )  orpaHwseH C H H ~ Y ,  TO Ann AwcKpeTHocTw cnempa 
onepampa L H ~ O ~ X O A M M O  H AOCTaTOqHO, qT06bl CTpeMHAOCb K ~ ~ C K O I I ~ Y H U C T H  
cpealiee a ~ a w ~ n e  noTeHqnana no n m 6 o ~ y  KoHesHoMy nHTepBany, T. e. npeneJlbHoe 
COOTHOUleHHe 

lirn ' j W q o d t = +  rn 
X - r  m 

x 

npu nro6aw o > 0. 

C O ~ J I ~ C H O  T e O p e M e  3, B TeX CJ IyqaRX,  K O r A a  CyJlLeCTByeT KOHeq-  . 
~ b ~ i i  n p e A e n  Iim q  (x) = q,, T. e. pamo H ynm ~ o n e B a ~ a e  n o T e H u a a n a  

X+ m 

H a  ~ ~ C K O I I ~ ~ H O C T W  

o = lirn sup q  (x) - lirn inf g (x), 
X - r  m X - r w  

- 
~ e n p e p b l ~ ~ b ~ f i  C n e K T p  O n e p a T O p a  L C O B n a A a e T  '2 l lOJIyOCbIo [ q - ,  00). 

B CBR3M C 3TIIM B03BMKaeT  BOnPOC 0 TOM, K a K  6 y ~ e ~  CKa3bIBaTbCR 
H a  Henpepb IBHOM C n e K T p e  BJ I lRHI l e  KOHeqHOrO I IpeAeJ lbHOrO KO neBa- 
HNR O # 0 n 0 T e H U H a J I a .  E C T ~ C T B ~ H H O  O X U A a T b ,  q T O  3 T 0  BJMRHNe 

KaK-TO AOJIXHO Pe r J I aMeHTI lpOBaTbCR B ~ J I I ~ ~ M H o ~ ~  o. a e f i c T E l P f ' r e J I b ~ 0 ,  
m e e T  M e m o  c n e A y m m e e  npennoxeswe. 

T e o p e ~ a  8. f l n u ~ a  n a r c y N  8 ~ e n p e p b l o ~ o l i  l i a c m u  cnercmpa one- 
parnopa Z ~e npesocxodum s e n u l r u m l  o. 

~ o K ~ ~ ~ T ~ J I ~ c T B o .  ~ O J I O W H M  

a = lirn inf q  (x), p = lirn sup q  (x) 
X +  m x - r  m 

C ~ O T ~ H U ~ ~ J I O M  

1 
Q (4 = q  (4 - (0 + P). 

T o r ~ a  
lirn sup IQ (x) ( =.Ad, 
X+ m X 



O ~ I ~ B M A H O ,  n e B e e  TOIIKM - .A4 H e  c y q e c T B y e T  T o y e r {  ~ ~ e n p e p b ~ ~ ~ o l i  
sacm c n e K T p a  o n e p a T o p a  L: n y c ~ b  T e n e p b  ho  > o u 6 >./I, H o  

M H T e p B a n  ( x o  - 6,  ho + 6) H e  C O A e p X U T  TOrIeK M3 % (L"). ~ O K ~ X ~ M ,  
 TO  TO n p e A n o n o m e H u e  npMB0Au-r  K n p o T u B o p e s a m .  

T ~ K  K a K  %? (L") = % (L",), T O  B CMJIy C A e J I a H H O r O  I IpeAIIOJIOXeHMR 

n p M  n m 6 o ~  r M H O X e C T B O  % (LT) n ( A o  - 6, ho  + 6) A O J I X H O  6 b 1 ~ b  
IIYCTbIM. ECJM T e n e p b  ~ b 1 6 p a ~ b  TO'IKY P a C U e n J I e H M R  r T a K ,  ~ ~ 0 6 6 1  
n p M  x >.r 6b1no I Q (x) I g 6 0  < 6, TO, ~ O J I L ~ Y R C L  nemoii 2 no 94, 
s a ~ n m s a e ~ ,   TO Tows hO H e  n p M H a A n e x u - r  ~ e n p e p x n ~ o l i  q a c m  

C n e K T p a  O n e p a T O p a  A M $ @ ~ ~ ~ H U M ~ O B ~ H M F I  B T O p O r O  I I O p R A K a  p2 B 
L2 (r, m), '-IT0 ~ ~ C Y ~ A H O ,  T a K  K a K  IIOCJIeAHRR I I O K p b I B a e T  CnJIOLUb 
n 0 J I y O C b  h a  0. 

~ P M  HeKOTOPbIX AOnOJIHMTeJIbHbIX O r p a H M r I e H M R X  T e O p e M a  8 A O n y -  

C K a e T  C y U e C T B e H H O e  pa3BMTMe.  T ~ K ,  H a n p M M e p ,  e C n M  @YHKUUR 9 (x) 
O I ' p a H M r I e H a  M P a B H O M e p t I O  H e n P e P b I B H a  H a  nOJIyOCM X > 0, TO AJIMHa 

n a ~ y h  B '8 (L), p a c n o n o x e n H b r x  npasee T O ~ K M  h ,  no T e o p e M e  X a p ~ -  
M a H a  - n a ~ ~ a ~ a  CTPeMMTCR K H y J I m .   TO Xe M M e e T  M e C T O  AJIR nm661x 
JIOKaJIbHO CYMMUPYeMbIX nepMOAUqeCKMX IIOTeHUMaJIOB. 

Ecnu I I O T e H u U a J l  9 (x) 06nafiae~ KOHerIHbIM K O ~ ~ ~ ~ H I I ~ M  B 6 e c ~ 0 -  
HerIHOCTM, T O  er0 B O 3 M y U e H M e  C J I a r a e M b I M  T/ (x), C T P e M R U M M C R  K HYJIK) 

IIpM X -+ 00, H e  M 3 M e H R e T  % (L"), I10 M O X e T  BHeCTM A U C K P ~ T H ~ I ~  

C n e K T p  B J IaKYHbI  C I I e K T P a  CG) (L").  YMcJIo T O s e K  AMCKpeTHOI'O C n e K T p a ,  
Q3OCMUOrO T a K U M  0 6 p a 3 0 ~  B J I a K y H y ,  M O X e T  6 b 1 ~ b  KOHerIHbIM U J U  

~ ~ C K O H ~ ~ H ~ I M .  Bonpoc 0 TOM, K ~ K O ~  M3 3TMX ABYX C n y r I a e B  M M e e T  

MeCTO, H a n O M M H a e T  3 a A a r I y  05 YCJIOBMRX HeOCUMJIJlRTOPHOCTM. O A H ~ K O  
B A ~ ~ ~ C T B M T ~ . U > H O C T H  3 T O T  BOIIPOC C y U e C T B e H H O  C J I O X 9 e e  M A 0  CMX 

f l o p  O C T a e T C R  HeMCCJIeAOBaHHbIM, 3a MCKJI!OrIeHMeM O I I e p a T O p a  mpe- 
A M H r e p a  C n e p u 0 A M r I e C K M M  IIOTeHUUaJIOM,  H a 3 b I B a e M O r O  T a K X e  O n e p a -  
mopou Xunna. 

~ P H B ~ A ~ M  OTHOCRUMeCR C m A a  p e 3 y J I b T a T b I .  
N 

Teopena 9 *. ECRU x I 7 (x) I dx < N (coomsemcmse~~o, 
0 

I x7 (x)'l dx < m), mo d u c x p e m x b ~ d  cnexmp, BHOCUM~LJ 803uyqe- 
-N 

H u e u  7 j  (x) 6 x a 3 t c d y m  n a K y H y  c n e K r n p a  % (L) onepamopa XURRU, 
paccuampusaeuozo H a  non y ocu (coomsemcmse~~o,  H a  ocu) , K o H e u e H ,  

u npu smou d o c m a m o l i ~ o  d a n e ~ u e  naxym c o d e p 3 t c a m  H e  6onee o d ~ o z o  
( c o o m s e m m s e H H o ,  dsyx) c o 6 c r n s e ~ ~ b ~ x  3 H a l i e H u l j :  x a 3 t c d a x .  

* P 0 @ e - 6  e K e T 0 B 0. . ~ P ; N ~ H ~ K  KOHeYHOCTN 4 N C n a  AN!'KpeTHblX 
Y P O B H ~ ~ ~ ,  BHOCliMblX B J I a K y H b l  H e I I p e p b l B H O r C l  C I l e K T p a  B O 3 M Y U e H N R M N  I l e p N O A N q e -  
c K o r o  n o T e a u a a n a . -  AAH CCCP, 1964, NG 3. 



Teope~a 10 *. Ecnu rcpom ycnoauri npedbldyqeri meopefib1 ebl- 
nonrcetio e q e  ycnooue 

mo r c a x d a ~  doc~narnolltio danetcax n a t c y ~ a  codepxum 8 mocitiocmu 
odtio co6crneetitioe silaiie+ue e03fiyqetitiozo oneparnopa Xunna tia ocu. 

NMeJIO B K a q e C T B e  O A H O r O  I13 CBONX ~ ~ L U ~ H N G  ( P Y H K ~ I I H )  

cp (x ,  1) = cos ( x l / X )  + T  (x )  sin ( x l / X )  

l/x ' 

2 T f ( x )  = q ( x ) ,  T " ( x )  = q ( x ) T  ( x ) ,  

I43 KOTOPblX B b I T e K a e T ,  YTO 

A  t h ( A x +  B ) ,  q ( x )  = -- 
2Aa 

.. ch2 (Ax + B) ' 

@ (x ,  I.)  = sin ( x l / X )  - T  (x)  cos ( x l / X ) ,  

* R o f e -B e k e t o v F. S. Deficiency indices and properties of spectrum 
of some classes of differential operators.- Lecture notes in  Math 'LSpectral theory 
and Differential equations.", 1974, p. 275-295. M e ~ e e  non~brii BapMaHT 3 ~ o i i ~ e o -  
peMbr 6brn nonyseH B. A. ) f ( enynesb~~  (1967, 1970). 

** T ~ K M M  o6pa30~  (CM. KOHeU no 129) Mbl MUleM IIOTeHUHaJI 9 ( x )  M 3  YCJIOBNR, 
9~06bl OpTO~OHa~'IH3HpYF3UIee Rap0 6b1~10 BblpOXneHHblM H HMenO BHn K (X. E) = T (X), 



u (XI 1 )  = '9 (XI A) + 79 (x,  A) = 
A2+ + 7  [T (0) - T  (41 

A 2 + h  

K COS ( X l / X )  + (A2 + 1) T  (4  -t- yT (0) T  ( x )  + ~ h  sin (x I/o 
A2+ h  I/x ' 

T (0)  T (x )  + )i sin (x VX) 
A 2 + h  I'T 

Am o n p e n e n e H n R  @YHKUUN m (C) (3C > 0) COCTaBNM CYMMY 

v (x, 9) + m (C) u (x ,  C) = eixvf ( . . ) + 
- T  (x)  - T  (0 )  - -k T.(o)  ( X )  + 

+ e-ixvc ( 2 (A2 + i) 2 (A2 + i )  I/i 



KOTOPaR A O , l X H a  n p U H a A J I e X a T h  L2 (0, 00). ~ O ~ T O M Y  K O ~ @ @ U U M ~ H T  

n p U  e - ' ~ ~  A O n X e H  CTPeMMTbCR K 0, K O r A a  X + W .  M b l  IIPUXOAUM 
K (POPMYJI~ ( I ~ ~ M Y ~ M  U C n O n b 3 0 B a H 0 ,  YTO T (00) = -A): 

m (C) = Y [ i  + T2(0 )1  + T (0 )  ( i f  Az) + i VE(i + A 2 )  
[i  + A" YT @)I2 + yai 

~ ~ M ~ T U M  T e n e p b ,  YTO 3 H a M e H a T e J I b  B H a n U C a H A O M  B b l P a X e H U U  H a  

nonoxu~enb~o i i  s e u e c ~ ~ e ~ r ~ o i i  nonyocu B c e r A a  n o n o x u T e n e H .  ~ O ~ T O -  
MY, eCnM MbI ~ Y A ~ M  C Y U T a T b  1 B e U e C T B e H H b I M ,  TO Aj lH a ( 1 )  U 3  

@0pMyJIb1  

X 

H & A ~ M ,  YTO I IPU A > 0: 

1 
of (A) = - VX (A  + A=) 

n [a + A2 + Y T  @)Iz + y2h ' 

Ha nOJIyOCM 1 < 0 (PYHKUUR o (A) M O X e T  U M e T b  H e  6onee A B y X  

CKaqKOB,  T O  e C T b  O n e p a T O p  M O X e T  U M e T b  H e  6onee A B y X  C O ~ C T E ~ H -  
HbIX s : r a q e l ~ ~ A  ( ~ O T O p b 1 e  O T P U U ~ T ~ J I ~ H ~ I ) .  Ecnu lo < 0 - C O ~ C T B ~ H -  

H o e  3 t l a l r e ~ u e ,  TO B e n u q u H a  c K a q K a  a(A) B T o w e  A, O n p e A e n R e T c R  

C IIOMOIUbIO cf10pMyJIb1 

0 (10 + 0) - (1, - 0) = A (1 + t h  B),  (32) 



u (1, + e) - u (A, - E) = lirn 3 - 
X 

)I*-to 1,-, 
- A Z + ~  

T ( 0 )  -v-&-iT = lim 3 ;  dt = -[T (0) -A] = ~ ( l + t h  B). 

ch B ' rp, ( x )  = ch Ax - th (Ax + B) sh AX = ch,(Ax+ B ) .  

Kpae~oe  ycnome (2) B cnysae y = 0 ecTb 

y' (0) + A th By (0) = 0. (34) 

B~opoii npocrofi cnysafi IIOJIYYHTCR npu 

yT (0) $ A2 = 0 ,  
T. e ,  npu 

y = A cth B. 
B 3TOM CJIyYae 0 HenpepbIBHfl Pi 

I L+A2 
(L  > 0) 

(h  < O), 

* ~ ~ M ~ T H M ,  YTO eCnH IlOJIOXlrTb A2 = C, B = -C VFt, rAe C > 0 ,  TO IlOTeli- 
UHaJI q ( X )  R YPaBHeHNU ( I )  IlpkiMeT Bun 

w ( x ,  t )  = - 2c 

ch2 I/; ( X  - ct) 

Ecnu 3)JeCb t HHTepnpeTEipOBaTb KaK BpeMSi, TO 3Ta @ ~ H K U U R  6 y ) ~ e ~  TaK Hasbrilae~oil 
yeaufteftftori eonftori unu conurnoftox; oHa npeAcTasnRer. pemeHue Tuna 6erylueR 

Q 

-- W,, u OTJlUYaeTCR JIHIUb HOPMUPOBKO~ U B ~ I ~ O ~ O M  eAHHHU A.lUHbI Ll BpeMeHli 

OT KnaccmecKoro YpanHeHuSi K o p ~ s e r a - ~ e  Opnca wt $ ww, $ w,,, = 0. n o    TO MY 
Ponpocy CM. L a x  P. D. Jntegrals of nonlinear equations of evolution and soli- 
tary waves. Comm. on Pure and Appl. Mathem., 1968, vol. 21, p. 467-490. 



a K p a e e o e  ycnoswe u M e e T  RAA 

H a M  OCTaJIOCb P a C C M O T p e T b  cnyqafi r p a H H q H O r 0  yCJIOBHR (2'). 
Perue~ue 9 (x, h) ( ~ ~ ~ B H ~ H I I ' H  (1) npu  TOM r p a H u q H o M  ~ C J I O B U U  u r p a e T  H e -  
~ o ~ o p y m  ponb (B  K a q e c T B e  n p o c T o r o  n p u ~ e p a )  B T e o p u u  P ~ C C ~ R H I I R * .  

A IIMeHHO, B @ U ~ M ~ ~ C K I I X  PaCCMOTPeHHRX n p e A C T a B J I R e T  I l H T e p e C  aCHM- 
n T o T u q e c K o e  B b I p a x e a u e  @YHKUUM 9 (x, A) npu  X +  co. B cnyqae 
y p a B H e l l l i H  (1) 3 T 0  a C U M n T O T N q e C K O e  B b I p a X e H H e  J I e r K O  HaXOAIlM H 3  

n O J I y q e H H b I X  BbIIIle @ 0 p M y J I ,  O H 0  I l M e e T  BUA 

- 11. K n a c c u q e c ~ u f i  u H T e r p a n  O y p b e  H a  nonyocu H ero 
o606ue~ue n o n y q a m T c R  113 npenb~nyuer-o npmepa c no~oubro  npe- 
A e J I b H O r O  n e p e X O A a  B- t  )_ a. ~ O ~ T O M Y  MbI M O X e M  O r P a H M q I l T b C R  

@ o p ~ y n u p o ~ ~ o f i  p e s y n b ~ a ~ a .  
M T ~ K ,  n y C T b  P a C C M a T p H B a e T C R  O n e p a u H R  

P ~ I I I ~ H M ~ M  Y p a B H e H l i R  1 [lj] = hlj n p U  I 'PaHUqHOM Y C ~ O B U U * *  

* CM. K H U r Y  P. H b m T o ~ ~ a ,  UATApOBaHHYH) B K O H U e  no 129 (m. 14, 5 7, no 2), 
me p a c c M a T p u B a e T c R  s a c ~ ~ b l i i  c n y s d  riole~uuana 3 ~ K a p l a ) .  Hatun 0 6 0 3 ~ a ~ e n u ~  
0T.IAYaH)TCR 07 IIpAHR' lb lX B TeOpAA p a C C e R H A R .  

**  3 ~ e c b  A ~ a . ~ e e ,  K o r A a  MLI n u w e M  A s a  S H ~ K ~ ,  TO ~ e p x ~ n i i  OTHOCA,TCR K cny- 
sam B = ca, a H A ~ ; H A ~ ~  - K c n y q a m  B = --a, D C O O T B ~ T C T B ~ H ) ~ ~ ~  @ o p M y n a x  npe- 
A b I A y q e r o  npmepa (npe ~ T O M  B c e r A a  A 0). 



:O < v n eneas o~aaxdaa aehlCrr~ a (e 
ma mamn rrnaamedgo ~qrrlCwdo@ (p) nnaorr~A ~o~hnaed~ ndu 



np!4 PaCCMOTpeHUM YpaBHeHHR fleXaHApa (1 - h[) U = 0 ~ ~ 0 6 ~ 0  na- 
paMeTp h npeACTaBUTb B BMAe h = p ( p  $ 1). Ecnu CAenaTb 3aMeHy 

1 - t  
n e p e ~ e ~ ~ o f i  x = -, TO ypaBHeHMe f l ewa~npa  npnMeT sun 

PHA, npenc~a~n~rorrrufi P, (t), 06pbl~aeT~R u, S H ~ ~ M T ,  npeAcTaBnReT 
MHOrOlrJIeH ( T ~ K  HaSbl~aeMbIfi nOJIUHOM f i e ~ a ~ f l p a )  B TOM U TOJIbKO 

TOM cnysae, KorAa sucno p uenoe. Boo64e x e  P, (t) ~ a s b ~ s a e ~ c ~  
qby~~yue l i  f i e x a ~ d p a  nepeozo poda nop~drca p. 06nacTbK1 cxonw- 
MOCTH HanHCaHHOrO PRAa RMReTCR Kpyr 1 f - 1 ( < 2. P ~ U ~ H M ~ M  
YpaBHeHUR f i e ~ a ~ f l p a  RBJIReTCR TaKXe @YHKUMR Pp (A f ) .  B KPY- 
re 1 t / < 1 06e a y ~ ~ u e u  P,(t), P, (-t) peryngpabr. 

Ha OCHOBaHMU O ~ U M X  ~ O P M Y J *  

lim F (a, b; a + b; x) - r ( a  4- Q) . 
1 

- 
x+ l -0  r (a)  r (b)' 

In - 1 - x  

lim (1 - X ) ~ + ~ - C F  (a,.b: c; x) = r ( 4  I? (a + b - c) 

x-cl-0  r (a)  r ( 4  ' 



Pp (t) - sin np .. ]im -=-- 
f*-1+0 In  .1--t 51 ' 

1 + t 
2 sin np lirn PI' (t) = lim (1 - t2) Pi  (t) = 

t+-1+0 f-+-1+0 

BnaroAapR nepBOMy Pi3 3 T U X  C O O T H O U ~ H U ~ ~  Pi paBeHCTBy P,  (1) = 1 
M bl ~ ~ K A I O Y ~ ~ M ,  YTO npn HesenoM p @ ~ H K U N U  P,  (t), Pp (- t) nn- 
~ e i i ~ o  ~ e s a s u c n ~ b r .  I I ~ u M ~ M ,   TO yucno p - Heuenoe ( B ~ U ~ C T B ~ H H O ~  
nna ~ e s e q e c ~ ~ e ~ ~ o e ) .  

Mb1 6 y n e ~  PaCCMaTpUBaTb J J u @ @ ~ ~ ~ H ~ u & J I ~ H ~ I O  OnepaUUIO 1, BHa- 
sane Ha nHTepsane (- 1, l), a noToM Ha nonyocu (1, a). 

a) Cnysaii uHTepsana (-1, 1). B  TOM cnysae 06e @ Y H K ~ U U  P,  (t), 
PP (- ih IIpUHanJIeXaT L2 (-1, 1 )  Kp0Me TOrO, KBa3HnpOH3BO& 

[I1 HbIe P p  (t), P,  (- t) ~ ~ c o J I I O T H O  HenPepbIBHbI, a KBa3UnpOU3BOAHble 
BToporo nopHnKa npnHannemaT L2 (- 1, 1) B cuny nu@@epe~unanb- 
Horo ypaBHeHnH nexaappa. Cnenosa~enb~o,  ypaBaeeue 

m e  A,, B, - KOHCTaHTbI, aPTYMeHTb1 KOTOPbIX nPOU3BOJIbHb1, IIOSTOMY 
npuMeM,  TO A, > 0, B, > 0. 

Tenepb IIOJIOXUM.I, 

1 1 + t o* (t) = o (t) --2- d 1 1  (t) In - 1 - t '  

rAe ~ s a s n n p o u s ~ o ~ ~ a r r  o[l] (t) pama (1 - ta) or (t), u nepennweM 
6 n n n ~ e i ~ y m  @ o p ~ y  na rpaaxa  B BnAe 

-. 
[(P, +It = cp* (4 $['I ( 4  - cp['l(t) q* (4. 

l irn cp[l] (t), lim cp* (t); 
f - t *  1 t-+* 1 



W, ( t )  = w, ( t ;  A) -; u1 ( t ;  A) 4- 9,,ul ( t ;  A) + 412u2 ( t i  A), . 
W, (t) = w2 ( t ;  h) = u2 ( t ;  A) + B 2 l u l  (t; A) + 9 2 2 ~ 2  ( t i  A). - 

2 sin ny m y ] ( *  1)  = T ( T A P  ( 1  - a l l )  -Bp91219 

2 sin np wblJ (5- I )  = 7 1 f A , 4 ,  + B, ( 1  -922)). 

w: ( f  1) = A, ( 1 1  + Y @)I + 911[1 + Y T ) l )  f 412BP -x)ll 
w ; ( ~ ~ ) = ~ ~ ~ A , ~ ~ + Y ~ P ) I ~ B , I [ ~ - Y ( ~ ) I + ~ ~ ~ ~ ~ - Y ( ~ ) I I .  
Ha BbIqHCJIeHHA BeJIHsHHbI ( p )  M b I  H e  OCTaHOBHMCR, HO 113 AaJIb-  

~ e f i l l ~ e r o  6 y ~ e ~  RCHO, qTO y ( p )  + f 1. 
n p o c ~ e i i r u e e  u ~ a n 6 0 ~ 1 e e  Baxaoe caMoconpRxeHHoe p a c r u n p e H n e  

M ~ I  n o n y s n M ,  nonarak 

81, = 8 2 2  = 1, = 8 2 1  = 0. 



T ~ K  K a K  HU wl (t), H N  w, (t) ~e n p m a A n e x a T  D L ,  TO n o c n e A H H e  

B b I p a X e H N R  OTJIUYHbI OT H y J I R ,  U, 3 H a 9 U T ,  7 (p) f 1. 
K p a e B b ~ e  YCJIOBUR, x a p a ~ ~ e p u 3 y 1 o u ~ e  p a c c M a T p w s a e M o e  pacrunpe- 

H u e ,  UMeK)T BUA 

cpL1l ( I )  = rpr1l (- I) = 0. (A) 
MM M O X H O  n p U A a T b  U A p y r y I o  @ O ~ M Y .  B o - ~ ~ P B ~ I X ,  OHM 3KBNBaJIeH-  
THbI  yCJIOBUIo I 

1/P cp[ll (tj E ~ ~ ( - 1 ~ 1 ) .  (*) 

Bo-BTOP~IX, OHU 3 K B U B a J I e H T H b I  C J I e A y I O m e M y  T P ~ ~ O B ~ H N I O :  

9 (f) CTPeMUTCR K KOHeYHbIM I I p e A e J I a M  I I p U  f -t f 1. (C) A O K ~ X ~ M  3 K B U B a J I e H T H O C T b  3 T U X  y c J I 0 B U f i .  npki 3TOM AOCTaTOgHO 
P ~ C C M O T P ~ T ~  cnysaR B e U e C T B e H H b I X  @YHK@ (P (f). 

H a n U r u e ~  T O X A e C T B O  
P 

- S (p (I) [ ( I  - t3 9' (t)ll dt = 
L 

(-I<a<B< I), 
J I e B a R  s a C T b  KOTOpOI'O N M e e T  K O H ~ ~ H ~ I ~  H p e A e J I  n p U  a+-- 1, P - t  
-t 1, K a K O B a  6b1 H K  6 b 1 ~ 1 a  @ ~ H K ~ U R  (P (f) E D L * .  C A p y r 0 f i  CTOPOHbI, 

f 1 

(Prl] (t) = (-- 1) - 5 1 [rp (s)] ds = (pL1l ( I )  + S 1 [rp (s)] ds. 
-1  f 

~ O ~ T O M Y ,  ~ c J I u  B ~ I ~ O J I H ~ H O  yC.rlOBUe (A), I (f) 1 < 1 / F f  1 1  L; 11 
U, 3 H a W T .  

lim p [ l l  (t) ln IF! = 0. 
t+* 1 I - t  

T ~ K  K a K  rp* (f) CTpeMUTCR K K O H e g H b I M  I I p e A e J I a M  npki f - t  f 1, TO 

K T e M  Xe I I F e A e J I a M  CTPeMUTCR rp (f), T.  e. BbInOJIHReTCR YCJIOBUe (C). 
M T ~ K ,  (A)  =b (C). 

A O I I ~ C T U M  T e n e p b ,  9 T O  BbIIIOJIHeHO YCJIOBUe (C). T ~ K  K a K  B CUJIy 
Y T B e p X A e H U H  1 (c. 226) rp['] (f) N M e e T  K O H e s H b I e  I IpeAeJIbI  I IpU f -t 
-t f 1, TO I I e p ~ b ~ f i  W I e H  n p a B 0 f i  YaCTM (6) U M e e T  K O H ~ ~ H ~ I ~  I l p e A e j l  
npn a -t - I ,  p -t 1 N T e M  x e  C B O ~ C T B O M  0 6 J I a A a e ~  n e s a R  s a c T b  

T D X A e C T B a  (6). C J I ~ ~ ~ O B ~ T ~ J I ~ H O ,  U B T O P O ~ ~  YJIeH n p a B 0 f i  s a C T N  I IpU 

a -t -1, p -t 1 N M e e T  K o H e s ~ b I f i  npe~eJI*: 

* ~ ~ M ~ T H M ,   TO ypawenne I [(PI = 0 coBnaAaeT c y p a ~ ~ e a n e ~  38nepa - nar- 
PaHxa Ana nHTerpana 3 (cp). B CBRSU c ~ T U M  CM. Friedrichs. ~ b e r  die ausgezeich- 
nete Randbedingungen. - (&lath. Ann.)), Bd. 112, 1935. S. 1 - 23. 



AO~YCTUM, H a K O H e 4 ,  9 T O  BbInOJIHeHO YCJIOBUe (B), T. e. COOTHO- 
UIeHUe (7). T o r ~ a  cp['](l) H e  M O X e T  6 b 1 ~ b  OTJIUqHbIM OT 0, T a K  KBK 
B HPOTUBHOM CJIYrIae Pi3 KOHeqHOCTU y* (1) CJIeAOBaJIO 6b1, q T 0  cp (t) 
U M e e T  6 e ~ ~ o ~ e q ~ b I f i  n p e A e J l  I I p U  t - t  1, a 3 T 0  n P U B O A U T  K IIPOTUBO- 
pequm B cuny (6). A H ~ J I o ~ u ~ H O  ~ O K ~ ~ ~ I B ~ ~ T C R ,   TO cpl11 (- 1) = 0. 
M T ~ K ,  (B) + (A). - 

Haue yTsep>rcneHue A O K ~ ~ ~ H O .  
C a ~ o c o n p ~ x e ~ ~ o e  pacruupeaue, x a p a ~ ~ e p u 3 y e ~ o e  OAHUM u3 ycno- 

~ U f i  (A), (B), (C), IIPMBOAMT K KJIaCCUqeCKUM P a 3 J I O X e H U R M .  IIO MHO- 
r o q n e H a M  J I e x a ~ ~ p a .  T ~ K  K a K  r p a a P i w b I e  y c n o s u R  (A) p a c n a A a m T c R ,  

TO CIIeKTp PaCJUUpeHMR IIPOCT. n p U  3TOM C I I e K T p  R B n R e T C H  q U C T 0  TO- 

q e q H b I M ,  6e3 KOHeqHbIX TO'leK C r Y U e H M R ,  a 0 6 p a ~ ~ b I f i  O n e p a T O p  B I I O n H e  
H e n p e p b I B e H .  M H O ~ O ~ J I ~ H ~ I  n e > r t a ~ ~ p a  

1 dn ( t2  - l ) n  P,, (t) = - 2nnI d t n  (n = 0, 1, 2 , .  . .) 

H a  nonyocu t > 1. A n H  runepreo~e~pwqec~ofi  @ y ~ ~ q n u  u M e e T c H  p ~ , q  
C O O T H O U I ~ H P ~ ~ ~ ,  I I03BOJIRlOUUX ee a H a J I U T M q e C K U  I I p O A O J I X a T b  U 3  e A U -  
H U q H O r O  K P Y r a  H a  A p Y r U e  06nac~ki K O M ~ ~ ~ K C H O ~ ~  n n 0 C K O C T U .  Bnaro- 
A a p R  3TPiM COOTHOUIeHURM IIpU t > 1 C n p a B e A n k i B O  C J I e A y l O U e e  I I p e A -  

c T a s n e H P i e  @ ~ H K U U U  J I e x a ~ a p a  n e p B o r o  pona* 
1 r --- 

1 1  
Pp (t) = - 1/,2"+' - ' T ( - p )  ')-!-F(l+$, p++' w; ;+ p;i)+ - 

C M .  unTHposanHym Bblme KHnry B a t e m a  n rnasa III: 3. 2.  



B K a s e c T s e  B T o p o r o  p e r u e H u R  y p a B H e H u n  JIexaanpa H a  nonyocu t > 
> 1 B 0 3 b M e M  T a K  H a 3 b I B a e M Y H )  ( ~ Y N K Y U K )  f l e x a t i d p a  8mOp020 poda* 

1 n p u  M TOM M M  n o n o x u M  p (p + 1) -- --;i- - A ,  r A e  A - H O B ~ I B  na- 

B H a r u u x  @ o p ~ y n a x  0 6 p a u l e ~ u ~  ' n a p a ~ e T p  A 6 y n e ~  > 0. 
H a I T u c a H H b I f l  3 H e C b  P R A  A n f l  Pp (t) CXOAkiTCR B H e  eAUHUrIHOr0 

K p y r a  t - n n o c ~ o c ~ u ,  a paaee ' p a c c M o T p e H H o e  pasnoxeaue c x o A u n o c b  
B K P Y R  I t - I I < 2. ~ O ~ T O M Y  T O 9 K a  f = 1, AJIR @ ~ H K U U U  P,, (t) pe- 
I 'yJIRpHa H, n O J I b 3 y R C b  p a 3 J I O X e H U e M  B K p y r e  I t - l ( < 2, MbI M O X e M  

C p a 3 y  H a n I ? C a T b ,  9 T O  

P,(I) = 1, (t2 - 1) P; (t) ( t = l  = 0. 

~ ~ M ~ T U M  T a K X e ,  ~ T O @ Y H K U U R  P 1 - 3+ ivr (t) npu t > 1 u A >, 0 Be-  

U e c T B e H H a .  B M e c T e  c Qp ( t )  p e r u e H u e M  p a c c M a T p u s a e M o r o  y p a B H e H u R  

6 y n e ~  (PYHKUUR Q-l-, (t), KOTOPaR, KOHerIHO, J I U H ~ ~ H O  B b I p a X a e T C R  se- 
pe3 P, (t) u Qp (t). B K a s e c T s e  B T o p o r o  p e r u e H u R  y p a B H e H u R  J I e x a H -  

npa M b I  n P U C O e A U H U M  K P I - (t) ( P Y H K ~ U I O  
-F+ i vi 

K ~ T o P ~ R  n p U  A > 0 H a  n 0 n y O C U  t > 1, 0 9 e B U A H 0 ,  B e U e C T B e H H a .  
C ITOMOulbIo  y K a 3 a H H b l X  B b I W e  o 6 ~ u x  C B O ~ C T B  r ~ n e p r e 0 M e ~ p ~ r I e c ~ 0 8  

@YHKUUU M ~ I  n o n y r I a e M  A n R  qJ (t, A) cneAyIorrlue C O O T H O ~ ~ ~ H ~ H * :  

O T C I O A ~  MbI 3 a K n I O r I a e M ,  9 T O  

* CM. UwUpoBaeeym KeUry B a t e rn a n, rnaea 111, 3.2. 

(t" 1) = -1. 
qJ (t; 1) qJ' (t; A)  



H a f i ~ e M  H H n e K c  ~ e a e ~ ~ a  o n e p a T o p a  L. Ecnu 1 < c < a, TO B UH- 
T e p B a n e  (1, C) C OAHIIM CUHrYJIRPHbIM KOHUOM HHAeKC A e a e K ~ a  
e C T b  (2, 2), T a K  K a K  &a p e r u e H m  n p a ~ a ~ n e x a ~  L2 (1, c); A a n e e ,  
B M H T e p B a n e  [c, 00 MHAeKc ~ e a e ~ ~ a  O n e p a T o p a  L e c T b  (1, 1) u, cne- 
A O B a T e n b H O ,  no T e O p e M e  3 no 127 NHAeKC ~ e @ e K ~ a  B (1, m) 
e C T b  (1, 1). 

M ~ I  ~IOCTPONM (POPMYJI~I o 6 p a w e ~ ~ ~  A n r r  p a c u r u p e H w R  onepa- 
T o p a  L, O n p e A e J I R e M O r O  r P a H U ' I H b I M  YCJlOBIleM (t2 - 1) U' (t) 1*=1+1) = 
= 0. @ y ~ K u l l e f i  cp (f; h), p a B ~ 0 f i  1 n p H  t = 1, 6 y ~ e ~  P I (t). ' - ? + i  r 

n o a y s e H m  @ o p ~ y n  06pauese~ B   TOM cnysae MOXHO B o c n o -  
J Ib30BaTbCR MeTOAOM H a n p a B J I H W 4 U X  (PYHKUUOH~JIOB no 129, e C n N  

3 a M e T U T b ,  lITO n p M  nOCTpO€!HIIN @YHKUIIU , r p U H a  H e  0 6 ~ 3 a ~ e n b ~ 0  
C Y ~ e C T B O B a H l l e  P e I l I e H U R  V (f; A) ,  P a B H O r O  0 H a  JleBOM K O H U e  ( 3 ~ e ~ b  

npll t = 1). B H a U e M  c n y l r a e  P O n b  (PYHKUUU V (f, h)  ~ Y A ~ T  I I r p a T b  

(J (t; A), K m o p a R  H a  n e B o M  K o H u e  a M e e T  n o r a p a @ ~ ~ s e c ~ y r o  oco6e~- 
HOCTb, HO B C e  PaCCMOTPeHMR no 129, BKJIWqaR O K O H l r a T e J I b H Y W  (POP- 
M y n y  AJIR c n e K ~ p a J I b H 0 ~  ( P ~ H K U I I I I  ~ ( h ) ,  3 A e C b  npOXOART.  Ha np0- 
CTOM A O K a 3 a T e J b C T B e  3 T O r O  Y T B e P X A e H M R  M b l  H e  OCTBHOBIIMCR, a 
n e p e f i ~ e ~  K n o c T p o e H u m ,  n o c T y n a n  T a K  xe,  K a K  u B cnysae, K o r A a  

ne~brfi K o H e u  perympes. T a ~ m  06pa30~,  n p e n n o n a r a f l ,  s ~ o  0 < 
< arg C < n, 6 y ~ e ~  U C K a T b  (PYHKUUKI m (C) (3C > 0) ki3 yCJIOBUR, 
q~06b1 JIUHef iHaR K O M ~ U H ~ U A R  

n p u H a A J I e x a n a  L2 (1, co). M3 B m a  pa3noxe~11fi (B) ,  (9) n e r K o  
YCMOTpeTb,  q T O  m (C) O A H O 3 H a S H O  Ol lpeAeJIReTCR.  ~ ~ ~ ~ C T B U T ~ J ~ H O ,  npu 
t 3 m  r m e p r e o M e T p m e c K a R  @YIIKUMR C T p e M w c R  K ~ H ~ S ~ H N H )  1, 

1 
a u3 A s y x  M H O X I I T ~ J I ~ ~ ~  t-I-., t* (npu p = -? + i i / t  II -3l/~ > 
>0) nep~brR H e  n p u H a A n e x k I T  L2 (1, m). T ~ K U M  o6pa30~, M ~ I  nony- 
q a e M  Y p a B H e H N e  

Perua~ ero, H a x o n M M ,   TO 



Tenepb yXe n e r K o  HaI INCaTb  @ 0 p ~ y J I b 1  0 6 p a q e ~ n ~ :  

N p a B e H c T B o  napceaan~ 
M N 

1 f (1) Isdt = $ l ( g  (l)  j 2  th ( x v $  d l .  = 
I 0 

~ T N  @ O P M Y > ~ I  U3BeCTHbI nOA Ha3BaHMeM @0p&ljA M e n e p a - 0 0 ~ ~ .  
IV. @ Y H K U N H  q e 6 b 1 U l e B a - 3 ~ M ~ T a  CBR3aHbI  C AN@@e- 

pesuwanbaoii onepauueii 

KOTOPaR, B rIaCTHOCTH, WMeeT 60nb~10e 3 H a q e H N e  B TeOPUN T a K  Ha3bI-  

B a e M O r O  n ~ ~ e f i H 0 r 0  OCUWnJIRTOPa I3 K B ~ H T O B O ~  MeXaHMKe. 

Onepa~op L, n o p o x n e ~ ~ b l i i  o n e p a u l r e i i  (1 I ) ,  R s n R e T c R  c a M o c o n -  

P R X e H H b I M  O n e P a T O P O M  B CMJIY TeOpeMbI 5 no 128. f l e r K 0  npOBepkiTb,  
9 T O  YPaBHeHlrIO 

-u"+ ( t2 - l )  U = 0 
npn l = 2n  + 1 (n = 0, 1 ,  2, . . .) y n o s n e T B o p R m T  n o c n e n o s a T e n b H b I e  
@YHKUNN Ye6b1~1e~a - 3 p ~ l r ~ a  (CM. no 12) - 06pa3ymwue n o n H y m  cu- 
C T e M y  B La (- @, m). ~ O ~ T O M Y  OI IepaTOp  L NMeeT  qHCT0  AHCKpeT- 

H ~ I R  C n e K T p  C ~ A H H C T B ~ H H O ~ ~  n p e ~ e J I b H 0 f i  T O ~ K O ~ ~  B ~ ~ C K O H ~ ~ H O C T U .  

T ~ K U M  06pa30~,  @op~y.JIb l  0 6 p a q e ~ u ~ ,  CBR3aHHble  C OllePaTOPOM L, 
CBOARTCR K p a 3 n o ~ e ~ u m  no @ ~ H K U ~ R M  q e 6 b l m e ~ a  - ~ P M N T ~ .  

P ~ C C M O T P ~ H H ~ I ~ ~  n P N M e P  HBJlReTCR B HeKOTOPOM OTIIOUIeHNU no- 
y9NTeJIbHbIM.  OH nOKa3bIBaeT ,  9 T O  CBO~~CTBO p e 3 0 n b B e H T b I  - 6 b 1 ~ b  BnOJI- 

H e  H e n p e p b I B H b I M  o n e p a T o p o M ,  K o T o p o e ,  c o r n a c H o  T e o p e M e  2 no 128, 
B C e r A a  NMeeT  MeCTO B KBa3NPerYJIRPHOM C n y r I a e ,  M O X e T  NMeTb  
- 

* 3 A e ~ b  YMeCTHO OTMeTWTb, q T O  I1 TeOPUW @ Y H K U W ~  n e X a H , Q p a  A O K a 3 h l B a e T C R  
COOrHOUIeHUe (0 q e M  6 b l i 1 0  YIIOMRHYTO ~ b l l l l e )  

( f )  - Q (t )  = ni th (n l/i) P 1, (0, - J +t ?C 2 
- +r?F 

SlOJIb3yXCb KOTOpblM M O X H O  C p a 3 y  YCMOTpeTb,  YTO (10') IIpH 3 (V5) > 0 UpHHaA-  
n e m w T  La ( 1 ,  co). 



MeCTO N B A P Y ~ M X  C J l Y 9 a R X  (I? 4aXe B C n y s a e  M N H M M a n b H b I X  ~ e @ e ~ -  
THbIX YNCeA, K a K  B I IpNBeAeHHOM I I p N M e p e ) .  

V. 0 y H K u N N B e c c e n R.' C p e n ~  pasnus~brx  nu@@epe~uuanb- 
HLIX onepauuii, n p m o A R r r l N x  K @YHKUNRM Beccen~, ~ a x ~ e i i r u a ~  n M e e T  

BllA 

3 ~ y  onepauum M ~ I  I? P a c c M o T p M M  npu n a p a M e T p e  v > 0. YTO K a c a e T c R  

N H T e p B a J I a ,  T O  e C T e C T B e H H 0  113yYNTb TPI? C J y s a R :  

a) 0 < t < 1 -0AIIH C N H ~ Y ~ R ~ H ~ I ~ ~  K O H e u ;  

p) 1 ,( t < W - OANH C U H ~ Y ~ R P H ~ I ~ ~  K O H e U ;  

7) 0 < t < a -ABa C l l H r Y J I R P H b I X  K O H U a .  

0 6 r r l ~ i i  N H T e r p a n  Y p a B H e H l r R  

r A e  A, B - n p O H 3 B O J l b H b I e  KOHCTaHTbI ,  a J v  (2)) Yv (2) - uNJINHAPN- 
YeCKNe @ Y H K ~ H I ?  1-r0 I?, COOTBeTCTBeHHO, 2-r0 POAa,  K O T O p b I e  O n p e -  

AWRIOTCR @ O P M Y J ~ ~ M N  

J, (2) cos nv - J-, (2) 
Y. ( I )  = - sin n v  

M ~ I  6 y ~ e ~  n p e A n O n a r a T b ,  s T 0  31 > 0 I? t > 0; T a K U M  o6pas0~, B e -  

n. 
n l r s m a  z = t VA 6 y n e ~  ynosnersopnrb H e p a s e s c r e y  0 < argz < l-. 
HO IIpM 1 arg Z 1 < 'IF - E I? / Z I --f CO NMeIOT MeCTO a C l r M n T O T l l ~ e C K l l e  

@ 0 p ~ y n b 1  

C n O M O Q b I 0  @ 0 p ~ y f i b 1  (14) ~ a f i n e ~ ,  YTO Y P a B H e H N e  (13) H e  N M e e T  
n ~ y x  n ~ l ~ e i i s o  H e s a s H c l r M b r x  perueasii, n p l r s a n n e x a m a x  L2 (1, a) 

,* 7 



1 

u, (t; A) = dt' H:" (t fl). 
MHA~KC A + ~ K T ~  OIIepaTOpa L B CJIysae P) eCTb, TaKUM o6pa30~, (1.1). 

H a i i ~ e ~  nHAeKc ~ e @ e ~ ~ a  onepaTopa L B cnysae a). T ~ K  KaK npn 
z - t o  

I 
1 ~ + 7  

1 

a c npyrofi CTOPOH~I, zTyv (2) He npnHaAnexnT L2 (0, l), ecnn v > 1, 
s npmaAnexnT L2 (0, I), ecnn 0 6 v < I ,  TO B cnygae a )  nHneKc 
n e @ e ~ ~ a  onepaTopa L ecTb 

(2,2) npn 0 g v , c  1, 
(1,l) npn v >  1. 

( I l l )  npn 0 G v c 1, 
(0,O) npn v > 1. 

B KamoM n5 nepewcneHHbrx cnysaeB nn@$epe~unanb~a~ one- 
PaHHfl (12) nOpOX&aeT HeKOTOpbIe @opMyflbl 0 6 p a q e ~ n ~ .  

EANHCTB~HHYH) napy @0pMyJI MbI IIOJIygHM AflR HHTepBaJIa (0, W) 
npn v > 1. 3 ~ a  napa @ o p ~ y n  nMeeT BHA 

f (t) = { VDJq (At) g (A) dA. 

M ~ I  3AeCb HMeeM He TOflbKO Y H I I T ~ P H ~ I ~ ,  HO Fi C ~ M O C O ~ P R X ~ H H ~ I ~ ~  Onepa- 
TOP B L2 (0, a ) ,  K O T O P ~ I ~  HOCHT ~ a 3 ~ a ~ n e  n p e o 6 p a 3 o s a ~ u ~  f a ~ u e n ~ .  
np14 0 4 v < 1 @ o p ~ y n b ~  (15) TaKxe cnpaseAnnsb1, HO yxe  He RB- 
JIRIOTCR ~ A I I H C T B ~ H H ~ I M U *  @ O P M ~ ~ ~ ~ M H  06paqe~nf1  Ha IIOflyOCH, no- 
POXAeHHbIMII 0IIepaukiefi (12). 

Y ~ ~ A H T ~ C R  B CIIPaBeAflHBOCTH @ O P M Y ~ ~  06paLUeH~fI (15) flyslrre 
BCerO HeIIOCpeACTBeHHO ( 3 ~ 0  ~ Y A ~ T  CAeflaHO B CJIeLlyIOUeM pa3AeJIe 
3TOr0 no), IIpI4MeHRR OAHH I43 YKa3aHHbIX HaMM IIpMC?MOB AflR nofly- 
seHm @ o p ~ y n  06paqe~14R Q ypbe-Ilna~mepen~. npri ;TOM M ~ I  YBIIANM, 



YTO @OPMYJI~I (15) cnpaBeAnnBbI Aaxe npn v > -1 (n, cneAosaTenbrro, 
A n U  V - 1 ,  TaK K a K  J - I  (2)  - J1  (2)). 

P ~ C C M O T ~ H M  cJIy9afi IlHTepBaJla (0, 1 ] npH V > 1 Fi npI?MeM, 9TO 
KpaeBoe ycnome H a  perynRpaoM KoHue nMeeT BHA u ( I )  = 0. 
C ~ ~ A O B ~ T ~ J I ~ H O ,  Mbl MOXeM nOJIOXHTb 

K ( t ,  s; C )  = ( u (t;  C )  [ v ( s ;  t) + m  ( C )  u  (s; C11 ( t>  4 ,  
U ( S ;  C )  [V ( t ;  C )  + tn ( C )  u ( t ;  C ) l  (t < 4, 

me m ( C )  onpenenneTcn 143 ycnoBnR npnHaAnexHocTn @ ~ H K U I ? H  OT t 

. v ( t ;  C)+m(C)u(t;  C )  

" 2 V t  (t  VC) [V~Y  ' (VC) + m ((c Y (14) I - - 

- " 2 m y V  (t Vt) [Vf J : + m ( C )  Jv (VC) ] 

J: (Vh m ( C )  = -n- 
J; (VT) ' 



H O C T b  k1 < A 2  < A3 < ... o6pa3ye~ CIIeKTp,  a C K a s K I l  P a B V b I  0 (An + 
-k 0) - On (An - 0) = 2An.  C O ~ C T B ~ H H ~ I ~  @YHKUUU UMeIOT B u n  

u n  (t) = u n  ( t i  An) = - 
VT J v  (t Vr;) 
V x n  J i ( ~ x n )  ' 

A ~ B ~ C T H O ~ ~  n O A  H a 3 B a H I l e M  @ o p M y / l b l  @ypbl?-&CCeAR. 

Ecnu 6 b 1  H a  P e r Y J I R P H O M  K O H U e  B~I J IO  B3RTO o6wee Y C n O B N e  

T O  MbI  n p H u I J I k i  6 b 1  K T a K  H a 3 b I B a e M b I M  p c l d a ~  @ y p b f ? - a ~ ~ ~ .  

Ha cnysae u H T e p s a n a  (0, 11 npu 0 ,< v < 1 M ~ I  H e  O c T a H o B u M c R .  

~ ~ M ~ T H M  JlHIIlb,  '-IT0 H a  3 T O T  ~ J I y L l a f i  I IepeHOCllTCR I I p H e M ,  KOTOPbIM 
MbI BOCIIOJIb30BaJIIICb I I p U  p a C C M O T p e H I l H  O I I e p a U H H  n e X a H ~ p a .  

P ~ B H ~ I M  0 6 p a s o ~  MbI  M O X e M  IIpef iOCTaBkiTb LlkiTaTeJIIO: PaCCMOTpe-  

H u e  CJIyLlaR p), K O r A a  H H T e p B a J I O M  RBJIReTCR [ I ,  a) (a HHAeKC A e -  
@ e ~ ~ a  e C T b  (1,l)). Ecnu n P I l H R T b  H a  P e r y J I R p H O M  K O H U e  YCJIOBIle 

u (1) = 0, 

TO, I I P l l M e H l l B  H e O A H O K P a T H O  U C I I O J I ~ ~ O B ~ H H ~ I ~  I I p H e M ,  H a 6 ~ e ~  

II n o n y s m  @ o p ~ y n b r  o 6 p a q e ~ u ~  B e 6 e p a - T u m q ~ a p l u a :  

CD (A) = 5 V t  {J. (t 16 Y, (14 -Y, (t VI) J~ (V1)) f (t) dt, 
I 

- Jv ( t  V X )  Y v  ( V X ) - y v  ( t  V X )  Jv ( V X )  

f ( t )=J 'Vt -  o ~ ( J : ( ~ Q + Y : ( ~ Q )  CD (A) dA. 

VI. n p e o 6 p a 3 0 s a ~ u e  r a ~ ~ e n ~  u n o n u s o M b l  na- 
r e p p a-C o H u H a. E y n e ~  p a c c M a T p u s a T b  @YHKUIIIO Eeccen~ J ,  (t) 
(t > 0) npll V > -1. Ee M ~ X O ~ ~ H T O ~ ~  RBJIReTCR T a K  H a 3 b l B a e M a R  MO- 

A H @ u U ~ ~ ~ O B ~ H H ~ R  @ Y H K I ~ ~ ~ R  ~ ~ c c ~ J I R  ( I I o ~ R A K ~  V )  

k = O  



r' I f' 1 \ e-i;'+i- I / Z J ,  ( r t )  dr = e - q V + ~ ,  

b 

KoTopoe nonysaeTcR (nocne a a ~ e ~ b r  @ ~ H K U H H  J v  ( t r )  ee p a 3 n o x e ~ a e ~  

B PRA) C nOMOUbIo nO9neHHOrO U H T e ~ P I I P O B a H I I R ,  9TO AOnYCTHMO 
6~1aroAapR Y K ~ ~ ~ H H O ~  OUeHKe.  H a n a c a ~ ~ o e  TOXAeCTBO nOKa3blBaeT, 

f" 
- q v + ~  

 TO e R B ~ R ~ T C R  n n ~  onepa~opa r a ~ ~ e n ~  H ,  
m 

( H f i  (t) = f ( r )  I/aJv (r t )  dr ,  
0 

. . 

(-1)" (p  $)" U 3aMeHkiM B pe3yJIbTaTe U N p H a  1. Torna Mbl no- 

n y q m  cnenymruee, 6onee o6ruee, TomnecTBo: 



T ( ~ ' ( z )  = 1, TIq'(z) = -z + ( v  f I ) ,  T',"(z) = 
= zz - 2 ('t f 2) 2 f (v + 

N H a W  rOBOpzl,  MHOTOqJIeHbI  T:' ( f ) ,  T:) ( t )  O P T O r O H a J l b H b I  OTHOCM- 
m 

T e n b H o  B e c a  e-ftv (t > 0): e - Y T ~ )  ( t )  TC)  (t)  dt = O. 
0 

T ~ K  O ~ C T O N T  A e J I o  M H O ~ O q J I e H a M N ,  CTeIIeHM KOTOPbIX NMeIOT pa3HYIO 

9 e T H O C T b .  O P T O T O H ~ J I N ~ N P Y R  OTHOCUTeJlbHO P a C C M a T p N B a e M O T O  B e C a  

K a W Y I O  A 3  n B y X  C H C T ~ M  ' (Ti;' ( t ) }~=o, ( ~ : Y d + l  (t)}F=o, M ~ I  n O n y q n M  

KIOCJIe NX 0 6 ' b e f i N ~ e ~ ~ ~  eANHYIO CMCTeMY MHOTOqJleHOB ~ p ) ( t )  = 
m 

1 
. = (-1)" - tn + ... , nnn KOTOpb1X S e-ft '~:' ( t)  L:) (t)  dt = o (m f n). nl 

C 

0 6 0 3 ~ a q e ~ A e  C B R 3 a H O  C T e M ,  9 T O  B I I e p B b I e  I IpU 't = 0 P a C C M a T p A B a -  

e M a n  C n c T e M a  6b1na n o c T p o e H a  J a r e p p o ~ *  (a no3xe npu n106o~ 
v > -1 H. COHUH~IM. T ~ K  K a K  COOTHOUIeHUe (17) O I I p e A e J I R e T  O p O -  

TOHaJlbHbIe  M H O T O W e H b I  C TOqHOCTbIO A 0  IIOCTORHHOTO MHOXUTeJIR,  

* 3 ~ a  cncTeMa ~ ~ H K U W R  y Hac y x e  BcTpeTnnacb B no 12, HO c npyrofi HOPMW- 
POBKOR, a H M ~ H H O :  Ln (t) = nl L(,O) ( t) .  



TO, Y q U T b l B a R ,  q T O  C T ~ P I I I U ~  ~ 0 3 @ @ 1 ? L l l ? e ~ T  M H O r O q J I e H a  L: ' ( t )  YXe 
B ~ I ~ P ~ H ,  MbI  M O X e M  n e r K O  n O K a 3 a T b ,  q T O  

( v )  I d'l L, ( t )  = - e*t-' - (e-*in+') ( n  = 0, 1 ,  2, . . .). 
nl dtn 

a,, = e-ttv j ~ f '  ( /) ladl = J e-*tvLC) ( f )  On tndt = 
a S nl 

0 0 

1 =- 
- dn 

(nl)l (-1). \ in  - (e-ftn+v) dt = 5 e-f "+V r (n + v + 1) , dt" n )  f d f  = 
0 ; 

C 
r ( n +  1) 

~ O K ~ X ~ M ,  q T 0  B n p O C T p a H C T B e  L2 C BeCOM e-ftv (0 < t < a)  OPTO- 

r o H a n b H a R  n o c n e q o s a T e n b H o c T b  { L C )  ( t ) ) ~ o  nonsa. n o n y c ~ a n  npo- 
TUBHOe, I l p U M e M ,  q T 0  C y U e C T B y e T  W 3 M e P M M a R  @YHKUMR @ ( t )  (0  < 

m 

< f < a ) ,  AJIR K O T O ~ O ~ ~  Se-'tv 1 8 ( t )  ' d l  # 0 ki, H e C M O T p R  H a  3TO.  
0 

wnu, s ~ o  TO xe, 

g ( I )  = 1 e- f f v@ ( t )  e-lf(df ( I  = & + i ~ ) ,  
0 

0 

gn) (0) = 1 e - f t v 8  ( t )  (-it)"dt = 0 ( n  = 0, 1, 2. . . J. 
0 



HO B TaKOM CJIyqae g (C) 0 Pi, CJIeAOBaTeJIbHO, 
m 

g ( E )  = S e-'tY@ ( t )  e-"Edt = 0 (- m < E < m), 
0 

T. e. paBH0 TOXfleCTBeHHO 0 npeo6pa30~a~ue Qypbe @YHKUMU, KO- 
TOpaR npki t < 0 eCTb 0, a npki t > 0 eCTb e-'tV@ (t) E L1 (0, a). 
~ O ~ T O M Y  @ (t) 0 Pi ~pOTNBOpeWie IIOJIyseHO. 

Tenepb AoKaxeM @ o p ~ y n b ~  o 6 p a q e ~ u ~  r a ~ ~ e n ~ .  Onepa~op r a ~ -  
KeJIR AMeeT H a  f (x) H ~ I I O C ~ ~ A C T B ~ H H ~ I ~ ~  CMbICJI, eCJIH 

O A H ~ K O  M ~ I  AOJIXH~I  npeAnonoxcurrb nurub, M TO f E L2 (0, a). HO B 

TaKOM CJIyqae Mbl MOWeM Pa3JIOXPiTb f B PRA n0 C O ~ C T B ~ H H ~ ~ M  QYHK- 
UHRM OnepaTopa H, c x o ~ ~ u u f i c ~  B MeTpuKe L2(0, m): 

n 
x=  1 -- 

g, (x) = (Hf,) (x) = CI (-l)kcke X'+TL:) (x2). 

HO IIOCJIeJOBaTeJIbHOCTb [gn (x) ); @ ~ H A ~ M ~ H T ~ J I ~ H ~  H, CJIeAOBa- 
TeJIbHO, CXOAHTCR B L2 (0, a) K H ~ K O T O P O ~ ~  @YHKUNM g (x), KOTOpaR 
uMeeT pa3noxe~11e , 

Onepa~op H yHIiTapeH u caMoconpRmeH. Ero MOXHO TaKme onpeAe- 
JIHTb @ O ~ M  yJI0fi 

A 



~ z m + l  (t) = (-1)~2~m+ltn I ~ L ,  (:I ,a). 

@ W ~ U K U .  B a x ~ e f i u l a ~  U 3  3TWX A U @ @ ~ ~ ~ H U W ~ J I ~ H ~ I X  onepaunfi MbI, ( 

06pasyloua~ nonHyIo cncTeMy B La (0, a ) ,  TO onepaTop L n ~ e e ~  
3AeCb TaK Xe, KaK W B CJlyWe % ? ~ ~ I I I ~ ~ B ~ - @ M W T ~  (CM. pa3A. IV Ha- 
cTosluero no), s n c ~ o  A B C K P B T H ~ I ~ ~  cnemp, a @ o p ~ y n b ~  0 6 p a q e ~ ~ ~ ,  
CBR3aHHbIe C OnepaTOpOM 1, CBOARTCR K Pa3JIOXeHNRM no @YHKUNRM 

cpjrY' (t ). 



1. B o 6 4 e ~  BHAe 3a~aqa*, KOTOPOK) MbI ~ Y A ~ M  3neCb 3aHHMaTbCR, 
(POPM ~ J ~ I I P Y ~ T C R  CneflyK)IUUM 06pa30~. 

AaHa Be4eCTBeHHaH Hey6b1BaK)~aR (PYHKUNH U (h) (-oo < h < m), 
a nmeTcR n n @ l p e p e ~ s n a n b ~ a ~  onepaum 

T. e. KOHCTaHTa ( B ~ ~ ~ C T B ~ H H ~ R )  h, TaKUM 06pa30~, 9~06b1 O(h) 6b1na 
c n e ~ ~ p a n b ~ o i i  a y ~ ~ u ~ e f i  ~ n @ @ e p e ~ u n a n ~ ~ o r o  onepaTopa Lh, nopox- 
AaeMoro onepauneR 1 n KpaesbIM ycnosneM ch. 

Ecnn perueHne aanasn c y q e c ~ ~ y e ~  n ecnn H O C U T W ~  @ ~ H K U U U  o 
orpasusea C H H ~ Y ,  TO B cnny O A H O ~ O  p e s y n b ~ a ~ a  T e ~ l b @ a ~ ~ a  - Jlesn- 
TaHa** 0 (h) RBnReTCR B CYQeCTBeHHOM ~ A E I H C T B ~ H H O ~ ~  U n03TOMY OPTO- 
~ o H ~ J I ~ H o ~ ~  cne~TpaJIbH0fi @yHKukiefi OnepaTOpa Lh. ~ J I ~ B H ~ I ~  np0- 
6ne~b1,  K KOTOP~IM CBOAUTCR 3 ~ a  s a ~ a s a ,  MOXHO nepesncnmb cpasy. 
3 ~ 0 ,  BO-n5!PBbIX, npo6ne~a  eAHHCTBeHH0CTI.r AJIR OnepaTOpa Lh. 3aTeM 
npo6ne~a  Cy4eCTBOBaHUR Ei, HaKOHeu, npo6ne~a  HaXOXAeHHR Onepa- 
TOpa Lh. Bce OHU OKa3anNCb AOCTaTOLIHO TPYAHMMU. nepBaR I13 
OTUX npo6ne~  6b1na perueHa B. A. MapseHKo***) B 1950 rony. BOT ero 

T e o p e ~ a  1. nycmb dee duqbqbepe~quanb~bfe onepayuu 

c tienpepbrmbrfiu nomeHquanaMu q (x), q, (x) npu Kpaeabrx ycnoemx 
y (0) s i n a  4- y' (0) cos a = 0, 

coomeemcmeeHHo, 
y (0) sin a, 4- y' (0) cos a, = 0 

* Cp. KOHeU n0129. 
** CM. r e n b @ a ~ n  M. M. n J l e ~ n ~ a ~  6. M. 0 6  o n p e n e n e H n n  AH@@- 

peHuFiaJIbHOr0 Y p a B H e H I l R  no ern c I I ~ K T ~ ~ J I ~ H o ~  @YHKUAA ( M ~ B .  AHCCCP, Cep. 
MaT. 15, 1951, C. 309-360), C. 350.. - *** CM. AAH CCCP, 1972, M 3, c. 457-460. 



nopowdatorn du@@epe~yuanbtib~e onepamopu co cneumpanbHblMu @ytiu- 
~ U R M U  u (A), coomsernc~nse~~o,  ul (A). B maxoM cnyrae, u3 mowde- 
cmsa (80 scex moricax ~ e n p e p b ~ ~ ~ o c r n u )  

rAe C --uo~cnza~tna, cnedyem, rmo q ( x )  = q, ( x )  u a E a, (mod .r). 
YTO KacaeTcR B T O P O ~ ~  n p 6 n e ~ b 1 ,  TO ee pemeHue naeT cneAyIouaR 

OCHOBHaR 
T e o p e ~ a  2. Anrz mozo rmo6bl tiey6bleatoqarz @ Y H U ~ U R  u ( A )  

(-oo < A < oo) 6b1nu cneumpanb~oi cpy~iil:ue!i onepamopa Lh, no- 
pwdaexozo d~@@epeHyuu/lbtioi onepayueu I IL tcpaeebm ycnosue~  ch, 
~ e o 6 x o d u ~ o  u docrnarnor~o 8blnonHeHue cnedytoqux ycnosui: 

a). ecnu f ( x )  - @u~umtian  @ Y N K ~ U R  u3 L2 (0,  oo) u 

mo f (x)  E 0 ;  
8) ecnu N - t  w ,  mo npu nto6ox oeqecmsetitiofi x utimezpan 

icomopaR uxeem A uawdofi uoHertiofi utimepeane nonyocu 0 < x < m 

a6contom~o Henpepblotiyto np0~3tt0dti~to smopozo noprzd~a; npu 3mow 
np0~380dHble @' (X), @" ( X )  ( X  > 0 )  Henpepbl8tibl 8nAOmb do mOllicU 
x = o  u 

@ ( O )  = 0 ,  @'(+0) = 1 ,  W ( + 0 )  = h, 

zde h - KoticmaHma u3 upaesozo ycnosurz ch. 
Ymo6bl csepx mozo nometiyuan q ( x )  uMen c y ~ ~ f d p y e ~ y t o  8 Kaw- , 

do& KoHertioM uHmepsane nonyocu 0 ,< x < oo) npou3ttod~yto n o p ~ d ~ a  
m,  tteo6xodu~o u docmamor~o Hanurue y @ ( x )  ( x  > 0 )  npou360d~od 
nop~dica m + 2, a6contom~o ~enpepbletiori s i c ~ 3 1 ~ d 0 ~  K O N ~ Y H O ~ ~  U H -  
mepsane nonyocu 0 < x < oo u mauoli, rmo sce npou360d~ble @(k) ( x )  
do noprzdica k = m + 2 suntorumenbHo uMetom KotierHble npede~bl npu 
x++o. 



A o K ~ ~ ~ T ~ J I ~ C T B O  3~0fi B ~ X H O ~ ~  T e O P e M b l  BbIXOAUT 38 P a M K U  H a -  
C~oSIrr(efi  K H M ~ H * .  M b 1  PaCCMOTPUM n O K a  JIWUlb OAUH n p c ~ o f i  n P U M e P ,  

~ o ~ o p b ~ f i  N n n I o c T p n p y e T  T e o p e M y  2. 
npI i~ep .  ~ Y C T ~  U (h) U M e e T  ~ . ~ ! A w H C T B ~ H H ~ I ~ ~  CKaqOK: 

o(ho + 0) -o(ho -0) = A ( l  + thB), 
me h: = -A2 ( A  > 0, B - I IpoU3BOJIbHOe B e u e C T B e H H O e  ~UCJIO) ,  a B 

OCTaJIbHOM a 6 c o n m ~ ~ o  H e n p e p b I B H a  U - .  

d (A) = n h+A2 (A>o)  id-" (h < 0) 

00 

ch Ax- i + 
- cos ( X  fi) dh 

h (h + A=) 

Ecnw P a C C M a T p U B a T b  @ (X) H a  ~cefi  OCU, T O  B TOtIKe X = 0 O H a  n p -  
U ~ B O A H O ~ ~  H e  NMeeT,  HO H e I I P e P b I B H O C T b  COXpaHSIeT. M b 1  BNAUM T a K X e ,  
' I T 0  @YHKUUR @ (x) AJIR X > 0 HMe€!T nPON3BOAHbIe  BCeX IIOPRAKOB, 
npn  TOM 

@ (0) = '0. @' (+O) = 1, @"(+O) = A t h  B. 
T ~ K H M  o6pa30~, K p a e B O e  y C n O B U e  A O J I X H O  U M e T b  BUR 

y' (0) + A t h  B y(0) = 0. 

* Y W T a T e n b  M O X e T  n 0 3 H a K O M H T b C R  C A O K a 3 a T M b C T B O M  TeOpeMbl  2 no UHTHPO- 
B ~ H H O R  B K o H q e  n0129 pa6o~e  r acu~oaa  w Jlesw~ana. B s~oii pabo~e W T a T M b  
~ a k ~ e ~  T a m e  H e K o T o p u e  c s e n e H w s  o TOM, K a K  T e o p e M a  2 B O B H W K J I ~  B p e s y n b ~ a ~ e  
HeCKOJIbKHX yJIyrlLIIeHkifi Ff ~ c H J I ~ H H ~ ~  n e p B O H a W J I b H O r 0  B a p W a H T a  BnJIOTb A 0  CTaTbH 
M. r. Kpefiaa (AAH CCCP, 88, N2 3, 1953), rAe s n e p s b l e  6 b m  y C T p a H e H  pa3pt.1~ 
M e X A y  H ~ O ~ X O ~ W M H M H  H AOCTaTOgHHMU YCJIOBHIIMW, KOTOPMR C y U e C T B O B a n  80 Tor0 
(nocne o c ~ o ~ o n o n o ~ ~ o i i  p a 6 o ~ ~  r e n b a a a n a  H J l e ~ u ~ a ~ a ,  CM. C. 242). K SNMY 
~ O ~ ~ B H M ,  YTO @YHKUWR, 

@ (x) = do (A), (*I 
-. 00 

KOTOpYKl M. r. K p e R H  B U W T W P O B ~ H H O ~ ~  TOJlbKO W O  C T a T b 0  Ha3BaJI  ~ ~ P ~ X O A H O ~ ~  
cbve~uweii. 6ma HM B B e n e H a  w wsvreea e q e  B 1945 rony B C B I I ~ H  c M e T o n o M  

M ~ H ~ B .  M., 196i; C. 269-270. 



C ~ M O  Y p a B H e H U e  L U T ~ ~ M ~ - ~ U ~ B U J I J R  M b I  T a K X e  3 H a e M  (OHO 6b1.110 
p a c c M o T p e H o  B npmepe 1 n0132): 

K a K  U C J I e n y e T  U 3  T e O p e M b I  2, n O T e A U I t a J I  U M e e T  n p O U 3 B O A H b I e  n1o6oro 
UOpRAKa. 

Tenepb B e p H e M C R  K T e O p e M e  2 B ee 0614eii ( P o ~ M ~ ~ M ~ o B K ~ .  Ao- 
K a 3 a T e J I b C T B O  B T O ~  T e O p e M b I  HOCUT K O H C T P Y K T U B H ~ I ~ ~  X a p a K T e p  U n p U -  

BOAWT K H~KOTOPOG npouenype n n R  H a x o x n e H m  q (x). 3 ~ a  npouenypa*, 
no re~baaeny  M J l e ~ u ~ a ~ y ,  COCTOUT B cne~ymrrre~:  no nepexon~oii 
@YHKUMII @ (x) CTPOUTCR R A P 0  F (s, t) U H T e r p a J I b H O r O  Y p a B H e H U R  @pen- 
m J I b M a ,  KOTOpOe O n H O 3 H a s H O  p a 3 p e L U U M O  n p U  K a X n O M  (PEIKCUPOB~~HHOM 
X > 0 U C J I Y X U T  nJIR H a X O X A e H U R  O p T O r O H a J U 3 U p y I o I 4 e r O  R A p a  K (X, t) 
p a c c ~ a ~ p w ~ a e ~ o i i  sanasu. 3 ~ o  M H T e r p a n b H o e  y p a B H e H u e  u M e e T  BUA 

X 

K (x, t) + 1 K (x, S) F (I. I) ds + F ( x ,  t) = 0. 
0 

K o r ~ a  op~oro~a~1~3wpymrrleeee ~ n p o  ~ a i i n e ~ o ,  n o ~ e ~ u i i a n  q (x) onpe- 
A e n r r e T c R  no @op~yne  

d 
q (4 = 2 & K  (x, x). 

3 a A a s a X ,  KOTOPbIMU MbI 6 y n e ~  3 a H M M a T b C R  B ~ a J I b H e f i L L l e ~ * * ,  C n e K T p  
6 y ~ e ~  3 a n O n H R T b  nOJIyOCh,  3a UCKJIIo9eHUeM K O H e s H O r O  YUCJIa ee 
UHTepBaJIOB,  O ~ ~ I Y H O  H a 3 b I B a e M b I X  AUKYHUMU. C ~ M O  no cede 3 T O  
O ~ C T O R T ~ A ~ C T B O  .tre M O X e T  n p U B e C T I i  K K ~ K U M - J I U 6 0  3 a C n y X U B a I o I L l U M  
BHNMaHUR P e 3 Y J I b T a T a M .  O A H ~ K O  T a K U e  p e 3 y J I b T a T b I  nORBJIRIoTCR,  eCJIU 
n p U  HaJ lMsUM 3 a A a H H b I X  J I a K y I I  H a A J I e X a U U M  06pa30~ ~ b l 6 p a H b l  
c n e ~ ~ p a n b ~ b r e  (PYHKUUU. 

11. B ~ T O M  pas~ene  6 y n e ~  npennonaran, s ~ o  c n e K T p a n b H a R  
( P Y H K ~ U R  a@) ,  KPOMe ~ c J ' I o B u ~ ~  T e O p e M b I  2, YnOBJIeTBOpReT JIULUb O n -  

HOMY YCJIOBUH): U (a) = 0 (h < 0). ~ Y A ~ M  P a C C M a T p U B a T b  O T B e s a I o I 4 U e  
eii ~u$@epe~uuanb~oe  y p a B H e H u e  

-Y" + q (x) Y = LY !x> 0) ( 1) 
ki K p a e B O e  YCJIOBUe Ch N 0 6 0 3 H a Y k i ~  (P (x; h) COOTBeTCTBYIOLQee PeLUe- 

H u e ,  y n O B J I e T B O p ~ 4 e e  HOpMMpOBKe Y (0) = 1, T a K  9 T O  cp (0; h) = 1 ,  
q' (0; h) = -h. 

' ApyroP n y T b  n p U H a A J l e X U T  K p e f i ~ y  U OCHOBaH Ha C O ~ A ~ H H O ~ ~  UM T e O p U U  
n p O A O J I X e H U R  SPMUTOBO-II03UTUBHbIX ~ Y H K U U R .  C M .  C T a T b U  M. 'r. K p e f i ~ a  B AAH 
CCCP: 76 (1951), 82 (1952), 87 (1952), 88 (1953). 

** Huxecnenyroque paCCMOTpeHUR OCHOBaHbI Ha HeCKOi lbKWX p a 6 0 ~ a x  a B T O p a :  
1) 0 6  O P T O r O H a n b H b I X  MHOrO'WIeHaX Ha HeCKOJIbKUX UHTepBaJIaX (&AH CCCP, 134, 
1960); 2) K O H T H H ~ ~ J ~ H ~ I ~  a H a J O r U  OPTOl'OHaJIbHblX M H O r O ~ n e H O B  Ha C N C T e M e  
MHTepBaJIOB @AH CCCP, 1961, 141); 3) 0 6  OAHOM Y p a B H e H U U r n ~ y p ~ a  - ~ U y B H J I n H  
Ha n O n y O C U  (&n. X a p b K .  M a T .  0 - B a ) ) ,  1963, T .  29); 4) 0 6  Y p a B H e H H U  ~ J I M ~  
( u 3 a n .  X a p b K .  M a T .  0 - B a n ,  1964, T .  30). 



3~a  @YHKUUR B O ~ J I ~ C T I I  3 h  > 0 p e r y n n p H a  u u M e e T  (npu x > 0) 
1IOJIOXUTeJIbHyH)  M H U M Y H  q a ~ ~ b * " .  O n U p a R c b  H a  @ 0 p ~ y J I b 1  (2,), (2,) * 3necb, T a K n M  06pa30~ ,  A a H o ,  YTO c n e K T p  o n e p a T o p a  L, n o n o m w T e n e H  

n p H  3h f 0 B b I T e K a e T ,  YTO 
X 

KOTOpbIM Mbl H H X e  BOCnOJlb3YeMCJl.  



MOXHO n O J I y q U T b  HeKOTOPYIO W H ( P O P M ~ ~ U I O  0 ee p a 3 n O X e H U U  I3 PRA 
Mu~~ar-JIe(Pnepa, KOTOP~IR  ~ ~ 0 6 ~ 0  3 a n u c a ~ b  B B u A e  u H T e r p a n a  
C T l l J I T b e c a :  

3 ~ e c b  ax (p) e C T b  H e y 6 b I B a I O U a f l  (PYHKUUR, eAUHCTBeHHbIMU T O q K a M U  

P C T a  K O T O P O ~ ~  RBJIRIOTCFl KOPHU hk = hk ( x )  4 e J I 0 f i  (PYHKQUU (P ( x ;  h) .  
B H a n l l C a H H O M -  3 A e C b  U H T e r p a n e  B K a r I e C T B e  HUXHeI'O H p e A e J I a  M O X H O  
B 3 R T b  qUCJIO 0, T a K  K a K  (P ( x ;  A) H e  U M e e T  O T P U U a T e J I b H b I X  KOPH~R*. 
M T ~ K ,  

m 

 TOT ( P ~ K T  y c T a H a B n u s a e T c R  B npouecce p a 3 ~ 1 o ~ e ~ u ~ l  @YHKUUU f x  (A) 
( n p u  X > 0) B P R A  Mli~~ar-JI@JIepa. ~ ~ ~ ~ ~ C T B U T ~ J I ~ H O ,  U 3  @opMyJIbI 

(2,) I IpU t = 0 H e T p Y A H O  n O J y q U T b  ~ C U M I I T O T U ~ ~ C K ~ ' ~ ~  @ 0 p M y J I y  

* ~ e f i c r s n ~ e J I b ~ 0 ,  cnemp n p 0 6 n e M b l  ( ( I ) ,  c,,} no ycnoewro n o n o x w T e n e H .  

~ O ~ T O M Y  AJIR nro6oA ABaJKAbl H e n p e p b l B H O  & H @ ( P e p e ~ l l F i p y e M o f i  ( P H H N T H O ~ ~  (PYHKUHU 
y (x), y~osne~sop~rorqef i  y c n o s u l o  ch, c n p a s e A ? e s o  H e p a s e H c T s o  

(H 3 H a K  ( P Y H K U N O H ~ J I ~  COXPaHNTCR IIOCJIe I IpHMeHeHNR K Z ( X )  AOCTaTOsHO a K K y p a T -  
HOrO OKPYrJIeHHR yma), YTO nPOTHBOPe'4HT (JI). 



a eCJIA BOCllOJIb30BaTbCfl  $op~yaofi (21) N ~ a f i ~ e ~ ~ ~ f i  ~ C H M ~ T O T M K O ~ ~  
AJIR hk, TO M ~ I  nonysm, sm npu k +  co 

C n O M O 4 b l o  KOTOpOI'O $YHKUUH) f, (h) M O X H O  I I p e A C T a B N T b  B B N A e  

1 - cos (u V i )  
~ ~ ( u ) = j  P +  dax (P). 

B ~ a J ' I b ~ e f i l l l N ~  O Q e H K a X  ~ ~ A J ' T  B C T P e q a T b C R  I J O J I O X U T e J I b H b l e  B e -  
JIWqNHbI,  3 a B N C R U N e  O T  n e p e M e H H b I X  X > 0 H .r1 >0  N 06na~aloqae 
C J I e A y l o U N M  CBO~~CTBOM: AJIR K U A O ~ ~  ~ a K 0 f i  B W l A 9 N H b I  M O X H O  YKa- 
3 a T b  A, 0 (0 < < 03) T a K ,  9 T O  

1) p a c c M a T p u s a e M a f l  B w u s u H a  o r p a H n s e H a  B K a x n o M  K o H e w o M  
umepsane noayoca x > A, u 

2) lim A, = 0. M ~ I  ~ Y A ~ M  0603~aqa~b 9 T N  BeJIH9NHbI  ~ Y K B O ~ ~  B 

6e3 ~ a ~ w x - n u 6 0  HHAeKCOB, T a K  K a K  3aBllCHMOCTH M e X A y  HNMN H a C  

H e  6 y ~ y ~  N H T e p e C O B a T b .  



T ~ K ,  nnfi (x; A), rjr (x ;  A), KaK Q~HKUHR OT h B nonynnocKocTH 
t 2 7 > 0, nMem Memo HepasescTsa 

I 
q > 0, nOJIOXHM A,, = - In 2 H 3 a A a A U M  K O H ~ U H ~ ~ ~  U H T e p B a n  [a, b] A n R  %, no& 

~ H H ~ H H ~ I ~  ~ A U H C T B ~ H H O M ~  YCnOBHIO a > A,,. 
n o n y q u ~  c H a q a n a  o u e H K y  ~ n a  cp (x ;  A) B c6nac~w t > q, I s 1 > 5Q (b) + + 4 1 h 1 + 1. n n f l  3~01-0 BOCnOnb3YeMCfl  HepaBeHCTBOM H 3  K O T O p O r o  c n e A y e r ,  

YTO npw a<%< b 
1 

I lp (x ;  A) 1 > (efx - r f X )  - efxSQ Q k )  + lhl 
( b ) - ~ ( x ) + 4 1 h i + l  > 

Ecnn q < 5Q (b) + 4 1 h 1 + 1 ,  H y x H O  eue PaCCMOTpeTb o 6 n a c ~ b  G, B ~ o ~ o p o i i  
f > 1, I S ! 9 6Q (b)  + 4 1 h 1 + 1. B 3~08 c 6 n a c ~ u  n p H  KalKAOM % 6 [a ,  b] (PYHK- 

1 
UHfl r o n o ~ o p ( P r i a .  Ha K ~ U B O ~ H ~ I ~ ~ H O ~ ~  r p a ~ n u e  o6nac~n G B cwny 

lp (x. A) 
o u e H K n  (a): I 

< 8e-fX < 8e-qAq = 4. 
I lp (x; A) l 

Ha ~ ~ R M O J I H H ~ ~ H O ~  r p a H H u e  o6nac~n G n o n o m u M  s = r + iq, T a K  s ~ o  ( cp (x ;  h) I 
6 y n e ~  ( P ~ H K u H ~ ~  F (x, r )  B n p f l M o y r c n b H n K e  [a ,  b] X [-r', r ' ] ,  me ( r' + ill = 
= 5Q (b) + 4 ( h ( + 1.  @YHKUHR F (x, r ) ,  OWBHAHO, H e n p e p b l B H a  H I l O J I O l H T e f l b H a .  
~ O ~ T O M Y  O H a  HMeeT B npRMOYCOJIbHHKe n ~ n ~ x ~ ~ e n b ~ h l f i  MWHWMYM* m (a, b). 
k i c n o n b s y f l  n p H H U H n  MaKCHMYMa M0AyJI5Ij HaXOAHM, YTO npii nro60~ % E [ a ;  bJ 
B 06nac.r~ G cnpasennnsa o u e ~ ~ a  

< 3 $  = M (a, b) = M (a, b) etxe-fx< 
I cp ( x ;  I m (a ,  b) 

g M (a ,  b) eb15Q(b)+ 41hl+1Ie-tx. 

6 c o e A w H e H n w  c n o n y ~ e ~ ~ o i  BblUle  O U ~ ~ I K O ~ ~  npn I S  ( > 5 4  + 4 1 h ( + 1, f > 1 
3TO 0 3 H a Y a e T ,  YTO n e p B O e  H 3  HepaBeHCTD (4,) AOKa3aHO.  T O p O e  AOKa3bIRaeTCR 
naxe npoue. 

ersa napcesann, n o  1 r 2 q U  10, (u) 1 % ~  = B. 
0 

* ~ ~ B W C W M O C T ~  O T  1 H e  OTMeYeHa,  TBK K a K  r j  S ~ @ H K C W P O R ~ H O ,  



Tenepb O ~ ~ ~ T U M C R  K (Pop~yne (3'). M3 H e e  c n e A y e T ,  YTO 0, (u) 
H a  OCIl -m < U < m H e n p e p b I B H a ,  )',2OBJIeTBOpReT H e p a B e H C T B y  

I m 2 

1 dux ( P )  + 1 dy < 0% (4 + 1 0, (u)  du. 
0 1 0 

J l e ~ ~ a .  17pu 0 < a < b < m 

(Db (u) = 0, (u) (0 < u < 20). (6) 
3 T a  J I e M M a  n p U H a A J I e X H T  K p e i i ~ y  I4 B b I T e K a e T  H 3  er0 o6mux 

~ O C T ~ O ~ H H ~ ~ ,  OTHOCRIUUXCR K I I P O U ~ B O J I ~ H O ~ ~  C T ~ ) ' H ~ * .  ~ P O B ~ A ~ M  3 A e C b  

A O K a 3 a T e J I b C T B O  J leMMbI ,  H e  BbIXOAR 3a P a M K H  H a U U X  ~ Z ~ C C M O T ~ ~ H H ~ .  
C 3~0fi WeJIbK) 3 a M e T U M ,  YTO 

d  
& f X  (1)  = 

cp ( x ;  a) +' ( x ;  a) - cp' ( x ;  A) + ( x ;  A) - - 1 

[ cp  ( x ;  a)la IT ( x ;  Alla ' 

p e r y n ~ p ~ a ~  npu t > 0 ,  06nanae~ c n e n y m q u ~  CBORCTBOM: 

s u p i t ~ m  ) g ( s )  12ds < a. 
f > ?  it-.. 

Ha OCHOBaHUU O A H O ~ ~  T e O p e M b I  B U ~ e p b 1 - n 3 h I u * *  (KOTOPYK) YaCTO 

H ~ ~ ~ I B ~ I O T  meopeatoi P-W o ( P ~ H I C ~ U I ~ X  8 no,tyn,toc70cmu) cnpasea- 
n M B o  cneaymaee n p e A c T a s n e H u e  npu t > 7: 

m 

- - d  e - 2 i ~ ) / h  - 1 
vx dx f x  (1)  = TJ eiviuGx (u)  du. 

0 



2% 
M H T ~ ~ P U P Y R  paBeHCTBO (a) OT X = U > 0 A 0  X = b > a, HaXOnUM, s T 0  

C npyrofi cToporrb1,  6naronap~ (3) 

C ~ ~ B H ~ H H ~  ($) C (r) npUBOAUT K P a B e H C T B y  (6), OAHaKO lTpU AOIIOJI- 
HUTeJlbHOM YCJIOBUU, 9TO U > A,. O C T ~ ~ T C R  n P U H R T b  BO BHUMaHUe ,  
YTO lim A, = 0. 

,-cm 

J I ~ M M ~  nO3BOJIReT Ol lpeAeJ IUTb  @'HKUUK) @ (u), KOTOPaR n p U  
n m 6 o ~  X > 0 YAOBJIeTBOpReT COOTHOIUeHUIo 

0 (u) = 0, (u) (0 < U 6 2 4 .  (7) 

 TO BOSMOXHO B CUJIY TOrO, 9 T O  (U) H e n p e p b I B H a  U (0) = 0. 
B TaKOM C n y Y a e  H a  OCHOBaHUU JIeMMbI n p U  n m 6 0 ~  X >  1 ~ Y A ~ T  



wvax rswadoa~ yodola Lvn3 a eao~3 OL '3p (y 13) d~ x 
0 '2 

x (3) o S = (y)b '3~ (U :I) (3) d j = (Y)$ H x > 3 2" o w 
v v 

-avd '(x '01 arreada~ss a nnhn~L@ aNnUEV3 aav- (3)g '(3)s' ~"33 

Olh 'wu~~I~ou Ism 

uvvax awadoas godo~a N Iswwav ana~3vav3 ~deno~eug 'aaveu ' 

mahudu 



B NHTepBane  LO, X I  n p N  y c n o B l l ~ ~  y1 (0)  + hy (01 = 0, y ( x )  = O. 
C O ~ C T B ~ H H ~ I M H  @ Y H K ~ N R M U  ~ Y A Y T  (P ( E ;  hk), a C O ~ C T B ~ H H ~ I M N  3 H a 4 e -  

HHSMH hk = hR ( x )  (KOPHH YpaBHeHHR (P (x; h) = 0) .  I ( ~ K  JleI'KO BHAeTb, 
PaBeHCTBO n a p c e ~ a J I R  6 y ~ e T  UMeTb BHA (IIpN X = X,): 

M3 (a) A (p) c n e n y e T ,   TO 

S - do (P! = -i fl eiuvkD (u)  du. 
0 

P- S 0 

O T C ~ O A ~  C nOMOU&blO (5,) li nOJIyWeTCR ~ p e 6 y e ~ o e  HepaBeHCTBO (9). 
l l ' p  e n n o x e H u e 2. Nmeem Mecmo coom~otue~ue* 

00 



x 3 v 3 0 ndu 'oHquaLeaovau3 

0 < v I~O~OIIP ndu LNOL~OII n 

0 

'oHsua~eaoaaly) .m > np ,I (n 'x) IN 1 1 am 
I 



Y C T ~ ~ M ~ H H  a K 0 U U C n O J I b 3 y H  TOT @ ~ K T ,  9 T O  B T O 9 K a X  P O C T a  @YHK- 
UUU Cx (A)  @YHKUUR (P (x; A) P a B H a  0, IIPUXOAUM K P a B e H C T B y  

'1 ( x :  - q i, da ( A )  = - 1 q ( x i  i) 
a - i  

0 0 

9 T O  W ~pe6o~anocb A O K a 3 a T b .  

111. Tenepb MbI M O X e M  BBeCTU C I I e U U a J l b H b I e  C I I e K T p a J l b H b I e  
@YHKUHU, 0 KOTOPbIX YnOMRHYJlU BblUle,  B KOHUe pa3LeJIa I. 0603~a-  
9 U M  Wpe3 E T O 9 e 9 H O e  M H O X e C T B O ,  0 6 p a 3 0 ~ a H H o e  U H T e p B a J I a M U  

(E): (0, a,), (PI, a,), ( P z ,  a,), . 9 (PP- 03) 

(0 < a, < P1 < a, < . . < P p  < 03). 

(E) ,  H 0 n p e ~ e n H ~  @ Y I I K U U ~  R; (C) = I! ' I! iz T a K ,  q~06b1  

OFIa 6b1na > 0 B K ~ K O ~ ~ - H H ~ Y A ~  T 0 9 K e , ' J I e X a I l l e f i  H a  B e p X H e M  6epery 
paspesa (P,, co). Torna 3 ~ a  @YHKUUR n p U  ee H e n p e p b I B H o M  nponon- 
X e H U U  B @ ~ Y A ~ T  > 0 H a  BepXHUX Beperax BCeX pa3pe30n. ~ Y C T ~  

- Bp E~ I % ( A +  i0) (;p))'= . . . (7p) 2 0 ( A  c E). 
v ( A )  = a -  

me K a X A O e  I13 ( B ~ I ~ P ~ H H ~ I X  U ~ ~ @ U K C I I P O B ~ H H ~ I X )  Ek P a B H O  0 UJIU 1.  
n o  @YHKUUH V ( A )  M b I  nOCTPOUM C n e K T p a J l b H Y H )  @YHKUHH) a (A) = 

h 

BeCOB V (p), W (p) BCTpesEtfOTCR B T e O P U U  O P T O r O H a n b H b I X  MHOT09JIe-  

HOB, B n e p B y m  osepenb y n. n. Ye6b1ure~a. Aanee, ecnn p a c c M a T -  
P U B a T b  H a  nOJIyOCU Y p a B H e H U e  U p e ~ U H r e p a  C s e T H b I M  I I e P W O A U ~ e C K U M  

n 0 T e H U U a J I O M  U I I O T P ~ ~ O B ~ T ~ ,  9~06b1 C n e K T p  COCTORJI U 3  K O H e s H O r O  
sucna 3 0 H ,  TO C n e K T p a J I b H a R  @YHKQHR a ( A )  6 y j e ~  U M e T b  B TOgHOCTU 

y K a 3 a H ~ b I f i  B W .  H E ~ K o H ~ Q ,  I I p U B e A e H H b I e  ki A a x e  6onee o6uwe B e c a  
B C T p e 9 a l o T C R  B A a B H O  U3BeCTHbIX @OPMYJIE~X 0 6 p a I l l e ~ U ~  CUHrYJIRPHbIX 

U H T e r p a J l O B .  O A U H  n p I l M e p  ~ a K 0 f i  n a p b I  @ O P M ~ J I  0 6 p a I l l e H U R  (OH H a M  
I ~ O H ~ A O ~ H T C H  B A B J I ~ H ~ ~ ~ w ~ M )  A a e T  C J I e A Y H ) u a R  



arna n q~e2uuadau OHHOW ole 

@ 3 y wogorlr ndrr OL~ '~n~awe~ qdarrai 
.~Aaerr rqn~oa ~1s~orrrrr 

-9B (Y) 0 '(Y) d BOHaVhOJOHW WWBH~OX ~ahkidn 'NN~LH~H~H@@SOX 

urnsrnde~r, 1 uwn~aed 3 'd ~H~II~L;, IqHaVhoJoHw .- (y) 0 n (y) d aUJ 

Una mawu 2 3 y udu (y) n xunn~6@ , 

'urno)I alr31sw3 a anHaheHE 
BOHHl?VJ LaeheHEO elred~al~u eaeHE 6 xud~rn Olh 'WIIHNOLIBH 

1 0 1) = il)) d.11 wows nd,y 

yovfiwdo@ agu/m@ n ;q wnxavew~ndu anwarnad 
ow6 'j an~amad o~po wow~aow3ahfi~ o (2 o fi~iecxga nwhou) waawn 



, rAe  n e B a R  YaCTb  O T p U u a T e J I b H a  npM 8 s  = 0, 3s = t > 0. M b l  ~ Y A ~ M  
nOJlb30BaTbCR 3TIIM PaBeHCTBOM npM /> .rl > 0. O A H ~ K O  J l e B a R  Y a C T b  
r o n o ~ o m ~ a  u A o n y c K a e T  pa3noxe~kie cnenymuero B u n a  npu 
Is1 >If&: 

T ~ K  K a K  npu t 7 0 

B n o n v n n o c K o c T u  t >, .rl > 0 nesaz s a c T b  A a x e  nocne YMHOXCHUR 
1 ee H a  ( S  (2N+2 PaBHOMePHO CTPeMUTCfl K 0 n p U  ( S  I -t CCI K a K  - 

I s 1  . 
I ~ O ~ T O M Y  @YHKUUR CD (u) A o n y c K a e T  n u @ @ e p e ~ u u p o ~ a ~ u e  2N + 1 pas, 
a T a K  KaK N nPOU3QOJIEiH0, T O  @ (u) ~ ~ C K O H ~ Y H O  ~ ~ @ @ e p e ~ u I I p y e ~ a .  

B (a), CJleAOBaTeJIbHO, n p U M e H U M 0  UHTeCpUpOBaHUe  no YaCTRM, U Mbl 
IlOJIyYUM C J I e J y l O U e e  COOTHOILIeHUe: 

k= l 
MH BUAUM, 9TO YCnOBUR T e O p e M H  2 BblnOJIHeHbI ,  YTO n 0 T e H U U a n  
q ( ~ )  HMeeT  B [O, a) nPOU3BOAHHe  nm6or0 n O P R A K a  B YTO qHCJIO h 



B K P a e B O M  YCJIOBMM P a B H O  0. ~ O ~ T O M Y  P e L I I e H U e  (P (x; h) )'AOBJIe- 

T B O P R e T  YCJIOBMRM ( T M I I ~  K O C H H ~ C ~ )  (P (0; h) = 1, p' (0; h) = 8. 
(PYHKUMR $ (x; h) ,  KOTOPYIO MbI BbILUe BBeJIU, Y n O B J I e T B O p R e T  YCJIOBMRM  ma C I I H Y C ~ )  (1) (0; h) = 0, +' (0; h )  = 1. 

Teope~a ,4 .  npu n l o 6 0 ~  x >  0 u.ueem n t e c m o  coomtiouletiue 

P (h)  [cp (x; h)12 + hQ (h)  [$ h)12 = S (h i ,  
ede S (1) = S, ( A )  - u f i o a o r n e f i  crnenetiu p om h ,  cmapuluu KOB@@U- 

y u e f i m  K o r n o p o z c  p a s e f i  1 ,  a o c r n a n b f i b l e  sasucxm om x; /LOPNU MNO- 
e o v n e f i a  S (1) newam no odfiouy B u~rnepsanax [aj, pi]. 

,U. o K a 3 a T e,.n b c T B o. Ilpa x = 0 y T s e p x A e a M e  T e o p e M b r  TPM- 
B I l a J I b H O  Pi S (h) = P (1). B 0 3 b ~ e ~  K ~ K O ~ - H M ~ Y A ~  X > 0 M ~ ~ @ U K C H -  

P y e M  er0. Y T O ~ L I  n O J I b 3 0 B a T b C R  IIOJIY'IeHHbIMU BMLUe O U e H K a M U ,  

B b 1 6 e p e M  M ~ ~ @ M K C H ~ Y ~ M  T a K o e  7 > 0, q T O  X > Aq. B pacCMaTpki -  

BaeMOM HaMM C J I y s a e ,  K O r A a  U M e e T  MeCTO T O X A e C T B O  ( lo) ,  H e p a B e H -  

CTBO (9) I I p M M e T  BUA 

M3 BeI&BCTBeHHOCTM ( P Y H K U U ~ ~  (P (x; h ) ,  (1) (x; h) H a  B ~ U ~ C T B ~ H H O ~ ~  

OCA I1 TOTO, K a K  P a C n O J I O X e H b I  KOPHM MHOTO'IJIeI-IOB P (h) ,  Q (h), 
B b I T e K a e T  cnenymuee s a ~ n ~ o s e ~ u e :  

ecm uenan (PYHKUUR P ( A )  [rp (x; h)I2 + hQ ( A )  [(1) (x; h)I2 H e  o6pa- 
U a e T c R  B H Y J I b  H a  OAHOM M3 KOHUOB J I a K y H b I  [aj, pi] ( j =  1, 
2,. . . , p), TO O H a  MMeeT, IIO K p a f i ~ e G  M e p e ,  O n U H  K O P e H b  B H Y l P M  

JIaKYHbI  N, CJIt?i[OBaTeJIbHO, AeJIUTCR H a  H ~ K O T O P ~ I ~ ~  MHOTO'IJIeH S (h) 
C T e I I e H U  p, c ~ a p L L l l i f i  K O ~ @ @ M U A ~ H T  KOTOPOrO ITyCTb P a B e H  1. ~ O ~ T O M Y  

o6e (PYHKUMM 

RBJIRKJTCR ' IeTHblMki  UeJIbIMM @YHKUNRMM OT S 3KCIIOAeHUMaJlbHOTO 

THIIa .  ~ o c J I ~  AeJIeHMR H e p a B e H C T B a  (7) H a  I S ( h )  I MM IIOJIy'IIlM H e -  

P a B e H C T B a  

( g ( s ) ( ~ B l s 1 2 ,  I Q ( s ) ) , < B ,  



K a X A O e  M 3  KOTOPbIX C n p a B e A J l U B O  K a K  n p U  t>, T / ,  T a K  N n p N  
t < -y, T O  e C T b  BCtOAY B IIJlOCKOCTM S B H e  IIOJlOCbI ( t 1 < T / .  Tenepb 
MbI , Z O K a X e M ,  q T O  3 T O  H e p a B e H C T E O  C T e M  Xe B B e p H 0  N B n O J O C e  

I t 1 < T/.  C 3 ~ 0 8  u e n m  n p m i e H m  ~ n a c c ~ l q e c ~ ~ l f i  n p N e M  @par- 
~e~a - J Iu~nenedpa .  B 0 3 b M e M  8 > O  N p a c c M o T p m  @ Y H K U U ~  
e-8(s2f.12)Q (S) = &6 (s) B ~ P R M O Y T O J ~ H N K ~  GT, O r P a H N q e H H O M  n p R -  

MbIMN t = f T / ,  %S = T, r A e  T CTOJIb  Bej lNKO,  q T O  H a  B e p T N K a J l b -  

HbIX CT0i;OHaX n P R M O Y r O J b H N K a  GT: 

(~b160p T a K O r O  T B 0 3 M O X e H ,  T a K  K a K  Q - U e J I a R  @YHKUHR 3 K C n 0 -  

H e H U N a J I h H O r O  ~ N n a ) .  Ha T O P N 3 0 H T a J I b H b I X  C T O P O H a X  T a K X e  

( Q g  (s) / < B, T a K  K a K  H a  HNX no A O K a 3 a H H O M y  1 Q (S) I ,( B; CJIeAO-  
B a T e J I b H O ,  no I I p N H U N I I y  M a K C N M y M a  M O A y J R  H e p a B e H C T B O  ( Qs (S) I < B, 
a 3 H a 4 M T ,  N H e p a B e H C T B O  (Q(.S) 1 < BesT' B e p H 0  BCtOAy B GT. HO 
8 ). 0 n ~ O H 3 B O J I b H O .  ~ O ~ T O M Y  1 52 (S) 1 < B BCtOAy B GT. A T a K  K a K  

BCRKaSl T O q K a  I lOJOCbI  I t 1 < 7 n O n a A a e T  B I I p R M O Y r O J I b H N K  GT n p N  

A O C T a T O q H O  6onbmo~  T, T O  H a U l e  Y T B e p X A e H N e  A O K a 3 a H O .  Tenepb 
MbI M O X e M  I I p N M e H N T b  T e O P e M Y  J I M ~ B M J I J I R  N IIPIIXOANM K BbIBOAY, 

q T O  Q (s) e C T b  K O H C T a H T a .  C J I ~ A O B ~ T ~ J I ~ H O ,  g (S) = g (0) + K1s2, T. e. 

O C T ~ ~ T C R  A O K a s a T b ,  q T O  K1 = 0, K2 = 1. 
C 3 ~ 0 f i  QeJIb tO A O C T a T O q H O  B O C n O J l b 3 O B a T b C R  @ 0 p M y J I a M N  (2,), 

(2,), B c m y  KOTOPMX n p H  t = 0, s-+ co- 

M b 1  0 6 0 3 ~ a q N M  K O P H N  M H O r O q J I e H a  S (h) Wpe3 7, = 7, (X), n p N -  

B c n e j l y t O m e M  paa~ene  M ~ I  n o ~ a x e ~ ,  K ~ a ~ o f i  3 a ~ a q e  a ~ a n u s a  
CBOAMTCR H a X O X A e H N e  P @ Y H K U H ~ ~  r k  (x). 

3A€!cb Xe n p N B e A e M ,  O A H O  C f i e A C T B N e  T e O p e M b I  4 .  
n p e n n o x e ~ a e  3*. f7pu n m 6 0 ~  x>O u w e m  M e c m o  pa- 

e e H c m e o  
P P 

*  TO ~ P e A J I O X e H U e  IIpMHaJ,jIeXUT 6. A. , Q ~ ~ ~ O B U H Y  U COAepXUTCH b er0 
c r a T b e  ~ O b p a T H a f l  sanasa T e o p u u  paccemsn AJIR n e p w o a u s e c K u x  K O H ~ Y H O ~ O H H ~ I X  
n o T e H q w a n o B ) )  ( ~ Q Y H K U U O H .  a~a.r~na)), 1975, 9, 1,c. 65-66); C M .  T a K x e  ero C T P T ~ H )  

cdIepwom~ec~aa aanasa Ann y p a B H e H w n  Kop~eeera fie Qpnsa B K n a c c e  K o H e s H o -  
B O H H M X  n o T e H q u a n o B ) )  ( U Q Y H K ~ W O H .  aeanus)), 1975, 9, 3, c. 41-51). 



-1fad3orran (y !x) cf, '(y !x) b, sisinnnX@ ~LUEB~RE nex 'NRWB~ NaL 'u 
(d ' '2 '1 = y) (x) % !una~X@ amauxoxen mrnuoa:, eswrreHe 
aheues !oxen a 'WOL o 'a3oduoa PH K~WN~OHPL~O sdaua~ 'AI 
'0 = X Fid~ N oan~~uaaedu~ '0HUN~ah0 'OH0 '0 < x NW3a '(I 1) aWH 
 OHLOO LOO^ ICar3q1rar~seaou . aame>r<armorr raICuau3 (w) ss dworsou e 

m c y ndu or ge = (y !x) g P madoar IC~rils s WPX HP~ 
- 



He~o~opble odpa~ahre aa~asw cne~~panbnoro aaanwsa 26 i 

C T s e H H o  q e p e s  n a p a M e T p b 1  a,, Pk M 7, = 7, (x) .  A n R  3 ~ 0 r o  p a c c M o T -  
PUM 6onee nonpo6~0 (PYHKUMKI OT A :  

npll X > 0. ~ T O ~ L I  MMeTb AeJIO C O A H O ~ H ~ ~ H O ~ ~  ( P Y H K U M ~ ~ ~  TOqKM, 
BBeAeM PMMaHOBY l l 0 B e p ~ H O C T b  8, CIUUBaR C JIMCTOM @ B T O P O ~ ~  
~ O A O ~ H L I ~ ~  JJNCT TaKMM 06pa30~,  q ~ 0 6 b 1  JIMHMRMM n e p e X O A a  nOBepX-  

HOCTN 8 6hlJIM OTPe3KM CMCTeMbI (E) .  E c n ~  C - T O s K a  OAHOrO M3 
JIMCTOB nOBepXHOCTM 8, TO COOTBeTCTBYIOUIYIO TOqKY A P Y r O r O  JIMCTa 

Ha3OBeM C'. ~ O ~ T O M Y  

s (A) 8 (x;  A)  8' (x;  A ' )  = - 
P (A) ' 

TO TOgKM 7, -- 7, (x )  (k = 1, 2, . . . , p) RBJR!OTCR nPOCTbIMN KOPHRMM 
(PYHKUMM 8' (x:  A )  n ~ a x n , b ~ B  us H H r  n e x m  B u a T e p B a n e  [a,, p,] 
H a  OAHOM U TOJILKO OAHOM U 3  JIMCTOB nOBePXHOCTM 8;  OANH M3 

KOHL@B K a X  LOTO MHTepBaJIa  [ak, p k ] .  RRJIRRCb KOPHeM M H O r O q J I e H a  
P (A), 6 y ~ , e ~  npOCTbIt~l  nOJIlOCOM (PYHICUNII 8 (xi A) .  

A o K a x e ~ ,  q T O  K a X n a R  B e T B b  (PYHKUHA In 8 ( X ;  A )  OfiHO3HarIHa H a  

8 B OKPeCTHOCTU TOgKM = 03. 3 T O r 0  3aMeTMM, q T O  B CMJIY (a) 

In 8 ( x ;  A )  + In (8 (x;  A') = ln S(h) 
P (A) 

3 ~ e c b  n p a B a R  W C T b  PeI 'YJIRPHa B O K ~ ~ C T H O C T M  TOqKM a nJIOCKOCTM A. 
ECJIN H<e B 3T0fi nJIOCKOCTM T O q K a  COBePUlMT 0 6 x 0 ~  n0 OKPYXHOCTM 
AOCTaTOsHO 6 o n b r u o r o  paAMyCa  C UeHTPOM A = 0, OTnPaBJ IRRCb ,  H a -  

npuivep, OT n e B o r o  6epera paspesa (B,, m) B C O O T B ~ T C T B ~ I O U I ~ I O  

T O ~ K Y  n p a B o r o  Bepera, TO In 8 (x;  A )  nepefine~ B In 8 (x :  A' )  f 2mi, 
a c n e A o B a T e n b H o ,  In 8' (x;  A')  nepeiine~ B In G (x ;  A )  - 2mni. ~ O ~ T O M Y  
nocne nomoro o6xo~a  B o K p y r  T O ~ K M  m H a  8 (PYHKUBR In 8' (x;  A )  
OCTaeTCR 6e3 M3MeHeHMR, OTKyAa  YXe CJIeAj 'eT H a w e  Y T B e p X A e H M e .  

P~CCMOTPMM npll ( S ( > 1/pi, = S2, (PYHKUUH) H ( s )  = In8  ( X i  A )  - 
- ixs u ~ ~ M ~ T M M  cpa3y xe,  TO H (-S) = ln 8' (x ;  A' )  + ixs. T ~ K  
KaK B O ~ J I ~ C T M  f = -3s ,( 0, I S 1 > Q ( X )  f 1'6 B CMJIy (n 
U M e e T  MeCTO HepaBeHCTBO 

TO AJIR r n a ~ ~ o f i  e e T m  H (s) c n p a B e n n u B o  c o o T H o r u e H M e  

lim H ( S )  = 0, P a B H O M e p H O e  n p U  f ,< 0. 
14)+ 



 TO Xe COOTHOUleHNe C I I p a B e A J N B O  H I I p H  t > O ,  T a K  K a K  

B cmji (a) 

H, C J e A O B a T e J I b H O ,  In &f ( x ;  h) N M e e T  B T O q K e  h = 03 H a  8 I I O n m C  

nepsoro nopama c r n a ~ ~ o f i  s a c T b I o  i x  )/r;. 
Aanee H a M  I I o H ~ ~ ~ o ~ R T c R  H e K O T O p L I e  @ ~ K T ~ I  N 3  TeOpHPi F N n e p -  

s n n H n T m e c K u x  a ~ ~ e r p a n o ~ .  M ~ I  n p u r e n e M  B H a q a n e  K p a T K y m  c B o n K y  

CaMhIX H ~ O ~ X O ~ N M ~ I X  ~ O H H T U ~ ~ .  
Hpexue ocero o H o p L f a n b H b I x  mrrerpanax n e p B o r o  pona: 

1 

(h) H M e e T  H a  3 I I ~ o c T o ~ ~  IIOJIIOC B T O 9 K e  h = CO, r J I a B H a R  9 a C T b  
. - 

B O K p e C T H O C T N  nOJIIOCa e C T h  h. 
H ~ K O H ~ U ,  H a C  BCTPeTRTCR T a K  H a 3 b I B a e M b I e  3 J I e M e H T a p H b I e  

A H T e r p a J I b I  T p e T b e r O  P O A a ,  3 a B H C R I U H e  OT I I a p b I  T O q e K  H a  3, B KO- 

T O P b l X  3 T N  NHTeTP3, ' Ih l  N M e B T  . G O ~ ~ ~ H @ M N L ! ~ C K ! ~ ~  O C O ~ ~ H H O C T N .  O A H O ~  
H 3  3 T H X  TOrleK 6 j f i e ~  Y H a C  B C e r A a  K O H e I I  ( J l e ~ b 1 8  H J H  n p a ~ b 1 f i )  

~ a ~ o i i - n a 6 0  JIaIC) H d ,  M b I  e r O  0 6 0 3 ~ a q a ~  E. B ~ o p a R  T O q K a  M O X e T ,  
~ o o 6 ~ e  I-OBOPR, H M e T b  n p o a 3 ~ o n b ~ c e  nonomeawe, NO B B a w u o M  n j l R  



H a r u u x  ~[e~!efi c : iyqae  o H a  6 y f l e ~  n p u H a A n e x a T b  TOG x e  n a K y H e ,   TO 
ki 6 ( ~ a  B e p Y H e ' 4  I l n H  H M X H e M  .flUCTe 8). ~ T Y  T O q K y  MbI 0 6 0 3 ~ a 9 1 1 ~  
6 ki ~ ~ f i  Xe t j y ~ ~ o f i  0 6 0 3 ~ a q I l M  C0OTBeTCTBYH)UYH) T O q K Y  H a  CJIe- 

AOBO~? IIJIOCKOCTW. 
H o p M a J I b ~ o f i  4 0 p M o f i  T a K O r O  I l H T e r p a J I a  6 y n e ~  

rne N (2) - M H O I . O ~ ~ ~ H  C T e n e H u  p - I ,  onpenene~~brfi  us y c n o B w a  

O A H 0 3 H a 9 H O C T H  ( ~ Y H K U U U  e X p  W ( h i  6, E) H a  8. B OKpeCTHOCTH T 0 9 e K  
6 (ecnu R (6) # 0) u E QYHKUUR w (1; 6, E) m e e T  BUA 

B o ~ ~ M ~ M  ~ a 6 o p  p a 3 n M q H b I X  T o q e K  Ek (k = I ,  2, . . . , p), K a X A a R  
U 3  KOTOPbIX e C T b  OAHO M3 qIlCeJl  Uk, Pk, II PaCCMOTPIlM ~ Y H K ~ I I H )  

P 

g* (xi 1) = exP { i x w  (1) 4- o (1; 6, (x), E,). 
k=I 

~ O K ~ X ~ M ,  [ I T 0  T O 9 K U  H a  8 e A U H C T B e H H b I M  o 6 p a s o ~  O I I p e A e J I R t o T C R  
K a K  H e n p e p L I B H L I e  QYHI~UMM OT X >  0 I13 T ~ ~ ~ O B ~ H U H  O A H 0 3 H a 9 H O C T I I  

H a  8 $$YHKIIIIU $* (x; h) M H a I I a J l b H b I X  Y C J I O B U ~ ~  (0) = Ek. 
q~06b1 3 a I I I I C a T b  aHaJIIlTkiYeCKki ~ p e 6 0 B a ~ k i e  O A H O 3 H a 9 H O C T U ,  

~ a f i ~ e v  ~ o 3 y . w  n e p u ~ ~ a ~ ~ x ~ u  a t j e n e ~ a  u ~ ~ e r p a ~ a  In 8* (x; 1). A ~ H  
3 ~ 0 r o  n p o R e n e M  H a  8 K a H o H u r l e c K u e  c e q e H u R  aj, bi ( j  = 1, 2, . . . , p). 
B K a q e C T W  b, ~ 0 3 b ~ e h l  ~ ~ M K H Y T D I ~ ~  KOHTYP,  O X B ~ T ~ I B ~ H ) ~ U ~ ?  H a  

IIepBOM JPiCTe pa3pe3 loj-,, ail. M ~ ~ e r p F i J b 1 ,  B 3 R T b I e  B 4 0 J I b  K O H T Y P O B  

bi, 6 y ~ y ~  MO,TyJIR\l&f n e p U O A U ~ H O C T U  Aj  M3 B H A a  ~ Y H K U I I I I  g* (x; h )  
u 113 sb160pa H O ~ M U ~ O B K U  a6ene~b1x u H T e r p a n o B  2-1-0 u 3-1-0 pona 
C J I e A y e T ,  9 T O  A n R  In 8* (x; h) B C e  M O A y n l r  I I e p l l O A l l q H O C T l l  Aj  p a B H b 1  
HyJIH). B K a q e C T B e  C e 9 e H U R  al B 0 3 b M e M  ~ ~ M K H Y T ~ I ~ ~  KOHTYP,  K O T O P ~ I ~ ~  

H a q U H a e T C R  H a  B e p X H e M  6epery pa3pe3a (Pi-,, aj), H A e T  IIO I I e p B O M y  

n u c T y  no paspesa (P,, co), n e p e x o n u T  BO ~ ~ o p o f i  n u c T  u 3 a ~ a ~ q u -  
B a e T C R  H a  pa3pe3e (PI-,, aj) B C B O ~ ~  ~ a 9 a J I b ~ 0 f i  T O 9 K e  (npu 3TOM 

C e q e H I l R  Ui H e  A O q X H b I  n e p e ~ e ~ a ~ b ~ ~ ) .  M H T ~ I ' P ~ , ~ ~ ,  B 3 R ~ b 1 f i  no Ui, 
6 y n e ~  MOAyJIeM I IepI lOAUqHOCTki  BI. A ~ H  o (h) 3 T O T  MOAYJIb  k i3BeCTeH,  

OH P a B e H  

Po 



rAe ni - u e n b r e  q u c n a .  B n a r o ~ a p ~  H a s a A b H b I M  y c n o B u R h J  B c e  OHM 

AOJIXHbI PaBHRTbCR 0 .  
3 a ~ a s a ,  K K O T O P O ~  MbI I IPNUlJR,  e C T b  H e  rITO HHOe, KaK R K O ~ W ~ B ~  

npo6ne~a  0 6 p a u e ~ u ~  r u n e p s n n u n ~ u ~ e c r t u x  M H T e r p a n o B .  3 ~ a  safiasa 
H M e e T  P e U l e H H e  M IIPUTOM ~ A M H C T B ~ H H O ~ * .  

T ~ K H M  06pa30~,  (PYHKUUH f j k  ( x )  HaXOARTCR OAH03HaYH0,  eCJIU 

~ a 6 o p  TOYeK E k  3 a A a H .  
Tenepb CHOBa O ~ ~ ~ T U M C R  K (PYHKUHM 8 ( X ;  A), KOPHRMH K O T O P O ~ ~  

HBJRH)TCR (PYHKUUU y k ( x ) ,  U IIOCTPOUM @YHKUWH) 8* ( x ;  A), 6 e p ~  
E k  = yk (0 )  ( k  = 1, 2, . . . , p). 06e g y ~ ~ u u r r  8 ( x ;  A), 8* (x;  A) H a  
8 OAH03HaYHbI. MX J I o r a p u @ ~ b 1  MMeIoT B T O s K e  co IIpOCTbIe IIOJIIoCbI 

C O A H O ~  ki TO? Xe ~ J I ~ B H o I ?  4 a C T h I o  j X l / x ,  A.TR 8 ( x ;  A )  3TO ~ ~ I J I O  

A O K a 3 a H 0 ,  a AJIR 8* (x ;  A) B b I T e K a e T  N3 IIOCTpOeHNR JTOI? (PYHKLIHN. 
O T H O U ~ ~ H U ~  

%* ( x ;  b)  (a) 

RBJIReTCR II03TOMY O A H O ~ H ~ ~ I H O ~  ( P Y H K U U ~ ~  H a  8, p e r ~ J l R p H 0 f i  B TOYKe 
03. ~ P M  3TOM @ (A) MNeeT TOYHO P  IIPOCTbIX K O P H ~ ~  (lk ( x ) ) $  
M TOYHO P  nPOCTbIX IIOjlIoCOB { f j k  ( x ) )? .  T ~ K U M  06pa30~.  a (A) e C T b  

(PYHKUMR H a  8 IIOpRAKa P, rAe p  e C T b  pOA nOBepXHOCTM 8. O A H ~ K O  
O Y e H b  IIPOCTO AOKa3LIBaeTCR, YTO eCJIU B rHIlep3JlJIMnTUqeCKOM C n y -  

Y a e  nOPRAOK (PYHKUUU M e H b U l e  UJIU P a B e H  p o n y ,  TO (PYHKUHR eCTb  
OTHOUleHMe ABYX MHOTOYJI~HOB** OT A. 

. * O T H ~ C W T ~ ~ ~ H O  n p 0 6 J I e ~ b l  0 6 p a q e ~ u f l  R K O ~ U ,  ee UCWeAOBaHHfl  U p e l l r e H u R  

CM., H a n p u M e p ,  e 6 o T a p e B H. r. Teopu~ a n r e 6 p a u q e c ~ u x  @YHKUHR, M., 
1948, C. 296-322 HJlU C Il p U H r e p X. B B ~ A ~ H N ~  B TeOpUH, PUMaHOBblX IIO- 
e e p x ~ o c ~ e i .  M., MA, 1960. 

**  C @ C P M Y . ' ~ W P O E ~ H H ~ ~ ~ ~  @KT RBJIfleTCfl CJleACTRHeM T e O p e M b l  P H ~ a ~ a - P o x a ,  
HO M O X e T  6 b 1 ~ b  A O K a 3 a H  U HeIIOCpeACTBeHHO, T a K  K a K  BCRKaf l  OAH03HaYHaf l  anre6- 

me a (b) ,  b ( A ) ,  C (1) - MHOrOYJIeHhI. A ~ a n n s  3 T S r 0  B b l p a X e H H f l  I I O K a 3 b l B a e T ,  YTO 

TOJIbKU n p U  b (b)  0 IlOpf lAOK 3~0fi @ y ~ K u € i U  M O X e T  6 h l T b  M e H e e  P f 1 .  



M T ~ K ,  (h )  e C T b  OTHOIIJeHUe A B y X  MHOrOqJIeHOB O T  h. HO eCJIU 
&(A) U M e e T  XOTH 6b1 OAUH K O p e H b ,  T O  I I p a B a H  q a C T b  ( a )  A O J I X H a  
0 6 p a L q a ~ b c ~  B 0 B A B y X  T O q K a X  IIOBePXHOCTU 8, UMeIOLqUX 06~1 i i i  
CJIeA. T ~ K  K a K  3 T 0  H e B O B M O X H O  B C U J Y  C K a 3 a H H O r O  BbIIIIe 0 KOPHRX 
npa~ofi YaCTU ( a ) ,  TO a ( A )  e C T b  K O H C T a H T a .  HO B TaKOM C f i y q a e  
8, (x) = 7, (x) (k = 1, 2, . . . , p). T ~ K U M  0 6 p a 3 0 ~ ,  C n p a B e n J I u B a  cne- 
A y I O U I a R  

T e o p e ~ a  5. Anx uaxowde~ux senuYuH y, (x) ~eo6xodu~o petuumb 
11rco6uesy npo6ne~y o6paqe~ux zunepsnnunmu~ecrcux uHmezpanos: 

zde uawdb~ri: uHmezpan 6epemcx no ompesrcy setqecmseimori: ocu H a  
moM nucme .nosepxHocmu 8 ,  zde newtcum mows 7, (x). ( H a n o ~ ~ u ~ ,  
qmo Nu3tCHue npedenbl uHmezpaAoe ussecm~b~ ~aneped). 

A n n  onpenenenun s e K T o p a  t = { t i ,  t,, . . . , t o )  K a K  @ ~ H K U U U  OT R e K T o p a  v npu 
H a q a n b H o M  YCJIOBUU* t = a o 6 n a ~ a e r  'cnenyroqu~ CBOHCTBOM: U ~ M ~ H ~ H U ~  

3 ~ a ~ a  v p a B H o c n n b H o  U ~ M ~ H ~ H U H )  3 ~ a ~ a  paausana, n p e n c T a B . i R r o q e r o  s ~ a ~ e ~ a ~ e n b  
K a X A O r O  n O n b l H T e r p a J I b H O r 0  B b l p a X e H U R  B J e B b l X  qaCTRX,  T:) e C T b  PaBHOCU.'lbHO 

nepexony R K a m A o M  umerpane c o A H o r o  n u c T a  n o B e p x a o c T u  8 H a  npyroii n u c ~  
6e3 U3MeHeHUR 06nac~u UHTerpUpOBaHUR H a  C J I ~ ~ ~ O B O ~  nJIOCKOCTU. HO 310 0 3 H a Y a e T ,  

YTO BeKTOP t RBAReTCR Y ~ T H O ~ ~  @ Y H K U U ~ ~ ~  07 D e K T O p a  V.  B HaIIIefi  3 a n a Y e  H Y X H a  

CyMMa KOMnOHeHT B e K T O p a  t  K a K  @YHKUUR OT V i ,  V, ,  . . . , U p .  M ~ B ~ w H o * * ,  YTO 

BCRKaR CUMMe'rpUYeCKaR @YHKUUR OT t l r -  ta, . . . , t o  RBJIReTc'R O ~ H O ~ H ~ Y H O ~  aHaJIU-  

T U Y ~ C K O ~ ~  @ Y H K U U ~ ~  OT V1, V a ,  . . . , V p  - 3 T 0  T a K  H a 3 b l B a e M b l e  a 6 e n e s ~  &#~KYUU.  

Ann nOKa3aTeJIbCTBa 3TOTO ( P ~ K T ~  U IIOCTpOeHUR a 6 e n e ~ h l x  @ y n ~ u n i i  UCnOJIb3YH)TCR 
TBTI-@YHKUUU P u ~ a ~ a .  3 n e c b  M ~ I  M O m e M  n a T b  n u r u b  c a M o e  o6qee npencranneeue 
0 T3M, K a K  3 T 0  AeJIaeTCR.  B ~ l u e  Mbl IIpUHRJIU HOpMUpOBKY U H T e r p a J I O B  n e p B C T 0  
pona, npu ~ o ~ o p o i i  nepuon A, u H r e r p a n a  ok (A)  p a B e n  ni6,]. 0 6 0 3 ~ a ~ u ~  T e n e p b  

nepu0.s BI T o r o  me u H T e r p a n a  nepes cr ,  ~ T U  R e n n n n H b I  O ~ J I ~ A ~ I O T  c n e f i y r o q u m  

.B (v )  = 8 (v l ,  v,, . . . , v ) = C e(Qrn' rn)+2(rn, '1, 
rn 

* B HaIIIeM C n V Y a e  KOMnOHeHTaMH B ~ K T O D ~  U RBJIRIoTCR TOYKU BeTBJleHUR 



r A e  m np06erae.r c o R o K y n H o c . r b  scex u e n o s u c n e a e h 1 x  U e K T o p o u  (m,, m,, . . . , mp) ,  
P 

n p e x ~ e  mero o s e r ? u A H o ,  YTO Q (v) u M e e T  no ~ a x a o f i  K o M n o H e H T e  v k  nepnoa ni, n H a s e  

rQB@pFI, T ~ T ~ - @ Y H K U I I R  R M e e T  P n e p I i O A O B  ni  (bki)Pk-l ( j  = 1, 2, . . . , P). C ~pyro f i  
P CTOPOHbl, J I e r K O  n p O E e p C i T b ,  YTO 8 (v) liMee.1. P KBa3UlIepPiOAOB C j  = ( c ~ ~ ] ~ = ~  

( j  = 1, 2, . ... , p) B TOM cmtb1cne ,  YTO 

-c. .-2u. 
11 I 8 (v, + c,j, V, + C 2 j ,  . . . , Vp + cPi) = 8 ( ~ 1 ,  V2, . . , vP) e 

( j  = 1, 2, . . . , p). 

B c e r o  S M e C T e  C O C H O B H ~ J ~ ~  $ y H K u n e f i  Mbl IlCUIyYaeM 222 T ~ ~ ~ - @ Y H K U H ~ ~  nepeoro 
n o p R n K a .  3 a i e ~  c ~ O M O U L K )  n e p e ~ ~ o x e ~ u f i  CTPORTCR ~ 3 r a - @ y u ~ u n 1 1  B~ICILIWX 
IIOPRAKOE. H ~ K O H ~ U ,  C nTJMCUbIO CJIOXeHMR n p O P i 3 ~ e ~ e H U 8 ,  UMelOUliX O ~ ~ I H ~ K O E ~ I ~  

nOpR,!(OK n 0AMHaKOI;YM C y M M y  XaPaKTePUCTHK,  CTP3RTCR B b l P a X e H I i R ,  UTHOWeHUR 

KOTOpLIX 6 y ~ y T  o 6 n a n a r b  2p CMCleMaMM ~€!pliO&OB no CHCTeMe I IepeMeHHbIX 

vl, v,, . . . , u,. ~ T U M  n y T e h z  u n o n y s a r o T c R  a b e ~ l e n b ~  [PYIIKUUM. 
Ha.u ~ e o 6 x o ~ a ~ a  n u m b  o A H a  a6ei1ena @ ~ H K U U R ,  a MMeHlf3: t l  + t ,  4- + t p  

npn vi = pix ( j  = I ,  9 ,  . . . , p); oua n p e a c r a r i n r i e r  CYMMY (x) + r2 (x) + + 
+ r p  (x), sepe3 K O T O P ~ I O  B b r p a x a e T c R  nwresuua.? q (x). T ~ K  K a K  Q ~ H K U U R  

U M e e T  I IepHOA 5Ci IIO K ~ X ~ O R  M 3  I IepeMeHHbIX V j ,  TO @YHKUUR 

ecnu sncna Elk C O U ~ M ~ P W M ~ I ,  10 q (x) u M e e T  nepuon (sacro M H M M ~ I ~ ~ ) .  Ecnn me  TO 

ycnonue H e  e b m o n s e a o ,  l o  q (x) 6 y ~ e r  ( H a  M H R M O ~ ~  OLU) n n u b  ~ O Y T N  nepuonnse- 
C K O ~  $YHKUU€!~~*. T ~ K  K a K  AJlR YUCen y b  ML1 MMeeM TOYHLIe B b l p a m e H U R  I3 R H n e  

V. B C J l y q a e  OAHO.? J IaKyFIbI  HaUIA 0St4rie I IOCTpOeHUR CkiirbHO ynp0- 
U a I O T C H  II AOIIyCKaIOT M H T e p e C H O e  3 a s e p X I e H U e  6 ' I a r O ~ a p H  B 0 3 M O X -  

HOCTU c c a ~ o r o  H a s a n a  u c n 0 ' 1 b 3 o ~ a ~ ~  s ? n M n T u  r e c K a e  ~ ~ H K U U U .  

Ecnu p = 1, TO M ~ I  woxev, H e  H a p y u I a A  O ~ U H O C T I I ,  I I O J I O ~ I I T ~  

a, = k2 (0 < k2 < 1) M (jl = 1. , Q B ~ X , ~ I M C T H ~ K )  PIIMaHOB)' I IOBepXHOCTb 

8 0~06pa311~  KOH$OPMHO H a  ~ P H M O ~ ~ O ~ L H I I K  n e p M o J o B .  E c n ~  npu- 



M e H R T h  ~ ~ 0 6 u e n b 1  @YHKUUM*, T O  0 6 p a ~ ~ o e  . 0 ~ 0 6 p a x e ~ ~ e  A a e T C R  

@ 0 p M y J I 0 f i  
I 

A = 
sn2 (u;  k )  ' ( 1 2 )  

O T K y A a  
d u  1 
da = - 2 I / h ( h - k " ( h -  1) ' (12') 

T ~ K M M  0 6 p a 3 0 ~ ,  M ~ I  6y~e11 l I P U l l e H R T b  @YHKUUEI FIKCI~U.  TO 0~06- 
P a X e H M e  n e p e B O A U T  OAUH M3 nOJlYJIUCTOB P U M ~ H O R O ~ ~  n O B e P X H O C T  U 

B I lPRMOYrOJIbHUK n o n y n e p u O A o B  C B e p L U U H a M U  U = 0,  iK', iK' - K, 
-K,  0, KOTOphIRl CO0TCeTCTBYK)T T 0 9 K I I  = -a, 0, k2 ,  1, +a. 

H ~ T ~ Y A H O  B M A e T b ,  q T O  U K a K  (PYHKUEIR O T  1. R B J l R e T C R  M H T e r p a -  

JIOM ! -r0 P O A a  (t: A a H H O q  C n  j Y a e  ~ A U H C T B ~ H H ~ I M ) ,  U e C J M  B COOT- 

BeTCTBMM C lIPMHRTbIM B b I l U e  O ~ U N M  0 e 0 3 H a ' 4 e H M e M  

i 

TO CBRS M e w y  w, ( A )  H u m e e T  BMA 

ni 
~1 (A) = -= ( U  + K). 

Bce O C T a J l h H b I e  M f I T e r p a n b I  M O X H O  B b I P a 3 H T b  qepe3 11 C n 0 1 v I O Q b I O  

T ~ T ~ - ~ ; I ) Y M K I I U ~ ~  F I K o ~ u .  B o - ~ ~ P ~ L I X ,  M H T e r p a n  2-r0 P O A a  C e A U f I C T B e H -  

HblM nOJH3COM I I e p B O r O  I I O p R A l t a  H a  a M Y K ~ ~ ~ H H O %  ~ C M M ~ T O T M K O ~ ,  

a T a K x e  n o p ~ ~ p o ~ ~ o i ,  p a B e i l  

H' (u) 
w ( A )  = - 

H (4 ' 

* Hev~rorue C B e A e H M R  06 3 J l J l U n T M Y e C K H X  @ ~ H K & U R X ,  K O T O p b I e  ~ O H ~ A O ~ R T C R  

H n a n b t i e i i m e ~ ,  Y P i T a T e m  ~ [ a h e r ,  k r a n p u M e p ,  n K H H R  H. M'. A x u e 3 e p. 3 n e ~ e e ~ b r  
TeOpPi l i  3 A J l l i n l t i Y e C K H X  (t)y~~Lltifi. M., c c H a y ~ a ) ) ,  1970 



~ ~ M ~ T N M ,  9 T O  C n O M O U b H )  HeKOTOPbIX n p e o 6 p a 3 0 ~ a ~ ~ f i  M O X H O  I13 
@ 0 p M y J I  (12), (12') BbIBeCTN COOTHOUIeHNe 

O c ~ a e ~ c ~  H ~ R T N  m T e r p a n  3-ro p o A a  o (A; 7 (x), 7 (0)), r A e  7 (0) = k2 
m u  1, a 7 (x) n o A J r e x u T  H a x o x A e H s m .  B C ~ U T H O C T N ,  H ~ M  H y m a  
@YHKUNR expo (A; 7 (x), 7 (0)). %a @YHKI!IIR 06pau rae~c~  B . 

B TOYKC? h = 7 (0) N B 0 B TOYKe h = 7 (x). E c n ~  MbI BMeCTO 3TNX 
BeJINYUH B B e A e M  NX o6pa3b1 B nJIOCKOCTU U, a WMeHHQ: V(0) N V (x), 
T a K  9 T O  

1 1 
7 )  n v x  T(O)= rnz(v(0);  k) 

TO M ~ I  n o n y y N M  cneaymuree n p e A c r F a s n e H H e :  

exp w (A; 7 (x). 7 (0)) = c (x) e e ~ ( x ) ~  1 . 
O ~ H O ~ H ~ ~ H O C T L  3~0fi  @YHKQNN B O ~ J I ~ C T N  @ P a B H O C N J I b H a  HaJINqUKl 
n e p U O A a  2Y. ' T ~ K  K a K  @YHKUIIR H (u) 3 T N M  CBO~~CTBOM o 6 ~ r a ~ a e ~ ,  
T O  C1 (x) = 0. Tenepb MbI M O X e M  H a n M C a T b  B b I p a X e H N e  AJIR 8 (x; h): 

A n s l  O n p e A e J l e H A R  V (X) M b I  A O J I X H b I  ~ O T ~ ~ ~ O B ~ T L ,  O A H 0 3 H a q H O C T b  
8 (x; A) H a  8.  TO CBOANTCR K TOMY, YTO n p a B a R  sacm A o n x H a  
W M e T b  T a K X e  I I e p N O A  2iY'. M c n o J I b 3 y R  @ 0 p ~ y J I b 1  n p N B e A e H N R  T 3 T a -  
@YHKQUA, HaXOAUM, 9 T O  

H ' ( u )  
8 (x; h) = C (x) H (u - i x  - v (0 ) )  e i x ~ l  . 

H (u  - v  (0))  
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Tenepb MbI MOXeM BbIIINCaTb OROH9a~enbHb1e @op~ynb1 AJIR O ~ O U X  

B03MOXHbIX CJIyqaeB: 
1) 7 (0) =--- k2, P (A) = h -k2. 

T ~ K  KaK 3HaqeHHIo h = ka COOTBeTCTBYeT U = -K $ iK$ TO V (O)= 
= -I( $ iK1. ~ O ~ T O M Y  

1 - cn2 (ix; k )  - - ka  
(') C= sna (ix - K  + i K 1 ;  k )  - dna (ix; k )  dn2 (x; k t )  . 

1 dn"ix: 
= dn2 (x; k') 'f (x) = sn2 (ix - K ;  k )  

- 
cn2 (ix; k )  

u B cuny npeAnoxeHuH 3 
q (x) = -2 dna (x; kt) + 1 + k2. (132) 

-- :2 + n (n + 1) k2 sn2 (x; k) y = py, 

FA€! n (06b14~0 HaTypanbHOe W~CJIO) k i  p - IIapaMeTpbI. 3 ~ a  CBR3b ITOLITW 
oseanaaa, ecnIi B ~ R T ~  noTeHunan (133, TaK KaK ero MOXHO nepenw- 
CaTb B BHAe ' . 

q (x) = 2k!' sna (x; k" - kta. 

RsnHeTcR ypaBHeHaeM J R M ~  (14) npH n = 1 u p = h + k2, ecnn 
3aMeHNTb MQaYnb k Ha a0110n~N~eJIb~blfi MOayJIb k'.  TO KaCaeTCR 
IIOTeHuNaJIa (13,),- TO COOTBeTCTByIOUee eMy YpaBHeHIle M T Y P M ~  - 
JIHYB~~JIJIR MOXHO nepenNcaTb B Bsine 

-q + [2kt' sna (x  + K'; k') - kt'] y = hy. dx 



M ~ I  IIpUMeM, s T 0  n a p a M e T p b 1  @ Y H K ~ I I N  b9 YAOBJIeTBOPRIOT H e P a B e H C T B Y  

e, < e, < e, u H a n o M H m ,   TO B  TOM cnysae OANH nepuoa @YHKUUU 
83 B e U e C T B e H ,  a ~ p y r 0 f i  - s U C T 0  M H N M ~ I ~ ~  ( 0 6 0 3 H a q ~ M  IIX COOTBeT- 

CTBeHHO 20 = W1 B 20' = 20,). 
J I H M ~  n p u u l e n  B c B o e M y  y p a B H e H u m ,  p e u I a R  a a ~ a q y  Aupuxne n n R  

~ n n u n c o u ~ a .  M ~ B ~ C T H ~ R  ponb c@epuqeceux @ Y H K U U ~ ~  B s a ~ a q e  AN- 
pMXJIe AJIR l r r a p a  n o 6 y ~ u n a  ~ R M B  N C K a T b  C n e U B a J I b H O T O  BHAa PeIlIeHUR 

C B O e r O  y p a B H e F I U R .  ~ ~ H M ~ H H T ~ J I ~ H O  K @ 0 p M e  (15) 3TW p e I U e H N R  A O J I X H b l  

6 b l ~ b  M H O r O q J I e H a M U  OT 83 ( v ) ,  B 0 3 M O X H 0 ,  Y M H O X e H H b I M N  H a  OAIIH, 

A s a  unu B c e  TPM p a A u K a n a  1/2j3 (v) -ek  (k = 1, 2, 3). O~asanocb, 
 TO T a m e  p e r u e H u R  n o n y s a m T c R  nurub npu n = 0, 1, 2, . . . (uenb~e 
O T P U U a T e n b H b I e  n, O Z I ~ B N A H O ,  M O X H O  H e  ~ ~ C C M ~ T ~ M B ~ T ~ )  Pi I IpU K a X A O M  

T a K O M  n MMeeTCR T O q H O  2n + 1 3 ~ a s e H n f i  AJIR I I a p a M e T p a  1. H ~ ~ o B ~ M  
AX ~ 0 6 ~ t n 6 e ~ ~ b l M ~  3 H a Y E H U R M U  h ~ 3 ,  a C O O T B e T C T B y I o ~ I l e  p e U e H H R -  

n O A U H O A t a M U  J R M 3 .  3 H a H k i e  ~ c e f i  COBOKYnHOCTU IIOJIHHOMOB ~ R M B  

n o 3 ~ o n n e ~  p e r u a T b  s a ~ a s y  Aupuxne n n R  s n n u n c o u A a ,  u aaanorm 
co c @ e p u q e c ~ u ~ ~  $ ~ H K U N R M H  R B J I R ~ C R  noneofi. 

T O ~ ~ K O  ~J lysa f i  H a T y p a n b H O r O  n 6 y ~ e ~  P a C C M a T p P i B a T b C R  H a M N  

B ~ a n b ~ e i i r u e ~ .  O ~ a s b ~ s a e ~ c ~ ,   TO B  TOM cnyqae (15) n p e A c T a B n R e T  

n p n M e p  (BOSMOXHO, npoc~eiiruuii) Y p a s H e H u R  U I p e ~ u ~ r e p a  c nepuo- 
AIlqeCKNM n O T e H U U a J l O M ,  AJIR K O T O p O r O  C n e K T p  3 a I I O J l H R e T  I lOJ lyOCb 

C ' I O q H O  n J I a K y H i l M U .   TOT @KT, a T a K X e  RBHOe B b I p a X e H U e  C n e K T -  

p a J I b H 0 f i  @YHKUUU M O X H O  BbIBeCTM H 3  ~ ~ ~ Y J ~ T ~ T o B * ,  I I O j l y ~ e H H b I X  

B K O H U ~  nporunoro s e K a ,  A O C H O B H ~ ~ ~  n p e ~ n o x e ~ u f i ,  O T H O C F I U ~ X C ~  

K Y P a B H e H U I O  X M J I J I ~  **. M ~ I  I13JIOXNM 3 A e C b  I I p O U e A y p y  n 0 C T p O e H N R  

c n e ~ ~ p a n b ~ o f i  @ Y H K ~ I ~ M ,  H e  O C T a H a B J I N B a R C b  H a  I I O A P O ~ H ~ I X  A O K a 3 a -  

T ~ J I ~ c T B ~ x * * * .  

* CM. H e r m i t e, Comptes Rendus, LXXXV, 1877; F. K l e i  n ,  Mathe- . 
matische Annalen, Bd. 40, 1892; A. A. M a p  K o s. Coo6w. X a p b ~ .  MaT. o - ~ a ,  
2 cep., T. V, 1896, a TaKxe H a 1 p h e n .  Foncl on Elliptiques, 11, Paris, 1888. 
B TpaKTaTe A n b g a ~ a , '  C. 467-531, TeOpMR ypanl eH fi J f l M 3  M3nowte~a C kiCqep- 
nb~~aroweii  nonao~oii. 

M3 no3~~ef i ruvx  p a 6 o ~  oTMeTsM I n c e. Further Investig. into the Periodic 
Lame Fonctions, Proc. S. Edinb., LX, 1940, c. 83-99. B 3 ~ 0 k  p a h ~ e  peueHnfl 
YpaBHeHNR nflM3 CTPORTCR ki H3yqaIOTCfl C IIOMOwblO PRAOB Qypbe. M3 pe3yJlbTa- 
TOB 3~0fi CTaTbki TaKXe BbITeKaeT n-30HHOCTb nOTeHuMaJla. ~ O C T ~ O ~ H N ~ M  CneKT- 
p a n ~ ~ o f i  G Y H K ~ H N  A ~ H C  we s a ~ n ~ a n c ~ .  

**  CM. T ki T '4 M a p U. Pa3JIo~e~kif l  no C O ~ C T B ~ H H ~ I M  @YHKUNRM, W M  11, 
no 21,6, M., MJI, 1961. 

***  Bonee n o ~ p o 6 ~ o e  nsnomeelie CM. B ~ 6 .  ((McToP.-M~T. BCCJIeAOBBHkiRU, 
BblII. XXIII,  1978. 



Am Y p a B H e H U H  (15) M O X H O  crL'25BIITb T a K X e  & B e  3 a A a q U  U I T y p M a L  , 
J a y ~ ~ n n z ~ :  n e p u o A w i e c K y I o ,  g (v $- 20) = g (v), u n o n y n e p u o A u q e c K y m ,  

g (v + 20) = -g (v). Perue~m  TUX sanaq HOCRT ~ a 3 ~ a ~ u e  (PYHKUUB 
f l R M 3 ,  UX C O ~ C T B ~ I I H ~ I ~  3 H a q e H H R  B e q e C T B e H H b I .  ~ O J I H H O M ~ I  A R M 3  

RBJIRIoTCR q a C T H b I M U  CJIYYaRMM ( P Y H K U H ~  n R M 3 .  X a p a K ~ e p H ~ e  C B O ~ ~ C T B O  

IIOJIUHOMOB n S I M 3  B K J l a C C e  BCeX ( P y H K u U f i  n4~3 COCTOUT B TOM, 9 T O  

C ~ ~ C T B ~ H H ~ I ~  q U C J I a  J R M 3  RBJIRIOTCR npOCTbIMU C O ~ C T B ~ H H ~ I M M  3 H a -  

YeHURMU, a B C e  n p O r I U e  ABYXKPaTHbI .  AJIR A O K a 3 a T e J I b C T B a  B T O p O r O  

Y T B e p X A e H U R  M O X H O  U C I I O J I b 3 0 B a T b  H ~ ~ ~ A ~ H H Y H )  ~ P M H T O M  0 6 ~ ~ 1 0  (POP- 
M y n y ,  n p e A c T a n n R I o q y I o  p e r u e H a e  y p a B H e H u R   ARM^ n p H  J I E O ~ O M  h. 
M3 3~0fi (PopMyJIb1,  M ~ X A ~  n p O q U M ,  C J I e A y e T ,  q T O  n i ) ~  J I W ~ O M  h M O X H O  

H ~ T H  A B a  P e I I I e H U S  ( B O ~ M O X H O ,  J I H H e f i H 0  ~ ~ B H C U M ~ I ~ ) ,  n p O H 3 B e A e H H e M  

KOTOPbIX RBJIReTCR H ~ K O T O P ~ I ~ ~  MHOrOqJICH F OT f (V).  TOT M H O r O q J l e H  

U r p a e T  B MCCJIeflOBaHURX ~ P M U T ~  C y q e C T B e H H y I O  P O n b .  I70 n O q U H y  

A. A. M a p ~ o ~ a  H a 3 0 B e M  F ( P y H K l i H e f i  ~ P M E I T ~ .  A J I R  H a X O X J e H H R  

( P ~ H K U U H  ~ P M U T ~  ~ ~ 0 6 ~ 0  B Y p a B H e H H N  (15) C A e J I a T b  3 a M e H y  nepe- 
M ~ H H O ~ ~  f (v) = X,  B p e 3 y J I b T a T e  qero nOJIYsMTCR a ~ 1 r e 6 p a N q e c ~ a R  

(POpMa Y p a B H e H I l R  n R M 3 :  

d2y d y  2cpex),,,+cpf(4,-,-2{n(n+ ~ ) x - ~ J = o ,  

r j e  cp (x) = 4x3 - g,x - g3 = 4 (x -el) !x - e,) (x - e,). E c n ~  F (x)  = 
= J1 (x) J2 (x) e C T b  (PYHKUEIH ~ P M A T B ,  T O  

2cp (x) F"' + 39' (x) F" + 9" (x) F' - 8 {n (n + 1) x - h)  F' -- 

-4n(n + 1) F = 0. 

O ~ c ~ o n a  F (x) = F (x, h) = xn + Alxn-l  + . + A n  J r e r K o  H a x o -  

ANTCR, n p U q e M  O K a 3 b l B a e T C R ,  9 T o .  Aj  e c T b  M H O r O q J I e H  OT h T O q H O  

c T e n e H H  j ,  aanee o 4 e H b  n p o c T o  n p o s e p R e T c R ,   TO (PYHKUUR ~ P M H T ~  
y A O B J e T B O p R e T  T ~ K X ~  H ~ J I M H ~ I ? H o M ~  Y p a B H e H U I O  B T O p O r O  r i 0 p R f l K a  

cp (x) (F" - 2FF") - 9' (x) FF' + 4 ( r z  (n + 1) x - h }  F2 + C (A) = 0. 
(16) 

M3 3 T O r 0  Y P a B H e H N R  OIIpeAeJIReTCH C (h) ,  K a K  M H O r O s n e H  O T  h CTe-  

n e m  2n + 1: 

B CHJIy n p N B e A e H H b I 5  3 A e C h  C O O T H O U I ~ H E I ~ ~  C n p a B e A J I H B O  C J I e A y l O I Q e e  

J'TBepXAeHNe: eCJIH h - K b p e H b  C (h) , T O  



=I ea - La 

Y (v) = ( x  - eljT ( x  - e,) 2 ( X  - eg)T f (x), x = p (0) 

U H a W  rOBOPR, 6 y ~ e ~  PaCCMaTpUBaTb  Y p a B H e H U e  (15) H a  n p R M 0 k  
V = U + CO'.  TO H e  ~ p e 6 y e ~  HIiKaKUX U ~ M ~ H ~ H U $  BO BCeM IIpeAIIIeCT- 

B y m q e M  aaanwse. n o ~ e ~ q u a n  B y p a B H e H u u  (17) q (u) = n ( n  + 1 )  x 
x p (u +o f )  u M e e T  n p e x H u e  n e p u o A b I  u RsnHeTcH,  K a K  u npex~uf i ,  
W T H O ~ ~  @ ) ' H K u u ~ ~ ~ ;  n p k i  3 f O M  OH H e n p e p b I B e H  H a  Bcefi OCH U .  

~ Y C T ~  q (u;  A)  kI $ (u; h )  - p e U e H I i H  J'paBHeHHR (17) T u n a  KOCN: 
H y C a  U, COOTBeTCTBeHHO, T u n a  C U H Y C ~ .  

B ~ A ~ M  0 6 0 3 ~ a q a ~ b  sepe3 a,,, C O ~ C T B ~ H H H ~  3Ha9eHHR 9eTHhlX 
$ Y H K U U ~ ~  f l R M 3 ,  a sepe3 b, - HeqeTHbIX. C O O T B ~ T C T B ~ I ~ ~ H ~  $YHKUHM 

A R M 3  6 y ~ y ~  q (u; a,), (u; b,); npu 3TOM #t 0 3 H a q a e T  s N C J O  K O P H ~ ~ ~  
C O ~ C T B ~ H H O ~ ~  @ Y H K ~ N N  B HHTepBaJle  (-a, u]. B TaKOM C J I y q a e  

JIerKO BHAeTb, 9 T O  WTHbIM m COOTBeTCTByIoT nepHOAHseCKUe  COB- 
CTBeHHbIe @YHKUUU, a He9eTHbIM - l lOJlynepUOAH9eCKUe. C O ~ C T B ~ H H ~ I ~  

SHa9eHkIR h M 3 ,  TO eCTb '  KOPHH M H O r 0 9 J l e H a  C (A), 

COAepXaTCR B nOCJIeAOBaTeJlbKDCTHX {a,) U {b,). AJIH nOCTPOeHkIH 
c I I e ~ ~ p a J I b ~ 0 f i  @ Y H K ~ B U  H ~ O ~ X O A W M O  3 H a T b ,  KaKAe  MeCTa OHU B 3THX 
IIOCJeAOBaTeJlbHOCTRX 3aHUMaK)T.  TOT BOnpOC MOXHO peLLlHTb C no- 
MOUbH)  ~ ~ ~ @ N K O B  @. I(Jlefi~a nJ lH  T a 6 ~ 1 8 9 b 1  A. A. Map~osa .  Pe3yJ Ib -  
T ~ T * *  m e e T  BHA 

10 = a,, A i  = a,, 1, = b,, A, = b,, 
= a,, A6 = a3, AB = b3, A, = b4, 

ECJH npUMeHHTb H ~ B ~ C T H ~ I ~  H 3  aeannsa npueM, TO n e l ~ o  neno:penc~sen~o 
YCMOTPeTb, UTO BTopoe peluenue He 6 y ~ e T  en n e p u o ~ n ~ e c ~ o i i ,  HH nonynepnoAH- 
qec~oh @yn~uneij. 
q* CM. CTaTbIO aBTOpa, UUTHpOBaHHYH) 0 IlOACTpOqHOM IlPHMellaHHH Ha C. 256. 



T ~ K H M  0 6 p a s o ~ ,  C O ~ C T B ~ H H ~ I ~  3HaseHIlR J R M ~  3aHUMaH)T IIepBbIe 
MeCTa B nOCJIeAOBaTeJIbHOCTRX (a,), (b,), ki ecnn MbI nOJIOXBM Pn= 
= max (an, b,), TO B cnny c ~ a 3 a ~ ~ o r o  BbILUe 

Y M H O X ~ H  MHOrOqJIeHbI C ( A ) ,  F ( e k ,  A)  ( k  = 2, 3) H a  H a m e x a w e  
KOHCTaHTbI, CAeJIaeM Pix CTapLUHe K O ~ @ @ I I U N ~ H T ~ I  P ~ B H ~ I M  U 1. T o r ~ a  
c nOMOqbH) T ~ ~ J I H U ~ I  A. A. M ~ ~ K o B ~  MbI H ~ B A ~ M ,  sT0 

F (e,, A) = ( A  - b,) ( A  - bJ . . . ( A  - bn) = B1 \A) B2 ( A ) ,  
F (e2, A) = A, (1) B2 ( A ) ,  - 

c (A)  = A1 ( A )  A2 ( A )  Bl ( A )  B2 ( A ) ,  
r ~e 
A, ( A )  = ( A  - a,) ( A  -a3) . . . , A, ( A )  = ( A  - a,) ( A  -ad ( A  - a,) . . . 

B, ( A )  = ( A  - bl) ( A  - b3) . . . , B2 ( A )  = ( A  - b2) ( A  - b4) . . . 
Tenepb 0 6 0 3 ~ a q n ~  sepe3 1 TOsesHOe MHOXeCTBO, 06pa30Ba~~oe 

npn qeTHoM n HHTepBanaMH (a,, b,), (b,, a,), (a,, b,), . . . ,(bn, an) 
n npn HeqeTHoM n HHTepBanaMn (a,, b,), (b2, a,), . . . , (bn-I, a,,-I), 
(an, bn). ~ T A  MHTepBaJIbI npeACTaBJIRH)T JIaKyHbI B C n e K T p e ,  a CneKTpOM 

RBJIReTCR MHOXeCTBO E = [ao, 02)\l. 
O C H O B H O ~ ~  pe3yJIbTaT rJIaCWT: eCnM nOJIOXUTb 

DD OD 5 1 f \u) 12du = 5 1 g (1) I' d o  ( A ) ,  1 f (u) l 2  du = 1 h ( A )  lad= ( A ) ,  
0 -OD 0 - w 

f (u) cp (u; A )  du, h ( A )  = f (u),$ (u; A)  du. 1 
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AT (e,, A )  = B1 ( A )  B2 (Q (e,, A )  = A1 ( A )  Bz ( A ) ,  

T O  

B, ( A )  = A - 6, = A - A, = A, 

B, ( A )  = ( A  - 61) ( A  - 6,) = ( A  -1,) ( A  - A,) = 7 (e,, A) ,  
A, ( A )  = ( A  - a,) ( A  -a,) = ( A  - A,) ( A  - A,) = y (e,, A) 

U 

A2 ( A )  = ( A  -ao) ( A  -aa) = ( A  - A,) ( A  - A,) = y (e,, A). 

n p U s e M  H a X O X A e H U e  KOHUOB J I a K y H  CBOfiUTCR K PeIIIeHUKJ T p e X  KBaA-  

P a T H b I X  Y P ~ B H ~ H U ~ .  
VI. C H O B ~  ~ ~ U M ~ M C H  06Uki~ki P a C C M O T p e H U R M  U, OTHOCRUAMIICR 

K CJIyqaKJ ,  K O r A a  C n e K T P  C O A e P X H T  IIpOW3BOJIbHOe YNCJIO P 1 n a K y H .  

Ecna 5 E 6, T O  B CHJIY I I p e A J I O X e H U R  2 U @ 0 p M y n b l  (10) M b l  M O X e M  
H a I I H C a T b  C J I e A y m U e e  PaBeHCTBO:  

O ~ c l o ~ a ,  A e n a R  n p e n e n b ~ b l i i  nepexon, H a i i n e ~ ,   TO AJIR I I O ~ T U  B c e x  

LEE 
1 ! / -7qT) ql (x; p) ~ ( x ;  i ) = p ( x ;  A + o ~ ) = ;  \ G --dp== 

E 
PQ (14 - CL 

Tenepb BOCIIOJIb3yeMCH ~ e 0 p e M 0 8  2 U A O K a X e M  C ee IIOMOlQbKJ CJIe- 

Aymuee 
p e A n o x e H u e 4. A6conmm~o ~enpepb~e~ol i  s   ax do^ KO- 

. W Y N O M  utimepsane cne~mpanb~oii ~ Y M K ~ U U  z. (L), dnx ~omopoii 
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1 P (A) 

( A )  = 1 T vm (A  E,  
o (A EE) ,  

HO n p U  KpUet?OM ljCAO8UU lj (0) = 0, lj' (0) = 1. 
Ann 3 T O r 0  AOKa3aTenbCTBa AOCTaTOrIHO IIPOBePUTb PaBeHCTBO 

'napce~ann 

T e n e p b  OCTaeTCR AOKasaTb,  s T 0  n O s T N  BCloAy B E U M e e T  MeCTO pa- 
BeHCTBO G (p) = GI (p) .  C 3~0f i  UeJIbH) ~ ( U I O X N M  BHauaJIe ,  ~ I T O  I[ E. 
T o r ~ a  B cuny (18) u o n p e n e n e H u n  F (A) 



WJI M 

( ~ O ~ T N  BCIOAY B E), a 3 T 0  A e C T b  PaBeHCTBO G (p) = GI (p). 
YCJIOBMMCR H a 3 b I B a T b  ABe  @YHKUNM F (h),  G (A)  (A € E) COnpR- 

WeHHbLMU Ha E,  eCJIN OHM CBR3aHbI  COOTHOUIeHMeM 

M3 HaUIMX P ~ C C M O T P ~ H N ~ ~  BbITeKaeT  CJIefiyIOIIIee 

IJ p e A n o x e H u e 5. Ecnu F (h)  u G (A) - conpaweiltibre @y~fctjuu 
Ha E u ecnu 

mo F (A) ,  G (A)  donyc~amm napauempultecfcoe npe&mmneHue 
A 

F (1) = 1. i. rn. 1 h (x) rp (x; 4 dx (B ~ 3 ,  
A+- ,, 

A 

2de ponb napauempa uzpaem 4y~fcqua  h (x) E L2 (0, CO). 

VII. 3 a f i M e ~ c R  T e n e p b  AOKa3aTeJIbCTBOM TeOpeMbI 3. B ~ a s a n e  CBe- 
- & e M  3 T Y  T e O p e M y  K 6onee Y A O ~ H O M Y  A n R  PaCCMOTpeHMR CJIysaIO,  a 

MMeHHO: C A e n a e M  & ~ o ~ H o - J I M H ~ ~ ~ H o ~  npeo6pa30~a~ne 
h - 1  &=- 
h + l '  

-0CM n e p e B O A U T  B MHOXeCTBO OCU & 



Ilpu  TOM TeopeMa 3, K a K  nerKo nposepmb, CBOAUTCR K cnenymueMy 
llpeAJIOXeHKl0, KOTOpOe MbI K 6 y A e ~  AOKa3bIBaTb. 

Teope~a 3'. nycmb 
P 

Rz (E) = R a t  $ Oi) = (EEE), 

npuqeM rcawr3oe ~k p m ~ o  0 unu 1 ,  nycmb 
1 - (E c El, w ( t)  = (El I 0 (Em 

u nycmb 

-1 -1 

uMem ( n o s ~ u  ~ c m n y  B E) peuretiue f .  OHO n p u ~ a d n e ~ u m  L: u 
daemcx $opaiynor"l 

1 

npu BmoN 



f l ~ ~ b 1 f i  B W  MHOrOqJIeHOB Pn (E), P,*(E) LIOXHO lTOJIY9WTb q e p e 3  MO- 
M e H T b I  Sk (k = O, 1 ,  2 ,  . . .), KOTOPbIe  H ~ X O A R T C R  N 3  p a 3 f i O X e H U R  

H ~ T O A O ~ H ~ I M  0 6 p a 3 0 ~  MHOI'OsJIeHbI Qn (E), Q: (E) RBHO B b I P a X a H ) T C R  
q e p e s  M o M e H T b I  tk  (k = 0 ,  1, 2, . . .), O n p e A e n R e M b I e  113 p a s f r o x e H u R  

C lTOMO4bIO K O H T Y p H O r O  N H T e r P U P O B a H N R  HBXOAUM, rITO B Z-lVKl- 
CKOCTN, pa3pe3a~~ofi  BAOJIb N H T e p B a J I O B  CNCTeMbI E,  



"-3- 0 So = to, - - to, SoS, - s: = tot, - t,. 
So t o  

~ O ~ T O M Y  U 3  (Pop~yn (a ) ,  (p) cneAyeT,  TO 



T ~ K  K a K  3 T 0  A O J I X H O  6 b 1 T b  T a K O r O  Xe BUAa,  q T O  U (a), T O  

Qn (E) P n  6) - P: (0, P n  (E) = Qn (E) + Q: (e). (20) 

1 

1 ' P n ( ?  
7i -1 1 4' (7) d l  - Qn (6). 

I 

L 1 ' Qn (71 - w (q)  dq = Pn (&). n y - 6  
-1 

~ O C T ~ T O Y H O  IIPOBePWTb I I e p B O e  P a B e H C T B O .  Ann 3 T O r O  B 0 3 b M e M  @OP- 
M y n y  (19,), n o n o x u M  B ~ e f i  z = E + ie ( E  E E, E > 0) u c A e n a e M  npe- 
A e J I b ~ b ~ f i  I I e p e X O A  E -h 0. M ~ I  IIOnj 'YUM @OPMYJIY 



Heaoropbre 06pa~nb1e s a ~ a s u  c n e ~ ~ p a n b ~ o r o  aeanusa 28 1 

21 4 
M H ~ Y ~  rOBOpH, eCJlM IIOJIOXMTb p = - r + l '  

T a K  9TO 1 < P < g , TO 

w (4) g (4) E LP (-00, 00). HO B TaKoM cnygae no ~ n a c c n ~ e c ~ o i i  T e o -  
P e M e  M. PEIcca* n09TM BCIQAY H a  OCM CyLUeCTByeT 

EI MMeeT. MeCTO HepaBeHCTBO 

ll f llLP(-,, m )  g AP I Iwg l l L ~ ( - ~ ,  m)'  

* CM., Hanpmep, T 11 T 9 M a p m E. BseAe~ue B Teopwm timerpanos Qyphe 
M., 1948, c. 176. 

** H e ~ a ~ e o  AOKa3aH0, 9TO HaWMeHbLUee 3Ha9eHkIe KOHCTaHTbl AD B TeOpeMe 
n n 

M. Pllcca ~ ~ B H O  tg -- npH 1 < p 6 2 U ctg 2p 2 P < m.  TOT pe3ynbTa~ 
2~ 

npuHaAnexwT P i c h o r i d e s S. K. On the best values of the constants in the 
theorems of M. Riesz, Zygmund and Kolmogorov, Stud. Math., t. YLIV, 1972, 
p. 165-179. 



u3 L: B LP (E) .  
T e n e p b  PaCCMOTpUM pHA no MHOrOqJIeHaM Qn (E) npOH3BOJIbHO 

B ~ I ~ P ~ H H O ~ ~  B L: @YHKUUH g: 

g 0) -- m-0 2 cmQm (E), 

B CUJIy yCTaHOBJIeHHOr0 B b I U e  C B O U C T B ~  MHOrOqJIeHOB Pn (&), Qn (E) 
MbI MOXeM BBeCTH @YHKUUIO 
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082 
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