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In our previous note' we constructed a system of field equations for the
combined gravitational and electromagnetic field which, on the basis of the
interpretation of the quantities h, as electromagnetic potentials, led to
Maxwell's equations in their exact form at the origin of the local coordi-
nates. To secure the exact form of Maxwell's equations in the local co-
ordinate system was, in fact, the principal motive for the introduction of
this system of field equations. Actually, however, a system of field equa-
tions constructed with primary regard to a law of conservation appears
to be of deeper physical significance. This latter point of view is made the
basis for the construction of a system of field equations in the present note-
and the equations so obtained differ from those of Note I only by the ap-
pearance of terms quadratic in the quantities hok. It would thus appear
that we can carry over the interpretation of the h, as electromagnetic po-
tentials; doing this, we can say that Maxwell's equations hold approxi-
mately in the local coordinate system in the presence of weak electromag-
netic fields.

Equations of Note I will be referred to by prefixing the numeral I be-
fore the number of the equation in question.

1. In the Einstein theory of gravitation the operation of forming the
divergence of a tensor constituted an almost unavoidable generalization
from the analogous operation of pre-relativity physics. When dealing
with quantities of the nature of absolute invariants, however, as we shall do
in the development of the present theory, it is by no means obvious how
this operation can best be defined. However, actual investigation of the
identities of the field theory points to a definition of the operation of di-
vergence which is well adapted to a statement of the laws of conservation;
the reasons for this particular definition will be apparent from the identities
of the following sections.

830 PRoc. N. A. SE



MATHEMATICS: T. Y. THOMAS

DIVERGENCE RULE: The formuka
4

VmTj. .. m=Ad em [ Tj ...mm + 2hmrT...m]

defines the divergence of the invariant TjI... m with respect to the index m.
Any covariant index, i.e., covariant under transformations of the funda-
mental vectors, can of course appear in place of the particular index m in
the definition of the divergence operation. It should be observed that the
term involving the absolute electromagnetic forces 2 hk in the above
formula, corresponds to those which contained the components of affine
connection in the divergence formula of the earlier theory of relativity.
A generalization of the above formula to include invariants T with any
number of contravariant indices could obviously be made but this is not
necessary for the requirements of the present note. On the basis of the
divergence rule we obtain the field equations from the following
POSTULATE OF THE UNIFIED FIELD. The divergence of the absolute elec-

tromagnetic forces is equal to zero, i.e.,

Vk hk = . (1.1)

There are 16 equations in the system (1.1) for the determination of the
16 electromagnetic potentials h,. By reference to the field equations in
what follows we shall mean equations (1.1) rather than the corresponding
equations of our previous note.

2. Before proceeding further we must derive certain special identities
which we shall need in the following work; this will be done in as concise
a manner as possible. We have

hjt== ha'. (2.1)

Hence
h.,k = 2 [h',k - k j] + hmjh'kl + hmkhZ'j (2.2)

when use in made I (4.5) and I (4.10). Interchanging k,l in (2.2) and
adding, we obtain a set of identities which can be reduced to the form

h5,kz = 3 [hj,kj, + h.i,k + hm,k h7l + hmlh k]. (2.3)

We observe that these latter identities constitute an inverse form of the
identities (2.2) in that (2.2) expresses the hij,kj in terms of the hjakj while
(2.3) gives h',kz in terms of the hk Il invariants.
The invariants h',k,l satisfy a set of identities
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hjk,l + h1,Ij + j= 2 [I4, h*, + hm,k14i j + hnst h7'* (2.4)

which is easily deduced from (2.2).
Let us denote the quantities A', byX,,l with reference to a system of

local coordinates and define the invariant Ajm by the formula

Ajkim VS

(See Sect. 2 in Note I.) Now transform equations I (4.6) to local co-
ordinates, differentiate, and evaluate at the origin of the local system;
we thus obtain a set of identities which can be written

hj,kl,m = hj,kl - Ajkim + 1 hit t2 ,kl + 2 h1, hl ,ji + 1 h1,1 hrnjk

+ hM hi,+ ,+ ht k hj t+ h' . (2.5)

Interchanging the indices j,k in (2.5) and subtracting the resulting iden-
tities from (2.5) we obtain

hjklm - hkjl,m = h,klm- '4jim +h,,1I4,k + hsk hjj + [h',1
(h'k -hk,l) + hrnk (h h11-I4sj) + htmt, (h;,k- hti1)1. (2.6)

To the identities (2.6) we now add those two sets of identities which result
from (2.6) by permutating the indices k,l,m cyclically. By a suitable
arrangement of terms the set of identities so obtained can be given the
form

8h;,klm = 3 (h5,kl,m + hj lmk + hs,mk,1 + hjm htl + h;,mk +

hJ,k h'imI + hik h5,Im + hti hM.km + h;,m hk, (2.7)

These identities express the invariants M,k1m in terms of the invariants
14,1,km plus invariants of lower order in the derivatives of the electromag-
netic potentials.
To obtain the inverse form of the set of identities (2.7) we deduce the

formula

A;Mm = -31 h',jkl + 6 (h; 1h ,ki + hikk h j1 + hlh4 ,jk)
which we use to eliminate the invariants Alum from (2.5). The result of
this elimination is a set of identities which can be put into the form

3hk,k,m = 3h1,klm + hm,,jk + 2 hI, h, kl + hik h' j, + h', h',Jk
+ 3 (ha hikl + h",k h,11 + h ,, h;,kl). (2.8)

Finally the set of identities
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kjklm = 3 (hlmk + hjmkjl) + hmkj + hmjjk + hmjkl + hil
(3 h1mjk + hi.km) +,tk (3 h4njl + hj!,1) (2.9)

+ 5 hi,1 Inki + hM~m hjkj + 6 h14j hMkj + hrnk (8 kia + htj)

+ h (8 hj,kt + hljk) + 3 (hjk h;,mk + kjk h1,im)
can be obtained by eliminating the invaants jl between the identities
(2.7) and (2.8).

3. The identities of Sect. 2 can be used to deduce identities of especial
interest for the field theory. By use of (2.2) it readily follows that

4

Vk hj,k = 4 ek (,kk + 4 hrak7,,) (3.1)

identically. Hence

4

| ek (hj,kk + 4 hk h,) = (3.2)
k=

constitutes a system of equations completely equivalent to the field equa-
tions (1.1).
Now put I = k and m = j in (2.9), then multiply these equations through

by ejek and sum on the two repeated indices. This gives
4 4

E Ej ej ek (h,kkj + hj hj, + 2 h ,kr) = 0 (3.3)
j=1 k=1

identically. We next consider the set of identities
4 4

2 E3 E ej ek hkj hi
j=l k-l

4 4 4 4

= 3 =2 , ej ek hjm (hikk + 8 hrm h j) + 4 X E ej ek (ki,k Wkj)j
j=l k=1 j=l k=l

which we use to eliminate the last set of terms from (3.3). As a result
we obtain the set of four identities

. ei{[ ek (hjkk + 4 hr,k hk,i)] + 2 hj,m

ek (k7~kk + 4 k,.k Wk,j) I = 0.
By (3.1) this last set of identities can be given the form

Vj Vk Mk = ° (3.4)
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i.e., the divergence of the left member of (1.1) vanishes identically. The iden-
tities (3.4) are the mathematical counterpart of the laws of conservation
of the physical world.2

4. If we fail to take into account the conditions imposed by the field
equations on the structure of space, then the number of independent
invariants hM,kh....1 of order r + 1 in the derivatives of the electromag-
netic potentials h$, i.e., the number of arbitrary values (hjad ...00
which these invariants can assume at a point Q, is

16 K(4, r + 1)- 4K(4, r + 2),

where K(p,q) denotes the number of combinations with repetitions of p
things taken q at a time; this is an immediate consequence of the fact that
I (4.7) and I (4.9) constitute a complete set of identities. We shall denote
the above number by N(r + 1) and observe that we can write

N(r + 1) = 12K(4,r) + 8K(3,r) + 4K(2,r)

It can easily be shown that the number of independent quantities
(hJk,11. .ir)Q is likewise given by N(r + 1). To do this we transform the
expression for hk given by 1 (4.5), to a system of local coordinates, dif-
ferentiate repeatedly, and evaluate at the origin of the system. We
thereby obtain a system of equations of the form

h'kl..l = h2 ,j[^a...lr hkjl.l]+ *(4.1)

where the * is used to denote terms of lower order than those which have
been written down explicitly. Now let P denote the operations of holdingj
fixed, permuting the indices k.i.... 1 cyclically, and adding the resulting
terms. Then

2 P(hk,1. ,.) = P (hMkz1....) - P (h~j1 ... 1) + *

from (4.1) or

(r + 2) hkl1.. . = 2 P (h,k,li ... I) + *. (4.2)
In view of (4.1) and (4.2) it follows that if we consider the quantities

W.; his*; .k. §el..M _

to have fixed values at Q, the number of independent quantities (hj'k,l1...00
is equal to the number of independent quantities (atz.. .r)Q, i.e., the
number N(r + 1).
By making use of the above result it can be shown that N(r + 1) gives

the number of arbitrary partial derivatives of the rth order of the quanti-
ties h5,k at the point Q. The reader can easily work out the details of this
demonstration.

5. When account is taken of the conditions imposed by the field equa-
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tions, the number of arbitrary partial derivatives of the quantities hj1,k
at the point Q is decreased. A lower bound to this number can, however,
be deduced in the following manner. Taking the absolute derivative of the
left member of (1.1) we obtain

(Vk h;,k),l = 0. (5.1)
By (3.4) four of the equations of the set (5.1) are linearly dependent on
the remaining equations (5.1) and the field equations (1.1). In fact,

(Vk hik), =

where the dots have been used to denote a linear expression in certain of
the left members of (5.1) plus a linear expression in the quantities in the
left members of (1.1) with coefficients equal to the absolute electromagnetic
forces. Assuming that the h5,k and al their partial derivatives to those of
order r (. 1) inclusive have fixed values at the point Q, it follows that the
number of partial derivatives of the quantities h.,k of order (r + 1) at
Q, whose values are determined as a consequence of equations (1.1), is
at most equal to

16K(4,r) - 4K(4,r - 1). (5.2)

Hence the arbitrary derivatives of the hj,k of order r + 1 at Q cannot be
less than the difference of N (r + 2) and (5.2), i.e.,

16K(3,r + 1) + 8K(2,r + 1);

for r = 0 this expression likewise gives the number of arbitrary derivatives
of the first order of the hk*. In our next note we shall apply the above
lower bound to the problem of constructing the general existence theorem
for the field equations.

1 These PROCEEDINGS, 16, 761-776 (1930).
2 If we replace (1.1) by

Vk h,k =D

where D is the analogue of the vector of charge and current density of the classical
theory, then (3.4) yields

Vj Dj = 0.
These latter equations are the analogue of the equation of the classical theory which
shows that electric charge is conserved. We have purposely failed to introduce the
invariants D of unknown structure into our field theory as it is our wish to investigate
the extent to which the physical world can be described by equations of the type (1.1).
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