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PR EFACE 

n .. ..un of a.erofoll tboory io 10 erplain and 10 prediot IIie 
force uperienoed by a .. aerofoil. and a .. lilIfllOlOrJ' theory 
b .. '-II d ...... loped in """"I y ...... for tho Iif~ force in l be 
ordinary worki.ns range beIo .. Ib, oritical angle and for tbal 
part o f tho dra(! force ... bieh " ind .. pendent of tho 'riIaooIity 
of t ho air. ConlOidcrable imagbt .... &/.to t...;,n obta.incd iolA> 
tbe n'tll" of tho vmooW! drag a.nd inlA> thll behanoW' of 
a.n aerolo il at lind above the oritical anglo. bllt th .. thoory 
relnallll! .. t p""","t in an iDOOmplcto .t.a~. The probl .. m of 
the al_", .. ill _ ntia.Uy a part. 01 aorofoil thooty. lin"" the 
blad ... 01 an ain<::nI .. .,., ~mfoi!A .. bleb d_rille helieal 
path" and .... tiafllOtory theory 01 tb .. pmpulsive aIrIe ..... 
h .. ~ developed by UleMing tho I ... ndamental principlee 
of aeroloil t beory. 

The object of t.bit book u, IA> give "" _ntofllOmfoil and 
aincn .. tboory in a lorm , uiUbIo for Rudentll .. bo do not. 
..... ".FF .. p ... io ... knowledge 01 hydrodynamlol. The lint 
five oha"tell'll Jivo , brief intruductioll to thole "poll'" of 
hydrod,ynamic. .. Ilkh an) reqllind for tbe devoklpment of 
aemfoU theory. Th. lollowing ~b.pt<m deal .ooc!dyely witb 
th .. lilt of "" aorofoil in t .. o dimenAionai moHon, wit h tba 
efl'ect of vtaoo.ity a" d itll bearing on ~l'Ofoil tboory, ""d with 
th .. thoory of 8Clrofoila 01 finilo "pan. The IlIJ!t throe 01111 1'101'11 
&I'll dnoted to tha development of . inoe ..... tboory. 

In aocordanoe with tho object of the book, oomplu m.th ... 
matical analYIU, h .. beoru avoided ... far .. poesibla ."d in 
• Ie .. e_""u1t11 h. ye '-0 quoted witholltprool , tbere.der 
being ... I~ for furtber detai1l to .. tandard i.o:rt .booQ or to 
original paopen on tbe aubjec~ 

My thaab .... d ue to my wife for her ..... _ in p .... 
pe.rina. n Wllber of tbe fig""" ..... in",edin, tho proof ,bee~ • 
..... to the Cambridge Uni....m~y Pi P lor their C&J1I and 
rigilanoe in p,"ing the book Ihm",h tbe proof lltop. 

H. G. 
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CHAPTEll I 

I NTRODUCTION 

1·1. It ic II fact of common eJ[peri~_ that a bod,. in 
mOOoQ througb 10 Auid uperiencee II .... u1t&Qt (0I'0Il which. 
in mod c_, 1.0 mainly II I't'tIil!lanoe to the motion. A clIM 
of body uiete, ho .. " ...... for which tho componen~ of the 
.... ultant fol'Oll normal to th<! dirnclion of motion 1.0 "'lolly 
limN gmater than t be component """.ting the motlon, and 
the pouihllily or the flight of &II aeroplane depen<k on the 
ute of II body or this cI_ for the wing .truetUftl, 

A. wing or .... roloil 11M 10 plane of "Y"'metry pMlilli 
througb the mid ·point of iUIp&ll,and the direction of motion 
and the line 01 actioQ 01 the _wiant foroe usually lie in tbis 
plaoe. n... __ tion of loll aeroloil b,. 10 plane pArallel to tho 
plane of 4ymmfltry is 01 loll ..!oneata:i ah,po with, rounded 
Ieadi"l edge and , fairly abrp tnt.i1ing ed(e. It ill u.uaIly 
poeaible to <Ira .. uniquely II double I.anflent to tho lo .. er 
aurf_ of an aerofQil lleCtion and the projectiOl!. of tbe &efOfoil 
__ tion on thie tangent iIIde6ned ~ the cbord. In eel , .. hen 
thU nni'lue double tangent dON not exist, tho t horo requi_ 
.pocial definition and it i, ~'''!IItly take .. to be tbe line 
jolnlng tbe ocntn. of C\lI'1'lotUItl of the leading and trailing 

" 

.c----_ 
Fit:. 1. 

f>dgel of tho aerofoi.l .o)Ction. The &QgIe of incidellOll" of loll 
aerofoi.l i, dellned !III tbe &o&l" betWt'ell the chon! and tbe 
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ill_lion of motioll relative to the ftuid, and the celltre of 
pl'HlW'e 0 of . n aerofDil i.o ddinod "" tho poin~ in which lbe 
Une of K lion of tbe _ u1ant fon:'Ol R iotcrweW t be cnom 
A8 (fig_ I). The _u1lanl foroe is rMOI .. ed Into t .. o com­
ponen~, lbe lih L .~ nghl &IIgl.,. to tbe dil1!Ction of motton 
and the dn.g D paraU~1 to tbAt di~liou bllt oppooring tbe 
motion. It i, customou-y 1(1 ute the lMdiufI ed~ " of the 
chord .... poillt of refcrenoe -.nd the lunlltan! 10",", ball .. 
moment M lbout 'hi' poin t, whOOlll lienee ;8 , "ch that II 
positive moment tend!! to inc", .... tiNl ..",1" of incidetHle. 
'r he wllflnitudo of (.Iu .. mQm~Dt il 

M _ - AC{L o:.»a + Dlino), 

",he,," •• 0 i.e the di,t .. nce of t he oentftl 01 pl'Hllure bo!hind tho 
Ift.rung edge d. the chord. 

The reom]lant fome 011 an aerofoiJ of .. gi"(!11 Ibpa .. , .. 
(io,fi n; te angle of incidence dependll mainly on tbe delllity 
,. of the fluid, the reI"!i",, .. e locity I' of the aerofoil and the 
Illlid. II.IId 10m .. Iypic .. l le~b I of (be l'CfOfoil. 'I"heee three 
quantili.,. can be rombined io the " "iq"e lonn I., ". to gin. 
the d imenaio ... of .. foroe, and non..Jimellllional eoeffici""", 
of lift I.rld d"'ll may 00 defmed, by di1'iding tbe force COIlI­

pDD6Rt.I by thlo prOOuc~. Tbe.' andardliltanddngeoeffick!lIt.1 
oilln ~rofoil .... de6!ll111 by the equation. 

L _ itSp I" , 
D _ J:D Sp V', 

.... ber'll S i, the m..,.imum projected IIl'tIa of the &erofoil whicb, 
in tbe CM6 01 .. roo:tanguJu MlroloiJ, i. tbe product of tho 
cbord l.nd tho ,p ..... Tho WrftlO'lpondlng definition for tho 
momeat _ffic;"nt i. 

M _ J:. eSpv', 

",m.f'II' i. the ehord of the aerofoil. n- de6nitiOOl ...... not 
unique &lid C(lIIti"""W.....;toe .. in partieular \1118 tbe dynamic 
p.-uro iI'''' i lll!lftd of 1'''', obtaining _fticienu ... b ... 
.. I...,. are double tboMe 01 the lltandwd Brit4b ')'IItem. 

The lift aud drag ooefficient.! of &II ~foil ...... functio ... 
01 tho logle of incidence ILlId fig. I! Iho .... the CII"IIII for I 
typicaJ aerofoil, !.be drajj: being drawn to fin timllll tho « .. c 
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of tbe lilt. The lilt coefficient .... ne. linMriy witb the angle 
01. incidence for,. certain rattr and then r.u.ai.,.,,. !Dueimum 

A"gt_!lI_u'_ , s" 10" Iii" 

~., 

FiC_ :. 

... Iue at the critical angle 01 ineidellOll. The important work­
ing r&Dge of an .o)rofoil iii repl'twmtM by the liDO'" put of 
the Lift cUl'Te and in thi.!l I'&PgtI the drag 1.0 oman compared 
with the lift, but ,)R approaching the critic. 1 angle the drag 
iIl4reMell . apidly. 

Fig. 3 Iho ..... the variation of the position of tIM! oenll'l'l of 
Pf'eIIUI'I'I, the diaunce of tbe oeDtroe of p..,.urc behind the 
leading qe of the lIoOrOfoil being upr:n 7 ' d ". • fractlDll of 
the chord. Analytic.Or thio centre of ~ure _lIia"m! ia 

AC t. t .. , ~ I ) ~-- . .,- __ .- .ppf'O ... ma~y . 
LJD ........ + QIlIIG r: .. 

and theory and uperilMot agrM in . howi", that the moment 
e<Mffieleot nne. in • b le

" manDer with the lih _ffici..ot 
""low tbe critical angle. The centre of P"*1IfC of an &erofoil 
-=tion nOfDlIUly mo...,.. '->bo"aro. .. the Ingle of i""idence 
dec~ and tec.dl to infinity _t the negali .. " Ilngle of i" T 
oideooe for .. hioh {.l:l. 00II" + "D si ll 0) .. a.nl.~, i.e . .. hen 

,., 
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1m. 1'fII1.Il....,~ foroe on the auofoil is pan.UeI UI lbo! " hord. 
'This !lillie 01 Incidence is appt'OJilDtely equal UI the !lIIgllll 

at wbl<:b lbe lif~ "!lII:'I"~':':'_~ ___ ':'-': _ _ _ ~ 

}1s. 3. 

11M main objflllt of ""rofoil theory II UI llI::rplAin and to 
pl'9<iiet l be lift and. drag e::r~rienced by an ow:orofoil, !lIId a 
.. tl.oflCtoty themy has bMD d~1'fIloped In rooent yean. for 
Ihill otdilWy " 'orkinll nulgo helow lbe cril ieal anijle. The 
determination of tbe maxim um lift of an lOef'Ofoil and. of tbe 
critical angI~ at ... hlch it oocuno i.I DOt ~t "";ble, al1ho"llh 
lOme inaigllt baa ~n ob'ainN inlo l bo! eawe of tbo! 
pheoomenon. 

1·2. Tk d~ of MrOfl1ill~. 

The e::rp1a1lBlion of tbe lift force of an aerofoil dependi 
_ ntially on the nalore of t be Ihoo, and the difficulty of 
ohlalninla .. 1W'lClory theory is '5F::oiat~ with thcdifficulty 
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of definilli tbe ",..nU.J chanoeterUtw. of tbe Buid In "limp,," 
and p.U·bI, mati ....... 

An early attempl. to develop .. theory of the fOl'Ol OIl an 
inclined &.~ plate i, d .... to Newton, who _timed ~ the 
fluid OOIMiIt«I of " 1&rJ'l' number of oolid corpuecle.. n­
COl'pWICiel ftJ'II _limed to be inel .... t.io ","d, on Wilting the 
plat., the ooIDpoMnt of their velocity n.onnN to lho! pla'e 
would be d .. ll'O)'OO. The mUll of thaid """'ling .. jll"te of 
&n:'A 8 at ao ""gIn of incideuCO!" in IIlIit time 118p " ~n p aDd 
the ~e[ooity normal to the pla,e i . Vain p. H~noe the plate 
would uperience .. foroe Donna.! to iI" .url'aoe of magnitude 

R _ Sp yl llin' /I. 

U the OOI'JI""(llN are _umed to be perfMltJy ellW!tlc, ttwo 
force ;. dOlibled, but ill . itber caM tbe 101ft p¥ea by tw 
theory at·m.l! ..,gIft 01 incidence ill 100 Im"tl. The mim_1e 
of lila dns of " fta, plat<e llet DOiWaJ to !.be dinlCtion of 
molioo ill more Ift'ilrfo.ctory and ill of the 00I'ftC1 oniu of 
magnilode. 

A better do!finition of lboo cbracten.ticl of " Buid ..... 
obt&iDod by regud.ing t he Jluid M" eonlinOOllI bOm~llOOu. 
medium. An _ntial chuacteristio of .. lIuid ill th.t it 
C&Ilnot .uppor1. tangential atl ' 'p in .. ltate of I>q uilibriUllI , 
bUlwben adj,,*,t l.ye ... of t be fluid ani in rel.!.I~e motion 
tangellti.t Itr 'S'!1 ulflt r.nd op~ the motion. Thil eh...ao, 
teriati .. ia due to the ill~ friction or ..uoo.ity of tbe fluid. 
The v1lOOeOity of tbe air ill ~m&U and m.y be nealect...!. in • 
luge number 01 problema, but .t tim .. the Ti'lOOlity iI of 
flllldllllental import&noe r.nd ill ..u C": ' It .ppe .... to enrc. 
• determining Influence 011 the typo of motioo wbieb ooc""" 
{lTe!I wbell the motion prO<.:::Lt onelly M in • nOll,TiIOOUi 
hid, &.other CharlCt..n.tic: of • fluid it. l~ oompnoMibility, 
whic:b IIl1eg1igiblo lor • liquid but import&nt tor .gM, ",., 
de.,.;,y oflhe.ir mUit be f'egltll1Od in I"""ral M. '\lQCtlOIi 
at the preesllnl and temperatW'fl, but tbe TNi.~ of the 
pl'MeW'e in tbe flow pM! • body ..... uf6ciently Im.lI to 
jDetily the _umptioll that the d .. "lIity of the aI. iI OOllltant, 
ThlI -.umptiOll, bowne. , ""_ to be ",alid wheo the 
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"elocity of tbe 110. become. oompaBble ;0 ma&Jlitude witb 
the velocit]' of IIOWId II.IId aUowLlloe mUll tbm be ",ado lor 
&.be OOQIpI "" bility of the ..... 
n-llOIIeid~ .. t>on.ltd to the OOIlOeptiOll of tbe .u .. .. 

perf..::t lluid, i.e ..... oo:ntinDO'" iDOOlllp.-ible lIOQ·rilltOUI 
mfldium. The deYelopment of the theoly of 6IDd motion b.ooI 
been buDd on thil ~ption &lid the '""'It. dod...,.,d, from 
th8 theory &nI of great. valtl{l in many e_. Unfortunately 
the theory led to the utonishi"ll oondllllon tbat .. body in 
motion through .. perf",,! fluid doe. not e:rperim",,, LIly 
l'eaul tlUlt 10I'0Il. 

An al~mpt to au""ount tw.. di..,repancy bel .. ""n tb~ 
and fact .... mod .. by Hclmholtr. and Kirchhoff by usuml", 
tbat , be How """I .. body, i.Qtead of paul", round the whole 
urfaoe. !ea. .. ", 1\ wake 0<" dNd· .... ter region behind t be body. 
ThIll method 01 dioconlinuo,," lIow· b .. been app/iM to LII 
incli-t 0", plate in toro dimerllional motion, whicb iI 
eq lllnJent to an aerofoil of infinite l pan. and giYN ...... u1t.&11t 
foroe normal to tbe surface of magnitude 

R Sp l". 

Thie fome I, of the co...,.,! ord~r of m.,rutude Ie»" omaU 
anglea 01 iocid"""" and eJ.o for .. O.t pI.to eel normal to 
the direction of motion, but the ..,Iu&l numerical .... h~ !tote 
not In gOQd ~ment with ul"'rimnntal _ulr.. 

A lilt foroe C&D 10180 be obtained in .. perfect lIuid il lhe 
lIow II _limed 10 h .. ,·n .. t..ndcnay 10 clrclilate rcWld t he 
body, and modem "",rcloil IIIId airflCrcw theory Ie bued on 
thie _pt.ion. The deve]op"",nt of the theory 1()Ir an aeroloil 
01 infinite Sjlall, which COlTftpono:t. to motion in t ... o dimell . 
110m, ;' d .... ill the lim pI.oce to Kutt .. t and Joukowl ki t. and 

• I'lli' ,100 " ... 1' 1 ", 0:1 t.bo ' i>Nwy _ ~I>, H~,· ., .. 
113 of"" .... . 

1 ·· A~tUi<1 "<&fLo I ..... • f,. ,n IS1d'-~ IU .... .... " . ... 
MiII<W ..... Ito!. •. ow,. ..... mi,'" G,....d .. V . cIoo Fl.p. W. ... ill 
.8uhb""C ... 100 h A"d eIi_"" 8._ ..... ·' Bit ... ... .t. 1M". 
AlM. " 11' .... 111 10. 

I "I) .. '"" tt_ouu d..- ~botI do< Dn<iHoIel,."." %nl. 
",0. 
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the ""telnaol> 1.0 t he I'l""ntl CUI! in three di!DHUliOlll, wllie b 
follow. the general w- 811jJg<'B1:ed by I..roehoe.ur". ill d .... to 
Pnndut. TbOI thewy giva _a1~ in d oee IIfP'Mmen~ with 
uperiment bllt tbe ... ~aina the diflk!ulty of upillining i be 
origin of the cireulation. In .. perfect Ouid Ib.il areal.lion 
oould not de .. elop .. nd it must be Neribed lo the -.etlan of 
tbe l'ieco.ity in the initilll BtagetI of tlwo motion . 

The pnerlll aero/oil thooty indieata that there ill .. drag 
foroe (iDduood drag) """"i.tod with the lift of WI k!rolotJ, 
but for motion in two dimeniHorul lhi. ind~ drag OOoomea 
!.IIf'O .00 it i. again ~ to turn to the ~ty al thu 
Ouid for the uplOllWtion of tbe om,..]! dl'ai !oroe (prome 
drag ) .. hieb actu&Uy eDIu.. The development of 1M theory 
of an "'I'(IIoil iI therefore b" l ~ in the lint pl_ on tbe 
.... umption th.t the air iI .. peri""t Huid, and the .. ileOldty 
.. introdlll:ed at " leter lIIage to e",plain the origin of tbe 
~ul .. tion &lid tho es:i~II"" of t .... profile d"'l, 

\ ·3. AI_pM if; rdalitm&J.,,,.. 
Ahhougb the compnolllibility of the air ~an be neglected 

io moe! probiellUl of the flow put. body, the deneity of the 
air eannot be ~ .. AD abeolute tollltant but mllllt be 
oot<!rmined ... function of the pro."",", ""d lemperatUft of 
the undilturbed air acconling 10 tb6 pbyoic,u la .. 

1!. _ e. !!. 
Po ". 9. ' 

... be ... p i, tilt! p ........... , P the density and 8 Ibe abeGlute 
I.,mperatu .... 

In the .tmOOlP""'" the pl"l'Mlln! ""d density .... connt!Ct....! 
with ihe .... gIIt abo..., lhe ground by the equation 

" lll - -0,.. 
but 10 OOI"""';ne lhe ""ndilioM at. .... y height it i, Il« l i'UY 
10 know u.o l be ... Iationahip bet_n !.he t<!mpen.ture .... d • A_,.... .. iu, 1Il0'l ... h _, cI Iroio .Iooory ,_ ......... Iopod 
1_ .... 11_ ~1 LaatMR<r '0 tI •• _",,11.0 .. N.,ma/ U-,. .1Id 
~I 1 b ... ' IIodotl '" itH. 

t ··Tnc811C<" ..... 'k,·· (JcIOi"f<" N ............ 1911 &ftd ttle. 
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t be height . 'l'bl. relationship wiU n ' 1 at different p!..-
and at dill'erent tilllell, hut . ... Mud atmo.pbere bu been 
.oopWld by mally OOlllltn... .... bui& of oompariloon. The 
It..oo..m. Ilmoopbcre ~ defined by. P"-,,", of 100 mm, of 
lDfIl'Cuty (1"-7 lb. per sq. In.) at ground level and by the 
tempera'ure la ... T _ 16 - 0-0005:, 

wh<:!re l' Ia the I<lmperatun! in d egt .! 1 oenllgrtode MId I II t.be 
~ght In melrN. Thil l .... roepre<leRte the .. nrage oondition8 
In WNoom Europe and ill valid up to the height wheNl tbe 
temperature ""MOIl to foJl on approachina- the llOtbtlnnal 
II),,!" The v";atio;m of pressu.re &lid dtn&lty toith beight for 
the aundard .tmOOlpherc II givon in t .ble I. 

When .. obange 01 pl't!S!lllftl OOCUI'flIIO .... pidly tht tbeno is 
no esebanp of ~t between adj lo<>O!llt ft llid element., tm. 
P"-UJ'e and denai!y ani rel.ted by Ihe adi.b&t ic la ... 

~ -W" 
.. beAl Y ill the ratio 01 tbe two ftpecificl boa", of the g .. and 
hae the numerioal ... lue I· ' fo r ..; •. n.e ao:!i.l!.tic I ..... "ouId 
be MtWied in t.be at.mOllpbel'e if tbe temper-tun! grsdieDt 
weN 3· C. pel' 100(1 ft., IlDd "I":m,,vu the temperat,,", 
grameo! n.. .bo"e thil .. .Jut! the . tm Ollpbere i, in ,II. 
UIUItable oondition which giVeI!I riM to con.vlIOtion cUrTIln tIJ. 

1I 00p' " " ... ~" T_~ '." ". •• •• , 
"'" ,- 'H , .. .'" . - .. .... - .,. ~ ... 

" .. .- - ~ 11 ·1 ..... - . ~ ~U .. 

" .. 0-312 H .. ~ :H ·6 

" ... .m 0-'1$ _u", 
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H . U.;", 
It d e~ In aeroo.r,ut>ca to UP""' numerical n lue. 

in Briliab Engineering unite aDd 10 tue the uNtiLd .. the 
unit 01 lime, the foot M the unit of ~h and tbe pound .. 
the Mit 01 fon:e. A new unit olm ... beoolQeI 11«7 sery, 
defined by tho condition t hat WIlt 10...,., acting "pon unit 
m_ prod_ unit aeeeleratioo. ThiI unlt of 1Il_ ill c..uoo 
the liNg And iI .U<lh that. body .. hiob weiglla IF Ih. h .... 
m_ of Ifl, aluS- (go _ 32-2, .pprox.j. 

C<lnUnenlal WTi tcrs lIM! .. si.uila.r engiMering .y.um in 
",Weh tho IeC(lnd iF the unit of time, t he mom i. t he unit of 
1~'4Ith and tho IOlogn.m i. the unit of foree. The "llDIe 
""II'WIJ h .. been I'ropoooed fot tbe oo"""ponding unit of m ..... 

The principal relatioruohipo bet ...... o the IW'O .pteml of 
unite ....... folio ... : 

Length I m. _ I·StU ft ., 
Foree I q. _ H04 Ib .. 
31.... I 1loe'Yt0Jl _ 0-172 11"11. 

and tbe nandwd deneity of the aU s'JfOund level ill 0-00231 
01"11 per cobie foot or ()o 126 ne.-loo per eublc mel re , 
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BERNOULLI'S EQUATION 

2' 1. SlrMm lillU OM .. wy nooIiooI . 
When a body movet through a Huid witb uniform velocity 

V in a ue6ni te ilirection, the conditione of the flow are 
ellllCtly the u.me &8 if the body were nL relit in a uMonn 
,1.nl1Ull of ,."looity V, and it ia Wlually more convenient to 
corWuer tbe problem in tb .. I!II)e(Ind foml. I n gt!neral therefore 
the body will he roguded &8 6J:ed and the motion of the fluid 
will be detennined relative to the body. A rep_nlation of 
tbe Bow p&8t .. body at any iUlltant e&n bo obtained by 
dramng lbe . tream linea, wruch are de6ned hy tbe IlOnditioo 
that the direction of altt'NID line a t any point d the dil'l!clion 
of motion of the Buid element at that point. In general , the 
form of the atream Iinet ...m vary with the time and 110 the 
at.re..nl linea are not identical with the pallui of the Bllid 
elementl. ~uently, howe ver, the Bo .... pattern dOOOl not 
vary with the l ime and the velocity i, COlUtant in magnituda 
and direet ion at every point of the fluid . The fluid i, then in 
awedy motion peat tho body and the ~tre&JlI linee coincide 
.... ith the patha of the fluid .. Iemen". The MrelUll linllll whicb 
p .. through the circumference of a emall cJOIIIX! curve form 
a cylindrical l urfaoe which ie caUed a Ilroam who, and ,.jnte 
the I tream linee ~reeent the direetion of motion of the Huid 
them I. no fl ow &c1'ONl the I UMace of a I l.nlam tube. The 
the-ory of the 00" past an ""rofoil or airac .... " i, developed 
almo.t entinlly &8 a problem of l teed)' motion and , H oept 
.be .... oiberwillll apeci6ed, the fluid ill regt.rded AI ineom­
preNible and noD-vllIO(Hg, 

2·: . ~i'. epalw... 
In l teedy motion it il poaible to obt"'n a simple reilltion­

l hip oonnecting tbe pl'flllllure and velocity .t any point of a 
1I ..... m line. The dynamical equ.tion for the motion of a 



CH.n] 

,mall elemen~ of h id lorming part 01 • IUMm tube iIF 
du dp 

pSu;G - -8~ , 

ThiIF _ult g kmnm AS JkmoulJi', C!I'lu.tion ...,J the 
qu .... tity n, which ill OOI1IItaDt along. Itre&m line. ill cell«! 
&mou..ll.i ', _ staDt or the total preuutl held of t be hid. 
In seneral.1l m.y h.ve different val~ fO>" dilfom'nt.u-e1oDl 
U,-. but if th, nrum u..... orlgiD.lte in ..... gion 01 OOI>IIwt 
p .... utI and 1"e]ooity, it iIF nidellt th.t H will hue the Nome 
value throughout tile fluid. The vari.tion of the value of H 
for different . trum IiBell. when it OO<:~. ie .. , ooi.ted wit b 
the P!"eIIf)IlCf! of vorticity in th .. fluid C_ ... ·32) •• nu cbMgetI 
in tbe value of II m.y be prod uoeci In ..... al Huld by tbe 
lOtion of vi"""';ty. 

Bernoulli·, equation .bOWl! tbt the preMutI of the Huid 
II gr-teet where the ~locit.y is 1_ and th.t II iIF the 
muimum pl"l!l8lS\lftl which can be attalMd It Ill, poiDt. Thill 
muimum preMu", al"oaya ootutl .t IIOme point on the 110IIII 
of .. bod, where the h id il brought to !"Nt and the Hn!&D1 
divicte. to p.. along the .urlaoe of the body. The m ..... ...".. 
ment of the ape ed of III airon.ft dependa OD thie l'Nu]t.lioCf! 
the 1I...,Ja.rd. pl"NIUrI! head iMtrument me ... nml the difl"er­
enoe between tbe total p i ..... head H Md tile Ihlid PreMure 
1'. 11Ie inatrument muat be plac..d "itb itl uil paraUel to 
the direotioo of t he local , I",am lin ....... 1 It will then deter­
mine th .. looal .... l.tive " elocity. Thil velocity m.y. however , 



" [~. 

dilfer from that of the aircnf~ o1ri", to the dlaturbA""", of 
t he ~nl etream .,....1. by the .m:raft.. 

The en. lllel.ional ....,. 8 of /II .1.rNm tube ~ pJ.!«I to 
tbe nlocity by the coodit ion t llat pf.'8 ml1lt be 00MI:&Dt, 
oillClll toono ;. no How al'l"086 the l urf..,. of Ibe.1.I'eanI tube. 
B .. """, 101" an incompreesibJe fluid 8;. ;nwendy proportion..t 
to 11. and tile IItrum tube eGntnelo.-. the "loci ty incr.,.'_. 
The velocity cannot , ho,",v"" incmMO! indefinitely Bin"" the 
p,..1lJ'6 will become ""gatin .. hen the nl(lQitl uceedl the 
... JU'O vflTJP ,Dd a fluid C&.nIlot Iu.tain /II n~.ti" P,,",UI"&. 

To obtAin /II numerical eelimate of thlt limltlng velocity in 
the air HIlder normal COII(lit.l""I, Ih .. VUllO of If m .. , be l&ken 
w that 01 the atandard atmoopberio p ........ ' ' ''7 lb. per 
oq. in.1 uId lbe limit ing vel"";ty;" then 1m ft. per eec. ThIt 
'telaeily .. putt. than tbe ffiocity of 101100:1 &lid tbe .. _ 
I!lmpt.ion that the Nr CAli be ~ed .. an illC<,lmp.-ble 
ll uid bruu do ..... t /II .............. bly lower .... Ioei,, _ 

N . TM rdocitJ of _...i. 
I f .. dill llI'bellM. , uch lUI /II . udden 1~_ of poeM ..... , 

ooeu .. at 1GnI(I point of an i neoropteMiblo 8uid, lbe distDl'b· 
an<:e Ie I"""em.it~ inst .... taDeQ.,.)y to.U pam of lbe fluid, 
but in. eomp",*",ble fluid t be dioturbance t.nell thro\lih 
the Auid in tbe fom> of a pJallum .ave at a de6.nite velocity, 
.Weh I, in fact the velocity of !IOund in the !luid. 

c.:.llIIlder the motion in OGO dimoMiOIl aloug a Itnight 
tube of uniform 01'0IIII _tiona! &rI\& S. U / denote the dill­
placement .t time I of the partioles .h.- undistu,""d 
poIltion it detenuimd by the ooordill&te :r, then the fluid 
origin.!ly bet_n lbe limit.:r .nd '" + dz will at time f Lie 
bet .. """ the limitll 

:r H and :rH+(' +~i) dz. 
The equation of con tinuity, .hieh uP' !su tbe eoaditioa 
tbat tbe raMO of III element of !lukI n.m..tn. eonet&llt, ill 
(bemore 



nJ ••• lII'ODLLI 'S EQV41'IOIl' " ",ben Po" tbe delllit,. of the Suid in t be WI.u.tIlf~ Ilt&te. 
NOW' Ie10 P " Po ( I +.J and thea for 1m." distun...- tbe 
eqUALion of oontinuity be<!orn.. 

" . - -ai' 

No .. tbe ~ure i • • function of the deu";'t)'."d 10 for ,mIll 
.mtlll'br.Iloe. 

1'- Jl,+ (~). /p - .... ) 

- ~+ ... ~') .. 

which may be written &I 

" 

~~ , CI'{ 
N'- C ~ 

Tho tolution 01 thl! differ.",!.iaJ. e-q _unn lor f ill 
f - fez - eI) + 2 (% + a) . 

.. hicb reJ'l'flM'nte 1 .. 0 .... ,,"" I.nI.v..Jlin,g in oppoliu dil'OCti~ 
with the nlocity~. Thill ~locity c •• independ"" t oIl.be type 
or periodicity of the diaturb&noe and ill the Yelocily of IOIllJd 
in the 61lid . 

If tbe IemperM ..... of • gae .... maine eo.w'nl , the ~ 
and denei t,. ate related by Boyle'. I ... ,-, 

~ h 
Tbo .. dOl!i ty oI lOund ill then .,IN,.. ...... for ttandlltd MmOo 
Ipberiol IlODditiOILI tblo numerieaJ ... 11111 iI e.e ft. per IOC. 



.. liE. NOt/I."' " &Q U .. T IOIO [~ . 
Thia i. "O".iderably bel ...... ,be .... 1"" deq,rminec! expM_ 
lIIentaily and l be diacrepancy is due 10 tbe fad tbt t.be 
tempenr.l W1! d Ol!ll not ~maill eonotant dW'i1l8 t be dillturb­
NICOl . The I'-bNlp;n pm!II!W'fI occur 10 I1Ipidly tht the", ill 
no ncbanp 01 but bet~ IIdj..,.,nt fluid elemente, and;n 
colY8<jlleooe tbe ~um and denllil,. ..... ",bote(! by tbe 
-.<liabatia I..... , 

~ _ 1<\ 
~ W· 

whe ... y _ H for ai • . Tho velocity nf IOUM i. Ihe,,",o", 
v~ and the oorTellpoooing Ronlenea. VOllue i. 1120 ft. per 
_., wbich ~ .. ell with t heesperimcnt.a.l detennin.tio .... 

In general pJ". ia proportional to the .bIoIutll temperature 
9 and lbe nwneric.al .. a!UII of C COlmIIpondJ to lho It.andanl. 
ground t<!n'peratum of 16° C. For an,. other ,,","'perawre 

c _ 63", ft. per _., 

wbe",' i. tbe -booIllte tempers,,,", on ,"" centigrade~. 

t, • . lknIDwIli'. eqtW~ i. II """~ft.i4. 

The 8""tr.l lorm of Ben>oulli '. equauu" ;. 

j'- + f~ -COMt&ot, 

and in .. comp ....... bl .. g ... tbe pl'IlMllrl! and density ..... "'_ 
].tOO by tbe .di.bati" la ... 

~ - ~)' 
On Integrating. Bernoulli '. e<}ualion booomell the ... f .. ", 

.t>"+....:L 1! _ , .... + __ L &. 
y- II' )' _ 1 .... 

C<lnaider lint tbe p.-...... wb.ich ooc .... at a .t&gMtion 
point, where the Huid is brought to roMoU tbe 0010 01 a body. 
Putlin, 100 - 0, the atagnation preMW'I '" is detennin~ by 
lbe ~ualjOD , , .• 

A" Y - (Iv-
p~ - 1 +2 Y P 

- , 



UJ " wheree u. tiMo ",loci!T of oound oorreopoDdin8 to the pr.lure 
.,....d detllity,. of tbe undinurbed Itftam, and 

" . "-dj; - Y,. -
~ """ Po, _ ("') , ,Po , 

and beooe fin&lIy ( , + y - I .,oJ;!" 
/'It - JI - 2- ~1 . 

Tt.J. equation t.a~ the pl_ of t .... "'m pl~ r fOl'Dl 
Pt - p + i.w" 

which ..... /,Ibt&i1Wld for AD incomp.-.ibla fl uid. 
When tbe velocity .. ill sm.1lU com~ with the .. ~Ioclty 

of .. und e, the e:rpreMion for t be at.agD~on .,..,..ure /'It CAll 

be upaoded in the ...... 

", - ,. (1 +i~+ I~ + ... ) 

, ( " ) - P+iF I +;fc' +'" , 
Ihowing that t he et.patiOJl ~1InI ill gruter th .... in an 
Incomp~blo hid , Sow the .. mOO ly of IoD ai rc:n.lt ill de­
""rmined by" . " ndarti pre.ure bead i"'lrument in t he form 

. _ j2(Pt - p) , ' 
and to the .. elocily will be ovll1'_imMed .Ughtly if t he 
oom p"""bility of the air is De1Ilecr.ed. The extent of t lUl 
error IlIl1ho..-n by table 2 and it .ppe .... that tho CIT(lr;'" 1_ 
than I % for ordinary -.eropl ..... lpzula...d i.e only 2 % for 
".peed of 300 lII .p.b. 

Table I . 

' /c . , . , -r •• , . 
N' ,- ,- !-I f! , .... 
" ,~ , ,- ,- !<1ft 

. . • The ..... &(4on of t .... croet eectioaal ..... of ".IrN.m. t ube 
t. deWrmin.ed by t he eqUl.tion 01 oon!.inuit,.. 

p..8 _ OOUI"nt, 



" •••• OULL I '. IIQ1J4TI O Il' [~. 

' dB '1. ' • "T'""+ - + - _0. 
aD ,... • 

Abo by dla.. ...... ; • • ing Ben>ouJIi ', equation 

Hy ~ I G~ -~)7,-O. 

"l! ,,+ - _0, , . 
if c 11 the local velocity of 1IOUDd. He_ 

~_ -~( I - ~. 
Thill "'lt1&tion &bon that. t he ' tfMm tube contnooUi .. the 
TeI"';ty inc ••• if , .... velocity ;. 1_ thAn !.be 100&1 velocity 
of eound, and expando if tM veloci ty i. &re&"'r 1!Ian thie 
.... 1>11. h fol.OWI that. tbe flow p*ttem pMt II bod, must 
ohArlge Tf!r1 OOOIIIi".,...bly .. the . Noci ty IPP"*''* and 
0.' I, the velocity olkMUld. 

n.. cro. RctiOlLlll ... 01 tbe.uum tllbe 11M al'linimlllD 
"'''1Ie wben the Teloci ty ill eqlUll. 10 l be local ..,locily of oound. 
TIle (!~terilti ... " ...,y pci.at of the luer.m tube er.n be 
Up<&4td~1y ill _ 01 their nllIO'lIlt the minimum 
«ootioo, whicb ";U be ck-n~«i by the ,uIIlJ: .... The pl T\lI'e, 
d~n.it,. and «locity ol-ound are ~ by the equation. 

(f.)'" - (jj'.' - (£i , 
and the relltiOJ\llhip betw~n tboo velocity and the local 
velocity ollOund, obtaiDed from BernouUI'. equation, ill 

(y_ I )"' . 1'.1;' . (y+ I) ' .... 

Ji1nally. the croee .... tioual_ of the IItrnm lube .. 

(~-r' -~:,,<:r 
- e~.(tr ' 
.. L! I (.!.)'" _ y - I (.!.)'" . 

, c. 2c .. 



UJ " n- flljUAli.,.,.1Nd to the iD~l'Nting cooellllioa tha.t tlx!,.. 
ill ... uppH limi ~ to the nlorily 

11 (mu) _ jy + i .. 2. '11, 
c" y - I 

_ ' Npondi"" to 1M oondilion wt..n the p..-ure, dena!r 
and loxal ytiocity 01 .ound han all fallen to uro. At the 
othe r extreme. when tho! velooity illltro, the equalion& gin 
lbe .. a1!>N 

, _ j), + 1 .. 1·0911 ... ' . 
" _ (' + ')~ " 1-893, ,- , 

• 
f! _(t! 1) '-:-' _ 1<677. ,. -

l.n. wrooaulkal probkm. the velocity iI In senen.l .uf. 
~ntJy low to iuati!y the ......... ption Iliac. lh8 .u 1lI., be 
f'tIut\I!d .. all incomp. r, ' tole fluid, bllt in lbe _ of ... 
ai,.."sw rotating wi th higb .... gular nlocity . and pallibly ill 
oert.w other apecial cep E, it ill _ ' 'l' to take .ocou.u~ of 
1M oamp..-ibility of the air. The compreMibility may &leo 
moda, t he flow put a body moving with low Tel"",it,. 
n!latin to the fluid, il the lou!. velocity in any ffgion "­
to • hlgh ... .1"". 



O UJ.PTI: & m 

THE STR EAM FUNCTI ON 

'·1. The determ.i.nation of the flow pM''''' body depeM. 
on the detenninr.tion oflQoo magnitude aod di_tion of tbe 
nlooity .t aU poiJ1te of tbe fluid, IU1d tbl ... e-Iox:ity .. ector 
m.y be c:on .. ~nientJl' 6%1'. td by lu throe component. 
(tI,~, WI) p.val1~1 to • eet 01 orthOflon,.] eoordinr.t.e UM 
(:11:,1/, z). 'rho problem ..... um~. ';mpl~r form when tho body 
i. NI infinit .. cylindCT .. b.-- i"ner.ton lin DOnn,.] to the 
direction of the Emd;~turbed .~, NId the flo .. Iu.e no 
oom~nt p&nlIe.l to the generat..... Cbo< .. the ua. of ! 

panJ1e1 to tbe gt'MntoI'II 01. lhe oyWwier, .., Ih" .... 0 .t 
,,]1 point., NId the 110 .. will then boo identical in aU pll"ee 
~l l0 the pi...., z .. O. I t i& • ...melen, therefore to coo. 
IIider the flow in Nly pl.ne nonn" to the i"1Ie.1I01"1 of the 
cylinder NId the probll-m iI llimplihd to • mocion UI two 
dimli'lllio .... only. In order to "IUin ph)'lioal rMlity, tbis 
pi ... I. _limed to bn unit tbien- pan.1Iel to the uiI 
01 z and e~ d ........ on tho pJ-.ne rep_t cylino:im" 
em .... of uni t I~ngth in t hat direction. 

The e!.&ady motion 
of r. perf..:t Illlid in , 
two dimcnllioilll CIIIl 

he detennined con· 
nnicntly by d:r.wing 
the -... n- 01 
the moUon lind by 
the In troduction 01 
the ..... /udw-+. 
Take lUll' orip 0 
r.nd let. + b6 lbe lIow 
in llnit time ~ 
lhe c"""" O~p (lie. 5) 
joining tbe origin to 

, " 

• 

• .... 
Nly point P of l be fluid. The flow il l.keo to be poeiti .. ., in 



CR . mJ TIf. IT •• ". 1'17110TI01I " the cloctwiMI 7 M about 0, loCI. from 111ft to risht toe,.,. tbCI 
CunCl from the point 01. new 01. .... ot 7 E fet '" 0 Iookitll aIoog 
lbe_toward. P. TbeTalueol. ~dOlO7not depeDdin genen.l 
011 tbe c""" which w drawn betwllClD 0 NEd P , fOl" if OBP be 
...other .lICb CIII"TfI , the lIow toe,.,. OBP mu.t be eq ..... 10 Ibco 
lIow ___ OA.P uru- lluid iop .ppeving oc diMppeuing in 
the ~on CIOcl< 7' 7 by the two CUfTtll. Hence ~ '- • fWldiOl> 
01 lbe eoorWtIIFM 01. P, &lid itl nlue wiU "fary witb lbCI 
'-;Iioll of P. Tbco ~boi,," of. wtre",nt origin 0' would IM",iy 
Inc_ lbe Tal .... of ~ .t rJJ poilltl by • IlOIlIItant lIIlount 
equal to tbe 80w ...:l1"OOlll lOy C"",, 0'0. 

Now let 1" be lOy otber point on lbe ~ line whicb 
P' 7 througb P, &lid take OAPP' .. the "U""e Joini", P' 
to the origin . lbCIn w no lIow aoCroIIIthe'!reAm IiPCI I'P' &lid 
be_ the lIow 1oC,.,. the "une OAPI" i.o equal 10 the How 
~ the eu""e OAP , N7d the nlue uf ~.t 1" Ia the arne 
II itl Talue at P. It follcnn tht.t the nlEII of ~ iop oon.t.ant 
rJoog • ,t_ tiDe &lid ~ i.o u.en.fore ceUcod the ...... 
j-mo.. The motion of the Hnid Ia oomplMely det«mined 
Wbell the TrJue of ~ .. kDowu II. funclloa III the ooorditllFet 
for .u porntl 01. the bid. The equation of .... y ,trN.Fll line 
La ~ .. C &lid the " rum W-CIO be dnowu by giTtns wtre",ot 
TrJlMlI to lhe OOtIItIIlt C. For thi, purpoMl it ia belt. to gin 
~ or C ... 11MlI whic h rile by uFlilorm illil"'rnetI"'. 10 IMt the 
_ qUlntity of lluid 
110 .... betwlF'en eacb ed- ,. 
jaceot pair of ,,_ 
li5lel. The normrJ w.­
taaae betWell .. edjloOellt 
II.-m JiDeop '- IbeD in _ 
ft'Mly proport.ionaI to 
theTelocity &lid thecJo.e 

/ '4. , 

'j)p'<*lb of lbe I7.i m 

Ii_ in .... y"'lioa indi· 

CUM hip ffioci ty. 1----------, 
, ,11. The Telocity of 0 ;e 

lbe ftuid .t Iny point iop PIc· ... 
det«mlned limply by m.'.'WN of tbe _",.m ' unctiOll. uP .... 

", 



[~. 

P' .... Iwo adj ....... ~ polintl oa dilfeftnt ItftoI.m !iDeo (11&. 'l. 
the fI __ ow tbe t.lemer>t PI" II eqnal to the ftow /lUOII 

PN and /l'P' and 0I0Il be npn ! I .. 

~ _ ""II - ~dz 
ill _d_ with the defiDitionof the ,Imom function. Bllt 

In ",ner&I the component of the «lodly In any direction ill 
obt.t.iMd by dilfo=:ntiating the IUNJQ ' lUIctloa ; ill the 
direction ~ right engl. to !.be ~t. In poI.az" ~tc., 
lbeftfono, t be radial and 
ei",_f_WJ n locity 
oomporvm~ an INI*" 

tJnly . I ~ 
.. - ;:: <16' 

It " oonvew.mt to """ 

~h~~ ~~&lJof a: of~'--,.;---
ordinltao in maoy _, "" 1. 
and ~tI will ill general be ginll In both 10.",.. 

• 

)·12. The .mpl~ u .. mpl.. ollbe .tream fllndion COne­
.pond 10 uniform flow patalIel lo one of the coordinate UM. 
Fo. I Yelocily U panll~ to ,"" .uiII of z and fo ... ffioeity 
Y panlJd to the aD. of 1/, the IIrMm fUMtioal .... -po<!-
tinl, , _ U, - U . • 

~.... , 
; _ - Vz _ _ V,_,. 

Fig. 8 Iho .... the "rum l;nee for the llniform 110 .... panUel 
to tho UN for tbe _ U _ 1·6 Y, &rid t.be IIWllbe ... 011 the 



m] " linM .... !.he YNIIeI of~. The brokea 1iDeI .... dra~ throat!b 
the polDtil .. hiob gin .. _, ".wue to the IWI!. of the two 

. ' , /' /' ....,1 
• -I--+...,.,f--:-+~~""", 

• 

1treM! lunetioM and l'eptelellt .. uniform lIow Inclinod to 
the eoordinatcl au.. Toro 1It.!'MIII functiOlq fan a1 •• ,.. be 
added in IIU. manDel", eitbM- omalytically or gnpbieally. and 
the ..... tbod '- ~ui ... lellt 10 oombining l he nlocity .. ector. 
.t _b poiDt of tbe lluid. By tbe _binalion of certain 
'limpl. lIow ptlttems In a sui t.ble "''''' ..... it I, P'J'I'ibie 10 
derin .. nambel" of interetlting f'eIIulu and In plIrtlculll. the 
flow put .. circle, from which tb8 Ao .. pM! any ~rofoil 
_tlon can be derived by another an-.ly1l0.1 prOF S' , 

3·2, Sotmu all4 Si,.1:.. 
The denlopmNlt of different t ypeol of flow Is (.mlit«t«I by 

the _ption of .0"'""" and llinb. A fOMmI b .. point .t 
whieb Bllld \a appeving at .. uniform t6te, and ..... 1Ik i . .. 
~&ti1'e eo""", or .. pointI.t which ll uid Is dilappearing. U 
t bent " 110 cWturboonoe to the !ow the fluid ..;u p.- out­
.. utb hom .. 1OW'CCI .... ....uy ill &1l .it. .. ""iOM aI""'I lbe nodial 
lineI, and if '" ill t .... Itmngth of the IIOW"Ce or the yoilUM of 
Il llid "bleb Ippean jQ lUIi! time, tbe nd.i.oJ. ~oeit1 at. 
dillJoIlCCI r from the 80_ will be 

• • 
" - 2 .... · 



" TBII . T ....... VlleT ' o,. 

11M la.ream U- uti the linel radi..una from the .out'08 ADd 
cbe ,bcr m IWlCtion p will have. ~t ... 1 .. alOIII MIlb 
01 tb E lineI. Cboo.e 
1Ut1 radial !iDe O.A: .. 
the dream !iDe ,. _ o. 
Tbea it P be • point on 
the ndiaI Une at angle 
'toO ... , the flo ...... , 3 

tbe aroJfPwill be!!'..' .. 
IUId tim;' tim ... 1 .... oJ. 
tbea.ream fUDOboa for 
the line OP. Hence 
MM. 

,. - !; , - s; am ""'" z" 

Tbo_ol.~ 
II an uoeplioo to the 
~ra1 I'\llo thM lbe 

..... 
... ez m fllDlltlon at any point P hu • llDill" ... I~, ....,., 
by ~"'nl • omn wbich completely eDllilcla tbe ....... 
• •• &1 Um M I~ to ~ble to ~_ tile ""I .. of ,. by 
Any mllltiple 01 .... The additiOQ of • OXWI&t&IIt to the.tnam 
"mction dON nat modify the flow p&ttem IUld the ... .1 .... oJ 
,. can be m.,je oniqUl! by l be OOIl~tion that' obaU "h •• Y" 
lie bet .. ..,n the limi'- ± n. 

S-3. &oirot i,. .. .... if- ...... , 
C<>n.Ider u...:t the 6(l'1li' which oae~ .. ~ there lIallOtlrOfl 

of .~ ... at the orisUI ill !.be pI F _ of • uniform rUea.m 
of •• Ioclt, - U paraUeI to the uiI of 2:. The ~ funotioo 
for tru. flow \.I 

_bleb II the RIm of the IItrNm functJon. 01 Ill. two 1I!pv..te 
110 ..... Writiog ... _ 2Ui, tbe ItrNm flUKl~ bnnmfOl 

+_U(A~_.) , 
1"'I'ollinll the two parameten U &rid A. U I, the "locit, of 



rn] " the lIDilorm.tJ m....t. Uo" Jen&tb woo. '"",;&-"0" will 
"ppear in the ooune 01 the r.nal,..... 

The etrea.m linel of the two ..,puale ROW"I .... tbe ti_ 
pan1Iel to tbe &xii 01.: and tb5li_ ndja'in& from the qn 
_pectinly , and the.~ Ii .. olllle combined 60 .. cr.n 
be dn,,'u at ooce ... tM CIlrTeI .. hlc:b ..... through tbe poiDte 
w'-'e tbe l1l11I1 of lbe 'wo ~ hmetiONI 11M " DOIIItant 
.. aloe. This goometrieaI method ill ruUoluued, in fi3. 10 foe 



[~. 

tile numerioal nl ..... u .. ,\ _ I. Th8 ,!.ream Une ~ .. 0 
oo .... t. "' Ibe ~ti ... part ol t he aD. of '" and of .. ~WT1I 
BAB' of penbolie type. The Sow from t he IIOUftC! Ijeo whoUy 
wi!hill the CttrYfl BAD' and the uniform It.rN.m di~da ~ 
the ~:r ..t and 110 ... lobo ... and belo .. tbe cllf"I'e. No. 
Ullll.ream line m&y be ... pI~ by .. rigid boundary without 
modilyiDg the 110 .. and r.tI in«!l"Ntiug inl.erpn!t&tiora ol the 
00" i.obt&ined if tbe CW"IO %liB ~ · ·k ...... thia bouDdary. 
n.. uniform ~ is tben P'dng 0Tf!r ale .. el plain or_ 
until it -'" the diff AB, over which it is deBectft:! in the 
m"'''''. indicated by the . ITNm li.- 01 fig. 10. With thi, 
in terpretation the IOUfIlCI 110 longer oocun In the rrgion of 
tile HWd and .... y be regarded llimply .... mathematleal 
de"""" for "'P' !11L1 ling the dec! of tbe eliI!'. 

The aha.pe of tbe cli ft is gi1'cn by t be equ&.tion + .. 0 and 
bo_ 

wbere' .. ..nOlI from 0 t.o ... The pM'Imeler .. repn!l'lenu l be 
mu.imum heigbt of tbe cUll wben r «!iIdI (.0 infinity and , 
tMdo to IF. Thill tbe paramettln U and 10 determine the 
.. elooity of tbe 'IO'ind and t he height of the ~lliI' ..... peclh.ely, 
aM the cliff .. alw.y. of tbe arne 4hlpe. Ot her fortDJl, bow. 
e",r, can be obt'i""'" by uaiug .. Dumber 0110_ Uld ... kI 
lUi\.&bly distributed in pl_ of the lingle IOLU'Oe at the~. 

The How mly &lao be oolllidertd by mean. of the veloci ty 
oompone" tI panUel to t he eoordiMte UN. For tbe lIOuroe 
thMe velocity compon.enta..,." 

• •• --!orr-'-:! .. " . 
... . 9 "',. .. _ ! .... lIn - 2 .. .. . 

and he_ for tb. 80 .. peat tbe cli ff 

___ U(. _;') 
"." . 

v _ u!l . . " 



wJ .. 
It w now po.ible to detenniDe 1M poeition 01 lbe TerteI A , 
wbleb Ui the "taV"""" poillt of tbe lIow !" ... " ... 0). The 
ooon!ina' .01 .It Ate tbenofOl'O 

• :z ... _ • 
• r - O. 

The eJ.pt F' ' 0l"Il for the ",100111 OOfQponenUi can .J..o be WJed 
to determine the cum. of oonetan t vertical ~11' of 
oo ..... tant inclination of !.he flo .. or of Ally olho,o, lim"", 
"harloOteri.UC. Th" OU" ", of O(lMtant .. artie" .. ~Jocity 11 &ttl 

oho.t\n ... an "",amp1 .. , "'Doe tbey repl'Nellt the region in 
which -"lI8l1lght III po.ible, n.- Cun'''' Ate the circle. 

V • .-+,.t ... __ ,. 
•• 

wbleh p..- throU&h t he origin .00 hanl lhet. oentrw on the 
axil of,. A few' of t belle eircleoo &no drawn wi th brow li_ 
10 lis. 10, .00 IMie CW"I'M determine the .,.. . n for 
-.ing Bight.. The mujm\UD vertiaaJ ",loci!y _un 011 tbe 
IJUcf_ of the cliff and may be delermillflll. u follow.. The 
.. crtie'! .. "Iocity "any point II 

Ul.m , .--­. , ' 
and lienee on the . urfao.. of tbe clift 

lin ' Ii 
" ", U - 9- · 

whic h h .. t llto ruuimum value .. ... G-125U .t the point 
, .. M· ·8, II '" 0.3'", 

ThlI u ampLe """ been ~Ilpnd in lOme detail In orde. 
10 i1I~tn.t" the method 0( combining two 0 011' pltem& and 
of illmpretilll the I'8Ult M the 00 .. pMt • rigid bound...,.. 
n.e ~ and linu lben beoom .. ample ..wytical de.;'na 
10.- repl'NWtin,g the dee! of the rigid boundary. aDd thw 
ooo!!d''Y m ..... alw_} .. be ch<-n to ~nclo.e .u tbe lOu.roet 
and ";OQ. 

H . TA. 1I'd.\od 0/ ;1INIgU. 
The flow d ue to two lOu.roet of ..qual Ittf!Rgth iUWltn.te. 

uother -.n.lytioal method of lOme impoluooe. The ltlUm 



to THa . T ..... . PUIII' OT I OJl [~. 

lillel due to two equaJ IO\U'ClO!OI " t he poi .. ~ A, aud .AI ate 
deriTfd YVy Illi.rQply by t he -..J gnpblC61 _tbod NId are 
IIhown ill 6«. II . la uu. .,.. tbe ru...... u... can be .boIrtI 
to w b,rperbolM PO" "DI throu&h tbe pointl A, .oo .d" bllt 

n,. II. 

t1 .. .IQoet important featUl'll;' Ih.t the line PQ whieb biMctl 
A,A, "l'iibt NIgIet ill "atre ..... line...,.;l can be ~plo.oed by 
" rigid boundary. 1"be etIuID lillM to t be right of the liDO 
PQ thezl ~p_t the 80w duo to " IOW'OII in the pt'l!lenee 
of " .traight line boundary, and t he j n ~rl .. ,.,,_ of thia 
boundary on the lIow due ((I t he IOUroo A , hM '-n ..,p ..... 
Wlnt«\ .nNytieally by the introduction of the im~ A, of 
the IOUroo in the Ii"" PQ. 

Thl. method of im~ can be ued in more OOO\plu Cu' • . 

10 pI_ of tbe lingle IOIlI'I'Ie .... " it 1& pGIIIIible to take ."y 
.yatem of IIOUI'OeIIIoIl<i _JIb or"'y eIoeed tlln'e ",p~Bting 
"body. n.e fI_ put wu. oyeum in the pneenee of eltno.i&ht 
n... bou.OOaty PQ can then be derinod by intr<O:lw:ing the im..., 01 the ~m in the liDe PQ. Millie the ftIIulti"i 60" 
will clevly be .pnmeuiul about l he line PQ .nod will han 
thit Ii"" .. one 01 it. otrer.m. llnt.t. The _thot! 01 im'{el 
can Ibere' (II'I! be IIetd to ob tain the now paoIIl " body lie.,. 
. be grolllld. 



m ) 

"0. &oorr.c aM -"Ilk ita .. "-iJ- "'""' ... 
The _biDatiOn 01. .. 10"""" and .. uniform 'U'Nom led to 

• rifId bouDduy Uhryling iDde6.I!itely in ODe direetiOD, but 
• cl~ ~ ........ <>all be obt.ined by up", • -..... and .... 
01. eqwt.l aln!1IgIJI. Tab .. origin of ooordinrtW!e 1M poUlt 
midw.,. bel_ tbe ~ A, and lbe mn" A" and tN::e 

• 

• 

... " 
tbe Ii"" A,A, .. alia of It. The ~ funcUon at any point 
P duo to the IOUroe and olu1r. iI 

• • ; - :" (', - 9.) - %.;, 

where'. \a the angle zA ,P, 8, ill the o.ngIe %A,P and ; II tbe 
_nIle A,PA, . Tbe .w ' m Ii.oeI (; - _I) .." therdcn 
the Iy.tem 01 00 uj.! cireIo:oe p-.i", through lbe poinuo .A, 
and .d. _ AI.o if t. iI the didanc:e bet_ lbe _roe aDd .... 

t&Il', _~, .-. 



.. T M •• T .. : .... 'O"OT IOII [00 • 

and hence 2,. tan+ _ taD(', - '.) - ~ +,' _ , I ' 

• !,. + - !:r we tan s-I +,.. _ ... 
Now , uperimpoee a IlIliform l!I.o .. at nlocity - U pantlel 

to tbe am of Z, aod the IlIUm function of the oombined 
flow will be ... 2,_ + __ Uy+ _, &I1: lan _,_ ,_ t " ., z+, _. 
T ho .lmam li"", of t bis !low can be obt&lnod by t he usual 
grrophical mnt hod and are .hoW'll ira fig. 12 fo. , typiell_. 
The " ........ line + _ 0 COllei.t.io of t be ~ of z, t:roluding tbe 
"31110nt A,A" and of an O"alllUrv .. which may be ~.ro.ed 
... rigid bound..,.. The equatioo of tbb O1'al CIlrTlI i. 

'.U z" +,' _ ,0 _ !y.oot _ , . 
• 

The length II 0( the aemi ·mirMJr &Xi. 01 the onl eurft is 
obt.ined . , onC,\8 from thia equation .. tbe "allle of r .. ben 
,.. is &erG, and he_ 

M 61 -'· _ 2Noot.....- 6, 

which can be reduoed to tbe simploor form 

" .. Ub .. U. b - - 001 - _cot _ . - . 
• '" Ill . 

The length II of the ""mi-major nill is determinad by the 
oondition that the paint (oJ, 0) J.. •• Iagnation point 01 lbe 
lIow. Now r.t thi, point the velocity II the ,um of th uniform 
velocity - U and of t be oomponomt.l due 10 the IOlIroe and 
!link, and bene!! 

___ u+ _ _ _ _ -(' ' ) !.r 11 _ ... +. --- U+ .. {1I1 _"" 

A~ the Ilagnalioo point .. _ 0, aDd !Ie_ .' . , - I + --..r. • "U. 



m] " 
The .bpe of t.be OTN eune m,pen(b OD !be 'lingle pan­

..... In U., .. ~ table S.Joo .... the ... IatiQlllh.ipo bet ....... lbe 

.. NiOIII qlWlliti ... The caletdati_ Are m..da by .u,nin& 
with. llIiuble IIII'rW of Tal ..... of U6/ .. , and it appear. that 

Table 3. 

' ... ,.,. •• , . .. 
•• ..", HU .m ,·u ., .... ,~ , .m ,.g 
•• .,u j·1N I ·:rIG , .~ ., - . - ,., . H" 

t he ratio of tho J.:ong\M of tbe AUIII of tbe OTal C"",, tende 
to tbe limit =it, .. the ......... ter V./_ tendl to UTO. Tm. 
Iimlting .......titioo OW.bili>OOd& to !.be c.. .. ben t be IOW"OCI 

and link .ppt'OloCb iDddinit..!y do:- to _ loIlotber. 

So • • C~ cyIiltdtr. 
Con';o:I~. tbe c.. ........ the ...,..,. and IIi.a.k .pp"' .... b _ 

IU)Otber .. hile the produet ol the 1OUf'C)8 IltI!nith WId 11M 
dietaMe ""pal'fltiog IOUI'Oe and .oink ",Ul .... _ I Boile 
Yalue. Writinfl 

the Itr6I.m function for 1M lOuroe and aink II 

• 1!.... tan 2r' - ......... .1:, + , __ ,1' 

and .. , t..Dd& 10 ... ro, the stream function ul>lk to t he li mlt 

• I!.... 1..... 
-hii+" - ~,,"" . 

This oombillMlon of • IO\Iroe and • llink , for wbleb , ~ 
to &!Oro.biIe I' rem ..... &nit .. , .. c· lled • fI....tJld of .lllMgth 
1' . and the tioe jolning tbe link to tho -.-ee .. 0A1I0d the 
uiI at the dO\lblet. Tbe IItIUm Ii ..... d..., to .. doublet are 
the clreIe.wbicb .-I.hrou&h the dQUblet and an t.NlpIltial 
to it.l uiI. 

Now ... perirupolll 0lI tbia 0_. UJlifotm . trea.m of "feloml1 



.. Tat ST •••• n l Il' OT.OII [00 . 

_ U parUlei to the ~ of %, NId the It.feam fWICtloa of the 
oornbilWld 110" will be 

; _ _ UII+ .I' II 
bz" + ,. 

ThIl __ line <I ... 0 ~t& 01 the uN of z aod tbe eitcle 

" +,' --"-bU' 

Writi"l ,. ... !_' U, 

t be Itl'Nm function become!! 

+ ... _ UY(I _ ~:) ... _ U (r _ O,}inl, 

and rep.-Bt. tbe fto .. pooat .. cin;>ulu oylinder of radi ... II 
.. 0. OIIDtre at the origin of ooordina.teI La .. unifonn Itre&!l1 

U para1Iel to tbe uit of z ill tbe oepti..-e lellle. The 1!.tUm 
1inee of 1m. flow ca.n be oImilllld by tho ua,..J p phical 
..... !bod IWId an abo .... in fig. IS. 

",. It. 

The velocity at any poillt ~ 61"1" .d 1Il00t oonveoientJy 
h. ~ o:oord.i_, NId the ndiaI and cil'cumfermtlal 
OOOIponeDta .... Ifllpectinly 

' ''' ("J . ... rti6- - U I-
T

• -', 



wI " 
On !.be ciroumfe_ of tbe oirvlIlw oy!iDder tbe Rdi..! 
DOmpGOel1t.' M 1efO....:I. t.be einlumfereIlUal_poDM>~" ;' 

.... 20.."" 
.mob tIM the muimlllD val\lO!l20 wben' .. i. 

n... ~at...",. pointol the Raid WP...,D by Bemoulli'. 
equation .. 

" .. Po + iPU'- lip ( .. -I + .... ), 
and on the oif'Cllmf"nmooo of the circulAr cyliDder 

p ... Pt+ IpU' (1 - .. &in'B). 

The P'-""" t. . ymmetriul with ""poot to the u . of '" and 
" and hr!l~ tbere (IAn be no .... ultallt lome on lho Clylindcr 
due to l be JlnM""" distribution onor i~ ,urf_. Tru. oon­
ellllion i, u. oonfIict witb ..,tlllll eIpM'ienoe &Dd 11&. 14 11ho"" , 

-, 
/ 

L.p";~l 
./ TkwwticoJ. 

, ' --' 

-< ol;----:.;'" • .---;"" • .----,,,t, •• .----,,~eo· 
A...,10 f ....... No... "Cyli...u~ 

". .. 
tbe ~ prw"", distributioll _pand with that 
&inn by an ,,~rimelltal delenninatioa 011 " fairly Iarr 
......, • . The (It r i. ~ and eaIculated p ........ d.l.tribuUoal 

. 0. .. 1lo)iot. ·'1"ILI ' ''''.u.cn_ .-t • .,?J r

' .~ •• , I.J, 
lilt. n. -'10 ,b Od" 11>0 fip.oo r.ht .... oylla<lot of 0.6 '" d ie =,o. 
•• ,..pood of Io5I.,.L 



" 1' B . S T ..... 1'1111' 0 1'1011' [CII. m 

'iJI'M 0Te' tbe front of the cytioder but ..... widely dltfe""'t 
ill t he rear. nul ~,. ;. dOlI to the 80w breaking 
.... ,.II"OI!I the IUrf_ of the cylinder and f=in, ..... b of 
eddying motioa (_ ehapter vill i. The I~ical 101111;00 
ioo cl imp0rt&Dc8, b ..... ner, .. 1M bqi, frolll which the /I.".. 
put loll aeroI'oil ill derived by ... uit&ble analytkal trNl .. 
fOl'Qlation. 



CH.t. P TJ:. & I V 

CI RCU LA.TION AND VORTICJTY 

4- 1. CimJolloot. 
The wWyU of the p:tecedin& ch.ptu led to I.bedetcnnin .. 

lion of the tbeonlical 60"11' pMt. cirewu cylinder in • uni. 
form 1Itre&m, bll~ &IIotOO type of lIow W poIIible In .. hicb 
tM 6uid cin;u.I.teo 
round the cylinder. 
The llimpleet form 
of circu.l.tin& 60w 
.;. thAt in .. hich 
tM .. ~Iooity b .. no 
radioJ OOIIIpo<Itnt 
at ... y pClint .. !We 
IMeiroumf_tUJ 
oompooent II' HolD· 
de~nt of tM 
UlglIlu poeitioo , 
u>d depend. MIIdy 
on tM rMlI'" dia· 
t&DOe r . By 000· 

Ilid~ri n8 the "'lui, 

, 
. dp 

_ _ _ z 

",. Ia. 

libri a.m cf ..... oJI ~lement of 6uid, it .p.-r- thAt 

", dP " I' , M, 

In Older that the p~u", on !.be bound.., of !.be elemeDt 
IhoJl bal'Me the oeutrifoaoJ force. II, in Mldition, !.be t.ow 
pi 1\ll'II beIId H in Bemoulli'. "'lUAtiOll 

P + lPt!' " H 
W to .... ve the _ ..... "" througbout the bid, it HoI!« Ie., 
that the produd II'r IIha1I h ..... a ~t ,.oJ"" aod ttu. 
ooodition cle1.erminee the ' '''yI'I .... n tal t ype 01 oI,.,wat.ins 
motion. 



.. CUOD L .. TI OY .. 110 v OaTI 01T1' [~ . 
To delAlrmi_1.he m-m funetion of tllle circulating motion 

round • cirelli ... cylinder tilere ate the eqllatioN 

~~ _ ,,· _ o, 

'" K - --.... --Or Z .... • 
where Ii i. a OOII.tant. Hence it 10110 .. that the .t ....... 
' unl:tloo 1& K +- -,, 1011 r. -. 

The .tI~.m li nell of thi. flow are the oirelell oonoenlrio with 
t beci roul .. oy Ii!lde. and the i n ... sr-J of I he n loei t y talum rouDd 
theclrcUDIfc~ 01 &nyo! the..t.-m Ii ..... hao tbeOOlWtant 
nlue K , whicb 1& 
a.llod l be circulatioo 
oft.heflow. Mongen­
eraUy t be cjoe "1 ..... 
rollnd any dOlled curve 
i& defined .. the in­
WgnI of the ~nti.l 
"loci!)' component 
taken round t bec:urTe. 
If q i. tho l'IlIultant 

, 
fie· 'f. 

, 
, 

"Iocity.t any point P of the clOM!<! curve C .. nd if " i. the 
angle between the di1'eCtion of the velocity 'I and lbe clement 
tW of the CI.If'Ye.t P. tbeD \.he cirolll.tion II. round the curve 
C. 

K - f '1' ....... 41 . . , 
The cilooul.tion will be regarded ....... ti .. " in I.he oounW­
oloakwi.e .., ...... Foe the ..,..aal type of circull c.iog ",woo 
defined by t he itJU.m f~ion 

K 
; - - : .. IotI ' , 

the oiMw..t.ion has the .... 1 .... K for all ourt", enc!W"g lhe 
oylinder IUId ill zero fOC" all otber c"""" (el. 4'33). 



.. 
.... Owe .... owl"'" ..... ctn:.lGI .... 
If tbe circlllati.D8 l1ow u wperirqpo: E:i Oft tbe uniform 80w 

put .. cireulM cylinder (3-15). the I~'m function t-o_ 

+- - U,( I - ~)- :'Ios' 
__ U ( , _ "') ';II'_.! 1~, 

, h""tl ' 

and tbe fann 0( the fltmlm liDee for .. aom.,.ratil'oIy "",all 
.. .Jue of K '- ... oown in fig. 17. The eHoat of tbe oirculatiun 
I. to iIlC.!'M the vtllocity .bo1'o tbe oylind&r and to detrezlo 
tbe nlocity below it. In OOIl~uellOe tbenl, .. reduotion of 

" 
, - -.,.. 11. 

p.-ure alxmI the cylinder and an incruM of p.-ure below 
it. and tho cylinder experienoel an upward (Oroll or lih 
panJlel to the AIU of y. 

TIle nwtial and circumferential comp"""Du of tM .. a1ooty 
.t any poi.nt are reopecliTely 

.' _ ~~ _ -U(l - :,}xd, 
.. - - ~- U (I+~)U9+~!r. 

and &t .. poin t Oft tbe IUrf..,., 01. the oyliDder ,,' .. 0 ADd 

"_U , . K .. - ·I!UI + bCi' 

The cireulation ~ ... ! •• the I lagnatl<l<l pointl to mOTe do .... • 
....m. from A ....d JI.' towarda 8', and tbe two ltagnalion 
pointl OOf.I:u.e .t the point B' .. ben the circulation K b .. 



.. [a . 

the .al ... ",",D. U the cin:ulat.ioa .... abcro'e thiI".l..., the 
aa..;. ollbe In- ....... 11 iD s,;. 'I ADd the .. iI. m.gn..tion 

n.. II. 
poiD~ ill the hid M.C. hi thio _. oenai.II pVt.of tbe fhtid 
oontin_ to circvJr.&e I'OWId the eylj ...... - aad doeI_ put 
dcnrD ItnIam with tbe ger>eraJ. m_ 01 tbe /laid. 

Tbe p.-unI at...,y poi.at 01 the lIuld iI de~ fro ... 
Berno\ll.li ', equ.tiOll" 

I' - H -iP(w"+",'). 
and ""1>00 at.. point WI lboo .nrf_ of tbe cylinder 

p .. 11 - ie (IV «in 8+ 2!.)' 
pK' pUK 

_ H _ ·~ _ Iini - IpU' lin". &or.... ... 

=:!:t~~~ --f'-" 
by tbe eylillder d ... to the 
pn.ure dlatributton OTU 

i~ cireu.mJe_ .n 

~ .. -t ,._tld4, 
o 

PIc- I •. 



CfallUL&TIOIf &!I'D VoaTIOIT!' 

.00 00 intqp tioo x _ o, 
Y _ pUK. 

" 
nUl by oombining the circ.u..tioo K 'll'itll ta. wWorlD 80w 
U • lift 'Ol'Oe ,UK bu been OO'·icwl. Uld thl. ... llIt i.e of 
fUDdament.al Importanoe in tile d!n"elopment of aerofoil 
tll., .... y. 

"'21. Furtber lnei&bt into the meobanlarn of the lift ' oroe 
i.e ob"'ned by enm · 
lolllg the oonditiool&t 
• great di.e"noe ' rom 
tbe oylind«. ColMider 
tbe equ.J.librium of tbe 
8u.id oootamed be­
t_o lbe nrf_ of 
tbe cy1iDQer and a 
.... cirde 01' radl ... r 
_otrie 'll'itil i~. If 
, iI ta. veIooity at 
folly point of lbe l~ 
circl." the pI . , lire will 
be given by 1M eqll&. 

"00 
11' _ 11 _ j,<>9', ", ... 

• .' 

.00 tbe p_ure ~r tbis Ollter bollndwy will non. lin the 
ebQl~ lIuJd a 'Of'OlI whOle component.! are 

X . .. -r ,.,eOfllld/J .. .,r q"r,*'d8. 

y . .. -r ,..1iD 8018 - iPr 1j'r.1.JlIdI. 
N_ 

f' -." +10" .. U' '*", (I - :~. + {U liD' (I +~) + ,!r}'. 
bllt if r iI Wge Uld teM, to ;n6ni ty, it II , ulIIoifInt to n";n 

only tbe ~nn lDdepeodent of r Uld that proportlonal to ~ 



.. OlllC I1L.Iol'lOlf AIf" YOII1' I OI1'1' 

......... :t . ... 0 , 

Y.- i"UK. 
To I~ o»mpooenlot mlllt be added the OOII'Iponenl.ll 01. the 
f_ e:aerted on the awd by the ~U"' diol.rlb .. tion onr 
the .W'f_ of lhe cylindu, and hence the f'IIIwtant 10<'00 on 
the Ouid DODtail>l!d behrMD the cylinder and lhe large cinlle 
hu lbe oompoOODIoI 

.x,_ I. - X ... 0, 
Y, _ Y._ Y _ _ !pUK. 

Thl& _ultant 1_ 011 !be IllIid Ito normal to the din!cuO!> 
ollbe nndinlllbed .tream Q &.lid m .. be eq.w to !.he rate 
01 cbaage 01. m_tum ollbe 811id. The rat. at which Ihtid 
Ito "" '01 the bow>dary ollhe large ein:Ie outwanll at the 
poiD. P II ".' ,dl and the OOIDpooenl.t of tile II>O.!IIentwD 
eanied ac..- the bonndary in uni~ time an! tJaemfono 

JI. -C ",,'va, 

II, '" J; "..·vrd8. 

To the order~, the e:rpr'lllllliOlloll for the "e1ocit, componeot. 
""' "' __ Uoo.I. 

~ - UIi"IJ +{"r ' 
.. ... 11'001' ... rI ..... , .. ... U - {f;...n" 
.. ... ,,' ajn, + rI(!OJ'_ 2:-" 

B~ oa Integration 
JI~ _ O, 

JI. -- iI'UK, 
",Illch N'I klentic-.l with the expre.iOlUl for the oomp ......... H& 
of the rNUltaat foroe acting on the fluid . 



" 'I"hiI anal,.. 01 file I!ODditi.,... .t "II It dlataooe from 
tbe eylinder abo .... thai. the lilt f_ ,UX experienMi by 
tbe cyliDdet I.ppe&n ill the fluid at. " gt"Ut di"'Mf from 
the cy' iDder lIN! ..... c.haDge of momentum ww:I balf .. tbe 
P"-IU'II dietribution rouDd the lugo cUde. 

H . 1'000icUy. 
The cif'llul.tion round any 

elc-d cu .... '" h .. brieR de6rw1 
1M tho integnJ o:>f the tanrntial 
oomJlOll<!ntofllieveJocityround dy \.t 

!be CIlt'fe. U the CUrve i. cb..en ,L_ ... ";....J 
tobu-.maUn!Cu.ngiewitblideo P d;c 
panlIel to the ooordi~ II.)IfIII, "C. 11. 
the nlue 01 fhe ci~o;UaUon ;. 

Now ""t 
and if tl8 w the fIlM at the element tbe clrcul.tioo beoomeI 

d.K _ to.d8. 

In tlLil form tbeeqU.tiOD ill nlid for IU1 element 01 &111 &b~ 
and on applying it to .. amall circle 01 ndlua , 

flK _ 2...,,.,., _ !.rt' ...... , 
from whlch It 10110'" thAt", ill the angular .,eloaity III tho 
element "bout It. oentl'e. Thill the value 01 .... t any point 
P of the thlld II tbe angu\N' n10city 01 ...... aU element 
I UITO"ndi nS the point P. Tbe ~~ily .t any point of ,boo 
flllid i& defirwl .. tbe ... 1l1li of :.... IUId tbe dropllllon round 
any IIlIWl eIelDeDt I, then !.be product of the .,ortioIty aDd 
the _ 01 the ~t. A fluid dement wbleb h .. 1'OI'tkity 
i. raIlrd .. -wz elL -. aDd lbe ~ 01" .. _ ~t 
ill defined .. the ciroult.lioo roond. i l . 

III lUaU 01 the A n ' m ' 1U>CUOD .--~, 



.. OlaOV LATIOII' "':'0 1'OI.TIOI1'1" [~. 

and be_ tbe .. ortici~y to. i. 

"- ;;-~ - -G;H~)- - v~ 

........ 

Tb6 I lIrf..,. encl...:! by any ~ cl1I"'I'e \laO be diridtd 
illto .. 1"'111 number of am&ll e1,m"~ntol by .. doublott ... "" of 
i n I.(! .......,,; "lIlinee w hieb form 
.. ne~ ... ork over the ,uri..,.. 
The -urn of the cirouh,tion, 
round all t~ elemeot., 
t&ken In the poIIitive ..enlle, 1'--1'-­
ill equal to the ciroulation ..,,,nd the boundary of the 
'IIrfaee, linoe the 0"", &long 
any line which ;, OGmmoa 
to t _0 .. Iemenu comea io 
twioe witb Oppoei lCl .;.gn. 
....t d i"I'peanI from the ~ 
Iwl. TIle." rem ..... only l be Bow along tbe boundary of I .... 
• urf..,. .. bleb ill tbe circulation round the clC*d en,"",. No .. 
for any , mrJI"Lement the circulation i. eqIUJ to tb .. product 



OlaC!;I'L.& r lOll' '&11'0 "oarIOlr ' .. 
of the rorticit,. ...d lhe _ of !be e\.emeut., and heooe lor 
.... ,..mple dOled CII!'ft lhe cireuI'&lion '-

K -II""'-Jl(:i -~)",. 
where tbe dooble in~ .. t_ken 0 ...... lhe lutf_ ~ 
b,. the OOrft. Thia ..... u1t Iban that lbe cireolalioo round 
.... ,. cl-t cone II toquaJ to tbe IIUIl of lho lI~bo of the 
.. orti,. coclOled by tbe Out"f"e. 

NI. O""'oqI 0/ ~ OM wrticiJy. 
Th6 .0000city of .... y email element of a perfect Iluid .... 

IOU"" oonata.nt tbrougb(lUt tbe motion . Tho .. ortiolty at any 
poUit P of the fl uid iI (wioe the mean angulu velocity 01. a 
"",ell e1emeDt ... mumding the point. end if thio element iI 
OboooeD" allllell circle with oeDt ... at P it " . riden! !.het the 
~ on tho bound.vy 01. the eleJM.nt oannot uert. .... ,. 
moment about the point P lotnding 10 eh.a.np lhe eogolu 
nIocIt,. 01. tbe ele!OeQt. R enee . .. the Huld Metwelll lIWf'Ound· 
Ing the point P "'on. with t he fluid . ;1.& .. ortieit,. 1"1:'' '' ..... 

ODe/teNd. Cha.np of .. orticity ean he produeed onI,. b,. 
tangentieilOiLElat the bollOduy of a fluid element end t'-
do not OOCIt!" In a petfect lluid. In a ..... ~ Il Wd tan· 
rnlioJ f_ OOCIll". p.vtieularly ... be ... tho fluid 10 In do. 
proIimity I<.l a rigid body. UId 110 .. o:>rti city mayan.... 

SiIlOll tho .. orticit,. of tbe fluid element. in a perfect Auld 
I. oon.te.nt. It folIo,", that the ciroul .. tlon round &IIy eloeed 
OUI"'" mo.;", ....:u. the Auld iI eloo OOOItant . .M tlte 0 01"'" 

10_ with the flWd it remaiM oontinuouo eod OfIbrolleo 
end Olllli oJ .. a,.. cuclo. the _ auld clemMtI!. for DO Iluld 
MemM! ClaD cn:a the cone wit.hoat moJdll3 a breo.eb In ItI! 
I!OOtilluity. Now the cin:oIatioo round the cune Iot .... y ti ..... 
iI the 111110 of the I l.n!ngtha of the .0I11oeo ellCl-F t d within 
;1.& cireui! and the .. orticity of all the I1Wd dementi mn ..... 
ClORdaD! IlLrongbout tbe motion. Henoe the eireulation 
round Iny cIoIed cone mOTin& witb tbe floid remaiN DOD · 
.un! tlLrongbout the 100tiOll. 

U a elOItd Olll"?e 10 ..... llirowgil the fluid lt1 cil"llolatioD 
will n.ot be eoBltaD! but ... itl be toqooJ I<.l tbe t um aI the 



" [~. 

ftrtllgtt.. 01 the ... ortioeI encIOIOd witbln it.l citouit at My 
lIlomellt, and tbe iller! r ee oJ. circulacioa in ""1 Interral will 
be eqllal to !.be ... m of the d.~'" of the .. orticN which ' 
ha", crtm:l the booDduy 01. l be ClUTe in that inte ...... 1-

4-32. &rr4tnJl;'. tqWOooI . 
The ... nation of Bernoulli', -nant or the t«&I p'-..... 

beod II between different ~ Ii ....... 01..-1, 'wad,ted 
with tbe Torticity of the thlid . Con· 
aider .. fluid elelllcD~ PQQ'p' ",hole 
IlidM PQ IU>d P'Q' ""' elemeDUo of 
adJ_nt ,tn:IAm Un. wlille Pi>' 
and QQ' ... norm..! to them. Let 
PQ .. U. PP' .. 4 .. and let R be 
the rodilll 01 CUf'Taiure of lbe 
It_ line. 

Bemoulli', eqllatiOll it obtained 
by oonsiderillC the moQoII along UIOII 
Itrum line, and if Y it ,be nolocity 
of the ll uid ~nt ..... U. 

.. " ,ud""'di --a. Mdll , 

'" .. or 2'i+ 'V ];- O, 

and b(lnCfl l' + iI'''' ' '' H • 
... here Il ia oomtant along 1M , ,,",am line. 

Re.o1ri"i at.o nonn..tJy to t .... 1t.rMm liDO to obtain the 
balanoe bet_n pre8lW'e and otmtrifugal 10I"0Il 

y . .,. 
pud,,"'Jf .. - ai d"dI, 

a, pV' 
or .;o+~-" O. 

Now lbe cin:w&tion round , .... Nment it 

L..dld .. .. YoW - (Jf + ~ ",,)u'. 
d¥ R _d .. .... ~ Iii"'" R ' 



"1 Ola IlU L .. T,OlO ... IID VOaTI CITY" 

from .. hkb r~ foil.,... tbat 
V av 

:... .. 7t -~. 

H~ 011 ~mi.n.ating the nodi ... of CIlI'TAtune 

Z+"y(:...+~)-o, , 
ail (I' + iJ>Y') .. - !.upY, 

I.e. <!f£ .. - :...pV. 

" 

Thil equation determillN the "ariaUOQ 01 the total PftIIIune 
bMd 11, IUId I~ -.ppean that. .. oooet&nt .,.1 ... of H impl,ioll 
Ift'CI .. ortk:Ity and OOII'I'eno.Iy. 

NJ. J~ MCltioot. 

Wbeo tbe TOI1.\city .. aero ... aU point.t 01 tbe ftnid, u... 
motioo do II&id to be ;,,, Wioaal, since tbe lI4(Ular ffiocity 
of allY_aU bid elm- nt;' 1ftO. This type ollDOtion ;. of 
.,..cia! hllportanoe • • _ it .... t-.. .boWl! that .. Qrtillily 
cannot. .... i.II .. ptrfec:t lIuld IUId that if tbe motion 11 
Inoto.UonAI _t any time it will ~m-.in 110 alwa,... 

In inotational mot/Of! the totAl plL lI"" bead H b .... 
oonllt&Qt .. alue throughout the fluid and the I trea.m 'unation 
# .. 'id'", the equallon v~ .. 0 at..u potllt.t of tbe Hurd. The 
type. of motion ao~~ in ohapter ill an all IrroutioorJ 
IIInoe tbe 't.rNm i"IH:tiOQl ut;"'y tbil condition. 

When tbe TOMlcity i, I.ftI'O .t aU poInt.l 01 tbe Buld the 
cireulation round an)' c1~ clUTe or ";101111,. elXllo.llIfI Auid 
only. mlln be 1oI!rtI alto, but tbe .,.." of .. eircuit end"';ng 
.. bod, "'Qui .. lODIe special attentioa. 10 developing tho! 
t.MorJ at the cirelllaLing motioD round " cytinder ,he DOn. 

diUon ..... ' !II F- d tbat the total pi r lire bead H had " 
eonatalIt ... h .. IhroutIhollt lbe ftaid and it folio ... t""more 
Ibr.~ the motion ;. irrot.r.tional. The cirelll .. tion !'(IWId .... y 
clrcWt eo.dOlling 611id 001,. '" U!'(I, bllt t .... oitoul .. tlon !'(lund 
.... ,. citoui t endOlling the eylindl!r hu the value K . Now 



.. OIKO'l1L.lTfOlll' .. 11'0 VO&1'IOITT [011 • 

'UPP" 7 ' tlaat. tiMo circul&r cylinder is replloOlId by IIlIid 
rotaUl\g with lhe uniform angu1a;r ~ocit1 

K .. .. I..,'· 
_here II ill tbe ndiUl of the cyliDder. The llllid nlocity1rill. 
heoontino_.t the OOu ..... ·'Yof tbe cylinder and the motion 
olltlide lobe cylinder .. ill be UIIaltend. Tbe IOlld body. hoY . 
.".ar, hM bean mpI.aed by roWiIl8 Ollie! wlUch baa the 
TOI1.ieity t... lot all poin"', ThUi any cirollit cooloN"" the 
oylinder "';U ba"" the oiroul.uOII 

K .. 2<.0 ..... , 

whlcb is the tol.al vorteJr; Rtmngth, "bile &Oy oiroult whlch 
d~ lIot 1m('1 __ the oyliDder wiD ba ... t.erO circulation. 

P'fom 1m. __ on it appear. that it is poIIible to ha .... 
inotational flaw pMt • body in"oIrill8 circulation of the 
60" round tbe body and tlw. tru. ftow will fCpEF? the 
followinS ob.aracteriat.lca. The total p~ bo..:I H hal • 
IIOIWtaDt nJDe and the Tonicity .. zen) .t .n pointl! of &.be 
IImd. the Mulatlon ;" zero for all airclliq encl"";nll Ihud 
only and b ... ~t Tal ..... for &lI clnlujtl encloain& the 
body, and the .Iream ftmetioa .... ' ;.6,. tbe equ..Uon V", .. O. 

4034. Pgi", wnka. 
The oirculation rolUld .. lDlall lIuld element hM been 

d in tho form 
K .. 2<.,08, 

.. hero 8 i& the ....... 01 the elemeot and ... lilt. mean IWlgulA:r 
nlocity. The _ption of • ,.,.111 _ '= III obtained by 
im..,pnill8 tbe ....... 8 to dec_ to r.ero whilto the .o.ngWu 
.... loci l,. ... inc. lUi II.lJd tbe cireullltl.m K rem';". 00Dtt&n~. 
TIM! """'"sth 01 the point ",,"x ~ cWj"Wi limply .. the 
cin::ulation K round i~. 

n.e .tl'Mlll hlDcti.m 01 a poin~ .. ortu '- deri'Hld at ooca 
fl'Olll the cin::ulatiDg flow mww:l a rin::ul .... eylinder 

K P __ : .. logT. 

nu.. OlIp~on doee not in"oI"e tbe radii .. of the eyllnd .... 



~l " and theftfon ~o.i". TaIld ... bea the wbole Torticlty rep .. 
_led by tbe cylia1p" ~ __ ntnted at I.bo oenue. Tbe 
.uu.ra w.... of. point~:r .... the _",trio circlee with 
tbe TorteJ: .. """Lre MIl. the motioa iI lnow.ional .t .u 
pciIIl.I oIl.be IIwd Moept the Torte>: itaelf. 

The n10city at ... y point jellonnal to !.boo line joiniq Lba 

.. ortu to the point and has tbe JDa.gnitll<ie 2~' Altboqh 

the 'forteJ: and the nlocity ..... intimat4!ly related, DIlitber 
<lao be .r.rintJy oo.aribrod .. CflIIIIed by the other. The ~neno.I 
di&t.rihutioll of 'telooil, 'u",i.teI\ with • Yortex will be 
c,ued the " · · .... ily fid4 of the .. orte:r uw:I tbe "Ioci!y at NlY 
point will be oalJed lhe iltdW«l £ '. il¥ .t the point due to 
the yon.u. 

Pwt Tortioel may be woed to build up mono oompln 
lIow pelt ' ... i.Q the _ m&rIDer .. .ouIOfII uw:IliIlU, aDd 
... , .wu.ble ....... line Mly then be repI"'W:I by • rigid 

, 

, 

• 

..... 



.. ClaCDLaTI OIf alfD ¥oa'l'IOITf [~. 

bo"Mwy. Thil honnd·'YiIhoWd eocl_..u tho poi,,~ .. ort;ioN 

and tho esloe"'U'.! 11_ .nu then be lrTot.t.ioual througbou~ the 
fluid . .... an enmple, oon-hte' two equal vorti_ of opp<>llite 
lip fa .. ortez pM) llit ... ted 011 the ..m of ~ 1.1. tbe poiDtoI 
~ .. ± , . The,~ flLDCll.iOll of. the 80w it 

,1 __ K Iog:4J!, 
2. A,P 

.nd the ttl"lWD liDell ..... tbe QO.uiai cinllee WhOM !imiuIlI 
point.lO ..... .A , .nd .AI_ Ncnr p", .. .,ad to .. doublet ... in tile 
_ of .. lIOuroe IUId linlr, by ma.king , ((Ind to a.r'O while 
'lK, retaino .. oon.st.aot value ,.. The limiting nlue of the 
.lream IWlCtioo ;8 

• .. . e. ~ 
: .. ,.'+r" 

which it identiDAi with lbe .. al .... obtained fl'Olll .. _ 
and link (HI). By impoeinl .. uniform ,tre&In on .. Tone.. 
pair, .. ~i .. of O'I'aI bexFe. caD be obtained, ";mil ... to II><­
<1*" d 10 3-6 bn wit h their mAiM UIIII DOnIIai to the 
lftl'Km, and on pe";,,, to the CMItI of '" doublet tbe 11011' pM! 
.. cirele is derind. The cirew..tioa round the circle (H ) it 
obt&ined by addi"ll .. point vnne" 1.1. tbe origin . 

" ·SIl. Souf_ of di«oooli ... .,y. 
The oonoeption of .. l urf..,., of w lIOOIltinu.ity of velocity 

wu introduoed by HnlmhDlLz Alld Kirohhoff (01. '-2) to 
uplain tho reeullant 10_ e"perienoed by .. body. The Ihape 
and poIit.ion of tbe .uri_ of d;.oontinuity remaln bed 
l'Illati .. o to t he body and lhe 80w;' l.ani"nt.ial to Ulo .urf_ 
but lbe n locity h ... diBerent "a111M on l be two IlidM of tbe 
lurf_. In two dimensiollal mot.iOll 
tbe 1Ilrf_ of di....,ot.illuity '-'mill 
• CIII">"fI of di ..... '1 .. tinuity PQ. 

CoNKIe . ..... "O rect&n&le wilh two 
IIidee A 8 and ..4.' B' of length 4 .,...UeI 
10 ... elemeut 01 the curTe 01 di.eoou- , 
linuity and 011 op~te .lid.,. of i t. If 

" • Q 

• , 

q and rf ..-e lbe velociueI 011 the two lid. of the curve of 



" 
di8Oontinllity. the oirow..tiOD round tbe ,"J~lIlftItMy rectangle 
will .. 

linee t~;' DO 8"...wn, the ........ AA' .nd SB'. n.. .. dee 
A.A' and BB' m.ay be made indefinil<lly amoUl and it foll __ 
that tbe c","" of dieroI>tinuity PQ mun conUt of. dittribu­
lion of p<int .... orti_ of strengtb (9 - q' ) pet u.n.it ~l\jIth. 
T'be.e point 1'orticea will mo", witb lbe i"~n1 m_ of the 
fluid and will bUll t he nlocity I ('1 + () ..tCMlll the . tl8J!l 
Line po. The nl""';ty d "" to lbe Torti.,..t .. point adl_nt 
to tllo ourve of dJoconlinuity will h ... ve equal .. nd oppoeit.e 
.. ahlell :I: I (q - q') OIl uppoeito sid .. of t he curve. 

It folIo .... from Ihlo dUcuamon tb.t ... arf..,., of ..u...o". 
!..inuit, 01 ftIocity i3 equiT&lent to .. ~:r o.heet aod the 
dilttibulioa of point Torti_ .. hieb form 1m. "ortez -'-I 
ac~ in t be manner of ruller bean,.. bet_n t be t ... o lluid 
_ 01 diffel'ftlt velocity. The typo 01 di.......,tinuou. l'Iow 
~ by HeJmboll.a and Kirchhoff in .... 0.1 ..... lbe _ 
IlUmptioD that TOI1olJ: .'-too opri"fl from tbe .me. of tbe 
body and flne_" dN,d ..... l<lr ~OD. 
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THE VELOCI TY POTENTIAL AND 
THE POTENTIAL FUNCT I ON 

501. Til. Vd«OIy P_ial. 
c.:...;dar any Cut'i'e aAP joining tbe oriFn 0 to .. point 

P 01. tbe f!u.id and let , be 1110 
integral of u... t.ulFllti..:J oomponeDt 
III the nlOOty taken ..Jong tbo curve 
from a to P. If q ia the .... ul1&ot 
.eloaity .t .. poWt 01 tbo Cut'i'e and 
if a ia tbo I.og\e hetweell tbe direot.iO.ll 
of tbe nlocity q and the .. lem .... t .u 0 

of the Cllrvtl, t'*" 
• -f qoou.u . ... 

/I' 

... n . 

In reneral tbe ,.-oJ..., 01. , will depeoo oa. the C"""" """­
netWlc the point.. a and P, lor it a8P be anotberll>Cb Cl;lfTe , 
the cinlulation nw.nd Lhe o:Jo-I. curve O-tP fj() it 

K .. +Ui.~ - +U61' , 

... d thlll droulltlon, in tum, it equoJ to the IJIIIlI of the 
VOl"UlJ: ,t..,ngtba eoolC*d by tbo 0""0. In irrol&tiOlloJ 
motloa, howe..-er, .. ben tbo .,ortldty II IA!ro at oJl pointe of 
tbe lIuld , , b .... uniqua .,..Jue .t tbe point P and ia tb!.n 
o,uod the tdocwy JIOU'Uial. A oba.oge of origin a will merely 
inta • ., the .,..Jue of + by. OOOItant ..... Ollllt at all point.o. 

The int.egoJ.or + call be upr:? : ~ in tbe oJtematin'ann. 

+ .. f: (au + ady) • 

.. ben. aDd . VII tbe oom~t.o 01. tbe .,e1OOtY9 ~ 
.,.,-..LIeI to Oftbosoaal eoordinato ... oee. and It foil.,..,. tbllt 

. - ~. . .. ~. 



ex. v] T RI "ILOOI TT I'OTIITUL .. 
But in ~ 01 the _.,um fWICtioa 

. - ~. -- -:to 
aI>d ~ the ftloaity potential ~ mlllt .tl"y tbe equ.t.toa .... 

;i+3Y - O' 

or V'~ _ ~+~_ O. 
ThI.a equa.tion I. • ~t OOPe&quenoe of the continuity of 
the flow I.IId I. kIlO .... "" the~"", oj CO'IIiu il)'. 

The eMIl of Irrot..atior..! cifl)al.ti,,!! motion roWld • body 
fOTllY NI uoeption 10 the ~ 
I.h.t the 'ffiocity poteoti..t hN 
• IIDlque T..t ... u. enry point 
of the III1id.. n. emuation it 
wro for .... y ciroait ~"';og 
fluid only, bllt hN • onoetent 
.. ,.} ... K lot .u circuiq whieh • 
_1.- the body DIIOe. Henoe -
011 peri,,!! row>d the Mait 
PA.HP (lie. II) tbe ",.}1'8 of ~ ....... 
will ialm.,& by K NI(\ ~ wil.I be • cyclic IWlCtion. Thill 
1IpeCI..t CIoIIII m.y be oompared with tbe oimilu be ...... loW' 01 
the 1t.rMm IUDOtioa 'I in the CIoIIII 01. IOIIJOII (_ S·I). 

11-11. The "";0,- 111* of flow di .. m ' 1 in chapter III 
can be lUl.tyeed In lerma of the velocity potent/,.} IlIItNd oJ. 
the IIlream func:tiOIl aI>d any .u.ch 11_ it oompletely deter_ 
mined if orither 01 t'-e funcw-o it known. The e.rp""';on. 
for tbe Telooity poteDtinJ ....J........, fllDCtion for the llUId ... 
~t&I typel of flow ..... a.mm.n.d below. 

UnilomI flow p&rn.IleI to tbe uiI of s : 
~_ U70, ~ _ U)'. 

Uniform fI_ pwalW to tbe uilof,: 
t - Y)'. t -- V .... 

8ouroe u. the origin: 



.. [~ . 

DoubJe~ at> li>e origin with Pit alOllfllhe nil of .1' : 

,; - -::~, +-f .. ~ · 
Point "one. at the origin : 

K K 
'; - 7;",1/, +-- 2 .. losr. 

JI'low parallel to tile negative 11.....:11 of tbe ull of % witb 
oircw.tion pMt. cin::1e of radiu .. witb oentre &t tbe origin: 

.; .. - U2(1 +?J + :;'1}, 

. - - U,(I -~) - ;;1"'tI~. 
on- esop, ;"... for t .... , tl"MQ] function hne been 

denloped .~ lUI euiier 'uge, and ;~ t .... DMil1 be nrilled 
that the OGiitlSpOl'd;", ""'p..-.... ' or the 'l'elocity potential 
IMod to the _ ... 1.- of t he mooity IIOmpor>ell .... and .. 
.t. IoU poin~ and _tiafy the equa.t.ion of continuity. 

5-1', Eqwpote1>.tialli .......... be lin ..... foroonetant ... luee 
of the velocity poteillial &lid tt- litlel ...w iD.tenect lbe 
-t>'e .... u..... "rightangles. 
II tI .. it lUI elemeot of the -.b 
normal to the stl'Mm line T.I, ___ -, 

at .... ,. point P and if d+ ..L. 
i, the IlOI'1'eIponding in- T/ ___ ...: 
c."ment of the velocity 
pot.enti-.i, tileD the mocity 
of tho lluid along tho 

DO/'DI.t line will be ~. 
B"t thenliloo component 
of 1M velocity .... mal to • .t.rN.m line by ~tioa. Henoe 
lben! ...... be no l...-=t 01 nlocil, poteDtW. .wag tbe 
'-"1-.1 line ...d the .. loe1Mot da ill lUI .. l&lDUIt of an equi­
potctatial 1i1Hl. 

l!,u;. an e1etmnt of the ltlullllin.e and d,. lIlUI elewent 



.J " 

...d If tbe IJlream U- and equipotential Ii_ ... dnWI> fOO' 
equal!norcrnentol of; and •• tbe i .. _ pt." and" .. bet ... _ 
~uti .. e u.... will be of eqllal\ellgtb , It follOWI !.hem,,", 
dw the stream UDell and "'luipotentloJ IiDM of Ul1 8ow. 
dnwn for oqual8DINJ iDcremeDt.I of; and ;, will di1'i1k the 
... hole fluid regiOll inlO .. DOtwork of I/ll.alI tq\W'el. Wben 
tl>o incremc.ut.l IIl'II finite, thflee fllementAry 1q\W'el will be 
dilItorted and their .ideo! will be CIlI'""d but the anglel of t h" 
~lem~Dt&ry ateM will remain right angl.. 

Ioli. SO .bo .... the ~m of ortbo80',.,1 Ii.- for .. IIOIU'QCI 

and link at the pci.ntol.d, WId A,. the equipoWlthJ IhlM being 

, , , ..... 
"'pr.ented by broken WI'TaI. The &(uno rna,. at.o be inu.r. 
!,",ted .. tbe dow d~ to .. "~J: pair a t the point. A, 
and A, by interob-.ngilljl the"'ream Ii ... and "'Iuipotcnlial 
Ii .... TIIIa fllllm pla Wustrtotel tbe genenoJ principle til" any 



.. 

.,.nem III ortbogoIIai lineI ""PO FEn" two poIIIIible flo.... 
__ either Mol U- m"y be t&ken to be tbe " 777 m U­
oll.he 110 .. , It '" _ 'Y. boh'''' . to ..:Ij_ the bowIdr.ry 
ooowt'u.:.. to 6t ill with tbe 8ow . .". 31 IIbotno the ~m 
01 ortJ>oco-IliDN '01' "circloo ill .. uoi(orm 1Itrft,m, and, if 

• • • • '1' 
, , • 

• • , 
• • 

, , I • \ 1 ' , 
• • , , , • .' , , , , • , , , • , 

/ '< , , 
\ 

, , , , , , , , , , , , 
• • , , , , , , , , , , 

/, 
, , , :" • 

• • , 
I , I r ""'; • • , , , / , , , 

• , , , • , , , , I , , , , , , , • 
, , , • • • 

.... :tl. 

tbe broken UMlU'et.un to be tbe,tream Iinee, IUIMQ ' , "Y 
to _me" dletribution olllOllrOell and .oink. OT& the upper 
and '<We. halTei of the ciI'oumfe_ in order to .. ti"1 tbe 
bolUldwy oondition, .. ~ I.he .!Iuid h .... delln.l!e nlocity 
nonual to tM oUvumfu alte 011 .... circI6. 

F1, . II aIIo iUllltnU!i another importallt point. 111 poeraI 
the at.team U- and equipoteatial lineI in! . 2. ct at risht 
..,&111, but thi. ncwwIitioa bnah dOYll at the point. A and 
B,.,hkh .... the .. ',:no tion poin .. of lbe flow. Tbe pooat that 
Im.am lioN and equipotflntial w- ia~ at ript ngb 

1& DO looger nUd, the nlue 01. ~ W 1«0 hi aU dlrMtiooa and 

the IIt./'MlII !iDe m.y turn throngb .. zharp anp. .t" ,,'ga" 



'1 os 
tiM point. I~ will be at.o.... ~ .. Wer Map that the "'IrQ. 
poIential Ii_ m.h .... equal ancJe W'i!.h the two brulebN 
01 tbe IM"'M liDe i ll t hill qoecial ...... 

6oJ. T. _pc---.uc. 
TIwt ooominlM of .. point P hue bee .. uprEm:l either 

in c..rteoian or in pol ... 00-

ordin-.teI, but It ;. p<*ibte to 
oombiDCI tbe two COOIdlnr.te. 
requiNd In either of tbeee 
.,.._ Into .. lIin&Ie oompln 
ooordinate I defined by l be 
eqUAtion. 
. .. ",+;, .. r (oo.s+;!lin'). 0 

where i rep_to! v-I aDd 
olMly.!.be ordinary algebraic ruIe.. Haw 

• 

• ...... 
~("o'"' +; .. DB) .. - lin' +;_, 

- i (_'+;IIA8), 

:'l_'+,an9) . 
",,"'+ i .inl - I, 

aDd 011 Intesnt1ng ap!A 
L"II (_ 8 + i Ii.n 8) .. ii, 

-'+ ; ..... , .. .... 

, 
, 

• 

The oomplu OOOidin&te of the poUlt P ca.II therelono be 
up' H:I in the form 

I " "''', 

'The ~n.atN ( .... ,J or (r, B) define lboo J)O'iUOI1 01 tbe 
point p~", to tbe origin 0 and u... aU! 0.4 (113. St). but 
t be oomplu; -.linate : .... ,. be Int ' pllted mono . uitably 
AI reprT'lli"l tIM "ector OPr The IeJIat.h of thll netor Ito 
"'I ..... \0 " whicb ;' cal1ed tbe 1100II111", 01. I aDd Ito ";t~n ill 
!.boo allem&t.i .. formll 

. _ mo.h _ I" · 
The ""tIle 9, which detineoJ the ditoeoctloo ol the Tector, Ito 
ulled tbe ....,......, ol " 



.. 'l'all .. aLO OITT POTa"TUI. .. " .. ,~ . 

When % ia eap" I ;11 the form (r + ;,). :I' and II &I'e ... IIed 

the real and imaginary paN of s _pectinl,., and tile 
modlll ... of a is equJ to Vz,O +,.. If tbo modul ... is aero, it 
II mdeat tbat,. r.D<I/I m .... both be zero. Now U11 fWlCtion 
/ (ll 01 tbe oomplell vuiable, un be .puated into il.t real 
&ad ;mlfP.....,. parte. and 0&11 be up. !! . I in t.be !ann 
(X + iT), .. ~ X aDd Y .... real. It tollon th.t any 
oomple.l equation J (z) _ 0 ia &quinlent to the two equa­
tion. ohtailHd by equating to zero .panr.~ly tbe real and 
imaglna.ry paN of I (0). 

The mulupliCAUOD 01 two DOmpl"" lIumben gi ..... 
:,:to ... " ",HI, ~ "', 

whleh repl !!mtll" vector whoee modlll ... u. t.boo prodact of 
the moduli and wbo:- argumeot is t.be IJU m of the ugumentll 
01 ., WId a". Hence if ..." oomplu nWllber or TMtor io 
mllltipliod by r, tbe lengtb 01 0... notor is laci f'7 ' :1 by the 
f~tor II I or , and the direetlon of the vector is rvh tiOd 
throuch the....p I. Tbo factor ... totatM" -=IQr thro"&h 
the ""'"' , and putt.inc , ... ; it foUtror. that t.be ' foCI« ; 

Tbe ditJereQthJ onef6cient may be ""1''' !! d in the altema-

tin fotml ,.+iq _ ~ _ :! _ ~+j2 

"I .'1 -.a,:'" - . tJi + 

p. ~ - ~ ­
~--li--. 

~. 



AlIo [rom 1'- II" eq,,-tiollll it follOWll that 

'lOt ... V,"" .. O. 

" 

Comp.o.rill( 1'-.-uIt. witb the eq ... tiOIll which connfIC~ 
the 'i'f'loeity pot(!Qlial +. the atre&m funetioa ; . and lbe 
'l'elocily OOftIponellt. .. aM 11 ill. any irrotatiooal motion (5) 11. 
it 'PpunI that f &lid 'I may be ..,plAOl'd by; and;. and that 
P and II may be replaoed by II and - .. _pectinl,._ Ben.r:e 
if ; &lid ; are the real and imagin.....,. parta of any oomplu 
flillCuon! el) they will repftll!eDt poMible fomu 01 the .. ~ocity 
potential and . tlWoltl fullCtion of an irn)tational motion. It ill 
euetomU'}' to wri te 

ID-;+i+-/ (Ij. ... . 
ili " " - '". 

The oompleJ: fu.notioo c II ea1Jed the ~iI>l /.IId;o,. of the 
tlo. and any irrotatiOGAl motion i.I ~t«I completely 
by tb.lJi lW)Qtioa. 

6-SI . TIM r"nde_ota! tYJlfll 01 Bow IUmmariMd 10 6- 11 
c.an be exprt 22 _ ~ .t once in temM of the poteutil.l (unotion , 
whlcb _lImeI the follO'lring limple r~, 

Uniform flow pu&lIel to lbe uiol of z : 

.. .. V., 

Uniform 110" pan1IeI to the ul. of r: 
_ __ iV., 

• ", .. t. 'agl. 

Do\lblet at t be CJri8Ln wi!.b uN alOllg the axil 01 z : 

", -- t ' . -" 
Point 1'0IUI at the origin: 

. K ,_ "'''-, ;""" _", -" 



.. [~ . 
Flow JMftIleI to the negati" braneh of tbe ub of " wit.h 

cin:ul.tiOil pMt .. circle of ndi ... 4 with oeD,", _t tbe origin: 

( 
.) K • __ _ u Z+- -1 - 1.0(1 - . . .. . 

'I'b.e tJPOl of lIow .... U pi' 'H :I ;11 lenn.s of the tlll'M 

oImpie fnnetioa&., i r.ud log z of the oomplu ... ari.ble, lIIld 

other Iyps of lIow can be obtaiMd by .wubLe U~OIlII 
10. the potentiAl function... Consider, M an eumple, tbe 
0011' ",preeen~ by t~ pot.ent.iAl t unction 

II! " - U.I _ - U ((~ .. )") + 2~1. 
The IrlnIaIII Itnee .... the eeriee of 
wh<MI M)'lIIpto!eI .... tbe 
.uN of " and r, and by Y 
..gvdillg theeo .. ymp­
tCIleo1 .. rigid boundari ... 
the "- ;11 lbe ...pe be· 
twee!l '11''' peopendlculu 
.... 11. ;. obtained. 

More ",nerally, _ .. me 
that the potential f ullCtilJll 
I. 

I 
I 
I 
I 
I 
\ 
\ , , , 

_tangul ... by ..... boiu 

... --U.· .. -U.· (""",.g ', _ _ 

+ ; .iDlt8). l-------- ''---C-:::-:.:-.-: 
and lbe lrTO.lulionai II..... .. ... 
I. obtlLined bet weeo tw.. ".. n . 

.to .... 'h! .. .JII.,hkb meet .t the ..,.Ie II " ii. Fif:. u mUl-

, ........ the Row for .. .. 4 and II .. I, wbleb ... prnrn t 1b8 
11_ iD .. abup .nllle and round t he out.ide of .. right angle 
'elp«liYcly. 

Any complex fWlCtiOll Call be intcorpretO!!d .. tile potenti..t 
(",",,-ion of an irToWiOllAI motioa, but tile c_ of pneUcal 
Importance ..." t ..... in .hieb t he flow " .. IfNI dietan<:>e 
from l be origin appro:nmattll 10 .. uni form .tte.m. The 



" po!«Itial fllIIdion win tt.- be _ b that, for ~ ... aI_ of 
j'l.itCMbe ...... d .. the . -, 

"'.A.+BI ... + l: ....!. , ,. 
wbe" the ooelllc;"nto .It , E, A. may be OOIIIplU numbef'l. 

-·1 



(l JUPTJ:R"1 

THE TRANS FORMATION OF A CIRCLE 
INTO AN AEROFOIL 

11-1. COfI/anrttJJ "'uu/lAdlul"". 
Conaider • fUMtkm I (0) of lhol rompt.,l< ... an.bIe . .. hieh 

hu. unique .... 1"" .00 • unique finite diffCl'llnti.oJ CIOO'tficient 
.t "er] point of the. pI....e, . nd Jet f and" be the rui.oo 
Imagin.." pwte 01 thie 
'unetJoo : 11 

( ... f + i" "' / (z). 
The c""",, of OOIllIUnt 
... ah_ of f ....t 'I reo 
~t!'l'DI'1!&D bed......... ?1J 
011 the ~ pl ..... aDd will. 
form a double . ria 'lI 
01 line. int~ at 
rill .. t..." .... _ it II .. 
beom ebOWll pre'rioosll 0 :I: 

(_ 6oJ) tllat f ....t 'I "" as. 
ma, ",p..,.nt the ¥e-

loci tl potentlal.oo .t.re..m. futlCtioa 01 an inot.al.iooal mO)tioa. 
Alternati'o'ely f .00 
" may be ~vded .,., ~ , 
.. the a~ and 'I, 
oroJna"" of • .... .. 
.,.c .. m of ooonIln· 
_ , for .. hic" , i. '11 
the oomplu ... an · 
WIle, IWId auy cune 
Coftbe.plaoe m.y '11 
be tnlMferred t.o thb 
new C plUM!. In t..hie 
pI OC " tbe network CI ~ 
01 ellM'«Ililiel of the "" ae. 
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• plane I. l...wormed illto I Detwork." orthogonal 'lrIi,ht 
Ii"", IIId the curve C ollhe ~ pllDe will tberefon Ippev III 
I diMrt«! form C' 011 the ( pi ..... 

• • Q' 

0----;. 0',-----.,.n. 
LeI. PQR be III elemeuUly tnlllP'" the • pi ..... IDd let 

P'Q'R' be the CIOr1"eIpOII<Ii, tri&IIp of !.he 'pllne obtained 
b, I tn.nIIonnltillll aI. 1m. type. .u.o let 

~ -r(.) ... ac"'. 

Then the elelll«lUly "fee&ors PQ (do) IIId P'Q' (-n wiU be 
reI~ by tbe eqllltiOll 

d{ ... ",,"d.. 

Id{l-"Id.I. 
W"g d{ ..... + W"g do. 

The .. lfect 01 tbe tnn.IormltiOIl i& lber-eion to ill\li ,. the 

lellgth of the "feo;ltor PQ b, the flCtor .. or I ~ IIIId to 

rot.1e tbI ....,tor through lhe lIl"e .. or UJ ~. The impor­

tail! point, Il. ..... " ,,.. is that. tbll"""ormllioll e~ 
b, tbe eIe_IIUIy "fector PQ d.- not depeDd on iu direelioa 
but OIl" oa the poritiOll of tbe point P. I t follcnn thlt IIIe 
elelDf!lIt&rJ' triauJle PQR will be lr"anIIIOCIln>J jllto I .mill!" 
trilllg1e, inc:i P Ii ~ in ...... b, the flCtor <I III(! rot&ttd t.hrou,b 
the IIIp <I . A trando:mDltiOll of tbl, type, whicb dOCll' lIot 



" TR, TIU".rOUIolTIQIf 0. 4 0 1.0t.. [00. 

all.I!r the ahape of ele.......,t.t.rr ftgu.reI. Ia ''''led • -t~ 
Irr"W/W 2 ! wI""'. 

6-11. Tbe ooodiUon hAIl t-. impclI~ oa the lunctioo J (:J 
t hat. It,haD bu". unique nJue ac.e"'1 pcln\ 01 lobe I p1IM, 
~ ID "(JI'TI'lueooe e .. try pai.Dt will he repnileoted uniqo!!ly 
OCI t he (" pl.IIe, It ia JlOIIIiNe, 100 ...... " •• that two 01" III ..... 

potnwof the -' plane may he tfir EEllted by the _ point 
01 the 'plane. Coo.oider , fO'l eUlllple. t he tranelonnat.ioo 

, _ I ' , 

whim. will gin the lArD" point 01 the C plloM OOtnIOIporwl inS 
to the two point<! :I: I 01 the I plane. In tbia a .... it ia O(HI. 

Tenient to ooasider only the top balf of t he I plane, which 
wiU be tr ....... onned into the wbole of the , pI .n,e The 
lRI'I8IonalUoa ill illuatnted in 1111. as, wbe..., tbe ume!etten 
denote OCII'fSpoodi"l poina., and it will be ~ Uu.t !be 
rwJ lUia AOA' 01. tbe I plane lIN bent bacl: Oft iYelf to form 

• , 
C' I e _____ .L ___ __ _ , , 

II rho A 

}'!c . .M. 

only the positi", branch of the ruI. ub of the C p!r.ue. It 
can -air he mown alao tbat the atr.ijbt liDN pa.rallel to 
!.he ooordinate u. of the I pl .... IU'& t....wormed moo 
panboIae wbole u N coincKie with the ruI. uiI 01. the 
, plane. 

The t...wonnltion fonetion/ (. ) m .. ,. now be lI&>uaJill'd 
by "'1001';"1 the resuiction tbat it milit ....... 0 allDiqU6 n loe 
at aU point.l of the I pi ...... , for it to.,-bIe to C01zY ... tbe 
tra/\lformalion of .. Limited region 01 the I pI_ Into • 
limlt.ed ..,pOD of the 'plane, and the oondition to be utlolVjd 



n] IXTO &:11 ..... orOIL " 
by the f'llDCtioa/ ell;' thH itahall sin ... Wliqlle .wal'OMhip 
hehEEn I WId einlt : limited ft'Ki0lll. 

6-1S. Si..,.w,...; ,,,. 
The limple uampla 01 oonfOl'1'lW tn.IIIformation ~P'" 

Rnted ill fig. 38 iII",~ a.noth«r import&nt poill! . In ... 
oonfortruu t.rUIIII'on ... tion the.up. between two In~'-'l.i.ng 
Iir. remr.lnlo wvJtemd alter lranIformation, bat In t~ 

puticlll&r trMIIfonnatiOll the Mgle i bet_n tho liDN 0& 

&odO» of till!. plane b .. i~ to .. on the C pla.ne. TbUi 
tho tno.naformatlon hM .... '7 0:1 to be cooformiW at tbe point O. 

The rUlo 01 elemenl&l'y 1m>gth. on the tyo pianeI il l ~ I. 
wblcb .... iD i rlIiil.liaite ... 1II1II. U I ~ J it .ero," lDlaU 

bot 61111e leuctb 01 t.be I pl ..... ooolncW to r.ero CD the C 
p .... , aDd _~y "ben I~ I teM. to tnfIa.ity. A poIot 

I ill sero or infinite ill Mlled " Ii..,- ' ... ,.,.:'" 01 
tboo . and at atlClb .. point t be tn.IIIformation 
'I' to be oonform..l. 

Conllder the _ .. ben I~I ill sen).t the point ... II '" 

I. the DOrroepooding .. alue 01 C. the t.raMfonnation mlly be 
written In the form 

{_(._/I_,,'"'(I), 
where , {Il dOOll rI.!K. "".,jab or heooIne infinite at the point 

:to and where. leW CUe. than unily In onIer tbtol. l~ 1 may 

• plant r plon{! 

~~., --
r" '0 

~ .•. 



.. [~ . 
be HrG at this point. Now lellhe eh.anocteriotOc point. of the 
I pI_ 1Q0Tf! 00 the am.u cilcle 

. - .. +~", 
WId then ,"" D<,>lfttlpondin& Tariation of C will be IP"D by 
the equwoo 

1'11\1& the eiluacterUtic point 0( the , plane .u.o d.,..,.;t­
.. mn:mlu IU'C of am.n I'$(\i ..... but an ."JI6 , of the I plaM 
OOTn!Opondo 10 • Iaeger 1llI1I'" ,,8 of the C plane. 

Tho _ .. ben !~ I beoolIlea infinite oan be Il'Mted in .. 

• mil ... m""lH!r, and In lhiI _ ...... analo , of tbe I plane 
tranoforml to .. 1IIDall!!. angle 01 the , " l.no. 

A IinaWlIt point .. hieh ooc:un on the boundary of tbe 
~ I1Ilder OOIIIideratioo m.ly be 6ulud .... by au an: of .. 
..... .11 circle .. inoJ;c ...... in fig. l8. Ill"" the ItaNformation 
then beoom .. oooIormoJ at all poinq 01 the ~on. Ho.-e­
O'I'er, the drollllar an: m.ly be made indeflnitdy &mall and 
he""" i.a eft""" .. lingular point 011 the boundary of the rqpoa 
will not net ' - ';1, dNtroy the nlidity '" the tnneIormauoa. 
h 101 import.ant, bo..-cTer, that no ';ngular point ,tU.U oeeu. 
in tbe I'fgion to he tnwdormed, and any.np ... point on 
the boundary mUll!"'tWy ~ain oonditiOUI. 

Collllider lbe """,ioJ _ of the tranefonnation of .. circl .. 
jnto an Hroloil ....ctioo and MOurn" that .. -.insular point 

) 

fIt:. 1<1. 



nl fllTO .. 1f .. K&OP O I L " 
OMu-.01I tbe cif'Comfereooe 01. the circle at ", . llibe tran.­
formation lIeN' tbit poinl it d. I.h8 form 

C - Co + f' - .... ). F(~ ), 
theexterior angle .. of the circle~ ... will be ItaMlonaed ;1110 
the erurior angle •• of the ..,roloil at <t, It ~ eridlKlt at 
<>DOe tht the .. alLICI of .. mue' note:l~! and tholt loobtain 
.. typical aerofoil ,"ape" IIhouId be only .. lightly '- thloD 
tllil .... Jue. If Tit,,,,, MgIe at which the "I>per and Lo ..... ,url_ of tbe ... rofoil o_t at too trailing «18'1', lbe nlue 
of .. ill del4!nnlned by the equation 

T _ (2 _ II) •. 
In 1M part.iou.l ... _ .. _ 2, the ~oil _Uon wiU h .... .. 
cusp at the tn.il.in,~. 

&-13. '1'maI!~ of 1M II- po"""' , 
'The 80w put ... , Iloiy or simple dOled Cline 0 of the 

2 plane It determined by the pouoatial fllDCtion ... _ I> + • 
and ill ~Pft'IIIInl(!d by the equipotential and Itream Ii ...... 
no.- chanclcrUllo linN form an onbogooal l )'Ite m and 
after any oonformoJ. t.nlWo .... ation <!111M I plane they will 
form ton orthogonal .,.tem on the C plane ,, ' oeiated with 
.. llimple cl<*CI. cW'Te C'. He ..... the _formallra.wonnation 
.Illeb t~OI1UI lbe co,"", C into the o"n& 0', "*' uatII. 
fQmUI the flow pM! 0 into the Row pout 0' . 

The velocity compoD<!nUl .' and u' at eny point of th" 
, plane are ginn by tho! equation 

, ' J ,,'" " ... do ( . ,'" .. - .u - d(-iE"jl{ - 11 _ "' ~, 

and the reoJUllan~ .. elooi!.ie. ( and q at OOrTIlIpoDdina poin'­
of the two plane. .... relalft;l by the equ.atiCNI 

, - ' I ~ I 
lrI ~"" I~ I has a bile nlue dilh!rin& from uro, but at 

a ";np"," poillt allnite .-docity ... 0fMI plane may O<JrTf!tpond 
to an inflnlte .. elocity in lhe other pi ...... Tb,,- In fi ll. -to a 
IInll~ .. &lue of the .. elocity'l at tbe point .... will '-I to an 
i .Il;Dit~ nloci!y ( at c.he point C. of the ..,roIoil. 



.. 
The irroWl.i.,...J. ftow ~ .. circle ill bowo aDd i~ ill 

pCIIIIible to lnDAform .. circle into.." p"eo abape 01 M'Ir'Ofoil. 
H_ the Bow put. lID}' aerofail_tioD can be determined 
by tbe method of -rormal uaa.l'ormWOD, aZKl t.be problem 
III determining IJDI Bow directly _,. be ~"O"d by the 
problem of delMmining lhe oonfonnal l.ra6IformatiOQ from 
tbe aerofoil ee<:tiOll to .. circle. 

6-2. &roigllJ UIW olOd "'..m. 
An illte .. 1m. ..00 impllrt&n~ eumpJe of the oonformal 

uanafonna l.iOD of .. 80;>" pattern i. the application of the 
uanafl)l"lD rotiOil .' C - ~+ -, 
to the circle I s I _ /I. Tbe gel>enJ point I _ ~ tnlIIlorm. 
to the point wb08ll ooordin,teI ani 

f - (, + :}ad, 
'f -(r- :)g" 

..xl. i~ follOW'l at 0D0e that tbe circle , _ " 01 tbe I pi'''' ill 
uan.formed ink! the pari; 01. the real ..... uteftdiog bet_ .Ed 
tbe point. f _ ± 2.00. 

Tb& t.r&DoformatiOIl bas .. Ample seo-netJ lnt.&p>e'·';1)I1.. 
TIle oompleI uri- , 
.bIe I "'p,-"tII , 
1M 1'Mto:r OP of 
IeDgth , at M&Ie 8 
to the I"Nl uY. 

Similarly II' Of , 
~(-'-;"") , 

refit r ntl tbe YeO­

toe' OP, oIlengtb :' 

aunp. - , to the 

• 

I , 
".41. 

, 
" 
, 

real uit, and the pooIitiOll 01 P, m,,. be obt~ from t.IIN 



n) .. 
of P by the double proc ' of inyenion with _peel to the 
circle r .. .. and re8eetion in the,.,.. 1Ui1. Finall" the .. ""tor 
OP' repl'tlRnting tbe oompln van"b'" , u. obtaiMd by the 
addition at the 1'eelOn OP and OP" or by aompietin& the 
parallelogram POP,P'. 

8, thl' geomIOtrier.i method or by direct. '- 01 the t~· 
formatioo eqoutiOlll, the .t.rea.m linN of the lIow put the 
circle can he lranafonned to tholooI oilhe OOnMpondinll Oow 
put the ortn.igM JiM. 

802 1. The potenti..t funetioo 'OJ' 1, .. Ii'orm Bow in the , 
pilUle panUl& to I .... MgltiV,. b .... nob of the real nil ill 

III - -UC. 
&lid thiII re~nu lbe flow along the Ii"" AB. On t ...... 
'=ing to lhe ~ pi...." the line A.B opene Ollt to .. circle and 
the lUIilorm ~-.rn put thio circle hu lbe poteatial funetion 

"' - - U' - -U(% ... ~} 
'111 ... lbe method of eonformal tlWIIfonnatloa IP"OI ... _ 
.. rmJJt ... hich ...... obtained previoPlly by .. mOl'll t«\i.,... 
prothl. 

6022. The n rtieal flo .. ~ I'" circLe C6I\ he obtairwl 
from the horiZ(OlW flow by the trl.llllformitioo 

.. .. iz, , 

r , , • E" 

. ' 



.. [~. 

whieb is eqlli .......... t to rot'''", t.be UN '*:kwudl thro"3h 
.. ri&ht ... gIe. The potCOtW. fUDCt.ion beoo_ 

", - W(*'-i-), 
&lid benoe the pountial fllDOtiorI l or .. uniform IItI1!&III ... 

paAlkl to ~be nepti ... bnDeb of the iOlafPnat)' uil of the 
original .,..l4!m will. be 

"' _ iY (*_:~. 
IS-U. By lran~lonning the circle back to " atraiSht lille 

tile potential ' ulUltiOll lor .. UDifonn .t.rN.m Ilonnal to tile 
line t. ob";""" in the form 

.. _ OVVC" _ ",I, 

Thio ~t CNI be O%PI 

01 the IIIt.titOtioll 
1 m..,." \101I .. en~lly by menn

, 

.. be .. , Ia eqwt.l to 2a and i. the leali-.pM 01 the line. 
tbi. .ubititlltioo. 

f - "lid «lib ,., 
1) - , COl Alinh II. 

and the peripbel"J' of tbe line ill nip_I«! by ,. _ 0 and 
,\ - 0 to 2,.. The potential f llJlCtion beoomet 

II' _ - PIOO" fA + 0'1'). 

-.nd the Itream function ill 
+ - Vuill.hioh 1" 

Tho ,tlM.m linlll of thio lIow .", ahown In fig . • 8 and 
repf'tellot 1M 80'11' reI"h ... W lbe .tn.l&bt line. The 110 .. 
re!.ti1'. to tbegenenJ rnMI of tbe Duid ""n be d"riO'ed limply 
by addiDfi ~be TVtieal .. e1ocity V .t e .. ....,. poliot, -.nd the 
_lilting 8_ patt", ... is eho ... o in fill. « . n- IIIIN.111 Ii ..... 
f'eprell!ot lbe motion .. hieb is .... ueed io the Ihoid when the 
line 1110 ..... normal to italf with lbe ftlooi~ V. 

tU . .. rro/oM II"" Wtk. 
In _Iu to obt.in the lIow pattem .... t .... .erofoil It ia 

nee ' 5 ' "Y to detenni .... tbe conformal l....wunu.tion .. lUeh 
oon.-ena t~ &eroroLl _lion into. cirole in Il«lb • maw>er 



n] '''T O Alii' .. . . OI'OIL " tW the "'!POQ ~ inllui ty ;' una.ito.red- , Por. sift'll aernfoil 
_lion in tbe' pl .... lben!;'. wdq .. OOII1or=a1 U'aalfomu.-

• '""" aI.-..,.""'_d •• tI :I ' 1l1o)' It.~. MIoM, ·· t ... nz:zlo 
.... TrAfl'" ., ... 1l/IIItMo." tnt , "11 .... 1m. 



.. 
lion which lnMfOl"tlUlIb8 ... glon ftJ'temlll to tbe.woo i.nto 
the resion utemal to .. circle in the a pl...." and lhit circle 
il uniquely del4!rmi"""'- in m-cm1ude aDd .-;tion. Tbe 0011-
formal tnn.form.tion Uo of the type 

'

A, A, 
. - +T+I' +"" 

"bem !.be co.!lficient6 d" .... ....... oomplu numben in 
general. 

Conyereely ,c;",1e of the z pl ..... <WI he tnnelormed \1110 
&II ""'rofoil ..... tion iII the' plane by. oonform"! t~orm.· 
tion of the tJ'PII 

and by ..ut&bMo cb(li."" of the ooet6ci~nq ... , '"t, ••. aDd oftbe 
cirdoo it is p<>OIIIible to obtaiD ..,y gi1'OO aerofoil llhape. No 
limiutlOflll uiat on the eboioe of the ooeftIdent., but lbe cin:Ie 
mu.t ~ within ita cireumle_ aU the IiI18u1u polnt.o 

01 the U'ansformMion .... which ~ it IUO or infinite. The 

~ lnDIformr.tioo gil'eI " , ... ;z;: - I - •• --;o - .... 

whioh can beoome Infinite only _t the origin, but may be 
aero _t .. Dumber of poInl.ll .... ,,", etll. 

6- 31. Jovtown'. ltypollJuM. 
The ~nenJ How Jl&31- .. eircle oontain. one .... bitrary 

panmeter, t he ci",ul.ti"" K of 1M 8011' round the circle, 
&lid 1m. ubitnry p6tUIIeter ...m ..,mu n .. ben tlwl 9"", ill 
tr.nafonned to the 11.0'" pMt an wroloil. Now au aerol'oil 
~y h .. .. nry ..,.alI ndi ... of olU'Tature _t the Izailing 
od86 and in denoloping t he theory of I.!I ~oiI it is oon­
n nient to makc the a.wIIption Ibl.t the upper and Imrer 
ewf_ of tbe aerofoil meet at .. 1b.Np """, . .... the tniljng 
edF. The point B at the c:Ucle .. hieb lnDaf ....... into tile 

1z1Iillng odr of the aerofoil will IMn be nero ol ~ and if tb" 



III'TO .ill' ..... oron. .. 
'O'eloait, 'I at tlMo point B of tbe eUcle ..... 8.niWl nJue, tbe 
_ i"'Y""iilll n loeity 9' at tl>ol t.nilini ed«e 01 tile ~oil 
will beoniDe infinilA:!,.moe 

<-·1*· 
In order to ... Did thiio in6niWl velncity.t the trailing edge 

J Gukowald .uggeou. that the oimulatioo X uould be oboeen 
10 that tile point B;' I . t.agnI.tion poin t of the 1I0w put the 
oircle and tile nloxi t,. 'I;' zero. The 11010' pMt tbe aerolnll ;. 
then lueh t"'t it I""v,,, the trailing edso t&llgentilUy ..,d 
the velocity "'mli"" finit" It .... point.!. 

Joukowaki·. bypot ..... dct..rmiMil the cill'wltion K 
unIquely wilen the ..,rofoil by • Iharp tr&iling edge, and lhe 
aerofoil lI!ctioo will be _WDfId ....... ,. to pm i 11 tlti.. 
eb.&neten.tio. The <:iitical. m.cUlll!ion of Joukowaid '. hypo­
thelia;' ~rnd to • late.' c ... p ..... (_ g.S). 

lU I . U lhe &ran.Ionnation formula .. tile IlniI4l _ riN 

,_z +t +~ + m + ::::, 

t ile "'gulu poinUl ue det..rmined fKlm tile equ .. tion 

'" ... Jo" (II - I ) "'~I T:'- I -~- - - . .... z' Zl ••• ,-

- (I- ;)(1- ;)(1- ;0) . 
.. here 1:1>. _ 0, 

:1:",,,,, .. _ ... , Irtn. 

The eq\Lltloo 1:0 _ 0 UOWl thr.t the origia. 0 of the IJILem 
of ooordlnatel hylx!en choeenI.t t he centroid of the . qulu 
poinUl, but t ile directioo of tbe U N;' otill undet..rmined. 

No .. the oizocle which;' to be tr&neformec:l into Ul Hroloil 
muot encloee .... the oi ngulu point.! ... thin iUi cironmleruoe 
in order that the l.taIHIOl"IDtotioo Ib&ll be _ form... . 00 the 
other haIld tbe trai ling edr of &II ~oil I.pprozimatel 10 
• ot-p Ildr and to obtain thi. fMtlll'll of lhe a.erofoil it i. 
IM!"CI"'ry Ih.t one of t.be singulI.r pain" B u .... U. On tho 



" 
ooan-nieuuy AI tbe 
line BO. 

n.. prow ' for 00' 
uining .... MtOfoll 
_Ion may 110" be 
Wd down In ~ral 
"" ...... Cboe .. poiz>q 
in tbe l plane .. hlcb 
ant to be th6 _ -" 
01 the tranoform.tion 
..,.f tN. the origin 0 
at t he oentrold of 
t L poinf.l. Draw 
&D1 oUde wbieh 
P'P!! throuib one of 
the _ . B. aod eo-

x x 
• 

x 

ek'n lbe remoWlder ";thin if,f Clin;:u.mfue7'Cle. Theu if DO 
iI !.allen .. the ~ of ., ..... if tt" ... .... ... the _ple~ 
coordinoW!i of the .. u .... the t.nw.afonnMioo will be 

~ - (, -~)(, - ~) ( , -~) 
By (!bonoin. ditlerent oirck.o aIId dill'mlClt IIetII of, OIl 01. 

the tz.,,"don uUon, .... infinity of dill'erent aerofoll .lapel 
eIoII be deri .. ed. In MOh cue the poilu B 01 the circle wi1l 
trandonn into tho trailing edge of the aerofoil and by 
nofenmoe to 6-1' It will be _0 that the upper and 10000f 
IJUrf_ of t he a.erofoil will m..,eln u~ at the tn.iting~ . 

.&". In the mOilI general cue the lratWormMioo lorra lll. 
i& the Iftfinite llIIiee 

" 
The cirde to be t.....eformed into .... MrOfoil mUl1. be .\lOCh 

!.hat ~ doel IIOt .. .!Iiell o. become Inlillite .t any point out-



" IIide the circle, NId if tbe aerofoil ;. to un a.hArp tnili", 

edge _ zo:oro of ~ 1II11S~ lie on lbe cireumlNllIW!'lll 01 the 

clrcle at the point B (~ _ oJ. The tn.nodormaUoo _,. then be 
wrilWn in !.he t_ " ( ')'.' ;ZZ - I - i l Iz), 

.. be.., f(~) 11M " fioite .. a1ue otber til ... Ie!'O at "U point.! 
on and outllde the oif'Cumf....,1lOe of tho cirole. In the "";gb· 
bourbood of the zo:oro B the tranBlonnallon will be of the 
f~ 

II.!Id 'rom &oil it follow. IlLat the upper r.nd i_llIIrf_ 
01 t"" -uol! will meet at the tn.iliog ~ at the angle 

.. -(1 - _) ... 

To oblaln aerofoil. 01 oon,","liolUll. .... pe it ~ necru' ''' 
therefore to ci>oo;71 • to be alightly Ie. Iban t . _hUe if 10 
n- to t hie li mitiog Talue the a.erofOll 11M " ClllP at it. 
trailing edp. 

0- ... ToW J'I'.'J.t.:' ..... Ir~u"/~;"" . 

Tbe limpl .. , typo of uansformWOIl fotmw. 10,01 .. "" 'wo 

,,? 

/ 
I 

-, 

I 
/ 
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.. _ A Md B. IU!d in -.l.r.noe with the &enenl I.beory 
the Ii"", Joining ~ two point. .. WfID .. the ..... 1 am ....t 
lIMo origin 0 bo tUen.t tbe mld·pointol AB. The OMWdinate. 
01 WI£I<ware lbft,. _ etc II.lId 1M truWo ...... lion formala is 

~ - (I-n(I+;) .. I-~, 

" ~ E- J+ i" 
&l_ ,peoI&I 'ppliOMionl of thiA ttan.t'ormation bYe been 

oonlideN<l p ... 'l"ionsly ;n 6-2, .... 1Ie.., it Wall . bo .... thAt I .... 
";ro[. on AB .. diamot<!r tranoform. into the p.ut of tho .... 1 
ui. extending bet ... ..,o the poin'" ~ .. :Ii: :k. More generally 
tbe tnDeIonnation m.y be .pplied to My circle which en­
e1_ the point. A and B within ita eirnumf....,aoe. but in 
onIer to obtain .., "roloil teeUon with" ah.up tniling edr 
the circle 0 lI'o;wt be ebo.ea to .,.. tbJou&b the point B. If 
the ciroIe I .. ligbtlylupr • ., tb.!. the point B fa1le juat iplilde 
the cinownle ... _ ..... aerofoil .ection ;. obtailMld with " 
l'OWICled tniling edge but it iA DO longer JM*Iibl. 10 d,tenn.ioe 
the ...... d.tion IUliqt>ely by m_of Joukowalrl', hypot-'. 

The circle 0 'Irill be <kfillfld by it.ol radl ..... and by the 
..npe II betw"",,, the r&aI .:do N>d the line Joint", the point 
B to the Of'IIUe M of the circle. In order to obt.N1I .., aeroloi.l 
.... tion of 0001'&l I;oooJ. obpe the angle fJ mun be...,oJl ADd 
the raW", II only ";glltt, gr<IfIt<or th.., ~ _ fl. The pooIition 
of the otnt.re 01 the circle may at.o be lpocilled by the ~ngth 
... of !.he line OM and by the angle & .. hich tllIa Une mu... 
with the l'81li am. The oompu .. : oocu·din.te cf the centre M 
may thea be e:lpF ' !l in tb6 rJtematin fOftQl 

. _ ...... _ ..... _ e. 

em';"". am. the _ .. bet! the oenl.nl JI u... 011 t.he am 
of l' 110 tMt!be cirde a p' I~b both lhe aero. ~ and 
8 aad the nodi ... of tbe circle;' II _ e _ fl . 

• a.. h· ... _ ........ _d· LI"'"W.M. X . .... ··AooI""bo-
k .. ' ... Ki ILl 'IT PI..ptl .... " J_. _ . 101. MiINW_ ltot : 
"0"""" ooIl.s.. O'-""".'Q .... ., ...... ' 1110811 .......... 11 'z 
...... cll",,,'P'h 8....,. ..... " 86. 01. &¥f',"'.boo!. 01. If .... Iii!). 



nJ " The geDeral point P of tbe circle .... the _plu _din .... 
a _ r..- "lId .... ter ttan.formation ttwo poUlt beaa' en 

f - (~ + i}o", 
'1 _(. _ ~')aiO', 

, 
'-
".. u . 

Eliminating r from tbeee "'IUAtio .... 
r lin" - 'I' _'IJ _ 40::' Olin"...,.' I . 

But f!"Om the triangle OPM 

, 

C' leO' fJ _ "t _ ,. + c' tan' fJ - ~ t.an fJ Olin IJ. 

" to _ c' _ 2rc tall fJ an I. 
,. - c' 

1) - IJin'_~t&nfJ,.;n· ,· , 
F'inalIy, 011 eliminati", lboo angk S, the equaUOII of tha 
l.....rormed elUTe C' btcvm •• 

r + (I) + 1Ic DOt2,8)' - (ft: o-n 2pj' , 

TbMIII.be equ.atioa 01" cirde, but _ nee 'I .... _".00.... 
to be proponiOOAl to pI I. it foll..- that the CUrTe C' 
ooneio1. only of the d n:u1ar NO which lioo .. bo ... the rMl 
aJ<;'. The upper and to_eo- patti 01 the oifl)umfereooe 01 tile 
drcleOform l"Mpeetiyely the upper and lower .urf_ of tbl, 



" [~. 

eircalar _ . Tbo end painla A' WId B' 01 the cimd ....... .... 
the pointe! ... ± Ie: r.od tbe muilDllfO ordipote ill" ... 10 tan fl. 
whioh ~ e:l.ctly double OM. Tbe earnber 01 the cirelli.,...-c, 
~ .. t.be IQ. ,,;mum wdinato dirided b, the chord A'B', 
It IbmdOl"ll j I ... /1. 

6-42. SplOM1rKDl dflOfW,6. 
If tbe OMI I", M 01 the eirclo 0 It Cboaell on the an. 01 z 

MIl If the ndi ... 0 ill eligbtly gmtokrr thaa tbo:! lundamental 

I 
I , 

-~/ 
..... 

length c, the circle lTNIIfol"l'9 into .. lymmetrWal aerofoll 
IIIletioo. 

Writinc .. ... e (I + rJ, .......... • ill .. emaU qll"" tity. 1M 
ooonlhuuCl oIlhe lMd.iag edge of the aerofoU I. , 

t _ell + !oJ + I + L _ 1e( 1 + L ' + ... J, 

IWId .. t be tniling edge of tbe .. roloillt the poiDt f ... _ k, 
, he cbonl of l be aerofoil It V ( I ;. , ' ) to .. c10111 approrim .. 
Uoa. .ud for mOlt plI'J'"' e I it It I,dftcientl, AOelU'lllte to Degleet 
UM! "u&r'e of, u>d to take the chunllo be .... 



nJ I IITO .ilI! ..... orou. 
At tbe geoetal point P 01 the circle 

A· .. '· + fa - el' _ %r (a _ c)_I, 

and ft'tAIning only lbe lim. po1lW 01 " 

r _ c{ I + . (I +_')), 

f - (, + :)_,_ !coo", 

" .. (, - ~) iiI> B .. !« ( I + e<119)lin ,. 

" 

TIle form of the IJ'mIDetric..t aerofoil mo.y be OOIlItrooled by 
mKM of tI_ equ .. tiOll3. The thic~ 01 the ..,roIoiI .t 

tbe (\Olot .... II eqllal to t1liDII tbe TO.!"" 01" .. be .. , .. ; ..xl 

hence I. " 4c.c. 

AIm tbe muimum lhid:- !! OOC ...... !w.I'll _, .. i , I.e. at 
t.he point _bleh i. oa&-qllN'tel" of tbe cbGrd hoom the Je.dl", 
fd&e. and b .. the ..... "" 

, ~, 

,-,, - 4e'4 " 

The et.ral&ht Ii"" 01 length 4c eon.idtl'!'d in .2 mo., be 
reprded .. !.he ceOtnl liD .. or uoletoo of the Iymmetrio:al 
aeroloiJ.. The tJlicl,,_ aI. the ..,roIoil. I. proportional to • 
IUld .. "NIIII . .. 0.1 gl . ..... muimum Utiolm_ 01. 0- 13 limN 
the obord. TWa nJue i. not often u..-llld In PrMlU"" and 
be_ the neglect 01 I' in the eJprMOII for th8 cbOl'd win 
In 8"lloIlrlll give an Om)l' of _ than 1% . 

6- '~ . Jodvwl:1 fJ#IG/oOU·. 
In pnenl tbe oentftl AI of the ciroIa 0 mllMo be taken .. 

In 6g. ,& or ftg. 411. Now if BM cuu the m. of,. .... M •• tbe 
";"'100 O. with oenlnl JI. and ..di ... Ji.B will tn.aarona into 
.. cireal .... lin! while the cin:lo C U'anlfomu into an Mrofoil . 
The e:in>ular .... will be the OI' .. t ... line or okeleton 01 the 
amioil , .00 the a.erofoil may be !'eluded .. Me 01 the 
Iymmetrioal type _bole Ue!eIOll b.w been bent into. cirowN' 

• TWo \)'JI't oil .".fuII _ blUM I to,. J .... ~ "nIltO' dlo 
KoDt_ .... 'lnfl'h ' • dot o-loonlIiofcot:' ~'JI. 1"0. 
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N'CI of _ber I tao {J. The tbleb ' 5 ' 01 tbe aeroIoil will be 
proportional to c.be 
lellgtll II.M, ...d 
tIM ltu.pe of • 
JOlikooraki a.erofai.! Co 
wid IMrefORl d&-
pend on the two 
pr.n.melUl fJ and '" 

~ . whic h deter. __ 

mine "",poclhely 
tbe camber of the 
..... tnt line and ~be 
thiel.. of the 
wrofoil. 

The I hape of • 
J OllkowUi aerolall 
0I0D be obtaiDed b, nco .'0 
.. limp'" pomet.rica.I-.uuction°, The method of deririDII 
t he poiat r _h.""",di"ll to aD,. point P h .. beeode't'eloped. 

, 
I 

, ~­/ 

-' 
, , 

• £. TN'll ... " o...pWooloe "-nl.-JoU __ Tnt" ,. 'P M 

UJI ••• 11 



," ro .. l< ... BOPOIL " 
ill .!. A IlIhlidi..". poi!" P, ia tint obtaiDfld by in1'enion 
willi ' ''f«'L to 1be"",,1e on.dB .. diameter aod by refteet.ion 
iii AB, IWId P' 10 lheu ob,';DfId by completi .. lbe pu.llelo­
pam POP,P'. Now tbe in_WI 01 tbe circle 0 ;. .-her 
circle wi lli oeD,", 0 11 the liDIIlLO prod...,."j. 1WId Af~rref\.ectioa 
.he ceQ'"' of tboJ aa.rili..". circle 0, -.ill lito on t he line which 
II the re6ection 01 011 in AB ~ in the ult 01,. By COli · 
a deri .. the conditiODI near the point B it &leo 10110 ... tbat 
the allllili...,. circle 0 , m.m tollCb tbe original circle 0 .t 
B, uw.l hence the oent ... N , 01 the uEili...,. airole It the point 
of tbe lino BM I lic b lIIM OM owd OM, mue eqllll angl .. 
wltb the ... il of , . 

CorTwpooding poinll P.oo P, on tbe circlN a and 0, are 
DOW obt.aiDfld by d,.. .... ng Iinw from tbe origin Q at eqllal 
NEllel on oppollite a d N oIlbe uiI clac. &Od thlI paillt P' cI 
the a«'Ofoil ;. olMiDfld by oompletillg the pan.Il~ogram 
POP,P' . TIle 10m> of the ..,rofoil ea..n .... ol-uiDfld by tm. 
metbod by talring. ""itable Dllmbeo' Df pointe on tile cin:n.m. 
fere_ 01. tbe citcle O . 

• 15. TAc,., 01 trau/onrWiort. 

'I'be J ollkOWloki U&IIIiforma.t.ioo invo! .... two ze...,. 7Dd 
'eadl to • doubly infini~ .eriN cI a.eroloilo. A IDOftI pueraI 
U&IIIifonnation formul ... involving thfoee or more UmI, lead. 
to . grNoter variely 01 ..,rofoi~ r.nd the IYI* .. hiob cr.n be 
derived. In thi' m7lUlt!. blve been d lfICUMed by R . .... Mi T ­
IWId W. Milllwt. l'bi& 1ypo of tl'1IIllII'orm,tioo. bowe1'~., Ic&<k 
_lluaUy to aerofoiJ. whicb hA". ellSp at the tRiling eo:Ige . 
and a more im portant generalleat.ion 01 t be JOIIko,..&i tn.AI. 
formation Ia t bat .. bieb lead. to aD aerofoil _ llon _hoee 
II ppe. and lower rutf_ meet at. 611ite &rip at. the I.laU..Ing ..... 

The J o\lkonki ~0I'1D7ti0rI 

• " Z .. n.-Io " T" .. f"_mlrio· ." 1;"" . ,no.. 
, • Zar K-uvJttlaa _ TrofIIklooapni6ln." I;AJlJI. I",. 



" [~. 

~ DMr lbe r.ero B lhie t ...... orm.ti..,.. heoom" approEi· 
tn.teI, 

' + !e _ _ (I+er . 
• 

In order to obtain .. finite ..... p ? at the traili.Qg edae of lbe 
~rofoil the t""",ormation must be of the form . 

' -'" _ ('_"')' F (~) 

In th"t region (d. 50 1Z) and" mun han t be ,..Jue 

• .. .. 2 - - . • 
Tbll form i& obtained by geoenJi.oiol tbe Jou.II:owW tn.n.I­
fOnll.tloo III the form 

'+-= .. 11 +')". l-1Nl \.1-, 
Thill lraNformlltioo hu tbe two u..,. . .. ± c, but tlte 

• , • 

PIc. II. 

6kl!leton of tbe .erofoit. i& now formed by two ci",uJ ........ 
wbleb mitft . , the ...... ~ and the chord 01. the M'rofoils i& 

• on. ..... 1>10 do. lot ........... "" ' lot .. 01 .... _ail __ _ 
~1 W. No 11: ....... .. 0 ........ ZItlo .... '_IIIOt. ' . ' -. .... 4. &IIJ<I • 
.tWo ol. If;' 1.11. n.o ..-........... 10M ...... 10.-. . ..., lor T .•• 
........ .. &. Ttd .... .. PoWatio.ln_ ....... , t 7 5 , Tftt'i<""". 
~w, .. Io.al . ... " :t;'JI. l eis. &DC! by W. lIel*. " hr K ____ ... 
1'nc1lk ..... pna ....... t..J.1I1I. III!.I. 



" be. Tbot t ....... ormatioa m .. y at.o he writcm .. an infinite 
Ieri!1 ol_bich 1M 8m _ .... 

.. ' _ 1<1' 
, - ~+ S .+ .... 

n-e ill no ample ge~trical OOOItlUC1ion for .. rofoa. 
01 t hia type and the ca/"n.l.alion ol ille &h&pe ollYfll .. 'lm­
..... trical ....uoil ill .. thoe. oompl~,.· . The .. rotoU .. 01 thlo 

) 

» 

• 

re..,ralieed Jo~ type in .. oIn IhrtIe . rbltrwy ..... 
meten, detenn.inin( .... ~tiYf!l1 the eOlltlber, t~ and 
tnillllfl edp angle, and .. wide ....,.. of .. rofoil _ I ........... 
be deligned by !hiII method, whieh .... lu.itable for '*' .. 
.. ropI • ..., wi"",. 80wtI typical ... rofoil _liooo of the 
J ou.ltowald and utended IYJI"'I .... POW'll in lig. 62 • 

• '",""",,,Io O"M _lIoodot ......... 'Ioa_ IL 0'*-1., "A"'"'"_"'''.· ·"7 ~ 
typo '" J..,k_L _<>iV' B1I. VII, lln4. 



OU ""PTlC A vn 
THE AEROP OI L I N TWO DI MENS IONS 

N . Qnowal/_dtu./or lift aM~. 

Wbl!n the poWIt.ial functi(lll III 01 the 1I(nr put ""1 
bod,. II kDo .... ia Wm.I <Jl the aom ple:r. "Mable " i~ ia 
pceeible to obtain limple .... rJytical UP"-OIlI for ~e 101"1)6 
.00. mome"! -.cting on the bod,.. Oonsldor lIMo motion of the 
lIuid oontai-.l IMotWflen tbe . uri_ 01 tbe bod,. .00. any 
limp! .. cl.-! "une C .urrounding tlMo bod,.. If X IWId Y 

..... 
are t he compo"",nt. of the f'NIIltant forOll ~tin, (Ill tho body, 
tlMo lIuid will uperienoe .... equal and oppolito ......,tion lrom 
the . uri_ of the body in addition to the pt i h''''' wbieb 
acI<I normally to t he boonding cune C. n.- foroe com­
poDeiU. bal-.- !.be rat.e of Wei 27" <Jl IIIOrt>entUJII of Lbo 
lluid pu,;ng oat of the rqion unde- oonlidentiQll.,.ad .... ace 

- X - tpd~ -Ie,"" !lOd~ - .h), 

- y + fo ,h - fc,O(lOdy - ~d.:), 



(III . I'll) T H & ol&.o r OI L I !II" T .... O 011111_. 10 _. II 

wbere the integra1. .... tabo I"OUDd tbe perimeter of t be 
tltn1l C. 

II tbe motiorl .. inout ...... I, tbe toW pi lure bMd will 
hue.,.. dent n J.., H .to aU poiII&.t of the lluid and u.e 
~ lI. .... y pohn wiI.I be 

p - H - jp t.'+vO). 

"""' .... 
x. - i Y - - fcp (dr + i""l - fo l' ( .. - iv) (.d, - vdz) 

- '1' f.,(t.· + vO)(dy + ;dz) - t (. - i.H.d, - "dz)) 

- jp f.,(.' - vO - !iu) (idz - d,). 
,- . 
""Ji - . - Ir, 

The moment about tbe oriJill of dll& .....wl.lllt f_ .o:tilll 
on tbe boily 0lIl be detennirwl ill .. oimil .. m.ruM!'f by 00II_ 
eidering tbe raUI.t which ~ momentum Ie ~nl ont 
of the region. II M.1a tbe momellton tll& body, the eqUitiOG 
few UII& motion 01 the R<lid ia 

- M. +)1' (zdz + ,dy) _ r p (w: - .,) (.of, - """'), 
o . 0 

and benoe 

Ji. - - 'I' fc( .· + vO) tZ" + ,d,) - pI.,("" - .,) (.dy - " "") 

- - '1' f 1(.' - vO) (Z" - ,01,) + b" trJ.o: + .,d,lI· 
. 0 D., 

r ('{j;\'I,,* -J (.'-vO - ~i"') (z + ;,)("" + ;cI'l, . ., i J c 
and I"'" J"H.I part of lbil integral ia ideoti<rai wit h the ill~ 
",hioh ooou ... in tbe «I"~ for M ,. HeQOII 

H. - - lPR r (~. %dz . 
. 0 



.. vBR a •• OrOII.1 1I' rwo DI1I4., l oBe ,~. 

on-in~ UP' : '001 fIN the 1_ &lid moment aboII~ 
lbe origin ,,", .. .tid for &Dy Dum~. 01 bodiN eoolOllKl within 
the curq a aod may be ..... h ... · ..! for .... r llim ple "lUTe 
IIW'TOUnding tho bodiN. Eapl'NJill8 tbt !lqu,,", of tOe 
dHfe"""uAi of l be pote<>tial fUMtiOO .. the I!IeriN 

(
d!\' • A. A, 
;1;:, - ... ·+ 7+ %. + ... 

for large val ... 01., th .. v&Iutlf 01 the integn.lo become at on"" 
X - iY .. 'pi {: .... JI,I __ .. pA , 

and M . .. - 'pH (2 ... .11,) .. - "PR (iA,) . 
.. m.y be .. ,,"lied by choo.ing .. the <lurn C • circle of 
large radjWl with ""om .. ~ 111ft origin of coord;n."" In 
I~ IiD.I npn!lBiow., the .,.".,tfic;.,otl A, &Dd A, will be 
oomplu <tu.&ntiu.. in ~~ ..,d 110 E , Y &lid II. will all 
h ..... finitcl yail>el. 

1·2. LOjI " .... _"'"' of .... fHro/oil. 
to onl". 10 apply t.hia method 01 caIcuI.tioo 10 &D wro. 

foil .. ~h 10M t.m derived from .. circle by the conformal 
U .. l>IformatiOll , _ I (oj. it ;. _ J'", io t.he Iinrt pi .... to 
dolc>nnine the potential function of the How put 1M cil'cle. 
In tho ~nenJ ..... tbe origin 01 ooordinat ... 0 is cb..-n at 

the III!lIkoid of tbe ....... 01 ~ and the oin:1e end .... all t he . .. 

• 



.. 
...,..,. except ODe within it. rireumferenoe, Tbe rf!ma.in.ing 
zero B liN on the cilCumf~l bIMM of the ciJcle UId ;1 ! ....... , 
formed in to the tniling fldge of the -.:ioi/. The real am ill 
eM " LOpa.- through the pointB, whOlll_plea OOOrdiOl1.4l 
10 then taken to be 2 _ - e. The cll'\!1e will be -.umed lO be 
01 rsdi ..... and to lI ... e iUl cent"" at the point 

1 __ 1+ .... " _ ....... 

&II indicated In the figure. 
Now IUPIX*' that the undilltutbod flow .to of "otooley Y 

ioolined .t angle .. to the negative direction of tbe real l.iA. 
and that the circulation K ill 0110lIl11 in .ooof'd....,.. wit h 
J ou!to .... Id·. hypol"""'- (_ 11-31) too be lucll thlt the I'OW' 

' t.agnl'ion point of the How 0tlCUI'S .. t !.be point B of the 
circlo. In!erml of the oomplu DOOm;""e~, with origin It 
the oentl'e of the circle and real aDa oppoilM to the direction 
of the ' lrMm Y, the potential (""ciloo of tbe lIow put I .... 
circle iI(from !i'3I) 

... __ 1' z'+- _ _ ' _ _ 
( " J iKI' 

... : .. ""I!i II • 

and the ooonlinate of B ilI~' _ - "" "'''. 
Yo. thll flow 

... ( " J OK di'-- V 1 - . " -22"' 

and the ciroulation K m ... t be o:h!lumlned 110 that thi. u­
prDMioo .. ...uMlee at tbe ltagnatioll ,lOint D. FI enOll 

Y (I _ 1' '' '''')1_ oK , - II', jIj, ,-
which leW to the ... 1..., of the w.:ulation 

K _ ..... V.oin (.< + Il ). 

7·21. The aerofoil ill derived ftOal 1M circle byl.bo rene...! 
oonlormoU tnMf6nllation 

, .. . + "> +;+ ... . , , 
wile", &.be ooetllcienl8 .... complM ;n &,!Denl. T o d etoonnine 
t ile ' oroe on tile o.erofoil. ;t is r... m.y to obl.aln lhe ToUlJtI 



.. 
,-ol 'lr for tbe lIow. 

lha eq""ioa %' _ (~ - -") ro, 
~ d.J lk'fk 
cI{ - d?' <li" • 2{ 

(_V+ Y~_~,) ... 
- ( l _ ~ _~ _ ... ) 

la . 

SlIbOItltlltiQg for " In toena 01. and expandina In dE It'"nd;ng 
poWt .. oil, tb.i, uprw!on beoomee 

4~ 'KI ( iK )' ill-- Y·" - h ,.+ CI·V ... .. _ a,VI .. - i .. -" %1+"" 

from _bleh It followl that 

.... ~ (
4",0 .d, A, 
",/- ..t·+ 7+ ~·+ ···' 

..t. - VY'-, 

A • • H'Kr-• • 
A, _ 14, V ..... _ "".y. + iY : ... rio." _ ::.: . 

; ·U. The geM ... ' expftlUion rOT the IM'OI! on • bodynow' 
,hili for tbe r.erofoil 

Z - ;Y - j';f.(~' '" 

- jp;J,(~'il" 
- lPtf(l(A.+ ~. + ~ + ... )(1 - ~ - ... )"" 
_ jpi (t...:..4 ,) • 

.l _i Y __ YVg,", 

{
X _ ,VK .""', 
Y . pYK oo ... , 



so 
which ... the OODllo:ow-'1a of • f_ pVK a t rigbt N1g1M to 
tbe ItrNoID V. Tb ... t.be aeroloil e.rperiencellimp/y.lift 10ItIIt 

L .. , J1 K _ hap '" .oi.D (& + " . 
7·13. The molDeD! of the lift f_ .bout lbe origin of 

ooordiJWeI ~ dewmlned .. 

JI, - _I,. uti' '" 
.. - fpR .fo{'fi;)'(u ~ + i: + ... )( I - ~ - ... ),Q 
.. - .pR fo(.-Io + 4' + ~.! + ... )(1 - ~ - ... ) lot. 
.. - iPR (1"';14,1. 

to tbat N. '- tbe lmagin. "Y part. 01 "I'A,- No .. pat 
a, .. bOo"" 

ill the "'~Oll f~ A" ....I. the ... 1 ... 01 JI,1>eeome. 
AI, .. 2or~'PY' eill ! (a + y) +, 11K .. _ ( .. + Ij. 

'I'ba 61prFF ' 00 repraenla the momell! "bo\It the origin 
of """,,.woatM, and the Dlo~t abollt the _ t ... of the eUcle 
e&rI be derind at.,...,. .. 

N . .. M. - L!o. COlI (a + a) 

.. \!.b'p YO " n 2 (Il + y). 

Tba "alUII of tlilil momeut dependa on t ile ... 1..., of the 
oomples ooeffioien t II, In the tnnsform.llon formul" which 
dellne. , In tenn& of I . The lift 10f'00 " ... i" ., tbe &njj:1 .. 
of i~ - ~ u>d t he moment IbeD b .. tbe ... 1 .. 

X, .. 2.b', Y·.oi.D 2 (y - fil. 
II the AoIIrofoil '- to have" ""notant pa.itlon 01 tbe oentnl of 
~. I.e. if the line of -.ction of the lift f_ aI ... ,. 
p'9' 11 Ihrotagb ,,~te poiot, it ill 117 iI '''' that tllia 
111.,....,,,1 IIhouId be vro. He .. "" tbe _ r, !t']' aa.d ...r&a"", 
oondltion for " ......w.o! pDIIiUoa of the ""Ot... of ..,-_ 
of lUI MrOfoil I, that fJ .. y. or thAt the ooefllcioetl ' '" of tM 
oonformiU Innaformatioo ,honld be of 1M form '" _ l1'ww. 



.. [ru . 

1·24, Tbo geDMSl. upl'Nllion. for the lift and momeut 
..wDe u p,," I ....... 1011" the J oukowalti ..etofaiJ. whieh ILnI 

Ikrind by Ill.· ... of !.be _formal t"""ontI.atioo 

" c- % + 'j"' 
10'01" ~oU. of small camber and tbiek_, the chord ;. 
approllmatdy oqu..t to '" aDd the lift _flloieot may tbftre.. 
ton be tabn .. 

Thl. form i. at.o ... lid for tbe majority of HroloiJ. which an! 

not of the Jouko ... 1d typ6 (_ al.o 7'3) WId ;1 aoofl=..d by 
U", eJperimen!.a1 nidenoo "".il. ble. The theoretlolll fII~ of 
t .... OU"" of lih ooelllcient -vinl! angle of inoidenoe ;. .. ~ 
..... i ... or o-OM per d<gt (l6, but the avery Ilope determiDed 
uperiment&lly ill olightly 1_ tlLan thi.o ... 1 .... , d"" to de­
pNt\ll'e of the 60" from the id...J. form. &nd " tIope 01 3 per 
nodi ... uri be ~.m.d ... the normal Tal .... f .... " good aerofoil . 

In th6 J o .... owski transformation tbe ooelI'Ic:ient ...... tho 
""ue c' &nd the moment about tbe cenue 01 the circle ill 

)I, _ !~"}l1 liill 1.0. 

Tbe moment round the leading edge 01 the ..,""oil ill to " 
"e"" dOlO appro1imation 

JI _ JI, - kl.., 

and to derive I.b OOTTI!8pondinll ooeffioient it I, .umcl",,!I, 
ao<lllnUl to ~Iect the .... aU difJerenoein m"!!"itude bet_ 
o Uld c. Henoe 

• • .\; .. - i" - '2 (a + ,8) 

--i.8 - ~j,L ' 
Thi, formuJ. at.o 11M been fuDy oonfinn«l by experimental 
... u1q and in ,.Daw the moment OO"lIlaieot of au aerofoll 
ean be u p" ! ."tb good ....,......,,. .. 

k. _ k., - l,tL. 
-here.t.. ill the mOlMDt OOIPfficiMlt at ~!ih. The poei!>oa 
of the .... tre of preM<lR." a fn.ctioo oI!he cbord _~ 
from tbe J. .. ding edge of!he aerofoiJ. iA obtai'" by diTiding 



' "J " 
I .... IIlOIMJII ooefI'icifmt by the lih -,fficient, ....t It follow. 
t .... t .. large Talue 01 k ... impliel .. nlpid 1D0000elDflllt of the 
centre 01 prE mire. Al80 if k ... i. "'1'0, the ~oiI lIN .. 
OOCiR&Dt .,.DInI of pi \U'e at .. di"·_ of II_quart.,.. ol 
tile eboni from lbe leading~. 

'·S. TM .. a~ofU. 

The ~inll analysit de~""inM the lift and 1II000ent 
on any Mrofoil .. """ the conformal t....,dorm.tion. by m ....... 
of which tho ..,rofoil ia deriTfld from .. cirole, I. known. liOn! 
g.:onerally , h""",yer, lb .. . hap" of I"" ~oil i. known but 
the d,,~nuilU\ti on of the appropriate WIl'"",,aI transforma­
t ion ill of ooNide ... ble diffi culty. A mf>thod of toI.ing lhiII 
problem In the CMe of .. thin ..,rofoil b ... been foi opooooJ by 
lI unJr.- , 111ft ..,rofoil ill rep!""'" by the oW"t'ed line which ill 
the III ..... 01 the upper and l~r llUrl_, and tllLl curve ill 
repnIed ........ alI deri.tioo from allnight line. A more 
ooo."uient method , however, i.I WI introdl>Oed by Dim_ 
bawat ..od lhe following anal,... ill the "",wi of .ppl";"" 
!.he ..... tbod of Fourier RIi .. to BimM"m'. _ptioo 01 the 
aeroloil problem. 

1,."''' the ori&in oJ. CIOO!'dina.te."" t be 181di", edge oi l"" 

, 

• 
o 

, 
• ~o , ,,01 .. , of 1.IWo wlIIc '[' " ' ZE .. /0' 11 0 .1 , Ifl, 1m. I!oo .... 

H. Of, -.. .. A" bLJ""bIa' w'h.~ .JI,'lo. ltt<I , 
t "1)60 ",,' '\0 WIo ...... • ...... Hi.IIoaI.teI .. r R . ........... . _ 

PI oblo • <lor Tnctllpl.b Ie ... •• LiM M. 1m. 



.. [~ . 

..,rofoil, wit h tbe &Ii, of :0: backwud. aIOIIJ the ebord ..,d, 
tb& .w. of ,. Up'II'.m... and ...... ·i<ler the 80. _bea the aerUoiI 
Ia in • __ of ..... Iocity Y inclined at a .... .u ... p II to t be 
cboro. The", will be ...... uI.tion K round \be aerofoil, 
00i l66pondill( to • diMribution of 1'onidty along !.be alll'face 
of the aeroloil . LM lib be tbe "onlcl.t,., the e1emlMlt Q of 
the -.,toil,.a that 

K - 1:!-h. 

In fldimali"& t be v~tocity ~ld of this.y.tem of yortiolty, 
the .Tlprorim.~on.,.;11 be made t il&!. Iho yorticlty i"lIi t uated 
on the chord of the a.erofoil,.nd then tbe ind~ ..... 1.,.,;ly at 
the point z' of tbe aerofoil i. determined .. 

J
' to • 

.. (z') _ Q ( " , • • ~ .. 2;-,.-

'J'hl. Indueed ""IOOly ill calcul.u.d for. point 011 the chord 
hilt mr., be taken to be the ........ tbe ind..-l nIocity&t 
the ~pooding point of lbe aorofoil i*lf. Tho ~tion 
of the reIlIItant velocity adi_t to the foerOfoiJ mIMI .... 
puallel to , .... al1ff ..... and 110 at each point ollbe ... rofoll . " lI +l' - o'Z ' 

Tbete equ.tiolll IInI lufficient to pro'tide • complete 
.mulion 01. tbe problem in term. of the Ih.pe of tbe clll'nd 
Ii .... whlcll"'p reeenl<tl the ..,ro' oil. The ..,.o.l,... ill tbe general 
c .... depondlo on the introduct ion of • ...,'" coordinate 8 for 
polnU of the aerofoil, defined bylbe relationship 

"' - lc(I- ..... 8), 
80 that 8 variel [rom 0 to" along th .. ~hGrd of the aerolGiI. 
It;. then .... umod that the vorticity.l: may be e:rpr,'m:l N 

tbe K riell 

.1: ... 2Y {A.oot i8 + ¥ .-t.IIi" 118} , 

cw .l:d.o: ... eV {A. (I + _11 + ~ A.llin 11811i .. , } "" 

... he .. the lint ~rm ~Preeetlr. the ¥ortici ty ... hich GCC:un 
wi tll a ... raight line aerofoil and l he ooefficlenr. of tbe sine 
.en. depend 1>11 t .... aha .. of t be ... rvfoil. 



m ] .. 
The lift f_ -.-I t be __ t .boa~ t.be I*.i lll edr 01 

tbe urofoil CM burp' damP/t ill "' ..... 01 Lbe_mcieft~ 
01 thilillel 'M Tho lilt foroe iI 

L .. f:pV.tcb 
.. J;rp Y' {A. (I + .,.,. II + f A.1In III oi.n,} <If 

.. ""P I" (A. + lAo), 

Ii";"g '" tift ooefIleic,,1 

t , .. .. (<4 + lA,). 

Simil..ny t be mOlD"lI t .. 00111 tbe leading ed.r i& 

11 .. - J:,. Vb.".. 

... -J; fc'P "· {A.(I- ..... ,) + fAo ... "'(lia.- '.DfII}'" 

... - i ~" V'(A. + A, - iAJ, 

giri", '" mooneR! roelllcient 

t,. -- i(A.+ A,- IA,1 

.. i (A, - All - It:.. 

'l"MM u p' ! :"0I1lI _tail> only the II .. , tlutte ooefIIoIenl<l of 
I.be .. ne. lor tbe yorticity, aad tho "'!D.uning ooefficlenl<l 
_ ,,,,pond 100.,,' ''''' 1.0 change. ill tho lbape 01 tbe ..,roIoil 
whlcb han DO clfee1. 00 1M lift loroe or m_t. 

Wit h the .. 1lIIN!Od .... II ... 01 u.. "orti<!ily. the iIId ........ 
~11 at !.be poUlt'" or I' 01 lobo ..,roloil J. 

(") vr" A.( I + .,.,.1) + ,l:A . COOI(. - 1)' - _(,,+ " 11 
" ... - - , tlI 

.. • «IIf -COI' 

vi • I~ ' ';1I (,,+ I )I' - IIiIl (II - I,I') .. - ".+ .. n . ' Ai , , ~. 



.. 
oi_" J' 0lIl ot8 .u .om "I ,0011 - 0lIl' " ·lin 

[w. 

..00 the ;!>dUlled n10cityat the point'oIt"" aerofoil ir.llnaUy 
• • 
l' -- A.+~.A . _"'. 

The oono:tition Ib.t the flow ir. ~lItiai to the ,urfeoe of 
the -.t!roIoiI IP'" the ~l~ionahip 

d, • 
iii " " -.A. + 7 A. 001"'. 

And then the OOI'fficient. .d . are d&terminl!d from the wI'" 
of the aerol'oil by .. nl" .. ting tbe in~aJ. 

, r"d, a-A. __ - rl8, 
".1" • r"d, A. _ _ ....... ..,..'a. 
y . • <U 

Tbe det.ennina.t.ion of the Tallie 01 lIA(!b _ Bieient ;. not 
ilL "1 in geauaI. ""OC! it i. JlO"IibJe to obtaiD ample 
lap> "001 101' the lift {"""" and =omen! about tbe I-ding 
.0,., di~tly in t.el'Tll& of the llhape ol the ... roIoiI by meon_ 
01 the following two integrall: 

I l l .. -!J"' ." 
_1[. 

• • 

• - -:;(IO- A. - l.llo) . 

• 800 _ .. _ a/ "'pIW. 



VII) T ill ..... OFOI L Ill' rw o DU":UI01l8 

Tb ... ill ~. oIlbe t.o ill~ .. ""'" I'­
It. - _I .. +,.,. 
l_ - (I'- - i .. )- ~lt . 

" 

....t the dotennlnation oIlbe lift and moment -nlcient. 01 
Ill,. lhill a.erofoil hae been rtd......!. 10 the ""al~lon 01 lhe 
t.o ";mple Integr.1o .. and 1'-. 0Uld the _m~ient. ani of the 
_Iotm .. for ... JouJmwW a.erofoil (d. 7·t,). 

'·31. W~n tho ' onn of .... a.eroloil i, ... lIimp~ Ulal)'lical 
u p..-....,. lho ValUM of .. and I't eM be obtalned by di"",t 
Integration. An examp~ 01 oome inte.-t i. the aerofoil 
.. bole lorna II deli ...... by !.be equation 

~ - ~Hl -~)(l-Ai)· 
.hicb ~pl r~ "" a.erofoil ";th ~h CllI"Vatu", Iooruda 
lbe tn.ili"l ~.ben tbe ... alDe 01 ~ .... be,._ I and I . 
Oa integration tbe "al_ of " and ,.. Nt! 'oulld 10 be 

• " -i ..\ (' -3~) . 

.1: .. _ :...\ IH - 8) . 

Tb ... an aeroloil";tb OOIIet.I<It oentre of pl"tlliiU~ II obt-alned 
.. bm:! A h .. tbe n.lue ,. 

The e ... aluation of t.be jD~ in tbe general _ II beet 
performed by v-vhioal method, For thl. PlUp'" ·· t be 
integt · j· ...... up> i in Cut.,.;.an ooordinau. witb t be 
a.eroloil chord .. unit length. and the" 

.. - I'", (:r),u aDd ,.. _/ '",(:r)dr. •• • 
• 



.. 
Tho IIW1M!rical n.I .... of tI' fwoeu- at nit.ble pointt 
01 tbe &erofoil cbonl ..., givm in table • bdow. 

The determ.inatiOIl oJ. '" ill thi&m"'Der pi . 2 : OU BOdi1Ilcwty 
IliIlCl M/. (¥ ) ~ndo to uoro at. both end. of the .....oloil In 
genetal a1thOllgh I. (z) IAlq to ;nflllity. III the cue of Co , 
bow.u el, the ..... 1iCI of 111. (%) lIe .... ,..Uy tenrb to infinity at 
tb& tn.iling edge of the aerofoll, bl1~ tllll dilftoulty can be 
... oided by performiajj the graphical intfogration from the 
l~ng edge to the point % _ ()o9Jl; Md by HUm.ting the 
additional part. ... o.Iytia.Uy on t.bo _lUIlpUon tb.t thio lut 
.e.!tion of t.bo -.erofoil ie ,. stn!ght \lllll. Tbe additJooa! _. 
lribation to the nloo of .. can _ I, be . ho,", to be 2·gy', 
.-be .. Y ie the ordin .. te at the point z .. 0-911 . 

Tbi. t"-t.ieaJ method of deI_iN ... the angle of in­
cidenoe .nd moment ooefficient .t UfO lilt IM.d. to rwuJu 
.. bic:b are in d o. "81Ocment with HJ"'rimenlal deter=in • • 
tiDOl of 1M. qu-.ntitiee.. A Jligbt OCIorftICtion b NquiJ'fd ill 
makiae: t.m. ",,,,,,,.n- to all_ lilt 010 fMrl. tbat tbe theory 
_""" tbe ..,gle 01. incidtorlee from the IiIMl joining the 
leed in,1UId. tniIing edgwol. the ~oiI . • hile uperimetlW 
Yal_ ..... IIIW11ly gino relatin to the tangeat to the low .. r .urf_ of the -.erofoil. 

T. ble • . 

• I, (. ) f. (· ' • /, (. ) 10 (' ) .... .~ S·UI .M ,." • ~ , .• H 3 ~ ,~ "~, ... '- 28 .., .w HI ".n •• ,~ ,.~ OM '·M - I·eo •• OM on 'M , .. 
" .~ .~ ,« ~, . .. &. · toIl 

'on. TIM wi"" of "'- ;.'~",J 

J
" _oS 

1. _ , ~df . • COI _ COl 

The eyallWion of thil integral ""'lul_ lOme IIpeci.aI cano. 
~_ the denominator of the integtMd 1'...,iahel at tboo poillt 



m) Tin ••• orOI L IX TWO 01 ..... '1011'11 " , ... 01 tbB range 01 iD~OII. It ;. "« U'Y tiJemi()nl 
to obtain the ..... 1>0 01 fa by inWgrating from 0 k> I; _ oj 
..00 from (+ + .J to .. aDd by hking the limit ... wild. to 
~ro. 

eo..eiduiag fLnt, the "a11>O 01. 1 • • 

r
o-. d8 [ I ... i (. +I)J---

. • COl , __ ~ eo llio • loti ,ji" iI+-=l) • 

.. o:;~ , (1"Ilin 1+ - Ie' - loe.in ,.), 

j" _.118 .. [ I logllin i (6 + ;IJ ' 
H.COI II - _,I iii .. + sin [(8 - .1 .... ' 

.. iii! l' {log lin fc - Ioe: IIin (+ + loJ), 

-" 
a.!Id m0r'8 ~r.1ly if II > 1 

I I J'_(II+ IJI+ao. (II-I )9 , • 
.. ,+ 0-' - • COlli-COl, 

_J'h( .. !.~a8d8 
._8-_<1-

.. /;(200 .. 8+ :::!:'1)U 
_ 100.. 1. _ 

'Ibo toiutiOll. of thlll reclllftROe formula 
1" , - 2 _ +1, + 1,_ • .. 0, 

with the J.a.itial oonditiOlUl I ... 0 and I, ,, ., leed' to tbe 
fino! ..... , 

r" COl'" ~1 1. - • ...1.8 - ., . 
•• OOI _ COl,. lUI 



CHJ.PTEa , om 

VI SCOS ITY AND DRAG 

8·1. TINIinMJt;>/abl.ljlbodN. 
The t~ of the t..-o dimellllion-./ motion of .. perfeort. 

fluid h ... led to the d .. termi .... tio .. 01 the lift of ... .... rofoil 
by meMB 01 the .. um ption of .. cirouliltion of the 80w, but 
the l<)Iution ill iooomplete in aeven./ re.peclta. The conditions 
whlcb C"WIlI the cirouliltion to develop .. t the oommeneeme .. t 
of the motion have .. ot been Invll8Lig .. ted and the masnitudll 
of the ciroul&tion i. indetenninllt.e lI:loept in the _ of an 
.... rofoil with ... barp tn.i ling \!dgIe. Joukaw.Jtj '. bypotboSs 
t~ the uroul&tioo muat be .""h th.t the 80w 111& ..... the 
tniliI18 ~ OlDIoothly &lAo ""lw..... critio&l euminatioa. 
Finall" the theory 11M not indicated the exi.ltenoe of aD, 
dtac foroe on the &erofoil. 

To IInmlne tbeec problem. full, it ill M( : ' ry to depan. 
from the oi mple .... mption of • perfect 8uid and to deter­
mine the elJecta 01 the ~t, or internal friction, hut I0<I>O 

iplight into the drag of • body C&II be obtai Dlld without 
Introducing tin. e<)mplicmtioo. I .. dc .. elopi"8 UI<! theory of 
the lift fOl'Oll it .. .., conveni~pt to coneider t ho cl .... of boW. 
which givo • l.rge lift force '3 "1i . t.ed with .. relatinJy OlDIalI 
o1rag force, 1(1 that the latter might he neglected witbout 
modifying the _ uti&! conditions of tho problem. Simil .... l, 
In ou.mini .. s the dtac force it it convenient to conlider in 
the lint pl_ boWel of bluff form, 'Ylllmetri .. al I.bout tbe 
direction of motion, 110 that t he lift foroe it ECI'O ... d t he 
dRfl fwoe it l.a.rge . The motion will be .... med to p!'c.md 
in two dime"';001 .., befOl'l!. 

The .mplat form of bluJI body I, .. 8.t plato -*' rigbt 
... glM to t he genenJ. slre&m, which ill ropreeented in two 
dimenliOlli ..... line .1.8 of breadth • • The irrotatioaal flow 
of • perfect Auid petit this lilll! is IboWl! in flg_ .3, but tbiol 
type of 80w gi'lflOl lA!ro dr.g &nil i. u ...... tid&lliory &leo brcaWlll 
t ho fluid .. dodt, booomot illfinltcl alo ~bo odgo. 01 the plate. 



CH. "Ull VIlIOOSITY .l.I<D D • .l.O " 
All alU!matino type 0I1knr 1rU ,ullP"lted by Klrehholf aDd 
Helmholt& to OflII_ t~ difficultieo aud ~ repl'!lllODto!d. 
iii fill. 60. Cu.""" 
of di_tilnilly 
of ""oo;ty.", .. 
.umod to .pring 
from the pctnl.ll 
A and B and to 
paM dollr'tt , tfNfll 
eoolOOllng a de~. 
.aI~ region. Iii 
oonMqtlfll"lOe tbe 

'. 
• 
.------< 
• 

''---...- • 
pla te experiei"lCllll grw.t<!r p.-ure or< the li"Olit th Wl on the 
..,... f_, and then! Uo a drag force· 

D _ " .. bpY' .. 
_ ' .. pon.:U", to a drag coefticieQt 

• to - _ 0-•• . ... 
ThUI ... Jue 01 the dl1lfl coeffiCieDt ill approximately b&ll Utat 
oblaolDed from elperimeDta.! deierm;Pltlolli of the dl1lfl 01 I 

lilt pl .. l4I. but tbe oonoeptiOD thAt the flow breW .. wa,. froiD 
t he IUrf_ .. t t he edll'!" of the plal4l ill in -.ooordanoe witb 
f-.ot and oan be w.ed IS the b-.M. for developing a tbt(lry 01 
d .... 

8- 11 . V_oil, ph. 

The eurn. of dillooPtipoity of .elocity ..cA' and SB' which 
.priilg from the edgeo 01. the pl..uo &r'fI _ ptially VOI'ie.I 
a/leel.ll (d. 4·:!5) and m .. y be ~ved ... a &IIOC""OII 01 
point . om cee whicb "", ... rolIe-r bowiDp bot~ the dead · 
wat~r region and the geliUal lit......... Now a oiingle row of 
equal poillt .on.icee eYeuly ' pNM alonll .. l!.nigbt line can 
be obown to be ullIi.AbIe. I .. lbe equilibrium pcMIition all lhe 
votticee wiU be .. t .... , . IIinoe tbe ind~ n10city compo­
De111.11 .. tauy VClUJ< d ue to bro 1'Orticee at equal distaucee on 

• So. lAmb, U,-I __ -,-iu. 171. 



.. 
• 
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• • 
".n. 

• 

[~ 

• < 

"""';TfII • sm,1l dlIpI""'!TWIt (~, , I It will erperience the 
lDduced fllocity OOlllpooen~ 

K · 1 • _ _ _ 1: 

l!". _" ("" _ z)' + ," 
K " lIa _ z 

.... - 2tr ::. (100 - z)1 + r" 
.,here K .. the Il ..... gt.b of e.cb "0110.1; , .. fa !.boo dilI'erwe 
between _ : , ,"" yortioeoI ...d tho IwnmlUON ert.l:oo onr 
all hltegral val"", of. other t.b&o UII'\I. POI''' ..... Il diIItw-b­
_ IN ""prMlliOOI may be ..,p1MW1 by lbe ~prorim ... 

"~ 

"'( ' J •• v _ _ _ :& _ 1+ - __ ,K_. 
t",_ .. _ l1li .. ' 

He_ the equations 01 motion of the potot vorte. 
oonaIderr.tioo .... 

.... d \>II elimioatine; r 

... 
1i + Ar - O, 

t + .1.0: _ 0, 

The .oI1It.i1>ll of thUI d.i~liaI eq ... tioa II 

,.. .. As" + & -", 
wlLkh ",~DtI .... tmetlble motion, _ _ t he firlt tenD 

lOCh · lndefiDitdy wil.h the time and the .. anu: depart.I 
more and mOft from iUl "'luilibrilUl1 pOIil;on. 

Tbe OODditi_ behind. blnll' body .... more comphoa: 1lin0ll 



~l 

tben ""_0 YCJI1,e:r ro .... , WId inorder to diec_ the m bility 
l ull,. it u. Df'lr ""y to gin .. NDoJl ru.tur""_ to eub 01 the 
TorUoe.. FlU' be- .. . A 
hind tboo body the i A

, /I ,.... Ii • J • 

.. ~ mutt lie ,,_ : . 
on t wo ttmigbt .. ' 
lil1ell panUel to S) t!I .. 
the 8"""~ diftIG- 8, fi t 
tion of mouo .. , Ill· &II. 

and it ..... eNi.ly be . hoom that tile", ate only t .. o pcwible 
configuration.. In ordu th.t the Yortioel may mtaln thei r 
poIition. (Wl the h'Q pr.no.l .... H ...... lhe iDduoed velocity at 
any yortu mUll be paI"IIllI!l to the 1m... 'l'hU oonditlOil I • 
.. tillf\ed if any TorteZ B, of 0 1>11 row u. exactly oppclllite .. 
yorteI A, of the other row, or if it ia opJlOlliI.e the mid ·point 
bet ....... two .. onic::a A, aDd ..t. of lbe otber row; e.eb 
YO!1eI will IMII uperien.eo lbe _e iDdIXlfld Tftlocity II in 
t he ..,...., .bown In Iia. SoB. TWa velocity II to tbe TeIoo:ity of 
tbe vorUoN mati ... to the general m .. of lbe fluid. For 
any otberOOllflavnlioo the illdooed mOOty baa .. component 
normal to the .-onex f'O'Q and the oonfl(utatiOD will not be 
maintailll'!d. 

The l iability 01 t~ two ~te_ b ... been enm.i n«l by 
Kurun u>d RubM"o, and it appeNII thAt the first 00lI­
figuration with the .. oniON in pe.i,. i.e -.ntirJ ly ..... tAble, 
but that lhe ee<>oDd oonfiguration with OIllemRlG .. onioee ;8 
,'-ble prorided the dia_ " be,wclfm the 1'0 .... and tho 
diitlUloC)8 A bet.nen Ill<." ' n 1'Qrti_ of ~b row are ~. 

L..ted by t be equ&tioo 
Iin.h .A _ I 

• • 
A _ o-t81a . 

• Ka<-. ~ (I""',,",,)h t .jc=_ ..... \\~x' ar' ' ..... bo." .... .....,...."'1"'. 'V 04, ........... ·· 0«1;_5.·H ...... III.I . K ..... OAd 
a.booo' .. (1'* ..... " ... h .. 1 ", ... dtoofl' ·V .... ....! Looh.U" • '_" 
"',.. U .. H jI. 111 ' 1. n.o.......J,..oo .. 11- b, LaM' H,,-., .... 
I'" 



.. VISOO&ITT ollfD D ... O [elf, 

K",-" _I.., _. The ''''''Dgtb K ai_II poi.n~ vones 
will be f'ued the .... ogt.h 01 the Itl'eet NId tbe diort&r>c. • 
betweeo tbe ron will be .."n..t the brMdtb 01. the ~""I . 
The ru,UQM" = ,."';ng f"« r, ' no vorticet 01 NlC:b row ill 
,. _ , aohl ultiplo of the breadth II . aad the iDdlIOOd 'fe/ode,. 
.. of eflCb of the ~ ill ginn by the equr.tion 

K _ 2v!G • . 

8- 12. 'l'MI_ drag. 
A fully d~nlop!ld Karman "oneJl ItftIet u;.t. far behind 

,. bluff body but tbllre muat be an inl4lnnedi&'" '!.age, fIho .... 

----- i • A, - , 
v, , 

• 
" I S .... __ 
I 

~---- • , 
"<M. 

by lbe brokta w- of fig. 69, <!OIlDeI!tillfl the body aad the 
.. ortell atlwL. All the 6_ proem: .. , the Torti_ p-.. do'II'Q 
Itn! ..... witb the modi,. (V - 01) "' .... U"' to the body ADd 
new vortiorll nil .. ' be formed aIlem-aiy at the two llid .. of 
the body, which iA ;0 acoordance llitb the oboo&ro-ed 11_ 
JNWIt,. bluff body. The frequency .. ith whioh t~ vortioee &1'$ 

formed .t one edge 01 lbe body wiU be 

V- v / ---. • 
The form.tion oIlbeee Yonioeo, ooo,bined with the genenol 

pl"Nllure dW.ribution of the Row ptott"m,"_. d"" I _ _ 
A K' 

D - ,11K fV - !.o);;: + ... bG ' 

aad 011 inoerUng 1M "alUM 01." ILIId K in It! ..... of IlIUWI .. , 
thi. ettulltioa beoom .. 

D_ .yV'{I'U (V) - H 2 (;)'1 , 
• Ranoa ... i<tc. oij. 



.. 
" 
n. d"'fl; ,_ d\le 10 1be ebeddinl 01 1'orticw from the 

IIidei cI. tbe body and tile '_.!.ion of .. KU'1Dan Tone. 
lueet wi1l boo oaUed tho J- drog, to dislillpilh It from the 
drag doe t.o tanpntial f.,...,.,. and aIciD frieUon on tbe .1Irl_ 
0( the body. K..."an'. theory .. ppean to be In _ daoce 
witb th6 ACltlial oonditiOlltoI8 ..... 1U1d II the val llf!Ol of II-.nd 
.. are de~nnined uperimentaDy tho eqU&t.i()o!' for the drag 
leodl to .. nlue in good agroemon t witb tllo ot-rTed drag • . 
T .... t~ry II, hOW'UDr, IDoomplme.."d further in-.tigatloo 
01 tbe lIow bet.reen the body .00. tile "Qrt ... 1ttea1. III I'll' 

quirM to determine lbe val ..... 01 .. and .\ tbeonrt.ioally. 
The form drag depend. <NI tho . btp" of tbe body. AI .. 

6f'1t roup appmrimation tbe drag ...... fBcieot may be taken 
lobo 1. K 

in .. 2-83~ "V .. 0.181 or' 
and to tlile ord .... 01 approximation the ..... ill a1mp.y pr0-

portional to the _gth of the .. oniON ... hioh ..,.. Ihod .t 
the 'IideI of the body. A body of bluff tonn, putienJ&rIy if 
it hu ~ edg,.lib .. Rat. plate. ""; L1 11hf1d Ihoog "ottioeo 
aod will ban .. Iwp form dng. bllt 101' .. body of "guod" 
wpe. ouch .... I)'mmetriQu aerofoil _tlon, the fonD drag 
appea,. t(I be neaJ.igibly lDIaJl &Dd the drag uperieooed II 
dllll mainly to tbe taugelltial force. or oklo frinUOD. 

8·'. Vi ... ily. 
All real hidl pc : the property 01 interual frictioo or 

";""';11 by rirt.1III of "hiclI tNlg&ntial .I..IT • m.y 0Cf;IUt 

at the ,w1_ (Ii ..,pantiOll of two adj&ollllt Auld ~Jemeil lol. 
on- t&IIpIltial .... WIl .... aero ... ben tbe Buid I. at _~. 
WId h~ general they depend 011 lbe relatift nlocit, 01 tbe 
adi~llt ll uid ele.meulol. The ';""';ty 01 a Buid ma, be 
defu>ed ooounientl, by COIIoIIidet'i1lfl !.be ttead, 1Il0tion u. 
layenllonoal to the &%it of II. The lAyer III Buid bet_ l be 
pl_IIW1d <II + dll) ..-ill iu.ft a n!ocity _ at all poinlol and . ""'-", ........ 



>0. vnC081TT Iolll) )) .... 0 [~. 

• will be .. fllJlCtion cI , only. Whea the fluid 1110" .. 
In t.ye ... ID tbi. 
lIIacnn.i~;'->d 

to be il) "' .. i....,. 
""" ... , '11M .,., 
lUi", Telocily 
of two adjaoen~ 

I.yen ill ~ 411 

and the taug..n. 
tiAl force .t the 
.urllOllof eep&A_ 

y 

0 _ _ ___ " 

'" tlon ;. ,. a, p!!. "., eo. 

u.nit ........ bmo ,.. ill the _~ 0/ .... ··.w • ..." of the thlid. 
~ d«inition of tho t&llgential foroo dllCl to 'ti1OOli~y ill bu!d 
on !.be _ption lbat the frictionaJ ,_ de.,..,...b on the 
relati .... ~Iocity of the ..:I.jM>ellt IIllid element. and iajlllli6ecj 
by tbe _llI1W)y of tbe .... alta whieh can be dedllCO!d f!'GIII it. 

\Vhen two ~11.y.m III fluid are mO'ring in the ..... e 
direction ..nth diffe~t veloeitie., the '0"'_ of "'~on 
I ... ~rte:t .beet ADd the elementary .. ortioe. of thil ~t 
.at &I roller bMriDp between the two J.)~ ... 01 the fluid. 
The tangenti.I . ' .... &1 the lud_ of llllpantion ill intilllr.tely 
re'.t.t!d to uu. "ortllJ: .lu!et Nld the wwk whicb mu.ot be 
done agailU!t tbe tangential ,t.roes Is rep.-nlOO by the 
d1.ipation of energy ... bleb ooc~ in the vorti..,., 

To oompLole the definition of the nature of .... llIOGu. Ouid 
It II Dec pe"ry to.> oomider the oonditi""" at .lIOIid bouDduy. 
The IIIOUon of the Buid over the .uri""" of .. body will COl' • 
• finite I~Dti ... f"""" on the onut'""" and it toiloWl thai. the 
la,w of lluid ilDDledi~1 in eonucl with tbe n.rf_ IIIUlI 
be ., tNt m.un t.o the 1W'f~, fot if t.hUo eo""ition ........ 

not ... ;'W ~ .....,ld ter>d to infinity -t tbe .lIff ... .ad the 

I&rIf!enu.! force would .tIoo lead to infinity 1lD1_ the 00-

IMIicient of friotion ""qen oolid ....t Iluid were indefinitely 
1lIII.Jl OOlllpioBd with o..~ between two Iluid I_yen" Tbia 



neOOelT1" ""D D ... O '" 
oondilion 01 I.M'D Ilip .t • toIid boundary ill oonllnued by 
nperimeDt &lid by !.be -=uraey aI. ta. l'NIIlt.t d .. 1>Oed from it . 

Tbe frictioII&I fame at tbe ,urf_ 01 -,....uon aI. two 

bid 1t.)'erI ln ..... ;D • • motion hu been de6.aed .. ,. ~ per 

• I" , . 
' y 

:----,,-.... , I" ("" ., n..\ p. dz I 'Y .yif 

~. 01. 

unit -. and ""'_ tbe fame 011. hid element of t~ 
dy and of _ 811OnD&1 to tbe am 01 y will be 

(a. ... ) a. ... ,. "'+a?d, 8-,.~8 _ ,. ~S"y, 

"'hid Ia,. ~ per _.:1...,,-. It Ia em_omary, boweur, to 

_ort in k-nIHo of tbe foroe P"t _.:I ..... of the llaid, &lid 
hence for the lamiu u 110'" UDder ~ 

'
a... a ... 

z._p~ _ ~aya' 

where ~" tbe _ftlclent of vjoooeity divid .. by lbe denaity 
01 the fluid and III called tbe I:iMlMlie Cbt!/fldalll{ '';OM.-Ny. 

8·tl. La",._ fJ.- 6a_fIal J"W'u. 
It illIO'" po.ibJo to determhM lIM lamia ... 110", bet",,,,,,, 

" I 
• , • 

--- - < 



'" VUJDOU TT £lID D .... O [00. 

two puaI.W ft» plat .. , wbleb illbo -.me .. the two dimen­
tional flo.". ill ,. ohannel bet ..... n 'wo pwalkl IC.nII&ht u­
AB and A'B'. The equation 01 motion oi llle hid iI 

a... 8, 
1'~ - iL:' 

wblob uprrnm the fac~ tM~ tho ~ ,_ m ... be 
baI--.i by the p"""'" difference OIl any 8uid element. 
The ffiooity .. ;" ,. function 01 the ooonIinr.te r and the 
P"*Uf'II" 01 the coordinat.! %. 

On iotqp1lti", the eq .... tion of motion 
>d, .. .. .. + I>r + t;..t. ,', 

and if tbe origin 0 iI e"'-n mid ... y between the two 
boUlldan.. whieb an at d,"._ IJo -I*" 

>d, 
. .. - fjiili(l'- ,'). 

The !lf FFF ore deere'S UDlformly Uonc the atfMm and the 
nloeity diiltributioo iI pan>boIio IIICn* the cb·nnel . Tbe 
me.D nlocity I" 01 the otft&m 11 dett!rmhwd by the equatioa 

' I' A'd, V- n _,,,d'-- 'l' iG' 
and horHJe .-iV(I - }.'). 

The friotlonal dr.g on length I and bTNdtb II 01 tho two 
"alii of lbe ohannel may be ... tim.ted from tile p_re 

gradiolnt.. ( ' 8 
D _ W -1 ~_3,.VI' 

_hero S 11 the " .... u...d " aurf_lbl. A1tematiftlly!.he dnfI: 
m.y be Mlimated di_lJy fro. tbe lancen t.ia.l ,_ on lbe .Ilri_ .. 

D _ I' (~).s, 
wbere the IUftl:t indicae.. that the ntue of ~ mUll bo I ' ken 



~'J 

At tbe bouDduy with d'1 ~ luto the Ouid. Now 

at. ~ 
~- - -1i'- ' 

("') IV ..00 he_ ;; ... -Ii ' 

w. 

",hioah I~ 10 tbe .......... val .... of tbe dr.g .. that which"N 
obtained from t.he p~Urt! gr-.d.ient. 

'U2. N.1MricoJ ",l!<NI, 

By '''''peetion of the formula(! for the rillOlOUI foroe on .. 
fluid element It II .... be .-n thAt the d imell.llOOI ollbe 1.0 
coeflloienu of vi""';ly ..... h!oIpedively 

I' ML-'T-', 
• L>1'-', 

....t in pAI'tiollW the kinematic _l5cient of 'filOOllity. hu 
the dimnei"". of. length multiplied by .. ~ty. I n the 
following table. the n1_ of I' .00 ...... Jiw.n III the 0 .0.11 • 

...... in the Britieh Engir : trilll!.,mlnl 01 mUt.. 
The ooelfl";"nt of TilOOllily,. 01 .. P' It independent of lbe 

",_U/'III and I .... ,, · wi th the tlMD~tu.re .orne.hAI. ,_ 
r&pidly th&n the iliaU" of the -iwl!u!.e temp'n.ture. 

T.ble 6, 
Val_ of ,. /01' ai, ' . 

T_-,""-+. p i - ''''''-,. )·11 x It)-< o-Ml.IO'"" .. I '!I .~. 

'" I -Ii ..., 
Wbe l.I..ie II the delllit,. ,. ill knoorn, the ... Iue of tbe kI .... m -- ~ cient of y'j""";ty • c.... be dedllOld at ~ from 
tAble, Ii_ . .. "" . The ... 1 .... of • fOt -.i. At the MMd.ud 
~ of 150 1I111! . 01 ""'""'l)' .... gino ill table S. WId in 
ge .... nJ the ... 1 .... of. It inldootly propoo1lonal to the p~ 
At .. p"en temp'ratlllll . 

• K.o,. 00Dd Loby. PI, T' " .M 0' 57' .... c ..... · ·,. 
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Table e. 

Valw" ~ ~ for IIi. ,., ... ...".,. "'0"_. 
T_ponw.. -- .-

•• .. U I ' d .10-< 

" .," ,." 
' 00 .~ ." 

Finally. Iho .... Iuee of the kiIMlmlltie ooeffi~t of y~ty ~ 
("r ... te. are gi~n in t.b~ 7 for oompa.rilon .. ith the 001'1"&­
. ponding nlu. for air. 

Tabl., 7. 

VtllllU oj ~ for....w. 

T_,.... ... _ ..... . ..... 
• 0 ~'" I·'" . 10"" 

• ~'" ' G 

" ~r3 ' '" " O{Il la ,·u .. 0-010 . ,~ .. .... .~ 

8-U . DO oorioN<Jl' 1M I.E "Y. 
In .. perfect Huid the ' 0"'" .-lUng on .. body b .. been 

UP' II d in tile form P _ J:pV,/', 

where,, ;1 the deMity of tbe fluid, V the "Iooit,)' of die body 
relalit''' 10 the lluid and i lOme Iypie&l length of the body. 
The _fliciC'n ~ J: iI D(ln-dimenaion.a.1 and dependo only on the 
. bape and atl.itude of l he body. ThiI form of npr '011 ill 
the tmly poIIIIible combination 01 lhe ,,,," lundamental 
paramew. ". V UId I which wi1I gin the di~OIII of " 
f_ and i~ can lherefon! be eet..bliab...:l";tbout ally ..,f~ 
10 the 80w pe~Wm past the body. 

In lbe _ of " vW:oWl 8 uld t he ... iI loll additiOD~ IN'I'1I­
mel.er, the kinematic roeftlcitnt of vi........;ty., which b .. tM 
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di ..... 'llion. of • leogth multiplied by • Teiocity. It ia 110" 

poIIIible to r_ the noo-dimeoojooal fuocUoa 

B _ ' V • • 
and tbe gellen.! e" •• ~_';·oD for the foroe 0 0 • bod, mud be 
tUen to be 

}' - 1(,. V'l'fC:). 
Tbia general e:rp,.oo lor the loroe f'IIlW,. the OOm!lClt 
dimenaio ... wh .. tner form ia giVl)n to t1M> fW\(ltioo f . 10 . 
JlI'rfect f1uld t he -mooeity ia ~ro .....t. the hlDilt.iilo .. um<lI 

the value 
/ ( ' ;) _ L 

Alto In t he 'P"'Cial ~ of lamin.ar flow OONidef'llld in 8-tl, 
the dtafI: fol"Oll .... ahown to be propottlooal to "VI aod 
bence the (unctioo I ia of the form 

Tho .,.., 
for t he foroe 

(IV) • 1 -;- - rv· 
ptooedw-e ia to f'IIlta.iu t be original uP"on 

}' _ tp I''l', 

and to I"I!pI"d tbe ooo-dimensiooaicoeffioieot J: .. a fo.mction 

01 t he oon-diOlenaional pammeter II' or N, .. hioh ia ...ned • 
the R~yrt(Il4' ,",mbv of the flow. If t he 10rQM are deter· 
ouo.«i on .. mil.,. bodiea of ditremut .i~, .. f~ uample on 
an aeroplane and i~ mooel in a wind tunnel, the OOf1'Npond· 
ing valUM of l be OOI'fficieot J: will not. have the __ val ... 
un'- the tt.W are made at tbe _ Reyoolda' oumber. 
Tbla OODrte ia uua.lly impolllible, Iinoe. h .. the.-me value 
ill both c_ while ' aod I' are both .... .ner io a wind 
1110",,1 than in free !light of &D aeropIaDO. Il ia nee ' 7 
tbenlOnl to ;nvMusate tbe vllritttlon of the coe/!ldellt J: 
with the Reynolds' oumber and to Mubliah , il poIII!ible, a 
-nood melhoo of u lrapoIatlllg from l he mooel to t he loU 
teale . Variation of the coeffioient k wilh the Reynolda' 
number ill Irnquentl, called ".,a1e efl'ec t ." 



". 
Fill. 63 abo.... the drag ooefficient oJ. • 1<NII aircnb.r 

oyiinder .... funetioD 01 the Rep>okU' number. The dns 
ooefticiellt;' deliDed by the equation 

D - l:ns"V', 

wbere 8 II tbe normal projected -. tbe prod""t of tbe 
I~ngth and diwnew of t be ~y~, and the Rcyuolda' 
DlIl1Ibe~ ill taUD to be 

.. be"" d it tbe dilomet.er of t.be oyUnder, Tbl& e:rlUllple Ibowl 

, . 
'1\ 

" " 
,. 0 

'0 "-
• , 

~ 

0, , , , 

that .1Iddm and important chan,.,. in tho drag coefficient 
of .. body m.,. oeeur ... the Rcynoldl' !lumber i ..... 7 • On 
t.be other iwId, ... riatiOM of thUo mae:nitodo U8 a.ot. uninreal 
and for m ... ,. In- of body, iDCIudill1l aerofoil lOCl.ion.. the 
dn& _mllieot ill fOllnd to tf!oo to " Iimitil\(l "NUll at aD 

NIl,. ~. The nri"uon 01 lbe ..... ooeflleient with in· 
ereuin8 Reynolcb' Dumber ii" ooiated with ..... riatiOll in 
the 11_ ptIlWrn, and an &bl"llpt ehange in tbe draa: ooefficien t 
imp!;' An abrupt cbange in the typo 01 !low pMt the body_ 
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The 11_ "'001 a attalght pipe of uniform eircw..- _tioc 

p~ &notlw uunple 01 !.be import&lll!e 01 the Reynold.' 
Q '"Q~. If ~ i.e the ndi.aI diataDoe 01 , cylindrical I.~ of 
fluid lrom the axil 01 the pipe and If ~ i. the coordin.at. 
meunnd along t.be axil, the ~gatiOll at modoc lor laminar 
80w will be 

Into:ograllllg W , equation and , .. rtilli t.be boundary oon· 
ditioo at 110 alip, t.be Te!ocity ie foomd to be 

"p .. __ _ ...- (o' _ r'j, 

"= 
when 0 i.e the ndi ... 01 tboo pipe. The mean uJooity po 01 the 
.~. 

and tbl. rsult Ia ~ to det.o.rmiDe t.be ......t1icient of Ti""';ty 
of alluid from the 01 ' ied ~ <imp lIMa" pipe. h ie 
lOWId by uperiment that the I·minullow ahno,..'·Ni .... 

i\.eelf In a pipe proTided tboo Reynold.' nWllber 0 " i.e __ ttLaD 
• 

l boo critical ..... tIe I UIO, bnt by.Difablo p...,,,utiona to ... <lid 
tutb~_ at tbe fluid entering the pipe !.be lami ...... flow 
may be OOIlu nued to far IP ...... v ...... of the Re,..""':l.' 
number. 
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Par IArp .,al_ 01 the Reyook'-' nlUllber lbe fI_ ;. 
tW'blllomt aDd the p,- uno gradient, d.edooed from .. large 
aumber of uperimento, tberl obeY' the empirical 1& ... 

" (.).". ili '" - 0-010 i1' "'"i ' 
The frictional dras oJ. ItIft ....-fMII U\ turbulent !low i, pro­
portional to V"", ccmtraAtinc wit h the _ of INI1inu 11_ 
wben i t ;' limply proportional to Y. 
~ empirical I ... for the tn.bulent lIow In .. eireul ... pipe 

hu been ....,.} by Kr.nnant to deduoe the la., of T.nation of 
n100ity witb <:U.t:.n08 from the .,.U of .. pipe. In ~neraI 
tbe.urf_ !....etlen~. i.e. the fOf'08 per unit_of the.Ilri_. 
mUM. be of the form 

.. - pV·J(R), 

wheno R b the RIoynold, ' nllJllber 01' fot the flow, and lbe 
• 

Yelodly IU. d jot.noe , ... 0" from , ... .. ..u ol the piP" m_ 

be of the form " ... I' F (~ , RI. 

2'0.,... the .. .n, bo.",u, the .. elociI1" eUl be ~ aleo 
In tenn. of P. r, )' aDd T i.Ddependenl.ly of .. and V, atId by 
oouaid,,1'inc the dimelllliont of the. p&r&malotn, the form of 

theYelooitymlMtbe "-;;(!J.n. 
Fi nally. by &qu&ting the t .. " ul'..-iona for the nl(lci ty" 
&lid by elimlnMing the BUrl""" t ...... tion T, an equatloo ill 
obtained D<.NlnCI:tiog the panmetetl R and '1 : 

; ('1R vI) ... "RI' (". RJ, 
In on.ie.- to obto;" .. .oIution 01 thi. pneral eqlltotiOIi 

I\..I.nn&o _ ........ Ow. the .. ~O('ily dl.ttribu tion Mlf'OIII !.be 
pi"" ~ inde.,....Dea t of the .. a1U8 of t he Roynold.' nU/Dber R 
for t boo """3'0 in which BlMIuo' empirioal I&w ~ .. aIid. 'l'ben 

• (~R vfl - .,RF ( ~), 

• 1l1wi ... %_''''rift / .. JloIi. .. Pi,.. 11108. 
f "0. ......... _ ..... """" .. R.M .... H %AJlJI. tllt l . r ... a 

...... ot ........ _I. _oJoo~(~·· _~.Ibe<U.Ic4E b ..... 
alE, ..... bI_ TvbUtu," %A1ItJl, 1m 
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.ad. -.- tbe ...u i~ it IUtlicieat to ret&in oaJy lbe Io .... t 
power 01 If in the upanoiON of tbe fullCUone # and F. U ....... 

("R ';/l'" a: 'IR,,-, 
• or Joe B 'I .... . 

BII~!.he empiricall .... ito 01 tbe fo .... 
fa: R-', 

• wid 10 fln.tJJy .. - 2-=-1' 

The ~loolty near the wall vari", ... r and the ..al"" of 
"..ariN with the empirieal value of ,t U fol1oQ! 

" _ I, i. 1:,0, 
,, - 1,',1,0. 

In laminu flow J: _ I IW:Id the velocity .. me. Iiooarlr with 
the dLot.anoe from the .. all. In the turbulent . Iate BIuiWl 
Ii"" 1_ J and the n loaty .. &ri ..... the 0"' ..... eDth pow ... 
of the dit_ frouI the ... alI. U!be"" .... of .I; ,leo .m 
flUther at higher ",oJ .... of tbe &eyu.oIda' Dllmber, then tbe 
",Ioal,. will rille IDOnI npidly ~ the wall, and in tbe IinUt 
_bell the ....t_ traction 7 ill proportional 10 ,. Y' limply 
(J: _ 0), the ",Iocit, iluniform ......,. the whole pi",,_ 

The law 01 ... riation of velocity Yith diotanoa from the 
...u b~nh down in lbe imlUedi .. t.. proxilDlty of the wall , 

llinoe It IlIggMt. an infinite .. alue of ~ ;l1lItOAd of Ihe true 

Brute Talue ; . Thl. w.:repancy iI due to the f~t tbat the 

fluid 1&)'1:" in immedi&t.. oont.ct witb the wall i ... h •• yo in 
lamilW" motion and tbat the empirical l •• for the turbulent 
110'11' appli8 only .. rac .. th," ODler boundary 01 tm.. Jaminu 
layer. Th.,. the eUrTe "G< ~ ohould be _pled down to 

t be poiD~ WMft ~ _ ; and abo\lld tbet> be c:ontioued to tbe 

origin by the t .... t to the curre. 

8-3. T"~epa.I""'D/"""'. 
Hithm.o the a mple J.min .... motion of "",-.. auld bu 

been COMiderod. and to dioc ... tbe more general typN of 
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motion it ill poe T , .,. to denlop the eq .... lioN ql motion 01. 
tbe Il llid. hi WO dimenIlIiou&I motiOlI the ~t1 01. the 
B.uid at- ...,,. poiD~ i& defined by it. oomponetltt " and • 
panlIel to ortJN.>gonal UN. Il!Id t~ Yeloci ly componeat.l 
mUlt .. tilt,. tbe "'luation of _tinuit,. (,H) 

'" .. ~+~ _ O. 

The ",Iooity component. II and " deli ... tbe nlocit.y ol 
the fluid element at the point (:c. )I) . Af~r. am.Jl jeten-a! 
of tlmo dl, !.be fluid element will be at the point (:e + .. Ill, 
y + "dI), .nd the oomponeot. of the ".,locity 01 tbe ftuid 
elemeot will the .. be I'OIpecti .. ely 

'" '" '" " + 'at <It + "" .. .u + a;: .. th, 

o. o. .. 
.. + "at til + &.tIt + ay"dI. 

In II perfect. auld tbe ooIy f_ a.cting on lbe duid t ie ....... ' 
II the ~ on ito bo:Mmdaty whleb hu the _pooentf 

' p " - ~% and - a:; 
per unit .. alum .. , aDd beM8 the oquationa 01 motOop of tho 
fllIld olemao! .... 

C. "" at. I a l' 
N +" ~ + "a.- - - ;; a,., , 
a.. a.. a.. 1 :1.. 
:i +tI ,,:;; +11 ~ - - p~. 

In • vMooIIS fluid tbe e1cmMt aIeo Upl'~1\CeI talli"otioJ. 
fornl'lOl on it. boundary, depending on It. motion reJatiT1l to 
tho adJ-"t flwd eJemeot.o, WId Mlditional tennl ~V .. and 
~V." " Ipeeti .... l,. ""'CIU' 011 the right-hand ....... of tbe oquatiOQll 
of motion. The deTelOpmellt of I~ elr~O"" from II .. 
priDcipl", will be foWKl in ... and.ud lut-book on hydro­
dyMmiw· IWd tbe lol101l'ing w.:u.i0ll ;. int.ellded only to 
i ndiCllIAI t be pb";cal m __ ing of tbe u ,," ! io<'1 . 

II " U: tbe nlocity component parallel 10 the om. of:l: " 

• It(- r...b, Hpl..J!i ' . : " •• ""pIa ll1, 
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tile polnt I.e. r). IMD tbe ClOI'TMpCIGding 'felocit1 oompooea~ 
at ... adj_t point is ... f." + ,,) m.y be "'lim" .. 

11' .. H (f~ + '1;p +Hf'~+ ~~ + 'IIii-) 
if bigber powen of f ADd 'I t.han the _00 are ignonId. The 
moen .... IIMI of IbM ~t1 component at the fout polnu. 

(z ± f,'±'11t. ' ( a'w a ... ) 
11' _ I<+! t'aii + ')'3ii ' 

ADd for .. cil'OulAr ring of point. .urrouoding tbe point (:11',,) 
tb. mN.n ..alUM of f' and '1'...., eqlUlJ. Thua 

. co,. a ... 
II - "';3ii+~ 

a< v .... 
But In tho INDin .... flow ooneid~red ill 8·! In de6n1ns tbe 
..uoou. ' 0I'0Il bet......" adj......" Buid .\em .... ta tbe ~Il 
DOlDpc>Mot ......... function of y only and tbe fOlCl!l 011 Wlit 
111_ of the fluid .. u loWMI to be 

,~ 

X - ~aro' 
Tht. fOl"QO d. penclo on the relatlYe motion of the IIdJ_nt 
flu.Jd .. Iemon", ... d !>elloe in the general. caM tbe ~ foroe 
per unit m_ of tho flllid m.y be upeoted 10 be 

.'r .. vV .... 

wllh .. oo" ,*pooding e:rpreMion for the oompooent .,....u. 1 
to u.o axil of ". 

The _ plate eqU.uOOll of 1'iIooo.o motiD" in two tli..rMn. 

a. a. a. !a" 
N+ OI 3i + ~~ - -;;& ... ~V"', 
as. a. at. 12 
iJi + " & + .. ~ .. -;;~ +.v .... 

and in .uad.y motion tbe termJo i and : IlRI .ero. The 

aoIution of t'- equr.t.iGM for the Oow put" body, .. , "",­
lurtace t be boundAry conditioa of no OII.ip III ... " .. 0) mlllt 
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be ,·,io6ed, pl'fRDta aim .. 1n'"perab1e dilllcvJ.l.i .. Uoep~ 
III • f .... 1p8Ci.rJ C' , ..,d, it;' ""(T" ", to ~op~IOme....,o,od 
ol.ppronm.tioa. The """,eptioa of . perfil"Ct hid u. b' l 
OD the fact. that tbe vi«<"ity of ,lIuid i1.m.1t and thAt the 
,.;....,... term. in1'ohing • are DfIIligible III compan.ou witb 
t he dyuamlo I<llml iD .. oIrin, the "'luate of the velocity. At 
t be Olber extreme it •• p<*ible to aonaidor .. IIIow .leady 
motion of .. Ti_ fluid in which the dynUIIICl u.rm. are 
nes\l3iblo in oomparilooo with the mooua ~l1IUI. The left.­
Iwld lJidel of the equation. of motion then diMppe.v, and 
on elimiu,tinfl the pl"e'JIute and oxp..-.l", l bo .. ..tocit,. 00111-
poIl(lDta ;n ~l1IUI of the lUND> fllD Cltion +, .lingle equation ill 
obtained : 

(" "J (" "J Vo; - hi+¥ aii+ ~' +_0. 
SDlutlon. of _ probJcom. ha .... bHo obtained 011 thi. bMi. 
but they .pply ooly to utnomely low .. e1ocitN.. Jd~ 
aenenJly an .pproximltioo is required ".hlch iDclwlM botb 
tbedynamio...,j t he vi_ ~rtnI bllt red ...,... tbe flI, .... t.iODl 
to I.lIimpler form. 

8-4. TAlbooo...wyl<lyat+ .,. 
Pr.ndtl', 'ppro:tipntion to lbe senenoJ equaliOfll of ...u..ou. 

motion- ill baaOO on the rid 1b.1 (.bro .. ieooeity of • thud ia 
emAIl ADd t hat it uerlB • noticeable "If..,." only where the 
vdocity i, changing fIIpidly from point to point. Now rapid 
eh~ of ntooity 000"" only in otoee prolimity 10 th~ ,urI_ of a body ... bere lbe velooity ...;... from Uto at the 
IlIr1o",,! to ita value in !lie geqel"llltrMm. and in ooneeqoonoa 
Prandtl'. ooooeplion of the problem I. that t.b6 ~ft",,~ of the 
ri..-ity ill important only In a nAm)W boWldary lapr 
wnolUldill& the aurface of the body and Ih~ the "';..-ity 
may be i3n0ftld In t.be I~ flWd OQuid., thillayer. In lhe 
bolllvl.,.,. ' aye>' U .. , nIocit,. of tbe fluid ri.- npldly f!'Om I0I'O 

to Ita vroluo in the free It..-m, ami h01lre1'n emall tho viI­
ootit,. may be the riIcoowI fon:oe main. ita importanoo in thiJI 
layer. 
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'l'u.mlDg now to tbe """,raJ "'IuaUona 01 Dlotioa .. Ilpplied 
to'! tbe botmdary I,,)"W, the ooordi...u '" will be _ umed to 
be meuwed alo"l. R.t aurf_.ad the quanlilie1:r, .. II.Dd 
J' .. ill be finite ... bile , and .. will be email 01 the onl6r • . 

In the 8M equation d. motioo ~ ie _..u compand 1rilb 
C ... __ -' ~_ . L __ 

"y .. ,,' t .... eqll.ltlon .-:um"" 

~ a.. a. l Op as. 
N + .. ~ + "ay - -,;& + . ~. 

where t he tut tern, ioo of tbe order ~ •. It. l. Im..u oornpared 
• 

1rith I', tile Jut lorm diMppean: and t be equation beoo ...... 
thlt of • perfect lluid. It. ie iN!" oomp&l'l!d -.ilb I', tile 
dyn..nic tel'llll i"volnng the "'IlULI"e 01 the "Jocily utt 
negligible and tbe "'IllAtion ia appropriat-el<l 'r~ry.Jow molion. 
lfOJ'e 8"ne • ..u,. • m\lSt be 01 the _ ord .... AI CO and the 
oniin-u. 01 tho boundary layer are then pro~ to 
,; .. 

The ...coud "'Illation 01 motion ~ to the "I)' a mple 
_wt I iJ,p 

0 _ -p~ . 
........ • 11 II>e other terml ...., emall in romparilon ";th thie 
P""""""' I<:'rm. Thi. equat ion &ho ... that the p""",,ure i. 
!ffUIOImitl«l n'mnally IIlf'Ough 1116 boundary I"yer without 
chAn&e "nd hence thlt tb .. p l'l'Olll1ll'e in l lul hmmtlary ]"yer i.e 
" function 01 tho ooordinate '" only. 

Tbe equHiOlll go",n,jng tbe 60w in the boundary layer 

..... n. a.. at. I Ill' a ... 
N 'h£+"~ - -pdi+~~ ' 

.. .. 
~ + 3i- O• 

1'beID "'Illation. han beeo denlopod for lhe nO'tr along • 
Bat IlIrf_, but the idellticlal form. caD be obI:aintd mo", 
",,,,,rally for. cllnoed .urf_ if the eoordi .... t(! ~ ia mea.\lft!d 
along tile .urf_ arwl ille eoordi .... ((! t' normal to It. 
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8-4 \ . ih9 OJ 0 JM pin" 
'Ill. boundary"'~ IIw>iJ hal been applied by H. BlMius· 

to tile determination ollhe IMlinar ao .. aIon,all&t plate &rid 
ol the ..... lIIting 
frictianal dng. 
MeNuring .bft 
coordlnate ;t ... 
I"", the piau. ~ 
from the lead· 

I' 
I 
I 

ing edie. the ..... ~. 
th;c~ olllle j -
bou.ndary l.ye.;o . hown to be proportional tQ V"nd th 

frictional dn& of botb .urf_ of .. plate of length ~ to be 

D - l '3~;jipq>V' 
per unit b~tb. ThUll 1M drag i. proportioaal to "' .. and 
the dn& oodllcieot of the Bat plate, rf'guded. .. lUI ....ofoil. it 

kD - 1'3!7 j iv' 
The thi<lk_ of lbe bound..,. I.p" cannot be d<!t.ermiDed 
utoeUy ... tbe 'relocity .. in lhe bound...,. layer t.ende 
uylllptolicaUy to tbe "elocity V of tbe free a'rum, but if 
the outer .... rf_ oJ. the l .. ye. [. defi lloo toy Ihe condition 
thl to ItM ';lIen to ..... lu e diJf~ri"g from V by IIOme ubitnry 
.mRU pe"",ntage, the thie]",_ of tl", boundary 1.Y'" may 
be laken to be 

Tho .... ]"" cl' _ 10' ~ m ...... the din.ion between the model 
and " r uU .cal." range lOT au ... roloil and with Ibil .. al"" the 
malrimllllt thick_ of the bound..,. 'a)oe. ;' (l-1)()(6e. 

BI",,"'" -oIlIlioo t Oi ... jlOI>Ch to l.o.minar flow .long tbe 
plate and .rill ~p..-nt tbe ..,tual. flow .~ low ... 1 ... III the 
lteynold.' Domber only. K ..... ""t h .. Obl.;rwI • lIOIut;<MI 

• " 0" ·,'=h ... 1eoo ia ..,. nil'oIla aI. kIoiMr Rei ....... z.;;.,Jw;j. / . 
JI..u. .. p.,.. IIiOe. 

I " Obo. 1 •• 1 . . ... I1Dd ."' .......... n ........... " ZAM M, 1a!1. 
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for the turbl.llent lIow.:long a lIat plate by anal)'lin& BluillA' 
empiriel.lla ... for the turbuloeDt 110 ... in a pipe (8-!4) and .... 
obl.aintd the dn.g ooe16oieDt 

"o - D-012(c;,r· 
nUl the dn.g ~ proportion.:110 p .... and the tbj~kD EFF of 
the bouOOuy laye. to~·. Karm .... •• -wt may be oompew 
with t he e:rperimenul determin.tion" 

( 
.... 

ko - (l.037~ ;V) , 
IUId ror the rani" 01. lhe eIpllriment. (R _ 3 >< 10" to' )( 10') 
the Dumerie.:l .... 1.- given ira tAbLe 8 oho ... good ..... menl .. 
The Dlimeric .. 1 y.:IueI giYeu by 81MiI>l' formula N"I added 
ICQ' oomparillon and .bo ... lbat t he eh .... p from lamin"" to 
lurb",",t flow oa_ .... ina . eee of drag. 

Table 8. 
Frid~ d""'l_~ of II ftIU pkIIt. 

o . J.1O)' o. f • 10' 

~-~ - -, -,- .... - - , 
B ...... .... ~" .... 

8·42. The bouooM'}' I .. ye. theory ...... &!to be ~ to 

:'~;.. ~': ee::gn:~:;o~ '~_:::::::::::::::~~'::~:_::-
the . ",{_ of a body 10" 
lorm ..., eddying .... ke. In .. 
l-tect,flWd lb"'trEE=~. 
l"i abo .... and below .. body 
unite belllnd the body ADd 
there it a .tI&JlatiOll paiDt S 
on the ,arf_. While P'Ming 
fl"l)m ..c 10 8 the n locityof 
l be fluid decre' U>d the p.-ure "",. IE Hr, and the IIgjd 

' 6 ' , ; ' .............. , .. ' .. '·.r ... · ·' 
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~'" 1018 pnoue -'lD' 10 foroiDI lheU ... y along the 
IUri_,...m.r. d. mao ";111 p.-ure. Wbea "'*'<I ... r...,cw 
-*' OOCW' in the bound.'Y layer tdj_~ to !.be ornrf ..... the 
lluid elemfl,tI ..m J..,., -e!k\lJ,J lIIore rapidly aod "-
will be bn.>Ujjbt 10 I'fI8t 

bel'orer-·cbi .... the point 
lJ,NId. rov ... I10 ... will 
... t; 1I f rom 8 towaro.'( 
... IndillAted in fig. 00. 
The ...."., p~ ... m 
occur 011 the 10""" ~ .... 
,_ of the body and 
tb ... ~wo 1Url_ of dis­

• 

• 

_tinult,. .. ill arQe, ....... mod i ll the IIdmholt.&·Kirohhoft' 
theoiy. 1"-.urf_ of dilOOOtinuity &r'e .. ",table and lead 
to t he de¥flopment 01 .. KfofftU,Q 'l'O/US Itn!et behind the 
bol,. 

The OMdition for the IIow to break __ , from I.be surf_ 
.. 'Emili"" wit h an ~ of ~ &lOBi the . urf"",. 
and for .. given pn.we w.tribution along the .uri .... it ill 
~bIe to ~w..te the point -.t. ... hl~b t.be lIow br l,h .... y 
by m:nN at the equation" of the bound...,. J.Y"r. Unfortu­
natel, it ill not l ulticiently accUra«! to _ume lhe pre.ure 
di.tribution given by the ""noel 8uld toIution, NId even 
wboll !he point. of origin of the IUrflOOlI of d1oaon tln uity 
hn. beoo determined, .. furtt.. r ady..- of the theory ia 
reqlli~ to determi .... the IU'ength .00 bre.dth of 1M 
..... m li'" "C>I'U!X Itree!. The problem 01 the form dratl of .. 
body t""ref.,..., .... mo.j04 to be .01.-..:1, altbo\l3h t.be theory 
indicr.teo. tho fonnl ioa 01 the ,uri...,. of djlOO'1t.inlli ty aod 
the hI..,.. 01 the final. TOrto!>< .1'-. 
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T HE BAs r s 01' AEROFOIL THEORY 

$0 1. The theory of the tift foroe ginn by an aeroIoil in 
two dimelllliM11 motion hail been d6Teioped by OO<IOIidering 
the ft ow 01 • perfect Auid go .. erned by J oulrowlki'. bypo­
t ....... t"-t t he ftow I ....... tho trailing ed,p of t he "'lrofoil 
Imoothly. H Lo I1(V "'}' now to e:lIlmi..., the rundament.J 
b.A6le of thl, theory .00 !.he e:ru.nt to wbloh the _ umed 
motion mJ""'lMlnt. tbe aciu.! conditio", whlob OOOlU r witb • 
.. ;.colli fluid. 

All mal. fluid. pClIE' the propmy 01 ""-Ity and the 
_ptioo of. perfect. fluid .t.ould be IlICh thai. it ' epceeu~ 
t l:i6llmiting coodit.iol1 of. fluid w"'-e ..uec.ity b.aoo t ..... e 
indefinitely . maU. Now it ill welllriiOOra that. Ibt limit of • 
fWlolltion If,.. ) ... ,.. t..oo. to zero ill DOt uec orr' tily equal to 
tbe .aI .... ol the fuootion wben,.. ill equal to JMO, and he_, 
to ubiAin the true conception of • perfeet fluid . it .. not 
tuffieient to _ume limply t bat !.he ~lIloient of vi.oolity 
Lo JMO. The vieooIity must be ... t·;nod in the equatione of 
motion and tbe lIow for. perfect fluid Ulun be obtained by 
making the vi..-ity indetlnitcly amall. 

11-2. Slop 010 lite botol<daty. 
The flnt point to be oonsidered i. the motion of tbe ftuid 

.t the lud_ 01 • body. In • villOOWO fluid tbe relatln 
nlodt,. .t the Iud..,., of • body ill ~ and tbe body ill 
",noundlld by. nurow bo ...... "ry layer in wbich the .. elooity 
ri_ rapidly from Ml'II to. finilo:! "allie. The tbkb 21 of l hill 
IoouDdary I.~" wblth;' ntially. ~on of .. orticity, i. 
proportJonaI tov~ and tendl to zero with thro vilCCMlity. Thwo 
in lbe limit tbe boomd...,. .. ~r beoo ..... "onu aheet 
8WTOllndillll the ... rf_ of the body and lhe ~ ol thlI 
.heet act M t be roller bearinp bet_ lhe nrf_ of the 
body and tbe gl'neral m ..... of t hro fluid. The _ umptioo of • 
perfect fluid wi th . "oriel: IIbeolt I Urf"l ... d inll t he I£'IIrf_ ol 
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the body lho!m.,.., repr.-Iltl the UmiLina ooudition of .. 
riIoo:mo hid .. ben the ,..;.w,,, t.enda to ZM'O • ..xt the 
ttrietoeooe of the vortu ahcet illlplle. lI\at. lhe perfect fhud 
eoIutioo need DOt • • 'iofy lbe "OIIdition ()I. ~ .up at the 
bound..".. If f it the velocity at the awfaoe in t he perle« 

• 
) , 

FIe. 81. 

8uk1 lO1ution , then the At,..,ngth of I he " onicily 01 the vortex 
.heet will heq per unit length. II thl. "orteJ: !heet '-_mod 
to IllITOu'ld the IUrl_ cI the body, !.he oonditioll of zero 
a1ip " t he boundary it u.tiAled, but the yelocity ri_ froID 
UI'O to the .. l"" q in paeoing Ihroqh lbe Indefinitely l.hln 
.. ortu 1IMet, and the conditions utemal 10 IIwI bollnduy 
11,J'ff .... idl!nl>e.Uy the .......... if the 'l'ortu ebeet ...... 
~ and the condition of &ero IIlip at t he bollnduy wm!I 

abuldoned. The IUm of lhe IItrengc.M of the vortiOO!tl eou!' 

poei"ll the vortex eheet iI equal to the m"",ill>de of lbe 
cinlUl.tion round the body in the pf'rf"Ot fluld lIOIu tion. 

The bounduy layer Ir&nI!milll the preMu", through i~lt 
IIOrmllly without alterat ion and Mnce the ""Iual pre." ... 
di-' ributlon on tho 8Urf""" W the body will be identioal with 
Ih., obt.ined from tbe perfect Ouid 101111100 by mune of 
BernoullJ'. equation. 

In pl'Ot'Cleding to the limit of zero 1'.0100II11 it ie neotnty 
to rew n the actual type of flow which OC!C\UW witb a n.ooUl 
fluld . ThUl in t be caM of a clroular eylilKler the fI_ break. 
a .. ay from 1M lII1Ifao::e in 1..-0 .. orteJ[ 'Me~ .. hich develop 
Into a Karman von.u. '~I and thi' Iype 01 110" mUll he 
retained in lhe limiting CUll. Tboo type of 0_ ~ in 
3-11, ... boore lhe 11_ pep .... ootbly to lhe rer.z- of the 
eyli nder, ill clearly ;n.dm;esiblfo and doe. not n!pn!llent eftD 
.... appro.rlm.tioo to t he act"a1 flo ... noept JK*ibly ""at the 
_ 01 the eyllnd~r (d. fig. 14). The poa;ition on the cylinder 



TKB B£8 18 or £B80rOIl. TIIIIOItT '" 
at ... hK:h the 110 ... bteab away from the ...n'aoe and tho 
nat ure of tho _ulti", Torte.>: ItrMt wID depend 011 tho 
lD.IIJDitude of tbe ";"""'Ii ly, but it"" tasily be _ tbat 
this cbanct«iatic of t ho 11_ cannot dieappear all t,", .... 
WIlily teod. to~. R..f~g to fill, n, .. ~ I,", . urfaoe 
of tbe body w auppe I' J to be . unoundtd by a yorlel[ _'-t, 
lhe VOriU element at P ball the ""Iocity Iq alOllll the aurfaoe 
(d. 4'34) and beDOe fluid elemenu in vQrtel[ motion ..... 
oontinually poMinll alOllll tho ."rf_ of the body from lront 
to~. Th_vom.1I elements munlta..., the body 'YOnlually 
.nd JIoMI'down It ream in a yortu WUtl whi~h ;' ttMl Kann ..... 
vorlel[ ,!root of too body. 'J'he breadtb and Itronlll h of Ihil 
vort"" ,tf'C'(!t will depend on the ,hope of the body, bllt in 
all "- it;' rt«tl!#ry to p_ume the ui,tenoo of a vortel< 
WUtl 01 uu. type. 

110'. J"'d, C'fU. A,.po"uo:.. 
Tho motiOll of • perf"" fluid put an l«Ofail Un be 

~rmino«l witb .... y arbitn:ry ",..,WatiOll of the flow round 
tho a.erofoil. bllt in tho deYelopment of tbe tbeofy the ci..,u­
I.tion rouM an ..,rofoil with a aIw-p tnJling edge Will 

determined by me&I\I of JOIlkOWlQ', hypothtU that the 
lIow m ..... l"-Te the tnJlinll «Ige lImootbiy. With anyothtr 
value cI. theci..,ulation the velooityol the fluid would ~me 
infinite at the trailing edge> and the flleOUI l oroll at thi. pci.nt 
eould not be nrgIe<lted even when the vi-'OOlity beeRm. 
indellnitely _all, 101' however I ma.ll a vahle "'ere "";gne!l 
to ~ it would always he poo!IIible to find • ...,pon ~l,- to tbe 
ttaililll edge 01 tho aeroloil where the product 01 ~ and tho 

me ol change of ""'locity ~ w .. luge. Heoee It loIloWi that 

the only perfect Illlid eolution which oa.n be res...ted ... the 
limit 01 the tme ~ fluid eolution ;. that which ... oid. 
an infinite Yelocity at the t.nilins edge. and this .alUtiM ;. 
de6~ by J oukowakrl bypotbelia. 

The ___ ption that the flllid velocit.y mUit be finite at 
all poinu ean he applied mono~,. .. a criterion of the 
validity of any perfect fluid .alution. nUl the lIow put a 
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line MO'l'ft in 6g. 43 ill clMrly lmpoeoible .. the limit of .. 
real ~ua ftllid eoIlition ... lbe ri __ I,. ~ to Kef'O. and 
lbe ~tuaJ. motion must be of the type wbe", lbe fI_ bl ' h 
& ... ,. fl"Olll the.urf ..... at the..oo. of tbe line (fig. /HI). 

The llI.,.,il" of the ";reulalion round N\ lWOfoil deter­
mined by Jou.kowUi'. bypotboSl ill not quite flC(:u.r.te,1Ii_ 
it igroOl'lll the infi"eooe of the "orIU ...... e which ill fOl'ftlfld 
bebind tbe .. roloil. The 8_ 011 lIMo under ... rf ..... of the 
aeroi'oil, along which the p,-uno dee..,'! 2 to1r.m. the 
tn.iling edge, will p&e8 continlK>Wlly to t be tnilliDg edge and 
lea", it IW",...,tbly, but tbe 11_ e)ll the uppoor 8UI1_, aIol18 
whioh the ~U.., illerene. towanl. t he trailing edse. will 
hreoJ< a.ay from tbe .uriace belo", I'MIlhing t he tralliDfi 
oodge to fOf'lll the upper boundAr')' of the Y01"lu w.ke. In 
C.'OI\IeQueMe the tnoe .,;:..,u1ation win be lliiJbtly w. tb ... 
that det.ermined by J oukawUi', hypot..... It .PJ)eWl, 
bOh.er, that ..,..",oa.. of good Ilhape at _aU ana:I'" of 
inclderooe "" .... aD e:rtremely .mlll form dn& (_ toll) and 
tbe yortex wake muat be too.. k and t(IO nanow to nert 
• ~uble .. Iftd on the ";1"C\I1.tlon. At t....., """'" of 
indoo:if,,,,,,,, the "one" wah ill more important 1Ii_ tbe ftow 
bnMb .... y from. tbe "pp" • ....-face of the a.erofoil at an 
"arlier _tap. JoukowUi'. hypoliIeU then hrMb dOWtl 
completely, the lift <"'" • to riN with tbe .ngls of tneid ....... 
• n<l UIe .erofoil ."..,heI it. oriti06l .ngle. 10 11m region lbe 
.erofoil I"-Y 0( eh .. pt ... Vll il no longer ",.lid , I .... &emfoil 
mullt be regl-rd..! l1li • bluR body ... <1 UIe mOlt important 
future of the Row jl the TortWl ....... s n.ther til." the 
cin:uJ.tion. 

In lbe ordinary ... oHing ~ 01 &D .erofail J oukonki'. 
bypotbsU ean be -t to determine the mognltude w the 
oircuJuion with good ..... uncy, Mel. t.h.ia deunnin.tiM iI 
independent 011 .... eDCI v.Jue oIlbe ,,;-*Iy, ... hicl! ..... 
mHaly '-tl .. umed to be orery .... ..n. H"""" no .PP'lidable 
ICI.Ie elf"'" oa. tbe lift 01 ... loef"Ofol1 iI to be ..,t.icipo.~ In 
thi • ..nee. On .p.,...,..,binc UIe " riti06l aogIe, bo.....,.er, tbe 
Row brMb ..... y from the uPJlftf .urf_ wlbe Mroloil to 
form • bn)fWi TortU ... rob, Mel. there m.y be ..., impol"tMt 



~J '" oealo effect. on the lift of the &eroColl _nee the Datll/'fl 01 the 
'rortClx WMe will depend 011 the Reyuolw ' ftllmbe. of the .... 

• ,. onv; .. of tM ein:toI4Iw... 
The Ph" by which the cireulalioB round an Mrof..,;.t 

demolops .. the ..uofoil nan. from ,. ~nUo oertain 
Ib~li~al dilllcul!ie., 1Ii_ thill proc: 7 7 ' II'l'Klld be lmJl<*ibl. 
in • perfell! Huld, and it ill "8";" !HI( . "'y to oo ..... der the 
Limiting condition .. the ~ty ~ to ~ro. At e:rt~_ly 
low I~ when the ..erofoiJ ill stllll1ing from ""'( the 

(. ) ... ~ 
ao .. De.., tbe trailing edp will be 01 t he type .no.... in 
fitI· 68(a). with altagneUon point 8 on t he upper ,uri_ at 
__ all dialarooe from t be tnili"ll eo;Ir. M tbe fonrNd 
",Ioci tyof the -.erofoil i",,~.,n, the ItI'MDl line. along t he 
under .urf_ .... DO looger able to turn mlltld the trailing 
edge owiog to the large TioIco ... foro. bronght into aetiOlll 
by the high "Ioelt)' l!I'dient,lhc flow b .... b away from lbe 
( ... iling odge. &lid • VorUlX ill formfld bet. · ... " the tr.ili"3 
eo.lge and the oM l tagMtion point S .. alun." b. Ilg. $3 (6). 
Wheo IlLi, ~ortc!x b .. dlm>loped to .. cortAln ItAffe,l t broaltl 
... ay from the ..erofail and p'EtI dowo . uw.m ib the .. ortex 
.... ke. N01I' the cirouJation rollDd any luge oonto .... A BCD 
(fig. ell) which " .rrounded the aerol'oil InitioJJy .... r.nd 

• 
/ , • , , , 

-' ..... 



'"~ TR •• "SU 01' .... 01'0n. TtllOIiT I~· 

IDU8t ftlmaln Ie/'O, ..00 .. cbi, oontoour includf!l the yOl'teJ: 
1: them m...t be .. circulation K rouDd the .nofoil whicb ie 
uaclly equal and oppolite to the cin;:u1-.tion round the 
yorif,J[ Il, In 1M oounI'Il of time tbe .. onu B P' ' b flU' 
down . ttNm .. !Mol'!! it can no Iooger infl llC!noe the flow ..... und 
t be aerofoil, and the aerofoil i. then io .leady motion witb 
,. drnulation of the tlow round it . 

The uiltence of the TorteI E in the early ,tap of the 
motion oan be verified e:lperimentally in .. TOry eimple 
manner "y dipping. flat pl_t" inlO w.ter and moYing it 
bri,kly In .. di""'ltion inclined at .. _mall angle to i~ I Urf.ce. 
If tho motOon d"vclopll gradually instead of imp"J~iy"ty, .. 
IltOCCWIlon of Yort ioel will be ,bed from the IfIliling f!dgo of 
the Mrofoil . but the p",viOllll ugumtnt ~m'; lII 1'&l id and 
the _"lting c;n:u1atioo round the aerofoil ;" '"'lila! in mas' 
nitlld a to lbe 111DI ol l he n ... 1lglbI of tile yoniCf!l wbleb hue 
left the ... rofoil . 

The gclleral magni t ude 01 1"" cin:ulation rourKI an aerofoil 
.. dcotermilM!d by the 8tn!tlgth of lbe Tortt..e. which _re 
, bed in the initial .t~ of the motion or at ally time wben 
t be '.-I or Ilttil ud .. ...... cbanged , but in .dditioo the 
magnitudo of the drnulation i.o aubjftct t() a .... &11 Huetualion . 
' l'he "orlich y 01 Ibe boundary aye. P' do,,", lIre-.m in a 
vortex .. ge ... hi~h dev~ll>pa intI>" Kannan "ortt'x I t.reet and 
t() mDintai n thie IYltem vol'll.,.,. 01 oppoeito llign .... , !wi 
alt<!matt'ly from tbe upper and lo"·cr aurfDCf!l 01 the ... roloil . 
Sinoe thoc ftUIl1 01 the cireulatioo round the ..,roloil and of the 
. lrength. of aU l he volti"", 01 the wue mlllt be uro, it 
10110,", th.t the circulation round the a.eroIoiI -ril l oecillate 
between the limit. K ± It, .. ben! K i.o I"" mDDll ft roulalion 
and 1: .. the .t ... nglb oI l be vonu Atn!et. ~·o. a good ..,rofoil 
eeeUon at • &mall angle 01 ir>eid<>_ l.he vortex "ue i. 
narrow and .,.eu, and the eirow.tion rou.OO the &erofoil is 
.tenably _tant, but ... the attitude 01 the ... roIoil .,.. 
p,,*,M. and purn it. cri tical angle lhe (II.c:iIJ.tion in the 
magnitude 01 the "'""lI.lion m.y beoome an important 
fraction 01 the II'IDIlI. circul.tion. 
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In deftIopina the theory of the til' of ton aerofoil, the drat!; 

"AI negIeort«I oompletely, and lild method i. jWltififd...,&ely 
by the f~' that the dng is 80 _aU • fl'lWltion of the lift 
thAt the lIlodifler.tion of the 80" uw ery to e:l"plain the 
dMlfl dON oot exert .. noticeable inll_ on the cbaraete ... 
;.u.,. ol l be 80w which deten:ninoo 1M lift. The method will 
ele&rly b>M.k doW'll DM!' the critical angle wh«oe the drag 
100"" .• rapidly .. 'Iring to the dtlnlopment of " .trong 
vorto wake, and aI.!.o ~ tbe angle of no lif~ where the lift 
and drag lin! of tho MIlle order of magnitude. SloOf! tho drag 
dependa on the vi8ooII.ty and vane. with the Roynolru.' 
number of tile 80 .. , 1IOI.l .. " lIeet on the lift mll)' be Intidpat«l 
in tbe ne;ghb<.>urhood both of no lift and of the critical angle, 

Tho d.ras 01 ow aerofoil in 'wodimeMiona! mOlkm iA ealled 
the JI'Ofik dmg, oi_ it der""i" _nti&lly on lbe .btpe of 
the aerofoil ..:tion or protile. The profile dng may be \IQIl­
IidMld in two pu1.I. the fonn dng • xi.tftI. with tbe vortex 
Iltreet I)"hlnd the aerofoil and I .... friotton.l dng on tbeaurfaoo 
of the Aft'Ofoil . A mUIlru'ement of the .-ure diMbution 
0"'" the .url_ of an aerofoil can be wed to delflmlioe the 
lilt and the form drag, bot tho frictional drat! cannot be 
determin"d by tlU. method . 

The profilo drag _ffioi~nt 01 • good Mrofoil ,-Uoo i. 
ut",me!y low, .00 the following t&ble giYeI the VaJUCI of 
tho minlmum profile drag coelllcientl of • few aerofoil 
IOCtlons lor tbe vaJue of the Reynoldll' number R _ 2·6 I< 101, 
.t _hioh the frictionaJ drll@: ooe:!!Iclent of allat plato i, 0-0068. 
In tbe _ of • tbin 8)'mlDf!tricailOCl loD, OI.It~n 443, • 
profile drill oooollloient .. 10"11' ... 0-0028 h .. been oblfoined 
at R _ 4 Ie )0', and thio val"", il only half tbe frietiooa! dNIfI: 

T.hIe 9. 
AIi,,; .. M .. profik drag ~. 
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_l'6cient 01 • Bat pIaU at the ,,_ Wile of the RoynoIda' 
nWDber. 

n-e. uperirat!QW nlue. j.,.tify the .... mptiOD, made ia 
deY1!lopi"ll th" tbeo", 01.., -moil, t lLat tbe drat! II n : g'igibly 
Im, 1I ClOIlIf'&"'d witb the lih 0""" !.be oniioary woH::i"3 raoge 
of inaid.""c.. It at.o appearl tIIu tbe profila dng ol an aero­
foil .eel.ioo may be 1_ t b.&n the frictional dr.g 01 • Hat 
pilote of the _0 chord. The form drag of the r.erofoil muat 
tMI'I"Of'II be ~t ... "",ly mlall and the erut...,.. of the .. ottu: 
.. gG ~n be ignond 'lfitb ....tely In determia.i.nc the Jmog' 
nitude of the circulation by Jouk ...... ki', hypotllNi • . 
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THE AEROFO IL IN THREE DUIENS I ONS 

1001. CO~ co"" ~~y. 
The .... 6.nition of lbe cirowation round a dOled eul"'l"f! in 

1"-0 dimellliollll (_ 4' 1) All the i"tegni of the tangential 
component of the veloc:ily round the ~iroulll1e_ of tbe 
eu" e ean be ulend."J at ont'll to the more 8"neral ~_ of 
motion In Ih_ dimerWORII by removillg the rNtrietion that 
tho ~utTe must lie In a oillgle plane. Alto by di. ldillg lUIy 
""'"'_ bounded by tbioo eurn into a nelwork by alltriee of 
illtelWCting linee it can be 6hown that the cireulation round 
t he ~urve II equal to the IUm of the cireulatiON round the 
elementary _ fOl"t!Mld by the Mtwork. 

The vorticily ofa Buid element in two dimelllional motion 
.... defined (_ 4'3) All t..nee the angul .... n Jocity of the 
Wlll{lllt. 'I'h.i. df,6.nitioo ;. reujrwl in the mOl"ll aeneral_ 
of three dimenlIional motion but the WI of rotation of the 
l aid .... ent may now point in lUIy directioo. By following 
the directkm of lbe uiI of rotati()l!. of lUOX! . ' ve ftuid clelllOnll! 
it ;. IK*ible to co",t",et a Clu"od line .. t..:. ~tion 
ooincidel.t enry point 01. i'" lengtb with the .1i.lIf rotation 
of the comoopondiDg Haid e!emClnt. Sueb a line i. Galled • 
DOrlez liM. 

The vorto .. : li,- ",hkh.- through 
!.be poi"'" of the cimumf_ of a 
Imall clo.ed OUI"'I"f! C will form the .urf_ 01 a «11hz '..be, ofwhkb the 
e ...... e C ioo a OI ( : ~on. If !u. i. 
tbe vorticity o.t thU: eectkm 01 the 
vortez tube and iltbe 1eCti0ll1l take" 
at nahl a.ng\eI t.o tho WI of the tube, 
lbe cirowl.llon K row><!. the eurve C 
will be equal to t..>S, t-be prod",,! of the vorticlly ..... the 
area of the "OWl eectiQII. If the eection i.e weo ItO that ill! 
nQrlOaI I, llII,lli ..."J at IUIgle 8 t.o the WI of lhe tube, the 



n, [~. 

r.tN. of the ""';011 ...m be iDc:r"E I to 8 _ I. but thoo 
OOtII~lIt of t he aogulu nlocity,bout the DOmIai to the 
_lion will be nldllCfd 10 ... _ ,. ~ t he circulatlon .. hiclI 
.. eqllal to 1";00 tbe product of ,baa two quanlitle.;. WI' 
all4!~. .u.o the cin:PlIUion round lUIy omaU CUM'" whieh 
Lieoo 00 the wrf_ of t he TOruIlI tube will be Ul'O, ei_ the 
componen t of the angular ",Iocily nomuw 10 the lurf_ of 
U~ lube ill -..tiaJJ, zero. 

U • Oiln'O of t.boe type abown In 
IIg. 11 hi dnWII OD the sutface of .. 
" olUX tube, the cin:ul&tioll round the 
Ou ..... will be .... ro. Nil'" if F (A8) 
donotee tbe noW' a10ug the curve AB, 
I !WI .....wI CAD be ~ ill the 
I_ 
F (PQR) + F eRR') + F (R'Q'P') 

+ F (P'P ) _ 0, 
1'Ic, 11. 

and wben PI" <lOiDcidel'rith RR' l iIU eqlllt.iOIi become. 
F (PQR) _ F (P'Q'R'), 

'howing tbat the circulation h .. lhe ...nO .. alUII for all 
c"'"'" cmbnocing the vorte.. tube. The .... 1..., of (lib cin:nia­
Lion II. .. ul)"') t.bo Itnoagth of the .. orte:.: tube. 

11)-1 1. The conception of . ' ilM 1'Orlu ill df.ri~ from Ihr.t 
01 • 'torn.x tuhe by making ,he &/"$& of C!'OM _tiOD of the 
tube Ulnd to zero while tho .u"ngth II. ",DUM", unalttorod . 
The liM vortex in threft dimcllilional motion OOI'n!O!pondo to 
tho point .,ortal! in two dimcn.oion&! motion, but .. here ... the 
l.tI~ "'pt't'JllC.'tlUl It "traijjbt line of inRnito length normal to 
tl\ft pi ..... in which th two dimenoiONI motion occu.., It H"" 
. orte. may in ~neral "" a curve 01 any .hape. nit ci tctilattoo. 
round any cl.-d c ......... C io..qual to l he 10m of the .t.rengthe 
01 the II"" .. ortioN .. hich cut any 1IDI"f_ boulKlad by thio 
c,,"e, and fl"OQl t.hio fact it follOWll lbal It lille .ortelt Cltn~ 
come to an end in l he Raid. It mWlt form It clooad Cuntl or 
hue iLl cod. oa a did bouDdary . A. line .ortez;" cu.ctJy 
anaIOSOWl to It '"", canyiDg an ellleirie Clln"l!n.t, the .t.rengtb 
of the tine .ortc:r <!OfY"Npo<><U to the ""'ngth of the electric 
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C\lf'I"enl , and t be induced "eloci ty at. .... .1 poin~ of !.he lIuld 
ooneIpoad.. 10 tbe mapetio: forooo d ue 10 tbe eIectrio curreD~. 

16-12. 'rheiPduced p 
",looity of aD eIe-

lIIen! of a line Torte" _-----;; 
at. point P II detH· • I( 

miD«! by the equa. 
tin .. • 

,,~ K <h .• 
.... - t",,·lIIn • 

• -, 

.. here K ~ the "renglh and th is .... ~lement of leugtb of tbe 
tine "OlUx. r i. the dista.nce of thee point P from the element, 
and , is the an&Je bet_n ,"" direction of the element M<I 
t he Ii ... Joining the element to the point P. The nJocity dq 
.. normal 10 tbe pI.ne 001l1""1"lI r and <4, and It. ""_ II 
the " me .. that 01 the circul.tion K .bout the Ii,.. .. ~. 

An eiemf!nt fh 01 • line .. ortu canDOC. uiet independenlJy 
and the lonnula ahould be u8fId only for inl~ling the 
DfI'et! of. 00JUplet.e line Tl.>I'WI . FMquently. IKnno""" aline 
.,.ortez may be bllilt up of .. DIltDOO of otraiaht tine. and it 
II __ Iul therefore to determine the induoed "Ioci!y of • 
Itraigbt Une 'I'Ottu of IIl1ite "'''lib AB. If PN, the DOlDIaI 

, 

• • 
J'Ic.;:a. 

from UI1 point P to the line AB," of lellfltb ", NId if Q ill 
any point of tbe line "ortel(, the ind_1 nloo::i ty ., the 
point P dlOI to t he element th at Q iI 

-'_ E th . , Kluu .... .. 4;;i"" " :t;;i' 

• Of. u..b.H,Joo ',. ·".I I~" 
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and lhie ~ocity Is normal to the pluoe PAB. Now if '" ia 
lbe &n&Ie NPQ, the e!eme.atollength,u Ill",. be U i* ' d .. 

M _ d ,i taD.1 _ ,,_, pdp. 
K 

and "'ooe ti<t - fd 00.+4+. 

The total iDduoed nlocity 01 the tiDe TOfte" AB \.0 obtained 

by inWgration from '" - - (i -.) to '" - (i - ,8) .... bel'!! 
II Md ,8 are the angle. PAR and PEA _peclivo!y. Thm 

''''"' K 
q - ... 1 (00101 + 00. Pl. 

If tb8 tille AD u. of i.o.finite !Mjjth. till. "",ul, red lWllll to 
K 

'1 - 2 .. 1' 

which ~ witb the fonnul .. for the iDdOOfld velocity 01. .. 
poiDt .. ortu in Iwo dimewi.Ollai motion . 

It 1.0 alao imporu.at to note tut the induoed ftloci ty 01. 
.. line, wbich .~ AI. the p 

point Ii and BX1 .. nd. to 
infinity In 00II direction 
onIy,i. • 
All l hls _ult Is ueed reo N K 

... "'", in the dovelop· " _ _ , ••• • ment of "",...,foil theoty. 

10·1. TAe RII"ta".w.. of .... ano/oil. 
h. d~Dg with too problem 01 an .erofoil of Mite ~ 

In th.- dimeoeional motion the ... u.mptionto will be mad .. 
t bat the chord of the ~oil " _Ill oomp&l'fd with the 
1paII , t hat the ...... m.y be ~arded ..... otn.i&h IiDe at 
right aup. to the dil'llCtion 01 moliOll . and tWlbe .nofoil 
I •• ymmet.rieal la«.nJly .bout the mid-point of Ito span. 
Apan from 1M. ..... trictiOlll tho cbord, angle 01 illcid_ 
and Ihape 01 the aMOfoil llection may .,o.ry ill any mlUm .... 
...:nlM tbe.po.a of the lIerOfoLl. 
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If the aerotoil es~ .. liJt f ...... the ... m ..... be .. 

circulAtiOll of the 80w n:>DD<l the aerofoil 1lICtl_ 0UId t.benI.­
Ion in a ll'eo:t. the ....... tiM ,,_ or .. let of line yomON 
nmni.ac .lOllS 
I.be Ip&II of the 
.erofoil , TI.-
li.... ..on_. 
which DlO" ) 
withtbe aero-
foil, are called 
the l1000''''' _ -
I~ of the 
aerofoil , MIl .... • • ' '6. 
aftI fonned by 
the "oomduy I.~. or "orie" lheet .. hi~b l lIITOQOOa the 
IUrf_ al the aerofoil. In ---nI ...... with Ibe",nuoJ theory 
of yOl1eJ: molion, tllMe IiIIe .,ortioel cannot end at the til'" 
d the .erofoil bllt must oontinue ill the h id .. free line 
"orticw. AJ.o any element 01. t .... fluid, .hlo.b iuet.1n ~ 
mot.iOll by coming into OOD~t .itb the boulld .,0IWIi: .,.mom 
of t he Mrofoil, will paM down rtre&m with the r<"'roJ. m_ 
ol the fluid , wid 1_ line ,.ort.ioel will therefore .un. at 
the 1IIlrl_ of the a&rOfoil .....! paIIII do,", ,lf8m alOllfl the 
,1_ Iillf!l of the fI". "'" indic.w.d In s,. '8. Tbeee line 
vortiQfMI It.nI called t be trailillg rorl;u, of the aerofoil. 

The vortn IY"tem is completed far behind the aerofoil by 
• t.ranPene .,oriu paral1~1 t.o lbe"pan of the aeroloil . which 
i, the vortel{ , bed from the tn.iling edge lot the oommeMC!­
ment of the lDOIion (d. 11-4). yO!' all pracdcal pwpo I, 
hoWOfM, the trailine: "onoo.. may be _UI!Ied to uteDd 
do,", 8I.rNnI inde6nitely. 

10-21 , The limpielt type of 'l'ortu"Y'tem _1I .... heIl tbe 
ciroul.t.ion round the ....."oiI ..ruona b ..... OOI\lt&nt .... h.., 
K aero. tbe apan ot the ....moil. The bound .. one..,..,m 
un tbell be _oei .. ed ... tillg1e line .. Oftu otat",ngtlo. E , 
UM! tbe tp,iliog .. orUctot will be t .. o line .. Oft_!II. the MID" 
.t~ wlLleh 'Prin!! from tbe ti", of tbe .eroloil -' pM! 
down .t~ ill tbe di_tion of the IItI'l'lUll liMII. Tbeee line 
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.. onioelwill be.....--:l. owing to tbe ... riauOII lEI tbedownwvd 
OOIII fO'"MUt vi I.M fl'Ioxity at 
dilfennt d jp"-_ bebind the 
.. rofotl, but for 1Q00t putP'" FEE 

it i. .uft'iciellt ly accurIU 10 
_lime that they.,. r.tn.ight 
lil!el puallel to the dirw:tion 
of o,otion. In uu.. ... y tbe 

• 

limplo 00Il0l'1' ''011 of .. "Ii_hoe" vortex 'YI' .. m, lIhown 
In fig. 7G, i. obtai ned . 

".., ~h .. l vortex 8YIt.em of an ..,mf". • •• mo..., com­
pliuted tball thi. flimpl$ .y.tem owing to the fact thll.L tho 
cirelll.lion i. not oomUilt aeroM lhe . pAn of lUI ..erofoiJ but 
,.,~Iy hu .. mu.im um Talue .t the oenln! and deel:'!'" • 
to uro -.I, the tip-. Any diatribution of circulation..,,.. the 
. .... earl be hllilt 
"I' by.upenmpol­
ing " OllAlbe. of 
thuimple "bone­
. hoe ' · '1lIt.ema, and 
be_ It .~ .. 
tb.tthe ' reeTOl'tu 
8ywtflm of an aero­
foil will in ~ral 
OONilit of .. shell! 
of tniling vort;""'I, ".. 11 . 

Ipri nging from tho lnUling qe of the r.eroloil. 
to-U. The origin of tbe trailing vortu ,,,,tern may be 

oooaidered ..... fnun .. "ightly diffe .... nt point of vie .... If 
11>6 diJlributioo of lift -.cro. the 

.pan of an .. roIoiI bM .. muimum '/<:::::::-t:==>::~ ... Iue.t tbe teotfe, tben! will be .. ~ + / 
luge~ofp~beI_ tboo 
coentno of the .. rofoil aud .. lup f'II. 11. 
red"e l>oo of JIf"5'll'II a!toTe it, and tbeee pi ...... dilfef'eneH 
"';11 dec:rt"" to ... .ro.- the Ii"" of lhe aerofoil (fijJ, 18). AI a 
et)nn quetlt'e of tbl. pre. ...... dUttribulion. the .tream li.­
.-ing .bo .. ., the .erotoil ~nd to flo ... In ... anls to ... am.. the 
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_tno and u..- pMliug bib .. !.be -.erofoil teDd 10 lIow out.­
... .ro.. ~ It- HI'! 7 ml 

'-ftI !.he ,""Ii", edge of ,-\I, ~---""""f---, 
tbe -.eroloil they form It 

,urf_ 01 diecootinuity L--f-,\:--- ---f;',-' 
(it:. 10) &nd the !nil;", 
TOItioeI 01 tbe aerofoil 
repl'Mtllt the yarticity of 
thil ,urf_ of di.oon- • linuity. "..79. 

0 ' 

10.23. The . uriloOO of d~ntinuity rep ..... nt«! by It... 
.beet. of trailing TortiOflll i.e u",t&bItt &od will roll up 11lI0 It 

pair of .. onn tubell _bich extend do,"", It!'Mm at. dllItanee 
IlpAl't ra.1.ber h_ u...... 
the ' p"" of tbe -.ero­
foil (_ It· , ). The 
tnilin,"OIUJ: .~ 
ill ~",font 01 the 
type· abowoirllig.80. 
The 1ntI_ of tbe 
tnillng...."...,:r.yRern fie. 81'), 

IIMr the aerofail II ""pI't«nted with ,uIIlcieat -...-..cy by 
..um.ill, 1M! t .... iodhidualline TOrt.iOflll, "h1ch ~1"inIl from 
the trailing edge of the "'roIDiI, flitteD!! do .... Imam AI 
rtnUght lillel. Fot point. of the wllk. it], 1II0I'e aoollt1>te to 
_ume "Toruli Iptelt\ of the " ho..-hoo" type wi!.b ,~n 
nther 1_ tban that. of the lIICrofoil, WId 'Of pointe dilt"'" 
from the AoI!rofaill.Dd it. .. u .. eitber ",p.-ntaUOQ may be 
ueod with equal aocu ..... y . 

I().S, TM ilfllW«lee',...:t,. 
The 80 .. at any lleCtioa 01 !.be aerofoil diD .... from tJ\o flo .. 

wbleb would oocu:r rom>d the .teetioa in two di ........ iOll.t 
motioll owm, 10 tbe iDflue_ of the tn.ilina "ones ..,.._. 
n.. induced .... oc:ityo( thinorteJ; II)'Wttm i& _moM totb ... pan 
of the .o)rofoll and to the dirt!cltioo of motion, aod ill dltMl«l 

• TWo 11JIO 01 ..-• .,... .. _ pnodl ..... ~ 'cr ·,,,, .. , ....... 
oIt. . '. I .... 
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dowu.-ro. in IfIDI'nJ. The DOnI>a1 ind'*'li n.Iocity ~ " 
pOiDt 01 the .erofoil -.ill be den ......... by", aI!d -.ill be -.amed 
to be _WI ill oomp-.riloo with lbe "reIocity V 01 the s-aaJ 
rtnouII vi. the lI'uid. The e4ect oIlbe iDd DOed. n locity ~ lben 

• '0" , 
FIt;. 81. 

equinlIMt to II reduction ol the UIlIIe of IlIOidenoe of the 

MNfoll_tion by the _all &IIgMo'; fig. 81),.00 if.1a the 

ro_triul angk of iDciderloe of !.be .... rofoil lIfICtion, the 
ell'ecti .. NIp of iQcidenoe wi1I be 

• ... - a -'Y" 

lion .ocunteIy the induoed ~t,. abould be ~&nIed 
.... ..n..ble alooll the ebord of lhe aerofoil ",""lion, -wlins: 
In " ttl .... of e«eatin eamber 01. the a.erofoil ""';011, hot 
the tbeot)' of &I) .... rofoil olllnite "I'&" ean be dcm!loped with 
.ltfIIcieat 1oOO~ by -=>ill, the chon! of lbe ... rof011 
~(III t.o be.."all U'Id by Ulumlllg" oollltant .. allIe of the 
induoed velocity .100/1 the chon! . The OOIIl poneDt of t he 
velocity puaIlel to IM"JWI of the aeroloU I, .110 ncglecl~ 
io developillil the theory. Ii_ thil compopent illmall .nd 
unimportant, .".""pt poMibJy at the ti~ of the .... rofoil. 

The a.eroloil -.ctIon behf,.ve. ."...,0, tho Mm ... if it 
formed part 01. &II aerdoil 01 infinite spul at aD Ulgie of 
iDcidf,_ "t. and gi1'eo the lilt _ fficient "I. NId the profile 
dratI_fficieot t.,. .,.,....,pood.ing to ' wo dimenlional rnotloou 
.t 1m angle of incideooe. The lilt loreell, bo ... ..-ef , illCliDed 

bKkwvda at. the _.n NIP; (fig. 81) NId tbeman gi .. eo 

• OOIQJIOD"D~ in I .... din!ctian of the d,... ,_ . This eom­
poDI:'Dt;' ... 11ed tbe ;,wwed drog • • DOII it i, c.UMd by the 
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illdll!led ftI«ity of tbe l..niDi 1'ortioM. Th& iad\lCle<l dras 
COIIlficleat of !.be -.:.foil ..:ti0li iI 

UId the touI drag cotffielent of tbe -.erofoll _tloo ... put 
0( the monoplAne ~oil i.o 

• ttl - 1:1:\ + l' it· 

The .. orl< done on the fluid by 1M lDdooed drag 01 the .erofoil 
appean .. the kinet.io ODC!rgy of the trailing 'tOrtez lyatem, 
wbieb illiln-' 77 7 in length .. the motion Pl"01l!1 de. 
$_ tbe aerofoil _100 babav. e~y .. in two 

dimeDllioaal lDQtioo there iI no olwlge iEl the mome." 
_Mden! M hI the poIIition of tboo <11111, ... 01 p..-un at an,. 
definito .... hoe of the lift ooe16ciOllt. 

The obarao:terVti .. 01. mooopi&De &emf ... 1 an determiDed 
by findi", the normal induced nlocl!, 1011 U1d the eftectiy .. 
angle 01 inc:idenoocr. at..,b point 01 tbe l pa.<! , by ~ulatlnl 
the <IOmIIpoodtng eHomeoloNy Iih and drafI 1o", , and by 
integrating MT08I the IJpa!l of the .uoIoil. The fin! luge 01 
the aalc!ul.tlOII of t .... chuactemti .. of .. finite moaopIane 
aerofoilll the .... fono the detennilllllion of the oonual ind..-l. 
Tl!Iocity.t .. point of the aorofoil in temu of the 1I1'IIngtb of 
the tramlljj Torti_. 

100S I. Tbeoimpl .. t 
type of tnillngTorte,. 
~m OOCW'll wben 
tho circulation hal ,,-" ____ -; 
_I Yalue Il a-
ero. the ~ 01 tbe 
uroloil. nu. _ 01 
uniform 10Idin, and 
tbe ampLe "h«a. 
,hoe" "orte", .~m 
do not "'pc .! lit tbe 

• 

, 

, 

tI'\Ioe oondltlGll& for any actual aerofoll, and 



, .. 
aoDllldered be", only .... ample ""ample 01 the e&lo;:Ul.at.ioa 
of tbe 1IOf1II&I lDdoced fllkIdty. 

The lift at the. oloil of &reo. S and .,,..I-epNl • QII be 
Upr: " Ed in the a1tftnatin forma 

L - l:LS" 1" .. :.pI' K, 

.. ben! c I. tbe lDe/UI ehonJ of the aerofoil. Tbe trailipg TorteS 
IY'ltem 00IIIlata IlImply of t.O tralliJ\jl Torti.,. of nt.rength K 
nprinp"'ll from the up' of the ..,roloil , aDd ~Dg the ItalMiard 
.)'.tern of ooordinMO u .. &II M01m In 6g. 82 with origin .t 
t.hIl ... otre 01 the ~oil, tbe POInD&! indu-'. .. e100ity at .. 
point of the -Woo is 

KKK • 
~- k 'n - .. J + ..... II'" ,l - 2 .... _ r" 

011 l:l. ,. ., -;;:J .. -". 
when! A is the Mpl'Ct rMio ~ 01 tbe aerofoll. Tbe inchl<*l 

nlooity lei in tbla _ h.u .. minimllDl n.lue at the ~tnI 
aDd n- to infinity at the tipl of tbe aetWail, &nd it ill on 
~UDt of thll ezoeMi .... velocity th&t tbe llimple "t.Ol ' ' ' h(lll" 
TorteJ: .,..tem eannot ",p>'Nent the true oondltiOlll for lolly 
"""oil. 

Io-U. In ~neral tho circulatioa K round an Mmfoil will 
nzy AOI'OII the ~pIllI. being nymmeulca.l about the OMItrll 

&nd falling to zero 
at lbe tip'. Between 
the pcintl " &nd "'-_ __ _ 
lr + tlr) of tho 1p6D 
ol the -uw the 
u",D1ation falla by 

the amouot - ~ tI, 
and ""'noe .. tn.Uing 

, 

"ortez of till.., ntreogth aprinp from the mment .t" of tbe 
IIpaII &II nbOll't\ In IIg. 8.:1. Tbeno is lbe",fore .. ,b E It of t.no.iling 



· J no 

Noll be tleriYf!d In .. 
dif(eren~lIl&n""r. Tho 
dement dll or tbe 

induoed Yolocity , 
~roIoil at tbe point ,-___ _ 
lI m .. ybe~ .. z 

, 
... de",",,,",, .efOo 

l oi!'tri lh tbe ~ 
cilllulation K and .. 
"""ripOiodinc ..... of 
tnill", "orti.- of 

• 
.tlftlgth K . '!'be oormal indnoed n loeity at Ib& point 1/, of 
t he aerololl il 

K K 
d .. e,l,) .. - 4 .. (y _ 'L) + h {y + dV - II') 

K J" 
-- "'(y _ y, )I ' 

ADd on intqvatiDII ........ tbe span oIlbe -.erofoil 

' " Nfl" w(,,) .. - ... . _. tr _ .v, )'" 
nu.. r_w..can beaboorn to be eqlll .. ..sent to tbe pre,"oUi 

_ult, for on in~mll by paN 

, [ K J'* «,], 
IO(¥, ) __ .. - , ,+" ' 

- I - , " , 



&Del the &m tenD 'l'anich. _nee K I: aero a~ the "'* of the 
MKllail. 

For mo.tp ......... _the t-tformuJa. for the DOIm.! induoed 
ftlocity I: 

bot tile enloatiOl1 of the illt.egral nnd. lOme epecial ~an 
lince the integr&Dd I:M\'comeoi infinite at the point, .. )/,. 
The 'I'.!ue of the integr:t.l muet be d~~""in.ed by intqj:n.tins 
from -. to)" - • and from )I, +. to) to and by pftXlWling 
to the Umit M . tflnda to zem. 



CU.l.PT &R Xl 

THE MONOPLANE AEROFOIL 

IUId the typical o.erofoil lIlICtioo flrJl"riMv 'E the lif~ f_ 
OOrI'OlIpoudiftg \0 hro dimenaioa..! mOlioa ., the toll'ecu..-e 
angle 01 illcide_ 

TlM direet.i0ll 01 the line of ""tioo of. thi, f_ OODIpoae<It 

ill rot.ted btock .. wde throClgh t he ..... ..u .... Ie; (ef. IIJ. 81) 

.nd ~ the dni of the """,,oil _ioa ill the profUoo dni 
inereMed by the Ind..-;l dng, the produet of; WId the lift 

of the ... rofoil _tioa. 
No .. if tbe ~1fIe of w.:.iden<Je " -.lid ........ mMllured from 

1M .ttitude 01 no lift. the lilt IlOO'lI'lclent 01 t he ... rofoil 
_ tion under theM oonditi_ ..m he 

t .. _ ....... 

... he ....... II the .!ope of t he CNlTe 01 lift onelll.lent ",Li ... t 

...p 01 incidonoe for the aeroloil _uou in two dimen.oioual 
motioo. Alto lbe rucul~OD K round the aerololl eectioa 
wiUbe 

and 1m. \I .... ond eq'1llioo 00fIJ>fICtin1l the clreulltioa K 
and the normal iDdDOed ft'loci ly ... By _ of t'- two 
equation. It .. .-.;bIto \0 determine the einlnlltioa and the 
norma.! ilM'l ueed nlodty for .... y aerololl in te ..... of the cOOrd 



u. [CH. 

and Ingle aI j...,jde"-.... 01 the.......toil _lOons, which may 01 
__ Yuy M:lOW tbe..,... 01 u.. .eroloil. 

Strictly the qlLMtity Ilo .hould be ,.atded .. a nriabla 
depenciins on ,be ohape of t hoe .. rofail_tiOll, bat lbe Ibeotj 
01 all aerofoil in t .... d ime_anal motion II .. olM:nru t b.~ IIro 
~ appnaimmJ,. eqUAl to .. for rJl pnetieal aerofoilleCtions. 
&lid heDOII tbe .. ..;.bili~y of ... III&Y be ~ted witbout 
any .pp....ci..l)le I.,. 01 ..,.,,, ..... y. N~rt~te., ........ an 
.. rotoil Ied;on m.,. fail to malliooo the theomtlcal .... Iul 
Ilo " .. , th .. theory of t he aerofoil of Anile lpan ..-ill be d e­
.... loped In term8 of ... ilia the e10(>f1 of tho cUNeo' ,,(tcoefficient 
ag.dDl!t anglo of jllc idc""" in t ... o dim~neiQllal motion, ...uI. 
l he 1IM!orel,cai val ue ... .. .. "';11 be ....... only in numericAl 
iU ust rau.-m. of the ~ formul .... 

WII«! tbe eireulatioo K and lbe nomu.l iDdDOlPd .-elocilJ 
~ 01 any moooplane lW!<'Ofoil hr.n been determined, lbe lift 
WId indUOf!d dug..., obtaintd by eYa\~na tbe Integn.k 

L_ f"YKd" 
D, .. L,...,Kd,. 

11·%. Jlttlwl 0/ ""''''iooo. 
A oOMeni~nt metbod of attacki", tbe problem of ."y 

mon.oplane ... rofoil i. 10 repl_ the coordin&te y, meal!ured 
to . 'arboArd along the ~ of the &erofoil from ira centre, 
by lbe angle 'd~lIned by tbe equation 

1/ _ _ '000111, 

10 that 9 nriO!l8 lrom 0 to .. ...".. the . pow of the .. roIoil 
from port.tn , wboud. The eirwl.tion K • .. hiob iI a futlCtion 
01 ¥, may !.hen be u P' :IS! :I .. tbe Fourier eeri",. 

" K ... ... Y !:A. oin .. ', 
" .. 

and the .. alute 01 the roel!lcientt A. muat be determined in 
aoc:ordanoe witb tbe two fUndArMDW O!!<Juationol ooru>e<:tinl 
K and w. The IItM ct..:..n lor the c:irvulation K eatio&e. tbe 
condi tion tba~ tile oin:ulation fall. to \\ero at the ti p- 01 tbe 



'" ..erofoil,1UId .""" tbe aerofoil ill aymmetrical Ilbout i'- mid . 
point odd ill~ nlue. oaty 01 .. ril -= III the IItM. 

The IWlrm.al ind~ nloeity at tbe point I, or I, 01 the 
wrvIoil now beooroeI 

"'("J- ~ 

",,_. lin"'. -......... .. ' .. , 
.moe _. . ri.~": •• 
Thill a t tJie general point 9 01 the aerofoil 

tD Olin 8 .. 1':l:1IA. llin .. 9. 
The IflC(IOO equation eonnectirIjj the cireulalion and 1il8 

normal induoed ~ty bfeOllU!l1 

uVtA. lin"' .. ... eV fa • 
01' 1:..4 • .m" (01,. + lin I ) .. ,.. . n S • .... 
ThJ. ill the fllDd.Nneatal eqoaLion for determiniJli t he .. IIIH 
of lbe ooefllciente A. for .... y monopl.o.ne aerofoiJ . The 
equation m ... t be .. tis6r.rl at all point, of the aerofoil, bllt 
Ii_ t he aerofoll ill 'YmmelrieaJ. abollt It. mid.point it i.e 

'1IlRciellt 10 ooIIIIider yaJ ........ of e bet_n 0 uId ;. The 

p&nmeter " . .. hich ill proportion.! to tbe chord e, and the 
owgIe of inoidenoe .. muat be roog&rded M flll'lCl iODl of IJ in 
t be mOOJI, pnenJ CUll. 

I HI. [..;/ftWt ,'!ldtl«d !lmg. 

The litt and iD<lUOO'd dtat! of " monoplane ~oiJ are 
deWminfd yet] limply in term. 01 the eoeIIk::ient.o A. of 
the ... i .. for the cin:alatioa. The lift. oil .... aerofoil iI 

L _ J: ,I'I'Kd, 

.. r u'pl" (l:.A.aio"'1 'lin'd8 •• 

.. 2.."1'1",04, . 



, .. 
or, Ia t«",. 01. tho lift ooetIkient, 

8 
"'-2"'1'£· 

I t IIpp ! .... t hat. the lift of It.. MroI'oIl '- dekJrmiDC'd by I" 
nlue of the _f6eient A, and tUt It. othN 008f6cieDt. 01 
the rei for the circulation modify the abape of the lo.d 
~lnl ClIlnl!""" t.bo Ip&n of the eerotoll 'Without alterinjj 
1M total Iif~ 

The expre.ioo t!,. which """un In the equatiOll 000-

neotJ", A, and J:" ..... be e:rprmd 111 an altemaUy .. form. 
The _ chord of foil aerofoil ill dellnod .. the...". divided 
by tbe ...... ..,d tM aspect ... tio A i. clellDed .. the apaII 
dirid.d by t .... m EE D chord. Henoe , .... " monopI&ne M'f'Ofoil 

.... 8 2 
A .. IF and jflI- ; 1 " 

The ~Li...:J formut.e, .. bleb iD~" thW~, will 

normally be uprE L ~ ;II tenlU 01 b, but \lie altem";", 

form A '- _ foI ill " few opecial e_ and for n~ 
complltat,(lIII. 

The indooed dB@: of t he .... roIoil ill 

D, _ r,,,,,,Kdy 
.. fO v' ,. y. (tAA. 1II.11 ..s)(l:A:. am ..s) dB 
•• 

.. t."p Y'I:II4. '. 
h ill oonnn.lellt to-nte 

• +3 _ t.A.' A,' • 
.. here I II " politi.,. q ....... tity wboole .. -.I ... illlIUlly omaU, 
and then 

. ' 
D (1 + '1£' 
,- !"" .... ., •• 

8 
'. - ,-. (I + Ij " ... . •• 



.. , 
The total <inc of the .o:orofoil is obtaiDtd by addiJl8thc IA· 

d\lC'Jf'd dnc and the prollle dBg. U the aemloil ...... OOIlIIlant 
&ft'<Ifoil eectioa aero.. iu ..... and if the elJf!C!t.in angle 01 
!wid .... ia.u.o _et.nt, I.be:rI the pro6Je dnc coetIicil!nt of 
fMb ~tiQII will baT" tbe "me ... 1"" lo" and tho IOt.ai dnc 
ooellloient of the auofoLl will be 

S 
4-D".to" + -, • (1 + 3) ,t~' . .. 

)fore getM!nJly the ..,roIoil fO:ICtiOll and the ~Beoti"'.t.ngle of 
Incldenoe .iU v.ry ~ tbe IIput 01 the ~otl and the 
pro61e drllf C!OO!l6cient of the a.erofoiJ llluat be obtainM .. 
tbe ... h", of the Integral 

'/' S . ,I:D,cdy. 

ThiI refiDe ... ent, ""'.".""er, ia 1'I)(
7 a..,. only ... ben the ,b,po 

of tbe ... roIoil .u0ll ....... DO..adI.rably toe ... the 8pUI 01 
the "'''''00. 

II ·H . A..,w fI/ ;MiIkIou. 
Chrinc 10 the tIOnDAi induced nlQcity l be tfl'eetin ancJe 

01 illCldellOl ... 01 _,. -=tion 01 an aet'Of<'li.\ ioloeeo tban the 
geometric.Jangleof Incidenoe a, aod the "",rofoil _Ilem gin. 
IeMlift than it woll/d in t.o dimellllional motion at lbe IJAfIlO 
angle cl Incirlo.moe d. The value. of the C!OO!flloiMlU A"..m in 
particIII"" that of A" ue dMermined from the fundunental 
eqll,ulon 

Lt, an '" (oo" + liD 8) .. 1"" om' 
.. fUlICltiona of tbe angle <II incide_ of the &eI'(Ifoil, and 
....... A, ill oJeo proportioul to the lift toefficiHlt iI,. , ...... 
laliONhip ill obuined bet_"",,, the Iifl ooefIIcient and the 
angle 01 indde_ 01 tbe ... rofoil. Tbe Mope .. of the C~ of 
lift _fIlcient IOpinet r.nsJe of inciderooo del«mined from t!li. 
~ioIIIhip is _ t ba.tl 1M nluoe .... bleb OCCIIn in tbe 1"'0 
~onal "'00'" 01 ... .....toil eection. 

The ... 1..tJORAhip bet_n the lift coellleiettt and ... p of 
incidence b .. a.",pIe fOl"lll _bm the ..,rotoil h .. a ooostNIt 
angle of locidenoe ":1"0IIII it. 8JIM. The coemciootol • .A .... 



'" [~. 

IMII liM ply proportional 10 t.be ....,Ie 01 iDcidft>oe., and t.be 
equation 

The ...,.10 of incidence" 01 the aerofoit u (: . 11 tbe aJIi!e of 
iMide ........ in two dirneMloD.l.l motion, whic b would gi ..... the 
Noma lift ooelllaent. by t.be rongl/! 

"-,," - k£a-~)· 
and It l.o oon .. e~nt to"';t& 1m. _ult in • (onn .tmilu to 
the equatiOfl for tbe dtae: _1Iicif!nt of the IWlroloil. Tb ... 

S "-"'+-, , (I + T)tL • •• 
.... (1 !, .. ..A 

... hen I + r -T ; -,,-;:r,-:;;' 
In tbe ilion 8"~raI.,.. of .. twiAf«IlIotn)foillbe MgIe of 

iDoide_ .. variN ... _ the ~ of the aeroloil and may be 
ear,. r , rd in the form 

,,-i+/!8J . 

.. lwei'll i" the rongle of incidence _t tbe oentre of ,bot aerofoiL 
The ... h"", of the roetliciellte A • .... tben obl&ln.ed from the 
fundlJllent&l equation in two patW, :he II"" being pro­
port.ioD.l.l to and tho! eeoond indcl>endtnt of i. The lift 
_ftieien! of the -.eroloil ill tbe~o .... of the 'GmI 

IrL _ oi + i:. 

II ·, . EUiptKloadiotg. 

The lift and indDced dnc 01..., aerofoillu...., ~obt.;-t 
h. tbe fomu L- : ... .,.,·A,. 

D, - fr'-pl' ·:!:IlA.'. 

U ... MI'Ofoil 01 • de6nit& 'pM gi~ the lift L at the ~ 
f' , !.be ooelflcient A, h ... ddnil.e ""I," which i.lndependent 
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of the .... 01 the ..erofoil, and lhe hwhlC*l. drat wi1I be a 
minimllPl .. ben all the otbe-r N)d'Fcienla A. in the lit, ' " for 
lbe circnlation .... zero. The dQtributioo of circWatioa ..... 
lbe spaA oIlbe aerofoil ;. tben limpl, 

K - wVA.lip'_ wVA, JI -~. 
The maplitlKle 01 tho circul&tioo at any point of the lpan l.o 
proportipnal to the ordinate 01 an. ~lUJII'!I wll h the span .. 
m_lo. _IliI, and thio type cI. loed <futriblltioo II tlwrnofOfll 
cali(.d tUiptie loMi,.,. 

The elliptio dl.otribution of ciroulll"on 01' lift 0.0I'0Il tM 
lpan of an o.eroIoiI l.o imporlaDt, fintly '-alia it '~Idl to 
tile mlnimllm po.ible iDdUOlld drat for _ giYell total lilt. 
and I! )!Midi, bew the load gnding CII~ of moA IeJ'O. 
folbr 01 oonYelluotUtJ lhap" do DOt differ IJrMI.ly from I"" 
elliptio form. The _u1 ... dtoduoed from I"" hypotbelil 01 
elIip .... I_ l ing .... them,,", the beet .. hMlh ..... poeoibly 
oeeur and .... at.;, II JOod lim. IIpprolimatioa to !.hole lCtaally 
obuirwl, 

With el~ptlo loeding the oortIl'" 1ndlM!ed .-eIocity h&II the 
co_I ..... ue 8 .. _ V.d, _ =VI:L .. , 
acn::o.. the .pan of the .... roloil, and the illdlM!ed dng _fliclent 
of the aeroloo b .. lhe v"'ue 

8 
Ito, - b .. 1:1.'. 

If 11 ;. the If"OID"tncal qIe 01 incidenoe at any poinl of 

tbe l pan, the ellNltin qIe of incidelll)Clwi1l be (11 _ ; ) . 

and a _I geometrie&l anaIe 01 iPCideolc. wi1I imply .. 
eoNtantellecti .... . ngle 01 incidmee. Henee the lift coellicient 
at.;, wi1I ..... n the .. _ .. o.hIe for all -ectiou oIlhe .... roIoo. 
But the cin",lllion K round any-.tioa. ... equal 10 l:~cV, 
and .. lhe circulation .. ariel elliptically ~ t he l pan, ., 
at.;, wi.II the cbord. ThUl the elliptio l<*Iing will be obtai.....! 
from a mooopl&r18 atroloil of elliptic plan form and _laD! 



... Tn. IIOlfOPL .U'. 1. •• o rOiL [w . 

angle of incidmeo. I n thia.,.... tho 1"_lricIo.I and effecti .. " 
UlfI'" 01 incideuae are .... neettd by u... equation 

S ....... +, ... .... 
Elliptic loading ae ..... !.be ~ QUI .l.G be obtained from 

&erOI'oll. of other plan form by mitabla .... riation of the angle 
01 Incidence ae ..... tile &proD, but any weh twilled wrofoil 
..;JI gi .... the elliptic loading lOT one attitude only. ,,""" 
lhe JIIM 12"7 o.ngIe of twist dependa on tho Ill"" ~e of 
incldelWlfl of the aerofoil. 

11·31. E/Jed o/<Upt1d mJio. 
The lonnulu which han 1Men d"' .... loptd 1M ,boo all,fIlc 01. 

1ncide008 and dras coem~t of IU1 .. Wptio aerofoil CArl be 
......t to uk"'. tbe effect 01 .. cbange of uped ralio. H 
tbe upellt n tio;' -t1>Ced [rom A to .t ', the chan8- in the 
antIJe 01 II\CKIenoe and dn& _!iei-", ~ • &i .... n .. atUII 01 
tbe lift _~nt are lKpeC:tiyely 

. '(' ' ). II -. - ; A'-A L, 

tv' - t D .. ~ (i- - ~) 1 .. ", 

FOJ' tbe _tandard upeet. ratio (..4 .. II) of model uperiwen", 

the fae~ 11'\ b .. lbe ul"", Qo I~, and il the w.gl. of in­

cldclWlfl i. rneuumd in d"1!' :! thie ' -.clot berom ... , ', 1, 
The tra ll.formation formula for the dratl oodle! .. n! appli ... 

only to "'''''' 011. ";Ih elliptio J-Ung, but tbe lift dilrtrihution 
. ........ for .....,tanguiar ..,rotoi'-' and for the m"jonl, 01 
.. roplr.ne winp do not differ gruotly from tbe elliplio form , 
..00 'hoi tnntform-'jon form ula may tbem ore be ILItId more 
lC'""nJly to oalou.la«o the e tJ«l of a ""an eh.ange of upe« 
ralio. The .oo:unte form oJ ... for "",tqular and ta~rod 
AotrofoiLl..,.. de1'eJoped in I J.4 and 11-5 rtllpeeti ... eJy. 

The tra .... formation formula for t he angle of incidenoe 
appiiN only to ..,rofoo.. of elUptio plan form with oonetan~ 
angle of incidenoe &C1'08II tbe IpM and cannot be ILItId for 



~J .. , 
.mlfoit. of other plan form uoept .. , rough approximation. 
The formllt. fO' tbe....,Je of incide_ aleo IHd& to .. ample 
determin·';oo oll.be elope d tbe lilt cW'Ye. It ... '- tbe lIope 
in two dj_n; 1)II.A! motion ....... ;. the "ope f(W an elliplie 
aerofoil of iIoSJ*'t n.tio~, then the formu\.t. 

• " - "'+;A,h 
glYfli by differentiation , , . 

;; - ", + iM' 
o A - -• 2+",. 

~ 
Now the Ib My 01. WI. a.eroloil ira toro dlllM!<lli_ gi ... the 
.. alue <Ito - ... pprorim··c1y ..... tbe ..... i .. p"""'ing nh .. of 
a ate gi~ iD the folknriDa table. Tbo .. all>eII of II , .. ben .. ;. 
lIle .. wtd Lft deg:IIO", are added for oom~ "";th uP"i­
mental .".\IIt. _1LIeh an...wly quoted in tblll form . 

Table 10. 
IilDpe of lift c .... for rlliptic tM:m/oiU . 

• • .. • • • 
• r .... radian) ' -14 ,~ 1'61 ,.~ ,~ 

• Ip"" d I''') .... - _. -, "'" 
11·, . &do..,.,wGt:rO/oiU. 
WbeP the clrcul&tloa n>W>d &II. ..... rofoil i, ""'<I~_'.H.~ in tbe ,- J{ _ ""Vt.A.&n III 

tbe IlOefIicientl A. mUlt. be ehoIen to " ' i"y the I~tal 
eql1atioo 

The mec ! '"., IlOI'fficiellt. A, . A" A . ' " d«h CS,", .. pidly in 
lIlagnltudo &lid it II OJUlIimnt to ... Wn oaly tbe IirIt throe or 



, .. { CIl . 

hHot _mcieoq ;11 order toO W.;n • &ood determiDalion of 
the lilt and d"'l 01 the aerofoil . Tb& method of lOIuUoo, 
.. bHI ttooefflci .... t. .... ..,'.;"«1, ill todetenninoo tboo _lIIcie<Iu 
10 ... ", the flUldamental eq .... lioo.' tIM p poi.Dt.I 

•• , __ • _ _ I, t ,S ... ,.. 

" The numeriul ... 1 ... gino in the lJU'-qUOllt table. _ 
found by ... taining the lim four _t6ciellt.l (A" A" A,. A,) 
and by eatitt""" the fundl.llU>lltal equation at. the four poin~ 

, ... 12" '6, 871. 1M) de,. II, 

! ... 00924, 0-707, tH81, O. 

WMn ,be. four ... 1""" of' .... iltllel'ted in lura in the fund.· 
ment&! equal.iOD, loW" Ib" " equ..tiorw uti obC.jrw! to 
detenUne the 101;1.1" eoefficioeJltl. TIle _'6C~ .... 1_ of ,. and 
• depe!HHn, on tbe .-alue of' m ... , boo iNEaed in the. four 
eq""ioaa. 

The llimpk«. _ to eomoidn- 101 IIW. of .. rec~ 
&«'Dfoll° with WMtaDt cfto,d C aIId In, .. of incid~" aero. 
the ' pM. The pvameter,. _ the oon.t.ao~ .. aluo 

~ 
" - fA' 

and the_ftloienta A".t, .0 • ...., be detormlnod ooo .. ..menU' 
... multi pleA of ,.... . The lIIope of lbot ou.n-e of mt _meten! 
-tI';~t .ngl .. of lnei .... no& for the aerofoil ;, tben 

" • A, 
... ... 4 ,... ' 

aad tbe Wigle 01 incidence and drag _fticien! OOI ' Wpwd.ing 
to the lift ooelliciellt kl."" • · - "'+;A( I + ~) lL . , 

I:D- 1D,, +;ji ( I +') 1£', 

. ...... -....1 ... . 16<5"nl.lu __ .t .. ;" , In< brA. Btu 
bt.,II;"' ''''''Iu_loi : poe'. ' lIric-to ' _r...:II"!:' .. 
..... . . ,,, 8, ', tr" ,lItp.., ~ _ofedta ,....'.-.... ~ 06t. 
·i"ad! "cO'" 'P',. 



..... Tlla .O!ll'O PL.llI'a .laaO POIL 

lH - HT. - i)· .+. _ I.A.' 
A,' . 

." 

TIle ollll!ericaJ "r.l_ obtained by IhiJ metbod .... p ...... 
10 tabl.e II Mel. lbe "r.l_ of lbe mooopl __ ffioioot. ~ 

and 3 .... tao Ihaom in fig. 86. Tbe "r.luee of 3 ..... mall 

..J ... A.o-cI( ... I. ,. , 

Y 
, 

~ -r , 

,. 

,. 
• 

, , , , , , 
Af-. "". "-

.ad -1I00d 6n! _pprosimWOOIIo tbe induoed drag ooellicieot 
cr.n be obtaioed by ignoring 3 _od by uains the elliptie 

. 

~. . ,~ ,,~ ,,~ . ,~ .. . / . • • 
,. . ,~ - - ~" ~ "N .,. ." ,., .- ... ." .." ~, , ·u ." -•• - ·11 1 ~ ..... .". .n ·n ~. .. .. , " M ... - .," "M ." -,. l-oll .,. - - .~ J·1, ·u .., ,., , .. . ,. ... - '115 , ·ft ·u -• 



, .. la. 
loodinc formw... n.. .. .1_ oj T ... DOI..o) ..... aIl aDd it ill 
_ " '7 &I ... ,. 10 ret.ill l~ _Ifldwt III detenninl", tlMo 
lUI"" ollllCidence of • ~ aemloil. 

I H I . .d",.,iiC)' oJ ouoolU. 
In order to WUltn.te tbio .....una, m tbe rwultl obtalned 

when OrLIy four ooefticientl (A, • .d,. A •• ... . ) .... retained in 
the III!nel f .... tbe o;:j..,u1ation, tbe ealeulatio ... ban been mo.de 
in 0116 _ (A _ lIQ,) l'!"ejnjnll ill tllm one, t1lrl), tiu'e8 aDd 
four tefltll of tlMo len.... The....wt.o .... Ii"'o hi table II and 
.h_ that lbe ... Iuee of T ... d a bAVe .Imolt re.cbtld t.beU 
limiting .... 1"'" _\>ton four _ ...., retained . FIII""'pi<! 
ealeulatl_ thrM tenu abonld be .uIII.vnt 10 si" • fall' 
&J1Pf'ODm&tloa 10 the true .. .I .... 

Table II. 
s. , on ..... ppowi-.:.... 

••• ,,- ,,- 'J_ ,,- • - , 

• - - - - 'M • • .. , ... - - ·D ... • - ·uo ... - ... ~ . 
• .... ·11$ = ... ·n ~. 

IH2. Elled O/l>Iptd mlio. 
Tbo ooonl'llioo formul ... for .. ehanfre 01 upe<;lt ... Un from 

A to A' 1M rectanglllu ..,roloi.ll ani 

, ' (I+T' I+T) .. _ a_; A' - T 104, 

, ' (1+" 1+1\ to - 1:0-; J ' --;rJ I:~'. 

Table II or 6,. 85 (Ii"" lbe ... 1_ 01 T Md • ill te ..... of 
A/", . Tbe I'I!lationel>lp ","1_ A/. and A;"CIID be obui.-l 
from the _ table or from &C. 80, and approximate. cl., 
10 the 11_ r..w A A -_ 0066+ 1-1)4 _ , . , 



n ) ... 
The uperimental ~ of the cb~ of • 
_~ MrOI'oil of .. peet r6l.io A IP'"" the .. .:111&01 A/O and 

Rfti&ng..J&.. Aeni ' I •• • 

• ,L 

, / 
, 

, 

, , , , • 

tbe OOiiWjlOlldiDg ... lJuo.of A/<1o, IUId ~ and a can beob" '.wI 
from the fi&urN. The value of ... ;. tbe .. ka.ownlUld tbe .. 1'1,* 
of ~ and.' for 1I.Ill' ot~. Aolpf!Ilt ratio A' ....... be fQund at o_ 
f..,... fl._ M . 

It 110 - _, l be nluee of l' IUId • for the .tw·n! upect 
ratio 6 ate .,. _ (H63, a _ 0-64(1, 

and tbell, if llie angle 01 incIde_ ie u.~_.,dd ill d 'l9 m, 

.. - ... + "· Ut. , 
tD - to. + (1-1 lit,,' , 



... 'l"BII: MOllO.""." ••• OrOIL 

TbeIe 1Ia.meriea1 nl_ &hould be _~ with IbIt ron . 
'P""";III nJ .. , ' ·1101>d 001041 for all elliptic ~oiI of the 
,'me .. pect ratio. 

Finally, lboo oIope of the lift CW'Ye for rect&ng\ll.ar MI'OfOl" 
of dilferet:lt ... peel !'&tOo, (III thoo _mptlon tb.t .. .. .. , ia 
p ..... in table U . n- ... allIM an oJ] .ughUyl_ u....o tho 
_ibif»wI;ng nluel for ellipli~ o.mIfoill ginn In table 10. 

T.w.. 13. 

8loPf. of fijI e_f'" r«kI~ '-0/"'" • 
, • " • • • 

• I""" ndlo.a) , ·14 .u I ·tl .·n .~ ...... "......) - _. _. - -
11·43 . PikA • ., OW eoIl , 

'I'IIe ~ationahip betw ...... lbe moment ooellicieut uw:l I .. 
lift _Ill";""! 01. " omilorm ~ ... .eroIoil ia the "me 
.. for , .... aerofoil «oelion ill t ... dimeBlionaJ moUtKI .00 iI 
of the form 

k .. - .... +..,k.c. • 
.. here .... uw:i .., ""' both fltlJltl .. e in ~netaI . For, If thia 
tq~liOil rtp","",nt.l the moment ooelllcieot of the ..,rofoil 
_ 1;011 in t .. o dimeWlion.al moUQII., lbe pltelUnc moment of 
tbe rectansuJ .... auofoiJ .bout It.I letdi"ll ~..-iU be 

k .. eSp Y' " t ( .... + ...,~) .'p V'dy • 

.. here K ieV b .. been onilt..o for the lilt ooefticieDt 01. the 
"1'(1'00 _lion. Putting 

tbe equ.ation &,1'IM 

11 - -u""', 
S _ k, 
K .. ""V:tA ..... "", 

.1: ... u; { .... + w:" u. liU't .... 'a 
•• ...... + .... , ..4, 

- .... + .... ,1,.1. , 



.. , 
--

TR. MOlfOI'L ... If ..... orOIL 

8 , A. _, _."L __ t l.. ..... .,. 

I .. 
I 
I 
I 

YIt;. n. 

lot 

eenlN 01. lbe --=foil to ... (I - A) at the filM. In g.mn.J Ibi. 
ebartgfl 01 ebord ill "'wi&ted with • chanp of the ~oil 
ll!etiOll, but it will be .......mm in tbe '"It pI_ that the 
aerofoil h .. no aerodynamic! , .... t, i.e. thAt tbe .,...til of 
incideMe me_red fl'Olll tbe DO lift line 01 tbe ~on. ill 
OOMtant AC:nlM tbe.pan "' the aerofoiJ. 

Soiutiou are obt&ined .. before from !.be flindam~lIt.a1 

equation l:A. lin'" (,,~ + an I) .. "'" lin 9, 

and 1M .oIutJon folio .. lbe .. me Ii,," uoept tbat ,. no., 
h ... ditJ~ ... nt ... 1,* at the four typieat pointl 

11 - 221 . ~, 67i, OOdegILU. 
Forthiuange ~ _ ... ( I - ~co.'). 

,. _ ,..( I _ '\co.B), 

."'~ 
The _ of I.be aerofoil ill 

8 .. (2-)'),... 

and tbe ....... ' .. tio ill .. .. II ..... ~-. 
(2-..1.) .... { ~ - .. JI't 

Numerical _uJ", illl1&tnting the elfeet of u~. are given 
in table ]4 for the MP""t .. tio A .. ZIIo. and Ihe COrnwponding 



, .. [~. 

.... 1 .... of the mooop/ADe ..,.,ffie;elltl! ~ and a ..... Moo,", iA 
fia . 88. It .P ....... t bat the bat ......Ja. ..... obt·; ......... ben 

...... 
tbe lip ebord " fl'Ofll one-thi n:! 10 _ balf of the central. 
ebord, for il "doarable that .. ouod a u.ould both be AI ..... u 
AI poIeibie. 

Table 14. 

Taprnd <>nO/ail. (..4 ... 10.,) . 

• ". ". 'J. ". .. • • 
, ·m - - '''' .'$ . " ~ . •• .~ ~ - , ·'d ." -. " .... ." ." -"" .,. '" ." ". ~, _ -GIl . " -.. ·1~1 . , ... 
'''' .", -- .. -- •• ." ' 14 I 

I HI. T""""" <J6O/aiU. 
Wbell the .~pe of the "",rofoil _ion .. ariel .en:. the 

'pIIO of the ~Di1 ... hilfo the ebonb of tbe lllletio ... tie in 
one plane. tbe ..,1'01001 mllrl be ~ed .. t..n.t.ed ..e1'O­

d,...,..mioally. 0"";"8 to tbe ........ lion ot t"-~. of ino;ideDOlll 
for no Uf~ of the ..,roIoil _;0l\Il , lbe lhi~k _lJon "I the 



" I '" 
oenlnl of tbe .eroloil i.e let efl'eeti"ely at .. it 7 ' ft' angle of 
incide_ th .... tbe thin _tior:w _ tbe tip. of tbe .... roIoil. 
and tbe MrOIoil ~ ....Jogo ... to OQI!I of _I ~OD with 
.. wMh out" towutb tho tip!. 

M an ilI~ of tbe _,bod of ealeul&tinc !.be chan.o­
IA:'rillio. 01 .. twWted aerofoil, 'l()" p" de ... rect&ngular aerofoil 
of OOllltaDt _tion wbOO!l& geometrical an.gIe of ~ 
deorUUI uniformly from the oentre to 1M tip.. Let. I be 
the angle of illcldllllOll .t the oenk'll of tbe Mrofoll .nd • the 
dee_ from tbe oent.., to eit.b1M' tip. Then for the port b .. lf 
of the Mrofoll !.he WIgle of inoidence i.e 

11_1_.00019, 

and the fllfIoOhonent..l equ.r.t.ioo for tbe ooeffiei~nt. A" A, ... 
of Ibe ... rieI for t.be cirolllatioo .......,m. 

Lt. a n '" (_" + lin 8) -" 1Iin, (' _ • ooa I), 

The eoI ulton I ..... t b .. &not foW' ooellicientl of the ..,ri ... 
pm:n ll. loS beton, but....,b ooeffi<*nt is 00" delemliDed 
in two puIa, the lim. bftng proportiooal to "I and the eecond 
to JW. Numerical "a1_ lor tbe .... A - k, .... 

A, _ o-IIUJ<i - 0-4031'". 
A, _ IHIIIJ'ii - o-U2,.., 

A, _ o-023~ + 0-010"". 
A, _ 0-004". - 0<0231"'. 

The lift _meieo! of tbe t .... ted ...rofoit II 

tl. _ ¥ A, _ ~l-!8i - I.oJ_, 

WhOM aIopo i.e the _ .. for the OOl'l"Mpondinll untwUtod 
reetanaulu ..,rofoU. 

The illdllOed dtafl ooellk:ient of the Mn:lloil may . till be 
"";UeD in the form 

8 
tD, - t",s (I + I ) ,1,1.', 

but the eoellicimt , DOW ... arieI! wilb the anIle of illcideooo 
01 tho aerofo;l. Thill if • is equal to 11- 1 radian (S"·7). lbe 



". TR. 1101(0'(, ... 1< ....... o r o ll. [CH. 

c"-~ 01 tbe lIeI'Ofoil at dilfereat Mglet 01 incidence 
are .. foUo1n : 

• .. • 
. " ., . .-... .u • ..., 
." .~ -." ~ro -

TII_ ... -.Jut'II 01 8 .hould btt oomplln!d with Ihe value O'O~9 
for the ootnII!pon(\i"fl untwined reeungulu ~rofoiJ. &nd it 
'PP-N that the "i~ted aerofoiJ with "woW! out" lowNdl 
the tiro- II ... the l~r induoed dlafl " I OIept .. t very low tift 
IlOefficlenu.. 

The mom se"" ... l cue 01 • t .. ,ilud upered aerofoil can 
be 101 ...... &Ioojr .. mil .. liIw, lIMo only modification ool\i 
thAt tbe ~r ,. mUAt. n()'II' be ~ardoed .... function 
of the coordinate 11 .. in I h5. 

11·7. Load vrMiJ\9 e ... u. 
The lOIu liOil of tbe problem of • monoplAne wroloil in 

the form of .. FOU.wf eeri.,. lor tbe citoluJ"tion CAlI also be 
need to determi..., the ,h .. p" of the load grading aun e M!1"06I 

the.pM (II the ..,rofoo, Moe the lilt on lUIy element of the 
"I'''" of an aeroluil ;. proplrtionll to tlHl oirculation round 
th.t clement. I n general the fino! four tertUI only of the 
Fourier mOIl hay" been d.w.rmined and the oo:NTeIponding 
load grading "uno is of • &OUOUI nfltuno. The .aluuoo, 
howe'lu, is onet only at 1M four point. 01 the temi-.pNI 
(6 .. nl. u. 1'1. 110 dv,..) which &ttl ..... in det.erminiq 
t he """,lIlcient. 01 tbe F....,.;". ""riel, and tbe l~ gndi"41 
elU'ft .bouId t""more be dr .. m ....... ooth cIln'e througb 
t be 'f.:J ..... determined .t t'- point.. 

.-". 811 abo .. t be Io.d grading CUf'fee for 1'&';0 ... .crofoil 
'''''pee determined io t hi. !OIID"" • • tbe .cale of tbe ordilll"'­
btinil c~n «I that c-.cb '""rotoil c.mee tbe "me tota.llo.d. 
A wifll 01 elliptio plan form giVeti • load gndifll ClUf'f" of tbe 



~) '" "_ form , &lid &II .. rofoil 01 ally other form gi~ .. lOIId 
pli", eurno .. be. fonD. ~ inWmed.iate betweeo that of 

..... 
tbe ..,rofoil &lid thr.t 01 the ~Ilipee. AerodytWlllcally tbe 
_rlt of an .. rofoil it _urtd by the clo..llMI ",ilb whHlh 
tbe load grading CW'TtI .ppl'O~m.tel to tbe ..uiptio form . 



OH.l.PTItIl :ul 

THE FLOW ROUND AN AEROPO I L 

12·1. 'I'M J- pdt: • . 

The ~.tlOIl of t be velocity.t My point of tbe SlIid from 
tbe "ndl'lllI'bed fllocity r ill due to lbe "orte", 'Y"""'" ereated 
by tbe toeroloil .no:! can be calcul.ted M tbe nlocity field 01 
til .... orte:.: Iyl!tem. TIle general n.ture of tbe "one" 1yR.em. 
OClllprilling tbe circulatioo rollOd tbe ... roIoiI.no:! the In,jliog 
.. orti.- which .pring from ill trailing edp, hM ~ w.-
0" . i In 10<2. -.nd tbe -.n.llyoU of oupter "'I pro'fi!leo • 
method of determlniDg lbe Btretl(l.h 01 t.be .. ortex lY"tem 
·,,>li.ted wilb Illy monopllneaeroloil . The -.n.II,.u. ill hm 1 
on l be ..umpuoo !bit tbe aeroIoiI can be ,..,pI ....... by • 
lifu"lli..., • .no:! e.aIculat.iona bu t :1 on IbiI_umption will 
darly be inodeqt1&to to determinoll lbe !low In tbe immediate 
neigJlbourhood of lbe ..erofoil wbe ... the ah.pe 0I 11le leI'Ofoil 
IIIII:tioM will modify the fOl'Pl of the !low ~I(om. Al80 in 
lbe neighbourhood of tbe .. one. wake it ill ,,« uu -y to 
conalde. lbe I(oQdency of !.be LmUillg .. ottu U-t to roll op 
Into. plirof 6nite "orti.-. Aput from t'- twollmitati,­
It II poMible to obtain ... tiIf ... to-y _oot 01 the 11.0 ... 
1I'ltem round an aerofoil from the ample _ompl.iOll of • 
lifling line and of atn.igbt line ",mj.- eJUlndiog indelinitely 
dOWll IlTNm. F!.o..uy,.t luge dilt._ from tbe .erofoil 
and ;11 wlke. the 1'eIocity 6~ld will depend only.., the lift 
urried by the .erofoil .no:! -will be iDdepen.deot of the ~ 
of tile Itrofoil .00 of the .n.po of lhe load gr.diDg 0""1. 

In determioiDg lbe S ..... pIltem rollnd an """"00 !.be 
,t.andard .,.tem of ""' .. will he u.ed -with ori3in at the mid. 
point of the aeroloil. The uil of a" utend. forwlnb In lbe 
dil't!CtiOl'l of motion of the .erolail ,..,1.lln to Ibe 1O.it, the 
uill of , ;. along tbe .pan. of the toerofoil to -oo..ro, and 
tIM .."q 01.. ;. nonorJ to t .... 6 ... t two ........ in &jj. 11(1. 'nle 
.. elocity field of tbe .. ottex ."..t.om , which rep'Toli tIM 



CH. :m] Til. rLOW .00:1<0 .ur 1o •• 0 rOIL '" 
diJI......w...oo u . lled by !lie auofoil in lhe unllarm . lfMDI V, 
will ba e."rI 22: ~ by the ,..,IOOty OODlponont. (II , .. , ... , 
panlId to t ..... A1N. 

. -

• 

It follow. at (InOB from the ample farm &IR!I>ed 101' the 
"~lI ')"Item that !lie longit ",ljnaJ ,,~Iooily OOIDpouent .. 
depetlda oaty CII'I the cinlulation rotmd t he lIeroIoil, and thu 
t he IatenIl "-,ooity OOIDpor>eD! II dep"ndo only on the."mm 
01 trailiDI ,,1II'tlooo., whe.P ' the normll 'nloei ty oompooen~ 
til depetlda on the complete "ortez ."mm. 

11>e /lOW' ~t«n will be ~umined lint on lhe .. umption 
01 uniform l...ding Mr0.8 the IJIU of the .... rofoil and 
.Hentlon will be directed mainly to the uormal .. eJooi ly 
oomponeElt ItO. The efJ«lt 01 OIM. lormlo of l...d g:n.ding 
OUrft will be wnade-t only jn I few ~_ of ~II 
importance. 

1t·1. U",./_Ioodirog. 

Tbe .. ortu ~tem of an -.erofoil witb uniform l...ding 
IC£'OII the IpM .......... 1'1 at !be terOIoiI .dA' and the two 
ortnight InoIlinll"'OI'IioeI AB and A'B', tbe IUeIIgt b of 1M 
cinlw.t~ bein& K lor !.be wbok ."..,m. The !y.,;ell point 
P '1 .,bleh the induoed velocity ia to be det.,rmined will 
be dw. D fOl' oouormience .. in IIg. Dl .ntll neptint .. II ... 
01 the aoordilllt. II and~. Let PL, PM and PN be the 



, .. l'Ha PLOW aOl1l1i'D All .... O r O IL [~. 

pc!'p"'-iioularl from P to lbe plene Oqr &lid to tbe Un. 0, 
&lid AD _l*li""1_ TIleD 

• 

• 

IIL __ * _ :I', 

011 _ ... 
PL "_ ~ _ I' . 

OA .. O,{'_ , . 

"., ". 

• 

--.' 
The lnd\Kllld ~locity n P due to(llbe omuJatioa K I'OWId 

tbe aerofoil itA' iA normal to the pJIIM PliO IUId hae the .. ,~ 
9, " ... ~-ii (oo. PA'A + OOI PA"') 

K L ~ +. ' - ' } .. .... vr· + 1" W'z" +;. + t)t + .)1 - \/il1+z" +G- .JI ' 
IUId tbe oomponent. of tM. Yelocity .... 

K . " f ,H ~-'} .. .. - "':c" +i' Vi" '+ ?' +b'+,j' - W,+ i+l; _.)' ' 
... .. 0, 

K .. f r+' '-' } 
"' - 4. ;;'+1" Vi"+I"+ (r +.j -W' + I" +tr-.j' · 



.n' TN. rL O W 101711'0.&'" .... o rOIL .. , 
Tbo ind ....... loci!,..t P d .. to 11>$ cil'Cul~ Ii round 

Ih. tral.l.illfl ~s AB ill norm.! to lbe pi ..... PAR and M. 
lbe ... 1..,. 

K 
•• '" "'PN (I + 00. PAB) 

_ _ K .!,. ' I, 
... vr· + {J' - IJ' Vr' + .j. + (J - ' lor 

... d tbe oompooents of t.bil Y~locit,. are 
... ... 0, 

K " ! " 1 ... ... - b.'i + (r - .j' 1 + Yr' + .'O":n; - .J'{ ' 
K ' -' ! ' 1 ... .. - ii.". (f' - . )' 1 + vr, +;S' +G _.)if ' 

Silllllarl,. ,he ftlocitl oomponen ... at P d .. to tbe oircut.· 
lion Ii rollDll t.be tnlHpsyorlex A'8' 1ft 

... _ 0 , 

... ... ! I ' + ~ + l,o{1 + ti' + r:'+ {J + .,.} . 

_ ~ ~y + , !I+ z' l 
... 4 •• '1 + Cr' + .)' W ' + ," + (J + Ij,r 

The OOOlponentli of the iDduoed yeJoeity 1.1. P, due to the 
..,roIo11 UId It. tn.iling 1'ortioe., 1ft obtained .. the I WIII 01 
the up"",",,,,,, gI .... n ..00-..: 

" ... .. . 
• - ... + ... . 
... - "l + ... + ..... 

The doIt.iled u .... jn· 'ioo of tbe. u"p~·.7'OM will be _ . 
IItIed 10 the ' ........ 01 ""';&1 int.._t, i.e. 10 polakl,.", ;Q 
the lawai pi ...... (>< ... 0) and to poW ... on u.. .w. of J<, 

Tbo illduoed nIocily iI proportiOD&l to the ci ... lilatlon N, 
,1Ii. 1I ill noIWed to the lift of t he ..,rofoll by tbe eq....tion 

!opYK ... L ... kL 8j>Y', 
K 8 

or ... '" t ..... V.l:L• 



, .. ,~. 

1'1U.1 .... Up'" 5,"011 is eq~ 10 the norm.u 11>11..-1 ftIoci~y 
.. ~ an ao:orofoil with elJ.i.ptie '-'i", Cal, l UI .nd it ill 
_nniea! 10 e~ tbe iDd.....d 1'elocity oompGll"'ll.l at 
tbe pneral point P .. mulr.ip!M 01 thia ... ~t1 '" 

1t·! I . TAe kte ul plcIu. 
The longitudinal OOItlponelll of tbe ind~ nlooity .t .. 

point of tbe lateral p1oo. (a: _ 0) iI 

. _ K !_'+..! r - r- ' 1 
4n v~· + (y + '1' Ji" + ClI - .1' ' 

and f~ point. OD the..xU of z tbe U p ...... .. 11 ~Iuoel lurther .. K • 
- - !"zv;"+" 

I I' 8 ft/. 
- j. vz'+"T.;i> , 

The lon,gitudinal oompooent of the ",Iocity of the air Rlatiye 
to the lWOIoil to ( 17 - .) and is therefore 1IIc.r! 7 7 ' ~ "boYa tbe 
&en'lI'oil, "heftI. aod. uti nepti ..... NId Is dec.lem ~ lItlow 
It . The ... ri.lion 01 the O()fr'eelioo to the lon,gitudilUlJ .. doelly 
i. thowo by the foUowill8 numeric:al ""'IICII : 

~ - . I I 2, 

• _ _ H2 ... Q< II . .. 
For an ..oro!oil of Mpect ratlo iI the velocity 11'0 h .. the value 
00 104117.1.. Th ... the O<>l'ft!Ctiom 10 tbe 1000000tudinai nlocity 
;1 only of the o."u,.. of 2 .;. IU, .. depth belo .. Ihe aeroloil 
equ..J to the Iemi -tpallwMII t he lift -'licitll! b .. the luge 
.. aluo 0011. 

12·". The 1-.tenJ aod DOrm'" oomJlOlll'DI.I 0( the induced 
nIocity at. " point 01. tbe la.tenJ pi ...... (I: .. 0) an .... pec-
tiffiy K tip 

~ .. £; 6" +,' + .., •• c:<.,~.". 
K ,er- z' - '" 

.. .. - 2. br'+ " +,'j' - 4' .. •· 



1'UI: 'LOW .Ol1!1"D .. S .... O .. OIL '" The denominator of Iheee tll'O up ........ ;.. _ntWI,. 
politi" u:d beIIOI! the Iaten.l ""m~lIt of tbe ",Iooit,. it 
di~ ;n ... anb abo" tbe .-ofoil .nd (MI!"'wda bolo.. it., 
.. hiIo \.he.p of !.be normll.l ""mpooent dopeQ 00 th" of 
11' - ·' - "). 

A~ luge w.h_ from the ..,roIoil the up..-i(IM tend 
to tile .. alUN 

K. 2rt Svt .. 
" .. 211' II" + 01)' - (Vi + .')' 4 ... ' 

K .(y' -.') ", _ ., SVk .. 
.. .. - f,; (y' + ,.) . .. - (y' + 0')' 4 .. . 

A1eo on the uia of • the nol'Dl&i oomponen~ of the 
,",Iocit)' II 

• --. • 
• - .. ()o 41i ... 

• 
, 

•• 
()o IO . 

induced 

For all ..,rofoi. of"pee:! "'Iio II the velocity ... h .. the .. alae 
0-1061' ,1,,,. U>!I .. t .. depth belo .. tho ..,FOIoi. N/llrJ 10 the 
llemi •• pr.n tbe do ..... watd ,",Ioei!y ill 0-0261l Yk". "'Pf'I*lllting 
." angle of down .. ..,h of lQ·5l'" . 

12·23. TAl! /o1\gilvdinal...N. 

At .. point on the .. :til of "'!II _ . _ 0), the longi tudinal 
and 1.leni component. oilb.. induoed .. elooil)'....., &eI'O and 
the Dormal component h .... the .. rJae 

K , X{ • 1 ... -- - + - 1 - i 
2,.",,.1,,"+,, 2.. vzl + •• 

- !. {I-V"'"+"l· 
b, '" 

I.a fl'()ll~ of the .eroIoiIlhe nonnaIll'elooit)' II MII'"'-i" and 
lhe ur II HII1riD(l up....m., to .....,t tbe ... rofoll. Behind the 



'" [~. 

loe<'Ofoil tbe normal ,",loci ly is poI:iun, and at • di."nce I 
bl!hlnd the Hroloil t he angle of dOWDWNb • II 

Writlnjj 

• K! Vl'+"} ' - "F-: •• " 1 + I 

'! Vli+ .. } 8 - 2 1+ I ",,ok,. 

.. 8 ·· -r- 2.r .. I:L 

fQ. the angle pi downwMII ~ponding to lbe .tandud 
Induoed velocity "10. the etP~OQ for Ihe angle of down­
... 11 bebind the aerofoil beoomeo 

... HI + ~v'~·~t!:!'·} .. 
-.lid b .. lbe following nu.merieal n.I .... : , 

! I , • -. " , • 
• - .. 2·1)8 , .", HI I·oe. -

12·". A'Uiplic. k>adiJlg. 

The flow ~ttem II .. boen aolllJldeNd bil b~rW (KI t he 
aaumptlon that the circulation h ... oonst •. nt nlue acl'Ollll 
t he apan of th .. lW!1'Ofoil. Thi~ condition i. not Mliofied by 
... , af!rololl, but the ...,tu.J diAtribution of ciroul.tiOll acroM 
lbe . pan <WI ...... Y" be built up by lupetimpomnc' ,"ullber 
of a mple "bor mboo" .Y"u, .... (el. lo-U and 1Ia:. 77)_ In 
order t.o deri ... the ~ng valueoJ 01 the IOO......:! 
moot,. at. rony point it is lib Dry 10 ",p'- the length 
, in the fonnulae of 12·2 by • ooordilWe " _~ .Ioog 
!.he epan 01 the ... rofoil, to replace the cireulation. K by 

_ ~! d". and to in~te the e",p.-ioruo from " .. 0 10 

" .. , . Thill integration is h ....... n ' uin!lnIliy compel( in 
S"""nol. 



~'I TIn FLO" BOIIJ(D .all' .... o rOIL '" 
In lbe _ of elJiptie 'Miliol (d. l HI. tbe dlI::u1..tioo at 

l.tIy point of ,bot..,rotoil ill 

K " 4oIP'AIJI - ~. 
IlDd tbe DOnD&I iDdIlCed yelocity.t the -.eroloU II 

.... .. VA, . 

K .. 4 .... \/",. ::c". 
dK 4"" 

- "'1 - ';'--'1t ' 

INI . TM --.l~. 
The Dorm..! lndueed ..... locity at .. point on the am of ~ 

in t.he ea. of unifonu loading hAe ~D oblained io II·!! 10 
the lonn K • 

"'-2.~'+'" 
IUId be_ for elliptic l<WIjng 

.. .. r,' ),,5., . • ' ,"" . .• • ,1_,," + 1) 

wlUcb un be u.t~ted llimply by IDNllI of the l lilmitution 
" .. .. lin' and gin. 

... ... ... (1-,.1%/+ •• ). 
The numenc .. lyrJ,," given by Ihls fonn.u. uo : 

• - - I • 
• - _ 0-158 .. 

I , • 
,,, ,,, 

and • aom~ witb the ... .1...,. gi .. en In It- II for uDilona 
loadi ..... how. that at • depth ~ow the auofoil eqUAl w 
the eeml-.pr.n the diflemlee In lbe induced ffiocity ill 
1Hl4 .... . 1'hlI diWe._ ill negligible, for it _.""pond_ 1.0 • 
di~ of only O··!4.t" in tIM! IUlflle of doW'Dwo.eb for an 
roerofoil of .. peot ratio 6. 



, .. TN. FLOW BOU!(D"1f A •• orOIl .. [~. 

Wbell the dlJt.anc:e from the ...,roIoiI ito ta.p. the normal 
indlJOed Teloci~y tendo to the ......... 

I ,· 8 
.. - !i1 .... - ..... r.tL • 

botb f~ uniform and too" ~mplio 1'*';"1. ilhlllU'atin« the 
gelM!nJ t~m lhat Itt large diI '-_ from an ... rofoil and 
;ttI ... ~ the iDduoed velocity ~I"'''''' ooly on the total lift 
and J. lndep"ndent both of the tp&n and of the f<.>nn of tbe 
load gnwling cu,....e. 

12-32. TM 'a'r-al pId .... 
In the C~ 01 elli ptie l..:ling the 110'11" in tho lawn! plano 

(.\: - 0) ""'" be obuined from the 'loOt tbl lhe norm.:l io" 
dUOl!d Te!ocity hu • COIUtUlt value .... .uo. the ftpo.z> of 
tboo ..,rofoil. The lIow ito the ... ,.,.... identiorJ 1Ii!.b the ''''0 
dilllCnlionai motion oanaed by .. line oJ. length t. rnoring 
Mrmally 10 lbool! 1Iitb the vdoci ty ... . The ArMm fllnction 
01 1m. "ow io gi'lCO in tl-Z3 and the 60w ito iUlIIlrated in 
fill . .... Writing y _ ui.n.100lb ," , 

~ _ .... l llinb,., 

tbe normal nloci ly .. """ be shown 10 be 

... _ ... {t 

o. 
li, 



~l TRa .. L O W a 01;lNn .... t ..... 0 1'0 11 .. '" The II.waeriClll .... h .. 01. '" dMuoed ftom thill fGnll 1l1a for 
poUlt. ill. ~be neigbholll'bood of tbe ... rofoiJ uti gi"," ill 
table 16 below and .... ahown in fill. 12. 

F ... from the ... rofoil tbe foUotri", limitilli .. ..t...,. .rtt 
obl.6ined : I . , , _ WlIIII .... 

; - t-~,\, 

~ .. ~-. CClOII''\' - ain' ,\.) 

" .' ,' -.-
-- Y(Y'+z')" 

),. - .' 8 1' ,1,,, 
01' to .. - (Yo + " J' -.;;-- . 
whicb is the ume All tbe limiting .. oJ..., obtained in 12·ft 
fl"Olll tbe UI .. mpLion of IlIliform 10lldi",. 

T.we 15. 
I''''~u of "'I .... • . ' . • •• ~ .,. - H. , .• , .~ 

.:. ~ " ,~ ,~ ,~ ,~ ,~ -, ... -0'1 -0. .. OW O. O • - .., - OM -'" - Oft 

" O~ O~ ". ... - -~ -... -0" 
" " , OM - OM ~ -0' -on -0. .. ou O® .. , O. - _01) -0. _otl .. O. 'M 0 .. 0" .., -... _ I)oI~ - 0 1& 

. 

The angle of do ......... b at .. point Oil the ui .. of z in tbe 
cue of uniform loading hA4 been obtained in 12·23 in tbe 
10= 

K { ""H'I ~ - % ... V 1 + t ' 
and t.._ 'or eUi pcic lcw!ing 

r' I . ..... { v'P+"1 ••• v-'- - 1 + , d') .t · " v"- '1' 

, r'{, 01"+"1 '~ " . '. + I _ . .. .• "-I) 



". 
8ubmtuti", 

'1"1111: FLOW BOIIND "II' Joll.opo n . 

"-'-'. I _ .to 
,. .. p .. , 

t hie Int.egral become. 

! .. ~ r; f<+ } I - 1' lIInl , ) " 
.. _. . 1 _ E' 

, E 
- 1+ - ,; .• ' . . -

where £ i, t he oompJ~ elliptia in~ 
• 

E _ 1:";I-,I;' ';nl"". 

[w . 

Nllmonul .. alUM of tbe angle of down"N" dedueed fn)m 
, .... formul. are: 

~- 1 f I 2 

• - .. 3·23 
" 

,·n ,." 
n- .. aI_ ..... consistently I~ tban thOle dedllOf!d from 
the -.umptloo of uniform l....tiog And t.bul.ted in IIl·n. 
1lolW'l'er, they " md to the limi ~ 2., ;""IN([ of .... j I<!nda 
to inllnlty. Neither of tbee8 eet. of .aI .. "", oan be ~..med 
...... tirfaet.,..,.. They ""' b .... on t .... aMUml'tioo that tbe ' 
trail,,,!! 'Vorti"", ul<!nd b""kwwrll indefinitely II I tn.igbt 
];00., WId to obtain a reliable eotimlte of the angle of down, 
wMb behind an aerofoil it i. neewlry to Uk, _un~ of t he 
lae~ tb .. t tbe 1Ihee, of trailing vorti_ i. IInstaht.. and roI1o 
up into .. pair of 'l'om oes. 

IN . ..t..., 0/ doonoOOQd. 

The lonnlllac for the nonnal indUOfd veloQly W 011 tbe 
longitlldiMl an., whieb ha" ..... 0 de'nlloped in IJIe p .... 
-'ina pangrapbe 12-23 and 12·33, ..... b' : 1011 tbe .. ump­
lion that the tnlling Torticee ,neD<! back,. ...... indefinitely 
.. l lrai&bt liMe. Actually lbe tzajling 1'Ortu abeet ill 1Ul­
'table and roll, up into. pair of .. orti_ .. be. <&1_ 
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"pan (II') i . ... tber " Ib",tI the Ip/IoD (t.) of the ... roIoil . 
The.~ of....,h 01 the l'eIIUlting 'l'orti.,. will cletorly be 
equ.al to the mlglli toda of 
the cin:WatioD Il rou.nd 
the _ tAl of tlte ..,roIoil. 
At poinlll diltant from the 2 _ 
... roIoi1 and I ........ 10 thia • • 
modified 'l'orWz .,.. ... m 'lriJl 
he equlv..tent to tba~ of an 
&ero/oil pf op.on 20' witb J'Ia.". 
uniform circulation K and 
benOIO the di,t_.' 0IUl be detenniMd from til" equKion 

L _ 2o'p l'K. 

Now .... y lonu of load distribution aIll'OOlll the 'pAll of ... 
..,roIoil C.t..ll be "'P'" F nt«i .... ip II ·! by the ..,riee 

K _ .... V:!:A. oin118, 

and tben L _ 2 .. ."V'A. , 
K _ .... V (A,_ A. + A._ ... ). 

" L If .d, 
,- !lpVK - . (A, - A,+A, - ... J' 

The nonna' induced 'I'"looi ty '" ,.~ ,. point on the longi . 
t udinal u;' .t ...,me distan"" behind the ...,rofoil will be 
l!lItimRtcd more aocu ... tcly by l ite ~ of tlli. modified .. ortu 
.y~tem than by tbe MOumption which ignu .... tho rolling up 
01 t10e sheet of treiling .. ortioea. Tbu.o the vortez . y.te.n i~ 
.. umed to be that of an ..,roIoi1 of .""" 21' with OOl\lltan~ 
cin:ul.tioo J?, aod t be normal iDduoed velocity, aoool'tlinf to 
12':3, become. 

K ( ';/' +"') "'- 2.,, 1 + , 

L ( ""+"') - ...... .,,1' 1+ I . 
'l'he angle 01 downwMh;' tloetdore 

, " ( :"-~"~+~,~,, c_ !," I +~ I ) o., 



" . ,~. 

..... tbe Umitillg .. ah.., of the ""ile of do..." ..... h M lbe 
dilt&nc!e I I<!rw,lo 10 infinity it -• - I" '., 

" The nluel of ., lor rectangular ..,rol..,.. un be e&lc:ul.ted 

from the ..... ulr. giyen til table II of ehapte t XI lind a re 
~rdO!l in tabl., 16lHolo .. logellw>. witb tbe OOl'l'(llll'O,Kling 

1'.1 .... of !. at· tho point / ... . .,1<1 ,he Iimit'''i TAl""", M J , 
tend. to infinity. 

Fi n..uy, the rate rJ. change of tbe angle of down ... with 
angle of itlcideooe i.o 

~ " (I v" +.'"\ Sill .. 
ok .. i ,.. + I ., ~",. ;z;-... ---..... .( . 

• nd the nlue of lhi. uv> ion.t lite point I ... , ;, ".teo 
gi .. en in table Ie. 

Tbe ~fin.ition of the Iel:Jlllh I ;1 ..""ewht uncertain IliACe 
the c,""watio", are hued GlI the _umptiotl t b.-t tbe aeroIoil 
can be ..,pllleed by • lifting Ii .... and the vo-liiou of Ibi. line 

T.ble 16. 

A oogk 0/ """"' ....... . ,- ", ·1·.' ..... ' _I'. (1 - 0) .r./<IoII • • , 

.:Wpoo ,. . .. o.7~ ,~ , .• IN' (A . ,"-1 

~' Af"D I-o 
_., , .• ,~ "' ,. -. ,~ 1-17 _. ,. o-lI7~ I·S t , .• .. 

" OR. I ·r, , ... -~ ,. _. ,. , ... _. ,., 
-~ I 

,.~ HI 0-:1 



.nl T H •• LOW ... l1lf D All ..... 0.011 .. '" io the Mrofoil .... lIot been defin.ed. CIoouiy. Ioowe~r. lhe 
IiftiDa: Ii .... lIhould p-. thn:>ugh tbe oentn! of pI'fIIIU", of t he 
aerofoil and tbe length I ;. tM""fOl'" the diM..- behind I .... 
OI'ntre of IW'" W"II of t he .... ""oiI. 

The nri&l.ion of tbe .... glo of dOW1\ .. Mh with the diat ....... 
behind tbe MrofoiJ i •• b""" in 6g. ' 4, .. he ... the eul"t'el &no 

dr • .." for an elliptic roerofoil and 1M .. ~AI' Mrofoil 
of ""poll! ratio .... _ 200. The broken cun.,. rop..ellt the 
<lOn'Npoodi", ... IUN for woiform and elliptic 1CoIKIinr .. be" 
the rolling up of th., , b .... t of tno.iJ.ing vortiCOIII 19oored . 

Angle of D_n_"" 
.,-~=:';::='-r--, 

, , , , 
',ElY. 

0::---\ -------
, £/Uf"H 

, ---- - ----U"'J-'" 1..;.r."1 

',~----~,~ .• ,-----,C.,~----7,.".-----c,J .. , 
'l' 

",'1. 

TIM ~u1t. ginn in IhiA chapter ... rer in .u _ to .. 
mOllOplane r.ero/'oU, but t he II.,.... pat tern for .. biplane .,.tem 
can be deriYed by adding the elrect.t due 10 t he 1_ Mpoonte 
aerofoib. III particular the angle 01 do ... nrae hellll\d .. 
bipl_ ..y.tem "" ...... Iing of tw .. n!ctangtdlU" aerofoi.lo of 
Mpetl "Iio .... 1riI1 be nearly douWe t bat behind .. mOllOpl .... 
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Mroioll of tbe "me IIIpt!Ct-rWo .t. tbe _lilt ooe4iciellt. 

On the other hand. tbeTlll""." ~ will _ be doubled '""III 

to the dt.:. "Ie in the .. a1"" rJ. ".:,.1. for • biplane. URnIl tbe 

IIumericaI .. alUf!I ginn in 'h'2 ...... 13·24 for ~gular 

aerolol(.e of aepeet nlio II, tbe .. """" 01 :. 1.1 found to be 

roughly OOU for the mollopluw.1lnd 00116 for the biplane. 
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B I PLANE AEROFOIL8 

13·1. 7'..., a._MioMl "'""""'. 
The problem of the t.o dimenaicwul Haw put a pair 01 

"'1'Oloi'- forming. biplane ty3U!1II iI very eomple.l and 
oompleU! lOI utionl h • ..., been ohl..Jned only for lhe! cue ,,·MD 
the aerofoil IIOOtiOlII VII l i raight line.. A brief oul li"" only 
i. gi .. "n he!..., to Indiule t he melhod of analyai.und the i"lIf'nol 
nah,..., of the! ...,.ut", obtained. 

1'· 11 . Tawntl>tft!/oiU. 
Conaider 11M a laudc.m .,-.tern fonned by t.o equal 

,r , , 
II'gAKlII'" AB 
and A'B' of 
lbe rat uil 
Yilh lbai. u · 
t ... rnitiN ~ :' ___ ~.f.'_.!?_ ,'~ ___ "' __ _ ~ 
l be poin'" -p - 'I I 9 P 
¥ -:l: p, :1:'1. I 

The m ...... gen. I 
e..J t,ype of if'- ....... 
rotational 110. pMt thllsyatem eM be up"'!1 t II in t he fonn 

. ,. U U. O'_M' 1I _ , p _ _ + _ , 
d~ v(pl _ "J (.' _ q') 

C , C ,,,-00'",,-, + ; V'(pl- ; 'J(%' - ,oi + .. Jfpl - I') (o' - q') ' 

.. he..., tbe fOW" term. rep"""Dt ,...-tinly the 110" due to 
a unilOl'1ll ftloeit,. U parallel to the uiI 01 ¥ , • uniform 
.. elooit,. U' parallel to t he uiI 01. " equal cin:u1ation C 
round each lIef'Ofoil , and .,....Ii .... cirvulation C' round lbe 
11M aeroloil and ~ .. e cimalation C' round lbe .. O(>--vl 
aeroloil. The quantitieoi M and It VII COMI&OII .. bow .. aluel 
VII determined lato.r .. funct.ioua 01 p WId 'I. 

The geoenU up.,...jOQ repreRntl .. poMible irT(ll. tionai 



1 7~ [~. 

mollon Ii_ t ... poleotial fuootiaa ~ ... functiOil 01. the 
oomplu Tari.!)! .. %, it .... t ... 00<Tect limi linl Tal"" .. ~ 
tend. 10 infinity, and it gi ..... aero normal nlocity at I .... 
Inrf_ of the .....,roi .. and linilll Ydocily at. all pointl uoept 
..... t'IId& of t ....... roIQibo. The";p of lIMo ..dieAI 

v iI'" - II) II' - q") 
m ..... be ch.-n in ..........1:._ with t .... n<>toriallntcrp ... I •• 
lionof l .... upl'e!llliOl1. The !lip;' poIit.iu OIIlhe lonrlurf_ 
of AB and On t .... upper AUrf_ of A'B',.nd" ~.t.i"' on 
t .... oppolit .. IUrf_. 

The Tal"" of 1·lIe oonat""t '" il d .. l .. rmined from t .... oon· 
dition thaI I ....... ;. no cin::nl.l ion round .. itMr ... roIoil lor 
the .imp ... '""rtieal 110 .. U', .nd t ......... ue of the OOf1lItant 
.. from Ihe oondition that. lbe ein::ul.tion round IIMo .....,roil 
AB i. equal 10 C' 1 .... 1 .... fourth typ60f Bow. n.- ... h .. ..... 

• - pJ~, 
•• " - l X' 

......... E and K ..... I .... oomp ...... ~Ilipllo lntcgno .. for I .... 
mod ul .... ~, defined by I .... equtio-n. 

~ i:> .. I'" ' 

f'j= ':;; 
K _ .• I _ .... dz' 

., '" ' _I ~ . .• ( 1 - ij(i_ ..... ) 
Tho poi .... z .. ,., ........ t he It&gUatlon poin .. 01 the oimple 
.... l1leal 110" OIIlbe . .. rface of lbe ... rofoil •• 

" '>- • 
~ • 

r 

" , 
• , .. ~ 



no) 173 

To obtai.D the flow for a>lf;1e oi illCideDGe II which IN.YM 
the uaWngodgel Band 8' _thly, il ;' nec : .. y to .. rite 

(1 __ 1' ....... , (1' .. 1' ...... , 

.nd to cb'.-. the nJue. of 0 wid 0' .0 Ibl the nlllllc.,.tor 
over the nwlical in the II"""..J u~on lor (. - i~J ill zero 
.u the paint.l B IUId 8'. Heace 

C _ ... (, _ q)Y.eln~. 

0' _ 2(pE_qK) I'lin ... 

The Iftultant fwao on the tandem .yo'" m I, Itt.. tift 
L .. 2pVC .. 2" (p - q)p"'ajna, 

oo ...... poodi'" to tbe total ci",ulal;on 20, .00 11>0 tandem 
.y&~m therefon gi'l'e. the lame total lift ... lingle ""roIoil 
of the _ total chord 2 (p _ f). 

n... 1o","" on the indiridu&1 aerofoi'" can be determinod 
by uoUu.atl", the int.gnLI . f' . X-iY - 1 (i).u 
I'OI1nd the....-f_ of_b ..,roIoil in 11llO. By applying l tu. 
IDII!lbod it ill foWid that tbe front aerofoiJ AB u"" .... _. 
gnoaln lift fOJOll than (·be ~ ...,roIoil A'B', and that tbe 
rur ""roIoil upt riencn .. dng force .. hieh II hAl.....,...! by 
an "'Iual fOl'W'atd force on tbe front ..,roIoil. 

13·12. TIte M~ ~p/<>~. 
All unrtagge ..... hipl ....... oJlltem, formed by tII'o &quu 

par1LlJe] IinM, un be deri"~ from the tandem f)'ItelD by tIN! 
wnformool tf'anIlOlUlAtion 

~ - . " ... " - .' 
.... "V '" .') (." - q'J' 

, , 
.,-~Z::-... -; ... ,-~:--• , 

F"" •• Wl. 

• 
,--~' .~ ... .- 0( '. , ---.. ---, 
.-":~,-, 

" 
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Md tbe poIition of tb600m.pooding poiDla in tb6 two pllOts 
i..nown in fig. t7. In partieulu tb6 eJ:lremit.iel of tbe bi· 
pla"(t -.-.loibi 00i12fP""d to the lIUgnalion polnla , _ i: 101 
of the W>dem 1)'51-. and !.be mid·point. of the biplane 
.erofoiil to tb6 utremitiOi l - ±,. ±, of the t.N1dem 
~rofoi"'" The gap A of the biplane ')'Mem i. obtailled M the 

integn.l of ~ from B to ,d '. and the cbord ~ .. twice the 

lnt.e@;nl of ~ from M to A. The _peet ....... -.I"," Il'Il n· 

r'" t ~ In ~lli ptic int.grall.n tbe form 

..... 
.. _tp{E· _"';. ... ·K'} . 
.: - tp f'(t. ~ ) - ~ F(t. ~)} . 

; "'-101' j 
T o. 1)i-,.' 1' -,,' 

( ' j l _ Pii'i E' _.. I _ ~ fiz. 

f' .. 
K' .. • v ii _ ,...rO _ i""" )' 

, [,j' -P" E(i,~) _ , ,'" I _z 

/' .. J' (t, ~) - _ r.-- _ , _ • 
Iv( 1 _ z')( 1 - 'z') 

~' •• from the wroloill the tn .. wonnat ion i. , _ _ ;~ IlIWi 
heMe to obla.in the flow inclined It angle .. to t he thoro of -- .' o' 

"- • 
'- • " <::: , 

( • • , 
« ..... 
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the biplane lhe limiting .... ue ollbe pounti .. fw>otion ""lISt 
bo 

.. -- 1'(00"'+;'; .... )( 
__ I' loin .. - i !lOU )l. 

The genenJ. lIow Itt the z pl ..... wlUeb will OIII1..,rt 11110 the 
delirtod ftow i .. the, pIar>e ~ now 

/lilt " ... z, - ",' 
.,.-- • • n" - ' COOI<I _ .. , V(P' - ,') (z' _ q') 

I C;, + C'" 
+ ; vip' - ,') (I' - 9')' 

where '" and It h • .., lbe .all.W!tl determined pre,"ou6!y. In 
order to obtalnlinite velocity," tbe tniIi"i «I .. AI....J AI' 
of the hiplAne MroIoil3, the uumerator 0 ..... the radie.! mullt 
be .en> at the poin,", AI and II' ol the taad_ I)-.tem. 

AlIcrori1>f1 f~ lbe "b.aor of';gn ol the radicAl from III to II', 
tm. oondil>oo. lin. 

"V oin <I ,Iii"''"'"'''-=-'' C' - O. C - (pi - "'J(Ill - 9") • • 
and lbe cin:ul&tion ..... the _ .... ue ro\llld both wrof()i]e. 

The r..uitant foroe OD the bil'lane . l"'tem ia the m~ foroe 

-1(." _ .') (111'-=-, ') L _9.1'(1_ 2",V'l!in" I' 

~ . ' 
.... L the m~ coefficient of the hi]>lane may therefo", be .. rit u n 
in the form 

...... 8 _ _ . 

'The rut« 8 rep.-milt. '-he red uction olthe lilt coelficient 
of an u"'tasrred. biplane cotapu-ed witb tbat ol • mollO­
plNle at the ....... ~ of inei~, and ....... of B ...., 
ginn in I&bIe 11 below. F~ .... all aoaI- of ineideooe the 
_tiltm.,. beuIW'" J in lbe .ltemati ... form of lbe inocre rM 
of lhe wrgle of ineide_ required with a biplane to obtain 
the ... me lift coell'lcien t .. t!:.at of • monopiNle. If " \11 the 



'" 
anaJe 01 i~ or the bipl ..... U>d ... lbat 01 lboo mODO­
plane. i~ caD euily be ..boW'!) Iht. 

. ""~ 
, . , 

, :m ,. 

, 

• .(' , 
• .. ,., , 

.. - ... + fJJ:L • 

, . 
"" " '"ok 

, 

,. " 

0-10 

, 

, 
'" • 

11le fo~ on the indindmu aerofolbl or 1110 biplane 'yst~m 
can be detenniMd by the ...."e IUllthod .. In tIM! C&IjOII of tho 
wulem aerofoila, and it &ppunI that tbe upper ..,rofoil 
MperiellCell .. gt'Utu lilt fome Iblll the lowet r.<-roI'oil. 

Table ]1. 

Co .. ediott jl)d{)r. Jar G biplaroe . .. • • 
.~ .. ~ (l.llt ... ... ..,. 
,~ .~ -,·u .M "" ,.~ ... "" 



= l m 
]3-13. TAe ~-' iii flu"",. 
A. Itaae<al biplAne system, formed by two oquAl p6ralIel 

Ii ..... , Carl be .wrind from lbe .. nc!_ IJlltem by t he _. 
formal uan.formatiou " .. . " - .. , ... _ _ . n + ...... , 

..., vIP" - I') (I' - ,0) 

....... .,., ill I"" angle of I tAggl'r of the biplane. lJcmI generally 
alAo. hipllLlM! ')"Item wi t h two unequal ~nel r.crofoi1& OAR 
he ohta.illO'd by ltatting .,..jIb .. t ..,..tcm ')'1It~m with ... ...,roiJ. 
o' unequal lengt h And by applying II lu'tabl .. <!(Inform.' 
ItflnMonnation. 

The Mlalpie in tbeto mOftl geroenJ e_ becom. highly 
complu .nd in all c_ the rwru.I.~ obtAined apply only to 
I,,..;,ht llno ..,roIoiJ-. Ie ill Uftdul ''''''''''ora 10 denlop .., 
. pproximate IIIOlhod of eoI'O'ing tho problem 01 .. biplMe 
.y.tem which will give & cluJw inAight inlO the meebaniem 
01 the interf ... enao betweeo , .... two IW!roIoil& aad will p~ 
• me tbod of estlrnali", the effect of tbe ebap$ 01 the /W!rotoiJ 
_tioD. 

The inu.rf.,..,.,.,.. uJI"rienced by ...... IW!roIoi.l ill dl>O to the 
di.tortion of the 0011' .,..-:1 by the ot her lIUOfoil , and au 
'PP1'Oxh"ato ~hod of IU..,king the problem may be b' I 
011 the e"''''''plion of "'pla.cing the dilIturhlng IW!rofoit by • 
IKlint .. ortn 01 the COmIC! otrcl'ljJth at the oentre of p,...ure 
of tm. ...,...,Ioil. 11Ii, method ehould be IIAUtflC((Iry lor large 
.... .lueo 01111& 8&p-ebonJ ... t.io and it. &<l\)ur&Ily ]n ~""ral 0f./1 

be ta!tfJd by OI)nlpM ng tM l'e6uJu wblch it glvtIIlor .ttaigltt 
line aetoloill with the lie· 

cunt" _"I", of t.ble 17. 

130\4. .... """'"'""'" .0/ •. 
lio ... 

The eireul.t.ion K round 
the low~. aerofoil of the 
bipl . .... . ,..I~m is .. nmed 
to be _nl ... t«l .t the 
oe1l1l1l of PlWIU", C. The 
flow in 1M IM!igbbourbood ... '''' 
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of the "pper ..uofoil due to d li" circ .... tion K IIlId 10 t he 
llnilorm ~ I' will he elU'TM downwardl •• U the poillt 
P of the upper .....,,00. It ~ % bebind the poin~ C' 
whkb ill nr1iClllly above the poin~ C. the normal ind..oo 
nlocity due to t be cln:ulltion K ill 

K • 
" - f;,v +ii' 

Ind Ihe nidi"" of cu""t,,re R 01 tbe "t""*'ll li.- d .... to tbe 
cil'l: uJ~tion II .nd lbe uniform .t ...... m V clUl be obt.ined in 
Ihe fonn V dill K fI' _ %' 

1i - iIi - ~" (AO + ZO)' 

b . L . _. ' I V· "" V d• I ' Y lI<lutmg h", ... t.,m.llve onnl"'lf. .u 0 loe 

oomll.l ~u.tion, 'I'bere iI abo In i",,_ of the longi. 
tudinal ,..,Iocily in the neigbbourbood of !.he upper ""mfoil, 
bUI tbe effeet of thi' i~ on the .,banct«iotiao of the 
blpl ...... i" .,,,,,elly bal'''«!d by 111 equal d ..... 11M for the 
lower ""mfoil, I.Dd he ..... the n .WioOI of the longiludinal 
~Iocity mlY be ignonod. 

The in terference ezperienoed by the upper auoIoil will 
"" .. he rnp..-nled by tbe normll!. Induced velocity o.t. the 
cellt"' of lhe ... rofoil .00. by I,", cu .... I",.. of tbe etre""" 
linell in i'- ooighbourhood, and in developi"i ."pro";mlte 
np"";on. lor thi. in~rferenoe Ihe g .. p-<lbonl ralio of the 
bil'lllnn .. iIl be _umed to be I ~rge. If (J denot'" the oont ... 
of II..-ure ooefflcient of tbe 1o""" ... roloil . tho normll!. In_ 
duoed velocity al lhe centre of tllo uppcr ... rotoiJ lDay he 
lAken 10 be 

I!Id u... ndi ... of c ...... lture to be 
V K 
R - 2",\>' 

The lo .. .,r aerofoil uperieIW : lhe .. me ill~rf.,lt ..... ,,/fee'" 
due to the circulation round the upper ""roIoiJ IUId t ...... 
e:tproeei_ ",ay tberef~ be applled 1<) lbe biplane II a ....... 



=! '" 'The MUtation ronod an atroioillMclioo ill equ.al t<:I t~V 
and tbe oentre of ~ ooefficieu~ ~ be llepllllOed by tbe 
rnomen~ coefficient , t .. .. - 81:... He ...... tbe norm..t indlloOl'd 
modly ~ I' I 

WOo " "" (j) (it + U .. J. 

and 10 obtain the .. n>e lift M .. monoplane. the angle of 
incidence 01 lbe biplAne mUllt be i",,",..I by tbe .mall 

angle? . 
A furtber oo~t.ion ill required on .oooun~ of the cur .... tn"' 

of tbe II.-m Ii.... A ciroul .... am aerofoil of r&d, ... N, 

~bord " and ClAInber Yo " iR would beh .... ., In tbe O\ll"\"ed 

110 .... >:ad ly .... MMlight line atrofoil in .. umlorm 110", and 
bMoe l be ou rTAtllJ'e of the Ikrw iI equlT&lent to .. ted lleti<NI 
Yo of tbe ofl'eel;" ...... ber 01 the ..erofu. Out for .. cireula. 
uc aerofoiJ 01 ONIIber),. 

k£ .. 11" Ca + trl, 

• t .. .. - 1£1.- p" 

.n.d hence to maintain the AllIe .ift coeffiolent the angle of 
incideDOe mWlt be inc."o.eed by 2y..oo there .. ill be .. _ 

.ponding ;"""'_ of; Yo in tbe momont ooefficlont. Abo tbe 

vaille of Yo Ie c Kc I (')' 
Yt -rn- 'h1i'V - . 1S. Ii " ... 

Alidina It- ,..., Wi cectiODl, the IWlgIe of illc:ideooe of the 
biplane ...... , noeed IU! of tho monopIADfI by 

.. ! (i)' (k l,. + U ... ), 

........ t ... ill lbe n l ue of the mO_llt ooeftleient at M!ro 
lift . At... tbulope of tbe eurTe of moment coeffioient "8""'" 
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Iif~ eoeftlm.t for the iDdiridll .... a.erofoa. 01 the bipl&n.e 
.rubo 

:: ~ -H' - HI)l 
1'hfN Upi" 'M" are only "PI)roxiJD.IUoaa to the true nl ..... 
fJId b •• e been obtained OD the _ulllption Ih.~ the gap_ 
" bord ratio I. luge. A COInpariton with the &ocu....te ull.lell 
for Itraillht lil16 ""rofou." for .. hleb J. ... II Ie"", ;. obtained 
by OORl I)6l'jng the ... 1".,. of fJ from table 17 witb the "ppro",;. 

onate ul)t'a!l!ion ! (if. 
T.bl., 18. .. • A «f~)' 

.~ II-IJI o-all 
o-;~ - >on 
,~ - -' u - ... , 
,~ - -. . • The approllrnate formula 81"" ...... ...,. _tut b ..... too large 

for the ordinArY type 01 bipla ..... l)'Uem, but it m.y ...-b]y 
be ulled 10 i ... lieale the effect of .. ehange olaerofoil...:tion. 
0 .. th;e ba4i .. tim -.ogle of inddeno& of .. biplAn11 will be taken 
,. bo 

II .. "" + fJ (I.:L + U ... ) 
- "o+/l(tkL + U .. ). 

Till, oorroction from lIlonopJa,)e 1.0 hip! ....... iI quite im. 
purta.nt. For .. pp-chord .. tio of unity tbe lIIope of the 
IIII .... e 01 lift ooelliciellt "SUM! &n&le of ;ndd.,IICle ill reduoed 
'1'OItI H. to 2'88, and 1b.1 of the moment ooofli<;HolII apinlit 
lift """lIkient from. &260 10 1}219. 

13·2. BiploM of flaW. 'po". 
Wblon the bip"!)e .ystem ronaiau of two Ml'Ofoilo of finite 

_pan, """h ... rofoil beb.. ..... in a manN'. limila. to a mono­
pI ...... ~roloil and giVl'lll rUe 10 a 1IMe~ 01 trailing 'IortiOH!. 
Tile diltUlbance at lilly point ~ tbw the induced 'IIIIocity 
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dllll to lbe cin::lliloliou round UIe aerofoU. "lid 10 the two 
ahee", 01 tniH", Yortioes, aDd I .... D6nlIaI iDd~ wLQdly 
at any _lion 01. one ..,.-oIoil 
esc U I dl thtol _hleh would OOCUf 

for Il monoplane wrofoil by lhe 
illdUll«! ...,locIl,. of tbe Torte", 
.yot ..... of the IIIICOnd wroloil. 

IOOuOO<l ""Ioc;ty. the trailinol 4.t 
1'Ort;OIII may be _UIIW to ff~'::===~==== utt!nd down 8t..-m M.tr1ligbt ~ 
lilWl in tho """"" manlier"" .,.. 101. 
lor .. monoplane aoerofoil. 

TIle detel'lllinatioo of tbe indaoed drag 01. biplane ay.tt!m 
it llimt~ified by l lunlc', equin~'lOII t~m for alagger" • 
.. !lith ... t_ that t .... total iDdooed dl1lfl: of .... y muJliploone 
. ywtem iI unalte ....... if any of the liftiog "Ieme ..... an mond 
in the direction at motioo, prmrided .hat tbe attitude of the 
elemenll" ~j"'led to roam .... n the ....... <&tribuUon of lift 
.mona them. The tnllh of 1m. theorem foUo..o at _ IT'OID 
the fAO~ thf.t tbe work done by the ind<>eed drag ill eqnal to 
the ... te of inc •• ' . of ki""tic _rgy in the trailing YOl1U 
"-'''''10 (_ 10-3) • ..00 tllia kinetic enerv i.9 ul'Ulffeoel~ by 
.. geometrioal tnllAformation 01 the ~ype OOMIdered In the 
tMor<t.III . By .. trtue of thill t~m any It.aggen)ll .,..tem 
O&n be I'Ilplaoed by • OOm!llponding .}'*tern 01 zero .Iagger 
which will b ..... the....."o rel.tionsllip boot_n tot .. lilt and 
dnfI. TIle d.iIItribution 01 dnfI bet ... """ tbe "",rofoo. ...ut be 
different in tbe two e'" . In. bip)...., _Yltelll with lorward 
It.gger tho upper "",rotoiJ will ha.ve)_ drag and the lower 
"",rofoil will b ..... ilion. dnfI thin in tbe OOi . .. pondilli 
bipl...., ~m "';tb zero otagger ItId .,.;th tbe _me d". 
tribution of lilt beh : : n tho two aerofoill. 

In an ~1'fId biplana .,. .. m tbe ind..-d dr&tI 01_ 
"",rotoil d"" to tbe inJI ... .- of the uaililli '1'011_ 01 the 
uoond aerofoil i_ equ&! to tbe indUOfd drlfl of tile I!N"";! 

• ,.,.... " ..... Anv" ..... _ rMrio <MI'''''''' Gord'l'fi <110. 
Mttaliol>, . 811: u, .... bod .. !iA OA. I!I. Inl, 
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the theorem;' '·Wi'bed. 

13·!1, TIte iotdllad drag. 

" 
"". 102. 

[~. 

By riftuo of Munk'. ""{uiVAlenoe tbo!oo ... m for ""i8'" it I. 
lulllcieut to ooMid~r tm. CMe 01 • biplwoe 01 zero . taw', 
AJ.o the lift of N.cb ""roloil will be usum«i to be dilIt.ribut...d 
elliptically &ClOIII the !!pM of Met. aerofoil , eince tho load 
~t!*'3 CUrTell 01 most aerofoil. approllimlte oloeely 1.0 this 
form and the mutu'" interfere=e of the two MroloU. will 
be determ.illflll 1I'itb .w6citpt lIoCCun.ay by thill method . 

Let AI be the glp of the bipl. "" ... and .. ,he lerni,lp&IIII of 
lbe two aerofoill, L, IIIId L, tho lilt 'O)n)N on the 1 .. 0 wrofoiJ.. 
TbeD the ind-t dr.s f_ on tbe t..-o aerofoi1l d D8 to 
IbellOWI! ltailin8 TorticN an! .... pecci .. "I, 

D" - 1.1,1; Vi' 
1.,' 

.0. - 2 ..... pvi' 



:un j IIIP L .. lIlI .. lIltorOILt 1113 

U>d the induced d"'ll of ~aeh aerofoil due to the tl1lillnc 
.. ~ioeI oItbe other ... rofoil ...m be of the form 

.L,L, 
D .. _ : ..... ,110 ' 

where" \0. a function of tbe length.., " alld ... 
The nl ..... 01 tbe ooef6oien~ " can be de1ennineo:! by a 

oimple graphical method. Io'ig. 9% ahowl the nonnlO.! ~lodty 
at any voillt abo ..... or below .. wing"';th elliplio foading. U>d 
th~...,fo ... da~nnil"lOll the nonnal i .. d uoeod .. fI1lXity 1<'" which 
\>00' .... at any .. oint of the fit&t Mroloil due to) the t .. Uing 
vorticell of the...oooo "'roloil. The mUlu.1 ind,,,:lIId d"'ll /)" 
can. t hen be rle tennined by e ... lualing the Integral 

D .. _ J~.I1., 
aero. the . poon 01 tbe lint a.erofoil. Without any 10IIII 01 
gen~nJily the lengtb .. may be ... tI~ to be Ie. tha .. or 
equ.o.!to t he lengt h .. . The ,-al_ of tbee<)efllcient·" .,. tben 

, 000 

0.251-- --+--1--=:::::' 

,L_~,oc, --,~07,--7,oL,_~,0' 
?{.,~ 

F'Ii. 101 
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detennintd ... funelioa 01. tbe two ~ ~.nd A • 
.. It + .. 

• hich /I.I'D the ratio of the.pano 01 ,he , .... ul'Oloi1e and the 
r.lio of lhe SAP to tbe --. If*ft. XIIIUoI!rical T.J_- of" 
.", ,Ii"" in table 19 and fig. 103. 

~I(" ." •• , -
°J'I _HI ,- 0.1110 

•• m -.. ,~ .~ 

Table 19. 

Va Mu of fl . 

'" ' " - ,W, - .m 
.~ ,m 

,. ,. ,. 
~. (\-S;(l ,~ 

.~ "" "" ,~ o-SI3 .'" 
The ind-' drag fomes 01 l he '''0 r.erofo& 01 t he un­

It ....... bi .,l_ are '"!""'l i ...,ly 

, (~ . ~~) 
D, - DII + D", - !".p I" ." + " .... . 

, (~. ~~) D. - o. + O .. - 2"p'" ... + ,,~ , 

Ind the total induoOO drag olt .... biplane i. 

, (b' I"b t,,!) D - 2 .. pP' . ,.+2a .... + .... 

For .. gi~en total lift (1." + 1.,, ) IhI! 
minimum whlln 

L, I , (I, - H,1 
r;; .. .. ( .. - .... )' 

and Ihia equ.alioa defo.- lhe t-I di. 'ribulion olllfl between 
I"" two aerofoi" . The oo""pondi"l minimum indootd d"'8 
;, 

to 1_" D _............ _ , 
".1' '''.,' - ~ .. + ,,' 
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Fen' • biplllllCl 'OIilh aerofoilo of equal span tbe rainimu.m 

,ndooed that!: 000llQ .. beo eaeb aerofoil came. tbe _lift 
and ill ginn by tbe equatioo 

" 

D L' 1+ .. 
- ! """Vi ~ , 

8 I t + .. 
l:D - t",.l:L ""T' 

No .. for. hipl.ne the MpCCt milo A i. defined &II the value 

of ~ in order to RgrM with the defini tion fof .. mooopllJl" 

...... n the t'll"(l ~rofoi\;O hne the ....... dlmelllliollll. The formul. 
for tIM> induoed drag ooef6cient JUy therefore be 'lrritln in 
the a1IM1Ati .... fann , 

tD " ;A (I + ,,)tL'. 

The indooed d", ooel6cieln ill i~ by t he f.o:tor 
(I + .. ) .bo .... itt .... h .. for. monopl· .... aerofoil of U .. 1&nI .. 

&II~t ratio. 
'fhiIlormula for the indooed drag ooetfIeient can be II8ed 

with good _unoey OTer • -';dM' nnge thn th., to .. hieh 
it . trietly .pplie.. TIle .. fleet of .... moll eh.ngot In tl>o dletribu· 
t,on of the lift fo",", between the 1 .. 0 .... rofoile ill quite un· 
important, for if L, - :.;z.. t he ~nera] formula lor t he ind uood 
drag of • hlp]r.n" with aeroloils of equllJ "pr.n 'n.y be u . 
pr rr l'dintlM>fonu 

L' (1+" 1 - .. (%- 1)'} 
D- ;:""pl'i 1 2 + -Y- u,+l . 

Even with t he rather utreme .... \lei" _ 1·26 and .. _ (1: 4 
11>0 additional term ",~ntt ... ine_ of only (1: 6 % 
in tbe Induoed drat! 0Tll' ita minim ........ 1 .... , and it ill ."f. 
6ciently .ccunote themore to \lie tbe <up..-ioa for tbe 
minim"m indooed drag in IIlOA pnoetlcal o'p . 

The formulae bav .. been de ..... oped OIl the '-ill of eJlj plic 
Iooo.d.i", foe .... the . pan of efICh aeroi'oil, which lIhoWd be 
."ffioie"lly .ccunte for Nlim.tiDjI the mut".I'nterfere ..... , 



, .. fa. 
but it may be de.il'1l.bIe 10 relaiD the OGn"eeting ' ..,1.,.. ( I + I) 
lor tbe iDdllt'Oed dB« 01. the ~oila d\16 to their ow .. tno.ili.D.g 
'l'O<1ioeo , .. hkb occun in the theory of moaoplaM r.emfoil8 
1_ 11-2 1). The indUOf!d dn.g coellicient of" bipl_ .... itb 
..erofoil. of equal.pan will then be upn ~ in t be form , 

t D .. . 14 ( I +, + ")"t', 

The to\"l dnog coeffident of "biplane uoeedl the induced 
d rafl coe ffi ciMt by the profile dng coefficient <Jl the a('roioil 
IIOOlioll, and bellO!! tho. total d rag cOfcfficient of" bipl .. ..., " 'j lh 
&erof"i" of equr.' epaD i. fioMly , 1:,, - tD, + .14 (I +, + a)kL ' , 

and ,,~««k !Mot 01. monoplane IIIef'OfQiI of the....., .. ae~t 
m>o by tbe uoount 

IS·!'. A. 0/ i..adt..a. 

In order to obla.in the Aamll lift coefficient from" biplane 
,,..tt'm .. from" monoplane of lbe .. me ""peel nltio, it ill 
I"IK : 9' MY 10 lUll! .. larger angle of in.ci<ieOOll, pr.rt ly on IWlCOUnt 
of the ext"' indueM vel""ity WId partly on roooount of the 
dil'l)<l)t int'lrferenoe oot'"""o II ........ rofoiJ . .... hicb 000"1'1 in t ...... 
dimctl8ionlll motion. "'or .. bi l,lano with aerofoiko of equal 
.pan lbe inc""",, in the dng coefficient over the mODoplanto 

• 
aerofoil oj the "mfl ""peel ratio .. .. ::. "t,,', and the C<'>fT1>. 

. ponding incIte" in tbe angle of incidence will be .imply , 
itA "I:t... AiIo (be OOI"t'eoetiOil for the direet in(,orf~",noe 

bet ... een the ",roloiJe h .. been obtaillt!d preTiO\llloly ( I :J-l f ) in 
the form /l (1 1:t.. + 21: .. ), ..... he ...... the tot&l inc",TI! in the 
anale of incIdf,noe ill , 

"A: ... I:t.. + /l It 1:1. + 21:,., ). 
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Finally. the ""'&Ie of iooidenoe of the biplallO may be 
~XJIl FE' E d In lbe {onn 

o 
• - ... + .... ( I + T + ")"1. + fl lt"l.+ 2.1: .. ). 

where ... ;. the ""&Ie of in.cideQoe Q/. the ..,rofoil_tiou in 
two dimenllioo.al motion whicb giflll the lift _ftlcient "I., 
and T li the facto. wllich occuno for a monoplane acrofoil in 
11>8 ~neral ~_ (_ I H!). 

13·~ • . 8wm ....... y. 
The chllWlterilliO)jl of uo ... lU!t"88" ..... hi pl lUlO .. ith &l!rofoiia 

of equal I!p&II are giyen by the equatiolU! 
o 

,,- ... + .. ,.4 ( I + T + ,,) "/, + fl(t"l, +!!" .. ). 
o "n -"D. +;;A ( I + a + ")·h', 

.. 1Icre ... and "n, are , .... characteMtico 01 the AM'lfoil 
_tloa. in two dlmeMOMI moe ..... IlOn'Npon<li"fl to the lin 
_fficioent .1-1., .11 .. lbe •• pert ... tio, fl and .. are the bil't..ne 
_f6eien ... ginn in tabl .. 17 and 19. and T and' are tbe 
_plane ooef6e1en ... of "bpi.,. II dCp"ndin, on tbe plan 
fonn of the &l!rofoiLl. 

In rough oaIcufation. T and 8 lI1ay be ignored and t .. may 
be t.t.kcn to be equal to - f"/,. 110 that . .... Uptt iOI1ll for 
the angle of Ineid.,,,,,",, and drsg ooemoien! of the bip]an" 
beoom~ approximately , 

,,- ... + .. A (l + .. ) "I. + Ilk/, • 

• "D - tn, + ;:::1 ( I + ,,) tl,'. 

n- fonnufae for t be c ........ teriatico of &II u ... ,.,.red 
biplane "";,h ..,roI0i4 of equallp&U are ToJid 0111, OTH t .... 
normal workin&....",., of incidenor:,.nce the biplane Ittainoo 
a Ia-t. maximum Tallie of tbe lilt _mdtnl!.han the 0<JI'ft­

.-pondiug monoplane. The reductioa mlilt at, a pTtn angle 
of incidence in two dlmt Mionai motion .. ..,p.-nted by' .... 
facto. B 01 \.able 17. and this !-.cto. PTe. a rough Ntimato 
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of ,be reduetion whieb may.teo be expected. in tbe muimum. 

lift _fliaent . 
For .. biplane fOirued by two ...:tanplar ....-ofoib of Mpcet 

ratin tI NId wi th gap-ebonl ratio unity, tbe ... .1 ... of tbe 
'I'&,;OUII l>I)I!f6eienq U'I! 

T _ & IS3, a_~tI, 

fJ _ &OM, " ... (loIi», 

aDd bence. if 10 .. ;1 t ...... en In be equ,.J tn - Itt, the fonnul ... 

"D - ".,. + ()' 168iL', 
,, - <It + &UUt, 

or, if the angle nf incidenoo ill m .... "1'1111 in deg. n, 
,, - "0 + IS"·«-L. 

The OIIope of the cum of lift OlOO'fficieo~ apinlt angle of 
i""~...,., it \ ·8 1 per nodian il'llteowi 01 3· 14 1M the aHOfoo 
.,I;on in "rv di""' ..... onal motion.nd t '!l I .... monoplanoo 
rect .... ular a.erofoil ollbe &atlle ~ .. tio. 
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W I ND TV:-':-'EL INTERFERENCE 
ON AEROFO TLS 

14'1. The ~mited u tent of tbe Itre.m of .it in ... ind 
tUlulOI'l, .. hether of open or 01 clOf!led working MOt ion, lmpe '. , 
certlln _trictiolll! on lhe How puto III -.eroloil or otbtr body 
under tt<et, .nd the detumilUltion of lhe m.gnitudc of tbi. 
interference ia 01 oolllll,dcrable importanOll, IliIlllC! it i. found 
thu ~n OOI'TOOti01l1 mUllt be .ppllod 10 tho ~rodYIINnle 
Cbuac«!riatiOi of an ~rofoil leoled III • wind IUllnel bel,,", 
they ue .pplieable to I",", aU conditio"", Thi, interfen.nce 
oon'l'Clioo ia independent of .Dd -.dditiolUllto .ny oornclion 
which nay be 11« F 'ry 10 alloY for the cbnge of..,.]e from 
• model llCl'Ofoil to Ion ..:tua.l ... ropl ..... wing, 

Tho theory of tbe Uiterfere""" ball been Oc",loped by 
f'randtl in lUI IeCOnd ..,rofoiJ .-pet'" by eoollidering tho 
oondition. which m ... , be .. 'i-Iled I t tho bcnmd...,. of the 
IItMm. 1'he oontinenw wind t11llllOl'1s uauaJly bue an open 
worklng -.ctioll ......:Ilhe condition of COll8u.nt ~u", In ... ' 
be ""tWEed .to the boundvy 01 the Itre&lll, Brit iab wind 
tunnels, on the otlier bill(! , h .. ve .. dOled working -.ction 
of lilt""'"' or reetangulU' (:roso! -.clion, ......:I tho bound...,. 
oonrlition tpC'II the form tht tbe oomronent 01 the velocity 
nortI\lll to the tllllIl('] "'.tis n'lI8t be r.ero, 1'hi.o bound...,. 
oondition oo.n be .. ti ·Sed o.naIytic .. Uy by the introduction 
of .. luit.ble .eri.,. of itullgf)!I of the model, o.nd the inte" 
fere_ uperieneed by lbe model ;' tbe ind uoed .. elocity 
oorTOIponWng to the "onu ')'Item. of t!k. imOofl8, The 
problem of wind tunnel Uilerf~nce ;., tberef,,", tbe cboioe 
of lhe .ppropriOote .)'Item of imOofl8 and the determ.illOotiGa 
of the OG" "'ponding indueed nlocity uperitllCed by lbe 
model. The "",aI)'Ii1 il oimplilled by the fact tMI, wben tho 
lpan 01 the model ...,rofoil doee not uo:oeed tbree-quarten of 

• """'c4oc<l,b."" •• " G.i1._ ,\' .... ',," 101 .... It lt, 
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Ulo bn!adlh oflbe wind lunDe! , it ;. .\lIIiclently ~ to 
_ume that ,"" lilt ia diAributed uniformly..".... the ... 
of .IMo .o:orofoil and that tbe .. bole aerofoil elrpllrieo:loeol the 
ind\aC'ed .... Iocily wlUch ooeun fi t lbe ..... 1 ... of We wind 
turuwel . 

It-! , T",,1Ofl oj cin:..u" ~..".. 

Conaider an ... rofoil of ~mi ... pan, and of al'M Sin .. willd 
tunnel with cl..-d eire"l .... _tion of r.<IiUIJ R. On the 
_Ilnlptiou of unifortll lift diotribution ~ the.pan of the 
"'''''011, the .... will "" two trailing VOrtiOM only, ell(lb of 
at rengtb K, lhe cl",:ml""OIl rowld {be wing. In t/ ... Cf'OIIII 
OItICtlOlW pI.o.n (6g. 10..) thMo vort;""" will be "tt1~ at A 
and Ron .. "'.m..!<or of tbe circle rep...enting tbo boundArY 
of tbe tunnel and will be .. t diJlI&I>OCI' Iron> tbe ottltno of the 

/ -...:: 

• 0 • 

ria. 10<., 

ci rel~ , The image!!.4' and B' will lie ouwdc the eirel .. on tb" 

ume di"mote. at distan<M'! ~. from the oolll"" The etlW\gt.h 

of 1M Imap .. ill be the ... me ... that of the originAl1'orti""" 
but tbe lenee of the ,,;raul.tion wI be ""'ented. ThUo image 
'~III depen<:U 0 11 the t.oCt that the circle ;. .. at."...,,, Ii"" 
for the .,orte. pain II, A' and B, 8'. 

The ind...,.".J velocity ,,>:peri.need by lbe aerofQlil ill the 
lum of tbe tfJeeti due 10 !.he vort,,,,,,, .;t ' and 11', and .. rEEd;], 
caJcula,ed .. 

Tbe Mt!:atin Njn """IllS beca ..... tbe n<)I'1II.1 .. eloeily '" is 
rookontd poe;!in do .......... rda and tbe efteel 01 tile image. 



'" 
to to c ..... n "p"' ..... induoed velocity at O. By rirtue .u.o 
oIlhe eqU&tion for the lift of the Mrofoil 

"~SpV' _ ~VK. 

the remJt tMM the form 

Denote by 0 the CT'OIII MICtion&.! &fN, 01 1M tllnnel .nd by 
" the upward inc/illAtion of the ItreAlll. d"" to 11>& int~rference 
of II", boundary or Qf tbe im"8"". and IlIe" . " ~1 - -'P - 41't/ .. 

The Int.trfenmoe ell'oct i.o equivalent to an up ........ Incli na. 
tion of the ItlMm tbrough the anal.,., and in oo'I8eq~_ 
the lilt fonJe II iooJined forwards by the .. JntI ""'c. Cflllling 
....... ...,tioo of t he dnt; OOlUpamI ";th r_ air -witl""". 
At tbe. ....... lim .. the true IIllg\e of i~_ 01 the aerofoil 
will be jp'MW than the inclinat ion oIlbe aerofoil cbord to 
the uiI of t he tunnel by ttwo ........ anglo f, . It foUow.lhat 
the "",,,«Iio ..... hieh must be applied to tbe wind Iutwe.l 
obteO'&t,OtII on the ..,rofoil to aLl"w for lboo oou.lrai.nt of tbe 
tunnel ... -.lle ate of the form 

8 
~ - 3 C .l:L . 

8 
M n - 8C .l: L ·, 

and, 1M .. lu"",,] of ciroulu C!'OIIS Noel;"n, 5 "- the numerical 
YaI\III o-~o5O. The anaIe of incidenoe in lhia formula ill, 01 
OO~. 10 be taken in cirelli ... meMure. It will be D(lliaed 
th. t the OO" .... liOil i.o proportioouJ to the lift of lbe ..,rofoil 
and dON !loOt depend on lbe plan form or .. ~ nlio. The 
_"""lion un tberelon be applied to anT wiD(! .,..tem, 
.. helhe. monopl_ or biplane. 

A more det.lled lI.NJyIIs of the problem bu beea gi .. en 
by I'randll · , in .. hicb he __ elliptic d.i.tlribution of lih 



'" [~. 

acr.. the I Jl&D QI tbe r.erofoil and 00' .. 111 lbe ... 1I;I1II of the 
_lIIcif!ot , in. the fann 

' ''' { { l +~ (»)' + ... }. 
E't"fll ... hen the «!*n of t he aerofoil is .. Iats" .. th...,.. 
quane'" of IbIt ili.",.,le. of the tlUU\el, t he mood unu 
rep ..... nttl .. C6iltdionlO tbe val"" 01' 01 only 1 % and is 
qn't.e negligible in pnw::tl ... , 

PrandtJ .. 1ao IlOIl,Ijdtl'll tho CUll of .. wnnel 01 op",n working 
!!Kllon ... d IIndo o:ractly t~ Momo form for the QOITl'Ction 
b,,~ with tho opposite ";~ . h .ppe ..... thercl"ore Ih .. t the 
"'III .. of incidenoe and the drag _mclenl, at ""y definite 
Talue 01 tbe lift coefficient, are nluw ..... too hijh in .. tunnel 
with open working _ uoo and too low;l\ .. tWllleJ wilh cl~ 
working _tiotl . 

1403. YorticGl "..d ~l btIouodanu. 
I .. OOMidering the """" 01 .. IIll1IleI 01 Iftl.....,w..r CfOII 

..,lion· it will be _umed th. t the aeroloil is pI.-I in the 
""" I",, of tbe t unnel "';th it.!.p.o.n hori_laI . The origin 01 
oooniinat.. will be tUM U t be oent.., of tbe auofoil with 
tbe ~ u;" horizQut&1to 8tarboud. and with the z a,Q1 d01l'n . 
",.ro.. Before oont<idering tbe rtlCt.aI\gIIlar tlUltlCl , ho ...... Ttr. 
it U. illitrucliy" 1(1 col13idcr the ~fI'eet of t be .. em':lt and 
horiwntal bound"'; ... oepan.lely. 

The I,..tern of image. for ...,ni,,_' bound_fieo .1 d;"t&r\OO 
b RpN't I. iU lI8tn.loo. in fig. I O~ . The hnae;C!I ..... all identleal 
... ith the original ""rofoil a.nd lonu &II inl!nite ~rieo!l, uni­
formlYIr-J. along the yam at th .. poilltll JI '" ± N, whe", 

I _1_ I , , 
, " 1 1'-( H I ')-4, 1 , " , " , " no , .. 

• H. G ............ ,.. \00 ... 1< .. "" 0( _ <baftol .... n. OIl tJoo ....... 
dJl'& ............. un.. ... or aD .. «>loil," RM. 161. leu. 
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......... met all po.;u..., ;ntegl'*l .. alue.. ThII .~m wm 
clearly Ji ... ""'0 ~Iocily CIOJDpooenl normal to the 'ftrtiea1 
bound"';" IIIId ., •• tid!" the conditiON of the problem. 

Now from 12·211 it . ppe ... that the induoed ftloclty f ... 
out &10IIII the epan 01 an ..,rofoil ....., he taUn to be 

8 
.. - - 4",. t£V, 

and to obtain t he effecl. of t he ')'IItem of imlOjJ!!l. II muet be 
""pl_ 1 by nib and the .umm.tion made for all positi", 
0lI1d I'II'g.t i", iDkgnI .... .1.- of ... . The npw&rd loolination 
of the ot .... am d ue to t he oonatnoio t of t he bounduy ... 11, ~ 
' .... m.,.., 

The _ of boN.onw botwdaly wan. abaTe and below 
tho aerdoil q ~·ted on ';mil ... linel. An infinite.erie. 01 
imagN ill &cain ""'111i1'lOd, \litu, '..! on the a.w..t the point. 
a _ : .... but theoe im.ageoo an! of .Jtem~e ail". being 
'-;Iin lih !""original ~oil .. ben" ill enD, IIIId mptin 
when " ill odd. The ind~ velocity floC out Non, the a..n. 
of &D ..,rofoil iI (ftom 12·22) 

S .. _ ..... .. £17 , 

and hence t he effect of the whole Iptem of im"fl8 ;' 
.. 81: .. " (- 1)' II' 8 

" --'1'-- 2 .. "'7 ... - !ip! L. 

A oomparlaon of ,,,;. "'"lilt 'rith tbe p..-iOWl one .hO'll'll lhat 
the lateral .. erti<:aI bonnd0uie8 e:reft '" gr-ter ;oterf ..... """ 
on the "'r(lfoil than the horizonu.l bounduie. pr.nUle1 to the 
..,... . In Moth _ the eff..,t oil,,", ;ute rfne .... I. to rail...,. 
, he ancIe 01 incide_ .1Id dra8 ....... f6cient in '" wind IW1lIeI 
rorupand Yilb tAle .... <lQII<Ijtiom. 

14-4 . T ... ..., oJ ndallgula, -' ...... 
For .. ~ t lllU"lel of brNdtb II and MIght A, .. 

dOllbly infinite oeriN of im'p ill reqtti red , oit ""t«! lit the 
pointA Ut - ...b • • - ..... ), .,be", III aDd .. _\IDle all pooi t.i .e 



... "'01" T I.I ""EL '!C1'III.F" •• !II C' [~ . 

.... t>I!Ipt.i" l ll~ .. alue. exoept the pair (0, 0). The lih 
of tbe image ill politi" .be" II ill . "an , and nepti ..... ben" 
ill odd. 

I I I , 
- T -- --1-- __ -+- -- -~­

I ' I I . -1- 1-' , , , -t--+--UJ--;-:-
--+-- --, ,----+-

: ' _1_ 1 
I I I I _ 4 ____ ~ ____ ~ _ __ ~_ 

I ' , , 

1 + ' + ' +' I I I I 

-t----r---~ -- --t-

~ indl>Ced ffiocity.t the point (r, ' ) fu from -.a ... roloiJ 
II (from 1!-2!) 

I r - .' 
~ - - o&tr (i. + ~.1'8t,.v. 

and henoo tbe ~Bect of the .. boI •• ,..~m of im .... 
.,.,uae In upw..m 'ndin.';on of the tt~ 

'" BtL -: -: ",Ob' _ ,,-.' 
' , " - V " <I .. _~:;, (- I)" (",'6' + "'li). 

BtL" .. ..' - ,\ .... 
.. bl!.! _~( - l)· ('". + l.,..).' 

ill 10 

... "" .... .. NI. The double l umm&liOIl exund& oyer aU t be 
Image., I.e. O1'er aU integnll ",' \IOtIO of III and " noept tbe 
pair (0, 0). No limple form h ... '-ro found f..,.. lbe ,urn of 
Ibi. ItO'''' but the folio";", metbod 01 rmllCtioll CIOn be 
emplo)'*l. SlArti"3 from the .,,~noion · 

1 • • ~ I cotz _ _ + ... _ . .. •. . "-,,, 
• Hoi ,PI ... ,."" 7 :Po " p. J31. 
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"" 
0" ' •• OrOILI zoo ._ 

MId obtain I !b" I 
<'Olb~- - l;i + ... r •. + ~.~. 

n.e.. di_li,. &lid by dilferenliatioa with _pecllO If 

• I I .. 
~ .... + A~ " - flO? + fiiOOl b.\n, 

.. · fAlr I.. ,..' 7 ( ... '+'10,.,), " A"z' - ffi <>oth,)",z - y _ h'.\..." 

.nd by addition 
.. III' _ .I.'zO I .. ' 
7 (III' + ,\orO)' -lXiii - T-b'''''''' 

Thia ...... , IMdI to 1118 ..... matioa 

": ": . ",' - 01..... "" 
1:1: (_ 1) (. To .... ... . 
_" . . In +,,-..) , , 

.. 1 '- ( - I )" +11:::1-..,1:-­,III A' , .' 
~ - P _ _ + k'l: __ 
3 , I + ..... . 

'" 

from which n ..... ~rieo.l -W~ e&D he npidly DOtoi .... , __ 
it iI.ulllciently ...,urat~ to retAin only tbe Ii .. " lena 01. the 
1 .. 1 Uponelll.ia.i .., ...... 

Ex"'-II& the ....po ol deri ....... I, oIlhe _ in lhe 
,~ 



'" [~. 

.. hue 0 i. the era. IIOlCtion&I an. of tbe wind t~l, the 
lollowiJl& nUUM!rical n luel an obt&lned : 

Ron" ' .. ~ 

'" 
'I' 'P INt , I • , .u. .. , .m .. , ou, ,-

11.- lIumeri.,.) valu,", -.bow t he curlo", .... olt that, for the 
I'1lII8fI of value. COWIidenKI, the inU!rfen'Ulce ill unaltered if • 
\UIUIIl] of brNodth II and height '\ 10 replMled by 00001 breadt h 

v21 and hooigbt ~. The best r&tio of brNodlb to height, 

'()'r' gi~1I Croll eection.!-. ill Vt and the in1.erl_nce it 
then Illghtly'" than that in • 1,1111>('1 of eireul ... tIOOtion for 
_ hleb , .... tbe Tal .... 0-250. 

I Hi. .l.Qc"...u.Io oM 14iUd1i,... 
Tb8 Pf'O""ding anal,.. l'III.teo to the interf"renoII u, 
~ by an aeroloil or .ystem oIlrinp d .... to the COQ. 

IlUaint of ~be Inn .... 1 walk. and IeQ to """""tWa. .. Illeh 
IIlUlt be r.ppl>ed to tbe angle of inoid,,_ and dn.g cotllici~nt 
_ured in . wind tunnel. The interfenm ........ fOUDd to be 
at t be form of an up .... o.eh aJ>&Ie ~, and tm. intmenonoe will 
be incre-t° by an MldWo"..! ~Io .,In tile neighbourhood 
01 the tailplane of " mod,,1 Mf'Opllllle . In oonaequenoe the 
down.MIl Inglo. and tile taiiaelUng " " totrim the "'roplar>8 
.. ill be m .... urood """aU ... in • wind tllJlMi l lwt in free air 
and will requi ... the """",,tion. 

~ - ~J + '" 
6.1,. _ _ , _ 

To c:akal.ate tbe angle .. it ill "l\C E ' '''y to determine tbe 
IndllC!d ~Iocity due to II"" .,..wn 01 1m ..... in t be neigh_ 
bourhood of tbe tailpl&n& of tbe model. ~r firat, the 
tlfeet of. &ifI8Ie a.eroloil.-itb uniform lif~ dililributiOD ~ 

• Q"~ ud /:l&~ "1\00 ItIlftfwt u 0I......s · h .... ! .. 'UO OIl 
Uwt .......... uh &l1li10 &IK! t&iIootlhl&." RM. '''. leu. 



'" 
t he IJM.II at the 1ft"'nJ. point (z, y. zJ. wbe"" z ~ m_W"ed 
d .... · ... uw.m., to Itarboud aod. ~ dmrn ... uda. The _plete 
Up ...... OIl for the lIOftIIai induced 1'eIocityll (from I~f.t) 

... - • 1 ,+. - ,-. } 
T *" +.' vlI+"'+ z'+z-' '101-')'+"' +1' 

+ ,+. I' + • } 
11+')'+ " v(Y+')' + lI"+" ,-. 1 • } 

- (,._.)'+'_ 1+\1&_ .),+*"+ •• ' 
bu ~ 1M. uprNeion can be oimpLifiod by the _\lmpuon that 
z iI of tbe ..... e ordM ... ADd tb.Uv'v' + .' il1arve compared 
with •. To the w.t Qrder of .pproIim&tiOll ... lI.Ied In the 
p..-Jing Mal,..., the val"" of .. then beoom ... 

. .. _'! , ' - ., SI: _ .!z cr - 2z"SI: 
'V 41r()<, + z'), 1. ... ,,"+ •• )1 I. • 

... ben K II-. ,*,0 replOlWl by ~l£ l". 
Tbe lint. of t~ tHUWI is illdePftDdenl of ., ..ad ill tbe 

np ...... on which 11M betn IIeed pntrloualy to caIcnIate the 
nlue ol". The 1IeOO-">d lenn repr-.ntl tbe ~Uol\allnter. 
lere_ .. upm..n..ed by the tai.lpltw& of • model Joeroplaue, 
and belloe the .... hloO 01. " for • tunnel of nott&llflUlar _ Iloa 
m .... t be ~cw..t..d ... 

%8.1:1. .. .. III' _ 2A .. • 
fO - •• , t l: {- I )" , 

'""' __ .. C""+A'IIo) 1 

wbere l _ ),b .. before. 'J'hc. _ultcan be Wlitll!11 in tbe form 

•• - 5'~ .tL ' 
a.nd the lolIO'II'i.Pc nu.merieal TaI_ have been caleul. t..d for 
the (>Of!f6cient 5' : ,, _ .. 5' _ o-M5, 

.\ - I , 5' _ 6- 480. 

1 .. 11. S.",-.y. 
Tbe aerodynamio cilancteriMic. of • model aeropI&De 

obu.ined from ~I.I in • wind l unnel with clOMd w~ 



... lea. :uv 

-.loa ~uire lbe folio"';", OCM'I'fIeUou to alIo ... rIM' lbe 
illterfuel1C8 of the t""""I..u.: 

AnfIIeoli~ 600 _ .,. 
Tailoetti,,& &0, ... ' .. 
Dmm_h ang\fI lw ... . , + ," 
Dragcotl!lcien~ .u" _ ".t~ . 

.. be ... . , and., are deflntd by tbe ~U.tiOlll 
8 

., - 5l',I,~, 

.. ... "~.1. . 
and 8 ... t.otal "';"1 UNo oflbe model, 

:r ... .U.taDOe 01 t.ailpI."" fro ... oentftl 01 gra1'ity. 
C .. ero. _tiOlllJ ana 01 the ,,,,,,,,,I, 
l ... bei&hl of the twmel, DOnD" to the win'.,.... 

All "'" F 7 .,., to be t&b:n in. cinl"l., _ .... lbe 
cotlllc:ieuq 5 and " U"' the loIlo.-lng ... 1 ..... in lypica.I _ . 

• 

1\'10<1 T ...... , I , 
-~ ••• . .. ,m -
~- .. . ... '"' ~~ 
n.. ....... 1u(6 _ tl) '"' , ... 



()HAP'I'ER XV 

TH E AlR SC REW : 1I01lENTUli THEORY 

16- I. An airwcrew lIOnDalJy OOOM'U< 01 a nUDlb..r of equ..tly 
.~ identiw radi .. amu...oo tbe IIICtion of a blade at any 
radial dW'a_ r h .. the fonn of an aerofoil IIIICtioD ",b,­
ehord Ia .. t .. t "" angle' to t he plane of rotation. The 
blade angle' and t he camber of the aerofoilllllCt ioD dec::rN8O!I 
outw.ro. along the blad". If the ai.-.crew moved Ibrougb tb" 
air .. tbrough a .taIid medium, the advanoo per revolulion 
would be 2m" tan' and ttli. (jlWltity ,,"ould d~1lne the pi tcb 
of the IMlI1lW. Actually 1m. quanti ty .. ill not bani t he 1!oIUIl" 
.. aI"", for all radial e lemen\.e of t h" blade and 10 it W cUllomary 
to <kline .. the geometrical P;:teb 01. t he airecrew the u lue of 
! .... tan' at a radial distaDoe of two-tbirdl of the tip radiUII. 
An airfl(:~ rota' or in a yielding fluid and In OOII"q""DOIII the 
ad .. _ per re .. o/ulton Ia not the _IS .. t he geometrical 
piteb and may in fact M!lume ""y "a1"", . The .. aI ..... of the 
ad .... nee per re .. o/ution for whicb the tllrun oI t be ai,*,re", 
.. anieh4. Ia called the uperimenw muro pite.b, .... d in many 
_peen the chAl"foClterilltiCi of lUI Ai .... re .. are defined by the 
ratio of lho $lrperimenw mean pitch to the diameter. 

An o rd irw-y pTOpulaive Airaerew uperi_ a torque or 
roupl .. rH.ilting ite rotation and gi .. or a thl"l.llt a long ita axil. 
T he Ihl"l.llt " and IbfI torq ue Q t.fII u p' ·· . d .. fUll<)tiOlll o f 
the ulll velocity V, the number of re .. oI ul iOl'" in wlillime 
" (or tire &IlfIula. velocity 0 ) and the d iameter D. The ,late 
of operation of tbe airaerew is defined by the ad .. arooe per 
re .. oIu tioo, but it W preferable to up.-- tm. pu-ameter in 
t he noo-dimel"llliooal form 

y 
J .. lib. 

The atandard Bri li&h IlOIHtimenoionai ooemcleon lor tbe 
tbruot and torque 01 an ah_ew t.fII 

T Q .1:1' - . ..... and lQ - - ,-r;;., ,.,. ., ,.~ . ., 
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bill It '- OOIl"~~ at tim .. 10 ... the a.ikrnalivc wel!lcit'Dt. 
T Q 

Tc- pP"1)O aD<I. QC- ja'iDi' 
Other lonna 01 tbeee coefficient. ..... u.ed by eoIltlnental 
write .. IolId II 1'&";"11 of formo U.I\ be obu.ined by usillg the 

angular Y<!locity n inau.ed of II, tho d;.o ...e& i [)O inltud 

0(1)0, and the dyMmie p~uno II"" iD&tHd of 1' 1". '111_ 
toemci~lIt.o1 ...... U eimple IIW1l0rical multiplal 01 t lwle delinOO 
above UId 11Mb form Ii". itt Ow" meri\.& in putioular O'PI. 

Ai_ no".no U8ed fo ... nriety of pufJXl'M"I. 01 .. hieb the 
followinll may be mentioned: 

(I) Pr&ptll«. An aUecl'eW _I tor pl"Opul';on, AI on r.n 
aireRh. and d".;gned to gin II high Iii.,.., po ...... 7'1' for 
.. si .. ~n to"llle power QQ. 

(2] W .. "" ... ill. An ainoc ..... u-t to obtain torqll8 porer 
from it. wal motion ..w.hyo to the ait. II. diBtinction m""t 
be drawn between .. windmill mounted on NI aeroplane, 
_hen tho drag ill of importaoooo wwI. the axial veloci ty II 
hlgb, and OM bed on the ground, ... Iw!n lbe drag i, llniftl_ 
port&nt ADd t he axial vtlocity IIlow. 

(3) Fa • . An .i"",", .. u-'. to obtain II e .. ....,"! of .. ;. , 
tt) A"l eoll ~er. An airlcrew uaed lodeunnine tb, rd._ 

tift axial Tclocity by m"""" 01 the ... to of roLation. 
Tho theory oi the behaviourol an a1_re,. foil" .... the..me 

liDOll, "batn"er the p~ for .... hioh it II intended. The 
delign will vary, " OWeft!", and apart from ~ynNllio 00II. 
aideratio .... IimltatiODl ..... alIO imp<ll<>d. b,. conDderationa of 
, t."ngtb and Ii .... 01 ...... ~yp!l 01 iMtI"llmel!.t m.,. ""rTII tho 
-.. pIliP' 7 .. an ...... ,.,.. and, In particular, Ilemilpberical 
ClUpi mo\Ul~ at the end d radial arm. ... IlIIed both ... 
windmilk and ... anemomet.en. b"t 1"- b",trumetlu fonD 
a .. pa.rate d_ dirtinet from aiteere .... 

When an ai.nerew baa a \Alp diamote. CW bijb rate of 
rotatioa, tho tip velocity .... y n.. to t he .. me order of 
m"fP'itucle .. the velocity of ... ,,00 and the oomp .. bilil, 
of tbe &i. will Illen modify 1M fOfCH experieMe<i b,. the blade 
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"ie_lit.. TbU eO"", doe. DOt bello ..... of im~anoe IlJltiI 
the lip ~t1 (...vI"'" I. 800 I.P'" and in denlop,,!! 
tbe theory 01 an "'~ it will be ·777!~ Ih..eo tIM elfm 
of the OODIP'"'ihitity 01 the -.i. may be l>fgI~t«I . No theory 
hAl beeo denloped, .. yet, ... bleb W f!I acGOlillt of the 001II­
p..-ibiHty effect and the modilieatioo 10 the elwsct..rirti .. 
of lUI "..cre ... dlle 10 higb tip .~ lt d mun be Mum.ted fn)m 
.pecla.t ta"perimen lal invemgat.iooa. 

111· 2. 8i"'14 "IOI>IeOII"".IAeory. 
A simple method of oon&id~ring the o~ .. tion of an air . 

IICre ..... hued on tbe work 01 Ranone ~ )lroude. de l>ende 
on a colllid~ ... tion of the 1II0D>elltum and kinetic energy of 
the .y"ern. The ainc..,... ill _ umed to bave • large D\llI1ber 
of blad .. , 10 t ba' it beoom .. elf""tinly " cimul~ dite, and 
it i. further aaumed th.t the tlLrwlt" uniformly ditt rihoted 
ovu thie ditw:. Tbe l'Ot.t.ion of the oI;~reAII\ d ue to the 
ac:t.iOIl of the lOI'que;. igntwed° aDd the uial ",Iocit, of the 
fl uid m ... ' be continoollll in p'ri", tluougb the .. rae .... 
dilO in ordu to m .... tain OOIItinuity of the Bow. On lbe 
other hand, t he p,,-ure of the fluid ~ ... .. ,lIdden in­
crement"' . equal to I .... t!trust. 011 unit ~ oIlbe d ite, . nd 
.. NipetrNm of incrF51?[1. u i..! nlootty il lonned behind the 
.I_rew. The tenn "&ctufl1or mea" h .. been ginn 10 this 
~m l>UIIed OOIlOfIption of Ill! flinIcrew IlOd a lIumber of lnte"'"t.-
1118 ","lilt. can be derived by DOrWdering the momentom and 
enerSY of the Bliplltrum. -_.' - -0. ' 

.' 
'. 

1" ... 101 • 

• . \. ut ... ' '" ,11:0 ... 'n._ ,t , " 1 '" .... olr;.t."" Io:tl...u... tlo:t 
.., .. ,1000 10M boot; li-bJ A. B<u. "£1<00 f~~ ...... 8ohn:."",. 
otto.ht,~," r.rJl, 1* 
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ConIider &II .ct\1Nor _ in .. IItream 01 Yelocity Y, for 
WMlb the general tyPe olllow "";11 be UIlb01m in fig. 107. 
On .pp"'*'hing tbe _ tbe axial moot, n- to ( v + 0) 
.00 tbe pre.ure falh from ~ to p. The uial n lClcity is 
eoQlIt&rIt in paeeing t hrough !he diIc but n- to IV + "" in 
tbe final lIlipltl'nm, ...d the P"-1U'e n- to Ip + p') 1m. 
medi.~ly beh.ind the.me and tben lalb to It .. original ",.Iue 
".. The wbole flow u rtogankd .. irmtaUon.u noept for the 
di.llconllnnity 01 p ...... ure in paeAng through the ail'8Cl'P' 

dllO, and benee it it legitimate to apply ~moum'. equation 
to tbe motion before IUld behind the diJIO .. ~ly. The 
total PI'OllllUI'tl head in t heee two ~(NUI ..... the v.Juee 

II , _ 110+ ',oF' - p+ iP( V + rl', 
Il, _". + l.o(V + .... ). _ p + p' + ',0(1' + e)', 

W "'_ 

AI80 by ~rinA t be .. to! 01 inc_ of .. j.! mo_ntum 
It .P ...... tbat tbe til .... ' is 

T _ ..ip(I' + II)":!. 

_be"" A i. the IUH of the actuator d l." and IliDOe p' i .. I-be 
Ihrult on unit IW'U of t he dioo 

p' _ p(l' + tr) .. , . 

By oomparing the 1"'0 eIp"""OIUl for p', It follo ... that 
I1 - Iu,· 

ThUll balf IIItO lidded velocHy in the .]'pst...,..., 0000", 
before Ihe airocre .... NIII 1I",lf behind it, And the t lll'Ul! of t he 
ai!"lle""'" ~mell T _ 2Ap(V + "J". 

The ;....,~ of kinetie energy of the fluid ;11. una time is 
E - fAp(V+ .. J\f V + ... J' - VI) 

_ :Up(V+")'co 
_ T (V+co), 

... hieb is t be ... ork d<11>8 on the Ruld hy the thnaet of tbe 
,.;...cno .... AJ.o if n is the anguI .... nloci ty WId Q il tbe torq .... 
of tbe ainc.., .... tbe touJ wort done on the .1_.., ... I, QQ, 
IUld It foUo .... thlt 

OQ _ T(V+~). 
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.. ,""'OW m.. 
1"bIa mOlt. hl1po11aro~ of I ....... additional ,,11'_ ill ",,,aUy 

t be fric:tioaaI dng of tbe ai..ere .. bladM, and lIndf,r ordinuy 
wotkins eon<\iti"", of Nl ai..crew the 1IoCt1laJ. dlictomoy ill 
about M·" of the ideaJ. ef6cieMY. AD en.m.ioat;QII 01 the 
1d81 efficienoy i. tbemo", • woeful guide to tbe -.01""" 
ellh!leney which may be aroticiPf>ted 11"000 an aitICre .. . 



'" ,,,,, 

.... 

Til. ullsoa.lIi' : 1II 0 ''''''T IIII TII.OIlT 

T _ 2~ .. V·( I + .)O. 
T • 

To'" pJ'ilJi "'! (I + o j II, 

1 + 2G - J I +~ '1'O 
j iE., 

... 1+; ]1 ' 

[~. 

when Ib.t root 01 the quadratic "'luatJOIl b .. '-C I.k .... 
.. hieh make. " vaniall ... itb the thnlli . When Y i.e UOfO, .. 
~m ... lnflnil<l but the velocity of flo .. IllI'OUgh tlte airoc""' .... 
bM the finilcl .,&1 .... 

• .V j ' ;0 '" ii1i '" ; 1:,.. 
Now . uppoee that power P i.e put into .... aI..,,,,,, .. of diameter 
D. EqW.l i", '1P to !.be wort doolS by the t.t.ru.t 

" 

TIP ... '1'1' ... i D',oV'( 1 + Ill " , 

!..=..l 2: P 
'I' -.,r·Di ' 

whle h • all equation to determine t he Ideal e l!lelency in 
term. of the po_u, ailWCnlw diameter and . peed. The po_v 
mllet be upw p J in tmil4 which ..... COnNlc!n~ wi l h tbOle 
of the otber quanUu., aod in Untilb Engineoring uni ... the 
JlOW1I. 1& to be IIrpr: d in ft. lb. per _. The r..latiOllllhip 
bet_II the cmoi~DCy and the power ooefl'ioient I. given in 
ubi", 2() and 11&. 103. The effic~lI<>y IAlIl rapidly .. the power 
ooeffic~nt Inc •• r lEl and thu. fall re~ol4 the 1011 entailed 
by putting .. lup po ..... IlLrougb .... ail'lCf'eW of am.u 
d iameter. Tabl .. 20, 

p_ aM Idml E~. 

• ",1"0' • I',,''>/Y' • 1'/;1"'1)11 

'"' 
, ~ o-tle • o-. ll ", ~ "' .~ TI' 0-:" 

~ - ~ ~ " "" "' o-In ~, .... 1'. HD 



u J 
The pow~ ginn by an engine ;. • lirllpie futICtioD of 

tbe !'aU 01 ...,..,oIutioD for gino oondiUoo>. of p..-...... ADd 

, .~ 

0 ' 11 o--,.~.---,.;t;. ---'.O.c---,.;;;.::,~, .• 
PjN'O' 

no ,~ 
(4!mp" .. ture. o.nd 10 i~ ill ecm .. eniant for 101M pDfJI<*N to 
wri t.. the U P""';OD fOl' t he ideal emcienoy In the modified 
f~ 

......... It ill l be numher of the .. _ ......... oIutiONl per .eo., 
which dHl'u from l hoee of lbe engilHl whee ~ ito em­
ployed. It i, now poMible 10 <ita_ UM! cuno of" ........ t J 

for &111 de6.a.i1e n l .... of "..~D" . and lhis e ........ will "'P"*'"~ 
t be ideal .,fficierIIIY of ... ainoenow .. bleb ;. OIdj ... 1ed to I'tlQ 

at a DOrIIItant "'Ie of revolution by Illiering l be pitcb of the 
bI~eI. Typio.J au", .. *"' given in fig. 109 which .how t he 
.. ..n.tion of the ideal ~"",nc:y wil b the n lO of adT....,., of 
t he ail'loOfP'. The ideal efJieieney inc ... u~. with J , rapidly 
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at- IIl"it IllId the'" lIIote "owly, and appro.cbN unity .. " 
Ijmi~. 

' .. ~? 
•• 

•• ' . 
1/1· 22 . lI'i.d ...... u. 
TIle 11 mI'll! momentum theory C!aIl &bo be applied to the 

llroblem of" wlndmiU df!8igned to take PO_I" from it. motion 
rel"ti" 10 t he lluid. 'Ibe windmill up"riCDOOlil " negative 
thrwo~ or drag and tbe 8uid in the alipillro&m '" retamod, 110 
tht it iI convenient 10 ... rite .". ... _ ... The ~D.tion 0011-
lI"OW'i l hil "e!ocity with the drag R '" 

R ... ! . .fp ( I ' -,,'J rI. 

eon.;~r ILnt the CAM of a1l'indmilJ on an .eroplaoe. Tbe 
e"up pllt into t he "I" by the windmiU in 1Illi! time i8 

g ... 2. ... 1' ( I' - "')"", 

.. bile tbe work done by the aeroplane on the wUvlmilt ill RV. 
It folio .. t .... t the power whicb ean be taken from t be wind­
mill ill P .. OQ ... BV _ E _ 2A, ( V _ "')'11', 



l[\'j 

&rid lbe .,1Sci"GC)' of tboo 1rindmill CloD be ...,lined .. 
• DO I'- of 

'I - RI'- J1 • 

'" 

TbiI .. u.o:tly t be inl'''", of t be diej.,noy of prof'nl ·;on of 
an ai_now. 

The ""lalionelUp bf!tW'1!eR tbe &fticienoy and ponr uutpQ~ 
of the windmill g 

"" 'J ' p ~ - " - - .....,,-.<" • • • , ' -or 
For a given "pe",d and diameter. tbe p<) .. '~r Ia a maximum 
.... ben 'I' - I and rI _ I V, and the muimum Il(Iwcr h .. the 
'n i lle ". P (mu) - ;. p V>l>' _ 00232pV>l>'. -, 

The .... of a windmill on tbe grotmd ... !Ubil, ditrerent 
fMtUn.Ii~ the <irati'" DOW unimportant, The p<)wet gi.en 
by the windmill h.u lbe 1I&D18 value .. ,II !.be p",v'o .. eNe. 
but ,be eJ'Jiriency ""'luin. a ""w cktinition, It!.be windmill 
.. mated no d iat ur ........ of tbe Oow, tbe ellerp of the .u 
paMlng through the windmill diJe in unit lime wouJd he 

E _ lApV', 
and t he effidenoy may ,uilably be defined .. the nlio of the 
power ginn by the windmill to tbill quantily, The eflieienoy 

IMnio " 4 ( V _ tf)Oof 
'I '" ,,0 

.. Web b .. the muimllm .-..1"" 
,," (mu) ... U - 0-593, 



C IUPTER J[VJ 

THE AIRSCREW, BLADE ELE)IENT 
THEORY 

1&-1. In onIer to obtain a more det&ilfd kno"ledge of the 
behariollr of an alree",W than ie given by the ample mG­
menlWD lMoty, it ~ .... . 11"y to inftlltigate tbe fOl'Oel 
experienced by the &inc",,,, b!&df'rll and toregud each element 
of a blode .. an aerofoil elemellt moving ill itt! "ppropriale 
mlUlMr. It is oollvenient, ill developing the thoory, to 0011 · 
sider &II ordinary proput.ive &i1'8Cl'e'" Wlder mwnary working 
ooDdiliollS. The oonditiruuJ for other typeo of &inc",,, and 
few other ... orting oooditione ca.n t.ben be eumined .. 
modi6eatiow of the main lheory. 

The &inc..".. will be _1lPII:!d to have &II &ngIIlu Ulocity 
a abont it. u.iI and to be p1aoed in a uniform .tream of 
velocity V parallo.l to the u.iI of rotation. The teeti_ of the 
bladf'rll of tbe &inc"," have the fonn of aerofol.l ..,ctions and 
lhe lift force uperienoed by a blade element in itt! mo!.ion 
",latin to the lluid must be 'u()ciated with ciRlUiation of lhe 
110" round the blade. Owing to lbe nrialioo of thill cireul&­
lioo &long the blade from root. to tip. trailing vortiOf'rll ... ill 
"pring from 100 blade and p6II! downst.ream witb the lIuid 
in Ippro:limat.ely helie&l palhll. Th_ vortiOf'rll an! oon· 
cent ..... t«l mainly at thlll root and !.ips of thlll bladetl and "" 
the A1ipatn!am of thlll air8crew 00MiItt! of • rogioo of fluid in 
rotation with a .trong oonoentration 01 vOrUcity on the am 
and on the bounduy of the wpatre&m. ),'rom the &n&Iogy 
of tbe JJIlnerai aerofoil theory it foUowa that the blodeelement 
Ilhould be repn:led .. an aerofoil in two ditnemionaJ motion, 
lubjeot. to the illterfereooe 60" "'~Dted by the velocity 
6eld 01 the 'Y'ttm of trailing voru(OlO!. TIle uaet. U&loatiOD 
of t he interferenoe 110'" il 01 gl'Nt oomplenty owing to the 
J>l'ricdicily of the 80", but for moo purp< I!1 It ie sufficiently 
lOOu ..... te 10 repl_ tbe actual periodiQal lIow by it. me.n 



ca. XVI] Til . AlalCII ... ; 111,£ .... I,.I""T TIIIIO.T !(}g 

VaillO. n.a. m p u. eqllin'mt to ... Um;", tbat, for tile 
pUrpOeII of Ntima"",!.be illtmf~_ Bow due 10 tile .,.tell!. 
of t..-iling "onioe., tile thrtuIt and 10000llll ca.rried on tbe 
611i~ nl1l!lbor of blade eI~_n ... at 1>11,. ndial ~ fl'OOll 
tbe u,;. rna,. be J:'!'plaM'! by a uniform dlatribDtioo of thrtuIt 
.nd torqllO nON tbe wbole cin:gmfen:noe of tbe circle of tbe 
_radi .... 

I" de""loping !.be tbenry it will .t.o be .. WIled that the 
..,gul.N ""locity of the .. no .... dON not. beoo_ 110 gte6t 
t b.t tbe rotational .. eloci ty '" tbe blade ti~ a ppl'Ol'CIIe. too 
ola.ely to the velooily '" IIOUDd. Littkl ia kno .. n 01 t he 'fleet 
of the oom preeeibility of the !iii' on the oha.raot.uutiOi of 1>11 

... rofoiJ moving with higb ...... odty.nd further p~, both 
in theory .nd i" uperimflllt , i,!W" :a ry before tbe Lbeory 
01. tile Ii ........ w c.n be modi6ed to W, _'lilt'" thi.I effect. 

HI .. II. In di.corin& the natnre 01 the flow pwt. "" air-
..... w It ia oon.....u.en~ to \lIOII the foLlowl", tertN: 

I .. JIow. The lIow i.m.mediat.ely in bunt of t be "._ew. 
OwJlow. The flow immediately behlDd tile airIemw. 
Woke. The lIow in lbe .ti~trN.lII f .. behlDd the .. ,_ ... . 
J.'_/~J-. TIle velocity 6cJd 01 the .,..tem of t..-iling 

rort.ioe. .. hi<:h ~ .. 1>11 interfen:1i()fI on the biJId, el_n .... 
CorW<kri", 11M the ro .... ti.,...1 motion, It b evident thai 

tbe torqllO of tile aI.-.erew will uuae .. rotation about tbe 
aJ:il of tbe Oow in the elipllU'eaID and that no lV .... ti,," '" tw.. 
... tu ... c.n ooeur In front of the .. no ..... • or outalde the 
bound..,. of the .tipetn!am. Thie rotatIonal moUon I. to be 
...mbed panI,. to the oyet<l'm of tza,lljng TottJoe. and putly 
!() the cirolll.ti" n round tbe bI...... Due to the tza,lling 
Torti"", tbe How i .. the pi ..... of lIMo ............ will ha ... "" 
anguIu 'tfIIooi t,. ... it> the .. m" .... '" .. the rotation of the 
ainc: ... w, and the cin:ulation round the .. _ ....... blad .. will 
oalllll eq"aI and opflO'ile angolu ftIoci tiei 01 t he infto_ and 
GUtllo_. The ' lUll 01. ~ two OOIDponetI'" IIIWlt he I.M'O In 

• Thill _,011 Wi .. _ bolo tloo. ' · "h t :a w o(.l·Jl . a.alao 
o. L 1'0.)'10<, un. .... _11 ...... _ ... po .FI .... ,....,.,~ IUI, lU, 
I tn 
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t .... ;nlIow, .u- no rotation U. po.ible 1Wt.iJ the lIow ~ 
reached t .... vortex.ynem ~Mft.led by the alncrew. BeDell 
it folJoq that. tbe..agu1u .. Moci~y of the oulftow u. !oo aIMI 
that t .... illterf .. rerw;::e lIow, whicb u. due IDIely to the.yatem 
at t .. ilinS .. orti .. , will han the.ngular nloaity ... 

The .agular momentum at the ouillow ill cl.-Iy related 
to tho torque of the ai,.""... Consider the bladn elem .. nUl 
fir at radial dill""'e r from the uio, Jet!IQ be the torque of 
theM e["menu. aIMI let II .... the uial .. &tacity through the 
ail'lCr'e'1l' annul\lll. Tben, by e.quating the torque 10 tbe .. I.e 
of inc",_ of angular momentum, it .pJH'anl th .. t 

dQ _ 2 .... d.. .pll.:...r'. 

Of ~_ hr'pVfI { ] + a)a' , 

...... II - V(l + aJ • 
... _ Oa'. 

The qlWltitM. a and a' rep....ent the h"erl~ lIow aDd 
.,. catWl the interference factorl ' Of lhe a.dal aDd rot&tiOO.ll 
motion ' .. pooti .... ly. 

16- 12. The uial .... locity mun .... oont;nuoUi in paNing 
through tbe aincnow w.. and will have the lAlDe .. a1 ...... ;n 
the inflow and outflow. The ino",ment of .. abo~" the un­
disturbed It ream velocity V [, duo whoUy to the IyRem of 
trailing .. orti .... and the uial inUlrf-..... velocity U. (II _ V) 
or tlV. In .. timating t .... nagnitude of tbi, .lKia! Interference 
8ow, it i. _umed. ~a~ t he trailing .. ortioO¥.,.. dOW1llltrea.m. 
in r.guIar hcliOi¥. Thiel ' umption Ie e.qui .. &1ent t.o neglect"" 
the oontroction of the elipsUeam diameter whicb act....uy 
ooc .... , and may ftIIJWte modi6catiGa wbe.n the interie_ 
flll:tor .. cea!! I to be .... all. The ind uoed .. i!Ioeity of t .... idee.! 
vonez "Y1i~ at a point ollbe wah wiD be double !.be 
IDd\lCled .... Ioci ty at the aUsc, ... dillO whieh iI the end of 
lhe oylinder, aDd belICIe the a.dal ffioci~y tn the ..... e iI 
V (I + t.I). TliliI ,"ult u. in ~ment with the oonch.on 
drawn from the aimple momentum theory. 
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The axial mocnen~um eqllation for the blade e!emen .. can 
now be wrilten dll1l'D dirrtetly ae 

~ _ .,.,.,.V· ( I + d)d. 

Thia eqou.tioa ~ !loOt MAet. It ill bn!~ on !.be IIIIInmption 
of DO OOI1tl'aOtion of the A1ip"UMm in Htimllting the inte. _ 
fere,..,., .. e locity and it aiAo nq; ...... tbe fact that md~ 
preMure QIlIlU" in tbe wake o';ng 10 tbe rotat ional motion. 
The e m)' inr.J'Qd .. eed by tlleoJe wmp!illcatiOfUl ~PfMllU'l t-o be 
negligible for a propuwn .unc"," under =lin..ry working 
oonditiOOll. but it may be n...... . ry t-o rcpilwJe thi. momentum 
eq""tioa by a More aooUrMe n:I.liol'll!hip in oertaln special 
CU tl, .. ' or •• lample wben ... aincrew ~ roUIr.. at UlJ'Q 
rate of ad .. anoe. 

1&> 13. A OOIIIidenI.tlon of the .,..,tem of tniling .. ortioe. 
le,d. t-o the iD'-l.in& oonelllllion th.t the interlereooe lIow 
""p"ri..-i by the blade e1e"",n" at radial distance r from 
the LIio dependl _ lyon lbe ,_ up"tWDOOd by tloMe 
e"'men ... ..... ~ DOt inlI .. ""e ..... by the blade elemen .. at 
greater or leo. radial diet.nee. Consider the action of the 
blade elem.etl" '" .t ndial dietanoe r w~ lbe rem.under of 
each .... 1OJ . ew blade iI inope,.u"e. Tbetrr.iling .. orti_ which 
,pring from the ends of tho element lie on tbe ,url..- of 
twu circul ... cylindel'll of ndiUII r .... d , + dr ..... pe<:lti .. ely, 
and the vorticity may be re&OI .. ed into two oomporMIn ... one 
bavlng I ... n. pru-allel to the .u-ee",w l.lIiI and the other 
being circumferential and oimil ... to a luoc w ion of .. ortez 
ringo. The Ilrr.t component of the .. orticily .., .... tbe roller 
bearinp het.--.. the rotating IIhell 01 .-i. bou.nded by the 
cyiindricrJ ....-I..,.. and the genenJ m .. of .-i. , Now the 
~"'ial m .. of .-ir eannot ..qui"' .... y cireulatlon about t he 
an. and IlePOll the rotation d~ to the lorql>lt of tbe blede 
e"'men" iI oonIiDl!d 10 Lbo region betWMn the two cylindrical ,url_. n~ aIao the rotational interl~n:_ due to the 
.. ortez tywt~m io e:rperiflooed only by th_ hlade elelllen" 
which gave rile to the TOI'ticity . 

A.tmilarargtUlltnt"", "".pplied to these=wi oomponent 
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of l he .. orticity and thlll the ind(!ptndMOtl 01 lbe bltode 
<!!emenll . t dille""'t radial ,lUt.o.n.oN from the .u. 01 the 
.i .... "' .. i .... t.abf"'hed, 1'hilI Ilw;In)uoal l'IIult '" of pat 
importanooo ud h .... been confirmed for lbe princl~ .. orking 
W!eliona 0( an ai ........ tJade by ""'rl ain .. lecial uptrimenll- . 
To .. .rua the li..- 01 the ai,"",e. bltod ... Ihe cooditiom m.y 
be modified by the radialltow 0( 11,0 air whleh .. rq:le.:t.,.J 
in qe .. eloping tho t heory. 

l IS-\!. CoiWw,r non tl>o ael"Oll)',.mio fOl'llN t!l 1)erien~ 
by tho bh"l~ element., ...... ,.1 d '.tlUlOe r. The bI.de el"",en t 

.. 0 ,.",) 

f""". 110-

iI ... b~t te an .:o:ial .. eIocity I' f l + _l . IM! • ror.ation..l 
.. eloeity rO f I - ,,'I, 110 t hat tho l'IIutt&lU " Iotity W i. 
ioolirw.:! .t ..u,gJe + to the plane 0( rot.tioo , when! 

I' 1 + " 
t.ar>+ - ;n· I _'''' · 

If 9'8 the blade angle, the element"'l1 work at an anti" of 
incidonce _ _ 6 - ; ..."j will giv" the ~iDg Lift IliId 
drag """mo;Cn\.fl . .I:~ and .1:", appropriAtO to the aerofoi l 
_tion in t .... dimensional motion. The DOm po<>ento of U­
forw ooeffiaienll, """"'''00 in the di,....,tion of the ~ and 
torque, ......... pt<!tiTely 

,l., - 1:1._ + - t "ain;, 
0\ - t l.';J\ + + t .. _;, 

and the elemento of !hrun ... d torque gi",n by the blade 
e~lI"Ienl 0( .~. c.u .... 

tIT _ 1,,. JV'c ~r, 
~Q _ ",,.W"crdr . 

• ..... k. 110", __ T_ ... t. " K:lporl_'" 10 nrily IIwt ... I:p ... d • 
• _ ",.Iwt .1.-'1",,,, &10 ~ b ........ lU I , m IH t. 
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n- ""p' . "one N'Ii mw tipJioed by B, the nwnber 01 
bladeI, to obtain the .moment. 01 thruM. IoIId torqlle for the 
wbolro airwno .. , and in pI_ of the chon!. non-dimen ...... ! 
qu .... ti,y ~ is inlrod......t , defined by the equation 

11< 
~ - 2 .... · 

This 'Iu"'li'y ~ .... p .. eII.",'" the ... Iio of the UN of the bl-.de 
element. to t he &1'9 cJ the .I.D"ul~ at t he radial dlata""" ~, 
and may be ItlrmN the MJlidwV of the bl-.de el~ment. 

The element. of 1" "",1 and torqlle of the airlle""" C.I.D 00" 
be ul"c J in the following fOMnI: 

1J - 2 ........ p yo (I + ill ' ~ I>1Im'; 
- Z ....... pO' ( I - II'" ~ 1IC!il';, 

12 -2 ...... .,.V' (1 +""~OCI!"'; 
.. :u.'pO'( 1 - 11'",,_';. 

EqlreoIionoI '01' tho eIe_t. of tbrutt and torqlle ho." beea 
obtained Mliie.- in the ehapter by _ .. idering the axial and 
f'OI.A.Iiona1. momenta, and by eq""jng lbe al""matiTe fOl'mli 
lbe following equ.ationa .... obtained for t be aJial and 
rm-tionallnterfe""nce facton : 

• , .. . ' ." I - (l' -~' 

Finally, tbe ",Ie (If adTaooe of t he aiflOCl'n' is giTeo by t-be 

equation V ~ V ~ I _ 0' 
J -;Z; .. .. Ji . ri"l - 'Ji 1 + " tan;, 

aod !.be elemeaUi of t brust and toorq .... ean he up.. 01 in 
lbe _-dimtneional fOl'lM 

R~" ~r(ir .. ( I -0',' ~ 1IC!il' ;, 

R~ .. ~ ... (;,)' .. (I _ (I')' .l"IIC!il' ; . 
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UI·21. The ....,tbod of cakulati..ac the ~b~ri.etiOI of an 
NI"ICfn' i. toO ehooee a oumbn of e1emenu ~00lII t be hlode, 

for NclI of wWeb l be nltoel of :I , <t, , and tbe auoloil 

ellanocleriJtioo C ... .1::. , .1:0) are lmoYrD. St&rti.nc 1ritb .. "" ..... 
of "~\IN of II fOT eaell tiement, It ill poaible to e&lcul.1e 
in tum the ~"'I .. ~"" of ~ . n', J, dl: .. and dkQ • 

Thruot ....:I. t o , · ~ ,. _ffi<_ 

" ,., 

, .. 
, , ___ ,".L,_j;r,-~, •.• ~_"",,~.~. __ ~,., 

FIt;. Ill. 

Oet&ils of the e&leul&tion for .. typie~ blade element are 
gi.,en in t .. ble 21. CurYee of dl:r &nd rUo ~ai .. t J are then 

T&b\ec21. 
CalctJotw../or " bbk elM,"' . 

{R 0070 &10 B U O , - .- • -• . 
, • , , , " 

, , .. ( ...... ,1 .. ( ........ -
0' W .- ... .- - . ~ .... .... • .. ,'M ... .. - ~ - -• .. .~ - ·.w ... 'M · lJa ••• 
" .. .~ - ·W ." ... ·.M ••• .. " 

.,., - . .., « • 'M .~ .'M .. " 

..., - O~ OM « .~ ••• .. • .~ - _ l ·IS .., _ ·1' ·W ••• 



drawn for each M~'" and finall,. the yal .... of dl: r and 
d.t<l for the yu\ou& bbde millenia" ... y exnn yaille of 
J &nI ploltm ..gain&t the radial dist&nOe to obtain the th.\lU 
and torq .... gradl", CUI'TfIII a1M& the bI.de. 1be in~tioo 
of ,,,- e lln'fMl giYllll !he total th .... t and totqo" of the air· 
.crew, bu~ • .slight elllpirie.l (I(d ' WtiOil illIG< ''1 to the 
thrun to allOW' for the d"'fI of tile ai . ... "w 00.. 

16-22. 0..;", to the uri.lion of tbe bl~ angle, ohord 
.nd aeroloil eec::t ion along the bl&dlo, it I, no~ ]K*ibl .. to 
obtain any .imp! .. an..tytioal n pl'Nl!ionl for the emu-t and 
torqllC! of." ai..,""", but. the II"neral n.tuns of t he ai"",ns", 
ohan.<lt..,risti"" can be .. :nmiswl b,. oollllidering • tYPical 
bI.de eleroellt. 
A~",", ratoof .,;lyanoe (J ... 0) the uial intme_ factor 

o t .. ~ 10 infini ty, .a""" the aria! ....,locit,. thro",b the air­
IICCeW diJc ~.j ... linit.. while the ftlocit,. V l.eoo. to EeJ"O. 

nul oocun whell 
.. .l., .. 2";"';, 

and. AI; II. mI_n ngle, thi.I ooqllation lI.ppro:rilUtel,. 
att. .. 2+', 

whens ItL I, to be takell at WI -..po. of Incide_ (9 _ ;). 
ThiI,t.", COlT'l!lponda I.e. posilin val .... of ; for &II OC"dinary 
propuwYe alnocnsw. 

ThII oU.O!f end of t he working I"UlI!" of an alnocnsw oooun 
whens the tllrolt .. anlshee at the point "Ivell b,. lbe "'Illation 

I:t. .. 1:" tan;, 
.to tb,,! lbe bired .. Mmer>t iI ,till 0AIT)'infj: •• mall positi", 
lift fol"'De. ThII l.erqoe II poIIili .... at t llil point, but .. r.n.i.I ..... 
• t • aligh tiy higher ra", of &dYaDDll, Wt .wpoodine: 10 the 
conditioo 

Between tt- 1 ... 0 poiPu the r.iN;.vw II acting ... brake, 
and heyolld tbe point wbens the torqlle beoomw ~Ii"" 
t he ai.s_ .... &eta ... wiDdmili. 

The elllcj.,ncy of tbe bLr.de element II 
V. dT V -\ 1-0' tan; 

" .. O.dQ .. ..o ·l; - 1 + 0 t .... (;J+y)' 
whens 1:" .. I:L tan y. 
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Thil npt'Nlion lII.Ily be DOaIp.reo:\ ';th t.be ideal efllcienocy 

I !. dedlll:led from the .. mple mOlllelltum theory of aD 

.iI ....... and it .p~ •• n that then .... additional .out'CeI 01. 
I .. 01 e~rgy rejmlllellted by 

(I) ,.', t.be .,tJ..:t of tbe I'OUIticm oIlbe lIi.,-ream, 
(2) y , the eBeet of the proliJe dMlfl of the bEad .... 

The Rnt of thMe eBeetll i.e 6il\.U over the prindpal working 
range 01 an ~rfI" but the profile draa beoom ... of great , ., 

,., 

,., 
I 

J 

I 
I 

I 

,,~---,,".c,-----:," .• ;-c'~c,~.:.-----:, . , 
.... Ill. 

impor1anae, puticuJuly .. the blade .. "'men! .PproMbr"lbe 
.ttitude of 1\0 Jilt . F'". I ll! "'OWl! the efficioMey 01 U ... blade 
e"'_nt WbOM chanocterisla ..... IP"n in table I I and lhe 
broken turn rep,-nll the efficieney whltb would occur if 
tho proRIe drat!: ....... uro. 
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The I .. 01 efficiency can aIeo be iU Mtratf'd by COMlderirlg 
the balanee 01 """"10 lot the blade e~metlt. The wo. k done 
Oil t he blade e!em""t in uni t time ;. OdQ and til;' _rgy;' 
dislributed in t he following J'Ut.' : 

V . tiT , the "",'uI wOlio: 01 tbe thrust, 
a I ' . tiT. the rn""tio energy of the ulN moc;on, 
,,' 0 . dQ, the rn""tjo eDergy of the rotAtianal motion, 
,IE, ,"" [_ of energy d .... to the drag of the b[ ....... 

The v.[ .... of dE i. obtoWwl108 
JA' _ (I - 1>') O.dQ _ ( I + 1» I' .dT 

- p 1I"&d, {(I - 1>') OT,\, - II + 0) VA,) 
- pW'&d, . II' fA, COl. - A, llin ., 
_ . l)p ''''&d. , W, 

whieb ill clearly Ihe "'o. k done aga,inat the drag 01 the bI .... 
e~,"ellll mo .. ing witb the velocity II' ~.tinl lo the Huld . 

The ",[etionahip t...t ... ~n the circulation rolUld the blade 
.,lemenl.ol and ,he rotation of the.ti~ ill aIeo of in~_t, 
The cinmJ.tion round e bllode e~ment mllllt be equal to 
.(..cll' and the .......... ponding circw.tion of t he tlipetream 10 

K .. &11'.(,. _ ~ ...... JI'.L' 
... bll. the toiN cirelll. tion of t he alipot",1In ;. 

n ence 

" ·_ hr.m.' 
_ • ...,'0 ( I _ "') a.\, com o 2. 

- I! ...... W fJ:(,. + J:lloot. .). 
g ' k(,.lIin .+kvOOl. 
1( - hllin . 

Tbe ci..,ul.tion of the .tipot.reMt ill due putly to t ho ci!'CWI­
tion round the bl ..... eI" ..... ,,,,, whicb ;. _ilted wilb the 
lilt lome, and pIrtly to t he drag of lhe blade elemelltll whic h 
tend. to drag l be Ii . in tbe direction of lIIotion 01 the bI..! •. 
no- two eI!'tctll will be in the .. me ratio .. the elemenll of 
torque oonlrihnted by t he lift and by t he drag _peeliwty, 
i.e. in the ratio 0( .i:(,. lIin. to J:" 001., and tbi_ action of lhe 
drag of the hI..!e ele"",ntlllWlCOUDu for Ibe d lll',,!'Cnee hel~" 
t he ci!'Cwlliom g and K', 'n... vortici ty of tbe Ii,.., ... w "' .... 
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i, tbemon! of .. oomplu natlln! , OOIIIUti"l partl,. of the 
cin;!wa.t.ion ronnd the bladel and partly of ftN VotWX lioea 
·"yiu~ with the drat! of the hlad .. , 

1&-23. Calculatiolll fOl' .. typical blade e1e,,",Dt"" oJ.o 
be ullfd to i11l11ltnte the .. .n .. tion of the c.haractc'rietiOl of an 
ai_I'IIW' with the uperiIMntal m ..... piteh. Fill. 113 ~~ 

, -, 

,-, 

t' • , 
'" ""-, 

, -, ,-, 
n.. u s, 

the c.fficiency eUn"f!I for a blade m .... mt when the blade angle 
is ina E FEE J or dee ... • n J 4· from it. original value, and 1lb0W1l 
that an inc"". of pit<:h ~ aooon'paniNi hy an iIKIU. 01 
muiDuUD elllciellC)'. Aerod.ynamie ooneideratlolll the ... fOft! 
Indiute t he ad.-.ntal" of Being ai_",,,, of I .... diameter 
and high pi trn. but otnool unJ oo,..jdentiolll limit the 
poeeibilit,. of improvem~t in t heie directioolHo. An &inc",,, 
II deagned 10 abaorb .. definite ton'lue at. a definite rotation .. 1 
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IIr ! Ed. I.rIod 10 WI Inctw.I!e of diuneteT 0' blade "",Ie mlW be 
uoompMlood b,. II oomlIponding dee_of tbe bloode width . 
Thil pI'O( .. iI dMrly limi ...... by t .... nee E· ':t)' for the ai .... 
.. '"' bJJde to f"l 'Iuffieien~ ~ngth to reoMt the <lemn· 
fugall.rlod lonIional I II imf- · d on it. and the ai...erew 
di&me«!r iI ..!to limitood. by tbe floCt Ihn It iI deoirablo 10 
keep the tip nloaty COMiderably below tbe ""Iocity of 
IO\Ind. ",.. diflieu.ltilFOl con be .. ,.oidood. in pUt by t he int..,.. 
duetion of gearing betWftn the engine IUId .. i_rew. 10 tbat 
the 111'11Orew nono I t .. ~OWl)r ra'" of l'fIVoIution tb .. n lbe 
ell3ino. T be problem iI. ho_"o •• coru pliclled by tbe .... eigbt 
and efficu!MY of the gcariDi, and .. fuU w.c"";on of t be 
choio& of the beet ail'lC,", in any ginn _ iI beyond the 
ICIOpe of the p .... nt treat.i .... 

III". The aerodynamic the.'lI)' bill beeu den[opod for the 
UIII of .. propu.l.ti", ail'lC~ whicb gi"'" .. lhn>n in the 
din.et.ion of i'" u.io.l lllOOon. and it iI-=· "..,. to u......u"" 
whether the theory to aJ.oo applieabla to other wotklllfl oOD­

ditio ... of WI airecrew. Fig ..... abo.-. di~atieo.U,tbe 
dilferent Iype. of IIow whicb lilly occur with WI ordi......,. 
propuhiy. ai_lew at dilfe....,t pooiti,.., and neg".i""'tee 01. 
odUIIOe. Type (t) rep"""'" the norm ... worlcing OOIIdition. 
lIid .. the ui .. r ...,Iocity V inc .. p n the airenr-ew pe r t'1 
the condition. of type (I) . where It.ctll Hl'lt "" .. brake and 
then .. a windmill. A dilferent type of motion OCCUI'I wben 
tbe " ...,rew h .. a neg .. tin rr.te of odvo.Doe. Type (3) "'pre­
.. ntt the ftow for ...,ro "''''' 01 odvo.nllCl .... hleb iI .. limiting 
c ... of the normo.l type (~). bnt .. lOOn .. tbe u ial .."Iocit,. 
I' beoom .. n~al;"e II. "00:«0% ring will be fonned round the 
ail'llCl'P' .. indicated by type (f) in tbe flgun!. For greal .... 
""1!:lI.ti.,., ,.elocitl .. the ftow may eOh eopond to type (G) otr 
(6). The fo""", rerr-ntt the _ wben the l il'llCl'P' gi..". 
rite 1'1 III eddy motion Reb .. OOCIU'II behind II. billlf body. 
WId the latter rep .... nta II. .. t urn. to the ini tial typo ( I). bllt 
Ie the opp<Nite direction. 

1'he t"-7 _u_ the exilttenoe 01. a aiipltrNm 01_. 
""ntiono.] typo and will be applicable to the IYJI" 01 mntion 
( I) &rid (t). In the yottu riDi8tate the mome"tnm tqll&tiono 
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.. ill bruk doW'll botb for 1b8 uial IUId 10<" 1b8 rotational 
rnoti ..... and the tbnllt and lorq"" 01 the Nrtc",w wiU d.,.,nd 
mainlyon tbera~ol 
dlMil"'tiooof energy 
in t be vortu ring 
motioo. The theory 
alM! breab down fo 
t he motion fl>1'~ 
!tented by type (6 
a,,,1 will probably he 
only A rough ap 
proJ[imatiOIl to tb~ 
tm'h lot type (3) 
wlUcb •• t he Il"an 
li lion from the vor 
tta ring ,tAte to 
the ' lOI"mal wwking 
oonditlo!l. The final. 
__ ~ (8) is oimU..­
to I.YP" ( I ) and the 
tt.eot) ""ould be ap­
pliCAble 10 lhill e_ 
but <leMain modifi 
ealiOllll AI6 ro.quired 
to the 1Q0mentum 
~uation. to Allow 
for the f-et Iha 

• 
I 

· 

• 
· 
· 

• 
· 

, 
t be dil"l'lCliOll of now 
tbrough tltl" .. nc",w 
diM>" ",ve.-.ed. In 
denloplll3 ,,­
equatioN t he n l.,. 
dly" or 1' (1 + " I 

No. 

, 

, 

, 

• 

• 

• 

T.YJ'O '" 1Ic._ 

,- + 

,- + 

,~ 

- g 

:~~~T 

- + 
",p.--nq the v&- PIc· t ... 

-
-
-
-, 

-, 

-, 

loci ty 01 flow through the ai_fMt w.c And m~· be ~ 
gudl'<1 III _nli.uy J>C*tive. HcllOfl for negatiY. ratee 
of ~vallOfl tbe llign of 1M momentum f!J[~0NI (0<" t be 
IhlVJ!t and to"!",, mUlt he cbanged and l hi, i. "'lllinlent 
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to ch~ tbe";gn 01 tbe u pr EFF

'OOI ' or I : a and I ~ a ' 

U, I&S, With t~ simple modiflcatJon lbe t heory ma,. be 
applied to an aincno ... witll. .. pepti"" rate 01 od"..-. 
proYlded that u... oonditJona .... ouch tW • oIiptt~ of 
_"tlltlonaJ ~!JMI ia 'ormM bthind the .u.cr-. The ann_ 
dilion fM the nlidit,. of the theory i. t·~n.fo"" that the ... 1"" 
01 the .uilllllterie",ROe factor II ahall ulld'y I .... ineq\lali ~y 
/I > - ._ With thillimil&tion ~be lheruy may be ./JpH .... to 
~y type of Ii"",,,,, .... irreepoctJ"e of t he purvo- (prope ller, 
willdmill , , .." etc.) for whieh it ill deoJigDed , 



OHAPTER XV" 

THE AIRSCREW: W I ND TUNNEL 
INTERFERENCE 

A model "neno .. rot'ling in ... Ind tunMl diaturbl the 
unifcmn 110'11' produced by the tunnel fan...dcaUINv..nMiollll 
of nlocity .. hloh utend to. conside ... ble dimnoe from the 
.incre .... 11.,. Ho .. i. co .... tra.lned by tho p.-nce of lbe 
tunnel ... U • ...d Ihe uniform arial velocity V .. hich occu", 
.t .. , uBielen! dinance in front of lbe .. ne .... In the tunnel 
diffen from that whicb would occur In f ..... air. It i, DAtFP"y 
Ibe~fon 10 determine WI .q..n>lt>II frN .ir'ptJttI V' , oornt­
,~to t he tunnel datum ,",locily V, at which the " r­
........ rolati"3 witb the _ -.ngulu TfIlocily .. in the 
tUIUleI , wOClld prod_ tbe _ thruat. and torque- . A 
l.beoreticaloolulioo of tloi. problem can be obt&lned by u· 
lending the ample momentum lbeoly to lhe..- of an air­
.cre .. rotating in a wind tnnnet . The equivalent ...... ainp FI ~ 
M defined .. tlutt .. hich giTftl lboo l&JIIe axial velooit,. throutlh 
the ainc.., .. dieo .. OCCu", in. lhe lunnei. llinc:e t~ ooodition 
'II'i.lI maintain the tame ... orlriDi oondiUOfW lor lhe .. nc ..... 
bladH, provided the interferonoe eflll(!It of the rotational. 
veloclty.o.re negligible. The equin!ent f ..... ahil Fld, under 
ordinary wo. klDi conditio ... of an alnoere .. , " Ie. tban the 
tunnel datum velocity. 

The .. umption that theno ill no Interie~_ effect on the 
rotational velocit, appoan to he oound. butthe ",pl"Ml'Dt&lion 
of the inl<!rie..,_ effect by. chanp 'rom the tuMel datum 
,",Jooit, 10 the equinlent f ......... IIF~ depend' cD tbe 
exiateaoe of I-be .. me &rial velocity oYer the wbole "rocre .. 
d;"_ n.;. eond.ition 1& •• Ii.Sed .pp...wmatoly oyer t he 
principal ... ortInjj put 01 the ...... e .. biNi. but fAiI& to­
.. utb tbe blade tip'_ In ('(I' I : qllel"lCl! the obape of the thntot 

• W*-'H ..... ··So.o_ ... u.. • .......,.af ... &Io ..... .-q 
... _ ............ RJI. Nt. tlfO. 
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.00 ton:t"" grading OUrnMI along ,boo aireerew blade may be 
oIightJy d ifferent near ,boo tip io free a ir and in a .. ·ind l unnel , 
a1tbough lboo melhod of COIT'et1.ion .. Mll!icitmtly ace,,",le lor 
l he totallhlQt. aDd torque 01 t he aireerew. The method of 
c ... , ,,,tion wowd aIeo appe.r to be unreliable ~ ... aero .. te 
of 10<1 ... ..- of tJoe ai",""",w, iii""" lboo oonvtlltlonal type of 
llipllrMm .... umod in Ihe lheory 110 lon~r OOCUfil . 

.... ' . 
)' .... ', 

P , 

1'he type of 1I0w _ med in the aual"';' ill abown in fig. 
116. V ill the I" nnel dNum ... docity, .. lbe ftloc:it,. througb 
lhe &increw diec, .. the slipetrMm ftlocit,. and '" tbe 
ftlocity in the IlIlInel olltllide [he dipltlMll1. The p .... ....., 
~ from tbe original val .... l' to tbe value PI in lbe '""Ii01l 
01 tbe diplll'Mlrl. 

Let A be the airecrew d i8C r.t8, S the e .... llectional _ 
of tbe dipltream .00 0 that 01 tbe tunllel. Then by 00II­
linuity s.., _ Ail, 

(0-8)",_01'_.04., 

aDd by \II1II 01 Bemoulli'. eqllation 

~ - (PI + lpw,') - (1'+ "V') 

- <1'1 + 1,0 ... "1 - (JII + " .. ') 
- i,o{ ... · - ... ·)· 

Finally. the "'IUltiOD of a.zial momen tum gin. 
T - S".. (II, _ Y)+ (0 - 8),ow.,( .. - V) +0(1'1 - 1') 

-S,o",{11, - n+(C-8),ow.,( ... - 1')+.0,0(1'·- ... · ). 



'" T • 
Now put ~ - AI'VI - ; Tc• 

and 011 eliminating .. and '" by "'_ of t he eqll&li_ of 
l'Ontinuity. I.bc two H:p ...... on. for tbe thmot b.co ..... 

!t8' (0 _ 8)' Y· .. (0 _ S)' A ... • .. 8' (01' - .h" 
.. 2C (0 .. S) ..t" (A .. -81')-00 (A .. .. Sy)', 

2.A8 (0 - 8)"" " I! (0 - Sl' All (/h, - srI 
.. 2S (0 .. 8) (CV _ .hl (A .. _ 8 1') 
+ OS He - Sl' V' - (0 1' - AII1'l 

.. W(C -SjA,,(.h - 8V) -08(A .. - 8Y)', 
from whitb II folio... at onoo that 

%~S(A - S) (0 - S) Y' " C( AII - $ "')', 
TS (OA _ SO) V' .. OA .. (.4. _ 8Y). 

The eqwnlen~ f...., aiJ0f wl V' iI .~b III", it Ii"" t be 
...., .. allIoN to .. and r. But in fnle air 

1' .. LIp" (. _ V'). 

Ot (210 _ 1")' _ *+1'" 

_ hY' + "", 
p", v .. ,\II', 

,,' _ 1+2 • .1.', 

obt&inina: for tbe (me air condition 
(,, + 1) 1' 

to .. 2>\ • 

Alto put A .. ttC, 
8 .. erA, 

.. here" iI generaUy .... all and .. 1_ between IlnIty.ad 0-5, 
and the two wind (WIDe! equatiON! ~". 

4 (r _ I) .. ( I _ .. )(1 _ .... ) .. (., + I .. 2ol)" 

2(" _ I ) .. ( I .. -oA, .. (:r + I .. t...I.), 

from which .I. earo be elimin .. ud .1 once to liT" an equat,ioa 
for" in lennI of .. and cr, ... bile tbe nwod eq .... t.ioo then 
deWnni ... the ... 1 ... of A. 



Tho prOOlem 0( determiniog tbe equinlent free ainpeed 
bM !lOY been. noduord 1(1 t bat of determining lbe .... lit! of 
.I. for p .. ell ... 1""" of .. and ~ by IU,...." of the .... t.idiary 
quantit.ioN z aod ... For tbY P"'rp<III!Ilbe I"""", "'lualionl .... 
written In lbe form 

Z - l (1 - .. )( 1 _ ",,) - -", + 1 .. (1_...,.0)' 
(2<> - 1) ... - 1 .1. . 1 +(z_ I) ..... _ - 'h--

(z+ I )(z -l) , - !!~,--'- . 
• lId • Inetbod of . u..... i ..... PI,roKim.tion m.y be u.ed, 
trying difl:e",n~ ... Iues of .. unUl tbe OOI1"l!C~ v"ue of ~ ift 
obtained. As. guide to the n lue of ", it m.y be ooted that 
in ,_ air" would be <ieunnintd by tbe "'IualiOlIl 

o:' _ l +t., . ., 
,, - !.. • 

10 IheM fljU/.iollll .. Ie tbe ratio 0( tbe " , .. ,ew dlec 11th 

1h>AV' 
FIr, He. 



'" A I<l !.be .,.... ..... 'iooa! aru 0 of the 1\l1lDt1, &lid ~ it the 
c b " ed qu""ti ly Tf,..4. V', TlMI eqlOiyalt nl 'rtlIIt ..... .,.,.,.J. is 
obui~ /iaolty by d i'riding.be IlIIIoeI dal a.m velocily It by 
the q ...... lity A. Curr .. of I'JI".g.rnat TlpA V' for .. range 
of u.l"", of Ale ue giveo;o fig. I I I . The ..... .J IIize of model 
o.increw IM~ in .. wind Inn .... ' _, ... poodlI 10" nlo.., of 
Ale of IH6 approl.imately. 

The ,,,,,,, ... tical com!Ct;on ~&D he UIfId for INti Gf model 
ai_i'll'" in .. wind t~l. but it is not I"*ible to u~nd 
t he t heory to the CM6 of an &Inc ..... n>Olluted in front of 
.. body of .."y OOlIOider&ble lliw. F.xlltrimenlal ... orko has 
. hotm, ho .... ver. Iht if the axial velQcity i. nplored along 
rsdioJ line. j uat bel.,..., and jUA behind t he plane of rotation 
d iM ai_ ... w, lhe velocity tendI to alimitilll .... 1"" which 
io equal to the ~ui ... IefIL f_ ';"p!!d gi .... n by t be U-IY 
wbetl 1)0 body io pre.nt. Tbio uperi ..... n~ lIIethod 11M 
tloeft(ON bee" "opted for lbe ...... of an ai' &Clew-body 
"""'bi .... tion and ..... '-II e"""kedt by lJIt'Ciai __ in • fl . 
and 7 , •. I~ . 

• .... ~ Boo, ........ \VII",. " ItJ-F : .. '01~ • WoI/J of 
.. "u .... ~ ...... 1. lUI . uo. 1m. 

t Look Mod ,," '777 ' 0, "n.. _ of W\ad • ......-I 1a ... ""CC Cl "" .. __ '*' of aIooa oo....:l _ ~." .JI. 'I'. H'U , 
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