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NPEAHUCJNOBHE

MexaHHKa, apeBHeHIIu#A pasjesn (GH3HUKH, No Celi JeHb OCTaeTcAd
OCHOBOH IIpOorpecca COBPEMEHHOH TeXHHMKH, 4TO OCOOEHHO SICHO BHIHO
Ha npuMepe HedTIHOH H ra3oBoH NpoMbllIeHHOCTH. [louTu Bce TEXHO-
JIOrHY€CKHe NPOolecchl 3THX OTpacjeil HapoOAHOro XO3AHCTBA, HAUHMHAdA ¢
OypeHHs] CKBaXXHH H KOHYasl TPaHCIOPTHPOBAHHEM JOGHITON NPOAYK-
IHH N0 MAarucTpajbHEIM HedTe- H rasolpoBOfaM, SBJIAIOTCA MeXaHH-
yeCcKHMH IO cBoefi nmpupoje. lleHTpasbHOe MeCTO B TEXHOJOTHUECKOM
IHKJIe 3aHHMAIT Npouecchl pa3paboTKH He(PTAHHIX MeCTOPOXKACHHH.

Hcnosab3oBanHe HayuyHbIX METOAOB JJiSl COBEPIICHCTBOBAHHA TeX-
HOJIOTHH — JaBHsiA TpaAHUHUsA He(dTAHOH W ra3oBoi NpPOMBILIIEHHOCTH.
OCHOBOIO/NIOXKHHKAMH YIJYOJeHHOrO NPHJIOXKEHUs MeXaHHKH K Hed-
TAHOMY JAenay B Haure#l ctpaHe 6wiid B. I'. Ulyxos u JI. C. Jleit6ensoHn,
TPYIbl KOTOPHIX COCTABJSIOT NpeAMET CIpaBeJJHBOH TOPAOCTH OTeye-
CTBEHHOH TEXHHYECKOH MBICJIH.

B Hamie BpeMs CyIIeCTBEHHO YBEJHUMJHCh MacuiTabel AOOBIUH
HepTH M rasa H BBOAATCA B Pa3pabOTKy MeCTOPOXK/IEHHS CO CHOXKHBHI-
MH (H3HKO-T€OJIOTHIECKHMH YCJIOBHSIMH, pelilaeTcsl BaXXHeHwas npo6-
JleMa YBeJHYCHHs IIOJIHOTH H3BJeYeHHs HedTH M3 Heldp. B cBA3uM
C 3THM 3HaUHTEJHHO MOBHICHJCS yPOBeHb TPEGOBAHHH K NOHHMAHHIO
TOro, Kak ABHXYTCA B IJIaCTax HACHINAIOUME HX XKHAKOCTH — He(dTh,
ras 4 Boja.

Teopuu JBHXKEHHS XKHJKOCTEH H rasoB B INPHPOAHHIX NOPHCTHIX
cpenax (moA3eMHOl THADOJHHAMHKe) NOCBsALIEHO MHOoro KHHr. Ilpen-
JaraeMas KHHra Hx He INOBTOpsleT — CO BpPE€MEHeM He TOJBbKO HakKai-
JIUBAIOTCS HOBHE Pe3yJbTaThl H NOSABJAKTCS HOBBle HANpaBJeHHS, HO
U cMellaloTCs aKUeHTHl Jaxe B KJacCHYeCKMX pasfenax. ABTopH
CTPEMHJIHCh T0OKa3aTh B KHHMIEe €CTECTBEHHYIO CBfA3b KJIaCCHUECKHX
H COBpeMeHHBIX pa3jesIOB I10J3eMHOM THAPOAHHaMHKH.

Kuura ajgpecoBaHa Tem He(hTAHHKAM H CIeLHaJHCTaM ra30BOH
NPOMBIMIJIEHHOCTH, KOTODble BeayT HCCIeNoBaTebCKyl0 paboTty HiH
TOTOBSITCA K HeH U HCIHBITHIBAIOT IIPH 3TOM HeoOXoAHMOCThb GoJee
LIHPOKO HCNOJB30BATh MOJAEIH H METOAB COBPEMEHHOH MeXaHHKH
CIVIOUIHBIX cpeA. BMecte ¢ TeM, YYHTHIBasg BCe BO3pacTalOIHUH
HHTEpec K HepTsAHOH M ra3oBofl npobJeMaTHKe cO CTOPOHH MareMa-
THKOB, MEXaHHKOB H (PH3UKOB, aBTOPH CTPEMHJIHCHL cJeJaTb KHHTY
noJie3HOH H OJs HUX.

PelleHHe NpakTHYeCKHX 3aJay COBPeMeHHOH HebTAHOH H ras3oBoi
TeXHOJIOTUH TpebyeT HCNOJNb30BaHHSA M pa3paboTKH CaMBIX COBpEeMeH-
HBIX TeopeTHueckHX mnocTpoeHHil. [T0sToMy ocHOBHOe BHHMaHHe B KHH-
Te yjejeHO NOCTAHOBKE NPUHUHMIHAJIBHEIX 3adad NOA3eMHOH rHIpo-
JHHAMHKH, ee ujesM H MeTogaM. ABTOPH HajeloTcd, 4TOo OTGOP MaTe-
PHasla mo 3THM IpHHUHMNAM OyJeT MoJie3eH CIelNHaJHCTaM H IIOMOXeT
HAYMHAIOMHM HCCJAEeAOBATENsIM OHICTPEE NMPHCTYNHTL K CaMOCTOSATeJNb-
Ho#i paboTe B 3Toll yBJeKaTeqbHOH 00/1acTH, B KOTOPOH NpakTHYecKasi
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NOJI€3HOCTh Hepa3PLHIBHO cOYeTaeTcs ¢ NOMJHHHOA Hay4yHOH KpacoToil.
OueHb 1OYYHTENBHO H TO OGCTOSATEJBLCTBO, YTO MMEHHO B NOA3EMHOM
rHApPOJHHAMHKe Haubojliee OTYET/HBO IPOCAEXHBAIOTCA M JOBOAATCA
10 0003pHMBIX KOHEUHBIX pe3y/JbTaTOB MHOrHe (byHIaMeHTaJIbHblEe
HIEH U METOAbl MEXaHHKH CIJIOIIHBIX Cpel.

ABtopu raiy6oko 6marogapHul A. 1O. Mmaunckomy u C. A. XpHeTu-
aHOBYMUY 3a [OCTOSIHHOE BHHMAaHHE K HX HCCJEIOBAHHMAM, HalleALINM
oTpaxeHHe B npeanaraemoil kuure. OHH ¢ 6/1arofapHOCTbIO BCIOMH-
HAlOT CBOH MHOTOYHCJEHHBe Gecellbl ¢ yYeHBIMH-HeDTSIHHKaMH, B Iep-
Bylo ouepenp A. [1. KpuinoBem, M, A. Uapusim, A. X. Mupaagxan-
3ane, 0. B. J)KenToBHM, OKa3aBIllHe BJIHsIHHE Ha MpPEJAMET HX HHTepe-
ca B NOA3EMHOH THIPOAHHAMHKe. ABTOpH 6J/aroflapHbl BCEM, KTO
CBOHMH COBETAMH H KPHTHKOH CIOCOOCTBOBAJ YJYYLIEHHIO KHHIH,
1 ocoberno lO. [1. JKearoBy u A. ®. 3a30BCcKOMY, cHe/aBHIHM LEH-
Able 3aMedanHa no pykomucd. HU. A. Buxrtopory n JI. I'. dazgeery
aBTopw OsaropapsATt 3a NOMOWIb B OGOpPMJIEHHH DPYKOIHCH H NOAro-
TOBKE ee K [eyaTH.

[To orpanHHueHHsiM TeXHHYECKOro XapakTepa aBTODHl CMOIJIH NpoO-
ILMTHPOBATbL JIHIIb MaJyw [IOJK HCCAeAOBaHHH, 06e3ycJOBHO 3aciy-
KUBAIOMIHX YNOMHHaHUs. ABTODHl CO3HAIOT HEMOJHOTY KHHLH B 3TOM
OTHOLIEHHH H NPHHOCAT YUTATEJNAM CBOH H3BHHEHH,

ABTOpH 6yAyT NpH3HATEJNbHBl YHTATENSAM 3a 3aMeYaHHs MO KHHre,
OT3biBbl OpPOCHM HanpasaaTh no azapecy: 103633, Mocksa, K-12,
TperbsikoBckHit npoesn, 1/19, uspatenscrso «Henpa».,



IrJ1IABA OCHOBHBIE TNOHATHA
MOA3EMHOM
1 T'HAPOTA30JUHAMHKHU

§ 1. OcoGeHHOCTH TeOPHH IBHIKEHHA KHMIAKOCTH M rasa
B MPHPOAHBIX MJIACTAX

MecTopoxaeHuss HEPTH H NPHPOAHOro rasa uallle BCEro MPHYpPO-
YyeHbl K MOAHATHAM HJH CKJIaJAKaM IJ1aCTOB TepPpPHreHHHX H Kapb6o-
HaTHBIX OCAaJ0YHEIX NMOPOX (MeCYaHHKOB, H3BECTHSKOB, aJIeBPOJHTOB,
[JIHH), IPEACTABJASIOIIHX COBOH CKONJIEHHSA 3epeH MHHepaJioB, CBA3aH-
HBIX LEMEHTHPYIIUHM MaTepHajJoM H Npeo6pa3oBaHHHX B pe3yJbTa-
Te Fe0JIOTHYECKHX MPOLECCOB.

ITopoBoe npocTpaHCTBO TEPPHIEHHBIX NOPOA — CJIOXKHAs Hepery-
JApHas CHcTeMa coobIlamliuxcd (KHHOrAa — H30JHPOBAHHEIX) MeX-
3epeHHBIX NyCTOT C pasMepaMu MOp, COCTaBJASIOIIHMH eJHHHIL HJH
JNeCSITKH MHKPOMeTpoB {pHc. 1).

B kapOonaTHeIX mopoJax (HM3BeCTHSKaX, JOJOMHTaX) CHCTeMa Iop
6osiee HEOAHOPOAHA, KpoMe TOro, ropasgo OoJiee pa3BHTa cucrema
BTOPHUYHBIX MyCTOT, BO3HHKIIMX mocie 00pa3oBaHHMA CaMOH NOPOAHL.
Ciofna OTHOCATCA TpelHWHbI, BLI3BAHHEIE TEKTOHHYECKHMH HampsikKc-
HHSIMH, @ TaKxKe KaHaJbl H KaBepHLI, BO3HHKIIHe GJarojapsi pacTBo-
PeHHIO CKeseTa NOPOJBI BOROH (HHOrZa CONPOBONKAAMIIEMYCA XHMII-
yeckoli peakiuueit). [IpoTs:KeHHOCTh TpelMH H pasMeps KaBepH
MOTYT HaMHOro NpeBOCXOAHTH pa3Mephl epBHYHBIX HOP.

JKuakue uau rasoo0pasHbie yriaeBOJOPOAB, IJOTHOCTb KOTOPBIX
MeHbllle MJIOTHOCTH BOJBI, CKaIIMBAIOTCA B HOAHATHAX («JIOBYLIKAX>»)
nopoJ, BHITeCHAS paHee HaxoAuBlUylocs Tam Boay. Yrobm Mecte-
poxpaeHHe HehTH HJH rasa MOrJO COXPaHHTbCH, MJIACTHI-KOJJIEKTOPLI
JOJKHBL GBITH H30JHPOBAHKEl OT BHIIE- H HHXKeJeXalllux MNpOHHIae-
MBIX [J1aCTOB KpOBJIeHl M NOJOMIBOM: CJAOAMH HENPOHHNAeMBIX NOPOT,
yalile BCero rJIMH HJH cOJH (pHC. 2).

CrpoeHue He(TAHHIX H Tas30BbIX 3ajJexeHd OCJOXKHsSeTcs 3HAuH-
TeJbHOH HEOJHOPOJHOCTBIO M IpeXJe BCEro MHOrOCJOHHOCTBIO
ciraraomux ux nopoxa. Hegre- M rasoHocHele naacTel yacTo Iepe-
CeKaKTCA KPYNHBIMH TEKTOHHYECKMMH HapyUleHHSIMH — pa3pbeIBaMH
COJIOWIHOCTH nopod. Jobbua HedTH U ra3a, pa3Beika MeCTOPOXAeHHH
H Hcclel0oBaHHe IJACTOB BeAyTCS 4Yepe3 OTJesbHEE CKBaXKHHHL [Ha-
MeTpom 10—20 c¢mM, oTcTOsilliMe APYT OT Apyra Ha COTHH MeTpOB.

Mb HanomMuusn 3TH o6lleH3BecTHble (aKTH, uTOOH MOAYEPKHYThb
BbITEKAIOIHe M3 HHX OCOGEHHOCTH TeOpHH (GUJAbTpALMHM He(TH H rasa
B NpUPOAHBIX IsacTaX. OoHa M3 HHX 3aKJwyaeTcs B HeOOXOAHUMOCTH
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OZHOBDPEMEHHO pAacCMaTPHBaTh NpoOIeccH B 06JacTAX, Xapakrep-
Hele pa3MepH KOTODHIX pasjHY9aloTCA Ha MOPAAKH: pasmep TOp
(enuHUIH H JecATKH MHKPOMETPOB), AHaMeTpP CKBaXKHMH (IeCATKH
CaHTHMETpPOB), TOJIIHHE MJIacTOB (eJHHUIB H JECATKH METpPOB),
PaccTOSIHHA MeXAY CKBaXKHMHaMH (COTHH METPOB), IIPOTSAXEHHOCTh
MECTOPOXAeHHH (N0 HecATKOB H Jaxe coTeH KHJaoMerpoB). Kpome
TOTO, HEONHOPOAHOCTh IJAacTOB (MO TOJIIHHE H IJIOWIAJH) HMeeT
XapaKTepHhle pa3Mephl mpaKTHYecKH Jaioboro Macumraba,

CBelleHHs1 0 IJIacTe NpH BceM HX Pa3HooOpa3HH Bcerja orpaHuye-
Hbl. OHH CKJIajAbIBAlOTCA H3 TeoJIOTHYECKOH H reodH3uyeckoit HHbOp-
MallMH: AAHHBIX HCCJeAOBaHHA 0o0pasloB NOPOJAbl H THApPOAHHAMHYE-
CKHX HCCJeJOBAHHH CKBAaXHH, pe3y/bTaToB aHajH3a OTOODAHHHX H3
CKBaXHH Npob6 HedTH, rasa U IJACTOBOH BOJBI; M, HAaKOHell, H3 HC-
TOPHH Da3palBoOTKH, T. €. COBOKYNHOCTH JAaHHHX 10 AMHAMHKe H3MeHe-
HHs JaBJeHHH, oT0opa HMJH 3aKayKH HePTH M BOAH IO OTAEJNbHHIM
CKBAaXXMHAM H B LeJoM 10 oObeKTy. Ilaxke ecsqH HMeeTcs Bech Inepe-
YHCJEHHbIH 06beM HHGOpPMAaLMH, YTO ObiBaeT JajeKO He Bceria, ee
HeJJOCTATOYHO JJis OINHO3HAYHOTO MOCTPOEHHS MOJeNH IJjacra. JTo fic-
HO XOTA OBl H3 TOrO, 4TO J100asi MOJeJb CTPOHTCS Ha HHTEPIOJALHH IO
IJacTy AAHHHX, TOJyYeHHHX Ha OCHOBe eJHHHYHHIX CKBaXKHHHBIX
A3MepeHHuH, H OOBIYHO HET BECKHX OCHOBAHHH CYHTATb 3TO aJ€KBATHHIM
npejAcTaBJeHHeM TOro, YTO Ha caMoOM Jeje MPOHCXOAUT B IJacTe.
B 3TUX yC/0BHAX OCHOBHAasf 3ajaya HCCJAelOBaHHS 3aKJI04YaeTcsl B yCTa-
HOBJICHHH KaYeCTBEHHHIX 3aKOHOMEpHOCTeH, yCTOHYHMBLIX TeHAEHIHH,
a TaKXe KOJHYEeCTBEHHHIX COOTHOIICHHH, YCTOHUYHMBHIX K BapHallHH HC-
XoAHbIX AaHHBIX. llesplo pacueTra oka3nBaeTCsi He CTOJIBKO TOYHOE
onpejejieHHe BCeX XapPaKTepHCTHK Ipolecca, CKOJbKO paclIHpeHHe
TOH COBOKYIIHOCTH CBe€JeHHi, KOTOPhle YUUTHIBAlIOTCA NpPH BhOOpe, Ha-
IIpHMep, CHCTeMHl pa3paboTKH MeCTOpOKJeHHs HJH MeTOAa BO3JeH-
¢TBHs Ha miact. [locjeayiouiee nmoBelleHHe I1ACTa NMO3BOJSAET BHECTH

KODPEKTHBH H YTOYHHTbH IIPH-
PHC. 1. [aud HedrsHOro mNecuaHHKa HSATYIO MOJelb.

Bce 310 cOauxaer nog-
3eMHYI0 THAPOJHHAMHKY C Te-
operHYeckod (¢H3HKOH. Pe-
HIAIOILYI0 POJib HTpaeT IMOCTa-
HOBKa 3aJlayd M  TakKo#
aHa/i3 pe3yJbTaToOB ee pe-
IIeHHs, KOTOPHH MO3BOJfAET
clesaThb HEKOTOpHe obuiHe,
CKOpee, KaueCTBeHHBHE, 3a-
kiaoueHus. Hanporus, yBesn-
YeHHe TOYHOCTH KayeCTBEHHO
SICHBIX pe3y/bTaTOB OKa3bIBa-
eTcsl 3a4acTyl0 HeHYXHBIM,

Takoe moJsioXkKeHHe Jen Cy-
IIecTBOBaJO Bcerja, H ToO-
sIBJIeHHe H IIHPOKOe pacIpo-
CTpaHeHHe BHIYHCJHTE/bHBEIX




PHC. 2. Cxema 3a- CrpanuHm
JeXH HebTH M rasa:
1 — rauHBl; 2 — FHe
HRCTHIE NeCYaHHKH; J—
IUIOTHHE NPOC/OH; § —
NecKM, HeCHaHHKH

)

Fny6una, u

1550

1650

1750

1850
1900 ? mI[[m; Foide [vyv]s [° 0]

MallHH JHIbL ycyry6uno ero. C TNOMONIBI0 MAIIMHHOM MaTeMaTHKH
MHOTHE TeXHHYECKHE TPYAHOCTH GBLIM NPeOjAOoJeHb, B pe3yJbTaTe 4ero
BO3MOXHOCTH THJDOJHHAMHYECKHX pacueTOB HEH3MEPHMO BhLIPOCJH.
Onnako mo3HaBaresNbHAasi LUEHHOCTb H3BJEKAEMHX pe3yJbTaTOB elle
Gosiee 4eM B JOMAIIHHHYIO 3Py ONpefessieTCss aJeKBaTHOCTbIO MOJIEJH,
YeTKOCTbIO IIOCTAHOBKH 3aJayYH pacueTa H TIAyOHHOH NpeABapHTENb-
HOTO aHAJH3a HMEIOUUXCS JaHHBIX.

§ 2. Nopuctoie cpeanl

JBHKeHHe XKHAKOCTeH, ra3oB M MX CMeceli B IIOPHCThIX cpeldax
cocraB/sieT NpPeAMeT H3yueHHA oco60ro pasjiesa THAPOAMHAMHKH —
NOA3eMHOH THAPOAMHAMHKH (TeopHH GHJIBTPALMH).

CJIOXKHHH H HeperyJsipHHil XapakTep CTPYKTYPH NOPOBOro IpOCT-
pPaHCTBA He [03BOJISIeT H3yyaTh JBHXKEeHHe XKUJKOCTH H ra3oB B HeEM
OObIYHBIMH METOJaMH THAPOAMHAMHKH, T. €. NyTeM pelleHHS ypaBHe-
HHH JBHXXEHHS] Bf3KOH MXKHMAKOCTH AJs 00JacTH, IpeACTaBjasoniel
co60ll COBOKYNHOCThL Rcex mop. [lelicTBHTesbHO, NpOCTas OLEHKA
NOKa3biBaeT, YTO ecJu Obl MBI XOTeJH NMOCTPOHThL TaKoe pelleHHe, TO
0Ka3ajioch Obl HEBO3MOIKHBIM 3aMHCaTh TPaHHUAblE YCJOBHA JaXe s
HeGOoJbIIOTO MecTOpOoKAeHHsI. OHAKO B TaKOH 3alTHCH M TAKOM pelueHHH
HeT HeOOXOAHMOCTH: ¢ yBeJHYeHHeM YHCJa OTJAeJbHLIX MHKPOJBHIKE-
HHUH, COCTaBJIAIIIHX MaKPOCKONHYeCKoe (HAbBTpAaLHOHHOE [BHXKEHHE,
HAaYHHAIOT NPOABJAATHCS CYMMapHBIe CTATHCTHYEeCKHE 3aKOHOMEPHOCTH,
XapakTepHble /11 JBHXKEHHS B 1eJIOM H HecnpaBedJHBhle AJs1 OJAHOIO
HJIH HEeCKOJbKHX MOPOBBLIX KaHaJOB. JTO XapaKTePHO JJs CHCTEM
¢ 6OJIBIIHM YHCJOM OAHOPOAHBLIX 3JIEMEHTOB, c1a00 CBA3aHHBIX MEXAY
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cobofi. Takne cHcreMH MOryT GhITh ONHCAHH KakK HEKOTOpHE CIJOUI-
Hble cpelbl, CBOHCTBA KOTOPHX He BHIPAXalOTCs HENOCpPeACTBEHHO 4e-
pe3 CBOMCTBAa COCTABJAIIIMX 3JEMEHTOB, a SIBJASAIOTCA OCPeAHEeHHBIMH
XapaKTEPUCTHKAMH AOCTATOYHO GOJBIIHX OOBEMOB CPelHl.

Tak, B ruIpOJHHAMHKe He H3ydaeTcs [BHKEHHe OTAeJbHBIX MoJe-
KyJl, a BBOAATCH HEKOTOphle OcpeJHeHHhle AHHAMHYECKHe XapaKTepHc-
THKHM KMIKOCTH KaK CIVIOIUHOH cpeABn H pacCMaTPHBAIOTCA TOJBKO
006beMbl XKHAKOCTH, PasMepbl KOTOPBHIX AOCTAaTOUYHO BEJHKH IO CpaBHe-
HHIO C MEXMOJEKYJIPHHMH pacCTOSHHAMH, 4TOOBl B JI06OM 3J1eMeHTe
COJepXKajoch AOCTATOUHO OGOJbIIOE YHCJO MOJEKyJ H Obo Onl BO3-
MOXHO HCIOJIb30BaHHE OCPeJHEHHHX XapaKTepHCTHK .

AHajOrHYHO 3TOMY TeOpHsi (GUABTPALIHH CTPOHTCA Ha MpelCTaBJe-
HHH O TOM, YTO IIOPHCTas cPela H 3aNoOJHAKILAA €e XKHIKOCTb o6pa-
3yI0T CILIOUIHYI0O Cpely. JTO O3HayaeT, 4YTO 3JeMEeHThl CHCTeMBI
JKHIKOCTb — MOPHCTasl CPefa, KOTOphle CUHTAIOTCA (du3HYecKH OecKo-
HEYHO MaJjIbIMH, BCE XKe J0CTATOYHO BEJHKH 110 CPaBHEHHIO C pa3sMe-
paMu NOp H 3epeH NOPHCTOH CpeiH; TOJbKO AJs o0beMa, B KOTOPOM
3aKJI0YeHo 60JbILIOe YHCJIO MOP H 3epeH, J0CTaTOYHO NpeJCTaBUTe/IbHbI
BBOJIHMble OCpPeJIHEHHHEe XapaKTepHCTHKH, B npHMeHEeHMH K MEHbIIHUM
o6beMaM BHIBOAB TEOPUH GUINBTPALHU TEPRIOT CHIY.

C ToukuM 3peHHS] TeOpHH (HJbTPALHH 3HAYEHHe TBEPAOro cKeJeTa
HOpHCTOR cpeln NMpexkjJe BCero reoMeTpHyeckoe, OH OrpaHHUHMBAeT Ty
o6JsacTb NMPOCTPAHCTBA, B KOTOPOH ABHKeTCS XKHAKOCTb. JIulib B 6o-
Jee CHelHAJbHHX CJAyyasiX, 0 KOTOPHX OyleT CKa3aHO HHXKe, IPHXO-
IUTCS paccMaTpHBAaTh CHJIOBOe B3aHMOJEHCTBHE MEXIy CKeJeToM
M NPHJEKAIIHMH K HeMy CJ0sSIMH xuakocTH. IlosToMy cBoficTBa mopH-
CTOH cpelbl B TEOPHH (DHIbTPALHH OMHCHLIBAIOTCS HEKOTOPHM HabGopoM
reOMEeTPHYECKHX CPEeIHHX XapaKTePHCTHK.

BaxHefilllast XxapakTepUCTHKa 3JIeMeHTa MOPHCTOH cpels — ee MOpHC-
TOCTb /71, PaBHasl OTHOLIEHHIO o6beMa Vy, 3aHATOrO B BbIJEJEHHOM 3Je-
MeHTe mopam, K ofuieMy o6bemy 3jeMeHTta V:

m=VyV. (I.1)

CootHowennem (I.1) ompenensiercs cpeaHsss MOPHCTOCTb JAHHOTO
sAemeHTa. BoifpaB HeKOTOpPYI0 TOUKY HOPHCTOH Cpelnl, OKpyXas ee
3J€MEeHTaMH Bce MeHblIero o6’beMa, MOXHO HAlTH JIOKAJbHYIO MOPHC-
TOCTb KakK IpejeJbHOe 3HaueHHe NPH CTArTHBaHHH obbeMa. Cyulect-
BEHHO, YTO 3TO — «IPOMEXYTOUYHbIH» NpeaesbHbIAl Nepexo]: NMpPH «CTH-
THBAHMH» Dpa3MepHl 3JeMeHTa [JOJIKHB OCTaBaThbcA OOJBLIMMH 110
CPaBHEHHIO ¢ MHKpPOMacWITa6oM MOPHCTOH cpeldH (pa3aMepOM NOp HJH
sepen). CuTyanus 3jechb BIOJHe aHaJOTHYHA MOJIOXKEHHIO B APYTHX
pasienax MeXaHHKH CIVIOWIHOH CPeNHl; TaK, NPH OfnpeleleHHH JOKaJb-
HOA MJIOTHOCTH rasa pasmep oObeMa Bcerga BhIOMpaercs OGGOJbLIHM
10 cpaBHEHHIO ¢ AJHHOH cBOGOAHOrO nmpobera.

! Kak H3BECTHO H3 TEOPHH BEpOSATHOCTEH, uem GoJblle YHCRO OJAHHAKOBO paciipe-
JeJEHHBX CAYYaAHHX BeJIHYHH, OGPa3yIOUIHX HEKOTOPYIO COBOKYIIHOCTb, T€M MeHblle
BepPOATHOCTb OTKJIOHEHHS CPeJHEro N0 COBOKYMHOCTH 3Ha49eHHs apaMeTpa AJA AaHHOR
peajHsauuy OT HaHbGosee BEPOATHOro 3HaUeHHs, TeM caMBIM YyKa3aHHHeE HHXe Tpe-
GOBaHHs AeNAlOT HHTerpasibHEle XapaKTePHCTHKH JBHXKEHHS AOCTATOYHO YCTOHUHBHIMH.
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O6HYHO PasaAMYAOT NMOJHYIO MOPHCTOCTH, KOrjAa YYHTHIBAIOTCA BCE
NMOPH, U aKTHBHYIO, KOTJa YUYHTHIBAIOTCHA JIHLIL Te, KOTOPHle BXOAAT
B eIHHYI0O CHCTeMy COeIMHEHHBIX Mexnay co6ofi mop H MOryT GHITb 3a-
NOJHEHBl XHIAKOCTHIO H3BHe. [l Hallux lesef cylLeCTBeHHA, ecTecCT-
BEHHO, JIMIIb AKTHBHAS MOPHCTOCTb, MOTOMY B AaJbHellleM moj No-
PHCTOCTHI0 TNOHHMaeTc HMeHHo oHa. Hapsaay c¢ mnopucTocThio m
HHOTJla BBOJHUTCS TMOHSITHE NPOCBETHOCTH £ — OTHOUWIEHHS TJIOILAAH
aKTHBHHIX NOP B JI060M CeUeHHH, NPOXOASileM uepe3 AAHHYIO TOUKY,
KO Bcell muollaay ceueHHs. Jlerko y6enHThCs, UTO B CAEJAHHBIX Npef-
TNOJIOXKEHUAX IPOCBETHOCTh B JaHHOHA TOYKe He 3aBHCHT OT BeI6opa Ha-
npaBjleHHs ceueHHs H PaBHA MOPHCTOCTH M.

ITopHcTOCTh OZMHAKOBA [/ IeOMeTpPHYeCKH MOAOOHBIX cpex H He
xapakTepusyer pasMmepoB Tnop. [103TOMy a/isi OMUCAHHS TOPHMCTOM
cpeinl HeoOGXOAHMO TaKXe YKasaTh HEKOTOpHIH XapaKTepHHIH pasMep
nopoBoro npocrpaHcTBa d. MMeercs MHOro mo CyuliecTsy paBHOIEH-
HBIX cnocoGoB ompefeseHHs 3Toro pasMepa. EcTrecTBeHHO, HampHMep,
3a XapakTepHBIX pasMep d NPHHHMaTb HEKOTOpoe cpejHee 3HAuEHHe
pajHyca MOpoBOro KaHala ! HJIH OTAENbHOrO 3epHa NOPHCTOrO CKe-
JeTa (MOHNMAaeMble KaK cPeJHHe 3HaYeHHS COOTBETCTBYIOMIHX cJaydah-
HBIX BEJIHYHH).

KpuBble pacnpeneseHHs pa3MepOB NOP HJH 3ePeH COAepiKaT 3Ha-
4UTeNBHO 60Jblie HHPOpMAaUHH 0 MHKPOCTPYKTYpe NODHCTOH CpenH,
yeM IIPOCTO cpeiHHe 3HaveHHs. [JosToMy NpeANnpHHHMAaJHCh MHOro-
YHCJeHHbIE NMONBITKH OINpejie/leHHs] BCeX TeOMeTPHUYeCKHX H THIpPO-
JHHAMHUYECKHX XapaKTEPHCTHK INOPUCTOH Cpelbl HAa OCHOBE KDPHBBIX
pacnpefiesienusi, OfHaKO 3aBHCHMOCTH THADOJAHMHAMHYECKHX XapakKrTe-
PHCTHK TMOPHCTOM cpelH OT [apaMeTPOB KPHBHX paclpelleseHHst He
MOTYT GHITh YHHBEpPCAJbHBIMH — OJHHAKOBBIMH /151 Pa3HbIX MOPOA. Me#-
CTBHTENbHO, BBOJS, HANpHMep, TOHKHe HeNpOHHIlaéMEle MEePeropoikHy,
MOXHO KOpPeHHblM 06pasoM HM3MeHHTb THAPOJHHAMHYECKHe XapakKTe-
DHCTHKH cpejbl, He H3MeHHMB JH60 c1ab0 H3MeHHB BH] KPHBHIX pac-
npeneneHds. B To ke BpeMs AJA pa3MYHBIX MPOLECCOB CYIECTBEH-
HBl pasHbBle CTaTHCTHYECKHE XaPaKTePHCTHKH Da3MepoB IIOp H 3epeH.
Tax, ans npoleccoB nepeHoca B MOPHCTOH cpelle CYylleCTBEHHa CTe-
neHb HeOJHOPOAHOCTH COCTABJSIOIIUX NOPHCTOA cpeabl — MOp H 3epeH.
B 3ToM ciyyae HapsiAy cO CPeIHHM 3HaueHHeM pasMepa CyllecTBeHHa
Hero JHCIepCHs, XapaKTepH3ylolias cTelleHb OTKJOHEHHsS OT cpelHero
3HayeHHus.

§ 3. 3akou dapcs,
npejedbl ero NPHMEHHMOCTH H YTOUHEHHS

OcHoBHasi XapaKTeLHCTHKA (HJIbTPALlHOHHOTO JBHXEHHS — BEKTOP
CKOpOCTH (PUMIBTpAllHH # — OnpefessieTcs cJenyoluM obpasom. Bribe-
peM Touky M mopHCTOH cpembl M NpoBeleM yepe3 Hee IPOH3BOJIBHYIO
3NeMEeHTapHylo MmowmaiKy AS ¢ HopMaibio n. Uepes Bblae/eHHYIO 11710~
IAfKy B €HHHIY BpeMEHH NpoTeKaeT macca xHakectH AQ. Toraa npo-
€KIHS BexTopa # Ha HOpPMaJib M K BhlIeNeHHOH IIOWAfKe paBHA Ipe-
Aeny otHoweHus AQ/pAS npu AS — 0. 3mech p — NJIOTHOCTE XKHAKOCTH
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ITonuepkHeM, uTO npejes TNOHMMAaeTcs B YKa3aHHOM Bblllle «Npo-
MeXyTOYHOM» CMbICJIe M YTO Macca XHAKOCTH JeJHTCA Ha NOJHYI0 MJO-
mwaap AS, a He Ha ee 4acTh, 3aHATYIO TIOPAMH.

OcHOBHOEe COOTHOLIeHHE TeOpHH (HJIBTPALHH — 3aKOH (UAbLTPA-
IIHH — YCTAHABJHBAET CBA3b MEXAY BEKTODOM CKOPOCTH (HHJIBTPaLHH
H TeM MOJIeM [aBJeHHs, KOTOpOe BHI3BHIBaeT (HJIbLTPAILHOHHOE ABHKe-
HHe. 31eCch WU JaJjee, eCHH He OTOBapHBaeTCAd CHELHAJbHO MPOTHB-
HOe, MoJ [aBJeHHeM IOHHMAaeTCcsl Pa3HOCTb MeXIy INOJHLIM JaBJeHH-
€M H T'HIPOCTAaTHYECKHM; B OTCYTCTBHE ABHXKEHHs AaBJIEHHE XHIKOCTH
B Iopax paclpelleJieHO IO THApPOCTaTHYecKoMy 3aKoHy. Kak Tosbko
HauHHaeTcs JBHXKeHHe, H3OHITOYHOe (Haj THAPOCTATHUECKHM) JaBJe-
HHe CTaHOBHTCHA IlepeMeHHBIM Mo NpPOCTpaHcTBY. [IBHXKEHHe XKHAKOCTH
B TOPHCTOR cpeje OTJHYaeTcs OT JBHXKEHHH, pacCMaTpHBaeMHIX B
oOLIUHOH I'HApDOJAHHaMHKe, TeM, 4TO B JM060M MakpooGbeMe HMeeTcs
HemnoABHXKHas TBepAasa ¢asa, HarpaHHUe ¢ KOTOPOH XHIKOCTb TaKxe
HemoABHXKHA. JlosToMy cucTeMa MOpPOBHIX KaHaJOB 3JeMEHTapHOro
Makpoob6beMa THApPOJHHAMHUECKH SKBHBaJIeHTHa CHCTEMe CJOXHHM
o6pasoM cBfA3aHHBIX TPy6. CKOPOCTb ¢HIbLTPAalMH - XapaKTepH3yeT
pacxon uepes 31y cucremy. C Apyroii cTOpOHH, pacXox ompejessercs
JaBJleHHAMH Ha BX0JaX H BBIXOAAaX INOPOBHIX KaHaJoB, IIocKoabKy
pacxox mpeicTaBJageT co6oil cyMMapHylo II0 MHOTHM INOPOBHIM KaHa-
JlaM BeJMUHHY, OH OINpejesieTcsl Iepenajocm, T.e. rpajHeHTOM OCpen-
HEHHOTO AaBJieHHS XKHAKOCTH.

HMeHHO NO3TOMY, B OTJHYHEe OT yPaBHeHHH OOLIYHOH THAPOJHHA-
MHKH, B TEODHH (HJbTPallHH CYIlUeCTByeT JOKajJbHas 3aBHCHMOCTb
MeXAy TDaiAHeHTOM JaBJeHHS H BEKTOPOM CKOPOCTH (DHIbTPALNH.

HekoTophle cBeJieHHs1 0 popMe 3aKoHa (HJIBTPALHH, CBA3HIBalolle-
r0 CKOpOCTb (HUIBTPAUMH H TpPafHeHT JaBJeHHS, MOXHO IOJYUHTb,
HCXOAS H3 caMBx o0uwuX npexacraBaeHHi. ITopucras cpeina onuchiBa-
€TCsl 'eOMeTpHUYEeCKHMH MapaMeTPaMH — XapaKTepHHM pasMepoM d
M HEKOTOPbIMH 6e3pa3MepHBIMH BeJHUHHAMH: NOPHCTOCTBIO M, mapa-
MeTpaMH KpHBOH pacnpefeneHHs H Ap. 3aKOH (HAbTPalHH HAOXKEH
c1e0BaTh H3 ypaBHEHHH JBHKEHHS XKHAKOCTH B NMOPOBOM IIpOCTpaH-
CTBe, NO3TOMY CHCTEMa ONpeleNsIOlINX BEJIHUHH BKJIOYAeT TaKXe Te
XapaKTePHCTHKH XXHJKOCTH, KOTOPble BXOAAT B 3TH ypaBHEHHH: IIOT-
HOCTb p H BA3KOCTb p. TakuM 06pa3oM, MH HIIeM (oOpMy 3aBHCHMO-
CTH rpajHeHTa JaBjeHHs grad p OT BEKTOpa CKOPOCTH (HIABbTpalud
1, reOMETPHYECKHX XapaKTepHCTHK IOpHCTOH cpean m, d u T. ],
H XapaKTepHCTHK XXHAKOCTH p U p. Cpeiu BeNHYHH, OT KOTOPHX 3a-
BHCHT grad p, TOJBKO CKOPOCTb OHJBTpPAlHH X SBJSETCH BEKTOPOM,
B cuny usorponuu cpeanl BekTop grad p jgonxkeH ObiTh HamnpasieH
no ojHo#l npsiMo#i ¢ BeKTopoM #. B camom nene, nyctb BekTop grad p
COCTaBJIfIeT OTJIHYHBIH OT HYJsl YroJl C HalmpaBJeHueM BekTopa . Ecuu
OOBEPHYTb BEIOPAHHYIO NPOH3BOJIBHYIO CHCTEMY KOODAHMHAT BOKpYT
BEKTOPa # Ha HEKOTODHIl yroj, TO HH 3TOT BEKTOP, HH KakKO#-l1H6O
JApyro# H3 ONpeJessONINX NMapaMeTpPoB He H3MeHATcs. CJieloBaTelb-
HO, He JOJI)KeH H3MEHHTbCH H BeKTOp grad p, 3aBHCAIIHA TOJBKO OT
stHx napamerpoB. Ho ecau grad p cocraBisfer OTIHUHBIA OT HyJas
YroJs ¢ HanpaBJIeHHEM BeKTOpa ¥, TO IpH NOBOPOTe ero HalpaBJeHHe

10



OTHOCHTEJbHO KOODAHHATHHIX ocell 0653aTeNbHO AONKHO H3MEHHThbCS,
Orcioja BHTEKaeT, YTO HAaNpaBJieHHs] BEKTOpPOB & H grad p JOJXHH
COBNajaTh, TaK UTO

gradp = —cu, (1.2)

rje ¢— HeKoTopas CKaJsipHas BeJHYHHA, 3aBHCAINAAd OT MOAYJs Bek-
TOpa CKOPOCTH 4, A TaKXKe BeJH4YuH d, m, p, p.

PaccMOTpHM  (UJIBTPALIHOHHBIE JBHXXEHHSA, KOrJa HECYIIECTBEHHH
cusbl uHepuMH. K uHCMy NOZOGHBIX O€3blHepUHOHHBIX ABHXKEHHH NpH-
HAJJIEKHT GOJBITHHCTBO (GHJBTPALHOHHBIX TeueHHH, BCTpPeUaloluXcs Ha
NpaKTHKe, MOCKOJbKY OHH NPOHCXOAAT MejJieHHO. ITpH 3TOM MJIOTHOCTB
p, XapakTepH3Yolllas HHEPUHOHHbIE CBOHCTBA JKHIKOCTH, HeCylLlecTBEHHa
H HCKJIOYaeTCs H3 YHCJa OlNpejensioUlMX NapaMeTpoB. Takum o6pasoMm,
npH Ge3blHEPUHOHHBIX [BHXKEHHAX BeJHYHHA C 3aBHCHT TOJNBKO OT U,
d, m v p. BbinueM pasMepHOCTH HHTepeCYIOU[HX Hac BeJIHYMH:

[ml=1; [c]=ML=3T—}; [u] = LT-Y; ld]=L; Ipl=ML='T-1. (L3)

M3 wueTbipex onpernessilouX napameTpoB TpH (4, d U p) HMEIOT
He3aBHCHMEIE pasMepHocTH. Torza, corjlacHO aHalH3y pasMepHoOcTef,
GespasmepHas KOMGHHaLHA cd?/u MOXET 3aBHCETb TOJbKO OT €JHHCT-
BeHHO! Oe3pasMepHOH BEeNNMYHHBEI CpelH ONpeAeNAIIHX [apaMeTpoB —
HOPHCTOCTH H1:

cd¥lp = f(m); ¢ = d—2uf (m). (1.4)
ITocne storo ypaBHeHHe (I1.2) MOXHO NpencCTaBHTb B BHJE
gradp = —pd—%f (m) u; uw=—(k/p)gradp; k=d¥f. (1.5)

CootHowenne (I.5) onuchiBaer 3akoH ¢uabTpauuu Japcu (110 HMEHN
¢paHuysckoro HHXeHepa A. Jlapcu, yCTaHOBHBIUEI'O €ro 3KCIlepHMeH-
TaqbHO B 1856 r.). BesiHunHa k HasbiBaeTcsi TPOHHI3aeMOCTb 10 (HMeeT
PasMepHOCTDb ILIOMANH, He 3aBHCHT OT CBONCTB KHIKOCTH H SIBJISETCH
YUCTO I'eOMETPHYECKOH XapaKTepUCTHKOH MOPHCTOH Cpejwl).

Ecin BMeCTO p paccMaTpHBaThb HCTHHHOe JaBJeHHe B 2KHJAKOCTH
P = p-—pgz, raie g— yckopeHne CBOGOJHOrO MajeHHs, 2 — BEICOTa
paccMaTpuBaeMOH TOYKH HaJ HEKOTOPHIM pacyeTHbHIM ypoBHeM, To (1.5)
MOXKHO 3anuCaTb B BHJE

u = — (k/p) grad (P + pg2). (1.6)

B ruzporexHHYecKHX pacueTax OGBIYHO HcHoab3yeTcss Hanop H =
= p/pg, TOrAa HMeeM

u=—CgradH, C = kpg/p, (1.7)

rre C — KoapduuueHT QGuIBTpPalMK, HMeeT pa3MEepHOCTb CKOPOCTH.
Kak BHIHO H3 npHBelleHHOro BHIBOAA, 3aKOH JlapcH — cJeACTBHe
NPEeANooXeHHs] O Oe3blHePHHOHHOCTH IBHXKEHHS KHIKOCTH. DPHJIBT-
PaLHOHHOe TedyeHHe, NMOLUHHSIOLleecss 3aKOHy [lapcH,— yacTHBIH cay-
Yai NOJ3yLlero TeyeHHs, AJST KOTOPOro XapakTepHo npeoGianaHHe
BSI3KMX CHJ HaJ HHEPUHOHHBIMH (T, e. yHcaa PeffHosbaca oueHb Ma-
asl — Re 1). TlostoMy nonebiTkKW BHBOLAa 3akoHa Jlapcm myTeM
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OCpellHeHHsI ypaBHeHHH THIPOJHHAMHKH CBONATCA K  BHIUHCIEHHIO
IIPOHUI[AEMOCTH NO 3a4aBaeMOjj TeOMeTPHUECKOH CTPYKType IOPHCTOH
cpejhl.

Yame Bcero H3 (opMyJa 3TOro THIA HCIOJb3YyeTCA YpaBHeHHe
Kosenu — Kapmana, nojyieHHoe Ha OCHOBe aHaJOTrHH MeXJAy INOpH-
CTOM Ccpeflofi H CHCTEMOH mapaJjiebHBHIX TPyOOK, BHpaXKaiolee INpo-
HHIAeMOCTb Yepe3 YAeJIbHYIO NOBEPXHOCTh X H IMOPHCTOCTh mM:

k= Km3z—. (1.8)

ITocrosinnas K ompejensieTcs mo ONBITHBIM JaHHBIM H OKa3bIBaeT-
csl pasHofl 17151 NMOPHCTHIX cpeli Pa3iu4HOi cTpyKTypH. Popmyay (1.8)
HCIIOJIL3YIOT TJAaBHHIM 00pa3oM B pacuerax (UILTPALHOHHBIX CONpO-
THBJIEHHA HCKYCCTBEHHBIX NOPHCTHIX Cpel, NpDHMeHsieMHX B XHMHUe-
CKHX alnapaTtax, a TaKxe IpH ONpelelNeHHH yAelbHOH IMOBEPXHOCTH
HOPOUIKOB.

Jo cux mop mpeamnoJarasoch, YTO NOPHCTasi cpeja H3orponHa. s
NpHPOIHBIX NJIACTOB YacTO XapaKTepHA AHH3OTPONHA, CBS3aHHasA JHGO
C €CTeCTBEHHON CJOMCTOCTBIO (mJ OCAZOYHHIX NMOpox), JuGO ¢ pas3BH-
THEM CHCTeM NapajeJbHbIX MHKDOTPELIHH, BBI3BaHHBIX HaNpSIKEHHAMH
B nopoze. Ecau mnopucTas cpeja He H30TpONHA, TO B NPOHU3BOJBHOM
OpPTOTOHAJNLHOM JEKapTOBOH CHCTeMe KOODIHHAT Xj, X2 H X3 KOMIIOHEHTHI
BekTOpa grad p BHIPAXKAIOTCH Yepea KOMIOHEHTHl 4; BEKTOpa ® CleNy-
JoutHM 06pasom:

O0p/0x; = —Ciolda, 1.9
rje C;— HEKOTOpHH TeH30p (NpennoJaraercs CYMMHPOBAaHHe MO BCEM
3HAYeHHSIM NOBTOPSIOMUXCS TPEYeCKUX HHAEKCOB, TaK UTO (iU, O3Ha-
yaeT U1 + Cioliz + C13Us). B ciyuae Ge3biHEpIHOHHBIX JBHXKEHHH KOM-
TIOHEHTHl TEH30pa C;; MOTYT 3aBHCETh TOJIBKO OT BS3KOCTH XKHIKOCTH
H TeX HJIH HHBIX TeOMETPHYECKHX XapaKTepHCTHK IIOpPHUCTOH Cpefbl.

AnanornyHo BeBoAy opMysnl (1.9) MOXKHO MoKasaThb, YTO €y = prij,
rae rij— TeH30p YAeJbHHIX (HABTPAUMOHHHX CONPOTHBJEHH, KOTOpPHIH
3aBHCHT TOJbKO OT T€OMETPHYECKHX XapaKTEPHCTHK HODHCTOH CpefHl.
KoMIOHEHTH ero HMeloT pa3MepHOCTb, OGPATHYIO pa3MepPHOCTH MJIOMAH .
Bripaxkasi KOMMOHEHTbl BEKTOpPAa CKOPOCTH Yepe3 KOMIIOHEHTH BeKTOpa
rpajueHTa JaBJIEHHS, MOJydJaeM

Uy = — (k[a/p.) ap/ax.,, (I]O)
rae ki — TeH30p NPOHHLAEMOCTH, OGDAaTHBI TEH30PY i) 3aBHCHT
TOJBKO OT reoMEeTPHYECKHX XapaKTEePHCTHK NOPHCTOH CpPeABl H HMeeT
pa3MepHoCTh nJaomaid. 3aBucumocte (1.10) omuchiBaer 3akod Hapcu
I/ aHH3OTPOMHOH NOPHCTOH CpenHl.

TeH3opn conpoTHBJEHHE r;; M YIPOHHUAEMOCTH R ;; CcuUM-
METPHYHHI!, _

Ecau aHm3oTponHs NOPHCTOH cpelbl CcBS3aHA C €CTECTBEHHOH CIOH-
CTOCTbIO, NPOHHIIAEMOCTb BJOJb CN0EB HMeeT OJHO 3HAUEHHE, a B
TNepneHHKY/AIPHOM  HanpaBJeHHH — Jpyroe, OGBIYHO 3HAUHUTENBLHO

1 3ro crellyer us TOro, uto KBajpaTHuHas Popma Tgaltgilyy TPONOPUHOHA/IbHAS

YpeabHolt paGote cui B3aMMOZEHCTBHA KUXKOCTH C NOPHCTOH cpellofl, He NO/KHA
3aBACET> QT BhISOpPA CHCTEMbl KOODAMHAT.

12



meHbillee. [TosToMy oaHa M3 rJaBHBIX OCelf TEH30pa NPOHHUAEMOCTH —
X3 TMepHeHJHKyJsIpHA MJOCKOCTH HAaNJACTOBaHHsA, a JBe IpPYrue — x,
H X3 MOXHO BHIOpAaThb NPOH3BOJIBHO B IJIOCKOCTH HansacroBaHusi. Cu-
cTeMa Xi, Xz, X3 Oylner rjaBHOH B KaXJOH TOUKE MOPHCTOH Cpenwl;
IIpH 3TOM HMeeM

kil = kor = Fk; k33 = kg, k,'/=0 (l#]) (I.ll)

3akoH [apcu B BeiGpaHHOH cHcTeMe KOOPAHHAT 3alHCHIBAETCH B CHJY
cootHowenuii (I.11) caenyromum obpasom:

uy = — (klp) Oploxy; us = —(k/w)Op/0xs; uz = — (ko/w) Opl0xs.

IIpH 3HAUHTENBHBIX CKOPOCTAX, KOTJa YyXXe Henb3sl He YYHTHIBAaThb
HHEPIMOHHOH COCTaBJAIOLIEH CONPOTHBJEHHS JBHXEHHIO JXHAKOCTH,
NpeAnoChiIKH, 3aJ0XeHHble NPH BbIBOJE 3akoHa JlapcH, mepecramor
6bITh cnpaBelJHBEIMH. K uHCJAY onpeiensiiollixX NapaMeTpoB CJAeRyeT
106aBHTh IJIOTHOCTL p ¢ pasmepHocTbio ML-3. Torma kKosdduuHeHT
¢ B (1.2) Gyzmer 3aBHCETb yXKe OT NMATH BEJHYHH, H3 KOTODHIX MOXHO
o6pa3oBaTh ABe Ge3pa3MepHble KOMOWHAIHH, YTO AaeT

grad p = —(u/k) ag (upd/p., m). (1.12)

KombuHauus upd/p = Re npencraBiseT coGoil uxcao PeiiHonbaca
AJs GHIbTPAUHOHHOIO MHKpoaBuxeHHs. [Ipeamonaras, 4to ¢yHKUHS
g (Re) pasnaraercsi B CTeNeHHOH psiji, M OTPAaHHYHBASICH NEPBLIMH ABYMS
YJeHaMH, IOJYYWM ypaBHEHHE JBY4YJEeHHOro 3aKOHAa (QHALT-
pauHHu:

— (k/p)grad p = 1 - BRY%p—Youn. (1.13)

3pech B KayecTBe XapaKTepHOro pasmepa d NpHHATAa BelHuyuHA k!/2
¥ yuTeHo, uTo npH u— 0 po/mkeH ObiTb cnpaBefJHB 3akoH Japcw.
JByusneHHBI 3aKoH ¢uJIbTpauuu BlOepBble Obl1 NMpeanoxeH Popxrefi-
mepoM. @opmyna (I.13) Xopowo onuchbiBaeT naHHble HAGMIONEHHH Aaxe
AN BecbMa O6OJbUIMX 3HaueHHH uHcesn PefiHoabaca. Tak, ans  Hecie-
MEHTHPOBAHHBIX (HACBIMHEIX) TODHCTBIX Cpel 5TOT 3aKOH CIpaBejl/IHB
BIJIOTH 0 uucen PefiHosnbaca nopsinka 10—100, Torna Kak OTKJIOHEHHS
OT JHHEHHOro 3aKOHa HauuHatotcs npu Re ~ 0,1 —-1,0. Heoanokpatho
Jlelajlich TONBITKH BHIOpATh XapaKTepHLIH pasMep d TakuM 06pasoM,
yTo0bl Mpolecc (PUILTPAUUH B NOPHCTHIX Cpelax pasJIHYyHOH CTPYKTYpHI
onucath enHHOH GopMysoli. Oka3anoch ycneliHBIM BBEJEHHE B KayeCcTBe
XapakTepHoro pasmepa besuuuHbl (k/m)!/2, npemnoxeHnoe M. 1. Mun-
JuOoHIMMKOBEIM, Torga unceno Re okasbiBaercsi paBHBIM puk'/2m3/%/p.

[lpu aToM ypaercss eguHOc6pasHO ONMCAThb 33aKOH (HJBTPAIMH BO
MHOTHX Cpelax pas3JIHyHOH NpOHHLAeMOCTH. [liisi HeclleMeHTHPOBaHHBIX
fIOpHCTBIX cpej Ko3G(hHIHEeHTH ABYuYJEHHOro 3akoHa ¢uabrpaiuy (I1.13)
MOJKHO 3aNlHCaTh B BHJE

a= A1l —myPm=3/D, B=B(l—m)ym=3D,

3necb D — cpenHuii pasmep 3epeH nopoabl, A u B — sHayeHHs Ko3¢-
(HIHEHTOB, GAH3KHE K IOCTOSSHHRIM JJIsl OTAEJbHBIX TpPYHN HecleMmeH-
THPOBaHHBIX cpel, HO OHH 3aBHCAT, HampuMep, OT (OpMBI 3epeH.
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ITostoMy u Takas ¢opMa 3amucH ABYYJIEHHOTO 3aKOHA He fIBJSETCS YHH-
BepCaJLHOH.

ITosiBneHHe KBaJPAaTHYHOrO 4JeHa B yDPaBHeHHH 3aKOHa (uJIbTpa-
HHH [0 CHX TOP HHOrjga OOBACHAIT TypOyausaumueit teyeHus. OgHako
NOPsAOK KPHTHYecKHX 4Hces PefiHonbaca B Teopun (GHABTpaLHH
(0,1—10), paccuMTaHHBIX 10 AHAMETPy 3€DPeH HJH MOPHCTOH CpejHl,
yKa3bplBaeT Ha HeNPaBHJABHOCTb TaKoro yrBepxaeHus. OTCYTCTBHe
TypOyJeHTHOCTH (T. e. QJYKTyalHH# CKOPOCTH BO BpeMeHH) AOKa3aHO
H OPSAMBIMH SKCIIepPHMEHTaMH. DTOT HeNpaBHJbHHIH Barasy 06yc/oB-
JIeH TeM, 4TO B THAPAaBJHKe KPYIJBIX HHJIHHAPHYECKHX TPy6 OTKJO-
HeHHe OT JUHeHHOH 3aBHCHMOCTH 0065i3aTeJbHO CBSI3aHO ¢ TypOyJH-
3allHedl MOTOKa, HO 35TO He TaK Jaxe JJ5 JaMHHapHOTO TedeHHS
B KPHBOJIMHEHHBIX Tpy6ax.

B 3ajpauax TeopuH GHAbTpalHH HeTH H ra3a B NPHPOAHBIX ILIa-
CTax IpYMeHeHHe ABYYJIEHHOTO 3aKOHa OrpaHHYeHO MABHXKeHHeM B IIPH-
CKBAXHHHOH 30He BBLICOKOJEOHTHHIX CKBaXXMH M (uabTpauueil B Tpe-
LIIHHOBaTHX cpelax. Kpome HapylleHHH 3akoHa JlapcH, cBs3aHHBEIX
C NpOsiBJieHWeM HHEPUHOHHBIX CHJ, JHHEHHBH 3aKOH (UHJIbTPALHH
MOKeT HapyllaThcsl NPH OueHb MAaJblXx CKOPOCTAX, KOrja IpPOSIBJSIOT-
cd 2HOMaJibHBle peOoJIOTHUeCKHe CBOMCTBA ABHXKYLIHUXCS >KHIKOCTEH.
Sty Bonpoce 6yAyT paccMoTpeHH B ra. II1.

§ 4. YpasHeHHe Hepa3PLIBHOCTH
H OCHOBHBbIE YPaBHEeHHsI TEOPHH QUIbTPALHHK

CucreMa ypaBHeHHH oOlleil THAPOAHHAMHKH COCTOHT M3 ypaBHe-
HHA COXpaHEHHS MacCh, HMIyJbCa M 3HEPTHH H YpaBHEHHH COCTOSI-
Hus. IIpu nBHXKeHHH XHAKOCTeH HTrasoB BIIOPHCTOH cpelle ypaBHEeHHe
COXpaHeHHsi HMIIyJibCa CBOIMUTCA K ¢opMyJe 3akoHa (GHIBTPaLHH.
YpaBHeHHe 3HePTHH CYIeCTBEHHO JHUIb B TeX cJydyadx, KOria HeJjb3s
npeHeGperaTr H3MeHeHHeM TeMnepatyph. B mnociexnymnoimeMm, kpoMme
CIIeLlHAJbHO OrOBOPEHHHEIX CJAy4aeB, NPHHHMaeTcs YCJIOBHE IIOCTOSIH-
cTBa TeMmepatypul T=const ¢ y4eTOM HE3HAUHTEJbHOCTH CKOpOCTei
JBHXKEHHS] H BBICOKOH TENJIOEMKOCTH [OpOJ, OKPYyXKalIIHX [POHHLA-
eMBEle IacTel. B CBSI3W ¢ 5THM ypaBHeHHs COCTOSIHHSI CBOJAATCS K BHI-
paxKeHHSIM, CBS3bIBAIOIUHM IpH 3aJaHHOH TeMIlepaType IJOTHOCTH
JKHIKOCTH H NOPHCTOCTb CPeJbl ¢ HANPAXKEHHSIMH B 3TOH cpele H laB-
JeHHeM XKHIKOCTH B IOpax. 3alHlieM Teneph ypaBHEHHe Hepas3phiB-
HOCTH, BBbIpa)kaiolllee YCJOBHe COXPaHEHHS MacChl XHJIKOCTH IIpH
(HIBTPALHH.

Paccmorpum 6anaHc MacChl XXHAKOCTH B IMPOH3BOJIBHOM 3JE€MEHTe
o6beMa MNOPHCTONH cpeanl V, orpaHHYeHHOM MOBEPXHOCTBIO S, Npea-
mojiaras, 4ro CKOPOCTBIO UYaCTHI TBEpAOro cKesneTa MOXHO MpeHe6-
peun.

[TpupaBHHBasi MNpupalleHHe Macchi JXKHAKOCTH B 3JeMeHnTe V 3a
Bpems df

[;7 SvmpdV]dt (1.14)
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NPHTOKY MACCH XKHIKOCTH 4Yepe3 MOBEPXHOCTb 3JeMEHTa 32 TO xe
Bpemsi

—dt§ pundS (I.15)
S

H npeobpa3ys NMOBePXHOCTHBHIH HHTerpan B OObeMHHIH, MOJydyaeM HH-
TerpajbHOe COOTHOLUEeHHE

§ (22 1 div (pu))dv —o,
V

OTKyJa B CHJYy NpPOH3BOJBHOCTH 3JeMeHTa V H HempepHBHOCTH Bcex
nosefl BhiTeKaeT AHpQepeHUHAJbHOEe YDPaBHEHHE Hepas3phHIBHOCTH

(mp), ¢+ div (pm) = 0. (1.16)

OxonyaTespHast (GOpMyJHpPOBKa OOJbLIUMHCTBA 3afay  TEOPHH
$uUIbTPAllHH 3aKJII04aeTcd B COCTaBJEHHH Ha OCHOBE ypaBHEHHs He-
pPaspHIBHOCTH M 3aKOHAa (GHJAbTpanHH AH((epeHHHAIbHEX YpPaBHEHHH
I paclpejie/ieHHsl JaBJeHHS H B YCTAHOBJIEHHH COOTBETCTBYIOLIHX
HayaJbHBIX HTPAaHHYHHX ycJOBHH. IIpH cocTaB/leHHH 3THX ypaBHEHHH
H (QOpPMYJHDPOBKe 3aJay Heo6XOAUMO 3HaThb 3aBHCHMOCTb OT JaBJEHHSA
XapaKTepHCTHK NOPHCTOH Cpeabl H HACHIHMIAIONIEH ee JXHUIKOCTH.

PaccMOTpHM mpexje BCero BJIHSHHME [aBJEHHA Ha CBOACTBa KHI-
KOCTH — IJIOTHOCTb p H BfISKOCTbH .

Hns ONHOPOAHBIX KameJbHBIX MHIKOCTell — BOALI H HedTH — H3-
MeHeHHsl NJIOTHOCTH B IJACTOBHIX YCJOBHSIX OOBIUHO HeBeJNHKH: BCTpe-
yajpliuecss B GHALTPAIHOHHBIX JBHIKEHHSIX Nepemajbl JaBJaeHHS (elH-
uunnl MITa) BecbMa majbl 1O CpaBHEHHID C MOAYJASMH OGBEMHOrO
cxatua K, kanenpHmx uaxoctell (5-102— 2-108 MIla). ITostomy
O6HYHO JTOCTATOUHO OrPAHUUYHTLCSA JHHEeHHON 3aBHCHMOCTBIO

p(p) = po [l — (p — po)/ K;]. (L.17)
XoTs CXKHMaeMOCTb KaneJbHHX XHIKOCTel MaJa, OHa HIrpaeT 3Ha-
YATEJBHYIO POJb B TeX CJAyuasix, KOra BO3MYIIeHHs AaBJEHHS 3aXBa-
THIBAIOT OOLIKDHBIE 06JaCTH (34ech CylleCTBEHHO TO, YTO HedTsHbIe
3ajeXXH OObIYHO IpPaHHuaT C IJACTOBOH BOJAOH, CyMMapHHH 00beM Ko-
TOpO#i 3HAaUYHTeNbLHO OoJblle o6beMa HedTH B 3ajexH; B De3yjabTaTe
3TOrO 32 CueT pacUIHpeHHs BOJAH CO CHHXKeHHeM JaBJIEHHS MOXKeT I0J-
HOCTbIO KOMIIEHCHPOBATLCS M3BJeKaeMHd o6beM HedTH). 3aBHCH-
MOCTbIO BSI3KOCTH KameJbHBIX XHJIKOCTEH OT AaBJeHHs IPH H3MeHEeHHH
IAaBJEHHS B TeX e Npeaeaax MOXHo OGBIYHO NMpeHe6peub!.
OuabTpauHOHHBIE [BHXEHHSA Tras3a XapaKTepH3YIOTCA TeM, 4TO
BBHIY GOJbIIHX aOCONIOTHBIX 3HaYeHHH paBJeHHs U [epenajoB ras
YacTO HeNb3s CUMTATh HJAeaJbHRIM. YpaBHeHHe COCTOAHHA rasa oOh-
HO 3allHCHIBaeTcd B BHJE:

p=plz(p, T)RT. (1.18)

3necs R = 8,314 JDx/(monn-K) — yHuBepcanbHass rasopasi IOCTO-
sl HHas,

! Ckasannoe He OTHOCHTCH K He(TH, HAXOAANefics B KOHTAKTe C NPHPOAHHM ra-
80M. B 3TOM ciyuae npu nOBHIIEHHH LABJEHHS YBENHYUBAETCS KOJHYECTBO PacTBO-
PEHHOrO B HedTH rasa, W ee BA3KOCTb 3aMETHO TajaeT.
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[IpeumymecTBa TaKOH 3amHCH CBA3aHBI ¢ TeM, YTO AJaf Ko3hoH-
LHeHTa cBepXxcKHMaeMocTH 2 (p, T) cocrasjeHnl TaGIHUH H rpadu-
KH, OXBaThIBAaWOIlHE PsA NPaKTHUECKH BaXKHbIX CJyuYaeB, H HMeEWTCH
IpocThe cmocoGEl MNPHOJIHKEHHOrO BBLIYHC/JAEHHS ero JAJs Tas3oBHX
cMecell. OTkJOHEHHe 2 OT eIHHHIH (OT/JHYHME rasa OT HJIEeaJjbHOro)
3HauHTesbHee Aas Gojiee TAXKeNHX YrieBOAOPOIHLIX ra3oB,

CorylacHO KHMHETHYeCKOH TEOPHH rasoB, BSI3KOCTb HX He J0JXKHA
3aBHCeTb OT JaBJEHHA. IJTO YTBepXKJEHHE TaKXKe HENPHMEHHMO K
yCJOBHAM, XapaKTepHHIM MJs rasoBoro miacra. IIpH ¢HKcHpoBaHHOH
TeMmnepaTtype BA3KOCTb ra3a MOXKeT H3MeHSITbCS Ha JECATKH MNpOIEH-
TOB NPH H3MeHEHHH JaBJeHHS Ha eIHHHUH MIla.

UToObnl NpoaHAJH3HPOBATh 3aBHCHMOCTb OT [JaBJIeHHS CBOMCTB
NOPHCTOHR CPeAbl — MOPHCTOCTH H INPOHHIIAEMOCTH, PAaCCMOTPHM IMOBe-
JleHHe HACHINEHHOTO KHIKOCTbI0 o6pasina MNPH OAHOOCHOM Harpyxe-
Huu. Ilpexnonoxum, uto Harpyska F Ha UuaHHIpHUYeckuil obpasen
NJIOMWIaJbl0 MOMEePEeYHOoro cedeHuss S, 3akJIOUEeHHHH B HeNPOHHIaeMYIo
060JI04KY, cO3/aeTcsl HelnpoHHIaeMuM mnopuiHem., CHH3y Ha NpoOHHLA-
eMOe OCHOBaHMe [eHCTByeT [aBJieHHe p, paBHOE [aBJEHHIO B XXHIKO-
ctd (pHc. 3). Toraa M3 ycioBHH paBHOBecHs of6pasla B nmpeHeGpeixe-
HHH CHJIaMH TPeHHsSI O 60KOBHIE CTEHKH CJeLyer ‘

F =pS +Fi. (1.19)

3necy Fy-—cuna, meficTByiomas Ha NpoHHUaeMoe ocHOBaHHe. Oue-
BHIHO, F = oS, rge o— noJiHoe HanpsxkeHHe B HACHIIEHHOM 0Opasle;
F, =4S, rpe o — HampsixkeHne, BOCTPHHUMAEMOE TBEPALIM CKEJETOM
(8 pacuere Ha Bcio miowaznb S). Uz (1.19) moayyaem

of = s—p, (1.20)

PHC. 3. Cxema nac- rpe o — adxpekTuBHOe HampsixkeHHe. l3MeHenue
x;f;}:)%r%peﬁ;ai%; :g_' TIOPHUCTOCTH B YCJOBHSX OJHOOCHOTO HarpyKeHHs
rpy3Koil NPOUCXOAUT [OJ neﬁcml}em 3TOTO HampsKeHus,
F BHIBIBAIOLIEIO0 [EPecTPOHKY CKeJeTa [OPHCTOH
cpennl. MameHeHHe MOPHCTOCTH B 3aBHCHMOCTH OT
JaBJieHHusl Npd (HKCHPOBaHHOH Harpyske, ofyc-
JIOBJIEHHOE CXKHMaeMOCTBIO 3epPeH, MaJlo N0 cpaBHe-
HHIO CO CKHMMAeMOCTbIO MOPHCTOH CPeinl B 1IeJIOM,
00YCJIOBJICHHOH IepeyNaKoBKOH 3€PeH: XKeCTKOCTh
MaTepHana 3epeH JJd TaKHX cpefl, KaK MecyaHu-
K4 H T. M., OueHb BeJIHKa.
AHa/OTHYHHe COOOpaXKeHHs NPHMEHHMH H
B GoJjee 06mux cayuasx. ONuITHHE JaHHHe, NO-
JyYUeHHBIE B YCJOBHSIX NPOH3BOJIBHOTO Harpyxe-
HUS nopuctoro o6pasina, no3BOJISIOT ONPENESTHTD
3aBHCHMOCTh TIOPHCTOCTH He€ OT TEH30pa HCTHH-
HEIX HaNpsiKeHHH, NeACTBYIOUIHX B CKeJeTe Ho-
pHCTOl cpefbl, a OT TeH30pa 3(PPEKTUBHBIX Ha-
npsikenufi. Tak Kak npu OeHCTBHH Ha MOPHCTYIO
&= — ——f cpely TOJIbKO TIPHJIOXKEHHOIO0 BHYTDH Hee THApO-
’ a CTATHYECKOro AaBJIeHUS KacaTe/bHHe HampsxKe-
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HHSI HEe BO3HHKAlOT, KacaTeJbHble KOMIIOHEHTH TEH30Pa HCTHHHBIX Ha-
TpSIKEHHE W TeH3opa 3((PEKTHBHBIX HANPSIKEHHH COBNANAIT, a HOP-
MaJbHble KOMIOHEHTH OTJHYAlTCS Ha BeJuH4uHy p. [loaToMy nmeem

ol = oy — pdy, (I.21)

rae of,-, oyj — COOTBETCTBEHHO KCMIIOHEHTHI TeH30pa 3¢(eKTHBHbIX Ha~-
NpsiXeHHH M TeH30pa HWCTUHHBIX HanpsikeHuit (8; =1 npu i=j; ;=
=0 npu { = j).
~ IlopucTocTh M NPOHHIAEMOCTL KaK CKaJIipHble BeJHYHHBI MOLYT
3aBHCETb TOJbLKO OT HHBAPDHAHTOB TeH30pa 3(P(eKTHBHBIX Hanpsxe-
HHH.

B snuHefiHOM npHOMHKEHHU 3aBHCHMOCTBIO OT BTOPOTO H TpeThero
HHBapHAHTOB OGLIYHO mpeHebperaroT, TaK YTO

m=m(®, p); k=k(5, p); 8= (1/3)cl.. (1.22)

MoxHO yCTaHOBHTb CBSI3b M€KLY CPEIHHM HOpPMaJbHbIM 3(d €KTHB-
HBIM HampsikeHueM 6 W napjieHHeM, eCJH PacCMOTPeTb HanpsKeHHOE
coctosiHue B mjacre. Ilycte H — ray6uHa 3aseraHust nsacrta, kb —ero
TOJIHIHHA, @ pp— CPEAHASA TJIOTHOCTh TOpHHIX nopox. OO6bIYHO TOJILHHA
HedTSIHBIX TJIACTOB MHOrO MeHblie TJAYOHHH HX 3ajeranus, T.e. h<(H.
Bec ropHeix mopoj, Jexauiux Hal NJIAacTCM, YpaBHOBELIMBAeTCsl CHCTe-
MOH HampsiXeHHII B NMOpPHCTOH cpene H THAPOJHHAMHYECKHM naBJeHHEM
KupKocTH. CHCTeMy JKHAKOCTb — ITIOPHCTasl CPela MOXKHO INpeJCTaBHTh
cebe Kak HeKoTopylo nedopMHpyeMylo CILIOIIHYIO Cpely, B KOTOpOH
K HOpMa/lbHbIM HalpsKEeHHSM, NeHCTBYIOUIHM B NMOPHCTOH cpeae, pobas-
JSAIOTCA HOpMaJsbHble HaNpsiKeHHS], BOCIPHHHUMaeMble XHAKOCThbIO. KoM-
COHEHTHI CYMMapHOrO HanpsiKeHHS o;; BbIPaXKaloTcs C MOMOILBID COOT-
nomenus (I.21)

oz == Ozt,' + pdij, (1.23}

rae 8y — eJHHHYHBIHA TeH30p.
3anumeM ypaBHeHHe pPABHOBECHS CHCTEMbI KHAKOCTb — MOpHCTAs
Cpefa C YueToM CHJBI TSIXKeCTH B BHIE:

00;a/Oxe + 0g; = Olaldx, 4 Opl3x; + pgi = 0, (1.24)

rle p — CyMMapHas IJOTHOCTb CHCTEMbl XHAKOCTb — IIODHCTas cpe-
Ja. YUUTHIBafA, YTO MJOTHOCTH cJabOCKHMaeMblX TOPHEIX MMOPOJ H XKH I~
KOCTH H3MEHSIIOTCS He3HayHTeJbHO, a 3HauyeHHe ee A/ rasa Io cpaBHe-
HHIO ¢ TBEPABIM CKejeToM MaJo, B ypaBHeHuu (1.24) MOxHO noJo-
KHTb p=const, T. e. 3T0O ypaBHeHHe, He CoOjepxKallleé ABHO BpeMs.
CyMMmapHBle HanpsiKeHHss Ha KpoBJje H TNojJoliBe NJjacta (T. e. Ha
BepxHeH H HHXXHell OrpaHHYHBAlOWledl IJacT NOBEPXHOCTAX) TakKXke
MOXHO CYHTAThb He 3aBHCSUIHMH OT BpeMeHH. PH3HYeCKH 0060CHOBA-
HHe NOCJefHEel THMOTe3H CBOIAMTCA K cJaefyoueMy. Eciu ynpyrue
NOCTOSIHHEe NMOPOA IJ1aCTa M KPOBJH HNPHMEPHO OJHHAKOBEI, CMElleHHe:
KDOBJIH, 06GYyCJIOBJHBaeMOe H3MeHEHHEM JAaBJIeHHs XHAKOCTH, HacH-
lamuled nopoAay njacra H NponopLHOHAJbHOE, OYEBHIHO, €ro TOJIIH-
He, pacnpejensieTci Ha BCKHO OFpOMHYI0 TOJILY  BblllieJiexallero
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MacCHBa TOpHHIX nopoi. ITo3TOoMy cOOTBeTCTBYIOLHEe OTHOCHTEJLHHIE
AedopManue B 3TOM MacCHBe MaJbl H, CJeJ0BaTelbHO, MaJjbl BO3HU-
Kaollie B HeM JONOJHHTEJNbHblE HamNpsiKeHHs (B YacTHOCTH,
HanpsiXeHHsi Ha KpOBJe H nomowBe mJjacta). OnHaKo Koraa Bhllle-
Jlexalas ToJilla B OTJHYHE OT IOPOA IJacTa CJOXKeHa H3 OuYeHb
JKECTKHX MOPOJ, NPH JIOKAJbHOM NOHHXKEHHM [AaBJeHHs Moryt obpa-
30BaThCA CBOALI, H NMpPU M3MEHEHHH JaBJEHHS XKHIKOCTH HanpsiKeHHs
Ha KPOBJie H IOJOUIBe MJjacra 6YyAyT MeHSTbCS.

[ToCKOJBKY ypaBHEHHsl DaBHOBECHS CHCTEMbl XKHIKOCTb — IIOpHCTast
cpena M HampsKEHHs Ha KpoBJe M NOJOLIBE IJ1acTa He 3aBHCSAT OT
BpeMeHH, CYMMapHoe HanpsiXKeHHOe COCTOSIHHE B CHCTEME XKHIKOCTb —
nopucTasi cpefia (o;;) TaKXKe OKA3hIBaeTCs He 3aBHCSILIHM OT BPEMEHH.

[Toaromy

3 (of; + pd;)ot = 0. (1.25)
[Tonaras i = j=1, 2, 3, uMeeM
d (0{1 + ofy + b5 +- 3P)/at =0,
OTKY/Ja BHITEKAET BaXKHOE CONTHOLIEHHE
0+4+p).:=0,0:=—p (1.26)

Ecan nepBoHayasnbHOe HaNpsZKEHHOE COCTOSIHHE, KaK 3TO OOBIYHO
MOXHO IIpeanoJsiarath AJs He(TAHBIX H Fa30BHX IJACTOB, H HadaJb-
HOe JlaBJieHHEe NOCTOSHHH MO mJiacty, To u3 (1.26) caeayer

6 -}- p = const. (1.27)

3aBHCHMOCTL TOPHCTOCTH H HPOHHIAEMOCTH IIOPOA-KOJJIEKTOPOB
OT CpeJHero HOPMAaJbHOTO HANpsKeHHsT OOBLIYHO ONpejfessercs Ha
npubopax OJHOOCHOrO HJH JABYXOCHOro cXaTths. B nuddepenunans-
Hoi#t hOpMe 3TH 3aBHCHMOCTH MOXHO BbIPpa3HTh YPABHEHHAMH

my'm o =—¢1 (8), ko 'k o = —v2(6). (1.28)

TakuM o6pasoM, B YCJOBHSX, KOTAa CIpaBeJJIHBO COOTHOIIEHHE
(1.27), npupallleHHs1 [OPHCTOCTH M NPOHHIIAEMOCTH BHIPAXKAWOTCA Ue-
pe3 npupamenus AasieHHs. ([Ipu sToM yuYHTHIBaeTcs M HeNMOCpPeACT-
BeHHas 3aBHCHMOCTb IIOPHCTOCTH OT JaBJieHHd, BH3bIBaeMasi CxkKHMae-
MOCTBLIO 3epeH TBEPJAOro CKeJsera.)

PaccmorpuM cayuail ¢uabTpanMu caabockHMaeMoll KHIKOCTH B
ynpyroaedopMHpyeMOH OJHOPOJHOH NOpHCTOH cpeje, KOrja OTHOCH-
TeJIbHBI€ HM3MeHeHHA IlapaMeTpPOB 3TOH cpelbl H KHAKOCTeH MaJbl.
B 3THX ycJ0OBHAX MOXHO CYHTATh IIPOM3BOJAHBIE HX IO [AaBJEHHIO
NOCTOSTHHBIMH

dpldp = K7 '00; dmldp = Ky'mo; (1.29)

apuueM (p— po)/ Km < 15 (p — po)/K, € 1 Bo BceM jaHanasoHe H3MeHe-
HHsS faBjieHus. 3HaueHus K, umeior nopsjaok 10* MIla, K, u Kp—
ot 103 po 10* MIla, a Ap (B 3ajayax HecTauuOHapHOH (HJLTpaLHH) —
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or 0 1o 20 MITa. Torza u3 (1.16), npeHeGperas MajabIMH BeJHUHHAMH,
HaXOoJHM

mo (i + 1) B+ 2[00 + (5 + -+ 5;) (@adp)] = 0. (130

Ecan 8p — xapakTepHoe H3MeHeHHe JaBJeHHs, a L — xapakrepHas
JJIMHA, TO NepBBIH wieH B CKOGKaX HMeeT, OYeBHAHO, Mopspok dp/L2,
a Bropo#t (3p)%L2K. TlockoJbKy 3HaueHuwe &p/K Maso, clenyer, 4to
B NPHHATOM NpHOJHXEHHH BTOPbIM UJIEHOM B KBajJpaTHBIX CKofKax
TaKkxe cjepyer npeHeGpeub. OKOHUATeNbHO JIHHEADH30BaHHOE YypaBHe-
HHe 1/8 JaBJeHHs (YpaBHeHHe yNpYroro pexuMa WM, N0 mNpeiioxe-
wHio B. H. lllenxaueBa, ypaBHeHHe Nbe30NPOBOJHOCTH) HMEET BHI

p. ¢ = xhp, x = (ko/mowe) (/Km + 1/K,)—1, (1.31)

rae A — cuMmBos oneparopa Jlansnaca; x— Ko3QQHUUHEHT nbe3o-
IPOBOIHOCTH. 3aMeTHM, 4TO B Gopmyny nas koaddHuHeHTa Nbe3o-
HPOBOJHOCTH M B ypaBHeHHe (1.31) He BXomHT HpOH3BORHasi dk/dp,
XOTsl IPOHHIIAEMOCTb MOXKeT B OoJibliuell CTeNeHH 3aBHCEThb OT JaBJle-
HHS, 4eM OOPHCTOCTb. TaKOe KaXKyllleecss HECOOTBETCTBHe OO0BSCHSET-
Csl TeM, YTO MPOHHLUAEMOCTh BXOAHT B ypPaBHEHHe MHOXHTEJEM IpH
yjieHax NepBOoro nopsjKa MAaJoCTH, a H3MEeHeHHf MNODHCTOCTH — ¢
MHOXHTeJNeM NOpsAKA €IHHHIB. 3aBHCHMOCTb NPOHHIIAEMOCTH OT AaB-
JIeHHs1 MOXeT ObITb CYILIeCTBEHHOH IJ51 NPOLECCOB, NPOHCXOASILIHX B
npu3aboHHOH 30He, rie BeJHKH nepenajbl JaBJeHHS, HJAH AJNS BeCbM3
JJIMTeNbHBIX NPOLIECCOB.



KJIACCHYECKHUE
TJIABA MOJLEJIM TEOPHH
2 SUJILTPALLUH

OILHOPOILHOM )XHUIKOCTH

§ 1. HpocTeiinive ycTaHOBHBILHECS HANOpPHbIE TeYeHHs:

YcTanoBHBIUHeCS TeyeHHs HeCXKHMaeMo#l XKHAKOCTH, NOAYHHS-
olHecs 3akoHy Jlapcu,— DpOCTeHIUMH Kjacc ABHXKEHHS B HOPHCTOH
cpefie. B To e BpeMs HccaeOBaHHE 3TOrO KJacca JBHIKEHHH Ype3Bhl-
YafHO BAXXHO KaK JJs TEOPHH, TAK H /s NPaKTUKH.

Paznuyaor HanopHoe n 6e3HanopHOe TeueHHss. B mepBoM
cJayuyae JaBjeHHe BO Bcex TOYKAaX BHLIe aTMOC(pepHOro, mjaact mnoJ-
HOCTBIO HachillleH »KHAKOCTBIO H NOTOK B HeM OrpaHHYEH PacHOJIOXeH-
HBIMH CBEPXy M CHH3y HENPOHHIaeMBIMH [OBEPXHOCTSIMH — KpOBJEH
¥ nojaowBol. B cnyyae Ge3HamOpHOro TeueHHs BepXHel rpaHHIUEH Mo-
TOKAa HJH ee YacTblo sIBAsieTcs CBOOOAHAsi MOBEPXHOCThb, AaBJIEHHE Ha
KOTOPO# NOCTOSTHHO U PaBHO aTMoc(epHOMY.

YcTaHoBHBLIAsICA (HAbTPALHsl Hec:KuMaeMoH (p = const) XKHIKOCTH
B OLHOPOJHOH NMOPHCTOH Cpejie OMHChbIBAeTCS CHCTeMOH ypaBHEHHH 3aKOHa
JHapcu u HepazpuBHocTH (1.5) u (I.16), KoTopble B jgaHHOM cJydae
HMEIOT BHJ

# = — (ki) grad (p + pga), (IL.1)
dive=0. (I11.2)

Ecsin BBeCTH moTeHUHaJ moToka ¢ = (k/p) (p 4 pg2), cucrema (I1.1)—
(11.2) cBomuTcst K ypaBHeHuio Jlamaaca n/11 ¢ W CBASH MEXAY # H ¢:

v =0, u=—grade. (I1.3)

KpaTko paccMOTpPHM BONPOC O TPaHHUUYHHIX YCJAOBHAX [/l YpaB-
Henust (11.3). B 3agavax ¢uabTpalHH XHAKOCTH B NPHUPOAHBIX IlJac-
TaX BCTPEUYAIOTCA TPH OCHOBHBIX THIA 3THX YCJOBHA.

l. ¥YciaoBue Ha HempoHHLaeMbIX IPAaHHLAX — AJNS BceX Touek M
TpaHHuuu [’

Un=0 unau 0¢/dn = 0. (11.4)

3znech 0y/On — npousBoAHas MO HupMaaH K rpanuiue I'.

HenponuuaeMbIMH TrpaHHIaMP SBJSIOTCS KPOBJAS M I[OAOINBA,
T. e. IIOBEPXHOCTH, OTHeJAIOUIHe MPOHHIAaemble NJIAacTHl OT BMella-
IOIKX HX HEeNpOHHIlaeMbIX Nopos (BOAOYNOPOB), Hallle BCEro MVIHH HJH
KkaMeHHON cond. CylUecTBYIOT TaKXe M HeNpOHHLaeMble TpaHHIH,
ceKyliMe IJ1acT BePTHKAJbHO HJH HAK/JIOHHO: H30JHPYKOLLHE TeKTOHH-
YyecKHe HapyLIeHHs HJH NMOBEPXHOCTH BHIKJIHHHBAHHSA MJACTOB,
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2. YcaoBue 3axaHHOrO mocTosiHHoro Hamopa. IIpHMep ero — ye-
JIOBHSl Ha CTEHKe CKBaXXHHH ([OCKOJBKY INpPeANoJiaraeTcsi, 4To CKBa-
JKHHA TOJHOCTBIO 3aMOJIHEHA KHIKOCTHIO)

¢ = ¢c = const; r=re. (11.5)

B pane cnyyaeB okasmiBaeTcs Gosiee ynoOHLIM 3aJaBaTh Ha CKBa-
XKHHe 3HaYeHHe pacxofia, YTo (BBHAY MaJIOCTH pajHyCa CKBAaXXHHHI Ig)
3KBHBAJIEHTHO 3aJaHHI0 [OCTOAHHOH 10 MepUMeTPy  CKBaXXHHHI
HOpMAJILHOH cocTaB/sIIOLIeH CKOPOCTH (HJIbTpalU¥ KHAKOCTH yepes
CTeHKY CKBAXKHHHI.

PeaJsipHble CKBaXKHHH He IPEACTaBASIOT cO60H HAeaJbHOH LHIHHA-
PHYECKOH NMOBEPXHOCTH, MepeceKalollefl IJacT 1m0 BCeH ero TOJIIHHE.
Yacto BCcKphIBaeTcsl JHIIL YaCTh TOJUIMHH MJacta (B 3TOM cJaydae
CKBaXXHHbl Ha3blBalDTC HeCOBepILIeHHBIMH NO CTeNeHH
BCKpHTHS). [Ipy 3TOM rpaHHYHHE YCJIOBHS cleAyeT 3ajaBaTh Ha
HEKOTOpPOM (HKTHBHOM KOHType, PpalHyc KOToporo (IpHBeIeHHHIH
pajguyc) MoxeT OHITh 3HAYHTEJNbHO MeEHbIle HCTHHHOrO pajHyca
CKBa KHHHI.

Ecnu ckBaxuHa ofcaxieHa CTaJbHOH MM mJacTMaccoBol Tpy6oii,
OTKPLITOH MJI MOTOKAa JIHUIL B psje NepdOpanHOHHBIX OTBEPCTHH,
TO OHAa Ha3bBaeTcsi HecOBeplUIeHHOH ©NO XapaKTepy
BCKpbTHA. i 3agaHdd rpaHHyHHX YCJIOBHH Ha KOLUTYpe TaKOH
CKBAa)XXHHHE TaKXe NPHXOJHTCS pPacCMaTpHBAThL YCJNOBHYIO CKBaXKHHY
C TpUBeJEHHHIM pajJHyCcOM, MeHbUIHM HCTHHHoro. Hao6opor, ecau
BCKPhIBAae€TCA IJIAaCT, NMOJBepriuHijcsi THAPAaBJHYECKOMY pasphiBy, TO
NpHBeJeHHBIA paJHyC CTAHOBHTCS 6OJBILIHM HCTHHHOTO,

HHorja ycsaoBHe NMOCTOSIHHOTO Hamopa 3ajaercA Ha TakK HasblBa-
€MBIX JIpEHAXKHHIX raJepesix, T. e. IOBEPXHOCTAX, NepHeHAHKYASAPHBIX
K HalpaBJIEHHIO HAIJIaCTOBaHHsA, yepe3 KOTOPhbie XKHAKOCTb OoTOHpaer-
€ M3 IJacTa WJH 3aKauuBaercsi B Hero. [loHsite ApeHaXkHoj rase-
peH 3aMMCTBOBAaHO U3 THAPOTEXHHYECKHX 3ajau ¢uabTpauus. Ilpu-
MEHHTEJbHO K HAaIODHOMY TeUEeHHIO BOJAH, He(TH Hrasza B NPHPOAHBIX
naacTax JpeHa)kHas raJjepesi SIBAsieTCS1 YCJOBHOH cXeMaTH3alHeH
pana (LemOYKH) CKBaXXHH, OGBIYHO PacClOJIOXKEHHHX Ha OJHHaKOBOM
pPacCTOsIHHH JDYT OT APyra no mpsMOMY, KPYrOoBOMY HJIH HHOMY KOH-
Typy. Hekortoprle coo6paxKeHHsI OTHOCHTEJIbHO BO3MOMXKHOCTH TaKoOH
cxeMaTH3aluH OyayT npHBeleHb HHXe. KpoMe JapeHakHbIX rajepef
NOBEPXHOCTAMH MOCTOSSHHOrO Hamopa MOJAEIHPYIOTCA B 3ajadax
QHuAbTpPALUUH TPEILIHHDI, 3aM0JHEHHbBIE XHAKOCTHIO.

'paHHuHEle yCJOBHA MOCTOSHCTBA Halopa CTaBATCA H Ha KOH-
Typax nuraHus. Ilol KOHTYpOM NMHTaHHA OGHYHO NMOHUMAaETCA
BHeIIHAA rpaHuma ob6JacT¥ (HABTPALHMH, Yepe3 KOTOPYIO MNpPOHHKaeT
JKHAKOCTb. Ha 3TOM KOHType JaBjeHHe MOXHO CYHTaThb HeH3MeH-
Holm. C H3BeCTHBIM NpPHOJHKeHHeM MOHATHE KOHTYPa NHTaHHs IIpH-
MEHHMO K cJIy4yalo, Korja IJIacT HMeeT BBIXOJ B KaKOH-JIH6o BOAOEM —
BONOXpaHHIHLIE, peKy, Mope. Jlas He(TEHOCHHX IJIACTOB B KauecTBe
KOHTYpa NMHTaHHS 4acTO NPHHHMAaeTCs rpaHHlla BHeIIHeld BOJOHOCHOH
30HH ¢ He(TEeHOCHOH — BOJOHe(TAHOH KOHTakT. Takas cxeMaTu3a-
LHa OGOCHOBaHa B ¢Jyuyae, ecJH INpPOBOAHMOCTh BOZOHOCHOH 30HHI
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MHoro Gosapure, yem HedTsHOH. B KauecTBe KOHTYpa NHTAaHHA B €Ta-
IIHOHAPHOM TeYeHHH MOXeT Takxe OHTb MpPHHATA HPOH3BOJbHAfA
3KBUIIOTEHI[Ha/bHasi [OBepXHOCTb. OOHIYHO NOJNOXKEHHE KOHTypa IH-
TaHHS MO FeO0JIOTHYECKHM JaHHBIM H3BeCTHO JIHWb rpybo HPHO/IHKEH-
Ho. OpHako H3 janabHelllero O6yAer BHAHO, 4TO JAJs 06GJacTH co
CKBaXKHHAMH Ja)Ke 3HAYHTeJbHble OWIHOKH B OHpeleJeHHH TOJIOXKe-
HHsl KOHTypa NHTaHHSl HECYIleCTBEHHO BJHSIOT Ha BeJHYHHY NpPHTOKA.

YcnoBHe TpeThero poia — CBA3b JaBJeHHs Ha rpaHHLe ¢ HOp-
MaJpHOH cocTaBasiollel rpajiueHTa naBaeHus. Ilycrtb, Hampumep,
JiBa BHICOKOTIDOHHIIaeMbIX MJacTa pa3fiesleHbl ClioeM OueHb HH3KOH Mpo-
HHIIA€MOCTH, H MYCThb NMPH 3TOM mnepenajbl AaBJeHHH B NPOHHLAEMbBIX
nJjactax no o6e CTOPOHBI IPaHHIE H BAOAb IJacTa OJHOro MOpsjakKa.
Toraa, Kak HeTpyAHO yO6eaHTbCs, COCTaBJASAIOIIAA CKOPOCTH TeUeHHS
B NpOHHLAaeMbIX IJacTax BAOJbL HaNJaCTOBAHUS MHOro OoJblie TIO-
nepeuHoOl cocTaBjsiolmlell. B MasnonponuHunaemom cioe, Hao60poT, CKO-
pocth GyZleT HalpasJjieHa NPAaKTHYECKH IO HOPMAlH K IPaHHLe, TaK
KaK NpOJoJbHAsl COCTaBJAIOIIAas IpajHeHTa [aBjeHHs MHOTO MeHblle
nonepeudoift. Ecan paBneHHss B nsacTax no o6e CTOPOHBl TpaHHUMH
PaBHBl P; U P2, TO CKOPOCTb NlepeTOKa *KMJKOCTH H3 NepBOro IJacTa
BO BTOPOH NPHOJIHXKEeHHO COCTaBHT

w = (k*/ud) (p1 — pa); (11.6)

rjae k* —- NpoHHIaeMOCTb Npocosi; 3 —ero ToimnuHa. [TockonbKy 3Ha-
yeHHe @ PaBHO HOPMAaJIbLHOH COCTaBJAOINEH CKOPOCTH (UABTpalHH BO
BTOpPOM IlIacTe, TO MOXHO 3alHcaTh

(R*13) (pi — p2) = —ka0p2/dn. I1.7)

Ecnu paBieHHe B TNEePBOM I[J1acTe MEHSETCS MaJjo, TO BO BTOPOM
Ha MaJIONpOHHLAeMOH TpaHHUE NOJyYaeM YCJOBHE TPETbEro pojaa:

aps + bOp2/on =c¢, a®>+b62>0, bla>0, (11.8)

rie a, b U ¢— IOCTOSIHHLIE.

IMpocrefitiM H3 (HUIBTPALHOHHBIX TEYEHHH sBJAseTCH IJIOCKO-
napanieJbHBH NPSMOJHHEHHBLIH NMOTOK MeXJy [BYMSl TaJjepesiMH ¢
MOCTOSIHHBIM Hanopom Ha Kaxpao#l u3 HHx. IlycTh TeueHMe HampaBbie-
HO BJIOJIb OCH X, COCTaBJISAIOILEH Yyros ¢ K TOPH3OHTY.

B 3ToM clyyae noTeHuuasl ¢ M JaBJeHHe pacnpejeseHbl MO MNAACTY
JuHe#HO; npH x =0 (BepxHss rajepes) p=p,, npu x =L (HHxKHsS
rajepesi) p = ps. Torxa JIeTKO MOJYYHTb

(1 — p) (py — p2) = x/L; ¢ = (klp) [Py — (p1 — p2) (¥/L) + pgsin a),
(11.9)

= —deoldx = (klp) [(p1 — p2)/L — pg sinal. (1I1.10)

CootHomieHHe (I1.10) — uHTerpaspnas ¢opMa 3anHCH 3aKOHA
Hapcu. OHO ucmoab3yercs B GOJMbIIMHCTBE METOLOB J1a6OpPaTOPHOro
H3MepeHHs TIPOHHIIAEMOCTH.

Cpenu ofHoMepHBIX (HJIbTPAIlMOHHEIX JBHXKEHH# MXHAKOCTH mpen-
CTaBJIsteT MHTEpEC TeYeHHe, NPOHCXOJsilee B BepPTHKAJbHOM Halpas-
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JIEHHH TOJ AEHACTBUEM OJHOM JHIIb CHJBI TSXXECTH, OHO OITMCHIBAETCS
ks

caepytomuM u3 (11.10) cootHouenneM (p1 = po, a=——2—)

u= —kogly. (I1.1H

3aMeTHM, 4YTO B 3TOM CJjyuae JaBJieHHe [OCTOSHHO BO BCeX TOUKaX
TIOTOKA.

Jina wdpokoro Kpyra 3ajay ¢(UAbTPAlHH B BOJAOHOCHHIX H HedTe-
HOCHBIX IIJJaCTax MOXHO HCIOJb30BaTh JABYMepHOe TIPHOJHKEHHE,
IlycTb KpoBJS M MOAOIIBA MJAcTa TOPU3OHTAJNbHBI, a2 CKBAXKHHB U KOH-
TYpbl MHUTAHHS MOXHO CYHTATh BEPTHKAJbHBIMH HOBEPXHOCTSMH IO-
CcTOsiHHOro Hanopa. Toria, oueBHAHO, HalmOp BO BCeX TOYKax IJacra
He Oymer 3aBHCeTb OT BePTHKAaJbHOH KOODJAHHATH, a HallpaBJeHHe
HOTOKa GyAeT TOpH3OHTAaJbHHIM, DTH YCJIOBHS COXPAHSIOTCA U AJs
TIIaCTa, COCTOSILIEro M3 Psila TOPH3OHTAJBHBIX CJIOEB pAa3HOH INPOHH-
LaeMOCTH (HO He 3aBHCSILUEH OT KOOPAMHAT B TOPHU3OHTAJbLHOH mJOC-
KoctH). IIpH 3TOoM Hamop BO BCeX CJOAX BAOJb BePTHKAJbHOH KO-
opaHHaThl OyAeT OAWHAKOBEIM H, XOTS TOPH30HTaJbHBIE COCTaBJS-
IOLlHe CKOPOCTH Pas3jIMYHW IO CJOSIM, BepTHKaJbHble PAaBHHI HYJIO.
B 3sTom cayuae pBHXKeHHEe ¢ OCpeJHEHHOH TO TOJILIMHE CKOPOCTHIO MO-
TOKA TOYHO ONHCHIBAETCS JABYMEPHBIMH YPaBHeHHAMH (QHIbTpalHHU.
Kak pByMepHoe MoOXeT paccMaTpHBaTbCsi H TedeHHe B HAKJIOHHHX
TJIacTax MaJoHd TOJIIHHHL.

B mjockoM cTallHOHAPDHOM NIOTOKE KOMIIOHEHTH CKOPOCTH H @

YIOBJETBOPSIIOT CHCTEMe YpaBHeHHH 3aKoHa JlapcH H HepaspHIB-
HOCTH:

U= —0¢/dx, v=—0¢/dy, Ouldx + dv/dy = 0. (11.12)

H3 nocaenHero ypaBHeHHs cJelyeT, 4YTO CywiecTByeT (GyHKIHS TOKa
¢ (x, y), Takas, 4rO

u = 09/dy, v=—0/ox. (I1.13)
QyHKUOMH ¢ M ¢ yIOBJAETBOPSIOT cootHoweHHsM Koun — PuMmana
—09¢/0x = 0¢/0y, Ode/0y = 3Y/0x. (I1.14)

910 03HayYaeT, 4TO KOMIIEKCHbIH NoTeHunan W = ¢ -} i¢ sBAsercs
aHanuTHYeCKOH (yHKIHeH KoMmjekcHoH mnepeMenHol 2z = x -} iy. Ilpo-
n3poaHas dW/dz (koMmmjexcHasi CKOPOCTB)

dWldz = u — iv. (11.15)

BBeneHHe KOMIJIEKCHOrO IOTeHIHaJa MO3BOJIsSeT pellaTh GoJblioe
YHCJIO TVIOCKHX 3aJay TeOpHH (HJbTPALHH MeTOJaMH, OCHOBAHHBIMH
Ha TeopHH (QYHKIHMH KOMIJIEKCHOro nepeMeHHoro. JleTajbHOoe H3JOXKe-
HHE COOTBETCTBYIOLIHX METOJOB MOXHO HaliTh B kHurax [33, 34].
Hanomuum mnpocrefilie mnpHUMepHl, HJJIIOCTPHpPYIOLIHe XapaKTepHble
YepThl IIJIOCKHX YCTAHOBHBIUHXCS (HJIBTPALMOHHBIX TeueHH# B IJac-
Tax. Hekoropue 6osiee o6lllHe cBOHCTBa (UJABTPALMOHHBEIX TeUEHHH
OyLyT paccMOTpeHH B cJefyiollleM nmaparpade.

KoMnsiekcHb/i TMOTeHUHA] IJIOCKONAapaJeNbHOro MpsiMOJUHEHHO-
ro TeueHHs ¢ MOCTOSIHHOH CKOPOCTbIO OMNHChIBaeTcs  (opMyJon
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W =az+ b, rne a u b — nocrosaHHule. [na Apyroro BapuaHTa OJHO-
MEpPHOro TeyeHHs — paAHaJbHOTO INPHTOKA K HCTOYHHKY B Hadaje
KOOPAMHAT BBHIpa)KeHHe [J51 KOMIJEKCHOro IOTeHUHasna HMeeT BH]

W) =Alnz+B. (11.16)

PapguanbHasi CKOPCCTb Uy = —3%, , = Ar—!. [IpH 5TOM mOJHHIH pacxon
yepe3 CKBaXKHHY Ha €JHHHLY TOJIUIMHEL He 3aBHCHT OT r U paBeH
Uup-2xr = g. Torna

A=—qg@r)!, W=— )" glnz+B. (11.17)

IIpy pazgHaJBEOM HOTCKE OT KPYrOBOFO KOHTYpa NHTaHHA (r = Ry)
C MOTEHUHAJOM ¢x K KOHLUEHTPHYHCH C HMM CKBaXKHHe pajuyca r ¢ Io-
TEHUHAJOM ¢, (GopMyJsa A8 EhiuMcJeHusl zeburta (pacxona) CKBAXKMHBI
(bopmyna iomoH) HMeeT BHA

Q = gh = 2xh (9 — ¢ )/ In (Ry/re) = 2nkh (px — pe)/v In (Ry/re). (11.18)

PagHyc ckBaXKMHB Bcerja HaMHOI'G MeHblle pajHyca KOHTypa IIH-
TaHMs H DaccTOSIHHSL MeXIy cKBaxkxHHaMH. IlosToMy mpH pacnpele-
JIeHHH [aBJleHHs 1O JorapH@MHYeCKOMy 3aKOHY OCHOBHasi d4acThb
nepenaja RaBJeHHs MeX]y KOHTYPOM IHTaHHA U CKBAaXKHHOH pacxo-
IyeTcsl B y3KOH 30He BOJAM3H ckBaxKHHbl. Hampumep, npu Rx=100 M,
re=0,1 M oxHa TpeTh mepenaja pacxonyeTcs B 30He paguycoM 1 M
H MoJI0BHHAa — B 30He pajnuycoM 3 m. Ortciona caenyer ocoboe 3Haye-
HHe [POBOAHMOCTH MpPH3aBOHHOH 30HBI AN [NPHTOKA KHIKOCTH
K CKBaXXHHe.

PaccMOTpHM B CBSI3H ¢ 3THM INIPHTOK K CKBa*KHHe, BOKDPYr KOTO-
poli MMeeTCsl KOJbleBasi 30HA paiuyca ro C IPOHHLAEMOCTBIO R,
OTJHYHOH OT NPOHHIIAeMOCTH BHeNIHeHd 30HHE nJjacta k;. B kaxnoii us
30H [IOTOK paZHasibHHIl. B 3TOM cayuae cnpaBelJHBO BHIpaXkeHHe LJs
norenuuana (11.16). Micnoar3dys ycnoBue paBeHCTBa pPacXol0OB H JaB-
JIeHHH Ha TpaHHUe 30H pa3HO# NPOHHLAEMOCTH, HETPDYAHO MOJYUHTb
cienyioline GOpMyJbl 4151 IPHTOKA K CKBaXMHE:

g = 2rky (px — po)/p [In (Ry/ro) + (Ri/ ko) In (ro/rc)] =
= 2zky (px — pe)lv In (Ru/re). (11.19)
3nech r; — [IPHBeAeHHbIH pajHyC CKBAaXH HHI,
o= "¢ (rC/ro)’_l, 1= kilko.

B npouecce Gypenuss W 3KCNJyaTaliH CKBaXXUHbB B pe3yJbTarc
IPHCYTCTBHS B OYypoBOM pacTBOpe pa3JHYHHIX B3BEIUEHHHX WYacCTHIL
HIH TBEPIHX KOMIOHEHTOB HedTH NPOHHIIAEMOCTb IIPHCKBAaXHHHOK
30HHl TJIACTa 4YacTO OKa3biBaeTcs MNOHMXKeHHOH. I103TOMy, KaK BHIHO
u3 ¢opmyan (I1.19), npuBeneHHHH pagHyc CKBaXXKHHBI MOXET OKa-
3aThC Ha HECKOJLKO MOPSAAKOB HHXe HCTHHHOro. IleGHT CKBaXKHHBI
NPH OJHOM H TOM JXe Iepenaje CYLECTBEHHO CHHIKaeTcs BCJeEICTBHE
3arpsAsHeHds INpH3a6oiHOH 30HH. Hampumep, IpH JeCATHKPATHOM
CHHUIKEHHH ITIPOHHIAEMOCTH B 30He paauycom 0,5 M H paaHyce CKBa-
xunn 0,1 M ne6ut cHuxkaercs B 3 pasa, a B 30He paaHycom 0,2 M
{T. e. TonmuHO# Bcero B 0,1 M) — Ha 40 9/,.
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Otciona BbiTeKaloT [Ba BaXKHBIX NMPaKTHUECKHX CJIeACTBHS. Bo-mep-
BblX, Hea0XOJHMMO TLIATeJbHO OUHLIATL NPH3aBOHHYIO 30HY C 1eJblo
COXpaHEeHHs eCTECTBEHHOr0 AeOHTa CKBaXKHHB. BO-BTOPHIX, N0Jb3YACh
cdopmyJoit HiomioM s pacuera JeGHTOB CKBaXKHH H JJIsL olpefesie-
HHSI HapaMeTpPOB 1JIacTa N0 3aBHCHMOCTH J1ebHT — Nepenajy naBJjeHus,
HeoGXOAHMO HNOMHHTBL 00 YyCJOBHOCTH HCIIOJIL3yeMOro B Heill pajHyca
CKBaXKHHH. B To e BpeMsl BCJeACTBHe OLICTPOro maleHHsl rpafHeH-
Ta JAaBJeHHs TpH |2|-—> oo naxe 3aMeTHas omubKa B onpejeseHHH
paiHyca KOHTypa NUTaHHS BelJeT K He OueHbL 3HAaYHTeJbHOH ouiHOKe
B 3HayeHHH nebuTa.

OpuH w3 HaubGosee pacnpoCTpaHEHHBIX CnocofoB o00Gpa3oBaHHUs
TPellHH B NPUCKBaXKHHHOH 30He, MPUMeHAEMBIH AJNs YBEeJHUYeHH [pO-
IYKTHBHOCTH CKBaXXHH,— FHApaBJHYeCKHH pa3pulB njaacra. Paccmot-
PHUM 3aJayy O NMPHTOKe XKHIAKOCTH K CKBAa)XHHe C BepTHKaJIbHOH Tpe-
wuHol. [lpeamonoxum, 4YTO pajauyc TpellHHB a HaMHOro OoJblue
paauyca CKBaXXHHBl H YTO DACKpBITHe TPEUIHHH [0CTATOYHO BeJHKO,
4yTOOBl AaBJeHHe B Hefl MOXHO 6510 CUMTATh PAaBHOMEPHO pacnpefeseH-
HbIM, VICKOMBIHl KOMIIJIEKCHBIH MOTEeHIMaJ MOXKHO ONpelesHTb, oToOpa-
¥Kasl BHELIHOCTh OTpe3Ka ocH X [—a, +a) Ha BHEWHOCTb eJIHHUYHOTO
Kpyra Ha IJIOCKOCTH §. DTo oToOparkeHHe paercsi GpyHKuHeH JKykoB-
CKOTO

2=2"la ({4 1/2); C=a"'(z+ V2" —d%). (11.20)
Torza
W@ =—@2r)~lglntl=—@2=)"'glnla~!(z +VZ—a?]. (11.2])
IIpu |2| > a cnpaBemHBO aCHMITOTHYECKO® [PEACTABJEHHE
W~ —(@2=)"'¢[In(22/a) —a?42® 4 .. ]. (11.22)

TakuM o6pasoM, C XOpOIUUM MpHOIMIKEHHEM OKp YKHOCTH pajaHyca
R > a MOXHO CUMTAThb 3KBHIIOTEHUHAJSIMH H pACCMATPHBAaTh KaK YCJOB-
Hble KOHTYDbl MUTaHHsS (TOYHOE pelleHHe 3ajayd O NpPHTOKE K BepTH-
KaJIbHO# TpeLlHHe C KDYroBbIM KOHTYPOM IHTaHHS T'DOMO3ZKO H Npax-
THyecKkH He HYxkHO). M3 dopmyn (I1.21) u (I1.22) moxno mnosyuurn
cJleayiollee BblpaXKeHHE 1/ MPHTOKA:

g = 2=k (px — pc)/» In (2R/a), (11.23)

T. €. B 9TOM CJyyae [IPHBeJEHHBIH DaJHyC CKBaXXHHbl paBeH Ye€TBepTH
IJTMARL TPEWHH, JTO YKa3blBaeT Ha BLICOKYIO 3¢ (PEKTHBHOCTbL T'HApPABJH-
YeCKOI'0 pa3phriBa I1acTa KaK CpPeACcTBa HMHTEHCH(HKALUMH TNPHTOKA K
CKBaXHHe.

JIuHeAHOCTb ypaBHeHH#I QHABTPALHH NO3BONAET LIHPOKO MPUMEHATD
Opy MX PpelleHHH NPHHUMN cyle piio3HuHHu. Ilockonbky paguyc r. Man
N0 CPaBHEHHIO C DACCTOSHHEM MeXJy CKBa*KMHAMH, KOMIIJIEKCHBIH IO-
TeHU#aA CHUCTEMB! n CKBaXKHH ¢ HEHTpPaMH B TOYKaX 2; ¢ ne0MTaMH ¢;
BHIDAXKAeTcsT CYMMOH [IOTEHI(HAJOB OTAEJbHBIX CKBAXHH, paccMaTpH-
BAaeMbIX KaK H3OJHPOBAHHbIE HCTOUHHKH:

W = —(2r)"! éx g:1n (z — z)). (11.24)
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ITpu 3TOoM Ha KOHTYpe KaXJAOH CKBaXKHHBI CyMMa IIOTEHIIHAJIOB OC-
TaNbHBIX CKBAaXKHH NPAaKTHYECKH IIOCTOSIHHA, TaK Kak r. K |z;— zj|.

ITpuHIHN cynepnosHIHH NMO3BOJAET peIlHTb GOJbILIOE YHCJAO 333
¢uAbTpallHH B IJacTaX ¢ cHcTeMol cKBaxuH. Hanpumep, uerpynHo
N0Ka3aTh, YTO KOMILVIEKCHHI} NOTEHIHAJ CHCTEMBbl ABYX PaBHOAEGHTHHIX
CKBaXXHH, PacIIOJIOKeHHBIX B TOuKax x= +1, y=0,

W (z) = —@2r)~lgln (22 —1) (11.25)

OIMCBIBAET TaKXKe IPHTOK K ORMHOYHOH CKBAaXKHHE, PpaclONOXEHHOH B
TOYKe C KOOpAHHaTaMM x = 1, y =0 BO/IH3H HENPOHHIAEMON TPaHULLI
(x =0). Toyno Tak e KOMIJEKCHHIH MOTEHIHAJ]

V(@) =—@)"'gIn[z— 1)z +1)] (11.26)

COOTBETCTBYeT He TOJbKO TeYeHHI0 MeXJAy HarueTaTesJbHOH U NoOLIBa-
Iolllell CKBa)XXHHaMH paBHOro AeOHTa BTeX e TOYKAaxX, HOH NPHTOKY
K CKBaXHHe B TOYKe C KOOpAHHaTaMH x=1, y=0 oT npsamoJ/iHHe#HOro
KOHTypa NHTaHHS Ha NpsiMoi npu x = 0.

Hcnosb3ys IpHHUMI CyNepNO3HLUHH, MOXKHO PeLIHTb 337auy O IpH-
TOKe K CKBaXKHHe, SKCUEHTPHUYHO DAaCNOJOXXEHHOHA 10 OTHOLIEHHIO K
KPYrOBOMY KOHTYpPYy nHTaHusi. IIycTh paccTOsiHHe OT IeHTpa KpyroBOro
KOHTypa 10 CKBaXXHHBl DPaBHO Xi, PaJHyC KOHTypa NHTaHHA Ry, paiu-
yC CKBaXKHHH r¢. Toraa

W — — @x) "' ln [ — x1)/ (e — R¥x)). (11.27)

Otnensisi feHCTBHTEIbHYIO 4acTh, TOJMYYHM Ha KOHType INHTaHHS H
HA1 CKBaKHHe

Py = — (21:)—1(] In (xl/RK) +C,

e =— (2r) ‘g In[rexi/(RE—xD)] + C, (11.28)
OTKY/Aa HeTpPYyJHO NOJYYHTb aHaJjor ¢opmyJsl liomon
g = 2k (p — p)lp In [R (1 — x1/RE) /7). (11.29)

D10 BbIpaXKeHHEe OIpefensieT NPATOK K CKBarKHHE, pacloJOXKeHHOH
B LEHTPE KPYrOBOrO KOHTYpa NHTAaHHUA C NPHBeJeHHHIM PajHYCOM, PaB-
#eM R (1 — x}/R}). MoxHO y6emuThcs, uTO SKCHEHTPHUHOE PACIIOJIO-
JKeHHe CKBaXXMHBI MaJio OTpa)KaeTcsl Ha JeOHTe Jaxe IpPH 3HAUMTRNb-
HoM sKkcuentpucurtere. Hanpumep, npu Ry ==100 M, x, =50 M ur.=
= 0,1 M me6uT yMeHbilaeTcs Bcero Jumb Ha 4,1 %. Dro o3Hauaer, YTO
JiaXke 3HayHTeJbHble OIIHOKH B ONpe/e/eHHH N0JI0XKEeHUS] KOHTypa MHTaHHA
He OueHb CYIIECTBEHHO BJIHSIIOT Ha OLleHKy ge6HTa CKBaxHH. M xoTza
caMoO TpeCTaB/JeHHe O KOHType NHTaHHS JIMIIbL CXeMaTHYECKH OITH-
ChIBAaeT peasibHBE YCJOBHS B IJjacTe, 3aJaHHe TPAHUUYHBEIX YCJOBHH
Ha KOHType AJs pacuera 1e6UTOB ONpaBAaHO.

Ilpu paspaboTke HeTAHBIX MECTOPOXKAEHHH CKBaXKHHEI IO MJIOLLA-
AM 3aJIeXXH YacTO pacnoJaralotcss psgaMH NPSIMOJIMHEHHOH WU KpPy-
roBoii @opMbl. [Ipy 3TOM B6JIM3H CKBaXXHH HallpaBJeHHe TeueHHS OJH3-
KO K pajHKaJIbHOMY, a Ha pacCTOSHHUAX OT HHX MOPSAKA PacCTOSIHHU
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MEXAY CKBaXXHHAaMH 3KBHIOTEHIHAJH NOYTH NapajJeJbHH pAfaMm
CKBaXKHH, DTO I03BOJISIeT 3HAYHUTEJbHO YIPOCTHTL pacyeT AeGHTOB
CKBaXXHH MO 3aJlaHHHIM NepenajnaM jAaBjeHH#., [as HJAJOCTpalMH Or-
paHUYHMCS OJHHM IpDHMEpPOM NpPAMOJHHEHHOH IeNnOYKH paBHOJEGUT-
HBIX CKBaXHH, PacllOJIOXeHHBIX BAosb ocd Ox Ha paccTOAHHu | Apyr
OoT Apyra. B cua1y cHMMeTpHM 06JiacTb TeUeHHS MOXKHO pas3GUTh Ha
3JIeMEHTH, MMeIONlHe BUJ IOJIOCH, NapaJjJejbHOH OCH Y CO CKBaXkKH-
HOM B HauaJe KOOPAHHAT. DTH 3JIeMEeHTH pasleJsdIoTcs JHHHSIMH TO-
Ka H MO3TOMY M30JIHPOBAHHI APYT OT ApYyra.
KoMniekcHeIfi MOTeHLHAN LEMOYKH HCTOYHHKOB HMEET BHJ

W (2) = — (2=)—'q In sin (z2/1). (11.30)
Orgensst peficTBuTeNbHYIO 4yacTb BhipaxeHus (11.30), moayyum
¢ = — (4n)~1g In [ch? (ry/l) — cos¥/rx/[)] + C, (11.31)

rae C — npou3BOJIbHAs IIOCTOSIHHASA.
Ipu r =V 32+ 42 K ! (BOMM3H CKBAXKHHbI), HCIIOJb3YS Pa3JIOKEHHA
¢yHKuMA ch? ¥ cost B cTeneHHHE psiabl, NMOJYYUM
¢ ~—(2r)~gIn (xr/l) + O (r*/12) + C. (11.32)

Takum 06pa3oM, SKBHIIOTEHLHANH, KaK H JJS H30JHPOBAHHOTO HC-
TOYHHKA, SIBJISIOTCS OKPYXKHOCTAMH C ILIEHTPOM HA OCH CKBaxKHHbI. [lpH
y~=~1 u 6GoJiee BTOpOH uJieH B KBajpaTHHIX cKo6kax B ¢opmyse (II.31)
Oopu Mo6bIX X MHOTO MeHbIe MepBOro, YTO MNO3BOJSET INOJIOXHTD

o~ —qy/2l + (2=)"'¢In2 + C. (11.33)

ITycTe xOHTYp nuTaHus coBmajgaer ¢ npsMoit y= L > 1. C yueToM
(11.33) MOXHO cCuHMTaTh, 4YTO YCJOBHE ¢ = const Ha HeM BHINOJHsIETCS
JOCTaTOYHO TOYHO M peineHue omnuceiBaercss ¢opmydoir (I1.31). Toraa
Ha CKBaXXHHE M Ha KOHType MHTAHUS HMEEeM COOTBETCTBEHHO

ge = — (2n)~ g In(rre/l) + C; ox = —qL/2l 4+ (2z)~'gIn2 4 C, (11.34)
OTKyZAa noJayduM (opMmyJsy Aas aebuta

g =2kl (px — pc)/» [L + (U/=) In (I/2=r¢)]. (I11.35)

Bripaxenue (I1.35) MoxHO wuHTeprnpeTHpOBaTh Kak GOpMyJy nJs

JBYCTOPOHHET0 INPDHTOKA K Y4YaCTKy rajneped wWupuHo# . Ecau pac-

cmatpuBath (I1.35) Kak yc/oBHe NpONMOPUHOHANBHOCTH PACX0Ja H nepe-
naja aaenenus, 10,10 10, I1. BopucoBy, Ko3apduuHeHT

wL/k + (ullkr) In (I/27rc) (11.36)

MOXHO Ha3BaTb MOJHHIM (DHJIBTPAIHOHHBLIM COMPOTHBJICHHEM, COCTOSILILHM
M3 «BHEIHEero» CONpoTHBJAeHHsl wlL/k, onpenensioilero NPHTOK K ralje-
l
pee, H «BHYTpPEHHEro» CONPOTHBJIEHHS :—Kln 5.—» AOGABJEHHOro 3a cuer
c
HCKDHBJIEHHS1 JIHHUE TOKA BOJIH3H CKBAXKHHBIL.
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§ 2. KauyecTBeHHbie METOABLI TEOPHH HATMOPHBIX TeYEHHH

Db dekTUBHBE DelieHHs, NMOAOGHBIE MPUBEJEHHHIM B MpeAHAyIIeM
naparpade, MOXKHO MOJYYHTb JIMIIb JAJs (QHIABTPALHOHHBIX TedeHHH
B CpPaBHHTeJbHO NPOCTHX 06JacTaX. B apyrux ciaydasax pacuer nojed
TeueHHs] CBfA3aH C OGOJbIIHMH TPYAHOCTSMH. 3aMeTUM, OJHAKO, 4TO
B NpPHKJAJHBIX 3afayaX NPeACTABJSIOT HHTepecC He CTOJbKO CaMH
NoJsl, CKOJbKO HEKOTOpble HX HHTerpaJjibHble XapaKTepHCTHKH, yalle
Bcero JeOHTH NpHM 3aJaHHBIX Ilepenajax JaBJjeHHs. B Teopuu Hamop-
HOH (HUABTPAUMH MOMKHO YCTAHOBUTb HECKOJbKO OCHOBHBIX IIPHHIIH-
NOB, KOTOphle MNO3BOJISIOT NOJNYYaTh OLEHKH AJs Ae6HTOB B 06JacTaX
cJoxHOH ¢opMbl 6e3 BHuHCAeHHH. M3nM0KHUM HeKOTOpble H3 3THX
NPHHIHKIOB H NpPOJEMOHCTDHpPYEM Ha TIpuMepax, KaK HMH MOXHO
NpaKTHYECKH N0Jb30BaThCS.

OcHoBHasi 3ajada TeOpHH INPOCTPAHCTBEHHBIX HANOPHBIX CTalUO-
HapHbIX TeYeHHH COCTOMT B OTHICKAHHMH IIOJIS JaBJEHHH p (X) B Hexo-
TOpOH NpoCTpaHCTBeHHOH o6saacTu [, BHYTPH KOTOpOH 3ajaHO noJe
nponuuaemoct k(x), a Ha rpanuue C obaacth D 3agaHo Jau60 AaB-
JeHue p, Jub0 HOpMasbHasd COCTaBJSAKOILAS CKODOCTH (HILTPAUHH Upn
(notok xHakocTH). ByneM cunTaTh, 4TO Ha uyacTH rpaHuusl C, 3anaHo
jgaBaenue, a Ha C, — NOTOK:

plc, = P (x), un/C, = —Fk(0p/on)/C,= q(x). (11.37)
3uech P (%), g(x)— 3anpanHble QyHKUUH. Buytpu obaacty D nab-

JeHHe H CKOPOCTb (HJIBTPALMH YIOBIETBOPSIIOT, KaK OblIO I[0Ka3aHO
BHIlE, CHCTEME yDaBHEHHH !:

vae =0, &= —(k/p)vp, (11.38)
OTKYy1ia MOXHO MNOJYYHTL YypaBHEHHE A NaBJEHHA
v (kyp) = 0. (11.39)

BapuannoHHbe ONPHHIHNL. PaccMOTpHM HHTerpaj mo oG-
gactH D

A= b{(vw)dv, (11.40)

re ¥ U ¢ — NPOH3BOJDbHbIE BEKTOPHOe M CKaJssipHoe mnousi, 06Jaja-
IollMe JIOCTAaTOYHOH T1afkocTelo. Eciau BekTOpHOE mnoJIE © COJIEHO-
HJlaJbHOeE, T.e. YHOBJETBOpsieT ycaoBuioo y® =0, To, HCMOJb3YS
¢opMyay Octporpapckoro — laycca, noayunm

A={ (@n9)dS — [oyodV = [v.edS. (I1.41)

B YaCTHOCTH, NOACTaBJIAA p BMECTO ¢ H m BMECTO P, NOJYYUM
A = {(ayp)dV = § pu.dS. (11.42)
D C

1 B stoM naparpade gnst COKpalleHHA 3aMHMCH HCIOJb3YEeTCH ONEpaTop BEKTOPs
Horo Auddeperurpopanns Habaa: y¢ = grad ¢, yu = div «.
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3nech { pu.dS — paGoTa, coBepllaeMas B €AMHHIY BPEMEHH BHellls
C

HHMH CHJIaMH NaBJ€HHS, Ha BJaBJHBaHHE XXUIKCCTH BHYTPb BbiAeJEH-
Horo ofnema.

[TopbiHTerpanbHOe BbIpa)KeHHe B JjieBOH uacTH ypaBHenus (11.42)
XapakTepH3yeT SHepruio, 3aTpayHBaemylw Ha paboTy KHAKOCTH
B efHHHUEe of0bema cpeXbl Ha NpPeOROJIEHHE CHJ TPEHHS, H TNOTOMY
npejacTaBJsgeT co60i MJIOTHOCTb JNHCCHIIAUHH SHEPrHH — KOJHUECTBO
SHEepruu, nepexojsiiiee B TEIJO B €JHHHUEe 06beMa MOPHCTOH CpexHi.
B nmenom coortnowenue (I1.42) Bolpaxaer coboifi TOX ZEeCTBO
NOJHONW JAHCCHNAIHH: BCA paboTa BHEUIHHX CHJA Hajg XKHI-
KOCTbIO B 3JIEMEHTEe IOPHCTONH CpeAbl NMepexoAHT B TemI0. ITO TOXK-
JIeCTBO BepHO AJ51 NPOH3BOJBHOTO (QUAbLTPALHOHHOTO TeYeHHS HEeCKH-
MaeMOH KHAKOCTH W IJISl CTAllHOHADHHIX Te4YeHHH CKUMaeMOH XKHIKO-
CTH.

OnpenenuM [J1s1 BEKTOPHOrO 1MOJS # H CKaJAPHOrO MoJast p 10Jo-
XKHuTesbHble QYHKUHOHAMN X 1 Y

X = {pk—twav; Y =4 [Ra='|yp[2dV. (I11.43)
D 2D

MOXHO YCTaHOBHTbL CJIeLYIOUIHE YTBEPXKIEHHS.
1. U3 Bcex cOJIEHOWJAJbHBIX BEKTODHBIX TMoJEeH ¥, YIOBJIETBOpS-
IOIMX B TOYKax yactu rpanuubl C, ycJaoBuio
Un |Cq ={, (1144)
pellenHe # (<UCTHHHOE MOJe CKOpPOCcTeH (DHJAbTpALMH») BBIAEISAETCS TEM,
YTO MHHHMH3HPYeT (byHKIHOHAJ

X*[v] = X [v] + { pvadS, (11.45)
C
P
Ha3biBaeMBIH TOJIHBIM [TOTEHILHAJIOM JHCCHIALMH.
2. M3 Bcex cKaJsIpHBIX NOJEH ¢, YAOBJETBOPSIOIINX YCJAOBHIO Ha C)
¢lc, =P, (11.46)

pellieHne p (¢<UCTHHHOe MOJie [aBJeHHH») BBIIENAETCS TeM, UYTO MHHH-
MHU3HpYeT (PyHKILHOHAJ

Y* el =Y [¢] +C§<pqu, (11.47)
q

Ha3blBaeMBl# NOJIHBIM JOMNOJ.HHTEJIbHLIM NOTEHLUHAJOM RHCCHIIALIHH.

JokaxeM nepBoe W3 3THX YyTBepKieHuil. IlycTb u — pelnenue, a
U — nIp OH3BOJIbHOE 110JI€, YIOBJETBOPsIOLIee [PpaHHYHOMY ycaoBHIo (11.44)
H YCJIOBHIO coJleHOHjaJsbHOCTH. Torna

X* 9] — X* [} = 5 | (wh) (@2 — 2)dV—Sp(vn—u,.)dS -
=1 /k)(v—u)(v—l—u)dV fp(v——u)nds

'\’l

§(
>/((p/k) (v—u)ndV — fp(v—u)ndS—
= —-f(v— u) ypdV — fp (v — u) ndS. (11.48)

Cp
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Hcnonbsys toxnecrso (11.42), monyuum us (I11.48):
X* o] — X*[u] >/C§p (v —u)ndS —

—{p(o—u)ndS = p(v—u)ndS =0. (11.49)
Cp Cq

TeMm caMblM MBI MOKasalH, YTO HCTHHHOE II0JIe CKOPOCTEH # MHHH-
MH3HpYeT TNOJHBIA NoTeHHHan Auccunauuu X* [p]. Touno Tak ke J0-
KasbplBaeTcsl, 4TO HCTHHHOE MOJi€ NaBJCHHH p MHHHMH3HpYeT [IOJNHBIA
JOMOJMHHTENbHEIA NOTEeHUHAA JuccHnanud Y* [¢].

CaejncrBHs H3 BapHaULHOHHHB X mpHHUHODOB. Cdop-
MYJHpOBaHHble BapHAallHOHHHE MNPHHUUNBI MOXHO HCHOJb30BaTh AJf
NOCTPOEHHS pelueHHH NpSMHEIMH BAPHALMOHHBIMH MeTOZAaMH. 3Jech
JKe pacCMOTpPeHO NpPHMEHEeHHe 3THX INPHHIHIOB AJMS KaueCTBEHHOIO
HCCJ/eI0BaHHS H NMOCTPOEHHS OL€HOK pelleHHH,

[Ipexxae Bcero MOXHO YCTAHOBHTb €IHHCTBEHHOCTb DeIUEHHSI 3a-
JIauH: JONMYCTHB CYIIeCTBOBAHHE ABYX DA3/IHYHBLIX pellleHHH# CHCTEMBHI
(11.38) npu ycnoBusix (I1.37), monyuyuM MNpPOTHBOpeUHBHE HEpaBeH-
CTBa

X* ] > X* (g}, X*[m) < X [ue), (11.50)

oTKyna ciaenyer, uto X* [wi] = X [u2]. Ho B cuny paccyxnenus, no-
nobuul x (11.48),

X ] — X (o] = 5 § (w/#) (1 — mo)?aV. (IL.51)

Takum 06pa3oM #; == @z — pelleHHs COBMNAZRAIOT.

Ilanee pnsi naBJeHHs] CpaBejIHB NPHHIHIO MaKCHMYMa: faB-
JileHHe MPHHMMaeT CBOH HauOoJbllee H HAaHMEHbIee 3HAYEHHA Ha rpa-
Hule o6aactd. IeHcTBUTENBbHO, AOMYCTHM, 4TO B 00JacTH D MaKCHMyM
naBnenus P* Goabie, ueM Ha rpaHuue P+. ClenoBaTenbHO, MakCH-
MaJbHOe JaBJEeHHe JOCTHTaeTcsi BO BHYTpPeHHeH Touke objactu M*,
Torza mailinercs BHYTpeHHSsl nogobsaactb D, obaactd D, conepxawas
Touky M*, Ha rpaHuue Kotopoii p = P* —e. PaccMartpuBasi pelleHHe
ypaBuenus (I1.39) B mopobaactu D. ¥ yuHTbiBasi €ro €JAHHCTBEHHOCTD,
HaiizeM, uTO jaBJeHHe P 1OCTOsSIHHO Mo Bceji nopobmaactu D.: p =
= P* —¢ < P*. 3710 NpOTHBOPEYHT YCJOBHIO, 4TOo p (M) = P*. Tlonmy-
YEHHOE IPOTHBOPEYHE M JOKa3biBaeT IPHHLHMI MAaKCHMYMa.

W3 Hawero paccyXjaeHHsl cleflyeT ellle OJHO BaXKHOe yTBepxKje-
HHE: TIOBEDXHOCTH NOCTOSHHOTO JAaBJeHHs (H306apbl) B CTalHOHAp-

HOM OQHJIbTPALHOHHOM IIOTOKe

PHC. 4. YkpynueHHas TpybKa ToKa JaH60 3aKaHYHBAIOTCA H HauHHA-

¢q JOTCA B TOYUKaX rpaHuub, JHb6o —

€CJIM OHH 3aMKHYTH — COJlepIKaT

«Z "\ BHYTDH Yy4YaCTOK I'DaHHIb 06.sia-

/) cTH (TakKoe MOXeT GHTb TOJBKO

f B TOM cJiydyae, ecJH 06GJacThb JBH-

{ JKeHHUsl MHOTOCBSI3Ha).
L}

2 OrpaHHYHMCs B JajbHelilleM
N4 "Hanbosiee CylIeCTBeHHBIM AJfA




NPaKTHKH cay4yaeM, Korjga obsaacTb uabTpalliy mpelcTaBaseT co6oi
YKPYNMHEHHYI0 TpyOKy TOKa (pHC. 4), T.e. OrpaHHYeHa HENPOHHIIAeMON
60okoBOii moBepxHOCTHIO (g4, Ha KOTOPOH Un=0, U JByMs mOBepXHOC-
TsiIMH HOCTOsiHHOrO fAaBaeHust C; u C; (BXOA W BBIXOA), HA KOTOPHX
JlaBjleHHe NpHHHMaeT 3HayeHHsa P, u P;, P>P; COOTBeTCTBEHHO.
BoabliHHCTBO 3ajay, CBSI3aHHBIX C pacyeToM JIe6HTOB CKBaXHH H
CYMMapHHX 00BbeMOB OTOOpa IO MEeCTOPOXIEHUSM, NPHHAIJIEXHT
HMEHHO K 3TOoMy KJjaccy. Pasnocts P=P;—P, GyieM Ha3bBaTh Ie-
penajgoM JAaBjieHHs] HA JaHHOH TpyOKe TOKa, a MONHBIH IOTOK KHJI-
KOCTH Yepe3 IIPOH3BOJNbHOe ceueHHe TPYOKH TOKa — PacXoloM:

Q=—{uxdS = {udS. (11.52)
Cy Cs

Uame Bcero Hac HHTepecyeT HMEHHO pacxojiHas XapaKTepHCTHKZ
(GUNbTPALHOHHOTO NOTOKA — 3aBHCHMOCTb Q (P) — uJsH, IOCKOJBKY OHa,
OYeBHHO, JHHeHHa — KO3(HUIHEHT pacxona

A = Q/P = const. (11.53)

HomycruM, 4To HaljeHO pelueHHe 3aJayd TeOpHH GUIbTPALHUH, T. €.
nonss # u p aas Tpy6ku Toka. Torma umeeM COOTHOILEHHS

Y* Ipl = 5 § (k1) (vp)?adV = [y x pdV =
1 1
=—3 aSDu,,pdV = 7 (Pl - PQ) Q; (1154)

A= P“"’DS (k/p)|yp 2dV. (11.55)
Hanee, nockoJbky GyHKUHH #, p— pelleHHe 3aJaYd TEOPHH (GUILT-
pallHH, HMEeeM

X* (] = 5 { (w/k) u?dV [ pundS = — 3 { (wyp)dV —
b Cp 2p

—(Pr—P)Q=—L(P1—P)Q=} QYA = — 5 [[(uk) waV,
(11.56)
TaK uTo A= — 2 Q2X* [u). (11.57)

Coornowenusi (I1.55) u (I1.57) MOXXHO MHOrUMH COCOGaMH HCIIONb-
30BaTh JJIs MOJIyYEHHs OLEHOK KO3(hhHIHEHTa pacxoa, NPOAYKTHBHOCTH
A u pokasateqbcTBa OGUIMX YTBEPMKIEHHH OTHOCHTENBHO 3aBHCHMOCTH
ApYTHX BEJHYHH OT FeOMeTpHYeCKHX H (H3HYECKHX NapaMeTpOB IJACTa.

JIeACTBUTENBHO, BO3bMEM IPOU3BOJBLHOE CKalsipHOe IOJIe ¢, Y/OB-
JIeTBOpsAtolIee YCAOBHAM ¢ |c, =1, ¢|c, =0, H NpOH3BOJIbLHOE COJIEHO-
HJaJbHOe BeKTOpHOe moJe ©. Torja B CHy JOKa3aHHBIX BapHalHOH~
HBIX IPHHIHIOB

A = @P)~ [k|ypPaV = p=!| [k v (@/P)[' dV =
= p—! miuﬁfk lye |2dV < p."lDSk | ve [2dV. (I1.58)
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Takum obpasom, u3 (I1.55) crmenyer nepamencrso (I1.58) — onenka
cBepXy A Kos(dHUHEHTa NPOAYKTHBHOCTH. C APYroil CTOPOHBI, H3
BHIBOAA NPHHIHNA MHHHMYMa TMOTEHUHaNa IHCCHNAauud X* chaenyer,
yTO, €CNM paccCMaTPHBATb He BCe MOJA CKOPOITH, a TOJBLKO IOJf, OT-
BeuaioluHe (HKCHPOBAHHOMY pacxofy @, TO Ha HHX pelIeHHe TaKXKe
MHHHMH3HpYeT (pyHKUHOHaA X* H, CJIef0BaTesbHO,

X*(u] =5 e {p12dV — QP < Lo [ k=1wrav —qp,  (11.59)
5 4ty < LI R10V; Qlal = Qo).
D 2p
paCCMOTpHM «HOpMHpOBaHHOE» noJie

Uy = u/Q (IIGO)

OueBuzHO, 3TOMY NOMIO 6YIeT COOTBETCTBOBAThH €JHHHUHBIH pacxof,
Qluol =1, u B cuy JHHEHHOCTH 3aJauH OHO OyJIeT MHHHMH3HDPOBATh
HHTErpaJg

! fr—todav (I11.61)
2p

Ha BCeX COJEHOUJAJbHBIX BEKTODHBIX NOMAX ¥p C €IHHHYHHIM pacxo-
noM. Tenepb umeem:

A =— QY X* [a) = p=1Q¥ [e=tw2aV = w ™Mk tuday >
>[p- fk—lugdv]—". (11.62)
D

HepapenctBa (11.58) n (I1.62) nossoasiior moayudTb CcTporue ABy-
CTOPOHHHE OLEHKH M1 KO3(D(PHIHEHTOB NPOAYKTHBHOCTH 6e3 ¢aKTH-
yeckoro peirenus 3aaaud (11.37) — (11.38). Urto6rl cpenaTh 310, HYKHO
B3STb TPOH3BOJIbHKIE NMPOGHEIE NOJS 99 H Vo, YAOBJETBOpPSIOWAE YCJO-
BusaM A¢o=1, Q[ve] =1, divog= 0, 1 BHYHCAUTb 1JI51 HHX UHTEr pajH
Iy 9] u Ia[ve]. Torna

I D] < AL [va]. (1163)

Hacronbko ynoBleTBOpHTebHOH OyneT Takas OLeHKa, 3aBHCHT OT
TOro, KaK yJayHO BHIOpaHbl INPOGHHIE (YHKUHH 9o H Uo. HHke HpH-
BeleM INIpHMepHl HCIOJb30BaHHA STOTO NOAXOAA JJIA OLEHKH JeGHTOB
CKBAXHH.

Bonpoc 06 omeHkax kKo3d@HLHEHTOB NPOAYKTHBHOCTH MOXKHO IO-
CTaBHUTh H Tno-Apyromy. Ecam obaacte D HMeeT ciaoxHyl0 ¢opMy H
(M) pacnpejejieHHe NPOHHILaeMOCTeH B Hel fBJseTCS JOCTAaTOYHO
CJIOXKHBIM, €CTECTBEHHO CTaBHTb BOIIPOC O TOM, 4TO OyaeT c Ae6GHTOM
(uaH K03 GHUHEHTOM TNPOAYKTHBHOCTH), €CIM H3MEHHTh ¢opMy 06-
JactH U (uau) pacnpefesieHHe TNpoHHIaemocTH. Ha stom nyru yaa-
€TCSl MOJYYHTh NPOCThie H BMECTe C TeM BaXKHhle BapHaLlHOHHHE OlleH-
Ku. [lokaxkeM, mpexJe Bcero, ¢pH3H4YeCKH CHOE YTBEpXKJeHHe, UTO ec-
au npu GukcupoBaHHOH ¢opMe TPYOKH TOKA H IPAHHYHHIX YCJOBUAX
H3MEHHM II0JIe NpOHKLaeMocTell k& TakuM 06pa3oM, 4TO B KaXJO# TOU-
Ke OHa He yMeHbwHTCA (T. e. JHOO YyBeJHYHTCH, JHGO OCTaHeTcH
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npexHe#), TO NMPH TOM XKe Nepenaje (QUALTPALHOHHHIH pPacxoa He
yMeHblIHTCA. POPMANBHO 3TO CBOAUTCS K TOMY, 4TO PaCcCMaTpPHBAeTCs
KO3 HIUHEHT NPOAYKTHBHOCTH A  KaK (YHKUHOHAJX OT (QOpPMH 06-
Jdactd D ¥ OT pacnpejiesieHrss B Hell MPOHHLAEMOCTH H NMOKa3kIBaeTcs,
4TO 3TOT (PYHKIHOHAJI SIBJITETCH MOHOTOHHBIM IO k!

A=A[D, k], A; = A[D, ki, (11.64)

A > Ay, ecan E(M) > by (M), nas Bcex M€ D. leficTBUTeNBHO, TYCTh
{p, m)— pelueHne, oTBeuawolllee pacnpeiesieHHIO NpPOHHIAeMocTel K,
a {p1, w1} — pellleHHe, OTBeyalollee paclpeneieHHI0 ky. FmMeem:

Ay =2u71P=2Y* [py, k] < 2p—'P ¥ p, k1] =
— w1 P2k |yp PAV < p—1P=2 (k| yp 24V =
D D

= 2u—1P—2Y* [p, k] = A. (11.65)

Ilpu stom nepsoe u3 HepaBeuctB (I1.65) cienyer u3 Toro, uto p)
MHHHMH3HpYeT GyHKUHMOHaAn Y*[¢, kj], a BTOpOe — NpOCTO H3 TOrO,
uTo k > ky.

B uacTHOCTH, npH BBeAeHHH B 06JaCTb TEUEHHS HENPOHHILAEMBIX
1ieperopoJok Ko3QPHUHEHT NPOAYKTHBHOCTH OyJeT yMeHbATbCH, a
IOpH BBeleHHH oOsacTefi OGeCKOHeYHOH IPOHHL@EMOCTH — YBeJHUH-
BaThCH,

Pa3obbeM NOTOK TOHKMMH HeNPOHHIAeMBIMH IIOBEPXHOCTSIMH HA
MHOXeCTBO TOHKHX TPYOOK TOKa, TaKHX, YTO TeueHHe B KaXJOH H3
HUX MOXHO CYHMTaTb OJHOMepHHM. (DTO 3KBHBaJEHTHO 3aJlaHHIO Ha-
IpaBJieHHsl JMHHH TOKa B KaXJoH Touke nJyacrta.) Torma mo pokasaH-
HOMY NOJACYHTAHHBIH TakuM 06pasoM KO3(pPHUHEHT NPOAYKTHBHOCTH
OKazKeTCsl MeHbllle AeHCTBHTENbHOrO,

Hanporus, ecan 3agaauM ¢GpopMy NOBepXHOCTeH MOCTOSHHOIO AaB-
aenusi (u306ap) (YTO SKBHUBAJNIEHTHO BBEJEHHIO B IOTOK MHOXECTBA
6eCKOHEUHO TOHKHX NOBepXHOCTeil GeCKOHEeUHOH INPOHHIIAEMOCTH), TO
pacCUMTaHHBIH TakKUM 006pas3oM KO3(pGHUUHEHT NPOAYKTHBHOCTH OKa-
JKeTcsl 3aBLILICHHBIM 110 CPaBHEHHIO ¢ JeHCTBHTEJNbHBIM (CM. MpH-
Mep 3).

Eule ofHO BaXHOe yTBepXKIeHHe NOJYUUM clefyromium ob6pasom.
Bui6epemM BOAH3M HelpoHHIaeMoil (6OKOBOH) rpaHMUE o6GJacTH Te-
yeHHs] NPUMHIKAOUYX K Hell nomobaacte D, u O6yaeM yMeHbLIAaTb
NpPOHHL[@aeMOCTb B He#l 10 HyJasi. B npepese 6ynem HMeTb HOByWO 06-
JacTbh TeueHHs ¢ BbIpe3aHHON nogo6Jacteio D. (c BAABJIEHHOH rpa-
Huueit). Ilo nokaszaHHOMy paHee KO3Q(HUUHMEHT NPOLYKTHBHOCTH
YMeHbIIUTCS.

C npyroél cropoHwl, eciu o6nacts D), npuUMBIKaeT K OJHOH U3
u3o6ap — BxoaHo# C; HIH BhIXOJHOH Cy; — H TNpPOHHLAEMOCTb B HeH
cTpeMHTCsl K 6ECKOHEUHOCTH, TO B Ipefeie NnoJayysM o6JacTs co BAAB-
JICHHOH BHYTpPb BXOJZHOH HJIH BBIXOAHOH rpanuleii. [lo nokaszaHHOMY
paHee K03()(PHUHEHT NIPOAYKTHBHOCTH NPH 3TOM YBEJHUYHTCH,

Takum o6Gpa3zoM, uMeeM TakK HasHBaeMbhH NPpHHIL HI BJaB-
auBanua. llpu «praBnuBaHuH» B 00JacTb (PUJIbTPALHH HENPOHH-
HaeMBIX TpaHHL KO3 (HIHEHT pacxoja YMeHblIaeTcs, TIpH
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BZ1aBJAHBAHMH» BXOJIHOH H BLIXOAHOH H306ap KO3D(pULUHEHT pacxoaa
yBeqHyHBaercs. OTCI0fa yXKe HENOCPeICTBEHHO NOJy4aeM MPHHIHIT
cpaBHeHus ob6JaacrTeli: ecin BXoAHas H300apa C; (KOHTYp IH-
TaHHA) AJas obaactH D MoxeT ObITb 3aKjUeHa MeXJAy BXOJHBIMH
uzobapaMu gasa obaacred D* u Do, D, =D=D*, 1o KosbdunueHt
NPOAYKTHBHOCTH AJfA objactd D npHHUMaer TNPOMeXyTO4YHOE 3Hauye-
HHe MeXAYy Ko3bpduiHeHTaMd TPOAYKTHBHOCTH aaa obaacreit D,
u D*:

A* <A <A, (I1.66)

Ias opHoponHelX obaacTeit (k= const) psii OLEHOK MOXHO TOJIY-
YHTb, MCNOJb3ysl TaK Ha3blBaeMble TEODEMbl O CHMMETpH3aluH. M3BecTHO
[32], uto ecnm obaacts D mopsepraercsi CHMMETPH3AIHU (OTHOCHTEJIBHO
IJIOCKOCTH, NpAMOH, TOYKH) HJH MOCJTIEI0BATEJbHOCTH OTpaXeHH#, TO
yMmeHbltaetcss  uHTerpan {|ye|?dV. Orcioaa cienyer, 4To CHMMETpH-

D

3alHs 06/acTH [BHKEHHS TPHBOAHT K yMeHbLIEHHIO Ko3¢dPHIHEHTa
NPOAYKTHBHOCTH (CM. IIpUMep 4).

MoxHo paccmoTpers H GoJee 0GIIH{j BONPOC O NMpefenax H3MeHe-
HUA KO3 @HIHEHTa NMPOAYKTHBHOCTH 06J1acTH, ecld o6beM ee (PHKCH-
poBaH. [lockonbKy ficHO, uTO, cOMHIKAs BXOAHYIO W BHIXOAHYIO H300a-
pBl, MOJKHO, He yMeHbiilass o6beMa 006JacTH, NOJYYHTb CKOJb YrOAHO
60JbLIOH pacXxofl, OYEBHAHO, YTO BepXHeH rpaHUIBl AJs KO3(pGhHUIH-
eHTa MNMPOAYKTHBHOCTH He cyulectByeT. OnHaKo CyLleCTBYeT HHKHAS
rpaHuna. Oana U3 BO3MOXHHIX IPH 3TOM MOCTAHOBOK 3ajJa4H COCTO-
HT B cjenywoueM. PaccMorpum OeckoHeunyio Tpybky C, W nepecexa-
jolLyio ee moBepxHOCTb C,. IlocTaBHM 3amayy o6 onpenesieHHH TaKo#
noBepxHoctu C), oTcekawuieil BMecTe ¢ nosepXHocTAMH Cp; u Cq 06-
aactb D 3aganHoro o6vema V, 4To6H KO3()@HIHEHT NPOLYKTHBHOCTH
3Tof obaactu (npu Bxoge C;, Buixoge C, U HeNpOHHIAeMO# TpaHHIle
C,) 6bl1 MUHHMaJeH.

OkaswiBaercs [17], uto ma uckoMoit rpanune C; [JOJKHO BHINOJ-
HATBCSA JONMOJHHTEJbHOE YCJOBHE IOCTOSHCTBA IIOTOKAa: Kn,=const.
Ilns OAHOPOAHOrO MJjacra 3TO NO3BOJASET B SBHOM BUAe cHOPMYJH-
pOBaTb H peLIHTb 3aAaYy OTHICKAHHA 006JacTH MHHHMaJbHOTO pac-
xona.

[Ipumep 1. IycTs 3anaH ropH3aoHTaJAbHBIH IIACT MOCTOSTHHOH MOIMHOCTH C KOH™
TypoM nuTaHus C, Ha KOTOPOM MoJJiepKMBAETCA NOCTOSIHHOE JaBieHue P, H c n 3Ke

IUIyaTalHOHHEIMH CKBaXXKHHAMH DajIuycoB 7y, NOMEIIEHHLMH B TONKAX 2, (¥, yi). [lo Tex-
HOJIOTHUECKHM COOOpaXKEHH sIM I/l KaxKROH CKBAXKHHLI YCTaHAB/JHBAETCS HEKOTOpoe MUHH-
MajbHOe TOMYyCTHMoe 3HaYeHHe 3a6oiiHoro AaBiaenus P7-, TpeGyercs Tak BuiGpaTh 3a6oii-
Hoe MasieHHe P, M3 RONYCTHMOTO NHanasoHa M KaXIoH CKBaXHHHI

P <P, <Py,

9706bl CyMMapHbHi AeOHT cKBaHH Q OBUI MaKCHMAanbHEIM. »

[lpsamMoe pewenue sToil 3afaun TpebyeT HOCTAaTOYHO CJOMHEIX pacueroB. Bmauare
cneloBaio Gbl, peluasi 3alady HamopHol OCHIbTpausH Ris 00JACTH CO  CKBaXKHHaMH,
HaATH 3aBHCHMOCTb ReOMTOB oT 3aGofiHbIX AaBienuil:

Q=Y A;(Po— Py,

=l
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rie A;; — matpuna kos(@riHEHTOB BIHAHHA, a 32TeM MAKCHMA3HPOBATH CyMMY

n
Ele: Ay (Po— Py
i= :

e

=1

¢ yueToM orpanHuenns (11.67).

Ha camom gesne Bo BceM 3TOM Her HeoO6xoluMoctH. OCHOBHIBAasicb Ha TMpHHLUHNE
MAaKCHMyMa, MOXHO TNMOKa3aTh, YTO MAaKCHMaJbHbIH CyMMapHbIl JeOHT AOCTHraeTcs NpH
MHHHMaJIbHBIX JOTYCTHMHWX 3a60HHBIX NaBJEHHSX.

leficTBUT @IbHO, TYCTb D (X, y) — PElIEHHe 3allayH HanopHOH (HALTP=UHH, OTBE-

yaloiiee PAHHYHEIM YCJIOBHAM pO\CK =P.", a p(x, y)— pemeHHe L1s APYroro Ha-
Gopa 3HaueHuil INaBjeHMil Ha CKBaXMHax P, yloBlerpopsiouwero ycaoBusm (11.67).

CoctaBHM pasHOCTb p (X, y) = p — Po. Tax Kak 3ajlaya HanopHod (uAbTPALHH JIHHeH-

Ha, p— pelleHHe, KOTOpoe Ha KOHType nHTaHHsi C, ofpamnaetcs B Hy/lb, @ Ha KOH-
Typax ckBaxHH C, NPHHAMAET TNONOKHTENbHble 3HadYeHus. [lo mpunuMNy MaKCHMyMa

BO Bcell oGiacTH (H/bTpALHH

P ) >0=minp [Co Cpy -eur Cor - r Cp)e

K?

Orciola M H3 YCIOBHA Ha KOHType NHTaHHA py==0 HaXoguM, u4To Ha KoHType

nuTaHudA 8p/0v > 0, rpe v — nanpaBneHHe BHyTpeHHe#l HopManu. CieloBaTesbHO,
u, — uy, = — (k/p) (9p/dv — dpo/dv) < O,

Q = § u,dS < Qy= § uy,dS.
C C

3To H JOKa3blBaeT CAENaHHOE yTBEpKIEHHE.

IipuMep 2. PaccMoTpHM CKBaxKHHY pajHyca p, LEHTPaJbHO DacMooXKeHHYI0
B KpyroBoM mnuacre paiuyca R. JlomycTHM, UYTO 3Ta CKBaXHHA OKPy)XeHa 30HOH ¢
NpoHHaeMocTbio £* < k., [lonbiTaeMcst oHeHATb, KaK 3TO MOB/MAET HAa Ac¢OHT CKBaXKHHbI.

O6o3HauuM uyepes r__ H r4 MaKCHMaJbHOe H MHHHMAIbHOE DACCTOSHHS OT HEHTpa
CKBAaXHHH 10 TPAaHHUH 30HH yXyIWIEHHOH NpOHHIAeMOCTH. [{e6MT CKBAaXKHHB OKa3bi-
BAeTCH 3aHHXKEHHBIM, €CJIH CYMTATh 30HY H3MEHCHHOH MPOHHIAEMOCTH KpyroM paldyca
74+ M 34BBILIEHHBIM, €C/H NPHHATb paldyc 3oHH paBHHIM r_. Takum obpasom,

Qp <Q<Q_; Q. =2=kh(P,—Py)p~" (InRir_ +k/k_lInr,fp).  (IL67)

dakTHuecKH, ecqu pa3Mep 3arps3HeHHON 30HEI COCTAaB/sET HECKONBKO METpOB, a
r_ M ry OWIHY3IOTCH B HECKOJIbKO Da3, NpaBsble H JeBble 4acTH Hepaserctsa (11.67)

fnu3ky Mexaly coBofi. B pesysbTaTe oKasbiBaeTcsl H3JHIUHHM KETAaNbHOE HCCAENOBAHHE
BJHSHHA (opMbl 30HBI Ha BeJHUHHY aebHTa.

ITpumep 3. PaccvotpuM mjact, amaoumit GopMy pasHoGelpeHHOTO Tpeyrosb-
HiKa ABC, B sepwmHe A KOTOpOro ¢ yIJIoM a DAacloNOXKeHa CKBaMHHa palHycom p.
Honycrum Takxke, uto croponn AB  AC HenpoHHuaemsl, a ocHoBaHHe BC sBaserca
H300apoit («KoHTypoM NHTamusv). s oueHKH NeGHTa CKBaXKHHbI NPHMeM CHauad,
4TO MACT pa3OHT NpAMONHHEAHHIMH TIpaHHIaMH HAa Y3KHE CEKTOpHA/bHHE TpYOKH
ToKa. CyMMHpysi uX HeOHTbI, MOJYHHM

o a 1
Q=0Q_= S w[ln R ]—ld?zwg[ln-{i—lncosw] dp.  (11.68)
Y. P p cos ¢ B 5 ¢

3arem, pa3buBas IIAcCT Ha TOHKHE CJIOH KOHUEHTPHUHbLIMH CO CKBaXHHO# H3006a-
paMH, noaydnm

dr . QkhaAp

R
= y Ap = ._P'__— = ——— 1.69
V=0 Q+§ Skhz + 7 L Tn (Rlp) U169
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[To mokasaunoMy, Ana uctuHHoro Hebuta Q mmeem Q_ < Q < Q

In cos a1—1 In cos ¢71—1 uQ R
[ ~In(R/p) ] @ S [ —i{n R/p P < mln o < 1.  (IL70)

JlocraToyHas s TexnuueckHXx pacuetoB 10 %-Hasd TouHocTb 3aBefloMo cGecmeuH-
Baercs npu R/p = 100 Bosots go a = 0,9 = 51°.

[Tpumep 4. HonycTuM, 4TO HMeeTCs ILIOCKHA R1acT maowafbld S ¢ KOHTYpPOM
nutanua C M ¢ KpyroBoit raiepeelt pafuycoM p < R = (S/m)'/2.

Buinonnsas cCHMMETPH3ALHIO OTHOCHTeNIHO OCH rajepeH, NOJyuHM 3allasy o Teye-
HHH MeXZAy ABYMsS KDYTrOBhIMH rajepeaMH paluycos p H R. [lo ckasanHoMy Buiwe,
Dst De6HTa HCXOLHOW 3afad4d HMeeM

27:khAp
“TnR/p < Q. (IL7Y)

§ 3. YcraHoBuBLIHecs Ge3HANOPHbIE TEYEHHUS

bBesnanopHuM HashBaeTcss (QHUABTPALMOHHOE TeUeHHE, HPH KOTO-
pOM NOJIHHIA HANoOp HeJOCTAaTOUYeH AJSA TOrO, 4YTOOGH KMAKOCTb I0OJ-
HSJIach O KPOBJH IIacTa, B pe3yJbTaTe 4ero (UJIbTPALUMOHHBIH MO-
TOK OrPaHHYHBAETCS CBePXy CBOOOJHOH NOBEPXHOCTHIO — IIOBEPX-
HOCTBIO pa3fiena MexJAy TPYHTOBHIMH BOJAMH H BO3LYXOM HJIHM MeXIy
He(Tblo U razoM. AHajJlOTHYHOe TeyeHHe HMeeM B Tex CJ/yuyasix, Koria
HOJ C/oeM JBHXKyIleHcs HedTH pacrosaraercsi HeMOJABH)XKHAs MO/OLI-
BeHHas BOAa. B TepMHHe «cBOGOAHAas MOBEPXHOCTb» npeHebperaercs
TeM OOGCTOATEJNbCTBOM, 4YTO mepexojHas o6JacTb MeXIy XUAKOCTBIO
H [a3oM HJIH MeXJy JNBYMs XKHIKOCTAMH B IIOPHCTOH cpeie He fABJd-
eTCs pe3KOH rpaHHlUed Tuma TIpaHHIB BOJAa — BO3AYX B CTakKaHe,
a 0053aTeJIbHO pasMbiTa H3-3a JEHCTBHA KaNHIJAAPHHX cHA. Tosmu-
Ha KAaMWJJISAPHOIO NEpexOJHOro cJjos H3MepseTcss AeCATKAMH CaHTH-
MeTpoB u MeTpaMmHu. Ilo3TOMy KpaTKo paccmaTpHBaeMass B 3TOM
naparpade TeopHs OKa3biBaeTcd TeMm O6oJjee TOuHOH, uyeM O6oJbile
XapaKTepHbie pa3MepH MOTOKa.

Bynem paccmarpuBarb, TakuM 00pasoM, CBOGOAHYIO IDaHHLY Kak
MaTeMaTH4YeCKYyl0 IOBEPXHOCTb, OTAEJAMYI0 (HJIbTPALHOHHHE mO-
TOK OT 00J1aCTH, 3aHATOH HEMOABHXHOH XHAKOCcTblo. Ha 3TOll rpanu-
Lle JAOJKHb BHINOJHATHCA JBa (PU3HUECKHX ycsoBHs. C OAHOHA cTOpO-
HH, TaKas I[OBePXHOCTb [pelACTaBJseT CO60H MOBEPXHOCTb TOKa, Ha
KOTODOHl HOpPMaJbHas KOMIIOHEHTa CKOPOCTH ofpamaercs B HYJb:

tnlr =0, (11.72)

a ¢ Apyrofi CTOPOHbI — JaBJjieHHe Ha CBOOOAHOH TIpaHHUE omnpejes-
eTcs THAPOCTAaTHYECKHM JIaBJeHHeM IMOrDAHHYHOH ¢ (PUABTPALHOH-
HBIM MOTOKOM HENOJBHXHOH XKHIKOCTH, H TIOTOMY

Pl = po—o'ge, (I1.73)
rie p’ — IJIOTHOCTb «COCERHEH» XHAKOCTH; po— AaBJeHHe B 3TOH KHJ-
KOCTH Ha TOpPU30HTaJbHOH moBepXHocTH (2= 0). B uactHoctH, ecau

(UIBTPAUHMOHHBIA MOTOK [PAaHHYHT C YACTbIO [JacTa, 3am0JHeHHOH BO3-
JAYXOM HJIH rasoM I[peHeOpexuMO Majod mJIoTHOcTH, To u3 (11.73)
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NOJY4aeM YCJIOBHE MOCTOSHCTBA JaBJIEHHS Ha CBOGOAHON NOBEpPXHOCTH
6e3HaNoOpHOro MOTOKA p|r = pg. VIMEHHO BuiMOJIHEHHE 3TOro YCJAOBHSA
XapakiepHo jajst Ge3sHamopHbIX TeYeHHH.

Cso6osHasi rpaHHIa OT/IHYaeTcs OT 3aJaHHHIX 3apaHee TeM, YTO
Ha HeH cTaBATCA ABa TPaHHYHMX YCJOBHS BMeCTO OAHOro. JIHuHee
KpaeBoe YCJOBHe CJYXHT JJs OTHCKaHHS HEW3BeCTHOH 3apaHee CBO-
604HOH rpaHHILH.

Be3nanopuble GHABTPALHOHHBIE TEUEHHS] HIPAIOT OCHOBHYIO pPOJib
B TEODHH JBHXXEHHs TPYHTOBHX BoJA. B Hacrosilliee Bpemsl co3aaH
aHAJMTHUYECKHH amNmapaT, NO3BOJSIOILHH TOJYYHTb TOYHHE pelleHHs
psAa BaXHHIX 3aAay. IDTH 3aJaYH H HX peLIeHHs pacCMOTPeHH Je-
TaJbHO B KJjaccHueckoit MoHorpaduu II. 5. Kounnoit [33], a Takxke
B [34]. B nocienyiolleM H3JOXEHHH HCIOJAb3yeTcs JHWbL NpHOJIH-
JKeHHash THApaBJHYeCKas TeOpHs TaK Ha3biBaeMhHX noJorux ©Oe3Ha-
NOPHBIX JBHIKEHUH.

ITox monorumM ¢HUIbTPALMOHHHM [BHXEHHEM I[IOHHMAaeTCs ABHXe-
HHe, NPOUCXoAslllee B MJjacTaX ¢ KOHeuHoH riayOHHOH Bojgoynopa, B
KOTOPOM BepTHKaJbHasi KOMIIOHEHTa CKOPOCTH (HJAbTpAalHu U, MaJa
N0 CpaBHEHHIO ¢ TOPH3OHTa/JbHOH KoMmoHeHTOH. Tak Kak xapakrep-
HOH CKOpOCTbio NMpH 6e3HanopHOM (GHJILTPALHOHHOM [JBH)KEHHH §B-
asetcs kKo3pduuueHt duaptpaunu C — cm. dopmyay (I. 7), to ro-
PH30HTAJbHAsE KOMIOHEHTa CKOPOCTH MoXeT Obith nH6o mopsgka C,
au60 Mana no cpaBHeHHIo ¢ C, T. e.

1z & C = kogly. (I1.74)
310 HEpPAaBEHCTBO MOXHO NEpENHCATH e€lle TakK:
plilk & pg. (11.75)

Ho pu,/k npepcraBasier co60d Ty YacTb BEePTHKAJbHO KOMIIOHEHTHE
rpajHeHTa AaBJeHHs, KOoTopas oOycJioBjeHa ABHXKeHneM. M3 Hepa-
BeHcTBa (II.75) cuenyer, 4TO BepTHKaJbHAs KOMIOHEHTa (GHJAbTPALH-
OHHOTO TpajJiieHTa AaBJeHHs IPH NoJorHX Oe3HANOPHBIX JIBHIKEHHSX
MaJja [0 CpPaBHEHHIO ¢ ruapocratHyeckoil. [lostoMy pacnpegenenue
JaBJieHHsl N0 BEPTHKAJH MOXHO NPH INOJOTHX jBHXEHHSX CUHTaTb
rHApocTaTHYeCKHM. BhiBeeM OfHO BaXKHoe A5 JajibHeHIIHX paccyx-
JeHHi cooTHoleHHe. PaccMorpum 06beM V, orpaHuueHHBIi CBOGOI-
HOHl NOBEPXHOCTHIO XKHAKOCTH H HEKOTOPOH LHJIHHAPHYECKOH IOBepX-
HOCTBIO C BepPTHKa/JbHBIMH oOpasywnouluMH. O603HayHM depe3 h pacs
CTOSIHHE OT CBOGOJHOH NMOBEPXHOCTH XKHJKOCTH 10 BOAOYNOpa, a yepe3
2y paccTosiHie OT BOJAOyNopa A0 TOPH3OHTaJAbHOH MJockoctH z2=0,
O6beM XHAKOCTH, 3aKJlO4yeHHo# B ob6sactH V M npHpalleHHe 3TOro
o6beMa 3a BpeMsl df paBHBI COOTBETCTBEHHO

SmhdS, Sm%’;ds dt, (11.76)
S S
rae S — npoekuust obbeMa V Ha TOpPH3OHTANbLHYI NJIOCKOCTD.

BMecte ¢ Tem yKkasaHHOe npHpauleHHe OGBEMAa PAaBHO OOBEMY KHJ -
KOCTH, NpHTeKawoillej B ofsacte V u3BHe 3a Bpems df:
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h+tz, 2k

—dt{dl ( undz= —dt { q.dl, g = | ndz, (I1.77)
r 2, r 2y

rge I' — 3aMKHYTHIH KOHTYp, OrPAaHHYHBAIOIHH [JIOWAAKY S; tp—

HOpPMaJIbHAsT KOMIIOHEHTa CKOPOCTH #; ¢n— HOPMaJbHasi KOMIIOHEHTa

BeKkTOpa NOoTOKa ¢ Ha T

Tpupabnusas (11.76) u (11.77), no ¢opmyse npeobGpasoBaHusi KOH-
TYpHOrO HHTErpaja B HHTErpal MHO IVIOMAAH H C YYeToM TOro, 4ro
nJomagka S MoxeT GbiTb BhLIOpaHa MPOH3BOJbLHO, MOJY4aeM YypaBHeHHe

mh - diveg = 0. (I11.78)
3amernM, uto ypaBHeHue (II. 78) — ToyHoe, crnpaBelJiHBOE He3a-
BHCHMO OT KaKHX-JH60 momnylleHHH.

JJIsi yCTaHOBJIEHHSI CBfI3H MeXAY ¢ U h BOCNOJb3yeMcsi Mpealo-
JIOXKEHHEM O TOJIOTOCTH JIBHKEHHS.

ITo npexpwigymeMy, naBjieHHe B 3TOM cJydae paclipepeJsieTcs IO
BEPTHKANH C TOYHOCTBIO O MAaJsbIX BeJHYHH IO THAPOCTATHYECKOMY 3a-
KOHY, TaK uTo BeJqWunHa H =2z p/pg BIONb KaXj0H BEPTHKANH
Gyner noctosiHHa H paBHa A - zq:

H="h-+2)}0(u/C); u=—Cgrads(h 4 29) -} O (us).

TakuM o6pasoM, mpeHe6perasi MaJbiMH BeJHYHHAMH, CKOPOCTb U«
MOXKHO BHIHECTH H3-II0J 3HaKa HWHTerPHPOBAHHSA [0 BEPTHKAa/H B CO-
otnouennd (II. 77), onpeneasioweM Bektop g. [lonyuaem

q = — Chgrad, (h + 29). (11.79)
Ioncrasasasa (11.79) B (I1.78), umeem
h, o= (Clm) div (hgrad (h + z0)). (11.80)

B uacTHOCTH, €C/AH MOBEpXHOCTb BOJOYNOpa IpejacTaB/isieT CoOGOH
rOpU30HTAJbHYIO TJIOCKOCTb (29 = 0), ypaBHeHue (11.80) npunnMaer Bux:
h = aldh?, a= C/2m = 2—kpg (pm)~1. (11.81)
Ypasaenns (11.80) u (11.81) 6utsin BnepBbie nonyyenn ByccuHeckoM.
Ilna cTanHoHapHbIX ABHXKEHUH ypaBHeHre DByccHHecka mpuBopuTCS

K ypaBHeHHI0 Jlansaca A/ KBajgpaTHYHOH (YHKIIHH Hanopa:
Ay =0, yx=2-1(h 4 2hzy). (11.82)

Teopust noJOrHx Ge3HAMOPHHIX ABHXKeHH{i upubAMKeHHas, He-
CMOTDPS Ha 370, NPH QUJILTPAIHH B 06JIaCTH, OrpaHHYEHHOH IHJIHHI-
pHYeCKOH MOBEDXHOCTHIO C BEpPTHKANbHHIMH OOGPa3yiOUIMMH H TOPH-
30HTAJIbHBIM BOJOYIIODOM, Ha OCHOBe TaKoi TEOPHH MOJY4aloTCs
TOYHBIE 3HAU€HHS [JeOHTOB H TOUHbIe paclpejlesieHHs [0 IJIOCKOCTH
BEKTOPa HHTErpajpHOro noToka ¢ [34].

§ 4. HecrauuoHapHoe NBHKeHHe
OlHOPONHO# CXKUMaeMo# KuaKoctH. Jluneiinas reopus’

IToctranoBka oCHOBHB X 3agau. [Ipocrefilini u Haubosee
H3Y4YeHHHH ciy4Yall HecTallHOHapHOH GHJIBTPaUHH — ABHXKEHHe OFHO-
! Cum. Takxe [47, 6, 12, 44].
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pOLHON cnabocKHMaeMOH XHAKOCTH B YOpyro JedopMupyemMom Ina-
cre. o ABHXeHHe (cM. § 1.4) omHCHBaeTcs ypaBHEHHEM HbLE3OMNpPO-
BOJHOCTH IJ151 AaBJeHHSA p

0plot = x (0°p/0x? 4- 0°p/0y? + 9%p/322) = xAp, (I1.83)

no ¢opMe COBNAAAIOUIHNM C KJACCHYECKHM ypaBHeHHEM TeNJONpPOBOL-
HOCTH.

O6sacTe, B KOTOPOil HILIETCS pacnpejesieHHe JaBJeHHS B XHAKO-
CTH, Ta Xe, YTO paccMaTpHBajach IJs CTalHOHAPHBIX TeYyeHHH: IMo-
PHCTHI IJIACT, 4acTb [PaHHI KOTOPOro HenpoHHIAeMa, a Apyras
4yacTb coO6LIAeTCS C BCKPLIBAIOUWIMMH IJACT CKBAaXXHHAMH H COCeJHH-
MH NJ1aCTaMH.

I'paHHuHBEIe YCJIOBHA B 3ajayax JHHEHHOH HeCTaLHOHADHOH (HILT-
paliHH 3aJalTCs Ha rpaHHUAX TOTO XKe THMA, 4TO H B 3ajadyax Ha-
NOpHOH CTAlHOHAPHOH (HJAbLTPAalLUH: HEeNMPOHHLAEMBIX IpaHHHAX, CKBa-
JKHHaX, ranepesix, KOHTypax nHtaHHA. OJHako Tenepp JaBJieHHe,
Hamop WM pacxofl, 3ajaBaeMbie Ha CKBaXHHax HJH rajepesx, sBJs-
10Tcs1, BoOOIe roBops, QyHKUUAMH BpeMeHH. YUacTo B MOJe/bHBIX 3a-
Jadyax 3ajaeTcsi MTHOBEHHOe H3MeHeHHe aaBJieHHA HMJH pacxoja Ha
CKBaXKHHe HJIH rajiepee OT HAYaJbHOrO A0 HEKOTOPOro KOHEUHOro, YTo
COOTBETCTBYeT (pH3HYeCKH OLICTPOMY WYCKY HJIH 3aKPBITHIO CKBaXKHHBI
HJIH TaJjlepeH.

Bce npuHAThie 06BLIYHO BapHaHTH TPAHHYHBIX YCJOBHH YKJaAbl-
BalwTCcA B 061y popMy

(ap 4+ boplon) =f(x, y, 2, ¥), a®+ b2+ 0; bla>0. (11.84)

M3 obuleft TeopHH ypaBHEHHS TENJIONPOBOJHOCTH H3BECTHO, YTO
ec/ M Ha rpaHHue o6aactu 3agaHo ycioBde (I1.84), a B HawaibHbI#
MOMEHT BpeMeHH =0 ycJjoBHe

P 4 2, 0)=¢(x ¥ 2), (11.85)

TO CYIeCTBYeT eIHHCTBEHHOe paclnpejeJeHHe paBJeHHA p(x, Yy, z, ),
ynoBJerBopsollee ypasHeHu!o (I1.83) u ycnosusam (I11.84), (I1.85), He-
NpepriBHOE B 3aMKHYTOH ofsactH D, BKJOYas TIpaHHOy, Ha JI0G0M
KOHEUHOM HHTepBase BpeMeHH 0 <<f < T.

Xopoulo paspafoTaHHas TeXHHKa pelleHHs ypaBHeHHs TeIJIonpo-
BOJLHOCTH (cM., Hanpumep, [40]) npHMeHHMa M K 3alayaM TeOpHH
ynpyroro pexuma ¢uabtpauud. OgHako crnenudHka 3THX 3alad, CBf-
3aHHasg C HaJHYHeM HeKOTOPHIX MaJjblX NapaMeTPOB (HampuHMep, OTHO-
IIeHHe pajuyca CKBAaXKHHH K pacCTOSHHIO MeXAy CKBaXKMHaMHM, pac-
CTOSIHHE MEXIy CKBAaXXHHAMH K PACCTOSIHHIO JO KOHTypa IHTaHHA)
B Dsilie CJy4aeB CyLIeCTBEHHO yNpollaeT pelieHHe.

B THNHYHEIX yCJOBHAX HedTAHOTO HJH ra3oBOTO MeCTOPOXKIEHHS
HJIH BOJOHOCHOrO IJIaCTa TOJILMHA MJ1acTa MHOrO MeHbllle ero TOpH-
30HTA/IbHOH NPOTSAJKEHHOCTH, YTO MO3BOJSET paccMaTpHBaTb TeueHHe
KaK IUIOCKONapaJJesnbHoe. PaccMOTpHM HECKOJLKO  XapakTepHbIX
caydaeB.
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[lnockomapannenbHoe OJHOMepHOe JABHXEHHE.
TlycTh CKOPOCTb TeueHHS NapajselNbHa OCH x He 3aBHCHT OT KOODAH-
HaT y U 2. JlaBjieHHe NpH 3TOM YAOBJETBOPSeT ypaBHEHHIO

Oplot = »0%piox? 0 << x < L. (11.85)

HaunGosiee HHTepecHH! CAy4yaH, JJS KOTOPHX B HadaJbHBEIA MOMEHT
BPEMEHH [IBHXKeHHe B NJjacTe crauHoHapHo. IlocKoapky cranHoHAap-
HOe pachpele/eHHe JaBJeHHS TakKXe YJOBJeTBOPSAeT ypaBHEHHIO
(11.86), yno6HO OTCUMTHIBaATL JaBJieHHe B KaXXAOH TOYKE OT cTalHO-
HapHoro 3HaueHHs P o(x). Takum o6pasoM, pasHocTs P=p— Py
yaoBjeTBopser ypaBHeHHio (I1.84) ¢ uyseBnIM HaYaJbHBIM YCJOBHEM
P (x,0) =0.

[lycth npu x==L (Ha KOHType NHTaHHusI) NaBJIEHHE COXPaHseT I10C-
TOSIHHOE 3HauyeHHe, paBHOe HayaJbHOMY, a 4epe3 ceueHHe x=0 oT6H-
paeTcsi XKHAKOCTb, H JaBJeHHE B HEM MeEHAercs N0 3akoHy p==f({).
YTo6H MONYYHTL PellieHHe NMPH YKa3aHHHX HayaJbHBIX H KpaeBhHIX yC-
JIOBUAX, NIPHMeHHM npeo6pa3oBaHue Jlamaaca, T. e. BBeieM ¢yHKUHIO

L{P(x, t)) = P (x, o) = [ e—"P (x, {)dL. (11.87)
0

Ias P nonyynM 3apauy
P(0)=L{f(®)}) = F(o); (11.88)

2T 2_ 2P —0 _
d?Pldx? — v?P = 0; B(l) = 0; v = ofx,

HMelOlIlle pelieHHe
P = F (o) sh{(L — x) v)/sh (Lv). (11.89)

UTo6bl NepeliTH OT H300paxeHuss K ¢yuruuu P (x, f), npeanono-
JKHM BHayaje, YTo B ceueHHH x =0 paBJeHHe MTHOBEHHO NpHHHMAeT
¢ukcuposanHoe 3nauenue P = p®=~0. Toraa F (c) = p%s.

P = (p%s) sh{(L — x) v}/sh (Lv). (11.90)

PaccMOTpUM acHMNTOTUXKY pelIeHHA Npu MajblX BpeMeHax, 4:My,
COrJIacHO TeOpuH npeofGpasoBaHua Jlanjaca, COOTBETCTBYIOT OGoJiblliHe
3nayeHus |o|. Beipasum B (I1.90) rumepGosnyeckH: GyHKUHH uepes

[+}
rnokasareJsibHble H, cuuTas 2L V; > 1, pasjoxHM 3TO BbIpaxKeHHE B

psia nmo cremedsiv exp (—2L Va/x), T.e.
P (x, o) = (pO/G){ Y exp (— v (x +2Ln)) — 3" exp (— v 2L (n +
n=0 n=0
+1)—x)) } (11.91)

ITpoussoas nouse HHoe o6pamenune psga (I1.91), ¢ nomoukio dop-
MyJ obpalileHHs, BbIBeJ€HHbIX, HampuMmep, B [25], HMeeM

P(x, )= PO Y |eric([(2Ln + x)/2 V +d] —erfc[(2L (n + 1) —
n=0
— x)/2 V %]}, (11.92)
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Pap (I1.92) cxonntcs npu Bcex { W x. PacCMOTDPHM EHauale acHMI-
TOTHKY NpH YycnoBuH L°/xt>> 1. Torza B BblpaxeHHH uis P(x, )
MOXKHO Bce 3HaueHHs eric 3aMeHHTb HX mpelejbHbIMH erfc (o) =0,

X
HmMeem

2V«
P(x, t) = pYerfc [x/2 )V xt]. (11.93)

Ilonyuennce pemenre (I1.€3) mmeer pecaknit cmblca. C opHol cic-
POHBI, CHO CDK(HIEZET paclpeleseHHe IapseHHS B IlJlacTe KOHEYH( i
ZanEbB L npu Masnix BpemeHax vf <« L2, C ppyrofi cTOpOHBI, OHO ji €T
pacnpejesieHHe AaBreHHs B IJacre GeCKGHEUHCH NpOTsXeHHOCcTH L —
— oo. Jlic6oe KOHeYHOE H3MeHeHHe JaBJeHHs paclpocTpaHsAeTcd 3a
33aJJaHHCE BpEMs JYIlb HA KOHEYHCE pPAacCTOsIHWE H, €CJIH paccMaTpu-
BAIOTCS Masble BpeMeHa, MCXHO CYHTaTh DJacT 6ecKoHeuHbIM. Pelnenue
(I1.93) aBTOMOZEeNBHO: He3aBHCHMble NepeMeHHble X H ! BXOIAT B HEro
aumb B KoMGHHzuuH X/} xt.

B cuny smuefinoctu ypasuenus (I1.86) pelnenwe pas caywas mpo-
u3BoJbHoro Buaa ¢yuknuu P (0, {) = f (f) MOXKHO NMOJYYHTb C NOMOILIO
NPHHIMIA CYNEpPIO3MIHH C HCIONb30BaHHeM uHTerpana Hroamens

P(x, t) = f(df(t)/dt) Pi(x, t —t)dr, (11.94)
0

3a HCKJ/IIOYHEHHEM 4JieHa psAja erfc

rae P (x, {) — pewenne (11.92) unu (11.93) nas cayvas ckaukoobpas-
HOro H3MeHeHHs naBJeHHA npu x = 0.

PaccMoTpuM  Tenmepb  IPOTHBOMOJIOKHYIO —aCHMOTOTHKY ¢ L?/x,
B 3toM caywae BmipaxeHue (I1.92) Heyno6HO TeM, 4TO NpHXOLUTCSH
CYMMHPOBaTb MHOro 4YJeHOB psina. HToOwl MONYYHTHL pellleHHe B GoJsee
vaoGHOM BHJIE, MOXKHO BOCIMOJbL30BAThCS TaK Ha3biBaeMOH BTOPOH Teo-
peMoit pasjoxeHuHs Iis npeoGpazosanusi Jlamaaca [25), corsacHo
KoTopoi peryasipHass QyHKUns F (o), cTpeMmsiiascad K HyJIO 0pH |s|—
— oo, fABJIAETCS NpeoGpasoBanueM Jlamjaca ¢yHKUHH

D (f) = kZ Res [F (o) e°!], (11.95)
i

rje cCymMMa BbIYETOB 6epeTcs 1O BCceM OCOOBIM TOYKaM or ¢GyHRUHH F (o)
B NopsiiKe HeyOblBaHHA HX MopyJed. Torma ana F (o), BbpaxkaeMoro
dopmyoi (I11.90), nonyunm passoxeHne
Pi(x, ) =p"(1 —x/L) —2p%=—"sin[x (1 — x/L)] exp (— =2xt/L2) +
+ O [exp (— (4 — &) =?xt/L?)]. (11.96)

Uz popmyan (II. 96) BuAHO, YyTO MPHONHKEHHE K CTALHOHADHOMY
JIHHEHHOMY paclpele/eHHI0 AaBJeHHsI NMPOHCXOAHT 3KCIOHEHLHAJBbHO,
NpHYeM XapaKTepHOe BPeMs BHIXOJA HAa CTALHOHAPHHIA peXHM HMEET
0P AOK

v Lix—1n—2, (11.97)

Hns THNHYHBIX yCJOBHH (HIBTPaLHH MaJjoBA3KOH HedTH HJH BO-
OBl B KOJIEKTOPaX € BHICOKOH INPOHHLIAEMOCTbIO x HMEeT MOPALOK
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10* cm2?/c. Torpa us (11.97) caenmyer, uTo xapakTepHoe BpeMs mepe-
XOMHBIX TMpPOIECCOB B MafHX G6JOKax MOpoAsl MNpPOTAXKEHHOCTHIO
I MmT=0,1c, npu L =300 M (mopsilka pacCTOSHHS MeXK]y CKBaXKH-
Hamu) t~3 4y, L =10 KM (mopsiika pasMepoB MeCTOPOXKIEHHS)
=100 ¢yt u npyu L=100 kM (mopsiika pa3MepoB KpyIHO{l BOJO-
HamopHoit cuctembl) T = 10° ¢ =~ 30 ser. B KoaJeKTOpax ¢ BHICOKO-
BSI3KOH HedTbi0 H HH3KOH NPOHHIAEMOCTbIO 3HAYEHHE X MOXeT OKa-
3aThCcsl Ha OJHH-IBAa TMOpsiAKa MeHblre. Torja COOTBETCTBEHHO HaA
OIMH-IBa MOPAAKA YyBEJHYHBAIOTCH 3HAUEHHS XapaKTePHBIX BPeMeH.

B npakTtHyeckHX 3ajadax 4YacTo NPHXOAHTCH paccMaTpHBATb He-
CTallHOHADHBIE TPOLECCH B CJOXKHBIX CHCTEMaX, B KOTOpHe BXOISAT
3J7IeMEeHTHl C Pa3NHYHBIMH cOOCTBeHHBIMH BpeMenaMHu. OueHHBasi Bpe-
Msl YCTAHOBJIEHHS CTallHOHADHOFO TedYeHHs1 s KaXJO0ro 3JIeMeHTa,
MBI YIIPOCTHM 3a7a4y, OTAEAHB Te 3JEMEHTH, ABHXKeHHe B KOTOPBIX
MOXHO CYHTATb CTAUHOHAPHBIM, H Te, B KOTOPHIX HECTAlHOHApHBIA
NpOollecC HAXOAHTCH B HAUaJIbHOH CTAAHH.

[InockopanunaabHOe ABHXeHHe PaccMoTpuM oJHOMep-
HOe OCeCHMMeTpHYHOe (IJIOCKOPajAHaJibHOe) HeCcTallHOHapHOe Teye-
HHEe, COOTBETCTBYIOIllee HECTALlHOHADHOMY NMPHTOKY K OJHHOYHOH CKBa-
JKHHe B KpyroBoM IacTe. PacnpesnesneHne paBJeHHs OINpepeasieTcs
KaK pelleHHe YypaBHEHHS I1be30MPOBOAHOCTH C paAHaJbHOH CHM-
MeTpHed

Opldt = (xIr) 01rdp/or]lor 0 < p <r < R < o, (I1.98)
VJIOBJIETBOPSAIOIIEE HAYAJIBHOMY YCJIOBHIO
p(r 0) = F () (11.99)

H TPaHHYHBIM YCJIOBHSM IIDH r=p H r = R.

Kak u Bblwe, B cuay auwHefiHocTH YpaBHewus (I1.98) moxuo nox-
pasymeBarb NOX p TOJbKO OTKJOHEHHS OT CTALMOHAPHOro paclpexese-
uusi naBnenuss p= CInr+4 Cs, T.e. cuuraTh HayaJbHOE pacrpenese-
uue f(r)=0.

[Nepexoxs B ypaBHeHHH (I1.98) k wusoGpaxkennsiv mno Jlanaacy,
nosnyuaem

r=\d [rdp (r, o)dr]ldr = v?P (r, d), ¥2 = olx, (I11.100)
06Luee pewieHHe KOTOPpOro HMEET BHA
P(r, o) = Cilg(rv) + CoKo (rv) . (11.101)

rpe lo u Ko— moguduuupoBanumie ¢yHkuHH DBeccens or MHHMOro
apryMeHTa HyJIeBOTO MOpSAAKa.

ByneM nckarth pelleHHst Ansl cjaydas, KOrja Ha CKBaXXHHe 3aja-
€TCSl MOCTOsIHHBLIH Ae6HT npu Bcex ! > 0. Pemenue 3TOH 3agayn Hc-
nosb3yercss B Haubosee pacnpocTpaHeHHbx cnocofax oOnpenejeHus
napaMeTpos IJjactTa No Ha6JONEeHHSM HeCTalHOHADHOro INPHTOKA
K ckBaxuHe, [lonoxum

(2nk/p) (rdp/or) = — q = const uan
(0pl0ry,=p = — gp/2xkp = p°/p; p(R, £)=0. (11.102)
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Y 10BJIeTBOPSISt TPAHHYHBLIM yc/IoBHAM, moayuuM u3 (I11.101) u (11.102)
P (ra) = (p"1pvs )[Ko (Rv) To (rv) — Ko (rv) To (Rv)] :
111 (pv) Ko (Rv) + To (Rv) Ky (pv)]- (I1.103)
Panuyc ckBaxuHbl p o6biuHO paBeH 10 cM uau MeHee. Ecam pac-
CTOSIHME MeXNy cKBakMHaMH R > 300 M, TO aAs THIHUYHBIX YCJOBHH}

HCCJeNOBAHHSI CKBAXHHBI HAa HeCTal_IHOHaprII:"I NNIDHTOK MOXHO IIpH-
MEHHTDb «IIPOMEXYTOYHYIO ACHMITOTHKY», T. €. IIOJIOKHTb

o/ V2t K1 & RIV 4,

yTO MO3BOJISIET YNPOCTHTb BbipaxkeHue (I1.103), nonaras me<< 1 L

& RV dolx. Ilpn 5TOM MOXKHO HCIOJNB30BaTh ACHMIITOTHYECKHE (OPMYJBI
s Ko (2), Ki(2), Io(2) u I1(2) npu Goabwix H MajblX 3HAYEHHAX
apryMenra

Io(2) =e2(2r2)—'72, Ko (2) = e 2(n/22)'/* 22— oo

(I1.104)
Ko(z2) =~ —In(12/2) 1 =€ 20,
rae C= 0,7772 — nocTosiHHaA Jiaepa.
Torna us (11.103) noayuum
P(r, o) = —p a—'Ko(rv). (11.105)
B uactHocTH, 175 naB/iieHHS B CKBaXKHHe
P (p, o) = p"o=" In (ypv). (11.106)

OtmeruM BaxkHOe 06CTOSTENbCTBO: cooTHomeHHe (I1.105) He comep-
MHT pPaJHyC CKBaXHHbI p. ITO O03HAyaeT, uYTO B OGNACTH IPHMEHH-
MOCTH YCJIOBHS p?/xf < 1 pacmpejeneHHe JaBJNEHHS He 3aBHCUT OT pa-
auyca ckBaxuHel. Hchonb3ys Ttabuauupt npeo6pasoBanuit Jlanmjaca H
CBSA3b MeXJy npeo6pasopaHHeM QYyHKUHH Jlamaaca H ee nmpou3BOnHOM,
T0J1 yYHM

p(r, H)= 2-1p" Ei (— r2/4xt). (11.107)

Ilns paBieHHst Ha CKBaXKHHE C IOMOLIBIO ACHMIITOTHYECKOTO BhIpa-
xeHua Ei(—x)=Inyx npu x—> co uMeeM

p(p, 1) = — qu (4=k)="! In (yp% 4xt) = Qu (4xkh)—'In (2,25x¢/p?), (11.108)

rge Q — monHbl NeGHT CKBaXKHHBl (¢ — NeGHT Ha eIHHUIY TOJILIHHBI
niacra). @opmyaw (11.107) u (11.108) wuacTo HcnoawssyioTcs s
onpejieleHHsi [apaMeTpPoOB NJacTa 110 JaHHEIM O HeCTallHOHaPHOM
IIPHTOKE.

OnpepeseHne mapaMerpoB naacta. OOwuA npuHOHD
MCCAeJOBaHHs IIJIACTOB IIPH HeCTAaUHOHAPHOM TEYEHHH 3aKJIuaercd
B TOM, YTO NyTeM H3MEHeHHs DeXHMa 3KCIJyaTal{H CKBaXHH B ILia-
CTe HCKYCCTBeHHO CO3JaeTCA HeCTALHOHADHBH PEeXHM (HAbTPALHH
U u3MepsieTCs AaBJjieHHe B 3aBHCHMOCTH OT BPeMeHH B OZHOM HJIH He-
CKOMIbKHX cKBakunHaXx. Ha ocHoBe paHHbix 006 H3MeHeHMH ReGHTOB
H JaBJeHHs, HCIOJb3Ysl PelleHHs] 3a7au HecTallHOHAPHOR (QHJIbTpALHH,
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MOXHO OUEHHTb NapaMeTphl MJACTA — MPOHHLAEMOCTb, Mbe30NPOBOA-
HOCTb, PACCTOSIHUA [0 TPAHHI U T. 1.

CambiM mpocThiM M Hanbosiee yMOTPeGHTENBHEIM CIOCO60OM CO37a-
HHS HECTallHOHADHOI'O TCUEHHs sIBJIfeTCSl BpeMeHHas OCTAHOBKA OJl-
HOH H3 CKBaXKHMH. YCJOBHe ee OCTAHOBKH C MOMeHTa [, MOXHO pac-
CMATpUBATb KaK 3aJaHHe Ha CKBaXHHe NPH !>f;, NOCTOSHHOrO Je-
6uta — Q. Torma paBseHwe Ha 3a60e OCTAHOBJEHHOH CKBaKHHBI
onucbiBaercsa ¢opmynoi (I1.108), onpenensiroieii npsiMyo B KOOpAH-
HaTax p, Int. IIpH NOCTpOEHMH KpHBON BOCCTAHOBJIEHHS NAaBJEHHA
B OCTAHOBJIEHHOH CKBaXKHHe aCHMNTOTHYECKH NPSMOJHHEHHBIH yYacTOK
4aCcTO YCTaHABJHBAeTCs uYepe3 HENPOAOJIKUTENbHOE BpeMs, OOBIYHO
B NepBblEe yace (pHc. 5).

Ilycte ypaBHeHHe acuMnToTHl ecThb p == A In¢ -+ B. CpaBHeHHe ¢
¢dopmysioii (I1.108) nokaspiBaer, uto A = Qu/4nkn, B = A In (4x/1p?).
ITockoabKy 3HaueHHe Q H3BECTHO, TO IIOCJIE OnpejesieHHsl MO rpaduky
napametpoB A M B MOXHO HaHTH THIPONpPOBOAHOCTbL NJacTa kh/p u
OTHolIeHHe w/p?.

Crenyer yyHTBIBaTh, TO PajHyC CKBaXKMHH B (opMmyJe Aas npH-
TOKa OObIYHO He paBeH HMCTHHHOMYy BCJIE[ICTBHE TOrO, YTO CKBAXKHHA
BCKDBIBAaeT MJACT He Ha BCIO TOJIIHHY H He BCS MOBEPXHOCTH ee OT-
KpHiTa AJs (HABTPALHH YKHIKOCTH (HECOBEPIIEHCTBO CKBAMXKHHBI IO
CTeNEeHH M XapaKrepy BCKpHITHsA). Kpome Toro, kak 6BJIO NOKa3saHO
B § | nanHHOH rs1aBbl, Ha KaXYUHIACT PajHyC CKBAXKHHBI CYILIECTBEHHO
BJIMSieT 3arpsi3HEHHOCTb NPH3a60HHON 30HBI, rie NPOHHIAEMOCTL MO-
JKeT OBbITh CYLIECTBEHHO YMeHbUIEHHOH, MJIH HaJ/HuHe B Hell TPellHH.
IloatoMmy, 3Hasl BeJIHYHHY %/p?, HeNb3d MO OTAENLHOCTH ONpEIeNHTb %
H p?. Jlas onpezelieHHs1 Nbe3ONPOBOJHOCTH MacTa yaoGHee HCIOJ/b30-
BaTb MeTOJ THAPONPOCAYIUHBAHHA, T. €. HCCJIEJOBATL H3MEHEHHE [aB-
JIEHHs! B pearupyollleli CKBa)KHHe, He paboTaBIillei K MOMEHTY H3Me-
HeHHst JeOHTa BO3Myllawllell CKBaXKHHb. B 3TOoM caydyae xapaxrep-
HBIM Da3MepoM SfIBJSETCH He PaJHyC CKBaXKHH, a PAaCCTOSHHE MEXIY
CKBaJKHHAMH, KOTOPOE H3BECTHO JOCTATOYHO TOUYHO.

Jns onpenesneHHsl Nbe30NPOBOAHOCTH IJIACTa METOJOM THIPOINpO-
CJYUIHBAHHS, eCIH JeGUT BO3MYILIAloUeldl CKBAaXKHHL H3MEHSeTcsa CKau-
KOM, MOXHO HCNOJb30BaTh ¢opmynay (II.107), 3anucas ee B Bule

PHC. 5. Kpusas BOCCTaHOBNEHHS IABJEHHS Ap=p(r,t)—p(r,0)=

’, = — Qu (4xkh)—! Ei (— r¥/4xi),
Mla (11.109)
20 Aassme=s [7ie Ap — H3MEHeHHE [aBJEHHS B
________—f_—-—""""” pearupyioleil CKBaxuHe; Q — u3-
J° MeHEeHHe 1e6UTa; r — pPacCTOsHHe
* pearupyoleli CKBaXHHbl OT BO3-
15 mymaromei. O6paboTka KpHBEIX
H3MeHeHUs JaBJEHHS B pearupy-
joulell CKBaxHHE 3aKJlouaerci B
10 TOM, UTO Ha KPHBOH (HKCHpYyeTcs

BpeMsi TNOABJEHUA KAaKHX-JIHO0
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xapakTepHuX ToueK. Hampumep, yio6HO (MKCHpyeTCs TOUKAa KacaHHA
kpHuBofi Ap (f) ¢ mpsaMoll, MpoeefeHHOH H3 Hayasa KoopauHat. B stoi
Touke (f = 4), Kak csenyer H3 ¢opmyanl (11.109), r?/4xt; = 0,44, or-
Kkyza » = 0,57r%¢,.

IlpuBeneHHble MpuMepH pellleHHst O0OpaTHHX 3ajay AJs onpenese-
HHsl TTapaMeTPOB TJacTa OrPAaHHYeHH YCJOBHSIMH, NIPH KOTOPLIX CKBa-
JKHHAa MOXeT paccMaTPHBaThCs KaK MTHOBEHHO NYIEHHBIH HCTOYHHK
NOCTOSIHHO# HHTEHCHBHOCTH B OeCKOHEYHOM OJHOPOJHOM IJacTe.
QaKTHYECKH, KOrjJa BO3MYIilleHHe, BLI3BaHHOe 3aKPHTHEM CKBaXKHHHI,
IOXOJHT 10 TPaHHIl NJacTa, T. €. yepe3 BpeMs nopsika 8=R?/x, Kpu-
Basi BOCCTAHOBJIEHHS JaBJIeHHs B CKBaXXHHe HauHHaeT HCKaXaTbCH,
a yepe3 JNOCTAaTOYHO 60JbLIOEe BPeMsl BBHIXOAHT Ha TOPH3OHTaJbHYIO
ACHMINTOTY, COOTBETCTBYIOILYIO CTAallHOHAPDHOMY NJacTOBOMYy JaBJjie-
nuo. C 1pyro# CTOPOHBI, NMPHTOK H3 NJacra B CKBaXKHHY, OCTaHOBJIEH-
HYI0 Ha yCTbe, He NpeKpailaeTcsi MFHOBEHHO BCJeICTBHE CIKHraemo-
CTH KHJKOCTEH W rasos, 3alOJHAIOUINX CKBaKHHy. BpeMst BHIX0jJa Ha
acHMINTOTY B KoopiHHaTax Ap, In{ He NOJXHO TpeBHILATb BPEMEHH
JOMOJHHTENbHOrO MNPHTOKA IOCAe OCTAHOBKH. I103TOMY BO3MOXKHH
yCJ0BHS, 0cO6€HHO B CKBa)XHHaX, PacNoJOXeHHBIX GJH3KO OT TpaHHIL
nJiacTa, KOTAa NPAMOJIHREeHOTO yyacTkKa Ha KpuBOH p(lnt) ne cyue-
cTByeT. B ¢BsA3H ¢ 3THM Obla mpelsioxXeH psil CNoco6oB 06paboTkH
KPHBBIX BOCCT2HOBJIEHHSI [aBJieHHS, YUYHTHIBAIOIIHX TNPHTOK B CKBa-
JKHHY TOCJ/ie ee OCTAHOBKH.

OnuH H3 Haubosee OBIIHX MeTOHA0B O6pabGOTKH KPHBBIX BOCCTa-
HOBJIeHHs1 AaBJjeHus1 Obul mpenjioxen B pabore [31]. B stom Merome
HeTIOCPeAICTBEHHO HCMOJb3yloTCA npeobGpa3oBaHust Jlamjaca KpPHBHIX
BOCCTAaHOBJIEHHs! IaBJIeHHs!, BCJEICTBUE Yero OH NPHTOAEeH NpH Ipo-
H3BOJBHOM H3MeHeHHH JAe6HTa CKBaxKHH. Takoil MeTOH IO3BOJISIET
Takxke B psAjie ciyyaeB OnpeaessTb MO KPHBHIM BOCCTAaHOBJIEHHS JaB-
JIEHHSI HEKOTOpHle XapaKTepHCTHKH HeOLHOPOJAHOCTH MJIACTa.

PaccMOTpHUM njlacT NpPOH3BOJIBHOH KOH(QHMIYpalHH, B KOTOPOM MpH
{ =10 HayMHaeT 3KCIJyaTHPOBAaTbC CKBaXXMHA IMPH HECTallHOHAPHOM
pexkume. IlycTb B pesysbTate u3MepeHHH H3BeCTHH 3aBHCHMOCTH p (p, f)

2rkh  dp
H o P ar g (). HaBnenue B nnacte p(x, y, 2, {) ynoBJeTBopsieT
ypasrenuio (I1.83), a ero mpeoGpasopanue mno Jlannacy P(x, y,2

6) — YPaBHeHHIO
VP = oPlx. (I1.110)
Ha nenponuuaeMpix yyacTKax TIpaHHUbl CTIpaBei/IHBO  yCJIOBHE

dP/dn =0, nHa KOHTYPaX MHTaHHs P =0, ua ckpaxune P|,—, = Pi(o).

IMonoxum U= P(x, y, 2, o)/Py(s). ®yukuus U ynoierBopsier
ypaBHenuo (I1.110) U onHOpOAHBEIM YCJOBHSIM Ha BHEWIHHX TIpaHHUAX
nnacra (Ha ckeaxuHe U =1). Dra QyHKUHA HE 3aBKCHT OT DeXHMa
paboTsi ckBaxuhel. Jas npeo6paszoBaHus mo Jlansacy pebuta cksa-

KHHH Q (o) = I‘oq (tye—*'dt umeem
0
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Q (c) = 2 (kh/p) p Te—at (ap/af)f=9dt =
0

= 2 (kh/p) pPy (0) (QU/Cr),—,. (I1.111)
H3 ¢opmyant (I1.111) caenyer, 4To OTHOLIEHHE
¢ (5) = P1(3)/Q () (11.112)

3aBHCHT TOJIBKO OT Bujaa ¢yHKuue U, HO He OT peXHMa 3KCIJTyaTallHH
CKBaXHHB. BuI QyHKUHH ¢ (s) MONHOCTBIO ONpelessieTcsi napaMeTpamu
nnacta. Korga ¢yHkuHu py(f) U g (f) u3BeCTHBI, HETPYJHO YHCJEHHO
NOJYYHTb 3aBHCHMOCTH Pi(s) u Q (o), a orciona — ¢ (o). ITo BuRy QyHK-
UHH ¢ (s) MOXKHO ONpeNeNHThL HEKOTOpble Napamerpbl Njacrta. Paccmor-
PHM DNpOCTeHIIHH NpHMEp — CKBaXHHY B OJHOPOJHOM OECKOHEUHOM
naacre. Pynkuus U, xak Jgerko nonyuute u3 ¢opmysas (11.105),
HMeeT BHJ

U = Ko (r)/Ko (pv), v =V olx, (I11.113)
OTKYJa
¢ (o) = (2rkhpoU/dr)—1p = (2rkhp)—'uKo (pv)/ Ki (pv). (I1.114)

ITpn npakTHyeckoM nocTpoeHun npeoGpa3oBaHuil Jlansaca oT ¢yHK-
uHi pi(f) u g (f) yno6Ho mepeliTH K mnepeMeHHOH t = l/s, MNonaras
(o]

P(z)= ( p(t)e~'/dt. 3nauenus t He crenyer 6paTh Menblue | —2 mun.
b

Ilostomy, yuuThIBasi NOpSIIOK % U p, BHAMM, YTO 3HaYyeHHs oV olx=
= p/VF JIOCTaTOYHO MaJbl, 4TOObl MOXHO OBLJIO HCIOJIL30BaTh Npe-
crapneHue ¢yHkiui Ko #n K; ana Mananix 3HaueHuit aprymenrta. Torna
HOJ1YYHM

W (x) = ¥ (o) = — p (2ckh)="In (1p/2 }V xz) =
= p (4rkh)=! Int 4 p (4=kh)=1 In (4%/7%?). (IL.115)

[Mapamerpsl nJacra — Kos(pguuueHTel B ¢Qopmyae (I1.115) — onpe-
peasitotrcst mo rpaduky W (Inf) ToyHo TaK ke, Kak H IO Tpaduky
p(Inf) npu MrHOBEHHOH OCTaHOBKe CKBaxHHBI. TO, 4TO 3aBHCHMOCTb
¥ (Int) npamonuHeidHa, MO3BOJSAET OrPAHHYUTBCH BBIYHC/JAEHHEM HHTe-
rpajoB NpH TpeX — YeThIpeX 3HAYeHHAX T.

OnucaHHblH OOWIME NOAXOJ MO3BOJSAET MOJy4YaTbh METOJOM BOCCTa-
HOBJIEHHSI [JlaBJIEHHS HEKOTOpble NapaMeTpbl HEOJHOPOJHOrO IJacra,

Paccmorpum mpuMmep. IlycTe cKBaxHHa pafHycoM p pacHosioKeHa
B LIEHTpe KpYyroBoH 30HBI panuyca KR B 6eckoHeuHom Njacre. IIpoHu-
11aeMOCTb 30HBI i H Mbe30NPOBOJHOCTb % OTJIHYAIOTCS OT MNpPOHHIlae-
MOCTH %3 H IbE30MPOBOJHOCTH *2 BO BHellHeH 30He mJacta. PyHKIHA
W (z) ana 3TOro caydasi MOXKeT ObITb NOJYyYeHA C HCHOJAb30BaHHEM
pewenuss Buaa (I1.101) u acumnrornueckux d¢opmyan (I11.104). Ilpm
atoM s p¥x & v € R¥w; dynkuus W (1) aCHMINTOTHYECKH BbipaxKa-
erca ¢opmynolr (I1.115) npu k=/Fk w=1w, a 119 © > R¥x; uMeeM

W (x) = p(dnkoh)—'In © + p (4rkoh)—! In 4x¥1%*D),  (11.116)
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I 3KBHBAJEHTHBIH PajHyC CKBAXKHHHI 0* TOT K€, UTO M JJISI CTalHO-
HapHoro npuroka (cM. I1.19):

p' = R(p/R) = p(p/R)—!, 1= kolki. (I1.117)

CpasuuBas ¢opmyan (I1.115) u (II.116), BuauM, uto dopmyaa
(I1.117) onucwiBaer npeo6pa3oBaHHYIO KPHBYK BOCCTAHOBJIEHHS JaB-
JIeHHs] B CKBaxHHe pauuyca p* B OJHOPOJHOM IuiacTe C NapaMeTpaMH
BHelIHe#d 30HB. TOYHO TakK XKe MOXKHO NOKa3aTh, YTO 3KBHBAJIEHTHHIH
paliuyc CKBaXKHHBI, OMpeAessieMBli MO AaHHBIM O HEeCTallHOHAPHOM
NPHTOKe NPHU TOPH30OHTAJbHBIX HMJIH BePTHKaJbHBIX TpeIlHMHAX, TAKOB
JKe, Kak H onpefesisieMbl# IJIsi CTALLHOHAPDHOTO TeYEHHsI IIPH Tex Ke
ycaoBugX. M3 3Toro mpuMepa BHAHO, YTO HCC/IelOBaHHe CKBAaXKUH Me-
TOAOM BOCCTAHOBJIEHHS] NaBJIEHHs NO3BOJISET ONpeleJUTh CTeleHb 3a-
IpPA3HeHAs] NpH3a6OHHON 30HB H OLEHUTb 3¢ (deKTHBHOCTL paboT IO
HHTeHCH(HKAIHH NPHTOKA.

OnucanHbii MeTo 06pabOTKH KPHBBIX BOCCTAHOBJEHHS JaBJEHHS
MOXKHO HCIIOJIb30BaThb H AJs1 ONpeleseHHs APYrHX IlapaMeTpOB Heol-
HOPOJHOCTH MJacTa: PacCTOSHHS 10 HEeNPOHHIAeMOro HJH MNpOBOAA-
liero 3KpaHa, pafuyca TPellHH H T. A.

MeTojg HHTerpanbHBX cooTHoWeHHui. Xopolo paspa-
6oTaHHasi TeOpHs ypaBHeHHH MaTeMaTHUYeCKOH (PH3HKH MO3BOJAET
MOJIYYHTh B NPHHIHNIe TOYHBHIE pelleHHs INHPOKOro KJacca 3ajay He-
cTanuoHapHOH dunpTpanuy. OJHAKO 3TH pelleHHs He BCerla yIoBJeT-
BOPSIOT Tpe6OBaHHAM INIPOCTOTHL H OB6O3PHMOCTH. YYHTHIBast HeLOCTa-
TOYHYIO TOYHOCTb HCXOJHBIX AAHHBIX B 3ajadyax (UJIbTpalHH, CBA3aH-
HBIX C JBHKEHHEM XHJIKOCTeHi U ra3oB B NPHPOAHBIX IJIacCTax, 4acro
MOXHO YIOBJIETBOPUTLCS MPOCTHIMH NPHOJHXKEHHBIMH, JieTKO 0603pH-
MBIMH pellleHHSMH.

B03MO0XKHOCTb YCNEUIHOr0 NpHMEeHeHHs TNpHOJHKEHHBIX MeTOLOB
B TeOpHH HeCTaUHOHAapHOH GHUJAbTpPAallMH CBsSi3aHA CO CJeAYIOLIHMH
0CO6EHHOCTSIMH ' pacCMaTpHBaeMbIX 3a1ad. Bo-mepBuX, OGOJBIIHHCTBO
3a4a4 HeCTAaLHOHapHOH (GHJIBTPALHH OJAHOPOAHOH XHIKOCTH CBOAHTCH
K pelleHHI0 ypaBHeHHH napaboJiHuecKOro THNa, jJs KOTOPHX Xapak-
TEPHO CrJ4XXHBaHHe Hauya/JbHbIX BO3MYIIEHHH HCKOMBIX B@JHYHH CO
BpeMeHeM H N0 Mepe IMPOJBHKEeHHS BHYTPb OOGJACTH OT HCTOYHHKA
BO3MylUeHHA. BO-BTOpLIX, B psijie 3ajay4, NpeACTABJAIOUIHX NPaKTHYe-
CKH HHTepeCc, HCKOMOe pelleHHe HMeeT B HeKOTOPHIX TOYKax o06-
JacTH (CKBaXKMHBI, rasepeH) HsBecTHoe ocobennoctd. [Ipun sToM B
CCHOBHOH 4acTH 06JIaCTH COCTOSIHHe CHCTeMBbl GJIH3KO K HEBO3MYILeH-
Homy. HakoHell, B GOJIBIIHHCTBe CJyyaeB CYLUeCTBEHHHl JHIIL HHTer-
pajpHBEIE XaPAKTEPHCTHKH PellleHHs.

B psge npuGyiHKeHHHIX METOAOB HCIOJb3yeTcss MOHATHe 06/acTH
BJHsIHUS HJIH 06JlacTH BO3MYIleHHs, BHe KOTOPOH Te4YeHHe MOKHO
CYHTAThb HEBO3MYINEHHBIM, T. €. COXPAHSIOTCA HauyajbHbBie 3Haye-
HHS p uIH 4. BO3MOXKHOCTb BBeAeHHs TaKo# 06JacCTH CJAefyeT H3 aHa-
JIH3a TOUHBIX pelleHHH, NpPUBEJeHHBIX B HacToslleM naparpade. Ha-
npumep, u3 popmyan (I1.93) cnaemyer, 4To OTKJIOHEHHE OT HavaJbHO-
ro y6eiBaetr ¢ pocrom x Kak exp(—x?/4xt). OpHuM H3 HaunGosee
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Oo6LIHX NPHONUIKEHHRIX METOJA0B B TEODHH (DHALTPALHY SIBJISETCS
METOJ HHTerpaJsibHblX cooTHoweHHH [3].

CymwHocTh €ro 3ak/iouaercss B TOM, 4TO HCXOAHOe AH(depeHLH-
anbHoe ypasHeHue (I1.86) wmu (I11.98) B oGnacTH BO3MylUEHHS CKBa-
JKHHBI 3aMeHsieTcs] CHCTeMOH HHTErpaJbHbIX COOTHOLUEHHH BHIa

Ly(1) Ly(t)
{ Oplotfi(x, Hdx=x [ 3%p/ox*[i(x, H)dx, i=0, 1, ..., n, (I1.118)
L1 05
rae fi(x, ), i=0, 1, ..., n 06pa3yioT NOJHYIO CHCTEMY KaK (YHKLHH

or x Ha otpeske [Ly(f), Lo (#)]. Ecau p(x, f), npeactasuth B BHIe
pasnoxeHuss B pAjn no ¢yHkuusam fi(x, f), to u3 (I1.118) noayuum
cHCTeMY YpaBHeHHH AJs KOS({pHUKEHTOB 3TOro psjia.

PaccmoTrpum 3afadyy o BO3MYILEHHH NEpPBOHAYAJbHOrO CTallHOHAp-
HOro JABHXEHHSI B MJjacTe. BospbMeM npocrefimyio cucteMy QyHKUHA —
focJel0BaTeJibHble CTEMeHH TIPOCTPAHCTBEHHOH nepeMeHHOM

I, x, x%, ..., x*, ...

Ilycts B MoMeHT ! =0 npoHCXOAHT OTOOp XMAKOCTH M3 INJacTa
¢ pacxonoM — kb/wHG. JlaBneHue B 3TOM cJiyyae paclpejesieHo IO JH-
HEHHOMY 3dKOHY

p (x, 0) = P + Gx. (I1.119)

ByueM HCKAaTb npnﬁnmxel-u-xoe pemeHHe 33aJa4yH B BHJAEe MHOroudJieHa
p(x, B)=Po(l) + Pi(@)xll+, ..., + Pa(t)x?I" (0 < x <),

px t)=p(x 0) (x> ). (11.120)

B takoMm Buae 3ajaua umeer n - 2 HeusBectuolx: P;(f) u [({). las
HX oOrnpeiejeHHs MOXHO COCTABHTb CHCTeMY ypaBHEHHH, COCTOSILLYIO
H3 HEKOTOPOro YHCJIa HHTerpajbHBIX COOTHOIUEHHH, TPAaHHYHOrO YCJIO-
Bug npu x=0 u ycnoeusg npu x =1 Tlpn x =/ pOJKHBI BbINTOTHATH-
¢l yCJOBHA Hempepni3HOocTH jpaeienus p (I, f) = P+ Gl u HekoTtopoi
CTeNeHH IJAAKOCTH GYHKUMH p (X, §):

ap(l, Hyox=20%(l, 8)/ox>= ... =0%p (I, H)/ox*=0.

Bufop Hauayulliero NpuGIHXKEHHOro MeToAa pacdera p (x, ) cBsi-
3aH ¢ TeM, HacKOJbKO YAaYHO MOAOOPAHO YHCJIO HCMOJb3YEMHX HH-
TerpaJbHbHX COOTHOMIEHHH H VCJIOBHH IJaJKOCTH.

B paccmMaTpHBaeMOM cayuae

p@©, H=p, p(x, 0)=po=0. (I1.121)

Hcnonb3yss MHTEIDHPOBaHHE MO yacTAM H TeopeMy O Auddepenuu-
POBaHMH OINpeJeNeHHOro HHTerpaja, npuseaeM cuctemy (I1.118) k Buay

d ! ap
@ = —x (). (I1.122)
1
4 {pxdx = xp 0, 1), (11.123)
4 0 it
2°( pxtdx = wk (k — 1) | px*=2dx, k> 2. (11.124)
1] 0
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p/py 2 ¢

0 N
&= x/2y/xt
PUC. 6. K 3amaye 0 HecTankoHapHOM NPHTOKE

K ranepee:

0 — uynesoe mpuGanmenne; [ — nepeoe npubamke-
HHe; 2 — TounHOe pelleHHe

PHUC. 7. 3asucumocts Ge3pasMepHOro jaasJe-
HHA or Ge3pa3mepHCH KOODAMHATH AJI5 OCECHM-
METPHUHOI'O Te4yeHH A,

Peijennsn: I — npubauxenHoe; 2 — TOYHOe

IIpu n =1 u3 (I1.122) caenyer
1=2Vxt, u@, t)=—Fk(@pldx)u = k(pi —po)/2u V'xt. (I1.125)
HanomuuM, yro npu rouHoM peluerun no gopmyne (11.93) nonyunm

uo (0, 1) = k(p1 — po)ln V wxt. (11.126)
3aMeTHM, uYTO pelieHHe A8 n == 1 coBnajgaeT ¢ TeM, KOTOpOe Mo-
JyyaeTcsl O H3BECTHOMY METOAY IOCJIe[0BATeNbHOH CMEHhl CTalluOHap-
HBIX COCTOSAHHH [44].
Has sroporo npubaHxeHHsi (n = 2) HCOOJb3yeM CHOBA COOTHO-
wenne (I1.122) u ycaosue

(Op!0x)y=1—0 =0, (I11.127)
YTO A@eT
px, H)y=pi (1 —x)?, I2=12xt. (I1.128)
Has ckopoctd ¢uabTpaund npu X = 0 noJayyum
u(0, &) =k (pi— po)/V 3xt, (11.129)

yro 6MM3KO K TouHoMy pemueruto (I1.126). Ecau Bo BTOpOM npu6inu-
>keHun EMecto (I1.127) wucnoJe3cBaTh HHTErpa/jbHOE COOTHOILEHHE
(I1.122), To BHA pelueHHs He H3MEHHTCH.

EcaH pis Tperrero npuOaHMxeHHs (n = 3) MCIOJb30BaTh COOTHOIIE-
uua (11.122), (I1.123) u (I1.127), To Tperbe npHOAHXKEHHE COBHAJAET
CO BTOPBIM. LEcJIH e HCIOJIb30BaTh MNepBble TPH HHTErpajbHBIX COOT-
HomeHust €e3 ycaoeua (I1.127), 10 nonyuyum (onyckasi mpOMeXYyTOUHEIE
BBIKJIaJ1IKH)

p(x, £) = p1 (1 — 0,583 + 0,107%2 4 0,0061¢3), ¢ = x/V'x¢. (11.130)

Ha puc. 6 npHBeneHO comocraBieHHe MOJYYeHHbIX NPHOJHKeH-
HBIX pellleHH#i ¢ TOYHbLIMH. IIpH nmocTtpoeHHH npHOJHXKeHHHA Gosee BHI-
COKOI'0 MOopsiiKa BO3HUKAIOT TPYAHOCTH, OOYCJAOBJEHHblE TeM, UTO
OTCYTCTBYIOT CKOJbKO-HHOYIb OOOCHOBaHHBle TpaBuJia  Bhibopa
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HAWIYYIIero H3 HEeCKOJIbKHX AOMNOJHHUTEeNbHBIX ycaoBui. Kpome Toro,
HpU 3TOM INPHXOAUTCH CTPOHTb NPUOIHKeHHs GYHKLUHHE C [OMOUIbIO
MHOTOUYJIEHOB BHICOKOTO NOpsiliKa. BripoueM, OCHOBHAS LieJb NIOCTPOEHHS
NpHOJHIKEHHBIX peLleHHH — MOoJyyeHHe TMPOCTHIX aHAJHTHYECKHX 3a-
BUCHMOCTEHl — JOCTHraeTcs yKe MNpHOJHXKEHHUSIMH BTOPOro mnopfAlKa.

PaccMorpum 6e3 moapoOHHEIX BHIKJIaAOK OCECHMMETPDHUHYIO 3ajayy
O TyCKe CKBaXKHH ¢ 3aJaHHBIM Je6HTOM ¢ B GECcKOHeyHOM IJjacTe.
Pemenne ypaBaenus (11.98) umerca B Buze

p(r, )=gqIn(/l)y 4+ Po+ Py (/) +, ..., + Pa(r/)*, (11.131)
rjae [ (f) —nepeMeHHBIH pajgHyc 30HB BO3MylleHHs. CHCTeMa HHTerpasb-
HbIX COOTHOLUEHHHl HMeeT BHJ

it
i _grp (r, Hdr= —ugq, (I1.132)

4 ko 1t
5 (rHp(r, Hydr=xk2 (p(r, yr*=2dr (k>1).  (11.133)
0 0

B nynesoM npubiukenuu (Po= P;= ... =0) HMeeM eIHHCTBeH-
Hyl0 HeH3BecTHyw ¢yHKuHI0O [ (f), KOTOpas onpeje/sieTcs H3 ypaBHe-
aus (11.132):

=2V xt, po(r, t)=gqln(r/2V 1). (11.134)

C ucnonbsopanueM ypapHenuit (I11.132), (I1.133) u ycnosuii Hempe-
PHIBHOCTH p H 0p/0r (1.e. p=0 n dp/or =0) npu r = 1[(f) nonyuum
nepsoe NpHO/HAKEHHE B BHJIE

I=V12¢, p=qgin 'V 12x) — g + gr/V'12x¢. (11.135)

IIpn conocraBjieHnH HNpHOJHKEHHBIX pelleHHd [ ¢ TOuHBIM 2
(pHc. 7) HMeeM, UTO ja’)Ke pe3yJnTaThl pacuera no dopmysae (I1.134)
u TeMm Gosee mo dopmyse (I1.135) noBosIbHO XOpOLIO COTJIACYIOTCS
C TOYHHIM DeIlIeHHEM.

MeTon nHTerpaJIbHHIX COOTHOLIEHHH HO3BOJSET ¢ YJOBJETBODH-
TeJbHOH TOYHOCTBHIO HOJYYHTbH NPOCTHie NPHOJHIKEHHBle DeIleHHd 3a-
nay O MPHTOKe K CKBa)HHaM B orpaHndyeHHoM nJacre. COOTBETCTBY-
I0lllHe TOYHbe DellleHHs NOJYyaloTcs B BHJE TNJOXO CXOASLIHXCH pALOB
dypre — beccens n TpyaHo 0603pHMH. OrpaHHYHMCH 37eChb OZHHM
NpHMEPOM.

PaccMOTpHM KpYroBOH IulacT pajgnvea R, Ha KOHType KOTOpOro
nojiepXHBaeTcsl MOCTOSIHHOE faBJeHHe, paBHOE HAuyaJbHOMY (MpHHH-
MaeMOMy 3a HyJb). B HauyaJbHBII MOMEHT IIDOM3BOJHTCA TNYCK CKBa-
XHHH TNpeHe6peXHMO MaJioro pajHyca, pacloJNOXKeHHOH B LeHTpe
naacra. Torsa BmioTh 10 MoMeHTa ¢ = ¢ = R?/12x{ B mepBoM NpHOGJIH-
*eHHH crnpaseanuBo npexacrasneHue (I11.135). Ilpu ¢ > {, HeoGxomumo
YYHTHIBATh YCJOBHE Ha KOHTYpe

p(R, t)=0. (11.136)

Hcnonbays cHoBa nepBoe npuOaukeHnue pasnoxenus (I1.131) u
nonaraa I (f) = R, noayuuM c yuerom (I[.136)

p(ry §)=gqIn(r/R) 4+ Py (t)(1 —r/R). (11.137)
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Torna w3 nepBoro HHTerpaJbHoro coorHomwenus (I1.132) noayuum

dR 1 1o dP,
wip(, t)ra’rzgR 7 = —xPq. (I1.138)
0
YpaBneHnue (I1.138) ciepyeT pewlMTh NpH YCJIOBHH HeNPepbIBHOCTH
JDaBJeHHA TpH f={;, Pole, = — q. PelleHHe HMeeT BHI
Py () = — gexp [— 6x (t — £)/R?]. (11.139)

Takum obGpasoM, 6yaeM uMmeTb NpHOJHKEHHOe BblpaXKeHHe AJS pac-
fnpenesieHusl JaBJeHHUs

p(r, )y =qIn(r/R)y— g (1 —r/R)exp[— 6x (t —¢1)/R?]. (I1.140)

Kak BujaHO, pacnpejaejcHHe AABJEHHS 3KCNOHEHLHAJbHO CTPEMHUTCA
K CTallHOHApHOMY.

§ 5. HecraunoHapHoe pBHXKeHHe OILHOPOAHBIX MXHIAKOCTEH.
Heannelinble appekrol

PaccMOTpHM HecTanMOHapHBE H30TepMHUYECKHe JBHXKEHHS rasa B
nopuctofi cpeie H 3KBHBaJeHTHhe MM Oc3HanopHHe OBHXKeHus. [Ipn
HX HCCJ/eJOBaHHH BHIABJAIOTCH HeJHHeHHBe 3((EKTH, XapaKTepHble
IS MHOTMX 3a]ay TNoj3eMHOHl rujpojnHamuxd. Ha npumepe 3THX
TeYeHHH TaKKe XOPOILO HJJIIOCTPHPYIOTCS METOAbl peLieHHs HeJH-
HeHHBIX 3ajady.

OcCHOBHHe ypaBHeHHs duUJAbTPalHu rasa. [Ipu Hccae-
JOBAHHH GHABTPANMH ra3a OCHOBHOe 3HaueHHe HMeeT TOT (akKT, UTO
CIKHMAaeMOCTb ra3a OOBIYHO HAa HECKOJIbKO HOPSIJKOB IPEBHIIIAET CXKH-
MaeMocTb NOPHCTOH cpedbl. [lo3TOMy MOXHO npeHeOpeyp H3MEHEHH-
eM TIOPHCTOCTH M B yDaBHEHHH Hepa3pbIBHOCTH

(mp), ¢+ + diveu =0, (I11.141)
KOTOpoe HpHBOﬂHTCH K BHLY
m% + divou = 0. (11.142)

YT0o6n MOJYYHTHh 3aMKHYTYHO CHCTEMY YPaBHEHHH, HYKHO HCIIOJb-
30BaTh CBSI3b IJIOTHOCTH Tas3a C €ro /[aBjeHHeM p u Temnepartypoi T
o=p(p, T), mo 3TOA NpuYHHe B 3ajaue TOABJsETCS HOBAs HepeMeH-
nag T. Jlna 3aMBIKaHUA CHCTEMBl yparuweHHH HeoOXoiuMo A06aBHTh
elle OJHO YyPaBHEHu€ -— ypaBHeHHe 3Heprud. OJHAKO, eCJH B cpele
OTCYTCTBYIOT HCTOUHHKH BBI€JEHHS HJM TOIJIOUIEHHS 3HEPrHH, TO
H3MeHeHHs TeMMepaTyphl B Tpollecce IBHXKEHHs rasa HaCTOJbKO Ma-
Jibl, 4TO NMPH pacyeTe NOJA JaBJeHHs ra3a HMH MOXHO npeHe6peus.
310 06CTOATENBCTBO JIE€TKO TNOHSITH, €CJAH ydYecTb, BO-MIEPBBIX, MelJeH-
HOCTh GHJIBTPAIHOHHBIX ABHIKEHHH H, BO-BTOPBIX, HalMuHe TEMNJOBO--
ro 6ajnacta — ckenera NOPHCTON cpeibl, 3pdeKTHBHO MOAABASIOLIETO
H3MeHeHHsl TeMmepaTypbl. Byaem cuurath, uTo

p=rp(p, To)=0(p), (I1.143)
rxe To — mocTosiHHast TeMmIepartypa.
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Ypapuennsi (11.142) u (I1.143) n ypaBHeHue 3aKoHa HALTPALHH
u—=— (k/pygradp (I1.144)

06pasyioT 3aMKHYTYi0 cHCTeMy. Hckmouas CcKOpOCTb ¢HIBTpaLHH,
uMeeM

0 .
ma-‘;zkdlv(g—gradp). (11.145)

OrpanuyHMcs NpPOCTEHIUHM clydyaeM, KOTJa a3 CYHTAeTcsl TepMO-
JHHAMHYECKH HOealbHbIM C BSI3KOCTbIO, He 3aBHCSIIEH OT JaBJEHHS.

p = ppo/pe; p = const, (11.146)
ITpu stom ypaBuenue (I11.145) npeobpasyercst K BHAy
op> ko ) k
T V?p? nau 5‘; = o vipl. (11.147)

ODTH ypaBHEHHS — ypaBHEHHs H30TeDMHUYECKOH ¢GHAbTPalHH rasa—
6viin Bruepsoie moayuensl JI. C. Jlefibenzonom [26]. On ke ykasaa
HA HX aHaJorHio ¢ ypaBHeHHAMH DyccHHecka HecTalmoHapHOro no-
jororo 6e3HalOpHOTO ABHXEHHS; 3Ta aHAJIOTHS TO3BOJSAET paccMat-
pHBaThb HCCJAeAOBaHHe JBYX VNOMSHYTHIX KJIacCOB JBHXKEHHH Kak
€IHHYI0 3azady. HesaBHCHMO HecKOJIBKO NO3)XKe aHaJIOrHYHOe YpaB-
HeHHe ObIJIO NosydeHo MackeToM.

UnuBapHaHTHHEe 3ajauyud HecTallHOHADHOH QHIABT-
pauuu. HenunefiHocTh 3azay HecTaUHOHApHOH (HUABLTPALHH rasza H
6e3HanopHoll QHJAbTPALMKM He NO3BOJSET MCNOJAB30BATHL pa3paboTaH-
HbIi amnmnapar JHHeHHBIX ypaBHeHHH wmaTeMaTHUYecKOH GH3HKH, AN
KOTODHIX CIIpaBelJ/IMB NPHHUHN cynepno3uuuu peuweHuii, [lostomy B
TeOpHH (GHJAbTPAUMH (KaK H BO MHOTHX JPYrHx pasfaenax OH3HKH
BoOOIle H MEXaHHKH CIIOLIHBIX CPeX, B YaCTHOCTH) yiKe AaBHO HC-
TMOJbL3YIOTCA CBOeoOpa3Hble YaCTHble pellleHHs, KOTOPHe BHIPaXKaloT-
csi yepe3 (YHKUHH ONHOH mepemMeHHOH. BHauasle cuHTanOoCh, YTO HX
3HaueHHE OnpefessieTcsi T€M, YTO OHH OIHCHIBAIOTCSH OOGBIKHOBEHHBIMH
AuddepeHIHaNbHBIMH  YPaBHEHHAMH, pellaTh KOTOpHEe Tpolle, 4eM
yPaBHEHHss B YAaCTHHIX HPOH3BOAHBIX. s pasiHUHBLIX NPHOJHKEH-
HHX MeTOJOB TaKHe pelIeHHS 4acTo HCHOJb30BAaJHCh KaK 3TaJOHHI,
NO3BOJIAIOUIHE OLEHHTbh TOYHOCTbh MeTOola.

OnHako rnaBHAasi HX LEHHOCTb Oblia OcO3HaHa mo3fHee. Oxasa-
JOCb, UTO TAKHM IyTeM acHMOTOTHUeCKH OMHCHLIBAIOTCA (HABTPALH-
OHHHIE TeyeHHs AJS BecbMa HIMDOKHX KJacCoB 3aJa4, KOria JeTajH
TPAaHMYHHX H HAYaJbHBIX YCJAOsHH NMepecTaoT OHITh CyLIeCTBEHHHMH.
HUMenno »3th ob6anactu uwactro ObiBaloT Hanbosee HHTEpPECHBIMH
(HanpuMep, cnycTs He3HauuHTeJbHOe BpeMs Mocje Hayajga oT6opa H3
CKBaXHHH, NOKa BOPOHKa JeNPecCHH He NOCTHria 06JacTH BJHAHHS
cocefiHeli CKBaXHMHBH H T. 14.). 3Has TaKde pelleHHs, (aKTHUECKH
MOXHO CYIHTb, 10 KpalHeli Mepe, KaueCTBeHHO, 06 OYeHb LIHPOKOM
KJaacce GUABTPaUMOHHBIX ABHXKeHuit (nogpobuee cM. [4]).

BaXHbIM CBOACTBOM paccMaTpPHBaeMblX HHXKe DpelleHHH siBJsAeTCS
HX MHBAPHAHTHOCTH: AJS OJHHX «aBTOMOJEJbHBIX» ~— MPOCTPaHCTBEH-
Hble pacnpejesieHHsl NABJeHHH, HaNoOpOB, MJIOTHOCTEH H T. M. OKashl-
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BAIOTCSl BO BCE MOMEHTH BPEMEHH reome-
TPHYECKH NONOOHBIMH, 1J15 JAPYTHX —
KPHBHE H3MEHEHHS 3THX [1apaMeTpoB
nepeMellalTCA, He MeHAsS QOPMHL, ¢ TO-
CTOSIHHOH CKOPOCTBbIO H T. A. DTO CBOH-
CTBO CBSI3aHO C 0COOBIM XapaKTepoM 3a-
Jay, B KOTOPBIX ToCJe BBINOJHEHHS PHC. 8. Kpupas pacrmpeneneHus
onpefeNeHHHX NpeoOpa3oBaHHH 3aBHCH-  Hatiopa B TOpH30OHTalbHOM ILIAacTe
MBIX H He3aBHCHMBIX IlepeMeHHBbIX ypaB-

HeHHsl, [paHHUHBle H HaYaJbHBIE YCJIOBHSl 3aAayH OCTAIOTCs HEH3MEH-
ueiMi. Kak roBopft B MaTeMaTuKe, 3TH 3aJa4YH HHBAPHAHTHH OTHOCH-
TEJbHO HEKOTOPOH TIpYINbl HENpepHBHHX MNpeob6pasoBaHuid. Takue
3aJlaud pPacCMaTPHBAIOTCS HHXKe.

ABTOMONEeJbHB e NOJOTHe Ge3HAaNODHH e ABHXEHHS
NpH HYJEeBOM HauaJlbHOM ypOBHe XHAKocTH. Huxe
pPacCMOTPHM TOYHBle PeLleHHsl HeKOTOPHIX HeJHHEeHHbIX 3ajay HecTa-
UHOHAapHOWH GHJIBTPAUHH, XaPAKTePH3YIOLIHXCA HYyJeBHM HayaJbHBIM
ycaoBueM. HcenenoBanne 3TOro kjacca JBHXKEHHH TIpeacTaBisieT
NPHHLIHMNHAAbHEIA HHTEpec, MOCKOJIbKY B NOJAOOHBIX 3ajayax HaHGoJee
CHJIbHO TPOSIBJsIETCS CYLIeCTBEHHO HeJHHEHHbIH XapakTep paccMar-
puBaeMoii TnpoGseMbl M OGHAPYXHBAlOTCH HEKOTOpble CBOHCTBa
HeJUHEHHBIX [BHXKEHHH, pe3Ko OTJHYalolHe HX OT COOTBeTCT-
BYIOIIMX JHHEAHBIX 3afay M HeusbeXHo YyTpauWBaeMbie IIpH
JIHHEeapH3allHH.

Jas onpenelleHHOCTH NPHM HCCJAeAOBAaHHWH 3ajay ¢ HYJeBbIM Ha-
YaJbHBIM YCJOBHEM paccMOTPHUM Oe3HanoOpHble MOJIOTHe (QHJIbTPALH-
OHHBle JBHXEHHS TPYHTOBBIX BOJ B IE€PBOHAYAJbHO CYXOM TpPYHTe.
Corsacio ob6Hapyxeunno#i JI. C. Jlelit6eH30HOM aHaJIOTHH, Bce IOJY-
yaeMble pe3yJbTaThl MOXHO HENOCPeACTBEHHO HCMOJb30BaTh IJIA 3a-
Aay H30TepMHYecKo# ¢(uibTpauun rasa. Manaraemsie nuxe pewrenus
OblIH mosyueHbl B paborax [1, 2, 6].

PaccMOTpHM 10/1yOECKOHEUHBIH IJIACT, HMEIOMHA CHH3Y MJOCKYIO
FOPH30HTAJNbHYI0 HENPOHHUAEMYI0 TpaHHLY — BOAOYNOP, a cO CTOPO-
HB KaHaJla — MJIOCKYI0 BePTHKaJbHYH TPaHHLy (puc. 8), NmeprneHaH-
KYJISIPHYIO K OCH X H IIPOXOJSIILYI0 Yepe3 TOYKY x=0.

ITycte HavaJabHBIA HAooOp KHAKOCTH B IJIacTe PaBeH HYJIO, a Hamop
Ha BepPTHKAJbHOM rpaHHle IJacTa HU3MeHsieTcs MO CTeNMeHHOMY 3aKOHY,
HAauHHas ¢ HCXOJHOrO MOMeHTa [ = I

h(x, to) =0, h(0, #)=a(t— lo), (11.148)

rpge o > 0; a — HekoTOpasi KOHCTaHTa, BelOHpaemas B npeaenax — 1/2<
< a < 0. B yacTHOCTH, KOHCTAaHTa a MOXET paBHSITbCH HYJIO; B 3TOM
cJyyae Halmop Ha IpaHHLEe MTHOBEHHO NpPHHHMAeT HEKOTOpPOe 3HAaueHHe
o M ocTaercss MOCTOSSHHHIM. B ciywae ¢unbTpauuu rasa chopmynnpo-
BaHHAsl 3aJaua COOTBETCTBYET €ro 3akauke IIPH HYJEBOM HAyaJbHOM
JaBJICHHH B OJHOPOAHBIA IJIACT IIOCTOSIHHOH MOLIHOCTH IIPH H3MEHEHHH
NaBJICHHS] B HayaJIbHOM CEUEHHH IJlacTa II0 CTEeHHOMY 3aKOHY.
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JIHHUAMH paBHHIX HanopoB GYAYT JIMHHH x == const, mapaJsenbHeI 2
rpanuue niacta. Takum o6paszom, Hanop h (x, {)— pelueHue ypaBHeHHs

on _ a*h®  C _ keg
37 =a (?“’ a = B 27741
npH ycnosuu (11.148).

Hanop B HekoTopo#l TOYKe mJacTa A 3aBHOHT OT KOOPAHHATH X,
BpeMeHH OT Hayaja mnpouecca f—t;, KO3Q@PHIHEHTOB @ U ¢ H KOH-
crauth a. Tak kxak ypapHenue (I1.149) onHOpoAHO IO BpeMeHH, Ha-
nop OyJaeT 3aBHCETb TOJNBKO OT PasHOCTH f[—fy, a He OT 3HayeHHH
t u ty B OTAeALHOCTH. BBoass ans ypo6GcTBa He3aBHCHMYIO pasmep-
HOCTb Hamopa (3TO BO3MOXKHO, TaK KaK JJIs paccMaTpHBaeMoil 3a-
Jlaud HecyIeCTBEHHO, YTO pa3MepPHOCTH JJIHHB H Hanopa OJHHAKO-
BH) !, TIOJIyYHM Pa3MePHOCTH 3THX apryMEHTOB B CJeJyIOlieM BHe:

l[a] = [A7L2T=Y, [t—to) =T, [x] =L, [s] =[A] T—=, (I1.150)

rae [A], L u T — COOTBETCTBEHHO DAa3MepHOCTH Halopa, AJHHBI H Bpe-
MeHH; a — Ge3pa3MepHasl KOHCTaHTa. M3 aprymeHToB, OT KOTOpBHIX
3aBHCHT HANOP XHAKOCTH, MOXHO COCTAaBHTb TOJIbLKO JBe He3aBHCHMBIE
6e3pa3MepHble KOMOGHHALMH

- _—__"‘_“i’__l.__
H_xl/ac(t—to)“"" ; a. (I1.151)

Hcrosbays anaau3 pasMepHOCTEH, BbipasKeHHE X1 HAalmopa MOXHO
NpPeJCTaBHTh B BHJE TNPOU3BENEHHS KOMOMHAIHH ONpeiessIomHX TNa-
paMeTpoB, HMEIILEH pa3MEpPHOCTb HAmopa (B KauyecTBe Hee MOXHO
B3ATb o (f — #0)°), Ha Ge3pa3MepHyl0 (YHKIHIO OT 6e3pasMepHBIX KOM-
6unauuit (I11.151). Mmeem, Takum o6pasom,

h=o(t—10% (¢ N); h=a/(l+ a), (11.152)

rae f— 6espasmepHast dyHkuns. IlapaMerp A BBelleH BMecTO NapaMeT-
pa a a1 yjpo6cTBa mocaenyiouiero Huagnoxenusi. OueBHaHO, uTO a
JeXHT B HHTepBane — 1 < A < 1. HmeeM nanee
oh
5= ad (¢t — L)1 (5, ) —o(t —t)x(a+ 1) X
5 a1 di, %% &Pt —t)** (a1 P
2 aa (t— to)* 1 d¥ 9y? ag (t — tg)® dz?’

(11.149)

MonctaBasia 5Tu  cooTHomeHust B ypaBuenue (I1.149) u ycnoBHa
(I1.148) n ynpouwas, moayyaeM Ansi ¢yHKuud [ OGHIKHOBEHHOE
InudxpepeHIHalbHOe YpaBHEHHe

P L df
'45—2—}_—2_535_" =0 (I1.153)
C YCJIOBHIMH fO, =1, f(co, 1) =0. (I1.154)

! JlelcTBHTENbHO, B JAHHOM CAydae MOXHO Oujo Ob BMECTO Hanmopa h BBecTH
NpONOPLHOKAJbHOE €MY HaBJeHHe Y NOJAOWBH Mjacta Apg, 4TO HE OTPasHIOCH Obi
Ha OCTaJbHHX BHKJaJAKax.
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Hanop u o6beMHblii MoTOK (pacxon) TPYHTOBBLIX BOJ JAOJIKHBEI GbiTh
HenpepbiBHbIMH GyHKUHAMH x ¥ f. Hcnonabsys sakon Hapcu, umeem
IJ1S pacxojia, NPHXOAALLErocs Ha eAHHHLY INHPHHLI [J1acTa, BbIpaXKeHHe

on I A 0n Ca¥/2 e ——df?

TakuM ofpasoM, Hu3 TpeGOBaHHS HeNpepLIBHOCTH pacXxona cjaenyer
HeNpepHBHOCTL (GYHKUHH df?/dE.

Ilpn HenpeprBHO# f(§) # [+ O TpeGoBaHHe HenmpepbIBHOCTH (DYHK-
uuu df?/dé = 2fdf/dt cosnagaer ¢ TpeGOBaHHEeM HeENpPepLIBHOCTH MPOH3-
BoaHO# f'(t). OnHako npu f=0 u3 HenpepuBHOCTH df?/dt Henpepbis-
Hoctb [’ () ne Buitekaer. Hamporus, Kak Gyner BHAHO JaJtiee, HCKoMasl
¢yHKuHs f(¢, }) HMeeT B TouKe, rfe [ ofpallaercs B HyJb, pa3pbiB
nepBOil IPOH3BOAHOM.

Bropoe ycnosme (11.154) ynoGHee NpHBECTH K JAPYroMy Bujy. ¥YM-
HOXKUM 06Ge vacTH ocHoBHOoro ypaBHeHus (I1.149) Ha x W npouHTErpH-
pyeM mno x OT HyJs ao GecKOHeuHOCTH. B pesysbrate nonyuyum

oo

T on d
§x§dx=az§

T 322
xh (x, t)dx=agxﬂ12—dx=
b Ox

on*\r== )
3;),[:0 +alh? 0, ) —h*(c0, 1) =ah?(0, ).

—als
(OueBunHO, uto 0h2/0x CTPEMHTCS K HYJIO NpPH X — oo ObICTpee, yeM
x—!, B NpoTUBHOM cJyYae f He CTpPeMHJOCh Gbl K HYJIO NpH £ > co).
Unrterpupysi B npenenax Of {=1Fty 10 ¢ NpH TIpPaHHYHOM YCJOBHH
(11.148), npencraBuB pemenve B ¢opme (I1.152), umeem

1102 (t— to)2a+l oo

(xh (x, dx =2 E P, nde =
0 9
¢ ao? ( — )2+
=atfh2(0, f)dt=——2;+—ol———

(HaNOMHHM, 4TO @ CYHMTaeTcs YJOBJETBOPSIOLIUM HepaBeHCTBY —1/2 <
< a < o), OTKyAa IOJyYaeM HCKOMoe YycJosHe B dopMe

< I +a 1

g&f (E, )\)dE == 1—_1—_‘?;_ m (11156)

B unTepecyomel Hac o6sacTy ¥ H3MEHEHHs @ H A NpaBasd yYacTb
(11.156) KoHeuHa ¥ NOJOXKHTeJbHA.

Urak, paccMaTpHBaeMmas 3ajaya CBeJaCb K OTHICK@HHIO pelleHHsA
OOLIKHOBEHHOrO JH(¢epeHLUHANbHOIO YpaBHEHHSA BTOPOIO MOpSJKa
(I1.153) npu ycnouax (I1.154) u (I1.156), HenpepbHIBHOrO H HMe-
I0l1ero HempepHBHYIO MPOH3BOAHYIO OT KBaiapaTa. YpaBHeHHe (I1.153)
HHBAPHAHTHO OTHOCHTEJBHO IPyInsl npeobpa3oBanHit

Q5 p)=p (5 M), (I1.157)

T. e. ecnmu f(%, 2) ynosnerBopser ypaBHenuio (I1.153), To u @ (§, p)
VIOBJIETBOPSIET 3TOMY YpPaBHEHHIO TPH NPOH3BOJBLHOM IOJIOXHTEJBbHOM
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s % £, €

PHC. 9. K wuccnenopa- PUC. 10. MuTerpsnbHbie KPHBHE ypaB-
EHI0 ypaBHenns (11.159) rerua (11.153)

¢, YTO J@€T BO3MOXHOCTb NOHH3HThL ero mopsxok. Ilosaras no obwemy
npaBHIy

[ X)) =2¢8% (g, A); n=1In¢, ¢ =de/dy (I1.158)

H TNPHHHMAasA ¢ 3a HE32aBHCHMYI0 [1€PEMEHHYIO, TNOAYYHM A (GyHKUHH
{ ypaBHEHHe NEepBOro MNopsaaKa:
dbidy = — (6624 Top + §2 4+ 2-1 (1 —N) ¢ + 4-19]/pw.  (I1.159)

HccnenoBanne storo ypaeheHus nokasmpaer [1, 6], uto ero ware-
rpanbubie KpHBee pasbusaworca Ha [ u Il wxnmaccer (puc. 9). Hu opua
M3 TaKHX HHTErPaJbHbIX KPHBbIX He TMepeceKaeT Ocb ¢ B KOHEUHOH
Touke. Kpusble I knacca BO/M3M HAYana KOOPAMHAT CTPEMSATCH K COB-
MafeHHI0 ¢ NpAMOH JIHHHeH ¢ = moy = — 29 (a + 1)~!; Ha KpHBBHIX
Il knacca npu ¢ >0 ¢ — co. Jlumb pasgensomias 3TH ABa KJjacca
HHTerpajibHas KpHBas CenapaTpHca nepeceKkaer ocb § B KOHEYHOH TOuKe.
CoOTBETCTBEHHO 3TOMY HHTETpafibHBE KPHBHE YDaBHEHHS (I1.153),
ynoBJeTsopsitomue ycaoBuio f(0) = 1, pacnosaralorcsi, Kak NOK:3aHO
Ha puc. 10. KpuBme [ kaacca npH &> co WH3MEHAIOTCA 1O 3¢ KOHY
[ =D (D =+ 0 — KoHcTaHTa, pas/iHuHas ANA pasiHYHBIX KDHBHIX),
MpUYeM HH OlHA H3 HHX HH B ORHOA TOUKe He IepecekaeT ocH abc-
HHCC H, OYEBHJIHO, He sBJAeTcA HCKOMOH. MCKJHIoYeHHeM sBaseTcs
cayuai, Korga a =0 (paccMaTpuBaeMblil HuXKe), ANA KOTOpOro Bce
KpuBble | Kaacca HMEIOT TrOpH3OHTalbHBIE acWMnTOTHI. Ha puc. 10
NpHBEAEHN 3aBHCHMOCTH [ oT ¢ npu a > 0. OcradibHbie HHTEr pasibHble
kpuBble (kpuBble Il xmacca) nepecekaloT och aGeuuce B KOHEUHLIX
TOYKaX, NpHYeM MNOJA NPSIMBIM YIJOM. Pasnensoliasi 3TH IBa KJacca
HHTErpaibHasi KDHBaf NDHOMMKAETCH K ocH aGCUHCC B TOuKe & = &,
nojg OcTpbiM yriom v, 0 < v < n/2,

IlocKosbKy Hanop KHAKOCTH 1O (H3HYECKHUM cooOpaxeHHsiM He
MOXKeT ObiTb OTPHLUATENbHHM !, ICHO, YTO HCcKoMas oynxunsa [ (g, &)
AOJIKHA KAKHM-TO 06pa3soM KOMGMHHPOBATLCS H3 MHTErpaJbHEIX Kpu-
BbIX ypaBHenua (I1.133) me mpunamnexauwx k I xaaccy, B Toi ux
4aCTH, Tle 3TH KPHBbe pacloJaralTcs Hajf ocbio abeuuce, ¥ u3 ca-
Mojt ocH aGeunce. Oanako, ecnu coctaBuTh dynkumio [ (E, A) TakuM

! MaTeMaTHYeCKH 3TO sBJSETCS CAEICTBHEM TOrO, YTO AJs ypaBrerus (11.147)

CnpaBeqJIHB TPHHUHN MAKCHMyMa, B COOTBETCTBHH C KOTOPDHM peilleHHe He MOJMKeT.
OKa3aTbCAd OTPHUATENbHBIM MNPH MOJIOXHTENAbHHX HAYAJAbHOM H TPAHHYHOM YCJIOBHAX.
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o6pa3oMm, YyToOb! OHa mNpeACTaBAsfJachb OTPE3KOM HEKOTOPOH KpHBOH
Il kaacca BIJIOTb JAO TOUKH Ec NepecedeHHsT 3TOH KPHBOH C oCbio
abcuMcc M jJajee caMoOH ocbio abCcHHCC, TO MOJyYeHHAss (PYHKIHA B
TouKe §=Ec OyNeT WMeTh pa3pbiB HPOH3BOAHOH OT KBajJpara.

Pa3puis npousBoxHoil Ha rpaduxe f? oT § COOTBeTCTBYeT Hapyule-
HHIO HETPEPLIBHOCTH IOTOKA XHAKOCTH, YTO NPOTHBOPEYHMT INOCTaHOBKE
3agaun. [losToMy HHM oana M3 ¢yHkuuii f(§, X), CocTaBNeHHOH H3 HH-
terpanbuoii Kpusolt II kmacca (mpu C = 0), npono/kaemoli Ha och
abecuuce, He MOXKeT OhITb DPELIEHHEM.

HICKOMBIM pellieHHeM, HelpepbiBHBIM H 00JafalolluM  HelpepbIBHOK
IIPOM3BOAHON OT KBajapaTa, 6yieT QYHKIHsA, NpenCTaBJeHHas KpPHBOH,
cocTosillell M3 OTpe3Ka HHTerpaiibHOH KpHBOH, pasjensoumeii KpHBhHIE
I v Il knaccos, BOJIOTH 0 IepecedyeHUs ee C OCbio aGCLHUCC B HEKO-
TOpoM TOuKe £ =g, H coBHajawIled ¢ ocblo abcuuce INpH § > Eo.

Cama ¢QYHKUMS HeNpephlBHA MO NOCTPOEHHIO; NPOBEPHM HelpephiB-
HOCTb NpPOH3BOJAHOH OT KBajpaTa B TOuKe nepecedeHHs §=§o (B ocC-
TaJbHLIX TOYKAX 3Ta HEMPEePhIBHOCTb HE BbI3bIBAET COMHEHHH, IIOCKOJbKY
HHTerpajibHasi KpHBasi COCTOMT M3 JIBYX YYacTKOB TIJIaJKHX KDHBHIX).
Ilpu nopxojge K Touke & = £y clpaBa, rje HHTerpa/ibHasg KpHBas COB-
nanaer ¢ ocblo abeumce, npepen (df?/dt);—¢,4+0 paBen Hymo. Ilpu nox-
Xoze K Touke § = §p cJieBa Ipejes

@f?1d5);—¢,—0 = (2fdf/dE):—¢, o,

C YyeTOM CKa3aHHOTO BHII2 TakKXk:s paBeH Hymo. TakuM o6pasom,
JIsl MOCTPOeHHOH (QYHKUHM npoH3BojHas df?/dt HenpepbiBHa.

INokaxem Tenepb, 4TO MNOCTpOEHHas (YHKUHA YNOBJETBOpSiET yc-
sosuio (I1.156). YmHoxuM obe yacth ypasnenus (I1.153) wa & u npo-
HHTerpHpyeM B Inpegesnax oT §=0 po §= co (WaH, 4YTO TO Ke, [0
E=Eq, TaK KaK NpH £ > to f(§, 1) =0). IToayunm

Pl
o

Eo o 2.9
— (e, l)dE+%SE2%€dE+SE% :=0. (IL160)
0 0 ?

(=)

Ho BcnenctsHe HenpepbiBHOCTH [ u df?/di uMeem
£o to £o £,
(eda=ei]—27c 6 na=—2(8¢ N

0 0 h) H

& £o Eo
d2 2 . d 9 d 2

(trd=rd || ada=ron=1

0 0 0

otkyaa u u3 (I1.160) nonyuaem
N oo
(G Ndi= (& NaE= 1+, (I1.161)
0 0

970 H Tpe6GoBaNOCh A0OKa3aTh.
Takum oGpasom, ¢ynkuua f(§, \) oTiu4aeTcsi OT HYJS JHIUb INPH
£<%, a mpu §>%; OHa TOXIECTBEHHO paBHa HyJsw0. Pasymeercsd,
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BeJHYHHA £o 3aBHCHT OT NapameTpa A. B Touke £ =t ¢dyukuus f(&;
A) HMeeT paspelB NEpPBOH MPOHU3BOJHOMH.

W3 TpeboBaHHsl HeNnpepuIBHOCTH GYHKUHH [ W df?/ds u Teopembl
€HHCTBEHHOCTH DellleHHs] JH(depeHUHANbHOTO yDaBHEHHS CJaefyer,
YTo NPH CcocTaBleHHH oyHkuuM [(E, )) CKJeHBaHHe DA3JIMYHBIX HH-
TerpanbHHX KpHBbIX ypaBHeHHs (I1.153) MOXKHO NPOH3BOAHTL TOJBKO
B TOYKaX, Tle f=0, OTKyla HeNOCPeICTBEHHO BHITEKAeT €JHHCTBEH-
HOCTb NOCTPOeHHOH HaMH (YHKIHH, T. €. €JHHCTBEHHOCTb ABTOMOJEJIb-
HOT'O peLIeHHS.

Hna spdekTHBHOro BBIYHCIeHHS ¢yHKuHH [ (5, ) yao6HO moCTy-
NuTh CJaefyolHM obpas3oM. Ilonyuum (HanpuMep, 4YHCJEHHO) pelleHHe
® (&, }) ypaBHeHHst Broporo nopsjka (11.153), o6painatommeecs npu £ = 1
B HYJb H HMeIOUlee B 3TOH TOYKE KOHEUHYIO MEPBYI0 NPOH3BOAHYIO,
T. €. COOTBETCTBYIOLlee pasie/sIomeil HHTErpaJbHOH KpPHBOH, MpPOXO-
asmell depes Touky £ = 1. MoOKHO moKasaTb, YTO 3Ta INPOU3BOJHAsA
paBga — 1/4. ®yukuus W (¢, 1), paBHas @ (¢, A) npu £ <1 H TOXIe-
CTBEHHO DaBHasi HyMO IpH £ > 1, HenpephBHa H HMeET HelPEpHIBHYIO
NPOH3BOJHYIO OT KBazpaTa, yjoBJerBopsier ypaBHenuto (11.153) wu
YCJIOBHIO NIpH § — o0, HO ycJOBHIO NpH & = 0 He yJ0OBJETBOPSET.

st nonyueHssi HCKOMOrO peIeHHs BCIIOMHHM, 4TO (DyHKuHS

FGy W) = p™2W (pE, ) (11.162)

TakxKe yIoBieTBopsier ypaBHeHuto (I1.153) npu npoussosbHOM p >0
¥ 06/1a03eT HYXHBIMH CBOHCTBAaMH HelpepbiBHOCTH. Brifepem Tenepb
p = W TaKHM 06pasoM, uTtobnl ¢yHKuus f(§, k) ylaoBreTBOpsAsia TaKxke
u ycaosHio (0, A) = 1, Torga nonydennas ¢pysakuus f (5, A) 6yzeT yjpoB-
JIETBOPATb BCEM YCJOBHAM, HalaraeMsIM Ha HCKOMoe pelueHHe. MmeeM

FO, ) =1=u3"® 0, ) = p7°N (),
OTKYIIa l'IOJIy‘-I aeM

wo = N2 (). (11.163)
3nauenne &, HauHHasg c Kotoporo f(E, A) =0, oueBMAHO, PaBHO
Eo=po = N—12()). (11.164)

Pesyavrtatel BoluucaeHuit f(§, A) AAA psAjga 3HAYeHHH A NPHBENEHHI
Ha puc. l1; Ha puc. 12 npexpcraBiennl ¢yHkuuu to(A) 1 M(A) =
= —df?(0, A\)/d5. Buaum, uro kpuBble f(f, 1), COOTBETCTBYIOLIHE
A > 1/2, ofpaweHbl BOTHYTOCTbIO BBEPX; KPHBasi, COOTBETCTBYIOIAsS
A=1/2, ABnseTcs JIOMaHOH, COCTaBJEHHOH H3 JBYX [NpPSAMBIX; MpH
A< 1/2 kpusbie f(§, A\) oOpallieHb! BOFHYTOCTBIO BHH3, NpHYEM BILIOTH

J0 GYHKIHH, cOOTBeTcTByiomed A= —1/2, npoussognas f'(0, A) or-
puuarenbHa. 3HayeHHIO A = — 1/2 cooTBeTcTBYeT QYyHKUHS
fE —1/2)=1—8%8 0<t<V8 f(t, —1/2)=0, £>V8,
(11.165)

umeiomas ' (0, —1/2) =0. Ilpu A < —% 3Hauenus f' (0, ) noJoxu-
TeJIbHBL.
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M(x) Eq(n)

sS(E,1)
! Ja~we 40
— 1 +35 M(x)—]
N , 30;
05 \ &2 V'
|/?>< \ \,< 25
\

) \ 20
0 1 2 g 0 LA
PHC. 11. Dyukuus f (&, A) PHC. 12. ®yukuru & (A), M)

DyHkuus &o(h) MOHOTOHHO Bo3pacTaeT ¢ YObIBaHHEM A, CTpeMsch
K GeCKOHeYHOCTH NMpPH A, cTpeMslieMcss K —1 (pelleHHe, COOTBETCTBYIO-
uee A= —1, Gyler paccMOTPEHO HHIKE).

[Mepexoas oT ¢yskuuu f(§, A) K Hanopy XHAKOCTH /i, mosnyyaeM,
YTO OH OTJIHYdeTCAd OT Hy/d B KaXIbli MOMEHT BpeMeHH JHIUL B
HEKOTOpPO# KOHEYHOH 4YacTH paccMaTpHBaeMOH 06JacTH TNOPUCTOH
cpeibl, TIpHYeM pa3Mep 3ToH 06sacTH CcO BpeMeHeM YyBeJHUYHBaercs.
KoHeyHOCTh CKOpOCTH paclpOCTPaHeHHs NepefHell TpaHHUB BO3MY-
lleHHOH 06J1acTH XxapakTepHAa AJis pacCMaTpPHBAaeMOro Kpyra 3ajaady,
OTBeYaloll[HX HYJeBOMY HayaJbHOMY YCJOBHIO; OHA CyIECTBEHHO OT-
JIHYaeT IOCTAHOBKY 3aJaYH O NOJIOPHX 6e3HaNOPHBIX ABHXKEHHSX OT
3aza4, CBSA3aHHBIX ¢ KJAaCCHYECKHMH JHHEHHbIMH ypaBHeHHAMH mapa-
60JIHYUeCKOTO THNA, 715 KOTOPHIX, KaK H3BECTHO, OeCKOHeYHa CKO-
pPOCTh pacipoCTpaHeHHA nepeaHero ¢GpoHTA BO3MYILEHHOH 06JacTH.

Dta  ocobeHHocTh Obl1a BrHepBole OOHapyXeHa B paborax
SI. B. 3enbnosuua u A. C. Komnareiina (1950) u I'. . Bapen6aar-
ta (1952) nyTeM Hcc/leJOBaHMs pa3/IHYHBIX aBTOMOXEJILHBIX peLie-
uuf. I'. M. Bapenbaatrom H M. U. Buunkom (1956) 6wio aaHo
J0Ka3aTeJbCTBO KOHEYHOCTH CKOPOCTH paclpocTpPaHeHHS NepegHei
TPaHHIbl BO3MYIIEHHOH 0O6JacTH AJA 3aha4 M[OJOrHX Oe3HamopHBIX
IOBHXKeHHH (a TakXe HIHPOKOro kJjacca Oosee OOILHX 3ajgay), cCOOT-
BETCTBYIOIIHX HAyajbHbiM paclpefe/leHHAM Hamopa MHAKOCTH, TOX-
JeCTBEHHO PaBHbIM HYJIIO BHe HEKOTOpPOH KOHEUHOH 00/1acTH.

KoopaHHaTta aBHXKYyllerocsi InepeaHero (POHTa IKHAKOCTH AJS

paccMaTpHBaeMblx aBTOMOJEJbHBIX JBHXEHHH BbIpaxaeTcs (opmy-
JIOH:

Xo (£) = &olas (t —to)*+!/(a + 1)]'12 (11.1686)

(nMockoAbKy mepenHuii POHT COOTBETCTBYET £ = fg); HANOMHHM, 4TO
NlapaMeTpbl @ M A CBSA3aHBl MEXLY CO50# COOTHOmleHHeM k = a/(zx -+ 1).

CKOpOCTb pacnpoCTpaHCHUA IepejHero (ppoma Ug IIpeACTaBJACTCsT CO-
OTHOUIEHHEM

ve = 2~ 1§g as (t — to)*" (a + 1)]172.
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B uacTHOCTH, KOr'Ja Hanop Ha TpaHHle NJAacTa MNOCTOSHEH, T. €.
a=0, TO

xo(f) = 2,286 Vas (t— to); vo= 1,143V ao/(f —fo). (11.167)
Jlanee, mass CyMMapHOro OOGLEMHOTO KOJMHYECTBA XKHAKOCTH B MJjacrte
M nonyyaercsi ciaepyiollee BhHpaXeHHe:

St
ma'?e3% (t —tg) *

Va+1
a AN TOTOKA XHAKOCTH NpH x=0, T. e. ] CKOPOCTH NPHTOKA XHA-
KOCTH B mJaact, B cuay (II. 155) — BHpaxkenue

3a—1
1 oh? . c Bl
C (‘ )x.—_o— o '2_‘1‘03/2 (t— 1) 2 Vait1 (21&—) . (I1.169)

o -i_ ox £=0

o
{1 naz, (11.168)

M mh(x, H)dx =

l
ot—g

Hurerpupysi obe uactu ypasHenus (I1.153) no ¢ or ¢=0 no
= oo HJH, 4TO Bce paBHO, a0 &= &, mnockoapky f(¢§, A)=0 npu
£ > &p, noayuaem

Tie nai=— 2 i . (I1.170)
0 + £=0
B pesyabrate ¢opmyna (11.168) npuBoautcst K Bumy:
143a
2 —_—
M= — l—q_7xma‘/2c3/2 T+ )2t —1o) 2 . (I1.171)

Taxum oOpasoM, npefbiaylllHe COOTHOLUEHHsI MOKa3hBAIOT, YTO pellle-
Husi, cooTBercTByloWHe 0 < a << oo, T.e. 0 <A< 1, orBeualoT BO3-
pacTaHHIO HaNopa JXHAKOCTH Ha TPAHHLE H OOCIUEro KOJIMYeCTBa KHJ-
KOCTH B IlacTe; JJIs pelieHHs, COOTBeTcTBYMouero a = i =0, Hamnop
JKHMAKOCTH Ha TpaHHIEe NOCTOsIHEH B XOi€ BCEro Mpolecca, KOJHYECTBO
ee B njacte Bospacraer. [Ipy —1/3<a<0, T.e. —1/2< A <O,
Hanop Ha TpaHHUe B HayaJbHbIH MOMeHT GeckOHeueH U YGBIBaeT ¢
TeYeHHeM BpeMeHH [0 HYJIA; KOJHYeCTBO MXHAKOCTH, NEepBOHa4aJLHO
paBHOe, KaK H BO BceX MNpeblAylIHX cJy4asX, HYJMO, CO BpeMeHeM
yBeanuuBaercsa. Ilpy a = —1/3, 1. e. A= —1/2, Hanop Ha rpaHuue
B HavaJbHBIH MOMEHT GEeCKOHEUeH H ¢ TeyeHHeM BpeMEeHH yOblBaeT IO
HyJssl; ofillee KOJHYECTBO JKHUAKOCTH B IJ1aCT€ MOCTOSIHHO B TeyeHHe
BCero npoiecca — XHAKOCTL 4Yepe3 rpaHuuy x =0 B mjaaer He mHocry-
maeT. Bo BceX yKasaHHBIX csy4asx Ha rpaHdme Onacta x=0 BO
BCSIKMH MOMEHT BpeMeHM JOCTHTaeTcsl MaKCHMaJjJbHOe MJsT 3TOTO MO-
MeHTa 3HaueHue Hamopa. [Ipy —12<a<—1/3, T. e. — 1<k <
< —1/2, Hanop XKUAKOCTH HA TpaHulle B HayaJbHBId MOMEHT Gecko-
HeyeH M C TeueHHeM BpeMeHH YO6biBaeT no Hyas. OO6Liee KOMH4ECTBO
JKHAKOCTH B HayaJbHbIH MOMEHT O6eCKOHEUHO. BEIHKO H C TeyeHHeM
BpeMeHH YO6bIBaeT, CTpPeMfACb K HYJIO, Tak 4YTO Ha TpaHulle MNJacra
JKHAKOCTb YXKe He BTeKaeT B Hero, Kak B MpeIbliyleM cJayyae, a
BeiTeKaeT. Torja Ha rpaHulle nJjacrta HAaNoOp XKHAKOCTH Yxe He 6yueT
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MaKCHMaJ1bHbIM; MaKCHMaJIbHOE ero 3HayeHHe JOCTHraeTcsi B HEKOTOpOA
BHYTpeHHell TOYKe M/1acTa, Pa3JHYHOH /I PA3HHIX MOMEHTOB BpeMeHH.

PaccMOTpHM YacTHBIfi CJydYaH, COOTBETCTBYIOWHE JHHEAHOMY BO3-
pacTaHHiO Hanopa XXHAKOCTH HAa TrpaHHIe IJacra, T.e. KOrja a ==
Ilpu sToM

RO, ty=o(t—td), &=2xV2as(t—t)~", (11.172)
a ypaeHenune (I1.153) npuHumaer BHZA:
i 1, df
'd—E§'+‘§'Ed—E—?f—0 (11.173)

Kak HeTpyaHo npoBepHTb, GyHKUHA
FE D=1—-%2, 0<t<t=2, [ 1)=0, to<t (I1174)

ynosnersopsier ypaBHeHHio ([1.173) u BceM ycnoBHAM 3apaum, OTKyaa
nosyyaercs

h(x, t) = o (t—to) — x (2a/0)—'72,
0 < x < (2a9)\72 (t —1y); (I1.175)
hix, =0, 2a0)!2 (t — ) < x < .

Koopannata mnepenHero ¢poHTa JKHAKOCTH Xo(f) H MOCTOSIHHast

CKOPOCTb DacCNpOCTpaHeHHS IMepefHero (pOHTa BBHIPAXKAIOTCA CAeAYIO-
UM 06pasoM:

X0 (1) = (2a0)V2(t — to), vo = (2as)!/2. (11.176)

Takum o6pasoM, rpadHKk pacnpeleseHHss Hamopa XHAKOCTH B
nJjacte NpeACTaBJseTCsl OTCEKaeMbIM OCSAMH KOOPAHHAT OTpPe3KOM
NpsAMOA JIHHHH, MepeMellalolleiics mapaJjejbHo caMoi cebe ¢ MOCTO-
SAHHOH CKOPOCTBIO.

[IpenenbHble aBTOMOJeJbHble ABHXeHHA. Pacemor-
PHM AJISI TOTO Ke MOJY6ecKOHeYHOro MJacTa HeCKOJbKO HHYI0 3aja-
uy. Byaem HccrnenoBaTh ABHXKeHHe Ha NOJyGeCKOHeYHOM HHTepBaJe
BpeMeHH (— oo, [}, MO3TOMY HayaJbHOe pacmpejejeHHe Harnopa IO
IJ1aCTy HecCyIleCTBEHHO.

[Mpeanonokum, 4To Ha GOJbLIHX DPACCTOSHHAX OT TIpaHHUbl MJI&CTA,
T. €. IPH X —> o0, HAmop »XHAKOCTH DAaBEH HYJIO, CJAEHOBATEJbHO:

h(oo, t) = 0. (11.177)

HyCTb, JAaJiee, HanoOp XKHIAKOCTH Ha rpaHHlie [JlacTa BO3pacTaeTr co
BpeMeHeM [0 3KCIIOHEHLHAJIbHOMY 3aKOHY

h (0, t)= hee*, (I1.178)
a BHYTpPH nsacta h (x, {) no-upexHeMy YAOBJIETBOPAET ypaBHEHHIO

oh a%hn®, C

52-:0'(;2—, aZQTn_. (11179)

CocTaBHM NOJIHBIY CIHCOK apryMeHTOB, OT KOTOPHIX 3aBHCHT 3TO
pewenue. IloMuMO KOOpAHHATHL X H BpeMeHH f, B CHHCOK BOHAYT
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TaKxe BeJHuMHHB Ao, x M a. Toraa pa3MepHGCTH BCeX OMpeneNsiolHX
11apaMeTpoB peLIeHHsT MpeJCTaB/sIOTCA B BHJE:
[x]=L, [{]=T, [a] = [R]~'L?T-1, [he] = [h], [x] =T, (11.180)

Tae mno-npexHeMy cuMBoabl L, T u [h] 03HayalOT, COOTBETCTBEHHO,
pa3MepHOCTH IJIHHBI, BpemeHH W Hanmopa. M3 natu aprymentos (I1.180)
C TpeMs He3aBHCHMBIMH Da3MEepPHOCTSMH MOXHO COCTaBHTb JBe He3a-
BHCHMble Ge3paaMepHble KOMOHHAUHH, KOTOphie YJIOOHO B3fiTb B BHIE
x (xjahg)'/?, xf. OTciona W ¥3 aHanu43a pa3MepHOCTEH IMOJydYaercs, 4TO
pelueHHe paccMaTpHBaeMOH 3ajayH MNpeiCTaB/seTcs B BHAe

h = hoo [x (aho/x) 12, xf], (11.181)

rae ¢ — Ge3pa3MepHas (YHKUHSA.
[Tonoxum { =1+ <, rge t— NPOU3BOJbHAs KOHCTaHTa. [IpH 3TOM
ycaosue (I1.177) u ypamuenue (I1.179), kKak HeTpyAHO NPOBEPHTS,

3aNHCLIBAIOTC Yepe3 HOBYIO MepeMeHHYIO I, Tak :Ke, Kak H yepes
npexHiolo nepeMenHylto, a yciosve (I1.178) nmpunumaer BHA:

h(0, #') =hoe*t; hy=hger. (11.182)

TakuM 06pasoM, CIBHT BO BpEMEHH BJHSET JIHIIb Ha HEKOTOpoe
npeobpasoBaHue BENHYHMHB Mg, U NOCTAHOBKA 3aNaud OKA3bIBAETCS HH-
BapHAHTHOH MO OTHOIIEHHIO K Tpylne mNpeo6pa3oBaHHE NepeHoca IO
BpeMEHH; A/ ompeneneHus h B nepeMeHHelX x, f, 4, x, h; nonyua-

eTcsi Ta e 3ajaia, yTo H AJs onpenejeHust h B nepemennnix (I1.180).
Crano 6urb, Ha ocHoBe cooTHowenuil (I1.181) u (I1.182) umeem

h = hop (xv, xt) = hgp (xv, ') =
= ehgp (xv, xf —x1); v = (x/ahg)!/?.
Orcioga caenyer, 4TO IpH JIIOGOM t CHpPaBelJIHBO TOMXKAECTBO
P (xv, xt) = e (xve /2 xf —xq),
ITosI0XKHUM T = { H TIOJNYYHUM
¢ (xv, xf) = e o (xve~ V2 | () = extf (xve— V221, (I11.183)
Urak, OyHkuHA h, 3aBucswas ot natu aprymentos (I1.180), npex-
crapssieTcss yepe3 (DYHKUHIO OJHOTO apryMmeHta:
h = hoe*f (5); &= xvexp (— 1/2xf). (11.184)

[ToncraBnsas (11.184) B ocHoBHoe ypaBHenuwe (I1.179), monyuaem

ana pynxund f(8) obbikHOBeHHOe nubPepeHiHanbHoe ypaBHeHue
a1 df

IMoncrasnss 3arem BuipaxeHue (11.184) B (I1.177) u (I1.178), numeem
rpaHHyHble ycJOBUSA AJg QyHKuUuH f(5):
f0)y=1, f(0)=0. (I1.186)

BeaenctBue HenpepuIBHOCTH HANoOpa M MOTOKA MKMAKOCTH (GYHKLUHS
f(}) no-npexHeMy JNO/MKHA OBITb HENpPEpLIBHOH H HMETb HerpephiBHYIO
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NpOU3BOJHYIO OT KBaapara df’/di. Takum o6pa3oM, AJs onpejesieHHs
¢yukuuH f(¢) NOMYyYHJH FpaHHYHYIO 3ajady TOro e THIA, 49TO H
rpaHHYHBIe 33aJayYH AJsI aBTOMOJEJbHBIX pelleHHH, PacCMOTPEHHHX B
npeAbAylEeM NYHKTe, H COOTBETCTBYIOLLYIO 3HAueHHIO MapaMeTpa a,
paBHOMY GEeCKOHEYHOCTH, T.e. A == l. ODxpeKTHBHOE BBIUHC/JIEHHE (YHK-
uun f(¢) BHIoOJHsETCS CHOCOGOM, YKa3aHHKIM BHIIe, DPe3YJbTAThl BHI-
uhcJeHHH Gbiid npuBefeHbl Ha puc. 11, ®Oyuknua f(E)=/f(¢, 1) Tox-
JEeCTBEHHO paBHa Hysmio npH £ > £p= 1,810; koopauHaTa H CKOpOCTh
nepeMelleHHs] NepeaHero (GpoHTa COCTaBAT

xo(f) = 1,810y €x2, g (£) = 0,905xy ex!/2;
v = (aho/x) 2. (11.187)

IMoayueHHoe pelleHHE B HEKOTOPOM CMbICJe MNpeaeJbHOE AJs1 aBTO-
MOJIeJIbHBIX PEIIeHHH, PacCMOTPEHHBIX B MpEABIAYIeM NYHKTe. B camom
neqe, nonoxum B dopmyne (11.152) o = kg (ax)—®, rme ho — HekoTopas
KOHCTAHTa, MMEIOIlas pasMepHOCTb HAaNopa; t— KOHCTaHTa, HMerolas
pasmMepHOCTb BpeMeHH. IIpH 3TOM, OUeBHIHO, 3TH KOHCTAHTHl BBLIOH-
paioTcsi ¢ TOYHOCTBIO 1O HEKOTOPOTO MOCTOSIHHOrO MHOXHTeJs. Perne-
rue (11.152) npuHuMaer BHA

a-}-1

_ t— 1ty @ T \ 2 2l La
h—ho( ) f x(,——_,o) l/“fz—hou v (11.188)

BymeM HeorpaHHYeHHO YBEJHUYHBATb a IIDH CTPEMJIEHHH HauyaJbHOIO
MOMeHTa fy K MHHYC O€CKOHEUHOCTH HO 3aKOHY

th=—ar. (I1.189)
PaCKpblBaﬂ HeoHnpene/ieHHOCTh, MNoJyuaeM, 4YTO IIpH a — <o
t—ty\e ¢ a—® [t—ty\ e+l ¢
( o )-*GXPT, m(—?—) —>expT—, A—1. (H.IQO)

Ypapnenne (11.153) B npenene npu a — oo nepexoxut B (I1.185),
a ycaosusa (I1.154) cosmajaror c (II.186); f(5, 2) = f(5, 1)=Ff(f).

O6o3Hauas v 4epe3 l/x, nNoaydyaeM, YTO NPH «—>00 BLIPAXKEHHE
(11. 188) crpemurcss k (II. 184). ITosTomy pemenune (II. 184) 6blio
HasBaHo NMpefielbHBM aBTOMOJAeJbHBM pemeHHeMm [2].
IlpenenbHble aBTOMOJeJbHbIE pellleHHs HPEJACTAaBJSIOT H NPHHLHIIH-
aJIbHBIH HHTEPeC B TOM OTHOIUEHHMH, 4TO A/ AOKa3aTeJbCTBa HX aB-
TOMOJENBbHOCTH YyKe HeJOCTAaTOYHO cooOpakeHHWil aHa/IH3a pa3Mep-
HOCTH, T. €. HeJOCTaTOYHO HHBApHAHTHOCTH NOCTAHOBKM 3aJa4H OTHO-
CHTeJbHO Tpynmbl npeobpasoBaHus NoA06Ms BeJHYHH C HE3aBHCHMbI-
MH pa3MepHOCTSIMH, KakK 3To OBblJIO B paHee pPacCMOTPeHHBIX aBTO-
MOJeJIbHBIX 3ajadax, a Tpebyercss [JOMOJHHTEJbHO BOCIOJb30BAThCA
HHBapHAHTHOCTbIO MOCTAHOBKM 3aJayd OTHOCHTEJBHO ellle ONHOH
rpynnsl — rpynnsl n1peo6pa3oBaHUil mepeHoca MO BpeMeHH.

ITprBeneHHble MPH PacCMOTPEHHH INpejelbHOH aBTOMOJENBHOH 3a-
JaYH paccyXaeHHs HocaT o6muil XapakTep M MOT'YT IIDHMEHSITbCA BO
MHOTHX APYrux 3ajgauax. IIpejenbHble aBTOMOJe/bHble ABHIKEHHS CYy-
HIECTBYIOT BCerja, ecJH CHCTeMa OCHOBHBIX ypaBHEHHH paccMaTpHBae-
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MOH 3ajaud HMeeT aBTOMOJEJbHble pelleHHS OOLIYHOrO CTEeNeHHOTro
THIA C TPOM3BOJBbHBI M IOKa3aTeJeM CTENEHH, KOTOPbIH MOXKET
NPHHEMATh CKOJb YroAHO 6OJIblMe 3HAa4YeHHs, ¥ HHBapUaHTHA OTHO-
c[me.nbﬂo npeo6pa3oBaHHs MepeHOca COOTBETCTBYIOLlEH KOOPAHHATHI
4, 38].

3apaya. Ha rpanuue x =0 nonybecKOHeWHOTO mNJacTa ¢ HeNPOHHLAEMBM
TOPH30HTAJEHEIM BOAOYNOPOM 3aJaeTcss MNOTOK (Pacxof) >KHAKOCTH KaK CTENeHHan
G YHKUHA BpeMeHH

i
— 7 COR%ox),_g =t (t—tg)f’» B>—1, = > 0. (11.191)

Hayanpuplfi Hanop Bo BceM NJlacTe paBeH HYJIO.
PelllenHe 3ajlauH TNpeiCcTaBJAeTCS B BHIE:

6at’ (t — t,) 2 H /3 2CM () (B + 22 V8
h_[c“’M? M) ¢+ 2 f{x 9a%x (t — tg)P+? ' *}’ (11.192)
rae M(\) = —df2(0, \)/d: (cM. pac. 13); KoopAHHaTa nepefHero (poHTa MHHAKOCTH
Xo (¢) nmeer BHA:
Nt 9a’c (t — to)f+2 V8
O=5%W e m e+ 22

OcecHMMeTDHUHble aBTOMO/JeJNbHble fBUXenus Ilpu
OCeCUMMETPHYHBIX IOJIOTHX Ge3HaNOPHBIX JBHIKEHHSIX HANOp XHAKO-
CTH YIOBJIETBOPSIET YPaBHEHUIO

(11.193)

oh 10 on?\ C  keg
'a:—‘ZTa;(' o) 3= 90 = oy (I1.194)
rpe r— pacCTOsAHHE paccmarpuaaemoﬁ TOYUKH IlJ1aCTa OT OCH CHM-

METpHH.

IlycTs B 6eCKOHEYHBIH MNJIAacT, OrPaHHYEHHBbI CHH3y TOPH3OHTAaJb-
HBIM BOZOYNOPOM, 4Yepe3 CKBAXHHY, pajHyc KOTOpOil npeHebpexHMo
MaJ, HauHHaeTCs 3aKayka XXHIAKOCTH. [IpeAnosoxum yTo HayajbHbIH
€e Hamop B MJIACTe paBeH HYyJIO, TaK YTO HayajibHoe YCJOBHe HMeEeT

BHI:
h(r, to) = 0. (11.195)

[IpeanonoxuM AaJee, 4To pacxo] 3aKauHBAeMOH XKHJAKOCTH H3Me-
HseTCA CO BpeMeHeM [0 CTEeNeHHOMY 3aKOoHy. Bhipaxkenne ans mnod-
HOrO pacxojfa XHAKOCTH, 3aKauHBaeMoi depe3 CKBaXHHYy PpajHycOM
R, uMeer BHUA:

oh on?
g)=2:R(—CnY)  =—=C(rF) .. (L%

Ilo npeanonoxeHnuio, pagHyc CKBaXKHHB npeHeOpeXHMo Man (HH-
JKe OCTAHOBHMCSA Ha NpPHYHHAX, 110 KOTOPHIM 3TO AOMYyUleHHe MOXKHO
nejath AJs OOJBLIHHCTBA peajlbHbIX JABHXKEHHH), I103TOMY MOXKHO
npuHATh R=0. Tak kak pacxon XHAKOCTH, 3aKauHWBaeMoil B CKBa-
JKHMHY, MeHfleTCS N0 CTeleHHOMY 3aKOHY, rPaHHYHOEe YCJOBHE Ha CKBa-
JKHHe NpPHHHMAaeT BHA:

— nC (roh?/0r),—o = t (t — to)*, (11.197)
rie © >0 u B> —1. B vacrhoctu, cayuait B =0 cooTeercTByeT 3a-
KayKe XXHIKOCTH B IUIaCT C TOCTOSHHBIM pacxojoM. Takum o6pasoM,
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petlenHe 3anaud ynosaerBopsier ypasHeHuio (I1.194) u  ycaoBusm
(I1.195) u (I1.197). Ilo-npexHeMy, HCHOJb3ysl aHA/JH3 Pa3MepPHOCTH,
MOXKHO HOKa3aTb, YTO 3TO pelleHHe aBTOMOJEJbHOE H INpeicTaBiasfercs
B BHIE:

T 1/2 4a2r t—t )ﬁ—|-2 1/4' B
h=[“—c(t—to)ﬁ] Fi (5, V), E:r(wﬁf“) : x2§+2_
(11.198)

Kak u npexpe, uckoMas QyHKUHA [0MKHaA GbITb HENpephIBHOH H
HMeTb HenpepelBHYIO NPOM3BOAHYIO OT KBajpara. IloacraBasis Beipa-
xenue (11.198) B ypasHenue (11.194) m ycaoeus (I1.195) u (I1.197),
HaxoguM, uto GyHKuus fi (5, ) — pelleHHe TIpaHHYHOH 3anauu

f ] df] . fl

HccaenoBanue 3Tof rpaﬂmmou 3ajlayd TNpPOBOJUTCA anajorH4YHO
npepiaylleMy, TakxkKe €IHHCTBeHHbIM 00pasoM CTpPOMTCA (yHKIHSA
fi (£, 1), oTauualomascs oT Hyas Juwb npH 0 <& <& (h), rae & (M)—
HekoTopas (yHKUHA X, a MpH § > §; (A) TOXKAeCTBEHHO paBHas HyJIO.
Oyuxkuus fi (5, L), Kak HeTpyAHO BujeTb M3 nepgporo ycjoBus (I1.199),
npu §— 0 nMeeT ocoGeHHOCTb BHJAA

A, V)=V —1Ink, £—0. (11.200)

Bropoe ycnoBhe (11.199) Moxker 6bITh npHBenaeHO K Apyrod ¢opme:

ymHoxas ypaBHenue (I1.199) Ha ¢ u unTerpupys oT {§ =0 a0 § = oo,

a TakXKe MCMOJb3Ys JONONHHUTENBHO Jerko ycranaBiauBaeMblie u3 (11.199)

yeaosust (3dfildE):—e = 0, [fi (5, M]:=o = 0, Nonyuaem crlefyiomee HH-
TerpanbHOe COOTHOILEHHE:

_=—1, f(eo, ) =0. (IL.199)

% . €1(M)
[5G, Nde= | 8h G Ndi= (11.201)
0 0

IppekTHBHOE BhIYMCTEHHe GYHKUMH fi(§, A) YAOGHO IPOBOAHMTH
cnegyromuM obpasom. Crpoutcs peuleHue 3ajaun Kouwwn @y (5, )) aas
ypaBHenus (I11.199) o6pamaroimeecst B HyJb NpH § = 1 1 uMeiollee B 3TOH
TOYKe KOHeyHYio nepByio npousBoaHyio. (HccnenoBanne noKasbiBaeT,
4YTO 3Ta NMpOH3BOAHAs paBHa —1/4.)

Hanee uucieHHO onpepneasieTcss BeJHYHHA

lim (sd®%/dt) = — N ().
£~0

Bennuuna N (\) okasbiBaercsi He paBHOM eiHHHLE, MO3TOMY (YHK-
uusi, pasHas @y (5, ) npu §< 1 W TOXKAECTBEHHO paBHasd HYJ/IO NpH
§>1, ynoBneTBopsieT BceM ycioBHAM rpiiuynofi 3amaud (I1.199),
KpOMe YCJIOBHS B HyJe. Bocno/jb3zyemcsi Teneps TeM, Y4TO, Kak HETPYAHO
nokasatb, ypaBHeHue (I1.199) u BrOopoe rpanuyHOe YCJIOBHE HHBApH-
2HTHBI OTHOCHTEJIbHO TpPYyNINHl MpeoGpa3oBaHHH

Dy (5, A) = p—2D@; (Ep, N), (11.202)
MOSTOMY TNpPH MpPOH3BONLHOM MHOJNOXKHTENbHOM p ¢yHKuus @2 (5, 1)
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/ 5
) =10 s\
A=0
P N
\_x-c \.o.s\
X N, -0.50 AN\
N N\
NN -0.25
0 | 3 0 10 ¢
PHC. 13. Dynrumn fi(, M) u
e,\ — tdf?/ds
2,00 \
190 \\
1,80 \
1,70 \\
\,
1,60 \
1,50

0 0625 050 075 A PHC. 14. Dynxuun §; (})

yaosiersopsier ypaBHeHuio (I1.199) W BTOpOMYy TIpaHHYHOMY YCJOBHIO
(11.199). Ho

(:d3/d%)cmo = p—* (tdD] ¢, V)/d2)imo = —u=*'N (V).
Bei6pas p =p, = [N ()14, noayuuM, 4t0 GyHKIHS
fi(g, 1) =[N0 GEIN OIS D) 0<E<ER),
fi(g, =0, L) =INMI" <t < o (11.203)
yIOBJIETBOPSIET BceM YCJIOBHAM TrpaHH4HOH 3agaun (I1.199).

Ha puc. 13 u 14 nokasaum rpaduru fi (5, \) mpuw A =0, 0,5;
1,0, a takxke rpapuk ¢yHkuuu £1(A), yepes KOTOPYyW KOOpIHHATa
I :pefHero ()poHTa BhIpa)kaerca 0o QopMyse

4%t (t — 1P T2 V4 Cr (t — t)Pt+?
ro= & (}) =C (B + 2)2 T wm? (8 4+ 22N ()

B npunoxerus x 0co60 BbIAENSIOTCA ABHMXKEHHS C TNOCTOSHHBIM pac-
xopoM 3akagkd B = 0. [Ipu 3rtom nomyuyaercs

G e S IECEL

1/4
} . (I1.204)
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ro(t) = 1,537 (a®/C)\ A VT —fp = 1,087(C</m)V4 VT 1,

3ajgaya o 3aKauKe HAH oT6Ope rasza uyepes CKBa-
X HHY. PacCMOTPHM TrODH30HTaJbHBIE nJacT MOWHOCTH H, BCKpH-
THI COBEPLIEHHOM CKBAa)XHHOH M COAepXKallHil B HayaJbHHI MOMEHT
ras nox nasJjeHHem P=const. [lonycTuM, 4TO yepes CKBaXKUHY, pajH-
yC KOTOPOH r,, HauHHAeTCH 3aKaykKa WM OT60p rasa ¢ NMOCTOSHHBIM
MaccoBbIM ne6HTOM ¢, npuieM ¢>0 oTBeyaeT 3aKauke, a ¢<0—oOT-
6opy rasa. Torna umeem

> kp i @[ ap\ . nkHpg
o e 75(’57)’ piry O =P, —— ( ),=r.,: g (11.206)

ByneM cuuraThb pajaMyC CKBaXKHHbl INpeHeOpeXHMO MaJbiM (HHXKe
NpHBEleM OLEHKH, OnpaBiblBaole 5T0 jgonyueHue). Toraa ycsaoBue
(11.206) nepenuiercs B BHJe:

ap® 4Py ]
%) = — = 4. (11.207)

ap?
"or

Hrak, nckoMoe pacrpejesieHHe 1aBJeHHs B IulacTe, YAOBJETBOpSIO-
wee ypasHenuto (11.147) u ycaoBusam (I1.206), 3aBHcuT OT onpegelsio-
HIHX TapaMeTpoB r, ¢, a?, ¢°, P.

MoxHO yGemHTbC B aBTOMOJENbHOCTH PaccCMaTpHBAEMOTO JBHKe-
HHA, TaK YTO pachpejejieHHe JaBJeHHS IpeACTaBJIseTCs B BHIeE:

p=PF(, V), ¢=r(@Pt)—12 \=q"/P?, (I1.208)
rpe ¢ynkuus Fi (3, )\) — pelueHne rpaHHuyHOH 3ajayu
a’Fy | dF} g dF

dF?
Eé“) &——d?—f‘-f d: :"-0, (’E E)g:():—)\, Fl (OO, )\)=1 (11209)

KauecTBeHHasi KapTHHa pAacloJIOXKEHHS HHTErpajbHHIX KDHBBIX
ypasuenus (Il. 209) uccaeayercs aHajoruuHo TOMY, KAaK OINHCAHO
B 1. 3.

HccenepoBanue MOKasbpiBaeT, YTO HHTerpasibHbleé KPHUBbIE, YJOBJET-
Bopsiomne BTopoMy ycjoBuio (I1.209), pacnaparoTcs Ha nBa kJjacca,
passgenennble Mexay coboil uHTerpaibHoH kpusod Fi(§;2) =1, coor-
BeTCTBYIOmEH, Kak Jerko BuaeTb, A =0 (puc. 15). Kpusbie nep-
BOro KJacca, pacnonarawomuecss Haa kpusofi Fi(§, 0)=1, ¢ yMmeHb-
weHueM £ 10 HYJS NOAXOAAT K OCH OpJAHHAT, AaCHMNTOTHYECKH YXOAd
B 6ECKOHEYHOCTb, TaK uTO NpH & — 0 ¢yHkuu s Fy (5, A) MemJIeHHO BO3-
pacTaer no 3aKOHY

Fi(, W) =(—rIn5)Y2 1 0(). (11.210)

Kaxnoii U3 UHTeTrpajibHbIX KPHBbIX NEPBOTO KJAacca COOTBETCTBYeT
CBOE 3HaueHHe NapaMeTpa A, MOHOTOHHO BO3pacTalollee OT HYJS JO
6eCKOHEUHOCTH 1O Mepe YaaneHus oT kpusoil Fi(§, 0) = 1.

Ilpu § - co opAMHATBHI KpPHUBBIX OGOHUX KJ4aCCOB OBICTPO CTPEMATC A
K eHHHLE MO 3aKOHY

Fi(i 1) =14 0" exp (—8~'8)). (1.211)
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KpuBble BTOpOro Kaacca, pacnosaramomuecs I04 HHTer paJbHOH
kpuBoli Fi (5, 0) = 1, He HOXOAAT O OCH OpAMHAT, a 3aKAHYHBAIOTCH,
IIOAXOAs MOA MPSIMBIM YIJIOM K OcH abcuuce — ocoboil JIMHHM ypaB-
"enus (11.209), nockonbKy Ha Hell o6palllaeTcsl B HyJb KO3)(PHIHEHT
NpH cTapluedl NIPOH3BOJHOH B 3TOM ypaBHeHHH. B Takom ciayuyae BMec-
TO M[EepBOTO YCJOBHf, KOTOPOMY YJAOBJETBOPSAIOT Bce HHTerpaJjbHbie
KpHBbie NIepBOro Kjaacca, COOTBeTcTByiomue A>>(0, 3T KpHBbIE YNOB-
JIETBOPSIIOT YCJOBHIO

(EdFiidE)e=tpy = — ) (11.212)

rae £()\) — KOOpAHHATa TOYKH [MepeceyeHHss pacCMaTPHBaeMOH KpHBOH
¢ ocblo abcumucc. Kaxnolt KpuBOH COOTBETCTBYeT OMpejeJeHHoe 3Ha-
yeHHe A, MOHOTOHHO yObIBalolllee OT HYJS A0 — ©°© MO Mepe yjajleHHs
KpHUBbIX OT HHTerpajbHOd kKpusol Fi(E, 0)=1.

HHrerpanbhuble KpHBble BTOPOTO KJjacca OMNHMCHIBAIOT aBTOMOJENb-
HElE JIBHXKeHWs,, B Npolecce KOTOPLIX NMPOHCXOAHT He HarHeTaHHe ra-
3a B IIaCT, KaK B cJyuae JABHXKEHHH, OTBEYalOLIMX HHTErpajibHbIM
KpHBBIM NepBoro kJjacca (A>0), a orbop rasa H3 nJjacra c pacxo-
AOM, ONpejedsieMbiM COOTBETCTBYlOLIell 3TOH KPHBOM BEJHYHHOH A:

g = \wkHpoP?%ppy (11.213)

(B 3TOM (OpPMyJie MaccCOBBIH pacxojl ¢ CUHTAeTCA OTPHUATEJbHBIM),

CnenyeT OTMETHTb, 4TO, CO31aBas JOCTAaTOYHBIY mepenaj jaBsJe-
HHSl, MOXHO, B MNpHHLHNE, 3aKAaYHBaTh ras B MJacT C JOGBIM 60Jb-
IIHM PacXOIOM Yepe3 CKBaXKHHY CKOJb YroJHo MaJoro paauyca. On-
Hako OTOHpaTh €ro K3 IJjacTa MOXKHO JIHIIb NMPH PacxoAax, He Mpe-
BHIIWAWUWHX TOTO0 pacxojga, KOTOPHH COOTBETCTBYeET
YCTAHOBJEHHIO Y CTEHKH CKBAaXHHB HYJeBOTro AaBJe-
H u s, JlanbHefimee yBeJjiHueHHe pacXoia OTGHPAEMOro rasa BO3MOXKHO
TOJIbKO NPH YCJOBHH pacluipeHHs cKBaxHHbl. Takum obpasoM, B OT-
JHYHe OT CJydyasi 3aKauyKH rasa HeJb3s CTaBHTb 3ajady o6 orbope
ero 4Yepes CKBaXKHHy npeHeOpexxHMO Majoro pajauyca. Kpusble
Fi(§, A) npu A<0 (KpHBHE BTOPOro Kjacca) COOTBETCTBYIOT aBTO-
MOJEJbHBIM IBHXKEHHSIM, Korla otT6op rasa c NOCTOSHHbIM PacxojoM,
onpenensemeim ¢opmysoin (I1. 213), npoHCXoAHT dYepe3 pacuIHpsIO-
UIyIocA CKBAXXHHY € PaJIHYCOM, YBEJHUHBAIOIIHMMCS 110 3aKOHY

R =E(\) (a2PH2 (11.214)

(mpHueM Ha cTeHKe 3TOA paclUHpsIOLIeHiCs CKBAaXHHH [aBJeHHe 0O-
CTOSIHHO H PaBHO HYJI0). 3aMeTHM, YTO pacliMpeHHe oTOHpalolled
CKBaXXHHBl HH B KOeH Mepe He NpensTCTByeT MPHMeHEHHI0 paccMar-
pHBaeMHX pelleHHH K MPaKTHYECKHM 3ajayaM, NOCKOJIbKY Js 3Ha-
YeHHH MapaMeTpa A, NpPeACTABJSAIOIIHX NPaKTHYECKHH HHTepec, 3Ta
(HKTHBHAS CKBaXKWHA, KaK IOKa3bIBAIOT NpPOBEAEHHBIE pacueThl (CM.
HHXe), Bcerna GyleT HaXOAHTbCA BHYTPH HACTOAINEH CKBaKHHBL
Ins pajbHeiitiero H3JIOXKEHHS MOMAE3HO BLIACHHTb, KakoH NOpAAOK
BeJMUMHH A BCTpeyaeTcsl B NpaKTHYECKHX 3ajauax. BosbMem B Ka-
uecTBe NpHMepa cJayuyaH, MJA KOTOpOro BejuuHHa A Oyjaer BechbMa
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BBICOKOH, 3THM CaMBIM OfpeaeJHTCsl TOPSIAOK BEpXHEro npeaena 3Ha-
yeHuit A. IlycTb yepes ckBaxuHy or6upaerca 1000000 M3 rasa B CyTkH
(nMeeTcss B BHAY OGBEM IpH HOPMaJbHBIX YC/JOBHSX); TakKoH pacxoa
JnoctatoyHo Beicokui. IlycTs, nanee, Bs3kocTh rasa p. paeua 0,01 mIla.c,
NPOHHLAeMOCTh NOpHCTOH cpexbl k= 1012 M2, MomHocTs muacTa
H =10 M, HayanbHoe nyacroBoe jaBjeHHe P = 3 MIla (oTHOCHTENBHO
He6oJiblIOe JlaBjeHHe JJIf CTOJIb BBICOKOTO OTGOpa rasa); CYHTaeM, 4YTO
MJIOTHOCTB po cooTBetcTBYeT po = 0,1 MITa. TakuM o6pasoM, ¢/po— ecThb
3ajaHHbIl O6LEeMHBIH pacxo] rasa, OTOHPAEMOro uyepe3 CKBaXKHHY.
[lepexonss K OJMHAaKOBLIM €AHHHIIAM H3MEpPeHHs H NOACTABJSA IpH-
BeJIeHHble MapaMeTpbl B BbipaxkeHHe i A, noayuum k= 0,04. Craio
6biTb, B peasibHbIX cayyasx mnapameTp A paBen 0,01—0,02 u menee.

Ha puc. 16 u3o6pakennl kpusbe Fy (%, )), oTBeualollHe HECKOJb-
KHM 3HaueHHsM TMNapaMeTpa A, Kak [OJOXKHTENbHbIM, TaK M OTpHLA-
Te/bHBIM, a TaKKe COOTBETCTBYIOMHE KpHBble — EdFi/dt. U3 3THX KpH-
BbIX BHAHO, YTO B JOBOJbHO 3HAUYHTEJLHOH 06J/1aCTH BOJH3H TOUYKH

£ =0 (cooTBeTCTBEHHO BOJH3H § = E_(k) JJI KPHMBBIX, OTBeyawmHux h <
<0 cpyHKuHﬂ—Ede/dE 6/MH3Ka K cBoeMY 3HaueHHlo npu =0 (co-

OTBETCTBEHHO mpH & =§(\), T. e. K . [Ipn 3TOM OCHOBHOE H3MeHeHHe
¢yuruuu Fy (§, ), T. e. OCHOBHOe H3MeHeHHe JaBJIeHHS rasa, COCpefno-
TOYHBaeTcs: HMeHHO B 3Toif obnacTH. [Ipu Tex e 3HauyeHusix §, aas
KOTOPbIX cpyﬂxuuﬂ—Ede/dE yXKe CYILIeCTBEHHO OTKJOHSIeTCd OT M
¢yukuus Fy(§, )) oOkasbiBaeTcd JOCTAaTOYHO OGJH3KOH K eJHHHLE-
B npaktuyeckH HauGosee HHTepeCHOH oOJacTH 3HauyeHHH napameTpa
A, pPaBHbIX MO a6COJIOTHON BeJHUHHE ONHOH COTOH M MeHee, 3TO CBOH-

CTBO MOCTOstHCTBA (yHKUMH — EdFi/d: B obnactu, rae Fi(§, A) cyme-
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CTBEHHO OTJIMUaeTcsl OT €AWHHLBI, BHIPaXKeHO elle Gosee pesko. OGo-

3HauMM yepe3 § 3HaueHHe apryMmeHTa &, obJiajaiollee TeM CBOMCTBOM,
2

uyto npu £ <%, 3HaueHHsi —EdFi/df ornnualoTcs OT A MeHblle, YeM

Ha 0,01%. Crano 6biTh, hpu § < &, C 3TOH XKe CTeNeHbi0 TOYHOCTH

BBIMOJIHSETCS COOTHOLLEHHE

tdFY/d: = —); FiG, W) —FP(t, W= —\Ings,.  (11.215)

TpoBeieHHbIe YHC/IEHHble pacyeThl MOKasblBalOT, YTo npu || <0,01
BesquuuHa F (5, \) oTnHyaeTcs oT eaMHHUb MeHee ueM Ha 0,03, Tak
yro npu &> &, cnpaBepmuBo HepaBeHcTBo 0,97 < Fy (5, 2) < 1.

Orciofa Ccleiyer, YTO C INPAKTHYECKH BHOJNHE JOCTaTOYHOH TOY-
HOCTbIO B 3TOH o6nactH ypaBHende (I1.209) ans ¢ysxuum Fi (g, 1)

MOMHO 3aMEHHTb JHHEHHbIM OTHOCHTeJbHO Fi (, ) ypaBHEHHeM
2 2
Ld (4 | LA 1.216
B nocaenHem ciaraemMoM jo6aBjeH MHOXHTeAb Fp(§, X), corsacHo

npepiAylleMy, Mano OTJHYaloWuicad OT eAHHHUB. JIHHeHHOe ypaBHe-
uue (I1.216) nerko wuHTerpupyercs, B pe3ysbTaTe NOJYYHM

tdFi/d: = Cexp (— £%/8), (11.217)
rae C— KOHCTaHTa WHTerpuposaHus. OmnpeneqHM 3Ty KOHCTaHTy H3
YCI0BHS, 4To nNpH E =, BeanunHa EdFi/dt — — k. Vimeem

C= —exp (— Ef/8).

Taxk Kaxk Jjs paccMaTpuBaeMOH NPAaKTHYECKH HHTepecHOH o6.acTH
|A] < 0,01, 3navenne & BecsMa Mano (< 0,01) u exp(—1.8:%) or-
JMYaeTcs OT eAHHHUBI He G6oJiee 4YeM B IUECTOM JECATHYHOM 3HaKe, TO
MOXxHO mojarate C = — X,

Hurerpupys ypasnenue (I11.217), nonyuaem npu & > §,

Fi(E, }) =D —){t'exp (— £%/8) dt. (11.218)

Haxoas KOHCTaHTy HHTErpupoBaHus #3 yCJIoBHSL F|(oo) == 1,
MOJ1yYUM

F}=1—1/2)Ei(— 1/8:2). (11.219)
Haxona u3 (I1.219) Fy(¢,, \) u noacrasnas B (I1.215), nomyunm
Fi=1—1/20Ei(— 1/85%) —\In (5/£,). (11.220)

-

Ilpu manbix § MMeeM acCHMNTOTHYECKOe BbipakeHue
Ei(— 1/85%) = In (1%/8),
TaK 4To
In (/%) = 1/2 [Ei (—%/8) — Ei (— £2/8)].
Iloncrasasa 1o Beipaxkenue B (11.220), naxomum:
Fi=1—1/20Ei(—£t%8) (£ <%.). (11.221)

CpaBuuBas Buipaxenus (11.219) u (I1.221), BHAuM, YTO OHM COB-
najaor. OTclona cleiyeT BechbMa CYIIECTBEHHBI BBIBOJ O TOM, YTO B
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NpaKTHYECKH Haubosiee HWHTEPECHOM HHTEpBaje 3HaueHHH In:paMerpa X\
|2} < 0,01 ¢yukuus Fy (5, ) npeacraBasercs B Buie (I1.219) npu
BCceX 3HayeHHsX &.

[Tepexoas or ¢yHkuuu Fi(§, 2) K AaBjeHuo p no ¢dopmyJe (11.208),
noJiyyaeM, 4TO pacnpejieJieHde JaBJ€HHS C BecbMa BLICOKOH CTENeHblo
TOYHOCTH TPEACTAaBAfeTCA A BCeX 3HayeHHH r u / B BHJE:

p2— P21 —aEi[——2 \|: —001<i= P 001, (11.222)
8a°Pt "kHPoP2 ’

HMMeHHO TaKMM NOJY4YHJOCh Obl DellleHHe 3aJayH, ecjH Obl MHI
sameHuau B ypasnenud (II. 206) MHoxuTens p B NMpaBoOil yacTH Ha
3HayeHHe p= P 3TOro MHOXXHTeJs NPH r=o00, T. e, ec/H Obl IpH TeX Xe
rPaHMYHBIX H HayaJbHBIX YCJOBHAX Mepellyii K JHHEHHOMY OTHOCH-

TeJbHO p? YpaBHEHHIO

ot T T r ar\ o)

Tako#t cnoco6 snuHeapuszauuu ypaBHenHs (II. 206) Guin Bmepmhie
npepjoxen JI. C. JleiiGenzonom [26]. IIpuBeseHHEBIe pacueThi NOKa-
3bIBAlOT NMPAaKTHYECKH TOUHOE COBMNajeHHe pelLIeHHs pacMaTpHBaeMoi
HeJMHeHHOH OCeCHMMeTPHYHOH 3ajJayd ¢ pelleHHeM JHHeapH30BaH-
HOHM 3ajayH. Ycrex JHHeapH3aUHH oOBbACHSAETCAd B JaHHOM CcJydae
TeM, YTO B CJy4yae OCeCHMMeTPHYHBIX ABHXEHHH obsaacTh pa3GHBa-
eTcd Ha JBe yacTu: 1) o6JacTh KBa3HCTAaULHOHAPHOTO JBH-
X eHH A, COOTBETCTBYIOLlass MaJbiM 3HaueHHaAMm §, B KOTOPOH cocpe-
JIOTOYHBAETCS OCHOBHAs 4YacTb BCero Nepenaja AA3BJEHHSA, HO MNOTOK
rasa IOYTH MOCTOsiHeH, H 2) o6JacTh, MaJaKXx AenpeccHit (me-
penaioBR JAaBJeHHs), B KOTOPOHl NOTOK ra3a CPaBHHTEJNbHO MeAJIEHHO
yMeHblIaeTcs,, a Nepenajbl AaBJeHHH MaJihl.

B 06sacTH KBa3sHCTaLlHOHAPDHOTO [BHXKEHHS He TOJbKO Ppa3HOCTh
BeNMHYHH rop?/0t u 2a’p0 (rOp?/0r)/Or paBHA HYJIO, Kak 3TO Cjelyer
u3 ypasHeHus (11.206), HO M Kaxjas M3 HHX caMa Mo cefe HcyesaloLie
Majla (CpaBHHTEJBHO CO 3HAYeHHSIMH 3THX BeJHUYHH B TeX TOUKaXx,
rje OHH MakcHManpHbi). [TosroMy B 3TOH o6nacTH NOTOK rasa, pas-
HHI A — wkpoH (ppo)—'rOp?/Or, NOUTH TNOCTOSIHEH, a 3HAUYEHHE MHGC-
XHTeNs NOpH BTOpoM uJieHe ypaBHeHus (I1.206) HecyuiecTBeHHO, H
¢ 60JbLIOA CTENEeHbI0 TOYHOCTH MOXKHO 3aMEHHTb B 3TOM MHOXHTeJe
p(r, ) na P. B o6nacTu xe MaJbiX Jenpeccuii, B ONpeJeJeHHON
yacTH KOTOpoH o00a useHa ypasHenus (I1.206) cymectBenHo oram-
4aloTCA OT HYJSA, BO3MOXHOCTb TaKOH 3aMeHbl OGYCJOBJIMBAETCS Ma-
JIOCTbIO pasHoCcTH p (r, {)— P.

O6Hapy:KeHHAss JOMYCTHMOCTh JIHHEapH3alHH ypaBHEHHH mpu OIH-
CAHHH HeJHHEHHBIX OCeCHMMETPHUHHIX ABHXXEHHH BHEe 3aBHCHMOCTH
OT BO3HHKAWILEro Mepernajga AaBJeHHs [O3BOJSET CAeNaTh BaXKHble
BHIBOJAB NPHMEHHTEJIbHO K OoJiee OOGLIMM KJaccaM [BHXKEHHS. IDTH
BHIBOJbI CBSI3aHbl ¢ MaJOCTblo Ge3pa3mepHoro mnapaMerpa A — Ges-
pasMepHoro pacxoja—H MOTYT OBITh B oflleM BHI€ YCTaHOBJEHBI
NpHMEHEHHEeM WIHPOKO H3BECTHOH TEXHHKH CpallliBaeMbIX AaCHMIITO-
THYECKHX Pa3J/IoXXeHHH,

2 2 2
A s (11.223)
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3aMeTHM Tenepb, UTO B peasibHBIX 3ajauax 3alaeTcs MOTOK rasa
yepe3 CKBaXKMHy, XOTS H MaJjioro, HO KOHEYHOro (UKCHPOBAHHOIO
pajdyca, TaKk 4TO TPaHHYHOe YCJOBHE Ha CKBaXHHe HMEET BHJ
(I1. 206).

[TokaxeM, 4TO MOCTPOEHHOE BhIllle aBTOMOJENbHOE pelleHHe yIOB-
JeTBopsieT ¢ GOJbLIOA CTeNeHbI0 TOYHOCTH 3TOMY YCJOBHIO YXKe CIy-
CTSl HECKOJbKO CEeKYHj focJie Hayaja mporecca.

B camoM pene, Ha ocHoBanuu (II. 208) umeem

2 dF?
(r ‘;L) - P?(e -i> . (11.224)
r /r=R ds E=R/]/a2Pt

OnHako H3 CKa3aHHOTO BHILIE CJENyeT, YTO MpH MaJblX A 3Hauye.
HHe (YHKUHH tdFi/d: 6au3K0 K —\ npH BceX ¢, He MPeBOCXOASLIUX
HECKOJIbKHX JeCSATHIX.

[lpu paauyce ckBaxkuHbl R =~ 10 cM, nponuuaemoctd £ = 10—12 m?,
nopucroctd m=0,2, Bs3koctH p ==0,01 wmlla-c BennwunHa a?P =
= kP/2mp. umeer nopsigok 103 — 10% cm?/c, u Torga yxe npH =3¢

¢ = R ((a?Pt)~12 < 0,2.

IlosToMy MOXHO C BecbMa BBICOKOH CTemeHbl0 TOUHOCTH MOJAraTh
npu £t >3 ¢
2, 4\
(EdF]/d:)E=R(a:p H—12 = — A.

Ucnonb3ys sto obcrositenbcTBo, B cooTHowleHuu (II. 224) moay-
yaeM, UTO CIYCTHA HECKOJBKO CeKYHJA MoCJe Hauasa IABHXKEHHS aBTO-
MOJe/bHOe pelleHHe ¢ OOJBLIOH CTeleHbl0 TOYHOCTH Y/IOBJETBOPSAET
rpaduHoMy ycaosHio (I1. 207).

Kak O6bl10 noKasaHo, BCTpedalollHecss Ha NPaKTHKe 3HayeHHs Ia-
pameTpa A N0 MOAYJIO 3HAYHTENbBHO MEHbIIE, 4eM pacCMOTPeHHOe
TOJNBKO 4TO, npHMepHO paBHoe — 0,08. ITosToMy ans MeHbLIMX A 3TO
ycaoBHe OyneT yIOBJeTBOPATbCs elle GhicTpee.

Beilie GOBII0 OTMeYEHO, YTO 4BTOMOJENbHble peleHHs 0OpH A <0
COOTBETCTBYIOT OT6OpPY rasa H3 mJacTa yepe3 pacCUIHPSIOULYIOCH €O
BpeMeHeM CKBaxHHy. [loxkaxeM Tenepb, 4Yr0 3TO HEeCTECTBEHHOE, Ha
nepBblil B3TJISIA, CBOHCTBO pelleHHH He INpensTCTBYeT MOpPHMEHEHHIO HX
K pealbHbIM 3ajayaM, [OCKOJbKY AJSl NpeACTaB/SIOUEr0 NpaKkTHYe-
CKHH HHTEpeCc BpeMeHH pacliHpsiomasncs (PUKTHBHAA) CKBaXXHHA Bcerja
ocTaeTcsi BHYTPH HacTosilled ckBaxuHBL. [lns 3TOoro ompegenum mnops-
PANOK BeMMYHHBI £ (M) — KOOpAMHATH TOYeK noaxona KpuBo# Fi (¢, ))
npu A <0 Kk ocH abcuncc. Kak Obl10 oTMeueHo, npH & <&, T.e., B
9acTHOCTH, npH § =& (A), ¢yHKuua Fi1(§, X) C BBICOKOH CTeneHblO
TOYHOCTH YJOBJIETBOPSIET COOTHOLIE HHIO

Fi (g, N —Fi(, \) = —\In(8/5).
Honarast & =£()), Fi(§, \) =0, nonyuaem
Fi¢, V=rIn(E5); E0) =& exp A—1FI(z,, V).
IOpu [A]<0,08, Fi(5,, ) =072, A<O0 snauenne § = 0,0050,
orkyna &(A) =~0,005e—%%=0,75 - 10-5. Kak mnokaseiBaer ¢opmysa
22



(11.214), npoMexyTok BpeMeHH 7', 32 KOTOpHIA pACUIHPSIOUIASCH BHYT-
PeHHAS CKBaXKHHA IOCTHraeT pa3Mepa HacTosllled CKiBaXKHHH, COCTaBJjser
T = R*(a%:pP)~".

C yyeToM npeibAYyUHX OueHOK aAs &, a’P U R noayuyuM MpHMEpHO
T=2-10%c—okono mectu jer. OTMeTnM, uTo 3Hauenue !\ |= 0,08
OUeHb BEeNHKO CpaBHUTEJLHO €O 3HAYeHHSIMH, BCTpeYalollHMHCA Ha
npaktHke. Ilpu ymenbmeHuu |)| BennunHa T pesKo BO3pacTaeT: Tak,
npu A=0,01 T =107 ner. Takum c6Gpa3oM, Al peanbHBIX 3313y
paclupdmomancs (GUYKTHBHAsA) CKBaXXHHA BCerja OCTaeTcs BHYTPH
HacToslle .

IlpuBeneHHble OLEHKH NOKa3bIBAlOT, YTO paccMaTpHBaeMoe aBTO-
MOJIeIbHO€E pelleHHe BIIOJHE NPUFOJHO JJisi peasibHBIX 3a4ad.

ABTOMOJENBbHOCTh pacmaTpHBaeMoll 3ajaud  Obljla  OTMeYeHa
JI. C. Jleii6ensonom u I1. f. I[Noany6apunosoit-Kounno#i. Masnoxennoe
pellleHHe 3To# 3amauu gaHo I'. M. BapenGaarrom.

3apxaua I. [lyeth mpoHHMAaeMcCTh M TIOPHCTOCTb MOPHCTOH Cpexbl, MJIOTHOCTH H
BASKOCTb Ta3a — GyHKIMHM JaBJeHnsi. Bponsi QyHKnuMio

k
Pp, = X—Edp, (11.225)
HasbiBaeMylo GyHKuHel Jlefifer3oHa, TNPHBECTH ypaBHEHHe IBHIKEHHs Trala K BHAY
OP/0t = » (P) y2P. (I1.226)

IMokasatb, 4TO DpH OOLMHBLIX 3HAYEHHSX NEGHTOB IHHAMHKy H3MEHeHHs NaBJIEHHS
B Tra3oBoH CKBaXXPHE MOXHO ONHCAaTh, 3aMEhsAs NepeMeHHbH Koa(dHIMEeHT B npaBoit
YICTH ypaBHeHHS x (P) NOCTOSIHHBIM %4 = % (Py), OTBevaloliuM HayaJibHOMY 3HAYEHHIO
naenenus (AuHeapusamus no JI. C. JleiiGeHsony).
3axaua 2. B ConblnHCTBE cJydYaeB 3aBHCHMCCTH NapaMeTpoB NMOPHCTOH Cpelb
H rasa (KMAKOCTH) OT AaRJIEHFS C JCCTAT10YHOM TOYHCCTBIO MOrYT GbiTh NpHO/IHMKEHbE
SKCTIOHEHIHATbHEME GyHKUHsMH (k = kg e**? m = mge®mP) n 1, n. [Tokasats, uTo
ypaEHeHHe IJ1s NaBJEHHs B 3TOM cJviae 3KBHBAJEHTHO YPABHEHHIO NOJHTPONMHYECKOH
¢HabTpauKH rasa
aplot = a’y?p™tl. (11.227)

3anaya 3. HMcrnonbays Mertoxw!, HaloxeHubie B §§ 4 u 5 nannoii raaBbl, HalTH
Croco6bl OTpeneseHHs TApaMeTpoB NJacTa N0 KPHBBIM M3MEHEHHs J4BJEHUS B raso-
BBIX CKBa)KHHaX.
3agaua 4. PaccMotpaM ypapnenne (I1.227) ans  paguasibHO-cHMMETPHYHOTO
asmxennsi. JIOMyCTHM, 4TO HayaibHOe [aBJeHHE B IJacTe NpPeHeGPEKHMO MAJc, a B
HayaJbHHIH MOMEHT B CKBaXHHY ObLICTPO 3aKayHBAeTCsi KOHEYHOE KOJNHYECTBO MKHI-
KOCTH M (<MIHOBAHHEIH MCTOYHHK»), TaK YTO HCKOMOE pellieHHEe yIOBJETBOpPSET yC-
JIOBH SIM
oo
p(r, 0) =0, {p(r, t)rdr= M, (11,228
0

[Tokasatb, 4TO JBHXXE€HHE ABTOMOIEJIbHO H COOTHETCTByIOIEE €My paclipenesieHne
A ABJICHH S Jae€Tcsl COOTHOIIEHHEM

) , M, \12
p - pfy () E=W; A v el B

=0 —6)12 0<t<i=8 f;=0,6> 1 (11.229)

Harb ofofuienue a1ofi MOCTAHOBKH M pe3ysibTaTa Ha NpsAMOMHHefiHO-Tapasienb-
HOe H chepHuECKH-CHMMETPHYHOE IBHXKEHH S,



ITTABA HEKJIACCUYECKHE
MOIEJIU NBU)XEHHUSA

3 ONHOPOJHBIX
XUIAKOCTEA

§ 1. Teopus GpUABTPAIHH HEHLIOTOHOBCKHX XHIKOCTEH.
3akoH QUABTPALHH

HeHbIOTOHOBCKHE XHLKOCTH, AHOMAaJbHHIMH HJH HEHbIO-
TOHOBCKHMH HAa3bIBAIOTCA JKHAKOCTH, He CcJelylollHe KJacCHYECKOH
mMozenn Bsi3koi kuakoctu [35]. HauGosee nmpocTble W3 HHX HEJNHHEH-
HO-BSI3KHE JXHAKOCTH, 1/ KOTOPbIX AEBHATOp TeH30pa HaMlpsXKeHH#
OJHO3HAYHO OmpesenseTcs AEBHATOPOM TeH30pa CKopocTeit aedopma-
UHH, OHH COOCHBI, HO 3aBHCHMOCTb MeXJ1y HHMH HesuHeitHa. [Ipu npo-
CTOM CJBHTe 3TO NPOSBJSETCS] B HEJIHHEHHOCTH KPHBOH TeUYeHHH,
CBA3bIBaIOLIEH KacaTeqbHOe HalpsiAKeHHe T U CKOPOCTb CIBHra 7
(puc. 17):

t=F(7); 7= (). (I11.1)

Hac 6ynyT npexpme Bcero HHTepecoBaThb CTPYKTYPUDYIOLIHECS He-
JIHHe HHO-BSA3KHe XHIKOCTH, CcNOCOGHBle 06pa3oBbIBaTh TBepa000pasHbie
CTPYKTYDBI, paspyluaioouiyecs NpH YBeJHYeHHH HHTEHCHBHOCTH Jedop-
MalHH. TakHe JKHAKOCTH SBJSIOTCA MNCEBAONJAaCTHUYECKHMH:

kpuBasg 1 ="T(t) ana HHX Bhnykaa K ocu t I"(t)> 0. Kpaiinee
NposiBJIEHHEe [ICEeBIOIJIACTHYHOCTH OIHCHIBAETCS HM3BECTHON MOJEbIO

BSI3KO-I1JJaCTHUeCKOH 2KHJKOC-
PHC. 17. KpuBhle TeueHHs HbIOTOHOBCKOH (a),

NCeBRONMIAC THUECKOM (6), HIATAHTHOI (8) H TH, OIpeneJsIeMOH COOTHOU.I.e.
6uHraMoBcKol (2) XHAKOCTeH HusamMH bunrama — llIsenosa:

® '%:.n_l ('C - T(‘)y T > Ty,

1=0, 0 <<
(I11.2)

31ece 19 — INpeaenbHoe
HanpsiKeHHe CcABUra; 1 —
CTPYKTYPHAas BSI3KOCTb.

Jlisi ONHCaHHsA 3KCNepH-
MEHTaJbHBIX JaHHBIX, 0COGEH-
HO B He(GOJBIIOM AHAaNasoHe
H3MEHEHHs] MepeMeHHbIX, yac-
TO MCMOJb3YEeTCS H CTENEHHas
3aBHCHMOCTb BHJIA

t= K{".  (lIL3)
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Ins papa aHoOMa/bHBIX CHCTEM MOAEJb HEJHHEHHO-BA3KOH XKM.-
KOCTH OKasbiBaeTcsi HeNnpHroiHo#. EcaH HanpsxeHHs 3aBHCAT He
TOJIbKO OT TEKYUIeT0 3HaueHHs TeH30pa cKopocrell AedopMalHH, HO
H OT npeAbiCTOPHH AedOPMHPOBAHHA JAHHOTO XKHAKOro 3JEMEHTA,
BIIOJIHE €10 OMpelessisicb, TO TaKas XKHAKOCTb Ha3blBaeTcss NPOCTOH.
YacTHbifl clydall mpOCTBIX KHAKOCTEH — YIPYro-Bi3KHe  XHIKOCTH,
Hanpumep, npocreiiias JHHefiHas XHAKOCTh Makcseasa, Ajs KOTO-
poil cBS3b MeXAy T M § NpH NpPOCTOM CABHTe OMNpenensercs AHPOe-
peHLHaJbHBEIM yDaBHEHHEM

py =t 4+ 0. (111.4)

rie MocTOsHHAs BeJHYHHa O Ha3blBaeTcs BpeMeHeM penakca-
uHH. OueBHAHO, NIPH MeNJIEHHOM H3MeHeHHH HalpsXKeHHH TeJo
MakcBenaa nogo6Ho HbIOTOHOBCKOHM XHIKOCTH ¢ BA3KOCTBIO M, a NpPH
OGLICTPOM — yNpyroMy Tejy ¢ MoayJem ciaBura G=p/6. Tlpu ABHXKe-
HHH YNOPYTHX MKHAKOCTEH MOTYT HaKamJHBaTbcs OoJbliHe YNpYTHe
decdopMaliid. B pesysnbraTe peoJiorHYecKHe aHOMAaJHH YNPYTro-BA3KHX
KHAKOCTeH NpPOSBJAAIOTCH NO-Pa3HOMY IIPH CABHTOBOM TeYeHHH (Ha-
npHMep, B 3a30pe BHCKO3HMeTpa), Koria s¢d¢eKTHBHAsA BSI3KOCTb
yMeHbIlIaeTc C POCTOM CKOPOCTH CABHra, H NIPH OJHOOCHOM pacTi-
JXeHHH. B nociegHeM ciyyae mpH [0CTaToYHO OOJBLIMX CKOPOCTSX
nebopMalHH «NPOJAOJAbHAS BA3KOCTb» KHIKOCTH, omnpefesdemas I0
OTHOLIEHHIO AeHCTBYIOILEr0 B CeYeHHH HaNPSXKeHHs K CKOPOCTH YIJH-
HeHHsl, pe3KO BO3pacTaer.

3aMeTHM, YTO Bce CKAa3aHHOE BhHIIIEe OTHOCHJIOCH K HeCXKHMaeMbIM
WY KanejbHO-CXKHMAaeMbIM XHAKOCTAM, H, CKaXeM, YOPyroctb XHI:
KOCTH — 3TO CJBHIOBasi YNpyrocTb, KOTOpPash MOXKeT He HMETb HHYEro
obulero ¢ 06beMHOH YNpPyrocTbio (CXKHMaeMOCThlO) xKuAKocTH, Oco-
6eHHO BaXHO, UYTO XapaKTepHble 3HauyeHHs MOZyJeH CHABMra
G Moryr ObITb Ha MHOTO TNOPAAKOB MeHbLe MOAyJs O6bEMHOTO
cxatHsg Kv. Tak, Aas Hcrmosb3yeMbiX B Ipolleccax MNOBHIILIEHHS He-
(dTeoTnayH NOJHMEPHBIX pacTBOpoB 3HaueHus G u Ky uMelOT nopsan-
KH, cooTtBeTcTBeHHO, 1—100 Ila u 10° Ila = 103 MIla. D10 nospoaser
paccMaTpHBATh PeOJIOTHI0 OObeMHBIX M CJBHTOBHIX Je¢pOpMalHi He-
3aBHCHMO.

HakoHnell, ykaxeM, 4TO B HEKOTOPBHIX CJy4asgX HaM IPHXOAHTCH
CTaJKHBAaTbCA C CHCTEMaMHM U SIBJEHHAMU, He yKAaJBIBAIOLIUMHCH H
B MOHSITHEe «NPOCTOH XKHAKOCTH». MBI HMeeM 34ech B BHIY B NepPBYIO
OoyYepelb CHCTEMBbl, HMeWOUlHe XapaKTep KOJJIOHAHBIX PacTBOPOB,
BHYTPeHHAS CTPYKTypa KOTOPbIX MOXeT INepecTpaWBaTbCAd NOA jel-
CTBHEM . OOMEHHBIX H (U3HKO-XHMHYECKHX TpoueccoB. K Takum cH-
CTeMaM OTHOCATCA BOJO-TJHHHCTBIE PacTBOPH, Psifi PAcTBOPOB INOJIH-
MepOoB H, NO-BUAHMOMY, HekoTophle HedpTH. K coxanenuio, B 60Jb-
LIHHCTBe CJy4YaeB He CYUIeCTBYeT NMOKa aJe€KBATHOTO ONMHCAHHA TaKHX
CHCTEM.

3aKOH ¢GHJAbBTPAaLHH HEHBIOTOHOBCKOH XHAKOCTH,
HenunHefiHO-BA3KHe cHCTeMB. UTo6H HcceqoBaTh NpOsiBJe-
HHAL HEHBIOTOHOBCKHX 3(G(EeKTOB INPH [ABHXEHHH B MNOPHCTOH cpele,
HeOOXONHMO NpexKJe BCero YCTAHOBHTb BHJ 3aKOHA (GHJAbTPALHU IS
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HEHbIOTOHOBCKOH KHAKocTH. H3-3a  Goabuioro pasHooGpasusi aHo-
MaJIbHBIX JKHJKOCTEH €1UHOro OTBETa HAa 3TOT BOMPOC He CYUIECTBYET.

Hau6osee npocto OGCTOMT AeM0 AJsl HEJHHEHHO-BASKMX KHIKO-
crefl. JIs HAX CBA3b MEX/JY XapaKTePHCTHKaMH TeYeHHS B MOPHUCTOH
cpelle W CTaHJapTHOH DPEOJIOTHEH XKHAKOCTH yHaeTcs ¢ YAOBJIETBODH-
TeNbHOH TOYHOCTBIO NMOJYYHTH, MOAEJNHPYS MOPHCTYIO CPeldy CHCTEMOH
KaNHUJIJIsPOB, MOJCYHTHIBAsE CPEJHIOID CKOPOCTb CIABHTA H HaMpsiKeHHe
Ha CTEHKE KamWajispa W CYHTasl, YTO 3TH AB€ BeJHYHHB CBA3aHHI
MeX1y coGoll KPHBOH TeUeHHs /s NaHHOTO MaTepHaJa.

O6o3naunM uyepes t, HaNpsixKeHHe Ha CTEHKe KaMlisgpa pamuyca
R, uepe3 yn, = U/R = 4Q/mR® — xapakTepHuyw ckopocTs casura. Toraa
IJIs TeyeHHs B KaNUWJLIApe HMeeM

. Tw
Tm = ¢ (ve) = 41z ° [ <2 (x) dr, (111.5)
0
rae I'(z) —3aBHCHMOCTb CKOPOCTH CHABHTa OT KacaTeJbHOrO Hampsixe-
Husl, onpenejsieMass KpuBOii TeueHHsl. [as onucanus apukKeHHs aHo-
MaJIbHBIX XKHAKOCTeH YacTo MoJb3yloTcst NMOHATHEeM 3ddeKTHBHOH B3-
KOCTH 7s¢

o = Tw/T* = /¢ (Tw), (I11.6)
3aBHC$lH1eI7l oT CKOpOCT“ CIABHra HJ/IH KaCaTeJbHOro Hanpﬂ)KeHHﬂ.

Ilnsi MOpHCTOR cpeibl CPeNHIO CKOPOCTh CHBHIa |m H CpelHee Kaca-
TeJIbHOE HaNpsiKeHHe T MOXKHO oOnpelensTh Mo-pasHoMy. M3 coobpa-
JKeHHH PasMepHOCTH OYEBHIHO, YTO

1 =y (myusd, <" =CL(m)d|dp/dx], (111.7)

rie u— MOAYJb CKOPOCTH (puAbTPALHH; dp/dx — rpajiHeHT NaBJIEHHS;
d —BHyTpeHHHH MacwiTab nopuctoit cpelnl; y u [ — GeapasMepHble
(YHKLIHH [OpHCTOCTH, OOBIYHO oOMpenejseMble Ha OCHOBe MNpHOJIH-
JKEeHHOTO MOLENHPOBAaHHA NOPOBOrO NPOCTPAHCTBA NYYKOM KaNMHAJIA-
poB. Tak, mns cjos cdepHuecKHX dYacTHI AHaMerpom D  mosarawoor
06BIYHO

d=D, y=12(1 —-m)im?, 7 =m15( —m)].

OTH COOTHOLIEHHS! MEPEHOCATCA ¢ MOMOUbio (opMyasl Kosenn —
Kapmana (1.8) ma npousBoabHYI0 MODHCTYIO Cpely NpPOHHUUAEMOCTH R

d — (k/m)‘/2, 1= O,Q/m, ; = 0’9‘

Takum crnocobom /s psga CHCTEM MOAYHAIOTCA BNOJHe MPHEM-
JneMble pe3yjbTaThl. Tak, Ha puc., 18 nmpuBeneHH NaHHBIE 1Js PacTBO-
pa noJsuBHHHAOBOoro cnupra [39]. Jlpyrue npuMepn MOXHO HalTH
B 0630pe [39], UHTHPOBAHHBIX TaM CTATbsIX H MOCAEAYIOUIHX My6JHKa-
HHUAX.

K uHclly HeJHHEAHO-BS3KHX CHCTeM, MCC/IEA0BAHHHIX HOAPOOHO
B [OCJIEJIHHE TOIH, OTHOCATCS HedTH psala MecTopoxiaeHuit CoBeTCKo-
ro Comwsa. HMHrepec Kk MX HcC/lelOBaHHIO BbI3BAH TeM, 4To Oblao 06-
HAPYXKEHO, YTO OHH MPH ONpeles]eHHBIX YCIOBHAX BeAyT ceba Kak
NCEeBJOMIACTHUECKHe CHCTeMbl. KpHBble TedeHHs 3Tux HedTe B ON-
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a
103 13 vlv
A
119
3
T
b4
-
£ g;r‘
103
| grad p| 0% wne?
L1 L 6
5
w,10 0 u/c
10! 4 /
10? 103
Ty 105 HIcu?
PHC. '8. 3aBHCHMOCTb CKOPOCTH CABHIa y
oT 3(pdEKTHBHOrO HampsXKeHUA MPH Teye- 2
HHH B KalHUISIDHOM BHCKO3HMETDE H B 110-
pHCTOH cpeze
Ap/l, MIla/m
0
0,04 0,08

PHC. 19. 3aBucHMOCTb CKOPOCTH (DMJIbTPAallHH OT PAJHEHTa JaBJeHHs (3aKOoH

$HAbTDALHR):

a — ABHXeHWEe BOAM B TJINHE: H — TeyeHHe BA3KONNACTHHECKON HedTH uepes OGDHSGLI

NOpHCTOH cpean
peaeJeHHOM JHana3oHe CKOpOCTeﬁ cJABHra MOryTt OLITb OMHCAHH
ypaBHeHussmu bunrama — llsenosa (III. 2).

IIOCTaTO'-IHO O4YEBHAHO, YTO XKHIKOCTH, obaajaiouiye OTJHUYHBIM OT
HyJa MNpeAeJibHBIM HalpAXeHHeM CABHra Tvp, MOCYT HadaTb ABHraTb-
Ccsa B l'IOpP[CTOﬁ cpele JaMilp TOriaa, Koraa rpaiaMeHT AaBJieHUH MOpEB-
soiaer HEKOTOpOE MOpOroBoe 3Ha4dYcHHE G, Ha3blBaeMO€ HaydaJibHbIM
HJIH npeaejbHbIM rpajHeHTOM JaBJA€HHA.

N3 coobpaxeHuii pa3aMepHOCTH

G = Crok—'72, (111.8)
rage C — mocTosiHHas.

B cooTBercTBHM ¢ rumoTe3ol o MOAO6MH TeyeHHs B TMOPHCTOH
cpeie M B Kanuaaspe 0OcCOOEHHOCTH [IBHKEHHA BA3KO-MJIACTHYECKHX
JKHJKOCTeH B MOPUCTOf cpele MOMKHO OMHCaTb COOTHOLIEHHSIMH 3aKOHa
(PUJIbBTPALMH C MPENeJbHbIM I'PaJUEHTOM AaBJeHHS

w=—~§(VP-GW/\ e, 1vpl>G, (1L.9)

w=0, |vp|<G.

Cootnowenus (III. 8) u (IIl. 9) gaa onucanus GHABTPAUMH BA3-
KO-MJIACTHYECKHX XKHAKOCTel Gblau npepjoxenst A. X. Mupsanxad-
3age [28], npuuem moctosnuas C umeer nopsanoxk ~10—2, Popmyaa,
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anasoruunas (III. 9), ucnosb3oBajath Kak 3MNHpUHYECKOe ypaBHeHHe
3aKoHa (QHJAbTPAllHH BOAH B rauHax (puc. 19).

CxoaHas «IceBAONJAcTHYECKasA» KAapTHHA Habalonaercs npH GUABT-
pauuu psiga HedTeH BOAH B IJHHH3HDOBAHHHIX NOPOJAAX, a TaKxe
OpH JBHXKEHHH OOBIYHBIX HBIOTOHOBCKHX XXHAKOCTEH H rasa B IJIHHH-
3HPOBaAHHBIX MOPOAAX, COAEPXKALIHX OCTATOUYHYIO BOAY.

Bsaskoynpyrue sd pexkrtno. Hacro npu MONBITKe MpeacKa-
3aTb PAcCXOAHYIO XapaKTePHCTHKy o6pasia MOPHCTOH cpeibl MO KpH-
BOH TeueHHs] XHMAKOCTH Ha OCHOBE KAMH/JASPHOH MOJEJH MNOJYy4aloTcs
pesyJbTaThbl, He COrJacylollHecss ¢ ONBITOM JaXe KauecTBeHHO. BecbMa
XapaKTepHbl B 3TOM OTHOLIEHHH MHOTOYHCJeHHble AaHHble IO PacTBO-
paM NOJHOKCH3THJeHa. Ha puc. 20 moxkazann 3aBHCHMOCTH K03(ddu-
nvesTa conpotHsienus [=64(Ap/D)k/Dpw? ot uucna Pefinonbaca
Re=wDp/p aas pactsopa mosHokcuatuaedHa WSR-301 ¢ moaekyasp-
HOH Maccoit 3- 108 psna KoHUeHTpauHi, onpejessieMble H3 ONbITA IO
JBHXEHHIO B NOPHCTOH cpeje, cOCTOsLled H3 LIADHKOB Pas3HOro AHa-
Metpa D.

3aMeTHM, YTO NpPH TeYeHHH B KanHJAJsipe 3¢ ¢deKTHBHas BA3KOCTb
HCCeJOBAHHBIX PacTBOPOB OCTaeTCsl NPAaKTHYECKH MNOCTOSSHHOH, TakK
4TO TeopeTHUYeCKas 3aBHCHMOCTb HMeeT BHJ [~ Re-l

[lpn nBHXKeHHH B MOPHCTOH cpefie «BA3KOCTb», HAuMHAas C HEKOTO-
pOH CKOPOCTH C/IBHIa, CHJbHO pacTeT H BO MHOTO pa3 MPEBOCXOJHT
HayaJbHYI0 BA3KOCTb pacTBopa. [lofoOHble Ke AaHHble MOJYYEHBI H

PHUC. 20. 3apucuMoctsb f(Re) nas pactsopa noaHokcuziunena WSR-301. Konuen-
TPALHs NOJHMepa:

1—10.10—6 2_20.10—6;, »— 40.10—6; 4 80.10—5; 5 — 160 - 10—6. Tuamerp wapn-
k0B B MM: a — 0.,11; ¢ — 0,22; ¢= 0,45

~

T TTTTTT]
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}

v T TTIFTg

Ll ool

1 10

10 Ll Lot gl i

1 10 50 Re
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JJ1A CLieMEHTHPOBAHHOH MOPHCTOH CPelbl, a TaKike B OMMTAaX MO JIBH-
JKEHHIO TIOJHMEPHHX PAacTBOPOB yepe3 TPYOKH NepeMeHHOro pajauyca,
MOJEJHPYIOUIHe II0C/e0BaTeJbHOCTb CYXKEHHH H pacUIMPEHHH MOpo-
BHX KaHa/o0B. EcTecTBeHHO, Bce 3TH pe3yJbTaThl Helb3fl OGBACHHTH
¢ TNOMOIIbIO KaNHJIAPHOH MOJenH NOPHCTOH -cpean. I'opasmo mpotue
HX NOHATb, €CJIH Y4eCTb, 4YTO JEeMEHT XKHAKOCTH B NOPOBOM I[IpOCTpaH-
CTBe NPOXOAHT 4Yepe3 NOCJAeJOBATEJbHOCTb CYXEHHH H pacUIHPeHHH,
H NO3TOMY BHIHYXKJEH H3MeHATh CBOI ¢opMmy ¢ vactotoll ~w/mbD.
Ecin 3Ta 4YacToTa CTAHOBHTCSL [0CTaTOYHo Gosbiolt (w®/mD~1),
TO CYLIECTBEHHBIMH CTaHOBATCs yNpyrue 3@¢eKThl, CONPOTHBJIEHHE
JedbopMalHH BO3pacTaeT, u 3To oObsCHseT HabJiopaeMoe NpHpaLle.
HHe CONMPOTHBJEHHS B 06JaCTH HOCTAaTOYHO GOJBLIHX CKOPOCTedl (PHJIb-
Tpauud. TakuM o6pa3oM, HHTYHTHBHO JIeTKO cBfi3aTh HabJ101aeMbIf
poct 3GdeKTHBHOH BS3KOCTH ¢ YNPYrocTbio XHAKOCTH. HmeioTcs
NONBITKH KOJHYECTBEHHHOTO pacuera 3Toro 3¢dekra. OHH OCHOBaHH
Ha pacCMOTDEHHH [BHXKEHHS B CYXKEHHSX KaK aHaJiora pacTsKeHHs
M YKa3hlBalOT Ha H3BECTHOE BO3pacTaHHe BA3KOCTH MPH 6OJBIIHX CKO-
POCTSIX pacTsAXKeHHS KaK Ha NpPHYHHY IIOBHIIIEHHOrO COMPOTHBJSHHA
JBHXEHHIO YIPYTHX XHAKOCTeH B MOPUCTOH Cpege.

[TonumepHble pacTBOPH, Hapsity ¢ 3ddekraMu BS3KOYHPYLOCTH,
NPOSIBJAIOT NPH [BHXKEHHH B NMOPHCTOH cpele H aHOMAJHH, O6YyCJIOB-
JIeHHble HMX MHKPOTeTepOreHHOCTbI0 M CNOCOGHOCTbI0 COPOHpOBATHCH
B CKeJleTe MOPHCTOH CPelbl, H3MeHsIsl ee THAPaBJIHYECKOe CONPOTHBJIE-
HHe. DTO NPHBOAMT K PSAY MeAJeHHbIX HeCTallHOHADHHIX SIBJEHHH,
HHTEHCHBHO HCCJIeflyeMblx B Hacrosiiiee Bpems [29, 30, 20]. B nam-
HOH KHHMTe MBI OrPaHHYMMCSH H3yueHHeM (uIbTPALHOHHBIX AHOMAaJIHH,
CBfI3aHHbIX C HEJMHEHHOCTbIO 3aKOHa (PHJIBTPALHH.

§ 2. CrauvoHapubie 3anauu GHIbTPALUH
HEHbIOTOHOBCKHX XHIKOCTEH

H3 ckasanHoro B § 1 panHO# riaBH cjleflyeT, YTO OCHOBHas OCO-
GeHHOCTb ABHXEHHS HEHbIOTOHOBCKMX XKHJKOCTeH B MOPUCTOH cpeje —
HeJIHHeHHOCTb 3aKoHa QHJbTPalHH. Jsi cTPYKTYPHPYIOILHXCS CHCTEM
3TO THUNHMYHasA ICEBAOIIACTHYECKas HEeJHHEHHOCTb, NPH KOTOPOH NOA-
BHKHOCTb YBEJIHUHBACTCS C YBEJIHYEHHEM CKOPOCTH (HJbTpaLHH;
KauecTBeHHasi MOJeJb W KpaiiHee BBIpaXKeHHe ee COOTBETCTBYIOT 3a-
KoHy ¢unbTpaunun c npefedbHeiM rpagHedHTom (III. 9). Tloatomy
moj3eMHasi THAPOAHMHAMHKA HeHbIOTOHOBCKHX JKHMJKOCTEH 3TO Npexje
BCEro TeOpHS JNBHXKeHWH, He c/epyIOUMX 3aKOHy JlapcH.

B stoM naparpade KpaTKo H3J10XeHH NMOAXOAH H Pe3yJbTaThl Te-
OPHH CTallMOHApHOH (UIBTpAallMH HEHBIOTOHOBCKHMX XHIKOCTEH; B Cle-
OyIOlleM CAENaHO TO e NPHMEeHHTeNTbHO K HEyCTaHOBHBIUHMCS ABH-
KEeHHUuaAM.

OcHOBHBe YypaBHeHHS H obuue YTBepXKAEHHS
YpaBHeHHe HeJIMHeHHOrO 32KOHa (UJIBTPALHKM HECKHMAEMOH MXKHIKOC-
TH B H30TPONHOH NOPHCTOH Cpefe MOXHO NpeACTaBHTb B Buie |[43]

VH=—0 W) ww, ®0)=1>0, ® w) >0, 0 <w< . (IIL.10)
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Ecau X >0, To HMeeTcs npejaesbHbIl TpajHeHT JaBJeHHs H NOA-
pasymeBaeTcsi, uTo npu |V H |< )\ IOBHXeHHe OTCyTcTBYeT (w = 0);
ecad A =0, jBHXKEeHHe NPOHCXOIHT NpH Jwo6OM Mepenaje Hamnopa.

¥YpaeHenue (I11.10) BmecTe ¢ ypaBHeHHeM Hepas3pLIBHOCTH

Vw =0 (111.11)

oGpasyeT CHCTeMY ypaBHeHHH (U/IbTPALUHH HEHbIOTOHOBCKHX XKHAKOC-
Teil. [paHUYHblE YCJOBHA 1J151 3TOH CHCTeMBl GOPMYJHPYIOTCS Tak Ke,
KaK B OOBIYHBIX 3ajauax CTAUUOHAPHOH (uUAbTPaLHH, CJAelylOllel 3a-
kony Japcu (cm. § 1, ra. II).

[Tockoabky cuctema (III. 10) — (III. 11) HeauHedna n ¢dyHKuus
@ MOKET WMeThb Pa3JHYHBIH BHA AJS PA3/IHYHBIX CHCTEM XKHAKOCTb —
nopucTas Cpeja, OCHOBHAs LeJb HCCeJOBaHMs 3aKJIOYAETCs B OThIC-
KaHHH AOCTAaTOYHO OOLIMX MOAXOAOB H ¢akroB. Jag GHIABTPALHOHHBIX
TeYEeHHH HEHbIOTOHOBCKHX KH/JKOCTeH COXDaHSIIOT CHJIY OCHOBHBIE Ka-
yecTBeHHble CBOHCTBA HANOPHBLIX (GHUABTDAUHOHHBIX TedeHHH, chopmy-
auposalubie B § 2 ra. 1L

PaccMOTpHM TeueHHe B HEONHOPOAHOH cpene H GyaeMm mnosararth,
YTO HEOJHOPOIHOCTEL CPEJbl MOJIHOCTHIO XapaKTEPH3YETCS 3aBHCHMOCTBIO
OT KOOpAHHAT napamerpa p=p(X, Y, 2), Ha3blBaeMOro Jnajee napa-
METPOM CONPOTHBJEHHsS. 3TOT NapaMeTp — JONOJNHHTENbHbIA apryMeHT
B YDaBHEHHH 3aKOHa GuJbTpallHH.

O6o3Hauum
h=vVH, k=|h), h=®(w’ 0)s w="T(h, ), ®,,>0, V¥, P<0
(111.12)
v BBelleM (QYHKIHH
w h
D@w) = (@, p)du, R(h):gllf(h, p) dh, (I11.13)
0 0

HasbiBaeMble fasiee NMOTEHLHAJOM AHCCHNALHHU H AOMNOJHHTEJbHLIM IO-
TeHUHasoM auccunauud. Ha puc. 21 UM COOTBETCTBYIOT 3alUTPHXO-
BaHHble MNJOLlAJH INOJ KPHUBOH
PHC. 21. K onpenenenno norennunara @ (w) u caesa or nee. Ecau Bae-
AUCCHNAUMH H AONOJHRTENBHOrO MNOTEH- CTH MOJIHble NOTEHUHAJbl [JIsl 06‘
LLHaaa ArcCHNAalHun
JacTH V COOTHOLIEHHAMHU

O(w)h
D'[w) = {D(, ¢)dV,
R(h) R'(h)= R, p)dV, (11.14)
A \\ v
- TO MJs Hux OYAYT cOpaBenJsHBbl
- Dtw) BCe YTBEPXK/AEHHS, TpHBEJEHHBIE
4+ B § 2yra1. 11. Mcnoab3ys 310 oberosi-

TeJbCTBO, yAaeTcsd MOKa3aTh €IHH-
CTBEHHOCTb NOJSI CKOPOCTeH M (npH
OTCYTCTBHH [pEAEJBHOTO TpajfHeH-
Ta AaBJieHHs) MOJISI HAanopoB B 3a-
w w,¥ (k) nadax ¢ OOBIYHBIMH KDaeBbLIMH
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YCJOBHSIMH M [I0Ka3aTb NMPHHUIHN MAaKCHMyMa B HECKOJIbKO H3MeHeHHOH
¢bopme: Hanop nNpHHHMAeT CBOM MAaKCHMAaJbHOE H MH-
HHMAaJ/JbHOE 3HAUYEeHHS Ha FpaHHUe 06/1aCTH TEUEeHHH.
3aecb moa 06/acTbio TedeHHsl MOHHMaeTcs Ta 4YacTb V., paccMaTpuBa-
eMoH o6aacTu V, B Kotopo#i w>>0, BKaIOYas rpaHuly (T. €. 3aMbKa-
aue V; obnactu V). Ecau mpelenbHblt TpajHeHT AaBJieHHs OTCYTCT-
ByeT, T0 V.=V, u ato cooTBercTByeT OOBLIYHOH (HOPMYJIHPOBKE INPHH-
IHI1a MaKCHMYMa, NpH MpeleJbHOM TpaJHeHTe, He pPaBHOM HYJIO,
pasnnyHe GHOpPMYJTHPOBOK CyLIECTBEHHO (CM. npuMmep, c. 148).

HauGonbmuni uHTepec, Kax ¥ B JNHHeHHOM cllydae, NPEACTABIAIOT
OLEHKH AJS1 pacxoma (HUJIBTPALHOHHOTO NOTOKa 4Yepe3 06OGIIEHHYIO
Tpy6Ky Ttoka. [lycts Ho — 3amanubIf Nepenaa Hanopa Ha Tpy6Ke TO-
Ka, Q — orBevalowuil efi pacxon. PyHKUHH

Q=S(Ho), Hi=2(Q (I11.15)

Ha30BeM pAaCXOJHbIMH XapaKTepPHCTHKaMH Tpy6ku Toka. Ha petenusx
3ajaun  (QyHKuHoHadsl D* w R® npespamanTcs B (GYHKUHH ORHOrO
apryMeHTa, B KayecTBe KOTOPOro Mbl 6yneM 6paTb, COOTBETCTBEHHO, Q
u Hg. HmeeM caepyloliie OCHOBHble (HODMYJIBI:

daD* dR'[H
déw‘ = Ho, dH[O - q, (I11.16)
D*(Q) + R’ (Ho) = QHo. (11.17)
Hasosem
Q= Hy'R"(Ho); Ho=Q~'D"(Q) (IT1.18)

Crla)XeHHBIM pPAacXoJOM H CIV1aXeHHbIM HAamopoM COOTBETCTBEHHO.
H3 ckazaHHOro cielyeT, 4TO AJsl CrJIaXXeHHOTO HAnopa NpH GHK-
CHPOBaHHOM pacxole W AJS CTJaXKeHHOTO pacxofa npH GHKCHpPOBaH-
HOM Hamope CrnpaBeAsuBbl Bce yTBepxiaeHus § 2, ra. II. das crenen-
HOTO 3aKOHa (HJbTPALMH YAaeTcs MOJYYHTb OLEHKH HENOCPEeACTBEHHO
JJIsl pacXoia W nepemaja LaBJeHHS.
JelicTBUTENBLHO, B 3TOM cayyae

D (w, p) =pws, ¥ (h, p)=(H/p)'",
s+1

<

Dw] = (1w, Rl = St (hjp) (111.19)

s+ 1
Torna, ecid w W H — pewenne, to ¢ yyerom (I11.16) nmeem
sD(w) =R h); D'[w]=s"'R"[H] = (1 +s)—'QHo, (111.20)
OTKYZa
Q=(s+1)s7'Q; Ho=(s+ 1)Ho. (111.21)

TakuMm 06pasoMm, MOCKOJBbKY MPH CTENEHHOM 3aKOHe (HJAbTpPalHu
pacxon H Hanop NpPONOPUHOHAJbHBL COOTBETCTBEHHO CrJIAXKEHHBIM
pacxony n Hanopy, AJs HHX BepHbl BCe yTBepxAeHHs § 2, ra. 1l

Jlnsa npoH3BOJbHOrO 3aKOHAa GHJIbBTPALMH CHPABEJIHBBL CJELy-
IollHe yTBepxaeHus [17].
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A. llpuHuun BAaBAHBaHHSA [Ipy BRaBJAHBaHHH BHYTPb
obnacTH (uABTpAUHH BXOAHOH MOBEPXHOCTH Pacxol H CKOPOCTH
(uUABTPALHH BO BCEX TOYKAX BHIXOAHOH NOBEPXHOCTH He YMEHbINAIOT-
¢ (IpH (HUKCHPOBAHHOM NepeNaje Hamnopa).

HOns aByMepHOro cJyyas AOKa3aHO ABOHCTBEHHOE YTBEpXKAeHHE:
OPH BAABJAHBAaHUH BHYTPb 06JaCTH HENPOHHIIAEMBIX TPaHHIl TPYOKH
TOKa pPacxoj] He yBeJHYHBaeTCs.

B. Ecam ans panHoro 3akona ¢uabtpauud @ (w, p), p(x, ¥, 2)
cripaBelJIMBHl HepaBeHCTBa

p1w® = 0, << D (w, p) nan d (w, p) < pow™ (111.22)
(p: >0, s >0 —nocrosiyHble), TO JAJAA COOTBETCTBYIOUIHX pPacXOj0B

Q> Q> Qe
C. Ec.rm

?(w, p) > 2 Mpawt, ;= const, (I11.23)

i=1

TO NpH (GHKCHPOBAHHOM (Q

k
H0>/ 1)\,'Ho[. (III.24)
i=1
3pecy Ho; — nepenaj Hanopa NpH TeYeHHH C pacxoaomM Q B o6-
JacTH TOH Xe (GOpMbl NDH CTeNEHHOM 3aKOHe (HJbTpAUHH BHJa
O (w,p) = paw’.
D. Ecau

b

Wk o)< Y e Y 1> 0, (111.25)

i=1

TO NpH (puxrcHpoBaHHOM H

k
> ¥ 1:Qi (I11.26)
i=1

3pece Q;— pacxol (PHABTPALHOHHOIO NOTOKa 4Yepe3 JaHHY 00-
JacTb NIpH TOM xKe nepenane Hanopa M, 118 3akoHa ¢uUJIBTpaLMH
Buaa ® = paw'™.

Huxe npusesensl NPUMepPHl HCNMOJAb30BAHHSI 3THX OOLIMX YTBEPXK-
JNEeHHH.

[Tnockasas 3apaua. PaccMOTpHM mJOCKyI0 3ajavy TeOpPHH
GHABTPAUHH NPH HeJHHeHHOM 3aKOHe COHNPOTHBJEHHS B OZHOPOIHOH
M H30TpomHOH cpeje. Bpegem oO6biuHbiM o0GpasoM GyHKUMIO TOKa
¥ (%, y), nocie yero cHcrtemMa ypaBHEHHH, ONMHCHIBAIOIUHX JBHXEHHe,
MOKeT OBITb MpejcTaBjleHa B BUE

H,=—0Wuw, ¢ ,=—0,
H ,=—0@wuvw ¢ ,=u, (I11.27)
u=wcosb, v=wsinb.

3necb w — MoAyJb CKOpOCTH ¢uabTpauuu; 6 — yrosa, cocrasJsie-
Mblfi el0 ¢ NOJOXHTEJNbHbIM Hanpas/ieHHeM ocH x. CucTema ypaBHe-
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uuit naockoi sapauu (II1.27) mnpeBpamaercss B JHHefiHylo eclIH 3a

HeH3BeCTHble BeJIHUHHbl B3fATb P H [, a 3a He3aBHCHMble NEepeMeHHbIe

w ¥ 0. ITo sHHeapH3ylolllee npeo6pasoBaHue rojgorpatda Obuio ¢

yCIeXoM HCIOJb30BaHO B raszoBofd aHHaMuke C. A. YanabirHHbIM.

BO3MOMXHOCTL €ro NPHMEHEHHS] B TEOPHH HJbTDALHH CJledyeT H3

ycraHoBieHHoii C. A. XpucTuaHoBHYeM [43] aHaJoOrHH Mexay ypas-

HEHUAMH HIBTPAlMM TPH HeJHHEHHOM 3aKOHe COMPOTHBJIEHHS H

rasoBof JHHAMHKH.

TMocse HecNOKHBIX BHIKJAAJOK MNOJAYYHM

oH o> 9v. 0H @ 3y

2 0

e = (I11.28)
dx=— (“SedHJrﬂ?dqa)
(I11.29)

sin 0 cos 6

dy = — S dH +=dy.

Cootnowenns (111.29) nosecasicr, naiins petnenune cucremsl (I11.28),
onpefesuTh X H y Kak ¢yHkuun w H 6. Tem cambiM YcTaHOBJeHa
CBfI3b MeXAY KOOpJAMHATaMH X H y W HamopoM H u ¢yHkuue# Toka ¢,
BLIpaXKeHHasl uyepe3 mapaMeTphl w H 6.

OcnoBHass cuctema ypasuenuil (I11.28) — opHopoanas JsHHefHas
CHCTEMA 3JUIMATHYECKOTO THINA, KOTOPYIO TPH XKEJaHHH MOXHO CBECTH
K OJ(HOMY YpaBHEHHIO AN Hanopa HJAH (YHKIHH TOKa:

a( @ oy o aq,
51_0((1) m)JrWa—ﬁ?—O- (111.31)

A¢ddeKTHBHOCTL pPeLIeHHs] KOHKPETHOH 3aJ4a4H 3aBHCHT OT TOTO,
KakKasi MMEHHO KpaeBas 3azaya nas ypasBHenu#i (I11.30) — (IIL.31)
JOJKHa OBITh pelleHa Ha IJIOCKOCTH rogorpada (w, 0). Xapaxkrep
5TOH KpaeBOH 3ajauH ONpejeasercs, B OCHOBHOM, TeOMeTpPHel obaacTH
IBHKeHHA B pH3HYeCKO#l MNJocKocTH (X, y). B Tex cayuasx, koraa
06/1aCTh JABHXEHHS — MHOTOYTOJLHHK, CTOPOHBI KOTOPOTrO JIHGO Henpo-
LHllaeMble TPaHHUBI, JHOO JHHHH TNOCTOSHHOIO HAMOpa, Ha BCEX HHX
HanpaBsJeHHe CKOPOCTH (QHJAbTpPalliH NOCTOSHHO Ha KaXAOM ydyacTKe
H 3aJaHo 3apaHee (COOTBETCTBEHHO, BAOJb TPaHHIBI HJIH TEPIEHMIH-
KyJSpHO K Hell), Tak YTO TpaHHUA 0O6JAaCTH B MJOCKOCTH rozorpada
COCTOHT M3 oTpe3koB JuHHH U=const. Ecau B o6sacTd ABHXKEHHS
HMeI0TCS UCTOYHHKHM MJH CTOKH, TO B IJOCKOCTH (%, 0) HM orTBeuaer
6ecKoHeYHQ yaajieHHas TouKa w—o0o, 0<0«<2x. [Ipu oTanuHOM OT
HyJdd npejesJbHOM rpajHeHTe aaBjeHHS B o6aacTH (UAbBTpalHH MO-
ryT o6pa3oBaTbCfi 30HBl, B KOTODBHIX CKOPOCTb (PHABTpPallMH paBHA
HyJ10 («3acTOHHble 30HLI») H 06jacTb TeUeHHs OKa3biBaeTcs 06JacThio
¢ HeH3BecTHOM rpanuued (pHc. 22), ITockonbKy Ha rpaHHile 3acTORHON
30HBI CKOPOCTh ¢(pu/bTpalHi w obpalllaeTcss B HyJb, 3TOH HEH3BECTHOMH
TPaHHle B NJIOCKOCTH rojorpada cooTBeTCTBYeT OTPe30K JHHHH w=0
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(mop yriom © TNpPH 3TOM €CTeCTBEHHO MOHHMATh HAINpABJEHHE He
o6pallamwilerocs B HyJb BeKTopa rpajixenrta Hanopa V H; oHo coBnanaer
¢ HanpaBJeHHEM KacaTeJbHOH K rpaHulle 3acTOiHOA 30HHI). Takum
o6pasoM, B 3ajauax QUABTPALKH C NpeleJbHbIM IpagHeHTOM npeobpa-
30BaHHe Toaorpada He TOJBKO INO3BOJsET Npeo6pa3oBaTh HeJHHEH-
HY10 3ajauy B JUHeliHyl, HO U 00/1aCTb C HEH3BeCTHOH TrpaHHLeH 3a-
CTOWHOH 30HBI NEPEBOJHT B H3BECTHYIO 00/1aCTh IJIOCKOCTH rojgorpada.

Bo Bcex caywasx noka3aHHasi Ha pHC. 22 006JacTb B NJOCKOCTH
rogorpada oOTBeHaeT 3JEMEHTYy CHMMETPHH oO0JacTH TEYeHHs; COOT-
BEeTCTBHE TOUYEK NI0Ka3aHo OyKBaMH, a TDaHHYHble YCJOBHS 3a]a4H
B IJIOCKOCTH rogorpada ykasaHbl Ha PHCyHKaX. 3aMeTHM, UTO IpH
aHa/li3e TEYEHHI ¢ npelesbHbiM FpagHeHTOM YyAOOHO CUHTaTbh, B OT-
Juude OT OOUIENPHHATOTO, @ H O [JeKapTOBbBIMH (a He MOJSPHBLIMH)
KOOpJAHHATaMH B IJIOCKOCTH rogorpada. BbisBano 5T0 T€M, 4TO acHMI-
TOTHKA pelllenyusi BONH3M JHHHH w={0 HeTpHBHAJbHHIM 00pa3oM CBs-

PHC. 22. lNpumeprs oToCpaxenus O6JACTH TeYeHHsl Ha MJo~KocTh rororpada. Paccra-

HOBKa CKBaXHH:
a — psiAHas Uenoyka CKBaXHH: 6 — nyowlafinas (31eMeHT NATHTOYEYHON CHCTeMb [NIOUWIAJHOro

3aCONHEHHA)

AE A? A¥a 4|
¢-I/4q
g=0
C D
U
\ A B c 9

B
L
Afw A|lD D
6
D
¢ r
Bj\ 6
4 B 0 ‘Uex 1”2a C
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3aHa CO CTPYKTYpPOH TeueHHs H ee MOXHO 3aJaBaThb MO-Pa3HOMY.

[Tocae cBepeHHs 3aaauu npH NOMOLIM npeo6pa3oBaHHs rogorpada
K JHHEeHHOH 3JJHNTHYECKOH 3ajaye B HU3BeCTHOH 06JACTH pelleHHe
ee O0KasblBaeTcs J1eJOM MaTeMaTHYeCcKOH TEeXHHKH, XOTS NOpoi H
J0CTaToOuHO cJaoxHOH. OTcblias HHTepecylolIUXcst 3ToH, cefiuac yxe
LOCTATOYHO paspaboTaHHOH, CTOPOHON AeJa K KHHre [9], paccMOTpHM
I€KOTOpble MPOCThle PeLIeHHS.

Kak 06blyHO B THApPOAHHAMHKE, JJ5 KauyeCTBEHHOTO aHaJu3a
NPHHUKUNHAJBHOE 3HAayeHHe HMeeT HCCJeN0BAHHE ACHMITOTHKH pelue-
HHA B6IH3K 0COGBIX TOYEK MOTOKA. TakWMH TOUKaMH fABJSIOTCH, HPEX-
Jle BCero, OKpeCTHOCTH HCTOYHHKOB H CTOKOB (CKBaXXHH), rje CKoO-
PocTh notoka ofpauiaeTcss B 6€CKOHEYHOCTb, OKPECTHOCTb GECKOHEUHO
yAaJeHHOH TOYKH, B KOTOPOH CKOPOCTb CTPEMHTCH K HYJIO, OKpecT-
HOCTb KPHTHYECKOH TOYKHM NOTOKa (mpH (UIABTPALHMH C NpPeAeNbHbIM
rPaiHeHTOM [JaBJIEHHA — 34CTOHHOH 30HBI), TAe CKOPOCTb NOTOKa
obpalaercs B HYJb, H OKPECTHOCTb YIJIOBbIX TOYEK TPaHHLbI NMOTOKA.

PaccMoTpHM TeueHHe BOJIH3M CKBaXXHHbl. OKpYXuM ee JuHueH [,
Ha KOTOPOH MOAYJb CKOPOCTH HMEET HEKOTOpOe MNOCTOSIHHOE 2HaueHHe
w =Q u KoTopasl LEJHKOM pacnojloXXeHa BHYTpH 06JacTH JBHXXEHHS.
Ha nmockoctn romorpada o6nacTH  BHYTPH 3TOH JIMHHH OTBeyaeT

nonynosoca Ilg:
QCw< o, 0<6K2x, (111.32)

B KOTOpOH HCKOMOE pellleHHe 3afauH 118 (QYHKUHH ToKa ¢ (w, 0) yznoB-
JeTBopsieT ypaBHeHuto (I11.30) ¢ yciaoBusiMH

p(0)=90, $2r)=g¢q, $(Q, 6)=f®), f0)=0, f(2r) =g, (I11.33)

b (o0, 0) <M < oo,

31ech ¢ — MHTEHCHBHOCTb HCTOUHMKA; f(9) — HeolpeneseHHas GyHK-
LHf, XapakTepusyiolias pacrnpefeseHHe HOTOKAa BAOJAb JHHHH [le.

ITocnennee yciaoBHe o3Hauaer, 4yTo GyHKIUHMA ToKa BOJH3H 0cO60OH TOUKH
OrpaHHyeHa U Mbl HMeeM €40 HMEHHO ¢ HCTOYHHKOM (a He ¢ KOMOH-

Haldeli HCTOYHHKA H JUNONSA).

Ecau cuntate ¢ynxkuuio f(8) H3BecTHOH, peileHue B obaactd Ile
JETKO MoNyYuTh MetoaoM Pypbe, MOCKONBKY He3aBHCHMO OT BHIA 3a-
KoHa ¢unabTpauuu ypaHenue (I11.31) He comepxur B sBHOM BHIE
yraosoil nepemeHHoil 8. HerpynHo y6enuThcsi OOBIYHLIMH METOJaMH,
YTO B JAHHOM CJyuyae HMeeM

q0 o3 . nb
9w, 0) = = + 2 Pnp(w)sin—, w> 2, (I11.34)
' 211 =, 2
rae Pp(w) — yObiBatoliee Ha GECKOHEYHOCTH pelleHHe OObIKHOBEHHOrO
JHHEHHOro auQpdepeHHanIbHOrO ypaBHEeHHS
o? T P 1
—_ — 2= pP= = 1. I1.
[wCD’(w)P] [ = P=0,1l=5n (111.35)

Paccvotpum mnpoku#ét K/aace 3aKoHOB (MJBTPAllMH CO  CTeNeHHOH

aCHMNTOTHKOH B ob6JacTH GOJBLIHX CKOpOCTEH

® (W) ~ Putt® (w > o), s> 0. (111.36)
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Torra npu w-+ oo ypaBHenne (I11.35) acumnroTuueckn nepe-
XOJIUT B

[s—'wsP']) — 4~ n%ws—2P =0, (I11.37)
JIHHEHHO He3aBHCHMble pelieHHs KOTOpOoro — CTeNeHHbIe (pyHKLLHH
Pio=uwt2 r o=2-1{1 —s+Vsn? +(1—s)2]. (I11.38)

OueBH[HO, NOKa3aTeJH ry, , BELIECTBEHHbH H HMEIOT pasJiHYHble
sHaku. Takum o6pas3oM, OAHO H3 JHHEAHO He3aBHCHMDBbIX pelIeHHH
ypasHeHus (II1.37) moxno Bb6paTh yOblBaoluuM Ha OeCKOHEYHOCTH,
npHyYeM APYroe OKa3HBaeTCsl HeorpaHHYeHHO Bo3pacTamoluM. M3 cka-
3aHHOTO JIETKO 3akKJIOYHTh (H 3TO MOXKHO J[0Ka3aTb CTPOro), UTO
yCJIOBHEM OrPaHHYEHHOCTH Ha GeCKOHEYHOCTH BhJeNseTCs eIHHCTBEH-

HOe C TOYHOCTbIO 0 MHOXHTeJs pelueHHe ypaBHeHus (I111.35), xortopoe
npu w—-oo yOBIBaeT Kak

we, ro=2"1{(1 —s) — [(1 —s)? 4 sn?]\/2}. (I111.39)
B uwacTHoCcTH, npu JauHefiHOM EBo3pacTaHuu P (w) B obaacTn 60/b-
wux ckopocteit s=1, ro=—1/2n, a Ppp(w) yObIBaET C POCTOM W

Kak w~1/2m,
Takum o6pa3oM, NpH W — <o

b @, 8=+ 0. (111.40)
Torga us (I11.28) u (I11.29) umeem
H=HWw)= _‘LS —%—dw, x -+ iy = ref®,
2n) w

dw

dr=—0-ldH, r=—g |\ ==L (111.41)
OueBnano, ¢dopmyan (I11.40) u (111.41) omucwiBawT miaocko-pa-
JHaNbHOe (HJAbTpPALlHOHHOe TeyeHHe BOJH3H HCTOYHMKA. Teuenue
obJiajaer OceBOil CHMMeTpHeH; pacnpelleseHHs] cCKOpocTel GHAbTpallHH
H (YHKUHH TOKa He 3aBHCAT OT BHJAA 3aKOHA (UAbTPAUMH, JHHHH
TOKAa — PaJHyChl, HCXOAAIIHe H3 HCTOYHHKA; CKOPOCTb yOblBaer
06paTHO NpPONOPLUHOHAJNbHO PACCTOSHHIO OT HCTOYHHKA, JHHHH NOCTOSAH-
HOro Hamopa — KOHUEHTPHYECKHe OKPYXKHOCTH ¢ HEHTPOM B HCTOUHHKE.
Tem caMbimM MoKa3aHo, yto npu J0060M 3akKoHe ¢HAbTpaund O(w)
H J1000# reoMeTpHH IJlacTa TedeHHe B NPOMEXKYTOYHO-ACHMIOTOTHYE-
CKoli ob6aacTH pLr&R, rie p— pajiHyC CKBaxHHBI; R — BHeLIHHH
Maclitab NJIAacTOBOH CHCTeMBbl (HAampHMep, PacCTOSHHE MeXAy CKBa-
JKHHAMH HJIH paccTOsiHHe OT CKBAaXXHHBI JO IPaHHUBl MJacta) — npoc-
Tefilllee TNJOCKO-paAHasbHOe TteueHne. HMcnonbays (I11.41), anerxo
HaxoAuM QOpMYyJy, CBSI3bIBAIOLLYIO Pacxoi (UIAbTPAUHOHHOIO NOTOKA
¢ mepenajiom Hanopa H,—H,; Mexay ABYMS KOHUEHTPHYECKHMH JH-

HUAMH NOCTOSTHHOTO HAmopa:

Wy

d q
Hy—Hy= »qu—ES u(:;) dw; @, 2= Zzr " (111.42)

Wy
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nesbHbM TpagHeHToM O (W) =w 4L u cre-
NeHHOM 3aKkoHe ¢uabTpauud O (w) = w* ume-
€M, COOTBETCTBEHHO,

9 .2 .
HI“H2=*2;IH;—‘- +)‘(f2—-f1), /
(I11.43)

= s | 1— 1—s\
Hy —Hy = (2%) T (ri—"—rs ).
(111.44) PHC. 23. OGrexkanue pHAbTpa.
UHOHHHIM TIOTOKOM HENpPOHHIA-
Ecanu ry & r, nocneHwom0 (bOpMley MOXK-  emofi monynpsMo#
HO YIPOCTHTb, ITOJIOXKHB
s fl
o (53]

2ar

B wacrHocTH, npu GHJBLTpPaUHH C Ipe- y\

s—1°

s> 1; Hl—H2=(2:,2) lfs’ s< 1.
(111.45)

Takum obGpa3oM, npu mnoacuere AeGHTa IVIOCKOTO (HJIbTPALHOH-
HOTO NOTOKAa CO CTeneHHbIM 3aKOHOM (HJBTPALHH MOXKHO paccMaTpH-
BaTh 3aJau#d ¢ KOHTYPOM INHTaHHS, YHeCEHHbIM B OeCKOHeYHOCTb NpH
$>1 HJAH ¢ HyJeBbiM PAagMycOM HCTOYHHKA (nmpu S<1), 4TO HeBO3-
MOXKHO B cjay4ae JHHeHHOro 3aKoHa (HJbTPALHM H 3aKOHA ¢HJABTpA-
I{HH C NpeJeJbHBIM TPaXHEHTOM.

O6patumes Tenepb K NoOc/eRylOliHM YieHam pasjoxenus (I11.34).
Bce OHH HMEIOT OZHOTHIIHYIO CTPYKTYPY NPOH3BeeHHd

P, (w)sin 19, (I11.46)
y6piBaollero Ha OGeCKOHEYHOCTH pelueHus ypaBHeHusi (I11.35) u rap-
MOHHYECKOH (DYHKLHH yrJa.

EcTecTBeHHO NOCTaBHTL BONMPOC O TOM, KAakOMYy TEUEHHIO COOTBeT-
CTByeT Takoe npouspefeHHe. Ilockosbky sinlf obpallaeTcss B HyJb
npu 8 =0 u 6 ==/l =10y, vacTb ocu Ox H DpAMOH, cocTaBJsIOUIEH C
Helo yroa 6p, o6pasyloT enHHYIO JIHHHIO TOKa. [l03TOMy MOXHO OXKu-
natb, uyro pemeHune (I11.46) ccoTBeTcTByer BHeluHeMy O6T¢KaHHIO KJHHA
C YyrioM npu BepluHHe op= m — Bp. Takas uHTepnperauus crpaben-
auBa npu !> 1. Donee neTanbHBIN aHAJH3 NMOATBEPIKAAET 3TO JOMYyIle-
Hue. BGau3n BepumMHB KJHHA CKOPOCTh GHJIbLTpPAuHH obpailaercs B
6eCKOHEYHOCTb (5TO OOBIYHBIH (OpMasbHBIA pe3yJbTaT, CBSI3aHHBIA C
npepnoJiokeHHeM o GeCKOHEYHO! KpHBH3HE JIHHHH TOKa BOJH3H Bep-
wuHbl yraa). B yacrHoctH, npu [=1 nonyyaem pelleHue 3ajaun o0
0o6TeKaHHH HeNpPOHHUAaeMOH mnoaynpsMoH, T. e. OeCKOHEYHO TOHKOro
Knuna (puc. 23). CoorsercTBylollee emy ypapHenue (I11.35) npunu-
MaeT BHA

o2 N\ @
(WP)-—JQ-on. (111.47)

Jlerko yGenHTbCS HeENOCPeICTBEHHOH NPOBEPKOH, YTO pelleHHeM
3TOrO YpaBHEHHs, YAOBJETBOPAIOUIHM YCJAOBHIO YObIBaHHSI Ha Oecko-
HEYHOCTH, SIBJISIE€TCS BHPaXKEHHE

Pt () = 1/® (w). (111.48)
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Hcnonbsya (111.28) u (111.29), Hafinem, yro pelieHne 3anaun 06
o6TeKaHUH (HAbTPALHOHHBIM TIOTOKOM HENPOHHILAeMOH NOJAynpsMOH
1aeTcsl BBIPAXKEHHSAMH

__Q
Y= ow

oo

sin 0; H———gcosﬁ (I111.49)

. d 1 9;
x+iy=Q Sm—m(e“a—l)
w

Pewenne (I11.49) obnapaer psgoM npHMeuaTesbHBIX OCOGEHHOCTEH.
Tlpexne Bcero 3aMeTHM, 4TO r = (x% - y*)1/2 — co npu w-> 0 U PHKCH-
poOBaHHOM 0, Tak 4YTO TeuyeHHEM OXBaueHa BCA MJIOCKOCTb HE3aBHCHMO
OT BHAA 33aKOHAa (HJIBTPALHH.

B To Xe BpeMs INpH HaJHYHH MpeJENbHOrO TpajHeHTa AaBJeHHs
®(0)=x>0 npu w— 0 ¢ynkuus ToKa ¢ (w, 0) orpaHHyeHa 3Haye-
HHeM Q/h M, cJe0BaTeNbHO, pacXoA (GHJBTPALHOHHOTO MOTOKA KOHEYeH.
Ecau xe A =1, T0, Tak ke, KaK H B COOTBETCTBYIOLleH 3ajaye Ju-
HefiHOH (HIBTpalHH, pacXold NoToka OeckoHeueH. Ilpyrast uHTepecHas
0CcOGEHHOCTb HAHJIEHHOTO pelleHHs OOHApYXKHBaeTCsi, ec/I pPaccMaTpH-
BaTb TJIOCKOCTb XOy KaK BepTHKANbHYI M BBIYHC/IHTL H3MeHeHHe
BEMMYHHBI Y BAOAb JuHUH Toka ¢ = const. Cornacno (II11.29) wu
(111.49) umeem

dy +§”—0dH=dy—éidH=0,

TaK 4TO BJAOJIb JIHHHH TOKa
y— ($/Q) H = const. (111.50)

Ecau B34Th Ty JIHHHIO TOKAa, Ha KOTOpPoH Y=, To Ha Heil Oyaer
rocTosiHHa BenHyuHa H — y. 3aMeTHM Temepb, YTO €CJH IJIOCKOCTDb
xQy — BepTHKa/bHas ¢ ocbio Oy, HanpaBJeHHOH BBEPX, TO Pa3HOCTb
H — y Gyner mponopuHoHaNbHa THAPOCTAaTHYECKOMY naBJjenHio. Cie-
J0BaTeJbHO, HaHJeHHOe pellleHHe OTBEYaeT TeYeHHIO B BepTHKAJIbHOMH
IOCKOCTH, AJ11 KOTOPOrO Ha OAHOH W3 JIMHUH TOKA JaBJeHHe OCTaeTcs
noCTOSIHHbIM, Torpa, paccMaTpiBasi JIHIb BEPXHIOIO INOJYILIOCKOCTb
y>0, MOXKHO B3MITb 3Ty JHHHIO TOKA 32 CBOOOJHYIO NOBEPXHOCTb H MO-
JYYHTb TOYHOe pelleHHe 3anadyd Oe3HaNOpHO! (UIbTPAUHH TNPH He-
JIHHEHHOM 3aKOHe CONPOTHBJEHHs. DTO pellleHHe, HaHJeHhoe DHIeJyH-
noM, sBagercs oboblueHHeM KjaaccHueckoro petrenuss H. E. JKykos-
cKoro o Oe3HanoOpHOM MNMPHTOKe K APEHaXHOH LIeJH, pacnoJoXKeHHOH
Ha BoJOYyIope.

PaccMOTPHM acCHMNTOTHKY pellleHHH B 06/1aCTH MaJbIX CKOPOCTCH.
Ecan B obnacti HIbTPaUHH HMeeTCS TOYKA (KpPUTHYECKAs TOYKA) HJH
3acToMHast 30Ha, B KOTOPOH CKOpOCTb (hHJbTpalHH ofbpallaercss B
HYJb, TO 3Ty KPHTHYECKYID TOYKY MOXHO OKDYXHTb 3aMKHYTOH JH-
HHel T's, HA KOTOpPOH MOAY/b CKOPOCTH (HJALTpaUMH TNPHHHMAeT Io-
CTOSTHHOE 3HayeHHe ® H BHYTPH KOTOPOH HeT JpPYTHX OCOOBbIX TOYeK
noroka. O6nacts D, Mexay auHueidt I's H KpHTHYeCcKOH Toyko# (3a-
CTOMHOH 30HO/) Ha IJIOCKOCTH Trojorpaga oTobpaxaerca B IOJGCY
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4,:0 <w< o, npuuem yao6HO CUHTATb ee GeCKOHEUHOH Mo §: — co<
< 8 < oo, MOCKO/NBKY NpH KaXIOM 06Xoje BOKPYT KPHTHYECKOH TOUKH
yron 8 monmyyaer npupamenue 2=N. Llenoe uncao N HasoBeM Kpar-
HOCTbIO KPHTHYECKOW TOYKH (3acToiiHoil 30Hbl). Ha rpanuue 3actoiinoi
30HBI (B KDHTHYeCKOH Touke) (PYHKLHS TOKa NPHHHMAeT MOCTOSTHHOE
3HayYeHHEe, KOTOPOe MOXKHO MPHHSATh 3a HyJb. Takum ofpasoM, 3ajaya
CBOAMTCA K TOMY, y4To6nl B fojoce A, HalTH pelleHHe YpaBHEHH:
(111.30), ofpamaomeecs B Hyab npu w =0, H nepHoanyeckoe mno o
C nepHoioM 2zN. 3T0 peileHHE HMEET BHJ

X . nb nd
Y@, 8= Y Pun (w)[A,,smﬁ + B, cos W]. (111.51)
n=]

3necy Pr(w), ofpamarolieecs B HyJb NpH w=0, — pelleHHe ypaBHe-
Hus (111.35) ¢ [ =~n/N; A, u B, — nocrosiHHbIE.

CootercTByIOmHe GOPMYJbl IJs Hanopa H KOOPAHHAT HMEIOT BHA

o2 N —1 n__ in ™
H=— 27 Pk (w)[AncosN By sin 5 | - const,
n=1
dz = e®[— ®—dH + iw—d}).

U3 soipaxennit (I11.52) caenyer, uto Bua npooGpasa auHuH w =0,
— © <8< oo Ha (H3HYECKO! MJIOCKOCTH BIOJIHE ONpEleNsieTcsl acHMI-
TOTHKOH pewenuii P; (@) npu w— 0.

JleficTBHTENIbHO, HA rpaHHUE 3aCTOHHOH 30HBI HMeeM

(111.52)

.  dH - & oy
de = dx +idy = oG = — e lim (G 0] db =
< 1. O (w) 4P \w . nf nf
= —elb ngl LE% (W T) (A,,sm 5 + Bacos V) dé, (I11.53)

U3 ananusa pewennit P (w) HECNOXKHO ycTaiOBHTb, 4TO mpH [>]
CylLlecTByeT KOHEYHbIH npejel

i = lim [ @ ‘””_(w)] (I11.54)

w0 | WP (@) dw

ans Jmoboro BHAA 3aKoHa puibTpauuH. IIpu stoM ;= 0, ecin ® (0) =0
H oy #0, ecmn @0)=x1+#0, a ecnn [ < 1, koHeuHsl i npepen cyie-
CTBYeT NpH (PUABTpPAUMH C MpeJesbHBIM TPaJHEHTOM, JAJS CTEHeHHOro
xe (MM aCHMITOTHYECKH CTENEHHOr0) 3aKOHa (HJIbTPALHH yKas3aH-
Hblfi mpenes paBeH OeCKOHeYHOCTH. TakuMm 06pa3oM, MOXKHO cjenaTh
BaXKHbIA BbIBOJX O TOM, YTO B OTCYTCTBHE NpeAeJbHOro rpajiHeHTa naB-
JieHHsl B NOTOKe MOTYT CyWleCTBOBATb JIHIIb H30JHPOBAHHbIE KPHTHYE-
CKHe TOYKH, HaXoJslllHECsd B KOHEUHOH YacTH MJOCKOCTH, ecJd Bce
0=0(l >1), uau B GeckOHEUHO yJAaJeHHOH TOYKe, eCJIH Haizercs
1akoe n, g koroporo [ =n/N=1. HHbIMH cJloBaMH, TONoJOrHYecKas
CTPYKTypa (PHILTPALlHOHHOTO MOTOKA MNPH OTCYTCTBHH MpeneabHOro
TpajlHeHTa OCTaeTCA TAKOH Ke, KAK H NPH JHHeHHOM 3aKoHe (UJIbT-
pauum.
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H =const //

H > const

\//

PHUC. 24. Bo3MmoxHple CTPYKTYPH TeuyeHHs C TpelesIbHbIM TpAaJHEHTOM B HeOrpaHHYeH-
HOH o6JacTH

Ecau Xe umeeT MecTto (UAbTPAaUHs C INpelesbHbBIM T'pPagUeHTOM
(®(0) =2>0), TO He CyLIeCTBYeT H30JHPOBAHHBIX KPHTHUECKHX TO-
yeK NMOTOKA; BMECTo HHX obpasylorcs 006JacTH HeMmoABHXHOH KHI-
KOCTH (3acTOlHBle 30HbBI), OCTaloUIHeCs B KOHEYHOH 4aCTH IJIOCKOCTH
HJIH yXOJAsilllHe B 6eCKOHEYHOCTb.

Ocob6eHHo CJ0XKHOH OKa3bBaeTcs CTPYKTypa NOTOKA NPH (HJABT-
PallHH C MpejesbHBIM I'PAfeHTOM B OKPECTHOCTH 6eCKOHeYHO yaaleH-
HOH TOYKH. ECJIH npeJe/lbHOrO rpajHeHTa HeT, TO U3 TPpeboBaHUA Orpa-
HHYEHHOCTH (QYHKUHMH TOKa Ha GECKOHEYHOCTH cJjelyeT, 4TO JHOO Tam
pacnosioxeHa KpPHTHYecKas TouKa, JHOO CTOK (HCTOYHHK) H JIHHHH
TOKa CTPEMATCH K PajHaJbHO pacxoisllHMcs ayyaM (6=const).

[1py puabTpanun ¢ TNpegesbHbBIM TPAAHEHTOM MOXKHO NOJYYHTh
CKOJIbKO YrOAHO pelleHHii ¢ OrpaHHYeHHOH Ha 6eCKOHeYHOCTH GYHK-
LUHel TOKAa; OHM OTJHYAIOTCS PAacNoJOXKeHHeM yXOASUIMX Ha OecKoHey-
HOCTb 3aCTOHHBIX 30H. Takas HeeAUHCTBEHHOCTb pelleHHH 3apnad
GUIBTPALHA ¢ NpeJeJbHBIM TPajJHEHTOM B HeOrpaHHYEHHBIX 06JacTax
He YyKa3blBaeT Ha HX Ae(eKTHOCTb, a OTpaxaer crneuuduyeckoe
CBOHCTBO «NaJbHOAEHCTBHSA»: €CJH Mbl BHOCHM B IIOTOK MNMpeNsiTCTBHE,
a 3aTeM <YHOCHM» ero B GECKOHEYHOCTb, TO «IaMATb» 00 3TOM Ipe-
NATCTBHH He HCYe3aeT MOJHOCTbIO, KAK NPH JHHeHHOH (QUIbTpalLHH, a
ocTaeTcsi B BHle yxoasuled Ha OeCKOHEYHOCTh 3acTOHHON 30HHL. Tak,
Ha pHC. 24 moKazaHbl TPH pasJHYHbIE CTPYKTYpH TEeYEHHs, co3naBae-
MOro yeJHHeHHbIM HCTOYHHKOM B 6eCKOHeYHOH MJIOCKOCTH, MoJydaeMble
npefeJbHblM NE€PeXoiOM H3 TpeX Ppas3iHYHBIX TeYeHUH — OCecHM-
METPHYHOTO NMPHTOKA K LIEHTPAJbHOH CKBa)XHHe B KDYroBOM IJIacTe
(a), NpHUTOKa K NEHTPaJbHON CKBa)XHHe B IJlacTe, HMEOLIeM B MNJaHe
¢dopMy kBagpata (6), a Takmke NPHTOKAa K CKBaXKHHe BOGJH3H HeNpo-
HHLAaeMOH NpsiMONHHefiHo# rpaHuubl (8). IlpenenbHBlt mepexoa k

90



So aH/Aa
1,0
\ %-\n-tl
0.5 \" —=6.
§\4
\“ 5
— 1 2
0 5 10 O”—nq/kR

PHUC. 25. 3aBMCHMOCTb OTHOCHTENBHOH
IJOMAAH 3acCTOHHEIX 30H OT OTHOCHTE/b-
HOH MHTEHCHBHOCTH NOTOKA

Q

2.5 /AL

PHC. 26. HuaukaTopHble KPHBhLIE CKBaXKHH NPH OUIbTPALMH C NpeleNbHHIM IpajH-
EHTOM:

] — B9 37eMeHTa NATHTONEYHOR CeTKH CKBaXHH ¢ gHaroHanwio d; In(d/2p) = 7; 2 — gas ckea-
JKHHB Ha PACCTOSIHHH d OT NPAMOJHHERHOIO KOHTypa nutauus, In (d/xp)==6; 3 — ana cKBaXKHHB
B KpYyrosoM nnacre paguyca R, InR/p =7, I, — oleHKa cHH3y, [® — OueHKa cBepxy

TEYEHH}0 B HEOrpaHMYEHHOM IL1acTe OCYLIECTBJASETCS YBeIHYEHHEM
JHHeHHoro pasMepa L no0 6eCKOHEYHOCTH.

[IpenenabHoe paBHOBecHe Oco6eHHOCTb, IPHHUHIHAIBHO
oTJHyawmas (UIbTPAlHI0 ¢ NMpeneJbHbBIM TPAAHEHTOM, 3aKJIK4Yaercs
B OTCYTCTBHH JBHXKEHHS XKHAKOCTH NPH HENOCTOSIHCTBE pacnpejeseHus
JaBjleHHs1 MO MJAacCTy, eCJH TOJbKO TPajiMeHT AaBJeHHS He IpPeBOCXO-
AMT N0 MOAYJIO NnpejenbHoe 3HayeHHe (. B ToM ciyuyae, Koraa B Kax-
o Touyke maacta [Vp|=G, pacnpeneneHHe AaBjeHHs] Ha3blBaeTcs
npefesbHO paBHOBecHbIM, C/0BO «mpefelbHBIH» O3HAYaeT, YTO Aaxe
MaJjioe H3MeHeHHe [AaBJeHHS MOXeT NPHBECTH K Hayaay JABHXKEHHS.
Ecau na Hekotopolt JHHHH (B NMPOCTPAHCTBEHHOM CJy4yae — MOBEPX-
HoctH) C, orpaHHuHBawuell ob6nacte D, 3ajaHo JaBJeHHe, To HAHTH
npejfelbHO paBHOBeCHOe pachpejeseHHe AaBieHHs B [) MOXKHO, pemias
ypaBHeHHe

lap| =G, MeD, (111.55)

TNPH IpaHUYHBIX YCIOBHAX p = f(x, y, 2), M€ 0D = C. 310 ypaBHeHHe
HMeeT MHOI'OMHCJEHHbIE aHaJoTH B APYTHX o6aactax ¢u3ukd. Hanpu-
Mep, ypaBHeHHe SHKOHAa B TreOMeTpPHYECKOH OINTHKe, HMelollee BHJ
(I11.55), ecnn nOBEPXHOCTH MOCTOSIHHOTO JAaBJEHHS CYHTATh BOJIHOBHI-
MH noBepXHocTsAMH. HopMmanu K 3THM NOBEpPXHOCTSIM — JIHHHH Hanpa.-
JIeHHs1 TpajiHeHTa JaBJIEHHS — OKa3blBAIOTCS INPH 3TOM IIPSIMBIMH, a ce-
MEHCTBO NOBepXHOCTEH NOCTOSIHHOrO [aBJIEHHs — CeMeHCTBOM IOBepX-
HOcTeH, HaXOAsUMXCS APYr OT Apyra Ha (UKCHPOBAHHOM pacCTOSIHHH
(3KBHIMCTAHTHBIX).

PaccmarpuBaemas 3ajjaya B ABYMEpPHOM BapuaHTe HMEET H APY-
roii BecbMa HarasiAHbléi aHajor. Eciu ¢yukuus p (%, y) — peluenue
3TOHl 3a/la4H, TO OHa B HEKOTOPOM Macuitabe omucelBaetT ¢opmy Io-
BePXHOCTH chinyueil cpedbl («mecka»), ecau Ha KoHtype C 3ajaHa
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TOJNIHHA cJios nmecka. HeTpyaHo coobpa3uTtb, YTO NMpeLebHO PaBHO-
BeCHble pacnpele/eHHsl JaBJEHHs MOTYT HEe YAOBJETBOPSATH MPHHUHIY
MaKCHMyMa, eCJIH He cJleslaThb OrOBOpoK (cm. m. 1).

[lycTh Ha NJIOCKOCTH 3aJaHbl 3KCUEHTPHYHbIE OKDYXKHOCTb pajHyca
R u pacnosoxkeHHass BHYTPH Hee OKPYXHOCTb paauyca p (<KOHTYyp
MUTAaHUS» U «CKBAaXKHHA»), HAa KOTOpPBIX 3aiaHbl AaBjeHus P; u P, co-
OTBeTCTReHHO. ITOCTPOMM Ha KaXJAOH H3 HHX KOHHYECKHE NOBEPXHOCTH
«BOPOHKO#» BBEPX M BHH3 C HaK/IOHOM obpaayiouux G

pt = Py + G[R?— (x2 + y?)]',
pi =Prx Glx—2) +4 —¢]"” (I11.56)
H MOJOXHM
p* (x, y) = max (pf", p2),
P~ (x, y) = min (p7, p3). (111.57)

Herpyano noHsatb, 4to ¢QYHKHMAM pt H p~ COOTBETCTBYIOT [Ba
npeneNbHo paBHOBecHbIX peilenns 3anauu  (I11.55) — Bepxuee w
HHZKHee.

OTo MoKasbiBaeT, YTO NpeJeJbHO PABHOBECHBIE COCTOSIHHS Onpeje-
JeHbl He €AMHCTBeHHBIM 06pa3oM; CyLIeCTBEHHO YMeTb HAaXOAHTb
HMEHHO Te NpeAeJbHO PaBHOBECHLIE HJIH MPOCTO PaBHOBECHBbIE COCTOS-
HHSl, KOTOpble peaJbHO NOCTHXKHMBH B XO4€ HEKOTOPOTO HecTalHOHap-
HOTO Tpolecca.

[IpuBesem HeKOTOpBIE pe3y/JbTaThl pacyeTa OCHOBHBIX 3J€MEHTOB
TE€YEHHS NPH PHILTPALMH C NPeAeJbHBIM IPaJHEHTOM.

Ha pHc. 25 nokasaHa 3aBMCHMOCTL OTHOCHTEJBHOH IMJIOMAfH 3a-
CTOMHBIX 30H, 06pa3yIOMHXCA BHYTPH KOJbIEBOH 6GaTapeH n paBHO-
PUC. 27 LeOUTHBIX CKBa>XHH, OT OTHOCHTEJbHOH HHTEH-
mEpAHz'Tg;gﬁ“”fg;‘; CHBHOCTH MOTOKa, a Ha pHC. 26 — HHIHMKaTOp-
OT HHTEHCHBHOoCTH NoTo-  HBI€ KPHBBIe CKBAaXHHbI B LEHTpe KPyroBoro
Ka g/\L npu dmawtpa- KOHTYpa NHTaHHs pajuyca K.

;ﬁ:}{g‘ol:ipeﬂpe;b“u“ rpa- Bo Bcex cJayuasix pacyeThl NpoBeleHH /A
KeanpaThd cxo;‘ﬂ:;gf: OTHOCHTEJBHOTO pajiyca CKBaXHHbI p/R = 10—3,
NATHTOYEUHON  CeTKH BixsaHHe npenenbHOro rpafHeHTa JaBJeHHS
5 %: CKa3bIBaeTcsi He TOJbKO B 00Pa30BaHHH 3aCTOH-
1—120; 2 — 80 HBIX 30H, HO H B oflieM YCHJEHHH HepaBHOMep-
alL HOCTH TOTOKa, NpOABJAIOMIEMCH B KOHIEHTpa-
IIHH OCHOBHOTO MNOTOKA BHYTPH OTHOCHTEJIbHO
/\2" | ysko#t ctpyd. KonHuecTBEHHO 3Ty 0COGEHHOCTD

05 /] HJIJIIOCTPHPYeT pHC. 27.
OcHoBHble MpOsIBJIEHHs  «ICeBJOMJAacTHYe-
/ CKOH» HeJIMHeAHOCTH THNAa (HJIBTpPAUHH ¢ mpe-
025 AeNbHHIM TPaJHEHTOM [aBJIEHUS — yBe/lHueHHE
nepenajoB AaBJeHHS W yCHJAeHHe NMPHCyHieH mno-
T TOKY HepaBHOMEPHOCTH, BIJIOTbL 10 06pa30BaHHsA
3aCTOHHBIX 30H. D¢¢eKT 3TH CTAaHOBATCHA OCO-
0 1,0 20 ¢/AL GeHHO 3HAYHUTEJbHBIMH, KOTAA MaJjla HHTEHCHB-
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HocTb motoka (g/AL<1). Kak moxazaHo HHIKe, 5TH OCHOBHBle 3aKO-
HOMEPHOCTH COXPaHflloTcs H pAjs OoJee CJAOXKHbIX TEeYEHHH, B TOM
YyHCJe W B 3a/lauax BbITeCHeHHsl He(TH BOIAOH.

3anaua 1. HUcnonbsys coorHowenns (111.23) — (111.24), nokasath, 4To Ana
o606wenncit TpyOku Toka Jo6ofi dopMmbl nepenal AaBieHus TNpH (QUABTPALHH C Ipe-
IeNbHBIM TPaflHeHTOM YIOBJIETBOpSieT HEPABEHCTBY

8p > App 4L G = App + Bp,, (111.58)

rae App— mepenaj JaBieHHs, paccuHTamHbl NpH G =0, L — MuHHMalbHOE pac-
CTOSIHHE MEeX]Iy «BXOLOM» M «BbIXOHOM» TpyGKH Toka; Ap,— moporopmil mepenain Aas-

JieHHd, NpH KOTODOM HauHHaeTcsl IBHXKEHHE.

3anaua 2. [Moctpoutb oTOGpaXeHHe Ha MJIOCKOCTL rogorpada CKOpocTH (HABT-
pallM¥ 3JeMeHTa CHMMeTpHM TedeHHs, co3laBaeMoro KXosbuesol Gartapeefl n  pasHo-
IeBHTHBLIX CTOKOB HHTEHCHBHOCTH ¢ H L€HTPaJbHOIO HCTOYHHKA HHTEHCHBHOCTH Q = ng,
Kak npu Takoii reomeTpun TewenHs Oyner pacmonaraThCsi 3aCTOHHas 30Ha B Siyuae

GUABTpauuu C NpeleNbHbIM IpalHEeHTOM?
3anaua 3. Torasath, 4To WIS ypaBHeHHs 3aKoHa (uAbTpalHH BHIa
® @) = (w? + 192 (111.59)

oynkuus ¢ (w, 0) Moxer ObITb BhpaXkeHa yepe3 TapDMOHHYECKYIO BCNOMOTaTe/bHYIO
dynkumio. (JtoT pesyavTat Bnepsbie noayuern C. B. Ilanbko.)

3anaua 4. JlokasaTh, 4To NpH NPOH3BOJILHOM 3daKOHe (HABTPAlHH YypaBHeHHe
(I11.30) monyckaeT 4acTHOe pellleHHe BHIA

¢ (, 6) = PT (@ sinb, P7 (@) =[® @]~ | v®(v) do. (111.60)
0

¥YKasaTb THAPOAHHAMHYECKHH CMLIC] MOMYYEHHOTO pellleHHs; NPOaHaJH3HPOBATh
€ro CTpYKTypy AJfi CTENEHHOTro 3zKCHa (HUALTpAUMH H L1s QHILTpallHH C NpelelbHBHIM

TPaIHeHTOM.
3anaua L IlokasaTs, uTo npH HenuuefiHo# GesHanopHofl GuibTpauHH 0Bpasom

csoGonHoli MOBEPXHOCTH Ha IMoCKoCTH roforpada ciyxurt xpusas [43]
—® (@) +Csint =0, C= kpg/u. (111.61)
3anaua 6. HUcnonbaya dopmyny (111.42), noayuuts cBsisb mexly JeGHTOM H

NepenajioM AaBjeHud JJISt NPHTOKA K CKBaXKHHE NPH ABYWIEHHOM 3aKOHe (QHJbTpalHy —
cM. dopmyay (1.13).

§ 3. HecrauvoHapHbie 3aaa4H QUAbTPAILHH
HEHbBIOTOHOBCKHX XKHAKOCTEH

Hecraunonapubie mpoueccsl B NJacTOBOH CHCTeMe NPH (GHJIbTPa-
LHM HEeHbIOTOHOBCKHX XHJKOCTell 00J1aal0T ONnpefesieHHBIMH ocobeH-
HGCTSAIMH, MO3BOJISIOIINMH B HEKOTOPBIX cJydasax oOHapyXHTb Hapyiue-
HHs 3akoHa [lapcH, OHEHHTb HX KOJHYECTBEHHO H [JaTh NPOTHO3 HX
BO3MOXKHOIO BJIHAAHHA Ha [OKasaTeJH pa3paboTKu HedhTAHOTO Mecro-
poxaenus. Iloatomy HabJioneHHe HeCTANHOHAPHBIX TNPOLECCOB -—
BaXKHBI HCTOYHHK HHGMOPMAUHH O CBOHCTBAX IJACTOBOH CHCTEMBI.

OcHoBHbie ypaBHeHHs. [lyets P (x, y, z) — pacnpenenenue
J\aBJIEHHs, OTBevaiolllee HEKOTOPOMY CTALHOHAPHOMY GHJIbTPAIHOHHOMY
JABHXEHHIO, a p (x, y, 2, [)— paclpenesieHde JaBjeHHA B HecTalHOHAp-
HOM [pouecce, :zaYHHAWOUIEMCS B MOMEHT f == 0, npHueM

p(x7 Y, 2, 0) =P, (11162)
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PasHocTh

p=p—P (111.63)

Ha30BeM BO3MYILIEHHEM JaBJEHHS HJIH OTKJOHEHHEM OT CTallHOHAPHOTO
COCTOSIHHSA.

KoMmOuHHpYs ypaBHeHHst HepPa3pbIBHOCTH cjlafockKHMaeMol XKui-
KOCTH

mK—'p -+ dive =0 (I111.64)
H 3aKOHAa ¢(HAbTPALMH, KOTOpOe 3alHileM B BHIE
gradp = —1® (u/M) w/u, uw=—x(vp|/Mvp/lyp| (111.65)

(I — xapakTepHOe 3HayeHHe TIpajMeHTa JaBJeHHS; A — XapaKTepHoe
3HAayeHHe CKOPOCTH (UJIBTpallHH), NOJy4yaeM CHCTeMY ypaBHeHHH dHJb-
TPaUMH HEHBIOTOHOBCKOH XHAKOCTH IPH YIPYroM peXxuMme, KOTOPYIO
MOXHO MPHBECTH K OJHOMY YpPaBHEHHIO
op WK | Vo Vp
P = ;V{q’ (—H )Fv‘p\]' (I11.66)
CranuoHapHOe pacnpejesieHHe, 1Js Koroporo ps =0, Takxe
ynosaerBopsier ypaBHeHuwo (II1.66) unu cucreme (I11.64) — (I11.65).

OgHako p, 6yAyYyd pPa3HOCTbi0 ABYX pelleHu#t ypaBHenus (II1.66),
BooO1e roBOPSA, H3-3a HeMUHEHHOCTH (yHKUUH O u W, He sBAsdercs
pemenneM. Takum o6pasom, NpH Henngeﬁﬂoﬁ ¢puabTpaLHH He cripaBe]-
JIMB NPHHIHUN Cyneplo3UlHH peUIeHHH, W XapaKTep BO3MyIEeHHHA 3a-
BHCHUT, BoOGIlle TOBOPS, HE TOJBKO OT CBOHCTB IJacTOBOH CHCTEMBI M
HHHIUHPYIONIMX BO3MYLleHHe BHEeIIHHX BO3/JeHCTBHH (HampHMep, NycK
CKBaXKHHbI), HO H OT HA4YaJbHOTO cOCTOsHHSA. [lanee B Tex ciayyasx,
Korga oco60 He OroBOpeHO NPOTHBHOe, OyjaeM CUHTAaThb HayaJjbHOE
COCTOSTHHE OTBEYAlOlIHM I1epBOHAYAJbHO HEBO3MYILEHHOMY IIACTy
(P=Pg=const), npuuem B cuay Toro, 4To B ypaBHeHus (II1.64) —
(II1.66) naBieHHe BXOAMT TOJIbKO [OJ 3HAKOM NPOHM3BOAHBIX, MOXKHO
noJOXHUTh Py=0, p=p.

Berymasa BoaHa, Ilpu pacnpocTpaHeHHH BO3MYLIEHHS € TOH
HAH HHOH CTeleHbI0 CTPOTOCTH Bbijejsiercs (POHT BO3MYILEHHSA, OT-
IeAUHE HEBO3MYLIEHHYI0 06/MacTb OT 06J1acTH BO3MYLLEHHS.

BriGepem B6JaH3H (HPOHTA BO3MYILEHHS HEKOTOPYIO MaJylo 0671acTh,
IBHAKYLLylOCA €O CKopocThio ¢ponta. B cuny wmanoctH obaacTu
pacnpeiesjieHHe AAaBJE€HHS B HeH MOMXKHO B J0GOH MOMEHT CUYHTaTh
CTAaHOHAPHBIM 1.

Bynem Hckath nostomy peiieHde ypasuenuit (I11.64) — (II1.65),
cooTBeTCTByMollee Oeryuleil (paBHOMepPHO paclnpocTpaHsiomeiica B Ha-
npaBieHud ocd Ox) BoJHe:

p=pkx—Vt), u=u@), t=x—VL (111.67)
! Yyrateap, 3HAKOMbIH ¢ METOLOM CPalliMBaeMHX ACHMITOTHYECKHX Pa3/OKEeHHH,
Jerko 3aMeTHT, YTO pedb HIeT, MO CYILeCTBY, O MOCTPOEHHH BHYTPEHHero PELICHHS

3ajlaud, OTBedalollero CTpyKType ¢poHTa. HeTpyaHo npoaenate COOTBETCTBYOLLHE
(opmaJibHbie pacCcyKACHHS.
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PHUC. 28. Pacnpenenexne a P
LaBaeHHsA BOJH3H ¢poHTa

BO3MYUIEHHUS TpPH HeJHheH-

HOW (PUNLTPALHH.

Bonnni: a —¢ OeckoHeunoft

CKOPOCTbIO pPacnpOCTPaHEHHS,; go-oo
6-—C KOHeYHOH CKOpOCThIO

pacnpoCcTpaHeHH s

IMoacrasnas Beipaxenus (I11.67) B cucremy (I11.64) — (I11.65),
NONTY4YHM

mvdp | du dp u
T %o, __ncp(T), (111.68)

OTKyJa
dUjdt = —v@ (U), U = u/i, v=mVI/\K,

§ = —o(U)v, p=TUMN + po, o(U)={[®U)]-'dU.  (I11.69)

U3 oueBHIHBX yCHOBHH Ha GecKOHeYHOCTH p= u =0, £— oo mo-
JAyuyaeM p. = 0. JlanpHefiliHe BbIBOJAHN CYLIECTBEHHO 3aBHCAT OT Xa-
pakTepa 3akoHa ¢uabTpaumud. Ecan @ (U) npu U — 0 ocraercst KoHey-
HbIM JIHOO CTPEMHTCSI K HYJIO JOCTAaTOYHO MeJieHHO (HanpHMep, Kak
Us, s< 1), 1o unrerpan B (I11.69) cxomurcsi Ha HHXKHeM mpexese H,
c/ieJloBaTeNbHO, CYIIeCTBYeT IpaHHua & = §;, Ha KOTOpOH H INpaBee ee
p=u=0, T.e. BoJHA pacnpocTpaHsieTcsi ¢ KOHeYHOH CKOPOCTHIO.
B cuany npoussosia B Bel6Ope Hauaja oTcyeTa § 6yzneM moJjarath & = 0.
B6ausu ¢poHTa BOJHBI £ = & nmpousBonHasi dt/dU obpamaercs B Gec-
KoHeuHocTb, ecnH @ (0) =0 (npenenbHEIH rpajHeHT JaBJIEHHS] OTCYTCT-
ByeT), H KOHeuHa NpH (HJIbTPALHH C MpeleJbHBIM rpajgHeHToM. Takum
obpa3oM, Ha mepegHeM (GpOHTE BOJIHBI 1aBJeHHE H CKOPOCTb (HJBTpa-
uud o6paimaKnTcsl B HYJb MJIABHO, €CJH NpPeieibHOro TpajHEeHTa HeT;
NpH HAJHYHH NpPEeJeNbHOTO rpajHeHTa Ha DpOHTe BOJIHEI paclpejeseHHe
JABJIEHHSI HMeeT YTJIOBYIO TOUKy (pHc. <8§).

YcrpemuM Tenepp U k GeckoHeuHocTH. [Tpu aToM, eciH ¢ () = oo,
TO § > —o0; eciH Xe o () < oo (tak 6yger, Hanpumep, npH @ (U) ~
~ Ut {>1), TO paBieHHe H CKOpPOCTb (HJbTPALHH B PaBHOMEPHO
JBHXKyLIeHcs BoJiHe oOpamaioTcss B 6eCKOHEYHOCTb B KOHEUHOH TOuKe.
Bei6pas TOuKy, COBNANAIOMYI0 B HayasbHbIH MOMEHT C (POHTOM BOJHHI,
33 BXogHoe cedeHHe (x = 0) njacta u noJjarasi B NOJY4YeHHBIX COOTHO-
weHusx §£= —V/{, HaligeM, O K3aKOMY 3aKOHY HYHO ME€HATb BO Bpe-
MeHH JaBJieHHe B 3TOM CEYEHHH JJsI TOro, YTOOBI BOJHA B IJIACTE JBM-
ragacb pasHoMepHo. O6palleHue 3TOr0 JaBJieHHS B GeCKOHEUHOCTb 3a
KOHeYHOe BpeMsl 03HaYaeT, YTO JOOHThCS paBHOMEPHOIO JBHXKEHHS BOJHH
JaBJeHHss B TeyeHHe OoJiee IJIHTEJLHOTO BpeMEeHH HEeBO3MOXHO; OHa
JOJIKHA HauaTh 3aMeAJNIAThbCA.

B paccMoTpeHHOM pellleHHH HaHGoJee CyIIeCTBEHHBIM MOMEHTOM
SIBJIIETCSA XapaKTep H3MEHEHHS JaBJIEHHS H CKOPOCTH GHJbTpalUH
BGJIH3H (poHTa BOJMHBL. CKOPOCTb PpAacHpoOCTPaHEHHS BO3MYILEHHH
KoHeyHa, ecau uHTerpas (II1.69) cxomurcs Ha HHXXHeM mnpenene (B
YAaCTHOCTH, NMPH 3aKOHe (HJBbTPallHH C NpelebHBIM [PaJHEHTOM), H
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pacnpeneseHHe HAaBJEHHs HMeeT Ha (POHTe YIJOBYI0 TOUKY,

@ (0)=0, npuuem npu NpuOIHKEHHH K TPaHHIE H3 001aCTH ABHKEHHS
rpagMeHT LaBJeHHA CTPEMHTCS K NPeJeJbHOMY. DTH CYLUECTBEHHO
JJif NPaBHJIbLHOTO MOHHMAHUS KAauecTBEHHHIX OCOOGEHHOCTEH pelueHHs
M O] HX NPUOJHKEHHOTO HOCTPOEHHS BHBOIB IOATBEPKAAIOTCH
aHAJH30M H3BECTHHIX pelleHHH OoJiee CJAOXKHHX 3anay. B HekoTopbix
C1yYasx TaKHe BLIBOJAbl MOXHO CTPOro 060CHOBATh.

Teuenne BO6MH3M CcKBaxXuHBH. Ilpu HceaegoBaHuu mnaa-
CcTOB HAHGOJbLIMH HHTePec NPeACTaBJAIT TedeHHs BOJH3H BO3MyLHa-
jomed cKkBaxHHb, CUHTas HavajbHOe COCTOSHHE MJAacTa HeBO3MYIUEH-
HbIM, HMe€eM ONHOMEPHOe MNJOCKO-pajHajbHOe TeYeHHe, ONpenessieM

COOTHOIIEHHSIMH
dp K1 0 1 ap) )
= ?TE["F(’IT? ]
p(r, 0)=0; lim [2=rlA¥ (II~'p )] = Q () nnu p(p, {) = pp (I11.70)
r—0

(npu ycJ0OBHAX 3aLaHHS Ha CKBaXXHHe neGHTa MJIH [LaBJEHHA COOTBET-
CTBEHHO). YKasaHHas 3ajaya aBTOMOZeJbHA B CJAEAYIOIMUX CJaydasX.
1) nmpu creneHHOM 3aKoHe QHJAbTPauHH; 2) NpPH NPOH3BOJBHOM 38KO
He QHJbTPALHH, ecu ne6UT H3MeHsAeTcs MO 3aKoHy Q=At!1/? (cM.
najee 3anady 1). Ilockoabky 3THM yCJAOBHSIM He YLOBJIETBOPSIO
NpaKTHYECKH BaXHble 3aJauyH, HX HNPHXOJUTCS HCCJaeJ0BaTh JHOO
MPHOJNHIKEHHO METOAOM HHTErpaJbHBIX CcoOTHoweHdd (cm. ra. II),
JHO0 UYHCJEHHO.

Hnsa orbicKauus npubauxkenHoro peirenns 3agauu (111.70) npumewm
pacnpejejieHHe CKOpOCTed QHJAbTPALHUH B BHAE

__Qu r
ufr, t)———m 1‘——1—(1‘5, f\<l, (III.71)
rape [(f) — rpaHnua 30Hb Bo3myuleHus. BriGepem () Takum o6pa-
30M, 4TOOH B KaXXAbII MOMEHT VYAOBJETBOPSAJIOCH ClelyIOIee H3
(I11.70) nepBoe HHTErpajbHOE COOTHOLIEHHE: COOTHOLIEHHE MaTepHalb-
Horo 6asagrca
{
_l_i_S 2nrmh
dt K

p(r, Hdr=—Q (1). (I11.72)

0

3pech ¢ yuerom ycaosus p (I, £)=0 Bmecto p(r, {) crepyer noa-
CTaBHTb BHIpaXKeHHUe
I1{(3

pir f) = — S) o (ﬂ‘%’—")dr, (111.73)

r

roe u(r, t) naerca cootrowenuem (I11.71). Bwipaxenue (I11.71) naa
CKOPOCTH (HJBTpPaUMH NPaBHJIBLHO OTpa)aeT OCOGEHHOCTH pachpeserie-
HUSl ee BOJNIM3M CKBaXKHHB W Ha TpaHHue 30HbH BO3MymleHus. [Tostomy
MOMKHO NOJIYYHTb INpPH TaKOM [PHOJHXXEHHOM pelIeHHH JOCTaTOYHYIO
TOYHOCTb.
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B uyacTHOCTH, 111 3aKOHA (HIBTPAUHM C MpeneJbHBHIM pajiHeHTOM
npu Q = const nonyunm (Il = G, ) = kG/p, ®(U) = U+1):

2nkhlG
p(r, ! =§;—2h[ln—l'— + (1 —=0 )(1 —;—)], r <l
124 2B/1* = 12«8, I* = pQ (2xkhG)™!, x = kK/my,

2rnkh Gl
o = p (o) t)zz%%h(m%ju_ ) et (ILTY

Ha paccMaTpuBaeMoM NpHMepe OTYETJIHBO BHIHA pOJb, KOTOPYIO
HTPaeT JONOJHHTENbHbIfI pasMepHEIH napameTp — NpefesbHbIA IpajHeHT
gaBjeHus G. B koMGHHAaUMHM ¢ J1e6HTOM Ha €AMHHUY MOLIHOCTH IJacTa
¢ TMOMOIIbI0 3TOro IapaMeTpa INOJYYAIOTCSl XapaKTepHBIH JWHEHHBIH
pasMep /* M XapakTepHoe Bpemsa (* = *%/x.

Pelnenue 3ajaud OKas3blBAaeTCsl KayecTBEHHO pa3yHuHbIM NpH #/E, K1
u t/t,>> 1. Tlpn Mambix BpeMeHax umeeM ! < I,. IlpeneGperas B (I11.75)
yneHaMu nopsiaka I/l,, MOXHO y6GenuTbcs, uTo (QOPMaNbHO 3TO 3KBH-
BaJIEHTHO NPEANOJIOXKEHHI0O (G = 0, T.e. IPH MaJbIX BpPeMEHaX pelleHHe
3afaud QHJIbTPAUHH C NpefebHbBIM I'DAaJHEHTOM OKasblBaeTcsl NMOAOOHBIM
peILEHHIO JMHEHHOH 3ajauu:

©Q 12t
Po= = Gmkn N 77

1= (12:)'2 L I, (111.75)

[IpuyuHa TaKOTO COBNANEHHS pelleHHH JIHHEHHOH H HeJHHEHHOH
3aJ]a4 COCTOHT B TOM, YTO NpPH MaJblX BpeMeHaX H3MEHEHHe JaBJICHHS
MPOHCXOAHT B Y3KOH 30He, Tle TPagHEeHTHl [aBJEHHA BechbMa BEJHKH;
NpH TakHX oOCTOATENbCcTBAaX NMONpaBKa, BHOCHMAs NpeletbHbIM IpajiHeH-
TOM, NnpeHeGpexkumo Masna. Co BpeMeHeM 06JacTb ABHXKEHHS pacLIHpS-
eTcsl, H Bce OOJBIIYIO JOJIO €€ cOCTaBjasieT ofJacTb MajblX TPajgueHTOB
(HanOMHHM, YTO CKOPOCTb (HJBTpPAllHH Ha PACCTOSIHHHM r OT CKBaXXHHHI,
OueBHIHO, He INpeBocXOmuT Q/(2wrh). IlosToMy Bce GoJsee CYLIECTBEHHBIM
OKasplBaeTCsl BHJ 3aKOHa (UAbTpPALHH IIpH MasbelX ckopocTAX. Ecuau
> *, umeeM

[ 3xfpQ 173
= ('nth ) Lo

- 3teQ\17? | wQ  =kRGP® | 3uQ
pw——G (m) +&—khln——3th —{—m (11176)

Takum o6pasoM, AN 3HAUHTEJbHEIX BPEMEH 33aKOH H3MEHEHHS
IaBJleHHs1 B CKBa)KHHe OKAa3bIBaeTCsl yXe He JOrapHGMHYECKHM, a
cTeneHHeIM. I'padpHk py,(Inf) nokasan Ha pmc. 29, pacnpeneneHHe
[aBJieHHs] B (YHKUHH OT DAacCTOSIHHSl OT CKBaxKHHBI HM€ET Jiorapug-
MHYECKYI0 ACHMIITOTHKY BOJIH3H CKBaXHHB, a Ha TPaHHIlE 30HH BO3-
MYLI€EHHs] TPAJHEHT [ABJEHHS paBeH NpeeJbHOMY.

[TospHee BepHeMcsi K aHa/H3y HajineHHOTro pelleHusi. Bocnonbsyemca
TEM Xe NPHOJHKEHHHIM NMOAXOAOM JIJS TOTO, UTOOBl PaccMOTPETb NYCK

o 0
CKBAXHHBl C IOCTOSIHHLIM 3a00HHBIM JaBJieHHEM py = P, < 0. TlpuusB
BHOBb NPHG/HXKEHHOE paclpeiesieHHe CKOPOCTH (HAbTPallHM B BHAE
(IT1.71), nocne HecNOKHBIX BBIKJIAAOK MOJYYHM
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Q) = — 22 Py +Gl)(In - — 15 Pu>—0Lp <L,
2 e+ IHG 2) = 124, (I11.77)

rae p — pajHyc CKBaXKHHHI.
[TocnenHHe COOTHOLIEHHSI NMPHUBOAATCS K OOLIKHOBEHHOMY AH(pQepeH:
I(HaJbHOMY YpaBHEHHIO MepBoro mnopsiaka aas l. IIpu Manbix BpemeHax,

p & |  —P,/G npenensHBIil TPaHeHT AaBaeHHs He nposiBasercs. [lpn
3TOM

[~ (12x)"2, Q= — 2xkhP, /v In(l/p). (111.78)

C gpyroii ctoponsl, npu [ - —P,/G = I, nebur Q — 0, u u3 (111.77)
JIErKO HAaXOAHM, YTO ¢ YyBeJHYeHHEM BpeMeHH ({ — oo) TDaHHIA 30HHI
BO3MYILEHHs aCHMITOTHYECKH CTpeMHTca K l.; paclipeneseHne jasJe-
HHs TIpH 3TOM CTPEMHTCS K TpELeJbHOMY

p—(r) =Py~ (r—p)G, r<lo. (111.79)

Ilpu stom ae6ut Q c Bo3pacTaHHEM ! CTPEMHTCS K HYJIO 3KCHO-
HeHUHMaJbHO, H, CJeAOBaTeNbHO, CyMMapHbH OTOOp 3KHAKOCTH M3
CKBaXKHHH V 3a GeckoHeuHoe Bpemsi NPH (PUKCHPOBAHHOH JeNpeccHn
P, KoHeueH, DTOMYy COOTBETCTBYIOT KOHEYHOCTb BOPOHKH [lelPecCHH
H o6sacTH APEHHPOBAHHS CKBAXKHUHBI NOCJde MNpeKpallleHHsl MPHTOKa.

W3 coobpaxeHuit GajaHca HaXoAUM IIpelesbHbli CyMMapHBH oTOOD
XHAKOCTH H3 CKBaXHHBI

Qnthi
3KG?

KoneunocTp 30HBI JPEHHPOBAHHS MOXET MPHBOAHTbL K 3aMETHOMY
CHHMIKEHHIO CTelleHH M3BJIedeHHs] XKHAKOCTH M3 MJacta npu paspaboTke
Ha ucTolweHHe. MmeeTcs psp ykasaHu#t Ha TO, 4TO 3TOT 3PdeKT
CyllecTBeH Npu pa3paboTKe TakxkKe W Ta30BbIX MECTOPOXKAEHHH, MPH-
YPOUEHHBIX K IVIHHH3HPOBAHHBIM KOJJIEKTOpaM, Koraa IJs rasa obHa-
pyXHBaeTcs IMOPOroBHIH TpajHeHT AaBJjeHHs (CM. Jajee 3anauy 3).
PUC. 29. HsMenenue jaBJeHus T1pH BzaumopneiicTBne BoO3-

NycKe CKBaXHHbI: MYUl€eHHH C BHEWHHUM I0O-
1 — nuHeAHut 3aKOH HALTPANHH; 2 — % _
PHABLTpAUHSA € NpeRebHBM rPALHEHTOM B OT- TOKOM. B38HMO}I€HCTBH€ 3(I)CpEK

CYTCTBHE BHelliHero NoToka: J—5 — mpu Ha- TOB HEJHHEHHOH (bHJIpraIlHH H He-
JIHYHH BHEWIHero ORHODOJHOre NOTOKa pas-

(111.80)

V. = S 2ni;<mr p_(r)dr =
0

JMYHON MHTEHCHEHOCTH OAHOPOAHOCTH (pHJ'IpraU,HOHHOI‘O
2, NOTOKAa MOXKeT ONpefessiolliM 06-
2 3 125 pa3oM BAHATHL HA XapakKTep HecTa-

5075  MHOTOOGpa3sus BO3HHKAIOWIHX 3/1€Ch
BOIIPOCOB MBI PAaCCMOTPHM TOJIBKO
BJMAHMEe BHEUIHEro MOTOKa Ha pac-
0.25 IPOCTpaHeHHe  BO3MYUIeHHHA  OT
ckBaxkuHel. [lockOonbKy B maHHOM
cJydyae peuyb HJeT, TJIaBHHM 006pa-

// 7 1,0 HHOHApHHX Inpoueccos, M3 Bcero
T 5|

el

0,5

—__’-——‘—

-20 =15 -1.0 =05 In s

98



30M, O CJIOXKHHIX JBYMEpHLIX TEUEHHSX, HHXKe NPHBOJATCS B OCHOBHOM
pe3yJabTaThl UHC/JAEHHOro pelIeHHS COOTBEeTCTBYWLIHMX 3ajay. OpHako
HEKOTOpHIe CyIIeCTBEHHble MOMEHTH yJaercsi oOHapyXHTb Ha cleny-
IOIleM CPaBHHTEJNBHO NpPOCTOM npumepe. JlomycTHM, 4TO B HauaJbHBIH
MOMEHT B ILIacTe CyLIecTBYeT CTallHOHApHOe TeueHHe Ge3 3aCTOHHBIX
300 (u>0), KoropoMy oTBeuaer pacnpeieneHde P(x, y, ) a B Mo-
Ment !=0 HauMHaeTcs HeCTALHMOHADHBIH INPOUECC, XapaKTepH3yeMBIH
BO3MyllleHHeM JAaBieHus p (X, y, 2, t). Byjaem nonarare 310 Bo3MYylle-
HHe MaJIblM, TaK 4TO B JII0OOH TOUKe IJacTa

lve| < |vP]. (111.81)
Torga a/s BO3MYIIEHHH AaBJeHHS p MOXHO NOJYYHTb NPHOMHKEH-
HOe JHHeliHOe ypaBHeHHe, ecau nojctaButh B (111.66) p=P+p u npo-

BeCTH pas3JioXXeHHe MO cTeNeHAM p, OrPaHHYHBIUIHCHL JHHEHHBIMH uJje-
HaMu. YuutbiBasi, Yro P — pemenue ypaBHeHus (II1.66), noayuum,
OYEBHJIHO,

o _ K| _o(1vP1\ Vo [1oP vP\\VP(VPV)
or m[vw< m >IVPI+{‘F( T >“H‘F(T>} ey S (1182

HanomuuM, uto P (x, y, 2z) cuuTaeTcsl 3fecb HU3BECTHbIM, TaK 4TO
(I11.82) npepcraBnaser coGofl JuHeHHOe napabonuyecKoe YpaBHeHHe

OTHOCHTEJIbHO BO3MYIleHHA p. B 4acTHOCTH, €c/qH HeBO3MYILEHHOe Te-
yeHHe IpejcTaBJsAeT cO60H OAHOPOAHLIA NOTOK ¢ IpajHEHTOM JaBJEHHSA
Ilo, ypaBuenue (111.82) nmpuuumaer Bup

dp K, (02; v 02, K\,

— — —_— i a— ; 0 = ——,

ot mily \gy? ¥y ox? mli,

Ypapuenue (I11.83) — nuHefiHoe ypaBHeHHe TENJIONPOBOAHOCTH B
aHH30TPONHOH cpefe ¢ KO3pdHIHEHTaMH NPOBOJHMOCTH, Ppa3/IHUHbLIMH
no ocaM x u y. KospHLHeHTH NpOBOAHMOCTH COCTaBJAIOT: xp IO OCH

y u xWo/¥p mo ocu x. KX oTHOLleHHe paBHO OTHOLIEHHIO YTJIOBBIX
ko3bdHuHenRTOB KacatenbHOH K kpuBoit W ({) B Touke § = Wo/IL 1 cexy-
Imel, NpoBefleHHOH H3 Hauajla KOOpAHHAT B Ty e Touky. Jlna ncespo-
IJIaCTHYECKOrO XapakTepa 3akoHa ¢uabtpaunn (¥ > 0) 3To oTHOLIEHHE
Bcerja Gosblle eIHHMIB. Booflle roBops, OHO 3aBHCHT OT HHTEHCHB-
HOCTH HEBO3MYIIEHHOTO TeueHHsA H, B YaCTHOCTH, AJsl 3aKOHA (GuJbTpa-
uMd c npefedbHbiM rpagHeHToM (¥ () ={—1, II = () MOHOTOHHO
yObiBaeT OT GECKOHEYHOCTH J0 €XMHHIBI C POCTOM HHTEHCHBHOCTH Te-
yeHHa oT Il =G 10 GeCKOHEYHOCTH.

Herpyauno ybGeanTbcss HemocpeicTBEHHO B TOM, 4TO JIOKAJbHO B KaX-
JO# TOYKE HEOJHOPOZHOrO INOTOKAa CTPYKTYpa YpPaBHEHHS IJsi BO3MY-
wenuii 6ynetr 6auska k (I11.83), ecsin moa x M y moHuMaTh ocu, opueH-
THPOBAHHBIE MO HEBOSMYIIEHHOMY NOTOKY H 1O HOPMAaJH K HeMy.

¥Ypapuenue (I111.83) npeoGpasoBannem

X =x(To)™ " v = yug'? (111.84)
CBOZMTCA K OOBIYHOMY YpaBHEHHIO Tell;10MPOBOJHOCTH.

(111.83)
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B yacTHOCTH, €CJH HayaJbHOe BO3MYIIEHHE CO3/aeTCA B Hauajle
KoopaHuHaT (x =y ==0), To B cucreMe XOY 3anaua OCECHMMETpHYHa:

p—p(R, 1) R2= X1y (111.85)
C yueroM (I11.84) ato osnauaet, uTO B HcXOoaHO#H cucTeMe xOy JHHHH

YPOBHS1 BO3MYILECHHS ;(x, Y, t) — 3JNHNCH, ONpejeNAeMble ypaBHEHHEM
(x/%0)? + (y/'¥q)* = const. (111.86)

CanenoBaTtesibHO, BO3MYILEHHe JaBJeHHS DacnpoCTpaHseTcs M0
OJIHOPOJHOMY HayaJbHOMY IIOTOKY C Pa3JIHYHOH CKOPOCTbIO B pasHBIX
HaNpaBJEHHAX — HECTAlHOHAPHBIA 1npouecc o6JafaeT <«HABeAEHHOM
anusotponueii», IlpHBeldeHHBII aHa/lH3 HeJb3s HEMNOCPEACTBEHHO HC-
IOJIb30BaTh AJ18 HCCJAEAOBAHHA OCHOBHOH 3aJa4d O BO3MYIIEHHH OJHO-
POLHOro MOTOKa NPH MycKe CKBAXHHBI, IIOCKOJIbKY B 3TOM Cjyuae
BO3MYILUEHHS TpajHeHTa [aBjeHHs BOJH3H CKBaXXHHBl HE MaJsbl,
OJHAaKO MOXHO OXHIaTb, YTO XapaKTep H3MEHeHHUS JaBJeHHS KauyecT-
BeHHO OyJleT TaKHM »Ke, KaK H B PacCMOTPEHHOH JHHeapH30BAHHOH
3ajaaue.

UHc/aeHHble pacyeTbl ! BO3MYILEHHA, BHOCHMOTO B OJHOPOAHBIH
(GHIBTPAUHOHHBI MOTOK MylIeHHOH B paboTy CKBAaXHHOH, B OCHOBHOM
MOATBEPKAAIOT 3TH NpeanonoxeHus. Ha puc. 30 nokasano pacnpocr-

paHeHHe JIHHHH YPOBHSI BO3MylleHHus, oTBevalomed p=0,06 QG /A npu
paa3JHYHbIX 3HAUYEHHAX HHTEHCHBHOCTH HCXOAHOrO MOTOKa.

[TomuMo npeickasaHHOH HaMH 3apaHee aHH3OTPONHH pacHpocTpa-
HEHHSl BO3MYIIEHHH (TeM CHJIbHee BbIPaXK€HHOH, UYeM MeHblle HHTEH-
CHBHOCTb BHEIIHEro MOTOKAa) HAOJI0AA€TCA H CBOeOODPa3HBIH HX «CHOCY
BHEIIHHM IOTOKOM. 3TOT CYLIECTBEHHO HeJHHEHHBIH 3d¢pekT obbsc-
HHETCA TeM, YTO BHEUIHHH MOTOK H MOTOK OT CKBAaXXHHBI C OJHOH CTO-
poHbl OoT Hee (cM. pHc. 30, caeBa) NPOTHBOMOJIOKHO HAaMpaBJeHbl, B
pesyabTate 4ero obpasyercs 3actoiiHas 3oHa. [locaencTsHs Takoro
JIOKa/IH30BAaHHOTO BOJIM3H CKBaXXHHB B3aHMOJEHCTBHS INPOSBJASIOTCA
¥ Ha yJajJeHHH OT Hee, I'le JHHHH YPOBHS [JaBJeHHS OKa3bBalTCA
CMEILIEHHLIMY MO MOTOKY.

AHanH3 JMHAMHKH H3MEHEHHS JaBJEHHS B CKBAaXKHHE IPH MyCKe
ee B paboTy MOKa3bBaeT, YTO BHEIUHHH NMOTOK MOMKET OKa3biBaTb Ha
Hee cyllecTBeHHOe BJHsiHHe. M3 puc. 29 BuaHo, mpexjae Bcero, 4To
JNOCTATOYHO CPABHHUTENBHO €1a60Or0 BHEUIHErO IOTOKA JJsd TOr0, YTOOHI
KpHBasi H3MEHEHHS NaBJeHHs (T. e. 3aBUCHMOCTb JaBJeHHS B CKBaXH-
He OT BpeMeHH) CTaJja CYIIeCTBEHHO OTJHYHOH OT KPHBOH, pacCyHTaH-
HOH IJIg OCECHMMETPHYHOrO I[IPHTOKAa B HEBO3MYLIEHHOM MJacTe.
C yBeJqHuYeHHeM HHTEHCHBHOCTH BHEIHEro MOTOKa 3TO pa3jHuHe pac-
TeT, H KpUBas H3MEHEHHs1 AaBjeHHd NpHOJMKaercs K KPHBOH, OTBeYa-
Iolle# JIHHEHHOMY 3aKOHY (HJABTPalHU.

Ananuz JLaHHBIX HCCAeAOBaHHA CKBaxHH Kaxk
yXe TOBOPHJIOCH, OCHOBHAsl LeJb HCCJAeJ0BaHUS HeCTAalHOHAPHBIX

! [Tpusonumuie B 3TOM naparpade LaHHHIE 4HCJEHHBIX pacueTos noaydenn s MIIM
AH CCCP &. 1. Typeuxoil.
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NPOLIECOB COCTOHT B TOM,
yTOoOBl AaTb METOABl OIpe- -
JeJeHHss NapaMeTpoB mJjac-
TOB NO JaHHBIM HCCJIedo-
BaHUSl CKBaxUH. B Tex cay-
4asfx, Korja pedb HIET O Te-
YeHHAX, He CJeLyIOIHX 3a-
KoHy [Ilapcu, sta 3anaua, He-
npocrassi cama no cebe, cra-
HOBHTCS OCOOEHHO TPYAHOH.
I'naBras Tpyanocts co-
CTOHT B TOM, YTO HEJb3fl 33-  pyC. 30. PacnpocTpanenwe auHufi  ypoBHS

paHee YyKa3aTb, KaKOrO DOJa  posMywieHHi OT CKBaXKHHB [IDH HAMHYHH OJHO-
OTKJIOHEHHS OT HUJACaJbHOH MO-  POJHOTO BHEUIHETO [OTOKA

JeIH YIpyroro pexxuma ¢Quib-
TpPalUHH NpPHCYLIH HcclelyeMoMy 0ODBeKTy. Tak, HCKpHBJIEHHE HHIH-
KATOPHBIX JHAIPAaMM CKBaXXHH MOXeT OHITb BHI3BAHO He TOJIbKO HENH-
HeHHOCTbI0 3aKOHA (GUJBTPALHH, HO W Pas3rasupoBaHHeM HedTH, HeJH-
HeliHo-ynpyrofl nedopMmauueil naacra B II€JOM HJIH PaCKpbITHEM Tpe-
UIMH B IPHCKBAaXXHHHOH 30He M T, A. [asee, eciH 1axe YCTaHOBJEHO,
YTO HeJJHHEHHOCTb 06ycCJOBJeHa HapylueHHeM 3akoHa JlapcH, ocraercs
npobieMa BhiGopa MeXAy, AONYCTHM, 3aKOHOM (HABTPALMH C Npe-
JNeTbHBIM I'PAJUEHTOM JaBJeHHsI H CTENeHHBIM 3aKOHOM (HJbTpalHH.
B HacTosilllee BpeMsl HeT 3aKOHYEHHOH METOAMKH aHAJU3a pe3yJiib-
TaToB HabJ10A€HUH, nO3BOJsAOMIEeH pemiaTh CHOPMYJHPOBAHHYIO BHILIE
npobaeMy BeiGopa. Bosnee Toro, yxe sICHO, 4TO TaKasi MEeTOAHKA He
MOXeT OBbITh YHCTO FHAPOAHHAMUYECKOH, a JOJXKHA HCIOJb30BaTh BCIO
COBOKYIHOCTb CBeJeHHH O mJjacre AJ5 yMeHbLUeHHs YHCJa KOHKYDHpY-
IOLIMX THOOTES.

Huxe paccmarpuBaercs TOMBKO BONpoc O pasnnyeHHH 3¢ derToB
HapylleHHs 3aKOHa JlapCH H HeJHHEHHO-YIPYyroro pexuma no AaHHBIM
UCCJeIOBaHHsl CKBaXKHH. DToT Bonpoc Obld NeTajbHO HCCJAENOBaH B
nocJjenHee BpeMsl UHCJIEHHO.

PaCCManHBaeTCH NyCcK B pa60Ty CKBaxHUHbl B I[€PBOHAYAJBbHO
HEBO3MYUI€EHHOM IJ1aCT€ ¢ NOCTOAHHBIM HadaJbHBIM [daBJCHHEM Po,
NnpyuyeM npeanoaraercs, YTo NpoHHIaeMOCTb ku NMOPUCTOCTH M 3aBH-
CAT OT JAAaBJE€HHsT H HCNOJb30OBaHa 3SKCHOHeHIHaJbHAsaA alNpOKCH-
Manusda

k(p) = ko exp [akr (p — Po)l; m(p) = moexp [am (p — Po)). (I11.87)

OnHOBpeMEHHO JONYCKAeTCs, YTO JBUXKEHHE cleayeT 3aKOHY (DUJIbT-
pauuu c npefejpHbiM rpanuedtom Buaa (I11.9) ¢ nocrosinHeiM 3Haue-
HHeM G. BbIH pacCMOTpeHB! pa3iHdYHblE PEXHMBl H3MeHeHHs aebuta
CKB2XXHHH BO BpeME&HH H COOTBETCTBYIOIIHE HM PEXHMbI H3MEHEHHS
LaBJleHHsl B CKBaXKHHE ¥ Ha yJaJIeHHH OT Hee.

Ha puc. 31 nokasaHbl KpHBbIE OTHOCHTE/LHOTO H3Me HEHHS AaBJECHHS
Ap/Q NpH NycKe CKBaXKHHBI C MOCTOSHHRIM J€6HTOM NMpPH HEJIHHEHHO-
ynpyrom pexuMe (G = 0) u c/1abo MeHAIOMEHCH MOPHCTOCTH (& = ()
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IS pasJHYHbIX 3HAUYeHHWH eJHHCTBEHHOro Ge3pa3MepHOro mnapamerpa
3anaud (Q > 0 oTBeuaeT 3akauke, Q < 0 —oT60py MKHIKOCTH)
A= a=m
C poctoM napamerpa A OTHOCHTEJNbHOE H3MEHECHHE RABJCHHS YMEHb-
waercst. Ecau yuecTb, yTO B LUHPOKOM JAMANa3oHe H3MeHeHus A 3aBH-
cumMocTh Ap/Q ot Int gocrartouno GaM3Ka K AuHeHHOHA (cM. puc. 31), To NpH
10608 HHTepNpeTallHH Pe3yJbTaTOB HCCAeJOBaHHH € POCTOM HHTEHCHB-
HOCTH 3aKayKH yBeJHYHBaeTcsl 3(pdeKTHBHAs IHAPONPOBOJHOCTb MNJacTa
(kh/p), ompernesennas nO KPHBHIM H3MEHEHHS JABJEHHUSA (COOTBETCTBEHHO
YMEHBILUAETCs TH/POIPOBOXHOCTD C YBEJHYEHHeM HHTEHCHBHOCTH OTGOpa).
Eciu He y4YHTHIBATb 3aBHCHMOCTH IPOHHIIAEMOCTH ¥ INOPHCTOCTH
OT JaBJieHHsd, HO CYHTATh 33aKOH (UABTPALUH HeJHWHEHHbLIM IMCEBIO-
NJaCTHYECKUM (POCT OTHOCHTEJPHOH MOJABHXKHOCTH C POCTOM CKODOCTH
¢uaprpamny, @”(U) <0), TO aHanH3 KPHBLHIX H3MEHEHHS [aBJeHHSA
NpH NyCKe CKBaXXMHBI NO CTaHAapTHOH Mertoxuke [11] npHBomuMT K
BHIBOJY, UTO 3¢ ¢ eKTHBHAas THAPONPOBOAHOCTL BO3pacTaeT ¢ yBeslHye-
HHeM abCOJIIOTHOro 3HaueHHs fe6HTa, MPH KOTOPOM NPOBEAEHO HCC/e-
AoBanne cKBaxuHB. [lpudeMm, ecnu 3akoH GWABTpAaUHH anNpPOKCHMH-
pyercs creneHHo#i 3aBHcHMOCTbI0O @ (U) = U3, TO 3aBUCHMOCTb 3(deKT-
HOH THAPONDPOBOAHOCTH OT neGHTa TaKXKe CTeneHHas:

(k) ~ | QF, =2 (s—1)/(3—3). (111.88)

Takum 00pa3oM, OCHOBHOe OTJHUHe MeXAy 3ddeKTaMH HeauHeH-
HO-yIPYroro peXuMa W HeJHHeAHOH ¢GHAbTPAUMH NPH HCCAeNOBaHHH
CKBaXKHH IPOSABJASETCA B TOM, 4TO

PHC. 31. KpuBele OTHOCHTENILHOTO H3-  QepPBHIM COOTBETCTBYeT pOCT 3¢-
MEHEHH JaBNEHHA. ) _ eKTHBHO# THAPONPOBONHOCTH C
Suavenna A - Pl s o 20% 203 pocToM pe6HTa NpH 3aKauKe H Na-
8—15 §—30 IeHHe Npu oTOOpE; BTOPHIM — POCT
W3lapr@ THAPONPOBOLHOCTH C POCTOM neGH-
Ta KaK JAJaA 3aKauki, Tak U s
ot6opa (puc. 32). Jlerko y6enuThb-

csl, 4TO 3TO — O6WHA dakT, He 3a-
BHCSIUMH OT TPHHATHIX AalMpOKCH-
Lol / manuii, Takoe OTJIMYHe CJIYXKHT
CBOEFO pOAA  «IHATHOCTHYECKHM

NpU3HAKOM» [Js PasJjiHUeHHs ABYX
12 NPHYUH HEJHHEHHOCTH.

MoXHO npeAnoIONKHTE METOLHU-
Ky BhJe/NeHHs KamJAOro H3 3THX
o7} 3¢ peKToB, BhAEAAA YETHYI0O H He-

4eTHYIO no @ 4YacTH 3aBHCHMOCTH
/ Ap/Q or Q.
8

JpyruM BaxKHLIM JHarHOCLHPY-
9’____/ IOLIHM MPH3HAKOM MOXET GbiTh Xa-
s pakTep pacnpocTpaHeHHS BO3MYUILe.

HHA Ha O6OJbLUMX PacCTOSHHUAX OT




PUC. 32. Hamenenue sd-

“ ap REh/p,y
(EeKTHBHOH  THIpONpoBOA-
HOCTH INIPH HEJHHEeHHO-yI- \‘\§
pyroM pexume (/) H He- ~—
JIBHeHHO# (uabTpaunn (/1) 0 o
-
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\\ {{]
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PHUC. 33. Hamenenue namneHus npH nepHofHuecKoM BO30YXIEHHH CKBAXKUHH:
!— BRanH OT CKBaXKHHH; 2 —B Touke, GAH3KOH K CKBaXKHHe

CKBaXKHHbl. B 3Toit o6JacTH naBieHHe MaJo OTKJOHSETCS OT HEBO3-
MYILEHHOr0, a CKOPOCTH QHUIbTPaunu GaH3KH K Hyuo. [TosTomy oue-
BHJ(HO, UTO 3j/leCb HeJHHeHHO-yNpyrue 3¢dekTsl caabu, a 3hheKTH
HeJIMHEHHOH (HJILTPAlNH, B 0COGEHHOCTH THNA NpeebHOrO rpajgHeH-
Ta aBJIEHHS, BblpaxeHH 0COGeHHO cHbHO. Tak, Ha puc. 33 nokaaa-
HO HM3MEHCHHE NaBJCHHSi Ha PAasJHYHBIX PACCTOSIHHSIX OT BO3MYyIMa-
Io1ell CKBaXHHBI IIPH NEPHOAHYECKOM (CO CMEHOI 3HaKa) H3MeHEHHH
nebuTta B Hel.

IloMumo oTHOCHTeNBHO 6HCTPOrO 3aTyXaHHA BO3MYILUEHHH H
KOHEUHOCTH PaCCTOSIHUSA, Ha KOTOPOe OHH PacnpoOCTPaHSIOTCS, Cylle-
CTBEHHO, 4TO C PacCTOSTHHEM INOcJedoBaTesIbHble HMMNYJbChl AaBJEHUS
He CriaxuBawTcs, a Bce Gosee npubanxkaioTtes no popMe K npsimMo-
YroJbHbIM. ODTOT KauyeCTBEHHBI NPH3HAK MOXKHO HCMOJb30BATh IS

YCTaHOBJICHHSI HAJH4YHA B TMJIACTOBBLIX yCJIOBHAAX NipeAeJbHOro rpa-
AHEHTa AaBJEHHS.

Banaua 1. [loxasaTh, 4To peluenne 3ajauM O NPHUTOKe K CKBAXKHHE, nyueRHof
B paboTy ¢ MOCTOAHHHM lleGuTOM Q, ABTOMONENBHO TIPH CTENeHHOM B3aKOHe uIbTpa-
uny. MccreroBath 3aBHCHMOCTb NaB/JeHHsS B TO4KE HaOiofieHus OT BpemenH. IloaywnTh
3aBucumocthb (111.88).

3anauva 2. O6BACHHTE KaueCTBeHHO 3PeKT MepecTPOHKH HMIYJILCOB B npsMo-
yroJbHble TIpy QUABTPAlHH € TpefeNbHLIM TpaiHEHTOM,

3afaua 3. OnpeleNTh MAKCHMalbHM 1BOIMOXHBI O0T6Op rasa B pacuete Ha
ONHY CKBaXHHY, €C/IH HA4albHOE ILIACTOBOE JNaBJEHHE pg, MAHHMAAbHO HOMYCTHMOE
HaBjiende Ha 3aboe p u IBH)XeHHe rasa cJelyeT 3aKOHY OGHILTPALHH

- kp -
Py = — 2_;4?; (Vo?—uvp¥|ver ) |Vetl>T, =0, |Vp?]<IL
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§ 4. HepaBHOBeCHOCTb NPH PHIBTPALUH
OJIHOPOJHBIX XKHAKOCTEH.

JlBHXKeHHe B TPELIHHOBATO-MOPHCTHIX

¥ CJOHCTO-HEOLHOPOAHBIX miaacrax!

BBoasi B KauecTBe OCHOBHHIX JIOKAJbHBIX XapPaKTePHCTHK (HJIBT-
PallHOHHOTO JBHXKEHHSl [aBJeHHe p M CKOPOCTb (HUIAbTPALUUH X
(a B HEKOTOPHIX cJydYasfX H TeMmnepatypy nopucroil cpeabl T), MBI
HEeSIBHO JONMYyCKaeM, 4TO B Mpejejax (u3HyecKH OECKOHEYHO MaJoro
o0beMa NOPHCTOH Cpedbl 5TH BeJHYHHBI M3MEeHAIOTCA He3HAUHTEJbHO,

B cBoio oyepeab, 3TO O3HayaeT, YTO JOKAJbHO KaXKAHIH 3JeMEHT
CpeAbl HAaXOJAHTCH B COCTOSHHH TEPMOJHHAMHYECKOTO pPaBHOBECHS.
Takoe jomyluieHHe cnpaBejJHBO, NOKa pacCMAaTPHBAIOTCH MNpPOLECCH
cyllecTBeHHO OoJiee J[JIHTeNbHbIE, HeXeJH IPOLECC YCTaHOBJIEHHS
TepMOJHHAMHYECKOro pPaBHOBeCHS B ¢pH3HUeCKH OECKOHEYHO MajioM
obbeme nopucroit cpeabl. OQHAKO B HEKOTOPHIX CYIIECTBEHHBIX JJ5
NPHJIOKEHHH CJydyasx CTPOCHHe peajbHbIX OOBEKTOB TaKOBO, 4YTO
«3JIeMeHTapHblll 06beM» JOCTATOYHO BeJHK, a NMPOLECHl YCTAHOBJEHHS
TepMOJHHAMHYECKOTO PABHOBECHS] B HeM HACTOJNbKO 3aMeJJIeHHBbI, 4TO
HX AJHTEJBbHOCTb OKa3blBaeTCs CONOCTABHMOIN CO BPEMEHeM Mepexoi-
HOTO npomecca B IJlacTe B UestoM. Torjga 3TH HepaBHOBECHBIE MNpPoO-
LECCH NMOJAJMEXAT y4YeTy M HX BJHSAHHE MOXKET 0Ka3aTbCs onpejens-
fomuM. FIMeHHO TaK O06GCTOMT Resi0 B HEKOTOPHIX 3ajfayax ABYX¢asHoH
¢uabtpaunn (cM. ra1. IV). B stom mnaparpage paccMaTpHBAaIOTCH
HepaBHOBeCHble NPOLECCHl, MPOHCXOASLIHE IPH HEYCTAHOBHBIIEMCSH
JIBHXKE€HHH OJHOPOLHOH, HBIOTOHOBCKOH »KHJIKOCTH B TPELIHHOBATO-
MOPHCTBIX H CJOHCTHIX NJAaCTax.

®PuabTpauUHA OJHOPOAHOH XHIAKOCTH B TpeLH-
HOBAaTO-MOPHCTOH cpepe PsAx KpynHeAIIHX MeCTOPOKAEHHH
HedTH NMPHYPOYEH K TPELIHHOBATHIM MOPOAAM, B KOTOPBIX CYIIECTBYET
pa3BHTasi CHCTeMa TpelIHH, NOJHOCTbIO MJH YacTHYHO, Hapsigy C
nopamu, ofycjoBauBaomas (GUIbTPALHOHHblE CBOMCTBa cpensl. Cre-
IH(QHKa TakKoH cpeabl o6ycJaOBJeHA TeM, YTO TPEUIHHA, B OTJIHYHE OT
Iop, HMEIOIHX Bce pas3Mepnl OJHOrO MOPSAKa, 3TO — y3Kas IUeb,
IBa H3MepeHHd KOTOPOH Ha HeCKOJbKO MOPSAKOB 60Jble TPEThEro.
B pesysbraTe naXe NpH camMOM He3HAuUTeJIbHOM O0beme TPEIIHH B
ofmeM o6beMe NyCTOT TBEPJAOTO CKeJeTa OHH MOTYT OKAasblBaTb
onpepedollee BIHSHHE Ha JABHKCHHE XHIKOCTH.

OO6blyHO PAa3/HYalOT YHCTO TPELIHHOBATble H TPEUIHHOBATO-NOPH-
cThle cpenbl. IlepBble H3 HHUX mNpeAcTaBasior coboft OJIOKH TOpHOH
NOPOABl, MEXAy KOTOPBIMH HMMEIOTCS TPeLIMHBl, NpHYeM caMH OJIOKH
HENPOHHIaeMbl H He OOMEHHBAIOTCH JXUAKOCTBbIO C TpelIWHAMH (Ha-
fIpUMEp, TPeLIHHOBATble TPAHHUTH); B TPEIIHHOBATO-NOPHCTOH cpele
6JI0KH NpeACTaBJAIT co60i KycKH OOGBIYHON MOPHCTOH cpeibl, obJa-

1 OcHoBHBIE TONOXEHHUS TEODHH HeCTAaUHOHAapHOH (HJBTPAUHH B TPELHHOBATO-
NOPHCTHIX cpefax Obiin  chopMmyiauposansl B paGotax I. M. bapeunbaarra,
0. I1. Xeatosa u H. H. Kounno#t [7], a 3aTeM pa3BHTH MHOTHMH HcCJeA0BaTess-
MH — oM, Gosee noapo6Hoe H3/NoxKeHHe H Gubauorpaduio [6, 21, 34].
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Jawolledl MOPHCTOCTbIO H  NPOHHLAEMOCTHIO
(TpelMHOBATHIH H3BecTHSK). Bo Bcex cayua-
AX o0beM TpellHH mnpeHeOpeXHMo MaJa IO
cpaBHeHHI0O ¢ o6muM o06beMOM, 3aHATHM
TBEPABIM CKeJIETOM H NMYCTOTaMH, B 6OJbIIHH-
CTBe CJyYaeB OH MaJ H 1O CpaBHEHHIO c. 06-
IHM 00bEMOM INYCTOT, CKJIAAbIBAIOLIHMCS K3
06beMa MOPOBOrO MPOCTPAHCTBA NOPHCTHIX
6/0KOB H o6beMa caMBIX TpPeWIMH. JIHIIp B
TeX CJaydasx, Koraa coOCTBEHHAass MOPHCTOCTBb
6/10KOB MPaKTHUECKH paBHa HyJ0 (HampHMep,
y TPEelMHOBATHIX H3BEepPKEHHHBIX NOPOJ), NPH-
XOAMTCS TNpHHHMaThb B pacuer o6Gbem coO-
CTBEHHO TPEIIHH.

HanporuB, B GOJbIIHHCTBe cJyyaeB THAPaBJAHYeCKass IIPOBOAH-
MOCTb CHCTEMBI TPeIlHH BO MHOro pas 6oJblie I'HAPaBJHYECKOH Npo-
BoguMoctH OJsokoB. [loaToMy MOXHO cKasaTbh, YTO B TPEIHHOBATO-
NOPHCTOH cpelle XKHAKOCTb «XPAaHHUTCA» B NMOPHCTHIX 6JIOKax, a nepe-
Memaercs Ino TpeludHaM. [IpH cTalHOHAPHOM JABHXKEHHH XHIKOCTH
3TO0 He NPHBOJHT K CYIIECTBEHHBIM OTJHYHAM OT OOBIYHOH nopHcTOH
cpensl. OJHaKo NpH HecTalHOHapHHIX Npoueccax H B Ipoilecce BhHI-
TECHEHHS] OAHOH XHAKOCTH APYrof NposBJsieTcss pA4 BaXHbIX OCO-
6ennocred. PUIbTPALHS B YHCTO TPELIHHOBATBHIX CPeAax MPOHCXOAHT
K4YeCTBEHHO TaK ke, KaK B OOBIYHBIX MOPHCTHIX, JHIIb ¢ HEGOJIBIIHMH
KOJIHYeCTBEHHBIMH OTKJIOHeHHSIMH. [103TOMYy B jajbHeHllieM OCHOBHOE
BHHMAaHHe YAeJseTCs TPEeILlHHOBATO-IOPHCTBIM CPeAaM.

3akon ¢uabTpaunuu JiIg JaMHHAPHOrO [BHXKEHHS BS3-
KOH XHJAKOCTH B IlleJIH C NapaJJjieJbHbIMH CTeHKaMH CHpaBelJHBa
dopmyna byccnnecka

PHC, 34. Cxema Tpewuto-
Ba'ro-nopucroro nJacrta

b3 Ap

Q=T & (111.89)

3pech (Q — pacxoj XKUAKOCTH; b — LIHpHHA LUEAH B CEYEHHH, TIep-

NEeHAUKYJIAPHOM K OCH X; A — pDacKpbITHE ILEJNH; p —— BSI3KOCTb KHAKO-
CTH; p — JaBJIEHHeE.

CyuwectBoBaHHe TaKoii mnpocrod ¢GOpMyJEl, enpaBeiHBOH LISt
JBHXEHHs B OTJEJbHOH TpellHHe, NOOYAHJIO MHOrHX HcclefoBaTesed
K TMOHCKAM BbIPa)KEHHH, ONHCHIBAIOLUIHX Te4YeHHe B YNOPAAOYEHHOH
cucreMe TpellnH. OaHako 6osee 3¢ ¢eKTHBHBIM OKa3ajoch ONHCAHHE
TeYeHHs B TPEIIHHOBATO-NOPHCTOH INOPOJZE MeTOAAMH MeXaHHKH
CILJIOUIHOH Cpejbl.

HonycTHM, 4TO TPEIHHOBATO-MOPHCTasg CPeJa COCTOHT H3 CHCTe-
Mbl GJIOKOB, OTAeJNEHHBIX APYr OT Apyra TpellHHaMH, NMpHYeM ¢dopMa
H pacmojoxeHHe 6J0KOB HeperyaspHu (pHc. 34). BoabMeM B Kaue-
CTBe 3JieMeHTapHOoro MakpooGbema {cM. ra. I) obweMm, pa3meph
KOTOPOro BEJHKH 10 CPaBHEHHIO C pasMepaMH OTAeJbHOro 6/0Ka, a
clelOBaTeJbHO, H HHTEpECYIOIlHe HAac NpPOUECCH NPOHCXOAAT B Mac-
wtabe, 3HauYHTeNbHO Gosiee KPYNMHOM, yeM pasmep 6soka. (Pasmepni
6JIOKOB H, CJefoBaTeJbHO, AJAHHA TpemuH [ OBIBAIOT CaMHIMH pas-
AMYHBIMH. HManaraeMbli moAxoj OCHOBaH Ha INPEANOJIOXKEHHH, 4YTO
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d<lgL, T. e. 6/I0KH BEJHKH MO CPaBHEHHIO ¢ pasMepom mnop d, HO
MaJel 10 CpaBHEHHIO ¢ pa3Mepom mjaacra L). PaccMoTpum BHauasne
HanboJjlee CylleCTBEeHHBI clydyal, KOFja NpOHHLaeMOCTb OJIOKOB MaJja
HacTOJbKO, YTO IIpH ONHCAHHH MAKPOCKONMHYECKOrO [BHIKEHHA XKHA-
KOCTH e MOXHo npeHe6peun. Cunras [BHXKEHHE B TpeUWIHHaX MeN-
JeHHBIM (6e3bIHepLUHOHHBIM), MOXHO 3amHcaTh AJs Hero 3akoH Jlap-
cH, KOTODHIH BBIBOJHTCSI H3 aHaJM3a pa3MEPHOCTH TaK ke, KakK H
B ra1. I. Tlpu 3TOM, yuuTHIBasi BO3MOXKHYI0 AHH30TPONHIO CHCTEMBH
TPEUWIHH H TO, YTO KaXjJas u3 HHX XapaKTepH3yeTcs IByMsl pasmepa-

MH — IJIMHOH [ W pacKpeiTHeM h, ¢oOpMyay 3akKoHa (HJIbTPALKMH
yAOGHO NpeACTaBHTb B BHIE:

k.. o 3
o ijoop k> o 0p

U= v o=l ki 517 (111.90)

3pech u; — KOMIIOHEHTbI BEKTOPA CKOPOCTH GHJLTPAllMH, OIpele~
JisieMoro OOBIYHBIM 0Gpa3oM; K;j— TeH30p TPELHHHOH ITPOHHILAEMOCTH;
h — cpennee packpblTHe TpeulHH; [ — XapakTepHblil pasmep 610Ka. Kon-
KPETHBIH BHA 6e3pasMEpPHOrO TeH30pa NPOHHIAEMOCTH kf ompejensieTcs
reoMeTpHeil CHCTeMbl TPELLHH; /ISl CPeXbl, COCTOSIEH M3 HENpOHHIlae-
MBIX GJIOKOB H HECKOJIbKHX CHCTEM IJIOCKHX PeryJsipHO PaclojOXKeHHBIX

TpemuH, OH MOXeT OLITb INOJyYeH Ha OCHOBaHHH (opmyan DByccu-
Hecka (11.89).

B ofumem ciayuae TpEHIHHOBaTO-NOPHCTOH cpelbl HOPMYJy 3aKOHA
GHIAbTPALMU TaKXke MOXKHO 3anucaTth B Buje (111.90).

HepaBHOBeCHOCTb pacnpefieNeHus JaBlenHHH.
Kax yxe yNnoOMHHAaJOCh, XapaKTepHas 0OCOGEHHOCTb TPEUIMHOBATO-TO-
PHCTOH cpelbl COCTOHT B TOM, UTO ABHXKEHHE XHAKOCTH B He#l mpo-
HUCXOAHT B OCHOBHOM IO TpeUlMHaM, B TO BpeMfl Kak 00beM TpellHH
MaJ H OCHOBHBIE 3aNaChl XXHJIKOCTH 3aK/II0YalOTC B MOPHCTHIX GJ0OKax.
IlpeamosioxuM, 4YTO Ha TrpaHHIE TPEUIHHOBATO-NOPHCTOrO NJacTa,
JKHJKOCTh B KOTODOM NEPBOHAYaJbHO HaXOAHJAacCh NMOJA AaBjieHHeM Py,
IIPOUCXOAHT CHHXKEHHe AaBJIeHHS 10 HEKOTOPOro HHOr0 3HaueHds P,
[Ipene6perasi NMPOHHIIAeMOCTbIO OJIOKOB, MOXHO HCINOJB30BaTh IJis
ONHCaHHSl [IBHXEHHl B TpeUIHHAX OOBYHbHIe COOTHOLUEHH TeOpHH
¢uabTpalHH B IMOPHCTOH Cpele (Hampumep, B ciyyae caabockKHMae-
MOH XXHAKOCTH H YOpyro JAechOpMHPyeMOro ImJacTa — ypaBHEHHS
TeOPpHH ynpyroro pexuma). [Tocjie HEKOTOpPOro mepexoAHOro npouecca
B TpeUIHHaX YCTAHOBHTCS HOBOe CTallHOHapHOe paclpeje/ieHHe AaB-
JieHHus], NpuYeM, no KpaiHed Mepe BOJH3H PaHHLBI NJacTa, AaBJeHHe
OKaXeTCs 3HAYHTeJbHO HHXKe mepBOHayajbHOro. I10CKO/BLKY AaBjeHHe
B 6JIOKax B cuJy MNPEANMOJOXKEHHHA HX HENPOHHLLAEMOCTH He MOFJOo
H3MEHHTBCSA, TO MEXAY XXKHAKOCTbIO B 6/I0Kax M KHAKOCTbIO B TpPELLH-
Hax CO31aeTCs 3HayuTe/NbHas PasHOCTL AaBjeHHH — mopsaka Py—P,,
a cJeJoBaTeJbHO, B 6/10Kax BO3HHKAIOT JIOKaJbHble FPagHEHTH AaB-
AeHHit ~ (Po—P;)/l, 3HauuTeNbHO NPEBOCXOASMIHE CyIleCTBYOUIHH
B IL1acTe TPajHeHT JaBieHuss B TpewuHax ~ (Po—P;)/L.B 3TuX
yCJIOBHAX B ‘MJacTe Jaxe INpH caMoll He3HAUHTeJbHOH MPOHH-
HaeMocTH OJIOKOB BO3HHKAOT JIOKajbHHE (HIbTPALHOHHHE [OTOKH,
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0o0yC/IOBNHBAIOIHE NPHTOK JXHIAKOCTH H3 OJIOKOB B TpPEIHHHH H
BbIDaBHHBaHHe MECTHHIX Pa3HOCTeH AaBjeHHH Mexay OJ0KaMH H Tpe-
HIHHaAMH.

Tor ¢akT, YyTO B TPELIHHOBATO-NOPHCTOH Cpefie MOI'yT B HECTALHO-
HapHOM IIPOlleCCe BO3HHKATh MeCTHble DPa3HOCTH JaBJeHHH H MeCTHhHe
nepeToku MexAy 6JOKaMH H TPEeUIMHaMH, JIEXKHT B OCHOBE ONHCAHHSA
Cpenbl, COCTOSIIEH H3 MaJIONPOHHUAEMbIX TNOPHCThIX 6JOKOB H Tpe-
UIHH, IPH MaJIOM CyMMapHOM o0beMée TpeIlHH.

BBeneM BMECTO OJHOTO MAABJEHHN MKHAKOCTH B JaHHOH TOuKe
cpenbl JBa — [aBJieHMe B TPELHHAX p; H JaBjeHHe B nopax O6JIOKOB
p2. B nmpenmonoxenuu, uto NpoHHNaeMoCcTh OJOKOB ky; OueHb Malna,
MOXHO JIJs oOmnpefeneHus GHIbTPALHOHHOTO MOTOKA B 3XHJIKOCTH
Yyepe3 HEKOTOPYIO MJOLLAAKY Cpelbl HCNOJb30BaTh yparHeHue (I11.90),
TIOACTaBJASA B HErO 3HaueHHe [ aBJEHHA B TPEUHHAX py.

CocraBuMm ypaBHeHHs 6aJjlaHCa XHAKOCTH B TpellHHax H OJOKax.
O6o3nayasy uepes rm, TPEUIMHHYI0 NOPHCTOCTb (OTHOLIEHHA OOLeMa
TPEWHH K NOJHOMY OOBbEeMY CPeIHl), HMeEM

a('g;")+div(pu)—q.—_o, (111.91)

rie g — KOMHYECTBO JKHUIKOCTH, NMepeTeKalolliee 3a €JHHHIY BpeMeHH
13 GJOKOB B TPELIHHH B eJHHHLE 00beMa Cpelbl.

Has 6J0KOB MOXHO npeHe6peub HENOCPEACTBEHHO (HIbTPALHOH-
HbIM IIOTOKOM, TaK YTO ypaBHEHHe Hepa3pbIBHOCTH HMeeT BHA:

a("(;f")juqzo, (111.92)

rae my — nopucrocth O6n0KOB (B pacuere Ha oOmHi 0O6BbeM
cpensl).

Ilns Toro, yTo6bl 3aMKHYTh NMOJYYeHHYIO CHCTEMY ypaBHEHHH, HYX-
HO, NOMHMO YPaBHEHHs COCTOSIHHSl KHIKOCTH H YyDaBHEeHHH, CBfi3bl-
BaOLHX HM3MEHEHHs IODHCTOCTell m; W m, C HAaBJeHHeM, JAaTb H
BbIpaKeHHe A/ MOTOKa ¢. DTO BHIpaXKeHHe MOXKHO INOJYYHTb H3
aHajlW3a pasMepHOcTel. 3aMeTHM TNpexJe BCEro, 4TO IOCKOJbKY
JIBHKEHHe MXHAKOCTH B MJacTe CYHTaeTcs Oe3blHEepLHOHHBIM, TO 6e3-
BIHEPILHOHHBIM JO/KHO OBITH H JBHXKEHHEe XHAKOCTH B GJaokax. [laiee,
MOTOK ¢ MOXET 3aBHCeTh OT JaBjeHHil B 6JOKax p; H B TpPeLIMHAX pi,
pasmepa [ H TIPOHHLIAeMOCTH k; 6JIOKOB, BI3KOCTH KHAKOCTH W, €€
IJIOTHOCTH @ H AOJ/IKeH o6palaTbCsl B Hy/ib IPH PaBeHCTBE AaBJEHHH
Py u py. IlpepnonoxuM BHavyaJje, 4TO MJOTHOCTb P H BS3KOCTH
JKHIKOCTH MaJO 3aBHCAT OT AaBJEHHS M HX MOXHO CYHTaTb MOCTOSH-
HBIMH, PaBHO KaK H NPOHHILaeMocTb OJI0KOB k. Toraa BoipaxKeHde JJif
g IoJxHO ObITb HHBAPHAHTHBIM OTHOCHTEJbHO BHI6Opa Hauaja OTcye-
1a J@BJeHHS M MOXET 3aBHCEThb JHIUb OT PAa3HOCTH p—pg. TaKUM
06pa3oM, g 3aBHCHT OT Pa3MePHBIX BeJHYHH Po—P1, 0, U, Ko,

3aMeTuM Tenepb, UTO BCJEACTBHe Ge3bIHEPLUHOHHOCTH ABHIKEHHS pas-
MepHOCTH NpPOHHLAEMOCTH, AAaBJEeHHS H BA3KOCTH MOTYT OLITb BLIOpaHbl
He3aBHCHMO, PH OQHOM JHIUb YCJOBHH [ko] [p][p]—! = L®T—!; mo Toit
e NpHYHHE MOXKHO CYHTaTh, YTO pa3MepHOCTb Maccel M He CBfi3aHa
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C pasMepHOCTbIO AaBJIEHHs HJIH BSI3KOCTH.
Orciona caenyet

Pr— (111.93)
P.

rje a — GeapaaMepHas NOCTOSIHHAsA, XapaKTePH3yiollas TeoMeTpHIO Cpe-
a1, Cootnolenne (111.93) no/mkHo 6LITH YTOYHEHO B CJaydae, €c/d IIOT-
HOCTb XKHJKOCTH p M BSI3BKOCTb €€ {1 3aBHCAT OT JaBJEHHA.

Hanpumeép, npH (HIbTpalHH TEPMOJHHAMHYECKH HJEaTbHOro rasa
dMeeM

k
212020 (p5 — pf), (I11.94)
T/e po— AaBJeHHE, OTBeHaiollee MJIOTHOCTH po.

TpewuHHas NOPHCTOCTb m; OOLIYHO Mana, ¥ e B GOJNbIIHHCTBE
clyyaeB MOXKHO NpeHeGpeub, eCJH Cpeja TPellHHOBATO-MOPHCTasA (HO
He YHCTO TPEUIHHOBaTast), a MOPHCTOCTb GJIOKOB /My CYHTATh (PYHKIHEH
oGoHX naBNeHHH py M ps. OrpaHHYMBasCb JIHHEHHBIM NpPUOJIUKECHHEM,

HMeeM COOTHOLICHHE
om, dp =
~7 = mz (&2, — 4 B “’) (111.95)

rae BeqHuHHBL Bo1, Boz M Mgy MOXHO CUMTATH MOCTOSHHBIMH.
H3meHeHHe MOPUCTOCTH m, KaK OGBIYHO, CJEAyeT YYHTHIBATH JIMLIL

B TeX BBIpAaXeHHsX, rie oxHa aubgepenunpyercs. Kpome roro, mno-

CKOJIbKY m BXOJHT B YPaBHEHHS TOJIbKO B IPOH3BEAECHHH C IJIOTHOCTBIO

O, H3MEHEHHs [ODHCTOCTH CYIIECTBEHHBl JIHIIb B cCJayyae cJaabo-
CXKHMaeMo# (KaneJibHOH) KHMAKOCTH; ODPH (UABTPAUMH ras3a HMH

MOXKHO npeHeGpeub. OrpaHHYHBasich C/ydyaeM KameJbHOH XKHAKOCTH,
HMeeM

p=rpoll + 34 (p— po)l, (I11.96)

rhe p = p1, P2 — B 3aBHCHMOCTH OT TOTO, PacCMaTpHBAeTCS KHAKOCTb
B TpeUlHHAaX HJu B OJOKax.

[loxcraBass seipaxenus (I11.90), (I11.95) u (II1.96) B (I11.91) u
(I11.92) u nonaras m; =0, uMeeM CHCTeMY ypaBHeHHUH

Pg 0 (k ap\) apoky Po —py

k J—
P22 P . (11L97)

9 9
mopo [—?21 % + B2z + B4) -;ﬂ =g

Yame Bcero paccmarpuBaercsl c¢/aydyaf, KOrja Cpela ONHOPOZHA H
M30TPONHA, TaK YTO IPOHHLAEMOCTbL BhIpa)kaeTcs MIAPOBHIM TEH30POM
ki = ki8y. Tlpu stoM cucrema (I11.97) npuHuMaeT npocToil BHA:
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0 dp 2
5[;‘2—%1_1 — A(p2—p1) =0, xvp1— A(p2—p1) = 0, (I11.98)
rje
ak k ﬁ
A= 2t = 1 T S
plimy (o +8,) : pmg (B0 + 8,) P Bao + B
Us cucremnr (I11.98) MOXKHO HCKJIOUHTBL OAHO M3 jgasaenuil. Onpe-

JeJHB M3 BTOPOTO YPABHEHHS p2 M NOJACTABHB MNOJYYEHHOE 3HAuEHHe
B NepBoe ypaBHeHHe, HMeeM

dp, oV o« o . % . k2
w0y TT—gVPhA= A(T=F) " “aky (1—p) - (111.99)

B npeaene npu m—0, uro cooTBeTCTByeT GecnpensiTCTBEHHOMY
06MeHy MHAKOCTbIO MeXAy OJOKAMH H TPEIIHHAMH, YpaBHEHHe
(I11.99) nepexoaut B OObIYHOE ypaBHEHHE YNPYTOro peXHMa ¢ Ko3(h-
¢bHuHeHTOM nbe3onpoBofHocTH x/(1—f). HeTpyaHo BHIeTh, uTO
3TOT KO3(p(HUHMEHT Nbe30NPOBOJHOCTH OTBEYaeT NPOHHLAEMOCTH CH-
creMbl TPEIIHH H MOPHCTOCTH H CKHMaeMOCTH OJIOKOB.

OcobeHHOCTH NOCTAaHOBKH 3agay GUABTPANHH
B TPEHHHOBATO-NODHCTHX cpepgax. YpasHendne (II1.99)
u cucrema (II1.98) o6aapaor psagom ocobeHHOCTel, KOTOpHle Ha
NepBLIA B3NV KaKyTCs HEOOLIYHBIMH H NPHYHHA KOTODHIX JIEXKHT B
BLIPOXKJEHHOM XapaKTepe paccMaTpHBAaeMOH CHCTEMBI, OTHocsiedcs
K cpele ¢ NpeHeOpexXHUMO MaJbIMH TPELIMHHOH MOPHCTOCTbIO H MPO-
HHL@aeMOCTbl0 GJIOKOB. B CBSI3H C 3THM NpeJCTaBJAseT HHTepec Hccle-
J0OBAHHE CBOHCTB pellleHHH 3TOH CHCTEMBDI.

3ameTHM, uTo ypaBHeHulo Buaa (II1.99) ynoBaeTBOpsieT He TOJIBKO
JaBJeHHe p;, HO H JaBJeHHE P2 H, CJE€J0BaTeJbHO, Jwo0as HX JHHEH-
Hast KomOuHauus. Urobpl yGeauThcsi B 3TOM, AOCTaTOYHO BTOpOe ypas-
HenHe (I11.99) ymHoxHTb Ha B/A u npoauddepeHLHpOBATDH 1O £, a 3aTeM
npu6aBHTb K HCXOAHOMY YypaBHeHHI0. [Tocsie storo Ha cuctembt (111.98)
JIETKO HCKJIIOYaeTcsi py. DTO INOKasbiBaeT, YTO O0OMM JABJEHHAM H JIO-
6o MX KOMOHHALMH NPHCYIIH Te CBOMCTBA, KOTOPLIMH JOJXKHO oOna-
JaTb Jo6oe pemeHne ypasHeHust (I111.99). BmecTe c TeM, Kak HETPYAHO
y6emuTbCsl, He BCe 3TH JHHeHHble KOMOHHaluH paBHonpasHH. Cpenu
HUX eCTb OJIHa, a HMEeHHO p =p;— Pp;, KoTOpas AOJ/KHA OHITb Herpe-
PLIBHOH MO BpeMeHH B 3aMKHYTOH oO6JacTd OnpejeseHHs pelueHusd,
BKJlouast W rpanuny { = 0. JleiicTBuTeNbHO, NyCcTh HajO HaHTH orpa-
HHYEHHOe pewieHHe cHcTeMH ypaBHenuii (II11.98) B mpocTpaHCTBeHHOH
obsacth D npu 0 <! < T; 3alaHnl HauaJbHble pacnpejieseHHs JaB-
JeHU#t p; M ps. WHTerpupys mnepsoe ypasHenue (I11.98) mno mano-
My mpoMexyTky BpeMeHH 0 <f¢<e H ycTpemsaas & K HyJo, Ha-
X0UM

}irglp (x, £) =p(x, 0).
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IMpeacraBuM Temepb BTOpoe ypaBHeHHe cucTembl (II1.€8) B BHZe:
—Ap+ (1—B) Ap1 +xV?p1 = 0.

Ecau BHIGHpaTh JOCTATOYHO MaJsble MOMEHTbI BpeMeHH, TO NepBbIA
yjleH 3TOTO BHIpaXKeHHs] OyjeT CTPeMHThCA K CBOeMy HadajlbHOMY 3Ha-
yenuio p (x, 0). ChenosatesibHO, K TAKOMY JKe 3HayeHHIO ¢ OOGpaTHBHIM
3HaKOM OyleT CTpPeMHTbCS M CyMMa JBYX APYTHX 4jeHoB. Ilostomy
IV TOro, 4ToGHl jaBfeHHe p; (x, {) ObLJIO HelpepblBHBIM npH ¢ — O, He-
06x01UMO, 4TOOBI Hava/ibHOe paclpezeseHHe p;(x, 0) yAOBJETBOPSINO
ypaBHEHHIO

Ve + (1 —B)Api = Ap(x, 0) (111.100)

NpH COOTBETCTBYIOUWIMX TpaHHYHBHIX YCJAOBHAX. B npoTHBHOM caydae
JaBJeHHe pi(x, {) B TpellHHax npH !==0 cKaukooO6pa3HO H3MEHseTCs
B coOTBeTCTBHH ¢ ypaBHeHHeM (II11.98). Ecau § + 0 u noatomy p + pa,
NpPOHCXOAUT TaKXe H MIHOBEHHOe NepepachpejeleHHe AaB/leHHsl B IO~
pax p: NpH HEH3MEHHOM p. ITO HUMeeT NpocToil (GU3HUECKHH CMBIC.
HameHeHue paBjaeHu#l p; U pe BHI3bIBAaeT H3MEHEHHe Macchl KHJIKOCTH,
3anoJiHsIoue NOpUCThIe 6JIOKH, YTO NPHBOAHT K NEPETOKY HEKOTOPOro
KOJIHYECTBa KHIKOCTH M3 GJIOKOB B TpewlHHbl Hau ofpartHo. Ecan us-
MeHEeHHe MacChl JKHIKOCTH KOHeyHO (He GecKOHeuHO MaJjo), oHO Tpebyer
KOHEYHOTO BPEMEHH, TAaK KakK MPOHCXOAHT noj jAefiCTBHEM OrpaHHYeH-
HbIX CHJI JaBJIEHHS, KOTOphle He MOI'YT BbI3BaThb OEeCKOHEYHO GOJIBIIHX
CKOpOCTeH MepeToKa. ITO MOKas3blBaeT, YTO MTHOBEHHOE H3MeHeHHe Mac-
CBl, 3aKJIIOUEHHOH B 6JI0KaX KHJKOCTH, HEBO3MOXKHO, a CJeJOBATeNbHO,
HEBO3MOXKHO H MTHOBEHHOE H3MEeHEeHHe TpPHBEJEHHOTO JAaBJEHUS p =
= ps— Bp1, ONHO3HAYHO CBSI3aHHOTrO ¢ 3TOH Maccofi. Ecau ke p; W pe
O/IHOBPEMEHHO H3MECHSIIOTCSI CKAYKOM TaKHM 00pa3oM, YTO NpHBEJEHHOE
JlaBJleHHe p He MeHseTCsl, TO MepeMelleHHs XKHJKOCTH He MpPOHCXOAHT
H TaKoe COIJIaCOBAHHOE MIHOBEHHOe H3MeHEeHHe JaBJEHHH BO3MOXKHO.
Ecau ydyects TakKe cO6CTBeHHBIH OOBEM TpeLIHH, TO MOSIBHTCS TaKXke
H Jpyras He3aBHCHMasi KOMOWHAUHSl JaBJeHHH p’, omlpenessioulass H3-
MeHeHHe 3((deKTHBHOTO o0beMa TpeUIHH; [ABJEHHS Py H pg OKaAKYTCA
HenpepblBHBIMH NpH ¢ = 0, H HeobxonuMo OyfieT 3anaBaThb HX Hadajb-
Hble 3HAYeHHS OTAEJbHO.

Hpyras ocobenHocts cHcteMbl (I11.98) saksaiouaetcs B Tom, urto
B Heil HCKJIIOYEH 34 MaJoCThi0o MNOTOK XKHIAKOCTH HENOCPeJCTBEHHO
no mnopuctbiM 6JokKaM. [losToMy BbIpaBHHBaHHE pPa3HOCTH NOPOBHIX
NaBJIEHHH MeXJy ABYMsI COCEHHMH TOYKAMH Cpelbl MOXKEeT INpOHC-
XOJHTb JIHUIb TOCPEACTBOM OOMEHa XKHAKOCTbIO MeXIy OJoKaMH H
TPEeLlMHAMH H [epeMelleHus] ee 10 TPeHIHHaM. B pesyabrate B Tpe-
I[HHOBATO-MOPUCTOH cpejie, OnHchiBaeMol ypaeHenusimu  (I11.98),
MOTYT CYLIECTBOBATh PAa3pHIBH HENPEPHLIBHOCTH (CKAaYKH) IMOPOBOTO
IaBJIeHHs!, KOTODble He HCYe3al0T MTHOBEHHO (KaK NPH YNpyroMm pe-
JKMM€), a 3aTyxaloT BO BpPEeMeHH II0 3KCHOHEHUHAJbHOMY 3aKOHY.
UTto6n y6eauThcst B 3TOM, YCTAHOBHM YCJIOBHSI HAa CKAauyKax /s pelle-
Huit cuctemn (I11.98).

PaccMoTpuM  H30/IHPOBaHHYIO MOBEPXHOCTb paspbiBa L. Ilpu BhiBoze
YCJOBHH HA CKauyKaX ee MOXHO CYHTaTh IJIOCKOH H INpHHATL 3a IUIOC-
Kocth x = 0.
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IMpounterpupyeM BTOpoe ypasHenue (I11.98) no x B npenenax or
—¢ 10 . B CHAY OTrpaHHYEHHOCTH p2, p1, 0°p1/0y? u 0°py/02® npu
e — 0 uMeeM

o
ox

A Oy Opy
:S [T(pg—-pl)——?——ay—?' dx-—> 0.

—e —g

TakuM o6pa3oM, npousBoiHas Op;/Ox, a BMecTe C HeH H CaMO JaB-
JIeHHe B TpellHHaX p; HeNpepbiBHBI Ha IOBEPXHOCTH E.

3anumem Tenepb neppoe ypaBHeHHe cHcTeMmbl (I11.98) ans  Touex
BrepelH NMOBEPXHOCTH pasphiBa (x = -+-0) M 1Js TOYeK 3a 3TOH NoBepX-
HOCTBIO (x = —0), 0603Hayas COOTBETCTBYIOLHe 3HauyeHHs 3HaKaMH -+
M —, H BbIUTEM I[OJYyYeHHble ypaBHeHHs ApYr W3 japyra. Hmeem

a(pF —ry o (ot —p7) o

CF —02) 20T =00} 4 (it — pi) — (o —pT)] —o0.

Ilo nokasaHHOMYy, [p1] = pf—pr = 0, Tak 4TO AJd CKadkKa jasJe-
HHA [p2] = pa*‘ — p2 hMeeM

0 [ps1/0t + A [pa] = 0. (111.101)

Takum o6pa3oM, CKayKH NOPOBOTO AaBJeHHS pz JOMMKHBL Y/IOBJET-
BopATh ypaBHeHnuwo (I11.101) wau mocjie uHTErpHpOBaHHA

[p2] = [p2lo exp (—AL). (111.102)

3nech yepes [po]p OGO3HAueH HawasNbHbIA CKayoK B MoMeHT f=0.
JlonyctuM Temepb, YTO BGJIH3H MOBepXHOCTH L’ (ABJAIOUIEACH HJAM He
SBJSIIOIEHCST NOBEPXHOCTIO pa3phiBa JaBJEHHS p2) NPOH3BOAHAA Opy/dx
HenpepbiBHa. Torga nepeoe ypasuenue cucrembl (I11.98) moxno BHe
NOBEPXHOCTH L’ (NMpMHHMaeMo# 3a mJjockocTh x = 0) npoanddepenun-
poBaThb NO X, NONYYHB NPH 3TOM
i 0p2) Op,
ﬁ(a +ATE—0. (111.103)
ITpuMeHsiss K 3TOMY ypDaBHEHHIO Te XK€ pacCyXKJCHHs, YTO W BhHIILE,

M MCNOJb3Ysl HeNpepbIBHOCTb NMpPOH3BOAHOH Opi/0x Ha MOBEpXHOCTH L',
HOJYYHM

d [9po 9p dp dp
ET[W}+A[6—3]= 0, [5}: [Tj]oexp (—At). (I111.104)

OrMmeuennnie oco6enHoctH pemenuit ypasuenus (II11.99) u cucre-
M (I11.98) nopoxpalor cooTBercTByIOIIHE OCOGEHHOCTH B IOCTAHOB-
Ke CPaHHYHBIX H HAYaJbHBIX YCJIOBHH, KOTODHIM NOJXKHBI YJ0BJETBO-
PSTb 3TH PelleHHs.

Ilpexpe Bcero, kak yxe ObIJIO cKa3aHO, Hesb3sl TpeGoBaTh, YTOGH
npu cTpeMAeHHu ¢ K HyJlo o6a jaBieHHs (B NopaXx H TpelHHAX) NpH-
HHMaJH 3ap aHee 3ajaHHble 3HaveHus pi (0, x, 4, 2); p2(0, X, y, 2).
Ob6s13aTe 50 COGMIOIEHHE YCJIOBHS HENPEPhIBHOCTH IPHBEAEHHOTO NaB-
JeHusi ¥ = P2— Bp1, TOrJa NaBJjieHHe B TPeLlHHAX p| ONpefe/sercss H3
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ypasennst (II1.100) u moxer oxasaTecss paspbiBHBIM. TakuM ofpasom,
HayaJbHOE yCJOBHe OyjleT HMeTb BHI:

p 0, x, 4, 2)=p2(0, x, y, 2)—Bp1 (0, %, y, 2) = [ (x, y, 2). (I11.105)

B cBowo ouepenb, NpH CTPEMJEHHH K rpaHHLe O6JacTH JHUIb JaB-
JeHHe B TPelHHax p; HOJXKHO OBITb HENPEPHIBHO BMECTE CO CBOHMHU
IPOH3BOLHBIMH.

JuHaMHuYecKHe MNpPOLEeCCh B OKPECTHOCTH CKBa-
KM HB, XOTs ypaBHeHHs HeCTALHOHAPHOH (HJbTPALMH B TPELIHHO-
BAaTO-MOPHCTOM [JIacTe ¥ CJOXKHee YpaBHEHHH Nbe30NPOBOAHOCTH,
Gyayun JHHEHHBIMH, OHH JONYCKAIOT NMOJHOE HCCJeLOBAaHHE CTaHAAPT-
HeIMH Metofamu. Ilpocienum cneuH(HKy MepexORHbIX NPOLECCOB B
TPelHOBATO-NOPHCTOH cpelle Ha NpPUMepe TedeHHs BOJIH3H CKBaXKHHBI.

PaccmoTpuM ocecHMMeTpHUHyIO 3ajavy, npejanoJaras, uto B IJAacT,
HaxoAslHACS NpH NOCTOSIHHOM NaBJieHHH po=0, HauHHaeTCs 3aKayka
JKHIAKOCTH C pacxofoM ( 4yepe3 CKBaXXHHy npeHe6peXHMO MaJjoro
panuyca.

B uunuMHIpHyecKHX KOODAHHATAxX paccmarpuBaemas 3ajaya CBO-
JHUTCSl K PellleHHI0 ypaBHeHHUS

9py af1 o 9y 1 8 0p 0
—~’JaT(,a, ar) *757(’57) (I11.106)
NpU YCJOBUSIX

g
PO =0 pilts =) =0 (15 =205 . arion

3ra 3ajava copMmyJanpoBaHa /s [aBJeHHs B TpeLIMHAX pi; MpH
XKeJaHHH ee MOXHO C(HOPMYJHUPOBaTb AJs1 AaBJeHHS B [OPHCTHIX 6JIO-
Kax ps. Torja kpaeBoe ycsoBue npu r = (0 npuUMeT BUA:

dpy o [ 9y
(r 7)r=o + gy (r 7)r=o = Px

OcrajbHble YC/I0BUSI H OCHOBHOE YpaBHEHHE OCTAHYTCH 0e3 H3MEHEHHS.
Ilpumensiss k coorHowenusM (I11.106) — (II1.107) npeo6pasoBanue
Jlannaca, noayuaem

1 d( dp - dp .
-r—aT(f #)——x_:.r‘d p1 = 0, (r El>’=0 = —Py, P1 (OO) = 0. (111108)

STHM YCJOBUSIM YIOBJIETBOPSIET pellleHUe

71 = p.Ko (]/m rj, (111.109)

rie Ko — ¢yskuus MakgoHanabaa, Tak uto no ¢opmyJe obpalueHus
npu p, = const (Iyck ¢ NOCTOSTHHBIM 1eGHTOM)

c+Loo
ot
ity ="tx S ‘*TKO(]/HG r)de. (I11.110)
c—fo

3TOT HHTerpaja MoXeT OHIThb CBEJEH K HHTerpajJy IO BEILEeCTBeHHOM
nepemeHHoH. [IpoaHanH3upyeM /HLIb aCHMNTOTHKY MOJYYEHHOTO pelle-
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HHA NDH MafbIX 3HAYeHHWAX napamerpa p = 2—'r/}/ xf. [TpexcraBuM Bhi-
paxeHHe (111.110) B Buze:
i

b=gt (| Sk ) mem)dt. (L
prt,r) =53 BRI 1+C'q/xt) : (IIT.111)
C—loo
Ilpu x/xf < 1 paccMaTpuBaeMOe BbIpaKeHHE NEPeXONHT B H3BECTHYIO
dopmyay Teopun ynpyroro pexuma (cM. § 4 ra. I1I). Ecaun xe n/xf > 1,
TO apryMeHT ¢yHKUHM MaknoHanbia paBHOMEPHO MaJ, Tak 4TO A/ Hee
MOXHO BOCIIOJIb30BaThCsl NMPHO/IHXKEHHBIM TpeJCTaB/AeHHeM

Ko(2) = _(c i m%) +o(l).
B pesyJIbTaTe Ho.nyllaeM

p(t, ) =—p JC+In @V, rt)="2&1, xtig < 1. (111.112)

Cwmbicn cootHowenus (II1.112) npoct: oHO oO3Hauaer, uTo ecau
XapaKTepHoe BPeMsl TPeLIMHOBATO-MOPHCTON cpefbl 6 =m/x He caum-
KOM Majo, CyLIecTBYeT IPOMEXYTOUHBIH KBa3HCTALHOHApHHH pe-
JKHM, KOT[a JXMJIKOCTb, MOCTyMawollas H3 CKBa)KHHBI, MOTNJOLIdeTCS
6anxalmuMH K Helt O6JokaMmu. Jlnmip TOrjaa, Koraa AaBJeHie B 6J0-
Kax B OKDECTHOCTH CKBAaXHHBI CDaBHSIETCA C [AaBJEHHEM B TpeLIH-
Hax (T. e. 10 UCTeUEHUH BpeMeHu ~ U), HauHHaeT CKasblBAaThbCA OOMeEH
XKHAKOCTBIO ¢ GoJiee 0T @JleHHBIMH VYacTKaMHU IJacTa.

OtMerum ewme onHo obcroarenpcTBo. CootHowenne (I111.112)
MOKAa3BIBAeT, 4YTO CYIIECTBYeT HEKOTOPBIH NPOMEXYTOK BpeMeHH
r?/x €18, Ha NPOTAXKEHHH KOTOPOro JAaBjeHHe B CKBaXKHHE He Me-
userca. Ecau BpemeneM r?/x MOXHO nperebpeub (OOBIYHO 3TO COTHIE
JOJH cekyHAH H MeHee), To u3 (III.112) caeayeT, 4TO npH cKauko-
06pa3HOM H3MeHeHHH Ae6GHTa CKBaXKHHBl AaBJeHHe B HeH H3MeHseTcH
CKaYKOM, a 3aTeM COXpaHfieT NMOCTOSHHOe 3HAaueHHe Ha IMPOTSKEHHH
BpeMeHH ~ 0. 3rto AeificTBUTe1bHO HabsojaeTcss Ha NPAKTHKE H MO-
’eT OLITb HCMOJB30BAaHO JMJSl OLIEHKH XapakTepHoro BpeMeHn 0.
Honyctum Tenmepb, 4TO AeOHT CKBaXXHHbBI H3MEHSIETCs IE€PHOAHYECKH
10 rapMOHHYECKOMY 3aKOHY, TaK 4TO

Py = P et (I11.113)

Torpa B nacte co BpeMeHeM YCTAHOBHTCS INE€pHOAMYECKOE pacrpe-
neJleHHe faBJeHEH

p(r, t) = P (r) et (T11.114)

rae P (r) — goMmnneKcHass aMIJIMTYJa KosebaHuil naBjenusi. Boipaxenue
A9 Hee MOXHO Hoayuuth subo u3 3anauu (I11.106) — (I11.107), am6o
N0 H3BECTHHIM MpPaBHJaM ONEepalHOHHOTO HCUHCJEHHS.

B pesyabTate nonyuyum

P i o
%:KO(VWrV%. (I11.115)

[Tpoananusupyem 3TO BhipaKeHHe INpH MaiblX M GOJBLIHX 3Haye-
uax r =r (o/x)/2. Ecau (HanpuMep, KOrja H3MepeHHS IIPOH3BOASATCS
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HEeMmoCPeACTBEHHO B CKBaXHHe) 7 < 1, TO MOXHO BOCNOJb30BaTbCS H3-
BECTHOH aCHMNTOTHKOH

Ko(2) = — (C +1n2/2) 40 (2?.
IMonarast 3mecy z == ({/(1 + [.,;)1/2F, HOJYYHM
P(r) _

r (w/x)1? ifm |
Pl =—CtIn ST —|—-2—(—2——arctg7). (111.116)

Ecan
r& (x/e)'2, v > 1, & 1o L0, r2y),
TO
P ()P, = —C + In(2-'ry—1/2). (I11.117)

Kose6aHust paBleHHs] B OKPECTHOCTH CKBaX{HHBI NMPOHCXOASAT CHH-
XPOHHO ¢ KoneGaHUSIMH Jebura, NpHYeM TaKHM o6pa3oM, Kak ecjad Obl
MBI HMeJH KBa3sHCTAUHOHApPHYIO (GHAbTPALHIO B NJjacTe paaHyca

R = 2eCyl/2 = 3,567/ (I11.118)
ITpu ¢urcupoBaHHOH aMmiaHTyje KoJeGaHHHl nefHTa aMNJIHTYAa Ko-
neGaHHH NaBJeHHs He 3aBHCHT OT yacToThl. Ecan wb & 1, r & V' x/o, TO

P (r)= —C + In[r (w/x)"/%2] + 1/4in (1T1.119)
M BO3HHKAeT CABHT (a3, paBHHIH

2 2 N\ 1/2
? (0) = arctg[’;—/ln 4—'7_6—'1’3];|P(r)|/P*= (fo+ n* 5 V;) . (11L120)

Takas acHMNTOTHKA COOTBETCTBYeT OOGBIUHOMY YIPYTOMY DeXHMY;
aMIJHTyla KoneGaHMA NaBJeHHs NalJaeT ¢ POCTOM 4YacToThl, TakHM
o6pa3oM, ¢ poCTOM HaCTOThl aMIIUTyJa KoJjebGaHUMl naBJleHHs Majaer,
a cABHI ¢a3 Bo3pacTaeT INpPHMePHO A0 w~x/n=1/0, 3areMm caBHr
¢a3 HauHHaeT majaTh, a AMNJHTYAa KoJeGaHHA NaBJeHHA OCTaeTcs
HOCTOSIHHOH. JTO0 OO6CTOATENbCTBO MOXeT OblTh HCIOJIb30BAHO MAJIS
OLIEHKH XapaKTEepPHOTO BpeMeHH 0 TpeIUHHOBATO-NOPHCTOrO mJacTa
no HabJloAeHHAM KoJeOaHH| NaBJeHHS NPH NEPHOILHUYECKOM BO36YXK-
JIEHHH CKBaXKHHHBI.

JIBHXeHHe B CJOHCTBIX NJ4aCTaX. biuskne no xapakrepy
3aJlayd BO3HHKAIOT NPH HCCAeJOBAHHH (HJABTPAUUMH B  CJIOHCTHIX
maacrax. Hanpumep, ecsiu gBHKeHHe NPOHCXOAHT B ABYX J€XKAUHX
IpYyr Haj JpyroM IJactax, OT/AeNeHHblX cjJaGoNpoHHIIaeMoll mNepe-
MBIYKOH, TO AaBJeHHe B KaXX/JOM H3 HHX cJelyeT yYpaBHEHHIO yIpyro-
ro pexHMma, B NpaBYyI0 4aCTh KOTOPOTO BXOJHT HHTEHCHBHOCTb Iepe-
TOKa MEXIYy IJacTaMH. DTy HHTEHCHBHOCTL B GOJBIUHHCTBE CJy4aes
MOJKHO CYHTaTb IIPOINOPIHOHAJLHOA pa3HOCTH AaBJIEHHH B COOTBETCT-
BEHHBIX TOYKax nJjacToB. CXOACTBO BO3HHKalleH 3aJayH C 3anauelt
GHIBTPALHH B «ABOAHON» NOPHCTOH Cpelle OUEBHAHO.

M3 Bcero pasHoo6pa3usi 3agau 3TOrO LIHKJIA ME PacCMOTPHM 3JieCh
JHIIb OfHY — 3ajlauy 00 HCTOILeHHH mJacTa, rpaHHYalIero ¢ IJIacToM
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60JbIION  MOIIHOCTH, HO  MaJol JP277077 7077777777709 9707
nponunaeMmoctdH. OHa mpexcrabiaser
GOJIbIIOH HHTEpeC B CBSA3H C OLEHKOH
3amacoB HePTH H rasa HEKOTOPHIX
MECTOPOX JeHHH. — '

ITpeanonoxum, uto 06;1aCTh $HABT- el
pauuH HMeeT BHI, NpPHBEJEHHBLIH Ha =0 =t
pHC. 35. IIOHyCTHM, HTo nHaCTbIUI H PHC. 35. Cxema CTIOHCTO-HEOA HOpOA™
Il cnoxeHwl NOpoIaMH OZHHAKOBO# MO-  yore maacta.

PHCTOCTH, HO CYIIECTBEHHO DA3VIHYHOH  Ciom: 7 — mwcokonponnuaemmits 7/ —
NIPOHHIIAEMOCTH, Tak 4TO0 kh > kyH, Manonponunaemwi
xots H > h.

Bynem paccMaTpHBaTh HCTOUEHHE CHCTEMBI, Mpejrosarasi, 4yTo BHa-
4aJlle OHAa HaxXoJWJach IOA paaBjeHHeM Py, a ¢ MoMeHTa ! = 0 Hayu-
HaeTcsl OTGOP JKHAKOCTH 4epe3 HHXHHMI TUIACT B cedeHHH X = (), Hpuuem
IaBJleHHe Ha BCed JHHHHM X = 0 OAHHAKOBO, a OT6OpP MKHIKOCTH Q co-
Xpansercs NOCTOAHHbIM. CHCTeMa cunTaeTcst 3aMKHYTOH, T.e. IpaHHIB
AB, BC u CD nenponuuaemst. ITpn sToM 3apaua cBoguTcs K peLIeHHIo
COBOKYITHOCTH ypaBHeHHH

) 2 2
a—?‘:*(g‘f"%) (—h <y <0),

-]

ANNNNNNNNNNY

|
H ok, 1]

Y

ARVERARRRRRNNT

o

2 2
% _ (a—£+ﬂ) O<y<H, 0<x<L) (111121

OpH yCI0BHAX

9p — (p % -
Yoy ly=yo™ (k ay)y=_0’ Pli=to=pli—o (11.122)
0
9p(0, y, 1) 9 _n 9 _
220, k_ghax 0@ =0Q 5| _ =0, y>0. (11123

IIpu chenaHHBLIX NPEANOJIOXKEHHAX (TOHKOM HUMKHEM H C1ab0onpOoHH-
UaeMOM BEpXHEM IJIaCTaX) NOCTAHOBKY 3a/layH MOXHO YIPOCTHTb.

3ameTHM, YTO B CHJY pAaBEHCTBA IPAHHYHBIX 3HAYEHHH [aBJIeHHs
B OGOHX IUIacTaX NpH y = 0 NpOMU3BOAHEIE IO X OT NABJECHHS B 3THX
f;1acTax — OJHOTO NOpANKA, a CJIefOBATeNbHO, CKOPOCTh (HJBTPAIHH
B HalpaB/leHHH OCH X B BepXHeM IUIACTe NMpeHeGpexxuMo Masa (10 ycIIo-
BHIO kiH < kh). BmecTe ¢ Tem CKOPOCTH (HIBLTPAllHH B HaNpaB/eHUH
OCH y COBNANAlOT MpH y = (, 4TO MOXKeT GHITH TOJBKO B CJyYae, eCiau
H3MEHEHHE [aBJEHH B HaNpaBJeHHH 5TOH OCH B BepXHEM IJiacTe Tpo-
HCXOMT ObicTpee, yeM B HuxHeM. OTclona csenyeT, 4to

0%p/0y? > 2p/dx2, y > 0.
Hoaromy Bropoe ypasnenue cuctempr (II1.121) MoXHO 3amucars B Buje:
Op/ot = %,0%p/dy?, y > 0. (I11.124)
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IlepBoe ypaBHeHHe, OTHOCSIIEECST K HHXKHeMY IJIACTY, MOXKHO OCpen-
HHTbL M0 MOLUHOCTH. MMeem

P 3P | x (dp a2p . xky (9p
—07‘ o 1&2_ + 71- (@)y=—0 - xax2 + Fk— (ay)y=+0,
0
P=—{ pdy. (111.125)
—h

Haxonen, samennm ycnoshe ply—to0 =ply=—o Ha ply=y0= P. Co-
BepllaeMas npu 3TOM olin6Ka Mana NpH MaJoH TOMHHe A HHXKHero
njacta. B pesysbrate BO3HHKaeT cJepyiciias yNpClieHHas 3ajauva:

Op/0t = %10°p/0y® (p=p(x, y, ), y>0),

oP a2p xRy /9p _

or = Y52 THE (a)y=+0 [P =P (x, N, (111.126)
p(x,y, 0)="P(x,0) =Py, p(x,0,8)=P(x,¢t), (II1.127)
op . kh 0P oA ap .
3y lymrt = O W 37 o = @ =comst, 5| =0.  (IIL.128)

Perenye 3ToH 3amaud JIErkKO [MOJIYYHTb ONEPALHOHHBIM METOLOM.
He npuBojisi €ro NosHOCTEIO, BEHTHILEM (GOpPMYJY I/ H300paXEeHHsi OT
jaBJleHHs1 Ha ranepee po = P (0, {).

Umeem

= Po getnit s  kiy/T a\1'7
po— 0 ach ,c=[7+ﬁ ;;th(HVTl)] . (IL.129)

Otciona JIETKO MOJYYHTh HECKOJBKO MPOCTHX BBIPaXKEHHI, oOTBeuya-
IOLHX pa3JHYHBIM BpeMeHaM C MOMEHTa NYCKa Trajepe.

[Tycto mpexkne Bcero BpeMsi [ HACTOJBKO Majio, 4TO BO3MYLUEHHE,
BO3HHKgICIlee Ha rajepee, He NCCTHUIJIO HENPOHHLAEMEIX T'PAHHI] CHCTe-
Mbl; ¢t L%Yx & HYwy. Ilpu stom B (I11.129) MoxHO orpanuunThes
acHMNTOTHKOH ¢ 3> xL—2>» x;H—2, Jlna Takux 3HaueHuH o runep6op-
YeCKHe TAHTE€HC M KOTAHTEHC MOMKHO 33MEHHTb HX NpeleNbHBEIMH 3Ha-
YeHMSAIMH TIPH ¢ — oo, PABHBIMH €IHHHIE.

YuuThiBasi, 4TO B JaHHOM caydae Ryx/kh chl & 1, nMeeM

Py oV kx  S\-V2 P
~_0_3¥ - 3 ~0 __
Po= =3 <c+kh l/m) s

I kix
L S D el
7 (1 P VG_X_l +.. .), (I111.130)

CJ1Ie10BATEJIbHO,

L A
po(t)=P0+2l/KLq+2—;h‘/;_lqt+ .o (111131
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Taknum obpasoMm, Ha nNepBOH CTaAMM JBHIKEHHs BJIHSHHE BEpXHero
cj1abolpoOHHI@eMOro MJacTa CKasblBaeTcsl JHIIL B JOOaBJeHHH MaJbiX
Y/1eHOB, NOpsAjKa {!/2 N0 CpPaBHEHHIO C TIJIABHBIMH.

AnanornyHbIM c6pasoM AJ1s1 TIPOMEXKYTOYHOTO jJHaNas3oHa BpeMeH,
L2v € t K H?/vy w3 (111.129) monyyaem

_ PO ki I
_ 09 iU VA
P== Lc(°+kh x,) ’

po(t) = Po— wtq/L ..., (ki(xt)2/kh & 1), (111.132)
x fo, % k2R?
@ =Po— 5/ T T | a0 > 1) (11135)

IlepBoe u3 Belpaxenuit (I11.133) oTBeuaeT nBHXKEHHIO B BEICOKOMNPO-
HHI2EMOM TJjlacTe B IpeHeGpexkeHHH MPHTOKOM H3 MaJsolPOHHLaeMOro;
COTJIACHO BTOPOMY H3MeHeHHe JaBJIeHHS ONpejensieTcsi B OCHOBHOM
IIPHTOKOM H3 BepxXHero mJacta. Hakowew, npu elle GoJbIIHX BpeMe-
Hax, !> H?/x), HauuHaeTcs Bropas ¢asa QuJILTpalHH B BepXHeM fjac-
Te (HCTOUleHHE BepXHero I.Jacra).

IIpu stom

Qt mh | myH\—!
Polt) = Po— (K + Kl) . (I11.134)

Taxum o6pa3oM, AJs ABYCJIOHHOro ImJjacta paccMaTpHBaeMoro
BHJA OTYETJHBO BHLIEJSIOTCS ABa NepHOAa ABHXKEHHS NMpPH 3KcmJayaTta-
UMK Ha HcTolleHHe. Ha NpoTsikeHHH nepBoro MNepHola HCTONLAETCH
MepBHA MJacT, a JBHXeHHe B MaJIONPOHHIAeMOM BepxHeM NJacTe
He3HAYHTEJbHO, HAa BTOPOji CTaJHH HHMXKHHH MJACT NPAKTHYECKH MNOJ-
HOCTBIO HCTOLLEH, H NPOHCXOHT HCTOLIEHHe BepXHero InJacra.

EcjH M0 JaHHBIM O NajeHHH JaBjeHHs N0 Mepe oTOOpa Ha NepBOH
CTaJHH MOJACYHTATH 3anachkl KHAKOCTH WJH rasa B IL1acTe, TO [OJYYHM
JHIb 3anachl B HHXHeM miacte Vo= mhbL, 4TO 3HAYHTENLHO MEHbILE
HeTHHHBIX  3anacoB V = (mh -+ myH)bL. 310 06CTOATENBCTBO OKashl-
BaeTcA CYIeCTBEHHBIM JJIA psja MeCTOPOXIEHHH.



I/TABA OBYX®A3HAA
SUJIBTPALLUA
4 U TEOPUSA BbLITECHEHHA
HE®TH BOOON

§ 1. OcHoBHble NpeAcCTaBJeHHs] TeOPUH ABYX(Ga3HOrO
TeyeHHUs] B MOPUCTBIX CPefax

PacnpeaeneHne ¢a3a B nopoBoM TNPOCTPaHCTBe.
KanunnsprHoe naBJ/aeHHe (PopMHpPOBaHHe 3ajiexeH IPOHCXO-
JUT NYTE€M OTTECHEHHS H3 IJ1aCTOB-KOJJEKTOPOB MepPBOHauyaJbHO Ha-
XOoAHBIUeHca TaM BOABL. IToaToMy BMecTe ¢ He(TBIO H Ta30M B KOJIJIEK-
TOpaX BCErja COJEpPKHUTCH HEKOTOpoe KosHuecTBO (06buHO 10—30 %,
udorna jpo 70 % mnopoBoro o6bemMa) Tak HasmBaeMoOil norpeGeHHOH
BoJbl. KpoMme TOro, MHOrHe mpoAyKTHBHbIE NJIACThl 3aNOJHEHH HedThlO
H ra3oM JHUWb B BepxHeH, KyNOJbHOH 30He, a HHXKeJjexXallHe 30HHI
3anoJiHeHbl KpaeBoit Bopo#. CaMmbie BepXHHe 4acTH HedTAHBIX 3aJne-
el cojepiar ras, o6pa3yOUIHi TaK Ha3blBaeMble ras3oBbie LIANKH.
Takum o6pasoM, Jaxe B HeHapyLIeHHOM COCTOSIHHH B TPHPOJAHBIX
NJIacTax MOXKeT HaXOAHTbCS HeCKOJbKO OTAeNbHBIX NMOABHAKHBIX (a3,
JByx- unu tpexdasHoe TeueHHe BO3HHKaeT IIPDAKTHYECKH BO BCeX
cJayyasix pa3paboTKH He(PTAHBIX MeCTOPOXKAeHHH, NMOCKOJbKY ABHXY-
mue HeTb CHJLI BO3HHKAIOT BCJEACTBHE YINPYTOCTH HJH THAPAaBJIH-
4ecKOro Hamopa rasa HJH BOJHL.

B naHHO#l KHHMre paccMaTpHBaercs HauGoJiee MpoCTOe JABYX(pasHoe
TeyeHHe, COOTBETCTBYIOIlee BbITECHEHHIO XHAKOCTH, IlepBOHaya/bHO
3amoJIHABINEH  INOpH, JAPYrofi KHAKOCTbIO, He CMellHBalouleics
c nepBod H obpasyloinell oTAenbHYIO a3y, ['oBops 60Jiee KOHKDETHO,
peub GyZeT HATH B OCHOBHOM O BBITECHEHHH He(pTH H3 mJacta BOAOH
HJIH Ta30M.

BBeneM OCHOBHHIE XapaKTEePHCTHKH MHOTogpa3sHOro TedyeHHs —— Ha-
CHLILEHHOCTL H CKOpOCTh GHAbTpauud. oas o6bema NOp B 3JeMeH-
TapHOM Makpoo6beMe, OXBATHIBAIOLIEM NAaHHYIO NPOH3BOJBHYIO TOUKY,
3aHATOro (- (a3off, HasblBaeTC§ HACH L E€HHOCTHIO IOPOBOro
npocTpaHcTBa 3TOf a30fi B HaHHOK Touke M o6o3Hauyaercs s;. Oue-
BHHO,

n

Yis =1, (IV.1)

=1
rae n—4yHucJO OTAesbHbIX ¢a3. TakHM obpasoM, B cHCTeMe n  (pa3
HMeeTCs n— | He3aBHCHMasi HaCBHILIEHHOCTb., B YacTHOCTH, MpH HCCJe-
JOBaHHH (PUJIbTPaUMH JABYX(pa3HOH IKHIKOCTH HOCTATOYHO PpaccMaTpH-
BaTh JHUIb OAHY HACHIUIEHHOCTE.

IlBmxenne KaxkaoH H3 (a3 MOXKHO OXapaKTepH30BaTb BEKTOPOM
CKOpOCTH (HJIBTpalHH AaHHOH a3kl #;. AHa/JOTHYHO CKOPOCTH (HJLT-
pauHH ONHO(A3HOH >KHIKOCTH #; ONpejesseTcss KaK BEKTOp, MPOEKUHS
KOTOpDOr0 Ha HEKOTOpoe HalpaBJeHHe paBHa OOBEMHOMY MOTOKY i-#
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¢dasnl uepes ENHHHYHYIO NJOWIANKY, NEPNeHAHKYJASPHYIO K JIaHHOMY
Hanpassenuto. CreqyeT NOMHHTB, YTO 3Ta MJIOULAfKa NEPECEKaeT Kak
TBepAylo a3y, Tak H ApPyrue NOABHXKHbIE (bashl.

I'pannna aByx ¢asz B mopucTofi cpelle pa3buBaeTcs Ha MHOXKECTBO
HCKPHBJIEHHBIX Y4acTKOB, paJHyC KPHBH3HB KOTODPHIX CONMOCTABHM
c pasmepoM Inop. Kak H3BecTHO, Ha MexXba3HOH rpaHHIe BO3HHKAeT

KanHJJAPHBIH CKauoK JaBjieHHs, onpeleaseMblit no dopmyae Jlan-
Jjaca

pe =a(1/R; + 1/Ry), (1V.2)

rae o — MexdasHoe HaTsixeHHe; R; ¥ R, ——TrJjaBHele pagHychl KpH-

BU3HBI NMOBEpPXHOCTH pasiesa a3 B jaHHOH Touke, GJH3KHE pasMepaM
nop.

Kak otMeuasnoce B § 2 ra. I, xapakTepHbil pa3Mep TNOpOBHIX Ka-

HaJIOB HMeeT MOPSANOK V k/m, T.e. nMpH OOGBLIYHOH JJIT MEeCYaHHKOB TPO-
aunaeMocti (10—13 mM2?) on cocraBaser 5—10 MgM. Mexdasnoe HaTaA-
JKeHHe Ha rpaHHIie GOJBbIIMHCTBA YIJEBOJOPOAHBIX KHIKOCTEH M Ta30B
c BomoH Haxoaurca B npegenax 0,03—0,05 H/Mm. 210 o3nauaer, uro
KanHJJISIpHOE JaBJeHHe Ha CpaHMIE YIJIEBOJOPOJOB C BOXOH COCTaB-
aser ~10 xlla.

BciiencTBHE XaOTHUECKOH HCKPHUBJIEHHOCTH Mex¢a3HOH TCpaHHUH
B nopax NpH AByx(a3HOM TeueHHH BO3MOXHO 0Gpa3oBaHHe H30JHpO-
BaHHBIX 4acTHI KaxA0# ¢a3nl. [IpeacraBum cebe H30JHPOBAHHYIO Kall-
Ji0 OAHOH M3 (a3 pa3MepoM NOpsiAKa XapaKTepHOro pasmepa mop,
OKPYXKEHHYI0 Apyro#l (azoil u TBepAbIM cKeseToM. [IpH NmpoaBUIKEHHH
3TOH KamJu B MOpAaX paJHyC KPUBHM3HBI €€ MOBEPXHOCTH JOJKEH H3Me-
HATBCA OT MHHHMAJBLHOTO [0 MAaKCHMAaJbHOTO pajHyca Iop, T. €.

npuMepro Ha )/ kfm. Tor xe mopsaaok 6yneT HMeTb H Pa3HOCTDb
paJHyCOB KPHBH3HBI NepefHero H 3ajHero GpoHTa KamjiH IPH ABHXKe-
HHH. JTO O3HayaeT, YTO JJIs NPOTAJKHBAHHS KaIllJH dYepe3 MOPHCTYIO
cpely mepenaj AaBJieHHS Ha HeH JOJIKeH COCTaBJATb BeJTHYHHY, 6J1H3-
KyI0 K KallHJJIAPHOMY JaBJjieHHIO. ECIH M JJIMHA KaNlJH HMeeT MOPSI0K
pasmepa nop r, TO s ee MepeMelleHHss noTpebyeTcsl INPHJIOXKHTb
rPajHeHT AaBJEHHS P¢/r, T. e. Nopsiaka AecATKoB H coteH MIla/m,
UTO HAMHOTO IpeBHINAET CYIIECTBYIOLHE H BO3MOXHBIE TI'paJHEHTHI
LaBJieHHsl, BOSHHKaIOLlle B pe3yJbTaTe NPaKTHUECKH BCEX eCTeCTBEH-
HBIX H HCKYCCTBEeHHHX npolleccoB. OTCIofa ciaelyeT, YTO MNOABHXKHA
MOYTH BCerJa TOJIbLKO CBSI3HASl 4acTb KaxJoOH M3 ¢as, HacHILAOLINX
TIOpPOBOE IPOCTPAHCTBO.

Takum 06pa3oM, Kanu/JasipHble CHJAB CNOCOGHBI CO34aTh B IOpHC-
TOH cpefie TPafHEHTbl AaBJ€HHS, HAMHOTO NpeBHIIAIOUIHE I'DafHEHTH,
co3fnaBaeMmble BHeUIHHMH Bo3feHcTBHSAMH. [lo3ToMy HMeHHO KallHJ-
JISIPHBIE CHJBI TIOJHOCTBIO ONpelensilOT pachpefeseHHe ¢as B mopax.
Kanunnsapuoe nasJaenue, cornacHo (IV.2) nponopuHoHanbHOe KpH-
BH3He MeXX(a3HOH TPaHHIH, 3aBHCHT OT CTPYKTYpbl NOpOBOro Ipo-
CTpPaHCTBa H OT NMPeHMYIeCTBEHHOA CMauHBaeMOCTH CKeJeTa INOPHCTOH
cpelbl KaxaoH u3 das.

Has xaxpoit ¢asbl, UMelolleli CBS3HYIO YacTbh, MOMKHO BBECTH
¢a3oBoe [aBJeHHe B TOYKe p;, NOHHMMaeMoe€ KaK OCpPeJHEHHOe [0
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3JeMeHTapHOMY MaKpooObeMy naBieHHe B cBA3HOA wacTH ¢asH. To,
YTO B OTAEJbHBIX H30JHPOBAHHBIX KallJIfAX AaBJeHHE MOXKET 3HaUYHTeJIbHO
OTJIHYATbCSl OT CPefiHero, HHKaK He OyAeT CKa3biBaTbCS Ha JBHXEHHH.
Hosio o6beMa MOpPOBOr0 MPOCTPAHCTBA B OKPECTHOCTH AAHHOH TOY-
KH, 3aHATYIO CBSISHOH 4YacTbi0 (pa3bl, B AaJbHeHlieM OyjJeM HasbiBaTh
AKTHBHOH HaCH IleHHOCTH IO, JONIO HECBA3HOH 4YacTH —Iac-
CHBHOK HAaCH IMEeHHOCTSHIO.

Ha pacnpenenenne ¢a3 B mopax, KpoMe NMOBEpPXHOCTHOFO HaTsXe-
HHsl, 3HaUHTeJbHOe BJHSIHHe OKa3blBalOT MpeHMYIecTBEHHAas cMayMBa-
eMOCTb CKeJleTa MOPOABLI OJHOH H3 (a3 H yroa cMauHBaHuA. JlaBaeHue
B MeHee CMauyHBalolled cpely (ase Oyjer BhlIe Ha 3HaYeHHe KalHJ-
JSIPHOTC JAaBJEHHSI.

Kanunaspunoe paBHOBecHe B NMOpPDHCTOH cpefe.
Ilpexne yeM nepeHTH K BHIBOAY ypaBHeHHH ¢(HABTpalUH ABYX(pa3HOH
JKUJIKOCTH, PaCCMOTPHM YCJIOBHSI pPaBHOBeCHs ABYX HeCMeIIHBAIOMIHXCS
XHJAKOCTeH pa3HO MJOTHOCTH MOJ AeHCTBHeM TPaBHTALMOHHBIX H Ka-
NUAJSAPHEIX cuJa., ['mapocraTHueckoe paBHOBecHe ABYX(a3HOH CHCTeMbI
B ofpaslie NOPHCTOH cpejbl YCTaHaBJHBaeTCsd B OCHOBHOM JABYMS Ny-
TAMHU: BO-TIePBHIX, BCJIEJCTBHE BIHTHBaHUsA 6oJiee CMAaYUBAIOMeH XKHL-
KOCTH (HanpuMmep, BIHTHIBaHHE BOJHl B CYyXOM, T. €. HaChI1eHHBIH BO3-
JNyXOM, BEPTHKAaJbHO DacCNOJIOKEHHBIH obpasell MOPHCTOH cpeanl) W,
BO-BTOPBIX, NyTeM JpeHHpoBaHHs 06pasma, KOTJa MeHee CMayHBalo-
mas ¢asa BolTecHsier Gosee cMmauuBamlywo. llocseaHee mpoucxoaur,
HaTpUMep, NPH BhHITECHEHHH (OTTeCHEHHH) BOJALI Fa3oM CBepXy H3 Iep-
BOHAYaJbHO BOJOHACHIIEHHOro obpasia.

PaccMoTpuM 3sneMeHT mopucTOéf cpelbl, B KOTOPOM J[Be XKHJAKOC-
TH HaXOJASITCS B COCTOSSHHH PaBHOBeCHS NOJA JAeHCTBHEM KaNHJJSPHBIX
CHJ ¥ CHJBl Tsi2KecTH. B cBs3HO#t yacTH KaxXao# u3 (a3 BBeaeM jJaB-
JeHHs1 p; U pe (uHAeKc 1 oTHocuTcsi K Oosee cmauuBawoinell ¢ase).
YcnoBus paBHOBeCHs AJS 3JeMEHTa AJHHOH dZ UMEIOT BH],

dpi/dz = p\g; dpe/dz = pag; d(p:— p1)/dz = (p1—p2)g. (IV.3)

PasHocTh paBieHnit B (pasax paBHa Kanu/UIIPHOMY JAaBJIEHHIO B JlaH-
Hom ceueHuH. ITostomy uz (IV.3) crneayer

dP.Jdz = (p; — p2) &. (IV.4)

VisMeHeHHe KaNMHJJASPHOTO JaBJeHHsi ¢ BHICOTOH NPOHCXOMMT BCJe-
CTBHE YMeHbllleHHsI HJIH YyBeJHYeHHs HachllleHHOCTH. BoJjlee cMaunBa-
olasi (asa HMeeT TeHAEHIHIO NMpPEHMYILeCTBEHHO 3amOJHATL OoJiee
MeJIKHe TIOphl, TIO3TOMY € POCTOM ee HACBhIeHHOCTH PajHyC KPHBH3-
Hbl TPaHHLMB pa3jena a3 go/KeH yBeJHUHBaTbes. [Ipeanonoxum anas
onpeje/IeHHOCTH, YTO cMauHBalomas ¢asa obJajgaeT OoJblIed IJIOT-
HOCTbIO, KaK 3TO yallle BCEro OLIBaeT B yCJOBHSX BBITECHEHHS He(TH
Bojoii !. Toraa B COCTOSAHHHM THADPOCTaTHYECKOTO paBHOBECHS BOJOHA-
CHIIIEHHOCTb OYNeT NOCTeNeHHO YMEHbIIAThes ¢ BEICOTOH. B cHIy MHK-
POHEOJHOPOAHOCTH NOPHCTOH Cpeibl BOJa NpH BIHTHIBAHHH NMOJHHMA-

1 OCHOBHHM MuHEPaJAOM GOJbUWIMHCTBA NECYAHHX KOJJIEKTOPOB HedTH M rasa
ABJAETC KBapll, KOTOPHH Jydl's CcMayHBaeTCs BOAOH, 4YeM He(Tbio HJAH Tasom,
T. e, raapoduaen. THapodHILHH dalle Bcero H KapOoHAaTHHE MNOPOAH,
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eTcsl BHIe, a NPDH APEHHPOBAHHH YylepXkHBaercad Fo
Ha O6oJlee BHICOKOM YPOBHE B cHCTeMax noposbix "la |
KaHaJIoB MaJoro jHaMeTpa IO CpPaBHEHHIO C KaHa- ,\
JaMu 6oJblliero nHaMerpa. dra TeHAEHHHS OCjoXx-  10[
HAeTCs NONEePEeYHHIMH NepeTOKaMH MeXJy KaHaJja- ,'
i
T
(

MH PpasHOro jauaMmerpa. B nomepeuHoM (rOPH30H-
TaJbHOM) HanpaBJeHHH PaBHOBECHOE pacmpejese-
HHe a3 0 CHCTeMaM MOPOBBIX KaHAJOB IOJHOCTHIO ,
onpeensieTcs KanHAJSpHbIMH CHIaMH. ° |
CootHomenne (IV.4) Moxer HHTepIpeTHpo- 0% 0
BaTbCsl KaK CBA3b KANHJJISIPHOTO [aBJeHHs C Ha-
CHIIEHHOCTbI0 B AH(QepenmHanbHoii dopme. Mz PHC. 36. Kpushe
pacnpeneNeHus HACHIEHHOCTH C BBICOTOH MOXKET ﬁf{‘;"’(’g:g:gg‘;ﬁa?g::
OHTb MOJMyYeHa 3aBUCHMOCTb KANMW/LIADHOTO M3B- 1 npomHUaeMocTbio

JIEHMsl OT HACHILEHHOCTH 7 MK/M3):
| — BuiTecHeHue; 2 —

s=5(2), P.(s) = (o1 — p2) &2. (I\/S) nponuTKa

Kpusrle P,(s), HasblBaeMble KDHBHIMH KalHJJISADHOTO JaBJEHHs,
NpeNCcTaBAsA0T co60H IMMPOKO ynoTpebJseMylo HHTerpalbHYIO Xapakre-
PHCTHKY CTPYKTYpDH H MHKDOHEOJHODOILHOCTH NOPOBOTO IIPOCTPAHCTBA.
Buy cBasu P, (s) 3aBHCHT OT HanpaBJNeHHs H3MEHEHHS! HACHILIEHHOCTH,
T.€. CYLIECTBYET TAaK HasbiBaeMblil KaNUJJIAPHBIA rucrepesuc. Kpusbie
P.(s), cooTBeTcTByIOlIHe YBeJHYEHHIO HACHILEHHOCTH 6OJ€e CMayMBa-
jomield (asolt s, Ha3LIBAalOTCS KPHBHIMH NPONHTKH, a COOTBETCT-
BYIOIlME YMEHBLUIEHHI0O S— KPDHBBIMH JApeHupoBaHHusa (puc. 36).

KpuBHe KanWwliasipHOro AaBJeHHsl, MOCTPOEHHble MO JaHHBIM yCTa-
HOBJIEHHs! THAPOCTATHYECKOTO PaBHOBECHf, HAa NPaKTHKe IIOYTH He HC-
noab3yioT. Yallle Bcero HX IOJyYalOT NPH MeJJIeHHOM paBHOBECHOM
BLITECHEHHH GoJiee cMauMBamouied ¢asbl (BOAbl HJIH YIJeBOAOPOAHOH
JKHIKOCTH) MeHee cMauuBaiomell (rasom). Iloppo6Hoe omHcaHHe Me-
TOAOB TNOJYUYeHHSI KPHBBIX KANHJLISIPHOTO AABJEHHS MOXKHO HalTH B
pyKOBOACTBax Nmo (pu3Hke HedTSAHOro mJjacra.

KpuBble KanuAJspHOTO AaBJieHHs, OTBeYalollHe APeHHPOBAHHUIO, HC-
IOJIb3YIOTCS /ISl OLeHKH paclipejieleHHs] HACLIIIEHHOCTH B TaK Ha3sbl-
BaeMblX NepexOJHBIX 30HAX Ha rpaHHue HedTb — BOJa, a3 — BOJAA
HJIX ra3 — HepThb B He(pTAHBIX H Ta30BLIX MECTOPOXIEHHSX A0 Haya-
Ja pa3paboTKH. DT0 pacnpejesieHHe HENOCDEACTBEHHO ONHCHLIBAETCs
dopmysoit (I1V.5).

KpuBble KanHJJISAPHOrO JaBJeHHsI MOXKHO NOCTPOHTH JJISl Pa3JjiHy-
HEIX Iap KHJAKOCTeH M Tras3oB, OTJIHYAIOLIHXCS Mex(da3HBIM HaTsKe-
HIieM H KPaeBbIMH YIJIaMH CMauHBaHH{A Ha AaHHOH mopofe. HUTo6wl mo-
JYUUTb (YHKIMH HACHILEHHOCTH, XapaKTepU3YOIlHe TOJbKO CTPYKTY-
Py NOpPOBOro NpPOCTPAHCTBA, CJeAyeT NPHBECTH (PYHKUHIO Kamujjisp-
HOro aaBJeHHS K Ge3pa3MepHOMY BHAY:

P, =24V ml(s, 8)/1 k, (1V.6)
rae © —kpaepofi yron cMauuBanus. Popmynaa (IV.6) nonyuema no

AHAAOTHH C BHIPAaXKEHHEM JJS1 KANHJISAPHOIO JABJEHHS B OJHHOYHOM
UHJIHHADHYECKOM Kanuaaspe paguyca r: P.=2z2cos®/r. B cayuae
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NOPHCTOH Cpefibl BBHJAY XaOTHYECKOrO PAacCHoJIOXKeHHs CTEHOK ITOPOBBIX
KaHaJIOB 3aBHUCHMOCTb KallHJ/UIIPHOTO JaBJieHHA OT 6 He MOXeT GbIThb
BbipaXkeHa eauHOH (opMyJoi. TeM He MeHee, MO aHAJOTHH C KPYTOBbIM
IIHJHHAPHYECKHM KAaNHJIAPOM JleBepeTT NpeisiouJ 3anuchiBaTbh 6e3-
pasMepHOe BbIpaXKeHHe [/ KallHJJISPHOTO NaBJIEHHS B BHJE

e =al/ mcos8oJ (s)/VE. (Iv.7)

Broipaxenne (IV.7) osHayaer, uTo KpHBble KamHJAJSPHOro jaBJe-
HHSl CYHTAIOTCS TeOMeTPHYECKH NOJOGHBIMH IPH HCIOJb30OBAHHH pas-
JIMYHBIX Nap XKHAKOCTeH B OJHOH H TOH Ke MOPHUCTOH cpejle. ¥Yros By B
3TOM CJlyyae HIpaeT pOJib HHTerpasjibHOH XapaKTEPHCTHKH CMayHBa-
eMOCTH B €HCTeMe INOpHCTas cpeja — XHAKocTb, PyHkuuio J(s) npu-
HATO HasbiBaTh GyHkuue# JleBepeTra. DTH (PYHKUHH AJA DPa3HBIX
THIIOB IOPOJ-KOJJIEKTOPOB He(dTH H rasa CHCTEMaTH3HPOBaHbI, HAMpPH-
Mmep, B paborax B. A. MBaHoBa u np. [22].

KpuBble KanHAJSPHOTO naBJjeHHs ONpelesieHH He AJISA BCeX 3Haye-
HHUH S, IOCKOJbKY NpH ApPEHHPOBaHHH 06pasia nmopucToH Cpejbi BhITEC-
HeHHe 6oJiee cMayuBawlleid (a3l HHUKOTAA He 6biBaeT moJubiM, Ocra-
TOYHasi 4acTb (pas3bl HAXOAUTCH B BHJAE H30JHPOBAHHHX LEJHKOB B Ca-
MBIX MEJKHX NMOpax HJH BOJH3H KOHTaKTOB MeXJ1y 3epHamH. He6oJib-
IIHe H30JHPOBaHHble LEJHKH, KallJH HJH NY3BIPbKH He MOTYT OBITb
BbITeCHeHbl JAPYrofl ¢asofl IpH peasbHO CYLIECTBYIOUIHX TpajHeHTax
napneHHs. [losToMy B mponeccax Kak ApeHHPOBaHHS, TaK H NPOIHTKH
CyIlecTBYeT HEKOTOpas HACHILEHHOCTh BbiTecHsieMoft ¢asofi s, (Tak
Ha3plBaeMas HecHHXKaeMas HacblIeHHOCTb), KOTOpas He yMeHblIdeTcs
C POCTOM BHITAJKHMBAWOILEro Iepenaja jaBJieHHs. EcaH HacHIEHHOCTh
MeHbllle HeCHHXaeMOH, KaNHJ/JIsipHOe JaBJeHHe OKa3biBaercs Heolpe-
JleJIeHHBbIM, TOCKOJIbKY OCTaTOyHasg (pa3a COCTOHT H3 OTJENbHEIX He
CBSI3aHHBIX MexX1y co60H Kanleab. 3aMeTHM Takxe, YTO H IIPH Ha-
CHILleHHOCTH 6oJibllle HECHHXKaeMOH 4YacTh BHITeCHsieMOH ¢hasbl TaKxe
HaXOAHTCS B BHJIE H30JHPOBAHHBIX KamneJb.

Korpa nachimeHHoCTb 6oJiee cMauyHBawolled ¢a3od NPUBJIHKaeTCa K
HeCHHXXaeMoH, KallHW/IApHOoe AaBjeHHe GBICTPO BO3pAcTaeT M Ha 3KCIe-
PHMEHTANbHBIX KDHBBIX KalHJ/UVIAPHOrO JaBJe€HHS 4YacTo H3obpaxkaercs
HeorpaHuueHHblt poct P, npu s— s,. PusHyeckn GoJee onpaspaHo
nosaraTb, 4TO NpPH §— S, KaNWJISpPHOe JaBieHHe M (yHKUHs JleBe-
perTa CTpeMsiTc] K KOHEYHLIM BeJHYHHAM, ONpe/eJisieMbIM pajHyCcoM
KPHBH3ZHBE Kale/b, COCTABJSIOUIHX MNACCHBHYIO HACHILIEHHOCTh OCTaTOY-
HOH cMauyuBamwuedi ¢asbl.

O6o6menuuft 3akoH Japcu gas aByxdasHOTroO
TeyeHH A TeopHs ¢uabTpanun ABYXha3HO# MKHUAKOCTH BO MHOTOM
aHa/NOrHYHA TEOPHH KalNHJJsIpHO-TpaBHTAllHOHHOro paBHoBecHsd. Kak
M B cJydYae KaNMJAJSPHO-TPABHTALHOHHOTO PaBHOBECHS, CHCTEMHI IOD,
3aHUMaeMble NMOJABHXXHOH YacThl0 KaXAOH ¢hash, cjJelyeT INpencTaB-
JsTh cebe B BHAe KaHAJOB, NPOTSXKEHHOCTb KOTOPHIX B HamnpaBJeHHH
JIBHXKEHHS] HaMHOro 60Jbille, YeM HX pasMephbl NONEPeK MOTOKa.

[TosToMy B mepBoM MNPHOJHXEHHH MOXHO NPHHSTH, YTO Kaxjas
noABHXHasa (aza TeyeT B 3aHHMaeMOM el0 NMpPOCTPAHCTBe MOA AeHcT-
BHEM <«CBOEro» IaBJIeHHd, T. €. TaK, KaK ecJH Obl OHa 6BlJIa orpaHHue-
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Ha TOJBKO TBepAHMH CTeHKaMH. [1OCKOJIbKY CONPOTHBJEHHE HBHXKe-
HHIO KaXXIoH ¢asel onpejesisseTcsl TOJNbKO reoMeTpHell 3aHHMaeMOH
€10 YaCTH MOPOBOrO MPOCTPAHCTBA, TO 3aKOH (HJABTPALMH KaXIOH H3
XKuakoctell AByx(dasHo# cucTeMbl mo Mackety H JleBepeTTy MOXKHO
3anHcaTth B BH/e

ui = — (kfi/vi) gradp;, i=1, 2, (IV.8)

rie f;— Ge3pa3MepHble BEJIHYHHBI, Ha3biBaeMble OTHOCHTE/bHBLIMH (ha3o-
BRIMH NPOHHLAEMOCTSMH.

Tlycth coBMecTHOe TedeHHe ABYX (a3 MeAJeHHOe, TaK 4TO H3MeHe-
HHe HaCHIIEeHHOCTH NPOHCXOQHT KBa3HPABHOBeCHHM o6pa3oM. CHaH
BA3KOTO CONMPOTHBJIEHHSI MOXHO pacCMaTpHBaTb KakK paclpejeseHHbIE
MaccoBble CHJB, NMPONOPLHOHAJbHBIE CKOPOCTH (GHJAbTpauHH. B oano-
MepHOM caydyae u3 ypaBHeHH# (IV.8) MOXHO NoOJyuHTH BHpaXKeHHe,
aHanoruyHoe no ¢opme (IV.3):

0(py— p1)/0x = Uy — Uy U; = wuifkfi. (I1v.9)

Ilpu BeiBOje BolpaxeHHs (IV.4) HedaBHO IHpeanoJaranoch, YTO
P.(S) — xapakrepucTHKka, 3aBHCSHLLAS OT CTPYKTYPBH NOPOBOrO MNpo-
CTPaHCTBA M IOBEPXHOCTHHIX CHJI B3aHMO/JefCTBHA XHIKOCTeH MeX-
Iy co60ol u € TBepJABIM CKeJeTOM, HO He OT FPaBHTAllHOHHBIX (Macco-
BHIX) CHJ. DTO NpeANo/OXeHHe NOATBEPXKAAeTCs oNpeje/eHHAMH KpH-
BHIX KaNH/JISIPHOTO NaBJEHHS ¢ HCNOJb30BAHHEM pa3/HYHBIX KHAKOC-
Te H nyTem ueHTpudyrupoanusa [23]. Pacyxknas mo aHajorui,
MOXKHO NPUMEHHTb TOT XK€ BHIBOJA K pacnpejefeHuio ¢a3 B mopax npH
MeJl/IeHHOH KBa3HPABHOBECHOH COBMECTHOH (HJbTpalMH, T. €. NPHHATD,
YTO NPH AAaHHOH HAaCHIIEHHOCTH XHAKOCTH paclipelelieHbl TaK e, Kak
H B YCJOBHAX THAPOCTATHYECKOrO pPaBHOBECHS. JTO O3HayaeT, BO-Nep-
BHIX, YTO Da3HOCTb AaBjJeHHH B (a3ax p,—p; MoxeT ObITb NPUHSATA
paBHOM KaNmHW/JISPHOMY JaBieHH0 P.(s) u 3aBHCAIIEi TOJbKO OT
HaCBIIIEHHOCTH:

pa—p1 =P, (s) =V ml (s)/V'E. (IV.10)

Bo-BTOpHIX, KaK yXe OTMeuajoch, KalUJAspHBIE CHJIBl B [OPOBHIX
KaHajax CyWeCTBeHHO Npeo6/afgaloT Haj BHELIHHM INepenajoM [JaB-
JIeHHSI W ONpeleJsaloT paclpefeneHHe ¢da3 B nopax. Ilostomy Moxno
JOTYCTHTb, YTO KaXKAas u3 (a3 ABHIKETCS MO «CBOEH» CHCTeMe INOpO-
BHIX KaHaJOB, OTPaHHYeHHBIX TBepPJBIM cKesneToM U Apyrof dasoi. Ta-
KHM 06pa3oM, NPH AaHHOH HacHILIEHHOCTH THIPaBJHYeCKHE CONPOTHB-
JIeHHs, a cJIeIOBaTeNbHO, H NPOHHUAEMOCTb A5 KaxIo# H3 ¢a3 oka-
3BIBAIOTCS OJHO3HAYHO ONpejeeHHBbIMH.

OkcnepHMeHTH nokasaau [27, 48], yto B WHpPOKOM AHaNa3oHe yc-
JIOBHH COBMECTHOIO TeY€HHs M BHITeCHeHHA HABYX (a3 B MNOPHCTHIX
cpellax OTHOCHTe/IbHbIe MPOHHLAEMOCTH He 3aBHCAT OT CKOPOCTH (QHJBT-
palH H OTHOLUeHHA BSA3KOCTeH ABHXYIIHXCH (a3. DTO MOKHO 06bsc-
HHTb Te€M, YTO MOBEPXHOCTb CONPHKOCHOBEHHs (H CHJa B3aHMOJeHCT-
BHf1) KaXJoH u3 ¢a3 ¢ TBepABIM CKeJeTOM HaMHOTO 6oJiblie, 4eMm ¢
2pyrofi ¢asoil. B HEKOTODHIX HCKJIIOUHTENbHBIX Caydasix B3aHMOJefl-
CTBHE IMOABHXHEIX (a3 Bce ke mnposiBasercs. Hanpumep, Huoraa
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MaJ0Bsi3Kas BbiTecHsiemMas (asa KpaTKOBpeMeHHO 06pasyeT s BbICO-
KOBSI3KOHl BHITECHSIOIIEH JKHAKOCTH Ha IOBEPXHOCTH CKeJleTa CJOH
«CMA3KH» H OTHOCHTEJIbHAS APOHHIAeMOCTb [J BhITecHsWOUled (asbl
BO3pacTaeT 10 3HaueHHH, GoJblHX eAHHHUB. Ho Takod cnoi cmas-
KH, TMO-BHAHMOMY, HEYCTOHYHB H CYLIECTBYeT HELOJTro.

B najbHeiiIeM H3JI0XKEeHHH, eC/AH He OTrOBOPEHO NPOTHBHOE, OTHO-
CHTeJbHbIe TPOHHUAaeMOCTH M ¢yHKuHa JleBepeTra CUHMTAlOTCS OAHO-
3HAYHBIMH (YHKIHAMH HACHIUIEHHOCTH, He 3aBHCSILUHMH OT OTHOLUIE-
HHA BA3KOCTeH.

THOHYHBIA BHA (QYHKUHN OTHOCHTeNbHON NPOHHMUAEMOCTH s GoJee
cMauHBamome ¢asbl [y (S), (S— ee HACHIUEHHOCTb) H 1JS MeHee cMayH-
Batomleil ¢asn f, (S) mokazaH Ha puc. 37. I3TH KpPHBHE MOJYYEHH NPH
CTal{HOHADHOM COBMECTHOM TEYEHHH BOAW H HeTH Ha MajblX oGpasuax
necyaHHKa.

XapaxrtepHasi HeCHMMeTpHYHAss OpMa KPHBHIX OTHOCHTEJILHOMH Npo-
HUIAeMOCTH OGBLACHSETCH TeM, UTO NPH OAHOH H TOH e HACHILEHHOCTH
Gonee cMauHBaiomlas (a3a 3aHHMaeT IPeHMYIIeCTBEHHO MeJKHE MODbI
M OTHOCHTEJbHasd NMpPOHHUAEMOCTb A Hee MeHbiie. [Ipw Manbix Hacw-
ILEHHOCTAX YacTb KaXJOW H3 (a3 HAXOAHTCS B HECB3HOM COCTOSIHHH
B BHAE H30JHPOBAHHBIX MEJKHUX KaneJb HJH IeEJHKOB H He YyacTBYeT
B JBHXKEeHHH. [103TOMy, HauHHasg C HEKOTOPOH HACbILEHHOCTH, Kaxjas
(a3a MONHOCTHIO MEPEXOJHT B HECBA3HOE COCTOSIHHE H €€ OTHOCHTEJb-
Has MPOHHLAEMOCTb CTAHOBHTCS paBHOH Hymo, T.e. fi(s)=0 upu
S< Sys f2(s)=0 npu s >s*=1—0,.

3aMeTHM, YTO XOTS peub HJAET O COBMeCTHO# (HJAbTpaALHH ABYX He-
CMeIUHBAIOUHUXCH KHAKOCTEH, NMPUXOANUTCH PAasjUuaTh BLITECHAIOULYIO

H BBITeCHAEMYIO (asb, T. €. OTHOCH-

PUC. 37. Tunuunwe Kpuwe orho- 1¢/IPHBI€ MDOHHIAEMOCTH, KaK H KpH-
CHTEJbHBIX NpOHHIaeMocTel: BBI€ KaNW/AJIAPHOrO JaBJAE€HHHA, pas-
l;gs()s)—-jzgr;umm Baxnen — Jlepeperra;  JIMYHBI B 3aBHCHMOCTH OT TOO, KaKas
pouseontan (ro=0.5) u3 (a3 (6osee HJH MeHee CMayHBa-

lolasi) MepBOHAYasbHO 3amoJHAJA
HOPHCTYIO Cpeay, T. €. CYUlecTByeT
F(s) FHCTEPE3HC OTHOCHTEJLHBIX IPOHHLA-
<30 eMocTeH, aHAJOrHYHBIH TCHCTEPE3HCY
KPHBBIX  KaNHJJAPHOIO  JaBJIEHHS.

0 05 «HemoiBMXKHBIE» HACHIIEHHOCTH S,
Fis) H 0« COBNajaioT C «HECHHXXaeMbIMH»
/2 f1f|po HACHIIEHHOCTAMH Ha KPHBBIX KarlHj-

JIIPHOTO JAaBJeHHS.

Hrak, ecniu pacnpenenenne ¢as
B NOpax paBHOBECHO, MJs (QHJbTpa-
UHH ABYX¢(pa3HOH KHAKOCTH chpaBej-
V.o JuBH ypaBHeHHsi Mackera u JleBe-
perta

1% = —(kfi()p)gradp;, i=1, 2,
(IV.11)
, ps—pr=Pe(s).  (IV.12)




Yro6el MONYUHTE 3aMKHYTYIO CHCTEMY yDaBHeHHH, Heo6XONHMO 3a-
IHCaTb ypaBHEHHsS COXpPaHEHHs Macchl AJasa ob6eHx ¢as, KOTOpble BHI-
BOASITCSA COBEPLIEHHO aHaJOTHYHO TOMY, KaK ypaBHGHHE Hepa3phiB-
HocTu Ans oaHodasuoro reyenus (I1.16):

2 (mprs) — div () = 0, (IV.13)
3 lmpa (1 — 9)) — div (pa2) = 0. (IV.14)

TTocKOMBKY p1 ¥ pg-—— YHKUHH JaBJeHHH p; H po, a H3MeHeHHe
MOPHCTOCTH B OJHOPOJHOM IJIaCTe 3aBHCHT TOJBKO OT H3MEHEHHs Cpejl-
HEro JaBaeHHs p = p1S -+ pz (1 — s), ypaBHenus (1V.11) — (IV.14) o6pa-
3YIOT 3aMKHYTYIO CHCTEMY 1Js p; H S.

Ecan BhiTecHAeMass M BhITecHskclas (asbl — c1a06CCKHMAaeMble Ka-
neJibHbIE KMJAKOCTH, BJHSHHEM CXKHMaeMOCTH Ha paclpejesieHHe Hachl-
IIEHHOCTH YacTO MOXHO mpeHe6peub. JIeACTBHTENBHO, XapaKTepHOE
BpeMsi HeCTalHOHAPHOTO IlepepacipeeseHdss JaBJeHHS 33 CUeT CXKH-
MaeMOCTH cocTaBasieT = L?/x, rjie x — KO3G(QUUHEHT Nbe30npoBoj-
HocTH; L — xapaktepHH# pasmep. XapakTepHOe BpeMsl BbITECHEHHS
ty= L/u, rne u—cpeansas ckopocTb ¢uabTpauHH. OGBIYHO CKOPOCTh
¢uabTpauud papHa okoao 10—3 cm/c, L He Gonee 104—10° cm, a
x = 10* cm2/c. TTostoMy #/t; = ul/x =~ 10—2, OTKy#a BHAHO, YTO HeCTa-
IMOHAPHEIE TPOLECCH YNPYroro nepepacipejeeHHsT NaBJeHHWs 3aKaH-
UHBAIOTCA B HauyaJie BHITECHEHHS.

EcaH KHIKOCTH M NOPHCTYIO CpPely MOXKHO CUHTATh HECKHMAaeMEIMH,
smecto (IV.13) u (IV.14) nonyuaem COOTHOLIEHHA

mds/o0t — div e, = 0; mds/ot + divu, = 0. (IV.15)

Ypapnenus (IV.15) 3aMBIKalOT CHCTeMY ypaBHEHHH (HUALTpalUHH
IByXdasHoll HecxkuMaeMo#t xuakoctH (IV.11) — (IV.12).

HHorga Heyno6HO HCNOJbL30BATh B YpABHEHUSIX (UJABTPALMU Py H pPo,
TaK KaK JaBJieHHe B KaxIOH M3 (a3 He ompegeseHO B TeX 06jacTax,
rJe COOTBeTCTByiollas hasa HeNnoABHKHA HJHM OTCYTCTBYET. BBsejenue
CpelHero JaBJieHHs B BHIE p = p1S 4 py (1 —s) MoxeT OHTb y106HO
JJIS yyeTa CXKHMaeMOCTH CKeJieTa IOPHCTOH cpenbl, HO NPHBOAMT K LO-
BOJILHO TPOMO3JKHM COOTHOLIEHHMSIM npH ofllell GopMyJMpPOBKe 3anau
BbITeCHeHHA. [lJI HeCXKHMaeMbIX KHJKOCTeH OKa3HBaeTCs YIOGHLIM
onpeneNHTb CpejHee jaBJjieHHe MO (opmyJe

1
P = piF (s) + py[1 — F (5)) —S P.(s)F' (s)ds, (1V.16)
{ s)/ [fl (S) + pof2 (5)], po = pi/po.

16) HETPYAHO NOJYYHTD

rae F(s) =
Hs (IV.12

p=P —|—§ P.(s)F' (syds— P.(s)[1 — F (s)),
1
pa=P +§ P.(s)F'(s)ds + P.(s) F (s). (IV.17)
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Otcioa MOXKHO TMOJYYHTb JJIi CYMMapHOH CKOPOCTH (HJIbTPALHH
obenx $as uw = u, + u, BHpaxKeHHe

u = — (kg (s)/u1) grad P, (1V.18)
ze ¢ () = fi (s) + pof2 (s)-

BruipaxkeHnue (IV.18) MoxkeT paccMaTpuBaThesl Kak 0600lleHHe 3aKOHA
Hapcn aasi cymmapHO# ckopocTH. Kom6HHHPYs cooTHoweHus (IV.17)
C ypaBHeHHSAMH OO6OOLIEHHOr0 3aKoHa JlapcH H HEepa3phIBHOCTH, MOXHG
NOJyYHTb CHCTEMY YpaBHEHMH ABYX(pa3HOH (QHJIbTpaUMH, cojepXKailiyio
TOJIBKO Hen3BecTHHle P H s:

div [¢ (s) grad P] = 0, (IV.19)
0s/0t — div [(kf1 (s)/mp1) grad P1—a®A® (s) =0,  (IV.20)
rae

2@ = —{ SOROF O @ =al TV

A — oneparop Jlanuaaca.

OrpanuyeHusi B IPHMEHHMOCTH CHCTeMbl YpaBHeHHH aByXdasnoi
¢uabtpaguu B ¢opme (IV.11), (IV.12) u (IV.15) cBA3aHb riaBHBEIM
o6pa3oM ¢ JeHCTBHeM Tpex (pakTOpOB: HEOJHOPOAHOCTH MOPHCTOH CPesH,
BJIMSIHHA THADOJMHAMHYECKHX CHJl Ha pacnpejaeneHdHe ¢as B INopax
H HEpaBHOBECHOCTH.

CooTHOLIEHHe THAPOJAHHAMHYECKHX H KalWJJSAPHEIX CHJI B mopax
MoXeT GbITb OXapaKTepH30BaHO Oe3pa3MepHEIM MNapaMeTpoM [48]

I, = Vkl|grad P|/a }V'm, (IV.21)
rae | — xapakTepHHH pa3Mep MOPOBOro KaHaJja, 3aHSITOrO OfHOH ¢ha-

3oii. Ecsiu B KauectBe ! NpHHATH XapakTepHHH pasMep nop } k/m, 1o
BMecto II, mosyuyuMm mnapamerp

I, = k| grad P |/am. (1V.22)
[Tocnegnuii napaMeTp YacTO 3aMHCHIBAeTCS Yepe3 CKOPOCTh (HUJIBT-

paunu u = |(k/p)grad P| u uHOrja HasblBaeTcsl KAaNHJVISPHBIM YHC-
aom N,

Nc = up.l/a. (IV23)

3KC NMepHMeHTa/IbHble HCCJAeJOBAHHS MOKAa3bIBAIOT, 4TO MNapamerp N,
[pH MaJbIX €ro 3HAYeHHSAX He BJHseT Ha BHJ KPHBBIX OTHOCHTEJIbHOM
NPOHHIAEMOCTH BIVIOTh IO HEKOTOPOro KPHTHUecKoro 3nauenns N9. Co-

1]
rnacHo pesysabratam . A. Dppoca [48], 3HayeHue N, uMeer mopsijioK

10—5, T.e. BIHAHHE THIAPOAMHAMHYECKHX CHJ CKa3bIBaeTCsl Ha pacrpe-
JeJeHHH (a3 B mopax, KOrjga OHH Ha HEeCKOJBbKO IOPSAKOB MeHblle
KanuIsipHbIX. Tak Kak KpurHuyeckoe 3HayeHue N, KpaliHe MaJso, ecTb
OCHOBaHHSI COMHeBaTbCSl B MpPaBUNBHOCTH BeIGOopa Mapamerpa N, uiau
1, 8 Buge (IV. 22) uwmu (IV. 23). Ilo Bceli BepOATHOCTH, B ONBITAX Ha
JOBOJIBHO KpyNMHHX o6pa3uax, nposeaeHnbix . A. 3ppocoM u B. IT. OHo-
NpHEHKO, XapaKTepHbIA pa3Mep (AnaMeTp) KaHaloB, 3aHATHIX KaXKJIOH
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¢asoft I, HaMHOro npeBOCXOAH/ pasmep nop } k/m. B pesyabrare kpu-
THYECKOe 3HayeHHe mapaMeTpa II, okasbiBaeTcss HaMHOro OoJiblle, yem
KpUTHUYECKOe 3HaueHue M, uru N.,. XapakrepHulli pasMep [ omnpeness-
ercsi, MO-BUIHMOMY, HEOMHOPOAHOCTHIO MOPHUCTOH cpeabl H TeM OOJblLE,
ueM GOJIbIlle pasMep paccMaTpHBaeMoH 006J1aCTH TedeHHs uJIH ofpasna
nopoanl («MacmitabHbifi ¢pakrop»). BausiHHe HeONHOPOZHOCTH Ha pac-
npenenende a3 Ha MakpoypoBHe B CBfI3H C 3THM OyJleT pacCMOTPEHO
B § 5 naHHOH riaBHI.

B nocnegHee BpeMsi, B CBfI3H C IIHPOKHM IpHMeHEHHEM MOBepX-
HOCTHO-aKTHBHBIX BELIeCTB [JIs1 IOBBIIEHHS HedTeOTAaYH IJacTOB
pPSAZIOM aBTOPOB IIPOBeJCHbl JeTajibHble HCCJAEJ0BAHHS BO3MOXHOCTH
yMeHbIIeHHs OCTaTOYHOH He(TeHACHIIeHHOCTH NPH BBITECHEHHH NMyTeM
CHHIKEHHs IIOBEDXHOCTHOTO HATAXKEeHHS Ha rpaHuue HedTb — Boja.
C TOYKH 3peHHs TeODHH JIBYX(a3HOTrO TeueHHs B IODHCTOH cCpele 3TH
HCCJeJlOBaHHA CBOAATCS K OIleHKe BJHSHHS KalW/JIsSpHOro uyucaa N,
Ha «HEMOJBHIKHYIO» HACHIIEHHOCTb, JKCIEepHMeHTHl NPOBOJHJHCL Ha
MaJeX o6pasnax ¢ BHICOKOH CTelleHblO QAHODOIHOCTH H Ha MOJEJbHBIX
HOPHCTHIX Cpefax HJIH MOJeJsiX 3JeMeHTAPHBIX NOop. DKCIepHMeHTH
nokasanau, yro npu N.<0,05 ocraToyHasi HaCHIIEHHOCTE ©* (Me-
Hee CMauHBawIleH (pasbl) He 3aBHCHT OT 3TOrO NapaMeTpa, a MpH
N:>0,38 npoucxomut mosHoe BhiTecHeHHe (o*=0). [Ipu sHauenusax
CKOPOCTH (HABTpalHH, BA3KOCTH H MeX(a3HOro HaTsXKeHHs, CO-
OTBeTCTBYIOILHX . YCJOBHSIM BBHITeCHeHHs] He(TH BoZOH 6e3 mpuMeHe-
HHsl TOBEPXHOCTHO-aKTHBHBIX BelllecTB, mapaMerp N, HaxomuTcs B
npenenax 10-5—10-*, T. e. Bausinue N, Ha OCTAaTO4YHYI0 He(TeHACH-
UIeHHOCTh He JOJXKHO HabulolaTrbcsi. 3aMeTHM, YTO BO BCeX 3KCIepH-
MeHTax BhiCOKHe 3uadeHHss N, (mo 0,1—1,0) nocturanuce nmyTem CHH-
xenusi Mexdasnoro HatsixkeHuss po 10~°—1076 H/M. JocTHTHYTb BHI-
COKHX 3HaueHHMH N, myTeM yBeJHUeHHs CKOPOCTH He yJaeTcsl BCJel-
CTBHe HapylleHHs 3aKOoHa Jlapcu.

PaccmoTpentnoe BiusiHHE CKODOCTH Ha OTHOCHTeJbHBblE NPOHHILA-
e€MOCTH CKa3HBaeTcsl KaK B CTallHOHApHBIX, TaK H B HeCTallHOHAPHBIX
ycaoBHsAX TedeHHsl. B HecTaumoHapHBIX IpolieccaX, KpoMme TOro, Mpo-
ABJsETCS BJHSHHe HEPaBHOBeCHOCTH pacmpejeseHuss ¢a3 (cMm. § 4
JaHHOH IJIaBHI).

Tpexdasnasas ¢HAbTpauua B npeasiyumeM u3toxKe-
HHH MH OrpaHHYHJHCb TOJBKO cjaydyaeM JAByX(pasHo#i (uAbTpaLHUH.
B HeMHOroyHCJeHHBIX NOKa HCC/efOBaHHSX TpexdasHoH (UIbTpauUHH
3aKOH ¢(HJIbTPalLHH 3alHChHIBaeTCs B ¢opMe

u; = _—(kfl (Sl’ SZ)/P’;') grad Pt i= 17 27 3’ (IV24)
pi—pi=Pl(s1, s5), i, j=1, 2, 3. (1V.25)

HccaenoBaHHsi OTHOCHTENbHBIX NPOHHILAEMOCTEH B CHCTeMe Tpex
(a3 nokasanu, B 4aCTHOCTH, 4TO B CHCTeMe HedTh — ras — Boja B
THAPOGHIBHBIX cpeJaX OTHOCHTeJNbHAasi MPOHHLAEMOCTb JJs Haubosee
cMauuBamoueii (Gasel (BOAB) 3aBHUCHT TOJbKO OT BOJOHACHILEHHOCTH
H He 3aBHCHT OT COOTHOLIGHHS ABYX ApPYyrux ¢as.
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YpaBHeHHS] HeDa3pHIBHOCTH B TpeXx(a3HOM CHCTeMe TpPH YCJAOBHH
HEeCXKHMaeMOCTH (a3 UMeroT BHA, aHajoruunuil (IV.15):

m (0s;/0t) + divu; = 0. (IV.26)

§ 2. CrpyKrypa aByx¢a3Horo reyeHus
NpPH KPYNHOMACIITAGHOM OMMCAHHH.
3anaua bakaesi-Jleseperta

Ha BhiTecHeHMH HedTH BOLOH HJIM ra3oM OCHOBaHa TEXHOJIOTHA ee
M3BJICUEHHS] H3 Help NpH pa3paboTKe HE(TSHBIX MECTOPOXKAEHHH. ITO
aubo BTOpXKeHHe B MJacT KpaeBol BOABl MJIH Ta3a Ta3oBOH LIaMNKH,
npojBurapnx HedTb K 3a601M N0OOBIBAIOLIMX CKBAaXKHH (ecTecTBeH-
HBI HalOPHBLIH PeXHM), JHOO 3aKauyka BBITECHSAIOIEH XHAKOCTH HJIH
rasa yepes CUCTeMY HarHeTaTeJbHBIX CKBAaXHH AJS MOAJeDXKaHHS AaB-
JIeHHs1 B TiacTe H NPOJBHXeHHS He(dTH K AOGHIBAIOLWIMM CKBaXKHHaM.
Paccmorpum 3ajauy 0 BhiTeCHeHHH HedTH BOJOH uau rasoMm (6ogee
IIHPOKO — 3a/la4yy O BHITeCHEHHH OJHOH HeCMelUMBAIOLIeHCs KHAKOCTH
ApYyro#) Ha ocHOBe ypaBHeHHH ABYX(ha3HOH (PpuibTpalHUH, MNOJyYeHHBIX
B NpeAbiaylleM naparpade. [lJjs pelleHHss CHCTeMB YpaBHEHHH
(IV.11)—(IV.15) 1mHpoKo NpHUMEHSIeTC annapar UYHUCJIEHHBIX MeETO-
120B. OcHOBBHIBasACb Ha OOLIUX NPHHIHNAX, H3JOXKEHHHIX B I, I, orpa-
HHYHMCSl TOJIBKO HCCJle[loBaHHeM OOLIMX CBOHCTB MOJS HAaCHILIEHHOCTH,
JJ1S1 4ero NpHMEeHHM acHMNTOTHYeCKHH NOAXOJ, OCHOBAHHBI Ha MaJoc-
TH HEKOTOpHX 6e3pa3MepHHIX NapaMeTpoB, BXOASILIHX B YCJIOBHS 3a/a-
YH O BbHITeCHEHHH HeCMeLIHBAUIHXCcsA xuaKocTelt [b].

YpaBHeHuss bakanes—Jlepeperta. O6was TeopHus.
3amnuileM OCHOBHYIO CHCTeMY YpaBHEHUH AJ5 AaBJeHHST H HaCHILEH-
Hocty B Buie (IV.19) u (IV.20), ncnonmays Ge3paamepHble mepe-
MEHHBIE

X=x/L, Y=y/L, Z=2z/L, ~=FkAptimu L=
= uol‘/mL, Pi = p,/Ap, II-== P/Ap, £ = aQ/LloL =
= acos O V &/ mAp.

3nech L — xapakTepHBIi pa3Mep (HalpHMep, pacCTOSIHHE MeXIy
CKBa)XXHHAMU WJIH TajepesiMH); Ugo— XapakTepHas CKOPOCTb, CBf3aHHas
C XapaKTepHBIM nepenagom naBjeHusi Ap. Tlosyunm

div [y (s) gradII] = 0, (I1v.27)
Os/0t — div [f1 (s) grad II] — eAD (s) = 0, (1V.28)
rae A —oneparop Jlansaca.

B 3agauax HedTsAHO# moa2eMHOH MMAPOLHHAMHKH Nepenaj aasJeHUs
Ha rpaHunax o0JacTH TeyeHHS, pa3Mep KOTOPOH JOCTHMIaeT COTEH MeT-

pOB, COCTaBJIsi€T HECKOJbKO JE€CAThIX HJIH €AHHHI Meranackasnei,

ckopoctb usbTpanud 10—6—10—3 m/c, kanumnsipHoe faBieHue B Hed-
TAHBIX TNJactaXx paBHo 10—4—10—2 MIla, a mnapamerp a2~ 10—8—
— 10—8 M%/c. Orciona ciepyet, uto nmapaMerp ¢ B ypaBHeHun (1V.28)
nopsigka 10—2—10—*, nostomy B KpylnHOMacliTabHOM NpHOJIHKEHHH
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YJeHOM, CONEpXalllUM &, MOXHO IpeHeGpeyb, T.e. 3allHcaTh BMeECTO
(1V.28)
0s/0t — div [f; (s) grad ] = 0. (IV.29)

YTo6sl HCCHeN0BaTh ofliHe CBOHCTBA NOJSA HACHIIEHHOCTH Ha OCHOB
ypaBHenud (I1V.27) u (IV.29), nocneguue ynoGHee mepenucatbh B pas-
MEpHOM BHJle

dive = 0; u = —(ke (s)/p1) gradp, (1V.30)

mos/ot + F' (s) (u grads) =0, (1v.31)

rae @ = u; + #,-— CyMMapHas CKopocTb ¢GuJbTpauuH obeux ¢a3. Cu-
creMa ypaeuenu#t (IV.27) u (1V.29) saiuntuueckoro THna OTHOCHTEJb-
HO JiaBJIeHHS H THIep6o/IMUecKOro — OTHOCHTE/IBHO HAachIleHHOCTH. [las
ypaBHeHust (IV.31) MOXHO mNOJMYYHTH CeMEHCTBO XapaKTeDHCTHK, Ha
KOTOPOM BBINOJHAIOTCA COOTHOILUEHHUS

dx/dt = uF' (s)/m, dy/dt = vF’ (s)/m, (1V.32)

dzjdt = wF' (s)/m, ds/dt = 0.

CootHotuenusi (IV.32) npH 3agaHHOM MTHOBEHHOM IIOJie CKOpOCTefl
MOXXHO paccMaTpHBaThb KaK ypaBHeHHs paclipoCTpaHEHHA TOYeK c IOo-
CTOSSHHOH HachILIEHHOCThI0. PaccMoTpuM noBepxnocTh I' ¢ MOCTOAHHBIM
Ha He}l 3HayeHHeM HaCHIIEHHOCTH S (TaK HashlBaeMylo H30caTy), ypas-
HeHHe KOTopo#l ¢ (x, y, z, {) = 0. Torma u3 (IV.32) crenyer

Vi = (09/00)(09/0n) = unF" (s)/m, (1V.33)

rage V,— cKopocTb MepeMellleHHsl H30caThl 0 HOpPMalH K HeH; U, —
NpOeKLHA CyMMapHOH CKOpDOCTH (PMJBTpPAllHH Ha HopMalJlb K H3ocare,

B 3anade o BHITECHEHHH HECMEUIMBAIOIIHMXCA KHUJAKOCTEH B CHCTe-
Me CKBaXXMH MJH rajepefi 'paHHUYHBLIMH YCJIOBHAMH [J1s1 YpaBHeHHH
(IV. 30) u (IV. 31) sBasioTCA, BO-NEepBbIX, OGLIYHLIE YCJOBHA 11
NaBJjeHHd, 3ajlaBaeMble Ha CKBaXXHHAX HJH rajepesx INPH IBHXKEHHH
HecxkHMaeMbIX XUAKocTeH (cm. ra. 1I), H, BO-BTOpHIX, yCJOBHA A4
HACHIILEHHOCTH Ha HarHeTaTeJbHHX CKBaXXHHAx HJu ranepesx. Koraa
HarHeraeTrcs 4YHCTAast BHITECHAIOUlas ¢(a3a, HACHIIIEHHOCTb Ha KOHTY-
pax HarHeTaHHs JOJIKHA, OYEBHIHO paBHATbCA MaKCHMaJsbHOH  §*.
KpoMme Toro, Asns HacHLILIEHHOCTH [0JXHO OHTH 3alaHo HaualbHOe
pacnpeznenente s(x, y, 2, 0) =f(x, y, 2).

YpasHenus (1V.32) osnawaioT, YT0 MpH 3aJ1aHHOH CKOPOCTH (QHJIBTPA-
MY CKOPOCTb pAaclpOCTpPaHeHHs HaCLILEHHOCTH S NPONOPLHOHAJbHA
npousBogHOH ¢pyHKuuH Dakjaes — Jleseperra F'(s). TumuuHble KpHBHe
OTHOCHTEJILHOH DPOHHLAEMOCTH KaK A/ CMayuBalolleH, Tak H AJdA He-
cMmayuBaloiiell ¢a3sl BOTHYTH K OCH S, BCJeACTBHe 4yero GyHkuus F(s),
paBHasl TOXKJAECTBEHHO HYJIIO NPH S < S, H eJuHHIE IIPH S > s*, uMmeer
TOuky mneperu6a, a ¢oyHkuus F'(s) — makcumyMm (cMm. pHc. 37). [TosToMy
B COOTBETCTBHH C (opMynamu (1V.32) GOsblure 3Ha4€HHA HACHILEHHOCTH
BhITeCHsIIOIEH (a3oil s (HAa puc. 38 cuaeBa) MoryT «OOCOHATH» MeHbUIHE
(na puc. 38, nauymnas ¢ T = 0,5), BcsieACTBHe yero NOSBJAIOTCA MOBEPX-
HOCTH pa3pblBa (CKayKH), NpH Nepexoe yepe3 KOTOPhle HACBIUIEHHOCTH
MeHsIeTC] Ha KOHeUHYI0 BeJIHWHHY.
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[osiBneHHe CKAYKOB HACHIEHHOCTH CBSI3aHO ¢ NpeHeGpexeHHeM
4JIEHOM €O CTaplueii nMpou3BoiHOH B ypaBHeHHH (IV.28). Ckaukamu
HACHIUIEHHOCTH AaNMpPOKCHMHPYIOTCS 06JacTH, BHYTPH KOTODBIX BEJHK
grad s|, H NO3TOMY Hesb3sl mpeHe6peraTs IMOCJEIHHM YJEHOM YypaB-
Henun (IV.28). Ilpu Tounom pemennn (IV.28) BmecTo CKayKOB BO3-
HHKAIOT Yy3KHe o006JacTH ¢ OBICTPO MEHAIOIEACS HaCHIIEHHOCTHIO,
ACHMNTOTHYECKOMY HCCJIEI0BAHHIO paclpeleeHHs HAachbleHHOCTH B
3THX 30HAX MOCBSIUEH cJelyoIHH naparpad.

[Mpexne ueM HccaefoBaTh (POPMHpPOBaHHE H 3IBOJIOLHIO CKayKOB
HaCHIEHHOCTH, BBIBEJeM COOTHOLIEHHs], Bhlpa)KalllHe YCJIOBHA CO-
XpaHEHHs] Macchl H 1aBJIeHHA Ha HUX.

[TycTh CKauOK HACHIUIIEHHOCTH TNPOXOAHT Yepe3 LUHMJIHHIPHYECKHH 3Je-
MEHT NOpHCTOH cpeftl 06BEMOM Q, BHIPE3aHHBIH MO HOpMANH K IOBEPX-
HOCTH CKAuKa H OT paHHYEHHEIH yYacTKaMH NoBepXHocTell L, NapaiebHbIX
IIOBEPXHOCTH CKauKa, HAXONSUIMXCS HA PACCTOSHHH An OT Hee. YcJOBHe
COXpaHeHHs MacChl nepBof ¢a3bl B 3JEMEHTe HUMeeT BHJ

d (ngd(D) /dt —]— gul,,dc =0, (IV34)
Hanee
d (§ msdo)idt=mV o (s——s) ¥+ 0 (X/R?, (IV.35)

Tje S—, ST —COOTBETCTBEHHO HACHILEHHOCTH 32 U 10 CKauka; R — paauyc
KPHBH3HBl NOBEPXHOCTH CKauka; V.. — CKOpPOCTb IMepeMellleHHs] CKayka
o HOpMaJu K HeMy. Pa3HOCTh NOTOKOB BHITECHSIOUIEH XKHMIKOCTH 4epes
ceueHHs, NapaJie/ibHble NOBEPXHOCTH CKaukKa, paBHa (uin—uit) Y, rze,
U1, — NPOEKIHS CKOPOCTH GuJabTpanuu Nepsoil (asbl Ha HOpMaJdb K IO-
BepXHocTH ckauka. [ToTOK, cBsizaHHBIH c KacaTeqbHOH cocTaBJidoUleH,
HCUe3aolle Masl MpH cTpeMieHud An K Hymo. Torza ycjoBue coxpaHe-
HHs Macchl NepBOH MKHIKOCTH IPH CTACHBAaHHU 3JeMeHTa £ K YYacTKy
NOBEPXHOCTH NPHUMET BHJ

Ve = (tin — tin) /m (s— — st). (IV.36)

YenoBue coxpaHeHHS Maccehl BTOpoil kuakoctd ¢ yuerom (1V.36)

CBOJAHTCS K YCJIOBHIO HENPEPLIBHOCTY HOPMAJbHOR cocTaBJasAOLIE] CYyM-

MapHOH CKOpOCTH (HJBTPAaLUM NDH Nepexoie uepe3 MOBEPXHOCTb Pas-
poiBa:

— - — T —
PHUC. 38. K dopmupoBanni He- Uin + Uon == Un = Un = Un.

O1HO3HAYHOTO pacnpeneieHns U3 (IV.30) u (IV.17) HeTpyamHO nomy-
HachIIIEHHOCTH K 3aaauye Baknea — YUTh
JleBeperra

s wm = FS)u, us=(1—F(s))u. (IV.37)

19
770 os j Ot ¢GOpMyJaH MOKAa3bIBAIOT, YTO IO
>N ¢dusHueckoMy cMblcay ¢yHKIHs Dbak-

70 \ Jgea — Jleeeperra F(S) BhipaxaeT AOJIO

nepBoil ¢asbl B notoke (npu npenebpe-
KEHHH KamuaJaspHbiMH cuaamu). [loa-
n 05 = craBasst ux B (IV.36), umeem




Ve = [F(s—) — F (s7)] tn/m (s— — sT). (1vV.38)

Kpome ycaobuit (IV.36) Ha ckauke J0JKHO BBHIIOJHATBCS YCJIOBHE
HEeNpPepHBHOCTH JAaBJEHHS, KOTOpOe CBOJHTCH K CJHELYIOUHM COOTHO-
HIEHHAM:

(Op/Od)— = (Op/ody+; i fust =g (D) fe(s7),  (IV.39)

raie § — HanmpaBneHHe MO KacaTeJqbHOH K IOBEPXHOCTH CKauKa; Uy —
NpOeKUHsI CKOPOCTH (HJALTPALUH Ha 5TO HanpaBJjeHHe. PasnHuune Kaca-
TeJNbHBIX H COXPaHEHHe HOPMAJBHBIX KOMIOHEHT CKOPOCTH (bUJIbTpaluH
NpHBOAHT K H2JOMYy JWHHHH TOKa NpH Nepexoje yepe3 CKauoK.

PaccmorpuM moapoGHee BO3HHKHOBEHHE H PacHpOCTpaHeHHe CKay-
Ka B OJHOMepHOM cJayuae, Korja BMecto ypaBHeHHH (IV. 30) u
(IV. 31) umeem

mas/ot + uF’ (s)0s/0x = 0; u = u(f). (1V.40)

ITycTb HayaJabHOE pacrpejeneHye HachlleHHOCTH MOHOTOHHO S0 (x)<0.
Uz (IV.32) nonyuum peieHue ypasHeHus (IV.40) B Buze

t
x=xo(s) + UF'(s)/m; U= S, u(z)ds. (IV.41)

Iockoabky ¢yHruMa F'(s) uMeeT MakCHMyM, (opMasbHOe pelleHHe
(IV.41) npH poctaTouHO GOJBIIHX BpeMEHAX CTAHOBHTCS! HEOJHO3HAYHEIM,
(aKTHYeCKH Xe B MOMEHT [,, KOrja KacarenbHas K KPHBOH S(x, f,),
onpeneasieMol qopmyaoit (IV.41), craHoBHTCS BepTHKANBHOH, BO3HHKAET
CKayoK HachlllleHHOcTH. Y13 dopmyael (IV.41), sanucaHHOH Jis HachilleH-
HOCTH Ha CKauyKe s— = s,, NoJayuuM, aucddepeHuupys no ¢:

dx./dt = [uF'(s.)l/m + [UF"(s;) + xo(s.)| ds./dt. (1V.42)

Hanee, npupasuuBast (IV.42) BbipaxeHHIO /I CKOPOCTH CKauKa
(IV.38), noayuum auddepeHUHANbHOE YpaBHEHHE [J1 HACHILEHHOCTH
Ha CKauke S;:

dsc/dt = u [F(sc) — F(so) — F'(sc) (sc — So)l/ (Sc — 80) [UF"(sc) -+
+ mxo (sc). (IV.43)

Yto6bl olpefiesIHTL 3HaYeHHe Sy = s+, Bxogsuiee B ypaeHeHue (IV.43),
HY2KHO HCIOJb30BaTh YCJIOBHE X (S) = X (Sp) HJH

UF'(sc) + mxg (o) = UF'(so) + mxo (So)- (IV.44)

U3 ypasnenuss (IV.43) caepyer, 4To ec/iH HachlleHHOCTb Ha CKauyke
IpH ero pacnpocTpaHeHHH OCTaeTcsl HeH3MeHHOH, TO OHA JOJIKHA YJOB-
JIETBOPSITh COOTHOLLUEHHIO

F'(sc) = [F(sc) — F(s0)]/ (Sc — So)s (IV.45)

BrepBble nosnydyeHHomy Dakjeem u Jleseperrom. OHO O3Hauaer, 4TO CKO-
pOCTb pacnpocTpaHeHHsl CTAallHOHADHOTO CKayKa DaBHA CKOPOCTH pac-
IIpOCTpaHEeHHsT HachIIEHHOCTH HAa cKauke —cM. (IV.33)n (IV.38). ¥Ypas-
Hende (IV.43) mas s, = s~ noaydeHo C. H. Bysunosbim M. A. UaphbiM.

Yenosue (IV.45) ponyckaeT NpocTylo reoMeTPHYECKYIO HHTepIpeTa-
LHIO Ha IJIOCKOCTH nepeMeHHbIX F, s: 3HaueHHe S; HAXOAHMTCS KaK TOYKa
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KacaHus npsmofi AB, npoBeleHHOH H3 TOUKH S=S;, K KPHBOH F(s)
(puc. 39). Ilpu 3ToM TaHreHc yrsa HakJoHa npsaMod AB k ocu s mpo-
NOpUHOHANEH CKOPOCTH CKauKa.

Ecnu HadanbHasi HacHEHHOCTb Sp MOCTOSIHHA, a BO BXOJHOM ceye-
uuu x = 0 BoimoaHsiercs yciosue s(0, f) = s*, TO pacmpenenenue Ha-
CHILIEHHOCTH ONHCHIBaeTCA KJaccHUecKHM pelleHHeM Baknes — JleBeperta

x=UF'(s)\m, (s* >s>5s), x=UF'(s;)/m, ($o< s<S.),
= so opu mx/U > F'(s,), (IV.46)

B KOTOPOM HaCHIllle HHOCTb Ha CKAYKe [TOCTOSIHHA H YAOBJIETBOPSIET YCAOBHIO
(IV.45) npu s = const (puc. 40).

Briie paccMoTpeHH! 3aa4d O BHITECHEHHH A1 MJIOCKOINApaselbHOro
ofiHomepHOro TeueHusi. OfHako HETPYAHO NOKa3aTb, 4YTO pellleHHs
(IV.41) u (IV.46) onuchIBalOT TakxKe MJIACKO-pafHaNsHOe H CepHUeCKH-
paguasJbHOE TeueHWe JIMIIb ¢ 3aMeHOM KOOpAMHATHl x Ha r?/2 u r3/3
COOTBETCTBEHHO. JI/1 CTAUHOHAPHOTO LHJIHHAPHUECKOTO HJH chepHuecKo-
ro CKayka OCTaercsl clpaBejHBbIM H ycJaoBue bakmes — JleBeperta
(1V.45)

Jna ofwero mpocTpaHCTBEHHOrO IBHXKeHHs BblpaxeHue (IV.38)
MOXKHO HCNOJIb30BaTh J/IS ONHCAHHS 3BOJIOLHH NOBEPXHOCTH CKauka
$e (X, Y, 2, t), TIOCKOJBKY

Ve = (99o/00)/(99/0n). (IV.47)

ITyctTb B HeKOTOpHIA HAyanbHbI MOMEHT BJIOJIb MOBEPXHOCTH CKauka
HACBHIIEHHOCTb TIOCTOSIHHA W BhiTosiHseTcss yejosue (1V.45). Ilycrs,
KpOMe TOro, Be3file 3a CKauyKoM (T. e. CO CTOPOHBEl KOHTYDPOB HarHeTaHHs )
s> Sg F'(S) < F'(s;), T.e. HacBIIEHHOCTH 3@ CKAYKOM B €T'0 OKPECTHOCTH
He «OOTOHSIOTY HACHIUIIEHHOCTh Ha CKAayKe B COOTBETCTBHH C YCJIOBHSMH
(IV.32) u (IV.33), a nacbnueHHocTb Sp nocrogHHa. Torma, oueBHiHO,
CKaYOK M M30CaTa s = s, OYAYT pacnipoCTPaHsATECH COBMECTHO, T. €, yCJO-
Bue (IV.45) Gymer BHINONHATbCA B TeyeHHE KOHEYHOTO INPOMEXYTKa
BpeMeHH. B uacTHOCTH, €c/qi HayajbHAasd HACbIIEHHOCTb MOCTOSIHHA,

PHC. 39. K rpaduueckomy mo- PHC. 40. Pacnipesesiense HachILeH.
cTpoeHHIo peeHus Bakies — Jle- HOCTH MIDH ABTOMOJEJbHOM pelle-
BepeTTa Ha IUIOocKocTH S, F; HHM 3anaun Baxnes — Jlepeperra;
¢yHiuan F(s) Ta ke, 910 Ha pHc. 37. ! — pna nporunuaeMocrel!, nOKaaaH-
S S HbIX Ha pHC. 37; 2 — ny1a NPAMOJTHAEH-
F “ HBX OTHOCHTEJbHBIX HpOHHuaEMOCTeﬂ
(po = 0,5)
SN vy
\ 2
7
s Fi(s)
' ——l
0 \
05
J -
/”"—-h
v
7/
Sof— —— - —— - \
A ] 0
] o s ()} 1.0 20 uT
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a Ha HarHeTaTeJbHHX CKBaXKHHAX paBHa $*, TO B OKPECTHOCTH CKBa-
XHH B Hayajleé BHTECHEHHs ocyllecTBjsiercss pelleHHe baknes — Jle-
BepeTTa AJs MJIOCKO-pajHaslbHOro TeueHHs. B TakoM ciyyae Ha 00-
pasymolluxcsl CKaukax ((ppoHTax BHITECHEHHs) HAaCHILIEHHOCTb OIMpe-
Jlensietcss no cooTHoweHuo (IV.45) u B panbpHeHlieM npH HCKPHBJE-
HHH TOBEPXHOCTH CKauykKa NpPOJOJXKAeT OCTABAaTbCs MOCTOAHHOH M
paBHOH S.. Bunonnumocts ycnosus Bakies — Jleeperta B 06lUeM
clyyae IJIOCKOTro BHTecHeHHs Obina oTMeuera I. Il. Lb6yabckum.

YUacTHb e cayuau PaccMOTPHM HEKOTOPBE YacCTHHE CiydaH
OZHOMEpHOH 3a/laud BHITECHEHHs M cJeAcTBHs H3 (opmyn Dakies —
JleBeperTa.

O6pasoBaHHe CKaYKOB HACHIUEHHOCTH CBA3aHO C CYLIECTBOBAHHEM
HHTEpBaJIOB H3MEHEeHHS S, Ha KOTOpbX QyHKUHA F(S) HMMeeT BOTHYTYIO
¢opmy. B 3aBHCHMOCTH OT BHAAa KpPHBbIX OTHOCHTEJbLHOH NpPOHHIA-
€MOCTH H OTHOILIeHHf BfI3KOCTeH BO3MOXKHO KaK OTCYTCTBHE TaKHX HUH-
TepBaJiOB H, CJeJ0BaTeJbHO, CKAYKOB HACHILIEHHOCTH, TaK H 06pa3oBa-
HHe HeCKOJIbKHX CKaukoB. PaccMoTpuM cJyda#l, KOrjia OTHOCHTeJbHbIe
NPOHHIIAEMOCTH MOTYT CUHTATbCsi MPONOPLHOHAJIbHBIMH COOTBETCTBYIO-
UMM HaCHIIEHHOCTM, T. €. fi=s, fo=1—s. TakuMH OyHKUHAMHA
MOXHO OINHCAaTh COBMECTHOE TeueHHe B3aHMHO CMeLIMBAIOUIHXCA
JKHIKOCTel, Korja pacnpejejeHHe (a3 B 10pax TNOJHOCTBIO CJY-
JaflHO M He CBfI3aHO C KaNWIJASIPHBIMH CHJaMH, MNpHYeM Kaxjaaf
13 (a3 coxpaHseT MOABHKHOCTL NpH J1060# HaceeHHocTH. Torxma

F(s) = s/[po + (1 — o) 8, F'(s) = po/lpro + (1 — po) 8)%
F7(s) = — 2p0 (1 — o) / [0 + (1 — o) 2. (IV.48;

N3 (1V.48) crenyer, uto dyHkuus F'(s) coxpaHsieT 3HaK INpH JIOGHIX
s, IpuyeM, ecaH po < 1, T0 F'(s) < 0, u o6patHo: ecau po>1, T0 F'(5)>0.
B nepBoM u3 3THX cayyaeB no ¢opmy.e (IV.37) nonyuyaeM HenpephlBHYO
MOHOTOHHO YOBIBAIOLLYIO 3aBHCHMOCTD §(x) npH Jiobom {. Bun pemenus
Baknes — Jlereperra npu ycaoBuH, uto ¢yHkuus F(s) Bbipaxkaercsi ¢op-
myqaof (IV.48) u po=0,5, mokasan Ha puc.40 BMecTe cC pelleHHEM
Baknes — JleBeperta a1 OGbIUHBIX (DYHKUHH OTHOCHTENBHOH NPOHHIA-
eMocTH. Ecam poe>0, npousBopHas F”(s) HHI'Ze He OTpPHLATeJbHA.
BcaenctBHe aToro HempephiBHOe pellieHHe, cooTBeTcTBylollee (IV.37),
He cyulecTByeT. PellleHHe cO CKaYKOM COOTBETCTBYeT NpefebHOMY
C/Tyyaio «NOPIIHEBOTO» BHITECHEHHS:

s=1x<Um);, s=so(x > Um). (IV.49)

®H3HYeCKH 3TO O03Ha4aeT, YTO ec/H BSI3KOCTb BHITECHsIOMlefl ¢a3bt
Co/bllle, YeM BHITECHSIEMOH, Ipollecc BhHITECHEHHs] HMeeT IODIIHeBOH
xapakTep. Ecsu e GoJiblile BA3KOCTb BhITeCHsIeMOH ¢ha3kl, (PPOHT BhITeC-
HeHHsl «pa3MhiBaeTcsi». KauecTBeHHOe pas/iHyHe BHIA peleHHs NpH 3Ha-
YeHHAX NapaMeTpa o, O0JIbIIHX H MEHbIIHX eHHHIB, CBA3aHO C BONPOCOM
06 yCTOHYHBOCTH ()pOHTA BBHITECHEHHS, pacCMaTpHBaeMbIM B § & macros-
el raasbl. Pewenus ypabnenus (IV.40) ¢ ¢yukuueit F(s) Buga (IV.48)
paccmarpuBannch A. M. [lupBepsiHOM B CBfi3M C 3afauell 0 NepeMellle HHH
BOJIOHE(TAHOTO KOHTAaKTa.
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OnHOH W3 NpPAKTHUECKH BaXCHbIX XapaKTePHCTHK BBITECHEHHs HedTH
BOJIOH sBJsieTcs Ko3ddHUHEHT HedTeOTHAYH, T. €. NOJs BHITECHEHHOH
He(TH OT NepBOHAYAJIBHOIO €€ COlepXKaHHs B NOpHCToH cpeje. M3 aBTo-
MOJIebHE X pelueHuil BHAa (IV.46) MOKHO NONYYHTb NMpPOCTbIE COOTHO-
IIeHHs1, NO3BOJISTIONHE OLUEHHTb 3aBHCHMOCTb KoaphHIHeHTa Hed)TeOTAAYH
or o6peMa NpoKayaHHOH XXKHIKOCTH H OTHOIWIEHHA BsAsKocTel ¢as. [Tycthb
BbITECHEHHE MNPOMCXOAHT H3 3/eMeHTa TPYOGKH TOKa MEXIY ceueHHAMH
x=0u x=L npu s(x, 0) = sp = const. [locko/IbKY yCJIOBHS B BBIXOJ-
HOM CeUeHHH A = L He BJHSIOT Ha pelleHue 3afaun baknes — Jleeperra,
tdopmyasl (IV.46) cnpaBeanusbl aasa ofpasia KOHEYHOH JJIHHH L, npuyeM
HachIIEHHOCTL B BLIXOAHOM CEUEHHH HaXxoautcsi no dopmynam (I1V.42)
nau (IV.46) kak s(L, {).

[TycTb HacLIWEHHOCT B BhIXOjHOM CEYEHHH X = L, Si paBHa WJH
6oJiblle HACKIIIEHHOCTH HAa CKayKe S, onpejensiemolt popmynoh (I1V.45),
T. €. PacCMaTpHBAIOTCS MOMEHThl BDeMEHH MOCJIe NpOpLIBa BhlTeCHAONIEH
KHUIKOCTU yepe3 BbIxonHOe ceueHue. [lis HacbliieHHocTH npu x =L,
§ = S, BBIMOJIHSIETCS paBEHCTBO

F'(sy) = LiUm. (IV.50)

CpenHsia HaCHIUEHHOCTb B paccMaTpHBaeMoM yuacTke ¢ yuetoMm (IV.46)

paBHa
SL

L
s=L~ g sdx = (F'(s.))~' [ sF'(s)ds = s, + (1 — F(s)) /F'(s.) —

— s* F' (s*)/F' (s). (IV.51)

O6biuno BHA GyHKIHE fi (S) M fa (S) TaKOB, uTO f7 (s*) = O 1 fi (s,) = O,
otkyaa H F'(s*) = 0. Torna, no YanmxKy, cBS3b MEXAY S H S, NPUMeT BHA
s=s5.+ (1 — F(s.)) /F'(s.). (IV.52)

Orclona cJenyer, UYTo NpH 3aZaHHOM S; 3HAueHHe S MOXHO HaHTH
¢ NOMOHIBIO NPOCTOrO MOCTPOEHMS] Ha MNJOCKOCTH F, s, yKasaHHOro Ha
puc. 39. B uacTHOCTH, CpeAHsisl HACHIEHHOCTh NPH NPOPHIBE BHITECH STIOMIeH
(a3bl HAaXOJHTCS1 Ha MNepeceueHHH KacaTeJabHOH K F(s) M3 TOYKH Sp, F(So)

(natoweit 3Hauenue sc) ¢ NpsaMoit F = 1, 3Hast s, HETPYAHO HAHUTH KO-
¢buHeHT Heq)Teomaqg 1 4 obpaTHO: _
n = (s— so)/(l —sg); s= (1 —s0)q + Sq- (IV.53)

Kpome onpenenennss xospduunenta Hedreornauu, ¢opmyas (IV.51)
u (IV.b2) MoxHO uCMOAB30BaTh I/ HAXOXAEHHS BHIA QyHKuuH F (s)
IO 3KCMEPUMEHTAJIbHBIM JaHHBIM, NOJYUYEHHBHIM MPH BBITECHEHHH HedTH
Bofofi. Mamepsis pacxoasl HedTH M BOABI ¢ W ¢y B KAXKJABIH MOMEHT
BpeMEeHH, MOXXHO HAaHTH MO HUM TeKyllee 3HaueHHe GyHKuu# F, coorser-
CTBYIOLEe HACBHIEHHOCTH B BBIXOAHOM ceueHHH Si: F(SL) = q/(q1 + g»).
Hanee, no texyuei HebTeoTIaue MOXKHO HAATH 3HAUEHHE S B JIOGOH MOMEHT
sBpeMeHH. Ilocsie 3TOrO 3HaYeHHe S;, COOTBETCTBYIOMEE JaHHOMY F, MOXKHO
onpexeauts no ¢opmyae (IV.51) ¢ yuerom (IV.50):

st =s—Um (1 —F)/L. (IV.54)

Ha ocHoBe asToMozesbHOrO petnenusi Baknes— Jlesepertra, 1. A. ¢-

poc [48]) u psx Apyrux HccjenoBaTeaed NPeaoKHAH GOPMYJbI, MO3BO-
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ASIOLIHE OlpeJeNHTh MO JaHHBIM BbITECHEHHS He(TH BOAOH B JIHHEiHOM
obpasiie He TOJbKO (GYHKHHUIO F(S), HO H OTHOCHTEJ/IbHBIE IPOHHHAEMOCTH .
st nvuHeAHOTO BEITECHEHHS MOCJe NPOPHIBA BhiTeCHAMIeH ¢ashl nepenag,
LaBAeHHs Ap MOXHO BbIpasHTb QopMyJol, caepywoomeir H3 (IV.41):

SE
Ap = wugUmk="§ F'(s)lf: (s) -+ pofa(s)]~'ds. (1V.55)

3amenuB B cooTHoweHuH (IV.55) nepemeHHyw s Ha F' = dF/ds,

HOJNYYHM
FL

g (F/f) dF" = Dp (f) kFL /uo () piL, Fr = F'(sy). (IV.56)

ITonaras RApjug () p L =11
u Lubdeperunpys cootHowmenue (IV.56) no U =mL/F;, naiineM pas
fi (s):

fi (sp) = F/[I1 — U (dl/dU)). (IV.57)

Bce BeaHuHHBI, BXoJsllHe B npaBylo yactb (IV.57), MoxHO BHuUHC-
JHTb 0O pe3yJbTaTaM H3MepeHHH HHTerpasibHEIX XapaKTepPHCTHK INpo-
liecca BHITECHEHHS H Tmepenajaa JaBJieHHs.

Cxemoit Bakness — JleBepeTrTa MOXHO ONHCaTh TakXe OJHOMEp-
HOe ByX(¢a3HOe TeueHHe ¢ YUETOM CHJHl TsiKeCTH. B kpynHomaciuta6-
HOM NpHOJHXKEHHH, T. €. B 00J1aCTH, Ile MOXKHO IpeHe6peub BJAHSHHEM
KalmHJJISIPHBIX CHJI, BbIpa)KeHHe 3aKOHa (DUAbTPALHH ABYX(Pa3HOH XKHI-
KOCTH C YYETOM CHJIBl TSIXKECTH HMEET BHI:

uy = — (kfy (s)/ p1) 0 (p + p1g sin a)/0x,

U = — (kf2(S) / p2) 0 (p + oog sin a)/dx. (IV.58)
Ilpu stoM ocb x HanpaBaena BBepX, 0 < a<%.

YpaBHeHHSI Hepa3pBLIBHOCTH COXPAHSIOT AJS1 NPSIMOJHHEHHOrO Teye-
HUS BHJ

mos/Ot + Ouif0x = 0, wy + uy =u(f). (I1v.59)

ITpocTrie npeo6pa3oBanys NPHBOAAT K OAHOMY YPABHEHHIO AJIS S, eCIH
u (t) 3agaso: ’

m0s/0t + udF (s)/0x — Wa[fa (s) F (s)] /0x = 0, (IV.60)
rae W = (kg/p2) (p1 — po) sina,
) = ulF (s)— Wf, (s)F (s).

Pewrenne ypaBnenust (1V.60) onpenensercss HHTErpHPOBaHHEM CHCTe-
Mbl ypaBHEHHE XapaKTepHCTHK

dx/dt = u () F' (s) — Wdf,F/ds;, s= const. (IV.61)

Ecnn xapakTepHCTHKH, onpejedsemble ypaBHeHuamu (IV.61), nepe-
CEKaloTcsl HA MJOCKOCTH X, f, 1/ OTBICKAHHS DelleHHsl, HMeoLlero
GusHueCKHi CMBICJ, HYXXHO BBOAMTH CKauKH HaCBUUEHHOCTH. Y CJOBHS
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Ha CKauyKax CHOBa BeipaxaioTcsi gopmyaamu (1V.36) u (IV.38), rae smecro
F (s) cnepyer nopctaBHTb (YHKUHIO U (S, f) = uF — W[, F

OcoGelil HHTepec NpencTaBAsieT Te4eHHe NPH ycaoBHH u (f) = 0, uto
COOTBETCTBYET pa3fesieHHIO (a3 MOJ HeHCTBHEM CHJIBI TAMKECTH (FPaBH-
TallHOHHAs cerperauns). Ec/H naact HeorpaHuuen No TOMIHHE, @ )KHAKO-
CTH BHayaze pasjesieHbl Pe3KOi TOPH3OHTANbHOM rpaHHuell, npuyeM 6oJlee
TSKeNAs MUAKOCTD HAXOAMTCA CBepXy, T.e. s=1 npu x>0, s=0
npu x <0, pewenue ypasHenusi (IV.60) npu u = 0 moxeT 6biTh 3anu-
CaHO B BHJe

E=xm/Wt= —d (f,F) /ds. (IV.62)

Qyukuus § (s) =f,F, TuNHUHBLT BUL KOTOPOH H306paxkeH Ha puc. 41,
HMEET 1Be TOUKH Neperufa, UTo BhI3bIBAET BO3HHKHOBEHHE JBYX CKAYKOB,
Ha KOTOPRIX [ OJKHO BBINONHATHCA YCJIOBHE

dxc/dt - Ec = N) (sc) - q) (SO)] / (se - SO)- (IV63)

[nst CTalMOHApHOTO CKauKa NOJKHO BBINONHSATBCH YCJAOBHE, aHAJo-
ryunoe (1V.19):

b (8e) = [$ (Se) — ¥ (So)] / (S~ — sp). (1V.64)

Cor/iacHO 3TOMY YCJIOBHIO, HACHIUIEHHOCTH Sei H Sc» HAXOAATCS C I1O-
MOILBIO T'DA(UUECKOro MOCTPOEHHSI Ha IIOCKOCTH ¢, S, OKA3aHHOrO Ha
pHc. 41. CooTBeTcTBYyIOIast KapTHHA PACPOCTPAHEHHS CKAYKOB HA ILIOC-
KOCTH §, £ NMoOka3saHa Ha pHc. 42.

[pepniaraeM 4uTaTes 0 CaMOCTOSITRNLHO HCCJENOBATh ABHKEHHE, BO3-
HHKawlee, Koraa npu Beex x>0 s(0, f) =s = const, s, < 5 < s¥,
TpaHHNa ¥ = () HENPOHHILIAeMa, YTO COOTBETCTBYET CerperaldH paBHOMep-
HO pacrnpejesieHHBIX (a3,

§ 3. CrpykTypa TeueHMs NpH MeaKOMaclITaGHOM ONMHCAHHM.
Crabunnsuposannas 3oHa. KanuaasipHele apektbi B mopu-
CTbIX Cpeaax.

CrabuausupoBaHHas 30Ha. [Ipy KpynHoMacliTaGHOM acHM-

NTOTHYECKOM OINNHCAHHHU BBITECHEHUA HECMEmHUBAaIOUWHXCH )KH}IKOCTGF[ BO3-
x/T

$(s) 2
| 20 A
|| \
pi! A
0,04 rf 1.0 \‘
|
\ |
:. : . Sel \
| | \\ 05 If seq 1,0ls
0,02 t
1 . \
| | 10 ¥ 1
|| vy
L ~20 \
\
0 05850 S e
-3,0

PHC. 41. K nocrpoennio  pe-
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HOH cerperauuu Ha I[WIOCKOCTH
Y(s) h=s% fy=(1+5) X
XAl —38)pB p=1, 0

PUC. 42. Pacnpenenenne Ha-
CHIEHHOCTH /ISl ABTOMOKE/b-
HOTO peWIeHHS 3ajayH o rpa-
BHTAUMOHHOM Cerperaum-



HHMKAIOT MOBEPXHOCTH pa3pblBa — CKauKH HacblieHHOCTH. I1pH pemenun
nosHo# cuctembl ypasHeHH# (IV.19) u (IV.20) UM cOOTBETCTBYIOT y3Kue
30Hbl ¢ GOJBIUHMHA 3HaueHHAMH |grad s|. [lna onucaHus pacnpeneneHus
HACBIIEHHOCTH B NepeXOJHOH 30He, COOTBETCTBYIOLIEeH CKayKy, BBeleM
B OKPECTHOCTH HEKOTOpo#H TOYKH O NMOBEpXHOCTH PaspblBa HACHILEHHOCTH
JIOKaNbHYI0 J€KapTOBY CHCTEMY KOOpPAHHAT C LEHTPOM B 3TOH TOHUKe.
Ocb X HanpaBHM N0 HOpPMaJdH K NOBEPXHOCTH PasphiBa M BBEJEM BIOJb
3TOH ocu MacluTab / = eL, rje, Kak u panee, ¢ = a*/uol (ug = kAp/wiL),
T. €. noJjcxkuM GeapasMepHYIO KoopauHaTy X paBHOH X/I, COXpaHHB
Y = y/L, Z = z/L. MacmuTa6 BpeMeHu npuMeM PaBHbIM {o = ljuq = a2/ug
U NOJIOXKHM t = I/fy = ugt/a®. Torna cuctema ypasnenuit (1V.19), (IV.20)
npH npeHe6pexxeHHH YJEHAMH NOPAJKA e H Bblllle CBeJeTCA K caeaylomei:

Olo(s)0M/3X]/0X =0, ()0 /0X =— (Y, Z, 1), (IV.65)

0s/0t + (w/m) F' (s) 05/0X — 32 ® (5) /0X? =0, o= u/us. (1V.66)

Cucrema ypaBHeHHH 1BYyX(a3sHoH (HJBTpaIHH CBeJach K OJHOMEpEOMR
BBHJY TOTO, UTO PaJHYC KPHBH3HBI NOBEPXHOCTH pasphbiBa, OlpenesseMbld
YCIOBHAMH BHCILUHErO TEYEHHS, HMeeT NOPSAOK L M Bce BTOpHIE IIPOH3-
BOJHble 10 KOOpAHHAaTaM Y H Z BXOJSAT B YpaBHeHHS ¢ KO3(pdHIIHeHTaMH,
[IPONOPUHOHAJNbHBIMH €, a TNPOH3BoAHbe Mo X —c Kos(pduinenTamu
nopsifika eJMHHILBL.

B npeaenax nepexoiHOH 30HH, IJle TeueHHe MOXHO CUHTaTh OJHO-
MepHBIM, CYMMapHas CKOpocTb ® ¢GuabTpaiHi o6enx (a3 BAoJAb OCH
X He 3aBHCHT OT «GHICTPOH» KOOPAHHATH X, a 3aBHCHT TOJbKO OT «<MeJJIeH-
HBIX» NepeMeHHbIX — BPpEeMeHH T H KOOpJHHAT Ha NOBEPXHOCTH CKayka
Y u Z. VsmeHenue CKOpOCTH o MpDOHCXOJAHT 2a BpeMeHa nopsiika L/ug,
T. e. 6osplude B MacliTabe BHYTPEHHEro pasJIOXKeHHs. ¥ CTaHOBJIEHHE
pacnpelieeHHs1 HacbllleHHOCTH BJOJb IIepeXOfHOH 30HBl TIPOHCXONHT
3a BpeMs fy = a2/uj, T. €. MHOrO GbicTpee, UeM H3MeHEHHe CKOPOCTH.
[TosToMy npH acHMITOTHYECKOM HCCJEIOBAHHH TeYeHHS] B NepeXOHOH
30He (BHYTpeHHee PasNoXKeHHe) CKOPOCTb w MOXKHO CUHTaTh IOCTOSIHHOH,
a pacrpejieleHHe HaCHIEHHOCTH — CTalHOHAPHBIM B KOOpPJAHHATaX, CBA-
3aHHBIX CO CKauyKOM.

¥Ypasuenue (1V.66), onucbiaiomee ogHOMepHOe BbITeCHEHHE HecMellH -
BalOIHXcA XHIKOCTEH C y4eTOM KalWJJIspHBIX CHJ, HasblBaercs ypaB-
HenHeM Panonopta — Jluca. OcHoBHOe 3HaueHHe HMeET €ro pellleHHE
THDA Oeryinei BOJIHBI

=5((); =X —V%; V0= V/u,, (IV.67)
rae V —ckopocTb pacnpocTpaHeHHsl CKauKa, ONpejesisieMast U3 BHelIHero
pasJsoxenusi. IMeHHO 3TO pemreHHe onuchiBaeT pacrpezeeHHe HAChIMEH-
HOCTH ITONepeK CKAauKa, IOCKOJbKY BHYTPEHHSAS CTPYKTYpa CKauka OueHb
6bIcTpO npHcnocabaHBaeTCsd K H3MEHEeHHI0 BHELIHUX TapaMeTpoB. B cuny
6oablnoro pasanyus MacmtaboB ! u L (I € L) ROMKHBI BHITNOJHATHCSH
rPaHHYHbIE YCJIOBHA CPalllHBaHHA:

s(— ) =85" =15, (4 o) =5t = s0, (IV.68)
rie s~ =S, B St = 5y —COOTBETCTBEHHO HACBHIIEHHOCTH 3a M [epej
CKayKoM, OonpejesisieMble H3 BHelHero pasnoxenus. B 3anaue bakies —

137



JleBepeTTta oHu cBsisaHbl cootHouieHHeM (IV.45). Cxopoctb pacnpoctpa-
HeHHs noBepxuocTH paspbiea V® B pasencrse (IV.67), onpenensietcs
dopmymoit (1V.38).
Hcnonwsys (IV.67), monyunm Bmecto (IV.66) ypaBHeHue
— mV's/d L+ oF’ (s)ds/d — md [®' (s)ds/dC)/di=0.  (IV.69)
Uurerpupys ypasuenue (IV.69) nmo { ¢ yuerom ycuaouii (IV.68)
H paspeuniasl OTHOCHTe/NbHO d{/ds, HMeeM
di/ds = m®’ (s) ] [o (F (s) — F (s0)) — mV? (s — so)]. (IV.70)
Orciopa ¢ yuetom ¢opmyast (IV.38) zas ckopoctH ckauka V

S
n

m(sc——ao)‘s @' (s)ds
o JFO—F Gl (se— 50— IF Cor—F ()l G—5o)»

(1V.71)

rae Si(So < 51 < S;) U (g — NpOH3BOJIBHO BhIGUPAaeMOe Haya/J0 OTcYeTa
koopaHHAT. Eciii cKayok cTauHOHApHbIA U BbiNoJHAeTCs yeaosue (IV.45),
to BMecto (IV.71) umeem

s

B m ®’ (5) ds
(—0 = SF O—F (o) = F () C—%)° (IV.72)

C—0 =

1

y
St
®opmyna (IV.72) onuceiBaeT pacnpejelieHHe HACHILEHHOCTH B Nepe-
X0nHO#H 30He (puc. 43), KoTOpasi BBHIY CTallHOHAPHOrO pacrpejeseHus
B HeH HachleHHOCTH TPAJHUHOHHO HAa3blBaeTCsl CTaGHJIM3MPOBAHHOMN
aoHol. [lupuHa cTabUAM3UPOBAHHOMN 30HLL § ONPENE/IACTCS KaK PaccTos-
HHE MeX]y TOYKaMH, HaCHIUIEHHOCTH B KOTODHIX OTJHYAIOTCS OT hpe-
JIeNIbHBIX S, H So HA HEKOTOPYIO Maldyio BelMHYHHY of, T. e. Kak
8= C(sp+ ) — I (s — ).
B pasMepHbIX nepeMeHHbIX HIHPHHA CTaOHIM3HPOBAHHO 30HbI I3 =a2d/u,,
T. €. 06paTHO MpONOPIIHOHAJIbHA CKOPOCTH (UAbTPALHH HJIH CKOPOCTH
cKayka.
3HameHatenb MOJbIHTerpajbHoro BhipaxeHuss B (IV.71) nopsaka
A(s—sc), a B (IV.72) nopsizka A, (S— s.)?, UYHCAHTENb XKe OCTaercs

KOHEUHbIM 0OpH 8§ — S.. H03TOMy Ipu

PHC. 43. Pacnpepesende macmmen- [ — — co HMeeM B [1e€PBOM cJyyae
HOCTH B CTa0H/IH3HPOBAHHOH 30He — C ’
s=s,— Cyexp (¢/B),

110 4 —i=Bln (s, —s), (IV.73)
a BO BTOPOM

L . s s+ Co/t, L= Cyf (s—5,).
— (IV.74)
’ [lpu s —>sp, T. € { — 4 o, 3Ha-
\ MEHATeNb NOJABIHTErPasbHOIO BHIpaXe-
oy Hust B (IV.71) u (1V.72) umeer nopsgok

s — so. [loatomy, ecau F(s) u F'(s)
-0 0% x KOHEYHBl NpU S = Sp, TO HMeeM
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{— &4 =~C;sln(s— s0). (IV.75)

Ecan F (s)) =0, 10 sy < s,. D10 03HauaeT, 4TO BHITeCHsIOMan ¢a3a
npy { — -} co HAXOAUTCS B HECBSISHOM COCTOSIHHH. PaccMOTpHM BHauaJje
caydal So = S,. Torna, yuuthiBas, uto @' (s)=—fo(s) F(s)J (s) H uro
npH s, GJM3KHX K S,, F(s)=/[i(s)=(s—s,)¥ rme B> 1, xapakrep
¢yHkuHE ( (S) GymeT 3aBHCETb OT CXOAHMMOCTH HHTerpana

St
I(s1)=1§ (s — s,)f=1J" (s)ds. (IV.76)

Sy
Ecau mnrerpan (IV.76) cxommtest, To s obpaillaercs B S, TNpPH KO-
HEYHOM 3HaYeHWH {, ecsH e pacxojuTcd, To y KpuBOH s({) umeercs
FOpH30OHTalkHaa acumnrTora. Kak yxke oTMeyasoce B § | naHHOH raaBl,
KanuwuisipHoe JaBJjieHHe H (GYHKIHS JleBepeTta J (S) JOMKHBL GBITH KO-
HeYHBIMH TPH «HENOABHXKHOHM» HACBHIIEHHOCTH S,, MO3TOMY CXOAHUTCA
unrerpan {(J'(s)ds u Tem Gonee unrerpan (IV.76). Pacxopumocts un-

terpana (IV.76) Moxer GbITb JMIIb CJEACTBHEM HEYJAuHCH arNpOKCH-
MallHH 3MITHPHYECKH X (PYHKIH# OTHCCHTEJNEHOH NPOHHIIAEMOCTH H (YHK-
unu Jlepeperra. Cx qaumocTs uHTerpana (IV.76) npu s— s, osHauaer,
YTO DABEHCTBO § = S, JOCTHIaeTcsl NPH KOHEYHOM 3HaueHHH KOODAHHATH
{=¢C, u npu Bcex (> {, S ocTaercss IOCTOAHHBIM H pPaBHBIM S, T. €.
CYLIECTBYET BbIPAXKEHHBIH (DPOHT BBHITECHEHHS.

Ecan xe HachinenHocTb Sp npH § — --co MeHbllle s, TO JJI BcexX
§ B HHTepBase Sp < S<C S, { = ccnst, T. e. HaCBHIIEHHOCTH OT S5 OO S,
MeHsleTcsl CKaukoM. Be3HWKHOBeHHe CKauka B pellleHWH 3aJa4H O BHI-
TE€CHEHHH € YY€TCM KanHJJISIPHBIX CHJ CB32HO C JOMYIleHHEM, YTO TpH
HACHILEHHOCTSIX, MEHEWIHX So, ECsl BRITeCHsIOINAsl asa HAXoAuTCA B He-
CBSISHOM cCCTOSSHHH. [lo-BHOHMoMy, Ha camoM jese yacTb 3TOH ¢hashl
BOJIM3H (pOHTA CTAHOBHTCS NOXBHAKHOH M NPH HAaCHILEHHOCTSX, MEHb-
IIH X, 4yeM S,, H BOJH3H CKauKa MMeeTCsl 30Ha, Tle IIPOHCXOIHT OOMeH
MeX/y CBSI3HOH ¥ HecBSI3HOH YacTsMH EbITeCHAMOLIeH ¢asbl.

Kak 6Bu10 cKas3aHo, NMpOTSAXKEHHOCTh CTaGH/IH3HPOBAHHOIH 30HBI 06-
paTHO mponopuUHOHaJbHA a%/ug, T. €. TPH HCIOJAb30BAaHHH OJHOH M TOH
}e cpelnl M XuaKccTed cOpaTHO MpONOPLHOHANbHA CKOPOCTH BhITeCHe-
HHsl. 3KcnepHMeHTajbHas [poBepkKa 5TOH 3aBHCHMOCTH TIpoBeleHa
B. H. Maprocom u B. M. PexukoM. B 3kcnepuMeHTax BO3AYX Bbl-
TeCHsAJICSl BOAOH NpH a2TMoCGepHOM JaBJE€HHH Ha EbIXojie C TMOCTOSIHHOH
CKODOCTBIO W3 TOPH3OHTaAbHbIX TpPY6 AauHoH 170 cM, 3anosHeHHHIX
KBapLEBbIM NeCKOM ¢ npoHuuaemocteio 10 Mxm?2 u mnopuctocthio 0,40.
HavanbHas (HenmoaBu»kHasl) BoJOHaChIleHHOCTb paBHsiaack 0,21. Pacrpe-
JeJleHHe BOJOHACHILEHHCCTH 10 JJHHE MOJENH H3MepsJoCh MeTOAOM
3JeKTpoconpoTHBJaeHHsI. CKOpoCTb BBITECHEHHS iy MEHsJIach B Ipejenax
1,1 - 10-5—2 . 10—* M/c. Bo Bcex sKcnepHMeHTaX H:MeHeHHe BOLOHA-
CHIIIEHHOCTH CO BpeMEHeM B pa3JIMYHBIX ToYKaX 10 JAJdHHe MojeJH
IPAaKTHYECKH TMOBTOPSIJIOCh CO CIBHIOM, 0OpaTHO NpONOPLHOHAJbHBIM
CKOPOCTH BLITeCHEHHsI, T. €. cOpasoBbiBafach CTaGHIM3HPOBaHHAs 30Ha.

ITpoTsizkeHHOCTh cTaGHIH3HPOBAHHOH 30HB d YCJOBHO ONpefensaach
KaK pacCTosiHHe MeXay TO4YKaMH ¢ HacwhieHHocTssmu 0,40 u 0,80. U3
puc. 44 BHAHO, YTO npd MateiX ckopoctsx (V—!>2.10* c¢/m)d npu-
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GJM3HTEBHO NPONOPLHUOHAILHO V=1, Kak u cseayer us BhIILEYKa3aHHOM
Teopud. Onuako npH 3HaueHnr V~! okoso 1 - 10* o/m d(V—') umeer
MHHUMYM, 2 TIpH MEHbIIMX 3HaueHHsiX V—! cHoBa Habmopaercs poct
CTaGHJIH3HPOBAHHOHA 30HBL ITo-BUIHMOMY, yBesHYeHHE d CBSI3aHO C He-
PaBHOBECHOCTbIO BLITECHEHHS, T. €. C 3aNasjbIBAHHEM Nepepacrnpejese-
Hus (a3 B nopax (cM. § 4 naHHOH roiaBi).

CymecTBoBaHUe MHHHMyMa Ha KpuBoii d (V- corzacyercss ¢ O6Ha-
pyxeHHbIM paHee B. I'. OraHmkaHsHIeM HaJHYHeM MakcuMyMa Ha
KPHBOH 3aBHCHMOCTH He(TeOTAaYH MpH NPOpbiBe BOAbI OT CKOPOCTH BHI-
TeCHEHHS .

O6s1acTh NPHMEHHMOCTH ypaBHeHHS Panonopra — Jluca orpanuuu-
Ba€TCAd B ONHCaHHBIX SKCICDHMEHTaX CKOpPOCTAMH Menee 5 . 10—5 m/c
WM 3HAuYeHHAMH GespasMepHOro napamerpa N,

N = 2" <0,7.10-s,

a

Takoe KpuTHueckoe 3HaueHnme N, Ha HeCKOJbKO NOPAAKOB HHKe
KDHTHYECKHX 3HauYeHHH N, HeOGXOAHMBIX [/ JBHKEHHH B nopax
H30/MPOBAHHbIX Kanesb, pasMep KOTOPbIX CPAaBHHM C PasMepoM Nop
(cM. § 1 nanHo# raasm). Kak M aHadorHYHBIN pesyabrar . A. I¢-
poca u B. Il. OHONpHEHKO O BAHAHHH napamerpa N.=I1I, Ha Hedre-
OTAaly, 5TO O3HAYAET, YTO XapaKTepHble Pa3Mephl CHCTEM IOPOBHIX
KaHaJI0B, 3aHATBIX KaXAOH M3 (a3, M H30JHPOBAHHBLIX CKOIJIEHHN
KaxJod ¢asnl HaAMHOro 6oJblie XapaKTepHHX pasmepoB mop. Coot-
BETCTBEHHO MOryT ObITb 3HAYHTENbHBIMM H XapaKTepHble BpeMeHa
NepecTpolkH NOTOKAa NOj AeHCTBHeM KanWIIADHBIX CcHJI. BosHuka-
lollHe NpU TaKoH NepecTPofike HepaBHOBECHble SIBJEHHS B XOZE Bbi-
TECHEHHS] HECMEUIHMBAIOWNXCS XKHAKOCTeH u3yyaloTes B § 4 Hacroswied
IJ1aBHI,

FpanuuHHe yCA0OBHSY U KOHNeBH e 3ppexTn. Pac-
CMOTPpHM 3ajayy O BBITECHEHHH HECMELIHBAIOUIHXCH KUAKOCTeH u3
o6pasua AIHHB L C y4eTOM KanMJIspHBIX CHJ B OJIHOMEPHO} 1ocTa-
HOBKE, T. €. Ha OCHOBe ypaBHeHus Pamonopra — Jluca (IV.66), koto-
poe 3amHINeM B pasMepHHIX NepeMeHHBIX:

05/0t - (uoF"’ (s) /m) ds/0x — a20%D (s) [x2 — 0, av.7m)

PHUC. 44. 3kcnepumenraibuas 3apu-
CHMOCTb JJIHHBL CTaGHJIM3HpOBaHHOMN
30HBI OT 06paTHOM CKOPOCTH BbiTeC-
HEeHHSA PHC. 45. dynkuus @ (s)

L.cm

|

:: / ] 0.02——-—_— ——-—/——_—
N %
/ )

(0]

? 160 vl oclen 0.5 !
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rjne
at = ol Bl 7, 0 (9) = — § 25) F () (905

B Tex ke o603HaueHHsiX M3 ypaBHEHHH OGOOLIeHHOro 3aKoHa Jlap-
cu (IV.11) u (I1V.12) caenyer:

Uy = uoF (8) — a?mo®/0x, uy = ug— u. (IV.78)

Tunuuaelfi BHI QYHKUHH CD(s), COOTBETCTBYIOIEH OTHOCHTEJNLHBIM
nponunaeMoctaM fi(s) = s, fo(s) = (1 4-s)(1 — )% u J'(s) = s~ /2, no-
KasaH Ha puc. 45.

ITyctb ofpasenm anuHbl L NepBoHaya/bHO 3alOJHEH BbITeCHSIEMON
KHIKOCTBIO C HAaCHILEHHOCTBIO ag(X) =1 —so(x), H yepe3 ceueHHe X =
= 0 HayWHaeTcs 3aKayKa BHITeCHsIOUleH (askl CO CKOpPOCTbIO (HJIBTpa-
UHH U = U ().

¥YpaBHenue (IV.77) — kBa3ujiHHeHHOe YpaBHEHHE B YaCTHHIX NMPOM3BON-
HbIX BTOpOro mopsjaka napabojHyeckoro THma. B 3ajaue o BbITeCHeHHH
IJIST 3TOTO yPaBHEHHs JOJIKHBI OHIThH 3a]aHbl I'PAHHYHBEIE YCJOBHS Kak
BO «BXOJHOM» ceyeHHH npu x =0, TaK U B «BHIXOJAHOM», NpH x= L.

@PopMyaHpOBKa rpaHUYHBIX YCJOBHH 3aBHCHT OT COCTOSIHHS >XHI-
KocTell W MOPHCTOH cpeiabl BHe paccMaTpHBaeMoro ofpasma H OT
NPEHMYLIECTBEHHOH CMAaYHBAEMOCTH €ro cKeJeTa BBITECHAIOIEH HJIH
BbiTeCHsIeMOH ¢a30f, T. e. B cJyuyae BhITeCHeHHS HedTH BOAOH OT TOro,
SIBJISIETCS cpela I'HAPOQUABHOR HJAH rUAPOGDOOHOMH.

3anaHHbIMH Ha BXOJe MOrYT OBbITb OTHOUIEHHE CKopocTeH (HJIbT-
pauun ¢asz aubo HacCHILEHHOCTb, JNUG0 HeKOTOpas HX KOMOHHAUHA.
PaccMoTpuM HeKOTOpble THNHYHBIE MNOCTAaHOBKH. IlycTh mnopucras
cpefla compHKacaeTcs NpH xX<0 co cBOGOAHbIM NPOCTPAHCTBOM, 3a-
NOJTHEHHBIM HAarHetaeMmol BhITecHsIOWIeH ¢a3of. IIpH 3TOM BO3MOXKHH
IBe cutyauuH. Ecam BeiTecHslollas ¢asa MeHee cMauuBawollas, TO
TOJbKO OHa U OYyAeT ABHratbcsi B CeYeHHH, NMPHUMBIKAIOIEeM K BXOIHO-
My KOHIY, T. €. OyIeT BBHINOJHSTHCS YCJIOBHE DABEHCTBA HYJIO CKO-
poctu. GuAbTPaUUH BhITecHsAeMO# ¢a3pl nmpH x=0, yTo ¢ yuetom ¢op-
mya (IV.78) maer

ts =uo (1 — F (s1)) + a?mo®/dx = 0, x = 0, (IV.79)

rae s1 = (0, ?).

Ecaun ke BHTecHsawomas (asa Oosee cMauyuBamllasg, YeM BHITEC-
HaeMas (ruapodu/abHas cpena), TO MOCHENHSS MOXKET BBLIXOAUTbL B
cBOOOJHOE INPOCTPAHCTBO NyTeM NpPOTHBOTOKAa. [lostoMy ycioBHe
(IV.79) BbINOJNHSETCS TOJBKO B TOM CJydYae, ecJH Ha BXOJHOM KOHLE
o6paslla ycTaHOBJAEHA MOJyNpoHHUaeMas MemOpaHa (M3 MaTepHaJja
NPOTHBOMOJOXKHON CMayHBaeMOCTH), He [ONMyCKawlliasi IPOTHBOTOY-
HOH ¢uabTpauMH BeTecHgemolt ¢asnl. Eciu XKe BO3MOXKEH BBIXOJ
HecMauyHBaeMOH BEITECHSIEMOH XXHAKOCTH B CBOOOJHOe NPOCTPAHCTBO,
3aNo0JHEeHHOe BHITECHAIOILEH ¢(a30H, TO TaKOe HCTEUEHHE MPOHUCXOJHT
B BHJe OTHENbHBIX Kalelb, PAJAHYyC KOTOPHIX rp OJIH30K K paauycy
caMblXx KPYOHHX nop. B Takom cinyuae nmpu x=0 3ajnaercd ycJOBHE
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PaBeHCTBa KanWJ/JISIDHOTO NaBJIEHHs B Cpele KanH/JISIDHOMY JaBJjie-
HHIO B Kailjie

P, (s1) = 2a/ry, (IV.80)

OoTKyna onpezensierca 3HaueHHe sy = $(0,¢). Ilcckoneky pamuyc r, Be-
JHK MO CPaBHEHHI0 CO CPEJHHM PajHYCOM NOp, S OKasblBaeTcs GJIH3-
KHM K S -— MaKCHMaJbHO BO3MOXKHOH HaCBHILEHHOCTH NpPH BHITECHEHHH.

Ycnosre (IV.79) B Ge3apa3mepHbIX NepeMeHHBIX BHEIUHErO pasJioxe-
Hust X = x/L, © = upt/L uMeer BHI

1— F (s1) -+ £00/3x],—o = 0, (IV.81)

rae ¢ = a%/upl — manasi senuunsa. Ilpu ¢ - 0, T. . B paMKax Hy.Je-
BOro NMpUOJNHXKEHHS BHELIHEro pasJoxenus, yciosue (IV.81) cBomutcs
K F(si)=1 uin s, =s".

DopMyJIHPOBKA YCJOBHS MNpH X = L Takke 3aBHCHT OT COCTOSTHHS
Cpenbl BHe paccMaTpHBaeMoro ofpasia H MOxeT OBIThb DPa3IHYHOM.
IIpeanonoxum, uro npu x > L HaxXomHTCA NOpHCTast cpela, NPOHHLA-
€MOCTb KOTOpOH %, MHOro GoJsblue, 4eM NpPOHHIAEMOCTb paccMaTpHBae-
Moro o6pasua, nepBOHAYalbHO HACHINEHHOro BhITecHSieMoH ¢a3zol. Ha
TpaHHIle JBYX cpell NpH AByX(da3HOM TeYeHHH JOJKHO BHIIOJHATLCS
ycsoBHe HENMpephiBHOCTH JapseHusi B o6eHX (a3ax u, CJeaoBaTesbHO,
HenpepbiBHOCTH KaNHJUISAPHOTO AaBieHHs. M3 cooTHcwenns JleBeperta
(IV.10) crnenyer, 4T0 B BEICOKONPOHHLAEMOH Cpele KalHJISPHOE naB-
JeHue OJIH3KO K HYJIO HP¥ BCEX HACBIIEHHOCTAX, COOTBETCTBYIOLIHX
NoiBHXKHbIM ¢a3aM. IlosToMy B OCHOBHO# (MaJioNpoHHLaeMoH) cpene
IIpH PaBEeHCTBE KaNM/JISPHHIX JaBJAeHHH HacCHIIEHHOCTb JOJKHA OLITb
61u3Ka K S, ecsi BbiTecHsilomas hasa Gosee cMayuBatomas (THAPOPUIIb-
Hasi cpella NpH BbITeCHEHHH He(TH BOAOH), H K S,, €CJIH OHa MeHee
cMayuBalomas (ruppodobHas cpepa). IIpenenbHel mepexon &, - oo npu-
BOZHT K CJy4Yalo, KOrja NmpH X > L mpoHCXOAUT ucTeueHHe B CBOOOpHOE
NpOCTPAHCTBO, NpHYEM BbINOJHAITCA TPaHHYHBIE YCJIOBHSA BHIA

s(L,f)y=5s", s(L,t)=s,. (Iv.82)

ans TuApodHabHOH B THAPO(OOHOH Cpex COOTBETCTBEHHO (Moj S moxpa-
3yMeBaeTcsl HacblleHHOCTb BbITeCHSIIOUIEH (a3oH).

Ycaosus (1V.82) B orsuuue or (IV.81) He cornacyioTcs ¢ ycJoBH-
SMH NpU X = L, BBITEeKalOMMMH H3 BHeLIHero pasjoxeHus (pelueHuHe
Bakness — JleBeperta), B KoTopoM S(L,f) = s, — nepemMeHHasl BeIHUHHA,
onpenesieMast u3 paBeHcTBa L = uoF’ (s.)!/m. HecornacoBannoctb rpa-
HHYHBIX YCJOBHI O3HayaeT, 4YTo BGJIHM3H rpaHHUbl x = L oOpa3yercs
y3Kkasl 30Ha (NOrpaHWYHHIA CJIOH) C NepeMeHHOH HAaCBILEHHOCTBIO, Me-
HsllolleHcst OT S. A0 S, MJH J0 s . PacnpejiesleHHe HaCHIUEHHOCTH B 3TOMH
30HEe MOXKHO HCC/NIENOBaTh METOAOM CpalllHBaeMBbiX AaCHMIITOTHYECKHX
pa3sloxeHHu{i, BBOAA, KaKk H B CTaOHJH3HDOBaHHOH I€PEeXONHOH 30HE,
«KalUJJISAPHBIA» TPOCTPAHCTBEeHHBIH MacwTab [ = a%/uo, coxpaHss, oa-
HaKO, MaciuTa6 BpeMeHH BHEIIHero pasJioKeHusl. 3aMeTHM, YTO NpH
BLITeCHEHHH He(TH BOAOH u3 ruipodHIbHOH cpeibl HavyajbHasi HAacHl-
IeHHOCTh Sp << §'. 3HaueHHWe S= S INpPH x = L JOCTHraercs Iocje noj-
XoJa BOAbI K BBIXOJHOMY CeYeHHI0 He MrHOBeHHO, a uepe3 BpeMeHa
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nopsiika fy=a%u?. 3uaueHne {p MHOro
MeHblle XapaKTepHOro BPEMEHH BBHITECHEHHs
L/ug; nepHox yCTaHOBJEHHS HAaCHILIEHHOCTH
s’ npu x = L HaMu He paccMmatphBaercs. [Te-
pefineM B ypaBHeHuu (IV.77) kK Gespasmep-
HbIM MepeMeHHbIM £ = ug(L— x)/ma*, =
= uot/m. B pesynbrare nmeeM
e0s/0r — F’ (s) 0s/0t — 0%® (s) /9E2 = 0.
(I1v.83)

B HyseBom npubiauxeHny pacnpenelenue

HACHIEHHOCTH yJOBJETBOpAeT crauuonap- PHC. 46. Pacnpenenenne na-
CBILIEHHOCTH IIpH BLITECHEHHH
HOMY YypaBHEHHIO He(pTH BOAOH ¢ yueToM KoHue-

OF/0% + 02®/0%2 = 0. (IV.84)  Bux aipexron
Cpepa: ! — rugpoduasunas; 2 —
3ro O3HayaeT, YTO EOJIH3H BBIXOLHOrO ce- rHapodobHas

YeHHS paclpefieleHHe HacblleHHOCTH B XOZe

BHITECHEHHS] KBasHCTaLHOHapHOo. I'paHuYHble YCJIOBHSI AJsS YpaBHEHHS
(IV.84) onperensitorcss caenyicmum cOpazom: npu & = 0 BbINOJIHsAETCSA
yceaoBue (IV.82). Ilpu £ — oo JOMKHO EBIIOAHATECS YCJIOBHE aCHMIITO-
THYECKOTO CpalllHBaHHSl C TeM 3HaueHWeM S, KOTopoe IoJyyaeTcss Ha
rpaHulle x= L Bo BHellHeM IpPHGJMXKEHHH, T. €. B DElIEHUH 3aJaA4H
baknes — Jleseperta s (-—co,f) = s, (f), rne s. onpejeisercs us (1V.46)
Kak s(L,?). Unterpupys ypaBuenue (IV.84), moayuyuMm pacnpeleneHue
HacBILEHHOCTH BOIH3H x = L, YJOBJIETBOPsIIOillee TPAHHYHBIM YCJIOBHSIM
npu §=0u £ = —ooc (pHc. 46).

I'napoguabHas cpena

0 1 x

_ T @ (9)ds
=~ ro=—re (1 85)

I'uapogobuas cpena

D (s)ds
JFO—FG)

*

E:

OTK/0HEHHe pacnpejeseHHs HaChILIEHHOCTH BOJU3H BHIXOAHOO
CeueHHs OT DAaclpejeseHHsl, NoJydeHHoro 6e3 ydyeTa KallHJJsiPHOCTH
H CIpaBeJJHUBOTO BHe KOHIEBOH 0G/1acTH, Has3blBaeTcss Ka MU A X 4 p-
HbIM KOHLEBHM 3PpdekTOoM.

Us dopmyn (IV.85) caemyer, uto pacnpefesieHHe HaCHINIEHHOCTH
nocjie NMOJNHOrO BHITECHEHHS He(dTH B rHAPOo(Oo6HOH M THAPODUALHOH
TIOPHCTBIX CPeAax PasaHyHOe, T. €, B 3aBHCHMOCTH OT TOTO, Kakasi H3
¢das sBasercs Gosiee cMayHBaOLLEH.

A ruapoduibH off cpelbl npH ! — oo, S, —~ S aMIVIUTYAa H3MEHe-
HHsl HacHleHHOCTH B HHTerpane (IV.85) crpemutcss K Hymo, H B mpe-
nene s=s npu Beex ¥ 0 < x < L, T. e. BO BceX TOYKaxX, JOCTHraeTcs
npeaeibHast HachllleHHOCTh. Ecan cpena rugpodctHa, ToO §¢ — S, a HUXK-
HuM npegneaom B (IV.85) saBasercs s,. IlostoMy ¢ pocToM s. HHTerpaip
CTPEMHTC K KOHEUHOMY Tipefiely jaas BceX S< §;. DTO O3Hayaer,
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yTo MNocJie NOJHOrO BHITECHEHHSIy T. €. NOCJEe NPOKAayKH HeorpaHHYeH-

Horo o6bheMa Bojbl, B THApodoln oM obpa3ue OCTaeTcs KOHEeUYHbI o0beM

He(TH C HACBHILIEHHOCTbIO Bbille H €NOABHXHOH o= 1—5s".
[Mepenumem uuterpan (IV.85) nas runpodoGHOR cpellbl B pasMepHbIX

repeMeHHbIX

28

a @ ’(s) ds

L—x=- .
uoy F(s) —F(s,)

(1vV.86)

®opmyaa (IV.86) onmuchiBaer craunoHapHOe pacnpejesieHHe OCTa-
TouHO#i HedTH B obpasue. M3 Hee cieayer, uTO NPOTAXKEHHOCTh 30HHI
KoHuesoro s¢dekra, T. €, 30HB, cojepxalllefi OCTATOUHYIO HedTh,
o6paTHO NPONOPLHOHAJbHA CKOPOCTH BhiTecHeHHA. Takum o6pasom,
KoHeyHas HedTeoTAaua THAPOPOOHHIX cpel BO3pacTaeT ¢ POCTOM
CKOPOCTH BBITECHEHHS, a HedTeoTJaya THAPOPHILHBIX CPeld OT CKO-
pPOCTH He 3aBHCHT. JTOT BBHIBOJ OBLT HEOJHOKPAaTHO TNOATBEPKJEH
3KCIIE€PHMEHTAJIbHO.

KanuanspHasa nponuTka. B HeOJHOPOAHBIX MJacTax
BO3MOXHBI CHTyalHM, KOIja [PH BHITECHEHHH HeCMeLIHBAIOUIHXCH
JKHJAKOCTEH BJIHSHHEe KaNWJJIAPHBIX CHJ Ha IIpollecc BLITECHEHHS
OKasbiBaeTcs JOMHHHDPYIOLIHM. BaxxHe#uiuM mnpoueccoM mnoao6GHOro
poaa ABJASETC KalNHJJIAPHAS NPONHTKA — CAMOINPOHU3BOJbHOE BIIHTHI-
BaHHe 6oJee cMauyHBarwomeld ¢a3bl B NOPHUCTYIO Cpely, HaChILIEHHYIO
apyroii ¢a3ol, 6e3 BHeIIHEro BO3JeHCTBHS HAa KaKylo-JH60 H3 XKHI-
koctell. Tak O6CTOMT HeJsOo, KOraa MaJONpoHHUAaeMbld GJOK MOPOAHL,
HacbllleHHBIH HedTblO, OKa3blBaeTc OKPYIKEHHHIM CO BCEX CTOPOH
BOAOH, MPOJABHMramIledcss 10 BbHICOKOMPOHHIlAeMbiM ydacTkam. Torna
H3BJleueHHe HePTH M3 3TOro 6JI0OKA BO3MOMKHO JHIIb 32 CYET KalHa-
JSIPHOH MPONHTKH. [IJis MOJIydeHHs] KaYeCTBEHHbIX OLEHOK PacCMOTPHM
chenyoluii HAeaNqH3HpPOBaHHbIH mnpouecc. [lycTh uUHAHHAPHYECKHH
obpasell MOPHCTOH cpejbl NMePBOHAYaJbHO 3aMOJHEH MeHee CMayHBa-
ioule#t ¢asoil. BokoBele NMOBEPXHOCTH H OJHH M3 TOPLOB MNpeanoJa-
rapTCs HeIpPOHHLAeMbIMH, a CBOGOAHBI TOpell B HayajJbHbli MOMEHT
IIPHBOJHTCS B COIPHKOCHOBEHHE CO CMauyuBawlled XHUAKOCTbIO. B pe-
3yJabTaTe Ha4HETCs INpolecc NPOTHBOTOYHOH KaMHUJJISDHOH NPONHUTKH,
T. e. cMauyBapomas ¢aza OyAeT BIOHTHIBATbCS, a HeCMauHBapoUlas
BHIXOAHTb Ye€pe3 €JHHCTBEHHYIO OTKPBITYI0 TOPUEBYI0 MNOBEPXHOCTb.
OueBHAHO, BIHTHIBAHHe OyAeT NPOHCXOAHTH IMPEHMYIIECTBEHHO IO
MEJKHM I0opaM, a BBHIXOA HecMauHBawwed ¢asel — M0 KPYNHBIM.

Kak mnoKa3biBalOT 3KCHEPHMEHTH MO NPOTHBOTOYHOH TIPOIHTKE,
npoBelcHHBIE Ha NIpo3payHbix obpasiuax, guabtpauua obeux ¢as Bo
BCTPEUHBIX HaNpaBJEeHHAX MPOHCXOAHT PaBHOMEDHO IO BceMy cede-
HHIO, H KaxJas U3 (a3 ABHIKeTCS [0 CBOeH cHCTeMe NMOPOBLIX KaHa-
J0B, IIpOTHBOTOUHYIO MPONMHTKY MO3TOMY MOXHO pacCMaTpHBaTh B
paMKax npeACTaBJEeHHH, MPHHATHX AJs1 OOBIYHOH OAHOMEDHOH NBYX-
¢daszHoit duabTpanud. OTHOCHTENbHbIE MPOHHMILAEMOCTH MAJS MPOTHBO-
TOYHOr0 TEYEHHS MOryT OTJIHYATbCS OT COOTBETCTBYIOIIHX (YHKUHH
MpH OAHOHANpPAaBJEeHHOM TedeHHH o6eux ¢as. OxHako B nocieny-
IOlleM KaYeCTBEHHOM HCCJAEAOBAaHHH 3TO pasjHYHE He YUYHTHIBAETCH.
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YpaBHeHne 3akoHa (uabTpauHd OyaeM 3anuceiBaThb B Buie (IV.10)
H HCNoab30BaTh ypaBHenue Panonopra — Jlnca (IV.77) npu ycnoBuu
L7151 MPOTHBOTOYHOI'O TEYEHHS:

Up = Uy + Ug == 0. (IV87)
4yTO AaeT
0s/0t — a?0%D (s)/0x? = 0. (IV.88)
Us (IV.78)
od , ds
U = —a2m6~x = a?mf, (s) F (s) J' (5) 3 (IV.89)

B samaue o npoTHBOTOYHOH KanHAAPHCH NPOIHTKE T'PAHHYHBIM
YCJIOBHEM BO BXOAHOM CEYEHHH NOMKHO ObITb PaBEHCTBO HYJIO KamuJ-
JSIPHOTO JaBJieHHst, TaK Kak P.= 0 B cBOGOJAHON XHAKOCTH. HubiMU
cioBamu, s (0, f) == s°, rae s’ — npenenbHas HaChILEHHOCTb, MpPH KOTO-
polt BhITecHsieMasi HecMaudBawomias (asa [EPEeXOLHT B HeECBSI3HOE CO-
CTOSTHHE ¥ KaNWIJISIDHOE JaBJjieHHe ofpailaeTcd B HyJb. [IocKONBKY
f2 (s =0, To nast TOro, uTcOul NMpH S — S U) H Uy OCTABAJUCH KOHEY-

' 0 .
HBIMH, HEO6XOJHMMO, uToGHl npegen [ (s)J (s)a-j npu x— 0, s> s 6bl

OTJIMUEH OT HYJS.

B 3aKkpHITOM ceueHHH NPH x = L BBHIMOJHSETCS YCIOBHE Uy = Uy= 0,
T. e. JH60 s< s, 6o 0s/Ox =0. IlycTb HavanbHas HaCHIEHHOCTDb
IIOCTOSIHHA H paBHa So. PaccMOTpHM TeueHHe npH BpeMeHax f, YIOB-
JIETBOPSIIOIIHX HepaBeHCTBY

kla? & t & L%q?, (IV.90)

T. €. TAKHX, KOTJa paclpefeneHHe HAacHIEHHOCTH B IMOPaX B TOHKOH
30He BOJH3H BXOJHOrO ceuyeHHs (TOJNIUHHOH TNoOpsiika pasMmepa mop)
VXKe VCTAaHOBHJIOCH, HO BO3MYIIEHHe He JOLLIO 10 cedyeHHs x =L.
Torpa s DOMXKHO ObiTb (QYHKUHEH TOJNBKO TpeX pasMepHLIX [epeMeH-
HBIX X, { H @°, H3 KOTODHX MOXeT OblThb COCTaBjeHa eJHHCTBEHHas
GespasMepHasi KoMOuHauus & = x/a}/f, T. e. 3ajaua sBAsieTcss aBTC-
MonesnbHo#l. ¥YpaBHeHue (IV.89) nepexoauT B O6LIKHOBeHHOe mH(de-
peHlIHalbHOe YpaBHeHHe

tds/dt -+ 2d°®/ds2 = 0 (1IV.91)

C TPaHHYHBIMH YCJIOBHSIMH
5(0) =5, s(oo) =so. (IV.92)

dns s, 6au3kHX K S°, @ (S) MOXKHO NpPUONHIKEHHO NPEACTABHTbL B
Buge @ ()=~ ®,— A(s"—s)". Torna pewenue ypasuenust (IV.91) npu
ycaoBuHH §(0) = s* uMeer a1 Mambix £ BHL s — s = Ct¥n—1. Menasn
C, MOXHO NONYYHTb CEMEHCTBO DeUIeHHH, Ka)IOMy H3 KOTODHIX CO-
OTBETCTBYET CBOe 3HaueHue s(co)==s5. Ecau s(0) < s*, 70 Takoe ke
CeMeHCTBO pellleHHH MOXHO MonyuHTb, MeHss s’ (0) (puc. 47). Hckomoe
pelzeHHe I/ 3aJAHHOTO Sp > S, MOXHO IOJYYHTbL NOAGOPOM TaKOro
3HayeHHs CBOOOJHOro MNapamerpa, MNpH KOTOPOM BLIMOJHSETCS BTOpOe
Kpaepoe YCJOBHe.
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O6pamasicb k cayyaio So <'S,, OTMeTHM, ut0 ypaBHeHue (IV.91)
npH s, GAM3KHX K S,, HM€ET BHJ

2A,d2"(d5? -+ ‘dajdi =0, (IV.93)

Tle o=s5—s; P(s)=A;(s—s)" ecan s- s,. Jlnst Bcex peanbHbIX
KpHBBIX ~OTHOCHTE/ILHOH TNPOHHLAEMOCTH H KanHMISPHOTO AaBJNEHHs
n > 1. Kak 6pu10 nokasano B § 5 ra. 11, pelueHHEe YpaBHEHHS BHAA
(IV.93) nocruraer TPaHUYHOTO 3HAUYCHHS] ¢ = 0 NpH KOHEUHOM 3HAYEHHHU
¢=1c. B nannom cnywae srto 03HayaeT, YTO CYWECTBYeT «ppOHT Npo-
TTUTKH».

B6nusu touxu t=¢, o=0 pemwenne ypaBHenus: (IV.93) acumnro-
THYECKH MPEACTABJASETCS B BHje

c—% =241 {21 (2, 4 c)~ldx. (IV .94)
0

Ecin sp<s,, T0 Ha ¢poute mponuTkM, Kak H BhIllle, B Cayyae
CTaGUIM3HPOBAHHOR 30HEI, BO3HHKAET CKAYOK HACHIIEHHOCTH OT So 1O
S, B TOUKe &= c. QDu3HYeCKUH CMBIC 5TOrO CKayKa TOT }Ke, 4To H
CKauKka BNepeiH CTaGHIM3HPOBAaHHON 30Hbl. Ha cKkayke NOMKHO Bh
nonusitees  yenohe (IV.36). Mz gopmyn (1V.89) u (IV.94) nonyuum
Anst uy (8 = ¢) BHIpaXKeHHe

uy = (am®’ (s)/V't ) ds/ds —= ame,/V't. (IV.95)
M3 ycnosus Ha ckauke V = u,/m (s, — $0) = ac/2 V't, otkyza
2c, = ¢ (s, — so). (IV.96)
Torna us (IV.94) umeem
¢—3&=2c""(s—s,)"/(s, — so), (Iv.97)
c—t= e (s— ) (59 =), (1V.98)

Cootnomwenus (1V.97) u (IV.98) nossonsiioT BhENHTH H3 ceMmelicT-
B4 HHTErpaJIbHEIX KDHBBIX, YIOBNETBOPSIOUWMX yCAOBHIO NpH £ = 0,
T€, KOTOpbie COOTBETCTBYIOT 3afaHHOMY 3HAYGHHIO So < §,.

PHC. 47. Pacnpenenenne Hacbumennocty NpH NpOTHBOTOYHOH Ka-
NHJUISIDHOH  DIponHTKe
s T

PHC. 48. 3asucumocts cpex-
5 Hed HachllleHHOCTH OT Gespas-
MEPHOTO BpeMeHH NpH NpPOTHBO-
TOYHOH KalHJIAAPHOM 11POMTUTKe

= e e — —

v sl

s /

(=]
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3aMeTHM, YTO NpH So =S, B6AH3M & =cC u;=~amcs/2 V'L, T. e. «uc-
THHHas» CKOPOCTb BNHTHIBaikclledcss asel u)/ms npH ¢ — 0 ocTaercs
KOHEYHOH.

B samauax AByxdasHOH (PHIbTPALHH B TPEIIHHOBATO-MODHCTHIX Cpe-
aax (cM. HHXKe) Hcnosnb3yeTcsi (PYHKLHS, BbIpaXKarolllas 3aBHCHMOCTD
cpejiHell HACHIIEHHOCTH MOPOIHTHIBAOUIEro 670Ka IOPUCTOH CpPejbl OT
BpemeHH. UTOGBI MOJY4HTb 3Ty 3aBHCHMOCTb, C/IeJyeT PellHTb 3aiauy
0 MNponuTKe o6paslla KOHeYHOH NJHHBI. Ecin HavajbHasi HachIEHHOCTD
5o < S,, CKOpPOCTb «(pOHTA NPONHTKK» X, KOHEeYHa, TO O IOAXOAa €ro
K HeNpPOHHLaeMoil rpaHyle x = L MOXHO HCNONB30BaTh aBTOMOMEJLHOE
peueHne s(£). [Ipn 3TOM cpejHsisT HACHIEHHOCTb

S=1 (sdr=s0+ KV (z <c), (IV.99)
0

rae
K (s% so) = ( (s — so)dt. (1V.100)
0
YT06E! MOMYUHTb MPHOTUKEHHOE pelIeHHe A MOMEHTOB BpeMeHH

t > {,, BOCIONIb3yeMCsT METONOM HHTerpajbHbIX cooTHomeHHH. [lpoun-
terpupoBas ypasHeHue (IV.91) mo x or 0 mo L, momyuim

a2®’ (s°) (ds/dx)o = Lds/dt. (IV.101)

ByneM uckaTh pachpejesieHHe § B BHIE (C YYeTOM YCJOBHS IIpH
x=L):

s=s0—2x (2L — x) (s°— s5)/3L2, (1V.102)
Torpa u3 (1V.101) noayuum
ds/dt = 3a2®’(sp) (s° — s)/L2. (IV.103)

Unterpupys ypabHenue (IV.103) npu ycaoBuH, uto f=f, u peie-
aue cosnaaaer ¢ (IV.99), noayunm oxoHuaTenbHO

5= 59— (" — 5o — K/c) exp [—3D' (s°) (x — <)) (IV.104)

npH t >, =c"2 rae ©=qa%/L?. 3aBHCHMOCTb S(t), COOTBETCTBYIO-
was ¢opmyaam (IV.99) u (IV.104), npuBesena Ha puc. 48.

Mopgenb BHTeCHEHHs B Cpefax C ABOHHON mMOpHCTOC
T b 10. [loJ1yueHHBIE paHee COOTHOIIEHHS, XapaKTepH3YIOUHe KaNHJ/IADPHYIO
[PONHTKY, HCIOAb3YIOTCS A/ TNOCTPOEHHUS] MOJEIM BhITeCHEHHs HedTH
BOJOH B cpejax ¢ JBOHHON MOPHCTOCTBIO, T. €. COCTOSILIHX M3 obnacTed
C NpPOHHUAEMOCTbIO Ky, B KOTODBIX HMEIOTCS BKJIIOUEHHS C IIPOHHUae-
MOCTbIO By < ky. TlpH JBHXKEHHH BBHITECHSIIOIIEH BOABI 110 BOAOIPOHH-
aeMBIM 30HaM MaJIoNpOHHIaeMble GJOKH OKasbIBalOTCA OKDYXKEHHBIMH
BOAOH, M HeThb K3 HHX H3BJIeKaeTCs NMyTeM IPOTHBOTOYHON KamHAIAp-
HOH TNDOIHTKH.

OrpannuyuMcst 3Jech TOJbKO CJAyYaeM TPEIHHOBATO-MOPHCTHIX
cpex, obulas xapaKTepHCTHKa KOTODbIX mpuBeieHa B § 4 ra. III, wu
BOCMOJIb3YeMCs T'HNMOTe3aMH MOAeNH (HJIbTPAUUH B TPEIHHOBATO-NO-
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pucThix cpeaax (cM. puc. 34). HMuaue romops, npeanosoxum, uTo
€MKOCTh TPEllHH HaMHOro MeHbiIe MOPHCTOCTH GJIOKOB, a NPOHHIIae-
MocTh OJIOKOB, HANpOTHB, IpeHeOpeXHUMO Mala 10 CPaBHEHHI ¢
NPOHHIIAEMOCTbIO CHCTEMBl TpellHH. Boja jBuxKeTcs 10 cHcTeMe
1pelllMH, BOMTBIBAE€TCS B NOPHCThie GJIOKH, BBITECHSsT HedThb. [locTyna-
olast 3 6J10KOB He(Th JBHXKETCS jaJjiee M0 CHCTEME TPELIHH.

[lpene6perasi HemocpeACTBEHHHIM MEPEHOCOM KHIKOCTH 10 6j0KaM
1 eMKOCTBIO TPELHH, YPaBHEHHS HepaspLIBHOCTH B Kax/JoH M3 CH-
CTeM JBOHHOMH CpeJlbl MOXHO NOJYYHTH B BHJE

diva, +¢=0, mos/ot — g =0, (IV.105)

rie #,— CKOpOocTb (UIbTPAllMM BBITECHSIOWEH hasbl; §— HachILleH-
HOCTh B OJIOKAX; ¢ — HHTEHCHBHOCTb OGMeHa HIKOCTBIO MeXIY Tpe-
muHaMH H 6MI0OKaMH, onpejeJ/sieMasl CKOPOCTHIO KAOHJUISIPDHOH MPONHTKH.
B npHHATOH MoJesnd ¢ MOMEHTa MNoAXoja EoABl K GJIOKY Ha €ro
rpaHHUe MrHOBEHHO YCTaHABJMBACTCH MAKCHMA/JbHOE 3HAUeHHE HAchl-
eHHOCTH s*, cooTBeTcTByloulee P,= 0. Torga HHTEHCHBHOCTL IpO-
NHTKH M OOMeHa XXHAKOCTBIO MeXAy (asaMH 3aBHCHT TOJBKO OT Bpe-
MEHH HaXOXKJAeHHs JaHHOTO 3JieMeHTa WJM 6Jioka B OOGBOJHEHHOH 30He.
B oauomepHoM caydae cucrema (IV.105) npumer BHA

0w /0x 4+ g =10, mds/ot — g = 0. (IV.106)

Beenem, caeays IO. I1. XKenrosy, B. JI. MauunoBy u A. A. Bok-
cepMaHy, HEH3BECTHYIO GYHKUHIO fo(X) — BpeMs] NPOXOXKAEHHA (poHTA
BOJBl B TpEIIMHAX 9Yepe3 TOYKY ¢ KoopauHatoli x. Torga HHTeHCHB-
HOCTh NepeToKoB ¢ B ypaBHeHusx (IV.108) 6yner ¢yHkuued BpeMeHH
HaXOXJeHHsT O6JoKa B 30He 3a (poHTOM ! — fy(x) == <. Bua ¢yHkuuu
g (t) MOXeT OBITb YCTaHOBJIEH, HalpHMep, HCXOAS U3 BbIpaXeHHsA IJIs
nponuTkH opHoro snementa (IV.104). ¢(r) AomxHO OBITH NpPONOPIHO-

HaJbHO ds/dt, T. e.
q - Nl (t.’t)_l/2' T < Tes

q = (Nga2/L?) exp (_ )\T/t'), > T, (IV107)

rae N;, Ny u X — nocTosiHHHIE.

Bripaxenue (IV.107) noayueno us npubmmkzunoil dopmy.sl (1V.104).
Bonez yno6HO Hcnoabp3oBaTh A ¢ (t) €IHHYIO amnlpOKCHMALHIO AJA
BCEX T, HampuMmep, npeinoxeHnyio . B. CkpopuoBhM, GhopMyay

g(z) = Az} x. (IV.108)

ITocTossnHne A u b nogbupaoTcs Tak, 4TOOBl 6JIHXKE COOTBETCTBO-
BaTthb ¢opmy.sam (IV.107) uan sKcmepHMeHTANbHBIM JAHHBIM.

PaccMOTpHM OJHOMEpHYIO 3ajady BhITECHEHHS HedTH BOJOH M3
TPELIHHOBATO-NIOPHUCTON cpelbl [/ MOJeJH, ONHCHIBAeMOH CHCTeMOH
(IV.106). Tlpounterpupyem nepeoe H3 3THX ypaBHeHH#H oOT X =0 10
¢poHTa BOABl X = Xy (£) = f (f).

i () =X°‘f)q [t —T (x)]dx = 5 gt —T)f (T)dT. (IV.109)
0 0
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Ecnu 3agaHa cKopocTb BbITecHeHHss npH x =0 u; (f), To, pewas
uHTerpanbHoe ypasHeHue (IV.109), MOKHO HaHTH CKOpOCTb IDOJBH-
KeHHS (pOHTa [ (f) u ofpaTHyIO QYHKUHIO fo(X).

Torma u3 BTOporo ypaBHeHHs cHcTembl (IV.106) Haijercs pac-
npejesieHHe HachIleHHOCTH B OJ0Kax

1 t—T(x)
s—s=_— [ g(x)d=. (IV.110)

0

IpaBas wacte ypaBHeHHsi (IV.109) uMeer BHA CBEPTKH, H OHO
MOKeT ObITb pelleHO MeTojoM Npeo6pa3oBanus Jlannaca. Ilyete U (3),
Q (\) u ¥ (\) — npeoGpa3oBanus Jlanmaca ¢ywkruuit u, (f), ¢(t) u f(¥)
cootBercTBeHHO. Torga u3 (IV.109) nosnyuuM, nonb3ysick TeopeMoit
o cBepTke U yciaoBHeM [ (0) =0,

W) = U (M)AQ (). (AV.111)

[Tycte ¢ (f) rbipexaetrcs ¢opmynaci (IV.IC8) u u = ug= const
Torna

V)= ugV L+ b/AY me (IV.112)
B pesyabrate mo Tabsanuam npeob6pa3oBaHusi Jlamsaca MOXHO HaHTH

F) = (uo/AV =) (1 + 2bt) erf (Vb) + (2uo/ AV wb) (1 -+ e—t9),
(IV.113)

Fr ) =QuoVb/AV =) eri (Vbi). (IV.114)

U3 ¢opmyaer (IV.114) cnepyer, uTo npu {-— co CKOpPOCTb Iepe-
MeIleHHsT (PpoHTa

V=2ulh AV =. (IV.115)

Ecmu ' () =V = const, T0 B coorBeTcTBHU ¢ opmysoir (IV.110)
0Ty UM

s= 5o+ (s°— so)erf (Vb (F —x/V)). (IV.116)

Takum obpasoM, s ecTb ¢yHkuHs x— Vi, T.e. npu - o pac-
npenesieHHe HaCHILEHHOCTH INpHOOpeTaeT BHJ Geryllefi BOJHHL.

Bce un3MeHeHHe HacBILIEHHOCTH OT Sp A0 s° NMpPOMCXOIHT B 30He,
ne peMelaKiieicss ¢ MOCTOSHHOH CKOLOCTBIO, NpOTSAKEHHOCTH KOTOPOEH
MMeeT MNOPANOK uol?/a®. BTa 30Ha NO aHAJOTHM C PacCMOTPEHHOH Bbille
30HOM BOJIM3H CKauKa MpH OGKIYHOM BHITECHEHHH NOJYYH/I4 HA3BaHHE
cTabunusup oBaHHOH. OLHAKO B OTVIHYHE OT 30HBI, OMHCHIBAEMOH
ypaBueHusiMu  (IV.71) nan (IV.72), nporsxkeHnHocTs cTaGH/IH3HPOBaH-
HOMl 30HBI NpPONOPUHOHANBHA ig, a He up'. Jisi TpelMHOBATO-NO-
PHMCTOH Cpefnl KanuJUISPHBIE CHJIBI OKAa3bIBAIOT CTaGHJIH3UPYIOIEE BJIHs-
HHe Ha Ipolecc BHITeCHeHHs. B cayuyae OfHOPOAHOR cpeabl KamuJ-
JISIpHBIE CHJIbI BBI3BIBAIOT JAHCCHMIIAIHIO («pa3MasbiBaHHe») (QpOHTA BbITeC-
HeHHs (CM. § 4 naHHOM TJIaBhl).
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§ 4. HepaBHoBecHble 3t deKTHI
npu aByx¢a3zHoHd GuaAbLTPaLHH

HepaBHnoBecHOCTr pacnpejeseHus ¢az B TNOpH-
cTo#l cpepxe Kak yxke roBopHJOCH, B OCHOBe K/J1aCCHYECKOH TEODHH
IBYX(ha3HOH QHJAbTPALHH JeXHT NpeicTaBJeHHe O TOM, 4TO pacnpeje-
JeHHe (a3 B 37eMeHTapHOM MaKpoobbeMe INOPOBOrO NPOCTpaHCTBa
(a mOTOMYy M THIpPOJHHAMHUYeCKHe XapaKTePHCTHKH — KaNuJspHOe
JaBjeHHe H (a30Bble NPOHHIAEMOCTH) MOJHOCTbIO ONpeJesIeHO, €CJH
H3BECTHO JIOKaJIbHOe 3HaueHHe HacbILIeHHOCTH S. PH3HYECKHH CMBICA
3TOrO 3aKJ/I0YaeTcs B TOM, YTO M3 BCEX BO3MOXHBLIX pacnpeieseHHiH
¢a3 peaansyercs TepMOJHHaMHYeCKH HaubGojiee BHITOAHOE (T. €. paB-
HOBeCcHOe). YCTaHOBJIeHHe PaBHOBECHOIO pacnpefeseHus (a3, 0JHAKO,
TpeGyeT onpejeNeHHOr0 BpeMeHH. DTO BPeMs 3aBHCHT OT TOro, 4TO pe-
aJbHO NOHHMAaeTCs IOJ <«2JIeMEHTapHBIM MaKpooObeMOM» — TOH mpe-
JleTbHOH  CTeNeHblo JAHCKpPeTH3alMH, KOTOopasi [ONYyCKaeTcs B TEODHH
¢dunbTpanud. OTpaHHYHMCS B pacCcyXK/JIeHHsX JIHIIb Hanbosee NpOCTHM
cJyyaeM, KOrja pedb HAeT 0 AByxdasHoH GHIbTPAlHH HECMEIIHBAIO-
INHXCA XKHAKOCTEH — BOJB U He(TH, a TepMOJHMHaMHUYeCKOe paBHOBe-
CHe, 1O CYyILleCTBY, paBHOBEeCHe KaNHJJISPHOE; TOTAa Ha OCHOBE pe3yiib-
TaToB § 3 NaHHOH IJaBbl HMeeM OLEHKY [/ BPeMeHH YCTaHOBJIEHHSA

© = pl2/kAp, = Cul2k—/2q, (IV.117)

rie k-— NpOHMLAEMOCTb 3JEMEHTa HEOAHOPOAHOCTH cpeipl; [ — ero
JHHEHHbIA pasMep; Ap.— JeHCTByollas pasHOCTb KallHJJA PHbIX fAaBJie-
HuH. 3ajaBasi Macwtal ocpeHeHHs X TNPH ONHCAaHHH IBYxX(asHOro
TeUeHHs, MBl TEM CaMblM HESBHO YCTaHaBJIHBaeM M XapaKTepHLIH Mac-
mrab BpeMeHH, OTIeJAIONIHHA «MejJeHHble» IPOIecCh ABYX(asHOro
TeYeHHs], K KOTOpbIM NPHMEHHMa KJacCHYecKas TEOpPHsI BHITECHEHHS, OT
«BBICTPBIX», HA KOTOpBIE MOTYT CYIECTBEHHO BJHATb HEPaBHOBECHbIE
npouecchl. IIpakTHyeckas 3HaUWMOCTh HepaBHOBeCHBIX 3¢ deKkToB on-
pelensieTcsl TeM OOCTOSITeNILCTBOM, UTO peasibHblil MacuiTab ocpelHEHHs
B 3afayax pa3paboTKyH HedTSHBIX MECTOPOXKIAEHHH COINOCTAaBHM C pac-
CTOSTHHEM MeXJy CKBaXXHHAMH H COCTaBJsieT, N0 KpalHeH Mepe, Je-
cATKH MeTpoB. COOTBETCTBYIOIIHE BpeMeHa YCTAHOBJIEHHS paBHOBecHd
T H3MepsoTcsa rojamu. IlosTomMy HepaBHOMepHOCTb (GHJAbTPaUHH Oy-
JeT CyLlecTBeHHO BJIHSITb Ha NMOKa3aTeJH pa3paboTKH, H BaXHO 3HaThb
BO3MOXHbLI€ IOCJEeACTBHS TAKOTO BJHSHHS.

Ecth npyrasi — uucTo TeoperHueckas — HeOGXOAHMOCTb aHaJIH3a
HepaBHOBeCHLIX 3(peKkToB. [lefCTBHTEJILHO, COMJIaCHO KJacCHYEeCKOH
TEOPHH, B NOTOKe HMeloTcA 06JacTH Pe3KOro H3MeHeHHsl HachbllieHHOC-
TH — (PPOHTH BuiTecHeHHs. TonmuHa dpoHToB (CM. § 3 LaHHO! ryiaBel)
YMEHbLIAeTCs ¢ POCTOM CKOPOCTH BLITECHEHHSI, H NIPH 3TOM YBeJHUYHBa-
€Tcsl CKOPOCTb H3MeHeHHS BO BpeMeHH HaChlIIIeHHOCTH BHYTPH OPOHTOB.
3To 03HayaeT, YTO C yBeJHUYeHHeM CKOPOCTH BEITECHeHHsl 06si3aTeb-
HO HACTYIHT MOMEHT, KOTJa XapaKTepHOe BpeMsl H3MeHeHHs Hachl-
IIeHHOCTH CTAHEeT CONMOCTABUMBIM C BpeMeHeM YCTaHOBJIEHHSI «BHYTpeH-
Hero» KalWJIspHOro paBHOBecHs. IIpH OOJbIIHX CKOPOCTAX KJacCH-
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yeckad TeOpHA CTAaHOBHUTCA HENPHMEHHMOH, H ClelyeT Y4YHUThIBATb
3¢ deKTh HepaBHOBECHOCTH.

Mojagear HepaBHOBecHOH AByxba3HOH buIbTpa-
i Hu. OcHOBHEle 3((eKTs HEPaBHOBECHOCTH SICHO OOHapyKHBAIOTCH
npu aHasuse npocteiimeit Mogesau [5]. PaccMoTpum mpouecc BBHITECHe-
HHA HeCMayHBalollej XHUAKOCTH CMadyuBawolledl H3 THAPOOHJIBHON nO-
pHcTOH cpenbl. B cranHoHapHOM MOTOKe KaHaJbl, IO KOTOPbIM IMepe-
MelllaloTcst dasbl, pas3juuHble: MO OoJsiee y3KHM MepemelllaeTcst cMa-
yyBawouias ¢asa, no Gosee WIHPOKUM — HecMauuBatouias. [lo mepe
BO3pACTaHHUS HACHIUIEHHOCTH CMauuBatouleft ¢as3ofl el mpeACTOUT BhI-
TeCHHTb HECMAUHBAIOIIYI0 H3 YacTH 3aHATHIX €l0 KaHanoB (HauboJee
Y3KHX). JTO NPOHUCXOAHUT He MTHOBEHHO, U Ha NPOMEXYTOYHOM 3Tale
uyacTh BHITeCHseMO# ¢(asbl 3aJepXKHBaeTCs B Y3KHX KaHa/ax, a 4acTb
BHITECHAIOLLeHl BpeMeHHO ABHXeTCs nmo 60jee MIHPOKHM, 4eM B CTAlHO-
HapHOM nOTOKe, KaHanaM. [losTomy ¢a3zoBasi NpOHHIAEMOCTh MJIs
BHITEeCHsIIOlIeH (a3l BpeMeHHO BhIli€e, a A5 BbITeCH€MOH — BpeMeH-
HO HHXe, YeM B CTAaLHOHADHOM NOTOKe NPH TOH Xe HaCHILEHHOCTH.
(AN MpOCTOTHL OTPAHMYMUMCST KpyMHOMACWITAGHBIM aHa/au3oMm 6e3
yueTa KalHJJAPHOTO JaBJeHHS).

CylecTBeHHO, YTo (pakTHYECKH peub HeT He 0653aTeJbHO O KaHa-
Jax B Macwrabax OTAeqbHBIX NOp, a O KaHaJjax, o0pasyloluxcd B
peasbHOH MOpHCTOH cpefle ¢ Npucyllell eff HeOJHOPOJHOCTbIO Pa3HBIX
MaciuTabos.

M3 BHAa KpHUBBIX OTHOCHTE/JbHBIX NpOHUI@eMocTelt (cM. puc. 37)
SICHO, UTO yBe/jHuYeHHe ()a30BOH NMPOHHLAEMOCTH BhITECHAWOLIEH XKHIKO-
CTH B HeCTAUHOHADHOM MOTOKe 3KBHBAJEHTHO Kak OGbl MIHOBEHHOMY
YCTaHOBJIEHHIO CTalHOHApHOH (pa30BOH MPOHHLIAEMOCTH, OTBeualollel
HeKOTOPOH YBEJHYeHHOH MO CDAaBHEHHIO ¢ JeHCTBHUTE/]bHOH HAaCHILIEH-
HOCTH.

AHaJIOTHYHO yMeHbllleHHe B HeCTAllHOHapHOM IOTOKe ($a3oBoil mpo-
HHLIA€MOCTH [J51 BbITECHSE€MOH XKHIKOCTH 3KBHMBAJEHTHO Kak Onl
MTHOBEHHOMY YCTAHOBJIEHHIO CTALHMOHAPHOIO 3HAYEHHS, COOTBETCTBYIO-
L1er0 YBeJHYEHHOMY 3HAYeHHIO HaChIUIEHHOCTH BBITECHSIOMEH XHIKO-
cTbi0. [IpeHeGperasi BO3MOXKHBIM pasjiHudeM MeXAY <«30(eKTHBHBIM
yBeNHYEHHEeM HAaCbIleHHOCTH» AJs obeux a3, IpHUMeM CJAeYIOHLylO
THIOTE3Y.

[Ipn HecTauHoHapHOH GHUABTPALUMH HECMEIIHBAOUIUXCA KHAKOC-
Teli HepaBHOBeCHbie (a30Bble NPOHHIAEMOCTH MpU HACHIIEHHOCTH S
paBHbl (a30BbIM NPOHHLAEMOCTSM NPH HeKOTOPO#H 3(P(EeKTHBHOH Ha-

CHILIEHHOCTH S.
[unoTe3oil 31ech, KOHEUHO, ABJSIETCS JHIIB TO, YTO 3¢ PeKTHBHAA

HaCBHIIIEHHOCTh § OJAMHAKOBa JJs 06eux (asoBBIX IPOHHIAEMOCTEH.
C yyeTOM CKa3aHHOTO OCHOBHBIE yDaBHEHHs [BHXKEHHS 3alHChi-
BAIOTCS B BUAE o 4 gy =0, —ms , 4+ Tato =0, (IV.118)

ui=— (klwo) f: (s) V p1. (IV.119)
UTto6H 3aMKHYTh 3Ty CHCTeMY, HeOOXOAMMO CBfA3aTh 3(peKTHBHYIO

HaChIIEHHOCThL § C HCTHHHOH HacChIUWEHHOCTBIO  S. EcrectBeHHO npenno-
151



~

JIOXKUTb, YTO OTJIMYHE S OT S ONpezessercs JOKaJbHOH CKOpPOCThIO
M3MEeHEHHS HACBILEHHOCTH S ; H XapakKTepHBIM /ISl JaHHOH cpeibl Bpe-
MeHeM YCTaHOBJIEeHHS DaBHOBecHst t. Torja, HCHOAB3ys COOGpa:KeHUs
pasMepHOCTH, TOJYYHM:

s—s =0 (1), (1V.120)

rae @ — HeoTpHIATeNbHAs NMpPH TOJCXKHTEJbHBIX 3HAYeHHSIX apryMeHTa
¢yukuus, npuuyeM, ouerpano, @ (0)=0. OrpasnuuBasicb JHHEHHLIM
p asjaoxeHneM QyHkUuMH @ W nojaras Koa(QQUIMEHT pasJoKeHHs pas-
HbIM eIHHHIe (STO SKBHBAJIEHTHO INepeonpejc/ieBHIO BpeMeHH T, oIpe-
JleIeHHOT O JIMLIb € TOYHOCTBIO [0 MOPAJKa), NOJOXKHM OKOHUATEJbHO

§— 8§ =18 4. (Iv.121)

B paccMmatpHBaeMofi ynpoiieHHOR Moaenn OyAeM CuMTaThb t IHO-
CTOSIHHOH BeJIMUHHOM.

CootHowenus (IV.118), (1V.119) u (IV.121) MoxHO, KaK H B KJac-
CHYeCKOH TEOpHHW, NpHBECTH K CHCTeMe JBYX YpaBHeHHH IS HacH-
IIEHHOCTH S H MOJHOH cKopoctH ¢HAbTpauuu U:

ms; + V[UF(s+ 5¢)]=0; vU=0. (I1V.122)

CyulecTBeHHO, 4TO MNepBoe ypaBHeHHe cucteMbl (IV.122) yxe He
paspeleHO OTHOCHTEJIBbHO MPOH3BOAHOH MO BpPEMEHH.

CrabuauszupoBaHHasa 30HA. [IpousBeeM acCHMNTOTHYeCKHIl
aHanu3 pelweHuit cucremnl (IV.122) no awamoruum ¢ aHanH3oM, JaH-
HbIM B § 3 Hacrosiedl r1aBm. B pesyseraTe NOMyYHM pellleHHE, ONHCHI-
Balollee CTaGHJIH3HPOBAHHYIO 30HY, HO HHOH (H3HYECKOH NPHPOAHI.
ITepeiineM K 6e3pa3MepHEIM INepeMEHHLIM

8—_—-1/1], E=x/L7 S, V:U/Ulv

IV.123
ty = piLkAp, U, = kAp/u L, ( )

€CJIH 3al1aHO JlaBJIeHHe Ha rpaHHle o60JacTH jasuxeHus; ¢ = L/U,,
Uy=Uy, ecan 3anaHa HopMaJbHast KOMIIOHEHTAa MOJHOH CKOPOCTH
¢uIbTPalliK HAa TpaHHHe. 3lechb Ap — XapakTepHHH Nepenaji AaBJeHHs
Ha rpanulle; Uo— XxapaKkrepHasi CKOpOCTb Ha rpanulle; L — Xapakrep-
HBIH pasMep obnactH. ¥ paBHeHus (IV.122) npunumaror BHA

ms, s+ VI[VF(s+es,9)] =0, vV=0, ¢=1/t,. (IV.124)

ITpoBeaeM acumnToTHYeCKHH aHaau3 cucreMn (IV.124) B npexno-
JIOXKEHHH, YTO mapaMetp e; MaJj. [IpH 3TOM 1/ BHeIHero peLIeHHs
noJsyyaeM Ty ke 3aladyy, yTo H B § 2 JAaHHOH TIJ1aBHI, ONpele/sioluyio
NpeXHuH BHA pelleHHs ¢ TOBepXHOCTAMH pasphiBa HACBIIEHHOCTH.
HepaBHoBecHOCTb CKaxeTcst TONBKO Ha BHyTpeHHeM pelieHHH. O6iacTb
6bICTPOrO H3MEHEHHsI HAaCBHILEHHOCTH NpeicTaBaseT co6oH TOHKHI 1no-
TPaHUYHBIA CJOH BOJIH3H IOBEPXHOCTH pa3pbiBa HACHILEHHOCTH BHELI-
Hero pelieHHsi. BHOBbL BBeleM JIOKAJbHYIO [EKapTOBY CHCTEMY KOOp-
IMHAT € HayaJdoM B IPOM3BOJLHON TOYKe MOBEPXHOCTH pa3pbiBa I
BHEINHEro pelleHHs M OCbio [, HampaBJeHHOH No HopMaiu K X. Bse-
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AeM HOBYIO eIMHHLY MJIHHBL ¢ L 1o F
ocu {, ocTaBHB MacwitaG no apyruM 1}
ocsiM paBHBIM L, u «6ricTpoe» Bpems
6 =98/¢,. Torma npoussoiusle Mo {
6YAYT UMETb NOPSJOK eRHHHIbI, a Npo-
W3BOAHbLIE MO OCTAJbHbIM NPOCTPAHCT-

BEHHBIM MepeMeHHBbIM — €. =es' [l
B HyneBoM npuO/HXKeHHH MO &) !
noayyaeM u3 (IV.124) ypaBHeHHd B :
‘ 1/¢
0 0s |
ms, ¢ + a—:[V;F (s -+ 03)] =\, |

v, A 14| 2

——=0. (IV.125) o Sy 5 3 1

PHUC. 49. K ucciefoBaHuIo  ypapHe-
Jasi HaxoXJeHUsi B HyJIeBOM IpH- Hua (IV.129)

OJMHKEHUH CTPYKTYpPH (poHTa HlleM
BHOBb pemeHue cucteMn (IV.125) B Bune 6Geryueii BOJHBL:

s=s(f), Vi=V(§), t =L —0cb. (1V.126)

Uz proporo ypaBHeuus (IV.125) monyuum Ve = const = V, npuuem
V onpepensieTcsi u3 BHewHero pemenus. [loncrasasis (IV.126) s
(IV.125) u MHTErpHpys, HaXOAHM

— mcs + VF (s — cs)= const. (1v.127)

['paHHYHEIE YCJIOBHS HMEIOT BHIL S(— ) =Sy, s(o0) = sy, THE S,
s, GepyTcs M3 HYJNEBOTO NPUG/MMKEHMsi BHEIIHEro pelueHud, T. €. B
ONHOMEPHOM cJlyyae — H3 pewenns Bakaest — JleBeperra. Ilpu § =

= + oo §=0, Tak uro u3 (IV.127) crenyer

F —F
const = — mesy+ VF (sg); ¢ :irlaf M
2721

(IvV.128)

[Toacrasnss 3To Bhipaxenue B ypasuenue (IV.127), moayuum:

N F(s9 =F (s1)
F(S——CS) =F (52) + (S—"SQ) ~———s2—_'_—sl—'——. (IV129)
10 ypaBHeHHMe JIErKO HCC/e/yeTcs rpatuyeckH (pHc. 49). Otpesok
AB cooTBeTcTByeT NpaBoi YaCTH ypaBHEHHH (IV.129); orcrona caeayer,
yTo otpesok BC cootBetcTByeT — cds/di. Takum o6pasoM, IIpH H3Me-
HEHWH S OT Sy /IO S| BeNMYMHa — cds/dé Bce BpeMsi OCTA€TCH IOJIOXKH-
TeNbHOM; OHA ofpailaeTcs B HYJb N0 KpasM HHTepBala H MMeeT OIHH
MaKCHMYM.
[epenuuem ypaBHenue (IV.129) B Buze

%oy [ F (s — M(SQ—Q}, (IV.130)

[ —
ds 59— 51

rae y — byHkuus, obpatHas F, o4eBHIHO, OHA ONpEleNeHA H MOHO-
TOHHO Bo3pacraeT Ha otpeske [0, 1]; mpasasi 4acTb ypaBHEHHHA (IV.130)
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obpamaercs B HYyJb 1O KOHIAM HHTepBaja [s;, S;] H HOJOXKHTENb-
Ha BHYTpH Hero. VHTerpupys ypasueHnus (IV.130), nonyuum

F —F ~
£ = rr_‘z/ (82)—-5 (1) 5‘ ds\ i F=F(s9) —
52 1 s— XL |F (s)]

_Fe)—F ) (s —
59— 8

s1). (IV.131)

M3 3TOro COOTHOLIEHWs], KaK H B § 3 JaHHOH rJaBbl, NoJyyaeM IJs
3((eKTHBHOH TOJIIHHEI (PPOHTA BBITECHEHHS —PACCTOSTHHAA, Ha KOTOPOM
HaCBIEHHOCTh HM3MEHSIeTCs OT §) 8 10 S;— 3,

g—0

A Y FE)=FE) S ds

mooRT s—[F (o)

(1V.132)

Takum o6pasoMm, B OTJHYHE OT CTPYKTYphl, HelmocpeacTBEHHO 06y-
CJIOBJIEHHOH BJIHMSIHHEM KaNUJJNSAPHOrO JaBJjeHHS (CTabH/JIH3HPOBAaHHOH
30HBI), TOJIIIHHA (POHTA BLITECHEHHS HPH IIPEHMYILIECTBEHHOM BJIHA-
HMH HEPaBHOBECHOCTH NMPAMO NMPONOPIHOHAAbHA CKOPOCTH BBITECHEHHS.

3aMeTHM, 4YTO OTHOLIEHHe MaJblX I1apaMeTpoB, OTBEYAIOIUHX ABYM
YKa3aHHBIM (H3HYeCKHM 3(deKkTaM, paBHO

a cosﬁ(mk)l/2

E/El =
F‘ﬂuf

(1V.133)

[lostomy kJ/accuyeckass Mojesb, NpHBeldeHHas B § 3 IaHHOH IJ1aBbl
W OTBeuawollasa e/e; > |, clopaBennuBa IPH MajbiX CKOPOCTSX BHITECHE-
HHs, a pacCMOTpeHHas B NAaHHOM HNaparpage Mofeab, kKorja efe; < |
{NpeHMyIIeCTBEHHOE BJIHSIHHE HEPABHOMEPHOCTH), COOTBETCTBYET GOJbIIUM
CKOPOCTSIM. YuMTBIBasl pe3ysabTathl § 3 HaHHOH Tr/aBBl, MPUXOAHM K
BBIBOAY, YTO 3aBHCHMOCTb TOJIILHHBI (POHTa BBITECHEHHA OT CKOPOCTH
HUMeeT BHJ HEMOHOTOHHOH KpHBOH, HeOrpaHHYEHHO BO3pacTalollell Kak
NpH MajblX, TaK H NpH GOJBIIMX CKOPOCTSiX. DTOT BHIBOA coIyacyertcs
¢ 1a60paTOpPHbIM 3KCIEPUMEHTOM (CM. pHC. 44).

Hns ycnoBuil BhiTeCHeHHs] He(TH BOAOH B He(PTSHOM NJacTe a =~
=~ 0,01 HM, m=0,l; £=10—1% M2, p;=10-3 [Ta-c. Torna e/e; ~
~ (108 — 107)/z, roe t-— XapakTepHoe BpeMsl YCTaHOBJEHHS paBHOBe-
cHsl B CeKyHAaX. EcaH yuecTh, 4YTO 3TO BpeMs, KaK [OKa3bBalOT
OlleHKH, MOXeT ObITb BecbMa BeJHKO — 10 roga 4 6oJee, To B 0OblY-
HBIX YCJOBHAX OCHOBHYIO pOJb HrpaloT 3¢h¢eKTsl HepaBHOBECHOCTH.
[ToatoMy B IPOMBICTIOBEIX YCJOBHAX TOJUIMHA (POHTA AOJXKHa PacTH
C POCTOM CKODOCTH BLITECHEHHs, H B KOHIle KOHIIOB MOXEeT CTaTb CO-
IOCTABHMOH IO pa3MepaM C pa3mepaMmy mJjacra.

STH BBIBOABI, NOJYYEHHblE 3[eCh HA NpocTeiillell MOAeNH HepaBHO-
BECHOCTH, HMeIoT 06IuMi XapakTep. M3 HHX cjeiyeT CyLIeCTBEHHOCTDb
HepaBHOBECHBIX INIPOLECCOB INpH pa3paboTke HedTAHBIX MeECTOpOXKIe-
HHH M HEOOXOJAMMOCTb HX H3y4YeHHS H yueTa IOPH HPOEKTHPOBAHHH
pa3paboTKH.

154



§ 5. YcToHuHBOCTH BHITECHEHHS
HeCMELIHBAIOWIMNXCS KHIKOCTEH

Jas toro, 4To6H peaJbHO OCYILECTBJSJIUChH JABHKEHHS, OMHCHIBA-
eMble [IDHBeJEHHBIMH BHIIE DelIeHHSIMH ypaBHeHH# nByx(da3HOH (PpHJIb-
TPalHH, OHH JOJXKHH OBITh YCTOHUHBH, NO KpaHHe#i Mepe, K MaJbM
BO3MYllIeHHsIM. BoaMyIieHHsl, cBSi3aHHBE C HEOAHOPOLHOCTBHIO Cpelbl
H HelOCTOSIHCTBOM CKOPOCTH (HJBTPAIHH, BCETAa BO3HHKAIOT [pH
TEUEHHH XUIKOCTeH B peaJsbHBIX NOPHCTHIX cpeaaXx. OHH Moryt GHTb
HeMaJIbIMH, TOr[a YCTOHUHBOCTb K MaJjibiM BO3MYIIEHHSIM ecTb HeoOXo-
IuMoe, HO He [OoCTaTouHoe TpeGOBaHHe.

1. ITpu HccnenoBanuu yCTOHUHBOCTH pelneHHs Bakaes — JleBepert-
Ta B KpyNHOMaciuTaGHOM NPHOJHXKEHMH HYXHO OTPaHHYMBATLCS BO3-
MYIUEHHSIMH, JJIHHA BOJIHH KOTOPHIX (KpHBH3HA (PpOHTA CKauyka) Be-
JUKa MO CpPaBHEHHIO € TOJUIHHOH CTaGUIH3HPOBAHHOH MepexoaHOH
30HB. PacCMOTpHM YyCTOHYHMBOCTb NJIOCKONAPaJJIEJbHOIO BEPTHKAJNb-
HOTO BBITECHEHHS HECMENIHBAIOMINXCA XHIAKOCTEH ¢ YYE€TOM CHJIBl TH-
JKecTH. YpaBHeHHs AByx(asHoii ¢HUAbTPAUHH B KpyMHOMAcCIITAGHOM
npubJIHXKeHHH 3amuileM B BHJeE

uj= — (kf; (s)/p;) grad (p + pjgx), i =1, 2, (1V.134)
mos/0i + divu, = 0; diva=0; u=u + u,. (IV.135)

KOMIOHEHTsl BEeKTOPOB # MO CCAM X, y, 2 OCO3HAUHUM uj, v;, W;.
Ocb x HampaBjeHa BepTHKaJbHO BBEpX.

TeueHneMm, yCTOHUHBOCTb KOTODOro HCCJEAYETCSl, SIBJSETCS MJIOCKO-
napaJje/ibHOe JBHXKEHHE BIOJb OCH X C NOCTOSIHHOHM CKODPOCTBIO (DHJIBT-
pauun ug = ujo + Uge. [l03agM M BHepenH cKauka, IBHXYIIETOCT CO
CKOpOCTbIO V, HacCHIIEHHOCTb TIOCTOSSHHA M PaBHA COOTBETCTBEHHO
8§~ =35, st =1sp. [Ipy 3TOM BHIIOJHSAIOTCS COOTHOLIEHHS (cM. § 2 paH-
HOH rJaBbl):

V = uo (b — $o)/m (s — So), (1V.136)

Uy = U = o, { <0,

uy = uis = ugpo, & >0,

rae $o =9 (so); bo= ¢ (s0); ¢ () =F (s)[1 —Wfa(s)/uol; W = kApg/p,;
Ap=1p) —py L=x—VL

(1v.137)

Pacnpenenenne naB/eHHs ONHCHIBAETCS COOTHOLIEHHSIMH, BHITEKalO-
muMy H3 ypaBHenuH (IV.134) u HempephIBHOCTH [aBJEHHsI Ha CKauke

po = — (m1/k) (Uol9c + WFo) L + 03075 + Po, (L<0),
pd = — (n1/k) (uo/90 + WFo) L + pog’ + Po, (£ >0),

rae gc=¢(S); vo= 9 (s0); Fe=F(s); Fo=F(s0); Po=const; ¢(s)=
=[1(8) 4+ pof2(5), o= pi/pe.

(1IV.138)
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PaccmotpuM pewenue ypasuenuit (IV.134) u (IV.135), orauuaro-
meecsa OT oNHChiBaeMOro cootHoweHusamu (IV.136)—(IV.138) ManabiMu
BO3MYUIEHHSIMH BCEX IepPeMEHHbIX, KpOMe HACHILEHHOCTH, T. €. IT0JIOXKHM

wi= 1+ ) p=po+ep, j=1, 2. (IV.139)

3fech ©— Majas BeJHYHHA; BEKTOP H; HMEET KOMIIOHEHTHI U],
vj, ;. YpaBHeHHe BO3MYILEHHOTO (POHTA CKauKa NpHMEM B BHIE
lo=x—Vi=¢ex"(y, 2 1). (IV.140)

[Moxcrasnsasa Boipaxenus (IV.139) B ypasnenns (1V.134) u (IV.135),

MOJAYYHM, YTO B MEpBOM MNpPHOGJHKEHHH IO & BO3MYIIEHHS (BEJHYHHBI,
0603HaueHHbIe 3BE3JI0YKOH) YIOBJETBOPSIIOT CHCTEME YpaBHEHHH

u; = — (kf; (s)/nj) gradp®, £ <0, j=1, 2 (IV.141)
u;j = — (kfi (so)/pj) grad p*, £ >0, diva"=0. (IV.142)

ITocko/MbKY HCKaXKeHHS ()POHTA MaJbl, YCJOBHSI HAa CKayKe MOXKHO
cHectd Ha maockocth (. Toraa ¢ TOYHOCTBIO A0 MasLIX BEJHYHH IO-
psiiKa e MOJYYHM YCJOBHS [/ BO3MYINeHu#t mpyu § = 0:

W — T = m(s. — so) Ox"/0t. (IV.143)

Wt uy =T us T =, (IV.144)

p——pt=p ko, — ljgg)uo+ W (2 —Fog—F)]x*. (IV.145)

KpoMe Toro, BO3MylleHHS MAOMXKHBI ofpamatbcs B HYyJab OpH § —

— 4 co.

IIpou3BoJbHOE BO3MYylleHHe ()POHTA CKAYKA MO:KeT GHITb pasJOkKeHO

B unterpas ®ypbe no y u z. IlosToMy ansi Hcc/eJOBaHHSL YCTOMYH-

BOCTH JOCTATOYHO DPAacCMOTpPeThb pa3BHTHE CHHYCOHJAJBHOTO BO3MYILIe-
HHsI, KOTOpOE BbIpa3uM B KOMILJIEKCHOH ¢opMe

=X (t) exp (iB1y + iB2). (1V.146)

Torxza HeTpPYAHO NMOKa3aTh, YTO BO3MYLIEHHe JaBJeHHS p°, yJAoOBJe-

tBopsitomee ypaBHeHuaMm (IV.141) w (IV.142) u crpemsimieecs K Hy/Mmo
npu { —> 4 oo, NOMKHO BHIPAXKAaTbCcs B BHAE

pF =P 7 (f) exp (if1y + iBsz £ BC). (IV.147)

rae = fo -+ 83. Boamyuienus ckopocTeli (HALTPalHH IOJAYYaIOTCA
u3 (IV.147) u ypaBuenus (IV.141).

Hcnonpsys ycaoBua (IV.143)—(1V.145) wu wuckmouas P~ (f), mno-
JYYHM YDaBHEHHe, OIHCBhIBalOllee H3MEHEHHe aMIIHTYABl MPOH3BOJb-
HOTO CHHYCOHAATBHOTO BO3MYILIEHHS:

dX/dt = —NB8X/m (s, — so) (9o '+ 20 '), (IV.148)
rie
N = (1/¢c— l/oo) uo + W (2 — Fo— F).

Peuienne ypasHenuss (IV.148) npu ycaoBuu X (0) = X,

X = Xoexp[— Npt/m (s; — so) (1/9c + 1/90)]. (IV.149)
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TakuM o6pasoM, ecsu
N = (ljo— l/po) tg + W (2 — Fo—F,) >0, (IV.150)

TO HaudaJIbHble MaJ/ible BO3MYIIEHHA CO BpPEMEHeM 3aTyxarwT, B MPOTHB-
HOM e c/yyae BospacrawT. I[lockoabky B ycaosue (IV.150) He Bxo-
JIHT BOJIHOBOE YHCJIO [, TO OHO CHpaBel1HBO AJA MaJuX Hada/JbHBHIX
BO3MYIIEHHH MNPOH3BOJILHOH opMHL.

Ycaosue ycroitunsoctu (IV.150) mosyuyeHo 6e3 ydera BO3MYLUEHHH
HACHIIIeHHOCTH. MOXHO NOKa3aTh, 4YTO Majble BO3MYIIEHHS HacbILEH-
HOCTH paclpoOCTPaHSIOTCSI, He 3aTyXas M He paspacTrasich, H NOITOMY
He MEHSIOT BHJA YCJOBHS YCTOHYHBOCTH.

Bennuuny k¢ (s)/w; NPHHATO HA3LBATb NOABHXHOCTbIO GHIbT-
pymoueicss AByxXhasHoH XKHAKOCTH, GYHRuHO ¢ () = fi (s) + pof2 (s) —
OTHOCHTEJNBbHOH MOABHXHOCTbIO. YciaoBue (IV.150) osnauaer,
yro npu W=0 (623 BIHAHHA CHJB TSXKeCTH) QPOHT BHITECHEHUA YC-
TOHYHB, €CJH TOJBHXHOCTb BHITECHSIOIMIEH >XKHIKOCTH 3a (PPOHTOM ¢,
MeHbIlle, YeM IOABHIKHOCTb BbiTecHsieMoit ¢asel Brmepepu Hero. Ecum
W >0, T. e. NJIOTHOCTb BHITeCHSAMIOWEH XHIAKOCTH GoJiblie, 4eM BHITEC-
HAeMOH, a BHITeCHEHHe NPOHCXOAHT CHH3Y BBEpPX, TO MAeHCTBHE CHJIbI
TAXKECTH CNOCOGCTBYeT cTabuaM3allMu (poHTa, W HaoGOpOT. Y CJIOBHE
(IV.150) 6bwio momyueno BnepBoie M. A. UapHbIM HeCKOJBKO HHBIM
NyTeM.

OTHolueHue NOABHMKHOCTEH Ha cKauke M' = ¢o/g, 3aBHCHT OT BHJA
KPHBBIX OTHOCHTEJIbHOH# NPOHHUAEMOCTH H OTHOIIEHHs Bsi3KocTelt ¢a3
M = py/u; = 1/po. C pocroM M oTHolleHHe mnopsuxkHOCTe M™ TakXke
pacteT, HO KpHTH4Yeckoe 3Hauenue M™ =1 nocruraercs npu M = My,
0ObIYHO MpEBLIAIOIEM E€IHHHIY.

Hanpumep, ec/iH OTHOCHTEe/IbHblE MPOHHLIAEMOCTH HMEIOT BHI:

fr(s) = (s—5s)? /(1 —5,)% fa(s) = (s" —)¥s"2,
(fi=0 mpu s<s,, fo=0 npu s>s",
a sp=s,, 10 u3 dopmysanl (IV.45) HeTpyaHO MOMy4MTDH
Se=S5,+(sS—s,) My + 1)~V2;, M*=2[1 — M, + 1)~1/2],
M, = Ms™2/(1 —s )2

3ameTHM, 4To ecad §" =1 —s,, T0 M; = M. OTHolleHHe NOJBHXK-
Hocrelt M™ paBHo enuHHue npu M, = 3. TakuM o6Gpa3oM, AJs KBajapa-
THUHBIX OTHOCHTE/IbHBIX ITPOHHLAEMOCTEeH BBITECHEHHe YCTOHYMBO TNpH
M, < 3 u Heycrofiuuo npu M; > 3.

Ecnu oTHOCHTeJbHble NPOHHL@EMOCTH BHEIPaXKawTcAd B BHIe KyOH-
yeckuX QYHKUHH COOTBETCTBYIOLIHX HACHIIEHHOCTeH, TO KPHTHYecKoe
3HaYeHHe OTHOIIEHHSA BS3KOCTH COCTaBJsieT okojo 9,8, a €cjH B BH-
Jle yeTBepTHhIX cTeneHed — To okojio 18,3.

2. Ycaosue ycrofiunBoctu (IV. 150) 6mo noayueHo Ge3 yuera
KanuJJApHHX CHa. KanmuanspHble CHIHL, 06analoline JHCCHIATHBHLIM
JeHCTBHEM Ha pacnpejejeHHe HAaCHILEHHOCTH, CIOCOGCTBYIOT CTaGH-
ausanud ¢ponta BhiTecHeHHHA. TOUHOe Hcc/eloOBaHHe HMX BJHAHHA Ha
YCTOAYHBOCTb AHAJHTHYECKHM IyTeM IpOBeCTH He YyHAaeTcsl. 3jech

(IV.151)
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JIaHBl pe3yJbTaThl ACHMITOTHYECKOrO HCCJEeA0BaHHA INPH NPHHATOM
BHILIE YCJOBHH, YTO [JIHHA BOJIHE BO3MYIUIEHHS BeJHKa MO CpaBHe-
HHIO C HOPOTAXKEHHOCTbIO HepexOXHOH (CTaOHJIH3UPDOBAHHOH) 30OHHI.

HeficTBHe KaNWUIIAPHBIX CHJ B TAKOM NPHGJIHXKEHUH YUHTHIBAETCH
B TPaHHYHHIX YCJOBHAX Ha CKaukKe,

Uro6bl n3bexaTb POMO3AKHX BHIKJIAAOK, PAaCCMOTDHM TedeHHe 6e3s
yyeTa CHJ TpaBHTAllHH, ONHChIBaeMoe cHcTeMaMH ypaBHeHHi (IV.19)
H (IV.20). Bropoe H3 3THX ypaBHeHHH 3anulieM B BHIE

mas/0t 4 F' (s) (i grad s) — a?mA® (s) = 0. (I1V.152)

ITycTe HeBOSMYLIEHHOE [BHXKEHHE HANPaBJeHO BIOJb OCH X H ONK
chiBaetcs (1V.136)—(1V.138).

Ilpu stom mojoxum W =0, otkyna ¢ (s)=F(s). Onpenenum Boz-
MYylleHusi cKopocTeli " naBienust ¢opmynamu (IV.139). B auHefiHOM
TpUOJIMXKEHHH OTHOCHTEJbHO € BO3MYILEHHS Mo ob6e CTOPOHBLI (h)pOHTA
yaoBaeTBopsAoT ypaBHeHHaM (IV.141) u (IV.142). Urobu noayduthb
AJIs HUX TpaHH4YHbHIE YCJOBHS, NPOHHTerpupyem ypaBueHus (IV.19)
u (IV.152) no x BIOJL MepexoAHOH 30HHI, CYUMTAsA, YTO TPaHHLA pas-
nena caabo uckpubaeHa. [Ipu 3ToM mpeHeGperaeM ujeHaMM NOpPsiAKa
UIHPHHBl 30HBl H KBaJpaTaMH NPOH3BONHHX 1O y H 2. Ilepexoas B
IOJIYYEHHEIX BHIPAXKE€HHAX K BO3MVILEHHSM, CHOBRA NOJYUHM YCJIOBHSA
(IV.144) n (1V.145). Onnako Bmecto (IV.143) u3 ypaBuenus (IV.152)
caenyer

0x* /0t — u*V/ug — a2 [(D, — Do)/(sc — $0)) (02x*/0y? 4 32x*[322) = O
(B = D (s)), o= D (s0)). (IV.153)

x" M p°” no-mpexxHemy BelpaxawoTcs Qopmyaamu (1V.146) u (IV.147).
Yenorusa (1V.144), (IV.145) npu W =0 u (IV.153) npusogsar x cie-
AyiomieMy ypaBHeHHio masi X ()

dX/dt + BX V(1 —M")/(1 + M’) + a?B (®; — Po)/(s° — so)] = 0.
(IV.154)
W3 ypaenenns (IV.154) caeayer ycioBue yCTOHYMBOCTH
V(1 — M) 4 M) + a28 (D — ®)/(s.— o) >0.  (IV.155)

Ycnosue (IV.155) cosnagaer ¢ (IV.150), ecqH OTCYTCTBYIOT KallHJ-
JsipHble W TpaBHTaLMOHHble cHaH. [lpu M® >> 1, xoraa 6e3 BoszeHcT-
BHSl KallUANAPHBIX CHJ (JPOHT CKauka HEeYCTOHYHB, OHH o6GecrneyHBaroT
YCTOHYHBOCTb BO3MYILIEHHH, JAJIMHA BOJIHBI KOTOPHIX MEHbIe KpHTHUe-
CKOTO 3HayeHHs] A, OINpeleJsieMOro, B COOTBETCTBHH C YCJOBHEM
(IV.155), gopmy.Joi

he = 27/B, = [2ra2 (D, — Dg)/V (5. — so)] (M* - 1)/(M* —1).  (IV.156)

Bruison ycnoBusi (IV.155) u gopmyasr (IV.156) 6bla caenan B nmpef-
NOJMIOXKEHHH, YTO LIMPHHA MepeXOJHOH 30Hbl MHOTO MeHblie JJIHHEI
BOJIHBI BO3MyuleHHs. CorylacHO pe3yJibTaTaM, H3JIOXKeHHHM B § 3 Ha-
CTOsIeH TJIaBEl, MPOTAXKEHHOCTh CTAaOHJIH3HPOBAHHOH MEPEeXOJHOH 30HH
o/, nponopunoHaibHa a?/V. TlosToMy mnpeanoJioxeHHe A, > 3/ BHIIOJ-
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HsieTcsS ToJbKO Npu M®, G/H3KOM K efuHHle, T. €. JHIIb BOGJH3H rpa-
HUUbl YCTOHYMBOCTH Mo napaMeTpy M. B oflueM xe c/laydyae KpuTH-
yeckasl JJIHHA BOJHH BO3MYVILEHHS A, pasjensiomas ob/JaCTH YCTOHUH-
BOTO H HeYCTOHUHBOTO BHITECHEHHs, sBJseTcs (GYHKUHEH NapaMeTpoB
a2, V u M = py/p. U3 coobpaxeHH#l pasMepHOCTH cJielyer

Ae = a2y (M)/V. (IV.157)

Bua dyukuun ¢ (M) mMoxeT OHTb IOJYYeH B pe3yJsbTaTe HHCJEH-
HOro HccJenoBaHus [l4].

Ha ycTofiunBocTh QPOHTA BHITECHEHHS BJHSIOT H HeDaBHOBECHbIE
3¢ deKTH OmHcaHHble B Npeinaymem naparpade. OHH OKa3HBAIOT
CTaGHIU3HpYIOlLee BJIHSHHE HAa MeJKOMacliTabHble (KOPOTKOBOJHO-
Bble) BO3MYIIlEHHS B reTepOTeHHBIX cpejax.

Henunefinasgd cTafgusd Pa3BHTHA HEYCTOHUHBOCTH.
[puBenenHblii HelHHeHHBII aHANH3 YCTOHYUHBOCTH yKa3HBaeT Ha BO3-
MOXHOCTb BO3HHKHOBEHHSI 3KCIIOHEHUHAJbHO pa3pacTapoliu¥xcs [pH
MaJbiX BpeMeHax HCKaXKeHHH ¢poHTa BhITeCHeHHs (CKauKa) mipH Hapy-
wenun ycqaosus (IV.150) wmam (IV.155). [lajbHeHilee pasBHUTHE BO3-
MyIUEeHHH (QPOHTa MOXKeT OBITb HCCAENOBAHO METOAAMH (PH3HUECKOrO
HJIH YHCJEHHOTO MOJENHPOBaHS.

DKClepUMeHTa/NbHble HCCAEN0BaHHsA, INpoBefleHHble B 1950—
1960 rr. Cacddpmanom H Te#iaopom, UyokoM H APYTHUMH, [OKa3anH,
YTO Pa3BHTHE BOSMYIIEHH} IJIOCKOTO ()POHTA BBITECHEHHS B MOPHCTOM
cpelle NpPH HapyLIeHHH YCTOHYMBOCTH NPOHCXOAHT B BHJE HeOrpaHH-
YeHHO pa3pacTaloIHXCA <«SI3BIKOB OGBOAHEHHS».  DKCIEPHMEHTHI
B. E. KucuieHKO Ha HACBIIHBIX NMOPHCTHIX cpelaX MOKa3aJjH, yTo Ha-
pylleHHe YCTOHYHBOCTH HMPOHCXOJAHT NPH OTHOLIEHHH BSI3KOCTH HedTH
H BOJbI, NpeBHIIAIOLIEM KPHTHUecKoe 3HaueHHe Myp, Haxopaslieecs B
npenenax 10—15. B 1o xe BpeMsi IpH MaJibiX CKOPOCTSIX BbITECHEHHS
BO3MYILEHHS] 3aTyXaloT [ae IPH OTHOIUIEHHAX BA3KOCTeH GOJbIIHX
KPHTHYECKOro, YTo corjacyercs ¢ ycaoueM (IV.155).

Hckaxenne ¢ponTa BHITeCHeHHs He(TH BOJOH NPHBOJAHT K CHH-
KEeHHI0O HedTeOoTAauYH U pPOCTY OOBOAHEHHOCTH, 4YTO OOYCJIOBJIHBaeT
NPaKTHYECKYI0 BaXXHOCTb H3YYEHHS HEYCTOMYHBOCTH BLITECHEHHS.

EnuHCTBEHHBIM METOAOM TEOPETHUECKOro HCCJIeNOBAHHs HesuHed-
HOTO Pa3BUTHS BO3MYIIEHHH IPH HapYLIEHHH YCTOHUYMBOCTH OCTaeTcs
YHCJIEHHOE MOJeJNHpoBaHHe, HauaTtoe B paborax Paudoppa u nosxe
M. W. llsuanepa, P. M. Kaue, I1. B. Muneabmana. .

[MuuBeneM HEKOTOpBle Pe3yJbTAThl YHCJIEHHBIX PacueTOB HEYCTOUYH-
BOTO BbiTeCHeHHH, BEINOMHeHbX B. M. EuTtoBniM u B. B. Tapanuykowm.

MopenupoBasoch BbiTecHeHHe Ge3 yueTa KaNWJUIAPHLIX H I'paBHTa-
LHOHHBIX CHJI B IIJIOCKOH NPSIMOJIMHEHHOH O6JiacTH MeXAy IBYMS rase-
pesIMH C 3aJaHHbIM PAacXoiOM ¢o Ha BXOAHOH ranepee x = 0. OTHocH-
TeJbHbie [POHHLaEMOCTH 3ajaBajiuch B Buie (IV.1561) mpu s,=0, s*= 1,
yeMy COOTBETCTBYyeT KPHTHUECKOEe OTHOIeHHe Bs3KocTeH My, == 3.

Ha Bxome ¢opmupoBanoch Majoe CHHYCOHZANbHOE BO3MYILEH He
(poHTa € aMIIUTYI0H Xo M AJHHOH BOJHBI L, a 3aTeM NPOCJEXKHBAIAChH
ero 3BOJIOLHA. BblJIO yCTaHOBJEHO, YTO CHpaBelIHBO YCJOBHE YCTOH-
uuBoctH (IV.150), 1. e. npu M <3 amnauTyaa BO3MYIeHHH ¢ponta

159



cO BpeMeHeM 3aTyxaeT, npu M > 3 pacTeT, npy M = 0 — co BpeMeHeM
He MeHsleTcH.

Ha ocHoBe uHcneHHOro MozenupoBaHHS Oblla INOJyuY€HA 3aBHCH-
MOCTb OTHOCHTEJbHOH aMMIHTYyAbl (poHTa ckadka X/L (L — pnuHa
BOJIHBl BO3MYILEHHs) OT Ge3pasMepHOro BpeMeHH < = fp k/mp,L?, rae
p, — laBlleHHe BO BXOAHOH razepee. Pacxox ¢o BuOupascsi TakHM,
uto gopL/kp, = 0,3. CooTBeTcTBylolHe 3aBHCHMOCTH Z = In (X/L) ot
T IPH pasAMYHBIX 3HAYEHHAX MapaMeTpoB MNpHBeleHHl Ha puc. 50.

Hns Kpusbix I ¥ 2 HavyalbHWe aMIIUTYIH Xo = 0,05L (npu © = 2),
oJst KpuBHX 3 u 4 Xo=0, 1L.

Ha puc. 50 BHmHO, 4TO Ha HayaJbHOM YYacTKe 3aBHCHMOCTh Z (1)
npsMoJHHeHHa, 4to corJacyetcs ¢ dopmyaoit (IV.150). Yraoeoi kKosg-
¢HuHenT npaMolt Z(t) corsacHo ¢opmyne (IV.150) npu M =10 co-
craBaser 0,357, npu M =7 — 0,244, a npHu yHcJIeHHOM MOJENHPOBAHHU
coorBeTcTBeHHO (1,345 u 0,249. TlpenckasbiBaeMblil JuHEHHON Teopuei
3KCIIGHeHIHAJNbHbIH 3aKOH pOCTa BO3MYIIEHHH OKasbiBaeTcsl Chpasej-
JIMBBIM Jlaxe JJs1 BO3MYILEHHH, aMIUIHTyJa KOTOPHIX COINOCTaBHMAa C
AaHHOH BOJMHHI. OfHAKO MPH JOCTATOYHO OOJBIIHX BO3MYIIEHHSX 3KC-
NOHEHIHaNbHEIl 3aKOH pOCTa HapymiaeTcs.

B Tex cayuasx, Koraa aMIUIHTyAa BO3MYIUEHHS CpaBHHMa C [AJH-
HOH BOJIHB HJIH GoJsbliie Hee (KpHBHe 3 H 4 Ha puc. 50), 3aMeTHO mo-
CTeneHHOEe CHHXKEeHHe YCKOPeHHS pOCTa BO3MYILEHHH H Nepexo/ K pexH-
MY HX PaBHOMEPHOI'O POCTA. JDTOT PEXKUM COOTBETCTBYET H3YYEeHHOMY
Cadbdmanom u TellopoM CTAaUHOHAPHOMY JABHXKEHHIO SI3HIKOB 60Jb-
IO MPOTSAXKEHHOCTH OTHOCHTEJNBHO OKpYIKalolledl HX BBITECHAEMOH
3KHKOCTH.

[Ipouecc BBITeCHEHHA NocJe MOTEPH YCTOHYHBOCTH, MO KpalHeH
Mepe, NMPH OJHOMEPHOH (GHJbTpAlMH, MPOHCXOAHUT B BHJE XaOTHUECKH
PacloJIOKEeHHBIX I3BIKOB. [[/151 yIPOILEHHOTO ONHCAHHS TaKOro NpOoLeCc-
ca clejlaeM CJeAyIOLlHe NpelNoJOXKEeHHA: BO-NIEPBBIX, NMPOTHKEHHOCTD

A3bIKOB B HampaBJeHHH NoToka OyleM CHH-
PUC. 50. 3apucumocts TATh HaMHoro O6oJblleil WX IUHPHHBL (pac-
NMPOTSAXEHHOCTH  «5I3bIKOBY» CMaTpuBaeTcdad CTaaHsg pPas3BHTOro 13BIK006-
oT Ge3pasMepHOro BpeMeHH:  pas3oBaHHs); BO-BTOPBIX, TeYeHHe B CpPelfHeM
pii-M=10 2w 4—  GyneMm CUHTATb ONHOMEPHHIM, MO3TOMY CKO-
pocTh GUJABTPAUMH KaxA0H H3 KHIAKOCTEH,

z g OCpefHeHHas MO HEKOTOPOMY NpeACTaBHTENb-
08 , HOMY Ce4eHHIO, HalpapJeHa BJIOJb OCH X;

/ B-TPeTbHX, HACBIIIEHHOCTb BHYTPH KaXXIOro
«SI3plKa» NPHHHMAETCH IMOCTOSHHOM,
/ [Ipn TakHX MOpelloNOKEHHSAX JJAS Ocpel-

10 t HEHHOTO TeUeHHs MOJNYYHM OOHIYHBIE YpaBHEHHS
1 /2 IBYX(ha3Ho# (PUJIbTPALHH, HO C OTHOCHTEJbHBI-
MH TPOHHIAEMOCTSIMH, JHHEHHO 3aBHCSLUHMH
OT COOTBETCTBYIOLINX HachIEHHOCTeH. PeleHne
/ Baknes — Jleseperra nas JHHeHAHHIX 3aBHCH-
MocTel f; OT s npuBeleHo B § 2 naHHOH rJaBhl,
cM. (IV.155). HanomHuMm, uTo npu 3TOM AJs
M <1 BbITeCHeHHe OKasblBalOCh MOpPUIHEBBHIM

-5
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a ana M > 1 npoTsXeHHOCTb 30HBI NepeMeHHOH NACHIEHHOCTH (3OHBI
13bIKOB) ITIPOMNOpPILHOHAJIbHA BeJHYHHE

X = (M2 — 1) /M. (IV.158)

JluHeHHBIH pOCT SI3BIKOB CO BpeMeHeM cOorjacyercsi ¢ IpHBeJeH-
HBIMH pe3y/bTaTaMH YHCJEHHOTO MOJEJHPOBAHHS.

JanpHelilium o6061eHHEM OCpeJHEHHOr0 ONHCAaHHS HeyCTOAYHBO-
ro BEITECHEHHS Ha CJy4yall HeOJHOPOJAHBEIX NJACTOB SIBJSETCH MOJeJb
Xapua, A. K. Kyp6anosa Tak Ha3piBaeMBIX (HKTHBHEIX OTHOCHTEJb-
HbiX npoHHuaeMocrtel. CorjacHo 3Toff MOJesH, NOpPHUCTasl cpena npel-
cTaBJsieTcss B BujAe Habopa CJ0OeB pa3JHYHOH NPOHHLAEMOCTH, CBO-
6oaHo coobliawinuxca Mexay coOoH, T. e. B OIHOMEpPHOM IIOTOKEe B
KaXIOM CeuyeHHH JaBJeHHe (THAPOJHHAMHYECKHH IOTEHLHAa ) Ipej-
nmoJjiaraetcs NocTosiHHbIM. Kpome Toro, mpeanosaraercs, YTO BHITECHS-
jomas ¢a3a B nepBylo ouepellb 3aHHMaeT BHICOKONpOHHL@eMble HPO-
ciaou. Ha ocHOBe caesaHHBIX NpPeANoJOXeHHH, OUeBHIHO, MOXHO IpH
3a4aHHOH cpeiHeH NO ceyeHHIO HacHILIEHHOCTH BbITeCHAWIIEH ¢a3oi
HalTH CpelHIOl NPOHHLAEeMOCTb AJAS KaXaofi $aswl, T.e. ONpenesuthb
OoCpelHeHHbIe OTHOCHTEJIbHbIe NPOHHLAeMOCTH B 3aBHCHMOCTH OT Cpel-
HeH HachlleHHOCTH. Bua (QyHKUHE OTHOCHTENBHBIX MNPOHHLAeMOCTeMH
TOr[a MOJHOCTBIO OINpejessieTcsl CTAaTHCTHYeCKOH (yHKUHeH pacnpe-
JeJienHsi IPOHHILAeMOCTH Mo cedeHHw. Hanpumep, eciu QyHKuUus pac-
npenenenus nponnuaeMmocth @ (k/ky), nuHefiHa B uHTepBase k=0—
—k=kFky T. €.

D=0 (<0); ®©==Fkko(0<E<ky); P=1(k> ko, (IV.159)
TO ocpelHeHHble (DHKTHBHbIE) OTHOCHTEIbHbIE NPOHHIAEMOCTH HMEIT BHJ
fi=1—(1—=38)? fo=(1—=38)% S =(s—s,)/(s"—s,). (IV.160)

Jlerko ybenutbcst, Hcnmosb3ys dopMysasl § 2 nanHOR TIJIaBbl, 4YTO
IIPH TaKOM BHAe OTHOCHTeJNbHBIX MpoHHUaeMocteli npu M > 0,25 F’(s)
Bezlle MeHbINE HYJA M CKAaYOK HACBHIIEHHOCTH HE BO3HHKAaeT; Takas
CHTyalUHs COOTBETCTBYeT o6pa30BaHHI0 Pa3BHTOH CHcTeMbl A3bIKOB. Ilpu
M < 0,25 ofpasyercs CKauOK HACHIIIEHHOCTH, MHTEHCHBHOCTH KOTOPOI'O

pacreT ¢ yMeHbollenneM M, a npu M — 0 xapakTep BHITECHEHHsS INIpH-
6.11xaeTcsl K NOPILUHEBOMY.

§ 6. Teopus BbITECHEHHUSI HEHLIOTOHOBCKHX KHUIKOCTEH,
Bausinue BA3KONJIacCTHYECKHX CBOHCTB HETH HA
HedTeoTaauy !

Ouenka BJHSHHA PeOJIOTHYECKHX aHOMaJIHH Ha INpollecchl paspa-
B6OTKH mJjacTa B YaCTHOCTH, BEITeCHEeHHs] He(pTH BOJOMH,— OJHH H3 IIeH-
TpaNbHBIX BOMNPOCOB, KOTOpPHH MNPHXOAHTCS pellaTb B TOM cJyudae,
ecJH HedTb O6JiaJaeT HEHbIOTOHOBCKHMH peOJIOrHYECKHMH CBONCTBa-
MH (cM. ri. III). OueBnaHo, yto ecnu HedTh OobGJsajgaeT NpelesbHHM
Hanpsi)XeHHeM CIABHra (HJH BoOOlle NCeBJOIJIACTHYHA), B IJacTe 06-
pPasyroTcs 3aCTOHHBIE 30HHI, KOTOpble 6yayT O0OXOAHTBCS NOTOKOM BHI-
TeCHAIWEeH XKUAKOCTH, IPeBPalllasich B TaK Ha3bIBa€Mble LEJHKH OCTa-

! Cu. takxe [9, 19, 41].
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Touyrno#t HeptH. Lenuxkn 6ynyT paspacraThcs C POCTOM IPeAeSbHOTO
HanpsiKeHHs CABUra H C YMeHbIIEHHEM HHTeHCHBHOCTH ABHXeHus. [lo-
5TOMY CYIIECTBEHHO 3apaHee OLEeHHTh BO3MOXKHbIe BPEIHbIE IOCJENCT-
BUSI 3TOTO SIBJIEHHSI H NPHHSITHL Mepbl K HX INPeAOTBPALIEHHIO NYyTEM
paLHOHAJBHOrO BEIOOpa pexHMa pas3paboTKy.

JdByxdpasHoe TeueHHUEe HEHBIOTOHOBCKHX XHIKOC-
Te fi. [Ipexnae Bcero o606IHM TeOpHIO ABYX(HA3HOIO TEUEHHS Ha CJay-
uaj, Korna obe ¢as3sl HIH ONHA U3 HHX 00/1a13I0T HEHbIOTOHOBCKHMH
cBoiicTeaMHu. BygeMm cunMTarte B KauyecTBe OCHOBHOIO JAONYILEHHS, UTO,
Kak H NpPH «0ObIYHON» ABYX(a3HOH (HJIbTPALHH, HA MHKPOYPOBHe IO-
pHCTOH cpedbl KalHJJSIPHblE CHJBl 3HAYHTEJBHO NPEBOCXOAAT THAPO-
JHHAMHYecKHe (BKJ10UYas ciofa, BO3MOXHO, U CHJB IJAaCTHYECKOTO
CONpOTHBJEHHs). MHBIMH cJjoBaMmH, OyaeMm IO-NpexHeMYy I0Jararh,
4TO pacnpejejeHde ¢as B 3JeMeHTe NOPUCTOH CPeAbl IMPOHCXOAHT IOJ
JeHCTBHEM KaNHMJSpHBX cHJ. COXpaHHM H BTOpPO€ OCHOBHOE II0JIO-
JKeHHe TeOpHH ABYX(a3HOIo TeYeHHS, a HMEHHO, NpPHMEM, YTO KaxK-
nasi H3 (a3 ABHKeTCA B «CBOEH» YaCTH NOPOBOTO NPOCTPAHCTBA TAaK,
Kak ecad Obl BTOpasi (pasa orBepaesa. HaxkoHell, MOJOXKHM J0ONOJ-
HHTeJBbHO, YTO IS KaXXIoH H3 ¢a3 npH (PUKCHPOBAHHOM  3HAUEHHH
HACBHIIIEHHOCTH (T. e. NpH (PHKCHPOBAaHHOM paclpeieNeHHH XHAKOC-
Tell MO NOPOBOMY IPOCTPAHCTBY) CNpaBeiJIMB NPUHUHUI peoJorHyec-
Koro nopo6us (cM. § 1 ra. I1I). W3 nmepBeix aByX monyuieHuii HMeeM
06IIYIO CHCTEMY

Vi1 = — @y (uy, ) a/uy,
Vpy=— @y (uz, 8)#o/tiy, po— p1 = Pc(s). (IV.161)

W3-3a HalHuHsA ABYX SMIHpHUYeCKHX (YHKUHH IBYX MepeMeHHHIX
@, u O,, oNUCHIBAOIIHUX 3aKOHB (PUABTpaUWH ¢a3, 3TO CHCTEMa Malo
cojepxKaTeJbHa, XOTSl H Ha €e OCHOBE MOXKHO pPa3BHTb TEODHIO BBITeC-
HeHHsl MO aHaJoruu c¢ Teopuell Baknes — Jleseperra. T'opasmo Gosee
KOHCTPYKTHBHEIM TaKOH [ONXOJ OKa3blBaeTcsl /S BSI3KO/JIACTHUHBIX
JKHAKOCTeH M HeNHHEeHHO BSI3KHX XKHJAKOCTEH, CJAeAYIOUIUX CTeleHHOMY
PEOJIOTHUECKOMY 3aKOHY. JleACTBHTENbHO, NpPH AONYIIEHHH O PeoJIOrH-
4ecKOM MoAoOHH MojydaeM AJd 3THX [ABYX CJy4YaeB, COOTBETCTBEHHO:

w=—f(s)pi 'k [Vpi — G (5) vpil|vpills | Vp2| > G
=0, |vp:| <G (IV.162)
wi=—o:(s) (1| vp: )" vpil| Vpil (IV.163)

B coorHowenru aas cremenHoi xkuakoctd (IV.163) mokasarenu
n; Te e, UTO H B pEOJIOTHUECKUX COOTHOWEHHUAX, H He MEHSIOTCS C
H3MEeHeHHeM HachlleHHOCTH, BenuunHa [l — macmtab6 rpajauenrta jaBJje-
HHSl — [10 CYILECTBY, ONpenensercs U3 coobpaxKeHHH HOPMHPOBKH.

3nech fi(s) u ¢;(s) — dyHRuMH, aHaJoruuyHble (Pa3oBbIM NPOHHILAE-
MOCTIM OOBIYHOH TeopHM IBYX(a3HOH (PUIbTpAalUHH; OHH HODMHPOBAHBL
TaK, 4TO NpPH MOJHOM HACHIUIEHHH 33aKOH (PUABTPAIlMH CBOIUTCA K 3a-
KOHY (MJbTPAllHH OTHOPOAHOH HEHBIOTOHOBCKOH HAKOCTH. [losromy

i) =1 (0)=0; fo()=9(1)=0; i) =0 (1)=1;
fo 0) = 92 (0) = 1.
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BoJsee Toro, mocaenoBaTelbHoe 0%/ri107?
NpHMeHeHHe NpPHHIKNA mnpeobJa-
JaHuA KalUAJAPHBIX CHJI HajJ THA-
POJHHAMHYECKHMH NPHBOAHT K BHI-
BOJY, YTO NpH (UJbLTPALUH C Tpe-
JeJNbHBIM  TPaJHeHTOM (YHKIHH g
f;(s) mOAXHH coBmagaTh ¢ OBGBIU-
HBIMH (QYHKIHSAMH OTHOCHTEJbHBIX
(a30BbIX MNpoOHHIlaeMocTeH (OTCHO-
na H obosHavenue). COOTHOUIEHHe
(IV. 162) nokaawmBacr, 4ino npu I
JA060M pacnpeiencHitd (aiz no mno- '
pam kaxpaas daza JABHXKETCA B
COOTBETCTBHH CO CBOHM 3aKOHOM
¢GbUAbTPAllHH C TpeAesbHBIM TIpa-
pueHtoM.  IlepemenHocts  npe- 0
AE€JBHOTO ~ TPaiHEHTa  YUUTBIBA-  pyc 51 3opycumocts CKOPOCTH (HL-
€T TNepPeCTPOHKY CTPYKTYPBI NOPO-  rpaiuum BmskoniacTHUHON KHIKOCTH OT
BOTO NMpOCTpaHCTBa  AJ4d Kax- Tpaju~HTa JapJeHHd IpH JAByXdasHoH
Jof M3 (a3 ¢ H3MEeHEeHHeM Hachbl- (QHIBTDPAUHH Mo pe3syJ]bTaTaM MOJENHpo-
LLIEHHOCTH. HPH 3ITOM, HOCKOJIbe BAHHA HA CE€TOUHOH KamnuJJIApHOH MOJENIH
NepBoli (Ba30l MBI CUHTAEM OONCE  pummenioces s oo 000 o00n o ana Poa0
CMauHBaWOWylo, CpejHHii pasmep 0464 1 0.585
nop d;, 3aHATHIX i-H (a30#, BO3-
pacTaeT ¢ POCTOM HACBIIEHHOCTH S, H IOTOMY, YYHTHIBasi OLEHKY

G (s) ~ oi/d; (s) (IV.1€4)

(to: — NpenesIbHOE HamnpsiXKeHHe caBHra i-H (Gasbl), Mbl BIpaBe OXHAATH
nageHus: (a3oBOro NpejeJbHOro rpaanenta G; ¢ pOCTOM HACHILEHHOCTH
(Gi(s) < 0).

Hanee Mbl 6yJeM TOBOPHTb HCKJIOUHTEJbHO O ABYX(}a3HOH (GHJBT-
palHH BA3KOMJIACTHUYHBIX XKHAKOCTeH.

DdKcnepuMeHTaadbHb e NaHHHe [locaenyomue paccyx-
JleHHS UeJHKOM ONHPAlOTCA Ha NOCTYJAHPOBaHHblE BBIIIE COOTHOLIEHHS
(IV. 164). EcrectBeHHO, X0Tesoch Obl HMETb BO3MOXHOCTb CONOCTA-
BUTb HX C 3KCNepUMeHTOM. HeMHOrouHc/eHHble 3KCHNepHMEHTaJbHble
JaHHBle Mo AByX(asHo# GHUABTPAINH CHCTEMB! BSI3KOMNJACTHUHASA KHI-
KOCTb — BOJa, B OCHOBHOM, COIJIaCylOTCsl € TeOopeTHUecKoH cXeMOH, BO
BCKOM cJydae, JJs1 He CJAMILUKOM MaJblX CKOpOcTeil (HIbTpauMH ¢as.
CxonHylo KapTHHY JaeT M HMHTAUHOHHOE MOJeJHpOBaHHe AByXdas-
HOTO TeYeHHS Ha CTOXaCTHUYECKOH CeTKe KalHJIsApPOB, Pe3yJbTaThl KO-
TOPOro MNOKa3aHb Ha pHC. H1. DTOT YHCTO MaTeMaTHUYECKHH «3IKcIe-
PHMEHT» NIOKa3aTeJeH B TOM OTHOIIEHHH, YTO NOATBEPXKAaeT CIpaBef-
JIMBOCTb JUJIS KaXKJOTO pacnpejeseHHs (a3 NPUHIHNA DPEOJOTHYECKO=
ro nogo6Gus, KOTOpPbIH NPHXOLHTCS MNOCTYJHPOBATb IIPH BBHIBOJE COOT-
Homenu#i (IV. 169).

OpoHTaAbHOE BhiTeclHeHnue PaccMOTpHM B KpyNHOMac-
Ta6HOM TPHOJHIKEHHH OJHOMEpIioe BhITeCHEHHe, cuuTast obe ¢pasbl
BSI3KOIJIACTHYHBIMH HECXKHMAEMBIMH JKHIKOCTAMH. 3amlHChiBas ypas-

30 ap/r
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HeHHsl Hepa3puiBHOCTH (a3 u Hcnoab3ys cooTHomeHus (IV.162),
HMeeM

ds au]
gt =0 wtu="U

k
uy = f:L(S) (6/) + G}) Z< —Gi, uy =0, —G;y < dpdx<0. (1V.165)
1

k
Ug = — {f(s)(ap-{—GQ) £<—G2, up =0, —G;<9p/dx <0
2

s(x, 0)=s0, w0, ) =U, u(0, H=0, 0<x < o0, 0t < o0,

[IposeneM OGBIYHYIO MPOLEAYPY HCKJOYeHHst M3 cucTembl (IV.165)
JaBneHHs H (Ga30BBIX CKOpocTell (orpanHumBasich caydaem Gy > Gy):

) U oF* (s, U
a% F'%—)=0' uy=UF*(s, p, U),

F* (s, U)=F () [1 + kf2(s) (G2 — G1)/p2U1, U > ki (s) (G2 — Gi)/pa1s
Fx(s, Uy=1, U<kfi(s)(Ga —Gi)pa, (IV.166)
50, ) =s0, F*(s, U)lemo=1. F(s) = fr () [1 (s) + p1fo (s)/pa] !
Takum o06pazoM, MO CyIIECTBY, Mbl HM€eM JeTajJbHO H3y4YeHHYIO
BhIle 3anayy Dakjes — Jlepeperra ¢ TeM JHIIb OTJAHYHEM, 4YTO (YHK-
LM paclpejereHHsl NOTOKOB F* 3aBHCHT OT CyMMapHOH CKOPOCTH BbI-
TecHenusi U. Jlerko yGenuteics, uto npu Gg > G, 3TO H3MEHEHHe CBO-

LUTC K yMeHbIleHHI0 &yHKuuM F* ¢ ypesnuenueM U 0pH cOXpaHeHHH
ee o6blyHOTO BHAa (puc. 52):

OF/0U <0, OF/0s>0, F*(s, w)=F(s). (IV.167)

[ToaToMy TexHOJIOTHYECKHe NTOKAa3aTeNH BbITeCHeHUsT 3aKOHOMEepHEIM
06pa3oM 3aBHCAT OT CKOPOCTH BBITECHEHHMd, YJydYlIasicb C POCTOM ee.
IIpy U—oco paccMOTpeHHas 3ajaya NepexOJHT B 3adauy DakJjes—
JleBeperra. Takum 00pasoM, HanuyHe y BLITECHEeMOH KHAKOCTH

PHUC. 52. 3asucumocTb QyHK- PHUC. 53. 3aBucuMocTs (poHTOBOMH
UMM pacTipefle/ieHds TOTOKOB HACHILIEHHOCTH Sy #  KOI(HIKEHTa
* .
F* or cKopocTH BhITECHEHHA! BriTecHenHss Kp OT CKOPOCTH BbITEC-
T—u=us 2—u=u >, HEHHA JAs BA3KOMJACTHYHOA HedT
F |
U=
0w fou, Kg.5¢ . ]
"
F(S) 4 =04 // /,—'—
1 2 e . -
U oo (4,‘:—_,_..__—-—
_0‘2/ _’_—.—————'
0s u=02-"___
——— K
— S
§
0 =
0 | 0.5 u
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IJaCTHYECKHX CBOACTB BCeTjJa NPUBOJHT K CHHIKEHHIO NOKasaresed
BBITECHEHHA N0 CPaBHEHHIO C BbITECHEHHEM O6HYHON He(PTH ¢ BS3KO-
CTbIO, PaBHOH IVIACTHYECKOH BA3KOCTH HEHBIOTOHOBCKOH HedTH, mpH-
yeM 3TO CHHXKeHHe TeM OoJjlee BHIpaXX€HO, UYeM MeHbIIe TeMI BHITeC-
HeHHsa (puc. 53). C mpakTHUeCKOH TOYKH 3peHHst HanboJee BaXKHBIM
ABJSAETCST BONPOC O TOM, KaKHM JOJIKEH INOANepPXHBATHCA TEMI BHI-
TeCHeHHs, YTOOR YKa3aHHHIE NONOJIHHTENbHHE NOTepH He(pTH He OBLIH
3HayuTeNbHBIMH. M3 puc. 53 M JaHHBIX aHAJOrHYHBIX pacyeToB Cle-
AyeT, 49TO [Js1 TpeAOTBpaLleHHss 3HAaYHTeJbHOTO CHHXKeHHA Ko3bhdu-
HHeHTa 6e3BOAHOH He(TEOTAA4YH H MpelesbHOro Koadduuuenta Hed-
TEOTAAYH IIPH BHITECHEHHH BfI3KO-MJIACTHYHON HedTH BOAOH MHTEH-
CHBHOCTh BHITECHEHHs, XapaKTepH3yemasi 0€3pa3MepHEIM MapaMeTpoM

[ == Up/kG,, (IV.1€8)

JOJKHa O®Th He MeHblie [,=~ 1. (3aMeTuM, 4YTO C YBeJHYEHHEM
HHTEHCHBHOCTH BEITECHEHHS MOTYT BO3DPacTH OTpHilaTesbHble 3¢ HeKTHI
HepaBHOBECHOCTH M HeYCTOHYHBOCTH BEHITECHEHHs, TaK YTO HasHadyeHHe
ONTHMAaJBHOTO pexHma TpebyeT yuera BCeH COBOKYITHOCTH CymIecT-
BEeHHBIX (PaKTOpOB.)

I[Ipeneabnas HedTeoTAava LlenuxHn oOCTAaTOYHOH
He ® TH. Kak yXe roBopHJoCh, INIpellellbHOe HaNps:KeHHe CHABHTra
y HedTH (TpeiesbHBIHl rpajHeHT JaBjeHHS NpH GHABTpPAUUd HedTH)
IPHBOJHT He TOJBbKO K CHHIKEHHIO JIOKAJbHOTO KO3 dHuIHeHTa BHITEC-
HeHHd, HO H K 00pa3oBaHHIo obsacrell HeBbITeCHEHHOH He(TH — Lenu-
KOB. OUeHHTb CBSI3aHHBIE C 3THM IIOTePH He(TH NOCTATOLHO CJOXKHO;
3HAYHTEJbHOIO YNPOLIEHHsT MOXKHO JAOOHTBCS, paccMaTpuBas JHIUIb
npejesbHOe COCTOSIHHE — Te HaHOOJBIIHX Pa3MepoB LEJHKH (Tak Ha-
3plBaeMble TIpefleIbHO-PAaBHOBECHBIE LEJHKH), OCTAaTOUHO# HedTH, KO-
TOPBlE MOTYT CYLIECTBOBATb B OMBIBAIOUIEM HX (GUILTPALHOHHOM NOTO-
Ke BOAbl CKOJIb YrOAHO AOJTO, HO PaBHOBECHe HAPYUIMTCS, €CJH AO-
MYCTHTb CYUIeCTBOBaHHe LleIHKa OOJBUIHX Pa3MepOB.

Takum o6pasoM, moJyyaeM caelylOUIYI0 TEOPETHUECKYIO CXEMY: Ha
MO3JHeH CTaJHH BBHITECHEHHS PacCMaTpPHBaeTCst CTallHOHapHOe COCTO-
sIHHe, TIPH KOTOPOM BeCh IyacT (mpocTpaHcTBeHHas obaacte D) pas-
6uBaercs Ha ABe obnactH D; u Dy. OnHa u3 Hux (D)) 3ansita Hemoj-
BHXKHOH HedThio; B Apyro#t (D;) nBuiKercs Boja, TpHueM B 3TOH 06-
JJacTH He(TeHaChIIIeHHOCTh CHHXXEHa 10 NMpelesbHO JOCTHKHMOrO 3Ha-
yenHsa. JIBuXkeHHe BoAH cJaeayeT 3akoHy Jlapcu. Heuspectnaa rpasa-
na C mexay obaacramu D, u D, sBnsercss s moToka BOAH NOBepX-
HOCTbIO TOKa. KpoMe TOro — H 3TO INPHHLIHIHAABbHO — OyldeM TMoJa-
ratb, 4T0 Ha C BHINOJHSETCA YCJOBHE NMpeneJbHOTO paB-
HOBECH s, COCTOsIiee B TOM, 4TO B KaXKAOl Touke NMoBepxHoctH C
rPajHeHT AaBJieHusi (HampaBJjeHHBbIH, odeBHAHO, Baoab C) paBeH no
abCcoMoTHOH BeJMYHHe TIPENeJbHOMY TpajveHTy naBjeHHs Aas HedrH
B JNaHHO# Touke niacta. MIHBIMH CJIOBaMH, MBI mMosaraeM, 4to HedThb
HaXOJHTCsT Ha CPaHM Hayasja ABHMXKEHHs B KaxKJOH TOYKe IOBEPXHOC-
td C. CuTyauus 3jechb THIHYHA AJs NPEACJbHOTO PaBHOBECHS IJ1aCTH-
YeCKHX TesJ M BO MHOTOM aHaJOrHyHa paBHOBECHIO TeJla Ha HAKJOII-
HOH IMOBEPXHOCTH, COCTABJSAIOIIell ¢ TOPH3OHTOM YroJ, PaBHHHA yray
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tpenus. [Ipu sToM cuurtaercs, uTo B Kaxa0# Touke ob6aacTH D 3anann
B KayecTBe CBOHCTB IJacTa MPOHHIAEMOCTb k; NMpeaebHbIH rpajHeHT
ans1 HedptH G; mpenenbHasi BOAOHAcHIEHHOCTh S, OoTBevarwulas Mak-
CHMAaJIbHO BO3MOJKHOMY BBITECHEHHIO He(pTH, H COOTBETCTBYIOLLEE 3HA-
yeHHe (a3oBOil MPOHHIAEMOCTH AJS BOALI B NPOMBITOH 30He fi(s?).
Hanee s9 u fi(s°) mosaraloTcsi NOCTOSHHBIMH, XOTA He cOCTaBJfAeT
60/IbLIOTO TPYJAa yuYecTh WX 3aBHCHMOCTb OT NPOHHLIAEMOCTH MOPHCTOH
cpenbl H JOCTHTHYTOrO TpaJHeHTa JaBjeHisA. B paccMaTpuBaeMom ciy-
yae BO BCe COOTHOILUEHHS BOHJET TOJbKO NPOHHIAEMOCTb JAJS BOJbI
B NpOMBbITOH 30He k*=Fkf (s°), KoTOpas cupraercs 3aJ]aHHOH B KaX-
JION TOYKe MJacta H CBSI3aHHOH C JIOKAJbHBIM NPEJENbHBIM TpajiHeH-
TOM cooTHoweHueM (cm. § 1 ra. III):

E'G* = kyGj = const. (1V.169)

B KauecTBe OCHOBHOTO MOEJBHOTO 0(beKTa PacCMOTPHM  CJIOHCTO-
HeOJHOPOAHBIH NJAacT ¢ NpPOHHIAEMOCTbIO k* (z), BO3pacTaiolled oOT
KPOBJMH K nojoliBe Miacta, k' (2) <0, 0 <2< H. CsoficTea nnacra
6yreM CUHTaTb HEH3MEHHbBIMH B TNJaHe, MJAacT-— BCKPHITHIM Ha BCHO
MOIILHOCTb CETKOH HarHeTaTeJbHBIX H J00BIBAROLUIHX CKBaXxXHH. Q6/acTb
JBHXEHHS B MJaHe o6o3HayuM uepe3 A. OueBHAHO, YTO MNpPH TaKHX
YCJIOBHAX TNpOMBbITasi 30Ha GYJeT pacrmonaraThCsl B HHMKHEH YacTH mJjac-
T3, a LeJHK OCTaTOYHOH He(TH — B BepXHEeH; OHH Pa3leATCs HeHs3-
BeCTHOH rpaHuuell z= h(x, y), onpefensieMOil B XOJie pelleHHs 3ajauH.
B Toil yactu (A;) obsacTu A, rae NJacT OPOMBIT MOJHOCTBIO, A (x, y) =
= H; Tam, rje LeJHUK 3aHUMAET BCIO MOLIHOCTDL IJacta, 06J1acTh A3)h =
= 0. Hakowner, B ocrabmefica gactu A, obsactd A uMmeeM 0 < h < H.
Ilaxke B paccMaTpuBaeMOM 4YacTHOM cayuae chOpMYJHPOBaHHas 3ajaua
€llle Yepecuyp CJOXKHA, H NOJYUHTb €€ pelleHHe CJIO0XKHO Ja’Ke YHCJECHHO.
YuHTbIBasi IBHYIO aHAJOTHIO ee ¢ 3ajauaMd Ge3HamopHoH QuibTpauuu
(cm. § 3 ra. II), Gymem wHckaTh ee NpUOMHIKEHHOE DeLI€HHe, [MpeHe-
Operasi pas/HuHeM NJOTHOCTEH HedTH H BOABI H CUHMTAs paclpefiesieHHe
JABJEHHS MO MOLIHOCTH MJIacTa T'HAPOCTaTHUECKHM (aHajor npHGIHKe-
nusi Byccunecka). Torapa pacnpejeieHue naBaeHHS MOXHO BIOJHE Xa-
pakTepu3oBars, 3a/laB e€ro Ha nojowBe mnaacta p(x, y). T'panueHt us-
ObITOYHOTO Haj I'HAPOCTATHUECKHM JaBIEHHS NOCTOSTHEH BJOJbL BEPTHKAJIH
B KaXJOH TOuke njacTa H paBeH ygp. IlocKo/bKY B npejesax o61acTH
A; OH pnomkeH ObITh paBeH MpefiebHOMY TpaiHEHTY Ha TNOBEPXHOCTH
uenuka G (h), moayuaeM BO3MOXHOCTb HENOCPEJNCTBEHHO BbIPA3HTh MOLIL-
HOCTb NIPOMBITOTO CJIOSI Yepe3 yp H3 ypaBHEHus !

Glh(x, Yl =vp (x, ). (1V.170)

Tenepso MOXHO mepefiTH K HHTErPAJbHOMY ONMHCAHHIO JBHXKEHHS
BOJbl KaK GHIbTPALHOHHOrO TeueHHs B CJOe MepPeMEHHOH TOJILIHHBL.

! HeTpyaHO MOHSTb, YTO NOCKOJbKY HA NOBEPXHOCTH LEJHKA TPajHEeHT AaBJe-
HHS J0JKeH OLiTb HampaBJeH BIOJ, Hee, coorHowuenue (IV. 170) BepHo ¢ TOY-
HOCTbIO Jl0 wieHoB nopanka {Vhay p)?/|yp|% Tlostomy cosepliaeMas owHGka TeMm
MeHblue, yeM GoJee nosorofl ABJsAETCS HCKOMasi NOBEPXHOCTD.
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Hurterpupys ypaBHeHHe IBHXKCHHS 110 MOLIHOCTH MJIaCTa, NPHXOAHM K
CHCTEeMe YpaBHEHHI

divw =0, w=—(K/p) Vp;
Allepl) | Algen
W= { u(x, y, 2dz, K(v p)) =4 { k(@dz.  (IV.IT1)
0] 0

(3nech onepatopbl div B ¥V INOHHUMAIOTCA KakK JABYMepHbie). BeaHuuHb
w 1 K(yp!) 6ynem Ha3biBaTb 3pPeKTHBHOH CKOPOCTbIO H INpOHHIae-
MOCTBIO; MOLIHOCTL IPOMBITOH 4acTu maacta h(] Vp|) onpenensiercs M3

ypaBuenus (I1V.170).
Ypasueuns (1V.171) sKBHBaNeHTHbL YPaBHEHHAM HeJHHEHHOH (uJib-

TpallUH HECKHMaernoH XKHIKOCTH
vw =0, Vvp=—0 (0v) w/w, (1V.172)

KOTopble npeoGpasoBaHueM romorpada MepeBOAATCS B JHHEHHYIO CHere-
My (em. § 1 ra. 3).

KonkpeTHoe BhipaxkeHHe 3¢dheKTHBHOIC 3akOoHa (UAbTpanud D (w)
onpejnensieTcss BHJAOM paciipeneneHuii k(z) M G(z) M3 COOTHOLIEHUH
(IV.170) — (IV.171).

Paccmotpum mpumepot. [lpumem c yuerom Koppeasunu (I1V.169), uto aaBHcuMocTy
% (2) u G (2) uMeloT BHI

k(2) = ko (1 + z/zo)—2, G(2) =G, (1 + 2/2p). (IV.173)

3necb 2zy— HekoTopblii napametp: Gy = G(0). Hs cootnowenndt (IV.171) —
{1V.172) nonyunm caenyiomee Bbipaxenne 3GPeKTHBHOTO 32KOoHa (HILTpaLuu:

p(w+ R) kyzoGy kg2,

(D(w).—_—-——K—n—, k:—@—: o="F

T. €. L8 pacipeleNeHHsl NPOHHLAEMOCTH W Tpeles]bHoro rpafneHta B Bulle (IV.174)

3a3jlaya OTBICKAaHHsl UeJHKa B OCpelHeHHOH MoCTaHOBKe MpPUBOAMTCS K H3BECTHOH 3allaue

GWIbTPaUHH € NpefleibHbIM TPaHeHTOM s ORHOpOAHOH kuukocTH (§ 3 raiasm 1).
AHanoruuHbiM 06pa3oM MOXHO yOenuTbCS B CHpaBelJIMBOCTH CJELYIOUWHX COOT-

BETCTBHH:
w? )2
G (2) = GO ch _2‘ , ® () = }'L—K'—_')_. (IV.175)
%y 0

, (AV.174)

k
T zrzg)”

Boofue, ecnu 3aBucMMOCTb k (2) AonyckaeT MapaMeTpHuyecKoe MpeACTaB/ieHHe

k(2)

a—1
%1 = i;ﬁ (sh ;hgch -z%) k= —cfp—ukzl;/;s : G (h) = Gech® ;h;, (V.176)
TO el COOTBETCTBYET BhIpakeHHe 3(PdeKTHBHOrO 3akoHa (UIbTpalHH BHAA
® (w) = pKy ' (@¥* +2%%)*/2, aAV.17
YcTpemnsisi napamerp @ K HYJIIO, YTO COCTBETCTBYeT OJHOPOAHOMY IMIacTy ¢ Ipo-
HHIlaeMOCTbi0 kg, nNOJSyuum
QW)= Gp w<h 0w =pw/Ky w>A (IV.178)

Bo Bcex npuMepax IIpHBeJICHHbIE COOTHOILEHHSI CIIPABENJIHBH AJA
CKopocTel, MeHbIHX hy = K;G (H)/w; npu stom O (w) < G(H). Hns
GOJIbIINX CKOPOCTeH NJIACT MOJHOCTbL:O HpOMBIBaeTC BOAOH, H  3tdek-
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THBHAas NPOHHIAEMOCTb MepecTaeT H3MEHATHCH C H3MEHEHHeM HHTEH-
CHBHOCTH JBHXKEHHSI, a COOTBETCTBYIOLIHH 3aKOH (UILTPALHH I/ OCDe]-
HEHHOT0 JBHXKEHHs1 OKasbiBaerca B 00.1acTH O6OMbLUMX CKOpOCTEH JIH-
HEeHHBIM

H
O (w) = pw/Kay, KH=H—‘§ k(2)dz, | Vp|> G(H). (IV.179)

B Tex cayuasix, Korja oflias HHTEHCHBHOCTb [ABHXKeHHS HeBeJHKa,
MOJIHOCTBIO TIPOMBLITHIE 30HBL JIOKAJIM3YIOTCS BOJH3H CKBaXKMHBI. Ecau
HX BJHAHHMEM Ha mpouecc (GopMHPOBAHHS UENHKOB MOXKHO MpeHebpeub,
TO OCpellHEHHOe [BHXKEHHe BO BCEM IJ1aCTe OMMCHIBAETCS YpaBHEHHSIMH
HeJIHHEHHOro 3akoHa QuabTpauuu Buaa (IV.174) — (1V.178). ®opmanbHo
3TO COOTBETCTBYET aCHMNTOTHKe H — co. Ilpu 3TOM /1A OLIEHKH pa3Me-
pPOB LEJHKOB MOXHO HCMOJb30BaTh MHOTOUMIJIeHHBIE pellueHHs 3a1ay
HeJHHeHHOH (HJbTPALMH, NMONydYeHHEIE paHee.

Ilennku B OAHOPOAHOM NMaacTe. PaccMoTpuM ciy4ai OJHO-
poiHoro mnacta, k= const. Jng Ttakoro mmacta G(0)=G(H) = G,
a MOHIHOCTb ITPOMBbIBAEMOH BOJOH uyacTH Niacta A u sddekTuBHasd npo-
HHULAeMOCTb K CTaHOBATCSL KYCOYHO-NMOCTOSIHHBIMH (GYHKUHSIMH IPajHEHTa
JaBJIEHHS :

h(|vp)=0, K(|vp)=0,|ypl<G,
h(vp)=H, K(vp) =~k |vp|>G. (IV.180)

V3 3THX COOTHCIIEHHH paHee fenancs BBIBOJ O TOM, 4YTO 1IDH JOCTH-
JKeHHMH TPAJHEHTOM [aBJIeHHS 3HaueHHs (, paBHOTO IpeleJIbHOMY, Ha
HEKOTOpO#R JIMHHH (H3HYECKOH IJIOCKOCTH MOMIHOCTH HPOMBITOTO CJIOS
CKaYKOM H3MeHsieTcsl OT HYJIS1 JO MNOJHOM MOMIHOCTH IIjdacTa. JTO CO-
OTBETCTBYET pHEeKTHBHOMY pa3pPLIBHOMY 33KOHY (HJbBTPAlMH, OIHCHI-
BaEMOMY BLIpaXKeHHSIMH (BnepBble NpengoxeHHeIMH M. I'. AnuinaeBbhim
C COaBTOpPAMH)

D (w) =pwtk; w>% 0<O<G w=0; x=£kGp. (IV.18])

OpHako mpH Npefie/IbHOM Tlepexoje OT ONHCAHHOH CXeMbl TedeHHus
B MJacTaX C HelpephlBHO H3MEHSIOUIEHCS NPOHHLAEMOCTBIO K TeYeHHSM
B OJHOPOAHBIX IJIACTaX OKAasblBaeTCs, 4YTO B obuleM CJaydae yCJIOBHE
paBeHCTBa MOAYJSA rpajueHTa JaBjeHHs MNpejie/lbHOMY BBHINOJHSETCS He
Ha JIMHHH B IIOCKOCTH (X, Y), OTBedaiollell BepTHKaJbHOH TpaHHIE
HeqHKa, a B objiacTH (A;), B KOTOPOH MOHIHOCTH IPOMBITOTO CJIOS
h(x, y) sABAseTc HenpepeIBHOH (yHKUHeH NoToka Boiabl. C H3MeHeHHeM
3¢xheKTHBHON CKOPOCTH (UJABTPALHH OT HYJSL A0 A MOLLHOCTB IIPOMBEITOTO
cnos u3Mensiercsi oT Hyas jao H. CootBercTByOWHH 3PdeKTHBHBIH
33KOH GUJIbTPALHH ONpejeNsaeTcss ypaBHEHHSMH

Dw)=0G, O<w<h O =pwk, @>),
0<Ow <G, w=0. (IV.182)

B orMyHe OT pa3pbiBHOTO, 3TOT 33aKCH (UJABbTPALHH I03BOASIET
paccMaTpHBAaTh TEYEHHS H B OOJIaCTH CKOPOCTEH @, MEHbIIHX A.
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Takum ©6Gpasom, npH GOPMHpDOBaHHHM LEJIHKOB CCTATOYHOH HedTH
M B OJHOPOAHLIX MJjacTaX Bcsl cO6JjacThb TeyeHHs Ha (H3HYeCKOH miigc-
KOCTH B ofueM cJay4ae pachafaerca Ha TpH mojpcbiacTH: Ay — noj-
HOCTBIO TPOMBITCIO M171aCTa; A, — YaCTHYHO POMBIBAEMOTO I171aCTa, B KO-
TOPOH MOALyJb IPajHEHTa JarJeHHS TOCTOSHEH H paBeH IpelesIbHOMY;
A3 — nono6yacTb, B KOTOPOH LeEJAWK 3aHMMAaeT BCIO MOWMIHOCTh [J1acTa
H JBHUXE€HHe BOJbl OTCYTCTBYeT.

Jnsi cooTBeTcTBylOmMUX obJacTeli nMeeM

v2p (x7 y) :07 h(x’ y) =Hv (X, y)EAh
lvp (6, )| =G, v (h(x, y) vp/G) =0, (x, y) € 4y,
w(x, y) =0, hx,y) =0, (x, y)€As. (IV.183)

Ha rpanuunax o6nacTefi pellieHHs] yIOBJIETBODSIOT YCJIOBHSIM Hempe-
PBIBHOCTH JaBJIEHHs, TOTOKA H MOUHCCTH A (X, y).

[Ipu nepexoxe Ha mjockKocTb rogorpaga (w, 6) obuacts A, oto6pa-
JKaeTcst B 06/1acTh 21, JeXKalyo B NOJAYIVIOCKOCTH W > A; Ay -— B 06,1aCTh:
Qy, Jexamylo B nojsoce 0 < w< ), a A3—B OTpPe3oK JHHHU © = 0.
YpaBuenusi (1V.183) B cooTBeTcTBYICIHX 06/1aCTSIX MJIOCKOCTH TOJO-
rpaca IpHHHMAIOT BHUJ

oy k dp Op

o= T pwoy o ) (@, 8) €L,
10y _ o Llop _ 10V
vw =" Caw —gra @ DE2 (1V.184)

OTKYyAa AJs1 06J1acTH A; NOCTOSHHOrO TpajHEeHTa JaBJeHHS] UMeeM pe-
LIeHHe

b=[(0), pw 8)=—GCo~'["(6)+ ¢ (),
z2=x-+iy =z (%, 6) + e (8) (=1 — 170, (1V.185)

rae f(6) U ¢ (0) — HeusBecTHbIE GYHKIHH.

Mz (IV.185) cnepyer, uto npu f'(8) = 0 obaactd ' 2, Ha ¢usnue-
CKOHM IJIOCKOCTH COOTBETCTBYeT 006Js1acTh, B KOTOPOH JHHHH TOKa SIBJSA-
10TCS1 NPAMBIMH, JaBJeHHe BJOJb HUX H3MeHsleTcsl JHHEeHRHO, a 3¢¢eK-
THBHAsl CKOPOCTb M MOLIHOCTb INPOMBITON uyacTu mJacTa i onpene-
JISIIOTCSl BbIpaKEHHSMH

w= D"t 2(@, ) —z0, OF O, h=Hop. (IV.186)

Ecmu xe f' (8) =0, To coorBeTcTByIOWIAs YacThb 00JacTH Ha (HU3H-
yecKOH IJIOCKOCTH OTo6paKaeTcsl B JIHHHIO, SBJSIIOWIYIOCA OTPE3KOM
JUHHH ToKa. IIOTOK »KHAKOCTH B 3THX TOYKAaX HanpaBJ/eH NO Kaca-
TeJAbHOH K JUHHM | Vp|= G, Npu nepexoje yepe3a KOTOPYIO MOINHOCTD
MpOMBLITON ¥acTH mJacta A (x, y) HM3MeHsieTCsl CKaykoM OT Hyas jo f.

MHbIMH clOBaMH, MOCTAHOBKA 3a4ayH CO CKayKoOOPa3HLIM H3Me-
HEHHEM MPOMLITOH MOILHOCTH OKa3blBaeTcs YACTHLIM C/lydYyaeM, KOTAa
HeHU3BeCTHAsl IpaHHlla SIBJSETCH JIMHHEeH TOKAa OCPEeJHEHHOro MJIOCKOTO
TeUeHHS,

3ajaun yKasaHHOrO KJacca CBOASTCS K OTBICKAHHIO PELIeHHsl ypasB -
HeHHs Jlanjaca B miocKol ofJacTu, yacTb I'paHHUbl KOTOPOH 3apaHee
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HEH3BEeCTHA M OTHICKHBAeTCsl M3 TOrO YCJIOBHs, YTO OHA sIBJSETCA OAHO-
BpeMEHHO JIMHHed TOKa M JIWHHEH NOCTOAHCTBA MOAY/A FpallHeHTa J1aB-
JieHusi (A4, 4TO 3SKBUBAJIEHTHO, CKODPOCTH dupTpanun). JTa 3anaya,
copMynHpoBaHHasi BNepBble B [34], 3bdeKTUBHO peillaeTcs MeToaaMH
Teopun cTpyit [9, 24]. XapakTepHbie pe3yabTaThi NPUBEACH HA PHC. 54.
JleTanu pacyeTOB MOXHO HaiTH B KHHMIaX (9, 24]. Topasuo croxHee
pelaloTcsl 3ajaui, B KOTOPbIX 06JACTb NOCTOSIHHOTO MOLYJA rpajveHTa
nasaernsi 0 < h< H,|vp|=G (c6nacTp A;) He BBIPOMIACTCA B JH-
HHIO. B HacTosillee BpeMs OHM SIBJISIIOTCSL [PEAMETOM HHTEHCHBHOTO
H3yueHHsl, Pa3BHTHl NOAXOAbl K HX PpELIeHHIO, B. H. IlaukoBbiM H
C.”B. ITanbko noayueH psili TOYHBIX M NpHONHIKEHHBIX pewiennii. Ha
puc. 55 NOKasaHsl BO3MOMKHbE KayeCTBEHHO pasinuHble BapHanTbl pac-
TIOJIOMKEHNST LIeTHKOB NpH pa3pafoOTKe KpyroBoro MaacTa SKCUEHTPHUHO
PaCTOIOKEHHOH CKBaXKHHOM.

To 06CTOATENBCTBO, UTO 3a/aua OTbiCKaHHs Npe1e/bHO-paBHOBEC-
HBIX LEJHKOB B OCpPeJHEHHO} [IOCTAHOBKE NMPHBOJMTCA K 3ajaue He-
JIMHEeHHOH (QHIBTPAUKA C 3aKOHOM (HAbLTPAlHMH CMeluHalbHOro BHIZ,
1103BOJISIET NMPHMEHHTb K ee pElIeHHI0 BeCb XOpOILIO paspaboTanubiil
K HACTOSILLEMY BPEMEHH annapar TeOPHH HEJHHEHHOH PUAbTPAUKH (CM.
§ 3 rnaBb I W UMTHPOBAHHYIO TaM auteparypy). Takum nyTeM J0C-
TATOYHO JETKO MOMXeT ObITb OlLEHEHO BJIMsHME Pa3JHYHBIX Mapamer-
pOB Ha pasmepsl H HOPMY IENTHKOB. Tak, na puc. 56 nokasano pacno-
JIOKeHHe LeJHKOB JJS CHCTeMbl MCTOUHHMK ~— CTOK HHTEHCHBHOCTH Q,
PACTIONOKEHHEIX HA pacCTOSIHHM 2a APYT OT Apyra B JABYXCJIOHHOM
nJjacre.

PellleHne NMOCTPOEHO YHCJIEHHO B 6Ge3pasMepHbiX MepeMeHHbIX. Mac-
1wTabaMu JJHHBL M CKOPOCTH BHIOpaHbI BEJUYHHHL 4 H Q/a, npu 3TOM

(] PUC. 54. PacnonoxeHHe LUEJIHKOB H 33BHCH-
L ) MocTh Ko3dpuliHeHTa OXBata Ans nAaTHTOUeUHOR
/ cxXeMbl NJIOWL3JHOrO 3aBOJHEHHs OT HHTEHCHB-

05 /

Y
(1
L

HOCTH IOTOKa

wehTH npu paspaGoTke KpYroBoro —miacra

;1

7 5
a o
/ L 3 PHUC. 55. PacnonoXeHye HeAMKoB OCTATOUHQU
g/ SKCLEHTPHUHO PAacNONOXKEHHOH CKBAXHHOH IO

1 esyabTaraM pacuetos B. H. [lankosa u
) pesy. p
Q . C. B. [Ilaneko:
0 0,5 1 7 a — & — BO3MOXHue KOHDHrypauHH LeNrKIB
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peuleHHe 3aBHCHT OT ABYX 6e3pas- y/u
MepHBIX NapaMeTpoB 20

€ = rakgG/yQ,
8= (1 + koHy/kyH)).

Pesyabrathl pacuetos, npuBejeH-
Hble Ha puc. 56, otseuaior « = 0,4,
3 =25.

B 3akmouenue storo maparpa-
¢a HeoGXOAHMO cfes1aTh HecKOJb-
KO 3aMedaHuii o6 HCOOJb30BAaHHH A
TCODHH NPEJe/IbHO  DABHOBECHHIX 0 o 20 /0
LIeJIHKOB NPH OLIEHKEe npenenbHOMH
He(TEOTIauH MJIACTOB, COAEpKa-
WIHX BA3KOMNJACTHUHBE HehTH. Onm- |
pelesuB MpelesbHO paBHOBeCHBle | |4,
LieJIHKH, Mbl HMeeM OCHOBaHHe yT- |
BepX/AaTb, 4YTO LEJHKH OOJbLUIHX L
pasMepoB He MOIYT OCTaBaThbCs He-
NOJABHXHBIMH B OMBIBAIOmIeM HX
noroke Boabl. OnHaKo B cuay He- puc. 56, PacnosioXenne nemHKoB a/s
€IHHCTBEHHOCTH DABHOBECHOIO CO-  CHCTEMBI HCTOUHHK — CTOK B By XCJ0H-
CTOAHHS [IJIaCTHYECKOH JKHAKOCTH  HOM miacre
MBI He BIpaBe yTBEPKAATb, YTO B
peasibHOM Mpouecce BhITECHEHHA CPOPMHPYIOTCH B KOHILE KOHIIOB Ipe-
ACJbHO DaBHOBeCHbIe LEJIHKH, a He LEeJHKH MEeHbIUHX Da3MepoB (Ha
TpaHHUE KOTOPBIX BHINOJIHAETCS HepaBeHcTBO |Vp|< G, HO He BCIO-
Ay OHO MepexOAHT B paBeHCTBO). Takum 06pa3om, MOXHO MOAAraTh,
UTO OLEHKa MoTepb HedTH n0 06beMy npelesbHO paBHOBECHHIX 1Lie-
JIHKOB — 3TO OUeHKa cBepxy. UTO6H onpeenuTL cTeneHb GJHU30CTH
3TOH OLEHKH K TOMY, UTO peajiH3yeTcsi (aKTHYECKH, 1] HEKOTOPHIX
CXeM TeuyeHHs OBLJIO NPOBEACHO MOJENHPOBAaHHE BBHITECHEHHS BSA3KO-
NJIACTHYHOMN KHMAKOCTH BSI3KOH Ha LIeJNeBOM JIOTKe. PesyiabTaThl Moze-
JIMPOBAHHA (TOYKH Ha pHC. 54) NOCTATOYHO XOPOMIO COrJACYIOTCS
C pacuetaMH MO NPeAesNbHOH cXxeMe.




[JABA ®U3UKO-XUMHUYECKAS
MOJ3EMHAS

5 FTHIPOLHHAMHUKA
HE®TSIHOTO MJIACTA

3aBojHeHHe, TOAPOGHO pPacCMOTPEHHOE B TpeAbIAYlIeH TjaBe, HA
CErofHsl SIBJSIETCS OCHOBHBIM TEXHOJIOTHUECKHM TMpPOLIeCCOM H3BJeve-
Husg HepTH. OJHAKO OHO, KaK y»Ke FOBOPHJOCH, CONPSXKEHO ¢ 6OJMbLIH-
MH moTepsiMH HedTH B maacre. [TosTomy ceiiuac Bce Gosbie o6pauia-
I0TCS K Npolleccy BhITeCHeHHSI HedTH M3 IJjacTa Harpetod BOAOH HJH
BOJOH ¢ pasJHyHOro pojna ago6aBkaMH. CBOHCTBAa BOABI, He(PTH HJH 1O-
PHCTOll cpelbl H3MEHSIOTCS IIPH 3TOM TakK, YTO YCJOBHSI BHTECHEHHS
Mo/, BJIUSIHHEM BO3HHKAOUIHX GH3NKO-XHMHYECKHX TPOLECCOB CTAHOBST-
cst 6onee GmaronpUsAATHBIMU, MEl 6yneM Ha3blBATH TAKOH TEXHOJOTHYecC-
KUl nmpouecc PH3HKO-XHMHUYECKHM 3aBOAHEeHHeM.

Bosbuioe pa3sHoo6pasne BC3MOXKHBIX areHTOB BO3JAEHCTBHS H pe-
JKUMOB HX BBCAEHHA, 60Jbliasi CTOMMOCTb Tpollecca (PU3HKO-XHMHYeC-
KOTO 3aBOJHEHHsI B CPABHEHHH C OOBIYHBHIM 33aBOJHEHHEM H, UTO BeCh-
Ma CYLIEeCTBEHHO, 3aBHCHMOCTb pe3yJbTaTOB MpolLecca OT peXHMa H
6oJsipLIET0 YHCJA MapaMeTpoB MNJAACTCBOH CHCTEMEBI TPEIbABJIAIOT MO-
BhiLleHHBle TpeOOBaHHS K NpeIBAapUTENLHOMY aHAJH3Yy U pacuery ¢H-
3HKO-XHMHYECKOro 3aBOJHEeHHs. Takol aHa/u3 H pacyeThl OCHOBAHH
Ha TEOPHH THAPOJAHHAMHYECKHX IIPOIECCOB, COMPCBOXKAAEMBIX XHMH-
YeCKHMH NpeBpalleHHAMH, a TaKxXe TeMJI0- H MaccomepeHOCOM. IDTOT
pasjes NOA3eMHOM FHAPOAHHAMHKH MO aHAJOTHH ¢ COOTBETCTBYIOLIHM
pasnejoM obuiel THAPOAUHAMHKHY €CTeCTBEHHO Ha3BaTb (PU3HKO-XHMII-
4ecKO# noj3eMHOH ruaponuHamukoi, Ocobo Hac OyAyT HHTepecoBaThb
C YYeTOM CKa3aHHOTO BhiUle TakKHe TPOLECCH, B KOTOPHIX (DH3HUKO-XH-
MHYeCKHe (PAKTOPbI CAMH OKA3BIBAIOT BJHSHHE HA JABHXKeHHe XHAKOC-
Tell. PU3HYECKH HJH XHMHYECKHH areHT, NepeHOCHMBIH INOTOKOM H
HETMOCPEACTBEHHO BJIMSIOUMHA Ha THAPOAMHAMHKY, MB OyleM Hasbl-
BaTh NAHHAMHYECKH AKTHBHOH nmpumecso. Ilpexae uem
TIEPEXOJHTh K H3JIOXKEHHIO COOTBETCTBYIOLIEH TeOpHH, Lesecoobpasno
paccMOTpeTh OCHOBHblE 3aKOHOMEPHOCTH MpOLeCccOB IepeHoca B MOPHU-
cTOH cpele Ha Oosee mpocrom NMpHMepe OAHO(A3HOrO TeUeHHS HECKH-
MaeMOR KHAKOCTH.

§ 1. Ipoueccn Tenao-
M MaccornepeHoca B IOPHUCTOH cpeae

PaccMOTpHM MOPHCTYIO cpely, HACHIIEHHY OAHO(MAa3HOH KHIKO-
cTb10. Bynem cyuTaTth, YTO XHAKOCTH CONEPKHT PAaCTBOPEHHOE Bellie-
cTBO (TpHMeECh), MACCOBYIO KOHIEHTPALHI0O KOTOPOro Mbl 0003HAyUM
yepe3 ¢. B To ke BpeMs JONMyCTHM YTO 4acTb NPHMECH 4 B pacyeTe Ha
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eMHUIy oObeMa Cpelbl MOXeT COAepXaTbCid B CKeJeTe MOPHCTOH
cpeanl. [lor/olleHde ckeneToM npuMecH OyleM HasbiBaTb copbuuei;
[IOHHMAs TOJ 3TUM aJAcopOLHI0 ((PH3HUECKYIO H XHMHUYECKYIO) HPHMeECH
Ha IIOBEPXHOCTH cKeJseTa, pacTBOpeHHe (abcopOLHIO) mMpPHMeCH B MarTe-
puasie 3epeH CKesjeTa, a MHOTJA JaxKe MeXaHHYeCKOe yjiepXKaHHE TpH-
MeCH B CYXKEHHSIX MOPOBLIX KaHAJOB (3TO CYLIECTBEHHO AJIs MOJUMED-
HelXx pactBopoB). [l1OTHOCTL pacTBOpa B COOTBETCTBHM ¢ OOGILHMH
TePMOJHHAMUYECKHMH [OJOXEHHAMH OINpelessieTcd KOHIEHTpallued,
TEMIepaTypoH H JaBJEHHEM:

p=p( T, p). V.D)

ITostoMy B efguHule cObeMa NOPHCTOH cpefibl COAEPIKHUTCH MPHMECH
H PacTBOPHTEJS, COOTBETCTBEHHO,

mc ~+a, m(p—c). V.2)

OunbTpalHOHHBIH NOTOK €O CKOPOCTbIO (PHJIBTPALHH W IEePEHOCHT
KaK pacTBOPHTEJNb, TaK H mpuUMecb. Jlerko y6eAUTbCS, YTO HJs cMe-
cH ¢opMa ypaBHeHHA Hepa3pbIBHOCTH OCTaeTcs HeM3MeHHOH, Urtolnl
COCTaBUTL 6ajlaHC pPacTBODEHHOTO BelleCTBa, HeoOXOJHMO paccMoT-
peTb CTPYKTYypy NOTOKa NpPHMeCH uepe3 IpaHHLYy BblJejleHHOro ob6beMa,
DTOT NMOTOK COCTOHT M3 HECKOJbKHX Pas3jHYHBIX IIO CBOell MpHpoOAe CO-
craBiasitoliux. OfHa H3 HHX COOTBETCTBYeT IlepeHOCY PacTBOPEHHOTO
BeillecTBa OGLIHM IIOTOKOM, XapaKTepH3yeMOMY ILJOTHOCTbIO HOTOKa
MaccHi:

q)=cw. (V.3)

DTOT MOTOK CYIIeCTBYET JaxKe NPH PaBHOMEPHOM MO 06beMy NOPHC-
TOH cpelbl pacnpelelieHHH NPHMECH, €CJH XHIKOCTb JABHKercsi. Ecau
NpUMeCh pacHpejeseHa HepaBHOMEPHO, TO JaxKe B OTCYTCTBHe 0OO6IIEro
notoka {w=0) OyaeT NPOHCXOAHTb NepepaclpejeneHue ee, o6ycJa0B-
JeHHoe nudoysueil. Kak uspectno, nud¢ysus BH3HBaeTcs XaOTHUEC-
KHM JBUXKeHHEM Ha MOJIEKyJsPHOM ypOBHe; 4TOOH NOAYEPKHYTb 3TO,
OyleM Ha3blBaTb ee MoJekyJaspHofl aupdysueit. CornacHo ocHOBHOMY
sakoHy aup¢ysHu (3akoHy PuKa), A H30TPONHOH cpenbl AubGY-
3HOHHBIH MOTOK MNPONOPLHOHAJeH M IPOTHBOIOJOXEH MO Hampa.Je-
HHIO TPaJHeHTy KOHLEHTPalHH:

B nopucToit cpese npMMech MoxKeT, BooOlie rosops, auddyHaHpO-
BaTb U B TBepJAbIX 3€pHAaX, U IO HNOBEPXHOCTH KOHTaKTa CKeJeTa
C MOPOBOHM XHJKOCTbIO (IOBepXHOCTHasA Aud¢ysHuda), Tak YTO 3aKOH
duka HyxKAaeTcss B YTOUHEHHH, DTH 3(p(deKTh HeCylieCTBEHHBI /i
HawHx uenaeit. [TosToMy B nanbHelilueM HCIOJNb3yeTCs BhIpaXKEHHe J1,1s1
nu¢dysuonHoro noroka B ¢opme (V.4) ¢ koaboduuuentoM nuddysuu
D, moctosiHHbIM M GJH3KHM K KO3(GHLHEHTY MOJeKYyJApHOH Xuddy-
3HH B XHJKOCTH.

CyuiecTBeHHO, 4TO B TOPHCTOH Cpejfe NpH HaJHYHH (HIAbTpaLHH
JOJI2KeH CYIeCTBOBAaTh, HAPAAY C yXKe pacCMOTPEHHbIMH KOHBEKTHBHBIM
IEepeHOCOM H MOJIeKyJsApHOH IH(Qy3Hel, HeKOTOPHH MeXaHH3M Iepe-
Hoca, O6BIYHO HasblBaeMBH AHcHepcHed, oOyCJOBJEHHBI NPOCTPAHCT-
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BEHHBIMH (QJYKTYaHHsIMH N0Js cKOpOcTell GUABTPANHOHHOrO JBHKEHHS
(T. e. OTK/JIOHeHMeM JIOKAJbHbBIX 3HAY€HHH HCTHHHOM CKOPOCTH OT
cpenHero 3HaueHnus w) [12].

s nosicHeHHsA 3aKOHOMepPHOCTeH 3TOr0 MeXaHW3Ma HallOMHHM, 4TO
KoappuUneHT auddysun B rase paBeH N0 INODPSAKY BeJIHUHHH I[POH3-
BEeJEeHHI0 MyJhCalliH CKOPOCTH (MMelolleH TOPSIOK CKOPOCTH 3ByKa
¢a~ 103 Mm/c) Ha pnuHy cBcGomHoro mnpobera (A~ 10—9-—10—10 ),
Dy ~ coh. Tlogo6Ho 3TOMY NpOCTPaHCTBEHHbIE GJAYKTYalHH MOJs (PHIIb-
TPAUHOHHBIX CKOPOCTeH BBI3BIBAIOT KaK Obl AH((Y3HOHHOE MepeMeLt-
BaHHe, Ha3biBaeMoe KOHBEKTHBHOH anddysuei !, koapduunent audpysnu
JJIsL KOTOpOro IO NOpPSIAKY BEJHYHHBI J0JDKeH ObITb paBeH MpOH3Beje-
HHIO QUIYKTyauuH CKOPOCTH (MMelollell MOpSA0K CKOPOCTH (GHIbTPALHH W)
Ha Macwrtab ¢aykTyaund !. Ecau 2TOT MacmiTab cuuTaThb paBHBIM BHYT-
peHHeMy MacwuTaby MOpPHCTOH cpeibl d, TO

D' ~ wd. (V.5)

ITpn 06bIYHBIX cKODOCTSX (PHJIbTPAUHH 3TO NpPOH3BeJeHHE HeBeJH-
Ko (~10-19 M?/c) W no3TOoMy HMeeT NOPSAAOK Ko3hdHUHEHTa MOJEKY-
aspHoft andoysun aasa xuakocrell. OnHaKo Te Ke cOOOpaXKeHHA NPH-
MEHHMBl K IlepeMeLIMBaHHI0, OOYCNOBJEHHOMY (JIyKTyauHsiMH CKO-
pocTtH mo6oro Maciutaba BmaoTh A0 1—10 M. Boobiie rosops, KOH-
BeKTHBHas Au¢Py3Hs NPOUCXOAHUT TeM ObLICTpee, UeM CHJbHee BhIpa-
JKeHa HeOJHOPOJHOCTb IJ1acTa M YeM LiMpe CIeKTP pa3MepOB HeOJHO-
ponrHOcTell. DTO BaxKHOEe OGCTOATENbCTBO HeOOXOAMMO YYHTHIBATB IIPH
BCeX OLEHKAaX pOMH KOHBeKTHBHOH AnpdysuH, B Tex cayuasx, Korga
OIIEHOK HEJOCTaTOUHO H HYXHBI 60Jlee TOYHble KOJHYECTBEHHBIE pac-
yeThl, NMPHXOAUTCA NpHOEeraTb K 3KCNepHMEHTaJbHOMY OINpejieseHHIO
K03 PHIUHEHTOB KOHBEKTHBHO} AHGDY3HH.

IIpocTpaHcTBeHHble (PAYKTyaUHH NOJAS CKOpocTeH NPHBOASIT K JO-
NOJIHHTENbHOM JUCNEepPCHH He TOJbKO B HAaNpaBJEHHH JBHXKEHHS, HO
¥ B IONepPeyHOM HanpaBJeHHH. Her ocHoBaHHI oxuJaTb, Jaxe s
H30TPONHOH cpefbl, YTO «NONepeyHasd» AHCHepCHsi 6yAeT NPOHCXOAHTH
C TOH e CKOPOCTBIO, UTO H «IpoAoJbHasi». [losTOMy HeoOX0QHMO BBO-
JHTb NPOAOJBHBEIH H NONepe4HbIH KO3(POhUUHEHTH AHCIEPCHH

D” =IHZJZ', D_L=lJ_w. (VG)

W3 H3J0XeHHOTO CJIeAYyeT BLBIBOJ, HOILTBep)K}laeMbIﬁ 60Jiee meTaJb-
HBIM aHaausoM. MIMeHHO B pcaJqbHBIX MOPHCTBHIX IJgacTtax npouecc AHC-
MepCcHH JIOMHH}Ipy}OHIHﬁ. 11.7151 HEro CIpaBeJJIHB 3aKOH CDPIKa, OJHaKO

3TOT IIpouecc aHM30TPONeH, H KoahdHuMeHT Auddy3HH pacTeT ¢ poc-
TOM CKODOCTH; BHIpaXeHHe A/ II0TOKa HMeeT BH]

g; = —D;;0c/0x;. V.7
Tensop ko3p¢uUHEHTOB AMCIEpPCHH (KOHBEKTHBHOH mu¢dysuu) Dy
HMeeT B M30TPONMHOH Cpefie B KauyeCTBe OJHOTO H3 [JIaBHBIX Halpas-

! Hau6osnee OaM3KHH aHaJor KOHBeKTHBHOH JAM(p¢Y3HH — TaK HasbiBaeMasi
TeHJOPOBCKAS AHCNEPCHSA — NEPEMEUIHBAHHE TNPHMECH B HEOAHOPOJHOM TIO CEYEHHIO
HIOTOKE,
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JIeHHH HanpaBJeHHe CKOpOCTH (GHJLTPAUHH H B COOTBETCTBYIOIIHUX I'1aB-
HBIX OCSX NPHHHMAET AHArOHaJbHBIH BHA:

Dy =1lyw, Dy=Dy—=1,w, Dig=Dyz=D3 =0. (V.8)

Koapduuuentsl I, u I,, uMewlllie pa3MepHOCTh MAJHHLI, ONpese-
JISIOTCS CTPOEHHEM MODHCTOH Cpeibl H JOJKHBI ONpeleNsiTbCS st
KaXJ0ro oOLeKTa MM Kjacca 06BbeKToB. HakonseHHBIH K HacTosillieMy
BpeMEHH MaTepHas, B OCHOBHOM, MOATBEPKIaeT MpPHBeJeHHbe coo6pa-
JKEeHHsI, XOTS 3KCIepHMEHTANbHAsl 3aBHCHMOCTb KOS(BQHUHEHTa KOHBEK-
TuBHOH AU(dY3HH OT CcKOpOCTH OJiHIKe OTBeyaeT CTENeHHOMY 3aKOHY

D ~w, »x=11-12. (V.9)

MoxHO y6enuThCsi, YTO CTENIEHHOH XapaKTep 3aBHCHMOCTH SIBJAETCS
c/leCTBHEM HAJHYHA Yy Cpeibl CIIEKTpa MacliTaGoB HEOJHOPOIHOCTH.
3anyiueM OKOHYATe/bHO BBIPaXKeHHe IS NMOTOKAa MpHMeECH:

q=cw—Dvyq; (V.10)
g; = CW; — D,-,-G(:,/(?x,-; D,‘i = DMB,-,' + D:I (V.l ])

Torna ypaBHeHHe 6aJiaHCca NMPHUMECH Mocje OGLIYHBIX Mpeo6pasoBa-
HHIl TIPHBOAHUTCA K BHAY.-

0 (mc -+ a)/0t -+ divg =0 V.12)
HJH ToCJIe TOJCTAHOBKH BBIPAXKEHHS 1JIsi ¢
(mc-+a), ¢ + vV (wc) = v(DV¢). (V.13)

Jlaxke ecsid TMOJI€ CKOPOCTEH W H3BeCTHO H M3BECTHA 3aBHCHMOGCTBH
TEeH30pa KOHBEKTHBHOH nuddysuu D oT ckopocTH, H3 ypaBHeHus (V.13)
HeJb3s HaWTH NoJle KOHUeHTpauHd. [leno B TOM, 4TO ellle He 3ajaHO
pacrnpeliesieHHe NpPHUMecH MeXLY XHAKoH W TBepioH dasamu. Haubosee
ofliee AONYLIeHHe, KOTopoe 6YAeT HCMOMb30BAThCs, COCTOMT B TOM, YTO
CKOpOCTb MeX(a3HOro o6MeHa MPHMECBI0 3ABHCHT OT KOJHMYECTBA COp-
GHpOBaHHOH INpHMeCH B eIHHHUE CPelbl 4, KOHUEHTpalluH HpPHMECH
B pacTBOpE ¢ H CKOPOCTH (HMJBTPALHH w:

a:=v¢(c a wh. (V.14)

Ecnu copbunusa obpaTHMa, TO CYIIeCTBYeT DPaBHOBECHOE 3HAYEHHE
cofiepKaHusi COpOMPOBAaHHOH MpHMeCH:

a=ual, w), 9(c, a(c, w), w) =0. (V.15)

Ec/u OTK/IOHeHHe OT paBHOBECHS HeBeJHKO, TO MOXHO 3allHCcaTh
npocTeiillee ypaBHeHHe KHHETHKH COPOLHMH B BHIeE

a:=—"la—a(, w), t=—1/pa(c o w)>0. (V.16)

OTHM ypaBHEHHEM M OrPaHHYUMCS, XOTS B MHOCJAELYIOUIEM MOXKeTr
OKa3aTbCsl HEOOXOIMMBIM paccMOTpeHue 60Jjee CJOXKHBIX KHHETHUECKHX
cxeM. Bxopsmue B ypaBHeHHe (V.16) ¢yHxuud a(c, @) CUHTaOTCH
3ajaHHbiIMH. OInpefenenHe HX — IKCNepUMEHTaJbHOe, HJIH u3 GoJee
JIeTAJILHOH TeOpHH — ocofas 3ajada, KoTopas AO/KHA COCTaBHTHL Npej-
MeT CIEIHaJbHOTO PacCMOTpEHHS.
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B rex ciayyasx, Korja NpuMech MoxeT 06pa30OBBIBATbCS HJH YHH-
YyTOKaThCsl, B NpaBoHf dactH ypaBHeHu# (V.13) u (V.14) noaxHbl
O6bIThb JONHCAHBI 4JIEHBI, paBHble HHTEHCHBHOCTH FeHepallHH IIPHMeECH,
T. €. KOJIHUeCTBY IIpHMecH, 00pasylonleMyCsi B €IUHHULY BpPEMEHH
B elIMHHIE 00beMa IMOPUCTOH Cpejbl, COOTBETCTBEHHO, B XKHIKOCTH
H B MartepHaJie CKeJeTa.

[IyTeM aHAJOrMYHBIX pPAacCyXIeHHH MOXHO 3alHCcaThb ypaBHeHHe
GaJsaHca Temsa JJs nopuctoi cpeianl. [Ipu 3ToM, MOCKOJBKY, Kak YkKe
H3BeCTHO, BpeMsi YCTAHOBJICHHS TEIJIOBOTO PABHOBECHS MEXIY XHA-
KOCTbI0 M IOPHCTBHIM CKEJETOM MaJjo, TEMIEPATyPhl HX MOXHO CYH-
TaTb pPaBHBIMH.

TIpn 3TOM mOJyYHM:

CT + mpi), ¢+ v (pin) = v AV T) + Q. (V.17)

3neck T — abcomoTHass TeMinepatypa; {(p, T)— ynenbHast SHTaJb-
nusi KuAKocTH; C — TeNVIOEMKOCTb CKeJleTa B pacyeTe Ha €IHHHIY
obbeMa cpefnl. TeH30p TEMJIONPOBOAHOCTH A YUHTHIBAET M OOBIYHYIO
(MOJIEKYJISIDHYIO) H KOHBEKTHBHYIO TEIJIONPOBOAHOCTb, 06YCJOBJIEHHYIO,
110106HO KOHBEKTHUBHOH AH(P(QY3HH, MHKPOHEOJHOPOJHOCTLI® IOJASA CKO-
pocreft. OfHAKO NOCKOJBKY TeMIIEPaTyPONPOBOAHOCTb KHAKOCTH Ha
HECKO/MIbKO MOPSAKOB Bbille KO3DOHIHEHTa MOJEKYAapHOH aAupdysuu,
OTHOCHTEJIbHAs! POJIb KOHBEKTHBHOH TEIJIONPOBOAHOCTH OOBIYHO HEB2JHK A,
H ee MOXHO HE YYHTHIBaTb. B 3TOM cjyyae ) npeBpamlaeTcs B OGBIYHbIH
KO3 PHUHEHT TeIIONPOBOAHOCTH HACHIMEHHOH IOPHCTOH Cpejsl.

VIHTeHCHBHOCTD TemJosble/neHus ( YUHTbIBAeT TeIIOBBbIJAENEHHS 3a
CYeT MEeXaHHYeCKOH IHCCHIIalMH, TemIoBOH 3DP2KT XHMHYECKHX peak-
nHi, TemaoBoH 3(pd2KT aacopbuMH H Apyrue HCTOYHHKM Tella. B 3a-
JayaX, paccMaTpHBaeMbIX HYXKE, CYLIeCTBEHHOt TeIlJIOBbIIEJEHHE IIPOHC-
XONHUT JIMIIb NpH BHYTPHIJIACTOBOM TIODEHHH; B INPOYHX CAy4YasX HM
MOXHO NpeHebpeub.

Ecnn He NMPOHCXOIMT (asoBbIX Nepexonos, To di = C,dT, rae Cp—
TEIJIOEMKOCTh KHAKOCTH HpPH IOCTOSHHOM [aBJEHMH MOXKHO €4YHTaTh
focToAHHOK. Torjna, cuuTas TENJOBLIAGJIEHHE PAaBHBIM HYJIO, IOJYYHM
n3 (V.17) ypaBHeHHE KOHBEKTHBHOH TEIJIONPOBOJHOCTH

9 (moC,T + CT)/0t + v (sC,Ta) = v (v T). (V.18)

Wcnons3ysa ypaBHeHMe Hepa3pbIBHOCTH M cuutasi A MU C IOCTOSH-
HbIMH, npeobpasyem (V.18) K BHAY

oC,
C + meC,’ X= C+mpC,’

Ypasuenue (V.19) ¢ ¢opManpHOH TOUYKH 3peHHs [peCTaBJIsIET cO60M
yIpOUIeHHbIH BapHAaHT ypaBHeHHH nepeHoca npumecH (V.13) — (V.14)
M IIOTOMY MOXET ObITb HCCJ/IEJOBaHO B paMKaX OOUeH C HUMH TEOpHH.
Jo Tex mop, moka moJie CKopocTeil (PMJIbTPALlHH CUMTAETCS H3BECTHBIM,
a TemaoBble M JHDQPY3HOHHBIE [POLECCHI He CBSI3aHHBIMH MeXAy co6oi,
MOXHO DaccMaTpHBaTb T'HIPOAHHAMHYECKYIO KapTHHY, MaccOllepeHoc
H TelJIoNMepeHoC MOCJAE0BaTeIbHO H HE3aBHCHMO IpYTr oT apyra. Bouee
TOFO, HHYErO0 He H3MEHHTCS, €CJAH pacCMaTPHBAaTb IIPOM3BOJILHOE UHCJIO

d
étz—{—TuvT=xV2T;T= (V.19)
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NepeHOCHUMBIX MOTOKOM MpHMecell pasmuuHol npupoabl. opasno Gosee
CNOXHasl KapTHHa BO3HHKAeT, €CJH CYLIECTBEHHO BJHAHHE MpHMecell
JApPYr Ha Jpyra H Ha THJIPOIMHAMHKY. PacCMOTpPHM NOKa OCHOBHBIe
OCOGEHHOCTH 3ajayH O MepeHoce CUJIbTPALMOHHEIM IOTOKOM JHHAMH-
YECKH HEeHTpaJjlbHOH (T.e. He OKasblBalowe# oOpaTHOro BJHMSHHA HA Ho-
TOK) IpHMECH.

ByneM cuuraTh, 4ro 3anaHbl XapakTepHBIH JHHeHHBIH pa3Mep MOTOKa
L u xapakrepnas ckopoctb U. Torpa, BBoAst Ge3pa3MepHble KOOpAHHa-
Tl &; M BpeMsl T,

ti=xi/L, ©=1tU/L, (V.20)
nonyguM u3 (V.13) (V.14):

d(me+a o D da L
T)—l—wiéi_:lﬁa—g?’ E:Ucp(a, ¢, u); w=uyU. (V.21)

ITo cpenaHHBIM OlLEHKAM NpH HaJHMYHH MaKPOCKOIMHYeCKOro uJb-
TpaunonHoro notoka D ~ Ul, tak uro D/UL ~ /L. Jta oueHka noxa-
3bIBaeT, 4YTO JJIsl INlepeHoca NpHMecH B NMOpHcTOR cpefe uucio IlIMunra
(1acTo HasblBaeMOe Takke AHQGpy3HoHHBIM uHcaoM Ilekne Pep) Sh ==
= UL/D, xapakTepH3yiolee OTHOCHTEJbHYIO pONb KOHBEKUHH H Ju-
¢y3un, uMeeT mnopsinoK OTHOWeHWs L/l JuHefiHOro pasmepa noToka
K BHyTpeHHeMY MaciutaGy HOpPHCTOH cpelbl [ H NOTOMY OOBLIYHO MHOIO
6oJIble € THHHILLL.

Paccmorpum st ypasuenuss (V.21) BHelllHee NMpHOGJHIKeHHe, OTBe-
yaiowee no npeapiaymeMy (cM. ri. IV) uccrenosanuio mpouecca B Mac-
mrabax Bcero mnJjacra, T.e. nepeidgzeM B cucteMe (V.21) dopmansHO
K npegeny L — co. Toraa noJydum

(mC + a), T + wict; = 0) ? (a9 c, w) = Or a=a (C’ w) (V22)

Coornourenne (V.22) npeacraBiser co6ol ypaBHeHHe NepeHOCa Hef-
TpaJbHOH NpPHUMECH B KpyNHOMAacIUTaGHOM NpHOaHKeHHH. Pusnyecku
OHO COOTBETCTBYET INpeHeOpexkeHHIO AH(PPY3HEH H NPeANONOKEHHIO O
PaBHOBECHOM pacnlpefie/leHHH IPHMECH MEeX]Jy TBepJOH H XKHAKOH ¢a-
3amu. [uddepennuanscuple ypasHeHHs (V.22) Jerko HHTerpupymooTcs
B ofmeM BHAe JAJs1 JoGOr0 CTAalHOHaPHOTO MNOToKa. JlelcTBHTEJBHO,
paccMOTPHM TNIPOH3BOJIBHYIO JIHHHIO TOKA (HJ/BTPAllHOHHOTO MOTOKA,
OnpeseaseMyio NapaMeTpHYeCKH YCJIOBHAMH

ds/dt = m~'w, dx;=m™ @, x(to) = x}. (V.23)

3nech Xi - KOOPJMHATHl KHAKOH HacCTHILI B MOMEHT f == fo — Xapak-
TEpU3YIOT BHIGPAHHYI0 HHAMBHAYaJNbHYIO JIHHHIO Toka. CorslacHo ypas-
HeHusaM (V.22), ckopocTb IBHMKEHHA BJAONb JIHHHH TOKAa U MOXHO CYM-
TaTb M3BECTHOH OyHKuuWe#d IJIMHBI AYTH S, u = u(s). IlycTb B MoMeHT
t=1" B touke M’ {x?} KOHILEHTpalKsl NpHMECH paBHA ¢’. PaccMoTpuM
Touky M, ABHAKYyuLylocs MO JMHHH Toka I'°, mpoxoasiuei sepes M? co
CKOPOCTB IO

vis)=u(s)[m+a ]t (V.24)
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ITpu stom B Touke M HMeeM:

de(M) _ oc 4y i __0c A u; () oc -0
at ot ax T Tmta ox

Takum o6pasom, Kaxjoe 3HaueHHe KOHLEHTpallHH INPHMeECH Hepe-
HOCHTCSl M0 MJAacTy BJOJb JIHHHH TOKa CO CKOPOCTbI), PABHOH CKOPOCTH
JKHAKOH YacTHUBl u/m, YMHOXEHHOH Ha IIOCTOSIHHBIA MHOXHTeab (l -
+ a /m)~!, MEeHbIIHH eJIHHHIBI.

BecbMa BaxkHO, YTO Ha NepeHOC BJOJb JAaHHOH JIHHHH TOKa COBEp-
IIEHHO He BJHAET XapakTep pacnpejeseHHs IPHMECH B IONepeyHoM
HanpasJeHHH. TakuM o6pa3oM, B BHeIMHeM (KpymHoMacIUTaGHOM) IIpH-

6JTHXEH HH npoiecc nepeHoca IpHMECH ONHCBIBAETCS OJAHOMEpHBIM ypaB-
HEHHEM

2 ime+a e, w(©)]+u% =0. (V.25)

Kak 6wl10 ynomsuyto (cM. § 2, ra. IV), ofuee peuienue storo
yPaBHEHHS HMeET BHJ

t=t(, ) =to+(1+ A’ (©) S ;A= 2, (V.26)

s“(c)u(s) m
270 BbIpaXeHHe onpefleseT BpeMs NPHXOAA INPHMeCcH 3alaHHOH
KOHHCHTpaHHH C B TO'le C KOOp)IHHaTOﬁ S BAOJIb JJHHHH TOKa. EMy
MOXHO 71aTb HHYIO, 6oJsiee sICHYyIO $H3HUECKYI0 HHTepnpertanuio. Pac-
CMOTPHM Y3KYI0 TPYGKY TOKa, OKPYKaIOWIYI0 NaHHYIO JIMHHIO TOKa. M3

YCJIOBHSI HEpPa3pHIBHOCTH JJI1 ee HOPMAJbHOIO CeueHHs o (S) Jierko mno-
JYYHM

o () u (s) = woutp = const.

ITostoMy uHTerpan B (V.26) nponopuHoHaneH o6beMy S () TpYyOKH
TOKa MeXIY CeYeHHsMH, OTBEYAIOIHMH 3HAUeHHSAM KOODAHHATH Sy H S.
3roT 06bEM MOHOTOHHO 3aBHCHT OT S, H €ro yJ0o0HO HCMOJb30BaTh B
KayecTBe YHHBEPCAJbHOrO NapaMeTpa BAOJAb JHHHH TOKa, TaK Kak

ypaBHeHHe NepeHoca M ero ofiulee pelleHHe NPH 3TOM NpHHHMAIOT 0cob0
NpoCTOH BHA:

6(c+A)+ 051_0, S(c) = So(c) + uo(t —to)im(1 + A’ (c)). (V.27)

HIHBIMH cJloBaMH, B IUIOCKOCTH £, S Kaxjaoe 3HaueHHe KOHIleHTPALHH
¢ MepeHOCHTCs ¢ MOCTOAHHOH CKOPOCTBbIO, OTHOLUEHHe KOTOPOH K CKO-
POCTH TOTOKA Up/M 3aBHCHT TOJIHKQ OT C.

JanbHefmee uccjlefoBaHHe NMPOH3BOLUTCS BIOJHE aHAJOTHYHO aHa-
Ju3y BEITeCHeHHs B 3ajaue DBaxkses — Jleseperra. HauanbHeiMu u rpa-
HHYHBIMH YCJIOBHSIMH ONpelessieTcss Ha IVIOCKOCTH f, S JIWHHSA, BIOJb
KOTOpO# 3ajlaHbl 3HaueHHs1 KOHLEeHTpPalHH. DTH 3HAYE€HHs NepeHOCsATCs
Mo NpPOBeNEHHbIM Yepe3 TpaHWYHble TOYKH MpPSIMONHHEHHBIM XapakTe-
puctukaM (V.27). Ecin xapakTepHCTHKH He mepeceKaloTcst Mexay coGoH,
TO pelleHHe 3ajlayd OKasbiBaeTcs (BO BCAKOM cJydae, NDH TJIAfKHX
HayaJbHBIX YCJOBHAX) rJaAkHM. Ecsu 2ke XapaKTepHCTHKH Nepecek a-
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10TCsl, TO jJaXKe MpH TJIAJKOM Haya/JbHOM pachpefie/ieHHH peLleHHe OKa-
3bIBaeTCsl pa3pbiBHEIM. [locKo/bKY, Kak BHAHO u3 (V.27), Hak/oH xa-
pakTepucTHK B muockocTH (¢, S) nponopunonanen (1 + A,,)~!, xapak-
Tep peLIeHHs BIOJIHE ONpefelseTcss HaYaJbHbBIMH H KPAeBLIMH YCJIOBHSAMH
H BHJIOM H30TepMbl copOLUHH a(c). Ec/iH HayanbHOe BoamylleHHE KOH-
UeHTpALUH HMEEeT BHJ «CTYIIeHbK H»

c(s, 0)=cop, ¢ (0, t) =, (V.28)

TO BO3HHKAMWOIlAsl BOJIHA KOHUEHTpPAUHH PpaclpoCTpaHsAeTCsd Kak CTy-.
fleHbKa ¢ MOCTOSHHOH CKOpDOCTbIO IIpH

(€®—co) A"(c) <0, ce(co, )

4 B BHJE HEN[epB:BHOH BCMEB, €CJAH EEpPHO o6paTHOe HepaBeHCTERO.
Ecnu na oTpeske (Co, € ) 3HAaK KPHBH3HBI L30TepMbl cOPOUHH H3Me-
HAeTCsA, TO NPH NOMCIM cooTHcHienuii (V.26) ncayuyaem xomOuHanuio
CKaykoB M HeNpepbIBHEIX BOJH.

[Tpu 5ToM Ha cKaykax KOHUEHTPAUHH BHIIOJHACTCS COOTHOLIEHHE
Gananca npumect (cM. ra. IV)

(] +[Al=V]], [l=C(+r—C(~. (V.29)

PesyJabTaT HCC/ENOBaHHA 3ajayH O PaclnpocTPaHEHIH IO IJacTy 3a-
JaHHoro Ha Bxofle (x = 0) HayalbHOTO CKayka KOHLEHTPaUHH — ycJIo-
pus (V.28) — yno6Ho copMyJiupoBaTh B CJEIYIOLIEM BHJE.

ITyets cp < ¢®. OnpenenuM npu ¢p < ¢ < ¢ PyHRIHIO

A, ()= min {4 (), A (c) +A( "’) (‘)(c 01)} (V.30)
¢y, c€ A

KOTOpYIO Ha30BeM BOTHYTOH OGOJIOYKOMH (bynmum A (c). Ecau mpepcra-
BHTb ceGe rpaduk A (c) BHIpe3aHHBIM H3 XKECTKOIo MaTepHanta wa6Jo-
HOM, To rpatdHk A, (c) 6yleT cOOTBETCTBOBaTb (pOPMe HMUTH, HATAHYTOH
MEXJYy TOYKaMH Co, A (co); ¢°, A(c®) cHu3y Ha stor wabaon. Toraa
YCTOHYHBOE peIIEHHE 3aJayH O PaclpOCTPAHEHHH CKayKa JaeTcsl CoOT-
HOLIEHHEM

S t)=ut/m (1 + A (c)), (V.31)

nupuueM, kak BuaHo H3 (V.31), npsaMosauueiinbiM yyactkam A, (¢) orse-
4alT ckauku ¢(S, ), a BOTHYTBIM JyraM — Y4acTKH HeNpepbIBHOLO H3-
MEeHEHHS] KOHLEHTPalUuH. YTJIOBBIM TOUYKaM A, (C) COOTBETCTBYIOT YYaCTKH
nocTosiicTBa ¢ npu usMmenedun S. Ha puc. 57 nokasaHbl BO3MOXHble
THIH pelleHHH, OTBeyalollHe Ppa3JHYHBIM (opMaM H30TepMbl COPOUHH
a (c).

AHasorun Mexay 3ajauaMu NepeHoca cOpGUpYIOLEHCA MpPHMECH H
3ajayaMy JBYX(asHoM (HJABTPALHH He OrpaHHYHBAIOTCA OMHCAHHEM
mpolecca B KpymHOMaclUTaGHOM npuOaukeHHH. B obaacTH ckaukoB
rpajHeHT KOHUEHTpauud M NPOU3BOJHAA ee MO BPEMEHH, OTBeyaollHe
KpynHoMacliTaGHOMY npHOHXEHHIO, GeCKOHEUHO BEJHKH, H, KaKHMH
O6bl MaJbIMH He ObliM Au(Py3us M BpeMs pesakcaluud, MpeHeOperaTb
HMH HeJb34.
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ByzneM neficTBOBaTb MO aHAJNOTHH C HCCNENOBAHHEM pelIeHHS BOJH3H
CKa4YKOB HachlllieHHocTH (cM. ra. IV). IlycTs I — noBepxHocTb pa3phiBa
KOHUEHTPAlHH, OTBEYalolas KpynHoMaciutabHOMY NpubnauxkeHuio. Byaem
CYMTaTb ee TIJIAJKOH H BBEJEM B OKPECTHOCTH 5TOH IOBEPXHOCTH JIO-
KaJbHYI0 TOABHXHYIO CHCTEMY KOOpPAHHAT £y, &p, &3, rae &, U &3 —
KPHBOJIHHeHHast OPTOrOHa/IbHas CeTKa KOOPAHHAT Ha MOBEPXHOCTH I
§1 — KoOpiMHAaTa, HaNpapBJeHHAs 1O HOpMalH K Hef.

3anuileM ypaBHEHHe JHHMA TOKa (HJbTPALHOHHOTO TEYeHHS:

r=RM,, t), 0ROt =u(r).
311er Mo — MNOJIOXKEHHE OTMEYeHHOH TOYKH Ha NOBEPXHOCTH pa3pniBa

npu ¢ = 0. JlanbHefimee NBHMEHHe MOBEPXHOCTH DasphiBa B CHAY CO-
OTHOUIEHHA Ha CKayKaX OIHCHIBAETCS YpaBHEHHeM

r=Ry (Mo, 1), 0Ry/0t = n(r)m[l + A’ (c (Mo))] = V.

B J0kanbHOM cHCTeMe KOODAMHAT YpaBHEHHs NepeHoca INPHMECH
NPUMYT BHA:

QLD _ (v gg) (me+a) + (@ Ve) ¢ = 7 (DT w6y’
L _(Vya=v. (V.32)

B koopaunarax f; nepeMeHHHe ¢ M @ IVIajKO H3MEHSIOTCA IO Ha-
npapJeHHAM §; ¥ §3 H pe3ko mo Hanpassenuio §;. IlpousseneM pacrs-
XKEHHE NepeMeHHBIX, IOJIOXKHB

G=D"%, =Dt (V.33)

Yapouass nosyyeHHHe ypaBHeHMst (OMYCKasi Majble uJjeHH 110 aHa-
Aoruu ¢ ra. 1V), nonryuHM BHyTpeHHIOIO 3ajauy:

uy dc  d(mc+4a)  d’c (=1t

Vodr T 4 = t-i?"_’
PHC. 57. XapaxrtepHufi BHE pe-
LueHHs B 3agaqax nepexHoca copbH-

pywoumedc s npEMecH.

HsorepMul copOukH: I — Bunykaas :
2 — cMewa HKas; 3 — BOTHYTas

PHUC. 58, K ananuzy ypaBuenus
(V.39

a%c)

9<0 To

c ~<T
. ' o

M*(ct at)

(c=,a7)

?>0
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2
Yvda_ o c(roo)=ct, a(xo0)=at. (V.34)
3nech uy u Vy— HopMasibHble K L KOMIOHEHTH CKOPOCTH (HJIBT -
palliH H CKOPOCTH CKauyKa.
KpaeBbie yc/oBHS cJyKaT JJis COTJIaCOBaHHSl BHYTDEeHHETO pelle-
HuA ¢ BHewHuM. HIHTerpupys nepBoe ypaBHeHue (V.34), MOJYYHM C
y4eToM YCJIOBHII Ha 6eCKOHeYHOCTH

unc — Vy(mc -+ a) — Vydce/d = const = uyct — Vy (me*t + a*). (V.35)

U3 Broporo ypaBnenus (V.34) u ycioBuii Ha GeCKOHEYHOCTH MO-
JydaeM

at = a(ct). (V.36)

3atem u3 (V.35) c yueToM YC/IOBHH Ha GeCKOHEUHOCTH HaXOIuM
Heo6XoJQHMOe YCJOBHe CYLIeCTBOBAaHHS CTalLHOHAp-
HOTO BHYTpPEeHHEro pelleHHs, COBHajalomee ¢ MOJYYEeHHBIM
paHbllle BbipaXeHHeM IJIs CKOPOCTH CKauka:

Vv=un/m (1 + [A)fc]); A= a/m. (V.37)

3TO COOTHOLEHHe BHIBEJIEHO B NPEJIOJOXeHHH, YTO HCKOMOE BHYT-
peHHee pelleHHe cyilectByeT. UTo6H mOKasaThb ero CyllecTBOBaHKe,
paccMoTpuM ypaBHeHHe (V.35) coBMeCTHO co BTOpHIM ypaBHeHHeM (V.34)
H TOKaxXeM, YTO OHH HMEIOT pelleHHe ¢ Tpe6yeMOH aCHMNTOTHKOH npH
{ - 4 co. IlepennuieM 3Ty cHcTeMy B BHJE

VN§-§= un (= —c) +Vylm—c) +a—a] =

Uy a —atl da D
= g —a — ) ———; =-—=29(a, C). .3
1+[A1/[c1>m[ + )C+_C_], F=re@o. (V.3
Cucrema (V.38) He COmep>KHT SIBHO He3aBHCHMOH Ie peMeHHOR {,
H ee yIo6HO NpeACTaBHTb Ha (a30BOH MNJIOCKOCTH NepeMeHHHX d, C,
Hmeem

da _ D ¢ (a, ©) ;A {Q) =C(F—C (V.39)

de ﬁ a—a —(c—c¢7) Aa/Ac

H3sokaunn wyas T'y: da/dc =0 u Geckouzymoctn T, da/dc = oo —
ypaBHeHHs (V.39) 3ajaHHE, COOTBETCTBEHHO KPHBOH a == a (C) H MNPAMOi
a=a "+ (c—c~)Aag/Ac. ITH U30KAMHEL 00513aTEJILHO IepeceKaloTcs
B Toukax (puc. 58) M—(c—, a-) u M+ (ct, at) n pasbuBaioT mpex-
CTaBNAOLWIMA (H3MYECKHHI HHTepec NepBHI KBalpaHT IJIOCKOCTH (¢, a)
Ha psaAA obJjacTefi, 3HaKH NpPOM3BOAHONH da/dc B KOTOPHIX OMNpeleNsIoTcs
caeaywoliiuM ofpaszoM. Ilpu 6GoJbIIHX 3HaueHHAX @ H MajbIX ¢, OyYe-
BHJHO, da/dc < 0; pajee KaXAbIH MNepexoj uepe3 H3OKIAHHY HYJA HJH
6eCKOHEYHOCTH TIPHBOZHT K CMeHe 3Haka. [To3ToMy A/ MOKa3aHHOTO
Ha pHC. 58 pacmoJiokeHHs H3OKJIHH Toyka M- sBAseTcs cepsioM, TOYKa
M— —y3/0M, H HMeeTcsl eJHHCTBEHHAst WHTerpajbHas KpHBas Yypas-
HeHna (V.39) —cenapatpuca cepna M+, coeaunsiiomas o6e  0ocoGbie
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Toukd. OrtBeuaioiiee ef pelileHHe o6Go3Hauum uepe3 a’(c). Ecan oHo
HalieHo, TO H3 ypaBHeHHA (V.38) HMeeMm

{ = S' (m + [a)/[c]) de
d)—a+(c—c)(a—at)/(ct =)

[Ipu 3TOM, KaK H AOJKHO ObLIO GbITh MO YCJOBHIO 3afa4yl, HHTErpaJ
pacxoauTest mpH ¢ — ¢*. Xapaktep DacXOQHMOCTH 3aBHCHT OT MOpsiiKa
kacauus JuHuit I'o v I'« B cooTBeTcTByloIMX Toukax (cm. ra. IV).
Ecny 3TH JIMHHH [€PECEKalOTCHA MOJ, KOHEYHBIM YIJOM, TO NOABIHTE-
rpanbHoe Bbipaxenue B (V.40) uMeeT HyJb IepBOro NOPSiAKA H { ~—
—In]c—c*|, Tak yTO

¢~ c* + C=exp (—1*0), 1+>0, 1= <0. (V.4l)

Ecnu ponycrutb, uyto Junud g u I'e kacalotes apyr apyra, To
nogbiHTerpaibioe pupaxeHue (V.40) umeer Hysab Gosiee BBHICOKOTO MoO-
psllKa, U CTpeMJieHHe KOHIEHTPAaUHH K ee COOTBETCTBYIOLLEMY Npeneiib-
HOMY 3HAYeHHIO OKa3blBaeTcs CTeNeHHbIM:

c—ct=0(t]™%), v >0. (V.42)

3ameTHM, YTO /s BOSMOXHOCTH MOCTPOCHHA CTPYKTYpHI CKayKa, T.e€.
BHYTpPEeHHero pelleHns 3ajaud, obaagawooiero TtpefyeMbIMH acdMITO-
THKaMH, NPHHIHIHAJbHOE 3HAYEHHE HMECT BBIIIOJIHEHHE YCJIOBHH

a(c)>alcT) 4+ (Aa/Ac) (c —c), et <e< ™,
a(c) < alcT) 4+ (Qajde)(c—c7), ¢t >c>c. (V.43)

HeficTBUTENBHO, €CJIH 3TO YCJIOBHE HAPYIIAETCS, HE YAAETCS MOCTPOUTh
HHTErpaJbHYIO KPUBYIO, COeHHSAIOIYIO ToykH M+ u M—, Baosb KoTopo#
{ H3MeHHJOCh 6Bl MOHOTOHHO. TakHM 006pa3oM, Mbl BHAMM, UTO YCJIOBHS
(V.43) Heo6X0oQMMBI H JOCTAaTOYHbI MJIl CYIUECTBOBAHHA BHYTpPEHHEro
pellleHHd B BHJe pPaBHOMEDHO [ BHXXYLiefics BOJHBI KOHUEHTpauud. [lo-
3TOMY, eClii OrpaHHYHTbCA MOCTPOEHHWEM BHEIUHEro peilleHHs, W3 Bce-
BO3MOXXHbBIX BapHAHTOB Da3phIBHLIX peLIeHHH, YAOBJETBOPAIOIHX YpaB-
HeHusiM OanaHca, HYXHO BbiOpaTb TakKHe, JJIST KOTOPHIX Ha KaxIOM
pa3pbiBe BLIMOJHEHBl YCJAOBHA CYLIECTBOBAHHUSI BHYTPEHHEH CTPYKTYpH
(V.43). Ilpu sToM moayyaeM Mpoueaypy [OCTPOEHHS, OMHCAHHYIO BBILIZ.
Takue ke coofpameHHsl OKaXKyTCs OCHOBHBHIMH H B GoJiee CJIOXKHBIX 3a-
Javyax, paccMaTpuBaeMblX B MOCJe[YIOMHX naparpadax.

(V.40)

§ 2. BbiTecHeHHe He(PTH PacTBOPaMH
AKTHBHbIX NIPHMecei

IlToHaTHe akTHBHOH npHMecu, OCHOBHBle ypaBHE-
Hu . PaccMorpuM aAByxdasHoe ¢(HUIbTPAHOHHOE TeueHHe HedTH H
BOAMI, MpeAnojaras, yTo Boja (a BO3MOXKHO, H He(Tb) COAEPKHT He-
KOTOpYIO 106aBKy, cOCOOHYIO BJHATL Ha F'HAPOAHHAMHKy noroka, Ta-
Kylo 106aBKy He3aBHCHMO OT ee NpHpOJbl Ha30BeM a KTHBH O ji I P H-
M e cb1o. Konuenrpauuio npumecu 6yaeM CUHTaTh MaJIOH H He MeHf-
1oued yaedabHblx 06bemMoB Ppa3. K akTHBHbLIM NpHMeECHM MOXKHO OTHeC-
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TH NPaKTHYECKH BCe XHMHUYECKHe DeareHTHl, NpHMeHsieMble HJsl yBeJH-
yeHus HedreoTAaun. IIpu BceM pa3HOOGPa3HH MeXaHHU3MOB HX HIeHCT-
BHs THAPOJHHAMHYeCKOe ONMHCaHHE POJIH TaKHX NMpHMecell OKa3hBaeT-
Cs B CIeJaHHOM IpeANoJIOKeHHH eIHHBIM. [leHCTBHTENBHO, TMOCKOJb-
Ky B CHJY HE3aBHCHMOCTH IJIOTHOCTH ¢a3 OT colepxKaHHA NPHMecH
ypaBHeHHsi 6aJjiaHCa BOABI U HepTH He H3MeHAIOTCH, Moboe rHAPOIHHAE-
MHUecKoe [JeHCTBHE aKTHBHOH NpHMeCH MOXeT CBOAHThLCA JHLIb K H3Me-
HEHHIO NMPOHHILaeMOCTH k, ¢ a30BHX NpOHHLAeMocTell [; BA3KOCTeH i
H KanuJjaspHOro pnamieHHs P, B cBow ouepean, 310 CBOJAHTCHA, B
CHJy CKa3aHHOTO B IJ. IV, K BJAHAHHIO aKTHBHOH NpHMeCH Ha NpPOHH-
aemMocTb kR (YTO CYIUECTBEHHO JHIIL NPH OMHCAHHH HEOLHOMEpPHBIX
npoueccoB), Ha (YHKUHIO pacnpelesieHusi MOTOKOB F u Ha (YHKIHIO
P, (410, B CBOI0 Ouepelb, CYIIECTBEHHO B TeX YCJOBHSIX, KOrja Ka-
NUJSIPpHBIM CKaYKOM JaBJIeHHs] HeJb3si npeHebpeur). Takum o6pa3oM,
NPH OMHCAHHH OJHOMEPHBIX KPYNHOMAacCWITa6HBIX NPOLECCOB HOCTATOY-
HO 3HaTh JHIUIb BJHSIHHE aKTHBHOH NpHMecH Ha QYHKIHI0 paclpefese-
HHA NOTOKOB F. OTAE/NbHEIM Ba)XHHIM BONPOCOM CTAHOBHTCS BJIHSIHHE
OpHMeCH Ha HepaBHOBECHBIe IIPOLECCH. IJTOT BONPOC AOJXKEH CTaTh
NpejMeTOM CIiellHaJbHOTO PAacCMOTPEHHS; B HaCTosIlee BpeMs MO HEMY
HUMeITCS JHIIb NepBoHauaJbHBE NpeACTaBJIeHHs.

IIpuMech MOXKeT HaXOAHMTbCA B TpPeX COCTOSIHHSIX — DPACTBOPEHHOM
B Boje, PacCTBOPeHHOM B HedTH H COPGHPOBAHHOM IIOPUCTOH cpemof.
ITosToMy NOJIHOE KOJNHYECTBO ee B eJHHHIE 00beMa Cpelbl paBHO (mscy -+
+m(l —s)ca+a), a norok cjui + cole+ q, TAe c¢;— KOHUEHTpa-
U OpHMEeCH B {-i ¢ase; 4 — KOJHYECTBO NPHMecH, COpOHpOBaHHOE

HOPHCTHIM CKeJleToM; g — Arddy3HOHHBIH MNOTOK. ¥ paBHeHHe GasaHca
IpHMECH HMeeT BHI

[msc; +m (1 —s)cg +a), ¢+ div (a1, + conz +q) =7, (V.44)

[fle r— CKOPOCTb reHepaluu NpHMeCH B eauHuue o6beMa cpeibl. Pac-
CMaTpuBasg KpynHoMacmiTaGHEle MeJJIeHHLIE TpOLEecChl, CJenyeT Ipe-
HeGpeub IHGPY3HOHHBIMH 1OTOKaMH (cM. § | jpaHHO# rjaBH), a pac-
npejiesieHHe MpUMecH Mexay ¢a3aMH CYMTAThb TEPMOJAHHAMHYECKH DPaBHO-

BecHBIM. OrpaHHyHMcsi B Noc/efylolleM pPacCMOTpeHHeM OJHOMEpHbBIX
apuxennii. Torma (npu r = 0) uMeeMm

ci=¢ c=¢(), a=al(,s), F=F(s o), (V.45)
[msc+m(l—s)e () +al(c )i+ UlcF+¢(c) (1 fF)],, =0. (V.46)

TakuM o6pasoM, 3azaya O (pPOHTAJLHOM BLITeCHEHHH HedTH pac-
TBOPOM AKTHBHOH NpHMeCH B KpyMNHoMacmiTabHOM (BHELIHeM) IpHOH-
JKeHHH OMNHchIBaeTcs cHcreMoil ypaBHeHHH (IV.33) u (V.46), conepxauweit
Tpu ¢yHKUHH F (S, ¢), 9(c), a(c, S), KOTOpbIe CYHTAIOTCA 3aJaHHBIMH.
HHauBugyanbHOCTh Npollecca NMpOSBJASAETCA JIHIIL B KOHKPETHOM BHJE
3THX GYHKUHH.

ST10T BHLIBOA IIpU BCEll €ro MpOCTOTe UMeeT IPHHUHIHAMbHOE 3Haye-
Hue. OH onpejeasieT TOT MHHHMAJbHO HeOOXONHMBIH OGBEM 3SMITHPH-
yeCKOH HHGOpMallHH, KOTOPHIHl JOJKeH onpenejsaTbcsd A0 IPOBEJEHusi
pacuetoB. [losyyeHHass cucTeMa ypaBHeHHH TO3BOJSIET ONHCAaThb TaKHe
OCHOBHBIE TIpOlLIECCH INOBHILIEHHS He(TeOTAaYH, KaK BhITeCHEHHe HedTH
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pacTBOpaMH BOJOPAaCTBOPHMHIX MOBepXHOCTHO-aKTHBHHIX BellleCTB, BOJO-
pacTBOpHMBLIMH TTOJTMMEpaMH H KapGoHH3HpoBaHHOM Bojoi. [lanee aHaans
[POBOJMTCS B CaMBIX OOLIMX MpEANOJIONKEHHSIX O BHJAE BXOAHBIX (PYHK-
uwnit F(s, ¢), ¢ (c), a(c, s). Ero peayJbTaThl OKa3hIBAlOTCA HEOXKHAAHHO
IOPOCTHIMH; OHH MO3BOJSIOT JONOJHHTEJNbHO OrpaHHYHTb TpebyeMbll

o0beM HMCXOJHOH HHGOPMALHH.
dpoHTasbHOe BHITeCHeHHE HEQTH paCTBOPOM aKTHB-

HOH NMpHMecCH.
ApromMonenpHbie pemeHuss. CTpPYKTypa 30HB BHTeEC-
He HUsd. PaccMoTpuM OfHOMepHOe (POHTaJbHOe BhITeCHEHHE He(pTH
M3 MoMy6eCKOHEYHOro IJIacTa pacTBOPOM akTHBHON mnpumecH. IlpH cre-
JIAHHBIX TPeJNoJIOKEHHAX 3ajaya CBOJHTCH K pelleHHIO CHCTEMH Ypas-
HeHHii:
ms 4+ UI[F (s, o), -=0,
[mes +mep () (1 —8)+a]l  :+U[cF+(1—F)e(0)], =0, (V.47)
0<¥< 0, 0<x< o, U0
NpPH HayaJbHBHIX H TPAHHYHLIX YCJIOBHAX
s(x, 0) =50, c(x, 0) =co, 5(0, ) =35 ¢(0, ) =c0 (V.48)
Bosuukiuas cHTyauusi 6/1d3Ka K TOH, KOTOpas XOPOILO H3ydyeHa B
ra3oBoil JHHAMHKe. DTa aHaJOrHsl CYLLeCTBEHHO ofJieruaeT Hecsej0BaHue,
AHasu3 pa3MepHocTeH NOKa3blBaeT, YTO pellieHHe 3TOH 3aJaud aBTo-
MOJIEJIbHO H HMeeT BH]
s=s5(); c=c¢); t=mxUt, (V.49)

rae s(t), c(§) ynoB/IeTBOpAIOT CHCTeMe OOLIKHOBEHHHX IH(bbepeHIHaND-

HBIX ypaBHeHHi
ds dF (s, ¢

‘= (V.50)
Ed[cs+(l——;)€<p (©) + a/m] _ d[cF+<p;?(l —F))
NnpH KpaeBblX YCJIOBHAX
s(0)=15 ¢(0)=c"% s(o)=s0, ¢()=cp. (V.51

ITpu sTOM, KaK H B ra3oBoi JuHaMHKe, HH ucxojHas 3ajgaua (V.47) —
(V.48) nna ypasHeHu#l B yacTHHIX NPOH3BOJAHHIX, HHM 3ajaya (V.50) —
(V.51) naa cucTeMbl OObIKHOBeHHBIX AHGDD2peHUMANbHBIX  ypaBHEHHH
He MMeIoT, BOOOIE TrOBOPS, KJAaCCHYECKOTO peuleHHs, H HeoGXOXHMO
JONYCTHTh CYIIECTBOBAHHE pelieHHH co ckaykamu. Ha ckaukax ao/kHb
BHIIONHATLCH COOTHOWIEHHA GajaHca Maccel (a3 H NpHMecH, CBOfA-
WHEeCS K YCJOBHSM

mV [st —s—]| = U|[F (st, ¢t)—F (s—, ¢c)], (V.52)
) — () + ieH) —a (e )im 1 _
F—c"+ (™) —o(c™) ]—

=UlF g{ch)—9(D)
[ Tt ¢t o) —¢(ch) ] (V.53)

mV[st + e
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3pect V — ckopocTh ckauka; §—, ¢, st, ¢t — cOOTBETCTBEHHO 3Ha-
yeHus 3a ckaykoM H o0 Hero. Ckauku MoryT ObiTb JHOO CKaukaMH Ha-
CHIEHHOCTH NpH HEM3MEHHOH KOHUEHTPAlUHH — TOTAA CYLIECTBEHHO JIHIIb
yenosue (V.52), a (V.53) BbINOJHSAETCS TOXKAECTBEHHO, JHGO CONPsiKeH-
HBIMH CKauKaM H KOHUEHTPAIHH H HaChILEHHOCTH.

CoOTBETCTBEHHO 3TOMY MOTYT CYIIECTBOBAaTb CKaYKH H B  aBTOMO-
NeJ5HOM DPElIeHHH, H YCJIOBHSI Ha HHX IOJYYaloTcsl M3 OOLINX YCJIOBHH
samenolt mV/U ua &;, rae t; — 3HaueHHe aBTOMOJEJIbHOH TNeEPEMEHHOH,
COOTBETCTBYIOILIEE CKAauKYy.

[Tpu 3TOM OKa3biBaeTCs, YTO MOXKHO NOCTPOHTbH GECKOHEYHO MHOro
pelIeHH#, YNOBJETBOPSIIOIHX YPaBHEHHSM, HAuaJbHbIM YCJIOBHSIM H
YCIOBHAM Ha cKaukax. DH3HYECKH OCMBICJIEHHOE pelleHHe JOJKHO
Y IOBJIETROPATh JAONOJHUTEJNBHOMY YCJOBHIO YCTOHYHBOCTH CKayKoB.
Kaxam¥ u3 HUX Xap akTepusyeTcsl MATHIO BeJHUHHAMW — 3HAUYEHHSAMH
CKOPOCTH cKauka V M 3HaueHHSIMH MCKOMBIX BeJHuHH nepex (s+, ct)
H 33 CKaukoM (S, ¢~). DTH NATb BeJHYHH CBSI3aHbl ABYMS YCJIOBHSIMH:
(u3 gByx ycnopu#i (V.53) onwo siBAsieTcs CJEACTBHEM IPYroro H ycJjo-
susi (V.52)). Hast Toro, uro6bl ycCTpaHHTh HeEONDPENEeNEHHOCTb, T. €.
o6ecneyuTh yCTORUHBOCTL CKauKa, HEOOXOJHMHI elle TPH AOTOJHHTEb-
HBIX COOTHOINEHHS, KOTOPble NPSMO HJIH KOCBEHHO OTPaXKaloT BJIMSHHE
HayaJbHBIX N TPaHMYHBIX YCJIOBHH 3ajaud. IDTO BJAMSIHHE IlepefaeTcs
BJOJIb XapPaKTePHCTHK WCXOAHOH CHcTeMbl AudpepeHUHANBHHX ypaBHe-
HYl; Kaxjaas NpUXOAsIlast B JaHHYIO TOYKY XapaKTepHCTHKa JaeT
OJHO COOTHOIIEHHE MEXLY nepeMeHHbMH (an1s1 cHcTeMmbl (V.47) xapakre-
PICTHKH H COOTHOILLEHHS] HA HHX BhITHCaHBbI HiXe). B naHHOM ciryvae jist
yCTOMYHBOCTH CKauykKa HeoGXOAWMO, 4TOObl HA HETO HNPHUXOAWJIM TPH Xa-
pakTepucTHKH. B cllieM ciiyuae cHCTEMBI # YPaBHEHHI COXpaHEHUs] THIa
(V.47) na1s nepeMeHHBIX € 1 COGTHOLIEHHSIMH Ha CKauKax sl yCTOHYHBOCTH
cKauka Hec6X0JHMO, YTCCH Ha Hero mpHxoxuaa (n + 1) XxapakTepucTHKa.
DTO yCJOEHe YCTOHUHEOCTH CKAuKa HCIOJb3YeTCsl B psifie 3ajay TEOPHH
YAapHBIX EOJIH; CTPOTOe €ro R0Ka3aTesbCTBO H3BECTHO AASl OJIHOrO ypas-
HeHHs THNa nepBoro (V.47) W cHCTeMB KBa3HJHHeHHBIX runepboJnue-
CKHX YpDaBHEHHH, CJH3KO NPH YCJOBHSX, KOTOPbHIM CHCTEMBl paccMar-
PHBAaeMOTO HaMH THNA He YJOBJeTBOpsSilOT. [Tostomy B pasbHeilltieM 3To
yCJIOBHE MCNOJB3YETCS KaK 3BpHcTHUecKoe. HekoropnM o6ocHOBaHHEM
3THX YCJOBHH CAYXKHT aHaJu3 TOHKOH CTPYKTYpH cKaukoB (cM. § 3
ra. V). [Ipu XoAsim MU Ha CKAYCK M3 30HBI 3a CKaukoM GyayT npu
3TOM CYHMTATbCS XapaKTEPHCTHKH, CKOPOCTb KOTODHIX He MEHbIIE CKO-
POCTH CKayka; K3 30HBI Ilepe]i CKauyKOM -—— XapaKTepPHCTHKH, CKODOCThb
KOTOpHIX He GoJblle CKOPOCTH CKauka. VHbIMH cJjoBamH, JoGas Xa-
paKTepHCTHKa, MMeKIlast paBHY CO CKaYKOM CKOpPOCTb, CUHTAercs
npuXoAsiiled Ha CKauok [36]; XapaKTepHUCTHKH, He YJIOBJETBODSIOLIHE
3TOMY YCJOBHIO, CYHTAIOTCSI Yy X OJ SILLHM H.

Hnst cuctemur (V.47), Kak Jerko y6eiuTbCsi, XapaKTePHCTHKH OMpe-
I €10TCS COOTHOLIIEHHSIMH

dx; U oF (s, 0). ds[ Fie(—F
dt ~ m " 9s di|"""T s+ (0—9¢ ) Fa/m ]+
+FRE g e U FAFOUZD o d (g
m s+ (1—s)¢’ () +a' (©)/m * dt
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HonycruM, yto 3agaua pewena. Torma, 3uas ¢yuxuwu s(£) uc (%),
MOXHO JUIS KaXJAoro & BhIUHCAHTD F (s, ¢), a 3aTeM, HCKJ/OYasas U3
YKa3aHHBIX 3aBHCHMOCTell § M ¢, NONYUHTb CBSA3b MeXAY F H s, 03TOMY
KaXJoMy & oTBeyaeT HeKOTOopasi TOYKAa Ha IJIOCKocTH S, F B KBajpate
(0,1) X (0,1), a BceMy pelueHHIO — KpHBasi, KOTOPYIO B JajibHellueM
MBI OyjeM HasblBaTh Ny TeM. ITocKOJbKY B CHIY NEePBOro ypaBHEHHS
(V.50) ¢ =dF/ds, rae npousBoanasi Gepercss Bpoab nyrtu (s, F), aBTo-
MOJIeJIbHOE pellleHHe ONHO3HAYHO BOCCTAHABJIHBAEeTCS, €CIH OH 3ajaH.
Ilpu 3TOM cKaykaM pelleHMs COOTBETCTBYIOT IIPSIMOJHHEHHBIE YYacTKH
HOyTH, @ YIJIOBBIM TOYKaM — Y4acTKH MMOCTOSIHCTBA HACHILEHHOCTH; KOH-
LeHTPALHMA ¢ HAa HENpepbIBHBIX YYacCTKax pelleHHs HesSBHO 3ajaHa cCo-
oTHoweHueM F = F (s, ¢).

Petuatomyto poJb urpaetr To o6CTOSATENbCTBO, YTO NyTh Ha (S, F) —
Juarpamme yAaeTcsl IOCTPOMTb, MNpUYEM 32aYacTyIO BIOJHE 3jeMEHTap-
HHIMH CpEICTBaMH, J0 pelueHus 3agauu. OcoGeHHO NMpPOCTO OCYILEeCT-
BJSIETCA IIOCTPOEHHE B CJy4ae, €CJH CKAuOK KNHUEHTpAalLHH pacnpo-
cTpansierca 683 pa3MasbiBaHHSA, T. €. CYLIECTBYeT NojJexKallee OTLICKaHHIO
3HaueHHe £, Takoe, 4YTO

C:Co, 0\<E<EC9 ¢ = Co, EC<E<OO (V-55)

(nocTaToYHbIE YCJOBHSI pACIPOCTPAHEHHS CKAUYKOB KOHLEHTpauuu G6e3
pa3Ma3piBaHHA YKa3aHhl HHXKe).

Hcnonb3ys ypasuenusi (V.50), ycaosus (V.52) u (V.53), u ycaoBue
YCTOHYHBOCTH CKAYKOB, MOMKHO 1aTb 3JIEMEHTapHYO rpadHyecKyio Tex-
HHKY NOCTPO2HHSI nyTtH (s, F) H, clepoeaTesbHO, pellleHHs, o6obLLaio-
Iy H3BECTHBI crocol peureHus 3agaud bakaesa — Jleseperra, HaJo-
*KeHHBIA B . IV. B noctpoeHnH HCNob3yIOTCA JHIID KPHUBbie (YHKUHH
F (s, ¢) npu 1aByX 3HayeHHSIX: ¢ — HAa4aJbHOM H KOHEYHOM — H 3HAUEHHHA
¢yHKUMHA ¢ H @, OTBeyaloUHe 3THM JBYM 3HayeHHAM KOHLEHTpalHH
aKTHBHOH mNpuMecH. 3T0 O06CTOSATENBCTBO BecbMa BaXKHO, MOCKOJbKY
JIONOMHUTEJIbHO Pe3KO OrpaHuyuBaeT TpeOyeMmblil 06BEM 3KCIIEpHMEHTOB
ISl MONYYeHHS] HCXOAHBIX JaHHbIX K pacyeTaM. OueBHAHO, pelleHHe
COCTOMT H3 (NMpHMBIKamomero Ko Bxony miaacta, 0 < §<§;) yuacTka
¢ ¢=c% ynaneHHoro yyactka ¢ > &;, B KOTOPOM KOHUEHTPALHsA IMpH-
MECH COXpaHseT NMepBOHAaYaJbHOE 3HayeHHe, ¢ = Co, M CKayka MNpH § =
= £;, HA KOTOPOM H3MEHSIIOTCSl H KOHLEHTpAalHs, H HACHILIEHHOCTD.
IlepBoMy yuacTKy Ha (s, F)— puarpaMMe OTBeyaeT OTPE30K KPHBOH
F (s, c®), BTOpOMYy — OTpe3oK KpuBoH F (s, ¢p). W3 ycnosuit (V.52)
C/IEfyeT, YTO OTHOCHTeNbHAasl CKOpOCTb cKauka &; = mV/U paBHa yrJo-
BoMy K03bDdHUHEHTY oTpeska, coeauHsouero Touku st, F+ u s—, F-,
OTBEYAIOLIHE 3HAYEHHSIM MNepeMeHHBIX Mo 002 CTOPOHBI CKauka (T.e.
TOYHO TaK e, KaK H B o6bluHON Teopuu Bakaes — JleepeTra, ToMbKO
COOTBETCTBYIOIHE TOYKH He 06GS3aTeJbHO pacloJfaraloTcsl Ha KpHBOH
F (s, ¢), orBevaome (GUKCUPOBAHHOMY 3HAUeHHIO KOHUEHTpPallHH MpH-
mecn). M3 ycaoBusi (V.53) caenyer, 4Tto A5 cKayka, HPOHCXOASALIEro
C M3MEHEeHHEM KOHUEHTpALlHH, OTHOCHTeNbHAs CKOPOCTh PaBHa YIJIOBOMY
Ko3pPULHEHTY NpsIMOl, coefHHsIOWEH ToukH s+, F+ uau s—, F~ c «no-

“mocoM» —Spy —Fp,
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PHC. 59. K pemennio 3alayd O BbITeCHEHHH He(TH pacTBOPOM [0JIE3HOH aKTHBHOM
NpHMecH

A A A
Sp= A‘CP—j—A{, Fp=gooig; (AX = X+ —X-); A—am. (V.56)

Takum obpasoM, Touku st, F+, s—, F— u —s,, —F, nexat Ha
ONHOH NpAMOH, H Jy4Y, OTBeHalOUHH CKAYKy, NPHHALIEKHT NYUKy, NPO-
xonsleMy gepes moaioc (—Sp, —Fp). UToOB BHIOpaTh H3 3TOro Hydka
€[IUHCTBEHHBIH «HYXXHBIH» Jy4, 3aMeTHM, YTO WM He MOXeT ObITb Jyd,
nepecekatolnii  Kpusyto F (s, ) «cBepxy» (puc. 59, 8), Tak Kak IpH
3TOM BOGJH3H TOYKH NepeceyeHHs 3HaueHHE aBTOMOJEJbHOH NepeMeHHOH
3a cKaukoM OoJibllie, YeM Ha CaMOM CKauKe:

= = dF (s, CO)/ds)— > ;= (F— — FH)i(s— —s+),  (V.57)

H «pellleHHe» I[IoNy4yaeTcs HeOJAHO3HauHHM. Ecan MBI jomycTuM, 4TO
JIy4, COOTBETCTBYIOLMH CKauKy, mnepecekaeT KpHBYI0 F (s, c?) «CHH3y»
(cM. puc. 59, 8), TO B TOUKE CONpSKEHHS

§— = (dF/ds)— < &, (V.58)

ITpy 3TOM YHC/IO XapaKTePHCTHK, NDHXONAUMX Ha Pas3pHiB, paBHO
JHIIL ABYM, H HapyllaeTcsl YCJOBHe YCTOAYHBOCTH CKaukKa (cM. mo-
Jpo6Hee Huxe). TakuM o6pa3oM, NyTb Ha NJOCKOCTH (S, F), oTBeua-
IOIHH aBTOMOJEJLHOMY pEIUEHHI0, 06s3aTeJbHO COJEPXHT CKauoK Mo
Jayuy, NpoXojslleMy yepe3 nomoc (—sSp, —Fp) H KacalolleMycst KpHBO#
F (s, c®) B Touke (s—, ¢7) (cM. pHc. b9). (3nech cuMTaeTcs, YTO, Kak
3To OOGbIYHO GLIBaeT, TaKas TOYKA KacaHHs ejWHCTBeHHa. MoxHO moka-
3aTh, YTO H3 HECKOJbKHX TOYEK KacaHHS NpH NOCTPOEHHH pellleHHs
HYXHO BHIOpaTh BepxHiow.) [locse onpepeseHHs] OJOKEHHS CONPSIKEH-
HOTO CKauKa KOHLUEHTPALWH M HaCHIIEHHOCTH («c-Nlepexon»), nasnpHel-
Ilee JOCTPaHBaHHe pelleHHH B o6aacTaAX JABYX(a3HOTO NMOTOKA ¢ NO-
CTOSTHHOH KOHLEHTpauHed NPHMeCH IPOH3BOAHTCS OYEBHAHBIM 06pazoM
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PHC. 60. K anasnay mpollecca [JOBHITECHEHHs. He)TH DACTBODOM aKTHBHOH TpHMeECH

no aHaJoruH c teopueil Bakses — JleBeperTa; ABa pasIU4HLIX BapHaH-
Ta BO3MOXHBIX myTell B (S, F) NJIOCKOCTH MOKa3aHH Ha pHc. 59.

Ha puc. 59 nokasaHbl COOTBeTCTBYIOMIHE pachpefieJleHHs] HachIILEeH-
HOCTEeH B OJHH MOMEHT BpPEMEHH IJS BbiTeCHEHHs BOJOH (MYHKTHpP) H
pacTBOPOM aKTHBHOH INpHMeCH INIpH Majoil (@) H 3HauuTeapHOH (6)
copbuuax. Bo Bcex cayuasx ¢(poHTY mpuMecH NpeallecTByeT GpoHT
BhITECHEHHs1 HedTH BOJOH; eCJAH copbuMs 3HaUHTeJNLHA, OH JBHKeTCS
¢ TOH ¥e CKODOCTbIO, YTO H IpH BHITECHEHHH YHCTOH BOjo#. DTO O3Ha-
yaeT, 4TO CHJBHO COPOHpYIOILAscA NpPHMeCh He H3MeHAeT MoMeHTa 06-
BOJHEHHS H HauyaJbHOH CTajAHH BOJAHOTO NepHOJa pa3pabOTKH; pOJb
OpHMECH HPH 3TOM CBOJHMTCS K HEKOTOPOMY 3aMeJJIeHHI0 pocTa obBoj-
HEHHOCTH NPOAYKUHH Ha IPOMEXKYTOUHOH CTafHH H YBENIHYeHHIO IOJ-
HOTHl BbITECHEHHS He(hTH Ha 3aKMouuTe]bHOi cragun. Ecau npumech
copbupyeTcs cnabo (@), TO HeCKONbKO 3aTATMBAeTCs Ge3BOAHLIA NepHOI
SKCIVIYaTalMH H CHHXKaeTcsl OGBOJAHEHHOCTb NpPOAYKIHH Ha HadajbHOH
CTaguH OGBOAHEHHS.

CxozHoe MOCTpOeHHe I03BOJNISIET NPOAaHATM3HPOBAaTh U INpHMEHEHHe
aKTHBHOH MpHMECH JJs [OBBITECHEHHS HedTH M3 3aMeXH, NEpBOHA-
YaJIbHO pa3paGoTaHHOM NMpPH 3aBOJHEHHH (T.e€. B KaUECTBE TPETHUHOIO»
metona). I[Joctpoenne coorBercTBylomero (s, F) nyTH MoKasaHO Ha
puc. 60, 6, a XapakTepHrle pacnpejelNeHHs Hachll[eHHOCTeH MO -JJIHHE
nmnacta—Ha puc. 60, a, 6. IIpHHOHIHANEHO BO3MOXHO 00pa3oBaHHe
ABYX THIOB pewleHHH. OZHH H3 HHX XapaKTepH3yeTcsl OTCTAaBaHHEM
¢poHTa npuMecH oT (poHTa BHITeCHeHHS H 06pa3oOBaHHEM OTYETIHBO
BbIpaXKE€HHOro HedTAHoro Bana. [ast pewleHuss BTOpOro THma Xapak-
TepHO 0OpasoBaHHe He(TAHOrO ITaTO C MEIJEHHBIM CHHXKeHHeM HedTe-
HACBHILEHHOCTH ‘Ha 3ajJHeM ero ¢poHTe; NepenHui GPOHT NJIATO cOBMANAET
¢ (QpOHTOM 'NpOJBHIKEHHS] AKTHBHOH NpHMecH (cM. pHc. 60, 6). Kakoi
HMEHHO H3 DEXHMOB OCYILECTBJSETCS, MOXKHO ONpefeauTb Ha (S, F)-
auarpamme. Ecnu BepXHsS TOuka nepeceyeHHs KacateJbHOl K F (s, ¢9)
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PHC. 61. K peweHnio 3afayd O BHTECHEHHH HedTH pacTBOpOM BpefHoR axTHBHOM
NpHMecH

U3 TOYKH (—Sp, —Fp) ¢ F (s, o) NIeXHT Ha yyacTke s > Sy, T0 obpa-
3yeTcsi He(TAHOH BaJl, B NPOTHBHOM cCJlydae — He(TSIHOe MJ1aTO.

Jo cux nop peyb LA O NPHMECH, CHHXaloWed JOJI0 BoAbl B BO-
JOHe(bTAHOM IIOTOKE, T.€. CHHXKAIoUleH OTHOCHTEbHYIO HOJBHKHOCTD
BOJABI HJIH YBeJHYHBAIOLleHl OTHOCHTEJbHYIO MOABHMXKHOCTh HedTH. ScHO,
YTO NoJie3Hble aKTHBHBIE NMpPHMeCH NpHHaJJIeXaT HMEHHO K 3TOMY KJjac-
cy. MoxHO, OIHAKO, NOCTaBHTb BOIPOC O DOJH NMpHMeceH, yBeJUYH-
BaIOUIMX OTHOCHTEJNBHYIO MOABHKHOCTH BOAbl. COOTBETCTBYyIOIlAs 3ajaya
BbITECHEHHS JIETKO pellaeTcsi nocTpoeHweMm puc. 61, 6 H npuBoaAMT K
pacnpefie/IeHHIO HACBIIEHHOCTH, NMOKa3aHHOMY Ha puc. 61, a. Hanuuue
npuUMecH He BJMSIET Ha CTPYKTYpy NepelHeHd YacTH 30HHI BBITECHEHHS ;
npoxoxjaeHve (GpoHTa NMPHMeCH, OTCTaloLEero ot (HpoHTa 3aKaynuBaeMoH
BOJLI, CONPOBOXKAA€TCS HEKOTOPHIM YBeJHYeHHeM BOJOHACHIIEHHOCTH
H JOJH BOJbl B MOTOKE, KOTOpHE 3aTeM MJIHTeJbHO COXPAHAITCA Ha
HNOCTOSIHHOM YPOBHe.

PaccMOTpHM HOCTpOEHHe ABTOMOJIENbHOrO pelleHHs B oOLIeM cJyuae,
KOrja He MpeanoJlaraeTcs, 4YTO CYIUeCTBYeT MOJIHHIH CKaYOK KOHIIEH-
Tpau¥H NPHMECH, XOTA H CUHTAaeTCsl MNO-NpPEeXHeMY 4YTO coAepiKaHue
npuMecH B He(pTH H B IIOPHCTOM CKeJeTe 3aBHCHT TOJbKO OT KOHIEeH-
Tpauuu ee B Boje (¢ = ¢ (¢), a = a(c)). B aHanuse Hyxpmaercsi TONBKO
Ta yacTb pellleHHs (MJH COOTBETCTBYIOLIEro MyTH Ha §, F-auarpamme),
Ha KOTOpOH H3MeHsieTcsl KOHUEHTpauHus. l3aMeHeHHe KOHLEHTpalHH
MOXET NMPOUCXOAHTh B C-CKAa4YKaX HAM C-BOMHAaX (ydacTKax He-
npepuiBHOrO B3MeHeHHA c (§)). Dynem xapakrepusoBaTb c-CKaykuW 3Ha-
YeHHAMH KOHLEHTpalHH Ho obe CTOPOHB cKayka [c—, ct], mpHueM
¢t = ¢ (§ + 0); ans onpeleseHHOCTH Jafee mnojaraercs c® > co.

Toraa BO3MOXHBL CKAaYKH YeThipeX OCHOBHHIX THIOB:

1) [ col; 2)[% c*]; co < ¢* < % 3) [c*, ¢l
C0<C, < C* <% 4) [cy, Col; Co< ey <O
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3anuiueM COOTHOLIEHHS! Ha CKayKax B BHJe
-+ + _ —1

F F — F= 4 (Ag /4¢) (1 — Ag/Ac) — (VSg)
s~ —sT st + (Ap/Ac + BA/AC) (1 — Ap/Ac)

3necy F* = F(st, c%*); Kaxnoe H3 ypasHenuil (V.59) sasaserca

+
cJeiCTBHEM ABYX ocTanbHbiX. OGo3HaumM yepe3 Ef; Oe3pasMepHbe Xa-
PaKTEPHCTHKH CKOPOCTH IO obe CTOPOHBI CKayKa:

El:t =F,s (Siy Ct):
o FE 4o */(1—¢'F) V.60,
R + e + A (1—gF) (V-60)

W3 ycnoBHs YCTOHUHBOCTH cKauka JHGO

£ =

min &7, < & <min £, & < max g, (V.61)
6o

max §, < & < max ki & < min g, (V.62)

3aMeTuM, 4TO, €CH K CKauKy NPHMBIKAIOT YYacTKH HeNpPepbIBHOTO
H3MeHEHHS TNMepeMEeHHBIX (S- UJAH ¢-BOJIHBI), TO U3 YCJOBHSI OfHO3HAy-
HOCTH DpelleHHs] MpefeJbHblE 3HAUEHHS AaBTOMOJEJbHOH IepeMeHHOH
B HHX YZAOBJIETBODSIIOT HEPaBEHCTBY

=< b < b (V.63)
y'{HTbIBaH, YTO HA ¢- H S-BOJHAX 3HAaUYeHHe aBTOMOlIEJIbHOﬁ nepe-

MEHHOil COBMNajaeT ¢ XapaKTepHCTHUYeCKoi ckopocTbio, H3 (V.62) u (V.63)
HaXOIHM, YTO peajiH3yeTcs OJHO H3 CJeAYIOUWHX COOTHOIUEHHH:

tT — max Efg > & = minky, =&,
£ = min 1, = § = min &, = &7,
¢ = max Efg = max 51,2 = E = E,-, (V-64)

£ =min&y, < &7 = max &, = §; < max &7,

Ananu3upys pacnosoxeHHe XapaKTepHCTHK O0OOHX CeMeHCTB, He
TPYAHO NPHHTH K 3aKJIOYEHHIO, YTO JJ/Il THIIHYHOIO PAaclofOXKEHHS
KpHBHIX F (s, ¢), mokasanHoro Ha puc. 59, (¢®—co) F, . < 0, npH o0bu-
HBIX 3HAYEHHSX Sy H SO pellleHHe MOXKET COJEePKAaTh JHLIb CKaukH, AJA
KOTOPBIX BepHBI HepBble ABa cooTHolleHHs (V.64). PaccMoTpHM BHaudage
cKavok THOa [c®, c*]. g Hero, oyeBHAHO, BepHO BTOpoe ycjoBHe (V.64).
Torga B nomosnnenue K ypaBHeHuaM (V.59) umeem:

Ftao/ /(1 —4.)
g = bt = — Jf”/(, v4) ~ =t"=F(s, ). (V.65)
ST+ (o5 + Ap)/(1—e)
N3 (V.65) u (V.59) HaxoauM cucTeMy ypaBHEHHH AJS ONpeneeHus

ct ==c*, st, s—, §. OrpanuuuMcs oka BapHaHTaMH, KOT1a 3Ta CHCTeMa
YpaBHEHHH pelIaeTcss 3JeMeHTapHBIMH cpencTBamu. IlycThb

¢(c) = ¢oc, ¢’ () = Ag/Ac = ¢o = const. (V.66)
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PHC. 62. K onpefenesnio CTpyKTypsl pelueHdAs N0 BHAY H30TepMH COpOIUHMH

Torpa u3 (V.65) v (V.59) uMeem ansa ¢t ypaBHeHHS
F¥ + /(1 —¢0) . F¥ 4 90/(1 —90) _
st + (90 + AA/ACY /(1 — gg) st 4 [og+ 4 (F))/(1 = %)’

oTKyna

a' (ct) = [at —a ()t — ), (V.67)
a ¢t onpelensiercs Kak TOYKa KacaHHs KPUBOH a(c) KacarteJbHO#, Npo-
BenenHON M3 Touku (c?, a(c®) (puc. 62). Ilocne nmaxoxpmenus ¢t ¢ no-
mowmpio caeayomero u3 (V.59) u (V.65) ypasnenus

F™ 49 (1—¢g) ™"

— ) —
F s, &)= s~ + (o0 + A4/AC) (1 —gg) !

(V.68)
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onpeneaseTcss s— Kak abcuucca obmelt Touku Kpupo# F (s, ¢%) u Kaca-
TeqbHOH, MpPOBENEHHOH K Hell U3 TOUKH (—sSp, —F)),

op + AA/Ac »
e Fel =12 (V.69)
(cM. puc. 59). ITo yraoBoMy Ko3G(UMUHEHTY 3TOH KacaTe/lbHOH onpefe-
Jsercsi £, a MO TOUKe ee nepeceueHHsi ¢ KpHBoil F (s, ¢*)-— 3HaueHue
s+. Hakonen, B objacTi § > §; HMEEM YYaCTOK HENPepHIBHOrO H3MeHe-
HHS KOHUEHTPAlHH (C-BOJHY).

[MycTh pelleHHe COAEPMKHT CKauOK TpeThero Tuna [c¢*, c¢,]. U3 co-
otnowenn#t (V.59) u ycaosuit (V.64) nonyuaem

Sp(c*) =

_ Fi_{-AqP/(Ac—Acp) =Ei=
YT SE (Ao + M) /(Ae—2ag)
4 (] — )]

T+ AT (M=)
Ecan ¢ = ¢oc, no coornowenusm (V.70) nosnyuaem
a (ct)y=2a (c) =la(ct)—a{c)l/(ct —c). V.71
¢t B ¢~ — abcumcchl TOYEK KpPHBOH a(c), HUMeloUMX obUlyl0 KacaTeJb-
Hyl0 (cM. puc. 62); &; onpenessieTcsl KaK XapaKTepHCTHYECKasi CKOPOCTh
B C-BOJIHE, NpuXoisiuiell B Touky M— (s—, F (s—, ¢~); 3naueHue st onpe-
Jeqsiercs Kak a6Gcuucca ToukH M+ nepeceuenusi mpsiMOH, MpOBEACHHOH
yepes ToukKy M— ¢ yrjoBeiM Ko3gdHuueHTOM £j; ¢ KpuBoH F (st, ct).
IMocnenytomas ¢-BonHa cTpoutca u3 ToukH M B cooTBercTBHH C YpaB-
HeHHeM
dF Fio (1—o)!
ar _ _Fe{l—e)7 (V.72)
ds s (o' + AN —¢)
Hexonen, n1s ckauka yetBeproro THma uMeeM ct = cf;
FE 4 Ag (Ac — Ag)™! _ Fm+e¢ [(1—¢])

FF et A (Ae—ag 1 0T s i+ AL /(1=e )
(V.73)

B 4acTHOCTH, Npu JHHEHHOM (QYHKUHMH ¢ (C) 3HAUEHHE ¢~ HAXOAMTCS
Kak ofliasi Tcuka KpHBOH @ (¢) ¢ KacaTeJbHOH, NMpOBeleHHOH K Hel u3
TOYKH Co, @ (co) (cM. pHc. 62). TakuMm oOpasoMm, B paccMaTpHBaeMOM
cayyae BCS CTPYKTypa C-mepexona onpefensieTcss BHAOM H30TepMBI cop6-
und a(c). PaccMoTpuMdyHKIuio a (¢) Ha oTpeske A [co, ¢®] u mocTpoum
Ha HeM BHINYKJYIO H BOTHYTYIO 050J0YKH a (c): a* (¢) H a, (¢) — MuHH-
MaJlbHY10 HEBOTHYTY10 GYHKUHIO, 3HAYEHHS KOTOPOH He MeHblle a (c),
i MaKCHMaJbHYIO HEBBINYKJYI0 (PYHKIHIO, 3HAaYeHHe KOTOpoii He Gojb-
m2 a(o):

E[:

a* (c) = max [a () + M@<c~cl)],

¢y, €A =6
ay () = min |a(c) 4+ 22D oy (V.74)
¢, €A G—6
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PHC. 83. K onpenenenuio cTpyXKTypH pewenns 1o suay nsotepMbl ¢ {(€).

I'padux dynkunu a, (€) COCTONT W3 BBINYKJRX Ayr, o6MmHX c rpa-
¢uKOM a(c), W NPSAMOJHHEHHBIX Y4YacTKOB. IIpsMosmuHeiiHble Y4YacTKu
OTBEYAlOT C-CKa4yKaM; AYrH — ¢-BoJiHaM. IlocTpoeHHe pelueHHs CBOAHTCS
K MOC/Ie/IOBaTe/IbHOMY (HaUHHAsl C MaJibiX £) MOCTPOEHHIO NYTH Ha (s, F)
AHarpamme; NpH 3TOM C-CKayKH HaXOJATCS NPH NOMOLIH 3/1EMEHTAPHOTO
IpauyecKOro MOCTPOEHHSI, & C-BOJHBI — YHCIEHHBIM HHTErDHPOBAHHEM.

AHanoruusas npouenypa MOCTPOEHHS peLieHHs NDPOXOAMT IIpu
c® < co, F,.>0; cTpyKkTypa c-mepexona NpH 3TOM OIPEAEaSETCS BHIOM
dyakuuu a* (c).

Cronb e NPOCTO ycTaHABIMBAETCs 3apaHee CTPYKTypa c-Nepexoja
Npu Npou3BoAbIOH QyHKUHH ¢ (¢), ecau a(c) = 0. [Ipu 3ToM Heo6xo-
J HMO, YTOOBI

Ag/Ac = ¢’ (ct). (V.75

3nech 3HaK + GepeTcsi NJs CKAayKOB BTOPOrO THNA, 3HAK — JJ
CKaYKOB UETBEPTOrO THNA; LNl CKAYKOB TPEThEro THNA Gepyrcs ypas-
HeHHs ¢ o0oMMH 3HakamH. TakuMm o6pasoM, npu a(c) =0 CTPYKTypa
pelleHis ONpelesieTcst BULOM BCroMoraTe/bHbix GYHKUHH ¢* (c) B o, (c)
(puc. 63) mpu co>c® u ® > ¢o COOTBETCTBEHHO, HpH 3TOM npejinoJa-
raetcs, 4to GYHKUHK F (S, ¢) UMeIOT OOBbIYHBIH BHI

max [F (s, ¢) —s] >0 > min[F (s, ¢) —s].

Ecan F . (c®—co) > 0, TO NIPOXOAHMT aHAMOrHYHAS TeXHHKA HAXOMIEHHS
ABTOMOJEJIbHEIX pelleHHH (cM. pHC. 59), ¢ Toll Jmib pasHHUeH, YTO
B 3TOM cJy4ae NMOCTPOEHHE CJeXYyeT HAayHHATh C GOJAbIIHX 3HAYeHHH &
M IO0JIb30BaThCsl COOTHoweHHAMH (V.64).

Hanoxennas npouenypa rapaHTHpyeT NOCTPOEHHE OJHOFO ABTOMO-
ACJILHOrO peLleHHsT ¢ YCTOHYHBHIMH CKAYKaMH, HO He TapaHTHpYeT OT-
CYTCTBHE JDYTHX YCTOHYHBBIX peLIeHHH.

PaccMOTpHM  KpaTKO BO3MOXHOCTH NOCTPOEHMsI  aBTOMOZAEJBHOIO
pewenns B oblieM cJayyae, KOraa ¢ (¢) — IPOM3BOJbHAS BO3pPACTAIOLIAS
YHKURSA, a KONHYECTBO COPGMPOBAHHOrO BEIIECTBA 3aBHCHT HE TOJMBLKO
OT KOHUEHTPAUHH ¢, HO H OT HACBILEHHOCTH, @ = 4 (¢, ). OrpaHHUHMCA
OCHOBHLIM cayyaeM F, . (c®~—co) < 0. Tlpsamoe o6o6uieHHe H3IOKEHHOR
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TIpouelyphl 3aKJIOYaeTcsl B TOM, U4TO pelIeHHe CTPOMT A «cJeBa Hamnpa-
BO», T. €. OT MaJblX 3HauYeHHH :.

[lycTh pelenne «IOCTPOEHO» 10 TOUKH (s~, ¢, F7), £~ = min &,
Bynem HckaTh ero NpoOJO/IKEHHE KaK «CKAyoK» (MoxkeT ObiTh, 6ecKo-
HEYHO MaJblfi CKauok), obeclneyyBaloliMii MHHHMa/lbHOEe 3HAaueHHe CKO-

poctu ;.
H3 ycnoBHit Ha HeM
Ft _F— FT &+ Ap (8 —Ag) ! _ vV
= = = .76
g st —s~ sT+ (g + 44) (Ac — ag)~! : (V.70)

ToJiyyaeM JBa He3aBHCHMBIX YpaBHeHHS AJ8 onpejeleHHs ct H st.
Ec/nu enHHCTBeHHOE pellleHHe 3THX ypaBHeHHH ecTb ¢t =c¢—, st =s—,
JaHHBIH YYacTOK pellleHHS IPeACTAaB/ISETCS S- HAH C-BOJMHOH H CJely-
LM ar JomkeH ObiTh OGeCKOHEYHO MaJbIM (MPAKTHYECKH paBHBIM
1Iary 4HCJEHHOrO HHTETPUPOBAHHS) B COOTBETCTBHH C YPaBHEHHEM

dF/ds = §—. (V.77)

Ecnn xe cucrema (V.76) uMeeT HeTpHBHaJbHOe pellleHHe ¢ < ¢t <
< ¢—, st, TO NPOW3BOJAHTCS CKayoK B Touky s+, F (st, c¢t), mnocne
yero MOCTPOeHHE pelleHHS NMPOROVIAKAETCH M0 TOMY Ke aJrOPUTMY BILIOTh
J0 LOCTHXKEHHS KOHUeHTpauuH co. Ecan F (¢ -—co) > 0, To amnano-
THYHOE MOCTPOEHHe NPOBOJAMTCA CNpaBa HanleBo (oT GOJBLIMX 3HAYeHHH
£ K MeHbIIHM) ¢ BHIGOpOM Ha KaxIoM luare §t = §; = max (§£y).

®poHTanbHOe BHTecHeHHe. HeaBToMoAeabHbBIiEe pe-
meHHs1. BoiTecHeHHe OTOpOYKOH AKTHBHOA INpHMECH.
3amasgnBamuiee Bo3geHcTBHe. AHalu3 aBTOMOJEJNbHHIX JDH-
JKeHHH He HcyYepNbIBaeT THAPOAHHAMHYECKOTO HCC/EJOBAHHS MPOLECCOB
BLITECHEHHS] He(TH pacTBOpaMH aKTHBHLIX NpuMeced. M3 uucna HeaBTO-
MOJleIbHBIX JBHXKEHXH, KOTOpble TaKXe YAaeTcsl H3yYMTh B paMKax
13JI0)KeHHOro ofliero MoAXola, HAHOOABLIHH MPaKTHYECKHE HHTepec
TIpeACTaBJAOT BLITECHEHHe He(TH OTOPOYKOH pacTBOpa AaKTUBHOH IpH-
MeCcH M 33aKayKa AaKTHBHOTO areHTa C 3anasjJblBAHHEM BO3AEHCTBHS Ha
njact. B HacTosilllee BpeMsl 3TH 3aa4yH HHTEHCHBHO HccaefyioTcs. Pac-
CMOTDHM METOJMKY pelleHNsl H ee BO3MOMHOCTH.

OTOopouKO I O6LIYHO HA3LIBAIOT MMEMOLIYI0 KOHEUHHIH 06beM Mnop-
{IHI0 pacTBOpPAa aKTHBHOTO areHTa, KOTOPBIH 3aKauWBaeTcs Ha HayaJbHOH
CTajlUH BbITECHEHHsI, a 3aTeM MpPOTAJKHBaeTCsl 10 naacty Bofol. OcHoB-
HOH CMBIC/T HCMOJIb30BAHHS OTOpPOYEK COCTOHT B 3KOHOMHH JOPOTOCTO-
SILHX XHMHYECKHX peareHTOB MpH COXpaHeHHWM MOBBLILIEHHOH HedTeoT-
Jayy ¢ NpHMeHeHHeM XHMHYECKHX peareHTOB MNpu 3aBoiHeHHu. Pop-
MaJbHO 3ajaya 0 (POHTAJTbHOM BHITeCHEHHH He()TH OTOPOYKOH AaKTHB-
HOH IpHMeCH B KpYVNHOMAacIUTabHOM NPHOJHXKEHHH CBOJMTCS K pelleHHI0
cucTeMbl ypaBHeHuil (V.47) npH HayasJbHBIX H TPaHHYHBIX YCJIOBHSIX.

s(x, 0) =s0, c(x, 0) =0;
F(s,0))x=0=0, c(0, )= 0<ILT, ¢(0,8)=0,¢t>T. (V.78)

OueBupHO, uTo A0 MoMeHTa t =T pemleHHe cOPMYJHPOBaHHOH 3a-
Jaud COBNajaeT ¢ PacCMOTPEHHBIM aBTOMOJE/BHLIM pellieHHeM. B MoMenT
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PHUC. 64. K 3anaue o Bbl
TecHeHHH HedTH OTOpOuKOW
AKTHBHOW NpHMeCH

Xole)

> X

= I

o2
t =T Ha rpanuue x = 0 nosiBiseTcss CKa4oK KoHUeHTpauuu. [lpu ¢t > T
pacnpocTpansiiolileecss OT Hero BO3MylleHHe B3aHMOAEHCTBYET C UEHT-
PHPOBaHHOH BOJIHOH, [IPHMBIKAIOLUEH B aBTOMOJAE/JbLHOM DeEIUEHHH KO
BXoAy mJjacta. OrpaHuyuMcsi TMpPOCTEHIIHM BapHaHTOM 3ajla4H, Korja
H30TepMbl cOpOUHH a (C) U pacnpefeneHHs NpHUMecH ¢ () JHHeHHbL:

a=mlc, ¢ = 9. (V.79
B stom cnyuae, Kak Jierko yCTaHOBHTb, NMPAMOH H 06paTHuIf cKau-

KH KOHUEHTPAlHH pacnpocTpaHsioTcss 06e3 HCKaMKeHHsi; MTHOBEHHas.
CKOPOCTb CKaiKa B Kax{Abli MOMEHT

V=£F+—F—_ U FE 4 ¢o/(1 — o) . (V.80)

most—sT  mosT 4 (g0 + D)1 — o)

Takum ofpa3oM, Ha (s, F)-auarpaMme KaxKJIOMY CONMpPSIXKEHHOMY S, C
CKayKy COOTBETCTBYeT, KaK H B aBTOMOJEJBLHOM peILCHHH, [epexon
1o JIyyy, NPOXOAAILEMY depe3 noswoc (—sSp, —Fp), ¢ ORHOH H3 KPHBHIX
F (s, 0), F (s, ¢%) na ppyryo.

IlpoBeneM Ha NJOCKOCTH (X, ) TpaeKTOPHH cKauxoB: X, (f) — nepen-
Hero ckayka HacwieHHoctd; X, (f) W X, (!)— nepeanero M 3ajHero
CONPAXEHHbIX CKAYKOB HACHILEHHOCTH H KOHUEHTpauuH (puc. 64). Pac-
CMOTPHM TPaeKTOPHIO 33aJHEr0 CKaykKa, PaclpocTpaHsiollerocs IO LEeHT-
pHpoBaHHOH BoJIHe OTBeualollleli aBTOMOJENbHOMY peLleHHIO Tak, 4To

Xo=(U/m)F s(st, cY¢, (V.81)
rje st — HachIlEHHOCTb nepel cKaykoM. C Ipyrofl CTOpOHH, H3 YCJIO-
Bu# (V.80)

dX,

rra

F{st, &) +F,
st + 5y

. (V.82)

A
m
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TMoncrasnas (V.82) B (V.81), monyuum
s+

_ F" (s, % ds
t =Texp g Fea ey | V¥

CootHomleHHe (V.83) ycTaHaB/JHBAET 3aBHCHMOCTh OT BpeMeHH Ha-
CHILIEHHOCTH st mepell BTOPHM CONPSIXKEHHHM CKaukoM. Koopaunath
H CKOPOCTbH CKauKa ONpele/sioTCs COOTHOLUEH HAMH

X, = (Uim)F' (s*, ™, V = Ulm)[F (s¥) 4 Fpl (s+ 4 s,)~1.  (V.84)

Hs (V.83) u (V.84) BHAHO, 4TO O Mepe pacOpOCTPaHeHHsS BTOPOTO
CKauKa €ro CKOpocTb IOCTENEHHO YBe/IHUHBAeTCsl H CTPEMHTCA K CKO-
pOCTH MEPBOCO CONMPSIXKEHHOro cKauyka F’(sy); HACHIUEHHOCTh MNepen
(pOHTOM MOCTENeHHO YOWBAaeT M CTPEMHTCA K Sy NpH [ — co; OHA B
KaxJOH TOUKe MeHblli€ CKODOCTH COOTBeTCTBYIOLEHl XapaKTePHCTHKH
F’ (st). Orciona caepyeT, YTO BTOPOH CKAauoK He BJIHSET Ha YCJOBHsA
pacnpocTpaHeHHsl NePBOrO CONPSIKEHHOrO CKayKa M Ha pelleHHe IpH
x> X ().

PaccTosiHHe MeX1y CKayKaMH paBHO

Lty =X, (t)— X2 (t) = (UIm)t [F' (sa) — F’ (s1)]. (V.85)

Hcnonbays (V.83), Jerko nmokasarb, 9TO CYUIECTBYeT KOHEUHHIH Mpe-
nen L (o) =L,. TakuM o0pa3oM, aCHMOTOTHYECKH NOpH ! — co ¢QopMH-
pyeTcs CTAalHOHApHas OTOPOYKA, ABHXKYILAsACS CO CKOPOCTBIO, PaBHOH
CKOpPOCTH TepBoro conpsikeHHoro ckauka V= (U/m)F' (ss). Urobnl
MOCTPOHTb pellleHHe B OG/aCTH 32 BTOPHIM CKayKOM, 3aMeTHM, 4YTO H3
nocaendero ycaopusi (V.80) MOXHO HalTH BeJHUMHY s~ (f) — mpouie
Bcero 3To CAefdath rpaduyeckd (cM. pHc. 64). Jlerko Buaeth u3 puc. 64,
yto 32 cKaukoM (x = Xy —0) ofa ceMejicTBA XapaKTepUCTHK YXOJIAT
co ckayka. ITostoMy peliieHue B o6JacTH x < X, (f) onpeaessiercs moJ-
HOCTBIO HayaJbHEIMH JaHHHIMH Ha JHHHM X = X, () 1 onuchBaercs
ypaBHeHHeM

x(t 8) = Xa(la, 8) + F' (s, 0) (Ulm) (¢t — 2 (s)). (V.86)

3jech B KauecTBe MapameTpa Ha JHHMH X = X, (f) B3fATa HachlIgH-
HOCTb HEMOCPeJCTBEHHO 3a CKauKoM, S =s—; X; H fy— COOTBETCTBY-
IOl[He 3HaYeHHs] KOOPAMHATH CKAYKa H BPEMEHH.

EcTecTBEHHO MmOCTaB HTb Bompoc 00 acHMNTOTHKE pelleHHs TMpH
Gonplinx BpeMeHax. Ee MOXHO HOJMY4YHTb, paccMaTpHBas MOpefesa  Imo-
JIy4eHHOro Bhillle pelieHHsI. MoXHO, OAHAKO, pacCyXJaThb H MO-APYyromy.
Kak 6b10 MokasaHo, CO BpemeHeM OTOPOUYKa CTabHIH3UpyeTcAd H Hauu-
HaeT J[BHraTbCd ¢ MOCTOSIHHOH CKopocThio. IlostoMy 6ynmemM HCKaTb
B MOJBHIXHOH CHCTEMe KOOPJHHAT, CBA3aHHOH ¢ OTOPOYKOH, CTalHo-
HapHOe pellleHHe BHAA

s=S8(q), ¢c=C(y), =x—Vi,
Cn)=0, |gq|{>1 C)=c |7|<L (V.87)

s*
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lMoncrasnsas Boipaxenus (V.87) B ocHOBHyw cuctemy (V.47), no-
JyYHM:

ds dF
“’"Va + U i 0, —UF 4+ mVS = const,,

v d[mcs+m‘(i;—s)<p+a] LU d [cF +;q(l_F)] =0, (V.88)

—[mes+me (1 —s) +alV + U lcF + ¢ (1 — F)] = const,.

Kak HeTpyaHo BuAeTb, ycJjoBHs (V.88) NMokaseBalOT, YTO 3HAYEHHS
HAacChIlIEHHOCTe!l Nepel OTOPOYKOH ST H 3a Hefl s~ CBA3AHH MeXAy
co6oil H co cKOpoOCcTbiO V YC/IOBHEM Ha CKauyke:

mVIU = (F+ — F-)/(st — s—). (V.89)

Ipu 3TOM 3HayeHHe S BHYTPH OTOPOYKH ONpeJeNsieTcst NepeceyeHHeM
npsiMoli, coefuHsome# ToukH M+ (st, F+) ¥ M—(s—, F~) ¢ KpuBoi
F=F(s, c9.

BTopoe ypaBuenue (V.88) mokasuiBaer, uto mpsamas MTM™ mpo-
XOAMT uepe3 moaoc (-—sSp, —F,). HaKonell, yuuThiBasg ycJoBHS YyCTOH-
YHBOCTH NepelHEro H 3alHero (POHTOB OTOPOYKH, JETKO YyOeduTbed,

uyTO HpsiMas MTM™ pomkHa G6HTb KacaTeJbHoll K kpuBod F (s, ¢9),
yeM MOJIOXKEHHE 3TOH MPSMOH M BCeX 3JEMEeHTOB pellleHHs! onpejedseTcs
oaHo3HauHO. [locTpoeHHOe HHBApHAHTHOE pelleHHe THNA paBHOMEpPHO
pacrnpocTpaHsoIecss BOJAHBI ¢ TOYKH 3DEHHs 3allaud B LEJIOM Mpej-
CTaBJsieT COGOH BHYTPEHHIO) ACHMNTOTHKY pelleHHs, OTBeYawllyio Ma-
JOCTH 00beMa OTOPOYKH HJIH — YTO 3KBHBAJIEHTHO ~— GOJIBIIMM BpeMeHaM
HabmoeH . BHelUHHM pellieHHeM 3aJayH MPH 3TOM, KAaK JIETKO BHAETb,
6yner pellieHde 3anayu AByX¢a3HoH (PUABTPALHH B OTCYTCTBHE AKTHB-
Hoil mpumecH (¢ = 0) ¢ JAOMOJHHTEJbHEIM CKAaYKOM HACHILEHHOCTH, C6Y-
CJIOBJIEHHBIM HaluuyHeM TOHKOH oTopoukH. IlosoeHue 3Toro ckauka
onpejensieTcs BeAHYHHAMH st M s—, onpeleNsieMbIMH H3 BHYTpPEHHEro
pewennus. Ha (s, F)-anarpamme emy cootserctByer nytb ABGDE. Tloay-
UeHHBI Ppe3yJbTaT 3acayKuBaeT oco6oro KoMmmenrapus. leno. B Tom,
YTO aBTOMOJEJbHOE pellleHHe 3aJa4yH BBITECHEHHs He(TH BOAOH, COOT-
sercTBylollee nyti ABGDE, cyuiecTByeT H B OTCYTCTBHE aKTHBHOH NpH-
MeCH; OJHAKO OHO HeycrofiunBo. TakuM o6pa3oM, po/ib TOHKOH OTOPOUYKH
aKTHBHOA NpHMecH (OpPMaNbHO CBOAMTCH K CTabuJH3aLHH HeyCTOHYH-
BOTO pellieHHsi, oTBevaioulero puc. 59, 2..IIpu 3ToM, o4yeBHIHO, IIHPHHA
OTOPOYKH HMeeT BTOPOCTeleHHOe 3HauyeHHe, a IJIABHYIO POJb HrpaeT Ta
MaKCHMaJIbHasl CTeNeHb CHHXKeHHs NOJABHIKHOCTH BOJBI, KOTOpas AOCTH-
raercsi B OTopouke. Ec/H aKTHBHast npuMech «nosesHas», To F . <0,
H TocjefHee yTBepXA€HHE O3HayaeT, 4TO Le/aecoofpasHO HCIOMNb30BaTh
MaKCHMaJIbHbie 3HAaUeHHs KOHLEHTPALlHH NpPHMEeCH B OTOPOUKe.

Ta ke Texnuka mno3BOJSET NPOAHANH3HPOBATH BJHSAHHE 3aNasjblBa-
HHSl 3aKauKH aKTHBHOTO areHTa Ha MoKasaTesH pa3paGoTKH. 3amasfbi-
BaHHe JOCTaTOYHO YACTO MPOMCXOiHT MO TeXHHYeCKHM NpHYHHaM. bByrem
CYHTATh,. YTO MJIACT, NMEPBOHAYAJbHO OJHOPOJHO HAChIUleHHbIH HedTbIO,

197



¢ moMeHTa { = O paspabaThiBaeTcsi 3aBOJHeHHeM, a NpH { =T HauH-
HaeTcsl 3aKayka aKTHBHOM NMpuMecH. ITHM YCJOBHSIM OTBeyaeT 3ajada

s(x, 0) = s, ¢(x, 0)=co, s(0, t) = s°[c (0, 1)];
¢, 1)=0, 0<t<T, ¢, H=c, T <t<ow  (V.90)

ans ypaBHeHuit (V.47).
Bnjotb a0 t=T uMeeM oOhIuHOe peuleHHe bakJsea — Jleseperra
B BHJle LEHTPHPOBAHHOH BOJNHH, 3aKaHYHBaloWeACH CKayKoM:

s=s(¢), t=uml/Ut, 0<E<k, s=50, &> k. (V.91)

INpu ¢=T oT rpaHHUW nJacTa BHYTPbL HEro HauhHaeT mepeme-
AThCS TOBEPXHOCTb pasphiBa KOHLEHTPAIlHH H HAacHIL{EHHOCTH, NP HueM
Mbl 6yZieM TOJIaraTh BBINMOJHEHHBIMH YCJIOBHS DacNpOCTPaHEHHMs CKayKa
Ge3 pasMbIBaHHs, TaK 4YTO

c=co=0, x>X. (), c=¢"% x<X,(t). (V.92)

U3 cooTHoweHun#t Ha conpsixkeHHOM ckauke (V.52) — (V.53) creqyer,
yro Ha (s, F)-IuarpaMMe CKauyOK COOTBETCTBYET Nepexoldy C KPHBOH
F (s, 0) Ha kpuBylo F (s, ¢%) mo c-nydy, mpoXOésieMy uepe3 MOJIOC
(—sp, —Fp) (puc. 65). TlocnenoBaTesbHHM NOJOXEHUSAM CKaYKOB OTBe-
yaeT Nepexoj Mo NMy4Ky c-Jyuefi CIpaBa HajleBO, HAYHHAS OT IOJONKE-
HHs B, oTBevaiomero o6pa3oBaHHIO CKayka, M BIVIOTb 10 TNpeleabHOro
nonoxenuss GC'D’. Tlpu 3ToM M3 pHc. 65 BHAHO, UYTO CKOPOCTh CKauKa
BCe BpeMsl BBIlIe XapaKTePHCTHYECKHX cKopocrefi mepej HHM. CKayox
B3aHMOJIeAiICTBYeT C IIeHTPHPOBaHHOH BOJIHON, a pacrpeje/ieHHe Hachl-
INEHHOCTH 3a HHM OmpefiefisieTcsl YXOASIHMH ¢ HEro XapakTep HCTHKaMH.
YuuTeIBasi 3T0 OOCTOSITEJLCTBO H YCJOBHSI Ha CKayKe, HMeeM:

dX. /dt = (U/m)[F (st, 0) + Fpl/(sT =+ sp),

c= (U/m)F' (st, 0)t, X (T)=0. (V.93)
Orciofila noayyaeM
v F" (s, 0)ds
t=Tex —f ; . (V.94
P [F (s 0)+F, ] (s+s,)""—F (s, 0) (V.94

H

[lpy 3TOM 3Ha4yeHHe HACHLHIEHHOCTH 33 CKAaYKOM S~ ONpefessieTcst
U3 ypaBHEHHS

GRS
st +s,

Pewenue (V.94) — (V.95) coxpaHseT cMbIca A0 'rex nop, HoKa C-1y4

He COBNAZET C KacaTeJbHOH K KpHBofi F (s, co) sT = st (cM. pHc. 65).
[Tocne 3TOrO CKOpOCTb C-CKaYKa TNepecTaeT MeHSTbCS, H Nepes, HHM
tdopMHpyeTca NOMONHHTEJNbHBIA «OOpaTHBIAY S-CKauOK, B3aMMOAEHCTBY-
IOUHi C NepBOHaYa/JbHOH LEHTPHPOBaHHOH BosHoM. Ha (s, F)-auarpamme
€My oTBeuaeT Iepexoj H3 (GHKCHPoBaHHOH ToukH D’ B nepeMeHHYIO

F(s=(t), ¢ = (F(s* (t), 0) +F) (V.95)
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2 .
= X
PHC. 65. K pacuery 3akaukH aKTHBHOM NpHMecH C 3anasfmBaHHeM Bo3felcTBHA

Ha njact

TouKy H, COOTBETCTBYIOULYIO 3HaYEHHSAM MapaMeTPOB B LIEHTPHPOBAHHO il
BosiHe. [losToMy aBHXKeHHe 3TOro ckKayka oOmnpejensiercs ypaBHeHHsIMH

dXldt = (U/m)[F (st) — F (sa))/(st —sa); F(s)=F (s, 0),
Xs=UIm)F' (st)t, Xs(ta) = Xc(ts), st (ta) = sa. (V.96)
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Orciona uveeM
sa
F (s) ds
——S [F (S) —F (SA)] (s — SA)_l _ F' (S) . (V.g7)

t=1Isexp

OrpanpuuMcs 3[€Ch TOJbKO CJy4aeM, KOTAa HAChILIEHHOCTD §3 60Jblue
$poHTaNLHOM B NepBHYHON LLEHTPHPOBAHHOMH BOJIHe, OTBeYaoLlell pelleHHIo
baknesi—Jleseperra. Ilpu 3ToM pemrenne (V.97) coxpaHseT CMBIC]
BIJIOTh O #= co; aMIUIMTYJa O6PaTHOTO CKAayKa aCHMITOTHYECKH CTpe-
MHTCSI K HYJIO, a pellleHHe aCHMNTOTHYECKH CTPEMHTCS K aBTOMOJeJb-
HOMY pellleHHio, oTBedawmemy T = (. DBOJIOUHST MTHOBEHHLHIX NpOQH-
Jefl HacHIIEHHOCTH BO BpeMeHM MNOKa3aHa cXeMaTHYecKH Ha pHc. 65, a.

H3n0keHHBI B 3TOM NYHKTE MaTepHal, B OCHOBHOM, COJEpXKHTCS
B [18]; mopXoX K HCCJAeNOBAHHIO HEABTOMOJENbHBIX 3aflay GepeT Ha4aJo
ot pa6oth II. I'. DenpukoBeuKOro no BbITeCHEHHIO HedTH OTOpPOUKaMH
aKTHBHBIX TpHMecedi [8]; 3ajaua 3anasnALIBAIOIIEro BbITECHEHHs HCCJe-
nosaHa O. M. Anuwaesoit u A. @. 3a3oBcKuM.

§ 3. ddpdexrni nuddy3un U1 HEPaBHOBECHOCTH
B 3a/1a4aX BbiTeCHEHHs HedTH
pPacTBOPOM aKTHBHOH NMPHMeCH

Tak e, Kak U B «0ObluHON» TeopHH JABYxdasHO# ¢(HABTpaLHH (CM.
ra. IV), kpynHomacmtaGHoe NpuOGJIHXKEHHE OKAa3hBaeTCss HeLOCTaTOYHLIM
TaM, rje BO3HHMKAlOT 06J1aCTH 6OJBLIINX JIOKAJbHBIX I'DaJIHEHTOB OCHOB-
HBIX TepeMeHHBIX, T.e. BOJH3H CKAYKOB HAaCHIEHHOCTH H KOHLEHTpa-
LMK, a TaKXKe B TeTEPOT€HHLIX (TPEIlHHOBATO-NOPHCTHIX M  CJIOHCTO-
HEeOJHOPOJHBIX) NJjacTaX. AHaju3 BO3HHKAIOUMX NMPH 3TOM CHTYauHii
C YYeTOM JHCCHMATHBHBIX-KANMJJSPHBIX H IuPDY3HOHHBIX 3(deKTOB
ABJIsIeTCS]  KJIOYeBbIM [IJIS1 IIOHHMaHHs MeXaHH3MOB, (OPMHPYIOLIHX
HedTecTaaUy B peasbHHIX NJactax. B naHHoM naparpade KpaTko pac-
CMOTpPEHbl HEKOTOpBle M3 HUX.

ToHkass cTpykTypa conmpsixeHHOro CKaika KOH-
HeHTpalUHH AaKTHBHOH NMpHMeCH M HachileHHOCTH. Bu-
NHLIEM CHCTEMY ypaBHEHHH OJHOMEDHOrO BHITECHEHHsl HE(TH PacTBOPOM
aKTHBHOH NIpUMECH B NpeHeOpexkeHHH ee BJHMSHHEM Ha MJOTHOCTH (as,
HO ¢ yYeTOM XHCCHNATHBHHIX 3(geKToB; npumech 6yjaeM CYHMTATh BOJO-
pacTBOPHUMOH:

mE U 422 (02 =0;
o (msc+a) + U 2 (cF) + ¢ 2 (c0Q) = v 2 (Dgi)
F=[lfi + pifalpad=; Q=P 5+ P £ 5 ®=Ffolp;. (V.98)

[TapamMeTpul ¢ M v XapakTepH3YIOT OTHOLIEHHs KAaNHJJISAPHOrO JaB-
JIEHHS] K NOJIHOMY THADOJAHHAMHYECKOMY Nepenajy IaBJeHHsl B IJacTe
H OTHOIUICHHE BPEMEHH MepeHOca YacCTHUH (GHJBLTPALMOHHBEIM MOTOKOM
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KO BpeMeHH JH(dy3uH BROJb IJlacTa H OOBIYHO Majbl (CM. ra. IV u
ra. V). Ecau nonoxuth ¢ =v =0, To npuaeM K PacCMOTPEHHON BhIle
3ajlaye KpynHoMacuitabHoro npuGaHKeHHs. [IpeHeGpexenne Maanmu
fnapaMeTpaMH He3aKOHHO BOJIH3M CKayKoB BHeWIHero (Kp ynHoMaclura6-
Horo) npubmmxenns. IIpH Ma/elIX ¢ H v aHa/IHU3 DELUEHHS B OKpecT-
HOCTH CKauYKOB CBOJHTCA K IOCTPOSHHIO (110 aHAJOTHH C TeM, KaK Ml
3TO JeNalqH yxe He pa3) BHYTpeHHero pelleHHs 3afaud. Ilpm stoMm
HOBbIE 3JIeMEHTHI MOABJAKTCS JIHIDL NPH PACCMOTPEHHH TOHKOH CTpYK-
Typbl CONpsKEHHBIX (S, €) CKauykoB, 4eM Mbl H OTDaHHUHUMCH 3]ecCh.

[Mepeiinem B ypaBHeHHsax (V.98) K cHcTeMe KOOPIHHAT, ABHXKYylle HcA
BMECTE CO CKauyKoM, BBeisl «OHICTphle» NepeMeHHble

= (x —=Vi)e, =1, (V.99)

H 6yleM HCKaTb HEeTPHUBHAJbHOE CTalLlHOHApHOE pelleHHe, YA0BJeTBO-
psiolllee YCJOBHSAM Cpall{BaHHA C BHEIIHHM pelleHHeM: s(+ o) = st,
¢(+o)=c*. Ilpn 3TOM MpeamoaaraeTcsi, 4YTO BEJAMYHHH V, s*, ¢+
onpeje/ieHbl PH NOCTPOEHHH [VI0GANBHOTO BHEUIHETO pelleHHs (cM. ra. V)
H, B YaCTHOCTH, YJOBNETBOPSIOT YC/IOBHAM Ha ckauke (V.51), (V.52),
(V.53).

Ilns uckoMoro crauHoHapHoro petweHHA S(7), ¢ (4) H3 (V.98) ¢ yue-
tom ycioBuit (V.51) — (V.52) nmeem cucreMy

ds/dgp=—H()[B(s, )Y (s, ¢) + (c— <) Z(c))/G (s, ¢),
de/dy = H (¢) (c— ™) Z (¢),
Z=F-—¢[s+(@—a)m(c—c); &=mV/U, (V.100)
Y =F—F—¢§i(s—s); H=¢V)D; G=P, P ; B=+ D/:DP,..

Cucreme (V.100) Ha ¢a30Boit MI0CKOCTH (S, €) COOTBETCTBYET ypas-
HeHue
de G(s,c)(c—ec)Z (c) (V.101)

ds le—c)z () +B(s Y (s o))

OcOGBIMH TOYKAMHM 3TOrO yYPaBHEHHS SBJISIOTCA TOuKH M+ (st, ct)
U M—(s~, ¢~); HCKOMOMY peUIeHHIO BHYTpPeHHell 3ajaul oTBeyaer
TPAEKTODHsA, COEAHHAIOUAA 3TH OCOOble TOUKH. ¥ CJIOB Hsl CYLIECTBOBAH U
BHYTDEHHETO pellleHUs] TeCHO CBA3aHBl C YCJAOBHAMH YCTOHYHBOCTH
CKayka BO BHellIHeM DellleHHH, XOTA H He CBOAATCA K HHUM. [Tokaxewm
3TO HA OJHOM MpuMepe (OCTaJbHble CJAy4YaH AONYCKawT aHaJOTHYHOe
paccmotpenne). Bynem paccMaTpusath CTPyKTypy €Kauka <moJe3HOM»
AKTHBHOH NDHMECH, KOIJa B CKayKe BO3pACTAOT KOHUEHTPAUHS MpPH-
MeCH H HacbillleHHOcTL. DyseM nomarath Takme, 4TO TNpPHMECh YMeHb-
luaeT Mex(dasHoe HaTAXKeHHE H KaNnuaaspHoe naBieHHe. Torga B co-
OTBETCTBHH C NOCTPOEHHSIMH pHC. 66 uMeeM g Touek M—(s—, ¢7) u
M+ (st, ct)

_ oF (s—, ¢™) _ F(s—, ¢™) < F(s—, ¢7)

3 Os s— 4 AA/Ac T s+ A'—C'
+ +. ct
B <=M UL T ax = X+ — X~ (V.102)

S+-r At
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Ha nnockocrn (s, ¢) auHussm F=F (s, ¢t) u F=F (s, c~) cooT-
BETCTBYIOT TOPH30OHTa/IbHble npsiMble ¢ = ¢*, a npamod M—M+ — kpu-
Bag Y =0, Kacalpomasica npsamMoli ¢ =c¢— B Touke M—.

Benuunna Y nosnoxuTesnbHa mnoa KpuBoit M+M—M* u orpuua-
TeNbHa Haj He#t. Bpoar M+M—M* umeem un3 (V.101):

dcjds = —G (s, ¢) = —P, P, . <.

dyukuua Z(c) obpamaercs B HyJab (puc. 67) mpu ¢ = ct; ouna no-
JIOXKHTENbHA IJi TeX ¢, AAS KOTOPHX
[ale)—al(c)lc—c )yt >lalct)y —a(c)(ct — )1 (V.103)
B naabpHefilieM OyjeM npeanosararh, 4to ycaosue (V.103) Brimos-
usiercs npH ¢t < c¢< c—. Ha poab, KoTopyio 3T0 yc/0BHE urpaer npu
[OCTPOEHHH TOHKOHK CTPYKTYPH CKauyka, ykasan A. ®. 3a30BckHil.
C yueToM NpHHATHX fJonyumierHH B < 0, H 3HaMenare/ib B NpPaBOH 4acTH
ypasHeunst (V.101) obpamaercss B Hyab npu Z >0, ¥ >0, 1.e. H3o0-
KAHHa OeCKOHEYHOCTH dc¢/ds = co, JIEXKMT BHe KPHBOJHHEHHOIO Tpe-
yroipHuka M+tM—M* (cM. puc. 66). B srom cayuae nose nanpasae-
Huil B ¢asosoli maockocTH ypasHenus (V.101) npunumaer Bui, noka-
3aBHB Ha puc. 66, M cyluecTByeT elMHCTBeHHasi TpaekTopus M+M—,
coefiuusiomas ocobnie Touku M+ u M—. DBojee neranabHelil aHaju3
NOKa3biBaeT, 4To TpaeKTropus M+M— spasercs cemapaTpucoit cenJna
M+, npunapiexameii nyyxky TpaekTOPHH, BXOASIIUX B cenno-ysea M—.
AcumnToTHKa pelleHnss BOGAH3H OCOOHX TOYEK YCTaHABJAMBAeTCS IPH

MOMOIIH H3BEeCTHOH TEXHWKH, IPHUYEM OKas3blBaeTcs, 4To BOJIH3H TOYEK
M+ u M—, coorsercTBeHHO

c—ct =k(s—st), >0,
c—c ~—ctexp [RI(s—s)](s—s~)"2 s<s,
R=2G"{F —(s 4+ A)/B F3>0. (V.104)

PHC. 66. K uccnenoBaHHIO cTpyKTy-
pHl CONpAXEHHOTO CKauka HacbllieH-
HOCTH H KOHHEHTpallHH-aK THBHOH Npu-
MeCH PHC. 67. K onpegenennio 3raka Z (c)
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Hurerpupys ypabHeHnsi (V.100) H HCIONB3ysS acCHMNTOTHYECKHE CO-
oraowenus (V.104), Haxoaum

§—s ~2G /B "H F 4y, c¢—c¢ ~ const 7 2exp (—x7q), 3> —oo,
s — st ~ const exp (—y*ty), ¢— ¢t~ const exp (—yx*y), 7+ w,

s _WRt (st Az =L Y V.105
xt=—plf= —sls .c.——“mm- (V.105)
ITocnennue BbipaXkeHHS! MOKA3kIBAOT, YTO WIHPHHA MNEPEXOAHOH 30HMI
(~1/X*) obpaTHO NpOMNOPLUHOHANbHA CKOPOCTH CKayka H TeM MeHbllle,

yeM 6oJbllie Pa3HULA MeXAY XapaKTePHCTHYECKHMH CKOPOCTAMH £; BTO-
pOro ceMeHcTBa XapaKTePHCTHK H CKOPOCTBIO CKauyKa.

CyliecTBeHHO TaKXe, YTO 3a CKauKOM H3MeHeHHWe KOHUEHTpalHH
NPOHCXOAHT SKCIOHEHIHAJIbHEIM 06pa3oM, a HAaCBILeHHOCTH — CTelleH-
HbIM, T.e€. 3HAUHTEJbHO MeJJeHHee. EC/IHM MONWTAThCH NMOCTPOMTHL BHYT-
peHHee pellleHHe THNA PaBHOMEPHO DaclpOCTPaHSIOWeHACS BOMHBI HpH
a, .= const (Tak HaspiBaeMbM! KOHTAaKTHBIH Da3sphiB, KOTAA CKOPOCTDb
CKauka paBHa XapaKTepHCTHUECKOH CKOPOCTH BO BCeM JHamasoHe H3Me-
HeHHA KOHIIEHTpAll¥H NPHMeCH B CKauke), TO OKAaXeTCs, YTO TaKoro
pewenus HeT. IlocTpoeHne BHYTPEHHETO pellieHHs B TAKOM CJydae Tpe-
6yer Gosiee TOHKHX pacCyx[IeHHHl. PellleHHe 3TO HMeeT BHI pacLuMps-
Iolelicsl MPONOPLHOHANBHO ¢!/2 mepeXOAHOH 30HH (HaroJoGHe TENJOBOH
BOJIHHI).

3aMeTHM, YTO IOCTPOEHHe BHYTDEHHEIO PEIUeHHS CYINECTBEHHO HC-
nosnesyer ycaosue (V.103), B cuay KOTOPOro B nojioce ¢t < ¢ <C ¢— HeT
occObix Touek ypabHenus (V.101). Ilo-BHauMOMy, 3TO yc/oBue caenyer
paccMaTpHBaTb KaK JIONOJHHTENbHOE HEOOXONHMOe YCJIOBHE YCTOHYH-
BOCTH CKauKa.

HepaBHoBecHbe 9pGeKkTh B CTPYKTYpe cCONpsxKeH-
HOro ckKkaykxa. B 3agauax BbITeCHeHHSI HeTH pacTBOPOM aRTHBHOM
NpHMECH BO3HHKaeT HOBBIil BaKHbIi HCTOYHHK HEPaBHOBECHOCTH — Ha-
pylueHHe paBHOBECHSI B paclpele/leHHH AaKTHBHOH IIDHMeCH Mexay
BOJOH, HeQTbIO H IIODHCTHIM CKEJIETOM, a8 TaKXKe MEeXAY OTAeJbHbIMH
KOMIIOHEHTaMH IeTepOreHHOH NMOPHCTO# cpelbl. CBS3aHHBIE C 3THM 3(deK-
Tl ‘[IPOAHANH3HpYyeM BHOBb Ha NpOCTeHIleHd CHTyalluH — 3ajiaye BEITeC-
HEHHs1 BOJOPACTBOPHMOA MOJIE3IOH NMPHMeCH B NpeHeGpeKEHHH Kal uJ-
JADHBIMH 3¢pdeKkTaMH ¥ AH(Py3HeR B HanpaBJeHUH NOTOKa.

Hmeem 3anauy

oms OF (s, ¢) __ d (msc + a) UdcF
ot +U ox 0, ot + ox 0,
0a/ot = t—1¢ (c, @) ¢(c, a*(c)) =0, (V.106)

s(x, 0) =s0, ¢(x, 0)=rco, s(f, 0)=15% c(¢ 0)=c" al(x,0)=a*(c).

OTHolleHHe BpeMeHH YCTaHOBJIEHHSI PaBHOBECHOIO paclpejeieHus
NIpHMECH K BpeMeHHM JABHIXKEHHS MKHAKOCTH B IJacTe HIPaeT B MnocJe-
JYIOLIeM PacCMOTPEHHH pOJb Majioro mapameTpa 3ajauH. BHellHee pe-
lUeHHe 3aJayd ocTaeTcss HpexHUM. UTOOB IMOCTPOMTb BHYTPEHHee pe-
lieHHe, NepelfieM K NOABHKHOH CHcTeMe KOOPAHMHAT: g = (x — Vi)/<V;
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{' = {/r, U OyleM MCKaTb CTallHOHApPHOe pacfpeaejieHHe S =s(y), €=
= c(y). Ilpu sTOM HMeeM

F—§is=Ft-—§i st =F— — s~ = const,
cF —¢tj(cs + A) = c*F* — & (ctst + A<) = const,
da/dn = —v (a, ¢) (A =a/m). (V.107)

Buipaxasi u3 nepsrx ABYX coortHouenn#t (V.107)a uepes ¢, nMeem
JIHHEHHYIO CBA3b MeXJAY 3THMH BeJHUYHHAMH:

a=at + i mc—ct) (FF—¢st), (V.108)
¢ = o+ 4t (a— ab) (F+ — bsH)—lm.
IIpy 3TOM CBSI3b MeXAy 7 H @ ONpelensieTcsi HHTErPHPOBAHHEM

ypaBuenus (V.107)
da
= f ¢(a, C@) (V-109)

Jnsi uHTEpIpeTauMH STCro pesyJbTaTa YA0GHO BOCMOJAb30BATHCS
(¢, a)-amarpammor (cM. pHc. 58).

HetpyaHo BHIeTh, YTO paBHOBecHasi H30TepMa copbumu a = a* (c)
pas6uBaeT nepBHIi KBaJApaHT IJIOCKOCTH (C, @) Ha ABe 4acTH; Haj STOH
kpHuBoil ¢ < 0, mon He# ¢ > 0. Huterpuposanue (V.109) npoucxomur
no mpsiMod, coeluHsiomed ToukH (ct, at) W (¢, @a~), Tak 4YTO IpH
OUeBHAHHEIX JNONYIIEHHAX ¢ {IOMOKHTENbHO BAOMAb NYTH HHTErD HPOBAHUS
H ofpamjaeTcd B HYJb B KpadHHX Toykax. [lpu 3ToM 7 wn3MeHseTcs
oT —o Jo oo. CraunoHapHoe pacripefieleHHe KOHLUEHTPALUUH, oInpeje-
asiemoe BupaxkenueM (V.109), B ¢u3HuecKHX KOOpAMHATAX HMeeT 3(pex-
THBHYIO TOJIIHHY, IponopuHoHadbHylo tV, H, Takum ofpasoM, pac-
IIUPAETSS € YBeMIMYEHHEM CKOpOcTH BoitecHeHusi. CQOTBETCTBYIOUIMH
npou/b HACHILEHHOCTH OJHO3HAYHO ONpelessieTC H3 NepPBHX COOTHO-
wenuit (V.107). IlonyueHHoe pelienHe OmHpeleJsieT IJaBHHH uwjieH Mo-
NpaBKH K KPYNHOMAcIUTaGHOMY pellleHHIO, BHOCHMOH HepaBHOBECHOCThHIO
cop6uuu. CorsacHo eMy HepaBHOBECHOCTb COPGUUH CKa3bBaeTcsl Ha
JHHaMHKe He}TeoTAayH, HO He Ha ee KOHEUHOM 3HaueHHH. beKTH,
CBSI3aHHHIE C KOHeUHOH He(reoTnaueii, TpeOyIOT aHa/IH3a CJELYIOUIHX
4JIEHOB Da3J/IoXKeHHUS.

KanuanaprHasa nponurtka. Kak yxe ropopuiocb B ria. IV,
OJIHUM H3 BaXKHeHIIHX ILpoueccoB, (OPMHPYIOIHX HedTeoTAAUy reTepo-
reHHHIX IJIaCTOB, SIBJsieTCS KaMHJJsipHAs NMPONHTKA — BIHTH BaHHE BOJbI
B MaJIONpOHHIdeMble NPOMJACTKH H GJOKH MOpOAnl, IePBOHAYAJBHO
3anoJiHeHHble HeTblo. IJO3TOMY Ba)KHO 3HAaTh, KaK BJHSET Ha 3TH
npouecchl HaJlHYHe B BOJE AKTHBHOH IIPHMecH, BJHsIOWIed Ha ¢ha3oBble
NPOHUIAEMOCTH H KalHJJSpHOe JaBieHue. PaccMOTpHM 37ech JHIIb
OCHOBHOH Mpoliecc OJHOMEDHOH NPOTHBOTOYHOH KallHJ/1/1s PHOH MPOMUTKH,
XapakTepH3ylollefics paBeHCTBOM Hy/IO cyMMapHOro noroka c¢as. Onu-
caHHe 3TOr0 mpouecca paercst cHcreMod (V.98), B koropoil caexyer
nonoxute U =0. MmeeM 3anauy:

0s a [Fly s ac
m s +55;[—2(P,s5;+P.e5;”=0.

&
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d[mse + a (0)] a1 Fh ds
ot +€ax [C ™ (P"6x+ e
dc d dc 7 ¢
+P,c§;ﬂ_ va=D5o, (V.110)
s(x, 0) == so, ¢(x, 0) = ¢y,
s(0, §) = s% c(0, t) =C". D
ChopmyaupoBaHHas 3ajaya, Kak s 2 ‘N.
JIETKO BHJETb H3 coo0paKeHHH pasmep-
HOCTH, HMeeT, NoJ06HO 3aj1aye OOBIYHOM
KanHJJISpHOH NPOMHTKH, aBTOMOJEJb- ¢

HOE pelueHHe BHAA

PHC. 68. Pacnpegenenne KoHUeHTp2-

s=S8(), c=C(t), t=x(et)~'7, IMH ¢ aKTHBHOA NpHMECH M Hachl-
(V.111) mewnHocTs s MpH KamHAISpHOH Npo-
nHTKe:

rne ¢ynkuud S(§) M C(§) — pewleHHe ;—p,  4+0; 2— P, =0
3ajauH

€ ds

d ds de ___ng __Ef2
EXGOFHY 6 0| F5E=0 X=TPo Y =10P,,

] )
d ds dc d D dc € d(mes+a) V.112
E(XEtorg)ta(te) a0 (V1D
XapaKkTep 3TOro pelleHHsl oONpeje/sIOHM 06pa3oM 3aBHCHT OT Co-
OTHOLUECHHS! Kanu/uisipHoro H AudxpysuoHHOro ko3p@HIHeHTOB nepeHoca.
Orpanuuumcsa 3nech cayyaeM, Koria Audxpy3HOHHBIH IepeHOC MaJ, YTO
oTBeyaeT OOBIYHOMY COOTHOLIeHHMIO napaMeTpoB. [IpH 3ToM, mnoJaras
B (V.112) D=0 u BhuMTas 43 BTOPOro YpaBHEHHS MEPBOE, YMHOMEH-
HOE Ha ¢, NMOAYYHM

0 0 dcy 8
(ms+a, 5 +e(X g+ Yg)a=0. (V.113)

Takum oOpasoM, nepeHOC KOHUEHTPALMU INPHMECH ONHCHBAETCH
ypaBHEHHeM MNepBOro nopsifika, KOTOpoe JHONMYycKaeT paspHBHHE pelle-
HHsl (B YACTHOCTH, KOHLEHTPAlMsi NPHMECH MOXET NEPEHOCHTLCS B BHAE
«cTyneHbKu»). IlpH sTOM, NOCKOJIBKY B CHJY TNepBOrO YypaBHEHHs
(V.110) kanunnsipHoe paBieHHe Ha CKayKe HenpephBHO, CKAuYOK KOH-
LIEHTPALlHH CONMPOBOXKAAETCA CKAYKOM HACBILEHHOCTH H3 YCJOBHS

P(st, ct)=P (s, ¢). (V.114)

Ycnoshe GanaHca HaCHILEHHOCTH, CJEAYIOLWlee H3 T2pBOTO  ypaBHe-
uus (V.110), onpenenser cBsisb MeXay CKOPOCTbIO CKauKa, BeJHUHHOR
CKayKa HAaCHIUEHHOCTH H CKAYKaMH IDOU3BOJHHEIX S  H C, 4.

Tunuynas xapTHHA peleHus: NokasaHa Ha puc. 68. XapakTepHo
OTCTaBaHHe ()POHTA TNPUMECH OT (POHTA BOAH. DTO CBONCTBO HMeeT
BaXKHhle nocneicTBuA. [locKoabKy Bepyuuil MexaHuaM — KanuJJsipHast
NPONHTKA YHCTOH BOAOH, HAJIHyHe AaKTHBHOH NpDHMeCH cJabo BJIHSET Ha
CKOPOCTb TNPONHTKH. B 3THX ycJIOBHSIX OCHOBHOH >(xpeKT aKTHBHOMH
NPHMECH MOXeT ObiTb CBSi3aH JIHIIb C €€ BJHSAHHEM Ha HECHHKaeMyio
HeTeHachileHHoCTb (1 — s%). SIcHo, uTo Ha 3ToT NoKasaTesb H ceRyeT
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ofpamars BHUMaHHe NPH N0j060pe areHTa BO3fJeHCTBHA NMpPH 3aBOJAHEHHH
reTePOreHHBIX MJACTOB C THAPODHJBHBIMH GJIOKAMH.

HHas kapruHa nosydaercs, ecsiy 6JIOKM NepBOHAUYAJIBHO I'HADOGDOOHLI
H NpPONHTKA UX BOJOH HEeBO3MOXHAa. B 3ToM ciyyae NpHHUHIHANBHOTO
yJyullleHHs MOKa3aTeJiell [Mpouecca MOXKHO AOCTHYb, J0OGaBHB K BOJe
tuapoduausywomuilt pearenr (ITAB), nenaromuit noBepXHOCTL MOPOABI
ruApodUIbHON. MOXAO MOKa3aTh, YTO B TAKOM CJyd4ae CKOPOCTb Mpo-

tecca oupejensieTcss onepexarnowmeld AupPy3Helt XxuMpeareHTa, KOTODbIH
BeleT 3a coGON MPONMHTKY. ITOT BWBOA TaKKe CYHUIECTBEH A/ Ipa-
BHJbHOrO BbiGOpa I'HAPOPHIH3HPYIOMUX peareHToB.
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. OcoGennoctu T€OPHH OBHXEHUA MXHIKOCTH

M rasa B NPHPOAHLIX MJacTax .
[Topucrtele ¢pennt .

. 3akon JlapcH, npenenn ero anMEHHMOCTH

H YTOYHEHHA ..
Hepa3prBHOCTH H OCHOBHHE

ypaBHeHHs TeopHM (HABTPAUHH .

[TpocTefiuine yCTAHOBHBUIHECS HANOpPHLIE Te-
YeHHs

KauecTBeHHbe MeTONH 'reoplm Hanopﬂux Te-
UeHHH .
YeTanosHsmHecs
Hecraunonapuoe

6e3Hanopnue " Teuenns
ABHXKEHHEe  OJHOPOAHOH
CXKMMaeMOH (KHAKOCTH. JIMHeMHas TeopHs
HectaunonapHoe  /iBMXKeHHE OZHOPOAHBIX
XKuAkocteldl, Henunelinne 3dderT

Teopust QHABTPAllHH HEHBIOTOHOBCKHX IKHI-
KocTefl. 3aKOH OHJIbTpaUHH .
CrauxoHapHble 3ala4d OHJAbTpalHH HeHbIO-
TOHOBCKHX XHIKOCTefl .
Hecraunonapuele 3agaun ¢mnb1pauuu He-
HBIOTOHOBCKHX  JKHIKOCTeH
HepabnoBecHocts  Npu q)unbrpauuu 011H0-
POLHBIX XKHAKOCTeA. JIBHXKeHHe B TpellH-
HOBATO-HOPHCTBIX H CJAOHCTO-HEOAHOPOAHBIX
nsacrax

OcHOBHHE TNpeACTABJEHHS TEOpHH ABYyxda3-
HOrO TEyeHHs B MOPHCTHX cpeAax . .
Crtpyktypa AByX(asHoro TeuenHs NpH Kpyn-
HomacmraGHOM onHcanuu. 3anavya Baknes —

JleBepeTTa .
CrpykTypa Tedenns npu Menxomacmrabﬂom
ouncanud. CrabunusnpopanHast 3oHa, Ka-

NUANsApHBE 3QGEKTH B TNOPHCTRIX Cpeaax
HepasHosecHble 3¢bekTn npH ABYXdasnoi
(PHAbTPAIHH .
VCTORUMBOCTD BHITECHEHHS HECMeUIHBAIOMIHX-
csl KHAKOCTeH . .
Teopm] BHITECHEHHS HeHbKOTOHOBCKHX xmn-
KocTeil, Bausinune BA3KO-NIIACTHUECKHX
CBOACTB HedTH Ha HedreoTAauy !

Hpoueccu TenJso- H Macconepeﬂoca B NO-
pHCTOHl  cpele . .
Britecnenne uedTH pacmopaMu AKTHBHBIX
npHMeced

dddekTn umbtpyalm u HepaBHOBeCHOCTH B
3ajlauax BbLITECHEHHs1 HedTH pacTBOPOM ak-
THBHOH IPHMeECH e e e e e e
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